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Abstract

It is still not yet understood how structure in the Universe was seeded.
The theory of inflation provides a framework to understand the origins of
structure as quantum fluctuations of the vacuum, whilst maintaining an
attractive simplicity, and giving a natural explanation of how the Universe
is so flat, homogeneous, and isotropic. If inflation occurred, it would have
produced a gravitational wave background, indirectly observable today

through its effect on the polarization of the cosmic microwave background.

We present a new model for the polarized microwave sky, combining data
from the Planck and WMAP satellites, and legacy radio surveys, with
theoretical models for Galactic foreground SEDs. We present an example
use-case of this model by forecasting the effect of Galactic foregrounds on

a future satellite mission.

We then move on to consider an extension to the simplest inflationary
scenario in which an additional set of SU(2) gauge fields are present during
inflation, and may source a chiral gravitational wave background. We
show that future CMB missions will not be able to distinguish such a
scenario from the simplest single field slow-roll model using standard two-
point statistical techniques, and that space-based laser interferometers
will provide a complementary probe by constraining the short wavelength

behavior of the blue-tilted gravitational wave spectrum.

Finally, we demonstrate the efficacy of a new method to account for complex
Galactic foregrounds in the analysis of high-sensitivity polarized CMB
data from the upcoming Simons Observatory. We first show that ignoring
the spatial variation could lead to a false detection of a gravitational wave
background, and that this can be corrected for by introducing additional
parameters describing the spatial variation of the foreground spectral

energy dependence.
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observations of SIMSET1 for the four Simons Observatory noise levels.

T'he results from this work, assuming no spatial variation of the spectral

indices (black), are compared to results from the xForecast method

presented in SO19 (grey).| . . . . . . ... ...
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[5.5

Forecasted constraints on r as a function of sky area, from simulated

observations of SIMSET1 (diamonds) and SIMSET2 (squares), when

foregrounds are removed assuming no spatial variation ot spectral

indices. Each point represents a different level of GGalactic masking

when computing the power spectrum of the cleaned CMB maps. The

bias 1s reduced when the brightest sky regions are masked.| . . . . . .
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[>.6

The cross-correlation of cleaned CMB maps with Galactic templates can

be used to test for residual foregrounds. This shows the cross-spectrum

when cleaning with a spatially constant dust SED and synchrotron

spectral index (diamonds) or accounting for spatial variation (circles).

We see a non-zero signal at the largest scales when using the spatially

constant models, which correlates with a bias in r. (Left) This uses

SIMSET1, and correlates with a template of Galactic dust. (Right) This

uses SIMSETZ2 and correlates with a synchrotron template| . . . . ..
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57

(Left and middle) The fitting regions used to fit different dust SEDs, as

defined by the algorithm described in [5.4.3.2 for Ng,e. = 2,6. (Right)

The fitting regions using a Healpix Ngqge =2 gnid.| . . . . . . . . . ..
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[>.8

Forecasted constraints on r when fitting spectral indices defined by

HEALPix grids at increasing resolution. Since SO observes a fraction of

the sky, the number of coarse pixels is given by 12 fg, N3,.. AS Nyide

S

increases we find the projected uncertainty on r increases significantly:

this 1s not a good choice for dividing up the sky area.| . . . . . . . ..
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5.9

(Left) Forecasted constraints on r when fitting models with increasing

u

independent regions defined from the 33'' template, for the optimistic

Uaee 20al and baseline sensitivities. The bias is removed with a modest

increase in parameters, it these regions are known a-priori. Right:

SYTIC

using SIMSET2 and fitting models with regions defined from the (5

template, a similar effect isseen| . . . . . . ... ...
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The comparison between the full numerical result of PP “(k) (blue

solid line) and the template eq. (3.3) with eq. (A.4) and 0% = 0.15AN*

(red dashed line). In the left (right) panel, AN = 5(10), m, = 4, e, =

9 x 107" and the peak amplitude reaches the tensor-to-scalar ratio,

r. = 0.05. The Hubble parameter is set as Hiys = 8 x 10 GeV

which corresponds to r = 10™° without the sourced GW. In the case of

AN =5, the derived formula slightly underestimate the peak amplitude

and the width, while the fit is excellent for AN > 10 . . . . . . . .. 135
[A.2 Peak tensor-to-scalar ratio r, as a function of eg, and m, for k, = |
0.000 Mpc™ . « oo 136
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Chapter 1

Introduction

Cosmology has, over the past few decades, experienced an influx of data that has
revolutionized the field. Using many different physical probes, from the earliest light
emitted, to the gravitational waves created by colliding black holes, we have rigorously
tested the best theories of our Universe’s 13.7 billion year history. The ‘concordance’
model, ACDM, describes a Universe originating from a hot, dense, state, in which it was
almost perfectly homogeneous and isotropic. Small inhomogeneities were imprinted
upon the density of the Universe by some primordial process, and over time these
fluctuations grew into the galaxies, and clusters of galaxies, we see today. The process
that imprinted the initial density fluctuations is not yet understood. A popular theory,
inflation, suggests that a period of rapid expansion amplified quantum fluctuations in
the density, which were then ‘frozen-in’ on cosmological scales [15], [16, [I7]. However,
recent works have suggested a collapsing previous Universe may be responsible [I8].
During inflation, fluctuations in the fabric of spacetime (gravitational waves) would
have been amplified too, creating a gravitational wave background (GWB) [19] 20]. If
present, the GWB would leave a characteristic fingerprint on the linear polarization of
the cosmic microwave background (CMB). Measuring this curling pattern is a major

driving force behind many current and proposed CMB observatories.

1.1 Concordance Cosmology

The best model that we currently have to explain our observations of the Universe is

the ACDM model. This model describes a flat Universe, composed of dark matter,



baryons, radiation in the form of photons and neutrinos, and dark energy in the form
of a cosmological constant, A.

In this section we introduce the metric of a homogeneous and isotropic Universe,
and derive the equations that govern the evolution of matter and the metric itself
with time. We will go on to the framework to understand how small perturbations to
the uniform background metric and matter distribution are formed. Section will
go into detail about how perturbations to this background may be sourced, and how

they evolve into the cosmological observables we use today.

1.1.1 FLRW metric

An important principle within cosmology, the cosmological principle, states that the
laws of physics apply similarly throughout the Universe, or equivalently, that that
Universe is expected to be isotropic and homogeneous. This principle started out
as an assertion, but over many years, observations of the structure in our Universe
have found that the Universe is indeed homogeneous and isotropic on scales larger
than ~ 100 Mpc. The most generic metric that satisfies these constraints, and solves
Einstein’s equations, is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
[21], 22, 23, 24]:

dr?
1—kr?

ds® = Adt* — a*(t) + r2(d6? + sin” 0d¢?) | , (1.1)

where ¢ is proper time, and a(t) is a time-dependent scale factor normalized to be
unity today, and k& describes the spatial curvature of 3-surfaces at constant time. The
constraints of homogeneity and isotropy require that curvature be constant, and so we
have only three possibilities for the spatial hypersurfaces: flat (k = 0), open (k = —1),
or closed (k =1). It will be useful to define the spatial part of the metric separately:

dr?

1 —kr?

Yijda'da? = + 72(d6? + sin? 0d¢?) | . (1.2)
From this point on we will work in natural units, in which ¢ = 1. We also define
conformal time, n, as: n = fg %. This can be interpreted as the maximum distance
traveled by light since t = 0, the horizon. Conformal time allows us to write the
FLRW metric as:

ds* = a(n) [dn* — v da’da’] (1.3)



The Einstein equations relate the metric to the matter content of space [25]:
_ 1
Guw =R — §gWR =87GT,, + g\, (1.4)

where R, is the Ricci tensor (which is a function purely of the metric), R is the
fully-contracted Ricci tensor, T}, is the stress-energy tensor, G is the gravitational
constant, and A is a cosmological constant. Under the constraints on homogeneity
and isotropy, we can describe the energy content of the Universe as a perfect fluid at

equilibrium and at rest, with pressure and energy density that is a function only of

time:
p 0 0 0
0O —P O 0
T = , (1.5)
O 0 —-P 0
0 O 0o =P

where P is pressure, and p is energy density. In addition, the energy-momentum

tensor is subject to the continuity equation, 9,7% = 0, which simplifies to:
) a
p+3E(P+p) = 0. (1.6)

Substituting the FLRW metric in Equation [I.1] and the stress-energy tensor in Equa-
tion into the Einstein equations (1.4)) results in two independent equations for the

evolution of the scale factor, the Friedmann equations:

. 2
a 81G A k2
e B 1.
<a) 37T T 20 (1.7)

i 1 /a\’ A
Z4+2(2) =4 — 1.
a+2<a> mGp+ 7, (1.8)

Equations (|1.6]) to (1.8]) may be solved for the background evolution of a homogeneous,

isotropic Universe with a given energy content.



1.1.2 Energy content of the Universe

As described in the introduction, the ACDM model describes a Universe made up
of radiation, cold matter, and a cosmological constant. The bulk behavior of each
of these energy contents will be different, but all can be parameterized by a simple

barotropic equation of state:

— =w, (1.9)
P
where the constant w takes a different value depending on the energy content:

;

1/3 radiation,
W =190 matter, (1.10)

—1 cosmological constant.

\

It should be noted that w is not restricted to these values, and it is possible to
imagine other matter contents which take on different values. Using the barotropic
parameterization, we can apply Equation to determine how the energy density
of a single-component Universe depends on the scale factor: p o ams. Curvature
does not enter Equation , however it is clear from Equation that is plays
an important role dynamically. It is conventional to express curvature as an effective
‘energy density’ by absorbing it into the ‘p’ of Equation ([1.7). Doing so, it is clear
that p, o< a=2. However, the interpretation of a pervading energy density due to the
intrinsic curvature of space should be avoided.

Setting A = 0 in Equation [I.7], we see that the curvature will always be zero for
the critical density: p. = 3H?/(87@), which today is roughly 1072 ¢ cm™3. Using
this as a reference density, we then define the dimensionless quantities €2; = %
where i = m,r, A, k, labels matter, radiation, dark energy, or curvature, respectively.

Equation [I.7 may now be rewritten as:
H2 = Hg [Qn()a_Zl + Qm70a_3 + Qk70a_2 + Qmo] s (111)

where the subscript ‘zero’ indicates a quantity measured today (recalling that a(ty) =

1).
For mixtures of components, this equation generally has to be solved numerically

for the evolution of a(t). However, in simple cases where one form of energy density



dominates, informative solutions may be found analytically:

(3w £ 1,
a o (1.12)

e w = —1.

There are several interesting qualitative conclusions that we can draw from Equa-
tion (1.12). The first derivative of the scale factor is positive for all types of energy
density we have considered, indicating that the Universe is always expanding. The
deceleration parameter, ¢ = —C.;%a, can be calculated from a combination of Equa-
tions 1' and 1) to find ¢ = %(% + w). So, for matter or radiation-dominated
Universes, the expansion is decelerating, whereas for w < —1/3, which includes
cosmological constant-dominated Universes, the expansion is accelerating.

The present-day values have been measured by the Planck satellite to beE| [8]:

Qp,0 = 0.68 £ 0.01,
Q0 = 0.32£0.01,
Q40 = 0.0007 + 0.0019 (1.13)
Q0 < 1072
Hy = (67.27 4 0.60) km s+ Mpc ™!
Measuring the values of these parameters today allows us to then work backwards in

time, piecing together the various epochs dominated by different energy contents, to

form a history of our Universe.

1.1.3 Perturbations to the FLRW metric

Structure in the Universe began as small deviations from homogeneity and isotropy,
which grew over time by gravitational collapse. In this section we will outline the

process of deriving predictions for the evolution of perturbations to the metric, and to

Tt should be noted that there is an appreciable ~ 3.6 ¢ tension between high-redshift and
low-redshift probes of the Hubble parameter. Refs. [26], 27] [28] use observations of galactic and
extragalactic Cepheid variable stars to build a local distance ladder, from which they infer a Hubble
constant of Hy = (73.48 4= 1.66) km s~ Mpc~!.



the stress-energy tensor.

Given a smooth background metric, g,,, we may write down a generic perturbation
to Equation [I.3] for a flat Universe:

ds* = a®(n) [(1 + 24)dn* — 2B;dz'dn — (8;; + hy;)da'da’] (1.14)

where A has one degree of freedom, B; has three, and due to symmetry requirements
the tensor h;; has 6. These degrees of freedom can be largely reduced by taking
advantage of gauge freedom. Under a gauge transformation, the coordinates are
transformed as X* — X* + &#(n,x), and one can derive how the metric transforms by
considering the invariant line element, ds* = g, dz*dz”. The gauge transformation
properties of the perturbations in Equation are more easily leveraged when the
perturbations are decomposed using scalar-vector-tensor decomposition [29]. This
decomposition splits three-vectors into the sum of a divergenceless vector, and the
gradient of a scalar: B; = 0;B + EZ Similarly, for tensor perturbations: h;; =
2C0;;+2(0,0; — %5MV2)E+8ZE]» —l—ajEAi + Ez] The result of this decomposition is: four
scalar degrees of freedom, A, B, C, F; four vector degrees of freedom, the components
of B; and EZ-; and two tensor degrees of freedom, the components of E’”

Whilst vector perturbations may be produced by some physical processes, they
will generally decay quickly in an expanding Universe, and so we will not consider
them any further here.

A similar perturbation expansion may be followed for the stress-energy tensor. The
perturbation 67, is comprised of the two scalar quantities 6p and 0 P, the three-vector
v®, and the anisotropic stress tensor I1¥.

The scalar degrees of freedom can now be reduced by a judicious choice of gauge.
We may either form gauge-invariant combinations of perturbations, or fix the gauge

such that some perturbations are zero. Some examples of gauge choices are:

Newtonian gauge: here we set B = E = 0, such that we have two remaining

scalar degrees of freedom. The perturbed FLRW metric then becomes:
ds* = a*(n) [(1 +2@)dn* — (1 + 2W)d;;dz"da’] . (1.15)
It transpires that in this choice of gauge, we can identify A and C' with Bardeen

potentials ® and ¥, which are gauge invariant quantities, and therefore provide

an interface to results derived in other gauges.
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Figure 1.1: Figure taken from Ref. [4] showing the stages of evolution of a perturbation:
generation, exiting the horizon during inflation, superhorizon evolution as a comoving
curvature perturbation, and reentry of the horizon as the Universe expands.

Spatially-flat gauge: here we set C' = E' = (0. This gauge is especially useful for
deriving the fluctuations in the inflaton field, ¢, that will set the perturbations

®, and will be used in Section [1.2]

Comoving-gauge: This gauge is defined such that the three-velocity of the matter
perturbations is zero: v* = 0. This can be especially useful when deriving the

perturbation’s initial conditions.
Whilst some examples of useful gauge-invariant quantities are:

Comoving curvature perturbation: It will transpire in the next section that
forming a gauge-invariant combination of the matter and metric perturbations
will allow us to track the evolution of perturbative modes as they exit and enter
the horizon. The comoving curvature perturbation is popular in the literature

for this reason: .
R=0C- §V2E+’H(B+v) (1.16)

With a perturbed metric in hand, the task is then to understand how the pertur-
bations evolve dynamically. To answer this question, we must once again solve the
Einstein equations, Equation [I.4] for the perturbed metric in Equation [I.15 and the

perturbed stress energy tensor.



1.1.3.1 Scalar Perturbations

Einstein’s equations may be applied to scalar and tensor perturbations separately,
allowing us to consider them one-at-a- time. The key will to be consider perturbations
to the potential ® and the matter content together in a gauge-invariant combination
that does not evolve at super-horizon scales. This will allow us to track perturbations
as they are generated at early times, leave the horizon, and then reenter at some point
in the future as the horizon increases. The comoving curvature perturbation, R in the
Newtonian gauge is given by:

R =—®+ Hu, (1.17)

which can be combined with the perturbed Einstein equations to show that for
adiabatic matter content dIn(R)/dIn(a) o< (k/H)?, to. wit., for modes outside of the
horizon, R is constant.

Theoretical predictions of R will be specified by in terms of the power spectrum:
(RaRi) = (2%)0(k — k') Pr (), (1.18)

where angle brackets indicate an ensemble average. Finally we define the primordial
power spectrum as:

P(k) = A%L(k) = —Pr(k) (1.19)

1.1.3.2 Tensor Perturbations

We now consider the tensor perturbations to the metric, E,] Via the SVT decomposi-
tion, we are able to treat tensor perturbations independently from the scalar sector.
The matter content will therefore only affect the background on which tensor pertur-
bations propagate, and the metric perturbations can be treated as small perturbations
on this background. We will expand E;;(t,x) using a transverse traceless set of basis
tensors, with normalization ef}efj‘./ = 2044/, Where A = +, x:s

Ey =) ha(xt) e} (1.20)
A

where A = 4, x labels the linear polarization state of the tensor. It transpires that

the amplitudes hy are gauge- invariant, and evolve independently of one another,



according to:
; nk?

ha(k) 4+ 3Hh (k) — "o ha(k) =0. (1.21)

The initial conditions for tensor perturbations will later be specified in terms of

the power spectrum of the expansion coefficients h4:
(hAhdY = (2m)30400° (k + K ) PA(K) (1.22)

The primordial tensor spectrum is comprised of two contributions, one from each of
the two linear polarizations:

Pi(k) = Ajk) = > 5 5Pi (k) (1.23)

1.1.4 Problems with Big Bang Cosmology

Horizon problem: When we observe two patches of the Universe, that are
separated by a distance greater than the horizon, we see that they have roughly
the same average properties. For example, our observations of the CMB show it
to be well described by a blackbody spectrum, solely defined by its temperature.
That temperature has been well measured to be Teyp = (2.72548 £ 0.00057) K
[30], with tiny spatial variations of order 107°. The implication of this uniformity
is that all regions of the CMB must have been in causal contact prior to the
surface of last scattering, in order to equilibriate to the same temperature.
However, assuming only FLRW expansion, the horizon size when the CMB was
formed can be calculated to find fyoriz0n ~ 1 degree, indicating that in an FLRW

universe we would expect uniformity only on scales smaller than 1 degree.

Flatness problem: As was discussed in Section [1.1.2] the contribution of curvature
to the energy density of the Universe can be expressed as
Qro 1

Wt = o (1.24)

We noted that the Planck satellite measured a value of {2 that is consistent
with zero (quoted in Equation (1.13)). Applying Equation (1.24), this value can
be scaled back to its initial value at extremely early times. Such a calculation
reveals that Q(tqur) = 10757, where GUT refers to the epoch of Grand Unified



Theory. Since there is no reason to prefer values of 2, close to zero, this requires

a large degree of fine-tuning.

1.2 Inflation

Inflation proposes a period of exponential expansion of the Universe very early on
in its history, before ~ 10734 s, as a solution to the problems problems outlined in
Section [1.1.4] [15] [16, 17]. Inflation was first suggested by Ref. [I5], and subsequently
improved upon by Refs. [16], [I7] to solve some technical problems, resulting in the
flavor of inflation referred to as slow roll inflation. For a more pedagogical introduction
consider the review of Ref. [31], and the lectures or Ref. [4]. For a review of the various
inflationary models currently considered, see the review [32], and for the current
constraints from the Planck satellite, Ref. [5].

The important quantity when considering which regions of the Universe may be
in causal contact is the comoving Hubble radius, 1/aH , which measures the distance
over which signals can pass in one Hubble time. The particle horizon is the integral of
the Hubble radius, and measures the distance traveled by light from some initial time,
to, which we take to be a(ty) = 0, and so defines the size of regions in the Universe

that may have equilibriated by time ¢:

Ina(t)

1
= dnd . 1.2
vy = [ amad (1.25)

Applying the Friedmann equations, it can be shown that the integrand is an increasing

function of the scale factor:

n(a) = Oa %(Qmpa’—i’) + Q00 + Qp) "2, (1.26)
and so has dominant contributions from late times. This is problematic, as it indicates
that regions of the Universe causally disconnected at some time ¢, will have always
been causally disconnected in the past. The solution offered by inflation is to amend
Equation with a preceding era, inflation, in which the Hubble radius shrinks, and

large contributions can be made to the particle horizon:

( ) Ina(te) . 1 In a(t) ) 1 ( )
n(a :/ dlna + dlna , 1.27
Ina(to) o H Ina(te) aH
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where ¢, denotes the time at the the end of the inflationary period. In order to receive
a sufficiently large contribution to the particle horizon during the inflationary period,
the Hubble radius must shrink:

C;it(aH) <0—¢g<0.
So, inflation may equivalently be thought of as an accelerating expansion. As per the
discussion of Section g < 0 can only be satisfied for w < —1/3. As has previously
been discussed, a Universe consisting of only a cosmological constant satisfies these
conditions. Indeed, a de Sitter Universe is equivalent to inflation occuring forever.
We know, however, that inflation must have stopped, and by observing the value
of Q25 today, we know that the cosmological constant was subdominant during the
inflationary epoch. Therefore, an additional type of matter, so far unobserved, with

w < —1/3, is required to produce the inflationary conditions.

1.2.1 Single Field Slow Roll Inflation

The simplest field that satisfies the cosmological principle is a single scalar field. We
will now consider the dynamics of a Universe in which the energy content is dominated
by such a field, and show that it may produce the conditions necessary for inflation to

occur.

1.2.1.1 Background evolution

The action for a scalar field in a background metric g, is given by the Einstein-Hilbert

d*z /=g [16 - } (1.28)

where we assume the metric of a flat FLRW universe, |g| is the determinant of said

action:

metric, and the Lagrangian for the scalar field is:
1 w
Lo = 59" 0,000~ V() (1.29)

Varying the action with respect to the metric recovers the Einstein Equation (|1.4)

with density and pressure given by the components of the stress-energy tensor for the

11



field ¢. Applying Noether’s theorem allows the stress-energy tensor to be derived [33]:
T = 0"¢p0"¢d — guLly. (1.30)

Considering the time-time and spatial parts of the Einstein equations give expressions

for the pressure and energy density of the scalar field:

P = %952 +V(9), po = %éﬁ? — V(o) (1.31)

where we have dropped spatial derivatives due to the homogeneity constraints of
the FLRW solution. Varying the action with respect to the scalar field, and again

dropping spatial derivatives, we obtain the evolution equation of the scalar field:

. .oV
¢+3H¢+%:0 (1.32)
This is the Klein-Gordon equation, and can also be derived from the Friedmann and
continuity equations. Taking the ratio of the density and pressure gives us the equation
of state of the field ¢:
Py 30 +V(9)
po L2 —V(p)

Under the condition %ng < V(¢), Py/ps — —1, and inflation may occur. As the

(1.33)

kinetic energy term is subdominant to the potential, this is known as the ‘slow-roll’
approximation. In the limit that the potential is completely flat the de Sitter solution
is recovered. For small deviations from flatness, the de Sitter solution can be expanded

in a set of small parameters. Defining the slow-roll parameters [34], 35, 4, [36]:

H _d Ine
H27 77_ dN Y

€=

(1.34)

one can expand the de Sitter solution for small deviations from a flat potential.

1.2.1.2 Perturbations

Inflation is able to solve the horizon and flatness problems described in Section [1.1.4
In addition to that, it is able to provide the initial seeds of inhomogeneity that grew

into the structure we see today. In brief, the quantum behavior of the inflaton field

12



leads to some variation in the time at which inflation ended in different parts of the
Universe, and consequentially the local over density. In this section we review the key
results when perturbing the inflaton field, the derivation is too detailed to present and
can be found in greater detail in Refs. [37, [38], 39, [4].

The background evolution we considered in Section |1.2.1.1] gives the homogeneous

evolution of the field, ¢, as a function of time. Expanding the background solution:

B(x,1) = B(t) + 6p(x, 1). (1.35)

In order to compute the evolution of the perturbations to ¢, one can substitute
Equation [1.35] into the action [1.28] and collect orders of d¢ to recover the Mukhanov-

Sasaki equation:

2
r (k2 - ﬁ) fr =0, (1.36)

where f(x,t) = a dp(x,t). The Mukhanov-Sasaki equation is generally solved nu-
merically for a given background solution ¢(t), a(t). However, it has informative
limiting behavior for subhorizon and superhorizon modes. For perturbations of wave-
length A\ > 1/(aH), the dominant solution gives a constant curvature perturbation,
R o const., indicating that perturbations that exit the horizon are ‘frozen-in’ during
the subsequent evolution, and before re-entering the horizon. On the other hand,
for A < 1/(aH), Equation reduces to that of a harmonic oscillator for each of
the modes of fx. The zero-point oscillations of this harmonic oscillator lead to the
perturbations in the curvature and metric at the end of inflation.

So far we have applied classical perturbation theory. In order to derive the
amplitude of the zero-point fluctuations, f, must be quantized. The details are beyond
the scope of this thesis, and may be found in Ref. [35]. The result of second quantization
is a calculation of the variance of the mode fj due to zero-point perturbations. This
variance is evaluated as the mode fj crosses the horizon, and freezes-in the classical
perturbation R:

D) = g T
872 e M2

-

(1.37)

Since A% (k) is a function of k only through the Hubble parameter and the slow-roll

parameter, €, it is a weak function of wavenumber. Therefore, the scalar power
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spectrum is often approximated as an almost scale-invariant spectrum:

AL (k) = A, (kﬁ)n_l (1.38)

where we have chosen some arbitrary pivot scale, k., and the scalar index (ns ~ 1)
measures the deviation from perfect scale-invariance.

The computation for the tensor perturbations proceeds exactly the same way,
resulting in an equivalent equation of motion to Equation [I.36] The power spectrum

for each of the two tensor polarizations is:

1 H?

A2 (k) = : (1.39)

which is also parameterized as an almost scale-invariant spectrum:

A2(k) = A, (kﬁ)n : (1.40)

It is common in the literature to quote constraints on the tensor power spectrum in

terms of the ratio between the tensor and scalar amplitudes:
r=— (1.41)

which depends on the pivot scale k..

1.2.2 Observational status of inflation

The most stringent test of inflation so far comes from the 2018 Planck data release.
Ref. [5] find that there is no evidence for deviation from a single field slow roll model
of inflation with Einstein gravity. The Planck 2018 data is consistent with a purely
power law power spectrum in the range of scales probed by the CMB, and a scalar
spectral index of ng = 0.9649 +0.0042 (68% C.L.). When the Planck data is combined
with WMAP [40] and BICEP / Keck [41] observations, a limit of » < 0.06 (95% C.L.)
is achieved. Inflationary theories predict that the scalar spectral index and tensor-

to-scalar ratio are both determined by the equation of state during inflation, and
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Figure 1.2: Marginalized 68 % and 95 % constraints on the ng-r plane from a
combination of 2018 Planck BICEP / Keck, and baryon acoustic oscillation data,
presented in Ref. [5].

therefore of the inflationary potential, and so are not independent. Constraints on

specific inflationary models can then be plotted in the ng — r plane, as shown in

Figure [I.2]

1.2.3 Alternative Models of Inflation

So far we have concentrated on the simplest case of inflation, in which a single scalar
field drives the inflationary expansion. However, similar models with more complicated
matter content remain possible. For example, in Chapter |3| we will study a model in
which an additional axion field and set of SU(2) fields are present during inflation [42].

Whilst the overall expansion will be similar in both cases, the predicted observable
effects can be quite different, for example by producing a chiral gravitational wave
background [43], 44], or sourcing tensor pertubations from matter fluctuations. Making
correct inferences about the inflationary epich from a detection of non-zero inflationary

B-modes will therefore require a careful accounting of these models.
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1.3 Cosmic Microwave Background

By the time the Universe was roughly 300,000 years old, it had cooled to roughly
3000 K, and free electrons and protons formed neutral hydrogen. After this transition,
the mean free path for photons became larger than the Hubble radius, and photons
were able to free stream. As the Universe has evolved over the past billions of years,
these photons have been redshifted, and now form an almost uniform background,
with a blackbody spectral energy dependence characterized by a temperature of
Toms = (2.72548+0.00057) K [30]. This background was first detected in 1963 as excess
noise in the 20-foot horn-reflector antenna at the Crawford Hill Laboratory in New
Jersey by Arno Penzias and Robert Wilson [45]. The COBE satellite established the
blackbody spectrum of the CMB, and detected deviations from the mean temperature
of order 107° [46]. Since COBE, precision cosmology has been largely based on
ever-more- sensitive measurements of these tiny anisotropies, and their polarization,
by satellite missions such as WMAP [47] and Planck [8], and ground-based telescopes
such as the POLARBEAR [48], SPTPol [49], ACTPol [50], and BICEP2 / Keck Array
[51].

In this section we introduce CMB phenomenology, and establish the link between

the perturbations of inflation and CMB anisotropies.

1.3.1 The anisotropic CMB

The fundamental observable of the CMB is its temperature, 7', in direction n = (6, ¢),
where 6, ¢ are the polar and azimuthal angles in a spherical coordinate system. We
have established already that the CMB is incredibly uniform, with spatial variations
of only 107°. Therefore, we will refer to the deviations from the average temperature,

T(h)-T

O(n) = —( )_ ,

T

as the primary observable. The CMB is a two-dimensional image on the sphere, and

its natural basis is the spherical harmonics:

O() = 3" Vin(#) Oum. O = [ 49 Y, () (i), (1.42)
Im
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where the spherical harmonics, Yy, (n) are given by:

Vi () = \/ o rh Pnfeos )™,
and Py, (cos ) are the Legendre polynomials, for which m € {—¢..¢}. The multipole,
¢, acts as the equivalent to the wavenumber, k, for a spherical harmonic decomposition.
It is conjugate to the angular size, 6, on the sky: ¢ ~ 1/0. We expect the CMB
anisotropies to be Gaussian-distributed, and so all the physical information will be
contained in the two-point statistics of the fluctuations. In harmonic space, this is the

power spectrum:

0599 = <@€m@z/m/>5ﬁ’(5mm’a (143)

where the angle brackets indicate an ensemble average across realizations of the CMB.

For a given sky realization, this can be estimated by:

Co° = f: [Oem* (1.44)
¢ =2+ '

1.3.2 CMB anisotropies from scalar perturbations

Before recombination occurred, the Universe was composed of a photon-baryon fluid,
tightly-coupled by Compton scattering, and decoupled dark matter. Perturbations in
the dark matter density are free to evolve independently from the radiation, and begin
to grow, forming gravitational potential wells. The dynamics of the photon-baryon
fluid is determined by a balance between these potential wells, and support from
photon pressure. Overdensities in the photon-baryon fluid begin to collapse, driven by
the gravitational potential. As the fluid is compressed, the photon pressure acts as a
restoring force, establishing the motion of a driven harmonic oscillator [52]. The overall
size of the fluctuations is set by the amplitude of the initial density perturbations.
For modes well within the horizon, and in the tight coupling limit, we can write

the temperature perturbation in the conformal Newtonian gauge as [53], 54 [55]:

A 70
0o AV i (v i)+ [y (U4 ) (1.45)
————— n
Doppler N -

~
Sachs—Wolfe ISW
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where we have used the Bardeen potentials introduced in the last Section, v, is the
velocity of the observer relative to the CMB, and vy, is the bulk baryon velocity.

Since the perturbations are small, there is no coupling between modes, and
different wavelength perturbations can evolve separately on the same background.
The phenomenology of different perturbation modes can be separated based on their
wavelength. Modes outside of the horizon at last scattering, A > 7., will not have
had time to collapse, and will be unaffected by the physics governing the photon-
baryon fluid. There are, however, purely general relativistic effects that process
that largest CMB modes. As the photons propagate over time-varying potentials,
they will be red or blue shifted [56]. This so-called Sachs-Wolfe effect accumulates
over the photon’s path from the surface of last scattering until now, and receives a
few major contributions. Firstly, the first two terms of Equation [1.45| cancel in the
radiation-dominated era to give % + U = % This represents the shift required to
escape the potential of the curvature perturbation at last scattering. Secondly, the
integrated Sachs-Wolfe effect is represented by the integral in Equation [1.45| over the
photon path between last scattering and observation. This integral receives two major
contributions: i) at early times during the tail-end of the radiation -dominated era, ii)
after the transition to cosmological constant domination [57].

Modes within the particle horizon, A < 7., at the surface of last scattering will
have had time to undergo oscillations, and will be seen at different stages of their
oscillations, depending on their wavelength. Modes at maximum compression or
rarefaction correspond to maxima in the power spectrum of the CMB, whilst modes
at velocity maxima (the Doppler term in Equation correspond to troughs.

For perturbation wavelengths smaller than the photon mean free path at last
scattering, the tight coupling approximation breaks down, and Sulk damping of the
power spectrum as a result of photon diffusion must be taken into account [58]. Scales
similar to, and smaller than, the Silk radius, ngy will be affected. At recombination
the electrons are non-relativistic, and have a mass much larger than the average photon
energy (the ionization energy of hydrogen is ~ 13 eV c.f. the electron rest mass of
me = 511 MeV), therefore Thomson scattering is the appropriate description of the
electron-photon interactions. Assuming a random walk for an individual photon, and
given the electron number density, n., and cross-section to Thomson scattering, o,

one can estimate the Silk damping length

Nsilk ~ 8 Mpc,
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which corresponds to ¢ 2 1000 on the CMB.

In order to solve for the full evolution of linear perturbations on an FLRW back-
ground to better than the 1% level [59] one must solve the the equations numerically
[37, [6]. In practice this is done by expanding the relevant temperature and metric
perturbations in their Legendre coefficients, as an infinite set of coupled Boltzmann
equations [60], 611, 62, [63] This can be done with one of several public and well-tested
codes, such as CMBFAST [64], CAMB [65], and CLASS [66]. CAMB and CLASS current

achieve an accuracy of 0.01% [67].

1.3.3 Polarization

Thomson scattering is an intrinsically polarized process, the cross section of scattering
is a function of both incoming and outgoing polarization states. If the incoming
radiation is isotropic, the scattered radiation will be unpolarized. However, in the
presence of a quadrupolar radiation field, the scattered radiation will be linearly
polarized [68]. Before recombination, Thomson scattering was very efficient and
dissipated quadrupole anisotropies [37]. During recombination, the tight-coupling
of the photon-baryon fluid breaks down, and scattering electrons begin to see a
quadrupole moment in the radiation field, driven by the velocity gradients in the
surrounding baryon fluid [69]. The primary CMB is expected to be polarized at the
level of about 10% [68, [70} [71], and was first detected by DASI at the South Pole in
2002 [72], and has since been measured by the WMAP and Planck satellites, as well
as a host of ground-based observatories.

The linearly polarized CMB forms a spin-2 field on the sphere, requiring two
numbers to describe for a given (6, ¢). There are a number of useful bases providing
descriptions of linear polarization. The Stokes parameters (Q(n), U(n)) are often used
as they are close to the quantities measured in observations, however, they depend on
the instrument used in the observation. A more natural approach is to decompose the
vector field into a curl-free (E(n)) and divergence-free (B(n)) contribution [19, [73], 20]:

(Q+iU)(R) = (afy, Fiag,)sYem(R), (1.46)

Im

where 15Y;,(0) are the spin-weighted spherical harmonics, and afm, afm are the
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Figure 1.3: Figure taken from Ref. [6] showing various contributions to the temperature
power spectrum. The rise at multipoles ¢ < 10 is due to the late time integrated
Sachs-Wolfe effect due to the cosmological constant. The Sachs-Wolfe Plateau is an
almost scale-invariant interval of perturbations corresponding to the initial curvature
perturbations on scales larger than the 7,. The acoustic peaks correspond to the
interval 7, < A < ngj in the baryon-photon fluid behaves as a harmonic oscillator
supported by photon pressure, under gravitational forcing. At scales ¢ 2 1000 Silk
damping due to photon diffusion results in exponential suppression of the acoustic

peaks.
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spherical harmonic coefficients of the (pseudo)scalar field (B)E:

00 l 00 l
E@) =YY apYu(R) B(a) = > apYun(R) (1.47)

=1 m=—¢ /=1 m=—¢

It is often simpler to interpret observations in the (F, B) basis, because observations
by different instruments can be compared, and certain physical processes produce
characteristic signatures in the E' and B fields. As for the temperature case, we expect
the primordial polarized anisotropies to be fully specified by their two-point statistics,
but in this case between all three fields, T, E, B:

<a£fna£’(7/n’> = 5%’5mm’ EXX/ (148)

where X, X' =T, E, B.

1.3.3.1 From scalar perturbations

The conditions for polarization existed only for a short time during recombination,
and only for scales below the photon mean free path [74]. Modes much larger than the
mean free path remain unpolarized (there is no Sachs-Wolfe effect for polarization),
and scales much smaller than the mean free path are exponentially suppressed by Silk
damping. A full calculation of the scale dependence requires a detailed computation
[75], but the result is that the polarization signal peaks around the scale of the mean
free path, 100 < ¢ < 1000. Polarized anisotropies are generated by the same acoustic
waves as the temperature anisotropies, however, since they trace the velocity of the
baryon fluid, which is exactly 7/2 out of phase with the density perturbations, the
peaks in the polarized anisotropies occur out of phase with temperature.

Around redshift z &~ 7 — 8, the first stars formed, and began emitting UV light that
retonized the Universe, populating it with free electrons once again. CMB photons
were scattered by the free electrons, imposing an optical depth to the surface of last
scattering. The free electrons at reionization were sensitive to the CMB quadrupole

at z ~ 7 — 8, and therefore the scattered light was polarized [74].
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1.3.3.2 From tensor perturbations

The great advantage of the Helmholtz decomposition is that B-mode polarization is
only produced by tensor perturbations to the metric [19, 20]. The B mode power

spectrum in the presence of tensor perturbations is given by [19]:
2
BB & / dink Py(k) [P (8] (1.49)

where Aét)(k) is the transfer function describing the evolution of the k™ mode of the
tensor perturbation, and its projection onto the multipole ¢. Tensor perturbations
make similar contributions to the 7T and EE tensor power spectra [74]

We can provide a qualitative description of the features of the tensor BB power
spectrum, which is shown in Figure [I.5] As the Universe expands gravitational
radiation redshifts in a similar way to electromagnetic radiation, and the amplitude of
tensor modes within the horizon decays with the inverse of the scale factor [76] [77].
The peak at ¢ ~ 100 corresponds to modes that enter the horizon at recombination,
whilst perturbations larger than the horizon at recombination do not contribute and
are suppressed. On small scales (¢ > 100) modes that have already reentered the
horizon by recombination, and so have been redshifted by expansion [77, [7§].

The reionization bump at ¢ < 10 corresponds to polarization generated during
reionization when free electrons scatter the background CMB at z ~ 8 [74].

The overall amplitude of the BB spectrum is directly proportional to the tensor
power spectrum, and therefore to the tensor-to-scalar ratio, . A detection of B-mode
polarization of the CMB would therefore directly probe the inflationary potential
(Equation , providing direct constraints on GUT scale physics.

1.3.3.3 From gravitational lensing

In the linear perturbation theory discussed so far, we do not expect scalar metric
perturbations to contribute to B-mode polarization. The most significant higher-order
effect that must be considered is that of gravitational lensing [60, [79} 80]. As photons
travel from the surface of last scattering to an observer today their trajectory may be
perturbed by gravitational interactions with the intervening large scale structure. The
effect on the observed CMB temperature is a remapping: 7'(n) — T'(7 + 0n), and the
effect on the polarization is a similar remapping whilst also parallel transporting the

polarization vector along the geodesic connecting the points n and nn + on.
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In the so called Born approzimation, lensing effects can be summarized by the
gravitational potential evaluated along the null geodesic of the unperturbed photon
[81,82]. In the absence of anisotropic stress and curvature, the lensing potential, ¢, is

given by the integral [80]:

. X Xe — X .
o(n) = —2 / = Xy (it o — x) (1.50)
0 XxX

where . is the conformal distance to the source, and 7y — x is the conformal time
when the photon was at position xn, and V¥ is the familiar scalar perturbation in
conformal Newtonian gauge. The lensing deflection field, dn, is then given by the
covariant derivative of the lensing potential, dn = V.

The contribution of lensing to the BB power spectrum can then be evaluated by
expanding the remapped polarization map, (Q £ iU)(n + 0n), to linear order in the
deflection field [83]:

ens ]' ( F 1 2)2
CPr = 53 B G [CEF + CEF — (C)MCER - CEP) (151)

1,22

where L = {4 {1 + {5, and the function 9 F, ¢, can be found in Ref. [83]. So the effect
of lensing is to convolve a combination of FE and BB spectra with the ¢¢ lensing
spectrum, and add this to the unlensed BB spectrum. In ACDM the E'E spectrum is
expected to dominate over BB by an order of magnitude, and the lensing contribution
to BB dominates over the primordial contribution for values of r allowed by current
observations [84], 41]. In this regime lensing forms a noise floor of ~ 5 pK amin, due
to the increased cosmic variance in the observed CPZ. A theoretical calculation of the
lensing spectrum is shown in Figure [1.5] compared to theoretical primordial spectra
for a range of r values.

The instrumental noise in modern CMB experiments is low enough (of order
5 puK amin or less) that lensing is a dominant uncertainty in the constraints on r
[85, 84] (see Figure[L.5). In order to reduce lensing uncertainty, two broad classes of

methods have been developed to delens B-mode observations:

External delensing methods estimate the lensing potential in Equation |1.50| using
a tracer of the underlying matter field, such as galaxy surveys [86} 87], and
the CIB [88], 89, 00]. Recently, the CIB has been shown to be correlated with
CMB lensing [91, 92, 03], and has been used to delens B mode observations.
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Multi-tracer probes of the CIB, using Planck and WISE data, have removed up
to 40 to 50 % of the lensing power [90, [94] .

Internal delensing methods estimate CZ’ ¢ from within the CMB data set itself
using higher-order correlators of both the temperature and polarization fields
[95], 96, 97, 98]. This has been performed on the Planck data [99], achieving a

7% reduction in lensing power.

1.3.4 CMB observations

In this section we provide an overview of the results from past and ongoing CMB
observatories, and outline the design and goals of proposed future observatories in

various stages of development.

1.3.4.1 Past and current observations

Here we list some key CMB missions, and describe the science goals they accomplished.

A comparison of the power spectrum measurements made by many of these experiments
is made in Figure

COBE: The Cosmic Background Explorer (COBE) made observations from
1989 to 1993. As was discussed in the introduction to this Section, COBE
established that the CMB behaves as an almost-perfect blackbody, with tiny
deviations in its temperature of order 107° [46]. The study of the structure of

these deviations has formed the basis of modern precision cosmology.

WMAP: The Wilkinson Microwave Anisotropy Probe (WMAP) made obser-
vations in five bands from 2001 to 2010. Its results were key in establishing
the success of the ACDM model of a flat Universe with a cosmological constant

[T00], and made the first detection of a cosmic neutrino background [10T].

Planck: The Planck satellite made observations in nine bands from 2009 to
2013, with greater resolution and sensitivity than WMAP. The wide frequency
coverage allowed Planck to better remove various astrophysical foregrounds [9],
and its greater sensitivity and resolution allowed the measurement of smaller
scale anisotropies, and consequently even tighter constraints on the key ACDM
parameters [5]. Planck reported the first detection of the correlation between

gravitational lensing and the cosmic infrared background [102].
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Figure 1.4: Figure taken from Ref. [7] comparing constraints from different experiments
on: TT, FE, and BB in the top panel; T'E in the middle panel; and ¢¢ in the bottom
panel. from various experiments, many of which are described in Section [1.3.4.1} The
dashed line is the best-fit model from the Planck results [§].
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Atacama Cosmology Telescope: The Atacama Cosmology Telescope (ACT)
is a six-meter telescope on Cerro Toco, in the Atacama Desert, Chile. ACT
made its first observations in 2007, and has undergone several upgrades to its
detectors in the intervening years: ACTPol, and AdvACT. ACT made the first
detection of the power spectrum of gravitational lensing [103, [104], and when
combined with WMAP data, provided the first detection of dark energy from
the CMB alone [105], as well as the first detection of the correlation between
CMB lensing and galaxy lensing [106], detection of lensing of the CMB by galaxy
clusters [107], and the first detection of the kinematic Sunyaev-Zel’dovich effect
[108).

BICEP and Keck Array: The BICEP and Keck Array (BK) are a series
of experiments (BICEP1, BICEP2, BICEP3, Keck Array, and BICEP Array)
based at the South Pole. In its various forms, BK has been observing in three
bands (95 GHz, 100 GHz, and 150 GHz) since 2006, with the latest incarnation,
BICEP Array, installed in 2017/2018. BK has focused on making high-sensitivity
measurements of the B-mode polarization of the CMB, in a small patch of sky.
Combined with the Planck and WMAP data, BK provides the best constraints
on the tensor-to-scalar ratio [41]: r < 0.06 (95% C.L.).

South Pole Telescope: The South Pole Telescope (SPT) is a 10-meter tele-
scope situated at the South Pole [109, 110]. SPT has consisted of three stages:
SPT-S7Z, SPTpol, and the current SPT-3G. SPT-SZ focused on a 2500 square
degree survey to detect clusters of galaxies at various redshifts using the Sunyaev-
Zel'dovich effect [1111 [1T2] [113], but also allowed the detection of CMB lensing by
galaxy clusters [114]. SPTpol upgraded the receivers with polarization-sensitive
detectors, and focused on high-resolution measurements of the B-mode polar-
ization of the CMB in a 500 square degree region of sky. This survey resulted
in the first detection of CMB B-modes induced by gravitational lensing, and
demonstrated that lensing B-modes could be predicted by combining the primary
E-modes with an external tracer of the projected mass density [91], 115]. The
SPT-3G survey will observe a larger 1500 square degree region, and combine
its analysis with the overlapping BICEP Array observations. The combined
frequency coverage of BICEP Array, and the high-resolution of SPT-3G will allow

a joint foreground removal and delensing of primordial B-mode observations.
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1.3.4.2 Future observations

Simons Observatory: The Simons Observatory (SO) will combine the efforts of
the existing Chilean telescopes in the Atacama desert, to build a set of three small
aperture telescopes, similar in size to the BICEP3 telescope, and a large aperture
telescope, similar in size to ACT. SOseeks to make almost cosmic-variance limited
observations of polarized anisotropies down to the arcminute scale. There will
also be a large-aperture telescope, making high-resolution observations of the
CMB with the aim of constraining dark energy and neutrino properties, and
delensing capabilities for the large-scale survey [116] B]. Construction for SO is

planned to complete in 2020.

LiteBIRD: LiteBIRD is a proposed satellite mission lead by the Japanese space
agency, JAXA [117, [118] [119]. If selected, it would launch in the 2020s to observe
the large-scale polarized CMB at fifteen frequencies between 34 GHz and 448
GHz. It aims to achieve as broad frequency coverage as possible in order to
remove Galactic foregrounds, which will be the leading barrier to its sensitivity

to inflationary B-modes.

1.4 CMB Foregrounds

The information contained in the CMB may not be accessible if it is contaminated
by radiation from sources within our own Milky Way. A variety of processes in
the interstellar medium produce microwave radiation in the foreground of CMB
observations. The confusion of such sources with genuine CMB anisotropies will lead
to incorrect cosmological parameters inferences.

Observations have established that the CMB temperature anisotropies dominate
over Galactic foregrounds at high Galactic latitudes, and so are quite robust to the
effects of Galactic foregrounds [120]. However, foregrounds are significantly polarized
by interactions with the Galactic magnetic field. Current observations indicate that
the CMB B mode signal is subdominant to Galactic foregrounds at all frequencies and
in all parts of the sky (for example see Figure[L.5) [9, 121} 122} 123, 41]. Understanding
both the spectral behaviour, as well as the morphology of Galactic foregrounds, will be
critical in designing upcoming experiments such as Simons Observatory [3], CMB-S4
[124], and LiteBIRD [125], as well as in the analysis of current data [41], 121].
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Figure 1.5: Figure comparing the theoretical B-mode power spectra for lensing and
primordial contributions, with constraints from different observatories, and observed
foreground levels from the Planck experiment (the range corresponds to observations
covering 24% to 71% of the sky). The primordial B mode spectrum generated at the
surface of last scattering, for several different values of r is shown as the dot-dash
line. The lensing contribution is shown as the dashed black line, and the sum of
lensing and r = 0.01 is shown in solid black. Constraints from BICEP2+Keck (circle),
POLARBEAR (diamond), and SPTpol (square) are overplotted.

28



In this section we will review the physical basis of each of the important foreground
sources, the constraints from current observations, and the foreground modeling

currently available.

1.4.1 Thermal dust emission

At frequencies above ~ 70 GHz the dominant foreground is thermal emission from warm
dust grains, composed of graphites, silicates, and polycyclic aromatic hydrocarbons
(PAHs) [126]. Grains, absorb light from the interstellar radiation field, and emit it in
the infrared and microwave [127]. The process of emission is very nearly black body,
and assuming the dust clouds to be optically thin, the spectral radiance of a dust
cloud along a given line of sight may be written as a function of its temperature and
emissivity:

I, o (1= exp(r,)) B, (Ty) ~ v* B, (Ty) (1.52)

where Ty is the temperature of the dust population, expected to be Ty ~ 21 K, and
B4 is the power law index describing the frequency-dependence of the dust emissivity,
and is expected to be in the range 84 ~ 1 — 2 [128]. Populations of dust exist in many
different astrophysical environments, and with varying chemical compositions [129].
Therefore, the temperature and emissivity is expected to vary spatially. Observations
by the Planck satellite have confirmed that both the temperature and emissivity of
dust within the Milky Way are spatially variable at the level of ~ 10% [9].

Polarization of starlight due to preferential extinction by aligned interstellar grains
was discovered in the mid half of the previous century [130, 131], and was quickly
attributed to interactions between aspherical dust grains and the ambient Galactic
magnetic field [132, 133]. There have been many competing theories for the mechanism
of this alignment, see for example the review of Ref. [134], and the current favored
mechanism is that of radiative alignment torque, based on the early work of Ref. [135]
and later developed by Refs. [136, [137].

Dust grains are aspherical, with a spin-axis perpendicular to their longest axis.
As the spin is, on average, aligned with the Galactic magnetic field, the thermal
emission of dust grains is linearly polarized perpendicular to the Galactic magnetic
field projected on the sky [I38]. The polarized thermal emission of dust grains is a
significant contaminant of observations of the polarized CMB [139], 4T}, 129].

Observations of the Galaxy are sensitive only to the emission integrated along the

line of sight through the Galaxy, and averaged over the experimental beam. Multiple
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populations of dust may exist along a given line of sight, or below the resolution limit
of the instrument, leading to blending of distinct sources. Even if each source acts
as a power law, their sum will not, and Equation will no longer describe the
frequency dependence of dust emission [140, 141, 129]. If the decorrelation effect
is not considered, it can bias constraints on the tensor -to-scalar ratio [140] [129].
A detection of decorrelation in the Planck data was claimed in Ref. [142], however
a careful reanalysis of the data, including additional systematic effects, found that
the data was consistent with no decorrelation given the noise level [143]. Modeling
decorrelation [144] [145], and developing techniques to mitigate its effects [146], 147], is

an ongoing area of research.

1.4.2 Synchrotron emission

Synchrotron radiation is the dominant radiation mechanism in polarisation at frequen-
cies < 50 GHz [14§]. Fast moving electrons in the Galactic magnetic field experience
an acceleration perpendicular to their velocity, producing a trajectory spiraling in
a plane perpendicular to the magnetic field. The emitted flux depends both on the
square of the ambient magnetic field, and on the energy distribution of the injected

cosmic rays, N(FE) o< E7P, and can be approximated as:
I, oc B"7 /P +C1os), (1.53)

where § = —@ [149], and the logarithmic term accounts for the steepening of the
spectral index at higher frequencies due to aging sources [148]. The spectral index, §,
depends on the spectrum of the energy spectrum of the underlying electrons through
p, and so will have some spatial variability.

The spiral motion of synchrotron electrons is confined to a two-dimensional plane,
and is intrinsically polarized, achieving polarization fractions of up to 40 % [139)],
however, the observed polarization fraction will depend on frequency due to the

depolarizing effects of Faraday rotation.

1.4.3 Anomalous microwave emission

In the late nineties, observations made by the DIRBE instrument on the COBE satellite,
probing Galactic dust in the infrared, were combined with low-frequency observations

made by the Saskatoon experiment [I50], Owens Valley Radio Observatory [I51], and
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other radio surveys [152], suggested the existence of a Galactic component correlated
with far-infrared dust emission, peaking at frequencies in the range 10 GHz - 60 GHz,
and uncorrelated with synchrotron or free-free emission. A natural explanation for the
so-called anomalous microwave emission (AME) is rotational emission by ultra small,
rapidly-spinning, dust grains [153, [I54]. However, there may also be a contribution
due to thermal fluctuations in the magnetization of dust grains [I55].

AME is not expected to be strongly polarized, and observations of compact sources

have established upper limits on the polarization fraction of ~ 1% [156, 157].

1.4.4 Free-free

Scattering interactions between electrons and charged particles in the interstellar
medium produce free-free emission, also known as thermal bremsstrahlung [149]. This
radiation is characterized by a power-law with spectral index very close to 2, and is
expected to be unpolarized due to the random orientations of the scattering process
[158, 159].

1.5 Statistical Methods

In this Section we introduce a few of the statistical methods upon which we will call
in future Sections. We will review: Bayesian statistics and sampling in Section [I.5.1}
power spectrum estimation and purification in Section [1.5.3} and the Fisher forecast
methodology in Section [1.5.2]

1.5.1 Bayesian statistics

Bayesian statistics is an interpretation of probability theory, usually stated in contrast
to the frequentist interpretation, that uses prior knowledge of a system to predict its
future statistical behavior. Bayes’ theorem allows one to compute the probability of
future events, combining any measured data with prior information, and to update

this estimate with new information as it becomes available.

1.5.1.1 Parameter inference

A common problem in physics and astrophysics is the determination of model parame-

ters from a data set. Given the data d, the probability that the underlying model
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Figure 1.6: Figure taken from Ref. [9], showing the RMS variation in the polarized
foregrounds as a function of frequency. Synchrotron (green) dominates at low frequen-
cies, and falls off as ~ v73, dust (red) dominates at high frequencies, and within the
CMB frequencies of interest has a power law dependence of ~ v, The CMB emission
(teal) is roughly constant below v ~ 100 GHz, and falls off above this limit. The
width of each of the lines represents the range of foreground signal for fq, between
27% and 83%. The gray bands show the bands in which the Planck experiment made
observations [9]. Note that there is not sky fraction, and no frequency at which the
CMB dominates over foreground emission.
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parameters, represented by the n-dimensional vector 6, is given by Bayes’ Theorem

[160]:
P(0)

P(d)

where P(0|d) is the posterior probability for the model parameters 6, P(d|0) is

P(8|d) = P(d|6) (1.54)

the likelihood of measuring the data d given a set of underlying model parameters
0, and we will later work with the log-likelihood, £(0) = —1In P(6|d). P(0) is
the prior knowledge one has about the model parameters, which could be due to a
previous measurement made by a different experiment, or due to physical intuition
(e.g. imposing the requirement that the tensor-to-scalar ratio be positive: r > 0).
P(d) is the prior probability of obtaining the data d.

The posterior probability for a single parameter, §; can be obtained from the joint

posterior by marginalizing over the other variables:

P(6;|d) = (H/d@) (8|d)P(d). (1.55)

J#

‘Fitting’ the model parameters requires that we:

e Determine the most probable value of 6: Oy, = argmax [P(6|d)], where the

subscript ML indicates ‘maximum likelihood’.

e Characterize the uncertainty in Oy, by exploring the parameter space close to

Ohir.

In special cases this can be done analytically, however, it will usually require a
numerical computation of the likelihood in Equation [1.54] over a suitable subset of
the parameter space. The computational requirement of evaluating Equation for
many values of @ is in large part what made Bayes’ theorem an intractable approach

until the revolution in computational resources over the last few decades.

1.5.1.2 Markov Chain Monte Carlo

A naive strategy to fitting 8 could be to compute the posterior on an n-dimensional
grid, and infer @y, and its uncertainty from these samples. However, this approach
scales very poorly as n is increased. Different strategies have been developed to
efficiently sample the posterior, with the most successful group Markov Chain Monte
Carlo (MCMC) techniques. The idea behind MCMC is to form a Markov Chain
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from samples from P(0|d), and demonstrate that its equilibrium state is given by the
underlying probability distribution. The details of the MCMC approach are beyond
the scope of this thesis, but can can be found in Ref. [I61]. A few important MCMC

algorithms are:

e Metropolis-Hastings (MH) is one of the most widely-used algorithms. It uses a
proposal density and rejection criterion to determine 6;,; from the ratio of the
likelihoods at the points 6; and 6, [162] 163, 164, 165].

e (fibbs sampling is a special case of Metropolis-Hastings in which samples can be
drawn directly from the conditional distributions of some parameters, allowing

a much more efficient exploration of the parameter space [166].

o Affine-invariant sampling [167] is an improvement over the standard MH al-
gorithm as it does away with the long ‘burn-in phase’ [168] MH algorithms
tend to require. It significantly outperforms naive MH implementations, and
requires the setting of only a couple of hyperparameters. In the rest of this
thesis, unless otherwise stated, we perform sampling of posterior distributions

using the emceeE] package [168], a Python implementation of this technique.

1.5.2 Fisher forecasts

A common task within cosmology and astronomy is determining the design of an
instrument, and its survey parameters. For example, one may have to determine the
balance between depth and coverage of a survey, and how to distribute detector effort
across different frequency bands. Fisher forecasts are a fast way to narrow down a
large experiment parameter space. The Fisher methodology has been used widely
within physics to optimize surveys [169, 170} I7T], 172, 173, 174, 124], or to assess the
synergy of combined probes [169, [I75]. Fisher forecasts are a useful tool to narrow
down large parameter spaces that would be otherwise computationally cumbersome.
However, they neglect many real-world considerations, making the results usually
indicative and not wholly correct [176].

For a data set d, and parameters of a predictive model, 6, the Fisher information

matrix is defined as [11 1]
0*L(0)
= < 90;00; >

Zhttps://github.com/dfm/emcee

, (1.56)

(Y49
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where the angle brackets indicates an ensemble average of the data, evaluated at the

maximum-likelihood point. It can be shown that [178] [179)]:
e For any unbiased estimator, the Cramér-Rao bound states that o(6;) > \/(F~1).
e If there is a best unbiased estimator, then it is @y, or a function of it.
e O, is asymptotically the best unbiased estimator.

The close relationship between the maximume-likelihood approach and the Fisher
information can be elucidated by expanding the log likelihood around Oy;,. By

definition, the first derivative is zero, and so the likelihood is:
P(d|9) = exXp (»C(OML) + (0 - GML)TJC(OML)(O — GML) + ) (157)

Written in this way, we see that the posterior in Equation is approximately
Gaussian in the model parameters at the maximum likelihood point, and the parameter
covariance is given by the Hessian evaluated at C;; = (F*(6ww));;. The approximation
remains good for all @ if the likelihood drops off rapidly away from Q..

In the case of the CMB, the data usually constitute a set of temperature and

polarization power spectra. The Fisher matrix can be written as [172] [179]:

. 2041 1 aCE —1 aCf
‘Ej - ; T fsky Tr (CE (0) aez Cf (0)8_0] s (158)
where:
cim+ N/ ClF c/? 0
CrF CEE + NFE 0 0
c? 0 Cy? + N§? 0
0 0 0 CPB + NPB.

In Section [3| we will apply this formulation to study the constraints future CMB

satellite missions will place on inflationary physics.
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1.5.3 Power spectrum estimation

The workhorse of cosmological inference is the two-point function, in the form of
two-point correlations or power spectra, from which most cosmological information is
extracted. In this thesis we will frequently estimate power spectra from observed or
simulated maps, and in this section we briefly review the pseudo-C, method used.
Whilst it is possible to write down optimal estimators for the power spectrum,
based on maximum likelihood techniques [I80, [I81], or on quadratic estimators
[182, [183], these methods scale as ¢ and become computationally prohibitive at the
resolution of modern CMB experiments. Therefore, approximate pseudo-C, methods
were developed to scale as ¢3 _ [184] [181] [185], [186], [187]. The pseudo-C; framework
can be applied to both temperature and polarization data, and may be corrected for
the effects of incomplete sky coverage [188| [I89]. There are several publicly available
implementations of the pseudo-Cy approach, such as PolSpice [I87], and NaMaster

[189], both of which are used in later chapters.

1.5.3.1 Quadratic estimator and minimum-variance

Given a fields, f(n), we wish to estimate the various cross spectra of the temper-
ature and polarization fields T, F and B. In vector form, the spherical harmonic

decomposition of f(n) is:

fim
fon = | fE | = / dQY! (n) £(n) (1.60)

fim

where Yy,,,(72) is a matrix with elements composed of combinations of spherical har-
monics and spin-weighted spherical harmonics to perform the decomposition of d(n)
into the E-B basis [I89]. As in Equation |1.48| the power spectra are defined by:

(FomE), ) = Color O, (1.61)

where C, is a matrix containing the cross spectra between different fields. Assuming

the data are composed of a signal and noise part:
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where s is the signal, and n is the noise, both of which are assumed to be Gaussian

distributed with pixel-pixel covariances:

N = (nnf) (1.63)
S=(ss") =) P'C (1.64)

C=(dd") =N+) PG (1.65)

where P; is a bandpower response function, and C; are the bandpowers to be determined.
One can write down an estimator, E;, for a given bandpower that is quadratic in the
data [183], [180]:

C, = flEf — b, (1.66)

where b; is chosen to remove the noise bias. By considering the expectation value of
Equation [1.66], one finds that:

(C) =) Tr[EPy] Cy, (1.67)
and that the variance is: .
(CiCy) = 5 Tr [CPiCPi/] . (1.68)

Minimizing the variance of Equation [1.68| yields a specific form for the estimator, up

to an overall normalization:

E, = %clpicl. (1.69)

Plugging this back into Equation [1.67] and assuming that the data is indeed Gaussian
distributed, we find that the expectation value of the estimator in Equation [1.66] is

related to the true bandpower through the Fisher matrix, F:

As we discussed in the previous section, no unbiased estimator may have smaller
error bars than those given by the Fisher information matrix. In this sense the

quadratic estimator in Equation [1.69|is optimal. In summary, one can extract optimal
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minimum-variance estimates of some bandpowers C; using:
Lt r1p -1 1 ~1p -1

1.5.3.2 Pseudo-spectrum techniques

In order to improve on the speed of power spectrum estimation over the quadratic
techniques of the previous section, the pseudo-spectrum approach assumes that the
pixel-pixel covariance is diagonal [184] 190, 189]. The result is that the matrix C~!
can now be represented by a single weight map of length npy. The assumption
of independent pixels will be closest to the optimal solution when the maps are
dominated by white Gaussian noise, or when there is an almost-white underlying
signal. In practical applications, the deviation from optimality is only expected to be
of order 10-20% [191], 189].

The assumption of independent pixel noise now allows us to work purely with
the field f, and the associated weight-map, w;. Denoting the masked field £*(n), we
can write its harmonic coefficients as £}, = >, Demeymy tymy fe,my Wegm,. The
pseudo-spectrum, C,, is the power spectrum of these masked harmonics:

~ 1

Co=— N fugwt 1.72
14 2£+1m Im*fm ( )

C, is a biased estimate of the underlying power spectrum C, due to the mode-coupling
induced by the mask w [184, [189]:

Co=> MuC,. (1.73)
Z/

The mode-coupling matrix, Mgy, is purely a function of the weight map, and may be
calculated exactly and inverted. This is the main computational step involved in the
pseudo-spectrum technique, but only has to be done once for each mask [192, 193].
Expressions for the mode-coupling matrix, and details of the numerical implementation

of its calculation may be found in Refs. [189, 193].
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Chapter 2

Python Sky Model: software for
simulating the (Galactic microwave

sky
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2.1 Introduction

The CMB temperature anisotropy dominates over foreground emission from the Galaxy
in a broad range of frequencies. In contrast, the polarised CMB signal is weaker than
the strongly polarised Galactic thermal dust and synchrotron radiation. In particular,
the divergence-free B-mode polarisation signal sourced by primordial gravitational
waves at recombination is predicted to be at least several orders of magnitude weaker
than the polarised foregrounds, averaged over the sky, and is a subdominant signal
even in the cleanest sky regions [10].

To optimise our ability to extract the CMB polarisation signal from upcoming and
future experiments we rely on realistic models of the Galactic emission to simulate
observations of these components at a range of frequencies. Several sky simulation
tools are already publicly available, including the Planck Sky Model [194] and the
Global Sky Model [195, [196]. While our work was in preparation a similar modelling
and software effort was presented in Ref. [197] for polarised Galactic emission.

With the new code presented here we build on existing efforts, providing a flexible
and easily used tool for simulating Galactic emission that includes recent public data
from the Planck satellite. Unique to this code, we define a set of viable alternative
models that are consistent with current data, in combination with a new prescription to
simulate smaller-scale realisations of the components. We do not attempt to physically
model the emission in three dimensions, via for example, integrating a dust or electron
density over a Galactic magnetic field [198, 199, 200} 201} 202} 203]. Instead we adopt
empirical models that describe the frequency scaling of each component with simple
forms consistent with current data, using high signal-to-noise maps of each component
as templates at frequencies far from the foreground minimum. These simulations will
not therefore capture all the complexity present in the true emission.

The structure of this chapter is as follows: in we describe the structure of the
code together with the models and alternatives used for each component. In we
describe a procedure to add small-scale anisotropy to the simulated maps. In we
describe a method used to introduce a decorrelation of the signal in each component as
a function of frequency; and in we demonstrate the usefulness of these simulations
by forecasting the impact of foreground complexity on the uncertainty of the recovered

tensor-to-scalar ratio for the LiteBIRD experiment as an example.
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2.2 Large-scale simulations

We simulate Galactic diffuse emission in intensity and polarisation from four Galactic
components: thermal dust, synchrotron, free-free, and anomalous microwave emission
(AME). We also include a gravitationally lensed CMB realisation and white instrument
noise. Maps can be integrated over a top-hat bandpass describing the response of
each experimental channel, and smoothed with a Gaussian beam.

The user specifies a set of observation frequencies, beam widths, bandpass widths,
noise and chosen output components and units. The code simulates each component at
each frequency using a phenomenological model. One or more emission template maps
are defined at pivot frequencies, and then the extrapolation in frequency is performed
using scaling laws and maps of spectral parameters. A lensed CMB realisation can
be included by calling the Taylens software [204] directly, or using a pre-calculated
realisation.

In this section we describe the suite of models available in PySM. These models are
designed to cover a range of new complexities found to be consistent with the most
recent WMAP and Planck data. For example we provide a new model of synchrotron
spectral index steepening consistent with WMAP nine year data, and a model of dust
decorrelation with frequency, an effect detected in the most recent Planck analysis
[205] and compatible with spatially-varying spectral indices. Careful consideration of
such effects is vital in the design of the next generation of CMB experiments seeking
to constrain the tensor-to-scalar ratio in order to avoid bias introduced by model
mismatch. Furthermore, we provide for the first time simulations of small scale power
modulated by the signal-dominated large scale power, making these maps suitable
for both full sky analysis and the analysis of small patches in high Galactic latitude
regions.

The intensity and polarised emission as a function of frequency for the models we
consider is summarised in Figure together with the template maps in Figure 2.2

2.2.1 Synchrotron

Synchrotron radiation is the dominant radiation mechanism in polarisation at fre-
quencies < 50 GHz [148]. It is produced by cosmic rays spiralling around Galactic
magnetic fields and radiating. The power and spectral energy distribution depends
on both the strength of the local magnetic field, and the energy distribution of the

injected cosmic rays. The polarisation of the radiation depends on the orientation
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Figure 2.1: The frequency scaling laws for the individual components of PySM; we
show the nominal and alternative models as solid and dashed lines respectively. We
show only the alternative models which have a significant impact on the shape of the
spectrum. These spectra are calculated by producing masked maps of each component
at each frequency, smoothing to FWHM 1° in intensity and 40’ in polarisation, and
then computing the RMS. The mask used in intensity is the WMAP 9 year KQ85
mask, and the polarisation mask is the Planck polarisation confidence mask CPM83.

of the intervening magnetic field. The predicted dependence of the spectrum on the
magnetic field for a population of cosmic rays with energy distribution N(F) oc E~P
is, in antenna temperature units:

1
P+ B
Y

I, x B2v (2.1)

where [ = —%ﬂ [149]. The spectral index, f3, is expected to have some spatial
variability and to vary with frequency. As synchrotron sources age their spectral
energy distribution (SED) steepens, since high frequency radiation corresponds to
higher energy particles which radiate energy away most rapidly. Along a line of sight
there will likely also be multiple synchrotron components, and the stacking of their
spectra can lead to flattening of the SED. The spectrum can also be flattened through
effects of synchrotron self-absorption, which tends to be more significant towards the

Galactic centre.

2.2.1.1 Model 1: Nominal index

The nominal PySM model assumes that the synchrotron intensity is a scaling of the
degree-scale-smoothed 408 MHz Haslam map [206, 207], reprocessed by Ref. [208].
It models the polarisation as a scaling of the WMAP 9-year 23 GHz QQ and U maps
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Figure 2.2: Template maps used in the PySM models. All emission templates are in
units of uKgjy and all dust temperature templates are in K. Intensity templates are
plotted on a log scale, and the polarisation templates on a linear scale.
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[100], smoothed to three degrees. Both of these maps have small scales added using
the prescription described in §2.3]
In the nominal model we simulate the spectral index as being a power-law in every

direction, such that

rea) = ) (2 ) o 22)

4

As in the nominal Planck Sky Model v1.7.8 simulations, we use the spectral index map
from ‘Model 4’ of Ref. [209], calculated from a combination of Haslam and WMAP
23 GHz polarisation data using a model of the Galactic magnetic field. We assume
that the index is the same in temperature and polarisation, although the true sky will

most likely be more complicated than this. The template maps and index map are
shown in Fig[2.2]

2.2.1.2 Model 2: Spatially steepening index

The cosmic rays responsible for synchrotron radiation are thought to be energised
by processes such as supernovae, which are more common in the Galactic plane.
Synchrotron emission observed at higher latitudes will therefore likely be produced by
older cosmic rays which have diffused out of the Galactic plane, and therefore lost
more energy. This is expected to result in the steepening of the synchrotron spectral
index away from the plane [210, 126]. Evidence for steepening in the polarisation
emission has been seen in Refs. [148, 211) 212] using WMAP and QUIET data.

We parameterise the steepening with a smoothly varying index described by a
gradient dz that scales with Galactic latitude, b, such that s = fsp=0 + dgsin |b|. In
Model 2 we use d3 = —0.3, consistent with WMAP polarisation data [148, 213]. The
simulated index varies from s = —3.0 at the equator to 5, = —3.3 at the poles in

both intensity and polarisation, as shown in Figure

2.2.1.3 Model 3: Curvature of index

The synchrotron emission may be better modelled by a curved spectrum that either
flattens or steepens with frequency. Model 3 simulates the steepening or flattening of

the spectral index above a frequency, v, as:

14

1) = A ) (2

Vo

Bs(h)+C ln(i)
) | 23)

where positive C' corresponds to flattening and negative C' to steepening.
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Ref. [210] fits this model to a small patch of sky with ten overlapping radio frequency
sky surveys and WMAP 23 GHz data, finding best-fit values of § = —2.64+0.03,C' =
—0.052 4 0.005 at 0.31 GHz. This corresponds to a steepening of about 0.57 between
408 MHz and 94 GHz. Evaluating the spectral index at 23 GHz, Ref. [210] finds
[Ba3 = —3.09 + 0.05. This is consistent with the index map in model 1 which has a
mean and standard deviation of —3.00 4+ 0.06. Therefore, for simplicity we use the
same map as model 1 from Ref. [209] for f(n), and a baseline curvature value of
C = —0.052 at v, = 23 GHz.

2.2.2 Thermal dust emission

At frequencies greater than ~ 70 GHz the polarised foreground spectrum is dominated
by thermal dust emission. The dust grains are thought to be a combination of
carbonaceous and silicate grains, and polycyclic aromatic hydrocarbons (PAHs). The
total emission results from the interaction of these species with the interstellar radiation
field: the grains are heated by absorption in the optical and cool by emitting in the far
infrared [127]. The thermal dust is polarised since aspherical dust grains preferentially
emit along their longest axis, which tend to align perpendicular to magnetic fields.
In the frequency range of interest for CMB experiments, the spectrum is well

approximated by a modified blackbody with a power-law emissivity, such that
I = AVv%B,(Ty), (2.4)

for spectral index ; and temperature Ty, where B, is the Planck function. A single
component at 7' = 15.9 K fits the Planck data well [214], with different indices
preferred by the intensity (8 = 1.51 £0.01) and polarisation (1.59 £ 0.02) data. This
difference indicates the presence of multiple components with different polarisation
properties.

In intensity the two component model of Ref. [215], with a hot and cold component
at 9.4 K and 16 K, is marginally preferred [216]. They use this model to extrapolate
100 pwm emission and 100/240 pm flux ratio maps to microwave frequencies. The
exact physical model is not well constrained by current observations, including the
number of components, spatial variablility of spectral index, and spatial variation of

the dust temperature.
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2.2.2.1 Model 1: Nominal index

Our nominal model uses template maps at 545 GHz in intensity and 353 GHz
in polarisation. We use the templates estimated from the Planck data using the
‘Commander’ code [214]. In polarisation these maps closely match the 353 GHz Planck
data which is dominated by thermal dust. We use the Ngqo 2048 dust intensity map
degraded to Ngge 512, and the polarisation product smoothed to two degrees FWHM
in polarisation with small scale variations added by the procedure described in section
q2.3)

In the nominal simulations, we model the frequency scaling as a single component,
using the best-fit emissivity estimated by the Commander fit. The emission model is

given by

L) = Ary, (8)(/vr)"™ B, (Ty(h))

{QU®m),U(m)} = {Aqu,(h), Auy,(R)} x
(v/vp)* ™ B, (Ty(h)) (2.5)

Here v; = 545 GHz and vp = 353 GHz. We assume that the intensity and polarisation
share the same index, as was assumed in the Commander fitting process. Both £; and
T, vary spatially; the maps are shown in Fig[2.2

This model will not capture all the of the physical complexity as it is likely that
silicate and carbonaceous grains have distinct emissivities. They also likely have
different degrees of polarisation, since the efficiency of the grain alignment varies with
the size and shape of grain. This would result in the polarisation fraction in dust

being a function of frequency, with some evidence for this shown in Ref. [10].

2.2.2.2 Models 2 and 3: Spatially variable index

The dust index is expected to vary spatially, in particular in polarisation, but current
data cannot strongly constrain this possible variation. We perform a test to assess
how well a varying index can be detected by the Planck data given the current noise
levels.

We simulate a spectral index map with degree-scale variation drawn from a
Gaussian of mean 1.59 and dispersion . We then simulate polarised dust emission
in Stokes Q and U at 217 and 353 GHz at Ngq. = 128 for o in the range 0.05 to
0.7. We produce noise maps at 217 GHz and 353 GHz using the Planck half-mission
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Model Mean Std. Dev.
Nominal 1.53 0.22
o(f) =0.2 | 1.58 0.24
o(f) =0.3 | 1.58 0.23
Uniform 1.58 0.23

Table 2.1: Statistics of dust polarisation index calculated from different simulations of
dust polarisation at 217 GHz and 353 GHz containing instrumental noise compatible
with the corresponding Planck channels.

full-sky maps at 217 and 353 GHz. We first degrade these to Ngq. 128 and then at
each frequency take the difference of the two half-mission maps and divide by a factor
of 2. Finally we smooth each noise map with a Gaussian kernel of one degree FWHM.
We then estimate the index from these maps in circles of radius ten degrees centred

on HEALPix Ngq. = 8 pixels, using

+2. (2.6)

This follows a similar method used in the comparable Planck analysis in Ref. [10],
except we do not use the 143 GHz channel and do not add CMB and synchrotron, nor
fit for them. We use a similar region as the Planck analysis, shown in Fig[2.4] The
dispersion of the indices for a uniform input index of 1.59, and for an input index map
with degree-scale variation of standard deviation of 0.2 is shown in Figure [2.3] and can
be compared to Figure 9 in [I0]. The statistics of the recovered index distributions for
these two models, the nominal model, and a model with a larger standard deviation
of 0.3, are shown in Table [2.1]

The distributions for B4 are similar since the data are noise-dominated. The
dispersion due to noise is ~ 0.22 compared to the value of 0.17 found in Ref. [I0], and
the value of 0.22 found in a comparable calculation by Ref. [I41]. This indicates that
models of the dust spectral index with significant spatial variation on degree scales
are still consistent with the data. Furthermore, a recent analysis of decorrelation of
the Planck half-mission and detector set maps found an intrinsic variation of 0.07 in
the dust index [205]. Models 2 and 3 therefore modify the nominal dust model with a
different spectral index map. The spectral index of model 2 (3) is a Gaussian random
field with mean of 1.59 and ¢ = 0.2(0.3) varying on degree scales for both intensity

and polarisation.

47



—— Model 2: 3; ~ N(1.59,0.2).
—— Uniform: 3; =1.59.
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Figure 2.3: Normalised histograms of the dust spectral index, 4, calculated for noisy
simulations of different PySM models with varying intrinsic index dispersion. We see
that the resulting dispersions are very similar, indicating noise-dominated data.

Figure 2.4: Mask used in calculation of §; in section [2.2.2.2 This mask is an
approximation to the one used in the Planck analysis (figure 1 of Ref. [10]).
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2.2.2.3 Model 4: Two dust temperatures

One can also consider a number Ny of dust components with their own temperatures

and spectral indices:

Na v\ P n
I(h,v) =Y I,(h) <—) B (Ta(n)) (2.7)

and similarly for polarisation. For our fourth dust model we use Ny = 2, using the
best-fit model templates estimated by Ref. [216] from the Planck data, using the
model from Ref. [215].

The model as proposed in these references can be written as

I(n,v) = I,(n Zi:lfaqa (V_l:)>/8a B.(To(0))
y V) = 1y, ZZ:I qubByo(Tb(ﬁ))

, (2.8)

where [, is the intensity template at 100 pm (vy = 3000 GHz), () are constant
spectral indices, T} are spatially varying dust temperatures, ¢ is the IR /optical ratio
for each species, fi is the fraction of power absorbed from the interstellar radiation
field and emitted in the FIR by each component, and we have omitted the colour
correction factors. In order to adapt this to the model in Eq. we generate the
separate amplitude templates I,(n), at v, = 545 GHz in terms of I,,, and Ti(n) as

<Z_S>ﬁa fa G By, (Tu(1))

Ia(ﬁ) = Iuo(ﬁ) Zgzl fb Qb BUO(Tb(A))

. (2.9)

In polarisation, we construct the polarisation simulations using the polarisation
angles and fractional polarisation from the 353 GHz template maps in Model 1, such
that

Q(v,n) = fay(n)I(v,n) cos(2y(n))
U(v,n) = fq(n)I(v,n)sin(2y(n)). (2.10)
where f; = /Q? + U?/I at 353 GHz in Model 1.
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2.2.3 Anomalous microwave emission

Anomalous microwave emission refers to emission with a spectral distribution not well
approximated by known foreground models. It has been detected in compact objects,
and in the diffuse sky, with early measurements by Refs. [I50, I51]. It is spatially
correlated with dust, and primarily important in the 20 - 40 GHz range, with variable
peak frequency [217].

A likely model for the emission is rapidly spinning dust grains. Ref. [I54] explain
the emission by a population of grains of size < 3 x 10~"cm, with modest electric dipole
moments. A candidate for these grains is polycyclic aromatic hydrocarbons (PAHs)
that are detected in vibrational emission in the range 3 — 12um. The theoretical SED
for such spinning PAH grains have been successfully fit to AME observations [21§],
but recent analysis of the Planck data has cast some doubt on their nature [219]. A
second candidate for AME is magnetic dipole radiation due to thermal fluctuations of

magnetisation in small silicate dust grains [I55].

2.2.3.1 Model 1: Nominal unpolarised AME

We model the AME using the Planck templates derived from the Commander parametric
fit to the Planck data [214], using the Commander model:

I;AME(ﬁ) :AVO,l(ﬁ>€(V) Vo1, Vp71<ﬁ)7 Vpo)

+AVO,2(ﬁ>6(V7 V0.27Vp,27l/p())~ (211)

Here the first component has a spatially varying emissivity, and the second com-
ponent a spatially constant emissivity. Both these emissivity functions are calcu-
lated using SpDust2 [220} 221], evaluated for a cold neutral medium and shifted in
log(v) — log(I) space. The two template maps are shown in Figure 2.2 This nominal
AME model is unpolarised.

2.2.3.2 Model 2: Polarised AME

AME is not thought to be strongly polarised, and the polarisation fraction has been
constrained to be below 1 - 3% in the range 23 - 41 GHz by observations of the Perseus
molecular complex using WMAP T7-year data [159]. More recent observations of AME
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emission from the molecular complex W43 by the QUIJOTE experiment have placed
a 0.39% upper limit on its polarisation fraction, which falls to 0.22% when combined
with WMAP data [222]. Ref. [223] found that neglecting a 1% level of polarised AME
can bias the derived value of the tensor-to-scalar ratio by non-negligible amounts for
satellite missions.

To construct a template we use the dust polarisation angles, 74, calculated from
the Planck Commander 2015 thermal dust Q and U maps at 353 GHz. The AME

polarisation is then

Qo = ful, cos(2v353), U, = foI,sin(27353). (2.12)

In this model we assign a global polarisation fraction of 2%; the fraction can also be

easily changed by varying the f, parameter.

2.2.4 Free-free

Free-free emission is caused by electrons scattering off ions in the interstellar medium
[149]. The frequency scaling is well approximated by a function of the electron
temperature and emission measure [127]. This is very close to a power law of —2.14
at frequencies greater than 1 GHz, and flattens abruptly at lower frequencies [214].

Free-free has been measured in WMAP and Planck intensity data, and it should be
unpolarised since the scattering is independent of direction. However, there are small
effects at the edges of dense ionised clouds due to the non-zero quadrupole moment
in the electron temperature, which can cause up to 10% polarisation [224]. The net
polarisation over the sky is estimated to be below 1% [225].

The PySM nominal model for free-free emission assumes it is unpolarised, and
uses the degree-scale smoothed emission measure and effective electron temperature
Commander templates [214]. We apply the analytic law presented in Ref. [127] to
produce an intensity map at 30 GHz, which we then scale with a spatially constant
power law index. We choose this index to be -2.14 consistent with WMAP and Planck
measurements for electrons at ~ 8000 K [100] 214]. This gives

v

If(a) = A (a) (—) - (2.13)

<0

Different behaviour will be expected below ~0.01 GHz, where the Commander model
flattens [214].
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2.2.5 CMB

We use the Taylens code [204] in PySM to generate a lensed CMB realisation. The
input to Taylens is a set of C)’s (Crr, Cgg, Cpps, Cre, Css, Cre, Cre) which have
been calculated using the CAMB numerical code [65]. The nominal model uses
ACDM cosmological parameters that best fit the Planck 2015 data. We incorporate
the functions of Taylens into the PySM code for portability, so some functionality
is removed] We scale the CMB emission between frequencies using the blackbody
function.

The user can opt to either run Taylens during the simulation, or use a pre-
computed temperature and polarisation map supplied with the code or generated by
the user. If using Taylens, the CMB map can also be artificially delensed, with the

expected lensing signal suppressed by a chosen factor.

2.2.6 Instrument

We describe the instrument response with a simple top-hat bandpass, Gaussian white
noise, and Gaussian beam profile. The user specifies a central frequency, v, and a

width per band, Av. The output signal is calculated using

v+8E 1,(f)

-[V,Al/<fl):/ N Tdyl. (214)

The white noise level is set per band for both intensity and polarisation. The beam
is characterised by a FWHM per channel. This instrument model will not capture
realistic noise realisations or realistic bandpasses; the code is designed to be easily

modifiable to incorporate such features.

2.3 Small-scale simulations

Ground-based CMB experiments often observe only small patches of sky, and current
data limit how well we can predict the small-scale behaviour of the foregrounds in
high latitude regions at the ¢ ~ 100 scales of interest. Here we describe our method
for simulating sky maps at a higher resolution than the available data. Our approach

is to extrapolate the angular power spectrum of the available data to smaller scales,

!The original code is available at https://github.com/amaurea/taylens
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Figure 2.5: Left: synchrotron polarisation spectra in a square region centred on RA,
DEC = |0, -55] of size 1600 deg?. The errors shown are cosmic variance only. The
best-fit power-law signal plus noise model from Eqn. [2.15]is shown. The BB model
minimum is used to estimate the scale [, to smooth the maps. Right: synchrotron
polarisation spectra computed with the WMAP polarisation analysis mask, and best-fit
model. The dashed lines are the extrapolated power laws used in the small-scale

simulation.
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Figure 2.6: Left: dust polarisation spectra as in Figure but for a smaller patch of
800 square degrees. Right: dust polarisation spectra as in Figure but using the
Planck Gal 80 Galactic plane mask.
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Figure 2.7: Left: synchrotron BB spectra using the 1600 square degree region centred
on RA, DEC = [0, -55]. We show the original template, the smoothed template, the
small scale realisation, and the final map with small scales added. The dashed red
line shows the shape of the power law of the small scale realisation to guide the eye.
Right: synchrotron BB spectra over 75% of the sky using the WMAP polarisation

analysis mask.
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Figure 2.8: Left: dust BB spectra in the 825 square degree region centred on RA,
DEC = [0, -55], as in Figure . Right: dust BB spectra in the Gal 80 region, as in

Figure [2.7]
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Figure 2.9: Normalisation map, N(n), for the dust ¢ map.

drawing a Gaussian realisation from this spectrum. Other similar methods have been
implemented in Refs. [209] 194 208 [197].

We simulate intensity and polarisation maps using M = M, + Mg where M is the
original smoothed data and Mg, is our small-scale simulation. We implement different
methods in polarisation and intensity for generating M. Although the real sky will
be non-Gaussian, we limit these small-scale simulations to Gaussian or lognormal

realisations.

2.3.1 Polarisation

The WMAP and Planck polarisation templates used in PySM are all noise dominated
at degree scales at high Galactic latitudes. To add power to the () and U maps at
small scales we determine the multipole, /., to which the original template is limited
in resolution, smooth the maps to this scale, and add a realisation of a model power
law spectrum to the smoothed templates. We compute angular power spectra on
masked skies using the PolSpice codd] [187].

The scale ¢, varies spatially, but here we adopt a single global ¢,, which we
determine by computing the polarisation power spectra in a region centred on RA,
DEC = [0, -55], chosen as the location of the BICEP2/Keck patch. We choose a square

region of side 40 degrees for synchrotron, and 30 degrees for dust, with a larger region

2The PolSpice code is available at http://www2.1iap.fr/users/hivon/software/PolSpice/
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Figure 2.10: Gnomic projection of dust ) maps in a patch centred at RA, DEC = (0,
-55); 40 degrees to a side. The left panel is the original map, the middle panel has
been smoothed (M), and the right hand panel has had small scales added (M, + M).
The maps are plotted in histogram-equalisation in units of uKgj.

for synchrotron as the maps are noisier. We fit the spectra with a signal-plus-noise
model,
((0+1) ((0+1)

— L OPB = A0 N~ 2.1
o Cy 0+ o (2.15)

approximating the uncertainties on the spectrum as due only to cosmic variance. The
power law model has previously been found to be an excellent fit to many observations
of dust and synchrotron angular power spectra on large scales [226], 10, 205]. We
choose to model the small scale behaviour as an extension of this power law. We fit
for three free parameters A, v and N, and estimate ¢, as the scale at which this model
is minimal in BB or EE. The masked synchrotron and dust £'E and BB spectra are
shown in Figures and We find ¢ = 36 and (4%t = 69.

We generate the large-scale templates M, by smoothing the original maps with a
Gaussian kernel of FWHM 6y, = 180/4, deg. We then construct Mg by assuming
that the small-scales follow a power law behaviour with @C}X — XX We
find A*X and +*¥ by fitting this model to the EE and BB spectra calculated on
the original template with a Galactic mask. We use the WMAP polarisation analysis
mask for synchrotron [227], and the 80% mask provided in the second Planck data,
which we refer to here as Gal80. We find y»2hEE — (.66, y¥rbBB = (.62,
AAustEE _ () 31 AduwstBB _ () 15,

We multiply these power law spectra by the window function 1 — Wy(¢,), where
W, = exp(—0?(£,)0?) with o = Ogynm/+/81n(2), such that it be added to the large-scale
map that has been smoothed by the window function W,. We then draw a pair of )
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and U Gaussian random fields, d¢, from this spectrum using the HEALPixﬁ routine
synfast.
We expect the true small-scale power to be modulated by the large-scale power, so

we multiply the Gaussian random field by a spatially varying normalisation such that
Mgss = N(n)dg(n). (2.16)
We choose N(n) by dividing the sky into HEALPix N4 = 2 pixels and computing

the angular power spectrum in each patch, Cy(n), and smoothing this map with
FWHM 10° to avoid sharp pixel boundaries. We define

N(h) = (2.17)

so that the small-scale realisation is normalised by the large-scale power in each patch.
The N(n) for the dust @ template is shown in Figure [2.9]

A patch of the resulting @ map for dust is shown in Figure [2.10] illustrating the
large-scale and additional small scale components. We also show the power spectra of
the maps in Figures and both for the masked all-sky maps and the smaller
regions centred at [0,-55]. In both regions the power law behaviour is continuous at
(=1,.

We note that a limitation of this method is that it does not capture spatial
variations in the modulation of the small-scale signal on scales smaller than Ngqe = 2

pixels, so the normalisation will not be accurate in these small regions.

2.3.2 Intensity: Synchrotron

We use a similar procedure for simulating the intensity at small-scales, but we use
a lognormal rather than Gaussian distribution because it guarantees that the final
map will be positive. It is also possible to generate a lognormal distribution from
a Gaussian random field, and maintain the shape of the Gaussian field’s angular
power spectrum to a good approximation. In these simulations we do not impose a
correlation between the intensity and polarisation at small scales.

For synchrotron, the Haslam template is provided at 57 arcminute resolution,

which defines Mj. As for the polarisation we fit a power law to the signal, finding

3The HEALPix code is available at http://healpix.sourceforge.net
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v = —0.55. We draw a Gaussian realisation d¢ with variance o2, but here we generate

M using a lognormal distribution with
My = M [exp(R(h)dg(n) — 0d/2) — 1], (2.18)

motivated by the requirement that intensity be positive, a form commonly used in
large scale structure simulations [22§]. Here R(n) normalises the small scales. Instead
of using the local power spectrum, we normalise the small-scale intensity map by the

large-scale intensity smoothed to 4° and raised to a power

-S4

We find the best-fit @ = 0.6 that results in a total power spectrum of £(¢+1)Cy o €7,
fit in the multipole range 200 < ¢ < 1000. An example of the synchrotron maps are

shown in Figure 2.11]

2.3.3 Intensity: Free-free

The free-free template is smoothed at degree scales, which defines M. We found the
lognormal procedure to be unsuitable for generating small scales for the free-free maps,
as the comparatively larger dynamic range in small patches caused the exponential
term to yield unrealistically large variation on small scales. We also found the free-free
angular spectrum to be flatter than the synchrotron, so a direct extrapolation of
the power law to smaller scales produced excess power at small scales that is likely
not physical. We therefore fixed the gradient of the free-free power spectrum to be
v = —0.5, and used this to generate a d¢ realisation with variance o2. We then take

the small scale map to be:
M () = R(0)d6 (1) (2.19)

where R(n) = (My)(Mo(n)/(Mo))*/40c. We find that a = 1.15 is the best-fit value
to recover the correct power law behaviour of the power spectrum in the range
200 < ¢ < 1000. We redrew dg for any negative pixels from additional full-sky
realisations until we have positive values everywhere. This was necessary for < 0.5%

of pixels. An example is shown in Figure 2.11
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Figure 2.11: Synchrotron (top), free-free (middle), and AME (bottom) simulated
intensity maps in a patch of side 40° centred at RA, DEC as indicated. Left: original
template; right: simulation including small scales. These have been plotted in
histogram-equalisation to increase the dynamic range.
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2.3.4 Intensity: Thermal dust and AME

The Planck thermal dust map has a power spectrum in the low-foreground [RA, DEC
= 0, -55] region that falls off approximately as a power law. This indicates that the
thermal dust intensity map is signal dominated in this high Galactic latitude region
at small scales, and we do not add additional components.

The AME templates are limited to degree resolution, so we use the high resolution
thermal dust product as a proxy for the AME small scales. We produce the final AME
map by multiplying the two intensity templates by the ratio of the high resolution
thermal dust template and the dust template smoothed to one degree FWHM. An
example is shown in Figure[2.11] The resulting AME templates therefore have the same
small-scale morphology as the thermal dust template. Since the AME polarisation
templates are produced from the thermal dust polarisation products we do not simulate

AME polarisation separately.

2.4 Frequency decorrelation

The spatial variation of spectral parameters discussed in Section reflects the
stochastic distribution of dust clouds and of the turbulent component of the magnetic
field in the Galaxy. This spatial variability will realistically occur both across the
sky and along the line of sight, and it will produce a frequency decorrelation that
manifests as a departure from simple emission laws [229] 230]. We implement this

possible frequency decorrelation in PySM using two different models.

Multiple components. For each component type described in Section [2.2] PySM
supports the inclusion of an arbitrary number of components with different amplitude
and spectral index maps. This mimics the superposition of emission laws caused by

the variation of spectral parameters along the line of sight.

Stochastic decorrelation. Let m,(n) = v,(n)f,(5) be the sky emission of a given
component as a function of frequency, where f, is any of the emission laws described
in Section [2.2] governed by a set of spectral parameters 5. The component v, is
therefore the sky emission normalised by the emission law, so v, = v, in the absence
of frequency decorrelation. In what follows, we write the harmonic coefficients of v,
as a vector v of N, components, where N, is the total number of frequencies, for each

multipole (¢, m).
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Figure 2.12: Examples of the frequency dependence of a given component for different
correlation lengths &, normalised by the uncorrelated case, given a template at v = 300
GHz. The sharp kinks at low frequencies for small values of £ are caused by the
frequency correlation length being smaller than the sampling rate.

We assume that the covariance between different frequencies takes the form

2

R = () = () exp [—% () ] , (2.20)
following Ref. [144], where £ is the correlation length in frequency space. Let us now
decompose v as v = (cq, Ca, ..., Cn., U1, Usg, ..., Uy, ), Where ¢; are sky maps corresponding
to N, observed templates at different frequencies, and u; correspond to the sky emission
in N, = N, — N, unobserved bands. The goal is to generate the unconstrained maps
u with the correct correlation properties, as in Eq. subject to the N, constraints
of the observed sky maps c.

We simplify the process by making two assumptions:
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e u is a Gaussian random variable.
e {|v,]?) does not depend on v (although it may depend on £, m).

The solution is then to draw a sample map from a multivariate Gaussian distribution
given by:
u+— N(a, Cyy), (2.21)

where the mean u and covariance C,, are given by:

Cou=(R™),) ", 8=Cu (R c (2.22)

Here R is the frequency covariance matrix in Eq. and the subindices uu and uc
select the u — u and u — ¢ elements of the corresponding matrix.

In the current version of PySM we simplify this process further by considering only
one constrained template at a single frequency for each component (N, = 1), and by
assuming that the angular distribution of all components is fully deterministic such
that all maps in u are proportional to ¢;. The solution for the unconstrained maps

then takes the simplified form

u(m) = [((7),,) x4+ (7)) (), @), (2:23)

where x is an array of NV, Gaussian random numbers with unit variance and

Ty = €Xp [—% (M)ZI : (2.24)

It is worth noting that, for large correlation lengths, inverting r above is a numerically
unstable operation. PySM solves this by adding a small uncorrelated contribution to the
diagonal of r only large enough to ensure that all of its eigenvalues are strictly positive.
This ensures a stable matrix inverse while preserving the large-scale correlation
structure. Figure [2.12] shows examples of the corresponding emission laws for different
values of £, normalised by the fully-correlated case, for a template at v = 300 GHz. For
comparison, £ can be roughly related to the scatter in the spectral indices as & ~ U%,
and therefore a scatter of o5 ~ 0.2 (see Section [2.2.2.2]) would correspond to Egust ~ 5.
Finally, the Gaussian model used to generate this stochastic decorrelation may cause

the simulated fluctuations to take negative values for small correlation lengths and far

62



T T T

— Simple foregrounds
— Foreground-cleaned

S
&
0.0000 0.0005 0.0610 0.0015 0.0020

r

Figure 2.13: Forecasted posterior distribution for r estimated for one of the LiteBIRD-
like simulations described in Section [2.5] The black line shows the results assuming
perfect knowledge of the foreground spectral indices, while the red line corresponds to
the case of spatially-varying spectral indices on pixels of Nggo = 16, which more than
doubles the uncertainty on 7.

away from the constrained frequencies. This is an undesirable feature, particularly in
intensity (where positivity is a physical requirement), although it should not affect
simulations with well-motivated correlation lengths (e.g. see above), assuming the

constrained frequencies are sufficiently close to the frequency range under study.

2.5 Discussion

2.5.1 Forecast example

To illustrate the application of PySM, we use it as a basis for forecasting the detectability

of primordial tensor perturbations by a LiteBIRD-like satellite experiment [232]. To

63



Frequency | Noise rms (P) | FWHM

[GHz| [WK arcmin] | [arcmin]

40, 50, 60 | 53.4, 32.3, 25.1

68, 78,89 | 19.6, 15.3, 12.4

100, 119, 140 | 15.6, 12.6, 8.3 70
166, 195, 235 8.7, 6.7, 8.6

280, 337, 402 | 19.0, 21.9, 52.3

Table 2.2: Specifications for LiteBIRD (taken from [231]). Note that noise levels are
provided for polarisation. All maps were smoothed to the lowest resolution of 70
arcmin FWHM, which does not correspond to the resolution achievable by LiteBIRD.

do this we generate simulated maps containing Galactic synchrotron (according to
Model 1), thermal dust (according to Model 1) and CMB (with tensor-to-scalar ratio
r = 0), and use the instrument specifications described in Table to generate 100
different noise realisations.

We remove the foregrounds from each simulation using the Bayesian component
separation algorithm described in [233], fitting for spatially-varying spectral parameters
(Bs, Ba, Ta) on HEALPix pixels of size Ngqe = 16 which corresponds to angular scales
of ~ 4deg. Following [233], the foreground-cleaned maps are then used to generate a
map of the expected variance after foreground removal by averaging over all simulations.
Using the variance map, we generate CMB simulations with the appropriate noise
levels, and then estimate the posterior distribution for r for each simulation using
a simplified pixel-based likelihood [234], marginalising over the amplitude of lensing
B-modes. Specifically, we fit for two parameters, r and Aje,s, that define the B-mode
power spectrum as:

Cy = rCP™"™ (1 = 1) 4 ApensC)"™, (2.25)

where Cé)rim and CE s are templates for the primordial and lensing contributions
to the B-mode power spectrum. All other parameters are kept fixed to the best-fit
values of [235], except for the optical depth to reionisation, which we fix to 7 = 0.06
in agreement with [230]

We compare the resulting posterior distribution for r with the one expected in
the absence of foregrounds. This has a noise level of 4.5uK-arcmin in polarisation
coadded over frequency channels. The result for one of these simulations is shown
in Fig. 2.13] We find that, in the ideal case of perfect knowledge of the foreground
emission laws, a LiteBIRD-like experiment would be able to achieve a 1o uncertainty
of o(r) = 1.6 x 107%. We find that this gets degraded after accounting for spatially-

varying spectral indices to o(r) = 3.7 x 1074, for the simulations considered in this
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example. This non-negligible inflation of errors demonstrates the importance of

including realistic foreground levels in forecasts for future experiments/]

2.5.2 Conclusion

We have presented new software to simulate the Galactic microwave sky in polarisation
and intensity. The nominal models reflect the current understanding of Galactic
foregrounds, and we have included a set of simple alternative models that capture
physical extensions to these models and are still consistent with current data. There
are many more possible alternatives that are not included, but we provide the public
code in a way that makes adding further astrophysical complications straightforward.
The code is also fast, portable, and easy to install and begin using.

We have developed methods for the addition of simulated small scale variation in
polarisation and intensity, recovering power law behaviour of the polarised components
in sky patches of low and high signal, with minimal noise biasing. These simulations
may aid in forecasting for ground-based observations limited to partial sky coverage.
These small-scale simulations have certain limitations. Different simulated components
are not correlated, and the small-scale procedure loses information in high signal-
to-noise regions by smoothing at a single scale. Incorporating the spatially varying
signal-to-noise into the definition of this smoothing scale would provide more accurate
simulations. The small-scales will also be non-Gaussian in practice, which we do not
account for.

There are other approaches to foreground modelling. PySM uses 2D sky maps
and parametric models to extrapolate single frequency maps to different frequencies,
including the possibility of frequency decorrelation. This will be limited in its ability to
replicate the polarised nature of Galactic foregrounds. Due to the combination of the
complex three-dimensional structure of the Galaxy’s magnetic field and the stacking of
different sources along any given line of sight we may expect the polarisation fraction
of any component to be a function of frequency. Even on a microphysical level there is
good evidence that the polarisation spectrum of thermal dust is frequency dependent
[10], as carbonaceous and silicate grains may align with the Galactic magnetic field
with different efficiencies. More realistic simulations could be derived from three

dimensional realisations of the Galaxy’s magnetic field and source distributions.

4These values were found as the standard deviation of the maximum-likelihood values of r found
in the different simulations.
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Chapter 3

Finding the chiral gravitational
wave background of an axion-SU(2)
inflationary model using CMB
observations and laser

interferometers
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3.1 Introduction

It is the aim of the next generation of CMB experiments to better measure the polar-

ization of the CMB in order to detect its primordial B-mode polarization, parametrized

by r, the ratio between tensor and scalar perturbations, which would provide strong

evidence for the presence of a primordial gravitational wave background (GWB) (see

e.g. [4, 237, 238] for review). Normally, the GWB is produced only by quantum

fluctuations of the vacuum during inflation, and is consequently simply related to the
1/

energy density of inflation : p./ ~ ( 0.'(’)1)1/ 11.04 x 106 GeV. A measurement of the

power spectrum of tensor perturbations to the metric would therefore be an extremely

powerful probe of physics at GUT scales ~ 10'¢ GeV.

The next round of CMB experiments, such as the LiteBIRD satellite [239], and the
ground-based Stage-4 [124] effort, seek to push constraints on r to ~ 1073. Interestingly,
this search for B-modes may also be sensitive to the dynamics of subdominant fields
other than the inflaton, considering the possibility of alternative gravitational wave
generation scenarios. Some particular matter fields present during inflation can produce
primordial tensor perturbations similar to those sourced by vacuum fluctuations.
Therefore, in the event of a detection of r, we must first understand its source.

Recent efforts to provide alternative models for the generation of gravitational
waves, which are also consistent with existing observations, have introduced the
coupled system of the axion and gauge fields as the spectator sector in addition
to the inflaton sector [240, [42] 241], 242 243] 244]. Such a setup is quite natural
from the point of view of particle physics, since many high energy theories contain
axion fields and its coupling to some gauge fields, namely the Chern-Simons term:
(x/f)F*™F, w- In particular, string theory typically predicts the existence of numerous
axion fields. From the view point of low energy effective field theory, at the same time,
such dimension five interaction term is expected to exist, because it respects the shift
symmetry of the axion field, y — x + constant. Therefore it is strongly motivated to
investigate the observational consequence of their dynamics during inflation in light of
the role of inflation as a unique probe of high energy physics.

Interestingly enough, the GWB produced by the additional axion-gauge sector
has several characteristic features, including non-Gaussianity, scale-dependence, and
chirality. A model involving a U(1) gauge field was studied first, and it was confirmed
that the resulting GWB is amplified to the same level as the scalar perturbation
[240], 245] and hence visible in CMB B-mode observations [246] and interferometer

experiments [247]. Recently, a more intriguing model due to a SU(2) gauge field was
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also examined, achieving a surpassing GWB production against the scalar sector [42].
This yields more rich phenomenology, and thus motivates us toward the assessment of
its detectability.

Gravitational waves may be decomposed into modes with left (L) and right
(R) handed polarization. A GWB produced by conventional vacuum fluctuations
would have equal amplitudes of L and R, but the effect of the Chern-Simons term
in the theory is to allow their amplitudes to differ [248] 240, [42]. Such a chiral
GWB would have signatures observable both in CMB polarization and by laser
interferometers. CMB polarization may be decomposed into modes of opposing parity:
E and B [20, 19]. A detection of a correlation between E and B modes (EB), or
between temperature and B modes (TB), would therefore be strong evidence of a
parity-violating GWB [248|, 43, [44] 249] 246]. To-date observational constraints using
the CMB are consistent with no parity-violation and are dominated by systematic
uncertainty [249, 250, 251, 252]. An alternative to using the CMB is to directly probe
the circular polarization of the GWB, denoted with the circular polarization Stokes
parameter V(f), using gravitational interferometers. Interferometers are sensitive to
the strain induced in their arms by passing gravitational waves, and for certain detector
geometries are sensitive to the polarization of the passing wave [253], 254, 255, 256].

In this chapter we seek to provide a realistic forecast of the ability of LiteBIRD
to distinguish this SU(2) model proposed in Ref. [42] from the conventional GWB
generation by vacuum fluctuations. LiteBIRD is a proposed CMB satellite mission
with the primary science goal of detecting the GWB with » < 1073 [239, 118, 257].
Therefore its sensitivity will be focused in the lowest two hundred multipoles where the
B-mode signal is both strong and relatively uncontaminated by gravitational lensing.
We exclude Stage 4 from the analysis as we found that the chirality signal is contained
in the multipole range 2 < ¢ < 30.

Since Stage 4 experiments will have B-mode surveys over the range ¢ 2 30
[124], they will be ill-suited to constrain chirality, and we do not consider them
further. Ref. [258] consider a simple model for detecting primordial chirality using the
CMB, and conclude that ground-based small-scale experiments are not well-suited
for pursuing this signal. We also considered a COrE-type experiment [[] the results
of which we do not include in our analysis, as they are similar to LiteBIRD due to
the dominant impact of large scale foreground residuals for both instruments. In our

analysis we include four contributions to the uncertainty in a measurement of the chiral

LCOrE was a proposed European mission at the time this work was carried out; it is now no
longer being considered for funding.
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GWRB: instrumental noise, foreground residuals from the imperfect cleaning of multi-
channel data, gravitational lensing, and the joint self-calibration of the instrument’s
polarimeter. This provides a robust assessment of LiteBIRD’s capability to detect
primordial chirality.

On the other hand, laser interferometer gravitational wave observatories are
sensitive to the GWB today, and provide probes of much smaller scales: kcyp ~
107% Mpc™! vs. kiggerr ~ 1013 Mpc™t [247].

In the case of single-field slow-roll inflation, the tensor spectrum is expected
to be slightly red-tilted (nr = —r/8, where nr is the tilt of the tensor spectrum
P, ~ k"), in which case modern interferometers would not be sensitive enough to
make a detection. However, given the scale-dependence of the model of Ref. [42] for
part of the parameter space the small scale tensor spectrum is comparatively large.
For symmetry reasons the nominal designs of space-based gravitational interferometers
are insensitive to the circular polarization of gravitational waves. Since we are
interested in constraining chirality we therefore consider ‘advanced’ stages of the
nominal design of LISA [259] 260], following the proposed designs of Ref. [256] which
provide equal sensitivity to both intensity and polarization of the GWB. In this chapter
we show that interferometers and CMB observations provide complementary probes
at different scales of the axion-SU(2) ’s primordial tensor spectrum. We then consider
the sensitivities of two designs of an advanced stage LISA mission, and compare to
constraints achieved using the CMB.

In Section [3.2| we review the model proposed by Ref. [42] and its prediction for the
GWB. In Section we forecast the ability of a LiteBIRD-like CMB satellite mission
to detect the TB and EB correlations expected due to the chiral tensor spectrum, in
the presence of foreground contamination, gravitational lensing, instrument noise, and
simultaneous self-calibration of the telescope’s polarimeter. In Section [3.4] we analyse
the sensitivity of space-based gravitational interferometers to the chiral gravitational
background expected by this model. Finally, in Section [3.5| we summarize our findings

and discuss our conclusions.
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3.2 Theory

In this section we will briefly review the axion-SU(2) model proposed in Ref. [42].
The model is described by the following Lagrangian:

1 X 1 a rrapv A [auy
L = Linfaton + 5(8@()2 —ut {1 + cos (?)] — Z_LF‘“’F HY EXFWF e (3.1)

where L qaton denotes the unspecified inflaton sector which realizes inflation and the
generation of the curvature perturbation compatible with the CMB observation, y is
a pseudo-scalar field (axion) with a cosine type potential, © and f are dimensionful
parameters and A is a dimensionless coupling constant between the axion and the
gauge field. F3, = 0,A% — 9, A% — ge®™ AY A¢ is the field strength of SU(2) gauge field
and F = P Fo /(2y/—g) is its dual. Here, g is the self-coupling constant of the
gauge field and € and €**?? are the completely asymmetric tensors, €!?% = 123 = 1.
In the axion-SU(2) model in the FLRW universe:

9 = diag(1, —a®(t), —a®(t), —a*(t)). (3.2)

The SU(2) gauge fields naturally take an isotropic background configuration, A =
0, A? = a(t)Q(t)d¢ by virtue of the cou‘pling to the axion x, and the transverse and
traceless part of its perturbation, ¢;; = 5A§~ (not to be confused with the time variable,
t), sources gravitational waves at the linear order. Interestingly, either of the two
circular polarization modes of ¢;;, namely tg or ¢;, undergo a transient instability
around the horizon crossing and gets substantially amplified. Subsequently, only the
corresponding polarization mode of the gravitational wave, hr or hyp, is significantly
sourced by t;; and fully chiral gravitational waves are generated. Note that the parity
(R <> L) symmetry is spontaneously broken by the background evolution of the axion
(i.e. the sign of d;x(t)). In this chapter we assume the left hand modes are produced
for definiteness. In Appendix [A] we derive the following expression for the sourced

GW power spectrum:

1
Py S (k) = P exp { o2 I’ ( k )}
2 Fy (3.3)

P}Il{, Sourced(k) ~ 07

where the amplitude is parameterized by the tensor-to-scalar ratio r, at the peak
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scale k = k,, o is the width of the Gaussian-shaped spectrum, and P is the power
spectrum of curvature perturbations. We treat r, and o as free parameters in our
analysis, while they can be rewritten in terms of more fundamental parameters m., €p.
and AN, as discussed in Appendix [A]l Note that, there is no theoretical bound on
s+, while the possible values of o are restricted by k, as Eq. . Figure gives
an example of how the amplitude r, is degenerate in m, and eg,, and we show an
example plot of PPowreed(k) for three sets of these parameters in Figure .

Here we define the power spectrum of primordial tensor perturbations to be:
RARY) = (20 2 A ()5 (k + 1) 3.4
ittty = (2m)* PO (k + K)o, (3.4)

where A refers to the circular polarization of the gravitational wave with the momentum
vector k : A = L, R. For the rest of this chapter we model the primordial tensor
spectrum as being the sum of two contributions: a completely polarized sourced
contribution to the tensor spectrum Pp°"ed: and a contribution from the vacuum

fluctuations, which we take to be unpolarized and which we do not vary:

E\™"
()

Lk ng—1
vac _ A v
PC S <k’*) )

where Ap = rycds, Ag = 2.2 x 1072, ng = 0.96, k, = 0.05 Mpc™! are taken from
the best-fit Planck cosmology [261]. We fix ry, = 107° which corresponds to the
inflationary Hubble scale Hi,s = 8 x 10 GeV and the tensor tilt is given by the

consistency relation ny = —r,./8. Note that ry,. is not required to be so small

(3.5)

compared to the sourced contribution; for larger values of r,. the chiral contribution
would be more difficult to detect on the CMB due to the vacuum contribution to the
BB spectrum. Therefore , we make the simplifying assumption of a small r,.. In

summary:

Pe(k) = P
Pu(k, ky, 7, 0) = Py(k) + Pk, kp, s, 0)
Pr(k) — Pr(k) = Pk, ky, 7+, 0).
It is found that contrary to the tensor perturbation, the scalar perturbations in

the axion-SU(2) sector do not have any instability for mg > V2 and they are even
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Figure 3.1: The predicted tensor spectrum, 77,% Sourced 0 three sets of parameters:
(blue: o = 2, r, = 0.07, k, = 0.005 Mpc™' ), (orange: o = 2, . = 0.07, k, =
0.0005 Mpc! ), (green: o0 =2, r, =0.07, k, =7 x 107> Mpc™1).

suppressed compared to the vacuum fluctuation of a massless scalar field due to their
kinetic and mass mixing [42, 262, 263]. Since the axion-SU(2) sector is decoupled
from the inflaton and its energy density is subdominant, its contribution to the
curvature perturbation is negligible. It is possible that the energy fraction of the axion
Qy = py/Protal grows after inflation and x becomes a curvaton if o is very large and
the decay of the axion is suppressed more than that of the inflaton [264] 265, 266]. In
that case, the contribution from the scalar perturbations in the axion-SU(2) sector to
the curvature perturbation may be significant and hence it would be interesting to
investigate such cases. However, it is beyond the scope of this chapter. Therefore, we
can simply consider that the curvature perturbation produced by the inflaton is not
affected by the axion and the SU(2) gauge fields in this model. We may then take the
TT, EE, and TE spectra to be given by constrained cosmological parameters (which
we take to be: h = 0.675, O, = 0.022, Q. = 0.12, n, = 0.96, 7 = 0.09, A, = 2.2 x107?),
and investigate only the B-mode spectra: TB, EB, and BB.
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3.3 CMB

In this section, we study the CMB phenomenology of the model introduced previously
in §3.2] The interesting CMB features of this are the non-zero TB and EB spectra
produced by the chiral tensor spectrum. We will calculate the expected TB and EB
spectra and make forecasts of their detectability by the LiteBIRD satellite in the
presence of cosmic-variance, residual foregrounds, instrumental noise, gravitational
lensing, and polarimeter self-calibration.

The anisotropies on the CMB are calculated by the integration of the primordial
perturbation spectra over the transfer functions describing the evolution of pertur-
bations with time. The tensor contribution to the angular power spectra of the
anisotropies are [248] 43| 44], 249]

C¥% — ax [ (k) [PE(R) + PIE)] Ak, (DAY, (B)
(3.6)
€ —ax [ d(in k) [PEE) — PIGY] A, (1) (1)

where X, Xy, = {TT, TE, FE, BB} and V1Y, = {TB, EB}, and A% ,(k) indicates
the tensor transfer function [267]. To calculate these spectra we use the CLASS code
[268], making the necessary modifications for it to calculate TB and EB spectra. In
Figure we plot examples of the BB and TB spectra calculated in this way for a
few different combinations of the model parameters, and compare them to the noise
contributions from lensing, instrument noise and foreground residuals that we will
consider later.

In this chapter we assess the detectability of the chirality of the primordial GWB
over the parameter space spanned by (r., k,, ). Therefore, we calculate the expected

signal-to-noise of the combined TB and EB spectra [246]:

<£>2 i:ax Z CX1X2 XIXZ’X3X4CX3X4, (37)

N
TB+EB =2 X1 X5
X3X4

where X1 Xy, X3X, = {TT,EFE,BB,TE, TB, EB}, and ¢ is the covariance of our
estimate of the power spectra given a certain theoretical and experimental setup:
€X1X2X3X4 — <(C£XlX2—C£X1X2)(C£X3X4—CZX3X4)> _ (2z+1)f5ky (CX1X3CX2X4+CX1X4CX2X3),

where tildes indicate the observed spectrum: CXX" = CXX + N}X' | with NXX' de-
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noting the noise spectrum, and the calculation of ¢ is detailed in Appendix [B]. £pax
denotes the highest multipole we consider, which in this case is 500.

Similarly, we can calculate the detectability of the primordial GWB, as opposed to
its chirality, by calculating the signal-to-noise of its contribution to the BB spectrum.

In the case of no lensing, this is simply:

2

g ) 2 &3 (20+1) [oBB
— = fok = , (3.8)
(N BB ; 2 | CpP

However, one of the major sources of uncertainty in a measurement of the BB
spectrum is due to gravitational lensing. As the CMB propagates to us from the
surface of last scattering it is gravitationally lensed by the intervening matter density,
converting primary E-mode anisotropies to secondary B-mode anisotropies, which
then need to be accounted for in measurements of BB [79).

— C£337 Prim + CBB, Lens

We can separate the contributions to BB into CF? , where

‘Prim’; ‘Lens’ refer to the primordial and lensed contributions respectively. We are
interested in measuring C’f B.Prim Cand in effect CBB Lens acts as an extra source
of noise, with an unknown amplitude. The modification required to calculate the

signal-to-noise of the primordial BB signal is to consider the 2 x 2 matrix:

2 ary

(3.9)

such that:

(%) e~ .

where the indices i, 7 run pver ‘Prim’, ‘Lens’. Note that we will assume that the
temperature spectrum is perfectly known over the range of scales we are interested in,

and that the sourced contribution to the scalar spectrum is negligible [42]: Cf™ = CJ™.

3.3.1 Cosmic-variance limited case

Here, we discuss the signal-to-noise of the TB, EB, and BB spectra in the case of
cosmic variance-limited observations: C’EX X' = C€XX/. In this scenario, in the absence of

lensing, Equation |3.8 has the simple analytic form (%)ZBB = foky (Umax + 3) (Urmax — 1) /2.
The signal-to-noise of the TB and EB spectra calculated using Equation |3.7| are
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Figure 3.2: LEFT PANEL: CPP for the same three sets of parameters used in Figure
: (blue: 0 =2, r, =0.07, k, = 0.005 Mpc™'), (orange: o =2, r, = 0.07, k, =
0.0005 Mpc™t), (green: o =2, r. = 0.07, k, = 7 x 107° Mpc™!) compared to the
LiteBIRD noise spectrum with 2% foregrounds (solid black), the lensing BB spectrum
(dashed black), and the standard vacuum fluctuation CPB(r = 0.07) consistent with
the BKP r < 0.07 (95% C.L.) (dash-dot black). The axion-SU(2) spectra contain a
contribution from vacuum fluctuations with r = 107°, as is used in the text.

RIGHT PANEL: |C7B] (solid colour) and |CFP| (dashed colour) spectra for the same
three sets of parameters. Shown in black is an example of the spurious TB signal
induced by polarimeter miscalibration for an angle of one arcminute, as discussed in

Section W
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shown in Figure for the parameter space of the model, assuming a lensed BB
spectrum with fq, = 1. We consider only r, < 0.07, in line with current observational
constraints on the scale-invariant tensor-to-scalar ratio rg g5 < 0.07 (95%C.L.), where
the subscript indicates the pivot scale in Mpc™! [51]. Figure demonstrates that the
shape of CPP is strongly dependent on the position of the peak in the GW spectrum,
k,, and also on the width of the peak, 0. Therefore, the BKP bound on r does not
simply imply the same bound on r,; a small value of k, and o could allow a large
value of 7, without exceeding the BKP limit, due to the small scale damping of C}*5.
However, excepting O(1) underestimation for small k,, the BKP bound provides a
useful guide as to what is allowed by current observations.

The values of k, =7 x 107° Mpc™" and k, =5 x 1073 Mpc™" were chosen as they
probe different scales to which the CMB is sensitive. Pp *°"d(k) is more sharply
peaked for smaller o and so for a given r, the signal-to-noise decreases with decreasing
0. As o increases the tensor spectrum becomes almost scale-invariant over the range
of scales accessible with the CMB and so the signal-to-noise does not depend on o for
large values of o. Figure [3.3b| shows that the maximum achievable signal-to-noise is
~ 3 and that the chirality is undetectable with % <1 for r, <0.01.

k, = 0.005 Mpc™! k, = Te — 05 Mpc~!
0.07 b-Ne== 3 0.07 3
0.06 k 2.5 — 0.06
0.05 ¥ . 0.05} =
0.04} 2 —4 o 0.04 . 2
1% = 2—|1? %
 0.03 L - &  0.03} - &
15— || ap al=
0.02} . _11/ 0.02 15— 1], =
¥ I 1 : k. .
0L =% s 10 0L ="% s 10
g g
(a) k, = 5 x 1073 Mpc~* (b) k, =7 x 1075 Mpc~?

Figure 3.3: Signal-to-noise of TB + EB spectra assuming the perfect case of fyy, =1,
with no foreground contamination, noiseless observations, and no delensing. The black
dashed line indicates the bounds placed by r, < 0.07..
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3.3.2 Including instrument noise and foreground contamina-
tion

We now consider instrument noise, contamination of the spectrum due to imperfect
foreground separation, and assume that we are unable to perform any ‘delensing’.
The model we use for the noise spectrum includes the instrument noise in the
CMB channels, the residual foregrounds in the final CMB map (assumed to be at a
level of 2 %, following Refs. [118] 269 246 270]) and the instrumental noise from
channels used for foreground cleaning that is introduced into the CMB channels by the
cleaning process. The details of how we combine these factors to produce a final noise
contribution to the measured CMB spectrum, as well as the instrument specifications
for LiteBIRD can be found in Appendix [C] In the left panel of Figure [3.2) we show the
contributions to the BB noise spectrum, NPB, from lensing, LiteBIRD instrumental

noise, and foreground residuals compared to the primordial CPB.

3.3.2.1 BB Signal-to-Noise

We calculate Equation [3.10] over the available parameter space and show the result
in Figure 3.4] In a similar way to the TB and EB signal-to-noise we see that there
is some dependence on o, especially in the case of smaller k,. This is expected since
k, = 7 x 1075 Mpc™! is slightly smaller than those scales to which we expect the
CMB to be sensitive [247]. Therefore, we expect that reducing o for this value of k,
will eventually exclude the tensor perturbations from contributing to CMB scales,
explaining the sharp decrease in S/N for low o and a given r,. From Figure it is
clear that we can detect the primordial contribution to BB for r, > 1073, which is
consistent with the aim of LiteBIRD to achieve an uncertainty on the null case of
r = 0 of less than 1073,

3.3.2.2 TB+EB Signal-to-Noise

Lensing affects the TB and EB signal-to-noise only through éfB, since the direct
lensing contributions to TB and EB are negligible [43] 246]. We calculate Equation
over the available parameter space, now including instrument noise for a Lite BIRD-
type experiment (with parameters shown in Table , foreground residuals, and
gravitational lensing, and show the result in Figure [3.5] Over the allowed parameter

~ 2. Whilst for . < 0.03

space, the maximum achievable signal-to-noise is %
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Figure 3.4: Signal-to-noise of BB spectrum assuming no delensing and 2% foreground
contamination and LiteBIRD instrumental noise added using method described in
Appendix [C] The dashed line refers to the observational constraint of ., = 0.07. The
signal-to-noise achieved in BB is much larger than that in TB+EB as the cosmic
variances of BB and TB are proportional to (C£5)?, and CPPCTT | respectively. The

factor of C!T means cosmic variance in the TB spectrum is much more significant
than in BB.

LiteBIRD can not detect chirality in this model, compared to r, < 0.01 in the CV-
limited case. The right panel of Figure demonstrates that the TB and EB signal
peaks at ¢ < 10, making the large scale foreground residual contribution to the noise,
shown in the left panel of Figure [3.2] the dominant factor causing this reduction in
sensitivity.

Improvements in foreground cleaning algorithms could reduce the level of foreground
contamination, and perhaps allow a larger sky fraction to be used in the analysis.
However, even with perfect control of these factors, the cosmic-variance limit of Figure
can not be beaten. We conclude from this study that the most important factor
limiting the sensitivity of CMB observations to the chirality of the GWB is the
large cosmic variance of the TB and EB spectra due to large scalar T and E signals,

respectively.

3.3.3 Simultaneous detection and self-calibration

In order to achieve its baseline performance target, LiteBIRD will need to achieve an

uncertainty on the polarimeter calibration angle of less than one arcminute [271], 272].
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Figure 3.5: Signal-to-noise of TB + EB spectra assuming no delensing and 2%
foreground contamination and LiteBIRD instrumental noise added using method

described in Appendix [C] The dashed line refers to the observational constraint of
r. = 0.07.

There are several methods that have been used in the past to calibrate polarimeters
such as polarized astrophysical sources like the Crab Nebula (Tau A), or man-made
sources such as a polarization selective mesh. There are many factors preventing such
methods achieving calibrations better than one degree. For example, Tau A is the best
candidate for a point-like polarized source, but this provides a calibration uncertainty
of ~ 0.5 degrees [273], and with these it is hard to achieve a calibration uncertainty
better than one degree [274]. The polarization of Tau A also has a poorly understood
frequency dependence, and is ultimately an extended source, making it poorly suited
to a characterization of the polarized beam [275]. Man-made sources on the other
hand must often be placed in the near field and are unstable over long time frames.
However, a recent proposal of a balloon-borne artificial polarization source in the
far field of ground-based experiments may ameliorate this problem for ground-based
telescopes [275].

LiteBIRD plans to self-calibrate its polarimeter using the EB spectrum, which is
assumed to have zero contribution from primordial perturbations [276]. Unfortunately
this makes assumptions about cosmology, and uses part of the constraining power
to calibrate the instrument, instead of for science. Furthermore, residual foreground

contributions to TB and EB may result in a biasing of the calibration angle. Ref. [277]
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shows that a miscalibration angle of 0.5 degrees can result in a bias in the recovered
value of 7 of 2 x 1072, which is significant for LiteBIRD’s aim to push constraints on
r to r ~ 1073, However, Ref. [277] also finds that TB and EB are consistent with
zero in a study of the low-foreground BICEP2 region. Furthermore, in a study of the
Planck data Ref. [205] finds that TB and EB are both consistent with zero for sky
fractions up to fsy = 0.3, and that TB increases to significant levels only for larger
sky fractions, whilst EB is only marginally non-zero for fg., = 0.7. Therefore whilst
foregrounds must be considered, they do not necessarily limit the use of this approach
to calibration.

We want to study the detectability of primordial TB and EB correlations when
taking self-calibration into account. The self-calibration process is carried out by
zeroing the miscalibration A by measuring its contribution to the TB and EB spectra.
In this analysis we will assume that residual foreground contributions to TB and EB
are negligible.

If the angle of the polarimeter is miscalibrated by some angle At the measured
@, U will be rotated. We work with the spin-2 quantities (Q =+ iU)(n) which have the

transformation properties under rotation:
(Q £iU)(R) = e*P29(Q +iU)(n).

E and B can be computed to find:

al 10 0 ol
af | =10 cos(2Av) —sin(2A9) al
ag. 0 sin(2Av)  cos(2Av) al

which give the resulting rotations of the angular power spectra:

CIP)  [cos(2A9) —sin(2Ay) | [ CFF

cre mt_ Sn(2A0)  cos(2A) |\ CTE

Crt cos?(2A) sin?(2A¢)  —sin(4AY) | [ CEE (3.11)
CPP | =|sin?(2A¢) cos?(2A¢)  sin(dAy) | | CFP

cr? mER0 R cos(4Ay) |\ CFP

rot
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We then replace the primordial spectra in our expression for C; with the rotated
spectra:
CxXx’ CX XX’
g .

rot £

We jointly estimate the uncertainty on the miscalibration angle and the recovered

amplitude of the TB and EB spectra parametrized by r, using the Fisher information:

Lmax X1 X X3X.
aCx 2 O XaXa
Fi= > > N¥iXeXsXa L (3.12)

a; a;
X1X2,X3X4 £=2 8 ¢ 9 J

where a;,a; = A1, r, . The uncertainty on the miscalibration angle is then given by

(0ay)? = (F 1) apay. We can easily calculate the derivatives with respect to A in

Equation [3.12| using Equation [3.11] In order to calculate the derivatives with respect
TB/EB TB/EB

to r, we write: C, =r.C, (

miscalibration angle and primordial chirality we calculate the correlation coefficient:

r. = 1). In order to study the interaction of the

FAwr*

vV FA#}AzpFr*r*

We now calculate the 1-sigma uncertainty in a measurement of the miscalibration

«

angle Ay and « over the allowed parameter space of the model and show the resulting
contour plots in Figure

We find that for LiteBIRD oay < 1 arcmin for all of the allowed space, making
the simultaneous calibration of the polarimeter and detection of the parity-violation
possible. The correlation coefficient is less than 0.03 for the allowed parameter space,
indicating that the effects of primordial parity-violation and miscalibration are easily
separable. This can be understood from the right panel of Figure where it is clear
that the primordial signal is a large scale effect, with maximum signal at ¢ ~ 10,
whereas the contribution to TB from miscalibration is a small scale effect which
dominates at ¢ > 100. This is supported by the ¢ dependence of « in the left panel
of Figure [3.6, The two effects become more correlated for larger values of o which
correspond to flatter spectra, and hence more power at small scales. Varying k,
has little effect on the result that the effects are separable, but does introduce some
interesting dependence on . This indicates that a sufficiently high ¢,,,,, is necessary for
the separation of these effects. For smaller values of k,, oa, becomes more dependent
on o. For example, with k, =7 x 107° Mpc™!, for a given r,, oy increases with o

since the flatter spectra of large o become more important when k, is further away
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from the small scales at which the miscalibration effect occurs. On the other hand
when k, = 5 x 107® Mpc~! the dependence on o is reversed. This is because the
miscalibartion effect peaks at ¢ ~ 100, which corresponds to contributions from modes
around k ~ 100/ny = 7 x 1073 Mpc™! , where 7, is the comoving distance to the
surface of last scattering. Therefore an increase of o for k, ~ 7 x 1073 Mpc™! will
make the signals less correlated as the flatter spectra will introduce more power at
larger scales.

In conclusion, any reduction in sensitivity to TB and EB due to the calibration
requirements is negligible, and is ignored in the results we quote for LiteBIRD. Our
results are in agreement with Refs [258] [44], which also find that the primordial and
miscalibration contributions are readily separable.
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Figure 3.6: Correlation coefficient « (left) and 1-0 uncertainty on the polarimeter
calibration (right) for LiteBIRD, calculated over the allowed parameter space of the
model assuming 2% foreground residual and no delensing. The dashed line shows the
observational constraint of r, = 0.07.

3.3.4 CMB Results

Here, we summarize the findings of the CMB section and provide a prognosis of the
usefulness of CMB observations in detecting gravitational wave chirality.

In the case of cosmic variance-limited ultimate observations we found that over the
parameter space of the model the maximum signal-to-noise achievable was ~ 3 for the
largest values of r,, and that the chirality is undetectable for r, < 0.01, in agreement

Y
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with previous studies of simpler models of chiral GWBs with nearly scale-invariant
spectra [44] 249 43]. Moving on to the realistic case of a LiteBIRD-like experiment
with no delensing capability, a 2% level of foreground residuals, and a simultaneous
self-calibration, we find that for the largest allowable values of r, it may achieve a
signal-to-noise of 2.0, making the chirality detectable. The chirality is undetectable
by LiteBIRD for r, < 0.03.

Though a detection with a two sigma significance may be of interest, it is only
achievable for a small part of the parameter space, 0.03 < r, < 0.07, and in any
event we have demonstrated that we may not exceed a % of 3 using CMB two-point
statistics. We also investigated a COrE+ design with the same level of foreground
residuals as LiteBIRD and found that is performed very similarly to LiteBIRD since
both instruments would be limited by foreground residuals on the large scales we

are interested in. As stated in 9§

3.1 we will not gain anything extra from Stage 4
observations, as they are limited to ¢ 2 30. Therefore, in order to make stronger
statistical detections of this model using the CMB, higher order statistical techniques
taking advantage of the model’s non-Gaussianity may have more success as shown for
the axion-U(1) model [246].

Alternatively, we can investigate different physical probes altogether. In the
next section, we consider complementary constraints on the axion-SU(2) model from

space-based laser interferometer gravitational wave observatories.

3.4 Laser Interferometers

Due to the strong scale-dependence of the tensor spectrum, it may be possible to
study the case of large k, using laser interferometer gravitational wave observatories.
Previous studies have indicated that the scale-invariant spectrum of single-field slow-
roll inflation would be too weak at interferometer scales to be detected by current
generation interferometers such as LIGO [278], VIRGO [279], and LISA [260]. However,
the model we consider has a large feature at k,, therefore for k, ~ 10 — 10 Mpc ™,
current generation interferometers may be sensitive to the GWB of the axion-SU(2)
model.

It should be noted that it is difficult to have a sourced gravitational wave spectrum
with a sharp peak on interferometer scales. This is because of the attractor behaviour
of the background axion field coupled to the SU(2) gauge fields (see Appendix [A)).
As a result, we consider the rather flat spectra seen in Figure [3.7 For such flat
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Figure 3.7: Comparison of the sensitivity curves for LiteBIRD, Planck, LISA, and
BBO corresponding to a signal-to-noise of one at a given frequency in intensity (/)
or polarization (V). At the top horizontal axis we also show the corresponding
wavenumber computed via # = 6.5 X 1014$. Also plotted are the primordial
spectra for the parameters: k, = 10'* Mpc™!, o = 9, r. = 835 (black dotted) and
k, = 10" Mpc™!, 0 = 8, r, = 0.15 (black dash-dotted). Note that below f = 10717 Hz
transfer function of the fractional gravitational wave background energy density
changes due to the transition between matter and radiation dominated eras. We see
that even for the large values of o required by the large k, values of the axion-SU(2)
model LISA and BBO can make a detection that would still be inaccessible at CMB
scales. This motivates the evaluation of signal-to-noise for the interferometers. Note
that the CMB sensitivity curves have been smoothed with a Gaussian kernel due to
the sharp oscillations introduced by the transfer function (Equation |D.2)).
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spectra one may expect any signal detectable with interferometers would also be
detectable on CMB scales, making the use of interferometers redundant. We therefore
first demonstrate the complementarity of our CMB and interferometer studies. We
compare their sensitivities as a function of the frequency f of the gravitational wave
background. The quantity we use to compare sensitivities is the minimum detectable

fractional energy density in primordial gravitational waves today:

0
Qaw(f) = pialpnc;(\}v)

(3.13)

where p. is the critical density to close the Universe evaluated today, and pow =
ssore (hijhis), where hy; = dg;;" /a®. The calculation for the CMB is detailed in Ap-
pendix |D| and for interferometers in the remainder of this section. Figure displays
the minimum detectable fractional energy density using the CMB and interferometers
for Planck, LiteBIRD, an advanced LISA [260]and BBO [280]. We see that LiteBIRD
has a much improved sensitivity to chirality, compared to Planck, which is due to
its much lower instrumental noise. The two plotted theoretical spectra are clearly
detectable by LISA or BBO, without being detectable at CMB scales, making inter-
ferometers an independent, complementary probe of the primordial spectrum of the

axion-SU(2) model.

3.4.1 Interferometer notation

Laser interferometers consist of a set of test masses placed at nodes and linked by
laser beams. Interferometry is used to measure the change in the optical path length
between test masses. A passing gravitational wave induces a time-dependent oscillation
in the optical path length, which can be isolated from noise by taking cross-correlations
between detectors.

The metric perturbation at point x at time ¢, h;;(¢,x), can be decomposed into a

superposition of plane waves [281]:
hij(t,x) = Z / d*kCp (k) sin(ckt — k - x + CD(k))eZ(Q),
P

. . . . A !’ A
where we use the transverse traceless basis tensors with normalization e} (Q2)e/; (€2) =

20ppr, and P = +, X. It is more convenient to deal with complex values, and so we
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rewrite this as:

WA

hij(t,x) = ooolf d*Q hp(f, Q) exp(2mif(
X zp:/oo / Ja) exp(2me

where ck =2nf, k-x=2nf %, and € is a unit vector in the direction of propagation
of the gravitational wave. Since the coefficients satisfy hp(f, Q) = hb(—f,Q), hi;(t, x)
is explicitly real. The theory we are dealing with produces a highly non-Gaussian
GWB [282]. We can summarize the two-point statistics using the following expectation

values of the Fourier coefficients, but this will not capture all the available information:

R OO )
(e (£ M3 (. 0) = o - f')%ﬂ’sm’ ()

(hy (F, DRL(f, Q) (e (F, QL)) ( il @) () — )

(o (f QR QX)) (hae (f, R (F, ) 4w (3.14)
I(f) iV(f)
—ivin 1) )

where I(f) and V(f) are the Stokes parameters for intensity and circular polarization
respectively. As shown below, V(f) quantifies the difference between the amplitudes
of two circular polarization states and hence is a clean observable for the chiral GWB
253, 254, 55].

3.4.2 Interferometer response

In this section, we present the design of the interferometers for which we will forecast
the sensitivity to a polarized gravitational wave background. This analysis uses the
designs proposed by Ref. [256]. We summarise some of the results of Ref. [256] here,
however for further details we refer readers to Ref. [250].

Let us consider a set of masses placed at positions x;, and the phase change, A¢;;,

of light as it travels from mass ¢ at time ¢; to mass j arriving at time ¢ [283]:

Adi;(t) / df / d%th eb (n)e?mti=nxi pab(g, . f), (3.15)
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Figure 3.8: Possible designs for future space-based laser interferometers. The blue
arrows show the laser links used in the Michelson interferometer signals defined in
Equation [3.19} LEFT PANEL: One constellation design of a space-based interferometer,
this corresponds to the baseline LISA design. The points x; show the " satellite.
RI1GHT PANEL: An advanced stage design of LISA or BBO with two constellations.
The points x;; show the j* satellite on the i*" constellation.

where D% is the single-arm transfer function which contains all the geometric in-
formation about the instrument and must be derived individually for each interfer-
ometer set-up [284], and 4;; is a unit vector pointing from detector i to detector
j. We now define the Fourier transform of a signal g(t) observed for a time T
g(f) = fTT//22 g(t) exp(—2mift). The Fourier transform of the phase change A¢ is then:

T/2

Q)

dt /OO df’/dQQth(f’,Q)exp (mf’(t - XC ) — 2m’ft))
- —

x D™ (i - 1, f1)

Agy;(f) :/

—T/2

:/OO df'or(f — f/)/d2QZhP(f/,Q) exp (—i2ﬂf’¥>
o =

X Dab(ﬂij . ’fl, f/>,
(3.16)

where 07 is a finite-time approximation to the delta function defined as dr(f — f') =
Tsinc (7T (f — f')), with the properties: 07(0) = T', limy_,o 07(f) — §(f). We may
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form a signal by constructing a linear combination of phase changes along different
paths around the instrument, and then cross-correlating these signals. The signal we
seek to measure is stochastic and so to distinguish it from noise we must cross-correlate
the detector output with the output from a detector with independent noise properties.

The expectation of the cross correlated signal will be composed of terms like:

@outhdoutr) = [ ar [~ ar [ @0 [ @003 b0 - Ports - )
> e PP

X <hP1 (f/7 Ql)hp2(f”> QQ))
X exp (—2m‘f’th . XZ') exp (—QWif"tQQ . Xk>
X Dab(ﬂij : Qla f/)DCd(akl : Qz; f//>eaP§<Ql)€fj (92)
(3.17)

Using (hp, (f',Q0)hp, (f7,Q2)) = (b, (f, ), (1", ), and D*(ay; - Q, —f) =
D (115 - Q, f) we can write this as:

(Bou(rBou(a)) =5 [ dFoe(f = 1)6n(a — ISP RER (1)
R (1) =5 [ Pep (~2rif@- (x - x0) 3.1

x DY (a5 - Q, YD (i - 0, el (Q,)el2(Q).

Rgﬁg is referred to as the response function of the detector. R depends on the relative
position and orientation of the arms ¢+ — j and k — [, as well as the transfer functions
of the two arms.

In the remainder of this section we consider two interferometer designs. In §3.4.2.1]
we consider the baseline design for near-future space-based interferometers such as
the European Space Agency-led Laser Interferometer Space Antenna (LISA) [259],
and in we consider two futuristic ‘advanced stage’ LISA-like missions similar
to the proposed Big Bang Observatory (BBO) [280].

88



3.4.2.1 One constellation

In this section, we consider the design shown in the left panel of Figure |3.8] This
is the baseline design of the LISA mission, and consists of three satellites placed
at the vertices x; of an equilateral triangle of side L, and a total of six laser links
between the satellites, allowing for measurement of the phase change A¢;; where
i,7 ={1,2,3}, i # j. We define the following three signals:

Sa(t> = % (Aqblg(t — 2L) + Agbgl(t - L) - A¢13(t - 2L) — Aqbgl (t — L)) + no‘(t),

S(t) = % (Adgr(t — 2L) + Adus(t — L) — Aduo(t — 2L) — Ados(t — L)) +n (L),

sP(t) = s*(t) +257(1).
(3.19)
The equilateral design means that the laser phase noise, which is the dominant
contribution to the noise terms n(t), cancels [284]. Furthermore Ref. [256] shows
that signals o and S have independent noise properties. We therefore consider their

cross-correlations:

(M ()™ () = %5(f = ) [RP2(HOIF) + Ry (HV(H] (3.20)

where X7, Xo = {«, 5}, and:

RXXe(f) = ﬁ/d?@ F3 (i QR (f - Q) + F (- QFS(fa- 9]
RX1Xe(f) = i/m [F;l(f,a.Q)F;;(f,a.Q) —F;l(f,ﬂﬁ)FE(f,ﬂ@)} ,
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and [284] 256], 285]:

~

1 A R
D*(f.it- Q) =5 exp(~2mi Q- x1) [u ® 4 Taa(fy it -4) — 0@ 0 Tar(f, Q- @)] ,
DP(f, @ Q) =D(f,i- Q) + exp(—2mifi - X3)

~

x [amTMI(f,Q._a)—w@w TMI<f,Q-—uv)},

Twi(f, Q- w) :lsinc (M) exp (—i / (3+a- Q))

2 2/ 2,
+ 1sinc (f(l%——ﬂfl)) exp (—z’ /

2 2fs

Consider the instrument’s response to a gravitational wave travelling in the direction
Q= (0, ¢), and another travelling in a direction with § — m — 6, i.e. reflected in the
x — y plane. Since the vectors u, 0, w, X; are all in the x — y plane it is easy to see that
the products x - Q, 4 - Q ete. are invariant. Under this transformation only the z part
of the basis tensor €7, (Q) is altered. Since D(f,Q - @) is non-zero only in the z — y
part, then the product D®(f,€2- @)ef,(Q) is invariant. On the other hand the = — y
part of the e:b(Q) tensor changes sign, meaning that D(f, Q- ﬁ)e:b(Q) changes sign.
Therefore, when performing the angular integral in Equation the terms with a
single power of F(f,Q - ) go to zero, giving Ry*(f) = 0. The conclusion is that
co-planar detectors are not sensitive to the circular polarization of the gravitational
wave background. This is true of other types of detectors with planar geometries such
as pulsar timing arrays and individual ground-based detectors such as LIGO [27§].

To gain sensitivity to circular polarization we need to introduce non-co-planar
detector arms. Others [254] have considered using cross-correlations between ground-
based detectors like LIGO, VIRGO [279], and KAGRA [286], which have a suitable
geometry. In the next subsection we consider an extension to LISA in which we add a

second constellation of three satellites to break the co-planar geometry.

3.4.2.2 Two-constellations

The extended LISA set-up is shown in the right panel of Figure [3.8] It consists of
two constellations of three equal-arm detectors. The two constellations are separated

by a rotation of 7 radians and a translation of DL2. The ;% detector on the "
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constellation is at position x;;, and the unit vectors joining them are given by:
u; = (X2 — Xi1) /L, v; = (X3 — Xi1) /L, w; = (Xi3 — X;2)/L. We base this analysis on
the designs proposed by Ref. [256] which optimize the parameters L and D to achieve
equal sensitivity to intensity and polarization of the gravitational wave background.
Similar designs have also been considered by [284] 280, 287].

We use the signals defined in Equation but «, § are now written «;, 3; where ¢
refers to the constellation on which we are measuring the signal. The detector transfer
functions are the same as the single-constellation , but with extra indices referring to

the constellation we are considering [284], 256]:

o1 o A . L L
D% (f,u; - n) =3 exp(—2mifn-x;1) (4 ® @ T (f,n- ;) —0; @ 0; Twa(f, 1~ 0;)],

Dﬁi(fy U - ﬁ) :Da(.ﬂ ;- ﬁ) + exp(—2m’fﬁ : Xi3)sz’ ® U TMI(f; - —’&i)

~

— exp(—?mfﬁ . Xig)lz}i X ’UA)Z TMI(f; fL . —wz)
(3.22)
Following [256] we then combine Equations to form estimators sensitive to just

intensity or circular polarization:

([s™ () + (D] [s°(f) + s> ()]),
(s (F)s™(f) = s (f)s* ()

S0r(f = FIRAAI)

) (3.23)
Sor(f = PRV ()

We will consider two experimental configurations of the two-constellation , intro-
duced in Ref. [256]: ‘LISA’ with L =1 x 10° m, D =7, T = 10 years, and ‘BBO’
with L =5 x 10" m, D =2, T = 10 years. These designs are optimized to achieve
roughly equal sensitivity to / and V.

3.4.3 Interferometer signal-to-noise

Under the assumption that the signals we are cross-correlating have independent noise
properties and are Gaussian-distributed, and that the noise spectrum dominates over

the signal, then the signal-to-noise in the interferometer is given by [256], 284] 285]:

E 2 - 00 BHg 2 |RI,V(f)Qé¥v(f)|2
<N)I,V a 2T/o af (4#2 ) fﬁsi’v(f)Q ’ (3'24)
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where SIV(f) is the power spectrum of the noise in the I,V signals, and Qé\‘,/v is the
fractional energy density of gravitational waves in intensity and circular polarization
today, defined in Equation [3.13] To find the background fractional energy density
today we multiply the primordial spectrum by the appropriate transfer function
[288, 247, 289]: Qbv (f) = %(PL(f) + PE(f)), where Qg is the fractional energy

density in radiation today.

Up to this point we have not discussed the noise, since it vanishes in the cross-
correlations we consider. However it still contributes to the variance of the estimators
in Equations [3.23] There are three major sources of noise in measurements of a
particular optical path through an interferometer: shot noise S, (f), accelerometer
noise Sy .(f), and the dominant laser phase noise, S, 4(f). As pointed out in §3.4.2
the major motivation for using equal-arm Michelson interferometers, as given in the
first two lines of Equations [3.19] is the cancellation of the laser phase noise. The shot
and acceleration noises can be approximated by taking the fiducial LISA [259] and
BBO [280] values and scaling them to an instrument with arm length L observing at
frequency f [284]. The final expressions for SIV(f) are derived by Ref. [256]:

121

510 =2 500+ 25000 (140 (D))

g (3.25)

96
SY(f) = 551
where the values for S, ,(f) and S, ,(f) for LISA and BBO are given in Ref. [256].
As is the case for the CMB, our Galaxy contains sources of gravitational waves that
may act as a confusion noise to a measurement of the GWB [290} 291]. It is expected
that compact binary systems in our Galaxy will form a gravitational wave foreground
with an amplitude in intensity of Qup ~ 107!2 in the mHz regime. The shape of this
spectrum is quite complicated because different periods of a binary system’s evolution
dominate at different frequencies and have different frequency dependences [290]. For
the design of LISA we consider we expect the impact of such a foreground to be small
compared to the acceleration noise [292]. The BBO design we consider peaks at 2 0.3
Hz, which is expected to be relatively free of such sources of noise [293] 294]. However,
we are mainly interested in detecting chirality of the GWB, and this is more easily
distinguished from astrophysical foregrounds, and accordingly previous studies have
not considered polarised foregrounds [256, 295] 247]. Therefore, we do not consider a

contribution to the noise from astrophysical foregrounds in intensity or in polarisation,
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Figure 3.9: Signal-to-noise contours obtained using Equation for a LISA-like
experiment described in §3.4.3/ The primordial spectrum has k, = 1 x 10" Mpc™'.

but it should be noted that we expect a small degradation in the achievable intensity
sensitivity of the fiducial LISA design compared to our result, due to the confusion

noise of astrophysical sources.

3.4.4 Interferometer results

In Figure [3.9| we plot signal-to-noise contours for LISA assuming &, = 1 x 10" Mpc™!
and in Figure we plot the corresponding contours for BBO assuming k, =
1 x 10 Mpc=t. We see that both the LISA and BBO configurations may detect
a polarized gravitational wave background with signal-to-noise greater than one
in a regime unavailable to the CMB. In the case of LISA the signal-to-noise for
k, = 1 x 10" Mpc™! is of order one. However, we see that a BBO-like design far
exceeds the sensitivity of LISA, probing a much larger range of r for the large k, values,
inaccessible to CMB experiments. A single constellation design described in
would achieve equivalent sensitivity in I to LISA and BBO, but with no V sensitivity.
Therefore, the fiducial LISA design would be sensitive to the inflationary model we
consider here, since a positive detection of I at these scales with no corresponding
detection on CMB scales would require a strong scale dependence of the gravitational

wave spectrum.
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Figure 3.10: Signal-to-noise contours obtained using Equation for a BBO-like
experiment described in §3.4.3/ The primordial spectrum has k, = 1 x 10" Mpc™'.

3.5 Discussion

In this chapter we have considered for the first time the detectability of a new model
for the production of gravitational waves proposed in Ref. [42]. Given the increasing
effort to measure the B-mode spectrum of the CMB, this is an important step in
establishing the origins of any detected primordial tensor perturbations. This model
has a unique tensor spectrum characterized by its scale-dependence and chirality, both
of which we use in order to find observational markers that allow it to be distinguished
from the conventional primordial gravitational waves produced by vacuum fluctuations.
If a detection of primordial gravitational waves is made, and the markers we find to
be detectable are absent, we may then rule out such a model. In we provided
robust forecasts of the ability of the LiteBIRD satellite mission to detect the TB and
EB correlations that result from the chiral tensor spectrum. We found that LiteBIRD
would be able to detect the chirality for r, = 0.03, whilst r, < 0.07 is required by
current observations. The addition of Stage 4 observations has little effect as such
a survey would be limited to ¢ > 30, but the primordial chiral signal is contained
almost entirely within 2 < ¢ < 30. Further, we found that for cosmic-variance limited
observations the maximum achievable signal-to-noise for r, < 0.07 would be ~ 3. From
these studies we conclude that the ability of CMB two-point statistics to determine
the presence of a chiral GWB is fairly limited.
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However, in this study we have not fully leveraged the scale-dependence of the
axion-SU(2) model. Single-field slow-roll expects the tensor spectrum to have a tilt
given by the self-consistency relation ny = —r /8, and it would be possible to test
departures from this using a combination of both CMB and interferometer constraints
to provide a lever-arm [296], 297]. Such a study would be aided by future groundbased
observations such as Simons Observatory or S4. In this study we found that for a
peak wavenumber in the range k, ~ 7 x 107> — 5 x 1073 Mpc~! the primordial BB
spectrum is detectable by LiteBIRD with (S/N)gp = 1 for r, = 1073, However, the
projected sensitivity on ny for LiteBIRD alone is ~ 0.04, which is not sufficient to
test deviations from the self-consistency relation, without external constraints.

Another characteristic of the axion-SU(2) model of Ref. [42] is its intrinsic non-
Gaussianity. Some studies have recently shown that higher order statistics of B-modes,
such as the BBB bispectrum, may yield a > 20 significance for the axion-U(1) model
[246], 240]. An analysis of the CMB non-Gaussianity for the axion-SU(2) model is
therefore in order [282].

In we showed that interferometers may provide a complementary probe to
the CMB at much smaller scales ~ 10'2 Mpc™!, even for the relatively flat spectra
required by the attractor behaviour of the background axion field coupled to the SU(2)
gauge field. This takes advantage of the scale-dependence of the axion-SU(2) model,
which allows the spectrum to have a large excursion at some scale k,, e.g. as shown in
Figure , making the cosmological GWB of the axion-SU(2) model a viable target
for interferometers with current sensitivities. We went on to consider two designs of
an advanced stage LISA-like mission proposed by Ref. [256] which are sensitive to
both the intensity and circular polarization of the GWB. Whilst interferometers are
not in general sensitive to the same parameter space of the model as CMB probes, we
found that for spectra with a very large values of k, and o, that would be undetectable
on CMB scales, such experiments could make significant detections, and therefore

complement CMB constraints.
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Chapter 4

ACT foregrounds
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4.1 Introduction

The Atacama Cosmology Telescope (introduced first Section is a six meter
telescope in the Atacama Desert, Chile. ACT was first commissioned in 2008, and
made high-resolution measurements of the temperature anisotropies of the CMB with
the Millimeter Bolometer Array Camera (MBAC) [298]. ACT aimed to measure the
thermal and kinematic Sunyaev-Zel’dovich effects, as well as lensing of the CMB by
large scale structure. In order to extract independent cosmological constraints from the
polarized anisotropies of the CMB, ACT was upgraded with a polarization-sensitive
instrument, ACTPol [299, [300], which started observing four non-contiguous patches
of sky in 2013, and in 2014 focused on three wider patches: D56, D8, and BOSS-N, the
parameters of which are summarized in Table 4.1, Power spectra from observations in
the 2013 season have been presented in Ref. [301], and have been updated to include
observations from 2014 in Ref. [13].

In the previous chapters we have discussed how thermal radiation from Galactic
dust grains can contaminate observations of the CMB, especially if those observations
are made close to the Galactic plane, or are polarization sensitive. In order to forecast
the importance of dust modeling when analyzing future ACT data, we calculate the
expected dust power spectrum in regions observed by ACTPol. Previous analyses, such
as Refs. [12], T3], have shown that the dust level is negligible in the ACT equatorial,
and larger D56 regions. These analyses therefore neglected map-space modeling of
the foregrounds, and simply marginalized over a dust power spectrum amplitude in
the cosmological likelihood analysis. In this chapter, we use Planck data to assess
whether this will remain a good approach when analyzing polarization data, and
high-sensitivity temperature data for the D8, D56, and BOSS-N regions.

Since D8, D56, and BOSS-N are non-overlapping (see Figure , note that we
do not consider D1, D2, or D9 in this analysis), and vary in size, it is possible
that the amplitude of the dust power spectrum could vary significantly between
them. Therefore, we consider each patch independently, and estimate the dust power
spectrum at 150 GHz from high-frequency Planck observations.

In Section we review the data we use to measure the dust power spectrum.
In Section we introduce the methodology applied to calculate the dust power
spectrum. In Section 4.4 we present the resulting constraints, and finally in Section

we briefly summarize our conclusions.
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4.2 Data

In this analysis we use the publicly available Planck PR2 353 GHz and 217 GHz
half-mission temperature and polarization maps [302], downloaded from the Planck
Legacy Archive [] In order to assess the uncertainties we also make use of the full
focal plane noise simulations (referred to as FFP8.1) [303], which are available on
NERSC.

To define observations regions, we create binary masks for the three ACT regions
using the survey parameters summarized in Table The binary maps are then
apodized to reduce ringing in the power spectrum estimation, and to satisfy the
boundary conditions required when applying a pure-B estimator [192], 193]. In a
realistic analysis, the highest foreground intensity regions would be masked out in
the estimation of the power spectrum, and a point source mask would be applied to

remove the contribution from point sources. Therefore, in each patch we combine with
the Planck PR2 143 GHz likelihood mask, which accounts for both of these effects.

Patch | RA (deg) | Dec (deg) | Size (sq. deg)

D8 (-4,13) | (-50, -35) | 190
D56 (-8,41) | (-72,4) | 700
BOSS-N | (142, 228) | (-4, 20) | 2000

Table 4.1: Specifications of the patches of sky used in this analysis, also illustrated in

Figure

4.3 Method

4.3.1 Theory

We model each of the Planck half-mission frequency maps, g’ (1), as a combination of
CMB, dust, CIB, and noise:

g, (7) = g, (1) + g, () + g, (7) + m,,(7), (4.1)

'https://www.cosmos.esa.int/web/planck/pla
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Figure 4.1: Map from Ref. [I1], showing the various ACTPol fields overplotted on a
map of dust emission. In this chapter we consider the D56, D8 and BOSS-N regions,
and not D1, D2, or D9. D56 overlaps with the ACT-Equatorial region from previous
observation seasons (e.g. Ref. [12]), and the D8 region overlaps with the ACT-Southern
region.
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where ¢ = 1,2 labels the mission half. The dust contribution is assumed to be a

modified black body with a single temperature and spectral index:

1% /B 1%
g2"(1) = (v, o) (—) % ) (42)

where (v, 1p) is a factor converting from flux units to thermodynamic units. We may

take differences of these maps to eliminate the CMB contribution:

Ag'(n) = gy, (1) — g, (7)
= gE;lSt (,ﬁ’) - gEQUSt (,ﬁ’> + gl?llB (ﬁ) - gSQIB (/ﬁ/) + nil (ﬁ) - nflz (ﬁ) (43)

To avoid noise bias in the estimation of the power spectrum, we cross correlate

difference maps constructed from different half-mission splits:
<Ag%mAg?m> — C’?uSH_CIB(yh Vl) + C?uSt+CIB(V2, VQ) . 2C?u8t+CIB(I/1, VQ). (44)

Assuming that the frequency scaling of the dust is well-described by a single modified
black body component with a single temperature and spectral index in each patch E|,
i.e. that there is no decorrelation, we may calculate the power spectrum of dust at
some frequency, :
C/8%8 =(Agj, Agl,)
:fDuSt(ﬂa Vi, V23 Ba, Td)C?USt (4.5)

+ CEIB(Vl, 1/1) + CZCIB(VQ, 1/2) — QCECIB<V1, VQ),

2We do not know the true values of the dust temperature or spectral index. We calculated the
variance of the estimated power spectra when drawing these parameters from the distributions:
Ba ~ N(1.6,0.017), and Ty ~ N(19.6,2), and found it to be negligible compared to the noise at
¢ 2 400. The distributions chosen are representative of the scatter in the dust spectral parameters
over the whole sky, as found by the Planck COMMANDER foreground separation analysis [9], and
so represent the most pessimistic case for variation within the compact region. We therefore proceed
by fixing T; = 19.6, and 84 = 1.6.
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with:

P B, Ty) — By, Ty)
fDUSt(VO;VhV%Bd;Td) _ a(V17V0>V1 (lila d) - a(y2’V0)V2 (V27 d) . (46)
a(v, vy)vy* Bvy, Ty)
We would like to find the dust power at frequencies observed by ACT so v = 150
GHz, vy = 217 GHz, and v, = 353 GHz.
For consistency with Ref. [12], we model the dust power spectrum as a power law,

with index -2.7, and pivot multipole ¢4 = 3000:
CP"' = Ap (/L) 27, (4.7)

Our results are not very sensitive to the choice of power law index, and it is anyway
found to be a good fit by recent analyses of the Planck data. The CIB power spectrum

is made up of a clustered and a Poisson contribution [14]:

((0+1)
27
(L+1)

TCEIB‘C(W va) = Acp(v, va)(0/€)* ",

Cy™ P (v, 10) = App(vn, 1) (£/4o)*,
(4.8)

where the frequency dependence, p(vq, 1s), is based on a modified black body spectrum
for dust galaxies, and can be found in Ref. [T4]. The CIB is not polarized, and therefore
Ap = Ac = 0 in the analysis of the polarization spectra.

With these definitions, Equation now has three free parameters: the amplitude
of dust, Ap, and the amplitudes of the Poisson and clustered CIB components, Ap
and Ac. We group these together in the parameter vector, @ = (Ap, Ap, Ac), and by
inserting Equations and into Equation |4.5| can write an equation for the power

spectrum in Equation 4.5] as a function of 6:

OpEde — cpede(p) (4.9)

4.3.2 Power spectrum estimation

Equation manifestly excludes any contribution from the CMB, and so we do not
first calculate different maps, but instead proceed to calculate TT, FE, BB, and TE
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power spectra for the frequency combinations: 217x217, 217x353, 353x353. We avoid
noise-bias by taking cross spectra between half-mission splits of the data.

We calculate power spectra using the pseudo-C, package NaMaster [I89]. This
approach first calculates a biased pseudo-spectrum, Cy, of the two fields £*(72) and
g"(n), of spin sy and s, respectively, which have been weighted by the inverse variance

maps w(n), v(n), respectively:

= — 4.1
Z 2£+1 Z émgérm ( 0)

and then computes an analytic estimate of the mode-coupling matrix, MZg,Sg, that

relates the biased estimate to the true underlying spectrum, Cy:
Ci) = Y M Cyp (4.11)

where the angle brackets indicate equality over the ensemble average, and we have
used bold font to indicate that C; is a vector containing the cross spectra between
different fields: C, = (CT,CTF, ...

The finite sky coverage of the ACT regions will impact the power spectrum
estimation by limiting the resolution in ¢ space, and introducing coupling between the
E and B modes. The limited resolution in ¢ space means that there are not sufficient
modes to invert Equation We may then proceed by binning the spectra and mode
coupling matrix into bandpowers, defined by some set of multipoles £, = (¢}, ..., Eév b,
and associated weights w;, = (wi, ..., wi)v *), subject to the normalization condition
> vee, wy = 1 [189, 192, 193]. Under this binning operation, we can estimate only the
bandpowers, Cy:

=> wC, (4.12)

Lely,

and the binned mode-coupling matrix:

My = > > whwl My (4.13)

lely U ety

We bin the power spectra in uniform bins of width A¢, = 50 for BOSS-N, and
Al, = 100 for D56 and DS8.
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We correct for the E to B leakage by computing only pure B modes [193] [190].
This is implemented as a feature in NaMaster, and requires only to ensure that the
weight masks v(n) and w(n) satisfy Neumann and Dirichlet boundary conditions [189].
We check the masks described in Section by explicitly calculating their second
derivative, and we check for biases on 200 mock Gaussian signal only simulations.

The final estimator for the bandpower b is then:

Cy =) (M) Cpe (4.14)
b/

4.3.3 Calculation of uncertainties

Since we are dealing with combinations of maps and power spectra that exclude all
contributions from the CMB, the variance of Equation is due only to noise. To
quantify the uncertainty, we calculate the covariance of the bandpowers in Equa-
tion [4.14] Cpy, using 100 Monte Carlo realizations of the FFP8.1 noise simulations
[303]:

~ ~

Cor ~ ((Cy — (Co)ric)(Co — (Cy)uc))mc (4.15)

4.3.4 Likelihood

In order to constrain the dust amplitude, we fit Equation to the measured power
spectrum using the model in Equation [4.9] and assuming a Gaussian distribution of

the estimated bandpowers, which is suitable at the high multipoles constrained by
ACT (¢ Z 400) [304]:

In [c(e\é)] x (C(8) — C)TC(C(6) — ). (4.16)

We use prior measurements of the CIB amplitude in similar patches of sky to impose
priors on the amplitude of the CIB terms, Ap and A¢, from [14]: Ap ~ N(6.9,0.4)
and Ac ~ N (4.9,0.9), and compute the posterior for 8 using the emcee [168] package
to sample Equation [4.16]
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Figure 4.2: Figure from [12] showing the dust levels in the ACT Equatorial and ACT
Southern regions, at 148 GHz and 218 GHz. Shown in the teal line are the results for
ACT-E at 148 GHz, which is most similar to our analysis of D56, and in purple the
results for ACT-S at 148 GHz, which is most similar to our analysis of DS8.
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Figure 4.3: Figure taken from Ref. [13], showing a computation of the difference
between the 353 GHz Planck TT spectrum, and the 149 GHz ACT TT spectrum,
which is attributable to dust + CIB. Overplotted in the shaded region is the Das 2014
dust model, with dust amplitude Ay = 0.8 pK?

4.4 Results

We conduct this analysis separately on the BOSS-N, D56, and D8 regions, in both
temperature and polarization. Previous ACT analyses have focused on the equatorial
and southern regions ACT-E, and ACT-S [12], and D56 [13]. Refs. [12, [13] conducted a
similar analysis to that presented here, and found consistent results for the overlapping
ACT-E and D56 regions, with a dust amplitude of AP = (0.8 +0.2) uK?. Ref. [12]
find that the ACT-S region has an amplitude A3°"™5 = (0.4 +0.2) uK2. Figure
shows the ACT-E and ACT-S spectra compared to ACDM, and Figure shows the
D56 results from Ref. [13].

4.4.1 Temperature

The results for the dust temperature-only spectra are shown in Figures [£.4] [4.6] and
4.5 The fitted dust amplitudes are summarized in Table 4.2l We find dust amplitudes
consistent with the findings of [12] [13] in D56 and D8. We find that BOSS-N has a
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Figure 4.4: Figure showing the TT data (black points), and the fitted dust + CIB
model (black), for the D56 patch. The best-fit dust model, marginalized over CIB
amplitudes, is shown in dashed black. These are compared to the results of Ref. [12]
for the ACT equatorial region (blue), which overlaps with D56. Shown in orange is
the CIB prior model from [14].

slightly higher level, A%OSS_N = (1.3 4+ 0.1) uK?, as would be expected for a larger
region, which overlaps more with the Galaxy. Our results suggest that dust emission
will contaminate observations of the temperature anisotropies of the CMB at a similar
level to the previous ACT studies, and does not require more advanced modeling than

previous studies.

Patch | Ap" (uK?) | AR® (1K?) Ap® (uK?) [ Ap® (1K)

DS 0.38 % 0.10 | 0.034 0.037 ~0.0034 = 0.023
D56 0.79 & 0.05 | 0.060 0.034 —0.0021 % 0.026
BOSS-N | 1.340.11 | 0.015 4 0.0090 | 0.021 4 0.012 | 0.030 % 0.0026

Table 4.2: Summary of dust temperature power spectrum amplitude fits. Results
are quoted for a pivot multipole of ¢, = 3000, for the dust model in Equation
CPwt = Ap(£/€y)~27. Cells with a single number give the one-sigma upper bound on
the amplitude.
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Figure 4.5: Figure showing the TT data (black points), and the fitted dust + CIB
model (black) for the D8 patch. The best-fit dust model, marginalized over CIB
amplitudes, is shown in dashed black. These are compared to the results of Ref. [12]
for the ACT southern region (blue), which borders D8. Shown in orange is the CIB
prior model from [14].
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Figure 4.6: Figure showing the TT data (black points), and the fitted dust + CIB
model (black) for the BOSS-N patch. The best-fit dust model, marginalized over CIB
amplitudes, is shown in dashed black. These are compared to the results of Ref. [12]
for the ACT equatorial region (blue). Shown in orange is the CIB prior model from
[14].
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4.4.2 Polarization

We conduct the same exercise for polarization, the difference here being the lack of a
CIB component. Without CIB contamination, the rescaled data should consist of only
dust. However, the analysis is made harder by a few factors: i) the larger noise in the
polarization maps, ii) the lower dust signal in polarization, iii) E to B leakage due
to incomplete sky coverage. As such, at scales ¢ 2 400 the signal to noise for these
data on such small sky regions is very poor, and it has not proved possible to detect
a non-zero dust amplitude in EE or BB for D56 or D8. In Figure [4.7] we show the
polarization spectra for BOSS-N, for which a non-zero amplitude of EE, BB, and TE
is marginally preferred (Table .

4.5 Conclusions

In this chapter we have estimated the temperature and polarization dust power spectra
at 150 GHz in three regions of the sky observed by ACT. We validated our estimates
by comparing to previous results from the literature. Our estimates of the dust
temperature power spectra in the well-studied D8 and D56 regions are consistent with
independent estimates made using FIRAS and DIRBE data in Refs. [12] 13]. We
find that the dust temperature power spectrum in the BOSS-N region is 60% higher
than in the D56 region, as might be expected, as it is roughly three times larger. We
therefore do not suggest any modifications to the way in which dust is modeled in
the analysis of temperature data taken as part of the ACTPol surveys, and instead
provide our constraints on the dust amplitudes as priors to the likelihood analysis.
The polarization data provided fewer insights, due to the much poorer signal-
to-noise. With only a slight preference for non-zero power in the BOSS-N region,
and results consistent with no dust in D8 and D56, we are not able to make strong

conclusions about the nature of dust contamination in the regions analyzed by ACTPol.
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Figure 4.7: Figure showing the calculated dust EE, BB, and TE, spectra for BOSS-N.
BOSS-N is the largest sky region we consider, and contains more dust in intensity
than D56 or D8, as established in Section m
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Chapter 5

Removal of (GGalactic foregrounds
for upcoming primordial

gravitational wave searches
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5.1 Introduction

Many experiments, including ACT [305], SPT-3G [306], BICEP3 / Keck array [307],
the Simons Array [308] and CLASS [268] are measuring the polarized anisotropies of
the CMB with improved precision, over a range of scales. The Simons Observatory
[3] is a new experiment for the 2020s that will consist of multiple telescopes in the
Chilean Atacama desert. It will have a 6 m Large Aperture Telescope (LAT) with
arcminute scale resolution, and an array of three 0.42 m refracting Small Aperture
Telescopes (SAT). It is these that are targeted at measuring degree scale B modes.
SO has a variety of science goals, and the design of the LAT and SAT, as well as their
scan strategy, is optimized to achieve these goals [309]. The B mode measurements
at £ > 500 from the LAT will be sensitive to the growth of structure in the Universe,
and so will place constraints on the dark energy equation of state [310], the sum of
neutrino masses [311], and the number of relativistic species, whilst the large-scale
observations of the SAT will target inflationary gravitational waves [3].

Other processes on the sky produce B modes, which may contaminate observations
of CMB primary B modes, leading to a bias in the estimation of r, or an increase in
the uncertainty, o,. Polarized radiation from sources within our own Galaxy is well
known to contaminate large scale observations in all directions and at all frequencies
[122]. On sub-degree scales, gravitational lensing of the CMB by structure between
the surface of large scattering and today mixes primary E and B modes [80], The
lensing signal contains a wealth of physical information, as it probes different epochs
in the Universe’s history. It may be the cleanest probe of many phenomena, such as
dark energy and the sum of neutrino masses, especially when combined with external
tracers of structure, such as galaxy surveys [310]. However, for observations of of the
primordial B-mode spectrum, the lensing contribution is a nuisance, acting as an
additional source of confusion noise for primordial B-modes.

As the sensitivity of B mode observations improves, our ability to make inferences
about cosmology will be limited by our modeling of both gravitational lensing and
polarized Galactic foregrounds. To date, an array of methods for modeling Galactic
foregrounds have been suggested (e.g. Refs. [312] 233, 313]).

In this chapter we present a foreground-removal pipeline similar to that used in
[233], which fits the foregrounds parametrically. We use it to demonstrate the ability
of Simons Observatory to place improved constraints on the tensor-to-scalar ratio in
the presence of large-scale Galactic foregrounds. It is a new implementation of one of
the algorithms already described in Ref. [3], hereafter SO19. We find that the nominal
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design of SO, with simple foregrounds and in the absence of additional systematic
uncertainties, should achieve a constraint of o, < 0.003. In this paper we extend the
forecasts presented in SO19, exploring the effect of masking and fitting the foregrounds
with spatially varying spectral parameters. We also also show how cross-correlations
of the cleaned maps with Galactic tracers can be used to detect residual foregrounds.

This chapter is structured as follows: in Section §5.2] we describe the synthetic
observations, in the component separation technique used, the estimation of
power spectra from cleaned CMB maps, and the inference of the tensor-to-scalar ratio.
In we present the results of applying our pipeline to the SO design, and in

discuss the results and their implications.

5.2 Simulations

In this section we describe the simulations on which these forecasts are based. As in
SO19 we use the PySlVEI software [1I] to produce @ and U maps of Galactic dust and
synchrotron emission at the ngeqs frequencies observed by SO. We represent these sky
simulations as the vector s(n), containing ngeq X Npol X Npix elements for n,, maps

with npiy pixels. PySM models may be summarized by:

s(n) = f(B(n)) - T(n), (5.1)

where T iS & Tcomp X Mpol X Npix Vector containing templates of the emission of each of
the neomp components at a frequency vy, fis a (Nreq X Mpol X Npix) X (Meomp X Mpol X Mpix)
matrix, containing the component SEDs that scale each component from its reference
frequency to the observed frequency v, and 3 represents the parameters of the assumed
model SED, which may be spatially varying.

We follow SO19 by modeling the effects of the instrument as a symmetric Gaussian

FWHM
91/

beam, B(n), parameterized by a full width at half maximum, , and non-uniform

correlated noise, n(n):
d(n) =s(n) ® B(n) +n(n). (5.2)

We use the synthetic observations d(7) as inputs to the component separation algo-
rithm. In the rest of this section we elaborate on the model choices made in each of

the simulation steps.

'https://github.com/bthorne93/PySM_public
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Figure 5.1: The analytic model SEDs of the CMB, thermal dust, and synchrotron
described in Section Amplitudes have been rescaled to compare just the shapes
of the curves. The vertical lines indicate frequencies at which SO is due to make
observations; two channels characterize the low frequency synchrotron, two channels
characterize the high frequency dust, and two channels observe the CMB around 100
GHz.

5.2.1 Galactic simulations

We consider two foreground models in this study, both of which have polarized
synchrotron and dust components. The synchrotron emission is produced by fast-
moving electrons interacting with the Galactic magnetic field. Infrared emission from
dust grains in the interstellar medium comes from their absorbtion of light from
the interstellar radiation field. Both components are polarized due to the Galactic

magnetic field. The two PySM models we consider are:

SIMSET1 This corresponds to the ‘ald1fls1’ model of PySM, and the ‘standard’ model
of SO19. It has power-law synchrotron emission with a spatially varying synchrotron
index estimated from WMAP data, The dust emission is described by a modified
blackbody with I, oc v° B, (T), where T is the temperature of the dust, and j3 is the
opacity index. It has a spatially varying dust emissivity and temperature estimated

from Planck data. This model has no decorrelation of the components between
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Table 1: Simons Observatory expected instrument properties, from Ref. [3]. The noise
levels o7 are the intensity white noise levels in pKamin for a sky area of fgy, = 0.1,
with polarization noise v/2 higher. The parameters fgnee and qumee quantify the 1 /f
model in Eq. [5.3] Here fpwpy is the full-width at half-maximum in arcminutes, but
in this chapter we use Opwum = 30" for all channels.

lnee or (pK amin)

!/
Frequency (GHz) optimistic \ pessimistic Ghnee goal \ baseline Orwr ()
27 30 15 -2.4 25 35 91
39 30 15 -2.4 17 21 63
93 50 25 -26 | 1.9 2.6 30
145 50 25 3.0 | 2.1 3.3 17
225 70 35 3.0 | 4.2 6.3 11
280 100 40 -3.0 10 16 9

frequencies, and no polarized anomalous dust. The emission of each component as a

function of frequency is shown in Fig[5.1]

SIMSET2 This model modifies the synchrotron spectral index map of SIMSET1 by
adding power at small scales using a Gaussian realization of a power law power

spectrum oc £~2C [122]. This model is referred to as the ‘high-res 8," model used in

SO19.

5.2.2 CMB

The PySM code simulates the primary CMB by creating Gaussian realizations of a
given set of theoretical power spectra, calculated for a given cosmology. We use a
theoretical power spectrum for the fiducial Planck 2018 cosmological parameters, with
no tensor-to-scalar ratio, » = 0. PySM uses the healpy implementation of SYNFAST to
generate primary CMB realizations of temperature and polarization. It then uses the
TAYLEN{] [204] software to apply the displacements of the primary CMB caused by

gravitational lensing.

5.2.3 Sky area and expected noise levels

As described in SO19, the Simons Observatory plans to conduct two surveys: a large

survey covering about 40% of the sky, conducted by the LAT, and a smaller survey of

’https://github.com/amaurea/taylens
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the cleanest ~ 10 — 20% of the sky using the SATs [309].

The noise model used in this study is described in detail in SO19, and we summarize
it here. Two noise levels are considered: the ‘baseline’ design assumes a raw sensitivity
based on the achieved performance of previous ground based experiments such as
PoLARBEAR, BICEP, and QUIET, and a ‘goal’ design which will require more
abitious detector development. These raw sensitivities are multiplied by an observing
efficiency of 20%, accounting for all data cuts, observing downtime and instrument
calibration, based on the efficiency achieved during observations at the same site by
the ACT experiment.

The 1/f noise induced in the insrument by atmospheric loading and instrument
systematics is parameterized as an additional term in the noise power spectrum that

increases at large scales:

g Yknee
NK - Nwhite |:1 + ( ) :| ) (53)

ﬁ knee

where Yipee and fnee are the knee index and multipole, respectively. The range of
parameters we consider here, as in SO19, are summarized in Table[I] In Figure
we show the individual frequency noise curves, from SO19, for the optimistic knee
multipole, and goal sensitivity, compared to the lensing B-mode spectrum.

Due to the large field of view of the SAT, the survey design has non-uniform depth.
Therefore, in modeling the noise properties it is important to weight noise realizations
by the relative hit density. We follow the same procedure as in SO18 to generate noise
realizations with this non-uniform hit density, and non-whitie noise.

In SO19, the effect of the resolution of the lowest frequency channels was conducted.
They found that the impact of the resolution of this channel did not affect the achieved
sensitivity dramatically. In order to simplify the later analysis, we therefore make the
assumption that all frequencies have the same 30" FWHM resolution.

We generate 200 Monte Carlo realizations of the noise and CMB, and use a common

foreground realization for this suite of simulations.
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Figure 5.2: Expected noise curves for SAT polarized observations, from Ref. [3], for
baseline sensitivity and optimistic {,.. parameter. The lensing power spectrum is
also shown for comparison.

5.3 Component Separation and parameter estima-

tion

In this section we describe the map-space component separation algorithm, and the

subsequent estimation of power spectra and parameters from the cleaned maps.

5.3.1 Component separation

Our component separation method follows the BFoRe method described in Ref. [233].
We take the simulated sky maps, d, and model them as a linear combination of

components with spatially varying SEDs, and noise:

d(n) = F(6(n)) - T(n) +n(n) (5.4)
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Figure 5.3: Maps in Galactic coordinates showing simulations of the ) Stokes param-
eter for SIMSET1 with the baseline sensitivity and optmistic fye. configuration of SO.
Note that the colorscale is a combination of a linear scale between (—0.1,0.1) K and
a log scale outside this range, to display structure over a large dynamic range. In the
27 GHz channel, the large scale structure of synchrotron emission is visible, with the
North Galactic Spur clearly visible above the Galactic plane. At the CMB frequencies
93 GHz and 145 GHz, the CMB E-mode polarization becomes visible at high Galactic
latitudes. At the highest frequency channels the morphology of dust emission becomes
dominant.

where F'is the mixing matrix containing different component SEDs, with parameters
0 = {Ba(n), Ty(n), Bs(n)}, T is a vector of component templates at a specific reference
frequency, and n is a noise term. Comparing to [5.2| we see that this is essentially
the ‘correct’” model, modulo the permitted degree of spatial variation of the spectral
parameters 6(n).
Under the assumption of Gaussian noise we can write down the likelihood for the
data:
—2In[L(T,0|d)] x (d— F-T)'N*(d— F-T) (5.5)

where N~! is the data covariance. We simplify the analysis by assuming that the
noise is uncorrelated between pixels, allowing us to write the covariance as a diagonal
matrix:

(NN gty = OO ju. (i ') (5.6)
Under this assumption, the likelihood can be separated into a product over Ny, large
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pixels in which the spectral parameters are allowed to vary. In principle these large
pixels are not tied to any particular pixelization scheme, but can be implemented as
any arbitrary shape intended to follow the true spatial variation of spectral parameters.
The complexity of the foreground model can be increased by allowing more parameters
to vary in the fit, or by increasing the number of independent patches.

Unless otherwise stated, during the rest of this chapter we maximize the likelihood
in equation by varying only the dust and synchrotron spectral indices, 5; and [,
keeping the temperature fixed at 20K. We carry out this maximization in each large
pixel, and for each Monte Carlo realization of CMB and noise. This is equivalent to

marginalizing over the spectral indices for a single realization.

5.3.2 B-mode power spectrum estimation

In order to constrain the tensor-to-scalar ratio we first calculate the power spectrum
from the cleaned CMB @ and U maps. The transformation from P = (Q, U) to

/
Im

harmonic transforms (SHT):

= (Eum, Bem) is inherently non local as it requires the calculation of spherical

P, :/ iy P, (5.7)
4

where ) is a 2 X 2 matrix, with each element being a specific combination of spin-
weighted spherical harmonics [193].

Ground based observations observe only part of the sky, and so can only access the
true sky, multiplied by some window function, W (n): P(7) = (W (2)Q(n), W (a)U (7).
A naive calculation using the standard pseudo-power spectrum technique [I85] will
mix F and B modes, and if not accounted for increases the variance of the estimated
B-modes, limiting the achievable constraints on the tensor-to-scalar ratio [314), 190].

To correct for this effect we use a ‘pure’ estimator of the power spectrum [190, 315,
193], which is equivalent to first calculating the naive pseudo-spectrum of the maps
over some mask, W (n), and then calculating and removing the leaked E modes [193].
This method assumes that the applied mask satisfies Dirichlet and Neumann boundary
conditions. Therefore, we apply an additional tapering to the inverse variance map
that would usually be used in the calculation of the power spectrum. In this work we

use the publicly available NaMasterﬂ code. For details of the implementation see the

3https://github.com/damonge/namaster
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NaMaster documentation and Ref. [I89], and Ref. [190, 315, [193].
Due to the limited sky coverage, there is insufficient information to invert the mode
coupling matrix at all multipoles. Instead we coarse-grain the matrix by defining some

binning scheme. In this work we use the binning operator:

1

Wie = N

O — 6,)0(0 — l, + AY), (5.8)
where © is the Heaviside function, ¢, denotes the bandpower, and Af is the width of

each bin. Then estimates of the binned power spectrum are:

~XX

Z W, Z ;;:L_ 1 (5.9)

From the cleaned Monte Carlo simulations we calculate the expected power spec-

trum, and its covariance.

5.3.3 Cosmological parameter likelihood

The full posterior for the individual bandpowers is non-Gaussian. However, for high
enough multipoles the central limit theorem justifies a Gaussian approximation [304].
The combination of the compact observing region and atmosphere-induced systematics,
limit constraints on large scale modes. Therefore, we consider only ¢ > 30, for which

the Gaussian approximation is valid:

—2In[L(r, Ay)] = (CFP — CPB(r, AL))T Cov(CEB,CEP) 1 (CPP — CPP(r, Ay)),

CPB =rC PP (r = 1) + AL C) PV ™(Ap = 1),
(5.10)
where the measured power spectrum is indicated by the hat, and the model, C’IfB ,
is the sum of a primordial term and a lensing term. C’f; BLens(4, = 1) is a template

BB, prlm( = 1) is a template for the primordial

for the lensing contribution, and C,
contribution, both of which are calculated using the CLASS code with Planck 2018
cosmological parameters and » = 1. Equations [5.10| are given at bandpowers ¢, after
accounting for the effects of bandpower averaging and inversion of the mode coupling

matrix. We sample this likelihood for these two parameters using the emcee package,
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Figure 5.4: Forecasted constraints on r, for a model with » = 0, from simulated
observations of SIMSET1 for the four Simons Observatory noise levels. The results from
this work, assuming no spatial variation of the spectral indices (black), are compared
to results from the xForecast method presented in SO19 (grey).

and summarize the posterior on r by marginalizing over the lensing amplitude and

calculating the median and standard deviation of the posterior distribution.

5.4 Results

In this section we present the results of applying the foreground separation algorithm
described in Section B.3] to the simulations described in Section [5.2]

We first present the results for SIMSET1, which are the fiducial sky simulations
analyzed in SO19. As noted, the foreground-cleaning algorithm presented in this
chapter is similar to the BFoRe method used in [3] and [233], but uses an independent
pipeline. Therefore, we first validate our analysis, and then provide an extension of

the cases studied in previous works.

5.4.1 Fiducial sky simulations

We show the resulting bias and uncertainty on r for the four Simons Observatory
noise configurations in Figure , compared to the results of the xForecast [125]

framework presented in SO19. We compare to xForecast, an alternative parametric
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method that uses the same simulations, because the reported BFoRe forecasts in SO19
include an additional marginalization over residual foregrounds while estimating the
tensor-to-scalar ratio. This comparison is therefore done for the specific xForecast
case where no additional foreground power is marginalized over. Figure [5.4] shows that
our method produces consistent forecasts with those in SO19. The nominal Simons
Observatory design is biased by 1o, and the most sensitive design is biased by 20. The
errors from our method and xForecast are not identical; we have checked (private
communication) that our forecasted errors agree with the BFoRe code in the case of
no-marginalization.

In the rest of this section we focus on the case of optimistic fi,.. and baseline
sensitivity. We demonstrate that the source of the bias in r is due to foreground
contamination, primarily from residual dust. In SO19 the bias was largely removed
at the power spectrum level by marginalizing over a template power spectrum for
the foreground contamination. Relying on this method for an unbiased detection
of primordial gravitational waves could be problematic as the shape of the residual
foreground power spectrum is not known a priori.

In the rest of this section we establish that neglecting spatial variation of the indices
is the root cause of the bias, and that it may be removed with additional masking of
the higher-foreground regions, or by introducing only a few more parameters describing

the spatial variation of the dust spectral parameters.

5.4.2 Establishing source of bias

5.4.2.1 Masking the Galactic plane

To establish the primordial origin of a non-zero value of r, the result must be robust
against different splits of the data. In this section we establish that increasing the
masking of the Galactic plane when estimating the power spectrum from cleaned
CMB maps reduces the spurious detection of r, and we show that sufficient masking
can remove all of the bias in r, at the expense of a small increase in the uncertainty.

We use a set of Galactic masks based on thresholds of the Planck intensity maps
at 353 GHz, downloaded from the Planck Legacy Archive[] The masks range from
leaving 20 % to 80 % of the sky unmasked. We combine each Planck mask with the

SO hits map from SO19, resulting in four maps with effective sky area from ~ 6% to

4HFI Mask GalPlane-apo0_ 2048 R2.00.fits
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Figure 5.5: Forecasted constraints on r as a function of sky area, from simulated
observations of SIMSET1 (diamonds) and SIMSET2 (squares), when foregrounds are
removed assuming no spatial variation of spectral indices. Each point represents a
different level of Galactic masking when computing the power spectrum of the cleaned
CMB maps. The bias is reduced when the brightest sky regions are masked.

~ 16%, as calculated by:

(w?)*

foy = Tty (5.11)

For each mask we repeat the power spectrum estimation and cosmological parameter
fitting to estimate r, and present the results in Figure 5.5 As the masks become more
aggressive, the bias in 7 is reduced substantially for both SIMSET1 and SIMSET2. Since
we expect foreground residuals to be localized to the Galactic plane, a decreasing bias

with increased plane masking indicates the Galactic nature of the bias.

5.4.2.2 Cross-correlating with foreground templates

If the cleaned CMB maps are contaminated by foreground residuals, we may expect
there to be a significant correlation with templates of the individual foreground
components. In order to perform this test using only the observed data, without relying
on external observations, we form templates of high and low frequency foregrounds in
the following way.

A synchrotron template is constructed by differencing the 27 GHz and 40 GHz
maps, and a dust template is constructed by differencing the 270 GHz and 220 GHz
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Figure 5.6: The cross-correlation of cleaned CMB maps with Galactic templates can
be used to test for residual foregrounds. This shows the cross-spectrum when cleaning
with a spatially constant dust SED and synchrotron spectral index (diamonds) or
accounting for spatial variation (circles). We see a non-zero signal at the largest scales
when using the spatially constant models, which correlates with a bias in r. (Left)
This uses SIMSET1, and correlates with a template of Galactic dust. (Right) This uses
SIMSETZ2 and correlates with a synchrotron template.

maps. In thermodynamic units the CMB contribution will cancel, and we will be left
with a map proportional to the synchrotron and dust populations, respectively. The
foreground templates are then correlated with the cleaned CMB maps.

In Figure |5.6| we show the cross spectra of simsetl and simset2 with dust and
synchrotron templates, respectively, using the largest 16% sky region and cleaning
with a single synchrotron and dust index. We find that the residual foregrounds, which
showed up as a bias in r in Figure 5.4} can be detected in the cross-spectra.

From these exercises we find that: i) a single spectral parameter is insufficient
to describe the spectral energy dependence of foregrounds in the region observed by
the Simons Observatory, and results in at least a bias of 1.5 x 1073 for the most
optimistic case of foreground complexity, as was found in SO19, ii) depending on
the complexity of the true foregrounds, the bias can be primarily due to dust or to
synchrotron contamination, iii) the bias can be mostly removed by using only ~ 6 %
of the sky.

5.4.3 Spatially varying spectral indices

In this sub-section we demonstrate that the residual foreground contamination occurs

because the fitting process does not account for the spatial variation of the spectral
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Nside = 2

Figure 5.7: (Left and middle) The fitting regions used to fit different dust SEDs, as
defined by the algorithm described in [5.4.3.2} for Ny = 2,6. (Right) The fitting
regions using a Healpix Ngq. = 2 grid.

indices, and we demonstrate that such variation may be sufficiently described by only
a few additional parameters if they could be chosen to accurately capture the spatial
variation.

We adapt the map-space cleaning algorithm to account for spatial variation of
the foregrounds by defining a set of Ny, patches in which to fit spectral indices. In
theory 1 < Ngpee < Npix, Where Ng,oc = 1 corresponds to fitting a single spectral
index over the whole sky, and Ng,ec = Npix fits a spectral index in every pixel at the
resolution of the input maps. The limit of large Ng,ec would account for as much
spatial variation in the foreground SEDs as possible, however requires increasing the
number of fitted parameters, and therefore post-separation noise. It would therefore
be ideal to keep Ngpec as low as possible, whilst still achieving an unbiased estimation
of 7. These simulations were generated at Ny resolution, therefore, there would be
no advantage to choosing Nypec > Ngpec. Note that, for observations of the real sky,
the creation of pixelized maps requires spatial averaging both along the line of sight,
and transverse to it. Such averaging could be better fitted by taking Nypec > Npix, as
the extra parameters could absorb some of the resulting SED curvature [146] [122].

How to distribute patches on the sky is an important consideration, as it involves
a choice of how to model the spatial dependence of foreground parameters. This is

unknown a priori, so we explore an initial exploration of possible approaches.

5.4.3.1 Fitting spectral indices on a HEALPix grid

Some previous studies have used patches corresponding to a coarse HEALPix grid for
convenience [233], allowing an independent spectral parameter to be fit in each coarse
pixel, as shown in the right panel of Figure We define a set of fitting models with
spectral parameters varying on grids at ngge = 1,2,4 (with np = 48,192, 3072), and
perform the foreground cleaning. We show our resulting constraints on 7 in Figure |5.8

We find that the errors are significantly inflated as ngq. increases, but determine that
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Figure 5.8: Forecasted constraints on r when fitting spectral indices defined by HEALPix
grids at increasing resolution. Since SO observes a fraction of the sky, the number
of coarse pixels is given by 12fgyNZ4.. As Ngde increases we find the projected
uncertainty on r increases significantly: this is not a good choice for dividing up the
sky area.

this is partly due to many of the larger Healpix pixels having too few observed pixels,

and also due to having so many additional parameters.

5.4.3.2 With prior information on spatial variation of indices

With prior information about the spatial variation of the spectral parameters we
investigate how many additional parameters would be needed to mitigate the observed
biases in r due to foreground residuals. Here we use the dust spectral index map, 391t
used in PySM model ‘d1’, and apply Algorithm [I to create a template that defines the
regions in which we fit spectral parameters.

We repeat Algorithm [1| for Ng,ec € 1, ...,12, to produce twelve different template
maps, with increasing spatial resolution. Figure shows the regions for Nypec = 2, 6.

We run our foreground cleaning algorithm on the SIMSET1 sky simulations for these
spectral index pixelizations described above. The resulting constraints we find on r
are shown in Figure for Nypec = 1,4,12. We find that increasing Nypec results in a
reduced bias on r, as we are able to account for spatial variation of /3;, with negligible
inflation of the uncertainty. No improvement of the bias is achieved past a value of

Nypec = 4. Since the fitting code is currently designed to fit all parameters in the same

126



Algorithm 1 This algorithm is used to produce a set of fitting regions for an input
spectral index map, 3, and integer Nypec.

1: Resample f at ngge = 256 to obtain the map fas6(7), where i is the pixel index .

2: Restrict to the subset of pixels observed by SO, 359.

3: Create histogram of 35 with Ny equally sized bins, with edges ;, where

5 =0, ... Nopec.

4: Create an empty ngqe = 256 map, b(i).

5: For each pixel in b assign b(i) = j, where j is the number of the bin into which
59(i) falls.

6: Return b(7).
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Figure 5.9: (Left) Forecasted constraints on r when fitting models with increasing

independent regions defined from the 33* template, for the optimistic fipne. goal and

baseline sensitivities. The bias is removed with a modest increase in parameters,
if these regions are known a-priori. Right: using SIMSET2 and fitting models with

regions defined from the 53" template, a similar effect is seen

patches, this remaining bias is due to the mismatch between the dust-focused fitting
regions and synchrotron spectral index variation. Modifying the fitting code to allow
different physical parameters to be fitted with different constraints is a non-trivial
extension, and is left to future work.

In Figure 5.6 we show the cross-correlation of the cleaned CMB maps with the
dust foreground templates, as a function of number of fitting pixels Ngpec. Increasing
the number of fitting regions results in a better cleaning of the foregrounds, and
consequently we find no signature of residual contamination by Ngpec ~ 4.

We then repeat this study for SIMSET2, which has a synchrotron spectral index
with a greater spatial variance, 335"°. Ignoring spatial variation of the foreground

SED in this case results in an even larger bias on r than in the case of SIMSET1. Here
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we use g to define the sky regions used for fitting the indices, and Nypec = 2, ..., 8
as the input for Algorithm [} Our resulting constraints on r are shown in Figure [5.9
Again, there is a reduction in the bias on 7 as we increase Ngpec, and the improvement

2> 6 we see no improvement as the bias is now

~Y

saturates at Ngpee = 6. For Ngpec
dominated by residuals due to dust mis-modeling. Indeed the remaining bias for
Ngpee 2 6 is at the ~ 1o level found when fitting SIMSET1 with a single spectral index.

In Figure |5.9| we show the correlation of the cleaned CMB maps with a synchrotron
template formed from the two lowest frequency channels. Similar to SIMSET1 we find
that increasing Ngpec removes the hints of foreground bias at low multipoles seen when
ignoring spatial variation of spectral indices.

It is promising that with only 4-6 additional parameters describing the spatial
variation of the synchrotron and dust indices, that a 1-3¢ bias in r might be miti-
gated without significant masking. In practice, though, we will not have the perfect
information about their spatial variation. There may also be additional variation not
captured in the existing simulations. Instead, we would need to derive the fitting
regions directly from the data.

Towards this, we determined that the x? of the model compared to the data, with
the intent to add spatial resolution to the fitting model in areas of poor x?, was not
sufficiently sensitive to discriminate between areas of good and poor fit. A judicious
choice of these fitting regions, based on existing and upcoming observations, will be a

natural direction for future study.

5.5 Conclusions

By accounting for Galactic foreground models based on current data, we have assessed
how large-scale B-mode observations of the Simons Observatory might be used to
constrain the tensor-to-scalar ratio, following on from the forecast study in SO19.
We showed that the nominal SO design may result in a biased estimation of r due
to foreground contamination, which can either be mitigated by marginalizing over a
foreground residual after cleaning the maps, or by restricting the sky area to discard
the most contaminated region. This masking removes or reduces this bias to one
standard deviation or less. In a further alternative approach, we defined a scheme
to allow for spatial variation in the parameterization of the fitted foreground model.
We found that using Healpix pixels was unsatisfactory, as the coarse-grained pixels

that overlapped the observed regions were not fitted reliably, and could lead to large
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residuals. We also defined a new spatial parameterization that split the sky into an
arbitrary number of regions following the true morphology of the spectral behavior of
the dominant foreground contaminant. With this approach, with perfect knowledge of
the spectral index variation, we found that fitting 4-6 independent regions was sufficient
to remove the dominant r-bias. This points to a direction for further exploration in
choosing the regions from the real data. We found that the cross-correlation of the
cleaned maps with the tracers of synchrotron and dust provide a useful way to check
for residual foregrounds that bias the estimate for r. In practice, a comprehensive
analysis of the real data from SO will likely implement a set of these bias-mitigation
approaches, coupled with alternative non-parametric methods for foreground cleaning,
internal null tests to check for consistency, and tests for residual non-Gaussianity of

the maps.
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Chapter 6

Conclusions
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In Chapter [2| we introduced a new code for the simulation of Galactic foregrounds,
PySM. The models we presented spanned a range of complexities, for use in forecasting
the performance of future instruments, and validating foreground analysis methods.
We then provided an example use case by forecasting the constraints on the tensor-to-
scalar ratio achievable in the presence of foregrounds for a future satellite observatory.
PySM simulations have been used to: forecast the success of the large- scale B-mode
observations of the Simons Observatory [3]; study the impact of foregrounds in
the CMB-Stage 4 science book [124] and Concept Definition Task Force Report[l}
forecast B-mode constraints for the LiteBIRD experiment[125]; in the validation of
the most recent BICEP / Keck analysis pipeline that provides the most competitive
constraints yet on primordial gravitational waves [41], as well as others. The PySM code
continues to be developed, and is currently being updated to include comprehensive
extragalactic simulations, as well as new models for Galactic emission based on
magnetohydrodynamic simulations of the interstellar medium. These MHD simulations
allow both dust and synchrotron to be simulated with the same Galactic magnetic field,
as well as providing a physically-motivated picture for the smallest scales of polarized
foreground morphology, which are currently poorly constrained by observations.

Later, in Chapter [5], we considered future observations made by the Simons
Observatory (SO). We simulated various models of the Galactic sky using PySM, and
added realistic inhomogeneous non-white noise to the simulated sky signal. We then
forecasted achievable constraints on the tensor-to-scalar ratio, . We demonstrated
that ignoring the spatial variation of the foreground SEDs would result in a spurious
detection of r by a standard deviation or more. We showed that this bias could
be removed by increased masking of the Galaxy, or marginalization over a residual
template. We went on to consider a scheme designed to split up the sky into regions
of similar spectral index values, based on a perfect knowledge of the true underlying
variation. We showed that four to six such regions were sufficient to remove the bias
in 7. This success indicates useful future work could be done to define these regions
from real data, without prior knowledge of the true variation foreground spectral
dependencies.

In Chapter [d, we considered observations made by the Atacama Cosmology Tele-
scope (ACT). We used publicly available high-frequency observations from the Planck
satellite to calculate the expected level of dust contamination at frequencies, and
in regions of the sky, surveyed by the ACT experiment, both in temperature and

polarization. Our results for the temperature power spectrum of dust were consistent

'CMB-S4 collaboration, 2017
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with existing analyses in Refs. [12, [I3]. On the other hand, the results for the polarized
dust power spectra were largely inconclusive, due to the low signal-to-noise ratio of the
polarized Planck maps, especially at the high Galactic latitudes targeted by the ACT
instrument. We concluded that the treatment of Galactic dust in the analysis of new
data from the ACTPol instrument will not be a limiting factor, and our constraints
on the dust amplitudes will be used as priors on the foreground model used in the
ACT cosmological likelihood.

There are many possible models of inflation compatible with current measurements.
In Chapter |3| we considered a model in which an additional set of SU(2) gauge fields
is present during inflation. These gauge fields source only a single parity of tensor
perturbations, giving rise to a chiral gravitational wave background, and breaking
the simple relationship between the energy scale of inflation and the amplitude of
the gravitational wave background. We considered unique observables of the SU(2)
model, and forecasted the ability of experiments such as S4, LiteBIRD, and LISA to
distinguish it from the simplest case of single field slow-roll inflation. We found that a
LiteBIRD-like experiment would achieve a signal-to-noise of ~ 2 in parity-violating
signatures on the CMB (combining information from TB and EB power spectra),
whilst S4 would be virtually unable to constrain the chirality of this model, as most
of the information in TB and EB is contained in large-scale anisotropies. Finally, we
considered an advanced stage of the Laser Interferometer Space Antenna, and a more
futuristic space-based interferometer with a longer baseline, the Big Bang Observatory.
These experiments probe a range of much smaller wavenumbers than the CMB, and
so provide useful, complementary, constraints on the blue-tilted tensor power spectra
allowed by the SU(2) model.

We concluded that, in the event of a positive detection of r, it will be vital to
demonstrate the true origin of tensor fluctuations by excluding such well-motivated
alternative models. This will be hard to do using standard two-point statistics of the
CMB, and instead will need to leverage the non-Gaussianity of such models, or the

strong scale dependence of the BB power spectrum.
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Appendix A

Derivation of the template for GW

power spectrum

In Ref.[42], it has been shown that the power spectrum of the sourced GW is given by

H-2
prsoweed ) _ Bl o (A1)

2712
T Mg,

where Hyy is the inflationary Hubble scale, e = ¢?Q*/ (M3 H?

inf

) roughly indicates
the energy fraction of the SU(2) gauge field. F(mg) is a monotonically increasing
function for 3 < mg < 7 which is well approximated by

F(mg) ~ exp [2.4308mg — 0.0218m¢, — 0.0064my, — 0.86] , (3 <mq <7), (A.2)
where the value of a dynamical parameter mg(t) = gQ(t)/Hin¢ around the horizon

crossing k ~ aHjyy is substituted. Solving the background equations of motion for x(t)

and Q(t) with the slow-roll approximation, one can show

me(t) = m.sin'/? [x(t)/f]. (A.3)

where m, = (92/14/3)\Hﬁlf)1/3 is the maximum value of mg(t). From the definition

of mg and €g, the value of eg at mg = m. is eg. = H?*mi}/g*Mp,. Therefore the
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tensor-to-scalar ratio r on the peak scale k, of the sourced GW power spectrum is

P}I;,Sourced
Ty =

(hy) = 2ot z2(y,) (A4)
- = —2—F*(m,). )
P P w2 MEP,

Next, we consider the width of the GW spectrum. Around the peak of mg(t) at t = t.,
or x(t =t.) =nf/2, x(t) is expanded as

x(t) =~ gf+>'<*(t—t*) ~flZ+ L

St —t)] A5
2 Bt~ 1) (A.5)

where y. = x(t = t.), & = AM./(2f Hiye) and one can show &, ~ m, +m;! in the
slow-roll regime. Then we obtain the approximated equation for mg(t) which is valid

around the peak value ,

mdw:nub—g(ﬁg%gﬁﬁl, (t ~t.), (A.6)

where we define AN = \/2¢,. Substituting it into eq. (A.1)) and using Hie(t — t.) =

In(k/k,), we obtain the leading order result as

L,Sourced ~ EB*Hian 2 . 1n2<k/kp)
Py (k) ~ I F<(my) x exp l g(m*)—AN2 : (A7)

with G(m.) ~ 0.666 + 0.81m, — 0.0145m? — 0.0064m?3. Note that the contribution

from ep(t) oc mg(t) in the prefactor should not be missed. Comparing it with the
template eq. (3.3)), one finds

AN?
2
o= : A8
2G(m.) (4.8)
The validity of the derived expression for Py5*"d(k) is checked by the comparison

with the full numerical result. Once r,,m,,eg, and AN are fixed, all the model
parameters g, A, u and f are determined. Then we can numerically solve the background
equation of x(t) and Q(t) as well as the equations for the perturbations t7(k,?) and
hi(k,t) to obtain the power spectrum of the sourced GW. In Figure. we compare
the derived expression with the full numerical result. It should be noted that eq.
and our derivation rely on the slow-roll approximation. The approximation is less

accurate for a small AN, because AN characterizes the time scale of x(t) rolling down
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Figure A.1: The comparison between the full numerical result of PPoweed (k) (blue
solid line) and the template eq. with eq. and 0% = 0.15AN? (red dashed
line). In the left (right) panel, AN = 5(10),m. = 4,¢ep. ~ 9 x 107* and the peak
amplitude reaches the tensor-to-scalar ratio, r, = 0.05. The Hubble parameter is set
as Hiyr = 8 x 101" GeV which corresponds to r» = 10~° without the sourced GW. In
the case of AN =5, the derived formula slightly underestimate the peak amplitude
and the width, while the fit is excellent for AN = 10.

its potential. In Figure. [AT] one can find a small deviation in the case of AN =5,
while the excellent agreement is seen for AN = 10.
Finally, we discuss how long it takes y to get to x., given that the initial value of
X is negligibly small compared to fr/2. Assuming x(t ~ 0) < f and using eq. ,
one finds
Ht, ~ gAN. (A.9)

However, it is definitely underestimated, because x(t < t,) must be smaller than
x(t = t.) which is the maximum value. In fact, a full numerical calculation shows that

the coefficient is somewhat larger,
Ht, ~ 1.8AN. (A.10)

One may wonder if x(t) can stay on the top of its potential hill for a longer time if its
initial value is small enough. However, since y is coupled to the SU(2) gauge fields
and the system quickly goes to the attractor behavior, the time scale of the motion
of x is almost solely determined by AN. It indicates that the peak scale k, should
be smaller than k; exp[1.8AN]. Here k; is the wave number of the mode exiting the

horizon at the initial time, and it is smaller or roughly equals to the largest CMB
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Figure A.2: Peak tensor-to-scalar ratio r, as a function of eg, and m, for k, =
0.005 Mpc—t.

scale. Therefore we obtain the following constraint on AN,

1 3
> p
AN Z 5 <kCMB>' (A.11)
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Appendix B

Calculation of the covariance

matrix

For a given beam, b,, and a white noise level, w;(} x,» the expected variance of the

multipoles of an observed sky is given by:
((agh) apzs) = (1be*Ci + wiix,) oGy (B.1)

An unbiased estimator of the angular power spectrum is then:

J4 X1

CXXz _ 12 (aem)*aﬁv -1 B.9

By considering the expectation ((C7 %2 — C;51%2) (0% — C;¥5%4)) it can then be

shown that the covariance is given by [44]:

1 B _ . ~
€X1X2X3X4 — W(CZXQQCEXQ)Q 4 Cé)(IX4C€)(2X3)' (BB)
sky

X1 Xe _ 1 XaXo -2,,—1
where C7' 7 = C)7 7 + b wy, ., -
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Appendix C

CMB noise spectrum

For a given set of experimental parameters such as channel frequencies, FWHM and
sensitivity in polarization and temperature per channel we want to find the aggregate
noise in the CMB spectra. We follow the treatment of Ref. [246], which itself closely
follows Ref. [270].

There are multiple sources of noise in the final spectrum: instrumental noise in the
CMB channels, residual foreground noise from incomplete cleaning, and additional
systematic noise introduced from the templates used in cleaning the CMB channels.

The noise in the final CMB spectrum is:

-1

1
; ne(v;) + [C} (vi) + CP (v)] ore + 0t (v4)

BB _
N/ =

(C.1)

where the index ¢ runs over channels used in CMB analysis, RF refers to residual
foregrounds, ny(v) is the noise spectrum in the channels used for CMB analysis,
[C(vi) + CP(1;)] ore is the residual foreground level in dust and synchrotron rescaled
to the frequencies used in CMB analysis, and n}*¥ (1;) is the instrumental uncertainty
in the process of foreground removal.

The simplest of the above terms is the noise in the CMB channels:

((0+1) (mQFWHM(V))2

81n(2) ’

ne(v) = o5 (V) exp

where Opwmv(v) is the FWHM of the channel v in arcminutes. The instrumental
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Parameter Value
Ag 4.7 x 107% uK?

Qg -3
Bs 2.6
Vs,0 30 GHz
ls0 350
AD 1 ,uKQ
ap 2.2
Bp 2.5
VDo 94 GHz
(po 10
T 18 K
P 0.15

Table C.1: Spectral parameters used in noise model taken from Ref. [240].

uncertainties in the process of foreground removal are given by Ref. [270]:

1
- 4 Z 1 ( U ) 2ag . ( U ) 2ap

n B )
¢ Nchan<Nchan - 1) j n£<1/j) VS ref VD ref

where Ngan is the number of channels used in foreground cleaning (in this case

Nehan = 10), and vs,ef, Vpres are the highest and lowest frequency channel used in

the removal (in this case vg,.; = 30 GHz, vp,.r = 94 GHz). The foreground spectra

2ag Bs
v /4
i =4s (=) (&)

v\ /¢ \PP 6%_1
o) ()2

Vp,o gD,O

are:

These are converted into a Gaussian addition to the noise by the factor o®Y such that
a 2% residual level corresponds to o =4 x 107

The spectral parameters of the foreground s are summarized in Table [C.1 They
are taken from Ref. [270], and are consistent with the 2015 Planck data.
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Channel (GHz) Opwpawm (amin) op(v) [pKamin]

40.0 69.0 36.8
50.0 56.0 23.6
60.0 48.0 19.5
68.0 43.0 15.9
78.0 39.0 13.3
89.0 35.0 11.5
100.0 29.0 9.0
119.0 25.0 7.5
140.0 23.0 5.8
166.0 21.0 6.3
195.0 20.0 2.7
235.0 19.0 7.5
280.0 24.0 13.0
337.0 20.0 19.1
402.0 17.0 36.9

Table C.2: Summary of the LiteBIRD specifications ( fay, = 0.5).
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Appendix D

Frequency dependence of CMB

sensitivity

When we calculate the CMB angular power spectrum we are decomposing the signal
into multipoles corresponding to certain angular distance on the sky. Each multipole
has contributions from all frequencies of the GWB, determined by an integral of

transfer functions:
y dk
Cr"' = an [ [P — PR] AL (0D ().

This makes a direct link between multipole and frequency ambiguous. Since the
transfer functions are sharply peaked at k, = ¢/ny with 79 denoting the comoving

distance to the last scattering surface. We make the approximation:

G th) = [am [ [PEE r. = 1) = PEGh.r. = 1)] A0 (0
X (Pi(ke, ) = PR (ke r.) (D-1)
=C2Y (v = 1)(Ph i) — Pl )

To calculate the sensitivity to a circular background we calculate the signal-to-noise

of the TB spectrum, ignoring the small contribution from EB for simplicity. The
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signal-to-noise is therefore:

2 (CP)?
(S/N)tp, o= U+ 1) fay=rsrs
rerrepe

where over-hat indicates the observed spectrum, including foreground residuals, in-
strument noise, and lensing. Our assumption that the transfer function is strongly

peaked at k, now allows us to write this as a function of k, instead of just ¢:

TB 2
(S/N ) k) = (20 + 1>f%

Note that we still calculate the observed spectrum fully. We then ask the question:
what is the required Pl (k) (take PP = 0) to achieve a signal-to-noise of one in the
channel k,? This will be the minimum GWB detectable with a signal-to-noise of one.
So:

Crresn

m[@m(r* =1

(Py (ke, ) = Py (e, 1.))™" =
This quantity tells us about the tensor spectrum at recombination, however in order
to compare with interferometers which are sensitive to the current GWB, we have to
evolve this forward in time. The tensor spectrum transfer function for CMB scales is
[256], 1316]:
352 (kemo) e\
j2< 3770) _€> (DQ)

Qminh2 — 1875 L k) — R k min
g (P (k) — Pk ()
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