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Abstract

The atomic-level structure of amorphous solids, which lack long-range order, has
been a long-standing challenge at the crossroads between chemistry, physics and
materials science for over a century. This thesis addresses this fundamental question
by employing state-of-the-art atomistic simulation techniques to investigate topo-
logical disorder in two-dimensional carbonaceous materials: graphene and graphene
oxide (GO).

A central theme is the application of machine learning interatomic potentials
(MLIPs) to explore complex potential energy surfaces that are inaccessible to con-
ventional methods. First, a novel approach is introduced where machine-learned
atomic energies are used to drive bond-switching Monte–Carlo simulations. This
method successfully navigates the configurational space of graphene, providing fea-
sible computational models of both continuous random network and paracrystalline
(cybotactic) structures and offering a unique energetic fingerprint to distinguish be-
tween them where traditional structural descriptors, such as the radial distribution
function, fall short.

Next, this thesis details the development of a bespoke, highly accurate MLIP for
graphene oxide (GO-MACE-23) using an iterative, on-the-fly training workflow. This
potential is used to simulate the thermal reduction of a large-scale GO structural
model, revealing the dynamic transformation into reduced graphene oxide (rGO).
The resulting rGO structure, which is cybotactic in nature and features pores and
embedded oxygen functional groups, shows excellent agreement with experimental
observations, a conclusion supported by simulated X-ray photoelectron spectroscopy
(XPS) that matches experimental spectra.

Finally, the GO-MACE-23 potential is applied to investigate the structure-property
relationships governing the mechanical behaviour of GO and rGO. Uniaxial strain
simulations reveal that the mechanical response is highly dependent on the type and
distribution of oxygen functional groups. Structures rich in epoxide groups exhibit
a more plastic response, while hydroxyl-rich structures are more brittle, providing
key insights for designing functionalised graphene materials with tailored mechanical
properties for applications in flexible electronics and composite reinforcement.

Collectively, this work demonstrates the power of machine learning in advancing
our fundamental understanding of amorphous materials, providing not only new
structural insights but also robust computational tools for the predictive design of
next-generation carbon-based technologies.
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Chapter 1

Introduction

“It must be frankly admitted that we know practically nothing about the

atomic arrangement in glasses.” – W. H. Zachariasen (1932)[1]

Order and disorder are fundamental concepts in the study of complex systems.

Such systems often exhibit emergent properties, where the collective behaviour of

many individual components gives rise to phenomena that cannot be fully un-

derstood by examining the components in isolation. For example, in traditional

Amazigh folk music (called Gnawa) the cadence of time signatures, vocal scales,

percussion and dancing are constantly and dynamically evolving, creating a rich,

complex tapestry of sound that is entrancing beyond what each individual com-

ponent can provide. It is evident that simultaneously, order and disorder emerge

from empirical rules and interactions operating at a localised level. “The whole is

different from the sum of its parts”. But what does this actually mean? In the

context of the physical and natural sciences, we can turn a proverbial (and in some

cases a literal) microscope on complex systems by examining the interplay between

the micro and macro – a complex dialectic that reveals how local interactions gov-

ern the macroscopic features, and in a circular manner, responses to macroscopic

perturbations can feed back to influence the local interactions.

This is particularly relevant in the study of disorder in materials, where the ab-

sence of long-range order at the microscopic scale does not imply the absence of

structure altogether. Instead, emergent properties like mechanical strength, elec-

tronic conductivity, or ionic mobility are not entirely dependent on the (semi) local

arrangement of atoms, which in turn, determines the extent of long-range order that

may or may not be present. Disorder, then, is not just noise or randomness; it is a

breaking of symmetry between the micro and macro, where the local arrangement

of atoms can lead to a variety of macroscopic properties that are not immediately

1



obvious at the atomic scale.

Amorphous materials (defined as being “non-crystalline”) exhibit such behaviour.

Yet, the very term amorphous∗ lacks a precise definition in the context of materi-

als, where its ambiguity reflects the structural complexity it seeks to describe. In

the context of this thesis, it is important to address the difficulty of pinning down

what qualifies as amorphous, and to understand the various types of disorder that

fall under this umbrella term. Much like the materials themselves, the concept of

“amorphicity” defies simple categorisation and invites nuance. All amorphous

materials possess a degree of randomness, but the extent to which this occurs and

the form it takes span a wide range of possibilities. For example, randomness can

Figure 1.1: Types of disorder. a Topological disorder (adapted version from Zachariasen’s
figure)[1]; b spin disorder; c substitutional disorder and d vibrational disorder. Reproduced
from Ref 2 with permission from Elsevier.

∗Derived from Ancient Greek, a- (privative alpha) + morphē (“form”) + -os. It can be
interpreted as: (1): misshapen, ugly; (2) formless, shapeless. We will focus on the latter, however
amorphous gems such as opal and obsidian are revered for their beauty.
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be observed in topology, vibrations, spin, substitution (in the case of multi-species

systems), defects and so on, and are illustrated in Figure 1.1. More often than not,

amorphous materials are disordered in more than one motif. As such, disorder is not

unique within itself, but instead must be compared to an ideal form for reference,

which is typically a perfect crystalline phase for that material.

Crystalline materials are highly ordered with characteristic symmetries known as

space groups, which are constrained due to the periodic repetition of atoms within

a unit cell. A perfect crystal can be defined as:

“atoms (or groups of atoms or ‘motifs’) [that] are arranged in a pat-

tern that repeats periodically in three dimensions to an infinite extent”.[2]

With a reference in place, we can begin to frame our understanding of the most

important type of disorder for this thesis, topological disorder. Topological disorder

is a breaking of translational symmetry, where some amorphous materials display

considerable short-range order but lack long-range order. This can be seen in Fig-

Cubic diamond Graphite

Amorphous
(High density) Amorphous

(Low density)

Figure 1.2: Schematic of potential energy surface (PES) for carbon with two local minima
showing metastable amorphous states. The system can be trapped in either minimum, leading
to different structural arrangements.
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ure 1.2 where various carbon structures are shown, two of which are topologically

disordered but display short-range ordering as seen by the local bond order corre-

sponding to sp2–like (low density) and sp3-like (high density) environments. What

is also illustrated is metastability, where graphite is shown to be the most stable

form of carbon, as opposed to diamond which is slightly higher in energy. It is the

kinetics of the diamond-to-graphite transition which are extremely sluggish, and if

left at ambient conditions, will take longer than the age of the universe!∗

And so a question naturally arises, why are some materials amorphous? The

phase a material takes depends on many factors: thermodynamics, kinetics and

bonding, to name a few. According to the third law of thermodynamics, a perfect

crystal has zero entropy S at 0 K, and the system must occupy its minimum-energy

microstate. In practice this means that at absolute zero, the Gibbs free energy G =

H−TS reduces to the enthalpy H (or internal energy E) of the phase as TS → 0. In

other words, at 0 K the thermodynamically stable phase is the one with the lowest

enthalpy (internal energy). Crystalline order usually maximises favourable bonding

and minimises energy, so the lowest-enthalpy crystalline polymorph is typically the

ground state.

In contrast, an amorphous solid generally has higher internal energy (and often

residual configurational entropy), making it metastable relative to the crystal under

equilibrium conditions. There are notable exceptions to the third law of thermody-

namics, such as in the case of quantum liquids such as 4He, which does not crystallise

at 0 K due to low mass and weak interatomic forces resulting in considerable zero-

point motion due to pronounced quantum effects.[4]

However, above absolute zero, statistical mechanics dictates that there is always

a non-zero probability of atoms arranging themselves in such a way that the system

becomes trapped in a local energy minimum – a metastable state. These configu-

∗It has been estimated from experimentally determined activation energies for {110} faces of
diamond that for a diamond of 15 µm (≈ 1×10−11g),[3] it would take 10 million years to graphitise
at 900 K. Diamonds are not always forever!
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rations may lack long-range order, resulting in amorphous structures that retain a

degree of local order. For example, in SiO2 glass,∗ the covalent bonding rules are

preserved, but the tetrahedral symmetry is broken. An interesting example where

the amorphous phase is thermodynamically more stable than the crystalline con-

stituents is found in certain polymer-derived silicon oxycarbide and related glasses.

These materials form a network of Si−O−C bonds with embedded nano-domains of

graphene-like carbon and SiO2-like clusters. Calorimetric and first-principles studies

have shown that these amorphous Si−O−C networks have lower enthalpy than the

combination of their crystalline constituents (silicon carbide, cristobalite).[5, 6]

The form topological disorder takes is not always a simple matter of energy

minimisation, but also depends on the kinetics of the system. For example, if a

material is cooled too quickly, it may not have enough time to arrange itself into

a crystalline structure, resulting in a “supercooled” liquid for temperatures below

the melting point, becoming more viscous as temperature reduces. This is known

as the glass transition. The glass transition temperature Tg is loosely defined as the

temperature at which the material becomes rigid and loses its ability to flow, and is

typically below the melting point of the crystalline phase. It is usually characterised

by a gradual change in volume as opposed to instantaneous change in volume as

seen in a first-order phase transition during crystallisation. The region where the

change of slope occurs is known as Tg, hence the loose definition.[2]

But perhaps more relevant to this thesis is the atomic arrangement in amor-

phous materials. Disorder is an inherently complex phenomenon that can manifest

in many different ways, and the atomic arrangement in amorphous materials is no

exception. Disorder can be thought of as a spectrum ranging from a completely ran-

dom arrangement of atoms to highly ordered structures with only slight deviations

from perfect order. It is unlikely to find a material with a totally random arrange-

ment of atoms as this would not be energetically favourable owing to under- and

∗A glass (also referred to as vitreous) is defined as an amorphous solid which exhibits a glass
transition.[2]
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over-coordinated atoms, which would result in an extremely high internal energy for

the majority of systems. Instead, most amorphous materials exhibit some degree of

short-range order, where atoms are arranged in a way that preserves local bonding

rules owing to valency requirements, but crucially, lacks long-range order.

This short-range order is often described in terms of the local coordination envi-

ronment, bond lengths, and bond angles. While the absence of long-range periodicity

means that we cannot use the powerful tools of crystallography to fully describe the

structure, we can gain insight through statistical measures. The most fundamental

of these is the radial distribution function (RDF), g(r), which describes the proba-

bility of finding another atom at a distance r from a reference atom. Experimental

techniques such as X-ray or neutron diffraction are used to measure the structure

factor S(Q), from which g(r) can be obtained via a Fourier transform. The peaks in

g(r) provide information about the average distances to nearest, next-nearest, and

subsequent neighbours, confirming the existence of a well-defined local structure.

Beyond the first coordination shell, the structure becomes more complex to de-

scribe. The arrangement of local motifs, such as tetrahedra in amorphous silicon

(a−Si) or silica (a−SiO2), constitutes medium-range order when considering corre-

lations beyond the 1st neighbour shell. Medium-range order describes correlations

on a length scale of approximately 5–20 Å and is crucial for understanding many

physical properties. For example, a−Si has a larger band gap than crystalline Si due

to dangling bonds and coordination defects, which could in theory be tuned if the

domain size of medium-range order could be controlled, making it useful for solar

cell heterojunctions and thin film transistors.[7–9]

Yet it remains one of the most challenging aspects of characterising amorphous

networks. Different models, such as the continuous random network (CRN) model

(which will be discussed in the next section), have been proposed to capture the

essence of amorphous structures, but a complete and universal description of atomic

arrangement in the amorphous state remains an active goal of research.
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Understanding the fundamental nature of bonding in amorphous solids has an

interesting historical context and originated from a practical curiosity, rooted in the

artisanal craft of glassblowing dating back to the ancients who produced glass for

ceremonial and artistic expression.[10] What began as a materials challenge in crafts-

manship gradually evolved, particularly in the 19th century, into a deeper scientific

interest focused on producing optical glass with consistent properties.[11] It wasn’t

until around 1800 that Guinand and Fraunhofer developed special techniques for

adding lead to glass, which dispersed light differently compared to lime-containing

glass. Using a spectrometer, they observed the resulting changes in refractive in-

dex, effectively kickstarting the scientific exploration of glass as a material.[10] This

transformation mirrored the broader shift in science from alchemical and protosci-

entific traditions to modern atomic theory, as researchers began to move beyond

merely making glass to probing its underlying structure and bonding.[12] In this

way, the study of amorphous solids transitioned from an empirical art to a funda-

mental problem at the crossroads between chemistry, physics and materials.

1.1 A Mirror of Division: Competing Theories of

Glass Structure in East and West

The history of glass is ancient, that of its scientific exploration is comparatively

young. In these formative years at the start of the 19th century, scientists such as

Michael Faraday and Moritz Ludwig Frankenheim were speculating on the micro-

scopic structure of various inorganic glasses, but it wasn’t until the turn of the 20th

century that brought about new technologies such as X-ray crystallography, which

enabled a deeper understanding of bonding and structure at the atomic scale. The

first X-ray diffraction (XRD) photograph for a glass was taken in 1917,[13] where

the diffuse interference pattern was shown for quartz (SiO2) glass compared with

the sharper, more distinct crystalline quartz. The ability to indirectly “see” atomic

structure kickstarted what would become a long-standing debate over the next cen-
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tury, with two competing schools of thought emerging: the crystallite theory and

the random network theory, the former primarily developed in Soviet Russia, while

the latter was championed by Western scientists. This subject has been extensively

covered in Ref. 12, and so we will only briefly summarise the key points here.

1.1.1 The Crystallite Theory

Soon after the discovery of X-ray crystallograpy, theories of atomic arrangement in

glasses began to emerge during the early 1920s led by A. A. Lebedev, and was based

on the notion that glass was comprised of tiny crystals.[14] This theory became

known as the “crystallite theory” and was coined to explain discontinuities in the

property curves of glass systems. Specifically, Lebedev observed sudden changes in

the properties, such as the refractive index, of silicate glasses at temperatures close to

the α⇌ β transition of quartz. However, subsequent XRD data (Figure 1.4) showed

no characteristic peaks for both α− and β−quartz, and as we know today, this is

instead associated with the glass transition range found at similar temperatures.[15,

16]

In 1924, Lebedev reverted on his belief that silica glass consisted of tiny embed-

ded quartz crystals.[17] Instead, he suggested a polymorphic transformation between

two phases: a high-temperature β−phase, representing the supercooled liquid, and

a low-temperature α−phase, which he associated with an ideal glass formed un-

�–cristabolite 1:1 �–cristabolite

Figure 1.3: Transition of SiO2 from α−cristobalite to β−cristobalite. Red atoms are O with
orange atoms as Si.
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der infinitely slow cooling. The extent to which the β−phase transitioned into the

α−phase upon quenching was governed by the quench rate and also annealing.

Further XRD data of glassy silica suggested a significant presence of cristobalite

crystals (Figure 1.3) of ≈ 15 Å and comprised roughly 80% of the total volume.[18]∗

This shift in interpretation was prompted by the mismatch between the first broad

diffraction peak of glassy silica and the expected position of the corresponding peak

in α-quartz (Figure 1.4). The broadness of such diffraction patterns was attributed

to the surface having a greater degree of crystallinity compared to the inner bulk,

giving a characteristic broader ring with distinct lines at the periphery according to

crystalline theory.[19] However, this was difficult to prove conclusively at the time,

leading some researchers to reject the crystalline theory outright.[12]

a b

c

d

Figure 1.4: X-ray data of SiO2. a) RDF curve of amorphous (“vitreous”) SiO2. b) XRD
pattern of amorphous (“vitreous”) SiO2, c) XRD pattern of α−cristobolite. d) XRD pattern
of dried commercial SiO2 gel. Reproduced from Ref. 20 with permission from John Wiley and
Sons.

∗It is highly likely this was an experimental artefact.[2]
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1.1.2 The Continuous Random Network (CRN) Theory

A competing school of thought independently arose during the mid-1920s, with a

highly prominent “continuous random network” (CRN) theory proposed by Walter

Rosenhain in 1927.[21]∗ This model suggested that the atomic arrangement in glasses

form a random network of covalently bonded atoms, with no long-range order. W.

H. Zachariasen, a prolific American glass scientist, proposed a set of “rules” in 1932

that described the structural criteria for forming oxide glass networks composed of

atoms A and O in various stoichiometries:[1]

• Rule 1: “an oxygen atom is linked to not more than two atoms A”.

• Rule 2: “the number of oxygen atoms surrounding atoms A must be small”.

• Rule 3: “the oxygen polyhedra share corners with each other, not edges or

faces”.

• Rule 4: ‘if we require the network to be three-dimensional, at least three

corners in each oxygen polyhedron must be shared”.

Following these rules, Zachariasen proposed his famous two-dimensional CRN for

an AO2 oxide glass such as SiO2, as illustrated in Figure 1.5. The structure demon-

strates that while atoms obey covalent bonding constraints, the bond angles and ring

geometries vary. This enforces the presence of short-range order, at the expense of

medium- and long-range order. Thus, the random network theory was a significant

departure from the crystallite theory, as it proposed that the atomic arrangement

in glasses was not comprised of tiny crystallites, but rather a large lattice which was

similar in size to that of a crystal, but lacked symmetry.

A series of subsequent X-ray studies conducted by Bertram Warren Eugene

on the structure of various glasses, including SiO2,[22, 23] GeO2,[23] BeF2[24] and

∗The initial proposal of “random network theory” is typically attributed to W. H. Zachariasen
in 1932, however, Rosenhain described the features of such a model without explicitly calling it
“random network theory” in 1927. It was actually Bertram Eugene Warren who introduced the
term in 1933 whilst working on glassy silica.[22]
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Na2O−SiO2[25] appeared to confirm the theory, offering empirical support for a ran-

dom network. Warren argued that the position of the first XRD peak for glassy silica

suggested a volume expansion of approximately 6% compared to α−cristobalite,[26]

a crystalline polymorph of silica, which was suggested at the time to make up

glassy silica in tiny crystals (see Section 1.1.1). In addition, glassy silica displayed

no instantaneous volume change between 200 and 300 °C where the cristobalite

α⇌ β transition (Figure 1.3) occurs, which normally results in a volume change of

≈ 3 − 4%.[26, 27] Finally, Warren argued that if a glass was held at high temper-

ature, the tiny cristobalite crystals should grow, resulting in the narrowing of the

broad diffraction peak. What was observed instead was an abrupt change to a sharp

and narrow diffraction peak indicating α−cristobalite.[26]

A major breakthrough came with the application of Fourier transform techniques

to X-ray scattering data, enabling the extraction of real-space structural information

from reciprocal space measurements. This enabled the projection of the weighted

average distribution of neighbouring atoms expressed as a function of interatomic

distance, also known as the RDF. The RDF became (and still is) a powerful tool for

characterising the local structure of disordered materials, as it provides information

O
A (e.g Si)

Figure 1.5: Zachariasen’s two-dimensional CRN for an AO2 oxide glass. A atoms are black,
O atoms are red. The image has been adapted from Ref. 1.
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about the arrangement of atoms in the first coordination shell and beyond, giving

signature peaks corresponding to the distances between atoms which are nearest

neighbours, next-nearest neighbours and so on. RDFs which are sharp with few

peaks are indicative of long-range order, whereas broad peaks with a few distinct

features are indicative of short- and medium-range order. Warren et al. found the

RDF of SiO2 and B2O3 glasses to have broad peaks at shorter distances with a few

distinct features before eventually plateauing, which was consistent with the random

network theory.[28]

1.1.3 Cybotactic Theory

In 1936, the crystallite theory was revisited in the face of developments from XRD

studies at the time. N. N. Valenkov and E. A. Porai-Koshits, two prominent Soviet

scientists who were influenced by Lebedev, performed XRD studies on silica and

soda-silica (Na2O−SiO2) glasses, and observed a gradual change of the diffraction

pattern on transition from amorphous to the crystalline phase, rather than a sudden

change as proposed by random network theory,[19] further reinforcing the crystallite

theory. This was because the crystallite theory predicted a continuous growth of

crystallites at the crystallisation temperature, which would lead to a gradual change

in the diffraction pattern. In contrast, the random network theory predicted a

sudden change in the diffraction pattern at the crystallisation temperature, which

was not observed.

Valenkov and Porai-Koshits proposed that every part of the glass is a tiny crystal,

but one deformed by internal strain. In their 1936 paper they explicitly wrote:

“A hypothesis is made, according to which the crystallites are consisting

of an inner part with regularly deformed (stretched or compressed) space

lattice, and of outer portions with strong and arbitrary distortion”.[19]

In other words, glass was viewed as essentially entirely crystalline in core regions,

with highly distorted grain-boundaries between nanocrystals. With the interpreta-
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tion of the crystallite theory shifting to larger crystallites, the theory posited by

Valenkov, Porai-Koshits and contemporaries suggested that these larger crystallites

were embedded in an amorphous matrix which would connect the crystallites. And

thus, the crystallite theory split into two schools of thought: the first was still fo-

cused on the initial proposal of tiny crystallites, while the second proposed that the

crystallites were much larger. It is the latter which later became associated with the

“crystallite theory”, however it should be noted that there is a distinct difference

between the two, and thus we will refer to the latter as the “cybotactic theory”.[12]

The cybotactic theory proposed by Valenkov and Porai-Koshits did not oppose

the random network theory, but rather suggested that the two theories were not

mutually exclusive:

“It is evident that the theory of non-crystalline networks is not diamet-

rically opposed to the crystalline theory, since on dissecting this non-

crystalline network into separate portions, we obtain an aggregate of reg-

ular groups of atoms (ions), each one of these groups presenting an arbi-

trary distortion of the space lattice. . . . we will be sure that both theories

do not differ substantially from one another.”[19]

The evidence of the diffraction patterns, particularly the presence of broad diffuse

halos without sharp Bragg peaks, was interpreted by Valenkov and Porai-Koshits

as consistent with a structure composed of highly distorted, nanoscale crystalline

regions embedded within a continuous, non-periodic network, thereby supporting a

view that integrated aspects of both the cybotactic and random network theories.

The development of the cybotactic theory marked an important step in recon-

ciling the apparent dichotomy between order and disorder in glassy materials. By

suggesting that amorphous solids might contain locally ordered regions embedded

within a disordered network, this theory provided a conceptual bridge between the

statistical randomness of the CRN model and the structural motifs characteristic

of crystalline phases. This integrative viewpoint was especially influential for ox-
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ide glasses, where experimental evidence from XRD and, later, NMR spectroscopy

began to indicate the presence of medium-range order. Nevertheless, significant

questions persisted regarding the nature and size of these ordered domains and

their influence on bulk properties such as viscosity, mechanical strength, and the

glass transition.

1.1.4 So what is the reality?

Despite these developments, the cybotactic theory did not gain as much traction

in the West as it did in the Soviet Union. The prevailing view in Western science

remained focused on the CRN model,[12] which was seen as a more general and

versatile framework for understanding the structure of amorphous materials. By

the late 1980s, amorphous materials were widely accepted to be CRNs,[2] but the

debate persisted with novel imaging techniques and advanced simulations suggesting

the presence of paracrystallites (small regions of localised order resembling the crys-

talline state), reinforcing the cybotactic theory.[29–31] Recent advanced, large scale

simulations of amorphous silicon[9, 32] and synthesis of amorphous diamond[33, 34]

demonstrated that changing conditions such as quench rate and pressure could lead

to either a CRN or cybotactic structure, thus appearing to end the long-standing

debate between the two theories, as both could be observed depending on method

of synthesis and processing conditions.

However, the amorphous materials studied throughout these debates had been

bulk, 3D materials – the nature of amorphous 2D materials remained an open re-

search question. Investigating 2D materials was appealing as they could be directly

imaged using electron microscope techniques as opposed to bulk materials. In addi-

tion, 2D networks are conceptually easier to model and simulate, as they are lower

dimensional, and thus the number of degrees of freedom is reduced, making them

more amenable to computational methods.

As experimental techniques advanced, including the advent of electron microscopy

and the rise of computational modelling, research into the structural complexity of
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2D amorphous materials accelerated. The following section traces the progression of

these ideas and examines their impact on our current understanding of amorphous

materials, with a particular focus on carbon, a material that has remained at the

forefront of scientific investigation since the origins of modern materials science.

1.2 Disorder in Carbon

As we have seen, the study of amorphous and glassy materials has a rich history, with

competing theories and models that have evolved over time. Whilst the theoretical

underpinnings were focused on silica and borate glasses, much attention was paid

to carbon as well, due to its unique bonding properties, the variety of allotropes

it can form, but above all, carbon (in the form of coal) was the fuel by which the

Industrial Revolution was powered and the birth of early capitalism emerged. Entire

cities, states and even ideologies emerged from this inherently political material, and

thus it is no surprise that carbon had been the subject of intense scientific scrutiny

since the dawn of “modern science”. Whilst the synergistic relationship between

carbon technology and political power has always been in a positive feedback loop,∗

today we find ourselves in a world where carbon has become associated as being a

“dirty” word, in the context of the current climate crisis. There is an inherently

fascinating story to be told about the role of carbon in political and ideological

discourse – unfortunately, it is important to note that this is outside of the scope

of this thesis. We shall instead focus on the scientific and technological aspects of

carbon, particularly in the context of disorder and amorphous carbon, which has

been a subject of intense research for over a century.

∗This loop was violently broken during the late 1970s with the implementation of “Mone-
tarism”, a neo-liberal economic theory implemented by Margaret Thatcher and Ronald Reagan re-
sulting in the abrupt end of industrial power in the West, leading to widespread de-industrialisation,
the decline of trade unionism and significant social unrest, a legacy which bears its scars today.
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1.2.1 A Brief History of Amorphous Carbon

The earliest investigations into amorphous carbon date back to 1917 with a notable

paper titled “Über die Konstitution von Graphit und amorpher Kohle” (translated:

“On the Constitution of Graphite and amorphous Coal”)[35] when Debye and Scher-

rer, renowned for their foundational work in XRD and crystallography, studied car-

bon black, a common form of amorphous carbon used as a pigment and reinforcing

agent in rubber, and graphite, a layered honeycomb lattice of carbon atoms which

will be further discussed later. The original papers are in German, however these

conclusions were translated by Gibson, Holohan and Riley in 1946. The original

quote from their paper is as follows:

“Debye and Scherrer (Physikal. Z., 1917, 18, 291) found that such car-

bons, prepared by a variety of methods, all gave essentially the same type

of X-ray powder photograph with the maxima of the diffuse diffractions in

the same positions: “Amorphe Kohle ist also Graphit in einer so feinen

Verteilung, wie dieselbe durch mechanische Mittel niemals erreicht wer-

den kann”[36]

(translated: “Amorphous coal is therefore graphite in such a fine distribution that

can never be achieved by mechanical means”). Whilst the conclusion is aligned

with the crystallite theory, it is important to note that Debye and Scherrer were not

aware of the cybotactic theory at the time, and thus their conclusion was based on

the notion of tiny crystallites, which was the prevailing view at the time.

This crystallite view of amorphous carbon was further supported by the work of

Biscoe and Warren in 1942, who studied the XRD patterns of various carbon mate-

rials, including carbon black and graphite.[37] They found that the XRD patterns

of these materials were similar to those of graphite, with broad diffuse peaks at the

same positions as those of graphite, and if the carbon black samples were heated

to high temperature (around 2000°C), the diffraction patterns became sharper, in-

dicating an increase in crystallinity. This process would later become known as
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graphitisation, where amorphous carbon transforms into large domains of crystalline

graphite upon heating, and a material which could transform under such a process

would become known as a “graphitising carbon”. As a result, Biscoe and Warren

suggested that the carbon black samples had a “turbostratic” structure, which is a

type of disordered structure where the graphene layers are misaligned and stacked

on top of each other, as illustrated in Figure 1.6.∗ This appears to tend towards

the cybotactic theory, except the key difference here in this structural model is the

absence of an amorphous matrix connecting these crystallites, which is a key feature

of the cybotactic theory.

This work was further extended by Gibson, Holohan and Riley in 1946, who

began their paper with the following statement:

“... further work has shown that truly amorphous carbon does exist.”[36]

They thermally annealed various starting materials containing predominantly car-

bon, with varying compositions of other elements, such as oxygen, nitrogen and

a

b

c

d

Figure 1.6: XRD patterns. a Unheated carbon black, b heated carbon black (2 hours at
2000◦C), c graphite, d illustration of turbostratic structural model of carbon black. Reproduced
from Ref. 37 with permission from AIP Publishing.

∗Biscoe and Warren suggested that: “A simple model of a turbostratic structure is readily
obtained by shaking and rotating a bag full of penny-sized disks which have been coated with an
adhesive. The agitation is suddenly stopped and the adhesive allowed to set. Examination will then
show that the disks tend to be arranged in parallel groups with an average of about five parallel disks
to a group.”[37] Sadly, I ran out of coins to test this hypothesis, but I am sure it is a good analogy.
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hydrogen, to investigate the structural changes that occurred during the process.

What they discovered was that some materials (e.g., cellulose) would not undergo

this graphitisation process, and instead would form a new type of carbon material

that was amorphous, with no long-range order. They also found that the XRD pat-

terns of these non-graphitising carbons were different from those of graphite, and

that the c lattice parameter would change for the graphitising carbons, whereas it

would remain constant for the non-graphitising carbons.

Here, the c lattice parameter, to which the 002 peak corresponds, is defined

as the distance between the graphene layers (or in the authors’ words, “average

height of the minute carbon crystallites”), and the a lattice parameter (10) can

be thought of as the in-plane correlations or as defined by the authors as “the

average diameter”.[36] The results of their work are shown in Figure 1.7, and they

measured the lattice parameters of various carbon materials, including cellulose,

“pitch extract”, “Irish peat” and hexachlorobenzene carbon. The results show that

the graphitising carbons have a larger c lattice parameter than the non-graphitising

carbons, indicating that they have a larger interlayer spacing, which is consistent

with the turbostratic structure proposed by Biscoe and Warren. The authors were

surprised when cellulose- and hexachlorobenzene-derived carbon samples exhibited

a constant c value across temperatures up to 1200 K and remarked:

“The constancy of the c dimension is, however, somewhat surprising and

suggests that the layer-planes of the individual crystallites are rigidly

cross-linked in some way or other.”[36]

In Figure 1.7, the pitch extract and Irish peat samples are shown to have an increas-

ing c lattice parameter with increasing annealing temperature, indicating that they

are graphitising carbons, whereas the cellulose and hexachlorobenzene carbon sam-

ples have a constant c lattice parameter, indicating that they are non-graphitising

carbons. The increase in the a lattice parameter was attributed to “the progressive

lamellar growth of the hexagon layer-planes of carbon atoms, brought about by a pro-
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cess of aromatic condensation.”[36] The authors were unable to fully explain some

of these anomalous results, but they concluded:

“It has been found possible to prepare carbons which are completely amor-

phous, i.e., that give no coherent diffraction of X-rays, and indications

have been obtained of three-dimensional, covalent cross-linking in such

carbons.”[36]

1.2.2 To graphitise or not to graphitise?

The work of Gibson, Holohan and Riley was a significant step forward in the un-

derstanding of amorphous carbon, as it demonstrated that there are two distinct

types of amorphous carbon: graphitising and non-graphitising. The former can be

Figure 1.7: Lattice parameters as measured through XRD. a Cellulose, b Pitch extract, c Irish
permutation, d Hexachlorobenzene carbon. Figure reproduced from Ref. 36 with permission
from the Royal Society of Chemistry.
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transformed into graphite upon heating, whereas the latter cannot. At the crux of

this lies a fundamental question: what determines whether a given carbon material

will graphitise or not?

These fundamental questions piqued the interests of a young (and soon to be

pioneering) scientist by the name of Rosalind E. Franklin. Her work in unravelling

the structure of DNA is well-known, but she also made seminal contributions to the

understanding of disordered carbon materials.[38–42] In 1950, Franklin described

XRD studies of amorphous carbon prepared by pyrolysis of the polymer polyvinyli-

dene chloride (PVDC) at 1000◦C and found that this material was non-graphitsing.

65% of the carbon atoms were found to be in small “graphitic” environments around

1–6 nm in diameter, with the remaining 35% in an amorphous environment.[40]

The graphitising carbon atoms were found to be arranged in a turbostratic

structure, similar to that proposed by Biscoe and Warren,[37] whereas the non-

graphitising carbon atoms were found to be arranged in a more disordered structure.

Prior to this finding, the exact proportion of disorder in amorphous carbon was not

known, and Franklin’s work provided significant insight into the overall composition

of amorphous carbon materials.

Franklin went on to establish the clear distinction between two categories of

carbons produced by pyrolysing organic precursors: those capable of transforming

Graphitising Non-Graphitising

Figure 1.8: Franklin’s schematic of graphitising and non-graphitising carbons. Reproduced
from Ref. 42 with permission from Harrison and Son.
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into graphite upon heat treatment (graphitising carbons) and those that remain

disordered even at high temperatures (non-graphitising carbons), terms Franklin

introduced. Franklin was the first to use temperatures as high as 3000◦C to anneal

various precursors where it was expected that the disordered carbons would indeed

crystallise into graphite, but instead found that some carbons remained disordered,

even at these high temperatures. She concluded that the degree of disorder in

amorphous carbon was determined by the precursor material and the conditions

under which it was pyrolysed, and that the non-graphitising carbons were likely to

be bonded to other elements, such as oxygen or nitrogen, which prevented them

from forming the graphitising structure.[42]

As such, Franklin proposed structural models, in which the fundamental units

are small graphitic domains containing a few layer planes which are cross-linked. In

a graphitising carbon, these units are approximately parallel and the links between

them are weak, whereas in non-graphitising carbons, these layers are oriented ran-

domly, with stronger cross-links, however at the time, the precise nature of the cross-

links were not known. This can be seen in Figure 1.8, where Franklin’s schematic

Figure 1.9: Regular TEM images of (a) non-graphitising carbon prepared by the pyrolysis
of sucrose at 1000◦C and (b) graphitising carbon prepared by the pyrolysis of anthracene at
1000◦C. Insets represent electron diffraction patterns of the respective samples. Reproduced
from Ref. 43 with permission from Taylor & Francis.
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of graphitising and non-graphitising carbons is shown. The graphitising carbons are

shown to have a more ordered structure, with the graphene layers aligned, whereas

the non-graphitising carbons are shown to have a more disordered structure, with

the graphene layers randomly oriented, resulting in pores and voids in the structure.

TEM images of graphitising and non-graphitising carbons are shown in Figure 1.9,

which appear to confirm Franklin’s structural models.

This binary notion of graphitising and non-graphitising carbons was a remarkable

finding for the time, but it has been proved since that the reality is much more com-

plex, with a continuum of disorder. Under high-stress conditions, non-graphitising

carbons can be transformed into graphitising carbons,[44, 45] and it was further

found that a precursor can be assigned a degree of “graphitisability” to it.[46] It

wasn’t until the 1960s where the first microscope images of non-graphitising carbon

were taken and compared to graphite samples, as well as wider range of physical

properties being measured for practical uses in industry,[47] followed by the first

electrochemical applications as electrodes owing to the aforementioned pores and

voids enabling ion mobility.[48, 49]

Today, the nature of disorder in carbon is still one of the great unanswered

questions in materials science, with many researchers still trying to understand the

fundamental nature of graphitising and non-graphitising carbons, and in particular

the mechanisms involved, which still eludes the community.[45] The work of Franklin

and her contemporaries over 70 years ago laid the foundation for this research, and

their findings continue to be highly relevant today. Non-graphitising carbons are

widely used in a variety of applications, including as electrodes in batteries and

supercapacitors, as catalysts in fuel cells, and as reinforcing agents in composites.

The ability to control the degree of disorder in carbon materials has led to the de-

velopment of new materials with tailored properties for specific applications ranging

from drug delivery to energy storage.

Thus far we have focused on bulk carbon (extended 3D carbon networks), but it
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is important to note that carbon can also form one atom thick 2D networks, such as

graphene and graphene oxide, which are the focus of this thesis. These materials are

of great interest due to their constrained nature enabling theoretical studies to have

a simpler “sandbox” to work with. We will now turn our attention to the properties

and applications of 2D carbonaceous materials, starting with graphene, followed by

graphene oxide.

1.3 2D Carbonaceous Materials

The term “carbonaceous” is slightly ambiguous in the sense that it can refer to any

material containing or composed of carbon, usually high in carbon content, but not

exclusively so. In this thesis, we will use it as an umbrella term to include all-

carbon materials, such as graphene, nanotubes, fullerenes, etc., and also materials

containing carbon as a major component, such as graphene oxide, hydrocarbons,

and polymers for example.

Since the experimental discovery of 0D fullerenes in 1985,[50] 1D carbon nan-

otubes in 1991,[51] and 2D graphene in 2004,[52] the field of carbon materials has

expanded rapidly into a diverse, active research area spanning far and wide. This

progress has led to the development of a diverse array of “chemically exotic” car-

bon allotropes, each exhibiting unique properties and promising a range of potential

applications. Research into 2D carbonaceous materials remains highly active, with

novel structures continuing to be synthesised, such as the 2D monolayer fullerene

network reported in 2022.[53] These exotic allotropes have been widely studied for

their mechanical, electrical, thermal, and chemical properties, making them attrac-

tive for applications in electronics, energy storage, catalysis, and nanotechnology.

The works of this thesis focus primarily on the atomistic modelling of graphene

and graphene oxide, the former being the prototypical ordered 2D material and the

latter being the functionalised (disordered) analogue. It must be acknowledged that

there are a wide range of 2D materials which are not carbon-based, such as tran-

sition metal dichalcogenides, hexagonal boron nitride, transition metal oxides, and
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black phosphorus which have also been the subject of extensive research, each with

their own unique properties and applications.[54] Before we introduce the atomistic

simulation methods used to study these materials, a brief overview of graphene and

graphene oxide properties, applications, and recent investigations into disorder in

these materials is necessary.

1.3.1 Graphene

Graphene is one of a few materials which has entered the cultural zeitgeist, gaining

mainstream salience for its instantly recognisable “honeycomb” lattice and being

heralded as a “wonder material”[55] due to its remarkable properties. This was

eventually cemented into history when the Nobel Prize in Physics was awarded

to Andre Geim and Konstantin Novoselov in 2010 for their groundbreaking experi-

ments with graphene, involving a pragmatic method of isolating monolayer graphene

from graphite using adhesive tape, a technique now known as the “Scotch tape

method”.[52]

Graphene is a single layer of carbon atoms arranged in a two-dimensional hon-

eycomb lattice, with each carbon atom bonded to three others through strong sp2

Figure 1.10: Structure of graphene. The term “honeycomb” is used to describe the structure
of graphene due to its resemblance to the hexagonal arrangement of honeycomb cells, which
is a common motif in nature. This arrangement minimises the amount of used material to
reach minimal weight and material cost.
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interactions (the C−C bond length in graphene is approximately 1.42 Å), resulting

in a spare electron from each carbon atom forming an extended π-bonding network,

as can be seen in Figure 1.10. This atomic arrangement gives graphene its excep-

tional in-plane mechanical strength, electrical and thermal conductivity. Graphene

is able to form layers through weak π–π interactions, allowing for the formation of

graphite, which is composed of many stacked graphene layers, which is the most

stable carbon allotrope at ambient conditions.

In 1924, J. D. Bernal∗ proposed the first correct structural model of graphite

showing it was composed of stacked graphene layers, where half of the atoms in one

layer are directly above those in the layer below and the other half above the holes

in the first layer, which became known to be Bernal (ABA) stacking.[56] Another

form of stacking, known as rhombohedral (ABC) stacking is also possible, although

this is less favourable.

Soon after, attention shifted towards the monolayer, where the electronic prop-

erties of graphene were first theoretically explored by Philip R. Wallace in 1947,

who applied a tight-binding model to its high-symmetry honeycomb lattice.[57] His

work revealed that graphene’s band structure features a linear dispersion near the

Fermi level, implying that charge carriers (electrons and holes) in graphene behave

like massless Dirac fermions, as opposed to the quadratic scaling in most materi-

als. This prediction was experimentally confirmed half a century later following the

successful isolation of monolayer graphene and probing of the electric field.[58] The

resulting Dirac-like electronic structure underpins many of graphene’s remarkable

properties, including exceptionally high electron mobility, low effective mass, and

the ability to carry extremely high current densities.

∗Bernal was also a prolific writer, authoring the legendary utopian science fiction novel “The
World, the Flesh and the Devil” in 1929, which was deemed by iconic science fiction writer, Arthur
C. Clarke to be “the most brilliant attempt at scientific prediction ever made”.
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1.3.2 Monolayer Amorphous Carbon (MAC)

There is a rich landscape of ongoing research aimed at uncovering new insights

into the fundamental nature of graphene when subjected to perturbation from the

idealised structure. This includes the study of defects, doping, and functionalisation,

which can significantly alter the material’s properties and open up new avenues for

applications.

As previously discussed, for bulk materials the amorphous nature depends on

the precursor material and the conditions under which it was processed, leading

to either CRNs or cybotactic structures. But what about 2D materials? With

graphene being a single layer of carbon atoms, the question arises: can we have an

amorphous monolayer of carbon? The answer is yes, and this material is known as

monolayer amorphous carbon (MAC).

Disorder within graphene can manifest in numerous ways, a characteristic that

is particularly evident in the material due to its unique ability to host a wide variety

of structural defects. One key aspect is topological disorder in graphene, which can

arise from various sources such as external irradiation, thermal agitation and harsh

synthetic processes. One of the foundational defects in graphene is the Stone–Wales

(SW) defect,[59] which involves the rotation of a carbon-carbon bond by 90 degrees,

resulting in the formation of a 5- and 7-membered ring pair (Figure 1.11). Such SW

defects have been shown to propagate topological disorder in graphene, leading to

the formation of larger structural motifs such as pentagons, heptagons, and octagons,

which can significantly alter the material’s properties. The presence of these defects

can lead to localised states in the electronic band structure, which can affect charge

transport and optical properties.[61, 62]

The study of MAC is relatively recent, with distinct research into characterising

the structural, and for the first time, physical properties emerging in the 2010s,

where a graphene sheet was irradiated with an electron beam from a high resolution

TEM (HRTEM) to induce disorder and then image the surface.[63, 64] Specialised
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simulations were also emerging around the same time to study the effects of disorder

in graphene through bond switching algorithms[65, 66] which had been popularised

in the 1980s to study amorphous silicon.[67]∗ These studies revealed that the disorder

in graphene could be controlled by varying the irradiation dose, leading to a range

of structural configurations from highly disordered to partially ordered structures,

however all structures appear to have paracrystallinity resembling the cybotactic

theory. One of the variables with both the experiments and simulations is that they

can be stopped early to retain crystalline regions and so once again, the process

of fabrication and processing conditions play a crucial role in determining the final

structure of the material.

In 2017, Joo et al. reported the synthesis of a fully CRN-MAC structure using

a high temperature process,[69] whilst in 2020, the first free-standing MAC sample

was synthesised at lower temperature.[68] Toh et al., used HRTEM to study the

structure of MAC and found that depending on the degree of irradiation, it was

possible to control the degree of disorder in the material. The TEM images revealed

that the more disordered MAC structure was composed of smaller graphitic domains

embedded in a matrix of 5-, 7-, and 8-membered rings, whereas the more ordered

Figure 1.11: Stone–Wales defect in graphene. a Schematic of an in-plane single-bond rotation
in graphene, leading to an SW defect, b A bond rotation by 90° creates two 5-membered and
two 7-membered rings. The figure has been adapted from Ref. 60. (CC-BY 3.0)

∗More details can be found in the Monte-Carlo section of Chapter 2.
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MAC structure had much larger graphitic domains separated by small regions of 5-,

7-, and 8-membered rings (Figure 1.12). This confirmed that MAC was not a CRN

but instead formed “paracrystalline” domains, in agreement with the cybotactic

theory.[68] In contrast, Joo et al. found that MAC prepared at high temperature

closely resembled a CRN,[69] however the resolution of the HRTEM images was not

sufficient to resolve the small graphitic domains, and thus it was not possible to

determine whether the material was truly amorphous or not. Toh et al. make the

claim that:

“Overall, so far, there exists no solid evidence for the formation of homo-

geneous, stable, freestanding CRN monolayers, although their existence

cannot be ruled out.”[68]

This statement is still true today, and the question of whether a CRN-MAC can be

synthesised remains an open research question. The work of Toh et al. was the first

to provide solid evidence for the existence of freestanding MAC, and their findings

have opened up new avenues for research into the properties and applications of this

material. Notably, free-standing MAC is electrically insulating and mechanically

robust.[68] Experiments found its resistivity to be comparable to hexagonal boron

a b c

d

Figure 1.12: Structure of MAC from TEM. Colour overlay shows: pentagons (red), heptagon-
s/octagons (blue), strained hexagons (purple) and crystalline hexagons (green). a Scanning
TEM image of MAC, b Scanning TEM image of nanocrystalline graphene. Scale is 1 nm. c
Selected area electron diffraction of MAC. d Selected area electron diffraction of nanocrys-
talline graphene. Reproduced from Ref. 68 with permission from Springer Nature.
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nitride, reflecting the broken π-network in the amorphous structure.[70] Despite the

disorder, MAC is remarkably stable and strong, it can stretch to high strain without

brittle fracture. These exceptional properties suggest uses in diffusion barriers or

flexible electronics.[68]

Another amorphous 2D carbonaceous material is graphene oxide, a functionalised

analogue of graphene, which has been studied for well over 150 years, and is the focus

of the next section. Graphene oxide is a fascinating material in its own right, with a

rich history and a wide range of applications, but it also serves as a precursor for the

synthesis of reduced graphene oxide (rGO), which retains some of the properties of

graphene, but with a lower degree of functionalisation. The study of graphene oxide

has been instrumental in advancing our understanding of disorder in 2D materials,

and we shall explore its structure, properties, and applications in the following

section.

1.3.3 Graphene oxide

Graphene oxide (GO) is a functionalised derivative of graphene, characterised by

the presence of various oxygen-containing groups situated perpendicular to the basal

plane, such as hydroxyl, epoxy, and carboxyl groups, which are introduced during

the oxidation process. These functional groups disrupt the sp2 bonding network of

graphene, leading to a more disordered structure and altering its electronic, mechan-

ical, and chemical properties. GO can be produced through several methods, such

as Hummers’ method, which involves the oxidation of graphite powder using strong

oxidising agents such as NaNO3, KMnO4 dissolved in concentrated H2SO4.[71]

The origins of GO trace back to the mid-19th century, long before the term

graphene was coined. In 1859, British chemist Benjamin C. Brodie reported the

first synthesis of what is now recognised as GO (coined ‘carbonic acid’ in the orig-

inal paper).[72] Brodie was investigating the action of strong oxidising agents on

graphite, seeking to understand its chemical composition and reactivity, and ob-

served the distinct lamellar structure of the newly synthesised material. This reac-
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tion functionalised the graphite by introducing oxygen-containing functional groups,

namely epoxide and hydroxyl, resulting in a material that was more hydrophilic and

dispersible in water compared to pristine graphite.

It was actually research into the graphene oxide which inadvertently led to the

discovery of graphene itself. In 1948, Ruess and Vogt used early TEM techniques

and observed nm-sized flakes,[73, 74] followed by the work of Boehm and colleagues

in 1962, who characterised the structure and properties of GO in detail.[74, 75]∗

They found that GO could be reduced to form reduced graphene oxide (rGO),

which retained some of the properties of graphene, but with a lower degree of func-

tionalisation and even identified monolayers of the material. Boehm et al. went on

to coin the name “graphene” in 1986.[76]

Beyond its historical significance in the role it played in the eventual realisation

of graphene, GO has garnered considerable attention in recent years due to its

unique properties and potential applications. The presence of functional groups in

GO enhances its hydrophilicity and dispersibility in aqueous solutions, making it

suitable for use in composite materials, as a platform for drug delivery, and as a

precursor for the synthesis of reduced graphene oxide (rGO) through chemical or

thermal reduction processes. The tuneable electronic properties of GO allow for its

integration into various electronic devices, such as field-effect transistors and sensors.

However, there are two questions that remain to be answered: (i) what is the

structure of GO and, (ii) what is the relationship between the degree of functional-

isation and the resulting properties of GO? The answer to both of these questions

are complex and multifaceted, as it depends on a variety of factors, including the

method of synthesis, the degree of oxidation, and the specific functional groups

present in the material. The structure of GO is still a topic of active research, with

various “textbook” models proposed to explain its atomic arrangement.

In 1934, Hofmann et al. proposed a model of GO exclusively functionalised with

∗Both papers are originally in German with the historical findings translated in Geim’s 2012
graphene retrospective.[74]
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epoxy groups in repeating units,[77] followed by Ruess’ model in 1947 which intro-

duced hydroxyl groups and a corrugated carbon backbone, typical of sp3 carbons.[78]

In 1969, Scholz and Boehm suggested a structure with alternating, periodic C−−C

and C−C bonds, notably missing epoxides and replacing them with ketone groups

(C−−O).[79] It was not until 1998 when the currently most widely accepted model of

GO was proposed by Lerf and Klinowski, which introduced a more complex structure

with a mixture of hydroxyl, epoxy, and carboxyl groups.[80]

This model has been widely adopted in the literature and is often used as a

reference for the structure of GO as it introduced a degree of complexity which had

not been explored. The Lerf–Klinowski model suggests that GO consists of a basal

plane with hydroxyl and epoxy groups decorated in an amorphous manner perpen-

dicular to the basal plane, while carboxyl groups are located at the edges of the

sheets, as shown in Figure 1.13. The structure was characterised through 13C and

1H NMR spectroscopy which unambiguously showed the presence of epoxy and hy-

droxyl groups which dominated the functionalisation of the structure in conjunction

with a significant amount of carboxyl groups at the edges.[80] The conclusions from

the model suggest that the carbon backbone of GO consists of two domains: a pris-

tine, crystalline graphene domain and an oxidised sp3 domain, which is disordered

and contains the functional groups, reflecting the cybotactic theory of disorder.[80]

In 2006, Szabo and Dekany revisited the Scholz–Boehm model and made some

modifications to the model which suggested a stoichiometric, ordered GO structure.[81]

The Szabo–Dekany model represents GO as a periodic ribbon-like structure of aro-

matic and non-aromatic (cyclohexane-like) carbon atoms. The functionalisation

takes the form of hydroxyl and 4-membered ring 1-3 ethers. When C−C bonds are

broken, ketones and quinones are suggested to form, which was also a feature of

the Scholz–Boehm model. It wasn’t until 2010 that the first high-resolution TEM

images of GO were taken (Figure 1.14), which revealed the cybotactic structure of

GO, confirming the Lerf-Klinowski model.[82, 83] The images showed that the GO

31



sheets were composed of a mixture of crystalline and amorphous regions, with the

amorphous regions containing the functional groups, which was consistent with the

Lerf-Klinowski model.

Lerf–Klinowski, 1998 Szabo–Dekany, 2006 DSM, 2013

Liu–Hassenkam, 2018 Author’s work, 2024

Hofmann, 1934 Reuss, 1947 Scholz–Boem, 1969

Figure 1.13: Structures of GO. Figures reproduced from Refs. 77–81, 84–87 with permissions
from John Wiley and Sons, Springer Nature, and Elsevier.

Despite all of the mounting evidence presented, the structure still cannot be

definitively resolved, owing to the fact that HR-TEM cannot determine the func-

tional group type and the fact that HR-TEM images are only able to provide images
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of smaller areas of the structure and thus cannot provide a full picture of the struc-

ture which is statistically significant at the resolution required. There was also the

issue of the observed acidity of GO in aqueous solutions which could not be ex-

plained by the existing models. In 2013, Dimiev et al. proposed a new, “dynamic

structural” model (DSM) of GO, which as the name suggests, considers GO as a

system, constantly changing its chemical structure due to interaction with water.[84]

Figure 1.14: TEM images of a graphene, b GO, and c rGO. Graphitic areas are green,
amorphous, functionalised regions are red and holes are blue. Scale bar = 2 nm. Figure
reproduced from Ref. 83 with permission from John Wiley and Sons.
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In 2018, Liu et al. suggested there was direct evidence for the observation of car-

bonyl groups on the edges (aldehydes) and on the basal plane (ketones) of GO, which

was a key feature of the Lerf-Klinowski model.[85] The authors used high-resolution

atomic force microscopy (AFM) and IR spectroscopy to confirm the presence of

epoxy, hydroxyl and also carbonyl groups in GO, which was consistent with the

Lerf-Klinowski model, and can be seen in Figure 1.13. And in 2024, colleagues and

I published a nanoscale structural model of thermally reduced GO, which also in-

cluded significant disorder in the carbon backbone, including small pores and holes

which has been seen experimentally.[82, 83] This work forms the basis of Chapter 4

and is then applied to the mechanical properties in Chapter 5 of this thesis.

Despite its potential, the presence of disorder in GO can also pose challenges

for its practical applications. The disruption of the graphene lattice can lead to a

reduction in electrical conductivity and mechanical strength compared to pristine

graphene. As such, understanding the relationship between the degree of function-

alisation, disorder, and the resulting properties of GO is crucial for optimising its

performance in various applications.

1.4 Outline of the Thesis

This thesis is structured as follows. In Chapter 2, I will discuss theoretical and

computational methods to study topological disorder in the structure of amorphous

materials using atomistic simulation methods, including molecular dynamics and

Monte-Carlo. Interatomic potentials will then be explored covering quantum me-

chanical, empirical and machine learning interatomic potentials. The results Chap-

ters 3, 4 and 5 are self contained, first-author papers written throughout my DPhil,

beginning with an exploration of 2D amorphous carbon using Monte-Carlo meth-

ods, followed by a study of the structure of graphene oxide using molecular dynamics

with machine learning interatomic potentials. The final results chapter turns to an

application study of the mechanical properties of graphene oxide and how the local

structure and corresponding degree of disorder influences the mechanical properties.
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Finally, I will conclude with a summary of the key findings and future directions for

research in this area.
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Chapter 2

Methodology

This chapter provides a review of the literature and methodologies relevant to the

research presented in this thesis. The chapter is divided into several sections, each

focusing on a different aspect of the research.

2.1 Atomistic Simulation Methods

While the various experimental methods mentioned in the introduction aim to elu-

cidate the atomic structure through indirect means, atomistic simulations provide

a complementary approach to understanding materials at the atomic level directly.

It is important to understand how representative and accurate structural models of

amorphous systems can be made in contrast to highly symmetric crystalline materi-

als which can be expressed through well-defined symmetry operations. Some of the

earliest atomistic models of amorphous materials were table-top “ball-and-stick”

models, which were meticulously constructed by hand according to Zachariasen’s

rules for SiO2 (Figure 2.1).[88] These models were limited in size and complexity,

but they provided a visual representation of the disorder present in these materials.

Beyond hand-built models, computational techniques had advanced significantly

during the 1980s, enabling the generation of more realistic and complex models of

amorphous materials. This was accomplished through the use of capable atomistic

simulations which sufficiently sample the highly complex configurational space of

amorphous systems.[90, 91] As mentioned prior, amorphous systems are metastable,

meaning that the potential energy surface contains minima which are kinetically sta-

ble due to the presence of energy barriers. Thus, traversing the PES of a system of

interacting atoms at finite temperature necessitates an approach which samples con-

figurational space thoroughly. These methods can be broadly classified into two cat-
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egories: molecular dynamics (MD) and Monte-Carlo (MC) simulations (Figure 2.2).

MD simulations involve solving the classical equations of motion for a system of

interacting atoms. This is achieved by computing the positions and velocities for

a set of interacting atoms at the present time step given these quantities one time

step prior. In contrast, MC methods attempt to sample configurational space by

initialising the atoms in some state followed by proposing random perturbations to

the system which are accepted or rejected based on some probability criteria.

Both approaches provide unique ways to sample configurational space. MD is

useful to study dynamical properties where temporal averaging over a trajectory

can yield information about diffusivity, reactivity, protein folding, etc., but MD

suffers from poor sampling of rare events due to low-probability transition states

being difficult to traverse. MC methods are highly customisable, where proposed

moves need not be physical, enabling a wider coverage of configuration space which

is also able to be sampled faster, at the expense of dynamical properties being

unavailable.[93]

Figure 2.1: A ball-and-stick model of amorphous silica, SiO2 (red atoms = O, black atoms
= Si), constructed according to Zachariasen’s rules. Figure reproduced from Ref. [89] with
permission from John Wiley and Sons.
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2.1.1 Molecular Dynamics

MD approaches result in a trajectory of frames (coordinates of atoms within a

periodic cell) which are temporally correlated in configurational space. These frames

are connected to each other through an integrator which propagates the system from

an initial set of coordinates and velocities according to Newton’s equations of motion:

Fi = mi
d2

dt2
Ri(t), (2.1)

where F is the force, i is the atomic index, m is the mass, R is the Cartesian

coordinates and t is time. In order to perform this numerically, time must be

discretised to enable an integrator to propagate the system by taking the coordinates

and velocities and advancing one time step. This is commonly done using the

velocity Verlet algorithm:[94, 95]

Ri(t+ δt) = Ri(t) + vi(t)δt+
1

2mi

Fi(t)δt
2, (2.2)

vi(t+ δt) = vi(t) +
1

2mi

[Fi(t) + Fi(t+ δt)] δt, (2.3)

Figure 2.2: Atomistic simulation methods. Figure reproduced from Ref. [92]. (CC-BY-4.0).
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where v is the velocity, δt is the time step, and Fi(t + δt) is the force at the new

position, which is computed after updating the positions. The forces are derived

from a potential energy function U(R), typically a pairwise potential or a more

complex many-body potential, through:

Fi = −∇Ri
U(R), (2.4)

where ∇Ri
denotes the gradient with respect to the coordinates of atom i. This

potential energy function drives the MD trajectory by determining the forces acting

on each atom based on their positions, and thus is key in defining the dynamics of

the system. This will be discussed in more detail in the next section.

The choice of time step δt is crucial: it must be small enough to accurately

resolve the system’s dynamics – typically on the order of femtoseconds for atomic-

scale simulations. Additionally, the integration scheme must ensure both stability

and accuracy over long timescales. Time-reversibility is also desirable, as it helps

preserve energy and other conserved quantities throughout the simulation.

Since Newton’s equations inherently conserve energy rather than temperature, a

standard MD simulation naturally samples the microcanonical ensemble (NVE),[93]

where the number of particles (N), volume (V), and energy (E) are held constant.

An ensemble refers to a collection of microstates that represent the possible con-

figurations of a system under specified macroscopic conditions. Different ensembles

correspond to different sets of constraints, such as constant temperature or pressure,

which are relevant for various physical scenarios.

To simulate systems at constant temperature requires introducing an external

mechanism to regulate thermal fluctuations, typically by coupling the system to

a heat reservoir. This thermal control is necessarily an approximation and allows

for simulations within the canonical ensemble (NVT), where the number of par-

ticles (N), volume (V), and temperature (T) are held constant. Various thermo-

stat schemes exist to achieve this, falling broadly into stochastic and deterministic
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categories.[96–101] Most influence atomic motion by adjusting velocities, while oth-

ers, such as the Langevin approach, incorporate both dissipative friction and random

noise to emulate the effect of thermal agitation.

In simulations performed within the NVT ensemble, both kinetic and total ener-

gies exhibit natural fluctuations.[99, 100] However, not all thermostats capture the

correct distribution of these fluctuations, which can lead to inaccuracies, particularly

in simulations involving small systems resulting in a phenomena known as “finite

system effects”.[93]

For systems where volume fluctuations are also significant, such as liquids or

materials under pressure, an additional control mechanism is employed. By using

a barostat to regulate the pressure, one can perform simulations in the isothermal-

isobaric ensemble (NPT), which maintains a constant number of particles (N), pres-

sure (P), and temperature (T).[102] The barostat achieves this by dynamically ad-

justing the simulation box dimensions in response to the internal pressure, ensuring

the system remains at the desired external pressure while allowing for correct ther-

mal and volume fluctuations.

MD has been used to model amorphous materials with great success and can be

used to generate structural models of amorphous systems.[9, 32, 103] However, the

accuracy of the results is highly dependent on the potential energy function used to

describe the interactions between atoms. The choice of potential can significantly

affect the resulting structures and properties, especially in complex materials like

carbonaceous systems.

Hierarchy of Molecular Dynamics and Enhanced Sampling

MD methods can be categorised into a hierarchy based on the level of accuracy

and computational cost associated with the calculation of interatomic forces. This

hierarchy spans from highly accurate quantum mechanical methods to more approx-

imate classical and coarse-grained approaches. The main levels in this hierarchy are

as follows:
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• Non-Adiabatic Molecular Dynamics (NAMD): Representing the high-

est tier of theory, NA-MD calculates the forces on atoms directly from first-

principles quantum mechanical (QM) calculations (see Section 2.2.1). This

approach is used when the Born-Oppenheimer (BO) approximation (the wave-

function of the nuclei and electrons are separable) breaks down, such as in

photochemical processes or electron transfer events. These methods allow

the system to evolve on and transition between multiple electronic potential

energy surfaces (e.g., ground and excited states).[104] However, the computa-

tional cost is extremely high, limiting simulations to very small systems (tens

of atoms) and short timescales (femtoseconds to picoseconds).

• Ab Initio Molecular Dynamics (AIMD): At the next level of accuracy,

AIMD is also a QM method (see Section 2.2.1), except it applies the BO ap-

proximation. This approach avoids the need for pre-defined potentials and

can accurately model chemical reactions, bond breaking, and electronic ef-

fects. However, its immense computational cost limits simulations to small

systems (typically a few hundred atoms) and short timescales (picoseconds).

The two primary schemes are Born-Oppenheimer MD, which fully converges

the electronic ground state at each atomic step to obtain forces,[105] and Car-

Parrinello MD, which offers greater efficiency by propagating both the nuclei

and electronic orbitals simultaneously within a single dynamical system.[106]

• Machine Learning Molecular Dynamics (ML-MD): This approach bridges

the gap between AIMD and classical MD. Forces are calculated using a ma-

chine learning interatomic potential (MLIP) that has been trained on a large

database of QM calculations (see Section 2.2.3). ML-MD can achieve near-

QM accuracy but at a fraction of the computational cost, enabling simula-

tions of much larger systems (tens of thousands of atoms or more) over longer

timescales (nanoseconds). The accuracy of ML-MD is fundamentally depen-

dent on the quality and comprehensiveness of the training data.[107]
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• Empirical Molecular Dynamics: This is the most common form of MD,

where forces are derived from pre-parameterised, analytical functions known

as empirical potentials or force fields (as discussed in Section 2.2.2). Empirical

MD is computationally efficient, allowing for simulations of millions of atoms

over microseconds or longer. Its primary limitation is that the accuracy is fixed

by the functional form of the potential, which typically cannot describe chem-

ical reactions unless specifically designed to do so (e.g., reactive force fields)

and that these models are often less transferable to different environments.[93]

• Coarse-Grained Molecular Dynamics (CG-MD): To access even larger

length and time scales, CG-MD simplifies the system by grouping multiple

atoms into single interaction sites or “bead”. This reduction in degrees of

freedom allows for the simulation of massive systems, such as entire proteins

or polymers, over milliseconds. The trade-off is a loss of atomistic detail, and

the interactions between beads are described by effective potentials that must

be carefully parameterised.[108]

In addition to this hierarchy, various enhanced sampling techniques can be com-

bined with these MD methods to overcome the challenge of simulating rare events,

such as phase transitions or chemical reactions. Standard MD simulations can be-

come trapped in local energy minima for long periods, making it difficult to sample

important but infrequent transitions. Enhanced sampling methods accelerate the

exploration of the potential energy surface by introducing a bias.[93] Prominent ex-

amples include metadynamics, which adds a history-dependent potential to discour-

age revisiting old configurations,[109] replica exchange molecular dynamics, which

simulates multiple copies of the system at different temperatures to facilitate bar-

rier crossing,[110] and simulated annealing, which is a method for finding low-energy

structures by simulating a system at high temperature to overcome energy barriers,

followed by a slow, controlled cooling process (also known as quenching) to guide

the system into a stable minimum.[93] These techniques are crucial for obtaining
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statistically meaningful results for processes that occur on timescales far beyond

what is accessible with direct simulation.

2.1.2 Monte-Carlo

Monte-Carlo (MC) methods are a class of computational algorithms that rely on

repeated random sampling to obtain numerical results. They are particularly use-

ful for systems with a large number of degrees of freedom, where direct analytical

solutions are often infeasible. In the context of atomistic simulations, MC methods

can be used to sample the configurational space of a system by proposing random

moves and accepting or rejecting them based on a probability criterion.[93]

The basic idea behind MC methods is to generate a sequence of configurations

(or states) of a system, where each configuration is sampled from a probability

distribution that reflects the system’s thermodynamic properties. The most common

approach is to use the Metropolis algorithm, which involves the following steps:[111]

(i) Start with an initial configuration of the system.

(ii) Propose a random move to a new configuration.

(iii) Calculate the change in energy ∆E between the new and old configurations.

(iv) Accept the new configuration with a probability given by:

P = min
(
1, e−∆E/kBT

)
, (2.5)

where kB is the Boltzmann constant and T is the temperature. If the move is

accepted, update the configuration; otherwise, retain the old configuration.

(v) Repeat steps 2–4 for a large number of iterations to sample the configurational

space.

In the context of amorphous systems, Monte-Carlo methods have proven espe-

cially valuable due to their ability to efficiently explore the vast configurational space
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characteristic of disordered materials.[112] Unlike crystalline solids, amorphous sys-

tems lack long-range order, corresponding to a highly rugged potential energy land-

scape with numerous local minima. MC techniques, by virtue of their stochastic

sampling, can overcome energy barriers that would otherwise trap molecular dy-

namics trajectories, enabling the generation of representative structural models that

capture the inherent disorder of these materials.

Historically, MC simulations have been instrumental in the development and re-

finement of CRN models, as discussed in Chapter 1. Early work on amorphous silicon

and carbon leveraged MC-based bond-switching algorithms to construct large-scale

models that reproduce experimental observables such as radial distribution functions

and bond angle distributions.[67, 113] These approaches have since been extended

and adapted to a variety of amorphous carbon systems, providing insights into their

structural motifs, defect populations, and thermodynamic stability.[114–116]

Overall, both MD and MC methods are complementary tools in the modelling

of amorphous materials. While MD excels at capturing dynamical processes and

relaxation pathways, MC offers flexibility in sampling configurations, making it par-

ticularly well-suited for generating and refining models of CRNs and other disor-

dered systems. The interplay between these methods, as well as their integration

with advanced interatomic potentials (explored in the following sections), forms

the foundation for accurate and predictive simulations of amorphous carbonaceous

materials.

2.2 Interatomic Potentials

Whenever phenomena are examined at the atomic level, it becomes necessary to

understand the nature of the forces acting between atoms. These interatomic forces

play a crucial role in determining many of the behaviours observed in nature, and

knowledge of them allows us to modify and utilise natural materials for practical

purposes. Describing these forces is inherently complex, as atoms are not fundamen-

tal particles but composite systems made up of a nucleus and surrounding electrons
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that require a quantum mechanical treatment due to low mass. As such, any realistic

description of interatomic potentials must account for the intricacies of many-body

interactions between many electrons and the nucleus of an atom.

Interatomic potentials are mathematical functions that describe the potential

energy of a system of atoms based on their positions (Figure 2.3). They are es-

sential for atomistic simulations, as was alluded to in the previous section, as they

provide the total energy of the system and forces acting on each atom, which in turn

govern the dynamics of the system. The choice of interatomic potential is crucial for

accurately modelling the interactions between atoms, particularly in complex ma-

terials like carbonaceous systems. Empirical potentials are parameterised functions

that describe the potential energy of a system based on experimental data or high-

level quantum mechanical calculations, while quantum mechanical methods provide

a first-principles description of the interactions in a system, but are computation-

ally expensive due to the “curse of dimensionality,” and in most cases, impossible

to solve analytically for anything other than the hydrogen atom. Thus, it becomes

apparent that there is a trade-off between accuracy and computational cost when

choosing an interatomic potential, either enabling large-scale simulations at the cost

of accuracy, or providing highly accurate descriptions of atomic interactions at the

cost of system size and simulation time.

2.2.1 Quantum Mechanics

A quantum mechanical approach provides a true description of the interactions

in a system, yet it is prohibitively computationally expensive due to solving the

Schrödinger equation (with approximations), limiting the size of systems (or config-

urations) to a few hundred atoms, which is grossly insufficient to sample the phase

space of amorphous systems. Nevertheless, quantum mechanical methods are indis-

pensable for elucidating the fundamental interactions between atoms and electrons,

and they establish a computational benchmark (in tandem with experimental data)

for the accuracy of interatomic potentials.
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In the context of atomistic simulations, quantum mechanical methods are used

to calculate the energy and forces of an interacting system of atoms and electrons

by solving the Schrödinger equation:[118]

iℏ
∂

∂t
Ψ(r, t) = ĤΨ(r, t), (2.6)

where Ψ(r, t) is the time-dependent wavefunction of the system, ℏ is the reduced

Planck’s constant, and Ĥ is the Hamiltonian operator that describes the total energy

of the system. The Hamiltonian operator typically includes contributions from the

kinetic energy of the particles, potential energy due to interactions between particles,

and external potentials (e.g., from nuclei in a molecular system):

Ĥ = −
N∑
i=1

ℏ2

2mi

∇2
i + V (r), (2.7)

where N is the number of particles, mi is the mass of particle i, ∇2
i is the Laplacian

operator (and when combined with the prefactors becomes the kinetic energy opera-

tor) acting on the coordinates of particle i, and V (r) is the potential energy function

Figure 2.3: a Two-body potentials of different diatomic molecules, U(r), normalised to the
binding energy U0 as a function of the bond length r in units of the equilibrium bond length
r0. Symbols reflect high-accuracy reference data, while lines show fits of pair potentials to the
energy minimum. Reference data include the Aziz potential for Ar2, and quantum chemical
calculations for C2, Cu2, and NaCl. b Two-body potentials with a curvature in the minimum
corresponding to that of the Lennard–Jones potential. Figure reproduced from Ref. [117].
(CC-BY-4.0).
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that describes the interactions between particles. The solution to the Schrödinger

equation provides the wavefunction Ψ(r, t), which contains all the information about

the system’s quantum state, including its energy and spatial distribution of parti-

cles. The time-independent Schrödinger equation is recovered by assuming a sta-

tionary state, where the wavefunction can be separated into a spatial part and a

time-dependent phase factor:

Ψ(r, t) = ψ(r) exp

(
−iEt

ℏ

)
, (2.8)

where ψ(r) is the spatial wavefunction, E is the total energy of the system and t

is time. Substituting this into the time-dependent Schrödinger equation yields the

time-independent Schrödinger equation:

Ĥψ(r) = Eψ(r). (2.9)

The interactions of our system are between electrons and nuclei leading to the ex-

panded Hamiltonian:

Ĥ = − ℏ2

2melec

N∑
i=1

∇2
i +

N∑
i<j

e2

4πϵ0|ri − rj|
−

N∑
i=1

M∑
k=1

Zke
2

4πϵ0|ri −Rk|

+
M∑
k<l

ZkZle
2

4πϵ0|Rk −Rl|
− ℏ2

2mNuc

M∑
k=1

∇2
k, (2.10)

where melec is the mass of the electron and mNuc is the mass of the nucleus, N is

the number of electrons, M is the number of nuclei, ri and Rk are the positions of

the electrons and nuclei, respectively, Zk is the atomic number of nucleus k, and

ϵ0 is the vacuum permittivity. The first term represents the kinetic energy of the

electrons, the second term accounts for electron–electron interactions, the third term

describes the interaction between electrons and nuclei, the fourth term accounts for

nucleus-nucleus interactions, and the last term represents the kinetic energy of the

nuclei.
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We can leverage the Born-Oppenheimer approximation[119] to separate the elec-

tronic and nuclear degrees of freedom, allowing us to treat the nuclei as fixed points

in space while solving for the electronic wavefunction. This approximation is valid

when the nuclei are much heavier than the electrons, which is typically the case in

systems of interest. Under this approximation, we can rewrite the Hamiltonian as:

Ĥ = Ĥelec + ĤNuc, (2.11)

where Ĥelec is the electronic Hamiltonian and ĤNuc is the nuclear Hamiltonian:

Ĥelec = − ℏ2

2melec

N∑
i=1

∇2
i +

N∑
i<j

e2

4πϵ0|ri − rj|
−

N∑
i=1

M∑
k=1

Zke
2

4πϵ0|ri −Rk|
, (2.12)

ĤNuc = − ℏ2

2mNuc

M∑
k=1

∇2
k +

M∑
k<l

ZkZle
2

4πϵ0|Rk −Rl|
. (2.13)

The electronic Schrödinger equation can then be solved for the electronic wavefunc-

tion ψ(r,R) and energy Eelec, while treating the nuclei as fixed points in space:

Ĥelecψ(r,R) = Eelecψ(r,R), (2.14)

where ψ(r,R) is the electronic wavefunction and Eelec is the electronic energy. The

solution to this equation yields the PES of the system which can be used to calculate

the forces acting on the nuclei:

Fk = −∇Rk
Eelec(R) (2.15)

According to the Hellmann–Feynman theorem,[120] these forces can be computed

directly from the expectation value of the derivative of the Hamiltonian with respect

to the nuclear coordinates, provided the wavefunction is an exact eigenstate of the
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electronic Hamiltonian. Formally, the force on nucleus k can be written as:

Fk = −
〈
ψ(r,R)

∣∣∣∇Rk
Ĥelec

∣∣∣ψ(r,R)
〉
. (2.16)

This approach allows for the calculation of forces acting on the nuclei based on the

electronic structure of the system, enabling the simulation of molecular dynamics

or other time-dependent processes. However, solving the electronic Schrödinger

equation analytically is impossible for all but the simplest systems like the hydrogen

atom, necessitating the use of numerical methods or approximations to obtain the

electronic wavefunction and energy.

Hartree–Fock (HF) Theory

The reason why solving the Schrödinger equation is so challenging is due to the

many-body nature of the problem. Although the electronic Hamiltonian contains

only one- and two-body terms, the full Schrödinger equation remains a many-body

problem because the electronic wavefunction depends simultaneously on all electron

coordinates, which are coupled through the two-body electron–electron interaction.

For a system of N electrons, the wavefunction Ψ(x1, x2, . . . , xN) depends on the

coordinates of all electrons, making it a function in 3N -dimensional space. Ad-

ditionally, the wavefunction must satisfy the Pauli exclusion principle,[121] which

states that no two identical fermions (such as electrons) can occupy the same quan-

tum state simultaneously. This leads to the requirement that the wavefunction must

be antisymmetric under the exchange of any two electrons:

Ψ(. . . , xi, . . . , xj, . . .) = −Ψ(. . . , xj, . . . , xi, . . .), (2.17)

where xi and xj are the coordinates of electrons i and j.

To replace the many-body interaction between one electron and the remaining

electrons, a mean field approximation can be used which approximates these interac-

tions through a spatially-averaged charge distribution summed over those electrons.
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It then becomes a simpler task to solve Schrödinger’s equation for the motion of

the electron within this mean potential. This is otherwise known as the Hartree

approximation.[122] There are three interrelated variables in this process: the wave-

function of an N -electron atom, the potential and the charge density. The problem

to solve now becomes finding a charge distribution and average potential which

are self-consistent, so that this potential and the atomic wavefunction satisfy the

Schrödinger equation.

This is accomplished by a method involving successive approximations where an

initial wavefunction is chosen and the Hamiltonian of the system setup using this

wavefunction. The Schrödinger equation is then solved to find a new wavefunction

starting from this Hamiltonian, and if the two functions do not agree to within the

specified tolerance the process is recycled starting from the new wavefunction until

self-consistency is attained.

It is important for rapid convergence of the self-consistent field method, as for

all successive approximation procedures, to choose a reasonable first approximation

to the electron wavefunction. One way to form the wavefunction would be simply

to consider it as made up of N single-electron wavefunctions (orbitals):

Ψ(x1, x2, . . . , xN) ≈
N∏
i=1

ψi(xi), (2.18)

where ψi is the single-electron wavefunction (orbital) for electron i. The orbital is

comprised of a spatial part and a spin part, xi = (ri, si), where ri is the position

vector and si is the spin coordinate. The spatial part of the atomic orbital is

comprised of a set of basis functions:

ψi(r) =
∑
µ

cµiϕµ(r), (2.19)

where ϕµ(r) are the basis functions and cµi are the expansion coefficients that deter-

mine the contribution of each basis function to the molecular orbital ψi. The total
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wavefunction is then constructed as a product of these single-electron wavefunctions.

This is known as the Hartree product.[122] This approach effectively describes the

motion of each electron in the average field created by all other electrons, leading

to a set of coupled equations for the single-electron wavefunctions. Each orbital is

solved in the presence of the mean field generated by the other electrons, and the

total wavefunction is constructed as a product of these orbitals. The mean field is

determined by the charge density (at point r):

ρ(r) = −e
occ∑
i=1

|ψi(r)|2, (2.20)

where −e is the charge of an electron and ψi(r) is the spatial part of the single-

electron wavefunction, where the sum runs over occupied orbitals. The potential felt

by each electron is then derived from this charge density using Poisson’s equation:

∇2V (r) = −ρ(r)

ϵ0
, (2.21)

which can be written as the Coulomb integral:

V (r) =
1

4πϵ0

∫
d3r′

ρ(r′)

|r− r′| . (2.22)

Substituting this potential into the single-electron Schrödinger equation gives the

explicit Hartree equation:

(
− ℏ2

2m
∇2 − Ze2

4πϵ0|r|
− eV (r)

)
ψi(r) = ϵiψi(r), (2.23)

(
− ℏ2

2m
∇2 − Ze2

4πϵ0|r|
+

e2

4πϵ0

∑
j

∫
d3r′

|ψj(r
′)|2

|r− r′|

)
ψi(r) = ϵiψi(r), (2.24)

where ϵi is the energy eigenvalue associated with the orbital ψi. Here, the first

term represents the kinetic energy of the electron, the second term accounts for the

attraction between the electron and the nucleus with charge +Ze, and the third
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term represents the repulsive interaction between the electron in orbital ψi and the

average charge distribution of all other electrons. In the original Hartree formula-

tion the Coulomb sum runs over all orbitals and therefore each orbital contributes

to the potential felt by every electron, including itself, leading to unphysical self-

interactions.[122] If one wishes to remove that unphysical contribution by hand the

Coulomb sum can be written as
∑

j ̸=i.

This equation must be solved self-consistently, as the potential V (r) depends on

the charge density, which in turn depends on the wavefunctions ψi(r). The process

involves iterating between solving for the wavefunctions and updating the potential

until convergence is achieved. The variational principle ensures that the energy

calculated using an approximate wavefunction will always be greater than or equal

to the exact ground-state energy of the system.[123] Consequently, the coefficients

associated with the basis functions that form the molecular orbitals can be adjusted

iteratively to minimise the total energy. This process is repeated until the input and

output electron densities are consistent with one another, a condition known as self-

consistency, which gives rise to the term Self-Consistent Field (SCF) method.[122]

Whilst this appears to be a reasonable approximation to the many-body problem,

the Hartree SCF method is the result of simple, one-electron wavefunctions which do

not fulfill the quantum mechanical requirement of antisymmetry in all electrons, and

thus electron exchange is neglected. This means that the ground-state prediction

of the wavefunction is fundamentally non-physical for fermions. To satisfy this

requirement the wavefunction must be antisymmetric. Hartree-Fock (HF) theory

accomplishes this by constructing the many-electron wavefunction not as a simple

product, but as a Slater determinant:[124, 125]

Ψ(x1, x2, . . . , xN) ≈ 1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(x1) ψ1(x2) · · · ψ1(xN)

ψ2(x1) ψ2(x2) · · · ψ2(xN)

...
...

. . .
...

ψN(x1) ψN(x2) · · · ψN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
, (2.25)
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The determinant structure ensures that swapping any two electrons (columns) re-

sults in a change of sign of the determinant, thus satisfying the Pauli exclusion

principle. This introduces a new term into the energy calculation, the exchange

term, which accounts for the antisymmetry requirement. The exchange interaction

is a quantum mechanical effect that only occurs between identical particles. Despite

sometimes being called an exchange force in analogy to classical force, it is not a

true force, as it lacks a force carrier. The effect is due to the wavefunction of indis-

tinguishable particles being subject to exchange symmetry, that is, either remaining

unchanged (symmetric) or changing its sign (antisymmetric) when two particles are

exchanged.

As with the Hartree method, the goal is to find a set of spin-orbitals {ψi} that

minimise the total energy of the system calculated as the expectation value EHF =

⟨Ψ |Ĥ|Ψ⟩.∗ When the Slater determinant is used with the full electronic Hamiltonian

Ĥ, the orbital energies ϵi can be expressed as:

ϵi = ⟨ψi|ĥe|ψi⟩ (2.26)

= ⟨ψi|T̂ + V̂ |ψi⟩ +
∑
j(occ)

⟨ψi|Ĵj − K̂j|ψi⟩ (2.27)

= ⟨ψi|T̂ + V̂ |ψi⟩ +
∑
j(occ)

(Ji,j −Ki,j), (2.28)

where ĥe is the one-electron Hamiltonian operator containing T̂ , the kinetic energy

operator (− ℏ2
2m

∇2), and V̂ , the potential energy operator (electron-nucleus attrac-

tion). The second term is a sum which runs over all occupied orbitals, and contains

two operators: the Coulomb operator Ĵ and the exchange operator K̂, where the

indicies reflect the matrix elements. These operators represent the average repulsive

∗The expectation value of an operator returns the average value of a physical quantity rep-
resented by that operator when measured on a system described by a given wavefunction. In
this case the energy E is the expectation value of the Hamiltonian operator Ĥ with respect to
the wavefunction Ψ . Bra-ket notation is used here for brevity, where ⟨Ψ | is the complex con-
jugate transpose of the wavefunction |Ψ⟩. The explicit integral form is given by ⟨Ψ |Ĥ|Ψ⟩ =∫
d3r1

∫
d3r2 . . .

∫
d3rNΨ∗(r1, r2, . . . , rN )ĤΨ(r1, r2, . . . , rN ).
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interaction between electron i and the charge distribution of electron j (Coulomb),

and the quantum mechanical exchange interaction due to the antisymmetry of the

wavefunction (exchange). Their explicit forms are:

Ĵi,j = ⟨ψi|Ĵj|ψi⟩ =
e2

4πϵ0

∫
d3r

∫
d3r′

|ψi(r)|2|ψj(r
′)|2

|r− r′| , (2.29)

K̂i,j = ⟨ψi|K̂j|ψi⟩ =
e2

4πϵ0

∫
d3r

∫
d3r′

ψ∗
i (r)ψ∗

j (r′)ψi(r
′)ψj(r)

|r− r′| . (2.30)

If ψi is an occupied spin-orbital, the j = i term leads to Ji,i = Ki,i, and so it disap-

pears in the sum and the remaining terms represent the Coulomb minus exchange

interaction between electron i and N−1 other occupied spin-orbitals. The Coulomb

operator Ĵi still contains an unphysical self-interaction, but the exchange operator

K̂i has the identical form (Jii = Kii). Therefore, the self-interaction is implicitly

cancelled (Ĵi − K̂i = 0).

It is convenient to introduce the Fock operator F̂ , which collects the one-electron

Hamiltonian and the mean two-electron contributions:

F̂ = ĥe +
∑
j(occ)

(Ĵj − K̂j), (2.31)

allowing the Hartree-Fock equations to be written in a compact form:

F̂ψi = ϵiψi. (2.32)

These equations must be solved self-consistently, as the Fock operator F̂ depends on

the occupied orbitals {ψj} through the Coulomb and exchange operators. The SCF

procedure involves iterating between solving for the orbitals and updating the Fock

operator until convergence is achieved. The total HF-SCF energy can be written as:

EHF =
∑
i(occ)

⟨ψi|ĥe|ψi⟩ +
∑

i>j(occ)

(Jij −Kij), (2.33)
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and the sum of the orbital energies of the occupied spin-orbitals is given by:

∑
i(occ)

ϵi =
∑
i(occ)

⟨ψi|ĥe|ψi⟩ +
∑

i,j(occ)

(Jij −Kij). (2.34)

A comparison of these two expressions reveals a crucial distinction in Hartree-Fock

theory. The total energy, EHF, is not simply the sum of the occupied orbital energies.

This is because summing the orbital energies,
∑

i(occ) ϵi, double-counts the electron-

electron interaction terms (Jij and Kij). To obtain the correct total energy, this

double-counted interaction energy must be subtracted from the sum of the orbital

energies. This highlights that the total energy cannot be naively constructed from

orbital energies alone; the inter-electronic interactions must be handled carefully to

avoid double-counting.

Post Hartree–Fock Methods

While HF theory is a foundational method that captures the essential physics of

electron-nucleus attraction and average electron-electron repulsion, its mean-field

approximation introduces significant limitations. The primary source of error is the

neglect of electron correlation. In reality, the motion of electrons is correlated; they

instantaneously repel each other and actively avoid being close together. HF theory,

however, only treats this repulsion in an averaged, or mean-field, sense. An electron

in the HF model does not feel the instantaneous position of other electrons, only

their time-averaged charge cloud. The difference between the exact non-relativistic

ground-state energy, Eexact, and the energy obtained from the HF approximation in

the limit of a complete basis set, EHF, is defined as the correlation energy:[126]

Ecorr = Eexact − EHF. (2.35)

By convention, Ecorr is negative, as the HF energy is an upper bound to the true

ground-state energy.

This neglected correlation can be broadly categorised into two types: dynamic
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correlation and static correlation.[123] Dynamic correlation refers to the short-

range interactions where electrons adjust their motion to avoid one another due

to Coulombic repulsion.[127] A critical failure stemming from the lack of dynamic

correlation is the inability of HF theory to describe dispersion forces (e.g., van der

Waals interactions).[128] Dispersion arises from the correlated fluctuations of elec-

tron clouds in interacting molecules. Since HF treats these clouds as static, average

distributions, it cannot capture this purely correlation-driven attraction, rendering

it unsuitable for studying non-covalently bonded systems.

The other type is static (or strong) correlation. This type of correlation becomes

important when a single Slater determinant is a fundamentally poor description

of the electronic state.[127] This often occurs in systems with nearly degenerate

orbitals, such as during bond breaking, in transition metal complexes, or for certain

excited states.[129] In these cases, the ground state is better described as a linear

combination of several determinants, and the single-determinant HF approximation

fails qualitatively.

Relativity is also not accounted for in standard HF theory, which can lead to sig-

nificant errors in systems containing heavy elements where relativistic effects become

pronounced.[130] These effects include spin-orbit coupling and scalar relativistic cor-

rections, which can alter the electronic structure and properties of molecules. While

relativistic extensions of HF theory exist, they add complexity and computational

cost.

The inherent limitations of the HF approximation necessitate the development

of more sophisticated ab initio methods that can systematically recover the miss-

ing electron correlation energy. These methods are collectively known as post-

Hartree–Fock methods. They typically use the HF solution, that is the single Slater

determinant and the set of molecular orbitals, as a starting point or a zeroth-order

reference. From this reference, they build a more accurate description of the many-

electron wavefunction, often by considering it as a linear combination of multiple

56



Slater determinants. By including configurations that represent the instantaneous

positions of electrons relative to one another, these methods can account for dynamic

and/or static correlation. Several prominent post-HF approaches exist, such as

Møller–Plesset (MP) perturbation theory,[131] Configuration Interaction (CI),[132]

and Coupled Cluster (CC) theory,[133] each offering a different strategy for captur-

ing electron correlation and achieving higher accuracy.

CI improves the wavefunction by expressing it as a linear combination of the HF

ground-state determinant and determinants representing single, double, and higher

electronic excitations. The method is variational, meaning the calculated energy

is always an upper bound to the true ground-state energy. However, for practical

reasons, the expansion must be truncated, typically at single and double excitations

(CISD). This truncation causes a critical failure: the method is not size-consistent.

This means the energy of two non-interacting molecules calculated together is not

equal to the sum of their energies calculated separately, making it unreliable for

many chemical applications.[123]

MP takes a different route. Instead of directly improving the wavefunction,

it treats electron correlation as a perturbation to the HF Hamiltonian and calcu-

lates the correlation energy as a series of successive corrections. The most common

level, MP2, is computationally efficient (relative to other post-HF methods scal-

ing as O(N5)) and provides a good first estimate of dynamic correlation. Unlike

truncated CI, MP theory is size-consistent. However, it is non-variational, meaning

the calculated energy is not guaranteed to be an upper bound and can sometimes

overcorrect.[123]

CC offers a powerful and robust alternative that combines the strengths of the

other methods. It constructs the correlated wavefunction using an exponential op-

erator acting on the HF determinant. This sophisticated mathematical form ensures

that CC is size-consistent at any level of truncation, correcting the main deficiency

of CI. While it is non-variational like MP theory, its systematic inclusion of electron
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correlation effects makes it exceptionally accurate. The “gold standard” method,

CCSD(T), which includes single and double excitations and a perturbative correction

for triples, is widely regarded as one of the most reliable methods for obtaining near-

exact results for systems that are well-described by a single HF determinant.[123]

Relativistic effects can be incorporated into post-Hartree–Fock methods through

several approaches, such as the Douglas–Kroll–Hess transformation[134, 135] or the

use of relativistic effective core potentials.[136, 137] These techniques modify the

electronic Hamiltonian to account for relativistic corrections, enabling more accurate

descriptions of systems containing heavy elements where such effects are significant.

Incorporating relativity is particularly important for accurately predicting properties

such as bond lengths, spin–orbit coupling, and electronic spectra in transition-metal

and heavy-element compounds.

However, despite their remarkable accuracy, wavefunction-based methods face a

significant practical barrier: their steep computational scaling with system size, N .

The cost of a CCSD(T) calculation, for instance, scales as O(N7). This prohibitive

cost restricts the application of these high-accuracy methods to relatively small

systems, typically comprising no more than a few dozen atoms.

Density Functional Theory (DFT)

Density Functional Theory (DFT) is an approximation to the explicit quantum me-

chanical equations listed above, making calculations of the electronic structure of

many-body systems computationally tractable, particularly in the context of mate-

rials science and chemistry. DFT is based on the principle that the ground-state

properties of a many-electron system can be determined from its electron density

rather than its wave function, significantly reducing the computational complexity

compared to wavefunction based methods. This makes DFT particularly suitable

for studying large systems, including solids, liquids, and complex molecules.

DFT begins with the N -electron Hamiltonian, which describes the total energy

of a system of N electrons interacting with each other and with an external potential
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(e.g., the nuclei of atoms), assuming the Born-Oppenheimer approximation holds.

The Hamiltonian can be expressed as:

Ĥelec = − ℏ2

2melec

N∑
i=1

∇2
i +

N∑
i<j

e2

4πϵ0|ri − rj|
−

N∑
i=1

M∑
k=1

Zke
2

4πϵ0|ri −Rk|
(2.36)

We can rewrite the Hamiltonian in a more compact form:

Ĥ = T̂ + Û + V̂N-e, (2.37)

where T̂ is the kinetic energy operator, Û is the electron–electron interaction poten-

tial, and V̂N-e is the contribution from the interaction between the electrons and the

nuclei. One could, if desired, incorporate additional contributions into the potential

term V̂N-e, such as those arising from nucleus-nucleus interactions or external fields

to yield a generic potential energy from the external field, V̂ . With this Hamil-

tonian defined, the primary objective becomes solving the Schrödinger equation,

typically to determine the ground state of the system. Due to the Pauli exclusion

principle,[121] the total wavefunction must be antisymmetric under the exchange of

any two identical fermions, meaning it must change sign upon such a swap.

DFT, reformulates the problem in terms of the electron density ρ(r), which is a

function of position rather than the many-body wavefunction:

n0(r) =
N∑
i=1

∫
dr31

∫
dr32 · · ·

∫
dr3NΨ

†
0(x1, x2, . . . , xN)δ(r− ri), Ψ0(x1, x2, . . . , xN),

(2.38)

where n0(r) is the ground-state electron density, and Ψ0(x1, x2, . . . , xN) is the many-

body wavefunction of the ground state. The electron density is a scalar field that

describes the distribution of electrons in space, and it contains all the information

needed to determine the ground-state properties of the system. The central tenet

of DFT is that the ground-state energy E0 can be expressed as a functional of the
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electron density:

E[ρ] = T [ρ] + U [ρ] + V [ρ], (2.39)

where T [ρ] is the kinetic energy functional, U [ρ] is the electron–electron interaction

energy functional, and V [ρ] is the external potential contribution. The Hohenberg-

Kohn theorems establish that there exists a one-to-one mapping between the ground-

state electron density and the external potential, allowing for the determination of

the ground-state properties from the density alone.[138] The first theorem states

that the ground-state energy is a unique functional of the electron density:

E0 = E[n0] = ⟨Ψ [n0]|T̂ + Û + V̂ |Ψ [n0]⟩, (2.40)

where the contribution from the external potential can be written explicitly in terms

of the ground-state density n0(r) as:

V [n0] =

∫
d3rn0(r)V (r) (2.41)

The second theorem provides a variational principle for finding the ground-state den-

sity. The Kohn–Sham (KS) approach is a practical implementation of DFT, where

the complex many-body problem is reduced to a set of non-interacting particles

moving in an effective potential.[139] The KS equations are given by:

(
− ℏ2

2m
∇2 + Veff[ρ]

)
ψi(r) = ϵiψi(r), (2.42)

where ψi(r) are the KS orbitals, ϵi are the corresponding eigenvalues which recon-

struct the density of the many-body system:

n(r) =
N∑
i=1

|ψi(r)|2, (2.43)

and Veff[ρ] is the effective single-particle potential that includes contributions from
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the electron–electron interaction and the external potential. The effective potential

is given by:

Veff(r) = V (r) +

∫
n(r′)

|r− r′|d
3r′ + Vxc[n(r)], (2.44)

where V (r) is the external potential, the second term represents the classical Coulomb

interaction (Hartree term), and Vxc[n(r)] is the exchange-correlation potential, which

accounts for the many-body effects of electron correlation and exchange interactions.

The key challenge is contained within the effective potential, Veff(r), which in-

cludes the external potential, the classical electrostatic repulsion (Hartree term), and

the crucial exchange-correlation (XC) potential, Vxc(r). This term, derived from the

exchange-correlation energy functional Exc[ρ], encapsulates all the complex many-

body quantum mechanical effects. Since the exact form of Exc[ρ] is unknown, it

must be approximated. The accuracy of any DFT calculation rests almost entirely

on the quality of this approximation.

The development of progressively more accurate and complex XC functionals

is often visualised as “Jacob’s Ladder”, a concept introduced by Perdew (Fig-

ure 2.4).[140] Each rung on the ladder represents a new level of physical sophis-

tication, generally offering higher accuracy at an increased computational cost. The

first rung on the ladder represents the local density approximation (LDA),[141]

which treats the electron density at any point r as if it were part of a uniform

electron gas with the same density ρ(r). While a foundational idea, LDA tends to

overbind molecules and severely underestimate band gaps.[142] The next rung in-

volves one of the most widely used functionals, the Perdew-Burke-Ernzerhof (PBE)

functional,[143] which is a generalised gradient approximation (GGA) functional. It

improves upon LDA by considering not only the local density but also its gradient,

|∇ρ(r)|. This added information allows for a better description of the inhomoge-

neous electron densities found in atoms and molecules, making GGAs the standard

for many solid-state calculations, including those on carbonaceous materials,[144]

although they still tend to underestimate band gaps.[145] Meta-GGA functionals
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are next on the “ladder” and add another ingredient: the kinetic energy density,

τ(r). This allows meta-GGAs to better describe the band gap of materials due to

the introduction of non-locality by including the Laplacian.[145] Beyond this, hy-

brid functionals represent a significant leap in accuracy by mixing a fraction of exact

exchange from Hartree-Fock theory with a GGA or meta-GGA functional.[147] Hy-

brid functionals (e.g., PBE0, B3LYP[148–150]) can significantly correct for one of

DFT’s most persistent errors, the self-interaction error (discussed later), leading to

more accurate predictions of band gaps and reaction barriers.[151] The highest rung

incorporates information from unoccupied KS orbitals to calculate a portion of the

correlation energy using principles from MP perturbation theory (typically MP2).

These offer very high accuracy but at a computational cost that begins to approach

that of traditional wavefunction methods.[152]

In practice, DFT calculations are performed using various computational codes

that implement the KS equations and solve for the ground-state electron density.

These codes typically employ plane-wave basis sets to perform periodic calculations

and pseudopotentials which are used to replace the core electrons of atoms with an

Figure 2.4: Jacob’s ladder. A hierarchical level of accuracy and cost for different DFT
functionals. Reproduced from Ref. [146] with permission from John Wiley and Sons.
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effective potential that captures the essential features of the electron–electron inter-

actions while simplifying the calculations. Pseudopotentials are particularly useful

in DFT calculations for materials with many atoms, as they allow for a reduction

in the number of basis functions needed to describe the electronic wavefunctions.

Plane-wave basis sets are often used in conjunction with pseudopotentials because

they provide a systematic way to represent the electronic wavefunctions in a peri-

odic system, enabling efficient calculations of the electronic structure and properties

of materials. The choice of pseudopotential and basis set can significantly affect

the accuracy of the DFT calculations, particularly for systems with complex bond-

ing environments, such as carbonaceous materials.[153] Among the various DFT

codes available, this work employs CASTEP for electronic structure calculations.[154]

CASTEP is a plane-wave pseudopotential code that offers several advantages, partic-

ularly its support for on-the-fly (OTF) pseudopotential generation. OTF pseudopo-

tentials allow for the automatic creation of norm-conserving or ultrasoft pseudopo-

tentials tailored to the specific elements and exchange-correlation functional used in

a calculation. This flexibility ensures consistency between the pseudopotential and

the chosen functional, reduces the risk of transferability errors, and streamlines the

setup of calculations for a wide range of elements.

While DFT’s balance of cost and accuracy has made it the workhorse of com-

putational materials science, its reliance on approximate XC functionals introduces

several systematic errors.[155] It is crucial to be aware of these limitations, espe-

cially when modelling extended materials. A fundamental error of DFT is the self-

interaction error (SIE). In the exact theory, an electron should not interact with

itself, however, in approximate DFT, the Hartree term incorrectly includes an in-

teraction of an electron’s charge density with itself, which is not perfectly cancelled

by the approximate XC functional. This error is most severe for localised electrons

(e.g., in d- or f-orbitals or defect states) and is a primary cause of the chronic un-

derestimation of band gaps in semiconductors and insulators predicted by LDA and
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GGA functionals.[155] In addition, there is an absence of Van der Waals interactions

in standard DFT functionals. Dispersion forces arise from correlated fluctuations

in the electron density between distant regions of space, leading to an attractive

interaction that is inherently non-local.[155] Standard local and semi-local function-

als (LDA, GGA) cannot capture these long-range correlations, resulting in poor

predictions for systems where dispersion is significant, such as molecular crystals,

layered materials, and physisorption on surfaces. To address this limitation, various

dispersion correction schemes have been developed, such as DFT-D methods (e.g.,

Grimme’s D4[156]), which add an empirical dispersion term to the DFT energy, or

non-local correlation functionals (e.g., vdW-DF) that incorporate dispersion effects

directly into the XC functional.[157]

Another drawback of DFT is its computational cost, which scales with the cube

of the number of electrons in the system, O(N3), due to diagonalisation of the

Kohn–Sham Hamiltonian. This severely limits the size of systems that can be stud-

ied using DFT, particularly for large-scale simulations of materials. In addition,

DFT calculations are many orders of magnitude more expensive than empirical po-

tentials, making them prohibitively expensive for large-scale simulations or long

time scales. To address these limitations, various approximations and techniques

have been developed which reduce the computational overheard at the cost of ac-

curacy, such as the use of pseudopotentials, finite truncation of plane-wave basis

sets, and linear scaling methods (such as ONETEP)[158], however ab initio methods

are impractical, if not impossible, for robust and accurate modelling of large-scale

amorphous systems, in particular carbonaceous materials which require long melt-

quench simulations to generate representative amorphous structural models.

In this thesis, all DFT calculations are performed using CASTEP and unless oth-

erwise stated, the PBE functional is used.
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2.2.2 Empirical Potentials

One of the key advantages of empirical potentials is that it is possible to bypass the

computationally expensive quantum mechanical calculations by using a functional

form of the potential energy surface, which can be parameterised to reproduce the

results of quantum mechanical calculations or experimental data. This approach is

known as empirical potentials, and it has been widely used in atomistic simulations

to model the interactions between atoms in materials.

Empirical potentials are simplified, fixed, functional forms which are based on

theoretical foundations and chemical intuition, and can be considered as somewhat

of an artisanal approach to combining “art and science”.[159] These potentials are

typically parameterised using a combination of experimental data and high-level

quantum mechanical calculations, allowing them to capture the essential features of

atomic interactions while remaining computationally efficient.

One of the core principles of empirical potentials is that of locality.[159] What this

means in practice is that the potential energy of a system can be expressed as a sum

of contributions from local interactions between atoms, rather than considering the

Figure 2.5: Locality of forces in case of atom-centred three- or higher-body order potential
terms. The displacement of atom A affects the local atomic energy of atom B, which in turn
affects the force on atom C. Both atoms A and C are just within the cutoff radius of atom B,
and thus the locality of the forces in the model is twice the cutoff radius. Figure reproduced
from Ref. [160]. (CC-BY-4.0).
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entire system as a whole. This locality assumption allows for the efficient calculation

of forces and energies in large systems, as only a small subset of atoms need to be

considered at any given time as is visualised in Figure. 2.5. The potential energy

function can be expressed as:

E =
atoms∑

i

ϵi (2.45)

where ϵi = ϵ(rij) is the energy contribution from atom i, which is typically a func-

tion of the positions of its nearest neighbours j. This locality assumption works

surprisingly well in the case of modelling amorphous systems which lack long-range

order. Of course, this assumption immediately breaks down in the case of long-range

interactions, such as those present in ionic systems, surfaces, hydrogen bonding, etc.

In these cases, additional terms must be added to the potential energy function to

account for these long-range interactions, such as Coulombic interactions or van der

Waals forces at a cost.

Lennard-Jones

Perhaps the most well-known empirical potential is the Lennard–Jones (LJ) potential,[161]

which describes the interaction between a pair of neutral atoms or molecules. The

LJ potential is given by:

U(r) = 4ϵ

[(σ
r

)12
−
(σ
r

)6]
, (2.46)

where r is the distance between the two atoms, ϵ is the depth of the potential well

(which corresponds to the strength of the interaction), and σ is the distance at which

the potential is zero (which corresponds to the equilibrium distance). The first term

represents the repulsive interaction between the atoms at short distances due to the

Pauli exclusion principle, while the second term represents the attractive interaction

at longer distances due to induced dipoles.

The LJ potential was originally derived to describe the interaction between Ar

atoms and despite the simplicity of the functional form, it is surprisingly effective at
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capturing the essential features of Ar. Beyond this simple system, the LJ potential

breaks down in the presence of more complex systems where quantum effects are

significant. For the other noble gases, relativistic effects are pronounced, leading

to erroneous predictions. Despite this, a system of LJ interacting particles is a

useful model for understanding the behaviour of simple fluids and gases, displaying

complex phase behaviour, such as phase transitions and critical phenomena. The

LJ potential is often used as a starting point for more complex potentials, and it

serves as a benchmark for testing the accuracy of new interatomic potentials.
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Empirical Potentials for Carbon

Table 2.1: Summary of empirical carbon potentials detailing their main characteristics and
capability to describe other chemical species. The potentials are grouped by families and
arranged in chronological order. Where relevant the historical basis of the potential is spec-
ified. Acronyms: REBO: Reactive Empirical Bond Order; AIREBO: Adaptive Intermolecular
REBO; SED-AIREBO: Screened Environment Dependent AIREBO; ABOP: Analytic bond-
order potential; EDIP: Environment-dependent interaction potential; ReaxFF: Reactive Force
Field; LCBOP: Long-range Carbon Bond Order Potential; MEAM: Modified Embedded Atom
Method; RSS: Reactive State Summation; COMB: Charge Optimized Many Body; SW:
Stillinger-Weber. Adapted from Ref. 162

Family Name of potential Year Main characteristic Builds on Other species

Tersoff

Tersoff 1988 Reparametrisation for carbon Si Tersoff –
Tersoff 1989 Generalisation to multicomponent systems Si Tersoff Si
Tersoff 1990 Reparametrisation to treat C defects in Si Tersoff 1989 Si
Tersoff 1994 Minor change in parameters Tersoff 1990 Si
Tersoff 1995 Variable cutoff rescaled with system volume Tersoff 1989 Si
Nordlund 1996 Adds van der Waals and uses larger cutoff Tersoff 1988 H
Tersoff 1998 Adds nitrogen and boron Tersoff 1989 Si/N/B
Tersoff 2005 Extended cutoff Tersoff 1988 –

REBO

REBO 1990 Adds hydrogen. Treats carbon radicals. – H
REBO-II 2002 Adds dihedral. New short-range treatment. REBO H
AIREBO 2000 Adds van der Waals (Lennard-Jones) REBO-II H
AIREBO-II 2002 Minor change in two parameters AIREBO H
REBO-CHO 2004 Adds oxygen REBO-II H/O
AIREBO 2008 Environment-dependent van der Waals AIREBO H
Pastewka 2008 Environment-dependent screening function REBO-II H
qAIREBO 2012 Adds oxygen and charge equilibration AIREBO H/O
SED-REBO 2013 Environment-dependent screening function REBO-II –
AIREBO-M 2015 Replaces Lennard-Jones with Morse AIREBO H

Heggie
Heggie 1991 Wigner-Seitz treatment of local bonding Tersoff 1988 –
Andribet 1996 Simpler functional form. More efficient. Heggie –

Broughton 1999 Valence bond treatment. No angular terms. Tersoff 1988 –

ABOP
Pettifor 1999 Analytic approximation of tight-binding – H
Mrovec 2007 Improved a bond term Pettifor H
Zhou 2015 Reparametrisation for pure carbon Pettifor –

EDIP 2000 Long-range π-repulsion. Dihedral terms. Si EDIP –

ReaxFF

ReaxFF 2001 Flexible and general functional form – H
RDX 2003 Developed for nitramine explosions ReaxFF H/O/N
ReaxFFCHO 2008 Adds oxygen ReaxFF H/O
ReaxFF-lg 2011 Adds long range London dispersion ReaxFF H/O/N
ReaxFFC-2013 2015 Reparametrisation for solid carbon ReaxFFCHO H/O
ReaxFFCHO-2016 2019 Further reparametrisation for solid carbon ReaxFFCHO & C-2013 H/O
GR-RDX 2022 Reparametrisation for sp2 carbon RDX & ReaxFFC-2013 H/O/N

LCBOP
LCBOP-I 2003 Simultaneous bond-order & long-range fit REBO –
LCBOP-I+ 2004 Adds torsional term LCBOP-I –
LCBOP-II 2005 Improved bond dissociation energetics LCBOP-I+ –

Ehrhart/Albe 2005 Hybrid Tersoff/REBO. Reparametrisation. Tersoff/REBO Si

MEAM
Lee/Lee 2005 Reparametrised for C. Long-range term. MEAM –
Uddin 2010 Developed for Ni catalysis of nanotubes. MEAM Ni

Vashishta 2007 Covalent & ionic. Dipoles. Van der Waals. Si SW Si

RSS 2008 Short-range interactions. No sp3 bonds. RSS –

Kumagai 2009 Screening function and dihedral term. REBO –

COMB COMB3 2013 Charge-dependent short-range interactions REBO-II H/O/N
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The development of empirical potentials for carbon has been driven by the need

to accurately model the various allotropes of carbon, such as diamond, graphite,

graphene, and amorphous carbon, each of which exhibits distinct bonding charac-

teristics and structural motifs. Since the late 1980s, several empirical potentials

have been developed, as summarised in Table 2.1, to capture the unique bonding

properties of carbon, with varying degrees of success. These potentials expand upon

the simple pairwise potentials of an earlier generation by incorporating many-body

interactions, bond order effects, and angular biases to better represent the covalent

bonding nature of carbon, as well as incorporating long-range interactions in some

instances. To discuss all empirical potentials for carbon in detail is beyond the scope

of this thesis, and so we will focus on the most widely used potentials, namely the

Tersoff,[90] EDIP,[163] and ReaxFF[164] potentials which are commonly employed

in simulations of carbon-based materials. We note in passing that the REBO[165]

(and the later updated version, AIREBO[166, 167]) potential has also been widely

used in the literature, but it is not discussed here as it is a variant of the Tersoff

potential which is discussed in detail below.

Tersoff

In contrast to the simple pairwise Lennard-Jones potential, the Tersoff interatomic

potential, introduced by Jerry Tersoff in a series of papers in the late 1980s,[90]

marked a pivotal development in the empirical modelling of carbon. Its fundamental

innovation is the explicit incorporation of the bond-order concept, a departure from

simpler potential models that often assume fixed bond characteristics. In covalent

materials, the nature and strength of a chemical bond are intrinsically linked to

its local atomic environment. The Tersoff potential captures this by dynamically

adjusting the strength of a bond based on factors such as the number of neighbouring

atoms (coordination number) and the angles formed with these neighbours.

This environment-dependent bond order allows the potential to implicitly dif-

ferentiate between various bonding configurations, such as single, double, or triple
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bonds, and even different hybridization states (e.g., sp, sp2, sp3). This adaptive ca-

pability is crucial for simulating processes that involve the breaking and formation

of chemical bonds, a common occurrence in chemical reactions, phase transitions,

defect dynamics, and surface phenomena in covalent materials. The original formu-

lation aimed to provide a more realistic and transferable description of the energetics

and structural properties of Si, C, and Ge than was previously attainable with sim-

pler potentials.

Carbon exhibits a rich diversity of bonding types that depend critically on the

local environment. Tersoff addressed this by introducing a bond order term, typically

denoted as bij, which explicitly depends on the local atomic environment, including

coordination numbers and bond angles.[90] This bij term modulates the attractive

part of the interatomic potential, effectively changing the bond strength in response

to environmental changes. For instance, as the coordination number of an atom

increases, or as bond angles deviate from their ideal values, the bij term decreases,

weakening the associated bonds. Consequently, as the local environment changes, for

example, during phase transition, or graphitisation, the bond order adapts, enabling

the potential to describe bond breaking, bond formation, and transitions between

different hybridisation states.

As has been alluded to, the Tersoff potential is a many-body potential, meaning

that it accounts for interactions between more than two atoms at a time, in contrast

to pair potentials such as the LJ potential, which only consider interactions between

pairs of atoms. The total energy of a system described by a many-body potential

can be expressed as a sum over all atoms and their interactions with other atoms in

the system:

E =
∑
i

Vi(ri) +
∑
i<j

V2(ri, rj) +
∑
i<j<k

V3(ri, rj, rk) + · · · , (2.47)

where rn is the position of the nth atom and Vm is the mth-body potential term.

In general, pair potentials favour close packing and are less effective at describing

70



covalent systems which are highly directional, and thus it is evident that going

beyond pair potentials (such as the LJ potential) is necessary. The intuition within

the process of designing empirical potentials becomes clear when three-body terms

are constructed to bias the potential a priori into forming geometries which resemble

known motifs, such as diamond with a bond angle of 109.5◦.

For C, Si and Ge, the Tersoff potential has demonstrated the ability to repro-

duce bulk properties such as lattice constants, cohesive energies, elastic moduli,

and phonon dispersion relations with reasonable accuracy.[90] Its capacity to handle

changing coordination numbers also makes it suitable for simulating amorphous and

liquid phases of these elements, and has been used in studies of diamond growth[168]

(often through its extension, the REBO potential) and in the characterisation of

diamond-like carbon films.[165] Simulations of nanoindentation using diamond in-

denters frequently employ Tersoff potentials for the indenter material due to its good

description of diamond’s mechanical properties.[169]

The original Tersoff potential, while successful in many areas, exhibited certain

limitations that prompted the development of several variants and modifications

aimed at improving its accuracy for specific applications or overcoming known defi-

ciencies, which can be found in Table 2.1. Such issues were fundamentally incorrect,

for example, the density of graphite is incorrect as the Tersoff potential predicts a

density of ≈ 3.5 gcm−3, the same as diamond, along with the simulated melting

point being ≈ 6000 K compared to the experimental value of 4300 K.[162] The Ter-

soff potential also produces disordered structures at all densities under annealing, as

opposed to graphitising which is observed experimentally.[170] This occurs due to

the truncation at 3-body (angular) interactions, resulting in the rotation of π-bonds

not being penalised, leading to non-planar structures forming entropically and thus

preventing graphitisation.

As such, modifications to the Tersoff potential have been made to attempt to

overcome such shortcomings, including the introduction of additional parameters to
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better capture the bond order effects, the incorporation of long-range interactions,

and the extension to multicomponent systems.[167] With that being said, the Tersoff

potential framework is remarkably cheap yielding somewhat accurate amorphous

carbon structures and has been a computational workhorse for simulating carbon-

based materials over the past several decades and still finds use today.[171]

The REBO[165] and subsequent AIREBO[167] potentials made significant mod-

ifications beyond the original Tersoff framework. REBO was designed to simulate

hydrocarbons by introducing a more sophisticated bond-order formulation, making

it well-suited for studying reactions involving carbon and hydrogen, such as chain

growth and radical chemistry. Building on this, AIREBO incorporates a Lennard-

Jones term to capture long-range van der Waals interactions, which are essential

for modelling layered structures like graphite and interactions between carbon nan-

otubes.

However, both potentials come with limitations. REBO, while capable of mod-

elling reactivity, lacks long-range dispersion forces and is therefore unsuitable for

systems where such interactions play a dominant role. When applied to amorphous

carbon, REBO struggles to capture the graphitisation process, grossly underesti-

mating the sp2 character of the resulting structures.[162, 170] For AIREBO, the

low density structures are highly disordered after annealing, showing a relatively

flat ring distribution compared with other potentials. Once again, this is due to

the truncation of the potential at 3-body interactions, which does not penalise the

rotation of π-bonds.[162, 170]

Environment-Dependent Interatomic Potential (EDIP)

It is apparent that one requires higher body-order terms to describe the intricacies of

bonding in amorphous carbon. The Environment-Dependent Interatomic Potential

(EDIP) was originally developed to model amorphous Si[172] and was modified for

C[163] to simulate the growth of amorphous carbon thin films, accounting for the

complex relationship between sp2 and sp3 bonding in carbon. EDIP approaches
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locality in a different manner to the Tersoff potential, using a general coordination

term to capture long range π-bonding interactions, and including 4-body interactions

in the form of dihedral terms to bias the potential towards planar geometries.

EDIP was parameterised to reproduce the correct energetics of bond breaking

and forming in carbon, and was fitted to ab initio data from HF calculations for the

graphite-diamond transition.[163] As a result, the EDIP potential has a relatively

long cutoff radius of 3.2 Å, beyond which there are no interactions. The potential

is given by:

E =
∑
i<j

Vij(rij, Zi) +
∑
i<j<k

Vijk(rij, rik, θijk, Zi), (2.48)

where θijk is the angle formed by atoms i, j, and k, and Zi is the coordination

number of atom i. Briefly, the EDIP potential penalises the rotation of π-bonds

through the dihedral term, which is a 4-body interaction. It is this term which

yields the correct graphitisation process, as it biases the potential towards planar

structures, biasing for the formation of π-bonds. EDIP also includes π-repulsion

effects.

EDIP has found successful application in: modelling the graphitisation pro-

cess of amorphous carbon, capturing the transition from disordered structures to

graphitic domains; the growth of amorphous carbon thin films, where it accurately

describes the interplay between sp2 and sp3 bonding, and provides reasonable defect

energies.[162, 170] In particular, the graphitisation process is well captured, with

the potential allowing for the formation of planar structures and π-bonding, which

is essential for the stability of graphitic materials. This is reflected in the correct po-

sition of the peaks in the RDF for low- and high-density annealed structures, as well

as a high sp2 and 6-membered ring content in the final low-density structures, that

also show stacking. For the high-density structures, EDIP yields structures which

are amorphous with a high degree of sp3 bonding. Despite this, EDIP performs

poorly in the case of predicting lattice constants and mechanical properties of nan-

otubes, further highlighting the limitations of the flexibility of empirical potentials
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in capturing the full complexity of carbon bonding.[162, 170]

Reactive Force Field (ReaxFF)

The Reactive Force Field (ReaxFF)[164] was originally developed for hydrocarbons

but has since been extended to model a wide range of elements and compounds.[173]

Unlike potentials such as Tersoff and EDIP, which embed chemical intuition into

their functional forms, ReaxFF takes a more generalised, data-driven approach. It

uses a complex set of parameters to capture various interactions including bond

order, charge transfer, van der Waals forces, and torsional effects.

A core idea in ReaxFF is that bond order depends directly on interatomic dis-

tances and is corrected for over- or under-coordination to reflect chemical valency.

The total energy includes contributions from bonds, angles, torsions, long-range elec-

trostatics, and van der Waals interactions, making the model versatile but compu-

tationally intensive. ReaxFF has shown success across a broad spectrum of systems,

from organic molecules to fuel cells.[173] However, its performance in modelling ele-

mental carbon has been inaccurate; early versions greatly overestimated properties

such as the bulk modulus of diamond.[174] Improved carbon-specific versions have

been developed, such as ReaxFFC-2013[175], but challenges remain, particularly in

accurately reproducing density-dependent graphitisation.

Despite its computational cost and complexity, ReaxFF’s flexible and general

philosophy has parallels with modern machine learning interatomic potentials (MLIPs).

These newer methods replace hand-crafted functions with data-driven models, of-

fering greater accuracy and transferability, albeit often at the cost of physical in-

terpretability and speed. This shift reflects a broader trend in materials modelling:

from physically-informed potentials to flexible, data-driven frameworks.
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2.2.3 Machine Learning Interatomic Potentials

Figure 2.6: Overview of machine learning interatomic potentials. (a) Schematic illustration
of the workflow: (1) A database of representative atomic structures is generated and labelled
with reference energies and forces, typically from density functional theory (DFT). (2) Atomic
environments are encoded as descriptor vectors q. (3) A regression model is trained to predict
the total energy, Ẽ, as a sum of machine-learned local atomic energies, ϵ̃j . (b) Key factors
influencing the quality of an ML potential are shown schematically, with colour coding matching
panel (a): green for the reference database, turquoise for the descriptor, and blue for the
regression method. Panel (a) adapted from V. L. Deringer, M. A. Caro, and G. Csányi,
Adv. Mater. 31, 1902765 (2019), Copyright 2019 Wiley-VCH Verlag GmbH & Co. KGaA,
Weinheim, and V. L. Deringer, J. Phys. Energy 2, 041003 (2020), Copyright 2020 Author(s),
CC-BY 4.0.

Classification vs. Regression

Before delving into the specifics of machine learning interatomic potentials (MLIPs),

it is important to clarify the distinction between classification and regression tasks

within the field of machine learning (ML). ML encompasses a broad spectrum of

algorithms and techniques designed to enable computers to learn from data and make

predictions or decisions without being explicitly programmed for specific tasks. In

general, ML tasks can be broadly categorised into two main types: classification and

regression.
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Classification tasks involve predicting discrete labels or categories based on input

features. For example, in image recognition, a classification algorithm might be

trained to identify whether an image contains a cat or a dog. The output of a

classification model is typically a class label (e.g., ‘cat’ or ‘dog’) or a probability

distribution over multiple classes (e.g., 70% cat, 30% dog). Algorithms such as

decision trees,[176] random forests (RF),[177] support vector machines,[178] and

logistic regression[179] are widely used for such tasks. Taking one example algorithm,

RF is an ensemble learning method that constructs multiple decision trees during

training and combines their outputs to make a final prediction. Each tree is trained

on a random subset of the data and features, ensuring diversity among the trees.[177]

For classification tasks, the final output is determined by majority voting among all

trees. This ensemble approach reduces overfitting and generally leads to more robust

and accurate models compared to using a single decision tree.[177]

Regression tasks, in contrast, involve predicting continuous numerical values

based on input features. For instance, in house price prediction, a regression al-

gorithm might be trained to estimate the price of a house based on features such

as its size, location, and number of bedrooms. The output of a regression model

is a continuous value (e.g., the predicted price of a house). Common regression

algorithms include linear regression, polynomial regression,[180] and also RF. Here,

RF can also be adapted for regression tasks, where the final output is the average

of the predictions from all individual trees. Each tree in the ensemble is trained

on a random subset of the data and features, similar to the classification case, but

instead of voting, the predictions are averaged to produce a continuous output. This

approach helps to reduce variance and improve prediction accuracy for regression

problems.[177] More complex regression techniques such as Gaussian process regres-

sion (GPR)[181] and neural networks (NNs)[182] have also been developed, which

can capture non-linear relationships between input features and output values.

GPR is a non-parametric, Bayesian approach to regression that provides not
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only predictions but also uncertainty estimates for those predictions.[181] It models

the underlying function as a Gaussian process, defined by a mean function and a co-

variance function (kernel). The choice of kernel is crucial, as it encodes assumptions

about the smoothness and structure of the function being modeled. GPR is partic-

ularly useful for small to medium-sized datasets where uncertainty quantification is

important. NNs, on the other hand, are inspired by the structure and function of

biological neural networks. They consist of layers of interconnected nodes (neurons)

that process input data through weighted connections and activation functions. NNs

can model complex, non-linear relationships and are highly flexible, making them

suitable for a wide range of regression tasks.[182] They can be trained using back-

propagation and gradient descent to minimise a loss function, such as mean squared

error, which measures the difference between predicted and actual values.

Chemical Machine Learning

Machine learning is not a new concept in the chemical sciences; it forms the foun-

dation of the entire field of cheminformatics.[183] For decades, this field has focused

on predicting molecular properties, often for applications like drug discovery. This

is typically achieved by converting a molecular structure, represented by a line no-

tation (e.g., SMILES)[184] or a fixed-size “fingerprint” into a prediction for a single

property.[185]

This task, often known as quantitative structure-property relationship modelling,[183]

is a direct application of the regression or classification tasks discussed in the pre-

vious section. This hierarchy ranges from classical statistical techniques, such as

linear regression, to more complex, non-linear models like support vector machines

and, increasingly, neural networks.[186] These models are trained to predict a single

scalar value, such as a molecule’s toxicity (a classification task) or boiling point (a

regression task).

The methods central to this thesis, machine learning interatomic Potentials

(MLIPs), represent a fundamentally different and more complex application of ma-
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chine learning.[187] Instead of predicting a single property from a static represen-

tation, an MLIP is trained to learn and subsequently approximate the PES of a

system, as illustrated in Figure 2.6. The goal is not to predict a single scalar prop-

erty but rather to model the entire energy landscape of a system as a function of

atomic positions.

So the question naturally arises, how can we achieve the accuracy of DFT calcu-

lations while maintaining the cost of empirical potentials, yet still ensure flexibility

with a system-agnostic framework? The answer lies in the development of MLIPs,

which combine the strengths of both approaches. MLIPs leverage the power of ML

to learn complex, many-body interactions from high-fidelity reference data, such as

DFT calculations, while attempting to retain the computational efficiency of empir-

ical potentials.

MLIPs have transformed atomistic modelling by deviating from empirical, phys-

ically inspired functional forms with highly flexible, data-driven representations that

can capture complex many-body interactions with minimal prior assumptions.[160]

While this flexibility allows MLIPs to approximate arbitrarily intricate PES’, it also

introduces a key practical difficulty: ensuring reliable performance outside the do-

main of the training data. In theory, a sufficiently expressive model can reproduce

the PES exactly, provided that reference data is available for all relevant atomic

configurations.[188] In practice, however, high-fidelity data (e.g., from DFT) is ex-

pensive to generate, making it infeasible to densely sample the entire configurational

space. To mitigate this limitation, MLIP frameworks must exploit intrinsic prop-

erties of the PES, such as its smoothness, symmetry, and locality, which constrain

the functional variation and reduce the volume of data needed to achieve accurate

interpolation.[189] Leveraging these physical features is especially critical for con-

structing general-purpose MLIPs that are expected to perform robustly across a

wide range of atomic environments and geometries, without requiring prohibitive

quantities of training data.
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MLIPs are typically trained on energies and forces computed from ab initio

methods, however it is important to note that spin-aware MLIPs have also been

developed for magnetic materials, since the corresponding PES is dependent on the

spin configuration as well as the atomic positions.[190–192] This results in the di-

mensionality problem increasing significantly. For a nonmagnetic potential, there

are 3N degrees of freedom as input of E = f(r), where r is the vector of atomic

positions, while for a magentic potential, this increases to 6N degrees of freedom

as input of E = f(r,S), where S is the vector of magnetic moments. In addition,

the cost of generating reference data increases significantly, as spin-polarised DFT

calculations are required which are more expensive than non-spin-polarised calcu-

lations. Various approaches have been developed to address this challenge, ranging

from highly specific models for particular systems such as iron,[190] to more state-

of-the-art general frameworks which can be applied to a wide range of magnetic

materials.[191, 192]

Neural Network Potentials (NNPs)

Early attempts to approximate the PES using ML approaches was made in 1995 by

Blank et al., where a neural network potential (NNP) was used to compute global

properties of CO adsorbed on a Ni(111) surface.[193] Whilst the idea of neural net-

works had emerged much earlier in the 1940s and 50s, having been inspired by our

own human brains interconnectivity with neurons and nodes,[194, 195] and had even-

tually been applied to various problems in solid-state physics and chemistry,[196–

199] it had yet to be used to model a PES. Admittedly, the work of Blank et al.

was not an orthodox MLIP, as it did not model interatomic interactions directly,

but rather used a neural network to compute the energy of a surface and adsorbate

based on two degrees of freedom, the lateral position of the center of mass x and the

angle of the molecular axis relative perpendicular to the basal plane of the surface
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θ.∗

These early NNPs represented the first generation as such, and were almost ex-

clusively based on global descriptions of the system and were low-dimensional in

nature. The second-generation of NNPs, which emerged in the late 2000s, focused

on the assumption of locality, where the total energy of a system can be approxi-

mately decomposed into sums of local contributions. This was demonstrated in a

groundbreaking paper by Behler in 2011,[200] where he introduced the concept of

atom-centred symmetry functions (ACSFs) to encode descriptions of local atomic

environments in a way that respects the symmetries of the PES, such as transla-

tional, rotational, and permutational invariance which could then be used to predict

a local, atomic energy of an atom and once summed, the total energy in a high-

dimensional manner:

E =
∑
i

ϵi (2.49)

where ϵi = ϵ(rij) is the energy contributions of atom i, which is a function of the

positions of its neighbours within some spherical cutoff fcut(r). Whilst this is clearly

non-physical, as “atomic energies” are not observable, it is a very powerful ap-

proach, and works surprisingly well for many condensed systems where long-range

electrostatic interactions beyond the cutoff are effectively screened out by the local

environment, and thus contribute a few meV/atom.[201] Despite being non-physical,

these local energies underpin the work done in Chapter 3, where these atomic en-

ergies are used to drive a Monte-Carlo simulation of 2D carbon, and provide an

intuitive fingerprint of disorder in structures.[60]

It is these atomic decompositions, along with the many-body ACSFs, which re-

sult in fitting an atomic energy function in a high-dimensional space, leading to

poor extrapolation outside the domain of the training data. This is a key limita-

tion of second-generation NNPs, as they are not guaranteed to be transferable to

∗Training this network of 42 points, each with two degrees of freedom, took “about 10 minutes
on a Sun Sparcstation 2/Weitek µP” (80 MHz), on MATLAB version 4.2 in 1993![193]
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unseen configurations and can yield non-physical predictions when applied to new

systems. This issue is particularly relevant for long simulations at high tempera-

tures (e.g., graphitisation), where the system may explore configurations not well

represented in the training set. More recent generations of NNPs have addressed

some of these limitations by incorporating local and global charge information.[201]

At the time of the initial work for this thesis, however, second generation NNPs

were the most widely used. An alternative framework that also relies on the locality

assumption, but employs a different approach to representing atomic environments,

is the Gaussian Approximation Potential (GAP), discussed below.

Gaussian Approximation Potential (GAP)

The Gaussian Approximation Potential (GAP) is a kernel-based MLIP framework

that uses Gaussian process regression (GPR) with a number of different descriptors

of the atomic environments. Introduced by Bartók, Csányi, and collaborators,[189,

202] GAP models the total energy of a system as a sum of local atomic energies,

each predicted by a non-parametric regression over a database of reference quantum

mechanical calculations in a similar manner to the Behler–Parrinello NNPs.

Formally, the total energy is written as a sum over atomic contributions, as is

seen in Equation 2.49, where each local energy is expressed as a function of the local

environment of atom i. In GAP, this local energy is expressed as a weighted sum

over kernel functions comparing the environment of atom i to a set of representative

environments (the “sparse points” as determined through CUR decomposition):

ϵi =

Nsparse∑
s=1

αsK(Ri,Rs), (2.50)

where K(Ri,Rs) is the kernel function measuring the similarity between environ-

ments Ri and Rs, and αs are regression weights determined by fitting to reference

data.

A key innovation in GAP is the use of the Smooth Overlap of Atomic Positions
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(SOAP) descriptor, which encodes the local environment, Ri, of each atom i in a

way that is invariant to rotations, translations, and permutations of identical atoms.

The SOAP descriptor represents the neighbour density around an atom as a sum of

Gaussians:

ρi(r) =
∑
j

exp

(
−|r− rij|2

2σ2

)
fcut(rij), (2.51)

where rij is the vector from atom i to neighbour j, fcut(rij) is a cutoff function

that smoothly goes to zero beyond a certain distance, and σ controls the width of

the Gaussians, in essence controlling the smoothness of the potential. This density

is then expanded in a basis of orthonormal radial functions gn(r) and spherical

harmonics Ylm(r̂):

c
(i)
nlm =

∫
dr gn(r)∗Y ∗

lm(r̂)ρi(r), (2.52)

where c
(i)
nlm are the coefficients of the expansion for atom i, with n indexing the radial

functions and l,m indexing the spherical harmonics and are truncated at some

maximum values. The radial functions are typically chosen to be Gaussian-type

orbitals or polynomial functions, and the spherical harmonics capture the angular

dependence of the atomic environment. The power spectrum of the atomic density,

which is rotationally invariant, is then constructed as:

p
(i)
nn′l =

√
8π2

2l + 1

∑
m

c
(i)
nlm

(
c
(i)
n′lm

)∗
. (2.53)

The vectors given by p(i) = {p(i)nn′l} define, after normalisation, the SOAP many-body

descriptor for atom i:

q(i) =
p(i)√

p(i) · p(i)
. (2.54)

The similarity between two environments is quantified by the dot product of the

SOAP vectors, leading to the SOAP kernel:

K(Ri,Rj) =
(
q(i) · q(j)

)ζ
, (2.55)
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where ζ is a positive integer (typically ζ > 1) that adjusts the sensitivity of the sim-

ilarity measure, determining how distinctly the kernel differentiates between atomic

environments. This differs from the ACSFs used in Behler-Parrinello NNPs, where

each atom is assigned its own neural network to predict local energies, and similarity

is learned implicitly. While it was initially assumed that SOAP and related descrip-

tors (such as those based on three-body correlations, including ACSFs) were “com-

plete”, meaning that any two atomic environments not related by symmetry would

yield different descriptors, subsequent work demonstrated that this is not strictly

the case. Counterexamples have shown that distinct structures can produce identi-

cal descriptors.[203, 204] In practice, however, the resulting errors are comparable

to other systematic sources, such as those arising from locality assumptions.[205]

A key advantage of the GAP framework is its flexibility and hierarchical ap-

proach to descriptors. As discussed earlier for empirical potentials, capturing the

complexity of atomic interactions often requires combining multiple levels of descrip-

tion. GAP achieves this by allowing the simultaneous use of several descriptors such

as: two-body, three-body, and SOAP within a single model.[206] The regression is

performed using a set of representative environments (sparse points as determined

through CUR decomposition), enabling efficient evaluation even for large training

datasets. The total energy is then expressed as a sum over the contributions from

each descriptor:

E =
∑
i

ϵ
(d)
i =

N
(d)
t∑

t=1

α
(d)
t Kd(R(d)

i ,R(d)
t ), (2.56)

where d ∈ {2b, 3b, SOAP} indicates the type of descriptor, N
(d)
t is the number of

sparse points for descriptor d, and α
(d)
t are the regression weights. The 2b and 3b

descriptors correspond to pairwise and three-body interactions, respectively, while

the SOAP descriptor captures the many-body interactions of each environment. The

pairwise interaction is trivially a scalar value between two atoms, i, j:

q(2b) = |ri − rj|. (2.57)
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For the three-body interaction, the natural description is not used, but instead a

different form is required to enforce permutation invariance of neighbouring atoms,

j, k to i:[206]

q(3b) =


|ri − rj| + |ri − rk|

(|ri − rj| − |ri − rk|)2

|rj − rk|

 (2.58)

These descriptors are explicitly required for most systems (including carbon), as

whilst the SOAP descriptor alone yields a very good description for regions where

there are data, it provides erroneous descriptions for close-range interactions (sub Å),

resulting in non-physical behaviour, predicting a lowering of the energy as the atoms

approach each other. In practice, this means that the 2b and 3b descriptors must be

included in the model, along with SOAP, to ensure accurate close range, repulsive

interactions dominated by 2b+3b interactions in conjunction with the longer-range,

many-body interactions captured by the SOAP descriptor. This is illustrated in

Figure 2.7: Potential-energy scans for an isolated carbon dimer. This plot, with DFT data
as reference (blue), allows us to assess the use of different structural descriptors: all three
combined are needed for a high-quality fit. Figure reproduced from Ref. 206 with permission
from the American Physical Society.
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Figure 2.7, which shows the potential energy surface of an isolated carbon dimer,

with the DFT reference data shown in blue. The three different descriptors are

shown in red (2b+3b+SOAP), black (SOAP only), dark grey (2b+3b) and light

grey (2b). It is clear that all three descriptors are required to achieve a high-quality

fit to the DFT data, particularly at short distances where the 2b and 3b descriptors

dominate.

The resulting potential is able to interpolate smoothly between reference data

points, providing DFT-level accuracy for energies and forces within the domain of the

training data. It is also this smoothness in high-dimensional space which allows for

the potential to be used in a general-purpose manner, as it can be applied (ideally)

to configurations which lay outside the domain of the training data, albeit with

a loss of numerical accuracy in some instances, but crucially, remaining physically

meaningful.

The technical details regarding GPR regression and derivations of forces and

energies are beyond the scope of this thesis, but the interested reader is referred to

the original papers by Bartók et al.,[189, 202] and also the review by Deringer et

al.[205]

C-GAP-17

The earliest MLIPs for carbon, based on both GAPs and NNPs, were primarily

developed to describe crystalline phases such as graphite and diamond. These initial

models were evaluated by their ability to reproduce the properties of these crystals

and the graphite–diamond phase boundary.[202, 207, 208] Notably, one of the first

neural network potentials was used in large-scale simulations to investigate diamond

nucleation mechanisms.[209] However, these early MLIPs were trained on a limited

range of configurations, resulting in poor transferability and limited performance

for disordered carbon systems. By the early 2010s, the only MLIP available for

amorphous materials was a NNP for the phase-change material GeTe,[210] which

enabled large-scale simulations of thermal transport[211] and atomistic processes
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during crystallization.[212]

A significant milestone was reached in 2017 with the development of the C-

GAP-17 machine learning interatomic potential by Deringer and Csányi.[206] Un-

like earlier models, C-GAP-17 was explicitly constructed to capture both crys-

talline and disordered forms of carbon. The potential was trained and validated

on a comprehensive dataset of 4,530 configurations (283,965 atoms) labelled with

the local-density approximation (LDA), encompassing a broad spectrum of carbon

environments including diamond, graphite, graphene, amorphous phases, surfaces,

dimers, and liquid carbon. This diversity enabled C-GAP-17 to achieve accuracy

and stability across a wide range of atomic configurations. The potential has been

shown to reliably reproduce structural properties of various carbon allotropes and

to accurately model the graphitisation process in amorphous carbon;[170] simulate

amorphous carbon thin film growth;[103] describe surface properties and chemical

reactivity of tetrahedral amorphous carbon;[213, 214] and investigate the structure

of porous carbonaceous materials for energy storage applications;[215, 216] as well

as support crystal structure prediction.[217]

In 2020, a new GAP potential was developed with a new dataset combining the

original C-GAP-17 dataset augmented with newer structures, including nanotubes

and fullerenes, and was re-labelled using the optB88-vdW, bringing the total of

structures to 6,088 (400,275 atoms).[218] This was done with the aim of improving

the accuracy required to capture subtle differences in formation energies for defects

and nanostructures, as well as improving phonon predictions explicitly. In addition,

dispersion corrections were included within the dataset to improve the description

of van der Waals interactions, particularly for layered structures such as graphite

and nanotubes. The resulting potential, known as C-GAP-20, has been shown to

outperform the original C-GAP-17 in terms of numerical accuracy, particularly for

defects and phonons, however the model displayed a fictitious minimum for body-

centred cubic carbon, which was not present in the original C-GAP-17 potential.[218]
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This minimum was later shown to be an artefact of the training data, and was

removed in the C-GAP-20-U potential. As a result, the C-GAP-17 potential was

used for carbon only simulations.

In addition, GAP potentials can be fitted and used within CASTEP for “on-the-

fly” acceleration of AIMD simulations.[219] In brief, GAP potentials can be fit as the

AIMD calculation is running, generating a very small initial dataset of highly corre-

lated structures, at which point the GAP potential that is fit is used to compute the

forces and energies of the system, which are then used to update the positions of the

atoms. This process is repeated until the simulation reaches a desired length or the

checks implemented within CASTEP trigger a refit based on numerical errors above

some threshold and more data is added to the set. This enabled three principle

modes of operation: (1) using GAP to accelerate AIMD simulations, (2) generating

a single-use GAP potential to be used in other MD engines, and (3) generating a

dataset of structures to be used for further training or validation of MLIPs. Such

on-the-fly GAP-potentials for carbon have demonstrated remarkable success in mod-

elling the graphitisation process of amorphous carbon despite much fewer structures

and cheaper models being used.[219] Further details can be found in the Appendix.

Whilst GAP has demonstrated remarkable success in modelling carbon,[103, 170,

206, 214] it is important to note that the potential is not without limitations. The

potential is notably slower than other MLIPs, such as Behler-Parrinello NNPs, due

to the computational cost of evaluating the SOAP descriptor and the GPR regres-

sion. This can be a significant drawback for large-scale simulations or when high

throughput is required. Additionally, while GAP has been shown to be transferable

across a wide range of carbon allotropes, it may still struggle with certain configu-

rations that are not well represented in the training data, particularly nanotubes,

fullerenes and defects.[218] With the turn of the decade into the 2020s, the field of

MLIPs has seen a rapid evolution, with new frameworks and models emerging that

aim to address these limitations and further improve the accuracy and efficiency of
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interatomic potentials. These developments are discussed in the next section.

Atomic Cluster Expansion (ACE)

The Atomic Cluster Expansion (ACE) is a systematic framework for building many-

body basis functions cheaply.[220] Put simply, ACE is based on the idea of building

higher-body order terms from one- and two-body terms using a body-order expan-

sion along with a mathematical trick which enables the cheap generation of these

higher-body order terms. The crux of the problem lies in the expansion of the total

energy into sums of local, site energies:

ϵi = V0(zi)

+
∑
j1

V1(rij1 , zj1 ; zi)

+
∑
j1<j2

V2(rij1 , rij2 , zj1 , zj2 ; zi)

+ . . .

+
∑

j1<...<jn

Vn(rij1 , . . . , rijn , zj1 , . . . , zjn ; zi), (2.59)

where Vn is the n-body potential term, rij is the distance between atoms i and j

within some cutoff, and zi is the chemical element of atom i. As can be seen quite

clearly, the number of terms grows exponentially with the body order n, leading

to a combinatorial explosion in the number of terms that need to be computed.

Counterintuitively, the key idea is to compute all possible interactions, including
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self-interactions:

ϵi = U0(zi)

+
∑
j1

U1(rij1 , zj1 ; zi)

+
∑
j1,j2

U2(rij1 , rij2 , zj1 , zj2 ; zi)

+ . . .

+
∑

j1,...,jn

Un(rij1 , . . . , rijn , zj1 , . . . , zjn ; zi) + Un(rii, zi), (2.60)

so now, the summation is not over unique pairs of atoms, but rather over all possible

pairs, including self-interactions. Simplifying our expression U(rij, zj; zi) to U(xj),

the potentials Un are then expanded into a tensor product basis:

∑
j1,...,jn

Un(xj1 , . . . , xjn) ≈
∑

j1,...,jN

∑
k1,...,kN

ck

N∏
t=1

ϕkt(xjt), (2.61)

where ck are the coefficients of the tensor product basis, ϕkt are the one-particle

basis functions, which are given as:

ϕnlm(xj) = gn(rij, zj)Ylm(r̂ij), (2.62)

where gn(rij, zj) is a radial function that depends on the distance between atoms

i and j, and Ylm(r̂ij) are spherical harmonics. Performing the tensor product with

itself gives an N -particle basis function. The next stage is to perform the so-

called “density trick”, introduced originally to construct SOAP and bispectrum

descriptors,[189] where the tensor product and outer summation are interchanged:

∑
j1,...,jN

∑
k1,...,kN

ck

N∏
t=1

ϕkt(xjt) =
∑

k1,...,kN

ck

N∏
t=1

(∑
j

ϕkt(xj)

)
, (2.63)
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where the N dimensional sum over the indices j1, . . . , jN is now replaced by a single

sum over the indices j, which is computationally “well-behaved”. The first step is

to compute the inner sum over the indices j:

Ak =
∑
j

ϕk(xj), (2.64)

followed by forming the product basis:

Ak1,...,kN =
N∏
t=1

Akt . (2.65)

Finally, to enforce invariance, the product basis is symmetrised by averaging over

all rotations by integrating over 3D space:

Bk1,...,kN =

∫
O(3)

Ak1,...,kN (R)dR, (2.66)

where the integral is over all space. The final step is to compute the coefficients ck

by fitting to the reference data, which can be done using a variety of methods, such

as least-squares fitting or maximum likelihood estimation, to then obtain the site

energies:

ϵi =
∑

k1,...,kN

ckBk1,...,kN (xi). (2.67)

The total energy of the system is then obtained by summing over all atomic contri-

butions:

E =
∑
i

ϵi. (2.68)

The resulting ACE descriptors are described as being “complete”, meaning that ACE

can be expanded to an arbitrary body order and thus in principle can distinguish

between any two atomic environments that are not related by symmetry.[203] This

is in contrast to the SOAP descriptor used in GAP, which is not strictly complete,

as discussed earlier.[203, 204]
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MACE

MACE is a state-of-the-art MLIP framework that combines the systematic body-

order expansion of ACE with the flexibility and expressivity of message-passing

neural networks.[221] We first introduce two concepts that are important to under-

standing the design choices of MACE: graph neural networks (GNNs) and message

passing.

A natural way to represent atomic systems is as graphs, where atoms are nodes

connected by edges. Geometric graphs embed additional geometric information,

where in our case, the nodes represent atoms in 3D Euclidian space with scalar

attributes (such as atom type) and geometric attributes (such as position, velocity,

forces, etc.). At the core of GNNs is the message-passing paradigm, which trans-

forms a GNN to a message-passing neural network (MPNN). In this process, each

node (atom) in the graph sends “messages” containing information about its own

state to its neighbours. These messages are then aggregated by the receiving nodes,

which update their own state based on the information they have received. This it-

erative process allows information to propagate throughout the graph, enabling each

node to develop a representation that is informed by its local atomic environment.

The number of message-passing iterations, or layers, along with a radial cutoff at

each layer determines the size of the receptive field from which each atom gathers

information.

A node feature can contain information about the atom’s type, position, and

other properties. In MACE, the node features of node i at iteration t are:[221]

s
(t)
i =

(
ri, zi,h

(t)
i

)
, (2.69)

where ri is the position of atom i, zi is the chemical element, and h
(t)
i are the

learnable features. As such, the node features si are updated from iteration t to

t + 1 in three steps: (i) message construction, (ii) aggregation, and (iii) update.
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The message construction step involves computing messages from each node i and

each of its neighbours Ni in the graph through a message function. The aggregation

step combines the messages received by each node from its neighbours through a

permutation-invariant function (e.g., sum or mean). Finally, the update step applies

a function to the aggregated message to produce the new node feature s
(t+1)
i for the

next iteration. The form of the message function and the aggregation function

can vary from framework to framework, but they are typically neural networks.

Formally, the message-passing process can be expressed as:

m
(t)
i =

⊕
j∈Nt

Mt(s
(t)
i , s

(t)
j ), (2.70)

where
⊕

is a learnable permutation-invariant aggregation function (e.g., sum or

mean) over neighbours Nt, Mt is the learnable message function at iteration t, and

m
(t)
i is the message sent by node i to its neighbours. The update step then combines

the messages received by each node and transforms the node features:

s
(t+1)
i = Ut

(
s
(t)
i ,m

(t)
i

)
, (2.71)

where Ut is a learnable update function at iteration t. This process is repeated for T

iterations, allowing information to propagate through the graph and enabling each

node to develop a representation that is informed by its local atomic environment.

After T iterations, the final node features s
(T )
i can be used to predict properties of

the system, such as site energies:

ϵi =
T∑
t=1

Rt(s
(t)
i ), (2.72)

where Rt is a learnable readout function that maps the final node features to the

predicted site energy ϵi for atom i. The total energy of the system can then be
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obtained by summing over all atomic contributions:

E =
∑
i

ϵi. (2.73)

One of the outcomes of using MPNNs can be qualitatively thought of as a topo-

logical sparsification of relevant basis functions which are “chemically important”

environments through iterative message passing. For example, a one-layer linear

ACE model with a cutoff of 8 Å, is equivalent to an MPNN with a radial cutoff of

4 Å with two layers (Figure 2.8), and can be generally expressed as:

freceptive(r) = T × fcut(r), (2.74)

where fcut(r) is the radial cutoff of the MPNN, and T is the number of message-

passing iterations. As such, if an atom is not within the radial cutoff at layer t then

it is not considered, whereas for an ACE potential the radial cutoff is fixed and all

atoms within the cutoff are considered, potentially leading to a large number of ir-

relevant basis functions being included in the model. Indeed, the MPNN formalism

Figure 2.8: Receptive field of MPNNs. Comparison of the clusters formed by two iterations
of message passing with cutoff rcut at each iteration on the left for an MPNN and the clusters
formed by ACE with cutoff 2rcut on the right. In principle, both methods incorporate infor-
mation from a distance of up to 2rcut, but in the case of the MPNN, only atoms that can be
reached through a chain of closer intermediates contribute. Figure reproduced from Ref. 222.
(CC-BY 4.0)
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sparsifies according to walks along the graph of atoms, which is chemically intuitive

as most physical interactions are short-ranged, and medium-range interactions oc-

cur through chain-like mechanisms, where atoms are connected through a series of

bonds.[222–224] This is in contrast to ACE, which considers all atoms within the

cutoff regardless of their connectivity, leading to a denser representation.

So far, the description of MACE has been similar to that of a standard MPNN.

However, MACE distinguishes itself by its ability to construct messages that capture

higher-order correlations between atoms, which is a key feature inherited from the

ACE framework. MACE leverages this powerful framework by constructing mes-

sages that are not limited to pairwise interactions. Instead, it employs a many-body

expansion to formulate messages that explicitly include information about triplets,

quadruplets, and even higher-order correlations of atoms. These “higher-order” mes-

sages provide a formally complete description of the local atomic environment. The

messages can be expressed as:

m
(t)
i =

∑
j

u1

(
s
(t)
i , s

(t)
j

)
+
∑
j,k

u2

(
s
(t)
i , s

(t)
j , s

(t)
k

)
+
∑
j,k,l

u3

(
s
(t)
i , s

(t)
j , s

(t)
k , s

(t)
l

)
+ . . . ,

(2.75)

where u1, u2, u3, etc., are learnable functions that compute messages based on the

features of the atoms involved and the sum runs up to a user-defined hyperparameter,

the maximum correlation order V , which is the body order - 1, i.e., V = 1 corresponds

to pairwise messages, V = 2 to triplet messages, and so on.

The composition of the message is built from a set of one-particle basis functions

ϕ
(t)
i (which involve a two-body interaction between atom i and its neighbour j)

comprised of a learnable radial radial functions, gn(r), and spherical harmonics,

Ylm(r̂) and a learnable embedding of the previous node features W (t) · s(t)i , where

W (t) is a learnable weight matrix at iteration t. These one-particle basis functions

(which can be thought of as our edge features) are then combined to form the atomic
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basis, which can be expressed as∗:

A
(t)
i =

∑
j∈Ni

ϕi(s
(t)
i , s

(t)
j ). (2.76)

Then, to build higher body-order messages, V products of the atomic basis are

constructed, which can be expressed as:

A
(t)
i =

V∏
ν=1

A
(t)
i,ν . (2.77)

Rotational invariance is then achieved by symmetrising the basis functions by inte-

grating over all possible rotations:

B
(t)
i =

∫
O(3)

A
(t)
i

(
[R · (s

(t)
i , s

(t)
j )]j∈Ni

)
dR, (2.78)

where O(3) is the orthogonal group of rotations in three dimensions, and R is the

rotation on a pair of atoms (si, sj). In practice, tensor contractions are used as the

angular dependance can be expressed in terms as products of spherical harmonics.

Another important aspect of MACE is its equivariance to rotations, translations,

and permutations of identical atoms. Equivariance means that under some trans-

formation of the input data (e.g., a rotation or translation of the atomic positions),

the output of the model transforms in a predictable and well-defined manner. In

the context of MACE, this means that if the system is rotated then any scalar

properties (such as energies) should remain unchanged (invariant), whereas vector

properties (such as forces†) should transform according to the rotation. As such,

the representation of the symmetrised basis through the use of spherical harmonics

∗Note that many indicies are left out for brevity, namely the radial n and angular l indices
of the basis functions, as well as the correlation order V, channels k and Clebsch–Gordan indicies
used for equivariance. The interested reader is referred to the original MACE paper by Batatia et
al. for the full details.

†The forces which we define are based on the Hellmann–Feynman forces which are defined as
the derivatives of the total energy with respect to atomic positions (F = ∂E

∂ri
) and thus also sums

of derivatives of the atomic energy function. Thus the forces implicitly rotate with coordinates,
and energy is always conserved. These are known as constrained models.
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readily extends to enforce equivariance by filtering out basis functions that do not

obey the required symmetries. The technical details of how this is done are left out

for brevity. Finally, the messages are constructed from the equivariant symmetrised

basis functions∗:

m
(t)
i ∝

∑
W

(t)
B ·B(t)

i , (2.79)

where the B subscript indicates these are the weights for the basis functions. The

next step is the update phase which applies a learnable linear combination of the

messages to the node features, which can be expressed as∗:

s
(t+1)
i ∝

∑
W (t)

m ·m(t)
i , (2.80)

where the m subscript indicates these are the weights for the messages. The final

step is to readout the atomic energies from the invariant part of the node features,

which can be expressed as:

ϵi =
T∑
t=1

ϵ
(t)
i , (2.81)

where ϵ
(t)
i is the readout of the node features at layer t. The final readout function

is a a non-linear, one layer MLP.

2.2.4 MACE foundation models

The MACE framework has demonstrated high accuracy and transferability across

a wide range of systems, including carbon, silicon, and other materials.[225] It has

been shown to outperform existing MLIPs in terms of accuracy and transferability,

particularly for disordered systems.[221, 222] Recently, the MACE framework has

been used to develop a “foundation model” for atomistic modelling of materials

spanning 89 elements of the periodic table trained on a public dataset provided

by the Materials Project.[225]† This dataset contains 1.58 million structures from

∗Proportionality is used here to emphasise that there are missing indicies.
†The results shown below were completed as part of a wider collaboration for Ref. 225. The

author of this thesis contributed the graphitisation simulations seen in Figure 2.9 (b–h) as a
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146,000 materials labelled at the PBE level of theory, and is referred to as “MACE-

MP-0b3”. An updated model was trained on an additional 10.4 million structures

from 3.23 million materials from a subset of the Alexandria dataset[226] and is

referred to as “MACE-MPA-0”.[225]

Melt–quench simulations

Figure 2.9: (a) Count of sp3 (fourfold coordinated) carbon atoms in melt-quenched carbon
structures as a function of density. The results obtained with the MACE-MP-0b3 model
are compared to computational and experimental data compiled in Ref. [206] and references
therein, as well as Refs. [227] and [228]. (b–c) 4096-atom structures generated using the
MACE-MP-0b3 potential. (d) Results from 25 × 200 atom graphitisation simulations spanning
relevant temperature and density ranges, similar to Ref. [219]. The structures in panels (b–d)
are colour-coded according to coordination numbers as indicated in the legends. (e) Shortest-
path ring size count for 4096-atom low-density structures as determined using matscipy.[229]
(f) Coordination number count for 4096-atom low-density structures. (g–h) Same as panels
(e) and (f) but for high-density structures. The results in panels (e–h) are shown for a C-GAP-
17-driven simulation (grey) and for a comparable simulation driven by the MACE-MP-0b3
potential (red).

benchmark to assess the performance of the MACE foundation models for amorphous carbon, and
the author also contributed the analysis of the results in Figure 2.10. The author also contributed
to some of the writing of the manuscript.
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The accuracy of the MACE-MP-0b3 model in reproducing the structural complex-

ity of amorphous phases is demonstrated by plotting the concentration of four-

fold coordinated atoms (sp3) as a function of density in Figure 2.9a. To generate

amorphous structures with a given density using the MACE-MP-0b3 model, we

perform melt-quench simulations. We start by melting diamond structures at a

given density by running NVT simulations at 8000 K for 3 ps. We then perform

a fast quench, reducing the temperature from 8000 K to 300 K at a cooling rate

of 1000 K s−1. Finally, we optimise the geometry using the limited-memory Broy-

den–Fletcher–Goldfarb–Shanno algorithm (LBFGS)[230] to obtain the final struc-

ture and determine the count of sp3 atoms using a bond-length cutoff of 1.85 Å. We

observe in Figure 2.9 that the MACE-MP-0b3 model predictions reproduce the trend

observed in both the DFT [227] and the experimental data extracted from [206]. We

also see good agreement with results of quenches using the carbon ACE potential

reported by Qamar et al. in Ref. [228], and using C-GAP-17 reported in Ref. [227],

noting that both potentials had been specifically trained on large carbon datasets.

Graphitisation

MACE-MP-0b3 was used for two annealing runs for simulation cells containing 4096

atoms at low density (1.5 gcm−3) and high density (3.5 gcm−3), respectively to

sample graphitisation behaviour at densities resembling both graphite (low density)

and diamond (high density). The low-density simulation was run at 2000 K and the

high-density simulation was run at 4000 K. Additionally, 25 × 200 atom annealing

runs spanning from 2000 to 4000 K and 1.5 to 3.5 gcm−3 were conducted to explore

a finer grid of parameters.

Both 4096-atom structures were compared to structures generated using C-GAP-

17 using the same protocol, which was also used recently for an “on-the-fly” gen-

erated GAP potential. [219] The protocol has two stages. The goal of stage I is to

prepare the starting configuration for the annealing in stage II, and it begins with a

random structure with a hard-sphere constraint of rmin ≥ 1 Å and equilibrating it at
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9000 K for 40 ps, followed by cooling to 5500 K over 40 ps and subsequent quenching

to 300 K over 10 ps. The structures are then held at 300 K over 50 ps before being

rapidly heated up to the annealing temperature over 10 ps. This concludes stage I.

In stage II, the structure is annealed at 2000 K or 4000 K for 350 ps using a time

step of 1 fs. We used C-GAP-17 to perform stage I because MACE-MP-0b3 was

found to be unstable at 9000 K.

Figures 2.9b–c show the final structures generated using MACE-MP-0b3. Qual-

itatively, the low-density structure contains graphitic regions along with large pores

of a few nm and sp chains, and the high-density structure contains highly ordered

diamond-like regions. This is similar to structures generated with C-GAP-17 where

similar features are also observed – see, for example, a comprehensive survey by de

Tomas et al. (Ref. [170]). The same can be observed for a more comprehensive set

of smaller structures (Figure 2.9d). For the low-density case, the structures gener-

ated by MACE-MP-0b3 in annealing simulations agree with the predictions of the

established C-GAP-17 model in terms of overall trends (Figures 2.9b and 2.9d). For

more detailed insight, Figure 2.9e shows the shortest-path ring distribution for the

low-density structure, indicating that MACE-MP-0b3 predicts a greater number of

6-membered rings and fewer large rings for the low-density structure compared to

C-GAP-17 (thus suggesting a higher degree of crystallinity in the MACE-MP-0b3

prediction) – this might be correlated with the higher relative count of graphite

versus amorphous-like structures in the training dataset, although further analysis

is required.

Figure 2.9g shows poor agreement between MACE-MP-0b3 and C-GAP-17 in

terms of ring count for the high-density structure. Whereas annealing with C-GAP-

17 led to a partly crystallised structure under the conditions chosen (indicated by

the large abundance of 6-membered rings, as are found in the diamond structure),

the MACE-MP-0b3 model gave rise to a highly disordered structure – this is evident

from a visual inspection of Figure 2.9c, and reflected in the ring-count plot in Fig-
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ure 2.9g showing a notable number of (presumably strained) 3-membered rings as

well as larger ring sizes of > 7. In other words, the MACE-MP-0b3 appears to fail

to describe the crystallisation in this case (we note that a partially ordered structure

was obtained in a 200-atom simulation at 3000 K but not at 4000 K at the same

density; Figure 2.9d).

Finally, Figures 2.9f and 2.9h show the coordination number for both 4096 atom

structures. MACE-MP-0b3 leads to more sp2 environments and fewer sp and sp3

environments compared to C-GAP-17 (again likely consistent with a higher degree

of crystallinity, as suggested by the ring count in Figure 2.9e). In the high-density

4096-atom structure obtained with MACE-MP-0b3, a notable amount of 5-fold co-

ordinated atoms are observed, on the order of about 10% – a behaviour that would

not be expected in a simulation of carbon at diamond-like density.

We note that these issues are not expected to be a fundamental shortcoming

of the MACE architecture: we show that training on a wider-ranging dataset with

more crystal structures like the Alexandria dataset (which notably has no amor-

phous structures) results in a model, MACE-MPA-0, that describes the structure of

amorphous carbon in better agreement with C-GAP-17 at high and low density, as

shown in the next section.

MACE-MPA-0 model

To investigate the effect of training set size, composition, and method of generation

on model performance, we developed a MACE model, MPA-0, using identical hy-

perparameters to the MP-0b3 medium model but trained on an expanded dataset

combining MPtraj and sAlex [226]. The sAlex dataset comprises 10.5M structures

extracted from the original Alexandria dataset, curated for compatibility with the

Matbench Discovery benchmark. The Alexandria dataset consists only of randomly

generated and relaxed crystal structures. Here, we demonstrate that increased data

volume on just crystal structures significantly enhances model robustness across

multiple applications. Notably, we observe strong enhancement in the accuracy of
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the MPA-0 model compared to MP-0b3 on applications for which coverage was not

increased, namely amorphous phases and small molecules on surfaces.
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Figure 2.10: Structural analysis of 4096-atom amorphous carbon configurations. (a-b)
Shortest-path ring size distributions and (c-d) coordination number distributions for MP-0b3
(red), MPA-0 (green), and GAP-17 reference model (grey). MPA-0 better captures the correct
bonding environments and medium-range order compared to MP-0b3.

Accurate modelling of amorphous materials requires precise representation of

local atomic environments and bonding. Figure 2.10 compares the structural prop-

erties of amorphous carbon predicted by MP-0b3, MPA-0, and the reference GAP-17

model. While MP-0b3 performs qualitatively well at low density (panel a-c), MPA-0

substantially improves the distribution of shortest-path ring sizes for the high den-

sity phases, showing a sharper peak at 6-membered rings (panel b) that closely aligns

with the result for GAP-17, whereas MP-0b3 displays a broader, less defined dis-

tribution across ring sizes 6-8. For coordination numbers at high density (panel d),

MPA-0 reproduces the correct sp3:sp2 ratio with approximately 85% 4-coordinated

and 15% 3-coordinated carbon atoms, closely matching GAP-17. In contrast, MP-

0b3 shows excess 3-coordinated (sp2) and 5-coordinated carbon atoms, indicating
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structural deficiencies in the predicted amorphous networks. The Alexandria dataset

does not contain any amorphous structures, demonstrating that an increase in broad

chemical coverage of crystals helps in predicting amorphous phases.

Overall, both foundation models show reasonable accuracy and transferability

across a wide range of materials, with MACE-MPA-0 outperforming MACE-MP-

0b3 in terms of accuracy and transferability. However, caution must be exercised

as these models do not reach chemically accuracy (≤ 1 kcal mol−1 ≈ 0.043 eV

At.−1) for some systems (e.g., atomisation energy of carbon has a RMSE of 0.459 eV

At.−1 when using MACE-MP-0b3).[225] The accuracy can be improved by including

additional data (as is the case with MACE-MPA-0) or the foundation model can

be “fine-tuned”, which is when a pre-trained model is further trained on a smaller,

more relevant dataset to improve its performance on a particular task.

2.3 Remaining structure of the thesis

The remainder of this thesis is comprised of three results chapters which are self-

contained, first-author published papers. The chapters are arranged in chronological

order of publication and as a result reflect the technology available at the time. The

third chapter of the thesis uses C-GAP-17 to investigate the structure of amorphous

carbon driven by atomic energies via a Monte-Carlo simulation. The fourth chap-

ter applies recent developments in on-the-fly acceleration within CASTEP, using a

GAP potential to efficiently “seed” an initial dataset. This dataset is then used

to train a preliminary MACE model, which is iteratively improved by generating

new graphene oxide structures—featuring varying degrees of functionalisation and

at progressively higher temperatures—via MD and retraining on the resulting data

until the model has converged on numerical energy and force errors. This MACE

model (which we coin “GO-MACE-23”) was then used to thermally reduce a nanoscale

graphene oxide structural model and investigate the dynamic transformation along

with simulated X-ray photoelectron spectroscopy (XPS). The fifth chapter of the

thesis applies GO-MACE-23 to investigate the relationship between mechanical prop-
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erties and functionalisation of graphene oxide, and the effect of thermal reduction

on these properties. The final chapter of the thesis provides a summary of the

work presented in this thesis, along with an outlook on future work and potential

applications of the MACE framework to other materials systems.
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Chapter 3

Exploring the configurational

space of amorphous graphene with

machine-learned atomic energies

This chapter is reproduced in its entirety from the following publication:

Zakariya El-Machachi, Mark Wilson, and Volker L. Deringer,“Exploring

the configurational space of amorphous graphene with machine-learned

atomic energies”, Chemical Science, 2022, 13, 13720.

Authors’ contributions: Z. E.-M. developed the Monte-Carlo protocols and car-

ried out the computational work. V. L. D. initiated and coordinated the study. All

authors made substantial contributions to data analysis and discussions. Z. E.-M.

and V. L. D. wrote the paper with input from M. W., and all authors approved the

final version.

Copyright notice: This article is licensed under a Creative Commons Attribution

3.0 Unported Licence (CC BY 3.0).
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Exploring the configurational space of amorphous
graphene with machine-learned atomic energies

Zakariya El-Machachi, a Mark Wilson b and Volker L. Deringer *a

Two-dimensionally extended amorphous carbon (“amorphous graphene”) is a prototype system for

disorder in 2D, showing a rich and complex configurational space that is yet to be fully understood. Here

we explore the nature of amorphous graphene with an atomistic machine-learning (ML) model. We

create structural models by introducing defects into ordered graphene through Monte-Carlo bond

switching, defining acceptance criteria using the machine-learned local, atomic energies associated with

a defect, as well as the nearest-neighbor (NN) environments. We find that physically meaningful

structural models arise from ML atomic energies in this way, ranging from continuous random networks

to paracrystalline structures. Our results show that ML atomic energies can be used to guide Monte-

Carlo structural searches in principle, and that their predictions of local stability can be linked to short-

and medium-range order in amorphous graphene. We expect that the former point will be relevant

more generally to the study of amorphous materials, and that the latter has wider implications for the

interpretation of ML potential models.

Introduction

The study of the amorphous state has long been of fundamental
research interest.1 It is also increasingly important to under-
stand structure–property correlations in amorphous materials,
owing to ubiquitous applications in solar cells,2 transparent
electronic devices,3 or phase-change memories.4 Whilst bulk
amorphous phases are challenging to study structurally, two-
dimensional (2D) amorphous materials can be directly visual-
ized by atomistic imaging techniques such as high-resolution
transmission electron microscopy (HRTEM).5–11 And just like
graphene is the prototypical ordered 2D material, there is
ongoing research interest in its disordered analogue(s). Indeed,
Toh et al. recently synthesized a centimeter-scale sample of free-
standing monolayer amorphous carbon12 and characterized the
structure based on the interpretation of HRTEM images.

The amorphous forms of carbon have been widely studied
using computer simulations. Most commonly, these studies
have been carried out in the framework of molecular dynamics
(MD), from early work on melt-quenching13–19 to direct simula-
tions of thin-lm growth by ion deposition.20–23 Very recently,
the properties of “amorphous graphite”, as a 3D extended
arrangement of individual amorphous graphene sheets, were
investigated with density-functional theory (DFT) basedMD and
electronic-structure computations.24 Earlier simulation studies

had emphasized the connection between low-density amor-
phous carbon and the idealized case of 2D amorphous gra-
phene (“aG” in the following).25,26

Graphene itself, as a 2D system, is rather well-conned and
allows for Monte Carlo (MC) simulations to model topological
defects. The Wooten–Winer–Weaire (WWW) algorithm, initially
proposed for silicon,27 remains a simple yet robust approach to
generating continuous random network (CRN) models. In this,
disorder is gradually introduced through local bond trans-
positions and structural relaxation. To simulate aG, bond trans-
positions are introduced as Stone–Wales (SW) defects,28 with
moves being accepted or rejected based on a suitable Metropolis
criterion, typically the total-energy difference between the new
and old conguration. SW defects are created by a formal in-plane
90° rotation of two atoms around the mid-point of the bond28 and
are the foundational example of (intrinsic) topological disorder in
2D carbon.29–32 This approach has long been used to study aG.33

Various implementations of the WWW algorithm exist:
D'Ambrosio et al. showed that themajority of bond transpositions
are rejected during annealing, and that an early decision scheme
can enhance computation speed by rejecting unfavorable trans-
positions;34 Ormrod Morley et al. constructed Metropolis criteria
from topologicalmetrics such as ring distributions (that is, energy
changes were not considered in that case).35

Machine learning (ML) based interatomic potential models
are increasingly being used to accelerate materials
simulations.36–38 ML potentials are typically “trained” with DFT
data and can achieve similar accuracy for a small fraction of the
cost. One key assumption in many of these methods is that the
total energy can be separated into sums of machine-learned
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atomic energies.39,40 Whilst being an approximation in the rst
place, it was argued that these atomic energies may in fact be
amenable to interpretation: a connection between ML atomic
energies and local chemical structure was made for partly
occupied crystallographic sites in b-rhombohedral boron,41 and
for atomic environments with different coordination numbers
in amorphous silicon.42 ML models for other properties of local
atomic environments have recently been investigated, ranging
from the local electronic density of states43,44 to local distortion
factors in grain boundaries.45 The nature of these local ML
properties (including atomic energies), and their usefulness in
predicting physical properties, remains an interesting research
question. (See, e.g., ref. 46 for a discussion of ML atomic ener-
gies in a chemically complex system.)

In the present work, we explore the congurational space of
amorphous graphene based on an ML potential model that
gives access to total and local energies. We use an MC bond-
switching algorithm where ML atomic energies are used in
the acceptance criterion and show that doing so leads to phys-
ically sound structural models. Depending on the details of the
algorithm, we obtain CRN-like or paracrystalline structures. Our
work shows that ML atomic energies can be used in different
ways to “drive” MC simulations based on local and nearest-
neighbor (NN) energy contributions, with implications for
research on amorphous graphene and likely on other disor-
dered structures and materials.

Methods
Potential-energy models

A common ansatz in developing potential-energy models is that
the total energy, E, can be separated into a sum of atomic
contributions:

E ¼
Xatoms

i

3i; (1)

where 3i = 3({rij}), with i, j being atomic indices, and rij # rcut.
This ansatz can be applied to many systems as short- and
medium-range interactions predominantly determine the total
energy. However, the question of how to formulate 3({rij}) is not
trivial: in carbon, there is a vast congurational space with
a subtle interplay between structure and energetics, such as in
dihedral and torsional forces, weak interlayer interactions, and
so on. Moreover, locality can depend on the structure: numer-
ical experiments showed a large difference in the locality of
atomic forces for diamond versus graphite.47 (We note in
passing that extracting local energies directly from DFT is not
trivial, although attempts have previously been made.48)

Empirical potentials are typically parameterized for a specic
composition and phase of a material. For example, the original
Tersoff potential for carbon13 was parameterized by tting
parameters of repulsive and attractive pair potentials to cohesive
energies of carbon polymorphs along with the lattice parameter
and bulk modulus of diamond. This potential13 used a bond-
order approach, where bond strengths are modied according
to the number of neighbors. The original reactive empirical bond-

order (REBO) potential was an update of the Tersoff potential
incorporating hydrogen,49 with REBO-II adding further improve-
ments.50 A long-range Lennard-Jones term was added to REBO-II,
creating the adaptive intermolecular reactive bond order (AIR-
EBO) potential.51 The long-range bond order potential (LCBOP)52

is similar to AIREBO, having a long-range term in conjunction
with a bond-order description—albeit here it is built in from the
beginning. The environment-dependent interaction potential
(EDIP) for carbon53,54 was initially developed from an earlier
silicon EDIP model.55,56 EDIP has been shown to be successful in
describing various properties of amorphous carbon, including
the graphitization at low and high densities.57–59

Gaussian approximation potential (GAP)

The Gaussian approximation potential (GAP) framework40 is
used to “machine-learn” interatomic potential models from
quantum-mechanical data, oen based on DFT. Unlike empir-
ical potentials which are constructed based on physical
knowledge, GAP makes a non-parametric t. This means that
the model can adjust to complex input data—however, it also
means that the selection and quantity of reference (“training”)
data is critically important.60

In brief, the local energy for a GAP model is

3ðqÞ ¼
XNt

t¼1

atKðq; qtÞ; (2)

where the sum runs over Nt training congurations represented
by the local-environment descriptor qt, with a corresponding
weighting coefficient at attributed during tting. K is a covari-
ance kernel whichmeasures the similarity between the input and
training congurations, represented by q and qt, respectively. A
commonly used approach for the latter task is the Smooth
Overlap of Atomic Positions (SOAP) descriptor and kernel.61

For the present work we use the amorphous carbon poten-
tial, GAP-17.47 This model has been shown to predict energies
within tens of meV per atom compared to DFT, as well as
providing a good description of structural and elastic properties
of amorphous carbon.47

Initialization

We generate a pristine, 200-atom layer of crystalline graphene
using the experimental bond length of 1.42 Å (ref. 62 and 63). A
spacing of 20 Å between layers ensures that there is no inter-
action between periodic replicas. Where noted, NN-energy-
based runs start from structural models that have been “ther-
malized”, i.e., disordered, using local energies at b = 2.0 eV−1

(see below). The cell parameters are allowed to relax prior to the
rst bond switch, and then kept xed for the duration of the MC
simulation. The structures are kept planar, simplifying the
present study to the idealized 2D case, and noting that puck-
ering can lower the energy further.64

Monte-Carlo protocol

A kinetic MC algorithm is used to generate aG structural
models. The simulations begin either from cG or from

© 2022 The Author(s). Published by the Royal Society of Chemistry Chem. Sci., 2022, 13, 13720–13731 | 13721
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a thermalized structure. At each step, a random atom is chosen
along with a random neighbor, determined using a cutoff of
1.85 Å. The atoms undergo an SW rotation (90° about the bond
center) and the new structure is then relaxed using the
conjugate-gradient algorithm. For initial testing of structural
relaxations, energy evaluations, and MC runs, we used the
Atomic Simulation Environment (ASE)65 interfaced to quippy66,67

(https://github.com/libAtoms/QUIP). The production MC runs
shown in this work used LAMMPS.68 The force tolerance for
structural relaxations was 1 meV Å−1 with a maximum of 150
relaxation steps. A topological constraint is imposed where
the newly relaxed structure must be 3-coordinate, otherwise
the move is rejected. (This constraint is included because
there will be moves which create stubborn coordination
defects, and we found that these defects hindered the
progress of MC annealing where the simulation would get
“stuck” in local minima.) If the constraints are met, the new
structure is accepted with the following probability:

w ¼
8<
:

1;
expð�bDEÞ;

if DE # 0;
if DE . 0;

(3)

where b = (kBT)
−1 and DE = Enew − Eold. If DE > 0, we generate

a random number z in [0,1), and if w > z, then the move is
accepted, else it is rejected and the previous conguration is
kept. In this work, b has no physical relation to temperature
since DE is not measured for all atoms about their equilibrium
position, as the atoms are being held xed aer the bond
transposition and thus thermal uctuations are ignored (unlike
with MD). Fixing particle positions at every move results in
ergodicity being broken and thus samples are not taken from
a Boltzmann distribution.69 Furthermore, the local-energy and
NN-energy framework explicitly do not include all atomic
energies which is another source of ergodicity being broken.
This is not a concern for the present work as temperature-driven
dynamics are not relevant (see ref. 69 for an approach to
introducing ergodicity to a similar problem) and results in
b becoming a tunable parameter. b was initially chosen to be 2.0
eV−1 to correspond to the study by Toh et al.,12 and then tuned
heuristically for the local- and total-energy-based MC runs.

We use the atomic energies for the defect pair in the
Metropolis criterion, dening the local defect energy as

3local = 31 + 32 (4)

and the NN defect energy as

3NN ¼ 3local þ
XNN

i

3i; (5)

where 3i is the local atomic energy of the i-th atom, with i = 1
and i = 2 denoting the two atoms in the SW defect pair, and i =
3.6 the topological NNs of the SW defect pair (Fig. 1c and d).
MC runs based on total energies were also carried out for
reference. For the 200-atom systems, 25 independent and
parallel simulations were conducted over 10 000 MC steps each
for different b values and for the 612-atom system, 20 000 MC
steps were taken.

Structural analysis

Ring statistics were determined using a shortest-path algo-
rithm70 as implemented in Matscipy.71 Topological metrics
typically used in network analysis were applied to the 612-atom
structures, namely, Lemâıtre's law72 and the assortativity73 (as
discussed below). For SOAP structural analysis, we compared
each individual atom in a given aG structural model to an atom
in cG. The SOAP parameters were: radial cutoff, 5.5 Å; cutoff
transition width, 0.5 Å; neighbor-density smoothness, satom =

0.5 Å; basis-set convergence parameters, nmax = lmax = 16; dot-
product kernel raised to a power of z = 4. All structures were
visualized using OVITO.74

Phonon calculations

A geometry optimization was performed on the local, NN and
Toh et al. structures keeping the cell xed (Fmax < 1 meV Å−1).
We applied a nite-difference approach with a displacement of
0.01 Å. The forces in the displaced structures were computed
using GAP-17 and second-order force constants were computed
using phonopy.75 A 50 × 50 × 1 k-point mesh was used to
determine the vibrational density of states (VDOS). We observed
minor imaginary modes in the aG models, presumably due to
the constraint of planarity; these are omitted from VDOS plots
and will be investigated in future work.

Fig. 1 Stone–Wales defect in graphene and definition of nearest-
neighbor (NN) atoms. (a) Schematic of an in-plane single-bond rota-
tion in graphene, leading to an SW defect. (b) A bond rotation by 90°
creates two 5-membered and two 7-membered rings. Definitions are
given for the defect bond length, d1, the defect–NN bond length, d2,
and the defect bond angle, q (cf. Table 1). (c) Definition of local energy
for the Metropolis criterion. The gray atoms labeled 1 and 2 are the SW
defect pair, with shading indicating the overlap of the two cutoff
spheres up to which atoms contribute to the local energy (this value is
3.7 Å for the GAP-17 model, larger than sketched here). (d) The green
atoms (3–6) are the topological NNs of the defect pair. Green lines
indicate the overlap of the cutoff spheres for each NN atom.
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Results and discussion
Local energies for a single defect

Fig. 2 characterizes the structure and energetics of a single SW
defect in graphene. GAP-17 predicts that the energies of the SW
defect pair of atoms are considerably lower in energy than those
of the NN atoms. This behavior is in marked contrast with that
for the empirical potentials (Fig. 2b and Table 1): the latter
suggest that the SW-pair atoms are relatively higher in energy
(with the exception of LCBOP), with atoms in the 5-membered
rings being higher in energy overall and those in 7-membered
rings being lower. LCBOP and GAP-17 predictions are similar
when averaged over the pentagon-pair environments, only
differing slightly in structural parameters. REBO and AIREBO
show slightly larger SW-pair energies and more strained struc-
tures (Table 1).

The total defect formation energy DEtotal for GAP-17 is
similar overall to that predicted by most empirical potentials—
and to DFT values, which we obtained using CASTEP.79 In an
earlier study, hybrid-DFT and quantum Monte Carlo calcula-
tions predicted values of 5.69 eV and 5.92 � 0.03 eV, respec-
tively.30 EDIP, LCBOP, and REBO were parameterized for sp2

environments, and their DEtotal is in close agreement with that
for GAP-17. AIREBO was also parameterized for sp2 environ-
ments, however the added long-range term may not be opti-
mized for 2D planar carbon. In contrast, D3local andD3NN are not
in close agreement, where D3local differs the most across all the
potentials (except for REBO and AIREBO which are parameter-
ized identically for short-range terms). Overall, GAP-17 predicts
the lowest energy for the NN defect formation energy among the
potential models investigated.

Structural parameters as predicted by the respective poten-
tials are also shown in Table 1. The defect-pair bond length (d1),
defect–NNbond length (d2), and defect bond angle, q (Fig. 1b) are
in close agreement across all potentials—with the exception of
EDIP, which notably increases the cell parameters upon relaxa-
tion. This is shown by the difference in cG bond length (d0)
between EDIP and the other potentials when the cell parameters
are allowed to relax, with EDIP predicting an elongated d0. GAP-
17 and LCBOP are in close agreement with regard to q, predicting
a slightly wider bond angle for the 5j7 pair, whereas EDIP
predicts it slightly lower, notwithstanding the fact that the EDIP
defect formation energy is in close agreement with that for GAP-
17. Furthermore, GAP-17 is in excellent agreement with the bond
lengths and angles from our DFT calculations.

Fig. 2 Structure and local energy of a Stone–Wales defect in graphene. The figure compares local energies (top row) and nearest-neighbor
averaged energies (“NN”, bottom row) for a single Stone–Wales (SW) defect as relaxed using the respective interatomic potential. (a, b) Local
atomic energies from GAP-17 and empirical potentials, respectively. (c, d) Same but for NN energies (eqn (5)), from GAP-17 and empirical
potentials, respectively.

Table 1 Structure and formation energy of a single SW defect in
graphene from ML and empirical potentials as well as DFT. The table
shows the computed bond length in pristine graphene (d0), the defect-
pair (d1) and defect-NN bond lengths (d2), the defect bond angle (q; cf.
Fig. 1b), and three energies associated with defect formation: the local
energy change in the rotated atoms only (D3local), the NN energy
change (D3NN), and the total defect formation energy (DEtotal)

d0 (Å) d1 (Å) d2 (Å) q (deg)
D3local
(eV)

D3NN
(eV) DEtotal (eV)

GAP-17 1.41 1.32 1.44 121.89 0.14 2.25 5.58
EDIP 1.50 1.39 1.58 118.26 1.69 3.32 5.58
LCBOP 1.42 1.34 1.45 121.76 0.73 2.39 5.33
REBO 1.42 1.34 1.46 120.64 0.99 2.85 5.61
AIREBO 1.40 1.32 1.44 120.88 1.09 3.15 6.27
LDA76 1.41 1.31 1.45 122.34 — — 5.14
PBE77 1.43 1.32 1.46 122.49 — — 5.03
PBEsol78 1.42 1.32 1.46 122.40 — — 5.02

© 2022 The Author(s). Published by the Royal Society of Chemistry Chem. Sci., 2022, 13, 13720–13731 | 13723
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Using local energies to drive Monte-Carlo annealing

Fig. 3 shows the energy proles of independent parallel MC
simulations via successive SW transformations, which we use to
create structural models of aG. Panel (a) shows the evolution of
the average energy of the ensemble when using (only) the
atomic energies of the SW defect pair in the Metropolis crite-
rion. Clearly, using a b value of 2.0 eV−1 leads to a highly
disordered 3-coordinate structure (as shown in the inset), with
energy convergence occurring aer about 1000 MC steps. Such
structures contain high-energy 3- and 4-membered rings with
signicant strain. We call the resulting structures “thermalized”
and use them as starting points for the runs characterized in
blue in Fig. 3b, as indicated by an arrow.

Nearest-neighbor (NN) atoms are dened topologically in the
present work, and so we include the sum over the SW pair and its
bonded neighbors, including six atoms in total (eqn (5)). The

energy difference before and aer the SW transformation is used
in the Metropolis criterion. Results from two protocols, starting
either from cG or from the previously thermalized structures,
converge to similar energy values (green and blue curves in
Fig. 3b). It seems that runs from both starting points tend toward
a mutual limiting distribution. This is reected in Fig. 3b, as
both curves have means and standard deviations in very close
agreement aer approximately 4000 MC steps. However, it is
apparent that this protocol is not ergodic, as discussed in the
Methods section. The principle of ergodicity states that all
possible congurations of the system should be attainable80 and
thus it is clear that given the topological constraints imposed, it
is impossible for certain proposed moves to be accepted even
though they may be energetically favorable.

Fig. 3c illustrates the effect of varying b on the resulting
energy prole when using the local-energy criterion. It is clear

Fig. 3 Evolution of disordered graphene structures during Monte-Carlo simulations. Lines indicate mean energies for an ensemble of 25
separate runs, with shaded regions indicating a standard deviation of 1s. Representative structural snapshots are shown, with atoms color-coded
by local energy. (a) The atomic energies of the two atoms involved in the SW transformation are used for the Metropolis criterion, creating
a “thermalized” structure rapidly at b= 2.0 eV−1. These structures are used as initial configurations in (b). (b) MC annealing viaNN energies (b= 2.0
eV−1) for the Metropolis criterion. The curves converge at slightly above the energy of an MC-annealed paracrystalline structure from Toh et al.
(ref. 12), which is included for reference (red line). (c) The effect of b on the MC energy profile. It is seen that a smaller b (higher simulation
“temperature”) leads to a higher-energy structure and faster convergence. We emphasize that despite the high standard deviations, the lowest
occurring energy value is DE = 0 eV at.−1 corresponding to ideal crystalline graphene. (d) Heuristically tuning b to find a mutual limiting
distribution between MC approaches (within statistical fluctuations).

13724 | Chem. Sci., 2022, 13, 13720–13731 © 2022 The Author(s). Published by the Royal Society of Chemistry
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that using a lower b value corresponds to a higher-energy nal
structure as well as rapid convergence: for b = 2.0 eV−1,
convergence occurs in fewer than 1000 MC steps (black line).
Increasing b results in lower-energy structures and slower
convergence, as shown by the b = 50.0 eV−1 and b = 60.0 eV−1

results. For b = 60.0 eV−1, convergence has not occurred aer
10 000 steps, however the mean appears to be tending towards
that for b= 50.0 eV−1, implying that there might be a minimum
level of disorder that is “stable” for the local-energy criterion.
Additionally, as b was increased beyond 60.0 eV−1, proposed
moves were always rejected, further suggesting a minimum
convergence energy using this framework.

Fig. 3d shows the results from three different runs with
heuristically tuned b values for local-, NN-, and total-energy
criteria, respectively, converging towards a mutual distribu-
tion (within statistical uctuations). This result allows the direct
comparison of structures generated by the different frameworks
side-by-side, as the effect of b has been removed. Such
a comparison is particularly instructive for lower-energy

structures, as we will show below: they show a richer congu-
rational space, including medium-range order (as compared to
the highly disordered high-energy structures), and this space
may be traversed differently by different MC runs.

The congurational space of amorphous graphene

Having explored different protocols for generating aG structural
models, we next created larger-scale structures: the system size
was increased to 612 atoms and structures from local- and NN-
energy-based searches were studied. Additionally, the 610-atom
structural model published by Toh et al. (ref. 12) was included
for comparison. Fig. 4 shows these three congurations. As we
keep the cells xed throughout the Monte-Carlo searches
(Methods), we computed the tensile stress for the nal struc-
tures, using GAP-17, and found them to correlate with the
degree of disorder. The structure generated using local energies
had an in-plane tensile stress of 3.53 GPa; the NN structure had
2.85 GPa, and for the Toh et al. structure we obtained 0.87 GPa.

Fig. 4 Structural models of amorphous graphene. Structures in panels (a–c) are color-coded according to the average atomic energy over
a chosen atom and the corresponding NNs. (a) Structure after the final MC step for the local-energy criterion and b = 50 eV−1. (b) As for (a), but
with NN energies used in the Metropolis criterion. (c) Structure taken from Toh et al.12 and optimized with GAP-17. (d–f) Structures as in (a–c),
now color-coded by ring size (pink, #4; light blue, 5; dark blue, 6; yellow, 7; orange, $8). (g–i) Distributions of NN energies in the respective
structures, with mean values and standard deviations given. Curves were obtained as kernel density estimates.

© 2022 The Author(s). Published by the Royal Society of Chemistry Chem. Sci., 2022, 13, 13720–13731 | 13725
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For the local-energy framework, the absence of crystal-like
pockets is clear as seen in panels (a) and (d). The structure
resembles a CRN, with chains of 5- and 7-membered rings
running across the cell, and there are more large rings
compared with the other structures. The pronounced disorder
is likely a result of the low ML energy for the SW defect itself
(Fig. 2a), and thus of the low energy cost for these transpositions
(given that medium-range order is not captured in the local
energies alone).

With NN energies used in the Metropolis criterion, panels (b)
and (e) suggest that using an NN criterion encourages small
pockets of crystal-like regions forming, indicating that direct
contributions from NNs maintain medium-range order, whilst
retaining an amorphous structure at b = 2.0 eV−1. Visually, the
locally averaged energies (up to NNs) in panels (a–c) suggest that
using just the local defect-pair energy gives more regions of
higher energy (shown in yellow in Fig. 4a) compared with the NN
framework (Fig. 4b). This appears consistent with the nature of
CRNs versus paracrystalline structures, and color-coding by NN
energies shows a clear difference between the two structures.

In the NN-energy-based structure (Fig. 4b), there are pockets
of crystallinity, indicated by regions of ordered 6-membered
rings. Interestingly, there is an aggregation of more disordered
regions, with 5-membered rings surrounding larger 7- and 8-
membered rings. For the structure shown in Fig. 4c, the authors
started from a randomized, hard-sphere constrained structure
and worked towards a paracrystalline sample using the AIREBO
potential. In the resulting structure, we note the presence of
coordination defects, since the randomized initial structure was
not topologically constrained. There is also a 4-membered ring
(pink in Fig. 4f). It is evident that this sample is paracrystalline
with regions of locally crystal-like order separated by 5j7 grain
boundaries, and that it is more ordered than the NN-based
structure (Fig. 4e). Larger defects appear to congregate as
seen, for example, in the top of the gure. These defective
environments are high in energy, as shown by the color-coding.

Fig. 4g–i shows the distribution of NN energies for the
respective structures. The average energy for the atoms in the
local-energy-based structure is 0.33 eV at.−1 with a standard
deviation of s = 0.12 eV at.−1, and the energy of the NN-based
structure is 0.28 � 0.12 eV at.−1 above pristine graphene. Both
values are close to the mean energy resulting from the inde-
pendent runs for the 200-atom system (Fig. 3b and d): hence, an
individual 200-atom run will not likely be sufficient to describe
aG, but an ensemble of multiple independent runs will be—just
like many small-scale structural models of 3D amorphous
carbon have been used in the tting of GAP-17.47 The distribu-
tion in the locally averaged energies is similar overall between
Fig. 4g and h.

For Fig. 4i, we nd a bimodal distribution in the energy,
indicating that this structure shows higher paracrystalline order
compared to that generated by the NN framework. There exist
pockets of more ordered, more energetically favorable regions
in between more disordered ones, as seen in the structural
model shown in panels (c) and (f). Very recently, a paracrystal-
line sample of diamond has been synthesized.82 This discovery,
along with the synthesis and characterization of paracrystalline

graphene12,83 suggests that the landscape of disorder in carbon
may have a link between “fully” amorphous and crystalline.
This is further reected in the NN energy distributions in Fig. 4,
where panel (g) clearly shows a single distribution, panel (i)
a bimodal distribution, and panel (h) a small hint of one. These
ML energy distributions may provide a quantitative distinction
between CRN and paracrystalline graphene, where a prominent
bimodal distribution indicates the latter and the lack thereof
indicates the former.

Quantifying disorder

We show further, quantitative structural indicators in Fig. 5.
The bond-angle distribution (panel a) characterizes medium-
range order. The local-energy-based structures (gray) display
a wide range of bond angles, reecting the relatively high level
of disorder. The absence of a clear peak at 120° also emphasizes
the reduction of medium-range order as is characteristic of
CRNs. The NN curves (green) are narrower and centered around
120°, consistent with locally crystal-like environments. A
shoulder peak at z109° shows the strong presence of 5-
membered rings. The Toh et al. structure has a pronounced
peak at 120° with a smaller shoulder atz109°, indicative of the
larger degree of locally crystal-like order. The bond angles in the
200-atom models (solid lines) agree well with those in the 612-
atom ones (dashed).

The count of shortest-path rings is another metric for
medium-range order. Ring counts for the local-energy MC runs
reect the large disorder, showing more 5- and 7-membered
rings than in the other structures. The structures from the NN
runs have ring counts centered around 6, as for the Toh et al.
structure, with a larger count suggesting increased crystallinity
in the latter case. As with the bond-angle distributions (Fig. 5a),
the ring statistics for the 200-atom versus 612-atom structures
are in close agreement within each other, within the standard
deviation of the values for the former (Fig. 5a).

SOAP is a structural similarity metric for atomic environ-
ments.61 2D plots can reveal correlations between SOAP simi-
larity on the one hand, and locally averaged energies on the
other hand.42 Fig. 5d shows the distribution of locally averaged
energies (up to NN) and SOAP similarity to cG. The wider the
spread in both axes, the greater the structural disorder.
Comparing local-energy- with NN-energy-based data, both KDE
curves are in close agreement, being skewed slightly toward the
le (SOAP) and to higher energies for the runs using local
energies only. This is expected, since the ML model predicts
relatively low energies for the SW pair (Fig. 2), allowing struc-
tures to become more disordered. When averaging over NN
environments, the distribution shis and narrows as we
observe fewer highly disordered environments. Data for the
structure from Toh et al.12 are provided to show how ordered
this structure is. Defective environments are clearly identied
with a series of data points at higher energies. As with Fig. 4,
there is a clear bimodal distribution in the KDE curve. As seen
for the structural indicators characterized in Fig. 5a and b, the
dashed lines representing the 612-atom structures agree well
with the set of separate 200-atom structures.

13726 | Chem. Sci., 2022, 13, 13720–13731 © 2022 The Author(s). Published by the Royal Society of Chemistry
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In addition to the well-established ring statistics and the
SOAP similarity, we analyzed the structural models with two
topological metrics typically used in network theory, viz.
Lemâıtre's law72 and the assortativity metric.73 Lemâıtre's law
connects the second moment of the ring distribution (m2 = <k2>
− <k>2, where k is the ring size) with the fraction of six-
membered rings, p6. Since we impose the constraint that all
atoms must be 3-fold connected, it follows that the distribution
can be explained well by a single maximum-entropy distribution
leading to a characteristic curve.72 As limp6/0.6 from p6 = 1, m2
increases linearly as 1 − p6 in the region of . This line
is extended (red line) to show that most of the points from both
local (b = 50.0 eV−1) and NN frameworks are located on this
curve. This curve corresponds to the maximum-entropy solu-
tion if only 5-, 6-, and 7-membered rings are present, which is
the case in both these frameworks. m2 then increases expo-
nentially beyond this where structures from the local framework
at b = 2.0 eV−1 are located. These structures show greater
disorder and a wider spread of m2 values, as expected due to the

presence of 3- and 4-membered rings, where the maximum-
entropy solution follows an exponential prole. For the 612-
atom structures, the local framework (b = 50.0 eV−1) based
structure is more disordered than the NN-based one and the
Toh et al. structure (orange). The latter does not yield a data-
point on the curve as it has a (small) number of 2-coordinate
sites and hence would be located on a different Lemâıtre
curve.35

The assortativity, r, measures how likely a large ring is to be
next to a smaller ring (disassortative, r < 0) or to other large rings
(assortative, r > 0). In many physical systems, one nds a pref-
erence for disassortative congurations. This is, here, reected
in the range of r values (Fig. 5e). For the 200-atom systems, we
nd no discernible correlation between r and p6. For the 612-
atom ones, both the local and NN frameworks yield structures
with similar r values. The Toh et al. structure has a slightly less
negative r, implying a slight preference for a more random
arrangement. This may be due to coordination defects in the
structure skewing r toward zero.

Fig. 5 Local structure and stability in models of amorphous graphene. Results for 25 local-energy-based (b = 50.0 eV−1, grey) and NN-energy-
based (b = 2.0 eV−1, green) runs, i.e., for 25 × 200 atoms each, and for the 612-atom structures based on local (b = 50.0 eV−1, gray dashed) and
NN (b= 2.0 eV−1, green dashed) energies are given. The structural model from Toh et al. is also analyzed (orange, 610 atoms). Data from the 612-
atom and Toh et al. structures are scaled arbitrarily to fit. (a) Bond-angle distributions for the different structures. (b) Ring statistics for the different
structures. (d) An NN energy vs. SOAP plot, following ref. 42. Kernel density estimates (KDEs) are used to show distributions of properties. The
bandwidth is determined following Scott's rule,81 with a grid size of 200. Additionally, panels (c) and (e) show plots of network-topology metrics,
namely, Lemâıtre's law and assortativity, respectively.

© 2022 The Author(s). Published by the Royal Society of Chemistry Chem. Sci., 2022, 13, 13720–13731 | 13727
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We nally considered properties that can be compared to
previous or future experiments. Vibrational properties of gra-
phene are readily characterized by Raman spectroscopy84,85 and
computations,26,86 and we show predicted VDOS in Fig. 6a. For
pristine graphene (as reference), we obtain a characteristic peak
at 1510 cm−1 and a smaller one at 1410 cm−1, in close agree-
ment with previous computations26,86 and experimental
spectra.84,85 As disorder increases, the 1510 cm−1 peak shis to
higher frequencies, as shown in Fig. 6a: to about 1520, 1570,
and nally 1610 cm−1.

The peaks at 1510–1610 cm−1 seen in Fig. 6a for the disor-
dered structures are close to Raman data by Toh et al., with the
corresponding peak at 1558 cm−1.12 The blue shi of the
1510 cm−1 peak with increasing disorder is a well-known effect
and has been observed in VDOS and Raman spectra.26,86

Furthermore, we observe an “amorphous” peak in the acoustic
(low-frequency) region, at 814–836 cm−1, red-shiing with
increasing disorder.

Another way of validating against experiment is to evaluate
the radial distribution function (RDF) and X-ray diffraction
(XRD) patterns: in disordered structures, characteristic peaks
will become wider and less intense.12,87 However, when
comparing amorphous structures, differences in RDF and XRD
are subtle:18,87 in Fig. 6b, the second RDF peak at 2.41 Å
broadens with increasing disorder, but this effect is subdued for
the remaining peaks at 2.82 and 3.62 Å for the local and NN

structures. The Toh et al. structure has longer-range order, re-
ected in more prominent RDF peaks at greater distances (4.23
and 4.93 Å). The local and NN structures have peak locations
comparable to that of the pair correlation function recreated
from TEM in ref. 12.

Conclusions

Atomic energies predicted by the GAP ML framework can be
used to drive Monte-Carlo structural exploration in principle.
We have shown this by creating structural models of amor-
phous graphene, one of the prototypical disordered systems in
physics and chemistry. We found that using (only) ML atomic
energies leads to structures resembling continuous random
networks, whereas including nearest-neighbor energies tends to
drive the simulations toward some degree of paracrystalline
order. We suggest that histograms of local energies, as shown in
Fig. 4, can give insight into the degree of “randomness” in
different amorphous networks: deviations from random order
are visible as peaks at either low (paracrystalline) or high
(coordination defects) energy.

The demonstrated ability to use ML local energies in MC
annealing indicates potential for future research on amorphous
materials. Describing local environments using ML methods
can provide insight into the relation between atomic structure
and energetics, and therefore structural stability, in amorphous
materials—including amorphous carbon, which has emerging
applications in biosensing88 or batteries.89 The fact that NN-
averaged energies yield reasonable, partly paracrystalline
structural models may be attributed to the fact that they provide
“smoothing” over the variance in local atomic energies. This
nding is consistent with earlier ndings for the electronic
DOS43,44 and might have wider consequences for ML predictions
of local properties, which are yet to be fully explored.
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and B. Özyilmaz, Synthesis and properties of free-standing
monolayer amorphous carbon, Nature, 2020, 577, 199–203.

13 J. Tersoff, Empirical interatomic potential for carbon, with
applications to amorphous carbon, Phys. Rev. Lett., 1988,
61, 2879–2882.

14 G. Galli, R. M. Martin, R. Car and M. Parrinello, Structural
and electronic properties of amorphous carbon, Phys. Rev.
Lett., 1989, 62, 555–558.

15 D. A. Drabold, P. A. Fedders and P. Stumm, Theory of
diamond like amorphous carbon, Phys. Rev. B: Condens.
Matter Mater. Phys., 1994, 49, 16415–16422.

16 N. A. Marks, D. R. McKenzie, B. A. Pailthorpe, M. Bernasconi
and M. Parrinello, Microscopic structure of tetrahedral
amorphous carbon, Phys. Rev. Lett., 1996, 76, 768–771.

17 D. G. McCulloch, D. R. McKenzie and C. M. Goringe, Ab
initio simulations of the structure of amorphous carbon,
Phys. Rev. B: Condens. Matter Mater. Phys., 2000, 61, 2349–
2355.

18 A. Kumar, M. Wilson and M. F. Thorpe, Amorphous
graphene: a realization of Zachariasen's glass, J. Phys.:
Condens. Matter, 2012, 24, 485003.

19 D. R. Robinson and M. Wilson, The liquid4amorphous
transition and the high pressure phase diagram of carbon,
J. Phys.: Condens. Matter, 2013, 25, 155101.

20 H.-P. Kaukonen and R. M. Nieminen, Molecular-dynamics
simulation of the growth of diamond like lms by
energetic carbon-atom beams, Phys. Rev. Lett., 1992, 68,
620–623.

21 N. A. Marks, Thin lm deposition of tetrahedral amorphous
carbon: a molecular dynamics study, Diamond Relat. Mater.,
2005, 14, 1223–1231.

22 M. A. Caro, V. L. Deringer, J. Koskinen, T. Laurila and
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Machine Learning

Accelerated First-Principles Exploration of Structure and Reactivity
in Graphene Oxide

Zakariya El-Machachi, Damyan Frantzov, A. Nijamudheen, Tigany Zarrouk,
Miguel A. Caro, and Volker L. Deringer*

Abstract: Graphene oxide (GO) materials are widely
studied, and yet their atomic-scale structures remain to
be fully understood. Here we show that the chemical
and configurational space of GO can be rapidly explored
by advanced machine-learning methods, combining on-
the-fly acceleration for first-principles molecular dynam-
ics with message-passing neural-network potentials. The
first step allows for the rapid sampling of chemical
structures with very little prior knowledge required; the
second step affords state-of-the-art accuracy and pre-
dictive power. We apply the method to the thermal
reduction of GO, which we describe in a realistic (ten-
nanometre scale) structural model. Our simulations are
consistent with recent experimental findings, including
X-ray photoelectron spectroscopy (XPS), and help to
rationalise them in atomistic and mechanistic detail.
More generally, our work provides a platform for
routine, accurate, and predictive simulations of diverse
carbonaceous materials.

Graphene oxide (GO) is a summary term for a range of
layered materials created by reacting graphite with aggres-
sive agents, such as KMnO4, typically followed by partial
reduction and sometimes functionalisation.[1–4] Today, GO
materials can be controllably prepared[5] and find emerging
applications in catalysis,[6] membranes,[7] electronics,[8] and
photonics.[9] Despite decades of work, however, the precise
chemical structure of these materials has remained elusive.
The ordered regions of GO sheets can be directly visualised
using high-resolution electron microscopy,[10,11] but the
nature of the more disordered regions can only be inferred
from indirect observations, such as vibrational and NMR
spectroscopy. The properties of GO materials cannot be

unambiguously linked to chemical structure if this structure
itself is not precisely known (which functional groups are
present; in what amounts?).

To complement experimental techniques, GO has been
widely studied by computational chemistry methods. For
example, Kumar et al. combined reactive-force-field simu-
lations with density-functional theory (DFT) to show how
varying functional groups affect the stability and electronic
structure of thermally reduced graphene oxide (rGO), and
how rGO forms graphitic and oxidised domains during
thermal annealing.[16,17] Atomistic modelling of rGO further
revealed that defects formed during thermal reduction can
lead to pores for applications in water desalination and
natural gas purification.[18] Explicit water molecules have
been incorporated into computational models of GO
membranes to simulate interlayer separation and water
diffusivity, providing insights for applications.[19–21] Theoret-
ical studies delved into aspects such as the excess surface
charge in hydrated GO and the dynamic evolution of
functional groups, employing ab initio molecular dynamics
(AIMD) for a comprehensive understanding of GO in
water.[22]

Despite these advances, there remains an inherent limit
to the length and time scales accessible to AIMD. Machine
learning (ML) based interatomic potentials provide an
emerging alternative approach that promises much faster
simulations while retaining quantum-mechanical
accuracy.[23–26] In the context of carbon materials, ML-driven
simulations have been used to describe defective[27] and fully
amorphous graphene,[28] the growth of carbon thin films,[29]

and the formation of voids in low-density porous forms.[30–32]

In the present work, we show how one can rapidly
explore a wide range of functional groups and disorder in
GO materials by combining two recent innovations in
atomistic ML (Figure 1). First, we use on-the-fly-accelerated
AIMD[12,33,34] to efficiently sample configurations for an
initial training dataset. Second, we show that this approach
can be used to kick-start a much wider-ranging exploration
using state-of-the-art neural-network potentials. For the first
task, we use CASTEP+ML[12,35] coupled to the Gaussian
approximation potential (GAP) ML framework;[15,36,37] for
the latter, we use an equivariant neural-network architecture
based on the message-passing atomic cluster expansion
(MACE),[38–40] which enables highly accurate predictions
beyond the system-size limits of AIMD. A key point of our
study is that those two principally different methodologies
can be synergistically combined. The predictions of the final
ML model agree remarkably well with experimental obser-
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vations, showing promise for future applications to the
chemistry of carbon-based materials.

To sample the wide variety of possible GO structures,
we define a space of N parameters, P ¼ p1; :::; pN½ �, that
determines the composition of an initial candidate structure.
Here, in line with existing knowledge in the field,[1–4] we
choose these parameters to be: (1) the ratio of O to C atoms
in the initial sheet, determining the degree of oxidation; (2)
the OH/O ratio, i. e., the concentration of hydroxyl groups
relative to all O atoms; (3) the ratio of functionalised edges
(� OH, � CHO, or � CO2H) to hydrogen-terminated ones. We
explored up to p2 in CASTEP+ML runs (that is, we
functionalised only 2D graphene sheets), and up to p2 and
then p3 in MACE iterations.

We started the process with 25 CASTEP+ML runs, at
300 K for 10 ps each, corresponding to the grid shown in
Figure 1b. Most of those simulations (20 of 25) ran to
completion; five terminated early due to erroneously lost
atoms. The latter results are still valuable, as they contain
high-energy and -force structures which can be used to guide
early models away from unphysical configurations during
iterations. In all, 820 CASTEP+ML structures were used
for the initial training dataset. Next, equivariant MACE
potentials were trained in an iterative fashion that gradually
extended the scope of the model: (i) exploring higher
temperatures in MD runs, gradually increasing from 600 to
1,500 K; (ii) repeating the protocol at 1,500 K for the next
four iterations; (iii) finally, exploring 1D structures at
1,500 K. After a total of 12 iterations, training structures
with any force component >50 eV/Å were filtered out to
further enhance the model. The final training dataset
contains 3,016 simulation snapshots (605,204 atoms) and is
described in detail in the Supporting Information.

We test the performance of our ML models on external
data not seen in training: two AIMD trajectories of
functionalised 2D sheets and 1D nanoribbons, respectively,

as well as single-point calculations for molecular (0D)
fragments taken from Ref. [13]. Figure 2a shows how the
force error—our main performance metric—evolves during
iterations. As more data are added, the errors decrease for
the 2D test set, as expected. For 1D and 0D structures, the
errors are initially high since early models have not “seen”
edges, specifically C� H bonds which are explicitly included
only from model 10 onwards. Adding edge structures rapidly
reduces the corresponding errors (dashed line in Figure 2a).
The final force accuracy is similar across all benchmarks,
just over 0.1 eV/Å.

To illustrate the gradual exploration of chemical and
configurational space, we show four SOAP similarity
maps[15,43] in Figure 2b: the CASTEP+ML seed at 300 K,
the dataset after gradually ramping to 1,500 K, the inclusion
of the first edge structures, and the final dataset. The initial
structures form two distinct clusters on the map; at higher T,
one cluster grows and a third, smaller one appears. Finally,
including edges adds a distinct set of structures (green).

We now describe an application of the final MACE
model to a challenging problem in materials chemistry—
namely, to large-scale MD simulations of the thermal
reduction of GO to rGO. This process involves a vast
number of functional groups which transform and eventually
disappear, accompanied by the evolution of gaseous species
such as CO2. Experimentally, reduction temperatures of
1,100 °C yielded resistivity values of ~10� 5W m,[44] on par
with that of graphite.[45] Understanding how functional
groups evolve during thermal reduction could help to
correlate the structure of the sheet with its properties. We
show in the following that our ML-accelerated approach can
provide such an atomic-scale understanding.

Our starting structure is a partially disordered, fully sp2-
bonded graphene sheet with 10,368 atoms (17:7� 15:3 nm2

in a single layer). The sheet was generated using Monte-
Carlo bond switching driven by ML local-environment

Figure 1. Accelerated exploration of functional groups in GO with machine-learning-driven simulations. (a) Schematic overview of the overall
approach. We initialise the search for structures with CASTEP+ML trajectories, which combine first-principles MD with on-the-fly fitting of ML
potentials[12] (blue). Once this initial generation is complete, iterative training kicks in, exploring increasingly complex structural spaces (green).
The data are then used to train and optimise the final model (yellow). (b) Parameter space of 2D functionalised GO, with a schematic sketch of
how the OH/O ratio controls the ratio of hydroxyl and epoxy groups in the initial structures. (c) Extension of the parameter space to include 1D
structures (edges and ribbons), which can be hydrogen-terminated or functionalised with different groups, R.
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energies, following Ref. [28], and then functionalised with
P ¼ 0:4; 0:5; 0½ �, raising the atom count to 16,645. This
structural model represents features of GO including the
topological disordering of the carbon backbone (presence of
non-6-membered rings), although it is constrained to three-
fold coordination for all carbon atoms, and therefore does
not initially contain large pores.

The thermal reduction was studied in three independent
MD simulations at temperatures of 900, 1,200, and 1,500 K,
respectively. The structures were rapidly heated over 100 ps
and then held at the respective annealing temperature for
1.9 ns. We note that experimental protocols for thermal
reduction of GO span a wide range of parameters: temper-
atures from 80 to 1,100 °C[44] and times from 10 minutes[46] to
5 days.[17] Computationally, we are limited by the timescales
accessible to MD (on the order of nanoseconds); thus, more
aggressive heating is used to overcome local energy
barriers.[47] We found that annealing at 1,500 K yields a
structure in good agreement with experiment, which we

discuss below; results for the other MD runs are given in the
Supporting Information.

Figure 3a shows the rGO structural model during
annealing at 1,500 K. “Graphene-like” regions, shown in
dark grey, form small islands embedded within disordered
and porous regions. (We quantify “graphene-like” content
through polyhedral template matching, a method to identify
crystal-like local environments.[41]) This result agrees qual-
itatively with electron microscopy images clearly showing
amorphous regions together with holes and pores in the
structure.[48]

The formation of this structure is accompanied by a mass
loss of >20% as gaseous species leave the surface (Fig-
ure 3b), which can be qualitatively correlated with thermog-
ravimetric experiments.[49] Initially, as the temperature
ramps up over the first 100 ps, nearly all mass loss is due to
H2O (light blue shading in the stacked plot of Figure 3b).
Having reached 1,500 K (dashed line), the first CO2 mole-
cules detach—and this species, indicated by red shading,
quickly begins to dominate the mass loss as the sheet is
reduced. CO was also evolved in notable amounts (magen-
ta); other gaseous species such as OH, C3O2, H2O2, etc.,
were occasionally observed but were mostly rare and short-
lived.

In addition to the mass loss, our simulations allow us to
address the changes in the structure of the GO sheet itself.
Figure 3c shows the fraction of “graphene-like” atoms in
ordered local environments: initially, their percentage
decreases, correlating with the loss of H2O; then, as CO2 is
released, there is a clear and concomitant increase in
graphenic content. These observations agree with experi-
mental findings where CO2 and, to a lesser extent, CO loss
leads to defects in the GO sheet,[49–51] inducing structural
rearrangements and increasingly more graphene-like envi-
ronments. Interestingly, the count of 6-membered rings
containing only carbon decreases slightly (purple in Fig-
ure 3c), whereas if we consider all atoms in the sheet in the
ring analysis, the 6-membered rings increase from just above
65% to � 85% (orange). This analysis suggests that oxygen
atoms take part in substantial rearrangements during
annealing, from sp3 environments perpendicular to the basal
plane such as epoxide and alcohol groups, to sp2 environ-
ments parallel to the plane—for example, ethers and esters
(cf. Figure 3a).

Beyond the overall “graphene-like-ness”, we can also
trace the evolution of individual functional groups, enabling
qualitative comparison with 13C NMR results from Ref. [49].
Figure 3d shows how the Csp2� Csp2 count increases exponen-
tially during the initial 100 ps—in contrast to the graphenic
content, which decreases during this period (Figure 3c). This
observation suggests that as water molecules leave the sheet,
the carbon backbone will initially form defective rather than
ordered sp2 environments. Then, during high-T annealing,
the sp2 count grows more gradually, indicating a trans-
formation to a more graphene-like carbon backbone,
consistent with Figure 3c. The loss of oxygen-based mole-
cules (cf. Figure 3b) is clearly mirrored in a declining
Csp3� O� Csp3 (epoxide) and Csp3� OH (hydroxyl) count during
the first 300 ps of the simulation. Concomitantly, Csp2� O

Figure 2. Training ML models for GO. (a) Root-mean-square error
(RMSE) of forces predicted by iteratively trained MACE models. Errors
are evaluated on an external set of DFT data not included in the
training, comprising 100 snapshots each of a 2D sheet (blue) and a 1D
nanoribbon (green) sampled in separate AIMD trajectories at 300 K, as
well as 0D nanoflake structures (yellow) taken from Ref. [13] and re-
evaluated at the relevant level of DFT. (b) Structural diversity during
iterative training. The different iterations are visualised by UMAP
embedding[14] of a kernel-based structural similarity metric.[15] Points
are colour-coded according to the temperature set in the MD
simulation for 2D structures (blue), whereas they are shown in a single
different colour for 1D edge structures (green).
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groups form, which has been proposed as a mechanism by
which the material drops in resistivity without a significant
change in mass.[49] Once the sp3-bonded epoxide and
hydroxyl groups are removed, the Csp2� O count remains at
an almost steady state. Finally, the Csp2=O (carbonyl) count
peaks at � 250 ps before gently decreasing for the remainder
of the annealing simulation.

With a quantum-mechanically accurate description of
the chemical structure in hand, the newly created structural
models can now be analysed with advanced X-ray spectro-
scopy predictions,[52,53] as we have previously exemplified for
small-scale GO models (with DFT-level predictions at the
time).[54] Here, applying the ML spectroscopy model of Ref.
[52] reveals two peaks in the predicted X-ray photoelectron
spectroscopy (XPS) data for the initial structure (Figure 4a).
The first peak corresponds to unmodified “sp2” carbon
atoms, whilst the second relates to oxygen/hydrogen-based
functional groups, with the largest contribution arising from
Csp3� O� Csp3 (epoxide, dark blue) and Csp3� OH (alcohol,
light blue) groups. The core electron binding energies
(CEBEs) of all functional groups are shifted upwards from
experimental reference energies due to the electronegativity
of oxygen. The eventual removal of these oxygen-based
groups during annealing reduces the magnitude of the
aforementioned CEBE shifts: all motifs decrease in CEBE.

Comparison with experimental data from Ref. [49],
shown in Figure 4b, reveals good agreement between theory
and experiment for rGO at 300 K (in air). Experimentally,
XPS spectra use a fixed reference value for deconvolution,
which does not take into account the effect of local
interactions from electronegative species. As a result, the
spectra are shifted accordingly to align well with experimen-
tal data. We refer the reader to Refs. [52] and [53] for a
detailed discussion on this matter.

In conclusion, we have reported a computational
approach to modelling and understanding the highly diverse
chemical structure of GO, and we have shown an initial
application to the thermal reduction of this material. Our
work combines two recent developments in atomistic ML.
For CASTEP+ML, we view its main advantage in this
context to be in saving “human time”: it allows the
researcher to create, from scratch, a chemically diverse
training dataset to seed a new ML potential with minimal
manual input.[12] For MACE, our work builds on recent
capability demonstrations,[55,56] showing that this architecture
can be combined with efficient dataset-building workflows
to readily deploy to new, challenging modelling problems in
chemistry.

Looking forward, we expect this combined methodology
to provide a powerful platform for further studies of GO
materials. For example, the present proof-of-concept for

Figure 3. A large-scale structural model of reduced graphene oxide (rGO) generated through simulated thermal reduction. (a) The rGO structure
after 1.5 ns of simulation time (3 million timesteps). The dark grey regions highlight graphene-like regions identified using polyhedral template
matching (PTM).[41,42] Insets show close-ups with C atoms in grey, O in red, and H in white. (b) The change in mass of the GO sheet as it is
thermally reduced in the 1,500 K simulation. The three most common leaving molecules (H2O, blue; CO2, red; CO, purple) are tracked in the
stacked plot, along with other species (grey). (c) Evolution of structural indicators: the count of 6-membered rings (shown separately for only C-
based rings, purple, and for all rings, orange), and the count of graphene-like atoms identified by PTM. (d) Evolution of functional groups bonded
to sp2 and sp3 carbon atoms, respectively, obtained using a topological bond-counting algorithm.
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XPS prediction during (simulated) structural transforma-
tions could motivate future in situ experiments—as an
example of advanced, experimentally-compatible modelling
in which both the simulation and the XPS model are based
on machine-learned quantum-mechanical data. Beyond the
simulations of GO in vacuum reported here, the interaction
of the material with water has been studied using
empirical[19,20] and DFT methods,[22] and it would now be
interesting to use ML-accelerated modelling to more fully
explore the nature of water between GO sheets—building
on combined experimental and simulation studies in this
area,[57] and also on recent ML-driven work on unconven-
tional phases of water “sandwiched” between sheets of
pristine graphene.[58] A long-term vision could be to use
predictive ML-driven simulations to find ways to optimise
the nanoscale structure and thus the properties of GO
materials—for example, porosity or catalytic activity—
directly informing the preparation of samples in the
laboratory.
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Computational methods

ML acceleration for CASTEP. The CASTEP+ML scheme described in Ref. S1 was used

to accelerate the sampling of the relevant configurational space (as compared to full ab initio

molecular dynamics) and thus to construct an initial dataset for ML potential fitting. All DFT

computations were performed at the Γ point and used the PBE functional with a plane-wave

cutoff of 550 eV and a SCF halting criterion of ∆E < 10−5 eV at.−1. A Gaussian smearing

width of 0.1 eV was applied and all computations performed are non-spin-polarized.

For CASTEP+ML, the adaptive fitting method (increasing and decreasing the number of steps

between DFT checks, n, depending on model performance; Ref. S1) was used, where nmin = 1

and nmax = 10000 with an adaptive scaling factor of 2. The tolerances used for refitting checks

were an energy difference of < 0.01 eV at.−1, a maximum force difference < 3.00 eV Å−1, and

a force RMSE of < 0.50 eV Å−1.

The GAP models fitted by CASTEP+ML are based on a combination of 2-body, 3-body, and

SOAP terms, similar to the C-GAP-17 model [S2], however with modified hyperparameters

and much fewer sparse (representative) points particularly for the SOAP term. The GAP fitting

string used for on-the-fly potential fitting is given in Listing 1 below.

Listing 1: GAP fitting string for CASTEP+ML runs.

default_sigma: "0.008 0.04 0 0"

descriptor_str: "distance_Nb order=2 cutoff=4.5 covariance_type=ard_se delta

=2.0 theta_uniform=1.0 sparse_method=uniform add_species=T n_sparse=15 :

distance_Nb order=3 cutoff=2.8 covariance_type=ard_se delta=0.5

theta_uniform=1.0 add_species=T n_sparse=50 sparse_method=uniform : soap

cutoff=4.5 covariance_type=dot_product zeta=4.0 delta=0.05 atom_sigma=0.5

l_max=8 n_max=8 n_sparse=200 sparse_method=cur_points"

extra_gap_opts: "sparse_jitter = 1.0e-8"

MACE fitting. Equivariant MACE models [S3] were fitted on a single NVIDIA RTX A6000

graphics card in a Linux workstation. The final model required about 53 hours to train. We

used the MACE code version 0.2.0, development branch, commit 55f7411. The input used for

MACE fitting is given in Listing 2 below.

S2



Listing 2: MACE fitting input. “x” denotes the iteration number in the training and testing file.

CUDA_VISIBLE_DEVICES="$gpu_id" python mace/scripts/run_train.py \

--name="MACE_model" \

--train_file="structures/iter-x-train.xyz" \

--valid_fraction=0.10 \

--test_file="structures/iter-x-test.xyz" \

--config_type_weights='{"Default":1.0}' \

--model="ScaleShiftMACE" \

--hidden_irreps='128x0e+128x1o' \

--loss='huber' \

--r_max=3.7 \

--batch_size=30 \

--max_num_epochs=2000 \

--swa \

--default_dtype='float32' \

--energy_key='QM_energy' \

--forces_key='QM_forces' \

--stress_key=None \

--start_swa=1000 \

--swa_energy_weight=1000 \

--swa_forces_weight=100 \

--lr=0.001 \

--ema \

--ema_decay=0.99 \

--amsgrad \

--restart_latest \

--device=cuda \

--seed=123 \
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Figure S1: Flowchart outlining the process for selecting structures during iterative training.

Data filtering. The iterative process occasionally generated structures with very (even unrea-

sonably) high energies and forces. We found that a process for filtering high-energy and -

force structures throughout the iterative training process was important for the stability of early

MACE models. Including highly unfavourable structures resulted in a less smooth regression—

however, without inclusion of these unfavourable structures, some early models displayed in-

stabilities and led to catastrophic failure during molecular dynamics (MD), such as lost atoms

or nonphysical clustering. The approach to filtering structures during iterative training is illus-

trated in Figure S1.

Initially, we check whether a given MD run has completed without failing, in which case we

simply collect structures at every 1 ps from the MD trajectory. However, if a run did fail,

we investigate the trajectory in more detail. We heuristically define two criteria to determine

whether a structure is fully nonphysical from the iterative MD (and should therefore not be

included in the training dataset). We deem a structure to be fully nonphysical if it meets one of

the following criteria:

• Any two atoms come closer than 0.5 Å (denoted “rmin” in Figure S1)

• The coordination number (CN) of any atom is greater than 6
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The cutoff values were experimented with and proved to be sensitive to the types of structures

filtered. Values of > 0.5 Å did not include enough unfavourable structures, whereas values of

< 0.5 Å would include structures that then failed to converge in DFT.

Farthest point sampling (FPS) was used on the structures from the trajectory that remained

after the filtering step. FPS was performed on the per-structure SOAP vectors constructed from

the average atomic SOAP vectors of that structure. This enabled an automated and rigorous

sampling of configurational space related to these failed MD runs. The final dataset was filtered

of structures containing force components above 50 eV/Å.

Iterative training. MD simulations using the Atomic Simulation Environment (ASE) were

used to generate configurations iteratively. The Nosé–Hoover thermostat in the NVT ensemble

was used with an MD timestep of 0.2 fs. For the first four iterations, the temperature of the MD

simulation was increased in increments of 300 K, starting from 600 K where model-1, which

was trained on the CASTEP+ML data generated at 300 K, was used to drive MD across the

parameter space and ending at 1,500 K for model-4, which had been trained iteratively from

data generated from subsequent models. This iterative approach was chosen to enable a wider-

ranging sampling of configuration space, without jeopardising stability in early models. We

found that up to 1,200 K, the resulting MACE potentials were stable for at least 10 ps. At

1,200 K, the MACE potential at this iteration (model-3) was not stable for two runs at high O

content and low OH/O ratio (p1 = 0.40, p2 = 0.00 and p1 = 0.50, p2 = 0.25), where model-3

incorrectly predicts a minimum in the potential energy surface, leading to unphysical clustering

of atoms. This behaviour is somewhat expected during early stages of the iterative training

of ML potentials, where the configurational space is still actively being explored. Furthermore,

explicit models of isolated dimers are not included in the training data and thus extremely short-

range interactions (r ≤ 0.5 Å) are poorly described by early models. This was also observed

at 1,500 K in the first instance (iteration 4) where two configurations failed (p1 = 0.50, p2 =

0.00 and p1 = 0.50, p2 = 0.25). 7 structures were removed from the final training set and 0

were removed from the test set.

Training and test sets. The total number of structures in the training set is 3,013 (+ 3 cells

containing isolated atoms), for a total of 605,204 atoms. The testing set contains 800 structures

(163,052 atoms). We also report the number of gaseous species from the training and testing

set in Table S1. These gaseous molecules were identified using the average ionic radius to build
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a b

Figure S2: Representative structures from the training set. Panel (a) shows an example of a 2D structure
whereas panel (b) shows an example of a 1D structure. Grey atoms are C, red atoms are O, and white
atoms are H.

Table S1: Total gaseous species count from training and test set as determined through topological bond
counting using pairwise cutoff radii and cluster analysis within OVITO [S4].

Gaseous Species OH H2O Other CO H CO2 O O2
Training Set Count 853 782 46 32 27 18 16 13
Test Set Count 213 213 13 9 8 7 4 2

pairwise cutoffs (with the exception of C–O, which required an increased cutoff of 1.85 Å, see

Figure S13 below) to define bonds. These bonds were passed to the cluster analysis tool within

OVITO [S4] to identify unique cluster fragments which could then be separately counted.

We note a relatively high count of OH and H2O species in comparison to CO2 and CO is

observed due to the short MD time and high MD temperature (1,500 K for iter-3 and beyond)

during iterative training. As seen in the main text in Figure 3, H2O groups are lost early on

during the simulation, whereas CO2 dominates later on. Species labelled ‘Other’ are generated

due to the high temperature and are short-lived.

Production MD. The same MD parameters as in the iterative training process were used for

the production runs characterised in Figure 3, with the exception of the timestep, which was

increased to 0.5 fs. Three production runs were conducted at 900 K, 1,200 K, and 1,500 K for

the same initial structure.
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Figure S3: Energy RMSE for the external test sets discussed in the main text. The training error is
shown as a dashed line at 1.8 meV at.−1.

Energy RMSE. The energy RMSE values of the MACE models are characterised in Figures

S3 to S6. Briefly, the energy predictions are offset by a notable amount, shifting the energy

predictions up by approximately 6 meV at.−1 for the external AIMD 2D test set and approxi-

mately 10 meV at.−1 for the external AIMD 1D test set. The external 0D case (structures taken

from Ref. S5) is not shown in the parity plots, as the structures have varying numbers of atoms,

however the highest error is approximately 30 meV at.−1 with the average being approximately

8 meV/atom as seen in Figure S6.

We believe that these offsets do not meaningfully impact the potentials’ performance in dynam-

ics since only the relative positions of minima and maxima are significant, not their absolute

values. The variance of the data is perhaps another useful metric here, however this is not typ-

ically reported and thus we will refrain from doing so. However, it is important to note when

reporting the energy RMSE, these potentials appear to perform worse than they actually do. We

do not think that this offset is an issue specific to the MACE framework, and we will continue

to investigate its origin.

At the end of the process, our final MACE model yielded an accuracy of 0.174 kJ mol−1 (1.8

meV at.−1) for energies on the train set and 98.1 meV Å−1 for forces on the train set, the latter

being in close agreement with the results for the external test set.

We also report the energy difference for the “internal” test set in Figure S6, which are defined as

structures generated by the MACE model during iterative MD but not included in the training.

In this internal test set, we have 800 structures and observe that there is no offset present as the
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Figure S4: Energy parity plot for the 2D external test set. The left plot is the raw data, the right plot
subtracts the shift to centre the plot.
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Figure S5: Energy parity plot for the 1D external test set. The left plot is the raw data, the right plot
subtracts the shift to centre the plot.

Figure S6: Histograms showing energy difference between final MACE model and DFT on the internal
test set (grey); external AIMD 2D (blue) and 1D (green) test set and external 0D (yellow) test set using
structures from Ref. S5.
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Figure S7: Distribution of energy differences with respect to DFT single-point computations,
for separate test sets of 250 structures each, generated by MACE-driven MD at 1,500 K
across p1 ∈ {0.10,0.20,0.30,0.40,0.50}, p2 ∈ {0.00,0.25,0.50,0.75,1.00} (2D, blue), and p1 ∈
{0.10,0.20,0.30,0.40,0.50}, p2 = 0.50, p3 ∈ {0.10,0.20,0.30,0.40,0.50} (1D, green), respectively.

Figure S8: Energy RMSE relative to DFT single-point data for structures generated using MACE-driven
MD in the high-temperature regime.
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c d

Reaction Progress Reaction Progress

Figure S9: Energy profiles for two selected decarbonylation events from two separate 10-ps simulations.
Panels (a–b) show the relative energy profiles of the decarbonylation events for a 2D (a, blue) structure
and a 1D (b, green) structure compared with DFT single-point data (black), each shifted with respect to
the first frame characterised here. Panels (c–d) show the absolute energy profiles.
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data are centred around 0 meV at.−1. As mentioned earlier, the 0D data show two regions, one

centred at ≈ 8 meV at.−1, which corresponds to H-terminated edges, and another region centred

at ≈ 33 meV at.−1, which corresponds to edges with no H atoms.

When MD is run using the MACE model and the results compared with DFT, we see that there

is no offset present as seen in Figure S7. A set of structures spanning the p1–p2 (2D) and p1–p3

(1D) parameter space were used as an external test (data not explicitly included in training) and

show the accuracy of the model on both 2D and 1D structures.

Additionally, we generate a set of high temperature configurations using the MACE model as

seen in Figure S8. We ran MD for 10 ps using the same settings as the iterative training protocol

and find that the model is stable in MD for 10 ps at these high temperatures. At 3,000 K and

above, the sheet begins to disintegrate into chains and eventually gaseous species at higher

temperatures. These configurations are very high in energy relative to the systems trained on

and thus are outside of the scope of the training data. Whilst these energies are relatively high

compared to 1,500 K and 2,000 K (also not trained on), we find that these errors are acceptable

for these exotic configurations.

Finally, we track two decarbonylation events in a 2D and 1D structure as shown in Figure S9.

The relative energy is in close agreement with DFT, as seen in Figure S9(a,b), yet the offset

is apparent when using the absolute energies (c,d). This example is used to highlight that the

relative energies are in good agreement with DFT. In order to thoroughly explore the reaction

coordinate and barrier for a decarbonylation event, one would perform a nudged elastic band

calculation which could constitute possible future work.

Polyhedral template matching. Polyhedral Template Matching (PTM) is used to identify

atoms resembling simple crystalline structures at a local level [S6]. Within PTM, each input

particle establishes a correlation between its local environment and the template of choice. If a

correlation is identified, an RMSD (Root Mean Square Deviation) value is computed to measure

spatial deviation from the ideal structural template, determining the match quality. In this work

we used an RMSD cutoff value of 0.15 to determine whether a given local environment was

“graphenic” or not. This method was used as implemented in OVITO 3.6.0 [S4].

Ring statistics. Ring statistics were determined using a shortest-path algorithm [S7] as imple-

mented in matscipy [S8, S9].
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Cell optimisation. The structures from the production runs were cooled down to 300 K over

100 ps and then underwent a full cell relaxation. This was done within ASE using the

FrechetCellFilter class and the LBFGS optimizer. The force threshold was 10 meV at.−1.

Methodology for X-ray photoelectron spectroscopy. The GW-corrected delta Kohn–Sham

core-electron binding energy model from Ref. S10 was used to predict the C 1s core-electron

binding energies (CEBE). This is a single soap_turbo [S11] model which is trained on neutral

bulk delta Kohn–Sham CEBEs corrected by the difference of a GW core-electron binding en-

ergy and a charged delta Kohn–Sham core-electron binding energy on a configuration “carved”

from an extended structure:

∆KS0
ext +GWcarv −KS+

carv. (S1)

Details of the methodology are given in Ref. S10.

Deconvolutions were performed by considering each structure at a particular timestep as an

undirected graph, where edges are bonds, and nodes are atoms differentiated by species. Bonds

cutoffs were defined in ASE using natural_cutoffs(atoms, mult=1.2). A local subgraph

was made for each carbon atom by adding edges and nodes initially from the atom’s first neigh-

bors, and if oxygen was found, adding the additional edges and nodes from the oxygen neigh-

bors (which is necessary to discern epoxide and ether groups). Motifs were found by seeking

subgraph isomorphisms between a reference dataset of motif graphs (e.g. aldehyde, alcohol,

ketone etc). These were sought hierarchically, in the order: carboxylic acid, aldehyde, alcohol,

carbonate, peroxide, ester, epoxide, ether, ketone, CH, CO2, CO, sp3, sp2, sp.
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Supplementary results

Mass-loss profiles (supplement to Figure 3b)

We carried out two further annealing simulations in parallel, starting from the same large-scale

structural model as described in the main text, but now annealing at 900 and 1,200 K, respec-

tively. The mass loss profiles for those lower-temperature simulations are shown in Figure S10.

Overall, the change in mass at 1,200 K begins to plateau, converging at approximately 17%.

This mass loss profile agrees qualitatively with experimental thermogravimetric data from Ref.

[S12], where at the start of the thermal reduction, the mass loss follows a rapid exponential

curve before reaching a linear phase for the remainder of the reduction process. In this way it is

qualitatively similar to the 1,500 K simulation reported in the main text. The 900 K annealing

run (left-hand side of Figure S10), however, shows much a much less pronounced mass loss

which is largely due to loss of H2O.

– CO2

– H2O
– Other

– CO
– CO2

– H2O
– Other

– CO

Figure S10: Mass loss profiles for the 900 K and 1,200 K simulations.

Graphene-like atoms and 6-membered rings (supplement to Figure 3c)

Figure S11 shows the evolution of the count of graphene-like motifs and 6-membered rings in

the 900 and 1,200 K simulations. In our simulations, the “graphene-like” content eventually

reaches ≈ 40 % for the 1,500 K MD run (Figure 3c) whereas it is still increasing for the 1,200

K run at just over 30 % (Figure S11). 900 K appears to be too low of a temperature to effec-

tively reduce GO in nanosecond simulations: the degree of “graphene-like” similarity remains

essentially steady, with only a very slight increase over 2 ns. The fraction of “graphene-like”

atoms (dark grey) in combination with the percentage of 6-membered rings (blue) provides in-
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6-membered rings (C only)
6-membered rings
Graphene-like atoms

Figure S11: Graphene-like atoms and 6-membered rings profiles for the 900 K and 1,200 K simulations.

sight into the degree of crystallinity attained during the annealing process. We also show the

percentage of 6-membered rings with only carbon atoms (orange) which is naturally quite high,

but does not indicate how graphitic the structure is.

Annealing temperatures of 900 K appear to have no significant effect on the percentage of 6-

membered rings which stays approximately constant. In addition to this, the count of “graphene-

like” atoms decreases slightly during the initial heating phase. This is then followed by a very

gentle linear increase which is still less than the initial percentage.

At 1,200 K, we observe more dynamic behaviour, where the percentage of 6-membered rings

increases whereas that of 6-membered rings containing only carbon decreases, suggesting that

more oxygen atoms are incorporated into the graphene network. This is supported by the X-ray

photoelectron spectroscopy (XPS) data seen in Figure S14. In addition to this, the percentage

of “graphene-like” atoms decreases at a faster rate when compared to the 900 K data over the

heating period, before increasing at a faster rate before beginning to plateau after 2 ns. Overall,

we see the percentage of “graphene-like” atoms increase with that of the 6-membered rings, as

expected.

Functional groups (supplement to Figure 3d)

Tracking the functional groups during the annealing process provides insight into the mecha-

nisms by which the structure becomes more graphene-like. For the 900 K simulation, there is

a gradual decrease of sp3 groups (dark and light blue) and a corresponding gradual increase

of sp2 groups (orange, red, purple). Overall, this profile further emphasises that 900 K is too

low a temperature to effectively anneal GO structural models on the ns timescale using our
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Figure S12: Functional group profiles for the 900 K and 1,200 K simulations.

model.

In contrast, the 1,200 K simulation follows a similar profile to the 1,500 K simulation, albeit at

a slower rate. Here it is clear that sp3 groups are nearly completely removed after 2 ns with a

similar growth profile of sp2 groups, including a characteristic steady-state period for Csp2–O

groups.

We note that using the average ionic radius for the C–O bond (Cionic/2 + Oionic/2) gives oscilla-

tory behaviour for the Csp2-Csp2 count, as indicated by the black line in the top panel of Figure

S13. As the defined bond cutoff is increased beyond the ionic radius (from 1.685 to 1.750 to

1.850 Å), we see the magnitude of oscillations decrease. We observe changes in the oscillatory

behaviour during the course of the simulation, which may be due to gaseous species being re-

moved and simulations restarted at some points. Much less pronounced oscillations are seen

for the 1,500 K simulation, which is discussed in the main text (Figures S13 and 3d). For other

species, all structural analysis was performed using the ionic-radius-based cutoff values.

X-ray photoelectron spectroscopy (supplement to Figure 4)

After the structures had been annealed, they were cooled down to 300 K over 100 ps and then

underwent a full cell optimisation to relax the structure. XPS calculations were performed on

these fully relaxed structures along with selected structures along the trajectory.

We summarize additional results in Figure S14. The top panel shows the shifted simulated

spectra, where the shift has been introduced to better fit the experimental data (red, dashed).

This is done since deconvolutions of experimental data are fixed at reference values (sp2 =
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Figure S13: Top: Oscillations for the Csp2-Csp2 count at 900 K, as evaluated using different C–O bond
lengths for the cutoff definition. Bottom: Oscillations at 1,500 K. The data with a cutoff value of 1.850
Å are shown in Figure 3d of the main text.

284.4 eV, black dashed lines) to perform this task. In contrast, the simulated spectra are not

constrained by this, and so we report both types of data in Figure S14; the data in the top panel

are shifted towards the reference peak and the bottom panel shows the un-shifted simulation

data. The experimental data taken from Ref. S12 have had their background removed and have

been normalised in order to be compared to simulated spectra.

Both approaches provide useful information—the former giving comparison to experimental

data, the latter providing information about the shifting of the peak towards the reference sp2

value as oxygen is removed from the system after annealing at different temperatures. We

have chosen to display only the six most important groups as other functional groups did not

contribute substantially.

At 900 K, we see a spectrum which appears very different to the experimental data from

Ref. S12 (red dashed line). This is due to the increased presence of oxygen groups in the

structure, in particular, epoxide and alcohol groups which are yet to be removed. There are

further contributions from ether, ester, and ketone groups. There is also a shift to higher CEBEs

due to the increased electronegativity from the oxygen groups present.

At 1,200 K, the oxygen peak has now been reduced to a shoulder peak with the epoxide peak
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being nearly removed entirely and the alcohol peak being greatly lowered. In contrast the ether

group, ketone group, and ester group peaks have all increased greatly. This agrees with the

wider trend of transitioning from sp3 to sp2. The shift down to the sp2 reference peak is also

observed in the bottom panel due to fewer oxygen groups being present and a greater presence

of sp2 environments.

Finally, at 1,500 K, we observe the best agreement with the experimental XPS data of Ref. S12.

There are no significant contributions from epoxide environments and, in total, fewer oxygen

groups present. This can be clearly seen by the reduction in the shoulder peak, giving closer

agreement experiment than for the two other simulations at lower temperatures. Additionally,

there is a closer shift to the reference sp2 value, further highlighting the removal of oxygen. The

results in Figure S14 therefore provide further justification that 1,500 K is an appropriate choice

of annealing temperature for the simulations reported in the main text.
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Figure S14: ML-model-predicted XPS spectra for the 900 K, 1,200 K, and 1,500 K simulations. Top:
Shifted XPS spectra to experimental sp2 reference value at 284.4 eV. The red dashed line shows exper-
imental data taken from Ref. S12. Bottom: Unshifted XPS data showing the effect of electronegativity
on CEBE values.
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Mechanical properties of graphene oxide from
machine-learning-driven simulations

Zakariya El-Machachi, Bowen Cheng and Volker L. Deringer *

Graphene oxide (GO) materials have complex chemical structures

that are linked to their macroscopic properties. Here we show that

first-principles simulations with a machine-learned interatomic

potential can predict the mechanical properties of GO sheets in

agreement with experiment and provide atomistic insights into the

mechanisms of strain and fracture. Our work marks a step towards

understanding and controlling mechanical properties of carbon-

based materials with the help of atomistic machine learning.

The term ‘graphene oxide’ (GO) encompasses a class of carbo-
naceous 2D materials with applications in many fields.1 GO
materials show various degrees of chemical functionalisation,
introduced by oxidative and reductive processes, and it is
important to understand how these structural aspects are
connected to macroscopic properties. A key point here is the
response of GO sheets to mechanical strain, and indeed it has
been argued that the mechanical properties depend strongly on
what functional groups (epoxide, hydroxyl, etc.) are present.2

GO and reduced GO (‘rGO’) have been used as sensors in
biological applications,3 where small mechanically-induced
structural changes from electromechanically linked cells alter
the electronic properties.4

In 2007, there began renewed interest in multilayer GO and
rGO, primarily focusing on mechanical, electrical, and catalytic
properties.5 Atomic force microscopy indentation was used to
study the mechanical properties of monolayer rGO.6 Indepen-
dent, high-resolution TEM images of monolayer GO and rGO
revealed the atomic structure,7,8 confirming a two-type domain
structure of GO, where oxidised regions form a continuous
network with smaller graphitic domains interspersed.9 Since
then, various authors have investigated mechanical properties
of (r)GO with varying degrees of functionalisation.10–13

In tandem, computational studies have been reported for
GO including its mechanical properties,2,12–18 but have typi-
cally been limited by the length and time scales accessible to

first-principles computations, or by the accuracy limits of
empirical potentials.19 Machine learning (ML)-based inter-
atomic potentials approximate the predictions of quantum-
mechanical methods whilst adopting key aspects of empirical
approaches, such as locality, to achieve first-principles accuracy
with near-empirical speed.20 Such ML-driven simulations have
been used to model defective,21 nanoporous,19 and amorphous
graphene.22

Here, we study the links of atomic structure and mechanical
properties in GO and rGO with ML-driven simulations, using
the recently introduced GO-MACE-23 model.23 This model was
trained using a domain-specific protocol that gradually explores
relevant configurations, first through CASTEP + ML,24 then using
the MACE architecture.25 We simulate mechanically straining a
nano-scale rGO sheet and smaller-scale (r)GO structures across a
range of parameters, viz. oxygen content and functionalisation.
The predictions from our GO-MACE-23 model agree with experi-
ments and with other computational simulations for GO. To our
knowledge, limited work has been conducted on the mechanical
properties of reduced GO, and so computations could provide new
insight and lead to design rules based on the degree of functio-
nalisation for next-generation (r)GO-based materials.

Our starting structure is taken from ref. 23 and is a partially
disordered, fully sp2-bonded graphene sheet with 10 368 atoms
(17.7 � 15.3 nm2) generated using Monte–Carlo bond switch-
ing, following ref. 22. The structure was then functionalised
with an O/C ratio of 40% and OH/O ratio of 0.5 decorated
randomly, raising the atom count to 16 645, then thermally
reduced via MD over 1.9 ns at 1500 K, reducing the atom count
to 11 984 and yielding a simulated XPS spectrum in agreement
with experimental spectra.23 To compute mechanical proper-
ties, we apply uniaxial tensile strain in the basal plane (Fig. 1a),
then a fixed-volume geometry optimisation is then conducted,
the uniaxial stress component recorded at that point, and the
strain increased again in steps of 0.05%; the process repeats up
to a strain of 0.50 (50%). A correction to the recorded stress
value, scell, is required to remove the dependence on the out-of-
plane cell parameter (see, e.g., ref. 16): we report s = (c/t) � scell,
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where c is the cell parameter perpendicular to the basal plane
and t is the thickness of the sheet (determined as the full width
at half maximum for the z coordinates of all atoms in
the sheet). We use 3.5 Å as a minimum thickness, since our
small-scale monolayer structural models do not reach the
experimentally-derived 7 Å for (r)GO,6,10 even at high O content:
their effective thickness in our computations is therefore closer
to graphene, as in ref. 14. (We note that the concept of a
monolayer thickness must rely on an assumption,13 and that
previous attempts of measurement for graphene have yielded
various results.27)

We colour-code the rGO nano-structure in Fig. 1a by the
non-affine displacement magnitude, which decouples displace-
ment due to external strain and internal, non-affine deforma-
tions. This is done by mapping atomic positions onto the
reference (initial) frame and computing displacement vectors
using OVITO.26 In Fig. 1a, initially there is a uniform blue
colour indicating large areas experiencing elastic deformation,
with fewer pockets of red regions, which indicate local defor-
mations due to non-affine displacements. These red regions
involve plastic deformation in the sheet, arising due to rear-
rangements, defects, and bond cleavage. As the external strain
is increased, there is an increase in local strain around holes
and defects, such as O atoms in the carbon backbone. This can
be seen in the first and second snapshot in Fig. 1a, where the
sheet is still predominantly under elastic deformation—with
the exception of the highlighted region which undergoes brittle
fracture (dashed lines in the first inset), cleaving a large hole. In
the second inset, arrows shows the motion of the 8 atoms
(circled) previously involved in 4 C–C bonds which have been
broken in a brittle manner. As the strain is increased further,

we observe an increasing area of ‘red’ regions, indicating
a change from elastic to plastic behaviour. In the third panel,
we begin to see a few nanoribbons which join parts of the
mostly fractured sheet. With increasing strain, the crack grows
and the nanoribbon thins to just one ring thick: such struc-
tures, including their stress–strain curves, were recently studied
with ML potentials.19 Here, there is a large degree of plastic
deformation on the sheet (red regions in Fig. 1a).

The stress–strain curves, recorded separately for both direc-
tions, are shown in Fig. 1b. We note that in the ideal large-size
limit, both directions would be equivalent. However, as the
sheet has been thermally reduced for 2 ns,23 the introduction of
holes and defects in the sheet appears to have introduced a
(slight) stochastic anisotropy, which is revealed under uniaxial
straining. The curves in Fig. 1b qualitatively have the same
profile as other stress–strain curves for GO: (i) an initial elastic
regime showing a linear response; (ii) a brief plastic region
where the curve plateaus; and (iii) a sharp, brittle failure
followed by plastic deformation.6,10,13 There is a notable differ-
ence between the two curves: one (sxx) indicates higher ulti-
mate tensile strength and a single catastrophic brittle-failure
event, where the sheet fractures completely; for the other (syy),
we find that the sheet has lower ultimate tensile strength in this
direction and undergoes staggered brittle-fracture events lead-
ing to a wider plastic deformation phase. Our estimation of the
Young’s modulus for the rGO sheet agrees with ref. 6 (Fig. 1b).

Given that our GO-MACE-23-driven simulations agree well
with experiments, we are now able to extract and analyse
structural information from the simulation trajectory. One of
the key structural features in (r)GO is the oxygen functionalisa-
tion. In our previous work, we highlighted the sp3-to-sp2

Fig. 1 Mechanical properties of a reduced GO sheet from machine-learning-driven simulations. (a) Visualisation of the rGO sheet taken from ref. 23 now
placed under progressive strain (arrows). Atoms and bonds are colour-coded by the non-affine displacement magnitude relative to the initial
configuration using OVITO.26 Insets are shown below (C, grey; H, white; O, red). (b) Stress–strain curves for the rGO sheet axially strained in x or
y direction. The fitted Young’s moduli are Exx = 261 GPa, Eyy = 205 GPa; we include a value for rGO from ref. 6 (shaded area). (c) Change in aldehyde and
ketone (purple) vs. ether count (red) relative to the unstrained structure. Solid (dashed) lines indicate strain in x (y) direction, respectively.
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transition at high temperatures resulting in the epoxide and
hydroxyl groups transforming into Csp2–O groups, such as
ether.23 These groups become part of the carbon backbone in
the material, and thus, we show here that these groups play a
key role in the response to mechanical strain. In Fig. 1c, we
show the evolution of the Csp2–O and Csp2QO count, indicating
a change from O being present within the carbon backbone to
cleaving off to form a carbonyl group such as a ketone. This
rapid decrease of Csp2–O groups coinciding with the brittle
failure of the material (under straining in x; solid lines in
Fig. 1c) suggests that these groups contribute substantially to
the failure mode of (r)GO. In the y direction (dashed lines in
Fig. 1c), the stress–strain profile differs slightly and shows an
extended period of plastic deformation. Here, we see a more
gradual decrease in Csp2–O groups as the latter slowly transform
into carbonyl groups.

We then tested whether the properties of GO can be con-
trolled by varying functional groups. Simulations were run for
an ensemble of graphene decorated randomly with oxygen
groups above and below the basal plane. We varied the O/C
ratio from 10% to 50%, and the initial OH/O ratio (cf. ref. 23), in
line with experimental reports.1 We observe that generally, with
increasing O/C ratio, there is a lower ultimate tensile strength
in the material, and the gradient in the elastic region decreases
with increasing O content, corresponding to a lower Young’s
modulus. Another important feature is the type of functional
group. We observe that sheets with 100% epoxide and 0%
hydroxyl (Fig. 2a) display plastic behaviour, being able to with-
stand higher strain at higher O content. At equal ratio (Fig. 2b),
we find a reduced plastic response, with failure at lower strain.
Finally, for fully hydroxyl-decorated sheets (Fig. 2c), the beha-
viour shifts towards an elastic response and failure at even
lower strain. This difference is due to the epoxide groups
flattening under strain and incorporating into the sheet,

whereas hydroxyl groups cannot be incorporated into the sheet
in the same manner, resulting in brittle failure due to the
cleavage of C–C bonds.

We note briefly that this dependence of mechanical proper-
ties on functionalisation type (Fig. 2) was not observed in
earlier simulations using an empirically fitted ReaxFF potential,
originally developed for hydrocarbon combustion:2a in the latter
case, the weakening with higher O content was independent of the
functional group type (hydroxyl or epoxide), and the material was
predicted to exclusively show plastic behaviour.2a We speculate
that the (more accurate, but more costly) ML potential can uncover
additional nuance here which is difficult or impossible to describe
with empirically fitted interatomic potentials.

Beyond the overall oxygen content (which can be tuned by
gradual thermal reduction), the properties of the sheets could
be controlled more finely if one found ways to modify the
chemical groups present. We explore this idea in Fig. 3a: we
plot averaged Young’s moduli for independent structures
which start from a pristine graphene backbone and are subse-
quently decorated with different O/C and OH/O ratios, with 10
strained in x (filled) and 10 strained in y (Fig. 3a). Fig. 3b shows
the same, but for structures which have been thermally reduced
for 10 ps at 1500 K using GO-MACE-23, resulting in gas
evolution. There is a clear relationship between increasing
hydroxyl-to-epoxide ratio and Young’s modulus, with a more
profound effect at higher O content. Literature values reported
for GO are 290–430 GPa with O/C ratio from 0.1–0.7;10,12,13,16

for rGO, 250 � 150 GPa has been reported in ref. 6.
Once our GO structures have been heated for a relatively

short time, we observe a significant change in the Young’s
modulus. These heated structures, which we call rGO, have a
lower Young’s modulus at higher O content compared to that
of GO. This is because oxygen leaves the sheet upon heating,
mainly as H2O and CO2.23 It is the latter which causes a

Fig. 2 Mechanical behaviour of GO and its dependence on the oxygen
content. We show stress–strain curves for 20 GO sheets of B200 atoms
each, at varying O/C ratio (indicated by colour-coding). The shaded areas
indicate one standard deviation. We characterise sheets that have been
functionalised: (a) fully with epoxide groups; (b) with half epoxide, half
hydroxyl groups; and (c) fully with hydroxyl groups.

Fig. 3 Controlling the Young’s modulus, E, of GO by tuning the hydroxyl
content. Results are shown for varying initial OH/O ratios. (a) E values for
GO: averaged for 10 structures of B200 atoms each, strained uniaxially in
x (filled markers), and 10 strained uniaxially in y (unfilled), respectively. The
cross represents pristine graphene. (b) As for panel (a), except that the
structures have been thermally reduced for 10 ps.
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rearrangement of the graphene backbone, introducing defects
into the sheet in the form of point defects or topological
defects. There is a drastic shift in the Young’s modulus for
structures with more epoxide groups once heated. These
defects reduce the homogeneity of the sheet, resulting in ‘weak
points’ in the sheet, thus lowering the Young’s modulus. At the
other end, at low initial O/C ratio (0.1) there is minimal
disruption to the sheet as gas evolves, and we observe an
increase in the Young’s modulus compared with GO, due to
lower O content as the system is heated.

Looking forward, our results support the idea that the
mechanical properties of GO might be amenable to compu-
tationally-guided ‘design’2 (see ref. 28 for a general perspective).
This goal could be achieved if the chemical structure can be
fine-tuned, in this case between hydroxyl (more elastic beha-
viour) and epoxide groups (more plastic behaviour), or through
nitrogen doping which increases the Young’s modulus.29 Appli-
cations such as wearable electronics30 may benefit from a
flexible GO structure with more epoxide groups. Conversely,
high OH content may be useful for reinforcing composites:
e.g., adding 1 vol% of GO to an Al–Mg alloy enhanced the
bending strength substantially.31
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C. Ortner, B. Kozinsky and G. Csányi, Nat. Mach. Intell., 2025, 7, 56.

26 A. Stukowski, Model. Simul. Mater. Sci. Eng., 2009, 18, 015012.
27 C. J. Shearer, A. D. Slattery, A. J. Stapleton, J. G. Shapter and

C. T. Gibson, Nanotechnology, 2016, 27, 125704.
28 Y. Liu, A. Madanchi, A. S. Anker, L. Simine and V. L. Deringer, Nat.

Rev. Mater., 2025, 10, 228.
29 K. Tschoppe, F. Beckert, M. Beckert and R. Mülhaupt, Macromol.

Mater. Eng., 2015, 300, 140.
30 H. Jang, Y. J. Park, X. Chen, T. Das, M.-S. Kim and J.-H. Ahn, Adv.

Mater., 2016, 28, 4184.
31 H. Kwon, J. Mondal, K. A. AlOgab, V. Sammelselg, M. Takamichi,

A. Kawaski and M. Leparoux, J. Alloys Compd., 2017, 698, 807.

Communication ChemComm

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

6 
Ju

ne
 2

02
5.

 D
ow

nl
oa

de
d 

on
 6

/3
0/

20
25

 2
:2

6:
05

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online



Chapter 6

Conclusion and Outlook

At the start of this thesis, we set out to explore fundamental questions pertaining to

the nature of the amorphous solid. Whilst this question may never definitively be

answered, we have made significant progress as a community since Brodie’s isolation

of graphite oxide in 1859. With the advent of advanced experimental techniques in

conjunction with the exponential growth of computational power and simulation

capability, we are now able to probe the structure and dynamics of these materials

in unprecedented detail.

In Chapter 1, we provided a brief overview of the definitions and historical con-

text of amorphous solids, highlighting the challenges in characterising these mate-

rials. We further discussed topological disorder in two closely related but distinct

amorphous materials: graphene and GO and outlined that the cybotactic nature of

these materials is most likely opposed to the CRN model.

In Chapter 2, we derived the ideas behind using atomistic simulations to study

amorphous solids, focusing on the techniques such as MD and MC along with the

importance of accurate interatomic potentials and the role of statistical sampling

in capturing the inherent disorder of these materials. A chronological description

of the methods used in this thesis was provided, starting with first-principles DFT

calculations, followed by the use of empirical potentials, and culminating in the

use of state-of-the-art MLIPs to achieve DFT-level accuracy at a fraction of the

computational cost.

In Chapter 3, my first paper is presented with a central focus on the fundamental

understanding of two key concepts: (i) what is the nature of monolayer amorphous

carbon (MAC)?, (ii) can we use nonphysical, ML atomic (site) energies to “drive”

a bond-switching MC simulation and subsequently use these ML atomic energies

to characterise the subtle differences between CRN and cybotactic (referred to as
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paracrystalline in Ref. 60) models of MAC? On point (i), we found that our struc-

tural models of MAC could be “tuned” to a varying degree of disorder, where in

the extreme limit, the structure is indistinguishable from a CRN model, with the

constraint that all carbon atoms are sp2 coordinated.

For point (ii), we found that the ML atomic energies can effectively guide a bond-

switching Monte Carlo simulation into distinct regions of configurational space, de-

pending on the defect selection range—whether restricted to the defect pair itself

(which we call “local” in Ref. 60), topological nearest neighbours (NN) or extended

to topological next-nearest neighbours (NNN). When considering the energies of

the defect pair, the structural models closely resembled a CRN model; NN interac-

tions were found to favour a ‘CRN-like’ model with relatively small regions of order

embedded in a much larger CRN network; NNN interactions closely resembled a

cybotactic model with larger ordered domains and smaller CRN networks connect-

ing these regions. Furthermore, the ML atomic energies could provide a unique and

characteristic fingerprint depending on whether or not the structure was cybotactic

or ‘CRN-like’, where conventional methods such as RDF and bond angle distri-

butions were unable to distinguish between the two models easily. These findings

highlighted and provided theoretical evidence for the presence of a CRN model in

MAC, owing to the dynamic stability of the structure (no imaginary modes in the

phonon spectrum), however the kinetics was not explored and thus the question of

whether or not the CRN model is kinetically stable and whether MAC can undergo

a glass transition remains an open question.

In Chapter 4, my second paper is presented, which focuses on development of

a bespoke MLIP to model GO using a synergistic ML approach combining two

state-of-the-art ML methods. The first stage was to “seed” an initial dataset of

representative GO structures resembling the Lerf–Klinowski model through GAP

accelerated AIMD simulations in CASTEP. This process used a näıve implementation

of active learning, where the AIMD simulations were run in “GAP mode” until the
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GAP model exceeded a numerical error threshold, at which point CASTEP would

perform an electronic structure calculation and this structure was added to the

dataset. The second stage was to train a MACE model on this initial dataset and to

perform iterative training, increasing the temperature, and then eventually include

edge structures.

With a robust, accurate MACE model (which we coined “GO-MACE-23”), we

thermally reduced a nanoscale, amorphous GO structure to yield rGO, and the dy-

namical transformation was rigorously studied. The resulting structure was found

to be cybotactic in nature, containing regions of graphitic domains separated by

regions of amorphous, functionalised domains. The structure contained pores and

holes, similar to what has previously been observed experimentally, and although it

is not necessarily a 1:1 correspondence with TEM images in the literature,[82, 83]

the overall morphology was consistent. The subsequent structure was then analysed

using simulated XPS calculations and showed excellent agreement with experimen-

tal XPS data from an rGO sample which contained a similar profile indicative of

increased sp2 character along with a shift from epoxide and hydroxyl groups to car-

bonyl, ether and ester groups, highlighting oxygen groups incorporating into the

basal plane of the rGO structure. This work directly demonstrates the power of

simulation to explain experimental observations, providing a 1:1 atomic-scale inter-

pretation of the chemical signatures seen in XPS that would be otherwise impossible

to obtain.

In Chapter 5, my third paper is presented, which applied the GO-MACE-23 model

to study the mechanical properties of rGO. The structure was uniaxially strained

with the corresponding stress–strain curves calculated and were found to be in agree-

ment with experimental values in the literature.[231] The mechanical properties were

found to be slightly anisotropic induced by thermal stochasticity in the structure,

with the mechanism of failure being attributed to C−O bonds in the basal plane

being cleaved (O atoms which had formed part of the backbone of the rGO struc-
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ture). This was then expanded to perform a statistical analysis of the mechanical

properties of GO and rGO, where smaller structural models were decorated with

varying ratios of epoxide/hydroxyl groups and various O/C content. The results

showed that lower O/C ratios resulted in structures with a higher Young’s modulus,

and vice versa. It was also discovered that structures with more epoxide groups dis-

played a plastic response to uniaxial strain, whereas structures with more hydroxyl

groups displayed a brittle response. This was attributed to the fact that epoxide

groups are more likely to form cross-links in the structure, which can dissipate en-

ergy and allow for plastic deformation, whereas hydroxyl groups do not provide this

same level of connectivity.

This thesis provides a solid foundation for future research and clearly demon-

strates the utility of advanced simulation for explaining, replacing, and guiding the

experimental effort. The work in Chapter 4 provides a direct, atomistic rationali-

sation for the complex C 1s peaks observed in experimental XPS of rGO. Similarly,

the work in Chapter 5 explains why different GO samples exhibit different mechan-

ical properties (brittle vs. plastic) by linking the macroscopic response directly to

the microscopic functional-group chemistry. The findings on mechanical properties

(Chapter 5) provide a clear directive for experimentalists. To create rGO-based

materials with enhanced flexibility for applications in flexible electronics, synthesis

routes should be tuned to favour a higher epoxide-to-hydroxyl ratio. This predictive

power allows for the rational design of new materials, saving significant laboratory

time and resources. The thermal reduction in Chapter 4 and the uniaxial strain tests

in Chapter 5 are examples of simulations replacing experiments that are exception-

ally difficult, costly, or impossible to perform. Observing the real-time dynamics of

bond-breaking during thermal annealing or precisely quantifying failure mechanisms

atom-by-atom on a perfectly characterised nanoscale sample are feats unachievable

by current experimental probes.
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Furthermore, the outlook for this work is broad, with clear paths for both spe-

cific extensions and general transferability. Regarding possible extensions, the de-

velopment of the GO-MACE-23 model has provided a powerful tool for studying the

structure and dynamics of GO and rGO, enabling us to explore their properties

with unprecedented accuracy and efficiency. Beyond the papers presented in this

thesis, the transferability of the GO-MACE-23 has been further investigated for “out-

of-domain” applications, as part of a wider work assessing the zero-shot generali-

sation behaviour of GNN potentials.[232] Located at the interface of materials and

molecular modelling, GO offers an opportunity to connect these different domains

of atomistic machine learning. In this work, we explored whether our GO-MACE-23

model trained on a bulk material with organic functionalisation can be used to

model molecular systems, fullerenes and reactivity with reasonable accuracy com-

pared to MACE-MP-0[225] and a benchmark model, MACE-OFF-23, a foundation

model trained on a wide range of organic molecules.[233] We found good—perhaps

surprisingly good—zero-shot performance compared to MACE-OFF, a pre-trained

model for molecular chemistry. The accuracy of both models decreases when de-

scribing reaction pathways, especially when radical species are involved.

Separately, GO-MACE-23 has already been used to kickstart the new GO-MACE-24

model which has been trained on roughly 10x the DFT data, extending to more do-

mains including layered structures and bulk water between the layers. This model

is expected to be used for simulations requiring a more accurate description due to

the higher cost of MACE, and thus model distillation is currently being explored to

create a more efficient GO-ACE-25 model which will be used to model GO structures

which are fabricable experimentally and thus, much larger than what was done be-

fore. Ongoing work is being done in this area to further improve the ACE model’s

stability. The aim of this future study will be to return to the textbook question

of the nature of the atomistic structure of GO and rGO compared to existing mod-

els covered in Chapter 1, such as the Lerf–Klinowski model, and to broaden the
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simulated spectra to include NMR and Raman spectroscopy, further enhancing the

model’s applicability to experimental data.

Beyond the specific extensions for GO, the methodologies developed in this thesis

are highly transferable to other challenging materials systems. The synergistic work-

flow from Chapter 4—using accelerated AIMD to “seed” an initial dataset, training a

robust MACE model, and then iteratively refining it—is a general-purpose pipeline.

It could be directly applied to model other complex, multi-component amorphous

systems where empirical potentials fail, such as the degradation of amorphous metal-

organic frameworks,[234] the dynamics of ion transport in amorphous solid-state

electrolytes,[235] or the reactive aging of polymer composites.[236] Likewise, the

ML-driven Monte Carlo strategy from Chapter 3 is a transferable method, offer-

ing a new, computationally efficient way to explore energy landscapes and identify

hidden structural motifs in other disordered network materials, such as amorphous

silicates or chalcogenide glasses.[237]

Finally, the advent of more advanced ML methods, such as diffusion models[238]

and normalising flow matching,[239] has the potential to revolutionise the way we

study and understand amorphous solids owing to the sampling techniques used in

these approaches which can generate configurations orders of magnitude faster than

using MD. Of course, these methods are not without their challenges, such as the

need for large datasets and the difficulty in interpreting dynamic properties from

such trajectories, but they offer a promising avenue for future research.

In conclusion, this thesis has contributed to our understanding of the nature of

amorphous solids and in particular has laid the groundwork for future investiga-

tions into the fundamental nature and properties of amorphous graphene, GO and

rGO. As we look to the future, I am excited about the possibilities that lie ahead

and the role that amorphous materials will play in shaping the next generation of

technologies. Whether it is MAC being used in future flexible electronics due to

its exceptional mechanical properties, or GO and rGO finding applications in fields
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ranging from energy storage to biomedicine, the journey of discovery continues —

and I am grateful to have been a part of it.
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S. T. Pantelides, B. Özyilmaz, Nature 577, 199 (2020).

[69] W.-J. Joo, J.-H. Lee, Y. Jang, S.-G. Kang, Y.-N. Kwon, J. Chung, S. Lee,
C. Kim, T.-H. Kim, C.-W. Yang, et al., Sci. Adv. 3, e1601821 (2017).

[70] X. Zhang, Y.-T. Zhang, Y.-P. Wang, S. Li, S. Du, Y.-Y. Zhang, S. T. Pan-
telides, Phys. Rev. B 109, 174106 (2024).

[71] W. S. Hummers Jr, R. E. Offeman, J. Amer. Chem. Soc. 80, 1339 (1958).

[72] B. C. Brodie, Phil. Trans. R. Soc. pp. 249–259 (1859).

159



[73] G. Ruess, F. Vogt, Monatsh. Chem. 78, 222 (1948).

[74] A. K. Geim, Phys. Scr. 2012, 014003 (2012).

[75] H.-P. Boehm, A. Clauss, G. Fischer, U. Hofmann, Z. Anorg. Allg. Chem. 316,
119 (1962).

[76] H. Boehm, R. Setton, E. Stumpp, Carbon 24, 241 (1986).

[77] U. Hofmann, A. Frenzel, E. Csalán, Liebigs Ann 510, 1 (1934).

[78] G. Ruess, Monatsh. Chem. 76, 381 (1947).

[79] W. Scholz, H. Boehm, Z. Anorg. Allg. Chem. 369, 327 (1969).

[80] A. Lerf, H. He, M. Forster, J. Klinowski, J. Phys. Chem. B 102, 4477 (1998).
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[231] C. Gómez-Navarro, M. Burghard, K. Kern, Nano Lett. 8, 2045 (2008).

[232] C. Ben Mahmoud, Z. El-Machachi, K. A. Gierczak, J. L. A. Gardner, V. L.
Deringer, Digit. Discov. p. Accepted Manuscript (2025).
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Appendix A

Machine-learned acceleration for

molecular dynamics in CASTEP

This work was conducted as part of a wider collaboration with CASTEP develop-

ers to incorporate and benchmark machine-learned interatomic potentials for ac-

celerated AIMD simulations. My contributions were validation of the “on-the-fly”

generated GAP potential for an AIMD graphitisation simulation. This validation

included numerical error analysis, chemical error analysis, and benchmarking of the

on-the-fly GAP potential against C-GAP-17, along with transferability tests to test

low density and high density structures. The findings are copied from the original

paper Ref. [219] and are presented here as an appendix to this thesis.

A Case Study:

Graphitisation of Amorphous Carbon

We present a case study for a complex, disordered material, as an example of a

simulation that will ultimately require larger simulation cell sizes than would be

amenable to DFT at all. This section, therefore, exemplifies the second “mode

of operation”: generating a potential with CASTEP + ML, which is then taken

out and used to drive stand-alone simulations. Our application case is amorphous

carbon (a-C), whose structures can have pore radii of several nm, and a-C films

can be described in deposition simulations.[240, 241] The ML-driven computational

modeling of a-C materials is relevant for diverse applications, e.g., in energy storage:

porous carbon structures can host metal ions (for battery anodes), molecular species

(for supercapacitors), and so on.[215, 216, 242–244]

The thermal annealing of a-C structures is a benchmark challenge for empirical

and ML interatomic potentials.[162, 170, 245] Starting from a disordered precursor,
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these simulations involve the breaking and forming of bonds typically over hun-

dreds of thousands of MD steps, resulting in a gradually more ordered network that

tends toward an sp2-rich, graphitic structure at lower densities (1.5–2.0 g cm–3) or

an sp3-rich, diamond-like structure at higher densities (3.0–3.5 g cm–3). Meeting

this benchmark is challenging for carbon potentials because of the diverse atomic

environments in the amorphous state.

As mentioned above, on-the-fly fitting needs a different strategy compared to a

“typical” GAP fit to an existing database of structures. Here, rather than starting

from the existing C-GAP-17 database,[206] we show that it is possible to start with a

small amount of fitting data sampled at relatively few sparse points when fitting on-

the-fly and yet achieve accuracy to within tens of meV for a specific use-case. While

this error would normally be considered relatively high for ML potentials,[246] we

note that modeling a-C is challenging due to its complex configurational space and

that C-GAP-17 has been shown to be a robust model for a-C.[170] CASTEP-GAP

produces potentials of comparable quality, but will be less transferable due to the

much smaller training database.

For this test, we took a 200-atom a-C structure generated by melt-quenching

with C-GAP-17 and annealed it at 3000 K for 350 ps using two different methods:

(i) direct MD with C-GAP-17 and (ii) CASTEP MD accelerated with on-the-fly

GAP fitting. We chose a density of 2.5 g cm–3, slightly higher than that of graphite,

but not high enough to form a dense diamond-like structure—it might, therefore,

be viewed as one of the more challenging cases.

Figure A1 shows that the reference C-GAP-17 simulation and the new CASTEP

+ ML run exhibit qualitatively similar trends and physically correct behavior with

respect to the fraction of sp2 atoms. The latter increases rapidly during the first

25 ps, followed by a slower increase until converging at ∼180 ps, up to numerical

fluctuations. The simulation driven by the original C-GAP-17 model shows a similar

profile while reaching convergence faster, at around 60 ps. Figure A1a indicates by
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arrows when the CASTEP-GAP model was refit, with a total of 255 refits out

of 404 DFT checks throughout the simulation. Several refitting events occurred

near the beginning of the run; they then gradually spread out according to the

adaptive refitting scheme, up until around 170 ps where an increasing number of

refitting events occurs. After ∼180 ps, the simulation required restarting, and at

that point, refitting was manually disabled due to the perceived stability of the

potential, allowing for the simulation to continue with the ML potential without

further refitting.

Figure A1: Graphitization of amorphous carbon as a benchmark for ML-accelerated MD. (a)
Evolution of the count of sp2 (threefold-connected) atoms at 3000 K for a 200-atom system at
a density of 2.5 g cm–3. Annealing within CASTEP + ML (on-the-fly GAP model fit; blue line)
and C-GAP-17 in LAMMPS (gray line) shows similar profiles starting from the same structure.
Blue arrows indicate refitting events within CASTEP + ML. (b) A matrix visualizing annealed
carbon structures obtained using C-GAP-17, which are here used to create a DFT benchmark
set. Structures are color-coded by the atomic coordination numbers. Higher-density structures
appear more diamond-like in nature, whereas lower-density structures appear graphitic. The
central structure is highlighted in red: this corresponds to the density and temperature settings
chosen for the CASTEP + ML simulation. (c) Energy error matrix comparing potentials with
DFT. Top: Energy RMSE of C-GAP-17 on 10 unique structures at 500 ps. Bottom: Same
for the CASTEP-GAP potential. (d) Force error matrix comparing potentials with DFT. Top:
Force RMSE of C-GAP-17 on 10 unique structures at 500 ps. Bottom: Same for the CASTEP-
GAP potential.
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To analyze the quality of the resulting potential, we introduce here a systematic

benchmark for disordered carbon across the range of densities and degrees of ordering

[Figure A1b]. These structures consist of 200 atoms and were generated using C-

GAP-17 following the same annealing protocol. Ten independent structures were

DFT-labeled per density-temperature run at the end of the annealing process (500

ps) for a total of 250 uncorrelated cells (50,000 atoms) in this benchmark set. The

DFT parameters were adjusted for the benchmark set to match that used in C-

GAP-17[206] for direct comparison; we note that, in future work, we expect to

re-label the dataset at higher levels of DFT. The root mean square error (RMSE)

against DFT for the energies and forces were computed for both the CASTEP-

GAP model [Figs. A1(c) and A1(d), bottom] and for C-GAP-17 (top). At the

chosen temperature and density, the energy accuracy of the CASTEP-GAP model is

within 30 meV/at., and the force error is below 1 eV/Å, as highlighted by a square in

Fig. A1(c) (bottom). C-GAP-17 reaches an energy error of ≈ 20 meV/at. and a force

error below 0.9 eV/at., being fitted with many more SOAP sparse points and a larger

database. As a result of the latter, C-GAP-17 is better suited to capturing a range

of amorphous structures as indicated by the lower energy errors across most of the

structures with no anomalous results [Fig. A1(c), top]. This is further illustrated by

the force errors observed in C-GAP-17 [Fig. A1(d), top] where the majority of errors

are below 1 eV/Å, compared with the CASTEP-GAP model [Fig. A1(d), top], which

has relatively poor force accuracy since force errors were not accounted for during

the refitting criterion. Changes in temperature and density have a significant impact

on the numerical accuracy of the CASTEP-GAP potential. Notably, at densities of

1.5 and 3.5 g cm–3, we observe significant errors. The reason behind these errors is

the absence of higher- and lower-density structures in the CASTEP-GAP database.

Consequently, diamond-like structures are evaluated with poor numerical accuracy

in terms of forces when compared to C-GAP-17. Additionally, structures at lower

densities display a greater variety of chemical environments (e.g., chains, pores, and
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low-coordination environments) that are absent from the CASTEP-GAP database.

This lack of representation results in higher energy and force errors.

One centrally important aspect of on-the-fly ML potential fitting is the ability to

extract the potential for use in an external MD engine to run larger simulations.[247,

248] We exemplify this approach here: we scaled up the system size to 10,000 atoms

[Figs. 5(a) and 5(b)] and generated an a-C precursor at 2.5 g cm–3 using the same

protocol as for the 200-atom one. The CASTEP-GAP potential was then used in

LAMMPS[249] to anneal the 10,000-atom structure at 3000 K for 350 ps. The fi-

nal annealed structure is shown in Fig. A2(b), color-coded by SOAP similarity to

diamond,[189] where a value of 1 indicates a local chemical environment identical to

that in bulk diamond. Qualitatively, the structure in Fig. 5(b) shows the expected

warped graphitic layers at this density, where it is too dense to form flat, ordered

graphitic sheets, but not dense enough to form a bulk tetrahedral (diamond-like)

structure. Notably, there are locally two regions with that characteristic, high-

lighted in yellow in Fig. 5(b). This type of behavior has been observed with C-

GAP-17 previously (along with other empirical potentials)[170, 250] and ascribed

to numerical artifacts arising from interactions between the cutoff function and the

second-neighbor peak in the radial distribution function.[250]
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Figure A2: Using the on-the-fly generated potential to simulate a 10,000-atom graphitization.
(a) 200-atom structure annealed using CASTEP + ML. (b) 10,000-atom structure generated
using the on-the-fly potential within LAMMPS. The structure is color coded according to per-
atom SOAP similarity to bulk diamond. (c) Shortest-path ring size count as determined using
the R.I.N.G.S software.[251] (d) Bond-angle distribution. (e) Radial distribution function.
(f) Coordination number count. The results in (c)–(f) are shown for a C-GAP-17-driven
simulation (gray) and for a comparable simulation driven by the on-the-fly-generated CASTEP
+ ML potential (red).

For comparison, the same 10,000-atom structure was also annealed using C-GAP-

17. The shortest-path ring counts for both structures give nearly identical trends,

where the structure generated from the on-the-fly potential has slightly more six-

membered rings [Fig. A2(c)]. Both bond angle distributions [Fig. A2(d)] are centered

around 120°, emphasizing the presence of sp2 environments; both radial distribution

functions [Fig. A2(e)] have a first peak at 1.42 Å, consistent with the experimental

bond length in graphene (1.42 Å),[252, 253] along with a second, slightly broader

peak centered at 2.44 Å, corresponding to next-nearest neighbors, and a smaller
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peak at 3.77 Å. Finally, an assessment of coordination numbers [Fig. A2(f)] shows

that both annealed structures have a high percentage of sp2 environments. How-

ever, the structure generated with the on-the-fly potential has fewer sp3 environ-

ments compared to the C-GAP-17 one. Note that there is a very small amount of

five-coordinated atoms in both structures (0.06% and 0.05%, respectively); for a dis-

cussion of five-coordinated atoms in simulations of amorphous carbon, see Ref. 241.

Overall, the on-the-fly ML potential shows good performance in a scaled-up sim-

ulation using an external MD engine. As demonstrated in Fig. A2, the potential

yields structural metrics that are comparable to the predictions of C-GAP-17 while

requiring only a fraction of the fitting cost. Additionally, little human effort was ex-

pended for the construction of the training database and the fitting procedure itself.

Numerical validation across densities and temperatures [Fig. A1(c)] showed that

the generated potential performs similarly to C-GAP-17 for some configurations,

but has a higher error for others for which it has not been “trained.” We emphasize

that to be considered fully validated (for production simulations), the robustness of

the potential would now need to be more comprehensively tested—e.g., by repeating

the same structural validation across various densities and temperatures.
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