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Hard disks are the simplest interacting many-body model system with a purely repulsive
potential in two dimensions. Here, we present a comprehensive set of measurements of the
static structure factors for quasi two-dimensional monodisperse fluids and two different bi-
nary colloidal hard sphere mixtures: a small size ratio (γ = 1.45) system with a negligibly
small negative non-additivity and a large size ratio (γ = 2.19) system with a significantly
larger non-additivity. We compare the experimental results for the monodisperse and small
size ratio systems to those calculated using a density functional theory for additive mixtures.
Furthermore, we determine the zero wavevector limits of the static structure factors for the
monodisperse and binary hard sphere fluids directly from an analysis of number and concen-
tration fluctuations. For the monodisperse case, this leads to the isothermal compressibility,
which agrees very well with density functional theory, and is consistent with the scaled par-
ticle theory equation of state for hard disks. For the binary fluids, the partial static structure
factors are used to calculate the Bhatia–Thornton structure factors, and we find qualitative
agreement with density functional theory for the small size ratio mixture. Finaly, the zero-
wavevector limits of the Bhatia–Thornton structure factors are determined, which are directly
related to the thermodynamic factor, the dilatation factor and the isothermal compressibility.

1. Introduction

Most materials of practical interest consist of more than a single component, yet
elucidating the physical behaviour of multicomponent systems is extremely chal-
lenging. Nevertheless, these systems, which include metallic alloys [1–6], polymer
blends [7–9] and glasses [10–13] are important for a range of applications, making
this detailed understanding crucial for the development of more sophisticated mate-
rials. Here, a key difficulty is that multicomponent systems often display markedly
different properties from those of their pure components, with precise details of the
interactions and cross-correlations between species leading to a range of subtle ef-
fects [14–16]. The simplest multicomponent system to consider is a binary mixture,
i.e. a system consisting of only two components. However, even these ‘simple’ bi-
nary mixtures already display a rich range of physical behaviour beyond that seen
in a single component system [17–23]. This includes different phase transitions,
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such as fluid-solid phase separation [24–26], and glass formation [11–13, 27, 28],
with binary solids forming alloys or glasses depending upon the structural order of
the individual particles [29–31]. Even in a single fluid phase the correlation func-
tions display a much richer behaviour than a one-component system, as the unique
wavelength of oscillation in a mixture can either be set by the size of the smaller
or the large particles of a mixture. The transition from one to the other length-
scale is called structural crossover [32, 33], which can be observed not only in bulk
correlation functions but also in several inhomogeneous distributions. Structural
crossover has been observed experimentally in binary colloidal fluids [34, 35] and
ionic liquid–solvent mixtures [36]

The simplest interacting binary system is that of a mixture of large and small
hard spheres with diameters σl,s. The behaviour of binary hard spheres is governed
by the total packing fraction, φt = φl + φs, with φl,s the packing fractions of
the large and small hard spheres, the composition q = φl/φt and the size ratio
γ = σl/σs. However, for binary hard sphere mixtures at relatively large size ratios,
non-additivity effects can give rise to complex behaviour, as is evident from the vast
amount of theoretical and simulation studies [18–21, 23, 37, 38]. Experimentally,
hard sphere model systems can be realised using colloids [39], and previous work on
three-dimensional binary colloidal hard sphere system has included studies of phase
separation [24], crystallisation [29] and glass formation [13]. In two dimensions
(2D), the situation is markedly different with the phase behaviour of monodisperse
hard disks only recently having been established in simulations [40–42] and in
experiments on 2D colloidal hard spheres [43, 44]. We note here that in these
experiments the colloidal hard spheres are confined to a monolayer and can – in
the plane of the centres of the spheres – be considered as an excellent experimental
hard disk system [45–47]. For hard disks in particular, the increased complexity in
the behaviour of binary mixtures is nicely illustrated by the fact that the melting
behaviour of monodisperse hard disks qualitatively changes with the addition of a
second component [16].

While a comprehensive study of the radial distribution functions in both single
component and binary hard disk systems was reported in [45], its counterpart in
Fourier space, the (partial) static structure factor Sij(k),

Sij(k) =
1

N

〈
Ni∑
ν=1

Nj∑
µ=1

exp [ik · (rν − rµ)]

〉
, (1)

has received much less attention, despite the fact that there is a direct link between
the zero-wavevector (k → 0) limit of the static structure factor and thermodynamic
quantities. In Eq. (1) i, j may either represent the small or large particles, rν,µ is
the position of particle ν of species i or µ of species j, k = |k| is the wavevector
and N is the number of particles. For monodisperse systems, for example, this link
directly leads to the isothermal compressibility, χT , as

S(k → 0) = ρkBTχT , (2)

where ρ is the number density, kB the Boltzmann constant and T the temperature.
As will be discussed later, the isothermal compressibility quantifies macroscopic
fluctuations in the number of particles. For binary systems determining the isother-
mal compressibility is much more challenging. In fact, a full description of a binary
mixture requires the knowledge of multiple thermodynamic quantities that follow
from specific linear combination of the partial static structure factors. These linear
combinations are known as the Bhatia–Thornton structure factors and are defined
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as [1–3]

Snn = Sll + Sss + 2Sls, (3)

Scc = c2
sSll + c2

l Sss − 2clcsSls, (4)

Snc = csSll − clSss + (cs − cl)Sls, (5)

with ci = Ni/N (i = l, s) the concentration of component i and Ni the num-
ber of large or small particles. Whilst the partial static structure factors describe
correlations between like or unlike particles, the Bhatia–Thornton structure fac-
tors instead consider number-number (nn), concentration-concentration (cc) and
number-concentration (nc) correlations.

In the k → 0 limit, these Bhatia–Thornton structure factors are related to the
thermodynamic quantities of the binary mixture as [1–3]

Snn(0) = ρkBTχT + δ2Scc(0), (6)

Scc(0) = clcs/Φ, (7)

Snc(0) = −δScc(0). (8)

Here, Φ is the thermodynamic factor, χT the isothermal compressibility of the
mixture and δ = ρ(vl−vs) the dilatation factor with vl,s the partial molar volumes.
The isothermal compressibility for binary mixtures is analogous to that for single
component systems (Eq. (2)), however, as the k → 0 limits of the Bhatia–Thornton
structure factors are all interdependent, χT for mixtures cannot be obtained from
the limit of a single static structure factor. As such, the determination of χT for
mixtures requires that all the limits in Eqs. (6) – (8) are obtained to a high degree of
accuracy. The thermodynamic factor Φ, which follows from Scc(0) and is directly
related to the second derivative of the molar Gibbs free energy ∂2g/∂cl∂cs [48],
plays a key role in transport processes like mutual diffusion or interdiffusion [6]
as the variation of the thermodynamic factor is directly linked to the nature of
the concentration fluctuations. Importantly, the thermodynamic factor accounts
for the tendency of concentration fluctuations to relax over large length scales
and these concentration fluctuations are indicative of the overall stability of the
mixture [6]. For example, the long range concentration fluctuations characteristic
of a phase separating system close to the critical point, thus lead to a large Scc(0)
and a correspondingly small Φ [22]. For binary systems that tend to order rather
than phase separate, the opposite behaviour is seen and the thermodynamic factor
becomes large [6]. Once Φ is known, the dilatation factor, δ, which describes the
relationship between system size and composition [1–3], follows from Snc(0) and
the compressibility χT then results from Snn(0).

In this article, we present a detailed and comprehensive analysis of static struc-
ture factors for quasi-two dimensional monodisperse and binary colloidal hard
spheres and compare these to those calculated using density functional theory.
We determine the k → 0 limits of the structure factors from the analysis of the
number and concentration fluctuations. For the compressibility of monodisperse
systems we find good agreement between results of the fluctuation analysis, den-
sity functional theory and the previously determined equation of state [43, 45].
We next consider the Bhatia–Thornton structure factors as a function of the total
packing fraction for binary systems at two different size ratios. We again find that
an analysis of the relevant fluctuations provides a good estimate for the S(k → 0)
limit for these mixtures, allowing us to obtain the key thermodynamic quantities,
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such as the variation of the isothermal compressibility, the dilatation factor and
the thermodynamic factor as a function of the total packing fraction.

2. Density Functional Theory

Classical density functional theory (DFT) is a versatile tool for the inhomogeneous
structure and thermodynamics of (classical) fluids and solids [49]. One can proof
that a functional of the grand potential Ω exists that takes its minimum for the
equilibrium density distribution, where it reduces to the grand potential of the
system [49]. The functional for a mixture takes the form

Ω[{ρi}] = Fid[{ρi}] + Fex[{ρi}] +
∑
i

∫
dr ρi(r)

(
V i
ext(r)− µi

)
, (9)

where the ideal gas (id) contribution is known exactly. V i
ext(r) and µi is the external

and the chemical potential of species i, respectively. Beside the aforementioned
important property of the functional, that can be shown with mathematical rigor,
one has to construct a functional of the intrinsic excess free energy Fex[{ρi}], which
contains all the information about particle-particle interaction. For most systems of
interest, the functional of the excess free energy relies on approximations. For hard
particles Rosenfeld [50] introduced fundamental measure theory (FMT) which is
in contrast to other theories from the onset a theory, for mixtures. The structure
of the intrinsic excess free energy functional is given by [50, 51]

Fex[ρ] = kBT

∫
dr ΦFMT ({nα}), (10)

where ΦFMT is the reduced excess free energy density for a mixture of hard spheres
in three dimensions or of hard disks in two dimensions. ΦFMT is a function (not
a functional) of a set of weighted densities. Note that ΦFMT should not be con-
fused with the thermodynamic factor Φ. For a z–component mixture the weighted
densities are given by

nα(r) =

z∑
i=1

∫
dr′ ρi(r

′) ωαi (r, r′), (11)

which is a convolution of local densities of species i, ρi(r), with geometrical weight
functions ωαi .

In this work we are interested in the theoretical description of binary colloidal
hard spheres confined to a monolayer. This is best done by a DFT for hard disks.
While for hard spheres in three dimensions there exists a FMT functional that can
treat mixtures of non-additive hard spheres [38], in two dimensions only additive
mixtures can be treated [52, 53]. Details about the functional and the geometrical
weight functions for hard disks are given in Ref. [52].

Here, we present the Ornstein-Zernike route [48] to the static structure factor
for a bulk fluid of hard disks from a recent density functional theory (DFT) [52]
within the framework of fundamental measure theory (FMT) [50, 51]. The starting
point for the one-component fluid is the connection between the static structure
factor S(k) and the Fourier transform c(2)(k) of the pair direct correlation function
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c(2)(r) [48]

S(k) =
1

1− ρ c(2)(k)
, (12)

with the bulk fluid number density ρ. Once the pair direct correlation function
is known, the static structure factor can be calculated directly. Within DFT it is
possible to obtain direct correlation functions by functional variation of the excess
free energy functional. For the pair direct correlation function one has [49]

c(2)(r = |r1 − r2|) = −β δ2Fex[ρ]

δρ(r1)δρ(r2)
, (13)

where β = 1/(kBT ).
Employing the structure of FMT for a mixture one finds for the pair direct

correlation function for particles of species i and j

c
(2)
ij (r = |r1 − r2|) = −

∑
α,γ

∂2ΦFMT

∂nα∂nγ

∫
dr′ωαi (r′ − r1)ωγj (r′ − r2). (14)

Since we are interested in a bulk fluid, the derivative of ΦFMT w.r.t. weighted
densities are functions of the fluid bulk density, but do not depend on location in
space. With the help of the convolution theorem the Fourier transform of the pair
direct correlation function can be written as

c
(2)
ij (k) = −

∑
α,γ

∂2ΦFMT

∂nα∂nγ
ωαi (k) ωγj (−k). (15)

The second derivatives of ΦFMT w.r.t. the weighted densities and the Fourier trans-
forms of the weight functions are known analytically and hence we arrive at ana-

lytical expressions for c
(2)
ij (k).

For the one-component fluid the analytical expression for the pair direct corre-
lation function as a function of the packing fraction φ = (π/4)ρσ2 is given by

c(2)(k) =
π

6(1− φ)3k2

{
−5

4
(1− φ)2k2σ2J0(kσ/2)2

+

(
4((φ− 20)φ+ 7) +

5

4
(1− φ)2k2σ2

)
J1(kσ/2)2

+ 2(φ− 13)(1− φ)kσJ1(kσ/2)J0(kσ/2)
}
, (16)

where σ is the diameter of the disks and Ji(x) are Bessel functions of the first
kind. By inserting this into Eq. (12) we have the structure factor in closed form
in the approximation of the FMT functional. The limit of vanishing wave number,
Eq. (2), can be taken analytically

S(k → 0) = kBTρχT =
(1− φ)3

1 + φ
, (17)

which is consistent with the result from the scaled-particle theory equation of state
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[54, 55]

βp =
ρ

(1− φ)2
(18)

that underlies the functional [52] employed here.
For binary mixtures the partial static structure factors are given by [48]

Sij(k) = ciδij + cicjρ hij(k), (19)

where hij(k) is the total correlation function between particles of species i and j.
Note that i and j may either be s or l. For a binary mixture the solution of the
Ornstein-Zernike equation takes the form

hij(k) =
Nij(k)

D(k)
, (20)

with a common denominator

D(k) = 1− ρscss(k)− ρlcll(k) + ρsρl
(
css(k)cll(k)− cls(k)2

)
, (21)

where ρl,s = cl,sρ are the number densities of the large or small particles. The
numerators that depend on the correlation function considered:

Nss(k) = css(k)− ρl
(
css(k)cll(k)− cls(k)2

)
, (22)

Nll(k) = cll(k)− ρs
(
css(k)cll(k)− cls(k)2

)
, (23)

and

Nls(k) = cls(k). (24)

This is clearly more involved than the corresponding theory for a one-component
fluid.

In order to evaluate these expressions the pair direct correlation functions cij(k)
for a mixture are required of particles from species i and j with diameter σi and
σj , respectively. From Eq. (15) we obtain

cij(k) =
π

6(1− n2)3k2

{σi
2
J1(kσi/2)

[σj
2

(
5k2(1− n2)2 − 12n2

1 − 24πn0(1− n2)
)
J1(kσj/2)

− 12k(1− n2)(
n1σj

2
− n2 + 1)J0(kσj/2)

]
− (1− n2)

kσj
2

(12J0(kσi/2)((1− n2)
kσi
2
J0(kσj/2)

+ (
n1σi

2
− n2 + 1)J1(kσj/2))− 7kσi

2
(1− n2)J2(kσi/2)J2(kσj/2))

}
, (25)

with the scaled particle variables n2 = (π/4)(ρsσ
2
s+ρlσ

2
l ) = φt, n1 = π(ρsσs+ρlσl),

and n0 = ρs + ρl = ρ. The pair direct correlation functions and the resulting
structure functions are similar in spirit but more consistent than those based on an
earlier version of FMT for hard disks due to Rosenfeld [53], where an “approximate
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addition theorem” for Bessel functions was employed to correct empirically for
missing terms in the excess free energy functional.

As a consistency check we have confirmed that the pair direct correlation function
for a mixture, Eq. (25), reduces to the one-component expression, Eq. (16), if either
one of the densities is set to zero or the diameters of the mixture are made equal.

3. Experimental methods and data analysis

3.1. Colloidal model system

The quasi-2D colloidal hard sphere system studied here was first introduced in
[45] and consists of particles confined by gravity to a monolayer on the base of
a glass sample cell. In this work, we consider two monodisperse (MD) systems of
particles with diameters σ = 2.79 µm and σ = 4.04 µm and two binary mixtures:
a small size ratio (SSR) system of σs = 2.79 µm and σl = 4.04 µm particles,
with γ = σl/σs = 1.45, and a large size ratio (LSR) system of σs = 2.79 µm and
σl = 6.10 µm particles, with γ = 2.19. Systems are considered at a variety of
packing fractions, φi = (π/4)ρiσ

2
i , where ρi and σi with i = l, s are the number

densities and diameters of the large or small particles, respectively, and the total
packing fraction for the system is defined as φt = φl + φs. All of the different
systems studied are shown in the state diagram in Fig. 1a.

Binary systems are studied at the same constant composition as defined by the
number concentration, ci = Ni/N , as it is clear from Eqs. (3) – (5) that ci governs
the effect of composition upon the static structure factors. Note that in Fig. 1(a)
this results in groups of points with different gradients for the two binary systems
as this plot reflects the packing fraction ratio rather than concentration ratio. This
packing fraction ratio is characterised by the parameter q = φl/φt, which is equal
to 0.37 for the SSR system and 0.48 for the LSR system.

Both binary systems display a non-additivity as the centres of particles of differ-
ent sizes do not lie in the same plane when sedimented on the base of the glass sam-
ple cell, as illustrated in Fig. 1(b) and (c). This is described by the non-additivity
parameter ∆, which is defined by [20]

σls =
1

2
(σl + σs)(1 + ∆), (26)

with ∆ = −0.017 for the SSR system and ∆ = −0.070 for the LSR system. Note
that while the two size ratios for the two binary systems do not differ significantly,
there is a much greater variation in the non-additivity parameter, though we have
shown that the effect of the non-additivity in the SSR system is negligibly small [45].
The negative sign of the non-additivity indicates that the closest distance between
unlike particles in the binary system is lower than the sum of their hard disk radii,
and thus the particles have a smaller in-plane diameter and thus smaller effective

σl σs γ γ′ cl ∆

MD - 2.79 - - 0 -
MD 4.04 - - - 1 -
SSR 4.04 2.79 1.45 1.41 0.215 -0.017
LSR 6.10 2.79 2.19 1.96 0.200 -0.070

Table 1. Parameters for the experimental systems considered, including particle diameters (in µm), the size

ratio γ, the effective size ratio γ′, the large particle number concentration cl, and the non-additivity parameter

∆. Note that the number concentration of small particles cs = 1 − cl.
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Figure 1. (a) State diagram indicating the different colloidal systems studied. For binary mixtures, those
at small size ratio (γ = 1.45) are represented by green diamonds and those at large size ratio (γ = 2.19) by
orange triangles. Monodisperse systems of particles with diameters of σ = 2.79 µm and σ = 4.04 µm are
indicated by red and blue crosses, respectively. The in-plane geometry of the (b) small and (c) large size
ratio systems. Panels (d) to (f) show experimental images of the (d) monodisperse system with σ = 4.04µm
(e) small size ratio system (γ = 1.45) and (f) large size ratio system (γ = 2.19) at φt ≈ 0.6.

size ratio, γ′. The difference between the effective radius and the hard disk radius is
small for the SSR system, but is more significant at large size ratios and thus for the
LSR system effective diameters are used to determine the total packing fraction. A
summary of the key parameters for the four experimental systems considered here
are given in Table 1.

The colloidal monolayers are imaged using an inverted brightfield video micro-
scope as described in [45, 56]. The images are recorded at 2 frames per second for
up to 45 min and particle coordinates obtained using standard routines [57], with
typical images of the monodisperse and binary systems shown in Fig. 1(d) to (f).

3.2. Structure factors

We calculate the structure factors for monodisperse and binary systems directly
from particle positions as

Sij(k) =
1

N

〈
Ni∑
ν=1

Nj∑
µ=1

cos(k · rν) cos(k · rµ)

〉
+

1

N

〈
Ni∑
ν=1

Nj∑
µ=1

sin(k · rν) sin(k · rµ)

〉
, (27)

which is equivalent to Eq. (1), where rν,µ is the position of particle ν of species i
or µ of species j and k is the k−space vector. As k is an inverse lengthscale, the
magnitude of k has a minimum value for k = |k| = 2π/L, where L is the size of
the system as a whole. This minimum value sets the spacing between the vectors
in k−space such that, in 2D, k = 2π/L(nxx̂ + nyŷ), where nx and ny are integers
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Figure 2. (a) An illustration of splitting particle positions for the sub-box analysis, here with m = 4. (b)
An example of the extrapolation to infinite system size. Here, the filled symbols show the fluctuations in
particle number (Eq. (29)) as a function of box length Lm for one packing fraction and the open symbols
indicate the quality of the Gaussian fit to the distribution of values. The dashed line shows the linear fit
to the data for 1/Lm > 0.005 used for the extrapolation.

and x̂ and ŷ are unit vectors in the x and y directions. As the system is isotropic,
an azimuthal average over k−space vectors of equal magnitude is performed.

3.3. The S(k → 0) limit from fluctuations

The k → 0 limits of the structure factors, which are directly related to thermo-
dynamic quantities, can be obtained by considering fluctuations. For example, for
monodisperse systems the S(k → 0) leads to the isothermal compressibility via
Eq. (2), which, in the thermodynamic limit, is directly linked to the fluctuations
in the number of particles as [48]

S(k → 0) = ρkBTχT =
〈N2〉 − 〈N〉2

〈N〉
. (28)

For binary systems, the k → 0 limits of the Bhatia–Thornton structure factors are
also linked to fluctuations as [1–3]

Snn(0) = [〈N2〉 − 〈N〉2]/〈N〉, (29)

Scc(0) = N [〈c2
i 〉 − 〈ci〉2], (30)

Snc(0) = N [〈Ni〉/〈N〉 − 〈ci〉], (31)

which allows for an independent measure of the thermodynamic quantities related
to these k → 0 limits (see Eqs. (6) – (8)) from a fluctuation analysis.

The fluctuations in Eqs. (28) – (31) are associated with macroscopic fluctuations
of the number of particles and the concentration. In a finite system, they can be
computed either by an extrapolation of the Bhatia–Thornton structure factors,
Eqs. (3) – (5), to k → 0 or by a sub-box analysis [58, 59]. In the latter case,
the fluctuations in particle number or concentration in a box with well defined
lengthscale, Lm, are computed for the monodisperse systems via Eq. (28) and for
the binary systems using Eqs. (29) – (31). In order to determine these expressions in
the thermodynamic limit, i.e. for an infinite system the fluctuations are computed
as a function of box length for multiple box sizes and extrapolated to infinite box
length to determine S(k) → 0. For the experimental images with a frame size of
1280×1024 pixels, a square box with L = 1000 pixels positioned in the centre of the
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structure factor based on Eq. (16). Inset is the small k limit of S(k) for the same system where points at
k = 0 are those determined by an analysis of number fluctuations. (b) A comparison of the theoretical
expression for the 1/S(k → 0) limit (Eq. (17)) with the experimentally determined limit from an analysis
of number fluctuations for both monodisperse systems with σ = 2.79 µm and σ = 4.04 µm.

frame defines the maximum lengthscale. This area is then split into an m×m grid
of squares, where m runs from 1 to 14, with the side of each square Lm = 1000/m
pixels. An example of this for a binary system is shown in Fig. 2(a). Note that as
the number of boxes considered increases with decreasing boxsize better statistics
are achieved for smaller Lm. Fluctuations in number or concentration of particles
for all systems and box lengths are calculated over 500–700 frames, and to ensure
that sufficient statistics are achieved for each box size we compare our results to the
expected Gaussian form of the distribution. Only results with sufficiently Gaussian
number distributions (as quantified by the adjusted R-Square of the fit) are used
for the linear extrapolation (see Fig. 2(b)) and the error bars for the k → 0 values
in Eqs. (28) – (31) correspond to the errors on the intercept of these linear fits.

4. Results and discussion

4.1. Monodisperse hard spheres

First we consider the static structure factor for monodisperse systems. In Fig. 3(a)
we show S(k) for the monodisperse system with σ = 2.79 µm for a variety of pack-
ing fractions φ as symbols and compare these data to results from the Ornstein-
Zernike route to S(k) based on the analytical expression for the pair direct corre-
lation function Eq. (16).

The first peak in S(k) relates to structure on the lengthscale of a particle di-
ameter, σ, with the behaviour at smaller k, reflecting real-space structure which
exists over larger length scales. As expected, as φ increases, S(k) exhibits a greater
degree of structure and a lower value in the limit k → 0, consistent with the greater
pressure in the system. The latter is seen more clearly in the inset where we also
compare the small k region of S(k) with the results for the k → 0 limit obtained
from the sub-box analysis of the number fluctuations (data points at k = 0). Good
agreement is seen between the apparent limit of the measured S(k) and the limit
calculated from number fluctuations by Eq. (28). We also find good agreement be-
tween the experimental and the theoretical results, where especially for small values
of k – up to the first local minimum – the agreement between theory and exper-
iment is very good without fitting parameters. Successive oscillations in S(k) are
less well described by theory than the lower k behaviour and we have confirmed
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by standard Monte-Carlo computer simulations [60] that the experimental data
match within error bars those for the hard disk structure factors from simulations,
while there are clear deviations between the analytical theory and simulations. It
is worth pointing out that it would be possible to obtain theoretical predictions for
S(k) from a Fourier transform of the radial distribution function g(r) calculated
by minimising the FMT functional [45]. While the agreement between theory and
experiment along this route is significantly better, we did not follow it here, as the
predictions are purely numerical and do not provide additional insight. The same
qualitative behaviour is also seen for the monodisperse system with σ = 4.04 µm.

While the fluctuation analysis appears to provide a good measure of the k → 0
limit of the static structure factors we now verify more fully that this protocol allows
for an accurate determination of the isothermal compressibility by considering the
equation of state. For our monodisperse systems, this has previously been found
to be in excellent agreement with the result from scaled particle theory, Eq. (18)
[43, 45], which underlies the FMT functional for hard disks employed here [52].
Therefore in Fig. 3(b) we compare 1/S(k → 0) as computed from Eq. (28) for both
monodisperse systems, to the prediction for this quantity based on scaled particle
theory, Eq. (17). In general, good agreement between the prediction from SPT and
the experimental data is seen, although this deteriorates a little at higher packing
fraction. This may be due to insufficient statistics for the higher packing fractions,
where a greater length of time is required for the system to fully sample enough
different configurations and thus for the analysis to fully capture the behaviour of
the fluctuations. Overall, however, the agreement between the experimental results
from the fluctuation analysis and theory indicates the validity of this approach to
finding the small k limit of S(k).

4.2. Binary hard spheres

We next consider the static structure factors for the two different binary mixtures.
To this end, in Fig. 4 we plot the three experimental Bhatia–Thornton structure
factors for the small (panels (a), (c) and (e)) and large (panels (b), (d) and (f)) size
ratio binary systems. In all cases, the degree of structure in the systems increases
with increasing total packing fraction. However, clear differences are seen between
the structure factors for the LSR and SSR systems. This firstly arises due to the
greater disparity in size between the particles at large size ratio, which leads to new
peaks appearing in the structure factors, most clearly seen in Snn(k). As Snn(k)
is a simple addition of the partial structure factors (Eq. (3)), it is dominated by
those partial structure factors linked to the majority component, here the small
particles and therefore Sss(k) and Sls(k). For the SSR system, the similarity in
size of the different particle species results in similar positions of the initial peaks
in Sss(k) and Sls(k). Therefore, the calculated number-number structure factor
closely resembles that of the monodisperse system in Fig. 3. In contrast to this, for
the LSR the disparity in particle size leads a greater separation in peak positions,
resulting in a more complex structure in Snn(k), as illustrated by the apparent
splitting of the first peak.

In addition to these obvious particle size effects, however, are differences that
result from the different mixing tendencies of the two systems, as quantified by the
structure factors that consider concentration fluctuations, Scc(k) and Snc(k). In
both SSR and LSR mixtures, the negative non-additivity, ∆, makes it favourable
for there to be more contacts between unlike particles as this reduces the effective
particle diameters and thus increases the free area. In spite of this, it has previously
been shown that the equilibrium structure of the SSR system is in excellent agree-
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Figure 4. The experimental Bhatia–Thornton structure factors, shown as symbols with connecting lines,
for the binary colloidal systems at two size ratios: (a) and (b) the number-number structure factor, Snn(k)
for the SSR and LSR systems respectively; (c) and (d) the concentration-concentration structure factor,
Scc(k) for the SSR and LSR systems respectively; and (e) and (f) the number-concentration structure
factor, Snc(k) for the SSR and LSR systems respectively. The insets show a zoom of the corresponding
structure factors at small k and the k → 0 limits calculated from the box size analysis of fluctuations in
number or concentration of particles. Note that the packing fractions in (c) and (e) are as shown in (a),
whilst packing fractions in (d) and (f) are as those in (b).

ment with that predicted for additive binary mixtures from fundamental measure
theory [45], showing that here the small non-additivity has little effect. For the
LSR system, however, ∆ is almost four times larger than for the SSR system and
so the drive towards mixing is clearly more significant, and this is reflected in the
more pronounced peaks in Scc(k) and Snc(k). Furthermore, the tendency towards
mixing in the LSR system results in a suppression of concentration fluctuations,
which is clearly seen in the drop of the small k limit of Scc(k) with increasing φt
(Fig. 4(d)). The presence of structure on a larger scale is also indicated by the peak
in Snn(k) as k → 0 for the LSR system at φt = 0.68 (Fig. 4(b)), which is absent in
the corresponding SSR structure factor (Fig. 3(a)).

A direct comparison between the experimental and theoretical structure factors
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Figure 5. (a) A comparison between theory (lines) and experiments (symbols) of the partial structure
factors Sss(k), Sls(k), and Sll(k) for the SSR with φt = 0.54. The results agree qualitatively, however, due
to the high concentration of the small disks there are clear deviations between theory and experiments
found in Sss(k). This deviation can also be found in the Bhatia–Thornton structure factors, shown in (b),
where in particular Snn(k) shows discrepancies.

is more challenging in the case of mixtures. In fact, as the theory is based on
an FMT functional for additive hard-disk mixture, we only compare the theory
to the experimental structure factors for the SSR system, where the effect of the
non-additivity is negligible [45]. Note that such comparison is not meaningful for
the LSR system due to the significant non-additivity. We show an example for the
SSR system with φt = 0.54 in Fig. 5, where we plot both the partial structure
factors Sij(k) in (a) and the Bhatia–Thornton linear combinations in (b). Due to
the large concentration of small disks Sss(k) clearly dominates the structure of the
mixture. Qualitatively this is captured by the theory, even though the extension
of the Ornstein-Zernike equation from a one-component fluid to a binary mixture
introduces much more complexity. The agreement between theory and experiment
for Sll(k) and Sls(k) for the parameters used here is significantly better than for
Sss(k), as can be seen in Fig. 5(a), which is due to the fact that the SSR system
is rich in small particles. Furthermore, the level of agreement is better for smaller
values of φt, while it becomes worse as φt is further increased, as at higher φt the
errors in the (complex) direct pair correlation functions (Eq. (25)) will be more
significant, which, in turn, will lead to larger deviations in the structure factors.

It is clear from the deviations between theory and experiments found in Sss(k)
that linear combinations of the partial structure factors pick up similar deviations.
In Fig. 5(b) we show the Bhatia–Thornton structure factors for SSR with φt = 0.54
and find that in particular the Snn(k) exposes the shortcomings of the (analytical)
theory. While the qualitative behaviour is reproduced by the theory, the level of
agreement is far from being quantitative. The Snc(k) and Scc(k) from theory again
agree on a better level with the corresponding experimental data.

We now consider the k → 0 limit of the experimental Bhatia–Thornton structure
factors in more detail – note that a detailed analysis of the theoretical structure
factors at k → 0 was not pursued at this stage given the lack of quantitative agree-
ment. The small k regions of Snn(k), Scc(k) and Snc(k) are again shown as insets in
Fig. 4 with the points at k = 0 computed using the relevant fluctuation analysis for
each structure factor from Eqs. (29) – (31). In all cases the fluctuation analysis is in
good agreement with the k → 0 limit of the structure factors suggesting that this
provides a good estimate of the corresponding thermodynamic quantities. Impor-
tantly, the fluctuation analysis allows for the limits of all three Bhatia–Thornton
structure factors to be obtained independently.
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Figure 6. (a) The thermodynamic factor Φ as a function of total packing fraction φt for both binary
colloidal fluids. (b, c) The dilatation factors δ as a function of total packing fraction for the small size ratio
(b) and large size ratio (c) systems. Solid grey lines show the linear fit to the data used to approximate δ
and dashed grey lines show the prediction from Eq. (32). Error bars are the combined errors from Snc(0)
and Scc(0) (see Eq. (8)). (d) The isothermal compressibility expressed as 1/ρkBTχT for the colloidal binary
systems at large and small size ratio as a function of φt. Blue and red dashed lines show the prediction
for the equation of state from scaled particle theory [55]. Error bars are the combined errors from Snn(0),
Snc(0) and Scc(0) (see Eq. (6)). Note that the error bar for the data point for the LSR system at φt = 0.68
is larger than the range of the axis.

The simplest thermodynamic quantity to extract is the thermodynamic factor,
Φ, as this is computed from the limit of Scc(k) alone, using Eq. (7). Importantly, Φ
acts as a quantitative measure of the degree to which the system displays mixing
effects, and as such Φ has a central role in theories of mutual or interdiffusion [4, 6].
The thermodynamic factor as a function of φt is plotted in Fig. 6(a) for both the
LSR and SSR systems. For the SSR system, only a very small increase in Φ is
seen for the packing fractions considered, indicating that the system behaves as an
additive hard sphere mixture, in agreement with [45]. In contrast to this, for the
LSR system there is a substantial increase in Φ with increasing φt in accordance
with the qualitative behaviour of Scc(k) in Fig. 4(d). This is similar to the behaviour
seen in metallic alloys which display chemical short range ordering [6], however for
our hard disk model systems, the effect here is entropic in origin.

The second thermodynamic quantity that may be obtained is the dilatation
factor, δ, which describes the relationship between system size and composition
[1–3]. The experimental dilatation factors – determined via Eq. (8) – for the LSR
and SSR systems are plotted in Fig. 6(b) and (c) and exhibit a linear dependence
on φt for both size ratios, though with a steeper gradient for the LSR system. Also
shown are linear fits to the data (solid grey lines) from which we find δSSR = 1.04φt
and δLSR = 2.69φt. To explain the observed linear dependence of δ on φt, we
write – in analogy to its definition for a three-dimensional molecular mixture,



May 30, 2018 14:35 Molecular Physics Thorneywork˙revised

15

δ = ρ(v1 − v2) [1–3, 48] – the dilatation factor for our colloidal binary monolayers
as δ = N/A(al − as). Here, the total area of the system is A = A0 +Nlal +Nsas,
with ai the area of a particle of species i and A0 the ‘unoccupied’ area between the
particles. Rewriting δ in terms of q = φl/φt, cl = Nl/N and the in-plane size ratio
γ′ leads to the following expression:

δ = φt
q

clγ′
(γ′2 − 1), (32)

which indeed shows that δ is directly proportional to φt and that the slope depends
on the size ratio. Using the values for q and cl for both systems (see Table 1), we
can calculate δ(φt) from Eq. (32) as δSSR = 1.20φt and δLSR = 3.49φt, which are
shown as dashed grey lines in Fig. 6(b) and (c). For both the SSR and LSR systems,
Eq. (32) slightly overestimates the gradient, but the agreement is still remarkable
given the fact that there are no fitting parameters.

Finally, having established the values of Scc(0) and expressions for δ these can
be combined with Snn(0) using Eq. (6) to determine the isothermal compressibility
χT as a function of φt, which is shown for both binary mixtures in Fig. 6(d). Note
that towards high φt the error bars become relatively large, which underlines the
difficulty in obtaining the isothermal compressibility for binary fluids at high pack-
ing fractions. This is due to the error in χT being the combined errors from Snn(0),
Snc(0) and Scc(0) (see Eq. (6)) and ρkBTχT becoming very small as 1/(ρkBTχT )
diverges at high packing fractions. As with the monodisperse system, we compare
these results to the prediction from scaled particle theory for binary mixtures [55].
In both cases, good agreement is seen with the theoretical expression over the full
range of fluid packing fractions, with very similar values of the isothermal com-
pressibility found for the two binary systems. This implies that measurement of the
isothermal compressibility does not distinguish between the two binary systems in
spite of their quite different structures. As such, whilst for a monodisperse system
determining a single equation of state in terms of the isothermal compressibility is
sufficient, for binary mixtures a full understanding of the thermodynamics of the
system requires the measurement of multiple ‘equations of state’ that capture the
effects of both particle number and concentration fluctuations.

5. Conclusion

In conclusion, we have performed a detailed analysis of the static structure factors
of monodisperse fluids and two binary colloidal hard sphere mixtures with size
ratios of γ = 1.45 and γ = 2.19 in two dimensions. We have compared data from
detailed experiments for the monodisperse fluids and the small size ratio binary
system to theoretical predictions based on the Ornstein-Zernike route employing
analytical pair direct correlation functions derived from a recent FMT functional
for additive hard-disk mixtures [52]. We find good agreement between theory and
experiments for the monodisperse case, while qualitative agreement is found for
the small size ratio binary system, for which the non-additivity in the experiments
is negligible [45], but the theory is much more complex.

In particular, for the colloidal binary fluids, we have calculated the Bhatia–
Thornton structure factors from the partial static structure factors. We have also
determined the short wavevector (k → 0) limits of the structure factors directly
and from an analysis of number and concentration fluctuations, which leads to
the equations of state for the systems. For monodisperse and binary systems the
isothermal compressibility as a function of total packing fraction is found to be well
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described by results from scaled particle theory, with very little difference found
between the isothermal compressibilities for the two binary systems. In contrast, the
thermodynamic factor as a function of the total packing fraction is found to depend
strongly on the size ratio, which we ascribe to differences in the mixing tendencies of
the two systems due to their differing negative non-additivities, which is negligible
in the small size ratio system [45], but significant in the large size system.
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