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Abstract

Fast gates and mixed-species entanglement with trapped ions

Vera M. Schäfer
A thesis submitted for the degree of Doctor of Philosophy
Hilary Term 2018
Balliol College, Oxford

Building a quantum computer is one of the outstanding contemporary goals in
physics. Trapped-ion qubits are among the most promising contenders, achieving
the highest precision gates out of all platforms. However entangling gates have
previously only been performed in a regime where their speed is limited by the
motion of the ions in the trap. The work in this thesis demonstrates entangling
operations beyond this speed limit. In addition, entanglement of different species
of ion has been performed. This is an important step towards building a scalable
quantum computer, by being able to interface and connect trapped ion qubits via
photonic links.
We demonstrate mixed-species entangling gates using a method that requires only
a single laser for both species. In an experiment demonstrating the technique
with two isotopes of calcium, 40Ca+ and 43Ca+ , we achieved a Bell state fidelity
of F = 99.8(6)%. We also perform a Bell test with the two different isotopes,
achieving a violation of the CHSH inequality by 15 standard deviations with CHSH
parameter S = 2.228(15), without making a fair-sampling assumption. We then use
the same gate mechanism to perform an entangling gate on two different atomic
species, 43Ca+ and 88Sr+ . In a proof-of-principle experiment we achieved a Bell
state fidelity of F = 83(3)%.
For achieving faster two-qubit gates we shape the amplitude of the laser pulses
driving the gates. The pulse shapes are specifically designed to yield low error
rates and be insensitive to the optical phase of the driving field [124]. We perform
an entangling gate with fidelity F = 99.78(3)% in tg = 1.6µs, a factor of 20− 60
times faster than the previously highest-fidelity trapped ion gates with only a factor
≈ 2 increase in gate error. We also demonstrate entanglement generation within
480 ns, less than a single period of the centre-of-mass motion of the ions.
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Chapter 1

Introduction

Over 100 years after its discovery, quantum physics continues to fascinate physi-

cists and fuel modern research all over the world. While the creation of Schrödinger

cat states [64], Bell inequality violations [51] and quantum teleportation [16] have

turned from incredible and fanciful predictions to routine experiments in the lab,

there are still plenty of questions that remain unanswered, not least of all how to in-

terpret wave-particle duality and probability wave-functions. A tool that promises

to help solving some of the big open questions is the quantum computer – a pre-

cisely controlled quantum system that can be used to simulate other quantum

systems that are too complex to be simulated with a classical computer. The idea

was first proposed in the early 1980’s by Richard Feynman [34] and Paul Benioff

[11]. Soon afterwards David Deutsch proposed the concept of a universal quantum

computer, and also the first quantum algorithm that is faster than any classical

equivalent [29, 30]. When in 1994 Peter Shor proposed an algorithm for quan-

tum computers that can efficiently factorise large numbers [119], the interest of

governments was sparked1 and more funding became available. In the aftermath

there was rapid progress on many fronts. On the theory side, in 1994 Cirac and

1The security of RSA, the encryption algorithm used in most public key cryptography systems,
relies on the fact that factorisation of large numbers is a hard problem and can’t be solved time
efficiently.

1
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Zoller proposed a mechanism for a C-NOT entangling gate with trapped ions [23],

in 1995 Andrew Steane [123] and Peter Shor [120] proposed schemes for quantum

error correction, in 1996 Lov Grover proposed a quantum algorithm that can effi-

ciently search unstructured databases [44] and in 1997 David DiVincenzo compiled

a list of necessary requirements for a universal quantum computer [32]. Since then,

many different qubit platforms and gate mechanisms have been proposed. On the

experimental side, Chris Monroe et al. realised the first C-NOT gate with trapped

ions in 1995 [95], and in 1998 the first quantum algorithms were implemented in

nuclear magnetic resonance (NMR) systems (Grover’s search algorithm by Isaac

Chuang et al. [22] and Deutsch’s algorithm by Jonathan Jones and Michele Mosca

[61]). Today, all three algorithms have been implemented in various systems with

increasing number of qubits [72, 31, 98, 35].

For characterising the suitability of a system for quantum computing, DiVincenzo’s

criteria [32] form a recognized standard. They state that a quantum computer re-

quires

1. Hilbert space control, i.e. a set of well-defined addressable qubits in a scalable

system.

2. State preparation

3. Low decoherence, such that the qubit’s coherence time is much longer than the

duration of the gate operations

4. Controlled unitary transformations, i.e. single-qubit and two-qubit operations

forming a universal gate set

5. Qubit state-specific quantum measurements

A universal gate set is a set of logic operations that can be used to implement

any other logic operation, and therefore any algorithm desired. For a quantum

computer a popular universal gate set is the Hadamard gate H, the CNOT gate
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and the π/8 phase gate T , where the single-qubit gates are

H = 1√
2

(
1 1
1 −1

)
, T =

(
1 0
0 eiπ/4

)
(1.1)

and the two-qubit gate is

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (1.2)

We typically implement a controlled-phase gate C-PHASE as the two-qubit gate,

with U = diag(1, i, i, 1). It can easily be transformed into a CNOT gate using

single-qubit operations: CNOT = (I ⊗H).(T †2 ⊗ T †2).(U).(I ⊗H).

The most promising platforms to build a quantum computer are at present trapped

ions [46], superconducting qubits [138], quantum dots [67], colour centres in dia-

mond [21], or photonic systems [68]. While trapped ions achieve by far the longest

coherence times [49, 135] and to date also the highest fidelities [6, 40], supercon-

ducting qubit systems have increased their coherence times and gate operation

fidelities [8] in recent years and promise easier scalability.

Trapped ions were chosen early as a platform for qubits. They fit beautifully to the

conditions of a small, well isolated system with precise controllability. The qubits

are encoded in single atoms, fixed in space only by electric fields inside a vacuum

chamber, and are therefore very well isolated from their environment. Each qubit

is encoded in the electronic states of an ion’s valence electron. The ions are spaced

far enough apart that crosstalk between electrons of different ions is negligible.

This high degree of isolation gives rise to very long coherence times that are typi-

cally only limited by magnetic field fluctuations. At the same time the qubits can
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be manipulated using lasers and microwaves, which allow very precise and flexible

control. The ions are also coupled strongly via the Coulomb interaction. This

provides the interaction necessary for entangling gates.

Possibly the biggest challenge for building a quantum computer with trapped ions

is scalability. Simply adding more ions to a trap is not a scalable approach, since

the number of motional modes increases and the modes become closer in frequency,

reducing the fidelity of entangling operations. A promising design for a scalable

system with trapped ions is the quantum CCD architecture [63], where ions are

split into smaller groups and ‘shuttled’ between different trap zones. By using many

smaller modules in the QCCD architecture and connecting them via photonic links

[94] the system can be scaled up even further.

1.1 Mixed-species entanglement

An important aspect in scaling up trapped ion systems is to use different species

of ion. This yields several advantages.

Sympathetic cooling Because the ions’ motion is used as a bus for entangling

operations, it is important that the ions’ temperature remains fairly constant. How-

ever, ion heating occurs in every trap and is especially pronounced in the more easily

scalable surface traps. Using different kinds of ion allows cooling one species of ion,

interleaved with performing logic operations on the other species. The motion of

the logic species will thus be cooled ‘sympathetically’ by the ion of the cooling

species, without its qubit state being corrupted by the cooling lasers [62].

Quantum logic spectroscopy High precision spectroscopy of atoms and molecules

without closed cycling transitions for Doppler cooling or suitable methods for state
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preparation and readout can be difficult. Using different ion species not only allows

sympathetic cooling, but can also be used to prepare and readout the state of the

‘spectroscopy’ ion, by coherently transferring the spin state from one ion to the

other [115]. The state transfer can be achieved via the motional coupling of the

ions due to the Coulomb force.

Ion-photon entanglement Using different species is also vital for connecting ion

traps with photonic links. The entanglement is transferred between two ions in

different trap modules by photons emitted by each ion from a superposition state.

The emitted photons are entangled with the ion’s qubit state via their frequency

or polarisation. They are interfered on a beam splitter and coincidence detection

of the photons at two detectors heralds entanglement of the two ions [97]. Because

photon emission into the correct mode, photon collection, photon interference into

the correct mode and photon detection are all probabilistic, this process has to be

repeated many times before the desired result is achieved. It is therefore necessary

to excite the ion at a high rate into the desired state from where the photon is

emitted, which can be achieved with a pulsed laser. This however also increases

the rate at which the excitation laser or photons emitted by the ion interact with

other ions in the trap – unless they are of a different species, and therefore far off-

resonant. Using at least two different species is therefore necessary to guarantee a

low level of cross-talk when addressing specific ions, necessary for fast ion-photon

entanglement.

Species specialisation Another important aspect to consider is that ions with

zero nuclear spin are preferable for ion-photon entanglement, because the simple

level structure increases the emission rate into the desired mode. Ions with hyper-

fine structure are however better suited for logic operations, as they have so-called

‘atomic clock’-qubits that possess greatly enhanced coherence times.
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There are therefore multiple incentives to use different species in the same trap and

transfer entanglement between them for different operations. For the prospect of

using photonic links to couple different trap modules we demonstrate the mecha-

nism of mixed-species entanglement between 40Ca+ and 43Ca+ . Subsequently we

demonstrate entanglement of 88Sr+ and 43Ca+ , our choice of qubit for photonic

entanglement and high-fidelity logic operations respectively.

1.2 Fast gates

An important benchmark of a qubit platform is the ratio of the duration of a gate

operation to the qubit’s coherence time. While trapped ions have the longest co-

herence times by orders of magnitude, their gate operations are also considerably

longer than those in other qubit platforms. Apart from reducing errors due to

spin-coherence, shorter gate times are also desirable to decrease the effects of ion

heating and motional dephasing. Ion heating is a prominent source of error in

surface traps, which are the most scalable version of ion traps.

Trapped-ion two-qubit gate times have until now been limited by the speed of the

ions’ motion, as the gate mechanisms used require that the gate dynamics are in

the adiabatic regime, i.e. slow compared to the ions’ motion. However this limit

is not fundamental. The Coulomb interaction, which gives rise to the motional

coupling, acts almost instantaneously. Hence, by devising different kinds of gate

mechanisms, faster gates could be implemented.

There have been several proposals for fast gates [42, 33, 43, 12, 124, 107], but

their implementation had been hindered so far by experimental difficulties. The

proposal by Steane et al. [124] was designed specifically to match current experi-



1.3. OUTLINE 7

mental capabilities. We have implemented this proposal, achieving entanglement

gates outside of the adiabatic regime and reducing the trapped-ion two-qubit gate

duration by over an order of magnitude.

1.3 Outline

Chapter 2 - The Ions introduces our choice of ions, their properties and the mech-

anisms used to control them.

Chapter 3 - Theory introduces the underlying physics of trapped ions and their

interaction with laser light and microwaves. It then presents the mechanisms used

for entangling ions, and what to consider when using different species. Finally it

introduces the theory of fast gates and characterises errors occurring during gate

operations.

Chapter 4 - Apparatus describes the experimental apparatus and control system

used for the work described in this thesis.

Chapter 5 - Experimental Characterisation presents the results of experiments

used to characterise the equipment and the performance of our apparatus. It de-

scribes how the experiment was calibrated and prepared for the two-qubit gate

measurements and shows the results of measurements necessary to estimate errors

during gate operations.

Chapter 6 - Mixed-Species Gates presents the results of experiments entangling

ions of different species, some of which were published in [7]

Chapter 7 - Fast Gates presents the results of the fast gate experiments. Results

in this chapter have been published in [114].

Chapter 8 - Conclusion gives an overview of similar work in the field of trapped

ions and compares it to the performance of other qubit platforms.
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Chapter 2

The Ions

2.1 Ion species criteria

The typical choice of ion for trapped ion quantum computing are earth-alkalis,

volatile metals or lanthanides with a full s-orbital. Thus, after single ionization,

one loosely bound electron remains in the outermost shell in a hydrogen-like config-

uration. Further criteria are fundamental limits for errors and technical constraints.

When using several species in one trap the compatibility of the species is also rel-

evant.

The fundamental requirements for the ion’s level structure are shown in Fig. 2.1.

Often there is no strong cycling transition that connects to only one qubit state.

Instead a subsidiary ‘shelf’-state is used. This state is dark to the cycling transition,

has a long lifetime, and population from one of the qubit states can be transferred

state-selectively to the shelf before fluorescence readout (called shelving). In this

case the excited level for state preparation, Doppler cooling and fluorescence are

typically identical. Depending on the frequency ω0 of the qubit transition it might

furthermore be desirable to have access to excited states for driving Raman tran-

sitions, see section 3.2.3. This is because photons of lower frequencies (e.g. in the

9
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Figure 2.1: A minimalistic ion: A trapped ion for quantum computing requires
two qubit levels (|↑〉 , |↓〉 ) with a long coherence time, split by the qubit frequency
ω0. It ideally has a strong cycling transition (ωfl) for fluorescence readout that only
couples to one qubit level, and can not decay to the other. For state preparation
it is necessary to have an excited state |e〉 that can decay to both qubit levels,
but where there is a laser (ωsp) that excites only population out of one qubit level,
selective by either polarization or frequency. Thus population can be ‘pumped’
into the dark state. The state-preparation and readout lasers can also be used for
Doppler cooling. The lifetimes of the excited states are required to be short for fast
operations and efficient cooling. The qubits are usually encoded with both states
in the S1/2 manifold (Zeeman qubits and hyperfine qubits) or one state in S1/2 and
D5/2 each (optical qubit). The excited states are usually in the P1/2 and/or P3/2
manifold.

radio-frequency (Rf) or microwave regime, which are the typical transition frequen-

cies of Zeeman and hyperfine qubits) have only little momentum and are therefore

very inefficient in coupling to the ion’s motion. For these qubits one can typically

find Raman transitions with photons in the optical or UV regime, which are ideal

for sideband-cooling and laser-driven gates.

2.1.1 Fundamental limits for errors

The level structure, state lifetimes and energy splittings affect the decay patterns

and unwanted (off-resonant) excitation from other levels. Thus each operation has

different fundamental error limits in different atomic species.

Level structure Many heavier ions, e.g. Ca+, Sr+, Yb+ have metastable D levels

that lie lower in energy than the excited P levels. This means part of the pop-

ulation excited to P can decay into D, and therefore the cycling transition is no
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longer closed. During fluorescence detection this can be compensated for by using

additional ‘re-pumping’ lasers, that return the population in the D-states and close

the cycle. However for Raman transitions D-state decay leads to a fundamental

limit of the scattering error, see section 3.3.

Lifetimes For optical qubits the lifetime of the metastable D state limits the co-

herence time of the qubit. If a D state is used as a shelf during readout, its finite

lifetime limits the readout fidelity. Readout errors can be decreased by shorten-

ing the duration of the fluorescence detection. This can be achieved by reducing

the background light on the detector and improving the efficiency of fluorescence

detection [101].

Ground state energy splittings In our experiments state-selectivity during shelv-

ing is achieved through the frequency splitting of the two qubit levels. A larger

qubit splitting is therefore desirable. Alternatively, for smaller qubit splittings,

a quadrupole laser can be used for shelving. In Yb+ the qubit splitting is large

enough to provide the state-selectivity during readout, making shelving unneces-

sary, but again limiting readout fidelity with off-resonant excitation. Large energy

splittings in the ground-state manifold are usually provided by hyperfine structure.

Hyperfine structure If an isotope’s nuclear spin is not 0, the ion’s level struc-

ture exhibits hyperfine levels. The combination of hyperfine structure and Zeeman

splitting leads to so-called ‘atomic clock’-qubits, that exhibit greatly enhanced co-

herence times due to robustness to magnetic field fluctuations, see section 2.3.

However the increased number of levels also leads to more decay paths and there-

fore reduces photon emission in a certain mode. This means the rate, at which

photons that are useful for ion-photon (ion-photon-ion) entanglement are emitted,

is reduced. Interplay of the many levels also leads to the emergence of dark reso-

nances, complicating cooling and reducing peak fluorescence. For I = 1/2 the only
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clock qubit is at B = 0. This is experimentally not convenient, because an external

magnetic field is necessary to define a quantisation axis and thus fix the reference

frame for the laser polarisations. For high quantum logic fidelities it is therefore

ideal to have a small nuclear spin I > 1
2 , that gives access to clock-qubits but at

the same time leaves the level structure fairly simple. For ion-photon entanglement

no nuclear spin is most desirable, as the simple level structure allows the largest

photon emission rate in one mode.

The abundance of hyperfine levels within the qubit state manifold for atoms with a

large nuclear spin also means there are transitions within the ground state manifold

that are very close in frequency. This can lead to off-resonant excitation. This is

especially a problem with microwaves, where it is difficult to control the radiation’s

polarisation. Larger Zeeman splittings usually do not help in this case, as the

transitions closest in frequency stem from symmetric transitions that scale similarly

with applied external magnetic field. Using composite pulse-sequences can suppress

errors due to off-resonant excitation [48].

Mass Heavier ions exhibit lower motional frequencies and require larger forces

to be excited into motion. The lower motional frequencies lead to lower speed-

limits for adiabatic entangling gates. Larger forces mean that more laser power

is required leading to larger scattering errors. However larger mass also leads to

larger spin-orbit splitting, which, depending on the orbital structure, can reduce

scattering into D states. In addition, lighter ions experience larger errors due to

recoil caused by Rayleigh scattering [105], and are more affected by heating.

2.1.2 Technical constraints

Although not fundamental and prospective to change with technological progress,

technical constraints greatly affect the complexity, convenience and scope of exper-
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iments possible with a certain species of ion. One needs to consider the availability

and performance of lasers as well as optical components and electrical/rf-control

fields.

Optical transition frequency As a rule of thumb, shorter wavelengths cause more

trouble. Large laser powers are more difficult to obtain, and the lasers are less

reliable or more complex (e.g. requiring frequency doubling). Optical components

have lower damage thresholds for UV radiation and are therefore more likely to

burn. UV radiation is also more likely to charge trap electronics or burn dust onto

optics. Until recently, optical fibres at beryllium UV wavelengths (313 nm) were

not available [25], leading to issues with beam pointing stability. Fibre integrated

AOMs are only slowly becoming available for UV wavelengths. Radiation deep in

the UV can be more difficult to handle due to being carcinogenic and causing issues

with free-space absorption in air. Laser diodes and optical components in the UV

are also often more expensive.

Microwave transition frequency Microwave sources, amplifiers, switches and di-

agnostics typically become more expensive or have poorer noise specifications at

higher frequencies. Acousto optic modulators (AOMs) to introduce frequency split-

tings for Raman lasers also become less available at higher frequencies. Phase locks

at these frequencies become more technically challenging due to the difficulty in

finding low noise stable reference frequency sources.

2.1.3 Compatibility of species

To harness the advantages of different ion species it is often desirable to use mul-

tiple ion species for different tasks. To be able to exploit all benefits, such as

sympathetic cooling or spectral distinction, while at the same time being able to

transfer quantum information between the different species, it is important to care-
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fully match the ion’s mass and transition wavelengths. For good motional coupling

it is important to have similar masses of the ions. While it is desirable to have

well separated laser frequencies for addressing and sympathetic cooling, some gate

mechanisms profit from similar transition frequencies, see section 3.5. When using

two species with hyperfine structure, it is also beneficial to find ion species that

become insensitive to magnetic field fluctuations at similar magnetic fields, to in-

crease coherence times.

2.2 Our Ions

For the work in this thesis three different ion species were used: 43Ca+ , 40Ca+ and
88Sr+ . All are alkaline-earth metals. 43Ca+ has a nuclear spin of I = 7/2, which

leads to hyperfine structure. 40Ca+ and 88Sr+ have I = 0 and therefore do not have

a hyperfine structure. An external magnetic field leads to Zeeman splitting of the

individual states. There are three relevant orbitals. The ground state of the single

valence electron is in the S orbital, where both of our qubit states are located. The

short lived P-levels are used as excited state for Raman transitions, as well as for

resonant fluorescence and Doppler cooling. The metastable long-lived D-levels are

used as a shelf for readout. Both the P and D orbital exhibit fine-structure due to

the spin-orbit interaction.

For quantum computing it is necessary to cool the ions close to their motional

ground state, prepare a certain qubit state, perform logic operations on it and

finally read out the resulting state. In the following the level structure and schemes

for these operations for the ions used in this thesis are explained. If not specifically

mentioned otherwise, all schemes are explained for an external magnetic field of

146 G (high field). In this work 88Sr+ was only used at high field, whereas 43Ca+ was
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used at low field (B ≈ 2 G) in section 6.1 and at high field in the remainder of this

thesis. 40Ca+ was only used in section 6.1 at low field. Experimental details and

performance numbers will be given in section 5.

2.2.1 Photo ionization

For loading the ions, a current I ∼ 4 A is driven through an oven tube filled

with pellets of the desired atomic species. The current resistively heats the oven

tube, which causes parts of the calcium/ strontium sample inside to evaporate.

The stream of hot atoms is directed at the ion trap. Two photo ionization lasers

are focussed at the centre of the trap with energies appropriate to remove one

of the atom’s valence electrons, see Fig. 2.2. The freshly created ions are then

confined by the trap and cooled down to a crystal by Doppler cooling. A two

photon process [45, 82] is used so that the first, less intense laser is resonant with

a specific transition and therefore species selective, while the second, more intense

laser provides the remaining energy to ionize the atom. The isotope shift between
43Ca+ and 40Ca+ for the 423 nm transition is δf = 610 MHz, which is considerably

larger than the transition linewidth (A12 = 2π · 35 MHz [70]) and therefore allows

isotope-selective ionization and loading. The oven is aligned perpendicular to the

photo ionisation lasers so that the excitation is insensitive to Doppler shifts. This

method is used for loading at both high (146 G) and low (2 G) magnetic field [48].

2.3 Calcium 43

The level structure of 43Ca+ is shown in Fig.2.3. The hyperfine and Zeeman

splitting lead to a large number of ground-level states that can be chosen as

qubit states. Experiments in this work were all performed on the ‘stretch’-qubit

|F = 4,mF = 4〉 ↔ |F = 3,mF = 3〉. However, at certain magnetic fields, there

exist states whose frequency difference does not in first order depend on the mag-
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Figure 2.2: Photo ionization: The ionization occurs in two steps. First a 461 nm
(88Sr) or 423 nm (40Ca, 43Ca) laser transfers one electron into an excited state
nsnp 1P1. Subsequently the electron is further excited into the continuum by a
375 nm laser.

netic field, d
dB (f↑ − f↓) = 0, so-called ‘atomic clock’-qubits. Because magnetic

field fluctuations are the main source of decoherence, these states possess a greatly

increased coherence time (T ∗2 = 50 s [49]) and are therefore ideal for quantum com-

puting. In 43Ca+ , the first such qubit is at B = 0, |4, 0〉 ↔ |3, 0〉. However a small

magnetic field is required to set the quantisation axis and lift Zeeman degeneracy.

The next clock-qubit is at B = 146.0942 G between |4, 0〉 ↔ |3, 1〉. The majority of

work in this thesis has been performed at 146 G to have access to this special qubit.

The existence of ‘clock’-qubits stems from the combination of hyperfine structure

and Zeeman splitting. We can distinguish three regimes: (i) The weak field regime,

where the hyperfine interaction is much larger than the Zeeman splitting. The

Zeeman effect can therefore be treated as a perturbation and F and mF are good

quantum numbers. (ii) The strong field regime, where the splitting due to the

external magnetic field is much larger than the hyperfine interaction, this is called

the Paschen-Back regime. Here the hyperfine interaction can be treated as a per-

turbation and the good quantum numbers are mI and mJ . (iii) The intermediate

field regime where the Zeeman and hyperfine splitting are of comparable magni-
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Figure 2.3: 43Ca+ level structure: Transition wavelengths, excited state lifetimes
and branching ratios [126] of 43Ca+ . We choose two pairs of states as our potential
qubits: |F,mF 〉 = |4, 4〉 ↔ |3, 3〉 is easy to prepare by optical pumping; |4, 0〉 ↔
|3, 1〉 is first-order independent of magnetic field fluctuations at B = 146 G. The
hyperfine splitting between the two 4S1/2 ground levels F = 4 and F = 3 is
ωhfs = 2π · 3.2 GHz, the fine structure splitting between 4P1/2 and 4P3/2 is ωf =
2π · 6.68 THz.

tude. Here states are in a superposition of |F,mF 〉 or |mJ ,mI〉 and the only good

quantum number is m = mF = mI + mJ . The energy shift of a state does not

depend linearly on the magnetic field, but shows curvature, which leads to the

emergence of clock-transitions.

Although in general the energy shifts in the intermediate field have to be calcu-

lated numerically by diagonalisation of the Hamiltonian, there exists an analytical

solution for J = 1
2 valid in the ground state levels of 43Ca+ or similar species. This

solution is called the Breit-Rabi formula [144]:

∆E(F,mF ) = − ∆Ehfs

2(2I + 1) − gIµNmFB ±
∆Ehfs

2

√
1 + 2mF

I + 1/2Bx+ (Bx)2 (2.1)

x = gIµN + gJµB
∆Ehfs
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Figure 2.4: 43Ca+ ground level: Applying a magnetic field lifts the degeneracy
of the hyperfine levels. At B1 = 146.0942 G the states |4, 0〉 ↔ |3, 1〉 and at
B2 = 287.7827 G the states |4, 1〉 ↔ |3, 1〉 form clock qubits.

where the nuclear spin I = 7/2 and the hyperfine splitting ∆Ehfs = h·3.2256082864(3) GHz

[3]. The Landé g-factor gJ = 2.00225664(9) [130] is defined over the electron’s mag-

netic moment µJ = −gJµBJ and the nuclear g-factor gI = −1.315348/I [48] over

the nuclear magnetic moment µI = gIµNI with nuclear magneton µN = e~
2mp .

In the ground level at 146 G, although we are in the intermediate field region, the

hyperfine splitting is sufficiently larger than the Zeeman splitting that F and mF

remain a natural choice to label the respective energy levels, see Fig. 2.4. However,

the hyperfine splitting is smaller in higher orbitals. In 4P3/2 and 3D5/2 we are

already in the high-field regime with appropriate quantum numbers mI and mJ ,

see [48]. The qubit frequencies at 146 G are ω0,stretch = 2π · 2.873631432 GHz and

ω0,clock = 2π · 3.199941077 GHz.
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Figure 2.5: 43Ca+ state preparation scheme: A σ̂+polarized 397 nm laser ex-
cites population from 4S1/2 to 4P1/2. An EOM creates the sideband necessary
to also excite population from the F = 3 levels. A 866 nm laser recovers pop-
ulation that has decayed to 3D3/2. Due to the σ̂+polarization population in
4S1/2, F = 4,mF = 4 cannot be excited and population is therefore pumped into
|↓〉 = 4S1/2 |F = 4,mF = 4〉.

2.3.1 State Preparation and Readout

The qubit is prepared into |↓〉 = 4S1/2 |F = 4,mF = 4〉 by optical pumping with a

σ̂+polarized 397 nm laser, see Fig. 2.5. The fidelity of the state preparation is only

limited by the polarization purity of the 397 nm laser. Preparation into the clock

qubit is performed by applying additional microwave pulses to transfer population

along |F = 4,mF = 4〉 → |F = 3,mF = 3〉 → |F = 4,mF = 2〉 → |F = 3,mF = 1〉

[48]. The polarization of the microwaves is not balanced. Thus some of these tran-

sitions can only be driven with very low Rabi frequencies. Preparation into the

clock-qubit is therefore very vulnerable to magnetic field noise. State preparation

at low field is performed analogously.

The qubit is read out with fluorescence detection, by first transferring population

from the dark state |↓〉 to the shelf 3D5/2, see Fig. 2.6. The readout fidelity is limited

by the lifetime of the shelf-state, and therefore by the duration of the fluorescence
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Figure 2.6: 43Ca+ readout scheme: A σ̂+ polarized 393 nm laser excites population
from |↓〉 = 4SF=4,mF=+4

1/2 to 4P 5,+5
3/2 . The 3.2 GHz hyperfine-splitting suppresses

excitation from the F = 3 levels. From 4P 5,+5
3/2 selection rules prevent decay to any

state other than |↓〉 in the ground state manifold. With 6% probability it can decay
to the desired shelf state, 3D5/2. With 0.7% probability it can decay to 3D3/2, from
where a sequence of first σ̂+and then π̂ polarized 850 nm pulses transfers population
back to 4P 5,+5

3/2 . A sequence of {393,850} pulses pumps all population from |↓〉 into
the shelf. Subsequently 397 nm and 866 nm light is applied, that will cause the ion
to fluoresce if there is any population left in the ground state manifold, i.e. if the
ion’s original state was |↑〉 .

detection which is dictated by the net collection and detection efficiency of the

imaging system and photon detector. Mis-set frequency of the 393 nm or 850 nm

laser, as well as impurities in their polarisation or 854 nm laser leakage can also

reduce the readout fidelity. At low field a single 850 nm laser frequency is sufficient

to repump population from 3D3/2, as the energy levels are too close together to be

addressed separately.

2.3.2 Logic operations

Single-qubit operations are driven directly with microwaves (section 3.2.2) or via

the 4P manifold using Raman transitions (section 3.2.3). In this work, two-qubit

operations are performed with Raman lasers, however microwave two-qubit gates

have also been demonstrated on the clock qubit in 43Ca+ [50].
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2.3.3 Cooling

We cool 43Ca+ with three different techniques: (i) Hot ions are cooled with Doppler

cooling outside of the resolved sideband regime. The minimum temperature attain-

able with Doppler cooling is limited by the recoil caused by emitted photons. (ii)

Dark resonance cooling [2] is a type of Doppler cooling. However it can cool below

the Doppler limit by exploiting the large fluorescence gradient and low total fluo-

rescence rate of dark resonances. (iii) Finally resolved sideband cooling is used to

cool ions down to the ground state.

Doppler cooling

During Doppler cooling [140] two 397 nm lasers are applied on the ion, with polari-

sations σ̂+ and π̂. Both lasers have a sideband induced by an EOM to be resonant

with population in both hyperfine manifolds. An 866 nm laser repumps popula-

tion decayed to 3D3/2. The 866 nm transition is intensity broadened to cover all

levels in 3D3/2. The 397 nm lasers are detuned red from resonance. Due to the

Doppler effect the ions absorb mainly photons opposite to their direction of mo-

tion. The absorbed photons are then emitted again in a random direction, most

likely at a higher frequency closer to the Doppler free resonance. The energy dif-

ference between the two photons is extracted from the ion’s motion. The minimum

temperature limit of Doppler cooling is reached once the cooling rate equals the

heating rate due to the emitted photon’s recoil at a detuning of ∆ = Γ
√

1 + s/2,

and is roughly

TD ∼=
7~Γ
20kB

√
1 + s ≈ ~Γ

2kB
(2.2)

with s = 2|Ω|2/Γ2 [75]. For 40Ca+ this is approximately 0.5 mK. The minimum

temperature is lower for smaller Rabi frequencies. This limit however assumes a

two-level system. The many levels in 43Ca+ lead to more complex dynamics and
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dark resonances. These cause the achievable Doppler limit to be higher, as well as

the peak fluorescence to be lower. While this type of Doppler cooling is applied

during all times when the experiment is idle, during loading as well as during

fluorescence detection, dark resonance cooling is used at the beginning of each

experiment to cool the ion to lower temperatures.

Dark resonance cooling

The minimum temperature achievable with Doppler cooling decreases with a smaller

photon scattering rate, and a larger gradient of the scattering rate with laser fre-

quency [2]. This is because a larger absolute scattering rate means an already very

cold ion is more likely to absorb and emit a photon and therefore to be heated

by the recoil. The large gradient means that the ion is far more likely to emit a

photon with energy larger than that of the absorbed photon, rather than emitting

a photon of similar or even smaller energy. At a dark resonance there is both a

low total fluorescence rate and a large fluorescence gradient. By simulation of the

multi-level system, parameters for optimal dark resonance cooling can be found.

We use parameters similar to the ones found in [2], with small empirical adjust-

ments to compensate for the different beam geometry. The lasers used for dark

resonance cooling are the same as for Doppler cooling, with smaller laser powers

and a different 866 nm detuning. Due to the narrowness of the dark resonance, the

final temperature is very sensitive to the 866 nm detuning.

At low field the final temperature that can be reached with normal Doppler cooling

is lower than at high field. Therefore dark resonance cooling was not necessary.

Sideband cooling

For ωz � γ, with natural linewidth γ, we are in the resolved sideband regime and

can address individual motional sidebands [75]. This condition is fulfilled by the
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Figure 2.7: Sideband cooling: A Raman red sideband π-pulse transfers population
from |↓, n〉 → |↑, n− 1〉. A weak σ̂+ polarized 397 nm laser can excite population
out of |↑〉 , but not out of |↓〉 , so it will eventually decay back to |↓〉 . A 866 nm laser
repumps population from 3D3/2. Decay into the blue or red sideband is suppressed
by η ≈ 0.18 relative to the carrier, see section 3.2.3, and therefore typically one
phonon is removed in each cycle. Thus population is pumped towards |↓, 0〉, from
where it cannot be excited further.

typical Rabi frequencies reached by Raman transitions of ΩR ≈ 2π · 130 kHz. By

tuning the Raman lasers to the red sideband, see Fig. 2.7 we can extract motional

energy from the ion and cool it down to the ground state.

We distinguish between two different kinds of sideband cooling: continuous side-

band cooling [137], where all lasers remain switched on simultaneously, and pulsed

sideband cooling, which iterates pulses of {πRSB} and {866, 397σ̂+}. Continuous

sideband cooling has a higher cooling rate and is therefore employed in the be-

ginning, while pulsed sideband cooling reaches lower temperatures and is therefore

used in the end. Sideband cooling at low field is performed equally to that at high

field.

2.4 Strontium

The level structure of 88Sr+ is shown in Fig. 2.8. The qubit splitting is only due

to Zeeman shifts and is ω0 = 2π · 408.7 MHz at 146 G. It increases with ∆E =

gJµBmJB, i.e. ∆f = 2.8 MHz per Gauss.



24 CHAPTER 2. THE IONS

1004nm

674nm

1033nm

1092nm

408nm

422nm

5S1/2

4D3/2

4D5/2

5P1/2

5P3/2

Figure 2.8: 88Sr+ level structure: Transition wavelengths, excited state lifetimes
and branching ratios of 88Sr+ . Due to the lack of hyperfine structure there are only
two states in the ground level and the qubit states are |J,mJ〉 = |1/2,−1/2〉 ↔
|1/2,+1/2〉. The fine structure splitting between 5P1/2 and 5P3/2 is ωf = 2π ·
24.027 THz. The branching ratios are calculated from the Einstein A coefficients
and lifetimes tabulated in appendix D. Due to measurement uncertainties of these
values the branching ratios do not add up to 100%.
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Figure 2.9: 88Sr+ state preparation: A σ̂±polarized 422 nm laser pumps popula-
tion into one of the qubit states, while the 1092 nm laser repumps population from
4D3/2. At high field the frequency splitting between the two 422 nm transitions
is 544.9 MHz, large enough to sufficiently suppress excitation from the other qubit
state. Depending on which laser, 422u or 422l, is selected, the qubit is prepared
into |↑〉 or |↓〉 .

2.4.1 State Preparation and Readout

The qubit state is prepared with frequency selective pumping with a σ̂± polarised

422 nm laser, see Fig. 2.9. The limiting factor for the state preparation fidelity is

the difference in the 422l and 422u transition frequencies.

In this work, readout is performed with a preliminary scheme, shown in Fig. 2.10.

The fidelity of this scheme is rather low because population decayed into 4D3/2 is

recovered only insufficiently. In future work, this readout scheme will be replaced

by using a 674 nm quadrupole laser to directly transfer population into the shelf,

at much higher fidelity.

2.4.2 Logic operations

Single-qubit operations in 88Sr+ are driven directly using r.f. radiation. We do

not have Raman lasers with an energy splitting suitable to perform single-qubit
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Figure 2.10: 88Sr+ preliminary readout scheme: A σ̂+ polarized 408 nm laser
excites population from |↑〉 = 5SmJ=1/2

J=1/2 to 5P 3/2
3/2 . The frequency splitting between

|↑〉 and |↓〉 is only the Zeeman splitting at 146 G, leading to errors from off-resonant
excitation. Again, ≈ 6% of the population from 4P 3/2

3/2 will decay to the shelf 3D 5
2
.

Another 0.7% will decay to 3D 3
2
, from where population is recovered with 1092 nm

light. It is however only recovered to a state from where it can also decay to the
‘bright’ qubit state |↓〉 , causing an error.

operations in 88Sr+ , however our Raman laser wavelength is close enough to tran-

sitions in 88Sr+ , that we can use it to drive a σz geometric phase gate on 88Sr+ , see

section 6.2. In future experiments the quadrupole laser can also be used to drive

entangling gates on 88Sr+ . It will also allow the performance of a mixed-species

Mølmer-Sørensen gate, which depends on the qubit transition frequency, and there-

fore requires two sets of lasers to perform mixed species gates. The quadrupole laser

will also be used to drive single-qubit operations on the ion.

2.4.3 Cooling

Doppler cooling in 88Sr+ reaches temperatures close to the Doppler limit thanks

to the simple level structure of 88Sr+ . We currently have no lasers to perform

sideband cooling on 88Sr+ , instead sympathetic cooling from 43Ca+ is used to cool
88Sr+ below the Doppler limit to its motional ground state. In future experiments

the quadrupole laser can be used to directly cool 88Sr+ to the ground state.
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Figure 2.11: Readout in 40Ca+ : Population in |↑〉 is shelved with a 393 nm σ̂+

polarised laser to 3D5/2. A dark resonance induced by an intense 850 nm laser (σ̂−
polarised) is used to suppress excitation from |↓〉 .

2.5 Calcium 40

The level structure of 40Ca+ is analogous to that of 88Sr+ , with state lifetimes,

branching ratios and transition wavelengths equal to those of 43Ca+ , apart from

an isotope shift. State preparation works through polarisation selectivity as for
43Ca+ . At low field the frequency splittings are small enough that a single beam is

sufficient and no EOM sidebands are necessary. The readout scheme is similar to

that used for 88Sr+ . However 40Ca+ is operated at low field, and the qubit splitting

is not large enough to allow state selective shelving. Instead, electromagnetically

induced transparency (EIT) is used to suppress excitation out of |↓〉 , see Fig. 2.11.

Doppler cooling is performed equivalently to 88Sr+ . Single-qubit operations are

performed with r.f. radiation or Raman lasers. For mixed-species experiments

using 40Ca+ and 43Ca+ , the Raman lasers were used to sideband cool 40Ca+ ,

with 43Ca+ being cooled sympathetically. Two-qubit entangling gates are also

performed using the Raman lasers.
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Chapter 3

Theory

A trapped ion has two observables relevant for quantum computing: its internal

state, which can be described as a quasi-spin, and its external state, the motion.

The quasi-spin is encoded by the energy level that the valence electron occupies.

We pick two such levels as our qubit states and call them |↑〉 and |↓〉 . For all

coherent quantum computing operations the ion is prepared such that it occupies

either one or a superposition of the two qubit states. The electron can interact with

electromagnetic fields applied to the ion – we can use lasers, microwaves or RF ra-

diation to manipulate the electron’s state and therefore the qubit state. The spatial

extent of the ion’s electronic wave function is z0 =
√

~
2Mωz

(typically z0 ≈ 8 nm);

this is much smaller than the separation of the ions from each other (≈ 3µm) or

from the trap electrodes (≈ 0.5 mm). At this separation, the direct interaction

between spins of different ions is very weak [69].

The ion’s motion is defined by the confining electric field. In the axial direction of

the trap ẑ the potential is harmonic – the motion of the ion corresponds to harmonic

oscillator states. If the ion is cold enough and we have a laser with sufficiently

narrow linewidth that the harmonic oscillator states are spectrally resolved, we

can use this laser to excite and dampen the motion of the ion. For experiments

29
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involving the ion’s motion it is desirable that the ion is close to its motional ground

state. This can be achieved by using resolved sideband-cooling to extract motional

energy from the ion.

If there are multiple ions in the trap, they repel each other due to their equal

charge. This motional coupling between different ions is strong and basically instan-

taneous. A combination of the motional coupling of the ions and spin-dependent

forces caused by laser radiation exciting the ions’ motion can be used to create

entanglement between different ions.

3.1 Linear Paul Trap

The advantage of working with ions over atoms is that they can easily be trapped

using electric fields due to their electric charge. Laplace’s theorem ∇2Φ = 0 implies

that no static electric field can have a minimum in three dimensions simultaneously.

To confine an ion in three-dimensional space we therefore need to use a magnetic

field (Penning trap [27]) or oscillating electric field (Paul trap [108]) on top of the

static electric field. In our experiment we use an RF Paul trap, where four (blade

or rod) electrodes arranged as a quadrupole, two of which are grounded and two of

which are driven by an oscillating voltage VRF, provide a ponderomotive potential

as radial confinement. The two endcap electrodes are connected to DC voltages

and provide a harmonic potential in the axial ẑ direction. The resulting potential

along the trap axis can be described as [142, 5, 75]

Φ ' VRF

2 cos(ΩRFt)
(
κzz

2

d2 + κxx
2 − κyy2

ρ2

)
+ α

Vdc

2

(
2z2 − x2 − y2

d2

)
(3.1)

where VRF (Vdc) is the voltage applied to the blades (endcaps), z (x, y) is the

displacement from the centre of the trap in the axial (radial) direction, ρ (d) is the

distance from the trap centre to the blades (endcaps) and ΩRF is the RF frequency.
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The parameters α, κx, κy and κz are geometric factors of order unity, caused by

deformations of the field due to non-hyperbolic trapping electrodes and the finite

size of the trap1. The motion of the trapped ions can be described by the Mathieu

equation [75]

d2ui
dξ2 + (ai − 2qi cos(2ξ))ui = 0 (3.2)

with ξ = ΩRFt/2, ui ∈ {x, y, z}, and parameters [13, 5]

ax = ay = −az2 = − 4αeVdc

Md2Ω2
RF

(3.3)

qx = −qy = 2eκiVRF

Mρ2Ω2
RF
, qz = 2eκzVRF

Md2Ω2
RF

For ωp = eαVRF√
2ΩRFMρ2 � ΩRF [141] (i.e. qi � 1) we can approximate the trap potential

as a three-dimensional harmonic well with U(x, y, z) = 1
2mω

2
xx

2+ 1
2mω

2
yy

2+ 1
2mω

2
zz

2

and trap frequencies ωi = ΩRF
2

√
q2
i

2 + ai [142, 75]. The ion’s motion can then be

described as a superposition of secular oscillation at ωi in the orthogonal directions

x, y, z and micromotion at the frequency of the trap RF ΩRF. For calculating the

axial trap frequency we can assume qz ≈ 0 and obtain2

ωz ≈
√

2κzeVdc

Md2 ∝
√
Vdc

M
(3.4)

ωr =
√
ω2
p − ω2

z/2 ∝
VRF

MΩRF

For two ions of equal mass the axial mode frequencies are ωz,ip = ωz and ωz,oop =
√

3ωz. For two ions of different masses M1 and M2 = µM1 the secular mode

frequencies change to [146]
1 One often finds this potential with κz = 0. However the asymmetric driving of the RF

blades and the finite distance to the endcap electrodes means that there is a gradient of the RF
amplitude along the trap axis [13, 5]. Axial micromotion and its dependence on z can therefore
not be neglected entirely. κz can be reduced by increasing the distance d between the trap centre
and the endcaps.

2The scaling of the radial frequency is only approximate.
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ωz,ip/oop =

√√√√1 + µ∓
√

1− µ+ µ2

µ
ωz,1 (3.5)

ωx,y,ip/oop =
√
−µ+ µ2 − ε2(1 + µ2)∓ a

2µ2 ωz,1

where ε = ωp/ωz,1, a =
√
ε4(µ2 − 1)2 − 2ε2(µ− 1)2µ(1 + µ) + µ2(1 + (µ− 1)µ) and

ωz,1 = ωz(M1).

The ion-spacing for ions with equal mass in a two-ion crystal can be calculated

from the axial frequency with [142]

δz =
(

e2

2πε0Mω2
z

)1/3

(3.6)

3.2 Ion - Light Interactions

Manipulation of the ions’ state is performed with coherent electromagnetic fields.

We will first look at the influence of these fields on the internal state of the ion

and later add coupling to the external states. We begin by expressing the ion as

an idealised two-level system. We roughly follow the treatment in [47, 36, 117, 81,

142, 139, 125], where more detail can be found.

The internal energy of the ion H0 is a sum of its electronic energy He and its

motional energy Hm. We will look at a single ion with two levels |e〉 , |g〉 that

are split by ~ω0. An external magnetic field B sets the quantisation axis, and σz

projects the spin of the electron on the quantisation axis with eigenvalues ±1, such

that σz |e〉 = |e〉 and σz |g〉 = − |g〉 . The ion’s motion corresponds to a harmonic

oscillator along the trap axis ẑ, with motional frequency ωz. The total internal

energy is then



3.2. ION - LIGHT INTERACTIONS 33

H0 = He +Hm = ~ω0

2 σz + ~ωza†a (3.7)

It is easiest to study the interaction of an ion with electromagnetic radiation by

expressing the electromagnetic field in a multipole expansion [81]. To first order the

interaction is described by the electric dipole operator HED = −d · E. This term

usually dominates, and if it is non-vanishing higher order terms can be ignored.

For transitions that are electric dipole forbidden an expansion to second order is

necessary. Here we obtain the magnetic dipole interaction HMD = −µ ·B and the

electric quadrupole interaction HEQ = Q∇ · E. An expansion to higher orders is

not necessary for the dynamics considered in this thesis.

3.2.1 Electric Dipole Interactions

We will first study two levels |e〉 and |g〉 that are connected with a dipole allowed

transition. The wavelength of the laser light is typically much larger than the

size of the ion, i.e. kl · re � 1; here kl is the wave vector of the laser light and

re the spatial extent of the electron’s wave function. We can therefore make the

dipole approximation and only consider the first order term of the Hamiltonian

HED. We can further assume the electric field El only depends on the position

of the nucleus r and not on that of the electron relative to the nucleus re. The

interaction Hamiltonian that describes the coupling of the laser radiation to the

atom then reduces to

HED = −d · El(r, t) = −qreE0εl cos(kl · r− ωlt+ φl) (3.8)

Here E0 is the electric field amplitude, the electron’s charge q = −e, ωl is the laser

frequency and the phase φl = φ0 + φz consists of the initial optical phase of the

laser oscillator φ0 and the phase of the laser field at the position of the ion φz. The

polarisation of the electric field is εl = e0π̂ + e+σ̂
+ + e−σ̂

−.
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Due to the odd parity of the position operator re the diagonal elements of the

dipole operator vanish - we can write d · εl = I(d · εl)I = degσ+ + d∗egσ− where

deg = 〈e| qre · εl |g〉, and the definitions of the Pauli matrices σ+ and σ− can be

found in appendixA. With the Rabi frequency ΩR = −deg
~ E0 we obtain

HI = −~ΩR

2 (σ+ + σ−)
[
ei(k·r−ωlt+φl) + e−i(k·r−ωlt+φl)

]
(3.9)

This is the basic Hamiltonian describing the effect of a laser field on a two level

system. In some cases we can neglect effects on the ion’s motion. Then k · r ≈ 0

or it can be absorbed into the phase φl.

Rabi Oscillations

For studying the effects of electromagnetic radiation close to resonance of the elec-

tronic transition we first neglect effects on the motion and move to the interaction

picture. We take a frame that is rotating at the ion’s transition frequency ω0. With

H0 = ~ω0
2 σz the interaction Hamiltonian H̃I = U †HIU with U = e−iH0t/~ becomes

H̃I = −~ΩR

2
[
σ+e

i(δt−φl) + σ−e
−i(δt−φl)

]
(3.10)

where we have applied the rotating wave approximation (RWA) by neglecting fast

oscillating terms at ω0 + ωl. The detuning of the laser from the ion’s transition

frequency is δ = ω0 − ωl. On resonance δ = 0 the Hamiltonian becomes time-

independent and we can easily calculate the propagator

U =

cos
(

ΩRt
2

)
i sin

(
ΩRt

2

)
e−iφl

i sin
(

ΩRt
2

)
eiφl cos

(
ΩRt

2

)


This propagator gives rise to Rabi oscillations that are used to transfer population

coherently between two different levels and allows us to perform arbitrary rotations

on the Bloch sphere. For φl = −π/2 it corresponds to the rotation matrix Ry(θ),

and for φl = π to Rx(θ). By adjusting the laser phase φl or, for off-resonant
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driving fields, by adding a time delay we can do rotations around the ẑ-axis of the

Bloch sphere. This Hamiltonian therefore allows us for example to implement a

Hadamard gate by choosing θ = ΩRt = π/2 with H = Ry(π/2) ·Rz(π).

Light Shifts

In a real ion we will never have a perfect two-level system and radiation resonant

with one transition will off-resonantly couple to other transitions. For δ � ΩR the

effect on the populations will be negligible. The action of far off-resonant ion-light

interaction instead becomes apparent if we go into the frame rotating with the

laser frequency ωl. We can write the electronic Hamiltonian as H0 = ~ωl
2 σz + ~∆

2 σz,

with detuning from resonance ∆ = ω0 − ωl. We use the notation ∆ instead of δ

here, to emphasise that we mainly care about this effect for large detunings. The

Hamiltonian in the interaction picture then becomes

H̃ = H̃0 + H̃I = ~∆
2 σz + ~ΩR

2 (σ+e
−iφl + σ−e

iφl) (3.11)

Its eigenvalues are λ = ±~
2

√
Ω2

R + ∆2. For small detunings ∆ this corresponds to

the dressed state picture where we observe an avoided crossing at ∆ = 0. For large

detunings ∆ � ΩR we can do a Taylor expansion of the eigenvalues. Our energy

then looks like

H̃ ≈ ~
(

∆
2 + Ω2

R
4∆

)
σz (3.12)

The unperturbed level at ~∆
2 is shifted by ~Ω2

R
4∆ . This shift is called the light shift

or a.c. Stark shift [36].

3.2.2 Magnetic Dipole Interactions

If the two levels |g〉 and |e〉 have the same parity, the electric dipole moment vanishes

and HMD and HEQ become relevant. We can drive the magnetic dipole transitions
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using microwaves or radio-frequency (RF) radiation. The Hamiltonian then looks

like

HI = −µB(r, t) = gsµB
2 (Bxσx +Byσy +Bzσz) cos(k.r− ωBt+ φB) (3.13)

with magnetic moment µ = −gsµB
~ S, spin operator S = ~

2σ, the electron spin-factor

gs ≈ 2 and the Bohr magneton µB = e~
2me . For microwaves the size of the electron’s

wave packet is much smaller than the wavelength of the magnetic radiation and we

can therefore neglect k.r ≈ 0. We can write the Hamiltonian in matrix form

HI = gsµB
2

(
Bz Bx − iBy

Bx + iBy −Bz

)
cos(ωBt− φB) (3.14)

The diagonal σz terms cause a differential Zeeman-shift that merely shifts the

energy of our two levels; we will ignore them for now. Defining B̃xe
iφp = Bx − iBy

we can express the off-diagonal terms as B̃xe
iφpσ+ + B̃xe

−iφpσ−. After moving into

the rotating frame with H0 = ~ω0
2 σz and applying the RWA we obtain

H̃I = gsµB
4 B̃x

[
ei(φp+φB)eiδtσ+ + e−i(φp+φB)e−iδtσ−

]
(3.15)

We can see that in the RWA the Hamiltonian for an arbitrarily polarised magnetic

field is equivalent to that of a field purely polarised in the x̂ direction, with an offset

of φp of the initial phase. With Rabi frequency ΩR = gsµBB̃x
2~ this Hamiltonian has

the exact same form as eqn. 3.10 and gives rise to Rabi oscillations.

3.2.3 Raman Interactions

Magnetic dipole transitions can also be driven using lasers via a stimulated Raman

interaction. Instead of directly driving the transition, we have two lasers (labelled

r and b) coupling |e〉 and |g〉 to a third auxiliary level |3〉. The lasers differ in fre-

quency by the transition frequency ω0 and are far detuned from the auxiliary level

to avoid scattering photons, see Fig. 3.1. If the Raman detuning ∆ � ΩRr,b , δ the
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Figure 3.1: Raman transition: Population can be transferred coherently between
two levels by coupling them with two laser beams that are far detuned (∆) from a
third auxiliary level. The frequency difference of the two lasers is ωb−ωr = ω0 + δ.

change in population of the auxiliary level becomes negligible and we can adiabat-

ically eliminate it.

A mathematically more elegant method is to apply the James-Jerke approximation

[57, 5]. We start with the Hamiltonian in the frame rotating with ωg3 = ωb + ∆.

With two laser-fields with frequencies ωr and ωb we have after the RWA:

H̃I = −~
2
[

ΩR,re
i(δrt−kr.r+φl,r) |3〉〈e|+ ΩR,be

i(δbt−kb.r+φl,b) |3〉〈g|+ h.c.
]

(3.16)

where δb = ∆ and δr = ∆− δ. Averaging over the fast dynamics evolving at e−i∆t

we obtain

Heff =
~Ω2

R,b

4∆ (|3〉〈3| − |g〉〈g|) +
~Ω2

R,r

4(∆ + δ) (|3〉〈3| − |e〉〈e|)

− ~ΩR,rΩR,b

4∆R

[
ei(∆k.r+∆φl+δt) |e〉〈g|+ h.c.

]
(3.17)

where 1
∆R

= 1
2

(
1
∆ + 1

∆+δ

)
≈ 1

∆ is the effective Raman detuning, ∆k = kr − kb the

difference wave-vector and ∆φl = φl,r − φl,b the relative phase of the two Raman
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fields. The first two terms are light shifts and can be included in the detuning δ.

If we move into the frame rotating with ω0, apply the RWA and use the effective

Rabi frequency ΩR = ΩR,bΩR,r
2∆ this Hamiltonian is again equivalent to eqn. 3.10.

Coupling to the Ion’s Motion

In contrast to microwaves, for Raman transitions the term k.r is not negligible,

because the wavelength of the laser light is much shorter - in 43Ca+ λmicrowave ≈

10 cm and λRaman ≈ 400 nm. This means the momentum of the photons is large

enough that we can use Raman transitions to influence the motion of an ion.

Let us only consider motion along the axial direction of the trap ẑ3. Since the

motion along the trap axis corresponds to a harmonic oscillator we can express the

position operator of the nucleus r = z0(a + a†)ẑ. We can then write the product

∆k.r = η(a+ a†) with Lamb-Dicke parameter

η = 2kz0 sin
(
α

2

)
cos(β) (3.18)

where α is the angle between the two Raman beam wave-vectors kr and kb and

β is the angle between the trap axis ẑ and the Raman difference wave-vector ∆k.

In our experiment we have ideally α = π/2, β = 0 and we obtain the Lamb-Dicke

parameter η =
√

2kz0, with ground state wave-function spread z0 =
√

~
2Mωz

.

The Lamb-Dicke parameter can also be expressed in terms of the square-root of

the ratio of the photon’s recoil energy ER = (~k)2

2M on the atom to the energy of a

motional quantum (phonon) Em = ~ωz, η2 = ER
Em

. A larger Lamb-Dicke parameter

therefore means the emission/absorption of a single photon has a stronger effect

on the ion’s motion.

We begin with the Raman interaction Hamiltonian (3.17), with the light shifts

included in δ
3The work in this thesis was performed on axial modes only. Motion along the radial direction

can be derived analogously.
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Heff = −~ΩR

2

[
ei[η(a+a†)+∆φl−δt]σ+ + h.c.

]
(3.19)

and by moving into the interaction picture with respect to Hm = ~ωza†a we obtain

H̃eff = −~ΩR

2

[
ei[η(ae−iωzt+a†eiωzt)+∆φl−δt]σ+ + h.c.

]
(3.20)

Lamb-Dicke regime: We can simplify this Hamiltonian if the ion’s wave-packet is

very small compared to the laser wavelength, i.e. if the ion experiences a constant

phase and amplitude of the laser light over the entire extent of its wave-packet:

〈Ψmotion|k2z2|Ψmotion〉 � 1 or η2(2n + 1) � 1. When this condition is fulfilled we

are in the Lamb-Dicke regime and can neglect higher-order terms in the Taylor

expansion of the exponential

H̃eff = −~ΩR

2
[(

1 + iη
[
ae−iωzt + a†eiωzt

]
+ O(η2)

)
ei(∆φl−δt)σ+ + h.c.

]
(3.21)

It is a necessary condition for the Lamb-Dicke regime that η � 1. The impact of

a single photon can therefore maximally add or remove one phonon. This leads to

three interesting cases, see Fig. 3.2: (i) δ = 0, the ‘carrier’ transition, no phonons

are created or destroyed; (ii) δ = −ωz, the ‘red sideband’ transition (RSB), each

photon absorption ‘removes’ one phonon; and (iii) δ = +ωz, the ‘blue sideband’

transition (BSB), each photon absorption ‘adds’ one phonon.

Carrier transitions: For δ = 0 the resonant term (1 · ei∆φlσ+ + h.c.) dominates.

The other terms are fast-oscillating and suppressed by η � 1 and can therefore

in general be neglected. Thus our dynamics can be described to a good approx-

imation by the Rabi oscillation Hamiltonian from eqn. 3.10, coupling the levels

|g, n〉 ↔ |e, n〉. The Rabi frequency is independent of n within the Lamb-Dicke

approximation.
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Figure 3.2: Sideband transitions: Left: Carrier, red and blue sideband transitions
in the Lamb-Dicke approximation. Middle and right: Lightshifts on the sidebands
due to coupling to the carrier transition. Typically ω0 ≈ 2π · 3 GHz � ωz ≈
2π · 2 MHz� ΩR,carrier ≈ 2π · 100 kHz� ∆LS ≈ 2π · 5 kHz.

Red sideband transitions: For δ = −ωz the Hamiltonian becomes

H̃RSB = −~ΩR

2
(
ei(∆φl+ωzt)σ+ + iη

[
a+ a†e2iωzt

]
ei∆φlσ+ + h.c.

)
(3.22)

Although off-resonant, the first carrier term can not be entirely neglected as it is

enhanced by a factor of 1/η. For ωz � ΩR it leads to a light-shift that increases the

transition frequency. The far off-resonant term a†e2iωzt can however be neglected

and our dynamics become

H̃RSB = −~ΩR

2 iη
(
aei∆φlσ+ − a†e−i∆φlσ−

)
(3.23)

This corresponds to the Jaynes-Cummings Hamiltonian known from cavity QED,

where the photon field inside the cavity has been replaced by phonons. It drives

Rabi oscillations between the levels |e, n〉 ↔ |g, n+ 1〉 and in the process leads to

entanglement between the motional and internal degrees of freedom of the ion. We

can calculate the modified Rabi-frequency by

∞∑
n,n′=0

〈
n
∣∣∣H̃RSB

∣∣∣n′〉 = −i~2η
√
n+ 1ΩR

(
e∆φlσ+ + e−∆φlσ−

)
(3.24)
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Figure 3.3: Laguerre polynomials: Rabi frequency of the carrier, first and sec-
ond sideband outside of the Lamb-Dicke approximation. Left: η = 0.178 (single
43Ca+ ion at fz = 1.86 MHz) Right: η = 0.126 (ip mode of two 43Ca+ ions at same
trap frequency).

where n = n< = n|e〉 . Hence ΩRn,n′ ,RSB = iη
√
n< + 1ΩR.

Blue sideband transitions: Analogously for δ = +ωz we obtain the anti-Jaynes-

Cummings Hamiltonian

H̃BSB = −~ΩR

2 iη
(
a†ei∆φlσ+ − ae−i∆φlσ−

)
(3.25)

It couples the two levels |e, n+ 1〉 ↔ |g, n〉 with effective Rabi-frequency ΩRn,n′ ,BSB =

iη
√
n>ΩR. The carrier light shift reduces the transition frequency.

Beyond the Lamb-Dicke regime: The condition that η � 1 is typically fulfilled

fairly well for trapped ions. However the more stringent condition η2(2n+ 1)� 1

can easily be violated if the ions are hot or have a large displacement in phase-

space. In this case the Lamb-Dicke approximation is no longer valid and we have

to take higher orders in η into account. The full Rabi frequency is [142]
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ΩRn,n′ = ΩR| 〈n′|eiη(a+a†)|n〉 |

= ΩRe
−η2/2

√
n<!
n>!η

|n′−n|L |n′−n|
n< (η2) (3.26)

with Laguerre polynomials L α
n (X) = ∑n

m=0(−1)m( n+α
n−m )Xm

m! . Therefore, compared

to within the Lamb-Dicke regime, the carrier Rabi frequency decreases for higher n.

The sideband Rabi frequency increases more slowly than its initial
√
n-dependency

and eventually also decreases, see Fig. 3.3.

3.2.4 Scattering

Another effect of the interaction between a trapped ion and electromagnetic radi-

ation is scattering. A photon from the driving laser field is absorbed by the ion,

transferring its valence electron into an excited state. The excited state then decays

via spontaneous emission and a photon is emitted into a random direction. The

total scattering rate is given by the Kramers-Heisenberg formula [106, 81]:

Γi,f = g2γ

4
∑
k

∣∣∣∣∣∣
∑
J

a
(J)
i→f (k)
∆J

∣∣∣∣∣∣
2

a
(J)
i→f (k) = 1

µ2

∑
q

∑
e∈J
〈f |d · σ̂q|e〉

〈
e
∣∣∣d · ekσ̂k∣∣∣i〉 (3.27)

Γi,total =
∑
f

Γi,f = ΓRaman + ΓRayleigh

Here g = Eµ/~ is the laser coupling, E =
√

2I/cε0 the electric field amplitude, γ

the radiative linewidth of the excited state4, µ = |〈e|dσ̂|g〉| the electric dipole mo-

ment of the cycling transition, εl = ∑
k ekσ̂

k the polarisation of the incoming light,

σ̂q = (σ̂+, σ̂−, π̂) the polarisation of the emitted photon, |i〉 the initial state , |f〉

the final state and |e〉 an intermediate excited state within the excited J-manifold.

4We note that technically γ also depends on J . However for lighter atoms with small spin-
orbit splitting the dependence is not very strong and the mathematical treatment is more elegant
neglecting the J-dependence.
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The detuning of the incoming laser light to the excited state manifold is ∆J , and for

a Gaussian beam of waist radius w0 the peak laser intensity at its centre is I = 2P
πw2

0
.

The total scattering can be split into two parts: (i) Inelastic Raman scattering

where i 6= f . The polarisation and frequency of the emitted photon depend on,

and are entangled with, the ion’s internal state. This acts as a measurement of

the qubit state. Each Raman scattering event therefore leads to total loss of the

ion’s coherence. (ii) Elastic Rayleigh scattering where i = f . Here the photon

does not carry any information about the internal state of the ion [106], which

would decohere the ion’s internal qubit state. However each elastic scattering

event produces a phase shift that depends on the excitation path of the electron.

If the scattering rates of the two qubit states are not equal, this phase shift leads

to decoherence of the qubit. This elastic dephasing rate can be quantified with

[133, 5]

Γel = g2γ

4
∑
k

∣∣∣∣∣∣
∑
J

a
(J)
↑→↑(k)− a(J)

↓→↓(k)
∆J

∣∣∣∣∣∣
2

(3.28)

A further effect of photon scattering is the momentum kick the ion experiences due

to absorption and emission of a photon. This leads to decoherence of the motional

state [105].

3.3 Transition Elements

We can quantify the Rabi frequencies and scattering rates with the quantum num-

bers of the specific transitions in 43Ca+ and 88Sr+ , listed in section 2.3. The elec-

tric dipole transition matrix elements dge = 〈g|deεl |e〉 can be calculated using the

Wigner-Eckart theorem. Following [125] we obtain for a fine-structure transition
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〈g|deεl |e〉 =
∑
q

eq 〈L, J,mJ |dq|L′, J ′,m′J〉 (3.29)

=
∑
q

eq 〈L||d||L′〉 (−1)L+S−mJ
√

(2J ′ + 1)(2J + 1)(2L+ 1) (3.30){
L L′ 1
J ′ J S

}(
J ′ 1 J
m′J −q −mJ

)

where L, J,mJ are the quantum numbers of the state lower in energy, L′, J ′,m′J

are the quantum numbers of the state higher in energy, eq are the polarisation

components of the absorbed or emitted photon with q = m′J −mJ . {} corresponds

to the Wigner-6j symbol and () is the Wigner-3j symbol. We can infer the reduced

matrix element 〈L||d||L′〉 from the Einstein A coefficient with

〈Lg||d||Le〉 =
√

3πε0~c3

ω0
Aeg

(−1)Je+L+S+1√
(2J + 1)(2L+ 1)

/{
L Le 1
Je J S

}

This gives 〈Lg||d||Le〉Ca = 3.4930ea0 for Ca+ and 〈Lg||d||Le〉Sr = 3.7727ea0 for

Sr+.

For hyperfine transitions we obtain [125]

〈g|deεl |e〉 =
∑
q

eq 〈L, J, F,mF |dq|L′, J ′, F ′,m′F 〉 (3.31)

=
∑
q

eq 〈L||d||L′〉
√

(2F ′ + 1)(2F + 1)(2J ′ + 1)(2J + 1)(2L+ 1)

(−1)I+J+J ′+L+S+1−mF

{
J J ′ 1
F ′ F I

}{
L L′ 1
J ′ J S

}(
F ′ 1 F
m′F −q −mF

)

We normalise matrix elements as 〈g|deεl |e〉n = 〈g|deεl |e〉 /µ where µ is the matrix

element of a cycling transition (and therefore the largest matrix element). For

Calcium we choose in agreement with [5]

µCa = 〈L = 0, J = 1/2, F = 4,mF = 4|dq=+1|L′ = 1, J ′ = 3/2, F = 5,m′F = 5〉43Ca+

= 1√
3
〈L||d||L′〉Ca = 2.0167ea0 (3.32)
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For Strontium we obtain

µSr = 〈L = 0, J = 1/2,mJ = −1/2|dq=+1|L′ = 1, J ′ = 3/2,m′J = 3/2〉88Sr+

= 1√
3
〈L||d||L′〉Sr = 2.1782ea0 (3.33)

The normalisation with µ gives an easily readable representation of the matrix ele-

ments that can be computed without the measured quantities included in 〈L||d||L′〉.

The symmetry of the dipole operator with respect to the atomic orbitals is repre-

sented by the Wigner-3j and -6j symbols: they vanish for dipole-forbidden transi-

tions. For calculating the Rabi-frequency of Raman transitions between the levels

|↑〉 and |↓〉we can therefore simply take the sum of transition elements over all

intermediate states:

ΩRaman,↑↓ =ΩR,rΩR,b

2∆ =
∑

J= 1
2 ,

3
2

∑
e∈J

〈↓|deεl,b|e〉 〈e|deεl,r|↑〉
2∆Jµ2 grgb (3.34)

Here gr/b = Er/bµ/~ are the coupling constants of the two involved laser beams,

εl,b/r their respective polarisations, and ∆J the Raman detuning to the correspond-

ing PJ manifold. Analogously we can calculate the light shift caused by two Raman

beams on a single level |↑〉with

ΩRaman,↑ =
∑

J= 1
2 ,

3
2

∑
e∈J

〈↑|deεl,b|e〉 〈e|deεl,r|↑〉
2∆Jµ2 grgb (3.35)

This will give rise to the driving force for two-qubit entangling gates, see section 3.4.

If the light shift of a laser beam differs for two qubit levels, the difference will change

the qubit frequency ω0. We can calculate this differential light shift in frequency

units via
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43Ca+ 88Sr+ α

ΩRaman,↑↓
√

14grgb
24

ωf

∆(∆−ωf) −grgb
6

ωf

∆(∆−ωf) 0.98

ΩRaman,↓
grgb

6
ωf

∆(∆−ωf) −grgb
6

ωf

∆(∆−ωf) 1.00

ΩRaman,↑ −grgb
8

ωf

∆(∆−ωf)
grgb

6
ωf

∆(∆−ωf) 0.92

∆LS 0 0 −

Γtot 2∆2+(∆−ωf )2

12∆2(∆−ωf)2γg2 2∆2+(∆−ωf )2

12∆2(∆−ωf)2γg2 1.00

ΓRaman,↑
23γg2

576
ω2
f

∆2(∆−ωf)2
γg2

36
ω2
f

∆2(∆−ωf)2 1.06

ΓRaman,↓
γg2

36
ω2
f

∆2(∆−ωf)2
γg2

36
ω2
f

∆2(∆−ωf)2 1.00

Γel 49γg2

576
ω2
f

∆2(∆−ωf)2
γg2

9
ω2
f

∆2(∆−ωf)2 0.93

Table 3.1: Raman laser interactions: Rabi frequencies, light shifts and scattering
rates of the stretch qubit in 43Ca+ and the Zeeman qubit in 88Sr+ , in agreement
with [5]. We assume we are in the low field regime and thus the quantum numbers
of the states are |↑〉 =

∣∣∣J = 1
2 , F = 3,mF = 3

〉
and |↓〉 =

∣∣∣J = 1
2 , F = 4,mF = 4

〉
for 43Ca+ and |↑〉 =

∣∣∣J = 1
2 ,mJ = 1

2

〉
and |↓〉 =

∣∣∣J = 1
2 ,mJ = −1

2

〉
for 88Sr+ . α is

the correction factor for 43Ca+ at intermediate field. The polarisations correspond
to the ones used in this work, i.e. {σ̂±π̂} for Rabi flops, {σ̂±σ̂∓} for the light shift
forces, {σ̂±} or {σ̂∓} for all scattering rates and pure {σ̂±}, {σ̂∓} or {π̂} for the
differential light shift. The total scattering rate is Γtot = (Γ↑,total + Γ↓,total)/2.

∆LS =
Ω2
R,↑

4∆ −
Ω2
R,↓

4∆ (3.36)

=
∑

J= 1
2 ,

3
2

∑
e∈J

〈↑|deεl|e〉 〈e|deεl|↑〉 − 〈↓|deεl|e〉 〈e|deεl|↓〉
4∆Jµ2 g2

Typically the laser polarisations are chosen such that the differential light shift is

zero. However it can be useful to measure the differential light shift with purely

σ̂+-polarised light to calibrate laser intensities.
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Scattering

We can calculate the scattering rates in a similar fashion using equations 3.27 and

3.28. A summary of all relevant Rabi frequencies, scattering rates and light shifts

can be found in Tab. 3.1. Formulas for arbitrary polarisations can be found in the

appendix B.

We notice that for large ∆ the Raman scattering rate is suppressed relative to

the total scattering rate. This is because during Raman scattering the spin of the

electron is flipped. The electric dipole radiation of the Raman photons does not

couple to the electron’s spin, instead the spin-flip is mediated by the spin-orbit

interaction [105]. The contribution to this coupling of the two J = 1
2 ,

3
2 levels is

of opposite sign. For ∆ � ωf these terms therefore cancel which leads to the

observed suppression of Raman scattering. The ratio of both Γel/ΩRaman,↑↓ and

ΓRaman/ΩRaman,↑↓ goes to 0 for ∆ → ±∞. This means we can arbitrarily suppress

the errors due to Raman scattering and elastic dephasing by increasing the laser

detuning and power while maintaining constant Rabi frequency. However this is

not the case for the total scattering rate: lim∆→∞ Γtot/ΩRaman,↑↓ = const 6= 0. The

scattering into the D states is proportional to Γtot with ΓD = Br,DΓtot. This is

therefore a fundamental error that cannot be suppressed further and limits the

possible fidelity for Raman laser gates in Ca+ . For two qubit entangling gates this

error is εD,∞ ≈ 1 · 10−4 in 43Ca+ [105].

3.3.1 Intermediate field

In the above calculations we have assumed that F and mF are good quantum

numbers. However this assumption starts to break down at 146 G and we can no

longer treat the Zeeman interaction as a mere perturbation but instead need to

find the eigenvalues of the total Hamiltonian
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H = AI · J − µJ ·B − µI ·B (3.37)

The total electronic magnetic moment is µJ = −gJµBJ and the nuclear magnetic

moment is µI = gIµNI. The hyperfine coupling constant A has to be measured

empirically. The mixing of the levels leads to a correction of the matrix elements

given in table 3.1. While this correction is considerable in the D states, the hy-

perfine structure in the S and P states is large enough compared to the Zeeman

splitting that the correction is only a few percent.

For |F = 4,mF = 0〉 ↔ |F = 3,mF = 1〉 the intermediate field corrections cause

the transition to become a first-order B insensitive clock transition. Therefore, as

for all clock transitions, Γel = 0 and to a good approximation ΩRaman,↓ = ΩRaman,↑

[133, 71].

3.4 Geometric Phase Gate

The most complex gate in the universal gate set introduced in chapter 1 is the

CNOT gate that can entangle two qubits with each other. With trapped ions we

typically implement a controlled phase gate
 1

i
i

1

, that can easily be trans-

formed into a CNOT gate using single-qubit operations. In order to create entan-

glement between two particles they need to be able to interact with each other

- either directly or via another entangled particle. While the electronic wave-

functions of two ions in the same trap are well separated, ions are coupled strongly

via their motion due to their equal repulsive charge. We can excite an ion’s motion

using laser fields, and we can tailor the laser fields such that motional excitation

depends on the ion’s spin state. This conditional excitation and the motional cou-

pling between the ions can be used for implementing an entangling gate. There

exist several schemes for entangling gates with trapped ions that are based on this
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principle [23, 121, 76, 14, 74]. We implement the σz geometric phase gate first

proposed and implemented in [76], and roughly follow the theoretical derivations

in [74, 71, 139, 5, 76].

3.4.1 Creating a spin-dependent force

For the stretch qubit, a pair of Raman beams with polarisations σ±, σ∓ will not

couple two levels of opposite spin to each other, but will instead couple to each level

independently via light shifts. When choosing a frequency difference of ν = δr−δb ≈

ωz this will lead to a near-resonant force exciting the ion’s motion. Assuming that

the difference vector of the two Raman lasers ∆k is parallel to the trap axis ẑ and

therefore only couples to the axial motion, the interaction Hamiltonian for a single

ion in state |1〉 will look like

HI(t) = −~ΩR,r

2 ei(δrt−kr.z+φr) |3〉〈1| − ~ΩR,b

2 ei(δbt−kb.z+φb) |3〉〈1|+ h.c. (3.38)

and after applying the James-Jerke approximation analogously to section 3.2.3,

neglecting constant light-shift terms and shifts on the excited level |3〉 only, we

obtain

Heff(t) = −~ΩrΩb

4∆R

|1〉〈1| ei(∆k.z−νt−∆φ) + h.c. (3.39)

where ν = δr − δb, and Ωs = ΩrΩb
2∆ depends on the state |s〉 = |1〉 the laser is

coupling to. For an entangling gate the ion is prepared in an equal superposition

of the two qubit states |↑〉 and |↓〉 , and we need to sum over the coupling to both

of those states. We will further write the initial phase difference of the two Raman

beams as ∆φ = −φ0:

Heff(t) =
∑
s=↑,↓
−~Ωs

2 |s〉〈s| ei(∆k.z−νt+φ0) + h.c. (3.40)
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With ∆k.z = η(a+ a†) and expanding the exponential to first order in the Lamb-

Dicke approximation we obtain

Heff(t) =
∑
s=↑,↓
−~Ωs

2 |s〉〈s|
[
2 cos(νt− φ0) + 2η(a+ a†) sin(νt− φ0)

]
(3.41)

The first term corresponds to a light-shift that leads to a single-qubit phase whereas

the second term has the shape of a harmonic driving force, which will cause a dis-

placement in phase-space [20]. For most gates where Ωs � ν we can neglect the

time-dependent light shift, as the acquired single-qubit phase will then be small,

and errors caused by it can be suppressed with pulse-shaping [5].

After moving into the interaction picture of the harmonic oscillator with a 7→

ae−iωzt, a† 7→ a†eiωzt we obtain

Ĥeff(t) =
∑
s=↑,↓
−~Ωs

2 |s〉〈s|
[
iη
{
ae−i[(ωz+ν)t−φ0] − a†ei[(ωz+ν)t−φ0]

−ae−i[(ωz−ν)t+φ0] + a†ei[(ωz−ν)t+φ0]
}] (3.42)

For ν = ωz+δg, δg � ωz we can neglect the terms that are fast rotating with ωz+ν

in the rotating wave approximation. The Hamiltonian then simplifies to

Ĥeff(t) =
∑
s=↑,↓

~Ωs

2 iη |s〉〈s|
[
aei(δgt−φ0) − a†e−i(δgt−φ0)

]
(3.43)

This Hamiltonian gives rise to a force that acts on each spin-state with a different

state-dependent force amplitude Ωs. The dynamics become more evident when we

calculate the propagator U(t) using the Magnus expansion (see appendix C.1). We

obtain
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U(t) =
∑
s=↑,↓

D (αs) |s〉〈s|
 e−iΦ (3.44)

αs =− Ωsη

δg
e−iφ0e−iδgt/2 sin

(
δgt

2

)

Φ = η2

4δ2
g

[δgt− sin(δgt)]
 ∑
s=↑,↓

Ωs |s〉〈s|

2

There are two effects on the ion: (i) a displacement of the state |s〉 by αs and (ii)

accumulation of the phase Φ. The displacement of the spin-state |s〉 is proportional

to Ωs and we can see from Tab. 3.1 that Ωs has a different sign for opposite spin

states |↑〉 and |↓〉 , i.e. the force acting on the different spin states is opposite. This

conditionality of the force on the ion’s spin gives rise to the non-linearity that is

a key requirement for the creation of entanglement. For δg = 0 the force is reso-

nant with the motion and if applied to an ion in a superposition of |↑〉 and |↓〉 it

drives the two components further apart from each other in motional phase-space,

creating a large ‘cat-state’. For δg 6= 0 the displacement is periodic with sin
(
δgt
2

)
and the ion’s motion is first excited and then attenuated again. As the displace-

ment depends on |s〉, αs 6= 0 means that the spin and motion of a single ion are

entangled. This is in general not desirable, because then finite ion temperature

and heating would lead to decoherence of the internal state. For an entangling

gate we therefore want δgtg
2 = kπ, with k a natural number, so that at the end

of the gate (t = tg) αs = 0. This means the only effect of the propagator U(t)

is accumulation of the phase Φ. For Ω↑ = Ω↓ the operator ∑s Ωs |s〉〈s| is identity

and the phase Φ is a simple global phase. For Ω↑ = −Ω↓ however we obtain a

σz operator, leading to a relative phase difference between the two different spin

states. For a single ion this phase is of no special interest and can easily be mim-

icked by other, simpler operations. For two ions however Φ = π corresponds to a

conditional phase gate, that can be used to create a maximally entangled Bell state.
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For clock qubits ΩRaman,↓ = ΩRaman,↑. This means the force is not spin-dependent

and can therefore not be used to form an entangling gate, but only leads to acqui-

sition of a global phase5. A related gate mechanism however, the Mølmer-Sørensen

gate [121], works well on clock qubits. A parallel derivation and comparison of the

σz phase gate and the Mølmer-Sørensen gate can be found in [74, 71].

The Geometric Phase

It is interesting to note the geometric nature of the phase Φ. In first order the

Magnus expansion only leads to the displacement operator U(t) = ∑
sD(αs) |s〉〈s|.

The phase arises because the Hamiltonian at different times does not commute

with itself. With the identity D(α)D(β) = D(α + β)eiIm(αβ∗) and concatenating

many infinitesimal displacements one obtains the above propagator U(t) = D(α)eiΦ

where for γ a closed path through phase-space [76]

Φ = Im
(∫

γ
α∗dα

)
= 1

~

∫
A

dzdp = A

~
(3.45)

This means the phase Φ only depends on the area A enclosed in phase space, but

not on the time necessary to traverse this trajectory or on the speed6.

3.4.2 Two ion geometric phase gate

In applying this Hamiltonian to two ions we have to consider several things: (i)

The ions sit at different positions z in the standing wave and therefore experience

different phases φz = k.z0 of the laser light. So far we have absorbed this phase

into φr/b =̂ φ0, now however we have to distinguish between (a) φ0, the relative

phase difference of the two Raman beams at the beginning of the gate. It is identi-
5In higher order terms there is a deviation in the Rabi frequencies on the two spin-states [71].

However this difference is so small, that an entangling gate would be highly inefficient and is
therefore not feasible.

6More accurately, the two-qubit phase also has a dynamic phase component. However the
dynamic phase is exactly twice the geometric phase with opposite sign, resulting in a final two-
qubit phase corresponding to the geometric phase, see [104].
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cal for both ions but changes over time between different experiments. (b) φz, the

phase difference between the two ions due to their different positions which does

not change over time. We can adjust φz via the ion spacing. (ii) For two ions there

are two axial normal modes, the center-of-mass or in-phase (ip) mode with z1 = z2

and the stretch, breathing, or out-of-phase mode (oop) with z1 = −z2. The cor-

responding mode vector ξm = (ξm,1, ξm,2) for the two ion crystal is ξip = 1√
2(1, 1)

for the ip-mode and ξoop = 1√
2(1,−1) for the oop-mode. Depending on the laser

detuning ν, the ion spacing and the ion’s spin state we can excite either mode.

We label the ladder operators for the different modes a†m with m = ip, oop. The

Lamb-Dicke parameter of the two modes differ due to the different mode frequen-

cies ηoop = ηip/31/4. (iii) The force exerted by the light field on the ions is the

sum of the force on each ion. It is therefore twice as large as for a single ion if

the forces are in phase. However the Lamb-Dicke effect for two ions is smaller

η2ions = η1ion/
√

2, cancelling part of the effect.

The Hamiltonian for two ions equivalent to eqn. 3.42 then looks like7

Ĥ(t) =
∑

m=ip,oop

∑
j=1,2

∑
sj=↑,↓

− ~
2
(
ξm,je

iφz,jΩsj

)
|sj〉〈sj|j ·[

iηm

{
ame

−i[(ωz,m+ν)t−φ0] − a†mei[(ωz,m+ν)t−φ0]

−ame−i[(ωz,m−ν)t+φ0] + a†me
i[(ωz,m−ν)t+φ0]

}]
(3.46)

Here j = 1, 2 is the index of the respective ions, and we set the global phase such

that the phase
(
ξm,1e

iφz,1
)

= 1 for ion 1 with φz,1 = 0 and φz,2 = φz. The spin

operator |sj〉〈sj|j is |s1〉〈s1| ⊗ I for j = 1 and I ⊗ |s2〉〈s2| for j = 2. For δg � ωz

we can neglect excitation of the second mode and our final Hamiltonian after the

rotating wave approximation for a gate on the in-phase mode becomes

7We have assumed φz,j = 0, π, ... for factoring it out. This is the case in all our experiments.
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Ĥ(t) =
∑

s1,s2=↑,↓

iη~
2
(
Ωs1 + eiφzΩs2

)
|s1s2〉〈s1s2|

[
aei(δgt−φ0) − a†e−i(δgt−φ0)

]
(3.47)

For each δg with δgtg
2 = π we can find a laser power P such that

η2tg
4δg

[(
Ωs + eiφzΩ−s

)2
−
(
Ωs + eiφzΩs

)2
]

= π/2 (3.48)

The ion spacing in this thesis was set to be a half-integer multiple of the standing

wave periodicity, i.e. δz = (k + 1
2)λz, and therefore eiφz = −1. For Ω↑ = −Ω↓ and

an initial spin state |↑↑〉 or |↓↓〉 the forces cancel and we have no displacement in

phase space and therefore no phase accumulation. For initial spin states |↑↓〉 or

|↓↑〉 however the force amplitudes are ±2Ω↑, and both states acquire an equal

geometric phase Φs. For Φs = π/2 this leads to the propagator

U(tg) =


1

i
i

1

 (3.49)

This operator corresponds to the desired CPHASE propagator. Typically this gate

is performed within a Ramsey interferometer, which leads to the creation of a

Bell-state via

R
(
π

2

)
UgateR

(
π

2

)
|↓↓〉 = 1√

2
(|↓↓〉 + i |↑↑〉 ) (3.50)

with rotation matrix R(φ) = Rx(φ)⊗Rx(φ), and Rx(φ) as defined in appendix A.

The total gate operation is illustrated in Fig. 3.4.

Asymmetric Rabi frequencies. For |Ω↑| 6= |Ω↓|, as is the case in 43Ca+ , an ad-

ditional single qubit phase is accumulated during the gate operation, see appendix
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Figure 3.4: The geometric phase gate: The ions are prepared in |↓↓〉 and then
transferred to 1

2 (|↓↓〉 + |↓↑〉 + |↑↓〉 + |↑↑〉 ) via a π/2-pulse. At this time all spin
and motion degrees are disentangled, the ions are cooled close to their ground
state and are located at the origin in motional phase space. Application of the
gate-pulse excites the motion of the ions and leads to entanglement of the spin and
motional degrees of each ion. While the spin-components |↓↓〉 and |↑↑〉 (black) are
not displaced and remain at the origin, the components |↓↑〉 and |↑↓〉 (blue/green)
experience a force that leads to a circular displacement in phase space in the ro-
tating frame. In the process they accumulate a geometric phase Φs, corresponding
to the signed area enclosed by their trajectory. After the gate time tg the motion
of the ions has been fully attenuated again and all spin components have returned
to the origin. The spin and motion of each ion are disentangled again, however the
accumulated geometric phase eiπ/2 = i has led to entanglement of the spin degrees
of the two ions. A second π/2-pulse finally projects the ions’ state onto a Bell state.
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C.2. This phase can be cancelled by applying a π-pulse in the center of the gate

and therefore distributing the gate on two arms of a spin echo sequence. Apart

from reducing errors due to magnetic field noise, this also flips all spins mid-way

and therefore all asymmetries (e.g. due to unequal illumination of the ions) in the

geometric phase accumulation are cancelled. When distributing the gate over two

arms of a spin-echo sequence, each arm has to contain a full loop in phase space,

i.e. in each arm tg = 2π
δg

and the total gate time is 2tg. The power is reduced

by
√

2 such that the total geometric phase accumulated in both arms together is

Φ = π. To ensure the force is continuous over the two arms, the phase of the

second part of the gate has to be adjusted to match the delay due to the first

part, the π-pulse, any padding delays and the phase-flip due to the π-pulse to

ϕ = ϕ0 + δg · (tg + tπ + tpadding)− π.

Choosing the Raman polarisation. The magnitude and sign of Ω↑,Ω↓ depend

on the polarisation of the Raman beams. For a geometric phase gate we need

Ω↑ 6= Ω↓ and for optimal power-efficiency we want maximal |Ω↑−Ω↓| and sign(Ω↑) =

−sign(Ω↓). For arbitrary polarisations we have Ω↑ − Ω↓ = 7ωf (b+r+−b−r−)
24∆(∆−ωf ) for

43Ca+ and Ω↑ − Ω↓ = ωf (b−r−−b+r+)
3∆(∆−ωf ) for 88Sr+ . We further want no differential

light shift from both Raman beams, i.e. e2
+ − e2

− = 0. The ideal polarisations are

therefore σ̂± for one and σ̂∓ for the other Raman beam for both ion species8. These

polarisations give the light shift forces listed in Tab. 3.1.

8When including the hyperfine splitting into the Raman detuning the matrix elements don’t
cancel exactly any more. This means for 43Ca+ a small asymmetry in the σ̂+ and σ̂− polarisation
components would be necessary to null the single beam light shift. However this would then cause
a differential light shift for 88Sr+ which does not have a hyperfine structure. In practice this light
shift is small enough that it doesn’t cause a significant error and the polarisation is set to null
the light shift for 43Ca+ .
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3.5 Mixed Species Gate

A useful characteristic of the σz geometric phase gate is that it is independent of

the qubit frequency ω0. That means we can in principle use the same driving force

for different species of ion. However there are several complicating factors:

(i) Effects of wavelength: The wavelengths for different atomic species are usually

very different. A laser hence typically only couples to one atomic species, and will

be far off-resonant for any other species.

(ii) Effects of mass: Different atomic species possess different mass. The larger the

difference of the masses, the more asymmetric is the motional excitation of the two

ions. The different masses also lead to different Lamb-Dicke factors for the two

ions.

(iii) Effects of level structure: If we can find a laser that couples equally to both

species, the matrix elements for different species also vary if the atomic level struc-

tures differ. This leads to asymmetries in the Rabi-frequencies for the two ions.

By thoughtful choice of the ions’ species, adaptation of the gate sequence and

control of additional parameters we can mitigate many of these effects and achieve

high fidelity entanglement of different species of ion.

Common Raman beams Although we could in principle use two different pairs

of Raman beams to create the spin-dependent force and avoid the problem de-

scribed in (i), we note that the λ = 408 nm transition between 5S1/2 ↔ 5P3/2 in
88Sr+ is only ∆ = 2π · 20 THz detuned from the λ = 397 nm transition between

4S1/2 ↔ 4P1/2 in 43Ca+ , see Fig. 3.5. To reduce photon scattering errors to the

10−4 level a Raman detuning of ∆ & 2π · 10 THz is required. Using a single

pair of Raman beams tuned between the λ = 408 nm transition in 88Sr+ and the

λ = 397 nm in 43Ca+ is therefore ideal in terms of scattering, and also greatly re-

duces experimental complexity.
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4S1/2

4P1/2

4P3/2

402nm
5P1/2

5P3/2

5S1/2

Figure 3.5: Mixed species gate: A single laser at λ ≈ 402 nm detuned by ∆Ca ≈
∆Sr ≈ 2π · 10 THz from transitions in both 43Ca+ and 88Sr+ can be used to drive a
geometric phase gate on both species simultaneously. The fine-structure splittings
are ωf,Ca = 2π · 6.68 THz and ωf,Sr = 2π · 24.03 THz.

Motional coupling The motion and sympathetic cooling of mixed-species crystals

is covered in detail in [146, 52]. For effective cooling and motional coupling it

is desirable to choose species with masses as similar as possible. The masses of
43Ca+ and 88Sr+ only differ by a factor of 2 and are therefore relatively well suited.

Gates should be performed on the axial rather than the radial modes, because

axial mode frequencies for different species are more similar and therefore the mode

excitation amplitudes for the two ions are more balanced.

While for same-species crystals the oop-mode is purely anti-symmetric and there-

fore is not heated by noisy uniform electric fields, this is no longer true for mixed

species crystals. Here only crystals with odd numbers of ions can exhibit purely

anti-symmetric modes of motion, and the motional heating-rate of the oop-mode

is therefore larger in mixed-species compared to same-species crystals.

The Lamb-Dicke factor in axial direction in our beam geometry is now [52]
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mode 43Ca+ ξz1,m
88Sr+ ξz2,m

ip 0.453 0.892

oop -0.892 0.453

Table 3.2: Axial mode eigenvectors of a 43Ca+ - 88Sr+ crystal: The eigenvectors
of the axial modes depend only on the ratio of the masses of the two species.
For a same-species crystal they are (ξz1,ip, ξz2,ip) = 1√

2(1, 1) and (ξz1,oop, ξz2,oop) =
1√
2(−1, 1).

η̃j,m =

√√√√ ~
Mjωm

kξj,m (3.51)

where j = 1, 2 is the ion’s index, m = ip, oop the motional mode and factors due

to the Raman beam geometry are already included so that k = 2π/λ. For two

ions the mode eigenvectors ξj,m can be calculated analytically [146]. The values

for a 88Sr+ -43Ca+ crystal are tabulated in Tab. 3.2. We typically extract the mode

vector from the Lamb-Dicke parameter and write η̃j,m = ηj,mξj,m

Ion order Electric or magnetic field gradients and inhomogeneous stray fields can

cause changes in the qubit frequency depending on ion position [52]. They can

also lead to slight displacement of the ions, which is larger for heavier ions, and

gives rise to changes in the motional frequencies and micromotion. It is therefore

important to keep the order of ion species in the crystal fixed.

Sympathetic cooling While the lowest attainable temperature for sympathet-

ically cooled mixed-species crystals is in principle the same as for same-species

crystals, the cooling efficiency will be lower due to asymmetry in the mode am-

plitudes and cooling is therefore slower. Additionally the large mode amplitude

differences for the radial modes mean that radial modes of the sympathetically
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cooled ion species will be cooled inefficiently and may therefore stay fairly hot.

Rabi frequency asymmetry For mixed species ηξjΩsj in eqn. 3.46 has to be

changed to ηjξjΩsj , where now the magnitude of both η and ξ differ for the two

ions. This and differences in ∆43Ca+ and ∆88Sr+ lead to a strong asymmetry in Rabi

frequencies. To symmetrise the gate function and ensure that both odd (even) spin

configurations accumulate the same geometric phase, we implement the gate in a

two-loop sequence divided over both arms of a spin-echo sequence as described in

section 3.4.2. The total accumulated phase is then a trivial global phase accumu-

lated equally on all initial spin-states plus the geometric two-qubit phase we are

interested in. The two-qubit phase now corresponds to the difference of the areas

enclosed in phase space of even and odd spin states, and for motional mode m we

obtain:

Φ ∝ (Φeven − Φodd) (3.52)

=
[ (

η1,mξ1,mΩ1,↑ + eiφzη2,mξ2,mΩ2,↑
)2

+
(
η1,mξ1,mΩ1,↓ + eiφzη2,mξ2,mΩ2,↓

)2
]

−
[ (

η1,mξ1,mΩ1,↑ + eiφzη2,mξ2,mΩ2,↓
)2

+
(
η1,mξ1,mΩ1,↓ + eiφzη2,mξ2,mΩ2,↑

)2
]

Accumulation of the additional global phase means that the gate mechanism is

driven less efficiently and therefore larger Raman laser intensity is required. Be-

cause the loops in phase-space are larger this also means the gate becomes more

sensitive to certain sources or error, for example heating or out-of-Lamb-Dicke ef-

fects. This is discussed in detail in section 3.7. For Ω↑,1 = αΩ↑,2 the gate efficiency

ζ = (Φodd − Φeven) / (Φodd + Φeven) scales as

ζ = 2α
1 + α2 (3.53)
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3.6 Fast Geometric Phase Gate

We can reduce the gate duration tg = 2π
δg

by increasing the gate detuning δg. How-

ever, once we get close to tg ≈ 1
ωz

problems arise, because several assumptions we

made start to fail:

(i) The gate detuning becomes so large that excitation of the second axial mode

is no longer negligible. In general the loops in phase space of different motional

modes do not close at the same time. The remaining spin-motion entanglement

and displacement in phase-space lead to significant errors.

(ii) The rotating wave approximation starts to fail and counter-rotating terms can

no longer be neglected. Due to the breakdown of the rotating wave approximation

the Raman phase φ0 no longer only affects the orientation of the trajectories in

phase-space, but also their shape and hence the magnitude of the geometric phase.

(iii) The time-dependent light-shift in equation 3.41 becomes too large to ignore.

This light shift also depends on φ0.

In recent years several methods have been proposed to overcome these problems

[42, 33, 12, 124, 107]. We follow the proposal by Steane et al. [124] that uses

cw-pulses shaped in amplitude to perform gates at timescales down to and below

a single motional period of the ions. The shaping of the amplitude introduces

new degrees of freedom that allow us to choose sequences that are robust to, or

strongly suppress, the above-mentioned error sources. Following Steane’s proposal,

sequences are chosen that minimise the coherent error of the gate while fulfilling

the boundary conditions that

(i) at the end of the sequence the displacement in phase-space ∆α = 0 ∀φ0,

(ii) the acquired geometric phase Φ is independent of the initial phase of the driving

field φ0 and

(iii) the single-qubit phase θLS due to the AC Stark shifts vanishes ∀φ0.
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3.6.1 Gate dynamics

We follow the theoretical derivation in [124], while additionally allowing phase-

chirps in the laser control field. We begin with Hamiltonian 3.41 for two ions, where

we have made the Lamb-Dicke approximation, but no rotating wave approximation:

HI(t) =
∑
j=1,2

∑
sj=↑,↓

− ~
(
eiφz,jΩsj

)
|sj〉〈sj|j ·cos(νt− φ0) +

∑
m=ip,oop

ξm,jηm(am + a†m) sin(νt− φ0)
 (3.54)

While we can not neglect the first (light shift) part of the Hamiltonian, it does

commute with the second part of the Hamiltonian and we can therefore investigate

the dynamics of the two parts independently.

Part I: Driven harmonic oscillator

As shown in Carruthers et al. [20] the second part of the Hamiltonian, which

is of the form −z0(a + a†)F (t), corresponds to a driven harmonic oscillator with

position-independent driving force

Fm,|s1s2〉(t) = 4Mωmz0,mΩm,|s1s2〉(t) sin(νt− φ0 + ϕch(t)) (3.55)

where we have introduced Ωm,|s1s2〉(t) = ηm
2

[
Ωs1(t) + ξm,2e

iφzΩs2(t)
]
, ground-state

wave function spread z0,m =
√

~
2Mωm

and allowed for a phase-chirp ϕch(t). We can

rewrite the phase chirp as Ω sin(νt+ ϕch(t)) = Ωi sin(νt) + Ωq(t) cos(νt), where the

quadrature amplitude Ωq(t) describes the magnitude of the phase chirp at a certain

time. As shown in [20], we can estimate the displacement in motional phase space

caused by this force with
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∆αm,|s1s2〉(t) = i√
2Mωm~

∫ t

0
eiωmt

′
Fm,|s1s2〉(t′)dt′ = eiφ0∆α+

m,|s1s2〉 + e−iφ0∆α−m,|s1s2〉

∆α+
m,|s1s2〉 =

∫ t

0
eiδ+t′

(
Ωi,m,|s1s2〉(t′) + iΩq,m,|s1s2〉(t′)

)
dt′

∆α−m,|s1s2〉 =−
∫ t

0
eiδ−t

′ (Ωi,m,|s1s2〉(t′)− iΩq,m,|s1s2〉(t′)
)

dt′ (3.56)

where δ±,m = ωm ± ν. Analogous to the gate in the slow, adiabatic regime we can

calculate the geometric phase acquired due to the displacement in phase space by

Φ =
∑
m

∑
s

Im
(∫

γm,s
α∗m,sdαm,s

)
=
∑
m

∑
s

Im
(∫ t

0
α∗m,sα̇m,s(t′)dt′

)
=
∑
m

∑
s

Im(Im,s)

(3.57)

This geometric phase Φ has a two-qubit phase component Ψ - which is the source

of entanglement creation - as well as a single-qubit phase component Θ if there

is an asymmetry in the magnitude of the Rabi frequencies Ωs. Definitions for the

single-qubit and two-qubit phases can be found in appendixC.4. Because each spin

state s = |s1s2〉 experiences a displacement in both the ip and oop mode, we have

to sum over both modes to acquire the total phase. Depending on the handedness

in which the path is traversed, which depends for example on the Raman beat note

frequency ν relative to the mode frequency ωm, these phases can add or subtract,

affecting the efficiency of the gate. Here

Im,s = e2iφ0I+
m,s + e−2iφ0I−m,s + I0

m,s (3.58)

I0
m,s =

∫ t

0
∆α+

m,s
∗
eiδ+,mt′ [Ωi,m,s(t′) + iΩq,m,s(t′)]−∆α−m,s

∗
eiδ−,mt

′ [Ωi,m,s(t′)− iΩq,m,s(t′)] dt′

I−m,s =−
∫ t

0
∆α+

m,s
∗
eiδ−,mt

′ [Ωi,m,s(t′)− iΩq,m,s(t′)] dt′

I+
m,s =

∫ t

0
∆α−m,s

∗
eiδ+,mt′ [Ωi,m,s(t′) + iΩq,m,s(t′)] dt′

With these equations we can calculate the motional displacement and accumulated
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geometric phase for two ions due to a σz spin-dependent force in the non-adiabatic

regime.

Part II: Time-dependent light shift

We now look at the remaining first part of the Hamiltonian, that corresponds to a

time-dependent light-shift. For eiφz = −1 the Hamiltonian simplifies to

HI,LS(t) = −~
[

Ω↑(t)− Ω↓(t)
2

(
σz ⊗ I

)
+ Ω↓(t)− Ω↑(t)

2
(
I ⊗ σz

)]
cos(νt− φ0)

(3.59)

leading to the propagator

ULS(t) =eiθLSσz,1/2e−iθLSσz,2/2 (3.60)

θLS =e−iφ0ϑ+ + eiφ0ϑ+∗

ϑ+ =
∫ tg

0

Ω↑(t)− Ω↓(t)
2 eiνtdt

with Rabi frequency Ωs(t) = Ωi,s(t) + iΩq,s(t), see also [5]. Because φ0 is not con-

trolled in the experiment, and varies from run to run, this single-qubit phase takes

random values. The Rabi frequency in θLS is not suppressed by η as it is for the

geometric phase Φ. The magnitude of θLS can therefore be large which would lead

to considerable errors.

From these quantities we can numerically integrate the entire dynamics of the gate.

If we choose the Rabi frequency such that the gate sequence consists of a concate-

nation of rectangular top-hat functions, we can replace the integrals with sums and

obtain analytic expressions for all quantities, see [124].
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3.6.2 Estimating errors

Still following [124], we can get a rough estimate of the gate error by considering a

generalised gate operation Ugate = D(α)Uσz⊗σz(ψ/2)Uσz⊗I(θ1/2)UI⊗σz(θ2/2), where

for an ideal gate α = θ1 = θ2 = 0 and ψ = π/2. An imperfect gate operation leads

to a state

Uexp |s1s2〉 |0, nip; 0, noop〉 =ei(θ1/2σz,1+θ2/2σz,2+ψ/2σz,z) |s1s2〉 |∆αip, nip; ∆αoop, noop〉

=
∑
i

eiΦsi |s1s2〉i
∣∣∣∆αipi, nip; ∆αoopi, noop

〉
(3.61)

To first order, and therefore ignoring all mixed terms, we can estimate the gate

error as

ε =1−
〈∣∣∣ 〈ϕ|U †expUid|ϕ〉

∣∣∣2〉
th

(3.62)

≈
∑
m,s

1 + 2n̄m
4 |∆αsm|

2 + ∆Ψ2

8 + ∆θ2
1 + ∆θ2

2
4

for an input state |φ〉 = 1
2(1, 1, 1, 1), with thermal average over the motional states〈〉

th
, see appendixC.3. The input state |φ〉 is the one used in our experiments and

is propagated to a maximally entangled state for a perfect gate operation. The

parameter variances are

∆Ψ = Ψ− π = Φ↑↑ + Φ↓↓ − (Φ↑↓ + Φ↓↑ )− π (3.63)

∆θj = θj − θ̄j = ∆θLS + ∆Θ

The mean single qubit phase θ̄j = Θ̄j + θ̄LS = Θ̄j, because θ̄LS has to be zero for

minimal ∆θ2
LS = 2|ϑ+|2. We can scale the Rabi frequency such that Ψ̄ = π, and

therefore the remaining error of the two-qubit phase stems from the variance of

the geometric phase due to the randomness of φ0, i.e. ∆Ψ2 ∝ ∆Φ2 = Var [Φ] =

|I+ − I−∗|2/2. A summary of all relevant phases and their meanings can be found
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in appendixC.4.

The error ε includes all conditions (i)-(iii) we have for a fast geometric phase gate

robust to changes in φ0. We can therefore find suitable gate sequences by mini-

mizing ε. While ε is a good measure to efficiently characterise and optimise gate

sequences, it is only a convex approximation to the full gate error. Full errors are

calculated from the overlap of the fully numerically integrated state with the target

state, including mixed error terms.

3.6.3 Finding appropriate gate sequences

Following [124], we select gate sequences by starting from a randomly seeded se-

quence, and then apply a Nelder-Mead optimiser that adjusts parameters to min-

imise ε. A solution is chosen if the gate error ε < 10−4. These possible solutions

were filtered further for minimum integrated and peak Rabi frequency (to min-

imise scattering errors). Amongst the remaining solutions sequences were chosen

that did not have overly sharp features (i.e. many and/or large changes of pulse

amplitude for short durations) to facilitate their implementation.

A numerical simulation of the gate dynamics in the rotating frame is shown in

Fig. 3.6, where we characterise the gate duration in ip motional periods, with

1 mp = 1
fz,ip

. We can distinguish four different regimes, see Fig. 3.7:

(i) Adiabatic gates, where |ν−ωz| � ωz. The rotating wave approximation is valid

and gates can be performed on a single mode for arbitrary tg or δg with rectan-

gular pulses. To suppress off-resonant excitation the pulse edges are shaped with

trise ≈ 1.5µs.

(ii) Intermediate speed gates where tg ≈ 4− 10 mp. There are good solutions for a

single rectangular gate pulse with a specific detuning δg, that can for certain gate

durations tg close loops for both motional modes sufficiently well.

(iii) Efficient fast gates of tg ≈ 2 − 5 mp, where ωz,ip < ν < ωz,oop, |ν − ωz| ∼ ωz.
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Figure 3.6: Phase space trajectories in the rotating frame for example gate se-
quences in three different time regimes. For a conventional adiabatic gate (top) the
beat note frequency is close to the ip mode and barely excites the oop mode. The
phase-space trajectory is nearly circular and φ0 affects the orientation of the circle,
but not its shape or area. The centre plot shows a trajectory where the driving
force couples comparably to both modes. Geometric phase is acquired from both
modes and the shape of the trajectories changes slightly for different φ0. Amplitude
shaping is necessary to close the loops for both modes (as can be seen in the differ-
ent sizes of the “petals”) and to ensure the net geometric phase is constant for all
φ0. The bottom plot shows a trajectory below one ip motional period: the shape of
the trajectory now depends strongly on φ0. The plot shows a simulation within the
Lamb-Dicke approximation; however, at this timescale out-of-Lamb-Dicke effects
become important and mean that the loops no longer close for all φ0, leading to
significant gate errors, see section 3.7.7. Figure published in [114].



68 CHAPTER 3. THEORY

Figure 3.7: Fast gate regimes: Depending on the Raman beatnote we can distin-
guish between (i) adiabatic gates, (ii) intermediate speed gates, (iii) efficient fast
gates and (iv) highly non-adiabatic gates. Performing gates in the white areas
is possible, but leads to larger errors than performing gates of similar speed at
different detuning.

Only certain gate sequences with specifically timed pulses, shaped amplitudes and

Raman beatnote ν yield low errors. Both motional modes are excited and con-

tribute constructively to the geometric phase.

(iv) Strongly non-adiabatic fast gates with ν > ωz,oop, |ν − ωz| ∼ ωz. Geomet-

ric phase is acquired from both motional modes, but with opposite sign, therefore

cancelling partially. This means larger Rabi frequencies and larger excursions in

motional phase space are necessary, requiring more laser power and making the

gate more susceptible to various sources of error.

We investigate 2 different kinds of solutions: single rectangular pulses for interme-

diate speed gates in regime (ii), and 7-segment symmetric sequences for fast gates

in regimes (iii) and (iv). For the 7-segment sequences each segment of duration ti

has a constant amplitude ai and the parameters of segments 1&7, 2&6 and 3&5

are identical, see Fig. 7.2, i.e. the sequence is symmetric in time. A ‘binary’ vari-

ation of the 7-segment sequence was also tested, with a1 = a3 = a5 = a7 = 1

and a2 = a4 = a6 = 0. For gates in regime (iii) there are also sequences with

only 5 segments that have sufficiently low errors. Sequences for all these kinds

of solutions were experimentally implemented and characterised. We have also

numerically tested sequences with a larger number of segments or different ampli-
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tude shaping, e.g. a smooth Gaussian amplitude, but these showed no advantages

in fidelity. Therefore only the experimentally easier ‘step-shaped’ sequences were

implemented.

Gate efficiency

We can define a gate efficiency similar to eqn. 3.53 for mixed species gates with

ζ̃ =
∑
m={ip,oop}Φodd,m − Φeven,m∑
m={ip,oop}Φodd,m + Φeven,m

(3.64)

Both ζ and ζ̃ correlate to the magnitude of the Rabi frequency integrated over

the gate duration. However ζ for mixed species scales with the asymmetry of the

Rabi frequencies on |↑〉 and |↓〉 . In contrast, ζ̃ for fast gates9 depends on the gate

detuning that influences how asymmetrically the ip and oop mode are excited and

whether the geometric phases of the two modes add or subtract. For gates in

regime (i) the efficiency ζ̃ ≈ 1. For gates in regime (ii) and (iii) we have ζ̃ > 1,

and for most gates in regime (iv) ζ̃ < 1. Gates with higher efficiency have a lower

Raman scattering error, as the power is used more effectively.

3.7 Two-Qubit Gate Errors

The sources of error in the σz geometric phase gate were studied in detail in [5].

We revisit here the dominant sources of error and consider how they need to be

extended for mixed-species and fast gates. We also look at additional error sources

that only become relevant for fast gates. For modelling the errors of adiabatic gates

we use the QuTiP python package [59] and numerically integrate the Lindblad

master equation
9Note that we cannot use this gate efficiency for the error calculations we will derive in sections

3.7.2 and 3.7.3. The simulations in those sections assume the rotating wave approximation and
excitation of a single mode only. The parameter sensitivity is therefore less complex than for fast
gates.



70 CHAPTER 3. THEORY

ρ̇(t) = − i
~

[H(t), ρ(t)] +
∑
n

1
2
[
2Lnρ(t)L†n − ρ(t)L†nLn − L†nLnρ(t)

]
(3.65)

with H(t) the gate Hamiltonian 3.48 and Lindblad collapse operators Ln. For

imprecisely set gate parameters we can find analytic solutions modelling the gate

errors. For fast gates error terms are added to the integrator used for finding gate

sequences.

We define the error ε = 1 − F using the square fidelity [142] which prevails in

experimental work. For a pure target state

F = 〈Φ|ρ|Φ〉 = tr(σρ) (3.66)

Here |Φ〉 = 1√
2 (|↑↑〉 − i |↓↓〉 ) and σ = |Φ〉〈Φ|. This is the square of the QuTiP

standard implemented fidelity FQuTiP =
√
〈Φ|ρ|Φ〉.

For mixed species gates the main difference compared with same species gates is

the reduction of gate efficiency, which increases sensitivity to motional errors and

imperfectly closed loops.

3.7.1 Photon scattering

One of the largest, and the only fundamentally limited error source in two-qubit

gates, is photon scattering, see section 3.2.4. We model the errors caused by photon

scattering with their corresponding Lindblad operators.

Raman scattering

We model Raman scattering with the 4 Lindblad operators Ln =
√

ΓRaman,↑/↓σ±,1/2

[133, 5], where σ+,1 = σ+⊗I2⊗InHO , σ−,2 = I2⊗σ−⊗InHO . Here nHO is the modelled
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dimension of the motional Hilbert space, with nHO = 15 for all simulations in this

chapter. In the absence of a gate Hamiltonian these Lindblad operators lead to a

population decay p↓(t) = 1
ΓRaman,↑+ΓRaman,↓

(
ΓRaman,↑ + ΓRaman,↓e

−(ΓRaman,↑+ΓRaman,↓)t
)

for a single ion. For a σz two qubit geometric phase gate the error amounts to

εRaman = 3
4(ΓRaman,↑ + ΓRaman,↓)tgt (3.67)

where the total gate time tgt = Ktg, and K is the number of loops. In this calcula-

tion we have assumed that all Raman scattering events finish in the opposite qubit

state. However ΓRaman,↑/↓ also includes scattering into other states in the ground

state manifold. This will lead to slight changes in the gate error.

For scattering into the D states the electron leaves the qubit manifold entirely and

the error on the gate is [5]

εD = 2Br,DΓtottgt (3.68)

For mixed species and most fast gates the gate efficiency ζ < 1, i.e. more inte-

grated Rabi frequency is required to obtain a certain geometric phase compared

to a standard gate with ζ = 1. The Raman scattering rate is proportional to g2.

Therefore the scattering error for less efficient gates is larger than for a standard

gate of equal length tgt.

Rayleigh dephasing

Errors due to Rayleigh dephasing can be modelled with Ln =
√

Γel/4σz,1/2 [133, 5].

Applying Ln inside a Ramsey interferometer on a single ion leads to decay of the

Ramsey contrast of e−Γt/2. The integrated error for a two-qubit gate is
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εRayleigh = Γeltgt

2 (3.69)

Again the error due to Rayleigh dephasing increases for less efficient gates due to

an increase of Γel.

3.7.2 Motional errors

Although the σz geometric phase gate is – within the Lamb-Dicke approximation

– insensitive to the ions’ temperature, heating processes during the gate do cause

errors. Heating can be caused by fluctuations of the trapping voltages, however

the observed heating is much larger than can be explained by Johnson thermal

noise [131]. The origin of the remaining ‘anomalous’ heating is still not understood

to date, however it can be reduced by cooling the trap to cryogenic temperatures

[28], increasing the ion-trap electrode distance [118], or in in-situ cleaning of the

trap electrodes [1, 89]. Theories for possible explanations include fluctuating patch

potentials on the trap electrodes [142]. While the underlying cause of heating is

still wrapped in mystery, its phenomenological effect is easily measurable in the

linear heating rate ˙̄n. Heating can be modelled by coupling to a thermal amplitude

reservoir [132]. Another motional effect is dephasing, which can be modelled by

coupling to a thermal phase reservoir [132]. Amplitude heating always gives rise

to motional dephasing, but is not necessarily the dominant source.

Motional amplitude heating

Coupling to a thermal amplitude reservoir can be modelled with the Lindblad

operators Ln = √γa, √γa† [132, 5] where the heating rate γ = ˙̄n causes a linear

increase of a single ion’s temperature with gradient ˙̄n. This leads to a gate error
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εh = γtgt

2Kζ (3.70)

The error is larger for less efficient gates, because they entail a larger excursion

in phase space and displacement of all spin states. This means there is larger

spin-motion entanglement and therefore a change in the motional state will cause

a larger error. For the same reason larger K reduces the gate error.

Motional dephasing

Similar to photon scattering, heating processes that do not change the ion’s state

cause errors by decoherence. This can be modelled by coupling to a phase reservoir

with Lindblad operator L =
(√

2/τ
)
a†a [132, 5]. Here τ is the motional coherence

time between the two states |n〉 = 0 and |n〉 = 1. For a motional superposition

state |0〉 + |1〉 this leads to a decay of Ramsey contrast with e−t/τ . The motional

coherence time can be measured experimentally, see section 5.6.2. The integrated

gate error due to motional decoherence is

εmd = αKtgt
τζz

(3.71)

While for τ → ∞ the exponent z → 1, smaller motional coherence times reduce

the influence of the gate efficiency and lead to smaller z. The linear factor αK

decreases with the number of loops K and also changes slightly with the motional

dephasing time τ . For τ →∞ we obtain α2 = 0.297, α1 = 0.686.

3.7.3 Gate parameter imprecision

There are three parameters that have to be set interdependently for a two-qubit

gate operation: the gate detuning δg, the gate duration tg and the Rabi frequency

ΩR. A mis-set in δg or tg will cause imperfect closure of the loops in phase-space,
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leading to residual spin-motion entanglement, and a mis-set δg will additionally

cause a small error of the geometric phase. An incorrect Rabi frequency only

changes the size of the loop and therefore only causes an error in the acquired

geometric phase. For all three parameters the gate error scales quadratically with

the relative parameter-offset in the limit of small parameter mis-sets.

Gate detuning

We model incorrectly set gate detuning by numerically integrating the gate Hamil-

tonian for different offsets of δg. For small inaccuracies ∆δg of the detuning the

gate error scales as

εδg =
(

∆δg

δg

)2
α

ζz
(3.72)

For a two-loop gate we obtain in the limit of small errors α = 5
4π

2 + 2π2n̄. For

|ζ − 1| � 1 we find z = 0.81, however for less efficient gates the description

with 1/ζz-scaling starts to fail. For 0.5 < ζ < 1 the error can be described well

with z ≈ 0.84. The error increases for less efficient gates because the remaining

spin-motion entanglement for a not fully-closed loop increases due to the larger

overall-size of the loop in phase-space.

Gate length

The geometric phase is in first order independent of mis-sets in tg, leading to a

slightly smaller relative gate error of

εtg =
(

∆tgt

tgt

)2
α

ζ
(3.73)

with α = π2 + 2π2n̄ for a two-loop gate in the limit of small errors.
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Figure 3.8: Fast gate error simulations: Left: The sensitivity of the gate error
to the pulse duration varies for different segments. There is typically a fairly long
ridge, where pulse lengths can be traded off each other without a significant loss
in fidelity. The scanned parameters are plotted in relative units, i.e. t1 = ∆t1/t10 ,
where t10 is the ideal pulse duration predicted by simulations. Right: The gate
detuning is the most sensitive parameter in relative units, and can be typically
barely compensated for by adjusting other parameters.

Rabi frequency

Incorrectly set Rabi frequency does not affect loop closure and the error is therefore

independent of the gate efficiency, the ions’ temperature and the number of loops.

The gate error scales like

εΩR =
(

∆ΩR

ΩR

)2

α (3.74)

where α = π2

4 in the limit of small errors.

Fast gates

For fast gates the gate error scales quadratically for small errors in the pulse dura-

tions ti, pulse amplitudes ai, as well as the gate detuning δg, and the single qubit

phase φsq. The coefficients for each parameter depend on the individual gate se-

quence. Gate errors were first simulated with a Monte-Carlo simulation, randomly

adding normally distributed errors to all parameters. The error was then calculated
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Figure 3.9: Mode spectrum: The first sideband at ±ωm is suppressed by ηm
relative to the carrier, the second sideband at ±2ωm is suppressed by η2

m. The
relative frequencies of the two axial modes are given by ωoop =

√
3ωip.

by numerically integrating a pulse sequence with these parameters and calculating

the overlap with the target state. For comparison a large set of errors for the ti

and ai parameters was measured from real sequences. The gate error was then

calculated from the measured noisy parameters and agreed well with the Monte

Carlo simulations. Example simulations of linear 2D-parameter scans are shown in

Fig. 3.8.

3.7.4 Off-resonant excitation

Far-detuned coupling to other features in the frequency spectrum leads to addi-

tional undesired dynamics and therefore reduces the gate fidelity. For a gate on

the mode m = {ip, oop} other features are, see Fig, 3.9, (i) the carrier at ν = 0,

(ii) the other axial mode at ν = ωz,m′ , (iii) the opposite sideband at ν = −ωz,m

and (iv) higher order sidebands at ν = ±nωz,m.

For the σz phase gate coupling to the carrier does not drive spin flips, because

there is no qubit frequency splitting between the two gate lasers. Instead coupling

to the carrier is in the form of a light shift that gives rise to a single qubit phase,

see section 3.6.1. The error due to this phase is calculated for fast gates in sec-

tion 3.6.2. It is the same for adiabatic gates [5], and for a rectangular pulse of



3.7. TWO-QUBIT GATE ERRORS 77

constant amplitude we obtain

εLS = ∆θ2
1 + ∆θ2

2
4 = |ϑ+|2

=
(

Ω↑ − Ω↓
ν

)2

sin2
(
νtg
2

)
(3.75)

For adiabatic gates (|ν − ωm| � ωm) this would give a maximum error10 of

εLS ∼ 10−2 and for fast gates the error would be overwhelming. We can suppress

this error by smoothing the pulse edges, for example with a sin2(t)-window. This

removes higher frequency components and therefore greatly reduces off-resonant

coupling. To sufficiently suppress errors to a negligible level (εLS ∼ 10−5) a shaping

duration of trise ≈ 1.5µs is necessary [5]. We can therefore not use this method for

fast gates, that have a total gate duration compared to or less than trise. Instead

we pick pulse sequences with tg and Ω(t) such that the phase-shift ϑ+ = 0 at the

end of the gate.

Coupling to other modes is suppressed by η, and errors are typically much smaller

than those due to carrier coupling [5]. For adiabatic gates we can therefore neglect

these terms. For fast gates we include the dynamics of excitation of other modes

into the integrator when searching for suitable sequences.

3.7.5 Phase chirps

In contrast to slow (adiabatic) gates, fast gates are much more sensitive to phase

fluctuations within the laser pulses due to the short length of the pulses. The on-

and off-switching of the laser pulses is performed with acousto-optic modulators

(AOMs), that can cause phase chirps during the switching [26]. We model the

phase chirp with a time-dependent quadrature field amplitude Ωq(t). Its effect on

the gate dynamics has been derived in section 3.6. It affects both the displacement
10Assuming ν ≈ 2π · 2 MHz and ∆Ω ≈ 2π · 200 kHz for a typical adiabatic gate operation.
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of the spin-states as well as the single qubit phase caused by the light-shift. The

quadrature amplitude is modelled depending on the rise-time of the AOM with

Ωq(t) = βΩi,max sin
(

1
Ωi,max

dΩi

dt

)
(3.76)

where β is a scaling factor inferred from experimental measurements of the AOM’s

phase chirp. The gate error is then determined by integrating the gate dynamics

for a given β. For small errors the gate error scales with εpc = αβ2, where the

proportionality factor α increases for shorter gate sequences. For example α = 1.1

for a 0.89 mp (motional periods of the ip axial mode) gate sequence and α = 0.05

for a 3.05 mp gate sequence.

3.7.6 Radial mode coupling

For fast gates the laser beatnote can be close to resonance with radial mode fre-

quencies. If the differential ∆k vector of the Raman lasers is not perfectly parallel

to the trap axis this can cause excitation of the radial mode motion. However gate

sequences are not designed to close radial mode loops, and the remaining spin-

motion entanglement will cause errors. Because the radial modes are only cooled

with Doppler/ dark resonance cooling they are at a higher temperature than the

axial modes, further increasing gate errors. Because of the orthogonality of the

modes we can model errors due to radial mode coupling by calculating the gate

fidelity of a sequence applied to the four radial modes only, with the corresponding

frequencies, mode temperatures and Lamb-Dicke factors. The Lamb-Dicke param-

eter depends on the angle between the trap axis and ∆k. Errors due to radial mode

coupling strongly depend on the Raman beatnote ν. Results of the simulation are

shown in chapter 7.3.3.
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3.7.7 Out-of-Lamb-Dicke effects

While the Lamb-Dicke approximation is fulfilled fairly well for adiabatic gates, fast

gates require larger displacements in phase space due to their lower gate efficiency,

and thus involve considerable deviations from the Lamb-Dicke regime. The force

exerted by the light field is no longer position independent, and therefore not only

leads to a displacement in phase space, but also to squeezing terms. We further

have to take into account that the Rabi frequency decreases with larger motional

mode occupation n and therefore for a thermal state is inhomogeneous. The relative

fluctuations of the absolute Rabi frequency due to a thermally occupied spectator

mode p can be expressed as [142]

(
∆ΩR

Ω̄R

)2

≈ η4
pn̄p(n̄p + 1) (3.77)

leading to a gate error εΩR ≈ π2

4 η
4
pn̄p(n̄p + 1).

The out-of-Lamb-Dicke (ooLD) effects caused by thermal occupation and displace-

ment of the gate mode are harder to model analytically. Instead, we perform a

numerical simulation of the full gate Hamiltonian without Lamb-Dicke approxima-

tion. The Hamiltonian is integrated using the split-operator method, and the gate

error is averaged over different initial phases of the Raman beams φ0. Outside of

the Lamb-Dicke regime the gate sequences are no longer insensitive to φ0. This is

because for different initial phases large displacements in phase space - and there-

fore stronger ooLD modulation - occur at different times in the gate sequence. This

leads to substantial errors. Squeezing terms lead to additional errors.

Due to its slow performance the ooLD integrator was only used to re-optimise

sequences formerly found within the Lamb-Dicke approximation. Solutions of the

simulations are shown in section 7.3.4. For gate sequences below ≈ 2.5 mp ooLD
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errors are the dominant source of error.



Chapter 4

Apparatus

An ion trap experiment consists of the trap and vacuum system, as well as systems

to control the ions and the environment. The ion trap is housed in a vacuum

chamber, surrounded by coils to produce and orient the desired magnetic field.

For controlling the ions we use multiple lasers as well as microwaves and RF.

Information is obtained from the ions by measuring their fluorescence, detected

by either an EMCCD camera, or an APD detector. An overview of the entire

experimental apparatus is shown in Fig. 4.1.

4.1 The Ion Trap

The ion trap is a linear Paul blade trap, designed by Sarah Woodrow and built by

Keshav Thirumalai. A sketch of the design is shown in Fig. 4.2 and details about

the design process can be found in [145]. The trap was designed to have a moder-

ately large micromotion gradient along the trap axis ẑ to be able to address ions

using the micromotion sideband. For this purpose the ion-endcap distance is rela-

tively short with d = 1.15 mm. The ion-blade distance is ρ = 0.5 mm. Simulated

geometry factors are (for asymmetric driving, i.e. with two RF blades grounded)

α = 0.207, κx2 = 0.486, κy2 = 0.487 and κz = 0.104 = α
2 [145].

81
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Figure 4.1: Apparatus: All experimental control is managed by the Artiq master.
Software RPC controllers (light green boxes) run different bits of physical hard-
ware (grey-lined white boxes) and are themselves controlled by the master. The
Artiq FPGA board creates real-time pulse sequences and sends out TTL pulses to
trigger the various devices. Solid green lines represent optical fibres, and dashed
green lines represent SMA cables. Abbreviations used are acousto optic modulator
(AOM), radio frequency radiation (RF), direct current (DC), electron multiplying
charge coupled device (EMCCD), photon multiplier tube (PMT), avalanche photo-
diode (APD), photodiode (PD), direct digital synthesis (DDS), synthesiser (synth),
microwaves (mw), frequency doubling cavity (FDC), amplifier (amp), B-field stabil-
isation (B-stab), field programmable gate array (FPGA), transisitor-transistor logic
(TTL), remote procedure call (RPC) and arbitrary waveform generator (AWG).
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Figure 4.2: The ion trap: Radial confinement is provided by the trap RF, which is
applied to one pair of the blades (blue), while the other pair is kept at ground level
(yellow). The second grounded blade is not shown for better visibility of the trap
centre. DC voltage applied to the endcaps (red) produces a harmonic potential
in the axial direction. Compensation electrodes (purple) are used to correct for
machining imperfections and place the ion at the center of the RF trap potential.
The trap electrodes are held in place by insulating Macor ceramic (grey). Figure
from [145].

The ion trap is inside a vacuum system built by Keshav Thirumalai and depicted in

Fig. 4.3. The system is operated at room temperature and the operating pressure is

off-scale low on the ion gauge (< 1·10−11 Torr). There are two ovens in the system –

one containing strontium for loading 88Sr+ , and one containing enriched1 calcium

for loading 43Ca+ and 40Ca+ . The ovens are operated by applying an I ≈ 4 A

current, which causes some of the contents to evaporate. The oven currents are

adjusted for convenient loading rate.

4.1.1 Trap Voltages

The voltages on the trap electrodes can be adjusted for different trap depths and

frequencies. We use a weaker trap (WT) for loading, a tight trap (TT) for all

experiments and an intermediate trap (IT) when switching between the two. The

different electrodes are the endcaps (far and near, FEC and NEC), compensation

electrodes (bottom, far and near, BC, FC and NC) and RF blades, where the RF

voltage is tuned with a variable attenuator. The applied voltages are listed in
112% 43Ca+ , 88% 40Ca+
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Figure 4.3: Vacuum system: The ion trap is housed in an octagonal vacuum
chamber with 6 fused silica viewports on the sides and one recessed viewport on
top. High-field magnetic coils designed to produce fields up to 288 G give access
to multiple clock transitions in 43Ca+ . Two pairs of horizontal and vertical trim
coils can be used to superimpose the magnetic field axis with the 397σ laser beam,
for optimal polarisation. Imaging of the ion is performed from top, with a high
NA = 0.6 lens. Electrical feed-throughs are on the bottom plate. A combined non-
evaporable getter (NEG) and ion pump are used to maintain the vacuum. Figure
from [129].
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RF UNEC UFEC UNC UFC UBC
TT −3.5 dB 191.14 V 193.27 V −50 V 50 V −60 V
IT −3.5 dB 19.9 V 20.0 V −50 V 50 V −60 V
WT −14 dB 5.74 V 6.01 V −2 V 2 V −150 V

Table 4.1: Trap voltages applied for different trap depths. The voltages of the
compensation electrodes had to be adjusted regularly due to drifts. The voltages
given are the ones used during the fast gates measurements.

Tab. 4.1.

Trap RF

The trap RF is produced by a synthesiser2 and the signal is amplified3 and fed to

a helical resonator, which transforms the large current signal into a high voltage

signal. The helical resonator is of similar design to [5], with one end of the he-

lix connected to the two driven RF blades via a feed-through and the other end

connected to the grounded blades via the vacuum chamber. A small coil at the

grounded end is used to couple the RF into the resonator. The loaded quality factor

of the resonator is Q ≈ 300 and its resonance frequency is fRF = 28.0133 MHz at

axial frequency fz = 1.860 MHz, leading to radial frequencies frad,lower = 4.077 MHz

and frad,upper = 4.341 MHz. A digital step attenuator4 in the RF supply chain is

used to adjust the RF amplitude to vary between different trap depths.

Trap DC

The trap DC supply is a custom design by Chris Ballance and described in [5].

The output voltage is −240 V < UDC < +240 V with a spectral noise density

� 1µV/
√

Hz around f = 2 MHz. A filter board directly before the feed-through

to the trap filters out any noise picked up in the cables. An additional connection

bypassing the filter board allows application of an AC signal ‘tickle’ onto one of
2Hewlett Packard, 8656B, 6.1− 990 MHz
3Frankonia, FLL-25, 100 kHz− 250 MHz, +46 dB, up to 25 W output power
4Mini circuits, ZX76-31R5-PP+, DC−2400 MHz, 31.5 dB maximum attenuation with 0.5 dB

steps, 6 bit interface
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the endcaps or one of the compensation electrodes. The AC signal can be used

to excite the ion’s motion if it is resonant with a trap frequency. This modifies

fluorescence and can therefore be used to determine the trap frequencies.

4.1.2 Imaging system

The imaging system was designed and built by Chris Ballance. The ions are imaged

with a high-NA lens5 with NA = 0.6 towards the atom and NA = 0.09 on the

imaging side, leading to a magnification of ×6.67. The beam is collimated using a

f = 20 mm aspheric lens6, and then either focussed onto an EMCCD camera7 with

a f = 150 mm lens, or onto an APD8 with a f = 11 mm lens. The high-NA lens

is suspended from and aligned with a 3D translation stage9 in combination with

two rotation stages10. The total magnification onto the camera is ×50.3 and thus

two ions spaced apart by d = 3.5µm are separated by 11 pixels. To reduce scatter,

a rectangular aperture that is adjustable in both dimensions is placed in the focal

plane of the high-NA lens. An additional iris between the high-NA lens and its

focus can be used to reduce the effective NA and ease alignment. A mirror on a

motorised11 mount is used to toggle between the camera and the APD.

4.2 Lasers and Beam Geometry

All calcium lasers, together with their locking cavities and AOM networks are on

a separate optics table, the laser table. The beams are then coupled into optical

fibres and delivered to the trap table. On the trap table there is only a short beam

path for polarisation and intensity stabilisation before the beams are focussed onto
5Photon gear inc., Atom Imager Relay, 422 nm, PGI P/N 16580
6Asphericon, AFL12-20-S-U
7Andor Technologies, iXonEM DU-897E, up to ×1000 EM gain, image area 8.2 mm× 8.2 mm,
pixel size 16µm× 16µm, 55% quantum efficiency at 400 nm

8Micro Photon Devices PD-100-CTC
9Newport, ULTRAlign M-562-XYZ

10Newport, M-GON65-U, goniometric rotation stage
11Actuonix, linear actuator



4.2. LASERS AND BEAM GEOMETRY 87

the ions. This separation improves beam pointing stability and the beam profile at

the trap. The strontium lasers and AOMs are on breadboards mounted in a rack

[102, 129], with only the optical locking cavities still mounted on an optical table.

The strontium laser setup was built by Keshav Thirumalai.

4.2.1 Laser table

All lasers apart from the Raman lasers are external cavity diode lasers12 with Fara-

day isolators integrated into the laser head. For cooling and SPAM we have 5

lasers for calcium (397 nm, 393 nm, 866 nm, 850 nm and 854 nm) and 4 lasers for

strontium (422 nm, 408 nm, 1092 nm, 1033 nm). For species- and isotope-selective

photo-ionisation we use a 423 nm laser for calcium and a 461 nm laser for stron-

tium. The second step of photo-ionisation (PI) into the continuum is performed

by a 375 nm laser13 for both species. All lasers apart from the 375 are monitored

on a wavemeter14. The laser light is guided to the wavemeter via multimode fibres,

leading to drifts of ≈ ±150 MHz on the wavelength reading. Typical waveme-

ter readings of all lasers are shown in Tab. 4.2. A fibre-beamsplitter before the

wavemeter is used to guide light to diagnostic optical spectrum analyser15. The

transmission signal of the spectrum analysers is monitored on a screen to detect

multi-mode lasing. Apart from the PI lasers, the 1033 and the 854, all lasers are

locked to low-drift reference cavities16. As the 408 laser is only used temporarily

for readout until the 674 nm quadrupole laser is available, it is locked with a simple

top-of-fringe lock. All remaining lasers are locked with Pound-Drever-Hall (PDH)

12Toptica DLC DL pro, short term (5µs) linewidth < 100 kHz (red) to < 2 MHz (blue)
13Toptica iBeam Smart
14High Finesse, WS7 wavelength measuring system USB, 350 nm−1120 nm, 150 MHz accuracy
with multi-mode fibre input

15red lasers: Toptica, FPI-100-0980-1, 825 nm− 1200 nm, FSR = 1 GHz, , finesse F ≈ 500
blue lasers: Thorlabs, SA200-3B, 350 nm− 535 nm, FSR = 1.5 GHz, finesse F ≈ 250

16calcium: NPL Low Drift Etalon, 1.5 GHz FSR, specified drift < 0.5 MHz/hour
strontium: Stable Laser systems, SLS-NPLcav-3, based on NPL cavity design, 1.5 GHz FSR,
specified drift < 0.5 MHz/hour, Finesse=60-180
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Laser Detuning 40Ca+ frequencies Laser Detuning 88Sr+ frequencies
397 −1.26 GHz 755.2223(2) THz 422 280 MHz 710.9626(2) THz
393 2.07 GHz 761.9046(2) THz 408 500 MHz 734.9899(2) THz
866 −3.49 GHz 346.0002(2) THz 1092 0 MHz 274.5890(2) THz
854 −4 GHz 350.8628(2) THz 1033 1 GHz 290.2106(2) THz
850 −3.12 GHz 352.6826(2) THz
423 610 MHz 709.0781(2) THz 461 0 MHz 650.5039(2) THz

Table 4.2: Laser detunings: The laser frequencies are the wavemeter readings when
the respective laser is on resonance with the given ion at low field. The detunings
are the typical laser operation frequencies for 43Ca+ (88Sr+ ) at high field (146 G)
relative to the low field 40Ca+ (88Sr+ ) resonance. They consist of the Zeeman
shift, the isotope and hyperfine shift (43Ca+ only) and any intentional detuning
from resonance. The frequency at the ion is the sum of the laser frequency, the
detuning and AOM shifts.

locks17, where the sidebands are created with EOMs18 for blue lasers and current

modulation of the diode for red lasers. The 423 frequency is roughly stabilised with

a wavemeter lock. The 397 and 866 lasers have a grating in the beginning of their

beampath for filtering out amplified spontaneous emission (ASE). For the 397 laser

sidebands at fEOM = 2.955 GHz are added with an EOM19 to address population

in both ground state manifolds of 43Ca+ . The EOM frequency is optimised for

the 146 G magnetic field and has to be adjusted for operation at different magnetic

fields.

AOM networks

The laser beams are switched on and off20 via AOMs in the beampath, with differ-

ent types of AOMs used for blue lasers21, calcium red lasers22 and strontium red

lasers23. Only the beam diffracted by the AOM is coupled into the fibre leading to
17Lock module: Toptica, PDD 110/F
18QUBIG, EO-F80M3, 350− 670 nm, MgO:LN
19New Focus, 4435-02, 360− 500 nm, 2.5− 4.6 GHz, MgO:LiNbO3
20AOM driver: IntraAction DE-2001.5EM26A, also models with different frequency and output
power

21IntraAction Corp. ASM-2001.588
22IntraAction ATM-851A2
23Gooch & Housego, Fiber-Q, fibre coupled modulators (FCAOM)
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Laser r0 Intensity ε̂ AOM shift
397π 45µm 11I0 (F), 0.8I0 (DRC) π +400 MHz
397σ 43µm 50I0 (F), 1.4I0 (DRC), 0.3I0 (SBC) σ+ +400 MHz
393 43µm 0.017I0 σ+ +400 MHz
866 112µm 1300I0 (F), 60I0 (SBC) σ± +140 MHz
866dark 112µm 250I0 σ± −130 MHz
854 112µm 200I0 σ± +170 MHz
850π 112µm 22I0 π −208.5 MHz
850σ1 114µm 10I0 σ+ −131.6 MHz
850σ2 114µm 10I0 σ+ −361 MHz
422u 65µm 4I0 (F), 1I0 (DC) σ± +272 MHz
422l 65µm 4I0 (F), 1I0 (DC) σ± −272 MHz
408 65µm 1.2I0 σ+ +400 MHz
1092 112µm 350I0 σ± +300 MHz
1033 112µm 45I0 σ± +300 MHz

Table 4.3: Beam intensities, polarisations ε̂ and waist radii r0: Some beams have
different power setpoints for fluorescence (F), dark resonance cooling (DRC), (low
power) Doppler cooling (DC) and sideband cooling (SBC). The AOM frequency
shifts are added after the wavemeter reading, and before the fibre leading to the
trap table. Intensities are given in units of the saturation intensity I0 for the
relevant transition (defined in eqn. 4.1)

the trap.

The AOMs are also used for adding independent frequency offsets required for

addressing different transitions. Beams are split up for the various AOMs using

polarising beam splitters (PBSs) and the relative intensity is adjusted using λ/2

waveplates. The 397 laser is split into 3 beams. A 397σ and a 397π beam at equal

frequency provide different polarisations and beam-directions for laser cooling and

state preparation. A third 397load beam is not diffracted by an AOM and only

switched with a mechanical shutter. It is therefore detuned red by −400 MHz from

the other two beams. It is applied onto the ion in a large spot size and mixed

polarisation to aid cooling of hot ions during loading. The 866 laser is split into

two beams 866 and 866d differing by 270 MHz. The main 866 beam is used for high

fluorescence Doppler cooling, while the 866d beam is used only for dark resonance

cooling. The 850 laser is split into 3 different beams addressing the different tran-
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sitions 3D5,+5
3/2 → 4P 5,+5

3/2 (850π), 3D5,+4
3/2 → 4P 5,+5

3/2 (850σ1) and 3D4,+4
3/2 → 4P 5,+5

3/2

(850σ2) for recovering population from 3D3/2 during shelving. The 422 laser has

beams of two different frequencies 422u and 422l to address population in both

qubit levels and to allow frequency-selective state-preparation.

All AOMs are operated in double-pass geometry to improve extinction while the

AOM is switched off. To improve extinction further, the calcium AOM drivers

have a frequency offset added to their drive frequency whenever their amplitude

is switched off. A summary of all different frequency offsets can be found in Tab. 4.3.

Beams of similar frequency and equal polarisation that enter the vacuum cham-

ber from the same direction are superimposed on a beam-splitter before the fi-

bre. A sequence of PBS-λ/2-PBS is used for optimal use of power of the respec-

tive lasers. The superimposed beams are (397σ, 393), (422u, 422l), (866, 866d, 854),

(850σ1, 850σ2) and (1092, 1033).

4.2.2 Trap table

On the trap table a PBS is used to clean up the polarisation from shifts occurring

in the fibre. The power of a pick-off of the beam is measured on a PD and the

signal is used as input for a PID loop24 to stabilise the intensity. The output signal

is fed back to the AOM drivers to modulate the amplitude. The noise-eater has

different power-setpoints that can be used to switch the power of a beam within a

sequence.

Beams of orthogonal polarisation are then superimposed on PBSs, and beams of

different frequencies are superimposed using dichroic filters/mirrors25, before they
24Noise eater, Elephant electronics (i.e. Christopher Ballance and Thomas Harty),
using MicroZed evaluation board

25Thorlabs DMSP950 (950 nm shortpass), DMLP650 (650 nm longpass),
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are focussed onto the ions. The polarisation of the 397σ, 393 and 850σ1,2 lasers is

additionally improved with a Glan-laser polariser26 and then transformed to circu-

lar polarisation using a λ/4 waveplate on a tip-tilt mount.

The alignment of the different beams into the trap is shown in Fig. 4.4. All beams

are focussed with a f = 400 mm lens27, but have different spot-sizes due to different

beam diameters caused by different fibre out-couplers. A summary of all different

spot-sizes, as well as beam polarisations and power setpoints is shown in Tab. 4.3.

The beam intensities are listed in units of I0, where we use

I0 = ~ω3
L

6πc2τ
(4.1)

as definition for the saturation intensity [126]; note therefore that I0 has a different

value for each atomic transition.

4.3 Raman Lasers

The Raman lasers are a pair of phase-locked, frequency-doubled, tunable ring res-

onator CW Ti:Sapphire lasers28. They are pumped with a pair of Sprout lasers29

at 15 W and 10 W. The lasers are tunable over a large range of wavelengths

(390 nm < λ < 450 nm) but are typically operated at λ ∼ 397− 402 nm. At these

wavelengths the output in the blue is ∼ 2 W for the master laser and ∼ 800 mW

for the slave laser.

Edmund Optics 86-323 (409 nm longpass)
26Thorlabs, GT10-A, Glan-Taylor Polariser, GT10-B for red lasers
27Thorlabs, AC254-400-A
28M squared, SolsTiS 1200R + intra-cavity EOM + ECDx 400,
and SolsTiS 4000R + ECDx 400

29Lighthouse Photonics, Sprout
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Figure 4.4: Beam delivery into the trap: Beams displayed in columns or with
different subscripts arrive in the same fibre. Other beams are superimposed with
PBSs and dichroics. The magnetic field is aligned along the 397σ propagation axis
using trim coils. The PI and 408 beams are at a slight angle because their polari-
sation purity is not as important. The 397π laser can be guided on an alternative
path 10◦ out of plane with respect to the laser table, using a flip-mirror. This beam
path is only used for vertical micromotion compensation of the trap. The calcium
and strontium ovens are aligned such that the atomic beams are near-perpendicular
to the PI beams, minimizing Doppler shifts.
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Figure 4.5: SolsTiS master cavity: Coarse frequency tuning is performed with a
birefringent filter (BRF). Applying the etalon lock narrows down the linewidth to
< 5 MHz. Feedback through the piezo actuator is used for locking to the reference
cavity which gives < 50 kHz linewidth. Figure from [122].

A sketch of the Ti:Sapph cavity of the master laser is shown in Fig. 4.5, together

with the different elements for tuning the frequency. The slave laser does not

have its own reference cavity but is instead locked to the master laser via a phase

lock. Each Ti:Sapphire output is followed by a pick-off leading to the phase lock

photodiode. Part of the picked-off light is led to the wavemeter diagnostic system.

The main beams continue to the doubling cavity, and then to the AOM network.

4.3.1 Phase lock

The phase lock was provided by M squared and has a feedback bandwidth of

about 500 kHz. The coarse lock with bandwidth . 50 kHz is achieved using the

piezo actuator. An additional intra-cavity EOM in the slave laser suppresses noise

at higher frequencies. The lasers are phase-locked in the red with a frequency

offset of 1.6 GHz, to provide the 3.2 GHz 43Ca+ hyperfine splitting after frequency

doubling. The specified mean square phase deviation in the blue integrated for

1 kHz− 1 MHz is φ2
rms = 7.6 · 10−5rad2.

Alternatively there is a second phase-lock module with the option to measure the

beatnote after the frequency doubling cavity, feeding back to a phase offset before
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the main PID loop. In all experiments in this thesis only the phase lock in the red

was used.

4.3.2 AOM network

The output beam of the Ti:Sapph doubling cavity is fibre coupled into a large mode

area fibre30 so that the AOM network does not need to be realigned after frequency

tuning of the Ti:Sapphs or realignment of the doubling cavities. Before the fibre

a λ/2 waveplate followed by a Glan-laser polariser31 allow directing the majority

of the laser power onto a beam dump, for safer alignment. Due to the high laser

power cemented optics have to be avoided32. The in-coupling face of the fibre for

the master laser burned after operation at full power for more than 24 hours. It

was not replaced but the beam was instead led directly to the AOMs. The fibre

for the slave laser did not burn and was used throughout.

We require Raman beams from different directions and at different frequency offsets

to perform all necessary tasks (gate beams coupling to motion, sideband cooling

beams coupling to motion, motion insensitive carrier drive). All experiments in

this thesis were performed using 3 Raman beams: (i) the R‖ beam, derived from

the master laser, aligned parallel to the magnetic field axis, with σ̂± polarisation;

(ii) the RV beam, derived from the master laser, orthogonal to the magnetic field

axis, with σ̂∓ polarisation; and (iii) the RH beam, derived from the slave laser,

orthogonal to the magnetic field axis and co-propagating with RV , with π̂ polarisa-

tion. The beams used for gates are RV&R‖, for sideband cooling and temperature

diagnostics R‖&RH and for carrier drive RV&RH .

30NKT Photonics, LMA-PM-5, polarisation maintaining large mode-area single mode fibre
31Thorlabs, GLB10-405, Glan-laser alpha-BBO Polariser
32friendly tip for the diligent thesis reader: this includes using (cemented) achromatic doublets
for fibre coupling...
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Laser Beam waist Polarisation AOM frequency offset
RV 33µm σ̂∓ 217.368568 MHz
R‖ 38µm σ̂± ∼ 220 MHz
RH 29µm π̂ −109 MHz

Table 4.4: Raman beam intensities and waists: The frequencies of the R‖ AOM
vary between different experiments. The beam waists are the 1/e2 intensity radii,
inferred from measurements of the light shift and carrier Rabi frequencies.

The AOMs for both RV and R‖ are a focussed AOM33 providing a large frequency

scan-range (FWHM = 50 MHz) and a fast rise time (τrise = 24 ns, 10%− 90% mea-

sured) necessary for fast gates. The RH AOM34 is operated at constant frequency.

All beams are guided to the trap via polarisation-maintaining single mode fibres35

with endcaps so as to be less susceptible to damage caused by the large laser pow-

ers. The setup between fibre and trap is similar to that for the other lasers, with a

PBS for polarisation clean-up and a pick-off leading to a PD for noise-eating. The

RV and RH beams are superimposed on a PBS. The R‖ polarisation is improved

with a Glan-Taylor36 polariser and set with a λ/4 waveplate on a tip-tilt mount

to compensate for birefringence of the viewport window. All Raman beams are

focussed onto the trap with f = 250 mm lenses37. The last mirror of each Raman

beam is steered with piezos38 for more precise alignment. A summary of the Raman

beam waists, polarisations and frequency offsets is listed in Tab. 4.4.

4.3.3 AOM control

The RF for the AOMs is provided by a DDS board39. The setup was inherited

from the previous experiment and is described in detail in [5]. In short, each DDS
33Brimrose, CQM-200-40-.400/OW, crystal quartz, 14 ns nominal risetime
34IntraAction, ASM-2001.588
35Schäfter Kirchhoff, PMC-E-400Si-2.3-NA014-3-APC.EC-200-P
36Thorlabs, GT10-A
37Thorlabs, AC254-250-A
38Thorlabs, Polaris-K1S2P
39Enterpoint, Milldown DDS, with Xilinx Spartan 6 LX150T FPGA,
and 4 channel AD9910 DDS up to 450 MHz output frequency
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channel has 8 profiles that can be programmed to different frequencies and phase-

offsets. The profiles are selected with TTL inputs controlled by the Artiq core

device. The DDS output is amplified40 and mixed41 with the noise-eater feedback

for amplitude stabilisation. The mixer output then goes into a switch42 that is

again controlled by an Artiq TTL pulse to switch the pulse on and off. The output

of the switch is amplified43 to . 2.5 W and and then guided to the AOMs. The RF

for the RV -AOM was provided by an AWG44 for the fast gates, to allow smooth

shaping of the amplitude profile with high timing resolution.

4.4 Microwaves and RF

The microwaves are produced with a single-sideband source, explained in detail

in [5]. It was slightly modified to accommodate usage at high field. The variable

frequency output of a DDS source45 at fDDS is split with a 90◦ power splitter46.

Both arms are fed into an IQ mixer, together with a local oscillator signal at

fLO = 2.77 GHz produced by a synth47. Small DC currents added to the input of

the I and Q ports are tuned to improve suppression of the carrier. The desired

output is the upper sideband at fµw = fDDS +fLO. The microwaves are amplified48

to 10.5 W before they are fed into the vacuum system.

In contrast to micro-fabricated surface traps it is difficult to engineer and precisely

predict the field at the ion caused by a microwave antenna in a macroscopic trap.

In our system there are therefore 3 possible ways to apply microwaves: an in vac-

40Mini circuits, ZX60-33LN-S+
41Mini circuits, ZP-3MH-S+
42Mini circuits, ZASWA-2-50DR
43Mini circuits, ZHL-03-5WF, high power amplifier, 60− 300 MHz, +30 dB gain
44Agilent N8241A, 1.25 GHz clock rate, 15 bits vertical resolution
45Analog Devices, AD9910 evaluation board
46Mini cicruits, ZX10Q-2-3+, 2-way 90◦ power splitter/combiner
47HP, E4422B, ESG series signal generator, 250 kHz− 4 GHz
48Mini circuits, ZHL-16W-43-S+, high power amplifier, 1.8− 4 GHz, 45 dB gain
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uum antenna pointing towards the trap from the bottom-plate, as well as the two

grounded trap blades. Indeed the stretch qubit Rabi frequency for microwaves

applied through the antenna was fairly poor for low-field transitions in 43Ca+ :

tπ = 10µs for the low field stretch transition (σ̂−) in 43Ca+ (tπ = 100µs, 70µs for

π̂ and σ̂+ polarised transitions from |F = 3,mF = 3〉). Instead the microwaves were

applied through one of the grounded blade electrodes, leading to tπ = 3.17(1)µs

for the 43Ca+ |F = 4,mF = 4〉 → |F = 3,mF = 3〉 transition at 146 G. The mi-

crowave polarisation intensity from the ground blade is 28% π̂, 30% σ̂+ and 41% σ̂−.

The RF for the strontium Zeeman qubit 5S−1/2
1/2 ↔ 5S+1/2

1/2 (ω0,88Sr+ = 2π·408.7 MHz)

is within the reach of a DDS board, and is therefore fed directly from the DDS to

an amplifier. It is applied through the second grounded blade.

4.5 Magnetic field

The main 146 G magnetic field is produced by a pair of water-cooled Helmholtz

coils49. The power supply for the coils50 is operated in constant current mode at I =

56.83 A. The current noise is measured51 and stabilised in an active feedback loop

[92]. An additional feed-forward loop compensates for ambient magnetic field noise.

Two pairs of vertical and horizontal trim coils52 (see Fig. 4.3) provide additional

magnetic fields used to align the B-field axis such that it is superimposed on the

397σ propagation axis. The trim coil currents are Itrim,vert = 0.18 A for the vertical

trim coils and Itrim,horiz = 1.8 A for the horizontal trim coils.

49Stangeness, rectangular foil-wound coils in custom design, for details see [129]
50Keysight, 6671A, 0− 220 A output current, rms current noise 200 mA
51LEM, fluxgate sensor, IT 400-S ULTRASTAB
52wire-wound, home-made, vertical: 70 turns, horizontal: 117 turns
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4.6 Experimental Control System

The experiment is controlled using Artiq53. At the heart of the control system is the

Artiq master, a piece of software that runs experiments, evaluates and saves data,

and manages databases and the controller manager. Real-time pulse sequences

are compiled and run on the core device, a piece of hardware centred around an

FPGA54. The core device has TTL outputs that control AOMs, switches, shutters

and DDS profiles throughout the lab. They also enable and disable the noise-

eater. In addition the core device has a time-resolved TTL input for monitoring

APD/PMT counts, with 1 ns timing resolution.

The controller manager handles RPC controllers for different pieces of laboratory

equipment, see Fig. 4.1. RPC controllers are used for running the

• piezo controllers55 for fine-adjustment of the locking cavity lengths, used to

scan laser frequencies; also used for control of the piezo-mirrors which centre

the Raman beams onto the ions

• trap DAC controller, setting the DC voltages on the trap electrodes and the

variable-attenuator adjusting the trap RF amplitude

• tickle synthesizer56, setting and scanning the frequency and amplitude of the

‘tickle’ voltage used to determine trap frequencies

• B-stab controller, running on a beaglebone, controlling the setpoint of the

B-field stabilisation as well as the feed-forward parameters

• DDS boards, programming the frequency and phase of the various profiles

for the Raman AOM, microwave and RF DDSs

• AWG, programming the pulse amplitude profile for fast gates
53M-Labs, Advanced Real-Time Infrastructure for Quantum Physics,
DOI: 10.5281/zenodo.591804, version 2.4

54Xilinx, KC705
55Thorlabs, MDT693B, open-loop piezo controller
56Keysight, 33512B waveform generator, 20MHz, 2 channels

https://m-labs.hk/artiq/
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• noise eater, setting power set-points for the various laser beams, overwriting

the TTL enable/disable and changing the PID parameters for the power

stabilisation

• trim coil current supplies57

• EMCCD camera, setting the exposure parameters and activating the internal

trigger

The majority of the RPC controllers run on the same main control computer as

the Artiq master and communicate to their peripherals via ethernet or USB.

Experimental code is written in a Python-based language, with a restricted set of

commands for code run on the core device. Measured fluorescence counts, selected

experimental parameters and fitted/calculated results are saved automatically after

each successful run of an experiment. The master has a scheduling function that can

repeatedly run calibration experiments at fixed time intervals, for example a servo

setting the set-point for the magnetic field. Experiments can also be scheduled to

run at fixed times, and with different priorities. More details about Artiq can be

found in its online manual.

57TTi, QL355TP, power supply

https://m-labs.hk/artiq/manual-release-3/introduction.html
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Chapter 5

Experiment Characterisation

Before entangling gates can be performed on the ions, a number of other opera-

tions such as cooling, state preparation, readout and setting the correct magnetic

field have to work well. In the following we explain how these operations were

implemented and calibrated, and what performance was achieved. We also char-

acterise various bits of equipment and the trapped ion qubits themselves. These

measurements are later used to obtain estimates of the error during gate operations.

5.1 Trap Characterisation

5.1.1 Compensation

To minimize the micromotion of the ion, it has to be simultaneously at the centre

of both the radial (RF) and the axial (DC) trap. However, machining and assembly

imperfections mean that in general these two centres do not perfectly overlap. To

move the ion to the ideal spot in the axial direction, asymmetric voltages can be

applied to the endcap electrodes. DC voltages applied to the three compensation

electrodes can move the ion orthogonally to the trap axis and thus overlap the DC

trap minimum with the RF potential null in the radial direction.

First compensation is performed by optimising fluorescence during Doppler cooling.

101
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Figure 5.1: Trap compensation: Rough compensation is performed by minimizing
Rf correlations (top). The length of the time bins is given by the resolution of the
time-to-analog converter (TAC) and is roughly 0.22 ns. The plot shows the arrival
times of fluorescence photons relative to the RF trigger (t = 0). The poorly com-
pensated (green) line corresponds to 15 nm micromotion amplitude, whereas the
well compensated line (blue) corresponds to roughly 3 nm micromotion amplitude.
More precise compensation is performed by minimizing the micromotion excitation
relative to the carrier excitation using Raman lasers (bottom). The fitted gradient
of the relative axial micromotion amplitude is 0.15(1) per µm.
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Once the 397 nm fluorescence spectrum looks sufficiently like a half-Lorentzian, the

trap can be compensated further by improving RF correlations [13], see Fig. 5.1.

This takes advantage of the fact that the Doppler shift caused by the micromotion

modulates the ion’s fluorescence. The stronger the micromotion, the stronger is the

correlation between the detection time of photons emitted by the ion and the phase

of the trap RF that gives rise to the micromotion. By minimising this correlation

the ion is pushed to a point of weaker micromotion. To minimize micromotion in

all three dimensions, a set of three lasers that span all three dimensions has to be

used. The 397 nm laser is detuned to half-fluorescence to get the largest fluores-

cence modulation for a given Doppler shift. In a final step the endcap voltages are

adjusted such that excitation of the ion at the micromotion sideband (ω0 +ωmm) is

minimal. This can be measured using Raman lasers coupling to the ion’s motion.

We only optimise this for the axial direction, as all our gates are performed on the

axial modes of motion. Due to the gradient of the micromotion along the trap axis

only a single ion can sit at the micromotion-null. For two ions centred around the

trap centre at the typical trap frequency (ion-ion distance 3.5µm) the strength of

the relative axial micromotion sideband of each ion is Ωmm/Ωcar = 0.26.

Ideal compensation voltages drift over time and have to be updated every few

months. Compensation of the weak trap depends strongly on the trap voltages

previously applied, indicating thermal effects. For best loading performance the

weak trap was therefore always compensated shortly after switching from the tight

trap.

5.1.2 Heating Rate

The heating rate of a trap continues to be one of the least well understood mecha-

nisms in ion trapping. While certain relationships are well documented and mod-

elled (e.g. larger ion-electrode distance, lower (cryogenic) trap temperatures and
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larger (axial) mode frequencies cause a smaller (axial) mode heating rate), the final

heating rates of a trap also include a large portion of poorly understood heating,

that varies seemingly randomly from trap to trap. This anomalous heating con-

tinues to be the subject of investigation [17, 118], with possible candidates being

fluctuating patch potentials or lossy dielectric layers.

The axial heating rate at the typical trap frequency (fz = 1.92 MHz) in our trap is

˙̄n ≈ 75(10)quanta
s for a single 43Ca+ ion. This is two orders of magnitude larger than

the heating rate of the trap’s predecessor [5], with similar ion-electrode distances

as well as machining and assembly procedures. No noise sources were detected in

the voltage supplies for the trap DC. The synth providing the trap Rf was found

to be somewhat noisy, but replacing it with a very clean synth did not have any

effect on the heating rate.

Heating due to noisy electric fields can be described as [131]

˙̄n = e2

4M~ωm
SE(ωm) ∝ ω−αm (5.1)

where SE(ωm) is the spectral density of the noise. Its scaling α with ωm differs

between traps. To investigate the large heating rate we have measured α for both

the radial and axial modes in our trap, see Fig. 5.2. We obtain α = 2.8(4) for

the radial mode heating rate and α = 2.11(9) for the axial mode heating rate.

This agrees well with a 1/f -noise source for the axial heating rate. For the radial

heating rate we have neglected the (weaker) heating term due to cross-coupling of

the trap RF with the noise fields in the model. The result is therefore still roughly

consistent with a 1/f -type noise source.

The observed increase of the axial heating rate with the RF amplitude is unex-
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Figure 5.2: Trap heating rate: The heating rate at the typical trap parameters
(fz ≈ 2 MHz, frad ≈ 4 MHz) is n̄ ≈ 80 quanta/s and therefore unusually large
for a blade trap with 0.5 mm trap-ion distance. As expected the axial (radial)
heating rate decreases for larger axial (radial) mode frequency. The axial heating
rate also increases for larger radial mode frequency, i.e. larger RF amplitude (with
α = −1.4(2)).



106 CHAPTER 5. EXPERIMENT CHARACTERISATION

pected, because the helical resonator acts as a narrow band-width filter, and noise

at the axial mode frequency fnoise ∼ 2 MHz would be strongly suppressed. That

the axial heating rate nonetheless increases with the trap RF suggests there is a

mechanism driven by the trap RF causing noise at ∼ 2 MHz. Effects of heating

of the trap electrodes or Macor ceramics were excluded by measuring the ion’s

heating rate directly after a low amplitude trap RF was applied for several hours.

The heating rate measured was equal to that when the trap had previously been

continuously operated at high RF. Possible suggested reasons explaining the larger

heating rate are either a partially capacitive solder joint in one of the DC electrode

connections, or oxide layers/ patch potentials on the trap electrodes.

The heating rates measured for two 43Ca+ ions are ˙̄nip = 145(10)quanta
s and ˙̄noop =

0.5(1)quanta
s . The low heating rate of the oop mode is consistent with a uniform

noise source for the observed heating rate.

5.1.3 Ion order

For mixed species crystals it is important to keep the ion order fixed in all experi-

ments. To set the ion order, whenever a de-crystallisation occurs, the RF amplitude

is decreased and a strongly asymmetric endcap voltage is applied. This moves the

ions into a radial crystal and away from the trap centre into a less harmonic part

of the trap. The RF potential felt by the ions is mass dependent. The axial con-

finement through the RF therefore tilts the axis of the displaced ion crystal. As

the 88Sr+ ion is heavier it experiences a weaker RF potential and is displaced fur-

ther from the equilibrium axis, thus leaving the ions in a deterministic order. The

RF amplitude is then returned to its normal value and in a last step the endcap

voltages are reset. Similar re-ordering techniques were employed for example in

[55, 53].
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Figure 5.3: Magnetic field gradient: Change of the qubit frequency of a single ion
when it is displaced along the ẑ-axis of the trap. The ion was moved by applying
asymmetric endcap voltages, and the displacement was measured by fitting the
ion’s position on the camera. The scatter of the measured qubit frequencies is
consistent with magnetic field noise, indicating no magnetic field gradient along
the trap axis.

5.1.4 Magnetic field gradient

In the predecessor trap of this experiment a large magnetic field gradient of df
dz =

1.4 kHz/ µm was measured [5], which caused shifts in the qubit frequency for ions at

different positions in the trap. The trap materials and machining processes for this

trap were chosen carefully to exhibit no magnetic gradient. The qubit frequency

was measured over a large range of ion displacements and indeed no magnetic field

gradient could be detected, see Fig. 5.3.

5.2 Cooling and Fluorescence

5.2.1 Calcium

The rich level structure of 43Ca+ gives rise to numerous dark resonances that re-

duce maximum fluorescence and complicate cooling. The large Zeeman splittings

at 146 G additionally complicate the conditions, as lasers have to be able to act

on population over a larger range of frequencies. By adding sidebands and using
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Figure 5.4: Fluorescence spectrum with dark resonance: The red trace shows the
fluorescence of the ion for a scan of the 866 nm laser frequency. At δ866 = −270 MHz
there is the main dark resonance. At points of large fluorescence the Doppler cooling
temperature is fairly high (n̄ ≈ 20). Therefore a second 866dark laser beam, shifted
by 270 MHz from the fluorescence laser with an AOM, is used for cooling (blue
trace). It is resonant with the dark resonance, when the main 866 nm beam is at a
point of high fluorescence. Its intensity is optimised for best cooling and therefore
considerably lower than that of the main fluorescence laser.

separate laser frequencies for cooling and fluorescence detection, sufficiently high

fluorescence rates can be achieved nevertheless. Cooling on the dark resonance

feature on 43Ca+ can even reach temperatures below the normal Doppler limit.

We follow the dark resonance1 cooling scheme for 43Ca+ at intermediate field out-

lined in [2]. However, due to a different trap and beam geometry, we are not bound

to a fixed ratio of π̂ and σ̂+ polarisations of the 397 nm laser. Instead we have

two separate 397σ+ and 397π beams, whose relative intensity we can adjust freely.

This enables even better cooling performance. In our setup the EOM frequency

fEOM,lit = 2.930 GHz used in [2] to bridge the hyperfine splitting between the two

ground state levels led to an undesired ‘blue-blue’ dark resonance. This is a dark

1between the states 4S4,+4
1/2 and 3DmF =5

3/2 via 4P 4,+4
1/2
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Figure 5.5: Dark resonance cooling optimisation: Final ion temperature after dark
resonance cooling for scanned 866 detuning and different cooling laser powers. The
different power settings were (i) P397σ = 9µW, P397π = 5µW, P866d = 400µW
(dark blue), (ii) P397σ = 4µW, P397π = 2µW, P866d = 450µW (light blue), (iii)
P397σ = 9µW, P397π = 5µW, P866d = 450µW (magenta). The Doppler limit for a
40Ca+ ion at the same axial trap frequency fz = 1.86 MHz is shown for comparison.
The fluorescence spectrum of the dark resonance for the corresponding 866 detuning
is plotted for orientation (with arbitrary units along the y-axis). There is a ∼
2 MHz frequency uncertainty on the 866 detuning between the fluorescence and
temperature scans due to piezo drifts.

resonance caused by the different frequency components of the 397 nm laser only.

It manifests itself in slightly reduced fluorescence, poor cooling performance and

greatly enlarged state-preparation time constant. To avoid this dark resonance we

instead operated the EOM at frequency fEOM = 2.955 GHz.

The laser powers used for fluorescence are P397σ+ = 140µW, P397π = 30µW and

P866 = 2.3 mW. The resulting fluorescence spectrum can be seen in Fig. 5.4. The

peak fluorescence with these parameters is 210, 000 counts
s

, including 12, 000 counts
s

of

background scatter, with a collection efficiency ηcoll = 1.5(1)%.
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Dark resonance cooling

The parameters for dark resonance cooling were optimized empirically, starting

from the parameters found in [2]. Iterative scans of the laser powers P397σ, P397π,

P866d and detunings of the 866 nm and 397 nm lasers, see Fig. 5.5, led to a final tem-

perature of n̄ = 1.25(2) after dark resonance Doppler cooling. This corresponds to

a temperature of T = n̄~ωz/kB = 0.11 mK at the trap frequency ωz = 2π·1.86 MHz.

The ion temperature after Doppler cooling is determined by a simultaneous fit of

timescans of the carrier and red- and blue sidebands, see Fig. 5.6. The final powers

used for dark resonance cooling are P397σ = 4µW, P397π = 2µW, P866d = 450µW.

Sideband cooling

For cooling the ion to its ground-state, sideband cooling is employed. We distin-

guish between continuous and pulsed sideband cooling [137]. For continuous cooling

the 397σ, 866, 854 and Raman lasers on the RSB are simultaneously applied to

the ion. For pulsed cooling RSB Raman pulses are iterated with repumping pulses

of 397σ and 866. The beam powers and pulse lengths were empirically optimised

and are P866 = 0.1 mW, P397σ = 1.0µW, with pulse lengths tRSB = 12µs and

trepump = 60µs. At the final temperature tπ,RSB,final ≈ 18µs. The decrease in ion

temperature after different types of cooling is shown in Fig. 5.7.

The ion temperature after sideband cooling is estimated from the relative heights

of the red- and blue sideband with [96, 137]

n̄ = r

1− r (5.2)

where the ratio r = pRSB/pBSB. This measurement is insensitive to slight errors in

the pulse length or frequency of the pulses, as long as they are identical for both

sidebands. We therefore measure only the top of the RSB and BSB, as shown
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Figure 5.6: Dark resonance cooled ion: Time scan of carrier, RSB and BSB
flops of a dark-resonance Doppler cooled ion. The solid lines are a simultaneous
fit of all three curves, resulting in n̄ = 1.25(2), with other floated parameters
tπ = 2.252(2)µs, tdead = 0.37(2)µs and η = 0.1786(3). The final temperature at
this point is very sensitive to drifts of the 866 nm laser frequency – already small
drifts can cause Doppler-heating of the ion. The 866 nm laser frequency is therefore
usually set slightly higher to be more robust to drifts. The final Doppler cooling
temperature is then typically n̄ ≈ 1.8.
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Figure 5.7: Ground state cooling of a single ion: The ion is initially cooled with
dark resonance cooling for tDRC = 0.6 ms to n̄ = 1.79(7) (top). It is then cooled
further with continuous sideband cooling for tCSBC = 1.2 ms to n̄ = 0.027(4) (bot-
tom). Pulsed sideband cooling did not show any significant advantage. The fitted
cooling time constants are τDRC = 60(20)µs and τCSBC = 150(10)µs.
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Figure 5.8: Sideband cooled ion: Temperature diagnostics for a sideband cooled
ion is performed by measuring the maximum inversion of a BSB and a RSB π-pulse,
compared to the readout level (ROL). The light blue line shows a frequency scan
over the BSB of a single sideband cooled ion at n̄ = 0.017(3).

in Fig. 5.8. For two ions we again measure only the peak inversion population of

the RSB and BSB. The ion temperature n̄ is then fitted, such that the measured

populations agree with those predicted for a thermal state.

For sideband cooling two ions the two different (ip and oop) modes have to be

cooled separately. To reduce effects of heating, we first cool the oop and then

the ip mode. A cooling sequence then looks like DRC(tdrc) - CSBCoop(tcsbc) -

CSBCip(tcsbc) - PSBCoop(npsbc) - PSBCip(npsbc) with tdrc = 1 ms, tcsbc = 1 ms and

npsbc = 10 for two ions.

During the optimisation of fast gates the gate fidelity appeared to be highly sensi-

tive to the 866 detuning, even though the final ion temperature seemed unaffected

measured with the normal temperature diagnostic. Increasing the cooling length

to tdrc = 2.5 ms, followed by tsbc = 1 ms and npsbc = 10 removed the strong de-

pendency on the 866 detuning. We believe the high sensitivity of the fast gate
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experiments is due to the large displacements in phase space and enhancement of

out-of-Lamb-Dicke effects for small parts of the population in high-n states.

5.2.2 Strontium

The level structure in 88Sr+ is significantly simpler, allowing the usual Doppler cool-

ing and fluorescence routines similar to 40Ca+ (see e.g. [137]). The 1092 detuning

is chosen such that its dark resonance with the 422 laser is tuned slightly into the

blue of the 422 resonance. Thus the ion’s fluorescence spectrum for scanned 422

frequency is half-Lorentzian, with maximally high peak fluorescence. For high fluo-

rescence Doppler cooling the 422 is detuned slightly red from peak fluorescence. For

low temperature Doppler cooling the 422 power is reduced such that this detuning

coincides with the HWHM, yielding optimal cooling efficiency. The temperature

after Doppler cooling corresponds to the Doppler limit TD = ~Γ/(2kB) ≈ 0.5 mK,

corresponding to n̄ ≈ 8 for a single 88Sr+ ion at its typical axial frequency ωz,88Sr+ =

2π ·1.3413 MHz. Experiments with 88Sr+ were performed with the old imaging sys-

tem in place which had a lower collection efficiency η = 0.282(7)% (at 397 nm)

[5]. In addition, the fluorescence of both 43Ca+ and 88Sr+ was measured on the

same PMT. Therefore the focus was chosen to be a compromise between the two

different wavelengths, slightly reducing the signal to noise ratio. The fluorescence

rate measured from 88Sr+ was 33, 300 counts
s

, including 4, 600 counts
s

background.

5.2.3 Recrystallisation

Collisions with background gas atoms in the vacuum chamber can cause the ions

to heat up or even de-crystallise. To confirm that the ions are still cold and crys-

tallised, at the end of each readout event, ion fluorescence is collected with the

854 nm deshelving laser enabled. If the collected fluorescence is below the thresh-

old for a bright ion the last data point is discarded and the ions are Doppler

cooled. If this happens three times in succession it is assumed that the ions have
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Figure 5.9: Shelving sequence: Population is transferred to 3D5/2 via 4P3/2,mF =
5 with a 393 nm pulse. Population that has decayed to 3D3/2 is recovered with
two 850 nm pulses. This sequence is repeated 8 times for optimum readout fidelity.
The pulse lengths are t393 = 12µs, t850σ1,2 = 6µs and t850π = 2µs.

de-crystallised and an automatic recrystallisation is performed. For this the trap

is set to the weak trap for 1.5 s with Doppler cooling enabled. Afterwards the trap

is switched back to the standard tight trap.

5.3 State Preparation and Readout

5.3.1 Calcium

As described in section 2.3.1 state preparation in 43Ca+ is performed with polarisation-

selective optical pumping. The state-preparation fidelity is therefore defined by the

polarisation impurity of the 397σ+ light. To measure the polarisation impurity, the

ion is prepared in |↓〉 . An intense 397σ pulse is applied on the ion, followed by

shelving using only the 393 laser. Polarisation impurities in the 397σ pulse transfer

population into 3D3/2 and appear bright during readout. The polarisation purity is

optimised through minimizing this bright signal by adjusting a λ/4 wave-plate on a

tip-tilt mount and tuning the current through the trim-coils to align the magnetic

field axis exactly parallel to the 397σ beam.

For shelving we employ the pulsed sequence described in Fig. 5.9 and developed in

[48]. The state of the ion is then determined by applying fluorescence lasers, and

counting emitted photons for a duration tbin. If the number of detected photons is

below the threshold, the ion is assumed to be ‘dark’, i.e. in the shelf. Otherwise it
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is counted as ‘bright’. The threshold is calculated with

threshold = c̄b
ln(1 + c̄b/c̄d)

(5.3)

where c̄b (c̄d) are the mean bright (dark) counts measured over a large set of rep-

etitions. For the bright counts fluorescence of an un-shelved Doppler cooled ion is

measured with all re-pumping lasers switched on. For the dark counts the 866 nm

repumping laser is switched off. For two ions the threshold between 1 ion bright

(p↓↑ + p↑↓ ) and two ions bright (p↑↑ ) is set to be in the centre of the two mean

fluorescence counts, see Fig.5.10.

The readout fidelity is limited by the lifetime of the shelf as well as polarisation

impurities or off-set frequency of the shelving lasers. The 393 nm laser is super-

imposed with the 397σ laser, and its polarisation is set by optimising the 397σ

polarisation. The 850σ polarisation is optimised with a λ/4 waveplate on a tip-tilt

mount. The polarisation impurity is measured by using the 850σ as repumper from

3D3/2 together with the 854 nm laser and then minimising fluorescence. For perfect

polarisation, population will be pumped into 3D3/2,mF = 5 and the ion will go

dark. The 850π polarisation is set by geometry, by using a linearly polarised beam

orthogonal to the magnetic field axis.

The frequency of the 393 nm laser is set by preparing the ion in |↓〉 and shelving

it with a single pulse of 393 nm light of length t393 = 12µs. The frequency of the

393 nm laser is scanned and then set to the centre of the fitted Lorentzian. The

850 nm laser frequency is set using the 850π. First the ion is prepared into |↓〉 , and

then into 3D3/2,mF = 5 using a long 1.5 ms pulse of 393, 397σ, 854 and 850σ1,2

light. Subsequently a short 2µs 850π pulse is applied with scanned frequency. If

on resonance, it transfers population back into the ground-state manifold. From
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Figure 5.10: Readout histograms: Top: Histograms for a single ion, with nor-
malised probabilities. The histograms of each ion state consist of 50.000 data
points. The readout bin length is tbin,1ion = 230µs. Bottom: Readout histograms
for two ions of even (|↑↑〉 + |↓↓〉 ) and odd parity (|↑↓〉 + |↓↑〉 ) Bell states. The
readout bin length is tbin,2ions = 800µs. It is longer than the single ion bin length
to obtain a large enough separation between the ‘1-ion-bright’ (odd parity) and
‘2-ions-bright’ (even parity, right) histograms.
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there it is transferred into 3D5/2 by a 393 shelving pulse and will appear dark in

a fluorescence measurement. The curve is again fitted with a Lorentzian and the

850π set to its centre frequency.

The fidelities we achieved in combined state-preparation and readout measurements

(SPAM) for a single 43Ca+ ion are εLRL = 6(1) · 10−4 for |↓〉 = 4S4,+4
1/2 and εURL =

1.0(2) · 10−3 for |↑〉 = 4S3,+3
1/2 , leading to a total SPAM error of εSPAM = 1

2(εLRL +

εURL) = 8(1) · 10−4.

5.3.2 Strontium

Experiments performed with strontium were only first proof-of-principle experi-

ments, with only functional readout. State preparation is performed with fre-

quency selective pumping with the 422l (422u) beam at its low power setpoint,

with tsp = 100µs. The simulated error for state-preparation is εsp = 5 · 10−4.

Because the 674 nm laser was not yet available, a preliminary low-fidelity read-

out scheme was used, employing a 408 nm laser for shelving. For this the 408

and 1092 lasers are applied simultaneously for tshelve,88Sr+ = 16µs. The scheme

is limited by off-resonant excitation out of |1〉 = 5S−1/2
1/2 and population lost after

repumping from 4D3/2. The simulated error of the scheme with these parameters

is εro,sim ≈ 7.5 · 10−2. In the experiment we achieved a combined state preparation

and readout error of εSPAM,exp = 10(1)·10−2, strongly dominated by the preliminary

readout.

5.4 Magnetic field

Magnetic field stability is an important requirement for trapped ion experiments,

as magnetic field noise is in general the largest source of qubit decoherence. While

clock transitions are far less sensitive to magnetic field noise, preparation into the
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Figure 5.11: Ramsey sequence with scanned frequency: For precisely measuring
transition frequencies, a Ramsey sequence is used where the frequency of both π/2-
pulses is scanned over resonance. A longer Ramsey delay td increases the frequency
resolution by reducing the width of the fringes. Detuning from the target frequency
is inferred from the offset of the centre-fringe from expected resonance.

clock qubit still uses magnetically sensitive transitions. In addition, for work with

different ion species, the B field will only be at a point of magnetic insensitivity for

one ion species. Because all work in this thesis was performed on the magnetically

sensitive ‘stretch’-qubit, magnetic field stability has a particularly high priority. We

care both about the long-term stability of the absolute magnetic field perceived by

the ion, as well as fast fluctuations. Slow drifts and changes of the magnetic field

are the result of mostly external causes, such as elevators in the building moving or

other research groups in the vicinity ramping their poorly isolated magnets. Fast

fluctuations are caused by noise in the current generating the field and ambient

electromagnetic radiation broadcast by other laboratory equipment. Slow drifts

are compensated by a field servo, that adjusts the coil current setpoint such that

the ion’s qubit frequency remains at a constant value. Current and ambient noise

are reduced with a stabilisation circuit characterised in [92].

5.4.1 B-Field servo

For servoing the magnetic field a microwave pulse of low intensity is used to probe

the ‘stretch’-qubit transition 4S4,+4
1/2 -4S3,+3

1/2 of a 43Ca+ ion. The frequency of the

pulse is set to fµw = fstretch ± ∆f = fstretch ± 0.399343/tπ, such that for correct

magnetic field the resonance is probed at the two FWHM points. If the magnetic

field has drifted off, the populations at the two points are asymmetric. From the

population difference and the gradient m = 1.89709(pmax − pmin)tπ we can calcu-
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Figure 5.12: Clock qubit: Transition frequency of |F = 4,mF = 0〉 ↔
|F = 3,mF = 1〉 around the magnetic field insensitive point at B ≈ 146 G. The 0
points of the magnetic field and the frequency are the calculated values from the
Breit-Rabi formula. The δf = 1.8(1) Hz offset of the clock frequency is due to im-
perfect calibration of the reference clock of the microwave source and AC Zeeman
shifts caused by the trap RF [48].

late the frequency offset. The setpoint of the field coil current is then adjusted

to cancel the measured offset. This measurement is repeated until both measured

populations are within 2 standard deviations of p = 1/2. If the magnetic field has

drifted far enough that neither probe pulse is close to resonance with the transition,

a coarse servo is performed first with a shorter tπ. We use tπ,ls = 4.34µs for low

sensitivity and tπ,hs = 64.8µs for high sensitivity. With N = 300 repeated mea-

surements on each side of the peak, this sets the magnetic field to within ±0.2 mG

accuracy (±500 Hz on the stretch transition).

The setpoint of the magnetic field is chosen such that the transition |F = 4,mF = 0〉 ↔

|F = 3,mF = 1〉 is at its field-insensitive point. This was confirmed by measuring

the clock transition frequency as a function of the B-field. The field was scanned

by adding an offset to the target frequency of the stretch qubit in the magnetic

field servo. The clock qubit transition frequency was measured using a Ramsey
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Figure 5.13: Spin-echo sequence with scanned phase: Coherence times are mea-
sured with the above spin-echo sequence (or Ramsey sequence by dropping the
π-pulse in the centre). The Ramsey contrast is determined by scanning the phase
of the final π/2-pulse ϕ : 0 7→ 2π and fitting the resulting sine-function.

sequence, see Fig. 5.12, with td = 25 ms and tπ/2 = 686µs. Choosing a longer

tπ/2 reduces the total bandwidth of the Ramsey sequence and therefore simplifies

identification of the centre fringe. Methods for identifying the centre fringe and

choosing sensible pulse and delay lengths are described in detail in [48].

5.4.2 Field stability

The current applied to the magnetic field coils is stabilised with an active feedback

loop. An additional feedforward circuit parallel to the coils compensates for am-

bient noise. The stabilisation circuit was designed and built by Benjamin Merkel

and is described in detail in [92]. It reduces field noise at 146 G to 45(1)µG rms

noise, corresponding to 0.31(1)ppm.

We can measure the resulting coherence time of the qubit with a Ramsey phase-

scan experiment, see Fig. 5.13. Fluctuations of the qubit frequency during the

Ramsey delay td cause dephasing and lead to a reduction of contrast after the

final π/2 pulse. The π pulse in the centre of the spin-echo sequence reverses the

dynamics, and therefore leads to a cancellation of fluctuations slow relative to the

delay td. The spectral density of the noise affects the pattern of the contrast decay

[103]. White noise or noise that is correlated over durations much shorter than the

Ramsey delay leads to exponential decay of the contrast c = a · e−td/τ . Noise with

correlation times long compared to the Ramsey delay leads to a Gaussian contrast

decay c = a · e−(td/τ)2 . Measurements of the coherence time both in Ramsey and
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spin-echo geometry are shown in Fig. 5.14.

5.5 Raman Lasers

Raman lasers are used for cooling as well as two-qubit operations. Their stable and

well controlled operation is therefore vital for (high-fidelity) ion manipulation. The

effect of the Raman light can be fully described by its frequency, phase, polarisation

and intensity and wave-vector.

Frequency Due to the large Raman detuning (∆ = 200 GHz − 10 THz) typi-

cal frequency fluctuations have negligible effects on the ion and the Raman laser

frequency does not have to be controlled carefully. Relevant for gates is only the rel-

ative frequency difference between the two Raman lasers, which is set with AOMs

and can therefore be controlled very precisely.

Phase For two-qubit gate operations both Raman beams are derived from a single

laser, and relative phase fluctuations are only caused by path-length fluctuations of

the different beams. These have acoustic sources and are therefore slow compared

to a single gate pulse. They therefore only affect gate sequences on a shot-to-shot

timescale. We do not stabilise these slow phase fluctuations in our experiment,

leading to a random initial Raman phase φ0. The AOMs used for switching can

also cause phase chirps. This effect is discussed in section 7.3.2. For single-qubit

operations beams from the two different Raman lasers are necessary. They rely on

the phase stability between both lasers assured by their phase lock.

Polarisation Setting the polarisation of the Raman lasers accurately is important

for performing maximally efficient two-qubit gates and minimising the single-beam

light shifts. The RV and RH beams are linearly polarised orthogonally to the mag-

netic field axis. Since only an asymmetry of σ̂+ and σ̂− polarisation will cause
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Figure 5.14: Spin coherence of the stretch state qubit, measured in a Ramsey
(top) and a spin-echo sequence (centre). The fitted coherence time for small errors
is τRamsey = 4.8(9) ms for the Ramsey sequence, fitted to exponential decay with
fixed a = 1. Low-frequency drifts increase the errors for larger Ramsey delays,
as can be seen in the larger error bars. For the spin-echo sequence the noise-
spectrum is filtered and a Gaussian decay fits better to the data. This fits to
τspin−echo = 6.3(3) ms, with floated scale-factor a = 0.9984(8). For larger delays
other noise mechanisms lead to a faster decay of the fringe contrast (bottom). The
coherence times fitted with the above methods assume a simplified noise-spectrum
and vary slightly with the maximum delay time. However, because for our gates
the coherence behaviour at small times (td . tg) is most relevant, they provide an
upper bound for errors due to spin-decoherence.
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a differential light shift (see appendix B), this beam geometry ensures that im-

perfections in the polarisation of these two beams won’t cause a differential light

shift. Their linear polarisation is therefore simply set by a PBS. The R‖ beam

however is propagating parallel to the magnetic field axis. Slight imperfections in

the beam’s polarisation can therefore easily create an asymmetry of σ̂+ and σ̂− po-

larisation and give rise to a large light shift. Consequently the polarisation of the

R‖ is set more carefully, using a Glan-laser polariser, followed by a λ/4 wave-plate

on a tip-tilt mount to compensate for birefringence in the viewport window. The

polarisation is optimised by applying an R‖-pulse within a Ramsey interferometer

and minimising the phase acquired due to the light shift. The achieved polarisation

purity is such that the residual light shift corresponds to . 4 ·10−5 of the maximum

possible lightshift.

Intensity The intensity at the ion depends on the Raman beam power as well as

beam pointing onto the ions. We measure intensity noise on two different timescales

fn, see Fig. 5.15: fast noise on the timescale of single Raman pulses reduces the

contrast of Rabi oscillations. Determining the maximum contrast after a large

number of fringes (n) therefore gives a sensitive measure of fast intensity noise.

The time scales in our experiment were tpulse ≈ 90µs, tshot ≈ 4 ms, tpoint ≈ 8 s and

tseq ≈ 80 s with k = 2000. This sequence is therefore sensitive for noise frequencies

100 mHz < fn < 11 kHz. Slower noise can be measured more accurately by looking

at the scatter of points in the linear range of a fringe. Here we use tshot ≈ 4 ms,

tpoint ≈ 0.8 s, tseq ≈ 160 s with k = 200. This sequence is therefore sensitive to

noise with 6 mHz < fn < 1.2 Hz. Results of the noise measurements are shown in

Fig. 5.16.

As in gate sequences, the Raman lasers are switched on for t = 100µs with noise-

eating enabled at the beginning of each state preparation block. This stabilises the
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Figure 5.15: Intensity noise measurement: The above table shows the different
timescales in the slow and fast intensity noise measurement, and how noise of
different frequencies (indicated by the red sine-waves of period ∼ tn) affects the
measurement outcome. In both measurements a single shot consists of cooling and
state-preparation (sp), followed by a Raman pulse of length tpulse and readout (ro).
One measurement point consists of k identically performed shots. For measure-
ments of fast noise ΩRtpulse = (2n + 1)π and k is large to obtain a large average
over populations. For one sequence, tpulse is scanned over the top of a fringe and the
maximum contrast is measured. For measuring slower noise ΩRtpulse = 2πn + π/2
and k is smaller to increase the range of noise frequencies the experiment is sensitive
to. In one sequence each point is repeated a large number of times with constant
tpulse. The noise can be inferred from the scatter of the populations.
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Figure 5.16: Raman laser intensity noise: Top: Fast intensity noise measured
with n = 11. The inferred relative intensity noise is δΩ/ΩR = 8.6(9) · 10−3 for a
well-aligned beam. For a beam aligned for maxiumum sensitivity to beam-pointing
noise δΩ/ΩR = 2.3(4) · 10−2, measured at the 5th fringe (n = 5). Bottom: Slow
intensity noise measured on the 6th fringe for a well aligned beam. The relative
noise is δΩ/ΩR = 3.2 · 10−3 inferred from the standard deviation of the measured
points (red dotted lines). For maximum beam-pointing sensitivity we obtain on
the 3rd fringe δΩ/ΩR = 1.3 · 10−2.
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Raman laser power measured from a beam pick-off shortly before the trap. Be-

tween the power stabilisation and the Raman pulse used to measure the intensity

noise, there is a ∼ 2 ms delay during which the ion is cooled and during which no

further power stabilisation is active. Raman power noise in timescales of tn � tshot

is therefore taken out by the noise-eater. The sequence does however measure in-

tensity noise due to beam pointing fluctuations at these timescales, which cannot

be detected by the noise eater.

Effects of beam pointing noise are enhanced for a slightly mis-aligned beam, where

the intensity gradient of the Gaussian beam-profile is larger. For best beam align-

ment performance we therefore use piezo mirrors to peak up the beam. A Raman

pulse of t = (2n+ 1
2)π is shone onto the ion and the voltage applied to a piezo mirror

is scanned. The setpoint voltage is adjusted to maximise the measured population

until there is a turning point at p = 0.5 at the voltage setpoint. The experiment is

repeated up to t = 10.5π, which corresponds to alignment of the Raman beam to

within 0.04r0, where r0 is the beam waist at the ion.

The two-qubit gate error scales quadratically with the relative Rabi-frequency un-

certainty, leading to εg ≈ 2 · 10−4 for the intensity noise measured here. For faster

gates this can deviate, as different timescales of noise are relevant.

5.6 Motional coupling to Raman lasers

5.6.1 Ion spacing

The phase difference of the light-shift force on two ions depends on their spacing

relative to the wavelength of the ‘travelling standing wave’ of the light, see section

3.4.2. For an optimally efficient gate, only states with either even parity spins (|↑↑〉 ,

|↓↓〉 ) or only states with odd parity spins (|↑↓〉 , |↓↑〉 ) should be excited. This is the
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Figure 5.17: Ion spacing: Motional excitation of the ip (top) and oop (bottom)
mode for a 12.5λz ion spacing. For half-integer ion spacing the force felt by two
equal spins is opposite. This leads to strong excitation of the oop mode, but
negligible excitation of the ip mode. The parasitical excitation of the ip mode is
less than a percent of the oop mode excitation. Additional scattering errors, that
would be caused by the reduced gate efficiency due to parasitical mode excitation,
are therefore negligible[5].
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Figure 5.18: Motional coherence sequence: The motional coherence is measured
with a Ramsey (spin-echo) sequence where the spin-state superposition is mapped
onto a superposition of motional states of the same spin-state using red sideband
π-pulses πR. For a Ramsey measurement the centre block is removed.

case if the ion spacing matches nλz or (n+ 1
2)λz, where λz is the periodicity of the

standing wave and n a natural number. If the ion spacing is between these values,

all four spin states are excited and acquire a geometric phase. This would mean the

geometric phase partially translates into a global phase, rather than only into the

desired two-qubit phase. To prevent this, we carefully set the ion spacing to match

a half-integer standing wave length. The ion spacing is optimised by preparing

the ions in |↓↓〉 and exciting their motion with a light-shift force either resonant

with the ip or the oop axial mode. The resulting excitation is then measured by

probing the red and blue sideband excitation, see Fig. 5.17. The endcap voltages

are adjusted to minimise (maximise) excitation of the ip (oop) mode, corresponding

to half-integer spacing. The absolute ion spacing can be inferred from the axial

trap frequency with eqn. 3.6 and is dion−ion = 12.5λz.

5.6.2 Motional coherence

During a gate operation the ions are not only in a superposition of spin states, but

also in a superposition of motional states. It is therefore important to determine

the dephasing of motional states to calculate the ensuing errors. Following [132],

we measure motional coherence with a modified Ramsey sequence, see Fig. 5.18.

Motional frequency noise during the delay leads to decay of the Ramsey contrast, as

can be seen in Fig. 5.19. The fitted coherence time is τmot = 8.8(9) ms, and does not

differ between a Ramsey and spin-echo measurement. This indicates that motional
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Figure 5.19: Motional coherence: Measurement of the motional coherence of a
single ion, in a Ramsey and spin-echo interferometer. The motional coherence is
equal for both measurements, because it is dominated by motional heating which
is not reversed through a spin-echo geometry.

dephasing is not dominated by slow drifts, but by white noise or noise with short

correlation times. Indeed, for small errors, simulation of motional dephasing due

to the trap’s heating rate shows a τmot ≈ 1/(2 ˙̄n) ≈ 7 ms dependence. This suggests

that the motional coherence in our experiment is limited by the heating rate of the

trap, both in Ramsey and spin-echo geometry.



Chapter 6

Mixed Species Gates

Entangling ions of different species is an important prerequisite for transferring

quantum information between them. Thus we can choose to perform operations

on the best suited species, harnessing their individual strengths. We use the σz

geometric phase gate that only requires a single pair of Raman beams to perform

a gate simultaneously on two different species. In a first test of the scheme we

perform the gate between two different isotopes of calcium: 40Ca+ and 43Ca+ .

These results were published in [7] and are also discussed in parts in [5]. In a

proof-of-principle experiment we then realise the same gate on two different atomic

species – 43Ca+ and 88Sr+ .

6.1 40Ca+ - 43Ca+ Gate Results

The experiments with 43Ca+ and 40Ca+ were performed in the predecessor trap to

the one described and characterised in this thesis. The trap’s characteristics, as

well as the laser and control setup are described in [5]. Most notably, this trap

possesses a significantly lower heating rate of the axial mode ˙̄n = 1.1(1)quanta/ s,

but also a magnetic field gradient along the trap axis of 0.573(1) mG/ µm. While

the magnetic field gradient poses a problem for gates between two ions of the same

species, because global single-qubit operations will be slightly off-resonant for one

131
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or both of the qubits, this is not a problem for different species. Here each ion has

its own species-selective microwave or RF single qubit drive, and for fixed ion order

they can be adjusted to compensate for the magnetic field offset. The two-qubit

gate is not affected because its operation is independent of the qubit frequency.

The trap was operated at low field, with B = 1.95 G, leading to qubit frequencies

of ω0,40Ca+ = 2π · 5.46 MHz and ω0,43Ca+ = 2π · 3.220828 GHz.

6.1.1 Cooling

The isotope shift, that is the difference of the transition frequency between 40Ca+ and

centre-of-gravity in 43Ca+ , is ∆fistp = 688(17) MHz [126, 82] for the 397 nm transi-

tion. The total difference in the transition frequency between 40Ca+ and 43Ca+ consists

of this isotope shift and the hyperfine shifts of the relevant levels. We therefore use

two separate 397 lasers for Doppler cooling 40Ca+ and 43Ca+ respectively, where

the 397/43 laser has an additional EOM to address both hyperfine levels. For the

866 nm transition a single laser is used and the isotope splitting is bridged by an

EOM. The Raman lasers are a pair of injection-locked frequency-doubled diodes,

described in [80], where for this experiment there is no frequency offset between

the two lasers. The frequency differences of the beams are therefore only set by

AOMs, and Raman sideband cooling and temperature diagnostics are hence only

possible for 40Ca+ . The 43Ca+ ion is sympathetically cooled to the ground state.

Because of the very similar masses of 40Ca+ and 43Ca+ , motional coupling between

the different isotopes is very strong.

6.1.2 State preparation and readout

State preparation is performed with a σ̂+-polarised beam of the individual 397

lasers. Shelving is done with a single 393 nm laser, with the splitting due to the

isotope shift and hyperfine shifts provided by an EOM. For readout we used only

one 850 nm laser beam without any sidebands, which is used to create the dark
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resonance necessary for the 40Ca+ EIT state-selective shelving [90]. However the

fidelity of this scheme is only ∼ 90%. The isotope shift for the 850 nm transition is

∆fistp = −3462.4(2.6) MHz [126]. For 43Ca+ the 850 laser is therefore off-resonant

and population decayed to 3D3/2 can not be recovered, reducing the readout fi-

delity. While shelving of the two species is performed simultaneously, fluorescence

collection for the different species is performed isotope selectively in separate time

bins. The achieved readout fidelities were LRL = 7.5(3)% and URL = 92.9(3)%

for 40Ca+ , and LRL = 2.0(2)% and URL = 94.7(3)% for 43Ca+ , corresponding to

an average readout error of εro = 5.5%. To extract only the error of the gate op-

eration, the readout levels are measured carefully and their effect on the measured

populations is inverted, see section 6.1.5. Because the gate errors are much smaller

than the readout errors, high statistics in the ROL measurements are necessary

and they are measured repeatedly interleaved with gate measurements to reduce

the effect of drifts. We used N = 10.000 samples for each ROL measurement.

6.1.3 Ion order

Keeping the correct ion order is important due to the axial magnetic field gradient.

Because of the low mass difference between 40Ca+ and 43Ca+ , deterministic order-

ing using the mass dependence of the RF potential – as it is used for 43Ca+ and
88Sr+ – is not very effective. Instead we take advantage of the large magnetic

field gradient and probe the qubit transition frequency of both qubits with a slow

t ≈ 100µs carrier π-pulse. If the pulse is off-resonant by an equal frequency offset

for both species, the external magnetic field has drifted and a magnetic field servo

is applied. If there is a differential change in frequency for the two species, the

ion order is incorrect and the crystal is melted using Doppler heating. The ions

are then re-crystallised, by switching to the weak trap and Doppler cooling them,

followed by returning to the tight trap. This process is repeated until the ions have

crystallised in the correct order.
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Figure 6.1: Raman lasers for 40Ca+ -43Ca+ gate: A single pair of Raman lasers
is used to drive the gate, with a frequency splitting close to the motional frequency
of the ions fz ≈ 2 MHz. The Raman detuning from the excited 4P1/2 level is
∆ = 2π · 1 THz. Figure published in [7].

6.1.4 Gate implementation

The gate is implemented on the ip mode (fip = 1.998 MHz), with half-integer

ion spacing. The Raman laser frequencies relative to the different ion species are

shown in Fig. 6.1. Due to the similar masses the Lamb-Dicke factors differ only

slightly, with η43Ca+ = 0.126 and η40Ca+ = 0.121. The gate efficiency is close to

one (ζ = 0.98).

Due to the different amplitudes of the light shift force for the different species a

single-qubit phase is acquired during the gate operation. To cancel this phase the

gate is performed in a two-loop arrangement, see Fig. 6.2. In a gate measurement

sequence we first stabilise the Raman laser intensity. The ions are then cooled to

the ground state n̄ < 0.1 first with Doppler cooling followed by sideband cooling

for both motional modes. Next, the ions are prepared into |↓ 0〉 and the gate is per-

formed within a spin-echo Ramsey interferometer. Finally both ions are shelved
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Figure 6.2: Time scan of a 40Ca+ -43Ca+ gate with a two-loop arrangement. Top:
Pulse sequence used for the measurement. The total length of the gate sequence
is ttot = 2t (plus the length of the single qubit operations). We define the pulse
duration t such that tg = 2π/δg, and therefore a k-loop gate has a total length of
ttot = ktg. Bottom: Gate dynamics for increasing length of the gate pulse, after
readout level normalisation. The ions’ initial state is |↓ 0〉, and the populations are
gradually transferred towards a Bell state |↓ 0〉 + |↑ 1〉 at t = 13.7µs. If the gate
pulse is applied for a longer time the ions are disentangled again until they reach
|↑ 1〉 at t = 27.4µs. Gate dynamics time-scans are used for calibration of the gate
pulse length and Raman power.
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Figure 6.3: Parity phase scan used to determine the gate fidelity. Top: Pulse
sequence used for the parity measurement. The phase ϕq of the final π/2-pulse
at the end of the gate is scanned ϕq : −180◦ 7→ 180◦. Bottom: Measured parity
signal (turquoise) and populations (red, 43Ca+ ; blue 40Ca+ ). The populations are
independent of ϕq. The populations for determining the gate fidelity (p↓0 and p↑1)
are measured without the additional π/2-pulse. Figure published in [7].

simultaneously, and then their respective state is read out sequentially through

fluorescence detection. The single-qubit operations constituting the spin-echo in-

terferometer are driven with microwaves for 43Ca+ and with Raman lasers (in a

configuration that does not couple to the ion’s motion) for 40Ca+ .

For measuring the gate fidelity an additional π/2-pulse is added to the sequence,

see Fig. 6.3. The contrast of the measured parity fringes is fitted using a maximum

likelihood method [6]. We obtain a fidelity of F = 99.8(6)% for a gate of total

length ttot = 27.4µs.
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6.1.5 Bell test

Violation of the principle of local realism, that is that two space-like separated

objects can not influence each other and that each object has a predetermined

state independent of measurement, is one of the most mind-bending properties of

quantum mechanics. The defiance of local realism in quantum mechanical systems

can be proven by violation of the inequality proposed by Bell [9]. In addition,

the degree of violation of Bell’s inequality can serve as a measure of entanglement

between particles [73]. While the experimental violation of Bell’s inequality was

shown soon after its proposition [38], the first loophole-free demonstration was only

performed recently [51]. Loopholes mean that due to experimental constraints addi-

tional assumptions have to be made, which, if incorrect, could explain the violation

of Bell’s inequality without violating local realism. The most common loopholes

are the detection and the locality loophole [18]. The locality loophole exists when

a signal could travel between the two measurement sites within the duration of

the measurement, as this would allow communication between the two measure-

ment devices that could influence the measurement. The detection loophole exists

when the measurement devices have non-unity detection efficiency and therefore in

some runs of the experiment a result isn’t recorded by either one or both detectors.

Hence, while the subset of detected measurements violates the Bell inequality, the

set of all runs might not, if the sample of the successful detections is not a ‘fair’

representation of the whole set. The state of trapped ions can be read out with

near unit detection efficiency and errors in the detection are typically low enough

that the fair sampling assumption does not have to be made. Indeed the first Bell

inequality violation with the detection loophole closed was performed in trapped

ions [111].

We measure the violation of the CHSH inequality [24], a modified version of Bell’s

inequality that is easier to realise experimentally. For this we measure the two-



138 CHAPTER 6. MIXED SPECIES GATES

θa (40Ca+ ) π/4 3π/4 π/4 3π/4
θb (43Ca+ ) π/2 π/2 0 0
E(θa, θb) 0.565(7) 0.530(7) 0.560(7) −0.573(8)

Table 6.1: CHSH Bell test: Sets of angles used to measure the correlations for
the CHSH inequality, and the obtained two-particle correlations. For maximum
violation E = ±1/

√
2. Each value of E was measured with N = 2000 samples.

Table published in [7].

particle correlations E(θa, θb) for different bases, where the basis angles θa, θb are

chosen to obtain maximal CHSH inequality violation for our Bell state, see Tab. 6.1.

The correlations are defined as E(θa, θb) = p↑1+p↓0−p↑0−p↓1 [88], with populations

ps1,s2 measured after applying the single-qubit rotations R(θa) on 40Ca+ and R(θb)

on 43Ca+ at the end of the two-qubit gate. We can then calculate the CHSH

parameter S = |E(θa, θb) + E(θ′a, θb)| + |E(θa, θ′b) − E(θ′a, θ′b)|, where for systems

obeying local realism S ≤ 2, but for quantum systems S ≤ 2
√

2. We measure

S = 2.228(15), violating the CHSH inequality by 15σ.

Effects of Readout Infidelity

The value measured for the Bell violation is mainly limited by readout imperfection,

that is an ion in |↑〉 is falsely registered as |↓〉 or vice versa. We can model the effect

of readout errors with the operator

Mi =
(

βi αi
1− βi 1− αi

)
(6.1)

where αi (βi) are the measured LRL (URL) listed in section 6.1.2 for 40Ca+ and
43Ca+ . The total effect of the readout is then described by applying the matrix

M = M40Ca+ ⊗M43Ca+ to the vector of real ion populations, |ψmeas〉 = M |ψreal〉.

Here |ψreal〉 =
(
p↑
p↓

)
and the readout levels are the populations measured for p↑

when preparing the qubit in |↓〉 : α = p↑,meas,min, and |↑〉 : β = p↑,meas,max.

We can estimate the maximum value measurable for S with our readout lev-
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els by applying M to the density matrix of the ideal Bell state. We obtain

Smax = 2.236(7). The value we measure for S is therefore in agreement with

the high Bell state fidelity deduced from parity oscillations.

Readout level normalisation for mixed-species experiments, for example used in

measurements of the gate fidelity, is performed by applying M−1 to the vector of

measured populations.

6.2 43Ca+ - 88Sr+ Gate Results

Experiments entangling 43Ca+ and 88Sr+ were performed in the new trap and laser

setup and with the Ti:Sapph lasers as Raman lasers. The gate mechanism used

was identical to the one used for entangling 40Ca+ and 43Ca+ . Both gate beams

(RV and R‖) are derived from the master laser, while sideband cooling is performed

using the Raman beams R‖ and RH derived from the master and phase-locked slave

laser respectively. Dark resonance cooling was not yet implemented, leading to very

high temperatures on 43Ca+ after Doppler cooling. To reduce the effects of poor

Doppler cooling on 43Ca+ , first Doppler cooling was performed for t = 1 ms on both

species simultaneously, followed by Doppler cooling on 88Sr+ only, for t = 0.5 ms,

during which the 43Ca+ ion is cooled sympathetically. This is followed by sideband

cooling, interleaved on both motional modes, for t = 6 ms per mode in total. Side-

band cooling is performed on 43Ca+ , with 88Sr+ cooled sympathetically. At the

time of this experiment the blue-blue dark resonance in the 397 nm cooling laser

(see section 5.2.1), which also affects sideband cooling, had not yet been identified.

This led to very poor cooling performance in spite of the very long cooling times.

The final achieved temperature after sbc was 0.2 . n̄oop . 0.5, measured on 43Ca+ .

State preparation is performed simultaneously on 43Ca+ and 88Sr+ . For readout
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we first shelve and readout 43Ca+ , followed by 88Sr+ .

6.2.1 Choosing the Raman detuning

The choice of the Raman detuning not only affects the scattering rate on each ion,

but also the respective Rabi frequencies and therefore the gate efficiency. Because

of the fairly large Raman detunings, the Rabi frequencies on the ion are rather

small. Since Raman power is limited, the Raman detuning therefore also affects

the minimum possible gate length. Due to the large heating rate of the trap,

performing slow gates on the ip mode would make motional heating effects the

dominant contribution to the gate error, see Fig. 6.4. All our gates are therefore

performed on the oop mode, which has a much smaller heating rate. However, due

to the mass asymmetry between 43Ca+ and 88Sr+ , the oop heating rate is expected

to be large enough to still be the dominant source of error. The Raman detuning

was set to ∆ = −9 THz from the 397 nm resonance. This corresponds to a gate

efficiency ζ = 0.81 for a gate on the oop mode (see eqn. 3.53).

6.2.2 Preliminary results

We performed a proof-of-principle demonstration of the 43Ca+ -88Sr+ gate, with the

resulting parity fringes shown in Fig. 6.5. The gate was performed at tgt = 104µs

in a two-loop configuration. The normal mode frequency was foop = 2.851 MHz.

Single-qubit operations were performed using microwaves for 43Ca+ , and using RF

for 88Sr+ . The parity fringes are normalised for readout, which were LRL43Ca+ =

1.4%, URL43Ca+ = 99.4% for 43Ca+ and LRL88Sr+ = 15.2%, URL88Sr+ = 90.3%

for 88Sr+ at the time the experiment was performed. For 43Ca+ these readout lev-

els are below their best performance due to imperfect state preparation caused by

the blue-blue dark resonance. For 88Sr+ drifts of the locking cavity of the 408 nm

shelving laser reduced the LRL fidelity.
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Figure 6.4: Gate error vs Raman detuning: Simulation of the error of a 43Ca+ -
88Sr+ entangling gate as a function of Raman detuning ∆. Top: Gate on the ip
mode, assuming a heating rate of ˙̄n = 93 quanta/s. Bottom: Gate on the oop
mode, assuming ˙̄n = 27 quanta/s. Both simulations assume a Raman spotsize of
r0 = 25µm at the ion and P = 70 mW in each beam. The black cross indicates
the point of minimum total error. The detuning used in the experiment was ∆ =
−9 THz. The values for the heating rates are calculated from the measured heating
rate of a single 43Ca+ ion.
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Figure 6.5: Parity phase scan of 43Ca+ -88Sr+ gate: Measured parity signal
(turquoise) and populations (red, 43Ca+ ; blue 88Sr+ ). For a perfect Bell state
the populations are independent of ϕq. The populations for determining the gate
fidelity (p↓0 and p↑1) are measured without the additional π/2-pulse. The inferred
fidelity is F = 83(3)%.

The fidelity of the 43Ca+ -88Sr+ gate was F = 83(3)%. This is believed to have been

mainly limited by imperfect cooling. The low fidelity of the preliminary readout

scheme and problems with drifting locking cavities, drifting trap compensation

and drifts of the laser polarisation axis in optical fibres additionally complicated

diagnosis of the source of errors. These problems have all been solved now and

high fidelity σz gates were performed in this trap with the same Raman lasers on
43Ca+ -43Ca+ , see chapter 7. Although we did not yet have time to revisit this

experiment, we believe the improvements made should considerably increase the

fidelity of this gate.



Chapter 7

Fast Gates

The speed of the trapped ion entangling gates described in section 3.4 can be in-

creased by using a larger gate detuning δg, while at the same time increasing the

Raman intensity to maintain the acquired geometric phase Φ = π/2. This will lead

to several error sources becoming more relevant:

Off-resonant excitation: For shorter gate pulses errors due to off-resonant exci-

tation increase. The sharp edges of the pulse have a broad frequency spectrum.

These different frequency components can drive the second motional mode, higher

orders and counter-rotating modes of the main motional mode and will cause an

AC Stark shift coupling to the carrier depending on the un-stabilised relative phase

of the Raman beams φ0. Shaping the edge of the pulse on the timescale of a few

motional periods of the ion’s motion reduces the pulse bandwidth and strongly

suppresses errors due to off-resonant excitation [5]. However this method starts to

fail once the total gate length is on the same order of magnitude as the ideal pulse

shaping length.

Raman Scattering: Faster gates require larger Rabi frequencies. Because laser-

power is limited, this means smaller Raman detunings might be necessary to ob-

143
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tain sufficient Rabi frequency. This will lead to larger scattering errors. Although

a larger Raman power with constant Raman detuning won’t lead to an increase of

scattering errors (thanks to the decreased gate time), the reduced gate efficiency

for faster gates will still lead to an increase of scattering errors.

Rotating wave approximation failure: Failure of the rotating wave approximation

causes the geometric phase to become sensitive to the Raman phase φ0. Other

motional modes are not only excited by frequency components due to the sharp

edges of the pulse, but also because their detuning to the Raman beat note is now

of similar magnitude to the detuning from the desired mode.

Therefore it is necessary to implement special gate sequences that are designed to

avoid the above mentioned sources of error, as discussed in chapter 3.6.

We implement 3 different kinds of solutions:

(1) In the intermediate time regime (ii) (see section 3.6.3) down to about 4 motional

periods solutions can be found using single rectangular unshaped pulses. Here

the pulse power and detuning are optimized for fixed times to close loops of both

motional modes. For shorter gate times errors increase and no more useful solutions

can be found.

(2) Binary solutions consist of a sequence of short pulses interleaved with delays of

free evolution. The amplitude level of all pulses is the same, making the sequences

easy to implement and easier to optimise due to the reduced number of degrees of

freedom. However, while the integrated Rabi frequency is lower due to the delays

with no driving force, the required peak Rabi frequency is considerably higher

compared to gates of type (3) with the same total gate length.

(3) Stepped pulse sequences consist of a single symmetric pulse with up to four

different amplitude levels. The majority of our implemented fast gate sequences is

of this type.
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7.1 Experimental Details

7.1.1 Experiment setup

The experimental setup is described in Fig.7.1. One measurement shot begins with

intensity stabilisation of the Raman lasers. It is followed by ground state cooling

of the ions, consisting of dark-resonance Doppler cooling, followed by continuous

sideband cooling and pulsed sideband cooling - each for both motional modes.

The final temperatures are typically n̄ip ≤ 0.05 for the in-phase com mode and

n̄oop ≤ 0.02 for the out-of-phase stretch mode. Next the ions are prepared in |↓↓〉

after which the main experimental sequence follows. The two-qubit gate is placed

inside a Ramsey interferometer. The carrier pulses of the Ramsey interferometer

are driven by microwaves. After readout of the final state we test whether both

ions are still crystallized. If not, an automatic re-crystallization occurs and the last

data point is discarded.

In early measurements we noted a dependence of the gate fidelity on the 866 de-

tuning. This is because the dark-resonance cooling sensitively depends on the 866

frequency (see Fig. 5.5) and a mis-set of this frequency can leave population in very

high-n states. To avoid this, cooling times in the later fast gate experiments were

chosen very generously. Subsequently no decrease in fidelity was noted, even for

intentional mis-set of the 866 frequency by a multiple of the typical drift.

7.1.2 Measuring Gate Fidelities

The fidelity of the gate-operations is determined via the Bell state fidelity, as in [76].

The phase-gate is placed inside a Ramsey interferometer, see Fig. 7.2, to produce

the ideal Bell state |ψBell〉 = 1√
2 (|↑↑〉 + i |↓↓〉 ). The fidelity of the created state is

then measured by partial tomography:
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Figure 7.1: Left: Level structure: The gate is performed on the ‘stretch’-
qubit in 43Ca+ , comprising the two qubit levels |↓〉 = |F = 4,mF = 4〉 and
|↑〉 = |F = 3,mF = 3〉. Depending on the required Rabi frequency the Raman
detuning is varied between ∆ = 200 GHz − 1 THz. The gate mechanism is based
on the geometric phase gate and the difference frequency of the two Raman lasers
is therefore independent of the qubit frequency, and only depends on the mo-
tional mode frequencies of the ions fip = 1.92 MHz and foop = 3.33 MHz. In
contrast to slow gates the gate detuning is large enough that it couples to both
modes. For the implemented gate sequences the beatnote frequencies were between
ν = 2.0 MHz− 7.5 MHz. Right: Beam geometry: Both Raman lasers are derived
from a single cw Ti:Sapphire laser. Both beams are modulated with fast AOMs of
risetime tr ≈ 24 ns to form short pulses. An AWG provides the RF for the more
complex pulse shape of one beam, the other RF pulse is a simple square pulse pro-
duced with a DDS board. Fibres are used to produce a clean spatial and temporal
mode profile of the beams and to reduce beam-pointing fluctuations at the ions.
The two Raman beams interfere to form a travelling standing wave along the trap
axis. The light field gives rise to a spin-dependent force on the ions’ motion, thus
driving the gate dynamics. Figure published in [114].
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Figure 7.2: Gate sequence: The ions are prepared in |↓↓〉 . The gate pulse is
placed in one arm of a spin-echo sequence. The second π/2-pulse of the Ramsey
interferometer is offset by a phase φsq to compensate for the single-qubit phase
accumulated during the gate. For measuring the x- and y-quadratures of the parity
a second π/2 pulse is added at 4 different phases ϕq = 0, π/4, π/2, 3π/4. A spin-
echo sequence is used for suppression of magnetic field noise. For fast sequences a
spin-echo sequence is no longer necessary, but was used for better comparability to
our other gate measurements.

F = 〈ψBell| ρ |ψBell〉 = 1
2 (population + parity) (7.1)

The population = p↓↓ + p↑↑ can be measured directly at the end of the Ramsey

sequence. The parity is the contrast c of the parity fringes P(ϕq) = p↓↓ + p↑↑ −

p↑↓ − p↓↑ = c · sin (2ϕq + ϕ0)1. It is measured by adding an additional π/2-pulse

after the Ramsey sequence and scanning its phase ϕq.

For single rectangular pulses we measure the parity for 4 different phases ϕq =

(0, π/4, π/2, 3π/4) and determine the contrast with a maximum likelihood fit

[5, 40]. The phase offset ϕ0 of the parity oscillations is floated in the fit. This

means noise in the measured parity quadratures can lead to a mis-estimation of

the phase-offset and therefore a slight over-estimation of the fidelity. To get a more

reliable measurement of the fidelity for the binary and stepped pulse sequences we

first determine the phase-offset ϕ0 and then only measure the parity in the basis

of maximum contrast, at ϕq,1 = π/4 + ϕ0 and ϕq,2 = 3π/4 + ϕ0, see Fig. 7.3. The

1Note the difference between φ0, the initial relative phase of the Raman lasers and ϕ0, used
for various other phase offsets.
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Figure 7.3: Fidelity measurement: Left: Measurement of the ion populations used
to determine the parity contrast, after readout normalisation (magenta). Only the
populations measured at ϕq = 20◦ and ϕq = 110◦ are used to estimate the fidelity.
The populations measured in the orthogonal basis and the grey line are only added
for clarity. Right: Measurement of the populations without the analysis pulse.

parity contrast can then be calculated directly as c = 1
2 (P(ϕq,1)−P(ϕq,2)) =

[p↓↑ + p↑↓ ]ϕq,1 − [p↓↑ + p↑↓ ]ϕq,2 , without any fitting routines necessary.

Readout normalisation

A complete quantum algorithm consists of many gate operations, but only a single

instance of state-preparation and readout for each qubit. Therefore it is desirable

to distinguish errors stemming from the gate operation and errors occurring during

SPAM. We measure the readout levels interleaved with the gate fidelity measure-

ments. The gate fidelity data is then corrected for readout errors by applying

|ψcorr〉 = M−1 |ψmeas〉, where the readout level matrix is

M =

 β2 αβ α2

2β(1− β) β(1− α) + α(1− β) 2α(1− α)
(1− β)2 (1− β)(1− α) (1− α)2

 (7.2)

In contrast to the mixed species readout in section 6.1.5 we cannot distinguish
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gate sequence 2 mp
gate time tg 1.21µs
gate detuning δg 756.0 kHz
beam power P 76.44 mW
phase φsq −8.5◦

gate sequence 11 mp
gate time tg 5.97µs
gate detuning δg 172.15 kHz
beam power P 21.79 mW
phase φsq −4.6◦

Table 7.1: Gate parameters for the fastest and slowest gate sequences imple-
mented with a single rectangular pulse. The parameters are the results of empir-
ical optimisation of the theoretically-predicted parameters. The Raman detuning
is ∆ = −1 THz. The gates are driven on the axial ip mode with fz = 1.86 MHz,
and the power P is equal in both beams.

between p↑↓ and p↓↑ . As a result the measured probability vector is |ψmeas〉 =(
p↑↑ ,meas; p↑↓ ,meas + p↓↑ ,meas; p↓↓ ,meas

)
and we accordingly sum together the mixed

terms in M [5]. All fidelities quoted are after readout normalisation.

7.2 Gate sequences

7.2.1 Single Rectangular Pulses

The most simple gate sequences consist of a single rectangular pulse, where the

only free parameters are the gate detuning δg = ν − fip, the gate length tg and the

Raman power P . Solutions for single rectangular pulses are found by simulating a

gate with fixed tg and then minimising the coherent gate-error with a Nelder-Mead

algorithm, while floating the parameters δg and P . The simulated parameters are

then further optimized empirically: they are dialled into the experiment and the

measured gate fidelity is fed back to a Nelder-Mead algorithm to return new opti-

mised parameters.

Apart from the spin-dependent force the laser field also leads to a time-varying light

shift, that causes a single-qubit phase φLS. Because the matrix elements describing

the Raman coupling to the two qubit levels |↑〉 and |↓〉 are not identical, the force
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Figure 7.4: Intermediate speed gate results: Our experimental results fit well to
the theoretical predictions. Fidelities ≥ 98% are measured down to 4 mp, with a
maximum of F = 99.5(2)% at 8 mp. For smaller gate times we leave the adiabatic
regime and errors increase drastically. The risetime of the pulses is limited by
the AOM to 24 ns, far below the motional period of the ions; thus the pulses are
effectively rectangular. Figure published in [114].

acting on |↑〉 is different to the force acting on |↓〉 . This leads to a geometric single

qubit phase φgs. The total single-qubit phase φsq = φgs +φLS is compensated for by

adding a phase offset −φsq to the second π/2-pulse of the Ramsey interferometer.

This offset is also optimised empirically by the Nelder-Mead algorithm.

Gate sequences consisting of a single rectangular pulse between tg = 1.21µs and

tg = 5.96µs were implemented. Example gate parameters for the fastest and the

slowest gate are shown in Tab.7.1. The results are shown in Fig.7.4. Each fidelity

measurement consists of 2000 shots of the experiment.
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gate sequence 1.73 mp
pulse time tp,1 42.38 ns
delay time td,1 226.03 ns
pulse time tp,2 88.60 ns
delay time td,2 219.14 ns
Raman beatnote ν 7.5128 MHz
beam power P 145.18 mW
phase φsq 56.29◦

Figure 7.5: Binary gate sequence: Left: Oscilloscope trace of the final binary
gate sequence. The pulse sequence is symmetric about its centre. The bulges and
notches directly after switching the pulse are caused by pulse-chirping in the AOM,
see section 7.3.2, and were mitigated in later experiments. The RV -pulse is padded
by the R‖-pulse to reduce effects of timing-jitter between the two pulses as well as
uneven amplitude after switching. Right: Final empirically-optimised parameters
of the binary gate sequence. The power P is equal in both beams.

7.2.2 Binary Pulse Sequences

One possibility to introduce new degrees of freedom in the gate pulse is to modulate

it as a sequence of short pulses interleaved with delays of free evolution. We have

implemented one such sequence with gate parameters outlined in Fig.7.5.

The gate sequence is empirically optimized with a Nelder-Mead algorithm, starting

from the theoretically predicted values. To improve performance, gate parameters

are floated in smaller interdependent groups, such as the power and single qubit

phase (P, φsq), the pulse and delay lengths (tp,i, td,i) and pulse lengths combined

with the Raman beatnote ν. In a final optimisation all parameters are floated

simultaneously. In initial experiments the Raman beam power P is reduced to

decrease effects of imperfect loop closure and facilitate optimisation of other pa-

rameters by broadening the areas of higher fidelities. In later optimisation series

a different amplitude level of the two outer and inner pulses is allowed. However

this brings only minimal improvement.

Although binary pulse sequences have fewer degrees of freedom and can be imple-
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mented with a simple DDS due to their binary pulse shape we have only realised

one such sequence. This is because they require larger peak Raman powers for a

given gate time. They are also more sensitive to undesired effects during amplitude

switching in the AOM, see section 7.3.2.

7.2.3 Stepped Pulse Sequences

Our fastest gates consist of a single pulse, which has 7 symmetrically arranged seg-

ments of varying amplitude levels, see Fig.7.7. Only the RV beam is shaped with

stepped amplitudes, the R‖ beam is left as a rectangular pulse shape, bracketing

the RV at the beginning and end of the pulse. The reason for this is again to be less

sensitive to time-jitter between the two pulses as well as to phase-chirps and pulse-

shape deviations during and after large RF amplitude steps (see section 7.3.2). The

ratio of the peak power of the two beams is chosen to minimize scattering errors.

The RF for the R‖ AOM is provided by a DDS board, while the RF of the RV

AOM is controlled with the AWG. The phase between the two RF sources is not

locked. The gate parameters for two different sequences are shown in Tab.7.2.

Stepped sequences were measured in two different groups. Sequences with gate

times faster than tg = 1µs were optimised in an analogous way to the binary se-

quence, with the added complexity of having 3 different relative amplitude levels ai.

Sequences with gate times slower than tg = 1µs were taken after various error

sources had been identified and removed. This means that theoretically-predicted

pulse lengths and amplitudes led to optimal fidelities and could not be improved

further. For these gates the measured fidelities were above F = 99%. Therefore it

is necessary to collect very large datasets to reduce statistical errors far enough that

the Nelder-Mead optimisation converges to the true optimum and is not dominated

by statistical noise. To improve fidelities above 99% it is faster and yields better
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0 tg

a1

a2

a3

a4

t1 t2 t3 t4
t1t2t3

tf

gate sequence 0.89 mp 3.05 mp
gate time tg tg = 483 ns tg = 1.59µs
Raman detuning ∆ −200 GHz −800 GHz
Raman beat note frequency ν 6.3802 MHz 2.6301 MHz
axial in-phase frequency fip 1.8615 MHz 1.9243 MHz
RV peak power PV 192 mW 58 mW
R‖ power P‖ 96 mW 48 mW
single-qubit phase φsq 91.4◦ 21.4◦
pulse time t1 71.4 ns 82.1 ns
pulse time t2 64.5 ns 299.9 ns
pulse time t3 46.7 ns —
pulse time t4 112.3 ns 819.5 ns
pulse fall-time tf 5.0 ns 5.0 ns
pulse amplitude a1 0.284 0.445
pulse amplitude a2 0.617 0.838
pulse amplitude a3 0.862 —
pulse amplitude a4 1 1

Table 7.2: Stepped gate parameters Experimentally optimized parameters of the
fastest implemented gate (left) and the gate with the highest measured fidelity
(right). The power used for the 0.89 mp gate is 20% lower than predicted. For
gates with large errors it was often beneficial to reduce the power, since the errors
caused by too little geometric phase tend to increase slower with Raman power
than errors due to imperfectly closed loops in phase space. All other parameters
remain close to their theoretical predictions. Table published in [114].
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Figure 7.6: Parameter optimisation: Linear scans of individual parameters are
used to optimize stepped gate sequences. The turquoise line is a quadratic fit to
the data used to determine the optimal value of the scanned parameter. The above
data was measured while optimizing the 3.05 mp gate. Sensitivity to parameters
increases for faster gate sequences.

results to instead scan individual parameters. For small gate errors all parameters

contribute quadratically to the infidelity. The gate parameters P , ν and φsq were

all optimised by setting them to the centre of a quadratic fit of the measured gate

error. Example scans are shown in Fig. 7.6.

The simulated gate efficiency is ζ̃ = 1.234 for an 11 mp rectangular gate, ζ̃ = 7 for

the 3.05 mp gate and ζ̃ = 0.14 for the 0.89 mp gate.

7.3 Error Analysis

Multiple sources of error for the fast gates were modelled and experimentally char-

acterised. Errors due to out-of-Lamb-Dicke effects turned out to be dominant for

the fastest gates. The fidelities of the best gates around 3 mp approach the limit of

what can be characterised with our measurement method. Since the SPAM errors

are of similar size to the gate error more careful characterisation could be done us-

ing two-qubit randomised benchmarking. Single-qubit errors of the pulses creating

the Ramsey interferometer were not characterised independently and are included
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in the quoted gate errors.

7.3.1 Pulse Control

The implementation of fast gates requires precise control of the pulse parameters.

Due to the non-linear response of the AOM for different RF drive amplitudes the

amplitude levels cannot simply be programmed into the AWG but have to be ad-

justed to give the correct output amplitude. The pulse shape is measured on a

photodiode and the relative drive amplitudes are adjusted iteratively to match the

measured amplitudes to their theoretically predicted optimum level. To determine

the stability of the relative amplitude levels, 50 nominally identical pulse sequences

were measured on a photodiode and then fitted. The amplitude levels showed a

standard deviation of 0.2%. The AWG used to produce the RF that defines the

shape of the RV pulse has a clock frequency of 1.25 GHz, limiting the timing resolu-

tion of the pulses to 0.8 ns. A Monte-Carlo simulation shows that a 0.8 ns standard

deviation on the individual pulse lengths in combination with the measured 0.2%

amplitude uncertainty leads to an εgate ≈ 1 ·10−3 error in the 3.05 mp sequence and

to an εgate ≈ 3 · 10−2 error in the 0.89 mp sequence. To increase the control over

the timing precision of the pulses, we programmed a 5 ns sinusoidal risetime for the

waveform into the AWG. This is below the 24 ns risetime of the AOM and therefore

only negligibly increases the risetime of the Raman pulses at the ion. However it

spreads the rising edge over several time points and hence increases control over

the timing precision of the rising and falling edges. Fits of 50 measured pulse se-

quences show that we achieve a 0.2 ns accuracy (standard deviation) of pulse length

control. This corresponds to errors of εgate ≈ 2(2) · 10−4 for the 3.05 mp gate and

εgate ≈ 1(1) · 10−3 for the fastest 0.89 mp gate. The large uncertainties of the errors

arise because different combinations of errors on the individual ti and ai lead to

different magnitudes of total gate error.
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Figure 7.7: Pulse control: Traces of 50 consecutively measured pulses plotted on
top of each other. All sequences are triggered on the rising edge of the R‖ pulse.
The timing jitter between the two pulses visible in the broadened rising edges of
the RV pulse does not affect the gate due to the time padding by the R‖ pulse.
Fits to the data show a 0.2 ns accuracy of the pulse lengths and a 0.2% accuracy
of the relative amplitude levels.

The AOM used for the R‖ beam produces larger beam shape anomalies when

switching the amplitude compared to the RV -AOM. To reduce the effects of these

irregularities the length of the R‖ pulse is increased so that the pulse is switched

on (off) before (after) the RV beam. The length of these paddings is chosen to

move all anomalies outside of the RV window, such that no force will be applied

on the ions during that time. The padding also eliminates the effects of relative

timing jitter between the two pulses. The increase in scattering error due to the

longer exposure on the ions is small compared to the total gate error. To test the

choice of the padding length the fidelity was measured with slightly lengthened and

shortened padding. The measured fidelity was not affected.

7.3.2 Phase Chirp

AOMs can cause phase chirps in the modulated beams during switching of the

RF amplitude. This has been studied in the context of atomic clocks [26]. We

characterise the phase-chirps in our system with a homodyne measurement similar
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Figure 7.8: Phase chirp measurement: The laser beam is split into two paths and
modulated by two different AOMs. The lower AOM is running constantly but with
switched phase-offsets φq. The upper AOM runs at a constant phase and produces
four 500 ns pulses separated by delays. The beams are then superimposed and the
beatnote signal is measured on a photodiode. The inset shows the beatnote signal
for four pulses. In the delays between the pulses the phase of the lower AOM
is switched to φq = π/2, 3π/2, 0, π. The baseline corresponds to the photodiode
voltage when only the lower beam is switched on and the contrast is limited by
imperfect beam-overlap of the two beams on the photodiode.

to [26]. The measurement setup is illustrated in Fig. 7.8. The phase of the two

Raman beams is stabilised in a slow servo-loop to δφ = π/2, so that the beatnote

voltage depends linearly on the phase difference of the two beams. The relative

phase between the two lasers is then swapped by π to switch the sign of the effects

of phase fluctuations on the beatnote voltage. For reference the points of total

constructive and destructive interference are also measured.

The phase chirp can be deduced by subtracting the beatnote pulses measured at

δφ = π/2 and δφ = 3π/2. The timing of the pulses is determined from simul-

taneously triggered diagnostic TTL pulses. The results of the measurement are

displayed in Fig.7.9.

The original operating frequency of the AOM fRF = 217 MHz was chosen to op-
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Figure 7.9: Phase chirp measurements: Top: Phase chirp measured at the original
operating frequency of the AOM fRF = 217 MHz. During the switching of the
pulse the quadrature amplitude Pq reaches up to 15% of the in-phase amplitude
Pi. Bottom: Operating the AOM at its nominal centre frequency fRF = 200 MHz
greatly reduces the phase-chirp. Part of the remaining difference signal is due to
jitter in the relative pulse timings. This was confirmed by repeating the experiment
with the continuously running beam switched off. This way the amplitude of the
two pulses is measured and subtracted with the same method, without any beating
processes present.
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timize diffraction efficiencies in all AOMs in the Raman beampath necessary for

two-qubit gates, single-qubit gates and sideband cooling. However simulations of

the gate error with the phase-chirp produced at this frequency setting show er-

rors of εgate ≈ 8 · 10−3 for the 3.05 mp gate and εgate ≈ 1.3 · 10−1 for the 0.89 mp

gate sequence. Measurements of the phase-chirp for different RF drive frequencies

showed that the chirp was smallest when the AOM was driven at its centre fre-

quency fRF = 200 MHz. Simulations of errors due to the remaining phase-chirp

predict εgate ≈ 4(5) ·10−4 for the 3.05 mp gate and εgate ≈ 6(6) ·10−3 for the 0.89 mp

sequence. The large uncertainty of the error is due to the imprecise measurement

of the magnitude of the remaining phase chirp.

7.3.3 Coupling to Radial Modes

The Raman beatnote frequencies necessary for sequences of around 1.5 mp gate du-

ration lie close to resonance with the radial mode frequencies. Slight misalignment

of the Raman lasers with respect to the longitudinal axis of the trap will therefore

excite radial motion. The gate sequences are not designed to close trajectories of

the radial modes. This leads in general to residual entanglement of the spin with

motion in the radial direction at the end of a gate sequence. Because the radial

modes are not cooled beyond the Doppler limit this can lead to large errors, see

Fig.7.10.

The differential wave-vector ∆k of the two Raman lasers was initially misaligned

by α = 1.5◦ from the trap axis ẑ. This leads to gate errors above 40% for the most

sensitive gates. After realignment of the Raman lasers no excitation of the radial

mode sidebands was visible any more. Changes in the axial mode Lamb-Dicke

parameter suggest the mis-alignment was reduced below α = 0.3◦. This limits

errors due to radial mode excitation to εgate . 2 · 10−2, far below errors due to

out-of-Lamb-Dicke effects experienced for these gate durations.
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Figure 7.10: Radial mode errors: Simulated errors due to radial mode excitation
before (blue) and after (red) re-alignment of the Raman lasers. Dips in the errors
arise for sequences where radial mode phase-space trajectories are almost closed at
the end of a gate sequence. The simulations exclude ooLD effects.

After re-alignment of the Raman lasers the axial frequency of the trap had to be

changed from fip = 1.86 MHz to fip = 1.92 MHz to maintain the ion spacing of

12.5λẑ. Here λẑ is the periodicity of the travelling standing wave providing the

gate force, and depends on the projection of ∆k on the trap axis ẑ.

7.3.4 Out-of-Lamb-Dicke Effects

The initial relative phase φ0 between the two Raman lasers providing the gate force

is not controlled in our experiment. Although both beams originate from the same

laser, they do not propagate along the same paths. This is necessary because for

being able to couple to the motion of the ions, the beams’ differential wave-vector

∆k has to be non-vanishing. Small vibrations of the mirror mounts as well as

air draughts cause the relative phase to wander on a timescale of ∼ 0.1 s. Phase

fluctuations could be reduced by designing compact beam paths protected from air
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draughts, and the relative phase could be stabilised with an active servo-loop feed-

ing back to the RF source of the AOMs. However this would add complexity and

slow down the experimental cycle. For implementing fast gates this is especially

undesirable.

The gate sequences developed by Steane et al. and implemented here are designed

to be independent of φ0. However all considerations made in [124] are within the

Lamb-Dicke approximation. This means the extent of an ion’s wavefunction is as-

sumed to be considerably smaller than the wavelength λz of the travelling standing

wave interacting with the ions’ motion. Therefore the force felt by an ion due to

the light-field is constant over all of the spatial extent of the ion’s wavefunction.

Unfortunately for gates of length . 2 mp the displacement x is large enough that

this assumption starts to crumble. Instead, depending on its displacement, the

force the ion experiences changes, because it interacts with a different part of the

standing wave light-field. Because the displacement and force both strongly depend

on the initial phase φ0, the amplitude and phase of the force modulation due to

out-of-Lamb-Dicke effects strongly depends on φ0. The gate is no longer insensitive

to φ0. This leads to large errors.

Fig.7.11 shows the ion’s trajectory for a gate sequence where the Lamb-Dicke ap-

proximation is still valid. Independently of the phase φ0 the ions’ motion returns

to its origin at the end of the sequence. This is no longer valid outside of the Lamb-

Dicke regime, as shown in Fig.7.12. Even though a sequence can be designed that

returns the ions to their origin for a specific phase, this won’t be the case for an ar-

bitrary phase. Averaged over the many shots taken for determining the gate fidelity

this results in a large error. Although we can identify sequences shorter than 2 mp

that have coherent errors εgate < 1 · 10−2, these gate sequences are far less efficient

compared to our typically implemented sequences and require considerably more
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Figure 7.11: 3.05mp gate sequence: The plot on top shows the pulse amplitudes
of the RV and R‖ beams together with a fit to the data. The second plot shows
the simulated beatnote of the two beams, for two different initial phases φ0. This
beatnote corresponds to the spin-dependent potential that gives rise to the force
that drives the gate. The lower two plots show the displacements of the ip and the
oop mode. Although the forces for different initial phases are decidedly different,
and therefore also the trajectories in phase space, the displacements of both modes
nevertheless finish at zero displacement at the end of the sequence independent of
φ0. Figure published in [114].
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Figure 7.12: 0.89mp gate sequence: The plot on top shows the pulse amplitudes
of the RV and R‖ beams together with a fit to the data. In comparison to the
3.05mp sequence phase chirps lead to small asymmetries in the pulse, causing de-
viations between fit and data. The second plot shows the simulated beatnote of
the two beams, for two different initial phases φ0. The lower two plots show the
displacements of the ip and the oop mode. Out-of-Lamb-Dicke effects compro-
mise the phase-independence of the gate sequence leading to differing and non-zero
displacements at the end of the sequence.
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Figure 7.13: Out-of-Lamb-Dicke errors: The plot shows the calculated error due
to out-of-Lamb-Dicke effects of all simulated gate sequences. Most efficient gates
are chosen as the sequence requiring the least Raman power in a given gate-time
segment. The gates are colour-coded with the Raman power required for each
sequence. Raman powers are normalised to the largest power required of any gate.
The sequence that was implemented requiring the highest Raman power (0.89 mp,
Ptot ∼ 300 mW) corresponds to 0.07 on this scale. Sequences with simulated errors
of < 10% faster than 1.5 mp require at least three times that power.

Raman laser power. No sequences with coherent errors εgate < 1 · 10−3 have been

identified below 2.5 mp, see Fig.7.13.

The numerical simulations outside of the Lamb-Dicke regime were performed by

C.J. Ballance.

7.3.5 Micro-Motion

The original design of the trap [145] includes a large micro-motion gradient along

the axial direction so that ions can be addressed via their micro-motion. For two

ions with ion spacing δz ≈ 3.5µm the Rabi-frequency of the first micro-motion

sideband is about 1/4 times the carrier Rabi frequency. The frequency of the

micro-motion fmm = 28 MHz is detuned far enough from the gate frequency that it

does not significantly affect the gate dynamics. However the Raman powers have

to be increased slightly. Simulations outside of the Lamb-Dicke regime including
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3.05 mp 0.89 mp
Out-of-Lamb-Dicke 5 · 10−4 3.1 · 10−1

Phase chirp 4(4) · 10−4 6(6) · 10−3

Pulse control 2(2) · 10−4 1(1) · 10−3

Radial modes 4 · 10−5 4 · 10−3

Photon scattering 6 · 10−4 7 · 10−3

Heating rate 8 · 10−5 3 · 10−5

Total error 1.8 · 10−3 3.3 · 10−1

Table 7.3: Fast Gate Error Budget The total error is a linear sum of the individual
errors; this assumes they are constant and add incoherently. Table published in
[114].

micro-motion show that errors caused by micro-motion are about one order of

magnitude smaller than out-of-Lamb-Dicke errors.

7.4 Fast Gate Results

The results for stepped and binary gate sequences are shown in Fig.7.14. The

best fidelity achieved is F = 99.78(3)% for the 3.05 mp sequence. This value is

an average of 5 different data-points of 10.000 gates each, taken on two different

days. This corresponds roughly to a total of 30 min data acquisition time. Di-

rectly after calibration of the gate sequence parameters the highest measured gate

fidelity was 99.85(3)%. The fidelity decreased to 99.72(3)% after one hour. All

fidelities are corrected for SPAM errors. These are measured in interleaved ex-

periments with N=50.000 shots per readout level and were ε|↓〉 = 9(2) · 10−4 and

ε|↑〉 = 1.5(1)·10−3 when this data was taken. The raw fidelity before SPAM normal-

isation is F = 99.36(3)%. The fastest gate sequence - 0.89 mp - is only tg = 483 ns

long and has a fidelity of F = 60(5)%.

Error budgets for the highest-fidelity and for the fastest gate are shown in Tab.7.3.

While the 0.89 mp gate error is clearly dominated by out-of-Lamb-Dicke errors, this

is no longer the case for the 3.05 mp sequence.
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Figure 7.14: Fast gate results: Shown are the measured fidelities for stepped and
binary pulse sequences, together with their simulated errors. The theory curve
for rectangular pulses is displayed for comparison. The insets show example pulse
sequences. For gates slower than 1µs the time in motional periods is slightly larger
than indicated due to the increased axial frequency. The duration in µs is indicated
accurately for all datapoints. The simulated error only includes the coherent error
of the gate sequence, which is dominated by out-of-Lamb-Dicke effects. Figure
published in [114].
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Data-points with tg < 1µs were measured with axial frequency fip = 1.86 MHz,

with Raman detuning ∆ = 200 GHz and before the reduction of phase chirps and

radial mode coupling. Yet the achieved fidelities agree with predicted errors only

due to out-of-Lamb-Dicke effects. This is because these sequences were optimised

empirically using the Nelder-Mead algorithm. The optimisation lead to significant

deviations from some of the theoretically-predicted parameter values. This sug-

gests that effects of pulse-chirping can be largely compensated for by changes in

the pulse parameters.

Sequences with tg > 1µs were taken after the AOM RF frequencies were altered

to minimise phase-chirps. The Raman beams had also been re-aligned to minimize

coupling to radial modes. This also meant that the axial ip mode frequency had

been changed to fz = 1.92 MHz to maintain the correct ion spacing. The Raman

detuning had been increased to ∆ = −800 GHz due to smaller power demands to

reduce scattering errors. Pulse durations and amplitudes were at their optimum

when set to their theoretical predictions and Nelder-Mead optimisation did not

generate any improvements in fidelity. The Raman beatnote ν, the Raman power

P and the single-qubit phase φsq were set by linearly scanning the parameter and

fitting a quadratic to the measured fidelity. While the Raman beatnote only had

to be adjusted by minimal amounts, the beam power was changed by up to 20%

and the phase was determined entirely empirically.

7.4.1 Multiple gates

In an attempt to measure the gate error independent of readout normalisation, the

3.05 mp gate was performed multiple times in succession. The results are shown

in Fig. 7.15, with a linear fit corresponding to incoherent addition of errors and a

quadratic fit corresponding to for example partially coherent addition of errors. The

fitted values of the linear fit (b·n+c, with n the number of gates) are b = 3.3(1)·10−3
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Figure 7.15: Multiple gates: Gate errors measured for several 3.05 mp gates per-
formed in succession. The gate errors are the raw measured errors not corrected for
readout errors. The grey shaded area is the 1σ confidence interval for raw errors
predicted by the readout error and fidelity measurement of the best single gate
results, with εg = 2.2(3) · 10−3.

and c = 2.2(6) · 10−3. The fitted values of the quadratic fit (a · n2 + b · n + c) are

a = 1.5(9) · 10−4, b = 2.1(7) · 10−3 and c = 3.4(8) · 10−3. From the data collected

no strong coherently adding error is visible. Deviations from the grey shaded area

could either be explained by a small coherent error or by systematic differences

between the single-gate and multiple-gate datasets. More data would be necessary

to draw reliable conclusions.

7.4.2 Outlook

The gates implemented in this work are over an order of magnitude faster than the

current highest-fidelity gates with trapped ions [6, 40], while still having fidelities

above the threshold for some quantum error correction schemes [110]. Although

gates below tg = 1.5µs exhibit large errors, the gate times achieved with high fi-

delities are of the same speed as typical single-qubit operations, and much shorter

than most other elements in a measurement sequence, such as state preparation,
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cooling and readout. There is promising work on also reducing the speed of those

elements, such as EIT cooling [79] for faster cooling to the ground state (t = 80µs

for cooling both modes of a 9Be+-24Mg+ crystal to n̄ . 0.1), or direct fluorescence

detection [101, 54] for readout within 10− 50µs.

To further reduce the speed of our two-qubit entanglement gates there are several

options. By increasing the Raman intensity at the ions less power-efficient but

faster gates can be implemented. Equally, reducing the angle between the two

gate Raman-beams and therefore reducing the Lamb-Dicke parameter will shift

the speed-limit when out-of-Lamb-Dicke effects start to matter. However a reduced

Lamb-Dicke parameter also means that larger Raman powers are necessary, leading

to larger scattering errors. Finally, the active stabilisation of the relative Raman

phase would drastically reduce errors due to out-of-Lamb-Dicke effects and allow

the implementation of even faster gates. Coherent errors of the gate sequence scale

with the number of motional periods rather than the absolute gate duration. Using

a lighter ion such as 9Be+ allows larger axial frequencies fz and would roughly halve

the gate duration.



170 CHAPTER 7. FAST GATES



Chapter 8

Conclusion

We have demonstrated two-qubit entangling gates between ions of different species,

using a technique that requires only a single laser for both species. We first demon-

strated the technique with two isotopes of calcium, 40Ca+ and 43Ca+ , and also per-

formed a Bell test with these non-identical particles. We then used the same gate

mechanism to perform an entangling gate on two different atomic elements, 43Ca+

and 88Sr+ , in a proof-of-principle experiment. Entangling these different species

of ion is an important step towards an approach for building a scalable quantum

computer with trapped ions, by using ion-photon entanglement to connect ions in

different trap modules together.

In a separate experiment we have performed fast entangling gates with trapped

ions. These gates are outside of the adiabatic regime and therefore of similar speed

to the motion of the ions in the trap. For this purpose we have shaped the am-

plitude of the laser pulses driving the gate. The pulse sequences were designed

such that the gate performance is independent of the phase of the optical driving

field – a parameter that is difficult to control in the lab. With this technique we

decreased the duration of two-qubit gates by over an order of magnitude, without

any considerable increase in the gate errors. We also demonstrated entanglement

171
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creation within less than a single motional period of the ions; however at these gate

speeds out-of-Lamb-Dicke effects caused considerable errors.

8.1 Comparison with other trapped-ion results

8.1.1 Mixed-species entanglement

Sympathetic cooling of different species of ion was first performed in 1980 (1986)

with different isotopes of Mg+ (different atomic species 9Be+ and 198Hg+). The

first demonstration of quantum logic spectroscopy was in 2005, using a 9Be+ ion as

logic ion and an 27Al+ ion as the spectroscopy ion [115]. The work reported here

and published in [7] was the first demonstration of an entangling gate between

different species of ion – together with [128] who performed a two-qubit gate with

Bell state fidelity F = 97.9(1)% between 9Be+ and 25Mg+ . In 2017 mixed-species

entanglement with F = 60% was reported with ion species 171Yb+ and 138Ba+ [56].

8.1.2 Fast gates

The fidelity of trapped-ion two-qubit gates has been increasing steadily, with fi-

delities F > 99% achieved in 2008 [10] and F ≈ 99.9% in 2016 [6, 40]. The gate

durations however have remained fairly constant, being limited by the motional fre-

quencies of the ions in the trap. Faster gate times can be achieved with lighter ions

such as 9Be+ , that attain higher trap frequencies for a given trap voltage [39, 40],

and errors due to off-resonant excitation can be reduced using pulse-shaping tech-

niques for moderately fast gate times [5]. However, when the gate time approaches

a single motional period of the ions, gate errors rapidly increase with the conven-

tional gate mechanisms. A list of published trapped-ion two-qubit gates with their

gate durations and fidelities is shown in Tab. 8.1.
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Gate time fidelity qubit year author
39µs 97(2)% 9Be+ hyperfine 2003 D. Leibfried et al. [76]
52µs 99.3(1)% 40Ca+ optical 2008 J. Benhelm et al. [10]
27.5µs 97.1(2)% 40Ca+ optical 2009 G. Kirchmair et al. [66]
37.5µs 98(2)% 171Yb+ hyperfine 2009 K. Kim et al. [65]
20µs 91(2)% 9Be+ hyperfine 2012 J. P. Gaebler et al. [39]
105µs 94.6(4)% 9Be+ hyperfine 2013 T. R. Tan et al. [127]
130µs 98.1(6)% 88Sr+ optical 2014 N. Navon et al. [99]
100µs 99.89(7)% 43Ca+ hyperfine 2016 C. J. Ballance et al. [6]
5.3µs 97.1(2)% 43Ca+ hyperfine 2016 C. J. Ballance et al. [6]
30.8µs 99.92(4)% 9Be+ hyperfine 2016 J. P. Gaebler et al. [40]
18.5µs 76(1)% 171Yb+ hyperfine 2017 J. D. Wong-Campos et al. [143]

Table 8.1: Trapped-ion two-qubit gates: The gate times quoted are from the
beginning of the rising edge to the end of the falling edge, and were derived from
the gate durations and pulse shaping times, where accessible.

The first fast gate mechanism breaking this speed limit was proposed in 2003 [42]

and uses short laser pulses from different directions, interspersed with periods of

free evolution. Because the short laser pulses do not couple to specific modes of

motion, but instead give rise to the gate dynamics via mechanical kicks to the

ion’s momentum, this gate mechanism is insensitive to the ions’ temperature and

ooLD effects. The scheme has been expanded to allow entangling gates on neigh-

bouring ions in a long string of ions [33], without being sensitive to the spectral

mode bunching. This provides a means of scaling up trapped-ion systems without

the need for (or with fewer) shuttling operations than are necessary in the QCCD

approach. However sufficiently precise control of the fast laser pulses turned out

to be difficult.

The first experimental demonstration using fast momentum kicks was in 2013,

when the scheme was used to create entanglement between the spin and motion

of a single ion [93]. Subsequently multiple concatenated kicks were used to create

large Schrödinger cat states of a single ion [60]. Simultaneously with our results

the implementation of a two-qubit gate using spin dependent kicks was reported
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Figure 8.1: Trapped ion two-qubit gates vs gate speed. The plotted gates are
selected for high fidelities and fast gate speeds. The displayed error correction
threshold holds for some surface code error correction schemes [37]. However, for
feasible implementation of error correction without the need for an overly large
overhead of ancilla qubits, gate errors considerably below this threshold are desir-
able. A more exhaustive list of gates can be found in table 8.1.

[143]. While the scheme can in principle achieve gate speeds below a single mo-

tional period of an ion, the gate implemented in [143] had a longer gate duration

limited by technical constraints of tgt = 18.5µs, about 23 motional periods, with

an achieved gate fidelity F = 76(1)%.

Recently another fast gate mechanism has been proposed [107], which also uses a

variation of the σz geometric phase gate with amplitude-shaped pulses. It obtains

analytic solutions for smooth forces, at the price of sensitivity to the relative Ra-

man phase φ0. As for our gate-mechanism the scheme is sensitive to ooLD effects.

The work described in this thesis and published in [114] is the first demonstration

of entanglement generation below a single motional period of the ions. The 1.6µs

gate is faster than previous trapped-ion gates above the error-correction threshold

by a factor of 20− 60, without considerable increase in gate errors. A summary of

the fastest and highest fidelity trapped-ion two-qubit gates is shown in Fig. 8.1.
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qubit type dephasing time single-qubit gate two-qubit gate
error duration error duration

trapped
ions

T ∗2 = 50 s [49]
T ∗2 = 1.5 s [40]

T ∗2 = 5(1) ms [114]

1.0(3) · 10−6 [49]
7 · 10−3 [19]

12µs [49]
40 ps [19]

8(4) · 10−4 [40]
2.2(3) · 10−3 [114]

30µs [40]
1.6µs [114]

superconducting
qubits T2 ∼ 10µs [8] 6.0(5) · 10−4 [8] 15 ns [8] 5.6(5) · 10−3 [8] 43 ns [8]

quantum
dots

T ∗2 = 20.4µs [148]
T ∗2 = 0.8µs [136] 7.4(2) · 10−4 [148] 120 ns [148] 1.1(2) · 10−1 [136] ∼ 130 ns [136]

Table 8.2: Performance of different kinds of qubits: Listed are the fastest and
highest-fidelity gate operations for trapped ions, and the highest-fidelity operations
for superconducting qubits and quantum dots. The dephasing times correspond
to the devices in which the best gates were performed, without any re-focussing
methods. Some other quantum dot and superconducting qubit devices possess
longer dephasing times[134, 138]. The 5 ms dephasing time for trapped ions is for
the stretch qubit in this work.

8.2 Comparison with other qubit platforms

A comparison between gate durations, gate fidelities and coherence times for dif-

ferent qubit platforms is shown in Tab. 8.2. While trapped ions have significantly

better coherence times and gate fidelities, the duration of their two-qubit and typ-

ical single-qubit operations is considerably longer than those of superconducting

qubits and quantum dots. With specialised gate mechanisms significantly faster

gates are possible, even exceeding the speed of solid state single-qubit gates. For all

platforms trapped ions have the highest ratio of coherence time to gate duration,

an important benchmark for a quantum computer that needs to implement many

gate operations in succession.

The fast gates in this work were implemented on the stretch qubit which has

lower coherence time, because it is based on the σz geometric phase gate that

can not be performed on clock qubits. It is not trivial to use the same technique

for fast gates with a Mølmer-Sørensen gate [124], that could be performed on

clock qubits. However the coherence time of the stretch qubit is only limited by
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magnetic field noise, which can be reduced with technical improvements. Current

efforts include the usage of superconducting coils for more stable magnetic fields

and better shielding. Our gate was performed at a magnetic field giving access to

a clock qubit in 43Ca+ , and the qubit states could therefore be mapped onto the

clock qubit between operations.

8.3 Outlook

The most promising method of further improving the gate speed is to stabilise the

relative optical phase of the gate Raman beams. This can be achieved using active

feedback from the ion [116]. A phase lock would allow tailoring pulse sequences

for a specific initial phase φ0 and thus reduce errors due to ooLD effects. In ad-

dition, other gate schemes such as the proposal by Palmero et al. [107] could be

implemented and compared. Performing fast gates on clock qubits with greatly

increased coherence times would be another important step, but requires further

theoretical work.

Following our work on entangling 88Sr+ and 43Ca+ , we are currently building a

system of two identical ion traps connected via a photonic link. With only 5 ions

in each trap and realistic models for gate fidelities and noise in the optical link,

entanglement purification protocols can be implemented [100]. This would make

such a module a scalable building block for a quantum computer. The vacuum sys-

tems are equipped with a Sandia HOA2 multi-zone surface trap, which promises

better scalability than the three dimensional macroscopic blade trap used in this

work.

For a realistic prospect of building a quantum computer with trapped ions there are

still several tasks to be achieved. While the errors of current two-qubit entangling
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gates are below the ‘threshold’ for quantum error correction schemes, the overhead

of physical qubits necessary to encode a logical qubit is still daunting. Further

reducing these errors should therefore be a priority. The added complexity of ex-

periments comprising several traps and using multiple species makes it necessary

to improve stability and miniaturisation of laser and control setups. Technological

advances in fibre-integrated optics and AOMs can greatly reduce experimental com-

plexity. Progress in optics integrated into trap chips not only aids miniaturisation

but also reduces power requirements and promises better beam pointing stability

[91]. For using a design of photonically-linked trap modules it is important to

improve ion-photon coupling efficiency beyond what is possible with a lens in free

space. Optical cavities integrated into the ion trap promise greatly improved cou-

pling efficiencies, but still require substantial experimental progress. Advances in

surface traps, two-qubit entangling gates using microwaves [50] and microwave ad-

dressing [4] allow the use of this more mature and scalable technology. In addition

it gives the prospect of reducing gate errors below the limit of photon scattering

inherent to laser gates.

While there remain plenty of tasks to solve, progress in recent years has been

steady. With the prospect of actually building a quantum computer in sight, these

are exciting times to work on trapped ion quantum computing.
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Appendix A

Useful identities and definitions

A.1 Spin operators

The Pauli matrices are:

σz =
(

1 0
0 −1

)
, σy =

(
0 −i
i 0

)
, σx =

(
0 1
1 0

)
(A.1)

with excited state |e〉 = ( 1
0 ), ground state |g〉 = ( 0

1 ) and σz |e〉 = 1, σz |g〉 = −1.

Useful identities are:

σz = |e〉〈e| − |g〉〈g| , σy = i (|g〉〈e| − |e〉〈g| ) , σx = |e〉〈g| + |g〉〈e| (A.2)

and

σ+ = 1
2(σx + iσy) =

(
0 1
0 0

)
(A.3)

σ− = 1
2(σx − iσy) =

(
0 0
1 0

)
, (A.4)
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The commutation relations are

[
σx, σy

]
= 2iεxyzσz (A.5)[

σ+, σ−
]

= σz (A.6)[
σ+, σz

]
= −2σ+ (A.7)[

σ−, σz
]

= 2σ− (A.8)

For calculating phase propagators:

Rz(φ) = eiφσz =
(

1
e−i2φ

)
(A.9)

eiφ(σz⊗σz) =


1

e−i2φ

e−i2φ

1

 (A.10)

Single qubit rotation operators around x- and y-axis:

Rx(θ) =
(

cos(θ/2) −i sin(θ/2)
−i sin(θ/2) cos(θ/2)

)
(A.11)

Ry(θ) =
(

cos(θ/2) sin(θ/2)
− sin(θ/2) cos(θ/2)

)
(A.12)
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Trigonometric identities:

sin(x) =
∞∑
n=1

(−1)n−1

(2n− 1)!x
2n−1 (A.13)

cos(x) =
∞∑
n=0

(−1)n
(2n)! x

2n (A.14)

exp(X) =
∞∑
n=0

1
n!X

n (A.15)

A.2 Motion operators

Ladder operators:

a† |n〉 =
√
n+ 1 |n+ 1〉 (A.16)

a |n〉 =
√
n |n− 1〉 (A.17)

a†a = N (A.18)
N |n〉 = n |n〉 (A.19)

In matrix form:

a† =



0 0 0 0 . . .√
1 0 0 0 . . .

0
√

2 0 0 . . .

0 0
√

3 0 . . .
... ... ... . . . . . .

 (A.20)

a =



0
√

1 0 0 . . .

0 0
√

2 0 . . .

0 0 0
√

3 . . .

0 0 0 0 . . .
... ... ... ... . . .


(A.21)
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The commutation relations are

[
a, a†

]
= 1 (A.22)[

N, a†
]

= a† (A.23)[
N, a

]
= −a (A.24)

Thermal states:

ρ = 1
Z

∞∑
n=0

e−n~βωz |α, n〉〈α, n| (A.25)

=
∞∑
n=0

n̄n

(n̄+ 1)n+1 |α, n〉〈α, n| (A.26)

where Z = 1
1−e−~βωz = n̄+ 1, n̄ =< n >th, β = 1/(kBT )

Generalized Laguerre polynomials:

L (α)
n (x) =

n∑
m=0

(
n+ α
n−m

)
(−x)m
m! (A.27)



Appendix B

Matrix elements

For arbitrary polarisations b̂ = (b+σ̂
+ + b0π̂+ b−σ̂

−) and r̂ = (r+σ̂
+ + r0π̂+ r−σ̂

−).

B.1 Calcium 43

ΩR =
√

7ωf (b−r0 + b0r+)
12∆ (∆− ωf )

Ω↓ = 3∆ (b+r+ + b−r− + b0r0)− ωf (2b−r− + b0r0)
6∆ (∆− ωf )

Ω↑ = 12∆ (b0r0 + b+r+ + b−r−)− ωf (7b+r+ + b−r− + 4b0r0)
24∆ (∆− ωf )

∆LS =−
7ωf

(
e2

+ − e2
−

)
48∆ (∆− ωf )

Γtot =
24∆2 + (ω2

f − 2ωf∆)(7 + 2e2
− + e2

0)
96∆2(∆− ωf )2

ΓRaman,↑ =
ω2
f

(
35e2

+ + 11e2
− + 32e2

0

)
576∆2 (∆− ωf )2

ΓRaman,↓ =
ω2
f

(
e2
− + e2

0

)
18∆2 (∆− ωf )2

Γel =
49ω2

f

(
e2

+ + e2
−

)
576∆2 (∆− ωf )2
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B.2 Strontium88

ΩR =−
√

2ωf (b+r0 + b0r−)
6∆ (∆− ωf )

Ω↑ = 3∆ (b+r+ + b−r− + b0r0)− ωf (2b−r− + b0r0)
6∆ (∆− ωf )

Ω↓ = 3∆ (b+r+ + b−r− + b0r0)− ωf (2b+r+ + b0r0)
6∆ (∆− ωf )

∆LS =
ωf
(
e2

+ − e2
−

)
6∆ (∆− ωf )

ΓRaman,↓ =
ω2
f

(
e2

+ + e2
0

)
18∆2 (∆− ωf )2

ΓRaman,↑ =
ω2
f

(
e2
− + e2

0

)
18∆2 (∆− ωf )2

Γtot =
9∆2 + 2ω2

f + (3∆− 2ωf )2

72∆2 (∆− ωf )2

Γel =
ω2
f

(
e2

+ + e2
−

)
9∆2 (∆− ωf )2



Appendix C

Two qubit gates

C.1 Magnus expansion

Calculating the propagator of a time-dependent Hamiltonian can be tricky, because

the Hamiltonian at different times do not commute with each other. Therefore,

instead of U = e−iHt/~ the Dyson time ordering operator U = T
(
e−

i
~

∫ t
0 H(t′)dt′

)
has to be used. It can often be favourable to use the Magnus expansion [85, 15]

instead, with

U(t) =eΩ(t) (C.1)

Ω(t) =
∞∑
k=1

Ωk(t)

=
∫ t

0
A(τ)dτ

+ 1
2

∫ t

0
dτ
∫ τ

0
dσ[A(τ), A(σ)]

+ 1
6

∫ t

0
dτ
∫ τ

0
dσ
∫ σ

0
dρ ([A(τ), [A(σ), A(ρ)]] + [A(ρ), [A(σ), A(τ)]])

+ . . .

for
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186 APPENDIX C. TWO QUBIT GATES

dU(t)
dt = A(t)U(t), U(0) = I (C.2)

We can identify U as the propagator in the Schrödinger picture ψ(t) = U(t)ψ(0)

from the Schrödinger equation Hψ(t) = i~ ∂
∂t
ψ(t), with A = − i

~H(t). One ad-

vantage of the Magnus expansion over the Dyson series is that the unitarity of the

propagator U is preserved for all orders of approximation. However this approach is

especially favourable for calculating the propagator of geometric phase gates, where

the Hamiltonian has the shape H ∼ γa+ γ∗a†. Here the commutator [A(τ), A(σ)]

is scalar, causing all higher orders to vanish and the resulting propagator to be an

exact solution.

C.1.1 Geometric Phase Gate

The Hamiltonian for the geometric phase gate is

Ĥeff (t) =
∑
m=↑,↓

~Ωm

2 iη |m〉〈m|
[
aei(δgt−φ0) − a†e−i(δgt−φ0)

]
(C.3)

from which we obtain

A = γ̇(t)a− γ̇∗(t)a† (C.4)

where γ̇(t) = ∑
m=↑,↓

Ωmη
2 ei(δgt−φ0) |m〉〈m| = βeiδgt. From this we can calculate

Ω1 =
(
[γ(t)− γ(0)]a− [γ∗(t)− γ∗(0)]a†

)
|m〉〈m|

=
∑
m=↑,↓

(
αma

† − α∗ma
)
|m〉〈m| (C.5)

with αm = −Ωmη
δg
e−iφ0e−iδgt/2 sin

(
δgt
2

)
and
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spin state eiφz = 1 eiφz = −1
ip oop ip oop

↑↑ 2Ω↑ 0 0 2Ω↑
↓↓ −2Ω↑ − 2δΩ 0 0 −2Ω↑ − 2δΩ
↑↓ −δΩ 2Ω↑ + δΩ 2Ω↑ + δΩ −δΩ
↓↑ −δΩ −2Ω↑ − δΩ −2Ω↑ − δΩ −δΩ

Table C.1: Geometric phase gate Rabi frequencies: Rabi frequencies for a ge-
ometric phase-gate with two ions with unequal force amplitudes on |↑〉 and |↓〉 .
The asymmetry of the matrix elements leads to an additional single-qubit phase
I ⊗

(
1 0
0 eiφa

)
+
(

1 0
0 eiφa

)
⊗ I.

Ω2 =− i |β|
2

δ2
g

[tδg − sin(δgt)]

=− iΦ (C.6)

with Φ = η2

4δ2
g
[δgt− sin(δgt)]

(∑
m=↑,↓Ωm |m〉〈m|

)2
. This yields the exact propagator

U(t) =
∑
m=↑,↓

D(αm |m〉〈m|)e−iΦ (C.7)

with displacement operator D(α) = eαa
†−α∗a.

C.2 Unequal force amplitudes

For Ω↓ = −Ω↑ − δΩ we obtain for integer ion spacings (eiφz = 1, δz = kλz) and

half-integer ion spacings (eiφz = −1, δz = (k + 1
2)λz) respectively the effective

Rabi-frequency Ω = Ωs1 + sign(m)eiφzΩs2 , where m = 1 for the in-phase mode and

m = −1 for the out-of-phase mode. The resulting Rabi-frequencies are listed in

Tab.C.1.

C.3 Fast Gate thermal error

We can calculate the thermal part of the fast gates error
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εth = 1−
∑
m,s

1
4

〈
|〈∆αsm, nm|0, nm〉|

2
〉

th
(C.8)

using the identities [147]

〈β,m|α, n〉 = 〈β|α〉
√
m!
n! (β∗ − α∗)n−mL n−m

m

(
|β − α|2

)
(C.9)

〈β|α〉 = exp
{
αβ∗ − 1

2
(
|α|2 + |β|2

)}
(C.10)

and the sum identity for the squared generalised Laguerre polynomial with |z| < 1

[142]

∞∑
n=0

znLn(x)2 = e−2xz/(1−z)

1− z J0

(
2x
√
z

1− z

)
(C.11)

The 0th-order Bessel function is J0(ε) = 1 + ε2/4 + ... . Expanding to lowest order

we obtain

εth =1−
∑
m,s

1
4e
−|∆αsm|2

∞∑
n=0

n̄n

(n̄+ 1)n+1

∣∣∣L 0
n

(
|∆αsm|2

)∣∣∣2 (C.12)

≈
∑
m,s

1 + 2n̄
4 |∆αsm|2 (C.13)

C.4 Phases

Understanding and controlling phases is a key requirement to performing high-

fidelity two-qubit gates. We therefore briefly summarize all important phases,

their origin and how to control them. We choose as basis for the space of phases
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θ̂1 =


1

1
−1

−1

 θ̂2 =


1
−1

1
−1

 (C.14)

ψ̂ =


1
−1

−1
1

 ϕ̂ =


1

1
1

1


where we have two single-qubit phases θ̂1 = σz ⊗ I and θ̂2 = I ⊗ σz, a two-qubit

phase ψ̂ = σz ⊗ σz and a global phase ϕ̂ = I ⊗ I.

Acquired phases

During the σz geometric phase gate we acquire phases due to two different mecha-

nisms: a geometric phase Φ = Im
(∫
γ α
∗dα

)
acquired due to the trajectory through

motional phase space and a phase θLS caused by a time-dependent light-shift.

The geometric phase has a two-qubit and a single-qubit phase component Φ =

Ψ + Θ. For a maximally entangling gate we require Ψ = π. For fast gates we need

to sum over the phase acquired by the different motional modes, which for very fast

gates have opposite signs. In general Ψ depends on φ0 for fast gates, we therefore

need to specifically design sequences such that Ψ is independent of φ0.

The single-qubit geometric phase Θ is caused by asymmetry in the Rabi frequencies

of different spin states and increases with lower gate efficiencies. This phase can be

made to cancel by implementing a 2-loop gate and flipping all spins in the middle

of the gate using a π-pulse. For fast gates this is undesirable, as it would increase

the gate length. Instead the phase is cancelled by shifting the last π/2-pulse of

the surrounding Ramsey interferometer by the corresponding phase φsq = −Θ.

For mixed species the single-qubit phase on the different species has in general

different magnitude. Suppressing the variance of Ψ due to random φ0 also reduces

the variance of Θ.
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The light shift phase θLS is purely a single-qubit phase. It is caused by coupling

of the Raman lasers to the ‘carrier’ of the qubit level. It could be cancelled by

placing the gate sequence inside a spin-echo sequence with an appropriate phase-

shift at the centre, however not at the same time as cancelling the geometric single-

qubit phase. Instead, for slow gates, it is suppressed by smoothing the edges of

the laser pulse to reduce higher frequency components. For fast gates this is not

possible, since the time-constant of shaping required to sufficiently suppress errors

would typically be longer than an entire fast gate sequence. Instead, the timings

of the fast gate sequences are chosen such that θLS = 0.

Control phases

There are several external control phases set and/or influenced by the experimental

apparatus that affect the gate operation. One is φz, the phase difference at which

two ions experience the Raman beams. It can be set by adjusting the ions spacing,

and is eiφz = −1 in this thesis. The phase offset between the Rabi frequency on

|↑〉 and |↓〉 can be set by adjusting the polarisation of the Raman beams. It is

also set to −1 in this thesis work. The phase between the two Raman beams φ0

is not controlled and varies from shot to shot of the experiment. Although both

Raman beams originate from the same laser, they traverse different paths on the

optics table and vibration of mirrors and other optics cause the relative phase to

fluctuate. These noise sources are all at acoustic frequencies or lower and therefore

φ0 is stable over the duration of a single gate.

Phase noise in the Raman lasers or phase chirps caused by the AOMs can also

modulate the phase of the driving field and cause errors.



Appendix D

88Sr+ Properties

D.1 Einstein A coefficients

transition Aik source theory source

A5S1/2−5P3/2 142 · 106 s−1 [113] 141.29 · 106 s−1 [58]

143(6) · 106 s−1 [41]

A5S1/2−5P1/2 127 · 106 s−1 [113] 128.04 · 106 s−1 [58]

127(5) · 106 s−1 [41]

127.9(1.3) · 106 s−1 [78]

A4D3/2−5P3/2 1.0(2) · 106 s−1 [41] 0.96 · 106 s−1 [58]

A4D3/2−5P1/2 9.5(2.0) · 106 s−1 [41] 7.54 · 106 s−1 [58]

7.46(14) · 106 s−1 [78]

A4D5/2−5P3/2 8.7(1.5) · 106 s−1 [41] 8.06 · 106 s−1 [58]

D.2 Energies relative to 4S1/2

k5P3/2 = 24516.65 1
cm [112]

k5P1/2 = 23715.19 1
cm [112]

k4D5/2 = 14836.24 1
cm [112]

k4D3/2 = 14555.90 1
cm [112]
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D.3 Wavelengths

* all wavelengths quoted are in vacuum (converted from cited sources with λvac =

nλλair)

λ5S1/2−5P3/2 407.8865(1) nm ⇒ ν408 = 734, 989.88(18) GHz [70, 112]

407.89 nm [109, 84]

λ5S1/2−5P1/2 421.6712(1) nm ⇒ ν422 = 710, 962.69(18) GHz [70, 112]

421.67 nm [109, 84]

λ4D3/2−5P1/2 1091.8 nm [83]

1091.7864(3) nm ⇒ ν1092 = 274, 588.94(8) GHz [70, 112]

λ5S1/2−4D5/2 674.0 nm [86]

674.02559 nm ⇐ ν674 = 444, 779.044095 GHz [87]

λ5S1/2−4D3/2 687.0 nm [86]

687.0066(5) nm ⇒ ν687 = 436, 374.94(32) GHz [70, 112]

λ5P3/2−4D3/2 1003.9 nm [86]

1003.9406(3) nm ⇒ ν1004 = 298, 615.73(8) GHz [70, 112]

λ5P3/2−4D5/2 1033.0 nm [86, 84]

1033.0140(3) nm ⇒ ν1033 = 290, 211.43(8) GHz [70, 112]

D.4 Lifetimes

τ5P3/2 = 6.63(7) ns [109]

τ5P1/2 = 7.39(7) ns [109]

τ4D5/2 = 390.8(1.6) ms [77]

τ4D3/2 = 435(4) ms [86]
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D.5 Branching ratios

* inferred from measured lifetimes and measured Einstein A coefficients with Br =

Aij · τ

transition branching ratio source

5P3/2 − 4D3/2 0.66(13)% [109]+[41]

5P3/2 − 4D5/2 5.8(1.0)% [109]+[41]

5P3/2 − 4S1/2 94.8(4.1)% [109]+[41]

5P1/2 − 4D3/2 5.51(12)% [109]+[78]

5P1/2 − 4S1/2 94.5(1.3)% [109]+[78]
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