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Abstract

The present work constitutes a first step towards establishing a systematic frame-
work for treating variational problems posed in Sobolev spaces of mixed smooth-
ness. The crucial difference that separates the following from the existing body
of work is that the functionals we consider here depend on the argument function
through a mixture of derivatives of different orders in different directions. For a
fixed vector a := (ay,...,ay) with positive integer coordinates and a given function
u: RY 5 Q — R™ we denote by

Vau = (aau) <o¢,a_1>:1

the matrix whose i-th row is composed of derivatives 9%’ of the i-th component of
the map u, and where the multiindices « satisfy (a,a™!) = Zjvzl Z‘—j = 1. We study
functionals of the form

W2P(Q;R™) 5 u — /QF(Vau(x)) dz,

where W2P(2;R") is an appropriate Sobolev space of mixed smoothness and F is
the integrand. We are interested in existence and regularity of minimisers of such
functionals under prescribed Dirichlet boundary conditions. Throughout the thesis
we focus on the difficulties that stem directly from the anisotropic nature of the
problem and work with the model case of continuous and autonomous integrands.
The first contribution of this thesis is proving a generalisation of a result due to
Chen and Kristensen [37] characterising coercivity of integral functionals posed on
WaP(Q: R™) Dirichlet classes in terms of a-quasiconvexity of the integrand, which
is the natural adaptation, to the mixed smoothness setting, of Morrey’s classical
notion of quasiconvexity. We then go on to identify a-quasiconvexity as equivalent to
sequential weak lower semicontinuity of our functionals. Finally, we provide relaxation
formulas in two scenarios — for integrands that satisfy a strong pointwise coercivity
condition such as F(£) > c|¢|P and are allowed to be valued in [0, +00], and, secondly,
for integrands that only satisfy a mean L? coercivity condition, but that are assumed
to be locally Lipschitz and of p-growth from above, i.e., with 0 < F(§) < C(|]P + 1).

The proofs of these results rely heavily on the theory of Young measures generated



by weakly convergent sequences V,u; of a-gradients of functions in W#P(€; R"™),
which is another technical contribution of this work. We develop the theory in parallel
to what has been proven for Wl*-gradient Young measures and establish results on
generation by equiintegrable sequences, a localisation principle, and an analogue of
the Kinderlehrer-Pedregal characterisation.

Finally, in the last chapter we study partial regularity of minimisers under a strict
a-quasiconvexity assumption on the integrand. In the spirit of Evans’ seminal paper
[61] we prove that strictly a-quasiconvex integrands of quadratic growth give rise to
minimisers whose maximal derivatives are locally Holder continuous, up to a set of
zero Lebesgue measure. Furthermore, we identify the set of regular points through an
appropriate smallness condition on the excess of the minimiser around such a point.
Our approach is based on a careful local comparison with the solution of the linearised
Euler-Lagrange system in a neighbourhood of each point of the domain, hence we also
present a number of facts regarding linear quasielliptic systems of partial differential

equations.
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Chapter 1

Introduction

Calculus of variations deals, broadly stated, with describing optimal (in a given sense)
configurations in problems that often have a physical motivation. As such it may be
argued that the roots of calculus of variations may be traced back to ancient Greece.
However, the story of what we now call calculus of variations probably begins with
the works of Bernoulli, Euler, Lagrange, and Newton, amongst others. Indeed, the
name itself stems from Euler’s famous treatise ‘Elementa calculi variationum’; see [60].
The principal idea is that physically relevant scenarios often may be characterised as
extrema of appropriate energies. Study of minimal surfaces lets us predict the shape
a soap film takes, in general relativity null geodesics are extremals of the distance
functional and they are the paths the light travels along, and minimising elastic
energy determines (at least as a first approximation) the shape of an elastic material
when acted upon by an external force, to name a few examples. Other than physics,
economics has recently proven to be a rich source of variational problems. The natural
strive for allocating limited resources in the best feasible way has motivated a number
of scientists to work on optimal control and optimal transport problems. Furthermore,
calculus of variations has proven to be a particularly convenient approach to certain
classes of, notoriously difficult, nonlinear partial differential equations. As it turns
out, such equations may arise as the Euler-Lagrange system of a given minimisation
problem. We will return to this later and, for now, content ourselves with simply
signalling the topic.

Calculus of variations has seen rapid development throughout the 20th century.
Starting with the announcement of Hilbert’s 23 problems (see [85]), the last of which
was ‘further development of the calculus of variations’, followed by introduction of
new convexity notions, establishing a plethora of sufficient conditions for existence of
minimisers (the 20th problem), proving a number of positive and negative results on

regularity of solutions (the 19th problem) and so forth. Whilst, as a community, we



now know so much more than we did in 1900, there is still plenty that we do not yet
understand, and so the field remains very active. New results are being constantly
proven, while the old ones have been incorporated into a standard mathematical
curriculum taught at universities around the world.

The present work is intended as a foundation for studying variational problems in
which the energy depends on the input function through a selection of its derivatives
of different orders in different directions, hence we relax the usual assumptions on
the differential operators involved and extend the theory available for homogeneous
operators into the mixed smoothness setting. To the best of the author’s knowl-
edge, the following is the first systematic approach to variational problems of this
type. We tackle a wide range of questions — coercivity, lower semicontinuity, and
regularity; along the way we build the necessary machinery, in particular the theory
of Young measures generated by sequences in appropriate Sobolev spaces of mixed
smoothness. In light of the foundational nature of the work, we focus our attention
on the issues that stem directly from the mixed smoothness setting, rather than other
technical difficulties. In particular, throughout the thesis we work with continuous
and autonomous integrands acting on regular (in the appropriate sense) domains. To
facilitate the presentation, we begin, in the introduction, with a selection of classical
results of the vectorial calculus of variations. These serve as indicators for desirable
results, as well as inspirations for their proofs. For that reason we include, in the
introduction, a brief selection of some important contributions to the classical cal-
culus of variations. The list is certainly far from being complete, instead we refer
to books by Dacorogna, Giusti, Miiller, and Rindler (see [40], [79], [133], and [148]
respectively), the original papers cited in what follows, and finally further references
in these.

Apart from purely academic interest, the principal motivations for our work are its
possible applications to the theory of quasielliptic systems and the study of certain,
recently introduced, metamaterials. Quasielliptic differential operators generalise the
well-known class of elliptic operators, and are a subclass of hypoelliptic operators
in the sense of Hormander (see [88], [89]). A particular instance of a quasielliptic
operator that is not elliptic in the usual sense is furnished by the operator —92 + 05,

acting on functions of two variables, with its associated energy
/ |0z, ul® + |02 uf® da. (1.1)

Since the introduction of the quasielliptic class by Volevich in [174] and [175] this

operator (and its modifications) has been studied, as a model example, by a number
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of authors, see for instance [171] by Triebel and [153] by Shevchik; see also [115] by
Lions and Magenes. Contributions to the general theory of quasielliptic operators
and related issues have been made by, for example, Barozzi ([15], [16]), Cavallucci
([36]), Demidenko ([50], [51]), Demidenko & Upsenskii ([52]), Friberg ([69]), Giusti
([77], [78]), Hile ([86]), Hile, Mawata, and Zhou ([87]), and Troisi ([172]), to name a
few. We defer a more detailed discussion to the last chapter of this thesis. Instead, let
us simply note that it is our hope that, similarly to the classical calculus of variations
and elliptic systems, our study of variational problems of mixed smoothness will lead
to further development of the theory of quasielliptic systems.

As for applications to material science, let us remark that the introduction of 3D
printing has made experimenting with man-made materials much easier, and thus led
to a rapid increase of interest in metamaterials. While the idea of using mathematical
and physical theories to design composite materials that possess specific desired prop-
erties, not found in naturally occurring materials, is certainly not new, the amount of
research being done in this direction has greatly risen since late XXth century. One
instance of a recently introduced metamaterial, that we are particularly interested
in, are the pantographic sheets. Pantographic sheets are designed to be a lightweight
material that is highly resilient under directional extension and that can store a con-
siderable amount of elastic energy. Proposed applications range from biomechanical
prosthetics to impact shields (see [173] by Turco, Giorgio, Misra, and dell'Isola). The
material is typically modelled as a set of long, parallel, and equispaced beams in one
plane, with an identical set of beams in a parallel plane slightly below the initial one,
and rotated by 90 degrees. Thus placed beams form a grid of sorts, and at each
vertex of the grid (when viewed directly from above) one connects the corresponding
beams with a small pivot that prevents relative translations but allows the beams to
rotate freely with respect to one another. We refer the reader to [49] by dell’Isola,
Lekszycki, Pawlikowski, Grygoruk, and Greco, for a more detailed description of the
arrangement as well as instructive pictures. The theoretical pantographic sheet is
then a homogenisation limit of such a configuration. The connection to our work is
due to the fact that, in the limit, the deformation energy for the linearised model is
effectively of the form (1.1). Rigorous study of this energy has recently been carried
out by Eremeyev, dell'lsola, Boutin, and Steigmann in [59], but we believe that a
more systematic framework, foundations of which we propose to develop in this the-
sis, will allow for a substantial simplification of the study. As a consequence, we hope

that more detailed research on complex behaviour of pantographic sheets will follow,



and ultimately lead to a quicker and more efficient introduction of this metamaterial

as a solution to real world problems.

1.1 The Direct Method

The principal strategy for establishing existence of solutions to variational problems
is the, so-called, direct method, the abstract formulation of which is often attributed
to Tonelli, see [169] and [170]. The version we state here may be found, for example,

in Proposition 1.2.2 in Buttazzo’s book [30].

Theorem 1.1.1 (see Proposition 1.2.2 in [30]). Let (X, ) be a topological Hausdorff
space. Let 1: X — (—o00;00| be a functional that satisfies the two following assump-
tions:
i) 1 is T-lower semicontinuous,
i1) 1 is T-coercive, that is for every t € R there exists a T-compact set Ky C X
such that
{r e X: I(x) <t} C K.

Then the minimisation problem inf,cx I(x) has at least one solution.

At this level of abstraction the result, and its proof, are remarkably simple. In
fact, the above could be seen as a variant of Weierstrass’ theorem that a lower semi-
continuous function defined on a compact set attains its infimum, since the coercivity

assumption effectively allows us to restrict our attention to a compact set.

Proof. The case where I is identically equal to +oco is trivial, thus we may assume
inf,ex I(x) =1 M < oo. Then the hypotheses imply that for every M’ > M the set
{r € X: I(x) < M'} is nonempty and 7-compact. We deduce that the set

{reX:Ix)<M}= (] {zeX:1(z) <M}

M'>M

is nonempty, hence I admits a minimiser. 0

Note that, in the abstract formulation of the problem ‘minimise I(x) over z € X,
the set X and the functional I are assumed to be given. However, in practice one
often finds that the initial space X is, in a sense, too small for the minimum to be
achieved. For example, if one poses a variational problem on the space C1(Q, R")
it may be very hard to find a sensible topology with enough compact sets for the

coercivity assumption to be satisfied. This may often be remedied by passing instead



to the larger space WHP(2, R") for some exponent p, the choice of which is again
dictated by the functional. Then one needs to make sense of I as a functional acting
on W'?(Q,R™) by some kind of extension. Finally, a minimiser over W'?(Q, R")
need not be of class C'(Q, R"). However, in some instances (although certainly not
always), it may be possible to use the functional to deduce additional regularity of
the minimiser once it is known to exist — we will return to this point later on.

Assume that the universe of feasible configurations X and the quantity one aims
to minimise I are already decided upon. Observe that the topology 7 on X, while
irrelevant to the minimisation problem inf,cx I(x), is a deciding factor in the question
whether or not the direct method is applicable. It is up to the mathematician to
decide on the appropriate topological structure to be introduced on X, and the choice
needs to be balanced so that the two conditions are satisfied. On the one hand, the
topology needs to be strong enough so that I is lower semicontinuous, but on the
other hand, weaker topologies have more compact sets, which makes it easier for the
second condition to be satisfied. In practice the choice of topology is usually quite
clearly dictated by the coercivity properties of the functional in question, and the
difficulties then concentrate around establishing lower semicontinuity.

Finally, we note that, as explained in Remark 1.2.3 in [30], the conditions in
Theorem 1.1.1 may be weakened to sequential 7-lower semicontinuity and sequential
T-compactness of K;. This version of the statement is the one that is used most often,
and the one we shall have in mind in the rest of this work. Note that sequential
T-lower semicontinuity is again a topological concept — it is equivalent to lower
semicontinuity with respect to Tyq, Where 7,4 is the strongest topology on X for
which the convergent sequences are the 7-convergent sequences. Nevertheless, this
viewpoint is not employed very often, since usually it is easier to work with the, more
familiar, topology 7 and just keep in mind that lower semicontinuity need only be
tested along sequences. To put our discussion in a more concrete setting, let us briefly
consider some toy examples.

In a typical situation X is some kind of a function space and I is an integral
functional. A convenient (and very relevant!) first example would be X := LP(2; R")
for some p € (1,00) and a bounded domain Q, and I(V) := [, F(V(x))dz. To
simplify things further let us assume that the integrand F' is a continuous functions
satisfying the p-growth bound, ie. |F(W)| < C|W|? for some C' > 0 and all W.
To use the direct method we need to decide on what topology to use on LP(€2;R™).
The natural candidate would be the standard norm topology as, due to the growth

bound, the functional is continuous with respect to the LP(2;R"™) norm. However,



there are very few (pre)compact sets in the strong topology on LP(2; R™), and so it is
quite unlikely that the second condition of our theorem will be satisfied. A relatively
common assumption that yields some compactness is that of pointwise coercivity,
ie. F(W) = ¢|[W/P for some ¢ > 0 and all W. Under this assumption all sublevel
sets of I are norm-bounded, and norm-bounded sets are sequentially precompact in
the weak topology of LP(€2;R™), thanks to the Banach-Alaoglu Theorem, thus weak
topology seems to be a good choice. What remains to be shown is that I is lower
semicontinuous along weakly convergent sequences. This need not hold in general,
thus we need an additional assumption on F', and the right one turns out to be
convexity. If F'is convex then so is I and thus a, relatively simple, argument based on
Mazur’s lemma yields (sequential) lower semicontinuity of I. In fact, in this situation,
one may show that convexity is not only a sufficient, but also a necessary condition for
lower semicontinuity. To do so one considers a sequence of highly oscillatory vector
fields V; that only take two values and weakly converge to a weighted average of these
two values — we do not go into detail here, as the argument is well-known.

The above example is a good demonstration of how the direct method works —
usually the space X with its topology is quite clearly determined by the coercivity
properties of the functional, and the bulk of work is establishing lower semicontinuity.
This will also be reflected in this thesis — we discuss coercivity and prove a theorem
characterising it, however most of the part on existence will deal with lower semicon-
tinuity under various assumptions. On the other hand, the downside to this example
is that the space X = LP(2;R") is, in a sense, too simple to be interesting. Indeed,
the classical setting for a variational problem, highly relevant in applications, is that
of Sobolev spaces X := W/,P(Q; R") with some fixed Dirichlet boundary condition u.
The simplest integral functionals on this space take the form I(u) := [, F(Vu)dz,
which is what we would call the autonomous case. Clearly, if F' is pointwise coer-
cive and convex then the direct method is, again, applicable, but it is not obvious
whether convexity is still a necessary condition. Moreover, the integrand could also
depend not only on the spatial variable x, i.e., F'(z, Vu), but also on the lower order
term u, i.e., it could have the form F(z,u, Vu) in general. Furthermore, it is often
necessary to relax the (p, p) growth assumptions of our toy model, as there are phys-
ically relevant energies that do not fall into such category (for an example see [9] by
Ball). In what follows we will briefly discuss the available results (and their history),
which will form the basis for our considerations of the mixed smoothness case. In

the mixed smoothness case instead of the gradient Vu = (0,,u, ..., 0,,u) we allow



the integrand to depend on u through a mixture of derivatives of different orders in

different directions, i.e., we aim to work (among others) with functionals of the form

YN

W2P(Q:R") 5 u — / F(o3tu,...,00Nu)dx,
Q

where a = (ay,...,ay) is an arbitrary vector with positive integer coordinates,
and W2P(Q;R") is the corresponding Sobolev space. In fact, as we will see in
the first chapter, control on all derivatives of the form d;'u implies control on all
derivatives 0®u for any multiindex o with (a,a™') = 1, where the coordinates of
a~! = (a;',...,ay") are just multiplicative inverses of the respective coordinates of
a. Thus, we define the a-gradient of u through Vau := (0%u)(q,a-1y=1 and in all that

follows we consider integral functionals of the form

W2P(Q;R™) 5 u — / F(Vau)dx.
0

1.2 Quasiconvexity

The proof of the necessity of convexity for sequential weak lower semicontinuity of the
functional I on LP(€2; R™) was based on the fact that for any two matrices Wy, W5 and
any A € (0,1) one may construct a vector field V' that takes the value W; on a subset
Q; C Q of measure A|Q2| and the value W5 on the rest of the domain. However, if we
require V' to be the gradient of some Sobolev function v € W'?(Q; R") this might
turn out to be impossible. This suggests that there may exist non-convex integrands
F that induce sequentially weakly lower semicontinuous functionals on W'?(Q; R™).

This is indeed the case and the classical example is given by:
Lger: WHP(Q;RY) 3w / det(Vu) dz,
Q

with p > N. First of all, let us observe that the functional I4 is constant on
Wig’(Q;RN ) for any fixed boundary condition ug, which results immediately from
the fact that the determinant may be written in divergence form. Furthermore, it is
not difficult to show that, even without fixing the boundary condition, the functional
is sequentially weakly lower semicontinuous on the entire space WH?(2; RY), see for
instance Dacorogna’s book [40]. However, as soon as N > 1 determinant is not a
convex function of Vu, thus proving that convexity is not a necessary condition for

sequential weak lower semicontinuity of integral functionals on Sobolev classes.



The correct convexity notion, quasiconvexity, has been introduced by Morrey in
his seminal paper [129]. We say that a function F': R"™Y — R is quasiconvex at
W e RN if

FOV) < inf ][ F(W + Vi(z)) da, (1.2)

peCe(QR™) [

where Q C RY is the unit cube. Naturally, we say that F is quasiconvex if it is
quasiconvex at every point. One way to look at quasiconvexity is that it prescribes
that, under an affine boundary condition, the affine map is energetically optimal. In
the aforementioned paper Morrey has shown that, for continuous and autonomous
integrands, quasiconvexity is a sufficient condition for sequential weak™ lower semi-
continuity on W1°°(; R") of the induced functional. It is not difficult to show that it
is also necessary (also proven by Morrey), which is usually done using the Riemann-
Lebesgue lemma (see, for example, Lemma 4.15 in [148]). It is also easy to see that,
in general, quasiconvexity is weaker than convexity — again, det is an example. In
fact, this example shows that quasiconvexity is strictly weaker than convexity as soon
as N,n > 2, since it is enough to consider the determinant of the leading principal
2 x 2 minor of Vu. In the scalar case N =1 or n = 1 the two notions are equivalent,
and we will explain this shortly.

From the above we know that, at least in certain cases, quasiconvexity is equivalent
to lower semicontinuity of the induced functional, thus it is the ‘correct’ notion for
studying the applicability of the direct method. One of the major drawbacks of
quasiconvexity is that it is notoriously difficult to verify. The reason behind it is that
the notion is non-local, as shown by Kristensen in [101]. Thus, two other, easier to
use in practice, notions have been subsequently studied: polyconvexity and rank-one
convexity.

Following Ball (see [9]) we say that a function F': R — [—00, o0] is polyconvex
if it may be written as a convex function of all the minors of the argument matrix.
A particular instance of a polyconvex function would be the determinant mentioned
earlier or, indeed, any convex function of the determinant. Ball introduced polycon-
vexity to deal with certain problems of nonlinear elasticity, in particular to avoid
interpenetration of matter and incorporate the physical restriction det(Vu) > 0 into
the considerations.

The notion of rank-one convexity was already discussed by Morrey who noted that
if F' is quasiconvex then for any V € R™¥ and any W € R™¥ with rank(W) = 1
the function ¢ — F(V + tW) is convex. We call any function that is convex along



rank-one directions a rank-one convex function. When F is of class C? then it is

rank-one convex if and only if

> Fwsws(Wasagh't! >0, (1.3)
iy B
for any W € R, a € R*, b € RY. This inequality is known as the Legendre-
Hadamard condition, and we shall return to it later in the context of regularity
theory.

It is known (see, for instance, [40]) that the following chain of implications holds:
convexity = polyconvexity = quasiconvexity = rank-one convexity.

In the scalar case N =1 or n = 1 clearly all directions are rank-one directions and
rank-one convexity is the usual convexity, thus all the notions are equivalent. As
for the reverse implications in the vectorial case N,n > 2 one of the most famous
counterexamples is due to Alibert, Dacorogna, and Marcellini (see [5] and [42]). Let
F,: R*? — R be defined by

Ey(W) = [WE(IW]? — 2y det(W)).

22
3
convex if and only if |y| < v, for some (unknown) 4. € (1, \%], and rank-one convex

Then F, is convex if and only if || < , polyconvex if and only if |y| < 1, quasi-
if and only if |y| < \/lg Since we do not know if v, is strictly smaller than \%, the
example is inconclusive with respect to the last implication. It has been conjectured
by Morrey (see [129]) that rank-one convexity does not imply quasiconvexity but we
still do not know whether this is true in the case N = n = 2. On the other hand,
in the case N > 2 and n > 3 the famous counterexample due to Sverdk (see [157])
proved Morrey’s conjecture. Very recently Grabovsky (see [83]) has found a new ex-
ample of a family of functions in higher dimensions (8 x 2), that are rank-one convex,
but not quasiconvex.

In this thesis we do not touch upon the question of an analogue of polyconvexity
in the mixed smoothness setting, but we do discuss the possibility of extending the
notion of rank-one convexity. The reason behind this is that rank-one convexity may
be used to prove very useful regularity results regarding quasiconvex envelopes of
functions such as inheriting growth bounds from the original function, local Lipschitz
continuity, or even differentiability (see [12]). So far a satisfactory analogue is only
available in certain cases (see [93]), and so we are led to introduce new proof strategies

that allow us to circumvent this problem.



Let us note here that a whole family of various notions of quasiconvexity may
be generated by changing the admissible test space in the defining inequality (1.2).
Following Ball and Murat (see [13]) we say that F' is WhP-quasiconvex at W if

FOW) < inf ][ F(W + V() du. (1.4)
Q

PeW,P(QiR™)

It is not difficult to see that for continuous integrands of p growth, i.e., satisfying
|F(W)| < C(1+ |[W/P), the notions of quasiconvexity and W'?-quasiconvexity coin-
cide. This results from density of C°(Q;R"™) in WH?(Q;R™) and strong LP(Q; R")
continuity of V' fQ F(V(z))dz. However, in the absence of the p-growth con-
dition, this continuity need not hold. Indeed, it has been shown in [13] that the
notions of W?- and Whi-quasiconvexity, in general, differ for p # ¢, although clearly
WLP_quasiconvexity implies W9-quasiconvexity for any ¢ > p. The reason for in-
troducing WP-quasiconvexity is that it is naturally better suited for studying lower
semicontinuity on WP (Q; R™).

We remark that, typically, the definition of quasiconvexity excludes extended real-
valued integrands, although being able to work with integrands that may take the
value 400 allows one to incorporate hard constraints on the minimisers. For example,
in the context of nonlinear elasticity the relevant condition is det Vu > 0 (however,
note that, as mentioned before, polyconvexity deals with this problem, although it
only provides a sufficient, and not necessary, condition). There have been a few at-
tempts at treating this issue, and some may be found in the works of Ball and Murat
[13] (where the test space consists of periodic functions), Dacorogna and Fusco [41]
(where the usual notion is used, but lower semicontinuity is only obtained along par-
ticular sequences), or Wagner [176], [177], and [178] (who considers integrands defined
only on a fixed convex subset of the target space and extended by +o0o elsewhere).
For us, the most relevant notion is that of closed W!P-quasiconvexity introduced by
Pedregal in [140] and later studied by Kristensen in [102], whose results we generalise
to the mixed smoothness framework in Section 4.3.3. At this stage, let us only say
that the definition replaces the test space Wy (Q; R") in (1.4) by the space of homoge-
neous WlP-gradient Young measures with barycentre 0, and postpone the discussion
until we have rigorously introduced the theory of Young measures.

Lastly, let us note that, while the first order gradients case is the classical setting
for modern calculus of variations, it is not the only one that has been studied. The first
natural generalisation is to consider k-th order gradients, first considered by Meyers
in [125], who extended Morrey’s lower semicontinuity results from [129]. Ball, Currie,

and Olver (see [11]) later elaborated on the problem by providing a characterisation
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of null Lagrangians (i.e., integrands that yield weakly continuous, as opposed to lower
semicontinuous, functionals) of arbitrary order. As it turns out, the notions of k-th
order quasiconvexity and ordinary (first order) quasiconvexity are remarkably similar.
In this context it has been shown by Dal Maso, Fonseca, Leoni, and Morini (see [44])
that second order quasiconvexity effectively reduces to traditional quasiconvexity,
which has been later extended by Cagnetti (see [32]) to k-th order quasiconvexity for
an arbitrary k.

Another generalisation that has attracted much attention is .A-quasiconvexity.
The idea behind it is that a vector field V' is the gradient of some function if and only if
it satisfies curlV = 0. It is interesting to investigate functionals acting on vector fields
satisfying a general differential constraint of the form AV = 0. Such a framework is
applicable to, for example, micromagnetics, through a mixture of div-free and curl-
free conditions. The operator A is typically assumed to be a homogeneous k-th order
differential operator with constant coefficients, and to satisfy Murat’s constant rank
condition (see [136]). Foundations for studying variational problems posed on A-free
vector fields were developed by a number of authors, such as Murat (see [135]), Tartar
(see [164]), Dacorogna (see [38]), and many others. More recently, A-quasiconvexity
has been studied by Fonseca and Miiller (see [67]), Fonseca, Leoni, and Miiller (see
[65]), Braides, Fonseca, and Leoni (see [26]), as well as the author (see [145]), to name

a few.

1.3 Lower semicontinuity

We have already seen that various notions of convexity are intimately related to
questions of sequential lower semicontinuity of integral functionals. Let us mention
some examples of the available results under relatively general assumptions and briefly
discuss their history. Let us note here that, as a shorthand, we will sometimes talk of
‘lower semicontinuity’ of functionals meaning ‘sequential weak lower semicontinuity’,
but we shall only do so when there is no risk of confusion.

The story begins with Tonelli (see [170]), who has shown that (in dimension
one) non-negative integrands F'(z, z) that are convex in z for almost every z induce
functionals that are sequentially weakly lower semicontinuous on W1?(Q; R™) for any
p € (1,00). We have already seen that, in the scalar case, convexity is the optimal
assumption, so let us move on to the vectorial case.

The first results using the quasiconvexity assumption are due to Morrey (see [129]

and the book [131]). These were later generalised and improved by a number of
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authors, notably Acerbi and Fusco in [1] and Marcellini in [116]. The statements we
give here are from [40].

In the case p = oc:

Theorem 1.3.1 (see Theorem 8.8 in [40]). Let  C RY be a bounded open set with a
Lipschitz boundary and let F: Q x R" x R™N be a Carathéodory function such that
W — F(z,u, W) is quasiconvez for almost every xz € ) and every u € R™. Assume
that F' satisfies

|F (2, u, W) < B(x) + a|ul, [W]),

where o, > 0, B € LY(;R) and « is continuous and increasing in each argument.
Let

I(u, ) = / F(z,u(x), Vu(x)) dz.
Q
Then 1 is sequentially weakly* lower semicontinuous on Wh>°(; R™).

In the case p < oo:

Theorem 1.3.2 (see Theorem 8.11 in [40]). Let Q@ C RY be a bounded open set with
a Lipschitz boundary and let F: Q x R™ x R™Y be a Carathéodory function such
that W — F(x,u, W) is quasiconvex for almost every x € Q and every u € R™.

Let 1 < p < oo and assume that F satisfies, for almost every x € §2 and every
(u, W) € R x RN,

—a([ul" + W) = B(z) < F(z,u, W) < g(z,u)(1+ W),

where a, 8,9 > 0, € LN{QR), 1 < g<p, 1 <r < Np/(N—p)ifp<N and
I1<r<ooifp>=Nandg: QxR" — [0,00) is a Carathéodory function. In the case
p =1 we assume that |F(z,u, W)| < a(1 + |W|) for some a = 0.

Let

I(u, ) = / F(z,u(z), Vu(z)) dz.
Q
Then 1 is sequentially weakly lower semicontinuous on WP (£2; R™).

The second result is the most relevant to what we shall do later on in the thesis,
as we will confine our attention to the case p € (1,00). Note that introducing lower
order terms, i.e., x and u, to the integrand, necessarily means the statement becomes
more complicated, but the core of the result is still the behaviour of F with respect
to its last argument. From above the growth of F' is controlled by |W/?P so that

quasiconvexity is equivalent to WP-quasiconvexity and thus is the appropriate notion
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for studying lower semicontinuity on W'?(; R™). On the other hand, the negative
part of F' is required to be bounded by |u|" + |Vu|? with exponents r and ¢ strictly
below critical. Thanks to that, the negative part is equiintegrable along sequences
bounded in W1?(Q; R™) and does not pose major problems.

In this thesis we identify a-quasiconvexity as a sufficient condition for lower semi-

continuity in the following lemma:

Lemma 1.3.3. Let Q be a bounded open domain. Suppose that F': R"*™ — [0, 00| is

a closed WP -quasiconver integrand. Then the functional

Ip(u) ::/QF(Vau)dx

is sequentially weakly lower semicontinuous on WP (Q; R™).

We refer to Section 2.2 and Section 4.3 for the precise definitions of the weak a-horn
condition and of closed W#P-quasiconvexity respectively. In the case where F' is con-
tinuous and of p-growth, closed W#P-quasiconvexity is equivalent to a-quasiconvexity
(see Lemma 4.2.5) and thus the above is a direct generalisation of Theorem 1.3.2 to
the mixed smoothness setting, at least for non-negative and autonomous functionals.
The statement that we provide has the advantage that it can also deal with extended
real-valued integrands at, essentially, no additional cost in the proof. This, in turn,
is thanks to the fact that we take advantage of the modern, Young measures based,
approach, and the difficulty is instead shifted onto establishing structural theory of
these measures.

We defer the question of necessity of quasiconvexity until we move on to dis-
cuss relaxation results. However, before we do that, let us take a look at the other

component necessary for existence of minimisers — coercivity.

1.4 Coercivity

Let us remark that lower semicontinuity results paired with some sort of coercivity
assumption immediately yield existence. For example, under the assumptions of

Theorem 1.3.2 if one assumes further that F' satisfies a bound of the form
F(x,u, W) = o|[W|P + Blul? + v(z),

for some a > 0, B € R, v € LY{(Q;R), 1 < ¢ < p then for any uy € WHP(Q; R™) the

minimisation problem infuewig’(ﬂ;ﬂen) I(u), admits at least one solution (see Theorem
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8.29 in [40]). This result is due to Acerbi and Fusco ([1]) and Marcellini ([116]),
who have improved on results by Morrey ([129], see also the book [131]) and Meyers
([125]).

Historically coercivity of functionals in the calculus of variations has received con-
siderably less attention than their lower semicontinuity. Indeed, existence results are
often stated under pointwise coercivity assumption such as the one above. This as-
sumption is convenient but not necessary, and indeed, there are a number of physically
motivated functionals that are not pointwise coercive. A less restrictive notion has
been suggested by Iwaniec and Lutoborski in [91] and is called L? mean coercivity.
In the language that we use here P mean coercivity of I on W}LO” (€; R™) means that
there exist constants C4, Cy with C; > 0 and such that

I(u) = Cillullfyr pqpm + Ca for all w € WiP(Q,R™). (1.5)

Observe that here we ask for coercivity on a given domain and with fixed boundary
condition. In fact, one can easily check that if the constants C; may be chosen
uniformly with respect to the boundary condition, then the integrand has to be
pointwise coercive. Finally, note that for applicability of the direct method we do not
really need the lower bound to be of the form given in (1.5). It would be enough to
know that the value of the functional goes to +-o0 along any sequence u; € W}Lg’(Q; R™)
such that ||u;|lwi.r@rny — 00, and this notion is called simply L? coercivity.
Coercivity of functionals in the calculus of variations has been recently studied
by Chen and Kristensen (see [37]). For continuous and autonomous integrands of
p-growth they have shown that LP coercivity and L? mean coercivity are equivalent,
and that coercivity is an intrinsic property of the integrand that may be characterised
in terms of strict quasiconvexity of the integrand at a point. In Section 4.1 we show

that this may be generalised to the mixed smoothness setting and prove the following;:

Theorem 1.4.1. Let F': R™™ — R be a continuous integrand satisfying the p-growth
condition |F(W)| < C(1+|W|P). Then, for any q € [1,p], the following are equivalent:

a) For any bounded open set Q C RN and any boundary datum g € WaP(RY; R")
the functional 1(-, Q) is L coercive on WiP(Q;R™).

b) There exist a mnon-empty bounded open set @ C RN and a boundary datum
g € WaP(RN;R") such that the functional 1(-,Q) is L¢ coercive on WaP(€; R™).

¢) For any bounded open set Q@ C RY and any boundary datum g € WaP(RY;R")

the functional 1(-, ) is LY mean coercive on WiP(€2;R").
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d) There exist a non-empty bounded open set @ C RN and a boundary datum g in
WaP(RN;R"™) such that the functional 1(-, ) is LY mean coercive on WaP(Q; R™).

e) For any bounded open set Q@ C RY and any boundary datum g € WaP(RY; R")
all WP (S R™) minimising sequences for the functional 1(-,€2) are bounded in

Wa(Q; R™).

f) There exist a non-empty bounded open set Q C RY and a boundary datum g in
WaP(RN: R") such that all W2P(Q; R™) minimising sequences for the functional
I(-,Q2) are bounded in Wi?(€2;R"™).

g) There ezist a constant ¢ > 0 and a point Wy € R™™ such that the integrand
W= F(W) — ¢|W|? is a-quasiconvex at W.

Let us note that the last point of the theorem is particularly useful in the anisotropic
setting. Indeed, it is one of the important ingredients that allow us to prove a relax-
ation result in absence of an analogue of rank-one directions that has been mentioned

previously.

1.5 Relaxation

When a functional lacks coercivity or lower semicontinuity, minimisers need not ex-
ist. It is therefore natural to look for ways to remedy the problem by changing the
functional slightly and considering a ‘relaxed’ version of it. There are a number of
ways to go about it, one of which is considering the lower semicontinuous envelope of
a functional that need not be lower semicontinuous, to begin with.

Suppose that X is a reflexive and separable Banach space, let — denote weak
convergence in X, and let I : X — R be an arbitrary functional. Clearly, I is
not sequentially weakly lower semicontinuous at u € X precisely if there exists a
sequence u; — w with I(u) > liminf; . I(u;). Thus, it is tempting to define the
relaxed functional I: X — [—00, 00) by

I(u) := inf {hminfl(uj)}»

uUj—u j—00

where the infimum is taken over all sequences u; converging weakly to u. Alterna-
tively, one could look at functionals that already have the desired lower semicontinuity
property, and try to find one that best approximates I from below. This would mean

defining

T(u) := sup {J(u): J < I and J is sequentially weakly lower semicontinuous} .
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Assuming that I satisfies the weak coercivity assumption of Theorem 1.1.1 and that X
is a reflexive and separable Banach space the two definitions coincide (see Theorem 7.5
and Problem 7.5 in [148]): T =T and the functional I is weakly lower semicontinuous,
admits at least one minimiser, and we have
s = a1

This justifies calling I the relaxation of I and leads to the question — how to describe
T in a more explicit way?

It is reasonable to expect that a relaxation of an integral functional should again
be an integral functional with a ‘relaxed’ integrand. This need not always hold but is a
good place to start. Since the relaxed functional is lower semicontinuous, the relaxed
integrand should be a quasiconvex function. Hence, the first place to start would be
to introduce quasiconvex envelopes of functions, similarly to the well-known convex
envelopes. Before we do that, let us note that in the scalar case it is well known that
the relaxed problem is given by integration against the convexification of the original
integrand. This has been shown in dimension one by Young in [180] (see also the book
[183]) and generalised to the scalar case by several other authors — see Berliocchi
and Lasry in [19], Ekeland in [57], Ekeland and Temam in their book [58], McShane
in [122] and [123], and Marcellini and Sbordone in [119] and [120].

As far as the vectorial case is concerned, Dacorogna [38] was the first one to iden-
tify the envelope of relaxation as being given by integration against the quasiconvex
envelope of the integrand. The quasiconvex envelope of a function may, similarly to

the relaxation of a functional, be defined in two ways. One could set

QF (W) :=sup {G(W): G < F and G is quasiconvex} (1.6)
or
QF(W) = inf ][ F(W + Vi(z)) da. (1.7)
peCe(Q)) g

In [38] Dacorogna has shown that, for continuous, non-negative integrands F' satis-
fying a p-growth condition F(W) < C(1 + |W|P) the two definitions are equivalent
and give rise to a quasiconvex function. In fact, the expression in (1.7) is usually
called the Dacorogna formula. In the same paper the author then goes on to show
that, under the same hypotheses (although the growth conditions may be relaxed),
the lower semicontinuous envelope of relaxation is given by the quasiconvex envelope

of the integrand, i.e.,
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This result has then been generalised to non-autonomous integrands by Acerbi and
Fusco in [1], and we refer the reader to Dacorogna’s book [40] for a more thorough
summary of relaxation theorems of this kind. In this thesis we generalise Dacorogna’s
result for autonomous integrands into the mixed smoothness setting, and we consider
several further improvements. On one hand we are able to remove the upper growth
bound and deal with extended real-valued integrands, on the other we may keep the
upper growth bound but relax pointwise coercivity to mean coercivity under further

Lipschitz assumption on the integrand, and we prove the following:

Theorem 1.5.1. Let Q be a bounded open domain with |02| = 0 and satisfying the
weak a-horn condition. Suppose that F: R"™*™ — (—o00, 00| is a continuous integrand
satisfying F(W) = C|W|P —C~ for some C > 0. Then the sequentially (with respect
to approzimate a-p gradient convergence) weakly lower semicontinuous envelope of
the functional 1 is given by

Ip[V]:= inf {limianF[Vj]} = /Q F(V(z))dz,

Vi—apV j—00

where the infimum is taken over all sequences V; converging to V in the sense of
approzimate a-p gradient convergence, and F denotes the closed W*P-quasiconves

envelope of F.

The notion of approximate a-p gradient convergence is defined in Section 4.3. It
essentially means that V' — V; is an a-gradient of some function, up to a small (in
L?(£2;R™) norm) perturbation that vanishes as j — oo. In the absence of upper
growth bounds even small perturbations may greatly change the value of the func-
tional, and thus we cannot simply reduce to exact a-gradients by projection if we
wish to work with extended real-valued integrands. This is, of course, not an issue in

the case of functionals of p-growth, as evidenced by the next result:

Theorem 1.5.2. Let Q be a bounded open domain with |02| = 0 and satisfying the
weak a-horn condition. Supppose that F: R™™ — [0,00) is a continuous and 1P
coercive integrand with F(W) < C(|W|P 4+ 1). Assume furthermore that F' satisfies

F(W) > D|W|P — D™

or

[F(W) = F(V)| < DL+ WP + [V = V],
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Then the sequentially weakly lower semicontinuous envelope of the functional g is
given by

Ir(u) ;= inf {hmlanF u; } /QF au(x)) de = Igp(u),

Uj—u j—o0
where the infimum is taken over all sequences u; converging to u weakly in W*?(€2; R™).

Note that in the p-growth case we may also relax the lower growth bound and
instead only work under the natural coercivity assumption. However, the price we pay
for that is an additional assumption about local Lipschitz continuity of the integrand.
This allows us to show that the a-quasiconvex envelope is again a continuous function
(see Lemma 4.3.1), which need not always hold in the mixed smoothness setting.
Let us remark here that our proof may easily be adapted to the A-free framework
to show that, under analogous coercivity and locally Lipschitz assumptions on the
integrand, A-quasiconvex envelopes are continuous, which is known to fail in general
if the characteristic cone of the operator does not span the entire space, see [67] by
Fonseca and Miiller. It should be noted, however, that in the A-free framework it is
more natural to deal with such problems by restricting the domain of definition of
the integrand in question — this is discussed in a recent preprint by Raita and the
author (see [146]), and we shall not pursue it here.

Let us observe that the approach to relaxation we have decided to take is not
the only possible. Instead of relaxing the integrand one could extend the functional
to a larger space than the one it is initially posed on, and then check whether the
extended space is big enough for the functional to attain its minimum, but on the
other hand not much bigger than the original space, so that the two problems are still
‘close’ in a sense. One particularly fruitful instance of such a strategy is to extend
the functional to the space of appropriate Young measures. This approach is due to
Young (see [180] and the book [183]), see also the works of McShane, [122] and [123].

Another extension strategy that must be mentioned is the Lebesgue-Serrin ap-
proach. This is particularly relevant in situations where coercivity may only be en-
sured in a space larger than the natural one on which the functional is defined, for
example in the so-called (p, q) growth framework. Let F' be an integrand that satisfies

the following growth bounds
WP S FW) < (W[ (1.8)

The integral [, F(Vu)dz is well-defined for v € WH4(Q; R™), which is the natural

space of definition for the functional. However, a priori, the growth condition (1.8)
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ensures coercivity only in the space WH?(£2; R"). Thus, one needs to appropriately
extend the functional to W?(2;R™) and look for minimisers there. Observe that
the minimiser, if found, is not guaranteed to belong to W4(Q; R™), and the infima
over WP(Q;R") and W'4(Q;R") may differ, which is connected to the so-called
Lavrentieff gap phenomenon (see [113]). We do not discuss this approach further as
we will not use it in the thesis — we only note that it was first used by Lebesgue
in [114], adapted by Serrin in [151] and [152], and later studied by many others, for

example Marcellini in [117], or Fonseca and Maly in [66].

1.6 Regularity

The last property of minimisers that we investigate in this thesis is their regularity.

Let us start with the classical example of the Dirichlet energy. It is well-known that

inf / |Vul?dz
ueW 2 (R J

Au =0 in €,

minimisers of the problem

satisfy

and are C° smooth inside €2. This leads to the question of whether all ‘regular’
variational problems have regular solutions.
To begin with, let us recall that critical points (minimisers in particular) of integral

functionals of the form [ F(x,u, Vu) dz solve the Euler-Lagrange system
divFw (z,u, Vu) = F,(z,u, Vu),

where v and W denote, respectively, the second and third argument of F' and F,, Fy
are the respective derivatives. Under suitable convexity assumptions on the integrand
the associated Euler-Lagrange system is elliptic, albeit nonlinear in the general case.
Thus, all the positive results regarding regularity of elliptic equations immediately
translate into positive results on regularity of minimisers, but not the other way
around — it is important to note that being a global minimiser is, in general, more
restrictive than solving the associated Euler-Lagrange system. Let us also briefly
remark that in the mixed smoothness setting we use the Euler-Lagrange system sim-
ilarly to the way it has been done in the gradient case, although the system we get
is not elliptic, but quasielliptic. Quasielliptic operators are a particular instance of
hypoelliptic operators (which yield smooth solutions for smooth data) and have been
studied, for instance, by Hormander in [88] and [89], and by Giusti in [77] and [78];
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we defer further discussion of quasielliptic systems to Section 5.1, where the reader
can also find more references.

There are plenty of very good sources for the theory of elliptic equations, here let
us just mention the books by Ladyzhenskaya and Ural’tseva [112], Bensoussan and
Frehse [18], and by Gilbarg and Trudinger [76]. Our story begins with the celebrated
papers by De Giorgi (see [45]) and Nash (see [137]) who have, independently and using
different approaches, proven Hdlder continuity of solutions to elliptic equations in
divergence form, which is what the Euler-Lagrange equation is for convex integrands,
thus settling the regularity problem in the scalar case. Let us remark here that De
Giorgi’s method turned out to be very versatile, in particular it could be applied to
the minimisers directly (see the works of Frehse [68] and Giaquinta & Giusti [74]), and
without going through the Euler-Lagrange equation, thus without loss of information.

In the vectorial case the Euler-Lagrange equation becomes a system and the reg-
ularity drastically deteriorates. An example of a functional with discontinuous co-
efficients that admits discontinuous local minimisers in dimensions N,n > 3 was
constructed by De Giorgi in [47]; a similar example was independently found by
Maz’ya (see [121]). De Giorgi’s example leads to a system that is linear but has
discontinuous coefficients. As it turns out, however, the coefficients can be analytic if
they are allowed to depend on the solution itself (as in [80] by Giusti and Miranda).
Further counterexamples to regularity were found by Necas in [138] who has con-
structed an autonomous functional which admits a minimiser that is Lipschitz, but
not C'. Following that, Sverdk and Yan have constructed a functional that admits
an unbounded minimiser. Let us remark that the examples we have mentioned so
far only work in sufficiently high dimension, in particular the question of regular-
ity in dimension N = 3, n = 2, remained open for a long time, until very recently
Mooney and Savin (see [128]) constructed an example of a regular variational integral
in dimensions N > 3, n > 2 that admits a non-Lipschitz minimiser.

The examples mentioned above prove that one cannot hope for global smoothness
of minimisers of variational problems in the vectorial case. However, Morrey (see
[130]) has shown that weak solutions of non-linear elliptic systems are regular out-
side of a null subset of their domain, thus opening the way for the so-called partial
regularity and Evans’ seminal paper (see [61]) on partial (up to a subset of Lebesgue
measure 0) Ch regularity of minimisers under the assumption of strict quasiconvex-
ity. Improvements on Evans’ result were made notably by Acerbi and Fusco in [2]
and [3], by Carozza, Fusco, and Mingione in [35], by Evans and Gariepy in [62], and
by Giaquinta and Modica in [75].
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The idea that minimising an energy is, in general, stronger than solving the as-
sociated Euler-Lagrange system has been reinforced by Miiller and Sverdk in [134],
who provided an example of a strictly quasiconvex integrand that induces an Euler-
Lagrange system which admits solutions that are nowhere C'. This has been subse-
quently extended to polyconvex integrands by Székelyhidi in [162]. However, partial
regularity results may be shown to hold for some, albeit not all, local minimisers —
this has been done by Kristensen and Taheri in [108].

In this thesis we extend the partial regularity results to the case of variational

problems posed in the mixed smoothness setting, and prove the following:

Theorem 1.6.1. Let Q C RY be a bounded domain satisfying the weak a-horn con-
dition and suppose that F': R™™ — R is a strictly W22-quasiconvex integrand of
class C*. Assume furthermore that |F(W)| < C1(1 + |[W?) and |F"(W)| < Cy for
some C1,Cy >0 and all W € R™™. Let u be a minimiser of the induced functional
Ip(u) == [ F(Vau)dz over the class W22(;R™) for some fized boundary datum
u, € Wa2(RY:R"™). Then, for any o < 1, there exists an open set Q, C Q with
12\ Qy| =0 and such that, on Qg, Vau is locally Holder continuous with exponent o

with respect to the metric d,.

We refer to Section 5.2 for the definition of strict W22-quasiconvexity, and to
Section 2.6 for the definition of the anisotropic metric ,. The proof is based on
Campanato-type estimates obtained by locally approximating the minimiser by so-
lutions of the linearised Euler-Lagrange system, which in our case is a quasielliptic
system of partial differential equations. Due to the anisotropic nature of the problem
we are naturally led to working with Campanato spaces with respect to the metric
da, which is adapted to the scaling corresponding to our hyperplane of homogeneity.
The result may be rephrased in terms of the standard Euclidean metric, but then the

Holder exponent is different in each direction, i.e., we may show that V,u is Holder

a;
man aj

derivative in direction x;. This is an interesting feature of the mixed smoothness

in direction z; with exponent «, where a; is the order of the maximal pure

setting and, in a sense, it is to be expected, since what the result means is that we

get less regularity in ‘expensive’ directions, i.e., ones that allow fewer derivatives.

1.7 Young measures

The main technical tool we use to study existence of solutions to variational problems

is the theory of Young measures. These were introduced by Young in [180], [181],
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[182], see also the book [183]. The classical Young measures are objects that may be
associated with subsequences of weakly convergent LP(2; R™) vector fields that pre-
serve information on whether, and how, the sequence oscillates around its weak limit.
They are especially useful when verifying lower semicontinuity of integral functionals
as, essentially, they allow one to break the proof down into two steps, where one first
passes to the Young measure limit and then checks whether a Jensen-like inequality
is verified. Furthermore, Young measures are great at localising problems, as they
measure the oscillations in a point-by-point manner. By now they are a classical tool
of calculus of variations, and a very good source on how to use Young measures to
approach variational problems is the recent book [148] by Rindler.

As mentioned above, Young measures were introduced by Young ([180], [181],
[182]), who called them generalised curves or surfaces. They were since studied and
applied by many authors, such as McShane ([122]), Berliocchi and Lasry ([19]), Balder
([8]), Ball ([10]), Kristensen ([100]), and Kinderlehrer & Pedregal ([94], [95]) among
others. A classical reference for Young measures that contains a much more complete
bibliography is Pedregal’s book [141].

One of the most important, from our point of view, results in the theory of Young
measures is the Kinderlehrer-Pedregal characterisation of gradient Young measures
([94] and [95], see also [161] by Sychev). The result completely characterises Young
measures that are generated by sequences of gradients, rather than arbitrary vector
fields. This is immensely important, as it essentially establishes a duality between
Young measures generated by gradients and quasiconvex functions, describing one by
the other. In this thesis we prove an analogous result for Young measures generated

by the derivatives of interest in the mixed smoothness setting as follows:

Theorem 1.7.1. Fiz a bounded open domain §2 satisfying the weak a-horn condition.
Let {v,}req be a weak™ measurable family of probability measures on R"*™. Then
there exists a W2P(Q; R™) bounded sequence {v,} C WaP(Q;R™) with {Vav,} gen-
erating the oscillation Young measure {v,}.cq if and only if the following conditions
hold:

i) there exists v € W2P(Q; R™) such that

Vav(x) = (v, 1d) for a.e. x €

/ / (WP dv, (W) dz < oo;
Q JRrxm
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iii) for a.e. x € Q and all g € &, we have

(Vz, 9) = Qg((vy, Id)).

We refer to Chapter 3 for explanation of the notation and precise definitions.
At this stage let us only say that the essence of the result is contained in the third
point above. Roughly translated, it means that we require that all W#P-quasiconvex
functions of p growth satisfy Jensen’s inequality with respect to v, for almost every
x, which in turn essentially means that each v, is a (homogeneous) W2P-gradient
Young measure on its own. This is particularly important for the aforementioned
localisation with Young measures.

In this thesis we deduce existence results using only the classical (oscillation)
Young measures. We can do so, because we restrict to non-negative integrands in the
reflexive setting p € (1,00), and thus we do not need to worry about concentration
effects. When this is not the case, for example when one wishes to work with p =1,
concentration needs to be taken into account, and thus one needs a more accurate tool.
Generalised Young measures do just that, they keep track of concentration as well as
oscillations. They were introduced by DiPerna and Majda in [54] in connection to fluid
mechanics, and later developed by a number of authors, such as Alibert and Bouchitté
([4]), Kristensen and Rindler ([107]), Fonseca and Kruzik ([63]), Kalamajska and
Kruzik ([92]), Kruzik and Roubicek ([109] and [110]), Székelyhidi and Wiedemann
([163]), among others. The main idea behind generalised Young measures is that one
may choose an appropriate compactification of the target space and consider Young
measures on this compactified space, which allows one to preserve some information
on what happens at infinity — the choice of the compactification determines what
sort of information is preserved. We do not go into details here as we do not use
generalised Young measures in this thesis. Nevertheless, to lay the groundwork for
future research, we prove a number of facts on them alongside our study of the
oscillation Young measures in Chapter 3, to which we refer for details. Finally, let
us also note that there are also other extensions of Young measures available in the
literature. For example, a variant suitable for treating quadratic expressions has
been developed by Tartar (see [167]) and, independently, by Gérard (see [71]), under
the names ‘H-measures’ and ‘micro-local defect measures’, respectively. These have
recently been combined with generalised Young measures in the concept of microlocal

compactness forms, introduced by Rindler in [147].
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1.8 Spaces of mixed smoothness

The classical Sobolev space WEP(Q; R") is determined by two scalar parameters k € N
and p € [1,00] and is defined as the space of (classes of equivalences of) functions
such that all their (weak) partial derivatives of order less than or equal to k may be
represented by functions in LP(2;R"™). These spaces are by now classical and have
found widespread use throughout analysis. However, problems that exhibit different
behaviour with respect to different variables call for some generalisations. In this
work we are interested in functions that posses different number of derivatives in
different directions. Thus, instead of the scalar parameter k we introduce the vector
a= (a,...,ay) € NV and we are interested in the space Wa?(2; R™) of functions
for which all the distributional derivatives djiu may be represented by functions in
LP(Q; R™).

The first question that we need to answer is what other smoothness and integra-
bility properties follow when a function u is assumed to be L* integrable, together
with all its derivatives d;'u mentioned above. The theory of embeddings of spaces of
mixed smoothness was largely developed by Nikolskii, who started the study with his
1951 paper [139]. Since then a number of authors have made important contributions
to the theory of spaces of mixed smoothness, among which we recall Besov ([20], [21]),
Boman ([25]), Burenkov (]28]), I'in ([90]), Kolyada ([97]), Kolyada & Pérez ([98]),
Pelczynski & Senator ([143], [144]), Slobodeckii ([154], [155]), and Solonnikov ([156]).

Let us note here that the list is very far from being complete. Instead we refer
the reader to the two-volume book by Besov, II'in, and Nikolskii (see [23] and [24]).
In fact we will follow the books’ exposition in most of the technical preliminaries
on the structure of spaces of mixed smoothness. Let us note that in their work the
authors call the spaces we work with anisotropic Sobolev spaces. However, in this
thesis we have opted for the name Sobolev spaces of mixed smoothness to avoid
confusion as to the nature of the anisotropy present in the problems we consider.
Indeed, variational problems with different growth properties in different directions
are often called anisotropic in the existing literature.

We supplement the material from [23] and [24] with a few additional results that
are intimately tied to the techniques that we use in this thesis. First of all, quasicon-
vexity arguments often make use of piecewise affine (in our case piecewise polynomial
of appropriate degrees in each variable) approximations. While the two books men-

tioned above provide some approximation results of this type, they are not very well
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suited for our purposes, thus we use the result of Dupont and Scott from [56]. Sec-
ondly, to be able to perform truncations without spoiling the derivative structure we
need a projection theorem along the lines of Helmholtz decomposition for gradients.
Such projection has been constructed by Petczynski in [142]

Finally, let us remark that furthering the study of the structure of Sobolev spaces
of mixed smoothness is outside the scope of this thesis. In Chapter 2 we recall the
results that we employ throughout, and in all that follows we focus on building the

machinery directly related to the variational side of the problem.
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Chapter 2

Spaces of mixed smoothness

We begin by introducing the function spaces that we will set our variational prob-
lems in. The purpose is to collect the basic facts about Sobolev spaces of mixed
smoothness WP which, while available in the literature, might not be as classical
and well-known as the corresponding theory of the usual Sobolev spaces WP, Let
us note that what we call Sobolev spaces of mixed smoothness is often referred to
as ‘anisotropic Sobolev spaces’ in the literature that we cite. We have opted for the
name ‘mixed smoothness’, as the term ‘anisotropic variational problem’ is already
widespread and used to describe problems where the integrand and the input func-
tions exhibit different growth properties in derivatives in different directions. That is,
‘anisotropic variational problems’ usually refer to problems posed in the space WP
with a vector parameter p, rather than W#? with vector parameter a, that we are
interested in here. Nevertheless, our setting is certainly anisotropic, and we shall use
this term on occasion, particularly when talking about scaling in a way adapted to
our framework.

We introduce the language, describe the framework, and define the appropriate
Sobolev spaces of mixed smoothness in Section 2.1. We then recall embedding re-
sults in Section 2.2, that we will use, in particular, to justify cut-off type arguments
throughout the thesis. Section 2.3 is devoted to canonical projections that will al-
low us to truncate the maximal derivatives of our functions whilst preserving the
a-gradient structure. The anisotropic scaling that we have briefly mentioned above is
introduced in Section 2.4, whilst Section 2.5 contains results on approximating func-
tions in W#P by piecewise polynomials (of appropriate degrees), that is an analogue
of piecewise affine approximations for W' functions. Finally, in Section 2.6 we in-
troduce anisotropic version of Campanato and Holder spaces, which we will use to

investigate regularity of minimisers in Chapter 5.
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2.1 Preliminaries

First we establish the language for describing the mixed smoothness setting. Any
partial differentiation operator 0% := 07" 052 ...0%" acting on functions mapping a
subdomain of RY to R™ may be identified with the multiindex o = (s, ..., ayn) € Zf,
where ZY denotes the set of points in RY with non-negative integer coordinates.
Specifying a set of derivatives A C ZY and their desired integrability defines a
Sobolev-like space — for example the classical W*? Sobolev spaces correspond to
= {a € Z¥: || < k}. Here we are interested in more general situations, but we

must nevertheless impose some structural conditions.

Assumption 1. If a, 8 € ZY are such that « € A and B < o (coordinate-wise) then
also € A.

This assumption may be phrased by saying that we assume A to be a smoothness
(see for example [143]). In particular, whenever A is non-empty, which is naturally a
standing assumption, this implies that 0 € A, thus we impose integrability condition
on the function itself. Therefore, elements of our spaces of mixed smoothness will
be classes of equivalence of certain LP functions rather than classes of equivalence
up to a certain polynomial, which is the case, e.g., in homogeneous Sobolev spaces.
Furthermore, we assume p-integrability not only on the function and its maximal
derivatives (given by maximal elements of A with respect to the coordinate-wise <
relation), but also on all the derivatives in between. In many situations, in particular
in the cases considered in this work, this is a consequence of the p-integrability of the
maximal derivatives and the function itself and follows from an appropriate variant
of the Poincaré inequality. Such inequalities depend on the underlying domain, and
although we will always work with domains adapted to the smoothness at hand, we
have decided to include the control on the intermediate derivatives in the assumptions

to stress its importance.

Assumption 2. Let A,,q, denote the set of mazximal elements of A. We assume that
all elements of Az lie on a common hyperplane and that this hyperplane intersects

all positive semi-azes.

This assumption stems from the paper [93] by Kazaniecki, Stolyarov, and Woj-
ciechowski, where the authors call the hyperplane in question a pattern of homogene-
ity. The motivation behind this assumption is that it provides a certain homogeneity

structure that allows one to rescale functions whilst preserving the distribution of the
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values of all the maximal derivatives. To make this more precise observe that if v
denotes the unit outwards normal to the pattern of homogeneity then there exists
some positive real number & such that for all &« € A we have (a,y) = k. Thus, if
for a given function u and a number r > 0, we let u,(x) := r~Fu((riz;);) then, for
all @ € Apax, we have
LN L Q1 N LN L
s (Zigg) = @0 (20

where £V(Q) denotes the N-dimensional Lebesgue measure of the cube Q@ C RY,
LN L@ denotes the restriction of the N-dimensional Lebesgue measure to Q, fupu
denotes the pushforward of the measure p via the function f, and finally (), denotes
the appropriately scaled cube () — we will return to this later on when discussing
the anisotropic scaling in more detail. Finally, let us remark that the assumption
that the pattern of homogeneity intersect each positive semi-axis is very natural, as
we want A to be finite and we do not want to impose infinite differentiability in any

direction.

Assumption 3. We assume that the pattern of homogeneity of Apa intersects each
positive semi-axis at an integer point and that A includes all the points of this plane

with non-negative integer coordinates.

This last assumption is the strictest and it implies the previous one, however we
decided to first present the initial two assumptions for clarity of exposition and to
explain the purposes they serve. We impose this condition in order for our Sobolev
spaces of mixed smoothness to have structure similar to the one of classical Sobolev
spaces, in particular we want to ensure that the control on maximal derivatives,
paired with control on the function (or with a boundary condition) yields control on
all the intermediate derivatives. We will see later that this is indeed true, however the
‘intermediate’ derivatives are not necessarily all the ones that satisfy 8 < a for some
a € Apax (which would be the goal), but the ones given by indices in the convex hull
of ApaxU{0}. If the pattern of homogeneity intersects one of the axes, say z; at a non-
integer point then no points on this axis belong to the convex hull of A.,,xU{0}. Thus,
we have no information, for instance, on the regularity of derivatives of functions that
only depend on the z; variable, which is clearly a degenerate situation that we wish
to avoid, hence the assumption.

A model example of a pattern of homogeneity and the associated smoothness,
mentioned in Equation (1.1) in the Introduction, is furnished by

A = (1,00, (0,2)} = {a € 22 : (a, (1, %» _ 1)
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with
A= faeZ2: (L, %)) <1} = {1,0),(0,2), (0,1, (0,0)}.

Naturally, an even simpler example may be given by simply recasting the case of k-th

order derivatives, which would correspond to
Amax = {a € ZY: o] =k} ={a € ZY: (o, (1,...,1)) = k},

with
A={aecZlV: |a| <k} ={aeZl: (a,(1,...,1)) <k},

although this one is isotropic in nature, thus perhaps less instructive for what we
wish to study in this thesis. Let us note that, throughout the thesis, we work with
vector-valued functions u: RY D Q — R”. Thus, for any fixed o € A, by the partial
derivative 0%u we mean the (column) vector of partial derivatives of components of
u, i.e.,

0%u = (0*u',. .., 0%u™)".

Observe that this implies that we impose the same differentiability on all components
of the functions considered. In general it would be interesting to allow for different
smoothnesses for different components, this is, however, outside of the scope of the
present thesis.

With these assumptions in place, we may now proceed to define the Sobolev spaces
of mixed smoothness that we will work with. Let us fix a pattern of homogeneity
satisfying the above assumptions and suppose that it intersects the z; axis at the
point a;e;, where {e;} is the standard basis or RY and a; € N. We denote by a the
vector (ap,ay,...,ay) and by a=! the vector (a;*,a5',...,ay"). Note that, clearly,
any choice of a vector a € NV uniquely determines an admissible pattern of homo-
geneity through the equation («,a™!) = 1, with corresponding smoothness given by
(a,a™!) < 1. When talking about derivatives of functions given by a multiindex with

only one non-zero entry, say a;e;, we will often write
0"u = 03lu 1= D0 0ai0:0)y — aieiy

Here, and in all that follows, Q is a bounded open subset of RY with |9Q] = 0,
where |A| denotes the N-dimensional Lebesgue measure of the set A. We denote by
C(Q2,R™) the space of smooth and compactly supported functions ¢: Q@ — R"™. We
will often omit the target space when it is clear from the context, and simply write
(). We also fix an exponent p € (1,00).

30



Definition 2.1.1. For a bounded open set Q C RY the Sobolev space W*P(Q2; R")
is defined as the completion of C*(CR™) N {p: 37, 11y 10%@|lLrrn) < 0o} with
respect to the norm

lullwer == > 10°ullur@en).

(a,a=1)<1
We often omit the target space R™ and write simply WP (Q) or even WP if the
domain ) is clear from the context. We also denote by Wi (2; R™) the completion

of C(;R™) in the same norm.

Proposition 2.1.2 (see [23]). For p € [1,00) the space W2P(;R™) coincides with
the space of functions u € LP(Q; R™) with distributional derivatives 0%u € LP(; R™)
for all {a,a™') < 1. The spaces W*P(Q2) and W§*(Q2) are both separable Banach

spaces. For p € (1,00) the two spaces are also reflezive.

Proof. The first two assertions have been established in Section 9 of [23]. The only
part we need to prove is reflexivity. This results immediately from the fact that
our spaces may, in a canonical way, be seen as subspaces of @@a,l) <« LP(Q;R™).
The W*? norm then coincides with the norm of the space @, ,-1,<; L (€2 R"), thus
WaP(Q) and Wg*(Q) are both closed subspaces. Finally, @, ,-1)c; LP(C4R"?) is

reflexive, and a closed subspace of a reflexive space is reflexive, thus we are done. [

2.2 Embeddings of Sobolev spaces of mixed smooth-
ness

In what follows we will often make use of continuous and compact embeddings of our
Sobolev space of mixed smoothness into other spaces. In particular, we need to ensure
that weak convergence of u; in W2?(Q2) implies strong L? convergence of 0%u; for all
a’s strictly below the hyperplane of homogeneity, i.e., with (a,a™!) < 1. Clearly,
this need not hold for a general smoothness; however, in our case, it is guaranteed by
the assumption that we have a maximal ‘pure’ derivative in each direction, since the
hyperplane of homogeneity intersect each axis at an integer point. The embeddings
that we mention here are shown in the previously mentioned book by Besov, II'in and

Nikolskii (see [23], in particular section 9), to which we refer for proofs.
Definition 2.2.1. Let b € RY be a vector with non-zero coordinates. Fiz h € (0, 00)
and € € (0,00). The set

V(b,h,e) := U {xERN: £>O,v<(ﬁ

; b.)ai<(1+€)vf0ralli€{1,2...,]\7}}

O<wv<h
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is called an a-horn of radius h and opening .

Let us remark that in the isotropic case (i.e., a; = a; for all ¢, j) the a-horn is
in fact a cone and the appropriate conditions we will state shortly are equivalent to
the, more familiar, cone conditions. In the genuinely anisotropic scenario the a-horn
looks like a curved cone. For the reader’s convenience we include below a few sample
pictures of a-horns with a = (2,1), b = (1,1), h = 1 and ¢ = 0.2, 0.5, and 0.9

respectively.

150 1 150 1 150

1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5

Definition 2.2.2. Let Q C RY be open and let K € N. Suppose that for k €
{1,2,..., K} there exist open sets Qi and a-horns Vi, (with coefficients by, hy., ey de-
pending on k) such that

Then we say that Q) satisfies the weak a-horn condition.

Definition 2.2.3. We say that Q C RY satisfies the strong a-horn condition if

satisfies the weak a-horn condition with some open sets . and furthermore

K
0= U QE] for some § > 0,

k=1

where
QE] = {x € Qp: dist(z, 2\ Q) >}

Domains satisfying the a-horn condition were first studied by Besov and Il'in
(see [22]). The idea behind the condition is simply that the respective embeddings
are proven using integral representations, and the horns carry the support of these
integral representations.

The following is crucial for us and may be found in [23] or [70].

Lemma 2.2.4. Any set of the form (I;,71) X ... x (Iy,rn) CRY for some l;,7; € R

satisfies the strong a-horn condition.

32



We note that the a-horn condition is not trivial and there are some very ‘nice’
domains that do not satisfy the above conditions. For example (see [23]) the two-
dimensional disc only satisfies the weak a-horn condition if %al < a9 € 2aq and does
not satisfy the strong a-horn condition unless a; = as. Finally, let us remark that in
the particular case of sets of the above form (which are often called open boxes, but
here we will reserve the term ‘box’ for a more specific situation) a bounded extension
to the whole RY may be constructed using the Hestenes’ method as noted by Burenkov
and Fain in [29], and clearly the existence of a bounded extension operator, together
with embeddings for the whole space, implies existence of embeddings on domains as

well.

Theorem 2.2.5 (see Theorem 9.5 in [23]). Suppose that an open set Q C RY satisfies
the weak a-horn condition and let p € (1,00). Then there exists a real number hy €
(0,00) depending on Q2 and a constant C' such that for all h € (0,hy) and all f €
WaP(Q) one has, for all multiindices 3 € ZY with (3,a™) < 1, that

N
mep<0<ﬁ‘“a”§:Wﬁf

i=1

—(B,a"1
[p+ 17 WVM)-

Before we proceed, let us note the following:

Proposition 2.2.6. Let Q C RY be a bounded open set with a Lipschitz boundary.
Then the embedding of WP () into LP()) is compact.

Proof. For any a one has the inclusion W&?(Q2) € W?(Q) into the standard Sobolev
space. Since the inclusion WH?(Q2) C LP(£2) is compact the proof is finished. O

The two above results easily yield the following

Lemma 2.2.7. Suppose that a bounded open set Q C RN with a Lipschitz boundary
satisfies the weak a-horn condition and let p € (1,00). Then for any 8 with (3,a™') <
1 the mapping WaP(Q)) — LP(Q) given by u +— 0%u is completely continuous, i.e., if
u; — u in WP(Q) then 0°u; — 0Pu in LP(Q).

Proof. Considering u; — u instead of u; we may assume that v = 0. Fix a § with
(3,a™') < 1 and note that Theorem 2.2.5 shows that there exists an hy > 0 such
that, for all h € (0, hg), one has

10%usll, < C | RPN 0%ully |+ B,

(a,a=1)=1
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Proposition 2.2.6 implies that u; converges strongly to 0 in L”. Hence, there exists
a sequence h; € (0,hy) with h; — 0 and Ch;w’awauij — 0 as 7 — oo. Finally,
because u; is bounded in W#? we know that <Z<a,a71>:1 ||5°‘u||p> is bounded, and
since C’h}_<5’a_1> — 0 we conclude that [|0°y,|, — 0, which ends the proof. O

Another consequence of Theorem 2.2.5 is

Proposition 2.2.8. Let Q C RY satisfy the weak a-horn condition. Then all of the
following

[

N
lall = Iy + Y 107 u
i=1

lall == lull, + > 10%ully, (2.1)
(a,a—1)=1
lall == > 110%ully,
(Ba~t)<1

yield equivalent norms on WP ().

As in the usual case, membership in the Sobolev space of mixed smoothness yields

higher integrability on non-maximal derivatives, as shown in the following result:

Theorem 2.2.9 (see Theorem 10.2 in [23]). Suppose that an open set G satisfies the

weak a-horn condition and fix a multiindex o. Let 1 < p <
with x defined as x = {a,a™ ') + (% — %)|a*1|, we have x < 1. For x = 1 suppose

additionally that either 1 < p < qg<oo orp=1 and ¢ = cc. Then 0% continuously
maps W2P(G) into LI(G). That is, for any f € W2P(G) its distributional derivative
0%f belongs to LI(G) and there exist numbers hy > 0 and C > 0 such that

q < oo be such that,

N
10 fllLa) < CRX Y1108 fllune + Ch|fllure,

i=1

where the constant C' is independent of f and h € (0, hg).
Finally, we state the following extension result:

Theorem 2.2.10 (see Theorem 9.6 in [23]). Let Q be an open set satisfying the
strong a-horn condition and let p € (1,00). Then the space WP (Q2) coincides with
the restriction of the space W2P(RYN) to Q). Furthermore, there exists a bounded linear
operator extending function in WaP(Q) to WaP(RYN).
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2.3 Canonical Projection

For v € W2? we write Vau for the a-gradient of u given by Vau := (0%u)(aa-1)=1-
For future use let us denote the cardinality of the set {a € Z,: {(a,a™') = 1} by
m, so that for v € W*P(Q,R") the a-gradient is a map defined on Q with values
in R™™. In what follows we will often need to carry out certain operations, for
example truncations, on a-gradients of various functions. These are easy to do on
mappings 2 — R but they need not preserve the a-gradient structure, and to
remedy that we turn to Canonical Sobolev Projections following Pelczynski’s work in
[142]. The aim is to obtain an analogue of the Helmholtz decomposition for the mixed
smoothness setting. We then wish to use it for regularizing generating sequences of
certain Young measures similarly to what has been done by Fonseca and Miiller in
[67] in the case of A-free vector fields and A-quasiconvexity. In this context see also a
recent article [145] where the ideas of [67] have been expanded to deal with extended
real valued integrands.

As mentioned before, there is a canonical embedding
wW=P(RY;R") —» € L"(RY;R")
(a,a=1)<1

given by
u — (aau)«l’afl)gl’

but it is not surjective. With p = 2 one may define the canonical projection of the

target space onto the image of this embedding, i.e.,
P.: P L’®RYR") —Im |W?RVR") -  L*RVRY)|. (22
(aa=1)<1 (a—1)<1

Let us look at what this means in the concrete case of our model example N = 2
and a™! = (1,1), ie. {a€Z%: (a <1} = (1,0),(0,1),(0,2))}. The

canonical embeddlng is then the mapping

Wo(R%R™) S u v (u, 0y, Opyu, 00,u) € @D LAR%R™).

) )

Thus the image of this embedding is the space

Im [ W2(R%:R") —» P L*R%R") | =

(a,a™h)<1
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{(",v* 0% v"): 0" € LA(R%R™), v* = 9,,0", 0° = 90", v* =02 v}
Clearly not all vector fields v = (vt v? v v1) with v* € L%(R?;R") satisfy the rela-
tions specified above, and this is where the projection comes into play.

It has been shown in [142] (see Corollary 5.1 therein) that the projection from
(2.2) is of strong type (p,p) for 1 < p < oo, thus one can extend it by continuity from
b vrevyiry) - P LRYRY
(ya—1)<1 (aa—1)<1
to
b revry) - @ LPERYRY.
{aa—1)<1 (aa—1)<1
Lemma 2.3.1. Fiz any p € (1,00) and denote by P, the extension of the canonical
projection discussed above. Then:
i) the map P, is a bounded linear operator on ®<a7a*1><1 LP(RY; R™);
it) for any u € @, 4-1y<; L we have Pa(Pau) = Pau;
ii) if the family {u;} C @, a-1)<; LF is p-equiintegrable then so is {Pau;}.

Proof. The first assertion is the content of Corollary 5.1 in [142]. Point ii) is, by
definition, true in @ (a-y<l L2(RY;R"). For a general exponent p let us fix u €
Doy LP(RY;R") and a family u; C Doy L2(RY; R™) with [ju — ||, — 0.
By continuity of P, (and thus of P, o P,) one has

P.u; — Pau and P,(Pauj) — Pa(Pau) in LP(RY;R™),

and since Pau; = Pa(Pau;) for each j the claim is proven.

For the last part consider the standard truncation 7, given by
X if | X| <k,
X) = 2.3
(%) {k% if [ X| > k. (2:3)

Then fix any sequence u; satisfying the assumptions of point iii). Since {74(u;)} is
bounded in L* and in L? we know, by continuity of P, as a map from L% to L4, that
{Pa7i(u;)} is bounded in any L? with p < ¢ < 00, so that this family is equiintegrable
in L?. Then again, p-equiintegrability of {u;} itself yields

dim sup [fu; —7i(u;)[l, =0,

so again continuity of P, : LP — L gives

lim sup [|Pa(u; — Tk(uj))Hp =0,

k—o00 j
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hence {P,(u;)} is p-equiintegrable as claimed.
[

Remark 1. Note that in the above we abuse notation slightly by treating P, as an
e (1,00) L?, however this is justified by the fact that, in the Fourier

space, the operator is given by a multiplier independent of p, see [142].

operator acting on [ J

2.4 Anisotropic scaling

As mentioned before, we will often need to use a specific anisotropic scaling. Thus,
for a real number R > 0 and a vector v = (vy,v9,...,05) € RY welet RO v =
(RY1y, RMa2y,, ... RMYaNqyy). Here, and in all that follows, @ C RY will, unless
otherwise specified, denote the unit (in the co-norm) cube centred at 0. We let
Qr(z9) C RN be the open box centred at xo € RY and scaled according to the rule
just described, so that

Qr(zg) :={x € RV \:L” — wg

“ < Rforalll<i<N}.

Equivalently, we could write Qg(z¢) = 2o + R ® Q. We call R the anisotropic radius
of the box Qg and x its centre. This is a slight abuse of language, as we will see
later that the boxes discussed here correspond to balls in an appropriate anisotropic
metric, but with radius RY ™% however we have decided to stick to the notation
dictated by the scaling. From now on we will always understand a ‘box’ to mean a
set of the form above, i.e., an anisotropically scaled and translated unit cube.
Observe that, unless the scaling is in fact isotropic (that is, a; = a; for all 1, j),
our family of boxes is not of bounded eccentricity, i.e., there does not exist a constant
¢ > 0 such that each box Qg(zo) in our collection is contained in some (Euclidean)
ball B with |Qgr(xo)| = ¢|B|. Therefore, it is not obvious if standard results such
as the Vitali covering lemma, or the Lebesgue differentiation theorem, hold for balls
replaced by anisotropically scaled boxes. Note that even sharper statements of the
Vitali covering lemma, such as the one in [149] by Saks (which only requires the
eccentricity to be bounded along fixed sequences converging to a given point), or
the one in [124] by Mejlbro and Topsge (where the condition on the eccentricity is
in integral form), are not directly applicable. Nevertheless, it turns out that the
aforementioned results still hold, and the purpose of this section is to prove it. We
follow the approach given in [17] for the case of (Euclidean) cubes. The argument

is nearly the same but, for the sake of completeness, we include a short presentation

37



of how to obtain an elementary version of the Vitali covering lemma adapted to our
setting. With the help of this result the Lebesgue differentiation theorem follows
easily.

We remark here that the results of the present subsection may be deduced from
a more general work by Calderén and Torchinsky (see [33]). Nevertheless, we have
decided to present a more straightforward approach to the particular case that we
consider here, as the argument is not very long, and the Lebesgue differentiation

theorem then follows immediately.

Lemma 2.4.1 (Elementary anisotropic Vitali covering lemma). Let A be a Lebesgue
measurable subset of RN with finite Lebesque measure. For any covering of A by
a family {Q;} of anisotropic bozes there exists a finite, pairwise disjoint, subfamily

{Q1,...,Qk} such that
K
Al <3RS Q).
7j=1

Proof. Without loss of generality assume that A is compact. Since we are using open
boxes there is a finite subfamily Q := {é)vl, . ,ka} that covers A. Let )y be an
element of Q with the largest radius (arbitrary if there is more than one). Assume

that @1,...,Q; have been chosen and let ();1; be an element of
{QcQ:QNQ; =0 forall 1 <i<j}

with the largest radius. Finish the construction when the set
{QcQ:QNQ; =0 forall 1 <i<j}

is empty. We claim that the family {3 ® @Q1,...,3 ® Qk} covers A, where 3 ® Q;
denotes a box with the same centre as (); but triple the anisotropic radius.

Fix an arbitrary z € A. If z € Uf; (; then there is nothing to show, thus assume
otherwise. There has to exist an element @ of Q such that x € @, since Q covers A.
Let R be the radius of Q. Since Q Z{Q1,...Qk} we must have @ﬁUfil Q; # 0. Let
@i, be an element of those among {Q1, ... Qk} that intersect @ and suppose that @);,
has maximal radius, say Ry. Then Ry > R, as otherwise @ would have been chosen

instead of );,. Let g be the centre of );,. For any 1 < j < N we must have
|z} — 27| < Ry 4+ 2R% < 3Ry < (3Ry)Y,

since z € Q and Q;, N Q # 0. However, |) — 27| < (3Ry)% for all 1 < j < N, which
means precisely that z € 3 ® Q;,. Finally, since |3 ® Q;,| = 3 '1|Q;,| the proof is
complete. O
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Definition 2.4.2. Let f € L} (RY). The anisotropic Hardy-Littlewood mazimal

loc

function M(f) of f is defined as

1
M(f)(z) = %li%m one) |f(y)] dy,

for x € RY.

As a consequence of the anisotropic Vitali covering lemma we immediately obtain

the following two results, which may be proven exactly as in [17]:

Lemma 2.4.3 (Anisotropic Hardy-Littlewood lemma). For any f € Ll (RY) and

loc
for any t > 0 one has
N gla™|
{z e R : M(f)(z) >t} <

[ 1wl

Theorem 2.4.4 (Anisotropic Lebesgue differentiation theorem). Let f € L} (RY).

loc

For Lebesque almost every xo € RY one has

|f(x) = f(zo)|dz = 0.

lim sup
R—0 |QR($0>| Qr(z0)

2.5 Polynomial approximation

Recall that ), unless otherwise specified, is the unit (in the co-norm) cube centered
at 0, ie., @ = {x € RV: |2'] < 1foralll < ¢ < N}, whereas Qg(xg) is a box
obtained from ) through a composition of a translation (so that the center is at z)

and anisotropic scaling, i.e.,

Qr(zg) :={x € RV \xl — xé

“ < Rforalll<i< N}.

For a function f € L'(Qg) we denote by (f)gp ) its average over Qg, i.e.,

(f)Qn(o) = ]{2 . flz) dz.

Lemma 2.5.1. There ezists a constant C' such that, for anyr > 0 and any o € (0, %),
there exists a cut-off function n € C(Q,;[0,1]) which is identically equal to 1 on
Q(—o)r and satisfies

0%l < OrBn g1,

for all multi-indices 8 with (B,a~') < 1.
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Proof. First of all, note that it is enough to consider the case r = 1, as the general
result will then follow by our anisotropic scaling. With » = 1 observe that the distance
between the faces of Q and Q;_, along the x; axis is equal to 1 — (1 — ¢)"/%. There

exists a constant C' > 0 such that for all o € (0, 3) we have
1-(1—0)Y% > Co,

for all 7. This follows simply by observing that we have equality with ¢ = 0, and for
sufficiently small C' the function Co + (1 — 0)/% is decreasing, which may be easily
checked by differentiation. Now it is enough to construct one dimensional cut-off
functions n'(x;) that realise the desired cut-off along the particular axes and satisfy
|0%7 || < 2(Co)~*, and then consider 7 of the form n(z) := [T, 7 (x:). O

We recall the following version of the Poincaré inequality in W2 proven by Dupont
and Scott in [56], where, instead of requiring zero boundary values, we allow for

correction in terms of the kernel of the operator V,.

Proposition 2.5.2 (see Theorem 4.2 in [56]). There exists a constant C' such that
for any function f € WP(Q) with p € [1,00) there exists a polynomial Py € C*(Q)
with Vo Py = 0 satisfying

If — Prllwar@) < C|[Vafllrr(q)

Observe that, in the above, @) is fixed to be the unit cube, and we do not assert
anything about approximations on other domains. However, we will only ever use
this result on anisotropic boxes, and it is easy to see how to adjust the constant to

scaling, as shown in the following:

Corollary 2.5.3. There exists a constant C' such that for any function f € W2P(Q),.)
with p € [1,00) there exists a polynomial Py € C*(Q,) with VaP; = (Vaf),, such
that for any B with (3,a~') <1 we have

— a1
rmHERNO(f = Pr)leron < ClIValf = Pp)llusan).
The constant C' does not depend on the function f nor the radius r.

Proof. First of all, note that using our anisotropic rescaling we may reduce to the
case r = 1. This also determines the scaling, i.e., the p i+ Ba™) factor. Secondly, it
is clearly enough to prove the result for f € C*(Q), as the general case then follows

from density of smooth functions in W#?((Q)). Observe that by considering

fla)=f@)— > 2%(0"f),,

(a,a=1)=1

40



we reduce our task to finding a polynomial ]5]? with Valgf = 0 and such that

10°(f = PPllr(@ < CllVaflu@

for all 8 with (3,a™') < 1, as the case (8,a™') = 1 is trivial. The existence of such
a Igf is the content of Proposition 2.5.2, which completes the proof.
O

Proposition 2.5.4 (see Theorem 10.16 in [43]). For any bounded open domain 2, any
u € W2P(Q) and any € > 0 there exist a function u. € W2P(QQ) and a finite family of
disjoint boxes {Qe;}i such that Vau. is constant on each Q.; C Q, |Q\ U, Q-] <,

and ||u — ug||war@) < €.

Proof. Fix an arbitrary u € W#P(Q) and a parameter 7 € (0,1) to be determined
later. Decompose €2, up to a set of measure zero, into a countable family of disjoint,
open boxes {Q,;} of radii equal, or smaller than, 7. Select a finite subfamily of I
boxes covering €2 up to a set of measure less than /2 and relabel the elements so
that ‘Q \ Ule Qm-’ < /2. From now on we focus our attention only on these boxes
Q-; with 1 <@ < I. Let P;; denote the polynomial approximating v on @) ; given by
Corollary 2.5.3. Let 0 € (0,1/2) be a parameter to be determined later. For every
Q. take a cut-off function n,; € C°(Q, ;) identically equal to 1 on (1 —0) ® Q,;, as
in Lemma 2.5.1.
Define

+Z777'z T’L )—u(x)),

so that V,v is constant on each (1—0)®Q,; and v € W2P(§2). We may now calculate

o ol = /|aﬁu—v|pdx—

(B,a—1)<1

2 Z/ [0 (11ra () (u(2) = Pra(@)|” d <

(B,a—1)<1 i=1

> Z/ D 0@ |07 (uz) = Pry())|” da.

(B,a—1)<1 i=1 Q@r,i 0<y<B

Using the bounds on the derivatives of n we may write

fi = oy <€ S0 S ZU—PWITP% 1>/ 109 (u(x) — Pra(e))]” da.

(B,a=1)<1 0<y<B i=1
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Using the bound from Corollary 2.5.3 on each ();; now yields

i =vlfyane) <C 3 ZZU”W'T” I | Va(u = P,

(B,a=1)<1 0<y<B i=1

Thus,

_ a1
lu =0y <C D> > ZU PPLrp=r P20V a(u = Pra) g, )

(B,a=1)<1 0<y<B i=1

and finally, since (3,a™!) <1, 0 < 1/2, and 7 < 1, we may write

lv = vllyar(q) CU”“’”‘“ZHV — Prillio,.)

=1

Now it is time to choose the parameters o and 7. Observe that % =
(1— a)‘a_l‘ for any 7 and any i. Thus, choosing ¢ small enough ensures that, with
any 7, we will have |Q\ ({J;,(1 — o) ® Q-;)| < e. With ¢ fixed it is enough to choose

7 small enough so that

Z Hv _ Tl)”Lp Q”) < O Lgpmax; Y,

which is possible, as due to the anisotropic Lebesgue’s differentiation theorem (The-
orem 2.4.4), one can approximate V,u in the L? norm by its averages over a grid of

boxes of sufficiently small radii. Using the corresponding v as u. ends the proof. [J

2.6 Anisotropic Campanato and Holder spaces

For future use in the study of regularity of minimisers of anisotropic variational prob-
lems we present here a selection of facts about anisotropic Campanato and Holder
spaces. This subsection is based on Giusti’s exposition from [77], to which we refer
for proofs.

To easily define the anisotropic Holder spaces we let

5a(l‘,y) = sup |l’j — yj|aj/maxiai
IS

be the anisotropic co-metric that corresponds to the anisotropic scaling that we use.
The factor max; a; is there to make the function a metric, as it is necessary for the
triangle inequality to hold. Balls in this metric correspond to our anisotropic boxes,
albeit balls of radius 7 in the metric d, correspond to boxes with anisotropic radii of

,r,(maxi a;) )
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Definition 2.6.1. The anisotropic Campanato space £2°(Q)) is defined as the subset
of those functions u € LP(QY) for which we have

Wy = 500 @)l [ July) = wrepl?dy < oc,
a z€Q,p>0 I(z,p)

where 1(z,p) = QN Qy(x) and urz,y) = fI(I 2 u(y)dy. Equipping £2°(Q)) with the
norm
[ullego ) = Il + [u]gpo

makes it a Banach space.

Definition 2.6.2. An open domain @ C RY is said to be of type (A) with respect
to the metric & if there exists a constant C > 0 such that for all x € Q and for all
r € (0, diam(Y)) one has |I(z,r)| = C|B(x,r; )|, where B(x,r;d) denotes the ball in

metric & centred at x and of radius r.

Remark 2. Clearly any box with edges parallel to coordinate axes is of type (A) with

respect to ;.

Lemma 2.6.3 (see Definition 2.IV in [77]). If Q is of type (A) with respect to 0,
then, for 0 > 1, the space £29($2,8,) is canonically isomorphic to the Hélder space
COX(9, 6,) with x = mTw(g —1).

Lemma 2.6.4 (see Observation 2 in [77]). The space C%X(§,8,) coincides with the

space of functions that are Hoélder continuous with respect to the x; variable with

(27}
max; aj

Holder exponent x; = X, when considered in the usual Fuclidean metric.

As a final remark let us say that in subsequent parts of the thesis we are only
interested in the variational side of the problems considered, and we do not attempt
to prove them under optimal conditions on the underlying domain 2. Therefore,
unless otherwise specified, we will always assume that €2 is a bounded open domain

with Lipschitz boundary of measure zero, and satisfying the weak a-horn condition.
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Chapter 3

Young measures

The main technical tool that we will use in studying lower semicontinuity of integral
functionals defined on Sobolev spaces of mixed smoothness is the theory of Young
measures. The purpose of this chapter is to introduce the principal technical results
that we will need. As mentioned in the introduction, Young measures were intro-
duced by Young (see [180], [181], [182], and [183]) and they are objects that describe
the behaviour of weakly converging sequences more accurately than just their weak
limits. When dealing with nonlinear expressions, it is often difficult to justify passing
to the limit over a sequence if it only converges in the weak topology. Working in the
space of measures facilitates that, as measures enjoy good compactness properties.
Heuristically, the major advantage of the Young measures approach to lower semi-
continuity of integral functionals is that it allows to split the problem into two parts.
The first step is to pass to the limit in the functional and get an expression describing
the action of the limiting Young measure on the integrand. Secondly, one needs to
check if that limiting expression satisfies a certain kind of Jensen’s inequality to check
whether it is greater than the value of the functional evaluated at the (traditional)
weak limit. Another benefit of the approach is that Young measures describe the
oscillations of the sequence separately at each point of the domain, which further
simplifies the problem through localisation.

We begin this chapter by introducing the classical (oscillation) Young measures in
Section 3.1, in particular we recall the Fundamental Theorem of Young Measures (see
Theorem 3.1.1). In Section 3.2 we prepare for the study of Young measures generated
by a-gradients, by proving that weakly convergent sequences of a-gradients may be
decomposed into an equiintegrable part that carries the oscillation and a remainder,
converging to 0 in measure, that carries the concentration (see Proposition 3.2.3).
This lets us obtain ‘better’ (here p-equiintegrable) generating sequences for the Young

measures under consideration. We briefly discuss generalised (or DiPerna-Majda)
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Young measures in Section 3.3, and we prove a localisation result in Proposition 3.4.2
of the following Section. We introduce a-quasiconvexity in Section 3.5, and we prove
an initial formula for a-quasiconvex envelopes in Lemma 3.5.3. We then use it to
investigate the structure of Young measures generated by a-gradients of functions in
W2P in Sections 3.6 and 3.7. This culminates in Theorems 3.7.1 and 3.7.2 where
we establish duality between such Young measures and a-quasiconvex functions, in
the spirit of the famous Kinderlehrer-Pedregal characterisation of gradient Young

measures.

3.1 Oscillation Young measures

We begin with a general overview of the theory of oscillation Young measures. Through-
out this work we will always work with non-negative integrands and in reflexive spaces,
so that oscillation Young measures provide enough information to study lower semi-
continuity of our functionals. Therefore, we largely focus on them, although in the
process we will also mention a few facts about generalised DiPerna-Majda Young
measures, that we hope to use in future work in settings where concentration effects
must be taken into account.

We denote by M(R"*™) the set of all Radon measures on R™*™, and by P(R"*"™) C
M(R™™) the set of all probability measures on R™ ™. Recall (see, for example,
Chapter 6 of [64]) that we say that a function F': Q x R™™ — (—o0,0] is a
normal integrand if F' is Borel measurable and, for every fixed x € €2, the func-
tion W+ f(x,W) is lower semicontinuous. Similarly, we say that a function
F: QxR™™ — R is Carathéodory if both F' and —F" are normal integrands. Finally,
amap v: Q — M(R"™) is said to be weak*-measurable if x — (v, ¢) is (Lebesgue)
measurable for any continuous and compactly supported function ¢: R™™ — R.

We begin with the following version of the Fundamental Theorem of Young Mea-
sures which may be found, for example, in Pedregal’s book, see [141], followed by a

simple result on translations, that may be found in the same book.

Theorem 3.1.1 (see [141]). Let Q C RY be a measurable set of finite measure and
Vi & — R™™ be a bounded sequence of LP functions for some p € [1,00]. Then
there exists a subsequence V;, and a weak*-measurable map v: Q — M(R™™) such
that the following hold:

i) every v, is a probability measure;
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i) if F: Q x R™™ — RU{oo} is a normal integrand bounded from below, then
liminf/ F(z,Vj (z))de > / F(z)dex,

where

Fa)i= (e Pl ) = [ Play)dnaly)

iii) if F: Q x R — R U {oo} is Carathéodory and bounded from below, then

im [ F(z,V, (2))dz = /Q F(z) de < 00

Jj—00 Q Ik
if and only if {F(-,V;,(-))} is equiintegrable (in the usual, L' sense). In this case
(Vi () = F in 1Y),

The family {v,}zeq is called the (oscillation) Young measure generated by Vi, . If
there exists some x¢ € 2 such that v, = v, for almost every x € §) then we say that
v is a homogeneous (oscillation) Young measure and often identify the family {v,}

with the single measure v,, if there is no risk of confusion.

Proposition 3.1.2 (see [141]). If{V,} generates an oscillation Young measure v and

if W; — W in measure, then {V; + W;} generates the translated Young measure

Uy = Ow(a) * Va,

where
(Ou * p, ) = (1, (- + U))

for U € R™™ and ¢ € Co(R™™). In particular, if W; — 0 in measure, then
{V; + W;} still generates v. Similarly, if ||V; — W, — 0 for some p € [1,00] then

both V; and W; generate the same Young measure.

3.2 Decomposition

This section lets us obtain ‘better’ generating sequences for the Young measures
we intend to be dealing with. The core result here is Proposition 3.2.3 which lets us
decompose a given weakly convergent sequence into a p-equiintegrable oscillation part
supported away from the boundary, and a concentration part that converges to 0 in
measure. The strategy is based on Jan Kristensen’s lecture notes (see [103]), however
we need to adapt the proofs to the mixed smoothness setting, thus we present them

in full.
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In this section we will make use of the canonical projection from Lemma 2.3.1.
Naturally, we mostly care about projecting the maximal derivatives that make up the
a-gradient, and the projection could be restricted to the coordinates that correspond
to those derivatives only. However, then one loses the information regarding the
lower derivatives and the image of the restriction of our projection would, in a way,
correspond to equivalence classes of functions in W#? up to polynomials with V, P =
0. However, for what we do here, it is significantly more convenient to work with
the full information on a given function rather than just its a-gradient V,u. Thus,
for the purpose of this section, we denote by Vau the full gradient of u given by
Vau = (0"u)(a,a-1y<1 and by Vau its lower gradient Vau = (0“U)(a,a-1y<1, SO that
ﬁu = ﬁu &) Vau.

Definition 3.2.1. Forp € (1,00) we say that a family of functions {V;,} C LP(Q, R9)
is p-equiintegrable if the family {|Vi|P} C LY(Q;R) is equiintegrable in the usual sense.

The following lemma shows how to cut-off a given weakly convergent sequence
so that it becomes compactly supported in €2. This is important for our canonical
projection, as functions in W7 () may always be extended by 0 to W2P(R"), which
allows us to work with domains that need not satisfy the strong a-horn condition,

i.e., ones that need not be WP extension domains.

Lemma 3.2.2. Let Q C RN be a bounded open set satisfying the weak a-horn condi-
tion. Then, for any sequence u; — 0 in W2P(Q), there exists a sequence v; € C°(2)
such that the sequence (/Vvauj — Vwavj) converges to 0 in measure. In particular, if
Vau; (or, equivalently, /V\;u]) generates some oscillation Young measure v then Va0,
(respectively %\;Uj) also generates v. Furthermore, if {ﬁu]} is p-equiintegrable then

50 1S {ﬁvj}.

Proof. Take a family of smooth, open sub-domains Q; € Q1 €  (here € de-
notes compact inclusion) with (Jp—, @, = Q. Fix a family of cut-off functions
o € C°(Q;]0,1]) with ¢ =1 on ) and denote My, = HVagokHLoo < 00.

For any k,j we may write u; = @ru; + (1 — ¢x)u;, and the goal is to show that

the second term is small. We have
[ 19 = eoude = [ ¥a(1 = puuy|da,
Q Q\Qy

because on €2 the integrand is identically equal to 0. Differentiating the product we

distinguish between the case where all the derivatives fall on u; and the one where
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we also differentiate (1 — ¢y) and this yields

[ 90— powllde < [ =) Vanlde+ [ MTalde
Q O\, O\,

Since the family {|ﬁu]|} is bounded in L?, it is uniformly integrable in L'. Adding
the fact that |1 — x| < 1 and |2\ Q| — 0 we deduce that the first term in our in-
equality converges to 0 with & — oo, uniformly in j. On the other hand, Lemma 2.2.7
shows that the lower gradients ﬁuj converge to 0 strongly in L?, thus in particular

in L'. Therefore, there exists a sequence k; — oo such that fQ\Qk My, |§\auj| dz —0
j

with 7 — oo. Combining the two we see that ﬁ((l — ¢k, )u; — 0 strongly in L'.

Repeating the above reasoning with L' norm replaced by L? we get

[Faa-eoupar<c [ a-prVasPdorc [ M, ()
Q O\ O\,

with some absolute constant C'. The first term is now bounded uniformly in k& and 7,
whereas for the second one we may select a sequence k'; such that it converges to 0.
Hence, adjusting the first sequence k; (i.e., slowing it down if necessary) we obtain
that (1 — ¢, )u; is bounded in W2?.

Combining the two we deduce that (1 — ¢, )u; — 0 in WP, since the sequence is
bounded and the only possible limit is 0, as the full gradient converges to 0 in L. By
construction, the sequence also converges to 0 in measure, thus setting v; := ¢ u;
ends the proof of the first part of the statement.

For equiintegrability it is enough to notice that if {ﬁu]} is p-equiintegrable then
the first term in (3.1) converges to 0 with k& — oo, uniformly in j (as (1 — @) is
bounded in L* and |2\ Qx| — 0). Thus, in this case, ﬁuj - %\;vj converges to 0
strongly in LP, which proves p-equiintegrability of ﬁvj. O]

The following result is the key point of this section. It shows that (up to a sub-
sequence) one may decompose a weakly convergent sequence into a p-equiintegrable
part that carries the oscillation and a part converging to 0 in measure, which carries

the concentration.

Proposition 3.2.3. Let Q C RY be a bounded open domain satisfying the weak a-
horn condition and let p € (1,00). Suppose that u; — w in WP(Q;R™). Then, there
exists a subsequence u;, and sequences {gr} C CX(4;R") and {by} C WP(;R"),
both weakly convergent to 0 in W2P(Q;R™), and such that the family /Vvagk S p-

equiintegrable, %\;bk — 0 in measure, and uj, = u+ gi + by.
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Proof. By considering {u; — u} instead of {u;} we may limit ourselves to the case

= 0. Furthermore, by considering a subsequence if necessary, we may assume
that ﬁuj generates some oscillation Young measure v. Lemma 3.2.2 shows that we
may also take u; = v; + b; with by — 0 in measure and v; € Wg”(Q). Thus, in
what follows we focus on decomposing v;, remembering that V,v; generates the same
Young measure v.

For | € N recall the standard truncation 7;: R™"™ — R"*™ given by

Wit [W <1
TZ<W>I{ Ly

I W] > 1

Since the truncation is bounded and continuous we get

lim lim / I (V av] )P dz = lim // | (WP dv, doe = // | - |P dv, dz,
l—00 j—00 j—00 RnXxm Q JRnxmM

where the first equality is due to Theorem 3.1.1 and the second one is an application

of the Monotone Convergence Theorem. We deduce that one can extract a sequence

lim/ ]Tl(/V\;vjl)\pdx:// |- P dv, dz,
=00 J Q JRnxm

and from Theorem 3.1.1 we deduce that the family {7 (V avjl} is p-equiintegrable.

71 — oo such that

That is because L? boundedness of Vavjl implies equiintegrability in L? for ¢ € [1, p),
hence Tl(%vavjl) - %vavjl — 0 strongly in L%, and thus the two generate the same
oscillation Young measure v.

In this way we have constructed a sequence w; := Tl(/v\—z;vjl) that is p-equiintegrable
and generates v. The last thing we need to take care of is the fact that w; is not
necessarily a full gradient of a Wi function. To remedy that, extend w; by 0 to the
whole of RY and do the same with v;,, keeping the same notation for the extensions.
Since we had v;, € WiP(Q), its extension by 0 is in the space Wa?(RY). Apply the

canonical projection P, to w; to get the decomposition
w; = Vagi + 1.

We have

Irilles =lwi — Vagillee < [lwi — Vavg e + [ Vagi — Vavj e =

lwi — Vavy, s + | Palwr — Vavy)llns < Cllwy — Vavj,|lua — 0,
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where we have used the fact that P,(Vavj,) = Vav; and the L¢ continuity of P,.
In particular, this yields r; — 0 in measure. Furthermore, Lemma 2.3.1 shows that
p-equiintegrability of {w;} yields the same for {ﬁgl}.

Lastly, we restrict g; to Q to get ¢ € W2P(Q) and apply the cut-off argument
from Lemma 3.2.2, to end the proof. m

The following is a simple corollary of the above and we will often use it in the

subsequent parts of the present work.

Corollary 3.2.4. Let €2 be a bounded open domain satisfying the weak a-horn condi-
tion. Let v be a W2P-gradient oscillation Young measure on S). Then there exists a se-
quence u; € W2P(Q) generating v and such that the family {Vau;} is p-equiintegrable.
Furthermore, if the barycentre of v is 0 at all points of 2, then the functions u; may
be chosen in the space C(€).

Remark 3. It seems plausible that one could generalise Zhang’s truncation lemma
(see [184]) to the mixed smoothness setting, which would then allow us to extend our
results to W*>-gradient Young measures. The goal would be to show that, under
the hypotheses of Corollary 3.2.4, if the Young measure v is additionally assumed to
satisfy

supp(v,) C K for almost every = € 2,

where supp(v,.) denotes the support of v, and K is a compact set, then the generating

sequence u; can be chosen to be bounded in W2*°(£2) with

sup [|u;[lwace ) < C(K),
J

where the constant C'(K) depends only on the set K. We do not have a proof yet,
as we lack results on extending functions in the class W2>°(€Y'), but we aim to tackle

this problem in future work.

3.3 DiPerna-Majda Young measures

The purpose of this section is to introduce the DiPerna-Majda Young measures (often
called generalised Young measures) for oscillation and concentration. We refer the
reader to [54] for the original exposition, however here we follow the approach from
a course given by Jan Kristensen at the University of Oxford (see [103]).

First, we introduce an appropriate test space that consists of continuous functions

that admit a continuous p-recession function. Here the exponent p € (1, 00) is fixed.
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Definition 3.3.1. For a bounded open set Q C RN we define E, = E,(Q, R™™)
to be the space of those continuous function 1 € C(Q x R™™;R) for which the
w(zt’iw) exists uniformly in (x,W) € Q x 0B"™™m_ where B™*™ is the

(Euclidean) unit ball in R™™.
For ¢ € E,, the p-recession integrand 1°: Q x R™™ — R is defined by

limat limy_ oo

= lim —SO(:U’ tW) )
t—o00 tp

@/J;O(m, W)

Remark 4. From the definition of E, one immediately sees that for any ¢ € E, the

p-recession integrand ¢;° is continuous and positively p-homogeneous.
Proposition 3.3.2 (see [103]). The space E, equipped with the norm

[z, W)
[4lle, == sup
(e w)caxnxm (14 W)

18 a separable Banach space.

Definition 3.3.3. A generalised p- Young measure v is a triple ((vz)zeco, A, (V) peqr)

where
o (v): Q — P(R™™) is weak™ Lebesgue measurable,
o \ € M*(Q) is a non-negative Radon measure on €0,

o (U): Q — P(OB™™) is weak* X measurable,

* Jo Junim

Observe that the maps = — v, and x — v{° are only defined Lebesgue and A

WP dy,(W)dz < co.

almost everywhere respectively. Moreover, the exponent p only enters in the last
condition. We will often say that v is a generalised Young measure and omit the
exponent p, as it will be fixed throughout the chapter.

Here (v,) is the classical oscillation Young measure as introduced before. We
call A the concentration measure and (v2°) the concentration-angle measure. Lastly,
analogously to the Lebesgue case in the first point, we say that (12°), is weak* A
measurable if z — (12°, ¢) is A\ measurable for any continuous ¢: 9B"*" — R.

The set of generalised p-Young measures is denoted Y?. Observe that Y? may be

seen as a subset of EJ if we set, for v € Y? and ¢ € E,,

() = [ et ot [ 0207 )
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We remark that Y” is in fact a proper subset of E, but we do not elaborate on it
further and instead refer to [103] for a detailed characterisation. However, we recall

the following useful result (see also [104]):

Proposition 3.3.4 (see [103]). The space of generalised p-Young measures YP is a
convexr weakly* closed subset of E; on which the relative sequential weak™ topology is

metrizable with the Kantorovich LP metric when restricted to YP.

We recall that the Kantorovich LP distance between two probability measures
p and v with finite p-th moments is defined as the infimum inf E|.X — Y|P, where
| - | denotes the standard Euclidean norm, E is the expectation with respect to the
joint distribution of (X,Y’), and the infimum is taken over all pairs of random vari-
ables X and Y with distributions p and v respectively. We do not elaborate on this
point further, as all we will use in what follows is that the topology is metrisable —
the particular choice of a metric is not important. Instead, we refer the reader to
Santambrogio’s book [150] for more details on the Kantorovich distance and related

issues.

Definition 3.3.5. We say that a sequence V; € LP(Q; R™ ™) generates the generalised
Young measure v if for every ¢ € E, we have

lim Qw(%‘/}(x))dx = {(r,¥)).

J—00

Observe that, if for V' € LP(;R™™) we set ey := ((dy(a)),0,n/a) to be the
corresponding elementary DiPerna-Majda Young measure, then a sequence V; gener-
ates v if and only if ey, converges weakly* to v in E¥. Moreover, taking g(z, W) :=
1+ |W[P € E, we easily see that |[ey|

g: = 1+||V||r». This, together with Proposition
P
3.3.4 implies the following:

Lemma 3.3.6. Suppose that V; — V in LP(Q; R™*™). Then there exists a subsequence

Vi, that generates some generalised Young measure v.

Proof. Since Proposition 3.3.4 tells us that Y? is weak™® closed with metrizable topol-
ogy all that we need is to show that, under our assumptions, the sequence ey; is
bounded in E*. This, however, results immediately from the fact that the L” norm
of Vj; is bounded. O]

Definition 3.3.7. If v € Y? is generated by a sequence Vau; for some u; — u in

W=aP then we say that v is a generalised W*P-gradient Young measure.
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3.4 Localisation
Definition 3.4.1. We say that 7 is a tangent measure to i at a point xq, denoted by

7 € Tan(p, xo), if there exists a sequence of r; \, 0 such that, with p**" defined by

(o +1; © A)
1(Qr; (20))

for A € B(Q), one has p*" = 1 in C(Q)*.

preti(A) =

Observe that the above definition differs from the usual one (where one uses
Euclidean balls or cubes) — as all the previous arguments, this had to be adapted to
our anisotropic scaling.

The following is, by now, a classical result in the theory of Young measures under
differential constraints. We will be particularly interested in the part of the result
that isolates the information for oscillation Young measures (see Corollary 3.4.3),
but we include and prove the full result for future use. In our proof we follow the
approach taken by Kristensen in his lecture notes (see [103]) and we adapt it to the

mixed smoothness setting.

Proposition 3.4.2. Let Q C RY be an open and bounded domain. Fiz 1 < p < oo
and let v = ((vz), A\, (12°)) be a generalised W?P-gradient Young measure on §2. Write
A= %E’ﬂﬂ + A® for the Radon-Nikodym decomposition of A with respect to the
Lebesgue measure on 2. Let () denote the unit cube. Then

1. for L™-a.e. xq € QU the triple ((Vay)yeq, 2 (20)L"|Q, (Vay)yeq) is a homogeneous

generalised WaP-gradient Young measure. Its barycentre 1s Uy, 1g,

2. for XN-a.e. wyg € Q and each p € Tan(X*,x0) the triple ((do)yeq, 1> (V5),eq) 5

a generalised W*P-gradient Young measure. Its barycentre is 0.

Proof. Let the generalised W#P-gradient Young measure v be as in the statement.
Let Vau; be its generating sequence with u; — u in W*?(Q2). Fix zp € 2 and an
r > 0 such that Q,(xo) C Q with A\(0Q,(x¢)) = 0, which must hold for (Lebesgue)
almost all small R, as \ is finite. Fix ¢ € C(Q) and ¢p € C(R™™) such that
o ® 1 € Ey)(Q). Define 7207 Q,(29) — Q by 77 (z) := (1/r) ® (¥ — x0). Then
(por™") @1 € E,(Qr(z0), R™™). Thus, by definition,

lim [ o T%(2)(Vau,) do = / w o T (v, ) dz
I J Qr (o) Qr(zo0)
+/ gpo7'x°’r<V§°,w;°>d)\.
Qr(wo)
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Put

u;™ (y) = rui(zg +r Oy) — P, (3.2)
where P is the correction polynomial for r~!ui(xg + r @ y) given by Proposition
2.5.2. The polynomial P/*" satisfies V,P/*" = 0, we only put it there so that
[ lwar@) < ClIVau;" (y)|lr(@) With an absolute constant C', which will ensure
W2P boundedness of our sequence. Coming back to the previous equation, let us

change variables in the integral letting y := 7%°"(z). This yields

J—00

i [ (V) dy = [ plvgsrens v dy
Q Q
1 R LRy
Here 7707 4\ is the push-forward of A by 77" defined through

TTEAA) = A7) (A)),

where (7%07)71(A) is the preimage of A under 7%°". Denote
f(l') = <V:Jc7 ¢>,
a oo oo dA
g (CL’) = <V3: » Fp >a('r)’
g°(x) = W50

We have f, g* € L'(€2, £|Q) and ¢* € L'(Q2, A*), so the set of (box) Lebesgue points of
f + g% has full Lebesgue measure in €2. Similarly, the set of box A*-continuity points
(analogous to Lebesgue points but with the Lebesgue measure replaced by A®) has
full A* measure in €2, thus we have the following:

For Lebesgue almost every xy € 2:

0 = lim |f+g° = (f +9")(x0)| do

r—0t Qr(z0)

::hmfUWMW®w+f@ﬁW@W—WW—f@M@% (3.3)
Q

r—0t

For \*-a.e. xg € Q)

0= lim 197 = *(xo)| dX* = lim 1 |g*(zo +7 O y) — g*(xo) d(A)*". (3.4)
r Q

r—0t Qr(z0)

Since £V L \* we have, for LN-a.e. zy € Q,

lim ——\*(Q, (x0) = 0. (3.5)

r—0+ 7l
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Similarly, for A\*-a.e. zy € €2 we have

1
lim—/ (f +g*+1)dz = 0. (3.6)
r—0+t >\S<Qr<$0)> Qr(z0)
Decomposing A = 9 dz + A* and using (3.3) and (3.5) we find a Lebesgue-null set

N(p,¥) C Q such that for all zg € 2\ N(p,1) we have

dX
lim lim [ @y(Vau;"") dy:/sody (<um,w>+<u;§,w;°>d—<xo>). (3.7)
Q Q X

r—0t j—oo

Let us fix two countable families D; = {¢ € D;} and Dy = {¢p € Dy} that are dense
in C(Q) and C(R™™) respectively and such that their tensor products ¢ ® ¢ belong
to E, and are dense in that space — this is indeed possible, see for example Lemma
4.7 in [148]. Following the argument above, we may construct a Lebesgue-null set
N :=Up, p, N(p, 1) such that for all 7y € 2\ N the convergence in (3.7) holds for
all p ® 1 € D; ® Dy. Using a standard diagonal extraction argument we may now,

for any fixed o € Q\ N, obtain sequences j, — oo and r, — 07 as k — oo such that

: x0,Tk _ o0 o] Q
i [ Ty = [ oy () + 03507 o))

for all ¢ ® ¢ € D; ® Dy. Since D; ® D, is dense in E,, this shows that the se-

quence Vau;”"™* generates the homogeneous Young measure ((v,), (), 152) on Q.

To prove that this measure is indeed a homogeneous W#P-gradient Young measure
we note that, since (z,2) — [2|” € E,, we know that the sequence ||Vaui""™||»(o)
converges, so it is bounded. Since we have introduced the polynomial correction

terms to u} " (see equation (3.2)) we have ||u;""*||lwar@) < C||Vat;""™|lir(q), thus

Jk Jk Jk
the sequence is bounded in W#?(Q)), and so our measure is indeed a homogeneous
WaP_gradient Young measure.

Now, for the singular part. Observe that

rla™l
Jim | oU(Va ) Sy Y =
rla™l )
X (Qr(20)) (/Q@(y)(f(xwr@yng (%Jﬂ@y))dy) .

/Q ©(y)g°(zo + 1 @ y) d(X7)™".

Denote 0(r) := (A*(Q,(0))r~12" ') /? and define
wO (y) = 0(r) T (g +r @ y) — PyoTE

J
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where again, the polynomial ijo’r’“ is the one given by Proposition 2.5.2 applied to
O(r)"'r~tu;(zo + r ®y). Then, similarly to before,

lim [ pp(Vau®™)dy =
Q

[ 6000 (i 000) ) 000 P05y 055) o 4 7 00) ) it
Q

/ e(y)g*(zo + 1 ©y) d(A7)™".
¢ (3.8)
As before we find a A*-null set N* := (Jp, 5, N°(p, %) C 2 such that (3.4) and (3.6)
hold for all zg € Q\ N*® and for all ¢ € Dy, ¢ € Dy. Fix such a point zy and
p € Tan(\*, zg). Pick a sequence 7, N\, 0 for which (A\*)%0™ 2y in C(Q)*. We have

/ o(0)g* (0 + 1 © ) d(A)Por = / o A(X)m g ()
Q Q

/ 0(y) (¢ (w0 + 7 @ y) — g°(x0)) d(A*)™0,
Q
and from (3.8) we deduce that

lim lim Q@@z)(vauf”“)dy:/Qcpdy@/f(O)Jr/QSDdMViEWSO)’

k—o00 j—00

for all ¢ € Dy, ¥ € Dy. Thus, another diagonal extraction argument paired up with
the fact that D; ® Ds is dense in E, ends the proof. O

The following is a simple corollary of our last Proposition. It isolates the infor-

mation we have for oscillation W#P-gradient Young measures.

Corollary 3.4.3. Let Q@ C RY be an open and bounded domain. Fiz 1 < p < oo
and let v = {v,} be an oscillation WP-gradient Young measure on Q. Then, for
almost every x € €), the measure v, is a homogeneous oscillation W*P-gradient Young

measure.

3.5 a-quasiconvexity

This section aims to develop the mixed smoothness equivalent of quasiconvexity intro-
duced first by Morrey in [129]. This notion, in the classical setting of first order gra-
dients, has been extensively studied in the literature, some of which we have recalled
in the introduction. Without attempting to give a comprehensive list of references we

instead direct the reader to the book by Dacorogna (see [40]) and the bibliography
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therein. We will revisit a-quasiconvexity in more detail in the next chapter, when we
study lower semicontinuity properties of functionals. For now, we content ourselves
with presenting only a few background results that we will need to establish the dual
characterisation of W#P-gradient Young measures.

The central notion here is the following adaptation to the mixed smoothness frame-
work of the classical notion of quasiconvexity (recall that m is the cardinality of the

set {a € ZY: (o, a™') = 1}, so that R™™ is the space where V,u takes its values):

Definition 3.5.1. We say that a function f: R™™ — [—o00,00) is a-quasiconvez if
for every V€ R™™ one has

V)< inf )]éf(V+Vau(x))dx.

ueCee (QR™

Let us note that examples of a-quasiconvex functions may be readily constructed
using, as building blocks, functions that are quasiconvex in the usual (isotropic)
sense. First of all note that any convex function is a-quasiconvex. As a non-convex
and anisotropic example one may consider, for instance, a := (2,1,1) with f acting

on a-gradients of functions u: [—1,1]*> — R? as
f(0u, V,u) = |02ul* + det(V,u), (3.9)

ie.,

F(Vi, Va) = [Vil? + det(V2),

for V; € R**! and V,, € R**? — in our example d?u(t, z) is a two-dimensional vector,
and V,u(t,z) denotes the first derivative of u with respect to the x variable, thus
is a two-by-two matrix. The fact that f is a-quasiconvex results immediately from
> and quasiconvexity of det(-). For any function u € C2°(Q;R? with
Q=1[-1,1? and V = (V,, V) € R**3 we may write

convexity of | -

][ f(V + Vau(t,x))d(t, z) :][ |V + 0%u(t, )|* + det(V, + Vou(t, z)) dt da.
Q Q

Since u € C°(Q; R?) we have, for any fixed x, u(-, ) € C°([—1,1]; R?) and similarly,
for any fixed ¢, u(t,-) € C°([—1,1]*; R?). Thus

][ \V; + 02u(t, x)|* dt > |V;|? for every ,
[_171]

and
][ det(V, + V,u(t, z)) de > det(V;,) for every t,
[_171]2
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by convexity of |- |* and quasiconvexity of det, respectively. Putting the two together
(and using Fubini’s theorem) we immediately deduce that f is indeed a-quasiconvex.
For functions that are not a-quasiconvex we introduce their quasiconvexifications

in the following natural way:

Definition 3.5.2. For a measurable function g: R™™ — [—o00,00) we define the

function Qg: R™™ — [—00; 00) by

Qqg(V) = int {]é o(V + Vau(z)) dz: u € ch(Q)} | (3.10)

Remark 5. The expression on the right-hand side of the above definition is often
called Dacorogna’s formula in the standard first order gradient case (see [40]). For
us, its principal use is to obtain (in the next section) a theoretical characterisation of
the oscillation Young measures generated by a-gradients in the spirit of Kinderlehrer

and Pedregal, who have done the same for first order gradients in [95].

In what follows we will often refer to Qg as the a-quasiconvex envelope of g,
and the next lemma justifies this terminology, by showing that Qg is the largest
a-quasiconvex function that is smaller than or equal to g. By definition Qg < g,
simply by testing the definition with v = 0 and, again from the definition, one sees
immediately that any a-quasiconvex function that is no bigger than g must be no
bigger than Qg, thus it only remains to show that Qg is a-quasiconvex. The proof
that we will present here follows the approach of Fonseca and Miiller from [67], which

was developed in the A-free framework.

Lemma 3.5.3. For a continuous function g: R™™ — R we have

Q(Qg) = gy,
that is, Qg is indeed a-quasiconvex.

Proof. For R > 0 we let
QFfg(V) := inf {][ g(V 4+ Vaw(z))de: w e C(Q), |Vaw]|Le < R} .
Q

First we show that Qfg is continuous. Fix any p > 0 and let w(-) be the modulus of

continuity of g on B(0,p+ R), i.e.,

w(r) :=sup{|g(V) —g(V")| : V,V' € B(0,p+ R),|V —V'| <1}
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Since g is uniformly continuous on B(0, p + R) we know that w is finite for all » and
lim, g+ w(r) = 0.
Now, for all V,V’' € B(0,p) and every admissible w, ie., w € CX(Q) with

|Vaw|lLe < R we have
Fotva Vaw@)de > f o'+ Vau(a)) do - (v = V)
’ > QQRg(V’) —w([V =V,
by definition of Qfg. Taking infimum over admissible w yields
Qg(V) — Qg(V') Z w(|V = V'|).
Inverting the roles of V' and V' yields a symmetric inequality, so that
1Q%g(V) — Qg(V")| < w(]V = V7)),

which in turn means that Qfg is uniformly continuous in B(0, p).
We wish to show that for any w € C2°(Q) and V € R™™ we have

][Q(QRQ(V + Vaw(z))dz > Qg(V).

To this end fix an arbitrary w € C°(Q) and V' € R™™. For a fixed j € N decompose

@ into I (a finite constant depending on j) boxes of the form
; 1
Q:UQz :U T@Q—i‘(ljyi .
iel ier N
Note that an exact decomposition of this form is possible only for certain natural
numbers j, but we can simply restrict our attention to j’s of the form j = k* o~

for k € N, for which the decomposition is exact. Define a piecewise constant approx-

imation of V,w by
Wj = Z ]lQJ VVZJ7

where W/ := foi Vaw(z) dz. Since Vaw is continuous we have W7 — Vaw in L™ as

j — 0o. Fix an € > 0. Continuity of Qfg yields, for j large enough, that
[ @9V + Vaw(@)do > [ Qv + W) do - e = 37 1QJIQ gV + WD) =
Q Q i

because Qfg is uniformly continuous on compact sets and the L norms of W/ are

bounded by [|Vaw]|L~ < 00.
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By definition of Qg there exist u! € C®(Q) with ||Vau! ||~ < R such that

Qfg(V + VVZJ) 2][ g(V + VVij + Vauf(x)) dr —e.
Q

Set
U7 =3 AW + Va [l (GO (y—al))].

With this scaling we may write
[owv e =3 [ o(v w7+ V[l o - al)]) dy -
Q@ i d
S1QI [ oV W]+ V) dy <
i Q
SIQUQ (Y + W)+ = < [ QMg(V + Vaw(a) da + 2.
i Q
Finally, observe that if we let
Ui=w+ Y j7ul(j o (y—al)
then U7 € C*(Q) with ||Va(73||Loo < ||[Vaw||L~ + R for all j. Since U7 also satisfies
1U7]|L < ||Vawl|lL= + R and
lim [|U7 — VaUi |~ = 0
Jj—00
we have, by uniform continuity of g on compacts, that for j large enough

][ g(V + U (z)) >][ g(V + VaUi(z)) dz —¢.
Q Q
Thus, putting all of this together yields
Q) < |
Q

Since € was arbitrary we deduce that for any w € C2° we have

g(V + Vaﬁ(x)) dz <][ Ofg(V + Vaw(x)) do + 3¢.
Q

Qg(V) <]é Qfg(V + Vaw(x)) dz

Finally, since Qfg \, Qg pointwise with R — oo we deduce, by the Monotone

Convergence Theorem, that

Qy(V) < in ]{2 Qg(V + Vau(x)) dz = Q(Qg)(V).

weCge

Since the inverse inequality Qg > Q(Qg) is obvious we have Qg = Q(Qg) and the

proof is complete. O
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3.6 Topological structure of the space of oscillation
W?2P-gradient Young measures

Our next aim is to obtain a dual characterisation of oscillation W#?-gradient Young
measures in terms of W#P-quasiconvex functions. This, and the following, section
is based on [67] and the proofs we give are adaptations of the techniques presented
therein. However, the root of the principal results (Theorems 3.7.1 and 3.7.2) goes
back to the seminal work of Kinderlehrer and Pedregal (see [95]). Before we proceed
with the dual characterisation we need to look more closely at the structure of the
space of oscillation Young measures generated by a-gradients of sequences of functions
in W2P_ which we will do now.

In the following we denote by £, an analogue of the space E, defined earlier for

functions that do not depend on the spatial variable z. We set

wxmy 1 gw)
Ep = {g e C(R™™): IV&III—I:OOW exists in R},

and we equip &, with the norm

lglle, ;= sup g

P WeRnxm 1 + |W|p
Similarly to before, we see that &, is a separable Banach space. Furthermore,
the space of probability measures with finite p-th moment is clearly a subset of &

through the pairing
(v, 9) :=/ g(W) dv(W),
Rnxrn

for v e {u € P(R”™™): [pnum |[W[Pdr(W) < oo} and g € &,. In particular, the
space of homogeneous oscillation W#?-gradient Young measures is a subset of .

For future use, we note the following technical result.

Lemma 3.6.1. Fir a bounded open set E C RY and a function ¢ € W§F(Q). Sup-
pose that for every j € N we have fived a countable family {Q1}; = {Qi(r])}i of
pairwise disjoint anisotropic bozes contained in E and with lim;_,. sup, r{ — 0. As-
sume furthermore that lim;_,o |E \ U, Q!| = 0. Define

pj =Y rle((r) ™ @ (z —a)).

i

Then ; — 0 weakly in WP (E). The sequence V ap; is p-equiintegrable and generates

the homogeneous oscillation Young measure Vap4 (CTQHQ)
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Proof. First of all note that the function ¢; is well-defined as an element of Wi*(E).

To see this observe that for every (3,a™!) < 1 and every i we have

1) © )y = (D) ||%||||35<P||LP<Q)

Furthermore, this shows that the sequence ¢; converges strongly to 0 in L?(E) and
that it is bounded in W§?(E), thus converges weakly to 0 in that space, since the
only possible limit of any weakly convergent subsequence is 0. The p-equiintegrability

of {Vap;} follows from the fact that for any M > 0 we have

Sup/ IVa@; P 1|vp;1>m dz = /\Vawl 1v.p)>ar dz,
J E

IQI

which we get by a simple change of variables on each Qg .
To show that V,p; generates the desired Young measure let us fix arbitrary func-
tions f € C*°(F) and g € £,. Then

[E Fl(Taps(a) e =3 [ Fdo(Taps(a) d

Since f is Lipschitz we may write

)) (Vapj(z)) dr| <¢;

z/ o)

€5 ap)| dx,
J \Q| / l9(Vap)l
J

r]) — 0 as 7 — oo. Changing variables on each Qf we may

(]

J
i

where €; = ¢;(f,sup,
write that

j [9F
;/Q]f(%)g( apj(z Z |Q| / 9(Vap(y)) dy.

Again, using the fact that f is Lipschitz we note that, since the term >, |Q7|f(z?)
is a Riemann sum of f on the anisotropic boxes Q{ we deduce that it converges, as

J — oo to the integral [, f - f(z)dz, so that finally

i [ saVapstenas = ([ stoae) (f awastinan),

and a standard density argument on f and g ends the proof. O

Since every bounded open set may be covered, up to a subset of measure 0, with

arbitrarily small anisotropic boxes we get the following:
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Corollary 3.6.2. For any ¢ € W§P(Q) and any bounded open set E € RY the
measure given by Vapy (% is a homogeneous (oscillation) W*P-gradient Young

measure on F.

We denote by Hf(Q) the space of homogeneous (oscillation) W2?-gradient Young

measures on () with barycentre 0.
Lemma 3.6.3. The set Hf is convez.

Proof. Fix v, € Hfj and 6 € (0,1). Let v;,u; C C(Q) satisfy v; — 0, u; — 0 in
WoP(Q) (because v and p have their barycenters at 0) with V,v;, V,u; generating
v and p respectively.

Pick a sequence of smooth cut-off functions ¢; € C2°(Q; [0, 1]) with ¢; 7 1 g g)xon-1)
and such that [{¢; # 1(ggxon-1)}| = 0 with i — co. Here QN1 is the (N — 1) di-

mensional cube. Define w} := v + (1 — ¢;)u;. Then
vaw;" = @ivavj + (1 - QOi)van + R(Z,]),

where R(7,j) is the remainder term that includes the terms where we put some of
the derivatives on ¢ or (1 —¢). Due to Lemma 2.2.7 the lower order derivatives of v;

and u; converge stronly to 0 in L, thus
IR, )l = I Vaw; —(9:iVav;+(1—¢:) Vausllue < Cle:) (I Vaville + [ Vaullue) — 0

with j — oo for any fixed i (here C(y;) is a finite constant that depends on the

function ¢;). Given this we may select a subsequence j(i) — 0o as i — oo such that
||Vaw;(z) — (QOZ'Van(Z‘) + (1 — @i)vauj(i)>”Lp — 0

as i — o0o. Let w; := w§(i) € C(Q). It is straightforward to see that Vaw; gen-
erates 1o g xgn-1V + L 1)xon-1/4 as its oscillation Young measure. That is because
this clearly holds for 1 g)xqn-1Vavju) + Lg,1)xgn-1 Vat,i) and, by construction, the
difference of this sequence and (¢;Vav;g) + (1 —¢;) Vat)) converges to 0 in measure,
whilst the difference of V,w; and the latter sequence converges to 0 in LP. Finally,
w; is compactly supported in (), so we may extend it periodically and treat it as a

function on the whole of RY and define

wy(z) := Ry wi(Ry © ),

7

where Ry, := k%N, Then, by Lemma 3.6.1, for all ¢ € C§° and ¢ € &, we have

1 1 k = lim T W x. .
lim Jim { p()d(Vauh(z) dz = 1 Q@()(]é H(Tan)dy) e, B1

1—+00 k—00 Q j—00
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Finally, since we have already identified the measure generated by w;, we may write

lim lim <mw¢wuﬁ@wdx—f¢uﬁmwwm»+u—ﬂxm¢»

1—00 k—00 Q Q

A standard density argument and a diagonal extraction in the separable spaces L'(Q)
and Cy(R™*™) let us obtain a subsequence w; C {wF} C C* with a-gradients gener-
ating the measure fv + (1 — 6)p, which ends the proof.

O

Lemma 3.6.4. The set Hj, is relatively closed in P(R™™) N {p: [pn [WPdu < oo}

with respect to the weak™ topology on &

Proof. Fix an arbitrary v € HTSE*OP(R"X”L) and let {f;} € C=(Q), {g;} € C=(R™™™)
be countable dense subsets of L'(Q) and Cy(R™*™) respectively. Take also fo(z) = 1
and go(W) := |W|’. By definition of the weak* topology, for any fixed g € Cy(R™ ™)

there exists a v, € Hf with

1
v =gl < 5o

Through a diagonal argument we may ensure that this is satisfied simultaneously for

any finite set of ¢’s, i.e., for any k € N there exists a v}, € H such that
1 .
(v — vk, ;)] < o for all j € {0,1,...,k}.

Since v, € Hfj we may find a sequence {w¥} € W§*(Q) with a-gradients generating
V.

Theorem 3.1.1 implies that for any g € C*(R™™) we have g(Vaw}) — (g, 1)
in L'(Q). Another diagonal extraction and the triangle inequality let us establish

existence of a sequence {w;} C W§?(Q) such that

1
< A for all 0 < i,j <k, (3.12)

(u,gj>/ind:c—/ingj(vawk)dx

as all f;’s are smooth and therefore bounded, so that they are admissible test functions
for weak convergence in L!.

Setting i = j = 0 shows that {Vawy} is bounded in LP(Q), therefore we may
find a subsequence generating some W#P-gradient Young measure p. For notational
simplicity we assume that the entire sequence does. From (3.12) and the fact that

9;(Vawg) = (i, g;) in L' as k — oo we infer that

v, ;) / frde = / Jila. g;) de, for all i, .
Q Q
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By density of f; in L?(Q) we deduce that (u, g;) = (v, g;) in (L?)*. In particular, they
are equal almost everywhere, so that for almost every = € () we have (1., 9;) = (v, g;)
for all j. By density of {g;} in Co(R™™) we deduce that p, = v for almost all =,

which shows that p is in fact homogeneous so v = p € HE, which ends the proof. [

Lemma 3.6.5. If a sequence {v;} C P(R™*™)NEy converges to some v € P(R™™)N
&, in the space &) then it also converges in the sense of weak convergence of probability

measures (or weak*). In particular, by the portmanteau theorem, we have

lim gdv; :/ gdv
I Jraxm Rnxm

for all bounded and continuous functions g, and

liminf/ gdv; 2/ gdv
]_>OO RnXxm Rnxm

for all lower semicontinuous functions g bounded from below.

Proof. Immediately follows from bounded continuous functions being a subset of &,.
O

3.7 Dual characterisation of oscillation W?”-gradient
Young measures

With the groundwork established in the previous section we are now ready to prove the
main results of this chapter. Let us note that our proofs closely follow the approach of
Fonseca and Miiller in [67], however they need to be adapted to the mixed smoothness

setting, which is why we present them in full.

Theorem 3.7.1. A probability measure p € P(R™™) is a homogeneous oscillation
W2aP_gradient Young measure with mean Wy if and only if u satisfies fRnXm W du(W) =
WO; fRnX'm ‘W|p d,u(W) < o0 and

[ a7 au(w) > Qo(io

forall g € &,.

Proof. First observe that it is enough to consider the case Wy = 0, as we may always
take a translation. For the proof of this case we argue by contradiction. Suppose that
v € P(R™™) satisfies

Jgnsm W dv =0,
Jgrsm WP dv(W) < o0,
Jgnsm gW) dv(W) > Qg(0) for all g € &,
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but p ¢ Hf. The p-th moment assumption on v implies that v € £;. By Lemmas
3.6.3 and 3.6.4 and the Hahn-Banach separation theorem there exist g € £, and a € R
such that

Qg(0) < (v,9) < a < (i, g) for all u € HE.

LTQHQ is an element of Hf (see Corollary

For any ¢ € C°(Q) the measure (Vap)4
3.6.2) so that

][ §(Vap(z)) dz > o
Q

Taking infimum over all such ¢’s yields

0 = i f va d 2 )
Qg(0) g06(1;;0(62)]{29( p(z))dr >

which is a contradiction with Qg(0) < (v,¢) < a and shows that v is indeed in the
set HB.

For the reverse implication let ¢, € C2° be such that {Vapy} is a p-equiintegrable
sequence generating v (which is possible thanks to Corollary 3.2.4). Then for all k&

we have

[ alVapnla) ds > Qo(0

by definition of Qg. On the other hand p-equiintegrability of {Va¢x} and the growth
bound on g imply that we may use point iii) of Theorem 3.1.1 to deduce that

lim 9(Vapr(z))dz = / gdv,

k—o0 Rnxm Rnxm

as for a continuous function the boundedness from below assumption is irrelevant,
since we may simply consider the positive and negative parts of g separately. This

and the previous estimate finish the proof. O

A similar result holds for non-homogeneous Young measures. We state it in the

following:

Theorem 3.7.2. Fiz a bounded open domain §2 satisfying the weak a-horn condition.
Let {vg}req be a weak™ measurable family of probability measures on R™*™. Then
there ezists a W2P(Q2)-bounded sequence {v,} C W*P(Q) with {Vav,} generating the
oscillation Young measure v if and only if the following conditions hold:

i) there exists v € W*P(QQ) such that

Vav(x) = (v, 1d) for a.e. x €
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ii)
/ / (WP dv, (W) dz < oo
Q ]Rnxm

iii) for a.e. x € Q and all g € &, we have

(ve,9) = Qg((vs,1d)).
Proof. We define the space
E:= 0(57 Sp)a
equipped with the natural supremum norm:
1F1e := sup || f (2, )lle,-
€N

Furthermore, we introduce the following sets:
X:={r: Q = P(R”™): v is weak* measurable, (v,,|-[") € L', (v;,1d) = 0 a.e. z € Q},

Y := {v € X: v is generated by a p- equiintegrable sequence Vu,, for u, € W*P(Q)},
W:={veX: (v,g9) > Qg(0) for a.e. z € Qandall g€ &,}.

Assuming that a family of measures v = {v, }, satisfies the assumptions of our The-
orem, we may, just as in the case of homogeneous Young measures, restrict ourselves

to considering families satisfying
(v, Id) = 0 for a.e. x € Q.

Then our assertion is equivalent to showing that W C Y. In order to do so, we
first show that Y is relatively closed in X with respect to the weak star topology
induced by E. Then, we show that piecewise-homogeneous Young measures form a
dense subset of W and, finally, show that these measures all belong to Y as well, thus
ending the proof.

For the first part observe that, due to the p-th moment restriction on v in condition
ii), it is immediate that W,Y C X C E*. Showing that

Y nx=v,

is entirely analogous to the proof of Lemma 3.6.4, hence we simply admit this result
without copying the aforementioned argument.

For the second part, for any k£ € N, we define

G~ {104+ Qiyez for@cal,
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where () is the unit cube, and we set

to be the part of 2 covered by boxes in Gy. Observe that clearly limy_,, |2\ G| = 0.

We now define

Wy, = {1/ eW: V}u is homogeneous for any U € G and y‘(Q\Gk) = 50} .

We then set
D := UW"“
keh
and we aim to show that
WD

Fix an arbitrary v € W and define

b w Juvydy ifz €U with U € Gy,
’ dy otherwise.

Clearly v* € Wy, so all we need to show is that
(V¥ f) = (v, f) for any f € E. (3.13)

Fix an arbitrary f € E. Since f is continuous on 2 it is uniformly continuous, so we

may let w be its modulus of uniform continuity, so that
w(0) = sup{||f(z,) = f(y, e, z,y € Q |z —y| <4}
For every U € Gy, pick a point 2y € U, for example the center of U, so that
|z — x| < C(k) for all x € U € Gy,

where C'(k) is a constant depending on &k and a and satisfying C'(k) — 0 as k — oo.
Explicitly C'(k) = y/S°~ | k=2/%. We may now estimate

/u /Rm J (@, W) dva(W) dz — /u /[R W) dvy (W) da

/L{[an [z, W) dup (W) dz — /U/an Flaw, W) AUk (W) de

ralcOnslle ([ [ aempanenas [ [ qemwrakona)

<

_I_
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Now, since we integrate over I neither of the integrands depend on z. Therefore, due
to the definition of v/* the first term vanishes and we may replace the second one by

twice the integral with respect to v,, so that finally

Jo T dstia = [ [ St ah) ]

< 2(C))||fle / / W) (W)

Summing over all i € G, and adding the remainder we have

[ F) = (v )] < 2w(C(k))|]f\|E/G AHXM(1+‘W|p)de<W>dx+
2| flle 1+ [WIP) du, (W) da.
1f] /Q\Gk/wm( W) du (W)
Since
/G/an(H'W’p)d”x(W)dggg/Q/Rmm(“r\W!p)dvx(W)dx<oo

and
lim w(C(k)) =0,

k—o00
the first term in our inequality tends to 0 as k — co. The second one does the same,
as the Lebesgue measure of the set Q2 \ Gy, tends to 0 with & — oo and the function
given by @ — [o,. (14 [WP) dr, (W) is Lebesgue integrable. This establishes (3.13)
and so proves that

WcD .

What is left to show is that D = |J, W), C Y. Fix k € N and let G = {Q;}_,
for some I < oo. Fix v € W with V}Qi = ', By Theorem 3.7.1 we know that /*
is a homogeneous W#P-gradient Young measure with barycentre 0, so there exists a
sequence {u}}; € WgP(Q) with {Vau’}; generating v*. Denote by ¢; the centre of
Qi so that Q; = ¢; +  © Q. Extend u} by 0 to the whole of RY and set u!(z) :=
ui(k © (x — ¢;)). Then {Vau}(z)}; are supported in Q; and generate v*. Thus, if
we set u; == 3.1, ui € WgP(Q), we immediately see that {Vau;} generate v, thus
vey.

This shows that D C Y, so that

WcD cY =Y,

which ends the proof. O
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Chapter 4

Existence

We aim to study existence of solutions to variational problems in the mixed smooth-
ness setting via the direct method mentioned in the introduction. In this chapter we
study the two necessary ingredients: coercivity, in Section 4.1, and lower semiconti-
nuity, in Section 4.2. We elaborate on lower semicontinuity further in Section 4.3,
where we establish formulas for sequentially weakly lower semicontinuous envelopes
of relaxation for functionals in our framework. The principal results that we obtain
are as follows: in Theorem 4.1.3 we characterise coercivity as an intrinsic property of
the integrand that may be phrased in terms of its a-quasiconvexity; in Theorem 4.2.8
we identify WaP-quasiconvexity as equivalent to lower semicontinuity of functionals
given by continuous integrands of p-growth; in Theorem 4.3.2 we obtain a relaxation
formula for integrands of p-growth under certain additional assumptions; finally, in
Theorem 4.3.13 we prove a relaxation formula for integrands that may take the value

+00, at the cost of relaxing the notion of convergence considered.

4.1 Coercivity

The purpose here is to prove Theorem 4.1.3 characterising coercivity of functionals in
the mixed smoothness setting. This, combined with the lower semicontinuity results
to follow, identifies a number of situations where the minimisation problem under
a fixed Dirichlet boundary condition is well-posed and allows one to talk about its
solutions and, later on, their regularity. Our result is a generalisation to the mixed
smoothness framework of a recent result due to Chen and Kristensen from [37], that
was further improved by Gmeineder and Kristensen in [82]. Certain parts of Chen
and Kristensen’s argument carry through with only cosmetic adjustments, thus we

try to focus on the parts that require more substantial changes.
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Here F': R™*™ — R is a continuous integrand satisfying the growth condition
[F(X) < COXP+1) (4.1)

for some C' € (0,00) and all X € R™™. For a non-empty bounded open set Q C RY
we denote by I(-, Q): W2?(Q) — R the mapping defined by I(u, Q) := [, F(Vau) dz.
To be able to properly introduce a Dirichlet problem for this functlonal, we define
the Dirichlet class

WiP(Q) :={g +¢: p € Wg"(Q)},

for a fixed ¢ € WP(RY). Observe that we require the boundary datum ¢ to be
defined on the whole of RY, rather than just Q@ C RY, thus bypassing possible trace
1ssues.

Fix an exponent ¢ € [1,p]. Following [37] we introduce the following notions of

coercivity:

Definition 4.1.1. We say that I(-,Q) is L? coercive on WiP(Q) if for any sequence
u; € W5P(Q) with [|[Vau,l|La — oo one has I(ug, Q) — oo.

Definition 4.1.2. We say that 1(-,§2) is LY mean coercive on WiP(Q) if for any
u € WP(2) we have
(0, 2) > G| Vally — G

for some strictly positive constants Cy,Cy independent of u, but not necessarily of g.

As in [37] (see also Proposition 3.1 in [82]), our main goal here is to establish the

following;:

Theorem 4.1.3. Let F': R™™ — R be a continuous integrand satisfying the growth
condition (4.1). Then, for any q € [1,p] the following are equivalent:

a) For any bounded open set Q C RY and any boundary datum g € WaP(RY) the
functional 1(-, Q) is L9 coercive on W5P(€2).

b) There exist a non-empty bounded open set Q@ C RN and a boundary datum
g € WaP(RN) such that the functional 1(-,€2) is LY coercive on Wa?((2).

c¢) For any bounded open set Q@ C RN and any boundary datum g € WaP(RYN) the

functional 1(-,€2) is LT mean coercive on WiP(2).

d) There exist a non-empty bounded open set Q@ C RY and a boundary datum
g € WaP(RN) such that the functional 1(-,Q) is L9 mean coercive on W3P(Q).
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e) For any bounded open set Q C RY and any boundary datum g € WP(RY) all

WEP(Q) minimising sequences for the functional 1(-,€2) are bounded in Wi4(€2).

f) There exist a mnon-empty bounded open set @ C RN and a boundary datum
g € WaP(RYN) such that all WEP(Q2) minimising sequences for the functional
I(-,Q2) are bounded in Wi?(2).

g) There exist a constant ¢ > 0 and a point Xy € R™™™ such that the integrand
X = F(X) — ¢|X|? is a-quasiconvez at Xj.

Simply put, the above asserts that L? coercivity, LY mean coercivity, and bound-
edness of all minimising sequences are mutually equivalent, and it is enough to check
either of these on a particular choice of domain and boundary datum. Furthermore,
coercivity may be characterized in terms of a-quasiconvexity of F'(-) —¢|-|? at a single
point. That last statement is particularly interesting, as it means that understand-
ing a-quasiconvexity yields not only lower semicontinuity, but also coercivity results.
Thus, both ingredients needed for the direct method may be phrased in terms of

a-quasiconvexity.

Lemma 4.1.4 (see Proposition 3.1 in [37]). Under the hypotheses of Theorem 4.1.3

its point a) is equivalent to b), and point c) is equivalent to d).

Proof. The fact that a) is equivalent to b) in the first order gradient case is the content
of Proposition 3.1 in [37]. The proof of ¢) being equivalent to d) is very similar —
we will do this here omitting the first part, as all that needs to be changed in the
argument of [37] is the scaling factor.

It is obvious that c) implies d), thus we only need to prove the other implication.
Let Qy and g be the domain and the boundary datum for which I(+,€2) is L? mean
coercive on Wa?(Q). Fix an arbitrary non-empty bounded open set Q@ C R" and a
boundary datum g € W2P(RY). As in Chen and Kristensen’s proof, we take boxes
Qar(x0) € Qo (for some zy € Q) and Qr(0) > Q, and we fix cut-off functions

v € CP(Qa(x0)) and p € C(Qr(0)) satisfying
]‘Qr(mo) S¢ < 1Q2r($0)7

1o < p < 1gp0)-

Any u € W2P(Q) may be seen as a function in W2P(R"Y) if we extend it by u = g

outside €2, simply from our definition of the Dirichlet classes. We may then cut-off
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outside Qr(0) by setting @ := pu € WF¥(Qg(0)). Define w(x) := R'w(R® x) €
We(Q1(0)) and set

v(z) == (1 — p(x))go(x) +rw(r ™ © (x — z)) for € Q.

Clearly v € WiP(€)) and we may calculate, using a simple change of variables, that

Vatllaay = [ 9all = gl do
Qo\Qr(z0)

r a_ll/ v 74 T yla q
a(pg T+ Vatllf gions
(R) QR(O)\Q! (pg)l (R) IVaull{o

so that [[Vav[[{, g, = D1+ Dal|Vaull{q), Where D; do not depend on u and D > 0.
In the same way we get

/ F(Vav) d = / F(Va(l - o(x))go) dot
Qo

Q0\Qr(z0)

(] Payars [ FTaas).

Thus, I(u, Q) differs from I(v, ) by a constant and a scaling. Since the same is true
for the L7 norms of u and v we easily conclude that I(u,Q) > —c1 + coflullf,q, for

some ¢; > 0, which ends the proof. O]

Definition 4.1.5. Let F': R™™ — R be a continuous integrand satisfying the growth
condition (4.1). For q € [1,p] and a non-empty bounded and open subset Q C RY we
define, fort > 0,

0(t) = 62(t) := inf {][ F(Vap)da: o € WS”’(Q,R”),][ Vagp|?dz > t} .
Q Q

Lemma 4.1.6 (see Lemma 2.1 in [37]). For any open, bounded, and non-empty
domains w,Q C RN and any function ¢ € C°(Q) there exists a function ¢ € C(w)
LN I

such that the pushforward measures [Vap) 4 (LN—(E))) and Va4 (%) are equall.

Proof. This is proven using a standard exhaustion argument, as in Lemma 2.1 in [37].
We omit the proof here, as the only difference with the aforementioned paper is that

one needs to change the scaling to our anisotropic variant. O]

As an immediate corollary of the above we get the following:

Corollary 4.1.7. The unit cube @) in the definition of the a-quasiconver envelope
may be replaced by any other domain without changing the resulting function. That

is, for any open bounded domain Q@ C RY we have

OF() = inf ]{]F(-+Va90(a:))da:.

peCE ()
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Lemma 4.1.8. Suppose that I is a continuous integrand satisfying the growth condi-
tion (4.1). Then QF is either identically equal to —oo or it is real-valued everywhere

and satisfies the growth condition (4.1), albeit possibly with a larger constant.

Proof. Assume, for a contradiction, that QF is finite at some point X, € R™™ but
it does not satisfy the p growth condition. Let D be the constant with which F
satisfies the p growth assumption (4.1). Since QF < F', it follows that the p growth
bound must fail for the negative part of QF. Thus, there exists a sequence of points
X; € R™™ such that QF(X;) < —j(|X;|? +1). From this and Corollary 4.1.7 we

infer existence of a sequence of functions ¢; € C°(Q1/2) such that
|G+ Vagpdo < —i(1X07 + ).
Q12

Fix a cut-off function p € C*(Q) with p = 1 on Q2. For each j let P; be the a-
polynomial given by Pj(z) := 7, ,-1,_1(X;—Xo)z and set ¢; := pPj+¢; € C°(Q).
Then

QF(X()) g hm inf ’Q‘il / F(X(] + Vawj) dx =
j—o0 Q

lim inf ]Q|_1/ F(X;+ Vap;)dx + Q| /\ F(Xo+ Va(pP;))dz <
Q12 Q\Q1/2

—1
imint (5 ) 0P + 1)+ f DX+ TalpP)p + 1) d
J—00 Q

where we have used the definition of ¢;, the definition of X, and the p-growth bound
on F respectively. We note that |Xo+ Va(pPj)[P < 2271 XoP + 2071 |Va(pF;)|P, and
by construction |0°Pj(x)| < C|X; — X,| with a uniform constant C for all z € () and
all a with (a,a ') < 1, thus [Va(pP))P < C|X; — Xo|?, since p is just a fixed C°

function. Plugging this into our inequality we get
-1
QF(Xo) < lim inf (7) JUXG1P 4+ 1) + C(1Xo [P + | X; — Xo|’ + 1) = —o0,
j—oo

which yields a contradiction with the assumption that QF (X)) is finite. O

The above asserts that the quasiconvex envelope of an integrand of p-growth is
either degenerate and equal to —oo everywhere, or it inherits the original integrand’s
growth bounds. Let us remark that in the context of classical quasiconvexity this is
typically shown using rank-one convexity. Therefore, the usual proofs do not gen-
eralise to the mixed smoothness setting, hence we present a new argument that we

believe is, in a sense, more straightforward.
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Lemma 4.1.9. For continuous integrands F' satisfying the growth condition (4.1) the
class C(Q) in the formula for the quasiconvex envelope may be replaced by WgP (Q),
i.e., for any open bounded domain Q C RN we have
OF(-)= inf ][F-—l—Va x))dz.
(= int Pl uplo)
Proof. Results immediately from the density of C2° in W§” and the fact that contin-

uous integrands of p growth induce functionals continuous in the L? norm. m

Lemma 4.1.10. If F' is a continuous integrand satisfying the p-growth condition
(4.1) and such that its a-quasiconvex envelope is not identically equal to —oo, then

the functional

u r—>][ QF (Vau)dx
Q

is sequentially upper semicontinuous along sequences u; converging to a given u in

the W&P norm and with Vau; — Vau almost everywhere.

Proof. By Lemma 4.1.8 QF satisfies the p-growth condition (4.1) as well (perhaps
with a different constant C'). Furthermore, since X — f, F(X + Vap(z))dz is
continuous for any ¢ € Wg” we see that QF is a pointwise infimum of a family of
continuous functions, thus QF is upper semicontinuous. Since the functions C'(1 +
|Vau;[P) — QF(Vau;) are all non-negative, we get, by Fatou’s lemma, that

lim inf ][ C(1+|Vaus|P) — OF (Vau) d > ][ lim inf C(1 4 |Vau;|?) — QF (Vau;) da.
Q

Jj—o0 Q J—oo
Rearranging and using strong L” convergence of Vau; yields
lim sup][ QF (Vau;)dx g][ lim sup QF (Vau;) d.
Jj—o0 Q Q j—oo
Finally, Vau; — Vau almost everywhere by assumption, and QF' is upper semicon-

tinuous, thus limsup;_,,, QF (Vau;) < QF(Vau) almost everywhere, which ends the
proof. O

The following result justifies the omission of the underlying set €2 in our notation
0(t) by showing that this auxiliary function 6 does not depend on the choice of €.
Moreover, it shows that 6 only depends on QF rather than F' itself, thus showing
that F'is LY (mean) coercive if and only if QF is.
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Lemma 4.1.11 (see Lemma 3.1 in [37]). Let w,Q C R™™ be non-empty bounded

open subsets of RN, and define 95}(t) as above. Define also

6%(t) := inf {][ QF (Vap)dz: ¢ € Wg’p(w,R"),][ |Vap|?dz > t} :

Then, 63 (t) = 09(t) for all t > 0.

Proof. The argument follows that of [37], but we have decided to present it in full,
as there are technical details that need to be changed, for example the piecewise
polynomial approximation that we use requires a countable partition of the domain,
whereas the original paper uses a finite one. Moreover, due to the lack of rank one
directions we cannot, in general, guarantee continuity of the quasiconvex evenlope
QF (see however Lemma 4.3.1), which introduces some technical difficulties.

The case t = 0 is just the classical fact that the quasiconvex envelope does not
depend on the choice of the underlying domain, and is the content of Corollary 4.1.7.
Another easy case is when QF is identically equal to —oo. Then one can, for example,
choose two disjoint open subsets 4,y € 2 and construct functions ¢; € C°(€2;)
and use @1 to satisfy the restriction fg |Vapi|?dz > t, whilst using s to make the
integral fm F(Vaps)dz as small as one wishes, with the last point being possible
thanks to the fact that QF(0) = —oo. Then setting ¢ := 1 + 2 and testing on that
we easily see that «9?(1&) = —oo for all ¢, and clearly the same holds for #%°. Thus, in
the following we assume that t > 0 and that QF > —oo.

Let us fix t > 0. For any ¢ > 0 we may find a function ¢ € C°(Q2) satisfying

][ [Vapl?de >t and 0%(t) +e >][ QF (Vap) dx.
O 0

To see this, it is enough to observe that the existence of ¢ € W{P(Q) satisfying
these two inequalities, the second with a smaller &, is guaranteed by the definition
of 4. To get the same with ¢ € C°(Q), it is enough to observe that ¢ may be
approximated in Wg*(€2) by a sequence p; € C°(Q) with |VapjllLe = ||Va@||Le for
all j and Vap; — Va9 almost everywhere. Then we simply use Lemma 4.1.10 and
conclude.

From here it is easy to pass to a function ¢ € Wg*(Q) satisfying the above with
2¢ instead of € in the second inequality and for which V41 is piecewise constant on
a large part of Q. We simply apply Proposition 2.5.4 to ¢ € C°(2) (preserving the
boundary values) and obtain a sequence ¢; approximating ¢ in W*” and such that

the measure of the complement of the set of boxes T', denoted 7;, on which V,p; is
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constant goes to 0 as 7 goes to infinity. We may then rescale the sequence to satisfy the
condition fQ |Vap;|9dz > t, pass to a subsequence for which the gradients converge
almost everywhere, and finally use Lemma 4.1.10 again to deduce that elements ¢;
for large enough j’s satisfy the desired inequalities, still with an €. Without loss of
generality assume that this holds for all j. Since V,p; is strongly LP convergent it
is also p-equiintegrable, thus (as QF satisfies the p-growth bound) QF(Vay;) and
F(Vap;) are equiintegrable as well. Therefore, we may find a jj such that the measure
of Q\ UT], T is small enough so that

/ QF (Vap;) de| < 20| and / F(Vag;) de| < £]0).
AU, T a7

We set ¢ := ¢j, and 7 = 7.
By Corollary 4.1.7 we may, for each T' € 7, find a function ¢y € C°(T') satisfying

][ F(Va + Vapr)de < QF (Va)) + €. (4.2)
T

We set ¢ := ) ;. @r. Since the sum is finite this function is well defined and belongs
to the class C2°(Q2). We then have

09°(t) + 2 > ]{2 QF (V) dz = | < /u QF (Vo) da + -

QF (Vay) dﬂ?)

> |Q|_1/ F(Va + Vap)dr — 2¢ >][ F(Va + Vap)dr — 3e.
U Q

T

Here the first inequality results from the construction of ¢ above, the second one

results from estimating the remainder integral ‘ fQ\U QF (V) dz| and using (4.2)

on T € 7, and the last one is just an estimate on ‘fQ\U + F(Vay) dx‘ paired with the
fact that ¢ =0 on Q\ (J_T. Finally, since ¢ € C°(2), Jensen’s inequality gives

][ \Vat) + Vap|?dz 2][ Vap|?dx > t.
Q Q

Since € > ( was arbitrary this already shows, that if w = {2 then 0% = 8(?. To pass to
an arbitrary w we need to realise the distribution of V(¢ + ¢) on w, which follows
easily from Lemma 4.1.6 — observe that this also shows that we preserve the moment

restrictions. OJ

Lemma 4.1.12 (see Proposition 3.2 in [37]). Let F': R™™™ — R be a continuous
integrand satisfying the growth condition (4.1). Then its associated auziliary function
0:=05:[0,00) = RU{—oc} is convex.
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Proof. We omit the proof as our case only differs from the one in [37] by adding a

scaling exponent. O
We are now ready to finish the proof of the main result of this section.

Proof of Theorem 4.1.3, part 2. We have already seen that a) and b) are equivalent,
and so are ¢) and d). That c) implies a) is obvious. We will now show that a)
implies d). If a) holds, i.e., if F'is L? coercive, then its auxiliary function 6 satisfies
lim; o () = co. This, paired with the fact that 6 is convex (by Lemma 4.1.12),
implies that there exist ¢; > 0 and ¢, € R such that 6(t) > ¢t + ¢y for all ¢t > 0.
Thus, taking €2 to be any admissible domain and imposing zero boundary conditions,
we may take ¢t = [|[Vapllfyq, for any ¢ € W¥(Q2) and conclude that F' is L7 mean
coercive. Thus, we conclude that the conditions a) — d) are all equivalent.

The fact that c¢) implies e) and f) is immediate. For the other direction let us start
with a simple case of {2 = ) — the unit cube, and boundary datum g such that V,g
is some constant Xy € R™ ™. Let us assume that in this case all minimising sequences
are bounded, we now wish to prove that F'is L? mean coercive at X, on (). Consider
the auxiliary function 6 of the translated integrand F(-) := F(X; + -), which clearly
still satisfies the L? growth bound. The assumption that all minimising sequences are
bounded easily implies that the infimum of our variational problem, equal to 5(0),
cannot be —oo. If it was, one could take an arbitrary (bounded) minimising sequence
©;, rescale to be supported on a smaller cube, and then use the remaining room to
make the W27 norm of the resulting sequence arbitrarily large without spoiling the
minimising property, thanks to the p growth assumption on F'.

Clearly 0 is non-decreasing, and convex as shown in Lemma 4.1.12. If 0 was
bounded from above we would deduce existence of minimising sequences of arbitrarily
large W27 norms, which would contradict our assumption. Thus, 0 is real-valued,
unbounded, and convex, and so we deduce, as previously, that F'is LY mean coercive
at zg on ), which implies point d) of our theorem, and thus all the points a) - d).

Now let us take an arbitrary 2 and ¢g and assume, for contradiction, that F' is
not mean coercive, but all minimising sequences are bounded. As previously, the
infimum of the variational problem has to be a real number. Take any minimising
sequence u; and note that, due to Proposition 2.5.4, we may approximate any u;
with a sequence u; € WZ;P = W2P_ elements of which are piecewise polynomial on a
finite family of disjoint open boxes, covering {2 up to a set of measure ¢, and converge
to u; in the W#P norm. Since F' is a continuous integrand of p growth, the map

u — [ F(Vau) is continuous in W2?, thus extracting a diagonal subsequence we
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may assume that our (not renamed) minimising sequence u; is such that for each j
there exists a finite family {Q7}; of pairwise disjoint boxes with 12\ U, Q! | < 1/j
and with V,u; constant on each Q7.

By the previous step, since we assume that F' is not L? mean coercive we may,
for any open box and any a-polynomial boundary datum, construct an unbounded
minimising sequence. Doing so on each Qf with boundary datum w; (which is indeed

an a-polynomial on Q7) we may construct functions ¢! € W3?(Q?) such that
. j N
i@l < [ |Vatus + DI da,
@;

and

/_F(va(uj + ) dz g/,F(vauj) +1/jda.
Q Ql

Extending each ¢! by zero outside @ and letting vjr=ui 4y ¢! yields a sequence
v; € W2P(Q) that clearly still minimizes the functional, but is unbounded in W4,
and thus we have a contradiction, which proves that f) implies c), thus the points a)
through f) are equivalent.

That g) implies d) is easy. Assuming that F' — 4| - |7 is quasiconvex at some

Xo € R™™ we may write

F(Xo) — 6]X,|7 < ][ F(Xo + Vag(z)) — 6| X0 + Varp(z)| da
Q

for all ¢ € C2°(€2). This is exactly L? mean coercivity on W57(Q2) with g a polynomial
such that Vag = Xo, ¢; =0 > 0 and ¢o = F(Xp) — 6| Xo|%

As the last step we prove that c) implies g). Assume that F' is L? mean coercive,
take 2 to be any admissible domain, and let the boundary condition be ¢ = 0. If
the corresponding coercivity constants are ¢; and ¢y then take any § € (0,¢;) and
put G(X) := F(X) — §|X|? for X € R"™™. Clearly, the auxiliary function of G is
bounded from below by (¢; — )t + ¢, and, as always, G > QG. From Lemma 4.1.11

we know that the auxiliary functions of G and QG are the same, thus we may write

][ G(Vap)dx 2][ QG (Vap)dx = (¢1 — 5)][ |Vap|?dz + o
Q Q Q

for all p € WiP(2). Thanks to Corollary 4.1.7 we may find a sequence ¢; C C°(Q)

for which

QG(0) < f QG(Vap)) dr < | G(Vap))d \, QG(0)
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Since we have picked § < ¢; it is easy to conclude that G is still L? mean coercive.
Since fQ G(Vayp;) dz is bounded we infer that the sequence V,¢, is bounded in L9
As in [37] we consider the following probability measures on R™*™
LN 1 Q
L= va . _—
Vj ( QOJ)# ( |Q| )
and observe that they have uniformly bounded ¢-th moments. Thus, passing to
a subsequence if necessary, we may assume that v; = vin Co(R™™)* where v
is some probability measure on R™™ with finite ¢gth moment. Setting H(X) :=
G(X) — QG(X), which is a non-negative and lower semicontinuous function, we may

use the portmanteau theorem to write

0< Hdy <liminf Hdv; =0,

Rnxm Jj—roo Rnxm

thus H = 0 on the support of v. However, then G = QG on the support of v, i.e.,
F — 6| - ]9 is a-quasiconvex on the support of v, and since v is a probability measure

its support is non-empty, which ends the proof. O

4.2 Lower semicontinuity

We are now ready to move on to the central part of our existence theory, i.e., se-
quential weak lower semicontinuity of integral functionals acting on Sobolev spaces of
mixed smoothness. The main results here are contained in Lemmas 4.2.6 and 4.2.7,
which show that a-quasiconvexity is a sufficient and necessary condition for lower
semicontinuity. To be precise, the exact notion of a-quasiconvexity that is relevant
depends on the assumptions on the integrand and on the space on which one wishes to
establish lower semicontinuity. Thus, we begin with the definitions of (closed) W?2#-
quasiconvexity and a short discussion of the relationship between the three notions.
The proofs in this part are somehow standard — necessity is proven through a simple
application of the Riemann-Lebesgue lemma, whereas for sufficiency we employ the
Fundamental Theorem of Young Measures and the characterisation of Young mea-
sures generated by sequences of a-gradients. Thus, the bulk of the work is hidden
in the technical results of Chapter 3. Let us also remark here that a-quasiconvexity
being equivalent to lower semicontinuity of functionals does not say much about relax-
ation formulas. Indeed, these are much more delicate and significantly more difficult

to prove, but we postpone further discussion until Section 4.3.
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For the reader’s convenience let us recall the quasiconvexity notion that we have

defined in the previous section. We say that F' is a-quasiconvex if

F(X)< inf F(X 4+ Vap)dz for all X € R™™.
peCe(Q)) g

Similarly to Ball and Murat in [13] we define the following:

Definition 4.2.1. We say that a function F': R"*™ — R s W*P-quasiconvex if for
every X € R™™ one has
FX)<  inf ][ F(X + Vau(z)) d.
ueWgP(Q;R™) J
Observe that this definition differs from that of a-quasiconvexity only by replacing
the test space C° by Wi, In fact, for continuous integrands satisfying a p-growth
bound the two are equivalent. In the classical case of first order gradients, this has

been shown by Ball and Murat in [13], and the same proof works in our case. We

present it below for the reader’s convenience.

Lemma 4.2.2 (see [13]). Suppose that F: R™*™ — R is continuous and satisfies
|F(X)| < C(14|X|P) for every X € R"™. Then F is W*P-quasiconvez if and only

if it is a-quasiconver.

Proof. The fact that C>° C Wg* shows that WaP-quasiconvexity implies a-quasiconvexity
(and there are no extra assumptions needed).

For the other direction, fix an arbitrary v € Wi*(Q) and X € R™™. Pick a
sequence u; € C*(Q) with u; — uw in Wg*(Q). In particular, this implies that
Vau; — Vau in LP. By passing to a subsequence if necessary we may assume that
Vau; = Vau almost everywhere. Then, in particular, F(X + Vau;) = F(X + Vau)
almost everywhere. Since C'(1 + | X + V,u;|?) — F(X 4 Vau;) = 0 for all j we have,
by Fatou’s lemma,

liminf][ C(14+|X+Vau;|’)—F(X+Vau,) de 2][ C(1+|X4+VaulP)—F(X+Vau)dz.
Q

J—00 Q

Since Vau; — Vau strongly in LP we deduce that
Jj—00

][ F(X + Vau)dx > liminf][ F(X 4+ Vau;)dz > F(X),
Q Q

where the last inequality follows from the a-quasiconvexity assumption on F. Since
u € Wi (Q) was arbitrary this ends the proof. O
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This and Lemma 3.5.3 immediately imply the following.

Corollary 4.2.3. Suppose that F': R"*™ — R is continuous and satisfies |F(X)| <
C(1+ |X[P) for every X € R™™. Then QF is W*P-quasiconvet.

Remark 6. Let us note here that the growth assumption on F' cannot, in general, be
removed from the statement of Lemma 4.2.2. In other words, W2? and W#? gradient
quasiconvexity are different notions in general. The previously mentioned paper [13]
contains an example of a function that is WP quasiconvex only for sufficiently large

exponents p, thus showing the importance of the relevant test space.

Finally, for future use, we introduce a third notion (analogous to the one intro-
duced by Pedregal in [140] and later discussed by Kristensen in [102]) that will be

particularly useful for dealing with extended-real valued integrands.

Definition 4.2.4. We say that a function F: R™™ — (—o00,00] is closed WaP-
quasiconvez if F' is lower semicontinuous and Jensen’s inequality holds for F' and
every homogeneous oscillation WP-gradient Young measure, i.e.,

F(X) < inf / FW)dv(W),

veHs
where HY is the set of all homogenous W2P-gradient Young measures with mean X .

Note that, as in Theorem 3.7.1, we may note that replacing v € HY with dx *
p for p € HE allows us to rewrite the inequality in the definition of closed W?2#-

quasiconvexity as

F(X) < inf / FIX +W)du(W),

peHy
for all X € R™™,
Before we proceed, we note the following lemma which, in the case of classical

gradients, was first proven by Ball and Zhang in [14]:

Lemma 4.2.5. Suppose that F: R™™ — R is a continuous integrand satisfying
|F(X)| < C(|X|P+ 1) for some constant C' and for all X € R™™. Then F is
a-quasiconvex if and only if it is W*P-quasiconvex and if and only if it is closed

WaP_quasiconver.

Proof. In the case of continuous integrands of p growth the equivalence between
a-quasiconvexity and W#P-quasiconvexity has already been established in Lemma
4.2.2. To prove the equivalence of closed W?P-quasiconvexity with these notions let

us first observe that clearly closed W#P-quasiconvexity implies a-quasiconvexity, as
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for every ¢ € C°(Q) the measure given by (Vagp)#% is a homogeneous W&P-
gradient Young measure (see Corollary 3.6.2) — note that this part does not use any
assumptions on F' — indeed, closed W?P-quasiconvexity is the strongest of the three
notions.

For the other direction fix a point X € R™™ and an arbitrary p € Hf and let
; € WiP(Q) be such that the sequence {Vagp;} is p-equintegrable and generates p,
which is possible thanks to Corollary 3.2.4. Due to the growth conditions on F' we
know that the family {F'(X + Vap;)} is equiintegrable as well, so that Theorem 3.1.1
shows that

[ W) auw) = tim [ O+ Vi) dr > FX),

where the last inequality is due to W2P-quasiconvexity of F. Since X and v were
arbitrary, this ends the proof. Observe that we do not need to assume that F' is
bounded from below to apply Theorem 3.1.1, as we may simply consider its positive

and negative parts separately. O

In the following we establish an initial result that identifies closed W#P-quasiconvexity
as a sufficient condition for lower semicontinuity of integral functionals in the mixed

smoothness setting.

Lemma 4.2.6. Let ) be an open and bounded domain. Suppose that F: R™™ —

[0, 00] is a closed W*P-quasiconvex integrand. Then the functional

(u) = / F(Vau)dz
Q
is sequentially weakly lower semicontinuous on WP((QQ).

Proof. Fix an arbitrary u € W2?(Q) and a sequence u; — u in W2?(2). We need
to show that liminf I(u;) > I(u). Since u; is weakly convergent in W2P(Q) it is also
bounded in that space. Passing to a subsequence if necessary, we may assume that
the liminf is a true limit and, passing to a further subsequence, that V,u; generates
some WP-gradient Young measure v = {1, },cq. Observe that, since p € (1, 00), the
barycentre of v, is Vau(x) for almost every x in 2. By Theorem 3.1.1 we know that

lim I(u;) = lim | F(Vau;)der > /Q/R ) Fdv,dz.

Jj—o0 J—= Jq

Corollary 3.4.3 tells us that, for Lebesgue almost every x, the measure v, is a ho-

mogeneous W#P-gradient Young measure. Hence F', as a closed W#P-quasiconvex
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function, satisfies Jensen’s inequality when tested with v, for almost every x, which
ends the proof of this part, as we have

lim 1(u;) 2/9/Rnmedyxdx>/ﬂF(y—m) dx—/QF(Vau(x))dx—I(u).

Jj—00
]

Remark 7. Observe that, since the proof above is based on localisation of Young
measures, as an immediate corollary we get that, under the assumptions of the above

lemma, the functional

W2P(Q) 5 u — / F(Vau)dx
A

is sequentially weakly lower semicontinuous on W#?(2) for any measurable subset
AcCQ.

Lemma 4.2.7. Let Q be a bounded open domain satisfying the weak a-horn con-
dition. Suppose that F: R™™ — (—o0,00] is a measurable integrand and that its
associated functional I(u) := [, F(Vau)dz is sequentially weakly lower semicontinu-

ous on WP(Q). Then F is W*P-quasiconver.

Proof. The proof is somehow standard in the theory of quasiconvexity, but we provide
an outline for the sake of completeness. Fix an arbitrary ¢ € Wi*(Q) and a X €
R™*™. Let u be an a-polynomial with V,u = X. For an arbitrary £ € N we may
cover €2, up to a set of measure zero, with a countable family of anisotropic boxes of

the form {27 +17 ©Q},, with 1/ < 1/ for all j,i. Let ¢! (x) := (r/)o((r)) ' & (z — 7))

(2 (2
and set ;== > 7.
thus u + ¢; — v in W2P(Q), so that by our assumption

Then ¢; converges weakly to 0 in W*?((2) (see Lemma 3.6.1),

j—00 j—00

liminf/ F(Va(u+pj)de = liminf/ F(X+Vap;)dz > / F(Vau)de = |Q|F(X).
Q Q Q
However, for every j we have, by a change variables,
/F(X + Vap,)de = |Q|][ F(X 4 Vap) d.
Q Q

which ends the proof. O

As an immediate corollary of Lemmas 4.2.5, 4.2.6, and 4.2.7 we obtain the follow-

ing result:
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Theorem 4.2.8. Let §2 be a bounded open domain satisfying the weak a-horn con-
dition. Suppose that F: R™™ — [0,00) is a continuous integrand satisfying the
p-growth condition |F(X)| < C(|X|P + 1) for some constant C' and all X € R™ ™,
Then the functional

I(u) ::/QF(Vau) dz

1s sequentially weakly lower semicontinuous on WP if and only if F' is W*P-quasiconvez.

4.3 Relaxation

The results of the previous subsection identify W#P-quasiconvexity as an equivalent
condition for lower semicontinuity of integral functionals in the mixed smoothness
framework. The question that remains to be answered is what happens when the
functional lacks lower semicontinuity? As discussed in the introduction, the general
idea in calculus of variations is to approximate the initial functional by some sort of
a relaxed version of it.

The relaxed functional of interest is typically defined as the sequentially weakly
lower semicontinuous envelope of the original functional, i.e., through

I(u) := inf {hminfl(uj)},

Uj—U j—00

where the infimum is taken over all sequences u; converging to u in the appropri-
ate sense — here we require that w; — w in W*P(Q). With this definition the
relaxed functional I is sequentially lower semicontinuous with respect to weak con-
vergence in W2P(Q2). The aim of this section is to show that, under appropriate
assumptions, the relaxation is again an integral functional with integrand given by
a-quasiconvexification of the original one which, in the classical setting of first or-
der gradients and under (p,p) growth conditions on the integrand, was first done by
Dacorogna in [38]. The main results of this section are contained in Theorems 4.3.2
and 4.3.13, which deal with the p-growth case and the extended-real valued case,

respectively.

4.3.1 The p-growth case

We begin with the case of integrands of p-growth. Before we move on to relaxation,

let us prove the following important fact:
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Lemma 4.3.1. Suppose that F: R™™ — [0,00) is a continuous and LP coercive
integrand with F(X) < C(|X|P 4+ 1). Assume further that F is locally Lipschitz with

|F(X)— F(W)| < D1+ X"+ WX — W], (4.3)
for all X, W € R™™. Then QF is continuous.

Proof. For a continuous integrand of p-growth the mapping X fQ F(X 4 Vap)dx
is continuous for any fixed ¢ € C°(Q). Thus, by the Dacorogna formula (3.10), we
immediately see that the quasiconvex envelope is upper semicontinuous, as it is a
pointwise infimum of a family of continuous functions.

Before we proceed further, we need to take a closer look at the coercivity as-
sumption. By Theorem 4.1.3 we know that the functional induced by F' is L.” mean
coercive with any boundary datum. However, the constants describing the coercivity
may depend on the datum — if this was not the case then F would have to satisfy
pointwise coercivity bounds of the form F(X) > C|X|P — C~!, which we do not as-
sume. Nevertheless, in the presence of the additional assumption on local Lipschitz
continuity of F', it may be shown that the constants may be chosen uniformly on
compact sets. To prove that, let us take Xy to be a point at which F' — ¢| - |P, with
some positive constant ¢, is a-quasiconvex — such a point exists by Theorem 4.1.3.

For an arbitrary X € R™™ and any ¢ € C°(Q) we may, using (4.3), write

][ IF(X + Vap) — F(Xo + Va)| dz <
Q

D][ (14 X + Vapl ™' + | Xo + Vap" ™) | X — Xo| dz.
Q
Rearranging we get

][ |F(X + VaSO> - F(XO + vagp” dz < 1+ ¢ |va90|p—1 dI,
9 Q

where the constants ¢; depend on X but may be chosen uniformly on compact sets.
These constants also depend on D and X, but, since the integrand is fixed, this
dependence is not important here. Rearranging and using the strict a-quasiconvexity

at Xy given by Theorem 4.1.3 we may now write
][ F(X + Vap)do = cof |VaplP dz —c1 — cof |Vap|P™* dz,
Q Q Q
with a different constant ¢;. Using weighted Young’s inequality we may finally write

][ F(X 4+ Vap)de > @][ |VaplP do — ¢,
Q 2Jq
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where, again, the constant ¢; has changed, but it is still independent of ¢ and may
be chosen locally uniformly in X. Thus, we have shown that for any compact set K

there exists a constant ¢ > 0 such that

][ F(X + Vap)dr > c][ VaplPdr — 71, (4.4)
Q Q

for all X € K and all ¢ € C(Q).

It remains to show that QF is lower semicontinuous. To that end, take an arbi-
trary point X € R™™ and a sequence X; — X. Assume, without loss of generality,
that liminf; , QF(X;) = lim; ., QF(X;) < co. For every j we may, by the Da-
corogna formula (3.10) find a function ¢; € C°(Q)) such that

QF(X]) >][ F(X] + VaSOj) dx.
Q

Since X is a convergent sequence, it is contained in a compact set. Similarly, the
sequence QF(X;) is bounded, thus, based on what we have just proven in (4.4),
we deduce that the family {Va¢;} is bounded in LP. Similarly to before, using the
Lipschitz bound (4.3), we may write

][ F(X + Va@j>dl’ é][ F(X] + Vagpj)dx
Q Q

+ D][ (T+ X+ X577 + [Vags ) [ X — X da.
Q

(4.5)
Now, | X — Xj| converges to 0 as j — oo, and the integral
£ OHIXP 4 307+ [Vay ™) da
Q
is bounded, hence the last term in (4.5) goes to 0 with j. Thus
QF(X) < liminf][ F(X 4+ Vap;)dz
J]—00 Q
< lim inf][ F(X; + Vap;)de = liminf QF(X;),
J—o0 Q j—oo
which ends the proof.
O

Let us remark that the above could be easily generalised to the A-free setting of
compensated compactness due to Murat and Tartar (see [135], [136] by Murat and
[164], [165], [168] by Tartar). It is known that in general, when the characteristic cone
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of A does not span the entire space, A-quasiconvex envelopes of smooth functions
need not be continuous (see, for example, Remark 3.5 in [67] by Fonseca and Miiller).
Our proof shows that this is not a problem if one restricts to coercive integrands
satisfying the bound (4.3). However, in the context of A-quasiconvexity, this may
also be resolved in a different way. In a recent collaboration with Raita (see [146]),
we argue that it is natural to restrict the space of definition of the integrand to the
span of the characteristic cone of the operator in question. However, this approach
cannot be applied in the mixed smoothness case, and thus we do not elaborate on it
further.

Our main result is the following;:

Theorem 4.3.2. Let 2 be a bounded open domain satisfying the weak a-horn con-
dition. Supppose that F: R™™ — [0,00) is a continuous and 1P coercive integrand
with F(X) < C(|XP+1). Assume furthermore that F' satisfies

F(X) > D|X[P - D! (4.6)

or

[F(X) = F(W)| < DL+ [X["~" + WX — W], (4.7)
for all X, W € R™ ™. Then the sequentially weakly lower semicontinuous envelope of
the functional 1r is given by

Tp(u) = inf {liminflp(uj)} - /Q QF (Vau(x)) de = Top(u),

uj;—u Jj—o0
where the infimum is taken over all sequences u; converging to u weakly in WP ().

Proof. When F satisfies the first of the two alternative conditions we have provided,
i.e., when F'is of p-growth from below as well as from above, this result is a corollary
of a more general relaxation result (for extended real-valued integrands) that we will
demonstrate next, thus we postpone this part of the proof.

Under the assumption that /' is locally Lipschitz, we have shown in Lemma 4.3.1,
that QF' is continuous. We also know, from Lemma 4.1.8, that QF satisfies the
same p-growth assumption as F. Lemma 3.5.3 tells us that QF is a-quasiconvex,
which in view of the continuity and growth bounds implies, by Lemma 4.2.5, that it
is WaP-quasiconvex. Finally, Lemma 4.2.6 shows that the functional induced by QF

is indeed sequentially weakly lower semicontinuous on W#?(2). This translates to
Ir(u) = Iop(u),
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and so it remains to prove the reverse inequality.

Proceeding similarly to a proof in Dacorogna’s book [40] (see Theorem 9.1 therein)
let us start with the simple case of Q2 = () and v with V,u = X for some constant
X € R™™. By the Dacorogna formula (3.10) there exists a sequence p; € C2(Q)
with

/F(Vau+vagpj)dx —>/ QF (Vau)dz.
Q Q

It only remains to show that the sequence ¢; may be chosen in such a way as to
satisfy ¢; — 0 in W*P(Q)). The argument here is essentially a simpler version of the
one in the proof of Lemma 3.6.1. For a fixed j extend ¢; periodically and consider

the sequence
i) =1 (re O @),

with ry := k%N, Then Vagof preserves the integral, i.e.,

/ F(Vau + Vagk) do = / F(Vat+ Vagy) dz,
Q Q

for every k, and gaé? — 0 in W2P(Q). Thus, a diagonal extraction argument ends the
proof in this basic case.

For the general case let us fix an arbitrary function u € W2P(Q). Using Propo-
sition 2.5.4 we may find a sequence v; € W2P(Q) with v; — uv in W2P(Q) and such
that for each j there exists a finite family of anisotropic boxes {@7}; such that V,v;
is constant on each @} and ‘Q \ U Qﬂ — 0 as j — oo. We know, from Lemma 4.3.1,
that QF is continuous, and from Lemma 4.1.8 that it satisfies the p-growth bound.
Thus

/ QF (Vav;)dz — / QF(Vau)dz.
0 Q

Since v; converges to u strongly in W2® the sequence V,v; is p-equiintegrable. By
assumption and Lemma 4.1.8 we know that both F' and QF satisfy the p-growth

bound from above, so that
/ F(Vavj)dz — 0 and / QF(Vavj)de — 0.
\U; Q] \U; Q]
In particular,

QF (Vau;) dz + /

F(Vavj)de — / QF(V,u)dz.
o\U; Q] Q

U; Q!
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Using the previous step we may, for any fixed Qf , find a sequence ng,k € Cfo(Qf ) with
gofk — 0 in W2P(Q) as k — oo and such that

/ F(Vav, + Vacpik) de — [ QF(Vav;)dx as k — oo.
Q; Q)

Letting o), := 3", @i,k € C=°(Q), we have @], — 0 in W2?(Q) as k — oo and

/ F(Vavj + Vapl)dz — QF(Vav;) da.

U; Q] U; @

A standard diagonal extraction argument allows us to construct a, non-relabelled,
diagonal sequence p; € C°(Q2) with ¢; — 0 in W2P(Q) and such that

/F(Vavj + Vayp;)dz —>/ QF(Vau) dz.
Q )
Therefore, setting u; := v; + ¢; shows that
liminf Ip(u;) < Iop(u),
j—00
and thus ends the proof. m

Observe that we only use the locally Lipschitz assumption on F' in order to deduce
continuity of QF from Lemma 4.3.1. If continuity can be ensured in a different way
then we can dispense with the assumption (4.7). In the classical setting of first order
gradients it is known that quasiconvex functions are convex along rank-one directions,
and these span the entire space, so that one may deduce continuity from directional
convexity. We have already mentioned that, in general, there is no good analogue of
rank-one convexity in the mixed smoothness setting. However, if a is such that all
multiindices o with (o,a™!) = 1 are of the same parity, this has been resolved by
Kazaniecki, Stolyarov, and Wojciechowski in [93]. Under this assumption they have

shown that a-quasiconvex functions are convex along directions of the form

Z gleltleolpopic, . (4.8)

(ya—1)=1

Here 2 € RY and b € R" are arbitrary vectors, i?

= —1, e, is the canonical basis
of R™ ™ and qq is an arbitrary multiindex on the hyperplane of homogeneity, i.e.,
with (ap,a™!) = 1. When all the multiindices have the same parity, the coefficients
in (4.8) are real and vectors of this form span R™ ™, thus continuity follows from

directional convexity. Thus, we obtain the following:
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Corollary 4.3.3. If a=! is such that all the multiindices o with (o,a™') = 1 have
orders of the same parity then the conclusion of Theorem 4.3.13 holds without the
additional assumptions (4.6) or (4.7).

If, on the other hand, the parities of |&| do not match, then the coefficients in
(4.8) complexify, and we do not get any directional convexity. It is still possible to use
the calculation leading to determining the form of the vectors in (4.8) to show that
a-quasiconvex functions are (pluri)subharmonic in a certain sense (see the discussion
in [93]), but we have not yet been able to use that to strengthen our relaxation results.
We believe, however, that this should be studied further and intend to do so in future

work.

4.3.2 Closed W#P-quasiconvex envelope

The p-growth assumption on the integrand was crucial in the results of the previous
subsections. Indeed, when F' is not of p-growth the notions of WP-quasiconvexity
and closed W2P-quasiconvexity need not coincide, and this is precisely the reason for
introducing this stricter notion of closed W#P-quasiconvexity. An explicit example,
in the isotropic setting of first order gradients, of an integrand that is quasiconvex
but not closed quasiconvex is given in Example 1.3 in [102].

The first issue we run into is that, for an extended real-valued integrand, the
formula (3.10) need not yield a closed W2P-quasiconvex function. The purpose of this
subsection is to establish a formula that does. We start with the natural definition

of the closed W2P-quasiconvex envelope.

Definition 4.3.4. For a measurable function F: R™™ — (—o0,00] we define its

closed WP -quasiconvexr envelope by
F(X) :=sup{G(X): G < F, G is closed a-p quasiconvez}.
Our goal is the following:

Proposition 4.3.5. For any p € (1,00), the closed W2P-quasiconvex envelope of
a lower semicontinuous function F: R™™ — [0,00] satisfying the growth condition

F(X) = c|X|P for some constant ¢ > 0 is given by

F(X)= inf (F(-+ X),v) = inf (F,v).

veHy velt,

Moreover, the function F is indeed closed WP -quasiconver.
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The reason we put the lower growth assumption in this result is that in a number of
places in the proof we will use an argument that selects, at each X € R"*™ a measure
vx € H% which (nearly) achieves the infimum in question, i.e., (F,vx) = F(X). The
main idea of the proof is that then, with another fixed v € H} the measure p defined
by du := drx dv is again a homogeneous W#P-gradient Young measure. To prove
that we need to ensure that it has a finite p-th moment, which is where coercivity
comes into the picture. For now we do not know whether it is possible to relax this
assumption, nevertheless it is in line with the relaxation result we prove next. As
in the case of integrands of p-growth, to prove a relaxation formula we need some
sort of a coercivity assumption on the integrand. If we were to relax the pointwise
coercivity to simply L? or LP-mean coercivity we would need a Lipschitz assumption
on our integrand of the form appearing in Theorem 4.3.13, which we cannot have if
we wish to allow F' to take the value +o00. Thus, for now at least, we content ourselves
with including the lower-growth bound also in our formula for the closed quasiconvex
envelope. We note that the lower growth assumption is also present in the relaxation
result in Kristensen’s paper [102], on which we base our relaxation proof.

Before we proceed to the proof let us recall the following classical result due to

Kuratowski and Ryll-Nardzewski:

Theorem 4.3.6 (see [111]). Let X be a metric space and Y be a separable and
complete metric space. Fiz a multi-valued function G: X — 2Y. If for any closed
set K CY the set {x € X: G(x) N K # 0} is Borel measurable then G admits a
measurable selector, i.e., there exists a Borel measurable function g: X — Y such
that for all v € X we have g(z) € G(x).

Proof of Proposition 4.3.5. The argument that we present closely follows the one in
a recent paper by the author (see [145]), where it was employed in the context of
A-quasiconvexity.
Denote

R(X) := inf (F(- + X),v).

veHE

Clearly for any v € Hfj and X € R™™ we have F(X) < (F(- + X),v), therefore

taking the infimum over v € Hf yields

hence showing that R is closed W#P-quasiconvex will give the reverse inequality and

end the proof, as one immediately gets R < F' by testing with v := §, € Hb.
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To show that R is lower semicontinuous fix X, € R"*™, a sequence X; — X, and
an € > 0. We will show that
j—o0
Without loss of generality assume that lim; ., R(X;) = liminf; , R(X;) < oo, and
let M be such that R(X;) +¢e < M for all j. By definition of R, for each X; there
exists v; € Hf with
M > R(X;)4+¢e = (F(-+ X;),vj).

Our growth assumption on F' and boundedness of |X;| (as a convergent sequence)

then imply

M}/ c]X—i—XJ]pdl/]>C(/ |X‘pdljj—1),
Rnxm RnXxm

which yields sup; [puxm | X[” dv; < oo. We see that the family {v;} is bounded in &7,
therefore we may extract a weakly*-convergent subsequence from it — without loss of
generality assume that the whole sequence converges, i.e., v; = in &, By Lemma
3.6.4 we have vy € Hf. Moreover § X; *Vj SNy} X, * Vp. Since F' is lower semicontinuous

and bounded from below we have

e +liminf R(X;) > liminf(F, dx; * v;) > (F,6x, * o) =
j—o00 j—o0
/ F( -+ X()) dl/o > R(Xo),
Rnxm

where the last inequality comes from the definition of R and the fact that v € Hg,.
Since € > 0 was arbitrary we conclude that R is in fact lower semicontinuous.

It now remains to show that R satisfies the Jensen’s inequality with respect to
homogeneous oscillation W#P-gradient Young measures. To that end fix X, € R™*™
and v € HY . We wish to show that R(Xy) < [,
assume without loss of generality that fRnxm Rdv < o0, as the case where this integral

wxm R dv. Observe that we may

is infinite is trivial. Let us fix an € > 0 and observe that, by definition of R, for all

X € R™™ there exists vy € Hf satisfying
(F(-+ X),vx) < e+ R(X),

so that, for now only formally,

/ (/ F(~+X)d1/X) dV(X)<£+/ Rdv.
RnXm RnXm RnXm
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Now — if we manage to show that vx may be chosen in such a way that X — vy is

weak™ measurable and that the measure p defined by duality as

o= [ ( [ st dVX) av(X) (19)

is a homogeneous W#P-gradient Young measure with mean X, then the claim will
follow, as by definition (F, u) > R(X)).

Remark 8. There is a delicate point to be emphasized here. A careful reader may
notice that weak® measurability of X — vy only means Lebesgue measurability of
X — fRnxm g(- + X) dvy, which is not necessarily enough to integrate this function
with respect to v. However, if we manage to get Borel measurability of the function
in question then the construction is justified, as v is a Radon (hence Borel) measure
— we will call such a map Borel weak™ measurable. It is clear that if one makes sense
of the integration on the right-hand side of (4.9) then it defines a linear functional
on Co(R™™). TIts boundedness follows from the fact that all vy,v are probability

measures, thus showing that the functional is given by some finite Radon measure pu.

For the measurable selection part we define a multifunction G given by

g(X):= {ueHﬁ: /Rnme(‘—l—X)dués—l—R(X)}.

For the measurable selection result we intend to use (see Theorem 4.3.6) we need G
to take values in 2¥ for some complete metric space Y. For that we define, for a given
M >0,

Quy ={X eR"™: | X|< M,R(X) < M}.

Observe that since we assumed R to be integrable with respect to v, we have that
X € Uy—1 Q for v-ae. X € R™™. Let us fix M € N. Then, for any X € Q) and
any p € G(X), we have

/ F(W + X)du(W) < e+ R(X) < 2e + R(X) < M + 2.
RnXm

The factor 2 in front of € is not important here, we only put it there to allow for some

room in the later part of the argument. Due to the growth assumption on F' we have

/ F(W+X)du(W)>C/ W+ XP du(W) >

RnXm

C WP du(W) — O~ | X PP

]Rnxm
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Finally [on. [W[” du(W) < Cy, holds for all p € G(X), with the constant Cyy
depending only on M (and ¢). Therefore, we may consider our operator G as a map

Qu — 2™ where

Yy = {/LEH]S: / WP dp < CM}.
RnXm

The set Y3 may be equipped with the weak™ topology inherited from &, Since we
put a uniform bound on the p-th moments (so also on the norm in 5;), this topology
is metrisable in a complete and separable manner when restricted to Y,;. To prove
that first recall that due to Lemma 3.6.4 H is weak™ closed in £;. Since |- |V € &, we
know that the map g+ [o.... [WI[? dp is weak™® continuous, thus V), is weak™® closed
and bounded. The Banach-Alaoglu Theorem (see for example Theorem 3.16 in [27])
then implies that Y}, is weak™ compact. Since &, is clearly separable we deduce that
the weak™ topology on Y}, is metrisable (see Theorem 3.28 in [27]). Finally, compact

metric spaces are complete and separable, thus proving our claim.

Lemma 4.3.7. For any X € Qy the set G(X) is non-empty and closed.

Proof. The fact that G(X) # 0 comes straight from the definition of R. To show
that it is closed it is enough to show that it is sequentially closed. Let us then fix a
sequence {p;} C G(X) and assume that it converges weak™ in £ to some p € Y.

Since the function F' is lower semicontinuous and bounded from below we get by
Lemma 3.6.5 that

R(X)—I—e}liminf/ F(-—i—X)d/ﬁ}/ F(-+ X)du,
J—=o0  Jrnxm Rnxm
so 1 € G(X), which ends the proof. O
Lemma 4.3.8. For any non-empty closed set O C Yy, the set
{XeQu: G(X)NO # 0}

1s Borel measurable.

Proof. First note that we may rewrite the set in question as

ﬁ {X € Qe inf /an F(-+ X)dp < R(X)+a(1+2‘k)}.

co
k=1 K

Hence, it is enough to show that the sets

neo

{XGQM inf /Rnme(-JrX)duéR(X)+s(1+2—k)}
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are all Borel measurable. Define

U(X):= inf/ F(-+ X)dpu.

neo

We claim that U is lower semicontinuous. Let X; — X. We need to show that
liminf, .. U(X;) > U(X). Without loss of generality assume that the liminf is a
true limit and that it is finite, i.e.,

lim U(X;) = liminf U(X;) < oc.

j—o0 j—o0

By definition of U, for each k there exists a measure p; € O with

/ F(-+ X;)dp; <U(X;) + 1/k.
RnXm

Therefore
lim F(-+ X;)dp; = lim U(Xj).

j=00 Jrnxm Jj—oo
Since the set O is a closed subset of a compact space Yy, we may extract an £; weak™*
convergent subsequence from p;. Without loss of generality assume that the entire
sequence ji; converges weak™® to some p € O. This, combined with X; — X, implies

that we have
5Xj * 1% A 5X * L

in the sense of probability measures. Therefore, since F' is lower semicontinuous, the

portmanteau theorem yields

liminf/ F(-+ X;)dy, :liminf/ Fd(0x, * p;) >
R"Lxm Rnxm

j—ro0 Jj—00
/ Fd(dx # 1) :/ F(-+ X)du > U(X),
Rnxm nxm
which shows that U is indeed lower semicontinuous. Since the set

{XGQM inf Anme(~+X)du<R(X)+e(1+2k)}

neo

is the same as
{(X €Qu:UX) S RX)+e(1+277)},

and both U and R are lower semicontinuous (hence Borel measurable) the set in

question is Borel measurable as well, which ends the proof. O]
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Now, thanks to Lemmas 4.3.7 and 4.3.8 we may use Theorem 4.3.6 to deduce the
existence of a weak* measurable map v™: Q; — HJ such that for any X € Qs the

measure vy satisfies
/ F(-+ X)dvy < e+ R(X).
Rnxm
Finally let us define the map v: R™*™ — HE by

o v for X € Qur \ Qg
X =g ~ 0
pfor X & Uy—q Qur,

where [z is some arbitrary element of the (non-empty) set H5. Observe that the choice
of 11 does not matter, as we have already observed that the set R™*™\ | J},_; Qs is of
v measure 0. This set is also Borel since we already know that R is Borel measurable,
hence each €2, is Borel. Clearly the map v is Borel weak™ measurable in the sense of
Remark 8, i.e., it is a measurable map from R™*" equipped with the Borel o-algebra
into HY equipped with the weak® topology inherited from &,. Therefore, we may
define p € (Co(R™™))* as in (4.9). It only remains to show that p € Hb.

Positivity of p results immediately from positivity of all vx and v. In the same

way we show that u is a probability measure, as

(1, p) = /W (/Rm 1dux) dv(X) = /W 1dv(X) = 1,

since all measures considered are probability measures. To prove that p has a finite

p-th moment we write

(" 1) = /an (/Rm -+ X duX) dv(X).

Using the growth assumption on F' we get
/ |~—|—X|pdVX<C/ F(-+ X)dvy < C(R(X) +¢),
Rnxm Rnxm

where the last inequality is satisfied for v-a.e. X. Integrating with respect to v gives

e (g i /RW R(X) du(X)) <o

since, by assumption, R is integrable with respect to v. Lastly, it remains to show that
1 satisfies the inequality in Theorem 3.7.1. Fix any continuous functions g: R™*™ —
R with |g(v)| < C(1 + |[v[P) for some constant C'. We have

) = [ ([ a0 anx)

> Qg(X) dv(X) > Q(Qg)(Xo) = Qy(Xo),

Rnxm
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where the first inequality comes from the fact that all vx’s are Young measures with
mean 0, the second one from the respective property of v, and the last equality from
Lemma 3.5.3. This shows that we indeed have p € HY and ends the proof, as
discussed in (4.9). O

4.3.3 Relaxation in the extended real-valued setting

We proceed with the final relaxation result in the setting of extended real-valued
integrands. The statements and proofs follow very closely the content of a recent
article by the author (see [145]). However, since the proofs had to be altered to fit in
the mixed smoothness setting we present them here in full.

We begin by defining a relaxed notion of convergence for vector fields that are
nearly (up to a small in L error) a-gradients of functions in W®?. The notion is
reminiscent of the one often used in the A-free setting, where instead of working with
sequences that satisfy the constraint exactly, i.e., with AV, = 0, one only requires
AV; — 0 strongly in WP, see for example [67]. In the case of standard first order
gradients it corresponds to the condition curlV; — 0 strongly in W—(Q) investigated
in [103].

Definition 4.3.9. We say that a sequence of vector fields V; € LP(;R™™™) is a
sequence of approrimate WP gradients if there exist sequences u; € W*P(Q; R™) and
v; € LP(Q; R™™) such that

‘/j = van + ’Uj
and v; — 0 strongly in LP.

Following [103] we introduce the following notion of convergence:

Definition 4.3.10. We say that a sequence of vector fields V; € LP(;R™™) con-
verges to V in the sense of approximate WP gradients if V; converges to V weakly
in LP and (V; — V) is a sequence of approzimate WP gradients. In such a case we
write V; —ap, V.

Proposition 3.1.2 immediately implies the following:

Lemma 4.3.11. Assume that € satisfies the weak a-horn condition. Suppose that
a sequence V; = Vau; +v; € LP(Q;R™™) of approzimate WP gradients converges
weakly to 0 in LP and generates an oscillation Young measure v. Then {Vau;} gen-
erates the same Young measure v. In particular, any oscillation Young measure
generated by a sequence of approximate WP gradients is an oscillation WP -gradient

Young measure.
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This and Lemma 4.2.6 easily imply the following:

Corollary 4.3.12. Let Q2 be a bounded open domain satisfying the weak a-horn con-
dition. Suppose that F: R™™ — (—o00,00] is bounded from below and closed WP -

quasiconvexr. Then the functional

18 sequentially lower semicontinuous with respect to approximate WP gradient con-

vergence.

Proof. Since, by Lemma 4.3.11 the Young measures generated by sequences of ap-
proximate W#? gradients are W#P-gradient Young measures, the argument of Lemma

4.2.6 carries through unchanged. O]
The main result here is the following:

Theorem 4.3.13. If F: R™™ — (—o00,00] is a continuous integrand satisfying
F(X) > C|X|P — C7! for some C' > 0 then the sequentially (with respect to ap-
proximate WP gradient convergence) weakly lower semicontinuous envelope of the
functional 1r is given by

Ip[V]:= inf {limianF[Vj]} :/QF(V(:L"))dx,

Vi—apV Jj—00

where the infimum is taken over all sequences V; converging to V' in the sense of ap-
prozimate WP gradient convergence. As before, F denotes the closed WP -quasiconvex

envelope of F.

Proof. Corollary 4.3.12 guarantees that Ip[V] > [, F(V(z)) dz, thus we only need to
prove the opposite inequality. If F' is identically equal 400 then there is nothing to
show, so we may restrict to proper integrands. Using a translation we may, without
loss of generality, assume F(X) > C|X|P. In any case, the fact that F' is bounded
from below immediately implies the same for F. Fix any V € LP. Without loss
of generality we may assume [, F(V(z))dz < oo, as otherwise there is nothing to
prove. Fix an ¢ > 0 and observe that clearly we must have F'(V(r)) < co a.e. in .
Therefore, using Proposition 4.3.5, we may find a family of homogeneous oscillation
WaP_gradient Young measures {v, },cq with mean 0 and such that, for almost every

x € (), we have
F(V(2)+¢> / F(- 4 V(z)) dvs. (4.10)

Rnxm
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Using exactly the same argument as in the proof of Proposition 4.3.5 we may ensure
weak™ measurability of x — v,. We intend to show that v is a suitable Young measure
using Theorem 3.7.2. Recall that we need to prove the following:

i) there exists v € W2P(Q) such that

Vav(x) = (v, 1d) for a.e. x €

i)

/ / (WP dv, (W) dx < oo
Q RnXm

iii) for a.e. z € Q and all continuous functions g: R"*™ — R satisfying |g(IV)| <

C(1 + |[W|P) for some positive constant C' one has

<va g> Z Q9(<Vma Id))‘

The first point is clearly satisfied, as all our measures are of mean 0. The second
one may be checked in the same way as in the already mentioned proof of Proposition
4.3.5, using the growth assumption on F'. Finally, the third point results immediately
from the fact that all v,’s are, by definition, elements of Hfj, so we may use Theorem
3.7.1.

This shows that v is indeed generated by some p-equiintegrable family {Vaw,}
with w; € W22(Q) and w; — 0 in W2P. For a given M € N consider FM(z) :=
min(F(z), M(|z[P + 1)). Clearly, for each M, the function F'™ is continuous and the
family { FM(V 4V aw;)}; is p-equiintegrable, due to the same property of {V +Vaw;}.
Theorem 3.1.1 then yields

/QFM(V+Vawj)d:c—>/Q (/Rm FM(V(:C)—i-')dux) da.

On the other hand, since FM¥ < F and v, are non-negative and satisfy (4.10), we

/g)(/RMmFM(V(xH-)dyz) dr < /Q(/Rm F(V(x)+-)dux) dz

< /F(V(m))dx+a.

have

From this we deduce, through a diagonal extraction, that there exists a sequence
J(M) € N with limps_,o (M) = 0o such that for all M one has

/ FM(V + Vaw;n) do < / F(V(x))dz + 2e. (4.11)
Q Q
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Define the set
Gu = {z € Q: F(V(z) + Vaw;n(z)) < M|V (2) + Vawjon ()P + 1)},

and fix some Xy € R™*™ for which F'(X() < oo — such a point exists, as F' is proper.

Next define a vector field W), in such a way that
V(ZL’) + WM(CL’) = (V(ZE) + Vawj(M) (ZE))]IQM + X()]lg]cw. (412)

We claim that {V + Wy} is an admissible vector field in the Iz[V] problem. For
that it is enough to show that ||V + Wy — (V + Vawjr))||r@) — 0. By definition

we have

IV + W = (V + Vawjan) @) = IV + W = (V + Vawjan) L) <
1/p
”XOHLP(QICM) ‘|—M—1 ([2 FM(V+Van(M))dx) 5

where the last inequality comes from the definition of the set G§; (and extending the
integral to all of Q). Now, (4.11) yields

1/p 1/p
M1 (/ FM(V + Vaw;an) dx) <M (/ F(V(z))dz + 25) :
Q Q

thus showing the desired convergence to 0 in L?, as || Xo||Lr(gs,) — O results simply

from the fact that clearly the Lebesgue measure of G§, tends to 0, because
P(V(z) + Vawan () > M on G,

and we have a uniform (with respect to M) bound on the integral of the function
in question. This implies in particular that V 4+ W), converges to V' in the sense of
approximate W#? gradients convergence. Therefore, we have

Ir[V] < liminf/F(V+WM)dx
Q

M—oc0

= liminf/ FM(V+wj(M))dx+/ F(Xyp)dx
Om

M—o0 Gs,
< liminf/ F(V(z))dz + 2 = / F(V(x))dz + 2e,
M—=oo o Q

where the last inequality results from (4.11) and the measure of G, tending to 0.

Since € > 0 was arbitrary the proof is complete. n
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Chapter 5

Regularity

Having established the coercivity and lower semicontinuity results describing the ex-
istence of minimisers of variational problems in the mixed smoothness setting we now
turn to the question of regularity of such minimisers. In the spirit of Evans’ par-
tial regularity result (see [61]) we show how a strict a-quasiconvexity assumption on
the integrand may be used to establish local Hélder continuity of maximal deriva-
tives of minimisers on an open subdomain of full measure. The result we obtain is
what is called an e-regularity result — we characterise the regular points, i.e., the
points around which the a-gradient of the minimiser is Holder continuous, through
an appropriate smallness condition imposed on the excess of the a-gradient. The
Lebesgue differentiation theorem then allows us to conclude that the condition is sat-
isfied Lebesgue almost everywhere, although it does not provide any better bounds
on the size of the singular set. In fact the question of estimating the Hausdorff di-
mension of the singular set under a quasiconvexity assumption is still open even in
the classical setting of first order gradients, and so far the only result in this direction
is due to Kristensen and Mingione (see [105]) and it is conditional on the a priori
assumption that the minimiser is Lipschitz, thus for now we content ourselves with a
Lebesgue-a.e. type result.

The approach that we take here is, to a large extent, based on the one in [82]
by Gmeineder and Kristensen, which, in turn, stems from earlier works by a num-
ber of authors, such as De Giorgi (see [46]), Almgren (see [6] and [7]), Giusti and
Miranda (see [81]), Morrey (see [130]), Evans (see [61]), and many others who have
subsequently contributed to the development of the theory. The general idea of the
argument is to use good excess decay estimates (i.e. estimates in terms of Campanato
norms) available for linear systems and then carry them over to the minimiser through

a local linearisation procedure and a Caccioppoli inequality.

103



We begin by investigating the regularity properties of linear quasielliptic systems
in Section 5.1, largely based on Giusti’s work (see [77], [78]). We then introduce the
notion of strict a-quasiconvexity and, using Widman’s (see [179]) hole-filling tech-
nique, prove an anisotropic Caccioppoli inequality in Section 5.2. Finally, the core
of the argument is contained in Section 5.3 where we explain how the linearisation
procedure is carried out and how to choose an appropriate linear equation, solution of
which should (in a neighbourhood of a given point) be close to the minimiser in ques-
tion. Estimates on the deviation of the minimiser from the solution of the linearised
equation are then obtained through an explicit construction of an appropriate test
function, similarly to [82]. These, in combination with the estimates on the solution
of the linearised equation, finally yield estimates on the excess decay of the minimiser.
In the last part of this chapter we explain how these estimates may be iterated, thus
ending the proof.

Let us remark that, in this thesis, we only study regularity of solutions for vari-
ational problems with integrands of controlled quadratic growth, i.e., with bounded
second derivative and in the p = 2 case. However, in collaboration with my doctoral
advisor Professor Jan Kristensen, we are currently working on extending them to
cover p-growth in the full reflexive range p € (1, 00).

Finally, note that, in all the estimates that follow, the constants may depend on
the smoothness vector a, as well as the dimensions N, n, and m. However, these
parameters are fixed throughout the chapter, thus we will not track how (and if) they

influence the constants.

5.1 Linear quasielliptic equations

We begin with a simpler problem, i.e., the regularity of linear quasielliptic partial

differential equations, in the particular case of equations of the form

T =finQ
{Va Vau = fin Q, (5.1)

u = ug on Of).

Here V} denotes the distributional adjoint of V,, €2 is a bounded open domain sat-
isfying the weak a-horn condition, and the boundary datum ug is assumed to belong
to the space W2?(RY). The condition u = ug on 9 is understood as u € Wa»(Q),
i.e., h = u+ p for some ¢ € Wg”(€2). The source term [ is assumed to belong to the
space W™2P2(Q), i.e., the dual of W7 (). One may show, as in the standard case,
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that any f € W™*P(€2) may be written as f =",
this case || fllw-ar@) < X(pa-1)<1 [[fallLe(e), with

IFlw-srey = jnf = 3 Mol

(@™ h)<1

)< 0° f,, for some f, € L?. In

a,a—!

where the infimum is taken over all choices of {f,}, for which the representation

f= Z<a,a*1><1 0 f,, holds.
Throughout this chapter we assume that the operator V;1T'V, is strictly a-quasielliptic.
For convenience we often say instead that the tensor T is strictly a-quasielliptic, by

which we understand the following;:

Definition 5.1.1. We say that a constant, symmetric tensor T is strictly a-quasielliptic

with a-quasiellipticity constant v > 0 if

/(TVau, Vau) dz > u/ |Vaul? dz,
Q Q

for allu € W*(Q).
Our goal for this section is the following:

Proposition 5.1.2. Let T be a constant, strictly a-quasielliptic tensor. For any

exponent p € [2,00) the equation

ViTVau = G in Q,
u e WgP(Q)

with G € W*?(Q) is uniquely solvable and the solution u satisfies
[ullwg? < CllGllw-es,

with the constant C = C(p,v) depending only on p and the strict a-quasiellipticity

constant of T'.

We defer the proof to the end of this section, as we first need to establish a number

of preliminary results. To begin with, let us treat the simple case p = 2.

Lemma 5.1.3. Let T be a constant, strictly a-quasielliptic tensor. Then the equation

{V;Tvau —GinQ,

we WEQ) o

with G € W=%2(Q) is uniquely solvable and the solution u satisfies
lullyss < ClIG -z,

where the constant C' = C(v) depends only on the strict a-quasiellipticity constant of

T.
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Proof. Since T has constant coefficients the bilinear form
(u,v) — /(Tvau, Vav) dz,
Q

is clearly bounded. Since we assume 7' to be strictly a-quasielliptic the form is also

coercive. Thus, the result follows from the Lax-Milgram theorem. m
It is equally easy to incorporate non-zero boundary conditions:
Lemma 5.1.4. Let T be a constant, strictly a-quasielliptic tensor. Then the equation

{V;Tvau —0in Q, 5.4)

u—ug € WS’Q(Q)

with boundary datum ug € W&2(RY) is uniquely solvable and the solution u satisfies

HUHWS’Q(Q) < O Vauollr2(),

with the constant C' = C(v) depending only on the strict a-quasiellipticity constant of
T.

Proof. This is equivalent to minimising
u / (T'Vau, Vau) de
Q

over u € W22(Q). The functional is convex and coercive, thus admits a minimiser
which solves the desired equation. It is also clear that the solution is unique under

fixed boundary conditions. m

5.1.1 Hypoellipticity

The following is a brief discussion of Hérmander’s notion of hypoellipticity (see, for
example, [88]), which allows us to deduce interior C* smoothness of solutions of the
equation V;T'Vau = 0.

Definition 5.1.5 (see Definition 4.1.1 in [88]). We say that a differential operator
P(D) (scalar or vectorial) is hypoelliptic if for any open set A C RY and a distribution
u € D'(A) the equation P(D)u = 0 in D'(A) implies u € C*(A).
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Definition 5.1.6 (see Definition 3.1 in [77]). Suppose that P(D) is a differential
operator for which there exists a vector v = (7,...,yn) of positive integers such

that, with |o : | .= SN e /yk, we may represent

P(D)= Y a0

Jay|<1

with some coefficients a, € R™*™. We set

If det(P°(—i€)) # 0 for all ¢ € RN\ {0} then we say that P(D) is quasielliptic.

Let us remark that Hérmander gives the same definition in Theorem 4.1.8 in [88],
where he calls such operators ‘semielliptic’. However, in this work we have decided

to follow Giusti’s terminology, and we will use the word ‘quasielliptic’.
Theorem 5.1.7 (see Theorem 4.1.8 in [88]). Quasielliptic operators are hypoelliptic.

Proof. For scalar operators this is the content of Theorem 4.1.8 in [88], thus we
only give a short explanation on how this extends to systems, following the general
approach outlined in Section 3.8 of the aforementioned book. First of all, observe
that if P(D) is a quasielliptic system then det P(D) is a quasielliptic scalar operator.
Thus, the theorem mentioned before implies that det P(D) is hypoelliptic. Having
established this, let us assume that, for some f € C*°, we have P(D)u = f in some
open set 2. Let us denote by “F; ; the matrix formed by the cofactors in P;;. Then
(©°P)P = (det P)Id, so that applying “P to both sides of our equation yields

(det P)Idu = (“°P)Pu = (“P)f.

Obviously (“°P)f is still of class C*°, and since det P is hypoelliptic this yields that
u € C* as well, which ends the proof. H

Proposition 5.1.8. IfT is a constant, strictly a-quasielliptic tensor then the operator

VTV, is quasielliptic.

The proof is a relatively simple calculation, but we defer it to the next section
(after Lemma 5.2.3), as we will need a similar argument when dealing with strictly

a-quasiconvex integrands.
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5.1.2 Campanato regularity for linear systems

Before we proceed let us introduce some additional notation. Here we denote by
I(xg,r) the anisotropic box of radius r centred at zo and intersected with the under-
lying domain of reference, i.e., {2, which remains fixed throughout, and is assumed to
be of type (A) with respect to the anisotropic metric d, (see Section 2.6 for defini-
tions). We will usually write simply I, when there is no risk of confusion with regards
to the centre. Finally, (f), denotes the average of f over I,.

First, let us recall two auxiliary lemmas due to Giusti (see [77]).

Lemma 5.1.9 (see Corollary 8.1 in [77]). Let T be a strictly a-quasielliptic tensor.
Let uw € O=(I,) solve ViTVqu = 0 in I.. Then, for any a with {a,a™') < 1, any

radius p < r, any p = 2, and any constant b we have

) la=!|4+(p/ max; a;)

(63 (0% p (63
[0%u = @ w),|L,,, < € (& (G

where the constant C' = C(v) only depends on the a-quasiellipticity constant of T'.

Lemma 5.1.10 (see Lemma 9.1 in [77]). Let T be a strictly a-quasielliptic tensor.
Let w € W»2(1,)) be a solution of

(5.5)

ViTVau = Z<a,a—1><1 0“f, in I,
u € Wg’z(]r),

with fo € L2(1.). Then for any choice of constants c, we have

{aal
[ullwaz,) < C > e = callia + il follee |

0<{a,a—1)<1
where the constant C' = C(v) depends only on the a-quasiellipticity constant of T

The two lemmas above will be crucial in the following proof, which closely follows
Giusti’s paper [77]. However, we have decided to include it in full, as it is essential
for us that, in the case of zero boundary conditions, the estimates may be carried
through all the way to the boundary. Furthermore, since we are only interested in
the constant coefficients case, there are several simplifications that may be made with
respect to Giusti’s original proof. Finally let us also remark that we explicitly include

lower order terms on the right-hand side, whereas in [77] the source term is assumed
to be of the form -, ,-1y_; 0 fa.
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Lemma 5.1.11 (see Lemma 7.1 in [77]). Suppose that a function u solves

{V;Tvau =Y tyer 8 i Q,

ue Wi (Q), (56)

where T is a constant a-quasielliptic tensor. Then, for any xy € Q, any choice of

constants b, and c,, and any numbers 0 < p < r < 2 we have

le' lo" P ™t I+2 1o
> ot u—@ulitagy <C(5) T 2 19— ballfagt

(aa—1)<1 (@™ 1)<1

—(a,a™ !
ol > e =l + ol |

0<{a,a—1)<1
with the constant C' = C(v) only depending on the a-ellipticity constant of T

Proof. Fix an arbitrary point zp and a number r € (0,2] and consider the following

equations
ViTVav=0in [,
ey (5.7)
Uv—1U 6 W07 (]7«),
VTV = Xy er i 55
w e Wy (1),

and let v, w be the solutions to the respective equations — note that we are in the
p = 2 case, thus existence and uniqueness are taken care of by Lemmas 5.1.4 and
5.1.3. Since u = v 4+ w it is enough to estimate v and w separately.

Let us begin with v. We know, from Proposition 5.1.8, that v is of class C*°(I,)
for any s < r. Thus, from Lemma 5.1.9 with p = 2, we know that for any radius

p € (0,s), any multiindex « s.t. (o,a™ ) < 1, and any constant b, we have

p) la=1|4+(2/ max; a;)

o — (@) ey < (4 070~ bull

Since s < r was arbitrary, and the right-hand side is continuous in s, we deduce that

the inequality holds with s = r as well, so that

p) la=|+(2/ max; a;

)
0% = (@), 2z, < € (2 [0°0 = ballZagry. (59)

To deal with w we simply apply Lemma 5.1.10 to write that, for any choice of

constants c,, we have

—(a,a 1
lwllyee,y <C | Y. DN fo = callfar,y + Pl follfeq |- (5:10)

0<{a,a=1)<1
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Coming back to u and remembering that u = v+w we may use this decomposition
and the triangle inequality to write, for an arbitrary p < r,

Z 10% — (0%u) T2,y <

cl Do o= 00)ultag, + Y. 10w = (0"w),lla, | - (5.11)

(a—1)<1 (a,a=1)<1

For the first term we use (5.9) to write

N N p \a71\+(2/maxiai) o
> o=@, < > ¢ (f) 1070 = bl <

(aya=1)<1 (aa=1)<1
a2/ maxs ) ,
> o®) 107 = ballEzqr
(ya—1)<1
where the last inequality follows from the fact that v = w on the boundary and
Lemma 5.1.4. For the w term in (5.11) we simply write
Yo 10%w = (0"w),lEa,) < Cllwliasy,) < Clwlyse,),
(a,a=1)<1
and then use (5.10).
Finally, plugging these two estimates back into (5.11) ends the proof. O]

Theorem 5.1.12 (see Theorem 12.11 in [77]). Suppose that a function u solves

VaI'Vau =321, a-1y<1 0" fa in Q,
ue Wp(Q),

where T is a constant strictly a-quasielliptic tensor. Assume that all the functions

fa for a # 0 are of class £21(Q), and that fo € L>(Q). Then, for all a with
(a,a™!) < 1, we have 9°u € £21(Q) and

Z ||8au|]§§,1(@ <C HUH%VB,?(Q) + Z ||fa||?3§71(Q) + ||f0||L°° )

(ya=1)<1 0<{a,a—1)<1
where the constant C'= C(v) only depends on the a-ellipticity constant of T.
Proof. Fix some z¢ € Q and define p(t) := > (wa-y<r 107w — (0%u); ||L2(1 for I; =
I;(x0). Using Lemma 5.1.11 with b, := (0%u), and ¢, := (fa). yields

> |a=!|+(2/ max; a;)

o(p) <C (B o(r)+

r

—(a,a=!
el X eI = (el + 7ol

0<({a,a=1)<1
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Since, by assumption, f, € £>1(Q) we may, for any a # 0, write

e = (fa)elBay < CPE7 N fallan o
2 (Q)

whereas for fy we simply estimate

1
2| follE2r,) < ritla |Hf0”i°°(lr)'

Thus

la=t+(2/ max; a;)
p(p) <C (B) )

. p(r)+

a1l —{a.a—! a~!
Cl Yo AR e ) T ol e
0<({a,a"1)<1

With A= 370 a1y<1 ||fa||}23§71(Q) + [ follfe(s,) we now have

|a=t|4+(2/ max; a;) 1
p(p) <C ((B> p(r) + 'A) :

r

We may now conclude, exactly as in [77], that p~2'lp(p) is bounded, thus ending
the proof. O

Finally we are ready to prove the main result of this section.

Proof of Proposition 5.1.2. Clearly it is enough to show that the operators mapping
(fa)azo to the a-gradient of the solution of

Val Val = 2 pcfaar 0o 0 Q (5.12)
u € WOVP(Q)a
and mapping fy to the a-gradient of the solution of
al'Vau = foin @,
Vi Vau foin @ (5.13)
AS WO’p(Q)v

are of strong (p, p) type with norms bounded by a constant depending only on p and
the strict a-quasiellipticity constant of 7T'.

We know from Lemma 5.1.3 that both operators are of strong type (2,2). On the
other hand, Theorem 5.1.12 tells us that the operator mapping ( f, ). to the a-gradient
of the solution of (5.12) maps £2'(Q) to £2'(Q) continuously. The same estimate
shows that the operator given by (5.13) is continuous as a mapping from L*(Q) to
£21(Q). Hence, the Stampacchia interpolation theorem (see Theorem 2.14 in [79])
lets us conclude that both operators are of strong type (p,p), and thus so is their

sum, which ends the proof. n
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The last result of the linear theory we will need is the following, proven by Giusti
in [77]:

Theorem 5.1.13 (see Theorem 12.3in [77]). Let T' be a constant, strictly a-quasielliptic

tensor and suppose that v € W*2(Q) is a weak solution of
V.I'Vau =0 in Q.

Then, for any 0 € (1,1+2/|a™|), any subdomain w @ Q and any o with {a,a™ ') < 1
we have 0%u € £2%(w) with the estimate
> l0%ullge, < Cllullwasq),
(aya=1)<1

where the constant C' = C(v,w,0) depends only on the strict a-quasiellipticity constant

of T, the subdomain w, and the exponent 6.

5.2 Strict a-quasiconvexity

With the linear theory at hand, we may now start building towards regularity of
minimisers of variational problems. Firstly we introduce the following strengthening

of a-quasiconvexity:.

Definition 5.2.1. We say that a function F: R™™ — R satisfying |F(W)| < C(1 +
|W1P) for some constant C' and p € (1,00) is strictly W*P-quasiconvez if for every
W e R™™ and all p € C°(Q) one has

FOW) + 1| Vapll o) < ]{2 F(W + Vag(z)) de.

for some constant v > 0 independent of W and ¢.

Proposition 5.2.2. Suppose that F: R"™™ — R satisfies |F(W)| < C(1 + |W?) for
some constant C' and that F is strictly W2?-quasiconvez. Assume furthermore that
F is of class C* with bounded second derivative. Then, for every Wy € R™™,

ol 2 @) IblE< L > 9NIIEW) (D) b

(aya—1)=1 a,a€Ae 1<i,j<n

Z Z 90939 (W) (_1)(|BI+\EI+2)/2xﬁ+Bbibj7

for some positive constant ¢ depending only on the W2-quasiconvezity constant of
F and for any v € RN and b € R"*. Here A, and A, denote the subsets of the set

{a: {a,a™) = 1} with orders of even and odd parities respectively.
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Proof. We proceed as in [93] for the proof of rank-one convexity. The only difference
is that we require strict W#2-quasiconvexity rather than just quasiconvexity and we
allow the multiindices to have orders of different parities.

We use a test function of the form
N
QD! cos(z /% 2,6,
j=1

where z € RY and b € R” are fixed. This should be multiplied by a cut-off to ensure
that it is an admissible test function for strict W#2-quasiconvexity, however we omit
this technical detail for the sake of clarity of presentation — it may be dealt with

exactly as in [93]. For (o,a™!) = 1 with |a| even we have

N

0%p(&) = (—1)22 cos(Y "/ a;6;)b

1

and for ($,a™!) = 1 with |3| odd we, in turn, have

N
0%p(€) = (1) WPV P sin (Y " #165)b.
1
Using strict W22-quasiconvexity of F we may write

F(W) + || AVag| 2 < /Q F(W + AVap(€)) dé.

for any W € R™™ — thus we test with Ay rather than just ¢. Now we may multiply
this inequality pointwise by a test function ¢ € C*(R™™) with (W) > 0 and

integrate over R™*™. This yields

| R aw Vgl [ wnyaw <
RnXm

Rnxm

[ [ FO AT dcaw

Using a Taylor expansion on F' on the right-hand side we may rewrite it as

/M /Q FEW)$(W) + (F' (W), AVap () (W) dE AW+

/an /Q % [F"(W); AVap(€), AWWag(E)] (W) + o(A2)yp(W) dg dW.

113



The zero order term cancels out with its counterpart on the left-hand side of our

inequality. For the two others we note, as in [93], that

N

Q3 & (=12 COS(Z 1% ,6,)b

1

is equimeasurable with
0,1] 3 y = (=1)1*22% cos(27y)b,

and
N

Q3 & ()28 sin(> " ¢

1

is equimeasurable with
0,1] 3 y — (=1)FHD258 6in(27y)b.

From this we easily see that the first order terms integrate to 0 in &. The second
order terms all have a factor of the form 9(*9 934 F(1W) multiplied by an appropriate
derivative of ¢ and are essentialy of two kinds. If the parities of o and [ are different,

say « is even and [ is odd, we have

/ /8“854F W) (= 1) 18D 24048 co(2rmy) sin (2t (W) dy AW,
RnXm

and we see that this integrates to 0 in y. On the other hand, when the parities match,

say both o and 3 are even, the corresponding term is

> / 005 P (W) (1)1 H1AD/20248 cos2(2my) by (W) dy AWV,
RnXm

and similarly for «, 8 odd. Now the integral in y is a strictly positive absolute con-
stant, thus the last thing we need to note is that a simple calculation shows that
Vae|* = 5(Z<a,a—l>=1 x2a> 16]|3. We may now plug those two facts into our in-
equality, divide both sides by A\? and take the limit as A — 0. This eliminates the
remainder term (because we assume that F” is bounded) and shows that the in-
equality in our proposition holds in the sense of distributions, and thus, given the

assumption that F is C?, in the classical sense as well. O
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Lemma 5.2.3. A constant, symmetric tensor T parametrised by pairs (v, §), (&, ))
with (a,a™') = (a,a ') =1 and j,j€ {1,...,n} is strictly quasielliptic with quasiel-
lipticity constant v if and only if, for all x € RY and all b € R",

| T )b T 5 Ty

(a,a=1)=1 a,0€Ae 1<j,j<n (514)

(e3) (_1)(al+|al+2)/2 patap
> > Tay 1 20505,
a,a€A, 1<j’37<n
where we have let A, and A, be the subsets of {a: {(a,a™) = 1} of even and odd

degrees respectively.

Proof. The ‘only if” part is an immediate corollary of Proposition 5.2.2. For the
‘if” direction we proceed similarly to how one proves that rank-one convexity implies
quasiconvexity for quadratic forms in the classical case (see for example [40]). Indeed,
the inequality (5.14) is the mixed smoothness analogue of the Legendre-Hadamard
condition.

Let T be a tensor satisfying our assumptions, and let us fix an arbitrary function
u € WS’Q(Q). We may extend u by 0 to the whole of RY and, using the fact that the

Fourier transform is an isometry on L?(RY), write
/(Tvau,vau> dz :/ (T'Vau, Vau) de :/ (F(TVau), F(Vau)) d§
Q RN RN

= [ T F )€ Fw) ds.
(on,4)
@)

where F(f) denotes the Fourier transform of f and Z is the complex conjugate of z.
Since T is symmetric the terms where the orders of @ and « have different parities
cancel out due to the il°/(—)%l term. Thus, we are left with exactly the expression
on the left-hand side of (5.14) with x = ¢ and b = F(u). Applying the inequality

(5.14) separately to real and imaginary parts of F(u) we may estimate with

V/RN Z gm Flu dg_y/ Z F(0%u) F(0u) dE,

and using Plancherel’s identity again ends the proof. O]

At this point let us remark that the above lemma immediately implies Proposition
5.1.8.
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Proof of Proposition 5.1.8. Since the operator VTV, only involves derivatives 9***
on the hyperplane of homogeneity given through (o + 3,a!) = 2 the only thing that

we need to check is that its determinant is non-zero. To do so we write

ViTVa(=ig) = ) Tg(=i&)*(=1)(=ig)".
{a,a=1)=1
(@,a =1
As noted before, when a and « have orders of different parities the (a, &) term cancels
the (&, a) one, due to the (—1)I4! factor coming from the adjoint V. Hence, with A,

and A, as in the lemma above,

V;Tva(_zg): Z Tg(_1)(|a\+|a|)/2£a+a+ Z Tg(_1)(|a|+|&\+2)/2£a+&.

a,a€Ae a,a€A,

Therefore, the inequality (5.14) may be rewritten as

' (ViTVa(—i€))b > v Z §2a |63 > 0

(a,a—1)

for every 0 # b € R™. This means that ViT'V,(—i€) is a positive definite matrix, from

which we infer that its determinant is strictly positive, thus ending the proof. O

5.2.1 Caccioppoli inequality

Let b be a polynomial with V,b = const (so an a-polynomial) and let u be a minimiser

of
vH/

over some fixed Dirichlet class Wa 2(Q)), where F is a strictly W®2-quasiconvex inte-

grand of class C? with a bounded second derivative. We wish to show:

Lemma 5.2.4. There exists a constant C = C(v, ||F"||L~) depending only on the

strict W&2-quasiconvexity constant of F and on |F"||L~, and such that

][ Valu—=b)Pde<C Y r ﬁal][ 10° (u—b)[?,
QT‘/Q r

(B,a—1)<1

for any anisotropic bozx Q, € ).

Proof. Assume for notational simplicity that the centre of @, is at 0 and let r/2 <
t < s < r. Fix a cut-off function n € C°(Qs) with n = 1 on @, and satisfying

101l ce. <CH e ghfee)
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for all (8,a=') < 1. Observe that s'/% — ¢1/% is the distance between the faces of @
and @) along the x; axis, thus such a cut-off may be constructed as a product of one

dimensional cut-offs (compare with the proof of Lemma 2.5.1). Let

p:=nu—">) and = (1—-n)(u-0>),

so that
Vap+ Vay = Vau — Vb= Vau — B,

with B := V,b. We have ¢ = 0 on 0@, so strict a-quasiconvexity of F' implies that

/ F(B) +7|Vap|*dz g/ F(B+ Vap) dx:/ F(Vau — Va)dx.

S QS S
Estimating the last integral using, at each point, Taylor expansion of F' around V,u,
and boundedness of F” we may write

/ F(B) +v|Vap|*dz < / F(Vau) — F'(Vau)Vat) + OVt da. (5.15)

s Qs
On the other hand, u is a minimiser and ¢ = 0 on 9@, so that u — ¢ is an admissible

competitor, and we may write

/ F(Vau) dz < / F(Vat — Vag) dz = / F(Vav + B) de.

s

Taking a Taylor expansion around B and using boundedness of F” yields
/ F(Vau)dz < / F(B) + F'(B)Vatb + C|Vaus de. (5.16)
Putting (5.15) and (5.16) together we get
| ANapldr < [ (F(B) ~ F(Fa) Vats + It

Boundedness of F” implies that F” is Lipschitz, which we may use to estimate the first
term on the right-hand side. Moreover, we may restrict the integral on the left-hand
side to ¢, where ¢ = u — b, which gives
Valu = )P do < C [ 1B~ Vaal - [Vav] +[Va? do.
Q¢ Qs
The integrals on the right-hand side may be restricted to Qs \ @y, as ¥» = 0 on

;. Moreover, we may use the Cauchy-Schwarz inequality on the first term on the

right-hand side and write

Va(u — )2 dz < o/ Va(u — )2+ |Vath|? da. (5.17)

Q1 Qs\Q¢
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Now we need an estimate on |Va1|. For this observe that, for any « such that

(a,a™!) =1, we have

N
N EOEDIESY C(H ”“"—t”‘“)‘ﬁi) 0P (u— )]

0<p<a =1

Thus

/ Vaul? <C / Valu — b2+
Qs\Qt Qs\Qt

VI ol | (R R T

(aya—1)=10<B<a \i=1

Using this in (5.17) we write

|Valu —b)*dr < C/ Va(u — b))? do+
QRs\Q:

1 st/ai _ y1/ai) =2 9P (u —b)|* dz.
C/Qs\Qt 3 z(m fi/on) )| (u—b)

(a,a=1)=10<B<a \i=1

Qt

We may now add C' [, [Va(u—0)|*dx to both sides to fill the hole in the first integral
on the right-hand side. Let us also extend the second integral on the right-hand side
to the whole of @), and thus, with 6 := C+1 < 1, write

Va(u —b)|?dr < 9/ |Va(u —b)* da+

Qt
¢ ¥ % ([l ™) [ rentes
=10<B<a \i=1 r
To conclude we just use the lemma below. O

Lemma 5.2.5. Let f: [r/2,r] — [0,00) be a bounded function satisfying, for some

constants cg,

f(t) <Of(s)+ Z s (H (Sl/ai - tl/ai)_25i> ’
)<1

0<(B,a! i=1

for some 0 < 1 and any r/2 <t < s < r. Then there exists a constant C = C(6,a)
such that

f(r/2)<C Z 057"_%3’37”.
B,a~1)<1
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Proof. Observe that for any ¢ and small enough x we have
1

(14 z)Y% 1> 5

which results simply from comparing the derivatives, as long as x is small enough so
that (1 +x)'~"/% > 1/2. Hence we deduce that

(81/(11- B tl/ai) — 1/ai <( s—1

with 0 < C' dependent only on a and provided that ST_t is small enough. Finally,

t

l/ai_l >Cfl/a’is_
o= 1) > oyt

(5.18)

using this estimate in our assumption we may write
s—1

2(B,a™) 2|A|
OO0 3l
0<(g,a=1)
Now set ¢, := r(1 — %) for K =0,1,... and a constant 7 < 1 to be determined

later. We have tg = r/2 and t; — r as k — oo and t11 — t;, = 5(1 — 7)7%. Plugging

s =ty and t := ¢t in the last inequality we get

T k -2/
ftr) <Of(tesr) +C Z cﬁ(f)—w,afl) (M) '

0<(B,a=1) 2 T(l - %)
Simplifying further we may write
tr) < Of(tpr1) + — )T emax cgr 282t k2Bl
Flth) S Of (i) + C(L—m)72mxlPl Y 2B
0<(B,a"1)<1

Starting with £ = 0 and iteratively using this inequality m times we get

—_

f(to) < O™f(tm) + C(1 — )~ 2maxll Z cpr2Bah) gk k28]
0<(B,a"1)<1 k=0

Now we want to pass to the limit as m — oo, and all we need to ensure is the
convergence of the series > oo 087 *28l for 8’s such that (3,a=!) < 1. This is easily
done by taking 7 close enough to 1 so that § < 728! for all relevant ’s. For such a
choice of 7, as a function of # and a, the series is convergent and its sum is again a
function of # and a, so that in the limit we get
flto) <C(Ba) > car 202,
0<(B,a1)<1
The last point we wish to note is that, with 7 < 1, for every k we have
U1 — e 51— )7k
b r(1-7%)
so that for 7 sufficiently close to 1 the use of the estimate (5.18) is justified, and thus

<A-nrF<(1-1),

the proof is complete. O
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5.3 Partial regularity of minimisers

We continue under the assumption that [’ is a quadratic growth integrand with
bounded second derivatives. Assume that the domain (2 satisfies the weak a-horn
condition and that v is a minimiser of [, F(Vau) dz over some Dirichlet class W22(Q),
where u, € W22(RY) is a given boundary datum. In this section we are interested
in establishing higher regularity results for u, in particular Holder continuity of its

a-gradient, up to a set of measure zero.

5.3.1 The a-harmonic approximation

To begin with, let us fix a number M > 0 and an arbitrary box Qg C €2 such that,
with Wy = (Vau)g, = fQR Vaudz denoting the average of V,u over (Qr, we have
|[Wo| < M. Fix a polynomial Py, satisfying VaPw, = W, and denote u := u — Pyy,.
Let us take h € W2?(Qg) to be the unique solution of

ViF"(Wy)Vah =0 in Qg, (5.19)
h—1u e Wg*(Qr). '

We recall that Lemma 5.1.4 shows that the function h is well-defined and, due to

Proposition 5.1.8, C'"*° smooth in the interior of (Jz. Furthermore, directly from the

definition of a weak solution we obtain that
/ (F" (W) Vah, Vaig) = 0
Qr

for all ¢ € C°(Qg). Since u is a minimiser of our functional it solves the Euler-

Lagrange equations, thus for all ¢ € C°(Qgr) we have

/ (F'(Vau), Vap)de = 0.
Qr
Similarly,
/ (F'(Wo), Vag) da = 0.
Qr

because F'(Wj) is constant and ¢ is zero on the boundary. Note here that, in fact,
a standard density argument shows that we may test these two equations with any
¢ € W3?(Qg), not necessarily of class C°(Qg). Thus, for any ¢ € W5*(Qr) we may

write

/ (F"(Wo)Vail, Vap) da — / (F"(Wo)Vaii — (F'(Vau) — F'(Wo)), Vap) da —
Qr Qr

/ - / 1<[F”(Wo+tvaﬂ) — F"(Wy)] Vall, Vay) dt dz,
o (5.20)
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where the last equality is just the fundamental theorem of calculus.

We now wish to estimate the difference F”"(Wy + tVau) — F” (W) in terms of
Vau. We assume F” to be continuous, hence it is uniformly continuous on the ball
Bop(0) € R™™ o it admits there a finite modulus of continuity, that we may assume
to be concave and increasing. Finally, composing this modulus of continuity with the
square root we ensure the existence of a concave and increasing function wj; such
that

|F"(Wo + tVaii(z)) — F"(Wo)| < Wa(|tVati(@)[?)

whenever
|[Wo + tVau(z)| < 2M.

To get rid of this last restriction we note that when |Wy + tV,u(z)| > 2M then
necessarily [tVau(z)| > M as well. However, F” is assumed to be bounded, thus,
increasing the function Wy, if necessary (so that it is larger than 2||F” ||~ at M?), we
ensure that there exists a concave function wy: [0,00) — [0, 00) bounded above by a

constant depending only on ||F"||r~, satisfying wy,(0) = 0, and such that
|F"(Wo + tVati(z)) — F"(Wo)| < wir([tVati(2)[)

for all ¢t and xz. Note that the function wy; only depends on M and F”, in particular
it does not depend on Wj,.
Plugging this estimate into (5.20) yields

‘ / (F"(Wo)Vali, Vag) da
Qr

1
</ /wK(t2|Vaﬁ|2)-|Vaﬁ\~|Va<p\dtda:<
Qr JO

/ (Vo) - [Vai] - [Vag| de.

R

Recall that V,u = Vau — Wy, but F” (W)W is a constant, so it does not contribute
to the integral on the left-hand side. Neither would h, as it solves the linear equation,

thus we may replace Py, by h to get

/ (F" (W) Vall, V) d = / (F" (W) Va(t — h), Vo) da.
Q Q

Hence, setting v := u — h, we have

‘/ (F"(Wy)Vath, Vap) da

< / wic([Vail?) - [Vaill - |[Vapldz.  (5.21)
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5.3.2 Choosing the test function

We now wish to use the inequality (5.21) to obtain bounds on ¢ in terms of its
derivatives, as they will quantify the deviation of u from the smooth function h. The
strategy we employ here relies on constructing a particular test function ¢ to be used
in the aforementioned inequality and is based on the approach of Gmeineder and
Kristensen in [82].

In the following it will be more convenient to work on the unit cube @) = @)1, so
let us change variables in (5.21). We may assume for simplicity that the centre of
Qr is at 0, as this is just a matter of a translation. We use the anisotropic scaling
of our pattern of homogeneity and define, for a function w: Qg — R", the function
wr: Q@ — R" by

wr(r) .= R™'w(R® z).

Then (5.21) may be rewritten as

‘/Q<F”(W0)va¢Ra va‘PR) dx

g/wK(|VaﬂR|2)-|VaﬂR|-|Vag03|dw, (5.22)
Q

for any pr € WS%(Q).
Now our goal is to construct a family of ¢’s that will allow us to get bounds on all
the non-maximal derivatives of ). Thus, let us fix a multiindex 8 with (3,a™!) <1

and an exponent p € (2,00) to be determined shortly, and consider the equation

{v;(F"(WO))*Vaw% = (0°)0"p in Q, (5.23)

Pl € WoP(Q).
Recall from Proposition 5.1.2 that gplﬁ% is well-defined and satisfies
168 lwar i) < CIIO%) 0 rllw-er@)

whenever the latter is finite. We claim that there exists an exponent p > 2 and a
constant C' such that for all 5’s with (3,a™!) < 1 one has

1(0°)* 0 ¢rllw-arq) < Cl0%PrllL2()-

To prove this note that

0% 0%l oy = s [ PundCa (5.24)
Q

¢l gy <t
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where ¢ is such that p~' + ¢! = 1. Consider the maximal value of (3,a~!) over those
multiindices 3 that satisfy (8,a™!) < 1. Since the set of admissible 3’s is finite this

maximum is strictly smaller than 1. Thus, there exists a ¢ < 2 such that

(33 lrt o (92 <

q (B,a~1)

Now the improved integrability result from Theorem 2.2.9 tells us that, with this

choice of ¢, we have
107CllL2@) < Cli¢llwgo)

for every admissible 3, where the constant C' may depend on 5. However, this may
be easily remedied by simply taking the maximum of all such constants across the set
of #’s considered. Applying the Cauchy-Schwarz inequality to the right-hand side of
(5.24) we may write

/ Pyrd’cde < sup  [|00glle 0%l <

” ||W(a),q(Q>§1

sup  Cll0%ge2l[Cllwas = Cll0"¢r] 2.

||<||W6‘vq(Q)<1

”CHW"“Z(Q)<1

Thus indeed, with this choice of ¢, we obtain a p > 2 such that

1(8°)*0°Yg|lw-an(@) < Cl0°VrIL2(q),

and therefore also

lelwsr@) < ClO"¢rlliz@), (5.25)

for all admissible 3’s.

Using gog as a test function in (5.22) we get

' / b, (Vo) (F"(We))" ) d

< [ wrl|9aTa) - [Valin]- [V do,
Q
and using the fact that 90% solves (5.23) this may be re-written as
[ 10%0n e < [ wil|9aTnf?) - [Vaiin]- [V do
Q Q

Using Holder’s inequality with exponents (r,2,p) with p > 2 obtained above and r

such that % + % + i = 1 we may write

1/2 1/p
/Q|8ﬁ¢R‘2dx< (/QWK(\vauR| ) (/ IVaiinl? dx) (/Q‘Vagpg‘l?dx) |

123



Using (5.25), dividing both sides by [|0°¢r|12(q), and squaring yields

/ |a%|2dx<o( / wore([Vaiinl?) ) / Vaiinl? de.
Q Q

Using the L> bound on wg to get rid of the r-th power inside the first integral gives

/ |6%R|2dx<c( / wrcl|Vaiinf? ) / Vaiinl? dr,
Q Q

and now we may use concavity of wg to apply Jensen’s inequality and get

2/r
][ 10%p|>dr < C (wK ( |vaaR\2>) ][ |Vatip|? dx.
Q Q Q

2/r

Furthermore, we may write W (t) := (wk(t))”" and note that wg (¢) is still a bounded

continuous function that satisfies Wk (0) = 0, whereby our inequality simplifies to

][ |86¢R|2 d]} < C(EK ( |VaﬁR|2>][ |VaﬂR|2 dl’
Q Q Q

Finally, re-scaling this inequality back to (Qg, we obtain

R—(2—2<ﬂ,a1))][ |aﬂ(u )|2dx Cwu (][ |Vaﬂ|2)][ |Vaﬂ|2dx. (5.26)
Qr Qr QR

5.3.3 Excess decay estimates

Here we let
E(xo,7) ::][ Vats = (Vat) g, (a0)|” dz
Qr (xo)

be the excess of u on Q,.(zg). For brevity, we often omit the centre zy, as it is kept
fixed throughout the argument. Our goal is to obtain estimates on E(xg,r) as a
function of r.

Let us take 7 € (0, 1) to be determined later and an arbitrary a-polynomial b, i.e.,
a polymomial with V,b = const. Caccioppoli’s inequality from Lemma 5.2.4 applied

on Q%R reads
][ Va(u—b)?dz<C Y (7R)” 1>>][ 10° (u — b)[* dz.
Qzp (Bat)<1 &

For the left-hand side we observe that V,b is a constant and, amongst all the con-

stants, (Vau)q,, minimises the value of z — f, [Vau — z[*dz. Thus
a 3

E(ro, ) < f Valu— ) de,
2 Q

TR
2
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for any a-polynomial b. For the right-hand side we may use the triangle inequality

on each of the integral terms to write
][ 10°(u — b)|* dw <2][ |aﬂ(u—h)|2dx+2][ 10°(h — b)|* du.
QTR QTR QTR

Thus, we need to estimate the following two sums:

Lim Y @R (o P,
QTR

(Ba~l)<1

L= Y (rR)0- 1>>][ 9%(h — b)2 da.
QTR

(Ba—l)<1
Let us begin with I;. Extending the integral to the whole of (g and noting that

|\QQP;|| = 77127 lets us write

I, < Z 7-2(1<B,a‘1>)a‘1IR2(1<5,a‘1>)][ 10° (u — h)|?dz.

(Ba~1)<1 n

Using the estimate (5.26) yields
<c Y 7 D, (][ |vaa|2>][ Va2 da.
(B,a-1)<1 Qr Qr
Remembering that Vau = Vau — (Vau)g, this may be written as
<C Y BTG, (B, R)) E(xo, R).
(Ba—1)<1
Finally, putting an upper bound on 7, say 7 < 1/2, we may write

i

11 < CTﬁ —la War (E(l’g, R)) E($0, R)

To deal with Iy, let us start by rescaling h to ht, so that we work on @, and Q
instead of ),z and Qr. Let us pick b to be the polynomial given by Corollary 2.5.3
with p = 2 and r = 7 and apply the inequality given therein. This lets us estimate

I, < O][ [Vah® — (Vah™), [P da

with an absolute constant C'. Since we assume 7 < 1/2; we may estimate this last
quantity in terms of a Campanato norm of Vah on @1/5. To this end let us fix an
arbitrary 6 € (1,1 + ﬁ) Then Theorem 5.1.13 tells us that

19k 20, < ClIA Bnacq)
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In fact, since we only care about the Campanato norm of the highest derivatives of
hf') we may estimate with the homogeneous norm ||[Vah®||12(q) rather than the full
W22(Q) norm. To see this, observe that for any polynomial P with V,P = 0 the
function hf — P still satisfies ViF"(Wy)Va(h — P) =0 in Q, and obviously

I9ah 20, = IValh = P)Pas o, . < IR = Pllinse),

@

where the last inequality is just Theorem 5.1.13 applied to h® — P. Letting P be the

polynomial given by Proposition 2.5.2 we have
IB7 = Plyaz(q) < ClIVah"|2(q),
and we may finally write

L < CrO IV 0 g, ) < OOV Tak o)

/2)

Rescaling back yields
“1la-1] p—|a-!
L < Cr@ VR I RV R -
Remembering that h solves (5.19) we note that Lemma 5.1.4 implies that
IVahlf2gn) < ClIVatlliz g

hence,

I < 07(9_1”31'][ Vaii)? dz = Cr0 DR B (2o, R).
Qr

Finally, putting the bounds on I; and I together we have shown:

Lemma 5.3.1. For any fired 0 < 1+ |a2fl|, any M > 0, any oy € 2 and any R > 0
such that Qr C 2 and ’fQR Vau dx‘ < M we have

E(zo, 7R) < O (v Gy (B(eo, B)) + 70~V Bz, R) (5.27)

for any T < 1/4. Here C' = C(0, M,v) depends only on these three parameters, in
particular it does not depend on xy or R, whereas Wy depends only on M and F”,

and ||Bar|iee < 2)|F"||i0e.

Note that, for cosmetic reasons, we have changed from E(xq, %) to E(zo, TR).

Clearly this is only a matter of increasing the constant C' by an absolute factor and

going from the restriction 7 < 1/2 to 7 < 1/4. We easily deduce the following:
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Corollary 5.3.2. For any fivred 6 < 1+ ﬁ and any M > 0 there exists a number
T < 1/4 and a positive number ey = (0, M, v, F") such that, for any xo € Q and
any R > 0 such that Qr(x¢) C Q with ‘fQR Vau dx‘ < M and E(zg, R) < g9 we have

E(zo, 7R) < 70~V IE (10, R). (5.28)

Proof. Fix some ¢’ € (§,1+2/|a"!|) to use in Lemma 5.3.1. Since the constant C' in
(5.27) does not depend on 7 we may find 7 € (0,1/4) small enough so that

cr@-vlal ¢ 1 e-ja|

2

Note that 7 = 7(0, M, v), as it depends on the constant C. With 7 fixed, we may
now find a positive number 5 > 0 such that

—2—|a” 7| 1 —1)|la™

Cr=271_7G,, (e) < 57'(9 Dla™"|

for any € € [0,g0). This is because the function wy(+) is continuous and wy(0) = 0.
Therefore, our g9 depends on wy; and 7, i.e., it is a function of 6, M, v, and F”.

Putting the two estimates together yields the desired inequality. O

5.3.4 Iteration and conclusion

Now our goal is to iterate the inequality (5.28) to obtain, for an arbitrary natural
number k, estimates on E(xg, 7*R) in terms of E(xo, R). For that we need to ensure
that the assumptions of Corollary 5.3.2 are satisfied on each consecutive box Q «g.
Let us now fix an arbitrary number M > 0 and let €o(6, M + 1,v, F") be given
by Corollary 5.3.2. Note that we take gy to correspond to M + 1 rather than M in
order to allow for some room in the iterative argument. Take an € € (0,g¢) to be
determined later and suppose that the box Qr = Qr(x¢) satisfies the assumptions of

Corollary 5.3.2 with M and ¢, i.e., assume that

Vaudx
Qr

<M and E(zg, R)<e.

Thus, we may apply Corollary 5.3.2 on (i, and we wish to check whether we can

also do so on (), to begin our iteration. Clearly,
E(zo, 7R) < 70V IE(z, R) < E(wo, R) < €,

so we just need a bound on |(Vau)g,,|- To this end, let us note that, using the

triangle inequality, we may write

Vaudx
QTR

< |(Va)gn| + ‘ Vau — (Vau)g, dz|.
QTR
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We assumed that [(Vau)g,| < M, and for the second term we may enlarge the domain
of integration to the whole of Qg, taking into account the scaling factor 7712 due
to the fact that we work with average integrals. This gives
E(zo,7R) < M + Tal][ |Vau — (Vau)g,| dz.
R
Finally, using the Holder inequality between the L! and L? norms on Qp with nor-

malised measure yields
E(zo, 7TR) < M + 7' \\/E(xo, R) < M + 7721\ /E,

where we used the assumption that E(zg, R) < . Thus, requiring that ¢ < r2a”l
yields ’fQ B Vaudz| < M + 1, and Corollary 5.3.2 may be applied on Q.r(xo).
To apply the result on Q.25 we note that E(zy, 72R) < 720-DRE(zy, R) < e,

and for the average, similarly as before, we write

Vaudz| <|(Vau)gu| + ][ [Vau — (Vau)q,| dz+

TR

Q2R

][ IVt — (Vaw)g,,| de <
Q

2R

M+ 712l <\/E(x0,R) + \/E(%,TR)) <
M o4l <\/g+ \/m> :

In general, if we know we may apply our result £ — 1 times then we have

k—1
][ Vaudz| <M + 77271 " \/E(zo, 7R) <
QTkR ]:0

k—1

M+ 7R EN T ae-DlT <
5=0

M+ 777N Dl
j=0

. -1
Thus, if we require that \/z < 7/a"l (Z;’iOT%((’_l)‘fl') then we may apply our

result indefinitely, as for every k we have ‘ fQ . Vau dx‘ < M+1 and E(xg, 7"R) < ¢,
TR

hence
E(zo, TkR) < 7_1@(9—1)|a*1|E($07 R),

for every k € N. Finally, to show that

E(xo, pR) < Cp* VP IE(x, R)
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for an arbitrary p € (0,1) and C' independent of p, it is enough to observe that for a
given p € (0, 1) there exists some k > 0 such that

Tk—i—l <p<7'k

)

and thus one can interpolate by taking the k£ as above and noting that

B(zo, pR) <972 (g, 4R <
‘QpR|

FoRTHARHDE-Da T TR () R) <
T(9—1)|a*1\p(G—l)‘afl‘E(ﬂﬂo, R),
Shich gives € — 7_(9,1)\51—1\’ thus C' = C(M,0,F”). All in all, we have shown the

following;:

Lemma 5.3.3. For any fized 0 < 1 + ﬁ and M > 0 there exists some constant
e=¢e(M,0,v, F") > 0 such that for any xo € Q and R > 0 satisfying

dist(xg,0Q) > R,
’fQR(xO) Vaudx| < M,
E(an R) < €(M7 97 v, FN)?

we have

E(xo, pR) < Cp V1B (o, R),
with C' = C(M,0,v, F").

For a fixed 6 and any M, R > 0 let us denote by €2, r the set of those x € Q for

which Qr(x) satisfies the conditions of Lemma 5.3.3.
Lemma 5.3.4. Fach QR is open.

Proof. This is an immediate consequence of the continuity of the three functions

x> dist(z,0Q), =z~ Vaudy, z+— E(z,R).
Qr(z)

]

Lemma 5.3.5. The family {Qu r}ar covers 2 up to a set of Lebesgue measure zero,

i.e., for almost every x € Q) there exist numbers M, R > 0 such that v € Q1 g.
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Proof. By the Lebesgue differentiation theorem the set of points that are L2-Lebesgue
(thus also L'-Lebesgue) points of V,u has full measure in . Thus, for a given point
x in this set we may take M := 2|V,u(x)|, where V,u(z) is understood as the value
of the Lebesgue representative of Vau at z. Since x € Q is an L?-Lebesgue point of
Vau the three conditions of Lemma 5.3.3 must be satisfied for R > 0 small enough,
which ends the proof. O

Proposition 5.3.6. For almost every x € § there exists an open box x € Q) € ) on

which Vau is Holder continuous with respect to the metric 6, with exponent 6;21|a*1|.

Proof. By Lemma 5.3.5 we know that, for almost every « € €, there exists some {2/ r

with & € Qs r. The set {2y r is open, so we may choose an open box z € (), € Q.

The bound from Lemma 5.3.3 implies that Vau € £29(Q,), and since Q, is clearly

of type (A) with respect to a, we deduce from Lemma 2.6.3 that V,u is Holder
0—1

continuous with exponent T!a_1| on (), with respect to the metric 9,. O

Since the above proposition holds with any § € (1,1 + 2/|]a™!|), we have finally

proven the following:

Theorem 5.3.7. Let  C RY be a bounded domain satisfying the weak a-horn condi-
tion and suppose that F: R™™ — R is a strictly W*?-quasiconvez integrand of class
C?. Assume furthermore that |F"(W)| < Cy for some Cy > 0 and all W € R™™,
so that also |[F(W)| < Co(1 + |W1?) for some Cy > 0 and all W € R™™. Let u be
a minimiser of the induced functional Ip(u) := [, F(Vau)dz over the class W2?(Q)
for some fived boundary datum u, € W2(RY). Then, for any a < 1, there exists
an open set ; C Q with |\ Qg = 0 and such that, on Qg, Vau is locally Hélder

continuous with exponent a with respect to the metric 0,.

Remark 9. Let us note that the previous result is phrased in terms of the anisotropic
metric d,, which is the natural setting since the result is obtained through Campanato
bounds on the family of anisotropic boxes. Nevertheless, Theorem 5.3.7 may be

rephrased in terms of the standard Euclidean metric thanks to Lemma 2.6.4. Then,

the conclusion is that V,u is locally Holder continuous with exponent « (maif a_) in
7

the x; variable.
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