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Abstract
Analysis of the Quasicontinuum Method

Christoph Ortner Doctor of Philosophy
Oriel College Michaelmas Term 2006

The aim of this work is to provide a mathematical and numerical analysis of the static
quasicontinuum (QC) method. The QC method is, in essence, a finite element method
for atomistic material models. By restricting the set of admissible deformations to
linear splines with respect to a finite element mesh, the computational complexity of

atomistic material models is reduced considerably.

We begin with a general review of atomistic material models and the QC method and,
most importantly, a thorough discussion of the correct concept of static equilibrium.
For example, it is shown that, in contrast to global energy minimization, a ‘dynamic’

selection procedure based on gradient flows models the physically correct behaviour.

Next, an atomistic model with long-range Lennard—Jones type interactions is analyzed
in one dimension. A rigorous demonstration is given for the existence and stability of
elastic as well as fractured steady states, and it is shown that they can be approximated
by a QC method if the mesh is sufficiently well adapted to the exact solution; this can

be measured by the interpolation error.

While the a priori error analysis is an important theoretical step for understanding the
approximation properties of the QC method, it is in general unclear how to compute the
QC deformation whose existence is guaranteed by the a priori analysis. An a posteriori
analysis is therefore performed as well. It is shown that, if a computed QC deformation
is stable and has a sufficiently small residual, then there exists a nearby exact solution
and the error is estimated. This a posterior: existence idea is also analyzed in an

abstract setting.

Finally, extensions of the ideas to higher dimensions are investigated in detail.
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Chapter 1

Introduction

During the course of my doctoral research I have studied several mathematical models
for material failure and techniques for their analysis. For example, a mathematically
highly attractive model of fracture (cf. [48]) is based on the minimization of the free

energy

E(u):/Q%|Vu|2dx—|—/i7'ld_l(5u), (1.1)

where the displacement u is a piecewise Sobolev function and H?1(S,) is the surface
measure of its discontinuity set, over a set of admissible displacements .«7. The process
of fracture is described by the balance between the bulk term [ %|Vu\2dx and the
surface energy kH41(S,). Using the direct method of the calculus of variations (cf.
[4] for an analysis of (1.1)), it is possible to prove the existence of minimizers and the
convergence of numerical discretizations. In short, if uy is a minimizer of E (or an
appropriate approximation thereof) over a suitable discrete space </, N € N, then a
subsequence of (uy)yen converges to a minimizer of E in o7 [17, 70]; cf. also §A.3.2.
However, not only is (1.1) non-convex, but in every point of the configuration space
it is discontinuous and has directions in which it is strictly convex and directions in
which it is strictly concave. Any expert in numerical optimization would agree that it
is virtually impossible to compute global minimizers of this model. In that case, we
are fully justified in questioning the value of numerical approximation results based on
this technique (unless of course it can be demonstrated that the discrete minimizers
can be computed). As general and mathematically satisfying they might be, they bear
little relationship with reality. The joint work with Negri [71] is an attempt to analyze
fracture models based on different principles than that of global energy minimization;
however, this was restricted to very simple model problems.

While initially still closely related to the direct method (cf. [75, 24]), as a con-

sequence of experiences such as this, much of my research was centered around local



energy minimization. In §1.1, I try to explain the philosophy that I have developed
over the past years and which I try to follow throughout this work.

Another area that I have studied with great interest were atomistic material models
to which an introduction is given in §1.2. Here, the situation is a slightly different one.
Although there are still some instances in the literature which study atomistic models
via global energy minimization (cf. for example [15, 49]) it is usually acknowledged
that global minimization leads to unphysical behaviour (cf. §1.1.2). Despite their
complexities, atomistic material models have a much more accessible structure than
free discontinuity problems such as (1.1). For example, gradient flows with respect to
a sufficiently strong metric are well-defined and stable evolutions (in a uniform sense).
This observation is used in Chapter 2 to analyze elastic equilibria of atomistic chains
which are not global energy minima.

While this analysis was interesting and helped considerably to advance my ana-
lytical understanding of atomistic material models, it is not sufficient for numerical
purposes. The gradient flow evolution has little or no connection to physical dynamics
and it would be a waste of resources and computing power to compute static equilibria
via a gradient flow evolution. It was therefore necessary to look for more direct methods
to analyze equilibrium points.

Often, in the numerical analysis of nonlinear problems, it is assumed that an exact
solution u satisfying a nonlinear equation .# (u) exists, that .#’ is Lipschitz continuous
at u and #'(u) is an isomorphism. If it is assumed that a numerical solution U is
sufficiently close to such a u then it is easy to bound the error by its residual,

lu = U < 77(0)"(F () = ZO)] S 17" () [ Z (U],

~Y

where 6 € conv{u,U}. In other words, if a numerical solution is good then it is very
good. In my opinion, this assumption is not too different from the assumption that
global minima of a discretized model can be computed. I therefore found my early
results on the approximation properties of quasicontinuum methods (finite element-
based coarse-graining methods for atomistic models; cf. §1.4), which were of this type,
quite unsatisfactory. The crucial breakthrough was achieved after the joint work with
Sili [78] in which we used a technique adapted from [63] to prove the existence of
numerical DGFEM solutions near stable exact solutions of nonlinear elliptic or hyper-
bolic equations. Using a fixed point iteration, similar to Newton’s method, if the same
assumptions on an exact solution u are made as above, then the existence of a numer-
ical solution which is sufficiently close can be shown rigorously. I have made use of

this technique in Chapter 4 where I give a general a prior: analysis of one-dimensional
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atomistic models and their numerical approximation. Under natural conditions on the

atomistic model, the following results are shown:
e the existence, local uniqueness and stability of elastic critical points;
e the existence, local uniqueness and stability of fractured atomistic solutions; and

e subject to natural conditions on the mesh quality, the existence and approxima-

tion properties of a quasicontinuum solution.

In particular the last point is based on ideas which have been used extensively to
study the approximation properties of numerical discretizations to nonlinear operator
equations [23, 40].

A reinterpretation of the fixed point argument mentioned above makes it possible

to prove that

e if U is a numerical solution, .#'(U) is an isomorphism, .#’ is locally Lipschitz
continuous at U and .#(U) is sufficiently small, then there exists a nearby exact
solution satisfying |Ju — U|| < ||/ (U)7|||.Z (U)]|.

With slightly different aims, this idea has been developed in some depth for weak as
well as strong solutions to the nonlinear Laplace equation (see [81] for a fairly recent
overview article). Also for dynamical systems, similar ideas can be employed (see for
example [33]) 1. Surprisingly though, this principle which I label a posteriori existence,
seem to be unknown in the adaptive finite element community. Chapter 3 is therefore
devoted entirely to its investigation in a simple setting. In addition to the abstract
result outlined above, two applications, a numerical investigation of local minima of a
double-well energy and the semilinear Laplace equation, are given.

In Chapter 5 this idea is applied to the quasicontinuum method. In addition to
proving the existence of an exact atomistic solution a posteriori, an adaptive opti-
mization method is developed which includes the adaptive mesh-refinement procedure
within the optimization algorithm rather than the reverse which is common practise.
This has the advantage that during the formation of a defect, which is a computa-
tionally expensive process to capture, the mesh is automatically adapted during the
optimization whereas otherwise, it would be adapted after its termination and the so-
lution computed from the beginning (cf. Chapter 5 for a more detailed discussion).
The optimization method used is a proximal point algorithm which is, in essence, an

implicit Euler discretization of a gradient flow. The analytical techniques studied in

T thank Willy Dérfler, Mats Larson and Stig Larssen for pointing out these references to me.



Chapter 2 were therefore used to great advantage. The following results are given in
Chapter 5:

e Bounds on the residual and the inf-sup constant of quasicontinuum approxima-

tions of solutions;

e If Y is a stable quasicontinuum solution with sufficiently small residual, then it
is shown that there exists a nearby exact solution and the error is bounded in

terms of the residual and the inf-sup constant;

e Each iteration of the proximal point optimization method is compared to a related

exact problem and the error is estimated;

e The convergence properties of the proximal point optimization method are ana-
lyzed rigorously in the non-adaptive case and assessed through numerical exam-

ples in the adaptive case.

In order to be able to provide an entirely rigorous theory without any — possibly
unjustified — assumptions, it has become a disappointing feature of this thesis that
almost all results are one-dimensional. The last chapter is therefore included to gen-
eralize some aspects of the a posterior: analysis, which I consider the most important
aspect of this thesis, to higher dimensions and to discuss the difficulties in extending
the full results. It also includes a section discussing further developments required
to make the analysis applicable to engineering problems. Further discussions about

extensions to higher dimensions can be found in the respective chapters of the thesis.

1.1 Energy Minimization: Global or Local?

For the following discussion it is useful to have a concrete example in mind. Let us
therefore assume that an elastic body can be described by a state variable y from a
space of admissible configurations .«7. To each deformation y € 7, we assign an energy
E(y) € (—o0,+00]. For concrete examples the reader may refer to [8, 30, 79]. It has
become customary in a large mathematical and engineering solid mechanics community
to assume that the elastic body attains a global energy minimum, i.e., a configuration
y € o such that E(y) < E(y) for all § € &/. Therefore, over the past decades,
the direct method of the calculus of variations [35], together with its relatives such as
the theory of I'-convergence [39, 37], have become important mathematical tools for

understanding mechanical systems.
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S

Figure 1.1: Two stable equilibria of an elastic body with the same boundary conditions.
Modified from [30, p. 247].

The aim of the present section is to discuss this somewhat controversial postulate.
For example, in [90] Tartar states: ‘I like to call ultra-science-fiction elastic materials
those. . . inexistent materials which instantaneously discover a minimum of their po-

b

tential energy...’. Tartar’s statement is intended to criticise, first, the fact that the
evolution is entirely neglected (cf. [90, p.7], ‘I do not think there is much Physics in a
model where there is no time.” ), and second, that the material is assumed to attain a
global energy minimum.

In fact, for many mechanical systems simple counterexamples to the principle of
global energy minimiation may be constructed. A well known counterexample from
the theory of elasticity is the elastic rod shown in Figure 1.1. If the deformation is
held fixed at both ends then the energy minimum is the undeformed state shown at
the top of Figure 1.1. If the left-hand end is still held fixed, but the right-hand end
is twisted by 360 degrees and then fixed in the same position as before, we obtain a
new stable equilibrium under the same boundary conditions. Since, by allowing the
right-hand face to deform freely, the elastic rod would return to its reference state,
the twisted deformation must have a higher energy than the undeformed state and is
therefore not globally stable. By iterating the process, it can be seen that the elastic
energy has infinitely many stable equilibria.

While, based on these arguments, we may decide not to accept the principle of global
energy minimization without a great degree of suspicion, we may still be interested in
static equilibria only. It would seem a waste of resources to use dynamics to find
a stable equilibrium of the system. Nevertheless, the stability of an equilibrium is
inherently related to the evolution equation that is satisfied by the system as well as
the perturbations from equilibrium which it is subjected to.

What is meant by a stable equilibrium (or meta-stable state) has to be decided in
each particular case. Any general definition such as ‘local energy minima’ (with respect

to a specific metric) is unlikely to be sufficiently strong for applications. Throughout



this thesis, only equilibria which lie in a uniformly convex basin of the energy functional
are analyzed.

We proceed by considering two examples to further illustrate the discussion.

1.1.1 Microstructure

Since the work of Ball and James [10], the formation of microstructure in materials is

often modelled as the (global) minimization of an energy functional of the type

E(y) = /QW(% y, Vy) dz,

where € is a domain in R? and W a stored energy function with two or more wells.
(By contrast, an elastic stored energy function has a single well, namely SO(d).) The
gradient Vy is not always a deformation gradient, but may sometimes be interpreted as
a generalized measure of the deformation of atomistic lattices which describe a change
of the lattice type.

For the purpose of this discussion it is sufficient though to consider the much sim-

plified toy model
1
B = [ [§62 =17+ 9 de o = Wit0.0) (12)
0

It is easily seen that any sequence y¥) € o with gradients y;(vj ) e {~1,1} and %9 — 0
in L2 satisfies F(y")) — 0 and hence, inf,, E = 0. However, if E(y) = 0 then ||y|?, = 0
and hence E(y) = E(0) = 1/4 which implies that that £ has no minimizer in the space
o

Minimizing sequences for functionals such as (1.2) develop finer and finer oscilla-
tions. For this reason, the functional is often used as a cartoon for the formation of
micro-structure in materials. An elaborate theory, based on a generalized notion of
solution (Young measures), was developed to account for the non-existence of classical
minimizers. See [67] for an introduction to variational models for microstructures and
further references on the subject.

The theory of microstructures has greatly benefited from the study of the minimiza-
tion of multi-well energies. It should therefore not be said that global minimization
is wrong per se. One possible conclusion would be that the model (of minimizing the
energy globally) has no direct physical interpretation but describes a mathematical
process which bears similarities to the formation of microstructure in real materials.

For example if, instead of minimizing a multi-well energy, we simply require that the
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deformation gradients lie in the wells, then, depending on the wells’ geometry, mi-
crostructure will also be predicted in many situations. While this problem is usually
still studied in the context of energy minimization (cf. [79, Chapter 4]), it is in fact
independent of the variational problem.

In §3.2, we look at (1.2) from the perspective of local energy minimization. It
is demonstrated that typical local minimizers with respect to the Wh*-topology are
stable and have a finite microstructure, i.e., a structure with a finite (as opposed to
infinitesimal) length scale. It shoud be noted, however, that the equilibria computed
in §3.2 are not local minimizers with respect to the W'*-norm for any p < oco. This

demonstrates how crucial the notion of locality is which we choose to adopt.

1.1.2 Atomistic material models

As a second example, we consider a simplified model for an atomic chain. For y =
()10 € RV*! define

N 2
Bl) = 32 (0~ -, where J() = {077 s
j—
This energy represents a cartoon of the atomistic material models described in §1.2,
taking into account nearest-neighbour interactions only and with a much simplified
interaction potential.
One version of the Cauchy-Born hypothesis states that an atomistic body subjected
to a small affine boundary displacement will follow this displacement in the bulk. A
mathematical derivation of this important foundation of continuum mechanics is given
in [32, 49] by considering global minima of a higher dimensional version of (1.3) but
with a convex interaction potential. When the potential has sublinear growth, global
minimization will typically not reproduce this behaviour.
To demonstrate this, let us consider the minimization problem

min E((y])jvzo) (1.4)

y0=0,
ynN=N(1+6)

Concerning the formulation of the boundary displacement, note that the minimum
of J(z) is attained at z = 1. The choice of boundary displacement we have made
here scales linearly with the number of atoms, which is the macroscopically interesting

relation. A different choice was made in [20] which we discuss briefly in Section 2.1.



Proposition 1.1 If§ < N~/ then the affine state y§ = (1+6)j is the unique solution
of (1.4). If 6 > N~/ then the set of solutions is given by

{y e RY" g = 0,yny = N(1+6),5; — yi—1 = 1 for all except one 7}.

Proof. It is easy to see that, if a fractured state, i.e., a state (y;), where J'(y; —
yi—1) = 0 for some 7, is a minimizer then all but one interaction must satisfy y; —y;_1 =
1. Furthermore, all such deformations have the same energy. On the other hand, if
all interactions lie in the region over which J is convex then y® is the only possible
equilibrium. Hence, we only need to compare the energy of two atomic states.

Consider the ‘fractured’ deformation yjf =g for y =0,1,....N — 1 and y]{, =
N(1+9). Then,

E:(8)=E(y") =(N—-1)J1)+ J(1+ N§) =—(N —1).
The affine state y§ = (14 ), on the other hand, has the energy
E,(0) = E(y*) = N(0* - 1).

Thus, E;(0) < E,(0) if, and only if 6 > N~¥2. [

Proposition 1.1, which is merely a review of well-known facts, shows that not only is the
Cauchy-Born hypothesis violated, but in fact any material with a sufficient number of
atoms breaks for arbitrarily small (in a macroscopic sense) boundary displacements or
surface forces, if it were to attain its global energy minimum. This behaviour is in clear
contradiction to observations and therefore, global minimization should be rejected for
models of the type (1.3).

The result can easily be extended (though with a slightly weaker statement) to
general atomistic interactions and to arbitrary dimensions. The only crucial condition
is the sublinear growth of the potential.

Thus, atomistic energies are a class of models where the postulate of global en-
ergy minimization is clearly the wrong approach to finding equilibrium solutions. The
analysis of Chapter 2 presents gradient flow dynamics, modelling local energy mini-
mization, as an alternative. It should be emphasized from the outset that no claim
is made regarding the physical relevance of the evolution. It is merely presented as a

model for local energy minimization.
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1.2 Introduction to Atomistic Material Models

The introduction to (semi-)empirical atomistic material models in this section follows
to some extend the review papers by Liu et al. [54, 61] and Miller et al. [65], and the

overview given in the thesis of Wilson [97].

Over the past three decades, engineering sciences have begun to analyze the prop-
erties of advanced materials directly from a study of their nanoscopic behaviour. It is
now even becoming possible to synthesize tailor-design systems from the nanoscale up-
wards. With their exceptional mechanical and chemical properties such as low density,
high stiffness, high strength, etc., such nanoscale materials find use in a wide range of
applications, including material reinforcement, nanoelectronics, chemical sensing and
many others. Since in many cases distinct non-continuum behaviour is observed, atom-
istic material models need to be employed. While physical and engineering research of
nanoscale systems is advancing at an increasing rate, it is safe to say that the mathe-
matical analysis of such systems is still in its infancy. It is the aim of this thesis to help
fill this gap by opening up possible avenues for the mathematical study of atomistic

models of materials and particularly their numerical treatment.

The state of an atomistic body is described by a state variable, which we shall always
denote by y. We assume that to each atomistic state y, we can associate an energy
E(y) € (—o00,400]. The nature of the state variable and the energy functional depend
on the particular atomistic model, the choice of which is typically governed by a balance
of computational complexity and physical accuracy. One can perform calculations on
systems with millions of atoms if a simple pair-potential energy is employed (cf. §1.2.1),
but with only a few atoms if one uses a high level ab initio theory. In this section the
most important atomistic models for engineering applications are described. It is not
intended as a detailed review but only to provide an idea of the kind of atomistic
models that are typically used for simulations in solid mechanics and materials science.
No account of ab initio techniques which, due to their computational complexity, are
not as widely used for applications in mechanics, is given. The reader may wish to
refer to [54] for an introduction to the subject and to [47] for an attempt to apply the
QC method to such a model.

We assume throughout that the atomistic body contains only one type of atom.

Generalizations to complex lattices, at least at the theoretical level, are obvious.
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1.2.1 Pair- and multi-body potentials

If we assume that the state of an atomistic system containing N atoms is described
by the position of the atoms alone, we write the state variable as y = (y;)~, where
y; € R4 The potential energy E(y) can then be rewritten in terms of interactions

involving up to N particles,

E(y) = VO +ZV(1 +Z Z (1.5)
=1 i=1 j=i+1
N—-2 N—

N
N
+ E : Z]k‘ _'_‘/1(23)N
=j+

i=1 j=i+1k=j+1

H

Y'is the energy of the

V) is mathematically irrelevant and can be taken to be zero. V;(
isolated atom ¢ and is taken to be zero if it is in its ground state, which is always assumed
in multi-body interaction systems. External forces could be accounted for in this term
but we shall treat them separately. sz is the two-body interaction between atoms ¢
and j and is usually assumed to be of the form V;g = J(Jy; — y;|). Truncating the
series later increases the accuracy, but also the computational effort, of the calculation.
A quick calculation shows that a summation which takes one second for 100 atoms at
the two-body level would take approximately 33 seconds at the three-body level and
nearly 14 minutes at the four-body level, assuming that the computational effort for

each individual term is the same [97].

Pair potentials. Pair-potential energies are obtained by only calculating the inter-
actions between pairs of atoms, i.e., by setting Vzﬁ) == Vl(QN)N = 0. Thus, E takes

the form
N N
=303 - (16)

where y; € R? is the position of the ith atom and .J denotes the potential of the force
acting between the i¢th and the jth atom. Typical examples of atomistic interaction

potentials are the Lennard—Jones 6-12 potential [57],
J(z) = Az"* — B2", (1.7)
or the Morse potential [66],

J(z) = e 20"l _gemalz—l), (1.8)
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Interaction Potential

0.0 Zm 2t z Ze

Figure 1.2: The shape of an atomistic interaction potential J with cut-off radius z..
Here, z,, denotes the potential minimum and z; the (unique) turning point.

The parameters A, B in the case of the Lennard—Jones potential and « in the case of
the Morse potential depend on the type of interacting atoms. Since the interaction
across a distance of more than a few atomic spacings is negligible, it is furthermore
customary in practical computations to multiply the potential J with a cut-off function,

for example, \ \
] <
v ={ 510 5 19
The new potential .J(z) = J(2)1(z — z.), where z, is the cut-off radius, is then taken
as the exact model and its parameters are fitted to the material under consideration.
The shape of typical pair potentials such as (1.7) or (1.8) is shown in Figure 1.2.

A pair potential describes the interactions between particles with no relation to
the other particles in the system. However, in metallic systems, the bonding electrons
are delocalized over a large number of atoms and therefore the bonding between two
atoms is highly dependent on the local environment. As a consequence, pair potentials
fail to predict many important aspects of metallic systems. For example, the ratio of
the vacancy energy (the energy required to remove an atom from the bulk and place
it on the surface) to the cohesive energy (the energy of an atom in the bulk) is always
overestimated as they do not account for the effect of the local environment at the
vacancy on the bonding. Pair-potentials are therefore rarely used for the simulation of

metallic systems, particularly, when quantitative results are required [97].

Many-body potential energy functions. The failings of pair potentials have led

to the development of potentials for metals where the local environment of an atom is
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incorporated into the potential through many-body effects. For example, the Axilrod—
Teller potential energy [6] is given by

N-2

N-1 N N
- Z Z J(lyi — ysl) + Z Vi, 5, un), (1.10)

i=1 j=i+1 i=1 j=i+1k=j+1

=2

where J is typically a Lennard-Jones type potential and V3 is given by

1 4 3 cos(i) cos(y;) cos(vk)
(rijrjkrin)®

V(g) (yza Yj, yk) ~

Y

where r;; is the distance between atoms ¢ and j, and ; is the angle between the vectors
yi — y; and y; —

More advanced examples include the Tersoff potential which is used to simulate
Silicon and Germanium [91] or the class of Murrell-Mottram potentials [69, 68] which
has been used successfully for the simulation of a number of metallic solids, for example
noble metal clusters [97]. The angles ~; play a crucial role in the Tersoff and Murrell—

Mottram potentials as well.

1.2.2 The embedded atom model

The embedded atom method (EAM), developed by Daw and Baskes [38], is a popular
atomistic model for solids which draws parallels with density functional theory (an ab
initio method) and describes the bonding of atoms in terms of their local electronic

densities. In its most basic form, the energy is given by

= ZF(@)

F is called the embedding energy and p, the electron density at the site of the ith

atom, given by

N
pi= Y p(ry) (1.11)

po
where p(r;;) is the density of electrons of the jth atom at distance 7;;. Due to its fast
decay, p is also multiplied by a cut-off potential such as (1.9). The EAM energy is
usually complemented by a corrective pair potential energy and in some cases even
three-body interaction terms. For our purposes it is sufficient to assume that an EAM

energy is of the form

N—-1

> Iy — (1.12)

i=1 j=2

Ey) =Y F(p) +
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Embedding Energy Electron Density Pair Potential

r [10'10 m] r [10'10 m|

Figure 1.3: Embedding energy, electron density distribution and pair-interaction po-
tential for an EAM model of a-titanium.

The functions F', p and J can in principle be derived from density functional theory
[38] but are in practise obtained by fitting ansatz potentials to experimental data or
ab initio simulations. For example, the EAM energy for a pure titanium system at

zero-temperature [100] is given by

p(r) = <7" - rc) [Ae_o‘l(r_’“o)2 + e_”(’“_ré)g], (1.13)

3

J(r) = ¢<’";“>

F(p) = F0+%F2(ﬁ—1)2+%(ﬁ—1)3+23i(ﬁ—1)3+i-

i=1

, and

Voe M=) 4 Vof<e—2ﬂz(r—r’1) _ 28—52(r—r'1>> )

The embedding energy F'is in fact a truncated Taylor expansion near p = 1. While
some of the parameters in (1.13) were derived analytically from the properties of a
titanium lattice, most were fitted from ab initio simulations. The optimized fitting
parameters can be found in Table I in [100] and give rise to functions plotted in Figure
1.3.

For practical simulations, one would use splines of tabulated values which can be

obtained, for a great variety of atomistic interactions, from online databases.

1.3 Overview of Multiscale Techniques

While microscale and nanoscale systems and processes are becoming more viable for

engineering applications, our ability to model their performance numerically remains
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limited. A modern desktop computer can simulate up to several millions of atoms while
the simulation of realistic atomic systems requires at least tens of billions of atoms.
Such systems cannot be modelled by continuum methods since they are too small but
they cannot be modelled by atomistic methods either which are computationally too
expensive. Therefore, multiscale methods are urgently needed for this class of problems.

In this section, an overview of several multiscale techniques which are commonly
used in connection with material models is given. The purpose of this section is to
put the work presented in this thesis into context. For a more thorough overview
of multiscale methods for atomistic models see, for example, [34, 61] and references

therein.

Top-down or bottom-up. It is customary to distinguish two fundamental classes
of multiscale approaches: the top-down approach and the bottom-up approach. In
the top-down approach a macroscopic model, for example continuum elasticity, is sup-
plemented by information from the microscopic scale. For instance, a stored energy
function which represents crystal symmetries could be regarded as a top-down multi-
scale model. Well-known examples of top-down models are the heterogeneous multiscale
method [41, 44] and the equation-free computing by Kevrekidis et al. [50, 51]. In these
methods, the coarse model is typically governed by a microscopic law which is simu-
lated locally around an interpolation or quadrature point. Top-down models generally
have the advantage that classical techniques can be used for their analysis. It is not al-
ways clear, however, what the relationship between different scales is and it is therefore
not always straightforward to define a modelling error.

In contrast, bottom-up approaches assume a model on a fine scale as exact and
coarse-grain it using appropriate techniques. From the point of view of modelling, they
are clearly preferable. Particularly in atomistic simulations the bottom-up approach
seems to be dominant. The distinction is not always clear-cut, however. The local
quasicontinuum method (cf. §1.4) for example can be considered both a top-down or

bottom-up method.

Concurrent methods. Another design decision for multiscale methods is the ques-
tion whether computations on different scales should be performed independently or
simultaneously. For example, it is possible to first compute a coarse solution and then
correct it by localized computations on a finer scale wherever deemed necessary. An
example of this principle is the homogenized Dirichlet projection method used to model

heterogeneous structures [72, 99].
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As experience has shown, the connection between microscale physics and macro-
scopic deformation cannot usually be neglected. For this reason, concurrent multi-
scale methods, which compute the coarse and microscopic variables simultaneously, are
preferable and have become dominant. Two bottom-up, concurrent multiscale meth-
ods for coarse-graining atomistic material models, which have gained much attention
in the literature, are the quasicontinuum (QC) method [65, 73] and the bridging-scales
method [62, 89]. The QC method is one of the central topics of this dissertation. A
thorough overview is given in §1.4 and a complete analysis is performed in one dimen-
sion in Chapters 4 and 5. The bridging- scales method will be briefly presented in the

conclusion, as a possible avenue for further work.

1.4 The Quasicontinuum Method

Let us assume an atomistic model where the positions of the atoms are the only degrees
of freedom. We use ¥ = (R?)™ (N being the number of atoms) to denote the space of
all possible atomistic deformations. The basic idea of the QC method is simple. Let
7 be a closed convex subset of 7" denoting the set of admissible deformations. All
atomistic energies F introduced in §1.2 are continuously differentiable in their domains
of definition (where they are finite). We are therefore looking for critical points of E

in o7, i.e., deformations y € & such that
E'(y;5—y) >0 Vyjedo. (1.14)

Since 7 is a subset of a finite-dimensional space it is in principle possible to compute
solutions to (1.14) but due to the high number of degrees of freedom it cannot be
realized in practise. However, by choosing an appropriate coarse-grained admissible set
</, the number of degrees of freedom can be reduced to a manageable amount. The
Galerkin approximation of (1.14) in &/ is to find Y € & such that

EY:Y-Y)>0 VYed. (1.15)

Even for the simplest atomistic model, the evaluation of the variational inequality (1.15)
has an equally high computational complexity. The energy F is therefore approximated
by a simpler functional F, which approximates E on the space o , and one tries to find
critical points in &7, i.e., Y € & such that

EY:Y-Y)>0 VYed. (1.16)



16

It is important to note that E is defined only on /. In fact, the formulation (1.16)
has the added advantage that it is not necessary to assume o C .

The discussion up to this point is valid for any concurrent multiscale method for
static equilibrium problems. What distinguishes the different methods is the construc-
tion of the coarse space o/ and the coarse energy E. The QC method achieves the
coarse-graining by a finite element method. A set of representative atoms (repatoms)
is chosen as the set of vertices of the finite element mesh. The atomistic domain is
then triangulated so that each atom lies in the convex hull of (d + 1) repatoms and
its movement is constraint by that of the repatoms. By taking every atom near a de-
fect as a repatom but only few atoms away from it, the method achieves a continuum
description of the bulk of the material while retaining a fully atomistic model of the
defect.

1.4.1 Atomistic ground states

The interpolation procedure described above is only possible if the ground state of all
atoms in an element can be described by a simple rule. Fortunately, such a rule is
available for many solid materials. Particularly for metallic solids, the ground states
usually observed have a regular arrangement of the atoms in a lattice, with small
regions of impurities, called dislocations. Disregarding dislocations for the moment,
the ground state of a metallic solid is usually a small perturbation of a subset of a rigid
deformation of ¥ = AZ? where the matrix A € R¥? (which is not unique) defines
the lattice orientation. The simplest lattices observed in nature are the body- centered
cubic (bce) lattice which is found, for example, in Na, K or Fe, and the face-centered
cubic (fce) also called cubic close-packed (ccp) lattice and can be found for example in
Al, Cu, Au, Pb or Ag structures. The orientation matrices for bce and fce metals are

respectively given by

10 1/2 1 1/2 1/2
Ape=c|0 1 1/2 | and Age=e|0 1/2 0 |,
00 1/2 0 0 1/2

where € denotes the atomic spacing in the reference state.

Although regular structures such as bcc and fcc are observed in practise, little
is known on a mathematically rigorous level. Only in two dimensions it was shown
recently by Theil [92, Theorem 1.2], for a general class of pair potential energies, that

any periodic ground state is (a rigid motion of a subset of) the triangular lattice defined
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by

A2:5H %?2}

1.4.2 Construction of the coarse space

For simplicity, we only consider the case where the reference state of the body is a
perfect crystal, i.e. a subset of a regular lattice. Generalizations to defects such as
dislocations or grain boundaries are possible but difficult to formulate in a mathemat-
ically rigorous framework and even more difficult to implement. Some further remarks
in this direction are made in Chapter 6. Let us thus assume that the reference state
of an atomistic body is a subset ) of a regular lattice .Z. This makes it possible to
define an atomistic deformation as a map and we re-interpret the set of all atomistic

deformations as

YV =7(Q) ={y: Q- R}

Let A ={z1,...,2x} C Q be the set of repatoms and let .7 be a regular partition
of a subset of R? into simplices with vertices in .#". The set of QC deformations is the

set of ‘continuous’ splines of order one,
SHNT)={Y eV(Q): Ve T FbeR L FeR™VEerNQ:Y () =b+ FE}.

In addition, for Y € S1(.7) we use Y to denote the piecewise affine interpolant of the
nodal values of Y, i.e., Y =Yg, and VY, to denote its gradient in the element &.

In practise, it is important that there are no ‘holes’ in an element, i.e., that kN =
kN .Z. This can be achieved by defining the domain €2 through the mesh .7, upon
setting Q = ZNJ 7.

The set o7 of admissible deformations is usually defined by ‘Dirichlet boundary
conditions’. To this end, let Qp C Q and g: Qp — R? and define

o ={y €V (Q) ylo, = g}

The coarse set of admissible deformations is typically constructed by interpolation, i.e.,
JJ;I {Y c Sl(g) . Y‘QDﬂf/V = g|QDﬂ/V}

In practical applications it is usually entirely sufficient to assume that g is the restriction
of an element of $*(.7) to the boundary, in which case <7 is given by &/ = &/ NS (7).
Of course, other types of conditions are equally possible; for example, one could impose
bounds on y(&) which could describe a non-penetrable surface on which the body rests.

They are easily integrated into the framework.
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1.4.3 A weak Cauchy—Born rule

Mathematically, the construction of the coarse space S*(.7) can be motivated using
an approximation argument: if y is a ‘smooth’ deformation of €2 then there exists
Y € S1(.7) approximating y in an appropriate sense. In the engineering literature, the
construction is often justified by calling on the Cauchy-Born hypothesis which implies
that a small affine deformation of a regular atomistic lattice is a stable equilibrium.

The following weaker result is much easier to prove and sufficient for our purposes.

Proposition 1.2 Let E be an EAM energy where J and p have a cut-off radius z..
Let Y € SY.T) be orientation-preserving and let £ € kN Q for some k € T. If

B(Y(§),2.) CY(kNQ) then
OFE

3y ) =0

Proof. The result follows immediately from symmetry considerations. [

It is important to be aware of this result when the presented QC model should be
generalized to more complicated reference states. For example if, in its reference state,
a defect is not in equilibrium, then it has to be fully triangulated. The reference state
within a single element always needs to be in equilibrium. In the residual analysis in
Chapter 6 the mathematical importance of this assumption will become apparent as

well.

1.4.4 Summation rule approximations

Having constructed the approximation space S'(.7), we are now confronted with the
task of finding a good approximation to the energy functional £ which can also be
computed efficiently. To this end we modify the idea of quadrature rules used in
continuum finite element analysis.

Suppose we want to approximate the sum
s=Y_f()

where f: Q0 — R. We can pick a set of summation points .4, C €2 and summation

weights (w,;z € A;) and define

S=Y " w.f(z) (1.17)

zEN,



1. INTRODUCTION 19

The error |s— S| can be bounded by estimates on finite differences of f. The sums that
need to be approximated in the QC method are of a quite special nature, though, and
an error analysis following the classical analysis of quadrature formulas is insufficient.

Several summation rules have been proposed for the QC method. Before we in-
vestigate some of them, we rewrite the atomistic energy in a more suitable form. We

assume that the energy functional E(y) can be written as

E(y) =Y Ec(y), (1.18)

e

where E¢(y) is the contribution from the atom at the lattice site £. For example, a

pair-potential energy can be written as

IS J(w©) —y()) = D Be(y), where

€eQ &e\{¢} £

Ee(y)=1 Y J(y©) —y@))).

§eQ\{¢}
Similarly, for the EAM model (1.12), (1.18) holds with

Ee(y)=Flpe)+3 > J(y(&) —u(@)). (1.19)
&e\{¢}

The local QC method. The local QC method can be used when there are no defects
present in the material and only elastic deformation of the lattice occurs. Recall that
all atomistic interactions, using the cut-off approximation described in §1.2, have only
finite range. Hence, if a deformation Y € S(.7) satisfies Y (£) = b+ F¢ in an element
r then, except near the ‘boundary’ of &, the energy E¢(Y) depends only on F' but not
on &. If the QC mesh .7 can be taken so coarse in relation to the atomic spacing that
the majority of atoms lie in the bulk of the elements then the difference in energy of the
atoms lying at the interfaces between elements can be neglected. The contribution then
only depends on the macroscopic deformation gradient F' = VY,. Upon translating

the atom into the origin, we can define

Wep(F) = Eo(yr),

where yr(§) = F¢ for all £ € £ and Ej is given by (1.19) (replacing 2 by .Z) if E is
an EAM energy and by an appropriate formula otherwise. Wep is usually called the
Cauchy-Born stored energy function. The local QC method is then defined by

E(Y)=) w.Wep(VY,), (1.20)

KET
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where the weights w, can either be defined by the number of atoms in the element x,
w, = $kN.Z, or by the volume of the simplex, w,, = |k|/Nyt where N,oe = #(0,1]¢N.Z.

If dist(VY,, SO(d)) is not too large, the element-wise summation rule (1.20) can
clearly be recast in the more general framework for summation rules presented above,
by taking for each k € .7 an arbitrary atom £ near the centre of the element k as the

summation point.

Non-local QC. The local QC method loses is justification when the number of atoms
in the bulk ceases to dominate the number of atoms at the surface of an element. This
happens when the diameter of an element is less than, say, 50 atomic spacings.

In order to be able to reduce to a full atomistic description in a defect region, the
trapezium rule is better suited. It is obtained by taking .#; = .4 and choosing the
summation weights such that, for functions f € S'(.7), the summation rule (1.17) is

exact.

Cluster summation rules. Since the simple trapezium rule only accounts for atoms
at the element interfaces, it tends to overestimate the actual energy. As an alternative,
cluster summation rules have been introduced. For each z € .4 we define a cluster
C, surrounding z but not overlapping with any other cluster. The set of summation
points is then defined as .45 = | J,. , C. and the summation weights are again defined
by the requirement that for affine functions, the resulting summation rule is exact.
For smooth deformation, this rule should not differ much from the standard non-
local QC method, or any other summation rule for that matter. Near the atomistic
region, however, the summation rule becomes exact as, for sufficiently large clusters or

sufficiently small elements, every atom becomes a summation point.

1.4.5 Analysis of the quasicontinuum method

The QC method was originally developed in two dimensions by Tadmor, Ortiz and
Phillips [73] and has quickly become an important tool in nanoscale engineering ap-
plications. It was extended with adaptivity in [64]. A three-dimensional adaptive QC
method is described in [55]. For a recent overview article, which also features many
engineering applications, the reader may refer to [65].

Despite its growing popularity in the engineering community, the mathematical and
numerical analysis of the QC method is still in its infancy. The first noteworthy analyt-

ical effort was by Lin [59] who considers the QC approximation of the reference state



1. INTRODUCTION 21

(without boundary displacements or applied forces) of a one-dimensional Lennard—
Jones model. He proves that the global energy minimum of the full atomistic as well
as the reduced QC model lie in a region where the interaction potential is uniformly
convex and uses these facts to derive an a priori error estimate.

E and Ming [42, 43] analyze the local QC method in the context of the heterogeneous
multiscale method [41], which requires the assumption that a nearby smooth, elastic
continuum solution is available. The error is estimated in terms of the atomic spacing
in relation to the domain size as well as the mesh size.

In [60], Lin gives a priori error estimates for a modified version of the local QC
method for purely elastic deformation in two dimensions without using such an as-
sumption, but making instead a strong hypothesis (Assumptions 1. and 2. in [60]) on
the exact solution of the atomistic model as well as on its QC approximation. Essen-
tially, it is assumed what he was able to prove in one dimension, namely that both the
exact and the QC solution lie in a region where the atomistic energy is convex. For
lattice domains resembling smooth or convex sets this assumption seems intuitively
reasonable but would be difficult to verify rigorously. For lattice domains with ‘sharp’,
‘re-entrant’ boundary sections or defects we should not expect it to hold without further
justification.

Finally, one should mention the work of Legoll et al. [15] where a multiscale method
similar to the QC method is analyzed, however only nearest-neighbour interactions in
one dimension are considered which makes it possible to compute the exact solutions
analytically, similarly as in the present work in the proof of Lemma 2.14. So far, this
has been the only work to consider defects in the analysis.

It is not too surprising that so little mathematical analysis is available for atomistic
material models. For example, most techniques in continuum finite element analysis
apply only if the governing equations are monotone, i.e., when the associated energy
functional is convex which is grossly violated for atomistic problems. Furthermore, en-
ergy techniques such as I'-convergence cannot be applied for two reasons: first, atom-
istic solutions are not global energy minima, and second, proving convergence alone is
meaningless since the function space is finite-dimensional.

The goal is therefore to find new techniques that allow us to extend and unify the
one-dimensional results and to make a higher-dimensional analysis possible without
the overly strong assumptions made in previous work, and, in particular, allowing
for the presence of defects. Only a small part of this program could be completed.
Chapters 4 and 5 bring the analysis of the quasicontinuum method in one dimension

to a satisfactory conclusion. In particular, it was possible to include defects in the
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analysis. Furthermore, in contrast to the work of Legoll et al. [15], the technique
employed shows a clear route to extend the results to higher dimensions. As opposed
to the analysis of Lin [60], it does not require any assumptions that are difficult to
justify. However, the program which is plotted out, will be very difficult to realize.
Some of the results required do not seem easy to obtain. A partial extension of the
a posterior: analysis and discussion of further possibilities and limitations is given in
Chapter 6.



Chapter 2

Gradient Flows as a Selection
Procedure

Motivated by the example given in §1.1.2, this chapter presents a possible concept for
analyzing elastic energy functionals which do not satisfy the classical coercivity and
weak lower semicontinuity conditions of the calculus of variations. The subject of study

is the one-dimensional atomistic energy

N
Eatom 3/] ] 1 Z — Y- 1 + f]uj] (21)
7j=1
where N =1,2,..., and y; are the positions of the atoms with yo = 0. The family (f;)
represents a linear applied force. Moreover, we assume that the Lennard-Jones type
potential J = J(z) satisfies

J € C?(0, ),

J(z) = 400 if 2 <0 and J(z) — 00 as z — 0,
J'(1)=0,J"(z) > 0in (0, 2;), and

J is concave, increasing and bounded above in (z;, 00),

(2.2)

with 1 < z; < +00. The typical shape (there with a cut-off radius) is shown in Figure
1.2. The non-convexity of J lies much deeper than the geometric non-convexity of
classical elasticity.

As we discussed at great length in §1.1, due to the sublinear growth of J, the
energy in (2.1) should not be analyzed in terms of global minimization, as this would
give unrealistic material behaviour. The most popular example given is that a material
described by (2.1) would break for (almost) arbitrarily small loads if it were to attain
a global minimum (cf. Proposition 1.1).

In general, for applications in mechanics, it is advantageous to consider metastable

states. The difficulty here is that the number of critical points of F.ion tends to infinity

23
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as N — oo. Thus, we require a selection criterion to single out the ‘correct’ equilibrium
points. Theoretically, we should consider the natural dynamics of the material and
let time tend to infinity to find its equilibrium state. Here, we take a considerably
easier route and use | - |gi-gradient flow dynamics. Our justification for the gradient
flow is merely to accept it as a simple model for local minimization. Concerning the
choice of the metric, there are also strong mathematical reasons for choosing an | - |-
gradient flow evolution which are outlined in Sections 2.2 and 2.3. The aim is to simply
demonstrate a concept which gives physically more realistic results than the method of
global minimization. The ideas in this chapter have also important applications for the
numerical analysis of coarse-graining techniques such as the QC method [65], as they
give an indication how numerical optimization methods can be stabilized (cf. Chapter
5).

The main goal of this chapter is to show that the | - |[i-gradient flow provides a
selection criterion for critical points which results in good qualitative properties of the
resulting equilibrium model. The simplicity of the one-dimensional model problem
makes it possible to give complete results. While some techniques applied here are
quite general, a generalization of the entire presentation to higher dimensions seems
non-trivial; the related challenges are discussed in §2.5.

As an application of the idea to use gradient flows to analyze equilibrium points of
non-convex energies, we consider the continuum limit of a rescaled version of the atom-
istic functional F,i,, as the number of atoms N tends to infinity. The novelty is that
we primarily consider the convergence of the gradient flow evolutions (Theorem 2.9),
and obtain the convergence of the equilibria almost as an afterthought (cf. Theorem
2.13). This procedure gives a different and, one might argue, more realistic continuum
limit than previous work; see §2.1 for a more extensive discussion. In addition, it shows
that there is a strong relationship between the atomistic and continuum equilibria.

The local minimizers selected by the gradient flow are weak local minimizers, i.e.,
local minimizers with respect to the WY*-norm. It is clear from the shape of the
interaction potential (cf. Figure 1.2) and the comments at the end of §2.4 that this
is in fact the only possibility. In any weaker topology, even the elastic critical points
are not local minimizers of the energy. The same is true for fractured states but the
interpretation of WY would be more subtle in this case.

If we replace the Lennard-Jones potential by a potential which is smooth at the
origin and therefore J’ is Lipschitz-continuous, then the convergence analysis of the
gradient flow requires only minor modifications of the classical convergence analysis

of Galerkin discretizations of parabolic equations. For the approach in this chapter,
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however, convergence of the energy is sufficient (cf. Theorem 2.5), which makes a result
as general as Theorem 2.9 possible. To achieve this we use some ideas from [5, Chapter
4].

For the analysis of equilibria, we use a liminf condition for the slope of a family of
functionals, the proof of which is based on the notion of A-convexity. This condition
was also used in Sandier and Serfaty [87] to analyse the convergence of gradient flows.
Using the techniques in their paper, which has a different aim than the present work,
the convergence would have to be obtained by compactness principles (which are not
available in our case) rather than A-convexity.

The analytical methods used in this chapter (particularly the notion of A-convexity
(2.6) and the evolutionary variational inequality (2.11)) are a direct adaption of the
ideas from Chapter 4 and partly from Chapters 1-3 of the work of Ambrosio, Gigli
and Savaré [5]. While those authors are primarily interested in the convergence of
time discretizations of gradient flows and questions of existence and uniqueness, the
goal here is to analyze the convergence of gradient flow evolutions along a family of

functionals (see Theorem 2.5).

2.1 Continuum Limits of Atomistic Energies

Continuum limits of atomistic models have been studied by many authors in the past.
Because it is customary, we consider the case of Dirichlet boundary conditions in this
section only. To be able to compute a continuum limit we need to first rescale the
energy (2.1) to a fixed, finite domain. The seemingly naive approach is to use a linear

scaling of the energy as well as the boundary condition, which gives

N
1
BV (w))0) = D2 7 (N(yy = 95-1). w0 =0.yw = 146, (2.3)
j=1

If we assume that the body attains its global energy minimum then, for arbitrarily small
boundary displacement ¢, the deformation will not be a continuum state (compare §1.1
and Proposition 1.1). This fact is reflected by the I'-limit of E](\}) as N — oo (see for

example [18, 19] and references therein) which gives the energy

EO(y) = / I e, y(0) = 0.y(1) =144,

where J** is the convex envelope of J.
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Motivated by an analysis quite similar to Proposition 1.1, it was noticed by Braides
et al. [20] that, if a different scaling is used, the I'-limit becomes more interesting. If

we define

B ((u;),) i[ 1+ VN(u —uj,l))—J(1)}, up = 0,uy =6

Jj=1

then the I'-limit turns out to be the Griffith functional [48],

cw=a [ o B85 u(0) = 0,u(l) = &

where S, is the set of jump-discontinuities of the displacement u, o = %J” (1) and
B =1lim, . J(2) — J(1). The boundary values of the possibly discontinuous functions
u can be interpreted in a meaningful way. While it is interesting that the Griffith
functional can be obtained in this way, it should be noted that this model is typically
used for crack propagation only, not crack initiation. In one dimension, however, only
crack initiation can be analyzed.

The philosophy adopted in this work is that the scaling of the functional E](\})

is actually
the natural one; only the process of passing to the continuum limit is flawed. It will
be shown that, if the continuum limit is analyzed in terms of an appropriate evolution,
then the resulting model is in fact a very realistic candidate.

One of the problems addressed in this chapter (cf. §2.4), is to find the stable
equilibrium that the material would ‘naturally’ assume if we started in the reference

configuration y¥ = x, or a perturbation of it, and then applied forces. In Theorem

10
2.13 we show that the resulting equilibria represent the correct elastic behaviour. For
this reason we prefer to work with surface forces rather than a prescribed displacement.
This is, however, not a restriction. The entire convergence theory can also be repeated

for Dirichlet conditions applied at both ends of the interval.

Connections to other models. Closest in spirit to the approach advocated here
is the work by Blanc et al. [16]. Except for the fact that they consider far more
complicated atomistic interactions in three dimensions, their continuum limit is the
same. In fact, the work in this chapter may be seen as a small step towards a rigorous
justification of the approach taken in [16]. From the point of view of numerical analysis,
strong connections can be drawn to the local version of the quasicontinuum method
[65]. In this respect, the results of E and Ming [43] have some similarities to our own.

In both of these works, the concept of global minimization of the energy is rejected

and alternative means are sought to analyze equilibria of elastic energy functionals.
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A similar approach is also taken by Rieger and Zimmer [83], who use a time-discrete
gradient flow evolution of Young-measures to analyze material damage. In the slightly
different setting of viscoelasticity [9, 80], it is shown that dynamics can prevent the
formation of finer and finer microstructure and therefore the attainment of a global
energy minimum.

The model presented here is not to be confused, however, with quasistatic or rate
independent evolutions (see for example [36, 48] for fracture, or [27] for plasticity). In
their time-discrete form, at every timestep, an equilibrium (typically a minimum) of a
functional of the form

D(u;_1,u) + E(u) (2.4)

is sought, where D is a so-called dissipation metric. Rather, the gradient flow model
we present here should be understood as a mechanism to find the equilibrium in the
quasistatic evolution (2.4).

For results on the continuum manifestation of some further interesting atomistic

effects such as finite-range interactions, the reader is referred to [29, 93].

Outline of the chapter. We begin in Section 2.2 by outlining the theoretical tools
for the convergence analysis, a theory of gradient flows based on the notion of A-
convexity, and a corresponding approximation theory. We also review the notion of
slope which is used to define the concept of critical points.

In Section 2.3, we prove the convergence of an atomistic gradient flow evolution to
the | - [-gradient flow of a non-convex functional defined on H!, giving a new type of
continuum limit for atomistic functionals.

Finally, in Section 2.4, we analyze the resulting equilibrium solutions which are
obtained when ¢ — oo in the gradient flow. We consider the case of small loads and
show that the equilibria obtained are the physically observed elastic deformations and
not the ‘fractured’ global energy minima.

Some numerical experiments in the fracture case are shown in [74].

2.2 Approximation of Gradient Flows of Non-Convex
Energies

Let .2 be a Hilbert space with inner product (-,-) and norm || - ||, let &7 be a closed
convex subset of 7, and let ¢: # — (—o0,00]|. If ¢ is Fréchet differentiable at a
point u, we denote the representation of its derivative (its gradient) by ¢'(u). Second

order derivatives are denoted by ¢"(u; vy, v9). We denote the domain of definition of ¢
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by D(¢) = {u € H : ¢(u) < oo}. In fact, by using the convention +oo < +oo, we do
not make much explicit use of the domain of definition. For example, the functional ¢
is convex if, and only if, D(¢) is convex and ¢ is convex in D(¢).

2.2.1 Evolutionary variational inequalities

Naively, we may call a curve u € C!(a, b; ) a gradient flow of ¢, if
u(t) = —¢'(u(t)) Vt e (a,b). (2.5)

Equation (2.5) in infinite-dimensional spaces is usually restated only for convex func-
tionals ¢. The natural condition on ¢, under which a considerable part of the theory of
gradient flows for convex functionals can be recovered, is the condition of A\-convexity
[5]. Let o be a closed, convex subset of .77. We say that ¢ is A-convex in &7, for some
A e R if

¢ ((1 = tyvg + tvr) < (1 —t)d(vo) + to(v1) — %t(l —t)||vo — v1]|?
\V/UQ,Ul € %,Vt c (O, 1) (26)

To obtain a better feel for the meaning of A-convexity, consider the following simple

Proposition.

Proposition 2.1

(a) The functional ¢ is A-convez in < if, and only if, u — ¢(u) — 3|ul|* is conves

m o .

(b) One-sided Lipschitz continuity of the gradient:
If ¢ is differentiable at every point of </ and satisfies

(¢/(Ul) — ¢/(U0>,’Ul — ’Uo) > )\H’Ul — ’110”2 Vvl,vo € %, (27)
then ¢ is \-convex in < .

(¢) Boundedness below of the Hessian:

If ¢ is twice differentiable at every non-extremal point of &7 and
¢ (w;v —u,v —u) > Mjv—ul|* Yu,ve o, (2.8)

then ¢ is A\-convex in o/ . Moreover, if D(¢) is open and convez then ¢ is A-convex

in D(9) if, and only if, ¢"(u;v,v) > M|v||* for all u € D(¢p) and v € .
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(d) If & = ¢1 + ¢pa, where ¢;: o — (—00, +00|, ¢1 is Aj-conver and ¢ is Ay-conver,
then ¢ is (A + A2)-conver.

Proof.  Throughout the proof, let vy,v1 € &7, v, = (1 — t)vy + tvy, and F(v) =
$(v) = 3llv]*.

The crucial observation is that u +— %||u||2 is 1-convex, in fact, we even have

1 1 1 1

Sl = (1= o)l + e lloal® = 51— 0)feo — wall (29)
Suppose now that ¢ is A-convex. Using (2.9), we have

Fo) < (1= 0)6(0) + 16(02) — 511~ D)y — v

A A A
(U= )5 ol #5 ol + 511 = £)]vo — ]
= (1—=1t)F(v) + tF(vy).
On the other hand, if F' is convex we may traverse the above inequality in the opposite
direction, to obtain that ¢ is A\-convex.

The derivative of the mapping v — ||v]|?/2 is (v, ), its second derivative is the inner
product (-,-). If ¢ satisfies (2.7) then

(F/(U1) — F'(v),v1 — Uo) = (45/(7)1) — ¢'(vo),v1 — Uo) — Mo = w|[* > 0

which is equivalent to F' being convex. If ¢ is twice differentiable and satisfies (2.8)
then

F'(ujv —u,v —u) = ¢"(u;v —u,v—u) — My —ul|> >0  Voeo,

for all points u € &/ which are not extremal and hence F' is convex.
Conversely, if ¢ is A-convex and twice differentiable in D(¢), and if D(¢) is open
and convex then, for all u € D(¢), for all v € 5 and for sufficiently small s,

Bt 50) + 5o(u— sv) — 2o,

(NN

P(u) <

where t = 1/2, u = vy, v9 = u + sv and v; = u — sv in (2.6). This inequality can be
rearranged to

726+ 50) — 20(0) + 6(u— 50)) > Aol

which, as s — 0 gives the second result of item (c).

The last statement of the proposition is trivial. [
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Note in particular that Proposition 2.1 gives us a characterization of A-convexity in
terms of the eigenvalues of ¢". If &/ = 7 and if ¢ is twice differentiable then the

largest value A for which ¢ may be A\-convex is given by

— 3 3 " .
A= inf ”Jerubff ¢ (u;v,v),
v||=1

which is the smallest eigenvalue of ¢” with respect to the norm || - ||.

Another important tool in the analysis of gradient flows in metric spaces is the local
slope, |0¢|. It measures the maximal descent of the functional ¢ at a given point. For
example, if ¢ is differentiable at u then |0¢|(u) = ||¢'(u)||. For a general functional ¢,

it is defined as

19| (u) = lim sup [9(w) —o(v)]

veEA ”U - UH
v—u

(2.10)

With the help of the slope, we can compute a strong bound on the decay of A\-convex

functionals.

Lemma 2.2 Let ¢ be A\-convex in F and u € D(¢), then
A
P(v) = d(u) — |3¢|(U)|lu—v|l+§||U—U||2 Yo e .

Proof. The definition of A-convexity (2.6), taking v; = v and V5 = wu, can be

rewritten as

¢(u) = ¢((1 = yu +tv) A

o) > ofu)- t S
> ot - LA s 20— ol

Letting ¢ — 0 gives the desired bound. [

If a functional is A-convex, then its gradient flows have an alternative characterization.
Suppose that a curve u € C'(a, b; #) satisfies (2.5), where ¢’ satisfies (2.7). First, we

write
out) = o0) = [ ool +stult) = v))ds
= /01¢’(v+s(u(t)—v);u(t)—v)ds Yo e A
Combing this with (2.5), tested with u(t) — v, gives
(a(t), u(t) —v) + d(u(t)) — ¢(v)
_ /0 [0 (u(t) = (1 = s)(u(t) — ) = & (u(t))] (u(t) ~ v) ds

< = Au(t) — v||2/O (1 —s)ds.
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Hence, we have shown that u also satisfies the evolutionary variational inequality
Spllu®) = ol + Sllult) — vl* + é(u(t)) < d(v) Vv e AVt € (a,b).

This inequality is the basis for a general theory of gradient flows in metric spaces,
then called curves of maximal slope, developed in [5, Chapter 4]. Note, for example,
that it makes sense to consider u,v € o/ only, instead of all of 7#°. Theorem 2.3 is a
translation of [5, Theorem 4.0.4] to the Hilbert space setting which is sufficient for our

purposes.

Theorem 2.3 (Existence and uniqueness) Let &7 be a closed, convexr subset of
a Hilbert space F and let ¢: of — (—o00,00| be (strongly) lower semi-continuous
and A-convex. For each ug € D(¢), there exists a locally Lipschitz-continuous curve

u: [0,00) — &/ which is the unique solution of
——|lu(t) —vl]* + Z|lu(t) —v]|* + ¢(u(t)) < d(v) Vve o, forae t>0, (2.11)

among all curves v € ACyoc(0, 005 .97), satisfying v(0+) = ug.
Furthermore, u(t) is a curve of mazimal slope, i.e., ¢p(u(t)) € ACe([0,+00)) and
d 1oy 1o
&gb(u(t)) < —§||u|| - §|8¢| (u) for a.e. t € (0, 00). (2.12)

For the remainder of the chapter, we shall use the following definition of gradient flow.

Definition 2.4 Let o/ be a convex, closed subset of a Hilbert space 7 and ¢: of —
(—00,00| a lower semi-continuous and A-convex functional. We say that a locally
Lipschitz-continuous curve u: [0,00) — &7 is a gradient flow of ¢ in <f, if it satisfies
(2.11).

Remarks. 1. If ¢ is A-convex then |0¢| is a metric subgradient for ¢ (cf. [5]).
Hence, if (2.12) is satisfied then

¢u(t).  (2.13)

&~

S otu(t)) < —g ()| ~ 1061(u(t) < —a(t) 100l u(r)) <

—~

t)) for a.e. t. This

shows in particular that under appropriate smoothness condition (2.5), (2.11) and

All inequalities must be equalities and therefore ||u(t)|| = |0¢|(u

(2.12) are equivalent. <«
2. In Definition 2.4 the term ‘lower semi-continuous’ refers to lower semi-continuity

with respect to the strong topology of J#. Numerous examples of gradient flows of
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convex functionals can be given, where the functional is not continuous with respect
to the metric with respect to which the gradient flow is computed. The most common
example is of course the Heat equation which is the gradient flow of the Dirichlet
functional ¢(u) = 3 [, [Vu|? dz with respect to the L2-norm.

Also, in our situation, the energies (2.31) and (2.33) are not continuous with respect
to H'-convergence but they are lower semi-continuous (see Lemma 2.10). To see, for
example, that F is not strongly continuous, take a deformation y with finite energy
and modify it in a set Ay such that |As| = 0 to obtain a deformation ys such that
ys =1y in (0,1)\ As and y5 = 0 in As. Clearly, y5 — y in H' but F(ys) = +oo for
all §. Immediately, one can also construct sequences y; — y for which E(y;) is finite
but E(y;) — oo as j — oo. Corresponding constructions can also be made for the
functionals Ey.

Since a strong control on the variable is given by the evolution (which is a gradi-
ent flow with respect to the Hilbert space norm) only strong lower semi-continuity is
required in all proofs. This is in contrast to the direct method of the calculus of varia-
tions, where the usage of compactness arguments requires weak lower semi-continuity.
In fact, since J is non-convex, the functional (2.31) is not weakly lower semi-continuous.
<

2.2.2 Approximation of gradient flows

Based on the evolutionary variational inequality (2.11), an abstract convergence theory
for gradient flows in a general metric setting for A\-convex functionals was developed
in [77]. Theorem 2.5 below is one result therein which is relevant for the Hilbert space

setting in the present work.

Theorem 2.5 Let o be a closed, convex subset of a Hilbert space € and, for N € N,
let ¢, pn: o — (—00,00] be functionals defined on /. Letu® € D(¢) anduQ € D(¢n)

be given initial values, and assume that the following conditions are satisfied:

(i) Lower Semi-Continuity: The functionals ¢ and ¢ (N € N) are (strongly) lower

semi-continuous.

(i) Uniform A-Convexity:  There exists A € R, such that ¢ and ¢y, N € N, are

A-convez.
(#i) Equi-Coercivity: There exists v > 0 such that

inf inf B
Inf inf [on(v) +7y]Jo = uy[*] =m” > —o0
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(iv) Convergence of the initial data: supyey ¢on(ud) = M* < 0o and |[ul — u°|| — 0

as N — oo.

(v) Consistency: There exists a constant ¢c; > 0 such that, for a.e. t € (0,00),

limsup (¢(uy) — dn(un)) <0, and ¢(uy) < c1(1 + [ (un)]™ + [lun|?).

N—oo

(vi) Best approximation error:  For every N € N, there exists a Borel-measurable

curve vy (0,00) — &, so that vy — w in L2 ([0, 00); 5), and

on(on(t) = o(u(t)) and on(vn (1) < a1+ [o(u(t))]" + [u(t)|?)  for ae. t,
where u is the gradient flow of ¢ with initial data u®.

Then the gradient flows (in the sense of Definition 2.4) uy of ¢n with initial values

u® converge in L2.([0,00); 7) to the gradient flow u of ¢ with initial value u®.

Proof. Let u and uy respectively satisfy

%%HW) —of” + %HU(t) —olP+ g(u(t)) < $(v) Vue o, and (2.14)
%%HUN@) — oy + %HUN(t) — x|+ dn(un(t)) < on(vy) Yoy € 4. (2.15)

The existence of these curves is guaranteed by conditions (i) and (ii). We test (2.14)
with v = uy and, since typically D(¢n) C D(¢), choose a recovery sequence (vy), i.e.,
a sequence satisfying (vi) to test (2.15). Adding (2.14) and (2.15) gives

5 () = un (&P + Jun(t) — on()]1?) ]
— = ||u(t) — un(s u —un(s
5| d N N N

s=t

2 (lu(t) = un (O + flux(6) — v (1)) (2.16)
+o(ult)) + én (un(t)) < dlux(t)) + on (ox (1))

We now add and subtract terms in order to bring (2.16) into a form amenable to an

application of Gronwall’s inequality. Since v and uy are locally Lipschitz continuous,

we have
) —un () = [ (Nt =y () P+ un () —u(s) 7)) for a.e. t € (0,00).
dt dt s=t ’

(2.17)
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We can use (2.17) to rearrange (2.16) as
1d 2 2
L S u(t) — O + Alla) ~ un )
< (onlon(®) = o(u(t) + (S(un(t) - én (u(®)))

2 (lu(t) = ux (O = llow (1) — ux(9)]?) (2.18)
b [ (s ®) = w()I? = ux(®) — o ()1P)
= B, +Ey+ Es + E,.

s=t

The term FE3 can be estimated using the inverse triangle inequality and Cauchy’s

inequality, which give

A
By = 5 (lhuy = ull + lluy = owl) (Jlux = ull = fuy = o))
A
< Py —ull + u = o)) u = vu (2.19)

A
< S =l + = o
We invoke the identity
lun (t) = w(s)[I* = llun(t) — on ($)]I* = 2(un(t), uls) — v (s)) + [luls)]* = low (s)]*

to deduce that
By < lay|llu —vnl. (2.20)

Combining (2.18) with (2.19) and (2.20), we arrive at
——llu—un|?+ Slu—unl® < (on(on) — d(w) + (¢(un) — ¢n(un))
o — w4 Sl o — ul,
where A = X\ — |A|/2. Using Gronwall’s inequality, we obtain
AT [[u(T) = un(T)|* < [[u(0) = un (0)||* +2 /OT M (¢(uy) — o (un)) dt

+2 [ [(ox(ow) = 00) + Nllow = ulP + iwllow = ul] . 221

Using (2.24) and condition (v) we obtain an integrable bound on max(¢(uy) —

dn(un),0). We can therefore apply Fatou’s lemma to deduce that

lim sup / (6un) — dx(ux)) dt <0.

N—oo
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Similarly, it follows from (vi) that

N—oo

T
limsup/ (on(vn) — d(u))dt < 0, and
0
T
lim oy —ul|*dt = 0.

N—oo

For the last term in (2.21) we apply the Cauchy—Schwarz inequality and the stability
estimate (2.23) to obtain the bound

T T
/ i lllu — onlldt < [ © / lu— o2 dt
0 0

which also tends to zero as N — oo.

1/2

Finally, using (iv) to show that the initial condition converges, we can deduce that,

for each T'> 0, sup,<¢ |lun(t) —u(t)[| — 0, as N — oo. [

The following stability estimates were already given in [5]. The proof is repeated here,

in order to highlight the independence of the constants of N.

Lemma 2.6 Suppose that the hypotheses (i1) and (iii) of Theorem 2.5 are satisfied;

then there exist constants Cy, Cy depending only on v, m* and M™* such that

lun(T) —un(0)[* < Cre®T, (2.22)
T

/ lan (@) dt < M*—m* +~yC1e®T, and (2.23)
0

on(un(T)) > m* —yCre®", (2.24)

Proof. Condition (iii) of Theorem 2.5 gives the estimate
o (un(T)) = m* —fun(T) — un(0)||*. (2.25)
Using (2.12) and (2.13), we can bound the L2-norm of the velocity uy by
T
[ Pt < xlux(0) = ofun(T) < M =+ 4llux(T) — uxO). (226)
0

We use (2.26) to compute a bound on ||un(T) — un(0)||?,

Sl =0 = 5 [ Slun(t) = ux(O)[F

< / ez () — un (O)]]

3

T 1 T
< 5 [ atlPdes o [ fw® - uv(o)|Pa
0 €Jo

< S = ) = O] + 5 [ () = ux (@
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We can clearly choose ¢, depending only on ~, to obtain constants C; and C5 such that
T
|un (T) — un(0)||* < Cy + 02/ |un (t) — un(0)|* dt VT > 0.
0

An application of Gronwall’s inequality gives (2.22).
Upon inserting (2.22) into respectively (2.26) and (2.25), we obtain (2.23) and
(2.24). O

To conclude this section, we state a result from [5, Theorem 4.0.4 (v)], on the implicit

Euler approximation of a gradient flow, which we will use frequently in Section 2.4.

Lemma 2.7 Let ¢ be A-convez in o/ and let t; = it, fori =0,1,..., define a partition
of [0,00), with 0 < 7 < 1/min(0, —\). Let ug € <7, and let the family (u;)i=12,.. be
defined by

— w117
u; = argming,, |v — HUQA + o(v)
T

Let u(t) be the gradient flow of ¢ with u(0) = ug and let u.(t) be the piecewise constant

interpolant of (u;), i.e.,
ﬂ7(0> =0 and ’ljf(t> =u; ift,_ <t <t.

Then, u,(t) — u(t) in L2

loc

([0,00),5), as T — 0.

2.2.3 The slope

So far, we have defined and analysed gradient flow evolutions. However, we are mostly
interested in analyzing the resulting equilibria, which can often be obtained by letting
time tend to infinity. A natural concept of equilibrium, or critical point, is given by
the local slope which we have defined in (2.10). We say that u* € S is a critical
point of the functional ¢, if |0¢|(u*) = 0. This is a necessary and sufficient condition
for u* to be a stationary point of the gradient flow. Note also that the functional
(2.33) which we will analyze is not differentiable in H' and that the notion of slope is
a genuine extension. The following lemma can be used in some situations to show that
an accumulation point of the sequence of critical points of approximate functionals ¢y
must again be a critical point. This result is still true in metric spaces [77]. Note that
conditions (2.27) and (2.28) describe I'-convergence (cf. [37, 39]) of the family ¢y in
the strong topology of 77 with limit ¢.



2. GRADIENT FLOWS AS A SELECTION PROCEDURE 37

Lemma 2.8 Let &/ be a closed convexr subset of a Hilbert space, let ¢, pn: o —

(—00, 00| be A-convex, with a uniform X, and suppose that the conditions

vy — v = P(v) < lij\rfn inf on(vn) (2.27)
Vo € & F(vn)neny C & s.t. vy — v and ¢(v) = Nlim o(vn) (2.28)

are satisfied. Then, the slopes satisfy the liminf condition
uy — u = [0¢|(u) < lig[ninf |0dn|(un). (2.29)

Proof.  The crucial observation [5, Theorem 2.4.9] is that for A-convex functionals,
the slope can be rewritten as

o) = 6(v) | A "

+ Sl — ol
lu—of 2

1061 (u) = sup [
vFEU

Let uy — wu, and for some fixed v # wu let (vy)yen be a recovery sequence for v,
satisfying (2.28). Then, for sufficiently large N, we have
o(u) — ¢v) | A "
e R IR
[ = wl]

+

lim inf y_, o uy) — limy_ oo v AL
No o (un) N—oo PN (V) +2 lim [fuy — on]?
limy o ||uy — vn|| 2 N—oco

IN

lim inf

N—oo

[¢N(UN) - <Z5N(UN)
Jun — vl

A +
# Sl = on?

Taking the supremum over v # wu, we obtain (2.29). [

2.3 Convergence of an Atomistic Evolution

In Section 2.1, it was explained how different scalings of the atomistic energy FEaiom
give rise to different continuum limits. We have adopted the point of view that a linear
scaling of all terms considered is the most natural choice. For the forces we assume
that fy = O(1) and f; = O(1/N) for 1 < j < N — 1, i.e., fy represents a surface

traction. It is then natural to consider the rescaled energy

EN

En()X) =Y en [J <%> — Y +y;V1>/2] —gu¥. (230

J=1
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where ey = 1/N. The family (V)Y , defines a linear body force, which we assume is

obtained by averaging an L' function, i.e.,

N e

fi = N valf(x)dx’
where z¥ = i/N, for each i € Z. The scalar g describes a linear surface force. For
technical reasons, we may wish to impose an > bound on the deformations, i.e., we
shall assume that y» < M, where M € (2, c0].

To rewrite Ey as an integral functional it is customary to identify the atomistic
deformation with a piecewise affine function. To this end, we define the set of admissible
atomistic deformations to be

Ay :={veH"(0,1):v(0) =0,v <M, and v is piecewise affine w.r.t. (z;')}.

7

Letting

yy() = “—= ifze(2,2]), and

y is the piecewise-affine interpolant of (y¥) and vy is its weak derivative, and we have

in particular that yy € o/y. Thus, we can rewrite Ey as

En(yn) = /o [J(y?v) — fNyN} dz — gyn(1)  for yy € Ay, (2.31)

where fy is the piecewise constant interpolant of f with
fn(z) = fy for o€ (21, 1) (2.32)

In the formulation (2.31) it becomes obvious, that the non-convexity is with respect
to the deformation gradient. In order to balance it out with the evolution, we need to
consider the gradient flow with respect to the |- |gi-seminorm, which is in fact a norm
in the spaces @/y. We shall show below, though it is already quite obvious at this point,
that the functionals Ey are uniformly A-convex in the |-|gi-seminorm. Therefore, from
Theorem 2.5, we expect the correct limit energy with respect to the |- [i-gradient flow

evolution to be )
E(y) = /O [J(y) = fy] dz — gy(1), (2.33)

defined for y € o :={v € H'(0,1) : v(0) = 0,v < M}.
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While it is possible to consider gradient flows with respect to the full H-norm as
well, the analysis of equilibria becomes significantly more technical. All results can,
however, be translated to the H'-norm case [76].

Theorem 2.9 states that the (atomistic) | - |gi-gradient flow of Ey in @7y converges
to the (continuum) | - |[gi-gradient flow of E in «/. We embed o7y in o/ by setting
Enx(y) =40 ify € & \ dy.

Theorem 2.9 Let y° € D(E), and let 4% € @y be the piccewise affine interpolant of

y° with respect to the mesh (). Then, the |- |m-gradient flow yy of En with initial
data y% converges in L2, ([0,00); &) to the | - |y -gradient flow y of E with initial data
0

Y.

The convergence proof consists of three steps: first, establishing the A-convexity of the
functionals; second, estimating the perturbations caused by the discrete forcing term;
and third, constructing a recovery sequence for the solution which satisfies condition
(vi) of Theorem 2.5.

Lemma 2.10 With respect to the norm |-|i, the functionals E and Ex (N =1,2,...)

are \-convex in <, with A = min,~ J"(z), and lower semi-continuous.

Proof. For the A-convexity as well as the lower semi-continuity, note that the linear,
continuous terms need not be considered and we assume without loss of generality that
f,g = 0. In the spirit of Proposition 2.1, we define F(z) = J(z) — (1\/2)2%. By
the definition of A\, F”(y) > 0 whenever y > 0, hence F' is convex in (0,00). Since

F(z) = 400 for z <0, F is convex on R. Therefore, the functional

cw) = [ (1) - 2P e = [ F)da
0 2 0

is convex as well which implies, by Proposition 2.1, that E is A-convex. Since E(y) =
G(y)—3yl%:, asum of a convex and a continuous functional, E is lower semicontinuous.
To see that Fy is lower semi-continuous, simply note that under the assumption that
f,9 =0, Ey = FE|4, where &7y is convex and closed and hence the proof carries over
to By as well. [

Lemma 2.11 If f € L}(0,1), then, for every v € &, we have

1

| [t = o] < ol = fulluon. and
0

\f = fnllr — 0 as N — oo,

where fy is defined as in (2.32).
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Proof. Holder’s inequality gives

1
| [ = nyvda] < ollslls = il

Using v(0) = 0, we also have ||v||p~ < [|v/||Lr < |v|g1, which gives the first result. The
convergence || fy — f|li1 — 0 follows from the fact that fy is the L2-projection of f
onto the piecewise constant functions with respect to the mesh (z), using also the
density of L?(0,1) in L'(0,1). O

Lemma 2.12 Let E and Ey be respectively given by (2.33) and (2.31), where f €
LY(0,1) and fx satisfies (2.32). For every y € & with E(y) < +oo, the piecewise

affine, continuous interpolants vy of y with respect to the mesh (x) satisfy
lov —ylm — 0, Ex(vy) — E(y) as N — oo,
vl < [ylu, and En(vx) < [2/I£]5: +sup J(2)] + E(y) + 2lylin-

Proof. Lety € o and let vy be the piecewise affine interpolant with respect to the
mesh (2V). Applying Jensen’s inequality to

N N

i i
/ /
/ UN dr = / Y dl’,
Z'N Z'N

i—1 i—1

and summing over 4, we get ||vy|li20,1) < ||¥'||2(0,1)- It follows from standard interpo-
lation error estimates and a simple density argument that |y — vy|g — 0 as N — oo.

To compute the bounds on the energy as well and to show its convergence, we start
with the lower-order terms. Jensen’s inequality gives || fy|lL: < || f]lL: and, as in the
proof of Lemma 2.11, [loy||ee < [y|re < [y|ar. Thus, we have

1 1 1
—/ fyonydx = —/ fydx—i—/ [f(y—vN) + (f—fN)vN} dx
0 0 0
1
< —/ fyda + (| fllully = onlle + 1 = Sl fJon]lLe
0

1
< - / Fyde + [ flisly — owl +1F = Fullloln (2.34)
0

IN

1
- / Fyde + 2 F112 + 20yl (2.35)
0

Using Lemma 2.11 and the fact that vy (1) = y(1) for all N € N, we obtain from (2.34)
and (2.35),

1 1
—/ fyvondz — goy(1) — —/ fydx —gy(1l) as N — oo, and (2.36)
0 0

1 1
—/ vy de — goy(1) < —/ fydr —gy(1) + 2||f||52(0,1) + 2|y|%11.
0 0
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To deal with the higher-order terms, let J(2) = Jo(2) + J1(z) where Jy(2) = J*™(2).

N
X . . .
2N 2N, we have vjy = fofv y'dz and, using Jensen’s inequality
i—1

In the interval (z;',,x;

Jo(vly) < N f;]\i,jl Jo(y') dx (note that 1/N is the length of the interval). If we define
N
an(x) = N/N Jo(y') do + sup J(z), forxe (z,,z)),

then J(vYy) < ay(x) a.e. in (0,1) and

z>1

/01 ay(w)dz = /01 Jo(y") dz + sup J(z)=: A.

In particular, we also have

[ s < [Lawansswae)

z>1

which, together with (2.36) gives

En(vy) < |:2Hf”il + sg]gl) J(z)] + E(y) + 2yl (2.37)

Since z — Jo(y'(z)) € L'(0,1), we have, by a version of Lebesgue’s differentiation
theorem (Section 1.7, Corollary 2, [46])

lim ay(z) = Jo(x) + sup J(z) for a.e. z € (0,1),

N—o0 2>1

and similarly, vjy — v’ a.e. in (0,1). Using Fatou’s Lemma, and the fact that J is

continuous in (0, 00), we have

1 1
2A — lim sup/ ’J('U}V) - J(y’)’ dr = lim inf/ [2an — |J(vly) — J(¥)|] d=
0 0

N—oo N—o0

1
> / lim inf [ZCLN — |J(vy) — J(y’)” dz
0

—00

1

= 2/ [Jo(y') +sup J(z)] dz
0 z>1

_ 94,

and hence, using also (2.36), we have E(vy) — E(y) as N — oo [

We have now assembled all results to prove Theorem 2.9.
Proof of Theorem 2.9. The result is a straightforward application of Theorem

2.5, using the preparations of this Section.
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Conditions (i) and (ii) were shown in Lemma 2.10. Condition (iii), the equi-
coercivity, follows from the fact that J is bounded below and the forcing term is
Lipschitz continuous. Condition (iv), the convergence of the initial data is guaran-
teed by standard interpolation error results as well as Lemma 2.12. Condition (v) is
controlled by Lemma 2.11, since Ey and E|, differ only in the forcing term.

Let vy () be the piecewise affine interpolant of y(t). Using Lemma 2.12, to obtain
(vi), we only need to show, that ¢ — vy(¢) is Borel measurable. In fact, it is fairly
easy to see that it is even continuous. Since in one dimension, H(0, 1) is embedded in
C[0, 1], the mapping t — y(t) lies in C(0, oo; C[0, 1]) and hence t — y(t, z) is continuous

as well. Since
N

UN(ta x) = Z y(ta x?)%‘);\[(l‘)v

where the goj»v are Lipschitz functions, this shows that v € C(0,00; H!). O

2.4 Convergence of Equilibria

In this section we show that the gradient flows are a selection criterion which can be
used to recover correct elastic behaviour even when the energy has sublinear growth.

The convergence result of Theorem 2.9 suggests the following procedure: for suffi-
ciently small forces, there should be a critical point y}, in fact a strict local minimum,
of the atomistic functional Ey, such that yi' < z, i.e., the deformation gradient lies
in the region where J is convex. Hence, the gradient flow for sufficiently close starting
points should converge to yx as t — oo and the deformation gradient should remain
within the region where J is convex. Since the atomistic gradient flow converges to the
continuum gradient flow, the continuum deformation gradient should remain in this
region as well and therefore converge to a critical point in that set which should be the
limit of the y3. By y* being a critical point of ¢, we mean that |0¢|(y*) = 0, where
|0¢|(y) is the | - |gi-slope of ¢ at y (compare Section 2.2.3).

The main difficulty is to show that the critical points y3 are ‘uniform local mini-
mizers’ in the sense that we do not require perturbations to tend to zero as N — oo.

Before we start with the suggested program, let us note that it would be quite easy
to show all results for the continuum problem directly. However, we wish to show here
that the elastic critical point of the continuum functional (2.33) arises as the limit
of the elastic critical points of the atomistic functionals (2.31). Furthermore, it is an
interesting feature of the analysis that all information about the continuum functional

can be obtained from the knowledge about the atomistic evolution.
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Theorem 2.13 Let Ey, N = 1,2,..., and E be defined respectively by (2.31) and
(2.33), and assume that |g| + || fllLio1) < J'(2) (cf. (2.2)).

(a) There exist critical points yy of En in oy, such that yx' < z;. These equilibria
are stable in the sense that any |- |m-gradient flow yy of Ex with yi(0,2) < z
satisfies lim;_o yn(t) = yx in H'Y(0, 1).

*

(b) There exists a critical point y* € o/ of E such that limy_yy = y* and
limg oo y(t) = y* in HY, for every |- |m - gradient flowy of E with y'(0,z) < z,—e

for some € > 0.

(c¢) If, in addition, f =0, then yy = y* are affine.

On the one hand, Theorem 2.13 shows that the derived continuum model has the correct
qualitative and quantitative behaviour for small loads. On the other hand, it shows
that in this situation, the atomistic model behaves essentially like a continuum. In
particular, note that point (c) is the Cauchy—Born hypothesis for the model presented.

Note also, that not all proofs in this section are ‘optimal’. Especially the final proof
of Theorem 2.13 is more technical than it needs to be. The purpose of this discussion is
to show that most of the techniques used here can be applied to more general problems.

The proof of Theorem 2.13 requires some preparation in the form of several Lemmas
which assemble information about the atomistic gradient flow. Let % be the set of all

deformations whose gradient remains in the region where J is convex, i.e., we define
B.={ved V() <z —eforae xe(0,1)} (2.38)
and & = HA,.

Lemma 2.14 Suppose that |g| + || fllLi01) < J'(2¢ — €) for some e > 0; then there

exists a unique critical point yx of En in the set B.. The point yy salisfies
yn' (1) = (J’)’I(F]N) <z —e for xj\il <x< :cj.v, (2.39)
where FN is defined by (2.40).

Proof.  We compute the critical point by a change of variables. For yy € &y, let
r¥ = (y) —yi'1)/en. Then, setting
S, if i =0,
V= LN ), it1<i<N -1
ST, if i = N,
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we have, using y) =0,
N N .
En(yn) = Z5NJ(T§V)) - Z&fovij — gyn
= ZZENJ Zf‘:Nf ZZENT —9261\77’
= ZEENJ ZEEN'I" [g+Z€Nf i|

= ZﬁN[JUéV)—F}NTﬂ,
j=1

where
N ) . N—1
Y=g+ e =g+ U+ Y e (2.40)
j=i j=it+1

To compute rjv , we differentiate Ey with respect to rj-v , which gives the equation

OEN(yn)

N
or .

=en[J(r))=FN] =0 forj=1,...,N,

or, equivalently, J'(r)) = F}V. We estimate F,, using the assumption that ||f||.: +

gl < J'(2 =€), by
1 wé\] a:%_l 1 1
+§/ f(x)dx+/ f(x)dx+§/ f(z)de
z?ﬂl I§V TNy

< lol+ [, 1f@)da

g

< gl + [[fllr o)
< J'(z—e). (2.41)

N
|F5]

In the region {z < 2}, J'(2) is strictly increasing and hence invertible. Therefore,

Vo () MEN) <z e

Ty

describes the unique critical point of Ey in 4. U

Lemma 2.15 Under the conditions of Lemma 2.14, if yn: [0,00) — &y is an | - |g1-
gradient flow of En with yy(0) € A, then yn(t) € B for allt > 0.
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Proof. Consider the time-discrete approximation (Un(t;))j=01..., as described in
Lemma 2.7, for some fixed, sufficiently small time-step 7. Let Ry (f;) be as in the

proof of Lemma 2.14. Then, Ry/(¢;) minimizes

oI B (1) = Rty )3 + Bx (R (1)) (2.42)

As in the proof of Lemma 2.14, we compute the Euler-Lagrange equation in terms of

R (t;). At the minimum, the equation

= (R (6) — By(150)) = BN = J'(Ry (1)

has to be satisfied. For sufficiently small 7, there is a unique solution. Now assume
inductively that Ry (t;—1) < z — e. To show that Ry (¢;) < 2, — €, assume this is not
true. Then IV — J'(R}(t;)) < 0, which gives a contradiction. Hence, we have that for
alli=1,...,N and j € N, Ri(t;) <z —e. As 7 — 0, the discrete solution converges
to the gradient flow yy and hence yy < z; — € a.e. in (0,1). O

Corollary 2.16 Under the conditions of Lemma 2.14, every | - |g1-gradient flow yn

with yn(0) € B, satisfies the evolutionary variational inequality

a
__‘yN — U|2H1 + §|yN - ’U‘%p + EN(yN) S EN(’U) Yv € %6, (2.43)
where a = min,<,, . J"(z) > 0. In particular, we have

lyn(t) — ynlm < e “yn(0) — yi|m.

Proof. We set E’N = En|». and show that yy is also a gradient flow for E’N
by considering the minimization problem (2.42) again. (Note that this procedure is
equivalent to replacing Ex outside of %, by a uniformly convex functional.) Since the

minimizer remains in 4., it is also the minimizer of
1 .
o 1B () = Ry(tj-1)|[f2 + En(Rn(t;)),

and hence the limit of the time-discretizations must also be the gradient flow of Ey.
By arguing as in the proof of Lemma 2.10, we find that Ey is a-convex (i.e. A-convex
with A = «a), and hence yy satisfies (2.43) if we replace Ey with Ex. Forv € 4.,
however, the functionals are the same.

On testing (2.43) with v = y%, and multiplying the resulting inequality by e***, we

obtain

1d

5= (el () — v ) < e (Bn(y) ~ Bxlon(1) <0,
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Integrating from 0 to 7" gives the result. [J

Proof of Theorem 2.13. Lemmas 2.14, 2.15, and 2.16 immediately imply
item (a) and we only need to establish the facts about the continuum limit. Note
that almost all of the following analysis is independent of the specific structure of the
problem. The only crucial condition which we require, is that yx(t) — y(t) as N — oo,
for every t > 0, and yy(f) — yy as t — oo, uniformly in V.

For item (b), we first need to show that, given an initial condition y(0) for the
‘continuum’ | - |g1-gradient flow satisfying the assumptions of the theorem, there exist
‘atomistic’ initial conditions yy(0) which satisfy the assumptions of Lemma 2.15. Let
y'(0,2) < z — e for a.e. x € (0,1). Letting yn(0, x) be the piecewise affine interpolant
of y(0,z), we have

N

1 [

yﬁvm,x):—/ YO.2)dr < 2 —e, ze (@), a)).
EN all

Therefore, the atomistic | - [ii-gradient flows with starting point y/ (0, -) converge
uniformly in N (compare Corollary 2.16) to the equilibria y%, computed in item (a) or

Lemma 2.14. We use this fact to estimate

lyny —ynvle < lyn —yn (@] + lyn(t) — yne () e + |yne (6) =yl
< 2const.e” + Jyn(t) — yn(t) |,

thus showing that (y})n=12 . is a Cauchy-sequence. We denote its limit in H' by y*.

To see that y(t) — y* as t — oo, consider

y(®) =yl < inf (Jy(®) —yn (Ol + lyv(8) = yxlw + vy — y7|mw) < const.e™".

=1,4,...

We have shown that the ‘discrete’ equilibria y3 converge to a ‘continuum’ deformation
y* and that y(t) — y*.

The fact that y* is a critical point of E is easily verified by hand, but in fact
this follows from the general theory as well, using the concepts introduced in Section
2.2.3. Tt is straightforward to show that the functionals Ey I'(H')-converge to E in the
strong H' topology. We merely note the limsup condition (2.28) is given by Lemma
2.12 while for the liminf condition (2.27) £ and Ey can be decomposed into a convex,
lower semicontinous part and a continuous, uniformly convergent part (compare also
the prove of A-convexity in Lemma 2.10).

Since the functionals E and (Ex)n=12,. are also uniformly A-convex, Lemma 2.8,
shows that

0B|(y°) < limn [9Ex|(4) = 0,
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where |0E(y)| denotes the | - |g1-local slope of the functionals Eqyy. O

Remark. It may not come as a surprise that the continuum ‘elastic’ critical point
computed in Theorem 2.13 is actually not a local minimizer with respect to the H!-
topology. Indeed, let us assume that f = 0 and 0 < g < J'(z) and define the curve
s+ v(s) by
v'(s) =y + éX(1/2,1/2+5k)'

It is straightforward to establish that for k > 2p, v € C%/P(0, s9; W'P) and E(v(s)) <
E(y*), where sq > 0 and C%!/? denotes the usual space of Hélder continuous functions.
Thus, the critical point y* is not an H'-local minimum of the energy E(y). This is also
reflected by the fact that we only allow W% perturbations in Theorem 2.13.

Why, we should ask ourselves, is this not in contradiction with Theorem 2.137 If
there exists a curve along which the energy decreases, should the gradient flow not find
this curve? The explanation is that the curve v(s) which we have constructed is not
absolutely continuous in H'(0,1) and hence is not a candidate for the gradient flow
evolution. An interesting question is whether there actually can exist an absolutely
continuous curve starting in y* along which the energy decreases strictly. A negative
answer would lead to an interesting selection criterion for equilibria. It would in par-
ticular imply that the choice of evolution is not so crucial after all, as such equilibria

would be stable under any ‘sufficiently smooth’ evolution. <«

2.5 Remarks on Extensions to 2D and 3D

The simple problem which we have investigated in this chapter has a fair amount
of one-dimensional structure. Although many of the techniques developed here can
be readily generalized, the extension to two and three dimensions, which is of great
importance to the modeling of material behaviour, is not entirely trivial.

The first difficulty to notice is that the passage to higher dimensions in a simple
nearest-neighbour system based on the Lennard—Jones potential suffers from a loss of
A-convexity, since the atomistic deformations do not necessarily have to remain orien-
tation preserving. By cutting off the Lennard—Jones potential at the origin, a process
which is intuitively reasonable but difficult to justify rigorously, the convergence of the
gradient flow can be recovered completely. A more interesting, and mathematically
much more challenging alternative would be to consider a gradient flow with respect
to a different metric, which may allow the blow-up behaviour of the Lennard—Jones

potential, but such a metric seems to be presently unavailable.
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To analyse elastic equilibria, it is necessary to obtain L. bounds on the deformation
gradient. This step poses the biggest challenge in higher dimensions as these bounds
cannot be computed explicitly anymore. One possible avenue to obtain them would
be to use the implicit function theorem, for which uniform bounds can be constructed
with a slightly refined analysis. It would be necessary, however, that the solution of the
linearized system lies in W (Q), which can only be obtained in some very restrictive
cases, e.g., with smooth domains and Dirichlet boundary conditions. At re-entrant
corners (such as a crack tip) or interfaces between Dirichlet and Neumann boundaries,
the nearest neighbour model is too simple to describe the material behaviour accurately.

If finite-range interactions are added to the energy functional, both the convergence
theory for gradient flows and the analysis of elastic equilibria remains essentially un-
changed, provided that uniform L* bounds on the gradients can be provided. The
case of infinite-range interactions is completely unclear.

Finally, it should be noted that different evolutions can be analyzed as well. For
example, if the potential J is cut off at the origin, it is straightforward to extend the
convergence result from the gradient flow evolution to linear viscoelasticity following,
for example, the theory developed in [26]. It is more difficult in this setting, however,

to analyze the resulting stationary points in similar detail.



Chapter 3

A Posterior: Existence in
Numerical Computations

In Chapter 2, gradient flows were introduced as a possible concept for the analysis of
local minima of non-convex functionals. In the present chapter, an alternative which
is far better suited for applications in numerical analysis is presented. The technique
extends and strengthens existing a posteriori error analyses and makes it possible
to derive the existence of exact solutions from the computation, even when it is not
known a priori whether a solution exists. Since the methodology to obtain such results
is quite general and is widely applicable, an abstract analysis is given in this chapter,
together with two interesting applications from continuum numerical analysis.

The basic idea is simple. Suppose we are solving the nonlinear equation .#(u) =
0, where #: Z — % where 2", % are Banach spaces and #* is the topological
dual of #'. A point u of the domain of definition of .Z is called regular if .Z'(u)~*
exists and is bounded (cf. [95, Proposition 2.1]; though here we use a slightly more
general definition). A posteriori error estimates for nonlinear problems are typically
formulated in the following way (cf. [94, Proposition 2.1], [95, Proposition 2.1] or [3,
Lemma 9.5]):  If u is a regular solution to .7 (u) = 0 and U is a numerical solution
which is sufficiently close to u then ||u— Ul S |F (U)o || F" (W) L@+, 27

In this chapter, we make use of the following simple observation which seems to have

gone unnoticed so far: the approximation U, which we may have computed numerically,
solves the equation ¢ (U) = 0, where ¢4 (v) = .% (v) —.% (U). Thus, by reversing the role
of approximate and exact solution, we see that a solution u, satisfying .# (u) = 0 could
be considered the approximate solution to the new problem ¢(U) = 0 and its residual
is again ||.% (U)||z~. In this new situation we only need to assume that U is regular
rather than a nearby exact solution u which we usually do not know to exist a priori.

More precisely, we shall prove that, if a reqular point U € 2 has a sufficiently small

49
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residual ||F (U)||o+ then there exists a nearby solution w to the equation F(u) = 0
such that lu—Ully < |F (U)ol 7 (U) " L-,2)-

In an abstract Banach space setting, we give two general results. First, Theorem
3.3 provides an asymptotically optimal strategy based on Lipschitz continuity of .7".
Second, Theorem 3.5 is a result based on a continuation argument, which is intended to
outline a form for more specific strategies that may be preferable if sufficient analytical
information about the problem is available. Both results are obtained by correctly
interpreting the Inverse Function Theorem in Banach spaces and carefully tracking the
constants in a suitably chosen versions of its proof.

In §3.3 we use the semilinear Laplace equation
—Au+ f(x,u) =0, ulan =0,

to demonstrate further details of the abstract idea, based on Theorem 3.3, which are
required for its practical implementation. In particular, it is shown how the required
stability constants can be computed in a Hilbert space setting.

In §3.2 we look at a problem where the existence of solutions is not as clear. We
compute local minimizers of a double-well energy arising in the mathematical theory
of microstructures. It is shown how the a posteriori existence idea can be used to
demonstrate the existence of a rich class of stable solutions to the Euler—Lagrange
equations.

Of course, the main application is given in Chapter 5. The large number of
metastable states of atomistic functionals makes it a compelling example for the a
posteriori existence idea.

For evolution equations where the uniqueness of the solution is usually guaranteed,
a similar procedure can give improved a posteriori error bounds based on local stability
properties rather than global ones. We refer to [13] where this idea is used for Ginzburg—
Landau type equations.

The reverse question of existence of a numerical solution near an exact solution has

been extensively studied; see for example [23, 40].

3.1 Abstract Results

Let 2 be a Banach space, and let ¢ be a Banach space with topological dual #*.
We denote the duality pairing between % and #* by (-, ). For v € 2" and R > 0, we
use B(v, R) to denote the closed ball with centre v and radius R in 2". Let </ be an
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open subset of 2 and let F: &/ — #*. For example, the operator y — —dive(Vy)

with Dirichlet boundary conditions could be understood in the sense

(F (). ¢) = /Q o(Vy): Vodr Ve,

where 2" and % are appropriately chosen function spaces (cf. §3.2 and §3.3 for further
detail).

We say that .# is differentiable at a point u € & if it is Gateaux differentiable at
that point, i.e., if there exists a bounded linear operator .%#'(u) € L(Z", %) such that,
for v € Z°, we have

=0.

lim ||n~" (F (u+ hv) — F(u)) — F'(u)v e

h—0

To avoid a cluttered notation, we shall always use ||T|| to denote the operator norm of
a bounded linear operator T' between Banach spaces. It will always be clear from the
context which spaces are meant.

We begin by stating a simple Lemma from functional analysis which will motivate

our definition of regular points.

Lemma 3.1 Let T: 2 — %™ be a bounded linear operator; then (i) and (ii) are

equivalent:
(i) The range of T, denoted range(T'), is closed and T': Z — range(T) is one-to-one.

(i) T is bounded and
a:= inf sup (Tu,p)>0. (3.1)
ue X bew
lullr =1 o) g =1

If (i) or (i) are satisfied then T~' : range(T) — 2 is bounded and ||T7|| = 1/a.

Proof.  To show that (ii) implies that range(7") is closed, let T'u; — v in #*. From
(3.1) it follows that

alluj — ugll2 < sup (T'(uj —up), o) = [|T(uj — ug)||. (3.2)
pE
[lell=1

Since (T'u;) is Cauchy, so is (u;); thus, there exists u € 2" such that v; — w. Since T
is bounded, it follows that Tu; — T'w = v and hence range(T’) is closed. The fact that

T is one-to-one follows directly from (3.2).
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If (i) is satisfied, the Open Mapping Theorem implies that T as well as 77! :
range(T) — 2" are bounded. To show that (i) also implies that o > 0, note that (3.1)

can be written equivalently as

o (Tu, p)
a = n sup 7
ue 2 \{0} wew\ {0} [[wll 2 [l
_ . (v, 9)

verange(T\{0} pea\ (0} || T 0] 2|0l
|v]|a-

verange(T)\{0} ”T_l’U|

= |T7Y,

Z

where ||T!|| denotes the operator norm in L(range(T'), 2"). This concludes the proof

of equivalence of (i) and (ii) and also shows the last statement of the lemma. [

Motivated by Lemma 3.1, if u € &7 and .% is differentiable at u, we define

alu) = inf  sup (F'(u)v, @), u€ .
ve
lolar=1 % -1

If (i) or (ii) holds in Lemma 3.1 with T = #'(u) then a(u) = ||.Z'(u)~||7, where
|-#/(u)~|| denotes the operator norm in L(range(.%'(u)), Z°). Otherwise, a(u) =
0. For the sake of a more attractive notation, we shall mostly use «(u) rather than
F'(u)~t.

Definition 3.2 We say that a point u € <f is reqular if F is differentiable at u and
a(u) > 0.

Both abstract a posteriori existence theorems are essentially reformulations of the
Inverse Function (or Implicit Function) Theorem. The crucial step is to interpret
them correctly and to track all constants in the proofs. The two results, Theorem 3.3
and Theorem 3.5 are fully equivalent. While Theorem 3.3 follows immediately from
Theorem 3.5, the proof of the latter makes heavy use of the Inverse Function Theorem
3.4 which is a corollary of the former. Extensive comments on both results can be

found below.

Theorem 3.3 Suppose that .7 is differentiable in o7 and that U € &7 is reqular. For
p € [1/2,1] set R = R(p) = pta(U) Y F(U)||o- and let L = L(p) be the Lipschitz

constant of #' in B(U R)yN</. If B{U,R) C o, if
F(U) € range(F'(0)) V0 € B(U,R), and if (3.3)
a(U)?|ZU)lla- < p(1—p)/L (3.4)
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then there exists a unique uw € B(U, R) such that % (u) = 0. Furthermore, we have the
error estimate

lu=Ulle < p~ a(U)HF (U)lo- (3.5)

Proof. First, we determine a radius R and a stability constant for the set B(U, R).
To this end, we construct an optimal fraction p € (0, 1], letting R depend on p, such
that

inf > .
by 00) 2 polV)

In this case, the best possible error estimate that we can achieve would be ||u—Ul| 2 <
p ta(U)Y.Z (U)|»+. Hence, the smallest possible radius such that u is contained
in B(U,R) is given by R = R(p) = p ta(U) Y|.Z (U)||z+. For any larger radius, we
obtain an unnecessarily large Lipschitz constant, while for a smaller radius we could
not possibly conclude that v € B(U, R).

Let L = L(p) be the Lipschitz constant of .#" in B(U, R). For 6§ € B(U, R), we can
estimate

a(@) = inf  sup (F'(O)v,p)

veEX 1%
loll g =1 yoco_;
loliay =

> inf  sup (F'(U)v,¢)— LR
ve X e
Il o =1 g g =1

= a(U)— LR.

Thus, in order to have a(0) > pa(U), we require LR < (1—p)a(U), which is equivalent
to (3.4). We see, in particular, that if (3.4) is satisfied then every point v € B(U, R) is
regular and satisfies a(v) > pa(U).

While L is, to some extent, dependent on the choice of p it is reasonable to assume
that it remains roughly constant, particularly when the residual (and hence R) is small.
Hence, the value p = 1/2 is roughly optimal in that (3.4) is most easily satisfied in this
case. For smaller p the resulting error estimate deteriorates and (3.4) becomes more
difficult to satisfy as well — hence the assumption that p > 1/2.

The remainder of the proof involves a careful tracking of the constants in the proof
of the Inverse Function Theorem. The fixed point iteration used here is an adaption
of the argument used in [63] and [78].

We wish to prove the existence of a solution to .% (u) = 0 in B(U, R). Since .%’ is
continuous in B(U, R), we can use Taylor’s Theorem to obtain, for v € B(U, R),

F(v)— ZF(U) :/0 F'(UA+1w-0U))dr - (v—=U) = F,(v-U). (3.6)
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Assume, for the moment, that u € B(U, R) satisfies .% (u) = 0 so that .# (u) — % (U) =
—Z(U). Applying (3.6) to the right-hand side, we find that % (u) = 0 is equivalent to

Fhulu—U) = ~Z ().
We now define the map £: B(U, R) — Z by
Fr, (L) =U)=—=F(U). (3.7)

To show that the map is well-defined, we first use the Integral Mean Value Theorem to
infer the existence of 6, € conv{U,v} such that .7, , = .Z'(6,). Since 0, € B(U, R), it
follows that .7, , is an isomorphism from 2" to range(.#'(6,)) which, by (3.3) contains
Z(U), and in particular that (3.7) has a unique solution. In summary, an element
u € B(U, R) satisfies .% (u) = 0 if, and only if, u is a fixed point of L.

To show that £ maps B(U, R) into itself, we multiply (3.7) by (#(,,)"" to infer

1£(v) = Ulle < I(F) " IIF U)o < p~ a(U)H1LF (U))]

o+ = R.
To show that L is a contraction of B(U, R) let vy, v, € B(U, R); then
F i (L(v) = U) = =F(U), i=1,2.
Subtracting these two equations, we obtain

Fla (L(01) = L(v2) = =T, (L(v2) = U) + F5,, (L(v2) = U)
= —(Flu = Fi0) (L(v2) = U).

Multiplying by (%, )" and using
H/ U + (v, = U)) = F'(U +7(vy — U))] dTH
1
< / Hﬁ'(U—I—T(Ul —U))—F (U + 1(vy — U))H dr
o
< / TL||vy — vl o dT = SL|lvy — vo|| 2

0

and (3.4) we obtain

I£@) = L@l < S Lo = vl (F,,) IR
< Lo = vl (57a@)) (5@ IZ )12
< 5 (1= p) o — vl
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It follows that, if $(1 — p)/p < 1, which is true whenever p > 1/3, then L is
a contraction of B(U, R) with contractivity (1 — p)/(2p) and must therefore have a
unique fixed point w in B(U, R) which is the unique solution of .% (u) = 0 in B(U, R).
Given our definition of R, the error estimate follows immediately from the fact that

we B(U,R). O

Corollary 3.4 Suppose that % is continuously differentiable in <7, that U € <f 1is
regular and that there exists R > 0 such that B(U,R) C < and %' is Lipschitz
continuous in B(U, R). Then there exists § > 0 such that for all f € B(.#(U),0)
satisfying F(U) — [ € (Npepw.p range(F'(0)) there exists u € B(U,R) such that
F(u) = f.

Proof.  The result follows immediately upon setting p = 1/2 and replacing .%# by
% — fin Theorem 3.3. [

With the help of the Inverse Function Theorem, the following continuation result can

be easily shown.

Theorem 3.5 Let .# be continuously differentiable in o/ and let U € <. Suppose
that there exists R > 0 such that B(U, R) C 7, that .F' is locally Lipschitz continuous
in B(U, R),

|Z (U)o~ < R st o a(v), and tha (3-8)
F(U) € range(F'(0)) Vo € B(U, R). (3.9)

Then there exists u € B(U, R) (unique if infy,epw,ry a(v) > 0) such that % (u) = 0.

Furthermore, we have the estimate

lu—Ulls <[ inf a()] " [|F0)

veB(U,R)

Proof. Set a = inf,cpw,r) a(v) and note that, unless .7 (U) = 0, which we exclude
without loss of generality, we have implicitly assumed that o > 0. For ¢t € [0, 1], let
fe= (1 =1)F(U).

Suppose that u; € B(U, R) is a solution to .# (u;) = f;. By Taylor’s Theorem there
exists 0; € conv{U, u;} such that .7 (u;) — . F(U) = .Z'(0;)(us — U). Upon testing with
e, v

o = 1, we obtain

allug = Ullz < a0 [lue = Ull 2 < || fe = F (U)]

o < t|F (V)]

v <taR  (3.11)

which implies that u; € B(U,tR).
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Given a solution u;, we use Corollary 3.4 to compute solutions u, for s € [t, ¢ + J],
for some o > 0.

For t = 0, we obviously have uy = U. Hence there exists T" > 0 such that, for
t € [0,T) there exists u; € B(U,tR) satisfying .# (u;) = f;. Let T € (0, 1] be maximal
and let ¢; T 7. From

allug — g | < (|7 (ury) = F (ug o= < |t — el [ F (U]

it follows that (uy,) is a Cauchy sequence and hence there exists ur € B(U, R) such
that uy, — ur as j — oo. Since .% is continuous in B(U, R), % (ur) = fr. Since we
can apply Corollary 3.4 again, this contradicts the maximality of 7" unless 7' = 1.

The uniqueness and error estimate in the case o > 0 follow immediately. [J

Remarks. 1. While the estimation of the residual ||.% (U)||»+ is more or less classical
(cf. [94, 95]) the numerical computation of the stability constant a(U) does not seem

to be considered common practise. There are essentially two options available.

e If the geometry of the equation . (u) = 0 is not too complicated it may be pos-
sible to compute the stability sets B(U, R) and (a bound for) the corresponding
stability constant o = inf,epw,r) a(v) directly. An example of how this can be

done is given in §3.2.

e [n some situations it may, however, be easier to compute a local Lipschitz constant
for .#', particularly when .#’ is globally Lipschitz continuous. In that case,
Theorem 3.3 may be preferable. Only the stability constant a(U) has to be

computed which gives some additional flexibility. <

2. Theorem 3.5 still holds if .%#’ is not locally Lipschitz continuous. By using the

fixed point iteration

F(U)NL(u) —u) = f = F(u)

in place of (3.7), Corollary 3.4 remains true even if .#’ is only assumed to be continuous
at U and satisfies .7 (v) € range(.#'(U)) for all v € B(U, R). Consequently, in Theorem
3.5, if .#" is not Lipschitz continuous, one would have to assume that .#’ is continuous
in B(U, R) and that .# (v) € range(-#'(w)) for all v,w € B(U, R).

If 2 =% and if this space is reflexive then no condition of this type is required.

<
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3. It can be seen from

| it ()] u-Uly <IFO) - F()

veB(U,R)

v < | sup [F' )| U= ulla,
veEB(U,R)

that the error estimates in Theorems 3.3 and 3.5 are quasioptimal. <«

4. One advantage of Theorem 3.3 over Theorem 3.5 is that it provides a straightfor-
ward strategy for the verification of the a posteriori existence condition and adaptive

mesh refinement:

(1) For p =1/2, compute an upper bound n(U) for the residual ||.Z# (U)|
bound &(U) for the inf-sup constant «(U), and (a bound for) the Lipschitz con-
stant L of .’ in B(U, R).

a+, a lower

(2) It n(U)/a(U)? > 1/4L, use n(U) < qa(U)?/4L, where q € (0,1), as a refinement

criterion and continue at (1).

(3) Otherwise, let

1 1 LagU

P=57\V 1™ &

~—

which maximizes p subject to (3.4), assuming that L does not change. This gives

the error estimate
n(U)
pa(U)

lu = Ullz < . <

5. If Theorem 3.5 is used, then R cannot be identified quite so easily. One possibility
would be the following:

(1) Compute an upper bound n(U) for || # (U)|

o+ and a lower bound &(U) for a(U).

(2) Set Ry =n(U)/a(U), fix 0 < g <1 and, for R; = Ro¢’, j =0,1,...,.J, compute

a stability estimate

3) If n(U) > a;R; for all j, use n(U) < ¢ max,—g. ja;R;, where ¢ € (0,1), as a
i1 j i1t

.....

refinement criterion and continue at (1).

(4) Otherwise, find j minimizing R; (or equivalently maximizing &;) subject to the
constraint n(U) < &;R; to obtain the error estimate

v

lu = Ull2 <
J
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The above procedures do not cover the case &(U) < 0. If this situation occurs, it is
in general not clear how to proceed. It could either mean that the estimate is not
good enough, that the solution is in fact unstable, or even that no exact solution

corresponding to the numerically computed one exists. <«

3.2 Local Minimizers of a Non-Convex Functional

As a first application of the a posteriori existence idea, we give an example from

materials science. Consider the energy functional

I(u) = /0 1 [W(um) + u?| da, (3.12)

where W is non-convex. The prototypical example is the double-well energy W (z) =
i(z2 — 1)%2. While we restrict the analysis to this particular choice, most of the ideas
used are applicable to more general stored energy densities with multiple wells.

If we try to minimize 7 in W(I)A(O, 1), a space in which Z is coercive, we see that any
sequence u) such that [|[u®|r2 — 0 and u¥ € {1, —1} satisfies Z(u®) — 0. However,
if Z(u) = 0, it follows that u = 0 and hence Z(u) > W (0) > 0 and thus the minimizer
is not attained.

Minimizing sequences for functionals such as (3.12) develop finer and finer oscil-
lations. For this reason, the functional is often used as a cartoon for the formation
of microstructure in materials. A theory of a generalized notion of solution (Young
measures) was developed to account for the non-existence of classical minimizers. Us-
ing the a posteriori existence idea, however, we can quite easily find another class of
solutions, previously identified in [9] using entirely different techniques, namely local
minimizers which have a finite structure. See [67] for an introduction to variational
models for microstructures and further references on the subject. For the numerical
treatment of multiwell energies using Young measure related ideas, see [12, 28].

We use a Galerkin finite element method to discretize Z. Let K be the number of
elements and let 7 be the finite element mesh with nodes z; =i/K,i =0,..., K. The
finite element space Sj(7) is defined as

So(T) = {u € Hy(0,1) : ul(y, , 0 is affine for i = 1,..., K}.

The numerical problem is to (locally) minimize Z in S3(7). To connect the (local)

minimization problem to the abstract analysis of §3.1 we define .% and .%’, formally
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for the moment, by
1
(F(u),0) =T'(u;0) = / (W' (uz) @, + up] dz, and (3.13)
0

(F'(u)v,0) =T"(u;v,0) = /0 (W (uz)vaipe + vip] da. (3.14)

A first numerical experiment without the a posteriori existence analysis reveals

two important facts:

(i) The gradients U, of the numerically computed local minima U are distributed

between the two wells, i.e, W”(U,) > 0 in all experiments performed.

(i) All computed equilibria are clearly W!*-functions, in the sense that ||U, L=

remains bounded as the mesh size tends to zero.

This suggests that we should use the trial space 2~ = W™ (0, 1) rather than Wy (0, 1)
as seems to be suggested by the growth conditions on W. In fact, we can easily see in
the next proposition that the W1 >-topology is the weakest topology with respect to

which we can expect to find local minimizers of Z at all.

Proposition 3.6 Fizp € [4,00) and u € W (0,1). Then, for each e > 0 there exists
u. € WP(0,1) such that ||ue — ullwir < e and T(u.) < Z(u).

Proof.  Suppose first that u = 0. Then the second derivative with respect to u, of
the stored energy density is negative and therefore v cannot be a W'*-local minimizer.
Now let u € WyP(0,1) \ {0} and denote m := maxu. With out loss of generality
we assume that m > 0. For each t € (0,m] let A; be an interval of length at most ¢
such that uw > m — ¢ in A;. Since u € C[0, 1] such intervals exist.
Upon replacing u by an oscillatory function with gradient in {—1, 1} in the interval
Ay we obtain a function u, € Wy?(0,1) such that

up=u in[0,1]\ A, and (u), € {—1,1} and 0 <u; <m —tin A;.
It follows immediately that Z(u;) < Z(u) for all . Furthermore, we see from
e = ullwisoay < lullwrncay + lucliwisay < llullwiscay + (E+m?t)b,

that [|u; — ullwi» — 0ast— 0. O

Remark. While Proposition 3.6 makes a strong argument for the use of W1 in

our analysis, it must be noted that this requires that we disregard the structure of the
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minimization problem and reformulate the Euler—Lagrange equations in a new func-
tional framework where they are only formally equivalent to the “natural” framework
of Wi*(0,1). It is unclear whether a similar analysis can be performed if the operator
Z is taken as the gradient of Z in the natural variational space Wé’4, i.e., as a map
from W5*(0,1) to its dual W=43(0,1). This question is left for investigation at a
later time. <«

After this introductory discussion, we begin with an investigation of the inf-sup

constant.

Proposition 3.7 Let u € Wh*°(0,1) such that Wy < W"(u,) for a.e. x € (0,1), then

. WO HliIl(WO ].)
— f :Z—// . > Y
alu) = Inf i o (w0,0) 2 Vo 1) £ 1

0
[vl\1,00 =1 =
Whoo =5 ely1,1=1

=: a(u).

Proof. Let v € Wy™(0,1) and |v|wi. = 1. By the definition of | - |y, for each

e > 0, there exists a measurable set A. such that

/ v, do
AE

Without loss of generality, we assume that | A Updz > |A:|(1 —¢). Since fol vy dr =0

1
A

>1—c.

it follows that there exists another measurable set B., with positive measure, such that

fBE v, dz < 0. We define

A7, ifre Al
¢o(x) =< —3|B.|™", ifzeB.
0, otherwise.

[N

If follows that ¢ € W' (0,1) with |@|wi: = 1 and furthermore,

/1 W (ug)vyp, dz > W,
0
For t € (0,1), we define
p=c(t+ (1 —t)v/|vlwi),
where ¢ > 1 is such that |p|wi1 = 1. Testing Z”(u; v, -) with ¢, we obtain

T"(usv,0) > (1 —=0)Z"(u;v,v)/|v|wir + 2" (u; v, )
(1 — &) min(Wo, 1)[|vlli/[vlwra + 5tWo — tl[v[liz]| @]l

v
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We estimate [v|wi1 < [Jv]lim and [|@]lrz < [|@]lue < 3[@|lwra = & to arrive at

" (w0, ) > [(1 —t) min(Wp, 1) — } o] + 5tWo.
The first term an the right-hand side vanishes if we set

t = min(Wp, 1)/ (min(Wy, 1) + 1/2). O

Proposition 3.7 suggests that we should use Z° = W' (0,1) as the test space. Based
on this definition, we can now prove that Z is twice continuously differentiable and

that Z” is locally Lipschitz continuous.

Proposition 3.8 Let T : W™ — R be given by (3.12). Its formal derivative F =T,
defined by (3.13), maps Wé’oo into (Wy')* and is differentiable in Wy with Lipschitz

continuous derivative #' =T1" given by (3.14).

Proof. Since W € C3(R), if u € Wy then W’(u,) € L and hence .Z (u) € #*.
To see that .# is differentiable, we note that the formal derivative coincides with
the directional derivative and that .#’(u) defines a bounded linear operator from Wo
to (Wy')*.
If wy, uy, € W™ then

(' (wn) — ' (wa))v, )| < / W (1) = W (12,0) || i]

< W (ure) = Wtz e

for all v € Wy with |[v|l~ = 1 and ¢ € W' with [|@,|lr = 1. Since W € C3(R),
W' is Lipschitz continuous in any bounded set which immediately implies Lipschitz
continuity of .#’ in bounded subsets of Wy™(0,1). O

Next, we estimate the residual in the appropriate dual topology.

Proposition 3.9 Let U € Si(7) be a critical point of T in S§(T). Then,

[T < max_ne = 0(U), where

Proof. Let ¢ € Wy'(0,1) and let ® be its piecewise affine interpolant, i.e. ® €
Se(T) and ®(z;) = p(z;),i=0,..., K. By Galerkin orthogonality, we have Z'(U; ¢) =

I'(U;p — ®). In each element (zy_1,xy), since W (U,) is piecewise constant, we have

/W’ ) — @), dz =0
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and, using the Poincaré inequality for Wé’l(O, 1),

T
/ Ulp—®)dz < [|Ullwtorronll® — lliigor o

Tp—1

< %thUHL"O(CEkthk)H(px - @ZHLl(mk_l,zk)-

A straightforward computation gives ||¢, — Dol @ 1,20 < 2|Q|Wii(ay 42 I sum-

mary, we obtain

K
IZ(Us0) = |TWU;0 =) <D hillUle @yrmm | €Wt (0 r.an)

k=1
< k;irllaXK hk || U||L°°($k_1,l‘k) |90|W171(0,1)

-----

which implies the stated result. [J

The last ingredient required to be able to apply Theorem 3.5 is to show that the residual
Z'(U) of a numerical solution U lies in the range of Z”(v) for all v in a neighbourhood

of U.

Proposition 3.10 Let u,v € Wy™(0,1) and suppose that 0 < Wy < W (v,) for a.e.
x € (0,1). Then, I'(u) € range(Z"(v)).

Proof. Let the symmetric bilinear form a = Z"(v) : Wy™(0,1) x W'(0,1) — R be
given by

1
a(w,p) = / [W”(vx)wzgox + wgp} dz Yw € Wé’OO(O, 1), Vo € Wé’l(O, 1).
0

The residual, ¢ = .#(u) is given by

t(p) = (F(u), ¢) :/0 (W' (o) e +upldz Vo € Wg (0,1).

It is straightforward to see that a can be defined on H}(0,1) and that on this Hilbert-
space, a and ¢ satisfy the conditions of the Lax—Milgram theorem. Hence, there exists
w € H}(0,1) such that

a(w, p) = L(p) Vi € Hy(0,1). (3.16)

To show that w € Wé’oo, we use an appropriate test function in (3.16). For j € N,
let A; be a measurable set such that |A4;| | 0 and |A;]™! fA]- w, dx T ess.sup w,. We

may assume without loss of generality that w, > 0 in A; and, since fol w,dr = 0,



3. A POSTERIORI EXISTENCE IN NUMERICAL COMPUTATIONS 63

there exist measurable sets B; such that |B;| > 0 and w, < 0 in B;. As in the proof

of Proposition 3.7, we define

‘ 1|Aj‘_1, lfl'EAJ

@) ={ ZLB,, ifxeB, (3.17)
0, otherwise.

Testing (3.16) with ¢; we obtain
1 -
2ol 71 [ wede < / W (v, )wepl da
0
1

= /0 [W’(ux)% +up — w@] da

< W ua)lluee + [ — wllur ||

Since L1(0, 1) is embedded in H*(0, 1) and L>°(0, 1) in W1(0, 1) it follows that ess.sup w,
is finite. [

3.2.1 Numerical results

In our numerical experiments, we use an initial guess for the optimization algorithm

of the form
M
Up(z) = Z A sin(mmz),
m=1

where the coefficients a,, are generated randomly. The function U, is used as the
initial guess for a proximal point optimization algorithm. In this optimization method,

to compute the ¢th step Uy, we (locally) minimize the functional
o Ve 2
©(v) = v = Ul +Z(v)

over the finite element space S}(7°). The parameter -, is chosen adaptively. The effect
of the proximal point algorithm is essentially that of a gradient flow, discretized in
time with maximal step lengths. Typically, the parameter 7, is chosen zero for some
step, in which case the algorithm reduces to Newton’s method. For more detail on the
implementation, see §5.3.

Once we have obtained an equilibrium U of Z in S}(7), we compute its residual
estimate n(U) (cf. Proposition 3.9). The radius R is computed using the procedure
suggested in the fifth remark in §3.1. In all experiments only the case n < aR occurred
and no refinement was necessary. Some examples of the computed equilibria are shown

in Figure 3.1.
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Z=0.077, =093 7 =0.0034, o = 0.49

Figure 3.1: Examples of metastable states of the non-convex energy (3.12) as well as
the initial conditions used by the optimization method (a proximal point algorithm)
to compute them. For all numerical solutions, the existence of a nearby exact solution
and an error in the | - [y1.~-semi-norm at most 1072 is guaranteed.
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Since the one-dimensional situation considered here is quite far from three-dimensional
reality where the mechanism creating microstructure is not a term such as %uQ but
a complicated mixing process based on a compatibility condition between gradients,
the results presented here can only give very limited information on the physics of
microstructure. They do, however, serve as a demonstration that the a posterior: exis-
tence idea can in principle be applied to highly nonlinear problems with only negligable
additional computational effort.

It should also be noted that meta-stable states were analyzed previously in [9].
The theory of viscous dynamics developed therein predicts that the arbitrarily fine
microstructure observed when minimizing the energy “almost never” occurs and thus

agrees with the results presented in this section.

3.3 A Hilbert Space Example

In this section, we apply the idea of a posteriori existence to the semilinear Laplace
equation,
—Au+ f(x,u) =0, ulsgq=0. (3.18)

Since the nonlinearity is of a lower order, one can make use of the Hilbert space
structure of the problem which makes it possible to compute the stability constant
in the numerical solution via eigenvalue computations. While the numerical example
remains one-dimensional, the analysis is performed in higher dimensions as well, which
is intended to show that the a posterior: existence idea is not only restricted to one-
dimensional toy problems. For simplicity, we assume that f is differentiable with

respect to u and that f, is globally Lipschitz-continuous in the sense that
| ful@,wr) = fu(m,u)| < Ly, luy — usl fora.e. v € Q Vuy,uy € R.

In this case the following weak form of the nonlinear operator is well-defined.

Let d < 6 and let Q be a domain in R?, i.e., a bounded open and connected set.
We set 2" = # = H(Q) equipped with the norm |u|in = ||Vu|r2. The operator
F: Hi(Q) — H1(Q) is defined by

(F (), ) :/ Vu Vot frug]dr Ve HYQ). (3.19)
Q
Proposition 3.11 The operator F is differentiable in H{(QY) with derivative

(F'(u)v, ) = /Q [Vv -V + fulz, U)U(p} dx. (3.20)
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F'is globally Lipschitz continuous with Lipschitz constant Ly = Ly, C3, where Cyg is
the Sobolev embedding constant of H}(Q) in L3(£2).

Proof.  The proof is a straightforward application of Taylor’s Theorem, the gener-
alised Holder inequality and Sobolev’s embedding of H{(Q) in L3(Q). O

To discretize the equation % (u) = 0 by a Galerkin finite element method, let 7" be a
regular partition (cf. [22]) of Q into d-simplices x with diameter h,, and define

SH(T) = {V € Hy() : V|, is a polynomial of degree p,Vx € 7 }.

Furthermore, let £ be the set of interior (d — 1)-dimensional faces in 7 and, for e € £,
denote h, = diam(e) and v, any unit normal vector to e. The finite element method

(for simplicity we do not consider quadrature approximations) is then defined by
/ [VU'VCID—i—f(x,U)CD dxr =0 Vo e SH(T). (3.21)
Q

Following Verfiirth [95, Chapter 1], we obtain the following residual estimate. For a
detailed discussion of the constant C'(£2,7), which depends only on the quality of the
mesh (cf. [96]). A sketch of the proof is included, mainly to provide a ‘continuum

model” for the discussion in Chapter 6.

Proposition 3.12 Let U € S{(T) satisfy (3.21); then

IFO)r < o@D S n+ 3 n} " =), where

eef k€T
2
776 = he/
e

5]
ne = hi/}—AUJrf(x,U)]zdx.

2
ds, and (3.22)

v,

Proof. Let ¢ € HY(Q) and let ® € S}(7) be defined by setting

1

*& =151,

pdz,

where B, is a suitably chosen neighbourhood of the mesh vertex z. This can be done

so that

o= Pllzey < CohulVellizr,) Ve €T, and
o — @2y < Cehl?|Volizm,) — Ve€ &, (3.23)
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where C, and C, depend only on the local mesh quality and 7}, and 7, are the unions
of all elements which respectively intersect with x and e.
Since (Z(U), ®) = 0, we have

(FU),p) = (FU),p—P)
= /Q[VU~V(<p—<I>) + f(z,U)(p — 9)] da.

Integrating the first term by parts elementwise, we obtain

(Z(U),p) = Z[/B a—U(go—q))ds+/(—AU+f(x,U))(<p—®)dx]

ov
wET K K K
- Z/[gg](@—@)dHE (=AU + f(2,0)) (¢ — @) dx.
ecé € € keT K

The residual estimate follows immediately from an application of the Cauchy—-Schwarz
inequality and the interpolation error estimates (3.23).

For the full details of the proof see [95, Chapter 1] and [96]. [

To avoid an unnecessarily technical discussion of the stability constant, we shall view
(3.19) as a minimisation problem again, i.e., to find u € Hy(Q) (locally) minimising the

functional
1
Z(u) :/ [i\vmz—l—g(x,u) duz, (3.24)
Q

where f = g,. Thus, we are looking for solutions U to the Galerkin method (3.21) for
which .#'(U) is positive. In this case, .#'(U) is an isomorphism and it can be easily

seen that

|7/ @) = inf  (F(U)p,p) = inf / Ve + fulw, U)e?] da.
peH}(Q) peHl(@) Jo
Vel 2=1 Vel 2=1

Thus, computing ||.#’(U)~!|| amounts to finding the smallest Hi-eigenvalue of Z'(U),
i.e., the smallest A € R for which there exists v € H}(Q2) such that the pair (\,v) is a

solution of the eigenvalue-problem
/ [w Vo + fulr, U)w} dz = )\/ Vu-Vedr Ve HYT). (3.25)
Q Q
The strong form of (3.25) is

—Av+ fu(x,U)v = —AAw.
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The Galerkin finite element approximation of (3.25) is to find (A, V) € R x S§(7T)

such that
/ [VV VO + fu(z, U)VCID} der = A/ VV . Vodx Vo e SH(T), (3.26)

Q Q

and such that A is minimal. A warning should be issued at this point. It is not clear
that the smallest eigenvalue of (3.26) approximates the smallest eigenvalue of (3.25).
While L2-eigenvalues of the operator —A + cld are in general well seperated and are
‘clustered’ only at infinity, its H'-eigenvalues are clustered around 1. This follows from

rewriting the eigenvalue problem as

(—=A) tev = (1 — Mo,

and noting that v + cv is bounded in L? while the operator (—A)™!

is compact.
Since their composition must also be compact, it follows that the eigenvalues of v +—
(—A)"tev are clustered at zero, and hence those of the original problems are clustered
at one. In particular, this implies that the H!-eigenvalue problem may be unstable.
The following discussion is based on ideas in [56], to which the reader is also referred
to for further references on the adaptive solution of (L2-) eigenvalue problems.
Set ¢(x) = fu(z,U(z)) and let (A, V') be any solution of (3.26). Obviously, we have

A < A. Let v be the elliptic projection of V' onto the eigenspace of A; then
/ Vo WV 4 oV = Ao VV | de =0,
Q
We add and subtract A(Vv, VV') to obtain
/ [VU-VV—I—CUV—AVU-VV} dx—f-(A—/\)/VU-VVd:E:O.
Q Q
Using the fact that v is the elliptic projection of V', we can rearrange this equality to
yield
(A = N)||Vvi. = —/ [VU -VV 4+ cvV — AVu - VV] dz.
Q

At this point, we need to assume that |[Vv||?, > 1 —6 for some ¢ € [0, 1). Since v and
v — V are orthogonal, this is equivalent to ||[v — V|7, < < 1. In this case, we have

—1

A=A<7— [ [Vv-VV + oV - AVo- VV] da.

—0Ja
The estimation of the residual on the right-hand side, using the usual procedure of
Galerkin orthogonality, integration by parts and a Clément-type interpolation error
estimate (cf. [95, Chapter 1] and the proof of Proposition 3.12), gives the following

result.
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Proposition 3.13 Let V' be the elliptic projection of V' onto the eigenspace of \. If
6= ||V(xV = V)|i. <1 then

Ao < 5 {\1—A\Z€2+292}_ (A, V), where  (3.27)
eel KET

— (1= ANAV + fo(x, U)v‘2 dz.

6 = and

e

eg:hg/

Of course, 0 < 1 is always satisfied and 0 < 1 unless 7V and V' are orthogonal. Hence,
except if f,(x, U) is highly irregular, or eigenvalues are excessively clustered near zero,
the condition |[V(7V — V)||Z, < 1 should not pose a problem in practise. Care has to
be taken, however, and the factor 1/(1 — §) which multiplies the error estimate and
which has to be postulated should be justified in each situation.

Having obtained a solution U to the Galerkin method (3.21), we compute the
smallest eigenvalue of .#'(U) in Sj(7) using (3.26), and define the local ellipticity
constant

= {400 BV
If co(U) > 0 then Z'(U) is positive and satisfies || #'(U)7'|| < ¢o(U)~!. This formu-
lation is purely hypothetical of course, since we cannot know whether V' approximates
the eigenspace of A. It is demonstrated in §3.3.1 how this situation may be dealt with
in practise.

Combined with the findings of this section, Theorem 3.3 with p = 1/2 gives the

following a posterior: existence result.

Theorem 3.14 Let U € S§(T) be a solution of (3.21). If co(U) > 0 and

-1

5 < (401.C5)

then there exists a solution u € H{(Q) of (3.19) (a strict local minimum of the energy

T defined in (3.24)) which satisfies

n(U)

IV(u—=U)l> <2 eo(0);
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3.3.1 Numerical results

To avoid the tedious computation of the constants C'(2,7) featuring in Propositions
3.12 and 3.13, we restrict our experiments to the one-dimensional setting. The poly-
nomial degree of the finite element method is p = 1. We choose the nonlinear reaction
term

flz,u)=u*—a

3

which corresponds to the energy density g(z,u) = tu® — au, where a is a real constant.

3
It is easy to see that infyy 7 = —oo for every a € R. We are therefore interested in
determining values of a for which ‘metastable’ states of Z, i.e., solutions of (3.18) at
which Z” is positive, exist. It is quite straightforward to see analytically that for a > 0
there exists a stable solution for which v > 0. This can immediately be extended to a
less than, but sufficiently close to zero. With the a posterior: existence it is possible
to find a relatively sharp lower bound on a for which solutions exist.

A slightly improved estimation of the Lipschitz constant of %’ gives
Ly <72

Upon using the nodal interpolant rather than the Clément interpolant for the residual

estimates (cf. Proposition 3.9), we also obtain

K
1FZ W5 < mi = n(U), where
k=1

hi

nkf - 7T2 ||f(U)||I2_42({L‘k,1,{L‘k)’

in place of (3.22), and
| K
A-X< T 521 0; =:0(A\, V), where

h3 5
Or = 5 Hfu(U)VHLQ(zk_l,mk)’

e
in place of (3.27).

In all experiments, it was sufficient to compute the three smallest discrete eigenval-
ues in order to obtain a trustworthy stability constant. The smallest discrete eigenvalue
was an isolated eigenvalue near zero. The second was always larger than 0.7 while the
third was always larger than 0.9. This indicates clearly that all further eigenvalues will

cluster closely around 1. The shape of the eigenfunction corresponding to the smallest
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it. | 47 A co | 4Ln/ck | err. est.
20 | 0.070 | 0.051 30.6 —
39 10.039 | 0.032 | 27.8 —
77 10.027 | 0.024 | 18.0 —
153 | 0.022 | 0.021 8.12 —
305 | 0.021 | 0.021 3.06 —
609 | 0.021 | 0.021 1.09 —
803 | 0.021 | 0.021 | 0.95 0.049

N O Ol Wi

Table 3.1: Details of the refinement iterations, based on Remark 4 in §3.1, for the
model problem (3.18) with a = —22.6. 7" denotes the number of mesh nodes, A the
smallest discrete eigenvalue and c¢q the resulting stability constant. The convergence of
the stability constant indicates the existence of a nearby exact solution.

discrete eigenvalue was smooth and therefore it was save to assume that 0 was small.

To be save, however, § = 9/10 was used.

We describe two experiments, taking a = —22.6 and a = —22.61. In both cases,
for different mesh sizes, a local minimum of the energy functional was computed. It
is well-known of course that a local minimum of the finite element method may not
correspond to any critical point of the exact problem. The a posteriori existence
method is able to capture such a situation as demonstrated in the following.

Our first experiment, the refinement iterations of which are shown in Table 3.1,
is with a = —22.6. We observe that the stability constant converges, while the value
4Ln/ck decreases quite rapidly. As it decays below 1, the resulting error estimate is
|u — Ul < 0.049.

In contrast, in Table 3.2, which shows the experiment for a = —22.61, the stability
constant clearly tends to zero while the number 4Ln/c tends to +oo. After the fifth
iteration, at the very latest, one should become highly suspicious of the computed
numerical solution. And indeed, at the next refinement iteration, the local optimization

method did not terminate, and the energy ‘converged’ to —oo.

Conclusion

In this chapter, an extension and refinement of the methodology for a posteriori (error)
analysis of nonlinear equations was suggested. Based on the numerical computation
or analytical estimation of a local stability constant, the assumption usually employed
that an exact nearby solution exists may be omitted. Two general strategies in an

abstract Banach space setting were presented. Possible applications are:
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it. | 47 A Co 4Ln/c3 | err. est.
120 | 0.067 | 0.048 35.1 —
2139 | 0.033 | 0.026 42.6 —
3| 77 | 0.016 | 0.014 25.8 —
4 | 153 | 0.0075 | 0.0066 | &7.2 —
5 1305 | 0.0019 | 0.0016 | 521 —

Table 3.2: Details of the refinement iterations, based on Remark 4 in §3.1, for the
model problem (3.18) with a = —22.61. 7" denotes the number of mesh nodes, A the
smallest discrete eigenvalue and ¢y the resulting stability constant. The divergence of
the stability constant indicates that the numerical solution is spurious, i.e., it does not
correspond to an exact solution of (3.18).

e Rigorous error bounds in adaptive numerical computations;

e Experimental investigation of solutions to equations where no general existence
theory is available but linearized stability estimates can be obtained; for example,

a survey of parameter regimes.

Two examples were given to demonstrate some practical aspects of the a posteriori
existence idea and to show that it can indeed be employed in practically relevant
situations. Both examples were of such a nature that with sufficiently high effort,
similar results could have been obtained analytically. This is a typical effect in the
application of a posteriori existence. If the analytical knowledge about an equation
is very poor then it would indeed be very difficult to find estimates for the stability
constant. Improved methodologies that use as little analytical knowledge as possible
are under investigation.

The nonlinearity of the second example is only of lower order which makes it possible
to use Hilbert space techniques only. By contrast, the techniques used in the example
of §3.2 are truly one-dimensional, as is the analysis in Chapter 5. The use of the Wh°-
topology makes it by no means straightforward to extend it to higher dimensions. This
is currently the biggest restriction of the work presented. Were it lifted, a wealth of

new applications would present themselves.



Chapter 4

A Prior: Analysis of the
Quasicontinuum Method in One
Dimension

The lack of a convincing analysis of the QC method, even in one dimension, was
outlined in detail in §1.4.5. The purpose of this chapter is to close this gap by developing
a technique to derive optimal a priori error estimates for stable solutions. We shall see
that even in the one-dimensional case the analytical effort is considerable. In order to
keep the presentation simple, we consider only pair-interaction energies with interaction
potentials of Lennard—Jones type, but this should not be a true restriction. A detailed
description of our model problem is given in §4.2.1 and of the version of the QC method
analyzed in §4.2.2.

While, to some extent, the computations to obtain the coercivity are contained
in [59] the novelty of the approach is to look at coercivity and stability with respect
to the wl>-norm, a discrete version of the W' Sobolev norm which is defined in
84.1. This makes it possible to give precise conditions under which local monotonicity
assumptions, such as Assumptions 1. and 2. in [60], are justified. Furthermore, to the
best of the author’s knowledge, the case of defects has so far not been analyzed for a
realistic QC model with long-range interactions.

Probably the most remarkable feature of atomistic models is the large number of
critical points. Already in one dimension, it is fairly straightforward to see for many
problems that the number of solutions is at least as large as the number of atoms in the
body. Therefore, error estimates must necessarily be restricted to local results. Due
to the possibility of fracture, stability of solutions can only be obtained with respect

to the wl*°-norm or a similar topology. The basic idea is to show that if the mesh is

73
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able to resolve the exact solution (this can be measured in terms of the interpolation
error) then there exists a nearby QC solution for which an error estimate holds.

Ultimately, however, the results are only realistic in the elastic case, in the sense
that we can actually expect to find the QC solution which satisfies the error estimate
that we derive. For example, when an exact solution we wish to approximate is a
fractured state then we can prove under certain conditions that there exists a nearby
QC solution, however, we should not expect to find it numerically. If only one atom
lies on the wrong side of the crack then the error in the discrete wl*°-norm cannot
‘converge’ to zero.

Therefore, in Chapter 5, for the a posteriori error analysis of the QC method, we
reverse the role of the exact and the QC solution. We derive bounds on the residual of
the QC solution and show that, if the QC solution is stable and its residual sufficiently
small, there exists an exact solution of the atomistic model for which we give an «a

postertort error bound.

4.1 Discrete Function Spaces

It will be notationally convenient to define discrete versions of the usual Sobolov norms.
First, for u = (u;)Y, € R¥*! we introduce the discrete derivatives
r_ Ui T Ui

. U; 1—2U‘+U‘_1
u,=————  i=1,....,N and u/ = s ‘ ’
€ g2

. i=1,...,N—1,

where ¢ is a lattice parameter that can be adjusted to the problem at hand and should
roughly be the distance between two neighbouring atoms in an undeformed state. For
1<p<oo,uecRY 0<i <iy <N, we define the (semi-)norms

i 1/p
I E(ii2) — Zdui‘p) )

=11

ia 1/p
‘“wé’p«n,m» - Z 5|U§\p> , and

i=i1+1
in—1 1/p
_ "p
ulzrgiy = | Do el '
i=i1+1
For p = oo, we define the corresponding versions,
ulleze iy = max Jugl,
i=11,...,02
. /
ulgioo@i iy = . max [u], and

i=11+1,...,22
J— /!
‘U\wg,oo((ilm)) = i:ilir}’a.%2_l [y |.
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Sums or maxima taken over empty sets are understood to be zero. If the label (i1, 7))
is omitted we mean 2; = 0,75 = N. For reasons that will become apparent below, we
will only require the p = 1 and p = oo versions of these (semi-)norms in our analysis.

B(y, R) is understood to be the closed ball, centre y, radius R, with respect to the

1,00

2°°-semi-norm.

W

For u,v € RV*! we define the bilinear form
N
(u,v). = Z EU;V;.
i=0

4.1.1 Functionals

We fix the notation for derivatives of functionals. Let ¢: RV*! — R be differentiable
at a point u € RY¥*1. We understand the derivative of ¢ in u as a linear functional
¢ (u) = ¢'(u;-): RN — R defined by

d(u+v) = ¢(u) + ¢ (u;v) +o(|v]), asv — 0,

where |v| denotes the Euclidean norm of v. Similarly, if ¢ is twice differentiable at
u € RNt the second derivative of ¢ at w is a symmetric bilinear form ¢"(u) =
" (u;-,+): RV x RNTL — R defined by

b+ ) = 6(u) + ¢ (1;0) + (1w v,0) + o([o]?), as v — 0.

When ¢’ is interpreted as a linear functional we may also write ¢'(u;v) = ¢'(u)v.

Similarly, we shall write ¢”(u)v for the linear functional defined by ¢"(u;v, ).

4.1.2 Auxiliary results

In this section, we collect some results that are used throughout this chapter, and
which are closely related to, and whose formulation and proof do not differ much from,
their corresponding continuum versions. The important fact to note is that all bounds

are uniform in €.

Lemma 4.1 Let (¢;)k, € RY and S5 g; = 0; then

L
‘gl| S Lilzmk_gkflwﬁi,ka 1= 17"'7L7 (41)
k=2

where ¢ip =k —1 fork=2,...;iand ¢;, =L —k+1 fork=1i+1,..., L.
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Proof. Sete=1andletie {1,...,L}; then

L
lgi| = gz—L_lzgj
j=1
L
= L Z(gi_gj)
j—l
< I- Z|gl gl + L7 Zlgz 9l
Jj=i+1
< L‘lz Z gy + L7 Z Z |9%]
j—l k—jJrl j—i+1 k=i+1
_ I Z|gk|zl+L Zlgklzl
k=i+1
— L Z|gk| ~ 1)+ L Zlgle k+1). O
k=i+1

Lemma 4.2 (Discrete Friedrichs and Poincaré Inequalities) Suppose that L >
1, and that (f), € R¥ and (g,)=, € R such that fo = fr = 0 and 31, g; = 0.
For p € {1,00} we have

1
ror) < Q(GL)|f|W;vP((O,L))> and (4.2)
1
Hg”ﬁ’;((l,L)) < i(GL”g‘w;’P((LL))- (4.3)
Proof. First, we note that all occurrences of € can be removed from the results

by simple cancellation. Furthermore, the inequalities are trivial if L = 1. Thus, we
assume without loss of generality that e =1 and L > 2.

We begin with the case p = 1. To obtain (4.2), consider

L
Z‘fz‘ -
i=0

Mh

\fz\
[0 -s o] S0
i\ — fiml

1 j=1

_ L%(l - %) ;m — fial.

-
Il

~ =
—

I
[\ElﬂH

@
Il
-

h
—

[N
(NN

7
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To obtain (4.3), we sum inequality (4.1) over i = 1,..., L to obtain

L L 7 L L
Dolgil < LY D Mgk =D +L7DY 0D gL —k+1)
1=1 =1 k=2 i=1 k=i+1
L L L k—1
= LD gD (k=D + L) gl > (L —k+1)
k=2 i=k k=2 i=1
2 <
= ZZ\gk(/ﬂ—l)(L—kH)
k=2
k-1 E—1\ <& L&
< _ - o< Z ! )
< 2, () (- ) Dl < g i

L |f;]; then

=U,...,

----------

Similarly, we also have

maX |fil = 1fil < Z |fi = fi-al < (L _Z)]Hllax |5 = izl

..........

Jj=i+1

and therefore,

max |f3] < min(i, L~ 1) max [f; ~ -1,

which gives (4.2) with p = oc.

Using Lemma 4.1, we have, for each ¢ =1,..., L,

g < L~ Zlgjj—l + L7 gL -+ 1)

J=i+1
< %jrgﬁﬁ\g];[(z—1)+(L—z)(L—z+1)]
= %jm?‘)f 95| [L* + L — 2Li + 2i* — 2i]
- %j;ngg GI[E(L = 1) = 2(L — )i — 1)
1

Note that (4.2) and (4.3) are of course valid for any p with constants independent of

. Furthermore the optimal Friedrichs constants C), ; and Poincaré constants C_’p7 L in
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the cases p € {1,2, 00} satisfy

C _ 1ot s 1)z if L is even,
L= 9 7o BT (1/2) = (1/2L), if Lis odd.
B 1/2, if L is even, ~ 1 1
Cootr = { (1/2) = (1/2L), if Lis odd. * 24 Coer =5 =57, and

1 _
— = lim Oy, <Oy =0y =
7r L T = TRl 217 9L sin(r/(2L)

In one dimension we also have the following embedding inequality.

) < Cho = 812 Cyy = Cyy = 0.

Lemma 4.3 Let (f;)E, € RET with fo = f;, = 0. Then,

If
Proof. Foreachie {1,...,N — 1}, we have

1
iz=(0.0) < 51f Lt o,ny-

Ifil < Z&\fj’.\ as well as

J=1
N

1fil < Z’f|f;|

j=i+1
Adding the two inequalities gives the desired result. [

Finally, we combine the estimates of Lemma 4.2 to obtain the following interpolation

error estimates.

Theorem 4.4 (Bounds on the Interpolation Error) Suppose that (f;)E, € REH
and let

1
Fi= fo+ Z(fL — fo)
be the affine interpolant of f. Then, for p € {1,000},

1
|f_F|w;»P((o,L)) < 5(5L)|f|w§’p((0,L))> and (4.4)

1
If = Fllepn < 7ED 1 Lo (4.5)

Proof. First note that the grid function f = f — F satisfies fy = f;, = 0 and
therefore S°F | f/ = 0. Inequality (4.4) therefore follows directly from (4.3).
The estimate (4.5) can be obtained by applying first (4.2) and then (4.3),

1
1f = Flleory < Q(EL)H(f — F)llei,ny
1
< Z(€L)2Hf"H1z§((1,L71))

1
- Z(eL)2|f|w§»P<<o,L>>' -
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4.2 Model Problem and QC Approximation

4.2.1 The atomistic model problem

Fix N € N. Each vector y = (y;)Y, € RV™! represents a state of an atomistic body,
consisting of N 4+ 1 atoms. To each such deformation we associate a pair-potential

energy
i1

:Z J(y; —

i=1 j=0
Upon defining the lattice parameter ¢ = 1/N, and writing y; instead of ey; we can

rescale the energy to

[y

1—

=> > (e — ;) (4.6)

=17

I
o

without changing the problem. Such a scaling highlights the practically relevant case
where € is small in comparison to the length-scale of the problem. For examples of
interaction potentials see §1.2.1.

For the scope of this chapter, we shall not assume that the potential has a cut-off
radius, but instead analyze the error that is committed with this simplification. We
assume throughout this chapter that there exist zg € [—00, +00), 2, 2 € R such that
20 < 2¢/2 < zpp < 2z, and

J € C¥(2,00), J(zn)=0, J'(2)=0,
J(z) = 400 as z — 2+, J(z) =400 Vz <z, (4.7)
J'(2)>0 Vz2e(0,%] and J"(2) <0 Vzé€ [z,00).

The only condition which is not natural is the assumption that z;/2 < z,, which con-
siderably simplifies the analysis and is not a true restriction — any realistic interaction
potential should satisfy this. For example, assume that J is the Morse potential with
a =5.0. In that case, J'(2;/2) ~ —659 while J'(z;) ~ 0.024, i.e., it requires an amount
of force, several orders of magnitude larger to compress the specimen beyond z;/2 than
it takes to break it.

Before we define what we mean by an atomistic solution, we recall from our dis-
cussion in the introduction that atomistic deformations are typically only meta-stable
states rather than global minimizers. This has also been amply demonstrated in Chap-
ter 2.

We consider a ‘Dirichlet’” problem where the atomistic deformation is prescribed

at the endpoints. It would also be possible, and in fact easier, to consider a problem
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with a Dirichlet condition at one end and a Neumann condition at the other end of the

interval. We define the set of admissible deformations as
o ={y € RY o =0, yy :yﬁ} and @ = {y e RN yg = yy = 0}. (4.8)

Each f € R¥*! represents a linear body force. The atomistic problem is to find

a critical point of the functional E(y) — (f,y). in <. From the assumptions we have

made on the interaction potential it follows that F is differentiable at every point which

has finite energy. Thus, a critical point y of E(y) — (f,y). in &7 with finite energy must
satisfy

E'(y;v) =(fiv):  YveE . (4.9)

If y satisfies (4.9), we say that E'(y) = f in <.
Elastic deformations are those whose gradient is sufficiently close to z,,, in a region
where the potential J is convex. Such solutions exist whenever f is sufficiently small.

This is measured with respect to the dual norm

Hf”* = max <f7v>5-

ve o
vl 11=1
We

Since we can interpret f as a linear functional, we can extend the definition of the dual

norm to linear maps ¢: % — R by

€]l = max|¢(v)].
vl 11=1
We

For future reference, we define the quantities

pi(z) = Zr\J’(m)\, and (4.10)
r=2
_ 2 : "
p2(z1,22) = ;T erélzlg@(] (rzm), (4.11)

which are important in the analysis of existence and stability of elastic deformations.
The quantity p;(z) is an estimate for the residual of the affine deformation y; = 2zi/N
which we use to derive the existence of a reference state. We shall assume throughout
that p; is continuous in a neighbourhood of z,, which, for the Lennard—Jones and the
Morse potentials, follows from elementary calculus. The number ps(z1, 25) is used to
estimate the inf-sup constant of E” in the set {z; < 3/ < z5}. For the analysis of the

QC approximation, we will also use

e}

p3(z1,29) = ZT2 max |J"(rz)], (4.12)

21<2<22
r=1

which is a Lipschitz constant of E’ in the set {23 <y, < z}.
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4.2.2 Quasicontinuum approximation

A QC mesh 7 is defined by choosing indices 0 =ty < t; < --- < tx = N and setting
T ={to,...,tix}. Foreach k =1,... K, we set hy = (ty —tx_1), the physical length

of the kth element. The set of piecewise affine deformations is given by

e
Vi + Ve, i ey S0 < 1y

Sl(f)z{VeRN“:Vizi . }
tk — tk,1 tk - tkfl

We define the set of admissible QC deformations and QC test functions respectively as
A(T)=dNSYT) and o (T)= NS (7).

For convenience, we sometimes use the notation V4 = V;, and Vk/ = V/ for the nodal
values of an S(.7) function. For our analysis it is also necessary to define the inter-
polant IT: RN — SY(.F) by Tlu = (TTw;)Y, and

Hutk:utk, k:O,,K

Note that if y € &7 then Ily € &/ (7).
The Galerkin approximation of (4.9) in &/ (.7) is to find critical points of E(Y) —
(Y, f)e in &7 (7). Any such critical point Y € &/ must satisfy

EY;V)=(f,V). VVed(F). (4.13)

However, in view of the long-range atomistic interaction, which, for the purpose of
evaluating the energy and its derivatives still necessitates the computation of very
large sums, it is helpful to make some further approximations to the energy functional.
First, it is common to replace J by a cut-off potential .J, which vanishes outside a
certain cut-off radius p.. If the deformation gradient is bounded away from zero, then
the number of atoms over which one needs to sum is bounded by a small integer.
This purely one-dimensional effect means that it is unnecessary to make any further

(summation-rule type) approximations to the atomistic energy; thus we define

N—

BE(Y) =3 > el (Yi-Y)).

i=1 j=

[y

For the analysis of the coercivity of the QC approximation we will need the quantity
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To approximate the body force potential, we can use a so-called summation rule,
i.e., a discrete version of a quadrature rule. In order to recover the full atomistic
problem in the limit, it is reasonable to employ a trapezium rule. Thus, we define the
discrete bilinear form N

(f,v)7 = ell(fv).
=0
The full QC approximation to (4.9) is then to find Y € o/ (7) satisfying

E(Y;V)=(fV)s VYV eca(T). (4.14)

4.3 Elastic Deformation
In the first part of this chapter, we consider elastic deformation only.

Theorem 4.5 Let J satisfy the assumptions of §4.2.1 and, in addition, assume that
there exists an R € (0, min(z,, —2¢/2, 2t — 2m)) such that py(zm) < Rp2(zm—R, 2z +R).
Then the following hold:

(a) Coercivity: There exist z1, 2z € R, independent of €, such that zy < z,, < 23 < 2
and
inf inf  sup E"(y;u,v) > $pa(z1, 22) =: ¢o > 0, (4.15)

ye(@”e ue ve

el (Loo =1 Ju] 1 1=1
where 2, = {y e RN 2y <yl <z, fori=1,...,N}.

(b) Ezistence: There exist 61,0, > 0, independent of €, such that for every yi € R
with |yK —zn,| < 81 and for every f € RN with || f||. < da, there exists a solution
yr of (4.9) in 2.

(c) Stability: Let yr,y, be solutions to (4.9) in Z.N </, corresponding respectively to
the right-hand sides f,g € RN+, then

Y — Yglyroe < ot If =gl

Theorem 4.5 is of theoretical relevance in that it gives a relatively sharp condition under
which elastic solutions to (4.9) exist and are stable. It furthermore directly relates the
shape of the interaction potential to the coercivity of the energy. In practice, we would
numerically determine a region where E” is coercive and then prove that it contains
a reference state, using the condition pi(z,,) < min(z,, — 21, 22 — 2m)p2(21, 22). We

demonstrate this in §4.5.
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For the formulation and proof of the a priori error bound, there are several options.
One could simply formulate a QC version of the existence theorem and prove that
the elastic QC solution satisfies an error estimate. However, it seems more illuminat-
ing to make fewer assumptions on the structure of the problem, and impose stronger
assumptions on a particular solution instead.

For any given f € R¥*! and a solution y € & of (4.9), we identify three error

sources: the interpolation error,
& = |y — Tyl (4.16)
the perturbation of the linear form,

52 - Vg}{?(}g]) ’(f; V)ﬁ - <f, V)E}, (417)
VI 1,1=1

and the perturbation of the energy,

3= max max |E'(Y;V) — E'(Y; V). (4.18)
Yed/(7)n2. VA ()

Theorem 4.6
(a) Let Z. be defined as in Theorem 4.5; then,

min min ~ max E'(Y;U,V) > 1ps(z1,2) =co, and (4.19)
YeSL(T)NZ, Uety(T) Vedy(T)
Ul 1,00=1 V] 11=1
We We

max max max E'(Y;U V) < p3(z1,29) = c1. (4.20)
YeSU(TINZ, Ueedo(F) Vean(T)
\U\Wl,ooil \V\W1,1:1

(b) Lety € Z.Na be a solution of (4.9) and define R = min,—; __y min(z, —y, v —
z1). Assume, furthermore, that the QC mesh 7 s sufficiently fine so that

0151 + 52 + 53 S CQR. (421)
Then, there ezists a solutionY € o/ (T) N Z. of (4.14) which satisfies
|y — Y|W;,oo S Cal <(CO + 01)51 + 52 + 53) .

If pa(z1, 22) > 0, then the QC solution is unique in </ (T )N Z,.
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(¢) The error quantities &, &, and Es can be bounded as follows:

& < 4 max, hilylazee i, 10y (4.22)
& <  max hy max (| f], 259 (44 1t) (4.23)
we ™ (tp—1+1,ty) + 2‘f|W;’°°((tk—1,tk—1)))’ and
< !/
& < ;TZ1I£3<X22 }J (rz)—J (rz)’ (4.24)

4.3.1 Coercivity of the atomistic problem

For this fairly straightforward but tedious analysis it is convenient to rewrite the energy

and its derivatives in the following form. First, we rewrite F as

ZZsJ(Zyk> (4.25)

i=1 j=1

For the moment we will only need E”, however, for future reference we first compute

E’" which can be written in the form

o - EEAE(£)

=1 j=1

- Z Z Z ew, J' (e7 M (yi — yj-1))

i=1 j—l n=j

:zzwzf4 )

i=1 n=1

_ n; cu, ( 3 Z J (e i~ yjl))>

i=n j=1

N
= Y eFi(yu), (4.26)
n=1

where

ZZJ' Hyi— i)

i=n j=1
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If F is twice differentiable at a point y, then E”(Y") is most conveniently written in the

form
N i i 1
E'(y;v,w) = ZZgJ//(ffl(yi—yjl))(Z“;n) (Zw;>
i=1 j=1 m=j n=j
N
SDILTH3) 9 SR CUTE)
i=n 1 m=
N Ji n/\ri
= stgzzz " (e —yj-1))
i=n m=1 j=1
nAm
- ZZ%%( 2 2T M))
n=1 m=1 i=mVn j=1
N
— Zzgpé’mvmwm (4.27)
n=1m=1
where .
F// o Z ZJ// —1 yj—l))-
i=mVn j=1

Our aim in this section is to identify a set of deformations,
Zo={yed :zn <y < n},
with 21 < 2, < 23 < 2 for which E”(y) satisfies the inf-sup condition

min min  max E’(y;u,v) > c¢o > 0.
yej}’é u€ ol ve
\u\w;,oo=1 [v] wh1= 1
For convenience, we have assumed in §4.2.1 that z,, > z;/2, and hence we may assume
here that z; > z,/2 as well. This implies that
{ J"(z) >0, forz <z< 2z, and

J"(z) <0, forz > 2z, (4.28)

and consequently F/ < 0 whenever n # m.

The proof of the inf-sup condition is based on an argument related to row diagonally
dominant matrices. Fix u € % and choose p,q € {1,..., N} such that u;, is maximal
and uy is minimal. Since u € @ we have sz\il u; = 0 and hence uj, > 0 and u; < 0.
We define the test function v by
e, if i =p,

e, if i =¢q, and
0, otherwise.
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It is clear from the definition of v that v € @4 and |v| 110 = 1. Let P = {i : uj > 0}
and @ = {i : v, < 0}. Using (4.27), we have

N N
E"(yiu0) = Y eFn (g,

n=1 m=1
1 N N
= o Y eFn i — o= Y Fl ),
n=1 n=1
1 1 1
= SERNG+ 5 Y Fat, = S (), = S Fl ()l
n#p n#q

Using (4.28), we see that for n # m we have F (y) < 0. Hence, we obtain

2E"(y;u,v) > Ep(yu,+ Y Fn ), — Fa(y)uy— Y Er(y)u,

meP\{p} meQ\{q}
> wlBm+ 3 W]+ ) Fwm+ Y FLw)]
meP\{p} meQ\{q}
N
> fulye Y FNL(y), (4.29)
m=1

where n € {p,q}. Thus, to prove the coercivity estimate (4.15), we need to show that
the matrix (F)” )n.m=1

to obtain a lower bound on the sum in the last expression. To do so, we split the sum

~ is strictly row diagonally dominant; more precisely, we need

-----

as follows:
N n—1 N m N n N
SEL@ = DYDY I i)+ Y DY T (e i —yi-))
m=1 m=1 i=n j=1 m=n-+1 j=1 i=m
n N
P IRACH USSR
7j=1 i=n

For all pairs (7, j) with ¢ > j we bound

J" (e HNy; —yj_1)) > min J"(( —j+1)z ) = J'(i—j+1),

21<2<z9

which we use to estimate

N n—1 N m N n N
SELy = Y YN S+ 0+ > d Ji-j+1)
m=1 m=1 i=n j=1 m=n+1 j=1 i=m
n N

+ZZ (i—j+1). (4.30)
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In the first triple-sum, we exchange the order of summation three times to obtain

N n—1n—1

J'i—j+1) = Y D> Y Ji—-j+1)

m=1 i=n j=1 i=n j=1 m=j

M =
NE

> Z(n—j) PORPAGH

where we used the fact that J”(r) < 0 for » > 2. We change the order of summation

again,
n—1 n—1
§ J// — E J// § n o j)
]:1 r=n—j+1 r= j=n—r-+1

_ % i 7" J//
r=2

where we used Zj —nyp1(n—j) =7r(r—1)/2. Similarly, for the second triple-sum in

(4.30), we obtain

[\DlH

Z ZZJ”z—j—i—l ir 1)J"(r

m=n+1 j=1 i=m r=2

For the third term in (4.30), we have

ZZJ// ]‘f‘l > Z Z l”(r)

7j=1 1=n =1 r=n—j+1

=2 2 I

r=1 j=n—r+1

= Zrl"(r)

On combining this with the previously obtained bounds, and recalling the definition

(4.11), we finally arrive at

Z Fl(y) =) r?J"(r) = pa(21, 22). (4.31)

Therefore, returning to (4.29), we obtain

max  E"(y;u,v) > colul 1, (4.32)

ve o
vl wh1= 1
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where ¢y = % p2(z1, z2). We refer to Appendix 4.5 for specific values of zq, 2o and ¢ for

the Lennard-Jones and the Morse potential.

4.3.2 Proof of Theorem 4.5

The proof of Theorem 4.5 as well as the extension to fracture solutions in §4.4 rely on

a local existence result which is a direct corollary of Theorem 3.5.

Lemma 4.7 Let || - || be a norm in o, R >0 and § € <, and define & = {y € o :
ly — 9|l < R}. Suppose, further, that:

(i) @: RV — (—o0, 4+00] is three times continuously differentiable in Z ;
(i) ®'(§) = f in o ; and
(iii) there exists co > 0 such that for all y € &,

. 1!
co < min max ¢ (y;u,v). 4.33
0= ue o) ve (y’ ’ ) ( )
lull=1 |v| 1,5=1
We

Then, for each f € RNTL satisfying || f — fH* < ¢oR, there exists a unique y € % such
that ®'(y) = f in <. Furthermore, the solution y satisfies

ly = all < oIl = Fll-- (4.34)
Proof.  The result follows from Theorem 3.5 by setting . # = @', || - |2 = || - || and
|- [lz = |,11. Note furthermore that in finite dimensions, ¢y > 0 implies (3.9). [

Lemma 4.7 gives a clear path to the proof of Theorem 4.5. We have already established
the necessary conditions for coercivity in the previous section.

To show the existence of a reference state, we define the deformation y” = iyl
where we assume that z; < y& < 2z, and estimate the residual E'(y”). Tt is more

convenient to do this in the following alternative representation of E':

N-1
E'(y;v) =) E,(yv; Yy o Ve, (4.35)
n=1
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Using the embedding inequality |[v]|se < %|U|W;,1 (cf. Lemma 4.3) we can estimate
|E'(y;0)] < Z\E' Mvllee < Z\E' vl

which implies that

I1E(y) Z 1B (y (4.36)

For y = y”, we have

2n—N—1
E,(y") = Y J((n—iyy) Z J'(( Y )
=0 i=2n-+1

and, taking absolute values,

Ewl< Y Tyl

r=nA(N—-n)+1

Thus, we can estimate

N—-1 [e%S) [e'S)
IEGO. < 5 S IEW < 530 3 1R
n=1 n=1r=n+1
co r—1 e’}
< 32V < 530 - DR = GnlR)
We now apply Lemma 4.7 with ® = F, || - [| = | - |1, § = y” and f = 0. If
37 (uR) < 3p2(z1, 22) X min(z — YR, & — 21), (4.37)

there exists a reference state y* € o satisfying (4.9) with f = 0. From the stability
estimate (4.34), we infer that

_ p1(UR)
o0 S Col”El(yD)”* S pQ(ZlA;2>‘

If the inequality in (4.37) is strict, there exists an R > 0 such that {y € & : |y —
Y| yree < R} C Z¢. Thus, for || f[l. < coR =: 9, there exists a unique solution to (4.9)
in Z,.

To complete the proof of Theorem 4.5 we only need to show that the numbers
21, 29 satisfying our assumptions exist. This, however, follows immediately from the

assumption that p1(z,) < Rpa(zm — R, 2z, + R) and that p; is continuous.
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4.3.3 Coercivity of the QC approximation

In order to apply a similar technique as in §4.3.2 to prove the existence of a QC solution
near an exact solution, we need to show that E” is also coercive in o (.7), i.e., that

there exists a constant ¢, > 0 such that, for all Y € 2, N &7 (.7), we have

inf sup E"(Y;UV)>é

Uedo(T) vewy ()
vl 100*1 v wh1= 1

To this end, fix U € «%(.7) and pick p,q € {1,..., K} such that Up, is maximal and
Uq, is minimal. Similarly as before, we also let P = {i: U >0} and Q = {i: U < 0},

and we define

17— e

, 2h, L if k=p,

Ve =% —3h,', if k=g, and
0, otherwise.

This gives

E"Y;U, V) = ZZeF" ULV

n=1m=1
— €F// U/ o €F//
2h Z Z Z Z
n=1m=t,_1+1 n=1 m=ty_1+1

v

— — tq
ip Z Z F// % Z Z F//

m=tp,_1+1 neP m=tq_1+1 neq

Using the estimate (4.31), we obtain

tp - tq

U U
E”(YQ U, V) > Tp Z 5,02(2172’2) - Tq Z 5,02(2172’2)
2 pmztp_1+1 2 qmth_1+1
> CO|U|W1 o0,

where ¢y = % p2(z1, 22), i.e., we have the same inf-sup constant as in the case of the full
test-space 7.

If we now replace E by E in all the above computations, we obtain instead

min min ~ max E"(Y;U,V) > 1ps(21, 20). (4.38)
Yed(T)NZ. ‘U‘edo(ml b eoho()
l oo~ Wl 1 -1
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4.3.4 Proof of Theorem 4.6

Stimulated by the a priori error analysis in [78] and the proof of Theorem 3.3, we begin
by rewriting the QC approximation as a fixed-point problem. To this end assume that
Y € &/(T) N 2 satisfies (4.14). Let y € &/ N 2, be an exact solution and let Ty be
its interpolant. We then have, for all V' € % (.7),

/1 E'(My+7(Y —Iy); Y — 1y, V) dr = E'(Y;V) — E'(Ily; V) (4.39)
= EY;V)-EY;V)+ {(f,V)g — (£, V) + E(y; V) — E(y; V) = by (V).

In fact, we see that Y is a solution of (4.14) if, and only if, it solves (4.39) which we
rewrite as a fixed point problem. Let ¢ € o/ (7) N Z,. We define the fixed point map
L:d(T)NZL — d(T),Y,=L(~p) by

1
/ E'(Ily + r(p — y) Y, — Ty, V)dr = (,(V) YV € (). (4.40)
0

By the Integral Mean Value Theorem, there exists 6 € conv{p, [y} C Z. such that
fol E'(Ily + 7(¢ — lly))dr = E"(6). Hence, if ¢y > 0, the map L is well defined and

we can rewrite (4.40) as
E"0:Y, ~ Ty, V)= 0,(V) YV € d(T).
Upon taking the supremum over all V' € o4 (.7) with [V[ 11 =1 we obtain

colYy, — Hy|wé,oo < max |[l,(V)] < 1€ + E + &s,

T Vedy(T)

where ¢; is a Lipschitz constant for £’ in %, and &;, i = 1,2,3, are defined at the
beginning of §4.3. Thus, in order for £ to map «7(.7) N Z. into itself, it is sufficient
that

.....

a1+ E+E <cy I{linN min(ITy; — 21, 20 — I1y}).
Since Iy, =y, for K =0,..., K, it follows that

173

> ey — h(Tly), =0,

i=ty_1+1

and hence min(Ily, — z1, zo — Ily}) < R. We conclude that if (4.21) is satisfied then
L maps ()N %, into itself. The Implicit Function Theorem implies that £ is

continuous. Therefore, by Brouwer’s fixed point theorem, £ has a fixed point Y in
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I (T)N Z.. From our discussion above it follows that Y is a solution to (4.14). From
(4.38) we see that if pa(z1, 22) > 0 then the QC solution is unique in «7(.7) N Z,. This
concludes the proof of part (b) of Theorem 4.6. We are only left to prove the stated
bounds on ¢, and &;, 1 = 1,2, 3.

To bound E” in %, we compute

|E"(0;U, V)| = ZZe|F” WUL[Vin]

n=1 m=1
< \U\wg,wZeWWZ\F"
N
< WhgelVlgo o, 37177 (0)

We can bound the sum in the last term by a computation identical to that in (4.31)
except that the signs are reversed, and thus we obtain (4.20).
To bound &; we simply use Theorem 4.4 with p = co. For &, we use Theorem 4.4
with p =1 to estimate
N
(V)7 = (£ V)] < D e[I(fV)i = fiVi

i=1

K
= th|n fV| 2 (b ,tr)”

k=1
Fori=1t,_1+1,...,t; — 1, using the fact that V" = 0, we have

(V! = e 2(fix1Vigr — 2£iVi + fiiaVis)
fir1 = 2fi + fie 1y fz+1 fiVigr = Vi n fi— i Vi=Vi

g2 € € €

Thus, using the discrete Friedrichs inequality (4.2), we obtain

L(tp—1+1,t—1)

’<f7V>9_<f7V>E} < Z [

(tp—1,tk)

(|f|Ws (tr— 1+1tk))+|f|ws (b1t — 1)))|V| St 1%))]

< max h; max (

.....

22 (41t 21 L
+2|f‘ C(tp—1,tn— 1)(

We apply (4.2) to estimate ||V < %|V|W;,1 and thus prove the bound (4.23).

" (th—1+1,t)

%‘V‘w;,l).
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Finally, using (4.26), the bound (4.24) on &; follows from

N
[E'(0; V)= E'O:; V)] < > elFn(0) — Ey(0)][V;]
n=1
< max |5, (0) — FL O]V,

and a computation that is identical to the one leading to (4.37).

4.4 Fracture

We now look at a class of solutions of the atomistic model (4.9) with a single defect
— a fracture. We fix an index £ € {1,..., N} and consider deformations y € o/ such
that y; > 2, while 2y <y} < 23 < z for i # . The fracture is the broken interaction
between the two atoms at y. and y._;. Elastic states and fractured states with a single
crack are the only stable steady states in one dimension. If at least two gradients y;, y;
are greater than or equal to z;, it can be easily seen that E”(y) has at least one negative
eigenvalue (cf. §5.2.2).

However, even with a single fracture, it should be apparent from the analysis of
§4.3.1 that we cannot expect (4.32) to hold when [ul 1.0 = |ug| since J"(ug) ~ 0. We
therefore change the norm in which we analyze the error into the norm | - ‘W;:;o defined
by

lu| 1.0 = max |uf
e, f i=1,...,
i#6
Since we have imposed a Dirichlet condition at both endpoints, | - | 1. is indeed a
e f

norm on %%. We use By(y, R) to denote the balls, centre y and radius R, with respect

to the | - [ 1.0-semi-norm. As was hinted above, we define
% ={y e RV*! :yé >zpand 2y <y <z fori=1,...,N,i#E},

where the constants z; satisfy 21 < 2z, < 22 < 2, and z; is sufficiently large (which we
will make precise).

In order to simplify the proofs of coercivity we assume that
J"(z) >0 for z > z;. (4.41)

This typically imposes a negligible lower bound on z;. We shall also need a further

measure of stability,

(e 9]

p2,f(2f,21) = Z(T + 1)J"(zp + 121).
r=0
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The definition of p, r does not involve z; because we have assumed (4.41). The function
pa2,5 corresponding to the cut-off potential J is defined analogously. In order to be able

to neglect the effect of long-range interactions across the crack, we assume that
Va>0Vz >2/23zp=2z2pla,z): Npg’f(N(ZD — z), 21) > —q. (4.42)

This would typically involve a growth condition for J”, for example, |J”(2)| < z7%, for

some k > 3 and z sufficiently large.

Theorem 4.8 Let J satisfy the assumptions of §4.2.1 as well as conditions (4.41)
and (4.42). Assume also that there exists R € (0, min(z,, — 2:/2, 2t — 2)) such that
201(zm) < Rpa(2m — R, 2 + R). Then the following hold:

(a) Coercivity: There exist z1 < zy < 29 < 2z independent of £, and zy = O(e™")
such that
inf inf  sup  E"(y;u,0) > 5(pa(21, 22) + 2Npa p(25, 21)) =: o > 0,

yeLy ucd vE ol

lul 1,00=1 ol 1,1=1
(4.43)
where Z5 is defined as above.

(b) Ezistence: There exist 61,0, > 0, independent of €, such that for every y¥ € R
with y& > 2z, + 01 and for every f € RN with || f||. < 02, there exists a solution
yr of (4.9) in Z;.

(c) Stability: Let yr,y, be solutions to (4.9) in ZF N </ with respective right-hand
sides f and g; then

195 = Yglyree < o 1 = gl

For the QC error bounds, let & = |y — Hy|w1,;o and let & and &3 be defined as in §4.3.

Theorem 4.9 Let J satisfy the conditions of §4.2.1 as well as (4.41) and (4.42), and
let Z; be defined as above. Furthermore, assume that {£ —1,} C 7.

(a) We have the coercivity and continuity estimates

. . "(n. 1 —.
elengﬁf puin - max E"(0;U,V) > 1 (pa(z1,22) + 2Npas(25,21)) =1 co, and (4.44)
\U\W1,oo=1 \V\W1,1=1
e, f €

max max max E"(Y;U, V) < p3(z1,22) =: ¢1. (4.45)
YeSH(T)NZy ‘I;]‘emo(ﬁ) Vedy(T)

Wlhoo =1 \V\w1,1:1
e, f €
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(b) Suppose that zy > z is sufficiently large so that co > 0 (cf. (4.42)). Lety €
ZrNa be a solution of (4.9) and define R = min,ze min(zo —y;, y; —21). Assume
furthermore that the QC mesh 7 is sufficiently fine so that

1€ + & + & < comin (R, e(ye — 2f)). (4.46)

Then, there exists a solution Y € </ (T) N % of the QC method (4.14) which

satisfies
|y — Y|wl’;° S Co_l <(CQ + 01)51 + 52 + 53) .
If po(#1, 22) + 2N po f(2f, 21) > 0 then the QC solution is unique in </ (T) N 2.

(¢) The error quantities & and &y satisfy the same bounds as in Theorem 4.6, while

&3 is now bounded by

(4.47)

21<2<z22

E < Zrmax[ max ’J (rz) — J'(rz)|,
r=1

max }J (zf+ (r—1)z) — J’(zf—I—(r—l)z)’].

21<2<z22

As we remark in §4.4.4, the condition (4.46) is not overly restrictive. We may think,
for example that z; = O(¢™!) and Y¢ > 2z5. In that case, the upper bound required

on the error terms is independent of ¢.

4.4.1 Coercivity of the atomistic problem

For the proof of coercivity in the case of fracture we make use of the fact that the
fracture problem can, to some extent, be seen as a combination of two Neumann
problems. Fix y € 2 and v € . Upon multiplying v by (—1), we may assume
without loss of generality that u;, = ‘U‘w;:;o. Let P = {i:u; >0} and Q = {j : uj < 0}
and define

1.1 e
5677, if n =p,
I 1_—1 : —
v, =4 —3& , ifn=¢
0, otherwise.

In that case,

E"(y;u,v) = ZZ&F” yul vl

n=1m=1

- ZEU [FH - B (y)Qle]
Z u, Fly(y) Z ul, Fl(y).

neP nEQ

v
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If we divide the sum over n € P into those indices which lie on the same side of the
fracture as p and the rest, we can estimate F) > F]. for those n which lie on the
opposite side of the fracture from p (cf. condition (4.41)). If we assume, without loss

of generality, that p < &, we obtain
E"(y;u,v) = Z|’u () + Y [un | Fre(y) + [ug| Fée(y)-
n<§ n#E

Since u € 4, we have |ug| < (N — 1)|U|W1,;o and hence, we obtain

E"(y; u,v) —\u\ W[ZF" + 3 Fry) ~1)FL()|, (4.48)

n<é n#E

For the first sum in (4.48) we can use the same procedure as in the elastic case, i.e,
ZF" ) > pa(21, 22),
n<é

while the second sum as well as F{; should be practically zero. In this regime the forces

should be so weak that we can make fairly crude estimates. Using assumption (4.41)

we have F. > Ff; for all n and hence only need to estimate Fg,

N ¢ N
Fegely) = ZZJ"(gfl(yz'—yj 1 ZZJ" (2 + (i —J)=)

i=¢ j=1 i—t j—
§ o o £

> Z Z J"(zp+12) = Z Z J"(zp +121)
Jj=1r=£—j r=0 j=¢—r

= >+ D"z +r2) = poy(zr ).
r=0

Putting everything together, we obtain
E"(y;u,v) > 5 (p2(21, 22) + 2(N = 1)pa s(zy, Zl))‘u‘w;’jﬁ' (4.49)

4.4.2 Proof of Theorem 4.8

First, let us finalize the question of coercivity. To this end, let ¢ = %pg(zl, 29), which

we assume to be positive, and choose
/
zp = N(zp(ach, z1) — 2),

where o € (0,1) is a ratio that we shall determine in a moment. In that case, (4.43)
holds with ¢y = (1 — a)c}.
In order to use Lemma 4.7 as in §4.3.2, we need to characterize the balls with

respect to the |- |W;,oo—semi—norm. This is achieved in the following lemma.
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Lemma 4.10 Suppose that yX > zp(acy, z1). Then
B(y,R)C 27 Vye€ %, VR <minmin(z — 7,7, — z1)- (4.50)

n#g

Proof. Ify e 2} and y € By(y, R) then

5yé:y][\),—25yéZzD—zQ >zp—z=cezp O
i#E
Thanks to Lemma 4.10, the coercivity estimate (4.43) holds for all y € B(g, R) which
makes it possible to use Lemma 4.7.
As in §4.3.2 we use Lemma 4.7 to construct a reference state. Let y” be a prelimi-
nary reference state defined as follows,

Py = [ = if i< ¢
Yi yB — (1 —ie), ifi>¢.

As in the elastic case, we estimate the residual of y”. Fix n € N and assume, without
loss of generality, that n < £. Since zy > z and J”(z) < 0 for z > z it follows that J’
is decreasing in that domain. In particular, we have |[J'(z;+2)| < |J'(z1 4 2)| whenever
z > 7. Using this fact, and otherwise closely following the computations in §4.3.2, we

have
o0

B Y [Tzl

r=nA({—n)+1
Summing over n < &, we obtain

STIEL WD) < 5 (r= DI (rzm)]-
r=2

n<é

DN | —

We now add the terms with n > ¢ which gives
1E" (y”) | < p1(zm)- (4.51)

Setting =FE, || - || = -
deduce the existence of y* € 2%, satisfying £'(y*) = 0. We note that

wheer U=y, f=FE'(§) and f =0 in Lemma 4.7 we can

</ _ 1/ D 2/01(Zm) .
b =zl <GB < il e )

If the conditions of Theorem 4.8 are satisfied, then there exists o > 0, independent of
g, such that
2 p1(zm) <R
(1 —a)pa(z1, 22)
which implies that y* € int(Z} N /). All results of Theorem 4.8 now follow from
f=0.

another application of Lemma (4.7) setting ® = E, || - || = |- wl

In particular, it is sufficient to assume that yX > zp(ac), 21).
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4.4.3 Coercivity of the QC approximation

First of all, we note that the assumption of Theorem 4.9 allows us to assume that
{£ —1,&} € 7. This is in fact a necessary condition to make an approximation of a
fracture in Wi;o possible.
Let Y € Z; and U € #4(7). Following §4.4.1 and §4.3.3 we assume that Up, =
\U |W1,;o and define the test function V' by
1p-1 e
.y thp _’1 ?f k=p
‘/;g = —56 s if k = f
0, otherwise.

Then, assuming again without loss of generality that ¢, < £, and using (4.41), we have

E"(Y;UV) = ZZ»SF” ULV,

n=1m=1

_ 2ihp Z Z F// Z F//

n=1 m=tp_1+1

tP
€ " 1 I
> g 2 [ X ELUE Y R0 = Y F
P m—tp 1+l n<g n>&neP neQ
e 1 1
> o S Y Ui = 5 D FreMIU| = SIUUFE(Y).
P m=tp_1+1 n<g Nt

We estimate the first term as in §4.3.3 and the second and third term as in §4.4.1 which
gives

1
E'(Y;UV) > S |Ulee (p2(21, 22) + 2N po (24, 21)),

and thus (4.44). If E is replaced by E, we have instead

- 1 - ~
E"Y;U V) > §‘U‘wi:;o (P2(21, 22) + 2N po (2, 21)). (4.53)

4.4.4 Proof of Theorem 4.9

To prove the QC error estimate we can repeat the fixed point argument of §4.3.4 almost
verbatim. Only two modifications need to be made. First, as in the existence proof of
§4.4.2 we need to show that a solution of the linearized problem appearing in the fixed
point argument lies in Z%. This can be done by the same argument as in the proof
of Lemma 4.10, if we choose y% sufficiently large. This method was suitable for the

existence theorem where we needed to construct a reference solution. Now, however,
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the reference solution is given by the exact solution y which allows us to follow a more
general approach.
As in §4.3.4 let Y, = L(), then,

g(ch)lg = yﬁ_zg(}{p);

i

N

= ) eIy = > (V)
i=1 i£E

> ey — [y = Yo e

Hence, in order to guarantee Y, € 2%, we require
ye > zp + NIy — Y<p|wi,;o.

This may seem an insurmountable requirement at first but remember that yé is typically

of order N. For |Ily — Y¢|W1,;o we have the estimate

|Y¥, — Hy|w1’;° S Co_l (0151 + 52 + 53)
Hence, if (4.46) holds, then we can deduce the existence of a QC solution in the set
Z5.

Our second modification of the proof of §4.3.4 is to compute a new bound for &;.

We use (4.26) again to estimate

B0:V) - EO:V) = Y elFu6) - Fi0)| v

n=1

=1,..,

For each n, we have
~ n N ~
IEL0) = Fy0)] < D> S |0 = 0-0) = T (70— 0;-0)) .
i=1 j=n

As in the elastic case, we can estimate and rearrange this sum to obtain (4.47).

4.5 Computation of Coercivity Regions

In this short appendix, we confirm that the hypotheses made on the interaction poten-
tial can indeed be satisfied. With the use of simple MATLAB scripts it is straightforward

to compute possible values for 21, 25 and, in the fracture case, for z¢. Only the elastic
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Equilibria of the Morse Energy
03 1 1 1 1

N=32 -
3 N=64 -------1
025 | N =128 1
02 i
> 015H e S
0.1
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0 1 1 1 1
0 0.2 04 0.6 0.8 1

Figure 4.1: Equilibria of the atomistic energy (4.6), where J is the Morse potential
(1.8) with o = 1.0.

case is included here since the additional requirements of the fracture case are very
easily met given the fast decay of most interaction potentials.
We choose the constants in the Lennard—Jones potential so that its minimum lies
at z =1,
J(z) =212 - 2275,

Hence, we have z,, = 1 and z = (13/7)"/% ~ 1.11. If we choose z; = 0.88 and z, = 1.06,
we obtain ps(21, 22) &~ 12.5. Furthermore, we have p;(z,,) ~ 0.2 which guarantees the
existence of a reference state for sufficiently small boundary displacements.

The Morse potential is slightly less forthcoming in this respect. First, we note that
Zm = 1 and z; = 1+a1log(2). If we choose a = 1 in (1.8) we obtain py(2,,, 2n) & —3.8
and we have therefore no hope of constructing an equilibrium with the technique we
have used. This does not mean that E has no equilibrium in this case. In fact, the
mere existence of a global energy minimum can be easily deduced by a compactness
argument. However, numerical experiments shown in Figure 4.1 indicate that those
equilibria are extremely unstable and bear no resemblance to the observed equilibria of
metallic materials. Furthermore, there seems to be no convergence of those equilibria
to a continuum as N — oo.

If we make the well steeper, however, we can achieve coercivity. Already for a = 4,
we can choose z; = 0.9 and 2z, = 1.08 to obtain ps(z1, 22) &~ 5.38. Since p;(2,) ~ 0.3
is follows that 0.8 X po(21,22) > p1(2m) and hence there exists a reference state for

sufficiently small boundary displacements.
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Finally, we should note that the steeper the basin of convexity around z,, (the larger

a in the Morse potential case) the better the bounds become.

Concluding Remarks

Clearly, the relative completeness of our results was primarily due to the one-dimensional
setting that we have chosen. However, the fundamental approach to error estimation
for the QC method, namely a fixed point argument based on the wl>-norm (or its
modifications), can be employed in higher dimensions as well. In fact, it can be seen
that, if we assume coercivity directly, rather than proving it as we have done here, then
Theorem 4.6 and 4.9 carry over immediately. However, the main difference between
ellipticity (cf. Lin [60]) and the inf-sup condition which we have employed is that the
inf-sup condition does not automatically translate to subspaces. Even worse, it may be
expected that the inf-sup constant in two and three dimensions is not independent of
e. A possible alternative that will be investigated is to use the techniques in [82] where
Wh>_convergence of a finite element method is proved without using an inf-sup condi-
tion. A further option would be to prove an inf-sup condition for a WhP-like topology,
where p > d and to use inverse estimates to obtain a convergence rate of order h'=/P
in the WH*-norm. Thus, for sufficiently small 4 (but independent of €) we could again
conclude that a QC solution exists in a neighbourhood of an exact solution.

Another fact worth noting is that the wl*°-norm employed in the elastic analysis is
actually equivalent (in the sense that the constants are independent of €) to the energy
norm u +— ||E"(0)ul|., for any § € 2. Similarly, the W;:;O—I’IOI‘ID from the analysis in
§4.4 is equivalent to u — || E”(8)ul|,, for any § € Z;. This unifies, to some extend, the

analysis of stable critical points.
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Chapter 5

A Postertor: Analysis and Adaptive
Algorithms for the Quasicontinuum
Method in One Dimension

One of the most remarkable features of atomistic models is the large number of meta-
stable states. Already in one dimension, it is fairly straightforward to see for many
problems that the number of stable equilibria of the energy is at least as large as the
number of atoms in the body. Therefore, error estimates must necessarily be restricted
to local results. Due to the possibility of fracture, stability of solutions can only
be obtained with respect to the wl***-norm which was introduced in §4.1, or a similar
topology. As a consequence of this lack of global monotonicity and stability, the a prior:
error estimates in Chapter 4 are, except possibly in the case of elastic deformation, of
purely theoretical value. For example, when an exact solution we wish to approximate
is a fractured state then we can prove under come natural conditions that there exists

a nearby QC solution; however, we should not expect to find it numerically. If only one

1,00

~°°-norm cannot ‘converge’

atom lies on the wrong side of the crack then the error in w
to zero, even if every atom in the body is a repatom.

To the best of the author’s knowledge, no work has been carried out so far on the
a posteriori error analysis of the QC method. Only some experimental results, using a
gradient-averaging technique for the computation of error indicators, were published in
[55]. The goal of the present chapter is to present a rigorous approach to a posteriori
error estimation for the QC method, using the strategy presented in Chapter 3. We
derive estimates on the residual of the QC solution (cf. Theorem 5.2 and §5.2.1) and
on an inf-sup constant which measures its stability (cf. Theorem 5.3 and §5.2.3) and
show in Theorem 5.1 that, if certain natural conditions are satisfied, there exists an

exact solution of the atomistic model for which an a posteriori error estimate holds.

103
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We then apply this idea to the development of an adaptive optimization algorithm
based on minimizing movements and proximal point methods. We prove for this algo-
rithm that it is possible to choose the parameters in such a way that at each step of
the optimization there exists an exact solution of a related problem whose distance to
the numerical solution is less than a given tolerance.

A crucial ingredient in almost all a posterior: error analysis is a sound knowledge of
the (local) stability of the equations. In Chapter 4 we have derived a number of such

results for one-dimensional atomistic models, which we will make heavy use of.

Atomistic model problem The model problem will be the same as the one pre-
sented in §4.2.1, except that we shall now assume again that the exact potential J has
a cut-off radius z.. In this case, the atomistic energy E can be computed exactly and
does not have to be approximated by the cut-off energy E.

We assume that there exist zg € [—00, +00), 2m, 2, 2. € R such that zy < 2z, <

2z < Z., and

J e Cz,00), J(2m)=0, J'(z)=0, J(z)=0 Vz>z,
J(z) — 400 as z — zp+, J(2) =400 Vz < z, (5.1)
J'(2) >0 Vze€ (2,2 and J'(2) <0 Vz € [z,00).

Using these slightly modified assumptions on the atomistic interactions, the atomistic

model problem is again to find y € </ such that
E'(y;v) = (f,v).  Yv € . (5.2)

The residual of any deformation y is the linear functional v — E’'(y;v) — (f,v)..
Since we shall analyse the error in the w'*-norm, we shall measure the residual in the
corresponding dual norm defined in §4.2.1 for each linear functional ¢: <%, — R by

€]l = max|¢(v)].
ol 11=1

For the definition of the QC mesh .7 and the QC spaces S'(.7), & (7) and (7))
we use the same notation as in §4.2.2. The QC approximation to (5.2) is then to find
Y € o/ satisfying

E'Y;V)=(fV)s VYV E . (5-3)
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5.1 Adaptive Optimization Algorithm

5.1.1 Proximal point methods

As long as the deformation is purely elastic, it is easy to find the critical points of the
QC functional, either directly by a Newton method or, if necessary, using a continuation
principle.

However, in order to find critical points with defects, we need to supplement the
QC method with an optimization algorithm. The choice of optimization methods for
unconstrained optimization available is quite overwhelming. However, most algorithms
are based on one of two principles and are accordingly divided into linesearch methods
and trust region methods. As opposed to naive steepest descent or Newton methods,
linesearch and trust region methods can be formulated in such a way that they are
globally convergent. Let ¢ be the functional to be minimized and let z, denote the
iterates generated by the respective optimization method.

In a linesearch method, after the /th iterate has been obtained, a search direction py
is computed, usually involving information about the gradient ¢’(x,) and the Hessian
¢"(zy). This must be done in such a way that p, is a descent direction for ¢, i.e.,
¢(xp + apy) is decreasing for 0 < « sufficiently small. For the (¢ + 1)th step, a step
length o which gives sufficient energy decrease is computed to obtain xy,1 = x;+ aypy.

In a typical trust region method, at the fth iterate, a quadratic model such as
mi(z) = ¢(xg) + ¢ (xp; x — ) + ¢ (xp; x — xR, & — x3) Of the objective function ¢ is
built. In addition, a trust region radius Ay is defined which measures the quality of
the model my. The (k4 1)th step then requires to (approximately) solve the problem

Teyr € argmin my(x),
lz—zell<Ak

where || - || is a suitably chosen norm. The trust region radius is dynamically adjusted
during the optimization process.

Our choice fell on a class, related to trust region methods, called proximal point
algorithms (PPA) which was originally formulated as a method to compute roots of
monotone operators [84]. The fth step of the proximal point method for finding a
root of a maximal monotone operator T : J# — 27 defined on the Hilbert space S,

starting with xq € €, is to solve the inclusion problem
0€T(x)+ vz —xp-1), (5.4)

where (7¢) is a bounded sequence of positive real numbers. It was shown in [84] that the

sequence (xy) is well defined (in the sense that each x; exists and is unique), converges
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weakly to a root of T if one exists, and is unbounded otherwise. While not often used
in practise, the PPA is an important theoretical tool for the analysis of optimization
methods [86].

If T" is the (sub-)gradient of a convex functional ¢ then (5.4) is equivalent to finding

xy € argmin [qﬁ(a:) + %Hx - xg,lﬂz], (5.5)

where || - || is the norm in 7, and x, converges to a minimizer of ¢. In this new
form, the relationship to minimizing movements [5] and the gradient flow approach of
Chapter 2 becomes immediately apparent. This is in fact where the intuition to use a
PPA for the QC method originates.

Namely, if ¢ is not convex then the theory for PPAs does not apply. However,
motivated by the analysis in Chapter 2, if ¢ = E, we can choose || - [| = | - |12 which,
at least in the case of nearest-neighbour interactions, convexifies each step of the PPA
as we have seen in Lemma 2.10. In §5.2.2, this analysis is extended to long-range
interactions and it is shown in §5.3.2 that, for sufficiently large 7,, the (th step of the
PPA is well-defined in this case as well. We shall demonstrate, furthermore, that a
subsequence of the family generated by the PPA converges to a critical point. The
PPA is formulated in such a way that it terminates in a finite number of iterations
(choosing 7, = 0 for sufficiently large ¢) if the Hessian at this point is positive definite.

Admittedly, the choice of optimization method is guided to a large extent by math-
ematical convenience. For a trust region method, each iteration requires the solution
of a variational inequality which would make the analysis far more involved. It is
conceivable, however, that some of the results in this chapter can also be shown for
trust region methods, taking the wl**°-semi-norm as the trust region norm. For most
practical linesearch methods on the other hand, it is not easy to find a relationship to
measure the error of the current iterate. Nevertheless, the numerical experiments of
§5.3 indicate that our PPA is quite competitive for the QC method.

An analysis for a similar method, which is essentially a linearly implicit Euler
method for the system @ = —¢'(u), and a discussion of the relationship to trust region

and line search methods is given in [53].

5.1.2 An adaptive PPA for the QC method

Let Y© be an initial guess for the PPA. This is usually provided from the previous
step of a quasistatic process. The fth step of the PPA is to find a critical point YO of

the functional

Yo B(Y) = ZY = YD+ B(Y) = (Y, ).



5. A POSTERIORI ANALYSIS AND ADAPTIVE ALGORITHMS 107

The norm || - || and the penalty parameters v, should be chosen appropriately, to suit
the structure of the functional. For example, if E is A-convex with respect to the norm
| - ||, then, for sufficiently large ~,, the functional @, is strictly convex (cf. Proposition
2.1). The atomistic functional E, defined in (4.6) is \-convex with respect to the || .2-
semi-norm (cf. Lemma 5.5 (i)). However, Lemma 5.5 (ii) shows that the lower bound
on the Hessian tends to —oo as N — oo. This worst case cannot occur in practise
though, as shown in Lemma 5.5 (iii), but only under ‘infinite compression’, as y; — 0
for some 7. Indeed, if the deformations are restricted to y; > 2’ then | - |‘2N1,2 can in
fact be used to convexify £ in this region. The choice || - || = |- [ 1. seems ‘therefore
reasonable.

We supplement the proximal point algorithm described in the previous section
with an adaptive procedure. At each step we will, if necessary, adapt the mesh. For
(=0,1,...,let .7 be QC meshes and let YO € /(%) be a starting guess. Recalling
that E is differentiable at all deformations which have finite energy, for the /th step of
the PPA we wish to find YY) € o7/ (.7) satisfying

&Y V) =0 YV ea%(F), (5.6)

where

DY) = Y =Y+ BY) = (£.Y) 5,

and @ is given by
N
YV) = (Vi =YV + B (Vi V) = (£, V)5
=1

The PPA (5.6) can be interpreted as the implicit Euler discretization of the gradient
flow of E — (f,")7 with respect to the wl?-semi-norm. As such, it is in principle
possible to analyze the error of this discrete evolution. We could imagine that the PPA
is applied first to the full atomistic problem, then to the QC approximation and analyze
the error between those two discrete evolutions. However, due to the lack of convexity,
the resulting error estimates typically overestimate the actual error by several orders
of magnitude. Instead, motivated by standard practice in the field of ODE solvers,
we shall analyze the local error instead, i.e., the error committed by replacing the full
space 7 by the QC space o7 (.7;) in the (th step of the PPA. Unlike for the numerical
solution of ODEs, since we are only interested in the efficient computation of a static
equilibrium, this is entirely justified. We therefore also define the functional

W

AL Y“DMJ+E() (foy)e,

Dy(y) =
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and the corresponding problem to find y'¥ € &7 such that
(y0) =0 Vo€ .. (5.7)

The embedding of the error analysis and adaptivity into the optimization method
achieves a considerable increase in performance. Otherwise the mesh would have to
be adapted after the termination of the optimization method and the entire optimiza-
tion step repeated, which would be particularly cumbersome during the formation of
defects (unless the location of defect is known a priori) when optimization can be a

computationally expensive process.

5.2 A Posterior: Existence and Error Estimates

In this section, we develop the theory required for an adaptive implementation of the
PPA described in Section 5.3. We analyze a single step of the PPA only; thus we omit
the sub- and super-scripts ¢ throughout and replace Y“~Y by Y. Furthermore, we
make the simplifying assumption that, if a mesh is coarsened, then Y© is assumed to
be a member of the coarse space. We shall approximately enforce this condition by a
requirement that an element may be coarsened only if the resulting interpolation error
is sufficiently small. This simplification allows us to assume that Y(© € o7/ (7).

In the following theorem, [| - || should be taken either as |- [ 1 or as |- |Wi:;o. Note
that if we set v = 0 then Theorem 5.1 gives an a posterior: existence result for an
atomistic solution. In the residual estimate in Theorem 5.2, we understand sums over

empty sets to be zero.

Theorem 5.1 (A Posteriori Existence) Let || - || be a norm in <. Let Y € o
and let R(Y'), w(Y') and n(Y') be non-negative numbers satisfying

. . " .
0<puy) < min  min max " (Y;u,v), and (5.8)
ly=YI<R(Y) [lull=1 \U\W;,lzl
[P < n(Y). (5.9)

Ifn(Y) < w(Y)R(Y), then there exists y € of satisfying ®'(y) =0 in &7 such that

n(Y

Iy - vl < 25 (510
p(Y)

Proof.  This theorem is an application of Theorem 3.5 with [|-[[ 2= = [|-|, |-l = ||,

and # =9'. 0O
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Theorem 5.2 (Residual Bound) LetY € o/ (.7) satisfy & (Y) = 0 in </ (.7), then

/
< =
1P < max, i+ max, np =:n(Y),

where

i—1 tp—1

e = _max | Y @)= Y ey (5.11)

J=tk—1+1

2
sk = hjmax (|f‘W§’°°((tk71,tk))’2‘f we ™ (te—1+1,t5) + 2‘f|wé’°°((tk71,tk*1)))' (5'12)

In particular, if t, —ty—1 =1 then 1, + 15 = 0.
A proof of Theorem 5.2 as well as a detailed discussion about the concrete evaluation

of the residual terms and their interpretation and comparison with residual estimates

in continuum mechanics is given in §5.2.1.

Theorem 5.3 (Stability Estimate)

.....

min ~ max " (y;u,v) >
u€ gl vE ol

lul 1,00=1 |v] 11=1
We We

(v+ min J"(y) = po(z)),  (5:13)

.....

N | —

(e 9]

where  poo(2') = Zr2 g§§|J"(z)|. (5.14)
r=2 -
(b) If, in addition, y; > 2., then
min  max " (y;u,v) > 1( + min_J"(y) — po(?)) (5.15)
ue oy ve, Yy, u, =9 g =1, N Yi Poo . .
lul 1,00=1 [v] 1,1=1 i#E
e, f €

A proof of Theorem 5.3 is contained in §5.2.3. While Theorems 5.1 and 5.2 are
generic, it must be emphasized that Theorem 5.3 provides a good estimate only if the

deformation y has a generic but nevertheless very specific structure, namely elastic

.....

.....

negative; cf. §5.2.3.
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5.2.1 Residual bounds

Let Y € &/(.7) be a QC solution, i.e., suppose that ®(Y) = 0 in </ (.7). To bound

its residual || ®'(Y)||«, we use the usual Galerkin orthogonality argument to obtain

O (YViu) = O(YV;u—Tu)+ d'(YV;u)
— W(Yiu—Tu) + (cp’(y; ) — &'(V; Hu)> Vu € o, (5.16)

where Ilu is the nodal interpolant defined in §4.2.2. The second term in (5.16) was
already estimated in §4.3.4. Using (4.2) and [ITu| 11 < [u 11, which can be verified
by a straightforward computation, we obtain
(Y TTu) — &' (V;TTw)| < max nfuli1, (5.17)
where 7, is defined by (5.12).
For the first term in (5.16), we note that

N-1
(Y;v) = (Y ), (5.18)
i=1
where
QY)=E(Y)—¢cf; Vie{0,...,N}\ 7, (5.19)

and we take v = w — ITu. For each i € {t;_1 + 1,...,t; — 1}, using the fact that v;

vanishes for ¢ = t,_; and for ¢ = t;, we can write v; as

i

1 L
vi:§< Z £V — Z 51}3).

j=tho1+1 j=it1

Inserting this into (5.18) and rearranging the summation gives

K [ t-1 i tp—1 123
1
9! DTN SR STED o]
=1 Li=tp 141 j=tr 1+1 i=th 141 j—it1
| K e to—1 t j—1 T
SN I SR S S e
k=1 Lj=tp—1+1 i=j J=tp—1+2 i=tp_1+1 d
LE [ & to—1 t j—1 T
B D > D S S ol
k=1 Lj=tp_1+1 i=J J=tk—1+1 1=tp_1+1 i

Note that, in the last line, sums over empty sets (whenever the lower summation

index is larger than the upper summation index) may occur; each such empty sum is
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considered to be zero. We use this convention in order to avoid complicated formulae.

Upon setting

tr—1 j—1
Ri=5[ Yo=Y s ferna<i<u,
1=7 i=tp_1+1
using the same summation convention as above, we obtain
N
(Vo)=Y evjR;. (5.20)
j=1

An application of Holder’s inequality together with

0Lt ety S Tl 1T,y < 2l

gives the bound

K
[&'(Yi0)| < 2 Z [j:tkfllli}l{y--.,tk |Rj|} bt a0
= P ‘u‘wi’l’ (5:21)

..........

which concludes the proof of Theorem 5.2.

Formula (5.11) is not necessarily straightforward to implement. We therefore briefly
discuss some interesting aspects of the residual estimate and an upper bound which
reveals its structure and gives a form amenable to implementation. To this end, let
us first assume that only nearest and next-nearest neighbour interactions occur, i.e.,

min; Y/ > z./3. In that case, we can rewrite (5.19) as
Q(Y) = SV + YD)+ J(Y) = J (Vi) = T (Vi + Vi) —efic

7

If i € {tg_1 +1,...,tx — 1}, then we always have J'(Y/) — J'(Y/ ) = 0. For i €
{tk—1+2,...,t; — 2} we also have

S+ Y) = (Y 4 Yp) = J'(2Y) - J'(25) = 0.
Therefore, if t, — t;_1 > 3, the auxiliary variables R; can be estimated by
1
1Bl = S =l flle=onitr-1) (5.22)

4 (1707 = I+ T+ 7@F) — T + 7)),
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Similarly, if ¢, — t,_1 = 2, then

1 — — — —
|R;| < (hk = )| flleso (o +1,0-1) + 5 5 | T (Y + V) = J' (Y, + Y, ). (5.23)

If ty, — t,—1 = 1, then obviously 7, = 0.

The first term in (5.22) and (5.23) is the same as the one we would have obtained
in the continuum theory, except that the factor h; — ¢ would have been simply hy.
The second term in (5.22) and (5.23) is a purely atomistic effect and highlights the
non-local interaction of the atoms. It represents a force at the interface between two
elements which has not been fully resolved by the QC approximation.

For the practical computation of the indicators 7, ;, the following proposition which

is a generalization of the above discussion is useful.

Proposition 5.4 Suppose that J(z) =0 for z > z.. If min(i — tg_q1,tp — 1) > ZC/?,:,
then E/(Y') = 0. In particular, we have

Mk < (e =€) fllese b1 41,6-1) + > | E(Y)].

i€ {ty_ 1+l tp—1}
min(iftkil,tkfi)<zc/7k/

Proof. Fixke {l,...,K}. Ifie {tx_1+1,...,t — 1} then the derivative with

respect to the penalty term vanishes and therefore,

i—1
oY) =) T (Y - Y))) ZJ’ e NY; - Y))) —efs.
7=0 Jj=i+1
Since Y is affine in the set {t;_1,...,t;}, wehave Y, ; =Y, =Y, - Y, ;forj=1,...,r

where r = min(i — t;_1,t; — i) and therefore

i—r—1 N
Y)Y =D J(Vi=Y)) = D TN =) —ef
=0 j=itrtl
For the remaining differences, we have e |Y; —Y;| > T?,: and hence J'(¢7!Y; -Yi|) =
if r > zc/?k/ O

5.2.2 Spectral analysis of E”

Having provided a computable estimate on the residual, the crucial missing ingredi-
ent for the implementation of an adaptive algorithm is a technique that allows us to
determine the inf-sup constant p(Y") of ®”. Instead, in a first step, we analyze the eigen-

values of E”. This analysis will be equally important in the practical implementation
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of the optimization algorithm (cf. §5.3.2) and will also show which situations we need
to focus on when discussing p(Y'). Furthermore, in order to justify our formulation of
the PPA, we still need to investigate whether E is A-convex.
For each y € RN¥*! let A(y) be the smallest eigenvalue of E”(y) with respect to the
| - | 12-norm,
AMy)= inf E"(y;u,u).

u€ ol
lul 1,2=1
We

Let D(E) be the convex open subset of R¥*! where E is finite, and hence twice
differentiable. Recall from Proposition 2.1 that E is A-convex in D(FE) with respect to

the | - |, 12-norm if, and only if, there exists a constant A € R such that
AMy) >\ Vye D(E). (5.24)

In the following lemma, we analyze the A\-convexity of F in three steps. We prove
(i) that E is indeed A-convex for some A = Ay, but (ii) that Ay — —oc0 as N — oc.
This seemingly bad result is however remedied in step (iii) which demonstrates that

the worst case only occurs in unphysical situations.

Lemma 5.5

(i) For each N there exists a constant Cy such that

y;Rrjlvf+1 Ay) > Cy. (5.25)
B(y)<oo

(ii) For each N € N there exists y™) € o such that E(y™)) < oo and A\(y™)) —

—0OQ.

(i1i) For each 2’ > 0, we have

[e 9]

sup  sup |E"(y;u,u)| < Zr2 max | J"(2)].
yeRN+L yerN+1 z2r2!

r=1
y/'>z2" |ul 12=1
We

Proof. For statement (i) it is convenient to use the norm equivalence in finite dimen-
sions and consider || - ||2-eigenvalues instead of | - | 12-eigenvalues. Fix a deformation
€

y € RVT! at which E”(y) exists. For each u € 4, we have

N-1N-1
E'(y;u,u) = ZZEZm(y)unum, where
n=1 m=1

Y (E i —yl), ifn=m
E// — € Zl;ﬁn 2 nij)» )
nm(y) { _671J//(671|yn _ ym|)7 if n ?é m.
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N—

By Gershgorin’s theorem, for each eigenvalue A of the matrix (EZ,,(y))n L, there exists

an n such that

‘E” >‘|<Z‘E”

m#n
and hence
A > E,, Z |E//
m¥#n
> ety [J"(ff‘lwn = yl) = |77y = vl
m#n
Z Z 26_1 min (O, J,/(5_1|yn - ym|))
m#n
> 2 %min J"(2).
z>20

This concludes the proof of item (i).

Since part (ii) is a statement about the limit as N — oo, we can assume without
loss of generality that N is arbitrarily large. Let z” > z; be the point where J” is
minimal. Since we assumed that J”(z;) = 0 and J”(z,,) > 0 such a point exists and
J"(Z") < 0. Fix § > 0 such that J"(z) < J"(2")/2 for all z € [2" —4,2" 4+ J]. We
construct a deformation for which ‘many’ interactions are in the interval [2” —§, 2" 4 4].

To this end, let y, = z,, for i = 1,...,4; where i; is maximal such that

1
Z ey, < 2" — 4.
=1

Furthermore, let y; ., be such that

i1+1

Z ey, =2"—4.
i=1

Note that the value 7; is independent of €. For i = 4; +2,..., N — 1, let y, = 26/N
so that e (y; —yo) € [¢" — 6,2” + 8] for i =43 +1,..., N — 1. Finally let v}y be an
arbitrary value so that a prescribed boundary displacement is satisfied. Upon choosing
N sufficiently large, yj, may be assumed to be greater than or equal to the cut-off
radius z.

Next, let the test function u be such that u} = %5_1/2 and uy = —%6_1/2, then

|uf 12 =1 and

E'(y;u,u) = eFy(y)(uh)? + eFry(y)(uy)? + 2e iy (y)uiuly
= $(Fii(y) + Fyn(y) = 2Fx ().
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Each of these terms can be easily bounded as follows:
Fli(y) = Z J”(e‘l(yi - yo)) < Const. + (N — i, — 2)J"(2") /2,

F]/\/fN(y) = ZJ" yN—yz)) = 0, and
Fivly) = (e — ) = 0.

Consequently, E”(y;u,u) < ¢(1 — N), when N is sufficiently large, which tends to —oo
as N — oo.

Finally, to prove item (iii) we estimate

|E"(y;u,u)| < ZzelF" )il uj]

i=1 j=1
< F fule,

where || F”|| denotes the £*-operator norm of the matrix F” = (F/j(y));;—,. [[F"|| is the

largest eigenvalue (in magnitude) of F” for which, by Gershgorin’s Theorem,

-----

is an upper bound
Using similar computations as for the determination of p, and p3 in §4.3.1, this

value can be bounded by
N
i < //
Z|F| ZT ir;zgcu z)|. O

The knowledge of eigenvalues is only important for the numerical optimization algo-
rithm. Since our analysis is set in the wl> topology, they do not enter the error
estimate. However, we wish to note one important situation where the discrepancy of
the eigenvalues of E” restricted to 2% (.7 ) and those of E” in o7 is considerable, namely,
when a deformation gradient in an element {¢;_1,..., %} of length strictly greater than
one enters the non-convex region. In this case it is possible that E” has only positive
eigenvalues in 7 (.7) but several negative or zero eigenvalues in «%. Thus, we may
seriously underestimate the possible decrease of energy by local minimization.
Consider for example the case of fracture of a large element. An optimization

algorithm would happily accept this state as a local minimum, unless it is somehow
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able to recognize along the way that a direction of energy-decay was missed by the QC
space. After the fracture has been created, refinement of the element does not help
since the gradient may already have entered the cut-off region. These situations need

to be detected, either by the adaptive procedure, or through a user-defined mesh.

More generally, we prove that any atomistic state with more than one fracture (for

example across one large element, or in two different places) cannot be stable.

Proposition 5.6 If y € RN*! with ), > z and y, > z, where p < q € {1,...,N},
then A(y) < 0. Ify, ory, is strictly greater than but sufficiently close to z; then
Ay) < 0.

Proof. We perturb y with the displacement u given by
—e 12 if i =p,

=4 e 12, if i = ¢, and
0, otherwise.

Then, |u|i};,2 =2 and

"o o " " "
E'(y;u,u) = F) +F, —2F),

= Z Z J' (e yi —yj—1) + Z Z J" (e yi — yj-1))

i=p j=1 i=q j=1
N p
—2 Z Z J" (e yi — yj-1))
i=q j=1
p—1 q N P
= Z Z J" (e Ny — yj1)) + Z Z J" (e yi — yj-1))-
i=q j=1 i=q j=q+1

Since ;. y, > z it follows that J”(™"(y; — y;—1)) < 0 for all 4 and j appearing in the
last two sums. If either y, or y/ is not too large then this expression is negative. Hence

the result follows. O

The proof of Proposition 5.6 reveals, in fact, that negative eigenvalues undetected
by the QC method can occur even when ?k: is less than (but sufficiently close to)
z;. Furthermore, it shows that for full-range interactions (without cut-off potential)
we always have a negative eigenvalue if two or more fractures are present. Thus, we

should rule out such cases from the class of stable configurations.



5. A POSTERIORI ANALYSIS AND ADAPTIVE ALGORITHMS 117

5.2.3 Estimation of the inf-sup constant

Our analysis in Chapter 4 showed that the inf-sup constants with respect to the |- |W3:,p—
norms (p = 1,00) can be computed using the diagonal dominance of the Hessian
matrices (F)7 ). Clearly, we do not wish to compute the entire matrix ®”. In the
following discussion we will provide an efficient way to compute the inf-sup constant
which is heavily based on our analysis in Chapter 4. While our analysis is not suffi-
ciently general to cover all possible types of solutions, we believe that it is sufficient
for most purposes. We shall demonstrate this in §5.3.
Recall from §4.3.1 that the inf-sup constant for E”(Y) can be bounded below by

min ~ max E’(Y;u,v) > min <F" E |F (Y )
wE o vE 2y n=1,..., N

lul 1,00=1 lv| 1,1=1 n#m
We We

This was obtained by testing with v given by

e7t ifi=p
vi=1q —3c!, ifi=gq
0, otherwise,
where p,q € {1,..., N} such that u;, = maxu; and u;, = minwuj. Recall also that

u € ) and hence u; must change sign. This makes it clear that adding 7Id to the
matrix (F, (Y))},,—; corresponds to simply adding £+ to the estimate.

We recall from §4.3.1, where the same computation was performed, that we can

rewrite the stability factor as

N n—1

F// Z| " > ’}/—'—J” yn ZZ}J” —1 yj—l))}
mn?inl N m - N N n
=2 0 D W ) = D0 X (e - ye) |-
m=1 i=n j=1 m=n+11i=m j=1

Upon setting 2’ = min;—;

.....

we obtain the bound
F// Z |F// | > v+ J”(yn) Zr27(r)7
m#n r=2

which concludes the proof of Theorem 5.3 (a). Since J”(z) < 0, this seemingly gross

simplification is more-or-less sharp if 2/ > z,/2.
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Remarks. 1. It is important to note that p. is in fact very simple to compute
efficiently. If 2’ is not very close to zero then the calculation of p., only involves the
computation of a relatively small finite sum. <«

2. Although in the computations in §5.3.6 it was not necessary, it may in general
be advantageous not to estimate min; y; globally but only locally. This could be crucial
when min; y, is significantly smaller than max; y}, for example, if max; . is close to z

but min; ¥, < z,,. <

Corollary 5.7 For every 2z’ > 0 there exists g > 0 such that, for all v > 7o, and for
all y € RN with ' > 2/, ®"(y) has a positive inf-sup constant. Furthermore, as v

tends to infinity, so does the inf-sup constant.

Consider the situation where the solution y has a fracture. In this case, we have no
hope of ever obtaining a reasonable bound for the inf-sup constant of E”(y) without
regularization. In this case, we may replace the wl*-norm by the w! o f 2“-norm which
we used in the analysis of fracture in §4.4. If v = 0 then we can obtain (5.15) by the
same computations as in §4.4.1. We only note that for y; > 2. the term p2,r(25, 21),
defined in §4.4.1, vanishes and thus (5.15) follows immediately from Theorem 4.8. In
general, however, we have to be more careful.

Let y € & with y; > 2.. Let u € &4 and define P = {i : v; > 0} and Q = {i :

u; < 0}. Without loss of generality, we assume that u;, = |U|Wi:;o for some p € P.
We distinguish two cases. If uz < 0, we proceed as in §4.4.1, setting v, = %5_1 and
ve = —3¢ ! to obtain
(u,0) > 5 (14 Fply) = 3 |Flew)] )l + 3l
2

new

which, using the fact that all interactions across the crack vanish, leads to (5.15). The
extra term %Py|ué\ is simply neglected.

On the other hand, if u’6 > 0 then there exists ¢ € @ such that y, is minimal. In
this case, we proceed as in the case without fracture and note that the term u’6 appears
nowhere in the calculation since v; = 0 and J” (¢~ (3 —y;-1)) = 0 whenever i > ¢ and
j < &. This concludes the proof of Theorem 5.3.

Finally, we formulate a result that will help us to determine the balls B(Y, R) =
{lye o |ly-Y]|, Leo < R}. In particular, since we can only compute the inf-sup
constant with respect to ||, 1o if y; > 2, we need to determine under what conditions

all elements y € B¢(Y, R) satlsfy this property.
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Proposition 5.8 Let Y € & with Y{ > z.; then,
Ye >z Vye Bp(Y.e(Y{ - z)).

Proof. For y € B¢(Y, R) we have

ve = "N =D ey)

1#E
= e (N =D+ (Y — )
1#E 1#E

> Yg’—NR.

Hence, for R < e(Y{ — 2.) the required property holds. [

5.3 Implementation and Numerical Examples

5.3.1 Implementation of the basic PPA

We begin by describing the implementation of a general PPA without an adaptive
procedure. Let ¢: RY — (—o0, +00] be twice continuously differentiable in its domain
of definition D(¢) and let ¢” be locally Lipschitz continuous. Furthermore, let || - ||
be a euclidean semi-norm on RY with respect to which ¢ is A\-convex. Let (-,-) be the
symmetric bilinear form associated with || - ||. Abusing notation, we define the dual
norm of a linear functional f by || f|l. = supy, = f(u).

Suppose we are given an initial guess y® and penalty parameters 7, > 0. The (th
step of the PPA is to find a solution to the problem

vy =y u) +¢'(y;u) =0 VueRY. (5.26)

The efficiency of the method will depend on how well the norm || - || is chosen for the
particular functional ¢.

In order to guarantee that a local solution of the ¢th step (5.26) has lower energy
than the previous iterate, we should try to guarantee that (5.26) is a locally convex
problem. A necessary condition for this is that the parameter 7, is at least as large as
—Ay“Y), where A(y) is the algebraically smallest (generalized) eigenvalue of ¢ (y),
ie.,

Ay) = min ¢ (y; u, u).

uweRN
lull=1

More generally, we define a local curvature estimate A, which is initially set to A(y“~)

but may be adjusted during the computation of the /th step. In addition, we define a
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non-negative parameter POSFAC which is updated during the computation and can be
interpreted as a measure for the change of curvature of the problem. The initial guess

and the updating procedure will be discussed in the following paragraphs. We set
Ve = max (POSFAC — s, O).

This allows the algorithm to reduce to a direct solution (Newton’s method) whenever
A¢ > POSFAC. If A(y®) > 0 then we initialize POSFAC to A(y?)/2 so that the PPA
reduces to Newton’s method whenever possible. Otherwise, POSFAC is initialized to an
arbitrary positive number.

The nonlinear equation (5.26) is solved using Newton’s method with the residual
termination criterion ||®/||. < NEWTON_TOL where NEWTON_TOL is a positive predefined
parameter. If 7, tends to infinity then the problem becomes essentially quadratic in
the limit and hence Newton’s method should terminate in a single step. This is made
precise in Proposition 5.11. We therefore define three further parameters MAXIT, HIGHIT
and LOWIT. If the number of Newton iterations required to solve (5.26) is larger than
MAXIT, we repeat the step with an increased value of v,. This is achieved by multiplying
POSFAC by a constant predefined factor POSFAC_INC. If Newton’s method terminates
in at most MAXIT iterations then the step is accepted. If the number of iterations is
at least HIGHIT, we increase POSFAC for the next step. If the number of iterations is
less than LOWIT then the number of iterations is decreased by multiplying POSFAC by
a constant, the predefined factor POSFAC_DEC.

Finally, we monitor the local curvature during the Newton iteration. Suppose that
Y{) is the sth iteration of Newton’s method for solving (5.26). If v, + A(Y)) < 0 we
interrupt the Newton iteration and repeat the PPA step with an updated curvature
value \p = A(Y®).

The algorithm described so far was sufficient in practise to achieve that each step
of the PPA decreases the energy. However, in principle, this may fail. We therefore
implement another test to see whether ®,(y*)) < ®,(y*~Y) at the (th step, and reject
it and increase POSFAC if this is not the case.

The PPA terminates if either ||y — y~V|| < STEPTOL or if ||¢'(y)||. < RESTOL.

The parameter values that were used in all non-adaptive computations are

MAXIT = 20, LOWIT =5, HIGHIT = 12,
POSFAC_INC = 4, POSFAC.DEC = 1/4,
STEPTOL = 0.0, RESTOL = 10~®, NEWTON_TOL = 10~%,
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5.3.2 Convergence analysis

Despite the complexity of the heuristics used in the formulation of the PPA it is possible
to give a fairly complete convergence theory. We first show that each step of the PPA
is well defined. Based on the properties required for the termination of each PPA step,
we prove that any accumulation point of the sequence of iterates satisfies a certain
residual bound. Finally, we show that if the Hessian at an accumulation point is

positive definite then the algorithm terminates after finitely many steps.

Proposition 5.9 Let || - || be a Euclidean norm on RY with respect to which ¢ is \-
convex and three times continuously differentiable. Then, for each y“=Y € RN there
exists 7 > 0, depending only on ||¢'||., ||¢”|| and Lip(¢”) in a neighbourhood of y*~"),
such that, for v, > 7,

(i) Newton’s method for (5.26) terminates in a single iteration, and
(i) o(Y1) < &y ).

Proof. Let M € RY*Y be the positive definite matrix defining the inner product
(+, ) associated with the norm ||-||. Upon dividing (5.26) by ~,, we obtain the equivalent
equation

F(y) =My —y“) + 719 y"Y) =0. (5.27)

Fix R > 0 such that B(y“"Y, R) C D(¢) and let

M, = sup ' (y)[l«, Mo = sup sup ¢"(y;u,u),
yeB(y(t—1) R) yeB(y“—1 R) ffe\]\li\;

and let L be the Lipschitz constant of ¢” in B(y“~", R).

It follows that .#' is Lipschitz continuous in B(y“~Y, R) with Lipschitz constant
L/, Furthermore, as 7, — oo, the inf-sup constant of .Z’(y“~V), i.e., the smallest
eigenvalue with respect to the norm || - || tends to one. Hence, by Theorem 3.3, for
v > A1 = (L, M) there exists a solution y € B(y“~Y, R) satisfying . (y) = 0 or
equivalently (5.26).

The first iteration of Newton’s method, denoted by Y, is given by

[veM + ¢"(y“"N](Y =y V) = =¢/ (V). (5.28)
Multiplying by (Y — 3“~Y), we obtain

(e + Y =y V2 < 16 (D)LY =y ) (5.29)
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and hence, for v, > 39 = 32(M;), Y € B(U, R). If we denote H = fo " (gD + 1 (y —
y“_l))) dr, then by Taylor’s Theorem (cf. also the proof of Theorem 3.3) y satisfies

(yeM + H)(y =y ) = ¢/ (V). (5.30)
Subtracting (5.30) from (5.28), we obtain
(yeM +¢" ()Y —y) = (¢"(0) = H)(y =y 7"), (5:31)

which implies
(e + Y = yll < 5Ly — V)%

Using (5.30) it follows that [y —y“ V|| < ||¢/(y“)||./ (7, + A) and hence
1Y —yll < 3LMF /(e + A)°.

For ®,(Y), this gives the estimate

Ve + My

DY)l = [[PL(Y) = Po(y)lls < (e + Ma) [V =yl < C(L, Ml)m~

Hence, for sufficiently large 7, > 43 = J3(My, Ma, L), the termination criterion || ®}(Y)||. <
NEWTON_TOL is satisfied.
Finally, to show that ®,(Y) < ®,(y“~Y) we test (5.28) with Y — 3~V giving

e+ MY =y VP < =g/ (DY —yY),

which we use to obtain

BY) = B0) 4 (Y — ) 4 LE 6y -y, Y — D)
— (p(y(f 1) %(I) ( (£—1). Y y(f 1) Y y(€ 1))
+% @/1(9 Y — f 1) Y y(ﬁ 1)) _q)l/(y(ﬁ—l);y_y(ﬁ—l)’y_y(f—l))]
< By - %(WJF)\)HY y P LY =y P,

Thus, given the bound (5.29) we have for ||Y —y*~!||, for 7y > 94 = 34(M;, L) it follows
that ®(Y) < &(y“Y).
Setting ¥ = max{7; : i = 1,...,4} proves the desired result. [

Proposition 5.9 shows that, if POSFAC is initially set to a positive value and if POSFAC_INC >
1, then the formulation of the PPA presented in §5.3.1 defines a sequence (y))2°, for
which ¢(y®) < ¢(y“) — 1v,|ly® — y“=||2 and ||} (y?)]. < NEWTON_TOL.

The following corollary establishes some asymptotic convergence of the PPA.
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Corollary 5.10 Let || - || be a Euclidean norm in RN, and ¢ : RY — (—o0, +00] be
A-convez with respect to || - ||. Suppose that ¢ is three times continuously differentiable
and that ¢" is Lipschitz continuous in level sets of ¢.

Let (y)32, be the sequence of the PPA described in §5.5.1. If ||y || is bounded
then

16/ (4|, < NEWTON_TOL + r,

where vy — 0 as { — oo.

Proof. Since the sequence (y(g))geN is bounded, the constant 4 in Theorem 5.9 can
be chosen uniformly for all £ and hence v, < # for all /.
Suppose, for contradiction, that |y — 3“~Y| does not converge to zero. Since

7¢ is bounded above, there exists a subsequence ¢; T 0o such that
Iy —y G >5>0  VjeN.

Furthermore, since ¥ is bounded, v, must be bounded below by a constant 7> 0.
From the definition of the PPA and Proposition 5.9 (ii) it follows that

B) < (57 — 28?

which implies that ¢(y¥)) | —oo and contradicts the fact (cf. Lemma 2.2) that ¢ is

bounded below on bounded sets. Thus, we conclude that
elly® =y =0 as £ — oo, (5.32)

which immediately implies the required statement. [

An important feature of the PPA is that, if POSFAC < A, then v, = 0, i.e., it is possible
that the PPA reduces to Newton’s method. This situation should occur whenever the
iteration enters the basin of attraction of a critical point at which the Hessian is positive

definite. With this result, we conclude our analysis of the PPA.

Proposition 5.11 Let ¢ satisfy the conditions of Theorem 5.10 and let LOWIT > 1
and POSFACDEC < 1. Let y* € RY be a critical point of ¢ such that ¢"(y*) is positive
definite. Then, there exists an R > 0 such that, if for some ly, y") € B(y*, R), then
y¥ € B(y*, R) for all £ > {y. Furthermore there exists {1 > ly such that for £ > {1,
e =0. For > {1, y© converges to y* q-quadratically.



124

Proof.  Since ¢"(y*) is positive definite, there exists Ry > 0 such that ¢"(y) > \g > 0
for all y € B(y*, Ry).

We prove that for y“~Y sufficiently close to y*, Newton’s method for (5.26) termi-
nates in a single step, regardless of the value of v,. Let R; < Ry be sufficiently small
so that [|¢'(y)]|« < Ao/L, for all y € B(y*, Ry), where L is the Lipschitz constant of ¢”
in B(y*, Ry). Let Y = Y be the first iteration of Newton’s method for (5.26), i.e.,

Oy (y Y =y D) = —¢/ (),

Using ¢/(y*) = 0 we obtain, for some 6 € conv{y*, "1},

ézr(y(e—l))(y —y) = _@zl(y(é—l))(y* - y(ﬁ—l)) + ¢/(y*) B gbl(yw_l))
= —WM(y* . y(f—l)) + (¢//(0) . ¢//(y(€—1)))(y* - y(g_l)).

It thus follows that
(ve + )Y = Il < velly” =y DN + Ly — 5“2
For ||y~ — y*|| < A\o/L we therefore have
1Y =yl < lly“ D =yl (5.33)
To estimate ®,(Y), consider

V) = Gy )+ SO )
= ¢y + By Y =y ) + [@1(0) — o (y“)] (Y = yY)
= [®(0) — /(¥ )] (Y =y,

which implies
125(V)]l. < LY =y V)% (5.34)

Thus, if Ry is chosen sufficiently small (depending only on the Lipschitz constant L)
then [|®}(Y)]||, < NEWTON_TOL.

Since POSFAC_DEC < 1, POSFAC is decreased by a constant factor. Hence, after
finitely many steps, POSFAC < )\y. Since Newton’s iteration terminates after the first
step which always remains in B(y*, Ry) it follows that A\, > A¢ for all £ > ¢, and hence
v¢ = 0 for all sufficiently large /.

For ¢ > /¢, each step of the PPA is precisely one iteration of Newton’s method.
Hence, by (5.34), y¥) converges to y* q-quadratically; cf. also [88, Theorem 5.3.2]. [
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5.3.3 PPA versus Optimization Toolbox

We compare the implementation of the PPA to the large-scale trust region method
(the command fminunc with appropriate set of parameters) of MATLAB’s optimization
toolbox. Our benchmark is a QC model problem, ¢(Y) = E(Y) — (Y, f)7 and || - || =
| |12, defined as follows.

First we determine a stress-free reference state by (approximately) solving E'(g) = 0
with a Dirichlet condition on only the left-hand end of the domain. The atomistic
potential is the Morse potential with o = 5.0 and cut-off radius z. = 2.7. We define
the applied body-force by

f'_{ 0.03, if i >¢

‘| —0.03, if ¢ <&.
This non-smooth body-force creates a stress intensifier between the two atoms at sites
¢ —1 and ¢ which is where we should physically expect fracture to occur. The constant
0.03 is rather arbitrary. It is sufficiently small so that the body-force does not dominate
the equation but sufficiently large so that the QC method should be able to find the
correct fracture. The QC mesh, with roughly 50 nodes, is constructed such that nodes
are clustered with full atomistic resolution at both ends of the atomistic domain as
well as around &, and scaled smoothly in between.

We then successively solve for Y'(¢) satisfying E'(Y(t)) = f subject to the boundary
conditions Yy(t) = 0 and Yy(t) = gy + ¢, for

t = 0.0,0.025,0.05,0.075,0.1,0.115, 0.1215, 0.1245, 0.1257, 0.15. (5.35)

The initial condition for each step is obtained by adding an affine function to the
previously obtained equilibrium and so that it satisfies the new boundary condition.

Since the two methods, the PPA and the trust region method, are very different both
in terms of their design and implementation it is hard to compare them directly. For
example, our PPA uses a direct method to solve the linear systems while fminunc uses
a conjugate gradient method. Furthermore, there are no provisions in fminunc to take
the specific structure of the energy functional into account, which we have done with
our choice of penalization norm | - |W;,2. All we can offer therefore are rough qualitative
remarks that are intended to demonstrate the efficiency of our PPA, specifically for the
QC method.

Table 5.1 summarizes some results which highlight the performance of the two
algorithms. For the first 8 quasistatic steps, the two methods perform very similarly.

Essentially, both reduce to a Newton method. Note that while each iteration of the
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PPA Opt. Toolbox
q.s. step | iterations linear systems | iterations CG iterations

1 1 1 0 0
2 1 3 2 17
3 1 3 2 19
4 1 3 2 19
> 1 3 3 29
6 1 3 3 31
7 1 4 3 31
8 1 4 3 33
9 42 203 - -
10 1 D 19 475

Table 5.1: TIteration count and linear system count for the proximal point algorithm
and MATLAB’s trust region method fminunc.

PPA is an application of Newton’s method, each iteration of the trust region method
is only one iteration of Newton’s method.

The two methods only start to differ significantly in the presence of defects. In
step 9, when the fracture forms, the trust region method fminunc failed to converge
in 10* steps while the PPA converged in well under 100 iterations. While we had
expected that our PPA would perform much better in the formation of the defect —
it is after all designed specifically for this purpose — we are somewhat puzzled by the
bad performance of fminunc. It is perhaps even more surprising that fminunc fails to
recognise that, for the final step, a simple Newton iteration is again sufficient.

The performance of the PPA does not deteriorate as N becomes larger. For N =
104, the step 9 required 37 iterations and 175 linear systems, for N = 10° it required
43 iterations and the solution of 161 linear systems. However, while for N = 10° the
fracture index was close to ¢ (depending on the specific choice of parameters between &
and & + 3), for N = 10° the algorithm computed an unphysical fracture at an element
larger than the atomic spacing. Problems such as this can be solved by adding an
adaptive procedure to the optimization algorithm.

As a final verdict on the performance of our PPA, we would have to test it on a
greater variety of benchmark problems and compare it to more advanced optimization
packages, such as TRON [58], GALAHAD [52] or KNITRO [25]. We have obtained
some evidence though that our optimization method can achieve good performance for

the highly non-convex optimization problems occurring in the QC method.
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5.3.4 Adaptivity in the PPA

We now add an adaptive procedure into the innermost loop of the PPA, the solution of
the equation (5.26), applied to the QC method. A flowchart of the resulting adaptive
PPA which is detailed in the following paragraphs is Shown in Figure 5.1.

Suppose that we are given an initial condition Y(© € &7(.7©) and suppose fur-
thermore, that we have already computed the (¢ — 1)th step YU € o7 (7). To
compute Y we choose a mesh .7® | initially set to .7 = 71 and solve

Y U)=0 YU € o4(T). (5.36)

We solve this equation by the procedure described in §5.3.1. We also compute the
eigenvalues of E” in <% (.7) in order to obtain the curvature parameters \,. This is
motivated by the fact that the solution of (5.36) only depends on the QC eigenvalues
but not on the eigenvalues of the full atomistic problem. Our only modification is to
define a new non-negative parameter POSFAC_A,

POSFAC_A = — min (0, _min J"(y}) — peo(miny)), (5.37)

-----

and redefine
~¢ = max (0, POSFAC + POSFAC_A — \,),

which allows additional control on the penalization. In particular, it guarantees that
the penalization does not tend to zero and we thus avoid an overrefinement of the mesh
before the current iterate has entered a region of coercivity. The definition (5.37) is

used when the error is measured in the | - | 1.c-semi-norm while we use
POSFAC_A = — min (0, H;lgn J"(y}) — poo(miny))
K3 K3

instead if the error is measured in the |-| 1 20 semi-norm. As it turned out, the adaptive
version of the PPA was less well able to cope with a large number of Newton iterations
which create small penalty terms -, which in turn require a much more refined mesh.

By changing the parameters to
LOWIT =3, HIGHIT =5, MAXIT = 10,

the performance did not deteriorate significantly while the mesh size was stabilized.
Suppose now that (5.36) has a QC solution Y that was accepted by the PPA. We

estimate the error committed and, if necessary, refine the mesh and repeat the step.
To this end, we compute the residual bound n = 77(}7), using Theorem 5.2 and

Proposition 5.4. These values are passed to a search algorithm which tries to find



128

START
Initialize Parameters
Compute ¢, ¢', ", X\ at ug.

POSFAC = \/2 |<€— yes no —#{ POSFAC = POSFAC,

NEWTON'S METHOD
Apply Newton's method to: ®(u) = 3 |lu — ug|* + ¢(u)
———»L »| Terminate if: ¢

(i) Maximum number of iterations is reached, or
(i1) Negative curvature for ¢ occured, or
(iii) Residual below tolerance

Which termination
occured?

Update A
POSFAC = POSFAC * 4

POSFAC = POSFAC * 4 [« (i) (ii) ¥

(iii)

Compute Residual and
Stability Estimates

Update APOSFAC
Refine Mesh

Existence and

no Error Bound?

yes
* Update POSFAC
depending on iteration count
ACCEPT STEP
Ugp = u

Residual ¢’ (u)
sufficiently small?

no

STOP

Figure 5.1: Flow-chart of the adaptive proximal point algorithm which is described in
Sections 5.3.1, 5.3.2, 5.3.3 and 5.3.4.
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optimal radii (if they exist) R and R; such that n/p < R and n/puy < Ry where p
and p; are the respective inf-sup constants in B(Y, R) and Bf(Y, R;) with respect
to the norms | - [ 1 and |- |Wi:;o. These constants can be computed using Theorem
5.3. In order to determine admissible radii /2y, we use Proposition 5.8. The following

situations can now occur.

1. If no radius Ry exists such that n < pusRy, then we use the | - |w;,oo—norm in the

analysis:

1.1 There exists R such that n/u < R: Find R for which this holds and for
which p is maximal. Use n/pu < TOL as a refinement criterion. If /u < TOL
set Y® =Y and increase ¢ by one to continue the PPA. Otherwise, use the

refinement criterion to obtain a new mesh .7, and repeat the step.

1.2 There exists no R for which n/u < R: Find R such that pR is maximal and
use n < uR as a refinement criterion to obtain a new mesh .7, with which
to repeat the /th PPA step.

1.3 There exists no R > 0 such that ;> 0: Recompute POSFAC_A with the new
stability estimate and repeat the /th PPA step.

2. If there exists a radius Ry < }75’ — 2. such that n < prRy, then we use the
|- |wi;§°'n0rm in the analysis: Take n/u; < TOL as a refinement criterion. If it
is satisfied, set Y® =Y and increase ¢ by one to continue the PPA. Otherwise,
compute a new mesh .7, and repeat the /th PPA step.

5.3.5 Mesh coarsening

Ideally, an adaptive finite element method should have the capability to refine as well
as coarsen a mesh. Translated to our context, a typical criterion to mark an element

for coarsening would be
/i < ¢ x min(TOL, R),

where ¢ € (0,1). This is based on the assumption that, say, doubling the size of
an element should increase the residual roughly by a factor of two. However, in our
atomistic problems we have no such property. This can best be seen by considering a
fractured element which, as we discussed, must have length one and hence the residual
in this element vanishes. Such an element would always be marked for coarsening.
Because of this (and similar) difficulties a rigorous analysis of the coarsening procedure

is difficult and only a heuristic idea is presented which seems to work well in practice.
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We define a pseudo-residual 1, which measures the residual in the kth element as
if it were a large element. To this end, we recall from the discussion in §5.2.1 that
most of the time only nearest and next-nearest neighbour interactions contribute to
the energy. More generally, it is reasonable to assume that the residual contribution

from long-range interactions can simply be neglected. Thus, we define

e = hill Fles s ) + |7/ (2V0) = I (Ve + Y y)| + | T'(27) = ' (Veyy +73))

with a suitable modification for boundary elements, and choose the coarsening criterion
e/t < g x min(TOL, R)

in Case 1. of §5.3.4, and
ﬁk/,uf S q X ITllIl(TOL, Rf),

in the Case 2. of §5.3.4. In our computations, we chose ¢ = 1/4.

As a second criterion, we require that the interpolation error committed during
coarsening is less than a specified tolerance, which should be a fraction of the tolerance
TOL.

The coarsening is performed at the same time as the error estimation and mesh

refinement.

5.3.6 Numerical example

We use the benchmark example from §5.3.3 to test our adaptive implementation. In
the very first step of the quasistatic evolution the user has to supply an initial condition
in the form of a QC mesh and the nodal values. This initial mesh has to be chosen so
that the summation error term 7; in the residual can be neglected and does not have
to be computed in the adaptive procedure. Consequently, we have also implemented a
further safeguard in the coarsening procedure, preventing it to remove any nodes which
are present in the original mesh.

For our particular example, it is sufficient to choose 7 = {0, — 1,£, N} as the
initial mesh. The benchmark example is run with N € {103, 10, 10°,10°} and TOL €
{1072,1073}. The performance of the adaptive PPA is described in Table 5.2 and
Figures 5.2 — 5.4 and in the following discussion.

In Table 5.2 we notice immediately that that number of iterations of the PPA
seems to be roughly independent of both the tolerance level and the number of atoms.
The higher number of PPA iterations at the 7th and 8th step were caused by the
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N =10? N =10? N =10° N =10°

q.s. step | 1072 1073 | 1072 107* | 1072 1073 |10°%2 1073
1 1 2 1 2 1 2 1 2

2 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1

d 1 1 1 1 1 1 1 1

6 1 1 1 1 1 1 1 1

7 3 1 4 1 4 1 D 1

8 4 4 D 4 4 4 4 4

9 66 65 72 69 79 87 85 103

10 1 1 1 1 1 1 1 1

Table 5.2: Number of iterations of the adaptive PPA for the benchmark problem
described in §5.3.3, for N € {103,10%,10%,10°} and TOL € {1072,1073}.

introduction of the parameter APOS_FAC. Near the turning point, the coercivity constant

becomes quite small and the adaptive PPA is more ‘careful’ in this case.

Similarly, we see in Figure 5.2 that the number of degrees of freedom (DOFSs)
required to meet the tolerance depends only on TOL but not on N. These results

indicate the robustness of the adaptive algorithm.

Next, in Figure 5.3 we analyze the efficiency of our error estimates. This test
was only performed for N = 10? as it requires the computation of the full atomistic
solution. For all tests, the efficiency index, the ratio between the estimated and the
true error, lies between 2 and 8. In particular, the efficiency index does not explode as

we approach the bifurcation point in step 8 of the quasistatic evolution.

Finally, in Figure 5.4, we plot the entire history of the adaptive PPA for the 9th
quasistatic step which is the most interesting. This is done for N = 103 and TOL €
{1072,107%}. We notice that the two discrete evolutions behave very similarly. As
the local curvature estimate A\, becomes more and more negative, the penalization
parameter increases. As the PPA iterations converge to the equilibrium, the stability
(described by the constant 17 in Theorem 5.3) increases and hence the number of DOF's
required to meet the tolerance decreases as well. Note that between the 20th and 40th
PPA iteration the number of DOFs are the same for TOL = 1072 and TOL = 1073,
This indicates that the error tolerance was overwritten by the a posterior: existence

condition.
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Final Number of DOFs

100
10 |

num. DOFs

100
10 |

num. DOFs

%.s. step6

Minimum Number of DOFs

100
10 +

______________
______________

num. DOFs

Figure 5.2: Number of DOFs in the adaptive PPA for the benchmark problem de-
scribed in §5.3.3. We plot the maximum number of DOFs during each quasistatic
iteration, the minimum number of DOF's and also the final number after termination

of the PPA.

Adaptive PPA : Effectivity Index

TOL = 8x10 + \/

TOL = 4X10

2 TOL = 2XlO3 +
| TOL = 1x104 —H—

TOL=5x10" —+—

estimate / error
N

1 2 3 4 5 6 7 8 9 10
g.s. step

Figure 5.3: Efficiency index (ratio between estimated and true error) for the final error
estimate (after termination of the PPA) for each quasistatic step of the benchmark
problem described in §5.3.3. All tests are performed with N = 103.
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Adaptive PPA : Iteration History

(Y 1 1 1
o) I =S .
Q 100 F ~ .
E w0 s -
>
c 1 1 1
1 20 40 60
0 ' -
-2 4
,<
-4 TOL=102 ——
-6 TOL=10° ——— -
60
10 N\ -
1 _
?\
0.1 -
0.01 -

qg.s. step

Figure 5.4: TIteration history of the adaptive proximal point algorithm for the 9th
quasistatic step of the benchmark problem described in §5.3.3 where N = 10% and
TOL € {1072,1073}.
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Conclusion

In this chapter, an a posteriori existence and error analysis for the quasicontinuum
method in one dimension was presented. In particular, we consciously avoided to
assume the existence of a nearby exact solution to the atomistic model, but instead the
a posteriori existence technique developed Chapter 3 was used which made it possible
to deduce the existence of atomistic solutions from the computation.

The a posteriori error analysis and existence results were integrated into an adaptive
optimization method based on proximal point algorithms, and the numerical experi-
ments presented in §5.3 demonstrate the effectiveness of the approach.

While we have seen that the stability-analysis of atomistic equations and the struc-
ture of the residual in the quasi-continuum method bear many similarities to the anal-
ysis of continuum problems in one dimension, this is no longer true in two or three
space dimensions. The abstract a posteriori existence result remains valid of course;
however, generalizing the stability estimates to higher dimensions seems a non-trivial
challenge. In particular, it should be expected that the inf-sup constants with respect

to similar norms depend on . See §6.3 for further comments on this issue.



Chapter 6

Outlook and Open Problems

Almost all results of the first five chapters were either abstract or restricted to one
dimension. This is a clear limitation of the work in this thesis, particularly for its
practical application. The goal of this chapter is to investigate, at least partially,
where extensions are possible and which results are truly restricted to one dimension.
Concentrating on the a posteriori analysis, which is the practically most relevant part
of the thesis, we shall investigate the possibility of computing residual bounds for
higher dimensional atomistic models, using the argument sketched out in the proof of
Proposition 3.12.

To simplify the analysis, we shall make several assumptions on the atomistic model
and its QC approximation which somewhat restrict the generality of the presentation in
§1.4. First, we assume that the space of admissible deformations and the space of test
functions coincide, i.e., " = /. Dirichlet boundary conditions can still be modelled

in this context by adding a penalty term such as

to the atomistic energy. Similarly, bound constraints can be modelled by barrier func-
tions. It should, however, be possible to generalize the analysis to strong constraints
by modifying the Clément operators Il and II. defined in §6.1.3.

Furthermore, to avoid having to distinguish many different cases, we assume that
the domain €2 is ‘convex’. To make this precise, let € denote the union of all QC
elements and assume that this set is convex. The only point where we will use this
assumption directly is the Poincaré inequality (6.7) in the proof of Lemma 6.4. When
this restriction is lifted some changes in the analysis, laid out in Remark 1 at the end

of §6.2, are required.
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In contrast with the introductory presentation in Chapter 1 we shall, however, not
require that the reference domain 2 is a subset of a regular lattice. The only condition
that we need is that a weak Cauchy—Born rule such as Proposition 1.2 holds. This is

made precise in §6.2 where the exact requirement will become apparent.

6.1 Connecting Discrete and Continuum

If the approach in the proof of Proposition 3.12 should be followed more or less closely
then the crucial condition would be to define ‘discrete star-shaped sets” and extend the
interpolation and trace inequalities, or to somehow link the discrete deformations to
continuum deformations which would make it possible to use continuum techniques for
the definition and approximation error analysis of the Clément operator.

The choice made here is to follow the latter route. This decision has not been made
out of convenience but because of the fact that the discrete geometries of QC finite
elements (or unions thereof) have far inferior properties than classical finite elements.
Consider, for example, the element shown in Figure 6.1. Although in continuum analy-
sis a high quality element, the marked vertex is not connected to the rest of the element
through the nearest neighbour relation. It is effects such as this one that make a direct
discrete analysis very inefficient. Note that such effects do not vanish when working
with continuum methods instead, however, by switching between continuum and dis-
crete variables only at the beginning and at the end of the analysis, the connection has

to be made only on a global level where it is more easily controlled and understood.

6.1.1 Voronoi tesselations

There are many possibilities how an atomistic deformation can be interpreted as a
continuum deformation. Possibly the most commonly used is spline interpolation. For
example, the two-dimensional triangular lattice has a natural triangulation which could
be used to interpolate an atomistic deformation using piecewise affine splines. However,
such an interpolation would be difficult to use at corners where the resulting domain
may become disconnected. Instead, we shall use a partition of the continuum domain

Q) into Voronoi cells.

Definition 6.1 Let Z be a finite subset of RY. The Voronoi tesselation of R with
respect to Z is the collection V(Z) = {C,;z € Z} of the closed, conver sets

C.={zeR: |z -2 <|z—7| V/eZ}



6. OUTLOOK AND OPEN PROBLEMS 137

Figure 6.1: A disconnected QC element: the marked element vertex is not connected
via the nearest neighbour relation to the rest of the element.

Let V = V(£2) be the Voronoi tesselation associated with the set Q (cf. Figure 6.2 for
an example). We define the lifting operator # : </ — PC, where PC denotes the space

of piecewise constant functions of R?, via
Zy(zr) = y(§) Vo eint(Ce) VE e L (6.1)

Two atoms &, £ are called nearest neighbours in Q if H*"1(Ce N Cg) > 0. In that case
we write z & 2.

Since we shall frequently integrate over the Voronoi cells restricted to Q, we define
Ce = CenQ. For each £ € Q let re = SUp,cc, [¢ — §|. For an atomistic domain
without ‘holes’, where the distance between any two nearest neighbours is roughly e,

it is reasonable to assume that
re<e  VEeEQ (6.2)

As possible dual norms for the residual, we use the BV norm in Q (cf. §A.1), given

by

Iyl = [2yllsve = 12yl + 1 D(%2y)|(©) (6.3)
= Y |Gy + Y HNCen Cer) [y(€) — y(€)],

§eq 5,%5/
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Figure 6.2: Voronoi tesselation of a convex atomistic domain.

and the corresponding semi-norm

[yba = [D@YI(Q) = Y HTHCen Ce) ly(©) — (&)l (6.4)
123

These (semi-)norms are convenient extension of the wl!'-(semi-)norms which we used
in the one-dimensional analysis. Consider particularly the following proposition which

establishes the equivalence between the ¥ !-(semi-)norms and other discrete norms.

Proposition 6.2 For each ¢ € V', we have

oMl Zel@ < ) le(©)] < &' 12¢ll@),  where
£eq

L —d) A —d| A
= C d Cy = Ce|.
cv =mine |Ce¢| an v =maxe |Ce|
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and

Cy epla <> e () — () < & plyra,  where
ene
¢y = mine' " "H"H(Ce N Cy) and Cf = maxe' " "H" 1 (Ce N Cyr).
el eRe

Proof.  Both results follow immediately from (6.3) and (6.4). O
While the constants Cy, ¢, and C, are only required to demonstrate the equivalence
of the ¥11-(semi-)norms, the constant ¢y plays a prominent role in the analysis of the
residual. In particular, the computed residual bound may tend to infinity as ¢y, — 0.
Figure 6.2 demonstrates clearly what kind of behaviour might be expected, at least
for subsets of the two-dimensional triangular lattice. In generic situations, Cy and Cj,
cannot be too large (cf. condition (6.2)), however, at corners with a small angle, the
volume of the cell tends rapidly to zero which causes a deterioration of the constants
cy and ¢, .

It should be remarked, however, that so far we have not assumed any particular
structure on the atomistic ground state. Neither should this be necessary as the fol-
lowing proposition demonstrates. It shows that, for practical purposes, the constant
cy depends only on the geometry of the domain € but not on the atomistic ground

state.
Proposition 6.3 If for any two points £,&' € Q, |€ —&'| > € is satisfied, then

. _—d —d
Ce| > 2
mine™|Ce| 2 27vq

where vg denotes the volume of the d-dimensional unit ball.

Suppose furthermore that Q is a convex polygonal set which satisfies the following
interior cone condition: there existsr > 0 and an angle o > 0 such that, for each & € €0,
there exists a cone C'(§) centered in & with opening angle «, satisfying C(§) N B(&, 1) C

Q. In that case, the constant ¢y depends only on d, o and possibly on r.
Proof. For each £, ¢ € Q and for each x € B(§,¢/2), we have

p— €] > =€~ lr—€]>c—c/2=¢/2,
which shows that B(§,¢/2) is contained in C¢. Hence the first result follows.

The second result can be obtained in the same way by replacing the ball B(§,¢/2)
by the set C(&§) N B(&,r ANe/2). O

For none of the other three parameters can a similar result be obtained without further
specific information about the topology of the reference state. It should not be too

difficult, however, to obtain similar results for regular lattices.
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6.1.2 Notation

Using the nearest-neighbour relation in €2 defined in the previous section, some addi-

tional notation can be established. Let
E={e=reNK :H  (keNK) >0 U{e=00Nk: k€T, H (kNI >0}

be the set of (d — 1)-dimensional faces associated with the mesh .7. Throughout, we
shall use k. and k. to denote the two neighbouring elements of the face e if e is an
interior face and k. the single element associate to e if it is a boundary face. To each
face we also associate a unit normal v,, which is identical to the outward unit normal

to k. on this face. By &), we denote all those faces which are fully refined, i.e.,
E =fec&: ¢ ¢ VL eNNe),

and we denote & = & \ &,. Correspondingly, we also define the microscopic and

macroscopic domains by

Q. ={ceV I eNst.E~q&} and Qu=0\Q,.

6.1.3 Definition and analysis of the Clément operator

For each z € A4, define

T, = U’V”'a

kET
2€EK

and let B, = B(z, p.) N be a (convex) section of a closed ball with centre z and radius
p. such that B, C T,.
For each z € 4" we define
h,= sup |r —z| and 7. = h,/p.. (6.5)
z€dT,

The scalar 7, is called the chunkiness factor of T, (cf. [22, Definition 4.2.16]). For
macroscopic elements, the nodal values [Ip(z) of the Clément operator will be defined
by averaging Zy over B,. The error thus committed can be controlled by the following

result. We denote the average of an integrable function over a measurable set A by
(w)a = |A]7" [, udz.

Lemma 6.4 Let u € BV(T)), then

lu = (Wb, llrer) < p2 (72 +92/d = 1/d)| Dul(T2).
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Proof.  This proof is a modification of the proof of [96, Lemma 4.1], which covers the
H! situation. To simplify notation we drop the subscripts and write B = B., p = p.,
etc.. We furthermore assume, without loss of generality, that z = 0 and that (u)p, = 0.

Since T' is the finite union of closed, convex sets, it is star-shaped with respect to
the origin. Using the local approximation of BV functions by smooth functions (cf.
[46, Sec. 5.2.2]), there exists a sequence u; € BV(T') N C*®(int(7")) such that u; — u
strictly in BV, i.e., u; — w strongly in L' and |Du;|(K) — |Du|(K) as j — co. Hence,
we can assume without loss of generality that u € C*(7T). We assume furthermore
that (u)p, = 0 and that z = 0.

We write

vl = [Jullisy + ullb ) (6.6)

Let ¥ be the subset of the unit sphere in R™ such that, for each o € X, the ray to,
t > 0, points into T'. For each o € 3, let r(0)o € OT. For the second term in (6.6), we

compute

(o)
lulli s = // t™u(to)| dt ds(o)

// - 1}u to) — u(po) }dtds // - 1’ u(po) }dtds

= Sl + SQ.

IN

To obtain a bound on S}, consider

S = / / " /taru(ra)dr)dtds(a)

r(o)
< 1d// / r0,u(ro)| drdt ds(o)
r(o)
< d // r*Hou(ro)| drds(o)
p
< E(V = DIIVulluir ).
For S5, we estimate
1
5y = aljmwd—wﬂwmmddw

< 2 [ [5-1]o ool asto

= L= 1) [ ] dsto)
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The last term can be bounded as follows,

[ o)l asto) = [ g

=/ >+d7“pd u(ro)| dr|ds(o)

/ / lﬁura |drds(c +d/ / Hu(rp)| drds(o)

< |IVullLis) + ;||U||L1(B)-

u(ro } dr)ds

IN

Combining all our estimates, we obtain
p
lulliery < 2¥llulluis) + E(Vd = DlIVulluym
Using the fact the (u)p = 0, can employ the Poincaré inequality [1]
ulluys) < 5diam(B) || Vulluys) < ol Vulluis). (6.7)

which holds uniformly for all convex sets, to deduce the desired result. [J

For microscopic elements it is advantageous to let the Clément operator coincide with
the nodal interpolant. It will become apparent below that this should be done at least
for any repatom z € .4 which belongs to a microscopic face. It can be enforced by the

condition

Bg C Cg V¢ € QM'

We are now in a position to define and analyze the Clément operator. For each
z € A let ¢, be the associated hat-function, i.e., ¢, € S}(.7) and ¢.(z') = 6, ./ for
all z,2' € 4. Note that {¢, : z € A} is a partition of unity for 2. We define the

Clément operator by

Mp() = Y (Re)p.0:(6) Vo, (6:8)

zeN
To avoid a cluttered notation, we shall not distinguish between Ilp and Zlly, i.e, llp
is a piecewise constant function defined on all of R?. Since it is awkward to estimate

the error between ¢ and Ilp directly, we also define the continuous Clément operator

Mep = Y (#0)p.0:, (6.9)

zeN

which is a continuous, piecewise affine function of €. Rather than estimating || %2y —

[Ip||r: directly, we shall estimate ||Z¢ — Il.p|L1 and ||II.p — p||p.
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Lemma 6.5 (i) For each z € N let Mp, = (7 +~2/d — 1/d), then,

1% = Teip(2)|[L 1) < p2Mp:| D(Z)|(T). (6.10)

(i1) Setting M. = d(1+ Mp.), we have

> N16:(Z — ep(2))lL1(e) < M| D(%)|(T2). (6.11)

ec&
z€e

(iii) The gradient V1. can be bounded by
IVl < (d+ 1) [max Mr,.] [D(#2) (). (6.12)

Proof. The estimate (6.10) follows immediately from Lemma 6.4.

To prove (ii), for each e € & such that z € e, Lemma 6.6 below implies

6: (2 — Tep() ro) < 0212 — Tep(Dllua oy + D) ()] (6.13)

For each k C T, there are at most d faces e C T, for which k = k. appears in the above

estimate and hence

D 6= = Tep(2) sy < dp; MR = Tep(2) |y + dID(R)|(T).

ecé&
z€e

Using (6.10), we obtain

Y l1¢=(#o = Tep(2) i) < d(1 + Mp.)|D(#0)|(T:)

ec&
z€e

which concludes the proof of (ii).
For the third part of the Lemma, note first that since {¢, : z € A"} is a partition
of unity, it follows that

> Vo=V ¢.=V1=0,
zeN zeEN
and hence

Vilp = Vlp— Y Vo.%yp

zeN

= D Vo:[llep(z) — Z¢). (6.14)

zeN
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We estimate |V, |« by

< N " I
[Veloo <max  max  6:(2) — ¢=(")]/]2 — 2

Since ¢, vanishes at all nodes except z, it follows that

< "z < pit.
Vo:loo < max 1/]2"—z| < p;

Thus, taking the modulus and integrating over {2 gives

IVl < D IVe:llie |2 — Tep(2)l|Lz)
zeN

S Z p;lMP,zpz|D(‘@(p)‘(TZ)
zeN

< (d+1)[max Mp.] D) (©). O

Lemma 6.6 Let z € A4 and let e be a surface of k which contains z. Then, for any

1 € BV(Q) there holds
l6:¥lleace) < P2 ¥l + DY (k). (6.15)

Proof.  The proof of this Lemma is a modification of Lemmas 3.1 and 3.2 in [96],
which cover the H! case. Without loss of generality we assume again that 1) is smooth.

Let o € R? be the unit vector pointing along the edge of the simplex x which
connects z and the face where ¢, vanishes. For each 2’ € e, let T'(2’) > 0 be such that

' + T(z")a lies on that face. Then

T(z")
o p)| = | [ e+ bl + 1)

IN

T(z")
/ [|8a¢z(:c’ +ta)||Y(x’ + ta)| + |- (2" + ta)||Outp (2’ + ta)| | dE

=0

T(2') T(z")
< \8(1@\/ \w(x’+toz)\dt+/ V(2" + ta)| dt.
t=0 t

=0

Integrating with respect to 2’ over e gives
|0-0(2")[|L1(e) < [0a®:1llLrmy + [V lL1(n)-
By looking along the line z + ta, 0 <t < T'(z), we see that d,¢, is given by

10at-| = T(O‘rl < /0;1' U
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6.2 71l_Residual Estimate

We assume that no body forces are applied and that the exact Galerkin problem is
solved, i.e., no summation rule is employed. We therefore analyze the residual E’

which is given by the formula

=D TEUy) - (), (6.16)

£eQ

where E((y) = ¢'"4(9E/dye)(y), directly. To motivate the chosen scaling, consider the

case of a pair potential energy (cf. §1.2.1) which can be written as

Bly) =53 3 I - (@)

€eQ &e\{¢}

Since the distance between nearest neighbours £ and & should be roughly e and the

number of atoms in the body, #Q ~ |Q|e7¢, in order to obtain a non-dimensional scaling

of the energy, we rescale J by setting J.(r) = e~4J(¢~!r). This gives

Z > e (57 () — w@)).
EEQ £'eQ
By dropping the subscript in J., the residual is given by

> T E e e
geQ\{¢} A

which is a non-dimensional term of order one. A similar argument can be given for
EAM models.
Y is a critical point of the Galerkin approximation of F in <7 if

E(Y;®)=0 Vbed. (6.17)
Therefore,
E(Yip)=E(Yip—Tp)=> " 'E;- —lp(¢)) Veed,
£eq

where II is defined by (6.8) and E{ = E{(Y'), a notation which we adopt for the sake
of brevity. Here it becomes apparent why we should insist on keeping the scaling
parameter € in the analysis. Otherwise, we might quite happily use a simple Holder
inequality to estimate the residual which would become of order 1.

If the ground state €2 is a regular lattice in x then we have shown in Proposition

1.2 that Eé vanishes at atomistic sites which are in the bulk of x. Similarly as in
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Proposition 3.12, only interactions across element interfaces contribute to the residual.

More generally, let us assume directly that, if Y is orientation preserving then

B(Y(€),2.) C Y(r) = E(Y) =0 (6.18)

holds. This assumption is still slightly strong since an atomistic deformation will not
in general be orientation-preserving, particularly at defects. For concrete applications
the statement should be localized.

Using (6.18), we may restrict the sum to those atomic sites where the residual is
non-zero, and replace the sum over atoms by an integral over the respective Voronoi
cells. Furthermore, we recall that Il was constructed to coincide with ¢ in each cell
C¢ where € € Q,,. Thus, we have

E(Yig) = > e"E- (p(&) - Tp(9))

€N
.1

= Z g 1@ B¢ - (Zp(x) — p(x)) do

£e€Q s 3 Ci

Eé#o
< ¥ 1/ i é|°°}%¢ M|, d (6.19)
< - x .

& ce |Gl !

EL#0

As mentioned above, atoms in the bulk of an element have a zero residual. We shall
therefore group all atoms such that each atom § with E; # 0 is associated to one or
more faces.

While (except in some trivial cases) the faces e € & have no immediate interpreta-
tion on the atomistic level, depending on the rate of compression of its neighbouring
elements k. and possibly &, we can define a radius r, and an ‘atomistic face’ S, C Q

(both depending on the deformation Y) such that the following conditions hold:

eCS, C{r'+tv:a' €e,—r, <t <r.} Ve € &, (6.20)
|SeN S| =0 Ve #e€ &y, and (6.21)
U Cc | s. (6.22)
ey eE€EN

EL=0
13

The heights 7. should be chosen minimal (max, 7. is minimal) subject to these condi-
tions. It is clear that such radii r. exist but they may be of order one which would be

useless for our analysis.



6. OUTLOOK AND OPEN PROBLEMS 147

With the help of the assumption (6.2), however, it is geometrically evident that we
may choose
re = (2. + 1) max (’VY,iez/e’fl, }VY,ﬁ/eye}fl),
where the maximum is taken only over the first entry if e is a boundary surface.

Subdividing the sum (6.19) into sums over the atomistic faces S, we obtain

eNEw
E(Yig) < Y Lg%%% @5' }e 1/5 (%o — | dz. (6.23)
e€&N © €

Note that while atoms may appear in the contribution from several faces, the sets over

which the integrals are taken are disjoint. The estimate (6.23) almost seems like a
sum of surface integrals and it is indeed possible to reduce the integrals in such a way.
This is particularly straightforward if S, is a simple cylinder and only slightly more

technical in our situation.

Lemma 6.7 Let e be a (d — 1)-dimensional planar face and let S be a conver subset
of its the cylinder {x € RY: x = 2’ +tv,,0 <t < r., a2’ € e}, then

Il < re( e +1DUI(S)) ¥ € BV(S).

Proof.  Using the strict approximation of BV functions by smooth functions, we
assume without loss of generality that ¢ € C1(S).
Let x =2’ + rv, € S, where r € [—r,,r.], then

pol = o)+ [ 3

"+ tv,)dt
. dtw(x + tv,)

< || + /tO |0, (2" + t| dt
< WWH+AﬂWWf+%m&- (6.24)

For each r € R, let e(r) be the convex subset of e such that e + rv, € S. Integrating

(6.24) over z’ € e(r), we obtain

[ ltietryirny < Il + / / V(@ + tr)ls ds(’) dt.
t=0 Ja’€e(r)

Integration over r € (0,7.) gives

||¢||L1(5’) S Te||77z)||L1(e)+/ / / ()|V¢(;p/—|—tye)|1ds(x/)dtdr
r=0 Jt=0 Jz'€e(r

= Te||@/)||L1(e)+/ / / IV (a' + tu)] ds(a') dr di
t=0 Jr=t Jz'€ce(r)
= 7e|YllLie) + el VY. O
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To simplify notation, denote m,. = maxecons, 5d|Eé|oo/|C_’§|. If we set p. = r./c and

apply Lemma 6.7 to (6.23) we would obtain
E(Yig) < Y me|20:|%0 = Mglluse) + pel D% — )| (0)].
eEEN

Thus, we would be required to obtain bounds on | D|(.S,.) which seems a difficult task.
It can be avoided, however, by first estimating (6.23) by

E(Y;p) < Y mee! [H%P — epllLags,) + Mo — Hepl[Lis,)
e€&N
and applying Lemma 6.7 only to the first term, which gives

E(Yie) < 3 me 2012~ Teglnco (6.25)

eEEN

+pe| D(Zp — Tep)|(Se) + &7 Te — Tpl|is,) |-

For the first term inside the sum of (6.25) we can use the continuum technique,

dx

1

Ko — Z G (Zp)r.

ze€NNe

S | (%o — (%o)r.)¢-|, dx

zeNNe” €

= Z (% —Iep(2)) GlLre)- (6.26)

ze€NNe

|26 - Mol = [

IN

This construction prepares the estimate for an application of (6.11). The second and
third terms are best estimated collectively over all of . Since the sets S, are not

overlapping, we can write

B(YVig) < 3 [mepd Do~ Tp)|(S0) + mee ! [T — Mglliags,y (6:27)

eEé"]u

+2peme Y Il(e%’so—ﬂcw(z))@I!Ll(e)]

zENNe

< max [200m| - [$ID(% — Tep)|(9) + 3 Teip — ey

ec€&Nr
+ 30 D (e — Tep(2)6: o | (6.28)

ZEN e€EE

z€e

We continue by estimating |[Il.¢ — Igl[11q) which we can rewrite as a sum over

Voronoi cells. In each cell we use the following lemma.
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Lemma 6.8 Let T be star-shaped with respect to a point & and let ) € CHT), ¥(€) = 0.

Then, setting hp = sup,cp | — &| we have

]|y < Pl VY.

Proof. Let ¥ be the unit sphere in R? and, for each 0 € ¥, let r(0) = SUDg 4 et T-

Then,
r(o)
Jw@ia = [ [ e+ ro)ardso)

/ﬂ/f(f i
/aez/r 0 / VY (€ + to)|y dt dr ds(o)

< hrl[ Vil

gi/}(ﬁ +to)dt| drds(o)

IN

As a consequence of Lemma 6.8 and assumption (6.2) we obtain the estimate
e e — pllaey < Vgl Ve €7, (6.29)

which allows us to tackle this term together with the first term in (6.28), for which we

have

|D(%Z¢ —TLep)|(Q) < [D(Z)[(Q) + [ VIIegll @)

To bound [|[VIL.@||,1 ) we can use Lemma 6.5 (iii) and we obtain

LD(Rp — ) () + 3 Tlep = Hplliaey < |3+ (d+ 1) max M. | | D(#20)|().
(6.30)
For the third term in (6.28), we use Lemma 6.5 (ii) to estimate

S e~ o)l < [maxMc.] S [D@#)|(T:)

ZEN e€E\ zeN

< (d+ 1)[max Mo.] [D#P|(Q). (631)

Combining (6.30) and (6.31) with (6.28) we finally obtain the following residual esti-
mate:
max |E'(Y; )| < C(7) max [,oe max |EL(Y )|OO}

pEYV eEEN £eQnSe
lely1,1=1
where 9 .
5+ 18max,cpvs, ifd=2,

7)) = { 16 4 28 max.c 4 72, if d = 3.
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Remarks. 1. A large part of the analysis presented in this section seems quite sharp.
Some particular improvements seem possible, however. First, the Poincaré inequality
used to estimate [[1)—(v)) g||L1(p) in the proof of Lemma 6.4 is optimal only for sets which
are essentially one-dimensional. Using a Poincaré inequality specifically designed for
balls and sections of balls should improve the interpolation error estimates in Lemma
6.5 significantly. Second, it would be of a great advantage to move the constants Mp,
and Mc¢ . inside the maximum taken over edges rather than estimating them globally.
For example, if the mesh is strongly graded near a fully refined region the constants
Mp. and Mc . become fairly large. Since in such a region, the actual residual E¢(Y)
should be small, it would be able to balance this effect and hide the large constants from
the residual estimate. Many further points where minor improvements are possible can

be found throughout the analysis of this and the previous section. <«

2. To evaluate the error indicators maxees, €| E¢(Y)]oo/|Ce|, it should be sufficient
to take a small representative cluster at each face and one at each node of the mesh
and take the maximum over those sets only. It is not clear, however, how to make this

approximation precise. <«

3. To include body forces in the analysis, the residual should be split into two
parts, as in the continuum analysis. While the first part, which corresponds to (6.16),
can be treated as before, the second part requires interpolation error estimates on the

elements which can be easily obtained using (6.10). <«

4. Nowhere have we used the fact that the cells C¢ related to the atomic sites ¢ are
Voronoi cells. We have not even used the fact that they are convex. It should therefore
be possible to modify a Voronoi tesselation in order to obtain an improved lower bound

on the constant cy. <«

5. Depending on the goal of the computation, it may be preferable to use different
norms for the analysis of the residual. For example, if we wish to use a norm related
to the WP-Sobolev-norms, p € (1, oo, we could proceed as follows. Suppose that any
two points £, & € Q satisfy [ — &'| > ¢ so that B(&,¢/2) is contained in C¢. We can

then use the smooth partition of unity
vea) = [ /27 (o2 @ =) av.
3
where 7 is a standard mollifier with support in B(0, 1), to define

Rsp =Y p(&)ve,

£eQ
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to construct a C* lifting of the space #". This should make it possible to analyze
the residuals with respect to W'P-like norms for Sobolev indices p > 1 with the same

techniques as above. <«

6. Finally, it should be remarked that no summation rule approximation was an-
alyzed. For a practical residual estimate this would have to be considered as well.

<

6.3 Conclusion, Open Problems and Future Direc-
tions

This thesis has only scratched the surface of a potentially vast area of mathematics
that has only begun to develop. Naturally, many questions have been left open. To
conclude we list some of those questions and some further related problems which are

interesting candidates for future research.

Inf-sup Constants. In order to fully generalize the a priori analysis of Chapter 4
and the a posteriori analysis of Chapter 5, it will be necessary to quantify the relevant
inf-sup constants in higher dimensions. The continuous case can give us little guidance
here. For example, there are several results showing, under suitable conditions, that
operators of the form u — —div(A(z)Vu) are topological isomorphisms from W,” ()
to (Wy” /(Q))* These are, however, usually restricted to specific values of p which
certainly do not include p = oo. Even for p € (1,00) the results are usually of an
abstract form.

One direction for further research is therefore to quantify these results. It is pos-
sible, in several ways to rewrite the inf-sup problem as a linear program (a quadratic
optimization problem with linear equality and inequality constraints) and try to solve
it numerically. This should give us some indication as to what kind of results we might

expect and to guide us for further research in this direction.

A-Priori Analysis. There are at least three promising possibilities for the exten-
sion of the a prior: error analysis of Chapter 4. The first is based on inf-sup constants
and, if these can be computed, is obvious.

A second possibility is based on the weighted norm technique of Rannacher and
Scott [82]. By estimating the error of a Galerkin projections of a regularized Green’s

function they are able to prove optimal W1 error estimates for piecewise linear finite
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element approximations. However, their technique seems, at present, restricted to
quasi-uniform meshes.

Also using the assumption of quasi-uniformity of the mesh it would be possible
to use the ideas in [78]. Suppose that, for the linearized problem, we have an error
estimate of the type |y — Y|y1» < h¥ where | - |41, denotes a discrete W'P-like semi-
norm and h is the mesh size. Using norm equivalence in finite dimensional spaces, one
can then show that, for quasi-uniform meshes, we have |y — Y|y1.0. < h*=4/P. Thus,
by raising the polynomial degree to kK = 2 and letting p = 2, or by letting £ = 1 and
p > d, we can deduce a ¥1*°-bound on the error, which in turn, allows the application
of the fixed point argument again.

The two latter ideas, while certainly more realistic to pursue, suffer from the as-
sumption of quasi-uniformity of the mesh which is grossly violated for the quasicontin-

uum method.

Complete and Improved Residual Estimates. The analysis of §6.1 and §6.2
shows a clear path how residual estimates can be computed for the QC method in
a very general setting. Combined with inf-sup estimates it is conceivable that the a
posteriori analysis of Chapter 5 can be at least partially extended to higher dimensions.
Of course, it is always possible, instead of using the a posteriori existence technique,
to revert to assuming that an exact solution exists nearby. In this case it may be
advantageous to use residuals with respect to dual norms other than the #!-norm.

Remark 5 in §6.2 gives a clue as to how these might be obtained.

Goal Oriented Adaptivity. In engineering applications, QC simulations are usu-
ally performed with a specific goal in mind. It is often not important to obtain a good
approximation to an exact solution in a particular norm but only an approximation
to a certain quantity of interest. This may include an average displacement field, a
critical force, or the energy of a dislocation. Reviews of different goal oriented adaptive
techniques can be found in [7, 11, 14].

While an entirely rigorous analysis of goal oriented adaptive techniques is usually
difficult, particularly for nonlinear problems, they have been demonstrated to provide

highly efficient mesh refinement criteria for static problems.

Other Multiscale Methods. The QC method is only one example from the

large class of multiscale methods for atomistic models for solids. Particularly for static
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problems it provides maximal flexibility; however, other methods may be advantageous
in specific situations.

For example, the bridging-scales method [62] constructs a coarse variable by defining
aregion Q, C Q (here, we understand 2 and €2, as continuum domains) and decompose
the deformation into a macroscopic deformation y,; and an additional microscopic

displacement wu,, which is only computed in €, i.e.,

y(§) = ym(§) + uu(§)-

The relationship between y;; and y is controlled by a projection operator. This pro-
cedure has the advantage that no mesh grading is necessary in order to obtain a full
atomistic region. An extension of the a posteriori analysis to this and other alternative
methods would be an interesting project.

Finally, we should mention another direction which is not directly related to the
work in this thesis but which cannot be neglected in any list of open problems in
the field of multiscale methods for atomistic material models. As opposed to the
QC method, the bridging-scales method is mainly used for dynamic simulations. The
biggest difficulty is to obtain a correct continuum representation for the high frequency
waves in an atomistic region and to thus be able to transfer the energy between 2,
and Q,; = . Mathematical problems originating from dynamical situations such as

this, pose one of the biggest challenges for multiscale modelling.
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Appendix A

Supplementary Material

Some basic background of linear and nonlinear analysis, function spaces as well as finite
element methods is assumed in this thesis. While linear (functional) analysis cannot
be covered here and is assumed as a prerequisite (see [85] or [98] for an elementary
introduction), a brief introduction to functions spaces, the calculus of variations, and
to finite element methods is given in the following three sections. While not strictly
required to be able to follow the analysis in the main body of the thesis, it may provide

a helpful background.

A.1 Function Spaces

Good introductions to Sobolev spaces can be found in introductory books on partial
differential equations such as [45] or books on finite element methods [22]. A more
detailed treatment can be found in [2] or [46]. The latter can also be used as an
introduction to functions of bounded variation which are also used in the last chapter
of this thesis. Another excellent reference on functions of bounded variation is [4]. The

present section can only serve as a review and to fix the notation.

A.1.1 Sobolev spaces

Let 2 be a domain (an open, connected set) in R%. For any measurable set A C  we

say A cC Q if A is bounded and A C Q. We define the set of test functions by

2(Q) = {p € C*(Q) : supp(p) CC 2}

155



156

Throughout, we shall identify any two measurable functions uy, us :  — R™ if uy(z) =

ug(z) for a.e. x € Q. For each measurable function u : Q2 — R™ we define

1/p
(/ \u\ﬁdx) ) for p € [1,00), and
0

ullee@) = ess.sup|u(a)]oo,
e

=
=
=
=

|

where | - |, denotes the fP-norm on R™. We use L?(2)™ to denote the space of vector-

valued measurable functions with finite L”-norm. For scalar functions, the superscript

1
loc

Q such that [Jul[r1(cy is finite for each set €' CC 2. The fundamental theorem of the

is dropped. We also define L, .(€2) to be the set of scalar measurable functions u of

calculus of variations (this follows for example from [46, Section 4.2]) states that, for
each u € L. (),

loc

u =0 for a.e. z € Q iff. /ugpdx =0 Voe2(Q). (A1)
Q

A function u € L] _(€) is said to be weakly differentiable if there exists a function

g € LL ()% such that

loc
/g~g0dx:—/udivg0dx Yo € 2(Q)%.
) )

In this case, we use Vu = ¢ to denote its gradient and du/Jz; to denote the jth

1
loc

component of Vu, j = 1,...,d. If u € L .(2) and is weakly differentiable, for p €

[1, 00|, we define the Sobolev semi-norms

[ulwin) = | VullLe @),
and the Sobolev norms
1/p
lullwooiey = (Nullfpq) + [ufiny) > p € [1,00), and
lullw @y = max (fullus @, [uhvicge) ).

The spaces of locally integrable functions with finite Sobolev norms are denoted by
WLP(Q). As is customary, we furthermore identify the symbols H' = W'2. Higher
order weak derivatives and the corresponding higher order Sobolev spaces can be de-
fined analogously. Sobolev spaces are Banach spaces and, for p € (1,00) are reflexive
[2, Theorem 3.5] (a Banach space 2 is called reflexive if its canonical embedding in
Z** is a topological isomorphism).

Weakly differentiable functions share many properties with classically differentiable
functions. The reason for this is that for many domains, classically differentiable func-
tions are dense in Sobolev spaces; cf. for example [46, Section 4.2] or [45, Section
5.3].
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A.1.2 The Dirichlet problem

As an application, consider the Dirichlet problem
—Au+u=f in€Q, wu=0onodQ, (A.2)

where f € L?(€2). Upon multiplying by a test function, formally integrating by parts,
and invoking (A.1), (A.2) can be shown to be formally equivalent to

/Q[VU~VS0+U(,0] dx:/gftpdx Yo € 2(9).

Let H} () be the closure of 2(Q) with respect to the H'-norm. Since both sides in
the variational form are continuous in the topology induced by the H'-norm, we may
reformulate (A.2) as: Find u € H{(Q) such that

/Q [Vu Vv + uv} dr = /fou dr Vv e Hy(Q), (A.3)

which is called the weak form of the Laplace equation (as opposed to the strong form
(A.2)). A closer look reveals that the bilinear form on the left-hand side of (A.3) is in
fact an inner product on H}(2) which induces the H'-norm. Let us denote this inner
product by (-, ) so that we can rewrite (A.3) as (u,v)m = £(v), where £(v) is the
bounded linear functional given by ¢(v) = fQ fvdx. Hence, it follows from the Riesz

representation theorem for H}(€2) that (A.3) has a unique solution.

A.1.3 Functions of bounded variation

We also review functions of bounded variation which are used in Chapter 6. For

u € L1(Q), and any open subset A of Q the total variation of u in A is defined by

|Dul(A) = sup /udivgpdx,
Q

©€CL(A),supp(p)CCA
HS@HLOO(A)SI

and the BV-norm in Q by |jullgv) = |[ullLi@ + [Du|(£2). We say that a function
u € L'(Q) has bounded variation if ||ul|py() < 400, and collect these functions into
the space BV(2). As is the case with Sobolev spaces, it turns out that BV(Q) is a
Banach space. If u € BV(2) then there exists a vector-valued, signed Radon measure

Du such that
—/udivgpd:p:/godDu Ve € CH(Q),
Q Q
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i.e, the measure Du, called the variation of u, can be considered the weak (or better
distributional) derivative of w (cf. [46, Section 5.1]). It can be shown to have the
decomposition

Du = Vul® + [uly) HY|s, + D.u,

where Vu € L1(Q), £ is the d-dimensional Lebesgue measure, S, is a (d — 1)-
dimensional set of ‘weak jump discontinuities’ with unit normal v, [u] is the jump
across S, H4 1 is the (d — 1)-dimensional Hausdorff surface measure, and D.u is a
measure which is singular with respect to £? as well as H? !|, and is called the Cantor
part of Du. Piecewise Wh! functions have bounded variation without Cantor part.
Unlike Sobolev functions, BV functions cannot be approximated in the BV-norm
by smooth functions. However, they can be approximated by smooth functions in the

strict topology of BV, which is often sufficient. Let the metric p be defined by
p(u,v) = [|u = vl + ||Dul(2) — [Dv|()] Vu,v € BV(Q).

Equipped with p, BV is a metric space and the topology induced by p is called the
strict topology. For any domain , for any u € BV({2) there exists a sequence u; €
C>(2) NBV(€) such that p(u,u;) — 0 as j — oo [46, Section 5.2.2].

A.2 Calculus of Variations

To fix the notation, we assume that 2" and % are separable Banach spaces (i.e. Banach
spaces which contain a countable set which is dense) with topological duals 2™ and
%* (the spaces of bounded linear functionals from respectively 2" or % to R). The
norm associated with a Banach space 2" is denoted by || - |2, and so forth. The
space of bounded linear mappings between 2" and % is denoted by L(Z",#). In the
following sections we give a brief introduction to the most basic methods of the calculus
of variations.

A nice elementary introduction to the calculus of variations can be found in [21].
For more advanced material, particularly for applications in solid mechanics, see [35]
or [79].

A.2.1 The direct method

Let 2™ be a dual Banach space, i.e., let 2* be the dual of a Banach space 2", and
let ¢ : 2" — (—o0, +00]. We wish to find

u € argmin ¢. (A.4)
z
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A powerful technique to prove the existence of solutions to (A.4) is the direct method
of the calculus of variations.

Suppose that ¢ satisfies the coercivity condition
[ul| o+ — 00 = ¢(u) — oo. (A.5)
Let (uj)jen C £ be a minimizing sequence for ¢, i.e,
d(u;) — igyfgb as j — 00.

If the domain of ¢, D(¢) = {u € &7 : ¢p(u) < +00} is non-empty, then each minimizing
sequence must be bounded. By the Banach—Alaoglu theorem [85, Theorem 3.15], it
follows that (u;) is precompact in the weak-* topology of 2™, i.e., there exists u € 2™
and a subsequence (w.l.o.g. not relabelled) such that u; 2 weakly-% in 27

At this point the crucial assumption for the direct method comes into play. If ¢ is
sequentially weakly-+ lower semicontinuous, i.e.,

6(v) < Timinf (v;),

J—00

whenever v; 29, then it follows that u, constructed above, is a solution to (A.4).

A.2.2 Euler—Lagrange equations

Let 27, % be normed, linear spaces, let &/ be an open subset of 2" and let ¥ : & — %,
Z is said to be Gateaux-differentiable at u € o7 if there exists a map T' € L(Z", %)
such that, for every v € 2,

lim |h|7F (u + hv) — F (u) — hTv

heR

» = 0.

In this case, we write T = .#'(u). % is said to be Fréchet differentiable if it is Gateaux

differentiable and

lim o]l 5.7 (u + v) = F () = Z' ()]l = 0.
ve X
A classical technique in the calculus of variations is to make use of Banach space
differentiation to derive necessary conditions for solutions to (A.4). Let ¢ : 27~ — R,
and let &7 be a closed, convex subset of 2. Suppose that u € o7 is a local minimizer
of ¢ in & (i.e., locality is understood in the topology of 2~ with respect to which ¢ is
differentiable) and that ¢ is Gateaux differentiable at u. Then, for all v € 7, we have

6(u) < $(v) = Bu) + he!(usv — u) + o(h) as h— 0.
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Letting h — 0, it follows that
¢ (u;v —u) >0 Yo € . (A.6)

(A.6) is the prototype of a variational inequality. If &7 is an affine subspace then we
have equality in (A.6). In this case, the resulting equation ¢'(u) = 0 is called the
Euler-Lagrange equation of ¢.

More generally, a point u satisfying (A.6) is called a critical point. If ¢ is convex
then the the set of critical points and the set of global minimizers coincide. In general,
the structure of critical points can be quite complicated. However, as in the finite-
dimensional case, we can at least say the following: if ¢'(u) = 0, if ¢’ is Fréchet
differentiable at u and ¢”(u) is positive definite, then u is a strict local minimum of ¢.

In practise, the derivation of the Euler-Lagrange equation can be subtle. Consider,

for example, the integral functional
o) = [ futa), V(o)) da.

where  is an open subset of R? and f = f(u,p) is continuously differentiable in
R x R?. Clearly, ¢ is well-defined and differentiable on the function space WH>(€).

The resulting Fuler-Lagrange equations are
/ [fu(u, Vu)v + fplu, Vu) - Vol der =0 Vo € Wh>(Q). (A7)
Q

In many situations, (A.7) does not have a solution in W»*(Q). In which other topolo-

gies can ¢ then be differentiated? For example, if f satisfies the growth conditions
[f(u,9)| < Cr(1+ [ul” + |g[") and | fu(u, 9)| + [ fo(u, 9)| < Cr(1+ [ul"~" + |g["™)

then it can be shown that ¢ is Gateaux differentiable in W' ().

A.3 Finite Element Methods

Finite element methods are flexible techniques for the numerical approximation of
partial differential equations and many other types of mathematical models. For a
thorough introduction see [22].

Let Q be a polygonal domain in R? and let 7 be a finite element mesh, a collection
of open simplices k C R? such that Ueeri = Q and sk Nk = 0 if K # & € T.
The construction and the specific properties of the mesh 7 are crucial to the success

of the finite element method, both analytically and algorithmically. For example, in
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€Y (b)
Figure A.1: A mesh with a hanging node (a) and a regular mesh (b).

two dimensions, it is typically assumed that the mesh has no hanging nodes, i.e., if
kN E # () then either, this intersection consists of exactly one common edge of x and
K/, or of one common vertex (cf. Figure A.1). In three dimensions, if K N & # (), then
the intersection must consist of exactly one common face, of one common edge or of
one common vertex. Such meshes are called regular. Irregular meshes may also be
used, but their discussion goes beyond the scope of this appendix.

For k € N\ {0} let P be the set of polynomials of degree up to k in R? and let
S*(T) be defined by

SHT)={veC():v|, € Py VkeT}.

It should be intuitively clear that this definition is not very useful for arbitrary par-
titions. Only if a mesh is regular (Figure A.1 (b)) or has a very specific structure, is
S*(T) rich enough to approximate Sobolev spaces.

As a first example of a finite element method we discretize (A.3). To this end, let
SE(T) = SH(T)NHE(Q2). The Galerkin finite element approximation to (A.3) is to find
U € S¥(T) such that

/Q[VU~VV+UV] dx:/Qdex YV e SE(T), (A.8)

or, in short, (U,V)m = ¢(V). By the Riesz representation theorem for S¥(7T), (A.8)
has a unique solution. Let u be the solution to (A.3) and let U be the solution to
(A.8). Since S¥(T) C HY(Q), we have

(u—U, V) = (u, V) — (U, V) = 0V) —4V)=0 YV € S¥T)
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and hence
flu—Ulfn =@w—-Uu—0Um = @u—Uu—V)m < lu=Ulm|u—Vl]m

for all V € S¥(7T). Dividing by ||u — Ul|m, we obtain the best approximation error
estimate

lu— Ul = inf [Ju— V. (A.9)
vesk

In general, a Galerkin finite element method is not a projection as in the case of the
Dirichlet problem, but estimates similar to (A.9) still hold in many situations.

With (A.9), the error estimation is reduced to an approximation problem. We shall
not go into any detail in this area but only mention that this is the point in the finite
element analysis where the specific construction of the mesh, for example its regularity,
is of crucial importance. For further material see, for example, [22, Chapter 4. For
error estimation with respect to different norms, see [22, Chapter §].

In the following two sections, we briefly outline two techniques which can be used

to analyze the finite element method for nonlinear problems.
A.3.1 Error estimates for nonlinear equations
Consider the partial differential equation
—divS(Vu)=f in Q, u=0 on 0. (A.10)
Suppose furthermore that S is uniformly elliptic, i.e.,
(S(F) = S(G)) : (F = G) = My|F = G,

and Lipschitz continuous, i.e., |S(F) — S(G)| < L|F — G|, where M; > 0 and L € R.
A possible weak form for (A.10) is to find u € H)(Q?) such that

B(u;v) = £(v) Vv € Hj, where (A.11)
B(u;v) = / S(Vu): Vodx and ((v) = / fodx.
Q 0
The finite element Galerkin discretization to (A.11) is to find U € S§(T) such that
BU;V)=(V) VYV eSHT).

We leave the solubility of (A.10) and (A.11) aside but note that both equations can

be shown to posses unique solutions. By a generalization of the argument in the linear
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case, we have

Mu—Uljn < |Bluju—U) = B(U;u—U)|
= [Blw;u—V) = B(U;u—V)|
< Lu—Ulwlu = Vi,

and thus obtain the quasi-optimal error estimate

L
u—Ulp < — inf |u— V.
| < M, VeS(’f(T)' e

If S is not globally elliptic and /or Lipschitz continuous, but only locally in a convex
set M C R%, then, by assuming that Vu, VU € M the same results can be recovered.
In fact, in some situations, this assumption can be made rigorous by use of a fixed
point argument such as the one in Chapter 4. This would go beyond the scope of this

section, however, and the reader is referred to [63] and [78] for further examples.

A.3.2 Variational convergence analysis

The direct method outlined in §A.2.1 has the great advantage that only the energy is
required for its analysis. This makes it usually clear which function space (namely one
in which ¢ is coercive) one should work in and considerably simplifies the analysis.

To motivate the following discussion note that (A.3) is the Euler-Lagrange equation
of the Dirichlet functional in H}(€) while (A.8) is the Euler Lagrange equation of the
Dirichlet functional in S%(7°). This is generally true: the finite element discretization
of an Euler-Lagrange equation is ‘usually’ the Euler-Lagrange equation of the same
functional restricted to the finite element space.

Thus, let ¢ : WHP(Q) — (—o0, +-00], where p € (1, 00), be a strongly continuous, se-
quentially weakly (and since WP () is reflexive, also weakly-*) lower semi-continuous

and coercive functional, i.e.,

uj—u = Pu;) = Plu),
uj = u = ¢(u) <liminf ¢(u;), and
j—00
[ujllwir — 00 = @(u;) — oo.
Furthermore, for each N € N, let 7y be a finite element mesh such that

Vue W' 3Vy € S¥(Ty),N €N : Vy — u in W'

The energy Galerkin finite element method is to find Uy € S*¥(7y) such that ¢(Uy) =
infgr(7,) @. By the direct method, such Uy exist and by the coercivity of ¢ we may
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extract a subsequence Uy;, N; T oo, such that Uy, — u for some u € WhP(Q). We
shall now prove that u is a minimizer of ¢ in W'?(€). To this end, let v € W'P(Q)

and let Vy € S’“(TN), VN — v as N — oo, and consider

¢(u) < 1ijfgg>lf P(un;) < liﬂilc)lp ¢(Uy;) < jlijglo o(Vn,) = ¢(v).
Since v was arbitrary, it follows that « € argmin ¢. Furthermore, by setting v = w, it
follows that all inequalities in the above chain are equalities and hence ¢(Uny;) — ¢(u).
The result can be strengthened in several ways. For example, if the minimizer of ¢
is unique then the entire sequence Uy converges (weakly). In some cases (depending
on the specific structure of ¢) it is even possible to deduce strong convergence of the
sequence Uy, (or Uy). To demonstrate this, we may consider the p-Laplacian energy

functional

otw) = [ [1vup = u] az

restricted to Wy”(Q), where f € L”(Q) and p € (1,00). If Uy, — u weakly in
Whe(Q) and ¢(uy,) — ¢(u) then, in particular, [|[VUy,||L» — ||[Vul|L» which, together
with the stated weak convergence implies strong the convergence ||V (u — Uy, )||Lr — 0
(using Clarkson’s Theorem that L is uniformly convex [31] and a straightforward
computation). The reader is referred to [75] for more detail and further concrete
examples.

The argument outlined in this section is a special case of I'-convergence [37, 39].
While undeniably elegant, it has a crucial flaw that is not usually mentioned in numer-
ical works based on I'-convergence. It requires the global minimization of the energy

¢ in the discrete spaces S*(7) which, unless ¢ is convex, is generally not tractable.
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