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Abstract

The contextual fraction introduced by Abramsky and Brandenburger defines a quantitative
measure of contextuality associated with empirical models, i.e. tables of probabilities of
measurement outcomes in experimental scenarios. In this paper we define an entanglement
monotone relying on the contextual fraction. We first show that any separable state is necessarily
non-contextual with respect to any Bell scenario. Then, for 2-qubit states, we associate a
state-dependent Bell scenario and show that the corresponding contextual fraction is an
entanglement monotone, suggesting contextuality may be regarded as a refinement of
entanglement. We call this monotone the quarter-turn contextual fraction, and use it to set an upper
bound of approximately 0.601 for the minimum entanglement entropy needed to guarantee
contextuality with respect to some Bell scenario.

1. Introduction

Multiple quantum computing algorithms have been shown to significantly outperform their fastest-known
classical counterparts [1-10]. While it is difficult to systematically identify the resources responsible for
quantum advantage, all the proposed algorithms leverage certain fundamental quantum phenomena such as
superposition, entanglement, and contextuality, to achieve their computational advantage [11-14].
Understanding how these quantum phenomena relate to one another may provide valuable hints towards
more effective and systematic strategies for algorithm design.

The relation between entanglement and superposition is immediate: entanglement implies the presence
of superposition. When quantum systems become entangled, their combined state cannot be expressed as a
single product of states corresponding to each system. As such, entanglement provides a basis-independent
characterisation of superposition for composite systems.

The relation between entanglement and contextuality is less obvious. Contextuality can be discussed both
for single and composite quantum systems describing the dependence of measurement outcomes on the
context in which they are measured, i.e. on the set of compatible measurements performed simultaneously.
Various mathematical approaches to contextuality have been proposed (see [15] for a recent review), ranging
from the Kochen—Specker theorem [16], to operational approaches [17], sheaf-theoretic approaches [18], the
framework of contextuality-by-default [19], graph and hypergraph-theoretic approaches [20, 21], etc. While
substantial overlap between the various notions of contextuality exist, the terminology and mathematical
structures in each approach can be very different. Here, we focus on the sheaf-theoretic approach proposed
by Abramsky and Brandenburger in [18]. A recent discussion of the relation between entanglement and the
preparation-and-measurement-contextuality proposed by Spekkens [17] was given in [22], and between
entanglement and the Kochen—Specker theorem in [23].

In the sheaf-theoretic approach, one views the measurement outcomes for a quantum system as local
assignments of values defined on specific maximal sets of compatible measurements (maximal contexts).
The central idea of this approach (as reviewed, e.g. in [24]) is to use the standard mathematical framework of
sheaf theory to model how such local measurement outcomes can or cannot be consistently glued together
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into a global assignment, thereby characterizing contextuality as the obstruction to such a global section.
This idea was inspired by the work of Butterfield and Isham who showed that the Kochen—Specker theorem
can be reformulated as the non-existence of global sections of a certain presheaf [25]. In this framework, the
connection between nonlocality and contextuality becomes manifest, nonlocality being expressed as a
particular case of contextuality [18, 26].

As discussed in this paper, the connection between superposition, entanglement and sheaf-theoretic
contextuality with respect to local measurements for composite states is given by the chain of implications:

contextual = entangled = superposition,

which we explain in section 3. Furthermore, to quantify the relation between entanglement and contextuality
we use the standard entanglement entropy and the contextual fraction of [18, 27].

The role played by entanglement and contextuality in quantum computation has been recognised for a
long time. Entanglement is a key ingredient in teleportation [28] and cryptography [29] protocols, and is
necessary for quantum speedup [11]. However, Van den Nest showed that a large quantity of entanglement is
not necessary, suggesting perhaps that entanglement alone is not the source of this speedup [30]. In contrast,
contextuality was proven to be necessary for quantum speedup in two computational paradigms [13, 31], the
effectiveness of one (measurement-based quantum computation) even depending directly on the amount of
contextuality [27].

The paper is structured as follows. After reviewing the necessary background in section 2, in section 3 we
show that for arbitrary composite systems, sheaf-theoretic contextuality of local measurements implies
entanglement. In section 4, we focus on 2-qubit systems and show that the contextual fraction computed
with respect to a measurement scenario uniquely determined by the state is an entanglement monotone. We
we call this function the quarter-turn contextuality fraction (QTCEF). Lastly, we give an upper bound on the
minimum entanglement entropy that a 2-qubit state must have in order to be contextual with respect to
some Bell scenario.

2. Background

In this section, we set the notation and introduce the basic concepts needed in the following sections. The
entire discussion refers to pure states.

Single qubits. We specify qubits by the standard Bloch sphere angles:
|0,¢) = cosg|0>—|—ei¢sing|l> (1)

where 6 € [0,7], ¢ € [0,27), and {|0),|1)} denote, as usual, an orthonormal basis (ONB). In particular, any
antipodal vectors {|0,9),|m — 0,7 + ¢)} form an ONB denoted by B(6, ¢). Moreover, any single-qubit
ONB arises in this way. In this notation, the Pauli z basis is 3, := 5(0,0) = {|0),|1) }, while the Pauli x and y
bases are B, := B(7/2,0) = {|0x),|1x)} and B, := B(w/2,7/2) = {|0,),|1,) }, respectively.

Example 1. For later reference, the Pauli x and y bases rotated about the z-axis by 7/8 will be denoted by

T ™ 51
B =8 (Ea *8) ) Bsy /s :=B (2, 8) . (2)

Multiple qubits. Systems of 1 qubits correspond to vectors in H®", where H ~ C? is the single-qubit Hilbert
space. Any 2-qubit state |¢)) € Ha ® Hp can be written as «r|00) + 8]11) 4+ |01) + §|10). A diagonal state is
of the form «|00) + 3|11) and can be parametrised in a Bloch-sphere style as

|diag; 0, ) := cos 2]00) + e sin &|11). (3)

If ¢ =0, the state is called real. The importance of real diagonal states comes from the following proposition
which will be needed in section 4.

Proposition 1. Any 2-qubit state can be expressed as a real diagonal state rotated by local unitaries:
) = Un ® Us|diag;6,0), (4)

with § € [0,7].
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Table 1. Three empirical models associated with the scenario in example 3. Note these are for illustration purposes only, as (b) and (c)
violate no-signalling.

(a) (b)
A BJ00 01 10 11 A B[00 01 10 11
a b[1 0 0 0 a b|[1 0 0 0
aa b|1 0 0 0 aa b| 0O 0 0 1
(c)

A BJ00 01 10 11

am b[1 0 0 0

a b| i 0 0 3

This is a particular case of the Schmidt decomposition, where {cos %sin g} are the Schmidt coefficients and
Ua{|0),]1)} and Ug{|0),]1)}, the Schmidt bases of |1).

Entanglement. An entanglement measure is usually defined as any function that meets a certain list of
conditions; these can be found in, e.g. [32]. The unique entanglement measure for a 2-qubit state
[th) € Ha @ Hp is the entanglement entropy [32], given by

Sent (|7/}>) = —tr (ﬁAlgzﬁA)v (5)
1
pa=>_(BlY)(®18), (6)
B=0

where {|3) } is any ONB for Hy and hence (3|1)) € Ha is a partial inner product. Se(|2/)) varies from 0 for
a separable state to 1 for a maximally entangled state. Intuitively, this formula indicates that the more
information is lost when one qubit is ignored, the more entangled the qubits must have been. The entropy
equation (5) measures the information loss, and the operator equation (6) is the result of ignoring the
second qubit.

Example 2. A maximally entangled n-qubit state is |GHZ,,) := —=(|0)®" 4 |1)®"), known as the GHZ state.

Applying equation (5), it follows that S, (|GHZ,)) = 1.

sk

2

The definition of an entanglement monotone is similar to that of an entanglement measure but with a
weaker set of conditions [33, 34].

Definition 1. An entanglement monotone for pure states is any function E(|¢))) that:

1. is nonnegative,
2. vanishes for separable states,
3. does not increase under local operations and classical communication (LOCC).

Sheaf-theoretic contextuality. We start with a basic review of the sheaf-theoretic framework introduced in
[18]. A measurement scenario (or ‘scenario’ for short) is a triplet (X, M, O) where X a finite set of
measurements, M a set of contexts, and O a finite set of outcomes for each measurement. Each context

C € M is a subset of X, containing compatible measurements. For qubits, O = {0,1}.

Example 3. The simplest nontrivial scenario involves two parties, Alice and Bob, who each have one qubit.
Alice measures her qubit in one of the two distinct ONBs, a; or a,, while Bob measures his qubit in the
ONB b. The total set of ONBs is X = {aj,a,,b}. The two possible contexts are {a;,b} and {ay,b} so M =
{{a1,b},{a2,b}}. Note that a; and a, cannot be in the same context because Alice cannot simultaneously
measure in both ONBs. Finally, O = {0,1}.

Alice and Bob run statistics on their measurement outcomes and the results are stored in probability
tables, referred to as empirical models (or ‘models’ for short). Table 1 gives three distinct models.

Definition 2. A model e for a given scenario (X, M, O) is a set of probability distributions ec, one for each
context C € M, such that ec(s) is the probability to observe the joint outcome s € O in the context C.

Remark 1. A model e corresponds to a probability table, ec denotes a probability distribution (a row in the
probability table) and ec(s) a probability (an entry in the probability table).

Example 3 cont. Were it possible to perform all measurements {a;,a,, b} at once, we would get a global assign-
ment g, i.e. a joint outcome of all measurements. For instance, a global assignment g = 010 would imply that

3
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measurement a; yielded outcome 0, a, outcome 1, and b outcome 0. Now consider the global probability
distribution

1 ifg=000,
d(g) = 7
(&) {0 otherwise, @

defined over the set {0,1}> of global assignments. Consider also the model of table 1(a). Note how its prob-
ability distributions are marginals of d. The fact that we can find such a global distribution is what makes
table 1(a) a noncontextual model. Such a global distribution does not exist for table 1(b) nor table 1(c), hence
they are both contextual models.

Definition3. A model eis noncontextual iff its probability distributions are marginals of a single distribution d
over the set of global assignments (joint outcomes of all measurements in X), that is

d:ec=dlc VCeEM, (8)

where d|¢ denotes d marginalised to C C X. A model is contextual iff it is not noncontextual.

This definition captures the intuition that probabilities of outcomes in a contextual model depend on the
context, so cannot depend solely on pre-existing values. In the three-layer hierarchy of [35, 36], the above
definition corresponds to the most basic notion of contextuality, called weak contextuality, the other two
notions being logical and strong contextuality.

The contextual fraction. To measure contextuality, we consider the question: what fraction of a model e is
actually contextual? The authors of [18] defined the contextual and noncontextual fractions of e as

CF(e) :=1—NCF(e), )
NCF(e) :=max{A € [0,1] :e= A"+ (1—A)e'}, (10)

where )\ is maximised by varying the models eN°, e’ with the constraint that éN© be noncontextual. This can
be done with linear programming [27]. CF(e) measures how contextual e is, varying from 0 for a
noncontextual model to 1 for a strongly contextual model.

Example 4. The maximum value of A for table 1(b) is 0, corresponding to a contextual fraction of 1, so this is
a strongly contextual model. Table 1(c) is half of table 1(a) plus half of table 1(b), and it turns out that half of
table 1(a) is the maximum noncontextual contribution one can find for table 1(c), so its contextual fraction
is1/2.

Bell Scenarios. A scenario involving n parties, each possessing one part of an n-partite state and choosing to
measure their part in one of k ONBs, each choice with I possible outcomes, is called an (1, k, 1) Bell scenario
[24, example 2.2.1]. For instance, Alice chooses from {aj,a,,...,ax}; Bob, {by,...,by}; Charlie, {c1,...,c};
etc. So, n parties with k choices each means there are k" contexts. When all parties choose from the same set
of ONBs and k =2, the scenario is completely specified by Alice’s set {a;,a,} and we denote it as S(ay, a3).
All scenarios in this paper are Bell scenarios.

Example 5. S(B;,B,) is the scenario of the Pauli x and y bases. S(By /s, Bsy/s) is the scenario of the Pauli x
and y bases rotated about the z-axis by 7/8.

Given an (n, k, 1) Bell scenario and an n-partite state |1), we can construct a model e by computing each
probability ec(s),s € {0,...,]— 1}" via Born’s rule e.g. for n = 2: e,,;,(34) = |(3142]1) |>. More generally,

Cay... (@B...) = (il (Bl... [¥)]?
where i,j,... € {1,...,k}
and o, 8,... €{0,...,1—1}. (11)

We call e the model of |1)) with respect to the scenario and refer to CF(e) as the contextual fraction of |1) with
respect to the (measurements defined by the) scenario.

3. Contextuality implies entanglement

Given the above framework for contextuality, we begin the discussion on the relation between entanglement
and contextuality with the following result which holds for n-partite states under local measurement on each

party.
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Lemma 1 (separable implies noncontextual). A separable state is noncontextual with respect to any Bell
scenario.

Proof. Let 1)) = |1a)|1g) ... be a separable state. Substitute this into equation (11):

eany... (B...) = [{ila) (Bjlibs) ... |*
=pr,, (@) pry, (B)... (12)

where pr, () = [(ci[ta)|* is the probability that Alice obtains outcome c when she chooses to measure in
the ONB g;. Define a global probability distribution

d(a1a2a3...ﬂlﬂzﬂ3...) = [H pra,' (O[i)] Hprbj (/8]) X ... (13)
i j
and consider the RHS of equation (8) for, say, the context C = {ay,by,... }:

dic(fi...) Epr, (ar)pr, (B)..

(12)

= Ec(alﬁl...). (14)

By similar calculations, equation (14) holds for all other contexts so the noncontextuality condition
equation (8) is satisfied. O

Proposition 2 (contextual implies entangled). A state which is contextual with respect to some Bell scenario
must be entangled.

Proof. This is the contraposition of lemma 1. O

Proposition 2 indicates that contextuality gives a means for detecting entanglement. If given a composite
state |1)) there exists a contextual model e,, with respect to a Bell scenario, then |1/) must be entangled.
Likewise, as discussed in the Introduction, if |¢) is entangled, |t} is necessarily a superposition state,
irrespective of the basis used. Hence, for composite states and local measurements we have the following
implications:

contextual = entangled = superposition. (15)

As such, if contextual resources are needed for some quantum computation, one must use entangled
states. To make this more quantitative, we need to define a measure for the capacity of a state to be
contextual. We do so below by defining a unique scenario associated to the state and evaluating the
corresponding contextual fraction.

4. An entanglement monotone from contextuality

It would be nice to have a contextuality quantification that can be directly compared with entanglement
entropy. However, as discussed in section 2, the contextual fraction depends not only on the state but also on
the measurement scenario, and is computed from the solution to a non-trivial optimisation problem for
which no analytical expression is known. Ideally, one would assign to a state the following quantity.

Definition 4. The maxCF of an n-qubit state |1)) is
maxCF (]¢)) := max{CF (¢) : e € M} (16)

where M the set of all models that can be produced by |¢) with respect to an (#,2,2) Bell scenario.

This corresponds to a double optimisation problem, where the second optimisation refers to the
optimisation over all possible Bell scenarios. However, this is too computationally intensive even for n =2, so
we instead begin by considering some examples.

5
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Figure 1. The contextual fraction (indicated by colour according to the colourbar on the right) of |GHZ,) with respect to the

Bell scenario equation (17) of equatorial Bloch measurements. Each pair of azimuthal angles (¢1, ¢,) corresponds to a
different empirical model.

4.1. 2-Qubit examples
Fixing the State, Varying the Scenario. It is instructive to plot (see figure 1) the contextual fraction of the
|GHZ,) state with respect to the scenario

S(o(50)5(50)

Note that |GHZ,) is not strongly contextual with respect to any choice of (¢, ¢,). Nonetheless, there are
4 maxima, one of which is at (¢, ¢,) = (7/8,57/8) corresponding to the scenario S(B /s, Bsys). At these
maxima, the contextual fraction is v/2 — 1 ~ 0.414.

Remark 2. Abramsky et al [27, proposition 4] show that rotating each qubit about the z-axis by an angle ¢
is equivalent to introducing a relative phase 2¢ between the two terms in a diagonal state. More concretely,
(¢1,02) = (P1 + p, P + ) in equation (17) is equivalent to ¢ — ¢ + 2¢ in equation (3). Thus the model of
|GHZ,) with respect to S(B; /s, Bsx/s) is identical to that of |diag; 7 /2, m/4) with respect to S(By, B, ).

Fixing the scenario, varying the state. As noted in proposition 1, any 2-qubit state can be rotated by local
unitaries to a real diagonal state. In this process, entanglement entropy is preserved.

Lemma 2. Local unitaries do not affect entanglement entropy i.e. for any 2-qubit state |1)):

Sent (|1/1>) = Sent (‘dlag,070>) (18)
= Sent (|diag; 0,0)) Vo €R, (19)

where 0 depends on |1)) via equation (4).
Proof. Compute the entanglement entropy of the diagonal state for arbitrary ¢ using the ONB {|0), |1) }:

. ()

pa = cos® £]0)(0] +sin* Z|1)(1| (20)
= Sent (|diag; 0, ¢)) = —2 (cos* ¢1g, cos ¢
+sin’ glg2 sing). (21)

Compute also Sene(|2)), this time using the ONB Ug{|0), |1)}, with Uy defined by equation (4). This yields
pa = Ua(cos? £10) (0] +sin® £|1) (1)UL and 50 Sen(|1)) is identical to Sen(|diag; 6, ¢)). O

The entanglement entropy equation (21) of the diagonal state is plotted in figure 2(a) as a function of ¢
and ¢, while its contextual fraction with respect to S(By, B,) is shown in figure 2(b). We see a positive
correlation: maxima of contextuality coincide with maxima of entanglement.

4.2. Introducing the QTCF

As previously mentioned, computing maxCF is too computationally intensive. We work around this
difficulty by defining a unique Bell scenario from the state and computing the corresponding contextual
fraction. Clearly, we would like the scenario to try to maximise the contextuality. The idea of the following
scenario is to map |1)) to somewhere on the line ¢ = 7/4 in figure 2, as this was the angle (as well as

¢ = 3m/4) that maximised the contextual fraction for a given 6 in a diagonal state.

6
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Figure 2. (a) Entanglement entropy of the diagonal state cos g |00) + ¢i? sin g [11). (b) The contextual fraction of said state with

respect to the Bell scenario of Pauli x and y basis measurements. The peak at (/2,7 /4) has a contextual fraction of v/2 — 1 and
corresponds to the empirical model described in remark 2.

Definition 5. Let |¢) be a 2-qubit state. Extract the local unitaries Uy, Ug from |¢)) via the Schmidt decom-
position equation (4). The quarter-turn scenario of |¢) is a (2,2,2) Bell scenario Sy, := {ay,a,} x {b1,b,} in
which we set Alice’s pair of ONBs as {B; /s, Bs /s } rotated by Uy:

{ala‘h} = UA {Bﬂ"/8785ﬂ'/8} ’ (22)

and similarly for Bob:

{blabZ}:UB{Bﬂ'/SaBSTr/8}' (23)

We next prove that this indeed maps the space of all 2-qubit states to the line ¢ = 7 /4 in figure 2.

Lemma 3. The model e of a 2-qubit state |1) with respect to Sy, is identical to the model f of |diag; 6, 7 /4) with
respect to S(By, By,), where 0 depends on |v) via equation (4).

Proof. If e.g. from Sy Alice chooses a; and Bob chooses by, the 01 state is [01)|15) = Ua|0,/s) ® Ug|1sys).
Substituting this and equation (4) into equation (11) and noting that Uy, Ug cancel due to unitarity, we find

€ab, (01) = |<07T/8157r/8|diag;9a0>|2

Remark? 10,1, |diag; 0, 7/4) [
~ futs (01). (24)
Similar calculations hold for all other probabilities in the model, so e = f. O

Having defined a state-dependent scenario, we can define its corresponding contextual fraction.

Definition 6. The QTCF of a 2-qubit state |1)) is the contextual fraction of |t)) with respect to its quarter-turn
scenario Sy.

In this way, we obtain a quantity that depends only on the state, which allows us to compare with the
entanglement entropy. While we have not shown that QTCF = maxCF, we nevertheless have an way for
associating a definite measure of contextuality with any 2-qubit state. Moreover, we show in the next
subsection that QTCF is an entanglement monotone. Combining lemma 3 with definition 6 gives the
following shortcut to computing QTCF in practice.

Corollary 1. QTCEF(|v))) equals the contextual fraction of |diag; 0,7 /4) with respect to S(Bx, B,), where 0
depends on |1) via equation (4).

4.3. QTCF as an entanglement monotone
Equipped with QTCEF, we can show that an entangled state has a higher capacity to be contextual than a less
entangled one:

Proposition 3. QTCF monotonically grows with entanglement entropy, that is for any pair [, |x) of 2-qubit
states, Sent(|1)) > Sent(|X)) implies

QTCE(|)) = QTCE(|x))- (25)

7
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Figure 3. (a) Entanglement entropy and QTCF as functions of the state’s 0-parameter defined by the Schmidt decomposition

equation (4). (b) QTCEF as a function of entanglement entropy; SE}%TCF is the entanglement entropy for 6 = 7 /4,37 /4, given by
equation (26).

Proof. Consider any 2-qubit state |¢)) and its 6 parameter defined by equation (4). By lemma 2, we have
Sent(|1)) = Sent(|diag; 0,7 /4)). Given this and corollary 1, 6 alone determines both entanglement entropy and
QTCE. This dependence is plotted in figure 3(a), obtained as a cross-section of figure 2(b) at the line ¢ = /4.
By inverting Sent(]1/)) as a function of 6, we can find QTCF(]¢))) as a function of Sent(|10)), which is plotted in
figure 3(b). This function grows monotonically. O

This analysis suggests that an increasing amount of contextuality requires an increasing amount of
entanglement, at least in the case of two qubits. We now prove our main result.

Theorem 1. QTCF is an entanglement monotone.

Proof. We show that QTCEF satisfies all three conditions of definition 1.

1. The contextual fraction is in [0, 1] so QTCF is nonnegative.

2. Bylemma 1, any separable state has zero contextual fraction for all Bell scenarios, so its QTCF will vanish.

3. Entanglement entropy is an entanglement monotone so does not increase under LOCC. So by
proposition 3, QTCF also cannot increase under LOCC.

O
In addition to monotonicity, figure 3 suggests a threshold level of entanglement required for nonzero
QTCEF: let Aqrcr be the set of all 2-qubit states with QTCF(|¢))) > 0 then
S = min {Sem (1)) : [#) € Aqres}
.om
= Sent ( |dlag; 3 ¢>)
(21) 1 N
25 [6 +/2lg, (3 - 2\/5)] ~0.601. (26)

Though this is not a threshold for contextuality of the 2-qubit system across all Bell scenarios, we can use it
as an upper bound:

Proposition 4. SEEITCF ~ 0.601 is an upper bound for the minimum entanglement entropy a 2-qubit state needs

for contextuality with respect to at least one Bell scenario. More concretely, let Amaxcr be the set of all 2-qubit
states 1) with maxCF(|¢)) > 0, and

S{EMCF i=min{Sent (1)) : [¥)) € Amaxcr} (27)
then STXCF < §JTCF,
Proof. By their definitions, maxCF > QTCF always, so Aqrcr € Amaxc- O

8
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5. Conclusion

We have compared entanglement entropy with the contextual fraction and proved that multipartite states
contextual under local measurements must be entangled. Since contextuality is necessary for quantum
speedup the implication is that so is entanglement. This agrees with Jozsa and Linden [11], who showed that
some nonzero entanglement is necessary for exponential quantum speedup.

We have also developed the notion of QTCF for any 2-qubit state and showed that it is an entanglement
monotone. This suggests that a large quantity of entanglement is necessary, e.g. in measurement-based
quantum computing. The QTCF brings together two separate hierarchies, entanglement and contextuality,
into a single picture. Lastly, we have found an upper bound for the minimum entanglement entropy a 2-qubit
state needs for contextuality with respect to some Bell scenario. We do not know if this bound is sharp; it
would be interesting future work to try tightening this bound. The quarter-turn scenario and thus the QTCF
generalise naturally to >2-qubit states via higher-order singular value decomposition. Another avenue of
further investigation would be to compare this generalised QTCF with >2-qubit entanglement measures.
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