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Abstract

Analysis of the Quasicontinuum Method

Christoph Ortner Doctor of Philosophy

Oriel College Michaelmas Term 2006

The aim of this work is to provide a mathematical and numerical analysis of the static

quasicontinuum (QC) method. The QC method is, in essence, a finite element method

for atomistic material models. By restricting the set of admissible deformations to

linear splines with respect to a finite element mesh, the computational complexity of

atomistic material models is reduced considerably.

We begin with a general review of atomistic material models and the QC method and,

most importantly, a thorough discussion of the correct concept of static equilibrium.

For example, it is shown that, in contrast to global energy minimization, a ‘dynamic’

selection procedure based on gradient flows models the physically correct behaviour.

Next, an atomistic model with long-range Lennard–Jones type interactions is analyzed

in one dimension. A rigorous demonstration is given for the existence and stability of

elastic as well as fractured steady states, and it is shown that they can be approximated

by a QC method if the mesh is sufficiently well adapted to the exact solution; this can

be measured by the interpolation error.

While the a priori error analysis is an important theoretical step for understanding the

approximation properties of the QC method, it is in general unclear how to compute the

QC deformation whose existence is guaranteed by the a priori analysis. An a posteriori

analysis is therefore performed as well. It is shown that, if a computed QC deformation

is stable and has a sufficiently small residual, then there exists a nearby exact solution

and the error is estimated. This a posteriori existence idea is also analyzed in an

abstract setting.

Finally, extensions of the ideas to higher dimensions are investigated in detail.
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Ã coarse-grained set of admissable deformations; cf. §1.4
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Chapter 1

Introduction

During the course of my doctoral research I have studied several mathematical models

for material failure and techniques for their analysis. For example, a mathematically

highly attractive model of fracture (cf. [48]) is based on the minimization of the free

energy

E(u) =

∫
Ω

1

2
|∇u|2 dx+ κHd−1(Su), (1.1)

where the displacement u is a piecewise Sobolev function and Hd−1(Su) is the surface

measure of its discontinuity set, over a set of admissible displacements A . The process

of fracture is described by the balance between the bulk term
∫

1
2
|∇u|2 dx and the

surface energy κHd−1(Su). Using the direct method of the calculus of variations (cf.

[4] for an analysis of (1.1)), it is possible to prove the existence of minimizers and the

convergence of numerical discretizations. In short, if uN is a minimizer of E (or an

appropriate approximation thereof) over a suitable discrete space AN , N ∈ N, then a

subsequence of (uN)N∈N converges to a minimizer of E in A [17, 70]; cf. also §A.3.2.

However, not only is (1.1) non-convex, but in every point of the configuration space

it is discontinuous and has directions in which it is strictly convex and directions in

which it is strictly concave. Any expert in numerical optimization would agree that it

is virtually impossible to compute global minimizers of this model. In that case, we

are fully justified in questioning the value of numerical approximation results based on

this technique (unless of course it can be demonstrated that the discrete minimizers

can be computed). As general and mathematically satisfying they might be, they bear

little relationship with reality. The joint work with Negri [71] is an attempt to analyze

fracture models based on different principles than that of global energy minimization;

however, this was restricted to very simple model problems.

While initially still closely related to the direct method (cf. [75, 24]), as a con-

sequence of experiences such as this, much of my research was centered around local

1
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energy minimization. In §1.1, I try to explain the philosophy that I have developed

over the past years and which I try to follow throughout this work.

Another area that I have studied with great interest were atomistic material models

to which an introduction is given in §1.2. Here, the situation is a slightly different one.

Although there are still some instances in the literature which study atomistic models

via global energy minimization (cf. for example [15, 49]) it is usually acknowledged

that global minimization leads to unphysical behaviour (cf. §1.1.2). Despite their

complexities, atomistic material models have a much more accessible structure than

free discontinuity problems such as (1.1). For example, gradient flows with respect to

a sufficiently strong metric are well-defined and stable evolutions (in a uniform sense).

This observation is used in Chapter 2 to analyze elastic equilibria of atomistic chains

which are not global energy minima.

While this analysis was interesting and helped considerably to advance my ana-

lytical understanding of atomistic material models, it is not sufficient for numerical

purposes. The gradient flow evolution has little or no connection to physical dynamics

and it would be a waste of resources and computing power to compute static equilibria

via a gradient flow evolution. It was therefore necessary to look for more direct methods

to analyze equilibrium points.

Often, in the numerical analysis of nonlinear problems, it is assumed that an exact

solution u satisfying a nonlinear equation F (u) exists, that F ′ is Lipschitz continuous

at u and F ′(u) is an isomorphism. If it is assumed that a numerical solution U is

sufficiently close to such a u then it is easy to bound the error by its residual,

‖u− U‖ ≤ ‖F ′(θ)−1(F (u) − F (U))‖ � ‖F ′(u)−1‖‖F (U)‖,

where θ ∈ conv{u, U}. In other words, if a numerical solution is good then it is very

good. In my opinion, this assumption is not too different from the assumption that

global minima of a discretized model can be computed. I therefore found my early

results on the approximation properties of quasicontinuum methods (finite element-

based coarse-graining methods for atomistic models; cf. §1.4), which were of this type,

quite unsatisfactory. The crucial breakthrough was achieved after the joint work with

Süli [78] in which we used a technique adapted from [63] to prove the existence of

numerical DGFEM solutions near stable exact solutions of nonlinear elliptic or hyper-

bolic equations. Using a fixed point iteration, similar to Newton’s method, if the same

assumptions on an exact solution u are made as above, then the existence of a numer-

ical solution which is sufficiently close can be shown rigorously. I have made use of

this technique in Chapter 4 where I give a general a priori analysis of one-dimensional
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atomistic models and their numerical approximation. Under natural conditions on the

atomistic model, the following results are shown:

• the existence, local uniqueness and stability of elastic critical points;

• the existence, local uniqueness and stability of fractured atomistic solutions; and

• subject to natural conditions on the mesh quality, the existence and approxima-

tion properties of a quasicontinuum solution.

In particular the last point is based on ideas which have been used extensively to

study the approximation properties of numerical discretizations to nonlinear operator

equations [23, 40].

A reinterpretation of the fixed point argument mentioned above makes it possible

to prove that

• if U is a numerical solution, F ′(U) is an isomorphism, F ′ is locally Lipschitz

continuous at U and F (U) is sufficiently small, then there exists a nearby exact

solution satisfying ‖u− U‖ � ‖F ′(U)−1‖‖F (U)‖.

With slightly different aims, this idea has been developed in some depth for weak as

well as strong solutions to the nonlinear Laplace equation (see [81] for a fairly recent

overview article). Also for dynamical systems, similar ideas can be employed (see for

example [33]) 1. Surprisingly though, this principle which I label a posteriori existence,

seem to be unknown in the adaptive finite element community. Chapter 3 is therefore

devoted entirely to its investigation in a simple setting. In addition to the abstract

result outlined above, two applications, a numerical investigation of local minima of a

double-well energy and the semilinear Laplace equation, are given.

In Chapter 5 this idea is applied to the quasicontinuum method. In addition to

proving the existence of an exact atomistic solution a posteriori, an adaptive opti-

mization method is developed which includes the adaptive mesh-refinement procedure

within the optimization algorithm rather than the reverse which is common practise.

This has the advantage that during the formation of a defect, which is a computa-

tionally expensive process to capture, the mesh is automatically adapted during the

optimization whereas otherwise, it would be adapted after its termination and the so-

lution computed from the beginning (cf. Chapter 5 for a more detailed discussion).

The optimization method used is a proximal point algorithm which is, in essence, an

implicit Euler discretization of a gradient flow. The analytical techniques studied in

1I thank Willy Dörfler, Mats Larson and Stig Larssen for pointing out these references to me.
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Chapter 2 were therefore used to great advantage. The following results are given in

Chapter 5:

• Bounds on the residual and the inf-sup constant of quasicontinuum approxima-

tions of solutions;

• If Y is a stable quasicontinuum solution with sufficiently small residual, then it

is shown that there exists a nearby exact solution and the error is bounded in

terms of the residual and the inf-sup constant;

• Each iteration of the proximal point optimization method is compared to a related

exact problem and the error is estimated;

• The convergence properties of the proximal point optimization method are ana-

lyzed rigorously in the non-adaptive case and assessed through numerical exam-

ples in the adaptive case.

In order to be able to provide an entirely rigorous theory without any — possibly

unjustified — assumptions, it has become a disappointing feature of this thesis that

almost all results are one-dimensional. The last chapter is therefore included to gen-

eralize some aspects of the a posteriori analysis, which I consider the most important

aspect of this thesis, to higher dimensions and to discuss the difficulties in extending

the full results. It also includes a section discussing further developments required

to make the analysis applicable to engineering problems. Further discussions about

extensions to higher dimensions can be found in the respective chapters of the thesis.

1.1 Energy Minimization: Global or Local?

For the following discussion it is useful to have a concrete example in mind. Let us

therefore assume that an elastic body can be described by a state variable y from a

space of admissible configurations A . To each deformation y ∈ A , we assign an energy

E(y) ∈ (−∞,+∞]. For concrete examples the reader may refer to [8, 30, 79]. It has

become customary in a large mathematical and engineering solid mechanics community

to assume that the elastic body attains a global energy minimum, i.e., a configuration

y ∈ A such that E(y) ≤ E(ỹ) for all ỹ ∈ A . Therefore, over the past decades,

the direct method of the calculus of variations [35], together with its relatives such as

the theory of Γ-convergence [39, 37], have become important mathematical tools for

understanding mechanical systems.
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Figure 1.1: Two stable equilibria of an elastic body with the same boundary conditions.
Modified from [30, p. 247].

The aim of the present section is to discuss this somewhat controversial postulate.

For example, in [90] Tartar states: ‘I like to call ultra-science-fiction elastic materials

those. . . inexistent materials which instantaneously discover a minimum of their po-

tential energy. . . ’. Tartar’s statement is intended to criticise, first, the fact that the

evolution is entirely neglected (cf. [90, p.7], ‘I do not think there is much Physics in a

model where there is no time.’ ), and second, that the material is assumed to attain a

global energy minimum.

In fact, for many mechanical systems simple counterexamples to the principle of

global energy minimiation may be constructed. A well known counterexample from

the theory of elasticity is the elastic rod shown in Figure 1.1. If the deformation is

held fixed at both ends then the energy minimum is the undeformed state shown at

the top of Figure 1.1. If the left-hand end is still held fixed, but the right-hand end

is twisted by 360 degrees and then fixed in the same position as before, we obtain a

new stable equilibrium under the same boundary conditions. Since, by allowing the

right-hand face to deform freely, the elastic rod would return to its reference state,

the twisted deformation must have a higher energy than the undeformed state and is

therefore not globally stable. By iterating the process, it can be seen that the elastic

energy has infinitely many stable equilibria.

While, based on these arguments, we may decide not to accept the principle of global

energy minimization without a great degree of suspicion, we may still be interested in

static equilibria only. It would seem a waste of resources to use dynamics to find

a stable equilibrium of the system. Nevertheless, the stability of an equilibrium is

inherently related to the evolution equation that is satisfied by the system as well as

the perturbations from equilibrium which it is subjected to.

What is meant by a stable equilibrium (or meta-stable state) has to be decided in

each particular case. Any general definition such as ‘local energy minima’ (with respect

to a specific metric) is unlikely to be sufficiently strong for applications. Throughout
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this thesis, only equilibria which lie in a uniformly convex basin of the energy functional

are analyzed.

We proceed by considering two examples to further illustrate the discussion.

1.1.1 Microstructure

Since the work of Ball and James [10], the formation of microstructure in materials is

often modelled as the (global) minimization of an energy functional of the type

E(y) =

∫
Ω

W (x, y,∇y) dx,

where Ω is a domain in Rd and W a stored energy function with two or more wells.

(By contrast, an elastic stored energy function has a single well, namely SO(d).) The

gradient ∇y is not always a deformation gradient, but may sometimes be interpreted as

a generalized measure of the deformation of atomistic lattices which describe a change

of the lattice type.

For the purpose of this discussion it is sufficient though to consider the much sim-

plified toy model

E(y) =

∫ 1

0

[1

4
(y2

x − 1)2 + y2
]
dx, A = W1,4

0 (0, 1). (1.2)

It is easily seen that any sequence y(j) ∈ A with gradients y
(j)
x ∈ {−1, 1} and y(j) → 0

in L2 satisfies E(y(j)) → 0 and hence, infA E = 0. However, if E(y) = 0 then ‖y‖2
L2 = 0

and hence E(y) = E(0) = 1/4 which implies that that E has no minimizer in the space

A .

Minimizing sequences for functionals such as (1.2) develop finer and finer oscilla-

tions. For this reason, the functional is often used as a cartoon for the formation of

micro-structure in materials. An elaborate theory, based on a generalized notion of

solution (Young measures), was developed to account for the non-existence of classical

minimizers. See [67] for an introduction to variational models for microstructures and

further references on the subject.

The theory of microstructures has greatly benefited from the study of the minimiza-

tion of multi-well energies. It should therefore not be said that global minimization

is wrong per se. One possible conclusion would be that the model (of minimizing the

energy globally) has no direct physical interpretation but describes a mathematical

process which bears similarities to the formation of microstructure in real materials.

For example if, instead of minimizing a multi-well energy, we simply require that the
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deformation gradients lie in the wells, then, depending on the wells’ geometry, mi-

crostructure will also be predicted in many situations. While this problem is usually

still studied in the context of energy minimization (cf. [79, Chapter 4]), it is in fact

independent of the variational problem.

In §3.2, we look at (1.2) from the perspective of local energy minimization. It

is demonstrated that typical local minimizers with respect to the W1,∞-topology are

stable and have a finite microstructure, i.e., a structure with a finite (as opposed to

infinitesimal) length scale. It shoud be noted, however, that the equilibria computed

in §3.2 are not local minimizers with respect to the W1,p-norm for any p < ∞. This

demonstrates how crucial the notion of locality is which we choose to adopt.

1.1.2 Atomistic material models

As a second example, we consider a simplified model for an atomic chain. For y =

(yj)
N
j=0 ∈ RN+1 define

E(y) =

N∑
j=1

J(yj − yj−1), where J(z) =

{
z2 − 2z, for −∞ < z ≤ 2
0, for 2 ≤ z < +∞.

(1.3)

This energy represents a cartoon of the atomistic material models described in §1.2,

taking into account nearest-neighbour interactions only and with a much simplified

interaction potential.

One version of the Cauchy–Born hypothesis states that an atomistic body subjected

to a small affine boundary displacement will follow this displacement in the bulk. A

mathematical derivation of this important foundation of continuum mechanics is given

in [32, 49] by considering global minima of a higher dimensional version of (1.3) but

with a convex interaction potential. When the potential has sublinear growth, global

minimization will typically not reproduce this behaviour.

To demonstrate this, let us consider the minimization problem

min
y0=0,

yN=N(1+δ)

E
(
(yj)

N
j=0

)
. (1.4)

Concerning the formulation of the boundary displacement, note that the minimum

of J(z) is attained at z = 1. The choice of boundary displacement we have made

here scales linearly with the number of atoms, which is the macroscopically interesting

relation. A different choice was made in [20] which we discuss briefly in Section 2.1.
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Proposition 1.1 If δ < N−1/2 then the affine state ya
j = (1+δ)j is the unique solution

of (1.4). If δ > N−1/2 then the set of solutions is given by

{y ∈ RN+1 : y0 = 0, yN = N(1 + δ), yi − yi−1 = 1 for all except one i}.

Proof. It is easy to see that, if a fractured state, i.e., a state (yi)
N
i=0 where J ′(yi −

yi−1) = 0 for some i, is a minimizer then all but one interaction must satisfy yi−yi−1 =

1. Furthermore, all such deformations have the same energy. On the other hand, if

all interactions lie in the region over which J is convex then ya is the only possible

equilibrium. Hence, we only need to compare the energy of two atomic states.

Consider the ‘fractured’ deformation yf
j = j for j = 0, 1, . . . , N − 1 and yf

N =

N(1 + δ). Then,

Ef(δ) = E(yf) = (N − 1)J(1) + J(1 +Nδ) = −(N − 1).

The affine state ya
j = (1 + δ)j, on the other hand, has the energy

Ea(δ) = E(ya) = N(δ2 − 1).

Thus, Ef (δ) < Ea(δ) if, and only if δ > N−1/2. �

Proposition 1.1, which is merely a review of well-known facts, shows that not only is the

Cauchy–Born hypothesis violated, but in fact any material with a sufficient number of

atoms breaks for arbitrarily small (in a macroscopic sense) boundary displacements or

surface forces, if it were to attain its global energy minimum. This behaviour is in clear

contradiction to observations and therefore, global minimization should be rejected for

models of the type (1.3).

The result can easily be extended (though with a slightly weaker statement) to

general atomistic interactions and to arbitrary dimensions. The only crucial condition

is the sublinear growth of the potential.

Thus, atomistic energies are a class of models where the postulate of global en-

ergy minimization is clearly the wrong approach to finding equilibrium solutions. The

analysis of Chapter 2 presents gradient flow dynamics, modelling local energy mini-

mization, as an alternative. It should be emphasized from the outset that no claim

is made regarding the physical relevance of the evolution. It is merely presented as a

model for local energy minimization.
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1.2 Introduction to Atomistic Material Models

The introduction to (semi-)empirical atomistic material models in this section follows

to some extend the review papers by Liu et al. [54, 61] and Miller et al. [65], and the

overview given in the thesis of Wilson [97].

Over the past three decades, engineering sciences have begun to analyze the prop-

erties of advanced materials directly from a study of their nanoscopic behaviour. It is

now even becoming possible to synthesize tailor-design systems from the nanoscale up-

wards. With their exceptional mechanical and chemical properties such as low density,

high stiffness, high strength, etc., such nanoscale materials find use in a wide range of

applications, including material reinforcement, nanoelectronics, chemical sensing and

many others. Since in many cases distinct non-continuum behaviour is observed, atom-

istic material models need to be employed. While physical and engineering research of

nanoscale systems is advancing at an increasing rate, it is safe to say that the mathe-

matical analysis of such systems is still in its infancy. It is the aim of this thesis to help

fill this gap by opening up possible avenues for the mathematical study of atomistic

models of materials and particularly their numerical treatment.

The state of an atomistic body is described by a state variable, which we shall always

denote by y. We assume that to each atomistic state y, we can associate an energy

E(y) ∈ (−∞,+∞]. The nature of the state variable and the energy functional depend

on the particular atomistic model, the choice of which is typically governed by a balance

of computational complexity and physical accuracy. One can perform calculations on

systems with millions of atoms if a simple pair-potential energy is employed (cf. §1.2.1),

but with only a few atoms if one uses a high level ab initio theory. In this section the

most important atomistic models for engineering applications are described. It is not

intended as a detailed review but only to provide an idea of the kind of atomistic

models that are typically used for simulations in solid mechanics and materials science.

No account of ab initio techniques which, due to their computational complexity, are

not as widely used for applications in mechanics, is given. The reader may wish to

refer to [54] for an introduction to the subject and to [47] for an attempt to apply the

QC method to such a model.

We assume throughout that the atomistic body contains only one type of atom.

Generalizations to complex lattices, at least at the theoretical level, are obvious.
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1.2.1 Pair- and multi-body potentials

If we assume that the state of an atomistic system containing N atoms is described

by the position of the atoms alone, we write the state variable as y = (yi)
N
i=1 where

yi ∈ Rd. The potential energy E(y) can then be rewritten in terms of interactions

involving up to N particles,

E(y) = V (0) +
N∑

i=1

V
(1)
i +

N−1∑
i=1

N∑
j=i+1

V
(2)
i,j (1.5)

+

N−2∑
i=1

N−1∑
j=i+1

N∑
k=j+1

V
(3)
i,j,k + · · · + V

(N)
123...N .

V (0) is mathematically irrelevant and can be taken to be zero. V
(1)
i is the energy of the

isolated atom i and is taken to be zero if it is in its ground state, which is always assumed

in multi-body interaction systems. External forces could be accounted for in this term

but we shall treat them separately. V
(2)
ij is the two-body interaction between atoms i

and j and is usually assumed to be of the form V
(2)
ij = J(|yi − yj|). Truncating the

series later increases the accuracy, but also the computational effort, of the calculation.

A quick calculation shows that a summation which takes one second for 100 atoms at

the two-body level would take approximately 33 seconds at the three-body level and

nearly 14 minutes at the four-body level, assuming that the computational effort for

each individual term is the same [97].

Pair potentials. Pair-potential energies are obtained by only calculating the inter-

actions between pairs of atoms, i.e., by setting V
(3)
ijk = · · · = V

(N)
12...N = 0. Thus, E takes

the form

E(y) =

N∑
i=1

N∑
j=i+1

J(|yi − yj|), (1.6)

where yi ∈ Rd is the position of the ith atom and J denotes the potential of the force

acting between the ith and the jth atom. Typical examples of atomistic interaction

potentials are the Lennard–Jones 6-12 potential [57],

J(z) = Az−12 − Bz−6, (1.7)

or the Morse potential [66],

J(z) = e−2α(z−1) − 2e−α(z−1). (1.8)
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Figure 1.2: The shape of an atomistic interaction potential J with cut-off radius zc.
Here, zm denotes the potential minimum and zt the (unique) turning point.

The parameters A,B in the case of the Lennard–Jones potential and α in the case of

the Morse potential depend on the type of interacting atoms. Since the interaction

across a distance of more than a few atomic spacings is negligible, it is furthermore

customary in practical computations to multiply the potential J with a cut-off function,

for example,

ψ(z) =

{
z4/(1 + z4), if z ≤ 0
0, if z > 0.

(1.9)

The new potential J̃(z) = J(z)ψ(z − zc), where zc is the cut-off radius, is then taken

as the exact model and its parameters are fitted to the material under consideration.

The shape of typical pair potentials such as (1.7) or (1.8) is shown in Figure 1.2.

A pair potential describes the interactions between particles with no relation to

the other particles in the system. However, in metallic systems, the bonding electrons

are delocalized over a large number of atoms and therefore the bonding between two

atoms is highly dependent on the local environment. As a consequence, pair potentials

fail to predict many important aspects of metallic systems. For example, the ratio of

the vacancy energy (the energy required to remove an atom from the bulk and place

it on the surface) to the cohesive energy (the energy of an atom in the bulk) is always

overestimated as they do not account for the effect of the local environment at the

vacancy on the bonding. Pair-potentials are therefore rarely used for the simulation of

metallic systems, particularly, when quantitative results are required [97].

Many-body potential energy functions. The failings of pair potentials have led

to the development of potentials for metals where the local environment of an atom is
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incorporated into the potential through many-body effects. For example, the Axilrod–

Teller potential energy [6] is given by

E(y) =
N−1∑
i=1

N∑
j=i+1

J(|yi − yj|) +
N−2∑
i=1

N−1∑
j=i+1

N∑
k=j+1

V (3)(yi, yj, yk), (1.10)

where J is typically a Lennard–Jones type potential and V (3) is given by

V (3)(yi, yj, yk) ∼
1 + 3 cos(γi) cos(γj) cos(γk)

(rijrjkrik)3
,

where rij is the distance between atoms i and j, and γi is the angle between the vectors

yi − yj and yi − yk.

More advanced examples include the Tersoff potential which is used to simulate

Silicon and Germanium [91] or the class of Murrell–Mottram potentials [69, 68] which

has been used successfully for the simulation of a number of metallic solids, for example

noble metal clusters [97]. The angles γi play a crucial role in the Tersoff and Murrell–

Mottram potentials as well.

1.2.2 The embedded atom model

The embedded atom method (EAM), developed by Daw and Baskes [38], is a popular

atomistic model for solids which draws parallels with density functional theory (an ab

initio method) and describes the bonding of atoms in terms of their local electronic

densities. In its most basic form, the energy is given by

E(y) =

N∑
i=1

F (ρi).

F is called the embedding energy and ρi the electron density at the site of the ith

atom, given by

ρi =
N∑

j=1
j �=i

ρ(rij) (1.11)

where ρ(rij) is the density of electrons of the jth atom at distance rij . Due to its fast

decay, ρ is also multiplied by a cut-off potential such as (1.9). The EAM energy is

usually complemented by a corrective pair potential energy and in some cases even

three-body interaction terms. For our purposes it is sufficient to assume that an EAM

energy is of the form

E(y) =

N∑
i=1

F (ρi) +

N−1∑
i=1

N∑
j=2

J(|yi − yj|). (1.12)
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Figure 1.3: Embedding energy, electron density distribution and pair-interaction po-
tential for an EAM model of α-titanium.

The functions F , ρ and J can in principle be derived from density functional theory

[38] but are in practise obtained by fitting ansatz potentials to experimental data or

ab initio simulations. For example, the EAM energy for a pure titanium system at

zero-temperature [100] is given by

ρ(r) = ψ

(
r − rc

ε

)[
Ae−α1(r−r0)2 + e−α2(r−r′0)2

]
, (1.13)

J(r) = ψ

(
r − rc

ε

)[
V0e

−β1(r−r1) + V ′
0

(
e−2β2(r−r′1) − 2e−β2(r−r′1)

)
+ δ

]
, and

F (ρ) = F0 +
1

2
F2(ρ− 1)2 + q0(ρ− 1)3 +

3∑
i=1

Bi(ρ− 1)3+i.

The embedding energy F is in fact a truncated Taylor expansion near ρ = 1. While

some of the parameters in (1.13) were derived analytically from the properties of a

titanium lattice, most were fitted from ab initio simulations. The optimized fitting

parameters can be found in Table I in [100] and give rise to functions plotted in Figure

1.3.

For practical simulations, one would use splines of tabulated values which can be

obtained, for a great variety of atomistic interactions, from online databases.

1.3 Overview of Multiscale Techniques

While microscale and nanoscale systems and processes are becoming more viable for

engineering applications, our ability to model their performance numerically remains
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limited. A modern desktop computer can simulate up to several millions of atoms while

the simulation of realistic atomic systems requires at least tens of billions of atoms.

Such systems cannot be modelled by continuum methods since they are too small but

they cannot be modelled by atomistic methods either which are computationally too

expensive. Therefore, multiscale methods are urgently needed for this class of problems.

In this section, an overview of several multiscale techniques which are commonly

used in connection with material models is given. The purpose of this section is to

put the work presented in this thesis into context. For a more thorough overview

of multiscale methods for atomistic models see, for example, [34, 61] and references

therein.

Top-down or bottom-up. It is customary to distinguish two fundamental classes

of multiscale approaches: the top-down approach and the bottom-up approach. In

the top-down approach a macroscopic model, for example continuum elasticity, is sup-

plemented by information from the microscopic scale. For instance, a stored energy

function which represents crystal symmetries could be regarded as a top-down multi-

scale model. Well-known examples of top-down models are the heterogeneous multiscale

method [41, 44] and the equation-free computing by Kevrekidis et al. [50, 51]. In these

methods, the coarse model is typically governed by a microscopic law which is simu-

lated locally around an interpolation or quadrature point. Top-down models generally

have the advantage that classical techniques can be used for their analysis. It is not al-

ways clear, however, what the relationship between different scales is and it is therefore

not always straightforward to define a modelling error.

In contrast, bottom-up approaches assume a model on a fine scale as exact and

coarse-grain it using appropriate techniques. From the point of view of modelling, they

are clearly preferable. Particularly in atomistic simulations the bottom-up approach

seems to be dominant. The distinction is not always clear-cut, however. The local

quasicontinuum method (cf. §1.4) for example can be considered both a top-down or

bottom-up method.

Concurrent methods. Another design decision for multiscale methods is the ques-

tion whether computations on different scales should be performed independently or

simultaneously. For example, it is possible to first compute a coarse solution and then

correct it by localized computations on a finer scale wherever deemed necessary. An

example of this principle is the homogenized Dirichlet projection method used to model

heterogeneous structures [72, 99].
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As experience has shown, the connection between microscale physics and macro-

scopic deformation cannot usually be neglected. For this reason, concurrent multi-

scale methods, which compute the coarse and microscopic variables simultaneously, are

preferable and have become dominant. Two bottom-up, concurrent multiscale meth-

ods for coarse-graining atomistic material models, which have gained much attention

in the literature, are the quasicontinuum (QC) method [65, 73] and the bridging-scales

method [62, 89]. The QC method is one of the central topics of this dissertation. A

thorough overview is given in §1.4 and a complete analysis is performed in one dimen-

sion in Chapters 4 and 5. The bridging- scales method will be briefly presented in the

conclusion, as a possible avenue for further work.

1.4 The Quasicontinuum Method

Let us assume an atomistic model where the positions of the atoms are the only degrees

of freedom. We use V = (Rd)N (N being the number of atoms) to denote the space of

all possible atomistic deformations. The basic idea of the QC method is simple. Let

A be a closed convex subset of V denoting the set of admissible deformations. All

atomistic energies E introduced in §1.2 are continuously differentiable in their domains

of definition (where they are finite). We are therefore looking for critical points of E

in A , i.e., deformations y ∈ A such that

E ′(y; ỹ − y) ≥ 0 ∀ỹ ∈ A . (1.14)

Since A is a subset of a finite-dimensional space it is in principle possible to compute

solutions to (1.14) but due to the high number of degrees of freedom it cannot be

realized in practise. However, by choosing an appropriate coarse-grained admissible set

Ã , the number of degrees of freedom can be reduced to a manageable amount. The

Galerkin approximation of (1.14) in Ã is to find Y ∈ Ã such that

E ′(Y ; Ỹ − Y ) ≥ 0 ∀Ỹ ∈ Ã . (1.15)

Even for the simplest atomistic model, the evaluation of the variational inequality (1.15)

has an equally high computational complexity. The energy E is therefore approximated

by a simpler functional Ẽ, which approximates E on the space Ã , and one tries to find

critical points in Ã , i.e., Y ∈ Ã such that

Ẽ ′(Y ; Ỹ − Y ) ≥ 0 ∀Ỹ ∈ Ã . (1.16)
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It is important to note that Ẽ is defined only on Ã . In fact, the formulation (1.16)

has the added advantage that it is not necessary to assume Ã ⊂ A .

The discussion up to this point is valid for any concurrent multiscale method for

static equilibrium problems. What distinguishes the different methods is the construc-

tion of the coarse space Ã and the coarse energy Ẽ. The QC method achieves the

coarse-graining by a finite element method. A set of representative atoms (repatoms)

is chosen as the set of vertices of the finite element mesh. The atomistic domain is

then triangulated so that each atom lies in the convex hull of (d + 1) repatoms and

its movement is constraint by that of the repatoms. By taking every atom near a de-

fect as a repatom but only few atoms away from it, the method achieves a continuum

description of the bulk of the material while retaining a fully atomistic model of the

defect.

1.4.1 Atomistic ground states

The interpolation procedure described above is only possible if the ground state of all

atoms in an element can be described by a simple rule. Fortunately, such a rule is

available for many solid materials. Particularly for metallic solids, the ground states

usually observed have a regular arrangement of the atoms in a lattice, with small

regions of impurities, called dislocations. Disregarding dislocations for the moment,

the ground state of a metallic solid is usually a small perturbation of a subset of a rigid

deformation of L = AZd where the matrix A ∈ Rd×d (which is not unique) defines

the lattice orientation. The simplest lattices observed in nature are the body- centered

cubic (bcc) lattice which is found, for example, in Na, K or Fe, and the face-centered

cubic (fcc) also called cubic close-packed (ccp) lattice and can be found for example in

Al, Cu, Au, Pb or Ag structures. The orientation matrices for bcc and fcc metals are

respectively given by

Abcc = ε


 1 0 1/2

0 1 1/2
0 0 1/2


 and Afcc = ε


 1 1/2 1/2

0 1/2 0
0 0 1/2


 ,

where ε denotes the atomic spacing in the reference state.

Although regular structures such as bcc and fcc are observed in practise, little

is known on a mathematically rigorous level. Only in two dimensions it was shown

recently by Theil [92, Theorem 1.2], for a general class of pair potential energies, that

any periodic ground state is (a rigid motion of a subset of) the triangular lattice defined
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by

A2 = ε

[
1 1/2

0
√

3/2

]
.

1.4.2 Construction of the coarse space

For simplicity, we only consider the case where the reference state of the body is a

perfect crystal, i.e. a subset of a regular lattice. Generalizations to defects such as

dislocations or grain boundaries are possible but difficult to formulate in a mathemat-

ically rigorous framework and even more difficult to implement. Some further remarks

in this direction are made in Chapter 6. Let us thus assume that the reference state

of an atomistic body is a subset Ω of a regular lattice L . This makes it possible to

define an atomistic deformation as a map and we re-interpret the set of all atomistic

deformations as

V = V (Ω) = {y : Ω → Rd}.

Let N = {z1, . . . , zK} ⊂ Ω be the set of repatoms and let T be a regular partition

of a subset of Rd into simplices with vertices in N . The set of QC deformations is the

set of ‘continuous’ splines of order one,

S1(T ) =
{
Y ∈ V (Ω) : ∀κ ∈ T ∃ b ∈ Rd, F ∈ Rd×d ∀ξ ∈ κ ∩ Ω : Y (ξ) = b+ Fξ

}
.

In addition, for Y ∈ S1(T ) we use Ȳ to denote the piecewise affine interpolant of the

nodal values of Y , i.e., Y = Ȳ |Ω, and ∇Ȳκ to denote its gradient in the element κ.

In practise, it is important that there are no ‘holes’ in an element, i.e., that κ∩Ω =

κ ∩ L . This can be achieved by defining the domain Ω through the mesh T , upon

setting Ω = L ∩
⋃

T .

The set A of admissible deformations is usually defined by ‘Dirichlet boundary

conditions’. To this end, let ΩD ⊂ Ω and g : ΩD → Rd and define

A = {y ∈ V (Ω) : y|ΩD
= g}.

The coarse set of admissible deformations is typically constructed by interpolation, i.e.,

Ã =
{
Y ∈ S1(T ) : Y |ΩD∩N = g|ΩD∩N

}
.

In practical applications it is usually entirely sufficient to assume that g is the restriction

of an element of S1(T ) to the boundary, in which case Ã is given by Ã = A ∩S1(T ).

Of course, other types of conditions are equally possible; for example, one could impose

bounds on y(ξ) which could describe a non-penetrable surface on which the body rests.

They are easily integrated into the framework.
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1.4.3 A weak Cauchy–Born rule

Mathematically, the construction of the coarse space S1(T ) can be motivated using

an approximation argument: if y is a ‘smooth’ deformation of Ω then there exists

Y ∈ S1(T ) approximating y in an appropriate sense. In the engineering literature, the

construction is often justified by calling on the Cauchy–Born hypothesis which implies

that a small affine deformation of a regular atomistic lattice is a stable equilibrium.

The following weaker result is much easier to prove and sufficient for our purposes.

Proposition 1.2 Let E be an EAM energy where J and ρ have a cut-off radius zc.

Let Y ∈ S1(T ) be orientation-preserving and let ξ ∈ κ ∩ Ω for some κ ∈ T . If

B(Y (ξ), zc) ⊂ Y (κ ∩ Ω) then
∂E

∂yξ
(Y ) = 0.

Proof. The result follows immediately from symmetry considerations. �

It is important to be aware of this result when the presented QC model should be

generalized to more complicated reference states. For example if, in its reference state,

a defect is not in equilibrium, then it has to be fully triangulated. The reference state

within a single element always needs to be in equilibrium. In the residual analysis in

Chapter 6 the mathematical importance of this assumption will become apparent as

well.

1.4.4 Summation rule approximations

Having constructed the approximation space S1(T ), we are now confronted with the

task of finding a good approximation to the energy functional E which can also be

computed efficiently. To this end we modify the idea of quadrature rules used in

continuum finite element analysis.

Suppose we want to approximate the sum

s =
∑
ξ∈Ω

f(ξ)

where f : Ω → R. We can pick a set of summation points Ns ⊂ Ω and summation

weights (wz; z ∈ Ns) and define

S =
∑
z∈Nz

wzf(z). (1.17)
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The error |s−S| can be bounded by estimates on finite differences of f . The sums that

need to be approximated in the QC method are of a quite special nature, though, and

an error analysis following the classical analysis of quadrature formulas is insufficient.

Several summation rules have been proposed for the QC method. Before we in-

vestigate some of them, we rewrite the atomistic energy in a more suitable form. We

assume that the energy functional E(y) can be written as

E(y) =
∑
ξ∈Ω

Eξ(y), (1.18)

where Eξ(y) is the contribution from the atom at the lattice site ξ. For example, a

pair-potential energy can be written as

1
2

∑
ξ∈Ω

∑
ξ′∈Ω\{ξ}

J(|y(ξ) − y(ξ′)|) =
∑
ξ∈Ω

Eξ(y), where

Eξ(y) = 1
2

∑
ξ′∈Ω\{ξ}

J(|y(ξ)− y(ξ′)|).

Similarly, for the EAM model (1.12), (1.18) holds with

Eξ(y) = F (ρ̄ξ) + 1
2

∑
ξ′∈Ω\{ξ}

J(|y(ξ) − y(ξ′)|). (1.19)

The local QC method. The local QC method can be used when there are no defects

present in the material and only elastic deformation of the lattice occurs. Recall that

all atomistic interactions, using the cut-off approximation described in §1.2, have only

finite range. Hence, if a deformation Y ∈ S1(T ) satisfies Y (ξ) = b+Fξ in an element

κ then, except near the ‘boundary’ of κ, the energy Eξ(Y ) depends only on F but not

on ξ. If the QC mesh T can be taken so coarse in relation to the atomic spacing that

the majority of atoms lie in the bulk of the elements then the difference in energy of the

atoms lying at the interfaces between elements can be neglected. The contribution then

only depends on the macroscopic deformation gradient F = ∇Ȳκ. Upon translating

the atom into the origin, we can define

WCB(F ) = E0(yF ),

where yF (ξ) = Fξ for all ξ ∈ L and E0 is given by (1.19) (replacing Ω by L ) if E is

an EAM energy and by an appropriate formula otherwise. WCB is usually called the

Cauchy–Born stored energy function. The local QC method is then defined by

Ẽ(Y ) =
∑
κ∈T

wκWCB(∇Ȳκ), (1.20)
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where the weights wκ can either be defined by the number of atoms in the element κ,

wκ = 
κ∩L , or by the volume of the simplex, wκ = |κ|/Nref where Nref = 
(0, 1]d∩L .

If dist(∇Ȳκ, SO(d)) is not too large, the element-wise summation rule (1.20) can

clearly be recast in the more general framework for summation rules presented above,

by taking for each κ ∈ T an arbitrary atom ξ near the centre of the element κ as the

summation point.

Non-local QC. The local QC method loses is justification when the number of atoms

in the bulk ceases to dominate the number of atoms at the surface of an element. This

happens when the diameter of an element is less than, say, 50 atomic spacings.

In order to be able to reduce to a full atomistic description in a defect region, the

trapezium rule is better suited. It is obtained by taking Ns = N and choosing the

summation weights such that, for functions f ∈ S1(T ), the summation rule (1.17) is

exact.

Cluster summation rules. Since the simple trapezium rule only accounts for atoms

at the element interfaces, it tends to overestimate the actual energy. As an alternative,

cluster summation rules have been introduced. For each z ∈ N we define a cluster

Cz surrounding z but not overlapping with any other cluster. The set of summation

points is then defined as Ns =
⋃

z∈N Cz and the summation weights are again defined

by the requirement that for affine functions, the resulting summation rule is exact.

For smooth deformation, this rule should not differ much from the standard non-

local QC method, or any other summation rule for that matter. Near the atomistic

region, however, the summation rule becomes exact as, for sufficiently large clusters or

sufficiently small elements, every atom becomes a summation point.

1.4.5 Analysis of the quasicontinuum method

The QC method was originally developed in two dimensions by Tadmor, Ortiz and

Phillips [73] and has quickly become an important tool in nanoscale engineering ap-

plications. It was extended with adaptivity in [64]. A three-dimensional adaptive QC

method is described in [55]. For a recent overview article, which also features many

engineering applications, the reader may refer to [65].

Despite its growing popularity in the engineering community, the mathematical and

numerical analysis of the QC method is still in its infancy. The first noteworthy analyt-

ical effort was by Lin [59] who considers the QC approximation of the reference state
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(without boundary displacements or applied forces) of a one-dimensional Lennard–

Jones model. He proves that the global energy minimum of the full atomistic as well

as the reduced QC model lie in a region where the interaction potential is uniformly

convex and uses these facts to derive an a priori error estimate.

E and Ming [42, 43] analyze the local QC method in the context of the heterogeneous

multiscale method [41], which requires the assumption that a nearby smooth, elastic

continuum solution is available. The error is estimated in terms of the atomic spacing

in relation to the domain size as well as the mesh size.

In [60], Lin gives a priori error estimates for a modified version of the local QC

method for purely elastic deformation in two dimensions without using such an as-

sumption, but making instead a strong hypothesis (Assumptions 1. and 2. in [60]) on

the exact solution of the atomistic model as well as on its QC approximation. Essen-

tially, it is assumed what he was able to prove in one dimension, namely that both the

exact and the QC solution lie in a region where the atomistic energy is convex. For

lattice domains resembling smooth or convex sets this assumption seems intuitively

reasonable but would be difficult to verify rigorously. For lattice domains with ‘sharp’,

‘re-entrant’ boundary sections or defects we should not expect it to hold without further

justification.

Finally, one should mention the work of Legoll et al. [15] where a multiscale method

similar to the QC method is analyzed, however only nearest-neighbour interactions in

one dimension are considered which makes it possible to compute the exact solutions

analytically, similarly as in the present work in the proof of Lemma 2.14. So far, this

has been the only work to consider defects in the analysis.

It is not too surprising that so little mathematical analysis is available for atomistic

material models. For example, most techniques in continuum finite element analysis

apply only if the governing equations are monotone, i.e., when the associated energy

functional is convex which is grossly violated for atomistic problems. Furthermore, en-

ergy techniques such as Γ-convergence cannot be applied for two reasons: first, atom-

istic solutions are not global energy minima, and second, proving convergence alone is

meaningless since the function space is finite-dimensional.

The goal is therefore to find new techniques that allow us to extend and unify the

one-dimensional results and to make a higher-dimensional analysis possible without

the overly strong assumptions made in previous work, and, in particular, allowing

for the presence of defects. Only a small part of this program could be completed.

Chapters 4 and 5 bring the analysis of the quasicontinuum method in one dimension

to a satisfactory conclusion. In particular, it was possible to include defects in the
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analysis. Furthermore, in contrast to the work of Legoll et al. [15], the technique

employed shows a clear route to extend the results to higher dimensions. As opposed

to the analysis of Lin [60], it does not require any assumptions that are difficult to

justify. However, the program which is plotted out, will be very difficult to realize.

Some of the results required do not seem easy to obtain. A partial extension of the

a posteriori analysis and discussion of further possibilities and limitations is given in

Chapter 6.



Chapter 2

Gradient Flows as a Selection
Procedure

Motivated by the example given in §1.1.2, this chapter presents a possible concept for

analyzing elastic energy functionals which do not satisfy the classical coercivity and

weak lower semicontinuity conditions of the calculus of variations. The subject of study

is the one-dimensional atomistic energy

Eatom

(
(yj)

N
j=1

)
=

N∑
j=1

[
J(yj − yj−1) + fjuj

]
, (2.1)

where N = 1, 2, . . . , and yj are the positions of the atoms with y0 = 0. The family (fj)

represents a linear applied force. Moreover, we assume that the Lennard–Jones type

potential J = J(z) satisfies

J ∈ C2(0,∞),
J(z) = +∞ if z ≤ 0 and J(z) → ∞ as z → 0,
J ′(1) = 0, J ′′(z) > 0 in (0, zt), and
J is concave, increasing and bounded above in (zt,∞),

(2.2)

with 1 < zt < +∞. The typical shape (there with a cut-off radius) is shown in Figure

1.2. The non-convexity of J lies much deeper than the geometric non-convexity of

classical elasticity.

As we discussed at great length in §1.1, due to the sublinear growth of J , the

energy in (2.1) should not be analyzed in terms of global minimization, as this would

give unrealistic material behaviour. The most popular example given is that a material

described by (2.1) would break for (almost) arbitrarily small loads if it were to attain

a global minimum (cf. Proposition 1.1).

In general, for applications in mechanics, it is advantageous to consider metastable

states. The difficulty here is that the number of critical points of Eatom tends to infinity

23
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as N → ∞. Thus, we require a selection criterion to single out the ‘correct’ equilibrium

points. Theoretically, we should consider the natural dynamics of the material and

let time tend to infinity to find its equilibrium state. Here, we take a considerably

easier route and use | · |H1-gradient flow dynamics. Our justification for the gradient

flow is merely to accept it as a simple model for local minimization. Concerning the

choice of the metric, there are also strong mathematical reasons for choosing an | · |H1-

gradient flow evolution which are outlined in Sections 2.2 and 2.3. The aim is to simply

demonstrate a concept which gives physically more realistic results than the method of

global minimization. The ideas in this chapter have also important applications for the

numerical analysis of coarse-graining techniques such as the QC method [65], as they

give an indication how numerical optimization methods can be stabilized (cf. Chapter

5).

The main goal of this chapter is to show that the | · |H1-gradient flow provides a

selection criterion for critical points which results in good qualitative properties of the

resulting equilibrium model. The simplicity of the one-dimensional model problem

makes it possible to give complete results. While some techniques applied here are

quite general, a generalization of the entire presentation to higher dimensions seems

non-trivial; the related challenges are discussed in §2.5.

As an application of the idea to use gradient flows to analyze equilibrium points of

non-convex energies, we consider the continuum limit of a rescaled version of the atom-

istic functional Eatom as the number of atoms N tends to infinity. The novelty is that

we primarily consider the convergence of the gradient flow evolutions (Theorem 2.9),

and obtain the convergence of the equilibria almost as an afterthought (cf. Theorem

2.13). This procedure gives a different and, one might argue, more realistic continuum

limit than previous work; see §2.1 for a more extensive discussion. In addition, it shows

that there is a strong relationship between the atomistic and continuum equilibria.

The local minimizers selected by the gradient flow are weak local minimizers, i.e.,

local minimizers with respect to the W1,∞-norm. It is clear from the shape of the

interaction potential (cf. Figure 1.2) and the comments at the end of §2.4 that this

is in fact the only possibility. In any weaker topology, even the elastic critical points

are not local minimizers of the energy. The same is true for fractured states but the

interpretation of W1,∞ would be more subtle in this case.

If we replace the Lennard–Jones potential by a potential which is smooth at the

origin and therefore J ′ is Lipschitz-continuous, then the convergence analysis of the

gradient flow requires only minor modifications of the classical convergence analysis

of Galerkin discretizations of parabolic equations. For the approach in this chapter,
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however, convergence of the energy is sufficient (cf. Theorem 2.5), which makes a result

as general as Theorem 2.9 possible. To achieve this we use some ideas from [5, Chapter

4].

For the analysis of equilibria, we use a liminf condition for the slope of a family of

functionals, the proof of which is based on the notion of λ-convexity. This condition

was also used in Sandier and Serfaty [87] to analyse the convergence of gradient flows.

Using the techniques in their paper, which has a different aim than the present work,

the convergence would have to be obtained by compactness principles (which are not

available in our case) rather than λ-convexity.

The analytical methods used in this chapter (particularly the notion of λ-convexity

(2.6) and the evolutionary variational inequality (2.11)) are a direct adaption of the

ideas from Chapter 4 and partly from Chapters 1–3 of the work of Ambrosio, Gigli

and Savaré [5]. While those authors are primarily interested in the convergence of

time discretizations of gradient flows and questions of existence and uniqueness, the

goal here is to analyze the convergence of gradient flow evolutions along a family of

functionals (see Theorem 2.5).

2.1 Continuum Limits of Atomistic Energies

Continuum limits of atomistic models have been studied by many authors in the past.

Because it is customary, we consider the case of Dirichlet boundary conditions in this

section only. To be able to compute a continuum limit we need to first rescale the

energy (2.1) to a fixed, finite domain. The seemingly naive approach is to use a linear

scaling of the energy as well as the boundary condition, which gives

E
(1)
N

(
(yj)

N
j=0

)
=

N∑
j=1

1

N
J
(
N(yj − yj−1)

)
, y0 = 0, yN = 1 + δ. (2.3)

If we assume that the body attains its global energy minimum then, for arbitrarily small

boundary displacement δ, the deformation will not be a continuum state (compare §1.1

and Proposition 1.1). This fact is reflected by the Γ-limit of E
(1)
N as N → ∞ (see for

example [18, 19] and references therein) which gives the energy

E(1)(y) =

∫ 1

0

J∗∗(y′) dx, y(0) = 0, y(1) = 1 + δ,

where J∗∗ is the convex envelope of J .
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Motivated by an analysis quite similar to Proposition 1.1, it was noticed by Braides

et al. [20] that, if a different scaling is used, the Γ-limit becomes more interesting. If

we define

E
(2)
N

(
(uj)

N
j=0

)
=

N∑
j=1

[
J
(
1 +

√
N(uj − uj−1)

)
− J(1)

]
, u0 = 0, uN = δ

then the Γ-limit turns out to be the Griffith functional [48],

G(u) = α

∫ 1

0

|u′|2 dx+ β
Su, u(0) = 0, u(1) = δ,

where Su is the set of jump-discontinuities of the displacement u, α = 1
2
J ′′(1) and

β = limz→∞ J(z) − J(1). The boundary values of the possibly discontinuous functions

u can be interpreted in a meaningful way. While it is interesting that the Griffith

functional can be obtained in this way, it should be noted that this model is typically

used for crack propagation only, not crack initiation. In one dimension, however, only

crack initiation can be analyzed.

The philosophy adopted in this work is that the scaling of the functional E
(1)
N is actually

the natural one; only the process of passing to the continuum limit is flawed. It will

be shown that, if the continuum limit is analyzed in terms of an appropriate evolution,

then the resulting model is in fact a very realistic candidate.

One of the problems addressed in this chapter (cf. §2.4), is to find the stable

equilibrium that the material would ‘naturally’ assume if we started in the reference

configuration yN
i = xN

i , or a perturbation of it, and then applied forces. In Theorem

2.13 we show that the resulting equilibria represent the correct elastic behaviour. For

this reason we prefer to work with surface forces rather than a prescribed displacement.

This is, however, not a restriction. The entire convergence theory can also be repeated

for Dirichlet conditions applied at both ends of the interval.

Connections to other models. Closest in spirit to the approach advocated here

is the work by Blanc et al. [16]. Except for the fact that they consider far more

complicated atomistic interactions in three dimensions, their continuum limit is the

same. In fact, the work in this chapter may be seen as a small step towards a rigorous

justification of the approach taken in [16]. From the point of view of numerical analysis,

strong connections can be drawn to the local version of the quasicontinuum method

[65]. In this respect, the results of E and Ming [43] have some similarities to our own.

In both of these works, the concept of global minimization of the energy is rejected

and alternative means are sought to analyze equilibria of elastic energy functionals.
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A similar approach is also taken by Rieger and Zimmer [83], who use a time-discrete

gradient flow evolution of Young-measures to analyze material damage. In the slightly

different setting of viscoelasticity [9, 80], it is shown that dynamics can prevent the

formation of finer and finer microstructure and therefore the attainment of a global

energy minimum.

The model presented here is not to be confused, however, with quasistatic or rate

independent evolutions (see for example [36, 48] for fracture, or [27] for plasticity). In

their time-discrete form, at every timestep, an equilibrium (typically a minimum) of a

functional of the form

D(uj−1, u) + E(u) (2.4)

is sought, where D is a so-called dissipation metric. Rather, the gradient flow model

we present here should be understood as a mechanism to find the equilibrium in the

quasistatic evolution (2.4).

For results on the continuum manifestation of some further interesting atomistic

effects such as finite-range interactions, the reader is referred to [29, 93].

Outline of the chapter. We begin in Section 2.2 by outlining the theoretical tools

for the convergence analysis, a theory of gradient flows based on the notion of λ-

convexity, and a corresponding approximation theory. We also review the notion of

slope which is used to define the concept of critical points.

In Section 2.3, we prove the convergence of an atomistic gradient flow evolution to

the | · |H1-gradient flow of a non-convex functional defined on H1, giving a new type of

continuum limit for atomistic functionals.

Finally, in Section 2.4, we analyze the resulting equilibrium solutions which are

obtained when t → ∞ in the gradient flow. We consider the case of small loads and

show that the equilibria obtained are the physically observed elastic deformations and

not the ‘fractured’ global energy minima.

Some numerical experiments in the fracture case are shown in [74].

2.2 Approximation of Gradient Flows of Non-Convex

Energies

Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖, let A be a closed

convex subset of H , and let φ : H → (−∞,∞]. If φ is Fréchet differentiable at a

point u, we denote the representation of its derivative (its gradient) by φ′(u). Second

order derivatives are denoted by φ′′(u; v1, v2). We denote the domain of definition of φ
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by D(φ) = {u ∈ H : φ(u) < ∞}. In fact, by using the convention +∞ ≤ +∞, we do

not make much explicit use of the domain of definition. For example, the functional φ

is convex if, and only if, D(φ) is convex and φ is convex in D(φ).

2.2.1 Evolutionary variational inequalities

Naively, we may call a curve u ∈ C1(a, b; H ) a gradient flow of φ, if

u̇(t) = −φ′(u(t)) ∀t ∈ (a, b). (2.5)

Equation (2.5) in infinite-dimensional spaces is usually restated only for convex func-

tionals φ. The natural condition on φ, under which a considerable part of the theory of

gradient flows for convex functionals can be recovered, is the condition of λ-convexity

[5]. Let A be a closed, convex subset of H . We say that φ is λ-convex in A , for some

λ ∈ R, if

φ
(
(1 − t)v0 + tv1

)
≤ (1 − t)φ(v0) + tφ(v1) −

λ

2
t(1 − t)‖v0 − v1‖2

∀v0, v1 ∈ A , ∀t ∈ (0, 1). (2.6)

To obtain a better feel for the meaning of λ-convexity, consider the following simple

Proposition.

Proposition 2.1

(a) The functional φ is λ-convex in A if, and only if, u �→ φ(u) − λ
2
‖u‖2 is convex

in A .

(b) One-sided Lipschitz continuity of the gradient:

If φ is differentiable at every point of A and satisfies

(
φ′(v1) − φ′(v0), v1 − v0

)
≥ λ‖v1 − v0‖2 ∀ v1, v0 ∈ A , (2.7)

then φ is λ-convex in A .

(c) Boundedness below of the Hessian:

If φ is twice differentiable at every non-extremal point of A and

φ′′(u; v − u, v − u) ≥ λ‖v − u‖2 ∀u, v ∈ A , (2.8)

then φ is λ-convex in A . Moreover, if D(φ) is open and convex then φ is λ-convex

in D(φ) if, and only if, φ′′(u; v, v) ≥ λ‖v‖2 for all u ∈ D(φ) and v ∈ H .
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(d) If φ = φ1 + φ2, where φi : A → (−∞,+∞], φ1 is λ1-convex and φ2 is λ2-convex,

then φ is (λ1 + λ2)-convex.

Proof. Throughout the proof, let v0, v1 ∈ A , vt = (1 − t)v0 + tv1, and F (v) =

φ(v) − λ
2
‖v‖2.

The crucial observation is that u �→ 1
2
‖u‖2 is 1-convex, in fact, we even have

1

2
‖vt‖2 = (1 − t)

1

2
‖v0‖2 + t

1

2
‖v1‖2 − 1

2
t(1 − t)‖v0 − v1‖2. (2.9)

Suppose now that φ is λ-convex. Using (2.9), we have

F (vt) ≤ (1 − t)φ(v0) + tφ(v1) −
λ

2
t(1 − t)‖v0 − v1‖2

−(1 − t)
λ

2
‖v0‖2 − t

λ

2
‖v1‖2 +

λ

2
t(1 − t)‖v0 − v1‖2

= (1 − t)F (v0) + tF (v1).

On the other hand, if F is convex we may traverse the above inequality in the opposite

direction, to obtain that φ is λ-convex.

The derivative of the mapping v �→ ‖v‖2/2 is (v, ·), its second derivative is the inner

product (·, ·). If φ satisfies (2.7) then

(
F ′(v1) − F ′(v0), v1 − v0

)
=

(
φ′(v1) − φ′(v0), v1 − v0

)
− λ‖v1 − v0‖2 ≥ 0

which is equivalent to F being convex. If φ is twice differentiable and satisfies (2.8)

then

F ′′(u; v − u, v − u) = φ′′(u; v − u, v − u) − λ‖v − u‖2 ≥ 0 ∀v ∈ A ,

for all points u ∈ A which are not extremal and hence F is convex.

Conversely, if φ is λ-convex and twice differentiable in D(φ), and if D(φ) is open

and convex then, for all u ∈ D(φ), for all v ∈ H and for sufficiently small s,

φ(u) ≤ 1

2
φ(u+ sv) +

1

2
φ(u− sv) − s2λ

2
‖v‖2,

where t = 1/2, u = vt, v0 = u + sv and v1 = u − sv in (2.6). This inequality can be

rearranged to

s−2
(
φ(u+ sv) − 2φ(u) + φ(u− sv)

)
≥ λ‖v‖2,

which, as s→ 0 gives the second result of item (c).

The last statement of the proposition is trivial. �
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Note in particular that Proposition 2.1 gives us a characterization of λ-convexity in

terms of the eigenvalues of φ′′. If A = H and if φ is twice differentiable then the

largest value λ for which φ may be λ-convex is given by

λ = inf
u∈A

inf
v∈H
‖v‖=1

φ′′(u; v, v),

which is the smallest eigenvalue of φ′′ with respect to the norm ‖ · ‖.
Another important tool in the analysis of gradient flows in metric spaces is the local

slope, |∂φ|. It measures the maximal descent of the functional φ at a given point. For

example, if φ is differentiable at u then |∂φ|(u) = ‖φ′(u)‖. For a general functional φ,

it is defined as

|∂φ|(u) = lim sup
v∈A
v→u

[
φ(u) − φ(v)

]+
‖v − u‖ . (2.10)

With the help of the slope, we can compute a strong bound on the decay of λ-convex

functionals.

Lemma 2.2 Let φ be λ-convex in H and u ∈ D(φ), then

φ(v) ≥ φ(u) − |∂φ|(u)‖u− v‖ +
λ

2
‖u− v‖2 ∀v ∈ A .

Proof. The definition of λ-convexity (2.6), taking v1 = v and V2 = u, can be

rewritten as

φ(v) ≥ φ(u) − φ(u) − φ((1 − t)u+ tv)

t
+
λ

2
(1 − t)‖u− v‖2

≥ φ(u) −
[
φ(u) − φ((u+ t(v − u))

]+
t‖v − u‖ ‖v − u‖ +

λ

2
(1 − t)‖u− v‖2.

Letting t→ 0 gives the desired bound. �

If a functional is λ-convex, then its gradient flows have an alternative characterization.

Suppose that a curve u ∈ C1(a, b; H ) satisfies (2.5), where φ′ satisfies (2.7). First, we

write

φ(u(t)) − φ(v) =

∫ 1

0

d

ds
φ
(
v + s(u(t) − v)

)
ds

=

∫ 1

0

φ′(v + s(u(t) − v); u(t) − v
)
ds ∀v ∈ H .

Combing this with (2.5), tested with u(t) − v, gives(
u̇(t), u(t) − v

)
+ φ(u(t)) − φ(v)

=

∫ 1

0

[
φ′(u(t) − (1 − s)(u(t) − v)

)
− φ′(u(t))

](
u(t) − v

)
ds

≤ −λ‖u(t) − v‖2

∫ 1

0

(1 − s) ds.
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Hence, we have shown that u also satisfies the evolutionary variational inequality

1

2

d

dt
‖u(t) − v‖2 +

λ

2
‖u(t) − v‖2 + φ(u(t)) ≤ φ(v) ∀ v ∈ H , ∀ t ∈ (a, b).

This inequality is the basis for a general theory of gradient flows in metric spaces,

then called curves of maximal slope, developed in [5, Chapter 4]. Note, for example,

that it makes sense to consider u, v ∈ A only, instead of all of H . Theorem 2.3 is a

translation of [5, Theorem 4.0.4] to the Hilbert space setting which is sufficient for our

purposes.

Theorem 2.3 (Existence and uniqueness) Let A be a closed, convex subset of

a Hilbert space H and let φ : A → (−∞,∞] be (strongly) lower semi-continuous

and λ-convex. For each u0 ∈ D(φ), there exists a locally Lipschitz-continuous curve

u : [0,∞) → A which is the unique solution of

1

2

d

dt
‖u(t) − v‖2 +

λ

2
‖u(t) − v‖2 + φ(u(t)) ≤ φ(v) ∀ v ∈ A , for a.e. t > 0, (2.11)

among all curves v ∈ ACloc(0,∞; A ), satisfying v(0+) = u0.

Furthermore, u(t) is a curve of maximal slope, i.e., φ(u(t)) ∈ ACloc([0,+∞)) and

d

dt
φ(u(t)) ≤ −1

2
‖u̇‖2 − 1

2
|∂φ|2(u) for a.e. t ∈ (0,∞). (2.12)

For the remainder of the chapter, we shall use the following definition of gradient flow.

Definition 2.4 Let A be a convex, closed subset of a Hilbert space H and φ : A →
(−∞,∞] a lower semi-continuous and λ-convex functional. We say that a locally

Lipschitz-continuous curve u : [0,∞) → A is a gradient flow of φ in A , if it satisfies

(2.11).

Remarks. 1. If φ is λ-convex then |∂φ| is a metric subgradient for φ (cf. [5]).

Hence, if (2.12) is satisfied then

d

dt
φ(u(t)) ≤ −1

2
‖u̇(t)‖2 − 1

2
|∂φ|(u(t)) ≤ −‖u̇(t)‖|∂φ|(u(t)) ≤ d

dt
φ(u(t)). (2.13)

All inequalities must be equalities and therefore ‖u̇(t)‖ = |∂φ|(u(t)) for a.e. t. This

shows in particular that under appropriate smoothness condition (2.5), (2.11) and

(2.12) are equivalent. �
2. In Definition 2.4 the term ‘lower semi-continuous’ refers to lower semi-continuity

with respect to the strong topology of H . Numerous examples of gradient flows of
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convex functionals can be given, where the functional is not continuous with respect

to the metric with respect to which the gradient flow is computed. The most common

example is of course the Heat equation which is the gradient flow of the Dirichlet

functional φ(u) = 1
2

∫
Ω
|∇u|2 dx with respect to the L2-norm.

Also, in our situation, the energies (2.31) and (2.33) are not continuous with respect

to H1-convergence but they are lower semi-continuous (see Lemma 2.10). To see, for

example, that E is not strongly continuous, take a deformation y with finite energy

and modify it in a set Aδ such that |Aδ| = δ to obtain a deformation yδ such that

y′δ = y′ in (0, 1) \ Aδ and y′δ = 0 in Aδ. Clearly, yδ → y in H1 but E(yδ) = +∞ for

all δ. Immediately, one can also construct sequences yj → y for which E(yj) is finite

but E(yj) → ∞ as j → ∞. Corresponding constructions can also be made for the

functionals EN .

Since a strong control on the variable is given by the evolution (which is a gradi-

ent flow with respect to the Hilbert space norm) only strong lower semi-continuity is

required in all proofs. This is in contrast to the direct method of the calculus of varia-

tions, where the usage of compactness arguments requires weak lower semi-continuity.

In fact, since J is non-convex, the functional (2.31) is not weakly lower semi-continuous.

�

2.2.2 Approximation of gradient flows

Based on the evolutionary variational inequality (2.11), an abstract convergence theory

for gradient flows in a general metric setting for λ-convex functionals was developed

in [77]. Theorem 2.5 below is one result therein which is relevant for the Hilbert space

setting in the present work.

Theorem 2.5 Let A be a closed, convex subset of a Hilbert space H and, for N ∈ N,

let φ, φN : A → (−∞,∞] be functionals defined on A . Let u0 ∈ D(φ) and u0
N ∈ D(φN)

be given initial values, and assume that the following conditions are satisfied:

(i) Lower Semi-Continuity: The functionals φ and φN (N ∈ N) are (strongly) lower

semi-continuous.

(ii) Uniform λ-Convexity: There exists λ ∈ R, such that φ and φN , N ∈ N, are

λ-convex.

(iii) Equi-Coercivity: There exists γ ≥ 0 such that

inf
N∈N

inf
v∈A

[
φN(v) + γ‖v − u0

N‖2
]

= m∗ > −∞.
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(iv) Convergence of the initial data: supN∈N φN(u0
N) = M∗ <∞ and ‖u0

N − u0‖ → 0

as N → ∞.

(v) Consistency: There exists a constant c1 > 0 such that, for a.e. t ∈ (0,∞),

lim sup
N→∞

(
φ(uN) − φN(uN)

)
≤ 0, and φ(uN) ≤ c1(1 + [φN(uN)]+ + ‖uN‖2).

(vi) Best approximation error: For every N ∈ N, there exists a Borel-measurable

curve vN : (0,∞) → A , so that vN → u in L2
loc([0,∞); H ), and

φN(vN(t)) → φ(u(t)) and φN(vN (t)) ≤ c2(1 + [φ(u(t))]+ + ‖u(t)‖2) for a.e. t,

where u is the gradient flow of φ with initial data u0.

Then the gradient flows (in the sense of Definition 2.4) uN of φN with initial values

u0
N converge in L∞

loc([0,∞); H ) to the gradient flow u of φ with initial value u0.

Proof. Let u and uN respectively satisfy

1

2

d

dt
‖u(t) − v‖2 +

λ

2
‖u(t) − v‖2 + φ(u(t)) ≤ φ(v) ∀ v ∈ A , and (2.14)

1

2

d

dt
‖uN(t) − vN‖2 +

λ

2
‖uN(t) − vN‖2 + φN(uN(t)) ≤ φN(vN) ∀ vN ∈ A . (2.15)

The existence of these curves is guaranteed by conditions (i) and (ii). We test (2.14)

with v = uN and, since typically D(φN) � D(φ), choose a recovery sequence (vN), i.e.,

a sequence satisfying (vi) to test (2.15). Adding (2.14) and (2.15) gives

1

2

[ d

dt

(
‖u(t) − uN(s)‖2 + ‖uN(t) − vN(s)‖2

)]
s=t

+
λ

2

(
‖u(t) − uN(t)‖2 + ‖uN(t) − vN (t)‖2

)
(2.16)

+φ(u(t)) + φN(uN(t)) ≤ φ(uN(t)) + φN(vN(t)).

We now add and subtract terms in order to bring (2.16) into a form amenable to an

application of Gronwall’s inequality. Since u and uN are locally Lipschitz continuous,

we have

d

dt
‖u(t)−uN(t)‖2 =

[ d

dt

(
‖u(t)−uN(s)‖2+‖uN(t)−u(s)‖2

)]
s=t

for a.e. t ∈ (0,∞).

(2.17)
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We can use (2.17) to rearrange (2.16) as

1

2

d

dt
‖u(t) − uN(t)‖2 + λ‖u(t) − uN(t)‖2

≤
(
φN(vN (t)) − φ(u(t))

)
+
(
φ(uN(t)) − φN(uN(t))

)
+
λ

2

(
‖u(t) − uN(t)‖2 − ‖vN(t) − uN(t)‖2

)
(2.18)

+
1

2

[ d

dt

(
‖uN(t) − u(s)‖2 − ‖uN(t) − vN (s)‖2

)]
s=t

= E1 + E2 + E3 + E4.

The term E3 can be estimated using the inverse triangle inequality and Cauchy’s

inequality, which give

E3 =
λ

2

(
‖uN − u‖ + ‖uN − vN‖

)(
‖uN − u‖ − ‖uN − vN‖

)
≤ |λ|

2

(
2‖uN − u‖ + ‖u− vN‖

)
‖u− vN‖ (2.19)

≤ |λ|
2
‖uN − u‖2 + |λ|‖u− vN‖2.

We invoke the identity

‖uN(t) − u(s)‖2 − ‖uN(t) − vN (s)‖2 = 2(uN(t), u(s) − vN (s)) + ‖u(s)‖2 − ‖vN(s)‖2

to deduce that

E4 ≤ ‖u̇N‖‖u− vN‖. (2.20)

Combining (2.18) with (2.19) and (2.20), we arrive at

1

2

d

dt
‖u− uN‖2 +

λ̃

2
‖u− uN‖2 ≤

(
φN(vN ) − φ(u)

)
+
(
φ(uN) − φN(uN)

)
+
|λ|
2
‖vN − u‖2 +

1

2
‖u̇N‖‖vN − u‖,

where λ̃ = λ− |λ|/2. Using Gronwall’s inequality, we obtain

e2λ̃T‖u(T ) − uN(T )‖2 ≤ ‖u(0) − uN(0)‖2 + 2

∫ T

0

e2λ̃t
(
φ(uN) − φN(uN)

)
dt

+2

∫ T

0

e2λ̃t
[(
φN(vN) − φ(u)

)
+ |λ|‖vN − u‖2 + ‖u̇N‖‖vN − u‖

]
dt. (2.21)

Using (2.24) and condition (v) we obtain an integrable bound on max(φ(uN) −
φN(uN), 0). We can therefore apply Fatou’s lemma to deduce that

lim sup
N→∞

∫ T

0

(
φ(uN) − φN(uN)

)
dt ≤ 0.
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Similarly, it follows from (vi) that

lim sup
N→∞

∫ T

0

(
φN(vN) − φ(u)

)
dt ≤ 0, and

lim
N→∞

∫ T

0

‖vN − u‖2 dt = 0.

For the last term in (2.21) we apply the Cauchy–Schwarz inequality and the stability

estimate (2.23) to obtain the bound

∫ T

0

‖u̇N‖‖u− vN‖ dt ≤
(
C

∫ T

0

‖u− vN‖2 dt

)1/2

which also tends to zero as N → ∞.

Finally, using (iv) to show that the initial condition converges, we can deduce that,

for each T > 0, supt≤T ‖uN(t) − u(t)‖ → 0, as N → ∞. �

The following stability estimates were already given in [5]. The proof is repeated here,

in order to highlight the independence of the constants of N .

Lemma 2.6 Suppose that the hypotheses (ii) and (iii) of Theorem 2.5 are satisfied;

then there exist constants C1, C2 depending only on γ, m∗ and M∗ such that

‖uN(T ) − uN(0)‖2 ≤ C1e
C2T , (2.22)∫ T

0

‖u̇N(t)‖2 dt ≤ M∗ −m∗ + γC1e
C2T , and (2.23)

φN(uN(T )) ≥ m∗ − γC1e
C2T . (2.24)

Proof. Condition (iii) of Theorem 2.5 gives the estimate

φN(uN(T )) ≥ m∗ − γ‖uN(T ) − uN(0)‖2. (2.25)

Using (2.12) and (2.13), we can bound the L2-norm of the velocity u̇N by∫ T

0

‖u̇N‖2 dt ≤ φN(uN(0)) − φ(uN(T )) ≤M∗ −m∗ + γ‖uN(T ) − uN(0)‖2. (2.26)

We use (2.26) to compute a bound on ‖uN(T ) − uN(0)‖2,

1

2
‖uN(T ) − uN(0)‖2 =

1

2

∫ T

0

d

dt
‖uN(t) − uN(0)‖2 dt

≤
∫ T

0

‖u̇N‖‖uN(t) − uN(0)‖ dt

≤ ε

2

∫ T

0

‖u̇N(t)‖2 dt+
1

2ε

∫ T

0

‖uN(t) − uN(0)‖2 dt

≤ ε

2

[
M∗ −m∗ + γ‖uN(T ) − uN(0)‖2

]
+

1

2ε

∫ T

0

‖uN(t) − uN(0)‖2 dt.
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We can clearly choose ε, depending only on γ, to obtain constants C1 and C2 such that

‖uN(T ) − uN(0)‖2 ≤ C1 + C2

∫ T

0

‖uN(t) − uN(0)‖2 dt ∀T > 0.

An application of Gronwall’s inequality gives (2.22).

Upon inserting (2.22) into respectively (2.26) and (2.25), we obtain (2.23) and

(2.24). �

To conclude this section, we state a result from [5, Theorem 4.0.4 (v)], on the implicit

Euler approximation of a gradient flow, which we will use frequently in Section 2.4.

Lemma 2.7 Let φ be λ-convex in A and let ti = iτ , for i = 0, 1, . . . , define a partition

of [0,∞), with 0 < τ < 1/min(0,−λ). Let u0 ∈ A , and let the family (ui)i=1,2,... be

defined by

ui = argminA

[
v �→ ‖v − ui−1‖2

2τ
+ φ(v)

]
.

Let u(t) be the gradient flow of φ with u(0) = u0 and let ūτ(t) be the piecewise constant

interpolant of (ui), i.e.,

ūτ (0) = 0 and ūτ (t) = ui if ti−1 < t ≤ ti.

Then, ūτ (t) → u(t) in L∞
loc([0,∞),H ), as τ → 0.

2.2.3 The slope

So far, we have defined and analysed gradient flow evolutions. However, we are mostly

interested in analyzing the resulting equilibria, which can often be obtained by letting

time tend to infinity. A natural concept of equilibrium, or critical point, is given by

the local slope which we have defined in (2.10). We say that u∗ ∈ H is a critical

point of the functional φ, if |∂φ|(u∗) = 0. This is a necessary and sufficient condition

for u∗ to be a stationary point of the gradient flow. Note also that the functional

(2.33) which we will analyze is not differentiable in H1 and that the notion of slope is

a genuine extension. The following lemma can be used in some situations to show that

an accumulation point of the sequence of critical points of approximate functionals φN

must again be a critical point. This result is still true in metric spaces [77]. Note that

conditions (2.27) and (2.28) describe Γ-convergence (cf. [37, 39]) of the family φN in

the strong topology of H with limit φ.
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Lemma 2.8 Let A be a closed convex subset of a Hilbert space, let φ, φN : A →
(−∞,∞] be λ-convex, with a uniform λ, and suppose that the conditions

vN → v ⇒ φ(v) ≤ lim inf
N→∞

φN(vN) (2.27)

∀v ∈ A ∃(vN)N∈N ⊂ A s.t. vN → v and φ(v) = lim
N→∞

φ(vN) (2.28)

are satisfied. Then, the slopes satisfy the liminf condition

uN → u ⇒ |∂φ|(u) ≤ lim inf
N→∞

|∂φN |(uN). (2.29)

Proof. The crucial observation [5, Theorem 2.4.9] is that for λ-convex functionals,

the slope can be rewritten as

|∂φ|(u) = sup
v �=u

[
φ(u) − φ(v)

‖u− v‖ +
λ

2
‖u− v‖2

]+

.

Let uN → u, and for some fixed v �= u let (vN )N∈N be a recovery sequence for v,

satisfying (2.28). Then, for sufficiently large N , we have

[
φ(u) − φ(v)

‖u− v‖ +
λ

2
‖u− v‖2

]+

≤
[
lim infN→∞ φN(uN) − limN→∞ φN(vN )

limN→∞ ‖uN − vN‖
+
λ

2
lim

N→∞
‖uN − vN‖2

]+

≤ lim inf
N→∞

[
φN(uN) − φN(vN )

‖uN − vN‖ +
λ

2
‖uN − vN‖2

]+

≤ lim inf
N→∞

|∂φN |(uN)

Taking the supremum over v �= u, we obtain (2.29). �

2.3 Convergence of an Atomistic Evolution

In Section 2.1, it was explained how different scalings of the atomistic energy Eatom

give rise to different continuum limits. We have adopted the point of view that a linear

scaling of all terms considered is the most natural choice. For the forces we assume

that fN = O(1) and fj = O(1/N) for 1 ≤ j ≤ N − 1, i.e., fN represents a surface

traction. It is then natural to consider the rescaled energy

EN

(
(yN

j )N
j=1

)
=

N∑
j=1

εN

[
J

(
yN

j − yN
j−1

εN

)
− fN

j (yN
j + yN

j−1)/2

]
− gyN

N , (2.30)
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where εN = 1/N . The family (fN
i )N

i=1 defines a linear body force, which we assume is

obtained by averaging an L1 function, i.e.,

fN
i =

1

εN

∫ xN
i

xN
i−1

f(x) dx,

where xN
i = i/N, for each i ∈ Z. The scalar g describes a linear surface force. For

technical reasons, we may wish to impose an L∞ bound on the deformations, i.e., we

shall assume that yN
i ≤M , where M ∈ (zt,∞].

To rewrite EN as an integral functional it is customary to identify the atomistic

deformation with a piecewise affine function. To this end, we define the set of admissible

atomistic deformations to be

AN :=
{
v ∈ H1(0, 1) : v(0) = 0, v ≤M, and v is piecewise affine w.r.t. (xN

i )
}
.

Letting

y′N(x) =
yN

i − yN
i−1

εN
if x ∈ (xN

i−1, x
N
i ), and

yN(x) =

∫ x

0

y′N(x) dx,

yN is the piecewise-affine interpolant of (yN
i ) and y′N is its weak derivative, and we have

in particular that yN ∈ AN . Thus, we can rewrite EN as

EN(yN) =

∫ 1

0

[
J(y′N) − fNyN

]
dx− gyN(1) for yN ∈ AN , (2.31)

where fN is the piecewise constant interpolant of f with

fN (x) = f i
N for x ∈ (xi−1, xi). (2.32)

In the formulation (2.31) it becomes obvious, that the non-convexity is with respect

to the deformation gradient. In order to balance it out with the evolution, we need to

consider the gradient flow with respect to the | · |H1-seminorm, which is in fact a norm

in the spaces AN . We shall show below, though it is already quite obvious at this point,

that the functionals EN are uniformly λ-convex in the | · |H1-seminorm. Therefore, from

Theorem 2.5, we expect the correct limit energy with respect to the | · |H1-gradient flow

evolution to be

E(y) =

∫ 1

0

[
J(y′) − fy

]
dx− gy(1), (2.33)

defined for y ∈ A :={v ∈ H1(0, 1) : v(0) = 0, v ≤M}.
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While it is possible to consider gradient flows with respect to the full H1-norm as

well, the analysis of equilibria becomes significantly more technical. All results can,

however, be translated to the H1-norm case [76].

Theorem 2.9 states that the (atomistic) | · |H1-gradient flow of EN in AN converges

to the (continuum) | · |H1-gradient flow of E in A . We embed AN in A by setting

EN(y) = +∞ if y ∈ A \ AN .

Theorem 2.9 Let y0 ∈ D(E), and let y0
N ∈ AN be the piecewise affine interpolant of

y0 with respect to the mesh (xN
i ). Then, the | · |H1-gradient flow yN of EN with initial

data y0
N converges in L∞

loc([0,∞); A ) to the | · |H1-gradient flow y of E with initial data

y0.

The convergence proof consists of three steps: first, establishing the λ-convexity of the

functionals; second, estimating the perturbations caused by the discrete forcing term;

and third, constructing a recovery sequence for the solution which satisfies condition

(vi) of Theorem 2.5.

Lemma 2.10 With respect to the norm |·|H1, the functionals E and EN (N = 1, 2, . . . )

are λ-convex in A , with λ = minz>0 J
′′(z), and lower semi-continuous.

Proof. For the λ-convexity as well as the lower semi-continuity, note that the linear,

continuous terms need not be considered and we assume without loss of generality that

f, g ≡ 0. In the spirit of Proposition 2.1, we define F (z) = J(z) − (λ/2)z2. By

the definition of λ, F ′′(y) ≥ 0 whenever y > 0, hence F is convex in (0,∞). Since

F (z) = +∞ for z ≤ 0, F is convex on R. Therefore, the functional

G(y) =

∫ 1

0

(
J(y′) − λ

2
|y′|2

)
dx =

∫ 1

0

F (y′) dx

is convex as well which implies, by Proposition 2.1, that E is λ-convex. Since E(y) =

G(y)−λ
2
|y|2H1, a sum of a convex and a continuous functional, E is lower semicontinuous.

To see that EN is lower semi-continuous, simply note that under the assumption that

f, g ≡ 0, EN = E|AN
where AN is convex and closed and hence the proof carries over

to EN as well. �

Lemma 2.11 If f ∈ L1(0, 1), then, for every v ∈ A , we have∣∣∣ ∫ 1

0

(fN − f)v dx
∣∣∣ ≤ |v|H1‖f − fN‖L1(0,1), and

‖f − fN‖L1 → 0 as N → ∞,

where fN is defined as in (2.32).
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Proof. Hölder’s inequality gives∣∣∣ ∫ 1

0

(fN − f)v dx
∣∣∣ ≤ ‖v‖L∞‖f − fN‖L1(0,1).

Using v(0) = 0, we also have ‖v‖L∞ ≤ ‖v′‖L1 ≤ |v|H1, which gives the first result. The

convergence ‖fN − f‖L1 → 0 follows from the fact that fN is the L2-projection of f

onto the piecewise constant functions with respect to the mesh (xN
i ), using also the

density of L2(0, 1) in L1(0, 1). �

Lemma 2.12 Let E and EN be respectively given by (2.33) and (2.31), where f ∈
L1(0, 1) and fN satisfies (2.32). For every y ∈ A with E(y) < +∞, the piecewise

affine, continuous interpolants vN of y with respect to the mesh (xN
i ) satisfy

|vN − y|H1 → 0, EN(vN ) → E(y) as N → ∞,

|vN |H1 ≤ |y|H1, and EN(vN ) ≤
[
2‖f‖2

L1 + sup
z≥1

J(z)
]
+ E(y) + 2|y|2H1.

Proof. Let y ∈ A and let vN be the piecewise affine interpolant with respect to the

mesh (xN
i ). Applying Jensen’s inequality to∫ xN

i

xN
i−1

v′N dx =

∫ xN
i

xN
i−1

y′ dx,

and summing over i, we get ‖v′N‖L2(0,1) ≤ ‖y′‖L2(0,1). It follows from standard interpo-

lation error estimates and a simple density argument that |y − vN |H1 → 0 as N → ∞.

To compute the bounds on the energy as well and to show its convergence, we start

with the lower-order terms. Jensen’s inequality gives ‖fN‖L1 ≤ ‖f‖L1 and, as in the

proof of Lemma 2.11, ‖vN‖L∞ ≤ |y|L∞ ≤ |y|H1. Thus, we have

−
∫ 1

0

fNvN dx = −
∫ 1

0

fy dx+

∫ 1

0

[
f(y − vN ) + (f − fN )vN

]
dx

≤ −
∫ 1

0

fy dx+ ‖f‖L1‖y − vN‖L∞ + ‖f − fN‖L1‖vN‖L∞

≤ −
∫ 1

0

fy dx+ ‖f‖L1|y − vN |H1 + ‖f − fN‖L1|v|H1 (2.34)

≤ −
∫ 1

0

fy dx+ 2‖f‖2
L1 + 2|y|2H1. (2.35)

Using Lemma 2.11 and the fact that vN (1) = y(1) for all N ∈ N, we obtain from (2.34)

and (2.35),

−
∫ 1

0

fNvN dx− gvN(1) → −
∫ 1

0

fy dx− gy(1) as N → ∞, and (2.36)

−
∫ 1

0

fNvN dx− gvN(1) ≤ −
∫ 1

0

fy dx− gy(1) + 2‖f‖2
L2(0,1) + 2|y|2H1.
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To deal with the higher-order terms, let J(z) = J0(z)+J1(z) where J0(z) = J∗∗(z).

In the interval (xN
i−1, x

N
i ), we have v′N = N

∫ xN
i

xN
i−1
y′ dx and, using Jensen’s inequality

J0(v
′
N ) ≤ N

∫ xN
i

xN
i−1
J0(y

′) dx (note that 1/N is the length of the interval). If we define

aN(x) = N

∫ xN
i

xN
i−1

J0(y
′) dx+ sup

z≥1
J(z), for x ∈ (xN

i−1, x
N
i ),

then J(v′N ) ≤ aN (x) a.e. in (0, 1) and

∫ 1

0

aN(x) dx =

∫ 1

0

J0(y
′) dx+ sup

z≥1
J(z)=:A.

In particular, we also have∫ 1

0

J(v′N) dx ≤
∫ 1

0

J(y′) dx+ sup
z≥1

J(z),

which, together with (2.36) gives

EN (vN) ≤
[
2‖f‖2

L1 + sup
z≥1

J(z)
]
+ E(y) + 2|y|2H1. (2.37)

Since x �→ J0(y
′(x)) ∈ L1(0, 1), we have, by a version of Lebesgue’s differentiation

theorem (Section 1.7, Corollary 2, [46])

lim
N→∞

aN(x) = J0(x) + sup
z≥1

J(z) for a.e. x ∈ (0, 1),

and similarly, v′N → y′ a.e. in (0, 1). Using Fatou’s Lemma, and the fact that J is

continuous in (0,∞), we have

2A− lim sup
N→∞

∫ 1

0

∣∣J(v′N) − J(y′)
∣∣ dx = lim inf

N→∞

∫ 1

0

[
2aN − |J(v′N) − J(y′)|

]
dx

≥
∫ 1

0

lim inf
N→∞

[
2aN − |J(v′N) − J(y′)|

]
dx

= 2

∫ 1

0

[
J0(y

′) + sup
z≥1

J(z)
]
dx

= 2A,

and hence, using also (2.36), we have E(vN) → E(y) as N → ∞ �

We have now assembled all results to prove Theorem 2.9.

Proof of Theorem 2.9. The result is a straightforward application of Theorem

2.5, using the preparations of this Section.
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Conditions (i) and (ii) were shown in Lemma 2.10. Condition (iii), the equi-

coercivity, follows from the fact that J is bounded below and the forcing term is

Lipschitz continuous. Condition (iv), the convergence of the initial data is guaran-

teed by standard interpolation error results as well as Lemma 2.12. Condition (v) is

controlled by Lemma 2.11, since EN and E|AN
differ only in the forcing term.

Let vN(t) be the piecewise affine interpolant of y(t). Using Lemma 2.12, to obtain

(vi), we only need to show, that t �→ vN(t) is Borel measurable. In fact, it is fairly

easy to see that it is even continuous. Since in one dimension, H1(0, 1) is embedded in

C[0, 1], the mapping t �→ y(t) lies in C(0,∞; C[0, 1]) and hence t �→ y(t, x) is continuous

as well. Since

vN (t, x) =

N∑
j=1

y(t, xN
j )ϕN

j (x),

where the ϕN
j are Lipschitz functions, this shows that v ∈ C(0,∞; H1). �

2.4 Convergence of Equilibria

In this section we show that the gradient flows are a selection criterion which can be

used to recover correct elastic behaviour even when the energy has sublinear growth.

The convergence result of Theorem 2.9 suggests the following procedure: for suffi-

ciently small forces, there should be a critical point y∗N , in fact a strict local minimum,

of the atomistic functional EN , such that y∗N
′ < zt, i.e., the deformation gradient lies

in the region where J is convex. Hence, the gradient flow for sufficiently close starting

points should converge to y∗N as t → ∞ and the deformation gradient should remain

within the region where J is convex. Since the atomistic gradient flow converges to the

continuum gradient flow, the continuum deformation gradient should remain in this

region as well and therefore converge to a critical point in that set which should be the

limit of the y∗N . By y∗ being a critical point of φ, we mean that |∂φ|(y∗) = 0, where

|∂φ|(y) is the | · |H1-slope of φ at y (compare Section 2.2.3).

The main difficulty is to show that the critical points y∗N are ‘uniform local mini-

mizers’ in the sense that we do not require perturbations to tend to zero as N → ∞.

Before we start with the suggested program, let us note that it would be quite easy

to show all results for the continuum problem directly. However, we wish to show here

that the elastic critical point of the continuum functional (2.33) arises as the limit

of the elastic critical points of the atomistic functionals (2.31). Furthermore, it is an

interesting feature of the analysis that all information about the continuum functional

can be obtained from the knowledge about the atomistic evolution.
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Theorem 2.13 Let EN , N = 1, 2, . . . , and E be defined respectively by (2.31) and

(2.33), and assume that |g| + ‖f‖L1(0,1) < J ′(zt) (cf. (2.2)).

(a) There exist critical points y∗N of EN in AN , such that y∗N
′ < zt. These equilibria

are stable in the sense that any | · |H1-gradient flow yN of EN with y′N(0, x) < zt

satisfies limt→∞ yN(t) = y∗N in H1(0, 1).

(b) There exists a critical point y∗ ∈ A of E such that limN→∞ y∗N = y∗ and

limt→∞ y(t) = y∗ in H1, for every | · |H1- gradient flow y of E with y′(0, x) ≤ zt−ε
for some ε > 0.

(c) If, in addition, f ≡ 0, then y∗N = y∗ are affine.

On the one hand, Theorem 2.13 shows that the derived continuum model has the correct

qualitative and quantitative behaviour for small loads. On the other hand, it shows

that in this situation, the atomistic model behaves essentially like a continuum. In

particular, note that point (c) is the Cauchy–Born hypothesis for the model presented.

Note also, that not all proofs in this section are ‘optimal’. Especially the final proof

of Theorem 2.13 is more technical than it needs to be. The purpose of this discussion is

to show that most of the techniques used here can be applied to more general problems.

The proof of Theorem 2.13 requires some preparation in the form of several Lemmas

which assemble information about the atomistic gradient flow. Let B be the set of all

deformations whose gradient remains in the region where J is convex, i.e., we define

Bε = {v ∈ A : v′(x) ≤ zt − ε for a.e. x ∈ (0, 1)}, (2.38)

and B = B0.

Lemma 2.14 Suppose that |g| + ‖f‖L1(0,1) ≤ J ′(zt − ε) for some ε > 0; then there

exists a unique critical point y∗N of EN in the set Bε. The point y∗N satisfies

y∗N
′(x) = (J ′)−1(FN

j ) ≤ zt − ε for xN
j−1 < x < xN

j , (2.39)

where FN
j is defined by (2.40).

Proof. We compute the critical point by a change of variables. For yN ∈ AN , let

rN
j = (yN

j − yN
j−1)/εN . Then, setting

f̃N
i =




1
2
fN

1 , if i = 0,
1
2
(fN

i + fN
i+1), if 1 ≤ i ≤ N − 1

1
2
fN

N , if i = N,
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we have, using yN
0 = 0,

EN (yN) =
N∑

j=1

εNJ(rN
j )) −

N∑
j=0

εN f̃
N
j y

N
j − gyN

N

=

N∑
j=1

εNJ(rN
j )) −

N∑
j=1

εN f̃
N
j

j∑
i=1

εNr
N
i − g

N∑
i=1

εNr
N
i

=
N∑

j=1

εNJ(rN
j )) −

N∑
i=1

εNr
N
i

[
g +

N∑
j=i

εN f̃
N
j

]

=
N∑

j=1

εN

[
J(rN

j ) − FN
j r

N
j

]
,

where

FN
i = g +

N∑
j=i

εN f̃
N
j = g +

εN

2
(fN

i + fN
N ) +

N−1∑
j=i+1

εNf
N
j . (2.40)

To compute rN
j , we differentiate EN with respect to rN

j , which gives the equation

∂EN (yN)

∂rN
j

= εN

[
J ′(rN

j ) − FN
j

]
= 0 for j = 1, . . . , N,

or, equivalently, J ′(rN
j ) = FN

j . We estimate FN
j , using the assumption that ‖f‖L1 +

|g| ≤ J ′(zt − ε), by

|FN
j | =

∣∣∣∣∣g +
1

2

∫ xN
j

xN
j−1

f(x) dx+

∫ xN
N−1

xN
j

f(x) dx+
1

2

∫ 1

xN
N−1

f(x) dx

∣∣∣∣∣
≤ |g| +

∫ 1

xN
j−1

|f(x)| dx

≤ |g| + ‖f‖L1(0,1)

≤ J ′(zt − ε). (2.41)

In the region {z < zt}, J ′(z) is strictly increasing and hence invertible. Therefore,

rN
j = (J ′)−1(FN

j ) ≤ zt − ε

describes the unique critical point of EN in Bε. �

Lemma 2.15 Under the conditions of Lemma 2.14, if yN : [0,∞) → AN is an | · |H1-

gradient flow of EN with yN(0) ∈ Bε then yN(t) ∈ Bε for all t > 0.
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Proof. Consider the time-discrete approximation (UN(tj))j=0,1,..., as described in

Lemma 2.7, for some fixed, sufficiently small time-step τ . Let Ri
N(tj) be as in the

proof of Lemma 2.14. Then, RN(tj) minimizes

1

2τ
‖RN(tj) −RN (tj−1)‖2

L2 + EN (RN(tj)). (2.42)

As in the proof of Lemma 2.14, we compute the Euler–Lagrange equation in terms of

Ri
N(tj). At the minimum, the equation

1

τ

(
Ri

N (tj) − Ri
N (tj−1)

)
= FN

j − J ′(Ri
N (tj))

has to be satisfied. For sufficiently small τ , there is a unique solution. Now assume

inductively that Ri
N (tj−1) ≤ zt − ε. To show that Ri

N(tj) ≤ zt − ε, assume this is not

true. Then FN
j −J ′(Ri

N (tj)) < 0, which gives a contradiction. Hence, we have that for

all i = 1, . . . , N and j ∈ N, Ri
N(tj) ≤ zt − ε. As τ → 0, the discrete solution converges

to the gradient flow yN and hence y′N ≤ zt − ε a.e. in (0, 1). �

Corollary 2.16 Under the conditions of Lemma 2.14, every | · |H1-gradient flow yN

with yN(0) ∈ Bε satisfies the evolutionary variational inequality

1

2

d

dt
|yN − v|2H1 +

α

2
|yN − v|2H1 + EN (yN) ≤ EN(v) ∀v ∈ Bε, (2.43)

where α = minz≤zt−ε J
′′(z) > 0. In particular, we have

|yN(t) − y∗N |H1 ≤ e−αt|yN(0) − y∗N |H1.

Proof. We set ẼN = EN |Bε and show that yN is also a gradient flow for ẼN

by considering the minimization problem (2.42) again. (Note that this procedure is

equivalent to replacing EN outside of Bε by a uniformly convex functional.) Since the

minimizer remains in Bε, it is also the minimizer of

1

2τ
‖RN(tj) −RN (tj−1)‖2

L2 + ẼN (RN(tj)),

and hence the limit of the time-discretizations must also be the gradient flow of ẼN .

By arguing as in the proof of Lemma 2.10, we find that ẼN is α-convex (i.e. λ-convex

with λ = α), and hence yN satisfies (2.43) if we replace EN with ẼN . For v ∈ Bε,

however, the functionals are the same.

On testing (2.43) with v = y∗N , and multiplying the resulting inequality by e2αt, we

obtain
1

2

d

dt

(
eαt|yN(t) − y∗N |H1

)2

≤ eαt
(
EN (y∗N) −EN (yN(t))

)
≤ 0.
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Integrating from 0 to T gives the result. �

Proof of Theorem 2.13. Lemmas 2.14, 2.15, and 2.16 immediately imply

item (a) and we only need to establish the facts about the continuum limit. Note

that almost all of the following analysis is independent of the specific structure of the

problem. The only crucial condition which we require, is that yN(t) → y(t) as N → ∞,

for every t ≥ 0, and yN(t) → y∗N as t→ ∞, uniformly in N .

For item (b), we first need to show that, given an initial condition y(0) for the

‘continuum’ | · |H1-gradient flow satisfying the assumptions of the theorem, there exist

‘atomistic’ initial conditions yN(0) which satisfy the assumptions of Lemma 2.15. Let

y′(0, x) ≤ zt − ε for a.e. x ∈ (0, 1). Letting yN(0, x) be the piecewise affine interpolant

of y(0, x), we have

y′N(0, x) =
1

εN

∫ xN
i

xN
i−1

y′(0, x) dx ≤ zt − ε, x ∈ (xN
i−1, x

N
i ).

Therefore, the atomistic | · |H1-gradient flows with starting point y′N(0, ·) converge

uniformly in N (compare Corollary 2.16) to the equilibria y∗N , computed in item (a) or

Lemma 2.14. We use this fact to estimate

|y∗N − y∗N ′ |H1 ≤ |y∗N − yN(t)|H1 + |yN(t) − yN ′(t)|H1 + |yN ′(t) − y∗N ′|H1

≤ 2const.e−αt + |yN(t) − yN ′(t)|H1,

thus showing that (y∗N)N=1,2,... is a Cauchy-sequence. We denote its limit in H1 by y∗.

To see that y(t) → y∗ as t→ ∞, consider

|y(t) − y∗|H1 ≤ inf
N=1,2,...

(|y(t) − yN(t)|H1 + |yN(t) − y∗N |H1 + |y∗N − y∗|H1) ≤ const.e−αt.

We have shown that the ‘discrete’ equilibria y∗N converge to a ‘continuum’ deformation

y∗ and that y(t) → y∗.

The fact that y∗ is a critical point of E is easily verified by hand, but in fact

this follows from the general theory as well, using the concepts introduced in Section

2.2.3. It is straightforward to show that the functionals EN Γ(H1)-converge to E in the

strong H1 topology. We merely note the limsup condition (2.28) is given by Lemma

2.12 while for the liminf condition (2.27) E and EN can be decomposed into a convex,

lower semicontinous part and a continuous, uniformly convergent part (compare also

the prove of λ-convexity in Lemma 2.10).

Since the functionals E and (EN)N=1,2,... are also uniformly λ-convex, Lemma 2.8,

shows that

|∂E|(y∗) ≤ lim inf
N→∞

|∂EN |(y∗N) = 0,
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where |∂E(N)| denotes the | · |H1-local slope of the functionals E(N). �

Remark. It may not come as a surprise that the continuum ‘elastic’ critical point

computed in Theorem 2.13 is actually not a local minimizer with respect to the H1-

topology. Indeed, let us assume that f ≡ 0 and 0 < g < J ′(zt) and define the curve

s �→ v(s) by

v′(s) = y∗′ +
1

s
χ(1/2,1/2+sk).

It is straightforward to establish that for k ≥ 2p, v ∈ C0,1/p(0, s0; W
1,p) and E(v(s)) <

E(y∗), where s0 > 0 and C0,1/p denotes the usual space of Hölder continuous functions.

Thus, the critical point y∗ is not an H1-local minimum of the energy E(y). This is also

reflected by the fact that we only allow W1,∞ perturbations in Theorem 2.13.

Why, we should ask ourselves, is this not in contradiction with Theorem 2.13? If

there exists a curve along which the energy decreases, should the gradient flow not find

this curve? The explanation is that the curve v(s) which we have constructed is not

absolutely continuous in H1(0, 1) and hence is not a candidate for the gradient flow

evolution. An interesting question is whether there actually can exist an absolutely

continuous curve starting in y∗ along which the energy decreases strictly. A negative

answer would lead to an interesting selection criterion for equilibria. It would in par-

ticular imply that the choice of evolution is not so crucial after all, as such equilibria

would be stable under any ‘sufficiently smooth’ evolution. �

2.5 Remarks on Extensions to 2D and 3D

The simple problem which we have investigated in this chapter has a fair amount

of one-dimensional structure. Although many of the techniques developed here can

be readily generalized, the extension to two and three dimensions, which is of great

importance to the modeling of material behaviour, is not entirely trivial.

The first difficulty to notice is that the passage to higher dimensions in a simple

nearest-neighbour system based on the Lennard–Jones potential suffers from a loss of

λ-convexity, since the atomistic deformations do not necessarily have to remain orien-

tation preserving. By cutting off the Lennard–Jones potential at the origin, a process

which is intuitively reasonable but difficult to justify rigorously, the convergence of the

gradient flow can be recovered completely. A more interesting, and mathematically

much more challenging alternative would be to consider a gradient flow with respect

to a different metric, which may allow the blow-up behaviour of the Lennard–Jones

potential, but such a metric seems to be presently unavailable.
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To analyse elastic equilibria, it is necessary to obtain L∞ bounds on the deformation

gradient. This step poses the biggest challenge in higher dimensions as these bounds

cannot be computed explicitly anymore. One possible avenue to obtain them would

be to use the implicit function theorem, for which uniform bounds can be constructed

with a slightly refined analysis. It would be necessary, however, that the solution of the

linearized system lies in W1,∞(Ω), which can only be obtained in some very restrictive

cases, e.g., with smooth domains and Dirichlet boundary conditions. At re-entrant

corners (such as a crack tip) or interfaces between Dirichlet and Neumann boundaries,

the nearest neighbour model is too simple to describe the material behaviour accurately.

If finite-range interactions are added to the energy functional, both the convergence

theory for gradient flows and the analysis of elastic equilibria remains essentially un-

changed, provided that uniform L∞ bounds on the gradients can be provided. The

case of infinite-range interactions is completely unclear.

Finally, it should be noted that different evolutions can be analyzed as well. For

example, if the potential J is cut off at the origin, it is straightforward to extend the

convergence result from the gradient flow evolution to linear viscoelasticity following,

for example, the theory developed in [26]. It is more difficult in this setting, however,

to analyze the resulting stationary points in similar detail.



Chapter 3

A Posteriori Existence in
Numerical Computations

In Chapter 2, gradient flows were introduced as a possible concept for the analysis of

local minima of non-convex functionals. In the present chapter, an alternative which

is far better suited for applications in numerical analysis is presented. The technique

extends and strengthens existing a posteriori error analyses and makes it possible

to derive the existence of exact solutions from the computation, even when it is not

known a priori whether a solution exists. Since the methodology to obtain such results

is quite general and is widely applicable, an abstract analysis is given in this chapter,

together with two interesting applications from continuum numerical analysis.

The basic idea is simple. Suppose we are solving the nonlinear equation F (u) =

0, where F : X → Y ∗, where X ,Y are Banach spaces and Y ∗ is the topological

dual of Y . A point u of the domain of definition of F is called regular if F ′(u)−1

exists and is bounded (cf. [95, Proposition 2.1]; though here we use a slightly more

general definition). A posteriori error estimates for nonlinear problems are typically

formulated in the following way (cf. [94, Proposition 2.1], [95, Proposition 2.1] or [3,

Lemma 9.5]): If u is a regular solution to F (u) = 0 and U is a numerical solution

which is sufficiently close to u then ‖u− U‖X � ‖F (U)‖Y ∗‖F ′(u)−1‖L(Y ∗,X ).

In this chapter, we make use of the following simple observation which seems to have

gone unnoticed so far: the approximation U , which we may have computed numerically,

solves the equation G (U) = 0, where G (v) = F (v)−F (U). Thus, by reversing the role

of approximate and exact solution, we see that a solution u, satisfying F (u) = 0 could

be considered the approximate solution to the new problem G (U) = 0 and its residual

is again ‖F (U)‖Y ∗ . In this new situation we only need to assume that U is regular

rather than a nearby exact solution u which we usually do not know to exist a priori.

More precisely, we shall prove that, if a regular point U ∈ X has a sufficiently small

49
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residual ‖F (U)‖Y ∗ then there exists a nearby solution u to the equation F (u) = 0

such that ‖u− U‖X � ‖F (U)‖Y ∗‖F ′(U)−1‖L(Y ∗,X ).

In an abstract Banach space setting, we give two general results. First, Theorem

3.3 provides an asymptotically optimal strategy based on Lipschitz continuity of F ′.

Second, Theorem 3.5 is a result based on a continuation argument, which is intended to

outline a form for more specific strategies that may be preferable if sufficient analytical

information about the problem is available. Both results are obtained by correctly

interpreting the Inverse Function Theorem in Banach spaces and carefully tracking the

constants in a suitably chosen versions of its proof.

In §3.3 we use the semilinear Laplace equation

−∆u + f(x, u) = 0, u|∂Ω = 0,

to demonstrate further details of the abstract idea, based on Theorem 3.3, which are

required for its practical implementation. In particular, it is shown how the required

stability constants can be computed in a Hilbert space setting.

In §3.2 we look at a problem where the existence of solutions is not as clear. We

compute local minimizers of a double-well energy arising in the mathematical theory

of microstructures. It is shown how the a posteriori existence idea can be used to

demonstrate the existence of a rich class of stable solutions to the Euler–Lagrange

equations.

Of course, the main application is given in Chapter 5. The large number of

metastable states of atomistic functionals makes it a compelling example for the a

posteriori existence idea.

For evolution equations where the uniqueness of the solution is usually guaranteed,

a similar procedure can give improved a posteriori error bounds based on local stability

properties rather than global ones. We refer to [13] where this idea is used for Ginzburg–

Landau type equations.

The reverse question of existence of a numerical solution near an exact solution has

been extensively studied; see for example [23, 40].

3.1 Abstract Results

Let X be a Banach space, and let Y be a Banach space with topological dual Y ∗.

We denote the duality pairing between Y and Y ∗ by 〈·, ·〉. For v ∈ X and R > 0, we

use B(v, R) to denote the closed ball with centre v and radius R in X . Let A be an
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open subset of X and let F : A → Y ∗. For example, the operator y �→ −divσ(∇y)
with Dirichlet boundary conditions could be understood in the sense

〈F (y), ϕ〉 =

∫
Ω

σ(∇y) : ∇ϕ dx ∀ϕ ∈ Y ,

where X and Y are appropriately chosen function spaces (cf. §3.2 and §3.3 for further

detail).

We say that F is differentiable at a point u ∈ A if it is Gateaux differentiable at

that point, i.e., if there exists a bounded linear operator F ′(u) ∈ L(X ,Y ∗) such that,

for v ∈ X , we have

lim
h→0

∥∥h−1
(
F (u+ hv) − F (u)

)
− F ′(u)v

∥∥
Y ∗ = 0.

To avoid a cluttered notation, we shall always use ‖T‖ to denote the operator norm of

a bounded linear operator T between Banach spaces. It will always be clear from the

context which spaces are meant.

We begin by stating a simple Lemma from functional analysis which will motivate

our definition of regular points.

Lemma 3.1 Let T : X → Y ∗ be a bounded linear operator; then (i) and (ii) are

equivalent:

(i) The range of T , denoted range(T ), is closed and T : X → range(T ) is one-to-one.

(ii) T is bounded and

α := inf
u∈X

‖u‖X =1

sup
ϕ∈Y

‖ϕ‖Y =1

〈Tu, ϕ〉 > 0. (3.1)

If (i) or (ii) are satisfied then T−1 : range(T ) → X is bounded and ‖T−1‖ = 1/α.

Proof. To show that (ii) implies that range(T ) is closed, let Tuj → v in Y ∗. From

(3.1) it follows that

α‖uj − uk‖X ≤ sup
ϕ∈Y
‖ϕ‖=1

〈T (uj − uk), ϕ〉 = ‖T (uj − uk)‖. (3.2)

Since (Tuj) is Cauchy, so is (uj); thus, there exists u ∈ X such that uj → u. Since T

is bounded, it follows that Tuj → Tu = v and hence range(T ) is closed. The fact that

T is one-to-one follows directly from (3.2).
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If (i) is satisfied, the Open Mapping Theorem implies that T as well as T−1 :

range(T ) → X are bounded. To show that (i) also implies that α > 0, note that (3.1)

can be written equivalently as

α = inf
u∈X \{0}

sup
ϕ∈Y \{0}

〈Tu, ϕ〉
‖u‖X ‖ϕ‖Y

= inf
v∈range(T )\{0}

sup
ϕ∈Y \{0}

〈v, ϕ〉
‖T−1v‖X ‖ϕ‖Y

= inf
v∈range(T )\{0}

‖v‖Y ∗

‖T−1v‖X

= ‖T−1‖−1,

where ‖T−1‖ denotes the operator norm in L(range(T ),X ). This concludes the proof

of equivalence of (i) and (ii) and also shows the last statement of the lemma. �

Motivated by Lemma 3.1, if u ∈ A and F is differentiable at u, we define

α(u) = inf
v∈X

‖v‖X =1

sup
ϕ∈Y

‖ϕ‖Y =1

〈F ′(u)v, ϕ〉, u ∈ A .

If (i) or (ii) holds in Lemma 3.1 with T = F ′(u) then α(u) = ‖F ′(u)−1‖−1, where

‖F ′(u)−1‖ denotes the operator norm in L(range(F ′(u)),X ). Otherwise, α(u) =

0. For the sake of a more attractive notation, we shall mostly use α(u) rather than

F ′(u)−1.

Definition 3.2 We say that a point u ∈ A is regular if F is differentiable at u and

α(u) > 0.

Both abstract a posteriori existence theorems are essentially reformulations of the

Inverse Function (or Implicit Function) Theorem. The crucial step is to interpret

them correctly and to track all constants in the proofs. The two results, Theorem 3.3

and Theorem 3.5 are fully equivalent. While Theorem 3.3 follows immediately from

Theorem 3.5, the proof of the latter makes heavy use of the Inverse Function Theorem

3.4 which is a corollary of the former. Extensive comments on both results can be

found below.

Theorem 3.3 Suppose that F is differentiable in A and that U ∈ A is regular. For

ρ ∈ [1/2, 1] set R = R(ρ) = ρ−1α(U)−1‖F (U)‖Y ∗ and let L = L(ρ) be the Lipschitz

constant of F ′ in B(U,R) ∩ A . If B(U,R) ⊂ A , if

F (U) ∈ range(F ′(θ)) ∀θ ∈ B(U,R), and if (3.3)

α(U)−2‖F (U)‖Y ∗ ≤ ρ(1 − ρ)/L (3.4)
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then there exists a unique u ∈ B(U,R) such that F (u) = 0. Furthermore, we have the

error estimate

‖u− U‖X ≤ ρ−1α(U)−1‖F (U)‖Y ∗ . (3.5)

Proof. First, we determine a radius R and a stability constant for the set B(U,R).

To this end, we construct an optimal fraction ρ ∈ (0, 1], letting R depend on ρ, such

that

inf
v∈B(U,R)

α(v) ≥ ρα(U).

In this case, the best possible error estimate that we can achieve would be ‖u−U‖X ≤
ρ−1α(U)−1‖F (U)‖Y ∗ . Hence, the smallest possible radius such that u is contained

in B(U,R) is given by R = R(ρ) = ρ−1α(U)−1‖F (U)‖Y ∗ . For any larger radius, we

obtain an unnecessarily large Lipschitz constant, while for a smaller radius we could

not possibly conclude that u ∈ B(U,R).

Let L = L(ρ) be the Lipschitz constant of F ′ in B(U,R). For θ ∈ B(U,R), we can

estimate

α(θ) = inf
v∈X

‖v‖X =1

sup
ϕ∈Y

‖ϕ‖Y =1

〈F ′(θ)v, ϕ〉

≥ inf
v∈X

‖v‖X =1

sup
ϕ∈Y

‖ϕ‖Y =1

〈F ′(U)v, ϕ〉 − LR

= α(U) − LR.

Thus, in order to have α(θ) ≥ ρα(U), we require LR ≤ (1−ρ)α(U), which is equivalent

to (3.4). We see, in particular, that if (3.4) is satisfied then every point v ∈ B(U,R) is

regular and satisfies α(v) ≥ ρα(U).

While L is, to some extent, dependent on the choice of ρ it is reasonable to assume

that it remains roughly constant, particularly when the residual (and hence R) is small.

Hence, the value ρ = 1/2 is roughly optimal in that (3.4) is most easily satisfied in this

case. For smaller ρ the resulting error estimate deteriorates and (3.4) becomes more

difficult to satisfy as well — hence the assumption that ρ ≥ 1/2.

The remainder of the proof involves a careful tracking of the constants in the proof

of the Inverse Function Theorem. The fixed point iteration used here is an adaption

of the argument used in [63] and [78].

We wish to prove the existence of a solution to F (u) = 0 in B(U,R). Since F ′ is

continuous in B(U,R), we can use Taylor’s Theorem to obtain, for v ∈ B(U,R),

F (v) − F (U) =

∫ 1

0

F ′(U + τ(v − U)) dτ · (v − U) =: F ′
U,v(v − U). (3.6)
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Assume, for the moment, that u ∈ B(U,R) satisfies F (u) = 0 so that F (u)−F (U) =

−F (U). Applying (3.6) to the right-hand side, we find that F (u) = 0 is equivalent to

F ′
U,u(u− U) = −F (U).

We now define the map L : B(U,R) → X by

F ′
U,v(L(v) − U) = −F (U). (3.7)

To show that the map is well-defined, we first use the Integral Mean Value Theorem to

infer the existence of θv ∈ conv{U, v} such that F ′
U,v = F ′(θv). Since θv ∈ B(U,R), it

follows that F ′
U,v is an isomorphism from X to range(F ′(θv)) which, by (3.3) contains

F (U), and in particular that (3.7) has a unique solution. In summary, an element

u ∈ B(U,R) satisfies F (u) = 0 if, and only if, u is a fixed point of L.

To show that L maps B(U,R) into itself, we multiply (3.7) by (F ′
U,v)

−1 to infer

‖L(v) − U‖X ≤ ‖(F ′
U,v)

−1‖‖F (U)‖Y ∗ ≤ ρ−1α(U)−1‖F (U)‖Y ∗ = R.

To show that L is a contraction of B(U,R) let v1, v2 ∈ B(U,R); then

F ′
U,vi

(L(vi) − U) = −F (U), i = 1, 2.

Subtracting these two equations, we obtain

F ′
U,v1

(L(v1) − L(v2)) = −F ′
U,v1

(L(v2) − U) + F ′
U,v2

(L(v2) − U)

= −(F ′
U,v1

− F ′
U,v2

)(L(v2) − U).

Multiplying by (F ′
U,v1

)−1 and using

∥∥∥∫ 1

0

[
F ′(U + τ(v1 − U)) − F ′(U + τ(v2 − U))

]
dτ
∥∥∥

≤
∫ 1

0

∥∥F ′(U + τ(v1 − U)) − F ′(U + τ(v2 − U))
∥∥ dτ

≤
∫ 1

0

τL‖v1 − v2‖X dτ = 1
2
L‖v1 − v2‖X

and (3.4) we obtain

‖L(v1) − L(v2)‖X ≤ 1
2
L ‖v1 − v2‖X ‖(F ′

U,v1
)−1‖R

≤ 1
2
L ‖v1 − v2‖X

(
ρ−1α(U)−1

)(
ρ−1α(U)−1‖F (U)‖X

)
≤ 1

2
ρ−1(1 − ρ) ‖v1 − v2‖X .
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It follows that, if 1
2
(1 − ρ)/ρ < 1, which is true whenever ρ > 1/3, then L is

a contraction of B(U,R) with contractivity (1 − ρ)/(2ρ) and must therefore have a

unique fixed point u in B(U,R) which is the unique solution of F (u) = 0 in B(U,R).

Given our definition of R, the error estimate follows immediately from the fact that

u ∈ B(U,R). �

Corollary 3.4 Suppose that F is continuously differentiable in A , that U ∈ A is

regular and that there exists R > 0 such that B(U,R) ⊂ A and F ′ is Lipschitz

continuous in B(U,R). Then there exists δ > 0 such that for all f ∈ B(F (U), δ)

satisfying F (U) − f ∈
⋂

θ∈B(U,R) range(F ′(θ)) there exists u ∈ B(U,R) such that

F (u) = f .

Proof. The result follows immediately upon setting ρ = 1/2 and replacing F by

F − f in Theorem 3.3. �

With the help of the Inverse Function Theorem, the following continuation result can

be easily shown.

Theorem 3.5 Let F be continuously differentiable in A and let U ∈ A . Suppose

that there exists R > 0 such that B(U,R) ⊂ A , that F ′ is locally Lipschitz continuous

in B(U,R),

‖F (U)‖Y ∗ ≤ R inf
v∈B(U,R)

α(v), and that (3.8)

F (U) ∈ range(F ′(θ)) ∀θ ∈ B(U,R). (3.9)

Then there exists u ∈ B(U,R) (unique if infv∈B(U,R) α(v) > 0) such that F (u) = 0.

Furthermore, we have the estimate

‖u− U‖X ≤
[

inf
v∈B(U,R)

α(v)
]−1 ‖F (U)‖Y ∗ . (3.10)

Proof. Set α = infv∈B(U,R) α(v) and note that, unless F (U) = 0, which we exclude

without loss of generality, we have implicitly assumed that α > 0. For t ∈ [0, 1], let

ft = (1 − t)F (U).

Suppose that ut ∈ B(U,R) is a solution to F (ut) = ft. By Taylor’s Theorem there

exists θt ∈ conv{U, ut} such that F (ut)−F (U) = F ′(θt)(ut − U). Upon testing with

ϕ ∈ Y , ‖ϕ‖Y = 1, we obtain

α‖ut − U‖X ≤ α(θt)‖ut − U‖X ≤ ‖ft − F (U)‖Y ∗ ≤ t‖F (U)‖Y ∗ ≤ tαR (3.11)

which implies that ut ∈ B(U, tR).
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Given a solution ut, we use Corollary 3.4 to compute solutions us for s ∈ [t, t+ δ],

for some δ > 0.

For t = 0, we obviously have u0 = U . Hence there exists T > 0 such that, for

t ∈ [0, T ) there exists ut ∈ B(U, tR) satisfying F (ut) = ft. Let T ∈ (0, 1] be maximal

and let tj ↑ T . From

α‖utj − utk‖X ≤ ‖F (utj) − F (utk)‖Y ∗ ≤ |tj − tk|‖F (U)‖

it follows that (utj) is a Cauchy sequence and hence there exists uT ∈ B(U,R) such

that utj → uT as j → ∞. Since F is continuous in B(U,R), F (uT ) = fT . Since we

can apply Corollary 3.4 again, this contradicts the maximality of T unless T = 1.

The uniqueness and error estimate in the case α > 0 follow immediately. �

Remarks. 1. While the estimation of the residual ‖F (U)‖Y ∗ is more or less classical

(cf. [94, 95]) the numerical computation of the stability constant α(U) does not seem

to be considered common practise. There are essentially two options available.

• If the geometry of the equation F (u) = 0 is not too complicated it may be pos-

sible to compute the stability sets B(U,R) and (a bound for) the corresponding

stability constant α = infv∈B(U,R) α(v) directly. An example of how this can be

done is given in §3.2.

• In some situations it may, however, be easier to compute a local Lipschitz constant

for F ′, particularly when F ′ is globally Lipschitz continuous. In that case,

Theorem 3.3 may be preferable. Only the stability constant α(U) has to be

computed which gives some additional flexibility. �

2. Theorem 3.5 still holds if F ′ is not locally Lipschitz continuous. By using the

fixed point iteration

F ′(U)(L(u) − u) = f − F (u)

in place of (3.7), Corollary 3.4 remains true even if F ′ is only assumed to be continuous

at U and satisfies F (v) ∈ range(F ′(U)) for all v ∈ B(U,R). Consequently, in Theorem

3.5, if F ′ is not Lipschitz continuous, one would have to assume that F ′ is continuous

in B(U,R) and that F (v) ∈ range(F ′(w)) for all v, w ∈ B(U,R).

If X = Y and if this space is reflexive then no condition of this type is required.

�
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3. It can be seen from[
inf

v∈B(U,R)
α(v)

]
‖u− U‖X ≤ ‖F (U) − F (u)‖Y ∗ ≤

[
sup

v∈B(U,R)

‖F ′(v)‖
]
‖U − u‖X ,

that the error estimates in Theorems 3.3 and 3.5 are quasioptimal. �

4. One advantage of Theorem 3.3 over Theorem 3.5 is that it provides a straightfor-

ward strategy for the verification of the a posteriori existence condition and adaptive

mesh refinement:

(1) For ρ = 1/2, compute an upper bound η(U) for the residual ‖F (U)‖Y ∗ , a lower

bound α̃(U) for the inf-sup constant α(U), and (a bound for) the Lipschitz con-

stant L of F ′ in B(U,R).

(2) If η(U)/α̃(U)2 > 1/4L, use η(U) ≤ q α̃(U)2/4L, where q ∈ (0, 1), as a refinement

criterion and continue at (1).

(3) Otherwise, let

ρ =
1

2
+

√
1

4
− Lη(U)

α̃(U)2
,

which maximizes ρ subject to (3.4), assuming that L does not change. This gives

the error estimate

‖u− U‖X ≤ η(U)

ρα̃(U)
. �

5. If Theorem 3.5 is used, then R cannot be identified quite so easily. One possibility

would be the following:

(1) Compute an upper bound η(U) for ‖F (U)‖Y ∗ and a lower bound α̃(U) for α(U).

(2) Set R0 = η(U)/α̃(U), fix 0 < q < 1 and, for Rj = R0q
j, j = 0, 1, . . . , J , compute

a stability estimate

α̃j ≤ inf
θ∈B(U,Rj)

α(θ).

(3) If η(U) > α̃jRj for all j, use η(U) ≤ q′ maxj=0,...,J α̃jRj , where q′ ∈ (0, 1), as a

refinement criterion and continue at (1).

(4) Otherwise, find j minimizing Rj (or equivalently maximizing α̃j) subject to the

constraint η(U) ≤ α̃jRj to obtain the error estimate

‖u− U‖X ≤ η(U)

α̃j
.
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The above procedures do not cover the case α̃(U) ≤ 0. If this situation occurs, it is

in general not clear how to proceed. It could either mean that the estimate is not

good enough, that the solution is in fact unstable, or even that no exact solution

corresponding to the numerically computed one exists. �

3.2 Local Minimizers of a Non-Convex Functional

As a first application of the a posteriori existence idea, we give an example from

materials science. Consider the energy functional

I(u) =

∫ 1

0

[
W (ux) + 1

2
u2
]
dx, (3.12)

where W is non-convex. The prototypical example is the double-well energy W (z) =
1
4
(z2 − 1)2. While we restrict the analysis to this particular choice, most of the ideas

used are applicable to more general stored energy densities with multiple wells.

If we try to minimize I in W1,4
0 (0, 1), a space in which I is coercive, we see that any

sequence u(j) such that ‖u(j)‖L2 → 0 and u
(j)
x ∈ {1,−1} satisfies I(u(j)) → 0. However,

if I(u) = 0, it follows that u = 0 and hence I(u) ≥ W (0) > 0 and thus the minimizer

is not attained.

Minimizing sequences for functionals such as (3.12) develop finer and finer oscil-

lations. For this reason, the functional is often used as a cartoon for the formation

of microstructure in materials. A theory of a generalized notion of solution (Young

measures) was developed to account for the non-existence of classical minimizers. Us-

ing the a posteriori existence idea, however, we can quite easily find another class of

solutions, previously identified in [9] using entirely different techniques, namely local

minimizers which have a finite structure. See [67] for an introduction to variational

models for microstructures and further references on the subject. For the numerical

treatment of multiwell energies using Young measure related ideas, see [12, 28].

We use a Galerkin finite element method to discretize I. Let K be the number of

elements and let T be the finite element mesh with nodes xi = i/K, i = 0, . . . , K. The

finite element space S1
0(T ) is defined as

S1
0(T ) = {u ∈ H1

0(0, 1) : u|(xi−1,xi) is affine for i = 1, . . . , K}.

The numerical problem is to (locally) minimize I in S1
0(T ). To connect the (local)

minimization problem to the abstract analysis of §3.1 we define F and F ′, formally
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for the moment, by

〈F (u), ϕ〉 = I ′(u;ϕ) =

∫ 1

0

[
W ′(ux)ϕx + uϕ

]
dx, and (3.13)

〈F ′(u)v, ϕ〉 = I ′′(u; v, ϕ) =

∫ 1

0

[
W ′′(ux)vxϕx + vϕ

]
dx. (3.14)

A first numerical experiment without the a posteriori existence analysis reveals

two important facts:

(i) The gradients Ux of the numerically computed local minima U are distributed

between the two wells, i.e, W ′′(Ux) > 0 in all experiments performed.

(ii) All computed equilibria are clearly W1,∞-functions, in the sense that ‖Ux‖L∞

remains bounded as the mesh size tends to zero.

This suggests that we should use the trial space X = W1,∞
0 (0, 1) rather than W1,4

0 (0, 1)

as seems to be suggested by the growth conditions on W . In fact, we can easily see in

the next proposition that the W1,∞-topology is the weakest topology with respect to

which we can expect to find local minimizers of I at all.

Proposition 3.6 Fix p ∈ [4,∞) and u ∈ W1,p
0 (0, 1). Then, for each ε > 0 there exists

uε ∈ W1,p
0 (0, 1) such that ‖uε − u‖W1,p ≤ ε and I(uε) < I(u).

Proof. Suppose first that u = 0. Then the second derivative with respect to ux of

the stored energy density is negative and therefore u cannot be a W1,p-local minimizer.

Now let u ∈ W1,p
0 (0, 1) \ {0} and denote m := maxu. With out loss of generality

we assume that m > 0. For each t ∈ (0, m] let At be an interval of length at most t

such that u ≥ m− t in At. Since u ∈ C[0, 1] such intervals exist.

Upon replacing u by an oscillatory function with gradient in {−1, 1} in the interval

At we obtain a function ut ∈ W1,p
0 (0, 1) such that

ut = u in [0, 1] \ At, and (ut)x ∈ {−1, 1} and 0 ≤ ut ≤ m− t in At.

It follows immediately that I(ut) < I(u) for all t. Furthermore, we see from

‖ut − u‖W1,p(0,1) ≤ ‖u‖W1,p(At) + ‖ut‖W1,p(At) ≤ ‖u‖W1,p(At) + (t+mpt)1/p,

that ‖ut − u‖W1,p → 0 as t→ 0. �

Remark. While Proposition 3.6 makes a strong argument for the use of W1,∞ in

our analysis, it must be noted that this requires that we disregard the structure of the
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minimization problem and reformulate the Euler–Lagrange equations in a new func-

tional framework where they are only formally equivalent to the “natural” framework

of W1,4
0 (0, 1). It is unclear whether a similar analysis can be performed if the operator

F is taken as the gradient of I in the natural variational space W1,4
0 , i.e., as a map

from W1,4
0 (0, 1) to its dual W−1,4/3(0, 1). This question is left for investigation at a

later time. �
After this introductory discussion, we begin with an investigation of the inf-sup

constant.

Proposition 3.7 Let u ∈ W1,∞(0, 1) such that W0 ≤W ′′(ux) for a.e. x ∈ (0, 1), then

α(u) = inf
v∈W

1,∞
0

|v|
W1,∞=1

sup
ϕ∈W

1,1
0

|ϕ|
W1,1=1

I ′′(u; v, ϕ) ≥ W0 min(W0, 1)

2 min(W0, 1) + 1
=: α̃(u).

Proof. Let v ∈ W1,∞
0 (0, 1) and |v|W1,∞ = 1. By the definition of | · |W1,∞ , for each

ε > 0, there exists a measurable set Aε such that

1

|Aε|

∣∣∣∣∣
∫

Aε

vx dx

∣∣∣∣∣ ≥ 1 − ε.

Without loss of generality, we assume that
∫

Aε
vx dx ≥ |Aε|(1 − ε). Since

∫ 1

0
vx dx = 0

it follows that there exists another measurable set Bε, with positive measure, such that∫
Bε
vx dx ≤ 0. We define

ϕ̃x(x) =




1
2
|Aε|−1, if x ∈ Aε

−1
2
|Bε|−1, if x ∈ Bε

0, otherwise.

If follows that ϕ̃ ∈ W1,1
0 (0, 1) with |ϕ̃|W1,1 = 1 and furthermore,

∫ 1

0

W ′′(ux)vxϕ̃x dx ≥ 1
2
W0.

For t ∈ (0, 1), we define

ϕ = c
(
tϕ̃+ (1 − t)v/|v|W1,1),

where c ≥ 1 is such that |ϕ|W1,1 = 1. Testing I ′′(u; v, ·) with ϕ, we obtain

I ′′(u; v, ϕ) ≥ (1 − t)I ′′(u; v, v)/|v|W1,1 + tI ′′(u; v, ϕ̃)

≥ (1 − t) min(W0, 1)‖v‖2
H1/|v|W1,1 + 1

2
tW0 − t‖v‖L2‖ϕ̃‖L2
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We estimate |v|W1,1 ≤ ‖v‖H1 and ‖ϕ̃‖L2 ≤ ‖ϕ̃‖L∞ ≤ 1
2
|ϕ̃|W1,1 = 1

2
to arrive at

I ′′(u; v, ϕ) ≥
[
(1 − t) min(W0, 1) − 1

2
t
]
‖v‖H1 + 1

2
tW0.

The first term an the right-hand side vanishes if we set

t = min(W0, 1)/
(
min(W0, 1) + 1/2

)
. �

Proposition 3.7 suggests that we should use Y = W1,1
0 (0, 1) as the test space. Based

on this definition, we can now prove that I is twice continuously differentiable and

that I ′′ is locally Lipschitz continuous.

Proposition 3.8 Let I : W1,∞
0 → R be given by (3.12). Its formal derivative F = I ′,

defined by (3.13), maps W1,∞
0 into (W1,1

0 )∗ and is differentiable in W1,∞
0 with Lipschitz

continuous derivative F ′ = I ′′ given by (3.14).

Proof. Since W ∈ C3(R), if u ∈ W1,∞
0 then W ′(ux) ∈ L∞ and hence F (u) ∈ Y ∗.

To see that F is differentiable, we note that the formal derivative coincides with

the directional derivative and that F ′(u) defines a bounded linear operator from W1,∞
0

to (W1,1
0 )∗.

If u1, u2,∈ W1,∞
0 then

∣∣〈(F ′(u1) − F ′(u2))v, ϕ〉
∣∣ ≤

∫ 1

0

∣∣W ′′(u1,x) −W ′′(u2,x)
∣∣|vx||ϕx| dx

≤ ‖W ′′(u1,x) −W ′′(u2,x)‖L∞

for all v ∈ W1,∞
0 with ‖vx‖L∞ = 1 and ϕ ∈ W1,1

0 with ‖ϕx‖L1 = 1. Since W ∈ C3(R),

W ′′ is Lipschitz continuous in any bounded set which immediately implies Lipschitz

continuity of F ′ in bounded subsets of W1,∞
0 (0, 1). �

Next, we estimate the residual in the appropriate dual topology.

Proposition 3.9 Let U ∈ S1
0(T ) be a critical point of I in S1

0(T ). Then,

‖I ′(U)‖Y ∗ ≤ max
k=1,...,K

ηk =: η(U), where

ηk = hk‖U‖L∞(xk−1,xk). (3.15)

Proof. Let ϕ ∈ W1,1
0 (0, 1) and let Φ be its piecewise affine interpolant, i.e. Φ ∈

S1
0(T ) and Φ(xi) = ϕ(xi), i = 0, . . . , K. By Galerkin orthogonality, we have I ′(U ;ϕ) =

I ′(U ;ϕ− Φ). In each element (xk−1, xk), since W ′(Ux) is piecewise constant, we have∫ xk

xk−1

W ′(Ux)(ϕ− Φ)x dx = 0
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and, using the Poincaré inequality for W1,1
0 (0, 1),∫ xk

xk−1

U(ϕ− Φ) dx ≤ ‖U‖L∞(xk−1,xk)‖ϕ− Φ‖L1(xk−1,xk)

≤ 1
2
hk‖U‖L∞(xk−1,xk)‖ϕx − Φx‖L1(xk−1,xk).

A straightforward computation gives ‖ϕx − Φx‖L1(xk−1,xk) ≤ 2|ϕ|W1,1(xk−1,xk). In sum-

mary, we obtain

|I ′(U ;ϕ)| = |I ′(U ;ϕ− Φ)| ≤
K∑

k=1

hk‖U‖L∞(xk−1,xk)|ϕ|W1,1(xk−1,xk)

≤ max
k=1,...,K

hk‖U‖L∞(xk−1,xk) |ϕ|W1,1(0,1)

which implies the stated result. �

The last ingredient required to be able to apply Theorem 3.5 is to show that the residual

I ′(U) of a numerical solution U lies in the range of I ′′(v) for all v in a neighbourhood

of U .

Proposition 3.10 Let u, v ∈ W1,∞
0 (0, 1) and suppose that 0 < W0 ≤ W ′′(vx) for a.e.

x ∈ (0, 1). Then, I ′(u) ∈ range(I ′′(v)).

Proof. Let the symmetric bilinear form a = I ′′(v) : W1,∞
0 (0, 1)×W1,1

0 (0, 1) → R be

given by

a(w, ϕ) =

∫ 1

0

[
W ′′(vx)wxϕx + wϕ

]
dx ∀w ∈ W1,∞

0 (0, 1), ∀ϕ ∈ W1,1
0 (0, 1).

The residual, � = F (u) is given by

�(ϕ) = 〈F (u), ϕ〉 =

∫ 1

0

[
W ′(ux)ϕx + uϕ

]
dx ∀ϕ ∈ W1,1

0 (0, 1).

It is straightforward to see that a can be defined on H1
0(0, 1) and that on this Hilbert-

space, a and � satisfy the conditions of the Lax–Milgram theorem. Hence, there exists

w ∈ H1
0(0, 1) such that

a(w, ϕ) = �(ϕ) ∀ϕ ∈ H1
0(0, 1). (3.16)

To show that w ∈ W1,∞
0 , we use an appropriate test function in (3.16). For j ∈ N,

let Aj be a measurable set such that |Aj | ↓ 0 and |Aj|−1
∫

Aj
wx dx ↑ ess.supwx. We

may assume without loss of generality that wx ≥ 0 in Aj and, since
∫ 1

0
wx dx = 0,
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there exist measurable sets Bj such that |Bj| > 0 and wx ≤ 0 in Bj . As in the proof

of Proposition 3.7, we define

ϕ(j)
x (x) =




1
2
|Aj|−1, if x ∈ Aj

−1
2
|Bj |−1, if x ∈ Bj

0, otherwise.
(3.17)

Testing (3.16) with ϕj we obtain

1
2
W0|Aj |−1

∫
Aj
wx dx ≤

∫ 1

0

W ′′(vx)wxϕ
(j)
x dx

=

∫ 1

0

[
W ′(ux)ϕx + uϕ− wϕ

]
dx

≤ ‖W ′(ux)‖L∞ + ‖u− w‖L1‖ϕ‖L∞.

Since L1(0, 1) is embedded in H1(0, 1) and L∞(0, 1) in W1,1(0, 1) it follows that ess.supwx

is finite. �

3.2.1 Numerical results

In our numerical experiments, we use an initial guess for the optimization algorithm

of the form

U0(x) =
M∑

m=1

am sin(mπx),

where the coefficients am are generated randomly. The function U0 is used as the

initial guess for a proximal point optimization algorithm. In this optimization method,

to compute the �th step U
, we (locally) minimize the functional

Φ
(v) =
γ


2
|v − U
−1|2H1 + I(v)

over the finite element space S1
0(T ). The parameter γ
 is chosen adaptively. The effect

of the proximal point algorithm is essentially that of a gradient flow, discretized in

time with maximal step lengths. Typically, the parameter γ
 is chosen zero for some

step, in which case the algorithm reduces to Newton’s method. For more detail on the

implementation, see §5.3.

Once we have obtained an equilibrium U of I in S1
0(T ), we compute its residual

estimate η(U) (cf. Proposition 3.9). The radius R is computed using the procedure

suggested in the fifth remark in §3.1. In all experiments only the case η ≤ α̃R occurred

and no refinement was necessary. Some examples of the computed equilibria are shown

in Figure 3.1.
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Figure 3.1: Examples of metastable states of the non-convex energy (3.12) as well as
the initial conditions used by the optimization method (a proximal point algorithm)
to compute them. For all numerical solutions, the existence of a nearby exact solution
and an error in the | · |W1,∞-semi-norm at most 10−2 is guaranteed.
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Since the one-dimensional situation considered here is quite far from three-dimensional

reality where the mechanism creating microstructure is not a term such as 1
2
u2 but

a complicated mixing process based on a compatibility condition between gradients,

the results presented here can only give very limited information on the physics of

microstructure. They do, however, serve as a demonstration that the a posteriori exis-

tence idea can in principle be applied to highly nonlinear problems with only negligable

additional computational effort.

It should also be noted that meta-stable states were analyzed previously in [9].

The theory of viscous dynamics developed therein predicts that the arbitrarily fine

microstructure observed when minimizing the energy “almost never” occurs and thus

agrees with the results presented in this section.

3.3 A Hilbert Space Example

In this section, we apply the idea of a posteriori existence to the semilinear Laplace

equation,

− ∆u+ f(x, u) = 0, u|∂Ω = 0. (3.18)

Since the nonlinearity is of a lower order, one can make use of the Hilbert space

structure of the problem which makes it possible to compute the stability constant

in the numerical solution via eigenvalue computations. While the numerical example

remains one-dimensional, the analysis is performed in higher dimensions as well, which

is intended to show that the a posteriori existence idea is not only restricted to one-

dimensional toy problems. For simplicity, we assume that f is differentiable with

respect to u and that fu is globally Lipschitz-continuous in the sense that

∣∣fu(x, u1) − fu(x, u2)
∣∣ ≤ Lfu|u1 − u2| for a.e. x ∈ Ω ∀u1, u2 ∈ R.

In this case the following weak form of the nonlinear operator is well-defined.

Let d ≤ 6 and let Ω be a domain in Rd, i.e., a bounded open and connected set.

We set X = Y = H1
0(Ω) equipped with the norm |u|H1 = ‖∇u‖L2. The operator

F : H1
0(Ω) → H−1(Ω) is defined by

〈F (u), ϕ〉 =

∫
Ω

[
∇u · ∇ϕ + f(x, u)ϕ

]
dx ∀ϕ ∈ H1

0(Ω). (3.19)

Proposition 3.11 The operator F is differentiable in H1
0(Ω) with derivative

〈
F ′(u)v, ϕ

〉
=

∫
Ω

[
∇v · ∇ϕ+ fu(x, u)vϕ

]
dx. (3.20)
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F ′ is globally Lipschitz continuous with Lipschitz constant LF ′ = LfuC
3
S, where CS is

the Sobolev embedding constant of H1
0(Ω) in L3(Ω).

Proof. The proof is a straightforward application of Taylor’s Theorem, the gener-

alised Hölder inequality and Sobolev’s embedding of H1
0(Ω) in L3(Ω). �

To discretize the equation F (u) = 0 by a Galerkin finite element method, let T be a

regular partition (cf. [22]) of Ω into d-simplices κ with diameter hκ, and define

Sp
0(T ) =

{
V ∈ H1

0(Ω) : V |κ is a polynomial of degree p, ∀κ ∈ T
}
.

Furthermore, let E be the set of interior (d− 1)-dimensional faces in T and, for e ∈ E ,

denote he = diam(e) and νe any unit normal vector to e. The finite element method

(for simplicity we do not consider quadrature approximations) is then defined by∫
Ω

[
∇U · ∇Φ + f(x, U)Φ

]
dx = 0 ∀Φ ∈ Sp

0(T ). (3.21)

Following Verfürth [95, Chapter 1], we obtain the following residual estimate. For a

detailed discussion of the constant C(Ω, T ), which depends only on the quality of the

mesh (cf. [96]). A sketch of the proof is included, mainly to provide a ‘continuum

model’ for the discussion in Chapter 6.

Proposition 3.12 Let U ∈ Sp
0(T ) satisfy (3.21); then

‖F (U)‖H−1 ≤ C(Ω, T )
{∑

e∈E
η2

e +
∑
κ∈T

η2
κ

}1/2

=: η(U), where

η2
e = he

∫
e

∣∣∣[∂U
∂νe

]∣∣∣2 ds, and (3.22)

η2
κ = h2

κ

∫
κ

∣∣− ∆U + f(x, U)
∣∣2 dx.

Proof. Let ϕ ∈ H1
0(Ω) and let Φ ∈ S1

0(T ) be defined by setting

Φ(z) =
1

|Bz|

∫
Bz

ϕ dx,

where Bz is a suitably chosen neighbourhood of the mesh vertex z. This can be done

so that

‖ϕ− Φ‖L2(κ) ≤ Cκhκ‖∇ϕ‖L2(Tκ) ∀κ ∈ T , and

‖ϕ− Φ‖L2(e) ≤ Ceh
1/2
e ‖∇ϕ‖L2(Te) ∀e ∈ E , (3.23)
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where Ce and Cκ depend only on the local mesh quality and Tκ and Te are the unions

of all elements which respectively intersect with κ and e.

Since 〈F (U),Φ〉 = 0, we have

〈F (U), ϕ〉 = 〈F (U), ϕ− Φ〉

=

∫
Ω

[
∇U · ∇(ϕ− Φ) + f(x, U)(ϕ− Φ)

]
dx.

Integrating the first term by parts elementwise, we obtain

〈F (U), ϕ〉 =
∑
κ∈T

[ ∫
∂κ

∂U

∂νκ

(
ϕ− Φ

)
ds+

∫
κ

(
− ∆U + f(x, U)

)
(ϕ− Φ) dx

]

=
∑
e∈E

∫
e

[∂U
∂νe

](
ϕ− Φ) ds +

∑
κ∈T

∫
κ

(
− ∆U + f(x, U)

)
(ϕ− Φ) dx.

The residual estimate follows immediately from an application of the Cauchy–Schwarz

inequality and the interpolation error estimates (3.23).

For the full details of the proof see [95, Chapter 1] and [96]. �

To avoid an unnecessarily technical discussion of the stability constant, we shall view

(3.19) as a minimisation problem again, i.e., to find u ∈ H1
0(Ω) (locally) minimising the

functional

I(u) =

∫
Ω

[1

2
|∇u|2 + g(x, u)

]
dx, (3.24)

where f = gu. Thus, we are looking for solutions U to the Galerkin method (3.21) for

which F ′(U) is positive. In this case, F ′(U) is an isomorphism and it can be easily

seen that

‖F ′(U)−1‖−1 = inf
ϕ∈H1

0
(Ω)

‖∇ϕ‖
L2=1

〈
F ′(U)ϕ, ϕ

〉
= inf

ϕ∈H1
0
(Ω)

‖∇ϕ‖
L2=1

∫
Ω

[
|∇ϕ|2 + fu(x, U)ϕ2

]
dx.

Thus, computing ‖F ′(U)−1‖ amounts to finding the smallest H1
0-eigenvalue of F ′(U),

i.e., the smallest λ ∈ R for which there exists v ∈ H1
0(Ω) such that the pair (λ, v) is a

solution of the eigenvalue-problem∫
Ω

[
∇v · ∇ϕ + fu(x, U)vϕ

]
dx = λ

∫
Ω

∇v · ∇ϕ dx ∀ϕ ∈ H1
0(T ). (3.25)

The strong form of (3.25) is

−∆v + fu(x, U)v = −λ∆v.
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The Galerkin finite element approximation of (3.25) is to find (Λ, V ) ∈ R × Sp
0(T )

such that∫
Ω

[
∇V · ∇Φ + fu(x, U)V Φ

]
dx = Λ

∫
Ω

∇V · ∇Φ dx ∀Φ ∈ Sp
0(T ), (3.26)

and such that Λ is minimal. A warning should be issued at this point. It is not clear

that the smallest eigenvalue of (3.26) approximates the smallest eigenvalue of (3.25).

While L2-eigenvalues of the operator −∆ + cId are in general well seperated and are

‘clustered’ only at infinity, its H1-eigenvalues are clustered around 1. This follows from

rewriting the eigenvalue problem as

(−∆)−1cv = (1 − λ)v,

and noting that v �→ cv is bounded in L2 while the operator (−∆)−1 is compact.

Since their composition must also be compact, it follows that the eigenvalues of v �→
(−∆)−1cv are clustered at zero, and hence those of the original problems are clustered

at one. In particular, this implies that the H1-eigenvalue problem may be unstable.

The following discussion is based on ideas in [56], to which the reader is also referred

to for further references on the adaptive solution of (L2-) eigenvalue problems.

Set c(x) = fu(x, U(x)) and let (Λ, V ) be any solution of (3.26). Obviously, we have

λ ≤ Λ. Let v be the elliptic projection of V onto the eigenspace of λ; then∫
Ω

[
∇v · ∇V + cvV − λ∇v · ∇V

]
dx = 0.

We add and subtract Λ(∇v,∇V ) to obtain∫
Ω

[
∇v · ∇V + cvV − Λ∇v · ∇V

]
dx+ (Λ − λ)

∫
Ω

∇v · ∇V dx = 0.

Using the fact that v is the elliptic projection of V , we can rearrange this equality to

yield

(Λ − λ)‖∇v‖2
L2 = −

∫
Ω

[
∇v · ∇V + cvV − Λ∇v · ∇V

]
dx.

At this point, we need to assume that ‖∇v‖2
L2 ≥ 1− δ for some δ ∈ [0, 1). Since v and

v − V are orthogonal, this is equivalent to ‖v − V ‖2
L2 ≤ δ < 1. In this case, we have

Λ − λ ≤ −1

1 − δ

∫
Ω

[
∇v · ∇V + cvV − Λ∇v · ∇V

]
dx.

The estimation of the residual on the right-hand side, using the usual procedure of

Galerkin orthogonality, integration by parts and a Clément-type interpolation error

estimate (cf. [95, Chapter 1] and the proof of Proposition 3.12), gives the following

result.
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Proposition 3.13 Let πV be the elliptic projection of V onto the eigenspace of λ. If

δ = ‖∇(πV − V )‖2
L2 < 1 then

Λ − λ ≤ C(Ω, T )

1 − δ

{
|1 − Λ|

∑
e∈E

θ2
e +

∑
κ∈T

θ2
κ

}
=: θ(Λ, V ), where (3.27)

θ2
e = he

∫
e

∣∣∣[∂V
∂νe

]∣∣∣2 ds, and

θ2
κ = h2

κ

∫
κ

∣∣∣− (1 − Λ)∆V + fu(x, U)V
∣∣∣2 dx.

Of course, δ ≤ 1 is always satisfied and δ < 1 unless πV and V are orthogonal. Hence,

except if fu(x, U) is highly irregular, or eigenvalues are excessively clustered near zero,

the condition ‖∇(πV − V )‖2
L2 < 1 should not pose a problem in practise. Care has to

be taken, however, and the factor 1/(1 − δ) which multiplies the error estimate and

which has to be postulated should be justified in each situation.

Having obtained a solution U to the Galerkin method (3.21), we compute the

smallest eigenvalue of F ′(U) in Sp
0(T ) using (3.26), and define the local ellipticity

constant

c0(U) =

{
Λ − θ(Λ, V ), if δ = |πV − V |2H1 < 1
0, otherwise.

If c0(U) > 0 then F ′(U) is positive and satisfies ‖F ′(U)−1‖ ≤ c0(U)−1. This formu-

lation is purely hypothetical of course, since we cannot know whether V approximates

the eigenspace of λ. It is demonstrated in §3.3.1 how this situation may be dealt with

in practise.

Combined with the findings of this section, Theorem 3.3 with ρ = 1/2 gives the

following a posteriori existence result.

Theorem 3.14 Let U ∈ Sp
0(T ) be a solution of (3.21). If c0(U) > 0 and

η(U)

c0(U)2
≤
(
4LfuC

3
S

)−1

then there exists a solution u ∈ H1
0(Ω) of (3.19) (a strict local minimum of the energy

I defined in (3.24)) which satisfies

‖∇(u− U)‖L2 ≤ 2
η(U)

c0(U)
.
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3.3.1 Numerical results

To avoid the tedious computation of the constants C(Ω, T ) featuring in Propositions

3.12 and 3.13, we restrict our experiments to the one-dimensional setting. The poly-

nomial degree of the finite element method is p = 1. We choose the nonlinear reaction

term

f(x, u) = u2 − a

which corresponds to the energy density g(x, u) = 1
3
u3−au, where a is a real constant.

It is easy to see that infH1
0
I = −∞ for every a ∈ R. We are therefore interested in

determining values of a for which ‘metastable’ states of I, i.e., solutions of (3.18) at

which I ′′ is positive, exist. It is quite straightforward to see analytically that for a ≥ 0

there exists a stable solution for which u ≥ 0. This can immediately be extended to a

less than, but sufficiently close to zero. With the a posteriori existence it is possible

to find a relatively sharp lower bound on a for which solutions exist.

A slightly improved estimation of the Lipschitz constant of F ′ gives

LF ′ ≤ π−2

Upon using the nodal interpolant rather than the Clément interpolant for the residual

estimates (cf. Proposition 3.9), we also obtain

‖F (U)‖2
Y ∗ ≤

K∑
k=1

η2
k =: η(U), where

ηk =
h2

k

π2
‖f(U)‖2

L2(xk−1,xk),

in place of (3.22), and

Λ − λ ≤ 1

1 − δ

K∑
k=1

θ2
k =: θ(Λ, V ), where

θk =
h2

k

π2
‖fu(U)V ‖2

L2(xk−1,xk),

in place of (3.27).

In all experiments, it was sufficient to compute the three smallest discrete eigenval-

ues in order to obtain a trustworthy stability constant. The smallest discrete eigenvalue

was an isolated eigenvalue near zero. The second was always larger than 0.7 while the

third was always larger than 0.9. This indicates clearly that all further eigenvalues will

cluster closely around 1. The shape of the eigenfunction corresponding to the smallest
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it. 
T λ c0 4Lη/c20 err. est.
1 20 0.070 0.051 30.6 —
2 39 0.039 0.032 27.8 —
3 77 0.027 0.024 18.0 —
4 153 0.022 0.021 8.12 —
5 305 0.021 0.021 3.06 —
6 609 0.021 0.021 1.09 —
7 803 0.021 0.021 0.95 0.049

Table 3.1: Details of the refinement iterations, based on Remark 4 in §3.1, for the
model problem (3.18) with a = −22.6. 
T denotes the number of mesh nodes, λ the
smallest discrete eigenvalue and c0 the resulting stability constant. The convergence of
the stability constant indicates the existence of a nearby exact solution.

discrete eigenvalue was smooth and therefore it was save to assume that δ was small.

To be save, however, δ = 9/10 was used.

We describe two experiments, taking a = −22.6 and a = −22.61. In both cases,

for different mesh sizes, a local minimum of the energy functional was computed. It

is well-known of course that a local minimum of the finite element method may not

correspond to any critical point of the exact problem. The a posteriori existence

method is able to capture such a situation as demonstrated in the following.

Our first experiment, the refinement iterations of which are shown in Table 3.1,

is with a = −22.6. We observe that the stability constant converges, while the value

4Lη/c20 decreases quite rapidly. As it decays below 1, the resulting error estimate is

|u− U |H1 ≤ 0.049.

In contrast, in Table 3.2, which shows the experiment for a = −22.61, the stability

constant clearly tends to zero while the number 4Lη/c20 tends to +∞. After the fifth

iteration, at the very latest, one should become highly suspicious of the computed

numerical solution. And indeed, at the next refinement iteration, the local optimization

method did not terminate, and the energy ‘converged’ to −∞.

Conclusion

In this chapter, an extension and refinement of the methodology for a posteriori (error)

analysis of nonlinear equations was suggested. Based on the numerical computation

or analytical estimation of a local stability constant, the assumption usually employed

that an exact nearby solution exists may be omitted. Two general strategies in an

abstract Banach space setting were presented. Possible applications are:
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it. 
T λ c0 4Lη/c20 err. est.
1 20 0.067 0.048 35.1 —
2 39 0.033 0.026 42.6 —
3 77 0.016 0.014 55.8 —
4 153 0.0075 0.0066 87.2 —
5 305 0.0019 0.0016 521 —

Table 3.2: Details of the refinement iterations, based on Remark 4 in §3.1, for the
model problem (3.18) with a = −22.61. 
T denotes the number of mesh nodes, λ the
smallest discrete eigenvalue and c0 the resulting stability constant. The divergence of
the stability constant indicates that the numerical solution is spurious, i.e., it does not
correspond to an exact solution of (3.18).

• Rigorous error bounds in adaptive numerical computations;

• Experimental investigation of solutions to equations where no general existence

theory is available but linearized stability estimates can be obtained; for example,

a survey of parameter regimes.

Two examples were given to demonstrate some practical aspects of the a posteriori

existence idea and to show that it can indeed be employed in practically relevant

situations. Both examples were of such a nature that with sufficiently high effort,

similar results could have been obtained analytically. This is a typical effect in the

application of a posteriori existence. If the analytical knowledge about an equation

is very poor then it would indeed be very difficult to find estimates for the stability

constant. Improved methodologies that use as little analytical knowledge as possible

are under investigation.

The nonlinearity of the second example is only of lower order which makes it possible

to use Hilbert space techniques only. By contrast, the techniques used in the example

of §3.2 are truly one-dimensional, as is the analysis in Chapter 5. The use of the W1,∞-

topology makes it by no means straightforward to extend it to higher dimensions. This

is currently the biggest restriction of the work presented. Were it lifted, a wealth of

new applications would present themselves.



Chapter 4

A Priori Analysis of the
Quasicontinuum Method in One
Dimension

The lack of a convincing analysis of the QC method, even in one dimension, was

outlined in detail in §1.4.5. The purpose of this chapter is to close this gap by developing

a technique to derive optimal a priori error estimates for stable solutions. We shall see

that even in the one-dimensional case the analytical effort is considerable. In order to

keep the presentation simple, we consider only pair-interaction energies with interaction

potentials of Lennard–Jones type, but this should not be a true restriction. A detailed

description of our model problem is given in §4.2.1 and of the version of the QC method

analyzed in §4.2.2.

While, to some extent, the computations to obtain the coercivity are contained

in [59] the novelty of the approach is to look at coercivity and stability with respect

to the w1,∞
ε -norm, a discrete version of the W1,∞ Sobolev norm which is defined in

§4.1. This makes it possible to give precise conditions under which local monotonicity

assumptions, such as Assumptions 1. and 2. in [60], are justified. Furthermore, to the

best of the author’s knowledge, the case of defects has so far not been analyzed for a

realistic QC model with long-range interactions.

Probably the most remarkable feature of atomistic models is the large number of

critical points. Already in one dimension, it is fairly straightforward to see for many

problems that the number of solutions is at least as large as the number of atoms in the

body. Therefore, error estimates must necessarily be restricted to local results. Due

to the possibility of fracture, stability of solutions can only be obtained with respect

to the w1,∞
ε -norm or a similar topology. The basic idea is to show that if the mesh is

73
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able to resolve the exact solution (this can be measured in terms of the interpolation

error) then there exists a nearby QC solution for which an error estimate holds.

Ultimately, however, the results are only realistic in the elastic case, in the sense

that we can actually expect to find the QC solution which satisfies the error estimate

that we derive. For example, when an exact solution we wish to approximate is a

fractured state then we can prove under certain conditions that there exists a nearby

QC solution, however, we should not expect to find it numerically. If only one atom

lies on the wrong side of the crack then the error in the discrete w1,∞
ε -norm cannot

‘converge’ to zero.

Therefore, in Chapter 5, for the a posteriori error analysis of the QC method, we

reverse the role of the exact and the QC solution. We derive bounds on the residual of

the QC solution and show that, if the QC solution is stable and its residual sufficiently

small, there exists an exact solution of the atomistic model for which we give an a

posteriori error bound.

4.1 Discrete Function Spaces

It will be notationally convenient to define discrete versions of the usual Sobolov norms.

First, for u = (ui)
N
i=0 ∈ RN+1, we introduce the discrete derivatives

u′i =
ui − ui−1

ε
, i = 1, . . . , N and u′′i =

ui+1 − 2ui + ui−1

ε2
, i = 1, . . . , N − 1,

where ε is a lattice parameter that can be adjusted to the problem at hand and should

roughly be the distance between two neighbouring atoms in an undeformed state. For

1 ≤ p <∞, u ∈ RN+1, 0 ≤ i1 ≤ i2 ≤ N , we define the (semi-)norms

‖u‖
p
ε((i1,i2)) =

(
i2∑

i=i1

ε|ui|p
)1/p

,

|u|w1,p
ε ((i1,i2)) =

(
i2∑

i=i1+1

ε|u′i|p
)1/p

, and

|u|w2,p
ε ((i1,i2)) =

(
i2−1∑

i=i1+1

ε|u′′i |p
)1/p

.

For p = ∞, we define the corresponding versions,

‖u‖
∞ε ((i1,i2)) = max
i=i1,...,i2

|ui|,

|u|w1,∞
ε ((i1,i2))

= max
i=i1+1,...,i2

|u′i|, and

|u|w2,∞
ε ((i1,i2))

= max
i=i1+1,...,i2−1

|u′′i |.
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Sums or maxima taken over empty sets are understood to be zero. If the label ((i1, i2))

is omitted we mean i1 = 0, i2 = N . For reasons that will become apparent below, we

will only require the p = 1 and p = ∞ versions of these (semi-)norms in our analysis.

B(y, R) is understood to be the closed ball, centre y, radius R, with respect to the

w1,∞
ε -semi-norm.

For u, v ∈ RN+1, we define the bilinear form

〈u, v〉ε =
N∑

i=0

εuivi.

4.1.1 Functionals

We fix the notation for derivatives of functionals. Let φ : RN+1 → R be differentiable

at a point u ∈ RN+1. We understand the derivative of φ in u as a linear functional

φ′(u) = φ′(u; ·) : RN+1 → R defined by

φ(u+ v) = φ(u) + φ′(u; v) + o(|v|), as v → 0,

where |v| denotes the Euclidean norm of v. Similarly, if φ is twice differentiable at

u ∈ RN+1, the second derivative of φ at u is a symmetric bilinear form φ′′(u) =

φ′′(u; ·, ·) : RN+1 × RN+1 → R defined by

φ(u+ v) = φ(u) + φ′(u; v) + φ′′(u; v, v) + o(|v|2), as v → 0.

When φ′ is interpreted as a linear functional we may also write φ′(u; v) = φ′(u)v.

Similarly, we shall write φ′′(u)v for the linear functional defined by φ′′(u; v, ·).

4.1.2 Auxiliary results

In this section, we collect some results that are used throughout this chapter, and

which are closely related to, and whose formulation and proof do not differ much from,

their corresponding continuum versions. The important fact to note is that all bounds

are uniform in ε.

Lemma 4.1 Let (gi)
L
i=1 ∈ RL and

∑L
i=1 gi = 0; then

|gi| ≤ L−1

L∑
k=2

|gk − gk−1|φi,k, i = 1, . . . , L, (4.1)

where φi,k = k − 1 for k = 2, . . . , i and φi,k = L− k + 1 for k = i+ 1, . . . , L.
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Proof. Set ε = 1 and let i ∈ {1, . . . , L}; then

|gi| =

∣∣∣∣∣gi − L−1

L∑
j=1

gj

∣∣∣∣∣
= L−1

∣∣∣∣∣
L∑

j=1

(gi − gj)

∣∣∣∣∣
≤ L−1

i−1∑
j=1

|gi − gj | + L−1
L∑

j=i+1

|gi − gj|

≤ L−1
i−1∑
j=1

i∑
k=j+1

|g′k| + L−1
L∑

j=i+1

j∑
k=i+1

|g′k|

= L−1
i∑

k=2

|g′k|
k−1∑
j=1

1 + L−1
L∑

k=i+1

|g′k|
L∑

j=k

1

= L−1

i∑
k=2

|g′k|(k − 1) + L−1

L∑
k=i+1

|g′k|(L− k + 1). �

Lemma 4.2 (Discrete Friedrichs and Poincaré Inequalities) Suppose that L ≥
1, and that (fi)

L
i=0 ∈ RL+1 and (gi)

L
i=1 ∈ RL such that f0 = fL = 0 and

∑L
i=1 gi = 0.

For p ∈ {1,∞} we have

‖f‖
p
ε((0,L)) ≤ 1

2
(εL)|f |w1,p

ε ((0,L)), and (4.2)

‖g‖
p
ε((1,L)) ≤ 1

2
(εL)|g|w1,p

ε ((1,L)). (4.3)

Proof. First, we note that all occurrences of ε can be removed from the results

by simple cancellation. Furthermore, the inequalities are trivial if L = 1. Thus, we

assume without loss of generality that ε = 1 and L ≥ 2.

We begin with the case p = 1. To obtain (4.2), consider

L∑
i=0

|fi| =

L−1∑
i=1

|fi|

=
1

2

L−1∑
i=1

[∣∣∣ i∑
j=1

(fj − fj−1)
∣∣∣+

∣∣∣ L∑
j=i+1

(fj − fj−1)
∣∣∣
]

≤ 1

2

L−1∑
i=1

L∑
j=1

|fj − fj−1|

= L
1

2

(
1 − 1

L

) L∑
j=1

|fj − fj−1|.
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To obtain (4.3), we sum inequality (4.1) over i = 1, . . . , L to obtain

L∑
i=1

|gi| ≤ L−1
L∑

i=1

i∑
k=2

|g′k|(k − 1) + L−1
L∑

i=1

L∑
k=i+1

|g′k|(L− k + 1)

= L−1

L∑
k=2

|g′k|
L∑

i=k

(k − 1) + L−1

L∑
k=2

|g′k|
k−1∑
i=1

(L− k + 1)

=
2

L

L∑
k=2

|g′k|(k − 1)(L− k + 1)

≤ 2L max
k=2,...,L

(k − 1

L

)(
1 − k − 1

L

) L∑
k=2

|g′k| ≤
L

2

L∑
k=2

|g′k|.

For p = ∞, suppose that |fi| = maxj=0,...,L |fj |; then

max
j=0,...,L

|fj | = |fi| ≤
i∑

j=1

|fj − fj−1| ≤ i max
j=1,...,L

|fj − fj−1|.

Similarly, we also have

max
j=0,...,L

|fj | = |fi| ≤
L∑

j=i+1

|fj − fj−1| ≤ (L− i) max
j=1,...,L

|fj − fj−1|,

and therefore,

max
j=0,...,L

|fj| ≤ min(i, L− i) max
j=1,...,L

|fj − fj−1|,

which gives (4.2) with p = ∞.

Using Lemma 4.1, we have, for each i = 1, . . . , L,

|gi| ≤ L−1
i∑

j=2

|g′j|(j − 1) + L−1
∑

j=i+1

|g′j|(L− j + 1)

≤ 1

L
max

j=2,...,L
|g′j|

1

2

[
i(i− 1) + (L− i)(L− i+ 1)

]
=

1

2L
max

j=2,...,L
|g′j|

[
L2 + L− 2Li+ 2i2 − 2i

]
=

1

2L
max

j=2,...,L
|g′j|

[
L(L− 1) − 2(L− i)(i− 1)

]
≤ L

(1

2
− 1

2L

)
max

j=2,...,L
|g′j|. �

Note that (4.2) and (4.3) are of course valid for any p with constants independent of

ε. Furthermore the optimal Friedrichs constants Cp,L and Poincaré constants C̄p,L in
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the cases p ∈ {1, 2,∞} satisfy

C1,L =
1

2
− 1

2L
, C̄1,L =

{
1/2, if L is even,
(1/2) − (1/2L), if L is odd.

,

C∞,L =

{
1/2, if L is even,
(1/2) − (1/2L), if L is odd.

, and C̄∞,L =
1

2
− 1

2L
, and

1

π
= lim

L→∞
C2,L ≤ C2,L = C̄2,L =

1

2L sin(π/(2L))
≤ C2,2 = 8−1/2, C2,1 = C̄2,1 = 0.

In one dimension we also have the following embedding inequality.

Lemma 4.3 Let (fi)
L
i=0 ∈ RL+1 with f0 = fL = 0. Then,

‖f‖
∞ε ((0,L)) ≤
1

2
|f |w1,∞

ε ((0,L)).

Proof. For each i ∈ {1, . . . , N − 1}, we have

|fi| ≤
i∑

j=1

ε|f ′
j| as well as

|fi| ≤
N∑

j=i+1

ε|f ′
j|.

Adding the two inequalities gives the desired result. �

Finally, we combine the estimates of Lemma 4.2 to obtain the following interpolation

error estimates.

Theorem 4.4 (Bounds on the Interpolation Error) Suppose that (fi)
L
i=0 ∈ RL+1

and let

Fi = f0 +
i

L
(fL − f0)

be the affine interpolant of f . Then, for p ∈ {1,∞},

|f − F |w1,p
ε ((0,L)) ≤ 1

2
(εL)|f |w2,p

ε ((0,L)), and (4.4)

‖f − F‖
p
ε((0,L)) ≤ 1

4
(εL)2|f |w2,p

ε ((0,L)). (4.5)

Proof. First note that the grid function f̃ = f − F satisfies f̃0 = f̃L = 0 and

therefore
∑L

i=1 f̃
′
i = 0. Inequality (4.4) therefore follows directly from (4.3).

The estimate (4.5) can be obtained by applying first (4.2) and then (4.3),

‖f − F‖
p
ε((0,L)) ≤ 1

2
(εL)‖(f − F )′‖
p

ε((1,L))

≤ 1

4
(εL)2‖f ′′‖
p

ε((1,L−1))

=
1

4
(εL)2|f |w2,p

ε ((0,L)). �
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4.2 Model Problem and QC Approximation

4.2.1 The atomistic model problem

Fix N ∈ N. Each vector y = (yi)
N
i=0 ∈ RN+1 represents a state of an atomistic body,

consisting of N + 1 atoms. To each such deformation we associate a pair-potential

energy

E(y) =

N∑
i=1

i−1∑
j=0

J(yi − yj).

Upon defining the lattice parameter ε = 1/N , and writing yi instead of εyi we can

rescale the energy to

E(y) =
N∑

i=1

i−1∑
j=0

εJ
(
ε−1(yi − yj)

)
, (4.6)

without changing the problem. Such a scaling highlights the practically relevant case

where ε is small in comparison to the length-scale of the problem. For examples of

interaction potentials see §1.2.1.

For the scope of this chapter, we shall not assume that the potential has a cut-off

radius, but instead analyze the error that is committed with this simplification. We

assume throughout this chapter that there exist z0 ∈ [−∞,+∞), zm, zt ∈ R such that

z0 < zt/2 < zm < zt, and

J ∈ C3(z0,∞), J ′(zm) = 0, J ′′(zt) = 0,

J(z) → +∞ as z → z0+, J(z) = +∞ ∀z ≤ z0, (4.7)

J ′′(z) ≥ 0 ∀z ∈ (0, zt] and J ′′(z) ≤ 0 ∀z ∈ [zt,∞).

The only condition which is not natural is the assumption that zt/2 < zm which con-

siderably simplifies the analysis and is not a true restriction — any realistic interaction

potential should satisfy this. For example, assume that J is the Morse potential with

α = 5.0. In that case, J ′(zt/2) ≈ −659 while J ′(zt) ≈ 0.024, i.e., it requires an amount

of force, several orders of magnitude larger to compress the specimen beyond zt/2 than

it takes to break it.

Before we define what we mean by an atomistic solution, we recall from our dis-

cussion in the introduction that atomistic deformations are typically only meta-stable

states rather than global minimizers. This has also been amply demonstrated in Chap-

ter 2.

We consider a ‘Dirichlet’ problem where the atomistic deformation is prescribed

at the endpoints. It would also be possible, and in fact easier, to consider a problem



80

with a Dirichlet condition at one end and a Neumann condition at the other end of the

interval. We define the set of admissible deformations as

A = {y ∈ RN+1 : y0 = 0, yN = yD
N} and A0 = {y ∈ RN+1 : y0 = yN = 0}. (4.8)

Each f ∈ RN+1 represents a linear body force. The atomistic problem is to find

a critical point of the functional E(y) − 〈f, y〉ε in A . From the assumptions we have

made on the interaction potential it follows that E is differentiable at every point which

has finite energy. Thus, a critical point y of E(y)−〈f, y〉ε in A with finite energy must

satisfy

E ′(y; v) = 〈f, v〉ε ∀v ∈ A0. (4.9)

If y satisfies (4.9), we say that E ′(y) = f in A .

Elastic deformations are those whose gradient is sufficiently close to zm, in a region

where the potential J is convex. Such solutions exist whenever f is sufficiently small.

This is measured with respect to the dual norm

‖f‖∗ = max
v∈A0

|v|
w

1,1
ε

=1

〈f, v〉ε.

Since we can interpret f as a linear functional, we can extend the definition of the dual

norm to linear maps � : A0 → R by

‖�‖∗ = max
v∈A0

|v|
w

1,1
ε

=1

|�(v)|.

For future reference, we define the quantities

ρ1(z) =

∞∑
r=2

r|J ′(rz)|, and (4.10)

ρ2(z1, z2) =

∞∑
r=1

r2 min
z1≤z≤z2

J ′′(rzm), (4.11)

which are important in the analysis of existence and stability of elastic deformations.

The quantity ρ1(z) is an estimate for the residual of the affine deformation yi = zi/N

which we use to derive the existence of a reference state. We shall assume throughout

that ρ1 is continuous in a neighbourhood of zm which, for the Lennard–Jones and the

Morse potentials, follows from elementary calculus. The number ρ2(z1, z2) is used to

estimate the inf-sup constant of E ′′ in the set {z1 ≤ y′i ≤ z2}. For the analysis of the

QC approximation, we will also use

ρ3(z1, z2) =
∞∑

r=1

r2 max
z1≤z≤z2

|J ′′(rz)|, (4.12)

which is a Lipschitz constant of E ′ in the set {z1 ≤ y′i ≤ z2}.
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4.2.2 Quasicontinuum approximation

A QC mesh T is defined by choosing indices 0 = t0 < t1 < · · · < tK = N and setting

T = {t0, . . . , tK}. For each k = 1, . . . , K, we set hk = ε(tk − tk−1), the physical length

of the kth element. The set of piecewise affine deformations is given by

S1(T ) =
{
V ∈ RN+1 : Vi =

tk − i

tk − tk−1
Vtk−1

+
i− tk−1

tk − tk−1
Vtk , if tk−1 ≤ i ≤ tk

}
.

We define the set of admissible QC deformations and QC test functions respectively as

A (T ) = A ∩ S1(T ) and A0(T ) = A0 ∩ S1(T ).

For convenience, we sometimes use the notation Vk = Vtk and V
′

k = V ′
tk

for the nodal

values of an S1(T ) function. For our analysis it is also necessary to define the inter-

polant Π: RN+1 → S1(T ) by Πu = (Πui)
N
i=0 and

Πutk = utk , k = 0, . . . , K.

Note that if y ∈ A then Πy ∈ A (T ).

The Galerkin approximation of (4.9) in A (T ) is to find critical points of E(Y ) −
〈Y, f〉ε in A (T ). Any such critical point Y ∈ A must satisfy

E ′(Y ;V ) = 〈f, V 〉ε ∀V ∈ A0(T ). (4.13)

However, in view of the long-range atomistic interaction, which, for the purpose of

evaluating the energy and its derivatives still necessitates the computation of very

large sums, it is helpful to make some further approximations to the energy functional.

First, it is common to replace J by a cut-off potential J̃ , which vanishes outside a

certain cut-off radius ρc. If the deformation gradient is bounded away from zero, then

the number of atoms over which one needs to sum is bounded by a small integer.

This purely one-dimensional effect means that it is unnecessary to make any further

(summation-rule type) approximations to the atomistic energy; thus we define

Ẽ(Y ) =

N∑
i=1

N−1∑
j=0

εJ̃
(
ε−1(Yi − Yj)

)
.

For the analysis of the coercivity of the QC approximation we will need the quantity

ρ̃2(z1, z2) =
∞∑

r=1

r2 min
z1≤z≤z2

J̃ ′′(rz).
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To approximate the body force potential, we can use a so-called summation rule,

i.e., a discrete version of a quadrature rule. In order to recover the full atomistic

problem in the limit, it is reasonable to employ a trapezium rule. Thus, we define the

discrete bilinear form

〈f, v〉T =
N∑

i=0

εΠ(fv)i.

The full QC approximation to (4.9) is then to find Y ∈ A (T ) satisfying

Ẽ ′(Y ;V ) = 〈f, V 〉T ∀V ∈ A0(T ). (4.14)

4.3 Elastic Deformation

In the first part of this chapter, we consider elastic deformation only.

Theorem 4.5 Let J satisfy the assumptions of §4.2.1 and, in addition, assume that

there exists an R ∈ (0,min(zm−zt/2, zt−zm)) such that ρ1(zm) < Rρ2(zm−R, zm+R).

Then the following hold:

(a) Coercivity: There exist z1, z2 ∈ R, independent of ε, such that z1 < zm < z2 < zt

and

inf
y∈Ze

inf
u∈A0

|u|
w

1,∞
ε

=1

sup
v∈A0

|v|
w

1,1
ε

=1

E ′′(y; u, v) ≥ 1
2
ρ2(z1, z2) =: c0 > 0, (4.15)

where Ze = {y ∈ RN+1 : z1 ≤ y′i ≤ z2, for i = 1, . . . , N}.

(b) Existence: There exist δ1, δ2 > 0, independent of ε, such that for every yD
N ∈ R

with |yD
N−zm| < δ1 and for every f ∈ RN+1 with ‖f‖∗ ≤ δ2, there exists a solution

yf of (4.9) in Ze.

(c) Stability: Let yf , yg be solutions to (4.9) in Ze ∩A , corresponding respectively to

the right-hand sides f, g ∈ RN+1; then

|yf − yg|w1,∞
ε

≤ c−1
0 ‖f − g‖∗.

Theorem 4.5 is of theoretical relevance in that it gives a relatively sharp condition under

which elastic solutions to (4.9) exist and are stable. It furthermore directly relates the

shape of the interaction potential to the coercivity of the energy. In practice, we would

numerically determine a region where E ′′ is coercive and then prove that it contains

a reference state, using the condition ρ1(zm) < min(zm − z1, z2 − zm)ρ2(z1, z2). We

demonstrate this in §4.5.
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For the formulation and proof of the a priori error bound, there are several options.

One could simply formulate a QC version of the existence theorem and prove that

the elastic QC solution satisfies an error estimate. However, it seems more illuminat-

ing to make fewer assumptions on the structure of the problem, and impose stronger

assumptions on a particular solution instead.

For any given f ∈ RN+1 and a solution y ∈ A of (4.9), we identify three error

sources: the interpolation error,

E1 = |y − Πy|w1,∞
ε
, (4.16)

the perturbation of the linear form,

E2 = max
V ∈A0(T )
|V |

w
1,1
ε

=1

∣∣〈f, V 〉T − 〈f, V 〉ε
∣∣, (4.17)

and the perturbation of the energy,

E3 = max
Y ∈A (T )∩Ze

max
V ∈A0(T )
|V |

w
1,1
ε

=1

∣∣E ′(Y ;V ) − Ẽ ′(Y ;V )
∣∣. (4.18)

Theorem 4.6

(a) Let Ze be defined as in Theorem 4.5; then,

min
Y ∈S1(T )∩Ze

min
U∈A0(T )
|U|

w
1,∞
ε

=1

max
V ∈A0(T )
|V |

w
1,1
ε

=1

E ′′(Y ;U, V ) ≥ 1
2
ρ2(z1, z2) = c0, and (4.19)

max
Y ∈S1(T )∩Ze

max
U∈A0(T )
|U|

w
1,∞
ε

=1

max
V ∈A0(T )
|V |

w
1,1
ε

=1

E ′′(Y ;U, V ) ≤ ρ3(z1, z2) =: c1. (4.20)

(b) Let y ∈ Ze ∩A be a solution of (4.9) and define R = mini=1,...,N min(z2−y′i, y′i−
z1). Assume, furthermore, that the QC mesh T is sufficiently fine so that

c1E1 + E2 + E3 ≤ c0R. (4.21)

Then, there exists a solution Y ∈ A (T ) ∩ Ze of (4.14) which satisfies

|y − Y |w1,∞
ε

≤ c−1
0

(
(c0 + c1)E1 + E2 + E3

)
.

If ρ̃2(z1, z2) > 0, then the QC solution is unique in A (T ) ∩ Ze.
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(c) The error quantities E1, E2, and E3 can be bounded as follows:

E1 ≤ 1
2

max
k=1,...,K

hk|y|w2,∞
ε ((tk−1,tk)), (4.22)

E2 ≤ max
k=1,...,K

h2
k max

(
|f |w2,∞

ε ((tk−1,tk)), (4.23)

2|f |w1,∞
ε ((tk−1+1,tk)) + 2|f |w1,∞

ε ((tk−1,tk−1))

)
, and

E3 ≤
∞∑

r=1

r max
z1≤z≤z2

∣∣J̃ ′(rz) − J ′(rz)
∣∣. (4.24)

4.3.1 Coercivity of the atomistic problem

For this fairly straightforward but tedious analysis it is convenient to rewrite the energy

and its derivatives in the following form. First, we rewrite E as

E(y) =

N∑
i=1

i∑
j=1

εJ

(
i∑

k=j

y′k

)
. (4.25)

For the moment we will only need E ′′, however, for future reference we first compute

E ′ which can be written in the form

E ′(y;w) =
N∑

i=1

i∑
j=1

εJ ′

(
i∑

k=j

y′k

)(
i∑

n=j

w′
n

)

=

N∑
i=1

i∑
j=1

i∑
n=j

εw′
nJ

′(ε−1(yi − yj−1)
)

=

N∑
i=1

i∑
n=1

εw′
n

n∑
j=1

J ′(ε−1(yi − yj−1)
)

=
N∑

n=1

εw′
n

(
N∑

i=n

n∑
j=1

J ′(ε−1(yi − yj−1)
))

=
N∑

n=1

εF ′
n(y)w′

n, (4.26)

where

F ′
n(y) =

N∑
i=n

n∑
j=1

J ′(ε−1(yi − yj−1)
)
.
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If E is twice differentiable at a point y, then E ′′(Y ) is most conveniently written in the

form

E ′′(y; v, w) =
N∑

i=1

i∑
j=1

εJ ′′(ε−1(yi − yj−1)
)( i∑

m=j

v′m

)(
i∑

n=j

w′
n

)

=
N∑

n=1

εw′
n

N∑
i=n

n∑
j=1

i∑
m=j

v′mJ
′′(ε−1(yi − yj−1)

)

=

N∑
n=1

εw′
n

N∑
i=n

i∑
m=1

n∧m∑
j=1

v′mJ
′′(ε−1(yi − yj−1)

)

=

N∑
n=1

N∑
m=1

εw′
nv

′
m

(
N∑

i=m∨n

n∧m∑
j=1

J ′′(ε−1(yi − yj−1)
))

=
N∑

n=1

N∑
m=1

εF ′′
nmv

′
mw

′
n, (4.27)

where

F ′′
nm(y) =

N∑
i=m∨n

n∧m∑
j=1

J ′′(ε−1(yi − yj−1)
)
.

Our aim in this section is to identify a set of deformations,

Ze = {y ∈ A : z1 ≤ y′i ≤ z2},

with z1 < zm < z2 < zt for which E ′′(y) satisfies the inf-sup condition

min
y∈Ze

min
u∈A0

|u|
w

1,∞
ε

=1

max
v∈A0

|v|
w

1,1
ε

=1

E ′′(y; u, v) ≥ c0 > 0.

For convenience, we have assumed in §4.2.1 that zm > zt/2, and hence we may assume

here that z1 ≥ zt/2 as well. This implies that{
J ′′(z) > 0, for z1 ≤ z ≤ z2, and
J ′′(z) ≤ 0, for z ≥ 2z1,

(4.28)

and consequently F ′′
nm ≤ 0 whenever n �= m.

The proof of the inf-sup condition is based on an argument related to row diagonally

dominant matrices. Fix u ∈ A0 and choose p, q ∈ {1, . . . , N} such that u′p is maximal

and u′q is minimal. Since u ∈ A0 we have
∑N

i=1 u
′
i = 0 and hence u′p ≥ 0 and u′q ≤ 0.

We define the test function v by

v′i =




1
2
ε−1, if i = p,

−1
2
ε−1, if i = q, and

0, otherwise.
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It is clear from the definition of v that v ∈ A0 and |v|w1,1
ε

= 1. Let P = {i : u′i > 0}
and Q = {i : u′i < 0}. Using (4.27), we have

E ′′(y; u, v) =

N∑
n=1

N∑
m=1

εF ′′
nm(y)u′nv

′
m

=
1

2ε

N∑
n=1

εF ′′
np(y)u

′
n −

1

2ε

N∑
n=1

εF ′′
nq(y)u

′
n

=
1

2
F ′′

pp(y)u
′
p +

1

2

∑
n �=p

F ′′
npu

′
n − 1

2
F ′′

qq(y)u
′
q −

∑
n �=q

F ′′
nq(y)u

′
n.

Using (4.28), we see that for n �= m we have F ′′
nm(y) ≤ 0. Hence, we obtain

2E ′′(y; u, v) ≥ F ′′
pp(y)u

′
p +

∑
m∈P\{p}

F ′′
mp(y)u

′
m − F ′′

qq(y)u
′
q −

∑
m∈Q\{q}

F ′′
mq(y)u

′
m

≥ u′p

[
F ′′

pp(y) +
∑

m∈P\{p}

F ′′
mp(y)

]
+ (−u′q)

[
F ′′

qq(y) +
∑

m∈Q\{q}

F ′′
mq(y)

]

≥ |u|w1,∞
ε

N∑
m=1

F ′′
mn(y), (4.29)

where n ∈ {p, q}. Thus, to prove the coercivity estimate (4.15), we need to show that

the matrix (F ′′
nm)n,m=1,...,N is strictly row diagonally dominant; more precisely, we need

to obtain a lower bound on the sum in the last expression. To do so, we split the sum

as follows:

N∑
m=1

F ′′
nm(y) =

n−1∑
m=1

N∑
i=n

m∑
j=1

J ′′(ε−1(yi − yj−1)
)

+

N∑
m=n+1

n∑
j=1

N∑
i=m

J ′′(ε−1(yi − yj−1)
)

+
n∑

j=1

N∑
i=n

J ′′(ε−1(yi − yj−1)
)
.

For all pairs (i, j) with i ≥ j we bound

J ′′(ε−1(yi − yj−1)) ≥ min
z1≤z≤z2

J ′′((i− j + 1)z
)

=: J ′′(i− j + 1),

which we use to estimate

N∑
m=1

F ′′
nm(y) ≥

n−1∑
m=1

N∑
i=n

m∑
j=1

J ′′(i− j + 1) +

N∑
m=n+1

n∑
j=1

N∑
i=m

J ′′(i− j + 1)

+

n∑
j=1

N∑
i=n

J ′′(i− j + 1). (4.30)
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In the first triple-sum, we exchange the order of summation three times to obtain

n−1∑
m=1

N∑
i=n

m∑
j=1

J ′′(i− j + 1) =

N∑
i=n

n−1∑
j=1

n−1∑
m=j

J ′′(i− j + 1)

=

n−1∑
j=1

N∑
i=n

(n− j)J ′′(i− j + 1)

≥
n−1∑
j=1

(n− j)
∞∑

r=n−j+1

J ′′(r),

where we used the fact that J ′′(r) ≤ 0 for r ≥ 2. We change the order of summation

again,

n−1∑
j=1

(n− j)
∞∑

r=n−j+1

J ′′(r) =
∞∑

r=2

J ′′(r)
n−1∑

j=n−r+1

(n− j)

=
1

2

∞∑
r=2

r(r − 1)J ′′(r),

where we used
∑n−1

j=n−r+1(n − j) = r(r − 1)/2. Similarly, for the second triple-sum in

(4.30), we obtain

N∑
m=n+1

n∑
j=1

N∑
i=m

J ′′(i− j + 1) ≥ 1

2

∞∑
r=2

r(r − 1)J ′′(r).

For the third term in (4.30), we have

n∑
j=1

N∑
i=n

J ′′(i− j + 1) ≥
n∑

j=1

∞∑
r=n−j+1

J ′′(r)

=

∞∑
r=1

n∑
j=n−r+1

J ′′(r)

=
∞∑

r=1

rJ ′′(r).

On combining this with the previously obtained bounds, and recalling the definition

(4.11), we finally arrive at

N∑
m=1

F ′′
nm(y) ≥

∞∑
r=1

r2J ′′(r) = ρ2(z1, z2). (4.31)

Therefore, returning to (4.29), we obtain

max
v∈A0

|v|
w

1,1
ε

=1

E ′′(y; u, v) ≥ c0|u|w1,∞
ε
, (4.32)
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where c0 = 1
2
ρ2(z1, z2). We refer to Appendix 4.5 for specific values of z1, z2 and c0 for

the Lennard–Jones and the Morse potential.

4.3.2 Proof of Theorem 4.5

The proof of Theorem 4.5 as well as the extension to fracture solutions in §4.4 rely on

a local existence result which is a direct corollary of Theorem 3.5.

Lemma 4.7 Let ‖ · ‖ be a norm in A0, R > 0 and ỹ ∈ A , and define Z = {y ∈ A :

‖y − ỹ‖ ≤ R}. Suppose, further, that:

(i) Φ: RN+1 → (−∞,+∞] is three times continuously differentiable in Z ;

(ii) Φ′(ỹ) = f̃ in A ; and

(iii) there exists c0 > 0 such that for all y ∈ Z ,

c0 ≤ min
u∈A0
‖u‖=1

max
v∈A0

|v|
w

1,1
ε

=1

Φ′′(y; u, v). (4.33)

Then, for each f ∈ RN+1 satisfying ‖f − f̃‖∗ ≤ c0R, there exists a unique y ∈ Z such

that Φ′(y) = f in A . Furthermore, the solution y satisfies

‖y − ỹ‖ ≤ c−1
0 ‖f − f̃‖∗. (4.34)

Proof. The result follows from Theorem 3.5 by setting F = Φ′, ‖ · ‖X = ‖ · ‖ and

‖ · ‖Y = | · |w1,1
ε

. Note furthermore that in finite dimensions, c0 > 0 implies (3.9). �

Lemma 4.7 gives a clear path to the proof of Theorem 4.5. We have already established

the necessary conditions for coercivity in the previous section.

To show the existence of a reference state, we define the deformation yD
i = εiyD

N ,

where we assume that z1 < yD
N < z2, and estimate the residual E ′(yD). It is more

convenient to do this in the following alternative representation of E ′:

E ′(y; v) =
N−1∑
n=1

E ′
n(y)vi ∀y ∈ A , ∀v ∈ A0, (4.35)

where

E ′
n(y) =

n−1∑
i=0

J ′(ε−1(yn − yi)
)
−

N∑
i=n+1

J ′((ε−1(yi − yn)
)
, n = 1, . . . , N − 1.
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Using the embedding inequality ‖v‖
∞ε ≤ 1
2
|v|w1,1

ε
(cf. Lemma 4.3) we can estimate

|E ′(y; v)| ≤
N−1∑
n=1

|E ′
n(y)|‖v‖
∞ε ≤ 1

2

N−1∑
n=1

|E ′
n(y)||v|w1,1

ε
,

which implies that

‖E ′(y)‖∗ ≤
1

2

N−1∑
n=1

|E ′
n(y)|. (4.36)

For y = yD, we have

E ′
n(yD) =

2n−N−1∑
i=0

J ′((n− i)yD
N ) −

N∑
i=2n+1

J ′((i− n)yD
n ),

and, taking absolute values,

|E ′
n(y)| ≤

∞∑
r=n∧(N−n)+1

|J ′(ryD
n )|.

Thus, we can estimate

‖E ′(yD)‖∗ ≤ 1

2

N−1∑
n=1

|E ′
n(yD)| ≤ 1

2

∞∑
n=1

∞∑
r=n+1

|J ′(ryD
N)|

≤ 1

2

∞∑
r=2

r−1∑
n=1

|J ′(ryD
N)| ≤ 1

2

∞∑
r=2

(r − 1)|J ′(ryD
N)| =

1

2
ρ1(y

D
N).

We now apply Lemma 4.7 with Φ = E, ‖ · ‖ = | · |w1,∞
ε

, ỹ = yD and f = 0. If

1
2
ρ1(y

D
N) ≤ 1

2
ρ2(z1, z2) × min(z2 − yD

N , y
D
N − z1), (4.37)

there exists a reference state y∗ ∈ A satisfying (4.9) with f = 0. From the stability

estimate (4.34), we infer that

|y∗ − yD
N |w1,∞

ε
≤ c−1

0 ‖E ′(yD)‖∗ ≤
ρ1(y

D
N)

ρ2(z1, z2)
.

If the inequality in (4.37) is strict, there exists an R > 0 such that {y ∈ A : |y −
y∗|w1,∞

ε
≤ R} ⊂ Ze. Thus, for ‖f‖∗ ≤ c0R =: δ, there exists a unique solution to (4.9)

in Ze.

To complete the proof of Theorem 4.5 we only need to show that the numbers

z1, z2 satisfying our assumptions exist. This, however, follows immediately from the

assumption that ρ1(zm) < Rρ2(zm −R, zm +R) and that ρ1 is continuous.
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4.3.3 Coercivity of the QC approximation

In order to apply a similar technique as in §4.3.2 to prove the existence of a QC solution

near an exact solution, we need to show that E ′′ is also coercive in A0(T ), i.e., that

there exists a constant c̃0 > 0 such that, for all Y ∈ Ze ∩ A (T ), we have

inf
U∈A0(T )
|U|

w
1,∞
ε

=1

sup
V ∈A0(T )
|V |

w
1,1
ε

=1

E ′′(Y ;U, V ) ≥ c̃0.

To this end, fix U ∈ A0(T ) and pick p, q ∈ {1, . . . , K} such that U
′

p is maximal and

U
′

q is minimal. Similarly as before, we also let P = {i : U
′

i > 0} and Q = {i : U
′

i < 0},
and we define

V
′

k =




1
2
h−1

p , if k = p,
−1

2
h−1

q , if k = q, and
0, otherwise.

This gives

E ′′(Y ;U, V ) =
N∑

n=1

N∑
m=1

εF ′′
nm(Y )U ′

nV
′
m

=
1

2hp

N∑
n=1

tp∑
m=tp−1+1

εF ′′
nm(Y )U ′

n − 1

2hq

N∑
n=1

tq∑
m=tq−1+1

εF ′′
nm(Y )U ′

n

≥
U

′
p

2hp

tp∑
m=tp−1+1

ε
∑
n∈P

F ′′
nm(Y ) −

U
′

q

2hq

tq∑
m=tq−1+1

ε
∑
n∈Q

F ′′
nm(Y ).

Using the estimate (4.31), we obtain

E ′′(Y ;U, V ) ≥
U

′
p

2hp

tp∑
m=tp−1+1

ερ2(z1, z2) −
U

′
q

2hq

tq∑
m=tq−1+1

ερ2(z1, z2)

≥ c0|U |w1,∞
ε
,

where c0 = 1
2
ρ2(z1, z2), i.e., we have the same inf-sup constant as in the case of the full

test-space A0.

If we now replace E by Ẽ in all the above computations, we obtain instead

min
Y ∈A (T )∩Ze

min
U∈A0(T )
|U|

w
1,∞
ε

=1

max
V ∈A0(T )
|V |

w
1,1
ε =1

Ẽ ′′(Y ;U, V ) ≥ 1
2
ρ̃2(z1, z2). (4.38)
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4.3.4 Proof of Theorem 4.6

Stimulated by the a priori error analysis in [78] and the proof of Theorem 3.3, we begin

by rewriting the QC approximation as a fixed-point problem. To this end assume that

Y ∈ A (T ) ∩ Ze satisfies (4.14). Let y ∈ A ∩ Ze be an exact solution and let Πy be

its interpolant. We then have, for all V ∈ A0(T ),

∫ 1

0

E ′′(Πy + τ(Y − Πy);Y − Πy, V
)
dτ = E ′(Y ;V ) − E ′(Πy;V ) (4.39)

= E ′(Y ;V ) − Ẽ ′(Y ;V ) + 〈f, V 〉T − 〈f, V 〉ε + E ′(y;V ) − E ′(Πy;V ) =: �Y (V ).

In fact, we see that Y is a solution of (4.14) if, and only if, it solves (4.39) which we

rewrite as a fixed point problem. Let ϕ ∈ A (T ) ∩Ze. We define the fixed point map

L : A (T ) ∩ Ze → A (T ), Yϕ = L(ϕ) by

∫ 1

0

E ′′(Πy + τ(ϕ− Πy);Yϕ − Πy, V ) dτ = �ϕ(V ) ∀V ∈ A0(T ). (4.40)

By the Integral Mean Value Theorem, there exists θ ∈ conv{ϕ,Πy} ⊂ Ze such that∫ 1

0
E ′′(Πy + τ(ϕ − Πy)) dτ = E ′′(θ). Hence, if c0 > 0, the map L is well defined and

we can rewrite (4.40) as

E ′′(θ;Yϕ − Πy, V ) = �ϕ(V ) ∀V ∈ A0(T ).

Upon taking the supremum over all V ∈ A0(T ) with |V |w1,1
ε

= 1 we obtain

c0|Yϕ − Πy|w1,∞
ε

≤ max
V ∈A0(T )
|V |

w
1,1
ε =1

|�ϕ(V )| ≤ c1E1 + E2 + E3,

where c1 is a Lipschitz constant for E ′ in Ze and Ei, i = 1, 2, 3, are defined at the

beginning of §4.3. Thus, in order for L to map A (T ) ∩ Ze into itself, it is sufficient

that

c1E1 + E2 + E3 ≤ c0 min
i=1,...,N

min(Πy′i − z1, z2 − Πy′i).

Since Πytk = ytk for k = 0, . . . , K, it follows that

tk∑
i=tk−1+1

εy′i − hk

(
Πy

)′
k

= 0,

and hence min(Πy′i − z1, z2 − Πy′i) ≤ R. We conclude that if (4.21) is satisfied then

L maps A (T ) ∩ Ze into itself. The Implicit Function Theorem implies that L is

continuous. Therefore, by Brouwer’s fixed point theorem, L has a fixed point Y in
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A (T )∩Ze. From our discussion above it follows that Y is a solution to (4.14). From

(4.38) we see that if ρ̃2(z1, z2) > 0 then the QC solution is unique in A (T )∩Ze. This

concludes the proof of part (b) of Theorem 4.6. We are only left to prove the stated

bounds on c1, and Ei, i = 1, 2, 3.

To bound E ′′ in Ze, we compute

|E ′′(θ;U, V )| =

N∑
n=1

N∑
m=1

ε|F ′′
nm(θ)||U ′

n||V ′
m|

≤ |U |w1,∞
ε

N∑
m=1

ε|V ′
m|

N∑
n=1

|F ′′
nm(θ)|

≤ |U |w1,∞
ε

|V |w1,1
ε

max
m=1,...,N

N∑
n=1

|F ′′
nm(θ)|.

We can bound the sum in the last term by a computation identical to that in (4.31)

except that the signs are reversed, and thus we obtain (4.20).

To bound E1 we simply use Theorem 4.4 with p = ∞. For E2, we use Theorem 4.4

with p = 1 to estimate

∣∣〈f, V 〉T − 〈f, V 〉ε
∣∣ ≤

N∑
i=1

ε
∣∣Π(fV )i − fiVi

∣∣∣
≤

K∑
k=1

h2
k|Π(fV )|w2,1

ε ((tk−1,tk)).

For i = tk−1 + 1, . . . , tk − 1, using the fact that V ′′
i = 0, we have

(fV )′′i = ε−2(fi+1Vi+1 − 2fiVi + fi−1Vi−1)

=
fi+1 − 2fi + fi−1

ε2
Vi +

fi+1 − fi

ε

Vi+1 − Vi

ε
+
fi − fi−1

ε

Vi − Vi−1

ε
.

Thus, using the discrete Friedrichs inequality (4.2), we obtain

∣∣〈f, V 〉T − 〈f, V 〉ε
∣∣ ≤

K∑
k=1

h2
k

[
|f |w2,∞

ε ((tk−1,tk))‖V ‖
1ε((tk−1+1,tk−1))

+(|f |w1,∞
ε ((tk−1+1,tk)) + |f |w1,∞

ε ((tk−1,tk−1)))|V |w1,1
ε ((tk−1,tk))

]
≤ max

k=1,...,K
h2

k max
(
|f |w2,∞

ε ((tk−1,tk)), 2|f |w1,∞
ε ((tk−1+1,tk))

+2|f |w1,∞
ε ((tk−1,tk−1))

) (
‖V ‖
1ε + 1

2
|V |w1,1

ε

)
.

We apply (4.2) to estimate ‖V ‖
1ε ≤
1
2
|V |w1,1

ε
and thus prove the bound (4.23).
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Finally, using (4.26), the bound (4.24) on E3 follows from

|E ′(θ;V ) − Ẽ ′(θ;V )| ≤
N∑

n=1

ε|F ′
n(θ) − F̃ ′

n(θ)||V ′
n|

≤ max
n=1,...N

|F ′
n(θ) − F̃ ′

n(θ)||V |w1,1
ε
,

and a computation that is identical to the one leading to (4.37).

4.4 Fracture

We now look at a class of solutions of the atomistic model (4.9) with a single defect

— a fracture. We fix an index ξ ∈ {1, . . . , N} and consider deformations y ∈ A such

that y′ξ � zt while z1 ≤ y′i ≤ z2 < zt for i �= ξ. The fracture is the broken interaction

between the two atoms at yξ and yξ−1. Elastic states and fractured states with a single

crack are the only stable steady states in one dimension. If at least two gradients y′i, y
′
j

are greater than or equal to zt, it can be easily seen that E ′′(y) has at least one negative

eigenvalue (cf. §5.2.2).

However, even with a single fracture, it should be apparent from the analysis of

§4.3.1 that we cannot expect (4.32) to hold when |u|w1,∞
ε

= |u′ξ| since J ′′(u′ξ) ≈ 0. We

therefore change the norm in which we analyze the error into the norm | · |w1,∞
ε,f

defined

by

|u|w1,∞
ε,f

= max
i=1,...,N

i�=ξ

|u′i|.

Since we have imposed a Dirichlet condition at both endpoints, | · |w1,∞
ε,f

is indeed a

norm on A0. We use Bf (y, R) to denote the balls, centre y and radius R, with respect

to the | · |w1,∞
ε

-semi-norm. As was hinted above, we define

Zf = {y ∈ RN+1 : y′ξ ≥ zf and z1 ≤ y′i ≤ z2 for i = 1, . . . , N, i �= ξ},

where the constants zi satisfy z1 < zm < z2 < zt, and zf is sufficiently large (which we

will make precise).

In order to simplify the proofs of coercivity we assume that

J ′′′(z) ≥ 0 for z ≥ zf . (4.41)

This typically imposes a negligible lower bound on zf . We shall also need a further

measure of stability,

ρ2,f (zf , z1) =
∞∑

r=0

(r + 1)J ′′(zf + rz1).
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The definition of ρ2,f does not involve z2 because we have assumed (4.41). The function

ρ̃2,f corresponding to the cut-off potential J̃ is defined analogously. In order to be able

to neglect the effect of long-range interactions across the crack, we assume that

∀ a > 0 ∀ z1 ≥ zt/2 ∃ zD = zD(a, z1) : Nρ2,f

(
N(zD − zt), z1

)
≥ −a. (4.42)

This would typically involve a growth condition for J ′′, for example, |J ′′(z)| � z−k, for

some k > 3 and z sufficiently large.

Theorem 4.8 Let J satisfy the assumptions of §4.2.1 as well as conditions (4.41)

and (4.42). Assume also that there exists R ∈ (0,min(zm − zt/2, zt − zm)) such that

2ρ1(zm) < Rρ2(zm − R, zm +R). Then the following hold:

(a) Coercivity: There exist z1 < zm < z2 < zt independent of ε, and zf = O(ε−1)

such that

inf
y∈Zf

inf
u∈A0

|u|
w

1,∞
ε,f

=1

sup
v∈A0

|v|
w

1,1
ε

=1

E ′′(y; u, v) ≥ 1
2

(
ρ2(z1, z2) + 2Nρ2,f (zf , z1)

)
=: c0 > 0,

(4.43)

where Zf is defined as above.

(b) Existence: There exist δ1, δ2 > 0, independent of ε, such that for every yD
N ∈ R

with yD
N ≥ zm + δ1 and for every f ∈ RN+1 with ‖f‖∗ ≤ δ2, there exists a solution

yf of (4.9) in Zf .

(c) Stability: Let yf , yg be solutions to (4.9) in Zf ∩ A with respective right-hand

sides f and g; then

|yf − yg|w1,∞
ε,f

≤ c−1
0 ‖f − g‖∗.

For the QC error bounds, let E1 = |y−Πy|w1,∞
ε,f

and let E2 and E3 be defined as in §4.3.

Theorem 4.9 Let J satisfy the conditions of §4.2.1 as well as (4.41) and (4.42), and

let Zf be defined as above. Furthermore, assume that {ξ − 1, ξ} ⊂ T .

(a) We have the coercivity and continuity estimates

inf
θ∈Zf

min
U∈A0(T )
|U|

w
1,∞
ε,f

=1

max
V ∈A0(T )
|V |

w
1,1
ε

=1

E ′′(θ;U, V ) ≥ 1
2

(
ρ2(z1, z2) + 2Nρ2,f(zf , z1)

)
=: c0, and (4.44)

max
Y ∈S1(T )∩Zf

max
U∈A0(T )
|U|

w
1,∞
ε,f

=1

max
V ∈A0(T )
|V |

w
1,1
ε

=1

E ′′(Y ;U, V ) ≤ ρ3(z1, z2) =: c1. (4.45)
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(b) Suppose that zf > zt is sufficiently large so that c0 > 0 (cf. (4.42)). Let y ∈
Zf ∩A be a solution of (4.9) and define R = mini�=ξ min(z2−y′i, y′i−z1). Assume

furthermore that the QC mesh T is sufficiently fine so that

c1E1 + E2 + E3 ≤ c0 min
(
R, ε(y′ξ − zf )

)
. (4.46)

Then, there exists a solution Y ∈ A (T ) ∩ Zf of the QC method (4.14) which

satisfies

|y − Y |w1,∞
ε,f

≤ c−1
0

(
(c0 + c1)E1 + E2 + E3

)
.

If ρ̃2(z1, z2) + 2Nρ̃2,f (zf , z1) > 0 then the QC solution is unique in A (T ) ∩ Zf .

(c) The error quantities E1 and E2 satisfy the same bounds as in Theorem 4.6, while

E3 is now bounded by

E3 ≤
∞∑

r=1

rmax
[

max
z1≤z≤z2

∣∣J̃ ′(rz) − J ′(rz)
∣∣, (4.47)

max
z1≤z≤z2

∣∣J̃ ′(zf + (r − 1)z) − J ′(zf + (r − 1)z)
∣∣].

As we remark in §4.4.4, the condition (4.46) is not overly restrictive. We may think,

for example that zf = O(ε−1) and y′ξ ≥ 2zf . In that case, the upper bound required

on the error terms is independent of ε.

4.4.1 Coercivity of the atomistic problem

For the proof of coercivity in the case of fracture we make use of the fact that the

fracture problem can, to some extent, be seen as a combination of two Neumann

problems. Fix y ∈ Zf and u ∈ A0. Upon multiplying u by (−1), we may assume

without loss of generality that u′p = |u|w1,∞
ε,f

. Let P = {i : u′i > 0} and Q = {j : u′j < 0}
and define

v′n =




1
2
ε−1, if n = p,

−1
2
ε−1, if n = ξ,

0, otherwise.

In that case,

E ′′(y; u, v) =
N∑

n=1

N∑
m=1

εF ′′
nm(y)u′nv

′
m

=

N∑
n=1

εu′n

[
F ′′

np(y)
1

2ε
− F ′′

nξ(y)
1

2ε

]

≥ 1

2

∑
n∈P

u′nF
′′
np(y) −

1

2

∑
n∈Q

u′nF
′′
nξ(y).
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If we divide the sum over n ∈ P into those indices which lie on the same side of the

fracture as p and the rest, we can estimate F ′′
np ≥ F ′′

nξ for those n which lie on the

opposite side of the fracture from p (cf. condition (4.41)). If we assume, without loss

of generality, that p < ξ, we obtain

E ′′(y; u, v) ≥ 1

2

∑
n<ξ

|u′n|F ′′
np(y) +

∑
n �=ξ

|u′n|F ′′
nξ(y) + |u′ξ|F ′′

ξξ(y).

Since u ∈ A0, we have |u′ξ| ≤ (N − 1)|u|w1,∞
ε,f

and hence, we obtain

E ′′(y; u, v) ≥ 1

2
|u|w1,∞

ε,f

[∑
n<ξ

F ′′
np(y) +

∑
n �=ξ

F ′′
nξ(y) + (N − 1)F ′′

ξξ(y)
]
, (4.48)

For the first sum in (4.48) we can use the same procedure as in the elastic case, i.e,∑
n<ξ

F ′′
np(y) ≥ ρ2(z1, z2),

while the second sum as well as F ′′
ξξ should be practically zero. In this regime the forces

should be so weak that we can make fairly crude estimates. Using assumption (4.41)

we have F ′′
nξ ≥ F ′′

ξξ for all n and hence only need to estimate F ′′
ξξ,

F ′′
ξξ(y) =

N∑
i=ξ

ξ∑
j=1

J ′′(ε−1(yi − yj−1)
)
≥

N∑
i=ξ

ξ∑
j=1

J ′′(zf + (i− j)z1
)

≥
ξ∑

j=1

∞∑
r=ξ−j

J ′′(zf + rz1) =

∞∑
r=0

ξ∑
j=ξ−r

J ′′(zf + rz1)

=
∞∑

r=0

(r + 1)J ′′(zf + rz1) = ρ2,f(zf , z1).

Putting everything together, we obtain

E ′′(y; u, v) ≥ 1
2

(
ρ2(z1, z2) + 2(N − 1)ρ2,f(zf , z1)

)
|u|w1,∞

ε,f
. (4.49)

4.4.2 Proof of Theorem 4.8

First, let us finalize the question of coercivity. To this end, let c′0 = 1
2
ρ2(z1, z2), which

we assume to be positive, and choose

zf = N
(
zD(αc′0, z1) − zt

)
,

where α ∈ (0, 1) is a ratio that we shall determine in a moment. In that case, (4.43)

holds with c0 = (1 − α)c′0.

In order to use Lemma 4.7 as in §4.3.2, we need to characterize the balls with

respect to the | · |w1,∞
ε

-semi-norm. This is achieved in the following lemma.
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Lemma 4.10 Suppose that yD
N ≥ zD(αc′0, z1). Then

B(ỹ, R) ⊂ Zf ∀ỹ ∈ Zf , ∀R ≤ min
n �=ξ

min(z2 − ỹ′n, ỹ
′
n − z1). (4.50)

Proof. If ỹ ∈ Zf and y ∈ Bf(ỹ, R) then

εy′ξ = yD
N −

∑
i�=ξ

εy′ξ ≥ zD − z2 ≥ zD − zt = εzf . �

Thanks to Lemma 4.10, the coercivity estimate (4.43) holds for all y ∈ B(ỹ, R) which

makes it possible to use Lemma 4.7.

As in §4.3.2 we use Lemma 4.7 to construct a reference state. Let yD be a prelimi-

nary reference state defined as follows,

(yD
i )′ =

{
iεzm, if i < ξ
yD

N − zm(1 − iε), if i ≥ ξ.

As in the elastic case, we estimate the residual of yD. Fix n ∈ N and assume, without

loss of generality, that n < ξ. Since zf ≥ zt and J ′′(z) < 0 for z > zt it follows that J ′

is decreasing in that domain. In particular, we have |J ′(zf +z)| ≤ |J ′(z1 +z)| whenever

z ≥ z1. Using this fact, and otherwise closely following the computations in §4.3.2, we

have

|E ′
n(yD)| ≤

∞∑
r=n∧(ξ−n)+1

∣∣J ′(rzm)
∣∣.

Summing over n < ξ, we obtain

∑
n<ξ

|E ′
n(yD)| ≤ 1

2

∞∑
r=2

(r − 1)|J ′(rzm)|.

We now add the terms with n ≥ ξ which gives

‖E ′(yD)‖∗ ≤ ρ1(zm). (4.51)

Setting Φ = E, ‖ · ‖ = | · |w1,∞
ε

, ỹ = yD, f̃ = E ′(ỹ) and f = 0 in Lemma 4.7 we can

deduce the existence of y∗ ∈ Zf , satisfying E ′(y∗) = 0. We note that

|y∗i ′ − zm| ≤ c−1
0 ‖E ′(yD)‖∗ ≤

2ρ1(zm)

(1 − α)ρ2(z1, z2)
, i �= ξ. (4.52)

If the conditions of Theorem 4.8 are satisfied, then there exists α > 0, independent of

ε, such that

2
ρ1(zm)

(1 − α)ρ2(z1, z2)
< R,

which implies that y∗ ∈ int(Zf ∩ A ). All results of Theorem 4.8 now follow from

another application of Lemma (4.7) setting Φ = E, ‖ · ‖ = | · |w1,∞
ε

, ỹ = y∗ and f̃ = 0.

In particular, it is sufficient to assume that yD
N ≥ zD(αc′0, z1).
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4.4.3 Coercivity of the QC approximation

First of all, we note that the assumption of Theorem 4.9 allows us to assume that

{ξ − 1, ξ} ⊂ T . This is in fact a necessary condition to make an approximation of a

fracture in w1,∞
ε,f possible.

Let Y ∈ Zf and U ∈ A0(T ). Following §4.4.1 and §4.3.3 we assume that U
′

p =

|U |w1,∞
ε,f

and define the test function V by

V
′

k =




1
2
h−1

p , if k = p
−1

2
ε−1, if k = ξ

0, otherwise.

Then, assuming again without loss of generality that tp < ξ, and using (4.41), we have

E ′′(Y ;U, V ) =

N∑
n=1

N∑
m=1

εF ′′
nm(Y )U ′

nV
′
m

=
ε

2hp

N∑
n=1

tp∑
m=tp−1+1

F ′′
nm(Y )U ′

n − 1

2

N∑
n=1

F ′′
nξ(Y )U ′

n

≥ ε

2hp

tp∑
m=tp−1+1

[∑
n<ξ

F ′′
nm(Y )U ′

n +
∑

n≥ξ,n∈P

F ′′
nξ(Y )U ′

n

]
−
∑
n∈Q

F ′′
nξ(Y )U ′

n

≥ ε

2hp

tp∑
m=tp−1+1

∑
n<ξ

F ′′
nm(Y )U ′

n − 1

2

∑
n �=ξ

F ′′
nξ(Y )|U ′

n| −
1

2
|U ′

ξ|F ′′
ξξ(Y ).

We estimate the first term as in §4.3.3 and the second and third term as in §4.4.1 which

gives

E ′′(Y ;U, V ) ≥ 1

2
|U |w1,∞

ε,f

(
ρ2(z1, z2) + 2Nρ2,f (zf , z1)

)
,

and thus (4.44). If E is replaced by Ẽ, we have instead

Ẽ ′′(Y ;U, V ) ≥ 1

2
|U |w1,∞

ε,f

(
ρ̃2(z1, z2) + 2Nρ̃2,f (zf , z1)

)
. (4.53)

4.4.4 Proof of Theorem 4.9

To prove the QC error estimate we can repeat the fixed point argument of §4.3.4 almost

verbatim. Only two modifications need to be made. First, as in the existence proof of

§4.4.2 we need to show that a solution of the linearized problem appearing in the fixed

point argument lies in Zf . This can be done by the same argument as in the proof

of Lemma 4.10, if we choose yD
N sufficiently large. This method was suitable for the

existence theorem where we needed to construct a reference solution. Now, however,
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the reference solution is given by the exact solution y which allows us to follow a more

general approach.

As in §4.3.4 let Yϕ = L(ϕ), then,

ε(Yϕ)′ξ = yD
N −

∑
i�=ξ

ε(Yϕ)′i

=
N∑

i=1

εΠy′i −
∑
i�=ξ

ε(Yϕ)′i

≥ εy′ξ − |Πy − Yϕ|w1,∞
ε,f
.

Hence, in order to guarantee Yϕ ∈ Zf , we require

y′ξ ≥ zf +N |Πy − Yϕ|w1,∞
ε,f
.

This may seem an insurmountable requirement at first but remember that y′ξ is typically

of order N . For |Πy − Yϕ|w1,∞
ε,f

we have the estimate

|Yϕ − Πy|w1,∞
ε,f

≤ c−1
0

(
c1E1 + E2 + E3

)
.

Hence, if (4.46) holds, then we can deduce the existence of a QC solution in the set

Zf .

Our second modification of the proof of §4.3.4 is to compute a new bound for E3.

We use (4.26) again to estimate

|E ′(θ;V ) − Ẽ ′(θ;V )| =

N∑
n=1

ε|F ′
n(θ) − F̃ ′

n(θ)
∣∣∣|V ′

n|

≤ |V |w1,1
ε

max
n=1,...,N

|F ′
n(θ) − F̃ ′

n(θ)
∣∣∣.

For each n, we have

|F ′
n(θ) − F̃ ′

n(θ)| ≤
n∑

i=1

N∑
j=n

∣∣J ′(ε−1(θi − θj−1)
)
− J̃ ′(ε−1(θi − θj−1)

)∣∣.
As in the elastic case, we can estimate and rearrange this sum to obtain (4.47).

4.5 Computation of Coercivity Regions

In this short appendix, we confirm that the hypotheses made on the interaction poten-

tial can indeed be satisfied. With the use of simple Matlab scripts it is straightforward

to compute possible values for z1, z2 and, in the fracture case, for zf . Only the elastic
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Figure 4.1: Equilibria of the atomistic energy (4.6), where J is the Morse potential
(1.8) with α = 1.0.

case is included here since the additional requirements of the fracture case are very

easily met given the fast decay of most interaction potentials.

We choose the constants in the Lennard–Jones potential so that its minimum lies

at z = 1,

J(z) = z−12 − 2z−6.

Hence, we have zm = 1 and zt = (13/7)1/6 ≈ 1.11. If we choose z1 = 0.88 and z2 = 1.06,

we obtain ρ2(z1, z2) ≈ 12.5. Furthermore, we have ρ1(zm) ≈ 0.2 which guarantees the

existence of a reference state for sufficiently small boundary displacements.

The Morse potential is slightly less forthcoming in this respect. First, we note that

zm = 1 and zt = 1+α−1 log(2). If we choose α = 1 in (1.8) we obtain ρ2(zm, zm) ≈ −3.8

and we have therefore no hope of constructing an equilibrium with the technique we

have used. This does not mean that E has no equilibrium in this case. In fact, the

mere existence of a global energy minimum can be easily deduced by a compactness

argument. However, numerical experiments shown in Figure 4.1 indicate that those

equilibria are extremely unstable and bear no resemblance to the observed equilibria of

metallic materials. Furthermore, there seems to be no convergence of those equilibria

to a continuum as N → ∞.

If we make the well steeper, however, we can achieve coercivity. Already for α = 4,

we can choose z1 = 0.9 and z2 = 1.08 to obtain ρ2(z1, z2) ≈ 5.38. Since ρ1(zm) ≈ 0.3

is follows that 0.8 × ρ2(z1, z2) > ρ1(zm) and hence there exists a reference state for

sufficiently small boundary displacements.
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Finally, we should note that the steeper the basin of convexity around zm (the larger

α in the Morse potential case) the better the bounds become.

Concluding Remarks

Clearly, the relative completeness of our results was primarily due to the one-dimensional

setting that we have chosen. However, the fundamental approach to error estimation

for the QC method, namely a fixed point argument based on the w1,∞
ε -norm (or its

modifications), can be employed in higher dimensions as well. In fact, it can be seen

that, if we assume coercivity directly, rather than proving it as we have done here, then

Theorem 4.6 and 4.9 carry over immediately. However, the main difference between

ellipticity (cf. Lin [60]) and the inf-sup condition which we have employed is that the

inf-sup condition does not automatically translate to subspaces. Even worse, it may be

expected that the inf-sup constant in two and three dimensions is not independent of

ε. A possible alternative that will be investigated is to use the techniques in [82] where

W1,∞-convergence of a finite element method is proved without using an inf-sup condi-

tion. A further option would be to prove an inf-sup condition for a W1,p-like topology,

where p > d and to use inverse estimates to obtain a convergence rate of order h1−d/p

in the W1,∞-norm. Thus, for sufficiently small h (but independent of ε) we could again

conclude that a QC solution exists in a neighbourhood of an exact solution.

Another fact worth noting is that the w1,∞
ε -norm employed in the elastic analysis is

actually equivalent (in the sense that the constants are independent of ε) to the energy

norm u �→ ‖E ′′(θ)u‖∗, for any θ ∈ Ze. Similarly, the w1,∞
ε,f -norm from the analysis in

§4.4 is equivalent to u �→ ‖E ′′(θ)u‖∗, for any θ ∈ Zf . This unifies, to some extend, the

analysis of stable critical points.
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Chapter 5

A Posteriori Analysis and Adaptive
Algorithms for the Quasicontinuum
Method in One Dimension

One of the most remarkable features of atomistic models is the large number of meta-

stable states. Already in one dimension, it is fairly straightforward to see for many

problems that the number of stable equilibria of the energy is at least as large as the

number of atoms in the body. Therefore, error estimates must necessarily be restricted

to local results. Due to the possibility of fracture, stability of solutions can only

be obtained with respect to the w1,∞
ε -norm which was introduced in §4.1, or a similar

topology. As a consequence of this lack of global monotonicity and stability, the a priori

error estimates in Chapter 4 are, except possibly in the case of elastic deformation, of

purely theoretical value. For example, when an exact solution we wish to approximate

is a fractured state then we can prove under come natural conditions that there exists

a nearby QC solution; however, we should not expect to find it numerically. If only one

atom lies on the wrong side of the crack then the error in w1,∞
ε -norm cannot ‘converge’

to zero, even if every atom in the body is a repatom.

To the best of the author’s knowledge, no work has been carried out so far on the

a posteriori error analysis of the QC method. Only some experimental results, using a

gradient-averaging technique for the computation of error indicators, were published in

[55]. The goal of the present chapter is to present a rigorous approach to a posteriori

error estimation for the QC method, using the strategy presented in Chapter 3. We

derive estimates on the residual of the QC solution (cf. Theorem 5.2 and §5.2.1) and

on an inf-sup constant which measures its stability (cf. Theorem 5.3 and §5.2.3) and

show in Theorem 5.1 that, if certain natural conditions are satisfied, there exists an

exact solution of the atomistic model for which an a posteriori error estimate holds.
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We then apply this idea to the development of an adaptive optimization algorithm

based on minimizing movements and proximal point methods. We prove for this algo-

rithm that it is possible to choose the parameters in such a way that at each step of

the optimization there exists an exact solution of a related problem whose distance to

the numerical solution is less than a given tolerance.

A crucial ingredient in almost all a posteriori error analysis is a sound knowledge of

the (local) stability of the equations. In Chapter 4 we have derived a number of such

results for one-dimensional atomistic models, which we will make heavy use of.

Atomistic model problem The model problem will be the same as the one pre-

sented in §4.2.1, except that we shall now assume again that the exact potential J has

a cut-off radius zc. In this case, the atomistic energy E can be computed exactly and

does not have to be approximated by the cut-off energy Ẽ.

We assume that there exist z0 ∈ [−∞,+∞), zm, zt, zc ∈ R such that z0 < zm <

zt < zc, and

J ∈ C3(z0,∞), J ′(zm) = 0, J ′′(zt) = 0, J(z) = 0 ∀z ≥ zc,

J(z) → +∞ as z → z0+, J(z) = +∞ ∀z ≤ z0, (5.1)

J ′′(z) ≥ 0 ∀z ∈ (z0, zt] and J ′′(z) ≤ 0 ∀z ∈ [zt,∞).

Using these slightly modified assumptions on the atomistic interactions, the atomistic

model problem is again to find y ∈ A such that

E ′(y; v) = 〈f, v〉ε ∀v ∈ A0. (5.2)

The residual of any deformation y is the linear functional v �→ E ′(y; v) − 〈f, v〉ε.
Since we shall analyse the error in the w1,∞

ε -norm, we shall measure the residual in the

corresponding dual norm defined in §4.2.1 for each linear functional � : A0 → R by

‖�‖∗ = max
v∈A0

|v|
w

1,1
ε

=1

|�(v)|.

For the definition of the QC mesh T and the QC spaces S1(T ), A (T ) and A0(T )

we use the same notation as in §4.2.2. The QC approximation to (5.2) is then to find

Y ∈ A satisfying

E ′(Y ;V ) = 〈f, V 〉T ∀V ∈ A0. (5.3)
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5.1 Adaptive Optimization Algorithm

5.1.1 Proximal point methods

As long as the deformation is purely elastic, it is easy to find the critical points of the

QC functional, either directly by a Newton method or, if necessary, using a continuation

principle.

However, in order to find critical points with defects, we need to supplement the

QC method with an optimization algorithm. The choice of optimization methods for

unconstrained optimization available is quite overwhelming. However, most algorithms

are based on one of two principles and are accordingly divided into linesearch methods

and trust region methods. As opposed to naive steepest descent or Newton methods,

linesearch and trust region methods can be formulated in such a way that they are

globally convergent. Let φ be the functional to be minimized and let x
 denote the

iterates generated by the respective optimization method.

In a linesearch method, after the �th iterate has been obtained, a search direction p


is computed, usually involving information about the gradient φ′(x
) and the Hessian

φ′′(x
). This must be done in such a way that pk is a descent direction for φ, i.e.,

φ(x
 + αp
) is decreasing for 0 ≤ α sufficiently small. For the (� + 1)th step, a step

length α
 which gives sufficient energy decrease is computed to obtain x
+1 = x
 +α
p
.

In a typical trust region method, at the �th iterate, a quadratic model such as

mk(x) = φ(xk) + φ′(xk; x − xk) + φ′′(xk; x − xk, x − xk) of the objective function φ is

built. In addition, a trust region radius ∆k is defined which measures the quality of

the model mk. The (k + 1)th step then requires to (approximately) solve the problem

x
+1 ∈ argmin
‖x−x�‖≤∆k

mk(x),

where ‖ · ‖ is a suitably chosen norm. The trust region radius is dynamically adjusted

during the optimization process.

Our choice fell on a class, related to trust region methods, called proximal point

algorithms (PPA) which was originally formulated as a method to compute roots of

monotone operators [84]. The �th step of the proximal point method for finding a

root of a maximal monotone operator T : H → 2H defined on the Hilbert space H ,

starting with x0 ∈ H , is to solve the inclusion problem

0 ∈ T (x) + γ
(x− x
−1), (5.4)

where (γ
) is a bounded sequence of positive real numbers. It was shown in [84] that the

sequence (x
) is well defined (in the sense that each x
 exists and is unique), converges
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weakly to a root of T if one exists, and is unbounded otherwise. While not often used

in practise, the PPA is an important theoretical tool for the analysis of optimization

methods [86].

If T is the (sub-)gradient of a convex functional φ then (5.4) is equivalent to finding

x
 ∈ argmin
[
φ(x) +

γ


2
‖x− x
−1‖2

]
, (5.5)

where ‖ · ‖ is the norm in H , and x
 converges to a minimizer of φ. In this new

form, the relationship to minimizing movements [5] and the gradient flow approach of

Chapter 2 becomes immediately apparent. This is in fact where the intuition to use a

PPA for the QC method originates.

Namely, if φ is not convex then the theory for PPAs does not apply. However,

motivated by the analysis in Chapter 2, if φ = E, we can choose ‖ · ‖ = | · |w1,2
ε

which,

at least in the case of nearest-neighbour interactions, convexifies each step of the PPA

as we have seen in Lemma 2.10. In §5.2.2, this analysis is extended to long-range

interactions and it is shown in §5.3.2 that, for sufficiently large γ
, the �th step of the

PPA is well-defined in this case as well. We shall demonstrate, furthermore, that a

subsequence of the family generated by the PPA converges to a critical point. The

PPA is formulated in such a way that it terminates in a finite number of iterations

(choosing γ
 = 0 for sufficiently large �) if the Hessian at this point is positive definite.

Admittedly, the choice of optimization method is guided to a large extent by math-

ematical convenience. For a trust region method, each iteration requires the solution

of a variational inequality which would make the analysis far more involved. It is

conceivable, however, that some of the results in this chapter can also be shown for

trust region methods, taking the w1,∞
ε -semi-norm as the trust region norm. For most

practical linesearch methods on the other hand, it is not easy to find a relationship to

measure the error of the current iterate. Nevertheless, the numerical experiments of

§5.3 indicate that our PPA is quite competitive for the QC method.

An analysis for a similar method, which is essentially a linearly implicit Euler

method for the system u̇ = −φ′(u), and a discussion of the relationship to trust region

and line search methods is given in [53].

5.1.2 An adaptive PPA for the QC method

Let Y (0) be an initial guess for the PPA. This is usually provided from the previous

step of a quasistatic process. The �th step of the PPA is to find a critical point Y (
) of

the functional

Y �→ Φ̃
(Y ) =
γ


2
‖Y − Y (
−1)‖2 + E(Y ) − 〈Y, f〉T .
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The norm ‖ · ‖ and the penalty parameters γ
 should be chosen appropriately, to suit

the structure of the functional. For example, if E is λ-convex with respect to the norm

‖ · ‖, then, for sufficiently large γ
, the functional Φ̃
 is strictly convex (cf. Proposition

2.1). The atomistic functional E, defined in (4.6) is λ-convex with respect to the |·|w1,2
ε

-

semi-norm (cf. Lemma 5.5 (i)). However, Lemma 5.5 (ii) shows that the lower bound

on the Hessian tends to −∞ as N → ∞. This worst case cannot occur in practise

though, as shown in Lemma 5.5 (iii), but only under ‘infinite compression’, as y′i → 0

for some i. Indeed, if the deformations are restricted to y′i ≥ z′ then | · |2
w1,2

ε
can in

fact be used to convexify E in this region. The choice ‖ · ‖ = | · |w1,∞
ε

seems therefore

reasonable.

We supplement the proximal point algorithm described in the previous section

with an adaptive procedure. At each step we will, if necessary, adapt the mesh. For

� = 0, 1, . . . , let T
 be QC meshes and let Y (0) ∈ A (T0) be a starting guess. Recalling

that E is differentiable at all deformations which have finite energy, for the �th step of

the PPA we wish to find Y (
) ∈ A (T
) satisfying

Φ̃′

(Y

(
);V ) = 0 ∀V ∈ A0(T
), (5.6)

where

Φ̃
(Y ) =
γ


2
|Y − Y (
−1)|2

w1,2
ε

+ E(Y ) − 〈f, Y 〉T�
,

and Φ̃′

 is given by

Φ̃′

(Y ;V ) =

N∑
i=1

ε
(
Yi − Y

(
−1)
i

)′
V ′

i + E ′(Y ;V ) − 〈f, V 〉T�
.

The PPA (5.6) can be interpreted as the implicit Euler discretization of the gradient

flow of E − 〈f, ·〉T�
with respect to the w1,2

ε -semi-norm. As such, it is in principle

possible to analyze the error of this discrete evolution. We could imagine that the PPA

is applied first to the full atomistic problem, then to the QC approximation and analyze

the error between those two discrete evolutions. However, due to the lack of convexity,

the resulting error estimates typically overestimate the actual error by several orders

of magnitude. Instead, motivated by standard practice in the field of ODE solvers,

we shall analyze the local error instead, i.e., the error committed by replacing the full

space A by the QC space A (T
) in the �th step of the PPA. Unlike for the numerical

solution of ODEs, since we are only interested in the efficient computation of a static

equilibrium, this is entirely justified. We therefore also define the functional

Φ
(y) =
γ


2
|y − Y (
−1)|2

w1,2
ε

+ E(y) − 〈f, y〉ε,
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and the corresponding problem to find y(
) ∈ A such that

Φ′

(y

(
); v) = 0 ∀v ∈ A0. (5.7)

The embedding of the error analysis and adaptivity into the optimization method

achieves a considerable increase in performance. Otherwise the mesh would have to

be adapted after the termination of the optimization method and the entire optimiza-

tion step repeated, which would be particularly cumbersome during the formation of

defects (unless the location of defect is known a priori) when optimization can be a

computationally expensive process.

5.2 A Posteriori Existence and Error Estimates

In this section, we develop the theory required for an adaptive implementation of the

PPA described in Section 5.3. We analyze a single step of the PPA only; thus we omit

the sub- and super-scripts � throughout and replace Y (
−1) by Y (0). Furthermore, we

make the simplifying assumption that, if a mesh is coarsened, then Y (0) is assumed to

be a member of the coarse space. We shall approximately enforce this condition by a

requirement that an element may be coarsened only if the resulting interpolation error

is sufficiently small. This simplification allows us to assume that Y (0) ∈ A (T ).

In the following theorem, ‖ · ‖ should be taken either as | · |w1,∞
ε

or as | · |w1,∞
ε,f

. Note

that if we set γ = 0 then Theorem 5.1 gives an a posteriori existence result for an

atomistic solution. In the residual estimate in Theorem 5.2, we understand sums over

empty sets to be zero.

Theorem 5.1 (A Posteriori Existence) Let ‖ · ‖ be a norm in A0. Let Y ∈ A

and let R(Y ), µ(Y ) and η(Y ) be non-negative numbers satisfying

0 < µ(Y ) ≤ min
y∈A

‖y−Y ‖≤R(Y )

min
u∈A0
‖u‖=1

max
v∈A0

|v|
w

1,1
ε

=1

Φ′′(Y ; u, v), and (5.8)

‖Φ′(Y )‖∗ ≤ η(Y ). (5.9)

If η(Y ) ≤ µ(Y )R(Y ), then there exists y ∈ A satisfying Φ′(y) = 0 in A such that

‖y − Y ‖ ≤ η(Y )

µ(Y )
. (5.10)

Proof. This theorem is an application of Theorem 3.5 with ‖·‖X = ‖·‖, ‖·‖Y = |·|w1,1
ε

and F = Φ′. �
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Theorem 5.2 (Residual Bound) Let Y ∈ A (T ) satisfy Φ̃′(Y ) = 0 in A (T ), then

‖Φ′(Y )‖∗ ≤ max
k=1,...,K

ηr,k + max
k=1,...,K

ηs,k =: η(Y ),

where

ηr,k = max
i=tk−1+1,...,tk

∣∣∣∣∣
i−1∑

j=tk−1+1

Φ′
j(Y ) −

tk−1∑
j=i

Φ′
j(Y )

∣∣∣∣∣, (5.11)

ηs,k = h2
k max

(
|f |w2,∞

ε ((tk−1,tk)), 2|f |w1,∞
ε ((tk−1+1,tk)) + 2|f |w1,∞

ε ((tk−1,tk−1))

)
. (5.12)

In particular, if tk − tk−1 = 1 then ηr,k + ηs,k = 0.

A proof of Theorem 5.2 as well as a detailed discussion about the concrete evaluation

of the residual terms and their interpretation and comparison with residual estimates

in continuum mechanics is given in §5.2.1.

Theorem 5.3 (Stability Estimate)

(a) For each y ∈ RN+1 with z′ = mini=1,...,N y
′
i, we have

min
u∈A0

|u|
w

1,∞
ε

=1

max
v∈A0

|v|
w

1,1
ε

=1

Φ′′(y; u, v) ≥ 1

2

(
γ + min

i=1,...,N
J ′′(y′i) − ρ∞(z′)

)
, (5.13)

where ρ∞(z′) =

∞∑
r=2

r2 max
z≥rz′

|J ′′(z)|. (5.14)

(b) If, in addition, y′ξ ≥ zc, then

min
u∈A0

|u|
w

1,∞
ε,f

=1

max
v∈A0

|v|
w

1,1
ε

=1

Φ′′(y; u, v) ≥ 1

2

(
γ + min

i=1,...,N
i�=ξ

J ′′(y′i) − ρ∞(z′)
)
. (5.15)

A proof of Theorem 5.3 is contained in §5.2.3. While Theorems 5.1 and 5.2 are

generic, it must be emphasized that Theorem 5.3 provides a good estimate only if the

deformation y has a generic but nevertheless very specific structure, namely elastic

(small) deformation with possibly one single fracture. If mini=1,...,N y
′
i < zt/2, then

the bound is not sharp. On the other hand, if maxi=1,...,N y
′
i ≥ zt then µ(y) is zero or

negative; cf. §5.2.3.



110

5.2.1 Residual bounds

Let Y ∈ A (T ) be a QC solution, i.e., suppose that Φ′(Y ) = 0 in A (T ). To bound

its residual ‖Φ′(Y )‖∗, we use the usual Galerkin orthogonality argument to obtain

Φ′(Y ; u) = Φ′(Y ; u− Πu) + Φ′(Y ; Πu)

= Φ′(Y ; u− Πu) +
(
Φ′(Y ; Πu) − Φ̃′(Y ; Πu)

)
∀u ∈ A0, (5.16)

where Πu is the nodal interpolant defined in §4.2.2. The second term in (5.16) was

already estimated in §4.3.4. Using (4.2) and |Πu|w1,1
ε

≤ |u|w1,1
ε

, which can be verified

by a straightforward computation, we obtain

|Φ′(Y ; Πu) − Φ̃′(Y ; Πu)| ≤ max
k=1,...,K

ηs,k |u|w1,1
ε
, (5.17)

where ηs,k is defined by (5.12).

For the first term in (5.16), we note that

Φ′(Y ; v) =

N−1∑
i=1

Φ′
i(Y )vi, (5.18)

where

Φ′
i(Y ) = E ′

i(Y ) − εfi ∀ i ∈ {0, . . . , N} \ T , (5.19)

and we take v = u − Πu. For each i ∈ {tk−1 + 1, . . . , tk − 1}, using the fact that vi

vanishes for i = tk−1 and for i = tk, we can write vi as

vi =
1

2

(
i∑

j=tk−1+1

εv′j −
tk∑

j=i+1

εv′j

)
.

Inserting this into (5.18) and rearranging the summation gives

Φ′(Y ; v) =
1

2

K∑
k=1

[
tk−1∑

i=tk−1+1

Φ′
i(Y )

i∑
j=tk−1+1

εv′j −
tk−1∑

i=tk−1+1

Φ′
i(Y )

tk∑
j=i+1

εv′j

]

=
1

2

K∑
k=1

[
tk−1∑

j=tk−1+1

εv′j

tk−1∑
i=j

Φ′
i(Y ) −

tk∑
j=tk−1+2

εv′j

j−1∑
i=tk−1+1

Φ′
i(Y )

]

=
1

2

K∑
k=1

[
tk∑

j=tk−1+1

εv′j

tk−1∑
i=j

Φ′
i(Y ) −

tk∑
j=tk−1+1

εv′j

j−1∑
i=tk−1+1

Φ′
i(Y )

]
.

Note that, in the last line, sums over empty sets (whenever the lower summation

index is larger than the upper summation index) may occur; each such empty sum is
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considered to be zero. We use this convention in order to avoid complicated formulae.

Upon setting

Rj =
1

2

[
tk−1∑
i=j

Φ′
i(Y ) −

j−1∑
i=tk−1+1

Φ′
i(Y )

]
for tk−1 < j < tk,

using the same summation convention as above, we obtain

Φ′(Y ; v) =

N∑
j=1

εv′jRj . (5.20)

An application of Hölder’s inequality together with

|v|w1,1
ε ((tk−1,tk)) ≤ |u|w1,1

ε ((tk−1,tk)) + |Πu|w1,1
ε ((tk−1,tk)) ≤ 2|u|w1,1

ε ((tk−1,tk))

gives the bound

|Φ′(Y ; v)| ≤ 2

K∑
k=1

[
max

j=tk−1+1,...,tk
|Rj|

]
|u|w1,1

ε ((tk−1,tk))

≤ max
k=1,...,K

ηr,k |u|w1,1
ε
, (5.21)

where ηr,k is defined by (5.11). Combining (5.17) with (5.21) we obtain

|Φ′(Y ; u)| ≤
(

max
k=1,...,K

ηr,k + max
k=1,...,K

ηs,k

)
|u|w1,1

ε

which concludes the proof of Theorem 5.2.

Formula (5.11) is not necessarily straightforward to implement. We therefore briefly

discuss some interesting aspects of the residual estimate and an upper bound which

reveals its structure and gives a form amenable to implementation. To this end, let

us first assume that only nearest and next-nearest neighbour interactions occur, i.e.,

mini Y
′
i ≥ zc/3. In that case, we can rewrite (5.19) as

Φ′
i(Y ) = J ′(Y ′

i−1 + Y ′
i ) + J ′(Y ′

i ) − J ′(Y ′
i+1) − J ′(Y ′

i+1 + Y ′
i+2) − εfi.

If i ∈ {tk−1 + 1, . . . , tk − 1}, then we always have J ′(Y ′
i ) − J ′(Y ′

i+1) = 0. For i ∈
{tk−1 + 2, . . . , tk − 2} we also have

J ′(Y ′
i−1 + Y ′

i ) − J ′(Y ′
i+1 + Y ′

i+2) = J ′(2Y
′

k) − J ′(2Y
′

k) = 0.

Therefore, if tk − tk−1 ≥ 3, the auxiliary variables Rj can be estimated by

|Rj| ≤ 1

2
(hk − ε)‖f‖
∞ε ((tk−1+1,tk−1)) (5.22)

+
1

2

(∣∣J ′(2Y
′

k) − J ′(Y
′

k + Y
′

k−1)
∣∣+

∣∣J ′(2Y
′

k) − J ′(Y
′

k+1 + Y
′

k)
∣∣).
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Similarly, if tk − tk−1 = 2, then

|Rj| ≤
1

2
(hk − ε)‖f‖
∞ε ((tk−1+1,tk−1)) +

1

2

∣∣J ′(Y
′

k+1 + Y
′

k) − J ′(Y
′

k + Y
′

k−1)
∣∣. (5.23)

If tk − tk−1 = 1, then obviously ηr,k = 0.

The first term in (5.22) and (5.23) is the same as the one we would have obtained

in the continuum theory, except that the factor hk − ε would have been simply hk.

The second term in (5.22) and (5.23) is a purely atomistic effect and highlights the

non-local interaction of the atoms. It represents a force at the interface between two

elements which has not been fully resolved by the QC approximation.

For the practical computation of the indicators ηr,k, the following proposition which

is a generalization of the above discussion is useful.

Proposition 5.4 Suppose that J(z) = 0 for z ≥ zc. If min(i − tk−1, tk − i) ≥ zc/Y
′

k ,

then E ′
i(Y ) = 0. In particular, we have

ηr,k ≤ (hk − ε)‖f‖
∞ε ((tk−1+1,tk−1)) +
∑

i∈{tk−1+1,...,tk−1}
min(i−tk−1,tk−i)<zc/Y

′
k

|E ′
i(Y )|.

Proof. Fix k ∈ {1, . . . , K}. If i ∈ {tk−1 + 1, . . . , tk − 1} then the derivative with

respect to the penalty term vanishes and therefore,

Φ′
i(Y ) =

i−1∑
j=0

J ′(ε−1(Yi − Yj)
)
−

N∑
j=i+1

J ′(ε−1(Yj − Yi)
)
− εfi.

Since Y is affine in the set {tk−1, . . . , tk}, we have Yi+j −Yi = Yi − Yi−j for j = 1, . . . , r

where r = min(i− tk−1, tk − i) and therefore

Φ′
i(Y ) =

i−r−1∑
j=0

J ′(ε−1(Yi − Yj)
)
−

N∑
j=i+r+1

J ′(ε−1(Yj − Yi)
)
− εfi.

For the remaining differences, we have ε−1|Yj−Yi| ≥ rY
′

k and hence J ′(ε−1|Yj−Yi|) = 0

if r ≥ zc/Y
′

k . �

5.2.2 Spectral analysis of E ′′

Having provided a computable estimate on the residual, the crucial missing ingredi-

ent for the implementation of an adaptive algorithm is a technique that allows us to

determine the inf-sup constant µ(Y ) of Φ′′. Instead, in a first step, we analyze the eigen-

values of E ′′. This analysis will be equally important in the practical implementation
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of the optimization algorithm (cf. §5.3.2) and will also show which situations we need

to focus on when discussing µ(Y ). Furthermore, in order to justify our formulation of

the PPA, we still need to investigate whether E is λ-convex.

For each y ∈ RN+1 let λ(y) be the smallest eigenvalue of E ′′(y) with respect to the

| · |w1,2
ε

-norm,

λ(y) = inf
u∈A0

|u|
w

1,2
ε

=1

E ′′(y; u, u).

Let D(E) be the convex open subset of RN+1 where E is finite, and hence twice

differentiable. Recall from Proposition 2.1 that E is λ-convex in D(E) with respect to

the | · |w1,2
ε

-norm if, and only if, there exists a constant λ ∈ R such that

λ(y) ≥ λ ∀y ∈ D(E). (5.24)

In the following lemma, we analyze the λ-convexity of E in three steps. We prove

(i) that E is indeed λ-convex for some λ = λN , but (ii) that λN → −∞ as N → ∞.

This seemingly bad result is however remedied in step (iii) which demonstrates that

the worst case only occurs in unphysical situations.

Lemma 5.5

(i) For each N there exists a constant CN such that

inf
y∈RN+1

E(y)<∞

λ(y) ≥ CN . (5.25)

(ii) For each N ∈ N there exists y(N) ∈ A such that E(y(N)) < ∞ and λ(y(N)) →
−∞.

(iii) For each z′ > 0, we have

sup
y∈RN+1

y′≥z′

sup
u∈RN+1

|u|
w

1,2
ε

=1

∣∣E ′′(y; u, u)
∣∣ ≤ ∞∑

r=1

r2 max
z≥rz′

|J ′′(z)|.

Proof. For statement (i) it is convenient to use the norm equivalence in finite dimen-

sions and consider ‖ · ‖
2-eigenvalues instead of | · |w1,2
ε

-eigenvalues. Fix a deformation

y ∈ RN+1 at which E ′′(y) exists. For each u ∈ A0, we have

E ′′(y; u, u) =

N−1∑
n=1

N−1∑
m=1

E ′′
nm(y)unum, where

E ′′
nm(y) =

{
ε−1

∑
i�=n J

′′(ε−1|yi − yn|
)
, if n = m,

−ε−1J ′′(ε−1|yn − ym|
)
, if n �= m.
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By Gershgorin’s theorem, for each eigenvalue λ of the matrix (E ′′
nm(y))N−1

n,m=1 there exists

an n such that

|E ′′
nn(y) − λ| ≤

∑
m�=n

|E ′′
nm(y)|,

and hence

λ ≥ E ′′
nn(y) −

∑
m�=n

|E ′′
nm(y)|

≥ ε−1
∑
m�=n

[
J ′′(ε−1|yn − ym|

)
−
∣∣J ′′(ε−1|yn − ym|

)∣∣]

≥
∑
m�=n

2ε−1 min
(
0, J ′′(ε−1|yn − ym|)

)
≥ 2ε−2 min

z≥z0

J ′′(z).

This concludes the proof of item (i).

Since part (ii) is a statement about the limit as N → ∞, we can assume without

loss of generality that N is arbitrarily large. Let z′′ > zt be the point where J ′′ is

minimal. Since we assumed that J ′′(zt) = 0 and J ′′(zm) > 0 such a point exists and

J ′′(z′′) < 0. Fix δ > 0 such that J ′′(z) ≤ J ′′(z′′)/2 for all z ∈ [z′′ − δ, z′′ + δ]. We

construct a deformation for which ‘many’ interactions are in the interval [z′′−δ, z′′ +δ].
To this end, let y′i = zm for i = 1, . . . , i1 where i1 is maximal such that

i1∑
i=1

εy′i ≤ z′′ − δ.

Furthermore, let y′i1+1 be such that

i1+1∑
i=1

εy′i = z′′ − δ.

Note that the value i1 is independent of ε. For i = i1 + 2, . . . , N − 1, let y′i = 2δ/N

so that ε−1(yi − y0) ∈ [z′′ − δ, z′′ + δ] for i = i1 + 1, . . . , N − 1. Finally let y′N be an

arbitrary value so that a prescribed boundary displacement is satisfied. Upon choosing

N sufficiently large, y′N may be assumed to be greater than or equal to the cut-off

radius zc.

Next, let the test function u be such that u′1 = 1√
2
ε−1/2 and u′N = − 1√

2
ε−1/2, then

|u|w1,2
ε

= 1 and

E ′′(y; u, u) = εF ′′
11(y)(u

′
1)

2 + εF ′′
NN(y)(u′N)2 + 2εF ′′

1N(y)u′1u
′
N

= 1
2

(
F ′′

11(y) + F ′′
NN (y) − 2F ′′

1N(y)
)
.
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Each of these terms can be easily bounded as follows:

F ′′
11(y) =

N∑
i=1

J ′′(ε−1(yi − y0)
)
≤ Const. + (N − i1 − 2)J ′′(z′′)/2,

F ′′
NN(y) =

N−1∑
i=0

J ′′(ε−1(yN − yi)
)

= 0, and

F ′′
1N(y) = J ′′(ε−1(yN − y0)

)
= 0.

Consequently, E ′′(y; u, u) ≤ c(1−N), when N is sufficiently large, which tends to −∞
as N → ∞.

Finally, to prove item (iii) we estimate

|E ′′(y; u, u)| ≤
N∑

i=1

N∑
j=1

ε|F ′′
ij(y)||u′i||u′j|

≤ ‖F ′′‖ |u|2
w1,2

ε
,

where ‖F ′′‖ denotes the �2-operator norm of the matrix F ′′ = (F ′′
ij(y))

N
i,j=1. ‖F ′′‖ is the

largest eigenvalue (in magnitude) of F ′′ for which, by Gershgorin’s Theorem,

max
j=1,...,N

N∑
i=1

|F ′′
ij|

is an upper bound

Using similar computations as for the determination of ρ2 and ρ3 in §4.3.1, this

value can be bounded by

N∑
i=1

|F ′′
ij| ≤

∞∑
r=1

r2 max
z≥rz′

|J ′′(z)|. �

The knowledge of eigenvalues is only important for the numerical optimization algo-

rithm. Since our analysis is set in the w1,∞
ε topology, they do not enter the error

estimate. However, we wish to note one important situation where the discrepancy of

the eigenvalues of E ′′ restricted to A0(T ) and those of E ′′ in A0 is considerable, namely,

when a deformation gradient in an element {tk−1, . . . , tk} of length strictly greater than

one enters the non-convex region. In this case it is possible that E ′′ has only positive

eigenvalues in A0(T ) but several negative or zero eigenvalues in A0. Thus, we may

seriously underestimate the possible decrease of energy by local minimization.

Consider for example the case of fracture of a large element. An optimization

algorithm would happily accept this state as a local minimum, unless it is somehow
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able to recognize along the way that a direction of energy-decay was missed by the QC

space. After the fracture has been created, refinement of the element does not help

since the gradient may already have entered the cut-off region. These situations need

to be detected, either by the adaptive procedure, or through a user-defined mesh.

More generally, we prove that any atomistic state with more than one fracture (for

example across one large element, or in two different places) cannot be stable.

Proposition 5.6 If y ∈ RN+1 with y′p ≥ zt and y′q ≥ zt, where p < q ∈ {1, . . . , N},
then λ(y) ≤ 0. If y′p or y′q is strictly greater than but sufficiently close to zt then

λ(y) < 0.

Proof. We perturb y with the displacement u given by

u′i =




−ε−1/2, if i = p,
ε−1/2, if i = q, and
0, otherwise.

Then, |u|2
w1,2

ε
= 2 and

E ′′(y; u, u) = F ′′
pp + F ′′

qq − 2F ′′
pq

=

N∑
i=p

p∑
j=1

J ′′(ε−1(yi − yj−1)
)

+

N∑
i=q

q∑
j=1

J ′′(ε−1(yi − yj−1)
)

−2

N∑
i=q

p∑
j=1

J ′′(ε−1(yi − yj−1)
)

=

p−1∑
i=q

q∑
j=1

J ′′(ε−1(yi − yj−1)
)

+

N∑
i=q

p∑
j=q+1

J ′′(ε−1(yi − yj−1)
)
.

Since y′p, y
′
q ≥ zt it follows that J ′′(ε−1(yi − yj−1)) ≤ 0 for all i and j appearing in the

last two sums. If either y′p or y′q is not too large then this expression is negative. Hence

the result follows. �

The proof of Proposition 5.6 reveals, in fact, that negative eigenvalues undetected

by the QC method can occur even when Y
′

k is less than (but sufficiently close to)

zt. Furthermore, it shows that for full-range interactions (without cut-off potential)

we always have a negative eigenvalue if two or more fractures are present. Thus, we

should rule out such cases from the class of stable configurations.
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5.2.3 Estimation of the inf-sup constant

Our analysis in Chapter 4 showed that the inf-sup constants with respect to the | · |w1,p
ε

-

norms (p = 1,∞) can be computed using the diagonal dominance of the Hessian

matrices (F ′′
nm). Clearly, we do not wish to compute the entire matrix Φ′′. In the

following discussion we will provide an efficient way to compute the inf-sup constant

which is heavily based on our analysis in Chapter 4. While our analysis is not suffi-

ciently general to cover all possible types of solutions, we believe that it is sufficient

for most purposes. We shall demonstrate this in §5.3.

Recall from §4.3.1 that the inf-sup constant for E ′′(Y ) can be bounded below by

min
u∈A0

|u|
w

1,∞
ε

=1

max
v∈A0

|v|
w

1,1
ε

=1

E ′′(Y ; u, v) ≥ min
n=1,...,N

1

2

(
F ′′

nn(Y ) −
∑
n �=m

|F ′′
nm(Y )|

)
.

This was obtained by testing with v given by

v′i =




1
2
ε−1, if i = p

−1
2
ε−1, if i = q

0, otherwise,

where p, q ∈ {1, . . . , N} such that u′p = maxu′i and u′q = min u′i. Recall also that

u ∈ A0 and hence u′j must change sign. This makes it clear that adding γId to the

matrix (F ′′
nm(Y ))N

n,m=1 corresponds to simply adding 1
2
γ to the estimate.

We recall from §4.3.1, where the same computation was performed, that we can

rewrite the stability factor as

γ + F ′′
nn −

∑
m�=n

|F ′′
nm| ≥ γ + J ′′(y′n) −

N∑
i=n

n−1∑
j=1

∣∣J ′′(ε−1(yi − yj−1)
)∣∣

−
n−1∑
m=1

N∑
i=n

m∑
j=1

∣∣J ′′(ε−1(yi − yj−1)
)∣∣− N∑

m=n+1

N∑
i=m

n∑
j=1

∣∣J ′′(ε−1(yi − yj−1)
)∣∣.

Upon setting z′ = mini=1,...,N and

J ′′(r) = max
z≥rz′

|J ′′(z)|

we obtain the bound

γ + F ′′
nn −

∑
m�=n

|F ′′
nm| ≥ γ + J ′′(y′n) −

∞∑
r=2

r2J ′′(r),

which concludes the proof of Theorem 5.3 (a). Since J ′′(z) ≤ 0, this seemingly gross

simplification is more-or-less sharp if z′ ≥ zt/2.
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Remarks. 1. It is important to note that ρ∞ is in fact very simple to compute

efficiently. If z′ is not very close to zero then the calculation of ρ∞ only involves the

computation of a relatively small finite sum. �
2. Although in the computations in §5.3.6 it was not necessary, it may in general

be advantageous not to estimate mini y
′
i globally but only locally. This could be crucial

when mini y
′
i is significantly smaller than maxi y

′
i, for example, if maxi y

′
i is close to zt

but mini y
′
i ≤ zm. �

Corollary 5.7 For every z′ > 0 there exists γ0 ≥ 0 such that, for all γ ≥ γ0, and for

all y ∈ RN+1 with y′ ≥ z′, Φ′′(y) has a positive inf-sup constant. Furthermore, as γ

tends to infinity, so does the inf-sup constant.

Consider the situation where the solution y has a fracture. In this case, we have no

hope of ever obtaining a reasonable bound for the inf-sup constant of E ′′(y) without

regularization. In this case, we may replace the w1,∞
ε -norm by the w1,∞

ε,f -norm which

we used in the analysis of fracture in §4.4. If γ = 0 then we can obtain (5.15) by the

same computations as in §4.4.1. We only note that for y′ξ ≥ zc the term ρ2,f(zf , z1),

defined in §4.4.1, vanishes and thus (5.15) follows immediately from Theorem 4.8. In

general, however, we have to be more careful.

Let y ∈ A with y′ξ ≥ zc. Let u ∈ A0 and define P = {i : u′i > 0} and Q = {i :

u′i < 0}. Without loss of generality, we assume that u′p = |u|w1,∞
ε,f

for some p ∈ P .

We distinguish two cases. If u′ξ ≤ 0, we proceed as in §4.4.1, setting v′p = 1
2
ε−1 and

v′ξ = −1
2
ε−1 to obtain

Φ′′(y; u, v) ≥ 1

2

(
γ + F ′′

pp(y) −
∑
n∈Q

∣∣F ′′
nξ(y)

∣∣)|u|w1,∞
ε,f

+
1

2
γ|u′ξ|,

which, using the fact that all interactions across the crack vanish, leads to (5.15). The

extra term 1
2
γ|u′ξ| is simply neglected.

On the other hand, if u′ξ > 0 then there exists q ∈ Q such that y′q is minimal. In

this case, we proceed as in the case without fracture and note that the term u′ξ appears

nowhere in the calculation since v′ξ = 0 and J ′′(ε−1(yi − yj−1)) = 0 whenever i ≥ ξ and

j ≤ ξ. This concludes the proof of Theorem 5.3.

Finally, we formulate a result that will help us to determine the balls Bf (Y,R) =

{y ∈ A : |y − Y |w1,∞
ε,f

≤ R}. In particular, since we can only compute the inf-sup

constant with respect to | · |w1,∞
ε,f

if y′ξ ≥ zc, we need to determine under what conditions

all elements y ∈ Bf (Y,R) satisfy this property.
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Proposition 5.8 Let Y ∈ A with Y ′
ξ > zc; then,

y′ξ ≥ zc ∀y ∈ Bf

(
Y, ε(Y ′

ξ − zc)
)
.

Proof. For y ∈ Bf (Y,R) we have

y′ξ = ε−1
(
yD

N −
∑
i�=ξ

εy′i
)

= ε−1
(
yD

N −
∑
i�=ξ

εY ′
i +

∑
i�=ξ

(Y ′
i − y′i)

)
≥ Y ′

ξ −NR.

Hence, for R ≤ ε(Y ′
ξ − zc) the required property holds. �

5.3 Implementation and Numerical Examples

5.3.1 Implementation of the basic PPA

We begin by describing the implementation of a general PPA without an adaptive

procedure. Let φ : RN → (−∞,+∞] be twice continuously differentiable in its domain

of definition D(φ) and let φ′′ be locally Lipschitz continuous. Furthermore, let ‖ · ‖
be a euclidean semi-norm on RN with respect to which φ is λ-convex. Let (·, ·) be the

symmetric bilinear form associated with ‖ · ‖. Abusing notation, we define the dual

norm of a linear functional f by ‖f‖∗ = sup‖u‖=1 f(u).

Suppose we are given an initial guess y(0) and penalty parameters γ
 ≥ 0. The �th

step of the PPA is to find a solution to the problem

γ
(y − y(
−1), u) + φ′(y; u) = 0 ∀u ∈ RN . (5.26)

The efficiency of the method will depend on how well the norm ‖ · ‖ is chosen for the

particular functional φ.

In order to guarantee that a local solution of the �th step (5.26) has lower energy

than the previous iterate, we should try to guarantee that (5.26) is a locally convex

problem. A necessary condition for this is that the parameter γ
 is at least as large as

−λ(y(
−1)), where λ(y) is the algebraically smallest (generalized) eigenvalue of φ′′(y),

i.e.,

λ(y) = min
u∈RN

‖u‖=1

φ′′(y; u, u).

More generally, we define a local curvature estimate λ
 which is initially set to λ(y(
−1))

but may be adjusted during the computation of the �th step. In addition, we define a
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non-negative parameter POSFAC which is updated during the computation and can be

interpreted as a measure for the change of curvature of the problem. The initial guess

and the updating procedure will be discussed in the following paragraphs. We set

γ
 = max
(
POSFAC − λ
, 0

)
.

This allows the algorithm to reduce to a direct solution (Newton’s method) whenever

λ
 > POSFAC. If λ(y(0)) > 0 then we initialize POSFAC to λ(y(0))/2 so that the PPA

reduces to Newton’s method whenever possible. Otherwise, POSFAC is initialized to an

arbitrary positive number.

The nonlinear equation (5.26) is solved using Newton’s method with the residual

termination criterion ‖Φ′

‖∗ ≤ NEWTON TOL where NEWTON TOL is a positive predefined

parameter. If γ
 tends to infinity then the problem becomes essentially quadratic in

the limit and hence Newton’s method should terminate in a single step. This is made

precise in Proposition 5.11. We therefore define three further parameters MAXIT, HIGHIT

and LOWIT. If the number of Newton iterations required to solve (5.26) is larger than

MAXIT, we repeat the step with an increased value of γ
. This is achieved by multiplying

POSFAC by a constant predefined factor POSFAC INC. If Newton’s method terminates

in at most MAXIT iterations then the step is accepted. If the number of iterations is

at least HIGHIT, we increase POSFAC for the next step. If the number of iterations is

less than LOWIT then the number of iterations is decreased by multiplying POSFAC by

a constant, the predefined factor POSFAC DEC.

Finally, we monitor the local curvature during the Newton iteration. Suppose that

Y 〈s〉 is the sth iteration of Newton’s method for solving (5.26). If γ
 + λ(Y 〈s〉) ≤ 0 we

interrupt the Newton iteration and repeat the PPA step with an updated curvature

value λ
 = λ(Y 〈s〉).

The algorithm described so far was sufficient in practise to achieve that each step

of the PPA decreases the energy. However, in principle, this may fail. We therefore

implement another test to see whether Φ
(y
(
)) ≤ Φ
(y

(
−1)) at the �th step, and reject

it and increase POSFAC if this is not the case.

The PPA terminates if either ‖y(
) − y(
−1)‖ ≤ STEPTOL or if ‖φ′(y(
))‖∗ ≤ RESTOL.

The parameter values that were used in all non-adaptive computations are

MAXIT = 20, LOWIT = 5, HIGHIT = 12,

POSFAC INC = 4, POSFAC DEC = 1/4,

STEPTOL = 0.0, RESTOL = 10−8, NEWTON TOL = 10−8.
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5.3.2 Convergence analysis

Despite the complexity of the heuristics used in the formulation of the PPA it is possible

to give a fairly complete convergence theory. We first show that each step of the PPA

is well defined. Based on the properties required for the termination of each PPA step,

we prove that any accumulation point of the sequence of iterates satisfies a certain

residual bound. Finally, we show that if the Hessian at an accumulation point is

positive definite then the algorithm terminates after finitely many steps.

Proposition 5.9 Let ‖ · ‖ be a Euclidean norm on RN with respect to which φ is λ-

convex and three times continuously differentiable. Then, for each y(
−1) ∈ RN there

exists γ ≥ 0, depending only on ‖φ′‖∗, ‖φ′′‖ and Lip(φ′′) in a neighbourhood of y(
−1),

such that, for γ
 ≥ γ,

(i) Newton’s method for (5.26) terminates in a single iteration, and

(ii) Φ(Y 〈1〉) ≤ Φ(y(
−1)).

Proof. Let M ∈ RN×N be the positive definite matrix defining the inner product

(·, ·) associated with the norm ‖·‖. Upon dividing (5.26) by γ
, we obtain the equivalent

equation

F (y) = M(y − y(
−1)) + γ−1

 φ′(y(
)) = 0. (5.27)

Fix R > 0 such that B(y(
−1), R) ⊂ D(φ) and let

M1 = sup
y∈B(y(�−1) ,R)

‖φ′(y)‖∗, M2 = sup
y∈B(y(�−1),R)

sup
u∈RN

‖u‖=1

φ′′(y; u, u),

and let L be the Lipschitz constant of φ′′ in B(y(
−1), R).

It follows that F ′ is Lipschitz continuous in B(y(
−1), R) with Lipschitz constant

L/γ
. Furthermore, as γ
 → ∞, the inf-sup constant of F ′(y(
−1)), i.e., the smallest

eigenvalue with respect to the norm ‖ · ‖ tends to one. Hence, by Theorem 3.3, for

γ
 ≥ γ̄1 = γ̄1(L,M1) there exists a solution y ∈ B(y(
−1), R) satisfying F (y) = 0 or

equivalently (5.26).

The first iteration of Newton’s method, denoted by Y , is given by

[
γ
M + φ′′(y(
−1))

]
(Y − y(
−1)) = −φ′(y(
−1)). (5.28)

Multiplying by (Y − y(
−1)), we obtain

(γ
 + λ)‖Y − y(
−1)‖2 ≤ ‖φ′(y(
−1))‖∗‖Y − y(
−1)‖ (5.29)
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and hence, for γ
 ≥ γ̄2 = γ̄2(M1), Y ∈ B(U,R). If we denote H =
∫ 1

0
φ′′(y(
−1) + τ(y −

y(
−1))) dτ , then by Taylor’s Theorem (cf. also the proof of Theorem 3.3) y satisfies

(γ
M +H)(y − y(
−1)) = −φ′(y(
−1)). (5.30)

Subtracting (5.30) from (5.28), we obtain

(γ
M + φ′′(y(
−1)))(Y − y) = (φ′′(y(
−1)) −H)(y − y(
−1)), (5.31)

which implies

(γ
 + λ)‖Y − y‖ ≤ 1
2
L‖y − y(
−1)‖2.

Using (5.30) it follows that ‖y − y(
−1)‖ ≤ ‖φ′(y(
−1))‖∗/(γ
 + λ) and hence

‖Y − y‖ ≤ 1
2
LM2

1 /(γ
 + λ)3.

For Φ′

(Y ), this gives the estimate

‖Φ′

(Y )‖∗ = ‖Φ′


(Y ) − Φ′

(y)‖∗ ≤ (γ
 +M2) ‖Y − y‖ ≤ C(L,M1)

γ
 +M2

(γ
 + λ)3
.

Hence, for sufficiently large γ
 ≥ γ̄3 = γ̄3(M1,M2, L), the termination criterion ‖Φ′

(Y )‖∗ ≤

NEWTON TOL is satisfied.

Finally, to show that Φ
(Y ) ≤ Φ
(y
(
−1)) we test (5.28) with Y − y(
−1), giving

(γ
 + λ)‖Y − y(
−1)‖2 ≤ −φ′(y(
−1);Y − y(
−1)),

which we use to obtain

Φ(Y ) = Φ(y(
−1)) + Φ′(y(
−1);Y − y(
−1)) + 1
2
Φ′′(θ;Y − y(
−1), Y − y(
−1))

= Φ(y(
−1)) − 1
2
Φ′′(y(
−1);Y − y(
−1), Y − y(
−1))

+1
2

[
Φ′′(θ;Y − y(
−1), Y − y(
−1)) − Φ′′(y(
−1);Y − y(
−1), Y − y(
−1))

]
≤ Φ(y(
−1)) − 1

2
(γ
 + λ)‖Y − y(
−1)‖2 + L ‖Y − y(
−1)‖3,

Thus, given the bound (5.29) we have for ‖Y −y
−1‖, for γ
 ≥ γ̄4 = γ̄4(M1, L) it follows

that Φ(Y ) ≤ Φ(y(
−1)).

Setting γ̄ = max{γ̄i : i = 1, . . . , 4} proves the desired result. �

Proposition 5.9 shows that, if POSFAC is initially set to a positive value and if POSFAC INC >

1, then the formulation of the PPA presented in §5.3.1 defines a sequence (y(
))∞
=0 for

which φ(y(
)) ≤ φ(y(
−1)) − 1
2
γ
‖y(
) − y(
−1)‖2 and ‖Φ′


(y
(
))‖∗ ≤ NEWTON TOL.

The following corollary establishes some asymptotic convergence of the PPA.



5. A POSTERIORI ANALYSIS AND ADAPTIVE ALGORITHMS 123

Corollary 5.10 Let ‖ · ‖ be a Euclidean norm in RN , and φ : RN → (−∞,+∞] be

λ-convex with respect to ‖ · ‖. Suppose that φ is three times continuously differentiable

and that φ′′ is Lipschitz continuous in level sets of φ.

Let (y(
))∞
=0 be the sequence of the PPA described in §5.3.1. If ‖y(
)‖ is bounded

then

‖φ′(y(
))‖∗ ≤ NEWTON TOL + r
,

where r
 → 0 as �→ ∞.

Proof. Since the sequence (y(
))
∈N is bounded, the constant γ̄ in Theorem 5.9 can

be chosen uniformly for all � and hence γ
 ≤ γ̄ for all �.

Suppose, for contradiction, that γ
‖y(
) − y(
−1)‖ does not converge to zero. Since

γ
 is bounded above, there exists a subsequence �j ↑ ∞ such that

‖y(
j) − y(
j−1)‖ ≥ δ > 0 ∀j ∈ N.

Furthermore, since y(
) is bounded, γ
 must be bounded below by a constant γ > 0.

From the definition of the PPA and Proposition 5.9 (ii) it follows that

φ(y(
j)) ≤ φ(y(
j−1)) − 1

2
γδ2

which implies that φ(y(
)) ↓ −∞ and contradicts the fact (cf. Lemma 2.2) that φ is

bounded below on bounded sets. Thus, we conclude that

γ
‖y(
) − y(
−1)‖ → 0 as �→ ∞, (5.32)

which immediately implies the required statement. �

An important feature of the PPA is that, if POSFAC ≤ λ
 then γ
 = 0, i.e., it is possible

that the PPA reduces to Newton’s method. This situation should occur whenever the

iteration enters the basin of attraction of a critical point at which the Hessian is positive

definite. With this result, we conclude our analysis of the PPA.

Proposition 5.11 Let φ satisfy the conditions of Theorem 5.10 and let LOWIT ≥ 1

and POSFAC DEC < 1. Let y∗ ∈ RN be a critical point of φ such that φ′′(y∗) is positive

definite. Then, there exists an R > 0 such that, if for some �0, y
(
0) ∈ B(y∗, R), then

y(
) ∈ B(y∗, R) for all � ≥ �0. Furthermore there exists �1 ≥ �0 such that for � ≥ �1,

γ
 = 0. For � ≥ �1, y
(
) converges to y∗ q-quadratically.
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Proof. Since φ′′(y∗) is positive definite, there exists R0 > 0 such that φ′′(y) ≥ λ0 > 0

for all y ∈ B(y∗, R0).

We prove that for y(
−1) sufficiently close to y∗, Newton’s method for (5.26) termi-

nates in a single step, regardless of the value of γ
. Let R1 ≤ R0 be sufficiently small

so that ‖φ′(y)‖∗ ≤ λ0/L, for all y ∈ B(y∗, R1), where L is the Lipschitz constant of φ′′

in B(y∗, R0). Let Y = Y 〈1〉 be the first iteration of Newton’s method for (5.26), i.e.,

Φ′′

 (y

(
−1))(Y − y(
−1)) = −φ′(y(
−1)).

Using φ′(y∗) = 0 we obtain, for some θ ∈ conv{y∗, y(
−1)},

Φ′′

 (y

(
−1))(Y − y∗) = −Φ′′

 (y

(
−1))(y∗ − y(
−1)) + φ′(y∗) − φ′(y(
−1))

= −γ
M(y∗ − y(
−1)) + (φ′′(θ) − φ′′(y(
−1)))(y∗ − y(
−1)).

It thus follows that

(γ
 + λ0)‖Y − y∗‖ ≤ γ
‖y∗ − y(
−1)‖ + L‖y∗ − y(
−1)‖2.

For ‖y(
−1) − y∗‖ ≤ λ0/L we therefore have

‖Y − y∗‖ ≤ ‖y(
−1) − y∗‖. (5.33)

To estimate Φ′

(Y ), consider

Φ′

(Y ) = φ′


(y
(
−1)) + Φ′′


 (θ)(Y − y(
−1))

= φ′

(y

(
−1)) + Φ′′

 (y

(
−1))(Y − y(
−1)) +
[
Φ′′


 (θ) − Φ′′

 (y

(
−1))
]
(Y − y(
−1))

=
[
Φ′′


 (θ) − Φ′′

 (y

(
−1))
]
(Y − y(
−1)),

which implies

‖Φ′

(Y )‖∗ ≤ L‖Y − y(
−1)‖2. (5.34)

Thus, if R1 is chosen sufficiently small (depending only on the Lipschitz constant L)

then ‖Φ′

(Y )‖∗ ≤ NEWTON TOL.

Since POSFAC DEC < 1, POSFAC is decreased by a constant factor. Hence, after

finitely many steps, POSFAC ≤ λ0. Since Newton’s iteration terminates after the first

step which always remains in B(y∗, R1) it follows that λ
 ≥ λ0 for all � ≥ �0 and hence

γ
 = 0 for all sufficiently large �.

For � ≥ �1, each step of the PPA is precisely one iteration of Newton’s method.

Hence, by (5.34), y(
) converges to y∗ q-quadratically; cf. also [88, Theorem 5.3.2]. �
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5.3.3 PPA versus Optimization Toolbox

We compare the implementation of the PPA to the large-scale trust region method

(the command fminunc with appropriate set of parameters) of Matlab’s optimization

toolbox. Our benchmark is a QC model problem, φ(Y ) = E(Y ) − 〈Y, f〉T and ‖ · ‖ =

| · |w1,2
ε

, defined as follows.

First we determine a stress-free reference state by (approximately) solving E ′(ŷ) = 0

with a Dirichlet condition on only the left-hand end of the domain. The atomistic

potential is the Morse potential with α = 5.0 and cut-off radius zc = 2.7. We define

the applied body-force by

fi =

{
0.03, if i ≥ ξ
−0.03, if i < ξ.

This non-smooth body-force creates a stress intensifier between the two atoms at sites

ξ−1 and ξ which is where we should physically expect fracture to occur. The constant

0.03 is rather arbitrary. It is sufficiently small so that the body-force does not dominate

the equation but sufficiently large so that the QC method should be able to find the

correct fracture. The QC mesh, with roughly 50 nodes, is constructed such that nodes

are clustered with full atomistic resolution at both ends of the atomistic domain as

well as around ξ, and scaled smoothly in between.

We then successively solve for Y (t) satisfying E ′(Y (t)) = f subject to the boundary

conditions Y0(t) = 0 and YN(t) = ŷN + t, for

t = 0.0, 0.025, 0.05, 0.075, 0.1, 0.115, 0.1215, 0.1245, 0.1257, 0.15. (5.35)

The initial condition for each step is obtained by adding an affine function to the

previously obtained equilibrium and so that it satisfies the new boundary condition.

Since the two methods, the PPA and the trust region method, are very different both

in terms of their design and implementation it is hard to compare them directly. For

example, our PPA uses a direct method to solve the linear systems while fminunc uses

a conjugate gradient method. Furthermore, there are no provisions in fminunc to take

the specific structure of the energy functional into account, which we have done with

our choice of penalization norm | · |w1,2
ε

. All we can offer therefore are rough qualitative

remarks that are intended to demonstrate the efficiency of our PPA, specifically for the

QC method.

Table 5.1 summarizes some results which highlight the performance of the two

algorithms. For the first 8 quasistatic steps, the two methods perform very similarly.

Essentially, both reduce to a Newton method. Note that while each iteration of the
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PPA Opt. Toolbox
q.s. step iterations linear systems iterations CG iterations

1 1 1 0 0
2 1 3 2 17
3 1 3 2 19
4 1 3 2 19
5 1 3 3 29
6 1 3 3 31
7 1 4 3 31
8 1 4 3 33
9 42 203 – –

10 1 5 19 475

Table 5.1: Iteration count and linear system count for the proximal point algorithm
and Matlab’s trust region method fminunc.

PPA is an application of Newton’s method, each iteration of the trust region method

is only one iteration of Newton’s method.

The two methods only start to differ significantly in the presence of defects. In

step 9, when the fracture forms, the trust region method fminunc failed to converge

in 104 steps while the PPA converged in well under 100 iterations. While we had

expected that our PPA would perform much better in the formation of the defect —

it is after all designed specifically for this purpose — we are somewhat puzzled by the

bad performance of fminunc. It is perhaps even more surprising that fminunc fails to

recognise that, for the final step, a simple Newton iteration is again sufficient.

The performance of the PPA does not deteriorate as N becomes larger. For N =

104, the step 9 required 37 iterations and 175 linear systems, for N = 105 it required

43 iterations and the solution of 161 linear systems. However, while for N = 103 the

fracture index was close to ξ (depending on the specific choice of parameters between ξ

and ξ + 3), for N = 105 the algorithm computed an unphysical fracture at an element

larger than the atomic spacing. Problems such as this can be solved by adding an

adaptive procedure to the optimization algorithm.

As a final verdict on the performance of our PPA, we would have to test it on a

greater variety of benchmark problems and compare it to more advanced optimization

packages, such as TRON [58], GALAHAD [52] or KNITRO [25]. We have obtained

some evidence though that our optimization method can achieve good performance for

the highly non-convex optimization problems occurring in the QC method.
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5.3.4 Adaptivity in the PPA

We now add an adaptive procedure into the innermost loop of the PPA, the solution of

the equation (5.26), applied to the QC method. A flowchart of the resulting adaptive

PPA which is detailed in the following paragraphs is shown in Figure 5.1.

Suppose that we are given an initial condition Y (0) ∈ A (T (0)) and suppose fur-

thermore, that we have already computed the (�− 1)th step Y (
−1) ∈ A (T (
−1)). To

compute Y (
) we choose a mesh T (
), initially set to T (
) = T (
−1), and solve

Φ̃′

(Y ;U) = 0 ∀U ∈ A0(T ). (5.36)

We solve this equation by the procedure described in §5.3.1. We also compute the

eigenvalues of E ′′ in A0(T ) in order to obtain the curvature parameters λ
. This is

motivated by the fact that the solution of (5.36) only depends on the QC eigenvalues

but not on the eigenvalues of the full atomistic problem. Our only modification is to

define a new non-negative parameter POSFAC A,

POSFAC A = −min
(
0, min

i=1,...,N
J ′′(y′i) − ρ∞(min

i
y′i)

)
, (5.37)

and redefine

γ
 = max
(
0, POSFAC + POSFAC A− λ


)
,

which allows additional control on the penalization. In particular, it guarantees that

the penalization does not tend to zero and we thus avoid an overrefinement of the mesh

before the current iterate has entered a region of coercivity. The definition (5.37) is

used when the error is measured in the | · |w1,∞
ε

-semi-norm while we use

POSFAC A = −min
(
0,min

i�=ξ
J ′′(y′i) − ρ∞(min

i
y′i)

)
instead if the error is measured in the | · |w1,∞

ε,f
-semi-norm. As it turned out, the adaptive

version of the PPA was less well able to cope with a large number of Newton iterations

which create small penalty terms γ
 which in turn require a much more refined mesh.

By changing the parameters to

LOWIT = 3, HIGHIT = 5, MAXIT = 10,

the performance did not deteriorate significantly while the mesh size was stabilized.

Suppose now that (5.36) has a QC solution Ỹ that was accepted by the PPA. We

estimate the error committed and, if necessary, refine the mesh and repeat the step.

To this end, we compute the residual bound η = η(Ỹ ), using Theorem 5.2 and

Proposition 5.4. These values are passed to a search algorithm which tries to find
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                 START
Initialize Parameters

                              NEWTON'S METHOD

Apply Newton's method to:

Terminate if:
  (i) Maximum number of iterations is reached, or
 (ii) Negative curvature for    occured, or
(iii) Residual below tolerance
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Figure 5.1: Flow-chart of the adaptive proximal point algorithm which is described in
Sections 5.3.1, 5.3.2, 5.3.3 and 5.3.4.
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optimal radii (if they exist) R and Rf such that η/µ ≤ R and η/µf ≤ Rf where µ

and µf are the respective inf-sup constants in B(Ỹ , R) and Bf (Ỹ , Rf) with respect

to the norms | · |w1,∞
ε

and | · |w1,∞
ε,f

. These constants can be computed using Theorem

5.3. In order to determine admissible radii Rf , we use Proposition 5.8. The following

situations can now occur.

1. If no radius Rf exists such that η ≤ µfRf , then we use the | · |w1,∞
ε

-norm in the

analysis:

1.1 There exists R such that η/µ ≤ R: Find R for which this holds and for

which µ is maximal. Use η/µ ≤ TOL as a refinement criterion. If η/µ ≤ TOL

set Y (
) = Ỹ and increase � by one to continue the PPA. Otherwise, use the

refinement criterion to obtain a new mesh T
 and repeat the step.

1.2 There exists no R for which η/µ ≤ R: Find R such that µR is maximal and

use η ≤ µR as a refinement criterion to obtain a new mesh T
 with which

to repeat the �th PPA step.

1.3 There exists no R > 0 such that µ > 0: Recompute POSFAC A with the new

stability estimate and repeat the �th PPA step.

2. If there exists a radius Rf ≤ Ỹ ′
ξ − zc such that η ≤ µfRf , then we use the

| · |w1,∞
ε,f

-norm in the analysis: Take η/µf ≤ TOL as a refinement criterion. If it

is satisfied, set Y (
) = Ỹ and increase � by one to continue the PPA. Otherwise,

compute a new mesh T
 and repeat the �th PPA step.

5.3.5 Mesh coarsening

Ideally, an adaptive finite element method should have the capability to refine as well

as coarsen a mesh. Translated to our context, a typical criterion to mark an element

for coarsening would be

ηk/µ ≤ q × min(TOL, R),

where q ∈ (0, 1). This is based on the assumption that, say, doubling the size of

an element should increase the residual roughly by a factor of two. However, in our

atomistic problems we have no such property. This can best be seen by considering a

fractured element which, as we discussed, must have length one and hence the residual

in this element vanishes. Such an element would always be marked for coarsening.

Because of this (and similar) difficulties a rigorous analysis of the coarsening procedure

is difficult and only a heuristic idea is presented which seems to work well in practice.
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We define a pseudo-residual η̃k which measures the residual in the kth element as

if it were a large element. To this end, we recall from the discussion in §5.2.1 that

most of the time only nearest and next-nearest neighbour interactions contribute to

the energy. More generally, it is reasonable to assume that the residual contribution

from long-range interactions can simply be neglected. Thus, we define

η̃k = hk‖f‖
∞ε ((tk−1,tk)) +
∣∣J ′(2Y

′
k) − J ′(Y

′
k + Y

′
k−1)

∣∣+
∣∣J ′(2Y

′
k) − J ′(Y

′
k+1 + Y

′
k)
∣∣

with a suitable modification for boundary elements, and choose the coarsening criterion

η̃k/µ ≤ q × min(TOL, R)

in Case 1. of §5.3.4, and

η̃k/µf ≤ q × min(TOL, Rf),

in the Case 2. of §5.3.4. In our computations, we chose q = 1/4.

As a second criterion, we require that the interpolation error committed during

coarsening is less than a specified tolerance, which should be a fraction of the tolerance

TOL.

The coarsening is performed at the same time as the error estimation and mesh

refinement.

5.3.6 Numerical example

We use the benchmark example from §5.3.3 to test our adaptive implementation. In

the very first step of the quasistatic evolution the user has to supply an initial condition

in the form of a QC mesh and the nodal values. This initial mesh has to be chosen so

that the summation error term ηs
k in the residual can be neglected and does not have

to be computed in the adaptive procedure. Consequently, we have also implemented a

further safeguard in the coarsening procedure, preventing it to remove any nodes which

are present in the original mesh.

For our particular example, it is sufficient to choose T = {0, ξ − 1, ξ, N} as the

initial mesh. The benchmark example is run with N ∈ {103, 104, 105, 106} and TOL ∈
{10−2, 10−3}. The performance of the adaptive PPA is described in Table 5.2 and

Figures 5.2 – 5.4 and in the following discussion.

In Table 5.2 we notice immediately that that number of iterations of the PPA

seems to be roughly independent of both the tolerance level and the number of atoms.

The higher number of PPA iterations at the 7th and 8th step were caused by the
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N = 103 N = 104 N = 105 N = 106

q.s. step 10−2 10−3 10−2 10−3 10−2 10−3 10−2 10−3

1 1 2 1 2 1 2 1 2
2 1 1 1 1 1 1 1 1
3 1 1 1 1 1 1 1 1
4 1 1 1 1 1 1 1 1
5 1 1 1 1 1 1 1 1
6 1 1 1 1 1 1 1 1
7 3 1 4 1 4 1 5 1
8 4 4 5 4 4 4 4 4
9 66 65 72 69 79 87 85 103

10 1 1 1 1 1 1 1 1

Table 5.2: Number of iterations of the adaptive PPA for the benchmark problem
described in §5.3.3, for N ∈ {103, 104, 105, 106} and TOL ∈ {10−2, 10−3}.

introduction of the parameter APOS FAC. Near the turning point, the coercivity constant

becomes quite small and the adaptive PPA is more ‘careful’ in this case.

Similarly, we see in Figure 5.2 that the number of degrees of freedom (DOFs)

required to meet the tolerance depends only on TOL but not on N . These results

indicate the robustness of the adaptive algorithm.

Next, in Figure 5.3 we analyze the efficiency of our error estimates. This test

was only performed for N = 103 as it requires the computation of the full atomistic

solution. For all tests, the efficiency index, the ratio between the estimated and the

true error, lies between 2 and 8. In particular, the efficiency index does not explode as

we approach the bifurcation point in step 8 of the quasistatic evolution.

Finally, in Figure 5.4, we plot the entire history of the adaptive PPA for the 9th

quasistatic step which is the most interesting. This is done for N = 103 and TOL ∈
{10−2, 10−3}. We notice that the two discrete evolutions behave very similarly. As

the local curvature estimate λ
 becomes more and more negative, the penalization

parameter increases. As the PPA iterations converge to the equilibrium, the stability

(described by the constant µf in Theorem 5.3) increases and hence the number of DOFs

required to meet the tolerance decreases as well. Note that between the 20th and 40th

PPA iteration the number of DOFs are the same for TOL = 10−2 and TOL = 10−3.

This indicates that the error tolerance was overwritten by the a posteriori existence

condition.
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Figure 5.2: Number of DOFs in the adaptive PPA for the benchmark problem de-
scribed in §5.3.3. We plot the maximum number of DOFs during each quasistatic
iteration, the minimum number of DOFs and also the final number after termination
of the PPA.
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Conclusion

In this chapter, an a posteriori existence and error analysis for the quasicontinuum

method in one dimension was presented. In particular, we consciously avoided to

assume the existence of a nearby exact solution to the atomistic model, but instead the

a posteriori existence technique developed Chapter 3 was used which made it possible

to deduce the existence of atomistic solutions from the computation.

The a posteriori error analysis and existence results were integrated into an adaptive

optimization method based on proximal point algorithms, and the numerical experi-

ments presented in §5.3 demonstrate the effectiveness of the approach.

While we have seen that the stability-analysis of atomistic equations and the struc-

ture of the residual in the quasi-continuum method bear many similarities to the anal-

ysis of continuum problems in one dimension, this is no longer true in two or three

space dimensions. The abstract a posteriori existence result remains valid of course;

however, generalizing the stability estimates to higher dimensions seems a non-trivial

challenge. In particular, it should be expected that the inf-sup constants with respect

to similar norms depend on ε. See §6.3 for further comments on this issue.



Chapter 6

Outlook and Open Problems

Almost all results of the first five chapters were either abstract or restricted to one

dimension. This is a clear limitation of the work in this thesis, particularly for its

practical application. The goal of this chapter is to investigate, at least partially,

where extensions are possible and which results are truly restricted to one dimension.

Concentrating on the a posteriori analysis, which is the practically most relevant part

of the thesis, we shall investigate the possibility of computing residual bounds for

higher dimensional atomistic models, using the argument sketched out in the proof of

Proposition 3.12.

To simplify the analysis, we shall make several assumptions on the atomistic model

and its QC approximation which somewhat restrict the generality of the presentation in

§1.4. First, we assume that the space of admissible deformations and the space of test

functions coincide, i.e., V = A . Dirichlet boundary conditions can still be modelled

in this context by adding a penalty term such as

const.
∑

ξ∈ND

|y(ξ)− yD(ξ)|2

to the atomistic energy. Similarly, bound constraints can be modelled by barrier func-

tions. It should, however, be possible to generalize the analysis to strong constraints

by modifying the Clément operators Π and Πc defined in §6.1.3.

Furthermore, to avoid having to distinguish many different cases, we assume that

the domain Ω is ‘convex’. To make this precise, let Ω̄ denote the union of all QC

elements and assume that this set is convex. The only point where we will use this

assumption directly is the Poincaré inequality (6.7) in the proof of Lemma 6.4. When

this restriction is lifted some changes in the analysis, laid out in Remark 1 at the end

of §6.2, are required.
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In contrast with the introductory presentation in Chapter 1 we shall, however, not

require that the reference domain Ω is a subset of a regular lattice. The only condition

that we need is that a weak Cauchy–Born rule such as Proposition 1.2 holds. This is

made precise in §6.2 where the exact requirement will become apparent.

6.1 Connecting Discrete and Continuum

If the approach in the proof of Proposition 3.12 should be followed more or less closely

then the crucial condition would be to define ‘discrete star-shaped sets’ and extend the

interpolation and trace inequalities, or to somehow link the discrete deformations to

continuum deformations which would make it possible to use continuum techniques for

the definition and approximation error analysis of the Clément operator.

The choice made here is to follow the latter route. This decision has not been made

out of convenience but because of the fact that the discrete geometries of QC finite

elements (or unions thereof) have far inferior properties than classical finite elements.

Consider, for example, the element shown in Figure 6.1. Although in continuum analy-

sis a high quality element, the marked vertex is not connected to the rest of the element

through the nearest neighbour relation. It is effects such as this one that make a direct

discrete analysis very inefficient. Note that such effects do not vanish when working

with continuum methods instead, however, by switching between continuum and dis-

crete variables only at the beginning and at the end of the analysis, the connection has

to be made only on a global level where it is more easily controlled and understood.

6.1.1 Voronoi tesselations

There are many possibilities how an atomistic deformation can be interpreted as a

continuum deformation. Possibly the most commonly used is spline interpolation. For

example, the two-dimensional triangular lattice has a natural triangulation which could

be used to interpolate an atomistic deformation using piecewise affine splines. However,

such an interpolation would be difficult to use at corners where the resulting domain

may become disconnected. Instead, we shall use a partition of the continuum domain

Ω̄ into Voronoi cells.

Definition 6.1 Let Z be a finite subset of Rd. The Voronoi tesselation of Rd with

respect to Z is the collection V (Z) = {Cz; z ∈ Z} of the closed, convex sets

Cz = {x ∈ Rd : |x− z| ≤ |x− z′| ∀z′ ∈ Z}.
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Figure 6.1: A disconnected QC element: the marked element vertex is not connected
via the nearest neighbour relation to the rest of the element.

Let V = V (Ω) be the Voronoi tesselation associated with the set Ω (cf. Figure 6.2 for

an example). We define the lifting operator R : A → PC, where PC denotes the space

of piecewise constant functions of Rd, via

Ry(x) = y(ξ) ∀x ∈ int(Cξ) ∀ξ ∈ Ω. (6.1)

Two atoms ξ, ξ′ are called nearest neighbours in Ω if Hd−1(Cξ ∩Cξ′) > 0. In that case

we write x
Ω∼ x′.

Since we shall frequently integrate over the Voronoi cells restricted to Ω̄, we define

C̄ξ = Cξ ∩ Ω̄. For each ξ ∈ Ω let rξ = supx∈C̄ξ
|x − ξ|. For an atomistic domain

without ‘holes’, where the distance between any two nearest neighbours is roughly ε,

it is reasonable to assume that

rξ ≤ ε ∀ξ ∈ Ω. (6.2)

As possible dual norms for the residual, we use the BV norm in Ω̄ (cf. §A.1), given

by

‖y‖V 1,1 = ‖Ry‖BV(Ω̄) = ‖Ry‖L1(Ω̄) + |D(Ry)|(Ω̄) (6.3)

=
∑
ξ∈Ω

|C̄ξ||y(ξ)|+
∑
ξ

Ω∼ ξ′

Hd−1(C̄ξ ∩ C̄ξ′) |y(ξ)− y(ξ′)|,
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Figure 6.2: Voronoi tesselation of a convex atomistic domain.

and the corresponding semi-norm

|y|V 1,1 = |D(Ry)|(Ω̄) =
∑
ξ

Ω∼ ξ′

Hd−1(C̄ξ ∩ C̄ξ′) |y(ξ)− y(ξ′)|. (6.4)

These (semi-)norms are convenient extension of the w1,1
ε -(semi-)norms which we used

in the one-dimensional analysis. Consider particularly the following proposition which

establishes the equivalence between the V 1,1-(semi-)norms and other discrete norms.

Proposition 6.2 For each ϕ ∈ V , we have

C−1
V ‖Rϕ‖L1(Ω̄) ≤

∑
ξ∈Ω

εd|ϕ(ξ)| ≤ c−1
V ‖Rϕ‖L1(Ω̄), where

cV = min
ξ∈Ω

ε−d|C̄ξ| and CV = max
ξ∈Ω

ε−d|C̄ξ|.
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and

C ′
V
−1|ϕ|V 1,1 ≤

∑
ξ

Ω∼ ξ′

εd−1|ϕ(ξ) − ϕ(ξ′)| ≤ c′V
−1|ϕ|V 1,1 , where

c′V = min
ξ

Ω∼ ξ′
ε1−dHd−1(C̄ξ ∩ C̄ξ′) and C ′

V = max
ξ

Ω∼ ξ′
ε1−dHd−1(C̄ξ ∩ C̄ξ′).

Proof. Both results follow immediately from (6.3) and (6.4). �

While the constants CV , c
′
V , and C ′

V are only required to demonstrate the equivalence

of the V 1,1-(semi-)norms, the constant cV plays a prominent role in the analysis of the

residual. In particular, the computed residual bound may tend to infinity as cV → 0.

Figure 6.2 demonstrates clearly what kind of behaviour might be expected, at least

for subsets of the two-dimensional triangular lattice. In generic situations, CV and C ′
V

cannot be too large (cf. condition (6.2)), however, at corners with a small angle, the

volume of the cell tends rapidly to zero which causes a deterioration of the constants

cV and c′V .

It should be remarked, however, that so far we have not assumed any particular

structure on the atomistic ground state. Neither should this be necessary as the fol-

lowing proposition demonstrates. It shows that, for practical purposes, the constant

cV depends only on the geometry of the domain Ω̄ but not on the atomistic ground

state.

Proposition 6.3 If for any two points ξ, ξ′ ∈ Ω, |ξ − ξ′| ≥ ε is satisfied, then

min
ξ∈Ω

ε−d|Cξ| ≥ 2−dvd

where vd denotes the volume of the d-dimensional unit ball.

Suppose furthermore that Ω̄ is a convex polygonal set which satisfies the following

interior cone condition: there exists r > 0 and an angle α > 0 such that, for each ξ ∈ Ω,

there exists a cone C(ξ) centered in ξ with opening angle α, satisfying C(ξ)∩B(ξ, r) ⊂
Ω̄. In that case, the constant cV depends only on d, α and possibly on r.

Proof. For each ξ, ξ′ ∈ Ω and for each x ∈ B(ξ, ε/2), we have

|x− ξ′| ≥ |ξ − ξ′| − |x− ξ| ≥ ε− ε/2 = ε/2,

which shows that B(ξ, ε/2) is contained in Cξ. Hence the first result follows.

The second result can be obtained in the same way by replacing the ball B(ξ, ε/2)

by the set C(ξ) ∩ B(ξ, r ∧ ε/2). �

For none of the other three parameters can a similar result be obtained without further

specific information about the topology of the reference state. It should not be too

difficult, however, to obtain similar results for regular lattices.
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6.1.2 Notation

Using the nearest-neighbour relation in Ω defined in the previous section, some addi-

tional notation can be established. Let

E = {e = κe ∩ κ′e : Hd−1(κe ∩ κ′e) > 0} ∪ {e = ∂Ω̄ ∩ κ : κ ∈ T ,Hd−1(κ ∩ ∂Ω̄) > 0}

be the set of (d − 1)-dimensional faces associated with the mesh T . Throughout, we

shall use κe and κ′e to denote the two neighbouring elements of the face e if e is an

interior face and κe the single element associate to e if it is a boundary face. To each

face we also associate a unit normal νe, which is identical to the outward unit normal

to κe on this face. By Eµ we denote all those faces which are fully refined, i.e.,

Eµ = {e ∈ E : ξ
Ω∼ ξ′ ∀ξ, ξ′ ∈ N ∩ e},

and we denote EM = E \ Eµ. Correspondingly, we also define the microscopic and

macroscopic domains by

Ωµ = {ξ ∈ N : ∃ξ′ ∈ N s.t. ξ ∼Ω ξ
′} and ΩM = Ω \ Ωµ.

6.1.3 Definition and analysis of the Clément operator

For each z ∈ N , define

Tz =
⋃

κ∈T
z∈κ

κ,

and let Bz = B(z, ρz)∩Ω̄ be a (convex) section of a closed ball with centre z and radius

ρz such that Bz ⊂ Tz.

For each z ∈ N we define

hz = sup
x∈∂Tz

|x− z| and γz = hz/ρz. (6.5)

The scalar γz is called the chunkiness factor of Tz (cf. [22, Definition 4.2.16]). For

macroscopic elements, the nodal values Πϕ(z) of the Clément operator will be defined

by averaging Ry over Bz. The error thus committed can be controlled by the following

result. We denote the average of an integrable function over a measurable set A by

(u)A = |A|−1
∫

A
u dx.

Lemma 6.4 Let u ∈ BV(Tz), then

‖u− (u)Bz‖L1(Tz) ≤ ρz

(
γd

z + γd
z/d− 1/d

)
|Du|(Tz).
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Proof. This proof is a modification of the proof of [96, Lemma 4.1], which covers the

H1 situation. To simplify notation we drop the subscripts and write B = Bz, ρ = ρz,

etc.. We furthermore assume, without loss of generality, that z = 0 and that (u)Bz = 0.

Since T is the finite union of closed, convex sets, it is star-shaped with respect to

the origin. Using the local approximation of BV functions by smooth functions (cf.

[46, Sec. 5.2.2]), there exists a sequence uj ∈ BV(T ) ∩ C∞(int(T )) such that uj → u

strictly in BV, i.e., uj → u strongly in L1 and |Duj|(K) → |Du|(K) as j → ∞. Hence,

we can assume without loss of generality that u ∈ C∞(T ). We assume furthermore

that (u)Bz = 0 and that z = 0.

We write

‖u‖L1(T ) = ‖u‖L1(B) + ‖u‖L1(T\B). (6.6)

Let Σ be the subset of the unit sphere in Rn such that, for each σ ∈ Σ, the ray tσ,

t ≥ 0, points into T . For each σ ∈ Σ, let r(σ)σ ∈ ∂T . For the second term in (6.6), we

compute

‖u‖L1(T\B) =

∫
Σ

∫ r(σ)

ρ

td−1|u(tσ)| dt ds(σ)

≤
∫

Σ

∫ r(σ)

ρ

td−1
∣∣u(tσ) − u(ρσ)

∣∣ dt ds(σ) +

∫
Σ

∫ r(σ)

ρ

td−1
∣∣u(ρσ)

∣∣dt ds(σ)

=: S1 + S2.

To obtain a bound on S1, consider

S1 =

∫
Σ

∫ r(σ)

ρ

td−1
∣∣∣ ∫ t

ρ

∂ru(rσ) dr
∣∣∣dt ds(σ)

≤ ρ1−d

∫
Σ

∫ r(σ)

ρ

td−1

∫ t

ρ

rd−1|∂ru(rσ)| dr dt ds(σ)

≤ 1

d
ρ1−d(hd − ρd)

∫
Σ

∫ r(σ)

ρ

rd−1|∂ru(rσ)| dr ds(σ)

≤ ρ

d
(γd − 1)‖∇u‖L1(T\B).

For S2, we estimate

S2 =
1

d

∫
Σ

(
r(σ)d − ρd

)
|u(ρσ)| ds(σ)

≤ ρ

d

∫
Σ

[hd

ρd
− 1

]
ρd−1|u(ρσ)| ds(σ)

=
ρ

d
(γd − 1)

∫
Σ

ρd−1|u(ρσ)| ds(σ).
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The last term can be bounded as follows,∫
Σ

ρd−1|u(ρσ)| ds(σ) =

∫
Σ

ρd−1
∣∣∣ ∫ ρ

0

∂r

[(r
ρ

)d

u(rσ)
]
dr
∣∣∣ds(σ)

=

∫
Σ

ρd−1
∣∣∣ ∫ ρ

0

[(r
ρ

)d

∂ru(rσ) +
drd−1

ρd
u(rσ)

]
dr
∣∣∣ds(σ)

≤
∫

Σ

ρ−1

∫ ρ

0

rd
∣∣∂ru(rσ)

∣∣dr ds(σ) + d

∫
Σ

ρ−1

∫ ρ

0

rd−1|u(rρ)| dr ds(σ)

≤ ‖∇u‖L1(B) +
d

ρ
‖u‖L1(B).

Combining all our estimates, we obtain

‖u‖L1(T ) ≤ γd‖u‖L1(B) +
ρ

d
(γd − 1)‖∇u‖L1(T ).

Using the fact the (u)B = 0, can employ the Poincaré inequality [1]

‖u‖L1(B) ≤ 1
2
diam(B)‖∇u‖L1(B) ≤ ρ‖∇u‖L1(B), (6.7)

which holds uniformly for all convex sets, to deduce the desired result. �

For microscopic elements it is advantageous to let the Clément operator coincide with

the nodal interpolant. It will become apparent below that this should be done at least

for any repatom z ∈ N which belongs to a microscopic face. It can be enforced by the

condition

Bξ ⊂ Cξ ∀ξ ∈ Ωµ.

We are now in a position to define and analyze the Clément operator. For each

z ∈ N let φz be the associated hat-function, i.e., φz ∈ S1
0(T ) and φz(z

′) = δz,z′ for

all z, z′ ∈ N . Note that {φz : z ∈ N } is a partition of unity for Ω̄. We define the

Clément operator by

Πϕ(ξ) =
∑
z∈N

(Rϕ)Bzφz(ξ) ∀ϕ ∈ V . (6.8)

To avoid a cluttered notation, we shall not distinguish between Πϕ and RΠϕ, i.e, Πϕ

is a piecewise constant function defined on all of Rd. Since it is awkward to estimate

the error between ϕ and Πϕ directly, we also define the continuous Clément operator

Πcϕ =
∑
z∈N

(Rϕ)Bzφz, (6.9)

which is a continuous, piecewise affine function of Ω̄. Rather than estimating ‖Rϕ−
Πϕ‖L1 directly, we shall estimate ‖Rϕ− Πcϕ‖L1 and ‖Πcϕ− Πϕ‖L1.
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Lemma 6.5 (i) For each z ∈ N let MP,z = (γd
z + γd

z/d− 1/d), then,

‖Rϕ− Πcϕ(z)‖L1(Tz) ≤ ρzMP,z|D(Rϕ)|(Tz). (6.10)

(ii) Setting MC,z = d(1 +MP,z), we have

∑
e∈E
z∈e

‖φz(Rϕ− Πcϕ(z))‖L1(e) ≤MC,z|D(Rϕ)|(Tz). (6.11)

(iii) The gradient ∇Πcϕ can be bounded by

‖∇Πcϕ‖L1(Ω̄) ≤ (d+ 1)
[
max
z∈N

MP,z

]
|D(Rϕ)|(Ω̄). (6.12)

Proof. The estimate (6.10) follows immediately from Lemma 6.4.

To prove (ii), for each e ∈ E such that z ∈ e, Lemma 6.6 below implies

‖φz (Rϕ− Πcϕ(z))‖L1(e) ≤
[
ρ−1

z ‖Rϕ− Πcϕ(z)‖L1(κe) + |D(Rϕ)|(κe)
]
. (6.13)

For each κ ⊂ Tz there are at most d faces e ⊂ Tz for which κ = κe appears in the above

estimate and hence

∑
e∈E
z∈e

‖φz(Rϕ− Πcϕ(z))‖L1(e) ≤ dρ−1
z ‖Rϕ− Πcϕ(z)‖L1(Tz) + d|D(Rϕ)|(Tz).

Using (6.10), we obtain

∑
e∈E
z∈e

‖φz(Rϕ− Πcϕ(z))‖L1(e) ≤ d(1 +MP,z)|D(Rϕ)|(Tz)

which concludes the proof of (ii).

For the third part of the Lemma, note first that since {φz : z ∈ N } is a partition

of unity, it follows that

∑
z∈N

∇φz = ∇
∑
z∈N

φz = ∇1 = 0,

and hence

∇Πcϕ = ∇Πcϕ−
∑
z∈N

∇φzRϕ

=
∑
z∈N

∇φz

[
Πcϕ(z) − Rϕ

]
. (6.14)
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We estimate |∇φz|∞ by

|∇φz|∞ ≤ max
κ⊂Tz

max
z′,z′′∈N ∩κ

|φz(z
′) − φz(z

′′)|/|z′ − z′′|.

Since φz vanishes at all nodes except z, it follows that

|∇φz|∞ ≤ max
z′∈N ∩Tz

1/|z′ − z| ≤ ρ−1
z .

Thus, taking the modulus and integrating over Ω̄ gives

‖∇Πcϕ‖L1(Ω̄) ≤
∑
z∈N

‖∇φz‖L∞‖Rϕ− Πcϕ(z)‖L1(Tz)

≤
∑
z∈N

ρ−1
z MP,zρz|D(Rϕ)|(Tz)

≤ (d+ 1)
[
max
z∈N

MP,z

]
|D(Rϕ)|(Ω̄). �

Lemma 6.6 Let z ∈ N and let e be a surface of κ which contains z. Then, for any

ψ ∈ BV(Ω̄) there holds

‖φzψ‖L1(e) ≤ ρ−1
z ‖ψ‖L1(κ) + |Dψ|(κ). (6.15)

Proof. The proof of this Lemma is a modification of Lemmas 3.1 and 3.2 in [96],

which cover the H1 case. Without loss of generality we assume again that ψ is smooth.

Let α ∈ Rd be the unit vector pointing along the edge of the simplex κ which

connects z and the face where φz vanishes. For each x′ ∈ e, let T (x′) ≥ 0 be such that

x′ + T (x′)α lies on that face. Then

∣∣φz(x
′)ψ(x′)

∣∣ =
∣∣∣ ∫ T (x′)

t=0

d

dt

[
φz(x

′ + tα)ψ(x′ + tα)
]
dt

≤
∫ T (x′)

t=0

[
|∂αφz(x

′ + tα)||ψ(x′ + tα)| + |φz(x
′ + tα)||∂αψ(x′ + tα)|

]
dt

≤ |∂αφz|
∫ T (x′)

t=0

|ψ(x′ + tα)| dt+

∫ T (x′)

t=0

|∇ψ(x′ + tα)|1 dt.

Integrating with respect to x′ over e gives

‖φzφ(x′)‖L1(e) ≤ |∂αφz|‖ψ‖L1(κ) + ‖∇ψ‖L1(κ).

By looking along the line z + tα, 0 ≤ t ≤ T (z), we see that ∂αφz is given by

|∂αφz| = T (α)−1 ≤ ρ−1
z . �



6. OUTLOOK AND OPEN PROBLEMS 145

6.2 V 1,1-Residual Estimate

We assume that no body forces are applied and that the exact Galerkin problem is

solved, i.e., no summation rule is employed. We therefore analyze the residual E ′

which is given by the formula

E ′(y;ϕ) =
∑
ξ∈Ω

εd−1E ′
ξ(y) · ϕ(ξ), (6.16)

where E ′
ξ(y) = ε1−d(∂E/∂yξ)(y), directly. To motivate the chosen scaling, consider the

case of a pair potential energy (cf. §1.2.1) which can be written as

E(y) =
1

2

∑
ξ∈Ω

∑
ξ′∈Ω\{ξ}

J(|y(ξ)− y(ξ′)|).

Since the distance between nearest neighbours ξ and ξ′ should be roughly ε and the

number of atoms in the body, 
Ω ≈ |Ω|ε−d, in order to obtain a non-dimensional scaling

of the energy, we rescale J by setting Jε(r) = ε−dJ(ε−1r). This gives

E(y) =
1

2

∑
ξ∈Ω

∑
ξ′∈Ω

εdJε

(
ε−1|y(ξ)− y(ξ′)|

)
.

By dropping the subscript in Jε, the residual is given by

E ′
ξ(y) =

1

2

∑
ξ′∈Ω\{ξ}

J ′(ε−1|y(ξ)− y(ξ′)|) ξ − ξ′

|ξ − ξ′| ,

which is a non-dimensional term of order one. A similar argument can be given for

EAM models.

Y is a critical point of the Galerkin approximation of E in Ã if

E ′(Y ; Φ) = 0 ∀Φ ∈ Ã . (6.17)

Therefore,

E ′(Y ;ϕ) = E ′(Y ;ϕ− Πϕ) =
∑
ξ∈Ω

εd−1E ′
ξ · (ϕ(ξ) − Πϕ(ξ)) ∀ϕ ∈ A ,

where Π is defined by (6.8) and E ′
ξ = E ′

ξ(Y ), a notation which we adopt for the sake

of brevity. Here it becomes apparent why we should insist on keeping the scaling

parameter ε in the analysis. Otherwise, we might quite happily use a simple Hölder

inequality to estimate the residual which would become of order ε−1.

If the ground state Ω is a regular lattice in κ then we have shown in Proposition

1.2 that E ′
ξ vanishes at atomistic sites which are in the bulk of κ. Similarly as in
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Proposition 3.12, only interactions across element interfaces contribute to the residual.

More generally, let us assume directly that, if Ȳ is orientation preserving then

B(Y (ξ), zc) ⊂ Ȳ (κ) ⇒ E ′
ξ(Y ) = 0 (6.18)

holds. This assumption is still slightly strong since an atomistic deformation will not

in general be orientation-preserving, particularly at defects. For concrete applications

the statement should be localized.

Using (6.18), we may restrict the sum to those atomic sites where the residual is

non-zero, and replace the sum over atoms by an integral over the respective Voronoi

cells. Furthermore, we recall that Πϕ was constructed to coincide with ϕ in each cell

C̄ξ where ξ ∈ Ωµ. Thus, we have

E ′(Y ;ϕ) =
∑

ξ∈ΩM

εd−1E ′
ξ ·
(
ϕ(ξ) − Πϕ(ξ)

)

=
∑

ξ∈ΩM
E′

ξ
�=0

εd−1 1

|C̄ξ|

∫
Cξ

E ′
ξ ·
(
Rϕ(x) − Πϕ(x)

)
dx

≤
∑

ξ∈ΩM
E′

ξ
�=0

ε−1

∫
Cξ

εd|E ′
ξ|∞

|C̄ξ|
∣∣Rφ− Πφ

∣∣
1
dx. (6.19)

As mentioned above, atoms in the bulk of an element have a zero residual. We shall

therefore group all atoms such that each atom ξ with E ′
ξ �= 0 is associated to one or

more faces.

While (except in some trivial cases) the faces e ∈ E have no immediate interpreta-

tion on the atomistic level, depending on the rate of compression of its neighbouring

elements κe and possibly κ′e, we can define a radius re and an ‘atomistic face’ Se ⊂ Ω̄

(both depending on the deformation Y ) such that the following conditions hold:

e ⊂ Se ⊂ {x′ + tνe : x′ ∈ e,−re ≤ t ≤ re} ∀e ∈ EM , (6.20)

|Se ∩ Se′| = 0 ∀e′ �= e ∈ EM , and (6.21)⋃
ξ∈ΩM
E′

ξ
=0

C̄ξ ⊂
⋃

e∈EM

Se. (6.22)

The heights re should be chosen minimal (maxe re is minimal) subject to these condi-

tions. It is clear that such radii re exist but they may be of order one which would be

useless for our analysis.



6. OUTLOOK AND OPEN PROBLEMS 147

With the help of the assumption (6.2), however, it is geometrically evident that we

may choose

re = ε(zc + 1) max
(∣∣∇Ȳκeνe

∣∣−1
,
∣∣∇Ȳκ′

e
νe

∣∣−1
)
,

where the maximum is taken only over the first entry if e is a boundary surface.

Subdividing the sum (6.19) into sums over the atomistic faces Se we obtain

E ′(Y ;ϕ) ≤
∑
e∈EM

[
max

ξ∈Ω∩Se

εd|E ′
ξ|∞

|C̄ξ|

]
ε−1

∫
Se

|Rϕ− Πϕ| dx. (6.23)

Note that while atoms may appear in the contribution from several faces, the sets over

which the integrals are taken are disjoint. The estimate (6.23) almost seems like a

sum of surface integrals and it is indeed possible to reduce the integrals in such a way.

This is particularly straightforward if Se is a simple cylinder and only slightly more

technical in our situation.

Lemma 6.7 Let e be a (d − 1)-dimensional planar face and let S be a convex subset

of its the cylinder {x ∈ Rd : x = x′ + tνe, 0 ≤ t ≤ re, x
′ ∈ e}, then

‖ψ‖L1(S) ≤ re

(
‖ψ‖L1(e) + |Dψ|(S)

)
∀ψ ∈ BV(S).

Proof. Using the strict approximation of BV functions by smooth functions, we

assume without loss of generality that ψ ∈ C1(S).

Let x = x′ + rνe ∈ S, where r ∈ [−re, re], then

|ψ(x)| =
∣∣∣ψ(x′) +

∫ r

t=0

d

dt
ψ(x′ + tνe) dt

∣∣∣
≤ |ψ(x′)| +

∫ r

t=0

|∂νeψ(x′ + tνe| dt

≤ |ψ(x′)| +
∫ r

t=0

|∇ψ(x′ + νe)|1 dt. (6.24)

For each r ∈ R, let e(r) be the convex subset of e such that e + rνe ∈ S. Integrating

(6.24) over x′ ∈ e(r), we obtain

‖ψ‖L1(e(r)+rνe) ≤ ‖ψ‖L1(e) +

∫ r

t=0

∫
x′∈e(r)

|∇ψ(x′ + tνe)|1 ds(x′) dt.

Integration over r ∈ (0, re) gives

‖ψ‖L1(S) ≤ re‖ψ‖L1(e) +

∫ re

r=0

∫ r

t=0

∫
x′∈e(r)

|∇ψ(x′ + tνe)|1 ds(x′) dt dr

= re‖ψ‖L1(e) +

∫ re

t=0

∫ re

r=t

∫
x′∈e(r)

|∇ψ(x′ + tνe)|1 ds(x′) dr dt

= re‖ψ‖L1(e) + re‖∇ψ‖L1(S). �
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To simplify notation, denote me = maxξ∈Ω∩Se ε
d|E ′

ξ|∞/|C̄ξ|. If we set ρe = re/ε and

apply Lemma 6.7 to (6.23) we would obtain

E ′(Y ;ϕ) ≤
∑
e∈EM

me

[
2ρe‖Rϕ− Πϕ‖L1(e) + ρe|D(Rϕ− Πϕ)|(Se)

]
.

Thus, we would be required to obtain bounds on |Dψ|(Se) which seems a difficult task.

It can be avoided, however, by first estimating (6.23) by

E ′(Y ;ϕ) ≤
∑
e∈EM

me ε
−1
[
‖Rϕ− Πcϕ‖L1(Se) + ‖Πcϕ− Πϕ‖L1(Se)

]

and applying Lemma 6.7 only to the first term, which gives

E ′(Y ;ϕ) ≤
∑
e∈EM

me

[
2ρe‖Rϕ− Πcϕ‖L1(e) (6.25)

+ρe|D(Rϕ− Πcϕ)|(Se) + ε−1‖Πcϕ− Πϕ‖L1(Se)

]
.

For the first term inside the sum of (6.25) we can use the continuum technique,

‖Rϕ− Πcϕ‖L1(e) =

∫
e

∣∣∣Rϕ−
∑

z∈N ∩e

φz(Rϕ)Tz

∣∣∣
1
dx

≤
∑

z∈N ∩e

∫
e

∣∣(Rϕ− (Rϕ)Tz)φz

∣∣
1
dx

≤
∑

z∈N ∩e

‖(Rϕ− Πcϕ(z))φz‖L1(e). (6.26)

This construction prepares the estimate for an application of (6.11). The second and

third terms are best estimated collectively over all of Ω̄. Since the sets Se are not

overlapping, we can write

E ′(Y ;ϕ) ≤
∑
e∈EM

[
meρe|D(Rϕ− Πcϕ)|(Se) +meε

−1‖Πcϕ− Πϕ‖L1(Se) (6.27)

+2ρeme

∑
z∈N ∩e

‖(Rϕ− Πcϕ(z))φz‖L1(e)

]

≤ max
e∈EM

[
2ρeme

]
·
[

1
2
|D(Rϕ− Πcϕ)|(Ω̄) + 1

2
‖Πcϕ− Πϕ‖L1(Ω̄)

+
∑
z∈N

∑
e∈E
z∈e

‖(Rϕ− Πcϕ(z))φz‖L1(e)

]
. (6.28)

We continue by estimating ‖Πcϕ − Πϕ‖L1(Ω̄) which we can rewrite as a sum over

Voronoi cells. In each cell we use the following lemma.
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Lemma 6.8 Let T be star-shaped with respect to a point ξ and let ψ ∈ C1(T ), ψ(ξ) = 0.

Then, setting hT = supx∈T |x− ξ| we have

‖ψ‖L1(T ) ≤ hT‖∇ψ‖L1(T ).

Proof. Let Σ be the unit sphere in Rd and, for each σ ∈ Σ, let r(σ) = supξ+tσ∈T t.

Then,

∫
T

|ψ(x)| dx =

∫
σ∈Σ

∫ r(σ)

r=0

|ψ(ξ + rσ)| dr ds(σ)

=

∫
σ∈Σ

∫ r(σ)

r=0

∣∣∣ ∫ r

t=0

d

dt
ψ(ξ + tσ) dt

∣∣∣ dr ds(σ)

≤
∫

σ∈Σ

∫ r(σ)

r=0

∫ r(σ)

t=0

|∇ψ(ξ + tσ)|1 dt dr ds(σ)

≤ hT‖∇ψ‖L1(T ). �

As a consequence of Lemma 6.8 and assumption (6.2) we obtain the estimate

ε−1‖Πcϕ− Πϕ‖L1(Ω̄) ≤ ‖∇Πcϕ‖L1(Ω) ∀ϕ ∈ V , (6.29)

which allows us to tackle this term together with the first term in (6.28), for which we

have

|D(Rϕ− Πcϕ)|(Ω̄) ≤ |D(Rϕ)|(Ω̄) + ‖∇Πcϕ‖L1(Ω̄).

To bound ‖∇Πcϕ‖L1(Ω̄) we can use Lemma 6.5 (iii) and we obtain

1
2
|D(Rϕ− Πcϕ)|(Ω̄) + 1

2
ε−1‖Πcϕ− Πϕ‖L1(Ω̄) ≤

[
1
2

+ (d+ 1) max
z∈N

MP,z

]
|D(Rϕ)|(Ω̄).

(6.30)

For the third term in (6.28), we use Lemma 6.5 (ii) to estimate

∑
z∈N

∑
e∈EM

z∈e

‖(Rϕ− Πcϕ(z))φz‖L1(e) ≤
[
max
z∈N

MC,z

] ∑
z∈N

|D(Rϕ)|(Tz)

≤ (d+ 1)
[
max
z∈N

MC,z

]
|D(Rϕ)|(Ω̄). (6.31)

Combining (6.30) and (6.31) with (6.28) we finally obtain the following residual esti-

mate:

max
ϕ∈V

|ϕ|
V 1,1=1

∣∣E ′(Y ;ϕ)
∣∣ ≤ C(T ) max

e∈EM

[
ρe max

ξ∈Ω∩Se

|E ′
ξ(Y )|∞

]

where

C(T ) =

{
5 + 18 maxz∈N γ2

z , if d = 2,
16 + 28 maxz∈N γ3

z , if d = 3.
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Remarks. 1. A large part of the analysis presented in this section seems quite sharp.

Some particular improvements seem possible, however. First, the Poincaré inequality

used to estimate ‖ψ−(ψ)B‖L1(B) in the proof of Lemma 6.4 is optimal only for sets which

are essentially one-dimensional. Using a Poincaré inequality specifically designed for

balls and sections of balls should improve the interpolation error estimates in Lemma

6.5 significantly. Second, it would be of a great advantage to move the constants MP,z

and MC,z inside the maximum taken over edges rather than estimating them globally.

For example, if the mesh is strongly graded near a fully refined region the constants

MP,z and MC,z become fairly large. Since in such a region, the actual residual E ′
ξ(Y )

should be small, it would be able to balance this effect and hide the large constants from

the residual estimate. Many further points where minor improvements are possible can

be found throughout the analysis of this and the previous section. �

2. To evaluate the error indicators maxξ∈Se ε
d|E ′

ξ(Y )|∞/|C̄ξ|, it should be sufficient

to take a small representative cluster at each face and one at each node of the mesh

and take the maximum over those sets only. It is not clear, however, how to make this

approximation precise. �

3. To include body forces in the analysis, the residual should be split into two

parts, as in the continuum analysis. While the first part, which corresponds to (6.16),

can be treated as before, the second part requires interpolation error estimates on the

elements which can be easily obtained using (6.10). �

4. Nowhere have we used the fact that the cells C̄ξ related to the atomic sites ξ are

Voronoi cells. We have not even used the fact that they are convex. It should therefore

be possible to modify a Voronoi tesselation in order to obtain an improved lower bound

on the constant cV . �

5. Depending on the goal of the computation, it may be preferable to use different

norms for the analysis of the residual. For example, if we wish to use a norm related

to the W1,p-Sobolev-norms, p ∈ (1,∞], we could proceed as follows. Suppose that any

two points ξ, ξ′ ∈ Ω satisfy |ξ − ξ′| ≥ ε so that B(ξ, ε/2) is contained in Cξ. We can

then use the smooth partition of unity

ψξ(x) =

∫
Cξ

(ε/2)−dη
(
(ε/2)−1(x− y)

)
dy,

where η is a standard mollifier with support in B(0, 1), to define

RSϕ =
∑
ξ∈Ω

ϕ(ξ)ψξ,
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to construct a C∞ lifting of the space V . This should make it possible to analyze

the residuals with respect to W1,p-like norms for Sobolev indices p > 1 with the same

techniques as above. �

6. Finally, it should be remarked that no summation rule approximation was an-

alyzed. For a practical residual estimate this would have to be considered as well.

�

6.3 Conclusion, Open Problems and Future Direc-

tions

This thesis has only scratched the surface of a potentially vast area of mathematics

that has only begun to develop. Naturally, many questions have been left open. To

conclude we list some of those questions and some further related problems which are

interesting candidates for future research.

Inf-sup Constants. In order to fully generalize the a priori analysis of Chapter 4

and the a posteriori analysis of Chapter 5, it will be necessary to quantify the relevant

inf-sup constants in higher dimensions. The continuous case can give us little guidance

here. For example, there are several results showing, under suitable conditions, that

operators of the form u �→ −div(A(x)∇u) are topological isomorphisms from W1,p
0 (Ω)

to (W1,p′
0 (Ω))∗. These are, however, usually restricted to specific values of p which

certainly do not include p = ∞. Even for p ∈ (1,∞) the results are usually of an

abstract form.

One direction for further research is therefore to quantify these results. It is pos-

sible, in several ways to rewrite the inf-sup problem as a linear program (a quadratic

optimization problem with linear equality and inequality constraints) and try to solve

it numerically. This should give us some indication as to what kind of results we might

expect and to guide us for further research in this direction.

A-Priori Analysis. There are at least three promising possibilities for the exten-

sion of the a priori error analysis of Chapter 4. The first is based on inf-sup constants

and, if these can be computed, is obvious.

A second possibility is based on the weighted norm technique of Rannacher and

Scott [82]. By estimating the error of a Galerkin projections of a regularized Green’s

function they are able to prove optimal W1,∞ error estimates for piecewise linear finite
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element approximations. However, their technique seems, at present, restricted to

quasi-uniform meshes.

Also using the assumption of quasi-uniformity of the mesh it would be possible

to use the ideas in [78]. Suppose that, for the linearized problem, we have an error

estimate of the type |y − Y |V 1,p � hk where | · |V 1,p denotes a discrete W1,p-like semi-

norm and h is the mesh size. Using norm equivalence in finite dimensional spaces, one

can then show that, for quasi-uniform meshes, we have |y − Y |V 1,∞ � hk−d/p. Thus,

by raising the polynomial degree to k = 2 and letting p = 2, or by letting k = 1 and

p > d, we can deduce a V 1,∞-bound on the error, which in turn, allows the application

of the fixed point argument again.

The two latter ideas, while certainly more realistic to pursue, suffer from the as-

sumption of quasi-uniformity of the mesh which is grossly violated for the quasicontin-

uum method.

Complete and Improved Residual Estimates. The analysis of §6.1 and §6.2

shows a clear path how residual estimates can be computed for the QC method in

a very general setting. Combined with inf-sup estimates it is conceivable that the a

posteriori analysis of Chapter 5 can be at least partially extended to higher dimensions.

Of course, it is always possible, instead of using the a posteriori existence technique,

to revert to assuming that an exact solution exists nearby. In this case it may be

advantageous to use residuals with respect to dual norms other than the V 1,1-norm.

Remark 5 in §6.2 gives a clue as to how these might be obtained.

Goal Oriented Adaptivity. In engineering applications, QC simulations are usu-

ally performed with a specific goal in mind. It is often not important to obtain a good

approximation to an exact solution in a particular norm but only an approximation

to a certain quantity of interest. This may include an average displacement field, a

critical force, or the energy of a dislocation. Reviews of different goal oriented adaptive

techniques can be found in [7, 11, 14].

While an entirely rigorous analysis of goal oriented adaptive techniques is usually

difficult, particularly for nonlinear problems, they have been demonstrated to provide

highly efficient mesh refinement criteria for static problems.

Other Multiscale Methods. The QC method is only one example from the

large class of multiscale methods for atomistic models for solids. Particularly for static
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problems it provides maximal flexibility; however, other methods may be advantageous

in specific situations.

For example, the bridging-scales method [62] constructs a coarse variable by defining

a region Ωµ ⊂ Ω (here, we understand Ω and Ωµ as continuum domains) and decompose

the deformation into a macroscopic deformation yM and an additional microscopic

displacement uµ which is only computed in Ωµ, i.e.,

y(ξ) = yM(ξ) + uµ(ξ).

The relationship between yM and y is controlled by a projection operator. This pro-

cedure has the advantage that no mesh grading is necessary in order to obtain a full

atomistic region. An extension of the a posteriori analysis to this and other alternative

methods would be an interesting project.

Finally, we should mention another direction which is not directly related to the

work in this thesis but which cannot be neglected in any list of open problems in

the field of multiscale methods for atomistic material models. As opposed to the

QC method, the bridging-scales method is mainly used for dynamic simulations. The

biggest difficulty is to obtain a correct continuum representation for the high frequency

waves in an atomistic region and to thus be able to transfer the energy between Ωµ

and ΩM = Ω. Mathematical problems originating from dynamical situations such as

this, pose one of the biggest challenges for multiscale modelling.
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Appendix A

Supplementary Material

Some basic background of linear and nonlinear analysis, function spaces as well as finite

element methods is assumed in this thesis. While linear (functional) analysis cannot

be covered here and is assumed as a prerequisite (see [85] or [98] for an elementary

introduction), a brief introduction to functions spaces, the calculus of variations, and

to finite element methods is given in the following three sections. While not strictly

required to be able to follow the analysis in the main body of the thesis, it may provide

a helpful background.

A.1 Function Spaces

Good introductions to Sobolev spaces can be found in introductory books on partial

differential equations such as [45] or books on finite element methods [22]. A more

detailed treatment can be found in [2] or [46]. The latter can also be used as an

introduction to functions of bounded variation which are also used in the last chapter

of this thesis. Another excellent reference on functions of bounded variation is [4]. The

present section can only serve as a review and to fix the notation.

A.1.1 Sobolev spaces

Let Ω be a domain (an open, connected set) in Rd. For any measurable set A ⊂ Ω we

say A ⊂⊂ Ω if Ā is bounded and Ā ⊂ Ω. We define the set of test functions by

D(Ω) = {ϕ ∈ C∞(Ω) : supp(ϕ) ⊂⊂ Ω}.
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Throughout, we shall identify any two measurable functions u1, u2 : Ω → Rm if u1(x) =

u2(x) for a.e. x ∈ Ω. For each measurable function u : Ω → Rm we define

‖u‖Lp(Ω) =

(∫
Ω

|u|pp dx

)1/p

, for p ∈ [1,∞), and

‖u‖L∞(Ω) = ess.sup
x∈Ω

|u(x)|∞,

where | · |p denotes the �p-norm on Rm. We use Lp(Ω)m to denote the space of vector-

valued measurable functions with finite Lp-norm. For scalar functions, the superscript

is dropped. We also define L1
loc(Ω) to be the set of scalar measurable functions u of

Ω such that ‖u‖L1(C) is finite for each set C ⊂⊂ Ω. The fundamental theorem of the

calculus of variations (this follows for example from [46, Section 4.2]) states that, for

each u ∈ L1
loc(Ω),

u = 0 for a.e. x ∈ Ω iff.

∫
Ω

uϕ dx = 0 ∀ϕ ∈ D(Ω). (A.1)

A function u ∈ L1
loc(Ω) is said to be weakly differentiable if there exists a function

g ∈ L1
loc(Ω)d such that∫

Ω

g · ϕ dx = −
∫

Ω

u divϕ dx ∀ϕ ∈ D(Ω)d.

In this case, we use ∇u = g to denote its gradient and ∂u/∂xj to denote the jth

component of ∇u, j = 1, . . . , d. If u ∈ L1
loc(Ω) and is weakly differentiable, for p ∈

[1,∞], we define the Sobolev semi-norms

|u|W1,p(Ω) = ‖∇u‖Lp(Ω),

and the Sobolev norms

‖u‖W1,p(Ω) =
(
‖u‖p

Lp(Ω) + |u|pW1,p(Ω)

)1/p

, p ∈ [1,∞), and

‖u‖W1,∞(Ω) = max
(
‖u‖L∞(Ω), |u|W1,∞(Ω)

)
.

The spaces of locally integrable functions with finite Sobolev norms are denoted by

W1,p(Ω). As is customary, we furthermore identify the symbols H1 ≡ W1,2. Higher

order weak derivatives and the corresponding higher order Sobolev spaces can be de-

fined analogously. Sobolev spaces are Banach spaces and, for p ∈ (1,∞) are reflexive

[2, Theorem 3.5] (a Banach space X is called reflexive if its canonical embedding in

X ∗∗ is a topological isomorphism).

Weakly differentiable functions share many properties with classically differentiable

functions. The reason for this is that for many domains, classically differentiable func-

tions are dense in Sobolev spaces; cf. for example [46, Section 4.2] or [45, Section

5.3].
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A.1.2 The Dirichlet problem

As an application, consider the Dirichlet problem

− ∆u+ u = f in Ω, u = 0 on ∂Ω, (A.2)

where f ∈ L2(Ω). Upon multiplying by a test function, formally integrating by parts,

and invoking (A.1), (A.2) can be shown to be formally equivalent to∫
Ω

[
∇u · ∇ϕ+ uϕ

]
dx =

∫
Ω

fϕ dx ∀ϕ ∈ D(Ω).

Let H1
0(Ω) be the closure of D(Ω) with respect to the H1-norm. Since both sides in

the variational form are continuous in the topology induced by the H1-norm, we may

reformulate (A.2) as: Find u ∈ H1
0(Ω) such that∫

Ω

[
∇u · ∇v + uv

]
dx =

∫
Ω

fv dx ∀v ∈ H1
0(Ω), (A.3)

which is called the weak form of the Laplace equation (as opposed to the strong form

(A.2)). A closer look reveals that the bilinear form on the left-hand side of (A.3) is in

fact an inner product on H1
0(Ω) which induces the H1-norm. Let us denote this inner

product by (·, ·)H1 so that we can rewrite (A.3) as (u, v)H1 = �(v), where �(v) is the

bounded linear functional given by �(v) =
∫

Ω
fv dx. Hence, it follows from the Riesz

representation theorem for H1
0(Ω) that (A.3) has a unique solution.

A.1.3 Functions of bounded variation

We also review functions of bounded variation which are used in Chapter 6. For

u ∈ L1(Ω), and any open subset A of Ω the total variation of u in A is defined by

|Du|(A) = sup
ϕ∈C1(A),supp(ϕ)⊂⊂A

‖ϕ‖L∞(A)≤1

∫
Ω

u divϕ dx,

and the BV-norm in Ω by ‖u‖BV(Ω) = ‖u‖L1(Ω) + |Du|(Ω). We say that a function

u ∈ L1(Ω) has bounded variation if ‖u‖BV(Ω) < +∞, and collect these functions into

the space BV(Ω). As is the case with Sobolev spaces, it turns out that BV(Ω) is a

Banach space. If u ∈ BV(Ω) then there exists a vector-valued, signed Radon measure

Du such that

−
∫

Ω

u divϕ dx =

∫
Ω

ϕ dDu ∀ϕ ∈ C1(Ω),
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i.e, the measure Du, called the variation of u, can be considered the weak (or better

distributional) derivative of u (cf. [46, Section 5.1]). It can be shown to have the

decomposition

Du = ∇uLd + [u]ν�u Hd−1|Su +Dcu,

where ∇u ∈ L1(Ω), Ld is the d-dimensional Lebesgue measure, Su is a (d − 1)-

dimensional set of ‘weak jump discontinuities’ with unit normal νu, [u] is the jump

across Su, Hd−1 is the (d − 1)-dimensional Hausdorff surface measure, and Dcu is a

measure which is singular with respect to Ld as well as Hd−1|Su and is called the Cantor

part of Du. Piecewise W1,1 functions have bounded variation without Cantor part.

Unlike Sobolev functions, BV functions cannot be approximated in the BV-norm

by smooth functions. However, they can be approximated by smooth functions in the

strict topology of BV, which is often sufficient. Let the metric ρ be defined by

ρ(u, v) = ‖u− v‖L1(Ω) +
∣∣|Du|(Ω) − |Dv|(Ω)

∣∣ ∀u, v ∈ BV(Ω).

Equipped with ρ, BV is a metric space and the topology induced by ρ is called the

strict topology. For any domain Ω, for any u ∈ BV(Ω) there exists a sequence uj ∈
C∞(Ω) ∩ BV(Ω) such that ρ(u, uj) → 0 as j → ∞ [46, Section 5.2.2].

A.2 Calculus of Variations

To fix the notation, we assume that X and Y are separable Banach spaces (i.e. Banach

spaces which contain a countable set which is dense) with topological duals X ∗ and

Y ∗ (the spaces of bounded linear functionals from respectively X or Y to R). The

norm associated with a Banach space X is denoted by ‖ · ‖X , and so forth. The

space of bounded linear mappings between X and Y is denoted by L(X ,Y ). In the

following sections we give a brief introduction to the most basic methods of the calculus

of variations.

A nice elementary introduction to the calculus of variations can be found in [21].

For more advanced material, particularly for applications in solid mechanics, see [35]

or [79].

A.2.1 The direct method

Let X ∗ be a dual Banach space, i.e., let X ∗ be the dual of a Banach space X , and

let φ : X → (−∞,+∞]. We wish to find

u ∈ argmin
X

φ. (A.4)



A. SUPPLEMENTARY MATERIAL 159

A powerful technique to prove the existence of solutions to (A.4) is the direct method

of the calculus of variations.

Suppose that φ satisfies the coercivity condition

‖u‖X ∗ → ∞ ⇒ φ(u) → ∞. (A.5)

Let (uj)j∈N ⊂ X be a minimizing sequence for φ, i.e,

φ(uj) → inf
X
φ as j → ∞.

If the domain of φ, D(φ) = {u ∈ A : φ(u) < +∞} is non-empty, then each minimizing

sequence must be bounded. By the Banach–Alaoglu theorem [85, Theorem 3.15], it

follows that (uj) is precompact in the weak-∗ topology of X ∗, i.e., there exists u ∈ X ∗

and a subsequence (w.l.o.g. not relabelled) such that uj
∗
⇀ u weakly-∗ in X ∗.

At this point the crucial assumption for the direct method comes into play. If φ is

sequentially weakly-∗ lower semicontinuous, i.e.,

φ(v) ≤ lim inf
j→∞

φ(vj),

whenever vj
∗
⇀ v, then it follows that u, constructed above, is a solution to (A.4).

A.2.2 Euler–Lagrange equations

Let X ,Y be normed, linear spaces, let A be an open subset of X and let F : A → Y .

F is said to be Gateaux-differentiable at u ∈ A if there exists a map T ∈ L(X ,Y )

such that, for every v ∈ X ,

lim
h→0
h∈R

|h|−1‖F (u+ hv) − F (u) − hTv‖Y = 0.

In this case, we write T = F ′(u). F is said to be Fréchet differentiable if it is Gateaux

differentiable and

lim
v→0
v∈X

‖v‖−1
X ‖F (u+ v) − F (u) − F ′(u)v‖Y = 0.

A classical technique in the calculus of variations is to make use of Banach space

differentiation to derive necessary conditions for solutions to (A.4). Let φ : X → R,

and let A be a closed, convex subset of X . Suppose that u ∈ A is a local minimizer

of φ in A (i.e., locality is understood in the topology of X with respect to which φ is

differentiable) and that φ is Gateaux differentiable at u. Then, for all v ∈ A , we have

φ(u) ≤ φ(v) = φ(u) + hφ′(u; v − u) + o(h) as h→ 0.
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Letting h→ 0, it follows that

φ′(u; v − u) ≥ 0 ∀v ∈ A . (A.6)

(A.6) is the prototype of a variational inequality. If A is an affine subspace then we

have equality in (A.6). In this case, the resulting equation φ′(u) = 0 is called the

Euler–Lagrange equation of φ.

More generally, a point u satisfying (A.6) is called a critical point. If φ is convex

then the the set of critical points and the set of global minimizers coincide. In general,

the structure of critical points can be quite complicated. However, as in the finite-

dimensional case, we can at least say the following: if φ′(u) = 0, if φ′ is Fréchet

differentiable at u and φ′′(u) is positive definite, then u is a strict local minimum of φ.

In practise, the derivation of the Euler–Lagrange equation can be subtle. Consider,

for example, the integral functional

φ(u) =

∫
Ω

f(u(x),∇u(x)) dx,

where Ω is an open subset of Rd and f = f(u, p) is continuously differentiable in

R × Rd. Clearly, φ is well-defined and differentiable on the function space W1,∞(Ω).

The resulting Euler–Lagrange equations are∫
Ω

[
fu(u,∇u)v + fp(u,∇u) · ∇v

]
dx = 0 ∀v ∈ W1,∞(Ω). (A.7)

In many situations, (A.7) does not have a solution in W1,∞(Ω). In which other topolo-

gies can φ then be differentiated? For example, if f satisfies the growth conditions

|f(u, g)| ≤ C1(1 + |u|p + |g|p) and |fu(u, g)|+ |fg(u, g)| ≤ C1(1 + |u|p−1 + |g|p−1)

then it can be shown that φ is Gateaux differentiable in W1,p(Ω).

A.3 Finite Element Methods

Finite element methods are flexible techniques for the numerical approximation of

partial differential equations and many other types of mathematical models. For a

thorough introduction see [22].

Let Ω be a polygonal domain in Rd and let T be a finite element mesh, a collection

of open simplices κ ⊂ Rd such that ∪κ∈T κ̄ = Ω̄ and κ ∩ κ′ = ∅ if κ �= κ′ ∈ T .

The construction and the specific properties of the mesh T are crucial to the success

of the finite element method, both analytically and algorithmically. For example, in
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(b)(a)

Figure A.1: A mesh with a hanging node (a) and a regular mesh (b).

two dimensions, it is typically assumed that the mesh has no hanging nodes, i.e., if

κ̄ ∩ κ̄′ �= ∅ then either, this intersection consists of exactly one common edge of κ and

κ′, or of one common vertex (cf. Figure A.1). In three dimensions, if κ̄ ∩ κ̄′ �= ∅, then

the intersection must consist of exactly one common face, of one common edge or of

one common vertex. Such meshes are called regular. Irregular meshes may also be

used, but their discussion goes beyond the scope of this appendix.

For k ∈ N \ {0} let Pk be the set of polynomials of degree up to k in Rd and let

Sk(T ) be defined by

Sk(T ) =
{
v ∈ C(Ω̄) : v|κ ∈ Pk ∀κ ∈ T

}
.

It should be intuitively clear that this definition is not very useful for arbitrary par-

titions. Only if a mesh is regular (Figure A.1 (b)) or has a very specific structure, is

Sk(T ) rich enough to approximate Sobolev spaces.

As a first example of a finite element method we discretize (A.3). To this end, let

Sk
0 (T ) = Sk(T )∩H1

0(Ω). The Galerkin finite element approximation to (A.3) is to find

U ∈ Sk
0 (T ) such that∫

Ω

[
∇U · ∇V + UV

]
dx =

∫
Ω

fV dx ∀V ∈ Sk
0 (T ), (A.8)

or, in short, (U, V )H1 = �(V ). By the Riesz representation theorem for Sk
0 (T ), (A.8)

has a unique solution. Let u be the solution to (A.3) and let U be the solution to

(A.8). Since Sk
0 (T ) ⊂ H1

0(Ω), we have

(u− U, V )H1 = (u, V )H1 − (U, V )H1 = �(V ) − �(V ) = 0 ∀V ∈ Sk
0 (T )



162

and hence

‖u− U‖2
H1 = (u− U, u− U)H1 = (u− U, u− V )H1 ≤ ‖u− U‖H1‖u− V ‖H1

for all V ∈ Sk
0 (T ). Dividing by ‖u − U‖H1 , we obtain the best approximation error

estimate

‖u− U‖H1 = inf
V ∈Sk

0

‖u− V ‖H1. (A.9)

In general, a Galerkin finite element method is not a projection as in the case of the

Dirichlet problem, but estimates similar to (A.9) still hold in many situations.

With (A.9), the error estimation is reduced to an approximation problem. We shall

not go into any detail in this area but only mention that this is the point in the finite

element analysis where the specific construction of the mesh, for example its regularity,

is of crucial importance. For further material see, for example, [22, Chapter 4]. For

error estimation with respect to different norms, see [22, Chapter 8].

In the following two sections, we briefly outline two techniques which can be used

to analyze the finite element method for nonlinear problems.

A.3.1 Error estimates for nonlinear equations

Consider the partial differential equation

− divS(∇u) = f in Ω, u = 0 on ∂Ω. (A.10)

Suppose furthermore that S is uniformly elliptic, i.e.,

(S(F ) − S(G)) : (F −G) ≥M1|F −G|2,

and Lipschitz continuous, i.e., |S(F ) − S(G)| ≤ L|F − G|, where M1 > 0 and L ∈ R.

A possible weak form for (A.10) is to find u ∈ H1
0(Ω) such that

B(u; v) = �(v) ∀v ∈ H1
0, where (A.11)

B(u; v) =

∫
Ω

S(∇u) : ∇v dx and �(v) =

∫
Ω

fv dx.

The finite element Galerkin discretization to (A.11) is to find U ∈ Sk
0 (T ) such that

B(U ;V ) = �(V ) ∀V ∈ Sk
0 (T ).

We leave the solubility of (A.10) and (A.11) aside but note that both equations can

be shown to posses unique solutions. By a generalization of the argument in the linear
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case, we have

M1|u− U |2H1 ≤
∣∣B(u; u− U) −B(U ; u− U)

∣∣
=

∣∣B(u; u− V ) −B(U ; u− V )
∣∣

≤ L|u− U |H1 |u− V |H1,

and thus obtain the quasi-optimal error estimate

|u− U |H1 ≤ L

M1
inf

V ∈Sk
0 (T )

|u− V |H1 .

If S is not globally elliptic and/or Lipschitz continuous, but only locally in a convex

set M ⊂ Rd, then, by assuming that ∇u,∇U ∈ M the same results can be recovered.

In fact, in some situations, this assumption can be made rigorous by use of a fixed

point argument such as the one in Chapter 4. This would go beyond the scope of this

section, however, and the reader is referred to [63] and [78] for further examples.

A.3.2 Variational convergence analysis

The direct method outlined in §A.2.1 has the great advantage that only the energy is

required for its analysis. This makes it usually clear which function space (namely one

in which φ is coercive) one should work in and considerably simplifies the analysis.

To motivate the following discussion note that (A.3) is the Euler–Lagrange equation

of the Dirichlet functional in H1
0(Ω) while (A.8) is the Euler Lagrange equation of the

Dirichlet functional in Sk
0 (T ). This is generally true: the finite element discretization

of an Euler–Lagrange equation is ‘usually’ the Euler–Lagrange equation of the same

functional restricted to the finite element space.

Thus, let φ : W1,p(Ω) → (−∞,+∞], where p ∈ (1,∞), be a strongly continuous, se-

quentially weakly (and since W1,p(Ω) is reflexive, also weakly-∗) lower semi-continuous

and coercive functional, i.e.,

uj → u ⇒ φ(uj) → φ(u),

uj ⇀ u ⇒ φ(u) ≤ lim inf
j→∞

φ(uj), and

‖uj‖W1,p → ∞ ⇒ φ(uj) → ∞.

Furthermore, for each N ∈ N, let TN be a finite element mesh such that

∀u ∈ W1,p ∃VN ∈ Sk(TN ), N ∈ N : VN → u in W1,p.

The energy Galerkin finite element method is to find UN ∈ Sk(TN) such that φ(UN) =

infSk(TN ) φ. By the direct method, such UN exist and by the coercivity of φ we may
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extract a subsequence UNj
, Nj ↑ ∞, such that UNj

⇀ u for some u ∈ W1,p(Ω). We

shall now prove that u is a minimizer of φ in W1,p(Ω). To this end, let v ∈ W1,p(Ω)

and let VN ∈ Sk(TN), VN → v as N → ∞, and consider

φ(u) ≤ lim inf
j→∞

φ(uNj
) ≤ lim sup

j→∞
φ(UNj

) ≤ lim
j→∞

φ(VNj
) = φ(v).

Since v was arbitrary, it follows that u ∈ argminφ. Furthermore, by setting v = u, it

follows that all inequalities in the above chain are equalities and hence φ(UNj
) → φ(u).

The result can be strengthened in several ways. For example, if the minimizer of φ

is unique then the entire sequence UN converges (weakly). In some cases (depending

on the specific structure of φ) it is even possible to deduce strong convergence of the

sequence UNj
(or UN). To demonstrate this, we may consider the p-Laplacian energy

functional

φ(u) =

∫
Ω

[
|∇u|p − fu

]
dx,

restricted to W1,p
0 (Ω), where f ∈ Lp′(Ω) and p ∈ (1,∞). If UNj

⇀ u weakly in

W1,p(Ω) and φ(uNj
) → φ(u) then, in particular, ‖∇UNj

‖Lp → ‖∇u‖Lp which, together

with the stated weak convergence implies strong the convergence ‖∇(u−UNj
)‖Lp → 0

(using Clarkson’s Theorem that Lp is uniformly convex [31] and a straightforward

computation). The reader is referred to [75] for more detail and further concrete

examples.

The argument outlined in this section is a special case of Γ-convergence [37, 39].

While undeniably elegant, it has a crucial flaw that is not usually mentioned in numer-

ical works based on Γ-convergence. It requires the global minimization of the energy

φ in the discrete spaces Sk(T ) which, unless φ is convex, is generally not tractable.
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[28] C. Carstensen and P. Plecháč. Numerical solution of the scalar double-well prob-

lem allowing microstructure. Math. Comp., 66(219):997–1026, 1997.

[29] M. Charlotte and L. Truskinovsky. Linear elastic chain with a hyper-pre-stress.

J. Mech. Phys. Solids, 50(2):217–251, 2002.

[30] P. G. Ciarlet. Mathematical Elasticity, Volume I: Three-Dimensional Elasticity.

North Holland, 1988.

[31] James A. Clarkson. Uniformly convex spaces. Trans. Amer. Math. Soc.,

40(3):396–414, 1936.

[32] S. Conti, G. Dolzmann, B. Kirchheim, and S. Müller. Sufficient conditions for

the validity of the Cauchy–Born rule close to SO(n). Technical Report 85/2005,

Max Planck Institute für Mathematik in den Naturwissenschaften, 2005.
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