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Abstract

Understanding and characterising the diffusive transport of capillary oxygen and nu-
trients in striated muscles is key to assessing angiogenesis and investigating the ef-
ficacy of experimental and therapeutic interventions for numerous pathological con-
ditions, such as chronic ischaemia. In particular, the influence of both muscle tissue
and microvascular heterogeneities on capillary oxygen supply is poorly understood.
The objective of this thesis is to develop mathematical and computational modelling
frameworks for the purpose of extending and generalising the current use of histology
in estimating the regions of tissue supplied by individual capillaries to facilitate the
exploration of functional capillary oxygen supply in striated muscles. In particular,
we aim to investigate the balance between local capillary supply of oxygen and oxygen
demand in the presence of various anatomical and functional heterogeneities, by cap-
turing tissue details from histological imaging and estimating or predicting regions of
capillary supply. Our computational method throughout is based on a finite element
framework that captures the anatomical details of tissue cross sections. In Chapter 1
we introduce the problem. In Chapter 2 we develop a theoretical model to describe
oxygen transport from capillaries to uniform muscle tissues (e.g. cardiac muscle).
Transport is then explored in terms of oxygen levels and capillary supply regions.
In Chapter 3 we extend this modelling framework to explore the influence of the
surrounding tissue by accounting for the spatial anisotropies of fibre oxygen demand
and diffusivity and the heterogeneity in fibre size and shape, as exemplified by mixed
muscle tissues (e.g. skeletal muscle). We additionally explore the effects of diffusion
through the interstitium, facilitated—diffusion by myoglobin, and Michaelis-Menten
kinetics of tissue oxygen consumption. In Chapter 4, a further extension is pursued
to account for intracellular heterogeneities in mitochondrial distribution and diffusive
parameters. As a demonstration of the potential of the models derived in Chapters
24, in Chapter 5 we simulate oxygen transport in myocardial tissue biopsies from
rats with either impaired angiogenesis or impaired arteriolar perfusion. Quantita-
tive predictions are made to help explain and support experimental measurements of
cardiac performance and metabolism. In the final chapter we summarize the main

results and indicate directions for further work.
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Chapter 1

Introduction

Oxygen is a vital element for consuming biological fuel and producing energy. With-
out adequate quantities of oxygen (Og, henceforth) a biological cell is unable to drive
most of its important biochemical processes, which in turn hinders it from carrying
out its biological functions properly. Consequently, a shortage in Oy supply to cells
may destine them to die. Thus, it is no surprise that sustaining a healthy functioning

of cells and body tissues requires a continuous supply of Os.

1.1 Biological background

The delivery of O, to tissues is made possible via a cascade of convective and diffusive
transport processes within the cardiovascular system [148]. The design of this vascular
system accommodates these transport processes by supporting Os/nutrient supply
to, and metabolic waste removal from, tissue cells [I5I]. On one hand, convection
mainly occurs by means of blood flow through vascular networks, where about 98%
of O is reversibly bound to haemoglobin within red blood cells (RBCs) and 2% is
dissolved in plasma [148]. When the oxygenated blood is convected to the heart,
it is pumped to the rest of the body via major vessels. Through terminal branches
of the cardiovascular system, convection delivers the bulk of O, to and carries away
metabolite waste from the vessels within tissues [148]. On the other hand, diffusive
aspects of transport are driven by a partial pressure gradient from atmosphere down
to micro-vessels in the lungs, across the walls of micro-vessels surrounding tissues,

through interstitium and tissue cells, down to mitochondria [148], [150].
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Figure 1.1: A typical tissue cross—section of rat skeletal muscle (m. extensor digitorum
longus) with capillary location identified by alkaline phosphatase staining (black).

1.1.1 Oxygen transport in striated muscles

The transport of Os in tissues has received considerable attention, both experimen-
tally and theoretically (see [62, [69] 92, 117, 119, 150} 152} 155] and references therein).
In particular, physiologically important tissues that have undergone extensive exper-
imentation and modelling are cardiac and skeletal muscles [13 [71), 117, 125, [152].
These muscles comprise a large fraction of body mass in mammals [148] and possess
a simple geometrical structure with capillaries typically running approximately in
parallel to fibre axis ([45]; see Fig. |1.1]).

In addition, there are numerous histological data available from experimental
and clinical studies on cardiac and skeletal muscles (e.g. [41) [137]), which are rela-
tively straightforward to analyse through image processing and within mathematical
models due to the simple geometry of cardiac and skeletal muscles [51], thus becoming
suitable for studying the effects of physiological complications associated with serious
disease (e.g. [42, [74l, 153]). For example, in addition to an increased Oy demand
to compensate tissue pathology, there are a number of physiological complications
that are directly linked with poor Os transport and microcirculation pathology (e.g.

ischaemia; [37]).
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1.1.2 Biological significance

1.1.2.1 Ischaemia

Ischaemia, a drop in blood supply to organs, tissues, or localised tissue part, is a
serious medical condition caused by the constriction or obstruction of blood vessels.
It induces local tissue complications due to poor Oy supply [37], such as hypozia and
anoria. Hypoxia is an insufficient tissue O, supply, whereas anoxia is a complete
deprivation of tissue Oy supply. Additionally, long-term ischaemia can potentially

lead to serious tissue degeneration as seen in:

— gangrene [66], where a considerable mass of body tissue undergoes necrosis (cell
death);

— bone necrosis [3§], cellular death of bone components due to interruption of Oy

supply;
— angina pectoris [30], severe chest pain due to ischaemia of the heart muscle;

— brain ischaemia [I57], insufficient blood flow to the brain (and thus poor oxy-

genation) leading to the death of brain tissue or cerebral infarction.

The study of Oy transport in muscles plays a key role in investigating therapeutic
interventions for numerous other pathologies, such as chronically ischaemic skeletal
or cardiac muscle and cancer [17, 37, [70, [75], [106], 175]. For example, investigating Oy
distribution in tumour cells has led to advances in therapeutic and pharmacological
treatments for cancer patients [I§]. It was found that hypoxic tumour cells, which
are usually resistant to radiotherapy and chemotherapy, can be made more suscep-
tible to treatment by increasing their oxygenation [17]. Indeed, such studies require
an objective assessment of functional capillary supply of O, thus highlighting the

important role capillaries play in Oy transport at the micro level.

1.1.2.2 Microcirculation

The smaller vessels of the cardiovascular system form the microcirculation, which
is the part of the cardiovascular system that is composed of an intricate network
of arterioles, capillaries, and venules [62]. Due to direct contact with parenchymal
(tissue) cells, the microcirculation is known to play a critical role in transporting Os to

tissues: it ensures adequate Oy delivery to meet local tissue demand through a local
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capillary bed [62, [69, 120]. Core features of this intricate and delicately—balanced
delivery system include [62] 149, [155]:

e microvessels and the capillary bed are in very close proximity to parenchymal

cells, providing small diffusion distances;
e microvessel walls are highly permeable to Os;

e complex spatial relationships exist among various microvessels, such as hetero-

geneity, anastomoses, tortuosity, leading to diffusive interactions between them.

Of key interest in this thesis are capillaries, the terminal delivery conduits in
the microcirculation, whose distribution is necessarily vital for healthy O, transport.
Furthermore, their core properties for Oy transport are observed to be that [149] 150,
152]:

e the velocity of red blood cells is slowest in capillaries which, leading to largest
transient times, allows larger O, quantities to dissociate and diffuse away from

haemoglobin;

e capillaries have thin walls (a single layer of smooth muscle) which only consume

a small fraction of the Oq destined for tissue cells;
e O, diffusion across capillary walls is passive;
e capillaries possess the largest surface area to volume ratio among microvessels;

e capillaries are the closest among all microvessels to tissue cells, allowing the

shortest diffusion distances.

1.2 Theoretical development

Understanding O, transport at the microcirculatory level still faces outstanding chal-
lenges [92] 150} 152, 155], most notably the difficulty in quantifying how well a certain
tissue is served with Oy. At such scales, experimentally measuring gradients of oxy-
gen partial pressure (PO, henceforth) in muscle fibres is technically challenging, and
even unachievable in many cases of interest [I50], [152]. This has necessitated exploring

oxygen transport in tissue using theoretical modelling.
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Figure 1.2: (A) Traditional view of tissue oxygenation in a Krogh cylinder. Estimation of
PO3 within a circular cylinder of tissue surrounding a capillary of radius R.; r is the distance
from the capillary centre; R; denotes the cylinder radius where oxygen flux becomes zero
[120]. (B) Krogh’s view of circular tissue cylinder stacking, where tissue supply voids are
inevitable.

1.2.1 Single capillary models

1.2.1.1 Krogh-Erlang model

The earliest attempt in the direction of theoretical modelling was made by the Noble
Laureate August Krogh in collaboration with a mathematician named Agner Erlang,
with a theoretical analysis of O, diffusion into muscle tissue in 1919 [120]. Their
analysis was based on the idea that, via a capillary bed, such transport can be repre-
sented by a single tissue cylinder of circular cross—section which is supplied solely by
a central capillary running parallel to it (i.e. an axisymmetric geometry; Fig. .
They considered this tissue cylinder to be the region of functional Oy supply for the
central capillary. In deriving the governing equation for O, transport in this tissue
cylinder, they assumed that tissue O, consumption is uniform and constant, tissue
PO, at the capillary wall equals the average capillary PO, tissue O, solubility and
diffusivity are uniform, axial diffusion of O is negligible in tissue, Oy microvascular
transport is in a steady state, capillaries are parallel and equally—spaced, capillaries
receive equal convective Os supply, there is no Oy exchange with adjacent cylinders
(i.e. no-flux boundary condition), and capillaries are the only microvessels playing
a role in Oy transport to tissue. Together, these assumptions led to a simple 1D

steady—state diffusion problem for oxygen tension, p,
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where R; and R, are the tissue and capillary radii with R, < r < R;, K is Krogh’s
diffusion coefficient of oxygen in tissue (K = aD; a = oxygen solubility; D = oxygen
diffusion coefficient), and M is a constant tissue demand for O,. For detailed model
formulation see reviews by [62], [69] [155]. Combining experimental measurements
and geometrical observations of the microvasculature with this formula has led to

estimates of the minimum tissue oxygen tension and capillary density [72] [120].

1.2.1.2 Extensions and limitations

Despite the conclusion that the Krogh—Erlang model works in the case of perfectly
homogeneous O, transport, it does have many limitations that rendered it unable to

accommodate a number of important physiological observations (see [119] for details).

Using a similar geometry, subsequent modelling efforts sought to match ex-
perimental results and incorporate more physiological details into the Krogh—Erlang
model by relaxing its original assumptions (see reviews by [62], [69] 155] for a com-
prehensive list). Some researchers (e.g. [64], 67, 146, 170l 189]) have relaxed the
assumptions pertaining to tissue functional properties to investigate their potential
effects on O transport. Others (e.g. [11] [7T], 125] [165] [169]) have attempted to incor-
porate more structural heterogeneities that, in some cases, lead to the consideration

of larger systems.

AL-SHAMMARI TRINITY 2014



CHAPTER 1. INTRODUCTION 7

In devising such theoretical models to explore factors affecting O, transport in
tissue, investigators have used Krogh-like geometries (i.e. based on circular cylin-
ders) which, in most cases, can be deceptively simple. For example, when attempting
to close pack (or stack) circular tissue cylinders to form a two-dimensional array of
capillaries, non-physiological tissue voids or overlaps in supply from adjacent capil-
laries are inevitably present (Figs. and [L.3). Here, the existence of tissue voids
implies an inherent assumption that some parts of muscle fibres do not receive oxy-
gen at all (anoxic regions), while tissue overlaps reflect possible interaction between
adjacent capillaries. When a large number of capillaries are present, significant fluxes
due to surrounding capillaries dictate the feedback between local tissue oxygenation
and any given capillary, thus the effect of capillary interaction should be significant.
Single Krogh—cylinder models do not capture this feature. Moreover, such models
assume global features only by incorporating average values of physiological param-
eters. However, local variations in fibre size and metabolic demand are apparent in

tissues possessing a heterogeneous capillary distribution [49].

In order to avoid tissue voids and overlaps, other researchers generalised Krogh’s
cylindrical tissue geometry by considering evenly—stacked cylindrical alternatives to
approximate the tissue regions supplied by individual capillaries (capillary supply re-
gions), but only found minor differences in comparison to studies based on Krogh
cylinders. For example, Thews [I78] and Hudson and Cater [107] considered hexago-
nal cylinders, Popel [154] considered square cylinders, and more generally Gonzalez-
Fernandez and Atta [72] considered these alternatives in addition to equilateral tri-
angular cylinders. Imposing functional and structural homogeneity assumptions in
these models has simplified their study by considering only one such representative
cylinder. However, in addition to following the classical route of using global tissue
features and neglecting intercapillary interaction, their models still failed to explore

the effects of tissue heterogeneities.

The need to capture the influence of heterogeneous tissue properties (spatial
and functional) on Oy supply has led to further generalisations of the Krogh model:

(1) Multi-cylindrical systems and (2) Multi-capillary systems.

1.2.2 Multicylindrical models

As the name implies, multi-cylindrical models consider an array of Krogh cylinders.

To accommodate spatial heterogeneities, Hoofd and co-workers [97] generalised the
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(A) Uniform radii

Figure 1.3: A sample of random capillaries (dots) and the Voronoi polygon approximation
of their capillary supply regions (heavy polygons; see text) and Krogh cylinders (light
circles). (A) The radius of Krogh cylinders is derived by taking the cylindrical cross—
section to have an area equal to the average area of capillary domains. (B) Each Krogh
cylinder has a cross—sectional area equal to that of the Voronoi polygon enclosing its central
capillary. In this case the total area of the circles is equal to the total area of the polygons.
Note how some tissue areas are not covered by circles, while some are covered several times.

aforementioned evenly—stacked and symmetrical tissue cylinders to allow for asym-
metrical spacefilling cylinders via using Voronoi polygons (also termed capillary do-
mains, DOM} [51, 97]) to approximate capillary supply regions. A Voronoi polygon
enclosing a capillary is made up of all the tissue points that are closer to this capil-
lary than all other capillaries. The fact that heterogeneities in capillary arrangements
could lead to heterogeneities in areas of Voronoi polygons led Hoofd to suggest us-
ing distributions of these areas to obtain a heterogeneous array of Krogh cylinders
of matching areas, from which cylindrical radii were easily calculated (Fig. [1.3A)).
Using these ideas, Turek and colleagues [I83] obtained various arrays of Krogh tis-
sue cylinders (Fig. . Unfortunately, these efforts did not succeed in eliminating
the aforementioned voids and overlaps in tissue domain [51], nor did they allow for

capillary interactions [49].

1.2.3 Multicapillary models

Conversely, in multi-capillary systems, researchers abandoned the geometry of Krogh

cylinders and attempted to either extend the Krogh—FErlang solution formula by as-
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suming that capillaries can be approximated by point—like sources in sufficiently large
tissue cross—sections [206], 03, 94], 08, [154], 186], or by attempting semi-analytical and
computational methods. We remark here that the point—source approximation of cap-
illaries ignores two factors influencing tissue O levels: (1) the shape of the capillary

cross—section and (2) capillary interactions.

1.2.3.1 Point—source approximations

In the limit of vanishing capillary radius, the Krogh-Erlang formula, Eq. (1.1,
can be thought of as a generalised solution to the problem where an oxygen point
source supplies a concentric circular tissue region consuming oxygen at a rate M.

In particular, the form of the solution is

p = Constant 4+ Source + Consumption field,

where the constant term represents the capillary oxygen supply, the source term is
the fundamental solution to Laplace’s equation in 2D with source at » = 0, and the
consumption field is a particular solution to the non-homogeneous problem (Poisson’s

equation with consumption term), which depends on the geometry of the tissue field.

Some researchers used this observation in an attempt to develop a generalised
solution for the transport equation given multiple capillary sources embedded in the

cross—sectional tissue plane [92]. The solution has the form

p(r) =C, — %{ g; {A? log <‘T;—”2)} - @(r)}, (1.2)

where N, is the number of capillary sources, 7; is the centroid of the i*® capillary, 7.
is the radius of the i*" capillary, ®(r) is the consumption field obtained from solving
for the non-homogeneous solution of Poisson’s equation over a predefined tissue field

(KAp = M), and A; is the tissue area exclusively supplied by individual capillaries.

Using the method of images, Clark and co-workers [26] were able to numerically
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Figure 1.4: (A) If capillaries (open circles) have identical transport capacity, the pre-
dicted Og flux lines (dotted lines) coalesce at a no-flux points that match capillary domain
boundaries (solid lines). (B) Given any capillary may be surrounded by distinct fibres, the
heterogeneity in fibre composition and oxygen consumption reduces the fit between no-flux
and capillary domain boundaries for mixed muscles. From [51], 98], with permission.

compute distributions, but did not consider capillary supply regions. On the
other hand, Hoofd and colleagues [96], 98] and Hoofd [93], 94] considered these supply
regions by deriving analytical approximations for tissue PO, that are valid in the
vanishing limit of the ratio of capillary diameter to domain size, e. However, in
solving their capillary sources equation, the requirement that flux integrals around
boundaries of capillary supply regions must be zero led to a non-unique solution,
as illustrated in [I86]. Additionally, using weakly heterogeneous tissue properties,
Hoofd and collaborators [96] concluded that capillary supply areas should be similar
to Voronoi polygons (Fig. |1.4)).

1.2.3.2 Spectral methods

Another notable contribution was made by Wang and Bassingthwaighte [I86]. Simi-
larly, they treated capillaries as point sources, but they also considered heterogeneous
capillary distributions and non-uniform perfusion to test the degree of qualitative
agreement between capillary supply regions and Voronoi polygons, and concluded
that such equality was not feasible in general. This, however, was based on unrealis-
tically low capillary densities. From a physiological viewpoint, these systems are not

representative tissue regions and are subject to substantially exaggerated influences of
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Figure 1.5: Under very low capillary densities, most capillaries (dots) would have supply
regions in direct contact with the external modelling boundaries (black circle). In such cases,
capillary supply regions (dashed) are greatly affected by the external boundary conditions
imposed by the modeller. Red = Voronoi polygons. Modified from [I86], with permission.

the domain boundary (Fig. . Nonetheless, this still leaves the question of whether
Voronoi polygons are appropriate in the physiological setting. It is worth noting that
the analytical solution obtained by Wang and Bassingthwaighte gives similar results
to Clark and colleagues [26], but it differs from Hoofd’s solution [94] by one term,
namely, the solution to the homogeneous problem. In particular, Hoofd obtained a
constant term whereas Wang and Bassingthwaighte derived an infinite Fourier expan-
sion, thus contributing an additional computational complexity (refer to Eq. )
We note here that the analytical solvability of the Wang—Bassingthwaighte model is
due to the use of a capillary—tissue boundary condition which is essentially based on
angular averages of Oy fluxes across capillary walls. In fact, up until this point, all
efforts seeking to derive analytical approximations in the limit of point-like sources
employ integral averages for boundary conditions at capillary walls. Such boundary
conditions impose an averaged capillary O, flux which, in turn, implies that local Oq

flux variations are not accounted for.

1.2.3.3 Singular perturbation methods

To avoid the obvious weaknesses inherent in point—source approximations, such as
the difficulties of representing PO, near a source in a complex system of capillaries,
Titcombe and Ward [I79] treated capillaries as having arbitrary areas and shapes

when studying the steady—state diffusion problem in an analytical study. Although
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they did not consider capillary supply domains, their study has cautioned against
using point—source approximations to compute POy without proper justification. In
particular, they showed that the approximations in [26] 03] 04, 06, 08, [186] represent
only the leading term in an infinite asymptotic expansion of the PO, in powers of
—1/log(€), where € is the ratio of capillary diameter to domain size. As such, relative
errors in point—source approximations will scale with this term, which is negligible
for sufficiently small e. However, achieving a reasonable accuracy of 10% requires
€ = 4.5 x 107°; this would impose domain sizes that are impractically large (for
capillary radius 4 pm, the domain size is 15 cm). Thus, this could affect the validity of
certain modelling assumptions pertaining to the original tissue scales considered (for
instance, constant parameters). Interestingly, the alternative analytical expansion of
Titcombe and Ward is expected to simplify when uniform circular shapes are assumed

for capillaries, though this is unexplored.

1.2.3.4 Homogenisation methods

The nature of oxygen transport in striated muscle follows a multiple—scales description
(intracellular, intercellular, capillary bed, tissue and organ scales). A few attempts
have been made to develop a macroscale description of oxygen transport to striated
muscle organs by homogenising fine-scale variations. Salathé [164] developed the
earliest model of homogenised oxygen transport in uniform muscle by smoothing
intercapillary variations using a volume—averaging over the tissue—capillary space. He
derived a single PDE describing a volume—averaged oxygen transport that accounts

for capillary convection, tissue diffusion, and tissue consumption:

% {c + \IJC’S(c)] + 8%\1/@0 {c + CS(C)} = DAc—(1-V)M,

where ¥ is the volume fraction of capillary space, C' is the Oy content at 100%
haemoglobin saturation, S is the haemoglobin Os—saturation relationship (0 < S <
1), v, is the velocity of blood within capillaries, ¢ is coordinate along capillary axis,
D is the O, diffusivity, and M is the tissue O, consumption rate. This formulation
allowed an investigation of large scale oxygen gradients within tissue, thus permitting
macro diffusional interactions of adjacent tissue regions to be explored. Nonetheless,

the contribution of fine—scale variations was not accounted for by Salathé’s macro
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diffusion and oxygen consumption rates, nor was the average extent of capillary sup-
ply regions explored. In addition, the model could not resolve potential significant
fluctuations in local oxygen tension at the level of a few capillaries, though hetero-
geneities in intercapillary separation are known to impact global tissue PO,. Indeed,

such factors may also influence the extent of capillary supply regions.

1.2.3.5 Computational methods

A major part of our current state of knowledge is due to the development of sophisti-
cated computational models of oxygen transport in muscle striated tissues [111 13, [71]
125] [154], [156], 169]. These models explored the spatial distribution of oxygen tension
under different capillary and/or fibre arrangements and parameter regimes. Nonethe-
less, solving such models still consumes a large amount of computer memory and time
at the expense of restricted tissue and capillary bed sizes and smoothed-out histo-
logical details. This imposes prohibitive limitations especially when high—throughput
processing of data from biological experiments is demanded to establish statistical
significance. In addition, the nature of these models permits no investigation of any
influence that individual capillaries and/or fibres may have on oxygen transport. In
particular, the spatial limitations inherent in exploring average values for PO, do
no permit an exploration of the local balance between capillary supply and oxygen

demand, thus potentially missing important regulatory mechanisms in tissue.

1.2.3.6 Green’s function methods

Hsu and Secomb [105] developed a modelling framework for steady—state oxygen de-
livery from vascular networks to tissue regions based on a Green’s function approach.
Intravascular oxygen transport was described in terms of a distribution of oxygen
sources along the capillary axis (i.e. a line source). Assuming a constant (and uni-
form) tissue oxygen consumption, this led to a Green’s function solution (an integral
solution) for tissue oxygen distribution which, when combined with a local transport
equation (Krogh—type), permitted an efficient iterative numerical computation of the
source strengths along the capillary. However, this efficiency is lost when considering
nonlinearities in oxygen consumption (Michaelis-Menten kinetics) and oxygen dif-
fusive flux (facilitated—diffusion by myoglobin) for cases of low oxygen tension [168].
Nonetheless, this framework allowed for arteriole—capillary interactions to be explored
theoretically, regardless of the spatial arrangement of capillaries and arterioles, lead-

ing to important contributions to our understanding of the influence of microvascular
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spatial arrangements and the relative importance of diffusive and advective supply

from arterioles to capillaries.

Currently, however, this framework is restricted to uniform tissues (i.e. tissues
with spatially uniform oxygen demand). In contrast, skeletal muscles exhibit local
variations in muscle fibre phenotype (e.g. metabolic demand), a heterogeneity that
may have a significant influence on both global oxygen levels [125] and local capillary
supply, particularly capillary supply regions (though this has not been considered
in detail in the literature). In addition, given local capillary supply is significantly
influenced by capillary—capillary interactions, line-source approximations may suf-
fer from a large domain—size restriction for higher order errors to be negligible, as
has been demonstrated in 2D [49 I79]. It is interesting to note here that, to our
knowledge, the accuracy of such approximations has not been confirmed yet against
computational models of 3D cylindrical capillaries (e.g. [13],[71]) where finite—element
or finite-difference methods are used. Indeed, in the latter models, capillaries possess
a volume with a wall dictating an oxygen flux that is proportional to the oxygen
tension difference across the capillary (i.e. Robin—type boundary conditions), thus

automatically accounting for capillary—capillary interactions.

1.3 Theoretical critique

1.3.1 Limitations of current tissue frameworks

In experimental biology, in order to understand the system under consideration it
is vital to determine the functional consequences of interventions or pathologies. In
particular, experimental investigations of microvascular remodelling (angiogenesis) in
striated muscles [49, [106] have demonstrated that it is a highly coordinated physi-
ological process that appears to compensate for potential losses of the local oxygen
demand—supply equilibrium. How this process is assessed in functional terms is still

a topic of extensive undergoing research.

Theoretical advances in the field of microvascular oxygen transport have led to a
profound understanding of some of the major biophysical processes governing oxygen
delivery to tissue. A major consequence of this was the appreciation of intravascular
resistance to oxygen transport (blood flow re-distribution and rate, the role of haema-
tocrit, haemoglobin kinetics, oxygen extraction pressure, capillary network structure,

and microvascular shunting). Functional consequences of pathologies or structural
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network adaptation can be theoretically explored, but are usually based on predict-
ing the average spatial distribution of oxygen in idealised tissue and capillary network
realisations. While such predictions have led to profound insight into the physiology
of oxygen delivery and demand, the current theoretical approaches still lack a number

of important considerations:

1. since capillaries are embedded in a contiguous tissue region, simply assuming
each capillary supplies a pre-defined tissue region (e.g. Krogh cylinder) implies
that there is no significant exchange between neighbouring capillaries, and that

capillary shunting is not feasible;

2. while PO, predictions are informative for comparative studies, they give no in-
formation whatsoever about the spatial extent of individual capillary supply.
This, in turn, implies that any potential local regulation between capillary sup-
ply and fibre demand and /or size may be missed. Moreover, such predictions are
mainly based on large scale and “idealised” tissue geometries rather than his-
tological ones, thus implicitly assuming that histological scales have negligible

effect on tissue oxygenation;

3. individual capillary supply, if delimited spatially, will give rise to a space—filling
generalisation of Krogh cylinders. Each such tissue cylinder is predicted to
be supplied by the individual capillary enclosed within. The spatial extent of
these cylinders as well as the average PO, within them may give insight into the
regulation of individual capillary growth and the local balance between supply
and demand in mixed muscles, potentially allowing for a theoretical measure of

localised angiogenic signals;

4. since capillaries can be embedded in a tissue where oxygen extraction is spatially
heterogeneous, one may be able to better understand the interplay between fibre

and capillary physiology with the aid of generalised Krogh cylinders;

5. the nature of physiological research typically demands experimental designs
and methodologies that aim to produce large datasets with statistically sig-
nificant results. In terms of functional consequences, a side-by-side in silico
experimentation will inevitably inherit the burden of processing such large data
sets. Apparent issues with this are: (a) current medical imaging technology is

unable to construct sufficiently 3D tissue slabs (fibres and capillary network)
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Figure 1.6: A schematic illustration showing a planar cross—section perpendicular to muscle
fibre axis. Reproduced and modified from [I79], with permission.

with reasonable accuracy to allow for statistically significant results, (b) even
with accurate 3D imaging, computational Oy transport modelling is still limited
by computer capabilities, (¢) current 3D in silico modelling is memory hungry
and time consuming even for an idealised tissue of 30 fibres and 50 capillaries
(18 hour/run; [71], 125]) (d) high resolution anatomical and histological details
will have to be smoothed out, although as of yet no theoretical work has ever

attempted to justify or explore such an assumption;

6. in contrast, it is relatively easy to extract two-dimensional (2D) sections per-
pendicular to fibre orientation from muscle biopsies (see Fig. [1.6]), perform
histochemical staining to resolve micro-anatomical and functional details, and

export digital images of these for theoretical investigations of oxygen transport.

1.3.2 Current planar frameworks

From the previous review of theoretical modelling, there is a clear disagreement as
to whether Voronoi polygons can accurately represent capillary supply regions. For
example, with homogeneous and some heterogeneous (yet symmetrical) capillary ar-
rangements, Voronoi polygons match the biophysical predictions of capillary supply
regions perfectly [96] [186]. However, Voronoi polygons still pose many issues as pos-

sible representatives of functional capillary supply regions. In particular, Wang and
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Figure 1.7: A geometrical argument demonstrating the potential effect of different relative
strengths of adjacent capillary sources. (A) Voronoi polygon boundary. (B) Capillary supply
region boundary. Relative dot size reflects the relative source strengths. Reproduced from
[186], with permission.

Bassingthwaighte [I86] presented a geometrical argument showing that this agree-
ment is bound to worsen if the strength of adjacent capillaries varies extensively (Fig.
[1.7). Similarly, Egginton and Gaffney [49] have recently shown that breaking the
symmetry in capillary distribution can lead to deterioration of the representation of
capillary supply regions by Voronoi polygons. However, it is still unknown to what
extent the introduction of asymmetry in capillary distribution has an effect on the
ability of Voronoi polygons to capture functional capillary supply. More so, it is as
yet unclear whether Voronoi polygons can be a reliable candidate for capillary supply
regions and, therefore, it is apt to investigate how well Voronoi polygons represent
areas of capillary supply. Such investigations necessitate a consideration of the fun-
damental biophysical processes underlying Oy transport as well as geometries that

are faithful to the histological details of muscle tissue cross—sections.

1.4 Capillary oxygen supply

As detailed previously, the capillary supply of oxygen was originally conceived as
being restricted to a pre-defined area of the respiring tissue (e.g. Krogh cylinders
and capillary domains), which allowed the influence of the surrounding tissue to be
explored via models of tissue oxygenation. In particular, it was realised that a balance
must exist between the extent of this area of supply and the metabolic demand of the
surrounding tissue in order for muscle fibres to sustain healthy function. Despite this
insight into local oxygen regulation, these anatomical constructions proved to have
inherited artefactual spatial limitations that are dictated by idealised capillary and

tissue geometries. We devote this section to addressing this problem by detailing the
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current physiological use of capillary supply regions and deriving a realistic framework

on which mathematical models of oxygen transport can be based.

1.4.1 Local environment

In the previous section we emphasised the anatomical relevance of capillary supply
regions for applications of oxygen diffusion theory. Here, we discuss the physiological
importance of the natural partitioning of capillary supply regions by muscle tissue
fibres as dictated by the local heterogeneity in anatomy and metabolic demand sur-

rounding capillaries.

In early models of striated muscles, interstitial spaces are formed by close—
packing Krogh cylinders (Fig. , though in vivo observations reveal much more
local heterogeneity of muscle fibre cross—section, size and the associated capillary
distributions and interstitial regions (Fig. . Given the growth of capillaries is pre-
dominantly restricted to interstitial spaces, capillary distributions (and thus spacing)
is heavily influenced by fibre size and shape [50, 53]. Therefore, to objectively analyse
the growth process in tissue, capillary supply of oxygen needs to be explored in rela-
tion to the natural heterogeneous features of muscle fibres. The local nature of these
features dictates that objective measures of local capillary supply should incorporate

the cross—sectional heterogeneities of individual fibres and the capillary bed.

Exploring the extent of capillary interaction with the surrounding fibres is cur-
rently quantified in terms of the overlap between the planar capillary supply region
and the surrounding muscle fibres (Fig. [L.8 [5I]). In tessellating a muscle tissue
cross—section by regions of individual capillary oxygen supply, muscle fibres are un-
ambiguously partitioned in such a manner as to account for both the proximity of
neighbouring capillaries and the heterogeneity in their spacing. In particular, the cap-
illary contribution to an individual fibre is proportional to the fraction of its oxygen
supply region that overlaps the fibre. Hence, regardless of type, each fibre is effectively
supplied by a “number” of capillaries that is equal to the sum of fractional contri-
butions from all overlapping capillary supply areas. This definition characterises a
local capillary supply to individual fibres that is flexible enough as to account for (1)
the heterogeneity in local capillary spacing, (2) the influence of neighbouring fibres,
(3) the heterogeneity of fibre size, and (4) the influence of neighbouring capillaries.
If further refined by normalising by fibre area, this measure can provide direct infor-

mation about the balance between local capillary supply to and oxygen demand of

AL-SHAMMARI TRINITY 2014



CHAPTER 1. INTRODUCTION 19

+
+ N +
1 2
+ 1 +
e T
T N\
+ 015705 N
N\
5 0.14 \EE 3
+ +
4 +
+
- +

Figure 1.8: Muscle fibres partition capillary supply unambiguously by overlapping capillary
domains. The central domain (shaded) overlaps five neighbouring fibres (bold polygons
indicated by the numbers 1-5) in proportion to its proximity. Here, the physiological
premise is that capillary supply of the central capillary is divided among adjacent, and
metabolically similar, fibres in proportion to the overlapping domain fraction. The effective
local capillary supply to each such fibre is the sum of the fractional contribution from all
overlapping domains (capillary domain centroids are indicated by a + sign). Note that this
method allows capillary supply to fibres with no direct contact (e.g. fibre #5). Reproduced
from [51], with permission.

metabolically distinct fibres in mixed muscles. Indeed, not only have distributions
of idealised supply areas demonstrated a great sensitivity to adaptive microvascular
remodelling (angiogenesis) in skeletal and cardiac muscles [106], but also their derived
local supply indices have highlighted the importance of factors other than fibre size
in determining capillary oxygen supply (e.g. oxidative capacity; [I, 50} 193]).

1.4.2 Morphometric analysis

Morphometric analyses of striated muscles are quantitative analyses that seek to
adequately describe the anatomical (or histological) distribution of capillaries and
their interaction with muscle fibres to derive estimates of functional capillary supply
of oxygen (and other nutrients) [51], where ‘functional’ refers to the maximal allowable
capillary supply to meet maximum tissue oxygen uptake. Furthermore, it is important
to note here that the structural indices describing a capillary bed represent a limiting

factor only during the relatively infrequent bouts of maximal activity, thus they can
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only estimate the maximal capacity of a system [51]. However, this may be feasibly
extended to assess the functional characteristics of a normal physiological state by
estimating capillary supply of oxygen from mathematical models of oxygen transport
that are based on representative images of histological muscle sections. There are
currently numerous indices estimating capillary oxygen supply to tissue, and these

can be generally categorised into two: global and local indices.

1.4.2.1 Global indices

Many measures have been developed to estimate functional capillary supply of oxygen,
see for example [50], [5T]. Some of these measures are ‘scalar’ such as the capillary—to—
fibre ratio (C:F)), the intercapillary distance (ICD)), and the capillary density (CDJ).
These measures represent global averages of tissue properties, rendering them scale—
dependent as they can be greatly affected by fibre growth (or shrinkage) when the
tissue is subjected to local remodelling. Hence, such indices cannot account for the
local geometry of the underlying capillary distribution and instead only resolve global
details, neglecting potentially important cellular level details such as local pockets of

ischaemia [82].

1.4.2.2 Local indices

Measures based on distributions of capillary functional supply areas are far more
informative as physiological changes tend to occur locally (Fig. [51]), and thus
averages do not capture relevant information. In contrast to scalar measures, these
are typically scale-independent by definition and account for both local area and
capillary count variations. Further examples that are currently used by physiologists

include the local capillary—to—fibre ratio (LCFR)) and the local capillary density (LCD;
also known as the capillary fibre density, [CFD]), which will be detailed below.

1.4.3 Capillary supply regions

In an effort to develop a histological framework on which we can base mathematical
models of oxygen diffusion in tissue, we present two approximations for the capillary
supply region. Essentially, these are geometrical constructions that can be used as ba-
sis for the extraction of functional capillary supply areas from a muscle cross—section
(Fig. , hence generalising the concept of a Krogh cylinder. The first is called
a capillary domain (mathematically equivalent to a Voronoi polygon; Fig. [1.104)),
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Figure 1.9: Indices of local capillary supply show distinctive lognormal distributions,
demonstrating that capillary supply is qualitatively the same across different skeletal mus-
cles. (A-D) Cross sections from muscles with different fibre-type compositions are inset
against the frequency distribution of their capillary domain areas. Though the scale of the
images of tissue sections is not provided in the original publication [45], all muscle images
have the same scale. From [45], with permission.

which is a geometrical representation of capillary supply area that is based solely on
the spatial distribution of capillary locations. The second is called a flux trapping
region, which is the region predicted to be diffusively supplied with Os from individ-
ual capillaries in biophysical models of oxygen transport and thus is influenced by
parameter estimates for biophysical tissue properties as well as the observed geome-
try of the capillary bed. However, trapping regions are not simple to calculate and,
currently, physiologists use Voronoi polygons (defined in Section below), as a
convenient measure since all information is known only from the planar distribution

of capillaries in a muscle tissue cross—section [50), [82].

Indices derived from Voronoi polygons have become very useful for highly ho-
mogeneous tissues, such as the cardiac muscle (myocardium) [51]. For example, using
theoretical modelling based on the assumption of identical capillaries supplying tissue
with uniform Og consumption, Hoofd and co-workers [96] demonstrated that Voronoi
polygons closely match capillary supply regions in rat myocardium (Fig. [1.4)A), al-

though this match may be weaker in mixed muscles (Fig. [1.4B). Note, however,
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despite their success, the idea behind Voronoi polygons is still based on a naive
rationale, namely, that the muscle tissue should be served by its nearest capillary,
regardless of the metabolic surrounding. As we discussed before, in the presence of
structural and functional heterogeneity within tissue such an assumption should be

questioned.

1.4.3.1 Voronoi polygons

The Voronoi polygon (VP)) of a capillary is a polygonal section of a muscle tissue
cross—section that encompasses this capillary. In particular, this domain is made up
of all points in a muscle cross—section that are closer to this capillary than to any

other. An example of Voronoi polygons is shown in Fig.

We begin by assuming that in a muscle tissue cross—section, as in Fig. [L.I],
capillary locations are represented by a single point, say the centroid of each capillary
in the transverse image plane. Let V. denote the number of capillaries, x; denote the
position of the i*" capillary, and € represent the global domain. Then the Voronoi

polygon containing the i*" capillary is defined as the set

def

Vi {x ‘ x € |x — x| < |x— x|, k 7&1} (1.3)

This definition states that the Voronoi polygon associated with the i*! capillary
is the closure of the set of points which are closer to capillary ¢ than any other

capillary. Note that Voronoi polygons tessellate (2.

Voronoi polygons are easily determined from tissue cross—sections and very con-
venient to work with; thus they are used by physiologists to quantify capillary supply
of oxygen in muscle with the assumption that they are considered to represent the
area of muscle that receives Os from the capillary inside it. This appears reasonable
at first sight as it assumes that every tissue point should receive O, from its nearest
capillary. We know, however, that this is not always true; some capillaries further
away may supply a given area of muscle if they produce higher gradients of POs.
Nonetheless, Voronoi polygons may still provide a good approximation to the area of

muscle receiving O, from a capillary, and this will be investigated in later chapters.
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(A) Voronoi polygons (B) Flux trapping regions

Figure 1.10: Examples of Voronoi polygons and trapping regions tessellating the same
plane. (A) Voronoi polygons tessellating the plane. (B) Typical flux trapping regions
tessellating the same plane (i.e. the same planar capillary distribution). Capillaries are
represented by red discs.

It is also worth noting that every point in the muscle is either on or inside a Voronoi
polygon. Biologically, this implicitly implies that the entire muscle tissue receives
at least some O,. This is, again, something that does not hold in all cases; indeed
this study is motivated by diseases resulting from insufficient Oy delivery to muscle,
though anoxia is only relevant to the severe pathologies of cancer tissue, where such

approaches are not relevant due to the complexity of the vascular network geometry.

Derivative indices of the functional capillary supply for maximal activity are
the local capillary—to—fibre ratio (LC'F'R) and the local capillary density (LCD). To
define these, let ; denote the region of the j* fibre and let A(-) denote the two-
dimensional Euclidean measure. Then the LCFR and LCD of the j* muscle fibre

are mathematically defined as

o = A, N V) ar 1 A(; N Vi)
LOFR; &N~ 2500 LCD; < J .
=2 A(Vi) TAY) 2 A(Vi)

% 7

The meaning of these definitions is clear given a Voronoi polygon represents the
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region of a capillary supply (Fig. . LCF R; denotes the sum of the fractional areas
of all the Voronoi polygons intersecting the j* fibre. Thus, it is taken to represent
the fractional number of capillaries supplying the j* muscle fibre with O, i.e. the
number of capillary equivalents of supply at maximum supply capacity. Similarly,
LCD; is the number of capillaries supplying the j™ muscle fibre per unit area of

muscle fibre.

In particular, under the assumption that Voronoi polygon areas accurately rep-
resent the regions of capillary supply, the distribution of Voronoi polygon areas and
the distributions of their derivative indices can be used to estimate capillary supply
capacity [50, 82], following microvascular remodelling or disruptions in the regulation
between angiogenesis and oxygen demand [10, BT, 48, 112, 167, 194]. This is espe-
cially pertinent in the context of ischaemia due to disease and associated therapeutic
interventions, which include strength training [37, [I75], endurance exercise [T, [167],

electrical stimulation [43] and alterations in temperature [47, 48].

1.4.3.2 Flux trapping regions

The second capillary supply region we are interested in is the flux trapping region of
a capillary (Fig. [.10B)), sometimes referred to as a trapping region for brevity.
This is a collection of all points that ‘functionally’ receive O, from a given capillary,
at least according to the biophysical model under consideration. Here, functional
signifies the diffusive transport of Oy which depends on the properties of tissue as
well as capillary locations and intravascular capacity. Thus, for a given capillary, this
region is the smallest domain enclosing the capillary, with zero flux conditions on its
boundary. Put mathematically, given a PO, solution to the model equations of O,
transport in tissue, p, the TR D; C 2, with outward pointing normal n; is defined to

be the smallest domain satisfying

D; ¢ {XE 9) ‘ n,-Vp=0, x € aDz}. (1.4)

Note that this is a model-dependent definition. In particular, TRs take into
account some functional and structural physiologic parameters, depending on the

model assumptions. Each D; yields the region surrounding a capillary where the flux
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out due to the i** capillary is balanced by the flux due to all the other capillaries put
together. In contrast to Voronoi polygons, the sets D; need not tessellate €2; if they
do not, then there is at least one region in ) which does not receive O, from any

capillary.

Although TRs provide a more physiologically representative measure of how
the muscle partitions capillary oxygen supply, they are more challenging to work
with than Voronoi polygons. The exact position and size of Voronoi polygons are
known just from the position of capillaries. For physiologists, this is important as it
requires no experimental parameter estimation, mathematics or numerics to find the
predicted area of Oy supply. To know the area or position of TRs not only do we
need to know where the capillaries are, but also the POy at every point in the muscle,

which is inferred from modelling.

The analogous derivative indices, local capillary-fibre ratio (LCFR) and the
local capillary density (LCD), are defined by

def A(Q N Dl) def 1 A(Q N Dl)

%

By construction, the D; represent the region of supply of the i" capillary, at
least according to the model used to predict tissue PO,. In the physiological literature
[50, 51], however, Voronoi polygons are employed as representatives of this region
(capillary domains), and the validity of this assumption or otherwise dictates the
validity of the indices LCFR and LCD. Thus it is of particular interest to delimit
when the i*" Voronoi polygon, V;, yields a good approximation to the i** TR, D;, to
support physiological studies exploring functional capillary supply, its regulation and

disruption.

1.5 Dissertation objectives and plan

In an effort to address Krogh’s original plea for incorporating the influence of the
surrounding tissue in theoretical frameworks, a number of researchers over the last

three decades have emphasised capillary domains as useful histological conduits for

AL-SHAMMARI TRINITY 2014



CHAPTER 1. INTRODUCTION 26

exploring the supply-demand balance at the scale of a single capillary. Although such
a histological framework provides a geometrical means for developing mathematical
models of oxygen transport that allows an exploration of the functional capacity of
the microcirculation in striated muscles, there is yet to be a theoretical approach that

can systematically extend this framework to the normal physiological state.

Our general objective in this dissertation is concerned with exploring the trans-
port of oxygen in cardiac and skeletal muscle 2D sections via developing mathematical
and computational frameworks that can account for the anatomical and histological
details of tissue sections. Ultimately, we seek to build a theoretical framework of oxy-
gen diffusion that parallels the current morphological framework of capillary domains
and extends it to more usual physiological states given the complex geometries of,
and functional variability in, histological tissue sections. In particular, we wish to
develop research tools to assess and improve the current measures of local capillary

supply of oxygen.

Given the current application of capillary domains in the physiological litera-
ture exploring capillary oxygen supply, it is of particular interest to explicitly assess,
qualitative and quantitatively, the accuracy of capillary domains in approximating
the capillary supply regions of our biophysical models. This entails delimiting when
and where capillary domains may be expected to fail and to what quantitative ex-
tent this failure might be. With this, it becomes feasible to characterise when and
where capillary domain—based indices of local capillary supply are in fact likely to be
an accurate representation of the underlying transport processes. In addition, it is
desirable to correlate and interpret differences between capillary domains and their

biophysical counterparts with the underlying physiological state of the system.

To this end, we develop general transport models for sections from cardiac
and skeletal muscle biopsies, build a finite element computational framework, predict
spatial distributions of oxygen tension and consumption rates in tissue section and,
subsequently, derive a more realistic alternative to capillary domains, namely the flux
trapping regions. This allows for more sophisticated measures of capillary supply
capacity and is robust to the heterogeneities of the underlying transport process in
striated muscle tissues. This can potentially provide experimental physiologists with
a more robust tool for analysing the functional capillary supply of oxygen in muscle
tissues from animal models and, conceivably, human biopsies. Further, this tool may

reconcile previously conflicting analyses by improving interpretations of the local
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angiogenic response to tissue pathologies (e.g. ischaemia) and associated therapies,
potentially improving the current understanding of the therapeutic repair process of

pathologically damaged microvasculature.

In Chapter [2| we develop a theoretical model to describe oxygen transport from
capillaries to uniform muscle tissues (e.g. cardiac muscle). We systematically explore
the influence of increased heterogeneities in capillary distributions on tissue oxygen
levels and the quality of capillary domains in representing the underlying transport
process. Particular attention is given to the case of capillary rarefaction. This work
has been published in the Bulletin of Mathematical Biology, A. A. Al-Shammari et
al. [3].

In Chapter [3| we extend the previous modelling framework to explore the in-
fluence of the surrounding tissue by accounting for the spatial anisotropies of the
oxidative capacity and diffusivity of muscle fibres as well as the heterogeneity in fibre
size and shape, as exemplified by mixed muscle tissues (e.g. skeletal muscle). We addi-
tionally explore the effects of diffusion through the interstitium, facilitated—diffusion
by myoglobin, and Michaelis—Menten kinetics of tissue oxygen consumption. This
work has been published in the Journal of Theoretical Biology, A. A. Al-Shammari
et al. [4].

In Chapter ] we extend the model in Chapter [3] to explore the influences of
intracellular heterogeneities in mitochondrial distribution and diffusive parameters
on fibre and tissue oxygen levels as well as the capillary supply indices. This work
is being prepared for publication at the time of writing this dissertation with A. A.

Al-Shammari as lead author.

In Chapter 5| we demonstrate the potential of the models developed in the previ-
ous chapters by predicting oxygen tension and consumption distributions in sections
from myocardial tissue biopsies of rats with either impaired angiogenesis or impaired
arteriolar perfusion. Our quantitative predictions are used to help interpret exper-
imental measurements of cardiac performance and metabolism. Elements of these

applications have been submitted for publication:

e D. Hauton, J. Winter, A. A. Al-Shammari, E. A. Gaffney, R. D. Evans, S.
Egginton (2014), Changes to both cardiac metabolism and performance accom-

pany acute reductions in functional capillary supply, BBA General Subjects,
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and a further publication is planned:

e Hauton D, A. A. Al-Shammari, E. A. Gaffney, S. Egginton, Maternal hy-
poxia decreases capillary supply and increases metabolic inefficiency leading to

mismatch between oxygen supply and demand.

Finally, in Chapter [0, we conclude with a summary of the main results of this

dissertation and their biological implications, and indicate directions for further work.

We additionally supply Appendices [A] and [B] to provide details concerning the
computational aspects underlying this work with particular focus on the algorithmic
computation of trapping regions. Elements from these appendices and Chapters
have been published in the Springer Proceedings in Mathematics & Statistics 87,
Advances in Applied Mathematics, A. A. Al-Shammari et al. [5].
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Chapter 2

Oxygen Supply in Uniform Muscles

2.1 Summary

The ability to characterise capillary supply of Oy in muscles plays a key role in devel-
oping effective therapeutic interventions for numerous pathological conditions, such
as capillary loss in skeletal or cardiac muscle. However quantifying capillary supply
is fraught with difficulties. Averaged measures such as capillary density or mean
intercapillary distance cannot account for the local geometry of the underlying capil-
lary distribution and thus can only highlight a tissue wide, global hypozia. Detailed
tissue geometry, such as muscle fibre size, has been incorporated into indices of cap-
illary supply by considering the distribution of Voronoi tessellations generated from
capillary locations in a plane perpendicular to muscle fibre orientation, implicitly
assuming that each Voronoi polygon represents the area of supply of its enclosed
capillary. Using a modelling framework to assess the capillary supply capacity under
maximal sustainable conditions in muscle, we theoretically demonstrate that Voronoi
tessellations often provide an accurate representation of the regions supplied by each
capillary. However, we highlight that this use of Voronoi tessellations is inappropri-
ate and inaccurate in the presence of extensive capillary rarefaction and especially
non-uniform capillary perfusion resulting from variations in O, tension of different
capillaries. In such cases, O, flux trapping regions are developed to provide a more
general representation of the capillary supply regions, in particular incorporating the
additional influences of heterogeneity that are absent in the consideration of Voronoi

tessellations.
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2.2 Introduction

Aerobic respiration for virtually all mammalian cells is contingent on a local capil-
lary bed establishing an adequate partial pressure gradient for O, diffusion to drive
its transport. This in turn depends on numerous factors including the distribution,
perfusion and tortuosity of capillaries; mitochondrial locations; variations in the cap-
illary blood flow and haematocrit; the interstitial and cellular geometry; the levels of
facilitated diffusion; the interaction of haemoglobin and oxygen; tissue temperature

and intracellular composition [106].

Understanding O, transport at the cellular level poses outstanding difficulties,
for instance quantifying the link between cellular demand and capillary supply, whilst
current experimental interrogations at the scale of several microns are laborious with
limited resolution. However, skeletal and cardiac muscles exhibit a relatively simple
histological structure, with capillaries typically parallel to muscle fibres, as illustrated
in Fig. 2.1} Consequently, numerous theoretical models have been developed to give
insight into microvascular Oy transport in muscle, as initiated by Krogh and Erlang’s
1919 cylindrical model [120], and culminating in relatively recent 3D microvascular
oxygen transport modelling studies [12], [71l, [169] as overviewed in Chapter . There
we have also seen how Krogh’s influential ideas have been used to characterise muscle
tissue capillary supply and that the inability to tessellate tissue space with Krogh
cylinders has motivated more sophisticated, space—filling, approaches. In particular,
in the cross section of the muscle, as illustrated in Fig. Voronoi polygon rep-
resentations for the regions of capillary oxygen supply have often been considered
[10, 31, 88, 112], 118, 158, 167, 180-182, 193] and derivative indices are also of key
interest [50] in classifying, exploring and detecting the (dys)regulation of functional

capillary supply capacity.

In detail, a Voronoi polygon is an area within a tissue cross—section that encloses
a capillary whereby every tissue point is closer to this capillary than to any other, as
illustrated in Fig. Its adoption as a representation of capillary supply region can
be attributed to its ease of use and the absence of detailed parameter estimation, and
the first to effectively explore Voronoi polygons were Gonzalez-Fernandez and Atta
[72]. They considered capillary geometries that led to various regular tessellations of
the plane, including hexagonal tessellations. While Voronoi polygons will represent
capillary supply regions for perfectly symmetric capillary distributions within tissue

of homogeneous oxygen consumption, a sufficiently pronounced asymmetry will, in
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Figure 2.1: (A) typical tissue cross—section of rat skeletal muscle (m. extensor digitorum
longus) with capillary location identified by alkaline phosphatase staining. (B) On the
right is an expanded region of the left hand image. The dark structures are capillaries,
the lighter objects are muscle fibres, and the lightest region is the interstitial space. Note
the heterogeneity of intercapillary distances between adjacent vessels, in part reflecting
heterogeneity of cell size in the host tissue [50, [53].

general, lead to a breakdown in the correlation between Voronoi polygon and capillary
supply regions [49]. However, it is still unknown to what extent introducing physio-
logically representative asymmetries in capillary distribution influence the quality of
Voronoi polygons in capturing capillary supply capacity. As we have already noted,
Wang and Bassingthwaighte [186] criticised the use of Voronoi polygons for asymmet-
rical capillary arrangements, concluding that they are inappropriate. However, the
study was based upon a mathematical analysis that necessitated the consideration
of unphysiologically low capillary densities. Hence, this still leaves the question of
whether Voronoi polygon indices are appropriate in the physiological setting. There-
fore, our objective has been to explore a general model of oxygen transport under
maximal sustainable conditions in tissue, characterising where and when Voronoi
polygon indices are likely to accurately represent the underlying transport processes,

while also characterising an alternative index of capillary supply capacity in muscle.
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Figure 2.2: The Voronoi polygon tessellation superimposed on the magnified tissue cross—
section from Fig.

2.3 Methods

The cross sections in Figs. 2.2| are microscopy images of rat skeletal muscle,
m. extensor digitorum longus, prepared via flash freezing in liquid nitrogen-cooled
isopentane and cryostat sectioned at -20 °C with the capillary location identified using

alkaline phosphatase staining [48].

2.3.1 Key definitions

We consider a cross section of tissue, as in Fig. 2.2 where the capillary locations are
represented by a single point, e.g. the centroid of each capillary in the image plane
of the muscle cross—section. Let N. denote the number of capillaries, and x; denote

the position of the i*® capillary with  representing the global domain.

2.3.1.1 Voronoi polygons

Recall from Chapter (1| that the Voronoi polygon (VP) containing the i*" capillary

with centre x; is the set

Vie{x | x e 0 Ix—xl < -l k) 1)
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2.3.1.2 Trapping regions

For a given capillary with a positive oxygen flux at its boundary (vessel wall), we
recall that the trapping region is the smallest domain which contains the capillary,
with zero flux conditions on its boundary. Thus, as previously defined, for a solution
of the model equations for tissue Oy partial pressure p, the trapping region D; C ()
of a capillary with centre x;, with outward pointing normal n; is defined to be the

smallest domain within a closed boundary containing x; and satisfying
8Di:{x’er; nl--szo}. (2.2)

In addition, when the model prediction for O, flux at the capillary wall is
negative, the trapping region is empty. Finally, when a mixture of positive and
negative O, fluxes is present at the capillary wall, the boundary of the trapping
region can also consist of the capillary boundaries so that each trapping region gives

the predicted region of O, supply for each capillary.

Clearly, the above is a model-dependent definition. Each D; yields the area
surrounding a capillary where the outward flux due to the i*® capillary is balanced by
inward flux due to all the neighbouring capillaries of contiguous supply regions. In
particular, the regions D; need not tessellate €2; if they do not, then there is at least
one region in 2 which does not receive any oxygen from any capillary. Therefore, by
construction, D; represents the region of supply of each capillary, according to the
model used to determine the Oy partial pressure, p, in tissue. When Voronoi polygons
are used to represent the region of capillary supply, the validity of this assumption
dictates the validity of capillary supply capacity indices. Thus we are interested in
delimiting when the i*® Voronoi polygon, V;, yields a good approximation to the *®
TR, D;.

2.3.1.3 The Region of Interest

Motivated by experimental practice, we introduce the region of interest, a square
box within the disc and concentric with it, which is used to select capillaries for

consideration. The edges of this region are further from the edge of the domain than
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Figure 2.3: A graphical illustration of the inclusion criteria for the region of interest. Black
lines = edges of Voronoi polygons, Blue shading = included Voronoi polygons, Blue lines =
the region of interest (Solid = inclusion lines; Dashed = exclusion lines), Red open circles
= capillary rims, and Black circle = domain boundary.

the intercapillary distance as the objective is to remove domain boundary artefacts,
as can be confirmed a posteriori. The upper and left-hand sides of the square are
identified as inclusion lines, and the lower and right-hand sides are, in contrast,
exclusion lines [46]. A capillary domain of influence is counted as within the region
of interest if it falls entirely within the box, or if it falls partly within the box and
overlaps inclusion lines only (see Fig. [2.3)). To ensure robust statistical measures we
consider identical populations of capillaries, using Voronoi polygons only to represent
the capillary domain of influence when considering the inclusion criteria for the region
of interest. Furthermore, these criteria allow the tessellation of multiple regions of
interest without double counting artefacts, so that it may represent the basis for

considering transport processes at higher scales.

2.3.2 Statistical analysis

In Table we define the statistical measures that will be used. These utilise D;

and V;, the " trapping region and Voronoi polygon, as 2D domains, respectively
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Statistic Definition

BA = normalised mean of difference meaﬂgg?j)(l_)gg‘/i)l]
oA = normalised standard deviation of difference W
A = normalised mean of intersection %

on = normalised standard deviation of intersection %

oyp = normalised standard deviation of Voronoi polygons %

OTR = normalised standard deviation of trapping regions %

LR = mean ratio mean[:((gii))]

OR =  standard deviation of mean ratio std[ﬁ((gii))

Table 2.1: Statistical measures for all capillaries ¢ in the region of interest. These are
used to evaluate the quality of Voronoi polygons. Here, D; and V; are the i*" TR and
VP respectively, and N denotes their spatial intersection. Here, std refers to the standard
deviation, mean denotes the arithmetic mean, |- | denotes the absolute value, and A(-) is
the non-dimensional area. See section 2.9.3 for a discussion of these measures in the context
of our O2 transport simulations.

within the region of interest and D; NV, their intersection. For a tissue cross—
section containing 204 capillaries, the region of interest typically includes about 50
capillaries which are used to generate statistics, though we can obtain a smaller sample
in the case of rarefaction. In Table 2.4 we present the statistics defined in Table
together with area correlation coefficients, CC, for various capillary arrangements.
The correlation coefficient between TR and VP areas is defined as their covariance

divided by the product of their standard deviations:

> (Xi_X)(Yi_Y)

CC = ,
VI (X - X)) (v - 7

(2.3)

where X; is the area of the i*" Voronoi polygon, Y; is the area of the i*" trapping

region, and X, Y are the arithmetic means of these areas.
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Figure 2.4: A diagram illustrating the perturbative method we use for generating hetero-
geneous capillary arrangements from a hexagonal array of capillaries. [ = side length,
= side length fraction (our perturbative parameter), ¢ is a uniformly distributed angle in
[, ), and x denotes a capillary centroid.

2.4 Domain geometry

For our model, capillaries are initially placed based on a hexagonal array to mimic the
approximate distribution of capillaries in select oxidative muscles. The heterogeneity
in capillary placement is introduced by a perturbative method, with the addition of
a random vector to the position of each capillary (an illustration of this method is
presented in Fig. . The random vector has a magnitude that is a fraction of
the hexagonal array side length, [, while its direction is based on an angle, ¢, that
is uniformly distributed on [—m, 7). We refer to perturbations via the parameter (3
defined by the relative magnitude of the random vector to the hexagonal array side
length, and consider it as a measure of heterogeneity, with larger values indicating

more heterogeneous arrangements. Hence we take

Xperturbed = Xoriginal + ﬁl(COS Cb, sin qb)a ¢ € [—77', W)' (24)

We consider regular, perturbed, random and real distributions of capillary ar-
rangements (Fig. . For regular and perturbed distributions, we initially place
N, capillaries on a hexagonal array. For regular distributions the capillaries are not
perturbed, while for small, medium and large perturbations we then generate the cap-
illary locations using Eq. , respectively taking g = 0.25,0.50,1.00. In addition,
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Slightly rarefied Severly rarefied Non-uniform p,,

Figure 2.5: The geometries used for our model. Perturbed capillary arrangements are

based on Eq. (2.4).

random distributions are generated with a uniform probability per unit area; in con-
trast, real distributions are based on a muscle image cross—section where the capillary
arrangement is taken from a rat extensor digitorum longus muscle image rescaled onto

the unit disc. Finally, we consider three rarefied capillary arrangements: slight, se-
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vere and rarefied muscle. To generate the rarefied distributions, capillaries are simply
removed from a capillary arrangement that is either randomly generated or extracted

from a rat EDL muscle.

2.5 Mathematical formulation of the model

In the following we develop a detailed model for Oy transport under maximal sus-
tainable conditions in muscle tissue, as exemplified by the typical tissue cross—section
presented in Fig. [2.1] where the lengthscale of a capillary cross—section is of order
2 —4 pm.

2.5.1 Modelling assumptions

We examine O, transport in a two-dimensional domain representing a cross—section
of skeletal muscle tissue. Perpendicular to this domain, an array of small capillaries
of circular cross—sectional shape supply the tissue with O through passive diffusion
[155]. Axial diffusion of O in tissue can be neglected as long as the ratio of character-
istic intercapillary distance (O(10) pm) to capillary length (O(10%) um) is sufficiently
small, an assumption that is supported experimentally when myoglobin-facilitated dif-
fusion is limited [68, [119]. In turn, myoglobin facilitation can be neglected when the
tissue POy is well above pyb50 = 2 — 5 mmHg [71] [155], where pym, 50 is the tissue

PO, at 50% O, saturation of myoglobin.

2.5.1.1 Governing equations

Excluding unphysiologically high Oy concentrations, the oxygen flux, J, can be as-

sumed to be proportional to the gradient of Oy concentration, ¢, via Fick’s first law

J = —-DVc,

where D is the O, diffusion coefficient in muscle tissue. By Henry’s law we have
¢ = ap, where p is the tissue PO, and « is the coefficient of tissue O solubility. Thus,

in the absence of axial and myoglobin-facilitated diffusion, conservation principles give

d(ap)
dt

= V- [aDVp] — M(p), (2.5)
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where M is the rate of Oy consumption in tissue. Note that, for a timescale of hours,
this process is in quasi-steady state (see Table . Moreover, we assume that M is
constant and uniform, and thus we implicitly assume that oxygen supply is sufficient
to ensure that uptake is at saturation levels. As detailed by Wilson et al. [190],
this necessitates that tissue POy is above a critical value, denoted peritica;, Which
is approximately 0.5 — 1.0 mmHg [69, 190]. Thus, for model consistency with the
assumption of limited myoglobin facilitation, we only consider parameter scenarios
with p > pubso > Paitical [162, 163] and hence M(p) = M, a constant metabolic
demand. This likely pertains to a range of tissue activity from rest to sustainable

aerobic activity in muscle, i.e. endurance exercise.

The domain geometry is typically obtained by considering a circular tissue cross—
section and then rescaling onto the unit disc, D'. Capillaries are assumed to possess
a circular area, C;, and a boundary, 0C;. Therefore, we seek to investigate PO, in a
region of the unit disc that excludes the capillary lumina, Q := D'\{J,C;. Thus, our

model oxygen transport equation is reduced to

aDV’p—My=0, x€Q. (2.6)

2.5.1.2 Boundary conditions

We consider the partial pressure and flux of Oy at the blood—tissue interface of the
capillary wall. Since it is well known that there is a finite intracapillary resistance to
blood-tissue Oy transport [55], we can utilise the mass transfer coefficient [62, [71],
k, which gives a quantitative measure for mass Oy transport from haemoglobin and
through the capillary—tissue interface. Letting each capillary have an inward normal,
n;, such that n; is outward to the region 2, conservation of mass at the capillary wall

requires

k(pcap - p) = Jwall = _QD% =n;- &Dvpa X € 8017 (27)

where peap is the transversally—averaged partial pressure of Oq in blood (intracapil-

lary), Jyan is the capillary—tissue Oy flux, p is POy at the external capillary wall, and
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r is the radial coordinate. Additionally, a no-flux boundary condition is imposed at
the outer boundary of the tissue, effectively the muscle fascicle, to signify no exchange

across it

Even when the domain boundary within the model does not represent a phys-
iological fascicle, the use of this no-flux boundary condition is still justifiable within
the context of our study, as we justify a posteriori that perturbing this condition does
not influence the system behaviour away from the boundary. In particular, our inves-
tigation will be based on a representative internal region of the tissue cross—section in
which boundary effects become practically negligible, as described in Section [2.8.3.1]

2.5.2 Non-dimensionalisation

We nondimensionalise the spatial scales and partial pressure. With N, capillaries
in a disc of diameter L and an average density of p, we have 7(L/2)* = N,/p, i.e.
L = \/AN,/mp. This is used along with p,, to non-dimensionalise our model equation

and boundary conditions. Hence, the non-dimensional problem to solve is

Vip—pu=0xe€Q, (2.9a)
15,
PL—0, n-Vp| =r(m—p), (2.9b)
87’ r=1 oC;
LM, Lk
= =, 2.
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Here € is the unit disc excluding capillaries, C; is the i*" circular capillary with
non-dimensional radius € = 7¢,p/L, n; is the normal inward to the ith capillary and
outward to €2, u > 0 is the non-dimensional metabolic demand, x > 0 is the nondi-
mensional transfer coefficient (capillary permeability), and 7; is the non-dimensional
PO, at the i*" capillary wall. Note that p is non-dimensionalised by the maximum peap,
such that the i*" capillary has a unit non-dimensional partial pressure when perfusion

is uniform or a value n; < 1 otherwise.

2.6 Model properties and parameters

2.6.1 Uniqueness of solution

Given the PDE problem ([2.9)) describes the distribution of PO, in tissue (p), for every
i€ {l,...,N.}, the boundary condition on 9C; is n; - Vp = k(n; — p). When the O,
tension is higher inside capillaries (p < 7;) the flux is then outward to the capillary

(—0,p > 0), so that x is positive. The solution is unique, as we now demonstrate.

Let ¢ := p — p for two possibly different solutions p, p which satisfy Eq. (2.9al).
Thus V2q = 0 with boundary conditions n; - V¢ = —kq on capillaries and n; - Vg = 0

on the unit circle. By Green’s identity, we employ these boundary conditions to get

OS/(Vq)QdA:j{ q(ni~Vq)d5—/qV2qu:—mZ ¢*ds <0,
Q o0 Q

i JOC;

and therefore

| varaa=o

which implies ¢ is constant on 2. Consequently,

]{ ¢*ds =0,
aC;

which further implies ¢ = 0 on all 9C;. Thus p — p = ¢ = 0 on 2 and the solution is

unique.
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2.6.2 Nature of trapping regions

The streamlines associated with the gradient of POy, Vp, are the integral paths of

the dynamical system
— = —Vp, (2.10)

where s parametrises the integral path. We note here that the TR associated with a
capillary is the area of the muscle reached by streamlines emerging from the boundary
of this capillary. Below we assume that all capillaries act as O, sources with no regions
on their boundaries where O, flux is from the tissue into the blood compartment,
unless explicitly stated otherwise. This is valid for all examples considered here
except for non-uniform perfusion. In addition, note that the TRs considered below
will tessellate the domain, requiring that Oy supply is sufficient to prevent anoxia; the
latter is highly pathological and the required parameter regimes are not considered

in this study.

2.6.2.1 Area of trapping regions

Recall the TR D; C 2 of a capillary with centre x;, with outward pointing normal n;

is defined to be the union of the smallest domain satisfying
Di:{XGQ‘ ni-Vp:(], XE@Di}. (211)

Using by 4; to denote the area of the i*" TR, D;, we integrate Eq. (2.9a]) over

this region to obtain

A, = —jgc_ (= p) ds, (2.12)
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Trapping region

Capillary

Figure 2.6: A diagram illustrating how a negative POs flux at the capillary wall would
lead to a zero—area trapping region. Left, in the case of postive capillary POy flux, formula
(2.13) is valid and the TR area is positive. Right, when the capillary wall has a negative
PO, flux, formula is no longer valid and the TR area is zero. Note that when part
of the capllary wall has a negative POy flux a valid formula should have the integrand of
formula multiplied by an indicator function for positive POy flux.

where ds is the anti-clockwise parametrisation element around the capillary and the

trapping region. Note that, for a fixed capillary radius e, this further simplifies to

€K 2

A= (= pel0)) a0. (2.13)

When any region of a capillary boundary acts as a sink, with an oxygen flux
from the tissue into the blood compartment, the above equation for trapping region
areas is not valid. This only occurs in our study for the case of non-uniform perfusion,
and then we observe that all such cases have all streamlines at the capillary boundary
pointing away from the tissue and into the capillary interior (see Fig. . In this
instance, the trapping region is of zero area, allowing the evaluation of numerous

statistics even in the case of a non-uniform perfusion.

We note that this provides the simplest and most accurate means to calculate

trapping region areas from the numerical solution of the partial pressure. While the
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resulting area does not require the geometric determination of the trapping region,

the trapping region geometries are also determined as described in Section [2.8.2]

Central to the numerical computation of trapping regions of oxygen partial
pressure, PO,, is the concept of a streamline. A streamline for a vector field is a curve,
the direction of which coincides at each point with the direction of the vector field;
that is, at all locations it is tangent to the vector field. We consider the streamlines
associated with the gradient of POy, Vp, and note that these are the trajectories
(integral paths) given by Eq. (2.10). Therefore, a trapping region is an area of the
muscle reached by streamlines emerging from a given capillary and hence streamlines

can be used to determine trapping region boundaries from modelling predictions of
oxygen partial pressures, as detailed in Sections [2.6.2.2] and [2.§

2.6.2.2 General properties of the trapping regions

When Vp = 0, we have a stationary point in the phase plane diagram associated
with Eq. (2.10). Given the above is a gradient dynamical system, the Jacobian
matrix must be symmetric. In particular, a nondegenerate stationary point of this
system is restricted to a dynamical system sink, source, or saddle [78] and neither
periodic streamlines (limit cycles) nor homoclinic connections can exist in a gradient

dynamical system [78], 90].

Furthermore, no source exists other than possibly on capillary boundaries: at an
interior source point, both p,, and p,, are negative or zero, giving the contradiction
0 > V?p = pu > 0. Similarly, maxima may not occur on the domain boundary (the
unit circle). In polar coordinates, a maximum on the domain boundary satisfies ps = 0
and pgg < 0. The boundary condition is p, = 0 which, by Taylor expansion about
r = 1, gives p,, < 0. Then, as above, we have the contradiction 0 > V?p = u > 0.
In addition, when no region of a capillary boundary acts as a sink, with instead the
oxygen flux always from the capillary into the tissue, or vice-versa, no point on a
capillary is a stationary point as p, # 0, where the subscript r denotes the derivative

of p in the normal direction pointing away from the capillary.

Hence, when streamlines emanate from capillary boundaries, the fact there are
no sources in the tissue implies, from the Poincaré-Bendixson theorem [90], that a
streamline within a trapping region can only approach a closed loop that is made

up by heteroclinic connections of dynamical system stationary points. In principle
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these stationary points may be degenerate, and thus non-hyperbolic, but this is not
observed in practice (and the appearance of non-hyperbolic stationary points would
require mathematical precision in parameter values, with a concomitant sensitivity in
model behaviour). Hence we have that the trapping region boundaries are connections
between the allowed hyperbolic stationary points, i.e. saddles to saddles or saddles
to sinks, noting that sink-sink connections are inconsistent with Eq. (2.10). Fur-
thermore, Wang and Bassingthwaighte [I86] have shown that only saddle-minimum
heteroclinic connections are possible on the boundary of a trapping region. This
latter property, combined with stationary point hyperbolicity (and that stationary
points are finite in number), as observed in practice, implies that Eq. is a
Morse-Smale gradient field [78], and thus the dynamical system is structurally stable
[140].

The above properties of gradient dynamical systems are used below for a numer-
ical algorithm that calculates the trapping region boundary given that all capillaries
act as oxygen sources with no regions on their boundaries where the oxygen flux is

from the tissue into the blood compartment.

2.6.3 Parameter values

Our parameter values are given in Table and based upon those presented by
Goldman et al. [71], which in turn are based on numerous experiments [, 15, 23], 140,
58, 011 110, 11T, 127, 134, T74]. The lengthscale, L, can be derived by assuming the 612
capillaries in the unit disc have a dimensional density of 1400 mm~2 [71]. Although
rat EDL muscle (m. extensor digitorum longus) has generally lower capillary density
values that depend on animal mass and adaptation, the capillary density we use is
typical for a heart muscle. The use of such scalings is justified in the sensitivity
analysis we present in Section [2.6.4} In addition, we briefly consider variations in peap
within a tissue for one of the simulations below. Due to possible experimental errors
in estimating these parameters and natural variations, we also explore the influence

of parameter variations in detail below.

2.6.4 Dependence on parameters

In the non-dimensionalised model there are N, + 3 parameters: k, u, € and 7; for
1 = 1,...,N.. The non-dimensional metabolic demand, u, determines how much

O, is absorbed by the tissue, and the non-dimensional mass transfer coefficient or
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Parameter Symbol Value Unit

Tissue Og solubility Q 3.89 x 107° ml Oy ml™! mmHg™!
Tissue O diffusivity D 2.41 x 107° cm? 1

Tissue Og uptake My 1.57 x 1074 ml Oy ml~ ! s71
Mass transfer coefficient k 4.00 x 1076 ml Oy s7! cm ™2 mmHg ™!
Average intracapillary POq Deap 20 mmHg

Capillary radius r 1.8 pm

Capillary density p 1400 mm 2

Number of capillaries N, 612

Lengthscale L 7.46 x 1072 cm

Capillary permeability K 318.32 non-dimensionalised
05 uptake 7 18.64 non-dimensionalised

Table 2.2: Except for number of capillaries, parameter values above the line are taken from
[71], while those below the line are derived values. The number of capillaries is estimated
from the capillary density. Note that pD ~ 3s~! indicating that the transport equation,
Eq. , is in quasi-steady state for timescales of hours and longer, as the evolution of the
system towards the steady state is driven by the timescale emerging from diffusion and the
intercapillary distance ~ 1/p/2.

capillary permeability, k, is a measure of the Oy flux leaving the capillary. The areas
of the trapping regions are given by Eq. (2.13) and so are ostensibly dependent on
K, ft, the non-dimensional capillary radius e, the i*" capillary non-dimensionalised
partial pressure, 7;, and the solution p. Below, we consider uniform perfusion so that
all the n; are equal and denoted by 7. For non-uniform capillary supply, there are
no analogous simplifications in the parameter dependencies of the trapping regions;

however studying such complications is not our focus.

2.6.4.1 Independence of p.,, and

We consider a rescaling of the equations to show that trapping region areas and shapes

are independent of p, 1, and a rescaling of p.

Fixing x, n and €, we rescale u — &u. Then, let p denote the solution of Egs.
f with parameters k, 1; = 1, €, and (u). By uniqueness, the solution p
must satisfy p = &p — En+n. This clearly satisfies Eq. for the given parameter
values, while direct differentiation gives Vp = £Vp. Thus, all no-flux boundary
conditions and stationary points are unchanged because Vp = 0 = Vp = 0 provided
¢ # 0. In addition, the streamlines and trapping regions, are unchanged as the

streamline parameter may be rescaled to give
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dx@

= dX Pp—
Vp=¢Vp= —f% = _E’ - €.

Integrating Eq. (2.9a]) over the trapping region gives

/L»_i/ n, - Vpds = — [ n;-V(&p) ds = A;,
& Jop; §i Jap,

where the ¢ cancel to give the same expression as Eq. (2.12)). Thus the modelling

predictions do not depend on changes in p, while holding other parameters fixed.

Instead, fix k, € and u, and rescale n — (n. Then p = p — n + (n satisfies Eqs.
(2.9a)—(2.9b)) with the rescaled value of the nondimensional capillary partial pressure,
(n. By analogous reasoning to the above, we have that the streamlines and trapping

regions are unchanged.

2.6.4.2 Insensitivity to x and p

Table presents statistical measures for the geometry of rat EDL muscle (see Fig.
, but with the non-dimensional capillary permeability, x, reduced by factors of two
and four, reducing oxygen supply into the tissue. Note that there is not an extensive
difference on comparison with the unperturbed case, highlighting an insensitivity
to K, though the agreement between the Voronoi polygons and trapping regions is
slightly reduced. This trend holds given the permeability is sufficient that oxygen
levels are adequate for maximal uptake; analogous comments hold for variations in

the dimensional capillary density p.

Note that the non-dimensional capillary radius, €, depends on the dimensional
value and the scaling (see Table. Recall that the latter is L = \/W , where N,
is the number of capillaries in the non-dimensional unit disc and p is the dimensional
capillary density. Thus, assuming the dimensional capillary radius does not vary
between capillaries in the cross-section, varying € is equivalent to varying p. Thus,
the above observations of insensitivity also apply and more generally we have that
the trapping region statistics used in the main text are robust to variations in the

model parameters, at least in the case of uniform capillary Os.
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HA OA Hn on cc on HR
Unperturbed 0.1501 0.1548 0.9297 0.1764 0.9483 0.2529 0.9241

) 0.1517  0.1551 0.9296 0.1768 0.9470 0.2529 0.9242
5 0.1528 0.1553 0.9294  0.1770 0.9464 0.2529 0.9239
4p 0.1516 0.1553 0.9296 0.1768 0.9471 0.2529 0.9242
16p 0.1526 0.1551 0.9295 0.1771 0.9466 0.2529 0.9238

Table 2.3: Statistics determined from areas of VPs and TRs for the geometry of rat EDL
muscle cross—section as in Fig. Results for unperturbed and perturbed parameters are
presented. We consider reducing the non-dimensional capillary permeability, «, by factors
of two and four, and increasing the dimensional capillary density, p, by factors of four and
16. Refer to Table and Eq. for definitions of these statistical measures.

2.7 Model limitations

It is assumed in the model that oxygen partial pressures in the capillaries are constant
and equal. This is likely to be the case under maximal aerobic capacity in muscle,
whereby all capillaries are perfused. In contrast, under sub-maximal work only a
fraction of the capillaries are perfused. In addition, assuming a constant metabolic
demand entails the implicit hypothesis that the tissue is never subjected to sufficiently
low O levels (hypoxia) such that its mitochondria would be unable to extract O, at
the maximal rate [166], T90]. In particular, in the case of a uniform capillary supply,
Peap Can be chosen in our model such that the tissue PO, values do not fall below 5
mmHg, thus giving a maximal Oy uptake and minimal myoglobin facilitation. Indeed,
in the presence of very low Oy levels (p < 0.50 mmHg), metabolic demand may have a
partial pressure dependence in accordance with Michaelis-Menten kinetics [155] [190]
and the influence of myoglobin facilitated—diffusion may become significant. Further,
we have assumed that the muscle fibre uptake of Oy, My, is uniform, although ad-
jacent muscle fibres may have varying oxidative demands; this additional source of
heterogeneity is neglected here and will be explored in a subsequent chapter. Finally,
since our model predicts the behaviour of this system within the limits of capillary
supply capacity and no-axial convection and diffusion, its results are currently re-

stricted to 2D muscle cross—sections, but in principle extendible to 3D image stacks.

2.8 Numerical solution

We solve Egs. (2.9a))-(2.9b]) to determine the oxygen partial pressure. This is accom-
plished by using the finite element method (see Appendix [A]). The mesh used was
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generated by the PDE toolbox provided by Matlab [132] (see Appendix . To re-
solve areas of rapid change in oxygen partial pressure gradients, and thus improve the
accuracy of the computed solution around capillaries, an adaptive meshing technique

was used.

2.8.1 Streamlines

Streamlines were computed by numerically solving Eq. (2.10) via Heun’s method
(see Appendix . As frequent numerical evaluations of Vp are required by this
numerical solver, linear interpolation is called upon to provide approximate values

within elements of the finite element solution.

2.8.2 Trapping regions

As above, in discussing trapping region properties, we assume that the flux of oxygen
on capillary boundaries always points into the tissue compartment. We have that
each trapping region is delimited by a collection of heteroclinic connections of type
saddle-minimum. Such orbits of Eq. are estimated numerically using the
methodologies described in Appendix [A] Here we describe these briefly:

(1) the unstable manifolds emerging from each saddle point are determined within
machine level tolerances exploiting the local Hartman—Grobman theorem for

hyperbolic equilibrium points of dynamical systems [7§];

(2) integration proceeds until ending at a dynamical system sink, thus giving the

saddle—sink connection;

(3) all these connections are determined and the resulting tessellation of the do-
main gives the trapping regions, each of which is identified with the capillary it

encloses.

2.8.3 Accuracy

Given the complexity of our model geometry and boundary conditions we resort
to checking the accuracy of our numerical solutions against cases where a tractable
analytical solution is feasible. It is not surprising to find that highly symmetrical

capillary arrangements yield such tractable solutions. For example, given a single
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capillary centred at the origin, (0,0), we obtain the following radially symmetric

solution for Eq. (2.9a)—(2.9b)

2_ 2 2
wlre—e ee—1 €
g B In<
) B |
where r = ||x||, 1 is the non-dimensional capillary POs, p is the non-dimensional

uptake, x is the non-dimensional permeability of the capillary, and € is the non-
dimensional capillary radius. Upon comparison with the finite element solution of

the same problem the computational error is

||pexact - pnumerical”oo - 0(10_3)

2.8.3.1 Finite domain vs. zero-flux boundary condition

Given our domain is finite in size, it is important to recognise any potential influences
that may be caused by imposing an ‘artificial’ external boundary condition. We
remark here that imposing a no-flux boundary condition at the external boundary is
observed to have a negligible effect on our modelling predictions, particularly within
the region of interest. This has been checked by perturbing the exterior no-flux
boundary condition to incorporate a small sinusoidal flux of the form

Ip

ar

where |¢] < 0.1 to confirm that the trapping regions within the region of interest

= ecosb,

did not differ to any significant extent. Additionally, since for uniform perfusion and
oxygen demand the trapping regions underlying a symmetric capillary distribution
must match the corresponding Voronoi polygons, comparing our numerical predictions
of trapping regions with Voronoi polygons in this case will give an estimate of the
error incurred by both our calculations and the no-flux boundary condition (see Table
. These confirm that the modelling predictions are insensitive to details of the

boundary condition at the domain’s external perimeter.

2.9 Results

We solve Egs. (2.9a)—(2.9b)) for the PO,, enabling a derivation of the streamlines via
Eq. (2.10), and a subsequent determination of TR areas using Eq. (2.13) and the
TR geometries using the numerical methodologies in Section [2.§
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2.9.1 Simulations and qualitative correlation

2.9.1.1 Spatial profile of PO,

The range of PO, is an increasing function of heterogeneity, with the widest range and
lowest PO, found in severe rarefaction and heterogeneous capillary perfusion (Figs.
and [2.10]A). Some capillaries act like sinks for oxygen when the local O, levels are
higher than the capillary supply, even though the range of capillary partial pressures
was restricted to 10 — 20 mmHg (non-dimensional range = 0.5 — 1.0; Fig. 2.8][).

2.9.1.2 Comparison of predicted supply domains

The boundaries of the Voronoi polygons are indistinguishable from those of trapping
regions in the case of perfectly symmetrical capillary arrangement (Fig. ) This
is not the case for the other arrangements where boundary deviations become more
pronounced with increasing heterogeneity (Figs. -H and ) In the case of
non-uniform capillary perfusion (Fig. ), such boundary deviations are much more

pronounced, despite the fact the range of capillary partial pressures was limited.

2.9.1.3 Variability in predicted supply domain areas

Frequency histograms for the areas of the trapping regions and Voronoi polygons
confirm that distributions are narrower for more homogeneous capillary arrangements.
In all cases, trapping regions show narrower distributions and higher peaks than
Voronoi polygons. In particular, the cases of capillary rarefaction exhibit the fattest
tails with distinctive left-skewed distributions (Figs. and 2.10C).

2.9.2 Qualitative observations

Voronoi polygons describe the behaviour of trapping regions with an identical agree-
ment for a hexagonal array of capillaries (Fig. 2.8A). In this case, boundaries of
Voronoi polygons coincide with trapping regions. In particular, given the fact that
Voronoi polygons should perfectly match capillary supply regions when O, uptake is
saturated and the capillary arrangement is symmetric, this agreement further con-
firms that domain boundary effects can be neglected within a region of interest.
However, as the heterogeneity in capillary distribution is increased, the boundaries
of trapping regions are seen to deviate slightly from Voronoi polygons (Figs. —
F). Despite this, Voronoi polygons provide a reasonable qualitative approximation to

trapping regions in all cases of non-rarefied capillary distributions. Most of the area
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Figure 2.7: Spatial distribution of oxygen partial pressure (non-dimensional units), with
capillaries as small open circles.

histograms of Voronoi polygons coincide with those of trapping region. However, as
heterogeneity is increased, an extended (fat) tail begins to emerge for the Voronoi
polygons histogram, whereas the histograms of the trapping regions remain relatively
centralised, thus Voronoi polygons can exaggerate the extremes of the capillary supply

areas.
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(A)-(H) Trapping region boundaries (black/dark) and Voronoi polygons

(red/light) in the region of interest (blue/dark square: solid left/top edges and dashed
right /bottom edges) for various capillary distributions. (I) This plot represents a 50% per-
turbed distribution of capillaries with heterogeneous capillary perfusion, pcap. We have
used two different pcap values: peap = 10 mmHg for 30 randomly chosen capillaries, and
Peap = 20 mmHg for the rest. Streamlines (black/dark) emanate from capillaries acting as
Og sources (red—filled discs), whereas the remaining capillaries (white discs) act entirely as
receiving ends of PO,y flux lines, thus possessing a zero area for Oy supply.
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Figure 2.9: Frequency distributions of areas for VPs and TRs within the region of in-
terest. Histograms of the areas of Voronoi polygons are given by black/dark bars and
trapping regions by light grey bars. Overlapping histograms are of intermediate shading.
The horizontal axis represents non-dimensional areas and the vertical axis shows frequency
of occurrence, where the heights of the bars sum to the number of capillary domains included

in the region of interest.
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Figure 2.10: Simulations for rarefied rat EDL muscle: (A) Spatial distribution of oxygen
partial pressure (non-dimensional units), with capillaries as small dark circles. (B) Trapping
region boundaries (black/dark) and Voronoi polygons (red/light) in the region of interest
(blue/dark square: solid left/top edges and dashed right/bottom edges). (C) Frequency
distributions of areas for VPs and TRs within the region of interest. Histograms of the
areas of Voronoi polygons are given by black/dark bars and trapping regions by light grey
bars. Overlapping histograms are of intermediate shading. The horizontal axis represents
non-dimensional areas and the vertical axis shows frequency of occurrence, where the heights
of the bars sum to the number of capillary domains included in the region of interest.

With capillary rarefaction, Voronoi polygon boundaries show larger deviations
from trapping regions (Figs. 2.8G-H and [2.10B), in addition to a more pronounced
deviation in shape and distribution of the Voronoi polygon areas (Figs. —H and
2.10[C). These polygons deviate ever more extensively from their associated trapping
regions as the severity of rarefaction is increased. In addition, a simple comparison re-
veals that higher degrees of rarefaction severity are accompanied by a smaller number
of oxygen minima (Fig. , F vs. Figs. 2.7G-H and 2.10]A). Finally, the influence
of rarefaction on distant capillaries reveals that both non-neighbouring and nearest
trapping regions expand further in the direction of rarefaction while, in contrast, only

the nearest Voronoi polygon neighbours compensate for rarefaction (Figs. 2.8C, F-H

and [2.10B).

In the case of heterogeneous capillary perfusion, a complete breakdown in qual-
itative agreement between Voronoi polygons and some trapping regions is seen (Fig.
), despite the range of capillary partial pressures being restricted (20 — 30 mmHg)
such that the variation in capillary oxygen levels was less than an order of magnitude.
Nonetheless, many capillaries fail to supply any oxygen, implying null trapping region

areas, while the corresponding Voronoi polygons remain unaffected.
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HA oA HA on cC ovVP OTR UR
2 B =0% 0.0448 0.0093 0.9991 0.0084 * 0 0.0113 0.9991
';g B8 =25% 0.0805 0.0940 0.9498 0.1026 0.9508 0.1504 0.0678 0.9474
£ B=50% 0.1140 0.1495 0.9073 0.1880 0.9503 0.2609 0.1267 0.8988
Oq-)( B8=100% 0.1690 0.2034 0.8841 0.2502 0.9530 0.3574 0.1895 0.8689
3 Slight 0.2094 0.3071 0.8426 0.2816 0.9322 0.4714 0.2193 0.8247
L@ Severe 0.2919 0.4451 0.8104 0.4303 0.9399 0.6853 0.3820 0.7844
ch EDL 0.1973 0.3057 0.8336 0.3594 0.9527 0.58 0.346  0.8223
EDL Image 0.1501 0.1548 0.9297 0.1764 0.9483 0.2529 0.1411 0.9241
Random 0.1631 0.2093 0.8803 0.2638 0.9180 0.378 0.2164 0.8680
Varying peap ~ 0.6215  0.5682  # # 01047 02791 05615

Table 2.4: Statistics determined from areas of Voronoi VPs and TRs for different capillary
arrangements and parameter regimes (leftmost column). g = normalised mean; o = nor-
malised standard deviation (normalisation by the mean TR area). A = absolute difference
of TR and VP areas, N = area of overlap between TR and VP, and R = ratio of VP to TR
areas. An entry denoted by * denotes cases where statistics are not applicable. The area
correlation coefficient, CC, is ill-defined for hexagonal arrays since all areas are the same
and hence their standard deviation is null. Nonetheless, it is clear that VP areas provide
exceedingly good estimates of TR areas in this case. Similarly, the occurrence of TR with
zero area for heterogeneous capillary perfusion (Varying pcap) entails the mean ratio pg is
ill-defined in this case. An entry of # highlights that the statistics require more complex
algorithms for quantitatively characterising all TR, due to non-uniform perfusion, as de-
tailed in Section For such cases, we have used Eq. to compute trapping region
areas noting that the capillaries with fluxes solely into the blood compartment automati-
cally possess zero area trapping regions. The more complex prospect of trapping regions
that share part of a boundary with a capillary possessing fluxes in both directions across
its wall are not observed.

2.9.3 (Quantitative correlations

2.9.3.1 The area correlation, CC

Table demonstrates a strong correlation between the areas of Voronoi polygons
and trapping regions for all capillary distributions where homogeneous perfusion is
considered. Generally, these data indicate that the highest area correlation (CC) is
seen in highly regular capillary distributions with uniform perfusion, with the lowest
found in rarefied distributions. Although CC is high in all cases of capillary rar-
efaction, it is still slightly smaller compared to all other capillary distributions with
uniform perfusion. In contrast, for the case of heterogeneous capillary perfusion, CC

is substantially lower.
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2.9.3.2 The normalized means pa, (i, Ur

These statistics have a trend correlated with heterogeneity, and are rather different
for random and real capillary arrangements. The normalized mean of difference (pa)
provides a measure of the degree of failure of Voronoi polygons to cover comparable
areas to those of trapping regions, which increases with the degree of perturbation
to capillary arrangements. Given uniform perfusion, the highest pua is observed in

severe rarefaction.

The normalized mean of intersection (pn) and the mean ratio (ugr) describe how
well Voronoi polygons capture functional capillary supply of trapping regions, with
values of unity for cases of a perfect match. Both these statistics decrease linearly
with measures of heterogeneity and, for homogeneous perfusion, are lowest in the case

of severe rarefaction.

2.9.3.3 The normalised standard deviations oa, 0, oyp, OTR

The normalized standard deviations remain small across nearly homogeneous distri-
butions and increase with greater heterogeneity of capillary distribution, the highest
values corresponding to the highest degree of heterogeneity, i.e. severe rarefaction, at
least in the absence of perfusion heterogeneity. The trend in o, illustrates that the
spread of Voronoi polygon areas begins to differ extensively from that of the trapping

regions for extreme cases of structural heterogeneity.

The measure o further scrutinises this relationship by considering areas of the
Voronoi polygons that overlap with trapping regions. The greater magnitude with
increasing heterogeneity suggests that even though Voronoi polygons might cover
comparable areas with trapping regions, the 2D domains of capillary supply regions

are increasingly different from trapping regions within the tissue domain, consistent

with results in Figs. and [2.10B.

The dispersion in oxygenation areas, as measured by oyp and org, remain very
small for nearly homogeneous capillary distributions. However, both spread statistics
begin to widen as structural heterogeneity is increased. In particular, the dispersion
in Voronoi tessellation areas is found to be approximately double that of the trapping
regions across all tissue heterogeneities, except in the case of perfect homogeneity
where numerical error leads to a positive normalised standard deviation in trapping

regions. Introducing functional heterogeneities (e.g., perfusion) has no effect on oyp:
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only trapping regions are influenced by such changes as with a heterogeneous peap

where org = 0.5615, highlighting an advantage of trapping regions.

2.10 Discussion and conclusions

Due to their practicality and ease of use, Voronoi polygons and Krogh cylinders
are widely taken to represent capillary domains or supply areas in studies requir-
ing an objective assessment of the capacity for oxygen delivery by diffusion (e.g.
[49, 511 [62], 69], 92, [1T9] [155]). Krogh cylinders, however, are inadequate for this role
since they lead to non-physiological tissue voids and overlaps. In contrast, a num-
ber of investigators [49] 6] [186] have observed that, for perfect structural symmetry
and functional homogeneity, Voronoi polygons coincide with capillary supply regions.
Whether this relationship is sufficiently accurate in less idealised and physiological
scenarios is less clear. Hence, our present study considered the flux trapping region,
which is a more general approximation for the capillary supply region, and exam-
ined the quality of Voronoi polygons in capturing capillary supply boundaries. We
then consider when such polygons are appropriate to assess Oy supply from capillary

distributions within muscle tissue cross—sections.

It is clear that Voronoi polygons may exaggerate capillary supply areas. A
qualitative understanding of this emerges from considering that wherever there is a
local decrease in capillary density, the associated supply areas calculated via trapping
regions can be compensated by non-nearest neighbour capillaries. In contrast, Voronoi
polygon area distributions for capillary supply areas implicitly assume that only the
nearest (contiguous) capillaries can supply oxygen: thus compensation is restricted

to a small number of capillaries, hence overestimating the tissue regions they may

supply.

Despite this, Voronoi polygons and trapping regions nonetheless have the same
qualitative shapes and overall quantitative distributions for uniformly perfused, non-
rarefied systems regardless of the degree of structural asymmetry (see Table and
Figs. [2.8H2.10)), assuming the tissue is maintained above the level of saturating oxygen
uptake. Then the mean ratio of the Voronoi polygon area to the trapping region
area remains above 85% in the absence of noticeable capillary rarefaction. This
remains true even for randomly distributed capillaries. These observations are also
robust to variations in the adjustable parameters of the transport model, as illustrated

in Section where we consider the non-dimensional capillary permeability and
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the dimensional capillary density. Thus, in the absence of extremes that are only
associated with pathologies, our modelling predicts that Voronoi polygons provide
a simple and accurate approximation of functional capillary supply under uniform

perfusion, e.g. during maximal sustainable activity.

This is in contrast to Wang and Bassingthwaighte’s modelling conclusions [186],
due to the latter’s consideration of unphysiologically low capillary densities to facili-
tate mathematical analysis, which presented artefacts associated with the boundary
conditions. However, with an increase in computing power and a generic formalism,
we have been able to consider more representative capillary distributions and larger
domains, including the use of a region of interest sufficiently far from the domain
perimeter to remove boundary artefacts. Furthermore, the trapping regions statistics
are insensitive to substantial variations in all the modelling parameters, as detailed in
Section [2.6.4], and thus share an attractive feature of Voronoi polygons of not requiring

detailed parameter estimates.

However, increasing the degree of capillary rarefaction decreases the quality of
Voronoi polygons as indices for the profile of tissue oxygenation. This is further
validated by the rarefaction of a rat EDL muscle (Fig. and Table , thus
confirming the absence of methodological artefacts. In particular, rarefaction results
in complex integral paths representing Oy flux that cannot be accommodated within
the purely geometrical construct of Voronoi polygons. This indicates that Voronoi
polygons may be of limited use and inaccurate in assessing capillary supply areas
for pathological situations associated with capillary rarefaction, such as hypertension
[75], diabetes [29] and wvasculitides [I77], and perhaps even for muscle tissues that
are undergoing cellular modifications, such as localised fibre hypertrophy, which may
become in effect locally rarefied. We re-emphasise here that rarefaction is a local
phenomenon. Thus, any change in global parameters such as capillary density may
not necessarily affect the degree of tissue rarefaction. In particular, a reduction in
capillary density and oxygen consumption effectively impacts a change in parameters
to which trapping regions are insensitive assuming p > Peitical- 1 his means that
the appropriateness of Voronoi tessellations in this case is dependent on the level of
heterogeneity in capillary distribution, which is usually signified by the normalised

standard deviation of Voronoi tessellation areas.

Further note that histological rarefactions differ from functional ones. While the
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physical removal of capillaries is captured by both trapping regions and Voronoi tes-
sellations, a functional blockade of capillaries cannot be accommodated by Voronoi
tessellations unless the non-functional capillaries are known a priori. Even in the
latter case, the local Oy feedback imposed by continuity of Oy flux across capillary
walls results in local minima at the walls of non-functional capillaries, whereas the
removal of capillaries may not necessarily have the same effect. Due to this, trapping
regions are anticipated to cover somewhat different areas in each of the above situ-
ations generating the discrepancy between the cases of rarefaction and non-uniform

perfusion.

Additionally and in agreement with previous observations [49, [186], Voronoi
polygons and trapping regions develop increasing differences as non-uniformity in cap-
illary perfusion is introduced. In contrast, trapping regions analyses can in principle
incorporate differential perfusion levels without violating the modelling assumptions,
and therefore may be a useful tool in the presence of significant capillary functional
heterogeneity. For instance, the influences of (1) large and differential variations in
consumption rate for different muscle fibre types, (2) fibre type-dependent capillary
density [53], (3) fibre—size variations, and (4) myoglobin facilitation and hypoxia may

accentuate these differences and will form the subject of the next chapter.

Finally, the correlation between Voronoi polygon and trapping region areas is
higher for the rat muscle cross—section compared to randomly distributed capillaries.
This suggests the anatomical capillary distribution is tightly regulated to prevent ran-
dom regions of capillary clustering and rarefaction. Hence, the correlations between
Voronoi polygons and trapping regions may be more generally informative in physi-
ological studies, likely reflecting local control of angiogenic foci on the lengthscale of
fibre diameter, 50 — 100 pm [9].

In summary, while the Voronoi polygon approximation to trapping regions de-
pends on tissue heterogeneity, it is nonetheless representative for uniform perfusion
and maximal oxygen uptake given the absence of rarefaction, while also exhibiting
an insensitivity to model parameters. As such, measures of muscle capillary supply
capacity based on Voronoi tessellations may be sensibly and reasonably used for nor-
mal tissue, though extremes in the underlying approximation of capillary supply area
are slightly exaggerated. However, increases in heterogeneity associated with capil-

lary rarefaction, even with maximal perfusion or perfusion heterogeneity, eventually
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lead to a breakdown in the accuracy of Voronoi polygons. Hence, more sophisti-
cated measures of capillary supply capacity should be used to study structural or
functional dysregulation in pathological situations. Furthermore, flux trapping re-
gions may provide a representation of capillary supply regions that is more robust
to the introduction of heterogeneity compared to Voronoi tessellations, though an

experimental validation has yet to be designed and performed.
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Chapter 3

Oxygen Supply in Mixed Muscle

3.1 Summary

Developing effective therapeutic interventions for pathological conditions associated
with abnormal O, transport to muscle fibres critically depends on the objective char-
acterisation of capillarity. Local indices of capillary supply have the potential to
identify the onset of fine—scale tissue pathologies and dysregulation. Detailed tissue
geometry, such as muscle fibre size, has been incorporated into such measures by
considering the distribution of the Voronoi polygons generated from planar capillary
locations as a representation of capillary supply regions. Previously, our detailed sim-
ulations in Chapter [2| have predicted that this is generally accurate for muscle tissue
with uniform Os uptake. In this chapter, we extend this modelling framework to
heterogeneous muscle for the assessment of capillary supply capacity under maximal
sustainable Oy consumption. We demonstrate for muscle with heterogeneous fibre
properties that VP theoretically provide a computationally simple but often accurate
representation of trapping regions, which are predicted from biophysical transport
models to represent the areas of tissue supplied by individual capillaries. However,
this use of VP may become less accurate around large fibres, and at the interface of
fibres of largely different oxidative capacities. In such cases, TR may provide a more
robust representation of capillary supply regions. Additionally, given VP can only
approximate Og delivery by capillaries, we show that their generally close relation-
ship to TR suggests that (1) fibre type distribution may be tightly regulated to avoid
large fibres with high oxidative capacities, (2) the anatomical fibre distribution is also
tightly regulated to prevent large surface area of interaction between metabolically

dissimilar fibres, and (3) in chronically hypoxic tissues capillary distribution is more
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important in determining O, supply than the spatial heterogeneity of fibre demand.

3.2 Introduction

The objective assessment of anatomical capillary supply to striated muscle fibres is
contingent on using methods that can accurately capture tissue capillarity while also
unambiguously linking the local capillary distribution to the global supply. In the
previous chapter, we demonstrated that Voronoi polygons generally give an accurate
approximation of trapping regions within muscle tissues consuming O, uniformly at
maximal capacity. Nonetheless, we also observed that the approximation accuracy
may deteriorate with rising levels of capillary rarefaction, and may ultimately break
down under significant perturbations to the uniformity of muscle PO,. However, such
complications under maximal functional supply require tissue pathology and hence we
predicted that correlations between Voronoi polygons and supply regions may reflect
local control of angiogenic foci on the lengthscale of a muscle fibre diameter, thus

preventing random capillary rarefaction as observed by [9].

In contrast to the homogeneity in oxidative metabolism typically found in car-
diac muscle tissue, skeletal muscle fibres often exhibit heterogeneous functional as
well as structural characteristics. The O, transport properties associated with fi-
bre microstructure and composition (e.g. myoglobin content and lipid stores), the
metabolic demand for O, and the fibre size in animals are dependent on fibre type
[46], [95], 1111, 134], [194]. In particular, muscle fibres are classified into three main types,
[, ITa, ITb with Type I generating energy predominantly from aerobic metabolism (i.e.
oxidative phosphorylation), Type IIb from anaerobic glycolysis and Type Ila being an
intermediate; thus the different fibre types have distinct Oy demands due to metabolic
differences. Additionally, capillary arrangements in skeletal muscle tissues have been
observed to be regulated by fibre type and size [I, [193]. In particular, the hetero-
geneity of capillary spacing may be partly determined by the heterogeneity in fibre
size |50, 53]. Furthermore, the influence of fibre heterogeneities has been explored
in numerical simulations by Liu et al. [125], who concluded that changes in the fi-
bre size distribution and O, uptake associated with different fibre types were
particularly influential in the context of POy heterogeneity within mixed muscles.
Nevertheless, it is unknown whether a strong correlation between Voronoi polygons
and capillary supply areas should hold in the presence of such heterogeneities. Hence,

it is also unclear whether measures based on Voronoi polygons are appropriate for
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mixed muscles in other physiological settings such as tissue hypoxia, given heteroge-
neous fibre-dependent properties (e.g. metabolic activity, geometry, Oy diffusivity,

and myoglobin content and facilitation).

Therefore, our objective is to extend the model developed in Chapter [2| for
O, transport under maximal sustainable conditions in tissue, characterising when
and where indices based on Voronoi polygons are likely to accurately assess Os sup-
ply from capillary distributions embedded in functionally heterogeneous tissue, e.g.
skeletal muscle. As Voronoi polygons are generated with relative computational ease
and require no parameter estimation, we additionally seek to assess their accuracy
in terms of the less accessible trapping regions approach. We also investigate cor-
relations between Voronoi polygons and trapping regions in an effort to characterise
capillary supply in different physiological scenarios and to highlight possible regula-

tory mechanisms in skeletal muscles.

3.3 Methods

The cross section in Fig. is a light microscopy image of rat hindlimb skeletal mus-
cle, m. extensor digitorum longus, prepared via flash freezing in liquid nitrogen—cooled
isopentane and cryostat sectioned at -20 °C with the capillary location identified using

alkaline phosphatase staining [48].

We consider such a tissue cross—section, where capillary locations are repre-
sented by a single point, e.g. the centroid of each capillary in the image plane of
the muscle cross—section. Given these cross sections we first of all want to estimate
the capillary supply regions, that is the region of tissue supplied by each capillary
and two theoretical predictions for these domains, in the form of Voronoi Polygons
and Trapping Regions. These domains were introduced in previous chapters but we
mathematically redefine them below for convenience, together with derivative mea-
sures. In particular, Voronoi polygons are simple to determine and based on geometry
only, whereas trapping regions are ultimately found by solving the equations associ-
ated with the biophysical O, transport problem. Our objective therefore reduces to
assessing whether the underlying biophysics, in the form of trapping regions predic-
tions for the capillary supply regions, supports the use of simpler Voronoi polygons
approximations, together with associated derivative indices, for characterising capil-

lary supply regions under maximal sustainable conditions.
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Figure 3.1: (A) Typical tissue cross—section of rat skeletal muscle (m. extensor digito-
rum longus) with capillary location identified by alkaline phosphatase staining. The dark
structures are capillaries, the lighter objects are muscle fibres, and the lightest region is
the interstitial space. Note the heterogeneity of intercapillary distances between adjacent
vessels, in part reflecting heterogeneity of cell size in the host tissue [50} 53]. The scale bar
corresponds to 50 um. (B) An expanded region of the original image on which a Voronoi
tessellation is superimposed by dashed blue lines. A central Voronoi polygon, V;, is high-
lighted in dark gray and overlaps adjacent fibres denoted by 1, Qq, and Qs (light gray)
with the overlapping regions 21 NV;, Qs NV;, and Q3 NV representing the fractional supply
area of this Voronoi polygon to each fibre. The symbol N denotes the intersection of or
overlap between two regions.

3.3.1 Derivative indices
3.3.1.1 Voronoi polygons

Let N, denote the number of capillaries, and x; denote the position of the centroid
of the i capillary with € representing the global domain. Recall that the Voronoi

polygon containing the i*" capillary with centre x; is the set

vi—{x
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with 0V; denoting the boundary of V; as illustrated in Fig. 3.IB.

Recall from Chapter [1| that the derivative indices of the functional capillary
supply for maximal muscle capacity are the local capillary—to—fibre ratio (LCFR)
and the local capillary density (LCD; also known as the capillary fibre density, CFD).
Letting Q; denote the region of the j™ fibre and A(-) denote the 2D Euclidean area
measure, we recall that the LCFR and LCD of the j*® muscle fibre are defined with
respect to VP as

LCFRY" =" %, (32)
o1 = ARNY)
LD = Ay A 33

respectively. As noted in Chapter (1}, LC'F R}/P denotes the sum of the fractions of
each VP area overlapping the j' fibre (Fig. [3.1B), hence representing the fractional
number of capillaries supplying the j™ muscle fibre with O. Similarly, LOD}? is

the number of capillaries supplying the j* muscle fibre per unit fibre area.

3.3.1.2 Trapping regions

Given trapping regions D; C €, recall that the analogous derivative indices, LCF RJ-TR

and ECD;‘-FR, are similar to those derived for Voronoi polygons with D; replacing V;

LCFRIF = Z %, (34)
1 A(Q,;N D)
LCDi = ) Z A0y (3.5)

We remark here that, under maximal sustainable Oy consumption, D; represents
the region of supply of each capillary according to the model used to determine

tissue POy, p. When a VP is used to represent the region of capillary supply, the
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validity of this assumption dictates the validity of the above capillary supply capacity
indices. Thus, we are again interested in delimiting when the i*® VP, V;, yields a good
approximation to the i*® TR, D;, but now in the context of heterogeneous skeletal

muscle.

3.4 Domain geometry

3.4.1 Fibre geometric distributions

We use three domain geometries that are characterised by fibre size and shape: Uni-

form, non-uniform, and histological. The geometries are detailed below.

3.4.1.1 Uniform

The first geometry considered is synthetic uniform size distribution, SU, based on
a total of ~200 synthetic muscle fibres of hexagonal shape and uniform size with
capillaries placed at fibre vertices (Fig. [3.2JA). These fibres are generated from a
Voronoi tessellation of the plane based on hexagonal array of nodes with prescribed
side length and the number of capillaries is determined by the lengthscale, L, and
capillary density, p, which are extracted from histological data and illustrated in Fig.
3.2l For the final domain illustrated in Fig. [3.2]A, 151 muscle fibres are enclosed
within a disc constituting the simulation domain, which is obtained by rescaling to
the unit disc. We also consider a random local capillary rarefaction of SU, whereby
10% of the capillaries (about 21 in number) are removed at random, and denote the
resulting geometry by SUg (Fig. ) It should be noted here that no interstitial

spaces are included in either of these geometries.

3.4.1.2 Non-uniform

The second geometry, synthetic non-uniform size distribution (SN), is based on a total
of ~200 polygonal muscle fibres of non-uniform size with capillaries placed at fibre
vertices (Fig. [3.2C). These are generated from a Voronoi tessellation using nodes that
have been placed on a random perturbation of the aforementioned hexagonal array.
We employ Eq. with # = 1 to perform this perturbation and note that the
trends in our results are insensitive to such perturbations. The final domain geometry
encloses 183 fibres of different sizes and shapes and, once more, no interstitial spaces

are included in this geometry.
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Figure 3.2: A view of modelling geometries. (A) Synthetic fibres of hexagonal shape and
uniform size (SU) with capillaries placed on their vertices (symmetric capillary distribution).
(B) The same fibre geometry as in (A) with 10% random capillary rarefaction irrespective
of fibre type (SUgr). (C) Synthetic fibres of polygonal shape and non-uniform size with
capillaries placed on fibre vertices (SN). Note that the fibre size non-uniformity reflects
localised rarefactions around relatively large fibres. (D) A rat EDL muscle geometry (H).
Traces of fibre cross—sections and capillary centroid locations were made from slides using
a microscope drawing arm and their x, y coordinates were registered on a digitising tablet.
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3.4.1.3 Histological

The third geometry is based on histological fibre size and type distribution (H), using a
total of 114 muscle fibres extracted from a digitised image of a rat EDL (m. eztensor
digitorum longus) muscle cross—section (Fig. [3.2D). In this case, the final domain

geometry is a disc enclosing 102 fibres and interstitial spaces.

3.4.2 Capillary distribution

Here we re-emphasise that, except for the case of a rarefied SU geometry, the spatial
arrangement of capillaries is dictated by the geometrical distribution of fibre sizes, to
reflect the experimental observations of [50], 53]. Three distinct capillary distribution
result from the aforementioned fibre distributions: symmetric, asymmetric, and real.

We describe each of these distributions below.

3.4.2.1 Symmetric

Since capillaries are placed at fibre vertices in the SU geometry, a symmetric capillary

distribution is inherited from the symmetry of its fibre size distribution.

3.4.2.2 Asymmetric

The non-uniformity in fibre sizes gives rise to asymmetries in capillary distributions
as exemplified by the SN fibre geometry. In addition, we obtain an asymmetrical

capillary distribution from the SU geometry by selectively removing capillaries.

3.4.2.3 Real

Based on histological staining for capillaries, we obtain the capillary distribution of
an image cross—section of a rat EDL muscle (see Fig. [3.2D).

3.4.3 Fibre type distribution and areal composition

The fibre type distribution in space is divided into three categories: random, size—

based, and real. These are used selectively for the aforementioned geometries (Table

5).
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Fibre type distribution

Random size-based Real
Composition 0:0:100 25:0:75 50:0:50  75:0:25 100:0:0 50:0:50 9:37:54
Geometry SU, SN SU,SN SU, SN, SU,SN §SU,SN SN SU, SN,
SUr H

Table 3.1: The spatial distribution (random, size-based, real) and areal composition (Type
I:ITa:IIb) of fibre types, for domain geometries: SU = synthetic uniform size, SUgr = rarefied
SU, SN = synthetic non-uniform size, and H = histologic size.

3.4.3.1 Random

In the case of a random distribution of fibre types, Types I, Ila, and IIb are randomly
assigned to fibres regardless of the underlying size distribution (e.g. Fig. ) Such
random assignment is constrained by a predefined areal composition of fibre types
(I:ITa:IIb). However, in our simulations, we often restrict ourselves to using only two
fibre types (e.g. Types I & IIb) in order to have a control over potential fibre—fibre

effects on supply regions.

3.4.3.2 size—based

In the size-based case, the spatial assignment of fibre types is based on (1) their
increasing size in the following order I < Ila < IIb to reflect histological observations,
and (2) a predefined areal composition (e.g. 50:0:50 and 9:37:54 as illustrated in Fig.
3.3B). We note here that, for the SU geometry, the uniformity in fibre sizes dictates
a spatial randomness for all fibre-type assignments, hence the case of size-based SU

geometry is identical to the random SU geometry.

3.4.3.3 Real

Based on histological staining of muscle fibres (Fig. [3.3[C), we illustrate the real case
where fibres are assigned the areal composition of a rat EDL muscle (9:37:54) with

fibre—size ordering following the typically observed order I < Ila < IIb.

3.5 Model

An extension of our previous model of Oy transport under maximal sustainable con-

ditions (see Chapter [2)) is developed to explore the validity of Voronoi polygons for
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Figure 3.3: Examples of the fibre type distributions we use in our model. (A) A random
distribution of a 9:37:54 (I:Ila:IIb) fibre-type composition. (B) A size-based distribution
of 9:37:54 fibre type composition. (C) Fibre size and type distributions and fibre type
composition (9:37:54) are obtained from histological sections of a rat EDL muscle with
capillary locations identified via alkaline phosphotase staining and fibre types via succinate
dehydrogenase and myosin ATPase staining.
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Interstitial space

Figure 3.4: A diagram showing skeletal muscle fibres surrounded by capillaries.

use in morphometric analyses (see Chapter |1|for details) of mixed muscle tissues with
heterogeneous metabolic activities and histological properties, as found in skeletal
muscles. Therefore, we consider muscle tissues with either uniform or non-uniform
functional characteristics, which allows an exploration general enough to cover both
skeletal and cardiac muscles. A typical muscle is exemplified by the tissue cross—
section presented in Fig. [3.1, where the lengthscale of a capillary cross—section is
2—4 pm. In addition, we also incorporate facilitated diffusion and Michaelis—Menten
kinetics of O consumption into the transport equation to account for myoglobin—

facilitated diffusion and to explore the consequences of tissue hypoxia.

3.5.1 Mathematical formulation of the model

Oxygen transport is explored in a two-dimensional domain representing a cross section
of a skeletal or cardiac muscle tissue. In the section transversal to this domain, an
array of capillaries of small circular cross—sectional shape supplies the tissue with Og
through passive diffusion. Since the ratio of the characteristic intercapillary distance
to capillary length is sufficiently small (O(1072)), tissue diffusion along the direction
of the fibre axis can be neglected under maximal sustainable conditions and away
from the arteriolar and venous ends of capillaries [63], (68, [189].
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3.5.1.1 Equations

An extension of our previous model of O, steady—state diffusion in homogeneous
tissue is used to explore further the trapping region analogue of Voronoi polygons
under conditions of compartment—specific diffusion and uptake, myoglobin—facilitated

diffusion, and O, consumption rate with Michaelis—-Menten kinetics.

Assuming myoglobin freely diffuses in muscle fibres, the diffusional flux of free
Oy (Jo,) is further enhanced by an additional diffusive flux of myoglobin—bound O

(Jmbo, ). Hence, the total diffusional flux of Oy in muscle fibres becomes

J= J02 + JMbOQ.

To simplify this expression, we make use of the fractional saturation of myo-

globin,

[MD] + [MbO,]’

Smp =

where [-] denotes the concentration and

is the bulk myoglobin concentration in muscle fibres, which is taken to be constant.

Hence, one can write

[MbOQ] == CMbSMb-

Using Fick’s Law, we can then recast the total diffusional flux of O5 in the form

J = —D,V|[03] — Dupenn VS,
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where Do, and Dy, are the molecular diffusivities of free Oy myoglobin, respectively.

In what follows we show that Syp:= Sup(p), where p is the local PO,. Given
the solubility of Os in muscle tissue is «, we can employ Henry’s Law, [Os] = ap, to

get

ds
J=— DOQV(Oép) + DMbCMb< d;/lb Vp)] .

Such a derivation allows us to account for facilitated O, transport by exploiting a
single partial differential equation. In particular, this equation describes O, diffusion
in muscle tissue fibres and interstitial spaces via incorporating compartment—specific
biophysical parameters, thus capturing the differences in Os diffusion resulting from
the local heterogeneity in oxidative metabolism to be explored. In addition, intravas-
cular transport is averaged out and incorporated via a boundary condition at capillary
walls. For the purpose of exploring the appropriateness of Voronoi polygons, neglect-
ing intravascular heterogeneities is appropriate as the primary assumption is that the

tissue is under maximal sustainable (aerobic) activity.

Consequently, the steady—state transport of Os in each tissue compartment j

can be described by p, which is governed by conservation of mass

ds
V- |D;jV(a;p) + ¢°DP (d—prVP)] — M;(p) =0, (3.7)

where D; and «; are the molecular diffusivity and solubility of free Oq, and

MP
J
D?Ab are the bulk myoglobin concentration and diffusivity, and M; is the rate of O,

consumption in muscle tissue compartment j. Here j denotes the following tissue
compartments: interstitial spaces (j = and fibre types 1 (j = [Type 1)), ITa (j =
Type Ilal), and IIb (j =[Type 1la). Note that a; is constant below and thus V(a;p) =

a; Vp.

We further note that due to the near absence of myoglobin binding and con-

sumption of free O, in interstitial spaces, the steady-state equation governing O,
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transport in this compartment is reduced to

asDisV2p = 0. (3.8)

The domain geometry is obtained by considering a circular tissue cross—section
and then rescaling to the unit disc, D'. After rescaling, the region enclosed by com-
partment j will be denoted by €2; with boundary 0€2;. Capillaries are assumed to
possess an area, C;, with a boundary, 0C;, though below we treat the capillaries as
small circles with radius rc,,. Therefore, we seek to investigate PO, in a region of
the unit disc that excludes the capillary lumina, Q = |J; Q; = D"\ |J, Ci.

3.5.1.2 Michaelis—Menten consumption

Given we also aim to explicitly study tissue hypoxia, we need to consider an O,
consumption kinetics that is valid at very low PO, as our previous use of a constant
Os consumption is only valid under the physiological assumption of saturated O,
uptake. We address this by assuming that the rate of Oy consumption by a tissue

compartment (e.g. a muscle fibre) follows the Michaelis—Menten kinetics described
by

_ My
p+pe

M;(p)

(3.9)

where ./\/lé is the maximal consumption rate volume-averaged over tissue compart-
ment j, and p. is the tissue PO, value which reflects the partial pressure scale where
fibre mitochondria are no longer able to extract O, at maximal rate. This drop in
the mitochondrial Oy consumption rate at very low local PO, values has been verified
experimentally (see Fig. [3.5} [190]) and was recently explained [I41] by the observa-
tion that the expression of hypozia inducible factor-1 (HIF-1) in hypoxic conditions
actively downregulates mitochondrial O, consumption. Hence, such a non-linear de-
pendence on POy extends our modelling predictions to extremely low PO, values,
thus allowing the exploration of tissue hypoxia. We note here that we have implicit

assumed that mitochondria are homogeneously distributed within muscle fibres.
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Figure 3.5: Left, the decrease in Os concentration, ¢, at pH 7.4 and in the presence of 0.5
mM ATP (adenosine triphosphate) during mitochondrial oxidative phosphorylation. Right,
the rate of mitochondrial respiration (O2 consumption, M) as a function of ¢. This rate
remains relatively constant for ¢ > 5 pM. The best fit of the data was obtained from
Michaelis-Menten kinetics M = V,,,¢/(c50 + ¢), where V,,, is the consumption rate at full Og
saturation, and cs5g is the Oy concentration at half-maximal consumption rate. Reproduced
from [190] by permission of the publisher.

3.5.1.3 Myoglobin

In striated muscle an O, protein carrier, called myoglobin (Mb), is present in concen-
trations that vary significantly across a range of different tissues (0 — 1 mM; [192]).
In particular, muscles with high oxidative metabolism exhibit a distinctive red colour
owing to the large amounts of myoglobin present [134], [139]. In contrast, mixed and
glycolytic muscles appear whiter, with the glycolytic ones having the least amount of
myoglobin [134] 191].

Since myoglobin is an O, carrier, its concentration in muscle fibres can be used to
estimate its Oy binding capacity (i.e. Oy—bound concentration at full Mb saturation).
For example, letting cyp, be the value for the fibre concentration of myoglobin (in mM
units), and assuming an O, solubility in fibre of 4 x 107> ml O,/ml - mmHg with a
mean PO, of 15 mmHg, the myoglobin capacity to bind Oy at 37°C and 1 atm is

larger than the concentration of free Oy by a factor of

[OQ]Bound _ (2545 %) X Cuh
[OQ]Free (4 X 10—5&) % (15 mmHg)

ml-mmHg

A~ 42.42 mM ™! X epp.
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Hence, fibres with more myoglobin will have more storage capacity of Oy than
those with lower myoglobin concentrations. In particular, given a muscle fibre con-
suming Os at a rate M, a crude estimate for the time it takes this fibre to deplete

its Os—bound reserves when O, delivery is interrupted is

mM-ml

[Og]Bouna  0.02545 ZO2 x ¢y
M, M, ‘

Thus, for ey, = 0.5 mM and a range of uptake values representing resting to
exercising conditions (Mg = 2 — 20 x 10™* ml Oy/ml-sec), the O, depletion time
is over a minute for a resting fibre and 6 seconds for an exercising one. Therefore,
myoglobin can play an important role in storage of Oy and enhancement of O, flux.
However, this role is quite subtle and may only be fully appreciated in tissue regions
where the scale of PO, is small (e.g. hypoxic tissue regions). Indeed, myoglobin
remains fully saturated until local tissue PO5 values fall well below 10 mmHg. This

is better illustrated when we consider the kinetics of the MbQO, reaction

k+1

Since that the Law of Mass Action gives the following relation at equilibrium

k_1[MbOs] = k41[Mb][O,],

we can derive the Mb—saturation curve in terms of Oy concentration by substituting
the equilibrium relation above into Eq. (3.6) to get

o KO
Mb 1 + K[OQT

where K = ki1/k_1 = 1/][Oq]50. Here, [Og]s0 is the Oy concentration when myo-

globin is half-saturated. Therefore, assuming a homogeneous distribution of myo-

globin molecules within muscle fibres and rapid local kinetics of MbO, dissociation,

the equilibrium Oy—saturation of Mb is governed by

AL-SHAMMARI TRINITY 2014



CHAPTER 3. OXYGEN SUPPLY IN MIXED MUSCLE 78

p
Swb(p) = ——,
(») D + Pso,Mb

where [O2] = ap (Henry’s Law), and psom is the tissue PO, at half Mb-saturation.

3.5.2 Boundary conditions

The exchange of Oy between capillaries and the interstitial fluid or fibres occurs at
their respective interfaces. Across the part of the capillary wall in contact with either
the interstitial fluid or fibres, passive permeation of O, into the tissue is characterised

by the boundary condition for the " capillary

n; - (a;D;Vp) = k(Peap — D), 0C; N 0%, (3.10)

where n; is the unit normal vector on the capillary wall pointing away from the tissue
and into the capillary, k is the mass transfer coefficient, pc,, is the transversally—
averaged intracapillary PO, and p is the partial pressure of O, at the external cap-
illary wall. At the interstitium—fibre and fibre—fibre interfaces we assume continuity

of O, flux and concentration

Iljn . (ozjnDjan) = njm . (ozijijp), 8QM N anm, (311)
a;,p = . D, 08, N O, . (3.12)

Additionally, a no—flux boundary condition is imposed at the outer boundary

of the tissue, effectively the muscle fascicle, to signify no exchange across it

n;- (ijDjVP)

As mentioned previously, perturbing the latter boundary condition is verified to

— 0. (3.13)
o0

induce no significant influence on the system behaviour away from the tissue domain

boundary, thus justifying its use.
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3.5.3 Non-dimensionalisation

To reduce the number of parameters, we non-dimensionalise the model as follows.
Given that N, capillaries in a tissue disc have an average capillary density p, the
lengthscale, L, is taken to be equal to the diameter of the disc, which is given by
L = \/AN,./mp. We use this along with pe.p, a1, Dy, ', DMP, and M} to non-

dimensionalise our model by setting

r =Lz, D = PeapP, De = PeapPes D50,Mb = PeapP50,Mbs
I D Mb __ _Mb=Mb Mb __ yMbMb
MODMb L2M] Lk

aIDIpcap ) 'LLI o aIDIpcap ) aIDI )

where the bars denote non-dimensional variables and parameters. Here 0y, uy, k1 > 0
are the non-dimensionalised myoglobin content, metabolic Oy demand, and mass
transfer coefficient of fibre Type I. Dropping the bars, the non-dimensional model is

reduced to

as :
V- [((aij + c?/[bDy[b@Id—pr) Vp] — M{M;(p) =0, x € Q;, (3.14a)
n; - (oszij) = HZ(l —p), x € 0C; N an, (314b)
n;, - (ozjnDjan) =n;, - (aijijp), X € ann N anm, (314C)
a;,p = ;. D, x € 09, N0, (3.14d)
n;- ((IijVP) = 0, (3146)
o0
H1p
M = , 3.14f
()= (3,141
P
= . 3.14
() =7 p— (3.14g)

3.6 Model parameters

The parameter values used in our model are given in Table The lengthscale,
L, is derived by assuming that capillaries in the circular simulation domain have
a dimensional density of the rat EDL muscle cross—section in Fig. (p = 913.4
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Parameter Symbol Fibre type, ;j Unit Refs.

I IIa 1IIb
Oy demand M;, 15.7 13.82 7.85 10 °ml Oy/ml-s [174, 193]
Mb concentration b 102 4.98 1.55 1073ml Og/ml [134]
O3 solubility aj 3.89 x 107° ml Oy/mlmmHg 23] [127]
O diffusivity D; 2.41 x 107° cm? /s [15, 57]
Mb diffusivity DMb 1.73 x 1077 cm? /s [T11]
Mass transfer coeflicient & 4.00 x 107 ml Oy/cm?mmHg-s [54, [71]
Intracapillary POo Peop 20 mmHg [55]
Mb half-saturation POy Psoamp 5.3 mmHg [111]
POy at half demand P, 0.5 mmHg [91]
Capillary radius r 1.8—-25x107% cm 58]
Capillary density p 913.4 mm 2 *
Number of capillaries Neap 204 — 215 unitless *
Lengthscale L 5.33 —5.47 x 1072 cm
Transfer coefficient Kj 233.4 unitless
Oz demand 1 25.05 22.05 12.53 unitless

Table 3.2: Except for the capillary density and the number of capillaries, the parameter
values in the upper part of the table, above the line, are based on experiments, while those
in the lower part are derived values. The solubility and diffusivity of Oy are constant across
all compartments. Mb = myoglobin, * = estimated from our histological preparations (Fig.

3.2D).

mm~2). For convenience, the diffusivity and solubility coefficients of O, in interstitial
spaces are assumed to equal those of muscle fibres. Although interstitial diffusivity
is typically taken to be similar to that of blood plasma, our simulations results are
insensitive to such scalings as long as the scale of interstitial spaces does not exceed a
few microns. We note here that such scales may not be valid under pathophysiological
conditions and are a topic for further study (see Section below).

3.7 Model limitations

For convenience, the compartment—dependent diffusive parameters (solubility and dif-
fusivity) of our model were assumed to be uniform in our simulations, although actual
values may not be. Parallel simulations based on non-uniform diffusive parameters
have shown a general improvement in the correlation between Voronoi polygons and
trapping regions, although not significant enough to alter any of the trends observed
in our current results. Further, the current model geometries are limited in terms of

intra-fibre resolution, but it can be extended to investigate finer micro-architecture
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resolution such as the non-uniform mitochondrial distributions observed in oxidative
fibres via aggregations under the [95, 129]. This can be modelled by
allowing for intracellular uptake compartmentalisation whereby an oxidative fibre is
composed of two metabolically distinct zones: a subsarcolemmal zone of higher uptake

per unit volume and an intermyofibrillar region of lower uptake.

Other feasible extensions include the cases of oedema and fibrosis, where the
interstitial parameters and scale become important and also the influence of arterioles
and venules on Oy supply regions, rather than focussing on regions of tissue where
larger vessels are not present [16§]. Finally, since our model predicts the behaviour of
this system in the context of maximal capillary supply capacity where intravascular
convection and intracellular axial diffusion are neglected, our results are currently
restricted to 2D muscle cross—sections, but are in principle extendible to 3D image
stacks. In particular, our model can be extended to allow for sub-maximal Oy uptake
and increased perfusion heterogeneities as well as geometrical details such as capillary

cross bridges and tortuous or oblique capillaries.

3.8 Numerical solution

3.8.1 PO, flux lines

We seek to determine the areas of tissue where capillary PO, fluxes are restricted to
a no-flux region surrounding each capillary, the trapping regions, which are general-
isations of Krogh cylinders [120]. However, a direct way to accurately calculate O
supply region areas is not feasible due to the complexity of heterogeneous Oy uptake.
To proceed, we note that each such region of the muscle tissue is spanned by O,
flux lines (or streamlines) that emerge from the enclosed capillary. Noting that Eq.
(3-14) possesses a unique solution (see Appendix [A]), we use a finite element formu-
lation to solve it for PO,. The solution enables a derivation of O, streamlines via
Eq. , and a subsequent determination of the TR geometries using the numerical
methodologies outlined in the previous chapter and Appendix [A]

3.9 Results

Since capillary interaction between neighbouring capillaries is excluded at the outer

domain boundary by imposing a no-flux condition, we again consider generating
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statistics for capillaries within a region of tissue where boundary artefacts are neg-
ligible, namely the region of interest (ROI; [46]). Recall that the ROI is a square
box within the disc and concentric with it, which is used to sample capillaries for
statistical consideration. The edges of this region are further from the edge of the
domain than the intercapillary distance and the objective is to remove domain bound-
ary artefacts, which can be confirmed a posteriori. The upper and left—hand sides of
the square are identified as inclusion lines, whilst the lower and right-hand sides are,
in contrast, exclusion lines. A capillary domain belongs to the ROI if it falls entirely
within the box, or if it falls partly within the box and overlaps inclusion lines only.
To ensure robust statistical measures we consider identical populations of capillaries.
We emphasise that Voronoi polygons represent the capillary domains and, for defi-
niteness, only Voronoi polygons are used to determine the inclusion criteria for the

region of interest, even when the subject of study is the trapping regions.

In order to quantitatively assess the correlation between Voronoi polygons and
capillary supply regions, as measured by trapping regions, we use statistical measures
similar to those detailed in the previous chapter. These are defined in Table and
their numerical values are presented in Table for various geometries and param-
eter regimes. Additionally, we present a comparison between VP and corresponding
trapping regions (TR) in terms of the LCFR index (Egs. and (3.4)). This is
shown as an average of the normalised difference of LCFR measures obtained from
Voronoi polygons (LCFRYY) and trapping regions (LCFR™)

(3.15)

|LCFRI'? — LCFR)?|
LCFRp :mean( TCFRIE % .

3.9.1 Simulations and qualitative correlation

3.9.1.1 Spatial profile of PO,

The range of POy is an increasing function of fibre size heterogeneity as can be
seen by comparing the spatial PO, distribution of different geometries (Fig. .
In particular, the widest range and lowest PO, values for each parameter regime
are found in the histologic geometry cases (Figs. —I), with hypoxia being at
the extreme (non-dimensional hypoxic threshold = 0.025). Cases of high scaling of
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differential uptake show more heterogeneity in PO, distribution than normal cases
even though the average tissue uptake is fixed (Figs. vs. B, D vs. E, and G vs.

3.9.1.2 Voronoi polygons and trapping regions

Among all random fibre type distributions for the synthetic uniform fibre size distri-
bution, SU, the most significant perturbations of trapping region boundaries, relative
to those of the Voronoi polygons, are observed in the 50:0:50 ratio of type I, Ila
and IIb fibres (Fig. [3.7A; other distributions are not shown here). Nonetheless, for
such a symmetrical fibre geometry and capillary distribution, boundaries of TR are
well approximated by those of VP (Figs. , C), with only slight deviations near
the interface of fibres of different metabolic demands. This is not the case for in-
creased metabolic heterogeneities (Fig. ), where boundary deviations of TR are
much more extensive in the presence of high differential scaling of fibre-dependent
O, uptake (e.g. 10:1 for Type I vs. Type IIb). The opposite trend, of an increasing
agreement between TR and VP, is observed when the tissue is hypoxic in the pres-

ence of a non-linear O, consumption rate and myoglobin facilitation of intracellular

O, diffusion (e.g. Fig. 3.7C).

Although the aforementioned pattern holds for all other geometries, SN (Figs.
3.7D-F) and H (Figs. B.7[G-I), boundary deviations in these cases are relatively greater

in extent than those observed in the SU geometry.

3.9.1.3 Variability in supply domain areas

Area frequency histograms of trapping regions in the SU geometry are generally
highly peaked with slightly broader distributions than Voronoi polygons (Figs. ,
C). This is no longer the case in the presence of additional functional heterogeneities.
For example, a large differential scaling in fibre-dependent uptakes for the SU case
is observed to give rise to fat tails with a distinctive left-skewed distribution (Fig.
3.8B). Nonetheless, under hypoxic conditions such distributions are narrowed and the
extended tails are less extreme (Fig. 3.8C).

The frequency histogram distributions for other geometries, synthetic nonunifo-
rm (SN; Figs. B.8D-F) and histologic (H; Figs. [3.8G-I), are broader, partly reflecting
the non-uniform distribution of fibre sizes and the asymmetry in capillary arrange-

ments. In the SN case, the size—based fibre type arrangements with normal differential
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Figure 3.6: Spatial distribution of POy, with capillaries as small open circles. There are
three geometry types (Row #1 = SU with a 50:0:50 Type I to IIb proportion; Row #2
= SN with a 50:0:50 size—based Type I to IIb proportion; Row #3 = H, with fibre types
assigned by size according to the observed ratio 9:37:54 for types I, ITa, and IIb, where type
I fibres constitute the smallest 9%). Plots (A, D, G) represent normal conditions. Plots
(B, E, H) represent a 10-to-1 Type I:Type IIb differential uptake scaling keeping the same
volume-averaged tissue uptake as in (A, D, G). Tissue hypoxia (PO2 < 0.5 — 1 mmHg) is
simulated in plots (C, F, I) via increasing the Oy uptake of all fibres by a factor of eight
(reducing capillary Oy content gives similar results).
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Figure 3.7: (A)-(I) Trapping region boundaries (black/dark colour) and Voronoi polygons
(red/light colour) in the region of interest (blue/dark square: solid left /top edges and dashed
right /bottom edges). The geometry and parameters in plots —I are inherited from those

used in Figs. @A—I.
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uptake (Figs. , F) show TR distributions which are just as broad as those of
VP, although the tails of the latter are slightly extended. Similar to SU, SN also
exhibits the same left-skewed distribution when high differential scaling of uptake
parameters is present (Fig. ), yet the tail is less extensive in this case. Moreover,
the presence of hypoxic conditions shows a better histogram match with VP than the
case of saturated Oy uptake (Fig. vs. Fig. B.8F). These observations are also
confirmed in the histologic geometry case (Figs. [3.8G-I).

3.9.1.4 Qualitative correlations

The spatial extent of TRs is described by VPs with a very good agreement for all fibre
distributions considered with normal ratios of differential O, uptake (Figs. B.7A, C,
D, F, G, I) though the boundaries of TR are observed to deviate slightly from Voronoi

polygons as the heterogeneity in fibre size is increased.

Similarly, given normal ratios of differential O, uptake, the area majority of
histograms of VP coincide with those of TR (Figs. B.8A, C, D, F, G, I), though VP
distributions are more centralised than TR when fibre size is uniform. Nonetheless,
as the heterogeneity in fibre size is increased, an extended tail emerges for the VP
histograms (compare Figs. , D, and G), whereas histograms of trapping regions
remain relatively centralised, again as long as extensive uptake heterogeneities are not
present. This confirms that Voronoi polygons can both underestimate and overesti-
mate extremes of capillary supply areas, although our observations show this effect

is not extensive for non-rarefied mixed muscles with realistic fibre—size distribution.

Distributions with non-uniform fibre sizes are naturally rarefied around rela-
tively large fibres. In particular, in the case of fibre metabolic uptake varying in-
versely with fibre size, glycolytic fibres are effectively rarefied. Nonetheless, the area
histograms of VP are seen to essentially coincide with those of TR, (Figs. , F, G,

1).

However, with a large differential scaling of fibre-dependent Oy uptakes, the
VP boundaries show extensive differences from trapping regions (Figs. , E, H),
in addition to a more pronounced deviation in shape and distribution of TR areas
(Figs. , E, H). The influence of such fibre—uptake scaling on distant capillaries

reveals that both non-neighbouring and nearest TR expand further in the direction
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Figure 3.8: Frequency distributions of areas for Voronoi polygons and trapping regions
within the region of interest. Histograms of the areas of Voronoi polygons are given by
black/dark bars and trapping regions by light grey bars. Overlapping histograms are of
intermediate shading. The horizontal axis represents tissue area fractions (supply area
normalised by total tissue area) and the vertical axis shows frequency of occurrence, where
the heights of the bars sum to the number of capillary domains included in region of interest.
Again, the geometry and parameters in plots [3.8]A-I are inherited from those used in Figs.

BOA-L
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of more deprived fibres while, in contrast, VP are insensitive to such functional het-
erogeneities. Nonetheless, when the tissue is hypoxic all such differences in area
frequency distributions are reduced and the correlation between boundaries of TR

and VP is improved relative to the case of abundant O, and thus saturating uptake.

3.9.2 Data tabulation and quantitative correlation

3.9.2.1 The area correlation coefficient, CC

The area correlation coefficient (CC) is a measure of the linear dependence between the
VP and TR areas (and is given by their covariance divided by both of their standard
deviations). Table demonstrates a decreased degree of correlation between the
areas of VP and TR for random fibre type distributions. For such distributions, the
trends in the data for random fibre types distributions are representative and shows
that the highest CC is seen in the most metabolically homogeneous distributions, with
lowest found in the mixed oxidative—glycolytic random arrangements (50% type I, 0%

type Ila, and 50% type IIb), among which the randomly rarefied SU is lowest.

Except for extremely low correlations in high differential scaling of fibre uptakes,
the data also indicate that the 50:0:50 size-based distributions have generally higher
CC values than all randomly mixed distributions. Moreover, the area correlation of
a real mixed distribution (9% type I, 37% type Ila, and 54% type IIb) is found to
be greater than that of the 50:0:50 size-based cases, with hypoxia being the only
exception where CC is found to be highest across all mixed fibre-type distributions.
Additional simulations (not shown) show similar trends for the EDL muscle fibre

distribution (H), although higher corresponding values are observed in this case.

3.9.2.2 The normalized means pna, pn, pr, LOFRA

The normalised mean of difference (ua) provides a measure for the degree of failure
of Voronoi polygons to cover comparable areas to those of trapping regions. This
is observed to correlate with heterogeneities in fibre functional characteristics, fibre

size, and capillary distributions.

For symmetrical capillary and fibre distributions (SU), this statistic increases
with increased heterogeneity in fibre type composition with the 50:0:50 proportion
of types I, I1a, IIb being the highest (ua = 0.0679), However, introducing fibre type
ITa (9:37:54) leads to a slightly smaller value (ua = 0.0473). Further functional
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heterogeneities, such as down-scaling the O, uptake of type IIb fibres by a factor of
five, lead to a 332% increase in ua value (ua = 0.3008 vs. 0.0697). In contrast, a
10% random capillary rarefaction leads to a 78.6% increase in ua value (ua = 0.1245
vs. 0.0697), and a 50% reduction in capillary density increases ua by only 7.5%
(ua = 0.0749 vs. 0.0697). However, when tissue PO falls below 0.5 — 1 mmHg
(hypoxia) the areas covered by VP are generally improved by 35.6% with respect to
areas of TR (ua = 0.0449 vs. 0.0697).

With fibre size heterogeneities introduced in the SN geometry, a comparison
with the homogeneous fibre-type distribution in the SU geometry shows a marked
increase in pua (pua = 0.1209 vs. 0.0077 in the 100:0:0 composition). As these two
cases are of a similar non-mixed metabolic character (i.e. uniform fibre type), it
is clear that such a deviation in mean normalised difference is a direct result of
the heterogeneity in capillary spacing inherent in the SN geometry rather than a
consequence of functional fibre heterogeneities, which are absent in this case. This
implies that statistical values generated for a tissue with a uniform metabolic demand
may serve as a baseline for exploring the functional effects of capillary asymmetries.
For example, increasing the proportion of mixed fibre types influences pa less for
distributions with non-uniform fibre size (ua = 0.1600 vs. 0.1206) than distributions
with uniform fibre size (ua = 0.0697 vs. 0.0072), even in absolute terms.

Fibre size heterogeneities are also present in the H (histologic) geometry where,
additionally, interstitial spaces add more to the spatial heterogeneity of capillaries.
Given an EDL fibre-type composition (9:37:54), the H geometry shows higher pa
values than those of the size-based SN and SU (ua = 0.1129 vs. 0.1048 and 0.0473,
respectively). This likely reflects the heterogeneity in capillary spacing, which is
highest in the H geometry (o p is a measure of capillary heterogeneity). In contrast,
despite the observation that high differential scaling of O, uptake increases pa for all
geometries, we note that the histologic case has the lowest pua value (ua = 0.2633 vs.
0.3122 for SN and 0.3008 for SU). Noting that the effect of high differential uptake is
expected to be more pronounced at the interface of dissimilar fibre types, the above
change in pua trend is likely due the smaller interface in the histologic geometry which

is reflected in the aggregation of similar fibre types.

The normalised mean of intersection (un) and the mean ratio (ug) describe how
well Voronoi polygons capture the functional capillary supply of trapping regions, with

values of unity for cases of a perfect match. Mean ratio values further infer whether,

AL-SHAMMARI TRINITY 2014



CHAPTER 3. OXYGEN SUPPLY IN MIXED MUSCLE 90

KA oA KA on MR ovP  OTR CC LCFRa

0:0:100 SU 0.0072 0.0073 0.9845 0.0028 0.9941 0 0.0073 * 0.19

o SN 0.1206 0.1455 0.8951 0.1800 1.0005 0.2528 0.1274 0.9307 6.44

25:0:75 SU 0.0245 0.0291 0.9605 0.0339 1.0094 0 0.0301 * 3.46

g e SN 0.1416 0.1794 0.8705 0.1697 1.0119 0.2528 0.1445 0.7381 9.05
o

"g SU 0.0697 0.0882 0.9255 0.0382 1.0001 0 0.0882 * 4.60

é 50:0:50 SUp 0.1245 0.1612 0.8788 0.1065 1.0007 0.1983 0.1012 0.5901 7.41

SN  0.1600 0.1955 0.8701 0.1671 1.0228 0.2528 0.1359 0.6770 8.18

75:0:25 SU 0.0239 0.0285 0.9617 0.0329 1.0103 0 0.0285 * 3.10

e SN  0.1380 0.1680 0.8850 0.1763 1.0084 0.2528 0.1637 0.7662 6.93

*k
100:0:0 SU 0.0077 0.0078 0.9844 0.0030 0.9940 0 0.0078 0.23

SN  0.1209 0.1448 0.8955 0.1805 1.0011 0.2528 0.1274 0.9340 6.43
Size based SN  0.1115 0.1381 0.9084 0.1961 1.0103 0.2528 0.1886 0.8508 4.97

SU 0.0473 0.0599 0.9447 0.0306 1.0042 0 0.0606 * 3.80
Real SN 0.1048 0.1284 0.9114 0.1933 1.0025 0.2528 0.1757 0.8875 4.64
H 0.1129 0.1451 0.8842 0.2136 0.9728 0.2854 0.1996 0.8692 3.41
SU 0.0749 0.0931 0.9182 0.0408 1.0000 0 0.0931 * 4.93

Low CD SN  0.1150 0.1422 0.9065 0.1959 1.0098 0.2528 0.1894 0.8380 4.89
H 0.1186 0.1530 0.8782 0.2104 0.9710 0.2854 0.1972 0.8485 3.72

Uotak SU 0.3008 0.4803 0.7615 0.0990 1.0833 0  0.4803  * 24.27
pla € SN  0.3122 0.3742 0.7700 0.2257 1.1529 0.2528 0.4362 0.5195 19.25
scale H 0.2633 0.3118 0.7509 0.2626 1.0386 0.2854 0.4208 0.6723  17.95
SU 0.0695 0.0867 0.9240 0.0383 1.0005 0  0.0867  * 4.47
MM SN 0.1113 0.1376 0.9088 0.1970 1.0088 0.2528 0.1907 0.8502  4.96
H  0.1131 0.1461 0.8846 0.2136 0.9733 0.2854 0.1995 0.8670  3.50
SU 0.0689 0.0862 0.9244 0.0383 1.0004 0  0.0862  * 4.47

MM+Mb SN 0.1113 0.1374 0.9088 0.1968 1.0085 0.2528 0.1900 0.8510 4.96
H 0.1128 0.1454 0.8839 0.2134 0.9723 0.2854 0.1997 0.8681 3.46

SU 0.0449 0.0551 0.9507 0.0244 0.9967 0 0.0551 * 2.96
Hypoxia SN 0.0916 0.1128 0.9237 0.2058 1.0037 0.2528 0.1959 0.9082 3.83
H 0.0894 0.1143 0.9112 0.2334 0.9793 0.2854 0.2132 0.9312 2.19

Table 3.3: Statistics determined from areas of VPs and TRs for the SU, SN, and H ge-
ometries. Fibre composition is denoted by I:I1a:IIb. Distinct parameter regime entries are
denoted by Low CD (a 50% reduction in capillary density), Uptake scale (a I:Ila:IIb Oy de-
mand scaling of 1:0.88:0.1), MM (Michaelis—-Menten kinetics), MM+Mb (MM & myoglobin—
facilitated diffusion), and Hypozia (MM+Mb in the presence of hypoxia, POs < 0.5 — 1
mmHg). Hypoxia is achieved by increasing fibre uptake by a factor of eight. Unless other-
wise specified, the entries for each row correspond to a random 50:0:50 for the SU geometry,
a size-based 50:0:50 for the SN geometry, and a real 9:37:54 for the H geometry. * denotes
cases where statistics are not applicable. The area correlation coefficient, CC, is ill-defined
for hexagonal arrays since all areas are the same, and hence their standard deviation is
null. Nonetheless, it is clear that VP areas provide exceedingly good estimates of TR areas
in this case. Note that the value of orgr under perfect symmetry reflects the scale of the
boundary artefacts. See Eq. for a definition of LCF RA.

AL-SHAMMARI TRINITY 2014



CHAPTER 3. OXYGEN SUPPLY IN MIXED MUSCLE 91

on average, a VP is over- (ug > 1) or underestimating (ug < 1) the functional

capillary supply.

The value of u~ decreases with increased proportion of fibre types in SN and SU
for random fibre type distributions, with SU distributions showing relatively higher
values than SN. However, the decay of un with respect to the proportion of mixed
fibres is less in SN than SU. In addition, fibre distributions where a size-type corre-
lation is enforced (size of Type I < Type Ila < Type IIb) show markedly higher pn
values than randomly distributed fibre types of random size allocation (un = 0.908 vs.
0.87). In contrast, such values are significantly lower when differential scaling of fibre
demand is present (e.g. pun = 0.77 for SN). In addition, under the same conditions,
an overestimate of functional capillary supply is evident (e.g. pg = 1.1529 for SN).
Conversely, when the tissue is hypoxic, there is a general improvement in the overlap
of a Voronoi polygon with the corresponding trapping region (uq = 0.9084 vs. 0.9237
for the SN 50:0:50 size-based distribution; p~ = 0.9255 vs. 0.9507 for the SU 50:0:50
distribution; pn = 0.8842 vs. 0.9112 for the H distribution of EDL muscle).

Given that LCFR represents the number of capillary supply equivalents at max-
imum capacity, the mean of normalised difference of the LCFR indices, LC'F R,
provides a measure of the degree of failure of VP—based capillary supply indices. As
expected in the case of perfect capillary symmetry (SU) and uniform tissue uptake
(100% Type I or Type IIb), this index is very small (< 0.25%). However, even for
this geometry, a random increase in the heterogeneity of fibre—type composition leads
to a marked increase in LCF Ra value (LCFRA = 0.23 vs. 4.6). Similarly, the same
trend is observed in the case of non-uniform fibre—size distribution, although the in-
crease in LC'F Ry is notably less (LCFRa = 6.43 vs. 8.18). Moreover, under normal
differential uptake, the highest values of LC'F'RA correspond to tissues with fibres
of highly mixed types and random size (SU = 3.1 — 4.6% and SN = 6.93 — 9.05%).
Conversely, the case of size-based fibre type distributions shows a significant decrease
in LCFRA, with lowest values observed in hypoxic tissues where O, consumption is
adjusted significantly below maximum O, consumption . It is interesting
to note here that the SN geometry with a size-based fibre type distribution has a
smaller value of LC'F'Ra than the rarefied SU geometry whose underlying capillary
distribution is more symmetrical (LCFRa = 4.97 for SN vs. 7.41 for SU).

In all cases, introducing an extreme uptake heterogeneity, such as a high dif-

ferential fibre Oy uptake, leads to the highest discrepancy between VP-based and
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TR-based LCFR, where values are largest for the SU case and smallest for the histo-

logical case.

3.9.2.3 The normalised standard deviations oa, 0, oyp, OTR

The normalised standard deviations increase with greater heterogeneity in fibre—type
composition and size distribution. The highest values correspond to the greatest
degree of functional heterogeneity, i.e. high differential scaling of different fibre type-
specific Oy uptake.

The normalised standard deviation of difference (oa) describes the difference
between the spread of Voronoi polygon areas and that of trapping regions. This
measure is found to follow the same trends as those of pa illustrating that the spread
of VP areas begins to differ from that of TR for increased mixing of fibre types. In
particular, random mixing of fibre types shows higher values of oa than size-based

and real distributions.

The normalised standard deviation of intersection o~ extends the above corre-
lations by considering the spread of VP areas that overlap with TR. This statistic
tends monotonically toward the value of oyp as the Oy demand and the capillary ar-
rangement become increasingly homogeneous. Here oyp quantifies the asymmetry in
the underlying capillary distribution, with increasing values corresponding to greater
asymmetries. Also, the presence of size-based fibre—type distributions further shifts
0n in the direction of oyp, with hypoxic conditions showing the largest shift. This
illustrates that the spread of the VP-TR overlap is reduced as the Voronoi polygons
areas conform more to those of trapping regions when fibre type distributions are less

random.

The dispersion in oxygenation supply areas, as measured by oyp and org,
remains essentially zero for the SU geometry with uniform fibre-type composition
(oyvp = 0, org = 0.0073, where the value of orr under perfect symmetry reflects
the scale of the boundary artefacts). However, both spread statistics begin to widen
as structural and functional heterogeneities are increased. In particular, despite the
fact that there is no dispersion in VP areas in the SU geometry, the spread in TR
areas is found to be increasingly positive across all mixed fibre composition. In the
SN geometry, however, the spread in TR areas is generally smaller than that of VP

areas, except for the case of an extreme functional heterogeneity (high differential
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uptake). These observations indicate that TR are influenced by functional changes in
the diffusive and metabolic properties, whereas VP are not, highlighting an advantage

of trapping regions.

3.10 Discussion and conclusions

Techniques for the assessment of muscle capillary supply vary widely within the liter-
ature. Global methods are often used to analyse capillarisation where average values
of structural composition or functional activity are taken to represent the whole tis-
sue uniformly. However, such measures cannot capture the spatial heterogeneity in
capillary supply generated by the local metabolic environment and variations in fi-
bre size. In addition, the scale-dependency inherent in such indices may explain
why data on capillarity is variable, if not conflicting [46]. On the other hand, the
space—filling area—based method of capillary domains is used to avoid the spatial
limitations of analyses based on global indices. In particular, space—filling methods
have the advantage of capturing the local environment of capillaries by giving each
a 2D domain representing its maximal supply area, and therefore take into account
heterogeneities in Oy supply and demand, while also allowing exploration of local
influences of microvascular remodelling and regulation. In addition, the validity of
using capillary domains (Voronoi polygons) to represent capillary supply areas was
confirmed for general cases of muscle tissue with uniform O uptake in the previous
chapter. Whether this representation is sufficiently accurate to describe functionally
heterogeneous tissues is not clear. Hence, our present study considered when capillary
domains are appropriate to assess O, supply from capillary distributions embedded
in functionally heterogeneous muscle tissues, e.g. skeletal muscle, by exploring their

correlation with a biophysically based alternative, namely the trapping regions.

Voronoi polygons and trapping regions are observed to have the same qualitative
shapes and overall quantitative distributions for all fibre distributions in a maximally
perfused, non-rarefied, metabolically heterogeneous system regardless of the degree
of structural asymmetry even for hypoxic tissues. This correlation is lowest in muscle
with a highly heterogeneous fibre type composition, assuming the other conditions
above are met. However, even in this case the normalised mean of the VP areas
overlapping TR remains above 87%, provided that noticeable capillary rarefactions
or significant heterogeneities in fibre-dependent O, uptake are absent. This remains

true across all synthetic capillary and fibre distributions (type and size), and for those
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extracted from an EDL muscle tissue cross—section. These observations are also robust
to variations in the adjustable parameters of the transport model as detailed in the
previous chapter. Therefore, in the absence of extremes that are only associated with
pathologies, our modelling predicts that VP provide a computationally simple and
accurate approximation of functional capillary supply for muscle tissue cross—sections
of heterogeneous fibre types, which in turn theoretically validates the conclusions of
modelling studies taking Voronoi polygons as a basis for morphometric analyses of

maximal capillary supply in skeletal muscle tissues [T, B1H34), 48], [194].

A local increase in fibre area (local hypertrophy) lowers the accuracy of VP as
it effectively leads to local capillary rarefaction, which is consistent with our previ-
ous predictions for homogeneous muscle tissue and also the numerical observations
that fibre size influences POy heterogeneity [125]. However, if such hypertrophies
are localised to fibres with relatively low Os uptake (i.e. glycolytic fibres), a bal-
ance resulting between opposing PO, fluxes is observed as indicated for instance by
the increase in un and decrease in pua for size-based fibre type distribution. The
overall accuracy of VP within the region of interest may then only change slightly,
thus potentially retaining their validity in representing capillary supply areas. These
observations suggest that the lower histological capillary supply to glycolytic fibres
in situ is balanced by their reduced Oy demand per unit volume. In turn, the high
VP-TR correlation for rat EDL tissue perhaps suggests that the fibre type distribu-
tion may be tightly regulated to avoid large fibres with high oxidative capacities per
fibre volume. Similarly, our findings also suggest that a local homogeneity in capillary
supply is necessary when the specific Oy demand of nearby fibres is relatively high,

in agreement with the findings of [53].

The loss of capillaries via random capillary rarefactions, regardless of the local
metabolic character, significantly decreases the correlation between VP and TR. In
contrast, a global rarefaction via a reduction in mean capillary density only slightly
perturbs the VP-TR correlation. A global reduction in capillary density increases dif-
fusion distances and is effectively equivalent to an increase in the non-dimensionalised
O, uptake of the biophysical model. Nonetheless, the effect of such increase in non-
dimensional MOs on the VP-TR correlation is relatively small compared to that of
random local rarefactions, and can be simply balanced by a parallel global decrease
in O, consumption. This highlights the robustness of the estimates for the capillary

supply regions for such parameter changes and entails that the correlation between
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VP and TR is only weakly affected by global changes, in comparison to the influence

of local rarefactions.

A common assumption is that the oxidative capacity or functional characteris-
tics of different muscles depends on fibre type composition (i.e. proportion of Type
I, ITa, and IIb). Also a random arrangement of fibre types can lead to significantly
weaker correlations between VP and TR. This observation shows that, in addition
to fibre type composition, oxidative capacity depends on the distribution of fibre
types, in a close parallel with the relationship between functional capillary density
and capillary distribution. Hence, the modelling observations are consistent with the
hypothesis that to avoid peaks in Oy demand, fibre type distribution may need to be
tightly regulated to avoid large fibres with high oxidative capacities per fibre volume.
This, in turn, reduces the heterogeneity and maximises the benefit from the smallest

number of capillaries, thus minimising costs of maintenance.

Increasing the degree of differential O, uptake, the ratio of oxidative to gly-
colytic MOs, has a significant impact on the accuracy of VP relative to TR for all
tissue geometries. This effect is on the scale of a severe local rarefaction [3] and is
expected to be far greater than the heterogeneities resulting from local fibre hyper-
trophies. This indicates that VP may be of limited use and inaccurate in assessing
capillary supply areas for physiological situations associated with high degree of fibre
differential uptake [60) [135] [184], such as altered patterns of fibre recruitment [76],
and perhaps during muscle remodelling, such as an increase in mitochondrial vol-
ume densities [195]. However, aggregation of similar fibres as observed in histological
cross—sections mitigates the impact of a high differential uptake on the accuracy of
VP. In particular, grouping of the same fibre type in clusters provides a region of
uniform uptake that is large enough to prevent PO, fluxes of interior capillaries from
reaching remote fibres with high demands, thus acting as a local buffer to restrict
capillary supply areas from remote supply. Capillaries near the periphery of a fibre
cluster, however, are exposed to the oxidative—glycolytic interface and thus the di-
rection of their Oy fluxes will be forced into the oxidative side resulting in complex
flux lines that cannot be accommodated within the pure geometrical construct of VP.
Nonetheless, the overall effect has a low impact on the quality of VP in capturing cap-
illary supply regions. The high correlations between VP and TR in rat EDL muscle
therefore also suggest that the histological fibre distribution is also tightly regulated

to prevent large surface area of interaction between metabolically dissimilar fibres.
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Surprisingly, under conditions leading to tissue hypoxia VP appear to approx-
imate O supply regions to a better extent than under normal conditions. Indeed,
under conditions of low oxygenation, myoglobin facilitated transport is additionally
considered and the muscle tissue consumption is adjusted to very low values in ac-
cordance with Michaelis-Menten kinetics, thus decreasing PO, fluxes from remote
capillaries and between fibres. Due to the PO, dependence of the Michaelis—Menten
curve under such conditions, the local O, uptake of dissimilar fibres will become much
more homogeneous, which in turn leads to substantial reduction in the extent of O,
differential uptake. In addition, given that a VP distribution reflects the underlying
distribution of capillaries, the observation that predictions of Oy supply areas (TR)
approach those of VP suggests that in chronically hypoxic tissues capillary distribu-

tion is more important than fibre demand for Os,.

The current data and modelling demonstrate that VP and TR tend to coincide
with reasonable accuracy for a capillary bed dispersed in a mixed fibre population
without high differential uptake, indicating that each region within such tissue is
supplied by its nearest capillary. This in turn suggests a lack of redundant capillaries
within such tissue, which is found in almost all human skeletal muscles. In other
mammals, however, regional specialisations in function have led to clustering of more
oxidative or more glycolytic populations of fibres. For example, in the rat tibialis
anterior (TA) the outer cortex is almost all Type IIb fibres, whereas the inner core
is a mix of Type I and Type Ila fibres, while the soleus is nearly all Type Ila fibres.
Our data indicate that VP and TR are expected to coincide with higher degree of
accuracy in the outer cortex of rat TA and soleus muscles than in the inner core of
the TA muscle due to the latter’s more abundant interfacial regions of dissimilar fibre
types. This highlights that efficient capillary supply during the development of such
muscles need not always be dominantly constrained to O, delivery, especially in the
presence of relatively high differential uptake between fibre types as can occur during
fibre remodelling [195].

In particular, since the VPs and TRs deviate in such muscle, not every capil-
lary is simply supplying O, to the tissue closest to it. Hence, in this context there
is supply inefficiency in that, in various locations, the structure of the tissue entails
that distant capillaries compensate nearby capillaries, so that the latter are not fully
utilised. This, in turn, suggests that the control of capillary distribution in mixed

muscles can also be affected by other feedback regulators in addition to Oy and also
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muscle fibre type distribution and composition. In particular, developmentally the
fibre types differentiate first and then the capillary bed expands along with inner-
vation. In the case of remodelling of mature tissue the situation may be reversed.
For example, improved resistance towards fatigue initiated by electrical stimulation
preceded increased activity of oxidative enzymes and occurred concomitantly with

increased capillary supply [19].

In summary, while the Voronoi polygon approximation to trapping regions de-
pends on heterogeneity of fibre composition, it is nonetheless representative for max-
imal vascular capacity given the absence of capillary rarefaction and high differential
uptake between fibres, while also exhibiting insensitivity to model parameters. There-
fore, measures of muscle capillary supply capacity based on Voronoi polygons may
be reasonably used for mixed muscle samples. However, increases in heterogeneity
associated with differential uptake will eventually lower the accuracy of Voronoi poly-
gons. Hence, more sophisticated measures of capillary supply capacity should be used
to study structural or functional dysregulation in striated muscle tissues, when flux
trapping regions may provide a more robust representation of capillary supply regions.
In addition, the relationships between Voronoi polygons and trapping regions may be
generally informative in studies exploring the regulatory mechanisms underlying the

capillary and fibre distributions in skeletal muscles.
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Chapter 4

Oxygen Supply to Mitochondrial
Zones

4.1 Summary

Developing effective therapeutic interventions for pathological conditions associated
with abnormal O, transport to muscle fibres critically depends on the objective char-
acterisation of capillarity. Local indices of capillary supply have the potential to
identify the onset of fine—scale tissue dysregulation and intracellular remodelling.
Detailed tissue geometry, such as muscle fibre size, has been incorporated into such
measures by considering the distribution of the Voronoi polygons generated from pla-
nar capillary locations as a representation of capillary supply regions. Previously, our
detailed simulations in Chapters[2| and [3| have predicted that this is generally accurate
for perfused muscle tissues with both homogeneous and heterogeneous fibre uptake
of Os. In this chapter, we extend this modelling framework to incorporate intracel-
lular heterogeneities in Oy demand, diffusivity, and geometry, for the assessment of
capillary supply capacity under maximal sustainable O, consumption. This allows us
to investigate theoretically the effect of such heterogeneities on the representation of

VPs and on the distribution of PO, in muscle fibres under hypoxic tissue conditions.

We demonstrate for muscle fibres with heterogeneous fibre properties and mito-
chondrial clustering that VP theoretically provide a computationally simple but of-
ten accurate representation of trapping regions, which are predicted from biophysical
transport models to represent the areas of tissue supplied by individual capillaries.

However, this use of VP may become less accurate under extensive mitochondrial
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aggregation beneath the sarcolemma. In such cases, subtle changes due to mito-
chondrial clustering may only be registered within a more robust representation of
capillary supply regions, namely trapping regions. Thus we explore whether TR are
better suited to investigate data from comparative studies of intracellular modifica-
tions. Additionally, both the observation that VP can only approximate O, delivery
by capillaries, and that we generally find a close relationship to TR, suggest that the
heterogeneity in capillary distribution is an important factor in regulating both the

inter- and intracellular heterogeneities of Oy transport and uptake.

In addition, we show that intracellular heterogeneities may significantly affect
PO, profile within when considered at the appropriate PO, scale (e.g. hy-
poxic threshold). Hence, we conclude that such heterogeneities may have a profound
effect on cellular metabolism at the hypoxic threshold but the sensitivity we also
observe entails that there are no detailed trends. Furthermore, previous models that
neglect mitochondrial clustering when it is in fact extreme may be inaccurate, for
example they may underestimate hypoxia in some fibre types, and more generally
the concept that mitochondrial clustering should improve oxygenation does not hold
universally. Additionally, we show that the decay in intracellular PO is not always
monotonic from the sarcolemma to the fibre centre, which is in contrast to the tradi-

tional view of tissue oxygenation based on the Krogh cylinder geometry.

4.2 Introduction

Understanding the link between global Os supply and local capillary distribution is
crucial for assessing the efficacy of therapeutic interventions in pathological scenar-
ios such as muscle ischaemia. Numerous morphometric methods have been used to
quantitatively analyse the anatomical supply of capillaries to muscle fibres in an ef-
fort to assess the functional consequences of experimental interventions [T}, 34], 47, [51)
97, 106, 175, T93H195]). Analyses of tissue structure that are based on morphometric

methods can only reveal the maximal transport capacity of a system.

The majority of biophysical Oy transport models base their geometrical frame-
work, and ultimately O, supply indices, on estimates from global morphometric meth-
ods, where average values of structural composition and functional activity are taken
to represent the tissue uniformly, e.g. mean intercapillary distance (ICD), capil-

lary density (CD), capillary—to—fibre ratio (C:F), number of capillaries around a fibre
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(NCAF)), and Oq uptake (MO,). In particular, the majority of indices based on a sin-
gle Krogh cylinder [120] use global values of either ICD or CD to estimate the radius
of the cylinder. In addition, most biophysical models of concentric cylindrical geome-
tries (a tissue cylinder surrounded by multiple capillaries) use global C:F or NCAF
to estimate the number of capillaries that are distributed symmetrically around the
central cylindrical fibre. However, capillary supply is likely spatially heterogeneous
due to heterogeneities in the local capillary distribution [32], the local metabolic en-
vironment (e.g. local distribution of fibre type) [193], the local distribution of fibre
size [1I], and the local distribution of mitochondria [128, [142] 193]. Furthermore, not
only are average indices inherently scale-dependent [46], but also Krogh cylinders
inadequately partition the tissue space, leading to non-physiological tissue voids as

well as overlapping Krogh cylinders.

To avoid the spatial limitations of global indices, further refinements sought
to take into account areal (local) morphometric methods [97], such as those based
on Voronoi polygons (capillary domains). Noting that trapping regions denote the
prediction of capillary supply regions from biophysical models of Oy transport and
kinetics, we demonstrated in previous chapters that Voronoi polygons generally give
an accurate approximation of trapping regions within striated muscle tissues at maxi-
mal aerobic capacity. Nonetheless, we also observed that the approximation accuracy
may deteriorate with rising levels of capillary rarefaction, and may ultimately break
down under significant perturbations to the uniformity of capillary POy and fibre
Oy uptake (MO3). However, such complications under maximal functional supply
require either tissue pathology or intracellular remodelling. Hence we predicted that
correlations between Voronoi polygons and supply regions may reflect local control
of angiogenic foci on the lengthscale of an aerobic muscle fibre diameter, thus pre-
venting random capillary rarefaction as observed by [9]. Additionally, we showed
that the generally close relationship between Voronoi polygons and trapping regions
may serve as a hypothesis generator by highlighting constraints on potential mech-
anisms for the regulation of fibre type and size distributions as well as emphasising
the relative importance of heterogeneous metabolism and capillary distribution in

determining capillary supply to mixed muscles.

4.2.1 The profile of intracellular oxygen tension and uptake

Contrary to the usual modelling assumption of intracellular spatial homogeneity of

O, uptake, individual muscle fibres exhibit heterogeneous ultrastructural character-
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Figure 4.1: A typical spatial distribution of mitochondria within skeletal muscle fibres.
Note the numerous mitochondria (dark structures) near the fibre membrane (i.e. sar-
colemma). From [103], with permission.

istics. In particular, the transport properties associated with muscle fine structure
and composition (e.g. fibre content and distribution of mitochondria, myoglobin, and
lipids), are not uniform and may depend on fibre type [104] 115} 176, 193].

4.2.1.1 Mitochondria

In particular, mitochondria are the cellular power plants where most of the cell’s
supply of high energy molecules, e.g. adenosine triphosphate (ATP) [20], is aerobically
generated at their inner membranes via the Krebs Cycle [0, [185]. Aerobic energy
production within mitochondria is only possible if a continuous and sufficient supply
of O is present locally [I85]. In particular, Oy is almost exclusively consumed within
mitochondria [100], thus making them the ultimate sites for Oy consumption within
muscle fibres (myocytes). In contrast, when O, supply is insufficient, the energy
production is carried out in the absence of O, in the cytosol via a process called
fermentation [6, [I85]. This process of anaerobic generation of energy yields 13 times
less ATP per metabolised glucose molecule than aerobic respiration, hence making
fermentation less Oy—efficient [185].
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Mitochondria have their own independent genome and are able to independently
proliferate through repeated mitochondrial divisions, a process similar to bacterial
binary fission [6]. While many think of mitochondria as ovoid structures with diameter
around 1 pum, these organelles can actually undergo fusion, which if combined with

repeated binary divisions can give rise to tubular mitochondrial networks [79].

In muscle fibres, mitochondria can be recruited to subcellular sites such as resid-
ing between myofibrils and/or clustering beneath the sarcolemma, particularly near
capillaries [103, 104]. Given O, is exclusively consumed in these organelles, such
distinctive arrangements of mitochondria imply that O, consumption must be spa-
tially heterogeneous within muscle fibres. Since supply and demand heterogeneities at
higher scales (see Chapters [2] and |3)) affect tissue oxygenation, it is reasonable to con-
sider that intracellular heterogeneities may constitute an additional local resistance to
Oy delivery to mitochondria, thus warranting a detailed mathematical framework to
explore such heterogeneities. In fact, using endogenous enzymatic probes to localise
relative metabolite concentrations, Jones [109] has experimentally demonstrated that
heterogeneities in intracellular O, levels do exist under conditions of limited PO4 and
ATP. In addition, recent advances in myoglobin microspectrophotometry have led to

the experimental finding of heterogeneous PO, levels in isolated cardiomyocytes [176].

4.2.1.2 Microgeometry

The intracellular distribution of mitochondria in muscle fibre cross—sections is typ-
ically non-uniform (Fig. . Electron transmission microscopy of individual mus-
cle fibres typically shows two visually distinct mitochondrial zones within fibres
[104, 115, 159]. The zone immediately underneath the sarcolemma, that is the cel-
lular membrane of a muscle fibre, is referred to as the subsarcolemmal zone, or in
abbreviation, [ssf within this region it is common to observe aggregations of mitochon-
dria as part of a decreasing gradient of mitochondrial density that is highest near the
sarcolemma and capillaries and lowest at the fibre core |52, [159]. Toward the central
region of the fibre a characteristically sparse mitochondrial distribution forms in what
is referred to as an intermyofibrillar zone, [115, 159]. This central zone contains
many chains of rod-like units of a muscle, called myofibrils, which are responsible for

muscle contraction.
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4.2.1.3 Functional role

The functional role of mitochondrial clusters is not yet understood. In particular,
it is still unclear what role mitochondrial function (e.g. Os consumption and en-
ergy production) plays in such a spatial organisation. In addition, the regulatory
factors causing mitochondria to exhibit such spatial patterns is still under debate.
Nonetheless, there are currently two hypotheses seeking to explain the functional sig-
nificance and the mechanisms leading to intracellular mitochondrial re-distribution

to the subsarcolemal zone.
The “balance of demands” hypothesis

The physiological significance of fine scale mitochondrial distributions has always been
hypothesised to reflect a functional balance between the mitochondrial demand for
O, and the myofibrillar demand for ATP [104], [113], 114}, I88]. In brief, if O, diffusion
from capillaries is a limiting factor for mitochondrial metabolism, one would expect
all mitochondria to aggregate in the subsarcolemmal zone, particularly beneath cap-
illaries. This observation has always been crudely explained in terms of a reduction
of diffusion distances between capillaries and mitochondria [77, 104, 113, 114 [188].
In contrast, if the diffusion of ATP from mitochondria to myofibrils was limiting for
myofibrillar contractions, then one would expect all mitochondrial to uniformly aggre-
gate in the intermyofibrillar zone. However, as noted by Hoppeller and Billeter [100],
the actual observation is that not all mitochondria are clustered near the sarcolemma
and capillaries, rather some mitochondria are clustered and some are scattered be-
tween myofibrils. This has led to the suggestion that the diffusion of both substrates

is critical and a balance of demands may explain such an intermediate clustering [104].

In addition, there is experimental evidence indicating that mitochondrial dis-
tribution and clustering are important factors in determining the magnitude and
location of intracellular O, gradients, with the cluster size being constrained by the
magnitude of the PO, gradient needed for sustaining mitochondrial generation of
ATP [109]. Such mitochondrial clusters are hypothesised to maintain steep gradients
of high energy phosphate molecules by reducing their diffusion distances to the pe-
ripheral supply of Oy [16] 109]. However, this latter hypothesis did not explain the
potential mechanism by which O, gradients may influence the spatial distribution of

mitochondria.
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The “diffusional constraints” hypothesis

In a series of papers, a group of researchers [106], 80, 126} 138, T42-144] attempted to
refine the aforementioned hypothesis in an effort to explain why and how mitochon-
dria aggregate beneath the sarcolemma. It was suggested that large Oy gradients (a
theoretical marker for Oy diffusion limitation) dictate the spatial dynamics of mito-
chondrial shifts towards the sarcolemma, particularly in large fibres of crustaceans
and fishes [16), [80), 8Tl 108, [138§].

With the aid of recent experimental advances unravelling the signalling path-
ways controlling the mitochondrial life-cycle, Pathi and co-workers [143] further sug-
gested that mitochondrial sensitivity to local Os levels may cause greater mitochon-
drial degradation (death) within regions of low O (e.g. fibre core) and proliferation
(biogenesis) where O, levels are adequate (e.g. subsarcolemmal zone). Since intra-
cellular Oy and ATP transports are driven by diffusion, their diffusion constraints
(e.g. Oy and ATP supply, demand, and diffusion distance) will dictate the local Oq
concentrations within fibres. Therefore, it was suggested that the dynamics of mi-
tochondrial spatial re-distribution might be dictated by the cellular need to prevent
diffusional constraints. In a follow-up study [142], Pathi and co-workers further pro-
posed a selective removal of mitochondria in response to low O, levels as the primary
factor dictating the observed spatial heterogeneity of mitochondrial distribution in
skeletal muscle fibres. This was suggested to result from spatially homogeneous sig-
nals for mitochondrial birth and spatially heterogeneous death that is dictated by the
local PO profile. The functional role of such birth—death dynamics was predicted to
decrease the diffusional constraints of O, and ATP transport, hence emphasising the

functional advantage of mitochondrial shifts.

4.2.1.4 Current theoretical models

A number of investigators have attempted to elucidate the above hypotheses using
mathematical models. For example, reaction—diffusion models of multiple substrates
(e.g. O, ADP, ATP, creatine phosphate) have been considered [128], [142H144]. In
particular, Mainwood and Rakusan [128] considered O, transport from capillaries to
clustered distributions of mitochondria exclusively near capillaries (mitochondria—free
cell core) along with an additional mechanism for transporting high—energy molecules
from mitochondria to the rest of the cell. They showed that the PO, drop from cap-

illary to fibre centre is significantly smaller when clustering is considered with nearly
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Figure 4.2: Effect of extreme mitochondrial aggregation near capillaries on intracellular
POg profile. (A) A typical Krogh model with homogeneous mitochondrial distribution. (B)
Extreme mitochondrial clustering with all mitochondria aggregating around capillaries giv-
ing rise to mitochondria—free cell core. Note the consideration of a reduced Krogh cylinder
in this case. Calculations are based on Eq. . Reproduced and modified from [12§],
with permission.

constant POy profile across the fibre width (Fig. . This result, however, is heav-
ily influenced by imposing a no-flux boundary condition at a distance much shorter
than the original Krogh cylinder radius, which implies no Oy exchange with the fibre
core. Hence, it is not clear to what extent this clustering may affect intracellular PO,
in more physiological scenarios. In addition, this study explored an extreme case of
mitochondrial aggregation where all are directly beneath capillaries. However, mito-
chondria typically exhibit a combination of spatial aggregation near the sarcolemma

and sparse distribution towards the fibre centre [100].

Considering a single-substrate transport (Oz), Groebe [T7] used a mathematical
model of steady—state transport of O, to a concentric tissue cylinder to show that

clustering gives rise to shallower PO, gradients. Nonetheless, he concluded that this
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effect is insignificant in terms of raising mean fibre POy, and ultimately recommended
disregarding mitochondrial clustering in tissue Oy transport models. This conclusion
was based on predictions of a 2:1 subsarcolemmal-to—intermyofibrillar uptake ratio
which corresponded to an equivalent amount of subsarcolemmal mitochondria that

does not exceed 10% of the overall mitochondrial content of the fibre considered (see

Fig. [4.7).

Pathi and colleagues [142H144] mathematically modelled the reaction and diffu-
sion of key metabolic substrates (including O, ATP, and ADP). This model was cou-
pled to a cellular-automata approach that describes the dynamic response of the mi-
tochondrial life—cycle to spatial variations in the metabolic state of myocytes. These
studies have demonstrated theoretical support of the hypothesis that mitochondrial
clustering prevents diffusion constraints, thus emphasising the functional advantage
of clustering in improving O, supply and reducing large intracellular gradients. In a
single fibre, POy profiles were found to be flatter in the fibre core when mitochondria
clump beneath capillaries. Nevertheless, such explorations have only shown modest
variations in intracellular Oq levels, which is partly due to using a spatially—averaged
PO, as an indicator of the oxygenation state of the fibre. Moreover, capillary O,
supply was restricted to a single fibre with no-flux boundary conditions implying no
interaction with adjacent fibres. Hence, these conclusions are based on the assump-
tion that such mitochondrial clustering only affects the intracellular PO, of the fibre
in question. However, it is well known that, in striated muscles, fibres are embed-
ded in a tissue where other fibres of different shape, size, and metabolism neighbour
each other. While mitochondrial aggregation in one fibre may flatten the PO, profile
within it, it may have the opposite effect (steepen the POy profile) on the neigh-
bouring fibres if their anatomical details or metabolic properties are different or no

proportional clustering exists within them.

It has also been observed that mitochondrial clustering is typical in aerobic,
oxidative, fibres. Since such fibres have higher aerobic capacity than anaerobic, gly-
colytic, ones, it was suggested that clustering is a way to improve PO, levels in the
high energy demanding aerobic fibres which are believed to have steeper POy profiles
(e.g. see [167]). The observation that aerobic fibres are typically smaller than gly-
colytic ones implies that diffusion distances are already small compared to the larger
glycolytic fibres. Hence, it would make more theoretical sense to expect clustering

to occur in glycolytic fibres if we were to assume that clustering reduces diffusion
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distances. In fact, Kayar and co-workers [IT15] have reported that, in horse skeletal
muscles, mitochondrial density was highest beneath the sarcolemma and sharply de-
clines towards the fibre centre irrespective of fibre type. Also reports from histochem-
ical studies in rodent hindlimb [193] have indicated that the ratio of Os consumption
rate near the subsarcolemma to that in the fibre core is more or less the same for all
fibre types. In addition, Boyle et al. [16] and Hardy et al. [80] have observed that
mitochondrial clustering exclusively occurs in the glycolytic levator muscle of mature
Blue Crab (C. sapidus). These muscles are used for power swimming and exhibit pro-
gressively larger fibres during the hypertrophic growth of blue crab (fibre diameter
< 60 pm in juveniles and > 600 pum post—maturation). Such observations highlight
that mitochondrial clustering (1) is not exclusive to aerobic fibres, and (2) can be an
adaptive response to increased diffusion distances, increased intracellular Oy demand,
or decreased capillary Oy supply [80, 167]. We remark here that the interplay be-
tween fibre size (hence, diffusion distance) and demand is better understood in terms

of capillary supply regions, as demonstrated in Chapter [3]

As mentioned earlier, the current biophysical models of mitochondrial clustering
show either a negligible elevation in overall fibre PO, [77, 05, 133] 142} 143] or a signif-
icant reduction in Oy intracellular gradients [128]. Nevertheless, the functional role of
such clustering in ameliorating O, transport limitations requires a re-assessment that
takes into account (1) an accurate geometrical description of the transport medium,
(2) accurate dimensions of mitochondrial zones, (3) a systematic derivation of relative

intracellular Oy uptake rates, and (4) appropriate boundary conditions.

4.2.1.5 Measuring mitochondrial distribution and the consequences for
intracellular oxygen uptake

The planar distribution of mitochondria in myocytes is discrete due to the nature of
individual mitochondria. This has led to the suggestion that O, consumption should
be modelled as discrete Og sinks in the plane. However, Clark and Clark [24] and
Clark et al. [25] have shown analytically that there is essentially continuity in POq
across mitochondrial membranes with practically no spikes in Oy consumption (or,
equivalently, sharp PO, drops) across these membranes (PO, drop ~ 1072 mmHg).
This, in turn, suggested that, for uniformly distributed mitochondria, O, consumption

in tissue is uniformly distributed within fibres (i.e. a continuum).

In modelling the discrete planar distribution of mitochondria in muscle fibres as
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a continuum, it has always been assumed that the intracellular consumption of O is
spatially uniform within fibres. However, such models are highly accurate only when
(1) the length scale of fibre diameter is much greater than that of inter-mitochondrial
distances, and (2) the separation of mitochondria is uniform. In particular, recent
advances in histological studies have revealed that such assumptions are supported by
observations of the spatial distribution of oxidative enzyme activities within muscle
fibres [136], [193].

Furthermore, under a given energy demand, the rate of local Oy consumption
within muscle fibres is assumed to be distributed in the same way as mitochondrial
volume density, as demonstrated experimentally [99] 102 184]. Mitochondrial volume
densities can be determined experimentally by using stereological methods [44]. The
distribution of O, consumption rates can also be determined from quantitative mea-
surements of the kinetic activity of mitochondrial marker enzymes [14] [129] [184], such
as succinate dehydrogenase (SDH) and citrate synthase (CS), which catalyse rate-
limiting reactions within Krebs cycle [161]. Furthermore, the spatial distribution of
enzymatic activities within muscle fibres can be determined from image analysis of
the optical intensity of the enzymatic staining [21] (e.g. Fig.

4.2.2 Aims and objectives

The influence of some of the aforementioned micro-heterogeneities has been explored
both analytically and numerically in a single tissue cylinder with a concentric central
capillary [77, 128, 133] or multiple capillaries around a concentric tissue cylinder
[95], [142], [143]. However, there is still no theoretical consensus as to whether or not
intracellular heterogeneities would significantly influence tissue and intracellular PO,

levels.

Using a 2D Krogh cylinder model, Mainwood and Rakusan [128] showed that
mitochondrial clustering around capillaries leads to a significant elevation in fibre
PO,, suggesting a significant sensitivity of diffusional Oy transport to intracellular
spatial heterogeneities in Os consumption. However, this conclusion was based on
the assumption that mitochondrial clustering characterises a smaller Krogh cylinder
radius which, in turn, infers limiting O, diffusion to an area near the capillary. The

end result was an exaggerated level of tissue oxygenation.

In contrast, Groebe [77] and McGuire and Secomb [I33] used a 3D model of
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SDH activity (AA pm's™)

Figure 4.3: Stereographic patterns of SDH activity in the superficial region of the rat
plantaris muscle (top row). Note the decreasing gradient of SDH activity from near the
sarcolemma to the fibre centre. The scale bar is 50 yum. A continuum 3D representation of
intracellular Oy consumption profile as indicated by the relative SDH activity within the
deep region of rat plantaris muscle (bottom row). Top images from [136], with permission.
Data for bottom image from [193], with permission.

Krogh cylinder to examine the effects of heterogeneous mitochondrial distribution
within muscle fibres and concluded that significant heterogeneity in intracellular O,
uptake would only have a negligible effect on mean fibre PO,. Additionally, using mul-
tiple capillaries around a central tissue cylinder, Hoofd and Egginton [95] investigated
the role of O, diffusion limitations to fish myofibres in shaping their intracellular com-
position (e.g. lipid stores and mitochondrial distribution) via assessing the relative
extent of intracellular fluxes of Oy. Similarly, they concluded that the intracellular,
structural heterogeneities resulting from physiological adaptations following exercise
or cold acclimatisation, particularly mitochondrial clustering, can only lead to a rel-
atively modest elevation in intracellular PO, when compared to increasing the local

capillary number.

It is noteworthy to mention that some of the models predicting a negligible effect
in the presence of heterogeneous intracellular O, demand used a modest intracellular

differential uptake (i.e. uptake near capillaries vs. uptake in the fibre core). This
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reflects a common use of relative mitochondrial content per unit fibre area rather
than per unit area of the local region within a fibre. Therefore, it is still unclear to
what extent the intracellular spatial variation in O, demand actually affects the PO,
profile within fibres when a representative measure of relative mitochondrial densities

is used.

As mentioned above, Krogh cylinders are still widely used to predict POy pro-
files in intracellularly heterogeneous fibres despite their inaccurate representation of
capillary supply regions in heterogeneous muscles. In contrast, we have shown, in
Chapters [2] and [3] that Voronoi polygons can accurately capture capillary supply re-
gions in general. Nonetheless, it is still unknown whether a strong correlation between
Voronoi polygons and capillary supply areas should hold in the presence of intracellu-
lar heterogeneities. Hence, it is unclear whether measures based on Voronoi polygons
(e.g. local capillary—to—fibre ratio) are appropriate in other physiological settings
such as tissue hypoxia given heterogeneous intracellular composition of muscle fibres.
Therefore, our primary objective is to extend the model developed in Chapter (3| for
O, transport under maximal sustainable conditions in tissue, characterising when and
where indices based on Voronoi polygons are likely to accurately assess O, supply from
capillaries embedded in functionally heterogeneous tissue (e.g. striated muscles) in
the presence of mitochondrial and diffusion heterogeneities. Given Voronoi polygons
are generated with relative computational ease and require no parameter estimation,
we additionally seek to assess their accuracy in terms of the less accessible trapping
regions approach. We also investigate correlations between Voronoi polygons and
trapping regions to explore how such intracellular heterogeneities might affect the

local capillary distribution.

4.3 Domain geometry

The domain geometries we consider here are similar to those in Chapter [3] Recall
that these were characterised by different fibre size and shape: synthetic uniform,

synthetic non-uniform, and histological.

4.3.1 Synthetic uniform

The first geometry considered is synthetic uniform size distribution, SU, based on
a total of ~200 synthetic muscle fibres of hexagonal shape and uniform size with
capillaries placed at fibre vertices (Fig. ) Recall that these fibres were generated
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from a Voronoi tessellation of the plane based on hexagonal array of nodes with
prescribed side length and the number of capillaries is determined by the lengthscale,
L, and capillary density, p, which are extracted from histological data. For the final
domain illustrated in Fig. [.4]A, 151 fibres are enclosed within a disc constituting the
simulation domain, which is obtained by rescaling to the unit disc. In contrast to
Chapter [3| here the SU geometry includes a contiguous interstitial space of size 1 — 2
pm. This is generated by shrinking fibres by a thickness of 0.5 — 1.0 pum.

4.3.2 Synthetic non-uniform

The second geometry, synthetic non-uniform size distribution (SN), is based on a total
of ~200 polygonal muscle fibres of non-uniform size with capillaries placed at fibre
vertices (Fig. [4.4B). Recall that these were generated from a Voronoi tessellation
of nodes that have been placed on a random perturbation of the aforementioned
hexagonal array. The final domain geometry encloses 183 fibres of different sizes and
shapes with the addition of an interstitial space of size 1 — 2 pum, which we generate

by shrinking fibres by a thickness of 0.5 — 1.0 pum.

4.3.3 Histological

The third geometry is based on histological fibre size and type distribution (H), with
fibres extracted from digitised images of rat EDL (m. extensor digitorum longus)
muscle cross sections (Fig. , D). We denote these geometries by H1 and H2. The
final domain geometry is a disc enclosing interstitial spaces and 102 fibres for H1, and

105 fibres for H2.

4.4 Fibre geometry

For all domain geometries each muscle fibre is partitioned into two concentric layers
(defined below) with the outermost layer having a fixed thickness of 1-3 pm, regardless
of the fibre size and shape (see Fig. . Here, the constraint on the thickness of
the outer layer is based on experimental observations [I15]. Consequently, layers
of different fibres may have different areas unless the fibre distribution is synthetic

uniform.
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Figure 4.4: A view of modelling geometries. (A) Synthetic fibres of hexagonal shape and
uniform size (SU) with capillaries placed on their vertices (symmetric capillary distribution).
(B) Synthetic fibres of polygonal shape and non-uniform size with capillaries placed on
fibre vertices (SN). (C-D) Rat EDL muscle geometries (H1 and H2). Traces of fibre cross—
sections (solid lines) and capillary centroid locations (red discs) were made from slides using
a microscope drawing arm and their z, y coordinates were registered on a digitising tablet.
Dashed lines = the envelope of the peripheral myofibril edges within a fibre that delimits
the intermyofibrillar zone (refer to Section for more details).
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Intermyofibrillar
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Subsarcolemmal
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Figure 4.5: A cross—sectional view of muscle fibres. On the right is an expanded region of
the left-hand image showing mitochondrial zones (intermyofibrillar zone in light grey colour;
subsarcolemmal zone in dark grey shading).

4.4.1 Subsarcolemmal zone

The outer layer of a fibre is called the subsarcolemmal zone. We refine our definition
of the subsarcolemmal zone to be the region beneath the sarcolemma that is external
to the envelope of the peripheral myofibril edges. The subsarcolemmal mitochondria
are the mitochondrial subpopulation enclosed within this zone. The distribution

of these mitochondria is assumed to be uniform within this layer.

4.4.2 Intermyofibrillar zone

The inner layer of a fibre is called the intermyofibrillar zone. The intermyofibrillar
zone is taken to be everything within the envelope of the peripheral myofibril edges.
The intermyofibrillar mitochondria are the mitochondrial subpopulation enclosed
within this zone. Similar to the other zone, the distribution of these mitochondria is

assumed to be uniform within this layer.
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4.4.3 Fibre—type distribution

Similar to Chapter [3] the fibre type distributions are divided into three categories:

random, size—based, and real.

4.4.3.1 Random

In the case of a random distribution of fibre types, Types I, Ila, and IIb are randomly
assigned to fibres regardless of the underlying size distribution (e.g. Fig. ) Such
random assignment is constrained by a predefined areal composition of fibre types
(I:ITa:IIb). Moreover, we only use the random fibre type distribution for the SU
geometry with an areal composition similar to that of a rat EDL muscle cross section

(9:37:54).

4.4.3.2 Size—based

In the case of a size-based distribution of fibre types, fibres of the SN geometry are
assigned types based on a fibre-type areal composition of a rat EDL muscle cross—
section (9:37:54), with fibre-size distribution following the typically observed order I
< ITa < IIb.

4.4.3.3 Real

In the case of a real distribution of fibre types, fibres of the H1 and H2 geometries
are assigned their histologically observed fibre-type distributions and compositions
(9:37:54 and 10:42:48, respectively).

4.5 Mathematical formulation of the model

Here we extend our previous model of Oy transport under maximal sustainable condi-
tions (see Chapter |3 to explore the validity of Voronoi polygons for use in morphome-
tric analyses of striated muscle tissues with micro-heterogeneous metabolic activities
and anatomical properties. In addition, we seek to systematically quantify how such

microscale heterogeneities may influence the intracellular Oy profile.

We consider muscle tissues with either uniform or non-uniform functional char-
acteristics, which allows a general exploration of striated muscles (skeletal and car-
diac). A typical muscle is exemplified by the tissue cross—section presented in Fig.

[3.1], where the lengthscale of a capillary cross—section is 2 — 4 pum. In addition, we
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Figure 4.6: The fibre-type distributions used in our model. (A) A real distribution of a
9:37:54 (I:Ila:IIb) fibre-type composition. (B) A size-based distribution of 9:37:54 fibre—
type composition. (C-D) Fibre size and type distributions and fibre type composition
(9:37:54 and 10:42:48, respectively) are obtained from histological sections of a rat EDL
muscle with capillary locations identified via alkaline phosphotase staining and fibre types
via succinate dehydrogenase and myosin ATPase staining.
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also incorporate facilitated diffusion and Michaelis-Menten kinetics of Oy consump-
tion, and a spatially heterogeneous Oy demand into the transport equation to account
for myoglobin—facilitated diffusion and to explore the consequences of tissue hypoxia

under conditions of mitochondrial clustering.

4.5.1 Equations

We extend the Oy transport model of Chapter [3] to explore the diffusive analogue
of Voronoi polygons and the PO, distribution under conditions of heterogeneous
intracellular uptake of Oy. The extended model still retains the same transport
mechanisms as that of Chapter 3] In particular, we use a single partial differen-
tial equation to describe Oy diffusion in muscle fibre zones and interstitial spaces.
This is achieved by incorporating an additional interstitial compartment and distinct
fibre sub-compartments, each with specific biophysical parameters, thus capturing
the influence of the interstitial space and especially mitochondrial heterogeneity for
O, transport and oxidative metabolism. In addition, the average transport of O, in
the microvessels is incorporated via a Robin-type boundary condition at capillary
walls. We emphasise here that neglecting intravascular heterogeneities is appropriate
as the primary assumption is that the tissue is under maximal sustainable aerobic

conditions.

Consequently, denoting each tissue compartment j and its subcompartment by
Ji, the steady-—state transport of O, in tissue can be described by the local oxygen

partial pressure, which is governed by conservation of mass

ds
V- |2V + 0 (B0 - My =0, (4.)

where D;, and «;, are the molecular diffusivity and solubility of free O,, ¢} and

D}\lﬂ’ are the bulk myoglobin concentration and diffusivity, and M, is the rate of O,
consumption in muscle fibre subcompartment j;. Here 5 denotes the following tissue
compartments: interstitial spaces (j = 1S) and fibre types I (7 = 1), Ila (j = Ila),
and IIb (j = IIb). Moreover, noting that Oy consumption is restricted to fibre
subcompartments, [ denotes the following fibre subcompartments: intermyofibrillar

zone (I = 1imf) and subsarcolemmal zone (I = ss). Note that «;, is constant in each
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subcompartment, and thus V(a;,p) = o, Vp.

Assuming the absence of myoglobin binding and consumption of free O, in inter-
stitial spaces, the steady—state equation governing O, transport in this compartment

is reduced to

allesv2p =0. (4.2)

Similar to the previous chapters, the domain geometry is obtained by considering
a circular tissue cross-section and then rescaling to the unit disc, D'. After rescaling,
the region enclosed by compartment j will be denoted by €2; with boundary 0€2;. Each
region enclosed by a subcompartmental zone will be denoted by €2, with boundary

082j,. Note that, from Fig. 4.5, we have

Qj = Qsz U jSmf’
=0, NQ,

animf Jss Jimf )

00, = 0%y, U9,

In addition, capillaries are assumed to possess an area, C;, with a boundary, 0C;,
though below we treat the capillaries as small circles with radius rc,,. Therefore, we

seek to investigate PO in a region of the unit disc that excludes the capillary interior,
Q=U,Q =D"\U,C.

4.5.1.1 Oxygen consumption

Within muscle tissue, the rate of Oy consumption by a fibre sub-compartment j; is

assumed to follow the Michaelis-Menten kinetics described by

M, (p) = 0P (4.3)
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where 61 is the maximal consumption rate volume—averaged over fibre subcompart-
ment j;, and p.. is the tissue POy value which reflects the partial pressure scale where

fibre mitochondria are no longer able to extract Oy at maximal rate.

We remark here that although the mitochondrial distribution can be spatially
heterogeneous within muscle fibres, we have nonetheless assumed that mitochondria
is homogeneously distributed within each fibre subcompartment. These assumptions

capture the continuum description illustrated in Fig. [4.5

Let

(4.4)

denote the volume fraction of subcompartment j; with respect to the enclosing com-
partment j, and V(-) denote the Euclidean volume measure. We note here that for
a cylindrical tissue, the volume fraction of a subcompartment is equal to its area
fraction assuming uniformity in the direction of the fibre axis. For instance, the mi-
tochondrial volume fraction of subsarcolemmal mitochondria relative to the volume

of the subsarcolemmal compartment of muscle fibre j is given by

(4.5a)

where €2, is the subsarcolemmal zone of fibre j. Similarly, the mitochondrial volume
fraction of the intermyofibrillar mitochondria relative to the volume of the intermy-

ofibrillar compartment of muscle fibre j is given by

VW (mi;, imf) = (4.5b)
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Thus with an assumed fixed maximal rate of consumption per unit volume of
mitochondria, denoted by Mg the subcompartmental Oy uptake rates per unit
volume (and hence area, assuming uniformity in the direction of the fibre axis) are

given by

MP= = Vi, (ms;, ss) Mt (4.6a)
M = Vi (miy, imf) Mt (4.6b)

Similarly, the mean uptake in muscle fibre j satisfies
M} = Vi (mty, ) MG, (4.6c)

where [mt]; is the total mitochondrial population within the j* fibre. Using this
along with Eq. (4.5) and the identity V(mt;) = V(ms;) + V(mi;), and letting ¢ =
V(€Q,.)/V(Q,.,), we derive the following relation

B M{fs _ Vy(msy, ss)
N M%ﬁmf ~ Vi(miy, imf)’

(Eiifji) (7 (535;:”)
- (vlim; )1( )
() 0

where 7. is the fraction of mitochondria restricted to the intermyofibrillar zone of
fibre j. Hence, given the relative subcompartmental uptake rates and volumes (i.e. n

and ¢), we can estimate the mitochondrial fractions in the two zones by using

AL-SHAMMARI TRINITY 2014



CHAPTER 4. OXYGEN SUPPLY TO MITOCHONDRIAL ZONES 120
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Figure 4.7: Variation of the relative Oy uptake of mitochondrial zones (i.e. n) with respect
to the fraction of mitochondria within each fibre subcomparment. The average fibre uptake
is assumed to be fixed (i.e. fibre mitochondrial density is fixed). Here g = V,,(ss, f) (refer
to Eq. for more details). V,(ss, f) increments by 5% for each subcompartment in the
direction of the arrow.

nq
ms — , 4.8
X 14+ nq (48)
1
mi — 4.9
X 14+ ng (4.9)

In Fig. [4.7 we demonstrate how variations in both mitochondrial fractions and
the volume fraction of the subsarcolemmal zone affect the relative O, consumption
rates in different fibre subcompartments, given a fixed average fibre uptake (hence,
mitochondrial content). We remark here that this fixed fibre uptake is the volume

average of the subcompartmental uptakes
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I =Vi(ss, ) - M + Vi (imf , j) - MEm, (4.10a)
_ L . Jimf L . Jimf 4.10b
14+ nq Jiens
= . it 4.1
( 1+¢ ) Mo (4.10¢)

Given fixed M, and ¢ for each muscle fibre, we use Egs. (&.7) and (.10) in the

results section to solve our model for a range of /\/lé““f by modifying n.

4.5.1.2 Myoglobin

Myoglobin is assumed to be homogeneously distributed within each subcompartment
of muscle fibres with rapid local kinetics of Mb—O, dissociation. As noted in Chapter

[3] this leads to the following equilibrium Os-saturation relation

p

Swb(p) = ——,
b (P) D =+ Dso,Mb

where pso mp is the tissue POy when 50% of myoglobin molecules are saturated with
Oy. We note here that heterogeneities in myoglobin distribution can be feasibly
incorporated into our model by taking the subcompartmental parameters associated

with myoglobin to be non-uniform (e.g. non-uniform c?fb and D?l/[b).

4.5.2 Boundary conditions

The exchange of Oy between capillaries and the interstitial fluid or the subsarcolemmal
zone of muscle fibres occurs at their respective interfaces. Across the part of the
capillary wall in contact with either the interstitial fluid or the subsarcolemmal zone,
passive transport of Os into tissue is characterised by the boundary condition for the

ith capillary

n; - (aISDISVP) - k(pcap - p)» aC@ N aQ187 (4113)
n; - (aj, D; Vp) = k(peap — p), aC; N O, (4.11b)

AL-SHAMMARI TRINITY 2014



CHAPTER 4. OXYGEN SUPPLY TO MITOCHONDRIAL ZONES 122

where n; is the unit normal vector on the capillary wall pointing away from the tissue
and into the capillary, k is the mass transfer coefficient, pe.p is the transversally—
averaged intracapillary POy, and p is the partial pressure of Os at the external
capillary wall. Recalling from Henry’s law that [Os] = ap, we assume continuity
of Oy flux and concentration at the interstitium—subsarcolemma, subsarcolemma—
subsarcolemma (e.g. when edges of neighbouring fibres are indistinguishable), and

subsarcolemma—intermyofibril interfaces

ngs - (asDisVp) = ny, - (2. D5, Vp), O s N OKY, (4.11c)
n;, - (2, D;, . Vp) =y - (ar,Dr, Vp), Q.. N O, (4.11d)
0, - (2, D Vp) = 0y - (@, D VD), Q. (4.11e)
sp = P, O N 09, (4.11f)

WD = U, 99, MO0, (4.11g)

QP = D, o, . (4.11h)

Additionally, a no—flux boundary condition is imposed at the outer boundary

of the tissue, effectively the muscle fascicle, to signify no exchange across it

n; - (ajz Djl Vp)

As detailed in Chapter [2] perturbing the latter boundary condition is verified to

— 0. (4.11i)
o0

induce no significant influence on the system behaviour away from the tissue domain

boundary, thus justifying its use.

4.5.3 Non-dimensionalisation

We reduce the number of parameters by non-dimensionalising the model as follows.
Given that N, capillaries in a tissue disc have an average capillary density p, the

lengthscale, L, is taken to be equal to the diameter of the disc, which is given by
L = +/4N./mp. We use L along with M, peap,
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ar= = Imaxag,,
l

Dy = mlax Dy,
Mb __ Mb
Cpe = mlax s

and

DM — max DMP
I ! Il )

to non-dimensionalise our model by setting

xr = LZZ', P = pcapﬁ, Pe = pcapﬁcy PsoMb = pcapﬁBO,Mba
_ ~ . R D . Mb __ _Mb=Mb Mb __ MbyMb
aj, = o=y, D;, = Di-D;, cj” = aecg”, D;> =D"D;”,
. . Mb-HMb 2 A41
Ji__ 1 Ji o Dy _ LMy _ _ Lk
0o — MOMO’ 01* " apDrxpeap ’ Hr- = oq* Dr* Peap ki = arp Dy« ?

where the bars denote non-dimensional variables and parameters. Here 0y, yy, k1 > 0
are the non-dimensionalised myoglobin content, metabolic O, demand, and mass
transfer coefficient of fibre Type I. Dropping the bars, the non-dimensional model is

reduced to

ds A
V- K(ajpj, + DMy, d;/[b)Vp] — MIME(p) =0, x€Q;, (412a)

with boundary conditions (1) dictating capillary exchange of Oy with interstitial

spaces and subsarcolemmal zones

n; - (oquIsz) e KI*(l — p), X € 001 N a@ls, (4.1213)
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n,; - (o D Vp) = ki+(1 — p), x € 0C; N0, (4.12¢)
(2) at interstitium—subsarcolemma interfaces
njg - (Oqsplsvp) = IljSs . (ajssDjSSVp), X € GQIS N anSS, (4.12d)
Qaisp = ;. P, x € 0Cs N 09, (4.12e)
(3) at fibre—fibre interfaces
njss ’ (ajsspjssvp) = nkss ' (aksspkssvp)7 X G aQ]sb m anss? (412f)
Qj.P = D, x € 0, N Oy, (4.12¢g)
(4) at subsarcolemma—intermyofibril interfaces
njss ' (ajbbDjbbvp) = njimf ' (ajimejilnfvp>7 X € animf’ (412h)
QjssP = iyt D x € 09, (4.12i)
and (5) at the external tissue boundaries
ng, - (aszjlvP> =0, (4‘12j)

o0

where
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Hi=P
M (p) = : 412k
() = L (4124

p
S(p) = ——. 4.121
») D + Dso,Mb ( )

4.6 Model parameters

The values for our model’s biophysical parameters are listed in Table Except
for capillary density and number, all parameter values are obtained directly from the
citations indicated in Table[4.1] Recall that, in our model, non-uniform diffusion refers
to different O, diffusion coefficients in Type I, Ila and IIb fibres, whereas in the case
of uniform diffusion distinct fibre types have the same O diffusion coefficient. For
cases of non-uniform diffusion we use the heterogeneous O, solubility and diffusivity
parameters presented in Table and refer to such cases by appending a ‘+’ sign
to the geometry under consideration (e.g. H1+). In contrast, for cases of uniform
diffusion we use the values of Oy solubility and diffusivity of fibre Type I for all
fibre types, and denote such cases by SU, SN, H1 and H2. We also use the value of
O, solubility in plasma [23] for the interstitial spaces. In addition, the Oq diffusion

coefficient in interstitial spaces is set equal to that of aqueous solution [§].

4.7 Model limitations
We use a spatial profile of maximal Oy uptake 1) that follows a step-function,

with a constant high value near the sarcolemma and a lower value in the fibre core
for non-uniform mitochondrial distributions. However, the experimentally observed
profile of VOg 1ax smoothly decays from the sarcolemma to the fibre core [193]. This
can be accommodated in the current model by smoothing the Os uptake jump within
fibres via the use of a hyperbolic tangent function with respect to a distance function

that is specific to each fibre geometry.

We have also constrained the average uptake of each fibre in an effort to ex-
clude any effects associated with changes to fibre aerobic capacity, thus permitting
an unambiguous exploration of the influences of intracellular uptake heterogeneities.
Nonetheless, this constraint can be feasibly relaxed to assess tissue oxygenation dur-
ing concomitant changes to fibre aerobic capacity and the intracellular distribution
of mitochondrial subpopulations (e.g. increase in both subsarcolemmal and intermy-

ofibrillar mitochondrial volume densities with higher preference to subsarcolemmal
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Parameter Symbol Compartment, ;j Unit Refs.

I IIa IIb IS

O3 demand M} 15.7 13.827.85 0 107° ml Og/ml-s [1°74], 193]
Og solubility Q; 3.89 3.89 3.89 2.8 1075 ml Oy/ml-mmHg [23] [127]
0, diffusivity D; 241 1.39 0.81 2.4 1075 cm?/s [8 [15, [57]
Mb concentration chre 10.2 4.98 1.55 0 1072 ml Oy/ml [134]

Mb diffusivity ’Djm’ 1.73x1077 # cm?/s [111]
Mass transfer coefficient k 4.00x106 ml Oz /cm? mmHg-s  [54, [71]
M= J M n 1-30 # unitless 16, (115}, 145, 193]
Intracapillary POq Peop 20 mmHg [55]

Mb half-saturation POs Psomb 5.3 mmHg [111]

PO, at half demand P, 0.5 mmHg [91]
Capillary radius T 1.8 —2.5x107* cm 58]
Capillary density p 913.4 mm 2 *

# of capillaries Neap 204 — 248 unitless *
Lengthscale L 5.33 — 547 x 1072  cm

Transfer coefficient Kj 233.4 unitless

Oy demand ¥ 25.05 22.05 12.53 0  unitless

Table 4.1: Except for the capillary density and the number of capillaries, the parameter
values in the upper part of the table, above the line, are based on experiments, while those
in the lower part are derived values. For cases of uniform diffusion, the fibre solubility
and diffusivity are set to the values of fibre Type I. Hypoxia is achieved by increasing
the Oy demand of every fibre type by a factor of 12. We choose this factor such that the
effective lengthscale of diffusion, y/&DPeap/ Mo, is much smaller than half the characteristic
intercapillary distance. IS = interstitial spaces, # = not applicable, Mb = myoglobin, and
* highlights parameters estimated from our histological preparations (Fig. , D).

mitochondrial biogenesis), as observed in skeletal muscle fibres following repeated
endurance training under both normal and low ambient O levels [35], 36, 101]. In
addition, although we have not investigated the potential effects that oedema and
fibrosis might have on Oy supply, it is still feasible to incorporate such pathologies in
our current model given accurate histologic details and higher resolution biophysical

parameters can be obtained.

4.8 Numerical solution

The general aim of this chapter is to investigate capillary O, supply to histologically
representative tissues, e.g. mixed muscle. However, the complexity of histological
geometries added to the nonlinearity of Oy flux and tissue consumption does not
permit a tractable analytical solution to our transport equations. Numerical schemes

based on the method of finite elements are fairly standard for such geometrically
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complex problems. In particular, subcellular geometries (e.g. mitochondrial zones)

can be easily accommodated within such numerical frameworks.

We therefore determine the PO, distribution by solving Eqs. via the use
of the finite element scheme outlined in Appendix [A] To capture subtle changes in
intracellular POy we concentrate the computation power on areas of large gradients
of POy (e.g. interstitium—fibre, subsarcolemma-intermyofibril, and capillary—tissue

interfaces) via employing an adaptive meshing algorithm (see Appendix [B).

We then seek to determine the trapping regions. However, a direct way to
accurately calculate such regions is not feasible due to the complexity of the transport
equations. Hence, we proceed by recalling from Chapters that each such region
of the muscle tissue is spanned by the O, flux lines of the enclosed capillary. Recall
that these flux lines are derived from our numerical solution of PO, via Eq. (2.10).
Subsequently, we determine the TR geometries using the numerical methodologies
outlined in Chapter [2] and Appendix [A]

4.8.1 Numerical accuracy

We assess the numerical accuracy of our method by first studying the steady—state
transport problem over a two-zone Krogh cylinder, a central capillary with two con-
centric layers of tissue. The solution to this problem is detailed elsewhere [92]. Our
numerical solution is compared to the analytical solution for a range of subcellular
differential uptakes (M‘éss / Mg‘mf), with adaptive mesh refinements to ensure high
accuracy where needed. We further assess the numerical accuracy by studying the
trapping regions determined for a highly symmetrical geometry (synthetic uniform
geometry) under conditions of uniform tissue uptake. Given that such symmetrical
and uniform tissues have capillary supply regions that match Voronoi polygons un-
der maximal sustainable conditions and spatially homogeneous perfusion, the mean
deviation of trapping regions from Voronoi polygons can then quantify the scale of

our numerical error.

4.9 Results

Our modelling equations were solved for a range of n values to consider a range of

increases in mitochondrial redistribution to the peripheral region of muscle fibres (see
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Table . Simulations were carried out to assess the effectiveness of Voronoi poly-
gons in predicting the biophysical representation of capillary supply regions, namely
trapping regions, as well as to study the distribution of oxygen partial pressure in
muscle fibres. All simulations were performed with a parameter regime characterising
tissue hypoxia, e.g. 12—fold increase in Oy demand or a proportional decrease in cap-
illary POy, as mitochondrial clustering is anticipated to have the greatest influence

under such regimes.

4.9.1 PO, profile

The graphical results for our PO, simulations are presented in Figs. 4.15) with
fibre and tissue POy curves indicated in black colour and interstitial spaces in ma-
genta. In addition, the results for the subsarcolemmal and intermyofibrillar fibre

subcompartments are shown in red and blue colours, respectively.

4.9.1.1 Minimum PO,

The minimum value of PO, exhibits a general sensitivity to the level of mitochon-
drial clustering, though no clear trend is observed in tissue or fibre types for modest
clustering (e.g. compare curves for tissue and all subcompartments of all fibre types
in Fig. with Fig. [£.12} compare curves for all subcompartments of all fibre types
in Fig. with Fig. . Here by modest mitochondrial clustering we mean that
the mitochondrial distribution within muscle fibres is approximately uniform (i.e. a
perturbation from the homogeneous state; e.g. n < 5), hence we can infer the mini-
mum levels of Oy available to mitochondria from the minimum value of fibre PO, for

relatively small n (e.g. consider the black or blue curves for very low n values).

In contrast, extreme mitochondrial clustering approximates the scenario where
all fibre mitochondria are in the subsarcolemmal zone, hence we can infer the mini-
mum levels of Oy available to mitochondria from the minimum value of subsarcolem-
mal PO, for relatively large n (e.g. look at the red curve for n > 80). In particular,
extreme mitochondrial clustering improves the minimum amount of O, available to
fibre mitochondria markedly when compared to uniform mitochondrial distribution

(compare with black curve at n = 1).

The minimum PO, value in tissue and individual fibres varies with increasing

heterogeneity in mitochondrial distribution. Except for values at the scale of our
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Figure 4.8: Oxygen profile statistics for the SU geometry with uniform diffusion parameters
(SU). Oxygen tension is in mmHg units unless otherwise indicated. In this geometry, the
spatial distribution of fibre types is random with an areal composition of 9:37:54 (i.e. Type
I:ITa:IIb). Results for each fibre type are presented columnwise (see bottom row). n denotes
the subsarcolemmal-to-intermyofibrillar uptake ratio (see Eq. (4.7))).
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Figure 4.9: Oxygen profile statistics for the SU geometry with non-uniform diffusion param-
eters. Oxygen tension is in mmHg units unless otherwise indicated. See caption of Fig.
for more details about the SU geometry. n denotes the subsarcolemmal-to—intermyofibrillar

uptake ratio (see Eq. (4.7)).
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Figure 4.10: Oxygen profile statistics for the SN geometry with uniform diffusion param-
eters (SN). Oxygen tension is in mmHg units unless otherwise indicated. In this geometry,
the spatial distribution of fibre types is size—based (I < Ila < IIb) with an areal composi-
tion of 9:37:54. Results for each fibre type are presented columnwise (see bottom row). n
denotes the subsarcolemmal-to-intermyofibrillar uptake ratio (see Eq. (4.7))).
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Figure 4.11: Oxygen profile statistics for the SN geometry with non-uniform diffusion
parameters. Oxygen tension is in mmHg units unless otherwise indicated. See caption
of Fig. for more details about the SN geometry. n denotes the subsarcolemmal—to—
intermyofibrillar uptake ratio (see Eq. (4.7)).
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Figure 4.12: Oxygen profile statistics for the H1 geometry with uniform diffusion param-
eters. Oxygen tension is in mmHg units unless otherwise indicated. In this geometry, the
spatial distribution of fibre types is real with an areal composition of 9:37:54. Results for
each fibre type are presented columnwise (see bottom row). n denotes the subsarcolemmal—
to-intermyofibrillar uptake ratio (see Eq. (4.7)).
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Figure 4.13: Oxygen profile statistics for the H1 geometry with non-uniform diffusion

parameters

Oxygen tension is in mmHg units unless otherwise indicated. See caption

of Fig. for more details about the H1 geometry. n denotes the subsarcolemmal-to—
intermyofibrillar uptake ratio (see Eq. (4.7))). * = results vary at scales smaller than 1076.
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Figure 4.14: Oxygen profile statistics for the H2 geometry with uniform diffusion param-
eters. Oxygen tension is in mmHg units unless otherwise indicated. In this geometry, the
spatial distribution of fibre types is real with an areal composition of 10:42:48. Results for
each fibre type are presented columnwise (see bottom row). n denotes the subsarcolemmal—
to-intermyofibrillar uptake ratio (see Eq. ([4.7)).
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Figure 4.15: Oxygen profile statistics for the H2 geometry with non-uniform diffusion

parameters.

Oxygen tension is in mmHg units unless otherwise indicated. See caption

of Fig. for more details about the H2 geometry. n denotes the subsarcolemmal-to—
intermyofibrillar uptake ratio (see Eq. (4.7))). * = results vary at scales smaller than 1076.
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numerical error, the minimum PO, value in tissue, individual fibres, and intermyofib-
rillar zones typically drops during initial subsarcolemmal aggregation of mitochon-
dria until it reaches a point beyond which it increases (top row in Figs. 4.15)).
In certain cases, however, the improvement in tissue and/or fibre minimum PO, is
monotonic (fibre Type I in Fig. M; fibre Type ITa and tissue in Fig. m; fibre Type
Ila, ITb and tissue in Fig. [£.11} all fibres and tissue in Fig. [£.12} fibre Type I in Fig.
4.13} fibre Type I, ITa and tissue in Fig. ; fibre Type I in Fig. . A similar
trend is also generally observed in interstitial spaces. In contrast, the minimum PO,
in the subsarcolemmal zone is monotonically decreasing for modest clustering of sub-
sarcolemmal mitochondria, except for the H1 geometry case. In addition, in all cases,
the minimum PO, for the whole fibre is closely approximated by the minimum PO,

of the intermyofibrillar zone.

Furthermore, in all geometries and for all fibre types, the presence of heteroge-
neous diffusion parameters (Oq diffusion coefficient and solubility) leads to a drop in
the minimum value of PO (first row in Figs. , with the extent of this drop
varying with geometry and fibre type.

4.9.1.2 Mean PO,

The mean PO, generally decreases monotonically in all subsarcolemmal zones and
interstitial spaces as mitochondrial clustering increases (see red and magenta curves
in the second row of Figs. 4.14). In particular, the extent of this decline is
sensitive to the tissue geometry (e.g. compare Fig. with , the fibre type
(e.g. compare fibre Type I with IIb in Figs. and , and the uniformity of
diffusion parameters (e.g. compare fibre Type IIb in Fig. with and Fig. m
with . Nonetheless, mean PO, in the subsarcolemmal zone is markedly greater
than that of the fibre and the intermyofibrillar zone for all mitochondrial clustering
levels. In particular, extreme mitochondrial aggregation near the sarcolemma (i.e. all
mitochondria are effectively in the ss zone when n > 80) extensively improves the
mean O, levels available to individual mitochondria in overall tissue and all fibre types

(compare the mean subsarcolemmal POy at n = 80 with that of the intermyofibrillar

zone at n =1 in Figs. 4.15)).

The mean PO, value in tissue, individual fibres and intermyofibrillar zones is
generally observed to vary with increasing the heterogeneity in mitochondrial distri-

bution, although not as extensively as the minimum PO,. This change in fibre and
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Mean tissue POy, mmHg  Coefficient of variation, %

Geometry  Uniform non-uniform VP area Fibre area
SU 2.502 1.398 0 0

SN 2.502 1.475 25.0 49.7

H1 3.095 1.892 26.6 45.2

H2 2.847 1.838 33.7 48.1

Table 4.2: Predicted mean tissue POg, in the absence of mitochondrial clustering (i.e. n =
1) and the presence of uniform and non-uniform diffusion parameters. We also estimated
variability in the areas of Voronoi polygons and fibres for all considered geometries. The
overall demand for Oy is 2 x 1073ml Os/ml-s, reflecting maximal tissue capacity. Coefficient
of variation = (standard deviation/mean) x 100.

intermyofibrillar mean PO, is modest for some geometries and non-uniform diffusion
parameters (Figs. [4.84.11] [4.13] and [4.15]), and potentially non-existent in some fibre
types (e.g. Type I and Ila in Fig. , but more prominent in other geometries and
fibre types (e.g. Figs. and . In detail, the mean POy may drop during
initial mitochondrial aggregation beneath the sarcolemma for certain geometries (e.g.
tissue in Figs. [4.8] [£.9] [4.11] [£.13] [£.14] and [4.17]) and for the intermyofibrillar zone
of certain fibre types but not others (e.g. compare fibre Type I with IIb in Figs.
and [4.12). In addition, the relation between mean PO, values in different fibre
types appears to vary with varying the geometry. For example, the average PO, value
follows the relation IIb > ITa > I in the SU geometry, I > Ila > IIb in the SN and
H2 geometries, and Ila > IIb > I in the H1 geometry.

We also find that in all geometries and for all fibre types, the presence of hetero-
geneous diffusion parameters (O, diffusion coefficient and solubility) leads to a drop
in mean PO, values with and without mitochondrial clustering (Table ; compare
Fig. 4.8 with [.9] Fig. [£.10] with [£.11] Fig. [4.12) with [4.13] and Fig. [4.14) with [4.15).
The extent of this drop is also observed to vary with the geometry and the fibre type.

In addition, despite increased capillary and fibre heterogeneities in the SN, H1 and

H2 geometries, mean tissue PO, is either preserved or improved (e.g. see Table {4.2)).

4.9.1.3 Standard deviation of PO,

The standard deviation of PO, decreases steadily, to a limited extent, with increasing
mitochondrial clustering in all tissue compartments (third row in Figs. [4.874.15)). This

trend remains the same for both uniform and non-uniform diffusion parameters, with
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generally larger values for latter.

4.9.1.4 Hypoxic tissue fraction

The fractional area of tissue, fibre, and intermyofibrillar zone that is hypoxic gener-
ally drops with more mitochondrial clustering, except for the SU and H2 cases under
conditions of non-uniform diffusion parameters (fourth row in Figs. . In par-
ticular, the extent and sharpness of this drop are found to vary with geometry and
fibre type. In contrast, an increasing level of hypoxia is observed in interstitial spaces
and the subsarcolemmal zone, with extensive changes observed during initial clus-
tering. Additionally, in all cases, the addition of heterogeneous diffusion parameters

increases hypoxia dramatically.

Furthermore, for modest mitochondrial clustering, we observe a sensitivity in the
hypoxic fraction to the details of tissue geometry, fibre type and diffusion parameters.
For example, while the hypoxic levels decrease in tissue and all fibre types (including
the intermyofibrillar zone) in the H1 geometry under uniform diffusion (Fig. 4.12)),
they increase in the same compartments when diffusion is non-uniform (Fig. [£.13)). In
addition, when diffusion is non-uniform for the SN case (Fig. , hypoxia increases
in tissue and fibre Type IIb (fibre and intermyofibrillar zone) but remains unchanged
in fibre Types I and Ila . Similarly, for the H2 case (Fig. , hypoxia is reduced
in fibre Type IIb yet it slightly increases in fibre Types I and Ila.

Extreme mitochondrial clustering typically ameliorates fibre and tissue hypoxia
(e.g. Figs. [4.9] [4.10] [4.12}[4.15), though in a few cases we note no change and even
a detrimental effect for certain fibres (e.g. fibre Type IIb in and fibre Type
I in . In contrast, the level of hypoxia in the overall tissue and all fibre cores

generally decreases under such extreme mitochondrial clustering. However, the details

of this latter improvement are sensitive to tissue geometry, fibre types, and diffusion
parameters (e.g. compare fibre Type IIb in Fig. to that in Fig. ; compare fibre

Type I in Fig. to that in Fig. [4.14)).

4.9.2 Capillary supply regions

The results from our computations of trapping regions are presented in Figs. [4.16
4.17] These are based on an analysis of the statistical measures we detailed in previous
chapters. Refer to Table 2.1] in Chapter [2| for a definition of these measures.

AL-SHAMMARI TRINITY 2014



CHAPTER 4. OXYGEN SUPPLY TO MITOCHONDRIAL ZONES 140

4.9.2.1 Difference in supply domain areas

Recall that the normalised mean of difference (ua) provides a measure for the degree
of failure of Voronoi polygons (VP) to cover comparable areas to those of trapping
regions (TR). Besides being affected by the distribution of fibre size, fibre type, and
capillaries, this measure is observed to correlate with heterogeneities in intracellular

mitochondrial distribution and diffusion parameters (O diffusivity and solubility).

For all geometries, ua increases extensively with increased mitochondrial clus-
tering, with the H1 and H2 geometries showing the highest values. In the presence of
further intracellular heterogeneities, such as fibre—specific O, diffusivity and solubil-
ity, mitochondrial clustering has a lesser effect on s, with the H1 and H2 geometries

showing an initial decline in the value of pa.

In addition, the normalised standard deviation of difference (o) is observed to
follow similar trends to those of 1o. Recalling that o describes the difference between
the spread of VP areas and that of TR, this illustrates that the spread of Voronoi
polygon areas begins to differ from that of trapping regions as mitochondrial clustering
is increased. Interestingly, additional non-uniformities in the diffusive characteristics

of muscle fibres markedly reduce the spread of these areas.

4.9.2.2 Overlap of supply domains

Recall that the normalised mean of intersection (un) describes how well VP capture
the functional capillary supply of TR, with values close to unity characterising a close
match. pq is found to decrease extensively with increased proportion of subsarcolem-
mal mitochondria, with a steeper decay for the H1 and H2 geometries. However,
mitochondrial clustering is observed to have a lesser effect on pn in the presence of
non-uniform diffusive characteristics, with the H1 and H2 geometries showing a slight

increase in pn for limited clustering.

Recalling that the normalised standard deviation of intersection (on) extends
the above correlations by considering the spread of VP areas that overlap with TR,
we observe a somewhat constant spread for all mitochondrial clustering levels (except

for the SU geometry case).
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Figure 4.16: Domain variability for uniform diffusion parameters. The statistical
differences between VP and TR are shown as a function of the subsarcolemmal-to—
intermyofibrillar uptake ratio (i.e. n). Values for the ordinate are in solid blue colour.
Dashed red colour denotes mean =+ normalised standard error (e.g. pua £ oa/vV/M), where
M is the number of Voronoi polygons in the sampled distribution. We recognise that when
UTR — OTR/ VM < 0 the distribution is skewed, hence we do not present these curves in our
results. The labels for the axes in H1 and H2 are inherited from SN. * = not applicable as
CC is undefined for the SU geometry (division by oyp = 0). purr = mean of TR areas. For
a definition of the other measures refer to Table and Egs. and .
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Figure 4.17: Domain variability for non-uniform diffusion parameters. The statisti-
cal differences between VP and TR are shown as a function of the subsarcolemmal-to—
intermyofibrillar uptake ratio (i.e. m). A ‘+’ sign signifies results for a parameter regime
based on heterogeneous solubility and diffusivity. Refer to Fig. for more details.
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4.9.2.3 Ratio of supply domain areas

Similar to pn, the mean ratio (ugr) describes how well Voronoi polygons capture
the functional capillary supply of trapping regions. Mean ratio values further in-
fer whether, on average, a VP is over- (ugr > 1) or underestimating (ugr < 1) the
functional capillary supply. For all geometries, VP overestimates TR on average,
with increasing values and spread of overestimates as mitochondrial clustering is in-
creased. However, these overestimates become weaker in the presence of non-uniform

fibre diffusivity and solubility.

4.9.2.4 Trapping region areas

Regardless of the degree of mitochondrial clustering, the average area of trapping
regions (prg) is maintained. Nonetheless, the spread of the distribution of TR ar-
eas increases with higher levels of clustering. Although the same overall trend is
maintained, the presence of non-uniform fibre diffusivity and solubility is observed to
have a homogenising effect on TR areas (reduced spread), most notably in the SU

geometry.

4.9.2.5 Difference in local capillary-to-fibre ratio

LCFR represents the number of capillary supply equivalents at maximum capacity.
Hence, the mean of normalised difference of the LCFR indices, LCF Ra, provides a
measure of the degree of failure of VP-based capillary supply indices. We note here
that LC'F Ra, along with the spread in its distribution, is observed to have the same

trends as those of ua and oa.

4.9.2.6 Correlation coefficient of supply areas

The area correlation coefficient (CC) is a measure of the linear dependence between
the VP and TR areas (and is given by their covariance divided by both of their
standard deviations). Except for the SU geometry where CC is not applicable, Figs.
demonstrate a monotonic decrease in the degree of correlation between the
areas of VP and TR for increased mitochondrial clustering. This trend is maintained
in the presence of heterogeneous fibre diffusivity and solubility, however the VP-TR

correlation is generally improved for each level of clustering.
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4.10 Discussion

There is still no theoretical consensus as to how mitochondrial clustering would influ-
ence capillary O, transport to muscle tissues. In particular, it is still unclear why the
mitochondrial population in the subsarcolemmal zone exhibits a relatively increased
volume density in respiring skeletal muscles [35, [59]. Currently, it is speculated
that the short diffusion distances to capillaries from subsarcolemmal mitochondria
would enhance the availability of Os for their respiration [115] [143], hence offering a
metabolic advantage for aerobic muscle respiration when local O, supply is limiting
[35, 143, 167]. Nevertheless, the majority of theoretical models of Os transport to
muscles do not consider mitochondrial clustering, and the majority of those which do
predict only modest changes to O, levels following mitochondrial clustering. In con-
trast, recent theoretical findings from single—fibre models have emphasised the role of
intracellular Oq gradients in dictating mitochondrial shifts [80, 142H144]. In particu-
lar, the functional advantage of mitochondrial clustering might be better manifested
in conditions where Oq supply is limited (e.g. hypoxia). Hence, a re-assessment of the
influence of mitochondrial clustering on O, transport to tissue is required, at least in

the case of hypoxia.

To this end, we have developed a mathematical model coupled with a geo-
metrical framework based on intracellular geometries that are faithful to histological
observations of spatially heterogeneous O, uptake layers as dictated by mitochondrial
re-distribution toward the fibre periphery. Within this framework we can assess how
the degree of mitochondrial aggregation near the sarcolemma, expressed in terms
of relative uptake rates, may affect intracellular O5 levels and spatial distribution.
Given this model is based on a histologic distribution of muscle fibre populations
(possibly metabolically distinct) with embedded capillaries, we can further explore
how such microscale re-arrangements in Oy consumption may affect intercellular as
well as global tissue oxygenation. All previous modelling attempts were based on a
single fibre with either a single central capillary or a number of concentric peripheral
capillaries supplying the central fibre. Therefore, to our knowledge, this is the first
attempt to explore Oy transport in multi-capillary, multi-fibre system with heteroge-
neous intracellular demand. Given this framework is an extension of that of Chapter
3, a major aim is also to explore how mitochondrial clustering may affect the bio-
physical supply regions (trapping regions). In particular, the appropriateness and
effectiveness of using capillary domains (Voronoi polygons) to represent such regions

can be additionally investigated, giving an assessment of when and where they may
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accurately characterise local capillary supply.
Minimum PO,

Our results indicate that the minimum PO, is generally sensitive to the level of
mitochondrial clustering, tissue geometry, fibre type and diffusion parameters, though
we do not observe a clear trend in tissue or fibres for modest clustering. Interestingly,
our results also reveal that, even under modest mitochondrial clustering, minimum
PO, does not necessarily follow the traditional monotonic decay from the sarcolemma
to the fibre core (e.g. see fibre Type I in Fig. [1.8 fibre Type IIb in Fig. [£.10]
fibre Type I in Fig. , and fibre Types I, Ila, IIb in Fig. . Moreover, in
contrast to modest clustering, the minimum amount of Oy available to mitochondria
is found to be markedly higher under extreme mitochondrial clustering. This finding
is consistent with the first modelling study of O, transport in single muscle fibres with
extensive mitochondrial clustering [128], though our predicted POy improvement is

not as extensive due to the presence of tissue, fibre and capillary heterogeneities.
Mean PO,

Mean O, levels are found to be higher in the subsarcolemmal zone than in the fibre
core owing to the proximity to O, sources, regardless of the degree of mitochondrial
clustering. A modest mitochondrial redistribution towards the sarcolemma induces a
differential influence on the mean amount of O, available for mitochondrial consump-
tion. The details of such influence are observed to be sensitive to tissue geometry,
fibre type and diffusion parameters. These findings suggest that if Oy diffusion under
conditions of limited supply (e.g. ambient hypoxia, hypoxaemia or tissue hypoxia)
is a major factor in shaping the intracellular organisation of mitochondria, then we
are unlikely to observe, in wvivo, modest mitochondrial clustering within tissues or
fibre types where a deterioration in Oy levels is predicted. This may explain why
glycolytic fibres in some mammalian mixed muscles (e.g. Type IIb) exhibit a uniform

distribution of mitochondria with no mitochondrial clustering [193].

In contrast, extreme mitochondrial aggregation near the sarcolemma is generally
found to improve the mean PO, available to individual mitochondria in all fibre types,
and hence in the overall tissue. In addition, agreeing with previous experiments
[176], such clustering generally improves mean PO, in the fibre core, with significant

alleviation of hypoxia due to the extreme reduction of maximal O, uptake (M,)

AL-SHAMMARI TRINITY 2014



CHAPTER 4. OXYGEN SUPPLY TO MITOCHONDRIAL ZONES 146

in the fibre core as dictated by the weighted average of subcompartmental uptakes.
Since a reduced maximal uptake will lead to a depressed Oy consumption rate (MOs),
this suggests that an unconstrained clustering of subsarcolemmal mitochondria may
ultimately suppress aerobic respiration (i.e. oxidative metabolism) within the fibre
core, even when mean O, levels are improved. Furthermore, the predicted mean POq

for tissue and individual fibres exhibit a sensitivity to tissue geometry and fibre type

(e.g. compare Fig. with Fig. 4.12]).

Hypoxic Fraction

Recall that the hypoxic fraction is obtained from dividing the hypoxic volume within
a compartment (i.e. volume with POy < 0.5 mmHg) by the total volume of this com-
partment. Hence, relatively low and high values of this index characterise improved

and deteriorating Os levels, respectively.

In the presence of modest mitochondrial clustering, the fibre hypoxic fraction
is observed to be sensitive to the tissue geometry, the distribution of fibre types and
the diffusion parameters. In particular, such low levels of mitochondrial clustering
may lead to improved, unchanged, and/or deteriorating levels of hypoxia in different
fibre types and tissues. Interestingly, these observations are not captured by previous
models of O, transport exploring mitochondrial clustering in single fibres [77, [95], [128|
133].

In addition, the observation that extreme mitochondrial clustering can have a
detrimental effect for certain fibres suggests that such levels of clustering may some-
times be disadvantageous to muscle fibres. Nonetheless, such clustering is predicted
to always lead to a reduced overall tissue hypoxia. Similarly, a general alleviation
of hypoxia in fibre cores is predicted, though, as mentioned above, mitochondria are
effectively absent under such extreme subsarcolemmal clustering, and there is sensi-
tivity to geometry, fibre type and diffusion parameters. Also note that, in contrast
to these observations, previous single fibre models always predict a general elevation,
however modest, of intracellular POy upon clustering [77, [95] 128, 142H144], suggest-
ing that global tissue details (e.g. tissue geometry, and distributions of fibre size, type
and diffusion parameters) are important for predicting intracellular O, levels. This,
in turn, suggests that predictions based on models of O, transport in muscle tissue

with uniformly distributed mitochondria may need a re-assessment (e.g. [13] 125]).
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Testing Hypotheses

Generally, O, levels near the sarcolemma drop sharply with mitochondrial clustering,
with a marked increase in hypoxia. Assuming mitochondrial death rate is spatially
proportional to very low POy (hypoxia) and their biogenesis is spatially homoge-
neous, as suggested by Pathi and colleagues [142], more mitochondrial loss near the
sarcolemma and lesser death rates in the fibre core are to be expected as clustering
is increased. This is of course not an indefinite scenario since the preservation of
mitochondrial density in muscle fibres would sooner or later turn the direction of this
death-birth around, ultimately balancing the spatial ‘gradients’ of hypoxia within
myocytes. This suggests that a balance between outer and inner hypoxia (fibre core
vs. periphery) should dictate an intermediate mitochondrial distribution. Indeed,
exercise under hypoxic ambient conditions has been shown to increase mitochondrial
density in both the subsarcolemmal and intermyofibrillar zones [36], with a prefer-
ential mitochondrial biogenesis underneath the sarcolemma for repeated endurance
training [35]. For example, bar-headed geese, high-altitude hypoxia—adapted birds,
have been demonstrated to have evolved for exercise in hypoxic conditions by enhanc-
ing both their aerobic capacity and local Oy supply to recruited fibres, thus sustaining
high metabolic rates for flight in severe ambient hypoxia [167]. This enhancement
in Os supply was partly achieved by redistributing mitochondrial toward the subsar-
colemmal zone. In addition, studies of concurrent endurance and strength exercise
regiments have revealed that mitochondrial populations undergo differential changes
throughout training, with a linear elevation in the mitochondrial density of the in-
termyofibrillar zone throughout training and a late, though preferential, increase in

subsarcolemmal mitochondrial density [22].
Sensitivity & Implications

As discussed earlier, we found that in some mixed muscle cross—sections mitochon-
drial clustering improves Os levels and ameliorates hypoxia in some fibre types while
in other sections it has the opposite effect. This finding might explain why in rat EDL
muscle all mixed fibres exhibit mitochondrial clustering whereas in human EDL only
Type I and Ila show clustering [193]. Given O, supply to muscle fibres is affected by
fibre size and type distributions (see Chapter [3) and capillary distribution (see Chap-
ter , this suggests that differences in the anatomical design of EDL across species
may alter the expected trend of O supply improvements following mitochondrial

clustering.
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The above observations alert that care must be taken when making physiologi-
cal conclusions from theoretical models of Oy transport in single muscle fibres. While
such models give insight into why the redistribution of mitochondria towards the
sarcolemma and closer to capillaries should improve O5 transport, their limited geo-
metrical detail may ultimately lead to exaggerated generalities. Indeed, single—fibre
models assume that (1) supply of neighbouring capillaries is restricted to the fibre
in question, (2) O, is not exchanged between nearby fibres (potentially of different
oxidative capacities), (3) mitochondrial clustering underneath the sarcolemma does
not influence the Oy consumption kinetics of neighbouring fibres, (4) fibre type is uni-
form, (5) fibre size is uniform, and (6) capillary distribution is spatially symmetric.
Given these assumptions, there is no way of predicting that mitochondrial clustering
may become detrimental to some fibre types in mixed muscles, nor is there a way to

assess why clustering differentially affects different muscles.
Voronoi Polygons

Aggregation of mitochondria underneath the sarcolemma is observed to generally
lead to more complex O, diffusion paths, as exemplified by trapping regions, which
in turn leads to larger deviations of trapping regions from Voronoi polygons. While
such reductions in the effectiveness of Voronoi polygons accompany increasing lev-
els of mitochondrial clustering, the approximation of VP remains appropriate for
moderately low subsarcolemmal-to—intermyofibrillar uptake ratios (a proxy for mito-
chondrial clustering). Interestingly, the presence of heterogeneous diffusion improves
this approximation markedly, even for high levels of clustering. Since the distribution
of Voronoi polygons reflects the heterogeneity in anatomical supply, this observation
suggests that the histological distribution of capillaries may be an important factor in
regulating both the inter- and intracellular heterogeneities of Oy diffusivity to ensure
the tissue is supplied by nearest capillaries, which supports previous experimental

observations [95].

Theoretical assessments of oxygenation in skeletal muscles may benefit from
estimating PO, in each fibre type to explore how local Oy supply balances the un-
derlying spatially—heterogeneous demand. In particular, clustering is observed to im-
prove mean PO, markedly in some fibre types and less so in others. Hence, not only
do models neglecting clustering risk underestimating global O, levels significantly
in exercising conditions, during exposure to hypoxic conditions or in hypoxaemia,

but they may also miss the dynamic balance between heterogeneous fibre demand
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and local Oy transport, though for typical physiological ranges (n < 20) the VP-TR
difference between biophysical models with clustered and unclustered mitochondrial
distributions is relatively small (Figs. . Nonetheless, the observed margin
of error from neglecting clustering may lead to inaccurate correlations or trends con-
cerning Oy and its supply and demand [I3] 125], especially if extreme mitochondrial
clustering is present. In particular, based on derivative indices of Voronoi polygons,
recent experiments found no significant correlation between fibre oxidative capacity
(i.e. mitochondrial content) and capillary supply [193], though mitochondrial clus-
tering was observed. Below we propose a derivative measure of VP that accounts for

mitochondrial clustering.
Mitochondrial Density of Voronoi Polygons

Given the majority of striated muscles demonstrate at most moderate degrees of
mitochondrial clustering in the subsarcolemma, Voronoi polygons may still accurately
assess capillary supply under such circumstances. However, care should be taken as
to account for the density (or count) of mitochondria within each Voronoi polygon if
extreme clustering is present in the subsarcolemmal zone. This can be achieved by
incorporating the mitochondrial density into measures of local capillary supply. An
initial approach would be to estimate the mitochondrial density of a Voronoi polygon

using

Nfipre Nz]one

1
PRLASY, N V), (4.13)

A(Vi)

mt __
Pr =
j=1 n=1

where A(-) is the planar area measure, Vj, is the k'™ Voronoi polygon, €2, is the
n'™® zone of the j* muscle fibre overlapping Voronoi polygon k, Ngpe is the number

of fibres overlapping the & Voronoi polygon, N7 is the number of mitochondrial

zone

mt

zones of fibre j that overlap the k™ Voronoi polygon, pi is the mitochondrial den-
sity of the & Voronoi polygon, and p* is the mitochondrial density of the n'"
mitochondrial zone of fibre j. Despite its simplicity, this measure still retains the het-
erogeneities of local capillary supply, local fibre demand, and intracellular demand.

Hence, correlating this measure with Voronoi polygon areas may potentially reveal
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when local O, supply and cellular demand are balanced, even in the presence of intra-
cellular consumption heterogeneities that are associated with mitochondrial spatial

non-uniformity.

4.11 Conclusions

While the Voronoi polygon approximation to trapping regions depends on the hetero-
geneity of intracellular composition of muscle fibres, it is nonetheless representative
for maximal sustainable aerobic capacity given the absence of extensive mitochondrial
clustering. Therefore, measures of muscle capillary supply capacity based on Voronoi
polygons may be reasonably used for mixed muscle samples with, at most, moderate
levels of mitochondrial clustering in the subsarcolemmal zone. However, further in-
creased re-distribution of mitochondria towards the sarcolemma will eventually lower
the accuracy of Voronoi polygons, although not as extensively when the tissue dif-
fusivity is heterogeneous. Nonetheless, in general, more sophisticated measures of
capillary supply capacity should be used to study structural or functional dysregula-
tion in striated muscle tissues, and flux trapping regions may provide a more robust
representation of capillary supply regions. In addition, the improvement in the VP-
TR approximation for heterogeneous diffusion parameters suggests tissue regulation
of the intracellular substructure (e.g. lipid content) to ensure fibres are supplied by

nearest capillaries.

Moreover, we found that the minimum subsarcolemmal PO, is not always
greater than the minimum PO, in the fibre core, implying the decay in O, tension is
not always monotonic from the sarcolemma to the fibre centre, which is in contrast
to the traditional view of tissue oxygenation based on the Krogh cylinder geometry.
In addition, we have predicted that diffusional Oy transport (e.g. O, levels and ki-
netics) is sensitive to the level of intracellular heterogeneities in Oy consumption (e.g.
mitochondrial clustering) and the spatial uniformity of diffusion. Extreme clustering
shows a general enhancement in overall tissue oxygenation, though no clear trend
other than sensitivity is found for individual fibre types. In particular, the previous
models of O, transport that do not consider mitochondrial clustering, when extreme,
may be exaggerating the levels of hypoxia in mixed muscle tissues. Nonetheless, our
predicted level of such improvements may be diminished in certain fibre types within
the same muscle, with a potential for a complete deterioration of fibre Oy levels,

implying that these previous models may also potentially underestimate hypoxia in
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some fibre types.

Similarly, modest clustering elevates hypoxia in some fibre types, but not in
others, with details sensitive to fibre distribution, tissue geometry and diffusion pa-
rameters. Nonetheless, these observation offer examples of where increasing clustering
does not improve oxygenation, which is in contrast to the long—held reasoning that mi-
tochondrial clustering should improve oxygenation. Hence, a systematic re-appraisal
of such reasoning is required. In particular, assessing the potential variations in O,
levels and kinetics in mixed muscles in response to various adaptations or pathologies
may benefit from theoretical models of Oy transport to tissue that account for the
observed inter- and intracellular heterogeneities in structural and functional charac-
teristics. Such an integrative approach may refine previously generalised trends of O,
enhancement and potentially explain why clustering is observed differentially across

different muscles and fibre types.

Moreover, we remark here that for such theoretical investigations to be ‘accu-
rate’ higher resolution data and parameters are required to better understand how
supply and demand are balanced at fibre scales. Although the geometry at such small
scales is available to some extent, the physiological literature still reports parameter
values that are averaged over much larger scales than the intracellular one. Therefore,
to understand the dynamic link between local supply and fibre demand more refined
experimental procedures and high resolution parameters and histological analyses will

be needed to advance the mathematical modelling front of Oy transport.
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Chapter 5

Applications

5.1 Statement of contribution

The image analysis, mathematical modelling, and modelling predictions detailed in
this chapter were performed by Abdullah A. Alshammari and contributed to two inter-
disciplinary studies [84], [86]. We and our experimental collaborators interpreted these
predictions and correlated them to certain aspects of their experimental measure-
ments. Ultimately, we worked on manuscript writing to present these contributions
in two co-authored papers: (1) a submitted paper to BBA General Subjects [86], and
(2) a planned paper [84].

5.2 Summary

The cardiac muscle has a high demand for energy provision to meet its unremitting
fibre contractions. In healthy myocardium, this energy is predominantly (~ 70%) de-
rived from oxidation of free fatty acids (FFAs), with a lesser contribution from glucose
[173]. The complete oxidation of a single lipid molecule (e.g. palmitate) ultimately
yields ~ 106 ATP molecules, whereas glucose oxidation merely yields ~ 30 — 36 ATP
molecules. However, glucose oxidation is much more efficient in terms of the amount
of O consumed to produce a single ATP [122], especially in the case of limiting local
O, availability. In fact, metabolic substrate utilisation is a major determinant for the
efficiency of muscular O, use. This highlights that capillary supply of oxygenated
blood is important for the optimisation of myocardial ATP production, as substrate
selection by the working heart may be dictated by the availability of Os. This has

implications on cardiac function and performance during increased activity and in
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pathologies involving impaired O, transport and dysfunctional metabolism.

In this chapter, two examples are given to illustrate the important role that
capillary Oy supply may play in maintaining cardiac function and performance. In
particular, we demonstrate how our O, transport models can be used to support
hypothesis testing by examining how functional capillary supply of Oy and myocardial
demand are balanced, and correlating this balance with experimental observations of

myocardial metabolism and mechanical performance.

More generally, this chapter illustrates how the models we have developed can
be directly explored in experimental studies. To facilitate this, we have also designed
a GUI interface to our models, allowing their use more readily by our physiological
collaborators (see Fig. [5.1)).

5.3 Mathematical methods

To better understand how experimental interventions and their subsequent metabolic
modifications may affect tissue Og levels, we employ our previous modelling frame-
works of Oy transport in 2D tissue cross—sections, using digital images of tissue biop-

sies that are stained to capture histological details.

5.3.1 Mathematical model

Predictions of the spatial distribution of PO, are generated using a 2D circular region
within a cross—section of heart muscle tissue. This is modelled as a homogeneous
tissue composition, with an array of capillaries of circular cross—section diffusively
supplying O, to the surrounding tissue with Michaelis-Menten consumption kinetics

and additional facilitated diffusion via a haem-protein carrier, myoglobin (Mb).

At each capillary—tissue interface, the flux is proportional to the difference in
PO, across this wall, whilst at the exterior boundary a no-flux condition is assumed,
though sufficiently far into the sample area, the solution is insensitive to the details
of this boundary condition. Thus the mathematical model is given by Egs. and

(3.10)—(3.13) of Chapter |3, with uniform biophysical parameters—there is only one
fibre type in the myocardium.

We solve these equations to determine tissue PO, using the finite element
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Figure 5.1: Snapshots of a Graphical User Interface we designed in Matlab [130] to facilitate
a direct exploration of our Os transport models in experimental studies in addition to
allowing its use in our physiological collaborator’s laboratory. This GUI was designed by
Abdullah A. Alshammari in Summer 2013, and is currently maintained by him. In addition,

the GUI has been installed and is currently being used in Prof Stuart Egginton’s laboratory
at the University of Leeds.
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method, implemented using Matlab [I32] with a nonlinear solver based on Gauss-

Newton iteration and adaptive meshing to resolve areas of rapid change in POy (see

Appendices [A] [B).

In addition, we assess the local supply of Oy by estimating the supply area of
capillaries via the Voronoi tessellation of digitised images. However, in cases of a
capillary rarefaction, Voronoi polygons are replaced with biophysical supply regions
(i.e. trapping regions), and can be directly calculated for homogeneous tissues, under

saturated levels of mitochondrial O,, using the equation

k
A= — can — D) ds, 5.1
i (e 1) 6.1

where A; denotes the area of the " trapping region, C; the boundary of the i*®
capillary, and ds is the anti-clockwise parametrisation element around the capillary
and the trapping region. Since the effect of nonlinear O, uptake and facilitated
diffusion were shown to have a negligible effect on capillary supply regions in Chapter
[3} this formula still accurately approximate the area of trapping regions, and this has
been explicitly checked. In addition to capturing differences in local capillary supply,
the computed supply areas are also used to give an estimate of the local variation
in tissue capillary supply between control and experimental groups, hence allowing
further assessments of the quality of the aforementioned interventions in improving

O, supply.

We emphasise that these models were solved on a substantial number of ex-
tracted geometries, allowing the determination of statistical significance in the final
results, generally emphasising the need to take the time necessary to design in the

accommodation of substantial throughput into our modelling pipeline.

5.3.2 Statistical analyses

Data are presented as mean + standard deviation (SD). Statistical analyses and
hypothesis testing are carried out using one-way analysis of variance (ANOVA). Sta-
tistically significant differences are indicated in figures and tables using computed

P-values of the appropriate statistical test.
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5.4 On cardiac changes induced by maternal hy-
poxia

One of the most common insults to fetal development is associated with in utero ma-
ternal exposure to hypoxic environments (maternal hypoxia, MH). Although periods
of transient tissue hypoxia are important for tissue development [123], particularly
within the heart [28], chronic or severe hypoxia can have profound effects on the fe-
tus, and these are dictated by the period during fetal development when hypoxia may
occur [187].

For instance, chronic hypoxia in utero (CHU) during the second half of rat
pregnancy increases the work performed by the heart (e.g. by increasing the developed
pressure in the left ventricle) of the developing fetus to improve fetal oxygenation [85].
In particular, the rat fetus has an intact and functioning cardiovascular system by
ten days of gestation and is therefore independent of maternal control [I71]. During
this period the rat heart is subject to significant hypertrophy (increasing cell size)
and hyperplasia (increasing cell number) as a consequence of clonal expansion of cells
[T72] to meet the demands of the growing fetus and the limited supply of Oo [50].
Surprisingly, previous experiments [85] demonstrate that this hypertrophy results in
a decreased capillary density in the hearts of adult offspring despite maintenance of
a normal-sized heart, therefore illustrating the impact of decreased global O supply
in adult offspring. Given the experimental observation of increased myocardial work
following CHU [84], these changes suggest that a mismatch between metabolism and
O consumption may result in the developed heart—increased cardiac work coupled
with a decreased capillary density indicating a reduction in the potential for diffusive

exchange.

Furthermore, given the pivotal role that diffusive exchange for both O, and
metabolic substrates plays in controlling myocardial metabolism [65] 86], a decreased
capillary surface area for O, diffusion may favour the metabolism of glucose, over

fatty acids, as a metabolic fuel for the myocardium.

To assess the role that capillary supply plays in such scenarios, our collaborators
have conducted an experiment to investigate the mechanical and metabolic changes
arising from CHU using the perfused ‘working’ heart of adult rat offspring [84] [85].
This allowed an experimental exploration of the effects of CHU-associated decreased

capillary density on working heart metabolism as well as an investigation of the
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substrate preference and mechanical performance of the CHU heart.

Metabolism in the CHU heart was found to be greater despite achieving lower
cardiac output (less work) [84]. This strongly suggested that CHU may lead to intrin-
sic inefficiency in the myocardium manifested as mitochondrial inefficiency. Using the
fact that the enzymatic activity of citrate synthase (CS), an enzyme catalysing the
rate-limiting step in Krebs Cycle (conversion of acetyl-CoA to citrate at mitochon-
drial cristae), can be used to estimate mitochondrial density [121], our experimental
collaborators noted that CHU decreased CS activity by 30% [84]. This implies either
decreased mitochondrial density or decreased cristae density associated with individ-
ual mitochondria. Together these data raise a paradox: total metabolism and hence
mitochondrial function is increased, yet the total mitochondrial metabolising capacity
was decreased by CHU.

However, it is not feasible to track O, transport in these experiments. Thus
we apply our methodologies in a comparative study of normal and CHU hearts,
to highlight differences in Oy supply/consumption and to test the hypothesis that
mitochondrial inefficiency and decreased mitochondrial density in larger capillary
supply areas compensate each other in maintaining O, supply, which is arguably
counter—intuitive—it is not clear that reducing mitochondrial efficiency will improve
oxygenation. Finally, we will explore the modelling predictions for consequences of

this under conditions of hypoxic stress in the CHU heart.

5.4.1 Methods

The biological experiments, including metabolic, mechanical and histological anal-
yses, were carried out by Dr David Hauton during his tenure at the University of

Birmingham. Detailed experimental methods can be found elsewhere [S3H85].

For the experimental tissue preparations (see Fig 5.1), vessels were quantified
by experimental collaborators from digital images (magnification x200) and capillary
locations were digitised by Abdullah A. Alshammari in Matlab [I31] via processing
the digital images of tissue cross—sections. Capillary densities were subsequently

quantified by estimating the number of capillaries in each image.

The tissue sample geometries extracted from histological sections of tissue biop-

sies were incorporated into our mathematical model by A. A. Alshammari, together
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Figure 5.2: Tllustration of histochemical stains for 2D sections from mice myocardial biop-
sies. (A) A digital image of a left ventricle section after Lectin staining, with fibre boundaries
(sarcolemma) and capillaries indicated in the image. (B) A digital image of a right ven-
tricle section after alkalyne phosphotase staining, with capillaries as dark black structures.

Sections are 10 pm thick. Prepared from excised samples by Abdullah A. Al-Shammari
(November, 2012) in Prof Stuart Egginton’s laboratory at the University of Birmingham.

with biophysical parameters that are estimated from a number of experiments (Table
5.1)). The distribution of Oy tension and consumption rate were computed numeri-
cally via using the numerical methodologies detailed in Appendix[A] Areas of capillary

supply regions were calculated using Voronoi tessellations of digitised images.

5.4.2 Results

Following digitisation of images, we solved our model equations for absolute values of
Oy demand that represent both moderate and maximal mitochondrial consumption
rates in the myocardium [I3]. Here moderate mitochondrial consumption is set at
50% of the maximal mitochondrial consumption and the latter is presented in Table
[b.1] Further, two scenarios for relative Oy demand in CHU hearts were considered in
each of these parameter regimes: reduced and equal Oy demands. The former rela-
tive demand was extrapolated from the decreased citrate synthase activity in CHU
hearts as representative for decreased mitochondrial density (given the experimentally
observed increase in mitochondrial metabolism), whereas the latter represents a hy-
pothetical scenario where CHU hearts would maintain mitochondrial density similar

to Control hearts.

Estimates of capillary supply in terms of capillary density and supply regions

AL-SHAMMARI TRINITY 2014



CHAPTER 5. APPLICATIONS 159

Parameter Symbol Value Unit Refs.
0Oy demand My 3.77x1073 ml Oz /ml-s [13]
Mb concentration CMb 2.90x107%  ml Og/ml [13]
O3 solubility ! 4.42x1075 ml Oz/ml-mmHg [13]
O, diffusivity D 1.45x107°  cm?/s [13]
Mb diffusivity Db 2.20x1077  cm?/s [13]
Mass transfer coefficient & 8.60x10™*  ml Oz/cm?-mmHg-s [13]
Intracapillary POo Peap 40 mmHg [55]
Mb half-saturation PO, Pso v 2.39 mmHg [13]
PO3 at half demand P, 0.5 mmHg [91]
Capillary radius Tcap 2 um [58]
Tissue dimensions

MH samples 433 x 343 pm? *

Ischaemic samples 384 x 304 pm? *

Table 5.1: Biophysical parameter values for Oy kinetics and diffusion in the myocardium
of maternally hypoxic (MH) and ischaemic rats. Mb = myoglobin, * = estimated from our
histological preparations.

are given in Table 5.2l Supply regions were estimated from the Voronoi tessellations
of the capillaries captured in digital images. The use of Voronoi polygons in this
case is justified by the low degree of heterogeneity in their areas, as represented by
the heterogeneity index LogSD (standard deviation of the logarithm of supply areas).
LogSD quantifies the spread in the logarithmic distribution of capillary supply areas.

The mean and cumulative frequency distributions of O, tension and consump-
tion rate are presented in Fig. 5.3l Every data point on these curves is obtained by
averaging over all control and CHU epicardial samples. In addition, we tabulate and

present our predictions of Oy tension and consumption rate in Table and Figs.

B354

5.4.2.1 Oxygen supply indices

CHU led to a significant reduction in global supply capacity to the epicardium as
manifested in decreasing capillary density by 20% (P < 0.005; Table . Conse-
quently, local O supply to CHU rat hearts was significantly affected. In particu-
lar; despite modestly increasing the heterogeneity of epicardial capillary distributions
(11%; P < 0.05; Table |5.2)), CHU significantly increased the area of the capillary
supply regions (26.4%; P < 0.01; Table . In addition, the product of (1) the pro-
portion of capillary densities from Control and CHU hearts and (2) the proportion of
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Treatment Capillary supply area LogSD Capillary density
(um?) (capillaries/mm?)

Control 572 £+ 31 0.118 + 0.009 1824 + 77

CHU 723 + 7011 0.131 + 0.005 1460 + 126717

Table 5.2: Estimates of Oy supply indices in the epicardium of control and CHU rats.
LogSD = standard deviation of the base—10 logarithm of capillary supply areas; this index
characterises the extent of heterogeneity in O supply areas in muscle cross—sections. Here
the use of Voronoi polygons as representatives of capillary supply areas is valid given their
accurate approximation of trapping regions. Data represents mean + standard deviation
(n = 6). Statistical significance is represented as: effects of CHU TP < 0.05, TP < 0.01,
TP < 0.005.

Demand Animal Oxygen profile Consumption profile
Mean PO, Hypoxia Mean MO, MO, < Mg/2
(mmHg) (%) (mlO3/100ml min) (%)
Moderate
Control  19.56 + 0.63 0.84 + 0.55 9.54 + 0.06 0.92 + 0.58
CHU 18.05 + 1.87 1.47 + 0.757 772 £ 0.101f 1.60 + 0.80f
CHU™* 14.90 + 1.7771 3.07 £ 1.847  9.16 + 0.20f1 3.25 + 1.901
High
Control 7.86 + 0.47 9.53 + 1.60 18.87 + 0.24 9.84 + 1.70
CHU 6.70 + 1.33 13.31 + 3.00"1  14.85 + 0.607t 13.66 + 3.00f
CHU* 5.45 + 1.071T  16.64 + 5.59T7  17.11 + 0.87'T 17.03 + 5.63F

Table 5.3: Predictions of Oy tension and consumption rate (MOs3) in the epicardium of
adult rat offspring from control and CHU groups. Relative O2 demands are extrapolated
from the decreased citrate synthase activity in CHU hearts as representative of decreased
mitochondrial density. Oy demand for CHU™ is equal to that of control, reflecting a hypo-
thetical maintenance of mitochondrial density in CHU as meaasured by CS activity. M
= high Oz demand = 2 x moderate Oz demand (see Table . Data represents mean
+ standard deviation (n = 6). Statistical significance is represented as: effects of CHU
TP < 0.05, TP < 0.005.

the corresponding capillary supply areas was found to be approximately 1 (unitless),

an indication that changes in global O, supply match changes in local Oy supply.

5.4.2.2 Oxygen kinetics

Extrapolating from the decreased citrate synthase activity in CHU hearts, CHU de-
creased the mean calculated tissue POy by 8 — 15%, although not to the level of sta-
tistical significance (Table . In contrast, predictions of the corresponding mean
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Figure 5.3: Predicted mean normalised frequency distributions for epicardial Os tension
and consumption rate (MO2) in control (CON) and CHU rats. Data represent moderate
O2 demand in epicardial tissue. Mitochondrial density in CHU reflects the experimentally—
observed reduction in citrate synthase activity in CHU hearts.

tissue Oy extraction indicate a significant decrease (20 — 22%; P < 0.005; Table [5.3)).
Such reductions were also accompanied by both increased hypoxic tissue fraction
(40 — 75%; P < 0.05; Table and increased tissue fractions uptaking O, at very
low myocardial consumption rates (39 — 74% increase; P < 0.05; Table .

Plotting estimates of tissue PO, indicated that, despite the increased capillary
supply areas in CHU hearts, the decreased Oy consumption led to matching between
the distributions for tissue POy between control and CHU rats (Fig. [p.3A). Indeed,
estimates of cumulative PO, indicated that only as PO, started to decline to very low
levels was a greater proportion of the myocardium at a corresponding PO, to control
tissue (Fig. [5.3B). Decreased citrate synthase activity led to decreased estimates for
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Figure 5.4: Predictions of the mean normalised frequency distributions of Oy tension and
consumption rate (MOg) under maximal Oy demand in epicardial tissues of control (CON)
and CHU rats. Here CHU is assumed to maintain the same mitochondrial density as that
in control hearts.

calculated O, consumption in CHU heart (Fig. ) such that at all calculated
levels of Oy consumption a greater proportion of the myocardium for CHU hearts

was included in the cumulative distribution (Fig. [5.3D).

To estimate the effects of maintaining a normal mitochondrial density (Os de-
mand) for hearts with an increased capillary supply area, calculations were repeated,
estimating both moderate and maximal Oy consumption. The increased supply area
was found to significantly decrease the mean tissue POy (24 —31%; P < 0.005; Table
, and led to a 4 — 10% decrease in mean tissue O, extraction in the CHU hearts
(P < 0.005; Table . As a consequence, the hypoxic region within the myocardium
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increased by 74 — 265% for CHU hearts (P < 0.05; Table accompanied by a
73 — 253% increase in the area of myocardium with Oy consumption rate (MOs)

< 50% My (P < 0.05; Table [5.3).

5.4.3 Discussion

One of the most common insults to fetal development is associated with maternal
exposure to hypoxic environments. A severe episode of maternal hypoxia during late
stages of pregnancy, such as late chronic hypoxia in utero (CHU), has been shown to
alter cardiac performance in adult offspring [85]. Moreover, the experimental results
indicated that CHU led to a decreased cardiac output in the isolated perfused heart,
and revealed an alteration in a critical determinant for physical activity, namely the
potential to deliver Oy to respiring tissues. It was also found that this decrease is cou-
pled with reductions in myocardial capillary density and total mitochondrial capacity
despite an apparent increase in the overall metabolism of glucose and fatty acids un-
dertaken by the CHU heart. These experimental observations suggest an inefficiency
of mitochondria in CHU hearts (decreased cardiac output despite an increase in the
overall metabolism), possibly as a consequence of proton leakage or oxidative stress.
Here, we use mathematical modelling to explore how such mitochondrial inefficiency
and increased supply regions may affect myocardial tissue O5 level and consumption

rate following CHU together with any consequences.
Impaired angiogenesis

The effect of CHU on angiogenesis may be explored via assessing changes in capillary
domains, as these can accurately approximate trapping regions. Direct digitisation of
capillary locations allowed a quantification of the local enlargement in O, supply areas
which, in turn, partly reflects the extent of fibre hypertrophy [50, [53]. In particular,
CHU led to a 27% enlargement in supply areas, suggesting an impeded angiogenesis
(fewer capillaries per unit volume) associated with the hypertrophy of cardiomyocytes
in adult CHU rats. Indeed, recent experiments report that maternal hypoxia in rats
during early pregnancy led to a 30% decrease in the global fibre density, despite
maintenance of normal adult heart size, suggesting fewer yet larger cardiomyocytes
[83, 85]. Together, these findings are not inconsistent with the previous hypothesis
that angiogenesis in CHU rat hearts may be impaired [85]; in particular our results
demonstrate that increasing the region of tissue that must be supplied by a capillary

does not induce angiogenesis in CHU rat hearts.
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The CHU heart and O, stress

Our modelling results additionally indicate that CHU hearts exhibit reduced O con-
sumption rates coupled with an essentially normal mean PO, but, noting large sam-
ples were considered, increased extremes of the size of hypoxic regions within capillary
supply regions (x2.5; see Table and Fig. —D). Under oxidative stress these
extremes become more pronounced. Thus while the CHU heart has similar oxygena-
tion profiles to the normal heart under standard conditions, it is more susceptible
to hypoxia. This can have the further effect of reducing mechanical efficiency by
preventing contraction in larger myocardial regions further reducing pumping func-
tion under oxidative stress. Thus the CHU heart is theoretically predicted to be
highly susceptible to extreme stress such as ischaemia-reperfusion injury, which is
consistent with recent experimental observations [124] 196]. For example, hypothet-
ical hearts with CHU capillary supply domains and normal mitochondrial densities
exhibit these effects in a much more exaggerated manner. Hence reducing mitochon-
drial density whilst maintaining increased function is predicted to reduce hypoxia, a

counter—intuitive observation.

5.4.4 Conclusions

In terms of an understanding of Os transport, our modelling studies provide support
for hypotheses that angiogenesis does not respond to increased capillary O, supply
regions of the CHU heart, but instead exhibits mitochondrial inefficiency compensa-
tion. However, this also increases sensitivity to extreme Oy demand, generating the
testable hypothesis that the CHU heart is particularly susceptible to hypoxia and

thus, for example, ischaemia—reperfusion injuries.

5.5 Capillary supply in diabetic hearts

The selection of substrate for myocardial energy production may be dictated by the
availability of Oy and/or coronary flow [39]. For example, compromise to O supply is
accompanied by increased glucose reliance and decreased lipid oxidation in moderate
cases [2], and elevated reliance on anaerobic energy production (glycolysis) in extreme
cases [7]. Hence, capillary supply of oxygenated blood may be critically linked to the
optimisation of myocardial ATP production. However, the relative importance of
functional capillary supply or ability to switch between substrates to preserve cardiac

performance is currently unclear, but may be critically important in conditions such
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as diabetes that are characterised by a reduced metabolic flexibility (inability to
utilise glucose) and microvascular disease (e.g. capillary rarefaction), which has the

potential to impair the coronary capillary supply [147].

In an experimental study, our collaborators speculated that if microvascular
units (an individual arteriole and its associated capillaries supplied downstream) are
crucial for local provision of Oy to the myocardium, then loss of functional capillaries
by occlusion of individual arterioles would decrease output of the heart, and hence
decreased total metabolism, without altering the balance between lipid and glucose
metabolism for the remaining muscle fibres as no ‘spillover’ of O, into adjacent cap-
illary supply regions may occur. Conversely, if diffusion of O, over wider distances
supports metabolism in neighbouring fibres/capillary supply regions then metabolism
will be altered to improve the efficiency of ATP production through ‘metabolic flex-
ibility’, at least if perfusion levels are kept fixed, as with maximal perfusion. This
response involves switching of substrate use if the prevailing O, supply is limited and
would be exemplified by a decrease in fatty acid oxidation and increased reliance on

glucose metabolism.

Our experimental collaborators have conducted several laboratory experiments
[86] in an effort to investigate the relationship between functional capillary supply
and myocardial selection of energy substrates (lipids and glucose) as well as to cor-
relate these variables to the mechanical performance and metabolism in isolated,
normal and diabetic perfused working rat hearts. The role of functional capillary sup-
ply was established by variable infusion of polystyrene microspheres (mean diameter
15.0 £ 0.2 pm) into the coronary circulation blocking arterioles and thus mimicking
capillary rarefaction due to microvascular disease (e.g. diabetes and hypertension).
The random blockade of coronary arterioles by microspheres led to an acute loss of
functional capillary supply in both normal and diabetic working hearts. The mechan-
ical performance and metabolism decreased following progressive arteriolar occlusions
with microspheres in the perfused, working heart for both control and diabetic rats
[86].

Their subsequent experimental data was uniformly consistent with substrate
switching; however the requirements of O, transport in the hypothesis that substrate
switching is due to Oy supply is beyond the resolution of their oxygenation measure-
ments. Hence, as part of this study, our modelling objective was to assess whether

the experimental compromise of the coronary vasculature was sufficient to induce
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tissue hypoxia and reduce tissue O, consumption, and to assess whether the tissue
subsequently allowed compensation from other arterioles once an arteriole becomes
blocked, and whether our biophysical understanding of O, transport is consistent

with the hypothesised mechanism of substrate switching.

5.5.1 Methods

Cardiac mechanics, metabolism, and tissue histology were analysed experimentally
by Dr David Hauton and Dr James Winter at the University of Birmingham. For
completeness, we briefly describe the tissue preparation procedure carried out by our

collaborators. Detailed experimental methods can be found elsewhere [86].

The resulting images of both total and patent capillary supply (e.g. Fig.
were digitised by Dr David Hauton, and followed by image segmentation and finite
element computations performed by A. A. Alshammari in conjunction with estimates
of the diffusivity of Os from capillaries to the surrounding myocardium to predict tis-
sue POy and MOs. The tissue sample geometries extracted from histological sections
of tissue biopsies were incorporated into our mathematical model, together with rel-
evant biophysical parameters (Table . The spatial distribution of O, tension and
consumption rate were computed numerically by using the numerical methodologies
detailed in Appendix [A]

The capillary density was quantified as the number of capillary profiles per
mm? of cross—sectional area. The shortest distance between adjacent capillaries was
calculated by Delaunay triangulation, producing a value for the total influence of all
nearest neighbours (NN), and giving an assessment of the variance in capillary supply
in control and experimental groups. Areas of capillary supply regions were calculated
using Voronoi tessellations of digitised images. The coefficient of variation (CV) was
calculated for O supply areas and NN distances as standard deviation/mean x100.
The logarithmic standard deviation (LogSD) was additionally calculated as standard

deviation of the base-10 logarithm of supply areas.

5.5.2 Results

Arteriolar occlusion decreased the density of patent (perfused) capillaries by 38%
(Fig. and Table coupled with a 64% increase in capillary supply area
(Fig. and Table [5.4} also compare Figs. [5.6A and B) and a 19% increase
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Figure 5.5: Histological estimates of total capillary supply and patent capillaries within the
occluded sample following infusion of microspheres. Total capillary supply was estimated by
rhodamine—labelled lectin—staining of capillaries and capillaries were identified digitally with
white discs. Patent capillaries following microsphere infusion were estimated by inclusion of
FITC-labelled dextran (green colour; e.g. see areas within the oval red circles) to highlight
only those capillaries possessing flow. Images represent 384 pm x 304 um of myocardium.
Data represents mean + standard deviation (n = 3). Statistical significance is indicated as:
effect of microsphere infusion *P < 0.05, **P < 0.01, ***P < 0.005.
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Treatment Capillary supply area CV LogSD Capillary density
(um?) (%) (capillaries/mm?)

Control 574+ 31 27.33 £2.92 0.121 £ 0.014 1733 £ 101

Occluded 942 + 1297 47.50 £3.321T  0.182 £ 0.01217 1069 + 14817

Table 5.4: Estimates of O supply indices in randomly selected samples from the epicardium
before and after occlusion. CV = coefficient of variation in supply areas (standard deviation
normalised by the mean x100). LogSD = standard deviation of the base-10 logarithm of
capillary supply areas. Here CV and LogSD characterise the extent of heterogeneity in
O2 supply areas within the myocardium. Data represent mean + standard deviation (n
— 3). Statistical significance represented as: effects of microspheres occlusion TP < 0.01,
TP < 0.005.

in the distance to the nearest capillary neighbour (Fig. and Table . In
addition, the heterogeneity in nearest neighbour distances increased by 60% following

microsphere infusion (Table . Consequently, supply areas became significantly
more heterogeneous (see CV and LogSD in Table [5.4] and Figs. 5.5, B).

Under conditions of moderate mitochondrial Oy demand (Mg/2; see Table
, arteriolar occlusion decreased the mean epicardial POy by 43% (Table and
quadrupled the heterogeneity in O, distribution (CV = 4.1% vs. 15.5%). In par-
ticular, occlusion generated significant regional hypoxia in the myocardium (hypoxic
fraction = 0.18% vs. 16.44%; Table , thus demonstrating a largely depressed
O, consumption rate (MOs < 50% M/2). This, in turn, led to an 18% decline in
myocyte O, uptake, coupled with increased heterogeneity in the spatial distribution
of Os uptake (CV = 0.4% vs. 7.4%; Table [5.6).

Under conditions of high mitochondrial Oy demand (M,; see Table7 random
arteriolar occlusion decreased the mean epicardial POy by 46% (Table , doubled
the heterogeneity in Oy distribution (CV = 11% vs. 23%; also compare Figs.
and D), and induced elevated regional hypoxia (260%; Table ; also compare Figs.
and D). Consequently, the mean Oy consumption rate of the epicardium was
reduced by 34%, with significant heterogeneities in the spatial distribution of O,
uptake (CV = 3.4% vs. 12.3%; Table ; also compare Figs. and F). This was
also accompanied by 260% increase in the fraction of tissue area consuming O, at a
very low rate (below half maximal uptake; compare Figs. and B).

AL-SHAMMARI TRINITY 2014



CHAPTER 5. APPLICATIONS 169

A Il Control B Il Occluded
—— Logl0-normal fit —— Logl0-normal fit
0.25f —-Sample mean 1 0.25f ~Sample mean
1=2.7538

o=0.1311

<
i
<
o

Frequency
=]

[y
Frequency
<
[

0.1 0.1
0.05}¢ 0.05}¢
02 2.5 3 3i5 4 02 2.5 3 35 4
Capillary supply area (pmz) Capillary supply area (p.mz)
40 40
32 32
24 24
16 16
8 8
0 0
25
20
15
10
5
0
02 consumption (ml/100 ml/min) 02 consumption (ml/100 ml/min)

Figure 5.6: Distribution of capillary supply areas, PO2, and Oy consumption in control
and occluded rat myocardia (single sample). (A, B) Estimated distribution of capillary
supply areas. (C, D) Predicted spatial distribution of tissue POs. (E, F) Predicted spatial
distribution of tissue Os consumption rate. Note the increased heterogeneity in capillary
supply, tissue POy, and tissue uptake across sections of myocardium before (A, C, E) and
after (B, D, F) arteriolar occlusion of control perfused working rat hearts.
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Treatment Nearest neighbour distance CV

pm (%)
Control 26.63 £ 1.71 14.15 + 0.57
Occluded 31.73 £ 1.18f 22.70 + 4.017

Table 5.5: Heterogeneity of capillary supply in randomly selected samples from the epi-
cardium before and after occlusion. CV = coefficient of variation in the distance to the
nearest neighbouring capillary (standard deviation normalised by the mean x100). Here
CV characterises the extent of heterogeneity in the spatial distribution of capillaries within
the myocardium. Data represent mean + standard deviation (n = 3). Statistical significance
represented as: effects of microspheres occlusion TP < 0.05.

Demand Treatment Oxygen profile Consumption profile
Mean PO, Hypoxia Mean MO, MO, < Mo/2
(mmHg) (%) (mlO5/100ml min) (%)
Moderate
Control 11.92 + 0.49 0.18 + 0.21  10.87 + 0.04 0.18 + 0.21
Occluded 6.84 + 1.06T 16.44 + 6.357  8.87 + 0.66T 16.44 + 6.357
High
Control 6.82 + 0.73  18.08 + 2.76  17.25 + 0.58 18.08 + 2.76
Occluded 3.71 £ 0.85"  47.00 + 6.54™"  11.39 + 1.40f1 47.00 + 6.541t

Table 5.6: Predictions of Oy tension and consumption rate in randomly selected samples
from the epicardium before and after occlusion. My = high Oy demand = 2 x moderate
Oz demand (see Table. Data represents mean + standard deviation (n = 3). Statistical
significance represented as: microspheres occlusion TP < 0.01, TP < 0.005.

5.5.3 Discussion

Following microsphere occlusion a decrease in the regularity of functional capillary
spacing was noted, with increases in capillary supply areas similar to that for pa-
tients with ischaemic cardiomyopathy [I12]. This heterogeneity of capillary supply
was predicted to leave regions of poorly—oxygenated myocardium which may become
non-contractile contributing to a decrease in mechanical performance and increased
internal work for the heart. Indeed, our modelling predictions fulfils one of the objec-
tives by demonstrating that the observed decrease in cardiac work following arteriolar
occlusion is indeed coupled with a theoretical prediction of an increase in both the size
of the regional hypoxia and a reduction in Os consumption. Furthermore, our second
objective of assessing the prospect of inter-arteriole compensation of O, transport is
fulfilled by noting that the prediction of a substantial increase in the size and hetero-

geneity of capillary supply regions. Thus our modelling supports the hypothesis that
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substrate switching is due to Os transport and declining myocardial POs,.

5.5.4 Conclusions

The cardiac muscle demonstrates the capacity to switch between substrates, from
palmitate to glucose, to maximise O, efficiency and sustain cardiac work under O,
stress, with the latter confirmed by modelling studies. We note that the importance
of this study is the deduction that the diabetic heart, with its lack of metabolic
plasticity, lacks the compensation mechanism for microvascular disease exhibited by
the normal heart, which will be the subject of further studies exploring the diabetic

heart response to O, stress, again with modelling to assess microscale O, transport.
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Chapter 6

Discussion

Maintaining intracellular oxygen tension above a hypoxic threshold is crucial for aer-
obic energy production in striated muscles. In normally respiring muscle tissues a
functional capillary bed supplies an adequate amount of oxygen to the surrounding
fibres. In contrast, in ischaemic muscles the local capillary supply of oxygen may
fall short in meeting the metabolic demand of the respiring cells. Such a mismatch
between capillary supply and local cellular demand is a stimulus for microvascular re-
modelling (angiogenesis) where new capillaries grow from a pre-existing capillary bed
[T06]. This is believed to be an adaptive response to restore normal oxygen flux from

individual capillaries to neighbouring fibres by decreasing oxygen diffusion distances.

6.1 The biological problem

Our current understanding of interventions to enhance functional capillary supply
of oxygen in ischaemic muscles is far from complete. The discrepancies in data on
capillary supply reported in numerous experimental studies suggest that this may
be partly due to the current characterisation of tissue oxygenation levels [46]. For
example, quantitative classifications based on measures of gross capillary supply—
such as mean capillary density (CD), capillary—to—fibre ratio (C:F), or intercapillary
distance (ICD)—may characterise a global tissue ischaemia [46], but cannot account
for local dysfunction associated with the underlying capillary distribution. In partic-
ular, recent experimental findings have demonstrated an inherent sensitivity of such
measures to scalings in fibre cross—sectional area [II, [106], thus highlighting a need

for the development of an area—based quantitative classification of capillary supply
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to better inform studies assessing regulation of angiogenesis for the enhancement of
intracellular oxygenation in ischaemic striated muscles [49] 51]. Progress in this area
can potentially improve our current understanding of the limits to peripheral oxygen
transport in striated muscle tissues. In particular, a histological framework incor-
porating the influence of the surrounding tissue in analyses of capillary supply of
oxygen will enable an exploration of the supply—demand balance at the scale of a

single capillary.

6.2 Current theoretical framework

The current experimental quantitative analyses of local capillary supply are based
on the incorporation of detailed tissue geometry and functional characteristics, e.g.
muscle fibre size and oxidative capacity, into indices of capillary supply, e.g. lo-
cal capillary-to-fibre ratio (LCFR) and local capillary density (LCD). Based on the
planar distribution of capillary domains, the basic physiological premise underlying
these analyses is that Voronoi polygons (VP) represent the tissue domain maximally
perfused by individual capillaries [51]. By identifying vessel locations in a plane per-
pendicular to muscle fibre orientation, each Voronoi polygon represents the area of
supply of its enclosed capillary [46]. Such an unambiguous identification of the sup-
ply area of a capillary quantifies the relative diffusive stress an individual capillary
may experience, with larger areas reflecting more diffusive stress and very small areas
inferring capillary supply redundancy. Part of the convenience in using such geomet-
rical constructs is that they (a) allow calculation of scale-independent measures of
local capillary supply, (b) allow robust estimation of gross capillary supply measures,
(c) require no detailed parameter estimation, and (d) are generated with extreme

computational ease.

6.2.1 Limitations

Although Voronoi polygons have proven to be useful in describing oxygenation for
homogeneous muscles [1, 96], it was unclear, prior to this work, how well they may
capture capillary supply areas in the presence of structural and metabolic hetero-
geneities [53, 96]. In particular, it was unclear how these Voronoi polygons should
be adjusted to accommodate the heterogeneities extracted from images of 2D section
from cardiac and skeletal muscle biopsies. Indeed, there is yet to be a theoretical
framework that can systematically generalise this histological framework to normal

and pathologic physiological states, whilst retaining all of advantages (a)—(d) above.
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6.3 Dissertation objectives

In this dissertation, we have aimed to investigate these limitations by exploring the
transport of oxygen in cardiac and skeletal muscle 2D sections by developing math-
ematical and computational frameworks that can account for the anatomical and
histological details of 2D tissue sections. In particular, we have sought to build a the-
oretical framework of oxygen diffusion that generalises the current anatomical frame-
work of Voronoi polygons given the complex geometries of, and functional variability
in, histological tissue sections. More generally, we have aimed to develop indices and
research tools to allow objective assessment and improvement of the current measures
of local tissue oxygenation and ultimately metabolite transport given muscle tissue
cross—sections. This must include making these tools accessible rather than requiring

specialist mathematical modellers for their implementation.

It has been of particular interest to explicitly assess the validity of using Voronoi
polygons to characterise the transport of oxygen by comparing them to a more real-
istic alternative, trapping regions, which capture the biophysics of oxygen diffusion
from capillaries into tissue while also accounting for the intricate anatomical and
histological details of striated muscles. This has allowed us to characterise when
and where current indices of local capillary supply (e.g. LCFR and LCD) are in fact
likely to be an accurate representation of the underlying transport processes, and thus

genuinely provided insight into levels of oxygenation given tissue heterogeneities.

To this end, we have aimed to develop and apply general transport models
describing oxygen transport in 2D sections from cardiac and skeletal muscle biop-
sies, build a finite element computational framework, predict spatial distributions of
oxygen tension and consumption rates in muscle tissue sections and, subsequently,
compute a more realistic alternative to Voronoi polygons, namely the flux trapping
regions, on 2D muscle sections. The resulting finite element framework has been
designed to work at various scales taking into account cellular structure for the phys-

iological phenomenon of interest.

6.4 Conclusions
6.4.1 Chapter 2

In Chapter [2] we developed a theoretical model describing oxygen transport from
capillaries to uniform muscle tissues (e.g. cardiac muscle). A finite element com-

putational framework was designed to capture the complex histological geometries
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extracted from 2D sections from cardiac muscle biopsies and to solve the transport
equations over such geometries. This allowed for a systematic exploration of the in-
fluence of capillary distribution heterogeneities on tissue oxygen levels. In addition, a
further computational framework was developed to compute the underlying regions of
capillary supply of oxygen, thus allowing qualitative and quantitative assessments of

the quality of Voronoi polygons in approximating such biophysical regions of supply.

Our results indicate Voronoi polygons provide a generally accurate represen-
tation of trapping regions for uniform tissues with uniform perfusion and maximal
oxygen uptake. However, this representation deteriorates with increasing levels of
heterogeneity, and ultimately breaks down in severe cases of capillary heterogeneity
(e.g. capillary rarefaction and extreme non-uniformity in the perfusion of neighbour-
ing capillaries). In such cases, trapping regions can provide more robust measures
of capillary capacity to study structural or functional dysregulation in pathological
situations (e.g. ischaemic hearts). In addition, the increased differences between
Voronoi polygons and trapping regions may be informative in studies assessing the

local control of the angiogenic response in the myocardium.

6.4.2 Chapter 3

In Chapter 3| we explored the potential influence of heterogeneities in the surround-
ing tissue by accounting for the spatial anisotropies in the oxidative capacity and
diffusivity of muscle fibres as well as the heterogeneity in fibre size and shape, as
observed in skeletal muscles. In addition, we extended our equations to explore the
effects of diffusion through the interstitium, facilitated—diffusion by myoglobin, and
Michaelis—Menten kinetics of tissue oxygen consumption. Computationally, this was
achieved by extending our finite element framework to capture the histological details

of muscle fibre size and shape based on 2D sections from skeletal muscle biopsies.

We found that the Voronoi polygons approximation to trapping regions is gener-
ally accurate, thus inferring that measures of muscle capillary supply capacity based
on Voronoi polygons may be reasonably used for mixed muscle samples. However,
the increase in heterogeneity associated with differential uptake is found to lower the
accuracy of Voronoi polygons. In such cases, flux trapping regions may provide a
more robust representation of capillary supply regions, thus providing more appro-

priate measures of capillary supply capacity for studies assessing the structural and
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functional dysregulation in mixed, striated muscle tissues. Interestingly, the rela-
tionships between Voronoi polygons and trapping regions may once more highlight
potential regulatory mechanisms underlying the capillary and fibre distributions in

skeletal muscles, hence providing a tool for generating testable biological hypotheses.

6.4.3 Chapter 4

In Chapter 4| we explored the influence of the spatial heterogeneity in mitochondrial
distributions within striated muscle fibres, as observed in histologic tissue sections.
This was achieved by extending the equations from Chapter|3|to take into account mi-
tochondrial clustering underneath the fibre membrane and the intercellular anisotropy
underlying the diffusive parameters, and ultimately assess fibre and tissue oxygena-
tion as well as the accuracy of current capillary supply indices. In addition, our finite
element framework was extended to resolve the microscale details inherent in the

anatomy of mitochondrial clusters.

For maximal tissue and vascular capacity, our results indicate that Voronoi
polygons provide a generally accurate representation of trapping regions, with addi-
tional improvements noted when heterogeneous diffusion coefficients are considered.
However, extensive re-distribution of mitochondria towards the fibre membrane will
eventually lower the accuracy of Voronoi polygons, further suggesting that measures
of functional capillary based on flux trapping regions may better inform studies of

structural and functional remodelling in striated muscle fibres.

In addition, fibre and tissue oxygen levels and kinetics are found to be sensitive
to the level of mitochondrial clustering, with increased clustering showing a general
enhancement in tissue oxygenation. However, this enhancement does not hold abso-
lutely. Instead, it is observed to vary depending on the underlying heterogeneity of
the tissue, with some cases showing diminished oxygen levels rather than enhanced.
This finding may serve to explain the experimental observation that mitochondrial

clustering may differentially occur across different muscles and fibre types.

6.4.4 Chapter 5

In Chapter [5| we demonstrated the potential of the models derived in Chapter by

predicting oxygen tension and consumption distributions in sections from myocardial
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tissue biopsies of rats with either impaired angiogenesis or impaired arteriolar perfu-
sion. In particular, we showed how our modelling frameworks may be used to process
large biological data sets of 2D sections from muscle tissue biopsies, with quantitative
predictions assisting in the interpretation of experimental measurements of cardiac
performance and metabolism. More generally, this demonstrates how our modelling
can become a genuine and systematically exploited tool in the study of transport and

microvascular regulation within muscle.

6.4.5 Main findings

Here we summarise the main findings of this work:

1. Measures of maximal capillary supply capacity that are based on Voronoi poly-
gons may be sensibly and reasonably used for normal tissue, though extremes

in the underlying approximation of supply areas are slightly exaggerated.

2. Flux trapping regions may provide a representation of capillary supply regions
that is more robust to tissue and vascular heterogeneities compared to Voronoi
polygons, though computationally costly (> 12 sec/TR vs. 107° sec/VP; based
on an AMD Phenom II X4 925/2.8GHz processor and a 3.8GB RAM).

3. The normalised standard deviation of VPs (oyp) correlates well with the degree

of appropriateness of VPs, with values > 0.40 indicating very low VP quality.

4. The correlation between area frequency distributions of Voronoi polygons and
trapping regions may be useful in physiological studies seeking to explore the

location and extent of the local control of the angiogenesis process.

5. Flux trapping regions may permit a more accurate analysis of the local remod-
elling process in striated muscle tissues following experimental and therapeutic

interventions.

6. Flux trapping regions may be used to study structural and functional dysregu-
lation in pathological situations such as ischaemia, and intracellular remodelling

of mitochondria.

6.5 Future work

This work is open for further theoretical extensions and biological explorations and

applications. Below we briefly describe some of these directions.
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6.5.1 Modelling directions

6.5.1.1 Current scales

At current scales (i.e. 400 —1000 pm), fairly straightforward extensions to our models

can be pursued as potential avenues for addressing the following questions:

e How may non-uniformities in the spatial distribution of discrete mitochondria
within all fibre subcompartments influence tissue PO, MO, (O uptake or

consumption rate), hypoxia, and capillary supply regions?

e How would partial capillary permeability due to blockade by epithelial nuclei

affect oxygen transport and capillary supply regions?

e What influences would temporal changes in tissue oxygen demand and capil-
lary oxygen content (e.g. simulated RBC fluctuations) have on our previous

predictions?
e Can metabolic products be studied in essentially the same framework?

e How may coupling the transport of metabolic and energy substrates affect oxy-

gen kinetics and distribution within myocytes?

6.5.1.2 Multiscale frameworks

Our current modelling frameworks permit extensions to and investigations of larger
domain sizes (e.g. at the scale of 2 — 5 mm) which, in turn, would allow their ap-
plication to be extended to larger datasets of biological imaging. Ultimately, such
investigations should aim to take into account complex geometries, such as capillary
anastomoses, the heterogeneities of three spatial dimensions and macroscale domains.
In particular, given these scales permit the exploration of sub-maximal conditions, a
question arises as to whether or not exploring oxygen transport in large 2D sections
(or stacks of sections) can effectively capture the underlying distribution of capil-
lary supply areas in muscles. It is also possible to construct representative domains
based on tissue imaging allowing the oxygen transport equations to be solved, at least
in principle. Furthermore, multi-photon imaging of tumour angiogenesis—capillary—
networks reveals a level of resolution in capillary locations and perfusion [Prof Helen
Byrne, Private Communication| that suggests such data can be generated. Hence,

tumour imaging modalities might be utilised to provide the means of generating data
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for the first 3D studies in striated muscles. However the geometrical complexity at
this stage is prohibitive, highlighting the need to seek modelling simplifications to en-
able further progress and to utilise many biological imaging datasets. In particular,
our current approach is ideal for developing multiscale mathematical and computa-
tional techniques to enable the efficient consideration of larger systems. Hence, one
modelling direction is to explore simplifications, in particular investigating the use
of homogenisation techniques. Within biomathematics, this approach has been ex-
tremely successful in cardiac electrophysiology, reducing the complexity of cardiac
microgeometry to the bidomain equations [87, [I16]. Such homogenisation studies
can be validated using the fundamental 2D finite element codes developed for this
dissertation via simulations on intermediate domain sizes. The resulting modelling
framework will allow, in future studies, the investigation of more complex geome-
tries and larger domains. At the simplest level, these homogenisation studies will
require asymptotic analyses utilising the large difference between the macroscopic
length scale, over which the system exhibits at least a statistical regularity, and the
cellular length scale, over which there is extensive and complex heterogeneity plus

the numerical simulation of the resulting homogenised equations.

6.5.2 Experiments

6.5.2.1 Model validation

Given the current technical limitations in measuring PO, in muscle fibres [150, [152],
validating our models may, instead, be achieved by testing our biological predictions
from capillary supply regions and hypoxia levels. In particular, we have demonstrated
in Chapter [5| how predictions of the relative levels of myocardial hypoxia matched the
experimentally-measured relative change in glucose and lipid metabolism in partially
ischaemic myocardium. In addition, our predicted distributions of capillary supply
domains (VP and TR) can be used to predict the potential location of regions of

capillary growth in 2D sections from muscles following stimulation or overload [9].

6.5.2.2 Model applications

Our current models may inform experimental studies requiring an assessment of oxy-
gen levels in muscle tissue cross—sections following experimental disruptions to the
path of oxygen delivery. Here we give some examples of ongoing and future experi-

mental studies requiring processing of large biological datasets of 2D muscle sections:
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1. improving capillary supply in ischaemic muscles;
2. assessing the role of functional capillary supply of oxygen in fetal hypozia;

3. assessing the role of rarefied capillary supply of oxygen in the co-morbidities

associated with chronic heart failure;
4. assessing the role of capillary rarefaction in diabetic hearts;

5. assessing the role of capillary supply in myocardial metabolic flexibility.

Thus the implementation of GUI-led modelling codes within collaborators’ lab-
oratories to allow physiologists to process data on-site is a further future direction,

given the variety and extent of the applications for this modelling framework.
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Computational Aspects

A full analytical solution to our model problem is intractable due to the complexity of
the domain geometry under consideration, the flux—jump condition at capillary walls,
and the non-linearities of oxygen consumption kinetics and myoglobin facilitation flux.

Other researchers have sought the following alternatives to analytical investigations:

1. The use of capillaries as point sources, thus removing the element of feedback
imposed on capillary—wall flux (see |26} 93], 94], O8] 154 [186])

2. Asymptotic expansions in the limit of a small capillary diameter (see [179]).

3. Simple, highly regular, geometries of capillary distributions.

In the case of taking capillaries as a set of discrete oxygen point sources, the
PO, field in the tissue is represented as a superposition of fields resulting from those
sources. As such, a fundamental hypothesis is the radial symmetry of POy in the
vicinity of capillaries. We will show in the results section that this is not gener-
ally true and local feedback must dictate local levels of Os. In addition, given a
fixed capillary radius, note that point—source approximations are only valid when the
intercapillary distance is sufficiently large. However, there are certain cases where
capillary arrangements lead to relatively small intercapillary distances (e.g. highly
clustered distributions), thus challenging the previous assumption. There are also is-
sues when choosing appropriate boundary conditions at the external domain boundary

(e.g. non-unique solutions in [94, O8]). Moreover, as revealed by Titcombe and Ward
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[T79], the accuracy of point—source approximations is questionable for a typical tissue

cross—section scale.

Asymptotic solutions based on both the actual geometry of capillary boundaries
and capillary interactions, will simplify when circular geometry is considered (see

[179]). Nonetheless, the convergence rate of these approximations is still quite slow.

Regular capillary geometries are found in certain tissues (e.g., myocardium).
However, in most cases, realistic capillary distributions are far from regular. Hence,
analytical methods based on regular capillary distributions are of insufficient gener-

ality, thus will fail to answer many physiological questions.

A.1 Finite element solution

The goals of our study require the prediction of oxygen tension and consumption levels
and to accurately investigate trapping regions for various anatomical and functional
heterogeneities. In order to address the scales of our problem in such a way as to
account for capillary distributions, fibre distribution, and local capillary feedback, we
introduce a weak formulation for the finite element method, which we base upon the
geometry of real tissue cross—section images. This computational framework is then

implemented in Matlab [132] to solve our model equations.

Consider the following general PDE

V- (c(p)Vp) = M(p), x €Q, (A.la)
n; - (c(p)Vp) =k; (pcapi — p) , x € 0C;, (A.1Db)
n- (e(p)Vp) =0, Il = 1, (Alo)

where ¢ and M are non-negative bounded nonlinear functions of space and p, Q C R?
is a compact domain (e.g. unit disc), C; is the i*" capillary boundary, k; € R is
a finite non-negative permeability, pe.p, € R is the volume-averaged oxygen tension
of the i*" capillary, n; is the unit normal pointing inward to 0C;, and n is the unit

normal pointing outward to €2 on its external boundary.
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Within the framework of finite elements, one is able to resolve intricate details
of local PO, gradients as well as the overall geometry of tissue cross—sections with
high accuracy. We solve the equations using the finite element method (see Reddy
[160]). The mesh used was generated by the PDE toolbox provided by Matlab [132].
Adaptive meshing was used to improve the accuracy of the computed solution around

capillaries to resolve areas of rapid changes in POs.

A.1.1 Weak formulation

Here we will give an overview of a weak formulation of Eq. (A.la)), as required for
the use of finite element methods. If p is a classical solution of Eq. (A.1]), then for
any test function g € C1(Q) integration by parts (Green’s first identity) yields

/ <C(p)Vp> Vqdx — i n, - (C(p)Vp)qu =— / qM (p) dx
Q =y, Q

for all ¢ € C1(£2). Using the boundary conditions, Eqgs. (A.1b)—(A.1d), we obtain

N¢ Ne¢
/ (c(p)Vp) -Vgdx — Z f kipgds = —/qM(p) dx — Z f KiDeap,q ds.
O =lac, Q =lac,

Let H'(2) be the Sobolev space of functions u with the property u, Vu € L*(Q).
Then C!(€2) is dense in H'(Q) and, for p € H'(2), both sides are continuous with
respect to ¢ € H'(2). Hence, this identity can be extended to ¢ € H'(Q2). Thus a
well-posed weak formulation [61, [89] is to find p € H'(€2) such that

a(p,q) = l(q), (A.2a)
a(p,q) = <0(p)Vp> -Vgdx — Z ]{ kipq ds, (A.2Db)
=lac;
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o)== [aM@)ax =Y § papads. (A2

Q =lac,

for all p,q € H'(Q). By the trace theorem, the operators a(-,-) and I(-) are bounded
[61], 89]. Moreover, af(-,-) is V-coercive as a consequence of a generalised Poincaré in-
equality [61],89]. Therefore, by the Lax-Milgram lemma, the initial problem possesses

a unique weak solution p € H'().

A.1.2 Finite element discretisation

To discretise Eqgs. (A.1]), we first choose a set of orthonormal linear basis functions
{é1,...,0,} where ¢; € H'(Q2). Then, we expand the solution p in this basis

p:ZPk¢k7
s

where P = (P,..., P,) is a vector of unknown coefficients. Substituting for p in Eq.
(A.2), and taking ¢ = ¢;, we obtain

Ne

(c(P)quk) Vdx— Y 7{ kit o ds} P,

Eol

Ii
1
D—

Lac
Ne
+ [ / ¢ M(P)dx +> 7{ KiDeap, ; ds]
Q =lac,

=0,
for all j. In turn, this equation can be contracted into the following matrix equation

(K+Q)P—(F+G)=0, (A.3)
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where

K = / (C(P)quk) Vo, dx,
Q
Ne

Qir=>_ 7{ kid;or ds,
=y,

Fy = [ ¢;M(P)dx,
/

Ne
Gj = Z % kipcapi¢j ds.
=lac,

Due to the nonlinearity of ¢ and M, matrix K and vector F' are nonlinear,
thus yielding a system of nonlinear equations. The “Partial Differential Equations
Toolbox” in Matlab [I32] has many useful built-in algorithms that can handle this
system along with its complex domain geometry (see Appendix . In brief, given
data structures representing the PDE problem and its geometry, Matlab generates an
initial triangular mesh, discretises the problem over this mesh, assembles the system
in Eq. , and subsequently solves the system adaptively (if need be) using an
iterative procedure which is based on a damped Newton-Gauss iteration with an
Armijo—Goldstein line-search strategy in order to improve convergence by optimising
the dampening coefficient. This yields the numerical solution of our model oxygen
tension, i.e. vector P. The finite element solution is then post—processed to compute
the distribution of oxygen consumption and PO, gradient. Subsequently, the latter
enables a further numerical study of POy streamlines and the enclosing trapping

regions.

A.2 Streamlines

Central to our understanding and numerical computation of oxygen trapping regions

is the concept of a streamline.
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A.2.1 Nature of streamlines

A streamline for a vector field is a curve, the direction of which coincides at each
point with the direction of the vector field; that is, at all locations it is tangent to the

vector field.

We consider the streamlines associated with Vp and recall that streamlines are

trajectories (integral paths) of
— =-Vp (A.4)

for all x = (z,y) in the physical domain, with s parametrising the integral path.
This is a vector field that vanishes exactly at the critical points of p. A stationary
point is a constant trajectory of the flow associated with the vector field. That is,
when Vp = 0, we have a stationary point in the phase plane diagram associated with
Eq. which is equivalently a critical point of p. Given the above is a gradient
dynamical system, and by Clairaut’s theorem, the Jacobian matrix must be symmetric

and thus diagonalisable by a two-dimensional set of orthogonal eigenvectors

0*p Pz Duy
J Jid,; ( I essian(p)

Being symmetric, all eigenvalues of this system are real. In particular, a nonde-
generate (hyperbolic) stationary point of this system is either a sink (local minimum
for p), a source (local maximum for p), or a saddle [7§]. Note here that the Jacobian
matrix is exactly the Hessian matrix of p. Moreover, any hyperbolic minimum must
be asymptotically stable 78], 90].

A particularly important property of this system is that its saddle points, among
all other hyperbolic stationary points, satisfy the Hartman—Grobman theorem [27].
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Theorem (Hartman-Grobman). Let f : R" — R" be a C' map with f(x¢) = O,
where xg 15 a hyperbolic stationary point. Then, there exists a neighbourhood U of xg
and a homeomorphism h : U — R"™ such that the flow of f is topologically conjugate
by h to the flow of its linearisation and h(xq) = 0.

Equipped with this theorem, we can topologically classify the dynamics in a
neighbourhood of hyperbolic stationary points based on the existence of a conjugacy

of the local dynamics with the linearised system at the same points.

To study the behaviour of streamlines of this two—dimensional system on the
plane, the Poincaré—Bendixson theorem gives a classification of every possible type of
trajectory. However, prior to proceeding with this we make the following observation:
A gradient dynamical system cannot possess periodic orbits besides its stationary
points. For suppose there exists a periodic orbit with period 7. Then, after one

circuit around this orbit we obtain

d T
0=p(r /—pd /Vp-—xds:—/ 1Vp|[2ds < 0
ds 0

Z—’; = 0 in which case the trajectory is a stationary point (not a closed orbit).

Hence, no such orbits exist. Moreover, any a-limit or w-limit point of a streamline
must be a stationary point of Eq. (A.4]) [90].

unless

From Eq. (A.4]), we know that streamlines are tangent to PO, flux, and thus
cannot cross no-flux boundaries (trapping regions and domain boundary). Thus,
a streamline whose initial position is sufficiently close to a capillary cannot escape
that capillary’s trapping region (Fig. . In particular, a streamline starting on
a trapping region boundary will follow that boundary down to a partial pressure
minimum, which can be either a saddle or a sink. This monotonic behaviour of p on

streamlines follows from the following property:

dp ap dx L op op dy
ds  Ords oy ds
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T [ ]

Figure A.1: PO; flux lines (red) generated for each capillary (disc) by numerically solving

flT’S‘ = —Vp with trapping regions delimited (black), where s parameterises the flux lines.
dx
—Vp. —
b ds
=—-Vp-Vp
= —[Vpl|
<0

In addition to being bounded due to a global no-flux imposed on tissue domain,
trapping regions are clearly closed, and thus compact. Since in every model of oxygen
transport microvessels are taken to be the only source of oxygen [69], the Poincaré—
Bendixson theorem [90] guarantees that a streamline within a trapping region must
approach its w-limit set, which, in this case, can only be a closed loop composed of
a finite number of fixed points together with homoclinic or heteroclinic connections
[78]. Homoclinic connections cannot exist in a gradient dynamical system; see Guck-
enheimer [78] for a general proof. For instance, in the context of our model, consider a
homoclinic connection (e.g. of saddle points) surrounding a capillary. An application
of the Poincaré-Bendixson theorem demonstrates the presence of a limit cycle within
the region delimited by this homoclinic connection, which leads to a contradiction as
we have already shown these cannot exist. A trapping region, therefore, can be char-

acterised by an area of the muscle cross—section reached by streamlines from a given
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capillary whereby its boundaries are delineated by heteroclinic connections between

stationary points of Eq. (A.4).

A.2.2 Computation of streamlines

Central to our study is the estimation of oxygen streamlines from our finite element

solution. Below we detail how such streamlines can be estimated numerically.

A.2.2.1 Heun’s method

The integral paths representing oxygen streamlines are computed by numerically solv-
ing Eq. (A.4) by Heun’s method. This is a second-order Runge-Kutta method
whereby Euler’s method is called to predict the value half-way through a step and

then the trapezoidal method corrects this value. That is, given the initial value prob-

lem & = f(s,x(s)), x(so) = X, we proceed numerically from step ¢ to step i + 1 as

follows

Xip1 =X + hf(si, %), (A.5)
Xi+1 = X; + g (f(si,%) + f(5i41,%;)) - (A.6)

A.2.2.2 Interpolation

Using this ODE solver, the numerical computation of the streamlines of the above
mentioned gradient dynamical system requires two numerical evaluations of Vp per
time-step. We use the C' linear interpolation for scattered data described in [73] to

provide approximate values of Vp, which we compute using finite elements.

A.3 Computation of trapping regions

Here we detail the computational algorithms developed to numerically estimate the

boundaries of trapping regions from our finite element solution.

Knowing that a trapping region is delimited by unstable manifolds connecting
saddles to sinks of Eq. (A.4]), an algorithm is implemented to estimate the unstable

manifold through each saddle point which is based on the Hartman—Grobman theorem
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for hyperbolic equilibrium points of dynamical systems [27].

In the process of estimating unstable manifolds we need to compute the oxy-
gen streamlines which are very close to saddle points. Hence, the first step in this

algorithm is to numerically estimate the stationary points of our dynamical system.

A.3.1 Stationary points

Given the finite element solution, we wish to locate points satisfying Vp = (f, ¢)T = 0.

To estimate these, we use the following algorithm:

1. Take an FEM triangle. Note that refining the FEM will refine the accuracy of
this algorithm.

2. If there is a mix of signs of f at the nodes of this triangle, the nullclines of f

must cross two edges of this FEM triangle.
3. Find all such triangles.
4. Repeat this for g.

5. Record all elements appearing in both lists because the nullclines of both f and

g pass through these elements.

6. If both nullclines pass within a small epsilon of a vertex (we chose ¢ = 10710),

record a zero of (f, g) at this vertex.

7. Else, if the nullclines intersect away from the vertices, we can find two points
on each nullcline by considering where the nullclines intersect the edges of the
element. We proceed by finding the intersection within the element by approx-
imating the nullclines by straight lines within the elements and finding where
they cross (and confirming the crossing is within the element). Then record a

zero of (f,g) at this intersection point.

A.3.2 Saddle points

Based on the sign of py,, pay, and p,, we can distinguish saddle points from sinks. We
note that our system does not possess degenerate stationary points. Nonetheless, we
further solve the system around stationary points and examine the behaviour of the
resulting trajectories. If, for each such point, all trajectories end at the same point
(within a specified tolerance), the fixed point in question is a sink. This provides a

way to collect all saddle points of the above dynamical system.
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Figure A.2: A typical behaviour of streamlines in the vicinity of saddle points.
Streamlines are plotted in red and their initial conditions are chosen to be equiangular
on the g-circle.

A.3.3 Boundaries of trapping regions

Since each trapping region is composed of a collection of trajectories connecting sad-
dles to sinks, we need to compute these and patch them together for each capillary.
Doing this requires tackling one saddle point at a time. Then, from the Hartman—
Grobman theorem, we know that streamlines typically exit a small neighbourhood of
a saddle point from two locations which are angularly 7 apart (see Fig. [A.2]). Hence,
one can estimate an unstable manifold by estimating exit points, computing integral
paths starting at each exit point, and connecting exit points by a line segment of

small length.

To compute a single segment of the trapping region, we proceed with the fol-

lowing algorithm

1. Pick a saddle point.

£_

2. Draw an 5

circle around it, where € is sufficiently small.
3. Pick an initial angular position at this circle, preferably 6, = 0.

4. Compute an initial streamline x¢(s) which takes 6y as its initial condition, and

record the angle of its exit point with respect to the saddle point, ¢q.
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5. Pick the next angular position ¢, = 6y + A, where A# is chosen to be appro-

priately small and divides 27 evenly.

6. Compute the next streamline x;(s) which takes ¢, as its initial condition, and

record the angle of its exit point with respect to the saddle point, ¢;.

7. If the angular difference, Ay = 1 — ¢y, is smaller than some chosen tolerance,
repeat steps b — 6 with 6; = 0y + ¢ x Af and A¢p; = ¢; — ¢;_1.

8. If not, exit the loop and record the last two exit points, ¢eng—1 and @enqg.

9. Call the ODE solver to generate integral paths starting from these exit points,
generated by calculating the trajectories associated with #; and 6;,,. By the
previous algorithm these will exit the $-circle, within numerical error of the

unstable manifold.

10. Finally, connect these two integral paths through the $-circle by a line segment

of length e.

With this algorithm, we are able to generate a trapping region segment that
approximates the unstable manifold of a saddle point. Doing this for all saddle points,
we end up with a collection of trapping region segments which, together, tessellate

the entire domain.

A.3.4 Delimiting trapping regions

Segments of trapping region boundaries are indexed according to the order in which
saddle points are indexed. Due to the ambiguity arising from asking which of these
segments corresponds to which trapping region, and thus which capillary, we resort
to converting our final tessellated plot to an image (see Fig. . This image has
a square shape with a white background colour in addition to segments of trapping
regions and domain boundary in black. Moreover, the domain enclosed has a bound-
ary that fits the image square perfectly. The following are algorithms for tracing out

all trapping regions in this image.
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Figure A.3: A typical image setup that we use to segment the trapping regions
tessellating the unit disc. Note that, for illustration purposes, we have removed the
capillaries.

Regions:

1. Convert the image to a binary matrix with 0’s for black pixels and 1’s for white
pixels. Note that, given the above image setup, this matrix must have a white

upper leftmost pixel.

2. Start a loop at the (1,1) location of this binary matrix, which we just showed

to be always a 1.

3. If this element is a 1, replace this number with a label 7 (j = 1,2,3,...) signi-

fying the j* region, and proceed clockwise to the next element.
4. If the next element is a 1, assign the same label to it and proceed similarly.

5. If not, skip over this element by marching in a clockwise fashion around the

current element’s nearest neighbours until hitting a 1.

6. Keep doing this until collecting a whole set of connected elements that have the

same label.
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7. Now look for a white element that has not been labelled previously and do the
same procedure to it, although this time assign it a different label, preferably
Jj+1

8. Carry this algorithm on until all 1’s have been assigned a label.

Boundaries:

1. Exclude all regions that are external to the unit disc by checking whether or

not they contain a capillary.
2. Loop over the remaining labelled regions.

3. From region j, pick an arbitrary element and march rightward until you hit a

0. Record the location of this element.

4. March to hit the next 0 by cycling around nearest neighbours. This element

must be connected to both the previous 0 and an element with label j.

5. Continue circling around the perimeter of region j until hitting the initial 0
that was found previously. At this point we will have obtained a vector of the

locations of boundary elements of the region j.
6. Do this procedure to the remaining regions.

7. Convert matrix locations to the coordinate system of the original unit disc.

The polygonal boundaries of trapping regions can now be used to determine
which trapping region belongs to which capillary. In addition to this, computing
trapping regions areas becomes straightforward. Note that, for algorithmic ease,
conversion to an image and tracing boundaries of trapping regions were carried out
by the Image Processing Toolbox in Matlab [131], which provides efficient built-in

algorithms for the above segmentation based on trapping regions.
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MATLAB PDE Toolbox

The computational framework of our biophysical models is based on a finite element
formulation in Matlab, using the “Partial Differential Equations Toolbox” [132]. This
toolbox is designed to solve generic partial differential equations (PDE) over 2D com-
plex geometries using finite elements methods. In particular, it houses numerous
command-line tools and functions that can handle all stages of setting up and solving
the modelling equations: Pre-processing, solving, post-processing, and graphical pre-
sentation. In addition, the toolbox has a built-in meshing library enclosing routines
with capabilities for manual, automatic and adaptive refinements. These features are
integrated in a convenient fashion through the use of simple data structures. We

devote this appendix to detailing the aforementioned features.

B.1 The general PDE to be solved

Our PDE of interest has the following general mathematical form

-V (c(x,p, Vp)Vp) +a(x,p,Vp)p = f(x,p,Vp), x € Q, (B.1)

where ¢, a, f are scalar real-valued functions of space and the unknown oxygen
tension p and its gradient Vp, with Q C R? being the bounded domain over which

the solution is desired. We remark here that the negative sign in the left-hand side

195



ApPPENDIX B. MATLAB PDE TooOLBOX 196

is a Matlab convention (compare with Eq. (A.la)) in Appendix |A]).

Our boundary conditions are generally Robin—type

n- (C(X,p, Vp)Vp) +q(x,p)p = g9(x,p), x € 09, (B.2)

where n is the outward unit normal vector, and ¢ and ¢ are scalar real-valued func-

tions of space and oxygen tension.

B.2 Pre-processing

The model geometry and equations need to be defined prior to meshing and solv-
ing. The PDE Toolbox is designed to handle a specific format of data structures to

comprehend the description of the model geometry and equations.

B.2.1 Constructive solid geometry model

We begin by translating our model geometries into three simple data structures that
make up Matlab’s Constructive Solid Geometry model (CSG): a Geometry Descrip-

tion matrix (GD), a set formula (SF), and a name space (NS).

B.2.1.1 Geometry description matrix, GD

This matrix describes the geometry objects present in our model 2D domain. These
are restricted to circles, polygons, rectangles, and ellipses. Each column in GD corre-
sponds to an object, with the first row specifying the object type (circle = 1, polygon
= 2, rectangle = 3, and ellipse = 4). For more details about how each object is
represented in GD see [132].

B.2.1.2 Set formula, SF

This is a formula (in string format) that corresponds to a user—defined set operations
of the 2D objects in GD, with individual set variables corresponding to each geometry
object (defined in NS below). The set operations are restricted to union, intersection,
and set difference. As an example, in our models capillary discs are excluded from
the modelling domain by setting SF = ‘Q — (C; +--- 4+ Cy,)’.
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B.2.1.3 Name space, NS

The set variable names are defined in NS (in character format), thus linking the

columns of the geometry description matrix to the entries of the set formula.

B.2.2 Decomposed geometry matrix, DL

The next step is to decompose the constructive solid geometry model to a set of
disjoint ‘minimal’ regions whose boundaries can be composed of border line segments
from neighbouring other minimal regions (e.g. fibre—fibre or fibre-interstitium) or
boundary line segments from neighbouring external boundaries (e.g. fibre—capillary,

interstitium—capillary, fibre-domain, or interstitium—domain).

The built-in function DECSG [132] decomposes the CSG model by applying the
set formula to the columns of GD, outputting a matrix DL describing the relationship
between minimal regions and their line segments. This data structure is a pre-requisite
for the built-in meshing routines. We remark here that the computation of DL via the
DECSG algorithm is currently not efficient, especially in the presence of quadratic
geometrical objects (i.e. circles and ellipses). We remark here that this algorithm
should be avoided when dealing with complex geometries (e.g. skeletal muscles)
due to the computational overhead it incurs. Instead, one may find it rewarding
to manually construct DL by writing a customised routine to handle the desired

geometries.

B.2.3 Boundary conditions matrix, B

Each column in the boundary condition matrix corresponds to a column in DL (a
line segment). This matrix can be easily customised by the user. For example, if one
wishes to impose a no-flux condition on certain segments from a capillary boundary
with the remaining segments following a Robin—type, all is needed is the location of
these segments within B (the column index). For details about the format of B see
[132].

B.2.4 Mesh generation

Matlab has a built-in library for mesh generation with convenient capabilities (1) to

fully access the data structures and (2) to refine desired sets of triangular elements.
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B.2.4.1 INITMESH

This built-in function generates an initial mesh based on the information supplied
by DL. The generated mesh is described by three data structures (matrices): mesh
points (P), the edges connecting mesh points (E), and the triangular elements made
up by edge connections (T). Each minimal region is triangulated into a subdomain
with border and/or boundary segments broken up into edges. The mesh matrices are
fully accessible by the user, and the mesh information of subdomains can be extracted
quite easily. This is very convenient as in our model we desire information about the

triangulation making up individual fibres and interstitial spaces (subdomains).

B.2.4.2 REFINEMESH

As the name implies, this built-in algorithm generates further mesh refinements given
a predefined mesh and a decomposed geometry matrix (DL). These refinements can
be chosen to be globally uniform or locally non-uniform by the user. In addition,
one can resolve regions of interest by supplying triangle or subdomain indices. For
example, in our model of mitochondrial clustering we desire to resolve the mesh near
the subsarcolemmal layer (see Chapter [d}). This can be achieved by extracting the
indices of both the triangular elements making up the subsarcolemmal layer and those
in direct contact with the subsarcolemmal elements. In turn, the quality of the mesh
can be conveniently assessed a posteriori using other useful built-in functions such
as PDEJMPS. We note here that, at any stage during mesh generation, the user can
visualise the triangular mesh using PDEMESH.

B.2.5 Equation coefficients

As mentioned previously, minimal regions corresponding to muscle fibres and in-
terstitia are triangulated into subdomains. Part of pre-processing the mesh data is
concerned with linking subdomains to the coefficients of the model equations (e.g. Eq.
(B.1))). These coefficients can be defined on each subdomain or triangular element
via customised user-defined functions. Additionally, they can be defined in terms of
a Matlab ‘string form’, with entries positioned in accordance with their subdomain

indices.
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B.3 Solving

Matlab has a number of built-in functions designed for solving linear and nonlinear
elliptic problems having the form of Eq. (B.1), of which we emphasise two below:
PDENONLIN and ADAPTMESH.

B.3.1 PDENONLIN

PDENONLIN is a nonlinear elliptic PDE solver with an algorithm based on a damped
Gauss—Newton iteration coupled to an Armijo—Goldstein line—search strategy to im-
prove convergence. It takes as input a boundary condition matrix, mesh data, PDE
coefficients which may depend on =, y, p, Vp, and adjustable iteration parameters.
Internally, PDENONLIN assembles the matrices and vectors of system by call-
ing another useful built-in function, ASSEMBPDE. Additionally, the user has the
option of using either one of three methods for approximating the Jacobian of the
nonlinear system. For details about these methods or the PDENONLIN algorithm
see [132].

B.3.2 ADAPTMESH

This algorithm generates a sequence of solutions via repeated calls to PDENONLIN
with successive localised refinements. At each stage of the refinement triangular ele-
ments are selected for further refinement based on their contribution to an estimated
error. This feedback loop is controlled by a set of user—defined termination crite-
ria (e.g. a bound on the maximum allowable number of elements). For our model
simulations, we optimise the criteria for selecting ‘bad’ triangular elements and for
terminating refinements in such a way as to incur the lowest possible computational

cost while maintaining solution accuracy at a desired level.

B.4 Post-processing

Given the full accessibility to our computed solution vector and mesh data, the numer-
ical POy can be further processed to (1) compute the oxygen consumption rate (MO,),
(2) visualise the predicted spatial distributions of oxygen tension and consumption,
(3) generate statistical estimates for POy and MOy distributions, (4) compute POy
gradients. The following built-in functions are generally useful, and may be used
for accomplishing the aforementioned tasks: PDEPLOT, PDEGRAD, PDEINTRP,
PDESDP, PDESDT, and PDETRG.
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Glossary

VOQ,max
PO,

C:F

CD

CFD

DOM

ICD

imf

IS
LCD

LCFR

mt
myocyte

Maximal rate of oxygen consumption (oxygen demand).
Oxygen partial pressure (or tension).

Capillary—to—fibre ratio. The ratio of the total number of
capillaries to the total number of fibres in a muscle tissue
cross—section.

Planar capillary density. The number of capillaries per mm
of tissue cross—section.

Capillary-fibre density. This is another acronym used by
physiologists to refer to LCD.

2

Capillary domain. A region enclosing a capillary within a
muscle tissue cross—section and is closer to it than all other
capillaries.

Intercapillary distance. The mean (or minimum) of the dis-
tances to adjacent capillaries.

Intermyofibrillar zone. A region within muscle fibres that
engulfs all myofibrils but does not overlap the subsarcolemmal
zone.

Interstitial spaces.

Local capillary density. It is defined as the LCFR normalised
by individual fibre areas.

Local capillary-to-fibre ratio. The cumulative sum of the frac-
tions of all capillary domains overlapping a fibre.

Rate of oxygen consumption.

The mitochondrial subpopulation present in the intermyofib-
rillar zone of a muscle fibre.

The mitochondrial subpopulation present in the subsarcolem-
mal zone of a muscle fibre.

Total mitochondrial population of a muscle fibre.

A muscle cell/fibre.

221
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NCAF Number of capillaries around a fibre.

sarcolemma The cellular membrane of muscle fibres.

SS Subsarcolemmal zone. A region within muscle fibres that ex-
tends directly underneath the sarcolemma but does not over-
lap myofibrils.

TR Trapping region. The smallest 2D biophysical region enclos-
ing a capillary with a zero substrate flux at its boundary.

Type 1 Slow oxidative muscle fibres (or SO). These are aerobic fibres.

Type 1la Fast oxidative muscle fibres (or FO). These are partly aerobic
fibres.

Type Ila Fast glycolytic muscle fibres (or FG). These are anaerobic
muscle fibres.

VP Voronoi polygon. The boundary of a 2D region enclosing a
node and is closer to it than all other nodes.
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