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ABSTRACT

In growth curve studies, measurements are made on individuals over a moderately
large period of time and the main problem is set as the best possible evaluation of
the curve which is believed to underlie the phenomenon. One important meaning of
the term ‘best possible evaluation’ is the efficient estimation of the coefficients which,
postulated by the model, characterize this curve. The important key for doing this, is
the ‘best’ (in a certain way) estimation of the covariance matrix of observations which
is supposed here to be the same for all individuals. The purpose of this thesis is to
investigate certain methods which have been suggested to be appropriate for this prob-
lem both theoretically and empirically as well as to prove certain results concerning
the problem of efficiency itself when an estimate of the covariance matrix of observa-
tions, irrespective of the method which calculated it, is at hand. More specifically, it is
shown that REstricted Maximum Likelihood (REML) gives in general estimates of the
regression coefficients whose estimated variance lies nearer to their true value quite in-
dependently from the form of the covariance matrix, than Maximum Likelihood (ML)
and it is proved that the general estimated scatter of the estimated regression coeffi-
cients is greater for REML. When we measure more than one characteristics on time
and for a special class of covariance models, the property that the REML estimates of

the variance of estimated regression coeflicients are larger than the corresponding ML,
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which holds for one characteristic, is lost. Asymptotically however, the two methods
give identical results.

Another method which is not based on the adoption of a certain parametric form
for the covariance matrix is considered. A new method is suggested for its optimal
choice and a comparison is made between this and three other already known methods.
Empirical results suggest that it retains a very good balance between the variance of
the regression coeflicients and their real and optimal value for the majority of the
covariance models which have been tested as possible population covariance matrices.

Finally, upper and lower bounds of different types of efficiency are obtained by
assuming that an estimate of the population covariance matrix has already been calcu-

lated and is not distant from the true covariance matrix more than a certain constant.
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Chapter 1

Introduction

Ta mavra pet

Growth curve analysis applies to data consisting of measurements taken on dif-
ferent individuals and over different time points. Many scientific areas deal with the
growth of specific natural phenomena (physics, biology, geology, seismology), but the
underlying mechanisms are very complex for significant progress to be made. By the
term “mechanisms” we mean that although many things have been explained experi-
mentally, no one can predict with absolute certainty the future “action” of a specific
phenomenon (for example, we cannot predict earthquakes). If probability and statis-
tics is a human attempt to understand, in a rough way, how nature works, then growth
curve analysis can become a powerful tool in the understanding of the effects of evolu-
tionary factors in natural phenomena.

However, there are two distinct points of view in growth curve literature. The
first is the biological one, which seeks models with a biological basis and biologically
meaningful parameters. Usually these models are deterministic, in the sense that they
do not include any random source of variation and they usually arise as a result of
assumptions concerning the type of growth, environmental factors etc. One then could
write down the differential or difference equations which represent these assumptions

and solve them to obtain a growth model. Such a typical differential equation will have

the form:

dP/dt = {(P)
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where f is a function of the population size P. For example, we can consider the

growth rate dP/dt to be such that:

kP(o — P)

o

dP/dt =

that is, to be proportional to the product of the present size and the future amount
of growth, since « is some limiting growth value. This equation is called the logistic
equation or the Verhulst—Pearl equation. Using fraction decomposition and integrating,

we obtain:
a

1 + Bexp(—kt)

where 8 = 2c and cis the constant of integration. It is easily seen that lim;_,., P = &

P(t) =

which is the limiting size of the population (Examples of fitting the logistic curve can
be found in Nelder (1961) or Oliver (1964)).

Another well known curve is the Gompertz curve which arises if we assume that:
dP/dt = kP log(a/P)
By integration, we obtain that
P = aexp(—Bexp —kt)

This curve has been used for population studies and animal growth (Draper and Smith
1981). We note that lim;_,o, P(t) = a which is again the limiting growth value.

The critical assumption behind these deterministic (mechanistic) models is that
the entire future behaviour of the system is exactly and explicitly determined by the
present status of the system i.e. if we know everything about the system at a particular
moment we can predict its behaviour at any future instance. In practice these models
provided good predictions of the future, but the above assumption is judged to be
rather unrealistic.

The second point of view under which a growth curve has been considered, is the
statistical one. This deals with a class of growth models, usually polynomial ones which

are analysed allowing for the dependence between different measurements. Historically,
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one of the most classical papers and one of the first on the subject, was that of John
Wishart (1938). In this publication, Wishart introduced a class of models which had
great influence on applied and theoretical studies of growth. His approach was actually
to use least squares and fit linear and quadratic terms using orthogonal polynomials.
Linking this approach with the point of view described previously (the biological one)
one could say that Wishart proposed the use of polynomials as a powerful tool of
describing the response of short term phenomena, when nothing is known about the
parametric form of their true curve.

Later, this approach was extended by Rao (1959) and Elston and Grizzle (1962):
Let us denote by y the p x 1 vector of the mean responses of observations of an
individual taken on each at p time points. Suppose that the growth curve of each (of

n in total) individual is represented by the model:

E(y)=AB (1.1)

where A is a known p X m matrix and 3 is a m X 1 column vector of unknown pa-
rameters. Then making no assumptions about the true variance-covariance matrix of
the p time points, Rao (1959) pointed out that the best unbiased estimate of 3 is
B = (ATS 1A)'ATS 'y where S is the sample p x p variance-covariance matrix of
the p time points. He also tested the adequacy of the model and finally, he obtained
confidence limits for the unknown parameters 3.

On the other hand, Elston and Grizzle (1962) formed the equivalent of the mixed

model in the univariate analysis of variance by assuming that:

m—1 m-—1
Yij = Z TkiPr + Z ThjAik T €ij
k=0 k=0
where y;; is the response of the ith individual at the jth time point : = 1,...,n,
j =1,...,q, z;; are the elements of the design matrix with (possibly) orthogonal
columns, B are some fixed effects £ = 0,...,m—1 and Aix = Bir — Pk are the deviations
from the ith individual’s own growth curve. In matrix notation, this is equivalent to

the model:
Y=BX+FE



where Y is a n x ¢ matrix, B is a n X m matrix of unknown (stochastic) coeflicients
whose each element of column k + 1 has the same mean value 8, Vk=10,...,m —1
(that is, each individual has the same mean vector), X is a m x ¢ known design matrix
with orthogonal columns and F is a n X ¢ matrix of errors. The assumptions now,
concerning the components Az ,2 = 1,...,n, k = 0,...,m — 1 are that for each 1
and k, )\ are independently and normally distributed with variance o? and that e;;
are independently and normally distributed with variance o?. It follows that y;; and
Yir; (¢ #¢') are independent and y;;, y;;» have covariance
Y olezey (5 #7)
k
The authors obtained estimates only for the fixed effects By, £k =0,...,m — 1, a test
for the adequacy of the model and confidence limits for the parameters 3, but as they
noted in the last part of their paper, the results obtained by just one example made
it impossible to say which of the two methods (Rao’s or theirs) should be preferred
in general. This was also the first attempt for a comparison between a method which
postulates a parametric form for the covariance matrix of observations and a method
which does not. This comparison would be more explicit in more recent years.
Potthoff and Roy (1964) noted that these different approaches dealt with special-
ized aspects of the growth curve problem and in their attempt to furnish new tools for

growth curve analysis, they provided a generalization of the multivariate analysis of

variance.

The usual MANOVA model is:
E(Y)= A¢ (1.2)

where Y is a n X ¢ matrix whose different rows are mutually independently distributed
and the ¢ elements follow a g—variate distribution with unknown variance covariance

matrix X, so that:

Var(vecY) =2 Q1

Here, A is a n x m matrix of known constants with 7(A) = m and ¢ is a m x ¢ matrix

of unknown parameters. Roy (1957) has shown that the testing of hypotheses of the
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form:

CeV =0 (1.3)

where C is a s xm matrix, £ an m x ¢ matrix and V is a ¢ X v matrix, is connected directly
with two quantities S, and S. which for the special case of the one-way multivariate
analysis of variance represent the between samples sum of squares and products (SSP)
and the within SSP matrices respectively. To test (1.3) we have three proposed test

statistics:
e Roy’s test which uses the largest characteristic root of S,S.!

o A test developed by Hotelling (called the sum-of-the-roots test) based on the

trace of $,5.!, and
o The Wilks’s A-criterion which uses the statistic | S. | /| Sn + Se |.

Although MANOVA models have been found to be extremely useful in practical
work, they have some limitations if, for example, the ¢ different columns represent ¢
time points and one would like to fit growth curves to the average growth of the popu-
lation over time. Potthoff and Roy (1964) provided a generalization to the MANOVA
problem by parameterizing £ matrix to be of the form {,P where now & i1s a m X ¢
matrix of unknown parameters and P a p X ¢ matrix of known constants. We, thus,

obtain (by dropping the subscript 0 for convenience):

E(Yan) = Anxmé‘mXpPqu (14)

The authors described some of the possible applications of such a model to the context
of growth modelling. With respect to estimation, first, they considered a transforma-

tion of the initial data, of the form:
Yo = YG'PT(PGT1PT)? (1.5)

Clearly, if G = I, Y is the best row-regression estimator of the regression of Y on P. In

general, G must be a symmetric positive definite (weight) matrix, either non-stochastic



or stochastic but independent of Y, in order to allow normality or conditional normality
for the transformed Y, matrix. Hence, model (1.4) is reduced to model (1.2) and can
be analysed in the same way as an ordinary MANOVA model. The new covariance

matrix for each row of the transformed data is easily seen to be:
Yo = (PG 1P 1pG G PT(PG-1PT)! (1.6)

Proposition 1 Among all estimators of the form cTY a, the best unbiased estimator
of bTCEV d is:
bTC(ATA) 1 ATYE ' PT(PE 1 PT)Vd (1.7)

where Cy (s X 1) is a submatriz of C with r(C1) =r(C) = s

Proof : One can easily see that necessary and sufficient conditions for ¢7Y a to be an

unbiased estimator of bTC¢V d are:
kcTA=bTC and 1/k(Pa)=Vd k€ R (1.8)

Without loss of generality, we can assume that k = 1. Now, Var(cTYa) = cTa’Zac =
cTc(aTZa) since a’Za is a scalar. Thus, if we want to minimize Var(cTYa), we

T

should minimize ¢Tc under the restriction ¢T A = bTC and aT¥a under the restriction

Pa = Vd. Applying Lagrange multipliers we obtain
c=A(ATA)'CTb
a =X 'PT(PE'PT)vd
Hence
bTCi(ATA)TATY S PT(PE1PT) Vd

is the best unbiased estimator of b7 C¢V d.

The main justification of the above model is that estimator (1.7) is used in the
usual MANOVA (for hypothesis testing or construction of confidence intervals) when

Y is replaced by the transformed Y, and G = ¥£. The problem of the choice of the

best weight matrix G in (1.5) led many researchers to structure the covariance matrix
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of observations by providing reasonable forms and using likelihood based methods for
the estimation of the components of the linear model. The most obvious of them,
Maximum Likelihood (ML), was a method with many desirable properties, but with
some covariance forms and in small samples, it was noted to be somewhat biased
and inefficient. Attempts to improve its performance led to the introduction of the
Restricted (or Residual) Maximum Likelihood (REML) which in small samples is less
biased for a certain class of covariance models, while asymptotically it is equivalent to
ML. In both cases, the log-likelihood of the observations or of functions of observations
1s maximized.

A critical point in Potthoff and Roy’s approach is that of the choice of matrix
G involved in transformation (1.5). G cannot be equal to ¥ as this is not known in
applications. Although, the authors discussed other possible solutions, such as G = I,
1t 1s clear that matrix G introduces an element of arbitrariness which we wish to
avoid. Of course the simplest case would be when in (1.4) p = ¢. Then if P is of
full rank one could have Yo = YP~!, and no choice of G is required. Rao (1965)
commenting on Potthoff and Roy’s method suggested an alternative approach which
avoids the arbitrariness of G. This is as follows: First we construct a non-singular
matrix H = (H,, H,) such that the columns of H; form a basis of the space generated
by the rows of P such that PH; = I, and H; satisfies PH, = 0. With such a choice of

H (which is not necessarily unique), (1.4) becomes
E(YH,)= A¢PH,, E(YH,)=0

By definition of Hj, the product matrix PH, is of rank p (since r(P) = p). Finally, we

have:
E(Yi) = Af, E(Y;)=0 .
where Y; = YH;, , Y, = YH,. The conditional expectation of Y; given Y; can be

written as:

EV1|Y:) = A+ Yap



where p is a matrix of unknown parameters. By taking
H, =G 'PT(PG'PT)™! and H, = (I,- HiP)Z

where Z is an arbitrary ¢ x (¢ — p) matrix, we reach the transformation suggested
by Potthoff and Roy and we can see that the information contained in Y; = Y (I, —
HyP)Z is ignored. Intuitively, we should expect that transformation (1.5) ignores some
information since the order of the initial data matrix Y is n x g and that of Y5 is n x p,
P=gq

It is evident from the above discussion that the purpose of Rao’s approach was to
improve all initial estimates of the unknown parameters using the additional informa-
tion of concomitant variables. In his paper, Rao (1965) illustrated this technique and
called it Covariance Adjustment. In 1967, Rao, in order to clarify the whole technique,
approached the problem from a different point of view. He exploited the fact that
when two vectors ¢t; and ¢, follow a joint multivariate normal distribution then ¢, | ¢,
follows again multinormal distribution with a certain mean and covariance matrix. His
approach is as follows: Let us have two vector statistics of order k¥ and r respectively,
such that:

E(t,))=7 E(t;)=0
where 7 is a vector of £ unknown parameters. The vector t; is obviously an unbiased
estimator of 7, but if we know the covariance matrix of (¢;,%;) then a better estimate
can be obtained. Let us denote by A, the covariance matrix of ¢; and t,, denoted by
A A
r= (a4

Let us also consider the estimator 7* = £; — Aj3A5; ¢;. This is an unbiased estimator
of 7 and is more efficient than £;. This is easily seen since E(t; — Aj2A5, ;) = 7 and
Var(t*) = Cov(ty — AizAj ta, ty — A1aA  82) = Cov(ty, 1) — AjaAZ} Az, Thus, we see
that Var(t;)— Var(r*) = A12A5} Ay which is obviously a nonnegative definite matrix.

This is essentially the covariance adjustment with the matrix ¥; in the place of

t, and Y; in the place of ;. It is evident that (Y3,Y;) follow multivariate normal

distribution with some covariance matrix A.



Unfortunately, A is not known in applications. If we have an estimate of A
Unn Ur
U =
( Un Uz
then an adjusted estimator is
T =t —Up 2_21t2

The problem with this modification is that although 7 remains an unbiased estimator

of T, we cannot say that it is necessarily more efficient than t; since it is easily seen

that:

Var(7) = Var(t,)+ E(U12U;;,' Var(t2)U5; U ) — E(Ur2U5; Cov(ts, ty))
—E(CO’U(tl, t2)U2—21U21))
= A11 + E(U12U2_21A22U2_21U21) - E(U12U2_21A21) - E(A12U231U21)

where all expectations are taken over the variations of U;; ¢ = 1,2, 7 = 1,2. We are
not in a position to say anything about the definiteness of Var(t;) — Var(+) any more.
Thus, covariance adjustment may not be an ideal solution if an estimated dispersion
matrix of Cov(t;,t;) is used. The problem of the choice between the method suggested
by Potthoff and Roy, which naturally led to likelihood based methods, and the one
introduced by Rao, was somewhat overcome by Baksalary, Corsten and Kala (1978)
who showed that both methods are essentially equivalent since for every covariance
adjusted estimator there exists a weight matrix in Potthoff and Roy’s approach which
gives exactly the same result. As the authors noted, the choice between the two
methods can be based on the information one has about the covariance matrix .
After this brief introduction of the subjects which we shall deal with, it is easily
seen that the notion underlying this thesis is the notion of efficiency. A note however,
should be made here. An estimate of (1.6) is obtained in practice, by substituting ¥

with G, since in applications the former is unknown. The resulting expression is seen

to be
(PG~ pTH? (1.9)
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This expression shows the matrix we should believe as the true covariance matrix of
our regression coefficients. The diagonal elements of this matrix represent the esti-
mated variances of the regression coefficients and these variances will be closer to the
corresponding real ones as the estimate G of T lies nearer to the value which estimate.
Thus, we should not only care with how far the real or the estimated variances of the
regression coeflicients lie from their optimal value but also with how far the estimated
variances lie from their corresponding true values. It is obvious that matrix (1.9) will be
closer (in some sense) to (1.6) depending on the estimate G of ¥ we calculate. However,
this is directly dependable on the specific methods we use for this calculation.

In the next chapters this idea will be investigated more thoroughly. In Chapter
2 we shall examine the (briefly described) two likelihood based methods of estimating
the coeflicients of the mean and the variance components (or just the variance matrix)
of the MANOVA model as defined in (1.4). What are their differences with respect
to the estimated variance matrix (1.9)7 We shall derive a new result and we shall
try to make an overall comparison between them with respect to the accuracy with
which the estimated variances of the regression coefficients approximate their real and
optimal variance. In Chapter 3 we shall generalize the situation to the case where
many characteristics are observed at each time point. We shall model the situation
in a relatively parsimoneous but adequate way and we shall obtain estimates of the
variance matrices under the condition that these matrices are positive definite and of
the variances of the estimated coefficients of the mean under both methods (ML and
REML). Finally, we shall find the relationship between these estimates. In Chapter 4,
we shall deal with covariance adjustment. We shall prove certain results concerning
the form of the estimator, and in attempting to retain as much efficiency as we can
when using this method, we shall suggest a new method for determining its best choice
and we shall compare it with three other methods already known. Finally, in the last
chapter, we shall deal more theoretically with the problem of efficiency such methods

have. Some new results will be proved which could probably suggest some further work

in the area.
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Chapter 2

A maximum likelihood approach
to repeated measurements

2.1 Introduction

Let us assume that we have measurements of n experimental units on time given in
the form y,,¥,,...,y,. These vectors y,’s will be assumed to be a series of inde-
pendent multivariate observations following a distribution whose density depends on a

parameter vector 8 and having the form

f(y;,8:;) i=1,...,n

All individuals will be assumed to have the same parameter vector which characterizes
the variance but there are differences in the parameter vector of the mean which we
wish to examine. Thus, let us distinguish two different parameter vectors 8;; and 8,
which will characterize the mean and the variance respectively. A main characteristic
of repeated measurements data is that they consist of a relatively small series of obser-
vations in the sense that each y, 2 = 1,...,n has a relatively small order. So, the mean
can be expressed as a smooth function of a small number of parameters (6;;). This
smooth function is locally well approximated by a linear function of these parameters.
This expression for the mean allows the fitting of polynomials as mean trends which
for the majority of cases is adequate. In the case also where a certain parametric form
for the mean is not available, polynomials serve as very good alternatives. In what

follows, density f will be considered to be g-variate normal.
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The covariance matrix of observations can be left unrestricted. That entails that 6.,
consists of ¢(gq + 1)/2 parameters which have to be estimated. This number cannot be
judged as restrictive for very small series. However, many experimenters have suggested
(Diggle, 1988, Pantula and Pollock, 1985) that this may result in overparameterization.
It is thus desirable even with ¢ moderately small, to introduce functions with fewer pa-
rameters which keep as much information as possible of the real form of the covariance
matrix. Two different approaches to this important problem can be distinguished.

a) One has partial knowledge about the real form, or information which can determine
it and uses it for constructing a suitable structure.

b) One should carefully examine the data and suggest an appropriate structure. This
structure should be general enough to include many possible cases for subsequent hy-
pothesis testing.

In this chapter we shall deal with the first case. There are experiments where phys-
iological changes or other external reasons can affect the variance of the response or
the covariance between the observations. In these cases this change can effectively
be modelled thus presenting a structure which takes into account this information.
One purpose of this chapter is to show that failure to incorporate this change into the
covariance matrix will lead to misleading standard errors of the estimated regression
coefficients and consequently to invalid inferences. Two likelihood based estimation
procedures will be examined, maximum likelihood (ML) and restricted (or residual)
maximum likelihood (REML). There is much discussion concerning these two methods
which has not ended up with clear results about the superiority of one of them. The
two methods are asymptotically equivalent. In small samples and for incomplete data,
a large study by Swallow and Monahan (1984) pointed out that REML is less biased
than ML while ML gives less mean squared error than REML. In a more recent study
McGilchrist (1989) argued again, in a time series context, that REML is less biased
with respect to the estimated variance components of the model. In this chapter we
shall not deal with the variance components but with the implication of their estima-

tion to the efficiency problem. We shall prove that the general scatter of the estimated
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covariance matrix of the regression coeflicients is larger when this estimation is calcu-
lated using REML (see also in (2.72)). This result also indicates that the corresponding
estimated variances (the diagonal elements) should in general be expected to be larger
for REML rather than for ML, as a simulation study suggests in the last section of the
chapter.

The following definition and lemma will be used throughout this chapter and the

whole thesis:

Definition 1 A GLS estimator weighted by matrizc G will be a function of the data
matriz Y of the form

(ATA)TATYGPT(PGPT)™? (2.1)

Lemma 1 Let B (p x q) and B* (p x (p—q)) be of ranks q and p — q respectively such
that BTB* = 0. If S is a symmetric positive definite (p.d) matriz then

§™'—~ S 'B(BTS'B)'BTS"! = B*(B*TSB*)'B*T (2.2)

Proof: See Khatri (1966).

2.2 The model

The model which will be examined is the GMANOVA model defined by Potthoff and
Roy (1964). It has the following form:

Y = A(P + E, (2.3)

where Y (n x ¢) is a matrix of observations from n individuals at ¢ different times,
A (n x m) and P (p x q) are known design matrices of ranks m and p respectively,
while ¢ (m X p) is a matrix of mp unknown parameters. Further, E (n x q) is a matrix

of errors, whose n rows €; ( = 1,...,n) are independent g-dimensional vectors with
e; ~ N(0,X). (2.4)

A represents between subjects classifications such as experimental treatment groups,

while ¢ P describes the within subject changes in mean response such as development
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or growth over time. In the most usual application different treatments are modelled
with polynomials in time of order up to p—1 as in the case where there are m groups of
individuals with n; individuals in the j — th group. Each group may be subjected to a
different treatment. Observations are made on all individuals in all groups at the same
g points in time and have the same covariance matrix ¥. The growth curve associated
with the j —th group is {jo+ €1t +. ..+ &,-1tP"!. Here,Y (nxq) (n=n1+...+ny)
is the data matrix; A (n x m), is the design matrix, with n; rows of (1,0,...,0), n,
rows of (0,1,0,...,0) . . . and n, rows of (0,0,...,1); £ (m x p), is the matrix of
unknown parameters,with the j — th row being (&0, 51, .-, &5-1); and P (p x q) with
its k — th column being (1,%,t2,...,27")T. Potthoff and Roy (1964) discussed other
possible applications of model (2.3).

As regards the covariance matrix of observations we shall assume that measurements
from different experimental units (individuals) are independent of each other. A mod-
elling for the covariance matrix should take into account the nature of repeated mea-
surements data. It has been suggested that as measurements move away from each
other their dependence decreases. This can be plausible in certain cases but in others
such as those described in the introduction, such an assumption may be misleading.
Whatever the case is, the uniform correlation model suggested by Box (1950), Potthoff
and Roy (1964) and others, which assumes the same covariance for all observations
may be inappropriate for moderately large series of observations like growth curves.
Anderson (1969) considered the case where the covariance matrix has the following

linear form:
E(O‘) = Z UiGi
k=0
where G,’s are known, linearly independent symmetric matrices and the ¢’s are un-
known scalars such that X is a positive definite matrix. However, the fact that G;’s
must be known matrices restricts the range of applications for this model and makes
it rather inappropriate for such cases as those described in the introduction.

Consider a more general model for the covariance matrix which incorporates a

component which will distinguish the response for each individual, a component which
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will distinguish the response within individuals and another component which will
compensate for the variation which is left unexplained within individuals. Specifically,

consider the following model for the errors ¢;;’s of individual ¢
&ij = Zi; + Ui + Qi; (2.5)

Z;; are independent and identically distributed (i.i.d.) N(0,7?) variates representing
variation within individuals, U; are independent N(0,»?) variates representing varia-
tion in average response between individuals and Q; = {Q:1,...,Qi} (¢ = 1,...,n)
are independent and identically distributed g-dimensional vectors, comprising within
individuals autocorrelated errors. @;; can also be represented as Q;; = m;rW,-, where
each m, is a q-dimensional vector of constants and each W; = {Wa,..., VViq}T 1S a
normal random process with E(W;;) = 0 and covariance matrix R (diagonal). Then,
each Q, is itself a normal process with E(Q;;) = 0 and covariance matrix M RMT where
M 1s the matrix consisting of the row vectors mJT Finally, Z;;, U; and W;; ( or ) Q;;
are independent of each other. The idea of incorporating an autocorrelation structure
into the covariance matrix is not new. Many authors such as Danford, Hughes and
McNee (1960), Patterson and Lowe (1970), Bjornsson (1978), Wilson, Hebel and Sher-
win (1981), Pantula and Pollock (1985), and Mansour, Nordheim and Rutledge (1985)
have dealt with it among others.

With this specification €; = {€i1,...,€i,} is a normal, non-stationary random process

with the typical e;; consisting of three additive components: Z;;, U; and Q;; (j =

1,...,q) and the covariance matrix of observations has the form
E=7 I+ 02T+ V. (2.6)
Note that in some cases it may be necessary to assume that Z;; (7 = 1,...,q) have

different variances (as if different observations at different times are made by different
judges), that is, Z;; are ii.d. N(0,7}) variates. It is not difficult to show that under

these assumptions the variance matrix of observations is

S=T? 4+, J+V (2.7)
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where T? = diag (7#,...,72) and 77 (j = 1,...,q) are extra unknown parameters. A
similar model has been considered by Diggle (1988).

As was remarked in the introduction, in many experiments and for certain reasons,
there is a change in the conditions under which the experiment develops. For example,
in planting out seedlings, a change in the environment at a time point between two
observations may well affect the covariance matrix of observations. These changes are
incorporated into the autoregressive scheme by adopting an appropriate model which
will be called ‘change point’ model for obvious reasons.

Consider the following modeling of Q,

MI) ]:1
Qi; =mIW; =14 $1Qijor + Wij, j=2,...,7 (2.8)
$2Qi i1+ W5, 7=r+1,...,¢

where 2 < r < ¢ — 1 and W;;’s are normal variates with E(W;;) =0V 3 =1,...,q9
Var(Wy;) = 02 i = 1,...,r and Var(W;;) = 05 ¢ = r+1,...,q. This is the first
order AR(1) ‘1-change point’ model with fixed coeflicients at a fixed time point. The

covariance matrix V of this process will be obtained using a technique also mentioned

in Kenward (1981). Let us define new vector variable w; = (w1, ..., wig)T such that:
-1 .
01 Qil, J =1
Wyi; = Ufl(Qij - ¢1Qi,j—1), j =2,...,7 (2-9)

03 (Qis — $2Qij-1), J=r+1,...,q
Then w; = UQ, where

o7t 0 0 e 0
—0';1051 0'1_1 0 PN 0
U= 0 —oi'¢r ot ... 0 (2.10)
0 e 0 —oy'¢s o5
Then Var(w;) = UVUT = I, since variables w;; j = 1,...,q are standardized uncor-

related random variables. That gives

V=UYU""and V! =UTU (2.11)
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Applying elementary matrix operations one can see that

01 O 0 0 0
01¢1 o1 0 0 ... O

U_l = 0'1¢§ 0'1¢1 o1 0 ... 0 (212)
0'2¢g_r¢;—1 02¢g—r¢;—2 cee e 0. O2

Thus, matrix V can be written as V = M RM7 and the covariance matrix of observa-

tions as in (2.5), by setting

(4 \

R= 7 (2.13)

and the rows of M as
mg‘:(¢{—17¢{_27'"71707”'0)’ if j:l,...,'f‘ (214)
orm] = (7T BT L g T 4T, 1,0,...,0)

if j=r+1,...,q. (2.15)

This model can easily be extended to an AR(1) ‘k-change point’ model with fixed

coeflicients at k fixed time points form, namely
Qij=mIW,=¢.Qijm1 + Wy, if jeJ;c=1,...,k (2.16)
where Jy, ..., Ji form a partition of the set {1,...,q} and

[ o}l \

Var(W,) = (2.17)

\ al?:IlJlJ )

and |J| is the number of elements contained in the set J and Ele |Jx| = ¢. Using the

same technique as before one can show that the corresponding U is
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—oi'¢r —o7' 0 0
U= 0 .0 —os, —;f';'lo ... 0 (2.18)
\ 0 | 0 —oil¢p —oi! )
and U™?!
/ o1 0 0 \
o191 o1 0 0
Ul = o1 ot 01 0 0 (2.19)
Taat I o2 e, 0 ... 0
\ ogl . ghilghai- R o )

Matrix V can again be written as V = MRM7 and the covariance matrix of observa-

tions as in (2.5) by setting

( U%IMI \

R= (2.20)

\ UiIIJkI )

and the rows of M as
T _ (i-1 j-2 a——
m; = (¢1 ,¢41 ,...,1,0,...0), if j=1,...,|J] (2.21)

 —|J Jil-1 —|J Ji|-2  —|J- —|Jq -1
or mT = (g5 lghhlt gamMhlghhi=2 0 gitlalg, gttt 1 0)

if g=|hl+1,...,|J1]+ || (2.22)
=S -
orm?::(iz‘:‘l | LJ_"I‘II... 7] L ..,1,0,...,0)
k-1 k
if =) [hl+1,..,) | (2.23)
1i=1 1=1

From the above definition, many well known structures arise as special cases.

18



For example, the first-order autoregressive covariance structure is obtained by setting

$1 = ¢ = ¢ in (2.8) and 0f = 07 = 02, that is, an AR(1) ‘O-change point’. Thus,
R=0%1 and m;r = (¢, ¢2,...,4, 1,0,...,0) (2.24)

with 02 > 0 and |¢| < 1. In (2.3), Q; is a first-order autoregressive (AR(1)) process
with fixed autoregression coeflicient ¢. With this specification €; = {e;1,...,€i} is a

non-stationary process. A further requirement, namely
R(]., ].) = Var (Wu) = 0'2/(1 — ¢2)

changes €; to a stationary process with covariance matrix ¥ given by
1, Jj=k

=71 1+v2J+V, where V(j, k) =0?/(1 - ¢%) (2.25)

gkl G #k
By transforming the parameter ¢ one can get the model suggested by Diggle (1988).
The model specified by (2.24) provides a useful starting point in many applications of
repeated measurements. It has been considered by Geisser (1981), Wilson, Hebel and
Sherwin (1981), Azzalini (1984), Pantula and Pollock (1985), Ware (1985), Verbyla
and Cullis (1990) and many others.

In the extreme case, the AR(1) ‘(q-2)-change point’ model is obtained by setting

VVil, ) = 1

Qij =mjW; = { , (2.26)
’ ’ $;-1Qii-1+ Wi, 7=2,...,q

that is an AR(1) process with non-stationary autoregression coefficients. With this

assumption (2.13) is replaced by

I3
0
h= 2.27
&
while (2.14), (2.15) are replaced by
mT = (f51- b1 bicr - by i1y 1,0,...,0) (2.28)
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The latter model is the general form considered by Gabriel (1961, 1962) who called the
structure ‘ante-dependence structure’. When in (2.6) 72 = 0 one reaches the model

used by Kenward (1981).

Upon a further simplification one can obtain the ‘uniform covariance’ structure model

by setting V = 0 in (2.5), that is
Y =71+ (2.29)

or,in (2.3),Q:;; =0(:=1,...,n; 7 =1,...,q9). The model specified by (2.29) is also
known as ‘split-plot’ or ‘compound symmetry’ or ‘uniform correlation’ or ‘l-random

effect’ model.

2.3 Parameter estimation

2.3.1 ML estimates

In this section the estimation procedure is described using the maximum likelihood
approach. Assuming the validity of the model specified by (2.3) the log-likelihood

function £(¢, ¥) can be written as

1

(¢, %)= const — 7 nlog | 2| - % (Y — AEPYT(Y — AEP)S. (2.30)

Here, ¢ will be the matrix of unknown coeflicients specifying the trend and ¥ will
be structured as in (2.6) with V being taken as one of the forms discussed above.
There are cases where closed formulae exist for £ and 3, the values which maximize
{(¢, T). This is the case where ¥ is left unrestricted which requires the estimation of
g(q + 1)/2 unknown parameters. As Khatri (1966, 1973) showed, these estimates are

easily computed as follows
£ = (ATA)TATY S;PPT(PS; PT)™!,  where (2.31)

So=YT[I- A(ATA)'AT]Y, and
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3= % (Y — AEP)T(Y — AEP). (2.32)

The same formula can be derived by using an argument based on the distribution of
the sample covariance matrix Sp. This argument was used by Gleser and Olkin (1972)
in a similar case. See also Johansen (1982).

It follows that the maximized log-likelihood is given by

r o 1 1
6L =¢85 Hy) = —5m log | So| — 54 + const. (2.33)
Another interesting case in which the derivation of closed formulae for the maximum
likelihood estimates is possible, is the mixed effects model. According to it, { is written

0 (6,6) (6 (mxa, & (mx@-d)adPas(5) (B cx0) P (o-

c) x q)) and §; is a random variable with a certain mean and variance I', with " a
c X c¢ covariance matrix. Given §; the measurements are considered as independent
random variables with variance 72 and unconditionally the covariance between the
measurements arises only from the assumption of the existence of I' and the inclusion
of P;. The unconditional variance matrix of observations is therefore ¥ = PIT' P, +721,.
Note that the ‘Uniform Correlation’ model corresponds to P, = (1,...,1)and I = »?],
(% = 72I, + v*171). Exhaustive work in this area has shown that the maximum

likelihood estimate for £ coincides with the ordinary least squares estimate (OLS)
£ = (ATA)*ATY PT(PPT) 1, (2.34)

since L PT(PL-1PT)"1 = PT(PPT)"! (see also Rao, 1965). Maximum likelihood

estimates then, of the two components 72 and I’ can be found explicitly as

, 1
~ n(g—c)

3>

tr(Y — I4YIIp)(I — Tp (Y — I, YTIp)T, (2.35)

R 1 _ A
[ = J(BPD) P RYT(I - W)Y PIRETY - #(RPD)Y,  (236)

where IT4 = A(ATA)7'AT and IIp = PT(PPT)"'P and llp, = PT(P,PT)'P,, (Lange

and Laird, 1989). Apart from these special cases, the log-likelihood function must be
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maximized numerically. The following properties concerning differentials will be used:

vt = (dU)”T

dtrU = trdU

dU+V) = dU+dV
dUV) = (dU)V +UdV

d|F| = |F|trF~ldF

dF~' = —F"4FF7, (2.37)
(see also Magnus and Neudecker, 1988). Using these results the Fisher scoring method

will be described in this context (see also Joreskog, 1970). Denote the vector of the

parameters which characterize the covariance matrix as 8. Thus, 8 can be of the form:
0 = (72,02, (vecM)T, (vecR)T)T. (2.38)

Let the score vector be

— ) ot ot
U(vec(¢),0) = (E)(vec £’ 812 dv¥ O(vec M)’ 8(vec R)

vec(B) is the operator which stacks the columns of matrix B one under another. Using

T
) ,  where (2.39)

properties (2.37) it can be seen that the differential of the logarithm of the likelihood
(2.30) is

din(€,0) = —21r S 4 %trE“l(dE)Z'lS, (2.40)
with
S = %(Y — AEP)T(Y — AEP) (2.41)
and M standing for ML. It is not difficult to see from (2.40) that
8(V‘Z g = Ve [AT(Y — A¢P)S* PT]
% - -——gtr(G)
5%2 = —-gtr (JG)
a‘%—m — —nvec (GMR)
¢ n r
e E) - 27 [MTGM], where (2.42)
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G=3l1-3lg3p,

The last two derivatives are not very operational in applications since matrices M and
R do not contain only unknown parameters but are rather functions of a small number

of parameters. Consider the case where M and R are modelled as a ‘1-change-point’

AR(1) with fixed coefficients at a fixed time point (c.f. (2.13), (2.14), (2.15)) and with

0? = 02 = 0% Then M is a function of two parameters ¢, and ¢, and R of o2. Then

0 as defined in (2.38) is
6 = (72’ vz) 02) ¢1) ¢2)T (2'43)

and the corresponding derivatives have the form

% = —ntr(RMTG’Ql)
1
% = —ntr(RMTGQ,)
2
o _MemTem, 2.44
Oo? 2

where the rows of Q; are given by

W = (G- -2)¢,...,1,0,...,0) j=1,...,7
1T

wi = ((r= 1) 7172, (r—2)¢57¢773,...,1,0,...,0) j=r+1,...,q (2.45)

and those of §2; by

W = (G- T G - )T T L, 1,0,...,0) =141, q. (2.46)

Corresponding formulae for the ‘k-change-point’ model can easily be found.

: %l
The information matrix is J = (E(—a(f 8)? )) It is easily seen that J has a form
block partitioned as
Je g JE 0 )
S YK 2.47
<J0.£ J6.6 (2.47)
azl 821 021

with Jee = E(-w)’ Je o = E(—W) and Jg g = B(—-_3).
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The Fisher scoring algorithm computes new parameter values vec(§)y, 6y from

current values of ve/c(\f )er 8. using
(vec(€)y, 8w)" = (vec(d),, 0.) ~ T U(veclt),, bc). (2.48)

Because of the form of the information matrix, (2.47) is simplified to

———

vec(€)y = vec(§), — J;3U(vec(t),, 8.) and

by = 0. — J5LU(vec(p),, b.), (2.49)

since J, g = Jg . = 0. This is equivalent to using the second equation of (2.49) for the

estimation of variance components while ¢ is given by the well known identity
Em = (ATA) 1 ATY S} PT (PR PT) Y, (2.50)

where suffix M means that the covariance matrix ¥ is estimated by ML. The variance

of the resulting estimator conditional on 3/ is
Var(éy) = (ATA) ' @ (PS; PT) PE} S8 PT(PE P (2.51)
and an estimate of it, using the ML estimated ¥ is
Var(bu) = (ATA)™ @ (PE;1PT) 1. (2.52)
2.3.2 REML estimates

Restricted Maximum Likelihood or REML was introduced by Patterson and Thompson
(1971, 1974) as an attempt to reduce the bias of the maximum likelihood estimated
variance components in the random effects linear médel. It can be considered as a
variation of the maximum likelihood method since it requires the maximization of that
part of the likelihood which is independent of £. This involves transformation of the
data matrix Y to a new variable whose mean is zero. A vector v which will transform
vec(Y), to vTvec(Y) such that E(vTvec(Y)) = 0 will be called an error contrast. It is

obvious now from (A1l), that model (2.3) is written in vectorized form:
vec(Y) = (PT @ A)vec(£) + vec(E). (2.53)
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Since matrix PT ® A has rank mp, we can have nq — mp independent error contrasts
in this model. For this reason and by taking into account the form of the vectorized

model we can define our contrasts as:
(TT @ I,)vec(Y) and (2.54)

(TT @ Ts)vec(Y). (2.55)

Ti (¢ x (g —p)), T2 (¢ x p) and T3 ((n — m) x n) are matrices such that PT; = 0,
T34 =0,TIST, = 0 and TYT, = 0.

Theorem 1 The linearly transformed variables in (2.54) and (2.55) are the ng — mp

required independent error contrasts.

Proof: Consider the partitioned matrix (TlT ® I
TzT ® T3

T I,
(T::F ® T

mean 0 since,

) along with the transformation

)vec(Y). Each of the two components of the transformed variable has

E ((T] ® I.)vec(Y)) = (T{ PT ® A)vec(¢) =0
E ((T] @ Ts)vec(Y)) = (T PT @ TsA)vec(£) = 0.

Furthermore, the two (linearly independent) components are stochastically indepen-

dent since

(TTQL)EQL)RTT) =TIET, ® TT = 0.

Since now TX, T and T are of full row rank, the rank of the transformation matrix

is n(q — p) + (n — m)p = ng — mp and the proof is complete.

The actual form of these ng — mp error contrasts is not of any real interest. As Harville
(1974) showed, the likelihood function of these contrasts is always the same apart from
a constant which does not affect the maximization procedure. In our case, this form
can be found by considering the joint log-likelihood of the two error contrasts which is

(‘R’ stands for REML):
1 1
Ip = const — - log ITIST, @ I,| - 5 log ITT2T, ® T5TT|
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—2 ((wee¥))" (T © L) (TTET2) © L) (TF © L) (vee(¥ ) +
(vec(Y)' (T @ TY) (T £T2) ™" @ (TT5) ™) (T7 ® Ts)vec(Y))
= const — %log | TTST, M T STy ™| TsTT)P — % (vec(Y))T (L1 + Ly)vec(Y), (2.56)
where
L =T(Tf=T)'TT ® I, and
Ly = To(TIST,) 'TY @ T (TsTT) ' Ts.

A more simplified form for [T ZTy|*|TE ST, |* ™ |TsTF |P can be found as follows:
Consider the partitioned matrix
(T1 I, To® Tér,PT ® A). Since PTy = 0, TTT; = 0 and T34 = 0 then the above

defined matrix is a square one of order ng and of full rank. For this and from (A17),

el \’
1 n
(T2®T3T> ERL)(T1®L,T2®T{,PTRA)| < |Z® L|=|Z|". (2.57)
PT® A

However, the left hand side of (2.57) is also equal to

TITT® I, 0 TIEPT @ A
0 TIST, ® TsTT 0
PYT; @ AT 0 PYPT @ ATA
TIST, ® TsTT 0
_ T n 2 2 343
= |1V 2T ( 0 P(S — ST(TTST)'TTS)PT @ ATA) | - (258)

Recall now that PT} = 0. Application of Lemma 1 gives
2 - EN(T{ ) ' TS = PT(PT1PT) P, (2.59)

This in turn means that the multiplication of the two determinants in (2.58) is written

as:

|TIST M TS ST ™ ™| TsTE |P| P PT > | PE-1 PT|™™.

But from (2.57), this is proportional to |X|*. Thus,

ITTST M Ty ST ™| T P « |PE~PT ™ |2 (2.60)
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Consider now L, and L;. From (2.59) we get that
L= -2 PP P 'PE Y@, (2.61)
Since now T34 = 0 application of Lemma 1 again gives,
TH(TsTE) ' Ts = I, — A(ATA) AT

If we additionally recall that T7XT; = 0 then application of the same Lemma with
B = %¥T, and B* =T gives

To(TIET) T = 27 — (TTeTy) 1T =

To(TyET,) ' Ty = 2 PT(px-tpPT)tpx-!?

and thus,
L, =3 'PT(PER'PT) PR @ (I, — A(ATA)AT) (2.62)

The above remarks allow us to rewrite log-likelihood (2.56) as:

const — %l— log |PX1PT| - —glog |Z]

‘% (vee(Y))" (=7 = ' PT(PE'PT)'PE) @ I,

+Z ' PT(PETIPTY PR @ (I, — A(ATA) T AT)) vee(Y)
= —Zlog |PZ1PT| ~ Zlog |3
) >
_% (vee(Y))T (87! ® I, — S PT(PL-1PT)1 P! @ I1,) vece(Y),

where I, = A(ATA)"'AT. But easy calculation gives that the last expression is

actually (apart from a constant)
1
—%3 log |PZ~1PT| — glog 8] - Str(Y - ILYTLR)S Y7,

where IIp = -1 PT(PZ~*PT)~1P. However, the expression within trace is also written

as.

tr(Y — I YTp)S~H(Y — I YTIp)T,
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since

tr(Y — ML YIRS IEY I, = trYS YT, — trI YIS LY 11,
= trYE'IEYTI, — trY S MIENLY TII4
= trYS'IEY T, — trY S ILY I,

= 0.
Thus the log-likelihood (2.56) is finally written as:
m -1pT|_ 1 1 -1 T
const — 5 log |PE™"P"| — ) log |Z] — §tr(Y —~M,YTp)S™H(Y — I, YTIp)". (2.63)

The form of (2.63) suggests that it is easily related to the likelihood of the ML method.
From (2.30) and by using the estimate £ of £ as in (2.50), we get that this relationship
is given by

Ir(8) = const — % log [PE~1PT| + Iy (£, 6). (2.64)
Differentiation of (2.64) gives the relationship between the differentials of the two

expressions which are to be maximized. Using properties (2.37) and by dropping the

argument é since this is a function of 8, we get that

dIp(8) = %tr(PZ‘lPT)'lPE’IdEE'IpT - gtrE‘ldE
+-;—t'r(Y — HAYHP)E-leE_I(Y - HAYHP)T
- %‘-trz-lpT(Pz-lpT)-lpz—ldz - gtrE‘IdE

1
+5tr(Y - MAYTIp) S HdES (Y — M, YTR)T =

dIp(0) = %tr(FdE) + dip(9), (2.65)

where F = 21 PT(PX-1PT)"1PE~1. Using this expression for the differential, it is not
difficult to find similar expressions which relate the derivatives of the REML expression

with those of ML. These are given by

BZR _ m an
o2 = 2Pt 5a
8(}2 . m aZM
5’(—)—2‘ = 9 t'I‘(JF) + 6’02
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0(vif:RM) = mvec (FMR)+ a(iiMM)
BZR . m T BZM
3(vec R) = 9 vec [M FM] + 'm (266)

Numerical maximization again is needed in most of the cases for the derivation of
estimates of variance components. This maximization follows the same lines as in
the ML case and can be programmed using relationship (2.65). In a similar context,
McGilchrist and Cullis (1991) described an algorithm for estimation purposes. Closed
form estimates however, have been shown to exist for the mixed effects model. Lange
and Laird (1989) showed that

72 = ! r(Y — — - T
= e — oY~ TaYTe)(I — Tl )Y — ILYTIP)T,  (267)
1

n—m

A simple comparison of (2.35), (2.36) with (2.67) and (2.68) respectively, shows that the

[ = (PP P YT(I - 11,)YPT(PPF)™ — #*(PPT)7Y, (2.68)

estimates differ by a multiplication constant which makes REML estimates of variance
components always larger than the corresponding ML. If we examine now the effect
of using these estimates to the expressions which give the real or estimated variance
matrices of ¢ we get that the real covariance matrix given by (2.51) is always the same
since é M and ER coincide with the OLS estimator, while for the estimated covariance

matrix given by (2.52) the following corollary 1s derived:

Corollary 1 REML estimation gives larger estimated variances than ML for the esti-

mated coefficients ¢ in the case of the mized random effects model.

Proof: Elementary operations can show that
(ATA) " @ (PE7TYPT) ! = (ATA) ® (PPT) ' P(4:1, + PIT;P,)PT(PPT)™
where 1 = M for ML and z = R for REML. The difference has the form
(ATA)"' @ (PPT) ' P((7r — #m)I; + PF(T'r — T'a) P ) PT(PPT)™

which is positive definite.
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Given now that the REML estimates of variance are unbiased (Harville, 1977) for
the case considered above, we can see that REML gives values which are closer to the
common real variance of ¢ something which gives grounds for a kind of superiority of
REML over ML. A question now arises naturally: is this property restricted to the
mixed effects models or do wider classes of covariance models share it? This question
will be examined in the next section. Before this let us note that the common real
variance of ¢ (whatever the method of estimation) holds only for mixed effects models
as Rao (1965) has shown. For other types of structures the variances of éM and fR are

different. Another question of a similar type can be whether we have anything to say

———

about the two estimates Var(€y) and Va/r(\éR) (which arises from (2.52) with ‘R’ in
the place of ‘M’).
Let us examine expression (2.64) which can be rewritten as:
Ir(0) = —1;‘- log [PE1PT| + 134(8) =

Ir(0) = 1’1 log |(PZ1PT)™!| + 14(0) =
= ——Zlog)\ ) + 1(8),

where for convention we set A; (PE~'PT)"!) = X(6),: = 1,...,p, with 8 denoting

the vector of variance components.

Suppose now that /ps has a maximum at 01, with maximized value lM(éM) = Iy.

Then, (2.64) becomes
r
A m A ~
lR(OM) = E izgl log /\,(OM) + . (269)

If we also maximize the restricted likelihood, we get as optimum 6, 8, and (2.64)
P
A m a n
lR(OR ":" lp = 5 Z og )\,(OR) + lM(OR) (270)
Subtracting now (2.69) from (2.70) we get

(OR)) + Im(0R) — in.

lr — Ir(Om) = Zl



But ZR - lR(éM) > 0 and lM(éR) — iM < 0. Thus, we must necessarily have

? ,\(oR)
; o) > 0. (2.71)

(PSR! PT)|
(P54 PT)1]

the log function is positive for arguments greater than 1, we get that

Given now that expression (2.71) is also written as log > 0, and since

(PERPTYT > |(PE3 PT)V. (2.72)

Given now the fact that (A7A4)7! is a diagonal matrix, expression (2.72) means that
the general estimated scatter of ¢ is greater when we use REML than ML. The next

Lemma will prove useful for a further examination of (2.71).
Lemma 2 V z > 0, we have logz <z — 1.
Proof: Let us suppose that 1 < z. Then, Rolle’s theorem gives:
1
logm:(:n—-l)(;, 1 <w<z,

which in turn gives

logz < (z-1), l1<w<z.

If now £ < 1 then we get

and thus again,

zp: ’\_"(GR) > p. (2.73)



Result (2.73) as well as (2.72), does not necessarily mean that (P£7! PT)"! > (PE;PT)?
In the sense that their difference is positive definite. But it certainly means that
(PER'PT)=1 can never be less than (P£3}PT)1 in the same above sense. Unfortu-
nately, we have not been able to extract any relationship between the diagonal elements
of these matrices which represent the estimated variances of each coefficient. It is how-
ever very plausible from (2.72), that these are larger for REML than for ML. This
along with the above mentioned questions, will be the subject of the simulation study

in the next section.

2.4 Results of a Monte Carlo study

Data were generated with covariance matrix as specified by (2.5), (2.6) and (2.8),
that is allowing for an (AR(1) ‘l-change point’ autoregressive error component with
0? = 02 = o%. Parameters 72, v? and o? were set equal to 2.0, 0.5 and 1.5, respectively

while ¢, and ¢, were chosen according to four different settings
o $1 =0.6, ¢, =0.2;
o »1 =0.9, ¢, =0.2;
o 41 =15 ¢ =11,
o $1 =19, ¢, =0.8.

For each such case, data were generated for seven time points (¢ = 7) and sample
sizes n = 12,20,50 and eleven time points ¢ = 11 and sample sizes n = 15,20, 50.
All observations were allocated to one group m = 1. The measurements were pseudo-
random normal variables with covariance matrix X, as specified above with the change
point set at the fourth time point, and known mean A{P (c.f. (1.1)). For the latter
we allowed a a quadratic (p = 3) mean trend with {, = 20.0, & = 10.0 and ¢; = 3.0.
There were two reasons for which such small sample sizes were considered. First,
these are quite common in growth curve studies where the number of individuals, often,

is not much greater than the number of the time points at which each individual is
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observed. Second, it is of interest to examine the small sample properties of maximum
likelihood estimators.

For each setting a total of 50 simulation trials was carried out. For each trial five
different covariance models were fitted:

(i) unrestricted covariance matrix;

(ii) uniform covariance model (c.f. (2.12));

Next, three first order autoregressive models:
(iii) with no change point; i.e. AR(1) as in (2.8);
(iv) with one change point at the third time point; i.e. (2.5) with r = 3;

(v) with one change point at the fourth time point; i.e »r = 4 (the true model)

The simulated data were tested for normality using Mardia’s measures of skewness and
kurtosis. Mardia (1974) provided useful approximations for the distributions of these

measures. The results did not show deviations from the normal population hypothesis.

Tables 2.1-2.8 show the Monte Carlo estimates of the §;’s : = 1,2 for the four adopted
settings of ¢, and ¢, when ¢ = 7 (Tables 2.1-2.4) and when ¢ = 11 (Tables 2.5-2.8),
along with their estimated variances (in parentheses). The row marked with * shows
the ratios of the estimated over the corresponding true variances for all 5 models. The
theoretical Gauss-Markov (optimal) variance of each coefficient is also shown at the

left of the corresponding entry.
The results of these eight tables can be summarized as follows:

1) For all models except the unrestricted one it is clear that REML gives larger variances
than ML for all coefficients. It seems therefore that the result of the previous corollary
is in general also true for covariance matrices such as those of models (iii) to (v) (since
model (ii) is a 1-random effect model). Note also that as the sample size increases, the

differences between the REML and ML variances decrease.
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2) For the unrestricted model, ML variances are always much larger than REML ones,
but this is due to the estimate of variance of { we used. Grizzle and Allen (1969)

showed that an unbiased estimate of variance of f 18 given by

n—m-—1

T p\-1 -1 pT\-1
(n—m—C—-l)(n—m-—c)(A A)7 @ (PSTPT)™ (2.74)

: -—m-—1
If we had used instead of constant nom , the constant — then the

(n—m-—c—1)(n—-—m-—c) n
estimates of variance for ML estimation would be less than those of REML estimation.

However, these differences would be negligible and would tend to zero as the sample size
would increase. Note that such a problem does not arise for the rest of the covariance
structures since the estimate of variance of ¢ has the form (2.52) always (with subscript
‘M’ or ‘R’ corresponding to ML or REML estimation). Such form however, does not

necessarily give unbiased estimates of variance as (2.74).

3) Both estimation methods give estimates of variances (for all coefficients) which are
closest to the theoretical and the optimal ones, when model (v) (the correct one) is
used. In this case they both underestimate the optimal variances for each model (ML
more than REML), but the biases are very small and tend to zero as the sample size

increases.

4) Model (ii) tends to underestimate the optimum variance when both ¢; and ¢, are less
than 1. On the contrary, when at least one of ¢’s is greater than 1, gross overestimation
is marked. Model (ii1) does not have a consistent trend while in many cases it gives the
largest estimated variances among models (ii), (iii), (iv) and (v). Finally, model (iv)
underestimates the optimal variance except when ¢; = 1.9, ¢, = 0.8. These remarks

hold, more or less, for the case when ¢ = 11.

5) The ratios of the estimated over the real variances for all models are larger for
REML than for ML quite consistently, showing that REML estimates of variance of ¢
are closer to their corresponding real ones than those of ML. These ratios increase as
the sample size increases and in some cases reach values more than 1, which is its ideal

value. When both ¢’s are smaller than 1 and especially when ¢; = 0.6 and ¢, = 0.2,
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the ratios, for all models, are more or less the same but the situation changes in the
rest of the cases. The correct model (model (v)) shows clear stability to values near 1

while the others can be very poor (see Tables 2.3, 2.4, 2.7 and 2.8).

2.5 Conclusions

In growth curve studies it is possible that one or more external changes happen at
certain times that may affect the behaviour of the experimental units and thus the
variance of, or the correlation between successive measurements. Failure to take ac-
count of such drastic changes in modelling the growth curves can lead to inefficient
estimation of regression coefficients. With the class of models studied in this chapter,
it was demonstrated that when both ¢; and ¢, are less than one, wrong models provide
variances of ¢;’s which in general, underestimate the optimal ones, in particular when
the series is short. For the cases where ¢; is larger than one, then these models can lead
to grossly overestimated optimal variances and subsequently to misleading results. But
it 1s not only the proximity to the optimal, Gauss—Markov, variance which matters.
The degree to which the estimated variances of §;’s calculated from different models,
underestimate or overestimate, their real variances can give a clearer idea to the way
we should look at a particular method, if it is, for example, to choose between ML and
REML. In this respect, REML is the method to be preferred since in general, it gives ra-
tios and estimated variances of §;’s larger than those of ML. In this way the advantages
of the one method over the other are two: first, given the fact that the real variances
of ¢;’s are systematically underestimated (unless we make a gross error choice about
the change point, (see model (iii)) where we frequently have overestimation), REML
gives more efficient estimates and since in many cases the estimated variances are much

less than the optimal Gauss—Markov variance, we get a less misleading inpression of

accuracy.
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Table 2.1: Estimates (averages over 50 simulations) of (£;,€2) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
&, = 10.0, £&2 = 3.0. Variance component setting 72 = 2.0, v2 = 0.5, 02 = 1.5, ¢, = 0.6, ¢2 =
0.2

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n =12 ML 9.939 10.008 10.016 10.011 10.000
0.2494 (0.3719) (0.2285) (0.2455) (0.2219) (0.2329)
* (0.65) (0.91) (0.97) (0.88) (0.92)
REML 9.939 10.008 10.016 10.007 9.997
(0.1388) (0.2351) (0.2574) (0.2324) (0.2448)
* (0.35) (0.93) (1.02) (0.92) (0.97)
n=12 ML 3.007 2.998 2.997 2.998 2.999
0.0039 (0.0056) (0.0034) (0.0037) (0.0034) (0.0036)
* (0.63) (0.88) (0.94) (0.86) (0.92)
REML 3.007 2.998 2.997 2.999 3.000
(0.0021) (0.0035) (0.0038) (0.0035) (0.0038)
* (0.34) (0.90) (0.99) (0.91) (0.97)
n=20 ML 9.945 9.976 9.966 9.971 9.980
0.1497 (0.2017) (0.1402) (0.1553) (0.1394) (0.1475)
* (0.84) (0.93) (1.03) (0.92) (0.98)
REML 9.945 9.976 9.966 9.972 9.983
(0.1230) (0.1426) (0.1596) (0.1440) (0.1509)
* (0.61) (0.94) (1.06) (0.95) (1.00)
n=20 ML 3.006 3.003 3.003 3.002 3.001
0.0023 (0.0030) (0.0021) (0.0023) (0.0021) (0.0023)
* (0.81) (0.89) (1.00) (0.91) (0.97)
REML 3.006 3.003 3.003 3.002 3.001
(0.0018) (0.0021) (0.0024) (0.0022) (0.0023)
* (0.60) (0.91) (1.03) (0.94) (1.00)
n = 50 ML 9.987 10.001 9.996 9.999 9.996
0.0599 (0.0693) (0.0565) (0.0629) (0.0581) (0.0605)
* (0.97) (0.93) (1.05) (0.97) (1.01)
REML 9.987 10.001 9.996 9.999 9.996
(0.0580) (0.0568) (0.0635) (0.0587) (0.0611)
* (0.86) (0.94) (1.06) (0.97) (1.02)
n = 50 ML 3.002 3.000 3.001 3.001 3.001
0.0009 (0.0011) (0.0008) (0.0009) (0.0009) (0.0009)
* (0.96) (0.90) (1.01) (0.95) (1.01)
REML 3.002 3.000 3.001 3.001 3.001
(0.0009) (0.0008) (0.0010) (0.0009) (0.0009)
* (0.86) (0.91) (1.02) (0.96) (1.02)
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Table 2.2: Estimates (averages over 50 simulations) of (1, €2) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
£1 = 10.0, £ = 3.0. Variance component setting 72 = 2.0, v2 = 0.5, 02 = 1.5, ¢; = 0.9, ¢2 =

0.2

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n =12 ML 9.903 10.016 10.003 10.001 10.015
0.2636 (0.4305) (0.2379) (0.2731) (0.2334) (0.2518)
* (0.77) (0.86) (1.00) (0.85) (0.93)
REML 9.902 10.016 10.004 10.001 10.015
(0.1594) (0.2446) (0.2863) (0.2428) (0.2608)
* (0.41) (0.89) (1.05) (0.89) (0.97)
n=12 ML 3.011 2.997 2.998 2.999 2.996
0.0043 (0.0074) (0.0036) (0.0041) (0.0037) (0.0041)
* (0.81) (0.78) (0.91) (0.82) (0.92)
REML 3.012 2.997 2.998 2.998 2.996
(0.0027) (0.0037) (0.0043) (0.0039) (0.0042)
* (0.43) (0.80) (0.96) (0.85) (0.95)
n=20 ML 10.002 10.001 10.007 9.999 9.995
0.1581 (0.1852) (0.1462) (0.1676) (0.1468) (0.1528)
* (0.75) (0.88) (1.02) (0.90) (0.95)
REML 10.002 10.001 10.007 9.997 9.994
(0.1127) (0.1487) (0.1722) (0.1506) (0.1551)
* (0.55) (0.90) (1.05) (0.92) (0.97)
n =20 ML 2.998 2.998 2.998 2.998 2.999
0.0026 (0.0030) (0.0022) (0.0025) (0.0023) (0.0025)
* (0.75) (0.79) (0.93) (0.86) (0.94)
REML 2.998 2.998 2.998 2.999 2.999
(0.0018) (0.0022) (0.0026) (0.0024) (0.0025)
* (0.55) (0.81) (0.96) (0.88) (0.96)
n = 50 ML 10.008 10.005 10.010 10.009 10.006
0.0633 (0.0680) (0.0597) (0.0688) (0.0610) (0.0627)
* (0.93) (0.90) (1.06) (0.94) (0.99)
REML 10.008 10.005 10.010 10.009 10.006
(0.0569) (0.0601) (0.0696) (0.0616) (0.0635)
* (0.83) (0.91) (1.07) (0.95) (1.00)
n = 50 ML 2.999 2.999 2.999 2.999 2.999
0.0010 (0.0011) (0.0009) (0.0010) (0.0010) (0.0010)
* (0.94) (0.81) (0.97) (0.91) (0.98)
REML 2.999 2.999 2.999 2.999 2.999
(0.0009) (0.0009) (0.0010) (0.0010) (0.0010)
* (0.83) (0.82) (0.98) (0.91) (0.99)
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Table 2.3: Estimates (averages over 50 simulations) of (£;,£2) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
€1 = 10.0, é; = 3.0. Variance component setting 72 = 2.0, ¥2 =05, 02 = 1.5, ¢; = 1.5, ¢2 =
1.1

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n =12 ML 10.059 10.078 10.056 10.071 10.025
0.4442 (0.7852) (0.5834) (0.3574) (0.3907) (0.4222)
* (0.71) (1.16) (0.75) (0.76) (0.93)
REML 10.061 10.078 10.055 10.074 10.013
(0.2845) (0.6000) (0.3731) (0.4026) (0.4295)
* (0.37) (1.19) (0.79) (0.78) (0.95)
n =12 ML 2.988 2.989 2.992 2.990 2.992
0.0041 (0.0070) (0.0087) (0.0047) (0.0040) (0.0040)
* (0.76) (2.02) (1.13) (0.92) (0.96)
REML 2.988 2.989 2.992 2.990 2.992
(0.0026) (0.0090) (0.0049) (0.0041) (0.0040)
* (0.40) (2.08) (1.17) (0.96) (0.98)
n = 20 ML 9.902 9.935 9.926 9.907 9.929
0.2665 (0.3359) (0.3447) (0.2190) (0.2284) (0.2564)
* (0.85) (1.14) (0.77) (0.75) (0.95)
REML 9.902 9.935 9.926 9.904 9.930
(0.2002) (0.3505) (0.2248) (0.2396) (0.2605)
* (0.61) (1.16) (0.79) (0.79) (0.97)
n=20 ML 3.012 3.006 3.007 3.007 3.006
0.0024 (0.0031) (0.0051) (0.0029) (0.0024) (0.0024)
* (0.84) (1.99) (1.15) (0.94) (0.98)
REML 3.012 3.006 3.007 3.007 3.006
(0.0018) (0.0052) (0.0029) (0.0025) (0.0024)
* (0.61) (2.02) (1.17) (0.98) (0.99)
n = 50 ML 10.006 10.006 10.000 10.000 9.995
0.1066 (0.1153) (0.1412) (0.0904) (0.0948) (0.1053)
* (0.93) (1.16) (0.79) (0.78) (0.98)
REML 10.006 10.006 9.999 10.000 9.994
(0.0958) (0.1421) (0.0914) (0.0946) (0.1059)
* (0.82) (1.17) (0.80) (0.78) (0.99)
n = 50 ML 3.002 3.002 3.002 3.002 3.002
0.0010 (0.0011) (0.0021) (0.0012) (0.0010) (0.0010)
* (0.93) (2.03) (1.17) (0.96) (0.99)
REML 3.002 3.002 3.002 3.002 3.003
(0.0009) (0.0021) (0.0012) (0.0010) (0.0010)
* (0.83) (2.05) (1.18) (0.96) (1.00)
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Table 2.4: Estimates (averages over 50 simulations) of (£1,¢£2) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
£, = 10.0, £ = 3.0. Variance component setting 72 = 2.0, v2 = 0.5, 02 =15, ¢1 = 1.9, ¢2 =
0.8

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n=12 ML 9.795 9.967 9.949 9.982 9.994
0.6575 (1.0910) (0.7527) (0.9851) (1.0679) (0.6326)
* (0.74) (0.29) (0.53) (0.41) (0.95)
REML 9.797 9.967 9.948 9.960 9.994
(0.4035) (0.7741) (1.0300) (1.0683) (0.6468)
* (0.39) (0.30) (0.56) (0.41) (0.97)
n=12 ML 3.020 3.003 3.003 3.000 3.000
0.0082 (0.0133) (0.0112) (0.0136) (0.0124) (0.0079)
* (0.73) (0.37) (0.62) (0.42) (0.95)
REML 3.020 3.003 3.003 3.003 3.000
(0.0049) (0.0116) (0.0142) (0.0123) (0.0080)
* (0.39) (0.39) (0.65) (0.41) (0.97)
n=20 ML 10.009 10.184 10.155 10.170 10.042
0.3945 (0.5331) (0.4666) (0.6120) (0.6539) (0.3878)
* (0.91) (0.30) (0.56) (0.42) (0.98)
REML 10.009 10.184 10.155 10.174 10.041
(0.3200) (0.4745) (0.6292) (0.6519) (0.3912)
* (0.65) (0.31) (0.58) (0.42) (0.99)
n=20 ML 2.999 2.980 2.983 2.981 2.995
0.0049 (0.0068) (0.0070) (0.0085) (0.0077) (0.0048)
* (0.93) (0.39) (0.66) (0.43) (0.98)
REML 2.999 2.980 2.983 2.981 2.995
(0.0041) (0.0071) (0.0087) (0.0076) (0.0049)
* (0.67) (0.39) (0.68) (0.42) (0.99)
n = 50 ML 9.963 9.996 9.987 10.011 9.995
0.1578 (0.1672) (0.1878) (0.2439) (0.2643) (0.1569)
* (0.90) (0.31) (0.56) (0.42) (0.99)
REML 9.963 9.996 9.987 10.005 9.995
(0.1398) (0.1891) (0.2460) (0.2660) (0.1572)
* (0.81) (0.31) (0.57) (0.42) (1.00)
n =50 ML 3.002 2.999 2.999 2.997 2.999
0.0020 (0.0021) (0.0028) (0.0034) (0.0031) (0.0020)
* (0.91) (0.39) (0.66) (0.43) (0.99)
REML 3.002 2.999 2.999 2.998 2.999
(0.0017) (0.0028) (0.0034) (0.0031) (0.0020)
* (0.81) (0.39) (0.66) (0.43) (0.99)
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Table 2.5: Estimates (averages over 50 simulations) of (¢1,¢£;) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
§, = 10.0, é2 = 3.0. Variance component setting 72 = 2.0, v = 0.5, 02 = 1.5, ¢1 = 0.6, ¢2 =
0.2

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n =15 ML 10.085 10.006 10.010 10.007 10.008
0.0466 (0.1169) (0.0424) (0.0489) (0.0463) (0.0455)
* (0.43) (0.89) (1.04) (0.98) (0.97)
REML 10.084 10.006 10.010 10.008 10.009
(0.0185) (0.0430) (0.0505) (0.0474) (0.0467)
* (0.15) (0.91) (1.07) (1.00) (1.00)
n=15 ML 2.994 3.001 3.000 3.000 3.000
0.0003 (0.0008) (0.0003) (0.0003) (0.0003) (0.0003)
* (0.45) (0.92) (1.06) (0.99) (0.99)
REML 2.994 3.001 3.000 3.000 3.000
(0.0001) (0.0003) (0.0003) (0.0003) (0.0003)
* (0.15) (0.93) (1.10) (1.01) (1.01)
n=20 ML 10.069 10.024 10.025 10.026 10.026
0.0350 (0.0653) (0.0311) (0.0360) (0.0339) (0.0333)
* (0.67) (0.87) (1.02) (0.96) (0.95)
REML 10.069 10.024 10.025 10.027 10.026
(0.0205) (0.0314) (0.0368) (0.0348) (0.0340)
* (0.34) (0.88) (1.04) (0.98) (0.97)
n=20 ML 2.995 2.998 2.998 2.998 2.998
0.0002 (0.0004) (0.0002) (0.0002) (0.0002) (0.0002)
* (0.66) (0.90) (1.04) (0.97) (0.95)
REML 2.995 2.998 2.998 2.998 2.998
(0.0001) (0.0002) (0.0002) (0.0002) (0.0002)
* (0.34) (0.91) (1.07) (0.99) (0.97)
n = 50 ML 9.995 9.992 9.993 9.994 9.993
0.0140 (0.0162) (0.0123) (0.0147) (0.0138) (0.0136)
* (0.82) (0.87) (1.04) (0.98) (0.97)
REML 9.995 9.992 9.993 9.994 9.993
(0.0112) (0.0124) (0.0148) (0.0140) (0.0137)
* (0.66) (0.87) (1.05) (0.99) (0.98)
n =50 ML 3.000 3.001 3.001 3.001 3.001
0.0001 (0.0001) (0.0001) (0.0001) (0.0001) (0.0001)
* (0.80) (0.89) (1.07) (0.98) (0.97)
REML 3.000 3.001 3.001 3.001 3.001
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)
* (0.65) (0.89) (1.08) (0.99) (0.98)
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Table 2.6: Estimates (averages over 50 simulations) of (£;,£2) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
§1 = 10.0, {2 = 3.0. Variance component setting 72 = 2.0, v2 = 0.5, 02 = 1.5, ¢; = 0.9, ¢2 =
0.2

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n =15 ML 10.073 10.023 10.018 10.022 10.025
0.0450 (0.1182) (0.0459) (0.0554) (0.0490) (0.0443)
* (0.56) (0.98) (1.21) (1.07) (0.98)
REML 10.073 10.023 10.018 10.019 10.027
(0.0188) (0.0465) (0.0572) (0.0500) (0.0455)
* (0.19) (0.99) (1.25) (1.10) (1.01)
n=15 ML 2.996 2.998 2.999 2.999 2.999
0.0003 (0.0008) (0.0003) (0.0004) (0.0003) (0.0003)
* (0.58) (1.02) (1.24) (1.08) (0.98)
REML 2.996 2.998 2.999 2.999 2.998
(0.0001) (0.0003) (0.0004) (0.0003) (0.0003)
* (0.20) (1.03) (1.28) (1.11) (1.01)
n =20 ML 9.954 10.000 10.006 10.002 10.002
0.0338 (0.0638) (0.0324) (0.0400) (0.0347) (0.0331)
* (0.58) (0.92) (1.17) (1.01) (0.98)
REML 9.955 10.000 10.006 10.003 10.003
(0.0200) (0.0327) (0.0409) (0.0351) (0.0335)
* (0.30) (0.93) (1.20) (1.03) (0.99)
n=20 ML 3.004 3.001 3.001 3.001 3.001
0.0002 (0.0004) (0.0002) (0.0003) (0.0002) (0.0002)
* (0.59) (0.96) (1.19) (1.03) (0.98)
REML 3.004 3.001 3.000 3.001 3.001
(0.0001) (0.0002) (0.0003) (0.0002) (0.0002)
* (0.30) (0.97) (1.22) (1.04) (1.00)
n =50 ML 10.006 10.004 10.002 10.004 10.004
0.0135 (0.0156) (0.0136) (0.0172) (0.0145) (0.0135)
* (0.82) (0.96) (1.27) (1.06) (1.00)
REML 10.006 10.004 10.002 10.003 10.004
(0.0108) (0.0136) (0.0174) (0.0147) (0.0136)
* (0.67) (0.97) (1.28) (1.08) (1.01)
n =50 ML 2.999 2.999 2.999 2.999 2.999
0.0001 (0.0001) (0.0001) (0.0001) (0.0001) (0.0001)
* (0.82) (1.00) (1.28) (1.08) (1.00)
REML 2.999 2.999 2.999 2.999 2.999
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)
* (0.66) (1.00) (1.30) (1.10) (1.01)
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Table 2.7: Estimates (averages over 50 simulations) of (¢1,¢;) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
& = 10.0, é2 = 3.0. Variance component setting 72 = 2.0, ¥2 = 0.5, 02 = 1.5, ¢; = 1.5, ¢2 =
1.1

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4

n =15 ML 9.996 10.014 10.012 10.034 10.011
0.1543 (0.3837) (0.1682) (0.1139) (0.1146) (0.1421)
* (0.45) (0.92) (0.65) (0.65) (0.90)

REML 9.996 10.014 10.012 10.040 10.011
(0.0600) (0.1704) (0.1170) (0.1179) (0.1434)

* (0.15) (0.93) (0.67) (0.67) (0.91)

n=15 ML 3.002 2.998 2.998 2.998 2.998
0.0005 (0.0013) (0.0011) (0.0006) (0.0005) (0.0005)
* (0.46) (2.04) (1.23) (0.95) (0.96)

REML 3.002 2.998 2.998 2.998 2.998
(0.0002) (0.0011) (0.0007) (0.0005) (0.0005)

* (0.16) (2.07) (1.27) (0.96) (0.97)

n = 20 ML 9.962 9.982 9.999 9.994 10.008
0.1157 (0.2238) (0.1173) (0.0871) (0.0891) (0.1099)
* (0.71) (0.86) (0.66) (0.67) (0.93)

REML 9.962 9.982 9.999 9.994 10.009
(0.0692) (0.1185) (0.0888) (0.0907) (0.1120)

* (0.36) (0.87) (0.67) (0.68) (0.95)

n=20 ML 2.998 2.995 2.994 2.995 2.994
0.0004 (0.0008) (0.0008) (0.0005) (0.0004) (0.0004)
* (0.72) (1.90) (1.23) (0.93) (0.99)

REML 2.998 2.995 2.994 2.995 2.994
(0.0002) (0.0008) (0.0005) (0.0004) (0.0004)

* (0.37) (1.91) (1.26) (0.95) (1.01)

n =50 ML 9.971 9.988 9.984 9.991 9.987
0.0463 (0.0543) (0.0533) (0.0362) (0.0363) (0.0450)
* (0.83) (0.98) (0.69) (0.69) (0.96)

REML 9.971 9.988 9.984 9.991 9.986
(0.0373) (0.0535) (0.0365) (0.0368) (0.0449)

* (0.67) (0.98) (0.69) (0.70) (0.96)

n =50 ML 3.001 3.001 3.001 3.001 3.001
0.0002 (0.0002) (0.0004) (0.0002) (0.0002) (0.0001)
* (0.86) (2.15) (1.29) (0.98) (0.98)

REML 3.001 3.001 3.001 3.001 3.001
(0.0001) (0.0004) (0.0002) (0.0002) (0.0001)

* (0.69) (2.16) (1.30) (0.99) (0.98)
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Table 2.8: Estimates (averages over 50 simulations) of (£;,¢;) for five models of covariance
matrix; averages of estimated variances in brackets using ML and REML. Population values:
§1 = 10.0, é2 = 3.0. Variance component setting 2=20,0v2=05,02=15,¢1 =19, ¢2 =
0.8

Unrestricted Uniform Auto- Autoregressive  Autoregressive
Correlation regressive 1-thr. r=3 1-thr. r=4
n=15 ML 10.038 10.013 10.019 9.991 9.953
0.1246 (0.2888) (0.1231) (0.2726) (0.1626) (0.1212)
* (0.46) (0.25) (0.59) (0.56) (0.95)
REML 10.037 10.013 10.019 9.990 9.951
(0.0457) (0.1248) (0.2801) (0.1642) (0.1229)
* (0.16) (0.25) (0.60) (0.56) (0.97)
n=15 ML 2.996 2.998 2.999 3.000 3.004
0.0009 (0.0020) (0.0008) (0.0018) (0.0011) (0.0008)
* (0.47) (0.22) (0.59) (0.52) (0.96)
REML 2.996 2.998 2.999 3.001 3.004
(0.0003) (0.0008) (0.0018) (0.0011) (0.0008)
* (0.16) (0.22) (0.60) (0.52) (0.97)
n = 20 ML 10.039 10.011 10.004 10.014 9.999
0.0935 (0.1591) (0.0944) (0.2089) (0.1219) (0.0885)
* (0.60) (0.25) (0.60) (0.57) (0.93)
REML 10.039 10.011 10.004 10.024 9.996
(0.0497) (0.0954) (0.2124) (0.1194) (0.0902)
* (0.31) (0.26) (0.61) (0.55) (0.95)
n = 20 ML 2.995 2.998 2.998 2.998 2.999
0.0006 (0.0011) (0.0006) (0.0014) (0.0008) (0.0006)
* (0.59) (0.22) (0.60) (0.52) (0.94)
REML 2.995 2.998 2.998 2.997 2.999
(0.0003) (0.0006) (0.0014) (0.0008) (0.0006)
* (0.30) (0.22) (0.61) (0.51) (0.96)
n = 50 ML 9.972 9.954 9.961 9.969 9.978
0.0374 (0.0455) (0.0401) (0.0879) (0.0463) (0.0367)
* (0.84) (0.27) (0.64) (0.56) (0.98)
REML 9.972 9.954 9.961 9.966 9.978
(0.0313) (0.0403) (0.0891) (0.0468) (0.0370)
* (0.68) (0.27) (0.65) (0.56) (0.99)
n = 50 ML 3.003 3.005 3.004 3.003 3.003
0.0003 (0.0003) (0.0003) (0.0006) (0.0003) (0.0003)
* (0.86) (0.23) (0.64) (0.51) (0.98)
REML 3.003 3.005 3.004 3.004 3.003
(0.0002) (0.0003) (0.0006) (0.0003) (0.0003)
* (0.69) (0.24) (0.65) (0.52) (0.99)
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Chapter 3

An extension to multivariate
growth curves

3.1 Introduction and structure of the model

In Chapter 2, we presented some models in the covariance structure analysis which
could be useful in the context of growth curve models when one characteristic is mea-
sured at a time. We also showed that when two similar methods of analysis, ML or
REML, are used we expect to get larger estimated variances for the estimated coef-
ficients of the mean when we use REML rather than ML. We also conjectured that
this happens quite independently of the particular covariance model in use. In this
chapter we shall consider the case of multiple observations which are correlated at each
time point. The situation can be called ‘multivariate growth curves’. Early references
include work by Reinsel (1982, 1984, 1985) with the last two publications devoted to
prediction, and Anderson, Anderson and Olkin (1986) who considered the case of ML
estimation under the condition that all estimated variance components, which are now
matrices, be positive definite. These authors used one random effect, appropriately
defined, to explain the variation of the multivariate observations while Reinsel did not
consider estimates of variance components to be positive definite necessarily. In this
chapter we shall deal exactly with this situation. That is, we shall generalize to the

mixed effects model, adopting an arbitrary number of random effects, and we shall also
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present ML and REML estimation under the condition that the estimates of variance
components matrices will be positive definite. We shall also find the relationship be-
tween the ML and REML estimates and in this way, we shall generalize the results
of mixed effects models to the multivariate growth curves situation. In the rest of
the section, we shall appropriately define the model, in Section 3.2 we shall consider
and expand the likelihood of observations, in Section 3.3 we shall derive the sufficient
statistics, in Sections 3.4 and 3.5 we shall consider ML and REML estimation respec-
tively and in 3.6 we shall find the relationships between the two estimates. Finally, the

chapter will close with a discussion on the results.

Suppose that we have m treatment groups with n, individuals in each group. Each
individual has a complete record of measurements on r characteristics at each of ¢ time-
points. The experimental design is such that measurements for different individuals
are independent. These measurements are denoted by y;;u where z = 1,...,n;, 7 =
lI,....m,k=1,...,gqand [ =1,...,r. Let us denote by

Yiie = (Yijkty - - -2 Yijhr) s (3.1)

the » x 1 vector which consists of the measurements of the r characteristics on the
1th individual in the jth treatment group at the kth time-point. This vector can be
modelled by

Yijk = My T Wijk, (3.2)
where
Hije = (Bijhrs - - pijhr ) (3.3)
is a 7 X 1 vector of constants representing the means and
Wik = (Uijkr - - - ,uijk,.)T, (3.4)

is a 7 x 1 vector of errors with E(uk) = 0 and E(uypul,) =

Next, we define the r X ¢ matricesV ¢ =1,...,n;,7=1,...,m

Y, = (yij17-°'7yijq) (3-5)
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consisting of the measurements of the r characteristics at the ¢ time-points of the ith
individual in the jth treatment group. Similarly, we define the r x ¢ matrices of means

4 i=1,...,nj,j=1,...,m

Mi; = (Bijis- - s Mizq) (3.6)

and the » x ¢ matrices of errors
Uij = (u,-jl, ey u,-,-q) (3.7)
V i=1,...,n5,3=1,...,m, with
E(U;;) =0 and Var(vec(Us;;)) =1, ® %4 (3.8)

where @ represents the Kronecker product as defined in the Appendix. From (3.2) we
can see that the corresponding model for matrices (3.5), (3.6) and (3.7) is

Y = Mi; + U (3.9)

However, in many cases we wish to give a structure to M;; which will simplify the
model. To that respect, we shall assume that each component of the vector p,;, will
be explained by a polynomial of degree p — 1 and that the polynomial parameters will
be different for each component. These parameters will characterize the mean. The

relationship can be expressed as

M;; = =P (3.10)

where Z;; is a 7 X p matrix of unknown parameters and P is a p x ¢ matrix of known
(orthogonal) polynomial coefficients and of full row rank p < ¢. Matrix Z;; could further
be simplified by assuming that it depends linearly on a matrix @ (r x s) (assumed to
be known) which is of full column rank s < r and is common for all individuals and
a matrix &; (s x p) of unknown parameters which will be different for each treatment

group. Consequently, M;; would be written M;; = Q¢o; and (3.9) as
Y,; = Q&; P + Uj;.
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However, this parameterization would complicate the model a lot, something which we
shall avoid. We believe that parameterization (3.10) provides an adequate model for

the problem and from now on we shall examine only the model
},,'J' = Eijp + Uij (3.11)

Matrix U;; will not be considered as the only source of variation in the model. Assume
that =;; is divided into two parts, the first depending on the individual in a specific
treatment group and on its treatment group and the other on the treatment group at

which this individual belongs. Such a structure can be expressed as

=5 = (2,22 (3.12)

i) =

where Z}. is a 7 x t and Z% a 7 x (p — t) matrix. Consider the corresponding expansion

for P as
(A
P = (Pz) (3.13)

where P, is a t x ¢ and P; a (p—t) x ¢ matrix. We assume that =}, is a random variable
with
E(Z}) =2) and Var(vec(Z})) =1, ® I, (3.14)

J

where ¥, is a covariance matrix common for every treatment group. Such a structure
will be called a t-random effects one. The assumption of randomness for =}; makes us

conveniently write

=L =204V (3.15)

with V;; a » x t matrix of errors whose each column has mean 0 and variance ¥, and

columns are independent each other. Thus,
Var(vec(Vis)) = I, ® T
Under these conditions (3.11) becomes

Y, = E}jpl + E?P'z +U;; =
Y, = (E? + Vi;,) P + E?P;) +Ui; =
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Y, = E?PI + E?Pg +V; A+ U =

}fij = EJP + Vijpl + U,'J' (316)

where =, = (22,22). By vectorizing matrix Y;; we get that

vec(Y;;) = (PT ® I ec(Z;) + (PT ® I, vec(V;) + vec(Us;) (3.17)

Let us now define matrix Y as

(vec(Y11))”

(vec(Ya1))"

Y = (3.18)

(vee(Yanm))T
which is a n X gr matrix consisting of all the observed data and n = ) 7" n;. Similar

definitions for £* (m x pr), V (n x rt) and U (n x gr) are

(vee(Z))"
e = | et (3.19)
(vec(Em))"
(vec(Via)"
V= (vec(f/”)) (3.20)
(vec(Va,m )T
('UCC(UH))Z
U= (vec([:]“)) . (3.21)
(vec(Unnm))”
Then, model (3.17) becomes in matrix form
Y=ACPRL)+V(A®IL)+U (3.22)

where A is a design matrix which assigns the appropriate model equation to a specific

individual into its treatment group and V and U are error matrices with
E(V)=0 and Var(vee(V))=(LQZ;)® I,

and

E(U)=0 and Var(vec(U))=(I,®%,)®I,

48



Note that in the case where each treatment group contains the same number of indi-
viduals, ng = n/m, then

A=1I,®1,

where 1,, = (1,...,1)T is a ny x 1 vector.

Under the above assumptions the variance matrix of observations becomes
Var(vee(Y)) = (PT QL QLY LQL: @ L) P QL L)+ (%, ®1,) =

Var(vec(Y))=(I,®Z: + PTP, @ %,)® I, (3.23)

The model considered in (3.22) is a more general one than that used by Reinsel (1982).
This is easily seen since Reinsel considered only one random effect to explain the

variation within individuals by setting P, = (1,1,...,1) a 1 x g vector.

3.2 Expansion of likelihood

Using the results of the previous section we can now form the log-likelihood function

of the observations. This will be
c+log|(I, @51+ PTP ® %) ® I,|7/2
—tr[Y — A (PR L)) ([,® %1+ PTPL® %,)7![Y — AE(P® L)|T
—c— —glogllq ® %, + PTP, @ 3,
—tr]Y — AP L)([, @1+ PP @)Y — A (P® LT (3.24)

where ¢ is a constant independent of parameters of interest. Consider the following

definition:

Definition 2 For a (m X n) matriz B with full row rank its projection II§ = (n x n)

weighted by T~ will be defined as
;" =x'BT(B='BT)'B
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If the matriz has full column rank then

0% = B(BT2'B)1BTy-!
There are many nice properties of the projections which will not be mentioned here
unless they help in the derivation of the results. However, and in keeping the notation

as simple as possible we shall use the following symbols for the projections which will

be of extensive use in this chapter:
Mo, =Mper, = QY(PTRL) (PO L)NPTRL) T (POL)  (3.25)

H?{@;I, = lpgr = Q_I(PlT ® I,) ((P1 & IT)Q—l(PlT ® Ir))—l (A®IL) (3.26)

and

M =11, = A(ATA) AT (3.27)

where

Q=L +PIP®%, (3.28)

A nice property of Ilpg, and Ilp g;, is given in the following theorem:

Theorem 2 For llpg;, as defined in (3.25) we get that
(Pl & Ir)HP®I,- - Pl 0% Ir (329)

(P2 ® I,-)Hp@[r = P2 ® I-,- (330)

Proof: From the definition of the projection, we must have
(P® L )lpgr, = P ® I,

But it is known (see in the Appendix property (A10)) that
P _(A®I
(Pz) ®l = (P2®Ir)
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Thus,

P.
(P® I)lpgr, = ((P:) ® Ir) Hper, =

(P ® I,)llpg; ) P, ® I,.)
V=PI =
((Pz ® I)pgr, ® Pol

and the proof is complete.

The technique which will be followed into the derivation of sufficient statistics is
to transform the vector of observations vec(Y) into five uncorrelated random variables

whose joint likelihood will be the likelihood of observations. Consider the following

five transformations of vec(Y).

1. (I, g1, @ Ma)vec(Y) =Y

2. (I, o1, © (In — I4))vec(Y) = Y2

w

- (Mper, — pgr, )" @ Ma)vec(Y) = Y3

S

. ((Mper, = Mper)" @ (In —Ia)Jvec(Y) = Y,

5. ((Iq,. — Hp@[,_)T ® I, vec(Y)=Ys

These random variables are all of size gr x 1. Their sum has the form
(% o7, ® a) + (Tper, ® (In = 4)) + (Tper, — per)T @ 114)

+((per, — Mpesn)" ® (In —114)) + ((Iy — Hper,)T @ In)vec(Y) =
[(Hg@n ® I.) + ((Uper, — Opern)’ @ L)+ (I — pgr,)” @ I,)vec(Y) = vec(Y)

The above equation shows that these variables split the log-likelihood of observations

into five parts. These are also uncorrelated as the following theorem certifies:

Theorem 3 The vectors Y1,...,Ys are uncorrelated random variables, normally dis-

tributed, with means and variances given by
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E(Y:) = [Ip e (PT ® I,) ® Alvec(£”)

Var(V1) = Hgl o1 SUlp el ® 14

2.
E(Y;) =0
Var(Ys) = g, o, Mper, © (In — I14)
3.
E(Ys) = [(Ilpgs, — Mper) (PT ® 1) ® Alvec(¢™)
Var(Ys) = (IIpgr, — per, ) Qlpgr, — Mper) @ 4
4.
E(Y;)=0
Va"r(}q) = (HP®Ir - HP1®I1' )TQ(HP®Ir - HP1®I1') ® (I‘n - HA)
5.

E(Ys) =0

Var(Ys) = (Ior — Ilper, )TQ(Iqr —Ilpgr,) ® In

Proof: It is easy to show that the variables are uncorrelated since for example
Cov(Ys, Ys) = (I}, o1, UM per, — per,)) @ (In — I4))

= (Ulper(lper, — pgr)) ® (In — [14))
= (Uper —per)) © (In —114)) = 0

The rest of the theorem follows easily since the transformed variables

Yi,Ys,...,Ys are linear functions of vec(Y) which is normally distributed.
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It can easily be seen from the above theorem that the variance matricesof Y7 ..., Ys
are singular. Following Mardia, Kent and Bibby (1982) we have to find corresponding

generalized inverses in order to define the appropriate likelihoods. These are given in

the following theorem:

Theorem 4 Under Definition 2 and with Q = I, ® £, + PTP, ®@ I,, the following
results hold:

(% e, Mper @ 4™ = per R I} g, ® 4
(M5 er Mper @ (I — 4)]” = IpeL R I g7, ® (I — 14)
(e, — Uper ) UMper, — per) @ MMa]”
= (Iper, — Mper)(l, ® B7")(per, — Mper)’ @ 4
(Tper, — Mper ) Qper, — Mper) ® (In — I4)]”
= (pgr, — pe1.)(1; ® T7')Mper, — per)" © (I, — 4)
(Ir — per ) QI — Tper, ) ® In)”

= (Iqr - HP®Ir)(Iq ® 21_1)(14,. - HP@L)

Proof: The proof is based on the following property:
Ollper, = 5 g, (3.31)
We shall prove the first case only since the others arise in a similar way.
By definition, the generalized inverse of a matrix A, A~, should be such that
AATA=A
Then we can see for example, that in the case of H£1® .SUlp g1, ® II4, we have,
(5, o1, M por ® Ta)Iper Q' Ih g, @ ILa)(IF o7, WMper, @ TL4) =

= (Ip,or, Mper O IE o, Qllper) ® 1 =
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= (HIT‘;;@L- H£1®ITQQ_1H£1®ITQHP1®L') ® HA =
(H£1®I,. QHP1®L-) ® 4

which means that HP1®I,Q_1H£®I, ® II4 1s a generalized inverse and the proof is

complete.

Using these results the joint log-likelihood of the tranformed variables
Y1,Y:,...,Ys becomes:
c— g—log I8
~5{(@ror, © Taoec(¥) ~ (TTryer, (P © ) © Apvec(€)]”
(Iper, Q' IE g7, © IT4)
(Mper, ® Ma)vec(Y) — (per (PT ® 1) ® a)vec(€7)]+
+H(Mp o1, ® (In — Ia))vec(Y)]T
(Tp,er 7 Mp g7, ® (I, — I14))
(g1, ® (In — ILa)Jvec(Y)]+
+[(lpgr, — Mper)” © Ma)vec(Y) — (Mper, — Mper )" (PT ® 1) ® A)vec(€”)]”
(Mpgr, — Mpern )1y ® 271 )(Iper, — Mper )" @ IL4)
[(Hper, — Oper)T ® Ma)vec(Y) — (Tper, — Mpern) (PT ® I) ® A)vec(€)]+
+[((Tlper, ~ Mper )" @ (In — Ia))vec(Y)]”
(Mper, — Mper )T ® 277 )(Mper, — Mper )’ ® (I, — 11a))
((Tper, — Mper )" @ (In — Ia))vec(Y))+
+[((Igr — Mpgr )" ® Li)vec(Y)|”
((Igr = Uper, )(I; ® 71 )(Ipr — Mpgr, )T @ I,)

((Ir = Tpgr, )T © Lvec(Y)]} (3.32)
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We shall use property (A11) of the Appendix in order to simplify the above likelihood.

According to this

vec(ABC) = (CT ® A)vec(B) (3.33)

and consequently,

(Mh o1, ® Ma)vec(Y)

(F, 61 (PT ® I,) ® A)vec(€£”)

(F er, ® (In — T14))vec(Y)

(Mper, — Mper)" © Ma)vec(Y)

((Mpgr, — Mper ) (PT® 1) ® A)vec(£*)
(Mper, — Oper)" @ (In — Ia))vec(Y)

((Ier = Tper, )" ® In)vec(Y)

and thus, the log-likelihood becomes

c— %log 192

vec(II4YTlp g1, )

vec(A¢*(P ® I)lpqr,)

vec((In — 14)Y1lpe1,)

vec(I14Y (Ilper, — IIpe1,))
vec(AE*(P ® I,)Tlpgr, — lpg1,))
vec((In — 4)Y (Ilpgr, — lpgr, )

vee(¥ (I - ITpor,))

—%{[UeC(HAYHP;\@Ir ~ AP L))"

(Mper 7 o ®@114)

[vec(IlaY Ilpe1 — AL (P ® 1))+

+[vee((In — 4)Y Tp o1 )"

(p,er, Q IF o1, ® (In — ILa))[vec((In — I4)Y p e, )]+

+vec(MlaY (Ipgr, — Nper) — AL (P ® 1,))])T

(Mpgr, — Opern)(I; ® 21 ) (Hper, — per )’ ® IL4)

[vec(IlaY (Ilpgr, — Mper) — AG(P ® 1))+

+vec((In — a)Y (Ilpgr, — M per))]”

(Mper, — Opern )T, © 271 )(Tper, — Mper )" ® (In — I14))
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[vec((In — L)Y (pgr, — pgr )7 +
+[vec(Y (I — Tpgy, )|
(Ier = Mper )(1, ® 577 )Ty — Hper, )" ® 1)
vec(Y (I, — Tpgr, )]} (3.34)

where £* = (£1,£3) and ¢ (m x tr) and € (m x (p — t)r). The log-likelihood can be
further simplified using property (A12) in the Appendix which states that for matrices

A, B, C and D for which multiplications are legitimate, we have

trABCD = (vec(BT))" (C ® A)vec(D) (3.35)

Thus, the log-likelihood (3.34) is also written as
c— glog 12|

—%{t'f‘HR@IrQ—1H£1®Ir(HAYHP1®Ir —AG(A® L))"
Ha(ITaY1Ip g1, — A (P ® 1))+
+trIlpern QM IE o (In — A)Y T per ) (In — ) (In — T4)YTIp g, )+
+tr(pgr, — Opern )1y ® 27 (per, — Mper )T
(4Y (lpgr, — Mpr,) — A& (P, ® 1,))T
ALY (pgr, — pgr) — AG(P ® 1))+
+tr(llper, — Mper ) (L ® 271 )(per, — per )’

(I — L)Y (per, — Upes))  (In = a)(In — L)Y (Tlpgy, — Mpgr, )+

+tr(I, ® 27Ty — Tpor ) (Y (I — Tper, ) (Y (1 — Mpgr,)) (3.36)

:c—g—loglﬂl

+trllpen QIS o (In — Ta)YTper ) (In — Ia)(In — L)Y TIp g1, )+
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+ir((llper, — pern )(I; ® 271 )(Hper, — per )T
((In = TL4)Y (Tpgy, ~ Mpgr, )T (I, — Ha)(In — Ta)Y (pgr, — Mper,))+
Lo ® 27) s ~ Hpar, ) (Y (I — pgr, ) (Y (I — Hpgy, )+
+irllpern Q7' Tp or (LAY pgr — A& (P, ® L))T
A(IlaYTlp g1, — A& (P ® 1))+
t(llper, ~ pern )(I; ® T7 )(Mper, — Mper )T
(LY (Ilper, — Mper) — AG3(P: @ I))T

Ua(MaY(Ilper, — Mper,) — A& (P, ® 1))] = (3.37)

=c- glog 192
+trllpen QT o YT (I, — [14)Y +
+ir(l, ® 27)[(Mper, — Mpern ) YT (1, — T14)Y (Tpgr, — Upern )+
+(Ier = per ) YTY (I, — Tpgr, )]+
+tr(Ipen @ IE of (TaYlp e — AEX(P ® L))"
(TaYTp el — AG (P @ 1))+
+(IIper, —Ip o1 )(1; ® 27" )(Mper, — p g1, )T
(LaY (Ipgr, — pgr,) — A6 (P, ® I))T

(ILaY (Ilpgr, — Ipgr,) — AG(Pr @ I1,))] (3.38)
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3.3 Derivation of sufficient statistics

The form of the log-likelihood as is given in (3.38) will help us deriving the sufficient
statistics for ¥; and ¥; + X,. The following two theorems are of great help:

Theorem 5 For Q as defined in (3.28) and P semi-orthogonal

(P& L (PT® L) = (ut ® (B + )7 - 8?21)_1) (3.39)

Proof: From the definition of ) we see that
Q'=(, @+ PP, @%,)!

=LoZ = (P @27 (It + (PP ® T:271)) (A ® Z,%7)
=L (PT®L)I,®%, + PLPT @ £,)"}(P, ® 2,57
=LRL!—(PI®L)I:®Z,+ APl ®%;)7"
(I,®Z + AP @%)(AP)'ARL) ~ (AP )'A®L)
=L,-Tp)RE' +(PTQL)YI,® %1+ PPI @ Z,) Y ((APT) A ®I,) (3.40)
Thus, using (3.40)

(PRL)QYPI@L) = (PP ®@L)I,®%; + PPl @%;)!

(I ® (21 + )

and

(R,RL)QY(Pf®l) = PPl @x!

= (Ip—t & 21)"1

In the same way, the off diagonal elements of this partitioned matrix are 0 since P is

sub-orthogonal.
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Theorem 6 Projections Ilp g1, and llpgr, are unweighted and thus,

Hpgr =1lp ® I, and Ilpg;, =lp Q@ I,

Proof:
lIper, = NPT @ L)(P @ L) (P @ L) (P & 1,)
where () is as defined in (3.28). Using (3.40) we can easily see that

Ip e, = (PlT QL)1 ® (X + 22)_1)(It R(T1+ %)) (A®I)
PTP @I,

= HPI ® I’r
Next, from the definition of IIpg; we have
Mpgr, = X HPTRL)Y (PR L)Y YPTQL)(POL)

Using the expansion PT = (PT, PI) and theorem 5 we can see that this projection is

actually
) (L@ (514 8p)? 0 (hoL
T 1 T 1 t
(P @ (Z1+ %)™, Py @% )( 0 Ip—t®21—1 P, ® I,
_ _ I®(21+22) 0 P1®Ir
. T 1 T 1 t
=P @(Z1+%) B ek )( 0 Ip-t®21)<Pz®Ir)

=(P1TP1®I1-+P2TP2®I1'):HP®I1'

Now, using the above two results, we further modify the log-likelihood (3.38), thus
taking
=c— g—log 19|

+tr(llp, ® L)Q Y (p, @ L)YT(I, — T4)Y +
ttr[(I, — Ta)Y((Ip —p) @ L)1, ® E71)((Ip — 15, ) @ I,)Y T
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+Y((I; — TIp) ® L)L, ® 27)((1; ~ Tp) ® L)Y 7]+
+tr([lper Q% o7 (TAY T per, — AE(PL ® I,))T
Ma(ITaYTlper, — AG (P ® 1))+
+(Iper, — Mper )1 ® 27 )(Tper, — Mppr, )T
(TL.Y (Mper, — per,) — A&G(P. © L))"
DA(4Y (Tlper, — per) — AG (P2 ® 1)) (3.41)

The following lemma will give us a convenient form for the first two traces of (3.41)

and sufficient statistics will be easily derived.

Lemma 3

tr(lp, @ L)YQ Y (Ip, ® L)YYT(I, —1I,)Y
=tr[[; @ (1 + 22)" (P @ L)YT(I, - L)Y (PT ® I)

and

tr((In — L)Y ((Tp — IIp) @ I)(L, ® B )((TIIp — TR ® L)Y
+Y((I; =) @ L)1, ® X177 )((1, — Tp) @ I)Y7]

=tr(Y —IL4Y(Ilp @ L))((I, — Ip,) @ L)L, @ T7)Y — LY (Ip ® I))"

Proof: The first part is derived easily by noting that
IIp, ® I, = PTP, ® I,
and from Theorem 5. As regards the other part, with some algebra we see that
tr((I, — a)Y((Tlp — Ip) ® L)(L, @ 27 )(Tlp — 1p) ® I,)Y T

+Y((Iq - HP) ® Ir)(Iq X 21—1)((14 - HP) & Ir)YT]
= tr[Y([Ip @ T)YT = Y(IIp, @ E;H)YT — Y(ITp ® Z7Y)YTII,
+Y(Ilp, @ 7)Y T+ Y (I, @ B7)YT - Y(IIp @ B7°)Y7)
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=tr[Y(Ilp, @ S7H)Y L + Y(I, @ 27HYT
~Y(IIp, @ ZTHYT - Y(IIp @ B7HYTII4]
=tr(Y — Y (IIp @ L)), - Ip) @ I)(I, ® S7)Y — MY (Ip @ I,))T

which some simple algebra can show.

Lemma 3 shows that the log-likelihood (3.41) can be rewritten as
=c— -g—log |92]

+tr([, ® (21 4+ 22) (P @ L)YT(I, - L)Y (PT® I,)
+tr(Y T Y[Ip @ L)) (I, = Ip) @ LYI, @ 27 (Y — Y (Ip ® I,))T
+ir(llppr O 15 gf, (LY per, — A (A ® L))T
(HaYper — A (P @ 1))+
+(Mper, — Oper)(I; ® 27 (Mper, — Oper )’
(MY (pgr, — per) — AG (P ® I))T
(IT4Y (Ilpgr, — pgr,) — AL (P2 ® )] (3.42)

Let us analyze a little bit further the first two traces of the log-likelihood (3.42). From

the definition of the data matrix Y we can immediately see that
tr(l, ® (1 + Z2) (P, @ L)YYT(I, — LY (PT ® I,)
+tr(Y =LY (Tp ® L)) (I, = IIp,) @ L)(1; ® Ty )(Y — LY (TIp ® L))"
=trYT(I, - TI4)Y(PfP, @ (2, + X2)7)
+tr(Y —ILY(Ip @ L)) (I, - Ip) @ 7)Y — MY (IIp @ I,))T
= tr(Y — IAY)(PI P @ (21 + Z2) )Y — I, Y)T

+tr(Y — LY (Ip ® L))((J; = IIp)) @ 7)Y — LY (Tp © L))"
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( (vee(Yn))" — 2002, (vee(Ya))T /m )
tr .

(vec(Yamm))T = L2m (vee(Yim)) /i

(vee(Yar))T — S, (vee(Yar))T /e \ ”
(PIP @ (%1 +22)7Y) ( ; )
(vee(Yn,m)T ~ 31 (vec(Yim))T /1im

[ ( (vec(Yu)” ) ( (vee(Yn))(Ilp ® ) )}

+tr : —II4 :

(vec(Yomm)” (vee(Ynmm) (Il @ 1)
(vec(Y11)T (vec(Y11))T(Ilp ® I,) T

((Iq—HP1)®E;1) [( : ) _HA ( . ):l

(vee(Yp,.m)T (vec(Yn,.m)T(llp ® I,)
Using now property (All) of the Appendix, the above sum becomes

( (vee(Y11))" — (vee(332, Yia/ma))T )
tr

(vec(Yanm))T — (vec( ST Yim/7m))T

(vec(Y11))T — (vee(Xi2, Ya/n1))T \ 7
(PIPL® (814 %2)7) ( : )
(vee(Ynnm))" — (vec(3oi0 Yim/nm )T

[( (vee(Yn))" ) ( (vee(YuIlp))” )}
+tr : — 14 :
(vee(Ya,.m))T (vec(Yn, mIlp))T

(vee(Yn1))” (vec(Yuillp))T \ 17
((Iq"HPl)@ZII)[( : )-HA< : )}
(vec(Yn,.m))T (vee(Ya,,mIIp))T

n o T
=tir

e (Ynmm;zzzz)]T

Nm

mou \N1T \ T
[vec (Yu — —“—1—2:1 T )]
(P1TP1 ® (21 + 22)—1)
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"o T
lvec <Y11 - Z=MY,1HP)]

)
[vec (Yu _ 2 Yunp)] \

ni

lvec (Ynmm - Zn";:"‘n‘”)r )
5= [oee (¥ = Z22) )" (B py (514 3007 [oee (1, - 225

+tr

((Iq - HP:) ® 21_1)

i=1 j5=1 nJ nJ
n; m T
= . Zz— 1
¥ i=1 ; [v (KJ - E :I.J ] )] ((Iq - HP1) &K 21 1) ['Uec (KJ — InJ .7

Using now property (A12) the above sum becomes

Ny

(B 4 ) i’: i": (K,- A Yij) PTPR, (Y _ _Z;l_i)

n; n;

+tryy! Zf: (K, _ L i”’np) (I, - IIp) (Y-~ Zﬂn,u )T

1=1 j3=1

After this analysis, the log-likelihood (3.42) becomes

:c—gloglﬂl

m gl K T
+tr(Z1 + £2)” IZZ(Y,J— 2 ’)PTPl (Y,,_ Ez—{ *J)
J

1=1 j=1 n;
>l YzHP 2, Y10
vt 5 (v - BB 1,y (1, - B Vellr)
=1 j5=1

+tr(pen Q' 5 o (MaYpgr, — A6(P, ® I,))T
(HaYTlp g1 — A6 (P ® L))+
+(Ilper, — Mpor )T ® B1)(per, — lper, )T
(MMAY (Ilpgr, — Uper,) — A&(P, ® I)T
(I4Y (pgr, — lper) — Aé3(P, ® 1)) (3.43)
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The final form of the log-likelihood will be given by noting that

IIq®21+P1TP1®Z2| = IIq®21”It®(Ir+E221_1)I
= %11 ® (Z1 + Z2)|| 2]

121771, ® (Z1 + 22)|

Thus, this final form is
1
c— g(log Bl — log |1, ® (81 + a)]) - Str(T1 + B2) G + trE7 H]

+tr[pernL O IE o (MaYper, — AG(PL ® 1,))T
(MaYTp g1, — AE(PLQ 1))+
+(Tlpgr, — Mper )(I; ® 271)(Mper, — Dper )’

(.Y (pgs, — Oper) — A&(P, ® I,))T

(IaY(Ilpgr, ~ p 1) — AG(P: ® 1)) (3.44)
where . | r
o PR Y,-,-) T ( >l Y,-,-)
G = (Y,~———l———- Prp (Y, — &=t (3.45)
,Z_; ; ’ n; k. n;
and
n m ny n, T
’ 21 Y11 . Y,IIp
HZZZ(K’J“Z — P)(Iq—ﬂpl)(Yij—E — ) (3.46)
i=1 j=1 J J

The form of the log-likelihood in (3.44) suggests that G, H, II,Y(PTP, ® I,) and
HAY(P;,TP2 ® I,) are sufficient statistics for X, 4+ ¥, 1, £} and £ respectively. Note
that statistics G and H coincide with S) and S. of Section 3 in Reinsel (1982) in the
special case where all random effects are used (that is, P, = P). The model adopted
provides also a generalization to the case considered by Anderson, Anderson and Olkin
(1986). There, the authors had considered replicated measurements on time and they
used one random effect to explain the variation between replicates. Here, the variables
(replications) were correlated and we used an arbitrary number of random effects to

explain the variation on time. The difference with Reinsel’s approach is that he used
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the fact that the sufficient statistics come from independent transformations of the data
and therefore are independent, and he obtained unbiased estimates. However, for the
case of Xy, his estimate may not be positive definite while in the approach which will

be developed in the next section ML and REML estimates of £, are obtained under

the restriction that they are positive definite.

3.4 ML estimation

In this section, the form of the log-likelihood (3.44) will be exploited in order to obtain
ML estimates of the covariance matrices ¥; and ¥;. The null hypothesis will assume
t random effects and that the rank of ¥, is at most s (s < 7). We are seeking
estimates for ¥; and ¥; such that both are at least positive semi-definite and this
1s the condition under which the log-likelihood of the observations will be maximized.
The approach will be similar to that of Anderson, Anderson and Olkin (1986) and
using ideas of Theobald (1975), Amemiya and Fuller (1984) and Amemiya (1985), the
differences arising from the adoption of arbitrary number of mixed eftects and from the

introduction of constants k1 and k; as follows:

Let us consider the following canonical value decompositions for ¥, X2, H and G,
», =TT %, +%,=TATT (3.47)
and
k,H = BBT kG = BTB” (3.48)

where T' and B are nonsingular matrices of orders » X r and A and T are diagonal
matrices containing the eigenvalues of £7'(Z; + X;) and %H ~1@G respectively. Con-
stants k; and k; can be the inverse numbers of the corresponding degrees of freedom
or any other constants such that multiplication with G and H respectively will provide

estimators of 3, + X2 and of ;. Note also that the elements of A should satisfy

5> .. 28,5641 =...=6 =1 (3.49)
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We shall use a variation of von Neumann’s theorem for the maximization of the log-

likelihood. Consider the following (Anderson, Anderson and Olkin (1986)):

Theorem 7 For Q (p x p) orthogonal and D and E diagonal (dy > ... > d, e 2>
coo > ep)

mintrD'QEQT = trD'E

and a minimizing value of @ is I,.

Consider the log-likelihood (3.44). This is maximized with respect to 7 and &3

when we set
AB(PLQ L) =T,Y(PTP, @ I,) (3.50)
and

AE(P,R L) =T,Y(PIP,®I,) (3.51)

Apart then from a constant the concentrated log-likelihood of the observations is writ-

ten as
1
- -;flog 2,0t - -’2310g L@ (B2 + 5a)| — 5[tr(Z1 + %) "G+ T H] (3.52)

where G and H are given by (3.45) and (3.46). Considering the canonical forms for
Y1, ¥, H and G defined above we see that this log-likelihood is

t
—n(q —t)log |I'| — ntlog |T'| — % log |A|

1 1
——tr(PATY'BTBT — —t+TTTBBT
2, ) 2%, HL BB

nt
= —nqlog|I'| — - log|A|

_ﬁt:trA-l(I“lB)T(BT(I‘T)"I) ~ %btr(l“‘lB)(BT(PT)'l)

nt
= —nglog|T'| — —-log |A|

1

s (T BT )T~ BT*/?)T
2

—-2—1];—trA“1(I‘"1BT1/2)(I“1BT”’“’)T _
V1
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This log-likelihood should be maximized with respect to A and I'. We consider the

singular value decomposition of
I'BT'?=0CDZ (3.53)
where C and Z are orthogonal and D diagonal. Then, I' = CDZT-'/2B~! and
LI~ = |D||T|~*/%|B|™* (3.54)

since C and Z are orthogonal and thus |C| = |Z| = 1. Substituting into the log-
likelihood we can see that it is divided in two parts: one which is free of unknown
parameters and not of any interest and one which depends on C, D, Z, and A. The
latter has the form

nqlog |D| — %tlog |A]

1
——l—trCDZT“IZTDCT — —trA"'CDZZTDCT
2k2 2kl

nt
= nqlog|D| — - log |A|

1 1
— —trD?ZT7 12T — —

trA-1CD?*CT 3.5
2%, Tkl (3.55)

We apply Theorem 7 in order to maximize expression (3.55) with respect to Z and C.
This will be accomplished with the minimization of trD*ZT~'Z7T and of trA~*C D*C7”.
In the first trace, Z is the orthogonal matrix required by the theorem and a minimizing
value is Z = I,. The other trace needs some more analysis. Consider the following

notation for A~!, C and D%

-1 _ Hl 0 - Cl 0 2 ___ Dl 0
A ‘(0 i..) “=\o o) =0 b

where H; is a s x s diagonal matrix, C; and C; are orthogonal matrices of orders s x s
and (r —s) x (r —s) respectively and D; and D, are diagonal matrices of the same

order as C; and C, respectively. Some simple algebra shows that

t'f‘A_ICD2CT = t'f‘H101D1Cf‘ + t'f‘CgDzCzT
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However, the second expression on the right hand side shows that trC,D,C7 remains

invariant under any choice of the orthogonal matrix C, since
t'f‘CzDngT = t'f‘CzTCng = t'f‘Dg,

while tr H,C1 D, CIT does not. This means that we should only minimize tr H;C1D; CIT

for which a minimizing C is I, (as Theorem 7 certifies) and finally the minimizing C

for trA~1C D?*CT will be of the form

I, O
0 Cy)’

where C is a (r — s) X (r — s) orthogonal matrix. Returning again back to the
maximization problem we see that the maximum of log-likelihood with respect to Z
and C 1s

nglog|D| - - log|A\

—LtrD2T'1 - itrA-lDz
2k, 2k,

r r 1 T d? 1 T d?
2nq210gdi—nt2:log5i—k—2 T =
1=1 =1 ; t . 1

=1 1=1

1 ¢ ,f 1 1
= -2-; [2nqlogd,—ntlog5,-—d,- (k2Ti + k15i)]

We maximize this expression with respect to d; by taking its first derivative V i =

DO

1,...,r. This derivative has the form

1 {2ng 1 1 _ .
§[di __2dz(k2n+k16i)]—0 Ve=1,...,r

Solution of this equation gives that Ve =1,...,r

2 =ng (-2 + L\ 3
v 9 kgTi k15.,; (56)

Substituting into the log-likelihood we get that the new expression is

1 — 1 1
5 Z [nq log ng — nglog (sz_ + k15') —ntlogé; — nq} (3.57)
i=1 1 1
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1O 1 1
=3 ; [c—nqlog (szi + k16,-) —ntlog&]

where c is a constant. Taking again the first derivative with respect to §; Vi=1,...,r

and equating it to zero, we get

1_71(1+1"1 1 ntl _,
2 | 7™M \Tr T K6 me2) 6| T

(g — )k,
tky

Recall that the log-likelihood will be maximized with respect to the restriction that

5,'=7','

612...255>65+1=...=&,=1

By monotonicity of the likelihood to the right of the local maximumin §;, the maximum

restricted to &; > lisat §; =1 fori = s + 1,...,r. Thus, the ML estimates of 6 are

;=1 i=ry+1,...,s (3.58)
5,': 1=s+1,...,r

where r3}, is the number of 7;’s which satisfy

t k
T, > E—_tk_z (359)

Returning now to the discussion after (3.55) recall that a maximizing Z is Iy = 1,
and a maximizing C 1s

A I« 0

Cu = ( 0" 02) (3.60)
where M stands for ML, C; is a (r — s};) X (r — s}y) orthogonal matrix and s}, =

min(r}, s). Furthermore, if we assume that matrix T is written as

T = (:gl 192) (3.61)

where Ty = diag{m,- .. ,Ts;u} and T, = diag{'rs;uﬂ, ..., Tr} 1t is easily seen that
A — t)ky [tk T 0
AMz((q )02/ T ) (3.62)
T—SM
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With this formulation we get that

. 1 1. \!
D%, =ngq (k—zT‘l + k—lA—l) (3.63)

Since now from (3.53)
T-'?B-'T' = zTD'CT =
I'=BTY?Z"D'CT =
I'm = BTY?ZL D} CE
and the ML estimate of ¥, is readily obtained as
M = BTY2ZT DA CT CyDit 2y T* BT
= BT'2D;2T/*BT (3.64)
The ML estimate of (£; + ;) (denoted by (£ + L2)am) is also easily obtained as:
(Z1 + 2o = T Al
= BTY?D;}CT Ay Cup D3 T2 BT (3.65)
Subtraction of the two estimates gives
SM = BTV DN CEAMCyM — 1) D T2BT (3.66)

Note that by the construction of OM and AM, we can see that
A ~ A I * 0 ~ I » 0
T — St s
CutiuCu ( 0 03) a8 o)

thy

_ (&= 0
B 0 Ir-—s"
M

Thus, condition (3.59) certifies us that CA’{,,AMé’M — I, 1s positive semi-definite of rank

sy and the same holds for f]z something which was required by the null hypothesis.

The discussion of this section can be summarized by the following theorem:
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Theorem 8 The mazimum likelihood estimates of &; and ¥, under the assumption

that they are both positive semidefinite and T, is at most of rank s are given by

SM = BT'V?D;T'/?BT (3.67)
=M = BT'2D;}(CLAmCry — 1) D3} TY/? BT (3.68)
where
, 1 /1 1 -1
D2 — | = -1 Al
nq (sz T AM)
. [(g—t)k2 0
Ay = ( thy |Ty )
0 -5}
and

and C is a (r — s3;) X (r — s}y) orthogonal matriz and s}, = min(ryy, s) with v, the

number of 7;,’s 1 = 1,...,r which satisfy

3.5 REML estimates

This section is devoted to the derivation of REML estimates of the variance matrices
¥, and ¥,. In Chapter 2, it was shown that the REML log-likelihood 1s the same as

in the ML case with the addition of the term
—-72'—’ log |PE! PT|

where P is the matrix which represents the within subject changes in mean response.

From (3.22) it can be deduced that the corresponding term in the log-likelihood of the

model has the form

—%z-log (P® L)1, ®% + PIP ® 22) NPT ® 1,)|

__m log L®((Z,+2)! 0
2 0 Ier-—t(X)zl_1
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m m
= -5 log|L®(E1 + o)™ - 5 log |- @ Z™

by using Theorem 5. But using (A17) in Appendix, we deduce that this is equal to
--’23 log [B1 + Tt — % log ||~

—tm
(10—2)— log [24].

This term modifies the concentrated log-likelihood (3.52) of the observations and makes

mt
= —2—-10g |21 + 22' +

it

— 1) — — -
(g )2m(p )log|21|—£n—2—ﬁzllog|21+22|

1
—5 [tr(El + 22)—1G + tT‘E—lH]

where G and H are as defined in (3.45) and (3.46) respectively. Following the same
steps as before, and defining ', A, B and T as in (3.47) and (3.48), we wish finally to

maximize the log-likelihood

~(nq - mp)log 1| — ™ 1og |
1
——trATY T B)T(BT(IT) ™) - —l—tr(I"lB)(BT (rTH)-1)
2k, 2k,
— —(ng —mp)log 1 - B g )

—51];—trA’1(I“IBTl/z)(I“lBTl/z)T - 52-#(1“-1BT1/2)T-1(1“-1BT1/"-)T
1 2

Again as in the previous section this log-likelihood should be maximized with respect
to A and T. Following the same steps as before and defining matrices C, D and Z and

applying Theorem 7 we get that the maximum is given by

n—m)t
(nq — mp)log |D] = B =™ 10g ||
_ L~ Lia-ipe
2k, 2k,

and maximizing Z and C are (see also the discussion after equation (3.55) in the

previous section)

Zr =1 and (:'R::({; ((J))’ (3.69)
2
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where R stands for REML and C, is a (r —s) x (r —s) orthogonal matrix. Some simple
algebra shows that this log-likelihood is

L 2(ng — mp) 3 logd: — (n—m)t S logs - LS E _ Lyl
2 ! pi=1 e o =1 e 7(:_2t:l--v:-_‘-jc:t.z:;_&7

r

1
='2'Z[Q(nq—mp)logdi—(n-—m)tlog&-—df( ! +k16)]
19;

=1 k2Ti

We, again, maximize this expression with respect to d; by taking its first derivative

Yi=1,...,r. This derivative has the form

1 [2(ng — mp) 1 1 .
= — 2d; = =1,...
5 [ ) d o + Tt 0 Vi=1,...,r

Solution of this equation gives the estimate for d;, Vi =1,...,r which is

d} = (nq — mp) 1+1 N
' koti  kads

Substituting into the log-likelihood we get that the new expression is

1 « 1 1
3 ; [(nq — mp)log ng — mp — (ng — mp)log ( - + i &)

— (n —m)tlog 6; — (ng — mp)]
S Viog [ —— + — ) — (n — m)tlog s,
=3 ¢ —(nqg —mp)log o T RS, n — m)tlog o;

1=1

where c is a constant not related to the maximization procedure. Taking again the

first derivative with respect to §; Vi =1,...,r and equating it to zero, we get

1 1 1 \7? 1 (n—m)t|
5[_(nq—mp)(km+k16i) (—klaf)_ 5; ]“Oﬁ

g [nlg—t)—mlp— t)|ks
: : (n — m)tk,

Using a similar argument now with the corresponding ML case, the REML estimates

of §; under the restriction that

61>--.>6,>53+1=...=6r=1
are
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2 et -me-t)ky . _ .
1 =T q(n—m)t;;cl 2 Z—-—].,...,'I‘R
b = 1 i=rh+1,...,s
b =1 i=s+1,... 7

~

where 7% is the number of 7;’s which satisfy

. (n —m)t k1
Y alg— D —mlp—t)ks

Thus AR is now written as

n [n(g—t)—m(p—t)}k2 T 0
Ap = (n—m)tk; 1
: ( 0 I_sn )

(3.70)

(3.71)

(3.72)

with s = min(s,rg) and T} now a sk x sk diagonal submatrix of T' corresponding to

the first s rows and columns of T'. Similarly,

. 1 1 . -1
b= na ) (L1 + L)

In the same way as in the previous section, minimizers Z and C are

o A I. 0
R=Is;i CR:(OR Cz)

(3.73)

(3.74)

where C, is a (1 — s%) X (r — s%) orthogonal matrix and estimates for £, (Z; + Z2)®

(denoted by (Z; + Z2)r) and L are obtained as:
2{3 — BT1/2D§2T1/2BT
(21 + 2)r = BTYV2DR* CEARCRDR! T/? BT
and
2R = BTY2D7Y(CEACR — I,) DR T*/*BT

respectively. Thus, we proved the following theorem:

(3.75)

(3.76)

(3.77)

Theorem 9 The restricted mazimum likelihood eatimates of ¥ and X, under the as-

sumption that they are both positive semidefinite and L, is at most of rank s are given

by
i){? — BT1/2D§2T1/2BT
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28 = BTY2D7Y(CEARCR - 1) DR TY/*BT (3.79)

where
A 1 1 1 .
D—2 - _T-—l __A—l
R = ng—mp (kz s R)
. [n(g=t)—m(p—-t)]k
AR = ( (n—m)tk1 2T1 0
0 Ir—.s;t
and

o (L. 0
CR‘(OR Cz)

and C is a (r — sy) x (r — s}) orthogonal matriz and s} = min(rk, s) where ry is the
number of 7,’s 1 = 1,...,r which satisfy

(n—m)t k1
n(g—1t)—m(p—t)k;

T >

3.6 Relationship between ML and REML estimates
of variance

In this section we shall use the previous results for deriving relationships between
ML and REML estimates of ¥; and of £; + ¥2. It is obvious from the last two
sections that the rank inferred for £, when using ML will, in general, be different than
the corresponding one inferred when using REML. By noting that (n —m)(q¢ —t) <
n(q —t) — m(p — t) we deduce that

(n—m)t k1 t k

n(g—t)—m(p—t)k, q—tk, (3.80)

which, in turn, means that

sm < SR (3.81)
Inequality (3.81) shows that the inferred rank for ¥; using REML will always be
greater than or equal to the corresponding rank inferred by using ML. We shall study
the relationship between the ML and REML estimates of ¥; and of ¥; + X7 considering

first the case s}, = s} = s*. For this, we can note that
thy -1
Al = [ (a=v)k; I 0
M 0 I'r-—s"
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(n—m)tk -1 mt(g—p)k -1
_ ([n(q—t)—m((z)oit)lszl 0 ) + ( (q-t)[n(q—t)—én(lv—t)]kz T g) (3.82)

I'r—s‘
=AZ + 7 (3.83)
with
mt(g—p)k -1
¥ = ( (q—t)[n(q—t)-an(lp—t)]kz I g) (3.84)

A similar equation for Ay, can be obtained by noting that

where

m(g—p)k;
( )ik 11 g) (3.86)

Using now equation (3.83) we can easily relate D2 and Dj? (equations (3.73)and

(3.63)) as:

A

1 1 1 -
-2 _ _T-—l _A—-l
Pu ng (kz * ki M)

1 1 1 . 1 1 1 . 1
= | —T14+ —(Az'4+9) | = — (—T'1 + —A'l) + ¥ =
nqg (kz + kl( R )) nqg \ k. k, R nqk;
A ng — mp 1,.., 1+ _1) 1
Dyt = —T'+—=Ax" ) + ¥ =
M ng(ng — mp) (k;, ky F nqk,
n 1 ng A _
= = Dg? 3.87
(DM ngk; \p) ng—mp (3.87)

using (3.63) and (3.73). Since now the REML estimate of £F, £, is written as
BT1/2D§2T1/2BT,

using (3.87) we can rewrite it as

ng oa_ 1
BT/? <———DM2

— \Il) T1/2BT
ng — mp (ng — mp)ks

“R_ " oy mt(q — p) BT 3.88
e Sl ey g ey e s SIS

by using (3.84) and the writing of B as (B, B;) where B; is a 7 X s* and B; a

r x (r — s*) matrix. Equation (3.88) shows the REML estimate for ¥; is not necessarily
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larger that the corresponding ML (in the sense that their difference is positive semi-
definite). Certainly, B; B is a positive definite matrix but the inclusion of the constant

ng/(ng — mp) which is greater than one makes things more complicated. In the limit

(as n — 00), it is easily seen that

ng

—1 1
nqg —mp

but the factor of BB (the other constant) is o(n~1) and if we take into account that

ky is o(1) then
mi(q — p)
(¢ = t)(ng —mp)ln(q — t) — m(p — t)]k.
becomes o(1). Thus,

B, BT

To relate now (X 4+ £3)a and (21 + 3 )r is a bit more complicated and we shall make

the following conventions:

~ D3, 0 A A 0
-1 _ 1M _ 1M
where Ay = 92Ty (from (3.62)) and Dy (s* x s*), Diy ((r — s*) x (r — s*))
diagonal matrices. The above expansion for 15;,11 always exist since Dy is a diagonal

matrix. According now to (3.65) the ML estimate of £, + X5 is
(81 + Z2)m = BTV2D7}CL Ay Cr D} T2 BT

with C defined in (3.60). Using now the above convention it is easily seen after some

algebra that
o -1 -1
D7} CTANCD = (DIMAIMDIM 0 ) (3.90)
The fact that DI"AI,I and A;pr are diagonal matrices and that C; is a (r — s*) x (r — s*)
orthogonal matrix, allows us to write (3.90) as

-2

0™ pa (3.91)
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Consequently,

-2
(Z1 + T2)m = BT'/? (AIMDIM 02 ) T/2BT

0 Doy

Since again T and A;js are diagonal matrices we can have simple expressions for D

and D2 deriving from the definition of D2, in (3.63). These are

and

Thus,

_ 1 _ 1
D11\2/I - (sz k1 Aut!)

1 1 1
D—2 — -1 — I ..
o= (T )

_ 1 1
AIMDM%I—-——(IC2A1MT klz,.)

and (¥; + X2)um is written as

BTl/z(;la(szlMT + I) 0

23(%(

1 1 -1 1 Tl/zBT
0 LR+ E )

klelM + kllTl) 0 ) ) BT

0 1 (%Ir_s. + lez

nq

1
(1 +22)m = —B< AM+ T) BT
1

k2 k

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

Note that the change of the subscript M to R make this formula to hold for the REML

estimate of ¥; + £, apart from constant 1/ng. However, from (3.85), Ay = Ag — Uy,

where

Thus,

(Z1+ X)) =

m(g—p)k
¥, = ((nfm())tkf & g)

1, . 1
—1—B (—(AR — )+ —-T) BT

— A T )BT BY, BT
B(kg R+k1 ) nqu

n m
25 + Ba)n - qszW BT
ng — mp m(q — p) T
— BT\ B; =
s (21+22)R nqt(n — VEr 14104
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S 48 = —"9 (» oo m(q — p) T |
(21 4 Z2)r — mp( 1+ Z2)m + (e e = TR, B, T, B! (3.97)

Equation (3.97) clearly shows that (E; + Z;)r is greater than (E; + 2;)ar since

(Z1+ )R- (C1+ 2> (G1+ S2)r— —2 (B + So)me

ng —mp

_ m(q — p) T
- (ng — mp)(n — m)tk BT By

and the last matrix is positive definite. The inclusion of the constant nq/nqg — mp now
does not affect the positive definiteness of the difference () + Z2)r — (Z1 + Z2)p- In

the limit we can see that again

ng

lim =1
n—voo g — MP
and that the factor of BlTlB;"'
m(q — p)
ngt(n — m)k,

tends to zero since k; is o(1). Thus, again as in the case of ¥, we have

(Z1+Z)r=(E1+2)m as n— o

If we now assume that s}, < sk, the method for deriving the required (and more
general) relationship will be somewhat different. We shall first form a relationship
between the ML estimates of ¥; when s}, and sk respectively are the inferred ranks
for ¥,. Then, in this expression we shall substitute the relationship between the ML
and REML estimates found previously. The same method will be followed for ¥£; + ,.
To that respect, let us assume that s} — s}y = so and that the diagonal submatrix Tj

(sk x sj) of T and matrix B are written as:

T1 = T11 0 and B = (Bn, B12, Bz) (398)
0 T,

where Ty; (s}s x s3) and T2 (so X So) are diagonal submatrices and By, Biz, By are

r X sig, 7 X So and r X (r — s}) matrices respectively. Using now, the definition for
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-2 e _ : : :
Dy and writing DM::., the Dy matrix which corresponds to inferred rank sk — so

L]
R™%0

for ¥,, we have:

1 1 (a=t)k2 0 -1
D—2 N = T— th 11
M,SR—SQ <k2 + kl ( 10 Ir_(a;t_so))

L (1, 1 womm 0 0
=— -1+ 0 s brs 0
k k ( t)k 12
nq 2 1 0 7= 5 Ir—s;i
0 0 0
+ 10 I, — (q t)k Tl
0 0 0
1 0 0 0
= — —T 1 -1
e A Rt g Lo = (th)szlz 8 =
- 1
DM2,3;1- Ds;: + n—q\Ilg (3.99)
where
0 0 0
U,=(0 I, — WT;; 0 (3.100)
0 0 0

But it is known from the previous sections that 2{\{9‘3—30 = BTl/szwﬁ":s;i_s0 T'/2BT. By

considering (3.99), this equality is written as

BT'?D;/,. T**B" + 2 BTy, TV BT
' nq

After some simple algebra, this is easily seen to be

1 1 t
M M _ M L T
Z31 s —30 - El,s;‘ - EI,S'R + anl2 (kl T12 (q _ t)k 80) Blz (3.101)

In the same way, we can see that

1 1 1
(21 + 22)M,s;i—so = —B (_AM,s;z—so + —T) BT

ng ky k1

1 (1 (qu_:fﬁT“ 0 0

=—B| - 0 =% T 0
k tkl 12

"™ 0 0 I,
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1 1 qg-—1t)k
(B1+ B2)Myer s = n—q(& + B2)mMsn, + - By, (I,O — %Tw) BL  (3.102)

Using now (3.101) and (3.102) along with (3.88) and (3.97) we get after elementary

operations that

B = et o~ O P
and
(Z1+ X2)me0 = w(& + Z2)R,sr, — nqr(:z((_]_::;ikl B\TiBf
+nqlk2 By, (Iso - L‘?—lt‘k—f&m) BT,
= E';q—mp(& + Z2)R,s1, — nqr(rstz-_mlglh B,T\Bf

But (k—llTu — mlso) is negative definite since T}, consists of those elements of T

for which
(n — m)t kl t kl

— << —
n(g—t)—m(p—t) ks, q—tk;

The results clearly show that in the case where s}y < sk, the REML estimate of

(21 + X;) is not any more necessarily greater than the corresponding ML estimate.

The results of this section are summarized in the following theorem:

Theorem 10 If s}, and sk are the ranks inferred for ¥, when using ML and REML
respectively, then

S < Sk

Furthermore, the mazimum likelihood and the restricted marimum likelihood estimates

of 1 and 1 + I, respectively are related with the following equations:

. — . ta—

M ng “r - ng(qg—t)n(g—t)—m(p— t)|k2
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1 1 t
—_ —Ti, — ———1, T X
and
ng — mp m(q — p) T
Vi + 8 )Mer = ——(Z1 4+ 22)gse —
(2, + 2)M, t s (Z1 + 22)g, R ng(n —m)th BT\ B;

where B = (By, Bz) (B, (r x s}), Bz (r x (r—s%))) and By = (Bi1, B12) (Bu (7 x 8}4),

Bis (r X 89)) and sk = s}y + so.

It will be instructive to consider a simple example which will clarify the relationship
between ML and REML estimates when » = 1, for £; only. In this case H and G will

be univariate functions of the data matrix Y with
sz = bz and le = sz (3105)

where 7 = -’;—;% The ML estimate of ¥; = o (scalar) will be according to (3.67)

szDJT,I2 (3.106)
where
1 1 tk,
-2 _
Dy = nq (kg*r t ki(q — t)sz)
1 t Kk
= if >
n(q — t)Tk; T qg—tk;
otherwise
1 1 1
._.2 _ - .
Dy = ng (kgT kl)
_ i- (kl + kg’r)
B nq klkg’r
In that way, 6 becomes
&M = b =
1 n(q —t)7k;
1 t k
M — if —= 3.107
op n(q—t)H 1 T>q——tk2 ( )
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otherwise

SM _ b2 (k1 + ko1 N
1 ng kikoT

ki + ko1
~M _ 1 2
oy = ( s )H (3.108)

The first case coincides with the result found by Lange and Laird (1989). In the case

however, where 7 does not satisfy the condition in (3.107), the required adjustment on

the estimate of oy is provided by (3.108).

In the case of REML estimation now, 15}}2 has the form (as this is given by Theorem

9)
“_o 1 1 (n — m)tk,
br" = ng —mp (sz * [n(g —t) —m(p— t)]klsz)
1 n(qg—t) —m(p—t)+ (n—m)t
~ ng—mp ( (g — t) — m(p — t)]ke7 ) ~
s g 1 P (n —m)t k1
PR = hla— 0 —mp— 0k "7 ng=t-mp-t)k
otherwise

. 1 1 1
D3 = —

R ng — mp (k21+k1) =
k1+k27'

"y
Dr" = (ng — mp)ki ko

Consequently, since 6% = b*7D5? we get,

n 1 . (n — m)t kl
GF = H if 7> = 3.109
e g g sy g =B =mp -1k (3.109)
otherwise
&R . sz(kl + kgT)
17 (ng — mp)kikyT
P e U (3.110)

Lo (nq - mP)kl

It is seen then that oM and of' have similar estimates with differences in the
multiplicative constants. Recall from the beginning of this section (inequality (3.80))

that
(n — m)t k1 < t k
n(g—t)—m(p—t)ks q—tks
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Consequently, the two conditions in (3.107) and in (3.109) inply that we should examine

three subcases in order to understand when REML estimates are greater than ML:

o 7 < n(q_(:l)__Tn)(;_t)%: In this case the multiplicative constant for ML is h%’ffl

and the corresponding one for REML is (—nlglf—;ﬁ. The latter is always greater

than the former, thus, the REML estimate of o; is always greater than the

corresponding ML.

o n(q_(:l)__z)(;_t) % <7< ﬁ% Here the multiplicative constant for ML is as before
kitkor : 1
-ﬁ;ﬁf— and the one for REML is Y PRy ey B Then,
k1+k27’_1+l-_k_2<1 t

J— < — + e
nqk;, ng ngks ~— ng ng(qg—1)
since T < ﬁ% But the last expression is equal to
1
n(q —t)

for which, in turn,
1 1

n(g—1)  nlg—1t) —m(p—1)

Thus, again in this case REML estimate for o, is greater than the corresponding

ML.

1
n(g—t)—-m(p-t)

for ML and REML respectively. However, it is already seen that the latter is al-

o T;i—t% < 7: In this final case the multiplicative constants are n(q;_t) and

ways greater than the former.

The example showed clearly that when » = 1 then REML estimates of o, are always
greater than the corresponding ML but when » > 1 such relationship does not exist as

Theorem 10 clearly showed.

3.7 Discussion and conclusions

The relationships (3.88) and (3.97) can help us to find a relationship between the

REML and ML estimates of the covariance matrix of the estimated coefficients of the
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model. From (3.50) and (3.51) we can deduce that

Var(€)=1,® (T, + Z2) ® (ATA)™! (3.111)
Var(€) =1, @ 3, ® (ATA)™! (3.112)

while
Cov(€:,€) =0 (3.113)

ML or REML estimates of these matrices are obtained if we substitute in the place of
Y1 + X3 and of I; their corresponding ML or REML estimates. The discussion in the
previous section showed that the REML estimate of the variance matrix of estimated
£} is larger than the corresponding ML one when the inferred ranks for ¥; using both
methods are equal, while it is difficult to determine such an explicit relationship when
sty < sk or for the estimated variances of ;. The reason for this interesting new result
can be possibly traced to the randomness of ¢ which contributed more variation to

the estimator of ff :
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Chapter 4

Certain results on the Covariance
Adjustment method.

4.1 Introduction

In this chapter, another approach to growth curves will be considered. Although the
specifications of the model will remain the same, no specific structure will be considered
for the covariance matrix and no maximizing likelihood approach either. The method
was introduced by Rao (1965, 1966) as a comment on Potthoff and Roy’s approach
to growth curves. It has been widely used by experimenters since it requires the
minimum of assumptions about the covariance matrix of observations. The mean
trend is modelled in the same way as before. However, the method has a drawback
since it requires the calculation of the inversion of a matrix which is not positive definite
with probability 1 unless the number of residual degrees of freedom n — m is greater
than ¢, the number of dependent variables per individual. This is not the case in
all experiments. Undoubtedly, in these cases a likelihood approach with a carefully

structured covariance matrix is more suitable.

In section 2 the estimator will be defined and its form will be proved as a GLS
estimator. As a consequence, it will be seen that the method consists essentially of the

best selection of the estimator’s weight covariance matrix from a collection of suitably

86



defined matrices. In section 3 three methods for the optimal selection of the estimator

will be presented along with a newly proposed one, and a comparison will be made

between them. Finally, the chapter will close with the conclusions.

4.2 Derivation of estimator

The model assumption will remain the same as in Chapter 2, that 1s
Y = AéP + E, (4.1)

where Y (n x ¢) is a matrix of observations from n individuals at ¢ different times,
A (nxm)and P (p x q) are known design matrices of ranks m and p respectively, while
¢ (m x p) is a matrix of mp unknown regression parameters. Furthermore, £ (n x q)
is a matrix of errors, whose n rows €; (¢ = 1,...,n) are independent g-dimensional

vectors with

& ~ N(0,%). (4.2)

Matrix ¥ will be left unrestricted. Let us suppose that we have two matrices H; (¢ X p)

and H, (¢ X (¢ — p)) such that
PH, =1, PH;=0. (4.3)

Consider the transformations Y; = Y H; and Y, = Y H,. Then,

E(Y;) = A E(Yz) =0 (4.4)
and
T
(4, 92) ~ N((46,0), ( 1 ) 5, E) 0 D) (45)

The inferences are based on the conditional variable Y;|Y; which from a well known
property of the multinormal distribution (Mardia, Kent, Bibby, 1982) follows a multi-
normal distribution with

E(YilYs) = A + V2B (4.6)
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Var(vec(Y;|Y;)) = (PE'PT) ' @ I, (4.7)
where B = (HEEH;,)“IH;;"EHI. The reason for which we base our inferences on the
mean of the conditional variable Y;|Y; arises from the well known equality

Var(Y:) = Vary, (E(V1|Y2)) + Ey, (Var(¥:1]Y2)). (4.8)

In that way we see that if ¥; is an unbiased estimator of ¢ (as it is from (4.4)), then
E(Y1]Yz) will also be an unbiased estimator and since Ey, (Var(Y:1|Yz)) is positive, it

will also be more efficient.

The required properties (4.3) suggest that H; should have the form
H, = PT(PPT)™! (4.9)
and H; should be an appropriate multiple of
I, - PY(PPT)'P. (4.10)

The reason for this, is that H; as in (4.9) is a ¢ X p matrix but H; as in (4.10) is a square
matrix which should be modified appropriately in order to be a ¢ x (¢ — p) matrix. The
appropriate modification will be found in the following way. Let us suppose that we
fit the data perfectly (interpolation) without leaving any variation unexplained. This
can be done by fitting a polynomial of degree ¢ — 1 instead of p — 1. Thus, the mean

will have the following expression

Alls, &) ( r ) , (4.11)

where Py is a (¢— p) X ¢ matrix containing the additional polynomial coefficients needed

for fitting a ¢ — 1 degree polynomial. The Ordinary Least Squares (OLS) estimator
fors is
¢ T p\-1 7T P T pT - P
fors = (A"A)TA'Y (P*,Py) (4.12)
Py Py
= (ATA)TTATY (Q, ) (4.13)

((ATA)TTATYQ,, (ATA)TATY ), (4.14)
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where

0 = (I - HPO)PT(P(I - HPO)PT)—I

R = (I - Tp) Py (Po(I - Tp)FY)™
and IIp = PT(PPT)-1p, IIp, = PT(PyPT)"'P,. That is, the estimator of the first p
coeflicients is a GLS weighted by I — II p, and the estimator of the remaining ¢ — p is
a GLS weighted by I — IIp. Note that 2, is a ¢ x (¢ — p) matrix and is a multiple of

I—Ilp. That means that §, satisfies the second property of (4.3) and can be considered

as the transformation matrix H;. From now on, we shall assume that
H, =V =Q,, (4.15)
Without loss of generality we can also assume that
VIV = I,_,, (4.16)
since V can also be
V = (I —Ip)PI(Py(I — TIp)PT) /2, (4.17)

Since now E(Y1|Y2) = A + Y,B and Ey,(E(Y1]|Y2)) = E(Y;) we get that Yy actually
estimates A{ + Y2 B whch in turn means that A¢ is estimated by Y; — Y2 B and finally
¢ is estimated by (ATA) 'AT(Y: — ¥2B). Direct substitution by (4.9) and by the
fact that B = (H S H;)"'H] £H, where H, = V gives that the covariance adjusted

estimator has the form
(ATA)TAT(Y PT(PPTY ! —YV(VTZV) WVTZPT(PPT)™Y).

A final substitution of

1.5':1

n—m n—m

) YT(I -11,)Y, (4.18)

as an estimate of the covariance matrix of observations gives the covariance adjusted

estimator as
fca = (ATA)TTAT(YPT(PPT) ! —YV(VTSV)'VTSPT(PPT)Y), (4.19)
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where VTV = I__,. This is the form also used by Kenward (1986). Rao (1965) claimed
that this estimator is better than the GLS estimator used by Potthoff and Roy (1964)
because it exploits information which Potthoff and Roy’s solution ignores. However,
as Baksalary, Corsten and Kala (1978) showed, fc,A 1s actually a GLS estimator ap-
propriately weighted. Lemma 1 of Chapter 2 can be used to find this weight:

Theorem 11 Suppose that we decompose matriz V into V = (Vi, V3) with Vi(g X c)

and Va(¢ X (¢ — p — c)). Suppose also that the columns of V1 are used in adjusting
the OLS estimator. The form then of the new estimator is a GLS one weighted by
S-1 _ S_1V2(V2TS—1V2)-1V2TS—1.

Proof: Since we use the columns of V] as covariates, the estimator (4.19) becomes
(ATA)TTATY S71 (S — SW(VTSW)TVTS) PT(PPT)™. (4.20)

Consider the matrix V;* = (PT,V;) and note that V;TV;* = 0. Applying Lemma 1 in
Chapter 2, we get that (4.20) becomes

B} i} ps-1 /P i}
A aty s \Em v | (s ) )| (4 )| PReery
= (ATA) 14Ty S [(PT, VL) (IfT)] PT(PPT)1 (4.21)
2
where
q_ A —(PS1PT)"1PS-1V, 451
- _(VZTS-—lvz)—1V2TS—1PTA1—1 A2—1 )
and

Al — P(s-—l _ S—l%(%TS_I%)_I V;Tsr—l)PT
A, = VI (81 =SPT(PST'PT)' PSS! Vs

(4.22)

By noting that
P\ prippryv-1_ (1
(yr) 7P = (7).,
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we get that (4.21) is
(ATA)—IATYS—I(PTA;I _ %(%TS—I%)—I%TS—IPTAI—I)

— (ATA)_IATY(S_I _ S_l%(%TS—I%)_I%TS—I)PTAII

which, by the definition of A, is a GLS estimator weighted by

S7 = S WL(VES ;) 1V,FS-1. The distribution of this estimator was first studied
by Gleser and Olkin (1972) who considered the case where all covariates have been
used. The result was later generalized by Kenward (1986) who considered an arbitrary
number of covariates. Specifically, the generalized contrast LEM where L(l x m),

M(p x t) are known matrices, was expressed as:
LEM = LEM + CT'QR™ (4.23)

where C' (I x 1) is such that (CTC)™! = L(ATA)'LT, R (t x t) is a unique lower

triangular matrix with positive diagonal elements satisfying
(RRT)™! = MT(PPTY'P(E - SV(VTEV) WIE)PT(PPTY M = &

and Q = X; — X,U;,' Uy where X (I x t), Xz (I X ¢), Uaz (¢ X ¢) and Uz (c x t) are
distributed according to

X = (X1, X2) ~ Ni(0, Iny)

and

_ Ull U12 _
U - ( U21 U22 ) Wt+c(n m, It+c)

and X and U are independent, (Kenward, 1986). Using this expression, he obtained
the marginal density of LéM and showed that it has also an asymptotic normal distri-

bution.

From the work of Rao (1967) and Grizzle and Allen (1969), we can deduce that

the unconditional variance of this estimator is

n—m-—1

(ATA) ' ® (PPT)'P(Z — SV(VIEVR) VI S)PT(PPT)™1. (4.24)

n—m-—-—c¢c—1
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The key expression for finding an estimate of (4.24) is £ — SVR(VTEWV) VT E. Let us
T

: . %
consider the variable ( Ilq ) S(W1,1,). Since S ~ W (Z,n — m) we easily get that

VT visvi VTS VT
(st (8 157 e () 0n)

Thus, § — SVI(VISV) WIS ~ W(Z - EV(VIEZV) VIS, n — m — ¢) (see also
Mardia, Kent and Bibby, 1982). Consequently, an unbiased estimate of (4.24) is

. n—m-—1
¥ = (m—=m—-c—-1)(n-m-c)
(ATA)' @ (PPT)'P(S — SV(VTSV) VT S)PT(PPT) 1. (4.25)

Exploiting again Lemma 1 of Chapter 2, and with the help of the proof of the previous

theorem, we get that the last expression is actually

n—m-—1

(n—m-—c—1)(n—m-—c)

(ATA) @ (PPT)T'P(I, = Vo(Vy ST Va) 'V ST PT AT

n—m-—1

T (n-m—-c—-1)(n—m-—c)

(ATA) @ (P(S7 = S~'W4(VFS™W,) vF s PT) . (4.26)

Another estimate which is likely to perform well and seems reasonable in its definition
1
is obtained by substituting in (4.24), ——S in the place of ¥. This would give an
n—m

alternative estimator

_ n—m-—1
Vo = (n—m—c—1)(n—m)
(ATA) @ (PPT)'P(S — SW(VISW) 'V IS)PT(PPT) L. (4.27)

Note now that (n —m —1)(n —m) > (n —m —c—1)(n —m —c) for ¢ > 0. This entails

the inequalities,

n—m-—1 S n—m-—1 S 1
(n—m—-c=1)(n—m-¢c) (n—-m—-c—1)(n—m) n-—m

which in turn mean two things: first, that ¥; > ¥, and second that for large n the first

expression is approximately equal to the second one and both then are approximately

92



equal to

——— This, along with (4.26) shows that when we fit all possible covari-

ates (1, = 0) and we let n tend to infinity then the covariance matrix of estimated
1 -
(PS"IPT) ' which, since
n—m
S follows a Wishart distribution with mean ¥ and degrees of freedom n — m, will be

coefficients will be approximately equal to (A74)"!®

approximately

(ATA) @ (PEtPT)
which is the least variance an unbiased estimator of ¢ can have. Thus, the inclusion
of all possible covariates is asymptotically efficient. In small samples, however, such a

strategy will just reduce efficiency and we should look for methods to reduce effectively

the number of covariates.

4.3 A comparison between methods of choosing
covariates

4.3.1 A description of 3 known methods

The discussion of the previous sections showed clearly that the problem of covariance
adjustment as the question of the final choice of the estimator of ¢ can be stated, is
essentially a problem of selection of the appropriate weight matrix of a GLS estimator
(see also Definition 1 in Chapter 2), among the elements of the set which contains all

the matrices of the form
ST - STWL(VESTIV,) VTS T! (4.28)

such that V = (W}, V2), V2 is a ¢ X ¢ matrix where ¢ =0,...,q —p and V is defined in
(4.17).

Three criteria will be discussed here along with a new one which will be suggested
in the next subsection. The criteria will also be compared. The comparison will be

made on the basis of the proximity of the estimated variance of the covariance adjusted
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estimator to the variance of the Gauss-Markov estimator which is the theoretically

optimal one, as well as on the basis of how close to its real variance the estimated

variance of the adjusted estimator lies.

The three already known criteria suggested for the optimal choice of covariates
have been introduced by Grizzle and Allen (1969), Kenward (1985) and more recently
by Fujikoshi and Rao (1991). Verbyla (1986) has also dealt with the subject adopting an

approach which exploits the parametric form of the covariance matrix of observations.

Grizzle and Allen (1969) suggested the minimization of the generalized variance of
the estimator (Least Generalized Variance method (LGV) from now on) as a reasonable

criterion for choosing the appropriate estimator. That is, the minimization of

n—m-—1

-(ATA)™ @ (PPT)P(S — SV(WBW)TE) PT(PPT)

n—m-—c—

which is equivalent with the minimization of

n—m-c—1

n—m-1 \"" T\-1 T ~17,Ty\ pT T\-1
(PPT)™' P(Z — SW(VTEW) T WTE)PT(PPT) ™.

Since in applications ¥ is unknown, then either we should use the determinant of ¥,

which is
n—m-—1 mp . . e . .y
R e—— ((PPT)P(S — SV(V{T Vi)'V S)PT(PPT)™}|
(4.29)
or that of ¥, which is
n—m-—1 mp _ ¢ G V-1 ) P ppT-1
o) [(PPDES — SHTSHYIS)PTRRTY .
(4.30)

Let us examine more carefully the form V4(V;FSV;)"'VT. Suppose that we fit all

possible covariates (Vi = V). then,



where Dy = (VI SW)! + (VT SVA) VTSV, D VI SVA(VTSV,) L,
D; = —(VISVi)""VISV,D ! and D = VISV, — VISVi(VISVi)*VISV,. But the

last equation is actually equal to
Vi(VESV) VT + Vu(VT SV) VT SV, D VISV (VT SWA) T
*%D_I%TS%(%TS%)_IKT 4+ %D_I%T _ %(‘/ITS%)_IKTS%D_I%T =
V(VTSV)_I VT . %(%TS‘/I)—I‘/IT
= (VW' SVI)TVTS ~ L)V D VI (M(VTSW) VTS — L)

Since the right hand side matrix is positive definite, it is clear that V(VISV)~ VT >
Vi(VTSV1)~*VT. This, in turn, means that

S —SV(VISV) VTS > § - Sv(VTSV) VTS,

The above relationship shows that the inclusion of all possible covariates would give

the least possible variance. Note however, that

((n - mn—_crﬁ I)(ln - m))mp ) ((n —m —nc_—n;)(_nl— m — C))mp

and that

n—m-—1 P n—m-—1 i
((n—m—c—l)(n—m—C)) < ((n—m—(q—p)—1)(n—m—(q—p))) '
Thus, the inclusion of the above constants into expressions (4.29) and (4.30) for the
estimated generalized variance of the covariance adjusted estimator makes things more
complicated. As was shown in the last paragraph of the previous section and as can
be seen from the last three relationships, asymptotically, the inclusion of all possible

covariates is the best solution (see also Altham, 1984).

Kenward (1985) introduced a similar technique by fitting orthogonal polynomials
and he treated the estimated coefficients separately. The selection was made on the
basis of the least estimated variance each estimated coeflicient presented (Least Possible

Variance (LPV) from now on), using the covariance matrices from the elements of the
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set described in (4.28). Working in that way however, different covariates can be used
for different coefficients. Using simulation, Kenward pointed out that the variance
of the estimated coeflicients estimated in that way cannot be much better than the

variance of the corresponding ordinary least squares coefficients something which was

quite disappointing.

One could claim that both techniques will not be very efficient since they are not
based on any probabilistic argument. For example, we may have that a certain number,
say I, of covariates give the least possible generalized variance, say z, and that there
exists a combination of I — 1 covariates with the corresponding determinant of the
estimated variance as z + € where ¢ is a positive very small real number. If this is the
case, then the method used by Grizzle and Allen would choose as the best combination
the combination of ! covariates. This may be a mistake, however, since it is natural
for the experimenter to include as few covariates as possible in the model. This also
can result in a gain of efficiency of the estimator. Recently, Fujikoshi and Rao (1991)

developed one procedure (F.R from now on) based on ideas of Laha (1954), Siotani

(1957), Mc Kay (1977) and Fujikoshi (1982).

In order to describe this approach, we shall assume that H; defined in (4.3) is
written as H, = (Hay, H2z) where Hy, is a (¢ x ¢) and Hyy is a (¢ X (g—p—c¢)) where ¢
is the number of covariates used in fitting the covariance adjusted estimator. Without
loss of generality, we shall assume that Hy; is the part of the transformation matrix
which corresponds to the covariates fitted to the model. Consequently, the transformed

data matrices (Y7,Y>) will now be written as (Y1, Y21, Y22) and will be defined as
},1 - YHl, )’21 - YH21 Yrgz - YH22. (431)

Their joint distribution will be normal with mean (A¢,0,0) and covariance matrix

)y )Y Ly Ty Ly H{
( Eyy th ) =| Sy Bu B | =| Hy | Z(H, Ha, H). (4.32)
o Yoy 21 X22 HT
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It is understood from the above notation that ¥, corresponds to the covariance ma-
trix of Y7 while £, corresponds to the covariance matrix of Y;. The latter can be

partitioned into submatrices due to the partition of Y; into Y3; and Ys,.

It i1s now known that all the correlation between two (correlated) random variables

X and Y can be expressed in terms of the squared canonical correlations
p? = Xj(Z4e 25 Zay Iy, 1),

where );(A) is the jth largest characteristic root of matrix A. A univariate measure,

taking into account all the squared canonical correlations, is
tr¥yz2_, 'y 2—
Thus, Fujikoshi and Rao define their hypothesis as
tr8 SynTps Shy = tr2 ) By X1 Dy

If the above relationship is (statistically) correct, this would mean that the correlation
between Y; and Y; can be summarized by the correlation between Y; and Y>; and thus,
the covariates given by H,; are adequate for fitting the covariance adjusted estimator.
If we now use a result concerning the inverse of a partitioned matrix (found in the

appendix) we get that
trE);yl Eth Zhy trE,;ylEylE 21y+

+t7‘2 I(Eyz y12 le)E I(Egy—EnE Ely)

where E = ¥, — 2127 Z12.  Thus, the hypothesis above is equivalent with the
hypothesis that
Yo — L1257, 1%, =0.

The authors showed that the likelihood ratio criterion for testing this hypothesis is

Wyyl y2.1
\2 Waya Waaa
|Wyyal|Wazi
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where

W1 = HISH, — HTSH, (HLSHy,) 'HLSH,
Wye1 = HISH,, — HI SHyu(HY SH, ) *HL SHy,
Waya = HLSH, — HLSHy,(HL SHy») *HLSH,
Wasn1 = HpSHy — HL,SHy(HLSHy ) *HL SHa,.

As a consequence, note that A% is invariant under multiplication of S by any constant

factor.

The hypothesis of fitting a specific number of covariates can be tested by the fact
that A> follows asymptotically a x? distribution. However, an alternative and more

automatic way can be the use of the Akaike criterion which involves the minimization

of the quantity
— nlog(A%) — 2p(q — p— ©) (4.33)

The combination of covariates which gives the minimum of (4.33) provides also the

best solution to the problem.

4.3.2 A new method

From the previous section, we know that the estimated covariance matrix of the esti-

mated covariance adjustment estimator involves the expression:
(PPT)1P(S — SVi(VTSW) VI S)PT(PPT)™, (4.34)

where § = YT(In — A(ATA)”IAT)Y and V] is the matrix which contains the covariates

used in fitting the estimator. It is easily seen from the discussion after (4.24) that
(PPT)1P(S — SW(VTSVi) VT S)PT(PPT)™ ~

W, (PPT)'P(Z — SV(VTEW) VI S)PT(PPT),n—m —¢),
where c¢ is the number of covariances fitted.
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The philosophy of the new test will be to show that expression (4.34) above is

essentially the one derived when we fit all possible covariates (substituting in (4.34),

V instead of V1), since
(PPT)'P(T - 2v(VTeV) 'vTx)PT(PPT)™!
< (PPT)'P(Z - S (VW)W B)PT(PPT) ™.

In this way, we hope that instead of using the right hand expression in the above

inequality, for the calculation of the variance of the covariance adjusted estimator, we

actually use the left hand side which is smaller.

The likelihood ratio test that the above inequality is essentially equality is, by
denoting (PPT) 1 P(Z — SVi(VTEV)"WIE)PT(PPT)! by &y, ():

@y, (S)|mm=eP /2 exp —Ltr &y, (2) 18y, (S)
= P/3 [y, (B~ [, T (5 —m — o+ 1= D)
|@y(9)|(=m—9-1)/2 exp —%tr@V(E)'IQV(S)
e 3y (D)0 [, T (3~ — g + 7+ 1 7)

It is not difficult to prove (see Mardia, Kent and Bibby, 1982) that optimization in

(4.35)

both sides of the above fraction appears when 3 = S. The likelihood ratio test then

becomes after some operations and using (4.26):

i) _ KPS — STV S MVa) 1V § ) PT|
B lpg—lpTI

with
— 9~(3-p-c)p/2 [T (G(n—m—q+p+1-i)
PalGn—-m—c+1-3))

=1

k

Each combination of covariates can now be tested against the fitting of all possible
covariates. Trying to avoid repeated comparisons with corresponding x? values, we

can use an AIC-type criterion defined by
1
~(p+1)1og !+ — —(g—p —¢)

which compensates for small ¢’s, that is for small number of covariates. Note that the
penalty coefficient is different than that of Fujikoshi and Rao. This is done in an at-

tempt to compromise between the observed underfitting when using this criterion with
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Penalty value 2 and a possible overfitting with smaller penalty values. Unfortunately,
we have not been able to find a theoretical explanation for this choice something which,
undoubtedly, suggests further research. In the next subsection a simulation study will
clarify the performance of the three methods described in subsection 4.3.1, and the one

suggested above (which will be called ‘Alt.").

4.3.3 Algorithm, simulation scheme and results

A program was written in FORTRAN for the comparison of the four methods described
In the two previous subsections. Measurements were derived as pseudo-random normal
variables with covariance matrix £ chosen to be of a change point type as described in
Chapter 2 with one change at the fourth time-point. We assumed six different set-ups

for the autoregressive parameters ¢; and ¢, as follows:
a) 72 =20, v2 = 0.5, 02 = 1.5, ¢; = 0.6 and ¢, = 0.2
b) 72 =2.0, v* = 0.5, 02 = 1.5, ¢; = 0.9 and ¢, = 0.2
c)12=2.0, 1> =0.5,0%2=1.5 ¢ =0.9 and ¢, = 0.5
d) 72 =20, 12 =05 02 =15 ¢ = 1.5and ¢, = 1.1
e) 72 =20, v2 =0.5, 02 = 1.5, ¢ = 1.9 and ¢, = 0.8
f)72=20, v2 =05, 02 = 1.5, ¢; = 1.9 and ¢, = 1.1

For each set-up, we assumed cases for which ¢ = 7 and ¢ = 11 and for each of
them, cases where n = 12, n = 20 and n = 50 (n = 20 and n = 50 when ¢ = 11).
All these ‘individuals’ were considered to be assigned to one treatment group (m = 1).
The mean trend was allowed to be a quadratic polynomial with & = 20.0, ¢; = 10.0

and §; = 3.0. Finally, for each combination of n, ¢ and ¥, 100 simulations were run.

For each simulation, unstandardized orthogonal polynomials (i.e. PPT = C, P,PT=
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Co with C' and Cy being diagonal matrices) were fitted. Consequently, the covariates

constructed using (3.16) became
V = PTc;'?

Before proceeding to the analysis of calculations and the presentation of results we can
have an idea about how the F.R, Alt. and LGV criteria choose their best combination
set. Figures 4.1 and 4.2 show some typical AIC, AIC-type and generalized variance
functions for covariance settings and for different sample sizes. Here, we had ¢ = 7
dependent variables and the covariance matrix of observations was taken to have two
forms The first was as described in a), (figure 4.1), and the second as in e), (figure 4.2),
above. We fitted a second degree orthogonal polynomial (p = 3). Consequently, the
number of covariates available was 4 (cubic, quartic, quintic and sextic polynomials)
and numbers 1-15 correspond to all possible combinations of covariates as given by the

following table:

1 {1}
2 {2}
3 {3}
4 {4}
5 {1,2}
6  {1,3}
7 {1,4}
8  {2,3}
9  {2,4}
10 {3,4}
11 {1,2,3}
12 {1,2,4}
13 {1,3,4}
14 {2,3,4}
15 {1,2,3,4}

Both figures should be read rotated clock-wise. In this way, the first row presents

typical Akaike functions for F.R (n = 12,20,50), the second row presents typical
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Akaike-type functions for Alt., (n = 12,20,50) and the third row presends typical
generalized variance functions for LGV (n = 12,20,50). Examination of Figure 4.1
first, shows that F.R and Alt. have the same performance when n = 12 and not a very
different one in larger samples. It is worth noting that both criteria have a similarity
in the covariates they finally choose in all sample sizes. F.R chooses {2,4}, {1,4} and
{4} when n = 12, n = 20 and n = 50 respectively. Quite similarly, Alt. chooses for
the same sample size order {2,4}, {1} and {4}. LGV chooses {4}, {1} and {2}. In
figure 4.2 we note that Alt. tends as the sample size increases, to favour the choice of
few covariates while AIC despite the similarity in small samples tends to choose larger
sets when n = 50 in order to summarize the greatest part of information. Generalized

variances in figure 4.2, tend to concentrate in areas around 0, making the final choice

a more difficult task.

The computations in the program involved calculation of the covariance adjusted
estimator under all possible combinations of covariates and determination of the op-
timal combination set under each of the four methods compared. Since however, we
noted in Section 4.2 that we could have essentially two estimates of variance of the
adjusted estimator and since LPV and LGV both involve minimization of these vari-
ances, it is obvious that the optimum combination set determined by using each of
these methods depends upon which estimate of variance (¥, or ¥;) we use. Denoting
now these optimal sets by OPTy, and OPTy, we can immediately see that the real
variances of the estimator will in general be different since they depend on OPTy, and
OPTy,. These are denoted by Ry, and Ry,. This remark does not hold for F.R and
Alt. since in the calculations, the criteria do not depend on any constant (see also the
note above (4.33)). Thus, OPTy, = OPTy, in this case, and the real variance of the
estimator is the same whether we use as an estimate of variance ¥, or ¥,. Tables 4.1-
4.12 contain this information in the following form: The first row presents the mean

estimated (unbiased) variances ¥;. The other three rows marked by A,B,C correspond

to three ratios: A =¥;/Ry,, B = ¥,/Ry, and C = ¥,/¥,. A and B give the degree
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Figure 4.1: Typical values of F.R, Alt. and LGV for three possible sample sizes,
when all possible combinations of covariates have been fitted. The numbers of x-axes
correspond to every possible combination of covariates as described in the table of p.
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(n = 12,20,50); second row: Alt. (n = 12,20,50); third row: LGV. (n = 12,20, 50).)
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Figure 4.2: Typical values of F.R, Alt. and LGV for three possible sample sizes,
when all possible combinations of covariates have been fitted. The numbers of x-axes
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101. By rotating the page 90 degrees clock-wise and from left to right: first row: F.R
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to which the estimated variances ¥; and ¥, underestimate the real variances Ry, and
Ry, respectively. C shows how much, estimates ¥; and ¥, differ. The latter will
always be greater than 1. The same scheme is repeated for each combination of sample
size and dependent variables and for the linear and quadratic coefficients. Under the
column marked by ‘Gauss-Markov’, the theoretical Cramer-Rao bound is presented.
As regards the results, the ratios A,B,C are very similar for linear and quadratic co-
efficients apart the cases where both autoregressive coefficients ¢, and ¢, are greater
than 1, something which is related to the way that the variances of observations change
with time. These ratios however, change systematically with the increase of sample size
reaching gradually values nearer to 1. The results show clearly that the real variance is
always or almost always underestimated whether we use ¥; or ¥,. ¥, as an unbiased
estimate, shows a better degree of approximation something, which is especially clear
in small samples (n = 12) or even moderate (n = 20). When sample size increases, A
and B tend to the same value and near to 1 (see also the discussion in the last para-
graph of section 4.2). But most important are the differences between the ratios A and
B for the four compared methods. As a summary of these differences, Alt. in general
gives greater values to A and B and nearer to 1 than all others, especially when ¢ = 11,
with F.R always very close. This means that Alt. gives estimators whose estimated
variance lies nearer its true value than other methods. The differences with the other
methods are more acute for B and when sample size is small. LPV method used by
Kenward gives substantially lower values and in general the lowest, which show, as
Kenward (1985) had pointed out, that LPV cannot, in general, be recommended for
the optimal selection of covariates. LGV now has a better performance than LPV and
indeed in many cases performs equally well to F.R. and Alt.. When however, the series

becomes larger (¢ = 11) LGV can be compared only with F.R..

As regards the approximation to the optimal variance, it is clear that LPV is,
in most of the cases, nearer to it, while differences are not so strong as sample size

increases. However, one should note that in the covariance set-ups a), b) and c), which
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represent milder deviations from stationarity, LPV gives lower estimated variances
than the optimal ones, in quadratic coefficients, while in set-ups d), €) and f), in
almost all cases, it underestimates the ‘Gauss—Markov’ values. In contrast with LPV’s
performance, LGV, F.R and Alt. in general overestimate the optimal variances while
OLS can be very close to them (in set-ups a), b) and c)) or extremely inefficient in
set-ups d), €) and f). Finally, a similar picture turns up when ¢ = 11. This picture
certifies that Alt. works really well in many covariance set-ups and in many cases it
gives estimated variances which are smaller than those of F.R approximating better
the Gauss—Markov value. Because of the latter it seems that Alt. and F.R. (and LGV
to some extent), keep a very good balance between the estimated variance and the
real variance of the regression coefficients and the optimal ‘Gauss—-Markov’ value. LPV

finally, performs relatively poorly and in small samples may give very disappointing

results.

4.4 Conclusions

In this chapter we presented another very common approach to the growth curves
problem. Given that the estimate of the mean parameters § can be considered as a
QLS estimator, we proved its form by deriving its weight covariance matrix. As a
consequence, it was shown that the optimally chosen estimator would use a weight
from a suitably defined set of covariance matrices. Another problem which is essential
to the experimenter, was also considered. That is, which is the best method for the
optimal choice' of the estimator. One new method was suggested and was compared
with three already known methods. The comparison was accomplished with respect to
the distance of the estimated variance of the estimator from its real value and from its
optimal value. It was shown that the proposed method has in general the best ratios
A, B and C (especially when ¢ = 11) and it also gives good estimates of variance for
the estimated coefficients of the mean. This is desirable since values of A and B near

to one show an estimate of variance which is near its true value. It was also shown that
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LPV has considerably smaller ratios A and B than those of LGV, F.R and Alt. and
despite the fact that most of the time its estimated variances approximated well the
Gauss-Markov variance, it cannot be recommended as a good method for the choice of
covariates. On the other hand, LGV and F.R while overestimating the Gauss-Markov
variance, showed, and especially the F.R, a good degree of approximation to their real
variance and thus, they could also be a possible choice along with Alt.. Consequently,
Alt. and F.R, perform really well and if the experimenter would like to make a better
approximation to the optimal variance, it is recommended to use ¥ instead of ¥

which is always smaller and thus, constitutes an acceptable compromise.

There are also other methods which could be considered for the problem of selec-
tion of the covariance adjustment estimator of less parametric type. These could be
variations of the methods described in Lee (1991) and suggest an interesting subject

of further research.
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Table 4.1: Estimated variances ¥; of linear and quadratic coefficients for the four
methods; 72 = 2.0 v2 = 0.5 0% = 1.5 ¢; = 0.6 ¢ = 0.2. In brackets: A: ¥;/Ry,, B:
¥,/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E x 10~F.

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=12 0.2494 0.2659 0.2402 0.2586 0.2712 0.2712
(1.01) (0.79) (0.87) (0.85) (0.85)
. (0.66) (0.68) (0.72) (0.72)
. (1.14) (1.14) (1.18) (1.18)

QW

n=20 0.1497 0.1561 0.1505 0.1549 0.1561 0.1556
A (0.99) (0.90) (0.92) (0.92) (0.93)
q=7 B -  (0.82) (0.84) (0.86) (0.88)
C - (107) (1.07) (1.07) (1.06)

n=50 0.0599 0.0634 0.0623 0.0634 0.0635 0.0635
A (1.01) (0.97) (0.99) (0.99) (0.99)
B - (0.94) (0.94) (0.96) (0.97)
C - (1.03) (1.03) (1.03) (1.02)

Quadratic
n=12 3.85-3 3.95-3 3.52-3 3.83-3 4.02-3 4.02-3
A (1.01) (0.78) (0.87) (0.85) (0.85)
B - (0.65) (0.67) (0.72) (0.72)
C - (1.15) (1.14) (1.18) (1.18)

n=20 2.31-3 2.32-3 2223 2.30-3 2323 2.31-3
A (0.99) (0.89) (0.92) (0.92) (0.93)
q=7 B -  (0.82) (0.84) (0.86) (0.88)
c - (107) (1.07) (1.07) (1.06)

n=>50 0.92-3 0.94-3 0.92-3 0.94-3 0.94-3 0.94-3
A (1.01) (0.96) (0.99) (0.99) (0.99)
B - (0.93) (0.94) (0.96) (0.97)
C - (1.03) (1.03) (1.03) (1.02)
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Table 4.2: Estimated variances ¥; of linear and quadratic coefficients for the four
methods; 72 = 2.0 b2 = 0.5 0% = 1.5 ¢; = 0.9 ¢2 = 0.2. In brackets: A: ¥;/Ry,, B:
¥3/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E x 10~F.

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=12 0.2636 0.3199 0.2694 0.2955 0.3126 0.3126
(1.04) (0.77) (0.86) (0.84) (0.84)
- (0.63) (0.66) (0.68) (0.68)
- (116) (1.18) (1.23) (1.23)

QwWp

n=20 0.1581 0.1900 0.1723 0.1829 0.1853 0.1824
A (1.03) (0.89) (0.94) (0.94) (0.95)
q=7 B - (0.80) (0.82) (0.86) (0.89)
C - (1.09) (111) (1.09) (1.06)

n=>50 0.0633 0.0748 0.0701 0.0712 0.0715 0.0729
A (1.01) (0.95) (0.96) (0.97) (0.99)
B - (0.92) (0.92) (0.94) (0.97)
C - (1.03) (1.04) (1.03) (1.02)

Quadratic
n=12 4.30-3 4.76-3 3.94-3 4.39-3 4.64-3 4.64-3
A (1.04) (0.76) (0.86) (0.84) (0.84)
B - (0.62) (0.66) (0.68) (0.68)
C - (1.16) (1.18) (1.23) (1.23)

n=20 2.58-3 2.84-3 2.56-3 2.73-3 2.77-3  2.72-3
A (1.03) (0.88) (0.94) (0.94) (0.95)
q=7 B -  (0.79) (0.82) (0.86) (0.89)
C - (109) (1.11) (1.10) (1.06)

n=50 1.03-3 1.11-3 1.04-3 1.06-3 1.07-3 1.09-3
A (1.01) (0.95) (0.96) (0.97) (0.99)
B - (091) (0.92) (0.94) (0.97)
C - (1.03) (1.04) (1.03) (1.02)
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Table 4.3: Estimated variances ¥, of linear and quadratic coefficients for the four

methods; 72 = 2.0 2 = 0.5 02 = 1.5 ¢1 = 0.9 ¢2 = 0.5. In brackets: A: ¥;/Ry,, B:
¥2/Ry,, C: ¥1/¥,. Expressions of the type E-F mean E x 10~F,

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=12 0.2889 0.3222 0.2917 0.3118 0.3314 0.3314
(1.00) (0.80) (0.86) (0.87) (0.87)
- (0.66) (0.70) (0.74) (0.74)
- (115) (113) (1.18) (1.18)

QW »

n=20 0.1733 0.1964 0.1814 0.1886 0.1904 0.1913
A (1.02) (0.89) (0.93) (0.92) (0.95)
q=7 B -  (0.80) (0.81) (0.85) (0.89)
C - (1.08) (1.09) (1.09) (1.06)

n=50 0.0693 0.0783 0.0752 0.0766 0.0767 0.0773
A (1.02) (0.97) (0.98) (0.98) (1.00)
B - (0.93) (0.94) (0.96) (0.98)
C - (1.03) (1.04) (1.03) (1.02)

Quadratic
n=12 4.61-3 4.80-3 4.28-3 4.62-3 4.92-3 4.92-3
A (1.00) (0.78) (0.86) (0.87) (0.87)
B - (0.65) (0.69) (0.73) (0.73)
C - (1.15) (1.13) (1.18) (1.18)

n=20 2.76-3 2.94-3 2.70-3 2.82-3 2.85-3 2.86-3
A (1.02) (0.88) (0.93) (0.92) (0.95)
q=7 B -  (0.80) (0.81) (0.85) (0.90)
C - (1.08) (1.09) (1.09) (1.06)

n=>50 1.11-3 1.17-3  1.12-3 1.14-3 1.15-3 1.15-3
A (1.02) (0.97) (0.98) (0.99) (1.00)
B - (0.93) (0.94) (0.96) (0.98)
C - (1.03) (1.04) (1.03) (1.02)
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Table 4.4: Estimated variances ¥, of linear and quadratic coefficients for the four
methods; 72 = 2.02 = 0502 =154, = 1.5 ¢2 = 1.1. In brackets: A: ¥;/Ry,, B:
¥2/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E x 10-F.

Linear

n=20

Gauss—Markov

0.4442

0.2665

0.1066

QW Qw»

QW

OLS

0.3949
(1.00)

0.2309
(0.97)

0.0965
(1.01)

LPV

0.3770
(0.85)
(0.71)
(1.14)

0.2245
(0.90)
(0.83)
(1.08)

0.0911
(0.97)
(0.93)
(1.04)

LGV

0.3821
(0.87)
(0.70)
(1.16)

0.2250
(0.91)
(0.81)
(1.09)

0.0912
(0.97)
(0.92)
(1.04)

F.R

0.4071
(0.88)
(0.75)
(1.18)

0.2294
(0.91)
(0.84)
(1.09)

0.0914
(0.97)
(0.94)
(1.03)

Alt.

0.4071
(0.88)
(0.75)
(1.18)

0.2289
(0.93)
(0.87)
(1.06)

0.0924
(0.98)
(0.96)
(1.02)

Quadratic

n=20

n=50

4.06-3

2.44-3

0.98-3

QW » QW >

Qwmp

4.33-3
(1.00)

2.48-3
(0.96)

1.06-3
(1.02)

3.87-3
(0.80)
(0.66)
(1.15)

2.36-3
(0.86)
(0.79)
(1.08)

0.99-3
(0.95)
(0.91)
(1.04)

4.30-3
(0.89)
(0.72)
(1.16)

2.49-3
(0.91)
(0.81)
(1.09)

1.01-3
(0.98)
(0.93)
(1.04)

4.51-3
(0.89)
(0.75)
(1.18)

2.51-3
(0.91)
(0.84)
(1.09)

1.01-3
(0.97)
(0.94)
(1.03)

4.51-3
(0.89)
(0.75)
(1.18)

2.51-3
(0.93)
(0.87)
(1.06)

1.02-3
(0.98)
(0.96)
(1.02)

111




Table 4.5: Estimated variances ¥, of linear and quadratic coefficients for the four

methods; 72 = 2.0 »2 = 0.5 02 = 1.5 ¢,
¥,/ Ryg,, C: ¥1/¥,. Expressions of the type E-F mean E x 10-F.

1.9 ¢, = 0.8. In brackets: A: ¥;/Ry,, B:

Gauss—Markov OLS LPV LGV F.R Alt.
Linear

n=12 0.6575 2.0015 0.5996 0.6367 0.6732 0.6732

A (1.01) (0.67) (0.72) (0.75) (0.75)

B - (0.55) (0.58) (0.59) (0.59)

C - (1.24) (1.27) (1.28) (1.28)

n=20 0.3945 1.1924 0.3583 0.3687 0.3751 0.4015

A (1.00) (0.81) (0.83) (0.83) (0.81)

q="7 B - (0.72) (0.73) (0.73) (0.74)
C - (1.16) (1.17) (1.14) (1.08)

n=50 0.1578 0.4827 0.1379 0.1385 0.1398 0.1770

A (1.01) (0.94) (0.95) (0.94) (0.95)

B - (0.89) (0.90) (0.89) (0.93)

C - (1.07) (1.07) (1.06) (1.02)

Quadratic

n=12 8.20-3 30.20-3 8.83-3 9.47-3 10.01-3 10.01-3

A (1.01) (0.66) (0.72) (0.75) (0.75)

B - (0.55) (0.58) (0.58)  (0.58)

C - (1.24) (1.28) (1.28) (1.28)

n=20 4.92-3 18.02-3 5.31-3 5.49-3 5.568-3  5.99-3

A (1.00) (0.81) (0.83) (0.83) (0.80)

q=7 B - (0.72) (0.73) (0.73) (0.74)
C - (1.16) (1.17) (1.14) (1.04)

n=>50 1.97-3 7.29-3 2.05-3 2.06-3 2.08-3 2.64-3

A (1.01) (0.94) (0.95) (0.94) (0.95)

B - (0.89) (0.90) (0.89) (0.93)

C - (1.06) (1.07) (1.06) (1.02)
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Table 4.6: Estimated variances ¥, of linear and quadratic coefficients for the four
methods; 72 = 2.0 0?2 = 0502 = 1.5¢; = 1.9 ¢, = 1.1. In brackets: A: ¥,/Ry,, B:
¥2/Ry,, C: ¥;/¥,. Expressions of the type E-F mean E x 10~F.

Gauss—-Markov OLS LPV LGV F.R Alt.
Linear
n=12 0.5603 0.8330 0.5366 0.5120 0.5466 0.5466
(1.01) (0.79) (0.79) (0.84) (0.84)
- (0.66) (0.62) (0.65) (0.65)
- (1.21) (1.26) (1.28) (1.28)

QW

n=20 0.3362 0.5145 0.3195 0.3039 0.3091 0.3144
A (1.04) (0.87) (0.91) (0.92) (0.88)
q=7 B - (0.79) (0.79) (0.80) (0.81)
C - (1.15) (1.16) (1.14) (1.08)

n=50 0.1345 0.2017 0.1159 0.1119 0.1123 0.1335
A (1.02) (0.96) (1.00) (0.98) (0.94)
B -  (0.91) (0.94) (0.93) (0.92)
C - (1.08) (1.07) (1.06) (1.02)

Quadratic
n=12 4.16-3 6.71-3 4.40-3 5.35-3 5.61-3 5.61-3
A (1.04) (0.75) (0.92) (0.94) (0.94)
B - (0.64) (0.70) (0.73) (0.73)
C - (1.16) (1.26) (1.29) (1.29)

n=20 2.50-3 4.14-3 2.83-3 3.10-3 3.13-3 3.04-3
A (1.07) (0.88) (1.00) (1.01) (0.96)
q=7 B -  (0.80) (0.86) (0.88) (0.89)
c - (111) (1.15) (1.14) (1.08)

n=>50 1.00-3 1.58-3 1.05-3 1.08-3 1.07-3 1.19-3
A (1.02) (0.93) (1.00) (0.98) (0.97)
B - (0.90) (0.93) (0.93) (0.95)
C - (1.05) (1.07) (1.06) (1.02)
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Table 4.7: Estimated variances ¥; of linear and quadratic coefficients for the four

methods; 72 = 2.0 v2 = 0.5 02 = 1.5 ¢; = 0.6 ¢ = 0.2. In brackets: A: ¥;/Ry,, B:
¥,/Ry,, C: ¥1/¥,. Expressions of the type E-F mean E X 10-F.

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=20 0.0350 0.0355 0.0318 0.0355 0.0367 0.0354
(1.01) (0.82) (0.91) (0.89) (0.94)
- (0.65) (0.64) (0.74) (0.88)
- (1.17) (1.16) (1.20) (1.07)

QW »

n=50 0.0140 0.0137 0.0132 0.0135 0.0136 0.0136
A (097) (0.91) (0.93) (0.93) (0.95)
B -  (0.85) (0.84) (0.90) (0.93)
C - (105) (1.08) (1.04) (1.02)

Quadratic
n=20 2.26-4 2.29-4 2.02-4 2.30-4 2.38-4 2.29-4
A (1.00) (0.79) (0.91) (0.87) (0.94)
B - (0.64) (0.64) (0.73) (0.88)
c - (114) (1.09) (1.18) (1.07)

q=11
n=>50 0.91-4 0.89-4 0.85-4 0.88-4 0.88-4 0.89-4
A (0.97) (0.90) (0.93) (0.93) (0.95)
B - (0.85) (0.84) (0.90) (0.93)
C - (1.04) (1.02) (1.04) (1.02)
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Table 4.8: Estimated variances ¥; of linear and quadratic coefficients for the four

methods; 72 = 2.0 v2 = 0.5 02 = 1.5 ¢; = 0.9 ¢, = 0.2. In brackets: A: ¥;/Ry,, B:
¥,/Ry,, C: ¥1/¥,. Expressions of the type E-F mean E X 10-F.

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=20 0.0338 0.0346 0.0299 0.0329 0.0352 0.0333
(0.99) (0.77) (0.84) (0.86) (0.88)
- (0.61) (0.60) (0.69) (0.82)
- (1.18) (1.17) (1.24) (1.08)

QW@

q=11
n=50 0.0135 0.0136 0.0130 0.0135 0.0136 0.0136
A (0.97) (0.90) (0.94) (0.94) (0.96)
B - (0.84) (0.83) (0.89) (0.94)
C - (1.08) (1.12) (1.06) (1.02)

Quadratic
n=20 2.21-4 2.19-4 1.86-4 2.10-4 2.25-4 2.12-4
A (0.99) (0.74) (0.84) (0.83) (0.88)
B - (0.60) (0.60) (0.68) (0.81)
C - (1.14) (1.08) (1.21) (1.08)

n=>50 0.88-4 0.86-4 0.82-4 0.87-4 0.87-4 0.87-4
A (0.96) (0.89) (0.93) (0.93) (0.96)
B -  (0.83) (0.83) (0.89) (0.94)
C - (1.05) (1.04) (1.05) (1.02)
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Table 4.9: Estimated variances ¥; of linear and quadratic coefficients for the four

methods; 72 = 2.0 v2 = 0.5 02 = 1.5 ¢; = 0.9 ¢ = 0.5. In brackets: A: ¥;/Ry,, B:
¥,/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E X 10-F.

Gauss—Markov OLS LPV LGV F.R Alt.

Linear
n=20 0.0394 0.0442 0.0389 0.0433 0.0455 0.0438
A (1.01) (0.81) (0.90) (0.89) (0.93)
B - (0.65) (0.64) (0.73) (0.86)
C - (1.17) (1.15) (1.22) (1.08)

q=11
n=>50 0.0158 0.0175 0.0167 0.0174 0.0174 0.0175
A (1.00) (0.93) (0.97) (0.97) (0.99)
B - (0.86) (0.87) (0.92) (0.97)
C - (1.08) (1.11) (1.06) (1.02)

Quadratic

n=20 2.74-4 2.85-4 2.47-4 2.82-4 2.96-4 2.85-4
A (1.02) (0.79) (0.91) (0.87) (0.94)
B - (0.64) (0.64) (0.73) (0.87)
C - (1.14) (1.09) (1.20) (1.08)

q=11
n=50 1.09-4 1.12-4 1.07-4 1.13-4 1134 1.134
A (1.00) (0.93) (0.97) (0.97) (1.00)
B - (0.86) (0.87) (0.92) (0.98)
C - (1.05) (1.04) (1.05) (1.02)
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Table 4.10: Estimated variances ¥, of linear and quadratic coefficients for the four

methods; 72 = 2.0 v2 = 0.5 02 = 1.5 ¢; = 1.5 ¢ = 1.1. In brackets: A: ¥,/Ry,, B:
¥,/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E X 10-F,

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=20 0.1157 0.1094 0.1037 0.0988 0.1053 0.1032
(0.96) (0.88) (0.84) (0.96) (0.87)
- (0.69) (0.60) (0.73) (0.80)
- (1.36) (2.02) (1.33) (1.09)

Qw»

n=>50 0.0463 0.0450 0.0426 0.0415 0.0422 0.0431
A (0.99) (0.97) (0.99) (1.00) (0.95)
B -  (0.86) (0.84) (0.88) (0.83)
c - (130) (1.94) (1.15) (1.02)

Quadratic
n=20 3.76-4 3.87-4 3.26-4 3.78-4 3.85-4 3.72-4
A (0.95) (0.73) (0.84) (0.82) (0.86)
B - (0.60) (0.60) (0.69) (0.79)
C - (1.14) (1.12) (1.18) (1.08)

n=50 1.50-4 1.59-4 1.45-4 1.55-4 1.55-4 1.57-4
A (0.98) (0.89) (0.93) (0.93) (0.96)
B -  (0.83) (0.84) (0.88) (0.94)
c - (105 (1.08) (1.06) (1.02)
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Table 4.11: Estimated variances ¥; of linear and quadratic coefficients for the four
methods; 72 = 2.0 ¥2 = 0.5 02 = 1.5 ¢; = 1.9 ¢, = 0.8. In brackets: A: ¥,/Ry,, B:
¥2/Ry,, C: ¥,/¥;. Expressions of the type E-F mean E x 10-F.

Gauss—Markov OLS LPV LGV F.R Alt.

Linear
n=20 0.0935 0.3917 0.0915 0.0977 0.1053 0.1112
A (0.96) (0.58) (0.63) (0.69) (0.71)
B - (0.46) (0.55) (0.54) (0.63)
C - (1.28) (1.09) (1.27) (1.12)

q=11
n=50 0.0374 0.1628 0.0422 0.0429 0.0438 0.0569
A (0.99) (0.87) (0.89) (0.90) (0.98)
B - (0.80) (0.87) (0.82) (0.96)
C - (1.13) (1.04) (1.10) (1.02)

Quadratic

n=20 6.46-4 26.89-4 6.05-4 6.51-4 7.03-4 7.47-3
A (0.95) (0.56) (0.62) (0.68) (0.70)
B - (0.45) (0.55) (0.54) (0.63)
C - (1.24) (1.06) (1.26) (1.18)

q=11
n=50 2.58-4 11.18-4 2.83-4 2.88-4 2.94-4 3.85-4
A (0.99) (0.86) (0.88) (0.89) (0.98)
B - (0.80) (0.87) (0.82) (0.96)
C - (1.11) (1.01) (1.09) (1.02)
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Table 4.12: Estimated variances ¥; of linear and quadratic coefficients for the four
methods; 72 = 2.0 2 = 0502 = 1.5 ¢; = 1.9 ¢, = 1.1. In brackets: A: ¥,/Ry,, B:
¥,/Ry,, C: ¥,/¥,. Expressions of the type E-F mean E x 10~7F.

Gauss—Markov OLS LPV LGV F.R Alt.
Linear
n=20 0.1666 0.2716 0.1645 0.1431 0.1579 0.1565
(0.99) (0.87) (0.85) (1.16) (0.79)
- (0.65) (0.63) (0.63) (0.68)
- (1.63) (2.31) (1.84) (1.17)

QW

n=50 0.0666 0.1126 0.0613 0.0561 0.0573 0.0728
A (1.07) (1.18) (1.47) (1.36) (0.92)
B -  (0.83) (0.85) (0.84) (0.90)
C - (1.87) (2.15) (1.62) (1.02)

Quadratic
n=20 4.26-4 7.34-4 4.15-4 5.07-4 5.17-4 5.11-4
A (1.00) (0.68) (0.85) (0.82) (0.83)
B - (0.56) (0.63) (0.64) (0.74)
C - (1.20) (1.19) (1.28) (1.12)

n=>50 1.70-4 2.95-4 1.78-4 1.89-4 191-4 2.21-4
A (1.01) (0.87) (0.95) (0.95) (0.95)
B -  (0.81) (0.85) (0.86) (0.93)
C - (108) (1.05) (1.10) (1.02)
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Chapter 5

Bounds of efficiency under a
misspecified matrix

5.1 Introduction

This final chapter is devoted to the derivation and investigation of bounds of efficiency
for estimators of regression coefficients in GMANOVA models. The assumptions con-
cerning the model will remain the same as those of chapter 2, that is the response

matrix Y (n x g) will be written as
Y =A(P+E (5.1)

where A (n x m) is a design matrix, ¢ (m x p) is a matrix of unknown regression
parameters and P (px q)is a matrix of known coeficients (usually polynomials of order
p—1). E (nxg) is a matrix of errors whose each row is normally distributed with mean
0 and covariance matrix £. As has been stressed previously, this matrix ¥ 1s unknown
in applications and partial knowledge or good estimation of it 1s essential for efficient
:nference about the other parameters of the linear system. In previous chapters we
examined different methods of estimation of the covariance matrix of observations. We
showed, for example, in Chapter 2 that likelihood based methods can be inefficient when
we do not use the correct covariance model. We also showed that covariance adjustment

may give estimators of the mean with different degrees of accuracy depending on the
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method we use to determine the optimum set of covariates which will adjust the OLS

estimator. In this chapter we go one step further by investigating theoretically these

matters in a more general framework.
It is known that the minimum variance estimator (MV) of ¢ has the form
£z = (ATA) 1 ATY 21 PT(PE1 PT)! (5.2)
and its covariance matrix is
Var(vec(fs)) = (PE1PT) ! @ (ATA)™! (5.3)

Various methods of estimation provide us with an estimate of X, 3 and the estimated

MV estimator is a GLS one with £~ as weight matrix, that is,
o = (ATA)1ATY S 1 PT(PEPT) ! (5.4)
In the same way as before the covariance matrix of this estimator is
Var(vec(fs)) = (PLPT) 1 PEIES PT(PEIPT) @ (ATA)™? (5.5)
An obvious estimate for Var(éf:) is obtained by setting in (5.5) & = ¥, thus giving
Var(vee(éy)) = (PEPT) @ (AT 4)™ (5.6)

It is also known that Var(ég) > Var(€z) in the sense that their difference is a positive
definite matrix. From this point of view, bounds of variances and of efficiency are
useful because they provide a measure of the error caused by a misspecified covariance

matrix.

There is a history of results which deal with bounds of the relative efficiency defined
as the ratio of generalized variances of the MV and the OLS estimators. Here, this

number will be represented by e’ with

¢ = |Va7‘(€g)|
[Var(ér,)]
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(PE1PT) @ (ATA)™Y
|(PPT)-1PLPT(PPT)1 @ (ATA)}|
I(PE—IPT)—IIm
((PPT)=2[m| PEPT|™

I(PPT)Iz m
(I(P2-1PT)||P2PT|) (5.7)

since for example
(P71 PT)™ @ (ATA)™Y = |(ATA) 7 P|(PETIPT) Y™,

(see also in Appendix). The main results were derived using a version of the so-called

Kantorovich inequality (1948) which states that

Let A be a positive definite n x n matriz with eigenvalues 0 < Ay < Ay < ... < A,

Then
1 2\ 12 A\ /2 2
1< (:cTA:c)(;cTA“lm) < Z [(f) + (f-) ] (58)
n 1

for every @ € R™ such that €Tz = 1.

Assume that the covariance matrix £ has eigenvalues 0 < A; < X2 < ... < A,

Then J. Durbin conjectured that subject to PPT = I,,

p m

;9 ¥ W
/> 1\g—1+1 .
€= (E (A + )\q_i+1)2> (5:9)

Bloomfield and Watson (1975) and Knott (1975) gave independently the correct proof

of this conjecture. The former authors also introduced another measure of relative
performance of estimators. This is given by matrix C, also called commutator matrix

defined as
C = PTpy —xPTP

and justified by the following result: If the Gauss—Markov estimator coincides with the

OLS one, then it has been shown by many authors (see for example, Anderson, 1958)

that
»PT = PTA
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with A nonsingular. Thus, PLPT = PPT A = A which means that A is also symmetric

and in this case C is 0. The authors gave also upper bounds for trCTC using (5.8).

If now, instead of the OLS estimator we consider any GLS estimator weighted by »-1,

then the generalization arises as follows:
Since £ and £-! are positive definite matrices, they can be written as
£ =TITI7 and £ =TI7

where I' is a nonsingular ¢ x ¢ matrix and T is a diagonal matrix with elements the

eigenvalues of 3Y. The relative efficiency e’ is written as

o IPEA)—IPTP m
|PE-1PT||PS-15E-1 PT|

Define now @ = PI'. Then simple calculations leads us to

o Q7P )
|Q(ITE)QT||Q(ITET)QT
which is the same as in (5.7) and the lower bound has the same form as in (5.9) with A’s
now being the eigenvalues of ITEl. A similar approach was adopted by Golub (1963).
A criticism has been made of this approach (see Strand, 1974), however, because the
above mentioned bounds are functions of some eigenvalues of the unknown population
covariance matrix ¥ and they have to be estimated from the data if we want to have
an idea of the error we commit in our inferences when we estimate this matrix. In the
following sections a different approach will be presented which will lead to two new

results concerning bounds of a relative efficiency.

5.2 Definitions and assumptions

In the following sections certain new results concerning the efficiency of GLS estimators

will be presented. For the reasons explained in the previous section a different approach
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will be considered here. We assume that we have an estimate 3 of £ which is related

to ¥ with the following identity

A

T=%+A (5.10)

A will be a ¢ x ¢ matrix, necessarily symmetric with Euclidean norm modelled by the

following equation:

tr(S — £)? = trA? < € (5.11)

where € is a real number sufliciently small so that every ¥ satisfying (5.10) is a positive
definite matrix (Strand, 1974). As a univariate measure of efficiency, traces and not
generalized variances will be considered. The following two definitions of efficiency will

be assumed to hold throughout this chapter:

e; = trVar(€s) — trVar(és) (5.12)

———

ey = trVar(€s) — trVar(€s) (5.13)

e, is justified from the fact that it essentially is the mean square error derived from

the difference éz — {5 that is
Etr(és — )" (6 — &)

(see, Strand, 1974). It provides also a measure of discrepancy from the optimum
variance of a GLS estimator. e; on the other hand forms a measure of relative efficiency

similar to e; but with (P£1PT)~! in the place of (PL"1PT)™! as an estimate of it.

In the following two sections, bounds for e; and e; will be presented. One approximate
for e; and exact upper and lower bounds for e;. Note that e; will always be greater
than zero, while e, can be positive or negative depending on the data at hand or the

form of the covariance matrix, something which we shall not consider here.
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9.3 An approximate bound for e,

The expression for e; as defined in (5.12) is, following the equations (5.3) and (5.5)

er = tr(ATA)™? (tr(Pz‘:-lPT)-IPE—Izz‘:-lpT(Pﬁ-IPT)-l - tr(Pz-IPT)-l)
(5.14)
Strand (1974) derived an alternative expression for e; as it is defined in (5.14). He

showed that this expression depends on two matrices P; and P,

P, = £PT(PLtPT)?PE ! and (5.15)

P, = St -gtpT(petpTytps? (5.16)

These g x ¢ matrices apart from being symmetric, have other desirable properties which

are easily proved:

PzPT Zsz =0

PPPT =1,

e r(P)=0p
e P,YP, = P3P, =0

sz] and 1P, are idempotent

for the special case where ) = I,, P, is also idempotent

The following lemmas will be used in obtaining a convenient expression for e;.

Lemma 4 For every square matriz R for which I + R is nonsingular we have

(I+R)™ =) (-RY +T. (5.17)

i=0

where k=0,1,2,..., and T}, = (—R)k“(I +R)™?
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Proof: The lemma holds for k = 0, that is
(I+R)*'=I1+(-R)(I+R)"’
since by postmultiplication by I + R we get
I+R-R=1

Let us assume that the lemma holds for k, that is,

(I+R)™ =) (-RY +(-R)*'(I+R)™

=0

We shall show that it also holds for k£ + 1. This latter is written as

k+1 k
Y (=RY + (-R)***(I+ R)™ =) (=R) + (-R)**' + (-R)**(I + R)™

Postmultiplication by I 4+ R gives

DRV + B)+ (-R)HI = (-R) + (-B)"

i=0

— Z(—R)J'(I + R) + (—R)*!

which is I since the lemma holds for k.

Lemma 5 Under assumption (5.10) and for P, defined in (5.16) we have
(I+ A =T+ PA) (I - B) (5.18)
where B = 5-1PT(PS-1PT)-1PE-1A(I + £71A)™
Proof:
I+ PA=1+51A-21pT(Pe-1PT)1PEA
= (I - B)(I+27'A)

where

B =51PT(PS 1 PT) I PETIA(L + 27 A)
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That shows that
I=+PA)YI-B)({I+31A)
Thus,

(I+ PA)Y I —B)=(I+51A)!

Theorem 12 IfX = £ + A then

t’I‘(ATA)—l (tr(Pi)"lPT)-lpr—lzg—lpT(Pf:-IPT)-—l _ (PE-IPT)—I))

~ tr(ATA) "tr LAPA (5.19)

where
P, = £ 'PT(PstPT)"2PY ! and (5.20)
p, = $1-g1pT(putpT) Pyt (5.21)

Proof [Strand, 1974]:

First, we shall give a convenient expression for tr(PL~*PT)~1. It is known that the

following identity holds provided that A, B and A + B are nonsingular:
(A+B) '=A7"-AT (AT + B )14 (5.22)
Since we know that ¥ = 5+ A we get

A A A A A -1
tr(PE1PT)"! = tr(PLTIPT)™ ((Iq — PSTIA(I+ £71A)IEPT (PZ"PT)“)

(5.23)
By applying Lemma 4 into (5.23) with £ = 0 and
_R=A=PSTA(I +571A) BT PT(PLTPT) (5.24)
we get
tr(PL~1PT)"! = ¢r(PESIPT) ™ + tr(PE1PT)TA(I - A)™ (5.25)
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But from Lemma 5 the expression (I + 271A)~! in (5.24) becomes

(I +P,A)"Y(I - B) (5.26)

where
B =E7'PT(PE1PT) 1P IA(I + £71A)! (5.27)

Substituting (5.26) into A we get
A(I - A = PSIA(I + P,A) 'S PT(PE-1PT)? (5.28)
A final substitution to (5.25) gives
tr(PE'PTY ! = tr(P,E + PLA(I + P,A)Y) (5.29)

Applying again Lemma 4 with R = P,A and k = 1 and assuming that T} as defined

in Lemma 4 is small enough we get
tr(PS PT) ! ~ tr(P,E 4+ P,A — PLARA) = (5.30)

trP Y — tr(PL'PT) ! ~ tr PLARA

whence the result of the theorem is proved.

Lemma 6 Let A and B be matrices of the same order and assume that A has full row
rank. Define C = AT(AAT)™'B. Then

trX? > %rC(I — AYA)CT + trC? (5.31)
for every symmetric matriz X satisfying AX = B, with equality if and only if X =

C +CT — CAT(AAT)'A.

Proof: Consider the Lagrangian function

%trXTX —trLT(AX — B) (5.32)
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This gives two conditions

X=A"L (5-33)
and

AX = B (5.34)

A third condition is necessary because X must be symmetric. Thus,
X =X7 (5.35)
The general solution for AX = B since A is of full rank is
X=C+{I-11,)Q

(see Magnus and Neudecker, 1988) where C' = AT(AAT)"*Band 14 = AT(AAT) 1A =
At A (At is the Moore-Penrose inverse of A) and @ arbitrary.

If we had the first two conditions only then the solution of the linear system would
give

X=C
that is Q = 0 (since X = ATL). But the additional condition X = X T means that

X+ XT
2

C+(I-Ma)Q+CT+QT(I-T,)=2C+2(I-114)Q =

=X =

Postmultiplying by AT we get
CAT + CTAT(I — T1)QAT = 2C AT + 2(I — T,)QA" =
CTAT — CAT = QAT — TI,QAT
A solution to this, is Q = CT. That is, the final solution is
X =C+(I-1,)C"

But since ABT = AXTAT, that is ABT is symmetric, we get that the solution is also

written as
X =C+CT—CAT(AAT)'A

By substituting this result to trXTX = trX 2 we get the desired result.
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Lemma 7 For any positive semidefinite matriz V', let A,..(V) denote its largest char-

acteristic root. Then for any matriz A (n x m) we have

Amin(V)ir AAT < trAVAT < Apoo(V)tr AAT

Proof: Since V is positive semidefinite it has an expansion of the form

V =TAIT
Then
trAVAT = tr ATATT AT
- Z Z AW
1=1 7=1
But
mtn ZWJS Z JWw S ma.:r: Zzwéi
i=1 7=1 =1 j5=1 =1 j=1
Amin(V)ir ATTT AT <3 ° 3 " Xjwh < Apae(V)tr ATTT AT =
=1 j5=1
Amin(V)tr AAT < tr AV AT < Apoo(V)trAAT
where w;j, 2 = 1,...,nand 7 = 1,...,m are the elements of A" and A;,2=1,...,m

are the elements of matrix A.

Using these results the upper bound for ¢trP,AP,A will be given by the following

theorem:

Theorem 13 If P, and P, are defined as in (5.15) and (5.16) respectively, then

ALIAR?
trPLAPA < T2Z (5.36)
2 min(PE-1PT)

where Amin(B) is the minimum characteristic root of matriz B

Proof: Since

P, = 21 PT(PL1PT) 2Pyt
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and

A A

P =37t -2 PT(PStpT) Py

It is easy to see that
trPLAPA = trE~YV2AP AL V31 — 1)

where I = £-1/2PT(P3-1PT)-1P$-1/2, Note that I is a projection matrix, that is

symmetric and idempotent. Consequently, the equation above can be written as
trPLAP,A = tr(I — IDE"Y2AP,ASY2(1 - TI) (5.37)

If we apply Lemma 6 with
X = S5

and
A= (PLpT) 1 pE-t/2
we get that
B = (P 1PT)1pE-tAL-Y/?
C = £2PT(PEtPT) I PETIASTY?
and that

(I -T)CTC(I 1) = (I -T)E/2AS 1 PT(PE-1PT) 1 PE-TARY3(I - TI) (5.38)
But
(I - IS YV2APASYY(I —T0)
= (I - NS V2AL PT(PE 1 PT) 2 PR ASVH(I - T0)

and

Amin(PSTLPT)tr(I — S™Y2APASY?(T - I0)
< tr(I — M)S~V2AL PT(PE-1PT) ' PE-TASTY3(I - 1)

= tr(I — M)CTC(I - T) = trC(I — M)CT
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using the fact that

trC? = trCTICT

which means that this trace is positive.

Since
trX? =trALIAD?

we get that
trAL-1AD?
=
2
trAD-IAS?
2Amin(PE-1PT)

Amin(PEYPTtr PLAPA <

tT‘PlApzA S_

Upper bound (5.36) can be extended, thus giving an upper which exploits assump-
tion (5.11). This extension will be derived using the matrix version of Cauchy-Schwarz

inequality which is presented as a lemma below.
Lemma 8 For any two real matrices A and B of the same order, we have

tr(ATB)? < tr(ATA)(B"B) (5.39)
Proof[Magnus and Neudecker, 1988]: Let us assume that we have two matrices X and

Y of the same order. Define a = vec(X) and b = vec(Y). Applying the Cauchy-

Schwarz inequality for vectors we get:
(aTb)? < (a"a)(d"b) =
(trXTY)? < trXTXtrY?Y (5.40)

by using property (A12) of the Appendix. Assuming now that X = ATB and that
Y = BAT, application of (5.40) gives

(trBATBATY? < trBATABTtr ABTBA"

132



But trBATABT = trABTBAT. This immediately gives
tr(ATB)? < tr(ATA)(BTB)

and the proof is complete.

Theorem 14 An alternative bound for trP,APA is

t'f‘PlAPQA < — ry
2 /\m,-,,(PZ)—lPT)

(5.41)

Proof: Since
trAY-1AD?
2Amin(PE-1PT)

using the matrix version of Cauchy-Schwarz inequality we get that

trPLAP,A <

trASTIAS! = tr(AST?)?
< trAY (B2

= trA(E™)A < Apa(Z72)trA?

Thus,

and the proof of the theorem is complete.

(5.41) shows clearly that the approximate upper bound for e, is a linear function

of 2. An alternative form of the bound can be given as:

tr(ATA) (% Améﬂa;(;-—u;) + 0(63)> (5.42)

An important result can be deduced when matrix P is sub-orthogonal i.e. PPT = I,
which shows that the bound is independent of the matrix which describes the within
subject changes in mean response. The result is a consequence of the well known

Poincaré’s Separation Theorem (PST) which is given below without proof:
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Theorem 15 Let A(m x m) be symmetric and B(m x k) be such that BTB = I,.
Then

)
Am-k+i(A) S N(BTAB) < X(A) i=1,... k&

1) The second equalities are attained f B = PuyT where Py, is the matriz which

contains as columns the first k eigenvectors of A and T is unitary.

Corollary 2 If P sub-orthogonal then the following result holds:

212 -1
trPLAP,A < € Anas(E77)

2 honn (B0) (5.43)

Proof: Using PST we can see that if we assume that

A

METH > > 0,0

and that
M(PESTIPTY > . > A (PSP

then
A(E7Y) < X(PETPT) < 2 (B7Y)

That means that

maz

P LG N

€
2 Amin(PE1PT) T 2 Apin(5-1)
which proves the Corollary.

Two illustrated examples of bounds (5.41) and (5.43) will be presented. These
examples concern two well known cases of estimators of covariance matrices in linear

models:

Example 1: Suppose that 3= I,, that is, ¥ lies in a region of the identity matrix.

Let us also assume that the rows of P are orthonormal that is,
PPT =1
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Then, from Corollary 1, we can deduce that

2

tT‘PlApgA S % + 0(63)

which is the result found by Strand (1974).

Example 2: Let us consider the covariance adjusted estimator defined in Chapter

4. There, it had been shown that this estimator is a GLS one with weight matrix
S~ — S (VIS 'V,)~'V,FS-1. Thus,

A

2—1 — S—-l _ 5_1%(1/2TS_1‘/2)_11/2TS—1
and
(Pi)-—lpT)-l _ (P(S—l _ S—l%(%Ts—l%)—ll/sz—l)PT)-l
Using Lemma 1 of Chapter 2 with B* = (PT,1;) and B = V, we get that the right
side 1is

VITSPT VITSV1 VIT

T T\ —1 B
P(PT,VI)<PSP PSVI) (P)PT

r PSPT PSVT\7' (PPT
(PP ’0)(V1TSPT VITSV1 0

since PV} = 0. This expression is equal to

(PPT)1P(S — SW(VISW) WV ESPT(PPT)™

(PPTY1P(S — SW(VISW) VT SPT(PPT)™?

By noting that
Amin(PETPT) = AL (PETTPT)T)

the bound (5.41) becomes

2
ENn(S7 = STIVA(VTS TV VST

2 maX
Amas (PPT)™LP(S — SV(VTSV) IV SPT(PPT)T)
since for a matrix 4, A-1_(A) = Amin(4A7H).

max
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5.4 Exact bounds for e,

The form of e; as defined in (5.13) is
trVar(vec(g)) = tr(PS™ PT) P PE1EE 1 PT(PS1PT) ! @ (ATA)™
= tr(ATA) 'tr(PL PT) 1 Py-1o5 -1 pT(PE -1 PT) !
= tr(ATA)™ (tr(Pf)‘lPT)"l + tr(Pi-IPT)-lpﬁ-lAz“:-lPT(P2~1PT)-‘)
= trVar(;;(éf;)) +tr(ATA) Ur(PE1PT) 1 PESIAD I PT(PEIPT) T (5.44)

This equation shows that

—

ez = trVar(vec(€g)) — trVar(vec(és)) =
e; = tr(ATA) Hr(PEL PT) 1 PEIAE PT (PRt PT) ! (5.45)
Thus, e, will be bounded if we bound
tr(PL PT) 1 PE AR PT (PR PT) !

This upper bound obviously now depends on the error matrix A we make in the

estimation of ¥. The following theorem by von Neumann (1937) will be of great help:

Theorem 16 (von Neumann, 1937) Let A (n x m) and B (n x m) have singular
value decompositions (s.v.d’s) PA,QT and RA,ST respectively. Then

trAUBTV| < trA1A, (5.46)

where U, V are unitary (orthogonal) matrices of orders n and m respectively and the

equality is attained when U = QST and V = RPT.

Consider (5.45). The aim is to maximize and minimize
tr(PSPT) 1 PEIAS T PT(PLTTPT) T (5.47)

Note that the sign of this number will be either positive or negative depending on two

things:
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® the number of the positive eigenvalues of A,

® the specific values of these (positive or negative) eigenvalues.

If, for example, A < 0 then the above trace will always be negative whatever the
specific values of the eigenvalues. The inverse will happen when A > 0. Here, we are
interested in the upper and lower values this trace will take, when a specific number

of the eigenvalues of A is known to be positive and for all possible variations of these

eigenvalues.
(5.47) 1s now written as
tr3 " PT(PS-1PT)2PS-1A

Matrix i)'lpT(Pi”IPT)’zPXAJ”I is a ¢ X ¢ symmetric one of rank p. It is also a positive

semidefinite one and it has a s.v.d RQ?RT where

A \

\ T

where A, ..., A, are the singular values of (PfJ‘IPT)"IPfl"l. A has an s.v.d expansion

A = Ay M, AT where

0
- H1 ' My 0
M]_—— t. - 0 M12
0 Hq

where Mj; (s x s) consists of the positive eigenvalues of A and M;; ((¢ —s) x (¢ — s))

of the nonpositive ones. Thus,
tro~t PT(PE'PT)2PL'A = tr(ATR)Q*(RT A1) My

If we further assume that

Ay = (A, Ar2)
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then

AT
tr(A{R)Q2(RTA1)M1 = <A%‘:g> Q2 (RTAll, RTA]_z) M]
= t"‘A%RQzRTAuMn + tTA?gRQzRTAuMu

But the last trace is easily seen to be

t"‘AszQzRTAwMu = tr&T M,,®

where @ is such that ®®7 = AT, RQ?RTA,;. But M;; is negative semi-definite, thus

the trace tr®T M2® is also nonpositive. For the same reason trAT, RQ?RT Ay My, is

positive. Consequently,

trAT,RQ*RT A1y My, < tr(ATR)Q*(RT A )M, < tr AT, RQ*RT A My

But again
tr AT RQ?RT A1 My = tr(ATR)Q*(RT A ) M}
and
trAT,RQ?RT Ay, My, = tr(ATR)Q*(RT AL M,
where
- (% 9)
and
- (3 a1,
Thus,

tr(AT R)QX(RT A )M; < tr(ATR)Q*(RT Av)My < tr(A] R)Q*(RT A ) M7
or
_tr(ATR)QXRT A M < tr(ATR)Q*(RT Ay )M, < tr(ATR)Q*(RTA)M]
with M; = —M;. Application now of Theorem 16 in both bounds shows that
tr(ATR)Q*(RT A ) M7 < trQ° My
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and
tr(ATR)QX(RT A )M, < trQ*M; =
tr(ATR)Q*(RTA)M; = —tr(ATR)Q*(RTA)M
> —trQ*M; = trQ*M;
and thus
tr@Q*M; < tr(ATR)Q*(RTA)M; < trQ*M;
Note that such optimization has been done with respect to all possible variations of

the eigenvectors of matrix A. The resulting traces will be optimized with respect to

variations of y;’s under the conditions

for the upper bound, and

P
2 _ 2
E Hi = €2

1=p*+1
for the lower bound, with ¢; and €; being small constants with € + €2 < €? and p* =

min(p,s). The existance of such constants arises from assumption (5.11). Consider

now the Lagrangian functions
p" P’
PIRHTED (Z u = 63) (5.48)
1=1 1=1
p P
> N ( > - ) (5.49

i=p*+1 i=p*+1
The second derivative of both functions is —2\ which is negative for A > 0 and positive

for A < 0. The former case corresponds to a concave Lagrangian function and a maxi-
mum at the point which solves the first order conditions, while the latter corresponds
to a convex Lagrangian function and a minimum. The first order conditions can be
found by taking the first derivative of (5.48) and of (5.49) with respect top; 2 =1,...,¢

and to A\. Equating these derivatives to zero we get:

2}\#,‘ = Az izl,...,p*
P‘
Yo = 4
1=1
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for Lagrangian function (5.48), and

20 = M i=p"+1,...,p
P
>
1=p*+1

for function (5.49). The form of these equations suggests that for (5.48) A should

2
€

be positive (something which corresponds to a maximum) and for (5.49) ) should be

negative (which corresponds to a minimum). Solution of both systems gives

) = l 5;1 A

2 €2
and

pY

Hi = €1 L 1=1,...,p"

1.?:1 A‘L4

for (5.48) and
)\ — _l Ef—p'-f-l A’?

2 €2

and
22
Hi = —€2 : z=p*+1) ' P

and

and the maximized value of e; 1s

tr(ATA)™! (e

while the corresponding minimized one 1is

Thus, we proved the following theorem:
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Theorem 17 For e, qs defined in (5.44) and under the condition that trA? < € the

forllowing result holds:

— t'r‘(ATA)_l (e (5.50)

where A; i = 1,...,p are the singular values of (PE£~2PT)"1PE-1 gnd p* = min(p, s)

where s is the number of positive etgenvalues of A.
A very interesting result appears in the case where A is a positive definite matrix:

Corollary 3 In the case where A > 0 then ezact upper and lower bounds for
tr( AT A)™ [tr(PE“PT)‘l — tr(PEPT)Y = ¢

are

0<¢<h
where by = tr(ATA) e/ N)
Proof: Let us denote by
a = tr(ATA) Htr(PE 1 PT)?
b=tr(ATA) " tr(PYTIPT) 1 PR ES T PT(PE PT) !
c = tr(ATA)tr(PE1PT)
Then as was noted in the introduction
a—5<0

Theorem 17 shows that

where
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since A is positive definite and p* = mun(p,s) = p. Addition of the two inequalities

gives
a—c¢ S kl.

The lower bound arises from the fact that tr(PL71PT)~! is an increasing function of

Y in the sense that if
D1 < Xy = tr(PEPT) < tr(PT; PT) Y,
where the first inequality means that &, — 2, is a positive definite matrix. Thus, since
¥ — 3% > 0 then
a—c>0

and the proof of the corollary is complete.

If we are more interested now to the ratio of the traces
tr(PY-1PT)-1 p5-1ng-1 pT(pE-1 pT)-1
tr(P3-1PT)-1

——

which gives another degree to which Var(vec(s)) approximates Var(vec(és)), we can

?

see immediately that,

b= tr(PL-1PT)-1PEIRE-1PT(PE-1PT)1 ¢, 4 tr(PS-1PT)?
B tr(PY-1pPT)-1 tr(PL-1PT)-1

€2

+ -
tr(PL-1PT)?

e/ T X
= (5.51)

tr(PS-1PT)-1’

From Theorem 17 then we conclude that

1 e\/Zf:p'-i—l A?
tr(P5-1PT)-1

<SP <1+

5.5 Conclusions and further research

For the measures of performance e; and e; defined in (5.12) and (5.13) respectively,
some bounds were derived. The bounds show that the error we commit in our infer-

ences by adopting a certain approximation of the covariance matrix of observations ¥,
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depends on the distance this estimate will have from the real covariance matrix and
on certain constants which can be large or small. It is evident from (5.50) that the
more positive eigenvalues A has, the less Var(;;(éﬁ)) is distant from Var(vee(és))-
If moreover, A > 0 then Corollary 2 shows that tr(PE'PT)™! < tT(PE-IPT)‘l and

this results in an inprecise impression of accuracy in our inferences.

In Chapter 2 we saw that when using parametric models for the covariance matrix,
the correct model always gives ratios which are close to 1 irrespective of the form of
the population covariance matrix. Thus, the results of this chapter and especially
expression (5.51) can be used for the derivation of methods which will aim at the
computation of weight matrices 5} which will give the least possible bounds in (5.51)

by keeping € constant. However, this is an entirely different subject which will not

concern us here.
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Chapter 6

Conclusions

This thesis investigates of some methods in the analysis of growth curves. It is ac-
cepted that the efficient estimation of the covariance matrix of observations plays one
of the most important parts to the subsequent efficient estimation of the regression
coeflicients. From this point of view two different classes of methods were investigated.
Likelihood based and Covariance adjustment. In the first class a comparison was aimed
between Maximum Likelihood (ML) and Restricted Maximum Likelihood (REML). It
was shown that the general estimated scatter of the estimated regression coefficients
1s larger for REML than for ML. It was conjectured that this should also be expected
for the variances of the specific coeflicients which constitute the diagonals of the cor-
responding estimated variance matrices. Empirical results suggest that this may be
true and that REML provides estimates of the regression coefficients whose estimated
variance is closer to their real value than ML and at the same time this estimated vari-
ance lies close to its optimal value. This along with the above mentioned conjecture
and the empirical result of frequent underestimation of the optimal variances of the
regression coefficients could lead us to prefer REML from ML for estimation purposes.
It is worthwhile to say that these results hold for a wide class of covariance structures

and not only for mixed effects models where closed formulae exist.

The generalization to more measured characteristics at a particular time-point of-
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fered another opportunity for a comparison between the two methods. Here, the results
of Anderson, Anderson and Olkin (1986) were generalized to an arbitrary number of
randome-effects and the REML estimates of variance were also derived. Since now the
variance components are not constants but matrices, the interesting problem of the es-
timated ranks for the covariance matrices arises. It was shown that REML gives larger
estimated rank and that only in the case where the ML and REML give identical es-
timated ranks, we can explicitly make a comparison between the estimated covariance

matrices of the regression coefficients evaluated by these two different methods.

Covariance Adjustment method was also investigated. Its form was given as a
generalized least squares estimator and a method was suggested for its optimal choice.
The method as well as the one suggested by Fujikoshi and Rao (1991) was shown to
give estimates of the variance of the regression coefficients which approximate well the

. ‘ . . . . .
optimal ‘Gauss-Markov’ values and their estimated variance lies nearer to its true value

than the other methods.

Finally, the subject of efficiency was more thoroughly studied by assuming that
the real covariance matrix of observations lies into a region of the estimated covariance
matrix not greater (according to Euclidean norm) than a constant. Upper and lower
bounds were derived for certain measures of efficiency as functions of this constant and
of the estimated covariance matrix. Apart from the further possible theoretical work
on this idea, the results can possibly suggest applied work in the area, by investigating
the possibilities of constructing new algorithms which would aim into the derivation of

more efficient estimates of the regression coefficients.
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APPENDIX

This part of the thesis is devoted to certain results on linear algebra which are

needed for the better understanding of the previous chapters. These results will be

given without proofs.

Al: Let A (n x n) and « any scalar. Then laA| = a™|Al.

A2: For matrices A and B for which AB and BA are legitimate

trAB =trBA

A3: If
Aq A12>
A=
(AZI Az

41 = (AR + AR AD T An AL~ A A DT
~D" 1Ay A7} D!

Wlth D = A22 - A21A1—11A12 and

then

All Al2

Ay Ag = |A11Hx422 - A21A;11A12[ = |Ag||An — A12A2_21A21|

A4: For any symmetric n X n matrix A, there exist an orthogonal n x n matrix I and

a diagonal matrix A containing the eigenvalues of A such that

A = TATT,

A5: Let A be a n x n square matrix with eigenvalues Ay,...,A,. Then
trd=Y X |4 =]]x»
1=1 1=1
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A6: If A is an idempodent matrix with r eigenvalues then,

r(A) =trA=r.

A7: Let A be p.d and B be a p.s.d of the same order. Then there exist a non-singular

matrix P and a p.s.d diagonal matrix A:

A= PPT B=PAPT,

A8: Let A, B be p.d n x n matrices. Then A — B is p.d if and only if B 1—-Alis
p.d.

A9: Let A, B be p.d such that A — B is p.s.d. Then |A| > |B| with equality if and
only if A = B.

Definition: Let 4 be a m x n matrix and B a p X ¢ matrix. Then the Kronecker

product of A and B 1s denoted and defined as:

anB “e alnB
AR B = e :
am1B N amnB

This product has the following properties:
A10: (A,B)®@C = (A C,B® ().
All: vec(ABC)= (CT® A) vec(B).

Al12: trABCD = (vec(BT))T (C® AT) vec(D).
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Al13: (A@ B)(C 2 D) = AC = BD.

Al4: (A®@ B)T = AT @ BT.

Al5: tr(A® B) = (trA)(trB).

Al6: (A@ By '=A"1® B~

A17: If M,..., n are the eigenvalues of the m x m matrix A and pi,...,Hp are
the eigenvalues of the p x p matrix B, then the mp eigenvalues of A @ B are Nifhsy

i=1,...,m,j=1,...,p and consequently,

|A® B| = |AF|B|™ r(A®B) = r(A)r(B).
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