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Abstract

Generalised Networks for Protein Interaction Analysis
Florian Klimm — Trinity 2018

Protein interaction networks (PINs) are mathematical representations of interactions
between proteins within organisms. Studying their properties can give insights into
biological functions and the importance of proteins, and it can therefore aid in drug-
discovery. Graphs are the most common mathematical object used to represent PINs.
In this thesis, we investigate generalised mathematical representations of PINs. In
particular, we examine multilayer networks (MLNs) and node-weighted networks. These
mathematical objects allow the construction of temporal PINs and tissue-specific
PINs by combining gene-expression data with PINs. We introduce promiscuity as an
information-theoretical measure of a node’s distribution of neighbours across different
layers in MLNs. We examine promiscuity in synthetic networks and tissue-specific
PINs and find that the vast majority of proteins are not cell-type specific. Integrating
temporal gene-expression data with PINs allows us to create temporal PINs in the form
of MLNs. We investigate an eigenvector-based temporal centrality in a temporal PIN of
yeast during the cell cycle. We thereby examine the change of proteins’ importance over
time, which reflects their activity during the cell cycle. We then discuss the detection
of community structure in node-weighted networks. For synthetic networks, we show
that considering node weights can alter detected community structure. We combine a
human PIN with gene-expression data to construct tissue-specific PINs and investigate
their community structure. Comparing the detected communities with gene-ontology
information, we find some tissue-specific functions of these PINs. Overall, the case
studies in this thesis suggest that MLN and node-weighted networks are suitable for
the integration of protein-interaction data with other biological data sets.
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Contents
1.1 Cellular Biology as a Complex System . . . . . . . . . . . . 1

1.1.1 Systems Biology . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 Complex Systems and Networks . . . . . . . . . . . . . . . 2
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1.2.1 Challenges in Protein Interaction Analysis . . . . . . . . . . 9

1.3 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.1 Cellular Biology as a Complex System

1.1.1 Systems Biology

Cells are the fundamental building blocks of life and consist of millions of molecules [190,

403]. Molecular biology is the study of these molecules, their interactions, and the

implications for cells and large-scale organisms [470].

A reductionist method of examing biological systems (e.g., cells) is to dissect

them into constituent parts (e.g., molecules) and investigate their characteristics (e.g.,

1



2 1.1. Cellular Biology as a Complex System

physical and chemical properties or biological functions [464]). The focus of molecular

biology has been to investigate single molecules in detail. While this approach gives

valuable insights into the function of cells, it has limitations [340]. Most notably,

molecules interact with each other to fulfil their biological functions [180]. For example,

molecules participate in metabolic pathways, signalling pathways, or other ‘functional

modules’. Such functional modules are sets of molecules that underlie biological

functions. Systems biology aims to understand higher levels of organisation, for

example, in cells. Such holistic approaches do not exclusively examine the constituent

parts; they also explicitly consider large-scale interaction structure between them [13].

As disease often arises from dysfunctionality inside cells, systems biology may also have

implications for medical treatment and drug discovery [486]. In this thesis, we focus

on proteins, one particular type of molecule in cells (see Section 2.1), and investigate

their function from a systemic perspective.

1.1.2 Complex Systems and Networks

Many real-world systems — including cells — are complex systems [47, 442]. Here, a

system is a set of units that form an integrated whole. It is not straightforward to

derive a clear definition that unites all complex systems observable in nature, society,

and technology [245]. They do, however, often exhibit common characteristics:

1. They consist of a large number of interacting elements.

2. They exhibit emergence; this refers to a collective behaviour that is difficult to
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anticipate from the behaviour of the elements.

3. The collective behaviour is not driven by a central controller.

As the behaviour of an entire system is difficult to anticipate from the behaviour of

the parts, one calls it complex. While the concept of emergence is (at least) as old as

Aristotle1(384–322 BC), the availability of data and the development of mathematical

and computational methods has led to increased attention in the recent decades [327].

In biology, complex systems occur over a large range of sizes and spatial scales [422].

In an ant colony, thousands of individual insects collaborate and exhibit self-organisation

with animals fulfilling distinct tasks [118]. Species interact with each other in ecological

niches — for example, through predator–prey interactions [469]. A human brain

consists of billions of neurons that connect to each other via synapses [186, 453].

Patterns on shells and on animals’s fur may form through an interplay of diffusion and

chemical reactions [27, 460]. Complex biological systems also arise at different timescales.

Chemical reactions can take from femtoseconds to hours [388, 410]. Organisms adapt

to evolutionary pressures over millions of years [483]. Additionally, complex systems

often interact with each other. For example, evolutionary pressure may lead to the

natural selection of certain fur patterns or preserve the structure of proteins with

important biological functions. The interaction between complex systems of different

temporal and spatial scales can be crucial for their behaviour. In some cases, however,

it is fruitful to discuss them independently of one another.
1‘The totality is not, as it were, a mere heap, but the whole is something besides the parts.’

Aristotle Metaphysics Book VIII, 1045a.8–10 [389].



4 1.1. Cellular Biology as a Complex System

There are plenty of examples of complex systems that are not predominantly

biological2, e.g., climate, river basins, cities, economics, the internet, and ultimately

the entire universe [330]. In this thesis, we focus on biological systems at a molecular

level. Some of the tools and methods that we develop, however, are also applicable for

studying other complex systems (e.g., ‘promiscuity’ in Chapter 3 and node-weighted

community detection in Chapter 5).

One aim of complex-systems science is to understand how emergence occurs for a

given system. Another (ambitious) aim is to find common principles that govern different

complex systems. Many complex systems — whether human-made, such as power-grids,

or natural, such as brains — fulfil certain functions. Scholars try to gain understanding

of the extent to which the structure of the complex system facilitates these functions.

To help understand a system, it is often useful to construct a mathematical model3,

which is a simplified mathematical representation of a real-world system. It is important

that one does not implement all features of a real system in its model but only essential

ones, which can be different for different research questions about the same system.

Many different mathematical objects can be useful representations of real-world systems.

For example, one can model the growth of bacteria using differential equations [322],

the spread of tumours using ‘agent-based’ models [18], and a neuron as a set of

coupled differential equations (such as the Hodgkin–Huxley model) [191]. For many

2Many of these systems might be influenced by living organisms, but their foremost features are
not of a biological nature.

3A biological model is an organism of a non-human species that is studied to better understand the
biological processes [144].
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real-world systems, there exist multiple mathematical models, potentially with different

scopes (i.e., situations to which the model is applicable). A Poisson process, for

example, is another model of neuronal activity [436]. These different models often

represent different levels of abstraction (i.e., different amounts of detail concerning

the (biological) processes that govern a system). One challenge for researchers is the

selection of appropriate models for a (biological) system [168].

Networks — in their simplest form graphs — are one way to represent complex

systems [330]. In Section 2.3, we give a precise mathematical definition; loosely

speaking a graph is a collection of points and pairwise connections between them.

Leonard Euler introduced them in 1753 in his work on the Seven Bridges of Königs-

berg [140] and they attracted attention in the 20th century from a wide range of

disciplines [330, 440], including the physical sciences (e.g., [136]), sociology (e.g., [476]),

and climatology (e.g., [125, 433]). In biology, networks have been used to describe

brains (e.g., [430]), diseases (e.g., [28]), ecological interactions (e.g., [210]), cellular dy-

namics (e.g., [306]), metabolism (e.g., [13, 298]), social networks of animals (e.g., [241]),

and many other phenomena. In this thesis, we focus on protein interaction networks

(PINs), which are representations of the interactions of proteins in cells.

1.2 Protein Interaction Networks

In this section, we discuss the relevance PINs for systems biology, medicine, and

pharmacology. In Section 2.2, we give a detailed description of the construction
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and analysis of PINs.

As discussed in Section 1.1, cells consist of millions of molecules of many different

types. These work together to form higher entities — cells and multicellular organisms

— so cells are examples of complex systems [284]. Biological pathways are interactions

and chemical reactions between the molecules in a cell [222]. Proteins are active

macromolecules that are crucial in these pathways. Prominent examples of proteins

are enzymes, which catalyse chemical reactions. Proteins often act in combination with

each other — for example, in the form of complexes that consist of multiple proteins.

We give more background information on proteins in Section 2.1.

We can represent a set of protein–protein interactions (PPIs) in an organism as a

network. These PINs can help to disentangle the complex and multimodal function of

proteins in cellular systems [497]. Here we review some applications of PINs.

Reacting to external and internal stimuli is crucial for a cell’s survival [209]. PINs

process biological information and organise cellular response. To enable information

processing, many PINs have common organisational principles in the form of motifs4 [87,

305, 411, 434]. These are small subnetworks that occur more often in a network than

expected from random null models. In PINs, for example, feedback loops tend to be

overrepresented [414, 495]. Such motifs can stabilise the abundance of a protein in an

organism [467] and examining the presence of network motifs can also give insights

into the way that a cell processes information.

4A similar concept to motifs are graphlets [372].
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Evolution has shaped cellular organisation, and has also shaped PINs [296]. Some

PPIs or motifs are preserved by evolution and thus are present in similar forms across

species [261]. One can thus compare PINs of different species to detect their evolutionary

similarity [12]. One can use PINs to predict interactions between proteins [263] or

functional orthology (i.e, genes in different species that evolved from a common

ancestral gene [418]).

PINs can also give insight into the function of individual proteins. For some proteins,

we know (some of) their biological functions. Researchers collect such information in

databases such as the Gene Ontology Database (see Section 2.9). For other proteins, that

information is not available. One can use PINs to predict the function of proteins [412].

The common principle of such predictive tasks is that proteins that interact with

one another are more likely to have similar functions than proteins that do not

interact. Different computational approaches have used this ‘functional assortativity’

to predict the function of proteins — for example, by looking at the function of a

protein’s neighbours (e.g., [85, 407]), by separating a PIN into functional homogenous

subnetworks (e.g., [323]), and by examining groups of proteins (e.g., [180, 363]).

Malfunction in PINs can manifest in disease or cell death [395, 398]. PINs can

therefore give inights into diseased organisms (e.g., [78, 205, 207, 473]). The two

main areas where PINs can contribute are. (1) the identification of disease-related

proteins or sets of proteins and (2) the study of network properties that change in

disease. Proteins associated with cancer have, on average, twice as many interaction
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partners than other proteins [220]. One can use such information to predict breast-

cancer outcomes [452]. In general, ‘influential’ proteins in PINs (see Section 2.5)

tend to be associated with diseases [488].

As PINs are often perturbed in disease, they can potentially also help in drug

development [98, 197]. Most medical treatments focus on one component (e.g., a

protein) in a malfunctioning molecular pathway [7]. Network-based approaches have

the potential to identify drug targets based on protein’s position in a PIN [486]. PINs

help to predict the interaction between multiple drugs [203], and examining PINs may

also help the development of multi-target drugs and combinatorial therapies [97].

Network science provides a large selection of mathematical methods to examine

PINs [135, 330]. In this thesis, we focus on the examination of properties in the form

of centrality measures and communities in PINs.

Centrality Measures

Centrality measures are designed to identify crucial actors or sets of potentially

important actors in a network [52]. These tools are used, for example, to identify

essential proteins in a PIN [181, 216]. Without these essential proteins an organism

is not able to survive. We discuss centrality measures in Section 2.5.

Community Detection

Community-detection methods are designed to find clusters that consist of internally

densely connected nodes with sparse external connections [148, 369]. As biological
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function is modular [80, 180], such methods can be used to identify sets of proteins with

similar functions [262, 363]. We discuss community-detection methods in Section 2.6.

1.2.1 Challenges in Protein Interaction Analysis

Despite the success of PINs and their analysis, it is important to note that they are

simplified representations of cells and the complex interactions between proteins [409].

The notion that there is one network of pairwise interactions in cells that organises

biological function is a vast oversimplification [475]. Mathematical models that are

a more realistic, but still abstract, representation of PINs might help to incorporate

data from multiple experimental sources. This could provide additional insight into

the biological processes. Different generalisations of networks are potentially suited

for biological analysis; we explore some of them in this thesis.

In an organism, there is not just one PIN, because PINs are condition-specific [374].

For example, a PIN may change during disease, over time, or due to an external

stimulus [152]. In this thesis, we focus on two settings for condition-specific PINs:

PINs that change over time (temporal PINs) and tissue-specific PINs.

At the moment, only in limited cases is it possible to measure in vivo a PIN in

different cell types or at different time points. There are, however, ways to construct

condition-specific PINs by combining a PIN with data from other experiments, such

as gene-expression measurements [84, 309]. Studies that combine different types of

biological data are often called integrative biology. Such approaches have the potential

to counteract some biases or limitations of single experimental techniques [84, 275, 309].
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In this thesis, we use two generalisations of ordinary graphs, multilayer networks

(MLNs) and node-weighted networks, to construct and analyse context-specific PINs.

We discuss them in Sections 2.7 and 5.2, respectively.

Tissue-specific PINs

A PIN describes interactions that can occur between proteins and other molecules.

It is known, however, that the presence of proteins differs between cells and tissue

types [54, 400]. ‘Housekeeping proteins’ are present in all tissues and commonly

believed to fulfil essential functions in cells. Tissue-specific proteins are present only in

some tissues and are thus expected to have specific functions. One can measure the

presence of proteins indirectly by gene expression (see Section 2.1). Thus far, analysis

of PINs in combination with tissue-specific gene-expression data has focused on one

of two approaches. Most commonly, one examines a PIN independently of the gene

expression and compares inights from both data sets (e.g., [279]). Alternatively, one

can construct tissue-specific PINs by deleting proteins that are not present in a certain

tissue (e.g., [271]). One can also analyse PINs in a tissue-specific way by incorporating

a hierarchy of tissue similarity into the analysis (e.g., [506]).

In this thesis, we explore two approaches to examine tissue-specific PINs. In

Chapter 3, we use tissue-specific gene-regulatory data to construct two tissue-specific

PINs as an MLN. In Chapter 5, we construct tissue-specific PINs by integrating a PIN

with tissue-specific gene-expression measurements as node-weighted networks.
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Temporal PINs

It is believed that the modular organisation of PINs allows cells to adapt to stimuli and

change their behaviour over time [174]. One can try to assess different roles proteins

might have in this organisation (e.g., so-called ‘party’ and ‘date’ hubs [174]). While

there has been discussion as to whether discrete classifications of roles is fruitful [3, 238],

the general dynamic nature of PINs has not been disputed. One approach to investigate

temporal PINs is to proceed similarly to tissue-specific PINs. First, one deletes proteins

that are not present at a certain time point to construct a PIN for this time point [416].

Second, one repeats this for every time point of interest and compares, for example,

structural properties of a PIN at different points in time. This approach, however,

does not take into account the temporal succession of the events. In Chapter 4, we use

MLNs to construct temporal PINs from temporal gene-expression profiles and a time-

independent PIN. In such temporal PINs, one can examine the change of an interaction

network over time as one mathematical object. Specifically, we investigate centrality of

proteins over time and reconfiguration of modular structure in temporal PINs.

1.3 Thesis Overview

In this thesis, we explore three different network generalisations for the investigation

of PINs (see schematic presentations in Fig. 1.1). In Chapter 2, we discuss relevant

background information about proteins, PINs, and network science. In Chapter 3, we

introduce ‘promiscuity’ as a measure of the variability of a node’s importance across
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standard PIN temporal PIN

tissue-specific PIN node-weighted PIN

gene expression level

largesmall

t=1 t=2 t=3

tissue 1 tissue 3tissue 2

Figure 1.1: Schematic representations of the network generalisations employed
in this thesis. We use MLNs to represent temporal and tissue-specific PINs and node-
weighted networks to combine a PIN with gene expression data.

layers. We calculate node promiscuities in two tissue-specific protein–DNA interaction

networks. In Chapter 4, we demonstrate that one can combine a PIN with temporal

gene-expression profiles to construct a temporal PIN. We use an eigenvector-based

centrality measure to examine the change of centrality in a temporal PIN of the yeast

cell cycle. In Chapter 5, we examine modular structure in node-weighted networks.

We then construct tissue-specific PINs as node-weighted networks and detect modular
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structure in them. We conclude in Chapter 6.

In Appendix A, we discuss the community-detection algorithm that we employ in

this thesis. In Appendix B, we investigate modular structure in a temporal PIN. In

Appendix C, we give details about a parameter-identification algorithm that we use

in this thesis. In Appendix D, we compare a stochastic block model with the node-

weighted modularity that we introduce. In Appendix E, we discuss the construction

of some networks that we investigate in this thesis.
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In this chapter, we give background information about the concepts and methods

that we use in the thesis. In Section 2.1, we discuss proteins and their importance

for cells. In Section 2.2, we describe the construction of PINs. In Section 2.3, we give

background information about networks. In Section 2.4, we describe some synthetic

network models. In Sections 2.5 and 2.6, we discuss centrality measures and community-

detection methods for networks, respectively. In Section 2.7, we describe several

multilayer networks. In Section 2.8, we discuss community-detection in PINs. In

Section 2.9, we describe how one can compare results from community-detection

methods with gene-ontology data.
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2.1 Proteins

Proteins are long polymer chains that are present in all living cells and have biological

functions [102]. The monomers of proteins are the amino acids, of which there are

twenty-two types1. Amino acids have distinct chemical properties (e.g., the electrical

charge of their side chains). Amino acids may attach to another by covalent bonds

to form polypeptides. Proteins consist of at least one polypeptide. The length of

proteins ranges from dozens to ten thousands2 [444] and their median length in

humans is approximately 400 amino acids [62]. The order of the amino acids in these

proteins, called amino acid sequence, is important for the formation of a protein’s

three-dimensional structure and largely determines its biological function.

The formation of a protein’s three-dimensional structure is called protein fold-

ing [158]. Proteins fold because it is energetically favorable; a mixture of hydrophobic

interactions, intramolecular hydrogen bonds, and van der Waal forces hold the structure

together [120]. While a protein’s amino acid sequence mainly determines its structure,

its environment (e.g., pH value, temperature, and the presence of other molecules) may

also influence it [185]. Protein structures are not fixed and a protein may have multiple

metastable confirmations that can be crucial for its biological function [196].

For some proteins, one can determine structure experimentally. X-ray crystallo-

graphy is the most successful method of structure determination, but others (e.g.,

1Only twenty of them are present in the so-called ‘standard genetic code’ [17]. The other two,
selenocysteine and pyrrolysine, can be synthesised under special circumstances.

2The largest known protein in humans is titin. It is a structural component of muscular tissue and
consists of 30 000 amino acids [343].
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nuclear magnetic resonance spectroscopy and cryo-electron microscopy) also exist [419].

As of August 2018, the Protein Data Bank (PDB) stores the experimentally

determined structures of 133 464 proteins and 120 564 of them are X-ray structures [38].

Experimental determination of protein structures lags behind the identification of

new protein sequences [397]. Researchers therefore attempt to infer a protein’s three-

dimensional structure from its amino acid sequence. This computational protein

structure prediction has improved in the last decades [319].
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Function Description Example
Name
[PDB ID] Description Illustration

Enzymes

catalyse
chemical
reactions that
take place in
cells

Citrate
synthase
[1CTS]

catalyses the
first step in
citric acid cycle
to release energy

Transport
and
storage
proteins

bind and carry
atoms and
small molecules
within cells and
throughout the
body

Haemoglobin
[1HHO]

transports oxy-
gen in the blood
of vertebrates

Structural
compon-
ents

provide structure
and support for
cells; on a larger
scale, they also
allow the body to
move

Actin
filaments
[6BNO]

form the cyto-
skeleton

Messenger
proteins

transmit signals
to coordinate
biological
processes
between different
cells, tissues,
and organs

Growth
hormone
(purple)
and
receptor
(orange)
[1A22]

stimulate cell
growth

Antibodies

bind to specific
foreign particles
to help protect
the body

Immuno-
globulin
[1IGT]

neutralise
viruses and
bacteria.

Table 2.1: Examples of proteins and their functions. We use PyMol [117] to illustrate
them and show the proteins using ‘cartoon representations’. We present proteins at different
spatial scales.
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A protein’s three-dimensional structure is important because it determines a

protein’s ability to interact with other molecules [11]. These interaction partners,

called ligands, can be one of a variety of biological molecules, including proteins,

deoxyribonucleic acid and Ribonucleic acid (DNA and RNA; molecules that carry

genetic information), lipids, ions, or small molecules. Such interactions can be stable

or transient. Importantly, bindings between proteins and their ligands are very specific.

A protein binds only to a subset of the molecules that it encounters. Nevertheless,

a protein can interact with many different molecules. For example, actin, the most

abundant protein in most eukaryotic cells [124], can bind to itself, to the protein

profilin, small molecules as latrunculin, and many other molecules. When actin binds

to itself, it forms microfilaments. These constitute one part of the cytoskeleton, which

gives cells their shape, allows cell movement, and is crucial for cell division [19, 204]

(see the illustration of actin filaments in Table 2.1.) In Fig. 2.1, we illustrate the

interaction between actin and profilin. By binding to actin, profilin regulates the

formation of the cytoskeleton [68]. Latrunculin can bind to actin monomers and

prevents them from polymerizing [57]. While this binding is toxic for most organisms,

in small doses, these molecules may be beneficial as an antimetastatic drug [131].

Interaction between proteins and other molecules form the basis of PINs, which we

discuss in more detail in Section 2.2.

A protein’s biological function is strongly affected by its ability to interact with

other molecules. We can characterise proteins by the type of function(s) they fulfil in
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an organism. For example, they can be enzymes, hormones, structural components,

transporters, or antibodies. In Table 2.1, we give some examples of the various

functions that proteins fulfil in organisms.

Proteins often do not have a single biological function; instead they serve a

combination of many different functions. The chromosomal passenger complex, for

example, regulates many processes during cell division, and its location inside the

cell changes over time [69, 156].

While proteins have specific biological functions, many biological functions need

multiple proteins to work in concert to coordinate cellular processes [11]. More than 200

proteins, for example, coordinate the microtubule cytoskeleton, which itself is crucial

for different biological processes, including cell division and intracellular transport [19].

Interaction between proteins often facilitate such coordination and therefore play a

fundamental part in cellular organisation.

2.1.1 Gene Expression, Protein Biosynthesis, and Protein Abund-
ance

DNA molecules hold biological information for the construction of proteins in the form

of genes [11]. Not all genes, however, can produce proteins. The process by which

a cell produces a ‘gene product’3 is called gene expression. Cells express genes and

produce proteins through a process called protein biosynthesis [259]. This process

consists of two major stages: transcription and translation.

3Other examples of non-protein gene products are transfer RNA, small nuclear RNA, micro RNA,
and silencing RNA.
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profilinbeta-actin beta-actin–profilin complex

Figure 2.1: Actin–profilin complex in Bos taurus. Actin (blue) and profilin (red) form
a complex. Profilin regulates the cytoskeleton and actin has a crucial role in its formation [68].
The proteins interact with each other through a combination of ionic, polar, and hydrophobic
interactions [405]. We use PyMol [117] for illustration and show the proteins using ‘surface
representations’. In these, such surface is the manifold that would be traced out by water
molecules in contact with a protein at all possible positions. We highlight the interaction
interface of the two proteins in darker colours. The structures of actin, profilin, and the actin–
profilin complex in Bos taurus (cattle) are from the PDB with IDs 2OAN [251], 1PNE [74],
and 1HLU [83], respectively.

Transcription

Transcription occurs in the cell nucleus, where DNA and the enzyme RNA polymerase

are present. RNA polymerase copies the information from a particular segment of the

DNA (i.e., a gene) into a messenger ribonucleic acid (mRNA) molecule.

The transcription itself occurs in several steps of which initiation, elongation,

and termination are the major ones [11, 26]. During initiation, RNA polymerase

binds to a specific DNA sequence called promoter and locally unwinds the double-

stranded DNA by breaking the hydrogen bonds between the strands. Subsequently, the

RNA polymerase matches the single-stranded DNA sequence with a complementary

sequence of nucleotide triphosphates. This elongation phase is the step-wise addition of

nucleotides to the RNA chain. The RNA polymerase moves down the DNA double-helix
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and rejoins the strands while growing the RNA chain. When the RNA polymerase

reaches a transcription terminator at the end of a gene, the RNA is released.

An such obtained RNA molecule is called precursor mRNA (pre-mRNA). It

undergoes post-transcriptional modifications4 to become mRNA. The most notable

modification is splicing, which is the removal of introns (non-coding regions of the

RNA), and modifications of both ends of an RNA molecule. For many genes, some exons

(coding regions of the RNA) might be removed, too. This is called alternative splicing

and enables a cell to produce different mRNA molecules from a single gene [366].

In eukaryotes, most mRNAs exit the nucleus through the nuclear pores into the

cytoplasm, where the protein synthesis continues.

Transcription factors (TFs) are proteins that up- or down-regulate the rate of

transcription of specific genes by alternating the rate of any of these sub steps. They

regulate by binding to specific parts of the DNA [252]. This allows cells to react

to external stimuli, such as heat [317] or hormones [413]. Another regulation of

gene expression is DNA methylation, which is the addition of a methyl group to a

DNA segment [219]. It is commonly called ‘gene silencing’, and the organisation of

methylation is crucial for embryonic development [73].

Translation

Translation is the synthesis of proteins from mRNA molecules. It occurs in the

cytoplasm, where ribosomes (which are complexes of proteins and structural RNAs), are
4Some of these modifications are also co-transcriptional, i.e., they may also occur during

transcription.
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present. The ribosome decodes the mRNA to produce a polypeptide chain that becomes

the protein. An mRNA’s nucleotide sequence determines the amino acid sequence,

where triplets of nucleotides (codons) encode amino acids. Similar to transcription,

translation consists of an initiation, elongation, and termination phase5. These referer

to the assembly of a ribosome around a specific start codon, the stepwise assembly

of a polypeptide, and its release, respectively. Translational control is the regulation

of these steps by altering their rate, where initiation is likely the limiting one [188].

Cellular levels of initiation factors affect the rate of this first step of translation [213].

The localisation of specific mRNA molecules to a particular subcellular regions can also

influence translation rates [250]. Other translation steps can also be affected, so-called

release factors, for example, catalyse translational termination [119].

Post-translational modifications modify polypeptides and potentially alter the

biological function(s) of a final gene product. Among them are phosphorylation

(i.e., the attachment of a phosphoryl group to the side chain of an amino acid), the

linkage to other proteins (e.g., ubiquitylation), or protein splicing (i.e, removal of

protein segments).

Protein Localisation & Degradation

The cellular levels of proteins are not exclusively determined by the rate of synthesis

(i.e., the combined rate of transcription and translation) but also by the rate of

degradation [91]. In this process, proteins are dismantled (e.g., by the organelle
5The release of a ribosome from an mRNA can be seen as a additional step called ribosome

recycling.
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lysosome or the protein proteasome) into their constituent amino acids. This removes

damaged proteins and allows the cell to regulate other molecular pathways, for example,

as response to external stimuli. The rate of degradation depends, among others, on

the protein, the state of an organism, and external effects.

Eukaryotic cells are divided into subcellular compartments (e.g., nucleolus, mito-

chondria, endoplasmic reticulum). Protein localisation refers to the accumulation

of a certain protein at a given site or compartment. The subcellular localisation of

proteins allows them to fulfil their biological function in these compartments. To

achieve this, proteins are translocated across biological membranes, for example, with

the help of so-called chaperone proteins6 [478].

In this thesis, we focus on the abundance of mRNA molecules as an indicator of

the ‘activity’ of a given protein. As discussed in this section, this is an simplistic

model of the underlying biology, as the functional proteins might have been altered by

post-translational modifications, might be have been translocated, or might degrade

quickly. A protein with a long half-life, for example, can have a high abundance,

despite a small expression at a given point in time. A more complete (but also more

complex) model of cellular biology would consider such effects.

2.1.2 Measurement of Gene Expression

As the regulation of gene expression is a fundamental mechanism in the organisation

of cellular function, measuring gene expression across cells, tissues, space, and time
6Not all chaperone proteins are involved with protein transport. In general, molecular chaperones

are proteins that influence the folding of proteins [178].
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is crucial for understanding multicellular organisms. The gene products — proteins,

most prominently — perform cellular functions, so measuring gene expression can

reveal what functions are performed in a cell.

There exist techniques to directly measure the abundance of proteins in tissues;

these include mass spectrometric approaches [164] and protein arrays [300]. The

measurement of mRNA abundance, however, is easier and more affordable; and it

is thus often preferable. The Pearson correlation between mRNA abundance and

protein abundance varies from 0.4 to 0.8 [164, 406].

In this thesis, we use exclusively mRNA-abundance data. Different experimental

techniques exist to measure the expression of genes in form of mRNA abundance.

For many years, Northern blotting was the standard experimental technique for the

detection and quantification of specific RNA levels [16].7 In the last decades, however,

microarrays and RNA sequencing became more widely used.

Microarrays

A microarray is a collection of single-stranded DNA probes that are bound to a

glass slide and are complimentary to mRNA molecules in the sample [358]. These

complimentary mRNA molecules anneal the single-stranded DNA probes by forming

hydrogen bonds. One then washes unbound mRNA off and can visualise the amount of

bound RNA to each probe, for example, if they are fluorescence labelled and activated by

a laser. As each probe is specific for a given gene, one may obtain an estimate of mRNA
7It is named in analogy to Southern blotting, a method for the detection of specific DNA

sequences [426].
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levels in the sample8. As microarrays allow the measurement of expression levels of

thousands of genes such data can also be used to construct gene-coexpression networks.

RNA Sequencing

Advances in massively parallel sequencing allowed the development of RNA Sequen-

cing [292]. In these experiments, one breaks mRNA molecules into small fragments and

sequences them. One obtains quantitative expression levels for genes by aligning

them to the genome.

2.2 Protein Interaction Networks

As discussed in Section 2.1, proteins interact with other molecules and these interactions

fulfil specific biological functions. One important type of interaction are those between

proteins. We understand these protein–protein interactions (PPIs) as physical contacts

with molecular docking between proteins that occur in a cell. This docking is the

formation of a joint molecular interface that connects two or more proteins. Proteins

can bind to other proteins in various ways [11]. The three main interaction types are

surface–string interaction, helix–helix interaction, and surface–surface interaction. The

last is the most common and occurs if the surfaces of two proteins match precisely.

Such interactions can be very strong, because a large number of weak interactions

form between the two binding proteins. Most often, a combination of ionic, polar,

and hydrophobic interactions holds the proteins together [493]. In Fig. 2.1, we show

8Further analysis steps (e.g., normalisation of the raw signal) are often necessary.
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actin and profilin, which form a complex through surface–surface interaction. One

can classify PPIs depending on their strength, the interaction partner, and whether

they are obligate [339].

One often distinguishes multiprotein complexes into obligate and non-obligate

complexes [339]. In the former, the interacting proteins are not found on their own in

the cell. In the latter, a complex’ constituent proteins can also be present individually.

PPIs occur between either identical or distinct proteins. One calls the former

homooligomers and the latter heterooligomers. The actin filament in Table 2.1 consists

exclusively of actin proteins and is thus a homooligomer. The actin–profilin complex

in Fig. 2.1 is a heterooligomer because it consists of two different proteins.

One can attempt to classify PPIs depending on their lifetime into permanent

and transient interactions [339, 417]. The former creates stable complexes that

consist of multiple proteins and fulfil specific biological function(s). Enzymes that

consist of multiple subunits, each of which is a protein, often form stable interactions.

Transient interactions are reversible and often short-lived with lifetimes of seconds [364].

Many proteins undergo conformational changes (i.e., a change in three-dimensional

structure) upon transient interaction [364]. This change may allow an interaction

with another ligand, and it thus triggers a signalling cascade. One example is the

transient interaction of G-proteins9 with membrane-bound G-protein-coupled receptors.

This interaction activates a target in the plasma membrane and it thus causes a

9G-proteins are so-called because they bind the guanine nucleotides GDP and GTP.
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cascade of other signalling events.

Many PPIs do not belong to a distinct type [339]. Rather, a continuum exists

between non-obligate and obligate and between transient and stable interactions.

Physiological conditions and external influences (e.g., temperature and the presence of

other proteins) can change the stability of these complexes [351]. Additionally, drugs

can influence an organism by inhibiting the interaction between proteins [25, 312].

2.2.1 Measurement of Protein–Protein Interactions

Many different experimental techniques can detect interactions between proteins [337,

417]. High-throughput techniques allow the screening of a large number of proteins

at the same time, whereas low-throughput techniques only screen pairs of proteins.

We also distinguish between in vivo and in vitro methods. The former are methods

that measure PPIs in a living organism. The latter are methods that measure the

PPIs outside of their normal biological context.

PPIs can be experimentally validated either biochemically (including affinity purific-

ation technology [373, 383], x-ray crystallography [224, 236], far-Western blotting [487],

pull down [281], enzymatic [421]), via microscopy (fluorescence resonance energy

transfer [458], or imaging [277]), or in vivo (yeast two-hybrid screens [145], protein

complementation assay [354], genetic interactions). In this thesis, we use data from

the BioGRID database [77, 432], which is an aggregation of many different of such

experimental methods (see Fig. 2.2). In general, we distinguish between methods

that detect actual physical interaction or proximity between proteins and methods
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Figure 2.2: Experimental methods in the BioGRID database. We show the
number of PPIs in the BioGRID database for thirteen experimental methods. Affinity
chromatography technology, which includes TAP, detects most PPIs.

that infer them indirectly.

2.2.2 Genetic Interactions

One can measure genetic interactions, which are functional relationships between genes

or their products (e.g., proteins) [94, 289]. These interactions can be PPI but, for

example, also protein–DNA and RNA–DNA interactions [378]. Genetic approaches,

however, cannot distinguish between direct and indirect interactions. An experiment

might indicate an interaction between two genes that is mediated by some other protein.

To examine genetic interactions, one usually creates double mutants. In these

cells, two genes are disabled due to synthetic mutations. One then investigates the

effect of these mutations. An extreme negative genetic interaction occurs when two

mutations, neither lethal individually, cause cell death when occuring together. There
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exist several experimental technqiues (most notably synthetic genetic arrays [342, 455])

to measure such interactions. The detection of genetic interactions was first developed

for yeast but has been used in other organisms [93]. The application to human cells,

however, is challenging due to the enormous number of combinations (∼ 200 million)

and the rarity of strong genetic interactions [198, 254].

2.2.3 Protein-Interaction Databases

As different experimental techniques for detecting PPIs have different biases, it is

important to integrate results from many different types of experiments [454]. Such

information is available from protein-interaction databases. There exist many different

databases of PPIs. Among the most popular are the Biological General Repository

for Interaction Datasets BioGRID [432], the Human Protein Reference Database

HPRD [230], the Homologous Interactions HINT database [103], and the Search Tool

for the Retrieval of Interacting Genes/Proteins STRING [449]. For reviews of some

databases, see [376, 417]. As we show in Table 2.2, the databases vary in the number

N of proteins and the number M of pairwise interactions.

In this thesis, we use data exclusively from the BioGRID database [77, 432].

It is freely available, regularly updated, and has interaction data for 66 organisms.

The interactions are an aggregation from publications that describe low-throughput

experiments. As of August 2018, it has interactions from 65 816 publications. Experts

curate publications to identify PPIs and add them to the database, which has both,

genetic and physical PPIs. We use BioGRID because it is the largest available PPI
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database version number N of proteins number M of interactions reference
BioGRID∗ 3.4.163 23 098 334 684 [432]

HPRD Release 9 30 047 41 327 [230]
HIPPIE 2.1 16 792 340 629 [81]

STRING ∗ 10.5 18 838 11 353 057 [450]
HINT ∗ 4 16 221 170 804 [103]

Table 2.2: Size of PPI databases. We give the sizes of some PPI databases in the most
recent versions (status as of August 2018). We indicate multiorganism databases with an
asterisk (∗) and for them, we give only the number N of human proteins and the number M
of interactions between them.

database with only experimental interactions.10

2.2.4 Reliability and Coverage of Protein Interaction Net-
works

The detection of PPIs with high-throughput techniques such as Y2H assays or TAP is

not always reliable [115, 202]. We distinguish two types of errors: detecting interactions

that are not present (false positives) and missing existing interactions (false negatives).

In 2006, Hart et al. estimated that only half of all human PPIs are known [177]. Huang

and Bader (2008) estimated the false-positive rate of Y2H screens for yeast to be

9.9 % and the false-negative rate to be 51 %.

Another way to create large-scale PINs is to curate published literature, taking

advantage of the fact that low-throughput techniques that individual papers describe

are more reliable [384]. The error rates for such literature-curated protein interaction

data sets are often smaller than large-scale experiments. The estimates of the error

rates range from 2 % to 35 % [99, 394].
10 The STRING database is larger but includes computational predicted interactions (e.g., based

on similar genomic context).
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Figure 2.3: Growth of the BioGRID database. We show the number N of unique
proteins and the number M of non-redundant interactions in the BioGRID database for
Homo sapiens (human; purple diamonds), Saccharomyces cerevisiae (yeast; orange disks),
and all organisms (black squares). Each marker indicates the number in July each year from
2008 to 2018. While the databases tend to increase in size, there are exceptions. We also
indicate estimated interactome sizes for human and yeast as squares [443]. For yeast, note
that the known interactome exceeds its estimate, whereas for human the current data is
smaller than its estimate.

In recent years, the reliability and coverage of PINs has improved [81, 450]. The

BioGRID database, for example, has experienced an increase in the number of curated

interactions by 30 % from 2015 to 2017 [77] (see Fig. 2.3). The PINs are, however, most

likely not complete. An estimate of the size of the human PIN is approximately 25 000

proteins with 700 000 interactions [443], and the most recent BioGRID database

has only 20 914 proteins and 365 547 interactions.

Some databases, such as STRING [450] and HIPPIE [81], quantify the reliability

of an interaction with a confidence score. One can use these scores to threshold PINs

by keeping only PPIs that have at least a certain reliability level [55]. This approach
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Figure 2.4: A network consisting of N = 5 nodes. (a) This graph consists of N = 5
nodes (black disks) that are connected to each other with M ′ = 6 edges (red lines). We
show self-loops as dashed arc and multiedges as dotted arcs. (b) A simple graph has no
self-loops and no multiedges. The number of edges is M = 4. The neighbourhood of node 1
is N (1) = {3, 5}. (c) In a directed graph, edges have a direction. The graph in (b) is the
underlying undirected graph of (c).

tends to decrease the false-positive rate but increase the false-negative rate. These

scores also tend not to be comparable across databases [55].

In this thesis, we construct PINs from the literature-curated database BioGRID.

We refrain from filtering these networks so that we do not further increase the false-

negative rates. When interpreting our results, however, it is important to be aware

that the networks are error-prone and do not cover all proteins.

2.3 Networks

One often represents PPI data as a network. In this representation the nodes represent

proteins and the edges between nodes indicate an interaction between them. We can

use methods from network science, which we discuss in this section, to analyse PINs.

A graph is an ordered pair G = (V,E) composed of a set V of nodes (i.e., vertices)

that are connected pairwise via edges (i.e., links) from the set E ⊂ V × V [4, 330].
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A node and an edge are called incident, if the node is one of the two nodes the edge

connects. The size of the graphs is given by the number of nodes N = |V |. The number

of edges is M = |E|. Nodes that are adjacent to each other via an edge are called

neighbours, and the set of all neighbours of a node i is its neighbourhood N (i). A

graph without nodes that are adjacent to themselves (called ‘self-loops’), and without

multiple connections between a pair of nodes (called ‘multiedges’) is called a simple

graph. The most common linear-algebraic representation of a graph is the adjacency

matrix A ,which is a binary N × N matrix with elements

Aij =
1 , if nodes i and j are adjacent ,

0 , otherwise .
(2.1)

The adjacency matrix for the simple graph in Fig. 2.4b is the 5 × 5 matrix

A =


0 0 1 0 1
0 0 1 0 0
1 1 0 0 1
0 0 0 0 0
1 0 1 0 0

 .

The edge list for the same network is

E = {(1, 3), (1, 5), (2, 3), (3, 5)} .

A network’s edges can also have a weight wij ∈ R. In this case, the entry Aij

is the weight wij of edge (i, j). As an edge connects two nodes without a sense of

direction, the matrix is symmetric (i.e., Aij = Aji).

In an undirected network, the degree ki of a node i is the number of edges incident

to i. One calculates the degree from the adjacency matrix with the sum
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ki =
N∑
j=1

Aij . (2.2)

When summing the degrees of all nodes, we obtain twice the number of edges,

because each edge is connected to exactly two nodes:

∑
i∈V

ki = 2M . (2.3)

The mean degree is then

〈k〉 =
∑
i∈V ki
N

= 2M
N

. (2.4)

To compare the number M of edges present in a network with the maximum

possible number, we compute the density of a network:

ρ = 2M
N(N − 1) ∈ [0, 1] , (2.5)

where N(N − 1)/2 is the maximum number of undirected edges in a network with N

nodes.

In Fig. 2.5, we show the degree distribution of a human PIN. As in many real-

world networks, it has a broad degree distribution (i.e., many nodes have a degree

much higher than the mean degree).

node i 1 2 3 4 5 ∑
i∈V ki 〈ki〉

degree ki 2 1 3 0 2 8 8/5

Table 2.3: Node degrees for network shown in Fig. 2.4b. The sum over all node
degrees is equal to twice the number of edges of the graph. The mean degree is 〈k〉 = 8/5.
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Figure 2.5: Degree distribution of a human protein interaction network and an
Erdős–Rényi network. We show the degree distribution of a PIN as blue disks and the
degree distribution of an ER graph (see Section 2.4) as red diamonds. We constructed
the PIN from the BioGRID database (version 3.4.163) [432]. There are 5 322 nodes with
degree ki = 1. The protein ubiquitin has the largest degree (ki = 2 387) and thus is adjacent
to almost 10 % of all proteins. We construct the ER graph using the G(N, p) model (see
Section 2.4). Its connection probability p is the density ρPIN ≈ 0.0012 of the PIN. The
vertical line indicates the mean degree 〈ki〉 of the PIN, which is approximately the same for
the ER graph.

Directed Networks

In a directed network, the edges have a direction (i.e., the edge (i, j) indicates the

presence of an edge only from i to j). The adjacency matrix for the directed graph

shown in Fig. 2.4c is the asymmetric 5 × 5 matrix

A =


0 0 1 0 1
0 0 0 0 0
1 1 0 0 0
0 0 0 0 0
0 0 1 0 0

 .

In a directed network, a node i has an in-degree k(in)
i and an out-degree k(out)

i .
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These are, respectively, the number of inbound and outbound edges:

k
(in)
i =

n∑
j=1

Aij , and k
(out)
i =

n∑
j=1

Aji . (2.6)

For a directed graph G = (V,E), we can construct an underlying graph G̃ = (V, Ẽ),

which is an undirected graph with (i, j) ∈ E → (i, j) ∈ Ẽ. In Fig. 2.4b, we show

the underlying graph of Fig. 2.4c.

Subgraphs

The graph G′ = (V,E) is a subgraph of the graph G = (V,E) if V ′ ⊆ V and

E ′ ⊆ E . We then write G′ ⊆ G.

Paths, Components, and Geodesic Distance

A walk in a graph G = (V,E) is an alternating sequence

(i0, e1, i1, e2, . . . , el, il) , (2.7)

of nodes and edges that begins and ends with a node. For each l′ ∈ {1, 2, . . . , l}, the

edge el′ connects the nodes il′−1 and il′ . Node i0 is called the initial node, and node

il is called the final node. The number l ∈ N is the length of the walk. A path in

G is a walk in which all its nodes are distinct.

node i 1 2 3 4 5 ∑
i∈V ki

in-degree k(in)
i 1 1 2 0 1 5

out-degree k(out)
i 2 0 2 0 1 5

Table 2.4: Nodes degrees for the directed network in Fig. 2.4c. The sum over all
node in-degrees is the same as the sum over all node out-degrees.
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An undirected graph G = (V,E) is connected if for every pair of distinct nodes

i, j ∈ V , there exists a path from i to j.

A connected component H of an undirected graph G is a subgraph H ⊆ G that is

connected. Each graph G has a unique collection of connected components H1 . . . , Hc.

The number c of connected components is uniquely determined by G.

In directed graphs, we distinguish between weak and strong connectedness. A

directed graph is weakly connected if its underlying graph G̃ is connected. A directed

graph is strongly connected if for every pair of distinct nodes i, j ∈ V , there exists

a path from i to j.

A weakly (strongly) connected component of a directed graph G is a subgraph

H ⊆ G that is weakly (strongly) connected. In Fig. 2.4c, we show a directed graph

with two weakly connected components and three strongly connected components.

The geodesic distance d(i, j) from node i to node j is the length of a shortest path

from i to j. In directed graphs, the distance d(i, j) does not necessarily coincide with

d(j, i). In the directed graph in Fig. 2.4c, for example, d(3, 5) = 2 6= d(5, 3) = 1.

The diameter D of a network is the length of the longest shortest path between

all pairs of nodes. That is

D = max
i

max
j
d(i, j) . (2.8)
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2.4 Synthetic Network Models

In addition to the investigation of networks that one constructs from data, it can be

beneficial to study synthetic networks, as this allows testing of hypotheses for them.

There exists a large number of such generative models [330].

2.4.1 Erdős–Rényi Model

One of the most simple network models is the Erdős–Rényi (ER) model 11. There exist

two variants, the G(N, p) model and the G(N,M) model, both creating networks of

N nodes. The G(N, p) model produces networks in which there is an edge between

each distinct pair of nodes with independent probability p, whereas the G(N,M)

model yields a network with exactly M edges, chosen uniformly at random from

the collection of all graphs which have N nodes and M edges. In the former, the

number of edges is a random variable with expected value
(
N
2

)
p. The distribution

of the degree ki of node i is binomial

P (ki = k) =
(
N − 1
k

)
pk(1− p)N−1 . (2.9)

2.4.2 Configuration Model

The binomial degree distribution of ER graphs is atypical of empirical networks. For

example, real networks often have heavy-tailed distributions [424] (see, for example,

degree distribution of a human PIN in Fig. 2.5). Using a configuration model, we

11It is also sometimes called a ‘random network’, which is ambiguous because any network model
that is not entirely deterministic is random by definition.
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construct a random network with N nodes and a given degree sequence ~k = {ki}, where

ki is the degree of node i [151]. There are two primary methods to create networks

with this configuration model: randomisation and stub matching [226].

2.4.3 Stochastic Block Model

A stochastic block model (SBM) is a random graph model that can have communities

or other mesoscale structures [1, 476]. It produces graphs with N nodes, each of

which belongs to exactly one of r communities. We denote this community assignment

by gi ∈ {1, . . . , r}. The connection probability between each pair (i, j) of nodes is

pij = Ωgi,gj
. The r × r matrix Ω is called the edge-probability matrix and is symmetric

for undirected graphs. Despite its simplicity, an SBM can create structures that are

similar to empirical networks. This includes modular [116], core–periphery [260, 386],

and multipartite structures [328].

Various generalisations of the SBM exist, including a variant with nodes that belong

to multiple modules [9], ones with nodes that have labels [183, 200, 331], ones with

weighted edges [8]. Another extension is networks with nodes that are embedded

in a continuous latent space (specifically, a metric space) and connect them with a

probability that depends on their distance [192, 333, 375].
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2.4.4 Regular Ring Lattice

The regular ring lattice is a regular network, i.e., all nodes have the same degree. The

adjacency matrix of a regular ring lattice with N nodes with degree k ∈ [2, N − 1] is

Aij =
 1 , if |i− j| mod

(
N − 1− K

2

)
≤ K

2 ,

0 , otherwise .
(2.10)

2.5 Centrality Measures in Networks

In many networks, it is desirable to quantify the importance of nodes [330].12 There are

many possible notions of importance in a network and, accordingly, many definitions

of centrality measures [44]. In this section, we discuss some of them and focus on

eigenvector-based centralities in Subsection 2.5.1.

The simplest centrality measure is the degree ki of node i. As we discussed in

Section 2.3, this is the number of edges incident to node i. Although the degree is a

simple measure of centrality, it can give valuable insights. In PINs, for example, nodes

with large degrees tend to represent proteins that are essential for an organism’s

survival [133, 216].

Another centrality measure is the closeness centrality, which measures the mean

distance from a node to other nodes. Suppose that dst is the length of a geodesic path

from node s to node t. One version of closeness centrality Ci of node i is then

12There exist also measures of centrality for edges or other substructures (e.g. [113]). We omit them
here and mean by centrality exclusively the centrality of nodes.
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Ci = N∑
j 6=i dij

. (2.11)

Geodesic betweenness centrality measures the extent to which a node lies on shortest

paths between other nodes in a network. The geodesic betweenness of node i is

Bi =
∑
s 6=i

∑
t6=i

σst(i)
σst

, (2.12)

where σst is the total number of geodesic paths from source node s to target node t

and σst(i) is the number of those paths that pass through node i. Joy et al. (2005)

claimed that in a PIN of yeast, nodes with large geodesic betweennesses tend to be

evolutionary preserved13 [223]. Hwang et al. (2008) used geodesic betweenness to

identify genes associated with asthma [206].

This list of centrality measures is very far from exhaustive, and researchers have

defined many centrality measures for numerous applications [330]. For investigations of

PINs, this includes measures that take into account gene-expression information [308].

A type of subgraph centrality is reported to be correlated positively with lethality in

PINs [139]. Despite the evidence of correlations between various types of centrality

and ‘essentiality’ in PINs, the prediction of whether a protein is essential or not

in a PIN has high error rates [355]. One reason for this may be insufficient PIN

data, as discussed in Subsection 2.2.4.
13In the investigation of genetic data, a ‘conserved sequence’ is a sequence that occurs similarly in

different species. As such sequences are altered only lightly by evolution, it is typically assumed that
they have a special importance [437].
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centrality centrality matrix C reference
eigenvector centrality A [51]

hub AAᵀ [233]
authority AᵀA [233]
PageRank (1− ψ)A + (ψ/N)JN [348]

Table 2.5: Examples of eigenvector-based centralities and their respective
centrality matrices as a function of the adjacency matrix A. PageRank, in its
most common form, has a free parameter ψ, which is the probability of not following a
direct edge but instead entering any node at random with uniform probability. The matrix
JN = 1ᵀ1 is the N ×N matrix with all elements equal to 1.

2.5.1 Eigenvector-based Centralities

One class of centrality measures are eigenvector-based centralities [50, 51, 160]. For

these, the nodes’ centralities are given by the entries of the dominant eigenvector of a

centrality matrix.14 A network’s centrality matrix C can be one of various functions of

the networks adjacency matrix A [138]. We give some examples of such eigenvector-

based centralities and their respective centrality matrices in Table 2.5.

For a network, an eigenvector-based centrality of node i is the ith element of the

leading eigenvector x of the centrality matrix C. This is given by the equation

Cx = λx , (2.13)

where λ is the largest eigenvalue of C. Different numerical methods enable an efficient

calculation of eigenvalues. Among them are power iteration and implicit restarted

Arnoldi methods [307, 425]. The latter is used by the Matlab function eigs, which

returns the largest eigenvector.15

14There exist also centrality measures that involve the calculation of eigenvectors but the centralities
are not elements in the eigenvector themeselves, e.g. Katz centrality [227]. In this thesis, we call
‘eigenvector-based centralities’ only those that eigenvectors of a centrality matrix.

15Computing only the largest eigenvector is considerably faster than computing all eigenvectors
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Among the most prominent of these eigenvector-based centrality measures are hub

and authority scores [233] and PageRank [348]. In PINs, eigenvector-based centralities

can be used for studying proteins that are associated with diseases [347].

2.6 Community Detection in Networks

Thus far, we have examined networks either from a local or a global perspective. The

former is the calculation of information concerning the nodes (e.g., centralities of

nodes). The latter is the investigation of properties concerning a whole network, such

as the diameter of a network, degree distributions, or the relationship between degree

and betweenness centrality). Another perspective is to examine so-called ‘mesoscale

structures’. These are structures in a network that lie at levels between local and global

scales [64]. Examples of such mesoscale structures are communities, core–periphery

structures [53, 387], and multipartite organisation [137]. In PINs, mesoscale structures

may coincide with functional modules or multiprotein complexes [428]. Investigating

mesoscale structures can thus provide insights into the function of PINs.

A particular type of mesoscale feature are communities. Intuitively, communities are

sets of nodes that are more densely connected among each other than to communities

of other nodes [148, 150, 369]. The precise definition of a community, however, can

depend on the network, the application, and the detection method [314].

Community detection is the task of finding communities in a network [148, 150, 369].

Many different methods have been developed to detect such communities. One

with the eig function.
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of the oldest is Min Bisection, which is the division of nodes into two equal-

sized groups, with as few edges as possible between them. In this thesis, we use

modularity maximisation and discuss it in detail in Subsections 2.6.1. Other methods

include maximum-likelihood estimation of SBMs [9, 116, 361], information-theoretical

approaches [391], iterative removal of edges [159], random walks on networks [169],

entries of the Fiedler vector16 [328], and communicability-based clustering [134]. For

an extensive (but not exhaustive) comparative review of different methods, see [248].

The detection of communities in real-world networks has led to insights in a wide

variety of disciplines. These include social networks, materials, mobility patterns,

and political interaction and voting [148, 150, 369]. In Section 2.8, we discuss the

application of community-detection methods to PINs.

In this thesis, we exclusively consider non-overlapping communities (i.e., each node

belongs to exactly one community). There also exist methods to detect overlapping

communities, in which a node can belong to multiple communities [9, 150, 350, 369].

2.6.1 Modularity

We can use modularity maximisation to partition the set of nodes of a network into

communities. A partition G = {G(1), . . . , G(ncom)} is a collection of ncom sets such that

V = ⋃ncom
s=1 G(s) and G(s)∩G(t) = ∅ for all s and t. That is, each node belongs to exactly

one set Gs. We call these sets communities17. For convenience, we denote the group
16The Fiedler vector is the eigenvector associated with the second-smallest eigenvalue of a graph’s

combinatorial Laplacian matrix L, which has elements Lij = kiδi,j −Aij [143].
17Another common name is module. In this thesis, we use ‘module’ for a functional set (e.g., groups

of proteins with common biological functions).
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assignment of node i with gi in the vector g ∈ NN . We usually label the communities

with integers {1, 2, . . . , ncom}, where ncom is the number of communities. As with most

clustering algorithms, however, the labelling of the clusters is arbitrary; and switching

the labels of two clusters does not change a partition [435]. Usually, we do not know

the number ncom of communities; for the modularity-based approach that we use, we

do not specify it before applying a community-detection algorithm.18

Modularity

Q(g) = 1
2m

∑
ij

(Aij − Pij) δ(gi, gj) , (2.14)

is a quality index for a partition g of a network with adjacency matrix A into

communities. It is the sum of the weight of intracommunity edges minus the expected

weight of intracommunity edges under a random null model. The Kronecker-delta

δ(gi, gj) is 1 if nodes i and j belong to the same module (gi = gj) and 0 otherwise.

The element Pij of the null-model matrix P is the expected connection strength

between nodes i and j under a null model. There are numerous choices for this null

model. There exist null models for networks with spatial embeddedness or that are

otherwise influenced by space [141, 396] or correlation networks [34, 285], and for

many other situations [150]. We use the widely-used Newman–Girvan null model

Pij = kikj/(2m) [332]. This is the expected connection strength if one rewires edges

uniformly at random while preserving the expected strength distribution. In this
18Some algorithms, however, need the number ncom of communities as an input. This includes

k-means clustering of a communicability matrix, maximum-likelihood estimation of a stochastic block
model, and many others [150].
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case, modularity Q is

Q(g) = 1
2m

∑
ij

(
Aij −

kikj
2m

)
δ(gi, gj) . (2.15)

One of the shortcomings of modularity is that it fails to detect communities smaller

than a certain size [149]. To examine communities at different scales, one can define

a multi-resolution variant of modularity [380]

Q(g, γ) = 1
2m

∑
ij

(
Aij − γ

kikj
2m

)
δ(gi, gj) . (2.16)

The resolution parameter γ allows the detection of modular organisation at multiple

scales. For large values of γ, one finds many small modules, by contrast, communities

increase in size as γ → 0. In Fig. 2.6, we illustrate four modularity-based partitions

of a PIN of the human immunodeficiency virus (HIV).

Thus far, we have explained modularity (see Eqn. 2.16), which gives one way

to measure the quality of a partition g in a network with adjacency matrix A. In

community detection, we do not know the partition a priori. We rather want to detect

communities in a network. We can detect communities by finding a partition with

maximal modularity. One calls the task of finding such partitions the modularity-

maximisation problem [34]. Ideally, we would like to test all possible partitions and

choose one with maximal modularity. The number of possible partitions of a network

with N nodes is the Bell number

BN =
N+1∑
k=0

(
N − 1
k

)
Bk , (2.17)
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Figure 2.6: Community structure in a PIN of HIV. We show the communities in the
HIV PIN for the resolution parameter log10 γ ∈ {−1.6,−0.5, 0.3, 1.7}. For small γ, all nodes
belong to the same community; for large γ, each node belongs to its own community. The
number ncom of communities increases with γ, and the size Smax of the largest community
decreases with γ. The network consists of N = 1 119 nodes and M = 1 970 edges; we
constructed it using the BIOGRID database version 3.4.161 [77]. Note the logarithmic scale
of both axes.

which grows very rapidly with N . For networks with N = 7 and N = 8 nodes, for

example, there exist 877 and 4 140 possible partitions, respectively (see Table 2.6).

Finding a partition that yields maximal modularity by comparing all partitions is

thus not possible for almost all networks.

Finding a partition that maximises modularity is NP-hard; that is, there exists

no correct polynomial-time algorithm to solve this problem for every instance (unless

P = NP) [58]. Therefore, one uses heuristic algorithms to find approximate solutions to

the problem. Among them are simulated annealing, extremal optimisation, and
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spectral partitioning [58].

In this thesis, we use the GenLouvain implementation (version 2.1.1) [217] of

a generalised Louvain algorithm [45] for Matlab to find an approximate solution

to the modularity-maximisation problem. The GenLouvain algorithm returns a

partition g. For a detailed discussion of this computational method, see Appendix A.

Empirical observations suggest that the run-time complexity of the Louvain algorithm

for graphs is O(N log〈k〉) [45].

Although modularity-maximisation algorithms are used widely for the study of

networks, they come with some drawbacks: modularity maximisation prefers partitions

with communities of a similar size [249, 329], it is not always a consistent estimator19

of partitions [43], and the modularity function often has multiple near-optimal parti-

tions [163]. For all community-detection algorithms, including modularity-maximisation,

there exists a detectability threshold [116, 324, 500]

19An estimator of a parameter is called consistent if it converges in probability to the true value of
this parameter.

N 0 1 2 3 4 5 6 7 8 9 10
BN 1 1 2 5 15 52 203 877 4140 21147 115975

Table 2.6: The number of possible partitions for a network with N nodes is the
Bell number. The Bell number BN grows rapidly with the size N of the network. Even
for small networks, it is thus not feasible to check all possible partitions to find one with
maximal modularity.
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2.7 Multilayer Networks

As we discussed in Chapter 1, graphs are mathematical models of complex systems.

These graphs describe pairwise interactions between a system’s entities. In many

systems, these interactions are more complicated, for example, they change over time

or there are different types of interactions [42, 101, 232]. One can use multilayer

networks to describe such interaction patterns. In this thesis, we use a general

mathematical description of multilayer networks from [232]. From now on, we call

‘normal’ networks ‘monolayer networks’ if it is necessary to distinguish between them

and multilayer networks.

A multilayer network (MLN) is a quadruplet M = (VM , EM , V,L), whose compon-

ents we discuss now.20 The network consists of N = |V | physical nodes and L = |L|

layers, which are composed of d different aspects (e.g., ‘tissue type’ and ‘time’), each of

which has a set of elementary layers La (e.g., ‘muscle’ and ‘nervous’ for tissue type and

‘1’,‘2’, and ‘3’ for time). We construct the sequence L = L1 × · · · × Ld of sets of layers

as all possible combinations of these elementary layers by using a Cartesian product21.

The physical nodes are represented in the layers as states nodes VM ⊆ V × L, which

can also be described as node-layer tuples: The entry ia ∈ VM indicates whether node

i ∈ V exists on a specific layer a ∈ L, with a = (a1, . . . , ad). The edges EM ⊆ VM ×VM

20There is also the notion of ‘multi-layer neural networks’, which are computational models with
multiple processing layers and can be used for so-called ‘deep learning’ [256, 447]. In this thesis, we
use ‘multilayer network’ in the standard way from network science, rather than in this other way.

21For two sets A and B, their Cartesian product A×B is the set of all ordered pairs (a, b) where
a ∈ A and b ∈ B.
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connect these state nodes in a pairwise way. We differentiate between intralayer edges

EL = {(ia, jb) ∈ EM : a = b} and interlayer edges EC = {(ia, jb) ∈ EM : a 6= b}.

Edges can have a weight, which are given by a weight function w : EM → R.22

In the case of an unweighted network, we define w(e) = 1 for all e ∈ EM . In

analogy to an adjacency matrix for a monolayer network we can represent a multilayer

network as an adjacency tensor

Aia
jb =

 w((ia, jb)) , if (ia, jb) ∈ EM ,

0 , otherwise .
(2.18)

We can use the state nodes VM and the edges EM of a multilayer network M to

construct an underlying graph GM = (VM , EM), which we can interpret as a labelled

graph by using the information from V and L. The labels in this graph reflect the

node-layer identity of the state nodes in the associated multilayer network. The

adjacency matrix of this underlying graph is the multilayer network’s supra-adjacency

matrix. Specifically, one can ‘flatten’ an adjacency tensor into a supra-adjcacency

matrix [96, 162, 423]. This is the unfolding of a 4th-order tensor Aia
jb ∈ RN×N×L×L into a

square matrix Asupra ∈ RNL×NL, i.e., a 2nd-order tensor. The supra-adjacency matrix is

A(supra)
ia,jb =

 w((ia, jb)) , if (ia, jb) ∈ EM ,

0 , otherwise .
(2.19)

Such a flattening can be fruitful for many applications, including the study of
22As for a weighted monolayer networks, the range of this weight function is not necessarily restricted

to real numbers R. For our work, however, this range is sufficient.
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Figure 2.7: An example of the most general type of multilayer network that
we use in this thesis. (a)An MLN M = (VM , EM , V,L), as discussed in this thesis and
introduced in [232]. The network M has a total of four physical nodes, so V = {A,B,C,D},
and two aspects. For illustrative purposes, we choose ‘colour’ and ‘shape’ as our aspects;
their elementary layer sets are L1 = {orange,blue} and L2 = {�,5}. There are thus a
total of four layers: L = {(orange,�),(blue,�),(orange,5),(blue,5)}, as indicated by the
layers’ appearances. Each layer includes a subset of the physical-node set V as indicated
by the set of node-layer tuples VM ⊆ V × L1 × L2.23 Edges connect some of the nodes in
a pairwise manner, both within and across layers. We show intra-layer edges as solid lines
and inter-layer edges as dashed lines. (b) The underlying graph GM = (VM , EM ) of the
MLN M . We show inter-layer and intra-layer edges using the same convention as in (a). We
give the labels, which indicate the node-layer identity of each state node, as the appearance
(colour and shape) of the nodes VM . (c) The adjacency matrix of this underlying graph is the
multilayer network’s supra-adjacency matrix. Intra-layer edges are represented by 1 entries
in the matrices along the diagonal. We show inter-layer edges 1 in magenta.

spreading processes [162] and the definition of multilayer generalisations of centrality

measures [108]. It does, however, also remove information about the aspects and thus

is a simplification of the full adjacency tensor.

After summarising this general framework of multilayer networks, we now discuss

some special cases, which we use in the remainder of this thesis.

2.7.1 Monolayer Networks

A monolayer (also called monoplex) network is a ‘normal’ graph, as defined in

Section 2.3. It is a special case of a MLN M outlined above with the number d
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of aspects being zero. In this case, the set VM of state nodes and the set V of physical

nodes are identical. Similarly, if every aspect has a single elementary layer, the number

of layers is L = 1, which also can be represented as monolayer network.

In these cases, the adjacency matrix (see Eqn. (2.1)) and the adjacency tensor (see

Eqn. (2.18)) are equivalent. Note also that the underlying graph GM represents

all connectivity information.

2.7.2 Edge-coloured Multigraphs

An edge-colored multigraph is an (L+ 1)-tuple M = (V,E1, E2, . . . , EL) . The set V of

nodes is the same as in a single-layer network, and each of the edge sets Ei ⊂ V × V

connects pairs of nodes [336, 357]. An edge-coloured multigraph is a special case of

a multilayer network without interlayer edges, such that EM = EL. In this edge-

coloured multigraph, each edge colour corresponds to a layer in a multilayer network.

In Fig. 2.8a, we show an edge-coloured multigraph with three colours (yellow, orange,

and red) and three physical nodes (1, 2, and 3).

2.7.3 Multiplex Networks

Multiplex networks or multirelational networks are networks with different types of

interactions. They are therefore similar to the edge-coloured multigraphs. The difference
23 For this example, the set of node-layer tuples is

VM ={(C, orange,�), (D, orange,�),
(A, blue,�), (B, blue,�), (C,blue,�), (D,blue,�),
(A, orange,5), (B, orange,5), (C, orange,5), (D, orange,5),
(A, blue,5), (B, blue,5), (C, blue,5)} ⊆ V × L1 × L2 .
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Figure 2.8: A few different types of multilayer networks. (a) Edge-coloured
multigraph with three different types of interactions. (b) We can construct a monolayer
network by deleting parallel edges. In (c), we show a MLN that consists of three layers. We
show the corresponding supra-adjacency matrix in (d). Each layer’s unweighted adjacency
matrix is positioned along the diagonal in a block-matrix form. In the most commonly-used
multilayer representation of a temporal multilayer network, nodes representing the same gene
(or in a general case some other entity) are connected in adjacent layers (blue, dashed edges).
In a categorical MLN, all layers connect with interlayer edges, so the green, curved edges can
also be present. In the supra-adjacency matrix, all those inter-layer edges are usually chosen
to have a weight which is the coupling parameter ω.

is that multiplex networks also have interlayer edges. Commonly, they connect nodes

that represent the same physical entity, and we call them coupling edges. Thus, the

set of interlayer edges is EC = {(ia, jb) ∈ EM : i = j}. It can be fruitful to assign

these interlayer edges weights ω((ia, jb)), which one calls interlayer coupling. In

principle, this weight can be different for each pair of nodes. For simplicity, one

often chooses this coupling as ω for all nodes.

In Fig. 2.8c, we show a MLN, that consists of three physical nodes (1,2, and 3),

three layers, and nine state nodes (A1, A2, . . . , C2, C3). The intra-layer edges are

given by the edge-coloured multigraph. The inter-layer edges (dashed and solid lines)

connect state nodes that represent the same physical node (e.g., A1 with B1 and C1).
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In Fig. 2.8d, we show a corresponding supra-adjacency matrix.

2.7.4 Temporal Networks

There are various ways to represent temporal networks (i.e., networks whose nodes,

edges, interaction structure, and/or interaction weights changes over time) [194, 294].

Two ways to represent them are event-based representations and snapshot repres-

entations. In this thesis, we exclusively use the latter but discuss both to make

the difference clear.

Event-based Representation

We consider an event-based temporal network with the node set V as a time-ordered list

of I events:

Tevent = {(ui, vi, ti) : i = 1, 2, . . . , I with ui, vi ∈ V } , (2.20)

where (ui,vi) is the node pair that interacts at the ith event24, which occurs at time

ti ∈ [0, tmax]. This representation is similar to an edge list in time-independent networks.

For each edge (i.e., event), there is an associated time; a pair of nodes can occur in

multiple events. One example of real-world data in this format is time-stamped

messaging between individuals (e.g., via e-mail or on an online social network).

24A more general description, which includes the duration ∆t of an event, is also possible [71]. For
our applications, however, this is not necessary, so we omit it. Phone calls, with a finite duration ∆t,
are an application for which it can be relevant to consider contact duration.
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Snapshot Representation

A snapshot representation of a temporal network is a discrete-time sequence of graphs

Tsnapshot = {G1, G2, . . . , GT} , (2.21)

where T is the number of graphs (i.e., the number of discrete time points for which

an interaction is measured). Each of the graphs Gt = (V,Et), with Et ⊂ V × V ,

represents the connectivity at time t. We assume that the node set V is the same for

each snapshot graph Gt; it is possible to define a more general variant, in which nodes

can appear and disappear. This snapshot representation can be written algebraically in

a node-by-node-by-time (N ×N × T ) adjacency tensor in which the nonzero elements

A
(t)
ij indicate the presence and weight of an edge from node i to node j in time layer

t. All temporal PINs that we discuss in this thesis are constructed from discrete-

time-point data and thus are naturally given in a snapshot representation, in which

each layer represents one time point.

Multilayer Network Representations of Temporal Networks

We can construct a temporal MLN T = (VM , EM , V,L) with a single aspect (time) from

a temporal network in snapshot representation Tsnapshot, without loss of information in

the following way: The set of physical nodes V is the same as for the snapshot graphs

Gt. The temporal multilayer network T consists of T layers L = L1, . . . , LT (one for

each snapshot graph). We choose a variant in which every physical node is present in

each of the layers; the node-layer couples are therefore given by VM = V × L. The
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edges between these state nodes are intralayer edges EL and interlayer edges EC . The

former originate from the snapshot graphs ((i, t), (j, t)) ∈ EL ↔ (i, j) ∈ Et. The latter,

also called ‘identity edges’, link state nodes representing the same physical node in

time-adjacent layers, so ((i, t), (i, t + 1)) ∈ EC for all i ∈ V, t ∈ {1, . . . , T − 1}.25

At first glance, the creation of a MLN representation with inter-layer edges

seems overly complicated in comparison with the simpler (and computationally less

demanding), snapshot representation. For many applications (e.g., community detection

and centrality computation), however, the introduction of inter-layer edges can be

insightful, as we will discuss in Sections 4.5 and 2.8.

In Fig. 2.8c, we show a temporal MLN. The temporal MLN consists of three

physical nodes (1,2, and 3), three layers, and nine state nodes (A1, A2, . . . , C2, C3).

The intra-layer edges are given by the edge-coloured multigraph. The inter-layer

edges (solid lines) connect state nodes that correspond to the same physical node

in adjacent time layers (e.g., A1 with B1). In Fig. 2.8d, we show a corresponding

supra-adjacency matrix. Note, that in this temporal MLN, the green ω are zero,

whereas in the multiplex MLN the are nonzero.

2.7.5 Community Detection in Multilayer Networks

Various community-detection methods have been generalised to MLNs. Examples

include InfoMap [107], modularity [320], and maximum-likelihood estimations of

SBMs [105, 362, 431]. In this thesis, we use a modularity-based approach [320] because
25One can also construct temporal networks in which not exclusively time-adjacent layers are

connected.
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it is readily available in the GenLouvain software [217] and it has been successfully

applied to a wide variety of applications [31, 32, 34].

In temporal MLNs, detecting modular structure has given insights into financial

correlations [34], brain connectivity [32], social networks [22], and several other fields.

In multiplex MLNs, modular structure has been examined in examples such as social-

interaction networks [105] and the interaction between bacteria in humans [431].

Mucha et al. (2010) derive a multilayer generalisation of modularity as

Q(g) = 1
2µ

∑
ijs

{(
Aijs − γs

kikj
2ms

)
δ(gs, gr) + ωist

}
δ(gis, gjr) , (2.22)

where Aijs are the adjacency matrix entries Aij for each layer s and µ is the total edge

weight. The resolution parameter γs can be layer-dependent. We, however, choose

them uniformly, i.e. γs = γ for all layers s. The interlayer coupling parameter ωist

gives the connection strength between layers. For temporal MLNs, we only couple

time-adjacent layers, so ωist = 0 for all |s− t| > 1. We treat all interlayer edges with

the same coupling ω, which is called homogenous interlayer coupling. More general

coupling procedures are possible but rarely used in practice [232].

2.8 Community Detection in Protein Interaction
Networks

2.8.1 Community Detection in Monolayer Protein Interac-
tion Networks

There exists evidence that the functional organisation of cells is modular [180]. It has

been hypothesised, that such an organisation would be robust against external attacks
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and that it would allow a cell to adapt its biological processes to external influences [14].

Two approaches that are suitable for examining such a modular organisation in cells

are the investigation of gene-expression data and the examination of PINs. The former

is the identification of genes that are often expressed with one another (i.e., they are

‘co-expressed’) [229, 404]. The latter is the identification of sets of proteins that tend

to interact with one another and is one focus in this thesis.

One can use community-detection methods to identify modular structures in PINs,

and researchers have applied many different methods to do so (e.g., [10, 65, 80, 127,

268, 283, 302, 363, 415].) It is hoped that such detected modules tend to consist of

proteins with a similar biological function. Some communities in PINs have been

associated with certain diseases [201, 321].

Functional modules in PINs can have many different scales, so multiresolution

methods can reveal different levels of organisation [262]. Communities in PINs can

help to identify the function of proteins [257] and proteins that are drug targets [310].

One can also identify the position of single proteins in a modular structure in a

PIN [39, 170, 171, 234]. Such studies have given insight into the roles that different

proteins play in PINs, such as connecting to proteins in the same community or

connecting to nodes in different communities. The latter can be crucial in the

communication between different functional modules.
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2.8.2 Community Detection in Multilayer Protein Interaction
Networks

In recent years, MLN have been explored as a tool to study PPI data [123]. For example,

one can use MLNs to combine a PIN with drug–protein and drug–drug interations to

try to predict side effects [505]. One can also use MLNs to encode interactions between

different biological entities in the layers (e.g., genes and micro-RNAs26 [187]). One can

also examine a PIN as an edge-coloured multigraph in which each colour indicates a

different experimental technique [288]. Somewhat surprisingly, Mangioni et al. assessed,

however, that treating the layers in a human PIN independently — with no interlayer

coupling — yields more biologically relevant modules than incorporating interlayer

coupling. One can combine different modes of interactions (transcription-factor co-

targeting, microRNA co-targeting, protein–protein interaction, and gene co-expression

networks) in MLNs [67]. The authors reported that a community-detection algorithm

helps to identify cancer-related genes.

In Appendix B, we use MLN to detect modular structures in a temporal PIN.

Community detection in MLNs is only one way to detect community structure in

temporal networks [390]. We choose this approach because it has been succesfully

applied to several temporal networks (e.g., [32, 34, 320]).

Cellular systems are dynamic (i.e, they change in time) and respond to environ-

mental signals [480, 490]. Functional modules, and thus also structural communities

26Micro-RNA are small non-coding RNA molecules that are involved in post-translational
modification and gene silencing.
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in PINs, are likely to have an important role in such response [112, 174]. The

study of communities in PINs, however, so far has focussed on time-independent

networks. Temporal clustering approaches can help to examine temporal changes

in multiprotein complexes [345].

2.9 Gene Ontology Enrichment

2.9.1 Gene Ontology Data

The Gene Ontology (GO) project provides functional terms that describe genetic

products, which include proteins [20, 89]. The ontology data base covers three domains:

cellular component, molecular function, and biological process.

Each GO term belongs to exactly one of these three domains. In Table 2.7, we

show pyruvate metabolic process as one example of a GO term. The terms in the

GO data base are related to each other, because, for example, a given process is a

subprocess of another. A ‘cellular metabolic process’, for example, is always also a

‘metabolic process’. These relationships can be presented in a directed acyclic graph27.

In Fig. 2.9, we show a subgraph of this graph. Parent terms in this graph are more

general terms and a term can have multiple parents [382].

The GO annotations are created either by curators or automatically. The evidence

used to create the annotation can either be experimental, computational, indirectly

derived, or unknown. In this thesis, we use all available GO annotations, independent

27As the name suggests, a directed acyclic graph is a graph with directed edges and without any
directed cycles.
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of the evidence supporting their creation.

Accession GO:0006090
Name pyruvate metabolic process

Ontology biological process
Alternate IDs GO:0006087

Definition The chemical reactions and pathways involving pyruvate, 2-oxopropanoate.
Synonyms pyruvate dehydrogenase bypass RELATED

pyruvate metabolism EXACT

Table 2.7: Example Gene Ontology Term. The GO term pyruvate metabolic process is
part of the domain ‘biological process’.

Figure 2.9: A subgraph of the domain ‘biological process’. The relationships between
ancestor terms of the term pyruvate metabolic process yields a directed acyclic graph. Every
other term is reachable from the term biological process.
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2.9.2 Hypergeometric Test

GO terms allow enrichment analysis of gene sets [304]. This is the detection of whether

any GO terms are strongly associated with genes in a given set. It is necessary to

be more sophisticated than counting only the number of occurrences, because some

terms are associated with a large number of genes and an apparent over-representation

can occur at random. One can also use GO-term enrichment to examine whether sets

of gene products (e.g., proteins) are significantly enriched.

Using the hypergeometric distribution (HGDF) is the standard, but not the only

possible, approach for identifying whether an individual GO term is enriched [128,

408].28 The HGDF is a discrete probability distribution that gives the probability of k

successes in n draws without replacement from a population of size N with K success

states. In the notion of GO enrichment, a success is annotation with a given term and

N is the size of the network. The probability mass function (PMF) is

P (X = k) =

(
N
K

)(
N−K
n−k

)
(
N
n

) . (2.23)

The probability that k or more genes from a target set (i.e., a community) of size B

are associated with a given GO is then given by the hypergeometric tail

P (X ≥ k) =
min(n,B)∑
k′=k

(
N
K

)(
N−K
n−k′

)
(
N
n

) . (2.24)

One calculates the hypergeometric p-value as the probability P (X ≥ k) of drawing at

least k successes at random. If this probability is below a certain significance level, we
28For example, one can compare the functional similarity of proteins in a detected community [263].
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reject the null hypothesis that the effect is detected at random. There is no clear way

of choosing an appropriate significance level. In this thesis, we choose σ = 0.05.

There are multiple online tools that allow detection of gene enrichment. Among

them are Panther [303, 304] and GOrilla [128]. In this thesis, we mainly use our own

implementation in Matlab, because it allows automated testing of a large number of

sets of genes (or communities) in PINs. Comparing the results of different tools does not

always yield identical results. The reasons for the discrepancies are the use of slightly

different approaches. GOrilla compares against a background set of the tested genes,

whereas Panther compares against the set of all genes for a given organism. GOrilla

uses a hypergeometric probability distribution for testing, whereas Panther uses the

Mann–Whitney test [290]. In our own implementation we test against a background set

of all genes that are present (as proteins) in a PIN we examine. This ensures that we do

not introduce additional biases from the selection of proteins that are present in a PIN.

While GO-term enrichment is used widely, it has limitations. Most notably, well-

studied proteins tend to have more GO annotations than less-studied proteins; this

is a so-called examination bias [282]. Due to this uneven distribution of functional

annotations, GO-enrichment tools favour communities that consist of well-studied

proteins with many annotations.

Multiple-Testing Correction

The hypergeometric test, as outlined above, allows an enrichment test for a single GO

term against a set of genes. Usually, one wants to test whether or not a large number
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module of size B=
network of size N=

genes with
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M K p-value

11 0.467
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Figure 2.10: GO enrichment with a hypergeometric test and multiple-testing
correction. The hypergeometric test for population size N = 30, number S = 10 of
successes, and number M = 12 of draws. We test three different annotations and highlight
proteins associated with a given annotations as blue squares, orange stars, and green triangles,
respectively. In the module, we interpret the former two as significant, because their p-values
are below the significance level of σ = 0.05. When we correct for multiple testing with the
Benjamini–Hochberg procedure, however, only the blue-square annotation is significant.
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of terms are enriched in a given set (e.g., a community). Testing repeatedly gives a

high probability of false positives (i.e., detecting enriched terms that are only enriched

at chance). Such multiple testing makes it necessary to apply a correction method.

The Bonferroni correction and the Benjamini–Hochberg procedure are two widely-

used methods to correct for multiple testing [122]. We use the latter because the

Bonferroni correction tends to produce a large number of false negatives. Bonferroni

corrections control the family-wise error rate, which is the probability of producing

one or more false positives, in a set of tests. By contrast, the Benjamini–Hochberg

procedure instead controls the false-discovery rate [36], which is more appropriate for

our investigation, as we usually do not mind having a small number of false positives

for having a much higher number of true positives.

We use the Benjamini–Hochberg procedure as follows. We test n hypotheses

— in our case, one hypothesis consists of the enrichment of a single GO term in a

community — and the hypergeometric test yields p-values of p(1), p(2), . . . , p(n). We sort

the p-values in increasing order, such that p(i) ≤ p(i+1) for all i. Given a significance

level σ, we calculate the largest s such that

p(s) ≤ s

n
σ , (2.25)

and we reject the null hypothesis for all s′ = 1, . . . , s. For GO enrichment, we

declare these s terms to be enriched.
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As we discussed in Chapter 1, MLNs are a useful tool for integrating different types

of biological data [507]. The development of structural measures for the analysis of

these MLNs is an active field of research [33, 42, 110]. In this chapter, we examine the

extent to which node importances vary across layers in edge-coloured multigraphs, a

special case of MLNs that constitute the simplest representation of a multirelational

network (see Fig. 3.1a). To do this, we introduce a quantity called promiscuity, which

gives an information-theoretical measure of a node’s distribution of neighbours across

different layers in comparison with a (random) null model. Our approach is simple,

but its yields valuable insights into the structure and function of multirelational

networks. We find, for example, that different types of networks have rather different

node-promiscuity distributions.

Similar to approaches for examining modular structures in monolayer [170, 171]

and multilayer [33] networks, we examine promiscuity versus node degrees to create a

two-dimensional depiction of the roles that nodes play in a multirelational network.

In contrast to the multilayer participation approach from Battiston et al. (2014)

we use normalized entropy as measure of variability, and we take into account the

different densities of network layers. To avoid confusion, we note that Papadopoulos

et al. (2016) defined the ‘particle promiscuity’ as the fraction of communities in

which a node participates [353].

To demonstrate use on biological networks, we focus on the analysis of two regulation
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interaction MLNs. In these, we represent tissue types as layers. Computing the

promiscuities of nodes in these networks allows us to examine the variability of gene

importance across tissues based on the number of their regulatory partners. We

find that the vast majority of transcription factors (TFs) and genes are not cell-

type specific. Some of them, however, have small promiscuities and their regulatory

influence is thus tissue-specific.

The rest of this chapter is structured as follows. First, in Section 3.1, we motivate

and define promiscuity in edge-coloured multigraphs. We then generalise the definition

of promiscuity to directed and weighted networks. We prove that in all networks, the

promiscuity pi ∈ [0, 1] and that in a certain type of synthetic networks, which we call

colour-regular, all nodes have minimal promiscuity pi = 0. Second, in Sections 3.2

and 3.3, we compute numerically and analytically the promiscuity in three types

of synthetic networks. In some cases, we are able to derive explicit expressions; in

others we obtain only upper bounds. Third, in Sections 3.4 and 3.5, we compute the

promiscuity for networks constructed from real-world data, including two regulation

networks. We conclude in Section 3.6.

3.1 Promiscuity of Nodes

3.1.1 Definition of Promiscuity

In this chapter, we discuss edge-coloured multigraphs. In Section 2.7, we showed that

this is a special kind of MLN M. Recall that an edge-coloured multigraph is an

(L+ 1)-tuple M = (V,E1, E2, . . . , EL), where V is the set of nodes and N = |V |. Each
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of the l edge sets Ei ⊂ V × V consists of pairs of nodes. We refer to the edge sets as

‘layers’. One way to interpret this definition is that each layer’s edges have a unique

colour. The network is a multigraph because it has parallel edges, so multiple edges

can connect the same pair of nodes. Multirelational network [448] is another term to

describe the same mathematical structure and it is especially used in the study of

social networks. Unlike in many other MLNs, there are no interlayer edges.

In Fig. 3.1a, we show an edge-coloured multigraph with N = 12 nodes, m = 17

edges, and L = 3 layers. The nodes have different numbers of incident edges. Some

nodes (specifically, nodes A, E, and G) have incident edges of only one colour, whereas

others (nodes C and D) have incident edges of all three colours. We introduce a scalar

quantity that we call promiscuity to quantify such variability, while taking into account

that, in a random-graph model with uniformly random connection probabilities, a node

is more likely to connect to a layer that includes a larger number of edges.

In a monolayer network, a node i’s degree ki is defined as the number of its

neighbours; it is equal to the number of edges that are incident to it. For each node

in an edge-coloured multigraph, we construct a degree vector

ki =
(
k1
i , k

2
i , . . . , k

L
i

)
, (3.1)

where each element kli is the number of neighbours that node i has in layer l.

For the example network in Fig. 3.1a, we show the degree vector of each node in

Fig. 3.1b. We summarise this information using two scalar values; ‘multilayer degree’

and ‘promiscuity’. Multilayer degree Ki = ∑L
l=1 k

l
i of a node i is the total number
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Figure 3.1: (a) Illustration of a MLN as an edge-coloured multigraph and (b)
the role of some of the nodes in this network. We examine a node’s role by calculating
promiscuity–degree (pi,Ki) coordinates, next to which we show its degree vector ki. Nodes
with promiscuity pi = 0 (specifically, A, E, and G) link to nodes in a single layer, and nodes
(specifically, C and D) with almost maximal promiscuity (i.e., with pi → 1) link equally to
all layers. Other nodes (specifically, B, F, and H) are dominated by edges of some layers,
but not in all of them. This example network includes nodes that play various roles, ranging
from promiscuous non-hubs to monolayer hubs (as well as other types). Unlabelled nodes in
panel (a) have identical promiscuity–degree (pi,Ki) coordinates as some of the labelled ones,
so we do not show them in panel (b).

of its incident edges across all layers. The multilayer degree Ki is a measure of the

aggregate importance of node i in a MLN, but it does not incorporate information

about how its importance varies across layers.

To measure this variability in importance, we investigate the distribution of a

node’s degree among the different layers in a multirelational network. To do this,

it is important to consider that the layers may have very different densities. Thus,

we define each node’s promiscuity vector

Pi =
(
P 1
i , P

2
i , . . . , P

L
i

)
, with P l

i = kli/〈kl〉 , (3.2)
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as the number of neighbours in each layer l divided by the layer’s mean degree

〈kl〉 = N−1
(∑

i∈N k
l
i

)
. The normalization by the mean degree represents a comparison

with a randomization (i.e., a null model) that preserves the number Ml = ∑N
i=1 ki,l/2 of

edges in each layer l, but is otherwise maximally random. Specifically, P l
i = 0 if node i

has no connections in layer l, and P l
i = 1 if it has as many connections as expected

in the null model. When P l
i < 1, there are fewer connections than expected; when

P l
i > 1, there are more connections than expected. We define the promiscuity

pi = −
(

L∑
l=1

P l
i lnP l

i

)/
lnL = H(P′i)

/
lnL (3.3)

of node i as the normalized Shannon entropy H(P′i)/ln(L) of the normalized promis-

cuity vector P′i. The Shannon entropy of a normalized vector x = (x1, . . . , xL) of L

elements is H(x) = ∑L
l=1−xl ln(xl). If xl = 0 for some l, the value of the corresponding

summand 0 ln(0) is equal to 0, which is consistent with the limit lim
x→0+

x ln(x) = 0.

1 The factor ln(L)−1 guarantees that promiscuity takes a value in [0, 1]. (See proof

in Subsection 3.1.2.) The minimum promiscuity pi = 0 indicates that node i has

neighbors only in a single layer. Node i has maximum promiscuity pi = 1 if it connects

to nodes in each layer in equal proportion. In Subsection 3.1.3, we prove that all nodes
1We here show this one-sided limit with L’Hôpital’s rule [111]

lim
x→c

f(x)
g(x) = lim

x→c

df(x)
dx

dg(x)
dx

. (3.4)

In our case, c = 0+, f(x) = ln(x), and g(x) = x−1. The first derivatives are df(x)
dx = x−1 and

dg(x)
dx = −x−2. Finally, we obtain

lim
x→0+

x ln (x) = lim
x→0+

−x = 0 . (3.5)
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have maximal promiscuity pi = 1 in a certain type of edge-coloured multigraph. The

promiscuity of an isolated node (which has multilayer degree Ki = 0) is not defined,

and in practice we remove such nodes before our computations.

One can examine node coordinates (pi, Ki) in the parameter plane of values of

promiscuity pi and multilayer degree Ki to give insights into a node’s role in a

multirelational networks in a way that is similar to prior approaches for modular

networks [170, 171, 234]. For the example network in Fig. 3.1a, we show these

coordinates in Fig. 3.1b. Nodes A, E, and G are each connected only within a

single layer (i.e., with edges of the same colour), so they have promiscuities of 0. We

call such nodes ‘focused’ nodes, because they take part in only one layer of the MLN.

Nodes with promiscuity values pi ∈ (0, 1] connect to nodes in at least two layers,

and larger values of pi indicate that the distribution of attached edges is closer to

that in the uniform null model. We refer to nodes with larger promiscuity values as

‘more promiscuous’. Node D is the most promiscuous node in the network in Fig. 3.1a,

because it connects to nodes in all layers with an almost uniform distribution.

Our example network also illustrates that there is not a precise relationship between

multilayer degree Ki (which we show on the vertical axis of Fig. 3.1b) and promiscuity

pi. Instead, we observe a variety of (pi, Ki) coordinates of nodes in this multirelational

network, and we find it useful to distinguish promiscuous hubs, focused non-hubs,

and nodes with intermediate roles between these extremes. Note that distinguishing

a ‘hub’ node from a ‘non-hub’ is a difficult issue, and (as has been illustrated with
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modular networks [3]) it is not necessarily desirable to use such discrete classes for

nodes of different degrees. Following this, we refrain from partitioning the continuum

of promiscuities into precise discrete classes.

Promiscuity pi for multirelational networks that are both weighted
and directed

In Subsection 3.1.1, we defined promiscuity pi for each node i in undirected, unweighted

networks. We now give the definition of in-promiscuity p(in)
i and out-promiscuity p(out)

i

for each node i in directed, weighted networks.

Let W be the N ×N adjacency matrix of an edge-weighted network with N nodes.

The entry Wij ∈ R is nonzero if there is an edge that starts from node i and ends

at node j, and it is equal to 0 if there is no edge. Each node i has an in-strength of

s
(in)
i = ∑N

j=1 Wji and an out-strength of s(out)
i = ∑N

j=1 Wij.

We represent a multirelational network using an edge-coloured multigraph, which

consists of a ‘stack’ of L adjacency matrices W (l), where l ∈ {1, . . . , L} denotes the

lth layer. Thus, W (l) encodes the edge information for layer l (i.e., relationship type

l). The in-strength and out-strength vectors of node i are

s(in)
i =

(
s

(in)
i,1 , s

(in)
i,2 , . . . , s

(in)
i,L

)
, (3.6)

s(out)
i =

(
s

(out)
i,1 , s

(out)
i,2 , . . . , s

(out)
i,L

)
, (3.7)

where s(in)
i,l = ∑N

j=1 W
(l)
ji and s(out)

i,l = ∑N
j=1 W

(l)
ij . As in an undirected and unweighted
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multirelational network, we construct in-promiscuity and out-promiscuity vectors

P(in)
i =

(
P

(in)
i,1 , P

(in)
i,2 , . . . , P

(in)
i,L

)
, with P

(in)
i,l = s

(in)
i,l /〈sl〉 ; (3.8)

P(out)
i =

(
P

(out)
i,1 , P

(out)
i,2 , . . . , P

(out)
i,L

)
, with P

(out)
i,l = s

(out)
i,l /〈sl〉 (3.9)

by scaling with each layer’s mean strength 〈sl〉 = ∑
i=1 s

(in)
i,l /N . Note that we use the

same normalization for both the in-promiscuity and out-promiscuity vectors, because

the mean in-strength equals the mean out-strength in any directed network.

We then compute normalized promiscuity vectors

P′(in)
i = P(in)

i

/
L∑
l=1

P
(in)
i,1 , (3.10)

P′(out)
i = P(out)

i

/
L∑
l=1

P
(out)
i,1 . (3.11)

Finally, we compute the normalized Shannon entropy of these normalized promiscuity

vectors to obtain in-promiscuity and out-promiscuity:

p
(in)
i = −

(
L∑
l=1

P
(in)
i,l lnP (in)

i,l

)
︸ ︷︷ ︸

Shannon EntropyH(P(in)
i )

/
ln (L) , (3.12)

p
(out)
i = −

(
L∑
l=1

P
(out)
i,l lnP (out)

i,l

)
︸ ︷︷ ︸
Shannon EntropyH(P(out)

i )

/
ln (L) . (3.13)

The normalization by ln (L) guarantees that both promiscuities, p(in)
i and p(out)

i , have

values [0, 1]. We provide the proof that promiscuity values lie in [0, 1] in Subsection 3.1.2

for undirected and unweighted multirelational networks, but this is also true when

we allow directions and/or weights.
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3.1.2 Proof that Promiscuity pi ∈ [0, 1]

Promiscuity pi is defined as the normalized Shannon entropy

pi =
L∑
l=1

P ′li ln(P ′li )
ln (L) (3.14)

of the normalized promiscuity vector P′i. As we will prove in this section, because the

normalized entropy H(P′i)/ ln (L) ∈ [0, 1], it is also true that pi ∈ [0, 1]. In this section,

we prove this result explicitly for undirected, unweighted networks. However, the same

result holds for the weighted and directed variants, but we omit it for simplicity.

We start by examining the maximum and minimum of the Shannon entropy

H(x) of a normalized vector x = (x1, x2, . . . , xL) with L elements. We exponentiate

the entropy to obtain

exp(H(x)) = exp
(
−

L∑
l=1

xl ln(xl)
)

=
L∏
l=1

exp (−xl ln(xl))

=
L∏
l=1

( 1
xl

)xl

≤
L∑
l=1

xl
1
xl

= L .

(3.15)

The inequality arises from the following weighted inequality of arithmetic and geo-

metric means [35, 176]:

L∏
l=1

ywl
l ≤

L∑
l=1

wlyl , (3.16)

which holds for yl ≥ 0 , wl > 0 ,
∑L
l=1 wl = 1.

For the inequality in Eqn. (3.16), the equality occurs, if and only if yi = yj

for all i, j = 1, 2 . . . , L. Thus, we conclude that entropy has an upper bound of

Hmax = ln (L), which it achieves if and only if all xl = 1/L. This maximum
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possible entropy is exactly the normalization factor of the normalized entropy, so

the maximum promiscuity is pi = 1.

Now we show that the entropy H(x) is minimized if one particular outcome xl is 1

and all other entries are 0. For this case, we see that the entropy is 0 by calculating

H((1, 0, . . . , 0)) = −1 ln (1)− (L− 1)× 0 = 0 . (3.17)

The entropy H(x) = ∑L
l=1 (−xl ln (xl)) is nonnegative, because each of the summands

−xl ln (xl) is nonnegative for xl ∈ [0, 1], which holds for a normalized vector |x| = 1.

Thus, Hmin = 0 is indeed the minimum entropy and also the minimum normalized

entropy, which we calculate by scaling by a factor of ln (L)−1.

We have shown that the range of the entropy H for normalized vectors is [0, ln (L)].

Using the fact that P′i is normalized, we can thus conclude that the promiscuity pi must

lie within the interval [0, 1]. The result that the promiscuity is normalized also holds

for directed and weighted promiscuity definitions, which we gave in Subsection 3.1.1,

because they are also defined as normalized Shannon entropies of normalized vectors.

3.1.3 Proof that Promiscuity pi = 1 in Colour-regular Edge-
coloured Multigraphs

A graph G = (V,E) is ‘regular’ if every node has the same number of neighbours, so

if ki=kj for all i, j [4]. We call an edge-coloured multigraph M = (V,E1, E2, . . . , EL)

colour-regular if for each edge set El, all nodes have the same number of attached

edges. Thus, kli = klj for all i, j for each layer l ∈ {1, . . . , L}.

All nodes have the same degree kli in each layer l, so every node has the same
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degree vector ki. The mean degree of each layer is then 〈kl〉 = kli. Accordingly,

the promiscuity vector of each node is

Pi =
(
k1
i

〈k1〉
,
k2
i

〈k2〉
, . . . ,

kLi
〈kL〉

)
= (1, 1, . . . , 1) , (3.18)

which is the all-ones vector e. The normalized promiscuity vector is then

P′i = 1
L

e . (3.19)

As we showed in Subsection 3.1.2, this vector yields the maximum promiscuity pi = 1.

All nodes have the same promiscuity vector Pi, so they all have the maximum

promiscuity pi = 1.

We confirmed the correctness of this result with calculations on synthetic colour-

regular networks of various sizes N , numbers L of layers, and edge densities (results

not shown). In Section 3.3, we analyse one example network and the influence of a

particular randomisation procedure on the promiscuity.

3.2 Promiscuity pi in Synthetic Networks

In this section, we calculate node promiscuities in two synthetic networks with L = 2

layers and derive analytical expressions for pi. First, in Subsection 3.2.1, we analyse a

network with one regular ring lattice layer and one layer with an ER graph in the G(N, p)

variant. Second, in Subsection 3.2.2, we analyse a network with both layers being ER

graphs. We refer to the former as RL–ER network and to the latter as ER–ER network.

In general, the promiscuity is only a function of the degree vectors ki and not of

the network topology itself. Therefore, any randomisation of network topology that
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preserves the degree vectors ki does not change the numerical and analytical results

for pi(Ki). Thus, the results in this section hold for all MLNs that have the same

degree distributions in each layer as the ones we construct here. To be precise, these

are a binomial distribution for the ER layer and a delta-distribution for the ring lattice

network, which we discuss in more detail in Subsection 3.2.1.

3.2.1 Network Composed of an Erdős–Rényi Layer and a
Ring Lattice Layer

In Subsection 3.1.3, we showed that an edge-coloured multigraph that consists of

regular layers has the same promiscuity pi = 1 for all nodes. We now construct a

network that consists of an Erdős–Rényi (ER) graph in one layer and an r-regular

ring lattice network, in which all nodes have the same degree r, in the other layer. We

call them ‘ER’ layer and ‘ring lattice’ layer. In the ER layer, each of the N(N − 1)/2

possible (undirected) edges exists with connection probability p; this network model is

commonly called the G(N, p) variant of the ER graph. The G(N,m) variant is another

ER graph model; see Section 2.4 for a discussion of both. The degree distribution

in the ER layer follows a binomial distribution

P (k1
i = k) =

(
N − 1
k

)
ρk(1− p)N−1−k . (3.20)

We construct a ring lattice layer by creating a ring lattice network with all nodes

having degree k2
i = r. The degree distribution

P (k2
i = k) =

1, for k = r ,

0, otherwise ,
(3.21)
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is thus a δ-function.

This particular network allows us to investigate promiscuity pi as a function of

the degree k1
i in the ER layer. First, we discuss our computational results, and we

then derive an analytical expression for pi(Ki).

In Fig. 3.2, we show (pi, Ki) for all nodes i in a single network with N = 10, 000

nodes. The network consists of a ring lattice layer with r = 4, and an ER layer

with connection probability p = 10−3. Nodes with no edges in the ER layer have the

minimum multilayer degree Ki = r = 4 and a promiscuity of pi = 0. In contrast, nodes

that connect with an edge in the ER layer have a nonzero promiscuity pi > 0.

Figure 3.2: Promiscuity pi and multilayer degree Ki for a synthetic network
consisting of an ER layer and a ring lattice layer. Promiscuity pi and multilayer
degree Ki for a synthetic network consisting of an ER layer and a ring lattice layer.

For nodes with ER-layer degrees k1
i < 〈k1〉, the promiscuity pi increases with

increasing degree (see the blue-shaded disks). A node i reaches a maximum promiscuity

of pi ≈ 1 when its ER-layer degree is close to the mean degree in this layer (〈k1〉 ≈ 9.9).
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For nodes with ER-layer degrees k1
i > 〈k1〉, the promiscuity pi decreases with increasing

degree (see the red-shaded disks).

We want to derive an analytical expression for promiscuity pi(Ki) with respect to the

multilayer degree Ki. In this particular two-layer network, the promiscuity vector Pi is

Pi =
(
k1
i

〈k1〉
,
k2
i

〈k2〉

)
≈
(

k1
i

(N − 1)p,
r

r

)
, (3.22)

where we approximate the mean degree 〈k1〉 in the ER layer by (N − 1)p, which is ap-

propriate for large N . For the normalized promiscuity vector P′, we thus calculate that

P′i =
(

x

1 + x
,

1
1 + x

)
, with x = ki,1

(N − 1)p ∈ [0, 1/p] . (3.23)

After some algebra, we then obtain

pi(x) = 1
ln (2)

(
ln (1 + x)− x ln (x)

1 + x

)
. (3.24)

To replace x with multilayer degree Ki, we use

Ki = k1
i + k2

i = x(N − 1)p+ r ⇒ x = Ki − r
(N − 1)p . (3.25)

We substitute Eqn. (3.25) into Eqn. (3.24) and obtain

pi(Ki) = 1
ln (2)

ln
(

1 + Ki − r
(N − 1)p

)
−

Ki−r
(N−1)p ln ( Ki−r

(N−1)p)
1 + Ki−r

(N−1)p

 , (3.26)

which is indistinguishable from the numerical results in Fig. 3.2. Potential discrepancies,

which differ by less than 0.5 % for our example network with N = 10, 000 nodes, arise

from the approximation 〈k1〉 ≈ (N − 1)p.
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We also want to examine analytically when the promiscuity pi achieves its maximum

as we vary x. To do this, we compute the first derivative of Eqn. (3.24) with

respect to x to obtain

d
dxpi(x) = − ln(x)

(1 + x2) ln(2) . (3.27)

Setting d
dxpi(x) to 0 yields a potential maximum promiscuity pmax = 1 for x = 1.

We verify that this a maximum by calculating the second derivative of Eqn. (3.24)

with respect to x as

d2

dx2pi(x) = −(1 + x2)− 2x2 ln(x)
x(1 + x2) ln(2) , (3.28)

and evaluating it at x = 1 yields

dpi(x)2

dx2

∣∣∣∣∣
x=1

= − 1
ln(2) < 0 , (3.29)

where pmax = 1 is a local maximum.

Therefore, a node that has exactly the mean degree k1
i = 〈k1〉 in the ER layer

has maximum promiscuity. This matches the numerical result in Fig. 3.2, for which

promiscuity pi has a maximum of pi ≈ 1 at Ki = r + k1
i ≈ 14. In practice, however,

degree is a discrete variable, so we may not exactly achieve the maximum pi = 1.

As noted at the beginning of Section 3.2, the analytical expression Eqn. (3.26) for

the promiscuity pi as a function of Ki does not depend on the particular topology of

both layers but exclusively on the degree vectors ki. We verify this on this network by

running a randomisation algorithm: We select any two edges (i, j) ⊂ El and (i′, j′) ⊂ El
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uniform at random without replacement, delete them, and create new edges (i, j′) and

(i′, j) in layer l. (If the creation of the new edges is not possible because either edge

already exist, we restore the old edges (i, j) and (i′, j′).) This procedure randomises the

topology of the layers but preserves the degree vectors ki for all nodes i. For any given

realisation of an edge-coloured multigraph, we see that (pi, Ki) is indistinguishable

from the result without randomisation in Fig. 3.2 (results not shown). This is only

true, however, if we randomise the same realisation of the network. In the case of the

creation of an entirely new MLN from the same model we might receive slightly different

(pi, Ki) coordinates as the degree distribution in the ER layer is non-deterministic.

3.2.2 Network Composed of Two Erdős–Rényi Layers

In this section, we discuss a network that consists of two ER layers, each of which

is a G(n, p) graph, as discussed in Subsection 3.2.1. The two layers have different

densities, and we refer to the one with connection probability p1 = 10−3.2 as the ‘sparse’

layer and the one with connection probability p2 = 5× 10−3 as the ‘dense’ layer. Both

degrees k1
i and k2

i are now random variables, and each of them follows a binomial

distribution. Additionally, the two layers are independent of each other.

In Fig. 3.3, we show (pi, Ki) for all N = 10, 000 nodes i in a single two-layer ER

network. Similar to the RL–ER network, the promiscuity spans the whole possible

range of [0, 1]. We observe a larger number of (pi, Ki) combinations in the ER–ER

network in comparison to the RL–ER network. This occurs because both degrees,

k1
i and k2

i , are random variables. To understand the situation, we colour-coded the
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variability in the degree k2
i in the dense layer and plotted nodes whose degree in the

sparse layer is below the mean as circles and those with degree above the mean as

triangles. We show the analytical result from Eqn. (3.26) as a solid black curve. We

derived this formula for the RL–ER network. It is nevertheless valid in the ER–ER

network for the subset of all nodes that fulfil the condition pl2 = 1, as then Eqn. (3.22)

is valid. This condition is fulfilled for nodes with mean degree k2
i = 〈k2〉 in the sparse

layer. It separates blue-shaded nodes from red-shaded nodes.

We observe that for nodes with k1
i < 〈k1〉 (see the circles), an increase in degree

reduces the promiscuity pi. By contrast, for nodes with k1
i > 〈k1〉 (see the triangles),

an increase in degree increases pi. Nodes with degree exactly 〈k1〉 have a maximum

promiscuity pi ≈ 1 at k2
i = 〈k2〉.

To understand this situation, we first discuss nodes that follow the solution (3.26)

for the RL–ER network and thus have k2
i = 〈k2〉. Nodes with k1

i = 0 have promiscuity

pi = 0 and the analytical approximation agrees with this value at the mean degree

〈k2〉 ≈ 50. The degree k2
i is distributed binomially, so there is some variability, but

all nodes have the minimum promiscuity pi = 0. Nodes with k1
i = 1 have a larger

promiscuity (pi ≈ 0.6). The variability in k2
i influences the promiscuity pi: nodes with

degree larger than the mean have smaller promiscuities, and those with degree smaller

than the mean have larger promiscuities. Qualitatively, this behaviour is similar for

larger degrees k1
i in the sparse layer (e.g., the case k1

i = 2). Thus, promiscuity pi

decreases with increasing k2
i . This effect inverts for nodes with degree above the mean
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(see the triangles): nodes with smaller k2
i also have a smaller promiscuity pi.

Overall, most nodes in this two-layer ER network have a large promiscuity pi.

However, some of the nodes have the minimum promiscuity pi = 0. The relation

between degree Ki and promiscuity pi is less clear in this network than for networks

with a regular layer and an ER layer. For networks with a larger number L of layers,

the relationship will be even more complicated, as the promiscuity pi summarizes a

degree vector of L elements rather than only 2.

Figure 3.3: Promiscuity pi and multilayer degree Ki for a synthetic two-layer
network that consists of a sparse ER layer and a dense ER layer. We represent
nodes with degree k1

i < 〈k1〉 in the sparse layer as circles and nodes in that layer with degree
k1
i > 〈k1〉 as triangles. Colour indicates the degree k2

i in the dense layer. The solid black
curve is the analytical result Eqn. (3.26) for a network that consists of an ER layer and
a regular layer. Note that this curve separates blue-shaded nodes (with k2

i < 〈k2〉) from
red-shaded nodes (with k2

i ≥ 〈k2〉).

3.2.3 Conclusion for Synthetic Two-Layer Networks

In this section, we showed that synthetic two-layer networks can have nodes with

promiscuity in the full domain of [0, 1]. In the case where one layer is regular, we
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derived a closed-form expression of the function pi(Ki). For this analytical result,

we showed that the maximum promiscuity pi ≈ 1 is achieved for nodes that connect

to all layers in proportion to their density. We defined the promiscuity to show this

behaviour. The calculations on synthetic networks also provide a sanity check for the

behaviour of promiscuity. For the network consisting of two ER layers, we observe,

that the relationship pi(Ki) is less clear than for networks with a regular layer and an

ER layer. We found, however, that the analytical expression pi(Ki) from Eqn. (3.26)

is valid for a subset of nodes, which fulfil k2
i = 〈k2〉.

3.3 Promiscuity pi in Synthetic Networks under Re-
wiring

In this section, we show that rewiring MLNs can drastically change the promiscuity

distribution P (pi). We illustrate this phenomenon with a specific example. We start

with a network that, by construction, has pi = 0 for all nodes. We then rewire a

fraction β of its edges and compute the promiscuity distribution P (pi). We compare

the numerically observed mean promiscuity 〈pi〉 with an analytical expression.

3.3.1 Network Construction

In any edge-coloured multigraph in which each node has edges of only one colour,

all nodes have the minimum promiscuity pi = 0 by construction (see proof in

Subsection 3.1.2). We construct such networks in the form of non-overlapping ring-

lattice graphs as follows. For each layer, we construct a r-regular ring-lattice with
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Nring nodes (see Section 2.4 for a definition of the ring-lattice network). The union

of these L ring-lattice networks into one network yields a graph of N = L × Nring

nodes. By keeping the layer information as edge colour, we construct an edge-coloured

multigraph. In Fig. 3.4a, we show the adjacency matrix of such a network with L = 5

layers and Nring = 100 nodes in each layer. This adjacency matrix is the direct sum

of the adjacency matrices of the graphs in the individual layers.

3.3.2 Randomization

We randomize the MLN independently in each layer. For each layer l, we take a

fraction of β of all existing edges (i, j) ∈ El, remove it, and then assign it new starting

and terminal nodes i′ and j′. We choose the new edges (i′, j′) uniformly at random

from all non-edges (i′, j′) 6∈ El. The same edge can not be rewired twice because

we choose the set of edges that we rewire once at the beginning. This is in contrast

to an iterative randomisation. Note that this randomization does not preserve the

multilayer degree distribution P (Ki); it preserves only the total number of edges in

each layer. In Figs. 3.4, we show the supra-adjacency matrices of the multilayer ring

lattice after rewiring fractions β = 0.05 and β = 0.95 of its edges. The ring-lattice

structure (mostly) disappears by the time that β = 0.95 and nodes are attached

increasingly to edges from different layers.
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Figure 3.4: Supra-adjacency matrices of a ring-lattice MLN under randomization.
(a) The network consists of L = 5 layers (which we indicate using distinct colours) with
Nring = 100 nodes in each layer. (Thus, there are a total of N = 500 nodes.) These nodes
are connected as a ring lattice in which each node i has degree ki = 10. (b) We rewire,
uniformly at random, a fraction β = 0.05 of the edges in the original network. For details of
the rewiring process, see Subsection 3.3.2. (c) We randomly rewire a fraction β = 0.95 of the
edges in the original network.

3.3.3 Promiscuity pi under Randomization

We investigate the change of the promiscuity distributions P (pi) of a network with

uniform promiscuity pi = 0, as introduced in Subsection 3.3.1, under the rewiring from

Subsection 3.3.2. We construct multilayer ring-lattice networks with Nring = 1 000

nodes of degree ki = 100 in each of the L = 5 layers. In Fig. 3.5a, we show the change

of promiscuity pi under randomization of a fraction β ∈ [0, 1] of all edges. In the

original network (i.e., with β = 0), each node i has a promiscuity of pi = 0, as one

can see in the green violin plot. In the violin plot, we smooth the distribution with

a Gaussian kernel-density estimator with a smoothing bandwidth w = 0.1 [23, 193].

We show the mean promiscuity 〈pi〉 = ∑N
i=1 pi as a purple curve. It increases under

randomization and approaches 〈pi〉 ≈ 1 for β = 1, which indicates randomization of all

edges. In this case the layers approximately resemble ER graphs. They do not exactly
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Figure 3.5: Promiscuity pi of a ring-lattice MLN under randomization. (a) Violin
plots of promiscuity distributions P (pi) of a ring-lattice network under randomization for
rewiring parameter β ∈ {0, 0.25, 0.5, 0.75, 1}. We show the numerically calculated mean
promiscuity 〈pi〉 versus β as a solid purple curve and the expected promiscuity E(pi(β)),
calculated analytically using Eqn. (3.41), as a dashed red curve. (b) Promiscuity pi and
multilayer degree Ki for all nodes in randomized networks for rewiring parameter β ∈
{0, 0.25, 1}. We construct and rewire these networks in the same way as the ones that we
described in Fig. 3.4, but now we use Nring = 1, 000 nodes of degree ki = 100 in each of the
L = 5 layers. We make nodes translucent to make it easier to see node overlaps.

resemble ER as each edge is only randomised exactly once: Therefore, we know that

the edge randomised last is with certainty not present; in an ER graph this is not the

case. The promiscuity distribution P (pi) widens under randomization, as we show in

orange for β = 0.25, and it narrows again towards β = 1 (see the blue points).

In Fig. 3.5b, we show the promiscuity pi and multilayer degree Ki of all nodes for the

the original network (β = 0; solid green disk) and two randomized versions (as orange

circles for β = 0.25 and blue diamonds for β = 1). In the original network, all nodes have

(pi, Ki) = (0, 100), by construction. For β = 0.25, the promiscuity pi and multilayer

degree Ki are spread out over a wide variety of values. For β = 1, the multilayer degree
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is even wider, but the spread of the promiscuity is smaller, as discussed earlier.

We now derive an analytical expression of the mean promiscuity 〈pi〉(β). For this,

we investigate the degree vector ki of node i. Without rewiring, the degree of node

i is ki and all attached edges are exactly in one layer, by construction.

Without loss of generality, the degree vector of node i is then

ki(β = 0) =

ki, 0, . . . , 0︸ ︷︷ ︸
L−1 elements

 . (3.30)

‘Without loss of generality’ refers to the fact that the nonzero element of ki is not

necessarily the first one. The promiscuity, however, is invariant under permutation of

the degree vector, so we assume this particular order for notational simplicity.

To investigate the effect of rewiring on the degree vector ki of node i, we distinguish

between two random processes, which occur as consequence of the rewiring: the removal

of edges connecting to i and the attachment of new edges to i. We consider both

processes to be independent of each other and we compute the expectancy values

Eremoval(∆ki(β)) and Eattach(∆ki(β)) of the change in degree vector ∆ki(β) separately

for the two processes.2 We then combine the two results and obtain an expected

value of the promiscuity vector under rewiring. Finally, we use Jensen’s inequality

to obtain an upper bound of the expected promiscuity.

We begin by treating the edge rewiring as a sequence of n ∈ N independent

events with ‘success’ probability q ∈ [0, 1]. The notion of what a success entails is
2In reality there is small dependence of both processes because an edge (i, j) can not be reattached

to the nodes i and j it was removed from. In the limit of large graphs N →∞, however, this effect is
negligible.
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different for removal and attachment processes and we will describe it below. We

can use the binomial distribution

Pr(X = s) =
(
n

s

)
qs(1− q)n−s (3.31)

to find the probability of getting exactly s successful events. Keep in mind that for a

random variable X ∼ B(n, q) that follows the binomial distribution with parameters

n and q, the expected value of X is

E(X) = n× q . (3.32)

We now analyse the removal process. For the removal process, a ‘success’ is the

removal of an edge of layer l to node i. Each of the ki edges incident to i has a

probability β of being removed. Each of these removal steps is independent of the

others, so the number −∆k1
i of successful removals follows a binomial distribution

−∆k1
i ∼ B(ki, β). By construction, each of these edges is initially in the same layer, so

no edges in other layers can be removed; this gives ∆kli = 0 for all l 6= 1. Therefore,

the expected value of the removal process is

Eremoval(∆ki(β)) =

−kiβ, 0, . . . , 0︸ ︷︷ ︸
L−1 elements

 . (3.33)

To obtain an expression for the attachment of new edges to i, we investigate each

layer independently. For the attachment process, a ‘success’ is the attachment of

a new edge of layer l to node i. In each layer there are kiNring/2 edges. For an

edge to potentially become attached to node i the edge has to become rewired first,
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for which the probability is β. The probability of attaching such a rewired edge

to node i is 1/N + 1/(N − 1) ≈ 2/N = 2/(L · Nring). Accordingly, the number of

edges that become attached to node i in layer l follows the binomial distribution

B(kiNring/2, 2β/(L ·Nring)). The expected value of the number ∆kli(β) of new edges

of layer l to become attached to node i is then

Eattach(∆kli(β)) = β
kiNring

2
2

LNring
= βki

L
. (3.34)

As this is identical for each layer, we obtain

Eattach(∆ki(β)) ≈

βkiL ,
βki
L
, . . . ,

βki
L︸ ︷︷ ︸

L−1 elements

 , (3.35)

as the expected change of the degree vector of node i due to the attachment process.

To obtain an expected value E(ki(β)) under the rewiring process, we combine the

degree vector ki(β = 0) without rewiring with the expected values of both processes:

E(ki(β)) = ki(β = 0) + Eremoval(∆ki(β)) + Eattach(∆ki(β))

=

ki(1− β) + βki
L
,
βki
L
, . . . ,

βki
L︸ ︷︷ ︸

L−1 elements

 .
(3.36)

The removal process decreases the number of edges incident to i and the attachment

increases it. The expected multilayer degree E(Ki(β)) = ki, however, is unchanged

under the rewiring. The mean degree in each layer is kiNring/(2N) = ki/(2L), so

the expected promiscuity vector of node i is

E(Pi(β)) =

2L(1− β) + 2β, 2β, . . . , 2β︸ ︷︷ ︸
L−1 elements

 , (3.37)
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and the expected normalized promiscuity vector of node i is

E(P′i(β)) =

1− β + β/L, β/L, . . . , β/L︸ ︷︷ ︸
L−1 elements

 . (3.38)

Using the definition of promiscuity, Eqn. (3.3), we obtain an expected value of the

promiscuity of node i of

E(pi(β)) = − 1
ln(L)E(

L∑
l=1

(
f(P ′li (β)

)
) , (3.39)

with f(x) = x ln(x). The layers are independent of each other, so we can use E(X +

Y ) = E(X) + E(Y ) to obtain

E(pi(β)) = − 1
ln(L)

L∑
l=1

(
E(f(P ′li (β))

)
. (3.40)

To further analyse the expected promiscuity, we apply Jensen’s inequality, which

requires f(x) to be convex [215]. The function f(x) is convex, because a twice

differentiable function f(x) of one variable x is convex on an interval (a, b) if and only

if its second derivative is nonnegative there. Computing the second derivative yields

df(x)2/dx2 = 1/x > 0 for all x ∈ [0,∞). Thus, we can apply Jensen’s inequality

f(E(X)) ≤ E(f(X)) to obtain an upper bound for the expected promiscuity of

E(pi(β)) ≤ E+(pi(β)) = 1
ln(L)

(
−(L− 1)β

L
ln(β

L
)− (1− β + β/L) ln(1− β + β/L)

)
.

(3.41)

The case of complete rewiring, β = 1, yields an upper bound of the expected promiscuity

E+(pi(β = 1)) = 1. Without rewiring, β = 0, the terms β
L

ln( β
L

) are taken to be zero,

and we obtain E+(pi(β = 0)) = 0.
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We illustrate this upper bound E+(pi(β)) as a dashed red curve in Fig. 3.5. The

expected promiscuity’s upper bound E+(pi(β)) increases monotonously with β. It agrees

well with the numerically calculated mean promiscuity 〈pi〉(β) and is an upper bound

for it for all β. The larger the rewiring β, however, the larger the discrepancy between

the numerical mean and the expected value’s upper bound. This occurs, because with

each rewiring step, the variance n × q(1 − q) of the binomial distribution increases.

This results in more nodes having degree vectors less similar than the expected one

E(ki(β)). Therefore, the expected promiscuity E+(pi(β)) is less representative of the

promiscuity values across the population of all nodes.

3.4 Promiscuity pi in Empirical Networks

We illustrate how promiscuity can reveal insightful information about the organization

of multirelational networks. We calculate promiscuity distributions for eleven empirical

networks (which we construct from ten data sets; see Table 3.1) of different types: trans-

portation, economic trade, social, and biological. We discuss the construction of ‘human

gene’ and ‘protein regulation’ network in Section 3.5, where we analyse them also in more

detail. For information about the remaining networks’ construction see Appendix E.

Two of the networks, the World Trade Web (a trade network contains both exports

and imports) and the advice aspect of a cognitive social structure (CSS; ‘advice given’

and ‘advice received’), are directed networks, so we calculate both the in-degree and the

out-degree promiscuities for the nodes in these examples. To give a coarse comparison,
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Figure 3.6: Violin plots [193] of the promiscuity distribution P (pi) across all
nodes in eleven different networks. Two networks (trade and CSS advice) are directed
networks, so we compute in-promiscuity and out-promiscuity in these cases. We use red arcs
on top to associate distributions that arise from the same network. We estimate a continuous
distribution for the promiscuity pi with a normal-distribution kernel estimator. We indicate
the mean promiscuity 〈pi〉 for each network with a black horizontal line, and we use this
value to sort the networks from small values (〈p〉UK ≈ 10−3) to large ones (〈p〉gene ≈ 0.93).
Colour indicates the type of data that we use for network construction.

we first illustrate that the promiscuity distribution differs across networks.

For each network, we calculate the promiscuity pi of each node i and estimate

a continuous distribution for the whole network by multiplication with a normal

distribution kernel. (see Fig. 3.6). The violin plots [193] show the networks’ normalized

distribution of promiscuity pi and mean promiscuity 〈pi〉. The networks have very

different mean promiscuities, ranging from 〈p〉UK ≈ 10−3 (which is barely above the

minimum value) to very large values, culminating with 〈p〉gene ≈ 0.93. Additionally,

some distributions are tightly peaked (e.g., advice received in the CSS data set), and
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others have a much broader distribution (e.g., trade exports). This illustrates that

empirical multirelational networks can have very different promiscuity distributions.

As we illustrated in Section 3.2, this is also true for synthetic networks.

The three transportation networks [109, 155, 356], which we show in orange, have

broad promiscuity distributions, with many nodes with small promiscuity. Such small-

promiscuity nodes are stations that incident predominantly by edges in a single layer.

One can construe the large-promiscuity nodes as connector stations that facilitate

changes between different modes of transportation. These transportation networks

include both 0-promiscuity nodes (most of the nodes), which enable traffic along one

mode of transportation, and intermediate-promiscuity nodes (which serve as connectors

between different modes). The global air transportation network has many airports

of minimum promiscuity pi = 0 and a broad tail of larger-promiscuity nodes. These

are international hub airports that are used by many different airlines.

The social networks that we examined have intermediate to large mean promiscuities

〈pi〉. Aarhus consists of five kinds of online and offline relationships (Facebook, leisure,

work, co-authorship, and lunch) between the employees of the Department of Computer

Science at Aarhus University [286], and nodes span the whole promiscuity range. The

other three promiscuity distributions come from the same cognitive social structure

(CSS) network [240], which encodes the social structure of N = 21 people in a group.

Each of the L = 21 layers represents the social structure as perceived by one person.

The data includes both an undirected friendship network and a directed advice network.
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The large mean promiscuity of the CSS suggests that different individuals perceive

the degrees of nodes in the social structure as similar to each other. Two people

have mean promiscuities much smaller than the mean in the CSS friendship network,

as they estimate the number of their friends to be much larger than that which is

reported by the other participants.

The import and export trade networks have rather different promiscuity distri-

butions. The export trade network has a smaller mean and is distributed more

broadly. Most countries have a large import promiscuity, indicating that they import

a wide variety of goods.

The tissue-specific biological networks (tissue-specific gene [291] and transcription

factor [326]) have large mean promiscuities 〈pi〉 but broad distributions. This is also the

case for the brain-connectivity data across individuals (‘human brain’) [172] but not for

the experiment-specific protein [432] network. The latter suggests that the interactions

of many proteins were detected using only a subset of available experimental methods.

3.5 Promiscuity in Tissue-specific Protein Interac-
tion Networks

Genes can function in different ways in different tissues [165]. For example, genetic

diseases can manifest in certain tissues, even though the same genome is present across

all tissues [246]. This indicates that it is important to conduct tissue-specific analysis

of genes and how they influence each other.

Transcription factors (TFs) are a specific type of proteins, which influence the
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synthesis of other proteins from genetic information and may thereby exert a strong

influence on the development of a cell [252]. It is known that some TFs are expressed

ubiquitously across human tissues, whereas others are tissue-specific, either in their

expression levels or whether they are expressed at all [465]. One can use such tissue-

specific TFs as biomarkers of cell fate — e.g., as a prognostic tool for detecting

breast cancer [272].

TFs fulfil their function in a complex regulatory network [270, 313, 481]. It

is common belief that ‘master regulators’ are topologically central TFs in these

networks [258, 385] and drive cell differentiation [75, 494].

Different tissues, however, are controlled by different TF networks [326]. Therefore,

gene expression across a whole organism is controlled by multiple tissue-specific

networks, which can be described as a MLN.

In this section, we examine two tissue-specific gene regulation networks. First, in

Subsection 3.5.1, we examine the network of regulation between TFs across tissues.

Second, in Subsection 3.5.2, we examine a network of regulation between genes (not

exclusively those producing TFs) across tissues, which we create from a different data set.

3.5.1 Tissue-specific Transcription Factor Regulation

In this subsection, we examine the variability of the importance of TFs across different

tissue types by computing the promiscuity pi of nodes in such a MLN.
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Network Construction

To construct a MLN we use data from [326]. Neph et al. (2012) [326] used DNase

footprinting to determine whether a TF interacts with the transcriptional start site of

other TF genes; this is called ‘cross regulation’. Such cross-regulation was measured

with DNase footprinting [60, 153] across L = 41 diverse tissue types. DNase footprinting

allows the detection of protein–DNA interactions. Neph et al. measured the pairwise

interactions, i.e., the cross-regulation, between N = 538 TFs. 3

From this data we create an edge-coloured multigraph in which the nodes represent

TFs and the layers the interactions in different tissues. Thus, the multigraph consists of

N = 538 nodes and L = 41 layers. An undirected edge exists between nodes i and j in

layer l if they influence each others expression in the tissue type represented by layer l.

3The paper [326] describes 475 sequence-specific TFs. Their publicly available data set, however,
has 538 unique TFs.
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Figure 3.7: Multilayer organisation of transcription factors in human cells. We
illustrate TFs at their degree–promiscuity (Ki, pi) coordinates. The majority of TFs have
relatively large promiscuity pi and therefore interact in different cell types. By comparison, a
small number of TFs (e.g., GATA5) have a smaller promiscuity and thus might be potential
biomarkers. We highlight labelled TFs with a red cross.
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Analysis

We calculate the promiscuities of nodes in the MLN to find TFs that are specific to

certain cell types. TFs that are important in a small subset of tissues are candidates for

biomarkers. As such computing the promiscuities of TF in a tissue specific regulatory

network is a quantitative approach to detect biomarkers.

Almost all TF have large promiscuities pi and thus are promiscuous and not

tissue-specific (see Fig. 3.7). The TF with the largest multilayer degree Ki = 12, 611

is ‘Specificity Protein 1’ (SP1). It also has a large promiscuity pi ≈ 0.986. SP1

is essential for the regulation of many genes involved in most cellular processes,

including cell growth and differentiation [104, 266]. SP1 is expressed ubiquitously in

human cells and its overexpression leads to apoptosis in cancer cells [86]. The largest

promiscuity pi ≈ 0.989 is only a bit larger and reached by the TF ‘Signal transducer

and activator of transcription 3’ (STAT3). This TF is ubiquitously expressed in

human cells and also an oncogene [471].

The TF with the smallest promiscuity pi is ‘GATA Binding Protein 5’ (GATA5)4,

which is important in embryonic development and a potential lung-tissue biomarker [491]

and is not expressed ubiquitously in human cells (see, e.g., FANTOM5 data set in the

Human Protein Atlas [367]). It is strongest expressed in testes and muscle cells.

Another specialized TF is ‘Paired box 7’ (PAX7), which is known to be important

for the specification of the neural crest [30].

4GATA transcription factors are a family of transcription factors, which are characterized by their
ability to bind to the DNA sequence ‘GATA’ [235].
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‘Ovo like zinc finger 2’ (OVOL2), which has the third smallest promiscuity pi ≈ 0.5,

belongs to the OVOL gene family. OVOL genes are involved in epithelial development

and differentiation [243, 264]. According to the FANTOM5 data set it is expressed

in most but not all human tissue types.

In their original study, Neph et al. [326] report also some tissue-specific TFs.

They identify some of the small-promiscuity nodes (e.g. GATA5) as tissue-specific

TFs. They do not report other small-promiscuity TF (e.g., PAX7 or OVOL2). Neph

et al. [326] hand-picked tissue-specific TFs from inspecting their data. In contrast,

promiscuity is a summary statistic that allows a quantitative approach for finding

possible tissue-specific TFs.

3.5.2 Tissue-specific Gene Regulation

In this subsection, we examine a tissue-specific gene regulatory network by investigating

genes’ promiscuities. In contrast to the data in Subsection 3.5.1, we do not investigate

exclusively the regulation between TFs but also between normal genes.

Network Construction

We construct a multilayer gene regulation network by using data from [291]. Marbach

et al. (2016) [291] inferred the regulatory network of N = 16, 974 genes for L = 32

tissues. To do this, they integrated TF sequence motifs with promoter and enhancer

activity data across cell types. Their pipeline consists of three steps: (1) measuring

the activity of promoters and enhancers in different tissues, (2) identification which
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TF binds to a given promoter or enhancer, (3) linking promoters and enhancers to

gene products. The combination of these steps is therefore an indirect identification

of physical TF–gene interaction in different tissues.

From these data we create an edge-coloured multigraph in which the nodes

represent genes and the layers represent the interactions in different tissues. Thus,

the multigraph consists of N = 16, 974 nodes and L = 32 layers. An undirected edge

exists between nodes i and j in layer l, if they regulate each other in the tissue

type represented by layer l.

Analysis

The genes’ promiscuities pi span the entire range [0, 1] (see Fig. 3.8a). However, the

mean promiscuity 〈pi〉all ≈ 0.93 is large, so most genes regulate many different tissues.

In this data set, there is a positive correlation (the Spearman coefficient is rs ≈ 0.64)

between multilayer degree Ki and promiscuity pi. Thus, genes with more regulatory

influence on other genes tend to exert such influence across different tissues. Only 152

genes have the minimum promiscuity pi = 0 and thus regulate a single tissue. These

include many transcription factors (e.g., GATA, DOBOX, and FOX genes), as well

as genes of unknown function (e.g., C16ORF92 and C1ORF105). The transcription

factors are therefore tissue-specific. The gene TNP2, which plays a key role in the

replacement of histones in spermatids [311, 401], is the minimum-promiscuity gene

with the largest multilayer degree (it has Ki = 284). It is exclusively expressed in

testes and is therefore a potential biomarker for this tissue.
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Figure 3.8: Tissue-specific organization of genes in human cells. (a) Genes in
(pi,Ki) space. Most genes have a large promiscuity pi and thus regulate many different
tissues. (b) For 167 GO annotations, genes with the given annotation have significantly
different promiscuity distributions from those without the annotation. Of these GO terms,
the ones with larger mean promiscuities 〈pi〉 tend to have smaller Information Contents (ICs),
so more genes have this annotation. The dotted vertical line indicates the mean promiscuity
over all proteins 〈pi〉all.

We compare the promiscuities pi of genes with annotation data from three gene

ontologies (GOs) to examine whether certain biological processes, molecular functions,

or cellular components have noticeable promiscuity distributions. (See in Section 2.9

for details about GO data and methodology). For each gene we compute promiscuity pi,

which is a continuous variable. Our aim is to detect whether GO terms are associated

predominantly with genes of a certain promiscuity. For this, we use a non-parametric

Kruskal–Wallis one-way analysis of variance . We choose a p-value of 0.01 to test

whether genes with a given annotation are distributed differently than those without it.

Out of 47, 116 terms, 167 pass a Bonferroni-corrected test, which corrects for multiple
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comparison. We refer to these terms as ‘enriched’. For each of these 167 enriched

terms, proteins annotated with a given term have significantly different promiscuity

distributions from proteins without this particular annotation. For each of these 167

terms, we show in Fig. 3.8b the mean promiscuity 〈pi〉 of all genes with a given GO

term. We compare this with the term’s information content

IC = − ln (Nannotated/N) , (3.42)

where Nannotated is the number of genes with a given annotation. IC is a measure

of whether a term is used widely (small IC) or little used (large IC). IC and mean

promiscuity 〈pi〉 are negatively correlated with each other (p-value 10−7). The Pearson

correlation is ρp ≈ −0.37 and we indicate the trend line in red in Fig. 3.8b.

We conclude from this that more widely-used terms tend to have larger mean

promiscuity 〈pi〉. We find that the GO term with the smallest IC is ‘protein binding’,

which is associated with genes that have promiscuity larger than the mean 〈pi〉all. The

term with the smallest IC, ‘lysozyme activity’, also has the smallest mean promiscuity

〈pi〉 ≈ 0.4; and it thus, in comparison with other terms, tends to be associated with

tissue-specific genes. In Fig. 3.8a, we highlight all genes associated with ‘lysozyme

activity’ as green diamonds. All but lysozyme have promiscuities pi < 0.5. LYZL4,

for which pi = 0, belongs to a group of ‘lysozyme-like’ genes [502] that are active

in human-host defence and are active exclusively in the male reproductive system,

which matches their minimal promiscuity.

Some cellular components also exhibit promiscuity-enrichment. ‘Keratin filament’,
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for example, has a small promiscuity; it is found only in a small subset of human

cell types, including hair and epidermis. The cellular components with small IC are

used widely (e.g., ‘cytoplasm’ and ‘nucleus’), and their large promiscuities likely arises

because all eukaryotic cells have cytoplasm and all (with a small number of exceptions)

have a nucleus. Such widely-used terms tend to have a mean promiscuity 〈pi〉 close to

the overall mean promiscuity 〈pi〉all ≈ 0.93, because they are associated with most genes.

The terms with largest mean promiscuity 〈pi〉, however, tend to have a larger IC. These

terms are associated with specific functions, such as ‘G-protein receptor binding’ or

‘nucleotide excision repair’, that are essential for many different tissue types [253, 379].

In this analysis of a tissue-specific gene regulatory MLN, we find that only a small

number of genes have the minimal promiscuity pi = 0. These genes are tissue-specific

regulators. Most genes, by contrast, have promiscuities close to the maximum pi ≈ 1

and thus their influence varies to lesser extent across tissues. We find that some GO

terms tend to be associated with a genes with certain promiscuity pi. For these enriched

terms, we compare the mean promiscuities of associated genes with the IC. We find

a negative correlation between them, so terms that are used more widely tend to be

associated with genes that are more influential across tissues.

3.6 Conclusions

In this chapter, we introduced promiscuity pi as a measure of the variability of a node’s

degree ki across the layers in a MLN in comparison with a uniform null model. We
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found that real-world networks and synthetic networks can have a variety of different

promiscuity distributions. We then proved that the promiscuity pi ∈ [0, 1].

We also illustrated that there exist a particular type of synthetic networks, called

colour-regular multigraphs, which have maximal promiscuity pi = 1 for all nodes

i. By contrast, a network with all nodes of minimal promiscuity p = 0 is a union

of completely separated layers. We can interpret the promiscuity distribution in a

network as a way to probe the possibility of interactions between layers. In the case

of transportation networks, for example, nodes with nonzero promiscuities serve as

transit nodes between layers, which represent different modes of transportation. This

has potentially important implications for network function and dynamical process on

them. For example, spreading processes can be influenced strongly by the structure

of a MLN [106]. In contrast to earlier approaches to analyse the interaction between

layers, e.g., the local overlap [41] or multilayer participation [46], the promiscuity takes

the density of network layers into account.

We investigated the promiscuity in different types of synthetic networks. For

two-layer networks consisting of one regular layer and one ER-layer, we derived

an explicit formula pi(Ki), which agrees well with numerical computations. We

created networks with pi = 0 and observed the effect of a rewiring procedure that

preserves the number of edges in each layer, on the promiscuity. We then derived

an upper bound for the expected mean promiscuity in these networks. This result

matches our numerical computations well but the discrepancy between both increases
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with increasing randomisation.

In our examination of two networks of tissue-specific gene regulation, we calculated

that most genes have large promiscuities and are thus influential in many different

tissues. However, we also found some genes of small promiscuity, which indicates a

tissue-specific function; these are candidates for tissue-specific biomarkers. Some of

theses genes are indeed producing transcription factors with tissue-specific functions

and abundance, but the function of others is unknown. Thus, calculating promiscuities

may be helpful for discovering tissue-specific biomarkers. By comparing promiscuities

with GO annotation data, we found that some biological functions are associated with

certain promiscuity values. Biological functions that are associated with many genes

tend to be associated with large promiscuity values.

We note that a direct comparison of node promiscuities between the two tissue-

specific MLNs is not fruitful because the two networks have different numbers of nodes

and layers. Furthermore, the tissue types are different. We do, however, observe the

overall trend — most nodes have high promiscuities — in both networks.

Future Directions

The computation of promiscuity as a variability of a node’s importance can be

generalised to other node measures than the degree ki. It is possible, e.g., to compute

promiscuities of betweenness or eigenvector centrality. We note that the first-order

mover score mi of the authority centrality, which we used in Chapter B, resembles

such an analysis of eigenvector-promiscuity, as it is a measure of variability of a node’s
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eigenvector centrality across layers. A crucial difference, however, is that the first-

order mover score takes a temporal order of the layers into account, whereas in an

edge-coloured multigraph there is no temporal ordering. Therefore, the promiscuity,

as introduced in this chapter, neglects any particular ordering of layers.

In this study, we compared the degree of each node with a uniformly random

null model to obtain the promiscuity vector. This is the simplest possible null

model. Additional information, e.g., node positions in a physical space [29] or

other nodal attributes [331] could be used to define more sophisticated null models.

This could improve the identification of nodes that have extraordinary roles in a

multirelational network.

It is known that not all TF–DNA interactions are functional [269]. Spivakov [429]

argues that it would be fruitful to consider the ‘potency’ of such regulatory information.

Such information — if experimentally available across tissues— would improve the

computation of promiscuity of TF across tissues because it allows the construction

of weighted tissue-specific regulatory MLNs.
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4.1 Introduction

Recall that we can calculate centrality measures to quantify the importance of nodes

in a network (see Section 2.5). For example, they can be used to identify ‘essential’

proteins in PINs [216]; these are proteins whose absence is lethal for an organism.

One may test with mutagenesis experiments (also called ‘gene knockout studies’)

the influence of making a gene inoperative, which results in the absence of proteins

produced from this gene [485]. Jeong et al. (2001) performed the first computational

study of the relationship between centrality and essential proteins. For this, they

computed changes in the network’s diameter after deletion of certain nodes. Proteins

whose deletion increases the network’s diameter drastically tend to be ‘essential’,

Since this first analysis, various other centrality measures have been proposed to

identify essential or otherwise influential proteins; these include betweenness [499],

closeness [2], star centrality [468], and DiffSLC, a weighted combination of eigenvector

centrality and gene co-expression data [308]. Recently, Ashtiani et al. (2018) reviewed

27 common centrality measures and found that combinations of multiple measures are

more successful at identifying essential proteins than single measures [21]. Centrality

in PINs can give insights beyond the lethality of single deletions. For example, Alvarez-

Ponce et al. (2017) found a positive Spearman correlation between the centrality of

proteins in PINs and the evolutionary conservation of their structure [15].

One can also investigate link-centralities in PINs. In such computations, centralities

indicate the importance of PPIs and not proteins. Agarwal et al. (2010) found



4. Eigenvector Centrality in Temporal Protein Interaction Networks 115

Pearson and Spearman correlations between the link-centrality and the functional

similarity of the interacting proteins [3].

These studies suggest that analysing centrality of proteins in PINs may provide

information about their biological functions. However, all of these approaches examined

PINs in a non-state-specific form. Usually, one constructs such static PINs with all

known proteins and measured interactions between them present.1 As PINs are

inherently dynamic, we hypothesise that centralities of proteins can also change over

time. A change in centrality may perhaps reflect the change or fluctuation of a protein’s

importance during different stages of a dynamic process. This changing centrality may

also influence lethality properties of protein-deletion, as a protein that is not central in

an aggregated network can nevertheless be essential at a given point in time.

In this chapter, we describe methods to investigate changes in proteins’ eigenvector

centralities over time. We use an eigenvector-based temporal centrality, as described

by Taylor et al. (2017) [451], for the the analysis of a temporal PIN. This allows us

to investigate variations in a proteins’ importance in a PIN over time. As a case

study, we examine a temporal PIN of the cell cycle of the budding yeast Saccharomyces

cerevisiae. We focus on the yeast cell cycle for two reasons, because it is a well-

understood biological process and so allows us to validate our novel approach. Second,

for the given data, which covers multiple cell cycles, we expect oscillatory change

of centrality for some proteins. Such a behaviour has not been detected with the

1As discussed in Subsection 2.2.4, not all interactions are known and some of the detected
interactions may be non-existent or condition-specific.
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eigenvector-based centrality in temporal networks and therefore we want to validate

whether this method is able to detect such oscillations.

The rest of this chapter is structured as follows. In Section 4.2, we discuss the

importance of the yeast cell cycle. In Section 4.3, we describe a procedure to construct

temporal PINs. In Section 4.5, we describe eigenvector-based centrality in temporal

networks [451]. In Subsection 4.6.1, we examine this notion of centrality in the strong-

coupling regime. In Subsection 4.6.2, we discuss centrality trajectories for selected

proteins. We conclude in Subsection 4.7.

4.2 The Yeast Cell Cycle

G1

G2

SM

mother cell

bud cell

nucleus

Figure 4.1: The mitotic cell cycle in yeast. During the mitotic cell cycle a yeast mother
cell (solid ellipse) creates a bud (dashed ellipse) that develops into a daughter cell with the
same genetic material in its nucleus (grey disk) as the mother cell. The cell cycle consists of
four phases: ‘Gap 1’ (G1), ‘Synthesis’ (S), ‘Gap 2’ (G2), and ‘Mitosis’ (M).

Saccharomyces cerevisiae (S. cerevisiae) is a single-celled eukaryote and belongs

to the biological kingdom fungus [126, 142]. Under good environmental conditions,



4. Eigenvector Centrality in Temporal Protein Interaction Networks 117

its cells double in number roughly every 100minutes [189]. Like all fungi, yeast may

reproduce sexually and asexually. The former is more common and a lack of nitrogen

may trigger the latter [218]. S. cerevisiae grows asexually by budding2, in which a

‘mother’ cell develops a small bud, which develops into a new organism with identical

genetic material. To do this, yeast cells undergo a mitotic cell cycle (see Fig. 4.1).

A mitotic cell cycle is the succession of events that lead to the division of one mother

cell into two cells with the same genetic information [316]. Between one cell division

and the next, all essential parts of the cell — most notably, genetic material in the form

of DNA — must be duplicated. The cell cycle consists of four phases: ‘Gap 1’ (G1),

‘Synthesis’ (S), ‘Gap 2’ (G2), and ‘Mitosis’ (M). In the S-phase, a cell replicates the

DNA; in the M-phase, the mother cell divides into two cells. During the G-phases, the

cells grow physically larger and produces proteins and organelles that are necessary for

later steps. Checkpoints occur at the transition from G1 to S and G2 to M-phase [40]..

Each cycle consists of two regimes: a nonrespiratory regime without oxygen

consumption and a respiratory one in which yeast consumes oxygen [459]. This

results in a change of dissolved oxygen concentration (see Fig. 4.2). One therefore

can measure the cell-cycle progression by measuring the oxygen concentration in the

environment of the yeast organism.

The regulation of the succession of cell cycle phases is important for the survival of

an organism. There are two families of proteins that are crucial for such regulation:

2This contrast with fission, during which the mother cell develops into two identical daughter cells.
Fission yeast Schizosaccharomyces pombe reproduces asexually by fission.
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cyclins and cyclin-dependent kinase (CDK) enzymes. CDKs are key regulators of the

cell cycle [315]. While there is some difference in the precise regulation mechanism

among eukaryotes, many features are conserved, and yeast is often used as a model

system to study cell-cycle regulation [338]. In yeast, ‘Cell Division Cycle 28’ (CDC28)

is the only CDK enzyme, but other organisms have multiple types of CDK enzymes.

Many of the approximately 6 000 genes in yeast are cell-cycle-dependent; in other

words, they are transcribed at higher levels at some points of the cell cycle than at others.

In Fig. 4.2, we illustrate the expression profiles (i.e., the amount of mRNA for each

gene over time; see Subsection 2.1.2) of 100 genes [459]. The estimates of the number

of these cell-cycle-dependent genes vary from around 800 to more than 3 000 [427, 459].

The iteration of multiple cell cycles leads to oscillatory changes in gene expression [76].

4.3 Construction of Temporal Protein Interaction
Networks

Below we outline a procedure to construct a temporal PIN as a multilayer network

from temporal gene expression profiles and a static PIN3. The static PIN has N

nodes, which represent the proteins present in the organism. Its adjacency matrix

A is a N × N matrix. The procedure we outline works, in principle, with weighted

networks, if the edge weights quantify the experimental evidence for a PPI [55]. In

our application, however, the PIN is unweighted.

We assume that there is a bijection between genes and proteins, such that each
3While we discuss ‘gene expression profiles’, the procedure is also suited for other ‘omics’ data

(e.g., protein abundance; see Subsection 2.1.2).
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Figure 4.2: Gene-expression profiles during the yeast cell cycle. Each of the 100
curves is the expression of a single gene during three cell cycles. The dashed horizontal
line indicates the threshold that we choose for the construction of the temporal PIN (see
Subsection 4.3). The upper panel gives the concentration of dissolved oxygen dO2 during
three cell cycles. Yeast cells tend to enter the cell cycle when the oxygen increases. All data
are from Tu et al. (2005).

protein is the product of exactly one gene and vice versa.4 Each of these N genes has

a temporal expression profile Ei,t that gives the gene expression level of gene i at a

discrete time t. We can represent the gene expression profiles of all N proteins as a

N × T matrix E. We binarise this matrix by thresholding it:

Ebinary
i,t =

0 , if Ei,t ≤ E0 ,

1 , if Ei,t > E0 .
(4.1)

4This is a simplification of the actual biological processes. However, it is a common assumption
because protein-interaction measurements usually do not allow the distinction between different
isomers (i.e, multiple proteins that are the product of the same gene) [409].
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Figure 4.3: Construction of temporal PINs from temporal gene expression
profiles and a static PIN. We binarise the N temporal gene expression profiles by
thresholding them and obtain a T ×N gene expression matrix. We construct a temporal
PIN by combining a static PIN with temporal gene expression data in the following way. We
create T copies of the PIN, each of which is one layer in a multilayer network and represents
a time point. We then delete all connections of proteins transcribed by genes that are not
expressed at a given time point. We show these ‘ghost nodes’ (e.g., nodes f and g in the layer
representing t1) colourless. Finally, we connect nodes that represent the same protein with
interlayer edges if they are in adjacent temporal layers.

Thus, for each time point t, the matrix Ebinary
i,t indicates whether protein i is present

(Ebinary
i,t = 1) or not (Ebinary

i,t = 0). There is no a priori ‘optimal’ choice of the

threshold E0. As a default choice, however, we choose the mean expression 〈E〉 =(∑
i,tEi,t

)
/(NT ).
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We construct a temporal PIN T in the snapshot representation, which is a sequence

T = {G1, G2, . . . GT} of graphs, where each graph Gt represents the connectivity at

time t (see Subsection 2.7.4). First, we create T copies of the PIN, each of which

is one snapshot. We then delete edges that are incident to nodes that represent

unexpressed genes. Suppose that A is the adjacency matrix of a static PIN. The

elements of the adjacency matrix A(t) of Gt are then

A
(t)
ij =

Aij , if Ebinary
i,t = 1 ,

0 , otherwise .
(4.2)

The temporal network T includes only intralayer edges. As we outlined in Section 2.7,

there are different possibilities for constructing interlayer edges in a temporal network.

The most common one in the literature is to construct interlayer edges as ‘identity

edges’ that connect nodes in time-adjacent layers if they represent the same gene [232].

This construction procedure assumes implicitly that every gene node i is present

at every time layer t. It is tempting to remove such ‘ghost nodes’ that do not have

intra-layer edges and connect only to their counterparts via inter-layer edges. In

Fig. 4.3, the ghost nodes are opaque. For some applications, e.g., the construction

of multilayer modularity matrices (see Section 2.8), removing ghost nodes is possible.

The eigenvector-based temporal centrality that we use in this chapter, requires that all

layers have the same number of nodes. Therefore we do not remove ghost nodes.
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4.4 Data

We use two publicly available data sets to construct a temporal PIN of the yeast cell

cycle, temporal RNA-abundance levels [459] and a time-independent PIN [77].

Tu et al. (2005) measured the RNA abundance in the yeast strain CEN.PK5

with oligonucleotide arrays6 in 25-minute intervals over 5 hours, which covers three

consecutive cell cycles. We discuss oligonucleotide arrays in Subsection 2.1.2. They

found 6 275 distinct mRNA molecules of genes that encode proteins. In Fig. 4.2, we

show the expression profiles (i.e., the RNA-abundance over time) for some proteins. We

chose this data because it is publicly available and widely used in other publications,

which makes a comparison of results easier.

We map the mRNA molecules to the associated proteins and construct a static

PIN from PPI data from BioGRID (version 3.4.158) [77]. This is not possible if

the mRNA molecule is a non-coding RNA (e.g., tRNA).

We use the procedure that we discussed in Section 4.3 to construct a temporal

PIN. As binarisation threshold P0, we choose the mean expression 〈P 〉 ≈ 3.5. We

choose this intermediate value to balance between the two extremes: a threshold of

P0 = 0 would lead to all nodes being present in all layers, and a threshold of P0 =∞

would result in no nodes present in all layers. We do remove proteins that are never

5CEN.PK is a laboratory strain and popular in systems-biology studies [463].
6Oligonucleotide arrays do have some methodological disadvantages [237]. Specifically, the

hybridization efficiency of probe sets might be different for different genes. In principle, RNA-
sequencing data would overcome these problems. As RNA sequencing is a newer experimental
technique, however, time series data of good quality is not available.
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construction step number of entities number of removed entities
expression profiles 6 275

RNA not associated with a protein 2 196
RNA thresholding 925
isolated nodes 388
static network 2 766

temporal multilayer network 36× 2 766 = 99 576

Table 4.1: The number of entities in the yeast cell cycle data. We show the number
of entities (mRNA molecules or proteins) that are present in the original data (expression
profiles) and removed at subsequent steps in the temporal PIN creation process. The static
network consists of 2 766 nodes and the temporal multilayer network of 99 576 nodes.

expressed above the threshold P0 and proteins without interaction partners (isolated

nodes). Table 4.1 details the number of entities (mRNA molecuels or proteins) that

are removed at each of these construction steps. The final temporal network consists of

2 766 physical nodes, each representing a protein, in 36 layers, which results in 99 576

state nodes. The temporal difference between adjacent layers is 25minutes.

4.5 Eigenvector-based Centrality in Temporal Net-
works

In this section, we present eigenvector-based centralities in temporal networks, as

discussed by Taylor et al. (2017) [451]. This is an extension of eigenvector-based

centralities for (non-temporal) monolayer networks, which we discussed in Subsec-

tion 2.5.1. While we use exclusively the authority score, which is one particular choice

of eigenvector-based centrality, we discuss the computation in a general way that allows

the computation of any kind of eigenvector-based centrality in temporal networks.
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4.5.1 Inter-Layer Coupling of Centrality Matrices

Suppose that we have a temporal network in its snapshot representation (see Subsec-

tion 2.7.4). That is, the adjacency matrix at time t is given by A(t) and A(t)
ij encodes

the presence and weight of the edge from node i to node j. Recall that in a monolayer

network, the centrality matrix C is a function of the adjacency matrix A and one

obtains an eigenvector-based centrality by computing the leading eigenvector of C.

Analogously, we can compute the centrality matrix C(t) at time t as a function of the

adjacency matrix A(t) at time t. We couple these centrality matrices with inter-layer

couplings of strength ω to obtain a supra-centrality matrix

C(ε) =


εC(1) I 0 . . .

I εC(2) I . . .
0 I εC(3) . . .
... . . . . . . . . .

 . (4.3)

For diagonal and uniform coupling, a supra-centrality matrix, as a supra-adjacency

matrix (see Section 2.7), is a NT×NT matrix. A supra-centrality matrix is a function of

the scaling factor ε = 1/ω. This notation is convenient for singular-perturbation analysis

in the strong-coupling limit ε→ 0+ (i.e., ω →∞), which we discuss in Subsection 4.5.3.

4.5.2 Conditional Centrality for Temporal Multilayer Networks

We study the dominant eigenvector v(ε) of the supra-centrality matrix C(ε). This is

C(ε)v(ε) = λmax(ε)v(ε) , (4.4)
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where λmax(ε) is the largest positive eigenvalue of C(ε). The eigenvector v(ε) has NT

elements, each of which is the centrality of a node-layer pair (i, t). We can rewrite

this vector into an N × T matrix W, whose entries

Wit(ε) = vN(t−1)+i(ε) , (4.5)

indicate the centrality of node i at time t. Often, we want to investigate the importance

of a physical node i, which represents a protein, relative to other physical nodes in

layer t. To do this, we compute the conditional centrality

Zit = Wit∑
iWit

. (4.6)

We thereby can investigate a centrality trajectory as an ordered sequence {Zit} of

a physical node i over time.

4.5.3 Singular Perturbation in the Strong-Coupling Limit

Taylor et al. (2017) provided a procedure for computing a ‘time-averaged centrality’ in

the limit ε→ 0+. In this limit, the conditional node-layer centrality of every physical

node is constant across the time layers (i. e., Zit = Zit′ for all times t and t′).

Taylor et al. (2017) demonstrated that one can obtain these time-averaged central-

ities as the elements of the leading eigenvector of the N×N matrix X(1). These elements

are

X
(1)
ij = γ−1

1
∑
t

C
(t)
ij sin2

(
πt

T + 1

)
, (4.7)
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where γ1 = ∑T
t=1 sin2 (πt/(T + 1)). One thus obtains the time-averaged centralities

{αi} as elements of the vector α by solving the eigenvector equation

X(1)α = λ1α . (4.8)

They also calculated first-order mover scores, which are a measurement of the

variation over time of each physical node’s centrality trajectory. To do this, they

constructed a matrix X(2) with elements

X
(2)
ij = UᵀiPᵀGL†0PUj , (4.9)

where L†0 = (λ0I−A)†⊗ I denotes the Moore–Penrose pseudoinverse of L0, the matrix

G = diag[C(1), . . . ,C(T )], and P is the stride-permutation matrix with entries Pkl = 1

for l = dk/Ne+T [(k−1) mod N ] and Pkl = 0 otherwise [161]. The ceiling function dxe

maps x to the least integer greater than or equal to x (i.e., dxe = min{n ∈ Z|n ≥ x}).

The vector Ui has T blocks with N elements each and so a total of NT elements.The

ith block is u, which is the leading eigenvector of the adjacency matrix A, and all

other elements are 0. One then solves for β using the equation

(
X(1) − λ1I

)
β = (λ2I−X(2))α , (4.10)

where λ2 = αᵀX(2)α. One then obtains the first-order-mover scores {mi} by solving

m2
i = β2

i +
T∑
t=1

(
[L†0Gv0]i+t(N−1)

)2
, (4.11)
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where vo = ∑
j αjPUj.

This framework for eigenvector-based centrality in temporal networks allows the

investigation of different centrality matrices C. We summarise some prominent choices

in Table 2.5. For the investigation of the yeast temporal PIN we use the authority

score, which we calculate as the leading eigenvalue of the centrality matrix C = AAᵀ,

where A is the adjacency matrix and Aᵀ its transpose. Choices other than AAᵀ

for the centrality matrix are possible. One can, for example, calculate a temporal

variant of the PageRank score.

4.6 Results

4.6.1 Centrality in the Strong-Coupling Regime

We begin by calculating the temporal authority centrality of proteins in the strong-

coupling regime (see Subsection 4.5.3). We summarise the centrality trajectory of each

node in terms of two scalar values: time-averaged authority centrality αi, which is

a measure of a protein’s overall centrality; and first-order-mover score mi, which is

an indicator of the magnitude of the variability in centrality.

We list the proteins that have the largest time-averaged authority centralities αi in

the left part of Table 4.2; all central proteins (according to this measure) are ones with

important functions for the yeast organism. Not all are essential, however (essential

proteins are in bold). The most central proteins are ribosome-associated molecular
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Time-Averaged Centralities First-Order-Mover Scores
Rank Gene αi mi Gene αi mi

1 SSB2 0.1544 3.9723 PAT1 0.0415 132.8032
2 ACT1 0.1525 5.1916 CDC11 0.0240 88.3696
3 RPN11 0.1476 4.9006 SSC1 0.0495 81.291
4 NAB2 0.1368 25.8395 CDC28 0.0106 75.0849
5 SBP1 0.1276 3.3581 RPB3 0.0067 74.1525
6 HSP82 0.1163 2.5787 BRE5 0.0391 68.1169
7 RPN10 0.1092 4.1812 RVB1 0.0720 66.8207
8 GIS2 0.1002 2.1381 BEM2 0.0279 64.8161
9 TOM1 0.0998 43.36 DHH1 0.0487 63.2704
10 RPN1 0.0992 5.1957 STT3 0.0353 58.2226
11 RSP5 0.0985 19.8528 UMP1 0.0136 57.6226
12 RPT5 0.0919 4.5613 CDC34 0.0313 57.2429
13 HYP2 0.0881 1.5251 STE24 0.0352 57.1430
14 HSC82 0.0844 1.8852 CCR4 0.0583 56.8237
15 YDJ1 0.0814 2.3955 SUP35 0.0469 56.0839
16 CMD1 0.0812 1.8014 KSP1 0.0186 54.1306
17 CDC48 0.0808 2.3380 SYS1 0.0279 51.4935
18 RPT6 0.0800 2.1521 APC11 0.0321 51.3182
19 RPN4 0.0790 15.8850 TAF5 0.0150 49.9215
20 RVS161 0.0785 2.5643 SEC28 0.0291 49.5234
21 CSG2 0.0768 1.8814 RPB7 0.0201 48.6788
22 RPT4 0.0767 1.06390 SIF2 0.0127 46.4559
23 GET2 0.0764 9.35124 TPS2 0.0408 46.0501
24 RPN6 0.0762 2.1065 SLA2 0.0457 45.6933
25 RVS167 0.0753 1.554 TIF11 0.0162 45.6790

Table 4.2: Top time-averaged centralities αi and first-order-mover scores mi in
the temporal PIN during the yeast cell cycle. Genes in bold are essential, according
to the Saccharomyces Genome Database (SGDB) [82].

chaperone (SSB2), actin (ACT1), ubiquitin carboxyl-terminal hydrolase (RPN11), and

nuclear polyadenylated RNA-binding protein (NAB2). Although detecting such central

proteins is interesting, the time-averaged centrality αi, by definition, does not provide

insight into the temporal variability of a node’s importance. We thus calculate the

first-order-mover scores mi that are a measure of the variability of nodes’ importance in
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the limit ε→ 0+. It does not allow conclusions about the direction of the importance

change. We summarise the proteins with largest scores in the right part of Table 4.2.

The four proteins with the largest first-order-mover scores are DNA topoisomerase 2-

associated protein (PAT1), cell division control protein 11 (CDC11), heat shock protein

(SSC1), and cyclin-dependent kinase 1 (CDC28). All these proteins are known to control

multiple processes in cell cycle procession and cellular growth: CDC28, the catalytic

subunit of the main yeast cyclin-dependent kinease, drives progress through the cell

cycle and is essential for the start of the cell cycle [301, 445]. PAT1 is an important

element in developmental control [489]. SSC1 is a component of the endonuclease I-Sce

that is important for polypeptidechain cleavage during the cell cycle [179].

The two measures, time-averaged authority αi and first-order-mover score mi,

identify high ranks for different proteins. Thus, proteins that are important for

an organism averaged over time do not necessarily change their centrality drastic-

ally. Although this is not surprising in this context, qualitatively different results

were obtained on computations of a temporal network of the United States Ph.D.

exchange in mathematics, where high-centrality universities correlate with high-mover-

score universities [451].

In Fig. 4.4, we show the time-averaged centrality αi and first-mover score mi

of all proteins. The two measures are positively correlated (Pearson correlation

ρPearson ≈ 0.20 and Spearman correlation ρSpearman ≈ 0.08), so proteins that are central

tend to change their centrality more than low-centrality proteins. Many proteins,
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Figure 4.4: Time-averaged centralities αi and first-mover scores mi for proteins
during the yeast cell cycle. We show essential genes as red crosses and all other genes as
blue circles.

however, depart from this trend.

We distinguish between proteins that are products of essential genes, as listed in

the Saccharomyces Genome Database [82] (shown as red crosses), and all other

proteins (shown as blue circles). Of the 2,766 proteins, 679 are classified as essential. The

essential genes have a mean time-averaged centrality of 〈αi〉essential ≈ 0.0159, which is

approximately 50 % larger than the 〈αi〉other ≈ 0.0096 of all other genes. Essential genes

also have a larger mean first-mover-score than other genes with 〈mi〉essential ≈ 8.0851

versus 〈mi〉other ≈ 5.6451. A two-sample t-test rejects the null hypothesis that essential

and other genes are sampled from the same population; the p-values are 9 × 10−21

(time-averaged centrality) and 5 × 10−10 (first-mover score).
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The above computations indicate that essential genes tend to have a higher time-

averaged centrality αi and first-mover score mi than non-essential genes. The former is

known from the analysis of the static representations of PINs [181, 216]. The latter

suggests that genes can be essential because they are crucial during a certain stage

of the cell cycle but not at all times.

An example of this is septin CDC11, which has the second largest mover score

mi ≈ 88. Similar to actin (ACT1), septins form complexes and are a part of the

cytoskeleton [318]. CDC11 is a mitotic septin, which localises to the bud neck before

cell division and forms filaments and controls the mitotic cell cycle [231, 477]. The

formation of these filaments is essential for cell survival [299]. In contrast to actin,

which is an essential part of the cytoskeleton and has a large time-averaged centrality

but a smaller mover score mi ≈ 5, the presence of CDC11 is only necessary during

mitosis. This indicates that a gene can be essential for yeast due to its centrality during

a specific phase of the cell cycle rather than its time-averaged centrality.

The difference in centrality between essential and non-essential genes is statistically

significant. But the relationship between ‘essentiality’ and temporal centrality is not

straightforward. For example, the top-ranked genes from both measures, SSB2 and

PAT1, are each non-essential (see Table 4.2). SSB2 is a molecular chaperone that

binds to the ribosome and assists with cotranslational folding [360]. Many proteins

are expected to fold cotranslationally [114, 214, 255], so SSB2 may have a crucial

function in the translational process. Its large time-averaged centrality αi ≈ 0.15 is
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potentially an indicator for this. Its deletion is non-lethal, however, as some of its

functions can be covered by the structurally similar SSA and SSB1 proteins [325].

Nevertheless, such a deletion comes with drawbacks, as mutant SSB1–SSB2 strains

grow slowly, contain a small number of translating ribosomes, and are hypersensitive

to several inhibitors of protein synthesis.

4.6.2 Centrality Trajectories during the Yeast Cell Cycle

We now examine the authority centrality trajectories of proteins during the yeast cell

cycle. For this, we plot the centrality trajectory as the conditional authority centralities

(see Subsection 4.5.2) in each layer. The centrality trajectories (4.6) depend on the

choice of the inverse coupling ε. Therefore, we first investigate the centrality trajectory

of a single protein to try to identify an appropriate choice of ε; using that value ε,

we then examine the centrality trajectory of other proteins.

Influence of the Inverse Coupling ε on Centrality Trajectories

In Fig. 4.5, we show the authority centrality trajectories of the protein expressed

by the SLA2 gene7, which has rank 1,947 and 24 for time-averaged centrality and

first-mover score, respectively. It is not extremely important averaged over time,

but its importance changes strongly. This is consistent with experimental results

in which the deletion of this gene is non-lethal but results in cell-cycle delay [154].

SLA2 is one of many proteins organising actin filaments, specifically for bipolar bud

site selection [371]. Therefore, we expect its centrality to be large in the early S
7The name stands for ‘Synthetic Lethal with ABP1’ [195].
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phase and small otherwise. For illustration, we chose this protein as its centrality

trajectory is strongly driven by the cell cycle. We show the results of more proteins

in Subsection 3.6. We study the conditional node-layer centralities versus time t for

ε = {10−7, 10−6, 10−5, 10−4, 10−3}. Recall that the conditional node-layer centrality

indicates the centrality of node-layer pair (i, t) with respect to all node-layer pairs (j, t)

at time t, as discussed in Subsection 4.5.2. Thus, it represents the importance of a

protein in comparison with all proteins in the same time-layer.

Figure 4.5: Centrality trajectories of SLA2 during yeast cell cycles for sev-
eral values of the coupling parameter. We choose coupling parameter ε =
{10−7, 10−6, 10−5, 10−4, 10−3}. We indicate the normalised time-averaged authority αi ≈
0.0015 with the horizontal dashed line. Note the logarithmic scale on the vertical axis.

We also show the time-averaged authority αi, which is normalised such that
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∑N
i=1 αi = 1, as a horizontal dashed line. This time-independent value is the conditional

node-layer centrality in the limit ε→ 0+, which closely matches the numerical result

for ε = 10−7. For small ε, the trajectory generally varies slowly over time; however,

for larger ε there is larger temporal variation from t to t + 1.

There is no a priori best choice for ε. A strong temporal change of conditional

centralities may be desirable for investigations of some temporal properties but not

for others. In the following Subsection 3.6, we focus on ε = 10−5 because the visual

inspection indicates a temporal oscillation. Smaller values (e.g., ε = 10−3) tend to

give a more volatile behaviour that we do not intend for our application. We note

that other choices are possible and ε = 10−4 gives qualitatively similar behaviour

(results not shown).

Centrality Trajectories

In Fig. 4.6, we show the authority-centrality trajectories of the three top-ranked and

three bottom-ranked proteins according to time-averaged centrality and first-order-

mover score. As expected, the top centrality-ranked proteins (SSB2, ACT1, and

RPN11) have large conditional centralities. Their conditional centralities also do

not vary strongly, which is in accordance with the observation that they have small

first-order-mover scores mi < 6 (see Table 4.2).

The bottom-ranked proteins according to centrality (FOL1, YFR020W, and SEY1)

have conditional centralities smaller than 10−6 for most time points. As they are

only expressed at t ≤ 2 hours (SEY1) or t ≥ 12 hours (FOL1 and YFR020W)
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(a) (b)

(c) (d)

Figure 4.6: Centrality trajectories during yeast cell cycles for the top three and
bottom three proteins according to time-averaged centrality αi and mover score
mi. All trajectories are for ε = 10−5. Note the logarithmic scale of the vertical axes and that
we do not show centralities smaller than 10−6.

and have small conditional centralities at these points, the overall time-averaged

centralities αi are small.

We expect the top-ranked proteins according to mover-score (PAT1, CDC11, and

SSC1) to change their centrality over time. For these three proteins, we observe the

change in centrality as fluctuations. CDC11, which is a protein with crucial importance
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during the cell cycle and bud formation [147], has a periodic-seeming oscillation with

local maxima at 5 hours and 10 hours. For PAT1, a protein required for the chromosome

transmission during cell division [472], the presence of oscillations is less clear. Some

of its local minima are at times when CDC11 has local maxima, indicating that both

proteins are important at different times during the cell cycle.

The bottom mover-score-ranked proteins ANS1, YRF1-4, and YLL066C have small

time-averaged centralities αi. ANS1 is not expressed for the time-layers t > 12 h but

nevertheless has a small mover score mi because even when expressed its centrality

is very small around 10−5. The proteins YRF1-4 and YLL066C are expressed at all

time points and show only small fluctuations in their centrality trajectories.

4.7 Discussion

This case study of temporal centrality calculation in the temporal PIN of the yeast

cell cycle illustrates its applicability for the analysis of biological data. For example,

we found that essential genes tend to have larger time-averaged centralities αi and

first-mover scores mi than other genes. The examination also gives insights into

practical considerations (e.g., the choice of ε) concerning temporal centrality in PINs.

We found in the strong-coupling regime (ε→ 0+) that the centrality trajectories vary

slowly with time, so they stay very close to the time-averaged centrality αi.8 As ε

8For some nodes, there is a small (less than 5 %) discrepancy between time-averaged centrality
αi and the centrality trajectory for small values ε (e.g., ε = 10−7; results not shown). Numerical
inaccuracies in eigenvector calculations are a potential cause for this discrepancy. Another possible
cause is that small finite values of epsilon are still different from ε→ 0+.
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increases, we observe that conditional centrality begins to vary more from one time-

layer to the next. For the protein SLA2, multiple choices of ε in this regime indicate

an oscillation and thus give qualitatively similar results. However, the magnitude

of the observed fluctuations vary strongly. We thus suggest that a detailed analysis

of the strength of these oscillations might not be fruitful. We rather focus on their

existence because not all proteins show such a behaviour. In the end, we decide on

an intermediate value of ε = 10−5 for further analysis because it shows the oscillatory

behaviour but seems less sensitive to outliers.

We note that the computation of temporal centrality in the strong-coupling limit,

which does not require one to choose ε — rather ε→ 0 is implied by the computation

— gave biological insights that are consistent with existing understanding of the yeast

cell cycle: The proteins with large time-averaged centrality αi (SSB2 and ACT1) have

known crucial biological functions, so they are important at all times9. By contrast,

proteins with large first-mover-scoresmi (CDC11 and CDC28) have important biological

functions in some phases of the mitotic cell cycle; so their centralities change. As

the yeast cells undergo multiple cell cycles we expect these changes to manifest as

approximately periodic fluctuations.

The first-mover-score is only an indication of such fluctuation and could also hint at

other temporal changes (e.g., a linear increasing trend or an abrupt increase in one time

layer). To directly observe the nature of the temporal change, one has to investigate the

9The associated genes could be considered a temporal variant of ‘housekeeping genes’. Housekeeping
genes are genes that are expressed in all cell types [504].
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centrality trajectories. In our computations, we found that some proteins have a roughly

constant centrality, others are only active at a small number of time points, and some

have an oscillatory behaviour. Investigating centrality trajectories allows one to compare

temporal change of multiple proteins. Different proteins have local maxima of centrality

at different time points, because they are active at different phases of the cell cycle.

As hypothesised by Yu et al. (2007), in general, more central proteins also tend

to fluctuate stronger in their centrality [499]. The most central proteins, however, are

not the ones with the largest first-mover scores; rather they are proteins with crucial

biological functions and are thus present at all time points. A systematic study of

to what extent nodes with large time-averaged centralities intrinsically have larger

first-mover-scores, would strengthen this finding.

We found that essential proteins tend to have larger time-averaged centralities

and first-mover scores. Based on previous studies of PINs [21, 216], the result for

time-averaged centralities is unsurprising, but the first-mover scores give novel insights.

It demonstrates that the presence of proteins, such as CDC11 and CDC28, during

certain phases of a cell cycle is crucial even though static centrality calculations have

not suggested that they are important. Although these insights are not surprising from

a gene-expression perspective, such time-dependence has thus far been ignored in

the analysis of PIN.

Conversely, a protein with strongly changing expression levels can only have a

large first-mover score, if it has also a large static centrality. The cyclin CLN3,
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for example, is only expressed in the G1 stage to promote the transition to the S

phase. Its static centrality, however, is small and we observe relatively small time-

averaged centralities and first-mover scores. A further investigation of the relationship

between the centralities in temporal and static PINs would be fruitful to understand

this phenomenon.

Our analysis gives a novel perspective for studying temporal gene expression

data integrated with a PIN to evaluate the importance of proteins and how those

importances change over time. In this case study, we saw that our results are consistent

with existing biological understanding of the cell cycle. We expect that this approach

will also give useful insights on other applications. Such analysis is potentially useful

for identifying proteins that change their behaviour during the progression of a disease,

as a result of medication, ageing, or the development of animal cells (e.g., the model

organism Drosophila melanogaster).

As we constructed the temporal PIN with gene-expression data, it comes with

the associated caveats. While gene expression gives some (limited) information about

the rate of protein synthesis, it is not necessarily directly connected with protein

abundance. As we discussed in Subsection 2.1.1, the rate of degradation is another

factor that strongly influences the presence of proteins. The direct measurement of

protein abundance would overcome this problem.
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4.7.1 Future Directions

Although our investigation of centrality in a temporal PIN of the yeast cell cycle

gave reasonable biological insights, there are several shortcomings in this approach

that are desirable to address.

First, we construct temporal PINs binary; that is, a protein is either present at

a given time point or not. Thresholding gene expression data is a straightforward

way to construct the temporal PIN, but a more sophisticated method (e.g., involving

edge-weighted networks) can potentially give a more nuanced picture of temporal

changes of centralities. It would, for example, allow to represent a weak (but present)

interaction between proteins of small abundance. The temporal eigenvector-based

centrality framework, as introduced by Taylor et al. (2017) allows edge weights [451].

However, there is not a canonical way to integrate gene-expression information as edge

weights and as such, so it is important to consider other approaches.10

Second, the employed multilayer approach for the network construction uses discrete

time points as layers. The gene expression during the cell cycle was measured at discrete

time points, so this was appropriate for this application. This will often be the case

for gene-expression measurements. However, recent advances in centrality analysis

for continuous temporal networks [6] may be more appropriate for biological data

with continuous time measurements. For example, in single-cell expression data, one
10In fact, we undertook such efforts and the results gave very ‘unstable’ centrality trajectories, in

the sense that, even for small ε, the centrality trajectories fluctuated strongly. This does not seem
appropriate for the present application, and it may be a consequence of the broad distribution of
gene-expression measurements or high level of measurement error. In principle, it may be possible to
use some sort of preprocessing to ameliorate such problems.
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can estimate a continuous pseudotime [381]. Pseudotime is an unobserved (latent)

dimension that is an indicator of cells’ progress through a dynamic process (e.g., an

organism’s cell cycle). A temporal centrality analysis may help reveal the influence

of individual proteins over time for this type of data.

Third, one might consider some methodological extensions of the eigenvector-based

temporal centrality. For example, one might couple different proteins with different

coupling parameters ε or couple temporal layers that are not equidistant in time..

Fourth, we took mRNA-abundance data from oligonucleotide assays to create a

temporal PIN. The advances of RNA sequencing might allow the application of this

approach to RNA-seq data which measures the mRNA abundance directly and thus

has less methodological problems concerning normalisation.
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5.1 Motivation

PINs are mathematical representations of interactions between proteins. The notion

that there is one human PIN is a simplification, as discussed in Chapter 1. Proteins

and their interactions are context-specific: they vary between tissues, over time, and

between healthy and diseased states [475]. In particular, two proteins that are reported

to interact with each other might not be present in the same tissue. Therefore, human

PINs vary across tissues and tissue-specific gene expression influences the function

of proteins [132]. As the proteins in structural modules in PINs often have common

biological functions [262, 428], one might assume that these structural modules also

differ across tissues. In this chapter, we examine this by constructing tissue-specific

PINs and detecting community structure in them.

Databases (e.g., BioGrid [432]) aggregate protein interaction data from different

experimental conditions, tissues, cell types, and across time. Therefore, they are

intrinsically not context-specific. Furthermore, many experimental techniques are in

vitro methods and are inherently not physiological [376] (see Subsection 2.2.1). This

makes it challenging to use a database of PPIs to obtain context-specific insights

into PINs. In this chapter, we aim to solve this problem by integrating a general

PIN with context-specific data. In particular, we use RNA-abundance measurements,

i.e., measurements of the level of messenger ribonucleic acid molecules (mRNA) in

cells [474]. mRNA molecules carry information of DNA to ribosomes, which are the

sites of protein synthesis in the cell (see Subsection 2.1.1 for more information about
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protein biosynthesis). While there is some variability between mRNA abundance and

protein abundance, they are correlated with each other [276]. Such mRNA abundance

data is available for many context-specific situations, e.g., over time [346] or in different

cancer cell lines [265]. We focus on tissue-specific mRNA abundance [461].

Different approaches have been used to represent and analyse context-specific

PINs [496]; we discussed some of them in Subsection 1.2.1. A common approach is

thresholding PINs [79, 239] which generates a context specific PIN from a general PIN by

keeping only proteins that are present above a certain threshold. We used this approach

to generate the temporal PIN of S. cerevisiae in Chapter 4. This approach, however,

neglects the nuances of gene expression, as it makes a binary selection: a node is either

kept in the network or it is not. In this chapter, we instead use RNA abundance levels

without binarization to create mathematical representations of tissue-specific PINs.

We integrate mRNA abundance data with a PIN in the form of node-weighted

networks, which we introduce in detail in Section 5.2. By incorporating mRNA

abundance as node weights, we aim to obtain insights into the structure and function

of PINs of tissues1.

We then detect community structure in the tissue-specific PINs. In Fig 5.1, we

show an example network, whose community structure changes under consideration

of the node weights.

1In this investigation, we assume that there is injective function from the set of genes to the set of
proteins. Thus, each protein and its associated RNA is the exclusive product of exactly one gene. This
is a simplification of the protein biosynthesis process (See Subsection 2.1.1). However, it is a common
assumption because experimental techniques that are able to distinguish interactions between protein
variants are still in early development [92].
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Node-weighted networks resemble so-called ‘annotated networks’ [200, 331]. An-

notated networks are networks with metadata. Metadata is additional information

about the nodes (or edges) in a network that are not used to create the network. Often,

such information is used to validate detected partitions by comparing them with each

other. In a social network, for example, we can compare detected partitions with

information about the individuals. Traud et al. (2012) find that Facebook friendship

networks in American universities often form predominantly in the same dormitory

residence [457]. GO annotation data are a form of metadata and the comparison

of network partitions with them, as presented in Section 2.9, is one approach to

validate detected partitions in PINs.

Such metadata, however, does not always correlate with the communities in networks

(e.g., if the community structure and the metadata capture different features of a

network [359]). Recent approaches allow the consideration of such metadata for

community detection itself [200, 331]. This raises the question of why we do not

use these approaches for the detection of communities in tissue-specific PINs. The

reason is that in the cases of annotated networks the metadata guides the community

detection (i.e., some alignment between network structure and metadata is presumed).

For tissue-specific PINs this is not necessarily the case.2 Two genes can have a high

expression in a tissue without belonging to the same structural or functional module.

The rest of this chapter is organised as follows. In Section 5.2, we introduce a

2In a large scale analysis across tissues, however, this might be the case. In fact, such information
can be used to create gene co-expression networks [441]
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a) network b) node weights c) node-weighted network
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Figure 5.1: We can combine a network (a) with the node weights (b) to obtain a
node-weighted network (c). In this schema, the original network has only three modules
and the node-weighted network has an additional one. The three central nodes (A, B, and C)
have large weights and thus form a module that was not obtained before, while the three
other modules decreased in size.

node-weighted modularity function and analytically discuss some of its properties. In

Section 5.3, we illustrate the community detection with node-weighted modularity on a

synthetic network with overlapping community structure. In Section 5.4, we apply the

node-weighted community detection to tissue-specific PINs. In Section 5.5, we conclude.

5.2 Model Specification

Although there is considerable research on networks with edge weights [330], node-

weighted networks were introduced only recently [184]. Heitzig et al. (2012) [184]

discuss network measures that take into account node weights. They investigated

spatially embedded climate networks. In these, nodes represent measurement locations

of observables (e.g. precipitation). As these locations are distributed unevenly on

the surface of the earth, it is relevant to weight nodes according to surface-area size.

These techniques have given insights into moisture transport in South America [501]
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and trade balance [479]. Most importantly, this approach avoids systematic biases

created by a larger node density at the poles in comparison with equatorial areas. In

the context of PINs, we may consider the abundance of proteins as node weights. We

then take these node weights into account when examining the network. Proteins

with larger abundance have a larger weight in the network measures than proteins

with small abundance. We develop our methodology for the detection of community

structure in tissue-specific networks. One can, however, also apply the methodology

to other node-weighted networks.

A node-weighted network is an ordered triple G = (V,W , E) where there is a set

V of nodes that are connected pairwise via edges from the set E ⊂ V × V . The node

weights W are a map W : V → R≥0 and we denote the weight of node i as wi3.

It is insightful to generalise network properties to such node-weighted networks [184].

We focus on the detection of community structure in such node-weighted networks. In

contrast to the approach in Heitzig et al., we include a free parameter s that allows

us to scale to which extent we consider the node weights. For community detection

in node-weighted networks, we define a node-weighted variant of the modularity

function (see Section 2.6). Recall, that the modularity quality function for a network

without node weights is

Q = 1
2m

∑
ij

Qijδ(gi, gj) with Qij =
(
Aij − γ

kikj
2m

)
. (5.1)

The matrix elements Qij are positive if the connection between nodes i and j is
3Here we choose the node weights to be real and nonnegative. This is not necessarily the case in

all applications.
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larger than expected under the Newman–Girvan null model and negative if they are

smaller than expected.4 In this chapter, we refer to this modularity without node

weights as ‘ordinary’ modularity.

Intuitively, we want to incorporate the node weights wi into the modularity function

in a way that changes the contribution of all terms {Qi1, . . . Qin} associated with node

i as a function of its weight wi. Nodes with a larger weight should have a stronger

contribution to the modularity function than nodes with a small weight. To do this,

we define the node-weighted modularity as

Qnw = 1
2m

∑
ij

W (wi, wj; s)Qij

= 1
2m

∑
ij

W (wi, wj; s)
(
Aij − γ

kikj
2m

)
δ(gi, gj) .

(5.2)

The weight function W (wi, wj; s) scales the weight of a particular element of the

modularity matrix Qij and is a function of the associated node weights wi and wj.

Different functional relationships W (wi, wj; s) are reasonable. We use a function with

sigmoidal shape, such that increasing the weight wi of node i results also in larger

values for the weight function W (wi, wj ; s). At the same time there is a saturation, i.e.,

increasing a large weight wi has only small influence. Artificial neural networks often

use similar functions [221]. In this thesis, we use a bivariate logistic function

W (w1, w2; s) = ((1 + exp (−2s · w1 + s))(1 + exp (−2s · w2 + s)))−1 . (5.3)

4There are other null models, such as ones that incorporate spatial information [396]. See Section 2.6
for a literature review.
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Figure 5.2: Weight function W (w1, w2) for three different values of the steepness
parameter s ∈ {0.1, 1, 10}. A small steepness s leads to a shallow slope with increasing wi
and a large steepness s leads to a steep increase. Note that W (0, 0) = 0 and W (1, 1) = 1 for
all choices of s > 0.

The steepness parameter s > 0 tunes the consideration of the node weights for the

community detection. For small choices of s the weight function W is ‘flat’, while large

s leads to a steep increase (see Fig. 5.2). We choose this particular functionW (w1, w2; s)

for three reasons. First, W (w1, w2; s) is monotonic increasing in w1 and w2. This

ensures that increasing the weight wi of node i also increases its contribution to the

node-weighted modularity (5.2). Second, the weight function approaches W (0, 0; s) = 0

and W (1, 1; s) = 1 for all steepness parameters s > 0. Nodes with weight wi = 0

do not contribute to the modularity function and so Qnw ≤ Q. Third, the weight

function is symmetric, so W (w1, w2; s) = W (w2, w1; s).

Although definition (5.2) seems superficially similar to the community detection in

edge-weighted networks, it is fundamentally different. Most crucially, our definition

puts a weight of W (wi, wj ; s) not exclusively on edges (i, j) ∈ E but also on modularity

matrix elements Qi′j′ of non-edges (i′, j′) 6∈ E.
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The combination of both types of annotations — the detection of node-weighted

community structure in a network with edge weights — is possible but beyond the

scope of this chapter. Such an approach could be fruitful for examining tissue-specific

PINs with edge-weights whose weights represent interaction strengths.

In Appendix D, we compare the definition of the node-weighted modularity (5.2)

with the maximum likelihood (ML) function of a SBM. Both approaches are equivalent

under specific conditions. Therefore, we can understand the node-weighted modularity

not only as a multiplication of the elements of an ordinary modularity matrix with

the weighting function (5.3) but also as the weighting of edges (and non-edges) in

the ML function of an SBM.

Optimisation of Node-weighted Modularity

To detect communities in a node-weighted network we aim to find group assignments

g, which maximise the node-weighted modularity function (5.2). Optimization of a

modularity function is NP-hard [58]. Numerical approaches, however, can give approx-

imate solutions. We employ the GenLouvain community-detection algorithm [217],

because it can be used with any quality function specified in terms of a modularity

matrix, so we can use it with the node-weighted modularity matrix Qnw
ij (for details

about the GenLouvain algorithm see Appendix A).

The computation of a node-weighted modularity matrix is algorithmically simple:

First, we define a normal modularity matrix Q with elements Qij, as outlined in

Section 2.6. Second, we compute the weight function W (wi, wj) for each pair of nodes
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(i, j). Third, we compute each element of the node-weighted modularity

Qnw
ij = W (wi, wj)×Qij . (5.4)

Passing this modularity to the GenLouvain algorithm then returns a partition

g of the node-weighted network.

5.2.1 Asymptotic Discussion

We now examine analytically how the choice of the steepness parameter s influences

the node weighted modularity Qnw. Specifically, we investigate two limiting cases

s = 0 and s → ∞ and the case of uniform node weights.

For minimum steepness s = 0, the weight function W (wi, wj; s = 0) = 1/4 is

identical for all pairs of nodes, independent of their node weights wi and wj. Thus,

the node-weighted modularity Qnw is a rescaled version of the original modularity Q,

with Qnw = 4Q. For any partition g, the node-weighted modularity is therefore a

quarter of the modularity. Let g? denote a partition that yields a global maximum

of the modularity function. It is then also a global maximum of the node-weighted

modularity function because the rescaling does not change the position g? of the

maximum. A ‘perfect’ modularity maximisation algorithm, i.e., one that always returns

one of the best partitions, would then return partition g? for both cases. Modularity

maximisation algorithms, however, are approximate, thus we do not expect two runs

to return exactly the same partition.
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For infinite steepness s → ∞, the weight function yields

lim
s→∞

W (w1, w2) =
1 , if w1 > 1/2 and w2 > 1/2

0 otherwise .
(5.5)

Thus, the weight function approaches a two-variable Heaviside function. The node-

weighted modularity Qnw is then

lim
s→∞

Qnw = 1
2m

∑
ij

{wi>1/2}
{wj>1/2}

(
Aij −

kikj
2m

)
δ(gi, gj) . (5.6)

The node-weighted modularity (5.6) is a function of the group assignment gi of nodes

that have a node weight wi > 1/2. The group assignments gi of other nodes do

not contribute to the modularity value.

Node-weighted Network with Identical Node Weights

For a node-weighted network G = (V,W , E) with uniform weights W : V → c with

c ∈ R+, the node-weighted modularity (Eqn. (5.2)) simplifies to

Qnw = C

2m
∑
ij

(
Aij − γ

kikj
2m

)
δ(gi, gj) with C = W (c, c; s) = Const.

= CQ .

(5.7)

For c > 0, this is a rescaled version of the original modularity Q, detected community

structure does not depend on the node weights wi. Varying the steepness parameter

s does not change the obtained community structure.

If all nodes have a zero weight wi = 0, the node-weighted modularity (Eqn. (5.2))

is Qnw = 0. One thus cannot detect community structure, because any partition

g yields a modularity value of Qnw = 0.
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5.3 Synthetic Examples

We now demonstrate that the consideration of node weights can change detected

community structure in node-weighted networks. To do this, we construct a synthetic

node-weighted network and use the Genlouvain algorithm to maximise the node-

weighted modularity function Qnw.

Network Construction

We construct a synthetic node-weighted network G = (V,W , E) with |V | = n = 500

nodes. To construct the edges, we use a SBM with two overlapping modules of equal

size (See Subsection 2.4.3 for a definition of the SBM.) The connection probabilities

are pin = 0.5 inside a module and pex = 0.05 between modules. The two modules

of size 250 overlap each other in a set of 50 nodes. These nodes belong to both

modules and thus connect to both of them with connection probability pin. In Fig. 5.3a

we show one realisation of such a network with the two modules in red and blue

and the overlap nodes in purple. The nodes {i = 1, . . . , 250} belong to the red

module and the nodes {i = 251, . . . , 500} to the blue modules. The overlap nodes

are therefore {i = 226, . . . , 275}.

We determine node weights W in a way that gives a larger weight to the nodes

in the red module and the purple overlap. To achieve this, we choose wi = 1 for all

{i = 1, . . . , 275}, and wj = wblue for all other nodes {j = 276, . . . , 500}, which

are in the blue module.
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Community Detection in Synthetic Node-weighted Networks

We use the Genlouvain algorithm for node-weighted modularity maximisation to

obtain community structure. First, we illustrate two example cases. Second, we

examine the influence of the steepness s and the weights wblue in the blue module

on the detected community structure.

In Fig. 5.3b, we show detected partitions for wblue = 0.2 and two choices for the

steepness s = 0 and s = 10. As we derived in Subsection 5.2.1, in the case s = 0

the node-weighted modularity is a rescaled version of the modularity without node

weights. Therefore we should receive a partition that is similar to the case of neglected

node weights. For both choices of the steepness s, we successfully detect two modules,

which we illustrate in blue and red. Of special interest is the module assignment of

the 50 nodes in the overlap because they connect with equal probability with both

modules. For both steepness values, some of these nodes belong to the red and some

of them to the blue module. For s = 0, we observe that these nodes are distributed

approximately equally between the red and blue module. For s = 10, however, almost

all overlap nodes belong to the red module. To understand this, we investigate the

weight function W (w1, w2) for the overlap nodes. All of them have a weight w1. The

values w2, however, are different for connections with the two modules: we weigh the

connections with the red module with W (1, 1; s = 10) ≈ 1 and those with the blue

module with W (1, wblue = 0.2; s = 10) ≈ 0.0025. This illustrates that the red module

‘pulls’ the overlap nodes to its side. The blue module is still detected, even though all
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Figure 5.3: Community detection in a synthetic node-weighted network. (a) A
network with N = 500 nodes in two modules (red and blue) with an overlap of 50 nodes,
which we show in purple. (b) For wblue = 0.2 and s = 0, we successfully detect the two
modules and the overlapping nodes are distributed equally between them. With s = 10, the
red module, which has larger node weights, dominates the modularity function (5.2) and so
almost all nodes in the overlap are assigned to the red module. (c) We show the fraction f
of nodes in the overlap that are assigned to the red module for different weights wblue and
steepness parameter s. The red dots indicate the parameter combinations we used in panel
(b).

its nodes have small weights, so their weight functionW (wblue, wblue; s = 10) ≈ 6×10−6

is small. Only the nodes in the overlap have different module assignments from the

the s = 0 case. This computation illustrates qualitatively that the consideration of

node weights can change the detected community structure.

We now investigate the change of detected community structure quantitatively

and vary the steepness parameter s and the weights wblue in the blue module. For

this, we compute

f = overlap nodes in red module
size overlap ∈ [0, 1] . (5.8)

This fraction f is a measure of the extent to which the nodes in the overlap belong

to the red module. In Fig. 5.3c, we show f(s) as a function of the steepness s for

wblue ∈ {0, 0.2, 0.4, 0.6, 0.8, 1}. For all parameter choices, the fraction f ' 0.5. A
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fraction of f = 0.5 indicates that half of the nodes belong to the red and half of

the nodes belong to the blue module. For minimum steepness s = 0, all curves

coincide at f ≈ 0.5, as the node-weights are ignored and this setting is identical

to ordinary modularity maximisation.

For wblue = 1, the weight of the red nodes, the fraction f ≈ 0.5 is almost constant.

As the node weights are identical for all nodes, varying the steepness s only scales the

modularity function; we so obtain a similar community structure as with a normal

modularity function for all choices of the steepness s. This agrees with our theoretical

considerations using uniform node weights in Subsection 5.2.1.

When wblue < 1, we observe two distinct behaviours. For wblue ≤ 0.5 the curves

increase monotonic and approach f = 1 as s→∞. Thus, all nodes in the overlapping

module belong to the red community, which has larger node weights. Smaller weights

wblue for the blue nodes lead to f(s) having a steeper slope. For wblue > 0.5, the

fraction f(s) increases with s, reaches a maximum, and asymptotically approaches

f = 1/2. Thus, the nodes are distributed evenly between red and blue modules.

We can understand the two different asymptotic limits, f = 0.5 for wblue > 0.5

and f = 1 for wi ≤ 0.5, from our theoretical considerations, in Subsection 5.2.1. For

s→∞, the module assignment of nodes with weights wblue ≤ 0.5 do not contribute

to the node-weighted modularity function. Therefore, all nodes in the overlap belong

to the red module and f → 1. For weights wblue > 0.5, however, the weight function

W ≈ 1 and all nodes contribute equally to the node-weighted modularity function,
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so the node-weighted modularity function is the same as in an unweighed network.

The modularity maximisation algorithm returns therefore a partition similar to using

modularity without node-weights.

With wblue > 0.5 for the blue nodes, we observe a maximum in the curves f(s).

This occurs because the weight function W (wred = 1, wblue; s) between modules

grows faster with steepness s than the weights W (wblue, wblue; s) inside of the blue

modules. Specifically, the weights between the modules are

W (wred = 1, wblue; s) = 1
(1 + exp (−s))(1 + exp (−2s · wblue + s)) , (5.9)

and the weights inside the blue module are

W (wblue, wblue; s) = 1
(1 + exp (−2s · wblue + s))2 . (5.10)

Their difference ∆W (S) = W (1, wblue; s)−W (wblue, wblue; s) gives the weight between

modules in comparison to the weight inside of the blue module. It is equal to

∆W (s) = 1
(1 + exp (−2s · wblue + s))

(
1

(1 + exp (−s)) −
1

(1 + exp (−2s · wblue + s))

)
.

(5.11)
Evaluating the maxima of this function numerically yields s ≈ 1.96 for wblue = 0.8

and s ≈ 2.98 for wblue = 0.6, which agree with the observed maxima of f(s) in Fig. 5.3c.

Note that lims→∞∆W = 0, which supports our asymptotic discussion and our numerical

results that the overlap is distributed equally among the two modules and so f ≈ 1/2.

Our examination of this synthetic node-weighted network indicates that node

weights can influence detected community structure. Specifically, the overlap between
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modules, thus nodes that belong to multiple modules, might change module assignment

when considering node-weights. In the setting of PINs, modules overlap because

proteins can have multiple functions that are organised in structural modules [274].

Depending on the context (e.g., gene expression in a certain tissue type) the proteins’

might change the module they belong to and thus also their biological function.

5.4 Application to Tissue RNA-Abundance Data

Now we combine a PIN of human proteins with tissue-specific gene-expression data

to construct node-weighted PINs. We use RNA-abundance data from the Human

Protein Atlas [367, 461]. Uhlén et al. (2015) performed mRNA sequencing on Illumina

HiSeq2000 and Illumina HiSeq2500 high-throughput sequencing system and they

computed abundance measures using Kallisto v0.42.4. [59]. For each mRNA, the

abundance is measured ’Transcript Per Million’ (TPM). If there are multiple genes

encoding the same protein a gene’s mRNA abundance is the sum of the mRNA

abundance of all its protein-coding transcripts.

The data set contains mRNA abundance of 13 290 protein-encoding genes across

different tissue types. As an example, we focus on the data from two tissues, ‘adipose

tissue’ and ‘suprarenal glands’. While both tissues may produce hormones that influence

each other [225] and have certain ‘housekeeping’ functions that are mutual for all human

tissues5, we expect them to also have tissue-specific biological functions [129]. Adipose

5The Human Protein Atlas concludes that 7 319 out of 19 613 protein-encoding genes are expressed
in all tissues and are therefore potential housekeeping genes [367]
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tissue (i.e. body fat) is a connective tissue whose main function is the storage of energy

and the supply of free fatty acids [393]. The suprarenal glands produce hormones, that

help in the regulation of metabolism, blood pressure, and stress response [72].

We use the mRNA abundance data to create node weights wi ∈ [0, 1]. Specifically,

suppose that xi is the mRNA abundance associated with protein i. The weight of

node i, which represents this protein, is then

wi = log2 xi
log2 xmax

, (5.12)

where xmax is the maximum RNA abundance across all protein-encoding genes. For

the weight function W (w,wj; s) we use (5.3).

We use the Homo sapiens BioGRID data base (version 3.4.146) to create an

undirected PIN from these 13 290 proteins [77, 432]. After removing proteins for which

no interaction is known, we obtain a network of n = 10 394 proteins. In total, we

find m = 109 713 pairwise interactions between them, so the network has a density of

ρ ≈ 0.002. The node set V and edge set E are identical across the two tissues. Only

the weights differ, as the mRNA abundance differs across tissues.

5.4.1 Choice of the Resolution Parameter γ

As discussed in Section 2.6, the choice of resolution parameter γ has a strong influence

on the detected community structure. Smaller resolution parameters typically yield

a smaller number of larger modules. Larger resolution parameters yield a larger

number of smaller modules. In the study of networks in general and PINs specifically,
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Figure 5.4: To fix the resolution parameter γ for the node-weighted community
detection, we use an iterative algorithm for finding an ‘optimal’ choice of γ. We
start the procedure at two drastically different resolution parameters γ0 ∈ {1, 100}. The
former returns a partition into 24 modules and the latter returns a partition into almost 2 000
modules. For each iteration ι we give the updated resolution parameter γ in panel (a) and
the number of detected modules nc in panel (b). We indicate this output with dashed red
and solid blue curves for the two different initial conditions. For both starting values γ0, the
procedure converges to γ ≈ 9.1, which returns a partition into 287 modules.

there is not one correct choice of γ. Instead, different choices may reveal different

organisational principles [262]. In our investigation, however, we want to focus on the

influence of the steepness parameter s, so we fix the resolution parameter γ. We use an

iterative procedure that converges to a value of γ that ‘optimally’ describes the detected

community structure in a network. This procedure was introduced in [329]. It is a

special case of the algorithm by Pamfil et al. [352], which we describe in Appendix C.

We show the results of this iterative estimation of the resolution parameter γ in

Fig. 5.4. We use two different initial resolution parameter values: γ0 ∈ {1, 100}. We

use them in the node-weighted modularity (5.2) and use GenLouvain to obtain
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partitions. The former yields a partition into 24 modules and the latter yields a

partition into almost 2000 modules. After each iteration, we obtain a partition with nc

modules. We use this partition to estimate a new resolution parameter γ. For both

initial conditions, the iterative procedure converges in approximately twenty steps to a

resolution parameter of γ ≈ 9.1. The number nc of detected modules fluctuates slightly

around 287, as the GenLouvain algorithm is non-deterministic.

The convergence of the iterative algorithm does not guarantee that the obtained

community structure is biologically relevant. Instead, it arises from the theoretical

consideration that for this value the network closely resembles a particular SBM.

Nevertheless, we choose this resolution parameter γ = 9.1 for future analysis. In

comparison with social networks [329], this is a high γ value, which indicates that

we find small and densely connected modules.

5.4.2 Comparison with Null Models

In this subsection, we discuss the influence of the steepness parameter s on the detected

community structure in the tissue-specific PIN of adipose tissue. When analysing

such partitions, it is important to consider that modularity-maximisation algorithms

always return a network partition. A comparison with null models allows us to examine

whether an obtained partition represents meaningful community structures in a network

or whether it might have arisen at random. Similar approaches helped identify relevant

temporal scales in temporal multilayer networks [31] and incorporate specific features

of the network structure (e.g., signed edges [456], space embeddedness [141, 396],
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Figure 5.5: We compare the detected community structure in the PIN with
three null models. (a) The null models are randomised versions of the original network (1;
in green). They are node-weighted networks with either permuted weights (2; in orange),
randomised network topology (3; in purple), or both (4; in pink). b) The node-weighted
modularity Qnw increases with the steepness s. c) The number nc of detected modules is
fairly constant for (1) and (2). It first increases and then decreases for (3) and (4). For
steepness s ' 4 it is also fairly constant for (3) and (4). We calculate the mean of all curves
over 20 realisations of null-model creation and GenLouvain modularity optimisation.

and many more [150]).

In Fig. 5.5a, we show a schematic network, consisting of four nodes, and the three

null models, which we construct from the original network. In green (see subpanel 1),

we show a scheme representing the original data, which is the node-weighted network

G = (V,W,E). We construct the null models as follows.

Null Model 1: Weight Permutation

We obtain a permuted-weights null model G = (V,W ′, E) by a random permutation

W ′ of node weights.6 We generate such a permutation uniformly at random; that is,

each of the n! permutations W ′ is equally likely to appear.

6A permutation is a rearrangement of an ordered set S into an order S′.
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Null Model 2: Topology Randomisation

We construct a randomised-network null model G = (V,W,E ′) by randomising the

edges, while preserving the degree ki for each node i.

We obtain a new edge set E ′ by using an iterative rewiring procedure on the

original edge set E [293]. This procedure rewires one edge at each step. Uniformly

at random, we choose one edge (i, j) ∈ El, remove it, and then assign it new starting

and terminal nodes (i′, j′). We choose the new edge (i′, j′) uniformly at random from

all non-edges (i′, j′) 6∈ El. We repeat this procedure m = |E| = |E ′| times. This

procedure preserves the degree ki for each node i.

Null Model 3: Weight Permutation and Topology Randomisation

We obtain a both-randomised null model G = (V,W ′, E ′) by combining null models (1)

and (2); in other words, the new weights W ′ are a random permutation of W and the

new edge set E ′ is a rewired version of E and the degree ki of each node i is preserved.

We now examine the community structures that we detect in a node-weighted

network in comparison with the ones we obtain from the three null models. For the

modularity definition (5.1), we still use the Newman–Girvan null model.

All calculations concern the tissue-specific PIN of adipose tissue with n = 13 394

proteins. In Fig. 5.5b, we show the node-weighted modularityQnw(s) as a function of the

steepness parameter s ∈ [0, 10]. For minimum steepness s = 0, the original network and
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the permuted-weights null model have the same node-weighted modularity. This occurs

because, for s = 0, the node-weighted modularity reduces to the ordinary modularity

and neglects node weights. Therefore, a permutation of edge weights has no influence on

the node-weighted modularity function. Similarly, the randomised-network null model

and the both-randomised null model have the same node-weighted modularity for s = 0.

For steepness s > 0, the node-weighted modularity is largest for the original data,

second-largest for the permuted-weights null model, third-largest for the randomised-

network null model, and smallest for the both-randomised null model. That the

permutation of node weights decreases the modularity indicates a correlation between

network topology and node weights (i.e., RNA abundance). Such a correlation has

been identified directly in Saccharomyces cerevisiae [167], Arabidopsis thaliana [482],

and Homo sapiens [173]. We observe that randomising both — network topology and

node weights — results in the smallest modularity. This indicates that information

from both — PIN structure and RNA abundance — contributes relevant information

to the detection of community structure.

In Fig. 5.5c, we show the number nc of modules, which we detect by maximising

the node-weighted modularity Qnw(s). As the the modularity, for s = 0, the number

nc of modules does not change if we permute the weights. Therefore, the original

network and the permuted-weights null model have the same number nc of modules.

The same is true for the randomised-network null model and the both-randomised

null model. Both null models with randomised topology (see purple and pink curves),
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have almost twice the number of modules than the networks with the original topology.

Randomising the node weights wi results in a small change of the number nc of modules.

For all steepness values s, the original network has the smallest number nc of modules.

We find that varying the steepness has only a minor influence on nc.

5.4.3 Comparison across Tissues

Thus far, we focussed on the detection of community structure in the node-weighted

PINs of a single tissue. We now examine the partitions that we detect in two tissue-

specific PINs. To compare the partitions, we compute normalised mutual information

(NMI) between two partitions S1 and S2:

NMI(S1, S2) = H(S1)−H(S1|T1)
S1

, (5.13)

where H(x) is the Shannon entropy as discussed in 3.1. The NMI(S1, S2) = 1 if the

two partitions are identical and NMI(S1, S2) = 0 if they provide no information

about each other [267].

The detection of community structure with the GenLouvain algorithm is stochastic,

— different realisations can return different partitions. We perform 20 realisations of

each computation. This allows us to compare the NMI between different realisations

in the same tissue with the NMI of partitions from different tissues.

In Fig. 5.6, we show the NMI of the partitions of two tissues and r = 20 realisations

versus the steepness parameter s ∈ [0, 10]. There are three curves: the NMI of partitions

of adopise tissue (red curve), the NMI of partitions of suprarenal glands (blue curve), and



5. Node-weighted Protein Interaction Networks 167

the NMI of partitions across tissues (purple curve). At a minimum steepness s = 0, all

curves coincide, because the node weights are neglected in the node-weighted modularity

function (5.2). At this value, the NMI is approximately 0.78. It is smaller than 1

because repeating the community-detection algorithm does not yield the same partition.

For steepness s > 0, we find that the NMI is larger inside each tissue than

across tissues. Thus, the partitions that we detect by maximising node-weighted

modularity (5.2) vary more across tissues than within the same tissue. With increasing

steepness, we observe an increase of the NMI within each tissue but a decrease

across tissues. For both tissues, the internal NMI first increases with s, reaches a

maximum at s ≈ 4 and then plateaus at NMI ≈ 0.81. Therefore, at intermediate

steepness s ≈ 4, repeated modularity maximisations return more similar partitions,

in comparison with the ordinary modularity.

The decrease of cross-tissue NMI indicates that the detected community structures

become increasingly different in the two tissues as the node weights are considered

more strongly in node-weighted modularity (5.2). Overall, this trend — the decreasing

NMI across tissues and an initial increase of NMI with steepness inside each tissue —

indicates that we detect partitions that are different in the two tissues. These partitions

might consist of structural modules that are tissue-specific.
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Figure 5.6: The NMI of community structure in two tissues and across tissues.
The mean NMI, averaged over twenty realisations, for two tissues (red and blue curves) first
increases with the steepness parameter s, reaches a maximum at s ≈ 4 and then plateaus.
Comparing partitions across tissues (purple curve) gives lower NMI and decreases with
increasing steepness s.

5.4.4 Comparison of Detected Partitions with Gene Ontology
Annotations

Thus far, we have looked at community structure in the node-weighted PINs of

two tissues. Comparing the detected partitions indicated that different tissues have

similar but not identical community structures. Now we examine whether modules in

these tissue-specific PINs also have tissue-specific biological functions by comparing

them with GO annotations.

We use the hypergeometric test (see Section 2.9), to compare the detected partitions

with GO annotations. We use the Benjamini–Hochberg procedure to control the false-

discovery rate at level σ = 0.05.

We find that approximately 62 % of all detected modules, across the two tissues and

different values for the steepness s, are enriched for at least one annotation. This is a

similar value to that reported by other authors [262, 365]. Lewis et al., for example,
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Figure 5.7: The number nenriched of enriched GO terms as a function of steepness
s. (a) The number nenriched of enriched GO terms of detected partitions varies with the
steepness parameter s. We show results for two tissues (red and blue line). Overall, the
number nenriched of enriched terms decreases with s. (b) The fraction F of tissue-specific
terms, however, increases with steepness s.

report that approximately 300 out of approximately 600 modules are enriched (see

Fig. 2 in [262]). The precise value, however, depends on the number of communities

and tends to be higher for a smaller number of modules. We do not investigate this

here as we fixed the resolution parameter γ.

Of particular interest is whether GO enrichment of the detected partitions changes

with the steepness s. The set {t1} of GO terms that are enriched for a given partition

is the union of enriched terms of all modules in this partition (i.e., {t1} = ⋃nc
i {tl},
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Rank Adipose Tissue Adrenal Gland
1 negative regulation of lipid storage m-xylene catabolic process
2 regulation of sequestering of triglyceride (1->6)-beta-D-glucan metabolic process
3 methylammonium transport regulation of single stranded viral RNA replication
4 positive regulation of sequestering of triglyceride corticosteroid hormone secretion
5 regulation of spermatid nuclear differentiation detection of electrical stimulus
6 complement component C3a binding’ o-xylene catabolic process

Table 5.1: Top enriched GO terms for adipose tissue and adrenal gland. We show
the six most enriched GO terms for both tissues for partitions detected through node-weighted
modularity optimisation with a steepness of s = 9.

where {tl} are all enriched terms of modules l). In Fig. 5.7a, we examine the number

nenriched of enriched terms for each partition as a function of the steepness s. The

curves are the average values over 20 realizations. For s = 0, we find nenriched ≈ 13 700

enriched terms. As the steepness s = 0 ignores node weights and both networks have

the same edge set, it is (approximately) the same for both tissues. For both tissues,

we observe that the number nenriched of enriched terms decreases with the steepness

s. When we consider the RNA abundance data in the form of node-weights wi the

number of biological enriched functions in the PIN decreases.

To investigate GO enrichment further, we examine whether the enriched GO terms

are tissue-specific. In this context, we define tissue-specific as a GO term that is

enriched in one tissue both not the other. We now investigate what percentage of

the enriched terms are tissue-specific. Specifically, let {t1} and {t2} be the sets of

enriched terms of adipose tissue and suprarenal glands, respectively. We then compute

the fraction of tissue-specific GO terms:

F = 1− {t1} ∩ {t2}
{t1} ∪ {t2}

, (5.14)
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where ∩ and ∪ are the intersection and union, respectively. In Fig. 5.7b, we show F (s)

over 20 realisations. Overall, the fraction F of tissue-specific terms is approximately

0.2. Note that even for s = 0 we identify approximately 0.2 of all enriched terms as

‘tissue-specific’, despite ignoring the node weights. This occurs because different runs

of the GenLouvain algorithm with the same modularity function can return different

partitions, as discussed in Subsection 5.4.3. We observe an increasing F (s), which

indicates that more of the enriched terms are tissue-specific for larger steepness s.

In Table 5.1, we give the top enriched GO terms for both tissues. A manual

inspection of the enriched GO terms indicates that some of them indeed seem tissue-

specific. For the adipose tissue, for example, we find ‘negative regulation of lipid

storage’ and ‘regulation of sequestering of triglyceride’ enriched. Triglycerides are the

main components of human adipose tissue [247] and for the adrenal gland we find

‘corticosteroid hormone secretion’ enriched. These hormones are a class of steroid

hormones that are products of adrenal cells [88]. We also find enriched terms that

do not seem appropriate for these tissues, including ‘detection of electrical stimulus

involved in sensory perception’. It is possible that we erroneously identified modules

with such biological functions. Potentially, some of the detected modules are enriched

for a biological function even if this function is not relevant for the tissue.

To complement these manual inspections with a quantitative analysis of the enriched

GO terms we investigate their hierarchy level. As discussed in Section 2.9, the GO

terms are organised in a hierarchical way in three directed acyclic graphs [20]. On
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top of these hierarchies are the terms ‘biological function’, ‘cellular component’ and

‘molecular function’. Intuitively, the GO terms farther away from these top terms

give rise to more specific annotations for proteins, whereas the higher-level terms

indicate more general annotations. We compute for each term t the hierarchy level

ht as the length of the shortest path to the top term in its hierarchy. We obtain for

each term an integer hierarchy level ht ∈ [0, 9] and smaller ht indicate more general

GO terms. We now examine whether the mean hierarchy

〈h〉 =
∑nenriched
t=1 ht
nenriched

(5.15)

of enriched terms changes with the steepness s. In Fig. 5.8, we show the curves 〈h〉(s)

as a mean over twenty realisations. The solid red curve indicates the adipose tissue and

the dashed blue curve indicates the suprarenal gland. For both tissues, we observe that

the mean hierarchy 〈h〉 increases when we consider the node weights. In absolute values,

however, the change is less than 1 %. The increase in mean hierarchy 〈h〉 could hint at

the detection of modules with more specific terms when we consider the node weights.

We conclude that the number of enriched terms decreases when considering RNA

abundance data as node weights in PINs. However, incorporation of RNA abundance

data increases the detection of modules with terms that are enriched in one tissue but

not the other. Such terms are candidates of tissue-specific functions. When analysing

the hierarchy level of these terms we find that they tend to have a larger hierarchy

level and thus are more specific. This trend, however, is small and not conclusive.
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Figure 5.8: The mean hierarchy level 〈h〉 of all terms that are enriched for two
tissue-specific PINs as a function of the steepness s. We show adipose tissue as solid
red curve and suprarenal glands as dashed blue curve. For both tissues, the mean hierarchy
level increases slightly with steepness s. This indicates that the enriched terms might become
more ‘specific’ when we consider RNA-abundance as node weights.

5.5 Conclusions

In this chapter, we introduced a node-weighted variant Qnw of the modularity function

Q for the detection of community structure in PINs. This approach allows us to

examine protein interaction networks together with protein abundance levels. It is

relevant to develop such a methodology for data integration, as proteins that interact

with each other are not always present at the same time in a given cell or tissue.

Therefore, node-weighted networks are one way to construct tissue-specific PINs.

For a synthetic network with a planted overlapping community structure, we showed

that the detected community structure changes considerably when node weights are

taken into account. Specifically, nodes that structurally belong to multiple modules
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join the module with large weights. In a PIN, these nodes might represent proteins that

are involved in multiple biological functions and potentially change context-specifically.

We then examined biological data in the form of a PIN and RNA-abundance

information for two different tissues. We compared maximising the node-weighted

modularity Qnw in such a tissue-specific network with maximising the node-weighted

modularity Qnw in three null models. We found that a permutation of network structure,

as well as node weights, decreases the node-weighted modularity Qnw. The number

of detected modules stays fairly constant when changing the influence of the node

weights. We then compared detected partitions in two tissue-specific PINs. For

each tissue separately, the NMI over multiple realisation increases, if we consider

RNA-abundance. By contrast, the NMI decreases across tissues. This indicates that

we detect community structures that are more tissue-specific when we consider the

RNA-abundance as node weights.

To complement these findings, we compare the detected modules with GO annota-

tions. While the number of enriched biological functions decreases when considering

RNA-abundance, the fraction of tissue-specific terms increases. This indicates that we

indeed find modules that are structurally and functionally tissue-specific.

While these are promising results, we should also be aware that this is not a

conclusive validation of our approach. It would be fruitful, for example, to test our

approach of integrating protein interaction networks with mRNA abundance by testing

its performance to predict communities or pathways involved in diseases. If successful,
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the identified proteins could be perturbed with gene-knock-out studies to test whether

they do indeed cause certain malfunctions in an organism.

Future Work

Our general definition of node-weighted modularity (5.2) does not depend on the

specific weighting function (5.3) that we choose. Different functional forms likely

change detected community structures. Potentially, different weighting functions are

appropriate for different applications of node-weighted networks.

We focussed on the investigation of node-weighted PINs for only two tissues (adipose

tissue and suprarenal glands). A further, large-scale investigation may give insights into

community structure of PINs across tissues. This would potentially reveal structural

modules that are present in certain types of tissues, e.g., muscle, but not in others.

One can extend the notion of a node-weighted modularity function to the modularity

function for multilayer networks (see Section 2.8). This would allow the investigation

of tissue-specific temporal PINs.

In our investigation, we identified ‘reasonable’ tissue-specific GO terms manually.

Ideally, we would do a statistical analysis to determine whether the terms we detect are

indeed tissue-specific, for example, as a ROC curve. This is not possible because there

is no large-scale information whether a GO term is specific to a given tissue. Potentially,

an automated literature search could help to create such data [70]. Alternatively, one

can use mRNA-abundance measurements to obtain tissue-specific GO terms [503].

One has to be careful with such an investigation because we use the same data for
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the construction of the tissue-specific PIN.



6
Conclusions

Examining protein–protein interactions is important for improving understanding of

the biological processes in cells and the human body. One can use protein interaction

networks (PINs) to represent interactions between proteins. Analysing PINs with the

tools of network science, such as community detection or centrality measures, can

give insights into the biological organisation in cells.

PINs, in the form of networks, are mathematical models of the complex processes

in cells. The advantage of a network representation is that it allows the application

of a wide range of analytical and computational tools. We must be aware, however,

that the underlying biological processes are more complex than any representation

as a network. Mathematical structures other than networks can incorporate more

information about the biology and may therefore give novel insights into PINs. In this

thesis, we investigated some generalised network structures and evaluated the extent to

177
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which they are suitable for the investigation of PINs. We focused foremost on multilayer

networks (MLNs), which are one way to encode protein interaction in multiple tissues,

across time, or from different experiments in one mathematical structure. We also

investigated node-weighted networks as another way to construct tissue-specific PINs.

In Chapter 3, we introduced promiscuity as a measure of the variability of node

importance across layers. We investigated real-world networks from a wide variety of

applications and showed that they can have very different promiscuity distributions.

For some synthetic network models, we were able to derive exact or approximate

analytic expressions. By examining PINs from multiple tissues, we found that a small

number of transcription factors can be used as biomarkers. We compare proteins’

promiscuities with gene-ontology information and found that some biological functions

tend to be associated with large promiscuity values.

In Chapter 4, we demonstrated that MLNs can be used to represent temporal

PINs. As a case study, we investigated a temporal PIN during the yeast cell cycle

with an eigenvector-based centrality. We found that essential proteins tend to have

larger time-averaged centralities and larger changes in centrality than non-essential

proteins. We then examined proteins with the largest centralities or the largest changes

in centrality. We found that the former have crucial roles in cell biology (e.g., actin as

structural component) and the latter are important in certain phases of the cell cycle.

Proteins that can interact with each other are not necessarily present in the

same cell at the same point in time. In Chapter 5, we investigated node-weighted
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networks to integrate protein-interaction information with measurements of protein

abundance. We focused on the detection of modular structures in such node-weighted

networks and introduced a generalisation of the modularity quality function that takes

account node weights. In a synthetic network, we showed that node weights can have

significant impact on detected modular structure. Using gene-expression information

of different tissue types, we showed that detected modular structure varies across

tissue types. Analysing GO enrichment in the modular structure suggests that we

detected modules with tissue-specific functions.

The work in this thesis illustrates promising approaches for the examination of

protein-interaction data and gene-expression data in an integrated manner. One

important caveat is that, for such integrated data analysis, we needed to weigh the

extent to which we incorporate the different data sets. In the study of node-weighted

PINs, for example, we had to choose a steepness parameter s as an indication of the

influence of RNA-abundance data on the community detection algorithm. Extreme

cases of such free parameters may indicate that it is permissible to neglect one of the data

sets. For the minimal steepness s = 0, for example, we recover modularity maximisation

in an unweighted network. It is typically unclear how to choose such parameters. For

this application, we choose such parameters by comparing our algorithmically-obtained

partitions with GO data. The development of systematic methods to infer the values

of such parameters is an important research direction (e.g., [329, 334, 352]). One

option is to use cross-validation approaches, in which one separates a network into a
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training and a test set. Such approaches have been successful for maximum-likelihood

estimations of stochastic block models (SBMs; e.g., [100, 462]). The comparison of

node-weighted modularity with a node-weighted SBM, which we present in Appendix D,

may provide a starting point for a cross-validation approach.

We examined tissue-specific and temporal PINs as MLNs. There are different

biological processes involved with protein regulation. One may model such processes

as MLNs. Most notably, MLNs can perhaps be useful for capturing alternative

splicing [61, 228, 295] or post-translational modifications [48]. Such processes enable

cells to produce multiple proteins from one gene. In such an MLN representation, one

layer can encode gene-expression data, and a second layer can encode protein-abundance

data. Interlayer edges indicate which proteins are a product of which gene.

Other mathematical extensions of graphs may help for exploring the complex

functions of proteins. Proteins interact with each other not only in pairs but also in

higher orders, e.g., in triples or more. Multi-protein complexes can consist of more

than two proteins. It is thus compelling to examine pairwise interactions differently

than multi-protein complexes. To represent this information in a PIN, one can use

hypergraphs or simplices [37, 287, 344]. The development of tools to analyse such

mathematical structures is an active field of research [402, 438, 439], and these tools

might provide novel insights (e.g., whether multi-protein complexes tend to be more

central than pairwise interactions in a PIN).

Overall, the study of protein interactions as generalised networks enables one to
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investigate temporal change and tissue-specificity in biological processes. As such,

MLNs and node-weighted networks are promising tools for an analysis that integrates

protein interaction data with other biological data.
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A
The GenLouvain Community Detection

Algorithm

A.1 The Original Louvain Algorithm

The Louvain Algorithm (LA) is a method to detect communities in networks by

modularity optimisation [45]. As introduced in Chapter 2, the modularity func-

tion Q is defined as

Q = 1
2m

∑
ij

(
Aij −

kikj
2m

)
δ(gi, gj) . (A.1)

The community detection problem is then the uncovering of a group assignment gi for

each node i that maximises this modularity function. The LA is a heuristic method

for this optimisation problem. It consists of two stages, ‘community reassignments’

and ‘coarse graining’, which are repeated iteratively.

The ‘community reassignment’ stage starts by assigning a different community to

each node. Then we consider for each node i the possibility to join the community
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of any of its neighbours j ∈ N (i). Node i is placed in the module that maximises

the gain in modularity by the reassignment, but only if it improves modularity. It is

efficient to not compute the whole modularity with eqn. (A.1) but rather its change.

If a node i is moved from a community consisting only of itself into a community

C, the modularity change ∆Q is given by

∆Q =
∑in +ki,in

2m −
(∑

tot +ki,in
2m

)2
−

∑in

2m −
(∑

tot

2m

)2
−
(
ki

2m

)2
 , (A.2)

where ∑in is the sum of the weights of the links inside community C, ∑tot is the sum of

the weights of the links incident to nodes in community C, ki is the sum of the weights

of the links incident to node i, ki,in is the sum of the weights of the links from i to nodes

in community C and m is the sum of the weights of all the links in the network. If a

node i moves from module C1 to module C2 we can compute the modularity change

∆Q by first moving the nodes from module C1 into its own module and then join it

with module C2, thus computing eqn. (A.2) twice. The process of moving a random

node into one of its neighbours communities is repeated until none of these moves can

improve modularity, such that a local maximum of modularity is reached.

In the ‘coarse graining’ stage a new network is created. Its nodes are the communities

found during the first phase. Weights between these are calculated as the sum of

the weights of the links between the two modules. This new network is returned to

the first stage for a new ‘community reassignment.’

The iterative application of these two stages, called a ‘pass’, become faster because

the number of nodes decreases with each coarse graining step. Passes are repeated
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until there are no more changes, ideally reflecting a global maximum of the modularity

Q. Usually only the final partition is returned, but together with earlier steps it

gives a hierarchical modular structure.

LA allows a fast detection of communities in large networks and is widely used

but comes with some restrictions. As with most community detection methods, it

often fails to detect very small communities in large networks, something which is

known as ‘resolution limit’ [149].

A.2 The GenLouvain Algorithm

GenLouvain is a ‘generalized Louvain method for community detection’ which

is implemented in MATLAB [217]. We used the most recent 2.1 version. The

GenLouvain algorithm uses different approaches for modularity optimisation, one

of them being the original Louvain algorithm as outlined above. The user can define

a modularity matrix Q. This allows the incorporation of resolutions parameter γ,

construction of modularity functions for MLN, and node-weighted modularity, as

used in this thesis.
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Community Structure in a Temporal

Protein Interaction Network
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B.3.1 Parameter Choice . . . . . . . . . . . . . . . . . . . . . . . 192
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B.1 Introduction

PINs allow the representation and analysis of biological processes in cells. As cells are

dynamic and adaptive, these processes change over time. One form of adaptive regula-

This appendix is joint work with A. Roxana Pamfil and my supervisors Jonny Wray, Charlotte M.
Deane, and Mason A. Porter.
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tion is the change of gene expression, which may occur at very different time scales [280]:

responses to environmental signals take minutes [498], the cell cycle length in yeast is

90minutes [90], and developmental changes take days in C. elegans [446] and years in

humans [63]. Despite their many differences, the presence of proteins changes during

all these processes [466]. It is likely that protein abundance influences PPIs [182, 212].

There is evidence that biological function in cells is modular [39] and that these

modules change over time [174]. In this chapter, we detect modular structure in

a temporal PIN. This enables us to identify functional modules and also observe

their temporal change.

As a case study we investigate a PIN of leukocytes (white blood cells) in human

subjects receiving an inflammatory stimulus [66]. Inflammation is an attempt of the

human immune system to protect a host from infections or other harmful stimuli. As

such, inflammation plays a crucial role in many diseases, e.g., metabolic disorders [199],

heart disease [175], cancer progression [95], and liver failure [242].

B.2 Data and Preprocessing

In this chapter, we examine a temporal network that is constructed from temporal

gene-expression data and a monolayer PIN. The temporal network was provided in a

snapshot representation (.i.e, one graph for each time point) by e-Therapeutics1. The

temporal network was constructed from gene-expression data in human leukocytes

1My industrial supervisor Jonny Wray is an employee of the pharmaceutical company e-Therapeutics,
who sponsored my DPhil project.
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under two experimental conditions and at four time points [66]. Gene expression in

whole blood leukocytes was determined with oligonucleotide arrays at 2, 4, 6, and

9 hours for eight human volunteers. Subjects were intravenously administered with

either ‘NIH Clinical Center Reference Endotoxin’ (CC-RE-Lot 2) at a dose of 2 ng/kg

body weight (treatment group; n = 4, one female and three males) or 0.9 % sodium

chloride (placebo group; n = 4, one female and three males) over a 5-minute period.

For details about the method of endotoxin administration see [146].

Researchers at e-Therapeutics used Robust Multi-array Average [211] for

cross chip normalization and Limma [420] for differential expression calculations. These

values are then used as node weights in a network extraction approach [121]. Specifically,

e-Therapeutics used the Heinz implementation with the CPLEX solver [130]. The

underlying PIN used in the network reconstruction is an in-house network from

an integration of multiple sources, among them iRefindex [377], HIPPIE [399],

TRANSFAC [484], and Pazar [368]. This yields a temporal PIN with T = 4

snapshot graphs with N = 7928 nodes each. Each network indicates the active

parts of the underlying PIN in the treatment group in comparison with the placebo

group at one time point.

B.2.1 Multilayer Network Construction

We construct a temporal MLN from a temporal network in a snapshot representation,

as provided by e-Therapeutics. To do this, we construct interlayer edges between

nodes representing the same protein in time-adjacent layers, i.e., diagonal and ordinal
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coupling (for details see Subsection 2.7.4). This yields a MLN with 3× 7928 = 23784

interlayer edges, each of strength ω.

B.3 Community Detection

We use the GenLouvain algorithm to maximise the multilayer modularity function

(Eqn. 2.22) with homogeneous interlayer coupling of temporally adjacent layers, i.e.,

ωist = ω for all |s − t| = 1. When applying the modularity-maximisation algorithm,

we have to choose two parameters, resolution parameter γ and interlayer coupling

ω. We obtain community structure across layers, i.e., each node-layer pair belongs

to exactly one community.

In Fig. B.1, we show detected modular structures for four parameter choices

as alluvial diagrams [297, 392]. In these alluvial diagrams, each block represents a

community at one time point. The height of each block gives the size of the community,

i.e., the number of nodes in this community for this point in time. The ‘stream

fields’ between the blocks represent nodes that change their community from one

time point to the next.
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Figure B.1: Alluvial diagrams of modular structure in a temporal PIN. We show detected modular structures for four
choices of the parameters γ and ω. We created the visualisations with RAWGraphs [297].
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As the temporal network consists of four time layers, the alluvial diagrams have

four time points. All four partitions change over time but we observe some differences

between the partitions. For parameters (γ = 1, ω = 10−4), there are ncom = 12

communities and only a small number of nodes change their community assignment

over time. For the same resolution factor γ = 1 and interlayer coupling ω = 1,

we detect ncom = 11 communities. The increased interlayer coupling results in an

increased change of community assignment over time. For both choices of interlayer

coupling (ω = 10−4 and ω = 1), a resolution parameter γ = 1.5 yields partitions

with a larger number of communities (ncom = 28 and ncom = 25, respectively) than

a resolution parameter of γ = 1.0.

These examples of detected modular structure indicate that modularity-maximisation

for MLN may yield partitions with different numbers of communities and different

extents of temporal change. For our investigation of temporal PINs, it is not a priori

known how to choose these parameters.

B.3.1 Parameter Choice

As our choice of (γ, ω) parameters influences the modular structures we obtain, we would

like to choose them in a statistically-grounded way. Pamfil et al. (2018) introduced an

iterative procedure to choose (γ, ω) parameters for community-detection in MLNs [352].

They discuss this procedure for temporal and multiplex MLNs. We use the variant for

temporal MLNs (see Appendix C). This procedure uses a relation between multilayer

modularity and a maximum-likelihood estimation of a temporal stochastic block model.



B. Community Structure in a Temporal Protein Interaction Network 193

Figure B.2: Convergence of community-detection parameters γ and ω. We use
an iterative algorithm for a selection of parameters for the community detection [352]
(see Appendix C). We show 560 initial conditions (γ0, ω0) as red crosses and the final,
converged parameters (γ, ω) as blue disks. All of these realisations converge to values close
to (γ ≈ 6.15, ω ≈ 1.34).

Aim of this procedure is to select parameters that best explain the observed network (in

a maximum-likelihood sense). The iterative algorithm works well for several multilayer

benchmark networks. There exists, however, no guarantee that this procedure identifies

parameters that are associated with a maximum likelihood. For this algorithm, one

has to choose initial values of γ and ω.

We ran 560 trials of the iterative algorithm using initial values of γ and ω that were

distributed on a grid in the intervals [0.5, 10] and [0.5, 6], respectively (see Fig. B.2). For

all these starting conditions the procedure converges to parameters (γ ≈ 6.15, ω ≈ 1.34)

with standard deviation of approximately (0.18, 0.02). The mean normalised mutual

information between all partitions that we obtain is 0.64. As the NMI is less than

1, there is some variability in the partitions we obtain.

As an example, we investigated one of the obtained partitions. The detected
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community structure has 173 modules. Each of them spans all four time layers. Overall,

there is little temporal change in their modular structure (91 % of nodes do not change

their module assignment over time). Due to the large number of modules, a visualisation

of the temporal modular structure as alluvial diagram is not fruitful and we omit it.

We calculate GO-term enrichment as discussed in Section 2.9: We employ hyper-

geometric tests with a significance level of σ = 0.05. We use the Benjamini–Hochberg

procedure to correct for multiple testing as we test 8156 GO terms. Out of the 173

communities, 111 have at least one enriched biological function. Many of the enriched

functions are relevant for the cellular response to inflammation, e.g., ‘Wnt signaling

pathway’ [157], ‘transmembrane receptor protein tyrosine kinase activity’ [349], and

‘SUMO ligase activity’ [273]. This suggests that some of the detected communities

in the temporal PIN are functional modules of inflammation.

We now examine the change of community structure and biological function. For

this, we calculate the size S1 of each community in the first layer and the size S4

in the last layer. In Fig. B.3, we show the size S1 in the first layer and the change

S4 − S1 in community size from the first to the fourth layer. Overall, most of the 173

communities stay similar in size but the size of some communities increases whereas

that of others decreases.2 One community increases in size from S1 = 16 nodes to

S4 = 51 nodes. For the first two layers, the community has no enriched biological

function. In the last two layers, the community has the enriched function ‘apoptotic

2The one implies the other, as each protein belongs to exactly one community.
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Figure B.3: Change in size of communities. We show the size S1 in the first layer and
the change in size S4 − S1 for the detected communities and colour-code the number of times
each community is enriched (see inlay). Most communities are enriched at all four times
(dark red) but others are never enriched (dark blue). We label selected communities with
their most-enriched biological function, e.g., ‘apoptotic signaling pathway’.

signaling pathway’. Apoptosis is a form of cell death responsible for the deletion

of damaged cells [49]. Apoptosis of pro-inflammatory cells is a mechanism which

terminates inflammatory response [166, 492]. Another community changes its enriched

biological function from ‘chemokine activity’ to ‘DNA binding’. Chemokines are crucial

for the inflamamtory response in multicellular organisms and recruit immune-response

cells to the site of infection [24, 370]. The community with the function ‘tumor necrosis

factor receptor binding’ shrinks in size but the function is enriched at all four time
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points. Tumor necrosis factors are crucial proteins for the organisation of inflammatory

response [278] and can trigger inflammation [56, 208].

Overall, only a small number of communities change their function over time (see

inlay in Fig. B.3). This is in accordance with the fact that most of them also do not

change structurally, as less than 10 % of nodes change their module assignment.

We have to be aware that we investigated only one modular structure. As we

discussed, however, the iterative algorithm may yield different community structures

for each realisation. We therefore calculated GO-enrichment for all 580 community

structures. We find 1321 GO-terms that are enriched in all partitions for at least

one community. This indicates that we indeed obtain community structures that

represent some modular functional organisation.

B.4 Conclusions

In this section, we examined modular structure in a human temporal PIN during the

response to an inflammatory stimulus. We constructed a temporal PIN as a MLN.

We illustrated that the choice of resolution parameter γ and interlayer coupling

ω can strongly influence the modular structure that we obtain from a modularity-

maximisation algorithm.

We then employed an iterative algorithm to choose the parameters γ and ω in a

statistically-grounded way [352]. Applying these parameters yields modular structures

that change only little over time. Examining biological functions in detected modules
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with GO enrichment indicated that most of them have biological functions. As the

structural change was small the functional adaption was also small. We do, however, find

some biological functions that become enriched exclusively at a subset of time stages.

Future Directions

It could be beneficial to investigate whether other temporal PINs have a more prominent

change in community structure over time. We examined modular structure in two

other temporal PINs: a developmental PIN in the roundworm C. elegans and a

PIN during the yeast cell cycle (as described in Chapter 4). For both networks, the

algorithm converged to parameter values that yield modular structure with almost

no temporal change (results not shown).

The specification of the parameters γ and ω in a statistically-grounded way was

fruitful and we obtained many communities that are functionally enriched. Results from

static PINs indicate, however, that there is not a single scale of community structure

in PINs [262]. By comparing partitions obtained from different parameters with GO-

annotation data, we could potentially examine a multiscale temporal organisation

of PINs and its change through time.
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C
Relating Modularity Maximization and
Stochastic Block Models in Multilayer

Networks

In this appendix, we relate modularity maximization and stochastic block models

(SBM) in multilayer networks (MLNs). All results are not original work but taken

from [352] and [329]. While this method is applicable to temporal and multiplex

MLNs, we exclusively discuss temporal MLNs. Relating modularity maximisation and

a maximum-likelihood estimation of a SBM allows the design of a interative algorithm

for the selection of the resolution parameter γ and the interlayer coupling ω.

Such an iterative algorithm was first developed for monolayer networks [329] and

then adapted for MLNs [352]. Pamfil et al. (2018) present a version in which the

resolution parameter γ and the coupling parameter ω are the same for all layers (but

generalisations from this are possible). The algorithm works by repeatedly using a

199



200
C. Relating Modularity Maximization and Stochastic Block Models in Multilayer

Networks

modularity-maximisation algorithm to yield partitions and updating the parameters.

Algorithm 1, is this iterative algorithm, as derived in [352]. To use this algorithm,

we have to estimate SBM parameters from partitions that we obtain from maximising

a multilayer modularity. Specifically, one can estimate SBM parameters by calculating

θin ≈
∑T
t=1 2mt

in∑T
t=1

1
2mt

∑
r (κtr)

2 , (C.1)

and

θout ≈
∑T
t=1 2mt

out∑T
t=1

[
2mt − 1

2mt

∑
r (κtr)

2
] , (C.2)

p ≈
Pers(g)
N(T−1) −

1
K

1− 1
K

(C.3)

where Pers(g) denote the number of instances in which a node belongs to the same

community in consecutive layers.

The equations for updating γ and ω are

γ = θin − θout

log θin − log θout
, (C.4)

ω = 1
log θin − log θout

log
(

1 + p

1− pK
)
. (C.5)

respectively.
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Algorithm 1 Iterative algorithm for performing modularity maximization and
estimating resolution and interlayer-coupling parameters in a multilayer network.
From [352].
function IterativeModularityMaximization(A)

initialize γ = γ(0) and ω = ω(0)

while not converged do
g ← MaximizeModularity(A, γ, ω) . Community detection (e.g., using

GenLouvain [217])
θin, θout, p,K ← EstimateSBMParameters(A,g) . Use detected communities to

estimate SBM parameters
γ ← UpdateGamma(θin, θout) . Update γ using Eqn. (C.4)
ω ← UpdateOmega(θin, θout, p,K) . Update ω using Eqn. (C.5)

return γ, ω . Optimal modularity parameters
return g . Detected communities using optimal parameters
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D
Comparison of Node-weighted Modularity

Function with Weighted Likelihood
Stochastic Block Model

In Chapter 5, we introduced node-weighted modularity in an ad hoc way. We now

motivate node-weighted modularity (5.2) from a probabilistic point of view. To do

this, we introduce the weighted likelihood stochastic block model, an extension of the

SBM, and show that there is an equivalence between both approaches.

Weighted Likelihood

Consider some data x1, x2, . . . , xn′ , where each xi′ is independent and identically

distributed, from a parametric model f(xi′|θ), where θ is a set of parameters. The

likelihood of the data given a set of parameters θ is the joint probability function

L(xi′|θ) :=
n′∏
i′=1

f(xi′ |θ) . (D.1)
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Stochastic Block Model

One then maximises (D.1) under variation of θ to find a maximum-likelihood estimate

(ML estimate) of θ. Alternatively, one might use Bayesian approaches to find a

full posterior distribution of θ.

In some cases, we want to weight the data differently. Given scalar weights wi′ for

each data point the weighted likelihood function [5, 335] is given by

L̃(xi′|θ) :=
n′∏
i′=1

f(xi′ |θ)wi′ . (D.2)

Weighted Likelihood SBM

We now follow the discussion in [329], though we generalise it slightly, to show that

maximisation of such a weighted likelihood on an SBM is equivalent to the node-weighted

modularity for a planted-partition model for a particular choice for the resolution

parameter γ. Note that this does not show a general equivalence of the two models.

As we discussed in Subsection 2.4.3, in an SBM the probability that an edge (i, j)

exists depends on the group memberships gi and gj of both nodes. Often, one studies

this is a Poisson distribution, where ωs,r is the expected number of edges between

groups s and r [329]. The likelihood of the standard SBM is then

P (A|Ω,g) =
n∏
i=1

(1
2ωgi,gj

)Aii/2

(Aii/2)! exp (−ωgi,gj
/2)

∏
i<j

ωAii
gi,gj

(Aii)!
exp (−ωgi,gj

) . (D.3)

Each of the multiplicands represents one element (i, j) in the adjacency matrix of the

observed network. We now weigh each of these elements in the likelihood function

(D.1) by the weight W (wi, wj) that is a function of the node weights wi and wj. The

functional form of the weight function W (wi, wj) is not relevant for the following
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derivation. In Chapter 5, we used a two-dimensional sigmoidal function (5.3).

Introducing the weighted version in accordance with eqn. (D.2) gives

P (A|Ω,g) =
n∏
i=1

[
(1

2ωgi,gj
)Aii/2

(Aii/2)! exp (−ωgi,gj
/2)

]W (wi,wi)) n∏
i<j

 ωAij
gi,gj

(Aij)!
exp (−ωgi,gj

)
W (wi,wj))

.

(D.4)
Taking natural logarithm yields the log-likelihood

logP (A|Ω,g) =
n∑
i=1

W (wi, wi))
[
Aii
2 log 1

2ωgi,gj
− log ((Aii/2)!)− ωgi,gj

/2
]

(D.5)

+
n∑
i<j

W (wi, wj)
[
Aij logωgi,gj

− log (Aij)!− ωgi,gj

]
. (D.6)

Ignoring all constant terms (which we show in blue) simplifies the log-likelihood to

logP (A|Ω,g) =
n∑

i,j=1
W (wi, wj)[Aij logωgi,gj

− ωgi,gj
] . (D.7)

In the degree-corrected version where we replace ωgi,gj
by kikjωgi,gj

/(2m) to

logP (A|Ω,g) =
n∑

i,j=1
W (wi, wj)[Aij logωgi,gj

−
kikjωgi,gj

2m ] . (D.8)

We now discuss the planted-partition model, a special case of the SBM. It consists

of modules that are connected with ωgi,gj
= ωin internally and with ωout across

modules. We can then write
ωgi,gj

=⇒ (ωin − ωout)δgi,gj
+ ωout ,

logωgi,gj
=⇒ (logωin − logωout)δgi,gj

+ logωout .

(D.9)

Using (D.9) in the degree-corrected SBM likelihood (D.8) and ignoring constants we ob-

tain

logP (A|Ω,g) =
n∑

i,j=1
W (wi, wj)

[
Aij −

kikj
2m

ωin − ωout

logωin − logωout
ωgi,gj

]
δ(gi, gj) . (D.10)
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Stochastic Block Model

This is exactly the definition of the node-weighted modularity (5.2) if we choose

the resolution parameter

γ = ωin − ωout

logωin − logωout
. (D.11)

This indicates that the heuristically defined node-weighted modularity function in

eqn. (5.2) can be understood as the weighing of a node in the ML estimator of a SBM.

This equivalence only holds for a planted partition model and a specific choice of γ. It

nevertheless supports our heuristic definition from a probabilistic point of view, as this

illustrates that we weigh elements in the ML function of a the planted-partition model.



E
Network Construction

In this appendix, we give details for the network construction of some data sets,

which we analysed in this thesis.

International airline network.

We downloaded the worldwide airline data from OpenFlights [356]. It includes a total

of m = 34, 230 routes between N = 3, 182 airports on L = 540 airlines around the

world in January 2012. We use this data to create an undirected multilayer network.

Cognitive social structures.

The cognitive social structure (CSS) networks originate from [240]. The data consist

of a group of N = 21 managers in a small high-tech firm and their perceptions of the

pairwise social interactions among them. For the ‘advice’ network, each individual

was asked ‘Who would X go to for help or advice on work?’, where ‘X’ is one member
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of the group, and the questions was repeated with respect to each possible choice

of ‘X’. From the questionnaire data, we construct a directed multilayer network with

L = 21 layers, where each layer represents the cognition of the social structure of one

individual. Similarly, we construct an undirected ‘friendship’ CSS network from the

same data set, but now using a question about friendships among the individuals.

Aarhus social network.

This multiplex social network consists of five types of online and offline relationships

between the employees of the Department of Computer Science at Aarhus Univer-

sity [286]. Among the 142 employees, N = 61 individuals participated in the survey.

The L = 5 layers are ‘friendship on Facebook’, ‘repeated leisure activities’, ‘current

working relationships’, ‘co-authorship of a publication’, and ‘regularly eating lunch

together’. The data were obtained from a mixture of traditional survey-based methods

and analysis of Facebook profiles.

United Kingdom transportation network.

The UK transportation network, from [155], consists of L = 6 layers that each represent

one mode of transportation (rail, coach, air, ferry, underground, and bus). They

connect a total of N = 267, 031 stops in UK.

London transportation network.

The London transportation multiplex network consists of L = 3 layers, which each

represent a type of public transportation (Underground, Overground, and the Docklands
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Light Railway (DLR)) [109]. There are a total of N = 369 stations.

Structural human-brain network.

We used the structural brain connectivity data from [172] to construct a multilayer

network for L = 5 individuals. The N = 998 nodes represent regions of interest, which

are connected to each other via tracts of white matter.

Experiment-specific protein–protein interaction network.

We construct a multirelational network from the Biogrid database (version 3.4.150) [432].

The nodes N = 21, 412 nodes represent proteins, and the edges represent interactions

between them. The database provides L = 13 different experimental methods for

interaction measurements. This yields the network layers.

World Trade Web.

We extracted the ‘World Trade Web’ from the United Nations’ Comtrade Database [244]

to create an international trade network. We used the 2014 import and export data

for 288 countries and neglected re-imports and re-exports. Additionally, import and

export data sets usually do not concur. For example, the total export from Germany

to the US is given as 123, 248, 179, 842 USD, whereas Germany has a reported export

of goods with a value of 127, 770, 823, 065 USD. In such cases, we used the arithmetic

mean of the two values. In cases in which one of the reported values is 0 or missing, we

use the other given value for both values. We also only consider countries that report

themselves, which removes 155 out of originally 288 countries. Therefore our multilayer
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network has only N = 133 nodes. The Comtrade Database sorts the commodities into

L = 81 different groups, such as ‘Live animals’ and ‘Sugars and sugar confectionery’ (see

E.1). In total, the network has m ≈ 476, 000 pairwise trade values. For downloading

the data, we used a modified version of tradedownloader [341].1

1The Comtrade Database application programming interface (API) does restrict the number of
requests per hour. Users that exceed this limit are blocked. To prevent us becoming blocked we
include an additional wait of one hour every 20 requests.
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Live animals Printed books, newspapers, pictures etc
Meat and edible meat offal Silk
Fish, crustaceans, molluscs, aquatic invertebrates nes Wool, animal hair, horsehair yarn and fabric thereof
Dairy products, eggs, honey, edible animal product nes Cotton
Products of animal origin, nes Vegetable textile fibres nes, paper yarn, woven fabric
Edible vegetables and certain roots and tubers manmade staple fibres
Edible fruit, nuts, peel of citrus fruit, melons Wadding, felt, nonwovens, yarns, twine, cordage, etc
Coffee, tea, mate and spices Carpets and other textile floor coverings
Cereals Special woven or tufted fabric, lace, tapestry etc
Milling products, malt, starches, inulin, wheat glute Impregnated, coated or laminated textile fabric
Lac, gums, resins, vegetable saps and extracts nes Articles of apparel, accessories, knit or crochet
Vegetable plaiting materials, vegetable products nes Articles of apparel, accessories, not knit or crochet
Animal, vegetable fats and oils, cleavage products, et Other made textile articles, sets, worn clothing etc
Meat, fish and seafood food preparations nes Footwear, gaiters and the like, parts thereof
Sugars and sugar confectionery Headgear and parts thereof
Cereal, flour, starch, milk preparations and products Bird skin, feathers, artificial flowers, human hair
Vegetable, fruit, nut, etc food preparations Stone, plaster, cement, asbestos, mica, etc articles
Miscellaneous edible preparations Ceramic products
Beverages, spirits and vinegar Glass and glassware
Residues, wastes of food industry, animal fodder Pearls, precious stones, metals, coins, etc
Salt, sulphur, earth, stone, plaster, lime and cement Articles of iron or steel
Ores, slag and ash Copper and articles thereof
Mineral fuels, oils, distillation products, etc Nickel and articles thereof
Inorganic chemicals, precious metal compound, isotope Aluminium and articles thereof
Organic chemicals Zinc and articles thereof
Fertilizers Tin and articles thereof
Tanning, dyeing extracts, tannins, derivatives ,pigments etc Other base metals, cermets, articles thereof
Essential oils, perfumes, cosmetics, toiletries Tools, implements, cutlery, etc of base metal
Soaps, lubricants, waxes, candles, modelling pastes Miscellaneous articles of base metal
Albuminoidal substances; modified starches; glues; enzymes Electrical, electronic equipment
Photographic or cinematographic goods Railway, tramway locomotives, rolling stock, equipment
Miscellaneous chemical products Vehicles other than railway, tramway
Plastics and articles thereof Aircraft, spacecraft, and parts thereof
Rubber and articles thereof Ships, boats and other floating structures
Raw hides and skins (other than furskins) and leather Clocks and watches and parts thereof
Furskins and artificial fur, manufactures thereof Musical instruments, parts and accessories
Wood and articles of wood, wood charcoal Arms and ammunition, parts and accessories thereof
Cork and articles of cork Furniture, lighting, signs, prefabricated buildings
Manufactures of plaiting material, basketwork, etc. Toys, games, sports requisites
Pulp of wood, fibrous cellulosic material, waste etc Works of art, collectors pieces and antiques
Commodities not specified according to kind

Table E.1: List (in no particular order) of the L = 81 commodities as provided in the
Comtrade data that we used to create the directed multilayer network of international
trade. The label ‘nes’ stands for ‘not elsewhere specified’. For example, ‘Products of animal
origin, nes ’ indicates that it groups together animal products that do not belong into one of
the other groups as ‘Meat and edible meat offal’.
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