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A method is proposed for the aerodynamic design of nozzles with uniform outflow

for supersonic and hypersonic ground-test facilities. This method involves the cou-

pling of an open-source Reynolds-Averaged Navier-Stokes CFD solver, Eilmer,

with the simplex optimisation method of Nelder & Mead for the design of an ex-

panding nozzle contour with the least variations in Mach number and flow an-

gularity. Three nozzles were designed using this method to produce an exit flow

of Mach 4, Mach 7 and Mach 10. Numerical simulations of the flow in these opti-

mised nozzle contours showed excellent flow uniformity in the core flow - typical

Mach number variations were less than 0.5%, flow angularity variations were less

than 0.05◦, static temperature and flow velocity variations were less than 1%, and

Pitot and static pressures variations were less than 2%. Experimental surveys of

the Pitot pressures at several planes downstream of the exit of the three optimised

nozzles showed excellent agreement with numerical simulations. The experimen-

tal measurements showed that there were good levels of uniformity in the core flow

regions of all three nozzles, thus proving the validity of the proposed design method.
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I. Introduction

High-speed wind tunnel test facilities continue to contribute significantly to the advancement of

science in the study of supersonic and hypersonic aerothermodynamics [1, 2, 3, 4]. These test facil-

ities typically use converging-diverging Laval nozzles to generate supersonic and hypersonic test

conditions. Up till the early 1990s, the design of these nozzles was based on the classical method

proposed by Prandtl and Buseman [5] in 1929, commonly referred to as the MOC/BL technique

[6]. The classical approach used the Method Of Characteristics (MOC) in an inverse design mode

to determine an inviscid nozzle wall contour that produced the desired uniform exit flow. The con-

tour would then be corrected with a displacement thickness obtained from a boundary-layer (BL)

calculation to account for the boundary layer that developed along the nozzle wall.

The underlying assumption behind the MOC/BL method is that the boundary layer flow and

mainstream flow are uncoupled. This is a reasonable assumption for geometrically-shorter low

Mach number nozzles where boundary layers are thin, and the location where flow characteristics

reflect is closely approximated by the inviscid contour. However, for longer high Mach number

nozzles where boundary layers are thicker, the flow characteristics reflect in the region between

the wall and the inviscid contour, as shown in Figure 1. This causes the actual reflected character-

istic to lag the design reflected characteristic [7]. Nozzles designed using the classical MOC/BL

method do not account for this shift in the reflection of the flow characteristics. This results in the

incomplete cancellation of the expansion waves in the nozzle which then causes the nozzle outflow

to be non-uniform. Hypersonic nozzles designed using the MOC/BL method for a Mach number

of approximately 7, where turbulent boundary layers grow to a significant percentage of the exit

radius, begin to show this effect [8].

To overcome this problem, Korte [10, 11, 12] proposed a new design method that coupled a

CFD solver with an optimisation algorithm to generate a nozzle contour which minimised the an-
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Figure 1. Lagging of actual characteristic from design characteristic due to reflection through a thick boundary
layer (adapted from Reference [9]).

gularity and Mach number variation of the outflow. This method was also referred to by Shope [13]

as the Design-By-Analysis (DBA) method. The primary advantage of Korte’s method is that it uses

Navier-Stokes equations based solvers which then offer the potential for the interaction between

the core flow and the boundary layer in high Mach number nozzles to be correctly modelled. The

flow solution and nozzle contour can then be forwarded to an optimization algorithm that itera-

tively perturbs the contour until a uniform nozzle exit flow is achieved. The accuracy of the design

method is limited only by the accuracy of the flow solver used to perform the flowfield calcula-

tions and the ability of the optimiser to reach the desired optimum solution. In addition, this design

method allows for the design of not only axisymmetric nozzles, but also three-dimensional nozzles

by simply employing a three-dimensional flow solver. In Korte’s work [10], a non-linear least-

squares optimization procedure was coupled with a parabolised Navier-Stokes CFD flow solver

for the optimisation of the exit flow profile of a MOC/BL-designed nozzle. Since then, several

other authors [13, 14, 15] have applied variants of Korte’s work to the design of hypersonic noz-

zles. It is good to note that Korte’s design approach theoretically allows any combination of CFD

solvers and optimisation algorithms to be used in the design process.

This paper presents another variant of Korte’s work. Rather than coupling a parabolised Navier-

Stokes CFD solver with the least-squares optimiser, an open-source Reynolds-Averaged Navier-
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Stokes CFD solver, Eilmer [16], was coupled with the simplex optimisation method of Nelder

& Mead [17] for the design of a nozzle contour which produces an outflow with the least flow

angularity and the least deviations from the desired Mach number. This paper starts with a de-

scription of the design methodology, followed by details of the application of the method for the

design of three nozzles for a free-piston shock tunnel test facility - a Mach 4, Mach 7 and Mach 10

nozzle. Finally, results from experimental surveys of the outflow of the three nozzles designed

using this method are shown as validation of the appropriateness and robustness of the proposed

design methodology.

II. Design methodology

The design method proposed in the current paper couples a Reynolds-Averaged Navier-Stokes

CFD solver, Eilmer [16], with the simplex optimisation method of Nelder & Mead [17] for the

design of a nozzle contour which produces an outflow with the least flow angularity and the least

deviations from the desired Mach number. The optimisation problem was formulated using (1)

seven geometrical design variables that defined the shape of the expansion contour, and (2) an

objective function that defined the deviations in Mach number and flow angularity from prescribed

goals across the test core at the exit plane of the nozzle. Values for the seven geometrical design

variables were then adjusted to minimise the objective function.

The CFD flow solver, Eilmer, is an integrated collection of programs that solves the com-

pressible Navier-Stokes equations in multi-block structured grids to provide time-accurate simula-

tions of two and three-dimensional compressible flows. It was selected as the flow solver for the

current design method because it has been validated for use on many supersonic/hypersonic test

cases [18, 19, 20, 21, 22, 23, 24], and because it can be used to model high-speed flows in chem-

ical and thermal equilibrium and non-equilibrium. To streamline the process of running multiple

nozzle CFD simulations, a set of scripts (called NENZFr [25] which stands for Non-Equilibrium

NozZle Flow - Reloaded) was written to coordinate repeated runs of a pseudo-space-marched noz-

zle simulation using Eilmer. Our pseudo-space-marching approach was used to accelerate a

calculation which has a predominant flow direction and little feedback. Space-marching is not new
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but it is interesting to show that, with a modern scripting language (Python), it is easy to retrofit

the space-marching capability to a standard time-marching CFD solver.

For the optimiser in the current design method, the gradient-search algorithm of Nelder &

Mead [17] was chosen for its robustness and ease of implementation. Since the Nelder & Mead

optimiser suffers from the same flaw as all gradient-search optimisers (in that it finds only the local

optimum solution), it is essential that the nozzle contour used to initialise the calculations in the

current design method produces an outflow that does not deviate significantly from target outflow

conditions.

A. Initialising the optimisation problem

The design method starts with the definition of an initial nozzle contour. While initialising the

optimisation problem with a nozzle contour which has been generated using the MOC/BL method

is a robust approach, another method of generating an initial contour is to scale an existing nozzle

contour (designed for approximately the same exit Mach number) to reflect the required area ratio,

nozzle length and nozzle-exit diameter of the new nozzle.

The initial nozzle contour is defined a single continuous Bèzier curve. For the present study,

nine Bèzier control points were used, as shown in Figure 2. The radial positions of the first two

control points were held constant at the nozzle throat radius, rthroat and the radial positions of the

remaining seven control points were free to move. For this design method, the axial positions of all

control points were fixed and their distribution along the length of the nozzle was slightly clustered

towards the nozzle throat. This clustering was done because the largest amount of change in the

contour (curvature) was expected just downstream of the nozzle throat region. The differences in

radial distances between each pair of Bèzier control points that were free to move (Y1 − rthroat,

Y2 − Y1, ...., Y7 − Y6) were used as design variables for the optimisation problem. In contrast

to using Yi directly as design variables, this approach makes the design variables resemble wall

slopes and helps to improve the convergence of the design procedure [11].

Note that the radial positions of the first two Bèzier control points were held constant to ensure

that the optimised contour always started parallel to the axis of the nozzle. While it was not
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Figure 2. Layout of the Bèzier control points that define the nozzle contour.

attempted in this study, perhaps the radial positions of the last two Bèzier control points should

also be held constant to ensure that the very last millimetres of the contour always came in parallel

to the axis at the exit of the nozzle.

B. Defining the objective function of the optimisation problem

The objective function was defined so that the optimization algorithm would attempt to find a

nozzle shape that produced a flow with a minimum of variation in Mach number and flow angle

across the core flow at the nozzle-exit plane. Note that this design method is not limited to target for

an optimum Mach number and flow angle; the nozzle contour can also be optimised for other flow

parameters (for example, static pressure, temperature and velocity). All computational cells from

the nozzle axis to the edge of the core flowa at the exit plane were used to evaluate the objective

function which was defined as,

λ = (fθ + fM)2 (1)

aThe edge of the core flow was defined as the radial position on the outflow plane where the gradient ∂M/∂r
became less than −20.0 along a radial line moving away from the axis.
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where fθ and fM define the variation in flow angle, θ, and the distribution in Mach number, M . fθ

and fM are given by

fθ =
φ2
θ

N

N∑
j=1

(vj/uj)
2 (2)

fM =
φ2
M

N

N∑
j=1

(Mx,j −Mdesign)
2 (3)

where the symbol N denotes the number of cells in the core flow. Two weighting parameters, φθ

and φM , were used to scale the contributions of the flow angle variation function fθ and Mach

number variation function fM . The scaling parameters were set so that both functions would

evaluate to 1 or less if all of the cells within the core flow have a variation in Mach number and

flow angle less than a prescribed target.

Note that the optimisation method used here searches for the minimum (optimum) of a sin-

gle objective function which has been lumped together from two weighted objective parameters -

the Mach number and the flow divergence. This is commonly known as a single-objective opti-

misation, and is useful when the nozzle designer knows how to weight each objective parameter.

Should the designer have no knowledge on what weighting to apply to each objective parameter,

then perhaps a multi-objective optimisation approach can be taken. While the multi-objective ap-

proach provides no single optimal solution, its advantage lies in that the method provides a set of

alternative solutions which trade different objectives against each other. These solutions can then

allow nozzle designers to decide themselves which is the optimal solution for their application.

III. Application of method to the design of a Mach 7 nozzle

The design methodology was applied to the design of three axisymmetric contoured nozzles

for the T4 free-piston shock tunnel - a high-enthalpy hypersonic test facility [3]. The three nozzles

were designed to generate exit Mach numbers of 4, 7 and 10. For conciseness, only details for the

application of this design method for the Mach 7 nozzle are shown in this paper.
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A. Design constraints

The Mach 7 nozzle was designed to generate an exit flow with a Mach number that varies by less

than 0.01 of 7, and with a flow angularity that varies by less than 0.02◦. This nozzle was to be

supplied with stagnated air in chemical equilibrium at a nozzle-supply pressure ps of 8.32 MPa

and a nozzle-supply temperature Ts of 2122.7 K (which corresponded to a nozzle-supply enthalpy

of 2.44 MJ/kg). Note that while the order of the variations in the target conditions cannot be easily

measured in pulse-flow wind tunnels with the current generation of flow measurement instruments,

these design targets were deliberately set to strict “ideal” levels to improve the convergence of the

optimisation search algorithm.

From these targets, the weighting parameters φθ and φM were then calculated to be equal to

the inverse of the targets, such that

φθ =
1

tan (0.02)
= 2.86× 103 (4)

φM =
1

0.01
= 100 (5)

For the current study, the flow simulations were performed from the start of the sonic throat

of the nozzle rather than the nozzle-supply region to help simplify the calculationsb. The flow

conditions at the throat of the nozzle were computed by assuming a hypothetical isentropic expan-

sion (occurring in thermal and chemical equilibrium) from the nominally-stagnant nozzle-supply

region. The flow in the throat region was computed to have a flow velocity uthroat of 828.8 m/s,

static pressure pthroat of 4.55 MPa and static temperature Tthroat of 1861.7 K. Figure 3 shows pro-

files of Mach number and flow divergence at the exit of the nozzle for a simulation started at the

sonic throat of the nozzle (i.e. modelled without the nozzle-supply region), and the other modelled

with the nozzle-supply region. As shown, the nozzle-exit profiles are extremely similar; the maxi-

mum difference in the Mach number and flow divergence is < 0.1% and < 0.2◦ respectively. This

result shows that it is reasonable to start the flow simulations from the throat of the nozzle.
bNote though that the proposed design method does not restrict where the flow simulations are started.
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Figure 3. Effect of modelling the nozzle-supply region on the Mach number and flow divergence at the exit of
the nozzle.

In addition to the target flow conditions, there were also constraints on the physical size of

the nozzle, due to the facility that it was designed for. For this nozzle, the diameter of the nozzle

throat was constrained to 21 mm, and the axial length of the nozzle from throat to nozzle-exit was

constrained to 1 m. Note that the nozzle-exit diameter was not constrained.

B. Setup parameters for flow simulations and for the optimiser

The computational grid for the flow simulations had 300 cells in the axial direction and 40 cells in

the radial direction. As shown in Figure 4, grid clustering was employed near the throat and initial

expansion regions to resolve the larger flow gradients expected in these regions. Grid clustering

was also employed near the nozzle wall to ensure sufficient resolution of the boundary layer. In

addition, the grids near the nozzle wall were configured to be orthogonal to the wall to ensure that

the near-wall flow parameters were properly approximated by the flow solver. The wall of the noz-

zle was assumed to be at a constant temperature of 300 K - a valid assumption for impulse facilities

where short test times (in the order of milliseconds) restrict the increase in wall temperatures to

only several Kelvins. The y+ values of most near-wall cells were under 1.0.

The conditions for the sonic inflow of air through the throat of the nozzle were as stated in

Section A. Given the low value of nozzle-supply enthalpy of 2.44 MJ/kg for the design condi-
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parameters were properly approximated 
by the flow solver

Figure 4. Computational grid for each NENZFr simulation.

tions, the flow of air through the nozzle was assumed to be in thermal and chemical equilibrium.

A flow simulation conducted with a similar setup but with finite-rate chemistry with the Gupta

5-species model for air [26] showed similar results to that conducted with chemical equilibrium.

Also, Hannemann et. al. [27] showed in their nozzle flow simulations that for low enthalpy flows

of approximately 3.3 MJ/kg, the flow in the nozzle was better modelled assuming thermal equilib-

rium. In addition, the flow domain was initialised with the same flow and gas conditions as those

used in the inflow boundary.

The turbulence model used in the simulations was Wilcox’s 2006 k-ω turbulence model [28].

The turbulence intensity of the inflow to the nozzle is set to 5% and the ratio of turbulent-to-laminar

viscosity of the inflow to the nozzle is set to 100. Turbulence was assumed to start at the throat

of the nozzle. Simulations with turbulence starting at between 0−150 mm from the throat showed

that varying the transition location did not significantly affect the flow conditions at the exit plane

of the nozzle. For boundary layer transition locations up to 150 mm from the throat, the maximum

deviation from that when boundary layer transitioning occurs at the throat is +0.2% for nozzle-exit

velocity, +1.5% for nozzle-exit Mach number, −3% for nozzle-exit static temperature, −5% for
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nozzle-exit Pitot pressure and nozzle-exit static density, and −8% for nozzle-exit static pressure.

The optimisation algorithm of Nelder & Mead required values for the initial perturbations of

the design variables to allow the initial parameter space to be set. These values were chosen to be

3 mm for the first two upstream design variables and 5 mm for the remaining five design variables.

Other parameters used for the Nelder & Mead algorithm can be found in the report by Chan et.

al. [29]. For the Mach 7 nozzle, the initial contour was scaled from an existing Mach 7.6 nozzle

contour [9] of approximately the same physical size.

IV. Optimisation results for the Mach 7 nozzle

The optimisation run converged at 115 iterations (totalling 383 NENZFr simulations) with a

value for the objective function of 2.9. As mentioned before in Section A, the target objective

function value of 1 was set to improve the convergence of the optimisation algorithm, and can only

be achieved for an ideal case. It is hence not surprising that the converged objective function value

for the present optimisation run did not reach the target objective value of 1. The 383 NENZFr flow

simulations took approximately 64 hours to complete when run parallel on 8 Intel L5520 2.27 GHz

processors.

Figure 5 shows the optimised nozzle contour in relation to the initial un-optimised contour.

The optimised nozzle contour had a nozzle-exit diameter of 273.2 mm. The maximum slope of the

optimised nozzle contour (relative to the nozzle axis) was 20◦ and occurred approximately 42 mm

downstream of the nozzle throat.
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Figure 5. Optimised contour for the Mach 7 nozzle in relation to the initial contour used for the optimisation.
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Radial distributions of Mach number, flow angularity, static pressure and Pitot pressure across

the nozzle-exit plane for the optimised nozzle contour are shown in Figure 6. Flow profiles from

two other simulations with different grid densities are also shown in Figure 6. The coarse grid,

which was the grid used for the optimisation run, has 40 radial cells and 300 axial cells. The

medium grid has 80 radial cells and 600 axial cells. The fine grid has 120 radial cells and 900 axial

cells. Although another simulation with a coarser grid of 20 radial cells and 150 axial cells was

conducted, it has been omitted from Figure 6 so as to improve clarity in the plots. Note that the

Pitot pressures in Figure 6d were calculated using the Rayleigh-Pitot equation with the assumption

of a constant ratio of specific heats of 1.4. For the present case, the total enthalpy is sufficiently

low that the Pitot pressure calculated using the Rayleigh-Pitot equation differs from that calculated

assuming real gas effects by only 1%.

These profiles show that the medium grid produced a flowfield at the exit of the nozzle that

was sufficiently grid-converged for the analysis conducted in the present study; the average Mach

number, flow angularity and Pitot pressure within the core flow for the medium grid were less than

1% different from those for the fine grid, while the average static pressure was 1.3% different. To

further show the level of grid convergence, a plot of the total axial force acting on the nozzle is

plotted against the total number of cells for each grid resolution in Figure 7. The total axial force

was calculated by integrating the surface pressure and viscous stress acting on the nozzle wall

from the throat to the exit plane of the nozzle. Although the force acting on the nozzle is not a

particularly relevant property for the current study, it is more sensitive to the flow solution than the

objective function [30]. Figure 7 shows that the calculated total axial force converges to a value

of approximately 1.87 kN as the normalised grid spacing decreases towards zero - this is a good

indication of grid convergence. Using the generalised version of Richardson extrapolation [31],

the errors in calculated axial force for the three highest resolution grids are 4.0%, 3.4% and 2.1%.

Also shown in Figure 6 are the exit flow data for an equivalent nozzle designed via the classical

method of characteristics with added boundary-layer correction (MOC/BL) [6, 8]. The inviscid

profile determined via the MOC calculation had an exit diameter of 248 mm and the displacement

thickness added to that profile reached a maximum value of 6 mm at the exit plane. While the dis-
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Figure 6. Flow profiles at the exit of the nozzle designed using the current method for three grids. Also shown
are profiles from a nozzle contour designed using the MOC/BL method. Note that the vertical line at the radial
distance of 0.1 m indicates the radial size of the core flow.
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placement thickness correction applied is not on the same order of magnitude as the exit diameter

of the nozzle, it is still sufficiently large that correcting the inviscid nozzle profile without proper

consideration of the wave processes will produce a final wall profile with poorer performance [8].

In comparison with the exit flow profiles of the nozzle designed using the proposed method, it is

evident that the quality of the nozzle-exit flow of the MOC/BL nozzle contour is poorer.

The plots in Figure 6 show that, for all grid configurations, the maximum test core diameter

at the nozzle-exit plane was approximately 200 mm. Mass-flow-weighted averaged values of flow

properties in the test core for the medium grid are summarised in Table 1. To demonstrate the

uniformity of the nozzle-exit flow, values for the maximum deviation from the mass-flow-weighted

averaged flow properties in the test core are also included in Table 1. Other than the ± 3% deviation

in static pressure and ± 2% deviation in Pitot pressure, the other flow parameters had deviations

of less than ± 1% in the test core at the nozzle-exit plane. This thus shows that the flow within the

test core is sufficiently uniform. In addition, a comparison with target conditions is also provided

in Table 1. The results demonstrate that the optimisation process produced a nozzle-exit Mach

number of within 0.02 of the target of 7.0 and a flow divergence of within 0.006◦ of the target of

0◦.

Another parameter of interest is the size of the test core that the optimised nozzle contour

provides. Figure 8 shows plots of Pitot pressure contours that were generated from simulations of
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Table 1. Mass-flow-weighted averaged values (with their respective maximum deviations) of flow properties in
the uniform test core.

Mass-flow Maximum Maximum Deviation
Flow -weighted deviation deviation Target from target

parameter Units value (absolute) (relative) Value value (absolute)

Mach number - 7.0215 ± 0.03 ± 0.4% 7.0 0.0215
Flow divergence ◦ 0.006 ± 0.13 - 0.0 0.006
Static pressure kPa 1.4435 ± 0.041 ± 2.8% - -

Static temperature K 223.8 ± 1.9 ± 0.8% - -
Axial velocity m/s 2106 ± 0.9 ± 0.04% - -
Pitot pressure kPa 92.324 ± 1.8 ± 1.9% - -

the Mach 7 and the test section of the T4 shock tunnel facility. Note that although the actual T4

test section has a square cross-section, it was modelled in the present axisymmetric simulation to

have a circular cross-section (with the diameter of the simulated test section matching the height

of the actual test section). This was done to avoid performing computationally expensive three-

dimensional simulations. Since the locations where the Pitot pressure distributions were measured

were well upstream of where the expansion of the nozzle outflow reflected off corners in the test

section, this simplification was still expected to provide a good conservative estimate of the size of

the nozzle core flow. As indicated by the dashed red lines in Figure 8, the core flow diamond of

0 0.1 0.2 0.3
metres

Figure 8. Contours of Pitot pressure for the optimised Mach 7 nozzle. Contours are shown at intervals of 5 kPa.

the optimised nozzle has a maximum axial length of 1.1 m and a maximum diameter of 0.2 m.
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V. Experimental validation of design method: Mach 7 nozzle

To confirm the validity of the proposed design method, a nozzle with the optimised contour

was manufactured, and then a survey of the nozzle outflow was conducted with a 33-probe Pitot

rake. The Pitot rake is shown in Figure 9. Each Pitot probe was instrumented with a fast-response

piezoelectric PCB pressure transducer. The PCB transducers were either model number 112A21

or 112A22. Note also that the sensing face of each PCB transducer was shielded with an ap-

proximately 30µm-thick cellophane sheet to prevent effects of thermal shocking on the pressure

measurements. The Pitot surveys were conducted at three planes located axially downstream of

the nozzle exit; at x= 141 mm, x= 301 mm and x= 460 mm. Note that although the measured Pitot

pressure profiles provide a good indicator of the uniformity and size of the nozzle outflow, mea-

surements of the other flow properties (for example, temperature and flow velocity) will provide

more confidence in the experimental validation of the proposed design method.

While the nozzle was designed using a nozzle-supply pressure of ps of 8.32 MPa and a nozzle-

supply temperature Ts of 2122.7 K, the majority of the validation experiments were conducted at a

nominal ps of 19.33 MPa (about 2 times higher than the design ps) and a nominal Ts of of 2371 K

(about 12% higher than the design Ts). As will be discussed in Section B, these differences in the

nozzle-supply conditions did not affect the flow uniformity nor the size of the core flow inferred

from the Pitot pressure measurements.

Figure 10 shows an iso-contour plot of Mach numbers in the Mach 7 nozzle and the test section

of the T4 shock tunnel facility. Also shown are the three axial locations where the Pitot pressure

distributions were surveyed in these validation tests. Note that this CFD simulation was run using

the same configuration parameters as those used to generate Figure 8 (the medium grid with 80

radial cells and 600 axial cells in the nozzle), with the exception of two parameters − (1) the

inflow total pressure and temperature was set up to match the nominal test values of 19.33 MPa

and 2371 K, and (2) the boundary layer was set to transition 50 mm downstream of the nozzle

throat.
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Figure 9. Schematic of Pitot rake in T4 test section.
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x = 460mm
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Figure 10. CFD solution showing iso-contours of Mach number.

A. Results at p0 and T0 of 19.33 MPa and 2371 K

Comparisons between experimental and numerical Pitot pressure distributions at the three survey

planes are shown in Figure 11. For each comparison, the Pitot pressure distributions are presented

in the form of a Pitot-to-nozzle-supply pressure ratio. Presenting Pitot pressure measurements in

this way minimises the effects of shot-to-shot variations in the freestream conditions which primar-

ily come from variations in the nozzle-supply pressure. The error bars shown for the experimental

results were taken to be one standard deviation of the averaged Pitot-to-nozzle-supply pressure

ratio within the test duration of 1 ms. It should be noted that the standard deviation of the fluctu-

ations is presented instead of the instrumentation uncertainty of ±6%. The reason for presenting

error bars in this manner is because the level of fluctuations in the measurements varied depending

on the location of the Pitot probe in the flowfield; hence indicating that the fluctuations were ran-

dom errors brought about by the flowfield’s interaction with the Pitot probe rather than systematic

errors in the instrumentation. While random errors can be estimated by taking multiple repeated

measurements, the per-shot cost of the T4 shock tunnel test facility restricted the number of shots

which could have been conducted to produce a good estimate of the uncertainty.

Note that the radial positions for the experimental data points on these plots were obtained
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Figure 11. Pitot pressure distribution at three axial locations downstream of nozzle-exit. Error bars indicate
one standard deviation of the variation during the test time.
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by converting the y and z locations of each Pitot probe to a radial location based on a coordinate

system which had its axis aligned with that of the nozzle (see Figure 9 for the coordinate system).

For a nozzle outflow that is approximately or truly axisymmetric, the application of this conversion

method is appropriate. However, for a nozzle outflow that is not axisymmetric, this method of

conversion will result in a large scatter in the Pitot pressure distribution. Figure 11 shows that

the scatter in the distribution of averaged Pitot pressure was small compared to the experimental

uncertainties, hence indicating that the nozzle outflow was reasonably axisymmetric. Note that

flow axisymmetry is to be expected since the design method was implemented axisymmetrically.

Rather, the quality of flow axisymmetry indicated in these results is a good indication of the quality

of the manufacturing process of the nozzle.

The comparisons in Figure 11 show an excellent agreement between the experimental and

numerical Pitot pressure distributions at all three locations downstream of the nozzle exit, hence

indicating that the CFD solution is a good approximation of the actual nozzle flowfield. The results

also show an excellent level of uniformity in the core flow region of the nozzle flowfield. This, to-

gether with the excellent agreement between experiments and numerical simulations, demonstrates

the validity of the methodology that was used to design the nozzle flowpath.

B. Sensitivity of flow quality to supply conditions

The nozzle was also surveyed at three other test conditions to investigate the sensitivity of the

nozzle outflow quality to nozzle-supply conditions. The first test condition had a ps of 18.46 MPa

and Ts of 1707 K, the second had a ps of 13.02 MPa and Ts of 1735 K, and the third had a ps of

20.29 MPa and Ts of 2443 K. Figure 12 shows a comparison of the Pitot pressure distributions for

the nominal test condition and for these three test conditions. Note that the x positions for the tests

at the other three conditions were slightly different to those for the tests at the nominal condition.

This difference was brought about by differences in the facility driver conditions for the three test

conditions. When run at different driver conditions, the T4 shock tunnel recoils by a different

amount, which then sets a different x position.

The results show that despite a 46% difference in nozzle-supply pressure and a 59% difference
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Figure 12. Pitot pressure distribution at x≈ 140 mm.

in nozzle-supply temperature, there were no discernable differences in the Pitot pressure distri-

butions at x ≈ 140mm. This is a good indication that the Pitot-to-nozzle-supply pressure ratio

was not sensitive to changes in the test conditions (at least for the conditions tested in the current

study). These results also indicate that the uniform region of the nozzle flowfield did not change

in size when the test condition changed.

To further examine the effects of changing test conditions on the quality of the nozzle outflow,

simulations of the nozzle at the four test conditions were conducted. Flow profiles at the nozzle

exit for these simulations are shown in Figure 13. Figure 13d shows that, in the core flow region

(up to 0.1 m from the nozzle axis), values for Pitot-to-nozzle-supply pressure ratio varied up to a

maximum of 0.001. This variation was less than the uncertainties in the measurement of Pitot-to-

nozzle-supply pressure ratio and explains why they were not seen in Figure 12. The Mach number

profiles in Figure 13a show that when lower nozzle-supply temperatures (i.e., lower nozzle-supply

enthalpies) were used, the exit Mach number in the core flow was higher by 6%. This is to be

expected; since the ratio of specific heats is higher at lower nozzle-supply temperatures, the “area

ratio - Mach number” equation for ideal gas compressible flows shows that expanding over the

same area ratio with a higher ratio of specific heats will result in a higher Mach number. Using a

lower nozzle-supply temperature also resulted in a lower static-to-nozzle-supply pressure ratio, as
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Figure 13. Flow profiles at the nozzle exit from simulations of the nozzle at four different test conditions.
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shown in Figure 13c. From Figure 13b, it can be seen that lowering the nozzle-supply temperature

increased the maximum flow angularity from 0.05◦ to 0.4◦. This level of increase in flow angularity

is still deemed to be acceptable for the types of tests conducted in hypersonic facilities. From the

plots in Figure 13, it can be seen that changing nozzle-supply pressures had significantly less effect

on the flow uniformity at nozzle exit than changing nozzle-supply temperatures.

VI. Experimental validation of design method: Mach 4 & 10 nozzles

To further show the robustness of the proposed method for the design of nozzles with uniform

outflow, results from Pitot pressure surveys of two other nozzles designed using this method are

presented. Note that, unless otherwise specified, the setup (gridding methodology, gas model,

boundary and initial conditions) for the CFD simulations for the Mach 4 & 10 nozzles were the

same as that used for the simulation of the Mach 7 nozzle (as described in B).

A. Mach 10 nozzle

A Mach 10 nozzle was designed for a nozzle-supply pressure and temperature of 50 MPa and

3756 K, and a target nozzle-exit Mach number of 10.0. The optimised nozzle flowpath had an

original throat-to-nozzle-exit axial length of 1.9 m, which was considered to be too long for the

T4 shock tunnel facility where typical test time durations for a Mach 10-equivalent condition were

limited. To ensure that there was sufficient time for the flow to establish in the nozzle, it was

thus essential to keep the length of the nozzle to the minimum without sacrificing the quality of

the nozzle outflow. Since the Mach 10 nozzle was designed for a higher total enthalpy condition,

chemical equilibrium of the flow cannot be assumed. Instead, the simulations were conducted

using a thermally perfect mixture of N2, O2, N, O and NO and the reaction scheme of Gupta et

al [26]. In addition, the flow was assumed to be thermal equilibrium. For the Mach 10 nozzle,

the final truncated axial length was 1.64 m, a throat diameter of 9.52 mm and an exit diameter of

378.6 mm. CFD simulations of the nozzle showed that the core flow diamond had a maximum

diameter of 300 mm and an axial length of 2.1 m.

Figure 14 shows comparisons between experimental and numerical Pitot pressure distributions
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at two operating conditions(ps = 40.1 MPa, Ts = 3909 K and ps = 71.5 MPa, Ts = 3837 K) and at

two axial planes downstream of the nozzle exit. The numerical results were from simulations

conducted assuming that the boundary layer transitioned to turbulence 100 mm downstream of the

nozzle throat. Given the higher total enthalpy for this case, the numerical Pitot pressures were

calculated accounting for the change in ratio of specific heats across a normal shock. Note that this

method of calculating numerical Pitot pressures is different to the Rayleigh-Pitot method used for

the lower total enthalpy cases for the Mach 4 and Mach 7 nozzles.

In the comparisons in Figure 14, a good match between the experiments and the CFD simula-

tions was achieved for both test conditions. For the measurements at x= 165 mm in Figure 14b,

there appears to be a slight increase in the Pitot pressure profile at a radial distance between 0.06 m

and 0.12 m, which did not appear in the CFD simulations; however, with the levels of uncertain-

ties in the measurements, it is not possible to tell if there was a real mismatch at this location.

The results in Figure 14 also show good flow uniformity in the core flow of the Mach 10, thus

demonstrating the validity of the proposed nozzle design method.

B. Mach 4 nozzle (known as the T4 Mach 4B nozzle)

While a smaller and lower Mach number nozzle designed using the MOC/BL method does not

suffer from the same issues as a larger and higher Mach number nozzle, it is still interesting to see

if the proposed method can be used in the design of a lower Mach number nozzle.

A Mach 4 nozzle was designed for a nozzle-supply pressure and temperature of 8.32 MPa and

2122.7 K, and a target nozzle-exit Mach number of 4.0. In the design process, the flow through the

nozzle was assumed to be in thermal equilibrium and the boundary layer in the nozzle was assumed

to be laminar based on previous studies [32]. The optimised nozzle contour had a throat diameter

of 25 mm and a exit diameter of 95.576 mm. The maximum slope of the nozzle contour, relative

to the nozzle axis, was 12◦, and occurred approximately 32 mm downstream of the nozzle throat.

CFD simulations of the nozzle showed that the core flow diamond has a maximum diameter of

92 mm and an axial length of 318 mm. The CFD simulations also showed that the nozzle-exit flow

is extremely uniform - the Mach number varies by ±0.25%, the flow angularity varies by ±0.02◦,
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Figure 14. Pitot pressure distribution at two axial locations downstream of the Mach 10 nozzle-exit at two
different nozzle-supply conditions.
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and the Pitot and static pressures vary by less than 2%.

Figure 15 shows a comparison between the experimental and numerical Pitot pressure distri-

butions at 115 mm downstream of the Mach 4 nozzle exit. The numerical results shown were from

two simulations - one assuming fully laminar boundary layers in the nozzle, and the other with

the boundary layer transitioning to turbulence at 350 mm downstream of the nozzle throat. The
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Figure 15. Experimental and numerical Pitot pressure distribution at 115 mm downstream of the Mach 4
nozzle-exit.

comparison shows that the earlier assumption that the boundary layer is entirely laminar in the

nozzle is incorrect. The simulation with the boundary layer transitioning at 350 mm gives a better

match to the experiments, thus indicating that the boundary layer in the Mach 4 nozzle transitions

to turbulence at some point in the nozzle. Despite this, the core flow produced by this nozzle

still exhibits good flow uniformity, thus providing yet another demonstration of the validity of the

proposed nozzle design method.

VII. Conclusion

The proposed method was applied in the design of three nozzles for the T4 shock tunnel fa-

cility at the University of Queensland; namely a Mach 4, Mach 7 and Mach 10 nozzle. Excellent

agreements between the experimental and numerical Pitot pressure distributions were achieved for

all three new nozzles, hence demonstrating the validity of the proposed nozzle design method.
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Numerical simulations of the flow in these nozzles showed excellent flow uniformity in the core

flow; typical Mach number variations were less than 0.5%, flow angularity variations were less

than 0.05◦, static temperature and flow velocity variations were less than 1%, and Pitot and static

pressures variations were less than 2%. The experimentally-measured Pitot pressure distributions

showed that there were good levels of uniformity in the core flow regions of all three nozzles. Addi-

tional tests for the Mach 7 nozzle indicated that the distribution of Pitot-to-nozzle-supply pressure

ratio and the size of the uniform region of the nozzle flowfield were not significantly sensitive to

changes in the nozzle-supply conditions.

Several recommendations for future work are suggested as a result of this investigation. Firstly,

more sensitive and non-intrusive flow diagnostics can be used to measure the other nozzle outflow

properties (for example, temperature and flow velocity). This will provide even more confidence

in the experimental validation of the proposed design method. Secondly, the objective function can

be adjusted to provide uniformity in not only Mach number and flow angularity, but also other flow

parameters like static pressure and temperature. Lastly, in the definition of the Bèzier control points

for the optimisation problem, it is suggested that the radial positions of the last two Bèzier control

points be the same as each other, and that the values are held constant during the optimisation to

ensure that the very last portion of the nozzle contour is always parallel to the axis at the nozzle

exit.
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