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Abstract

While monadic effects are widespread in modern functional program-
ming, the idea of formulating computational effects as algebraic theories
seems a less familiar one to programmers. One appealing feature of such
algebraic effects is the clear decoupling between specification and implemen-
tation (or in more model-theoretic terms, syntax versus semantics). With
monads, this distinction is arguably less clear.

But perhaps the most compelling reason for considering algebraic effects
is the relative ease by which such effects can be combined. This point is
clearly of much relevance to the semantics of programming languages since
in much of modern software development, one often deals with multiple
interacting effects. As a simple example, we may want a program that
not only keeps track of some state across the computation (e.g. a parser
consuming a string of text), but also account for the possibility of failure.
In Haskell, we can express the combination of “state” and “exception” as
itself a monadic type. But it is well known that there is more than one way
to combine these two effects, each corresponding to a different composition
of the underlying functors. Ome choice of composition reverts the state
to its original value in the event of a failure, whereas another choice of
composition does not. Neither can be considered canonical, since both have
their use cases. It turns out that under the lens of algebraic effects, both
interactions can be understood in terms of straightforward amalgamations
of the respective equational laws. Specifically, the latter is given by taking
a simple union of the two theories, while the former in addition demands

equations for commutativity between each pair of stateful and exceptional



8 ABSTRACT

operations. Both of these constructions arise naturally from the categorical
structure of Lawvere theories—the more abstract formulation of equational
theories, as categories.

In this dissertation we seek to further the understanding of combining
effects, especially from this more algebraic perspective. Of particular inter-
est is a distributive tensor construction on Lawvere theories that does not
seem to be very widely known. Similar to the above, this takes a simple
union of two theories, but demands additional equations for distributivity of
operations in one theory over those of the other (e.g. in the same sense that
multiplication distributes over addition in any ring-like algebraic structure).
There are some clear parallels between this notion and distributive laws of
monads (that underlie several of the most common monad transformers).
We make some steps towards establishing a more precise relationship, giv-
ing examples where the two notions coincide. The distributive tensor plays
a leading role in many examples of computational interest—two such appli-
cations will be considered here in some depth.

From the observation that various combinatorial search strategies are
characterised by two equivalent formulations—as bunch monadic types, and
as more structured theories of monoids—we give a number of correspondence
results. In particular, the bunch type describing a kind of depth-bounded
traversal is shown to be models of a distributive tensor. We also consider
the free models of this theory, giving rise to a monad, and by imposing sym-
metry on the monoid operation, obtain another distributive tensor theory
matching closely breadth-first traversal. Depth-first traversal is implicit in
the list monad, and it is shown that the list monad transformer is exactly
a distributive tensor from the theory of monoids. This is in contrast to
the equational presentation of the alternative “done right” list transformer,
which is clarified: while it too exhibits distributivity of the monoid opera-

tion, it does so crucially only in the leftwards direction and not the right.
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The second application considers in some detail a derivation of the ge-
ometrically convex monad—the combination of probabilistic and nondeter-
ministic choice effects, called combined choice—in a relatively simpler setting
than the usual domain-theoretic presentation. As such, its characterisation
as a distributive tensor is clearer. The results building up to this are then
applied to equational reasoning. Under this lens, one is more able to iden-
tify an incorrect assumption in various equational axiomatisations of effects
(such as probabilistic choice) overlooked in the literature. As it is no easy
task to capture the equational properties between probabilistic and nonde-
terministic choice, a technique is explored for reasoning about such equations
visually by taking a geometric interpretation of the free models of combined

choice, as convex polygons on a plane.






CHAPTER 1

Introduction

A computational effect, also known as notion of computation, is a very
general term encompassing a wide range of phenomena to be found in the
many paradigms and guises of programming. These range from features
typically supported in some shape or form within most modern programming
languages—I/0, exceptions, state, to name a few—through to sophisticated
and less conventional forms of computation, such as logic (or relational),
probabilistic and quantum computation. Very rarely does the development
of software not involve one or more such effects in its design. This can be
of great relevance for example, in almost any computer code that interfaces
with its external environment in some capacity—whether that be a user, a
network or external storage, possibly in the presence of errors or even non-
termination. To deal with such complexity requires more machinery than
that offered by the evaluation of pure mathematical functions aloneﬂ As
such, in many instances we can view effects as enhancements to ordinary
functions with some desired side-effect, delivered alongside an evaluated
result. The way in which this result is computed is in turn determined by
the particular effect. More generally speaking, one might think of an effect
as providing a “computational structure” over a given type of values, and
so an effectful function can be thought of as one that returns structured
output, or output in a particular computational context.

The distinction between an ordinary and effectful function is perhaps

most transparently seen when framed in the context of a pure functional

1As in the Lambda Calculus, which can be seen as the core of most modern program-

ming languages, especially functional languages.

11



12 1. INTRODUCTION

programming language such as Haskell [22]. One reason for this is that
in many other programming languages, effects are (typically by design)
implicit—every executable unit of code has the potential to perform cer-
tain effects, e.g. write values into mutable variables, throw exceptions, or
interact with the console. By contrast, in Haskell the type system demands
the programmer to be more explicit about the type of each function defini-
tion, to the extent that we may classify it as either pure (i.e. without effects)
or “effectful’ﬂ In Haskell terminology, for types a and b the former are func-
tions of type a— b, while the latter are of type a——m b where m is a type
constructor (that is, m b is a type parametrised by b) instance of the class
Monad, the name originating from category-theoretic monads [41]. Indeed,
from a categorical perspective, the effectful maps a — m b just described
can be understood as morphisms in the Kleisli category: roughly speaking,
if we view the collection of data types and functions as forming the mathe-
matical structure of a category, then the corresponding Kleisli category (for
the monad m) consists of effectful functions a — m b as its morphisms.
For example, functions a — 10 b potentially perform I/0O, while functions
a — Maybe b may possibly return a value Nothing instead of a value in b.
In addition to the most common instances like |O and Maybe, the type class
mechanism in Haskell allows the programmer to conveniently define one’s
own Monad instances, thereby extending the array of effects available.

As an aside, it is worth noting that even in the specific setting of func-
tional programming (and in particular, Haskell), one might still find some
difficulty in pinning down a precise—if not mathematical—definition of com-
putational effect, for monads are not the only characterisation for it. Ap-
plicative functors (or idioms) [47] are a more recent discovery, and pervasive
(every monad is by definition an applicative functor). Arrows [23] are a

more powerful notion. Comonads—the dual notion of monads—have also

2Strictly speaking, even pure functions in Haskell are not entirely effect-free, for they

still have the potential to fail or exhibit non-termination.
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seen use. Nevertheless, although we acknowledge that monads are by no
means the only abstraction for effects in functional programming, it is fair
to say that it is without much doubt the most prominent one, and the one
predominantly considered in this dissertation.

The use of monads from category theory in modelling computational
effects first came to fruition in its use for structuring the denotational se-
mantics of programming languages, beginning with Moggi [51], before it
was later adapted into language design as a programming abstraction in its
own right for structuring programs themselves [69]. The idea is that for
each type A in the language, we introduce another type M (A) of compu-
tations in A, with M a monad (typically on a cartesian closed category)
representing some computational effect. That way, morphisms in the Kleisli
category for M provide the semantics of effectful functions. The Haskell
functions a — m b mentioned above are of course a realisation of this idea.
A further observation in this approach is that composition in the Kleisli cat-
egory (which amounts to the operation >= in Haskell’s Monad type class)
provides the semantics for “chaining together” effectful functions into bigger
computations. In addition to providing a clean, compositional semantics for
studying effectful languages, in terms of programming this leads to several
practical benefits, such as code reuse and (with support from its do-notation)
elimination of “boilerplate” code.

In a parallel development in mathematics, history also seems to have
favoured category-theoretic monads in the study of universal algebra [28],
becoming the most popular characterisation of algebraic theories. It was
only much later that the ideas of Lawvere [37] permeated the field, offering
an alternative “categorification” of algebraic theories that—with the obvious
benefit of hindsight—seems more direct and natural. Nevertheless, when
one restricts attention to “finitary” monads on the category of sets, there is
an equivalence with Lawvere theories—a fact established by Linton [40]. In

more recent times still, Lawvere theories have, as did monads, seen extensive
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application in computer science, once again in the denotational semantics
of computational effects. This has lead to an ongoing research programme
of work carried out by the likes of Power, Plotkin, Hyland and others [56,
58, [26]. It is worth noting however that abstract formalisations of algebraic
theories are not limited to Lawvere theories and monads alone (although in
this dissertation at least, they will be our principal focus). For example,
abstract clones from universal algebra have also been studied in connection
with computational effects [64].

While monadic effects are widespread in modern functional program-
ming, the idea that effects can be thought of as algebraic theories (stem-
ming from the work of Power et al) seems generally a less familiar one to
programmers. But arguably, it presents effects in a form many functional
programmers readily understand. In its most concrete form, an algebraic
theory consists of two parts—a set of operations, from which one is able
to construct syntactic terms, and equational laws, each of which identify
two particular terms. For example, Haskell’s Monoid type class consists of
two operations which one might refer to as multiplication and wunit, with
laws matching the same concept of monoid in algebra. One is then able
to instantiate types that admit such “multiplication with unit” structure
(lists being the canonical instance), which turns out to be very pervasive in
programming. An appeal of this view of computational effect—sometimes
called “algebraic effect”—is the very clear separation between specification
and implementation (or, syntax versus semantics). With monads, this dis-
tinction is somewhat less clear. Recent interest and exploration in algebraic
effects, together with the concept of handlers [59] have resulted in new lan-
guages and libraries [33), [5, [46], making it an important area of current

research in functional programming and effectsﬂ

3While not a specific focus of this dissertation, Appendix |A| gives a brief account of

handlers and selected implementations.
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In most realistic software applications (and all but the most simple),
one rarely deals with a single specific instance of effect at a time. A func-
tion intended to read a path input by the user to load a file into memory,
say, will be deemed to require both interaction with the console, and file
I/O. In this case, the 10 monad in Haskell is in fact “large” enoughﬂ to
accommodate both requirements, but what if in addition we would like this
function to throw an exception in the case that the user supplies an invalid
path, say? Clearly, a single monad alone is not enough in most nontrivial
programming—one also needs the facility to combine different effects to-
gether. For example, a programmer may wish to account for the possible
failures in computing a result (or have exceptional values), and she may also
hope to keep track of some state across this computation. In Haskell, the
usual method for combining effects is via monad transformers [39], which
build a “stack” of monadic effects. In this example, two choices of combined
monad are possible—MaybeT State and StateT Maybe—and they have dif-
ferent semantics. In other words, the two effects interact differently. How
should we explain this interaction mathematically? As it turns out, under
the lens of algebraic theories, such interaction can be understood in terms
of equational laws.

Motivated in part by the lack of a clear consensus in tools beyond monad
transformers for programming with effects, in this dissertation we seek to
further the understanding of combining effects from a theoretical standpoint.
For example, we are interested in constructions for combining Lawvere theo-
ries [26], known as sum and tensor. The former amounts to taking the (dis-
joint) union of two theories (both their operations and equations), while the
latter in addition imposes commutativity between operations across the two
theories. It turns out that the aforementioned monads MaybeT State and

StateT Maybe can be explained precisely by sum and tensor, respectively. Of

4Though many would be quick to argue that 10 is too large [563], encompassing many

otherwise disparate sub-effects.
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particular interest will be examples of combination whose interaction is best
described equationally by distributivity [27] (in the same precise sense that
multiplication distributes over addition in any ring-like algebraic structure),
which has seen relatively little study thus far. Such interaction underlies the
combination of probabilistic and nondeterminstic choice, as well as various
forms of search strategy, when considered as algebraic effects. Much of this
builds upon the work of Power, Plotkin and others on Lawvere theories of
effects, although—perhaps due to the technical demands of its readership
and the level of abstraction that they work upon—this body of work can
appear both challenging and somewhat disconnected to a more general func-
tional programming audience. Acknowledging this, in this dissertation we
tend to work in more modest, concrete settings by some way of contrast.
The reader is assumed to know only basic category theory, with references

to Haskell code where appropriate.

1.1. Structure

The rest of the dissertation is structured as follows. Chapter [2| intro-
duces the central (and closely connected) notions of monad and algebraic
theory, by way of a motivating example of state—a computational effect
familiar to most functional programmers. Monads from category theory are
then covered in some detail, before the discussion moves to techniques in
combining monadic effects, notably monad transformers. The chapter con-
cludes with a brief review of related literature, where known shortcomings
of monad transformers have been studied. The long-standing problem of
“non-uniform” lifting of operations, for example, is discussed briefly. While
monads do not always compose, there has been some research on address-
ing other approaches (coproduct of monads, in particular), or focusing on
specific classes of such (ideal monads). When they do compose however,

generalisations have been studied too (iterated distributive laws).
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Chapters [3] and [4 introduce notions in universal algebra that will be
assumed knowledge in later chapters. Algebraic theories and models are
defined, both in terms of the classical presentation, and in more abstract
categorical terms. Having defined a Lawvere theory, Chapter [4 contains
definitions and examples of various constructions for combining such theo-
ries, including sum and tensor. It concludes with an account of the relatively
little known distributive tensor, which will be important in the rest of the
dissertation.

Both chapters [ and [6] investigate the distributive tensor further, by
considering two case studies of wide computational interest. Chapter [5] re-
views Spivey’s work on algebraic search strategies (including depth-first and
breadth-first traversal), and considers the question of which equational laws
one should impose to axiomatise such strategies. It also contains a study
of two well known variants of the list (or backtracking) monad transformer.
Chapter [6] addresses in some detail a result characterising the combination
of probabilistic and nondeterminstic choice effects both in terms of a monad
and a (distributive tensor) theory, concluding with an exposition of a dia-

grammatic reasoning method that results.

1.1.1. Contributions

As mentioned above, Chapters [2| and [3| are background material. The
contents of Chapter {4 also begins with a continuation of background ma-
terial, containing some folklore results from the literature. Notably, Corol-
lary characterises the two well-known combinations of the state and ex-
ception monads—essentially MaybeT State and StateT Maybe—as sum and
commutative tensor of their respective theories. These are consequences
of more general results about the exception transformer (Theorem
and state transformer (Theorem [4.1.3). Following this are specific contri-
butions towards an (as far as we know) open question found in Section

There, we give an account of a simple example of a distributive law (of the
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list monad over the bag monad) which turns out to coincide with the dis-
tributive tensor of the respective theories. We also show that a distributive
tensor of the semigroup over unit theory is equivalent to the free semigroup
with zero monad. This leads to the question of when the two notions—
distributive tensor and distributive law—exhibit such coincidence generally,
and is ongoing future work.

The second part of the dissertation contains contributions to two sep-
arate applications of combined effects where the distributive tensor plays
a leading role. In Chapter b, we give a number of correspondence results
based on the following observation: that the essential structure of various
combinatorial search strategies (such as depth-first and breadth-first) can
be captured by two equivalent formulations—as bunch monadic types, and
as more structured theories of monoids. The latter, specifically, by adding
appropriate equations to the theory of monoids MON with a unary oper-
ation WRAP, and considering its normal forms. As such, we show that a
bunch monad of forests arises from taking the sum of MON and WRAP i.e.
without adding new equations (Proposition . We give two proofs of
this—firstly by considering the free models of the sum-theory. The other
proof (Corollary has a more computational flavour by application of a
theorem about the generalised resumptions monad transformer. While the
list monad (characterising depth-first traversal) arises by discarding WRAP,
other bunch types are shown to satisfy equations given by adding inter-
action between the two theories. In the case of depth-bounded traversal,
such values are shown to be models of a distributive tensor of MON over
WRAP (Theorem . We consider also the free models of this theory,
giving rise to a monad of fences (Proposition Theorem . Fur-
thermore, by imposing symmetry on the monoid operation, we obtain a
distributive tensor theory that matches breadth-first traversal closely, and
while we show that the bunch type of “matrices” does not satisfy all require-

ments of being a model of this theory, we propose a refinement of it that is
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(Proposition . Again we consider the free models, which gives rise to
a monad of bundles (Proposition Theorem [5.3.23).

The remainder of the chapter shifts focus to list computations, where
the (mtl) list monad transformer is critiqued with respect to its applica-
tion to practical stream programming. The main contribution here is a
novel characterisation of this transformer as a distributive tensor from MON
(Theorem . This is in contrast to the equational presentation of the
alternative, “done right” list transformer which is clarified: while it too ex-
hibits distributivity of the monoid operation, it does so crucially only in the
leftwards direction and not the right.

A contribution of Chapter [6] is a derivation of the geometrically convex
monad—the combination of probabilistic and nondeterministic choice ef-
fects, which we call combined choice—in a relatively simpler setting than the
usual presentation of it in the (mostly domain theoretic semantics) literature.
As such, its characterisation as a distributive tensor is clearer. Although this
particular characterisation has been mentioned before in passing [27], we do
not believe that our main correspondence result (Theorem is widely
known. The definitions and results building up to this are then applied in
the remainder of the chapter, where the focus shifts to equational reason-
ing in Haskell (or a similar functional programming setting). Under this
lens, another contribution of this work is the identification of an incorrect
assumption in equational axiomatisations of various algebraic effects such as
probabilistic choice, that has previously been overlooked [19, 18]. Specif-
ically, it was thought that monadic bind >= distributes over probabilistic
choice, both in the leftward and rightward directions. It turns out the latter
is a far more contentious property than the former (which just states alge-
braicity of the operation), particularly if one assumes that such properties
carry over without fuss when combined with other effects. For example, Sec-
tion [6.4] considers once more the algebraic effect of combined choice, where

we have both probabilistic and nondeterministic choice operations. But we
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show that rightwards distributivity of >= over probabilistic choice implies
its commutativity with any operation (Corollary , in particular non-
deterministic choice. But this contradicts the usual equations of combined
choice—in fact we show that in such case, the probabilistic choice operations
collapse. Note that we also give a direct equational proof of this result in [1].

As it can be difficult to get the equational properties of the interaction
between probabilistic and nondeterministic choice right, in the remainder
of the chapter we explore a technique for reasoning about such equations
visually, by taking a geometric interpretation of the free models of com-
bined choice. That is, we interpret computations of the geometrically con-
vex monad (over three values) as convex polygons on a plane. We illustrate
the use of this diagrammatic model by exhibiting an inequality (specifically,
non-distributivity of nondeterministic over probabilistic choice, Figure .
Compared to our earlier exposition of the work on diagrammatic reason-
ing [1], we give a more detailed treatment here, and in addition, describe

the interpretation of >= (Definition [6.4.10]).
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Background






CHAPTER 2

Monadic effects

Many functional programmers will be familiar with the concept of monad,
which has seen widespread use both as a tool for modelling effects in pro-
gramming language semantics, and as a programming abstraction for struc-
turing effectful programs. In this chapter, we review the basic category
theory of monads, their Kleisli and Eilenberg-moore categories, and dis-
tributive laws. In addition, we cover the concept of monad transformer, a
standard tool in Haskell programming for combining monadic effects, before
reviewing selected literature on other developments towards the problem of
combining monads. In later chapters we will develop a complementary per-
spective on effects that emphasise their operations and equational laws. In

what immediately follows, we provide some motivation.

2.1. Stateful effects

The term algebraic effect [60] is a relatively recent one, so-called to
emphasise the view of an effect as a collection of operations and equational
laws, as opposed to a monad. While the latter is more familiar to most
functional programmers, the basic ideas of the former are readily grasped
from many existing Haskell type classes. For example, consider the following

class declaration for stateful eﬁectﬂ

IMonadState is a multi-parameter type class, for it is parameterised in two type
variables m and s. The functional dependency m——>s in the declaration is simply a hint
for the Haskell type checker, expressing the constraint that for each m there be no more

than one s.

23



24 2. MONADIC EFFECTS

class Monad m = MonadState s m | m — s where
put :: s —m ()

get::m §

The MonadState type class captures the class of mutable state effects, for
the case where there is just a single mutable value of type s. An instance
for this is a type constructor m that is an instance of Monad and supports

two methods get and put with definitions satisfying the following “get-put”

laws] [56]

put s > put s’ = put s’ (PP)
put s> get = put s > return s (PG)
get >= put = return () (GP)

get 3= Xs——get >=Xs' —k ss =get s=As—k s s (GG)

Remark 2.1.1. The get-put laws are often presented as above, expressing
how each pair of the two operations interact. However, it turns out that the
law (GG) is redundant, for it can be shown to be derivable from the laws

(GP) and (PG).

The laws appealingly capture the intuition for how the two stateful op-
erations ought to behave and interact, and provided they hold, we can be
reasonably confident that get and put have been implemented in a sensible
way. But they are more than a mere sanity check for the programmer—
MonadState describes what is essentially an algebraic theory, much in the
same way that the Monoid type class is defined in terms of the operations

mempty :: a and mappend :: a — a — a satisfying unit and associativity

2Note that such laws are not enforced by (or even expressible in) Haskell—thus they

should be seen as proof obligations for the programmer.
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laws

mappend mempty x = x
mappend x mempty = x

mappend x (mappend y z) = mappend (mappend x y) z

The difference is that the get-put laws are expressed with monadic operations
>= and return. We will present these laws differently (namely, without
monadic operations) in what immediately follows.

Let us make this clearer by simplifying the state s to be a single bit
dataBit=L|R

where the value of the bit of stateﬂis either “left” or “right”. We also employ

the following translation to give alternative methods putk and getk

putk b k = put b >k
getk k k' = get >= \b—
case b of
L—k

R— &

These can be thought of as continuation-passing style variants of the ex-
isting methods: putk writes b to the bit, continuing with the (monadic)
computation k, and getk reads the bit, continuing with & if it was left, or &’
for right.

Notice these encapsulate the use of the monadic operations, so that

we can present the get-put laws in truly algebraic terms, that is, without

3Synonymous to the type Bool, but L and R are somewhat more suggestive when the

laws are presented with getk an infix operator.
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monadic binds and such:

putk b (putk b' k) = putk b' k b, b’ :: Bit
putk L (k ‘getk‘ ) = putk L k
putk R (_‘getk‘ k) = putk R k

(putk L k) ‘getk‘ (putk R k) =k

(k ‘getk* _) ‘getk* (_‘getk‘ k') = k ‘getk‘ k'

The first law is in fact short for four equations, one for each combination of
L,R. The idea is, whatever was written in the first putk gets overwritten by
the second. The next two equations simply express that whatever is written
to the bit determines whether to branch to the left or right computation, so
that a read is superfluous. The next law says that to write back what was
immediately read is the same as having done neither, and finally the last
equation says that two consecutive reads will yield either the “leftmost” or
“rightmost” computation.

What we have arrived at is an algebraic theory of state, a simplified
instance of what is sometimes referred to as the theory of mnemoids [56].
To see the correspondence with monads, it can be shown that the free term

algebra construction for this theory yields the familiar state monadﬁ
type BitState a = Bit— (a, Bit)
instance Monad BitState where

return x = \b— (x, b)

ks=f =Xo——let (z,b))=kbinfzb

4Note that strictly speaking, Haskell does not allow type aliases to be instance

definitions—a restriction ignored here for convenience of exposition.
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instance MonadState Bit BitState where
put b = A" —((), b)
get = Ab—(b,b)

for our single Bit of state.

In summary, what we have is a specification of the state monad in purely
algebraic terms. As illustrated in this example, this algebraic view of effects
emphasises the operations and equational laws giving rise to the monad. Fur-
thermore, it admits very natural mechanisms for combining, thus forming a
modular theory of effects. In following chapters, we will study algebraic the-
ories more carefully, before returning to more examples of their application

to effects.

2.2. Monads and algebras

Moggi’s notions of computation [51] (also called computational effects)
have been very influential in the programming languages community. The
breakthrough idea was to model such effects with monads, enriching basic
type theory with terms having computational meaning. That is, for an
object X of values, one assigns an object T'X of values associated with
a computational effect, modelled by a type constructor T. As examples,
consider partiality as an effect TX = X + { L} (which amounts to Maybe in
Haskell) and nondeterminism TX = PX0 X, the finite non-empty subsets of
X.

Other examples include side-effects, exceptions and interactive I/0O. In
fact, the use of monads has seen prevalent use not only in structuring de-
notational semantics, but also in structuring programs themselves. Indeed,
since being introduced in Haskell, the ideas have had much influence in many
other mainstream programming languages [21]. We review this important
concept and other relevant theory here. For a comprehensive treatment, see

the standard texts, e.g. [41].
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Definition 2.2.1. A monad (T,n, ) on a category C consists of an endo-
functor 7' : C — C, and natural transformations n : 1¢ = T, p: T? = T

such that the following diagrams commute

M e

" e p

;‘L Tu H
b\l% l

T

TQTT

For a category C with finite products, a monad on C is strong when it is

equipped with a natural transformation
tap: AxTB — T(Ax B)

satisfying three commutative diagrams (see e.g. [49]). Most of the monads

considered in this dissertation are strong.
It is well-known that every adjunction gives rise to a monad.

Proposition 2.2.2. Fvery adjunction F' 4 U with unit n and counit € gives

rise to a monad (T,n,u) with T =UF, = UeF.

Furthermore, every monad arises from an adjunction. In fact, given a
monad T, there are two canonical constructions for recovering an adjunction
that gives rise to T—one yielding the Kleisli category and the other the
Eilenberg-Moore category.

Definition 2.2.3. Let T = (T, n, 1) be a monad on C. The Kleisli category
C+ is defined as follows. Objects are just those of C, and a morphism
f:A— Bin Ct is a morphism f' : A — TB in C. The identity id4
in Cy is the unit n4 : A — T A in C. For composition, given f : A — B
and g : B — C in Cy, the composite g o f is defined to be the following
morphism in C:

f/ T/
A TB— srTCc - TC
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Remark 2.2.4. It is sometimes more convenient to consider an equivalent
formulation of a monad, called a Kleisli triple. This consists of an endomap
T on the objects of C, 9y : A — T A for objects A in C (as for the usual
definition of a monad), and >=; : TA — TB for f : A — TB, subject
to equations based on the unit and associativity equations of the Kleisli

category. The Monad type class in Haskell is based on this formulatiorﬂ

class Monad m where
return :: a —m a

(>=) sma—(a—mb)—mb
and the laws

return t >=f=fx
m >= return = m

(m>=f)>=g=m>=X\x—fzr>=g

Furthermore, when C is cartesian closed, we have a strong Kleisli triple

whenever >= is a morphism.

The other construction for retrieving an adjunction from a monad is due
to Eilenberg and Moore, for which we define the notion of an algebra for a

monad.

Definition 2.2.5. An algebra (A, a) for a monad T = (T,n, u) on C, also

called a T-algebra, is an object A and a morphism « : TA — A (in other

5It is worth mentioning that as of GHC 7.10, by the Applicative-Monad proposal,
instances of Monad are required to be instances of Applicative. See e.g. wiki.haskell.org for

details.
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words, a T-algebra) that respects the monad structure, i.e.

A" 1A TTA %, TA
« HrA «
id A
A TA —— A

commute. A T-algebra homomorphism h : (A,a) — (B, ) is a morphism

h: A — B such that the square

TA—"™ .7TB

A——— B
h

commutes. T-algebras and homomorphisms form a category CT (or some-
times denoted T-Alg, especially when the base category is clear), the Eilenberg-

Moore category.

If we start with an adjunction F 4 U : D — C, by Proposition
we have a monad on C, and hence can construct CT for a monad T with
functor UF (with associated adjunction F'T - UT). From this, a comparison
functor ® : D — CT emerges, with UT o® =2 U and ®o F = F'. In fact, ®

is unique with this property.

Definition 2.2.6. A functor U : D — C is monadic if it has a left adjoint
F 4 U such that the induced comparison functor is an isomorphism of

categories D 2 CT, for the monad T with functor part UF.

Examples of monadic forgetful functors D — Set include those from
“algebraic” categories, such as monoids or groups. Indeed, the notion of
monadicity can be thought of as a definition of being “algebraic”. A notable
non-example is the forgetful functor U : Pos — Set from posets. The left

adjoint F' is the discrete poset functor, and the monad induced has simply
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UF = idget the identity as the functor part. Thus it is evident that the
Eilenberg-Moore category is just Set itself.

Now let T = (T, 0", u7) and S = (S, 7", 1) be monads on C. In general,
the composite functor T'S does not necessarily form a monad, unless we have

a so-called distributive law [8] between the two monads.

Definition 2.2.7. Let T and S be as above. A distributive law of S over T
is a natural transformation A : ST — T'S that interacts coherently with the

respective monad structures, i.e. the following commute

s2r A ors 2% g2

T
77ST TnS
/ \ uST T
ST
A

TS ST \ TS

sT2 21, s 1 128

S
ASV \Tig
SuT uTS
ST TS
A

ST TS
A

If A exists, we do indeed have a monad TS = (T'S,n, ), now that u can

be expressed as the composite natural transformation

T,Ss

TSTS —2° s 7185 " 18

Fact 2.2.8. The existence of a distributive law A of S over T is equivalent
to a lift of T to a monad T’ on S-Alg, with T’ consisting of a functor 7"

sending
0 Ax To
(X, 8X — X)— (TX,STX —TSX —TX)

Furthermore, TS-Alg = T'-Alg.
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2.3. Monad transformers

Monad transformers are a standard technique in Haskell for combining

monadic effects together.

Definition 2.3.1 ([39]). Let Mnd(C) denote the category of monads on
a category C. A monad transformer is an function from monads on C to
itself

F : |Mnd(C)| — |Mnd(C)|
with the requirement that for any monad 7" there is a monad morphism

T — F(T).

By monad morphism we mean (as in [50]), for strong monads S and T'
on the same category, a natural transformation S — T preserving monad
structure (in the usual sense). In Haskell, bona fide monad transformers are

instances of the MonadTrans type class

class MonadTrans ¢t where

lift : Monad m = m a—t m a
with lift satisfying the requirements of a monad morphism
lift o return = return
lift (m>=f) = lift m >= (lift o f)
For example, the state monad has a transformer counterpart StateT
newtype StateT s m a = StateT {runStateT :: s— m (a,s)}
That is, when m is an instance of Monad, so is StateT s m

instance Monad m = Monad (StateT s m) where
return x = StateT (As — return (z, s))
xm >= f = StateT (A\s—do
(z,8") «+ runStateT zm s

runStateT (f ) s’)
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And furthermore, operations in m may always be lifted into the transformed

monad in a way that preserves the monadic operations

instance MonadTrans (StateT s) where
lift zm = StateT (As —do
T < Tm

return (x, s))

In a similar fashion, the exceptions monad has a transformer counterpart
ErrorT, satisfying analogous structure. It turns out that ErrorT has a math-
ematical description in terms of a certain coproduct of monads, a subject we
explore next. Note that StateT has a somewhat different description that

requires further machinery. As such, we return to StateT in Chapter [4

2.3.1. Exceptions transformer

As discussed in [26], if one component of a coproduct is fixed to the
exception monad, while the other is parametrised over, this corresponds
precisely to the exception monad transformer ErrorT.

For a set E (of exceptions), Let 37, denote the exception monad, with
functor (—) + E. The notation (—)* is intentionally suggestive of a free

monad, over the constant functor Xp = — — F.

Theorem 2.3.2. Fiz a monad T = (T,n,pn). The sum X}, + T exists and
is given by the composite monad TXY,, consisting of the functor T(— + E).

It is instructive to outline a proof in here. The argument relies on
the existence of a more specialised form of distributive law, namely that
of an endofunctor S over T. This is very similar to the usual notion of
Definition [2.2.7] except S is not required to form a monad, hence the first

pair of commutative diagrams are not needed.
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Lemma 2.3.3. For any endofunctor X, there is a distributive law of XT

over T, given by the natural transformation

X nXT
XTT T T

Since we always have such a distributive law, one can show that as in
Fact there is always a lift of T to a monad T” on ©7-Alg (the algebras
for the endofunctor ¥T). Specialising back to exceptions ¥ = Xp, it is
evident that by definition of constant functor, and in turn by monadicity

established in Section [3.1.3

SpT-Alg = Y p-Alg (2.1)

~ % Alg (2.2)

Thus the distributive law A of T over T yields a monad T" on X},-Alg
(i.e. the Eilenberg-Moore category)—in other words, A turns out to be a
distributive law of X%, over T, in the usual sense of Definition As a
consequence, we have a composite monad TX7. Why should this be the
sum X7 + T7

To see the connection, note that by Fact again, algebras for TX%,
are isomorphic to algebras for T’. It is convenient now to take the perspective
that T’ is a monad on X g-Alg, so that a T'-algebra is a X g-algebra (X, 0)
together with a homomorphism ¢ : T'(X, 0) — (X, 6). By noting that A (of

Y gT over T) has components

A
$oTX =F——T%pX =TE

and by definition of homomorphism and 7”7, we have the following situation

e — " rx

Ax ¢

FE—— X
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Now (X, 0) is plainly isomorphic to a ¥j,-algebra by and it is clear that
(X, ¢) forms a T-algebra. Together we have precisely an algebra (X, 6, ¢)
for the sum 3%, + T of monads [16].

Remark 2.3.4. As noted above, Theorem generalises to any endo-
functor ¥, hence to any computational effect that is the free monad over
its signature. As well as exceptions, interactive I/O is another notable ex-
ample of an effect whose theory does not stipulate axioms, and hence fits
this framework. In other words, the interactive I/O monad transformer may
also be explained as the sum of monads 7 /0T T (where X /o denotes the

signature of interactive I/0), given by the composite monad TX} e

2.4. Combining monads

Despite the popularity of monad transformers, they are not without their
limitations. In this section we briefly review some of the literature on this
and various developments building on the ideas of monad transformers, as

well as the general area of monad composition.

2.4.1. Distributive laws

It is well-known that given two monads S, T, the composite functor T'S
does not in general form a monad. That is, unless there is a distributive law
of monads S over T'. But while monads do not always compose in this sense,
a wide class of combined computational effects nevertheless arise in this way
e.g. the exceptions monad transformer as discussed is defined by composition
with — + E. Another example from mathematics: in Set, the free monoid
monad is given by a distributive law of the free semigroup monad S over
the “point” monad 7' = — 4 1. This shows that (the theory of) a monoid
may be “decomposed” as a composite of a semigroup and a point.

So a distributive law is what one needs in order to compose two mon-
ads. To compose three monads A, B,C however, it turns out one needs

more than just distributive laws, as discussed in [13]. Let us say we have
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distributive laws B over A, C over A and C over B, giving rise to composite
monads AB, AC and BC respectively. Now, given these, it is easy to give
(composite) natural transformations CAB = ABC and BCA = ABC. Are
these distributive laws? In general no, unless A, B and C additionally sat-
isfy a coherence law known as the Yang-Bazter equation. In such case, the
two distributive laws give rise to the same monad ABC. Furthermore, even
when composing more than three monads, the same conditions apply—a
distributive law between each pair of monads (in one direction), and simi-
larly Yang-Baxter for each triple of monads. This data is referred to as an

iterated distributive law [13].

2.4.2. Coproduct of monads

Although composing monads via distributive laws may not always be
possible, in theory one is always able to take coproducts. However, the gen-
eral categorical definition of a coproduct of monads is somewhat involved—in
particular, being a quotient type (rather than a free type) makes it difficult
to implement, say, in Haskell. For one needs a “representative” for each
equivalence class, as well as a decision procedure for deciding the equiv-
alence of terms under the appropriate equations. In general the latter is
undecidable.

A term of a monad coproduct S+7 can be thought of as a “layered” syn-
tactic tree, consisting of S-layers interleaved with T-layers. In the approach
taken in [16], one restricts attention to layered monads—monads equipped

with an “inverse unit” n~!. The intuition is that such monads can inspect
whether a term is in the image of the unit, i.e. a variable. It turns out that
this extra structure is sufficient in computing a representative (or witness),
without the need for a more general decision procedure. For example, given
a term of the free coproduct type, one reduction rule uses n~! to quotient

away variable layers; another rule uses the respective monad multiplications

1 to collapse adjacent layers.
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Coproducts of monads generalise distributive laws—whereas the former
considers all possible interleaving layers of S and T, the latter can be seen
as just one possible interleaving e.g. T'S. There is however a notion of strong
distributive law (the exceptions monad transformer is one such example).
When one has a strong distributive law, the induced composite monad T'S
and the coproduct S + 7' coincide [16].

Again, when considering a binary coproduct of monads as all (finite)
interleavings of layers of the two monads, it was the ability to distinguish
between trivial (i.e. variable) and nontrivial layers that proved a key insight.
Indeed in later work [I7], ideal monads T' = Id + Ty (as introduced by
Adamek) were observed to do precisely that. Free monads are examples
of ideal monads, as are all the usual computational examples of interest.
Given two such monads, their coproduct is the ideal monad of the form
Id+(T1+T3) i.e. a computation is either a variable layer, a T;-computation—
an interleaving of layers starting with the first monad, or a T-computation—
an interleaving starting with the second monad. In more recent work still, it
was shown that this formula for determining the coproduct of ideal monads

extends to an even wider class of consistent monads [2].

2.4.3. Lifting

The use of binary combinators such as coproduct of monads, sum and
tensor of theories, are all forms of compositional semantics. Monad trans-
formers on the other hand are unary constructs that take monads and trans-
forms them into “bigger” monads. As such, the latter are also known as a
form of incremental semantics. The two are by no means entirely distinct
from each other. We have seen that the algebraic approach to effects em-
phasises the presence of operations—and in practice when working with
monads and transformers, one also finds that they are equipped with oper-
ations (e.g. the get and put operations of the state monad). This however

presents a long-standing problem with monad transformers: when a monad
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is transformed into a bigger monad, all the associated operations are re-
quired to be lifted into the bigger monad. Since definitions of such liftings
have traditionlly been on an ad hoc (i.e. per case) basis, it is not uncommon
to find non-uniform behaviour across related transformers. In particular,
one would expect a lifted operation of one monad transformer to behave
the same way as the same (or analogous) lifted operation of a more general
monad transformer. But as liftings are ad hoc, there is no such guarantee.

To address this problem of non-unform lifting requires a careful con-
sideration of the taxonomy of both operations and transformers [30]. For
example, algebraic operations turn out to have unique liftings. For more
general (i.e. non-algebraic) operations, the situation depends on the nature
of the transformer that the operation is to be lifted through (see also [32] for
the lifting theorems generalised to the monoidal category setting). The ideas
of this work have been implemented in the Monatron library [31] as an alter-
native monad transformer library. As mentioned, algebraic operations are
lifted automatically (via its unique lifting property), and even non-algebraic
operations (e.g. handle) can be lifted uniformly by exploiting the properties
of the codensity monad. By offering uniform liftings, the library also has
the desirable effect of reducing the number of instances a programmer tra-
ditionally would write when defining a new transformer, from quadratic to

linear.



CHAPTER 3

Algebraic theories and models

In this chapter, we develop in some detail the idea of an algebraic theory.
One advantage of this approach in modelling effects is that our intuition
about what should be axioms of the computational effect are made explicit,
thereby justifying the monad that is to be constructed. Starting concretely
from (what are sometimes called) presentations of algebraic theories, from

there we build intuition for the more abstract notion of Lawvere theory.

3.1. Universal algebra

We will start by reviewing some basic universal algebra. Recall that a
signature Y. consists of a set of operators (or operation symbols), and an
assignment to each operator a natural number—its arity.

In the classic (set-theoretic) sense, an algebra for a signature X (also
called a X¥-algebra) is a set S and for each operator o (having arity n, say),
a function [o] : S™ — S. X-algebras are denoted as tuples (S,[—]). A X-
algebra homomorphism from (S, [—]s) to (T, [—]r) is a function f: S — T

that preserves the operations, in the sense that

f([[Oﬂs(ltl, ce 7:6”)) = HO]]T(f(ZL'l), e 7f($n))

for each 0 € X, and z1,...,z, € S. We are interested in equational theories
(X, F) i.e. a signature together with equations E. An algebra for such a
theory is then a Y-algebra that “satisfies” E, in a sense that will be made
precise in what follows.

In the spirit of categorical logic, we can easily generalise these basic

definitions, such that a signature (or theory) may be interpreted in general

39
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categories—not necessarily Set. To this end, let us fix a category C with

finite products.

Definition 3.1.1. For a signature X, a Y-algebra (X, [—]) is an object X
and for each ¥-operator o with arity n, a morphism [o] : X™ — X in C.
A X-algebra homomorphism from (X,[—]x) to (Y,[-]y) is a morphism
f : X — Y that preserves the Y-operations, in the sense that the following

diagram

[o] x
X" ——m s X

fr f
yn ——— Y
[oly
commutes, for each Y-operator o having arity n. ¥-algebras and homomor-

phisms form a category »-Alg.

Assume that we have a collection of variables x1, xa, ... at our disposal.
Together with the operators of a signature 3, we have the ingredients to
build terms with respect to X, defined inductively: a variable z is a term;
and for terms t1,...,t, and an operator o of ¥ with arity n, o(t,...,t,)
is a term. Now, if one understands morphisms [o] of an algebra as “inter-
preting” operators o, how are terms interpreted? In fact, under the present
categorical treatment, we always consider a term ¢ under a “context” of dis-
tinct variables I' = x4, ..., x; rather than in isolation. A term in context is
a judgment of the form I' - ¢ where all variables occurring in ¢ are among
those in I'. Our notion of algebra can now be seen to extend to terms in the

following.

Fact 3.1.2. Given a Y-algebra (X, [—]), its interpretation of a ¥-term ¢ in
context I' = x1,..., 2 is a morphism [T F ¢] : X¥ — X defined inductively

on the structure of ¢:



3.1. UNIVERSAL ALGEBRA 41
[T F ;] = m; i.e. the product projection
[T F o(ty,...,ty)] is the composite of the product morphism with [o],

Fl—ti i=1...n o
o reDiorn o6

where o is a m-ary operator.

Definition 3.1.3. An algebraic theory (X, F) is a signature 3 together with
a set I of equations, where an equation I' - t = u is nothing more than a

pair of ¥-terms ¢, u in context I'.

Given a theory (X, F) we will often refer to Y-algebras as its interpreta-
tions. We can now formalise the notion of an algebra for a theory as being

those interpretations that satisfy F, as in the following.

Definition 3.1.4. For I" = z;,...,z, an interpretation (X, [—]) satisfies
an equation I' - ¢ = u if the respective interpretations of ¢, u yield an equal

pair of morphisms, i.e.
[CHt]=[CFu]: X¥— X

A (X, E)-algebra is an interpretation that satisfies all equations in E.
A homomorphism of algebras is defined in exactly the same way as for the
signature-only case. (X, F)-algebras and homomorphisms form a category

(3, E)-Alg, a full subcategory of 3-Alg.

Notice that an interpretation for (X, E) may well satisfy equations not
in E. Indeed, we would expect that a (X, E)-algebra satisfy not only all
equations in F, but also those that are derivable from FE via the usual rules
of equational logic (hence one often makes a distinction between azioms in
E, and theorems derivable from FE). This soundness result is embodied in

the following.

Theorem 3.1.5. A (X, E)-algebra satisfies any theorem derivable from the

axioms E.
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Remark 3.1.6. In classic denotational semantics based on set theory, one
often finds in the literature that naked terms are interpreted with respect
to an “environment” p—a finite partial function from variables to elements
of the algebra X. Under this setting, an equation is satisfied by X if the
interpretations of the pair of terms are equal elements of X, with respect
to all environments. Our definition based on terms in context, on the other
hand, is expressed purely in arrow-theoretic terms rather than elements, thus
generalises to arbitrary finite-product categories other than Set. See [55]

for a discussion.

3.1.1. Theory of groups

To make the previous discussion in this section somewhat more concrete,
let us consider the theory G = (X, F) of groups. Recall that in most pre-
sentations of groups, ¥ consists of a binary operator m (“multiplication”),
a unary operator i (“inverse”) and a nullary operator / constant symbol u

(“unit”). So a X-algebra in C is simply an object X and three morphisms

(1) [m]: X2 = X
2) [{]: X - X
3) [u] : 1 =X

A homomorphism of Y-algebras is just a morphism f satisfying three copies
of the commuting diagram from Definition [3.1.1] one for each of m, ¢ and
u. Together they form a category X-Alg, sometimes called the category of
group structures.

Now consider the axioms E of group theory, namely the associativity,

inverse and unit laws. These can be expressed in terms of the operators and
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variables z,y, z as follows

z,y,z2 F m(z,m(y,2)) = m(m(z,y), 2) (3.1)
z F mz,i(@) =u (3.2)
z b omi(z),z) =u (3.3)
v b omz,u) =2 (3.4)
v b om(uz) =2 (3.5)

To interpret axiom (3.1]), first see that the left-hand-side term is inter-

preted as the morphism

[m(z,m(y,2))] = [m] o (m,[m(y, 2)])
= [ml o (m,[m] o (w2, 73))

= [[m]] 0 (ZdX X [[’I?’L]]) ° <7T1, <7T277T3>>
and by a similar argument, the right-hand-side is interpreted as

[m(m(z,y),2)] = [m] e (Im] xidx) o ((m1,m2), )

And so for a group structure to satisfy the associativity axiom amounts

to these being equal morphisms, thus exhibiting a commutative diagram

9 idxXIImII
Xx X — X xX

<7r1,<7r2,7r3>>/‘ Y‘nﬂ

X3 X

((7r1,7r2>,7rk, A‘nﬂ

X2xX — s XxX
[[m]]XidX

The other axioms can be interpreted in a similar way, producing more
commutative diagrams. Of course, a group structure that is a G-algebra will
satisfy all of these, as well as any theorem of group theory. The category

G-Alg of algebras for G in C is also called the category of groups in C.
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Example 3.1.7. The category G-Alg of groups in Set is precisely the usual

category Grp of groups and group homomorphisms.

Of course, the power of studying algebra in more general categories
means that we are not limited merely to set-theoretic models of group the-
ory, or any algebraic theory for that matter. To illustrate further, consider
what it means to have a group in the category Grp itself. This uses the

“Eckmann-Hilton” argument, which we state here.

Proposition 3.1.8. For any set S equipped with two binary operations e, * :
S x S — S with respective units 1°,1*, such that the operations commute

with each other,

(1 0y1) * (x2 @ yo) = (1 % x2) @ (y1 *x Y2) (3.6)

the operations in fact coincide ® = x, with unit 1°* = 1*, and is associative

and commutative.

Corollary 3.1.9. The category G-Alg of groups in Grp comprise precisely

the abelian groups.

PROOF. Let G be a group in Grp. As it is an object of Grp, it has the usual
structure (G, e, 1%, (—)~!) of a group, and since it is also an internal group,
there are group homomorphisms [m] : G2 = G, [u] : 1 = G, [i] : G — G
together satisfying the commutative diagrams described above for E. For
clarity, denote [m] infix as x, [u] as 1*, and note that the group G2 has
multiplication defined pointwise. Now since x is a group homomorphism,
it will preserve multiplication, i.e. precisely the equation . Hence by
Proposition [3.1.8] G is abelian.

Conversely, take any abelian group A = (4,0,1°,(—)~!). We can define
the usual interpreting maps [m], [u], [{] on A as precisely o,1°, (=)' re-

spectively. It is not difficult to check that these are group homomorphisms:
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for example, denoting ©? as multiplication of the group A? (defined point-

wise),
[[m]]((al, ag) <>2 (bl, bQ)) = (a1 < bl) < (CLQ < bg) = (a1 < CLQ) < (bl < bg)

where the last equality makes use of associativity and commutativity of ©.
Hence (4,0,1°,(—)1) constitutes a group structure in Grp. Furthermore,
it satisfies all the commutative diagrams for associativity, unit and inverse
axioms arising from E (above), by virtue of being a group in the usual sense.

Therefore it is a group in Grp. O

Remark 3.1.10. Notice that the proof does not make use of the inverse
operation of a group. So in fact, by discounting inverses altogether we arrive
at a similar result for monoids. Namely, monoids in Mon are exactly the
commutative monoids.

A monad on a category C can also be seen as an internal monoid, in the
category CC of endofunctors. But note that this is not quite an example of

the foregoing, since CC is not being considered as a category with productsﬂ

3.1.2. Theory of nondeterminism

Let us consider some examples from computational effects, starting with
(binary) nondeterminism. Using the tools from Section we will derive
the finite non-empty subset monad PXo.

The theory S of semilattices consists of a binary operator I, and for

variables z, vy, z the following axioms

r F zNz=x (3.7)
x,y B xNy=yNax (3.8)
z,y,z F xN(yNz)=(xMNy)Mz (3.9)

namely idempotence, commutativity and associativity.

1Indeed, in this setting it is seen as a monoidal category
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An interpretation in Set is a set X and an interpreting function [M] :
X? — X. As usual, this interpretation extends to terms in context, and
if this respects the axioms above then it is a S-algebra. For example, take
X to be PN—the powerset of the natural numbers, with set union U for
[M]. As U is idempotent, commutative and associative, it clearly satisfies
the axioms. Note also that we could equally have taken set intersection to
interpret M, so that (PN,N) is another S-algebra.

As one might expect, the category S-Alg of algebras is the category of
semilattices and semilattice homomorphisms. The evident forgetful functor
U into Set has a left adjoint F', namely the free semilattice functor. This
takes a set X to the semilattice with carrier PXX (the set of finite non-
empty subsets of X) and union U as the semilattice operation. The action
on functions f : X — Y gives the semilattice homomorphism F'f that sends
S € PYX to {f(x) |z € S} ie. the direct image of S.

Let us very briefly justify that we indeed have an adjunction F - U.
Take any set X. For any semilattice (Y,M) and function f: X — Y, define
a semilattice homomorphism f# : FX — (Y,1) to be the map

S [ {f(@) |z €8}

(with [] defined in terms of M in the obvious way). Now define a function nx :
X = P;nX as simply the inclusion z — {z}, and we have the commutative

triangle below left

X 2 prx FX
f JrUf# f#
Y (Y, )

which can be verified by a simple diagram-chase. Furthermore, it is clear
that 7 is uniquely defined with this property, hence F X is free over X with
universal arrow nx. By Proposition the induced monad has functor
part UF = Po,
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3.1.3. Theory of exceptions

Consider the computational effect of exceptions. As an algebraic theory,
it comprises a family (raise.)c.cp of nullary operators raise, indexed by
a set E of exceptions, with no axioms. Alternatively, we may just as well
consider raise as a single operator, with F as its coarity. More generally,
the coarity of an operator is an object of the interpreting category (though

here we stay in the setting of Set for simplicity).

Remark 3.1.11. As an aside, the theory of Section [3.1] generalises to ac-
commodate coarities. For example, an interpretation (X, [—]) of a theory
is an object X and, for each operator o : n — C' (that is, with arity n and
coarity C) in the theory, a morphism [o] : C' x X™ — X. A homomorphism
from (X, [-]x) to (Y,[—]y) is a morphism f : X — Y that preserves the

operations, i.e. the diagram

CXX"&X

ide X fm f

CxY" — Y
[o]y

commutes, for each operator o:n — C.

Pursuing a similar analysis to Section we can determine the monad
given by the signature of exceptions. Notice by Remark any inter-
pretation [raise] will have domain F, hence the signature functor g is
simply the constant functor — — E. From here, the derivation is somewhat
simpler than for nondeterminism—for since there are no axioms, the monad
we seek is precisely the free monad (on Set) over X, which we denote 7.

It is not difficult to show that it has functor part — + E.
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3.1.4. Monads from presentations

In the above we have seen examples of monads derived from the theories
of semilattices and exceptions, respectively. Here we outline this process in
slightly more general terms.

Fix an algebraic theory T = (X, E). Now for any set X, let T'(X) denote
the set of well-bracketed terms (equivalently, abstract syntax trees) ¢ built
from operations ¢ € ¥ and variables x € X, quotiented by the equivalence
generated from the equations E. More precisely, we have equivalence classes
[t] in T(X) generated by the following inductive rules

[t1] - .. [tn)]
[z] [o(t1,... tn)]

for any operation o with arity n.

The operations are interpreted syntactically, that is

[ol([ta), - - -, [ta]) = [o(t1, - - -y t0)]

It is not difficult to check that 7'(X) with the above interpretations [—]
is indeed the free algebra over X, and that this construction extends to a
functor Set — T-Alg—indeed, left adjoint to the evident forgetful functor.
Thus we have not only a functor T : Set — Set but also a monad, with the

following structure
nx 1 X — T(X)
 —> [z]
px : THX) — T(X)
[t([t1], .-, [te])] — [t(t1,- .., tx)]

where an arbitrary T2(X) term [¢] can be seen as a derived operation (with
say, arity k) with “variables” [t1],...,[tx] in T(X).

It is reasonably straightforward to check that this monad indeed corre-
sponds to the theory T by inspection of their respective algebras. Specifi-

cally, algebras of the monad T on X are in bijective correspondence with
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T-algebras on X. In fact, more can be said of this correspondence—it turns
out the monad 7T is finitary (the functor T is completely determined by
its action on finite sets), and going in the other direction to the above, we
also have that every finitary monad on Set gives rise to a corresponding
algebraic theory. We refer to e.g. [61] for details of this construction (but
also see later in Section , only noting that when proceeding as such, it
becomes apparent that such monads represent equational theories in a form
that is independent of any particular presentation of operations and axioms.
This also turns out to be the case when equational theories are considered

as categories, as in the following.

3.2. Theories categorically

In this section we wish to understand the notion of Lawvere theory. The
previous development of interpreting theories in general categories could
reasonably be described as categorical semantics. The next step in terms of
“categorification” is sometimes called functorial semantics.

To motivate this let us revisit our example of group theory. Although
our presentation of the theory G of groups in Section [3.1.1]is similar to the
usual “textbook” definition of groups, it is by no means unique. For ex-
ample, a group may also be axiomatised as an alternative theory G’ with a
unit and a binary operator d called “double division” (and a single axiom—
though the details are not important here) and nothing else. What is the
relationship between these two formulations of group theory? We may con-
sider d a derived operation of G, with d(z, y) equating to the term-in-context
x,y F m(i(z),i(y)). There is a similar translation of the operators of G in
terms of G’. Since the two theories are derivable from each other, the two
formulations are essentially no different, in the sense that they give rise to

the same algebras (namely groups)—the difference is purely syntactic.
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Indeed, any term built from the basic operations m, ¢ and u of G corre-
sponds to a derived operation, thereby implying an infinite number of pos-
sible such presentations of group theory. Now there may be good reasons
to prefer one formulation over another, but this aside, a natural question to
ask is what then is a canonical syntaz-invariant notion of algebraic theory
— that is, one that is independent of any particular presentation? In the
study of universal algebra, an abstract clone captures precisely this, and in

Lawvere’s thesis [37] this was given a categorical treatment.

3.2.1. Syntactic construction

Intuitively, if we are to represent an algebraic theory in a way that does
not favour any particular presentation, we ought to treat all derivable oper-
ations with equal status, as it were. In other words, we make no distinction
between basic and derived operations—instead treating all possible opera-
tions as “basic”. Similarly with equations, we take all possible theorems as
axioms. We can collect this data into a category of contexts and “context
arrows”, which we describe below.

Fix a theory T. Recall that I' denotes a context of variables. Let us
say that a context arrow from I'y = z1,...,2, to I'y = x1,...,2, is an
n-tuple t = (t1,...,t,) of terms-in-context I'y, + ¢; (for each ¢ = 1,...,n)
of T. In particular, we can think of context arrows into the single-variable
context 'y — x as simply the k-ary operations of T. Equality of a pair of
context arrows t,t’ is defined pointwise: in more detail, T'y - (t1,...,t,) =
(t1,...,t,) iff we have equations T'y b t; = t; in T for every i = 1,...,n.
This relation is in fact an equivalence.

Composition of context arrows is defined by substitution of terms, and
the identity context morphisms on z1,...,x, are simply tuples (z1,...,z,).
We can now define a category embodying the syntax-invariant content of T

by taking its morphisms to be equivalence classes of context arrows.
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Definition 3.2.1. For an algebraic theory T, the syntactic (or classifying)
category Ct has as objects contexts I' of variables. A morphism I' — T”
is an equivalence class of context arrows from I' to I, for the equivalence
relation identifying ¢,t' just when I' - ¢ = ¢/ in T. Explicitly, a morphism

into I';, = 1, ..., %, is an equivalence class of judgements
CF (t,...,ty)]: T — T,

Composition is induced by substitution of context arrows, and identities are

equivalence classes of identity context arrows.

Example 3.2.2. The syntactic category for the theory of groups will have
as morphisms I' — x all operations we previously considered “basic”, as well
as all those derivable from them. In particular, multiplication m(x,x2) is
a morphism x1,x2 — x, and so too is double division d(x,z2). Of course,
some derived operations such as the latter have meaningful names, but the
vast majority will not! The equations of group theory are encoded into the
morphisms: for example, the terms d(z1,22) and m(i(z1),i(z2)) are equal
as context arrows, and therefore part of the same equivalence class. More
generally, morphisms I'y, — T',, are simply (equivalence classes of) n-tuples

of k-ary operations.
Proposition 3.2.3. Ct has all finite products.

PROOF. It is not difficult to check that the product of I' = z1,...,x,, and
I =x1,...,2, is the context T’ x IV = x1,..., Zpmapn. The terminal object

is the empty context. ([

Note that the finite product structure of Ct yields the property that any
context x1,...,x, is a finite power n of the single-variable context z = .
The syntactic category construction can be seen as a “categorification”
of an equational presentation by means of saturating it, in some sense—
in doing so, we no longer make a distinction between basic and derived

operations, nor do we distinguish between equational axioms and derived
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theorems. Put another way, in the syntactic category we take all derived
operations and equations as basic. Looking at this category more abstractly,
we may observe the essential structure required to define when a category

describes, in a syntax-invariant way, an algebraic theory.

Definition 3.2.4. A Lawwvere theory is a small category L consisting of
objects A™, one for each natural number n = 0,1,... with a finite product
structure given by A™ x A" = A™*" and terminal object 1 = A°. In
particular every object is a finite power n of the generating object A = Al.

Of course, the notation A%, A', A% ... for objects is merely suggestiveEL
and we could just as well use the natural numbers themselves. This leads to
an equivalent definition, more commonly found in the literature: let N°P de-
note the opposite category of natural numbers and all functions. A Lawvere
theory is a small category L with finite products, equipped with a (strict)

finite-product preserving, identity-on-objects functor
N? — L

Remark 3.2.5. A Lawvere theory is a single-sorted algebraic theory, in
reference to the single generating object A in our definition. That said, the
notion extends to multi-sorted theories, which correspond to general finite
product categories (with multiple such generating objects). An example of
a presentation giving rise to such: the theory of random access memory con-
sists of two sorts M and D (memory locations and data values, respectively),
with operations lookup : M — D and update : M x D — M. We merely
note that multi-sorted effects of this kind also require a different treatment

in terms of monads, but will not consider them any further.

While a Lawvere theory generally has many presentations, there is al-
ways a maximal one (sometimes called its “internal language”). Thus every

Lawvere theory has at least one presentation.

2The notation is particularly appealing in light of the fact that products are given by
addition.
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3.2.2. Functorial semantics

Let us revisit the notion of an algebra for a theory, in this Lawvere

setting.

Definition 3.2.6. A model of a Lawvere theory IL in a category C with
finite products is a finite-product preserving functor M : L. — C. A ho-
momorphism of models is a natural transformation a : M — M’ between

models. Models and homomorphisms form a category Mod(L, C).

Remark 3.2.7. For any model M, we can recover our earlier notion of
algebra. First observe that by preservation of products, M(A") = (MA)",
i.e. the action on objects is determined (up to isomorphism) by the action
on the generating object A. And similarly by the universal property of
products, the action on morphisms A™ — A™ is determined by the actions
on A" — A, for all n. Therefore, a model in C amounts to an object
X = MA, together with all morphisms X" — X.

It is also interesting to note that the definition of homomorphism of
models does not insist on respecting the product structure of IL, as one might
expect. As it turns out, this would be superfluous, since it is a property that

can be shown to be implied, by naturality alone.

In accordance with the definition of model, we claim that the analogue
of a T-algebra in Section must be a finite-product preserving functor—
indeed, one from the syntactic category Cr. Let us make this statement
more precise, by considering a T-algebra in Cr itself. By definition, this
is an interpretation U consisting of the single-variable context x, with (an

equivalence class of) terms
[o] = [z1,.-  xnFo(z1,...;20)] s 21, . 2y — @

for each operator o of arity n in (the signature of) T. A term-in-context is
interpreted as its equivalence class. Thus the equations are satisfied, and U

is indeed an algebra. In the literature, U is called the generic algebra of T,
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with a defining property of it being complete, in the sense that it satisfies
only the equations of T, and nothing more.

Now notice that for any model M : Ct — C, the action of M on U is also
a T-algebra, by virtue of the fact that algebras “travel along” finite-product

functors, in the sense of the following.

Fact 3.2.8. Finite-product preserving functors preserve algebras of alge-

braic theories.

PRrROOF. Let F: D — E be a finite product-preserving functor. Consider an
algebra (X, [—]) in D for a theory, consisting of morphisms [o] : X" — X

for every operator o of arity n. F' sends these to morphisms

Flo]
F(X") = (FX)"———FX
in E so that (FX, F[—]) is an interpretation. The analysis for terms is
similar: for an equation-in-context x1,...,x; F t = u, its interpretation in
D as the equal pair of morphisms [t] = [u] : X* — X is sent, via F, to the

equal pair of morphisms

Flt]=F[u]
F(XF) = (FX)* ——— FX

in E so that (FX, F[—]) indeed satisfies all equations of the theory. O

So MU really is a T-algebra in C. Also note it can be shown that a
homomorphism « : M — M’ of models M,M’ : Cr — C gives rise to
a T-algebra homomorphism MU — M'U by taking the component «g; (by
naturality — the details omitted here for brevity). Thus the act of evaluating

at U induces a functor
evy - MOd(C’]T, C) — T—Alg(C)

In fact, it can be shown (see Awodey and Bauer’s lecture notes [3]) that this

functor is a natural equivalence of categories.
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Proposition 3.2.9. For any algebraic theory T and finite-product category

C, there is an equivalence

Mod(Cr, C) ~ T-Alg(C)

natural in C, between the category of models of Ct and the category of T-

algebras.

Returning to the claim earlier in this subsection, we see that a T-algebra
X really does correspond to a finite-product functor, Mx say, from Cr, and
furthermore M is determined uniquely up to equivalence, with the generic
T-algebra U acting as mediator—i.e. MxU = X. Thus My is said to classify
(or, is the classifying functor of) X. The above has shown the precise sense
in which, when theories are treated as categories, their algebras correspond

to functors.

3.2.3. Correspondence with monads

For completeness we summarise the correspondence between Lawvere
theories and monads (due to [40]), as we did earlier in Section with
equational presentations.

Given a monad T on Set, let Kl%p denote the opposite of its Kleisli cat-
egory. Then a Lawvere theory L7 can be obtained by considering the Kleisli
maps between finite sets—more precisely, we take L to be the full subcate-
gory of K17” whose objects are those of N. Indeed, its models coincide with

the algebras—specifically, we have an equivalence

Mod(Ly, Set) ~ T-Alg

between the category of models of this Lawvere theory and the Eilenberg-

Moore category.



56 3. ALGEBRAIC THEORIES AND MODELS
Conversely, given a theory IL, Lawvere showed that the “forgetful” func-
tor
U : Mod(LL, Set) — Set
M +— M(A)
has a left adjoint. Linton went further to show that U is monadic—that

the induced monad 17, is equivalent to L in the same precise sense as above.

The process from L to a (finitary) monad 77, can be expressed in terms of a

coendE| neN
T]L(X):/ L(n,1) x X"

3Ends (and their dual, coends) are treated in many texts, notably Mac Lane [41].



CHAPTER 4

Combining algebraic effects

In programming, one typically works with multiple interacting compu-
tational effects, whether implicitly, or more explicitly—for example, as in
Haskell via monads. But given two monads, it is not always clear how they
“combine”, if at all. In specific instances such as the exceptions monad
transformer (considered in Section , one obtains a composite monad
(equivalently, a distributive law). In general however, composites are not
guaranteed to exist. On the other hand, Lawvere theories admit very natural
constructions for combining one another. For example, unlike the general
case for monads, coproducts are very simple to describe, at least at the
equational level. Quite simply, given two theories T and S, their sum T + S
comprises all operations from both theories (renaming where necessary, to
avoid clashing), and similarly all equations from both theories, and nothing
more.

Briefly, in this chapter we will also formally define and describe a tensor
product on theories, and its relation to commutative monads in concrete
terms. We give some examples of both sum and tensor (in particular, by
relating to specific instances of monad transformers). Finally, we give one
more construction on theories characterised by distributivity, which will play
a prominent role in chapters that follow.

While this chapter is largely a continuation of background material, the
choice of its presentation deserves a brief mention. As a general theme, we
discuss various abstract concepts relating to Lawvere theories in a concrete
setting, relating the discussion to equational reasoning in effectful functional

programming, where appropriate. As such, the categorical definitions of

57
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commutative tensor (Section, algebraicity (Section and distributive
tensor (Section are (unlike the more semantics-oriented presentation in
the literature) cast in somewhat more familiar programming terms.

The main example of commutative tensor is the explication of the state
monad transformer, in Section Relating to the commutative tensor, the
basic notion of commutativity—both of a theory and of a monad, is also dis-
cussed in this section. The latter in particular requires mention of strength,
and is presented concretely in a Haskell setting. In fact, Haskell functors
are strong and thus enriched—a fact that appears to not be widely known
to programmers. While the equivalence between commutative monads and
commutative theories may be a well known fact to some, for concreteness
we also give details of (one direction of) this equivalence.

Section [4.2] introduces algebraicity, providing theoretical justification for
equations of the form monadic bind >= distributes (leftwards) over opera-
tions—often stated as axioms in the literature on equational reasoning of
effectful functional programs (e.g. [19, [I8]). This section also considers the
two well known combinations of the state and exception monads (which we
call backtracking and persistent state), from the perspective of commutative
tensor and sum of their respective theories—a result [26] that deserves to
be more common knowledge.

We mention specific contributions towards an (as far as we know) open
question, found in Section There, we give an account of a simple ex-
ample of a distributive law of monads, which turns out to coincide with
the distributive tensor of the respective theories. This leads quite naturally
to the question of when the two notions exhibit such coincidence generally.
For instance, we do not see this agreement in the case of the list monad,
which can be built from a distributive law (specifically, of nonempty lists
over Maybe) but is not the composite monad arising from the analogous dis-
tributive tensor. Indeed, it turns out that the latter is equivalent instead to

a different distributive law (again of nonempty lists over Maybe) that gives
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the free semigroup with zero monad. It remains ongoing work to investigate

the precise relationship between the two notions of distributive combination.

4.1. Commutative effects

We give an abstract definition of tensor product, as seen in [26]. As
the name suggests, together with the initial Lawvere theory (the “empty”
theory with no operations nor equations, giving rise to the identity monad)
as unit, it forms a symmetric monoidal structure on the category of Lawvere

theories.

Definition 4.1.1 ([26]). Let f : n — n’ and ¢ : m — m” be maps in
Lawvere theories T and S respectively. The tensor product T ® S is the
Lawvere theory defined by the universal property of having maps of Lawvere
theories from T and S to T ® S, with commutativity of the diagram

nxg ,
nNXm-————————nNXm

fxm fxm'

nlxm _— n/Xm/
n’'xg

This abstract definition deserves some further explication. T ® S is the
theory consisting of all operations and equations of both T and S (i.e. their
sum), together with commutativity of every operation f in T with every
operation g in S. For this reason, this construction is also called commutative

tenSOIﬂ. Concretely, for n-ary f and m-ary g as stated, we have the equationﬂ

9($11,---,$1m) x11 Tim
f : =g(f| |- f| ¢ D (4.1)
g(xnla ce 7xnm) Tnl Tnm

INot to be confused with the notion of a (binary) operation being commutative (or
symmetric), e.g. ¢ +y = y + . Note that some authors also like to call ® the Kronecker
product.

2We write the arguments of f vertically, for readability.
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Informally, we may think of the top left of the commutative square as a

n X m matrix of arguments

ITpnl .- Tnm

Then the left (right) hand side of equation corresponds to going along
(down) and then down (along) the diagram. Note that this is an equation
between n’ x m’ matrices of values, as determined by the coarities of f and
g, although in examples this is typically a singular value i.e. n’ = m/ = 1.
Hence by definition, any operation with arity 0 or 1 automatically com-
mutes with itself, and any two commuting nullary operations must neces-
sarily be equal. We say that a theory T is commutative if every pair of
operations f, g in T satisfies equation . Another way to express this is
the slogan “all operations are homomorphisms”, for f (as a map) preserves

g (as an operation), and vice versa.

4.1.1. State monad transformer

Recall the algebraic presentation of the computational effect state, in
Section We mentioned there that this algebraic theory, in the terminol-
ogy of Section [3.1] consists of two operations getk:2—1 and putk: 1—2,
subject to the get-put laws. Furthermore, it gives rise to the usual state

monad with functor (S x —)° (in the case of a single bit of state S = 2).

Example 4.1.2. The tensor product is easily described in terms of operators
and equations, which we illustrate with an example of our theory of state
combined with nondeterminism. The combined theory has all the operators
from both (getk, putk and V), as well as all axioms from both, and in
addition demands commutativity of each operator in one theory with each

in the other. That is, is an additional equation

x1, X2, Y1, Y2 - geth(x1 V y1, 22 V y2) = getk(x1, x2) V getk(y1, y2)
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expressing that to follow a non-deterministic computation determined by
a lookup of state equates to a non-deterministic choice of lookup compu-
tations. Similarly, there is an equation for commutativity of update with
Ve

z,y = putky(z Vy) = puthy(z) V putky(y)

where the subscript b ranges over both values of the state 2.

Again, we may consider this in the more general setting of combining
state with an arbitrary effect, and moreover, ask what is the equational
explanation for the state monad transformer StateT. While the sum Lg +1L
of Lawvere theories—rephrased in terms of a sum of monads—was the right
notion for the exceptions transformer (and similarly for interactive I/O, see
section , the presence of equations in the theory of state distinguishes
itself as a different class of effect, hence it does not fit within that same
framework. Indeed, the tensor product that turns out to be the notion
corresponding to StateT—more precisely, the monad corresponding to Lg ®

L, for Lg denoting the Lawvere theory of state.

Theorem 4.1.3 ([26]). Let T be the functor part of a monad corresponding
to a Lawvere theory L. The monad induced by the tensor product Lg @ IL s

isomorphic to the composite monad consisting of the functor T(S x —)°.

We sketch the pertinent ideas of the proof, assuming Set as the base
category. The argument rests upon a certain characterisation of the tensor

product, namely in terms of models discussed in Section [3.2.2

Fact 4.1.4. For any category C with finite products, and Lawvere theories L
and I/, there is a coherent equivalence of categories between Mod(L ® L', C)

and Mod(LL, Mod(L'/, C)).

As an aside, it is very possible to obtain some intuition for this particular
characterisation by recalling the Eckmann-Hilton argument in Section [3.1.1

Take Lg to be the Lawvere theory of groups. In this Lawvere setting,
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Mod(LL¢, Set) corresponds to the usual set-theoretic groups, i.e. Grp, and
we know from Corollary that Mod(LLg, Grp) are the abelian groups.
Now since Lawvere theories are semantically invariant (precisely: equivalent
models imply an isomorphism of the underlying theories), together with the
above fact, we see that the tensor product Lg ® L is isomorphic to the
Lawvere theory of abelian groups.

Returning to our proof outline, we can invoke Fact [£.1.4] to observe an

equivalence
Mod(Lg ® L, Set) ~ Mod(LLg, Mod(L, Set))

Let us work with the right hand side. First, observe that there is a forgetful
functor U : Mod(LL, Set) — Set given by evaluation at the generating object.
In the case of Set as we have here, U is monadic, thus it has a left adjoint
F giving rise to a monad with functor T'= U F'. But note also the forgetful
functor

Us : Mod(Lg, Mod(LL, Set)) — Mod(L, Set)

defined in an entirely similar way to U. Again, this has a left adjoint Fg, in-
ducing the state monad (with UsFs = (S x —)®) on Mod(L, Set). Schemat-

ically, we have the following adjunctions

F Fg
m — T3
Set 1 Mod 1 Mod?
\_/ \_/
U Ug

where for brevity, Mod(LL, Set) has been shortened to just Mod, and Mod? is
shorthand for Mod(Lg, Mod(L, Set)). By composing the adjunctions, FsF -

UUg induces a monad with functor
UUsFsF =U(S x —)°F
=U(S x F—)’

Now recall that left adjoints preserve coproducts, so that SxF— = F(Sx—),
and dually as right adjoints preserve products, U(—)% = (U—)%. Taken



4.1. COMMUTATIVE EFFECTS 63
together, we have
U(S x F—)% = (UF(S x —))®
=~ T(S x —)°

Thus we have shown that the monad corresponding to the tensor product

Lg ® LL is indeed isomorphic to StateT, as desired.

4.1.2. Commutative monads

A commutative theory can also be formulated abstractly in terms of
a monad. First, recall that a monad (7,7, ) is strong [36] is when it is
equipped with a natural transformation ¢ called strength, and its symmetric
counterpart s
tap: AxTB — T(Ax B)
sap:TAx B — T(Ax B)
satisfying certain coherence laws. For example, monads in Haskell are known
to be strong
t:: Monad m = (a,m b) — m (a, b)
t (z,ym) = ym >= Ay — return (z, y)
Indeed, functors in Haskell are strong—in other words, Functor structure
alone is sufficient to define strength
t :: Functor f = (a,f b)—f (a,b)
t = uncurry rst

where

rst x = fmap (A\y — (z,y))
and similarly for its counterpart

s :: Functor f = (f a,b) — f (a,b)

s = uncurry (flip Ist)
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where

Ist y = fmap (A — (z,y))

In the setting of a monoidal closed category (and in particular for applica-
tions in computer science, a cartesian closed category) V, to give a strong
functor T on V amounts to V-enrichment on 7' [36]. In this sense, instances

of Functor in Haskell can indeed be seen as enriched, for fmap in

class Functor f where

fmap :: (a—b)—fa—f b

is considered a function (a — b) — (f a — f b) between function types
i.e. (exponential) objects in the category, rather than between sets.
Given strengths, we can define the following composite functions—referred

to in [52] as (left and right) derived prestrengths

Ipstrength, rpstrength :: Monad m = (m a, m b) — m (a, b)

Ipstrength = (>=t) o s

rpstrength = (>=s) ot

Intuitively, given a pair of computations (zm, ym), e.g. two effectful argu-
ments of a function, the computation Ipstrength corresponds to evaluation of
arguments in left-to-right order, while rpstrength corresponds to evaluation

right-to-left. Therefore, the equation
Ipstrength = rpstrength (4.2)

represents the situation when the choice of evaluation order (and hence
the order in which m-effects are executed) is immaterial. This equation,
expressed in monadic do-notation, yields the usual Haskell definition of a

commutative monad.

Definition 4.1.5. A monad m in Haskell is commutative if we have the

following equation between computations in m (a, b)
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do z <+ am do y <« ym
Y ym = T 4 xm
return (x,y) return (z,y)

for (zm,ym) :: (m a, m b).

It is worthwhile justifying equation (4.2) in more detailed, concrete
terms. Writing (>=f) as the (equivalent) composite poT'(f), the left derived

prestrength Ipstrength is in turn the composite map

SA,TB TtA,B HFAxB
TAXxTB—T(AxTB)—TT(Ax B)——T(A x B)
Working in the category Set, denote Gyn F f to mean a n-ary term f in a

context of variables Gy = Q15 .-+, G in A. Similarly, let b ,, - g be a m-ary

A
term g in a context of variables in B. Consider such a pair of terms

antf bmbyg

in TA x TB (technically equivalence classes of such terms) and send it
through the composite map above. The action of the “left” strength s4 7p
distributes g over a, in the sense that it is paired with each variable in a
to give a (A x T'B)-context to f

(ala gm l_g)
(a’Ih gm }_g)

Then for each of its variables (ai,g F g), the action of T'(t4 p) in turn

distributes a; over ﬁ)

<(a1,b1), ooy (a1,by) B gl>
) y

((@nsb1); - (@ bm) F 90)
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Finally, the monad multiplication paxp sends the n-ary f to a mn-ary

operation which we write f(g1,..., gn,)—in full,
(a1,b1) ... (a1,bm) g
= f
(an,b1) <o (an,bm) In

Similarly by sending the same pair of terms

antfo bmbyg

along the right derived prestrength i.e. the composite map

Tsa,B

tra,B HAxB
TAxTB———T(TAx B)——TT(Ax B)——T(A x B)

gives the mn-ary term g(fi,..., fm) defined in the analogous way. Thus a

commutative monad T implies equality between the two mn-ary terms
(a1,b1) ... (a1,bm) g1
Frl | =9 fm) (4.3)
(an,b1) .. (an,bm) In
It is clear that by identifying (a;,b;) with z;;, the equation is tanta-
mount to equation .

4.2. Sum and tensor examples

In the following, we give examples of algebraic operations in equational
form, and present the two distinct combinations of state and exception mon-

ads as sum and tensor.

Definition 4.2.1 ([58]). Let T be a strong monad on a category with finite
products. An n-ary algebraic operation with coarity m on T is a natural

transformation
a: (T-)" — (T—)"

equivalently, m families of maps

ayg: (TA" —TA
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with not only the usual naturality in A but also Kleisli naturality: for every

map f: A — TB the following diagram commutes

((>=f)omi)i=1...n

(TA)” (TB)"
TA TB
>=f

Note that >=f is sometimes called the Kleisli extension of f.

An algebraic operation for T with arity n and coarity m as above is
sometimes denoted n — m when the monad is clear from context. In addi-
tion, it can be presented equivalently as a Kleisli arrow m — Tn (note the

change in direction), sometimes called a generic effect.

Example 4.2.2. Consider the following type class
class Monad m = MonadPlus m where
€ uma
(B):ma—ma—rma

To say that its operations are algebraic amounts to the statement that >=

distributes leftwards over them.
E>rm=c¢
(zm @ ym)>=k=(zm>=k) & (ym >=k)

The use of algebraicity laws can be found in practical applications. For ex-
ample, in the context of monadic parsers [25], the zero law above allows some
parsers to be simplified, while the distributivity law improves the efficiency

of some others.

4.2.1. State

The presentation of state typically seen in Haskell is somewhat different

to failure and choice, and is worth mentioning here. For simplicity let us
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assume only a single memory location that stores a value of type S. Then
we have the following algebraic operations for the state monad. A S-ary
lookup operation S — 1 and a unary update operation 1 — S (note that the
latter has coarity S), subject to equational axioms [56] (for the case S = 2
these were given in Section in terms of the operations getk and putk).
For an operational intuition of these operations, consider that lookup takes
S computations and upon reading the state, determines the one to continue
with. Similarly, update takes a computation and upon writing to the state,
continues with this computation.

Notice however the following problem. In general S may be infinite
thus the lookup operation is potentially infinitary. For this reason, state
is typically presented instead in terms of generic effects. When rendered as
such, we recover the familiar Haskell operations in the type class MonadState,

together with the usual get-put laws (as stated in Section [2.1)).

class Monad m = MonadState s m where
get::m s

put ::s—m ()

4.2.2. Backtrackable State

Let us now combine the aforementioned two effects together. To simplify
matters a little, we will consider state with just the theory of failure without
binary choice, which serves to illustrate adequately the construction.

One way to combine the two is to apply the monad transformer StateT

to what is essentially the Maybe monad. This yields the type
StateT s Maybe a ~ s — Maybe (a, s)

This interaction and other similar variants is sometimes called backtrackable

state (also local state). In some sense, this monad models transactional
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operation—if such a computation fails, the state is rolled back (or “back-
tracked”) to how it was prior. This intuition is all the more clearer when
one see this in terms of algebraic theories.

Recall that StateT corresponds to the construction Lg ® — that takes
the tensor product of the given effect with the theory LLg of state. In this
case, the combined theory has all the operations €, get and put, algebraicity

and all the get-put laws, and commutativity of € with both put and get, i.e.

put s >€ =¢€

get>¢e=c¢

The first of these is particularly telling. Given a starting state sy, any update
s immediately followed by a failure is the same computation as just failing
(thus leaving the state sy intact). In other words, the update is discarded.
Let us consider now the full backtracking monad, by adding back the
choice operation. In terms of monads, we have a composite monad that is

essentially StateT applied to the list monad, that is
StateT s [] a ~ s—[(a,s)]

Now the tensor product theory is in addition to that given in the above, the

operation or, (or-alg) and the monoid laws, and the following

get =X s—am & ym = (get >=As—am) & (get >= s — ym)

put s> xm & ym = (put s > xm) @ (put s> ym)

The equations express that while the choice of computation may be made at
the outset, in either case, the state read (or written to) is common to each.

If you will, each branch has its own local copy of the state at the start.

4.2.3. Persistent State

Backtrackable state is by no means the only composite effect one obtains

by combining state and failure (or choice, for that matter). Reverting to our
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simpler backtracking effect, we may instead choose to apply the transformer-

equivalent of Maybe to state, to obtain the following type
MaybeT (State s) a ~ s— (Maybe a, s)

We call this interaction perisistent state (also local state, especially when the
previous interaction is referred to as global). Here, there are no transactional
guarantees on the state, so that a computation that fails will persist any
stateful operations prior to the fail. This behaviour is often desired by the
programmer—certainly no less so than backtrackable behaviour.

One might observe that MaybeT can be considered a special case £ =1
of the exceptions monad transformer ErrorT, with just a single exception.
Recalling that ErrorT corresponds to the construction Lg + — (for Lg the
theory of exceptions), together with the ensuing discussion, we have the

following result (as in [26]).

Corollary 4.2.3. The monad of backtrackable state is given by the tensor
product, and the monad of global state by the sum.

This appears to be evident from what has been discussed, albeit our
arguments have relied on the knowledge of certain monad transformers—
and in particular their characterisation as either a sum or tensor of Lawvere
theories. It can be instructive however, to also see a more explicit (and in
some sense, more elementary) justification in terms of syntax trees.

Recall that a stateful computation in A can be seen as a syntax tree,
where each node is either a lookup or an update (i.e. an algebraic operation
of state) and leaves are values in A. A lookup is an S-ary operation, hence
a node with S branches. Similarly, update nodes have just a single branch.
In fact, the axioms of state (essentially the get-put laws) imply that any
such computation can be reduced to a normal form—that is, a syntax tree
comprising a single lookup followed by an update at each branch applied to
a value in A. From this normal form, one recovers precisely the usual state

monad (A x S)%.
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Now consider a computation of the sum ILg + IL; of the state and fail-
ure theories. Since ¢ is nullary, such operations occur at the leaves of the
computation. As the sum imposes no further equations, normal forms are
similar to before, differing only at the leaves—i.e. a lookup followed by an
update at every branch, with each of these updates preceeding either an A
or a e. This gives rise to the monad ((A 4 1) x S)° as required. For the
tensor product Lg ® IL; note that the situation is similar to the sum, except

that further identifications are made, namely the equations

put s >e=¢

get >e=¢

as stated earlier. The second equation is a special case of a more general
result [56] that identifies a computation zm with one that has zm at every

branch of a lookup
get > xm = m

Again, however, it is the first equation that is the more telling: an update
followed immediately by failure is identified with simply failure, regardless

of the update s
put s >e=¢c=put s >¢

Thus normal forms are lookups followed by either an update and then an
A, or (by the above equation) simply failure. In other words, we have the

monad ((A x S) 4 1)° as required.

4.3. Distributive tensor

We give the abstract definition of the key notion of distributive tensor

as in [27], followed by a more concrete explanation.

Definition 4.3.1 ([27]). Let f: (n+ 1) — 1 and g : m — 1 be operations
in Lawvere theories T and S respectively. The distributive tensor of T over

S, denoted TS, is the Lawvere theory defined by the universal property of
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having maps of Lawvere theories from T and S to TS, with commutativity

of the diagram

(fo (idnxmi))icm

n+m m
idnXg g
n—+1 1

f

together with commutativity of all other n variants of the diagram given by
varying the choice of an element of n + 1 in the bottom-left to any of its n

predecessors.

It is worth unpacking this definition. T > S is the theory consisting
of all operations and equations of both T and S (i.e. their sum), together
with distributivity of every operation f in T over every operation ¢ in S.
Explicitly, for (n+ 1)-ary f and m-ary g as stated, we have distributivity in

each argument of f as shownﬁ

Y1 flyi, 2, ... Tny1)
flo| @ a2 iznm) =y : Eq. 1
Ym FWms 2y Tpg1)
%l flx1, oo 2, y1)
fla,ang | P )=y : Eq. (n+1)
Ym f(x1, . Tny Ym)

Eq. 1 states that f distributes over ¢ in the first argument of f. For example,
in the simple (but typical in examples) case n = 1, we have multiplication

distributing over addition in the first argument

(1 +y2) xx = (y1 X )+ (Y2 X T)

3We write the arguments of g vertically merely to aid readability
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which we also refer to by saying that multiplication distributes over addition
leftwards. Of course, we also have distributivity in the other position (or

rightwards)
z X (Y1 +y2) = (2 X y1) + (z X y2)

So in general, maximal distributivity entails as many such equations as there
are arguments of f. Note in particular that Eq. (n + 1) corresponds to the
particular instance of the commutative diagram above, while Eqs. 1 to n
correspond to other variants of the diagram. It is also worth pointing out
that distributivity is a separate notion to commutativity (Definition ,
which is a stronger assertion. For example, multiplication generally does

not commute with addition

(1 X 22) + (y1 X y2) # (1 + Y1) X (2 + y2)

By definition, nullary operations (if they exist in T) cannot distribute.
We write T <>S to denote a bidirectional distributive tensor, that is their
sum with distributivity equations from both T>S and S T. We will see
examples of effects combined by distributive tensor both here and in chapters

that follow.

Remark 4.3.2. In the study of computational effects it can be useful to
generalise Lawvere theories along two dimensions; to different arities e.g.
countably infinite sets, and adding V-enrichment to homs (notably in the
category V = wC PO or similar, to allow modelling of recursion). This leads
to general countable Lawvere V-theories. A discrete Lawvere V-theory [27]
is a mild restriction of this notion that guarantees the existence of dis-
tributive tensors in this setting. For our purposes, we work with ordinary
(finitary) Lawvere theories unless otherwise stated, where existence of dis-

tributive tensors can be safely assumed.

Example 4.3.3. We denote the following to be a theory of nondeterministic

choice consisting of a single binary operation required to be symmetric,
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idempotent and associative
NONDET £ ({1}, semilattice laws)

In the domain of two-player games and communication protocols, one often
finds a system that may be seen very naturally as a combined theory of two
interacting (nondeterministic) choices. This interaction is typically bidirec-
tional distributivity i.e. NONDET <>NONDET. The signature of this theory is
the disjoint union of NONDET with itself, which we distinguish with M and

M’. Thus we have M distributing over I’

My 2)=(xNy) ' (zM2)

(xy)MNz=(zNz) (yNz)

and also similarly, M’ distributing over M. Chapter |§| discusses in some detail

the distributive tensor of probabilistic choice over nondeterministic choice.

4.3.1. Distributive laws and semirings

Let Mon and Ab denote the free monoid and abelian group monads,
respectively. The canonical example of a distributive law of monads [8]
is that of Mon over Ab, giving rise to the monad of free rings. Let us
simplify this example further slightly (in particular, we will not concern
ourselves with group inverse structure), making it relevant to data types in
programming. Let us declare a Haskell type class to specify monadic types

equipped with monoidal structurdﬂ

class Monad m = MonadProd m where
(x):ma—ma—rma

1 =“ma

4Essentially the same as the standard MonadPlus type class in Haskell, but our choice

of naming for this example is more suggestive.
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with the implicit requirements that * is associative, with 1 as its unit.

rx(y*xz)=(xxy)*z
rxl==x

lxz =2z

Furthermore, let us declare a type class of monads with commutative monoid

structure

class Monad m = MonadSum m where
(+):ma—ma—sma

0 =ma

with analogous laws to MonadProd (+ is associative with 0 its unit) as well

as
TF+yYy=y+z

Now it is well known that the list data type, together with list append

and empty list, forms the canonical instance of MonadProd

instance MonadProd [a] where

and similarly, the type of bags is the canonical instance of MonadSum, with
0 given by the empty bag and + by bag union. There is a distributive law

of lists over bags given by “multiplying out”, for example
(a+b)x(c+d)— (axc)+ (axd)+ (bxc)+ (bxd)

Informally, given a list of bags, compute every possible list that can be
constructed by choosing an element from each bag, with the ith element of
each list coming from the ith bag.

This gives rise to “bag of lists” as a composite monad. Indeed, this is

precisely the monad of free semirings, in which multiplication distributes
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over addition. Axiomatically, as well as both the above specifications which

we could express
class (MonadSum m, MonadProd m) = MonadSemiring m where
we also have additional interaction laws
e (y+2) = (2ey) + (0% 2)
(ty)rz=(@x2)+(ye2)
zx0=0
Oxxz=0

In fact, the theory of semirings is precisely the distributive tensor of monoids
over commutative monoids—notice that distributivity of multiplication over
0 corresponds to annihilation laws. Thus the semiring (or “bag of lists”)
monad is an example of combined effect arising from both a distributive law

and a (coinciding) distributive tensor.
4.3.2. Splitting the monoid

From the above example, it is clear that there is much common ground
between the two notions of distributive law (of monads) and distributive
tensor (of theories). Given that a semiring may be “broken down” as an
appropriate combination of monoid and commutative monoid, one might
wonder about the extent of which such decompositions can be made gen-
erally (at least, among the most standard) of algebraic theories. To distil
this further, let us consider the theory of monoids in more detail. At first
sight, it may appear that a monoid is so simple a structure that it cannot
be further separated. But note that the following fact has long been known

(e.g. at least since [70])

Proposition 4.3.4. Let U be a theory comprising a binary operation x with

unit 1. The commutative tensor U U is the theory of a symmetric monoid

(*,1).
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PRrROOF. By the Eckmann-Hilton argument, see Proposition [3.1.8 U

That is, starting with a unital (but not necessarily associative) operation,
imposing commutativity with itself gives the required associativity—and
indeed along with that, symmetry.

However, it would seem (equally, if not more) natural to assume a
monoid be assembled from some suitable combination of a semigroup S = (x)
with a constant 1—in contrast to the above, in this situation we start with

associativity and look to constructing the unit laws
rxl=zx=1xzx

But the “usual” combinations on theories cannot hope to do this—the com-

mutative tensor S ® 1 is only able to express that 1 is its own unit
1x1=1

while the distributive tensor S 1, as per the semiring example, yields anni-

hilation laws
rxl=1=1x%xx

thus adorning the semigroup * with zero structure 1. While this is clearly
different, we shall return to this theory shortly.

In the case of monoids, it turns out that a formulation in terms of monads
is a more fruitful approach. Free semigroups give rise to a data type of
non-empty lis‘cﬂ7 and a constant operation amounts to exactly the Maybe
monad (where Nothing represents the constant). There is a distributive law

of NonEmpty over Maybe, given by the following Haskell programlﬂ

monoid :: NonEmpty (Maybe a) — Maybe (NonEmpty «a)

monoid = nonEmpty o map fromJust o N.filter isJust

5As of GHC 8.0.1, base has a NonEmpty list data type in Data.List.NonEmpty

6Since there is potential for name-clashing of functions for the usual list data type
with analogous functions for NonEmpty, one typically imports the latter qualified. In

particular, filter and map are imported as N to disambiguate from the usual ones.
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Given a non-empty list of values (possibly containing Nothings), the idea
is that N.filter isJust discards every occurrence of Nothing, and then we
simply yield the resulting non-empty list. If we started with a (non-empty)
list consisting only of Nothings, the function returns Nothing. This map
is known to be a distributive law (e.g. it appears as an example in [13]).
Indeed, the composite monad Maybe o NonEmpty it gives rise to is precisely
the free monoid monad—i.e. the usual list monad.

But this is not by any means the only distributive law of NonEmpty over

Maybe. Consider the following function

semigroupZero :: NonEmpty (Maybe a) — Maybe (NonEmpty a)
semigroupZero ms
| all isJust ms = Just (N.map fromJust ms)

| otherwise ~ = Nothing

Unlike the monoid function, semigroupZero is of a somewhat more “destruc-
tive” nature—it returns Nothing if there is at least one Nothing in the input
list ms. It turns out this map is also a distributive law, thus giving rise to a
distinct composite monad Maybe o NonEmpty to the monoid above. Further-
more, this coincides with the distributive tensor S 1 earlier, of semigroups
over a constant. The annihilation behaviour is clear in the monad struc-
ture, specifically in the monad multiplication (equivalently, >=) where for a
given list of lists zss, its concatenation (or “flattening”) is restricted to the
case where each sublist in zss is non-empty, otherwise collapsing to empty.

Informally,

import Data.Maybe (fromJust, isJust)
import Data.List.NonEmpty (NonEmpty (..), nonEmpty)

import qualified Data.List.NonEmpty as N (filter, map)
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mult :: [[a]] — [a]
mult xss
| any null xss =[]

| otherwise = concat zss

This “canonically composite” monad, coinciding with S 1, can therefore be
seen as the free semigroup with zero monad.

The foregoing examples, while simple, illustrate an obvious but as yet
still not entirely clear connection between distributive laws and tensors.
Indeed, while distributive tensors always exist (subject to Remark ,
a distributive law of the corresponding monads may not (e.g. probabilistic
and nondeterministic choice—see Chapter @ But when they do, a canonical
choice [42, [43], is given by distributive tensor. It remains future work to

elucidate precisely this relationship.
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CHAPTER 5

Searching with monoids

In this applications chapter, we consider several monadic types rep-
resenting various combinatorial search strategies, such as depth-first and
breadth-first search. When viewed in terms of algebraic specifications, it
turns out they can can be characterised neatly in terms of sum and dis-
tributive tensors of theories.

Sections and discuss the background material [62] on search
strategies as characterised by bunch monads. In particular, Section[5.1|starts
by introducing the more familiar backtracking (MonadPlus) monads, as those
having monoidal operations. We stress the importance of the equational
laws—not only of the monoid laws, but algebraicity of those operations. For
example, the list monad is backtracking, but Maybe is not, for its monoid
operation acts as a “catch” exception handler known (and which we confirm)
to be non-algebraic. Indeed, the list monad supports backtracking with a
depth-first traversal. In Section this is stated more precisely, as a monad
morphism from a forest-shaped structure of the search space. In fact, a key
insight in [62] is that other search strategies such as breadth-first and depth-
bounded traversal can be formalised in an analogous fashion (in terms of the
monadic types Matrix and DBound, respectively), if backtracking monads
are adorned with an operation wrap to account for the “cost” of traversing
depth-wise into a search forest. A backtracking monad with this structure
is a bunch monad.

We outline the contributions in Section [5.3] which contain a number
of correspondence results based on the following observation: that the es-

sential structure of the various search strategies mentioned above can be

83
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captured by adding appropriate equations to the theory of monoids MON
with a unary operation WRAP, and considering its normal forms. As such,
we show that the monad of forests arises from taking the sum of MON and
WRAP i.e. without adding new equations. We give two proofs of this—firstly
by considering the free models of the sum-theory, from which it quickly fol-
lows that the traversals considered thus far are well-behaved monad mor-
phisms, in the sense that bunch structure is preserved. The other proof
has a more computational flavour, by application of a theorem about the
generalised resumptions monad transformer. While the list monad (charac-
terising depth-first traversal) arises by discarding WRAP, other bunch types
are shown to satisfy equations given by adding interaction between the two
theories. In the case of DBound values, these are shown to be models of a
distributive tensor of MON over WRAP. We consider also the free models
of this theory, giving rise to a monad of fences. Furthermore, by imposing
symmetry to the monoid operation, we obtain a distributive tensor theory
that matches breadth-first traversal closely, and while we show that Matrix
does not satisfy all requirements of being a model of this theory, we propose
a refinement of it that is. Again we consider the free models, which gives rise
to a monad of bundles. Compared with DBound and Matrix—both no doubt
defined with practicality of programming in mind, the new bunch monads
for fences and bundles should be understood as encapsulating the essential
structure of depth-bounded and breadth-first traversals, respectively.

In Section the focus shifts back to list computations, where the
(mtl) list monad transformer is critiqued with respect to its application to
practical stream programming. The main contribution in this section is a
novel characterisation of this transformer as a distributive tensor from MON.
This is in contrast to the equational presentation of the alternative, “done
right” list transformer, which we clarify. While it too exhibits distributivity
of the monoid operation, it does so crucially only in the leftwards direction

and not the right.
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5.1. Backtracking monads

The ability to search for multiple solutions is a distinctive feature of
logic programming (e.g. in languages such as Prolog), and one that is not
an obviously immediate feature of functional programming. However, it has
long been observed [68] that list computations provide this facility. So in a
lazy functional language like Haskell, a Kleisli map a — [b] is a function that
returns multiple values of type 3, or the empty list in case of no solution.
Note that such list computations are not necessarily finite—laziness is crucial
here, to deliver solutions “as you go along”, rather than the whole list at
the end of a computation (which would of course be hopeless in the infinite
case)

Recall that a nonempty (lazy) list comprises a pair of data, namely a
value at the head, together with the tail—an as-yet-unevaluated list com-
putation which may be thought of as the choices that the computation can
“backtrack” to, to explore next. Indeed, the list monad is the canonical
example of a backtracking monad. Such monads are often associated with

instances of the MonadPlus type class in Haskell.

class Monad m = MonadPlus m where
3 omoa

(@®):ma—ma—rma

That is, instances of the Monad type class equipped with a monoidal structure—
a binary operation @ and a nullary e, with the expectation that & be asso-
ciative with ¢ as a unit. The idea is that e represents a computation that
failed to find any solutions, and & combines alternatives together. In the

particular example of the list monad

instance MonadPlus [| where

e =
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and of course, H is indeed associative with [] as unit. Accordingly, there is
a monad transformer ListT that adds backtracking search as an effect. The

equational theory of ListT will duly be discussed in Section

5.1.1. Algebraicity and backtracking

The Maybe monad is another instance of MonadPlus. In the following,

the @ operation may be thought of as a simple form of exception handling.

instance MonadPlus Maybe where
€ = Nothing
Justz @& _ =lJustz

Nothing & ym = ym

It is easy to see that & and ¢ for Maybe do indeed satisfy the monoid
laws. Despite this however, the definition of @ makes it clear that Maybe

computations do not backtrack! Consider a MonadPlus computation

return 1 @ return2 @ ... >=n— ...

In the list monad, each choice in [1,2,..] is explored in turn. But in the

Maybe monad, the computation to the left of the >= becomes

Justl @ Just2 @ ...

= Just 1

by definition of ®. In other words, only the first choice is explored—the rest
are discarded.

Another way to see this is by considering the equational laws more care-
fully. Usually when equipping operations to monads, it is a reasonable
requirement for such operations to be algebraic [58], in the sense that >=

distributes leftwards over them. Specifically for MonadPlus, this amounts to
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the following (family of) equations

e>=f=c¢ (5.1)

(zm @ ym) >=f = (zm >=f) & (ym >=f) (5.2)
for every Kleisli map f.

Remark 5.1.1. Ignoring the monoid laws of MonadPlus temporarily, the
algebraicity equations (such as and above) states a property com-
mon to all free monads. Namely, a term xm >= f given by applying a
substitution f to the variables of xm, preserves the essential structure of

Trm.

In fact, a simple counterexample shows that @ is not algebraic for the
Maybe monad, despite being a (seemingly bona fide) instance of MonadPlus.

For consider the map

f1=1Just()
f 0 = Nothing

Then we have

(Just 0@ Just 1) >=f = Just 0 >=f
= Nothing
# Just ()
= Nothing & Just ()
= Just0>=f) @ (Just 1 >=f)
This gives an intuitive characterisation of algebraicity of & for MonadPlus
monads—namely, ability to backtrack. While list computations possess this,

we have seen that Maybe does not. Indeed, its multiplication @ should be

seen instead as a form of exception handling. More generally, such non-

algebraic handlers [5] are discussed briefly in Appendix [A] .
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5.1.2. Searching in the list monad

List computations (and more generally, MonadPlus computations alge-
braic in the above sense) contain the structure necessary for backtracking

search. Consider the following program that searches for factorsﬂ

factor :: Int — [(Int, Int)]
factor n =[(z,y) | z + [1..n],
Yy [1..n],

T*xy = n]

Remark 5.1.2. For convenience this program uses Haskell’s list comprehen-
sions, but the point is that it could equally well be written purely in terms of
@, €, >= and return, with the benefit of being applicable to any MonadPlus
instance—not just for lists. For example, the guard can be expressed in

terms of the function

test :: MonadPlus m = Bool — m ()

test p = if p then return () else ¢
and the generators more abstractly in terms of the function

choices :: MonadPlus m = [a] —m a

choices = foldr (@) € o map return

Then the program can be written (using Haskell’s do-notation for succinct-

ness)

factor :: MonadPlus m = Int — m (Int, Int)
factor n = do
x < choices [1..n]

y < choices [1..n]

IThe bounds [1..n] can of course be tighter, but this is not a crucial point here.
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test (zxy =n)

return (x,y)

In this program, the nature of the search becomes apparent if we modify

it slightly so that the choices over the y variable are unbounded

factor’ n = [(z,y) | x < [1..n],
y < [1..],

T*xy =n]

Now, running this on 12 say, computes the first solution (1, 12) but (2, 6) and
all others will never be reached as x is stuck at 1 while y increases indefinitely.
That is to say, choices in list computations are traversed in depth-first order
(in contrast to say, the “fairer” diagonalising list comprehensions of the

language Miranda [66]).

5.2. Search strategies

We can view the search space of a list computation as a tree—or more
generally, a forest of possible solutions. We consider a type of forests, as

finite lists of trees.
type Forest a = [Tree a] - finite lists
data Tree ¢ = Leaf a

| Fork (Forest a)

Thus a forest is either empty [|, or a leaf with a (possibly empty) sibling
subforest, or a tree with a (possibly empty) sibling subforest. It is not

difficult to check that forests have monadic structure2.

instance Monad Forest where

return x = [Leaf z]

2Haskell does not allow type aliases to be instance definitions—a restriction we ignore

here, for convenience of exposition.
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[]3=_ ~ [
(Leaf z:ts)>=f =faoHts>f

(Fork ts:us) >=f = (Fork ts>=f) :us > f
They also have backtracking structure, similar to that of lists.

instance MonadPlus Forest where

e =[]

Then we see explicitly depth-first traversal as a function on forests.

dft :: Forest a — [a]

dft [] =1

dft (Leaf z:ts) = x:dft ts

dft (Fork ts: us) = dft ts + dft us

In fact, this function is a MonadPlus morphism. First it is a monad mor-
phism, meaning that monadic structure is preserved
dft o return = return (5.3)

dft (ts>=f)=dft ts>=dftof (5.4)
and it is a MonadPlus morphism in that backtracking structure is preserved

dfte =¢ (5.5)

dft (ts @ us) = dft ts @ dft us (5.6)

Notice in particular equations and (5.6 exhibit dft as an example of a
“compositional” traversal, in the sense that traversing a composite forest is
the same as adjoining together the traversals of the subforests.

In many cases however, depth-first search is undesirable (such as when
the search space is infinite, as in the factoring example) and another search

strategy may be better-suited e.g. breadth-first search. A natural question
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is whether other such search strategies exhibit this desirable compositional

quality.

5.2.1. Breadth-first search

As discussed above, in a list computation, successive elements represent
answers searched in depth-first order. Now consider a somewhat more elab-
orate type that matches more closely the forest structure of the search space,
that of lists of (finite) bags (assuming an appropriate Bag type). We will
call such a structure a matriz. The idea is that successive bags in a matrix

represent solutions found at successive levels of the forest.
type Matrix a = [Bag a]

Note that this is a different composite data type to the one considered in
Section of bags of lists. Before discussing matrices further, let us fix
notation and suitable combinators on the Bag typeﬂ We use bag literal
notation |z, y,... | to denote bags of elements. We will also assume the
existence of the following functions—bag union, concatenation, map and

fold—each with the obvious intended meaning.

(W) :Baga—Bag a—Bag a
bagconcat :: Bag (Bag a) — Bag a
bagmap :: (a—b)—Baga—Bagb

bagfold :(a—a—>a)—ra—Baga—ra

where the first argument to bagfold should be a commutative binary opera-

tor, so that the order in which elements are folded is not significant. Now

31t is not uncommon in Haskell to represent bags using the standard list data type,
e.g. type Bag a = [a], and indeed we may assume this implementation in what follows with
little harm. While convenient however, we emphasise the (mathematical) requirement for
bags, since we would like Matrix to form a monad (which lists of bags is), but it is widely

conjectured that lists of lists fails this requirement.
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it can be shown [62] that matrices form backtracking monads, with the

instance definitions that follow. First, matrices have backtracking structure

instance MonadPlus Matrix where
e =[]
(@) = lzw (W)

where lzw is a “long” variant of the zip With function, somewhat similar to
the standard zip With except that any remainder from the argument lists is
preserved rather than discarded (hence the necessity for the type of the argu-
ment function to be a—a——a, rather than the more general a—b—c).

Its role is to “lift” bag union from Bag a to [Bag a].

lew :: (a— a— a) — [a] — [a] — [ a]
lzw _[] ys =ys
lzw _ xs [] =15

lew f (z:xs) (y:ys)=fzy:lew f xs ys
These can in turn be used to define the monadic structure of matrices

instance Monad Matrix where

return x =[1lz]

[]

(b:bs)>=f = join (bagmap f b) & | §:(bs>=f)

[)3=_

where

join = bagfold (®) e

In fact, we may refine the definition of = a little further, when the function
1 §:— will be called wrap for reasons that will become clear in Section
Crucially, we will also see that a matrix represents a breadth-first traversal

of a forest.
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5.2.2. Depth-bounded search

Depth-bounded search is similar to depth-first search, except that the
search is made finite by traversing no deeper into the search-forest than
a given depth bound. Motivated by this, we employ a type of stateful
functions, threading a bound through computations. Answers are found,

tagged with the remaining depth boundﬂ

type DBound a = Int— [(a, Int)]
(= StateT Int [] a)

Similar in nature to certain parser types [25], this “backtrackable state”
type is isomorphic to a particular application of the StateT transformer. As

such, it forms a monad in the expected way.

instance Monad DBound where
return x n = [(z,n)]
(p>=f)n=1[(y,s) | (z,r) < pmn,
(y,8) < far]

And indeed, it is another example of a backtracking monad.

instance MonadPlus DBound where

e — ]
(p1@p2)n=pnHpn

As with matrices, we shall see in Section that DBound functions rep-

resent depth-bounded traversals of forests.
5.2.3. Bunch monads

We have seen that a list represents a depth-first traversal of a forest,
given by a MonadPlus morphism. Can this be generalised to other types of

search? We address this question in this section. First, we introduce one

4As an analogy, one might imagine a scuba diver at work in the sea in search of

oceanic artifacts, but with limited (and depleting) oxygen in the tank.
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further piece of structure that will become vital in keeping track of branching

levels.

Definition 5.2.1. A backtracking monad (i.e. a MonadPlus instance as de-
scribed above) is a bunch monad if it additionally supports an operation

wrap. In Haskell, this can be expressed as a type class.

class MonadPlus m = Bunch m where

wrap ::ma——1m a

As with equations (5.1) and (5.2), wrap is expected to be an algebraic op-
eration

wrap xm >= f = wrap (zm >=f) (5.7)

Notice there are no additional equational laws imposed, other than the
pre-existing monoid laws of MonadPlus. We will discuss equational laws in
more detail in Section [5.3] For now, we note that all the monads described
so far are bunch instances, as discussed in the following. Intuitively, we
think of wrapping a forest ts into a tree, by bringing together the trees ts

under a new Fork.

instance Bunch Forest where

wrap ts = [Fork ts]

With this in mind, for each of the other monads we ask how augmenting a
forest in this way affects its traversal. For example, a depth-first traversal
of wrap ts gives the same list of answers as that of ts—the extra fork makes
no difference to (depth-first) traversal. This gives a very simple definition

of wrap for the Bunch instance of list computations

instance Bunch [| where

wrap = id -- answers unchanged by wrapping!

Of course in general, the presence of the extra fork does affect traversals,

and indeed this what the wrap operation tries to capture. In particular, if
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bs is a Matrix resulting from a breadth-first traversal of a forest, wrapping
the forest into a tree introduces a new level to search from, corresponding to
the root of the tree. But since it is the root, there are of course no answers
to be found there, represented by the empty bag. And since the structure
of the rest of the tree remains the same (it is, after all, exactly the original
unwrapped forest), its breadth-first traversal is still bs—each bag is merely

“shifted down” a level.

instance Bunch Matrix where

wrap bs =1 § :bs

The intuition for a depth-bounded traversal of a wrapped forest is very
similar. Again, there are no answers to be found at the new root node, and
answers within depth n > 0 are simply answers within depth n — 1 of the

original forest.

instance Bunch DBound where
wrap p = q
where
q0=1[]
gn=p(n-1)

Equipped with bunch structure, it is then possible to express each search

strategy as a generic function.

traversal :: Bunch m = Forest a —m a
traversal [] =c
traversal (Leaf x : ts) = return x @ traversal ts

traversal (Fork ts: us) = wrap (traversal ts) @ traversal us

By specialising traversal to bunch monads [], Matrix and DBound we respec-

tively obtain depth-first, breadth-first and depth-bounded traversals. The
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crucial role that wrap plays in enabling this is in respecting forks, i.e. dis-
tinguishing between a traversal of a minimal Tree (i.e. a Leaf), and one of a

composite Tree (i.e. a Fork).

5.3. Combinations of theories

We have seen several examples of backtracking search strategy, or bunches.
One may ask what equational laws each of these satisfy, in addition to the
monoid laws of MonadPlus. We will see that such additional laws can be
viewed as interactions between the backtracking operations and wrap.

In the following, denote WRAP for the signature comprising solely the

operation wrap, and MON the theory of monoids.

WRAP £ {wra
1%

MON £ ({e&, @}, monoid laws)

It immediately follows that the sum of theories WRAP + MON is what we also
call the theory of bunches—mnamely, adjoining wrap to the theory of monoids
with no additional equations. If we think of forests as the starting point of
an “empty” search strategy, the following correspondence (indicating the

lack of any extra interactions) should be of little surprise.

Proposition 5.3.1. The monad Forest is presented by the theory of bunches,

that is the sum of theories WRAP + MON.

Before offering a proof, let us first recall some standard facts about
algebraic theories and models, which should also serve to clarify the claim.
Let T be an algebraic theory, and denote Mod(T) its category of models
and homomorphisms (over the category Set). There is a forgetful functor
Mod(T) — Set that discards the interpretations of the operations, keeping
only the carrier. This functor is monadic, so that its left adjoint—which for
any set X, constructs the free T-model over X—induces a monad .7 on Set

such that its algebras are equivalent to the T-models, i.e. Set” ~ Mod(T).



5.3. COMBINATIONS OF THEORIES 97

Thus to establish such an equivalence between theory and monad in
Proposition [5.3.1, amounts to showing that Forest indeed forms the free

models of WRAP -+ MON.

PROOF. Let X be aset, and (B, @, €, wrap) an arbitrary model of the theory.
In particular we have already seen in Section that forests form models
of the form (Forest X, #-, [], [Fork—]). Now for any function f : X — B, we

seek a unique homomorphism between these models

~

f: (Forest X, ++,[], [Fork—]) — (B, ®, €, wrap)

such that the following triangle commutes

return

X —— Forest X
7 (5.8)

B

where return is the unit of the monad Forest as defined in Section (.21

Take f to be the following function

£ =
f(Leafx:ts) :fx@fts
f(Fork ts: us) = wrap (f ts)@fus

To check that f is a homomorphism, first note from the first equation

fll=e

that the unit is preserved. Similarly by taking us to be empty [], the third

equation implies that wrap is preserved.
f [Fork ts] = wrap (f ts)

Finally, to see that multiplication is preserved, a straightforward induction

on the argument zs in zs H+ us suffices. For the base case zs = []

Fl4us)=Ffus=cofus=f[l@f us
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For the case zs = Leaf z : ts,

f(Leaf z:ts H us) =f z & f (ts + us) Defn f
:fﬁ@fts@fus IH
= f (Leaf z:ts) ® f us Defn f

Finally for zs = Fork ts : vs,

f (Fork ts : vs + us) = wrap (f ts) @ f (vs H us) Defn f
:wmp(fts)@fw@fus IH
= f (Fork ts: vs) & f us Defn f

Hence by induction, f (zs H us) = fasa f us.

That the triangle commutes is then the simple matter of a diagram-chase
f (return z) = f [Leaf 2] = f

Lastly, for uniqueness let h : Forest X — B be an arbitrary homomor-

phism of models. Then by necessity,

hi]=¢ (5.9)
h [Fork ts] = wrap (h ts) (5.10)
h (ts H us) = h ts & h us (5.11)

Furthermore, assume that A (in place of f ) also makes the triangle commute
h [Leaf z] = f x (5.12)

Notice that equation (5.9)) agrees with the definition of f . Let us derive the

rest of the definition of h by reasoning equationally as follows
h (Leaf z : ts) = h ([Leaf z]| +- ts)

= h [Leaf 2] ® h ts by (5.11))
=fxdhts by (5.12)
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h (Fork ts: us) = h ([Fork ts] + us)

= h [Fork ts] & h us by (5.11)
= wrap (h ts) & h us by
to conclude h = f . (I

Corollary 5.3.2. The function traversal (Sectionm is a morphism of

bunch monads.

PROOF. In the proof of Proposition take f to be the unit (or return)
of an arbitrary bunch monad. Then its unique extension f is exactly the
function traversal. Since it is a homomorphism of models, that bunch struc-
ture is preserved is immediate. To see that it is a monad morphism, notice
that the commutative triangle says exactly that return is preserved. It

remains to check that >= is preserved, that is
traversal (ts >= f) = traversal ts >= traversal o f (5.13)

For ts =[], we have

traversal ([| >= f) = traversal [] Defn >=
=¢ Defn traversal
= & >= traversal o f algebraicity
= traversal || >= traversal o f Defn traversal

For ts = Leaf z : us,

traversal ((Leaf z : us) >=f)

= traversal (f x H us >=f) Defn =
= traversal (f x) @ traversal (us >= f) homomorphism
= (return x >= traversal o f) @ (traversal us >= traversal o f) IH
= return x @ traversal us >= traversal o f algebraicity

= traversal (Leaf z : us) >= traversal o f Defn traversal
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For ts = Fork us : vs,

traversal ((Fork us : vs) >=f)
= traversal (Fork (us >=f):vs >=f) Defn >=
= wrap (traversal (us >= f)) @ traversal (vs >= f) Defn traversal
= wrap (traversal us >= traversal o f)

@ (traversal vs >= traversal o f) IH x2
= (wrap (traversal us) >= traversal o f)

@ (traversal vs >= traversal o f) algebraicity
= wrap (traversal us) @ traversal vs >= traversal o f  algebraicity

= traversal (Fork us : vs) >= traversal o f Defn traversal

Hence by induction, equation ({5.13)) holds. O

The proof of Proposition[5.3.1]can of course be adapted for any algebraic
theory—it does not, after all, rely on the theory being a sum (for example).
In fact, WRAP + MON is a sum of a very particular form, namely of a
theory with a signature. With this observation, we may draw upon a result
that gives an alternative, shorter proof that offers a different computational

narrative on the matter. We explore this next.

5.3.1. Forests as Resumptions Monads

Cenciarelli and Moggi [11] introduced the generalised resumptions monad
transformer, which has also come to be known by various other guises, such
as the “coroutine” transformer and the FreeT transformer (especially among
Haskell programmers). The name FreeT is closely related to the construction

Free in Haskell

data Free X a = Var a
| Comp (X (Free X a))
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The type constructor Free 3 forms a Monad for any 3 that is a Functor—
indeed as the name suggests, it is the free monad on X, in the categorical

sense.

instance Functor ¥ = Monad (Free ) where
return = Var
(Varz)>=f =fuz
(Comp y) 3= f = Comp (fmap (>=f) y)

The transformer FreeT X on the other hand, sends a monad ¢ to the monad

wuz.t(— + Xz), or more verbosely

type FreeT X t a =t (FreeF ¥ a (FreeT X t a))

data FreeF X a 2 =V a
| C(22)

As is usual for a monad transformer, there is a MonadTrans instance defining

how underlying t-computations are lifted into the “larger” monad

instance MonadTrans (FreeT ¥) where
lift :: Monad t =t a— FreeT X t a
lift = LftM V

As expected, one may recover the monad Free ¥ by instantiating the trans-
former to the identity monad, i.e. FreeT X Id.

The following theorem is due to Hyland, Plotkin and Power [26].

Theorem 5.3.3. The generalised resumptions monad FreeT X t is given by
the coproduct of monads Free ¥ + t. FEquivalently, by considering ¥ as a

signature and t presented by a theory T, we have a sum of theories > + T.

Thus an alternative proof of Proposition is given by specialising

the theorem, as recorded in the following.
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Corollary 5.3.4. The Forest monad is given by the coproduct of monads
Free Id + [] (where Id is the identity functor, [] the list monad), equivalently
the sum of theories WRAP + MON (c.f. Proposition .

PROOF. By definition, the monad of resumptions on lists is the type
FreeT Id [] a = [FreeF Id a (FreeT Id [] a)]

That this is isomorphic to Forest a is easily seen by the following (invertible)

function

forest2resum :: Forest a — [FreeF Id a (FreeT Id [] a)]
forest2resum ] =1]
forest2resum (Leaf x : ts) =V x: forest2resum ts

forest2resum (Fork ts: us) = C ts: forest2resum us

Hence by Theorem the monad Forest may be decomposed as a coprod-
uct Free Id + [].

Finally, since the Id functor describes precisely a signature consisting of
a sole unary operation (= WRAP), and MON presents the list monad, this

coproduct is equivalently a sum of theories WRAP + MON. O

To interpret this result in the context of computation, it is insightful
to view resumptions computations in the FreeT Id ¢ monad as trampoline
computations (in reference to [15]), so-called because each “bounce” of the
computation—that is, each uninterrupted run of t-effects—may be inter-
spersed with pauses. Indeed, resumptions computations can be seen as a
form of coroutine. The idea is that at a pause, control is yielded from the
computation, possibly to be resumed later.

With a suitable combinator on trampolines, it becomes possible to inter-
leave such computations (possibly of different underlying effects) together
concurrently. Note however that coroutines of this form do not facilitate
communication between each other. While they can be run concurrently,

they are essentially independent of each other. Under this view, we see that
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Forest computations can be seen as list (i.e. backtracking search) computa-

tions, interspersed with pauses or “delays”.

Example 5.3.5. As another application of Theorem[5.3.3] consider effectful
strategy trees [34]. These turn out be to a more powerful form of coroutine,

supporting a request-response protocol of communication.

5.3.2. Revisiting depth-bounded

In [62] (Section 5), it is demonstrated that by adding appropriate equa-
tions to WRAP + MON, Forest terms are quotiented into normal forms closely
resembling the various bunch types (Matrix, DBound) defined earlier. In
what follows, we consider these equations carefully, seeking precise charac-
terisations in terms of combining theories.

Consider a typical Forest term, to be used in examples that follow.

[Fork [Leaf 1, Leaf 2, Leaf 3],

Leaf 4,

Fork [Fork [Leaf 5, Leaf 6],
Leaf 7]]

By adding to the theory of bunches distributivity of wrap over &
wrap (ts @ us) = wrap ts S wrap us (5.14)

our example term (in a more compact, suggestive notation) becomes iden-
tified with one that has its branching structure “forgotten”, as though the

branches have been pulled apart.

wl®2@3) @40 ww(d®6)®T)

G149 (5.15)

w(1) ®w(2) ®w(3) @4 w(5) & w(6) ®w(7)
The term shows the left-to-right ordering of the solutions, as well as the

depth at which each is found, suggesting a correspondence with the DBound
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type of functions defined earlier. Indeed, we may represent this term as

follows (e.g. by applying traversal from earlier to the example term)

p :: DBound Int

p 0 =1[(4,0)]

p 1 =1(1,0),(2,0),(3,0),(4,1),(7,0)]

p2 =[(11),(2,1),3,1),(42),(5,0),(6,0), (7, 1)]
pn=[1n-1),12,n-1),3,n—1),(4,n),(5,n—2),(6,n—2),(7,n—1)]

To complement equation ((5.14)), it would appear entirely reasonable to

also have distributivity of wrap over e
wrap € = € (5.16)

Remark 5.3.6. While equation (5.16) is not stipulated in [62], accept-
ing it leads to a slightly simpler theory that conveniently quotients away
empty trees. To illustrate, let us augment our example term with the tree

Fork [Fork [], Fork []] (underlined in the below).

w1e283)e40w(w(bB®6)®7) dw(w(Ee) ®wE))

w(1) ®w(2) ®w(3) ®4dw(5) ®w(6) dw(T)

By both of the equations (5.14) and (5.16)), this is “multiplied out” to the

same normalised term as before i.e. the underlined subterm disappears.
Without equation ([5.16)) however, one finds in addition a proliferation of
empty trees w?(g) @ w(e).

Theorem 5.3.7. The theories WRAP, MON, together with equations (|5.14))

and (5.16|) give a distributive tensor WRAP > MON.

The following confirms that there is indeed a correspondence between

this theory and DBound.
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Proposition 5.3.8. DBound computations form a model of the theory WRAP>

MON.

Proor. That DBound satisfies the monoid laws is clear, since it is a MonadPlus

instance (Section [5.2.2)). In addition,

wrap € = wrap (An—[]) = (An—[]) =¢

and since
wrap (p ® q) 0 =[]
=wrap p 0 H wrap q 0
= (wrap p ® wrap q) 0
wrap (p@ g) n=p (n—1)+ ¢ (n—1)
=wrap pn+Hwrap g n
= (wrap p ® wrap q) n
we have wrap (p & q) = wrap p & wrap q. O

5.3.3. Fences as Free Models

While DBound computations form a model of the theory WRAP > MON,
they are not the free models, and therefore we do not have an equivalence
between the theory and the monad DBound (at least, not in the same way
as we did for Forest in Proposition . Indeed, the normal form in

suggests a certain Fence structure

type Fence a = [Stick a]

data Stick a = Tip a
| Segment (Stick a)

Notice that while p encodes extra stateful information, (5.15)) has a much

more direct representation as a Fence term
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[Segment (Tip 1),

Segment (Tip 2),

Segment (Tip 3),

Tip 4,

Segment (Segment (Tip 5)),
Segment (Segment (Tip 6)),
Segment (Tip 7)]

Fence has the following monadic structure

instance Monad Fence where

return x = [Tip z]
[]>=_ =[]
(Tipz:ss)>=f =frHss>=Ff

(Segment s : ss) >= f = map Segment ([s] >=f) H+ ss >=f
It has, respectively, MonadPlus and Bunch structure

instance MonadPlus Fence where

e =[]

instance Bunch Fence where

wrap = map Segment

To see that the above definitions are sensible, let us begin by checking that

the operations @, € and wrap defined above are indeed algebraic as required.

Lemma 5.3.9. The following equations hold

[I>=f=1] (5.17)
ssHts>S=f=ss>=f+Hts>=f (5.18)

map Segment ss >= f = map Segment (ss >= f) (5.19)
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PROOF. (5.17) is immediate, by definition of >=.
For (5.18)), an induction on ss suffices. We show the case ss = Segment s:
ss’ (the other cases are similar, and are no different to the analogous proof

for Forest).

Segment s : ss" 4 ts >=f

= map Segment ([s] >=f) 4+ (ss' H ts) >=f Defn >=

= map Segment ([s]>=f) Hss' >=f Hts>=f IH

= Segment s: 55’ >=f 4 ts>=f Defn >=

For (5.19)) we again proceed by induction on ss. For ss = [], both sides
of
map Segment [] >= f = map Segment ([] >= f)

equate to [], by definition of >= and the fact that map _ [] = []. For
ss = Tipx:ss,

map Segment (Tip z : s58') >=f

= Segment (Tip z) : map Segment ss’ >= f Property map
= map Segment ([Tip z] >= f) +H map Segment ss’ >= f Defn >=
= map Segment ([Tip ] >= f) H map Segment (ss’ >= f) IH
= map Segment ([Tip z] >=f + ss' >=f) Property map

= map Segment ([Tip z] + ss’ >= f) = map Segment (Tip z : 85’ >= f) Eq (5.18))
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Finally for ss = Segment s: ss,

map Segment (Segment s : ss') >= f

= Segment (Segment s) : map Segment ss’ >= f Property map
= map Segment ([Segment s] >= f) + map Segment ss’ >=f Defn =
= map Segment ([Segment 5] >= f) H map Segment (ss’ >= f) IH
= map Segment ([Segment s] >= f + ss’' >=f) Property map
= map Segment ([Segment s] + ss’ >= f) Eq (5.18)

= map Segment (Segment s : ss’ >= f)
[l

Let us further establish two special cases of the monad laws, which shall

prove useful in the respective laws of Proposition [5.3.11

Lemma 5.3.10. The following equations hold

[s] >= return = [s] (5.20)

([s]>=f)>=g=[s]>=X—far>=yg (5.21)

PRrROOF. By induction on s. For (5.20), case s = Tip z,
[Tip 2] >= return = return x = [Tip z]

by the monadic definitions. For s = Segment s/,

[Segment s'] >= return = map Segment ([s"]

>= return)  Defn >=
= map Segment [s'] IH

= [Segment 5|
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For (5.21)), case s = Tip «z,

([Tipz]>=f)>=g=fao>=g Defn =
=return zS>=\y—f y>=g Eq (5.22)
=[Tipz]>=Ay—fy>=yg Defn return

For s = Segment s,

([Segment s'] >= f) >= g = map Segment ([s'] >=f) >=g¢ Defn >=
~ map Segment (([5'] 3= f) 3= g) Eq
= map Segment ([s'] >=\z—f 7 >=g) IH

= map Segment [s'| >= Azt —fx>=g Eq (5.19)

= [Segment s'| >= Xz —fr>=yg

O
Proposition 5.3.11. The monad laws hold
return x >=f =fz (5.22)
xm >= return = zm (5.23)
(zm>=f)>=g=am>=Az—far>=g (5.24)
Proor. For (j5.22), we have by definition
(Tipz]>=f=fa
as required.
For (5.23)), we proceed by induction on zm. For zm = [], by definition

[]>= return = []
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For am = Tip x: ss,

Tip  : ss >= return = return © H ss >= return Defn >=
= [Tip ] 4 ss Defn return, IH
=Tipz:ss

For xm = Segment s: ss,

Segment s : ss >= return

= map Segment ([s] >= return) H ss >= return Defn >=
= map Segment [s] H ss Eq (5.20), IH

= [Segment s| + ss = Segment s : ss

Finally for (5.24), we proceed by induction on xm. For zm = [], by
definition of >= both sides of

([I>=f)>=g=[l>= —fz>=g

equate to []. For zm = Tip z : ss,

(Tipz:ss>=f)>=g

=(fzHss>=f)>=g Defn =
=fa>=g+H(ss>=f)>=yg Eq (5.18)

=returnz S=Ay—fy>S=gHss>= \y—fy>=g Eq([.22),H
= (return x H ss) S>= X y—fy>=g Eq (5.18)

=Tipz:iss>=Ay—fy>=gyg Defn return
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For xm = Segment s: ss,

(Segment s:ss >=f)>=g¢g

= (map Segment ([s]>=f) H ss>=f)>=g¢g Defn >=
= map Segment ([s] >=f)>=gH (ss>=f)>=g Eq
= map Segment (([s]>=f)>=g) H ss>=Az—fr>=g Eq (5.19), IH
= map Segment ([s]|>=Xz—fr>=g)Hss>= r—fr>=g Eq (5.21)
= map Segment [s]| > z—frx>=gHss>=Iz—fr>g Eq (5.19)

=[Segments|>= X z—fr>=gHss>=Iz—fr>=g

= ([Segment s] Hss) >= Iz —fax>=g¢g Eq (5.18)

=Segments:ss>= z—fx>=g
O

Recall the distributive tensor theory in Theorem[5.3.7} Let us check that
Fence computations—together with the definitions of &, € and wrap—form

its models, before establishing that they are indeed the free such models.

Proposition 5.3.12. (Fence a, +, []|, map Segment) is a model of the theory

WRAP > MON, for any a.

PROOF. (+,[]) form a monoid as usual, so it remains to check the distribu-

tivity laws (5.16) and (5.14). And indeed,

map Segment [] =[]
map Segment (ss H ss') = map Segment ss + map Segment ss’
by properties of map. U
Theorem 5.3.13. The monad Fence is presented by the theory WRAP >
MON. That is, their algebras and models (respectively) are equivalent to

each other

Fence-Alg ~ Mod(WRAP > MON)
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PROOF. Let (b, ®,e, wrap) be an arbitrary model. By Proposition [5.3.12
for any a, (Fence a,+,[], map Segment) is one such. For any function

f::a— b, we seek a unique homomorphism

f :: (Fence a,+, [], map Segment) — (b, &, €, wrap)
such that
f = foreturn (5.25)

where as usual, return :: a — Fence a is the unit as defined earlier.

To this end, define f to be the following

ks

[] =c
f(Tipz:ss) :fg;@fsg
f(Segment §:88) = wrap (f [s]) @ f 58

Clearly ((5.25) is satisfied by this definition
f (return z) = f [Tipz] =f =

To see that it defines a homomorphism, let us check that the operations are

preserved, that is

Fl=c (5.26)
fss4ss')=fss®fss (5.27)
f o map Segment = wrap o f (5.28)

(5.26]) is immediate. For (5.27), an induction on ss suffices. The cases
ss = []and ss = Tip _: _ are similar to the analogous cases in Proposition
so we merely exhibit the case ss = Segment s : ts.

f (Segment s : ts + ss') = wrap (f [s]) & f (ts + ss') Defn f

wrap (f [s]) @ f ts@fss') IH

= f (Segment s : ts) @ f ss' Defn f
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Finally, (5.28)) is again by induction. For the case [], both sides of

f (map Segment []) = wrap (f [])
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equate to &, by definition of f and distributivity of wrap over . For the case

Tip x : ss,

f (map Segment (Tip « : 55))
— f (Segment (Tip z) : map Segment ss)
= wrap (f [Tip ¢]) & f (map Segment ss)
= wrap (f =) & wrap (f ss)
= wrap (f & ® f s5)

= wrap (f (Tip z : ss))
For the case Segment s : ss,

f (map Segment (Segment s : ss))
= f (Segment (Segment s) : map Segment ss)
= wrap (f [Segment 5]) @ f (map Segment ss)
= wrap (wrap (f [s])) ® wrap (f ss)
= wrap (wrap (f [s]) @ (f ss))

= wrap (f (Segment s : ss))

Defn f

Defn f, IH

Bq (510

Defn f

Defn f
Defn f, TH

Bq E1)

Defn f

For uniqueness, assume we have ¢ :: Fence ¢ — b with

gll=e¢
g(ssHts)=gssdgts
g o map Segment = wrap o g

f = goreturn

(5.29)
(5.30)
(5.31)

(5.32)
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Then it follows that g = f—for example,

g (Segment s : ss) = g ([Segment s] + ss)

= g [Segment 5| P g ss Eq (5.30)

= g (map Segment [s] & g ss)

— wrap (g [s)) & g 55 Eq (31)
The definition of ¢ in the cases [] and Tip _: _ are as in the proof of

Proposition [5.3.1
Thus we have established that (Fence a,H-,[], map Segment) is the free

model of WRAP > MON over a. Put another way, the construction
a — (Fence a, H,[], map Segment)

defines the left adjoint to the evident forgetful functor (that takes a model
and keeps only its carrier) which by virtue of its monadicity, implies exactly
that the algebras of the induced Fence monad are equivalent to models of

the theory, as claimed. ([

5.3.4. Revisiting breadth-first

If in addition to equations (5.14]) and (5.16|) we also require that @ is

commutative

ts D us = us @ ts (5.33)

we may then conveniently shuffle w”(z) terms at will, and use equation

(5.14]) to factor such terms of the same depth together.

w(1) @ w(2) ®w(3) ®4®w(5) ®w(6) ®w(T)

ED+ED

40w(1®20307) ©w(5®6)
As noted ([62]), solutions are grouped at each level of the search tree

in an unordered fashion, suggesting a close correspondence with the Matrix
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type. Indeed, we may obtain a term bags (e.g. by applying traversal to the

original forest)

bags :: Matrix Int

bags = [ 147,
11,2,3,7S,

15,67]
Adding equation (5.33)) of course gives a theory of commutative monoids

CMON £ ({®, e}, commutative monoid laws)

As with Theorem taking all the equations together yields (for breadth-

first search) a distributive tensor.

Theorem 5.3.14. The theories WRAP, CMON, together with equations (5.14))

and (b.16|) give a distributive tensor WRAP > CMON.

Despite appearances however, there is not a correspondence between this
theory and Matrix, for the latter does not form its models. Indeed, the law
that breaks is (5.16|) distributivity of wrap over

wrap e = wrap [| = [IJ] # [ =¢

One approach in repairing this is to consider a modification of the Matrix

type to necessarily infinite streams of finite bags

type Stream a = [a] -- always-infinite lists

type InfMatrix a = Stream (Bag a)

Note that while InfMatrix computations are infinite streams of (finite) bags,
we insist on restricting to “finitely supported” such computations—i.e. streams

that eventually all end with ][, after a finite number of finite bags.

Proposition 5.3.15. InfMatrix a forms a monad.



116 5. SEARCHING WITH MONOIDS

PROOF. InfMatrix a is isomorphic to the type of functions Nat—Bag a, for
Nat the type of natural numbers. This may also be expressed as ReaderT Nat Bag a,

i.e. an instance of the ReaderT transformer
type ReaderT rma=r—ma

which is well-known to form a monad for any Monad m. ([l

Unlike Matrix, InfMatrix supports a bunch structure that models the

distributive tensor theory.

instance MonadPlus InfMatrix where
e = repeat |§
(®) = zip With (W)

The e operation is given by an infinite stream of empty bags, while the &
operation is simpler than before—since we no longer need concern ourselves
with different-length argument lists (as computations are necessarily of in-
finite length), the usual zip With suffices for lifting bag union. wrap is as

before.
instance Bunch InfMatrix where
wrap bs =1 § :bs
Proposition 5.3.16. InfMatrix a (equipped with the structure above) is a
model of the theory WRAP > CMON, for any a.
PROOF. InfMatrix g forms a commutative monoid, since for any bs::InfMatrix a,
zipWith (W) bs [15,17§..] = zipWith (W) [1§,17§..] bs = bs

follows from | being the unit of W. Similarly, zip With preserves associativity

and commutativity of W.
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For distributivity ,
wrap (bs @ bs") =1 [ :zipWith (&) bs bs’
=7 W 70):zipWith (&) bs bs’
— 2ipWith () (15 :b5) (1§ :b9')
= wrap bs @ wrap bs’

Crucially, distributivity (5.16)) goes through

wrap € = wrap [1§,1§..]
=150 15
=515

=&

5.3.5. Bundles as Free Models
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As with Section [5.3.3] we consider the monad corresponding to the the-

ory WRAP>CMON. Again, observing normal forms suggest a similar structure

to Fence, except that (due to (5.33))) the ordering of sticks is not significant.

This leads to the idea of a “bundle”—a bag of sticks.

type Bundle ¢ = Bag (Stick a)

The MonadPlus and Bunch instances are defined in a completely analogous

way to Fence, using bag (rather than list) combinators.

instance MonadPlus Bundle where

e =1
(@) = (&)

instance Bunch Bundle where

wrap = bagmap Segment
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The following confirms that the above is well-defined.

Proposition 5.3.17. (Bundle a,,{(, bagmap Segment) is a model of the

theory WRAP > CMON for any a.

ProOOF. (4, 1) indeed forms a commutative monoid structure on Bundle a,

and distributivity holds

bagmap Segment  { = {f

bagmap Segment (ss W ts) = bagmap Segment ss W bagmap Segment ts
by properties of bagmap. [l
Its monadic structure is defined in a very similar way to Fence, as followsﬂ

instance Monad Bundle where
return ¢ = Tip x §
ss >=f = bagconcat (bagmap f' ss)
where
f (Tip z) =fz
I’ (Segment s) = bagmap Segment (] s | >=Ff)

In fact, for the purposes of reusing previous results for the Fence data type,
we will find it convenient in the following to consider bundles (i.e. values of
type Bundle @) as equivalence classes of fences (values of type Fence a) with
respect to permutation. In more detail, we denote ~ to be the following

equivalence relation on fences ss, ss’

ss ~ ss' iff  ss’ = o(ss)
for some permutation o, so that the equivalence class [ss| comprises the
(representative) fence ss and all orderings of its sticks.

5The differences largely follow from the fact that a bag computation cannot be de-
constructed into the patterns empty [] and nonempty _: _. For the latter in particular,

there is no notion of a “first” element.
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Remark 5.3.18. Of course, the square bracket notation has already been
used for list literals. To avoid the potential for confusion, where necessary
in the remainder of this section we use bold square brackets to denote list

literals, e.g. [[ Tip 1, Tip 2 ]] is the same equivalence class as [[ Tip 2, Tip 1 ]].

The equivalence ~ extends to Kleisli maps in the expected way. For

maps f,f':: a— Fence b

fros i f(z) ~ f(2)
for all z in a. Similarly, ~ extends to lists of fences in the following way. Let
us denote (zs), for the nth element of the list xs. Then for fs, fs’:: [Fence a]
of the same length,

fo g fs' ff (fs)i ~ (fs")i
for each index ¢ over the lists. That is, fs and fs’ are element-wise equivalent
with respect to ~.

The list functions map, concat and (4) are well-behaved with respect

to the equivalence, as recorded in the following lemma.

Lemma 5.3.19. The equivalence ~ s preserved by map, concat and append,

in the following sense.

ss ~ ss' = map f ss ~ map [ ss' (5.34)
f~_ f = mapf ss ~[ map f ss (5.35)
fs~y fs' = concat fs ~ concat fs' (5.36)
881 ~ 8§9 = 881 H S5 ~ SS9 H SS (5.37)

and similarly in the other argument of H-.

PRrROOF. For (5.34), let ss’ = o(ss). We require map f ss’ = o'(map [ ss)

for some o’. But since map preserves the order of its elements,
map f ss' = map f o(ss) = o(map f ss)

The others follow a similar argument. O
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To help disambiguate, in the following we denote >=p, returng to be
the monadic operations defined above for Bundle, and >=p, returnp for

those defined for Fence in Section [5.3.3]
Proposition 5.3.20. (Bundle, >=pg, returnp) satisfies the monad laws.

PROOF. From here on we consider bundles as equivalence classes of fences.

In particular, rather than take the definition
returng x = | Tipz |

as in the earlier (Bag-based) Bundle, we instead define returnp explicitly on

equivalence classes of fences, in terms of returnpg
returng x = [returnp x|
=[[Tipz]]
Similarly, monadic bind is defined “pointwise”
[ss] = [f]o 2 [ss 3= f]

We check that >=p is well-defined in the sense that it respects the

equivalence ~ in both positions: for ss; ~ ssa in [ss] and fi ~— fo in [f]-
§81 >=p f ~ 889 >=p f (538)
s§ S=p fi ~ ss >=p f5 (5.39)

For relation ([5.38]) it is helpful to observe that >=p can be equally expressed

as a concat after map
ss >=p [ = concat (map [ ss)

for some f’ :: Stick a — Fence a. Now recall that every stick is of the form
Segment” (Tip z) i.e. some number n > 0 of Segment constructors followed

by a Tip. Then f’ can be expressed succinctly as the map

Segment” (Tip z) — (map Segment)” (f )
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where we use the notation ¢" y to mean n applications of g to the ar-

gument y. Since ss; ~ ssg and the fact that (map f') preserves ~ (by

Lemma [5.3.19((5.34)) ), we have

map [ ss1 ~[ map f! sso

And since concat also preserves ~ (Lemma [5.3.19((5.36)),

concat (map f' ss1) ~ concat (map f' ss2)

we indeed have the relation (|5.38|).

For (5.39)) we again consider >=p as a concat-map above. In particular

fl N*)fQ
= fiz~fzx for any z

= (map Segment)” (fi z)

~ (map Segment)" (fo z) by (5.34), n >0
= f~sf Defn f’
—> map f{ ss ~ map fy ss by
= concat (map f]) ss ~ concat (map fy) ss by

Thus (5.39)) holds.

Having established that >=p is well-defined, it follows that the monad
laws are satisfied since >=p, returnpg are defined in terms of >=p, returnp

respectively, and the latter indeed satisfy the laws by Proposition
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For example, the monadic associativity law

([ss] >=p [f]-) >=5 [9]-
=[ss >=p f] >=5p [9]-
=[(ss >=F f) >=r g]
=[ss >=p Az—f 1z >=p g)] Prop [5.3.11]
= [ss] >=p [Az—f 1z >=F g|
=[ss] >=pAz—[f z >=p ¢] (*)

= [ss] >=p Az —|[f z] >=p5 [g]>

holds as required, where (x) follows from the equivalence ~_, defined over
maps into fences: any such class of maps [f]_, can be understood as a family
of (~-equivalence classes of) fences [f z], indexed by z. In other words, a
function A\x — [f z]. The monadic unit laws can be shown with similar

reasoning. ([l

Finally, we work towards establishing a correspondence between Bundle
and the theory WRAP > CMON. Before that, as we did with returnp and
>=p, we give alternative “pointwise” interpretations of the operations of the
theory in terms of Fence-based interpretations (from Section [5.3.3). That

is,

e £ [eF] = [lI]
[ss] ®p [s5'] = [s5 D s8] = [ss H s§']
wrap g [ss] = [wrap p ss] = [map Segment ss]

Lemma 5.3.21. The operations ep, B, wrapg are well-defined, in the sense

that they respect the equivalence ~.
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PROOF. ep trivially respects ~. For wrapp, let ss ~ ss’ be arbitrary (but

equivalent) fences. Then

wrap ss = map Segment ss
~ map Segment ss’ by Lemma [5.3.19] (5.34)
= wrapp ss’

For ss; ~ sso and ss’y ~ ss’o we need compatibility with ~ in both argu-

ments of g
$81 B $8° ~ $s9 D ss’ (5.40)

sS@Dp ss'y ~ ssDp ss'y (5.41)

For ([5.40)), since list append preserves ~ by Lemma [5.3.19|(5.37))

$s1 DF ss' = s$s1 H ss’
~ 889 H ss’ = §80 DF ss’
and similarly for (5.41)) in the other argument. O

The definitions above indeed form a model of WRAP > CMON, the analo-

gous result to Proposition

Lemma 5.3.22. Bundles (as ~-equivalence classes of fences) equipped with

operations (ep, ®p, wrapg) are models of WRAP > CMON.

PROOF. Since fences are models of WRAP > MON by Proposition [5.3.12] it
follows that bundles are too by the definitions of (e, ®p, wrapg). To see
that they are furthermore models of WRAP > CMON, it remains to check

symmetry of ®p. Indeed,
[ss] ®p [ss'] = [ss DF ss']
= [ss' ®p ss]
= [ss'] @ [ss]

where the second equality follows from the fact that ss + ss’ ~ ss’ +ss. O
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Theorem 5.3.23. The monad Bundle is presented by the theory WRAP >
CMON. That is, their algebras and models (respectively) are equivalent to

each other

Bundle-Alg ~ Mod(WRAP > CMON)

PROOF. Once again we seek to reuse a prior result about fences—in this
case, Theorem Let (M, ®, e, wrap) be a model of WRAP > CMON. To
establish that bundles in Lemma are the free such models, for any
map f into M we require a unique homomorphism f;; from bundles into M

such that

f= J/”; o returnpg (5.42)

Uniqueness: since fp is required to preserve g, its action on the empty

fence [[]] = ep is determined

follll=c¢
By equation (5.42)), its action on “tips” [[ Tip z ]] = returnp(z) is deter-
mined

follTipa]l=fa
By preservation of wrap, so too is its action on sticks of length n >0

f5 ([ Segment™ (Tip ) ]] = wrap™ (f )

since every stick [[ Segment” (Tip z) || = [(map Segment)” [ Tip z || =
[wrap [ Tip ]| = wrap’y [[ Tip z ]]. Finally, note that (an equivalence
class of) fences [ss] can be expressed as a @p product of singletons, i.e.
sticks. Thus by preservation of @, the action on [ss] is given by (the product
of) actions on the individual sticks. For example, the action on two-stick

fences is given by

fellss'=Ffells]] @ falls]]

Hence J/“E is uniquely determined.



5.3. COMBINATIONS OF THEORIES 125

Existence: for an equivalence class of fences [ss] we define f]; as follows
o [ss] 2 fr (ss)
where f; is as defined in the proof of Theorem i for fences

el =c
E(Tipx:ss) :fm@f;ss

fr (Segment s : ss) = wrap (]/“; [s]) @& Fr ss

but with the understanding that its codomain M is not only a model of
WRAP>MON but also WRAP>CMON, so that @ is symmetric. To see that f;
is well-defined, we require f; 58 = f; ss’ for any ss ~ ss’. For the empty

fence ss = ss’ = [ ] this trivially holds. For the nonempty case, let ss’ be a

permutation o of the sticks s1,...,s; in ss. Then
]/”;ss:f/; [S1y-- ., Sk]
—frls] @...® fr[si] Defn fr
= Ir [5o)] ® ... ® Fr [5om) symm @
= f; [So(1)s - -+ Sor(k)] Defn fr
= f; ss’

as required. Note that when M is considered as a model of WRAP>MON, f; is
a homomorphism of such models (as shown in the proof of Theorem [5.3.13))
and from this it follows that J/”]; is a homomorphism of WRAP>CMON models.

For example,

I8 [ss] @B fp[ss'] = fr (ss ®F s5)
= f; s$s @ f; ss' J/f; homomorphism

=[5 [ss] @ fp [ss]

6There we called it f .
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Preservation of € and wrap is similar. Finally, equation (5.42]) is satisfied

75 (returnp x) = fr (returnp z) = f

5.4. List transformer

In Section [5.1] we discussed the data type of lists in Haskell as offering
a monadic (indeed, MonadPlus) effect of backtracking search. But while
many of the effects in earlier chapters have natural counterparts as monad
transformers (e.g. StateT for stateful effects, and so on), the mtl list trans-
former in Haskell was known for some time to be somewhat unsatisfactory.
We shall discuss the reasons, together with the “done right” version of the
transformer, from the perspective of combining theories distributively.

The mt1 list transformer, which from here on we will call ListTy, is given

by composition with the list monad

newtype ListTg m a = ListTo {unListTo :: m [a]}

deriving Functor

Since it is defined as a composition, we expect that it forms a monad pre-
cisely when there is a distributive law of the list monad over m, canonically

defined (in Haskell syntax) as the following functionl]

sequence :: Monad m = [m a] — m [a]
sequence [] = return []
sequence (zm : xms) = do

T 4 xm

TS — sequence xms

return (z : xs)

But it turns out that sequence fails to be a distributive law, unless (as

discussed in [52]) m is a commutative monad. Recall from Definition [4.1.5]

7A more generic sequence function is defined in the Haskell module Data.Traversable.
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that a monad m in Haskell is commutative when we have the following

equation between computations

do z < zm do y < ym
Yy — ym = T <—ITm
return (z, y) return (z,y)

In short, effects of m are independent of the order in which they are
executed. Equivalently, the obvious Monad instance deﬁnitiorﬁ for ListTg m

does not form a monad when m itself is not a commutative monad.

instance Monad m = Monad (ListTy m) where
return x = ListTq (return [z])
xsm >= f = ListT( $

fmap concat $ unListTy xsm >= mapM (unListTq o f)

For example, when stateful effects are combined with ListTy, we have the

non-monadic type
ListTo (State s) a = s—([a],s)
unlike the more widespread StateT combination
StateT s [] a = s—[(a,s)]

of “backtracking state”. While the latter can be thought of as presenting,
upon a state transition, a choice of values each paired with its associated
new state, the former presents the choice of values only with a single ter-
minal state. More generally speaking, ListTy can be seen as a type of a list
associated with the overall effect obtained by traversing each of its elements.
Indeed, given that there are in general multiple ways of enumerating a list,
one should not expect the accumulated effect to be the same for each—unless

of course, the effect is commutative.

8mapM f is equivalent to sequence o map f.
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This implies a further practical limitation of ListTg, for it does not offer
an idiomatic means of programming with effectful streams. After all, a
ListTg computation represents a whole list together with an overall effect
all in one go—there is no facility for consuming this computation in a more
“piecemeal”, per-element fashion.

While the reasons above have lead many to dismiss ListTq in favour of
(different variants of) ListT “done right”, we show that when seen from a
perspective of equational theories, it is nevertheless (perhaps contrary to

what some may believe) not without mathematical basis.

5.4.1. Combining with backtracking

In what follows, we prove that ListTy may be characterised as a dis-
tributive tensor. To motivate, let us consider an example of combining
backtracking with another very simple effect, via distributive tensor.

As in Section [5.3] we denote MON for the theory of monoids. We in-
troduce an additional theory IDEM comprising a single unary idempotent

operation.

MON £ ({g,®}, monoid laws)

EM 2 ({|-|}, idempotence)

Note the choice of name |-|, suggestive of taking the absolute value, a function

well-known to behave idempotently
|z]] = ||

Terms in the free models of IDEM are easy to specify—they consist of the

9

generator variables z and “|z|” values, as described by the following Haskell

data type

data Idem a = Var a | Abs a

deriving Functor
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Its Monad instance embodies the idea that a variable may become an abso-

lute value, but an absolute value always remains as such.

instance Monad Idem where
return = Var
Vare>=f=fz
Abs z >= f = case f z of
Var y — Abs y

absval — absval

The following is clear, since any unary operation commutes with itself.

Lemma 5.4.1. IDEM is a commutative theory. FEquivalently, ldem is a com-

mutative monad.

Consider now the theory MON > IDEM combined by distributive tensor.
That is, the theory obtained by union of the above theories MON + IDEM,

together with distributivity of & over ||

lz| ®y = |z D y| (5.43)

@yl =z ®yl (5.44)
Note of course that the nullary ¢ does not distribute.

Lemma 5.4.2. & commutes with |-| in MON > IDEM.

PROOF. By equations (5.44)), (5.43) and idempotence,

[zl @yl = llz] @ y| = llz ® yl| = |z © y|
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Now let us consider the normal forms of the theory. Treating the dis-
tributivity equations and Lemma as rewrite rules (in the sense of rewrit-

ing theory)
2| ®y— |z &yl
z®yl— |z @yl
[z| @ y| — |z &yl

It is clear that an Abs subterm extends to its adjacent subterm (regardless

of whether it too is an Abs). These rules describe a map
[Idem a] — Idem [a]

that “remembers” the presence of any Abs occurring in the given list. Indeed,

it is precisely sequence (specialising m to ldem), or more concretely

sequence || = Var []
sequence (Var x :is) = fmap (z:) (sequence is)
sequence (Abs z : is) = Abs (z : map unldem is)
where
unldem (Vary) =y
unldem (Abs y) =y

Hence by Lemma [5.4.1] it follows that sequence is a distributive law with

Idem [a] a monad, and this is of course isomorphic to ListTy Idem a.

Remark 5.4.3 (Cut). By varying one of the distributivity equations, it is
possible to obtain a theory of backtracking in conjunction with an operator
reminiscent of “cut” in the logic programming language Prologﬂ Specifically,
rather than have @ distribute leftwards over || —Which we interpret

here as cut—discard the choice to the right of the cut

|z © y — |z

9Personal communication with Maciej Pirog, Algebra of Programming meeting,

Oxford.
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Thus pruning off any further choices y. While this example is not known to
be any of the “natural” combinations of theories, it is nevertheless obtained
as a composite monad ldem [a], though a different one to our discussion
above. In particular, its monad structure is given by an alternative dis-
tributive law to sequence.

This illustrates an interesting dichotomy—while constructions on the-
ories account for many computationally interesting examples of combined
effects, distributive laws are often the more “flexible” notion [12]—but only
of course, when the monads compose, whereas theories can in general always

be combined in one way or another.

The foregoing example alludes to the following general characterisation

of ListTy.

Theorem 5.4.4. When T is a commutative theory (equivalently, a com-
mutative monad T ), the transformed monad ListTo T is equivalent to the

distributive tensor of theories MON > T.

To establish this, we proceed in a similar fashion to other correspondence
results in this chapter, namely by exhibiting the left adjoint to the forgetful
functor from models of MON > T, in turn appealing to monadicity.

First let us fix some notation. Let T = (3, E') be a commutative theory
as stated, with signature ¥ and equations E. Equivalently, it is a commuta-
tive monad 7. For a set X, T'(X) constructs the free models of T, consisting
of formal Y-terms quotiented by E. As usual, X-terms are well-bracketed
expressions (or if one prefers, syntar trees) built from “variables” = € X
and operations o € . Thus we understand 7'(X) to comprise equivalence
classesﬂ of such terms, identified with respect to equivalence generated by

E. Finally, let X* denote the free monoid, or lists of elements in X. We

10We will find it convenient to omit the use of the usual equivalence class brackets

[—]. Thus we should read “t € T'(X)” as implicitly being [t] € T'(X).
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occasionally use Haskell-like notation for common list operations, such as

append (+) and map. Let us now give a “syntactic” model of MON > T.

Definition 5.4.5. Let X be a set. For any list zs € X* and n-ary o € ¥,
the set T'(X*) is generated by the following inductive rules

t ...ty
xs oty ... ty)

We also give interpretations of the operations. For o € 3, interpretation (as
well as its extension to terms i.e. derived operations) is defined syntactically
in the usual manner, thereby satisfying E. For the monoid operations, we
interpret the unit € as the empty list, and the multiplication as follows by

pattern matching

xs D ys = 28 H ys
s D o(ty,... . ty) =c(@s D ty,..., 25D t,)
ot tn) Bt =0t Bty by ®t)

where in the base case we append the variable lists zs, ys. We will refer to

these three equations as ®-1, @-2, -3 respectively.
Lemma 5.4.6. The above data (TX*,@®,¢,0) is a model of MON> T.

PrOOF. First we check the monoid laws. The unit law ¢t @& € = t is by

induction on t. For t = zs,

s PDe=1x8s+H €=ux8

o(tl,...,ty) De=oc(t1 De, ..., t, De) ®-3

=o(ty,... 1) H

The other unit law e ® t = ¢ is proved analogously, using @-2 and induction

hypothesis. Associativity ¢t @ (u @ v) = (t ® u) @ v is by induction on ¢. For
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L= g(tla atn)a
o(tl,.. . ty) B(udv)=0(t1® (UBV),...,tn ® (udW)) ®-3
=o((t1®u)Dv,...,(t, Du) Do) IH
=o(t1 DU,...,t, Du) Do ®-3
=(o(t1,...,tn) Gu) v @®-3
For t = zs we further distinguish cases; u = ys,v = o(v1,...,v,) is analo-

gous to the above except we use @&-2. The case u = ys, v = zs follows from

associativity of list append

zs B (ys @ zs) = xs H ys H zs = (xs D ys) B zs

Finally for u = o(uq,...,uy),

28 D (o(Uy...,up) DV) =25 D0o(u; D v,..., U, DV)
=o(zs® (ug Bv),..., 18 (up Bv))
=o((zsDur)dv,...,(zs D uy) ®o)
=o(zs D uy,...,xs Duy) Do

=(zs@o(uy,...,uy)) Do

@-3

-2

IH

®-3

-2

It remains to show distributivity of & over the operations of ¥. The

rightwards direction

uDo(tr,...,ty) =c(udty,...,udty)

is by induction on u. The base case u = ys follows from ®-2

ys D o(ty,... . ty) =0(ys D t1,...,ys Dty)
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whereas the case u = o'(uq,...,un,) notably makes use of the fact that

operations in > commute

o (ury . yum) Doty ... ty)

41 @U(tl)"'7tn)

Um @U(tlv' . atn)

o(ur ®ti,...,u1 Oty)

(U B t1, ..., Upm B ty)

!/
U(ul@tl)"'7um@t1)
=0 : comm 0,0’

UI(Ul Sln, .., um @tn)

U/(ul, ... ,um) Dt
=0 @'3
o' (uty ..., Up) Bty
Distributivity leftwards is immediate from &-3. U

The following establishes that the construction in Lemma [5.4.6]is func-

torial.
Lemma 5.4.7. The map X — (TX*,®,¢,0) extends to a functor F.

PRroOOF. The action of F' on functions f : X — Y is given by the map
T(f"):T(X*) —TY™)
s — map [ xs

o(tiy...,tn) —> o(T(f*)(t1),. .., T(f*)(tn))

Let us check that F' is well-defined, in particular that 7'(f*) is a homo-

morphism of models. That operations o € 3 are preserved by T'(f*) is
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immediate from the definition. Preservation of e follows from the definition

of map
Tf*(e) =map fe=¢
We show

Tftou =Tf ) &Tf (v

by induction on ¢. For t = o(ty,...,t,) we use the fact that @ distributes

over o leftwards

T (o(ty, ... tn) Bu) = Tf (ot ®u,... t, ®u)) ®-3
= o(Tf*(t ®),...,Tf (ty & u))
= o(Tf*(t1) ® Tf*(w), ..., Tf*(tn) & TF*(u)) IH
= o(Tf*(tr),..., Tf(ta) ® Tf*(u) distr +

= Tf*(o(ty, ... tn) ® TF*(u)

The case t = zs,u = o(uq,...,uy) is similar, except we use distributivity of

@ rightwards. Finally for t = zs,u = ys,

Tf*(zs®ys) =T f"(zs H ys)
=map [ (zs H ys)
=map f xs H map f ys

=Tf*(zs) TS (ys)

It remains to check the usual functor laws. We show that I’ preserves

identities, by induction. For the base case,

Tidyx = map idx = idpx~



136 5. SEARCHING WITH MONOIDS

In the inductive case,

Tidx*(o(t1, .. 1)) = o(Tidx* (t), .., Tidx* (b))
= o(idrx=(t1), ..., idrx«(tn)) IH
=o(t1,...,tn)

= idrx+(o(t1,...,tn))

Finally we show that F' preserves composition, again by induction. In the

base case,
T(go f)" =map (gof)=map gomap f=Tg o Tf"
In the inductive case,

T(gof) (o(ts,....tn) = (T(go f)*(t1),.... T(g o f)*(tn))
=o((Tg* o Tf*)(tr),...,(Tg" o Tf*)(tn)) H
=Tg" (o(Tf*(tr),...,Tf*(tn)))
=Tg*(Tf*(o(t1,... 1))
=(Tg*oTf*)o(tr,...,tn))

O

Indeed, F' constructs the free models of MON> T, as shown in the follow-

ing.

Proposition 5.4.8. F' is left adjoint to the forgetful functor U : Mod(MOND>
T) — Set.

PROOF. First we define the unit of the adjunction. Consider a function
nx : X — T(X™*) given by injection to a singleton list x — [z]. To see that
this map is natural in X requires, for every f : X — Y, commutativity of

the diagram
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nx

X
f‘ ‘T(f*)
Y

ny

And for z € X we indeed have

Hence n: Id — UF is a natural transformation.

Next we exhibit a universal arrow—specifically, we show that for any
model M with structure (@, €pr, ops) there is a bijection between functions
f: X — M and maps of models T'(X*) — M making the following triangle

commute

nx

X T(X*)

|

M

Suppose that such amap f : T(X*) — M exists. Since it is a homomorphism

of models, its action on the empty list and Y-terms is completely determined
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Indeed (since @ is also preserved by f), so too is its action on non-empty

lists [x1,..., 2]

= f([zn]) ®ar - .- ©or f([20)]) preserve &
f

({L‘l) Dy ... DPyp f(l‘n) comm A

Thus f is uniquely determined.

To check existence, we define a map

f:T(X*) — M
xs — fold y;(map f xs)

O'(tl, . ,tn) — O'M(?(tl)7 cee ’?(tn))

where fold,,; sends

and check this is indeed a homomorphism of models. That X-operations are

preserved is immediate from the definition. For empty lists,

F(€) = foldy(map f €) = foldyy(e) = enr
Finally, we show

ft®u) = f(t) &u flu)
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by induction on ¢. The case t = o(t1,...,t,) requires distributivity of @y

over o) leftwards

flo(ty,... ty) ®u) = f(o(t1 Du,... t, Du))

=om(f(t),---, f(tn)) @n f(u) distr
= flo(ts, ... tn)) @n f(u)
The case t = zs,u = o(uq, ..., uy,) is similar, except distributivity rightwards
is required instead. Finally for t = zs,u = ys we use the fact that fold,, is
a monoid homomorphism (marked (x) below)
flas @ ys) = f(zs + ys)
= (foldy; o map f)(xs H ys)
= foldy;(map f xs + map f ys)
= foldy;(map [ xs) s fold p(map f ys) (%)
= f(zs) ®u f(ys)

Hence f is indeed a homomorphism of models. Finally, f makes the triangle

commute

f(nx (2)) = foldyr(map [ [2]) = foldr ([f(2)]) = f(x)

We have thus shown that the operation f — f is bijective. With that we
conclude F' 4 U with unit 7. O

Let us now return to the justification of ListTg as a distributive tensor.

PROOF (THEOREM [5.4.4)). By Proposition we have a left adjoint F’
to the forgetful functor U : Mod(MON > T) — Set. By monadicity of U,
algebras of the induced monad UF = T(—)* are equivalent to models of

MON > T. O
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Note that Theorem does not apply for non-commutative theories
(equivalently, monads). While a distributive tensor always induces a monad,
for a non-commutative m this will not be the (composite) monad given by
ListTop m. For example, consider again the (single-location) state monad,

which we present as a theory STATE in the usual manner.

STATE £ ({get, put}, mnemoid laws)

As discussed above, this fails to be a monad when combined with ListTq. In-
deed, as state is non-commutative (for example, the computation do put 1; put 0; get
is clearly not the same as do put 0;put 1;get), in this case the distribu-
tive tensor MON > STATE does not give a meaningful equational theory that
matches intuition. To see this, consider that among the equations we have
distributivity of & over put in both the leftwards and rightwards ([5.46|)

direction

puty(z) By = put (z & y) (5.45)

x @ puty(y) = puty(z @ y) (5.46)

In the usual reading of backtracking search, the former makes sense—writing
and following with z, with y the next choice, should indeed be the same as
writing and continuing with x ®y. The latter however is less agreeable, since
we think of put,(y) as a future choice relative to x, yet it suggests that the
put, can always be brought forward in time (crucially, even in the presence

of writes in z itself).
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Perhaps unsurprisingly, including both directions of distributivity leads
to the possibility of contradictory equations, e.g.
puto(puty () = puto(put,(z S e€))
= puto(x @ put; (<))
= puty(z) @ put,(e)
= puty (puty(z) @ ¢)
= put (puto(z @ €)) = puty (puty(z))

where applications of distributivity rightwards (5.46) is marked (!). As a
corollary, all put operations collapse in MON > STATE. In the following, this

somewhat problematic direction of distributivity will be excluded.
5.4.2. Alternative list transformer

Let us recall an alternative (often referred to as “done right”) list monad
transformer, as in Jaskelioff’s thesis [29] and recently [54], where it has
been characterised in terms of Eilenberg-Moore monoids—algebras of mon-
ads (on a monoidal category) equipped with monoidal structure. As with
most monad transformers (and unlike ListT thus far), it has the desirable

property of transforming any monad. Specifically for a monad M, it yields
uX M((— x X)+1)
Or more verbosely in Haskell syntaxEl,

newtype ListT m a = ListT {next :: m (Step m a)}
data Step m a = Nil | Cons a (ListT m a)
Presented as such, it is clear that a ListT m computation is not so

different to an ordinary Haskell list computation. By laziness, executing

an effect in m at each step produces either the end of the list, or a value

11Adopting a presentation of ListT similar to that of the library list-transformer

by Gabriel Gonzalez
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together with next representing the rest of the computation. Thus we think
of ListT m as a list with each element generated lazily with an associated
effect in m, in contrast to ListT( representing a (lazy, but nevertheless)
complete list in its entirety, with only a single “overall” effect.

This shift in the way backtracking is combined compares favourably in
practice to the shortcomings of ListTg, especially with regards to supporting
programming with effectful streams, as discussed earlier. For example, the

standard monadic map function

mapM :: Monad m = (a —m b) — [a] —> m [b]

mapM f = sequence o map f

delivers (essentially) a ListTg m b computation, but to compute the over-
all effect (via sequence) necessarily requires traversing the entirety of the
intermediate list [m b], buffering the output list [b] as it does so. Clearly
for very large or even infinite such lists, this is futile. By contrast, it is
entirely natural to define a monadic map operation for ListT that streams

in constant spacﬂ

5.4.3. Less can be more

In this section we will observe that less distributivity can yield a more
practically capable list monad transformer. In [32], Moggi and Jaskelioff
give an equational axiomatisation of ListT, amounting to the following. Let
m be a monad presented by a theory T. Then ListT m is a monad presented
by the union of theories MON + T together with distributivity of & leftwards

over all operations of T. That is,
o(x1,...,2n)DYy=0(@1DY,..., 2, DY)

for o an n-ary operation of T. Notice in particular the exclusion of distribu-

tivity in the rightwards direction.

121 i st-transformer suggests at least three such possible variations of mapM
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Example 5.4.9. Let us return to the Idem example from Section [5.4.1} By

the description above, ListT ldem is characterised by the equation (|5.43))
(but not (5.44)), as a rewrite rule

z| @ y— [z S y|
Now consider the term
lo2a (3|4 |5|d 6|7

The rewrite rule extends Abs subterms rightwards, so that this becomes the
normal form

102030405060 7|

Comparing the equational theories of the two list transformers, it is
clear that while ListT is close to MON> — (and hence ListTy), it is precisely
the absence of rightwards distributivity that is the marked difference. This
suggests a novel notion of distributive tensor, in which not all distributivities

are asserted.

Remark 5.4.10. At first glance it may appear that a variant of distributive
tensor insisting only on leftwards distributivity should suffice, and indeed
for ListT at least, it should. But as a note of warning, the intuitive idea of
direction is specific to the particular case of a binary operation distributing.
In general, an operation with arity n + 1 distributes in n + 1 positions, in

which for cases n > 1 “direction” becomes less clear.

Thus an equational theory of ListT may be seen as similar to MON > —
but with distributivity in only the first position of — @ — (or equivalently,
similar to MON > — but without distributivity in the last position). It re-
mains as future work to investigate whether the aforementioned variants of

distributive tensor admit natural characterisations in terms of models.






CHAPTER 6

Probability and nondeterminism

As a further application area of distributive tensor, we consider the
combination of the computational effects probabilistic and nondeterminis-
tic choice. Both in isolation are standard examples of effects, but in some
problem domains it is important to see them used in tandem—for exam-
ple, to model probabilistic systems that depend on nondeterministic inputs.
However, the algebraic properties that characterise their interaction are not
entirely straightforward. In this chapter we show that a relatively well-
accepted interaction of the two effects turns out to be distributive tensor,
and furthermore we derive an equivalent formulation as a monad of convex-
closed sets of probability distributions, as well as a technique for diagram-
matic reasoning of program equations in this monad.

Section [6.1] reviews background material on the theory of convex spaces,
defining the equational theory and fixing the notation. We prove several
intermediate results (namely commutativity and distributivity of the theory,
and a lemma about the quasi-associativity axiom) that will be useful in
later sections. Note that we call this theory PROB since it gives rise to
a monad of (finitely supported) probability distributions. Section is
a continuation of background for this chapter, defining the theory NDET
of nondeterministic choice (or alternatively, semilattices) with some brief
remarks from a process-algebraic vantage point. But while the theories
PROB and NDET combine naturally by distributive tensor, their respective
monad counterparts do not compose [67]. Thus in Section we seek to
derive a monad for this theory of combined choice by other means. This

combination of the two effects—probability and nondeterminism—has been

145
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studied in process algebra and domain-theoretic semantics e.g. [57]. Our
contribution here is a derivation of this combination (as the geometrically
convexr monad) in a relatively simpler setting (i.e. the category of sets),
where its characterisation as a distributive tensor is clearer. Although this
particular characterisation has been mentioned before in passing [27], we do
not believe that our main result, Theorem [6.3.7] is widely known.

Briefly, the derivation of the geometrically convex monad consists of
the following. First we establish the free models of combined choice, over
convex spaces (PROB-models). In doing so, we exhibit the free-forgetful
adjunction between models of PROB choice and models of combined choice.
Together with the knowledge of PROB-models in Section [6.1], we thus have
two pairs of composable adjoint functors. Indeed, their composition yields
the geometrically convex monad that we seek and by a monadicity result,
we confirm the equivalence between this monad and the theory of combined
choice.

The above results are applied in Section where the focus shifts to
equational reasoning in Haskell (or a similar functional programming set-
ting). Under this lens, a contribution of this work is the identification
of an incorrect assumption in equational axiomatisations of various alge-
braic effects such as probabilistic choice, that has previously been over-
looked [19, 18]. Specifically, it was thought that monadic bind >= dis-
tributes over probabilistic choice, both in the leftward and rightward direc-
tions. It turns out the latter is a much more contentious property than the
former (which just states algebraicity of the operation), particularly if one
assumes that such properties carry over without fuss when combined with
other effects. For example, Section [6.4] considers again the algebraic effect
of combined choice, where we have both probabilistic and nondeterministic
choice operations. But we show that rightwards distributivity of >= over
probabilistic choice implies its commutativity with any operation, in par-

ticular nondeterministic choice. But this contradicts the usual equations of
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combined choice—in fact we show that in such case, the probabilistic choice
operations collapse. Note that we also give a direct equational proof of this
result in [1].

As it can be difficult to get the equational properties of the interaction
between probabilistic and nondeterministic choice right, in the remainder
of Section [6.4] we explore a technique for reasoning about such equations
visually, by taking a geometric interpretation of the free models of com-
bined choice. That is, we interpret computations of the geometrically con-
vex monad (over three values) as convex polygons on a plane. Guided by
the definitions and results of Section [6.3] probabilistic choice of two convex
polygons is given by their weighted sum, while nondeterministic choice is
the convex hull of their union. We illustrate the use of this diagrammatic
model by exhibiting an inequality (specifically, non-distributivity of nonde-
terministic over probabilistic choice). Compared to our earlier exposition of
the work on diagrammatic reasoning [1], we give a more detailed treatment

here, and in addition, describe the interpretation of >=.

6.1. Convex spaces

In what follows, we use the notation Mod(T) to mean the category of
models of the algebraic theory T (in the category of sets, unless otherwise
stated). Morphisms in Mod(T) are functions on the underlying carriers
preserving the operations of T (in the usual sense). We also denote p £ 1—p.

To begin, let us define the notion of a formal convex space (see e.g. [14]
for a recent overview), and recall the adjoint functors giving rise to the

monad of its free algebras.

Definition 6.1.1. Let PROB denote the theory of formal convex spaces,

consisting of a family of binary operations

+= (+p)p€[0,1]
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called convex combination or probabilistic choice, subject to the axioms unit,

idempotence, quasi-symmetry and quasi-associativity, respectively

THoy =y (6.1)
THpr =1 (6.2)
THpy=ytpa (6.3)
Tty (Y+q2) = (@ +ry) +s 2 (p=rs,5=pq) (6.4)

where axiom has the side conditions p = rs and s = pg. Notice that
as well as the unit law , we also have x +; y = z, derivable from
and .

We say that models of PROB are convex spaces (also called barycentric
algebras by some authors), that is a set equipped with a family of binary

operations satisfying (6.1)-(6.4). Homomorphisms are maps f preserving

convex combination
fl@+py) = f(2) +p f(y)

which we call convez-linear mapsﬂ Thus Mod(PROB) is the category of

convex spaces and convex-linear maps.

For example, any real vector space can be understood as a convex space,

with convex combination given by the usual linear combination structure
THaYy 2 Az + Ay

of scalar multiplication and vector addition.

Notation 6.1.2. Occasionally we will find it convenient to use n-ary convex
combinations for n > 2
n
Z )\ifEi ()\Z = 0, Z )\i = 1)
i=1 i=1

LConvex spaces are closely related to the notion of affine spaces. Indeed, an affine
space is a convex space (with extra properties), hence it is entirely appropriate to also call

these affine maps.
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defined in terms of the basic binary convex combination. For example,
ternary convex combination may be written (by (6.4), interchangeably be-
tween two ways)
)\x+0y+’yzéx+>\<y+ﬁz) (N#1)
Y

S (x + 2 y) +at 2 (v#1)
A+6

Notice that since A + 0 4+« = 1, ternary convex combination may be inter-
preted as in the first equation provided A # 1 so that we do not have both
0 = v =0, and similarly v # 1 in the second equation.

It is worth pausing here to provide a little justification of the side condi-
tions in the quasi-associativity axiom . The first of these p = rs simply
equates the probability of z, as does § = pg for y. Note then that pg = 7s
(for z) is also a perfectly legitimate side condition—of course, any two suf-
fices to determine the third. By making appropriate substitutions of the
variables, the following justifies the use of quasi-associativity as a rewrite

rule in both directions.

Lemma 6.1.3. For p,q € [0,1] there exist r,s € [0, 1] satisfying (6.4), and

vice versa.

PROOF. Let p,q € [0,1]. Then § = pg € [0,1] since the unit interval is
closed under multiplication and complement. Hence s = 5 € [0,1]. From
the other side condition, we derive the following expression for r

arbitrary, ifp=¢=20
T =

pfﬁ’ otherwise.
While r is arbitrary (within [0, 1]) in the degenerate case, there we will as a
convention fix » = 0, say. In the non-degenerate case, it is easy to verify

0< 2 <1
P+ g
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In the other direction, it is clear that p = rs € [0, 1], and from the other

side condition,

arbitrary, ifr=s=1
a9=9
TS

=, otherwise.

Again we choose to fix ¢ = 0 in the degenerate case. In the non-degenerate

case, we have

(@)
VAN
\3‘ ‘ =3I
wl | w
VAN
—_

(|

Proposition 6.1.4. PROB is a commutative (or entropic) theory—forp,q €
[0, 1],

(w1 +q Y1) +p (T2 +¢ Y2) = (21 +p T2) +¢ (Y1 +p Y2)

PROOF.

K
&

(x1 +quy1) +p (X2 +qy2) = 21+, (Y1 +s (22 +q¥2)) r=pg,p="75

>
g

x1 +r ((z2 +4 y2) +5 Y1)

>
&

' — 7 —
1+ (w2 +¢ (Y2 +uy1))  t=35¢,s=tu

S
g

(1 +v x2) +0 (Y2 +uy1) r=vw,w="7t

=
IIQ

(1 +o 22) +uw (Y1 +a y2)

A straightforward calculation by substituting side conditions shows that

v=u=pand w=gq. O
Corollary 6.1.5. Choice distributes over itself—for p,q € [0, 1],

TAp (Y +q2) = (@ +py) +¢ (T +p 2)
and similarly leftwards.

PRrROOF. By idempotence z = x +4 = and Proposition O
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6.1.1. Free convex spaces

There is a forgetful functor Uy : Mod(PROB) — Set that given a convex
space, discards the operations, keeping only the carrier set. For a set X, the
left adjoint Fy constructs the free convex space Fy(X), consisting of a carrier
the “simplex” A(X), which is a convex subset of the real vector space RX,
with convex combination structure given by the linear combination structure
of R¥. The adjunction Fy - Uy induces the so-called (finitary) Giry monad
[20] 9.

Definition 6.1.6. The monad ¢ = (A, 7°, %) on Set consists of the functor

A sending a set X to its simplex

{d:X—>[O,1]

d finitely supported and Z d(z) = 1}
zeX

Alternatively, we may think of the simplex A(X) as the set of finite formal
convex combinations Zl Aiz; where z; denotes x; € X treated as a Variablﬂ
Two such terms are identified iff the weights A; of each z; are the same. For

a map f, the action A(f) is a map given by
D Nimi— Y Aif (a)

The unit of the monad has components 779( given by = +— x. The multipli-

cation has components 1% : AAX — AX given by

Z )\ZZ Hijgij — Z Ai Z eij Lij
i i J

6.2. Nondeterminism

Let us now define a theory of nondeterministic choice, which is closely
related to probabilistic choice but with proper symmetry and associativity

laws.

2In terms of distributions, x represents the Dirac “point” distribution on =
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Definition 6.2.1. Let I be a binary operation subject to idempotence,
symmetry and associativity i.e. the theory of a semilattice. Denote this

theory NDET.

Free NDET-models induce a variant of the powerset (or Manes) monad

M.

Definition 6.2.2. The monad .# = (P e, m) on Set consists of the finite

nonempty powerset functor, denoted PN
X+—{Y C X |Y # 0 and finite}

with action on morphisms given by direct image. The unit ey is given by
x + {x}, the multiplication my : (P*0)?(X) — PX(X) by set union
Z— Jv
YeZz

Remark 6.2.3. As an aside, nondeterministic choice (as we have defined
it here) is sometimes also called internal choice, especially in the process
algebra literature. This is distinct from ezternal choice which (algebraically)
has a unit, conventionally thought of as a “stop” process S. Briefly, we think
of external choice as offering the “environment”—some external entity—a
choice as to how to proceed next. Since S by convention offers nothing
to the environment however, the unit law simply axiomatises the idea that
the environment cannot distinguish between a process P, and the “choice”
between P and S. On the other hand, an internal choice is invisible to
the environment. As an example, one might think of such choices being
made by an operating system scheduler, which we as external users cannot
influence. It turns out that internal choice without a unit is preferred in
the context of combining with probability, as the presence of a unit leads to
undesired properties. For instance, if we had such a “unit” process S’ such
that P15’ = P, since the environment has no influence over the choice, the

process on the left could feasibly evolve to either P or indeed S’, implying



6.3. COMBINED CHOICE 153

(rather unreasonably) that every process P could be equivalent to S’. [7]

has some discussion.

6.3. Combined choice

The combined theory of probabilistic and nondeterministic choice—which
we shall henceforth simply call “combined choice”, should at a minimum
consist of all the equational laws of both sub-theories (in terms of Lawvere
theories, the sum PROB + NDET). What is left must be a specification of
how the choice operations +, and I interact. For very good reasons (e.g.
discussed in [48|, 18, [57]), this interaction is distributivity of +, over n.
In particular, if instead we insist on distributivity of M over +,, Keimel
and Plotkin [57] show that this is equivalent to the theory of so-called join-
distributive bisemilattices—the point being a collapse in the convex combi-

nation structure. Thus in keeping with the former, we require the equations
T4y (yNz)=(x+py) N (x+p 2)
(yNz)+pz=(y+pz)(z+pz)

so that combined choice is the distributive tensor PROB > NDET, in the

terminology of Lawvere theories.

Remark 6.3.1. Relating back to the discussion in Remark notice that
in adorning nondeterministic choice with a unit S” (call this theory NDET’
say), if one assumes that combined choice continues to be a distributive

tensor PROB > NDET’, then by consequence we have additional interaction
S/ +p Tr = S/
namely that a probabilistic choice involving the unit is always the unit (even

when p = 0), which is clearly problematic.

Having seen the monads ¢ and . in correspondence with the respective
theories PROB and NDET, one might well hope that a monad for combined

choice could be sought by a composite of the above, presumably from the
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composition of functors PYA. Unfortunately this line of thought proves
not to be fruitful, for there is in general no distributive law of monads ¢
over ./, as discussed by e.g. Varracca [67]. However, the following shows
that one may freely construct a model of combined choice over an arbitrary
convex space, (that is, a PROB-model, as opposed to just a set) which turns

out to be a more promising approach.

6.3.1. Free models over convex spaces

Given an arbitrary convex space (X, +), construct the set
Pﬁo (X)2{Y e PX(X) | Y convex wrt +}

that is, the finite nonempty subsets of X that are convex. From here on we
will drop the superscript and sometimes the parentheses to simply P; X,
both to lessen notational baggage and to avoid confusion with the powerset
functor PX0 (of Definition . Only occasionally, we may even drop the
subscript (to P) when the convex operation is clear from context.

Given two such subsets Y,Y’ € P, X, their probabilistic p-choice is

defined in a pointwise fashion
Yo, Y & {y+,y lyeY,y ey}

for p € [0,1]. Occasionally we use
n
DAY (Ai >0, Y A= 1)
i=1 i=1

to denote n-ary probabilistic choice, defined in terms of binary choice & as
discussed in Notation Nondeterministic choice of Y,Y”’ is given by

(convex hull of) their set union

YRY' 2 Convy (YUY)
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where for any Z € P X, convex hull is defined as

Convy Z £ {2+, 2 | 2,2/ € Z,p € [0,1]}
eP X
We will usually drop the subscript to simply Conv Z when the convex op-

eration is clear from context. More generally, n-ary nondeterministic choice

is defined in the obvious way
n n
I:I Y; £ Conv <U YZ>
i=1 i=1
Proposition 6.3.2. The data (P+X,®,R) constitutes a model of combined
choice.

PRrROOF. For idempotence of &, first note that for any p € [0, 1],

Y={ylyeY}
={ytpylyeY}

C{y+py |y, y eV}

=Y®,Y
In the other direction,

Ve, Y={y+py |y,y €Y}
cYy
since (Y,+) is a convex space, so that y +, 4y € Y. Hence Y @, Y =Y.
Quasi-symmetry and quasi-associativity of @ are similar, and follow from

the respective laws of +.

The semilattice structure of H is easy to verify. Idempotence for example,

YAY =Conv(YUY)=ConvY =Y



156 6. PROBABILITY AND NONDETERMINISM

where the last equality is due to Y already being convex (wrt +). Commu-

tativity follows again from the semilattice structure of set union,
YAY =Conv(YUY’)=Conv(YUY)=Y'RY

Only associativity requires a little more care, requiring the use of quasi-

associativity of + and Lemma [6.1.3] as follows
Y1 A (Y2RAY3) = Conv (Y7 U (Conv (Ya U Y3)))
={y1+py ly1 € Y1,y € Conv (Y2UY3),p € [0,1]}
={y1 +p (Y2 +q¥3) | (vi € Yi)i=1..3;p,q € [0,1]}
={(y1 +ry2) +sy3 | (vi € Yi)i=1..3;p,q € [0,1];p = 75,5 = pq}
S {1 +rv2) +sys | (yi € Yi)im1357, 5 € [0, 1]}
={y +sy3 | ys € Y3, € Conv (Y1 UYa),s €[0,1]}
= Conv (Conv (Y1 UY3) UY3)
— (Vi R Ya) R Yz
The inclusion in the other direction follows a similar argument. Hence H is
associative, as required.

For distributivity, first recall from Corollary that + distributes over

itself, in the sense
T4p (Y +q2) = (@+py) +q (2 +p 2)

for all p,q € [0, 1]—motice on both sides we have x w.p. p, y w.p. pg and z

w.p. pq. Then we reason as follows

i@, YamYs)={y1+p2 |y € Y1,z € Conv (YoUY3)}
= {y1 +p (y2 +q y3) | 1 € Y1, 92 € Yo,y3 € V3,4 € [0,1]}
= {1 +py2) +q (V1 +pys) | y1 € V1,92 € Yo,y3 € Y3,q¢ € [0,1]}
= Conv (Y1 @, Y2) U (Y1 &, ¥3))

= (V1@ Y2) A (Y1 @) ¥3)
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That ®,, distributes over H leftwards as well is a similar equational proof. [

Proposition 6.3.3. The construction above defines a functor

F : Mod(PROB) — Mod(PROB > NDET)

(X, 4) — (PLX,®,R)

PRrROOF. For a convex-linear map f : (X,+) — (Y,+'), the action on mor-

phisms is given by direct image, i.e.

Ff : (P-‘er ®7m) — (IP+’Y'7 @/7H_-|/)

Z — f12]

Let us check that F' is well defined, in particular that F'f is a homomorphism
of PROB > NDET-models. To see that probabilistic choice is preserved for

any p € [0, 1],

(F(Z@®p2Z')=fl{z+p7 |2€ 2,2 € Z'}
={flz+p?)|2€ 2, €7}
={f(z)+,f(Z)|z€ 2, €z}
={f(2)|z€ Z} @, {f() |z € Z"}
= (Ff)(Z) &, (Ff)(Z')

For preservation of nondeterministic choice, first note that convex hull is

preserved by image

f[Conv Z] = {f(z+p z')’z,z’ eZ,pe [0,1}}
={f(2) +» f(z’)‘z,z’ € Z,pel0,1]}

= Conv f[Z]
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so that

(Ff)(ZmZ') = fl[Conv (Z U Z")]
= Conv f[(Z U Z")]
= Conv (f[Z] U f[Z'])

=(FH2Z)R'(FIZ)
Finally, the functor laws go through as follows.
(F id(x.+))(2) = idix 4 [Z]
=7

= idF(X,+)(Z)

O

In fact, as the following shows, F' is a free construction—it creates the

free models of combined choice over convex spaces.

Proposition 6.3.4. The forgetful functor U : Mod(PROB>NDET) — Mod(PROB)

given by discarding the semilattice operation, is right adjoint to F'.

PROOF. For a convex space (X, +), consider the function n(x ;) : X — P4 X
given by the singleton map z — {z}. Clearly singletons are convex subsets,

and notice that this map preserves probabilistic choice i.e. for z,y € X and
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p in the unit interval,

Nx,+) (@ +py) ={x+py}
= {z} & {y}

= nx,+) (@) Sp Nix, 1) ()
so that we have a convex-linear map
nx,+) - (X)+) — (P+X7 @)

To show naturality, we need for any convex-linear map f the following

diagram to commute

N(X,+)
(X7 +) - (P+X7 @)

fl \Uﬁ

Y, +) —— (PpY, &)

Ny, +)

And indeed for any x € X, we have

(UE)(nx,+(x) = fi{z}]
={f(@)}
= 1y+) (f(2))

Hence n: Id — UF is a natural transformation.
Now for a model (Y, +,M), consider the function ey 4y : P+Y — Y

given by

n
-} — [
=1

=y M...MNyy
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This map preserves probabilistic choice, for

cvan(Z@p2) =[] =+7

z€Z,2'eZz’!
+ !
= z P z
2€Z z'ez’

where the second equality follows from distributivity of +, over . To see

that nondeterministic choice is also preserved,

E(Y,—F,ﬂ) (Z m Z/) 5(Y7+7|—‘) (COHV (Z U Z/))

= I_I zZ+p 2

2€Z,2'€Z',
p€[0,1]

= |_| |_| Z4p 2

p€el0,1] \2€Z,2’€Z’

- (707

pel0,1] \zeZ ez’

:|_|zﬂ|_|z'

z2€Z 2'ez’

= 5(Y,+7|1)(Z) Ml 5(Y,+,r|)(Z/)

where the fourth equality is due to distributivity again, and the fifth by
virtue of a “convexity” property: if z and y are possible outcomes of a

nondeterministic choice, by distributivity and idempotence we have that
eMy = (zMy)+p (zNy)
=(@+px) (@ 4py) N (y+px) N (Y +py)

for arbitrary probability p.

Hence our map is indeed a morphism of models

E(Y,4+,n) ¢ (7)+Y7 D, H_-‘) — (Y’ =+, I_I)
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To check naturality, for any model homomorphism h we seek commutativity

of the following diagram

(Y, +,m)

(P+K D, m) . (Y7 =+, |_|)

(P-l—’Zv 69/, m/) - (Z7 +/a l_l,)

E(z,+',n")

And indeed for any convex subset S € P.Y,

h<5(Y,+,r|)(S)) =h |_| Y

yeSs

= ['n)

yeSs
= €(z,+,1)(h[S])

= e(z4,m) (FUR)(5))

where the second equality holds by preservation of nondeterministic choice.
Hence, € : FU — Id is indeed a natural transformation.
Finally, to show that F' and U are adjoint, we check the “triangle” laws.

That is, we require commutativity of the following diagrams

(P+Y, @) .F(,P_F‘Xv7 @)
H(YV Yiyﬁs—,m) FW(XV erx,@,m)

Diagram-chasing on the left, we have for any y € Y

Uew4mony+))®) = Uey4m){y})

My

=Yy
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Fo F
— —
Set 1 Mod(PROB 1 Mod(PROB > NDET
et L Mod(rrop) od )
Uo U

F1GURE 6.1. Adjoint functors considered so far
And taking a convex subset S' € P+ X on the right,

(erox@m © Fnix,)(S) = e, x,@m (Nx,+)[5])
= e, xom{{r} |z € S5})

= [+]{z}

z€S
= Conv (U {x})
TES

= Conv S

=S

Notice that the carrier of F/(P+ X, ®) is PgP+X, so that the set of singletons
{{z} |z € S} € PP+ X is well-defined in the second equality.
With this we conclude F' 4 U, with unit n and counit €. O

6.3.2. Geometrically convex monad

Recall the adjunction Fy 4 Uy for convex spaces as described in Sec-
tion [6.1.1] Consider this composed with the adjunction F' 4 U in Propo-
sition In particular, the composition of left adjoints F'Fyy (along the
top of the picture in Figure constructs a free model of combined choice
over an arbitrary set, as described briefly in the following.

Let X be aset. The free model of combined choice over X is the following

data,

FFyX = (P+AX,®,m)
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where (AX, +) denotes the free PROB-model over X, consisting of the formal
convex combinations x; +) o (and more generally > . A\;x;). Hence PLAX
above comprises the finite nonempty subsets of such terms, where each sub-
set is convex with respect to +. As before, probabilistic choice @ is defined
pointwise with respect to 4+, and nondeterministic choice R by convex hull

of union.

Definition 6.3.5. The composite adjunction F'Fy 4 UpU induces a monad,
the geometrically conver monad P on Set, consisting of the (composite)
functor PA. The action of the functor on a set X is defined as above. For

amap f: X — X/, its action on f is given by image under A f

PLAX {ZM}

PAS

PuAX {Z/)\f(gc)}

To calculate the rest of the monad structure Pa, let us first recall a
relevant formula about composite adjunctions (Mac Lane [41], Chapter on

Adjoints).

Theorem 6.3.6. Given two pairs of composable adjoint functors, such as
(Fo 4 Up,n°, €% and (F 4 U,n,¢) in Figure we have a composite ad-

gunction F'Fy A UgU with respective unit and counit

H £ UpnFyon’

E2c0FU
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By applying Theorem let us give the structure of the monad x

explicitly. The unit Hx is given by

% Uoniax,+)

X AX PLAX

Tt T {z}

Before giving the multiplication, first note that for a PROB-model (X, +/),

the counit of the adjunction Fy - Uy is as follows

6(()XAJ) : (AX7+) — (X7 +/)

Again by Theorem W’ the counit E(y 4/ m) of the composite adjunction

then amounts to a composition of functions

0
Fety 41 S+,

—in fact, a composition of PROB > NDET-model homomorphisms, preserving
probabilistic and nondeterministic choice (though only the carriers shown

here for economy of notation). This map is given by
/ /
i i j i j
Equipped with F, we may now derive the multiplication M = UyU EF Fy

of the monad. The component Mx is a function

DoUE(p, aX,@,m)

P2APLAX PLAX

The domain of this map is worth some explanation. For any (finite
nonempty convex) subset S € PyAX of formal terms ), \iz;, the (free)
PROB-model (AP;AX,+2) should be understood as containing (formal)
convex combinations Zf Gjﬁj. Thus the domain of Mx comprises finite

nonempty sets of such terms, convex with respect to +2.
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With sufficient notation fixed, we can give the definition of the multipli-

cation Mx as

...,Z2Hj§j,... i—>|:| @%’Sj
J k J

This completes the description of the geometrically convex monad P =

(PA,H, M).

k

6.3.3. Relating the theory of combined choice with &

Returning to the original question, the monad we informally referred to
as “convex sets of probability distributions” is precisely £a, and it indeed
characterises the theory PROB > NDET of combined choice, as recorded in

the following.

Theorem 6.3.7. The models of combined choice are equivalent to the alge-

bras of the geometrically conver monad

Mod(PROB > NDET) ~ Set”2

Before justifying this result, let us recall briefly the notion of monadicity
(see e.g. Mac Lane [41] for much more detail). Let L 4+ R : D — C be
an adjunction, inducing a monad .7 on C formed by the composite RL.
This monad in turn gives rise to another adjunction, this time between C
and the Eilenberg-Moore category C7, with right adjoint C7 — C (the
evident forgetful functor sending a 7-algebra (C,«a) to its carrier object
C). Then there is a “comparison” functor R : D — C?7 such that the

diagram commutes.

R
—Cc7

D
R|/
C
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We say that a functor R is monadic when it has a left adjoint that
exhibits the comparison functor R as an equivalence of categories D ~
C7 . In general, one might check monadicity of a functor by the conditions
characterised in Beck’s monadicity theorem (Mac Lane, chapter VI). Indeed,
a consequence of Beck’s theorem is that forgetful functors Mod(T) — Set
from models of algebraic theories T are always monadic in this precise sense.

With this in mind, the theorem is simply an appeal to this fact.

PROOF (THEOREM [6.3.7). The composite forgetful functor UyU : Mod(PROB>
NDET) — Set is monadic, in the sense discussed above. The equivalence fol-

lows immediately. O

6.4. Diagrammatic reasoning

Let us take the formal development of combined choice from above, and
formulate this in the setting of Haskell. Adopting a similar presentation to
[19], we declare a class for monadic types supporting a binary “nondeter-

ministic choice” operation

class Monad m = MonadNondet m where

(Mazma—ma—ma

where we require I to be symmetric, idempotent and associative, i.e. equa-
tions of a semilatice. As discussed in Section [6.2} the canonical instance is a
monad of (finite, nonempty) setsEFnotice for example, the requirement for
symmetry and idempotence rules out both lists and Maybe as instances. As
usual, we would like the operation M to be algebraic, that is, respecting >=

in the sense
zm Moym>=f=(zm>=f) N (ym>=f) (6.5)

for all xm, ym :: m a, maps f :: a — m b and MonadNondet m. In words,

monadic composition (>=f) preserves nondeterministic choice M. Indeed,

3For example, the library Data.Set.Monad contains a set-based data type
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any nondeterministic computation composed with a continuation may be
obtained simply by “pushing” the continuation through the subcomputa-
tions.

Similarly we will declare a class for monadic types supporting a family of
binary “probabilistic” choice operations, indexed over probabilities—values

of a type Prob (e.g. rationals in the closed unit interval).

class Monad m = MonadProb m where

choice :: Prob—m a—ma—m a

Using an infix operator +(_), we write choice p zm ym as zm +, ym. We
require instances of MonadProb to satisfy idempotence, quasi-symmetry and

quasi-associativity, i.e. equations (|6.2))-(6.4), as well as algebraicity
zm +, ym >=f = (zm >=f) 4+, (ym >=f) (6.6)

for all p :: Prob, zm,ym :: m a, maps f :: a— m b and MonadProb m.

Finally, mirroring Section [6.3] we declare a class of combined choice
class (MonadNondet m, MonadProb m) = MonadProbNondet m

that introduces no new methods, but is required to satisfy the additional

law that choice distributes over M.

6.4.1. Distributivity of >=

The equations above for algebraicity, that is >= distributing leftwards,
seem sensible enough as axioms—indeed, they are justified in universal al-
gebra [58]. How about distributivity rightwards? Previously [19, 18], it
was thought that the latter should also be axiomatic for MonadProb, but
this was later [I] shown that when combined with nondeterminism (i.e. into

MonadProbNondet), leads to a collapse of the probabilistic choice operations.
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The problematic equation

mS>= r—frx+,g97

I (6.7)
(xm >=f) +p (zm >= g)

for p::Prob, xm::m a and maps f, g:: a—m b, is in fact not so problematic
(indeed, perfectly agreeable) when the monad m is merely MonadProb. To
see why, one should understand the equation (6.7) as implying that +,

commutes with everything.

Example 6.4.1. Take zm to be return 1 +, return 2, for g :: Prob. Then
equation (6.7)) becomes

(i +p 91) +¢ (o +p 92) = (i +¢ L) +p (91 +¢ 92)

which holds, by Proposition [6.1.4

Thus in the present setting, with MonadProb m, equation im-
plies that probabilistic choice commutes with itself, which is indeed the
case. However, when the ambient monad m is “larger”—in particular,
MonadProbNondet—one needs to be careful, for the equation implies ad-
ditional commutativity between I and choice operations, a special case of

the following fact.

Proposition 6.4.2. Idempotent, symmetric binary operations coincide when

they commute with each other.



6.4. DIAGRAMMATIC REASONING 169

PROOF. Let x, @ be idempotent, symmetric and commutative. Then for any

T,y

zxy=(zoz)x(yey) idem o
= (zxy)e(zxy) comm
= (yxx)e(xxy) symm x
=(yex)x(xey) comm
= (zeoy)x(vey) symm e
—zey idem *

Corollary 6.4.3. Equation (6.7) implies that T commutes with all +p,

in particular +1, which is idempotent and symmetric (proper). Hence by
2

Proposition @ M=+1.
2

From this observation, it becomes evident that other choice operations

collapse. For example, given x, y

r+iy=(x+12)+1y
2 2 2
=(zNx)Ny
=zMN(xMNy)

=z (:U+%y)

:(m+%m)+%y

=x+3y
4
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But we also have

=(z+1y)+1y
=z+1(y+1y)
=r+1y

4

So that +i = —i-% = +g—and SO on.

The subtlety is that while the equation holds for MonadProb, it is not a
reasonable property to have in MonadProbNondet. This may seem somewhat
counter-intuitive. After all, in the setting of algebraic theories we think
of all operations and laws of a smaller theory transporting into a larger
theory where they continue to hold—the theory P> N is at least the sum
P+ N of its parts, including (notably) their equations. But it is worth
pointing out that while this is true of the more “usual” algebraic equations
(such as idempotence, symmetry, associativity etc.), distributivity of >= is
not such an algebraic equation. Indeed, equations for algebraicity (i.e. >=
distributing leftwards) are usually left implicit in the setting of algebraic
theories. Due to their different nature, equations involving >>= should thus

be treated with some care.

Remark 6.4.4. A similar situation arises when one considers whether >=

distributes rightwards over M:
zm>=X r—fzx T gz=(zm>=f) N (zm>=g)

for xm ::m a and f,¢g :: a — m b. Again, this holds in the setting
MonadNondet m—in particular, M plainly commutes with itself, by asso-
ciativity and symmetry. But for the same reason as Corollary this

equation presents problems when m :: MonadProbNondet.
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More generally, such an equation is undesired when one does not preclude
an “angelic” interpretation of nondeterminism—that is, one that will always
explore all choices—in conjunction with effects of a non-idempotent nature
in m [18]. For instance, if m includes stateful effects such as writing, an
angelic choice may invoke a single write on the left (hand side), but two
on the right. But note that in the presence of MonadPlus (rather than
MonadNondet) choice @, a backtracking interpretation is usually preferred,
matching the behaviour of the composite monad StateT s []. In such case
we do have distributivity of >= over @ rightwards (as well as leftwards),
for commutativity (or in the language of Lawvere theories, tensor product)

between choice and stateful operations is indeed desirable.

6.4.2. Diagrammatic model

In light of the foregoing discussion, and motivated by the formal devel-
opment of Section as in [I] we develop a geometric interpretation of
combined choice (based on its free models) as a means to better visualise
the equations of the theory.

We will consider computations over a three-valued type of “outcomes”
x,y, 2. This keeps the exposition simple, and is also the most natural set-
ting for reasoning with points, lines and polygons. From Section the
simplex A(3) is a convex subset of 3-dimensional space R3. Specifically,
it amounts to vectors (z,y, z) in the intersection of the non-negative oc-
tant 0 < z,y,2 < 1 with the plane x + y + z = 1, where we identify the
outcomes with the standard basis vectors of R3—see Figure Thus we
interpret free probabilistic computations (over three outcomes) as points in
this bounded plane. In general, free probabilistic computations over n + 1
outcomes occupy points in a n-dimensional hyper-plane.

From Section the free convex combination is given by (the restric-
tion of)) the usual linear combination structure of scalar multiplication and

vector addition in R3. This motivates the following.
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x
a b 4
¥

FIGURE 6.2. Probabilistic computations occupy points on
the triangular plane; the three pure computations are as in-

dicated

Definition 6.4.5. Let d, e be free probabilistic computations, represented
as points in the geometric mode]ﬁ Then for A\ € [0, 1], probabilistic choice
d + e is represented by the weighted sum of vectors \d + Ae.

Of course, every free probabilistic computation arises as a convex com-
bination of the basis vectors. For example, z +1/; y is interpreted by Defi-
nition as x4 2y = (1/3,2/3,0) i.e. in Figure the point 1/3 of the
way (along the dashed line) from y to z as shown.

Iy

FIGURE 6.3. Probabilistic choice z +1/; y as weighted sum

of basis vectors

Now consider free computations of combined choice, that is, of the ge-
ometrically convex monad &#a. From Definition [6.3.5] such computations
lie in (P+A)(3). Since free probabilistic computations in A(3) are repre-
sented in the geometric model as points in the triangular plane zyz, free

combined choice computations are thus convex sets of such points. In other

4In the terminology of Definition|6.1.6) computations of the Giry monad ¥ over z, y, z.
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words, convex polygons. We recall earlier definitions of probabilistic and

nondeterministic choice in this setting from Section [6.3

Definition 6.4.6. For computations p, ¢ of free combined choice repre-
sented as convex polygons, nondeterministic choice p M ¢ is the convex
hull of their union. Probabilistic choice p +) ¢ is defined point-wise, i.e.

{d+re|dep,ecq}

As a simple example, nondeterministic choice of the pure computations
z,y (we elide brackets when denoting singleton sets) is represented by the
straight line connecting = and y, as shown in Figure More generally
when taking nondeterministic choice of convex polygons, the notion of con-
vex hull and union are well-understood. Example illustrates the defi-

nition of probabilistic choice for convex polygons.

8
\)
N\
N\
N\

Yo--m----»

\
[}
[}
U
<
v

N,

%

FIGURE 6.4. Nondeterministic choice x M ¥y is a straight

line connecting the points

Example 6.4.7. Let m,n be computations of free combined choice, repre-
sented respectively as the triangle and diamond in Figure[6.5] Probabilistic
choice m +s/; n is given by the (convex) set of weighted sums d +;/; e, for
each d € m,e € n. Indeed by taking convex hull, it is sufficient to consider
only the vertices of m, n. For instance, for a vertex of m as marked, we take
its weighted sum with each of the four vertices of n, thereby projecting an
image of n a fraction 3/5 of the way. Similarly with the other two vertices of
m, we have thus three projections of n, whose convex hull is the heptagon

as shown.
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FIGURE 6.5. Probabilistic choice m +s/; n of convex polygons

With this simple geometric model, we begin to explore the potential
for diagrammatic reasoning. Recall (e.g. Section that the theory of
combined choice is axiomatised by distributivity of probabilistic over non-
deterministic choice, but not the other direction. We justify this informally

with simple examples.

Example 6.4.8. Consider the computation (z M y) +2/ 2. Since z M y
is the line shown in Figure taking the weighted sum of every point in
this line with z yields a line 2/3 of the way from z, as in Figure (a). By
distributivity, we expect this to be the same as (z +2/5 2) M (y +2/5 2). By
definition of I this is the line connecting the points z +2/; 2z and y +2, 2,
and indeed they are precisely the endpoints of the line in Figure (a).

Example 6.4.9. Let us seek a diagrammatic counter-example to distribu-
tivity of nondeterministic over probabilistic choice. Consider Figure [6.6|b).
The point z +1/; y is as indicated at the base of the triangle, and its non-
deterministic choice with z is the line connecting it with z as shown. We
should not expect this to be the same as the right hand side, and indeed it
is not—the lines ¢ M z and y M z are the upper edges of the triangle, and

their weighted sum is the entire shaded parallelogram as shown.

The geometric interpretation of the operation >= is somewhat more
complicated—Iet us start by recalling from Section the multiplication
M for the geometrically convex monad A, from which (together with

Definition the action of its functor PA) one derives >= using the
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FIGURE 6.6. (a) Distributivity (z M y) 425 2 = (T +23
z) T (y 425 2) (b) Non-distributivity (z +15 y) M 2z #
(z T 2) 45 (y T 2)

well-known Haskell equality

(=) >=f = join o fmap f

where join is taken to be M. Specifically, for a Kleisli map f : X — (PA)(Y)
this is the composite map My o (PA)(f) given by

(PA)(X) (E:N£%>
i k

(PA)(Y) [+] (@ A,-vkm-))
k )

In our particular geometric setting X =Y = 3, we specialise this even

further, as in the following.

Definition 6.4.10. Monadic bind (—) >= f for the geometrically convex

monad A over x, y, z is given by the map

(M + 04y + 12) — [+ M (@) @ 0k f(y) © 1 f(2)
k
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with A 4+ 6 +~ = 1. In more words, let m be a convex polygon. m >= f
considers each vertex k of m (for it is sufficient to consider only the ver-
tices) as a weighted sum of the bases z,y,z. Their images under f (i.e.
the triple f(z), f(y), f(z) of convex polygons) are in turn convex-combined
with the same weights. Finally, convex hull is taken over all such convex

combinations.



CHAPTER 7

Conclusion

Let us begin by summarising the main results of this dissertation. In
Chapter [4] we began to explore what we believe to be an open question,
about the relationship between distributive tensors (of Lawvere theories)
and distributive laws (of monads). There, we gave an account of a simple
example of a distributive law (the list monad over the bag monad) which
turned out to coincide with the distributive tensor of the respective theories.
We also showed that a distributive tensor of the semigroup over unit theory is
equivalent to the free semigroup with zero monad. This leads to the question
of when the two notions—distributive tensor and distributive law—exhibit
such coincidence generally. We have more thoughts on this in Section [7.2]

In Chapter we gave a number of correspondence results based on
the observation that the essential structure of various combinatorial search
strategies (such as depth-first and breadth-first) can be captured by two
equivalent formulations—as bunch monadic types, and as more structured
theories of monoids. Specifically in the latter, we add appropriate equa-
tions to the theory of monoids MON with a unary operation WRAP, thereby
specifying their interaction. As such, we showed that a bunch monad of
forests arises from taking the sum of MON and WRAP i.e. without adding
new equations. We gave two proofs of this—first by considering the free
models of the sum-theory, the other by application of a theorem about the
generalised resumptions monad transformer. While the list monad (charac-
terising depth-first traversal) arises by discarding WRAP, other bunch types
satisfy equations given by adding interaction between the two theories. In

the case of the DBound bunch monadic type, such values were shown to be

177
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models of a distributive tensor of MON over WRAP. We considered also the
free models of this theory, giving rise to a monad of fences. Furthermore,
by imposing symmetry on the monoid operation, we obtained a distribu-
tive tensor theory that matches breadth-first traversal closely, and while
we showed that the Matrix bunch type is not quite a model of this theory,
we proposed a refinement InfMatrix that is. Again we considered the free
models, giving rise to a monad of bundles.

The remainder of the chapter shifted focus to list computations, where
the (mtl) list monad transformer was critiqued with respect to its appli-
cation to practical stream programming. The main contribution here was
a novel characterisation of this transformer as a distributive tensor from
MON. This is in contrast to the equational presentation of the alternative,
“done right” list transformer, whose difference we clarified: while it too ex-
hibits distributivity of the monoid operation, it does so crucially only in the
leftwards direction and not the right.

Contained in Chapter [0]is a detailed derivation of the geometrically con-
vex monad—the combination of probabilistic and nondeterministic choice ef-
fects, which we call combined choice—in a relatively simpler setting than the
usual presentation of it in the (mostly domain theoretic semantics) literature.
As such, its characterisation as a distributive tensor is clearer. Although this
particular characterisation has been mentioned before in passing [27], we do
not believe that our main correspondence result (Theorem is widely
known.

Following on from this, the focus shifted to equational reasoning in
Haskell (or a similar functional programming setting). Under this lens, we
identified an incorrect assumption in some of the literature on the equational
axiomatisations of various algebraic effects such as probabilistic choice. Specif-
ically, it was thought that monadic bind >= distributes over probabilistic
choice, both in the leftward and rightward directions. It turns out the lat-

ter is a far more contentious property than the former (which just states
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algebraicity of the operation), particularly if one assumes that such prop-
erties continue to hold without fuss when combined with other effects. For
example, Section considered once more the algebraic effect of combined
choice, where we have both probabilistic and nondeterministic choice op-
erations. But then we showed that rightwards distributivity of >= over
probabilistic choice implies its commutativity with any operation, in par-
ticular nondeterministic choice. But this contradicts the usual equations
of combined choice—in fact we showed that in such case, the probabilistic
choice operations collapse. Note that we also give a direct equational proof
of this result in [1].

Since it can be difficult to get the equational properties of the interaction
between probabilistic and nondeterministic choice right, in the remainder of
the chapter we developed a technique for reasoning about such equations
visually, by taking a geometric interpretation of the free models of com-
bined choice. That is, we interpret computations of the geometrically convex
monad (over three values) as convex polygons on a plane. We illustrated
the use of this diagrammatic model by exhibiting an inequality (specifically,
non-distributivity of nondeterministic over probabilistic choice). Compared
to our earlier exposition of the work on diagrammatic reasoning [I], we gave
a more detailed treatment here, and in addition, described the interpretation

of >=.

7.1. Concluding remarks

In this dissertation we have paid particular attention to a relatively
lesser-known construction on Lawvere theories, the distributive tensor. In
this section we provide some commentary on the relevance of the results
discussed above, as well as the wider role that the distributive tensor plays
in the theory of combining computational effects. In a seminal paper on
combining effects [26], it was remarked that sum and (commutative) tensor

account for most of the examples in which effects are combined in practice.
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For example, they respectively explain the exception and state monad trans-
formers in a mathematically precise way, in terms of the interaction between
operations of two theories. That said, while sum and tensor do characterise
many monad transformers of practical interest, the overall picture is more
nuanced than the above remark might suggest. As a case in point, in this
dissertation we studied the list (or backtracking search) transformer. In
Section we showed that ListTy, one form of this transformer, is in fact
characterised as a distributive tensor. Furthermore, the variant ListT (as
in [29]) is not any of the three constructions. Instead it could be described
crudely as “half” a distributive tensor, since it insists on distributivity of
the monoid operation only in the leftwards direction. Thus it is interesting
to note that it is the absence of some positions of distributivity (a point that
we return to later) that largely results in, for most practical applications, a
more capable transformer for backtracking effects.

Backtracking in the list monad, it turns out, follows a depth-first traver-
sal strategy. Earlier in Chapter [5| we investigated a class of bunch monadic
types representing the traversals of other kinds of search strategy. The var-
ious correspondence results that we established, between a bunch type and
an equational theory, are mostly of theoretical interest. From them, we have
an understanding of the monads that capture the most essential structure
of the search strategy in question. From a more practical viewpoint, since
these monads represent the idealised form of a search space traversed with
a particular strategy in mind, we can write functions on such abstract data
types accordingly, without needing to know the concrete representation. For
example, if we know our input data has been traversed and organised in a
breadth-first order that we wish to preserve, but not its concrete data type,
it makes sense for our function to operate on Bundle values. In this particu-
lar scenario, the provider of the data can decouple the specific type from the
client. Provided it is a bunch monadic type, reconciling with bundle values

is a simple matter of giving a mediating bunch morphism.
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The other application of distributive tensor that we studied in some
depth in this dissertation is the combination of probabilistic and nondeter-
ministic effects. Both in isolation are standard examples of effects, but in
some problem domains it is important for them to be used in concert (i.e.
what we have called combined choice)—for example, to model probabilistic
systems that depend on nondeterministic inputs. Our main result, estab-
lishing the equivalence between the geometrically convex monad and the
theory of combined choice, is of theoretical interest. Although mentioned
in [27], we do not believe this characterisation as a distributive tensor is very
widely known. That said, soon after proving this result, we discovered that
a similar one has been shown in Beaulieu’s thesis [7]. Nevertheless, our pre-
sentation is somewhat different. While Beaulieu preferred to establish this
equivalence “directly”, we instead found it insightful to give due emphasis
on the actions of the various adjoint functors at play—the equivalence itself
is then merely an immediate consequence by appeal to monadicity.

But there is also practical relevance in the work on combined choice, as
we began to explore in our technique for reasoning about such equations
with diagrams—specifically, convex polygons. We believe a visual tool is of
benefit to reasoning about the equational properties of programs with com-
bined choice effects, if only because—due to their non-trivial interaction—it
can be notoriously difficult to get such equations right. Indeed, had such a
tool been known at the time, it might have helped prevent earlier erroneous
axiomatisations of probabilistic choice in the literature—specifically, the as-
sumption that monadic bind = distributed rightwards over it. Having said
that, our discussion of this equation (or rather, non-equation) shows that
properties involving >= can be subtle and requires some care, especially
when moving from one monad to a “larger” one (e.g. via a monad trans-

former) as the scope of >= is enlarged. This also strongly suggests that
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such distributive properties about >= (whether this direction, or algebraic-
ity) should be considered differently to usual “algebraic” equations when

giving an equational theory of a type class, say.

7.2. Further work

We end with some final remarks, and directions for future work. In the
applications chapters, we note that in our investigations of monad-theory
correspondences of search strategies, we accounted for depth-first, breadth-
first and depth-bounded traversals. Specifically for breadth-first, we pro-
posed a refinement bunch type InfMatrix, but note that it is only one of
several such refinements that could reasonably be made models of WRAP >
CMON, and it would be worth considering the others. More broadly speak-
ing, it would also be interesting to explore heuristic (e.g. A*) search in terms
of algebraic effects, and beyond this, search algorithms from planning and
reinforcement learning communities. And while we established a main cor-
respondence result in probabilistic and nondeterministic effects, it remains
further work to investigate the limits of the diagrammatic framework for
more serious reasoning about properties of combined choice programs, es-
pecially those of reasonable size and complexity—the definition of >= for
example, is currently not very straightforward to interpret visually. One
would also hope in later work to establish connections with results in prob-
abilistic completions of nondeterminism [6], that is, the “dual” situation in
terms of the composite adjunction involved. Again in broader terms, we
believe the combination of two instances of nondeterminism (e.g. [45], [44]),
characterising two-player games and protocols, has many parallels that are
worth studying. For example, its model as an “upwards-closed” set of sets
strongly resembles (and is perhaps a specialisation of) convex-closure—as in
the model of combined choice. Equationally, it has also been claimed [27]
(and is very likely) to be a bi-distributive tensor, although it seems not to

have been studied much in this way thus far.
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We established a result about the list monad transformer: ListTy cor-
responds to a distributive tensor from MON. As we saw however, the other
variant ListT is not—in fact, it is none of the known constructions on Law-
vere theories that we have considered in this dissertation, for it insists on
distributivity of the monoid operation in the first argument but not the
second. It remains to be seen whether a novel variant of the notion of dis-
tributive tensor to account for this proves to be fruitful, but it would appear
that such a notion would probably be difficult to generalise, since it implies
flexibility in the choice of positions that distribute and it is difficult to see
how that could be easily achieved. The general theory would presumably
need some means of “singling out” positions, for which currently there is
no obvious facility for. A related question is whether pairs of operations
themselves may be singled out for distributivity, rather than insisting that
all do. In a similar vein for the commutative tensor, one may conceivably
want commutativity in some selective pairs of operations, or none in others.
For example, one might not want one constant commuting with another,
since doing so would collapse them together. Again, this flexibility appears
difficult (if not impossible) to accommodate, since it suggests singling out
particular operations—recall that in a Lawvere theory, all operations are
treated uniformly, in some sense. This is perhaps indicative of a wider point
about the limitations of sum and tensor—they could be described crudely
as “all or nothing” constructions. But as we have seen, in practice there
are computational effects involving operations that interact in more ad hoc
ways (with both ListT and “cut” from logic programming as examples in
Section that do not quite fit the classification of commutativity / dis-
tributivity in every position.

Of course, the very fact that sum and tensors are defined in such natural
ways makes them broadly applicable—indeed, they always exist. By con-
trast, distributive laws (hence composite monads) do not always exist (e.g.

between the distribution and set monads [67], in either direction), but are a
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more flexible notion—alfter all, there may well be more than one distributive
law between two monads. That is of course, assuming one exists at all—
but when it does, the evidence would appear to suggest that a canonical one
matches the description given by distributive tensor, at least when expressed
in terms of reduction rules from rewriting theory [4]. We conjecture that
recursively defined distributive laws arising from commutative monads and
Kleisli strength [42], 43| coincide with distributive tensors of their respective
theories. As discussed in Chapter [ the precise relationship between the two
notions does not appear to have been studied much, and remains as future
work. It is also worth noting that work on composite Lawvere theories [12]
reconciles the two notions of Lawvere theory and distributive law, but while
of much theoretical interest, its relevance to the more concrete problems of
combining effects requires further investigation. This work does, however,
reinforce the idea that in comparison to distributive tensors, distributive
laws are a more flexible notion. Likewise, while the characterisation of dis-
tributive tensor in terms of models [27] appeared promising for simplifying
correspondence proofs in this dissertation, at least in the author’s experi-
ence, its highly technical formulation proved difficult to apply in calculating
specific examples. In future work, one would hope (either by refining this
formulation, or otherwise) to employ a more modular style to the proofs of

monad-theory equivalences.
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APPENDIX A

Algebraic effects for programming

Popularised by the Haskell programming language, monads have become
an abstraction tool useful not only to language designers and semanticists,
but also programmers. In this chapter, we give some evidence of the claim
that algebraic theories too, have much to offer to programmers. The central

concept here is that of a handler of algebraic effects.

A.1. Handling effects

The recent activity in the research area of effects and handlers have
manifested into several compelling languages worthy of study. First however,
let us connect the notion of handler to the background material on algebraic
theories. Since exception handling is pervasive in programming, it will serve
as our starting point in motivating a more formal explanation of handler.

This section reviews the introductory sections of Pretnar & Plotkin [60],
in more explicit detail. Recall the computational effect of exceptions. As an
algebraic theory, it is a signature comprising a family (raise.).cp of nullary
operators called raise, indexed by a set E of exceptions, with no axioms.
Alternatively, it is conventional to consider a single operator raise : 0 — F,
with 0 and E denoting respectively its arity and coarity. Intuitively, raise
is nullary because we expect for there to be zero choices of continuation
following the raising of an exception. Now let Y g denote the theory of
exceptions, and Y p-Alg its category of (set-theoretic) algebras. Evidently,
there is a forgetful functor U : X p-Alg — Sets given by (Y, —) — Y. Its
left adjoint (the free algebra functor) F' sends a set X to the algebra

(X + E,[raise| =inr: E — X + E)
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with carrier X + F and interpreting function [raise] given by the coproduct
injection inr.

The monad induced by this adjunction, i.e. with functor part UF =
— 4 E (and unit n with components given by inl) is the usual Moggi monad
of exceptions. Indeed, since there are no axioms associated with the theory
of exceptions, we may view X g as the constant signature functor — — FE,
and then this monad is precisely the free monad X7, over it.

As well as an operation to raise exceptions, many programming lan-
guages allow one to “catch” and handle raised exceptions, e.g. this could
mean logging the exception, returning a value, or aborting the program.
We can imagine such an operation handle.(/K, L) that continues with the
computation K, unless it raises an exception e—in which case it proceeds
with L. Unfortunately, it can be shown that such an operation is not alge-
braic—it turns out that handle lacks a certain naturality property, and so

it must be treated differently.

A.1.1. Exception Handling

To explain the true nature of exception handlers, let us continue our
analysis of the theory of exceptions. Consider a Y g-algebra (X + E,m).
Noting that this has the same carrier as the free Y g-algebra F'X over the
set X, with universal arrow nx, there is a unique extension of the coproduct

injection inl such that the triangle below on the left commutes:

nx .
X — X+E (X + E,inr)
. inl# inl#
inl
X+ E (X + E,m)

In programming terms, we can think of the interpreting function m : £ —
X + E as an exception handler that a programmer has defined, where a
handling computation M, € X + E is given for each exception e. Under

this reading, inl* gives the semantics of the handling construct: it takes a
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computation, and interprets it such that a raise.() is instead replaced by
the computation M, determined by m.

More precisely, the commutative triangle reflects one of the equational
properties of the handling semantics—that interpreting a computation that
is a pure value against our handler is the same as interpreting just the
pure computation alone. For the other equational property, first observe
that as inl* is a homomorphism of ¥ g-algebras, we also have the following

commuting triangle:

E-".X4+FE
inl#

m
X+ F

which confirms that interpreting a raise.() operation with our handler se-
mantics is the same as as the computation M, as determined by our excep-
tion handler m. In sum, an exception handler is modelled by a X g-algebra
with the same carrier as that of the free algebra, where the semantics of

handling is given by the homomorphism inl# between them.

A.1.2. Generalised Handlers

Let us now see how the generalised exception handlers of Benton and
Kennedy [9] fit into our analysis of exceptions. Notice that for simple ex-
ception handlers of section algebras m have the same carrier as the
free algebra, and the induced homomorphism is required to be the extension
of inl, ensuring that computations are handled in a value-preserving way.
Abstractly of course, the universal property of free objects does not strictly
require this to be so; hence let us lift this restriction somewhat.

Take any Y g-algebra (Y4 FE,n) and a function k : X — Y+FE. Again, we
may think of n: E — Y + E as a user-defined exception handler, assigning
to each exception e a computation N, that either returns a value in the

(possibly new) set Y, or again raises an exception. The map k can be read
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as a user-defined continuation in Y 4 F that takes a value in X as parameter.
By the universal property, we have a unique homomorphism k# of algebras

such that the triangle below on the left commutes:

nx ,
X — X+FE (X + E,inr)
k# k#
k
Y+FE Y+ E,n)

Again, k% defines the semantics of this generalised exception handling con-
struct: the commutative triangle reflects the equational property that a
handled pure computation of a value z is interpreted in the same way as the

continuation k on z, and since k¥ is a homomorphism of algebras:

E-" . X+E
kH

n
Y+E

we have the other equational property that a raise.() operation handled
with respect to n is interpreted in the same way as N,.

What we have seen here is an explanation of the notion of a generalised
exception handler, but in fact this construction extends to arbitrary alge-
braic effects—mnot only exceptions. Whereas raised exceptions were replaced
with handling computations, in any algebraic theory we may give similar
handling semantics to each of its operations. This generalised, extended

notion of handler is the one we refer to.

A.2. Algebraic effect libraries: a short survey

The view of computational effects as algebraic theories offers a com-
pelling alternative to the more familiar monadic view. For example, study-

ing effects in this setting has shown how one may combine effects together



A.2. ALGEBRAIC EFFECT LIBRARIES: A SHORT SURVEY 195

[26] in ways distinct to the usual “monad transformer stack” method, avoid-
ing issues of compositionality often cited when combining monadic effects.
With the introduction of handlers, the situation becomes yet more interest-
ing, as they open the door to the design of languages with new programming
abstractions centred around this view of effects.

In this section we will survey some of these languages, and focus on a
particular few in slightly more depthﬂ I will assume the reader has seen
functional programs before. Rather than give a formal account of language
specifications however, for the purposes of comparing the salient ideas of each
language, I opt for a more “Bruce Tate” [65] inspired style of exposition,
motivated by small examples involving exceptions, state and nondetermin-
ism: three very familiar effects that have been studied previously in my term
paper. The point here is not to study any one language in depth, rather
to see how several relate to each other, and perhaps most pertinently, how

they relate to the theory.

A.2.1. eff

The language EFF [5] was the first to explore the ideas of algebraic effects
and handlers for practical programming. Although the syntax resembles ML
(intentionally—a design choice of the authors), it is an entirely standalone
language designed by Bauer and Pretnar (the latter of course one of the
pioneers of handlers [60]). As a first example of EFF programming, let us

once again look at how the exceptions effect is treated:

type ’a exception = effect operation raise : °’
a— empty

end

1Due to the novel and experimental nature of these languages, the choice of which to
focus was determined mostly by the amount of literature / documentation that happened

to be available at the time of writing.



196 A. ALGEBRAIC EFFECTS FOR PROGRAMMING

The effect ... end construct forms an effect type, which we think of ab-
stractly as a signature. In this case, exception, parameterised in a type a,
comprises a single operation raise. Notice that raise is defined in the form
of a generic effect [58], in keeping with Plotkin-style presentation. Other
than that, this corresponds exactly to the familiar algebraic theory of ex-
ceptions analysed in section

We can define a handler for exceptions using the handler ... syntax—e.g.
let us say we are not interested in the particular exception that was raised,
only the value returned; then we may craft a handler optionalise that
converts a computation that may raise exceptions into one that optionally

returns a value:

let optionalise e = handler
| e # raise — _— None

| val x — Some z

A raise operation is evaluated to None, regardless of the particular excep-
tion in a, and makes no use of the continuation (indeed, as discussed in
section it cannot)—hence they are both unused parameters. Pure
values x on the other hand, are returned as-is inside a Some wrapper.

The e parameterises over effect instances (in this case, of exception),
so that it is possible to handle (possibly in a non-uniform way) multiple
instances of a single effect within a computation. One creates an effect
instance with the operator new, and with ... handle attaches a handler to a

computation:

let ex = new exception
with optionalise ex handle

(xcomputationx)

Let us now look at another example where the continuation is used. Con-

sider the theory of (binary) nondeterminism—its signature consists solely of
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the algebraic operation V : 2 — 1, and represented as the following effect

type choice in EFF:

type choice = effect
operation decide : unit — bool

end

We will define a handler all that interprets the decide operation by collect-
ing all possible results into a list. Under this interpretation, a single value

is of course transformed into a singleton list:

let all ¢ = handler
| ¢ # decide () k— k true QQ k false

| val x — [z]

Notice the continuation k is called not just once but twice, to get both
outcomes that is then concatenated together with @. As an example of its

usage, consider the following handled computation:

let ch = new choice

with all ch handle
let © = (if ch # decide () then 10 else 20) in
let y = (if ch # decide () then 33 else 66) in

T+y

By giving the abstract computation (i.e. the last three lines) the handling
semantics of all, the result is the list [43;76;53;86] of all possible results
from all choices of the decide operation! Equally, we could instead assign
a handler that interpreted decide to always choose true, and this would
yield an arguably more natural-looking result of just 43.

As a final case study for EFF, we look at the computational effect of
state, which has an operation for looking up a stateful value, and one for

updating it:
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type ’a state = effect
operation lookup : unit -> ’a
operation update : ’a -> unit

end

A handler for state that reflects the behaviour of references in ML, or a
“reader” monad in Haskell, threads the state around a computation by inter-
pretations as functions taking the state as parameter. The return clause is
simply the constant function returning the value. The interpreting functions
for lookup and update return, respectively, the continuation parameterised
by the state (without changing the state itself), and the continuation with
the state updated:

let reader r init = handler
|valy — — (fun s—y)
| v # lookup () k— (fun s —k s s)
| r # update s" k— (fun s—k () s')
| finally f — f init

Note that reader takes an additional parameter init for the initial value
of the state, and there is a finally clause. Such a clause, when present,
performs one final transformation on the whole handled computation. In this
case, the computation—interpreted as one big state function f—is applied

to the supplied initial state.

Remark A.2.1. Although the handler implementation reader serves its
purpose, there is an unfortunate consequence. Namely, if an instance of
state falls outside the scope of its reader handler, its behaviour will be
undefined. Hence Bauer and Pretnar prefer in this case an alternative idiom
that, in some sense, gives a “default” behaviour to effect instances in the

absence of an appropriate handler:
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let ref init =
new state QQ init with
operation lookup () QQ s — (s, s)
operation update s’ QQ _— ((), s')

end

This uses an alternative form of the new operator that, as well as creating
an effect instance, associates with it a resource (an idea based on the theory
of “comodels” which we will not explore here). In this case, the resource
is the current state, initially set to init, and its evolution in response to

lookup and update are similar to that of the handler above.

A.2.2, hia

Whereas EFF is a completely stand-alone language, HIA is a 1ibraryE|
designed to extend the capability of Haskell with algebraic effectful pro-
gramming [33]. The ideas in HIA bear resemblance to those in EFF, for one

usually starts by defining the abstract operations, e.g. for state:

[operation | Get s :: s |]

[operation | Put s :: s — () |]

which automatically derive wrappers get and put (types omitted for brevity)
for use within an abstract computation. A simple example of such a com-

putation is the following;:

comp :: SComp Int Int
comp = do {z + get; put (z + 1);
y < get;put (y +y); get }
where SComp s a is roughly the type of abstract computations of state type s
returning values of type a. Note the use of conventional Haskell do notation,

2As the authors do not give an explicit name for their library, for convenience I refer

to it here HIA, after the title of their paper.
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though the reader is warned that comp is a pure computation! We may think
of it simply as a term in the free algebra over the signature of state. To give
meaning to the operations get and put (and hence to the computation), as

for EFF we define a handler for state:

[handler | ReaderState s a :: s — a handles {Get s, Put s} where
Return z s — return x
Getks— ks s

Putsk _—k () s]|]

The anatomy of this handler is completely analogous to that of the reader

handler in EFF earlier. Again, this generates a convenient wrapper function:
readerState :: s— SComp s a — a

whose first argument is the initial value of the state. To actually run a com-
putation against the handler, we may apply this function to the arguments
1 and comp, say, to get a result of 4.

While the handler above worked fine for comp, what if it had other (non-
stateful) operations within it? Due to the closed nature of the handler,
unfortunately such a computation would not be supported by it. A novel
feature of HIA that addresses this shortcoming is the notion of an open
handler, that is, one that interprets the operations that it supports, and
forwards those it does not to a parent handler, if one has been composed
with it. “Opening up” a closed handler, so to speak, is a simple matter of

adding some syntactic sugar to its declaration:

[handler | forward h o

ReaderState s a:: s—a -- (etc. as above)

Il

To illustrate a simple example of composing open handlers, we consider

two operations similar to those of nondeterminism and exceptions:
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[operation | forall a o Choose :: a — a— a |]

[operation | forall a o Failure:: a |]

The intuition, unsurprisingly, is that Choose decides on one of its two ar-
guments, and Failure aborts. Assuming we have a computation that per-
forms both operations, we may wish to handle it with a composition of two
handlers—one for each operation. Keeping with similar handlers considered

for EFF for simplicity:

[handler | forward h o
AllResults a :: [a] handles { Choose } where
Return z — [z ]
Choose z y k— k = + ky |]
[handler | forward h o
MaybeResult a :: Maybe a handles { Failure} where
Return z — return (Just z)

Failure k — return Nothing |]

Now we can compose these two handlers together. Taking CF a to be the
type of abstract computations involving Choose and Failure, we can handle

such a computation with the following:

allOrNothing :: CF a — Maybe [a]
allOrNothing = maybeResult o allResults

The handler allResults interprets choose to yield a list of all results,
forwarding failure to maybeResult, which in turn translates them into

optional (lists of) results.

Remark A.2.2. The example here is of course rather contrived: e.g. there
is no reason why AllResults cannot also handle Failure (a translation

into an empty list would be the canonical implementation). The point here
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really is to demonstrate, in the simplest way possible, how composition of

open handlers work in HIA.

A.2.3. Effects

EFFECTS is another library developed for the purpose of extending an
existing language with effects and handlers—this time, the dependently-
typed language IDRIS [10]. More precisely, EFFECTS is a domain specific
language embedded in IDRIS, its implementation of which makes essential
use of the host language’s dependent types. Our first example is the familiar

state effect, whose signature is formulated in EFFECTS as follows:

data State : Effect where
Get:Statea a a

Put:b——State a b ()

Unlike HIA, declaring the algebraic operations of an effect require no special
syntax—simply a data type of kind Effect, which is a ternary type con-
structor. Like EFF, EFFECTS makes use of resources, but rather than being
an auxiliary notion, they are much more central to the design of the library.
For the type State abc, a denotes the type of the input resource (in this
case, the state itself), b the output resource and c the actual type of the

computation.

Remark A.2.3. While it may seem unusual for the type of the state to

change, this flexibility accommodates °

‘resource usage protocols” whereby a
resource of dependent type A(s) may well transition to another A(t) differing

only in the value indexed.

Looking at the operations, Get returns the state, without altering it.
Put on the other hand, returns unit but updates the state to the one given.
Observe that if one ignores the resource state parameters, the types are no

different to what we have seen already for state operations.
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Giving a handler is a similar affair to before, except that in EFFECTS,
one does this by defining an instance of the type class Handler (consisting
of the single method handle) parameterised over not only the Effect in
question but also a computational context—which may be a monad (but not
necessarily so). The latter allows context-dependent handlers to be written,
e.g. we may want exceptions to be handled differently in an I0 context
compared to a Maybe context. For state, we can implement a handler that

works uniformly over all contexts m:

instance Handler State m where
handle st Get k = k st st
handle st (Putn) k =k n ()

and this is just the implementation we have seen previously. To start writing
effectful computations, we require a so-called concrete effect (STATE), and
correspondingly, concrete operations (get and put) that are “promotable”
from the internal algebraic description above via helper functions in the
library.

An example of an abstract stateful computation is the following tree-

labeling program made famous by Hutton and Fulger [24]:

data Tree a = Leaf
| Node (Tree a) a (Tree a)
tag : Tree a — Eff m [STATE Int] (Tree (Int, a))
tag Leaf = return Leaf
tag (Node l z r) =do I + tag |
b < get; put (Ib+ 1)
r' < tag r

return (Node I’ (Ib,z) ')

In EFFECTS, effectful computations are of type Eff m es a, where m denotes

the computational context that the program will run in, es a list of concrete
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effects that the program is permitted to use, and a is the program’s return
type. Hence the type signature of tag indicates that, given an input tree,
it returns a computation that may invoke stateful operations (i.e. get and

put), and returns an appropriately labeled tree.

Remark A.2.4. It is worth mentioning that an effectful computation can be
declared to use any mixture of different effects. For example, a program that
permits console I/O, threads integer state, and might throw an exception of

type Error may have a type like the following:
example : Eff 10 [EXCEPTION Error, STDIO, STATE Int] ()

What if a program involves multiple instances of a single effect? EFFECTS
has a concept of labeled effects that serves a similar purpose to effect in-
stances in EFF. For instance, if in addition to labeling a tree, we also hope
to maintain a count of nodes as the tree is traversed, we could define our

program with a type signature:

data Statelnstances = Tag | Count
tag : Tree a — Eff m [Tag ::: STATE Int,
Count ::: STATE Int] (Tree (Int, a))

and in the implementation itself, get and put operations would be prefixed
with Tag : — or Count : — to indicate the particular instance of the effect

to invoke the operation on.

Now to actually run the computation, it must be passed as parameter
to a “run” function, together with a list of initial values for each resource
associated with the effects declared in the computation. As such, it is very
similar in spirit to the wrapper functions generated from handlers in HIA,
except that the run functions here work generically. The simplest example
of such a function is runPure, which assumes that the computation is run

in the context id, i.e. a pure function:
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tagFrom : Int — Tree a — Tree (Int, a)

tagFrom init t = runPure [init] (tag t)

Since our handler above is defined for all contexts, it certainly supports id
as a context, and hence this is the one used to run the computation against.
Now, the reader may have noticed that this handler definition, unlike EFF
and HIA, lacked a “return clause”. In fact, in EFFECTS this function gets
passed as parameter to the run function, or in some overloads this will not
even be necessary if the context in which to run is an applicative functor—

since this comes equipped with such an operation (usually called pure).

Remark A.2.5. The treatment of exceptions and nondeterminism is sim-
ilar and not surprising, hence they are omitted here. However, it is worth
noting a limitation raised by Brady regarding the latter. Namely, when
nondeterminism is combined with other effects, the values of resources for
those other effects are reset at the start of each branch. In particular, this
implies there can be no sharing of state between branches. The reason this
is so can be explained by a certain distributivity law [19], which given the

absence of equations of any kind, gives rise to this limitation.

A.2.4. Frank & Friends

The previous subsections have shown that while EFF, HIA and EFFECTS
each have their own nuanced approach to effectful, algebraic programming,
fundamentally they are coherent with the core ideas of the theory. That
is, they each have some form of representing the theory of an effect (or
at least, its operations), and a notion of handler that interprets operations
(thus computations).

Indeed, they are not the only languages to embrace the algebraic ap-

proach to effects. Briefly, McBride’s FRANK [46], for example, is a language
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that resembles EFF, but has a more developed effect typing system influ-
enced heavily by Levy’s call-by-push-value calculus. It only supports so-
called “shallow” handlers, unlike those that we have seen for the languages
above (although HIA is able to support shallow handlers too). Another lan-
guage that brings effects into its type system is KOKA [38], which makes
use of row-polymorphic effect types.

Elsewhere, Staton has shown a characterisation of syntax-invariant pa-
rameterised algebraic theories [63]—a more general form of algebraic the-
ories considered here—in terms of enriched clones. He presents a fragment
of predicate logic in this parameterised form, giving rise to a logic program-
ming language. Finally, Kiselyov et al have developed a library [35] for
Haskell whereby effects arise from interactions between a client and effect
handler. While it is used to build a monad to model the appropriate effects,

its use of handlers is inspired by the algebraic approach.
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