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Abstract

A model-supporting, simple, compact, robust and high efficiency two-

element parasitic superdirective array comprising electrically small reso-

nant metamaterial elements, namely singly split resonator rings (SSRRs),

is predicted by an analytical model and is verified by CST simulation re-

sults. The analytical model is built by combining a method of calculating

a two-SSRR array’s far field radiated energy density and a well working

equivalent circuit for a two-SSRR parasitic array. This model is capable

of easily but accurately predicting the far field radiation behaviours of an

electrically small parasitic array of two SSRRs (the two SSRRs are not

necessarily standard and identical), based on certain information of the

array, namely the SSRRs’ dimensions, the SSRRs’ electrical components

(L, C and R), the SSRRs’ rotating orientation angles (α1 and α2), the two

SSRRs’s separation (d) and the array’s operation frequency. The impor-

tance of this analytical model in designing parasitic superdirective arrays

is discussed. Simulation results show that the model predicted two-SSRR

parasitic superdirective structure (the ‘CC’ structure) can achieve an end-

fire directivity of 4.36, with an elements’ separation d = 4mm working at

1.914GHz, and can maintain an efficiency as high as 98.6%. After a short

discussion of the design principle behind the ‘CC’ structure, improved su-

perdirective structures of are identified and studied based on simulation

results. Among these structures, the ‘CCLr’ structure can achieve the

largest directivity value of 5.06 (very close to 5.25, the theoretical limit



value of a two-dipole array) with a moderate efficiency of 81.4%. A com-

parison between these two-SSRR parasitic superdirective structures (the

‘CC’ and its improved versions) and two commercial two-element Yagi an-

tennas show that these two-SSRR structures achieve better directive per-

formances than the commercial two-element Yagi antennas do. Through

performing the study of near field energy flow for magnetic dipole based

structures (analytical results) and SSRR based structures (simulation re-

sults), with the help of the concept of causal surfaces, the physical reason

behind the superdirectivity phenomenon is revealed.
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Chapter 1

Introduction

This chapter provides an overview of the project I have accomplished during my DPhil

study. First, the motivation of performing the research is discussed. Then a summary

of the project is presented. In the end, the structure of this thesis is interpreted.

1.1 Motivation

Due to the importance of sensor array signal processing in many diverse application

areas, such as sonar, radar, audio engineering and wireless communications, superdi-

rectivity, as a useful tool which can provide a significant potential for sensor arrays to

enhance their performance in terms of angular resolution, bearing estimation accu-

racy, noise suppression ability and reduction of array aperture, has become more and

more important [1]. However, most of the current existing superdirective designs are

either not practical, due to well known limitations like low efficiency, narrow band-

width and low tolerances, or not simple and compact enough. Therefore, designing

simple, compact, robust and high efficiency superdirective structures is extremely

necessary now.

Apart from the industrial demand for superdirective antennas, a deep study of

the physical reasons behind the superdirectivity phenomenon is also essential. The
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advantages of multiple-input-multiple-output (MIMO) systems, in multipath propa-

gation environment, over single antenna systems have been well demonstrated [2] [3].

However, the closely spaced antennas for such a multiantenna system can produce

unexpected superdirectivity effects, degrading the system’s performance [4]. In order

to avoid these unexpected effects, performing a deep study of the physical mechanism

behind superdirectivity is crucially worthwhile.

1.2 Project Summary

The objective of my research is to design a simple, compact, robust and high efficiency

superdirective antenna structure and explore the physical reason behind superdirec-

tivity. My research focuses on building an analytical model for an electrically small

two-element parasitic array of metamatrial elements (which can be used to analyse

the array’s currents’ behaviours and to identify conditions for the array to achieve

superdirectivity), studying and improving the model predicted superdirective struc-

ture, and visualizing the near field energy flow around superdirective structures. The

whore research can be divided into four stages:

1. Understanding existing superdirective designs

The ideas behind the existing designs and the reasons why some of them can not

practically work need to be understood. Especially the most recent advances of

electrically small parasitic superdirective arrays comprising resonant elements

and metamaterial-inspired superdirectivity need to be well studied.

2. Model building

It is essential to first build an analytical model, which can identify conditions

for a two-element parasitic array comprised of metamaterial elements to achieve

superdirectivity. Through combining the design iedeas behind electrically small

parasitic superdirective arrays comprising resonant elements and metamaterial-
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inspired superdirectivity, the model should be capable of predicting the far field

radiation behaviours of an electrically small parasitic array of two metamaterial

elements, based on certain information of the array.

3. Superdirective performances improving

Certain modifications of the model predicted superdirective structure (the iden-

tified conditions) need to be studied for improving superdirective performances.

In order to analyse the improvements, parametric study needs to be performed

based on simulation results.

4. Power flow

The physical reason why superdirectivity can happen needs to be explored

through studying the near field energy flow around superdirective structures

based on simulation results.

In summary, my superdirective design combines the design principles behind

electrically small parasitic superdirective arrays comprising resonant elements and

metamaterial-inspired superdirectivity through directly using the simplest metama-

terial unit cells as unit elements of superdirective arrays. An easy-to-use analytical

model is developed to support the realization of such a design. The analytical model

identifies conditions for achieving superdirectivity, leading to an electrically small

superdirective structure comprising memtamaterial elements. This structure is then

studied and improved based on simulation results. In the end, the physical reason

leading to superdirectivity is revealed.

1.3 Dissertation Organization

Chapter 2 reviews the background of superdirectivity. It contains necessary infor-

mation for better understanding the concept of superdirectivity and its realization,
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followed by a detailed history note of superdirectivity-related theories, designs and

techniques.

Chapter 3 describes electrically small two-element endfire arrays. The energy pat-

terns and directivites for three basic uniform linear two-element arrays are calculated

as a reference for following analysis of more practical structures. Analogous to the

pattern multiplication rule, an energy pattern multiplication rule is introduced. Also,

specifically for the maximum endfire directivity of a parasitic array of two identical

magnetic dipoles a relationship between the dipole elements’ Q factor and the array’s

coupling coefficient is described. In the end, a method of calculating the radiated en-

ergy for an endfire array of two electrically small slotted CLAs carrying non-uniform

currents (NCLAs) is demonstrated.

Chapter 4, starting with the circuit analysis for the simplest metamaterial ele-

ments, Singly Split Ring Resonators (SSRRs), presents an equivalent circuit for a

two-SSRR parasitic array, along with the method of calculating radiated energy, for

a two-NCLA array, demonstrated in Chapter 3, forming a powerful analytical model

to analyse the array’s currents’ behaviours and to identify conditions for the array

to achieve superdirectivity. A ‘CC’ structure, predicted by the model, is capable of

achieving endfire superdirectivity.

Chapter 5 shows the simulation results for the model predicted superdirective

structure (the ‘CC’ structure). Improvements are made through applying modifica-

tions to this ‘CC’ structure. The results of parametric studies, based on simulation

results, of the improved structures are presented. Based on a comparison with two

commercial two-element Yagi antennas, the superiority of my structures is confirmed.

Chapter 6 visualizes the near field time-average and instantaneous energy flow for

magnetic dipole based structures (analytical results) and SSRR based structures (sim-

ulation results). Through the comparison of the energy flow for all these structures,

with the help of the concept of causal surfaces, the physical reason why superdirec-
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tivity can happen is revealed.

Chapter 7 summarises the thesis and presents its conclusions. Suggestions and

ideas are proposed and discussed for future research.
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Chapter 2

Background on Superdirectivity

This chapter begins with a description of the definition of superdirectivity. Then a

detailed history of superdirectivity is presented.

2.1 Definition of Superdirectivity

In order to better understand superdirectivity, it is necessary to first clearly introduce

the very basic concept, directivity of an antenna. According to the 2013 version of the

IEEE Standard Definitions of Terms for Antennas [5], it is defined as “the ratio of

the radiation intensity in a given direction from the antenna to the radiation intensity

averaged over all directions. The average radiation intensity is equal to the total power

radiated by the antenna divided by 4π. If the direction is not specified, the direction

of maximum radiation intensity is implied.” It can expressed as the following formula

(Equation 2.1).

D(θ, ϕ) =
P (θ, ϕ)

Ptot/4π
(2.1)

where θ and ϕ are the longitudinal and latitudinal angles respecting a standard spher-

ical coordinate system. Some antenna researchers may prefer to use gain, in stead
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of directivity, as the figure of merit to measure the directional performance of an

antenna [6] [7] [8]. According to the IEEE Standard Definitions of Terms for An-

tennas [5], the gain of an antenna in fact equals to the product of the antenna’s

directivity and radiation efficiency. This raises a fact, which should be always kept in

mind, that an antenna with a large directivity does not necessarily have a high gain.

In this thesis, the radiation efficiency is also studied for superdirective structures.

The radiation efficiency in this thesis is defined as the ratio of an antenna’s radiation

resistance to the total resistance of the antenna structure.

The definition of superdirectivity provided by the IEEE [5] is “the condition that

occurs when the antenna directivity is significantly higher than that with the array or

aperture uniformly excited.” For example, for an endfire array of two identical mag-

netic dipoles with the two dipole elements uniformly excited, the maximum endfire

directivity is around 2.66. Therefore in this thesis, an endfire directivity above 4 for

an array of two electrically small elements [9] (for example an array of two intermedi-

ate (or small) loop elements [10]) is regarded as superdirectivity. The IEEE definition

implies that both the size and the directivity of an antenna need to be considered for

judging whether the antenna is superdirective or not. Some single element antennas

do not produce very large directivity values but still can be treated as superdirective

elements due to their reduced sizes. For example, antennas like small loops or short

wires can easily maintain a directivity value around 1.5 as their sizes decrease within

a certain range [11] [12]. Even though these single element antennas can be superdi-

rective, they are of no interest for this research. Because they are omnidirectional

antennas while unidirectional superdirective antennas are more attractive. Usually

the unidirectional superdirectivity can be realized by forming a multi-element ar-

ray [13] [10]. However accomplishing an array superdirectivity through adding more

elements within a fixed length can inflict other problems, namely low efficiency, sen-

sitive excitation and low position tolerances [13]. This research focuses on designing
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electrically small two-element parasitic superdrective arrays comprising metamate-

rial elements, which can potentially avoid some of the intrinsic problems of classic

superdirective structures.

2.2 History of Superdirectivity

2.2.1 Early Stage

Many antenna researchers [14] [15] [16] [17] believe that the idea of superdirectivity

first came from Oseen. In 1922 [18], Oseen discussed the possibility of forming an

arbitrarily narrow beam, which could lead to superdirectivity [19]. With a monotonic

phase function for an endfire array, Hansen and Woodyard [20] theoretically achieved

limited superdirectivity. Franz also published a paper in 1939 [21] and discussed the

gain and the absorption surfaces of large directive arrays. Based on a rigorous math-

ematical analysis, Schelkunoff [22] pointed out that theoretically superdirectivity can

be obtained from a linear endfire array, with equal spacing of the array polynomial

zeros over that portion of the unit circle represented by the array [23]. Superdirec-

tivity became widely popular when Bouwkamp and De Bruijn [24] pointed out an

error made by La Paz and Miller [25] and concluded that theoretically no limit in

the directivity of a linear array exists [26]. The well known important theorem that

a fixed aperture size can achieve any desired directivity value had been rediscovered

several times while the practical limitations mysteriously existed for superdirective

antennas’ design [27] [13]. After World War II, in 1946 Reid [28] further studied the

Hansen-Woodyard endfire superdirectivity and gave the maximum gain for a given

length of array and the corresponding value of phase velocity. In the same year,

Uzkov [29] showed that the endfire directivity of an array of n isotropic radiators

can increase up to n2 when the separation d between any two nearest neighbour

elements approaches 0 [30] [31]. Also in 1946, Dolph [32] solved the problem of a
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high sidelobe level for Schelkunoff ’s method of realizing superdirectivity through in-

venting the widely used Dolph-Chebyshev array: using the equal-level oscillations

of a Chebyshev polynomial, the array can produce an array pattern with the op-

timum sidelobe level [33] [34]. Then following the development, Riblet [35] showed

that any desired directivity can be yielded by a Delph-Chebyshev array with element

spacing less than λ/2 [36] [37]. In the computation of Dolph-Chebyshev coefficients

and directivity, complementary advances were developed by DuHamel [38] [39] and

Stegen [40] [41]. After the electrically small antennas were defined and studied by

Wheeler [42] [43], Chu [44] immediately developed a limit on Q factor for electrically

small antennas and derived the directivity from a consideration of spherical modes.

Subsequently Harrington [45] extended Chu’s theory and finally accomplished the so

called Chu-Harringtong limit [46].

2.2.2 Designs versus Limitations

Based on the theories established and experiences obtained by early researchers, a

great number of superdirective designs, which were expected to overcome one or more

limitations in superdirectivity, had been reported since 1960s.

In 1966, Lo, Lee and Lee [47] proposed a unified formulation for optimizing the

signal-to-noise ratio of any arbitrary array and showed, among other conclusions, that

in the case of an endfire array the phase of optimum excitation defers only slightly

from the antiphase excitation if the element spacing is not larger than λ/2. In 1973,

it was shown by Lin et al. [48] that for an array of two loaded short antennas through

adjusting the elements’ impedance loadings, the current distributions in the elements

could be appropriately modified to significantly improve the array’s directivity. In

1977, Walker et al. concluded that the inefficiency of electrically small superdirective

arrays could be overcome through setting the array’s small elements in superconduct-

ing state. Believing in that designs for optimum directive gain were hardly practical,
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Newman’s design idea very much emphasized the adoption of constraints: in 1978 [49],

he described electrically small arrays designed for maximum directive gain subject to

a constraint on the sensitivity factor; Then in 1982 [50], he detailedly presented a

procedure for designing a wideband electrically small superdirective array with two

computer codes useful in the design and analysis of superdirective arrays. Newman’s

more practical design still left one problem unsolved: when the arrays size decreased,

the complexity of the feed network would significantly increase. In 1978, Dawoud [37]

showed that superdirective arrays with overall lengths of a few wavelengths could be

inherently realisable while maintained high radiation efficiency through generating

polynomials. For the same research he also took the mutual coupling between differ-

ent elements into consideration. Later in 1993 [51], he studied the scanning properties

of his superdirective antenna arrays. In 1986, Cox [52] performed constraint optimum

beamforming for several types of background noise and showed that the near optimum

performance can be achieved using a simple delay and beamformer. Veremey is prob-

ably the first researcher who started designing superdirective antennas using passive

resonant elements: In 1991 [53], he first described and explained his design idea; Then

in 1995 [54] and 1998 [55], he further investigated the properties of his design and

showed that the desired phase and amplitude distributions of an aperture or an array

to achieve superdirectivity can be generated and controlled through adjusting the

mutual coupling between these passive resonant elements. Many later superdirectiv-

ity designs and studies had been inspired by Veremey ’s research work. One apparent

example is Bokhari ’s superdirective antenna array of printed parasitic elements [56].

Before 2000, several other designs related to superdirectivity were also proposed, for

example, Cheng ’s optimization design for Yagi-Uda arrays [57], Itoh’s two-element su-

perdirective array of high-Tc superconducting small helical radiators [58] and Tager ’s

new technique (Near Field Superdirectivity) [59].

During this period, another two important papers, which summarized the devel-
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opment status of superdirectivity, were published. The first one was published in 1981

by Hansen [46]. In this paper, even though Hansen discussed the limitations in elec-

trically small antennas and superdirective antennas separately, due to the increased

popularity of the utilization of electrically small elements for superdirective designs,

the article provided a fairly good summary of the problems, waiting to be solved by

the following superdirectivity researchers. Another one was published in 1995 by Hav-

iland [60]. This paper analysed the problems of the existing superdirective designs

and highlighted possible routes to practically realize superdirectivity.

2.2.3 New Development

Since 2000, a great number of designs and studies of superdirectivity have been no-

ticed [61] [62] [63] [64] [65] [66] [67]. Here only the important advances of electrically

small parasitic superdirective arrays comprising resonant elements, and metamaterial-

inspired superdirectivity are reviewed. In this thesis a structure can be regarded as

an electrically small structure when it meets the condition where krrad < 1 [9]. Here

k is the free space wave number and rrad is the radius of the radian sphere [42].

Yaghjian’s group has probably played the most important role in realizing practi-

cal electrically small superdirective arrays comprised of resonant elements. They first

started with two-element arrays of monopoles, with both of the two elements excited

separately, and theoretically and computationally achieved superdirectivity [68] [69].

Due to the significantly reduced radiation efficiency and the substantial impedance

mismatch when decreasing the element’s spacing, they soon moved to parasitic two-

element superdirective arrays of electrically small resonant low Q elements [70] [71]

and through frequency optimization they computationally achieved superdirectivity

while maintained good bandwidth performance. Another useful point they revealed is

that use of the parasitic element as a reflector at an appropriate frequency has yielded

a closer match to the optimal phase difference (of the two elements) than when the

11



parasitic element was used as a director at an appropriate frequency. In 2008, they

experimentally realized an electrically small parasitic two-element superdirective ar-

ray using the previously introduced resonant low Q elements, achieving a gain as high

as 7dB (linear 5.01) [9]. Because their arrays comprise a combination of significant

electric and magnetic dipoles and quadrupoles, the corresponding maximum theoreti-

cally possible linear directivity should be 8 rather than 5.25 (for an two-element array

of dipoles).

Apart from Yaghjian’s group, Ziolkowski ’s group [72] realized supersbackcattering

antenna arrays, using electrically small resonant EHDs, in 2015.

Since the experimental demonstration of functioning electromagnetic metamate-

rials were suggested and reported [73] [74], plenty of research attention has been paid

to adopting metamaterial unit cells to improve different performance characteristics

of antenna systems. [75] is probably the first article which has discussed the effect of

metamaterials on an antenna’s directive behaviour. In 2007, two pioneering papers

were published, which directed the realization of metamaterial-inspired superdirec-

tivity into two completely different routes. Buell et al. [76], in his paper, showed that

through applying embedded-circuit metamaterial as insulator to suppress the mutual

coupling between the elements of a five-element patch array, superdirectivity could

be numerically and experimentally achieved with improved bandwidth performance.

In stead of using metamaterials as insulator, Alù and Engheta [77] directly employed

metamaterial resonator subwavelength antennas as the elements of an electrically

small nano antenna structure, which could theoretically and numerically provide su-

perdirectivity while also might overcome the standard limitations of the feeding sys-

tem present in classic superdirective structures. In 2009, Yaghjian [78] also proposed

theoretical possibilities of incorporating metamaterials into his electrically small two-

element parasitic supergain antenna to further increase its gain. In 2012, Kokkinos

et al. [79] presented a compact electrically small endfire superdirective array, oper-
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ating in the 2.45GHz band, comprising microstrip-fed low profile folded monopoles,

designed using metamaterial-inspired phase shifting lines. Kokkinos ’s array indeed

provided very large directivity but also showed fairly low radiation efficiency. In the

same year, Ludwig et al. [80] showed that a three-slot metascreen initially for near

field subwavelength focusing could also operate as a superdirective antenna in the far

field at a different but close by frequency. Even though the metascreen is not much

different from an three-element array of metamaterial loops, its lack of fabrication

flexibility and the dissipation in the screen can possibly limit the structure’s potential

popularity. In 2013, Shamonina and Solymar [17] raised the possibility of achieving

superdirectivity in metamaterials by relying on magnetoinductive waves [81] and they

also analytically identified, for a dimer of magnetically coupled split rings, conditions

for achieving superdirectivity in terms of dimer size, the coupling strength and the

quality factor. Later in 2014 [82], they further extended their studies to trimers of

split rings coupled both magnetically and electrically and again analytically identified

conditions for superdirectivity. In 2013 [83], another design of metamaterial-inspired

electrically small superdirective arrays was reported and the article showed the par-

asitic array achieved a measured directivity of 4.8dB (linear 3.02) but with a very

low radiation efficiency. Based on [83], later in 2014, Haskou et al. [84] described an

ultra-compact design of two- and three-element superdirective linear arrays. The two-

and three-element arrays, with a unit dimension of λ/14× λ/17 and a inter-element

spacing of 0.064λ, respectively achieved maximum directivities of 6.3dB (linear 4.27)

and 9dB (linear 7.94) according to simulation results. Then based on [83] and [84],

Haskou et al. [85], by adopting Yaghjian’s method [69] of calculating the excitation co-

efficients to maximize the directivity in a given direction, presented a design approach

for parasitic superdirective arrays and further concluded that the concept of parasitic

superdirective arrays was a compromise between the directivity, the efficiency and

the antenna size. In 2014, Dakhli et al. [86] proposed a metamaterial-inspired su-
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perdirective structure by placing a split ring resonator in the vicinity of a monopole

antenna while placing both of them on a relatively large substrate ground plane and

successfully showed very high directivity. In the same year, Gupta and Saxena [87],

following Buell ’s design route [76], suggested a new method to improve the directive

gain, leading to superdirectivity, of patch antenna arrays for ISM band 2.4GHz by

using split ring resonator metamaterial as a notch filter between the array elements to

suppress the mutual coupling between the elements, which allowed for denser packing

and enhanced directivity.

Following the most recent development, this research has successfully combined

the design principles behind both electrically small parasitic superdirective arrays

comprising resonant elements and metamaterial-inspired superdirectivity by directly

using the simplest metamaterial unit cells as elements of a new model-supporting,

simple, compact, robust and high efficiency two-element parasitic superdirective array

presented later in this thesis. In order to reveal all the details, next chapter will first

start with studies of electrically small two-element endfire arrays.

14



Chapter 3

Electrically Small Two-Element

Endfire Antenna Arrays

This chapter begins with a brief explanation of pattern multiplication rule, which

provides an effective analytical method of describing the radiation pattern of a uniform

two-element array antenna. Next, using the pattern multiplication rule, the radiation

patterns and the directivities of an endfire array of two isotropic radiators, an endfire

array of two magnetic dipoles and an endfire array of two electrically small circular

loop antennas (CLAs) are calculated as a reference for latter superdirective analysis.

Also, analogous to the pattern multiplication rule, an energy pattern multiplication

rule is introduced. Then, specifically for the maximum endfire directivity of a parasitic

array of two identical magnetic dipoles a relationship between the dipole elements’

Q factor and the array’s coupling coefficient is described. At the end of this chapter,

an endfire array consisting two more practical elements, electrically small slotted

CLAs carrying non-uniform currents (NCLAs), is studied and a method of calculating

the array’s radiated energy is demonstrated, with only the excitation coefficients

(maximum currents) left unknown. These maximum currents are yet to be determined

in next Chapter.
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The main new contributions in this Chapter include: 1. The relationship between

the element’s Q factor and the array’s coupling coefficient for the maximum endfire

directivity of a parasitic array of two identical magnetic dipoles; 2. A new method

of calculating the far field radiation pattern for an array consisting of two elements

with non-uniform current distribution.

3.1 Pattern Multiplication Rule

The pattern multiplication rule states that in far field the radiated field of a uniform

array of identical elements is equal to the product of the field of a single element, at a

selected reference point (usually the origin), and the array factor of that array. For a

two-element uniform array of identical elements, the array factor is usually expressed

in the form of Equation 3.1 [10].

(AF )2 = cos

[
1

2
(kdeff sin θ cosϕ+ β)

]
(3.1)

where k is the free space wave number corresponding to the operational frequency,

deff is the effective distance between the two elements (usually centre to centre), θ

and ϕ are the longitudinal and attitudinal angles for a standard spherical coordinate

system, and β is the phase difference of the currents carried by the two elements.

3.2 Energy Patterns and Directivity

For an array of two identical isotropic radiators, fully excited by currents with a same

magnitude, shown in Figure 3.1, using the pattern multiplication rule and far field

approximations, the array’s normalized far field average radiated energy density can

be expressed as Equation 3.2 [10] [88] [89] [90] [91] [92] [93].
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Figure 3.1: The sketch of an array of two isotropic radiators.

Paniso(ϕ
′) =

{
cos

[
1

2
(kdeff cosϕ′ + β)

]}2

(3.2)

where k is the wave number: k = 2π/λ, λ is the free space wavelength, deff is the

effective separation distance between the two isotropic elements, and β is the phase

difference of the two elements’ currents.

With a relatively small enough separation distance of deff = 0.2λ, the far field

radiation energy patterns for different phase differences are presented in Figure 3.2.

According to these patterns, through choosing a suitable phase difference β (here

0.86π) subject to a specific small enough separation distance deff (here 0.2λ), very

large directivity can be achieved in endfire direction for such an array in far field.

The achievable maximum directivity of this array for different separation distances

and the phase difference corresponding to the maximum directivity are plotted and

shown in Figure 3.3. Based on this figure, the theoretical limit directivity value of

4 [94] [29] [69] for this two-element isotropic array can be reached, with an extremely

small separation distance plus a near π phase difference.
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(f) β = π

Figure 3.2: The far field radiation energy patterns for different phase differences. To
produce these patterns, a constant magnitude of the currents carried by the array’s
elements, a constant observation distance and a constant operation frequency are
assumed.
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Figure 3.3: (a) The maximum far field directivity Dm (in ϕ′ = π direction) and (b)
the phase difference β corresponding to the maximum directivity Dm.
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For an array of two identical magnetic dipoles, fully excited by currents with a

same magnitude, shown in Figure 3.4, the array’s normalized far field average radi-

ated energy density can be expressed as Equation 3.3 [10].

(a) (b)

Figure 3.4: (a) One array of two identical magnetic dipoles and (b) its coordinate
system for far field analysis: O1 and O2 are the two dipoles’ centres, deff is the
distance between O1 and O2.

Pandip(θ, ϕ) = sin2 θ cos2
[

1

2
(kdeff sin θ cosϕ+ β)

]
(3.3)

where the effective separation distance is set to be deff = 0.2λ. This array’s 3D

far field radiation energy patterns for different phase differences are presented in

Figure 3.5. Similar with the case for an array of two identical isotropic radiators,

when the phase difference is set to be a proper value (here 0.86π), a very large

endfire directivity value can be reached in far field. The maximum directivity of

this array for different separation distances and the phase difference corresponding

to the maximum directivity, along with those for the array of two identical isotropic

radiators (Figure 3.3), are plotted and displayed in Figure 3.6. According to these

figures, the theoretical limit directivity values of both an endfire array of two identical

isotropic radiators (4) and an endfire array of two identical magnetic dipoles (5.25),

20



with an appropriate near π phase difference β (here 0.86π) chosen subject to a near

zero separation distance (here 0.2λ), can be achieved.
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(a) β = 0.1π (b) β = 0.5π

(c) β = 0.7π (d) β = 0.86π

(e) β = 0.95π (f) β = π

Figure 3.5: The 3D far field radiation energy patterns for different phase difference
β: the axis x, y, z respectively indicate the normalized energy density along x, y and
z direction; the energy Pan is normalized to the maximum value of (Pandip , β = 0.1π).
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Figure 3.6: (a) The maximum far field directivity Dm and (b) the phase difference β
corresponding to the maximum directivity Dm.
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Similarly, for an array of two identical circular loop antennas (CLAs), also fully ex-

cited by currents with a same magnitude, shown in Figure 3.7, the normalized far field

average radiated energy density can be expressed as Equation 3.4 [10] [89] [90] [91] [92] [93].

Here, the array’s elements are set to be intermediate CLAs with a uniform current

distribution [10] [95] [42]. One particular point worth emphasizing is that all the

intermediate elements (CLAs, NCLAs and SSRRs) (according to the Wheeler ’s strict

criterion of an electrically small antenna and the classification method adopted in

[10]) mentioned in this thesis are also belonging to the category of electrically small

antennas considering the criterion used by Yaghjian in [9].

(a) (b)

Figure 3.7: (a) One array of two identical circular loop antennas and (b) its coordinate
system for far field analysis: O1 and O2 are the two CLAs’ centres, deff is the distance
between O1 and O2, d = deff − 2r.

PanCLA(θ, ϕ) = J2
1 (kr sin θ) cos2

[
1

2
(kdeff sin θ cosϕ+ β)

]
(3.4)

where J2
1 (kr sin θ) is the Bessel function of the first kind of the order 1, k is the wave

number for an operation frequency of 1.9GHz1, and r = 10.6mm is the radius of the

CLAs.

1A frequency slightly lower than the resonance frequency of a SSRR; The details of a SSRR is
demonstrated in Chapter 4.
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For the effective separation distance deff = 0.2λ, the 3D far field radiation energy

patterns are shown in Figure 3.8 for different phase differences β. With a properly

chosen β (here 0.86π), very large far field directivity can be achieved in the endfire

direction. For this β, the 2D far field energy patterns are also produced and displayed

in Figure 3.9.

The maximum achievable far field directivity for different deff values and the phase

difference corresponding to the maximum directivity, along with those for an array

of two identical isotropic radiators and those for an array of two identical magnetic

dipoles (Figure 3.6), are plotted and shown in Figure 3.10. These figures can provide

a good reference for latter superdirectivity analysis in this project, especially the

figures for the array of two CLAs, considering that these CLA elements have the

same sizes and electrical sizes as our actual metamaterial elements (SSRRs)2 do.

Even though the array of two CLAs shows almost exactly the same far field radiation

behaviours as the array of two identical magnetic dipoles does (Figure 3.5, Figure 3.8

and Figure 3.10), due to the CLA elements’ finite sizes (2r = 21.2mm, indicated by

the dashed black line in Figure 3.10), the practical largest directivity obtained by such

a two-CLA array can only be lower than 5. In fact, the largest directivity of any two-

element array comprising circular loop elements with the same or similar electrical

sizes (2r = 21.2mm corresponding to a operation frequency around 1.9GHz) can

only be lower than 5, for example a two-NCLA array (Section 3.5) and a two-SSRR

array (Chapter 4). Any approach towards the theoretical limit value (5.25) of a two-

dipole array [69] from 5 requires further modifications of such a two identical loop

elements’ structure. In this thesis, a maximum directivity larger than 4 achieved by

any structures possessing a similar electrical size with the two-CLA array is regarded

as superdirectivity.

2The details of a SSRR is demonstrated in Chapter 4.
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(a) β = 0.1π (b) β = 0.5π

(c) β = 0.7π (d) β = 0.86π

(e) β = 0.95π (f) β = π

Figure 3.8: The 3D far field radiation energy patterns for different phase difference β:
the axis x, y, z respectively indicate the normalized energy density along x, y and z
direction; the energy Pan is normalized to the maximum value of (PanCLA , β = 0.1π).
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Figure 3.9: The 2D far field energy patterns for the two-CLA array with a separation
distance deff = 0.2λ and a phase difference β = 0.86π; the energy Pan is normalized
to the maximum value of (PanCLA , β = 0.1π).
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Figure 3.10: (a) The maximum far field directivity Dm (in ϕ′ = π direction) and (b)
the phase difference β corresponding to the maximum directivity Dm.
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Another noticeable phenomenon shown in Figure 3.2, Figure 3.5 and Figure 3.8 is

that as β increases towards π, the total radiated energy level reduced. This reduction

due to increased Q factor for high directivity antennas is inevitable as [5] suggests.

3.3 Energy Pattern Multiplication Rule

By now in this chapter a same magnitude of the currents carried by an array’s two

elements has been assumed. However, if the elements’s currents do not have a common

magnitude, then the pattern multiplication rule cannot simply apply even though the

phase difference still remains as β.

For an array of two isotropic radiators shown in Figure 3.1, with currents |I1| 6=

|I2|, the total electric field at a far field point p can be expressed as Equation 3.5 [88] [93],

with the help of the far field approximations:

Etiso(l, ϕ
′, θ′) =Ciso

(
I1e
−ikl1

l1
+
I2e
−ikl2

l2

)
=
Ciso |I1| e−ikl

l

(
e−i

1
2
(kdeff cosϕ

′+β) +

∣∣∣∣I2I1
∣∣∣∣ ei 12 (kdeff cosϕ′+β)

)
=
Ciso |I1| e−ikl

l

{
(

∣∣∣∣I2I1
∣∣∣∣+ 1)

[
cos

1

2
(kdeff cosϕ′ + β)

]

+ i(

∣∣∣∣I2I1
∣∣∣∣− 1)

[
sin

1

2
(kdeff cosϕ′ + β)

]}
(3.5)

where Ciso is a constant. Then the average radiated energy density in far field can be

calculated as [10]:

Paiso(l, ϕ
′, θ′) =

C2
iso |I1|

2

2Z0l2

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff cosϕ′ + β)

]

=

∣∣E1iso(l,ϕ′,θ′)

∣∣2
2Z0

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff cosϕ′ + β)

]

= P1iso(l, ϕ
′, θ′)

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff cosϕ′ + β)

] (3.6)
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where Z0 is the free space impedance.

Similarly, for the array of two CLAs shown in Figure 3.7, with |I1| 6= |I2|, the

array’s electric field at a far field point p can be calculated through a vectorial sum-

mation [10]:

EaCLA(l, θ, ϕ) = E1 + E2

= Z0
rk

2
J1(kr sin θ)

(
|I1| e−i

β
2 e−ikl1

l1
+
|I2| ei

β
2 e−ikl2

l2

)
(3.7)

Here the far field approximations are as following:

ϕ1 ' ϕ2 ' ϕ (3.8a)

l1 ' l +
deff

2 sin θ cosϕ

l2 ' l − deff
2 sin θ cosϕ

 for phase variations (3.8b)

l1 ' l2 ' l for amplitude variations (3.8c)

where l1 and l2 are respectively the distances from the far field observation point p

to O1 and to O2, ϕ1 and ϕ2 are the angles between the x axis and the objections of

l1 and l2 on xy plane. Thus the array’s far field electric field can be newly expressed

as:

EaCLA(l, θ, ϕ) =Z0
rk |I1| e−ikl

2l
J1(kr sin θ)

×

{
(

∣∣∣∣I2I1
∣∣∣∣+ 1)

[
cos

1

2
(kdeff sin θ cosϕ+ β)

]

+ i(

∣∣∣∣I2I1
∣∣∣∣− 1)

[
sin

1

2
(kdeff sin θ cosϕ+ β)

]} (3.9)
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Then the array’s far field average radiated energy density will be [10]:

PaCLA(l, θ, ϕ) =
Z0r

2k2 |I1|2

8l2
J2
1 (kr sin θ)

×

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]

=
1

2

|E1CLA(l, θ, ϕ)|2

Z0

×

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]

= P1CLA(l, θ, ϕ)

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]
(3.10)

Comparing Equation 3.10 with Equation 3.6, there is only one difference existing

inside the square brackets on the right hand side: at the position of sin θ cosϕ for

Equation 3.10, it is cosϕ′ for Equation 3.6. However if the array of two isotropic

antennas shown in Figure 3.1 is put into a 3D coordinate system shown in Figure 3.7,

the term cosϕ′ will be equivalently converted to sin θ cosϕ. Therefore, even though

these two equations are for different arrays, they show a common appearance. Based

on these two equations, an energy pattern multiplication rule can be introduced anal-

ogous to the field pattern multiplication rule: for a two-element array of two identical

elements, the far field radiated energy density equals to the product of the first el-

ement’s radiated energy density, at a specific reference point, and the energy array

factor. The energy array factor is:

AFp =

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]
(3.11)

Although the energy pattern multiplication rule and the energy array factor are

extracted only based on the array in Figure 3.1 and the array in Figure 3.7, their

validity remains for any other arrays of two identical elements whether the elements

are uniformly excited or not.
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3.4 Q|κ| = γλ/deff : Parasitic Endfire Arrays of Two

Magnetic Dipoles

For an arbitrary parasitic endfire array of two identical magnetic dipoles (shown in

Figure 3.4), with the help of the energy pattern multiplication rule introduced in last

section, the far field radiated energy density can be calculated through Equation 3.12.

Here a parasitic array means that only the array’s first element (left) is driven by a

source, with the second element being excited only through inductive coupling.

Padip(l, θ, ϕ) = P1dip(l, θ, ϕ)

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]
(3.12)

where P1dip(l, θ, ϕ) is the far field radiated energy density of the first magnetic dipole,

I1 and I2 are respectively the currents carried by the first and the second elements,

β = ∠(I2/I1) is the phase difference of these two currents, k is the wave number, and

deff is the effective separation distance between the two dipole elements. Considering

the far field expression of P1dip(l, θ, ϕ), the array’s normalized far field average radiated

energy density can then be calculated through:

Pandip(θ, ϕ) = sin2 θ

[∣∣∣∣I2I1
∣∣∣∣2 + 1 + 2

∣∣∣∣I2I1
∣∣∣∣ cos(kdeff sin θ cosϕ+ β)

]
(3.13)

The current ratio I2/I1 can be expressed as Equation 3.14, based on an equivalent

circuit shown in Figure 3.11 [96] [97], assuming only magnetic coupling being present

in between the two elements.

I2
I1

=

κ

2
i

Q
+
(ω0

ω

)2
− 1

(3.14)
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where a harmonic time dependence eiωt is assumed, ω is the operational angular

frequency, ω0 is the single element’s resonant angular frequency, κ = 2Lm/L is the

magnetic coupling coefficient, and Q = ω0L/R is the single element’s Q factor.

Figure 3.11: The equivalent circuit for an arbitrary parasitic endfire array of two
identical magnetic dipoles; Here between the two elements, only magnetic coupling
(Lm) is present.

After substituting Equation 3.14 back into Equation 3.13, it can be clearly seen

that if the effective separation deff is set to be a specific fraction of the operational

wavelength, the array’s far field radiation pattern will be determined by three factors:

the Q factor, the coupling coefficient κ and the frequency ratio ω0/ω. The relation-

ship between these factors is studied when the array’s maximum endfire directivity

is achieved for deff = 0.01λ, deff = 0.05λ and deff = 0.1λ. With κ limited within

a reasonable range (−1 ≤ κ ≤ −0.01) [98], and for each κ value with Q and ω0/ω

chosen for the maximum endfire directivity value, the array’s maximum endfire di-

rectivity values and the chosen Q values for different κ are calculated and presented

in Figure 3.12. According to the figures, as the relative separation deff/λ increases,

the array’s maximum achievable endfire directivity is reduced. Corresponding to the

maximum endfire directivity, the optimal Q factor also decreases as the relative sepa-

ration increases (Figure 3.12(b)). It can be seen from Figure 3.12(b) that in order to
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achieve superdirectivity at a lower κ value, a higher Q factor is required which may

be difficult to realize in practice. In addition, the optimal Q factor apparently shows

a same declining trend as the term λ/(|κ|deff ) shows. By introducing a constant

number γ, the following relationship can be easily obtained:

Q|κ| = γ
λ

deff
(3.15)

where γ is a constant number around 0.75. This relationship is specifically valid

when the maximum endfire directivity is achieved for an arbitrary parasitic array of

two identical magnetic dipoles regarding the magnetic inductive coupling as the only

coupling between the two magnetic dipole elements.
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Figure 3.12: (a) The maximum far field directivity and (b) the corresponding optimal
Q factor for: deff = 0.01λ, deff = 0.05λ and deff = 0.1λ; Here the Q factor is a single
magnetic dipole element’s Q factor and all the curves are plotted in logarithm scale.
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3.5 Non-uniform Currents

In this section, a method of calculating the radiated energy of a two-element array of

electrically small slotted CLAs carrying non-uniform currents (NCLAs), is introduced.

The slots are also called gaps here. Figure 3.13 shows such an array.

(a) (b)

(c)

Figure 3.13: (a) One array of two electrically small slotted CLAs carrying non-uniform
currents (NCLAs), (b) its coordinate system and (c) its top view: O1 and O2 are the
two NCLAs’ centres, deff is the distance between O1 and O2, d = deff − 2r, g is the
same dimension of the two elements’ gaps; Vectors ~u1 and ~u2, along with angles α1

and α2, are defined to determine the two NCLAs’ rotating orientations; While Vectors
~ν1 and ~ν2, along with angles ϑ1 and ϑ2, are defined to indicate specific locations of
currents ~i1 and ~i2 on the two NCLAs.

For any of following derivations and calculations, a harmonic time dependence

eiωt is always assumed: i is the imaginary unit, ω is the angular frequency. Then the

electric field can be expressed as Equation 3.16 using Ampère’s circuital law (with
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Maxwell’s addition) [99] [100].

~E =
1

iε0µ0ω

(
O× ~B − µ0

~J
)

(3.16)

where ε0 is the free space permittivity, µ0 is the free space permeability, ~B is the

magnetic field, and ~J is the electric current density. The magnetic field can also be

written as the curl of the magnetic potential: O × ~A. Thus, using the property of

cross product, the electric field now becomes [99]:

~E =
1

iε0µ0ω

[
O
(
O · ~A

)
− O2 ~A− µ0

~J
]

(3.17)

For a homogeneous medium, using the Lorenz gauge, there is an expression [99] [100]:

−µ0
~J = O2 ~A+ ε0µ0ω

2 ~A (3.18)

Substituting Equation 3.18 into Equation 3.17, the electric field can now be expressed

only in term of magnetic potential ~A as:

~E = − i

ε0µ0ω
O
(
O · ~A

)
− iω ~A (3.19)

In far field, the radiation fields of an antenna can be treated as a plane wave.

Therefore, the following approximation can be adopted here:

O ∼ −ikl̂ (3.20)

where l̂ is the unit vector pointing the observation point. Then considering the total

far field radiation sphere, the electric field can be further simplified as:

~E = −iω
(
θ̂Aθ + ϕ̂Aϕ

)
(3.21)
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The NCLAs shown in Figure 3.13 are infinitely thin loops, so the filament current

approximation can be used here [101]. Thus, the vector magnetic potential for these

two NCLA elements can be calculated through:

~A1,2 =
µ0r

4π

∫ ϑ
′

ϑ0

~i1,2 (ϑ1,2 + α1,2)
e−ikLEN(~ν1,2,~l1,2)

LEN
(
~ν1,2,~l1,2

)dϑ1,2 (3.22)

where ϑ0 = sin−1 (g/2reff ) and ϑ
′

= 2π − sin−1 (g/2reff ) are the staring and ending

points of the integral, corresponding to the two edges of the gap of each of the two

elements, and LEN
(
~ν1,2,~l1,2

)
=
∣∣∣~l1,2 − ~ν1,2∣∣∣ are the distances from the points on

the two elements ,corresponding to the angles ϑ1,2 + α1,2, to the observation point p,

corresponding to the vector ~l1,2, respecting to the local origins O1,2. Here, using far

field approximations shown in Equation 3.23, the magnetic potential is turned into

Equation 3.24.

LEN
(
~ν1,2,~l1,2

)
' l − ~ν1,2 · l̂ for phase variations (3.23a)

LEN
(
~ν1,2,~l1,2

)
' l for amplitude variations (3.23b)

~A1,2 =
µ0r

4π

e−ikl

l

∫ ϑ
′

ϑ0

~i1,2 (ϑ1,2 + α1,2) e
ik~ν1,2·l̂dϑ1,2 (3.24)

Applying the coordinate systems’ transformation knowledge, ~ν1,2 · l̂ can be calculated

as:

~ν1 · l̂ = −r sin θ cos(ϕ+ ϑ1 + α1)−
deff

2
sin θ cosϕ (3.25a)

~ν2 · l̂ = −r sin θ cos(ϕ+ ϑ2 + α2) +
deff

2
sin θ cosϕ (3.25b)

Borrowing the method of determining the current in [10] for calculating the radiation
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fields of a small loop antenna, the currents ~i1,2(ϑ1,2 + α1,2) can be expressed as:

~i1(ϑ1 + α1) = ϕ̂ [−iϕ1(ϑ1) cos(ϕ+ ϑ1 + α1)] (3.26a)

~i2(ϑ2 + α2) = ϕ̂ [−iϕ2(ϑ2) cos(ϕ+ ϑ2 + α2)] (3.26b)

Then substituting Equation 3.25 and Equation 3.26 back into Equation 3.24, the

magnetic potential now can be written as:

~A1 =ϕ̂Aϕ1

=ϕ̂
µ0r

4π

e−ikl

l
e−ik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕ1 (ϑ1) cos(ϕ+ ϑ1 + α1)e
ikr sin θ cos(ϕ+ϑ1+α1)dϑ1

(3.27a)

~A2 =ϕ̂Aϕ2

=ϕ̂
µ0r

4π

e−ikl

l
eik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕ2 (ϑ2) cos(ϕ+ ϑ2 + α2)e
ikr sin θ cos(ϕ+ϑ2+α2)dϑ2

(3.27b)

Now substituting Equation 3.27 into Equation 3.21, the far field radiation electric

field can be calculated as:

~E1 =ϕ̂Eϕ1 = ϕ̂ (−iωAϕ1)

=ϕ̂
−iµ0ωr

4π

e−ikl

l
e−ik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕ1 (ϑ1) cos(ϕ+ ϑ1 + α1)e
ikr sin θ cos(ϕ+ϑ1+α1)dϑ1

(3.28a)
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~E2 =ϕ̂Eϕ2 = ϕ̂ (−iωAϕ2)

=ϕ̂
−iµ0ωr

4π

e−ikl

l
eik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕ2 (ϑ2) cos(ϕ+ ϑ2 + α2)e
ikr sin θ cos(ϕ+ϑ2+α2)dϑ2

(3.28b)

The average radiation energy density in far field is then can be computed through:

Pa(l, θ, ϕ) =
|Eϕ1 + Eϕ2|2

2Z0

(3.29)

Once the elements’ dimensions, the operation frequency and the observation point are

fixed, the term −iµ0re
−ikl/(4πl) can be treated as a constant. Thus, the normalized

far field average radiation energy density can be expressed as:

Pan(θ, ϕ) =
Pa(l, θ, ϕ)2Z0∣∣∣∣−iµ0re

−ikl

4πl

∣∣∣∣2
=ω2

∣∣∣∣∣
2∑

m=1

e(−1)
mik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕm (ϑ) cos(ϕ+ ϑ+ αm)eikr sin θ cos(ϕ+ϑ+αm)dϑ

∣∣∣∣∣
2

(3.30)

The normalized current distribution iϕnm(ϑ) (m = 1, 2) can be known from [102] [103] [104]

as (Details are further explained in Chapter 4.):

iϕnm(ϑ) =
iϕm(ϑ)

Im

=
iϕm(ϑ)

iϕm(π)
(m = 1, 2)

=

∣∣∣∣∣∣∣∣
ln

{
sin

[
1

2
sin−1

( g
2r

)]}
− ln

[
sin

(
ϑ

2

)]
ln

{
sin

[
1

2
sin−1

( g
2r

)]}
∣∣∣∣∣∣∣∣

(3.31)
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So now the normalized far field average radiation energy density becomes:

Pan(θ, ϕ) =ω2

∣∣∣∣∣
2∑

m=1

Ime
(−1)mik

deff
2

sin θ cosϕ

×
∫ ϑ

′

ϑ0

−iϕnm (ϑ) cos(ϕ+ ϑ+ αm)eikr sin θ cos(ϕ+ϑ+αm)dϑ

∣∣∣∣∣
2 (3.32)

where I1,2 = iϕ1,2(π) are respectively the currents, with maximum magnitudes, on

the first and second NCLA element, which can also be regarded as the excitation

coefficients. Their values will be determined in next chapter.

3.6 Conclusion

In conclusion, even though for an array of two isotropic radiators, an array of two

magnetic dipoles and an array of two CLAs, the theoretical limit directivity values

(4, 5.25 and 5.25) can be achieved with appropriate combinations of small separation

distance deff and near-π phase difference β, the largest directivity of an array of two

electrically small CLAs which have a similar electrical size, with what r = 10.6mm

working at f = 1.9GHz indicates, can only be lower than 5.

Analogous to the pattern multiplication rule, the far field radiated energy density

of an array of two identical elements, with different excitation currents (even only

one element excited), can be calculated through calculating the product of the first

element’s far field radiated energy density and an energy array factor.

Specifically for an arbitrary parasitic array of two identical magnetic dipoles, when

its maximum endfire directivity is achieved, there exists a following relationship:

Q|κ| = γλ/deff (γ is a constant value around 0.75).

Through a detailed derivation, the far field radiation energy pattern of an array

of two NCLAs only depends on the operational frequency f , the elements’ separation

distance deff and the rotating orientation angles α1 and α2, if the two elements’
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maximum currents, I1 and I2, are known. To determine these maximum currents will

be one key topic in next chapter.
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Chapter 4

Metamaterial Electrically Small

Two-Element Parasitic Arrays and

Superdirectivity

A two-element parasitic array comprised of identical electrically small metamaterial

elements is studied in this chapter based on two main approximations: 1. In order to

analyse the array’s current behaviours (mainly the maximum currents carried by the

two elements), one single metamaterial element, a standard singly split ring resonator

(SSRR), is treated as a resonant LCR circuit; 2. For calculating the array’s radiated

energy, the array is regarded as an array of two NCLAs (introduced in Chapter 3).

First, the concept of metamaterials is briefly explained. Then an equivalent LCR

circuit of a single standard SSRR is illustrated, and the relevant circuit’ electrical

components’ values (inductance L, capacitance C and resistance R) are identified

through a numerical regression subject to simulation results. Next, based on the

single SSRR’s equivalent circuit, a new equivalent circuit for a two-SSRR parasitic

array is introduced, which leads to the recognition of the two coupled SSRRs’ max-

imum currents, key required values to calculate the array’s radiated energy. Then
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combining this equivalent circuit and the method of calculating a two-NCLA array’s

radiated energy (introduced in Section 3.5) forms an analytical model, which allows

to easily but accurately predict the far field radiation behaviours of an electrically

small parasitic array of two SSRRs (the two SSRRs are not necessarily standard and

identical), based on certain information of the array. Then a directivity map for

such a two-SSRR parasitic array is produced and the right conditions, with which

the highest directivity can be reached, is identified for the design of a superdirective

array. In the end, the importance of the forementioned analytical model is discussed.

The main new contributions in this Chapter include: 1. The new equivalent

circuits for a single SSRR and for a two-SSRR parasitic array; 2. A new method of

calculating the mutual capacitance between two SSRRs; 3. A new compact analytical

model for predicting the far field radiation behaviours of a two-SSRR parasitic array;

4. An endfire directivity map for a two-SSRR parasitic array and a ‘CC’ superdirective

structure predicted by the analytical model.

4.1 Metamaterials

One commonly accepted definition of metamaterials is that a metamaterial is an

artificial material in which the electromagnetic properties, as presented by the per-

mittivity and permeability, can be controlled. Metamaterials are made up of periodic

arrays of metallic resonant elements. Both the size of the element and the unit cell

are small relative to the free space wavelength [98].

Metamaterials can be epsilon negative materials (ENG), mu negative materials

(MNG), or double negative materials (DNG) [105]. The metamaterial elements used

in this thesis, namely SSRR (the simplest realization of an LC circuit as a metama-

terial element), is a type of MNG.
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4.2 Singly Split Ring Resonator

The equivalent LCR circuit for an electrically small standard SSRR (see Figure 4.1(a)),

considering the similarity between this SSRR and a loop antenna [106] [10] [107], is

introduced and displayed in Figure 4.1(b). The SSRR’s dimension is: r = 0.011m,

g = 0.002m, h = 0.005m, w = 0.0008m and reff = r − w/2 = 0.0106m, while the

electrical components (inductance L, capacitance C and resistance R) of the equiva-

lent circuit are yet to be determined.

(a) (b)

Figure 4.1: (a) A standard SSRR and (b) its equivalent circuit.

Conventionally a SSRR is treated as a one turn circular coil of rectangular section,

and its self-inductance L can be calculated through [108] [109]:

L = µ0reff

{[
1 +

0.6711(h+ w)2

16r2eff

]
ln

8reff
0.2237(h+ w)

−

[
2 +

0.2237(h+ w)2

16r2eff

]} (4.1)

where µ0 is the free space permeability. Because the ring’s height h and thickness

w are both fairly small compared with its effective radius reff , Equation 4.1 can be

simplified and rewritten as Equation 4.2 [97], which is easier to use. The value of this
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SSRR’s inductance is then 2.907× 10−8H.

L = µ0reff

[
ln

8reff
(h+ w)

− 1

2

]
(4.2)

For calculating the self-capacitance, a SSRR can be modelled as a one turn cir-

cular coil with a long enough circumference, a small enough gap and a high enough

conductivity [102]. Via analysing the electric field and the surface charges, the self-

capacitance C can be obtained through [97] [103]:

C = ε0

[
(h+ g)(w + g)

g
+

2(h+ w)

π
ln

4reff
g

]
(4.3)

where ε0 is the free space permittivity. The capacitance value is 1.866× 10−13F .

The input impedance of the SSRR can be expressed in terms of the L, C and R

as:

Zin =
1

1

R + iωL
+ iωC

(4.4)

where a time dependence factor eiωt is adopted. Letting the imaginary part of the Zin

equal to zero, the circuit’s angular resonance frequency can be calculated using Equa-

tion 4.5. According to the impedance curve (Figure 4.2) produced by a simulation

using the CST MW Studio, the SSRR’s resonance frequency is 1.957GHz. Substi-

tuting this frequency value, along with the values of L and C, into Equation 4.5, the

circuit’s resistance R can be computed and its value is 167.383Ω.

ω0 = 2πf0 =

√
1

LC
−
(
R

L

)2

(4.5)

Knowing the values of L, C and R, the analytical input impedance can be cal-

culated. This analytically calculated impedance is plotted against frequency f and

displayed in Figure 4.3, with the simulation data of Figure 4.2 as a reference. Ap-

parently the analytical result shows a failure of describing the SSRR’s impedance be-
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Figure 4.2: The input impedance of the SSRR, where <(Zin CST ) and =(Zin CST )
are respectively the real and imaginary parts; =(Zin) = 0, for f0 = 1.957GHz: from
CST simulations.

haviour. Because the value of R is calculated using the resonance frequency provided

by simulations, it can be easily concluded that both Equation 4.2 and Equation 4.3

are suitable for the equivalent circuit of a small loop antenna [10] rather than this

equivalent circuit shown in Figure 4.1 for a SSRR.

In order to settle the significant disagreement problem shown in Figure 4.3, a new

purely numerical method of determining L, C and R is introduced. Since the CST

simulations’ data is commonly accepted to be reliable, it is reasonable to directly use

the CST data of input impedance and current as the reference for a curve fitting op-

eration of Equation 4.4 and Equation 4.6. The MATLAB function lsqcurvefit [110]

allows such a non-linear fitting to be implemented and meanwhile provides the cor-

responding values of L, C and R for the fitted curves. Equation 4.6, with Kirchhoff’s

Current Law used [111] and the source current (I0) set to be 1A, provides the maxi-

mum current carried by the excited SSRR. The fitted curves are plotted and presented

in Figure 4.4 and Figure 4.5, with the simulation results as references. The finally
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Figure 4.3: The numerically simulated result and the analytically calculated result
of the SSRR’s impedance, where <(Zin cal) and =(Zin cal) are respectively the real
and imaginary parts of the analytically calculated input impedance.

determined values of L, C and R for the fitted curves are respectively 2.402×10−8H,

2.751× 10−13F and 10.065Ω.

I =
I

I0

=

1

iωL
1

iωL
+ iωC +

1

R

(4.6)
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Figure 4.4: The best fitted curves of the SSRR’s impedance, where <(Zin fit) and
=(Zin fit) are respectively the real and imaginary parts of the best fitted input
impedance.
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Figure 4.5: (a) The amplitude and (b) the phase of the circuit current I.
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The simulation model for obtaining the CST current data is shown in Figure 4.6,

where an ideal current port, which supplies a current of I0 = 1A, is applied to the

SSRR. With the CST Frequency Domain Solver used and a rectangular curve Υ

(5.6mm × 1.4mm) defined, CST can efficiently figure out the current threading the

surface enclosed by Υ through implementing the Ampere’s Law [112] [113] [114]. In

reality, the SSRR surely has a non-uniform current distribution, and Υ’s position

implies that the simulated current data obtained is the maximum current [115] [104].

For the purpose of this project, the equivalent circuit introduced here is only to

describe a SSRR element’s maximum current behaviours.

Based on the very good agreement shown in Figure 4.4 and Figure 4.5, it is very

easy to conclude that the equivalent circuit proposed in Figure 4.1, along with its

numerically determined components’ values, is well working for describing a standard

SSRR element’s impedance and current behaviours.
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Figure 4.6: The CST simulation model for a standard SSRR to acquire the current-
frequency curve, where I0 is the source current generated by an ideal current port,
Υ is a rectangular curve defined at the opposite-to-the-gap position on the ring to
perform the Ampere’s Law.

There are two main reasons why the simulation data of the CST MW Studio

can be regarded as being reliable and accurate. First, sufficient research [116–125]

which involve comparisons between measured results and the studio’s simulation re-

sults have supported the studio’s reliability and accuracy. Second, the simulation

of the CST STUDIO SUITE is based on the Finite Integration Technique (FIT).

The technique mainly applies the integral form of Maxwell’s equations to a specific

domain which is split into many small elements through creating a suitable mesh sys-

tem [126] [127]. Therefore if both the calculation domain (here a Perfectly Matched

Layer-PML boundary) and the mesh system are properly defined, the simulation re-

sult would be very accurate. The important settings of the CST MW Studio for all

simulations in this thesis are listed in Table 4.1 and the mesh views for a single SSRR

and the bounding box in the studio are shown in Figure 4.7.
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Background material Vacuum (normal)
Boundary condition Open (add space)
PML boundary: Estimated reflection level 0.0001
PML boundary: Automatic minimum distance to structure 2λ at 1GHz
Frequency 1 ∼ 3GHz
Frequency domain solver: Broadband sweep General purpose
Frequency domain solver: Mesh type Tetrahedral
Adaptive mesh refinement: Passes 8 ∼ 18
Adaptive mesh refinement: S-parameter criterion Threshold 0.002, Checks 2

Table 4.1: The important settings of the CST MW Studio for all simulations in this
thesis.

(a) (b)

Figure 4.7: The mesh views of (a) a single SSRR element and (b) the bounding box
(PML boundary).
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(a)

(b)

Figure 4.8: (a) The perspective view and (b) the top view of a two-SSRR array, where
virtual vectors ~u1 and ~u2 are defined to control the two elements’ orientations through
changing the angles α1 and α2; α1 and α2 can be arbitrary values in between 0 and
2π.
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4.3 Two-SSRR Parasitic Array: Circuit and Cur-

rents

Based on the single SSRR’s equivalent circuit, it is convenient to analytically model

a two-SSRR parasitic array, shown in Figure 4.8, as a lumped circuit presented in

Figure 4.9 [97] [128] [129]. Lm and Cm together represent the mutual coupling be-

tween the two SSRR elements, and their expressions can be directly derived from the

calculation of mutual energy [115] [130].

In this Section, in order to obtain the two SSRRs’ maximum currents (I1 and

I2) for calculating the two-SSRR array’s radiated energy: Firstly a circuit analysis is

performed according to Figure 4.9, leading to the expressions of the two maximum

currents; Then the mutual coupling (Lm and Cm) is thoroughly investigated, which

makes the currents’ expressions practically usable.

Figure 4.9: The equivalent circuit for a two-SSRR parasitic array, where only the
first element is excite by an ideal current source, Lm is the mutual inductance and
Cm is the mutual capacitance, these two terms together present the mutual coupling
between the two SSRRs.
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4.3.1 Circuit Analysis

For Figure 4.9, using both Kirchhoff’s Voltage Law and Current Law [111], the fol-

lowing four equations can be written:

V1 = iω(L1I1 + LmI2) + I1R1 (4.7a)

V2 = iω(LmI1 + L2I2) + I2R2 (4.7b)

I1C = iω(C1V1 + CmV2) (4.7c)

−I2 = iω(CmV1 + C2V2) (4.7d)

where a time dependence of eiωt is assumed. Dividing Equation 4.7a and Equa-

tion 4.7b by V1 on both sides, two new equations can be obtained as:

1 = (iωL1 +R1)
I1
V1

+ iωLm
I2
V1

(4.8a)

V2
V1

= iωLm
I1
V1

+ (iωL2 +R2)
I2
V1

(4.8b)

Considering Equation 4.7d, the term I2/V1 can be easily got as:

I2
V1

= −iωCm − iωC2
V2
V1

(4.9)

Then applying Equation 4.9 to Equation 4.8 and eliminating the term V2/V1, the

normalized current I1/V1 is now:

I1
V1

=

ω2LmCm − 1

ω2LmC2

− ω2L2Cm − iωCmR2

ω2L2C2 − iωC2R2 − 1
iωLm

ω2L2C2 − iωC2R2 − 1
− iωL1 +R1

ω2LmC2

(4.10)
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Then the term V2/V1 can be expressed in term of I1/V1 as:

V2
V1

=
1− ω2LmCm − (iωL1 +R1)

I1
V1

ω2LmC2

(4.11)

Substituting Equation 4.11 back into Equation 4.9 and Equation 4.7c, the normalized

I2/V1 and I1C/V1 can be calculated. Therefore, the required currents I1 and I2 can be

calculated through Equation 4.12 given that the source current I0 is set to be 1A, once

the normalized I1/V1 can be computed. On the right-hand side of Equation 4.10, only

Lm and Cm are unknown. The mutual inductance Lm and the mutual capacitance

Cm, derived from the mutual magnetic and electric energy of the two SSRRs, are

about to be determined in next Subsection.

I0
V1

=
I1
V1

+
I1C
V1

(4.12a)

I1 =
I1
I0

=
I1/V1
I0/V1

(4.12b)

I2 =
I2
I0

=
I2/V1
I0/V1

(4.12c)

4.3.2 Mutual Coupling

In order to calculate the mutual inductance Lm and the mutual capacitance Cm, new

vectors, scalars and angles are defined and shown in the following sketch. Where the

two SSRRs are treated as two infinite thin red open circular strings.
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Figure 4.10: A sketch of the two-SSRR array for calculating the mutual inductance
and the mutual capacitance, where the two elements are treated as two infinite thin
red open circular strings, ds1 and ds2 are two arbitrary infinitesimal lengths of the
two strings; Vectors ~ν1 and ~ν2, along with angles ϑ1 and ϑ2, are defined to indicate
the positions of ds1 and ds2.

4.3.2.1 Mutual Inductance

From the perspective of circuit theory, it is not difficult to realize that the mutual

magnetic energy of the array in Figure 4.10 can be expressed in term of mutual

inductance and currents as [131]:

Wm,mut = LmI1I2 (4.13)

where I1 and I2 are the maximum currents flowing along the two rings, according

to Section 4.2, and also the currents flowing through the circuit’s two self-inductors,

corresponding to the circuit in Figure 4.9.

While from the field perspective, the mutual magnetic energy can also be calcu-

lated through the following equation [97] [131]:

Wm,mut =
1

2

∫
V

(
~A1 · ~J2 + ~A2 · ~J1

)
dV (4.14)
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where ~J1 and ~J2 are the two SSRRs’ current densities, ~A1 and ~A2 are respectively

the vector potentials generated by the first SSRR’s current and the second SSRR’s

current. The retarded vector potential at position ~ν created by a current located at

~ν ′ can be expressed as [97] [99]:

~A (~ν) =
µ0

4π

∫
V

~J
(
~ν ′
)
e−ik|~ν−

~ν′|

|~ν − ~ν ′|
dV ′ (4.15)

Combining Equation 4.15 with Equation 4.14 and then applying the symmetry:∫
V
~A1 · ~J2dV =

∫
V
~A2 · ~J1dV , the mutual magnetic energy for the system of Figure 4.10

is now:

Wm,mut =
µ0

4π

∫
V

∫
V

~J1 (~ν1) · ~J2 (~ν2) e
−ik| ~ν2− ~ν1|

|~ν2 − ~ν1|
dV1dV2 (4.16)

where dV1 and dV2 are the infinitesimal volumes of the elements: SSRR1 and SSRR2.

For our SSRRs, it is sufficient to neglect the rings’ cross-sectional areas. Thus

by introducing the filament approximation [132], the current densities at ~ν1 and ~ν2

can be replaced by two filament currents ~i1 (~ν1) and ~i2 (~ν2), and the double volume

integral can be transformed into a double length integral, displayed as Equation 4.17.

Wm,mut =
µ0

4π

∫ ∫ ~i1 (~ν1) · ~i2 (~ν2) e
−ik| ~ν2− ~ν1|

|~ν2 − ~ν1|
ds1ds2 (4.17)

Treating the two SSRRs as filaments, the position vectors ~ν1 and ~ν2 can be replaced

by angles ϑ1 + α1 and ϑ2 + α2, and then the length |~ν2 − ~ν1| can be expressed as:

|~ν2 − ~ν1| = δν =
√
δx2 + δy2 (4.18a)

δx = deff − reff cos(ϑ2 + α2) + reff cos(ϑ1 + α1) (4.18b)

δy = reff sin(ϑ2 + α2)− reff sin(ϑ1 + α1) (4.18c)

where deff is the effective separation distance between the two SSRRs and reff is
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the SSRRs’ effective radius. So in terms of angles, Equation 4.17 can further be

transformed into:

Wm,mut =
µ0r

2
eff

4π

∫ ϑ′

ϑ0

∫ ϑ′

ϑ0

∣∣∣~i1 (ϑ1 + α1)
∣∣∣ ∣∣∣~i2 (ϑ2 + α2)

∣∣∣
δν

× cos(ϑ2 + α2 − ϑ1 − α1)e
−ikδνdϑ1dϑ2

(4.19)

where ϑ0 and ϑ′ are the angles between the vector ~ν1,2 and the vector ~u1,2 when

the position vector ~ν1,2 is indicating the gap edges of SSRR1,2. Their values can be

calculated through:

ϑ0 = sin−1
(

g

2reff

)
(4.20a)

ϑ′ = 2π − sin−1
(

g

2reff

)
(4.20b)

Comparing Equation 4.19 with Equation 4.13, the mutual inductance Lm can be

computed through:

Lm =
µ0r

2
eff

4π

∫ ϑ′

ϑ0

∫ ϑ′

ϑ0

∣∣∣~i1n (ϑ1 + α1)
∣∣∣ ∣∣∣~i2n (ϑ2 + α2)

∣∣∣
δν

× cos(ϑ2 + α2 − ϑ1 − α1)e
−ikδνdϑ1dϑ2

(4.21)

where ~i1n (ϑ1 + α1) = ~i1 (ϑ1 + α1) /I1 and ~i2n (ϑ2 + α2) = ~i2 (ϑ2 + α2) /I2 are the

normalized values of the currents flowing along the two SSRRs, and I1 and I2 are

respectively the maximum values of
∣∣∣~i1 (ϑ1 + α1)

∣∣∣ and
∣∣∣~i2 (ϑ2 + α2)

∣∣∣.
Based on the analytical expression of the electric field of a single-turn conducting

coil with an infinitesimal gap [102], the charge density of our SSRRs for any angle

ϑ1,2 + α1,2 can be obtained as [103] [104]:

ρ1,2(ϑ1,2 + α1,2) = (h+ w)
ε0V1,2
πreff

cot

(
ϑ1,2

2

)
(4.22)
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where V1,2 are the voltages over the gaps of SSRR1,2. With the help of the continuity

equation, the magnitude of the filament current can be derived as [97] [104]:

∣∣∣~i1,2(ϑ1,2 + α1,2)
∣∣∣ =iϕ1,2(ϑ1,2)

=

∣∣∣∣∣∣∣∣2ω(h+ w)
ε0V1,2
π

ln


sin

[
1

2
sin−1

(
g

2reff

)]
sin

(
ϑ1,2

2

)

∣∣∣∣∣∣∣∣

(4.23)

Then after the normalization, the terms
∣∣∣ ~i1n (ϑ1 + α1)

∣∣∣ and
∣∣∣ ~i2n (ϑ2 + α2)

∣∣∣ in Equa-

tion 4.21 are finally acquired as:

∣∣∣~i1n (ϑ1 + α1)
∣∣∣ =

∣∣∣~i1 (ϑ1 + α1)
∣∣∣

I1

=
iϕ1 (ϑ1)

iϕ1 (π)

=

∣∣∣∣∣∣∣∣
ln

{
sin

[
1

2
sin−1

(
g

2reff

)]}
− ln

[
sin

(
ϑ1

2

)]
ln

{
sin

[
1

2
sin−1

(
g

2reff

)]}
∣∣∣∣∣∣∣∣

(4.24a)

∣∣∣~i2n (ϑ2 + α2)
∣∣∣ =

∣∣∣~i2 (ϑ2 + α2)
∣∣∣

I2

=
iϕ2 (ϑ2)

iϕ2 (π)

=

∣∣∣∣∣∣∣∣
ln

{
sin

[
1

2
sin−1

(
g

2reff

)]}
− ln

[
sin

(
ϑ2

2

)]
ln

{
sin

[
1

2
sin−1

(
g

2reff

)]}
∣∣∣∣∣∣∣∣

(4.24b)

4.3.2.2 Mutual Capacitance

Following an analogous derivation procedure to that for the mutual inductance, with

the vector potentials replaced by scalar potentials and with the current densities

61



replaced by charge densities, the mutual electric energy can be obtained as:

We,mut =
r2eff
4πε0

∫ ϑ′

ϑ0

∫ ϑ′

ϑ0

ρ1 (ϑ1 + α1) ρ2 (ϑ2 + α2) e
−ikδν

δν
dϑ1dϑ2 (4.25)

where ϑ0 and ϑ′ can be calculated through Equation 4.20, δν is given by Equation 4.18,

and ρ1,2(ϑ1,2 + α1,2) is computed using Equation 4.22.

The calculation of the mutual capacitance is not as straightforward as that of the

mutual inductance, because different from the mutual magnetic energy, the mutual

electric energy is certainly not equal to the product of the mutual capacitance and the

SSRRs’ charges. The following algebraic derivation can explain why and can provide

a final expression of the mutual capacitance.

From the circuit perspective, the total electric energy of the coupled two-SSRR

system can be calculated through [133]:

We =
q1V1

2
+
q2V2

2
(4.26)

where V1 and V2 are the voltages over the two SSRRs’ self-capacitors C1 and C2, and

q1 and q2 are the charges of the these two self-capacitors. q1 and q2 can be calculated

through [133]:

q1 = C1V1 + CmV2 (4.27a)

q2 = CmV1 + C2V2 (4.27b)

Reorganizing these two equations, V1 and V2 can be expressed in terms of q1 and q2

as:

V1 =
C2q1 − Cmq2
C1C2 − C2

m

(4.28a)

V2 =
C1q2 − Cmq1
C1C2 − C2

m

(4.28b)

Substituting these two equations back into Equation 4.26, the total electric energy
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can be expressed purely in terms of charges as:

We =
1

2

C2

C1C2 − C2
m

q21 +
1

2

C1

C1C2 − C2
m

q22 −
Cm

C1C2 − C2
m

q1q2 (4.29)

In Equation 4.29, only the last term contains the charges of both the two self-

capacitors, which simply implies:

We,mut = − Cm
C1C2 − C2

m

q1q2 (4.30)

Comparing Equation 4.30 with Equation 4.25, the following relationship can be es-

tablished:

Cm
C1C2 − C2

m

= Wn = −We,mut

q1q2

= −
r2eff
4πε0

∫ ϑ′

ϑ0

∫ ϑ′

ϑ0

ρ1n (ϑ1 + α1) ρ2n (ϑ2 + α2) e
−ikδν

δν
dϑ1dϑ2

(4.31)

where ρ1n (ϑ1 + α1) = ρ1 (ϑ1 + α1) /q1 and ρ2n (ϑ1 + α1) = ρ2 (ϑ1 + α1) /q2 are the

normalized charge densities, and ρ1 (ϑ1 + α1) and ρ2 (ϑ1 + α1) can be calculated

through Equation 4.22. For the SSRRs, the self-capacitors’ charges q1 and q2 can

be computed through:

q1 =

∫ π

ϑ0

ρ1(ϑ1 + α1)reffdϑ1

= −(h+ w)
2ε0V1
π

ln

{
sin

[
1

2
sin−1

(
g

2reff

)]} (4.32a)

q2 =

∫ π

ϑ0

ρ2(ϑ2 + α2)reffdϑ2

= −(h+ w)
2ε0V2
π

ln

{
sin

[
1

2
sin−1

(
g

2reff

)]} (4.32b)
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So the expressions of ρ1n (ϑ1 + α1) and ρ2n (ϑ1 + α1) are:

ρ1n (ϑ1 + α1) =
ρ1 (ϑ1 + α1)

q1

= −
cot

(
ϑ1

2

)
2reff

ln

{
sin

[
1

2
sin−1

(
g

2reff

)]} (4.33a)

ρ2n (ϑ2 + α2) =
ρ2 (ϑ2 + α2)

q2

= −
cot

(
ϑ2

2

)
2reff

ln

{
sin

[
1

2
sin−1

(
g

2reff

)]} (4.33b)

With a known Wn, via solving the quadratic equation Cm/(C1C2 − C2
m) = Wn, the

mutual capacitance is finally obtained as:

Cm =
1−

√
1 + 4C1C2W 2

n

−2Wn

(4.34)

Another root of the quadratic equation is abandoned because it does not meet the

limit condition (Cm = 0, if We,mut → 0).

4.3.3 The Circuit’s Validity

Bringing the obtained Lm and Cm back into Subsection 4.3.1, now the currents, I1 and

I2, of the two-SSRR parasitic array’s equivalent circuit can be calculated. However

before these values provided by the equivalent circuit are finally applied to analysing

the two-SSRR array’s radiation, it is definitely a good idea to first verify that the

circuit is truly reliable for describing the array’s current behaviors. The verification

is implemented through examining the maximum currents on the coupled system’s

two SSRRs (I1 and I2), with the CST simulation data as references, for two randomly

selected rotating configurations (α1 = 15◦, α2 = 185◦ and α1 = 265◦, α2 = 5◦) for two

different separation distances (d = 4mm and d = 8mm). I1 and I2 can be computed
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using Equation 4.12 with the source current I0 set to be 1A. The structures for the

CST simulations are shown in Figure 4.11. The currents’ magnitude and phase cal-

culated based on the circuit analysis, along with the corresponding CST simulation

data, are plotted in Figure 4.12∼ 4.15. According to the good agreements shown in

these figures, especially when the frequency is close to the single element’s resonance

frequency (1.957GHz), it can be naturally concluded that the equivalent circuit (Fig-

ure 4.9) is capable of describing the two SSRRs’ maximum currents’ behaviours for

different configurations.
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(a)

(b)

Figure 4.11: The perspective view of the structures of CST simulations to extract the
maximum currents’ data for: (a) α1 = 15◦, α2 = 185◦ and (b) α1 = 265◦, α2 = 5◦;
Rectangular curves Υ1,2 are defined at each SSRR’s maximum-current position, which
allows the CST to automatically implement the Ampere’s Law; d is the separation
distance and it is set to be 4mm and 8mm.
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Figure 4.12: (a) The magnitude and (b) phase of the currents I1 and I2, the circuit
calculated result (the solid lines) and CST simulated data (the star-dashed lines),
for the rotating configuration: α1 = 15◦, α2 = 185◦, with a separation distance:
d = 4mm.
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Figure 4.13: (a) The magnitude and (b) phase of the currents I1 and I2, the circuit
calculated result (the solid lines) and CST simulated data (the star-dashed lines),
for the rotating configuration: α1 = 15◦, α2 = 185◦, with a separation distance:
d = 8mm.
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Figure 4.14: (a) The magnitude and (b) phase of the currents I1 and I2, the circuit
calculated result (the solid lines) and CST simulated data (the star-dashed lines), for
the rotating configuration: α1 = 265◦, α2 = 5◦, with a separation distance: d = 4mm.
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Figure 4.15: (a) The magnitude and (b) phase of the currents I1 and I2, the circuit
calculated result (the solid lines) and CST simulated data (the star-dashed lines), for
the rotating configuration: α1 = 265◦, α2 = 5◦, with a separation distance: d = 8mm.
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4.4 Two-SSRR Parasitic Array: Superdirectivity

In this section, the parasitic array of two SSRRs is treated as a fully excited array of

two NCLAs described in Section 3.5. Thus, the normalized far field average radiation

energy density of such a two-SSRR array can be computed using Equation 3.32. The

maximum currents I1, I2 are given by the circuit analysis demonstrated in Section 4.3.

Another thing worth mentioning is that the elements’ radius r in Equation 3.32 needs

to be replaced by the SSRRs’ effective radius reff .

With the ready-to-use model, which combines the equivalent circuit (Figure 4.9)

and the Equation 3.32, the appropriate conditions for the two-SSRR parasitic array to

achieve superdirectivity can be identified. In order to clearly identify the conditions,

a directivity map of the endfire direction (θ = π/2 and ϕ = π) is produced for all

possible planar rotating configurations of the two-SSRR array. For simplifying the

calculation, the separation distance is set to be a fixed value: d = 4mm, and the

operational frequency is limited within a range of 1.7 ∼ 2.0GHz considering the

potential superdirectivity may possibly occur at a frequency slightly lower than the

single SSRR element’s resonance frequency.

The resultant directivity map is shown in Figure 4.17, respecting the structure

shown in Figure 4.16. The red areas on the map (Figure 4.17) clearly imply that

with a ‘CC’ structure shown in Figure 4.18, endfire superdirectivity (directivity≥ 4)

can be achieved. The simulation result of directivity for this potential superdirective

structure ‘CC’, within a frequency range of 1.6 ∼ 2.3GHz, is presented in Figure 4.19,

which further confirms that this ‘CC’ structure is exactly a suitable structure for

achieving endfire superdirectivity. More simulation results starting from this structure

will be presented and explained in next chapter. The physical reason underlying the

superdirectivity phenomenon created by this special structure will be discussed in

Chapter 6.
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(a)

(b)

Figure 4.16: (a) The two-SSRR parasitic structure: the combinations of α1 and α2

indicate rotating configurations of the structure, here d = 4mm; and (b) its coordinate
system.
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Figure 4.17: The endfire directivity map for all possible planar rotating configurations;
Dm is the optimal maximum directivity for each configuration; here d = 4mm.

Figure 4.18: The potential superdirective ‘CC’ structure predicted by the analytical
model, here d = 4mm.
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Figure 4.19: The simulation results of the endfire directivity values for the ‘CC’
structure, with d = 4mm.
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Here it is also necessary to emphasize the importance of the powerful but compact

analytical model finally formalized in this Chapter. The analytical model is impor-

tant, not only because it has successfully predicted the ‘CC’ structure, also it has

provided a new possibility of designing parasitic superdirective arrays. Successfully

building and utilizing the model implies that it is actually possible to first build a

compact model to predict potential outcomes before starting simulations and exper-

iments, which can significantly reduce the design time. Both the conventional design

process without an analytical model and our design process with such an analytical

model can be demonstrated in Figure 4.20.

Figure 4.20: The conventional design process and our design process.

4.5 Conclusion

First an equivalent circuit, with its electrical components (L, C and R) determined

through numerical simulations, is proved to be able to describe a single SSRR’s

impedance and current behaviours. Then based on the single SSRR’s equivalent

circuit, a new equivalent circuit for a two-SSRR parasitic array is introduced, which

leads to the recognition of the two coupled SSRRs’ maximum currents, key required

values to calculate the array’s radiated energy. Then combining this equivalent circuit
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and the method of calculating a two-NCLA array’s radiated energy (introduced in

Section 3.5) forms a powerful analytical model, which allows to easily but accurately

predict the far field radiation behaviours of an electrically small parasitic array of two

SSRRs (the two SSRRs are not necessarily standard and identical), based on certain

information of the array, namely the SSRRs’ dimensions, the SSRRs’ electrical com-

ponents (L, C and R), the SSRRs’ rotating orientation angles (α1 and α2), the two

SSRRs’s separation (d) and the array’s operation frequency. Then a directivity map

for such a two-SSRR parasitic array is produced and the right superdirective struc-

ture (the ‘CC’ structure comprised of two standard SSRRs with d = 4mm working at

1.914GHz, achieving an endfire directivity of 4.36) is successfully predicted. Relevant

simulation results for this ‘CC’ structure and its improved versions will be presented

in next chapter. In the end, based on a short discussion, it is concluded that it is

possible to first build a compact analytical model to predict the potential outcomes,

for the design process of a parasitic superdirective array, before starting simulations

and experiments, which can significantly reduce the design time.
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Chapter 5

Superdirective Structures

In this chapter, superdirective structures (the model predicted ‘CC’ structure and

its improved versions) are studied based on simulation results. First, the model

predicted ‘CC’ structure is verified with simulation results and the design principle

behind the superdirective structures in this thesis is discussed. Then, the character-

istics of antenna performance (the maximum directivity, the optimal frequency, the

superdirectivity bandwidth, the efficiency, the beamwidth and the Q factor) for the

superdirective structures are investigated for different elements’ separations. Next,

with the optimal separation distances identified for all the superdirective structures’

best directive performances, the corresponding characteristics of antenna performance

are summarized and presented as tables. In the end, a comparison, concerning the

directive performance, between these superdirective structures and two commercial

two-element Yagi antenna is made.

The main new contributions in this Chapter include: 1. A verification of the model

predicted ‘CC’ superdirective structure; 2. A new design principle for superdirective

structures; 3. A thorough study of the antenna performance characteristics for the

‘CC’ and improved superdirective structures.

77



5.1 The ‘CC’ Structure

The analytical model predicts that a ‘CC’ structure (α1 = 0 and α2 = 0) can achieve

superdirectivity for d = 4mm at specific frequencies. This has already been confirmed

by Figure 4.19. According to the directivity curve shown in Figure 3.10(a), for an

array of two CLAs, the maximum directivity will certainly increase when the sepa-

ration distance between the two elements decreases. In order to examine if the same

trend exists for this ‘CC’ structure (Figure 5.1), a CST simulation is first performed

for a smaller distance, d = 1mm. The resultant endfire directivity curves (θ = π/2

and ϕ = 0&π) are shown in Figure 5.2.

(a) (b)

Figure 5.1: (a) The ‘CC’ structure and (b) its coordinate system.

Superdirectivity indeed occurs in the expected direction (θ = π/2, ϕ = π). How-

ever, the maximum directivity here is apparently smaller than the that (4.36) of the

directivity curve, shown in Figure 4.19, for the case of d = 4mm, which contradicts

the two-CLA array’s directivity changing trend. To further confirm that the trend

does not apply here, another two sets of simulations are implemented with d set

to be 0.6mm and 0.2mm. The resultant endfire directivity curves are displayed in

Figure 5.3.

Based on Figure 5.3, along with Figure 5.2, it seems if the separation distance is
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Figure 5.2: The endfire directivity curves for the ‘CC’ structure when d = 1mm.

too small, when it further decreases, the ‘CC’ structure’s maximum directivity will

decrease rather than increase. The reason why this happens is believed to be that

for this ‘CC’ structure with only one element excited, a proper phase difference of

the two elements’ currents cannot always be guaranteed for each separation distance

chosen, as it is for a two-CLA array with both the two elements excited separately.

In addition, for this ‘CC’ structure, an optimal separation distance should be

located somewhere larger than 1mm, if it exists. For the purpose of identifying

the optimal separation, simulations are run with d set to be 1 ∼ 10mm, and the

obtained superdirective directivity values and their corresponding optimal frequencies

are plotted against the changing separation distance and presented in Figure 5.4.

According to this figure, the optimal separation distance is 4mm, with which the

maximum superdirective directivity of 4.36 is achieved at an optimal frequency of

1.914GHz. The optimal frequency is increasing along with the separation distance

while always keeps lower than the single SSRR element’s resonance frequency.
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Figure 5.3: The endfire directivity curves for the ‘CC’ structure when (a) d = 0.6mm
and (b) d = 0.2mm.
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Figure 5.4: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = π,
and (b) their corresponding optimal frequencies, f0 is the common resonance fre-
quency of the two identical SSRR elements; the effective separation distance deff =
2r+d, where r is the common radius of the two identical SSRRs, λ is the operational
wavelength.
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Other important characteristics of antenna performance obtained from CST sim-

ulations are plotted and shown in Figure 5.5. In Figure 5.5(a), the square-dashed-line

shows a newly introduced parameter, superdirectivity bandwidth. For an electrically

small two-element superdirective antenna, it is defined as the frequency range, in

which the antenna’s directivity is above the threshold value of 4, divided by the op-

timal frequency corresponding to the antenna’s maximum directivity. For the ‘CC’

structure, the superdirectivity bandwidth follows a same trend as the maximum direc-

tivity does when the separation distance increases. Figure 5.5(b) shows the antenna’s

efficiency grows with the increasing separation distance, which mainly results from

the reduction of the ohmic loss due to the weakening of the mutual coupling. The

different trends shown by the efficiency and the maximum directivity also remind

us of another fact: a larger directivity does not necessarily lead to a higher gain.

Figure 5.5(c) indicates the radiation beam will get broader for a larger separation

distance, which can degrade the structure’s directive performance. In Figure 5.5(d),

a decreasing Q-factor curve suggests that for a larger separation distance, more stored

energy, surrounding the antenna, will be released and transformed into radiated en-

ergy. Clearly the optimal separation d = 4mm is identified for the structure’s best

directive performance and best bandwidth performance, but if for certain reasons the

structure needs to be used for specific applications more featuring the efficiency or

the Q factor, the Figure 5.5(b) and 5.5(d) can provide useful reference information.
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Figure 5.5: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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The design principle behind this ‘CC’ structure is different from that behind other

common directive antennas. For example, for a Yagi-Uda antenna, the very basic

design idea is to try to get as much as possible constructive interference of the fields

radiated by all the elements in one endfire direction (the endfire direction pointing to

the directors from the reflector) [134]. While for this ‘CC’ structure, the very basic

design principle is to try to achieve the least destructive interference of the fields

radiated by the two elements in the expected endfire direction. For the ‘CC’ structure

with a separation distance d = 4mm, the magnitude and phase of the currents carried

by the two SSRRs are plotted against frequency and shown in Figure 5.6. It can

be clearly seen that when the maximum directivity is achieved at the frequency of

1.914GHz (see Figure 4.19), the currents carried by the two SSRRs have an almost

same magnitude and a near-π phase difference. Because the effective separation

distance between the two elements is very small (0.17λ, see Figure 5.4), according to

the pattern multiplication rule, the radiated fields from the two elements cancel out in

all directions except the two endfire directions. The small effective separation distance

makes the effective phase difference (kdeff sin θ cosϕ + β) in one endfire direction

(θ = π/2, ϕ = π) further away from π while makes the effective phase difference in

the other endfire direction (θ = π/2, ϕ = 0) even closer to π, which leads to the

occurrence of superdirectivity in the expected endfire direction (θ = π/2, ϕ = π) with

the least destructive interference of the two elements’ radiated fields. In order to show

that the structures based on this new design principle can achieve better directive

performances compared to the structures based on the Yagi-Uda design principle, at

the end of this Chapter a comparison is between our superdirective structures and

two commercial two-element Yagi antennas is presented.
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Figure 5.6: (a) The magnitude and (b) the phase of the currents carried by the two
SSRRs of the ‘CC’ structure with a separation distance d = 4mm; Here the plots are
produced based on CST simulation data.
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5.2 Improved Superdirective Structures

In this section, improved superdirective structures, obtained through applying spe-

cific detuning changes to the original ‘CC’ structure, are studied. Among them, four

structures, namely the ‘CCEx’ structure, the ‘CCDg’ structure, the ‘CCDgEx’ struc-

ture and the ‘CCLr’ structure, are thoroughly analysed and their characteristics of

antenna performance against different d values are presented. The very basic design

principle behind these improved structures is to reduce the operation frequency of

the original ‘CC’ structure which can be accomplished through reducing the resonant

frequency of the passive element.

5.2.1 The ‘CCEx’ Structure

First, through exchanging the locations of the active element (the excited element)

and the passive element (the shorted parasitic element) respecting the original ‘CC’

structure in Figure 5.1, the ‘CCEx’ structure, shown in Figure 5.7, is introduced. The

maximum endfire directivity Dm (in the direction of θ = π/2, ϕ = 0), the optimal

frequency fm, the superdirectivity bandwidth Bs, the radiation efficiency η, the beam

width Oθ&Oϕ and the Q-factor for different separation distances (d = 1 ∼ 10mm)

are displayed in Figure 5.8∼5.9.
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(a) (b)

Figure 5.7: (a) The ‘CCEx’ structure and (b) its coordinate system.

Because no change is made upon the two identical SSRR elements, the exchange

of their positions can also be treated as the reallocation of the excitation source (form

the first element to the second one). This source reallocation, which creates a near π

shift of the phase difference between the currents carried by the two elements, finally

causes the reverse of the direction in which superdirectivity occurs.
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Figure 5.8: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = 0,
and (b) their corresponding optimal frequencies, f0 is the common resonance fre-
quency of the two identical SSRR elements; the effective separation distance deff =
2r+d, where r is the common radius of the two identical SSRRs, λ is the operational
wavelength.

Comparing Figure 5.8(a) and Figure 5.4(a), the improvement in the overall di-

rective performance of the ‘CCEx’ structure over the ‘CC’ is not very remarkable,

however, it is still noticeable that for a small separation distance (d < 5mm) the im-

provement is slightly more significant than that for a large separation. This suggests

that when the separation is too small, the SSRRs’ gaps can cause peculiar effect on

the mutual coupling between the two SSRRs. The optimal frequencies (Figure 5.8(b))

here against different separations are always closer to the single SSRR’s resonance

frequency compared with those in Figure 5.4(b) for the ‘CC’ structure, which implies

that more energy can radiate from either of the two SSRRs of the ‘CCEx’, leading to

a higher efficiency (Figure 5.9(b)) and a lower Q factor (Figure 5.9(d)) for the ‘CCEx’

structure.
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Figure 5.9: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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Considering the changing trends of other antenna performance characteristics of

this ‘CCEx’ structure, compared with those of the ‘CC’, only for the superdirectiv-

ity bandwidth (Figure 5.9(a)) there shows a difference that the separation for the

best bandwidth performance is not the same one for the structure’s best directive

performance.

5.2.2 The ‘CCDg’ Structure

By filling the passive element’s gap of the ‘CC’ with dielectric material, namely alu-

mina, a new alternative superdirective structure, the ‘CCDg’ is now created and

shown in Figure 5.10. This new structure’s antenna performance characteristics

(Dm, fm, Bs, η, beamwidth and Q-factor) for different d values are shown in Fig-

ure 5.11∼5.12.

(a) (b)

Figure 5.10: (a) The ‘CCDg’ structure and (b) its coordinate system.

Here this ‘CCDg’ structure shows a noticeable improvement in the best direc-

tive performance over the ‘CC’ while at the cost of an increase in the absolute

separation(12mm,see Figure 5.11(a)). However, the effective separations in terms

of the corresponding operation wavelength, for both of the two structures’ best di-

rective performance, are exactly the same (0.17). This truth reveals that filling the
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passive element’s gap with alumina actually reduces the optimal operation frequency

of the whole structure through reducing the resonant frequency of the passive ele-

ment (Figure 5.11(b)). It also implies that the optimal operation frequency of such

a two-SSRR structure is strongly related to the resonant frequency of the structure’s

passive element, which is further confirmed by the study of the ’CCLr’ structure

(Section 5.2.4).

For this ‘CCDg’, its superdirectivity bandwidth is slightly decreasing as the sep-

aration increases. All other three parameters (the efficiency, the beamwidth and the

Q factor) follow the same changing trends, when the separation increases, as those

of the ‘CC’ follow. Compared with the case for the ‘CC’, due to the gap filling,

the efficiency for the best directive performance has decreased; Corresponding to the

increased absolute separation, the Q factor for the best directive performance has

increased.
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Figure 5.11: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = π,
and (b) their corresponding optimal frequencies, fDg is the resonance frequency of the
dielectrically gap filling SSRR element; the effective separation distance deff = 2r+d,
where r is the common radius of the two SSRRs, λ is the operational wavelength.
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Figure 5.12: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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5.2.3 The ‘CCDgEx’ Structure

For the ‘CCDg’ structure, the locations of its two elements can also be exchanged.

Then a new structure, ‘CCDgEx’, is now displayed in Figure 5.13. This new struc-

ture’s antenna performance characteristics are shown in Figure 5.14∼5.15.

(a) (b)

Figure 5.13: (a) The ‘CCDgEx’ structure and (b) its coordinate system.

Compared with the case for the ‘CCDg’, here neither the absolute values of the

antenna performance characteristics nor the changing trends of these characteristics,

against the increasing separation, show significant differences, except that the overall

superdirectivity bandwidth performance of this ‘CCDgEx’ structure is slightly better.

Therefore, combining the ‘CCDg’ and the ‘CCDgEx’ structure creates a possibility

to achieve superdirectivity alternately in two opposite directions ,while keep all other

performances almost unaffected, just through moving the excitation source, which

might be useful for certain application designs requiring stable alternating bidirec-

tional superdirective radiation.
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Figure 5.14: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = 0,
and (b) their corresponding optimal frequencies, fDg is the resonance frequency of the
dielectrically gap filling SSRR element; the effective separation distance deff = 2r+d,
where r is the common radius of the two SSRRs, λ is the operational wavelength.
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Figure 5.15: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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5.2.4 The ‘CCLr’ Structure

For the original ‘CC’ structure in Figure 5.1, increasing the diameter of its passive

element can also help improve the directive performance. In this subsection, via

adjusting the passive element’s diameter, another alternative superdirective structure,

‘CCLr’, shown in Figure 5.16 is studied. The study consists of two steps: First,

only the passive element’s diameter is increased from 22mm to 34mm while the

separation distance d is kept unchanged (4mm), for which the simulation results of

the structure’s antenna performance characteristics are shown in Figure 5.17∼5.18;

Second, the separation distance d is increased from 4mm to 11mm and for each of

these d values, an optimal diameter of the passive element (for d = 4 ∼ 6mm, the

optimal 2rLr is 32mm; for d = 7 ∼ 11mm, it is 34mm) is chosen for the structure’s

best directive performance, for which the antenna performance characteristics are

shown in Figure 5.19∼5.20.

(a) (b)

Figure 5.16: (a) The ‘CCLr’ structure and (b) its coordinate system.

Compared with previously studied structures in this section, this ‘CCLr’ provides

a much more significant improvement in the directive performance by enlarging the

passive element (Figure 5.17(a)). Here increasing the passive element’s diameter not

only has reduced the structure’s operation frequency (Figure 5.17(b)), it has also

96



adjusted the phase difference between the two SSRRs to a value requiring a smaller

effective separation (0.13, in terms of one operation wavelength) to achieve the max-

imum directivity, which results in a larger directivity value of 4.78.
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Figure 5.17: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = 0,
and (b) their corresponding optimal frequencies, fLr is the resonance frequency of the
enlarged SSRR element; the effective separation distance deff = r + rLr + d, where r
is the radius of the original SSRR, rLr is the radius of the large SSRR element, λ is
the operational wavelength; here d = 4mm is kept unchanged.

Enlarging the passive element brings an improvement in the structure’s superdi-

rectivity bandwidth performance while at the cost of a reduced efficiency and a rising

Q factor (Figure 5.18). The reduced efficiency simply results from the increased

ohmic loss due to the increased metal size. The Q factor becomes higher because

as the structure is enlarged, its radian sphere [42] is also increased, which can allow

more energy stored surrounding the structure.
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Figure 5.18: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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For the second step, increasing the separation distance provides a further im-

provement in the directive performance (Figure 5.19(a)): when d = 9mm and 2rLr =

34mm, an endfire directivity of 5.06, which is very close to the theoretical limit for

a two-dipole array, is achieved at the operation frequency of 1.239GHz. When the

separation increases, once the passive element’s diameter is fixed, the structure’s an-

tenna performance characteristics are still following same changing trends that the

characteristics of the ‘CC’ structure follow.
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Figure 5.19: (a) The maximum directivity values, in the direction of θ = π/2, ϕ = 0,
and (b) their corresponding optimal frequencies, fLr is the resonance frequency of the
enlarged SSRR element; the effective separation distance deff = r+rLr+d, where r is
the radius of the original SSRR, rLr is the radius of the large SSRR element, λ is the
operational wavelength; here for d = 4 ∼ 6mm, 2rLr = 32mm, for d = 7 ∼ 11mm,
2rLr = 34mm.
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(d)

Figure 5.20: (a) The superdirectivity bandwidth, (b) the radiation efficiency, (c) the
angular beamwidth and (d) the Q factor corresponding to the maximum directivity.
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5.2.5 Other Structures

Another three alternative superdirective structures, shown in Figure 5.21, have also

been explored. When the gap size of the original ‘CC’ structure’s passive element is

reduced from 2mm to 1.25mm, the ‘CCSg’ structure is introduced, with an maximum

endfire directivity of 4.37, standing for the best directive performance which can be

achieved through only changing the passive element’s gap size. Internally extending

the ‘CC’ structure’s passive element’s gap introduces the ‘CCIe’ structure, shown

in Figure 5.21(b). When the length of this internal extension is equal to 1mm, the

maximum directivity obtained is 4.38, which indicates the best directive performance

only through adjusting the extension’s length. Similarly, externally extending the

‘CC’ structure’s gap introduces the ‘CCEe’ structure. When the length of the external

extension lex = 15mm, a maximum directivity of 4.93, which stands for the best

directive performance obtained through adjusting the extension’s length, is achieved.

In next section, a summary table, which includes all studied superdirective structures

in this section, along with the antenna performance characteristics corresponding to

these structures’ best directive performance, will be presented and described.
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(a) CCSg (b) CCIe

(c) CCEe (d)

Figure 5.21: Another three variants of the ‘CC’ structure: (a) ‘CCSg’, a smaller gap
for the passive element; (b) ‘CCIe’, an internal extension of the passive element’s gap;
(c) ‘CCEe’, an external gap extension; (d) the coordinate system. Here d = 4mm.

5.3 Summary Tables of Superdirective Structures

A table of all superdirective structures studied in this research, along with their pas-

sive elements’ shapes, dimensions and properties for these structures’ best directive

performances, is presented as Table 5.1. In this table, a passive element is labelled

as SSRR2, whose shape and dimension are described referring to a standard SSRR

shown in Figure 5.22. The 2D normalized far field average radiation energy patterns
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for a standard SSRR, the ‘CC’ structure, the ‘CCEx’ structure, the ‘CCDg’ structure,

the ‘CCDgEx’ structure, the ‘CCLr’ structure and the ‘CCEe’ structure are displayed

in Figure 5.23. Due to the normalization, the radial axes of the polar plots are exactly

denoting the far field directivity values.

Figure 5.22: A standard copper SSRR: 2r = 22mm, h = 5mm,g = 2mm and w =
0.8mm.
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Structure Name d
(mm)

SSRR2

(referring to a
standard SSRR)

f0(GHz)
of
SSRR2

Q factor
of
SSRR2

Dm

CC 4 Standard 1.957 26.7 4.36

CCEx 5 Standard 1.957 26.7 4.45

CCDg 12 Gap filled with
alumina

1.546 65 4.53

CCDgEx 12 Gap filled with
alumina

1.546 65 4.56

CCLr 9 2rLr = 34mm 1.248 28.4 5.06

CCSg 4 g2 = 1.25mm 1.86 32.5 4.37

CCIe 4 lin = 1mm 1.88 31.3 4.38

CCEe 4 lex = 15mm 1.658 27 4.93

Table 5.1: Superdirective structures and their passive elements’ (SSRR2) shapes,
dimensions (referring to a standard SSRR shown in Figure 5.22) and features corre-
sponding to the structures’ best directive performances.
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Figure 5.23: The 2D normalized radiation energy patterns for the standard SSRR
and selected superdirective structures: (a) xy plane patterns, (b) xz plane patterns.
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The maximum directivity values, the optimal operation frequencies and other

corresponding antenna performance characteristics for the above superdirective struc-

tures are shown in Table 5.2. According to this table, both the ‘CC’ and the ‘CCEx’

structure can provide large superdirective directivity values while sustain good per-

formances in the superdirectivity bandwidth, the efficiency and the Q factor. Among

them, the ‘CCEx’ structure shows slight improvements over the ‘CC’ in all respects.

Compared with these two structures, either the ‘CCDg’ structure or the ‘CCDgEx’

structure can achieve a better directive performance while at the cost of a smaller

bandwidth, a lower efficiency and a higher Q factor. However, just considering these

two structures (‘CCDg’ and ‘CCDgEx’), it can be clearly seen that except their

superdirectivity achieves in opposite directions, they present almost the same per-

formance characteristics as antennas, which might be useful for certain application

designs requiring stable alternating bidirectional superdirective radiation. For those

applications very sensitive to directive performance, the ‘CCLr’ structure and the

‘CCEe’ structure can be good choices. Both these two structures can provide very

high superdirective directivity values, which are close to the theoretical limit value

(5.25) of a two-dipole array, at the cost of low radiation efficiencies and high Q factors.
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Structure CC CCEx CCDg CCDgEx CCLr CCSg CCIe CCEe
Dm 4.36← 4.45→ 4.53← 4.56→ 5.06← 4.37← 4.38← 4.93←

fDm(GHz) 1.914 1.944 1.538 1.539 1.239 1.819 1.838 1.615
Bs(%) 1.1 1.49 0.59 0.66 1.01 0.98 1.02 0.88
η(%) 98.6 99.1 93.8 93.7 81.4 97.5 98 89.2

∆θ (xy-plane) 97◦ 97.8◦ 89.2◦ 88.5◦ 77.1◦ 93.4◦ 94.4◦ 85.1◦

∆ϕ (xz-plane) 95.3◦ 92.5◦ 101◦ 98.6◦ 91.5◦ 95◦ 95.4◦ 87.5◦

Q factor 133.1 126.9 254.5 257.3 478.2 170 159.7 414.9

Table 5.2: The maximum directivities, the optimal frequencies and the corresponding
antenna performance characteristics (Bs, η, the beamwidth and the Q factor) for
the superdirective structures shown in Table 5.1; The arrow following the Dm value
indicates the direction in which the superdirectivity occurs, referring to the coordinate
system shown in Figure 5.1: a left arrow indicates the negative x direction while a
right arrow indicates the positive x direction.

In order to show that the proposed and studied structures based on our new

design principle in this research can provide better directive performances than the

antennas based on Yagi-Uda design principle can do, a comparison (see Table 5.3) is

made between superdirective structures (the ‘CC’, the ‘CCDg’, the ‘CCLr’ and the

‘CCEe’) selected from Table 5.2 and two commonly used commercial two-element Yagi

antennas. One (labelled as SteppIR here) of the two Yagi antennas is from SteppIR

Antennas and another one (JK402) is from JK Antennas. Their specifications are

listed on the two companies’ websites [135] [136]. According to Table 5.3, both the

two Yagi antennas can produce similar even better linear maximum gain compared

with the four superdirective structures, but their giant sizes (Lmax) suggests they are

far from being superdirective. Even when considering the electrical size (Lmax/λ),

the ratio RGL still implies that our structures are considerably more directive than

the two realistic antennas are.
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Structure/antenna CC CCDg CCLr CCEe SteppIR JK402
Glin 4.3 4.25 4.12 4.4 4.57 4.12

fop (MHz) 1914 1538 1239 1615 20 40
Lmax (m) 0.048 0.056 0.065 0.048 10.973 14.478
Lmax/λ 0.31 0.29 0.27 0.26 0.73 1.93

RGL = Glin

Lmax/λ
13.9 14.7 15.3 16.9 6.3 2.1

Table 5.3: The linear maximum gain, the operation frequency, the maximum dimen-
sion (in meters and in terms of the corresponding operation wavelength) and the
RGL for the ‘CC’ structure, the ‘CCDg’ structure, the ‘CCLr’ structure, the ‘CCEe’
structure, the two-element Yagi antennas: the SteppIR antenna working at 20MHz
fabricated by SteppIR and the JK402 antenna working at 40MHz fabricated by JK
Antennas; The data of the two Yagi antennas are measured data provided by their
websites.

5.4 Conclusion

First, the analytical prediction that a ‘CC’ structure can produce superdirectivity has

been verified by CST simulations. Based on simulation results, when the structure

achieves superdirectivity, the antenna performance characteristics of the structure

(the mximum directivity, the optimal frequency, the superdirectivity bandwidth, the

efficiency, the beamwidth and the Q factor) can be adjusted through changing the

elements’ separation. Also the design principle behind this ‘CC’ structure has been

discussed.

Second, improved superdirective structures, namely ‘CCEx’, ‘CCDg’, ‘CCDgEx’,

‘CCLr’, ‘CCSg’, ‘CCIe’ and ‘CCEe’, are identified. Especially for the ‘CCEx’, the

‘CCDg’ and the ‘CCDgEx’, their antenna performance characteristics are studied

against an increasing elements’ separation, and for the ‘CCLr’ the same characteristics

are studied when increasing the passive element’s diameter and the separation, based

on simulation results.
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Third, according to the antenna performance characteristics identified correspond-

ing to the studied structures’ best directive performances: (a) Both the ‘CC’ and the

‘CCEx’ structure can provide large superdirective directivity values while sustain

good performances in the bandwidth, the efficiency and the Q factor, and the ‘CCEx’

structure shows slight improvements over the ‘CC’ in all respects. (b) Combining the

‘CCDg’ and the ‘CCDgEx’ might be useful for certain application designs requiring

stable alternating bidirectional superdirective radiation. (c) Either the ‘CCLr’ or the

‘CCEe’ can provide very large directivity values, which are very close to the theoret-

ical limit value (5.25) of a two-dipole array, at the cost of a small bandwidth, a low

efficiency and a high Q factor.

Fourth, these two-SSRR parasitic superdirective structures (the ‘CC’ and its im-

proved structures) show better directive performances than the realistic two-element

Yagi antennas do.
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Chapter 6

Energy Flow

Since two-SSRR parasitic superdirective structures have been realized and their an-

tenna performance characteristics have been studied based on simulation results, the

aim of this chapter is to explore the near field physical mechanism behind the far field

superdirectivity phenomenon through studying the energy flow surrounding the radi-

ating structures. The study of near field energy flow is performed through analysing

both the time-average Poynting vector and the instantaneous Poynting vector, with

the help of the concept of causal surfaces.

After a brief introduction of causal surfaces, the energy flow for a single magnetic

dipole and two-dipole arrays (non-superdirective and superdirective) is analytically

studied and visualised. Then the energy flow study is again implemented for a stan-

dard SSRR and two-SSRR arrays (superdirective and non-superdirective) based on

CST simulation data. In the end, a comparative discussion, considering all above

analysed structures, reveals the physical reason behind superdirectivity.

The main new contributions in this Chapter include: 1. The visualization of

the near field power flow for dipole based and SSRR based non-superdirective and

superdirective structures; 2. A explanation of the far field superdirectivity effect with

the help of the causal surface.

110



6.1 Causal Surface

The concept of causal surfaces was first raised by Schantz in 1995 [137]. It exists due to

the existence of a surface where the overall magnetic field approaches zero because the

induced magnetic field and the radiated magnetic field, around a changing current,

point in opposite directions. This causal surface partitions the original static field

energy into a radiated portion and an absorbed portion, which can be noticed on

energy flow plots and space-time diagrams.

6.2 Energy Flow: Dipole and Two-dipole Arrays

The 2D normalized far field average radiation energy patterns for an ideal mag-

netic dipole, two non-superdirective arrays comprised of two identical ideal magnetic

dipoles and a superdirective array of two identical ideal magnetic dipoles (Figure 6.1),

are displayed in Figure 6.2. Due to a proper normalization, the polar plots’ radial

axes indicate the far field directivity values.

A magnetic dipole can be regarded as a small loop carrying a uniform current [10].

For a single magnetic dipole, its far field radiation pattern presents a doughnut shape

and its maximum far field directivity remains 1.5 in the loop (circular current) plane

as Figure 6.2 suggests. For an array of two magnetic dipoles, with a fixed elements’

separation (here deff = 0.1λ) and a set of currents as: I1 = I0e
−iβ/2 and I2 = I0e

iβ/2,

where I0 is the common current magnitude and β is the phase difference. Through

properly choosing the phase difference β, the array can be either non-superdirective

or superdirective. Here, setting the phase difference to be 0 makes the array produce

a very similar far field radiation pattern with that produced by a single magnetic

dipole; Setting the phase difference to be 0.5π makes the array show a preferential

radiation direction but it is not significant enough to achieve superdirectivity; Setting

the phase difference as β = 0.922π makes the array optimally superdirective with a
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(a) (b)

(c)

Figure 6.1: The sketches of (a) a single magnetic dipole, (b) an array of two magnetic
dipoles and (c) their common coordinate system: here for the array, deff is set to be
0.1λ; λ is the operation wavelength; p is the observation point in far field.

endfire directivity of 5.1.
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Figure 6.2: The 2D normalized far field radiation energy patterns for a single mag-
netic dipole, a β = 0 non-superdirective array of two magnetic dipoles, a β = 0.5π
non-superdirective array of two magnetic dipoles and a superdirective array of two
magnetic dipoles: (a) xy plane patterns, (b) xz plane patterns; The radial axes of the
polar plots indicate the far field directivity values; β is the phase difference between
the currents carried by an array’s two dipole elements.

For the energy flow study in near field region (|~l | < λ), the time-average Poynting

vectors for the above four dipole structures are firstly shown in Figure 6.3. It can be

clearly seen that for the single magnetic dipole and for the β = 0 non-superdirective

array the energy flows outwards strictly along radial lines (Figure 6.3(a)) avoiding only

the z-direction, whereas for the superdirective array (Figure 6.3(d)) the streamlines

follow curved paths forming a single preferential direction in the endfire (negative x)

direction. The β = 0.5π non-superdirective array (Figure 6.3(c)) shows in between

behaviours that a direction preference of the energy flow can be noticed but it is not

as strong as that is for a superdirective array. The colour bar (Figure 6.3(e)) adopted

here indicates a fixed range of the energy density, which applies to all plots of the ra-

dial energy flow (time-average and instantaneous) in this section (Section 6.2) except

the space-time diagrams.
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(a) Single dipole (b) β = 0 array

(c) β = 0.5π array (d) Superdirective array

(e) Color bar

Figure 6.3: The time-average energy flow in near field region for (a) a single magnetic
dipole, (b) a β = 0 non-superdirective array of two identical magnetic dipoles, (c) a
β = 0.5π non-superdirective array of two magnetic dipoles and (d) a superdirective
array; The color map shows the logarithmic scale of the time-average energy density
as (e) the color bar indicates; The streamlines indicate the time-average Poynting
vectors corresponding to the energy density.
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In order to better understand the time-average behaviours, it is necessary to anal-

yse the time evolution of the instantaneous Poynting vector. Here a harmonic time

dependence of eiωt is assumed for the electromagnetic fields. Figure 6.4∼6.7 show the

instantaneous Poynting vectors of four time frames (t = 0, t = 0.125T , t = 0.25T and

t = 0.375T ) for a single magnetic dipole, a β = 0 non-superdirective array, a β = 0.5π

non-superdirective array and a superdirective array, corresponding to Figure 6.3. T is

the time period for the electromagnetic fields corresponding to the assumed harmonic

time dependence. Here the expression t = 0 indicates the start time frame of a specific

time circle, not the time point when a radiating structure starts to work. Based on

the calculation of the Poynting vector, it can be easily concluded that the period of

energy flow equals to 0.5T , half of the fields’ period. Therefore the chosen four time

frames should be enough to show the progressive changes of energy flow within one

periodic time circle. The instantaneous Poynting vector allows us to visualize both

the radiated and the stored energy. These two types of energy are spatially separated

by the so called causal surfaces [138], which can be described as surfaces with zero

energy flow across them. These causal surfaces can be clearly seen in Figure 6.4∼6.7

as dark blue contours.

For either the case of a single magnetic dipole (see Figure 6.4) or the case of a

β = 0 non-superdirective array, the causal surface has a regular spherical shape, which

gradually moves away from the radiating structure as time grows. The regularity

of these surfaces, indicating zero radial energy flow, ensures exactly same portion

of energy radiates in any direction and no preferential radiation direction can be

possibly formed in xy plane. This apparently agrees with the omnidirectional far

field radiation patterns of these two structures (Figure 6.2).

The existence of tangential energy flow on the causal surfaces implies that the

Poynting vectors inside and outside such a surface do not necessarily point in op-

posite directions (see Figure 6.4((a), (c), (d)) and Figure 6.5((a), (c), (d))). Only
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during a certain time slot 1 (see Figure 6.4(b) and Figure 6.5(b)), within the vicinity

of a radiating structure, inside one causal surface the energy flows back towards the

dipole while outside the surface the energy still flows outwards normally.

1For a single magnetic dipole, it is the first quarter of the period, which will be seen from the
corresponding space-time diagram shown in Figure 6.8.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.4: The instantaneous energy flow of a single magnetic dipole in near field
region for four time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d)
t = 0.375T ; The colour map shows the logarithmic scale of the instantaneous energy
density as (e) the colour bar indicates; The streamlines indicate the instantaneous
Poynting vectors corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.5: The instantaneous energy flow of β = 0 non-superdirective array of two
magnetic dipoles in near field region for four time frames: (a) t = 0, (b) t = 0.125T ,
(c) t = 0.25T and (d) t = 0.375T ; The colour map shows the logarithmic scale of the
instantaneous energy density as (e) the colour bar indicates; The streamlines indicate
the instantaneous Poynting vectors corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.6: The instantaneous energy flow of a β = 0.5π non-superdirective array
of two magnetic dipoles in near field region for four time frames: (a) t = 0, (b) t =
0.125T , (c) t = 0.25T and (d) t = 0.375T ; The colour map shows the logarithmic scale
of the instantaneous energy density as (e) the colour bar indicates; The streamlines
indicate the instantaneous Poynting vectors corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.7: The instantaneous energy flow of a superdirective array of two magnetic
dipoles in near field region for four time frames: (a) t = 0, (b) t = 0.125T , (c)
t = 0.25T and (d) t = 0.375T ; The colour map shows the logarithmic scale of the
instantaneous energy density as (e) the colour bar indicates; The streamlines indicate
the instantaneous Poynting vectors corresponding to the energy density.
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Different from the cases for a single magnetic dipole and a β = 0 non-superdirective

array, in Figure 6.7 the causal surface of the superdirective array shows a significant

distorted shape rather than a regular one. Even though the causal surface also moves

away from the array as time grows, its distorted shape makes the energy no longer

evenly flow in xy plane and forces a preferential radiation direction (θ = π/2 and

ϕ = π) to form. The shape distortion is believed to result from the constructively

and destructively interference of the fields generated by the array’s two dipole el-

ements, which carry currents with a same magnitude and an appropriately chosen

phase difference (β = 0.922π) corresponding to the elements’ separation (deff = 0.1λ).

Also unlike what Figure 6.4 and Figure 6.5 show, here the phenomenon that energy

flows back to the radiating structure, in its vicinity, from the two endfire directions

(θ = π/2, ϕ = π and θ = π/2, ϕ = 0) do not always happen at the same time, which

can be seen more clearly from the corresponding space-time diagram (Figure 6.8).

For the case of a β = 0.5π non-superdirective array, the causal surface (see Fig-

ure 6.6) also shows a shape distortion compared with those of a single dipole and a

β = 0 array, but this distortion is far from being as significant as that for a superdi-

rective array. Therefore a slight preference of radiation direction can be noticed but

it is not strong enough for the array to be superdirective.

Energy flow can also be visualized using the so called space-time diagrams [138],

displayed in Figure 6.8 for the positive and negative x direction. Each of the space-

time diagrams in Figure 6.8 shows, as a contour plot, the variation of the direction

(inwards or outwards) of the instantaneous Poynting vector’s radial component along

the x axis as a function of time. The regions of the inwards energy flow associated

with the stored energy shown as dark blue areas are separated by the regions of the

outwards energy flow (yellow). The transition to the far field (as |x| increases) is

accompanied by the merging of the burst of the radiated energy seen also in Fig-

ure 6.4∼6.7 as areas separated by zero energy flow surfaces spreading in space with
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the velocity of light.

On these space-time diagrams, the causal surfaces always show up as pairs (causal

pairs). For each of these causal pairs, there is always one causal surface on the left

hand side while the other one on the right hand side of the line x = 0. For either a

single magnetic dipole (Figure 6.8(a)) or a β = 0 array (Figure 6.8(b)), the two causal

surfaces of every causal pair always appear symmetrically on the two sides of the line

x = 0. However for either the β = 0.5π array (Figure 6.8(c)) or the superdirective

array (Figure 6.8(d)), the appearance of the causal pairs shows an asymmetry about

the line x = 0. Due to the relative time shift between the inwards energy flow regions

(dark blue), on the left and right hand side of the x = 0 line, the distances from the

two causal surfaces of one causal pair to the line x = 0 no longer equal to each other,

which, corresponding to the causal surfaces’ distortions in Figure 6.6 and 6.7, then

results in a preferential energy radiation direction. Here only for the superdirective

array, the asymmetry is significant enough to form a strong preference for endfire

radiation, which finally leads to the endfire superdirectivity.

122



(a) Single dipole (b) β = 0 array

(c) β = 0.5π array (d) Superdirective array

Figure 6.8: The space-time diagrams of inwards (dark blue part of the contour) and
ourwards (yellow) energy flow along the x axis for (a) the single magnetic dipole, (b)
the β = 0 non-superdirective array, (c) the β = 0.5π non-superdirective array and (d)
the superdirective array; The black dashed lines indicate the time frames presented
in Figure 6.4∼6.7.
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6.3 Energy Flow: SSRR and Two-SSRR Parasitic

Arrays

In this section, the energy flow study is performed, based on CST simulation results,

for a standard SSRR shown in Figure 5.22, three superdirective structures, namely the

‘CC’ structure, the ‘CCEx’ structure and the ‘CCLr’ structure, shown in Table 5.1

and 5.2, and a non-superdirective ‘Near’ structure shown in Figure 6.9. The 2D

normalized far field average radiation energy patterns for these structures are plotted,

using simulation data, and displayed in Figure 6.10.

(a) (b)

Figure 6.9: (a) The ‘Near’ structure and (b) the coordinate system for the energy flow
analysis: here both the two elements are standard SSRRs shown in Figure 5.22, the
separation distance between them d = 4mm; p is the observation point in far field.

Here for each of the three superdirective structures, the optimal elements’ sep-

aration and the optimal operation frequency are specifically chosen for the struc-

ture’s best directive performance, based on the CST simulation data presented in

Section 5.3. For the ‘CC’ structure, the optimal separation distance is 4mm and

the optimal frequency is 1.914GHz, which leads to the structure’s largest directivity

value of 4.36. For the ‘CCEx’ structure, the optimal separation and frequency are

respectively 5mm and 1.944GHz, and the structure’s largest directivity is 4.45. For
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the ‘CCLr’ structure, the largest directivity value of 5.06 is achieved with the optimal

separation of 9mm and the optimal frequency of 1.239GHz. The separation distance

and the operation frequency for the ‘Near’ structure are set to be the same as those

optimal values for the ‘CC’ structure, which results in a largest directivity of 1.852 in

the endfire direction. For the single SSRR, the operation frequency is simply chosen

as its resonant frequency, 1.957GHz, leading to a largest directivity of 1.44 in the

endfire direction.

(a) (b)

Figure 6.10: The 2D normalized far field radiation energy patterns for a standard
SSRR (Dm = 1.44 for 1.957GHz), the ‘CC’ structure (Dm = 4.36 for 1.914GHz),
the ‘CCEx’ structure (Dm = 4.45 for 1.944GHz), the ‘CCLr’ structure (Dm = 5.06
for 1.239GHz) and the ‘Near’ structure (Dm = 1.852 for 1.914GHz): (a) xy plane
patterns, (b) xz plane patterns; The radial axes of the polar plots indicate the far
field directivity values.

The time-average energy flow in near field (|~l | < λ) for these structures are

plotted using CST simulation data and presented in Figure 6.11. Unlike a single

magnetic dipole, carrying a non-uniform current enables the single standard SSRR’s

time-average energy flow (see Figure 6.11(a)) to show a slightly preferential direction

(negative x) and not to avoid z direction. The time-average energy flow of the ‘CC’
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structure (Figure 6.11(b)) suggests this superdirective ‘CC’ structure has a similar

radiating behaviour with that of a two-dipole superdirective array (Figure 6.3(d)).

For the ‘CCEx’ structure, the time-average energy flow plot (Figure 6.11(c)) is al-

most the same as that for the ‘CC’ structure except the reverse of the preferential

radiation direction (from the negative x direction to the positive x direction). This

reverse is believed to be caused by a near π shift of two SSRRs’ currents’ phase dif-

ference, due to the reallocation of the excitation source. For the ‘CCLr’ structure

(Figure 6.11(d)), even though its overall energy density within near field region is

relatively low, the structure’s energy flow shows a significantly stronger radiation

preference in the negative x direction, compared with the case for the ‘CC’ structure.

The relatively low energy density presented in Figure 6.11(d) results from the de-

crease in the radiation efficiency (see Table 5.2) caused by the enlarged passive SSRR

element (see Table 5.1). A radiation preference in the negative x direction can also

be noticed from the time-average energy flow of the ‘Near’ structue (Figure 6.11(e))

but it is apparently not strong enough for the structure to achieve superdirectivity.

The color bar in Figure 6.11(f) presents a fixed range of the logarithm scaled energy

density, which applies to all energy flow plots in this section (Section 6.3) except the

space-time diagrams.

The time evolution of the instantaneous Poynting vectors of these SSRR struc-

tures are shown in Figure 6.12∼6.16. For either the single SSRR (Figure 6.12) or

the ‘Near’ structure (Figure 6.16), the causal surface shows a slight distortion com-

pared with the case for a single magnetic dipole (Figure 6.4). However for all the

three superdirective structures (‘CC’, ‘CCEx’ and ‘CCLr’), their causal surfaces are

always strongly distorted within one time circle when they gradually move away from

the radiating structures (Figure 6.13∼ 6.15). These strong distortions force more

energy to radiate in one endfire direction and then cause the unidirectional endfire

superdirectivity.
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(a) Single SSRR (b) CC

(c) CCEx (d) CCLr

(e) Near (f)

Figure 6.11: The time-average energy flow in near field region for (a) the SSRR,
(b) the ‘CC’ structure, (c) the ‘CCEx’ structure, (d) the ‘CCLr’ structure and (e)
the ‘Near’ structure; The color map shows the logarithmic scale of the time-average
energy density as (f) the color bar indicates; The streamlines indicate the time-average
Poynting vectors corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.12: The instantaneous energy flow of the SSRR in near field region for four
time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d) t = 0.375T ; The
colour map shows the logarithmic scale of the instantaneous energy density as (e)
the colour bar indicates; The streamlines indicate the instantaneous Poynting vectors
corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.13: The instantaneous energy flow of the ‘CC’ structure in near field region
for four time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d) t = 0.375T ;
The colour map shows the logarithmic scale of the instantaneous energy density as (e)
the colour bar indicates; The streamlines indicate the instantaneous Poynting vectors
corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.14: The instantaneous energy flow of the ‘CCEx’ structure in near field region
for four time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d) t = 0.375T ;
The colour map shows the logarithmic scale of the instantaneous energy density as (e)
the colour bar indicates; The streamlines indicate the instantaneous Poynting vectors
corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.15: The instantaneous energy flow of the ‘CCLr’ structure in near field region
for four time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d) t = 0.375T ;
The colour map shows the logarithmic scale of the instantaneous energy density as (e)
the colour bar indicates; The streamlines indicate the instantaneous Poynting vectors
corresponding to the energy density.
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(a) (b)

(c) (d)

(e) Color bar

Figure 6.16: The instantaneous energy flow of the ‘Near’ structure in near field region
for four time frames: (a) t = 0, (b) t = 0.125T , (c) t = 0.25T and (d) t = 0.375T ;
The colour map shows the logarithmic scale of the instantaneous energy density as (e)
the colour bar indicates; The streamlines indicate the instantaneous Poynting vectors
corresponding to the energy density.
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The space-time diagrams for the above five structures are shown in Figure 6.17.

None of these diagrams presents a causal pair symmetry as Figure 6.8(a) (for a single

magnetic dipole) shows. However, only the asymmetries shown in Figure 6.17(b) (for

‘CC’), in Figure 6.17(c) (for ‘CCEx’) and in Figure 6.17(d) (for ‘CCLr’) are significant

enough for these structures to achieve superdirectivity. In addition, for the ‘CCLr’

structure, the enlarged passive element also leads to that the energy flowing back to

the radiating structure from the positive x direction is much more than that flowing

back from the negative x direction, which also contributes to the structure’s enhanced

directive performance.
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(a) Single SSRR (b) CC

(c) CCEx (d) CCLr

(e) Near

Figure 6.17: The space-time diagrams of inwards (dark blue part of the contour) and
ourwards (yellow) energy flow along the x axis for (a) the single SSRR, (b) the ‘CC’
structure, (c) the ‘CCEx’ structure, (d) the ‘CCLr’ structure and (e) the ‘Near’ struc-
ture; The black dashed lines indicate the time frames presented in Figure 6.12∼6.16.
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6.4 Conclusion

In summary, based on the near field energy flow study performed for magnetic dipole

based structures (analytical results) and SSRR based structures (simulation results),

the distortion of the causal surfaces, caused by the constructively and destructively

interference of the fields from an array’s two elements, is the main reason why endfie

superdirectivity can happen.
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Chapter 7

Summary

7.1 Conclusion

In summary, the work discussed in this dissertation explores a new design of model-

supporting, simple, compact, robust and high efficiency superdirective antenna struc-

tures and the physical reason behind superdirectivity. Especially it focuses on building

an analytical model for an electrically small two-element parasitic array of metama-

terial elements (which can be used to analyse the array’s currents’ behaviours and to

identify conditions for the array to achieve superdirectivity), studying and improving

the model predicted superdirective structure, and visualizing the near field energy flow

around superdirective structures. Simulation results have shown that the easy-to-use

analytical model has successfully predicted a simple, compact, robust and usable high

efficiency superdirective structure (the ‘CC’ structure). Based on simulation results,

improved versions of the ‘CC’ structure have been identified and detailedly studied.

Also with the help of causal surfaces, the physical reason behind the superdirectivity

phenomenon has been finally recognized.

First, the study of electrically small two-element arrays shows that the largest

directivity of an array of two identical standard SSRRs working around f = 1.9GHz
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can only be lower than 5.

Second, a method of calculating a two-SSRR (initially two-NCLA) array’s far

field radiated energy, rigorously derived from Maxwell’s Equations, combined with an

equivalent circuit for a two-SSRR parasitic array, has formed a powerful but compact

analytical model, which in principle allows to easily but accurately predict the far field

radiation behaviours of an electrically small parasitic array of two SSRRs (the two

SSRRs are not necessarily standard and identical), based on certain information of the

array, namely the SSRRs’ dimensions, the SSRRs’ electrical components (L, C and

R), the SSRRs’ rotating orientation angles (α1 and α2), the two SSRRs’s separation

(d) and the array’s operation frequency. Using this model, a simple, compact, robust

and high efficiency superdirective structure (the ‘CC’ structure comprised of two

standard SSRRs with d = 4mm working at 1.914GHz, achieving a directivity of 4.36)

has been successfully predicted. Successfully building and applying the analytical

model implies that it is possible to first build a compact analytical model to predict

the potential outcomes, for the design process of a parasitic superdirective array,

before starting simulations and experiments, which can significantly reduce the design

time.

Third, according to CST simulation results, for two-SSRR parasitic superdirective

structures (the ‘CC’ and its improved versions), characteristics of antenna perfor-

mance (the maximum directivity, the optimal frequency, the superdirectivity band-

width, the efficiency, the beamwidth and the Q factor) can be adjusted through

changing the two elements’ separation d. The simulation results also have shown that

with optimal separations identified for all the studied superdirective structures’ (the

‘CC’ and its improved versions) best directive performances: (a) Both the ‘CC’ and

the ‘CCEx’ structure can provide large superdirective directivity values (for ‘CC’,

4.36 and for ‘CCEx’, 4.45) while sustain good performances in the superdirectivity

bandwidth (for ‘CC’, 1.1% and for ‘CCEx’, 1.49%), the efficiency (for ‘CC’, 98.6%
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and for ‘CCEx’, 99.1%) and the Q factor (for ‘CC’, 133.1 and for ‘CCEx’, 126.9),

and the ‘CCEx’ structure shows slight improvement over the ‘CC’ in all respects. (b)

Combining the ‘CCDg’ and the ‘CCDgEx’ might be helpful for certain application

designs requiring stable alternating bidirectional superdirective radiation. (c) Either

the ‘CCLr’ or the ‘CCEe’ can provide very large directivity values (for ‘CCLr’, 5.06

and for ‘CCEe’, 4.93), which are very close to the theoretical limit value (5.25) of a

two-dipole array, at the cost of small superdirectivity bandwidths (for ‘CCLr’, 1.01%

and for ‘CCEe’, 0.88%), low efficiencies (for ‘CCLr’, 81.4% and for ‘CCEe’, 89.2%)

and high Q factors (for ‘CCLr’, 478.2 and for ‘CCEe’, 414.9). (d) These two-SSRR

parasitic superdirective structures show better directive performance than the realis-

tic two-element Yagi antennas do.

In the end, the near field energy flow study has been performed for magnetic dipole

based structures (analytical results) and SSRR based structures (simulation results).

It implies that the distortion of the causal surfaces, caused by the constructively and

destructively interference of the fields from an array’s two elements, is the main reason

why endfie superdirectivity can happen.

7.2 Outlook

Practical superdiretive structures offer a promising future for sonar array signal pro-

cessing. The advantages of simple, compact, robust and usable high efficiency su-

perdirective arrays continuously inspire more interest in this field. As technology

moves forward, increasing attention will be received and more applications of simple,

compact, robust and usable high efficiency superdirective arrays will be discovered.

Limited by the equipments (anechoic chamber, whole space signal detector and

so on) which potentially can be used for measuring the far field directivity of the

superdirective arrays, relevant experimental measurements have not been included
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in the project. Appropriate equipments will possibly be purchased and installed

in future. It is important to obtain reliable and comprehensive experimental data

with suitable equipments, which will both further confirm the theoretical studies and

facilitate the fabrications of superdirective antennas.

Further work on multiple working bands can be implemented through proportion-

ally increasing or decreasing the whole structure’s size (for any one of the studied

superdirective structures). The working frequency is expected to move within a cer-

tain range without affecting the structure’s performance, which will enable the su-

perdirective structures to properly work for various applications in different frequency

spectrums, leading to the versatility of the superdirectie structures. The lower and

upper limit of the frequency range within which the working frequency change does

not affect the antennas’ superdirective performances is also worth exploring.

Additional research can be carried out focusing on developing a three-SSRR su-

perdirective array. In order to identify conditions for this three-element array to

achieve superdirectivity. The theoretical model developed in this research needs to be

further extended by figuring out an equivalent circuit for such a three-element array,

which should consider the mutual coupling between all the three elements. Extending

the model may be complicated, but realizing a simple, compact, robust and usable

high efficiency three-SSRR parasitic superdirective array can be very attractive.
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for directive emission,” Physical Review Letters, vol. 89, no. 21, p. 213902, 2002.

[76] K. Buell, H. Mosallaei, and K. Sarabandi, “Metamaterial insulator enabled

superdirective array,” IEEE transactions on antennas and propagation, vol. 55,

no. 4, pp. 1074–1085, 2007.
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