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This paper concerns the displacement potential formulaticstudy the post-impact influence of an air-
cushioning layer on the two-dimensional impact of a liquatftspace by a rigid body. The liquid and air
are both ideal and incompressible and attention is focussedses when the density ratio between the
air and liquid is small. In particular, the correction tossacal Wagner theory is analysed in detail for the
impact of circular cylinders and wedges.
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1. Introduction

This paper describes some models for air-cushioning wheo-alimensional rigid impactor penetrates
an incompressible liquid half-space. The impact is violmtugh that the air can be modelled as an in-
viscid fluid, and the timescale is long enough that air corsgikglity can be neglected. Thus our theory
complements that of Purvis & Smith (2004), who consideredbaitation theory model for the cush-
ioning layer, building on the work of Smitdt al.(2003), who described the influence of a lubricating air
layer prior to impact. Similar pre-impact analysis is perfed by Hicks & Purvis (2010) and Duchemin
& Josserand (2011) who considered axisymmetric and thiraergsional geometries, Vanden-Broeck &
Smith (2008) who included surface tension and Mandre & Beeifp012) who discussed a compress-
ible air model. These studies are supported by experimawmsdtigations by, among others, Xtial.
(2005), Driscoll & Nagel (2011), de Ruitet al. (2012) and Kolinsket al. (2012).

The basic cushioning model is set up and nondimensionalisBdction 2 to reveal the key param-
eters as the deadrise angfe between the impactor and the half-space and the air-lideisity ratio,

p. When bothe < 1 andA = p/e < 1, the lowest-order asymptotic structure is that of the aketiwn
Wagner theory, as described by Wagner (1932), Armand & €dit®87) and Howisoet al. (1991),
except that the pressure is no longer constant at the aidligterface. However, it is only wheh <« 1
that explicit expressions can be found for the liquid andfmgs, and in particular for the location of
the so-called ‘turnover regions’ that form the roots of tiddash jets. In this latter limit, the air flow
responds to the liquid dynamics everywhere in the cushgpregion.

As in Mooreet al. (2012), even whei = O(1), the coupled air-liquid model is most conveniently
written in terms of the displacement potential in the liqwd first used for impact problems by Korobkin
(1988).

In Section 3, we restrict our considerations to impacts whers small. In particular, we look at
parabolic impactors, which are susceptible to a fairly cletgpanalysis when both ande are small.
We also show how the cushioning model can be matched to thalga motion that is generated when
a circular cylinder impacts a liquid half-space.

In Section 4, we consider the famous case of symmetric wedpadt, where the geometric simplic-
ity allows a global similarity solution to exist in the air@m the liquid. Unfortunately, the geometry
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is such that the relevant far-field conditions are uncle#sasA is small, but we are able to make some
conjectures about this.

2. Themode

We consider the effects of a cushioning air layer when a elalligid impactor enters a liquid half-
space that lies ig* < 0; here and hereafter, an asterisk indicates a dimensianable. At timet* =0,
the impactor is assumed to be touching the liquid half-spaith air filling the region not occupied by
the body or the liquid. We impulsively move the body so thdtraest* > 0 its position is given by

y* X Vo
Yo ) - O
L L Lt’

wherelL is a characteristic penetration depéh,> 0 is the impact speed arfg",y*) are Cartesian coor-
dinates centred at the initial touch point. The functigrwhich will be taken to be even for simplicity,
is such thaff (0) = 0 andf increases ax*| increases. The parameteis a measure of the shallowness
of the impactor and is called the deadrise angle. In muchiefidper we will consider profiles in which
the deadrise angle is small.

As in Wagner theory, we assume that the liquid is incompbéssinviscid and initially quiescent,
with densityp,. For timest* > 0, the impactor penetrates the liquid, causing the freeasarfo be
violently disturbed. Two splash jets are assumed to formaatbe sides of the impactor. We denote the
free surface by* = h*(x*,t*): as in the classical theory, this is multivalued fér> 0 and we denote
the two turnover points wher¢h* /dx* is unbounded byx* = +d*(t*). For the sake of analysis in the
air region, it is important to consider the components offtee surfaceabovethe turnover point (i.e.
the jet), denoted by* = f(ex*/L) — (Vo/L)t* —h, and the free surfadeelowthe turnover point (i.e.
bounding the bulk of the liquid), denoted hy = h* , separately. The wetted extent of the impactor is
defined as that between the two jet tips, which we denote by +-c*(t*).

We assume that the air is incompressible and inviscid wittsitgp,. Throughout, we will neglect
the influence of gravity and surface tension. For a discassiavhether these assumptions are reason-
able, the reader is directed to Howisehal. (2005). The problem configurations for= 0 andt* > 0
are illustrated in Figure 1.

Henceforth, we shall use lower-case letters to denotehlagan the liquid and upper-case letters to
denote variables in the air. In both the liquid and the ag,ftbw is irrotational with potentialg*, ®*
respectively satisfying

0%¢* =0 intheliquid [2®* =0 inthe air (2.1)

wherel is the gradient operator.
We must demand that there is no flow through the impactor ih kEgjions, so that we require

op" y ext Vo, . .
e = Vb oM - = ( 1 ) — ft LX< et (t), (2.2)
d(D* o y* _ EX* VO * * k(4%
an* - Vn’b on r - <T> - ft 5 ‘X | >C (t ), (23)

whered /dn* represents the normal derivative to the free surfacevapds the outward normal speed
of the impactor.
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=0 y'/L = flea* /L) — (Vo/L)t*

Inviscid air, p,

Inviscid water, py,

t*>0

Free surface multivalued; splash jets formed

FIG. 1. A symmetric, rigid-body impact with the inclusion of awviscid air-cushioning layer.

On the multivalued free surface, the kinematic conditionthe air and the liquid are given by

an* *W*th on yk*h(x at ),‘X|>d (t )a (24)

wherevy, is the outward normal speed of the boundary. Moreover, inathgence of viscosity and
surface tension, the dynamic boundary condition is given by

p*=P" on y"=h"(xX"t"), x| >d*(t"), (2.5)

wherep* (x*,y*,t*), P*(x*,y*,t*) are the pressures in the liquid and air respectively, whielrelated
to the velocity potentials via

Jor p* 1

L [ P o L 2.
0t*+p|+2| o 0, (2.6)
ad* P+ 1 2
at*+g+§|mq)| = 0. (2.7)

Initially, we assume that
¢ (x",y,0)=0, @*(x,y,0)=0, h*(x’,0)=0, c’(0)=0, d*(0)=0. (2.8)

With hindsight, in the far-field, we assume that the velogitgential in the liquid is no more singular
than a point source and therefore that in order for globakeoration of mass to be satisfied in the
leading-order problem, we require the free surface digpremt from its initial position to be integrable.

However, the precise far-field conditions depend on theebéfihe impactor and these will be discussed
in the next section.

2.1 Nondimensionalisation

We nondimensionalise distances using a typical penetrdipthL , velocities using the impact speed
Vo, time withL/Vp, velocity potential with.Vp and pressure Witbivoz, wherei isa, | in the air and liquid
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respectively. Nondimensional variables are indicatedh &iprime. The dimensionless body profile is
given by
y = f(ex) -t
Hence, the equations of motion are given by:
[?¢/ =0 intheliquid 0?® =0 inthe ait (2.9)

where the kinematic conditions on the body are

d(p’ _ / a(p, _ I /(4!
y —1+¢f (ex’)W on y =f(ex)-t', |X| <), (2.10)
ﬁd)l 12 d(pl _ ! !
oy - —1+ef'(eX) o " y = f(ex)—t', [X| > ('), (2.11)

where f'(-) indicates differentiation with respect to argument. Theeknatic conditions on the free
surface are given by

g—g:: = 0;—(:// =Vpn on Yy =hX,t),[X]>d({), (2.12)

while the dynamic boundary condition is
pPP=pP on y=hX{t), Xl >d{t), (2.13)

wherep = p,/p is the density ratio and
% Wiilngl? = o (2.14)
a;/wu%\mqf\z = o (2.15)

The initial conditions remain
¢(x,y,00=0, @'(X,y,00=0, NW(X,00=0, ¢/(0)=0, d'(0)=0. (2.16)

In the far-field, we make the apparently conservative assomphat the liquid and air flows are no
stronger than sources with unknown strendphsQ- respectively, so that

/ Ql(t/)

o = TIogr’+o(1) as r'=(X?+y?)Y? - oo, (2.17)
@ = QZ—I(Tt)Iogr’+o(1) as r'=(X24+y?)¥2 (2.18)

(2.19)

where we expect the(1) terms to represent dipoles. Furthermore,

h’:o(x—l,) as |X|— oo. (2.20)
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Jet root: O(e) x O(e) Jet: O(1/¢) x O(e)
% x O(1)
] d(t) x

Liquid: O(1/e) x O(1/e)

FiG. 2. Proposed asymptotic structure for small-deadrise anpéh the inclusion of a cushioning air layer.

2.2 Asymptotic structure

We now propose the asymptotic structure illustrated in fegufor the small deadrise angle regime
where 0< € <« 1. We assume in our analysis that the density ratjas also small.

Under these conditions, we expect that the free surfaces towvar in a small jet-root region (the
turnover region) of size dD(¢g) x O(¢€) on the body, as in the zero-cushioning situation. The ligsiid
ejected from this region into a slender jet on the body of rx¢¢ O(1/€) and thickness 0O(¢). At
leading order, the main body of the liquid does not see tharjdtacts as if it were being loaded by an
expanding plate of the extent of the distance between thewer points, which is 0D(1/¢).

On a horizontal lengthscale @i(1/¢) and vertical lengthscale @(1), the air layer is sandwiched
between the free surface of the liquid region and the jey/basiwell as filling the cavity in the jet-root
region.

We discuss the scalings in the turnover and jet regions ireAgix A. These are important in fully
determining the leading-order problem, and we highligktréslevant points when they are required.

2.3 Leading-order problem
In the liquid region, we apply Wagner’s idea and model thé lfithe impact as an expanding flat plate
moving normal to the free surface of the liquid, as in Howisbal. (1991). We make the scalings

d 1 1

7} /I _ = _ - /__ / r
(Xlay>* 8(Xay)’ d - 87 q]* e(pv p - gpv h7*h7 t=t

In the air region, the near flatness of the impactor meanghiat is an order of magnitude difference
between horizontal and vertical lengthscales. The coomdipg scales are given by

1

1 N 1
x’:gx, y =Y, (D:?(D P’:?P W.=h N, =¢eh, t=t

Under these scalings, the dynamic boundary condition ofother free surface is given by

p=APR
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FiG. 3. Leading-order problem in the liquid. The boundary ctinds on the body and the free surface linearise gnto0.
The kinematic condition on the impactor is applied fidr< d(t) and the kinematic and dynamic boundary conditions on tte fre
surface are applied fdx| > d(t). In addition, the initial conditions are given tg(x,y,0) = 0, h(x,0) = 0 andd(0) = 0, and
the far-field conditions are given by = (Q1/m)logr +0(1) asr — o andh = 0(1/x) as|x| — . As noted in§A2, we require

=0 (((xid)2+y2)l/4) as(x+d)?+y? — 0. The problem is closed by (2.21), as described in the text.

whereA = p/e. This key parameter is a measure of the relative importahtieeodensity difference
between the air and liquid, and the flatness of the body prdiiéeacterised by the deadrise angle. In the
current analysis, we shall assume that O(1), but in order for the air pressure to enter the leading-
order problem, we are also forced to assume ¢hat A. We will find thatA plays a critical role in
determining the value of the coefficients of the sources ib72-(2.18).

Under the above scalings, the leading-order problem foveharity potential in the liquid linearises
into the half-space problem displayed in Figure 3. The mabis completed by noting that the above
scalings and the local scalings given in Appendix A enfola the Wagner condition must hold, as
argued in Howisoret al. (1991). Thus, we require:

h(zd(t),t) = f(d(t)) —t, (2.21)

thereby ensuring that the leading-order free surface ntieetisnpactor at the turnover points.

2.3.1 Conservation of mass

We also note that, by Green’s theorem

® dh —dgh
0:/d de—ZdJr/_w de+Q1(t).

Using the symmetry of the problem and (2.21), we deduce that

0= % [ dz) h(x.t) dx+ % /Ot Qu(r)dr —td(t)} +d{nf(d(t)). (2.22)

2.3.2 Leading-order air problem

Under the assumption that the jet can be ignored in the lgaatider air problem, the kinematic condi-
tion on the upper free surface simply reduces to the kinentatndition on the body and, as noted in
Appendix A, the dynamic boundary condition is dominatedHtoy jet pressure to leading order. In the
air layer it is easier to work with the velocity componentghiax- andy-directions, denoted by (x,,t)
andV(x,¥,t) respectively. Here, by symmetry, we need only consideritheyer forx > d(t).
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Under the above scalings, the leading-order problem isgiyethe scaled Euler equations

52<‘2_‘:+u‘(’9—2> v - e (2.23)
2(?{+U3¥)+V?§ = 42%;, (2.24)
52%+% Y (2.25)
‘ZL;—‘;Z -0 (2.26)

for x > d(t), h(x,t) <y < f(x) —t. The kinematic condition on the body is given by,
V=g?(-1+f'(xU) on y=f(x)—t, x>d(t) (2.27)

while on the free surface it is given by

stz(% +u%) on y=h(xt), x> d(t). (2.28)

The dynamic boundary condition is
p=AP on y=h(xt), x> d(t). (2.29)
If we expand in powers of?, it is simple to deduce that to leading-order
Uo(x,¥,t) =U(xt), Vo(x,¥,t) =0, PRo(xy,t)=P(xt), (2.30)
where a subscript zero denotes a leading-order variables, Trom (2.23),

ou ouU oP
U= (2.31)

Moreover, we can integrate th@(?) terms in (2.25) across the air layer and apply (2.27)—(2t@8)
deduce the usual squeeze-film conservation equation

(FO9—t—h)+ 2 ((f(x) —t—h)U) =O. (2.32)

9
ot 17D

In Appendix A, we show thdt) must be bounded as— d(t). In particular, we deduce that
U (d(t),t) =d(t). (2.33)

Therefore, the air flow is governed by (2.31)—(2.32) subje¢®.21), (2.33) and the far-field condition,
which we discuss in more detail §2.3.4.
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&= —h 5 =) &=t fl) O _h, B AF

v2\1/:07p:%+1'

FiG. 4. Leading-order problem for the displacement potent#al, The initial condition is given byl(0) = 0 and the far-field
conditions are given b = —( /3 Q.(t)dr/2m)logr +0(1) asr — » andh = 0(1/x) as|x| — . The smoothing effect of the

integral in (2.34) means that we requite= O (IZJF d|3/2> asz— +d.

2.3.3 Leading-order liquid problem

As in Korobkin (1988), it is convenient to define the leadmgler displacement potential in the
liquid by

—/Ot(p(x,y,r) dr. (2.34)

Using the leading-order form of Bernoulli's equation aswhan Figure 4, we see thalp/dx =
%W /at?dx. The dynamic boundary condition and (2.31) give

v 0P _ (U 04U
ot2ox "~ ox

Therefore, if we write
oy

% =AF on y=0,|x >d(t),

F= // (x,s)dsdt,

where the functions of integration in the first equation hbeen chosen to meet the conditions that
WY =90W /ot =0 att = 0. Note that, by the symmetry of the problem, the functdr,t) is odd inx.

Hence, under the transformation (2.34), the leading-digeid problem transforms to that shown
in Figure 4, where we have written= x+iy. Note that?¥/dy is continuous at the turnover points by
the Wagner condition (2.21). Solving this Riemann-Hillgdblem, we deduce that

then

dy z2 /\th Z/ Z/ ARG ).
dz /72—d2(7 - 2) /7d2 72(7 —2) /7d2

whereY = W +ix and x is the harmonic conjugate t¢. This solution automatically satisfies the
Wagner condition (2.21) while the consistency condition

(2.35)

/ w/dZ 52 / /Zz d2
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guarantees thatyfdz= O(1/z) asz— oo.
We can evaluate this solution &s—x)/i T 0, x > d(t) to deduce that

VX2 t—1f(Q) 2/\x\/x2 F(Z,t)
hxt) = / I Tl ][ Vs T

where the dash indicates that the integral is defined in thel@eprincipal value sense. Note that (2.35)
ensures that — 0 asx — o and that ifA = 0, this is simply the Wagner solution far
Equation (2.35) allows us to determine the leading-ordeation of the turnover poind(t) in terms
of the air pressure gradient. We can make the change of esidb= dsin6 in the first integral and
{ = dcoshy in the second integral of (2.35) to deduce that

mt /2 . ©
72/0 f(dsme)de—)\/o F(dcoshy, t)dy, (2.36)

where we have used the fact thgk) is even.

2.3.4 Summary
Thus, defining

t
:/0 Qu(1)dr
for x > d(t), our air-cushioning model for the unknowhsF, U, d, o} comprises:
VX t—f(Q) 2)\x\/x2 F(Z,t)
hot) — / Tl ][ T e e
0 = %(f(x)—t—hﬂ—ﬁi((f(x)—t—h)U), (2.38)
Fxt) — // S (x9+U xs;)gU (x,5) dsdr, (2.39)
mt
Z = /O f(dsin@)de — )\/ F(dcoshy, t) dy, (2.40)
_ 0 Qu(t) _
o - 2 Udmh Xt d =5 td(t)] +d()f(d()), (2.41)
together with the boundary condition _
u(d(t),t) = d(t), (2.42)
and the far-field conditions that
Q) 1 (1 e
U(xt) = T +o(;> , h(xt)=o0 (;) as x . (2.43)

We expect the solution of this system to differ from that & thll model byO(¢) ase — 0, except
in the turnover regions. As in the uncushioned case, newnsigas are needed in these regions, in
whichx—d ~y—g(f(d) —t) ~ O(g?) as described in detail in Appendix A. It transpires that,cag|
asp < 1, the liquid flow in these regions is unaffected by the air ftolowest order, and that the air
moves with the uniform velocity (2.42) in thedirection.
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3. Solutionsfor A <« 1

We now consider impacts where the effect of the air-cushmptayer is small, that id < 1. We can
proceed to terms d(A ) under the assumption thaeix A < 1; if A = O(g) ase — 0, the air cushioning
enters the second-order problem described in Oliver (2GDd)stinguished limit we shall not pursue
here.

Therefore, we seek a smallperturbation of the system (2.37)—(2.41) of the form

h=hg+Ahi+0(A?%), U=Up+AU;1+0(A?), F=F+AF+0(A?), d=do+Ad;+0O(A?)
asA — 0. We also write
Q1 = AQuo(t) +A2Qu1(t) + O(A%),  Qa(t) = Qao(t) +AQa1(t) + O(A?)

asA — 0. We observe immediately that (2.37) reduces to the Wagntetien

VD) o 1)

where, from (2.41)do(t) is given by the classical Wagner formula

%: /O "2t (do(t) sin6) de. (3.2)

Therefore, by (2.38),
1 X dhg
Uo(xt) = —————————— |X—dp(t ——(¢,t)d | . 3.3
o04) = £t e [ S0+ [, Fe@ ] 33)
The functionFy(x,t) can then be determined in principle from the leading-ordemfof (2.39). We note

that, once we knowr(x,t), from (2.40) we can simply write down that tki A ) correction to position

of the turnover region as
~° Fo(do(t) coshp,t)d
(1) = Jo ol Colt)cos. U dy (3.4
Jo'* f'(dosin®)sin6de
where here a prime indicates differentiation with respeergument. Note that the denominator can be
simplified using (3.2) as

/"/2 /(dosinG) sin6d = — - (3.5)
sin@)sin =—. .
0 0 200(t)
3.1 Parabolic impactors
Analytic progress is possible when the impactor is given by
X2
f = —. .
() =3 (3.6)

Then, (3.1) and (3.2) can be trivially integrated to find welbwn Wagner solution for parabolic impact,
given by
x? X
ho(x,t) = 5 -t=5 X2 —do(t)2, do(t) = 2V4k. (3.7)
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Utilising these expressions, the horizontal componentrofedocity can be found from (3.3) to be
2
Uo(x,t) = < (3.8)

This result is independent df as long ag < A < 1 and it is consistent with (2.42).

Using (3.8) in (2.18) givef)yo = 21. Thus, as we lex — c and move out of the small deadrise
region, the velocity potential in the air must have a lodpamiic singularity. In contrast, the air pressure
does not have this logarithmic behaviour at infinity; we caa (8.8) and (2.31) to show that

P=——. (3.9)

Furthermore, the leading-order velocity potential in figeild has no such source term in the far-field.
Upon integrating (3.8) we deduce that

ZtZ
Fo(x,t) = —5 (3.10)

which is strictly positive for allx > dy(t). We can now work out the correction to the turnover point
location by utilising (3.4), which gives

da(t) = =. (3.11)

Therefore, even though the correction to the turnover ploicition places it further from the initial
point of impact, the turnover point speed remains the santieséi$or uncushioned impact.

In order to determin&;o, we require the correction to the Wagner free surface. F2aBv], we
find that

Wt VA8V — 4t

hi(x,t) = e VG (3.12)
TheO(A) terms in (2.41) give
Q_]_o(t) t /°° d (/w )
0= - hy(x,t) dx+ — ho(X,t) dx ,
2 T8t by 1) dx+ 55 { [, ho(xt) o
so that
— Tt

Qio(t) = vk (3.13)

The leading-order solution in the Wagner region presentzd does not describe the flow when
t=0(A?%) asA — 0, there then being a nonuniformity in the expansion.obnfortunately, when we
rescale for small times by writing

<x7y,z>=A(i,y,Z)7 d=Ad, (st,t)=A%%, h=a%, uz% F=AF, 61:%,

we retrieve (2.37)-(2.41) with = 1. In general this system must be tackled numerically.
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3.2 Implication for circular cylinder impacts

Consider the impact of the circular cylinder with crosstgecgiven in dimensional variables by
(Y —R+Vot"))? +x2 = R?, (3.14)

whereR is the radius of the circle, which we assume is large comptrdble penetration deptt,.

We wish to consider the outer air flow caused by the penetratfahe circle into the liquid on the
penetration timescale a&f/Vy, whereL /R < 1. On this scale, the free surface of the liquid is seen as
flat to leading order in the air. Thus, if we set

L
X*=RX, y"'=RY, t'=_t,
Vo
we consider perturbations to the air motion on the scaleefdlius of the circle, so that
O =RW®', P =pVGP,

and perturbations to the liquid motion on the scale of theepation depth,

L2
¢ =LVo¢, p'=pV5p, h'=_H.

Therefore, using a subscript zero to indicate a leadingroraléable, the flow in the air is given by
the Neumann problem

02¢) = 0 inthe air (3.15)
0P}

N = 0 on y =0, (3.16)
0P} B 0P} 0P, 2 2

2= —1ex S +<1+ C2)Y on (v-124xE=1 (3.17)

Now, if we also assumg < 1, then to leading order iA, the flow in the liquid is unaffected by the
air flow and is thus the dipole flow that is the far-field of théusion of the problem in Figure 3. In
this flow, P is of O(1) and hence the boundary conditipn~ AP onY = 0 is automatically satisfied to
leading order ire.

We note that a solution of (3.15)—(3.17) must satisfy

v, 2
O~ Z as R=VX2+Y2-0,

R R

so that any solution to this outer air problem automaticalftches with the Wagner solution described
in §3.1.

As in the classical theory of cushioning between rigid intpecdescribed in, for example, Jeffery
(1912) and Czaykowski (1970), we can set

2i

X+iY (3.18)

&+in =

to transform the problem fo®y into

2/ 2 Ay
‘7020 (29:;00 for 0<&<1 —w<n<ow; (3.19)
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here§ =0isY =0 andé = 1 is the impactor. The conditions (3.16)—(3.17) transfaosm t

0% _ _

£ 0 on &=0, (3.20)
9% 2(1-n?)

£ A1 12? on £=1, (3.21)

and we require®| to only grow logarithmically as) — . Note that, due to the symmetry of the
problem, we can simply considgr> 0 with the condition that

CD/
aa—no =0 on n=0. (3.22)
We can solve the problem in the strip by using the approp@agen’s function. We deduce that
=_— ——dkds. 2
gz (&) 27‘[[«; 1+ )2 [me sinnik dkds (3.23)
However, we can deduce the far-field flow from the fact thaj as oo,
0P} o®} 2
3% on £=0, T 2 on &=1
Hence, )
@ 2¢
~—— — .24
3z 2 s = (3.24)
and therefore 5
¢
dJ{)NquLF(n) as n — o, (3.25)

where we can determin€(n) by applying conservation of mass. A simple application oé&rs
theorem gives us that
1282 dF 2n
0= =+ —df+-——
/o T E+1+n2 as e
so that upon integrating and expanding, we must have
F(n) ~ —2logn +o(logn).

Hence we see tha® has the desired far-field behaviour.

4. Impact of a wedge

We now consider the infinite wedge given in dimensional cvates by

Y _¥| Ve,
L L

X*

=€
L

As there is no natural lengthscale in the wedge impact pnoblee can find a similarity form of (2.37)—
(2.41) by scaling
X

_ X el X 4 ¢t _ut gt St g2
n_ata E_tv Z_atv d_at7 h_th (’7)» U_U (’7)» F_tF (r’)’ Q _Qltx
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herea, the speed of the turnover point, has been introduced faresbence. Under this transformation
and omitting the algebraic manipulation in (2.39), we find

h'(n) = —1+20Tnarcsin<%) 2/\’7\/l72 ][\/— dX, (4.1)

u'(n) = an+—h’f(rl)[(lm(n))n+a2+/ hT(X)dX]’ (4.2)
2
Ff(n) = f_/X2X3’7uT 24y, 4.3)
0 - gfa+yAFTmywm% (4.4)
2
0 = a/l (n)dn+&—a+% (4.5)

Henceforth, we drop the dagger notation indicating the lanity variables. In the regime where
A <« 1, we can use (4.1) and (4.4) to deduce that the leading-@iueY) free surface profile and
leading-order position of the turnover point are given by well-known wedge-entry problem results

1
ho(n)=—-1+n arcsmﬁ and ap= g (4.6)
In the far-field, this has the characteristic Wagner behavio
h 1 + as co 4.7)
o 6]’]2 .. n . .

We can integrate (4.2) to deduce that
vn?-1 (4.8)
—(2/mnarcsinl/n)’ '

Hence, the tangential component of air velocity now has tipaesion

Uo(n) = n

Uo(n)~1+n—2n+... as n — o, (4.9

so that in the example of a wedge, we were not conservativegénio our far-field expansion in the air.
We must in fact include a rigid-body motion as well as the setlike singularity. Note also that now
Q. = mto leading-order. Moreover, the air pressure also has aitbgac singularity in the far field.
This suggests that the leading-order form of the dynamimaty condition, which is given by

Po =0,

breaks down ag — . Thus we must match this solution with an outer region wheesdynamic
boundary condition is rescaled. We will discuss this skortl

We can calculat&(n) andFy(n) from (2.31) and (4.3) respectively. There is not a simpleetb
form for either, but we can solve for them numerically. Wetphe results in Figure 5. Furthermore, we
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FIG. 5. Py(n) (left) andFo(n) (right). There is a logarithmic singularity in the pressimehe far-field, so that the pressure
becomes negative and infinite @s— . As a result of this singularityso(n) is a strictly negative function.

can use (4.4) to solve for th@(A ) correction to the turnover point location by noting that

cn{Am%(gaBmgdw}

We can evaluate this numerically and we find tbat= —0.403 to three significant figures. In contrast
to the parabola impact, the turnover point speed is lower tha Wagner turnover point speed.
It is simple to substitute (4.9) into (4.3) to show that

1 1 2 1
FON__’7+(é_ﬁ)?+... as n — oo, (4.10)

so that upon substituting into ti@&A ) form of (4.1), we see that

b C 1
hl(n)mlognJrFJro(P) as n — oo, (4.11)
where
2/1 2
b __<6_3#>’ (4.12)
B RX) / 2/1 2\1
c = 3n 71/ e 1 + 6 32 de. (4.13)

Therefore there is a nonuniformity las we move far away from the point of impact. The formhpf
suggests that the asymptotic analysis of (4.1)—(4.5) may teebe reconsidered when lgg= O(1/A)
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and that in such a regidmwill contain terms involving” . As the nonuniformity occurs when log=
O(1/X), by definition this corresponds to a nonuniformity both fanglex whent = O(1) and for small
t whenx = 0O(1).

5. Conclusion

We have used Wagner theory to derive a model fecaghioning in constant-velocity, two-dimensional
impacts into a half-space of ideal liquid. Under the assionpthat the air is also ideal, we have
employed the displacement potential to write down the locatlel for impact under the assumption
that the impactor is nearly flat, that is the deadrise argjlef the impactor is small. The local turnover
flow is the same as that for Wagner theory provided that theitjeratio, p, between the air and liquid
is small, which enables us to solve the resulting inner @obih the air and use the Wagner condition
for the free surface in the leading-order displacementriatieproblem.

This has enabled us to deduce the integro-differentiaksysh §2.3.4 for the leading-order free
surface profile, leading-ordercomponent of velocity in the air and a functidn, which depends upon
the leading-order pressure gradient in the air. Our modelrasd that the parameter= p/¢ is at most
order unity and that the free surface is integrable.

In order to make analytic progress on the resulting systeencensidered the physically-relevant
liquid-air regime wherel is small. To leading-order, the solution is simply that givey the well-
known Wagner theory. We derived a general expression focdhection to the turnover point location
due to the influence of the air layer and a conservation-adfsnaamalysis forced us to conclude that the
velocity potential in the liquid must admit a logarithmiertein the far-field, something that is not seen
in Wagner theory. We proceeded to consider two specific exasrgdlimpact to highlight the novelties
of the solution.

Firstly, we discussed the impact of a circular cylinder, ethis approximated locally by a parabola.
We derived the leading-order air velocity and the functigrwhich enabled us to state the first-order
correction to the free surface profile and the correctiohéatirnover point location. While the speed of
the turnover point remained unchanged from its value in Wagimeory, the turnover point is displaced
slightly further from the initial point of impact. This inclited that the model breaks down for small
times where = O(A?) when we must solve the full integro-differential systenofgided thate < A?).
We noted that the leading-order velocity potential in threnaiist have a source-like singularity in the
far-field and thus the parabola model also breaks down a @iggances away from the point of impact,
where the deadrise angle is no longer small and the impastrdular. In this regime, the air flow
around the cylinder is driven by a logarithmic singularityttge point where the circle touches the free
surface, so that this is the outer flow to which we needed tematr Wagner-type solution.

The second example we considered was that of symmetric wegiget. In this case, our system of
integro-differential equations is in similarity form witimly one independent variable and the leading-
order forms of the air velocity and the functiéhwere readily derived from the Wagner solution. We
noted that for the wedge, the functiérwas strictly negative, as opposed to being strictly posidis in
the case of the parabola. Due to this, the turnover speedomasl to be slower than that for Wagner
theory. In the far-field, we noted that there was both a rlgpdy term and a logarithmic term in the
expansion of the air velocity potential. Moreover, a nofemiity was found in the form of &/x?) logx
term in the far-field expansion of the free surface.

We conclude by mentioning that the displacement poterdrahfilation could be applied to the pre-
touchdown flow when the air gap is nonzero forallThis may be useful in numerical simulations of
this problem as considered, for example, by Sreithl. (2003) and Purvis & Smith (2004).
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A Turnover & jet region scalings

In order to fully formulate the problem in the liquid, and lcerevaluate the influence of the air on the
Wagner solution, it is necessary to consider the flow in tiieget region. We aim to show that the
air can be neglected to leading order and hence the Helmsailizion in Wagner theory prevails. By
symmetry, we only consider the right-hand jet root, aboattthinover poink’ = d'(t’).

Al Turnover region: liquid

In the liquid, we apply the Wagner scalings as given in, faregle, Howisoret al. (1991). Thus, we
scale:
dt)

£

This is a travelling-wave frame moving with the turnovermgoiThus, as the inner region moves with
speed 0f0(1/¢€) in thex'-direction, we must set

¢ =dt)x+ o

where on the right-hand side we have accounted for the \gldae to the moving frame, so thq;t: 0
if the fluid were stationary in the lab frame. A dot indicatéfetlentiation with respect to time. The
multivalued free surface is definedyas h(xt), where

X — @HX— y=(fd@)—t)+ey, d(t)=

W = (f(d(t)) —t) +eh.
Finally, from Bernoulli’s equation, we deduce that the pree is scaled by

1
=P

A2 Turnover region: air

By similar arguments, the length scales in the jet-root egian are identical to those in the jet-root
liquid region. The potential scale is given by

@' =d(t)x+ ®.

Thus, the pressure scale is given by
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Therefore, under the scalings§Al and the above, we deduce that the dynamic boundary conditi
in the inner region is given by B
p=pP. (A1)

Hence, as we are assuming tipatl O(&) throughout our analysis, we deduce that to leadirger (in
€), the dynamic boundary condition is given py=0.

Using this observation and by performing a standard asytie@gpansion of the inner region prob-
lem, it is simple to show that to leading order, the flow in tigiid collapses directly to the standard
Helmholtz flow as presented for Wagner theory in Howisoa@l. (1991). Furthermore, the upper free
surface (i.e. that which can be thought of as the jet) asyteptmh ~ —J(t) for some function(t)
asx — o« and the lower free surface asymptoteshte —4,/J(t)/m/X asx — «. In particular, this
means thatp, h must have square-root behaviour at the turnover pointsanaiiter’ Wagner problem
(cf. Figure 3). _

Moreover, at leading order the air flow completely decoufies the Helmholtz flow: giver, we
can solve Laplace’s equation in this region subject to theiteg-order kinematic boundary condition
on the free surface, which is given by

00 ohoo oD _ -
5y oxay or ﬁ_o on y=h, (A2)

and the matching condition to the ‘outer’ air region.
We note that a simple application of Green’s theorem in tg@rel” bounded by the curvél, as
shown in Figure 6, allows us to deduce that

_ AJd
0:// DZCDdS:/ A (A3)
r B OX

where we have applied (A2A andB are defined as the two different valuesyahat for any giverx
satisfyy = h(x;t).

As the ‘outer’ free surface has square-root behaviour attm®ver point, (2.32) allows us to deduce
thatU can have, at worst, an inverse square-root singularity asppeoach the turnover point, say

c)

VX—d(t)

whereC(t) is an unknown coefficient. Hence, matching with the inneraegwe deduce that

U= +0(1) as x—d(t),

ad  C(t)

—~—Z as X— o,

OX  &VX

Thus, upon letting the contour in Figure 6 tend to infinity, dezluce from (A3) that

_C(t) _C(t) [at) ~ -
o_g—ﬁ(B_A)_g—ﬁ<—4 7\&+J(t)> as X— oo,

so that we must demand thaft) = 0.
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Liquid Air

or

o

FIG. 6. The contouf in the inner-region air cavity.

Furthermore, we can repeat this analysis with@&) term of the expansion fdy asx — d(t): if
U ~ D(t) asx — d(t), we deduce that

‘%’(ﬂ ~D(t)—d(t) as X e,

and thus assuming the jet has nonzero thickness, we mustteve: d(t). Thus, the unique solution
to the inner air flow is given by _ _

00 _ 00 _

ox ay
Hence, the flow in the inner region is entirely due to the mgJ¥ame.

(A4)

A3 Jet

Assuming that the jet does not separate, we can make the efaidgner scalings in the jet, as given
in Howisonet al. (1991), so that the pressure is scaled by

V2
g2

In §2.3, we have forced the air and liquid pressures to balanteeofiee surface, so that

paV:  pV2
g2 e’
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Thus, on the free surface of the jet, the jet pressure doesnst that to leadingrder the dynamic
boundary condition is given by
p=0.

Therefore the leading-order jet flow is governed by the zgryity shallow water equations and the jet
is completely modelled by the Wagner solution, as given imwidonet al. (1991).
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