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The susceptibilibies and speeilic heats of various
paramagnetic substances have been mensured at temperaiures
between 20°K and 04006°Ky and the reeults compared with
mﬁu-xm In some cases the agreenent
between theory and experiment was found to be very good,

Susceptibilities were measured by an a.c. method from
the change of mutual inductance of a pair of eeoils
surrounding the specimen, ueing o lartshorn bridge. This
involved the construetion of an agcurate deeade inductometer
which ig described in full detall,

Magnetiec specific heats above 1°L were measured in
terms of the adiabatic and ipotherml susceptibllitice,
from the ratio of which the speelfiec heat at constant
magnetization ean be ealeulsnted thermodynamically. These
susceptibilities enn be measured with the iartshorn bridge
neing sultable audio freguencies. The method depends on
the mechaniem of epin lattice relamation by mesns of whieh
the magnetic ione can exchange energy with their surroundingns.
If the relamation time is sufficiently long, then the
susceptibility measured in the prewvence of a large steady
field using the audio frequency method is equal to the



adiabatie suseeptibility. The isothermal suseeptibility
is equal to the susceptibility in gero extermal field
for all measuring frequencies, The method measures only
the speeifiec heat of the assenbly of pareamagnetic ions and
ie independent of the lattiee epecific heat of the substance.

Below 1°% entropies and hence speeific heats were measured
by the method of adlabatiec demupgnetization in terms of the
magnetie tempereture T*., This 1o defined as T = o+ ,
where Yy is the susceptibility, and ) is determined from
measurements in the helium range. The dependence of T* on
the shape of the speeimen is discussed. |
Lhe Fesults

The susceptibility of oxygen trapped in a "elathrate"
enclosure compound of f quinol wae mempured and the
temperature variation between 20°X and 4°X compared with
that of an assembly of free oxygen molecules ag caloulated
from spectroscopic data. Almost perfect agreement wae found
down to 2°K indieating that the moleecules are free to rotate
within the eage of quinol. HHewevers below about 2°! a
diserepancy was observed sugpenting & "freesing in" of the
rotation. This conclusion was supported by a second
experiment on oxypen enriched in 016018, ne gusceptivility
of this "gas" at very low temper-tures would be expceted to
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differ from that of normal oxygen on the basis of free
rotation, but no appreciable difference was found in the
range 1=5°1,

The magnetic specific heat of Cerium lagnesium Witrate
was measured at 1°% by the relaxation method and between
1°C and 0,006°% by the method of adisbatic demagnetization.
It wan found that the speoific heat is very ammll, being
given in this range of temperatures by Oy = 7.3 x 107 R/,
and that it ean be accounted for almost entirely by magnetie
dipole-~dipole interaetion. The uses of the salt for work
below 1°i are discussed,

Specific heat messurenments by the relaxntion methed
were alese made on four other substances:-

Cerium zine nitrate. 7This wvae found to have very nearly
the same properties as the magnesium salt, ite susceptibility
being exactly the same and ite apeeclfie heat being given Ly
0.-‘.“810"9/"-

Veodymium magnesiun nitrate. 7The speeific heat of thie
salt was measured at 1°k and found to be given by
Oy = 8473 x 104 5/7%, in good agreement with the value
caleulated on the basis of magnetic dipole~dipole interaction
plus the effect of hyperfine eplittings. In view of the good
agreement between theory and experiment at 1°K, the theory
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will almost certainly hold down to tenpersatures of the order
of 0,01°K where the interection energy becomes gomparable
with XI's An expreseion for the deviation from Curie's law
in the temperature range 1°K to 0.05°% is derived and the
uses of the salt for work below 1“1 are discussed.

Chromic methylamine alum. The walue of the speeific
heat near 1°< was found %o be Oy = 0,019p R/0° in execellent
agreement with the wvalves derived fron adiabatic demmgnetisation.
data., However, when compared with the walue ealculated from
dipole-dipole intermction plus the effect of the Gtark
eplittings it was found that there waes & 12 diserepancy.
Possible explanations are discussed but the diserepancy remaine
unresolved,

Ferrie Rubdbidium alum, The wvalue of the specific heat
ma'xmmuuc.-a.zxwdw. ™his 1ie
compared with the walue 10,0 x 10~3 5/02 deduced from
demagnetisation experiments, and the value 5.8 x 107 n/72
caloulated from the splittings and the dipole~dipole
interactiona. loesible explanations for the diserepancy
with the theoretical walue are discussed.

Finally a new method of relating magnetie temperatures
below 1°X to absolute temperatures is deseribed. Cerium
magnesiun nitrate. whieh ie known to obey Curie's law down
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to 0,006°K, was used as a thermometer sinee ite very
anigotroplie suseeptibility ean be mearured in the presence
of another isotropic paramagnetic subatanee. The design
and construetion of a aysten of mutual induetance coils
to measure susceptibvilities in two directions at right
angles is dlscussed in detail, The method has been used
to determine the T« relation for menganous amnmenium
sulphate from fts Curie point to 1°2%. The tempersture of
the Curie point vae deterained as 0,127°K40.,003. The
advantages of this method ever the eonventional thermo-
dynamie method are dlsoussed with speeial reference to
meagurenents in the Curie point region,

Vl'\.
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CORAPRTER 1,

During the werk te be deseribed in thie thesis, the
following methods were used to investignte the properties
of paramagnetic substances at low temperotures

1) GSusceptibility measurements by an 2.¢. methed in the
ranges 4.2° to 1°K and 20°K to 10°K (Ch. 2§ results Chs.5 and?).

2) Measurements of magnetic specifiec heat in the tempersture
range 4:2°K to 1°K by paramegnetie relamation (Ch. 33 results
Che. 6 and 7)0

3) Determination of entropy ap a funetion of magnetic
temperature below 1°E by the method of adicbatic demegnetization,

4) A new method of determining an absolute temperature sesle
below 1°K by intercomparison of two paremagnetic substances.
(Oh. o)t
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 The first three of thepe methodr are well established
and have been deseribed in detail in the literature so that
only & swmary will be given in Fart I of thie thesis together
with references and details of new teehniques.

In Part II we give the experiments)l results compared with
the present theories, with a view to being able to prediect
the properties below 1°K from measuremente above 1°K.

In Part 111 we deseribe the method of using & substance
for which the theoreticsl predictione are well borne out by
experiment, for investigmting the properties of other
paramngnetic substances by interecmparison.

in thies introduetion we shall coupare briefly the
propertics of an ideal parsmegnetic with those of the eubstunces

actually used.

Ihe perfect peromagnetic

Let up define & perfect paramagnetic as an assembly of
dipoless ench of strength us whiech are perfectly free except
for their interaction with an applied field. This is the
model for which Langevin (1905) worked out the temperature
variation of suseeptibility in emall fielde, now universally
known ag Curic's lew

- i ¥
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where N is the mumber of dipoles and k ie nd?nn'a conrtant.
In quantum mechanieal terne we can regard the magnetie
moment of the particles se arising from angular momentum oF
epin J £ + having & magnetogyric ratio | so that

g = 7
= Pl

where B is the Bohr magneton gﬁ;.m.umm
seopic splitting fmetor. Ve can thues write Curie's law for
a set of Iree particles asg

X = '%‘m’ (1)

since J° = J(J+1)s ¥hie extension of the Lengevin formuls
wvap firet made by Brillouin (1927).

The entropy of such an assembly 18 ¥ k loge(2J41)
independent of temperature. We see therefore thet this model
cannot represent & real substanee at all temperatures since
it would viclate the third law of thermodynaniecs.

Leod parviasmetlcs

In a real paranagnetiec, the mametic partieles are ions
with unpeired clectrone and the magnetic moment arimses Crom
their orbital angular momentum L and epin s n the free ion
L and § are coupled by the spin orbit coupling (A L) to
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give staten of total angular momentum J as desoribed by the
vector modcl of the atom. However, the lone are not free
and we munt connider the effeet of their surroundings. The
most important of these are the forees in the erystal
lattiee in vwhich they are arranged.

Ihe electric crystalline £igld
In fenie crystals there are large eleetrie forces

between the ions and these affect the orbita of the eleetrons
in a way annlagous to the ftark effeet in atoma. In the
salts of the iron group, where the unpeired eleetrons are
in the outermost (3d) shell, the effeet of the eleotrie
field is very large and in conpequence the energices of the
various orbital states are very different, Hence, at
ordinary temperatures (< 104°K) all the iome will be in the
same gtate and have the same orblital onergy. Ve say that L
has been 'quenched.

Ag the apin is not affected directly by an electric field,
the orbitel ground state is otill degenerate with respeect
to epin. Interaction bdetween the epin and the elecetric ficld
oecurs only through the apin orbit eoupling sand therefore the
lons behave as very nearly like free particles with angulayr
momentum § and magnetie moment gff where g = 2 an for a free
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electron: The effect of the spin orbdbit coupling is to
modify the value of g and also make the effective walue of
g different for aifferent directions in the erystal. The
deviations from the walue 2 are however smll (execept for
Cobalt and Titanium maltes which we chall not consider here).
and we spea: of “mpin enly" paramagmetism.

The combined effect of the spin orbit coupling end the
erystal field also liftes the spin degeneraey of the ground
state and causes small splittings of the order of 0.4°%Ke,
The magnitude of the spliitinge con be deduneed Crom
paramagnetic resonance. It has been founds however, that
in some substances they are very structure sensitive and
change with temperature (and "dilution”. sec page 7-2¢)+ ®0
that in applying the resulis of resonance measurements to
other experiments care must be exereised to ensure that the
eonditions are emctly repreoduced.

As the temperature is lowered there will be a
repopulation of the different levels according %o o
Boltsmann dietribution whichs &t low temperatures, gives
rise to @ specific heat 'anomaly' of the Uchottky type
and deviations from Curie's law. Both these effects can

® For ions in en 6 state (L=0 unun also found
a different mechaniema hap Lan sugrented (Abragam & br;::.

- 1951).
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caleulated from the splittings, but as pointed out above
these may change with temperature so that resonance
experimente at 'high' temperatures may lead to the wrong
result at low temperatures.

In the salte of the rare esrths the position ia wvery
different. The unpaired electrons are in the 4T shell and
are shiclded by the 59 ard 5p shells so that the effeet of
the erystal field is much amaller than in the iron group
and is comparable with the spin orbit coupling. Hence.
to & firast approximations [ and j still ecombine to form
4 as in the fres fon, Haeh state of J is then aplit by the
combined effect of alectrie field and npin orbit coupling
into sudb lswels. Howewer, for iong with an 044 number of
eleetrons not all the degeneracy can be removed in thie
ways since by Zraser's (1930) theorem. an eleetric field
acting on a syste: with hnlf integral apin muet leave each
state at least doubly degenornts, In all experiments we
have confined ourselves o ionn with an o@d number of
electronss for which this theorem holda, I the splitting
by the erystalline fleld is fairly larges then at low
temperatures only one doublet will be populsated and the
tons will Dohave like pardicles with & spin of 8 = {.
This is nommally referred to as a "fletitlious apin® of
8 = 4.
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if & megnotic field is applied to sueh an ion thoe
two levels wille hovevers behave very dilferentiy faom
those of a free spine In a fleld i the energy levels of
a free spin are £fil lrrespoctive of the direction of H.
Por & fictitious mpin the levels are in general g $eBH
where the value of g depends on the angle between the field
and the axcs of symmetry of the cryetal. g tranaforme like
a tenoor of sceond runk and has symaetry properties closely
related to those of the crystal ficld. Thus if the field

hae axial ayametyry then so will g and its walue for any
direction @ of the field relutive to the axis, will be
given in terms of two prinecipel walucs g, and g, Wy

l"l?”’ﬁo gJ_'.ln'O

As the succeptibility is proportional %o g°s this leade
to an anisotropic susceptibility whose prineipal values
ave proportional to g,” snd g,2, For examples in Corium
Hagneoiun litretes the only two otates populated at low
temperatures (¢ 10°E) ere |17 = 5/2 Jz g £ and thie
leads to a ground state which can be described by:
€ods 8, = 1.84 g, =025 (sce Chapter 6)+ oo that the
ratio of ¥, ¢ K. = (1.84)21(0.26)% = St

We caun summarise the effeet of the erystel fleld by
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saying that ia the salta of the iren group 1t guenchee
fon with a paramagnetian due %o ite epin only, whiie In
the rare sariths 1% combinea with the apin orbit coupling.
In cuges where Kramere' theorem applies, thie gives rise
to a series of doubletss so that et sulTiclently low
temperatures the lon can be wreparded as a fietitlous epin
8 = § with an anisetdopic splitiing fuctor g.
LUReXIANG BRIGRUAR]

If “he parcumagnetie lon hne a non wero nueliear apin
L+ then there will be an intercction between the mucleus
and the electronie shell which gives rise to a hyperfine
aplitting of the ground etate. Thle efTect has long been
known for atomio epeetra but was only recently obeserved
for ioms in a o:ryetal by Penrose (1949) using paramagnetie
resonance., The tlheory for the interaction has been given
by Abragan and Pryce (1951) who express the effect in
terms of an oporator which 1s a funetion of the nuolensr
‘apin I and the effective eleetron epin [ (see Appendix 11).
The conotants in this operator (ealled the spln hamiltentian)
are found froa the paramsgnetic resonance apectrum. The
effect of the hyperfine splitiings on the specifiec heat
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and suseeptibility con be caleulated from the hamiltonlian,
and approxim:te expreecions are derived in Appendix [T,
For most salts the eplittinge are of the order of C.1°K
t0 0401°K g0 that their effeet will not become appreciable
until very low temperaturce.

At temperatures high compared with the splitiings
it ean be shown (Bleaneys\qsed) that the sueeceptibility
follown a law of the form

X" x;“ ‘g)

where Y. io the Gurle law of suseeptidility & and T is
a econstant of the same order as the splittings whieh ean be
celeulated fron the resonance data,

It oan slso be shown that at 'high' temperaturee the
tell of the Gchottky amomaly assoeiated with the splittings
gives & mpecific heat of the form (g)ﬂ where T' is another
constant which esn be ealeulated . It is thus possible %o
subtract the effect of the "nuclear speeifie heat’ from
measurements of the total speeifie heat and to emamine the
effect of other contributing faetors,
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Interections - Mamnetle dipole-dipole forces
Another important contribdbution to the deviation of

real paramagnetice from the ideal ease ie the interaction
between the magnetie ione themselven. Tn the types of
erystal mont usually studied (e.g. aluzs or double
nitrates), the paramagnetiec ions are situated in a regular
lattice nome 6 to 10 A apart. In the absence of an external
field the oricntation of the ioms will be rendom and the
1014 which ecach sets up at ite neighbour will have an
average value of sero. However the mean agquare value of
the internal field will be finite and have an average value
ora-mnors where © is the distance between the
ions. It has been shown by Van Vieek (1937) that thie
mean souare field givee rise to an interaction speeifie
heat which at high temperatures is given by

c w * "E::.)
where A\ is the Curile _mhnt per ce. The eriterion of
e high temperature is that the cnergy of intermmetlon should
be pmall compared with k¥, It ie then posnible to expand
the partition function of the assenbly ao a power seriee
in % and to use the first terms to & good approximation,
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The original ealculatien by Van Vieck wes applicable only
to substances with an isotropic susceptibility ard this has
been extended in Chapter 6 to ineiuvde the case where Uhe
suseeptibility is animotrepie.

There are three main theories for estimating the effect
of the magnetiec forces on the suseceptibllity. The simplest
of these is the theory of Lorentz (1909) which agrees to
a firet order with the more refined theories of Unpager
(1936) and Van Vieek (1937).

In order to consider the effect of the magnetie
forces on any one particular ion Lorents divides the
specimen into two parts by drawing on lnaginary sphere
around the ion and econsiders ihe contribution from ilons
innide the ephere separately from those outeide. !He showed
that for the ocase of either & cuble latilice or for a
completely random arrangement,the average field due to the
ions within the sphere vas sero. In order to consider the
effect of the lone outeide the sphere he replaced them by
a eontinuum of unifora megnetisation !, which ean be shown
to produce a field equal to S J at the centre of the
sphere. This is usunlly ealled the Lorentsz internal field,
This treatment however holde only for a bedy of infinite
sigme; for a finite bedy we also have to consider the
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distridbution of "surface charge” on the outside of the
specimen, In the case of an ellipecid the field inside
the body is uniform, and it can be shown from simple
aacropoopic considerations that the rield inside due to
the surfage distribution is equal to .} where N iz @
factor depending on the proportions of the ellipsoild
(Maxwell 4873)« N is usually ealled the demagnetlsing
foetor.

Thus on the basin of the Lovents theory the field
acting on any ion is given by

Boot s o+ -7y

where H, is the applied fleld. If the nssenbly of 'free’
ions obeys Curie'n law

e gy

o Q (u,¢?as-uu).

then in general

x-ﬂ.-r& (2)

6 = (HE-m (3)

4
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In the came of o spheriecal epeeimen I = %%, ©0 that the
Lorents field exactly eancels the demgnetirving correction
and the susceptibility still follows Curie's law., For
this reason measurements of suseeptibility at low teaperatures
are always corvected to a mphere (nee Chapter 4). The
Lorents theory is essentially a statie enleulstion and holds
only Af the internal field is small. Uhic ils the case when
X« 1 and the substance io well above 1ie Curie polnt. At
very low temperatures s better approximetion is meeded.

In the Onsager theory, which is superficially similor
to that of Lorentss the ion under consideration io supponed
to be situated at the eentre of a4 ssall spherical gavity
scooped out of the bedy. The effect of the fon en the
substance outelde the ecavity., regarded as & continuum, le
caloulated, and from the magmetiration produced the
"reaction field" back on the ion can be deduced. The result
of the theory., which 1s well summariged by Van Vieek (1937).
mmumummmwuu“&mh at low
tenperatures.

in the sane article Van Vieck gives onother nore sccurate
theory whieh agrees with that of iorentz to & firet
approxim:tion. The method which is explalned in seetion 6.4
and Appendix Ils consiste of writing down the partitien
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fungtion in terms of the interaction energy between pairs

of neighbouring dipoles and expanding it in powere of *.

The coefficiente of h, wvhich are proportional to the mean

of the nth povers of the interaetion emergy are ealeulated

very neatly from the diagonal sums of the matrices

reprepsenting the hamiltonian and its nth powers.
Experimental results of measuremente at low tempersturen

| e

(Cooke 1949) show that the behaviour of real substances falls

somewhere between the last twoe theories. In trying to find
a8 subatance whose behaviour at low temperatures ean be
ealoulated with goed aceuraecy, it is adwntapgecus therefore
to choose one which has & mmall suseeptibility per unit
volune, when even the Lorents approximation ie falrly close.

Ixchange interaction

In order to oxplain the diserepancy between the observed
speeific heat end the speeifie heat ealeulsted from all other
known omgt_-. it han been sugpested that the ions are alse
coupled w, cm foreen, The obeserved line slopes in
peremagnetic resonange are aleo explained by thie faet,

It ean be shown (mee. for examples Ven Vieck 1932 p.318)
that the exehange forees between two lone ean be represented,
apart from an additive comstant, by an operator of the forn
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-7 §4 84 where J is a constant depending on the disiance
between the lons and §4 and 4 are their effective mpins,
This type of interaetion energy, which depends only on the
eosine of' the angle detween §4 amd 4 1s enlled imctropie
or direet exehange. The value of J decreaser very rapidly
with Qletance m0 that in ealeulating the effeet on any one
ions we have to eonsider only the effect of the nearest
neighbours. Uning the same mothod of expanding the
partition function as for magnetie interaction, Van Vieck
showed that the comtribution to the epeelifie heat from
exchanges at high temperatures, is glven by

O-H,dﬂgm‘,'.'" ()

vhere s is the nuuber of nearest peighbours and N is the
nusber of lons in the assembly, He also showed that to a
firet approximation the effeet on the susceptibility oean bde
represented in the form of a Curle<icise law

ie w5 (5)

vhere 4 = 3§ S(54).e (6)

te ean elininate the unkmown constant J between equations
(4) and (G) and write
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. 'Ogyeh 2 2
-ﬁ.?—— '*%0 (7

where R m K ke If we consider & gn. mole then ¥ ie
Avogadre's number and R 1o the gas conntant.

Equation (7) iss however, not always verified in
practice. It has been found that for many substancen for
whieh the specifie heat is larger than that ealeulated
from all other ecnuses so that exchange im indienteds
Curie's law is cbeyed mecurately 1f ascount i takem of
the internal and demagnetizing flolds. Tt seems therefore
that there must De some other kind of exchange whieh leads
to a apecific heat but no VWeiss 4.

A more genmeral interaction botween smpins of the form

# = 3 omx % 8% . Cxy 8% O + (8)

&")

has deen sugpented By Opechowski (1948). ITn the particular

eass where
Cxx = Uy = Csg = J
Oﬂ = cn.“’ s 0

this reduces to the isotropie case. 1t wae aliown by
Opechowski that & gemeral intersction of this type givee
rise o a contridbution €0 the speeifie heat mt not
neecoparily to the suseeptibility.

13
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A particular capse of the gencral interaetion (8)
was suggested by Ollam and van Vleek in 1950, who pestulated
an interaction of the form

«w . o(r) [ﬂ-ﬁﬂ = é‘i (ﬁiona,(ﬂ’otqﬂ)]

snalogous to magnetic dlpole intersction, where £(f)
i & function of the distance between the spins., 1% ean
be shown thet if £(r) M1l off move repidly than 3
(vhigh 1s to be exprected for exehange) then this type of
interaction does not give rise to a Welse 4 and that
deviations from Curie's law cccur only im higher order
terus, - |
The mechaniem for anisotropic exchenge 1o not yet
fully understood but in particular cases of very concentrated
substances 1t has been shown that the intermedlate dlamagnetie
atoms play an important role. For this reasen any exchange
pot of the form -7 S4.9 is often referred to as "indireect"
or "super cxchange". |

A new technique for studying the genersl interactions
by means of paremagnetic resonance has recently been
developed by Baker and Blesney (unpublished). By working
with semi diluted erystals of lecdymiuam in Lanthanum ethyl
pulpbate (about 10, Fd %o 90, La), they were able to cbserve
the interaction between lesolated palre of ilone and to



1.18

measure the shift of resonance of one ien due o the field
of another. They were able to distinguish between the
interactions between similar and dissimilor lons since
some of the N4 loms bave a nueclear spin (and hence
hyperfine structure) and some do mot. 7They found that the
exchange interaction betwesh ncarest neighbours was not
isotropie and that 1tc magnitude wae only 105 of the
magnetie intereaction. Since the speelfic heat involves o
the mean square energy the effect io thus too small to be
meagured on = magropeopic scale. However sinilar experinents
on substances known to have large exchange interaciions
should lecad to & clearer understending of the mechaniem,

Coneluelon
‘We coneciunde this introduction with a smumsary of the

properties vhich a yeal substance munt have to approximate
te those of e perfeet paramegnetic ae neerly ap possible:

1) In gero field at loew temperatures all the populated

energy levels muet be depgensrate, and in practioce thie
reatricts us to substances with an effective mpin of

8 = § as for all others splittings by the erystal ricld
ere likely. ©Otates with 5 » § can not be eplit on account
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of Kramers' theorem. The magnitude of the g walue is not
of imporianee siace it can de weasurvd accuwunilely by
paremngnotic resonance and allowance made in esleuluting

the cusecptibility ete.

2) If possible none of the isotopes should have any
nuclear spin so that there is ne hyperfine structures In
cases where there 1o hyperfine etructure allowence Tor ite
effect can be made from peramagnetic resonance date. There
ie however & smmll poesibility that this may lead o the
wrong result since the resonance is performed on diluted
eryctals while the macroseopic propertien are investigated
in the pure salt, and there may be mmall differences in the
hyperfine parameters. Such differences have however not
yet been obmerved.

3) The subetance should be magnetically dilute l.¢. have
a small susceptidility per unit volume. This reduces the
efrect of magnetic dipole-~dipole intersaction which leads
to deviations from Curie's law at low temperatures. The
correction due to this effect can be largely reduced by
using pherical specimens for whieh the first order
correction is mero, or by using & spheroid and epplying
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a demagnetising correction to reduce the messuremcnis o
those of & sphere (see og.l.b),

4) The interienic distance should be as large os possible
sinece exchange effects decrecase rapldly with distance.
uxchange and dipole-dipole foreces ean be artifieinlly reduced
by meaking mixed erystals consisting of the paramagnetic sult
diluted in an iscmorphous dismagnetle salt,

In the course the work described in this theels we
have found & substance: Cerium Magnesium Kitrates, which
very neariy fulfiio all theee requirements (see Chapter 6).
Juech a substance can be used s8s & standard thermometer in
the region below 1°K shere the suseceptibilities of other

subatanges no longer obey any known laws. Oueh a thermometer

10 .
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PART Ty EX/ERIMENTAL MITHODS AND TRCANIOUES.

‘CRAPTER 2.

1. Introduction
Let ue connider the change of mutual induetance of &
pair of colle surreunding a paramegmetiec speeimen as the
tenperature T 1o veried. ‘hen 7 i# very high the
susceptibility 1o emull and the inductonee eorresponda to
that of the empty coll. Let this walue be Mp. At low
tenperatures the suseeptidility of the apecimen becomes
larger end the induetanece inereases by an amount AM which
is directly proportional to the suseeptibility. Thus
we can write
H = Mo+ am
o Mg+ CY
where C depends on the eise of the colle and the dimensions
of the epecimen. © ecan be deterwined from experiments on
substancee with known magnetio propertien, amd hence chenges
ux czn be measured in terme of changee in M, The abeolute
walue of Y oan only be determined if Mo can be found, In

(1)



the present experinental arrangement messuremente at high
temperatures could not be made., no thut the value of Mg had
to be Md by extrepolation frem a graph of ¥ agninet ;}.
Por specimens which obeyed Curie's law this pave & etraight
line pessing through Yo ot & = 0. Ae measurements eould
be made frem 1° to 20°K (f = 0405)s this invelved only &
relatiyely small extrapolation. For Speeimens with an
appmubu Veiss & the approximate walue of Mg found in
this way wan used to plot gl 1) againet T to determine
¢. Then, using ma value of & & mre ageurnte walue of Mg
was found by plotting M agninet q&g in thia way M, and &
were determined succesnive approximations.

It must be pointed out that if He s found in thie wey

suseeptibility memsured includes only temperature

t terns. Diammgnetic and tewperature independent
- y

pn-gum gusceptibilities are not ngasured. The

alternative method of deteraining o directly from the
:muougjpm the empty coil was impossible in the present
hmnmt. as the eryostat had to be
led to remove the apecimen. The mutuml
...I tlim (pr{ tor to meapure the voltage
'hon @ known d.e. current is

ean be measured in one of two waye: (1) ny
*1G

2
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reversed in the primsry. (2) By using & null method in
which the voltage indueed in the secondary by an @.C.
current in the primary is compared with the veltage induced
in the secondary of a calibrated variable mutual inductance
earrying the same primary current. Por our experiments the
second method was used, It hme the adwantage of belng
more senpitive and stabdle and 1t alse affords the possibility
of measuring magnetic specific heats by » method deseribed
in the next chapter. A bloek diagrem of the apperatus is
shown in fig. 1. It is besed on the design of Caslmir,
B1J1 and am Fre (1941) and was developed in ite present
form by Bensie and Coske (1950). The major eomponents have
been described by wmn and “hitley in their thescs
80 thtul:lmﬁhﬁnhﬂmhﬂm The one ma jor
tmmt-ummmuthiuwkn the
construetion of en a«ﬁ-u @eenic :mmm. will be
deseribed in detail qﬂ.u- M.
2. Zhe cryoutat

The form of mmmm is shown in fig.2. The
specinen van sealed into @ simple losd glame eryostat which
was attached by two tﬁn h“ otandard 9imon liquefier

(Pickard, 1937). The mmm made of glase to aveid
Lk

. e et B

o <



(7))

O

(]

v
e L
O“ <
LY

s O w
SG a
S
AR I b
Qa W P =
e E (o ™
ot F B &
a
B e m...n.u
o O -

— (o]
C/P a o

“IJM/
- R \j
————

Compensating

Liquid Helium

Specimen

Secondary

Measuring

?

Vacuum Case

Scm.

FIG. 2



2.4

eddy currents from the a.cs field of the messuring eoll
and the apecimen sealed into it as it ia dirffieult to
produce an efficlent liquid helium tight seal in any
other way, Lead giaes was used rather than pyrex so that
the joins detween the glase of the eryostat and the metal
of the rest of the apparetue could be made by means of
platinum sof't glage seals. Theese have proved highly
satisfactory in use.

The oryostat and liqueiier were enclosed in a
vacuum case of which the part surrounding the eryostat
was made of pyrexs joined to the metal above by means of
a copper-glass seal. The entire vacuun case was
surrounded by liquid hydrogen in a dewar vessel. 7The
measuring cell fitted closely inte the space between
the vaguum eane and the dewar and was immerced in liquid
hydrogen throughout the whole exporiment.

The production of liquid helium in the bomb of the
Simon liguefier has beocn deseribed by Piekards In oxder
to coul the mpecimen to 4°K helium gun was peesed through
a heat exchunger in the expansion bonb at a pressure of
ebout 14 atmoppheres and was condensed into the erycstat
through tube A« The helium, which had to be very pure to
avoid bleocking the narrow tubes was obtained from a low
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pressure oylinder. This was filled during each experiment
with gas from the expansion bomb of the ligquefier. About
8 « 10 ecn. of liquid were usunlly condensed, enough for
an experiment of 4 to 6 houra,

To wary the temperature of the specimen the vapour
pressure of the ligquid helium in the eryostat was reduced
by pumping through tube A. The temperature was determined
from the wvapour pressure ae meagsured through the second
tubes (B) which dipped below the surface of the liquid
helium, thus eliminating the pressure drop down the pumping
tubes At pressures below 1 mm. Hg, an empirieal correction
of 0,04 ma., was made to allow for thermo-molecular pressure.
The loweat temperuture that could be resched was sbout 1%
corregponding to & wapour preapure of about 0.1 mu.

Iin order to obtain tempertures in the range 20°K to
10°K, hydrogen was condensed into the eryostat in place
of heliums The eryostat was put into thermal contact with
the liquid hydrogen in the dewar vessel by sdmitting helium
"exchange" gae into the wacuum case, Iiydrogen gae from a
eylinder was then condensed inte the eryostat at a smll
over pressure. The temperature was reduced and meesured
as before. Although it wes poscible to reach temperatures
down to 8°Ks 1t was found that messuremente below the triple
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point (13.96°X) were sometimes inconsintent on aceount of
the poor therml eonduetivity of solid hydropen.

When meapuremente in doth the hydropen and hellum
range were required in one experiment (see Ch. 5) it wae
found more satinfactory to carry out the latter first, as
it was difficult to remove all tracen of the hydrogen before

eondensing the helium,

3. Zihe Messuring Gotl

A eross section of this i shown in fig. 2. The
primary eonsisted of two solenoids wound on separate formers
aounted co-axially. The redii of the formers ry and rp and
the number of turne per em. on each (ng and np)+ were
arranged in such & vay that

ﬂ' l‘1, ® Ns Pgao

If two such coils are cennected in anti.phase the
arrengement hus a very small external field so that any
opurious effeets due to nearby pleces of metal are greatly
reduced. The field inside the coile ie proportional to
N4 = Nge For our case of & single hyor-olmuorso....&
wire surrounding & double luyer solencid. the field et the
specimen was about 4O gause/amp. As oufficient sensitivity
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wee obtained ueing primary currents of the order of C.1 amp..
the mutual inductance method gives & measure of the
susceptibility in very amall fields.

The secondary was wound on a separate former which
fitted between the two primaries. It was wound in two
similar parts connected in antiphase so that in the absence
of a specinmen the whole syetea had only a small mutuml
inductance (o  mils) and when the specimen was placed at
the eentre of one of the two halven the relative effect on
the matual induetance was a maximum. FPach part of the
seeondayry was wound with 6000 turna of 47 S.weg. enamelled.
silk covered copper wire in 4 charnels 9 mm. wide., 1 ma.
spacers being left between the chnmnels to reduce the effect
of self capaelty. As the specimens were also about 4 am.
long ellowance had to be made for their finlte size.

(see appendix 1), For emmmple, the walue of 44 in oq. 4
ie 13 less for a cylindrionl specimen 3.6 em. long than for
a point dipole of the same strength placed at the eentre of
the sccondary.

4e Ihe Dartehorn Briduge
The ehange of mutual inductanee produced by the specimen
was measured by a Hartshorn bridges The measuring coll wap
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connected in oppomition to & wariable mutunl inductances Hp»
and the value for sero voltage in the secondary eireult found
using e cathode My oseilloscope as null detector. In
pragtice there wae 2lpo & pmnll voltage in phase with the
primary eurrent due to eddy currenta and the eelf capaeity
of the measuring coll and also the imaginery component of
suseeptidility (mee 3.4). This was balancod out by means
of a potenticneter doviee described on page 2,16.

The accurvey of this method of neasrurine mutual Anduetance
depends en (1) how exmctly the variable inductance ¥, ean be
subdivided and (11) hew mmall an out of balance oignal ean be
detected. In the decade inductometer deseribed in the next
sections the smallest unit wvas 0.715 4 Hemry with all other
units (5 deendes in &ll) exnct multiples of this to within
Ds01 Wiy At the freguency normelly useds 175 o/8s and @
priosapy current of 1/10 amp.s & change of mutual induetance
of 04015 @i ehanges the voltage in the secondary by nﬂ =
15 @ Velt. This was jJust on the limit of detection for the
amplifier used and was amply sufficlent for the present work,
Yor the msasuring coil deseribod above it corresponded to &
ohange of about & x 1070 eumiu. of magnetisation. Oreater
sensitivity could, however have been attuined by inereasing
the guin of the amplifier, which was used well below nolse
level, and by adding smaller unite to ¥o.
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5« Zhe lecade (arieble induelince

As no suitable inductance was available commercislly
a special one var constructeds The essentlal features of
the deaign are anr followe:
(1) within any one decade all the unite mist be exnetly
the same. The maximun error in esch unit must be less than
one unit of the smellest decades in order to meke the last
figure significant, For a 5 deesde induetance this represente
an acourecy of at leest 1 in 10% in the lergest unite.
(14) Ten unite of any one decade must Le exaetly equal to
one unit of the next, the criterion of acouracy being the
same a8 in (1) above.

in the present design these two eonditions were met
in fundamentally different ways. The firet wae ensured by
using stranded wire for the secondary turns sc that esch
of the ten strands had an emsctly equivalent geometyicnl path
around the primary. 7The second was ensured by winding the
secondarice of the different decades on sepamte formers,
the flux through whieh could then be adjusted by moving
them elong the eommon primery until the relative walues were
correet. Thie could be done after the inmetrument had been
completed. NHo attempt wes made to make the besic unit any
exact value of 4 Henries as the eonstant of proportionality
between susceptibility and mutual inductance depende on the
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particular measuring coll uned, ani enn be determined
experimentally from subotancee with krnown susceptibilitics.
Various determinations of this ealibration constant are
1ieted in Ch, 7.

Detaile of the construetion are shown in fige. 3 and 4.
In order to eliminate eddy ocurrente (whieh produce a secondary
voltage in phase with the primary current), the coll formers
were made of Tufnel (Carp brand) and were mounted on a
Tufnol chassis with small brase screwe. The whole unit was
enclosed in 2 wooden bOX.
ahe primary

The primagy wes wound in two identiecal halwves which
were mounted wcide by side and were connected in antiphase.
fueh an aptatic arrangement produces & very small field at
somo distance from the coils so that as in the case of the
meapuring coll , the system was very ineensitive to any
external influencee. The colls were wound aps unifommly
ag possible with a single layer of 20 s.weg. onamelled
cotton covered copper wire held in position with a dystrene
in amylacetate varnish, This rather heavy geuge wire was
used to ensure that the eoils would net be heated appreeinbly
by the eurrents even with enly air eooling,
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Ihe secondurics

(a) The unite: The basie unit of mutual inductiances hence=
forth called 1 usm.i.y wap def'ined as the inductance of

two turns wound around the centre of one of the primariea.
The other decades (10 times 100, 10s 041 2nd 0,01 wemeds)

were adjusted to be exset multiples or submultiples of thim.

The stranded wire used to wind the secondaries was
made in the following way: 12 pleces of 36 n.weg. enamellied
8ilk covered copper wire about 50 yards long were streteched
between two hooke and the lengthe adjusted until all the
wires were under the same tension, One of the hooke was
then put into the chuck of an electric pistol drill end
about 5000 turns applied. The overnll diameter of the
finished ocable was 0.9 mm.

Two turns of this eable were wound in a groove at the
contre of a Tufmol tube which fitted olosely around one of
the primaries and the ende connected to & high quality
decade nwiteh (Muirhead). The lengthe of wire between the
former and the switeh were twisted together as closely and
ap evenly &g poseible to avoid stray inductances, and
rigidly fixed to the chasnis, At the ewiteh all the etrande
were taken to thelr respective contacts by as similar pathe
as possible. Theee conncctions are not shown in the dlagran

35



2.12

but can be seen in the photograph. ¢ach strand now had a
mutual inductance of exmetly 1 u.m.i. and this was verified
by connecting pairs of turns in opposition and checking
that thelir effects exnetly cancelled out. Two of the
strands were left uneconncoted te aet ap spares in the event
of & Lreakage.

(v) The tenm: These were wound with 20 turns of stranded
eable in a second groove ag close to the unite as posalible.

It was found that the primary ficld was suffieciently uniform

to make cne of these virands emxaetly equal to ten of the
units without any further adjustment. (A small degree of
ad justment would have been possible by moving the whole
secondary fermer aleng the primary to bring the twe sete
of colls into a more uniform part of the field).

(¢) The tenths: The prineiple employed in making unite
emaller than 1 u.m.i, was to eonneet two seto of simllar
eoils in series opposition and then, by adjusting their
positions on the primery, find a point where the difference
between their inductances was esmmetly 1/10th of one unit of
the next highest decade (BiJ1l., Thesis).

To make the tentha, two turns of stranded cable,

3b
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corresponding to 1 u.mii.e were wound at the centre of
the secondary former next to the unite and tens and
connected in opposition %o a eimilar peir of turns on

a sliding collar. Ae the ecollar wes moved along the
primary the induetance of each strand ineressed, belng
equal to the difference in induetance of the twe pairs
of turns., The difference wun equal to (.1 usm.is when
the collar wae about 12 cme from the eentre. The adjuste
ment was made, as before, by connecting the 10 'tenths’
in series and opposing them with 1 unit, After the final
adjustment the movable former was glued in position on
the muin secondary formaer.

(d) The jiundredthg: These were constructed similarly to
the tenthe except that only one turn of stranded cable wan
used for each of the opposing eoile. Both twme were wound
2 em, apart on the same former and moved along the primary
together. It was found that when the turne were about
8 em. and 10 em. respectively from the centre of the primary
the mutual induetance of each strand was C.01 v.medis The
exact adjustaent was ande as before ond the former then
glued in place.

Using this prineiple it would be possible to make even
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smaller unite of mutual inductonce by having the two
opposing turne very close together and mounting them on

& primary whose field was very nearly uniform. Howevers
for the present set of experiments 0.01 i.m.1, (= o.ﬁ!o ﬂl)
was a pufficiently smmill unit, . r:-

(e) Ihe llupdreds: e have deferred until now the dedeription
of the largest units as these required a different m
from the rest. Vhen at firet an attempt weso made to QM

mm»rmxagmmumnm-wuw

200 turns of stranded eables, 1t was found that the ayetem
had sueh a large selfw-capacity that no balance could bde F
obtained. The complex problem of tranefer capeacities hs
been treated in a very gemeral way by P"ijl in his thesis but
on agceount of the complexity of the problems, empirieml
remedies were sought. It wae found, however, that mo
sereening made any appreciable difference., It was ﬂnn(@r.
declided to abandon the stranded wire and to wind ten

separate colls side by side eaeh with 200 turns. nefore doing
this the uniformity of the fleld of the second primapy Fo wap
explored by means of a eingle mowvable coll of 200 turnas,

The result is shown in fig.5. It will be seen that within &
distance +1 on. to -2:5 eu. from the centre the nu.]m
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uniform to & parts in 10" while from <1 to -2 cm. the
uniformity was better than 1 in 10%. Thus, by arranging
for the ten separate coils to be pituated in this uniform
section of the primary field, it was possible to ensure
that all the ‘hundreds' were equal to an acecuracy of

| 04Ol Uemiles with severnl of them equal to betier than
0409 usmsis It can be seen from the graph that, although
it was thus poesidble to make all the hundreds nearly the
panmes their absolute value was about 100,16 u.m.i, An
there were no more degrees of frecdom availsble in the
ad justments it was necessary to wind a compensating turn
in antiphase with the main turne at & point where the
inductance of & single turn was 016 u.m.l. The position
of this point was found in & seperate experiment. The
final deviations from the nominal valye 100 u.mel. for the
individual members of the decade is shown in table 1.

ieble 1.
Coll number Deviation from 100 u.mels

- 0.01; Wells i
+ 0,00
- 0-005
- a015
0e00
- 0,08
- 0,02
L 4 O.GI;
+ 0,08
+ 0O,09

OO B~ R E W) -

B
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In practice & fixed compeneator My cooled in liquid
oxygen waes used in series with the inductometer to balance
out the major part of the inductance of the empty
measuring eoll (Mo)« In this way only emall ghanges of M
were read on the bridge and only the first 3 hundreds were
used for suseeptibility measurements above 1°XK., Below 1°K,
where the larger unite were used, the percentage errcr in
the total ¥ walue wes negligible. The construetion N3
is described in detail in Nensie's thesis.

6. Ihe ‘otentlometer

In order to balance ocut the signal in phese with the
primary current a voltage aseress a tapped resistance in the
primary cireult was injeeted into the secondary. This
reelintance coneisted of 29 non-inductives C.1 ohm eolls
in sories with a slide wire of 0,13 chms. The slide wire,
which was divided into 130 parts, wae constructed in sueh
a way thats when the tapping point was moved, the inductance
between the primary and secondsry aystems remained unaltered.
The prineiple used was similar to that in making & none
induetive variable recistance. In order to obtain very small
transfer voltogen without the diffieulties of contact
resirtances. the whole potentiometer eould be shunted by a
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factor of 10 or 100, Thuss the smallest unit by which the
tapped resistence could be altered was 10™° ohms. For &
primary current of 0.1 amp this corresponds to 1 u Volt
injected into the secondary,

7. Zhe oseillator

The alternating current to the primery eireuit was
supplied by a Selatron resistance - eapacity oseillator
feeding into a power amplifier. The power awvailable
wap about 4 watis correeponding to a primary current of
200 mA. The frequenay range of this type of oscillator is
25 e/s to 250 ke/s though in prectice only frequencies
between 75 ¢/¢ and 500 ¢/p were found to be satisfectory
for our bridge. This was partly due to the design of the
detector and partly due to the self capacity of the
measuring eoil which made the mutusl inductanee very

frequency dependent at high frequencies.

8. ZIhe Detegtor
This consisted of a "Ueneral Radloc cathode ray null

detector” preceeded by a three stage batiery operated
preamplifier, Both the null detector and the preamplifier
were turned by twin-lee feed back notworke to the frequencies
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33 75+ 175 300 and 500 e/« Above 500 o/p phase changes
through the amplifier caused inetability due to spontanecus
oseillations,. .

The signal Trom the secondarice was applied to the ¥
plates of the sathode ray tube, and a standard 50 o/s sine
wave from & quarts crystal clock to the X plates. The
frequency of the oseillator could then be mel aceurutely
by obeerving Lisesjon's patterne. The voltage sonslitivity
of the detector was about 1.5 4 Volta. |

43
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CRAFPTER 3.

This method of measuring epecifie heats wus Ciret
desorided by de lHass and du Fre (1939) and was developed
in its present form by Bensie and Cooke (19%0), Before
@iscussing the method we give a summary of the thermo-
dynanic formulase used to deseribe an assembly of magnetie
syntena,

The lawe of thermodynamics for o magnetic aystem can
be written as

= Upeecifiec heat ot conntant fleld,
= Opeeifiec heat 2t constant magnetimation
e Isothermal susceptibility

= Adiabatic susceptibility.

then it ean be shown that
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- --ég (1)
and Cy = Oy = )?i @!)n (2)

whenee c..r@}): Tt (3)

For & substance for which ¥ = £(8) ,

-, - oA (B0w), - o

80 that Cy is independent of !l at a given temperature.
fience Cy is equal to the specifiec heat in sero field, the
quantity mont readily ealeulated from theory.

Por a substance which obeye a Curie<leisn law of

susceptibility.

“-ﬂ

(A = Curie conntant, O = Welse constant), equation 3

n 2!3. .Hﬁ ,(1«"’., (4)

% and 6 can both be determined from pusceptibility
measurenents as deoeribded in the previous section,
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flowover, for a substance which obeys Curie's low )\ ean be
oaleulated more cocurately from g volue obtained from
paremagnetic resonance data. using equation (1) of

Che 1.

For a substance for which the deviations from Curde's
low apre malnly due to the magnetic interaction between the
fonss the walue of & can also be esleulsted. The expression
for & ie given in Ch.bs €9« 4. In cuper where the deviations
are due te exchange interaction, & munt be determined
experimentally from the susceptibility curve. For most
gpecimens & is lems than 0,05°K,

2, mu&,u %, g

From eqs 3 it can be seon that the speeirlie heat can be
caleulated from & measurement of J g and Y ¢ in a magnetie
field H, Defore we can discune the measurement of theee
quantitics, we must consider the processes which take place
in the assembly of spina when the external mammetic fleld is
varied.

Let ue assume that imitially the magnetic systems (opine
are 21l in thermal equilibriun with one another and with the
purrounding erystal lattiece of non-mmgnetie ~tomn.
correaponding to the different energy levels Iil, there will

(TS

)
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be & Holmmnn distribution proportiomal to e= > 7,
chareoteriged by the temperature of the epine Tg. If now
the field is changed, the energy levels will alter
accordinglys and & new equilibrium state will be established,
However, thie will require a finite time which depends on
(1) how quiekly the epins can exchange energy with one
another and (11) how guickly the spin ayetem as a whole
oan exchange energy with ite aurrcundings. These purrounds
ings consiet of the eryetal latilee plus the Liguid helium
in the cryoetet and oan be assumed to conmtitute & conmtant
tenperoture bath with an effectively infinive heat capacity,
The two processes can be characterized by two relaxation
times: (1) by a spin-spin time Ty and (14) by & epin
lattice time T ;. The mechanisme which give rise to these
are very different.

Spin-spin interamction arises mainly from the magnetie
dipole forees between the ions and is well underetood for
eryntale in which exchange effects ure negligible. Jor
capen where the exchange foreea are large ne complete
theory hae yet been given. jlowever 1t is possible to
estimate the magnitude of U g experimentally frem the line
width of paramngnetic resonance absorption. 1t le found
in nearly sll cesess that Tg ie of the order of 10~Y seconds,
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Thus for any magnetiec measuremente which are made at auvdio
frequencien, the spine will alweys reach an internal
equilibrium in & time very much shorter than the period of
the applied fleld. We ean therefore speak of the spine as
& thermodynamic eubstance with & mpin temperature Tg.

Spin lattice internetion, on the other hand, is not well
underctood. The electrie eryetalline fleld. which mote on
the iona (see Ch. 1)» to & first order affecte only the orbite
or the eleetrons. These are coupled to the spine through
the spin-orbit interaction, Thus any fluetuntione of the
orystal fleld are transmitted to the apins indireetly and
thin makes the probiem of energy-transfer a very complex one.
Purthermore. as the nature of the fluetuationes depende on the
theral vibmatione of the lattice. the whole procesc ig very
temperature dependent, A review of the present theoriee has
been compiled by Cooke (1950)s who pointe out that none of
the theoriee agree more than gualitatively with experiment.
However, both theory and experiment agrec thot the relamation
time for spin lattice intersetion inereases at low temper-
aturess in some eases by ae much ap T™9, For many pubstances
it is of the order of 20 milliscconds at 1°X and 1t ie thie
faet which makes 1t possible to measure specific heats in
terms of ) o and X ¢ using an audio frequency method.
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If we measure the susceptibility An the presence of
& steady magnetic field H using a measuring frequency of
say 500 e/s (corresponding to a pericdic time of 2 milliseon.)
thens as the spin syetem will not have suffielent time to
exchange energy with the lattice, the measurement will be
adiabetic and the susoeptibility equal o ¥ g It was found
that a factor of 3 %o 4 times between the relaxstion time
and the mseasuring time wae sufficient to ensure effectively
adiabatic eonditions,

The isothermal susceptibility can be measured in one
of twe waye: By extension of the above argusent, if we use
a frequeney sueh that the relamation time is ghort compared
with the measuring time, then the spins will have time to
exchange energy with their surroundings at constant
temperature and the suseeptidility measured will be X g
In our experiment the low frequency was obtalned by reversing
a d.ce Tield and measuring the induetance with a balliiotie
galvanometer inetead of the a.c. bridge. Dy this method ) o
gan be measured in the nsame field H as that ueed in the
meapurement of x e

Por eubstances with a seall saturation correction Y o
can also be measured using the s.c. method: From the
thermodynamic equations 1t will be sesn that in sero field
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¥2® )ge 80 that the value of ¥ measured by the s.c. nethed
WW.“X,“H-O. The snall
saturation correction te obtain X‘l‘ in the magnetic field 1
can be determined from the Nrillouin funetion,

For small 5 ’

Ws = (ueo [ 125 (5)

where oA = 1‘5 e' . (m’q»mu)
s 452 x 10192 (20%2001),

using the symbols as in eqa(1.1). This second method avoids
the une of a ballistic gelwanometer and has proved satisfaetory
for most of the substances investignted for which the
saturation iam only a few percent.

However, for a substanece with & large speeific heat,
mmmhhuhmdhmmnxa (eqels) and the
saturation correction becomes laportant. Heeent experinente
have shown (Gardner priv. com.) that in some cases the
Brillouin funetion does mot represent the varistion of Xy
with NI acourately eco that for these substances the MMllistlie
method muct be used.
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3. Laperinegtel prosedure

The apparatus wvas the same as that described in the
previcus chapter. The d.e. field ! was provided bWy an
iron free solenoid placed ecoaxielly with the measuring
eoil around the cutelde of the dewar, The eurrent
through the solenoid was provided by betteriece and vos
meapured in temms of the veltage acreose o standard
0.05 ohm resistance using a Tincley potentiometer. The
eonstant of proportionality between fleld and current
vas found to be 52.7 gmuss/amp, using proton rescnance.

In order for the apin latiiee relammtion time to be
as long as possible all measurements were made near {1°7,
While pumping down the helium to resch this temperature,
readings of wapour pressure and mutual inductance were
taken and M plotted againet %, Prom this eurve the value
of lgs corremponding to the empty coll, was found as
described in the previoup chapter,

In serc field iy gave a measure of X pe When the
dses field £ was switched on the walue of ¥ was reduced
to a new walue My. For a suffielently high neasuring
frequency My-iy corresponded to the adlabatic suscoptibility
X"' Thuss neglecting saturstion, the ehanpe of 1 produeed
wthﬂoummmﬂlmlw)(rn)(s. The ratio
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—L— in omluaa (k) in therefore equal to ;’{-E;
M u thus independent of the ecalibration constant
which relates the ehange of mutual inductance of the
meapuring coil to the suseeptibility. This wan very
convenient &g it made the measurement of specifie heat
independent of the position of the speeimen in the

measuring coil.

4o Ihe mesourencot of spir lattice relazption tiaee

“hen the a.c. frequency is not sufficientiy highe
the epins can exchange energy with tho lattice and the
‘measurement ie no lomger adiabatie. The magnetisation
then has & component out of phase with the neasuring
field so that we can write for the susceptibility

X eXe 1x" where 1 -F‘

The theory for the generel variation of ) and )"
with frequency has been given by Casialyr and aw 're
(1938). Recent work by Bensie and Cooke (1950) has
ghown that their results are only approximately true

when the measuring time. %'d ie long compared with'U .
but the good sgreement is obtained when % is less than

T.. In this case it can be shown that in & given field H
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5 3.10
y .
WT X5

TR (6)

The ratioc of 4 to )" wam obtained from the bridge
readings of mutual induetance and resistance: X' s in unite
of suseeptibility, 18 equnl to €(Mpy<i,) where iy and U, are
measured in uem.i. (€q. 2.1). X wes neasured from the
change of resistance R which had to be tapped to restore
balance when the field was switched on. In mero fleld
X'm 0 (ege 3.6). When the field is applied the effect of
¥ 18 equiwmlent to @ ehangs of “Lmaginary induetanee”
les Tesistance, which s cqual to =& . in Hemries where
St is measured in ohma., In a seporate experiment it wae
found bt 1 usmeds = 1.5g4 Henries oo that
- T:g—m_‘; . —%. Substituting for )(,'ana X' in
eq. 6

[ 195, 310‘6- E!"ifém seconds (7)

Prom this approximate value of the spin lattice relammtion
time 1t wae poesible to estimnte whether the measuring
frequency was sufficlently high to ensure adiabatie

conditions.
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5« Extrapolation %o higher frequencics

As the highest frequency avilable was %00 ¢/ it was

not alweys possidble to measure ) . directly. Thue for
& subgtance whose relaxntion time wap shorter than about
8 milliseconds at 1°K, an oxtrapolation to higher
frequencies had to be made. It can be shown from the
theory of Casimir and du Pre, that if we plot ,y" (,Sé)
agminst x‘ (x Mg=ily) for different values of Wat a given
value of H, then the points will ile on a curve (ideally &
seni cirele) one of whose intersections with the axie
gives the value of ) g« If T 18 not muech shorter than
8 milliseconds this extrapolation can be made with good
accuragy.

The final expression for the apecific heat in terms
of the quantitics messured is

1 [an? (18 : - (8)
- T
¥on [" e |

It 1o usual to exprese the apeeific heat in temms of R,
the gae conetant (8.31 x 107 ergn/mole) mince O/R ie then
a dimensionless number, For most substances Oy o k

5
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o that the quantity inside the square bracket should be
independent of temperature. Our experiments ecould therefore
be checked by measuring at several temporatures and
comparing the values of Ff It should be emphasized that
the apeeific heat measured by this method ineludes only

the magnetie specific heat of the spin oystem and ie
independent of the lattice contribution from the rest of
the cryetal.
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CHAPTER 4

The technique for adiasbatic demapgnetisation experiments
in the region below 1°K has been demeribed in detall by
Hull (1947). The present work was earried out using an
almost identical apparatus exeept that the suseeptibllity
of the specimen wae measured by the e.o. method desoribed
in Chapter 2, sc that m whole of the lower part of the
apparatus had to be made of glass to avoid eddy currentas,
The essential components are shown in fig. 6.

1. Ihe cryontol
The double walled eryostat wae made of C2 hard glaee

and was attached to the metal part of the Jimon liquefier
through twe graded glass tubes by means of platinua sof't
glags seals, One of the tubes was connected te the annular
space between the two walle of the eryostat, into which helium
wae condensed aus desoribed in Chapter 2. The other was
connected to the inner spage containing the speelmen,

usually referred to an the I[.V.U., or inner vacuum space.
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By admitting helium bxchange' gns into thie space, thermal
econtaet between the eryontat and the specimen could bdbe
established, while by pumping the speeimen could be
thermally insulated. The bottom of the I.V.C. was elosed
with 2 ground glass stopper which was made veaouum tight
with glyeerol. At low temperatures this forme a glaes
which makes the seal tight even to helium, However, such
a seal ip relisble only when the ground eurfaces £1t very
elosely and the fila of glycerel is correspondingly thin
since a thicker film may cmeck at low temperatures.

The suapension of the apecimen provided a problem
whose satisfuctory solution was found only after a
considerable amount of triasl and error. Moot of the
suspensions which were tricd became nlack at low temper-
atures due to the eontraetion of the surrounding eage.
This 1ed to vibrations of the specimen whieh were found
to enuse an appreciable emount of heating belew 1°X,
(Note: The kinetie enmergy of 1 ga. fulling through 1 em.
ip about 1000 ergsy & times the total heat eapaclty of
1 ga. of Cerium Magnesium Vitrate between 0.,006°K and 1°k,
« pee Chapter 6).

The final form of the suspension is shown in fig. 6.
The main part of the cage wan made of pyrex glase and the
ends cloeed with perspex eaps. The sumpension consisted.
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of & cotton threads attached to the end caps one of whieh
was made in a re-entrant form. It wae found that when the
‘oradle’ wan cooled the contraction of the perspex was
Juet sufficient to counteraet the contraction of the glass
and the threade remained taught.

Another important source of heating below {°K wus |
found to be thermal rediation from the surrounding |
ligquid hydrogen. Contrary to expectation, the far-infrared |
1ight given out at 20°K was found to be ppt absorbed by the
glass of the eryostat. Ao soon as this wae sllvered the
heat influx to the specimen wee reduvced from 300 ergs/min,
to about 3¢ erga/min.

2. Ihe meaguring coil
A eroes seetion of the measuring coll is shown in

fig. 6. In order to accoomodante the larger eryostat in o
standard dewar vessel, 2 siopler coll had to be used in

plage of the one deseribed in Chapter 2, It was declded
to dispense with the double primary and to use instead

a pingle layer of 30 gauge wire wound on the same former
as the secondary. This reduced the wall thickness of the
eoll from 6 to 3 mme The secondary was wound in 3 perts.
The middle pert, surrcunding the specimen, wans 4 em. long
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and consisted of GOOC turnme of L6 s.w.ge enamelled ellk
covered copper wires The other two parte were wound at
the ends of the Tufnol former each with 3000 turna., These
were conneeted in antiphose with the main pecondary to
reduce the mutual inductance of the empty coll, as before,
rach of the sets of windings wap sgein divided into
sections to reduce the self capacity.

3. ZThe megnct

The magnetiec field was produced by a Savage and
Parsons water eooled magnet. The maximum power whieh
could be diseipated by the cooling systenm was 20 Kwait,
ummn.morioom. Thie produecd
nﬁoﬂﬂﬁtmﬂﬁamnus.am.
(etandard '"tailed’ dewar vespel)s and 9 Xg, with & pole
gap of 10 ems (etandard 'wide' dewar). The fleld wan
calibrated in terms of the current using proton resonance
up to 10 Kge (4O amps)s and & search eoil and ballistic
galvanometer from 10 to 14 Xg. The eurreni was aeasured
on & Turner oudb standard smmeter., A photograph of the
magnet 1s shown in figs 7.
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4s Zhermometry

The usual magnetic secale of temperature T¢ wae
employed at temperatures below 1°X. Thie wae defined
(¥urti and Simon, 1938) by the relation

%= | (1)

where A was found (in tems of u.m.i.) from the slope of
the ¥ ve. & plet in the helium range, ae deseribed in
Chapter 2, Since Y @epends on the shape of the speoimen
all mearuremente were corrected to those of a sphere, as
in this ease the demagnetising correction im equal to the
effect of the intermal flield at temper:tures well above the
Curie point (see Chapter 1). The relation between the
measured susceptibility per unit volume and Shat of a
sphere haes been given by Furti and Gimon:

Ky = X
\+(‘§'—N)x
where N i¢ the demagnetizing fuctor whieh ean be ealeulated
from the shape ef the specimen. For & prolate pheroid of

eocentricity e with ite long arxie pamllel to the field

e (e Yoy s )

---Q)



63

L6

(Yaxwell 1873 p.65)s whieh reduces to ‘Sﬁ for a asphere.
Thus Af we define T @ =« er

W eT* .0 (3)
where 6an (4 -n) (%)
and A 1s the susceptibility in e.m.u. per g¢e. of specimen.

The principle of the method is well known. With the
eryostat at §°K and about 12 ces, of liguid helium in the
angular spaces exchange gae was admitted into the I.V.Cs
and the pressure adjusted to about 0.1 mm. Hg. The tempor-
ature wes then reduced by pumping down the linuid helium,

As in the demagnetizing eryostat there was only one
tube down to the liquid helium the wepour prescure could
be measured only while punping was stopped. Thie led to
a enzll uncertalinty in the temperature. It wvas attempted
to remove thie in scme of the later experiments by
Joining & second tube to the main pumping line about.8 em.
above the erycstat so that it was then poesible to measure
the pressure near the cryostat while pumping econtinuously,
About 10 ealibration pointe were taken between L.2°K and
1:3°%,

when the eryostat wap at 1te lowest temperature.
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(0.95°K) the a.0. eurrent through the measuring coil was
switched off and the magnet wheeled up to the apparatus.
The field was then switched on and maintained at a steady
velue for about 10 minutes. During thie time the heat of
magnetization was carried away by the exchange gas to the
helium in the oryostat, reducing the entropy by a known
amounts The I.V.C., was then pumped to remove the exchange
gas for a period depending on the degree of thermal
insulation 1% was desired to obtain. Por entropy determin-
ations about 10 ninutes sufficed but for other experimente,
where it was necensary %o reduce the heating up rate to
a minimum, about 1 hours were needed., Nefore switehing off
the magnet the L.V.C, was iesclated from the rest of the
pumping eystem s0 that any gme still remaining in 1t would be
condensed on the specimen when this waes cocled. The fleld
was then reduced to gero, a step watch started and the
magnet wheeled away from the apparatus, 7The eurrent through
the measuring coil was switched on and the bridge dbalanced
ae quickly as possible. Several readings were taken as the
ppecimer wamed up s0 that the ¥ value lmmediately after
demagnetising could be found by extrapolation. i at time
t = 0 was converted to magnetic temperature T* using eq. 1.
For epeecimens with a very saall heat capacitys such
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as Cerium Magneeium Witrate (Ch.6) 2 speciel technigue had
to be used in order to get readings sufficlently cuiekly.
From previcus preliminary experimente an gstimate was made
of the approximate ¥ value to be expected Lmmediately after
demagnetising and the bridge eet at a value slightly lower
than this. 1Tt waes then possible, nsing the stop wateh, to
determine the exaet time after demagnetizing at which the
induetance passed through thies wilue of 1, hy uium for
the null reading on the detector, The bridge was then
reset at a wlue slightly 'ahead' of the measuring coil
and the mull moment again recorded. By reading the time
for a given value of i measurements ocould be taken very
mtekly (every 5 seconde) and with good acouracy. Thie
technique wae essential for the work on Cerlum Magnesium
Mitrate where the specimen warmed up to the tempernture of
the eryortat after only a few minutes.

The entropy in pero fleld immediately after demagnet-
iging 1® equal to the entropy in the mugnetie fleld before
demametizing. Thie can be ealeulated from the partition
function Lf the energy levels are known. VFor cases where
the ground stave has 24 4 or 6 fold degencracy in the
absence of 2 fleld, and the enorgy levels in & fleld ecan be
written in the form Wm = mgP, (m is the magnetie quantum
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number and g the spectroscope splitting factor), the entropy
has been tabulated by Hull and Hull (1944) ee a function of
g,

For substances with an anisotropiec g the value of g
depends on the relative ortentation of the crystal and the
field. Thue if a powder of suech a substance is used,
different amounts of entropy are extracted from the indivi-
dual greins and hence on demagnetizing, the different
greins do not all reach the same temperature, and a neapuree
ment of the mean susceptibility is therefore meaningless.
Ifs on the other hand, time ie allowed to elapse for the
attainment of thermal equilibrium, entropy is gained by the
system due to the irreversible mature of neat tranefers thus
in neither case 1o it possible to obtain a point on the
8 « T* gurve, Hence in all experiments on anisotropie
gubstances, quantitative reeults can be obtaimed only by
using single crystals.

The results of an eatropy determination on a eingle
oerysial of Cerium Magnesium Witrate are given in Chapter 6.

~ The method of adiabatic demagnetisation was aleo used
to establish @ new method of meapuring abeolute temperatures
below 1°K. This is described in detail in Chapter 8,

bk
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PART II. FXPERIMENTAL RESULIS.

CHAPTER 8.

The eclectronic ground state of the oxygen moleeule 0o
ts *Z , and at high temperatures this gives rise to e
paramagnetic susceptibility appropriate to an assenbly
of particles having spin 8 = 1 and splitting fuetor
g = 2 (van Vieck 1932, p.266). 1In agreement with experi-
ments on the gas the temperature dependence is then given
by Curie’s law:-

%= Gupl/mn o L9900 (1)

where Y i the molar susceptibility at an absolute
temperature T, ¥ is Avogadro's number, k is BDoltzaann's
conotant, and £ is the Dohr magneton. At low temperatures

the effect of molecular rotation becomen imporiant, and
Curie's law no longer holds. The theory for the suseeptibility
variation at low temperatures im given in Section 5 below,

and the recult of the ealeulation is given in figures 8 and 9,
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It will be seen that down to mbout 10°K the deviations
from Curie's law are negligible.

As measurenents on the gas cammos be made below about
70°K, the theoretieal predictions connot be checked
experimentally. MNeasuremente on liouid oxygen diluted in
1iquid nitrogen (Perrier and Onnes. 1914) show that a
Curie<Weliss law is obeyed with a large Velss constant
depending on concentration, showing that there are strong
interaction forees between the molecules. These forces
become even more important in the solid where they cause
the diemagnetic dimer Oy to form. The effect is further
complicated by erystalline transitions which eause sudden
discontinuities in the susceptibllity.

Meagurements have alseo been made on oxygen adsorbed
on charcoal (Aharoni and Simon 1929) though only at one
temperature (77°K). The susceptibility was lese than that
ealeulated for free Oxygen, suggesting that here too
internction effects are important. The variation of
susceptibility with the amount of ges adsorbed showed e
sharp discontinuity, probably due to increased intermctlons
as second molecular surface layer is formed. The same
authors also reported similar experiments on oxygen in
chabagite. Thim substances CaAlpSiy040e5 to 7 o0, eontaine
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M-Mnm“mhuuunoﬂﬂm
affecting the rest of the lattice. Gas molocules can then
enter the holes thus formed. The susceptibility at 77°K was
again found to be less than that of free oxygens with eimilar
discontinuities corresponding to an average of one, two, ete.
molecules per chabazite moleeule., Gimon (1928) has Asseussed
‘the interuction between the matrix and the enclosed gus in
such & compound.

A new approach to the problem of overcoming the intere
action effecte and measuring virtually free oxygen molecules
was recently made poseible by the discovery (Powell, 1948)
of a group of "eclathrate"” compounds of f-quinol. Thie
substance erystallises in an open lattice in such a way that
certain gus molecules, ineluding these of oxygens. can be
trapped in regularly spaced holes with one moleeule in eaeh.
The holee are about 8A apart so that intereetion effects
between the 0p molecules ean be expected to be very small.
It was firet pointed out by lvans and Richards (1952) that
the influence of the surrounding cage on the magnetic
properties could aloe be expeeted to be smmll end that the
oxygen would behave like a ges of free molecules down to
very low temperatures. They mecasured the rusceptibllity
at room temperature and found agreement with the walue
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eorresponding to oxygen gas. At low tomperatures, howevers
some smaell departures from the behaviour of free oxygen

would be expeoted and these could be interpreted as & measure

of the degree of intersmetion of the molecule with ite ecage.
Selow we give an account of suseeptibility measureanents on
specimenn of the oxygen elativute compound with fecuinels

at tenperatures down to 1°X. OJusecptibility measurements

have also been reported by Cooke and Duffus (1954) using o
elathrate compound containing nitric oxide.

2. The Axperigente
The preparation and estimation of the saaples was
oarried out for us LYy Drs. Lvans and Richarde as deseribed
in their pajer. dJulnol was eryotallized from alechol under
puitable eonditions in the presence of oxygen gas at about
30 atm. pressure. About 60) of the avaliable heles in
the lattice could be filled, corresponding to about 0,07 gm.
of exygen per ec. of solids (This coneentration is equi-
valent to & gas pressure of 50 atn., at room temperature).
About 3 gme. of the substanees in the form of small
eryetallites, were loosely packed into a eylindrieal
perepex container 3.6 eme. long and 1.3 em. in diesetoer,
Measurements were muade on severel specivens using the
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method deseribed in Chapter 2, At temperaturcs between
20°K and 10°c the suseeptibility obeyed Curie's law within
the aeouracy of the experiment. The Curie conntants of the
different specimens showed some mcatter., Por different
sanples the values obtained were (.99, 1,06, 0,97 per mole
of gmes the wiue for free 0, at high temperatures being
1,000 per mole (“quation 1). Some uncertainty in the delere
mination of the absolute walue of the Curie constant is,
however to de exmpeeted as it depends on comparimon with
other substances of known susceptibilities. Tn order to
change the especimens, the eryostat han to be completely
diemantled and the small differences in postitioning whieh
‘are thus likely to occur can give rise to an errer of up
to 2.

Another error in determining the Curie eonstant ariees
in the estimntion of the oxygon content of the specimen.
This m earried out veing & nitrometer to determine the
gae content but it was unfertunately not always poseible
to check the purity of the evolved gas. The errors due to
-twiw m inacouracies in the nitrometer are estimated
however to be leas than 35,

We see therefore that the susceptibllity in the temper-
ature reglon 20°K to 10°K is consistent with that of a 'gue'

L el

il




of free oxygen molecules within the limits of experimental
errTor,

In order to investignte the temperature wvariation at
lower Semperatures, where Curie's law is no longer obeyed,
it soems reasonable to mormmlise all experiments to fit
the behaviour of free oxygen at high temperatures. In
thies way the two aystematic errors mentioned above are
eliminated and the full internal agcuracy of eanch experi-
ment (better than 1) can be utilized, The resulte of two

rung are shown in figure 8, where the molar suseeptibility X

ie plotted againat 1/7. In figure 9 the results are shown
as & plot of XT againet T« Y7 is proportional to the
square of the ofrmﬂo magneton number p defined from

" = 3 T ﬁl and, from eg. 1» i2 equal to 1,000 at

high temperatures.

3.

At lov temperatures, the approxinate reprecentation of
mo,-mu-qusu is no longer aecurate and
we must econsider the effegt of moleenlar NWQ- Thie
guperpones on tln"z- ground state a series 01‘ energy
levels given by 2i(K+1) where B is a constant (2,0683° for
016 016y ana ¥ 1s an integer. The levels for X = 0, 4, 2
and 3 are chown on the left of figure 10, Nermal oxygen
econsiets mainly of 0"‘0"(”'0.‘42)c for wvhich symmetry

'77.
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conditiona on the wave funetions of & homopo.ar molecule
with sero nuclear spin restriet © to odd wluee. Hach of
the H-states has a threefold depgenerccy due to the apin,
Thie 12 lirfted by the interaction between ¥ and 5 and
between S and the figure axis of the meleenle (see for
~example Hersberg 1950) and we are left with states
eharagteriged by the total angular momentum J = ¥ + O,
(und®s eame 'D'). MWiller and Townee (1953) have shown
that while this type of coupling elomely represents the
state of the oxygen moleecule there ie a elight departure
from it. Thies is consldered in Seetion % belowy where
the magnetic susceptibility of an nssembly of oxygen
molecules at the loweat temperatures is caleulated, For
01515 moleculess the important festure of the seheme of
enercy levele is that the restriction %o odd values of ©
leades to a ground state /' = 1 J = Oy whieh, being a state
of mero angular momentum, ie dlamagnetie. It follows that
at very low temperatures, at whieh only thle pround atate
ie appreeiadbly populated, the paramagnetie susceptibility
arises entirely from second order effeets due to the higher
levele (Van Vieek 1932), and in indeperdent of temperature,
Thie effect is clearly seen in figure 8, Compuring the
theoretical curve for free oxygen with the experimental
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points, 4t will be seen that there is a close elmilarity
between the behaviour of the clathrates and the gase It
Seems then, at firet sight, that the oxygen is relatively
unhindered by the oage and behaves magnetieally like a jno
of free Op with only a mmall effeet from its surroundings.

4 Bxperinente with 0'° 018

There ie however a further experiment whieh ean be
perfomed to investigate the retationzl freedom of the Op
molecule at the lowest temperatures. In & molecule of
016 08 the walue & = 0 Will be allowed and this, together
with © = 1 leads to & paramagnetie ground state J = 1
0481° below the dlamgnetic state © = 1+ J = 0. Thus at
very low temperatures the susceptibility of o' o'® wan
tend to Curie’'s law whereas that of 010 1% becomes
temperature independent. This distinetion between the
behaviour of the two kinds of Up moleculem of course
depends on the molecule being able to rotate within the
eage. If the molecule is evmpletely frosen in we should
expect no difference between the twe cmnes.

 As no pure 016 018 yae availables experimenins were
carried out uaing oxygen enriched to about 11 in this
elnos of molecules The preparation of the saaples was
agnin carried out by Richarde and Fvane using & slight

.,76
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modification mtmé technigue for normal oxygens The at®
was available from AJF.R.7¢ in the foram of water containing
64187 Hy0,  This was completely elocirolysed, using &

1ittle sodium hydroxide as electrolyte. Vo attempt wae
made to keep the hydrogen and oxygen separate. The mixture
of gases was then aslowly pumped through two trape ccoled in
1iquid hydrogen and the oxygen fromen out. The oxygen wae
then allowed to evaporate back into the storage globe and
the separation repeated to remove all traces of hydrogen.

A emall brase bomb, coated inside with several layers of
Bakelite varnish to aveid risk of contamination froa the
metal, was eonnected through a diaphregn valve to & verticeal
stainless steel tube which in turn eould be econnected throug!
a needle valve to the storage globe nnd glass vacuu: aystemn.
The bombd was nearly filled with an oxygen free saturated
solution of quinol in nepropyl aleohol twether with an
appropriate amount of solid «-guinol, and the systen was
eautiously evacuated to remove alr. The dlaphrags walve
wap ¢losed and the enriched oxygen condensed inte the
stainlese cteel trap ueing liguid hydrogen. The ncedle
valve wag closed and the dlaphragm valve opened, and the
trap allowed to warm up to room temperoture. The dimensions
of the apparatus were chosen to give a final pressure of
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oxygen in the bomb ef about 30 atmospheres. The crystol-
lieation was then earried out aep deseribed previously.

In this way it wvas poseible to prepare 4 gas. of
elnthmte containing 0.17 gne. of oxygen starting from
2 pms. of water, Ve are very much indebted to Pr. Danby
for carrying out the isotope ammlysis of the oxygen
oontained in the ¢lathrate. The relative sbundonces were:

016916 88,02
0'617 0ols
0‘60‘ 8 11.05
ol7o!® 0408
01818 0uls5

The recults of the meapgurenents on the emriched sample
are shown in £ig.(8) as is the eurve to be expeeted for a
gee of oxygen molecuies of the sane isotople ebundance., It
i1l be peen that within the errore of the experiment the
resulte do not differ from the previous experimental pointe,
although a differegnce of 9. would be expected at 1°K if the
gos was free. Vhile this fuet m-mmﬁ-mmu
the effect of the cage on the oxygen molecules, it indieates
that they are not entirely free to rotate.

An attempt to deteet parenmagnetie resonance abaorption
at 3 em, wavelength has been made by Dr, H.J. Dufifue

_v'*' Y 2
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(Private communiecation) using & powder speeimen of the
compound enriched in 01518, no adeorption was detected
in magnetic fields up to 14 * gausa, It is possible that
the spin-lattice relamation time ie too short, even at
4.2°%s to permit the obpervation of resonant absorption.

An ageurete matrix for the emergy levels in gerec magnetie
field has been given by ¥iller and Townes (1953) using a
representation in which J and [ are dlagonal. (Hund case b).
The energics for a given walue of J and ¥ & J¢ 19 Jo and J = 4§
are given hy

K=T+ 2->\J - wﬁ-(\(Ti-Z\ Q .
T — I+ = 234 S—-I c:m)] i
K=y O 2) -+~ +RICT) W O
bow:. _2__L_ L Z—E-—-* ‘) "t‘& :‘ \
K=3-) m‘{;(:u)]" add \Aqfq )lw
@)

where A (=2.8553°K) detemmines the magnitude of the spin-spin
interaction (Kramers 19293 Hebb, 1936) and p (= «0.0121°K)
gives the coupling between the spin and the rotation, The
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rotational energy levels negleeting apin are given by
BE (Ee 1) wheve B = 2,0683°¢ for 016016, p1g, 10 snows
the solutions of this equation for ¥ = 0y 1, 2 and 3.

In the -ucto'se"au’ow out above, symmetry
considerations restriet I %o odd walues, so that at
temperatures below 20°K the only states which are appreeciably
populated are X = 4 and K =« 3, The effect of the higher
rotational states is thus very small and will de neglected
except for the amall second order chift of encrgy produced
WdebsEfeSondebhsi =3,

PFrom the energy matrix we see that, although the states
with J = K are eigen states of the llamiltonian, there is a
small interaction between states of & given wmlue of J and
X«J 31, This departure from true Hund esse (b) coupling
is readily ocaleulated. I we consider only the states with
K=4and £ @ 39 then the only two states whieh will be
admixed are J » 2y K e S and J = 20 K =4y Thue J = 2, L = 1
becomos

|o¢ > .g,,(J-:.x-1>.b,3\.r-e.x.3> (4)

and J =2, K =3 becones

|$> = 843 ‘J-l.&-?Qh,-\J-IOK~1> (5)
MM, = 04990 .ﬂ\'". 0138,
The admixture to J = Uy £ = 3 P00t J = 4y ¥ = § 1o very small
end will be neglected.
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- The effeet of a magnetic field on the energy levels of
oxygen has been agcurately caleulated by Henry (19%0) who
mmu the partial decoupling of ¥ aund 8 by a large
"ﬁnﬂo field, However., as in our case the fleld produced
by the primary of the measuring coil was only about 3 gause,
it ie more convenient to ecaleulate the effeet of the fleld
ae & amall perturbation on the field-frec stutes. Por the
manifolde of X = {1 and X = 3 this leads to a 30 by 30 matrix
“the elemente of which are, however, readily caleulated.

""" Baking the magnetic field  as axis of quantization,
the perturbation is given by

e 2B HE = 2puS,

The matrix elementa of 38 in a representation in which
dek+ B Ev £ and J% (=) are dlagonal (lund case b) are
readily obtained by the standard methods., The non
vanighing ones are (Van Vieek 1932, p.167)

T(344) 48 (844 ) it (Ko
{ 3%8 ) as\.r.x.s.». T )+B8(841) =t (Ke1)

MT4 =841 )(T+1-M)SH14m)
LL(I 4\ } (:_":HXZT +})

‘éloloﬁfl\ 9“‘ Jods KoBaI? -X

(T4vcae 42 (T +Sric ) (T4s —K 4 1)} 1
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using the Dirac notation to denote matrix elements. The
matrix elements between the gero ficld states of oxygen

are now found using the admixture coefficlents given in
eq.(h) and (5). For example -

{3 =1y x-1\ss\u>
-q,(’-i.ﬁ-ilss\.’aaﬂai>

- ’fJ-iuKa‘Sflﬁox.I’>
.."1 , 2w D
while

CEETE p‘l\ E% e >

= by V'#l%
The whole matrix ls reprédueced in £ige 1.

e) o 016-16

Following the emleulation given by Van Vieek (1932 p.162)
nm“mhshunmnoﬂmmmm

| W(ng) = '.(J") + m1(3¢') * ﬁg(:;‘)* exe

The suseeptibility in smell fields is then
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N 2 5 LW Em )J;‘T e 2\»‘;(3}1){ Q—%L‘)‘f/‘-

T, M

<
N

%1 th[_— WelT,m) et ]

IT the perturbaticn of the magnetie riecld does not
couple degenerate states, Vig and Wy are respeetively the
firet and second order perturbations to W, and are given
by

W@EM) = <TM| HalT,m>

W2 QM) =Z [ |<3',H\‘é{..\3’,n‘> |2
3 N.('I,H)-N.B:H‘) }

Thus, at teaperatures where only L = 1 and £ = 3 are
populated, the susceptibility of oxygen gae 1e given by

B e

(-0t . 1 467)8 57 (120 4 ko ) B

—3-089 - o134 )e-z‘%}‘g f
T /

- ()
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vhere 2 ={|+'S-¢-"';'L:.. 4'}"?1

| 4+ L Se™F _..9‘2,;.@;_.’{-2__33]
This equation is shown ae the solid line in Pigs.8 and 9.

A close emmmimntion of the formula shows that, in the
tomperature range 20°% to 14°F the sumeeptibdility very
nearly follows Curie's law for a free spin., There is,
however, & emall devietion which cver this emill temper-
ature mange can be represented by & modified Curie constant
of 0,98, as compared with the high temperature value of
1.000, Thie correction is important as the experinmente on
the elathrate were normmlised to the behaviour of free
oxywen in this temperature range.

A% very low temperatures, when only J = 0 ig pepulated,
the suseeptibility temds to a tempereture independent walue
of 0,312 eemetts per mole, The maximum vhieh occurs ut about
1°K corresponds to the ‘draining' of the J = 1 levels into
the more paramagnetic J = 2 levele before these in turn
are drained into J = 0,

4) Zhe Sueceptibility of 01°-18
when considering the levele or 016010 populated below

20°K agoount must de taken of the states with ¥ = 0 and
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Kw»2 in addition to K = 4 and 3, The positions ere agein
canleulated from (3) but with B and g varied inversely ae the
reduded mape of the moleeule to allow for the chenge of
teotopie mams, Thue 8918 o 4 9832% ana u'®*1% . w0.0014%
in agresnent with the mierowave speetrum (¥iller and Townes.
1953). The values for &k = 0 to 3 are given in fig. 10,

The susceptibility ean now be ealeulated ae above and
an expression analagous %o eg. (6) obtained. Howevers down
to 5°K the differences from the previous fommula are
negligibles both eurves nearly following Curie's law for a
free spin.

If we coneiders thens only the temperature range below
5%+ we can negleet the population of all but the levels
Kw1end % =0 end obtain for the susceptibility of 016gi8

)‘u.-w‘_'a'e?‘ '2‘. % Q34 ;”ﬂ'( ‘&Mv‘-)e-h-%-&\
=t (2—23 +0 us)e 'r

+ (L@ + 0 om)}

e

; - -39 —eS
o Z = 3+ e T +Se Tz b
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The broken line in £1g.8 shows the puseeptibility to be
expected for & gas conmisting of 11 01618 .na 89y
'M-i
6. Gonglusion

It will be seen that above 2°K the magnetie
susecptibility of the exygen in the clathrate compound
agrees within our experimental error with that ealeulated
for a gas of noneinteracting molecules., Below 2°7 however
there is an appreciable departure from the "free gas"
behavioury and moreover there is no detectable difference
between the opecimens of different isotople constitution,
We have to coneluds therefore that the interaction of the
oxygen molecules with the cage enclesing then is suffielent
to affect their rotational freedom at temperatures in the
heliun range. It ie not possible to be more precises on
account of the insensitivity of macroccopiec quantitiee 1ike
suseeptibility to any perturbation of the energy levels when
several of them are populated. The only other evidence on
the rotational freedom of melecules in there ecompounds Lo
afforded by the experiments of Iryden and Heakins (1952) on

the dieclectric conotantes of fequinol clathrate compounds
containing polar moleenles, These indiecate that at roo-

2%
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teperature small moleculer such ae hydropgen sulphide,
mothanol, and hydrogen cyanide can rotate within the eage.
In view of the indication from our experiments thet the
rotational freedom may persist to very low teaperatures,
it would be interesting to have more direet evidence on
the rotational freedom at low temperstures, either from
such dieleetric measurements. or from nuclear reronanee
studies.,

Of other possible experimente, speeif'ic heat
meaguremente over a wide range of tempersturea would
give information on the freedom of motion of the enclosed
moleculea. For exaaple, translational or vibrationsl
motion could be studied in & compound containing a monatomlc
gasy cuch ap argons while rotationnl motion could be studied
using & polyatomie gas such as nitrogen or methane.

) e SRR P

"
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OHAPTZER 6.

This salt is one of the isomerphous serice of rare
earth doudble nitretes which have the formula ApBy(NOsz),se24H,0,
vhere A is one of the trivalent rare earth ions between
Lanthanum and Cadolinium, and B i a divalent metal, for
example magnesium or gine. Bleaney (priv.Comm,) hes pointed
out that comparison of the speeific heats of different paro-
magnetic saltes chows that exchange intemetion between the
magnetieo ions Malie very rapidly with inereasing lonie volume.,
and that as the double nitrates have a particularly large
fonic voelume, interactions between the lone may be expected
to be very small., It followe that adiabatic demagnetisation
of suitable salte of this series (that in, those in which
the magnetic ions have iramers degeneracy) should yield very
low temperatures. Of the different esalte, ceriun salts are
espeeially interesting eince, as the maturally oecurring eerium
nuelei have no magnetic moment, the eleetronic statee have no
nuglear hyperfine strueture, and at low temperatures there is
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no eontribution to the specifiec heat save that due to
interaction between the magnetie ions.

The rare earth double nitrates are very seluble in
water, from which they cryetallise readily in thick plates
of trigonal aymmetry. Their external morphology hae been
deseribed by Groth (1908). The erystal structure is not
known in detail, and we are indebted to Mr, H. M. Powell,
who has determined the strueture of the lattice formed by
the eerium lons in ceriun magnesiun nitrate. These lie on
a rhombohedral lattice, with a unit cell of side 8.51 A.y and
interaxial angle 794°.

Measurements of the susceptibility and the magmetic
anisotropy were made at room temperature on meveral salte
of the series by Krishnan and Mookherji (1938) in their
survey of rare earth paramagnetic saite. The only mearure-
mente at low temperatures sc far reported are those of
Beoquerel, de Haas, and ven den Handel (1931) who measured
the Faraday effect when a magnetie field was applied along
the trigonal axis of a erystal of cerium magnesiun nitrate
&t temperatures in the helium range. The effeet they found
wap too amall to allow an accourate estimate of the magnetic
susgeptibility to be made; they concluded that the effective
magnetic moment of the cerium ifon in the direetion of




measurement was not greater than 0.2 Bohr magnetons, More
recent work on this substanee has been sarricd out in this
laboratory using paramagnetic resonance at a wavelength of
3433 em. (Cooke, Duffus and Welfs 1953). Resonance was
observed only at temperatures below 10°K showing that at
higher temperatures the spin lattice relaxation time is @0
short (~10='1 sees.) that the line was broadened beyond
the limit of detection. leasurements at 4.2°7 gave a single
resonance line, indicating that, as in the comperable euse
of gadolinium magnesiun nitrate (Trenam, 1953) all the rere
earth ions occupy equivalent positions in the erystal and
that only one doublet is populated at low temperatures. It
wvas found that the aplitting in & magnetie field could be
expressed in terms of an axial g tensor whose prineipal
wvalues perpendicular and parallel to the trigonal axis

are g, = 1484 & 0,02 and g , = 0,25 & 0,05, respectively.
Thus one e=n represent the ion at temperetures below 10°K
as & epin 8 = § allowing for the proper J walue (or
admixtures from other levels) via the anisotropiec g tensor.
This leads to a suseeptibllity whieh, in one plane of the
erystals is comparable with other paramagnetie substances,
while in a direction at right angles it ie amller by a
factor of 50. It is interesting to compare this anisotropy

9%
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with that of another Cerium salt < the ethyl sulphate-
(Bogles Cooke and Whitley, 1952) whieh has a large
susceptibility along ite axis and a very amall one
perpendicular to 1t. As there are many potential usee

for such highly anisotropiec subatances it was decided to
investignte the double nitrate further. first by the method
of paramagnetic relazation and later by adiabatic

demagnetisntion.

2. Eelaxntion Heasurenents

The specimen used was a piece of single crystal
(45 = 10 x 8 mm.) eut from e plate 6 em. in dlameter end
8 ma. thick, which was grown in & period of three weeks in
a dessicator over sulphuric acid. It was mounted in the
eryostat so that in all measurements the magnetic fleld was
normal to the trigonal axis of the crystal., The apin lattice
relamation time was measured es deseribed in Chapter 3.
The results are shovn in Table 1.

| 2able 1.
-l
T°K !313” T 1 Becs.
he2 £ 10=2
2.4 ‘hwd‘

1.38 ,JO“'2
1 003 ~5.‘0‘e
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It will be seen that T is very temperature dependent.
varying approximately as T=7, At 1.03°X the relammtlion time
wag long enough for the adiabatic susceptibllity to be
measured at 175 o/e without extrepolation, and the speeifie
heat wes hu:-lul using equation 3.4. As expected the
wlue of ? wae extremely small and it was thus necessary
to correct for several faectors which are usually negiigible.
(1) The d.e. rield H whiech had to be applied to measure
vas only of the order of 50 gauss me that the vertieal
component of the earth's field had te be eliminated. This
was done by reversing the current through the solenoid and
taking the mean result. |
(44) There was a small temperature dependent effeet on M
due to the eryostat, vhich was aperibed to either the parae
megnetiam of lead glass or to some superconducting woods
metal Joins about 10 em. from the specimen., The effect wane
however very small on account of the internal compensation
of the coll and was estimated by repeating the experiment
with an empty cryostat. It was found very approximately
that at 1°K the eryostat contributed <0.07 u.mel. to ¥ in
gere field and «0.05 usm.i, in a field of 50 gauass,

(111) It was elso found that there was a small dlamagnetie

displagcenent in the ealidration curve (~0.1 u.m.i.) near the

A
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A point probably due to a superconductor., In extrapchting
to find M, it was necessary to allow for this.

For & substance with & very small value of ?’ 1t 18
possible to find Mgy without extrapolation. From eq. 3.4 1t
will be seen that if ?ﬂ i small and ® is large. ){, is
very small so that ¥, = o(Mg-iy)s 0, Thus the value of My
measured in a 'large' fleld corresponds closely to M,. This
was verified by using severmal different large fields and
observing that My remained virtually constant. We can
estimate the eriterion of a 'large' fleld in any given case
from the following eonsideration: If we let Hy be the field
which makes the ratio -f“‘_'m = 1, then a field 10y will
nexkce %a-,b Thus for X, to be less than 15 of X, s the
applied field must be 10 times greater than Hy, For Cerium
Nagnesium Nitrate Hy was about LD gauss so that 1t wae posaible
to apply fields of the order 20H,.

———t

For a salt as dilute as this demagnetizing correetions
are negligible and the retio u® H gives the value of
q' direetly. Measurements of this quantity were made in
fields between 20 and 60 gauss. Por these flelds the
saturation correction was less than 0,01).. The results are

shown in Table 2.



T = 1.03%

B My
+59.2 2.93¢
«58.3 2.92
+58.1 2.90g
=57.5 2.9
<474 2,46
+47.9 2,46
+40.,3 2,06
-39.9 2,08
=32,3 1.60
+32.5 1.58
+26.0  1.14s
-25.8  1.17g
+2.2 0,825

¥

- =2

* gorrected for effeet of empty eryostet

Mg = 1hl,26g uem.i,

R
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Zable 2.
sty Mogpr
1.615 2,955
1.63 2.9
1.67 24925
1.665 2.93
2.10 2.485
2.10g 2.48
2,508 2.08
2.485 2410
2.97 1.62
2,99 160
3.42g 1.165
34395 1:19g
34745 0. 8lg
3.70 ©.89

1.665
1.68
1.72
1715
2.15
115
24555
24538
3.02
3.04
3:LTs
Selilig
3.798
3.75

1989
1949
1993
1939
1949
1999
1999
1933
1949
2011
2016
1926
2027
1905

Avg. values o

1969

1966

1974

1966

1980

197N

1966

w1968
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The Curie constant A was caleulated from the g wlue.
For a spin 8 = § eqsles1 becomes
A = 0409375 g° e.n.u./ga. lon, (1)
Thus, taking g = g, = 1.84
A = 0,318 egu/ga. ion.
This gives for the specifie heat

P agus

In view of the uncertainty of some of the corrections it

was decided to check the wvalue of the speecific heat conatant
by measuring the eatropy using the method of adiabatie
desagnetization. At the sane time 1t would be posaible to

see whether very low temperatures coculd be reached as expected,

3. Demagmetlsation Jxperiments

The method of measuring entropy as a function of magnetie
temperature has been outlined in Chapter 4. The same specimen
vas used as for the relaxm:iion measurements., It was
sugpended in the eryostat so that its trigonal axis (direction
of ammll susceptibility) was perpendicular to both the field
of the messuring coil and the field of the magnet. The
appropriate value of g for calculating both the suseeptibillty

J



4

6.9

—a " "‘~

T
and entropy was therefore g, = 1.84, The lmportance

of usping a single erystal for determining the entropy has
already been stressed in Chapter L,
The demagnetizing correction to eonvert ¢ to T was

caleulated from eq.(bels). Taking the erystal to be a 511

nu?u. N 20,7+ 80 that @ = 0,0034°%. The Curie eonstant
per o0s was caleculated from eq. 1 and the density of the
wm. The density of Cerium Hagnesium Nitrate has been
given By ikrishnan and Mookherji (1938) as 2,01, but the

value ctleulated from the X-ray orystal structure 18 2.12.

It was Sherefore decided to measure the demsity of the actuml

9%

-

u{tﬁlmdfmﬂmmtwtmaum the weight in benzen®.
The density found was 2,07. This is mesarer the caleulated

n*u than the previous experimental detemination, but 1t

must be concluded that in both cases there were small ineclusions

of free water which reduced the density.

Hequlte

The results of demagnetimutions can be expressed most
‘m by plotiing w (the mtio of field to initial
W) againet the magnetic temperature reached Teg,
The experinental points are shown in fig.12. The errers on
the points were ecetimated from the amount of extrepolation
" find ¥ at time & = O, Tt will be seen that

~ PJ&MMM reached
o C) kf)' @ )
s
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with fields of the order of only a few kilogauss, as
predicted, The entyopies corresponding to the variocus
valuep of K/T1 are shown in Table 3.

gl

In zero field at 1°r the entropy of the spins corresponds

to slmost complete disorder and we may take its values Op

equal tc R loge 2 per mole. Atmmnm.mm

ie reduced by the interactions between the lons. In section
6.4 1t will be shown that if we expand 8 as & power series
in iothﬂntummormmm

..B'-¢20063) (2)

where & 18 a cheragteristic temperature depending on the
energy of interagtion between the spins, The walue of ©
caleulated from magnetic dipole interection 1s 1.8x10~3 *K,
Thus down tc temperatures of the order of a few millidegroecs
the firet two terme of the series will be dominant and

898 w111 be proportiomsl to .

As © gives & measure of the internctions it is
reasonable to suppose that &t temperatures high compared
with © the effeet of the interanctions will be small and that
2® will ve approximately equal to T. This qualitative
argument wes later verified by Danlels and Robinson (1953)
by extensive experiments using y vy heating. They found
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munuo.ooc‘xre’ e T* & 0,0027 = T to an ascuracy
of 20 Using flelde of up €0 27 ¥ gause they also
investignted the Curie point regiorp and determined the
absolute temperature of the Curie point as 0.0031°K.

Fig. 13 showe a plot of (-"-‘Hi agninst i& in the
temperature range ©° = 5 to 15 millidegrees. It will
be seen that despite the rather larpge seatter, whieh was
due to the experimental diffieunlties already discusced in
Chapter 4» a streight line ean be drewn through the points
to an accuragy of about 8.. The slope of the line ﬂm’

s :

v

? wly

= %
This value is in good agreement with mt derived tm
the relazation measurements m‘l""{'olﬁmh

compared Em; the value found by m-u?a Robinson

. Vo explanation can be offered for the

discrepancy except to stress the difficultice ‘u‘ Mm
& specific heat which is so much smaller than thad of any
other paramagnetic salt go far reported. FPor example the

,+ ' 2 . e N ’

; } N a3 ]

o~
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specific heat of chromium potassiun alum is 2,300 times
greater, and that of copper potaseium sulphate is 85 times
greater than that of cerium magnesium nitrate at the same
temperature. From the practienl point of view, the chief
interest of the compurison lies in the use of the salte By
obtaining very low temperatures by adiabatlic demagnetisation,
A useful figure is the ratio of the speeific heat constant by
given by Oy = b2, %o the Curie eonstant A, since in
demagnetisntion from moderately high megnetie flelds the
ratio of the final temperature Te to the initial temperature
Ty 1o ﬂm&!;"l‘{t%!’. The value of /) for cerium
magnesium nitrate is 380 timee smeller than for chromium
)ohuhn alum, and 60 times smaller than for eopper

potassium sulphate.

4. Zheory
Prom paramagnetic resonance we see that st temperetures

below about 10°X the ealt may be regarded as an assenbly of
dipoles ecach having a magnetic moment 4 = Bg.Ss eess (3
vith an effective spin @ = § and an anisotrople g factor.
The specifiec heat of such an assembly can be caleulated on
iit basis of pure magnetic interaction between the dipoles
lﬂ compared with the measured values of Cy.

| Dk
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© Following the treatment of Van Vieek (1937) we derive
the specific heat (and entropy) Trom the partition funetion 7.

2 o 2 em(-nm) ()
since
8 = ?’ (2 log 2) (5)
and
X
Cy = Ty (kT log 2) (6)

where W, is one of the eigen-walues of the Hamiltonien$(
describing the system. Expanding % in powers of = we

get expressions for Cy and 6 in termse aré; w{. In order
to evaluate these sums we make use of the faet that

Z,‘ Wub = Spur &h (7

where the right hand side representa the sum of the diagonal
elements of the matrix representing ¥ . This can be proved
as follows:

If the baslie veotors (wave functions) used to represent

 are the eigen vectors of W, then the metrix will have

elemente only along the dlagonnl and these will be the elgen-
values Wy« It followe fron the law of matrix multiplication
that the matrix of any power of ¥ will then also be dlagonal
with elements W, . Thus in a representation in which the
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basic vectors are the eigen veetors of ¥ the theorem is
proved. Using now the faet that a change of representation
(from one set of "wave functiona" to another) transforms

a matrix into its equiwalient matrix (seec for example
Margenam and Murphy) then, ag any two e quivalent matricee
have the same spurs it follows that the spur of & in any
representation is equal toZ, Wy

Thus from eqe. (5)s (6) and (7)

A ﬁa'[(ﬁ%?t)g- gﬁ&’],... (8)
oo de (@) - B o

Howy, a8 we can regard the spur of any operator divided by the
nunber of its eigen walues as the mean (or expeetation) value
of the phyesical auantity which 1t represents, 1t followe that
we can always choose ¢ so that

Spur * w Oy
sinee the mean energy of the ayetem has no fixed sero. Thus
eqs. (8) and (9) simplify to |

’S-I.-ﬁl' %ﬁ@.-oﬁé) (10)
o = e B o(b) (1)
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Prom (3), the Hamiltonian ror magnetic dipole-dipole
interaction is

U= % ;E‘—H (8:.9)(g-3;) -%SJ.&%)'Y-‘S] L& r"ill

%~ Cr2)
or in Cartesians

4 = Z -&;35 3: (ﬁa;%;.i +§3c 33'3) +j:-%'%a§~gs

s%?i S.L(x‘is"‘*j‘ishld Ik Ss‘.]
“L0aSs S agasy )]

(W)

Ag in the isotropie case, the trace of this is zero,
This follows from the faect that if £(gi) and g(lJ)) are any

two funetions of the operatiors Sy, 0Oy, 8z of the ith and jth
ion respectively then

sp {#(81).e@n| = fop £(ar) \\ovetan )
and further that

splox) = oploy) = 8p(8s) = ©
(see also Appendix 1I).

2
In order to calculate G8p %L we need te know Spurs of
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eross produects of the form 8n 8y ele. These are given by
8p (Q*Sg) = % So&gg (see Appendix IIX)

where o , f are x, y or = and S‘ﬁu 0 :;0‘?
y 2 |
Thus Spur I la glven by s

g‘&z= \Q", EEM(\‘L‘* = —Qﬁ\]
+3“ (\"3—%-;>-& R‘ﬂ

& c&u 3 L""\ +1‘1L&;i

f'..\

‘...(\u)

Summing over i, and writing Xqe Vgo 'J’ for the co-ordinutes
of the jth ion relative to any one fixed lon

SG¥- 282 a5 8ll2- G ey ]
2 )
+‘5\ﬂ_|-5# 3‘%14(\%31 ls;‘}lg
¥ 1298 “ Q) T
4% ’n_r;;\z)g, §
- +(18)
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On account of axial symmetry, this may be expressed in terme
of g" the distonce of the jth fon from the z axis:

\"\"3*'3:' 7 =034 (46

Then

S -3 | 40 (2 g’ff*fg%}
3u (\_ ';&S*a-\i-&)
R ey %{

---47)

To obtain the speeific heat per grem-ion, the sumsmation over

i must be taken over n = I ionsy where I = Avogndro's number,
The lattice sum over J in equation (17) need be taken in
practices only over relatively close neighbours, sinece it
converges rapdily, ite terms being of order 1/, In this
particular case, inclusion of the 326 nearest neighbours gives
a repult accurate to better than 1. Further, because of the
uncertainty in the value of g, + we negleet the terms in

"‘ "1ldl‘:omm~omm tomiail + On aggount
of the great anisoiropy, the resulting uneertainty in the



(o

6419

value of the specifiec heat is less than 3., The expression
for the mpeeific heat is then
A, L
G"c ‘-\‘—S—z%:‘;" 2_‘5(2 % —‘i—)‘,>
In orur to perfora the J.attlm sun we must conslder
the erystal structure more clesely. Fig. (14) showe the
arrangement of Cerium ions surrounding any one particular
lattice site. It will bDe seen that one way of regarding
the lattice is to econsider it @e & set of planes perpendigular
to the trigonal axis XX' within cach of which the lons are
arranged in regular hexagons. If we take the line XX' %o
pase m one Mr fon Ay then there will be two
typen of hexagonal arrangements with respeet to thig axis.
For ome type the axis will pese through on lon in the plane,
an roru while in ﬁ second type it will pase thmm
a pomtmca e equidietant from three of the qu; From
the point of wlew of eomputing Q) s the dlptance ob\h-
various l& from the axis, we consider these two typu
separately. The two arrangements are shown in fig. {5).
Every third plane starting from the one mtammg the ion
A will be of the Tirst wpo while the lnwtak Planee
will be of the meond type. From Powell's measurements we
can caleulate the length of the aide of each hexagon and

Q%)
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aleo the distance between the planes., They are 15.43 A and
547 A respectively. It ie now simple to compute z° for each
plane and 2 for each ion in the plane, To f£ind the lattice
sum accurate to 1% we have t0 ineclude contributions to it of
up to 0.,01% and this involves the 352 nearcet neighbours of A.
Thus we find that

?-e:‘k(z o 6&::"’ q—&s:_) e 48.7 x 10”0;:"
| \}

and this gives

-5
Cy = Ll-:.”— )
accounting for approximately the whole of the observed
specifie heat, Ixchange interaction must thus be very asmall.

5. Conglusion
It scems that the behavicur of this salt can be entirely

agcounted for on the basis of an assembly of lons intermecting
only through magnetlie forces. As the erystal siructure is

such that the ions are relatively far apart (5 10.98) these
forees are very small and the substance approximates very
closely to an ideal paramegnetic down to very low temperatures.
This fact together with its very small heat eapacity should

meke it a very good thermometric standard below 1°X. (see Ch, 8),




65424

The highly anisotropic suseeptibliity alseo makes 1% possible
to use the salt in experiments below 1°K which require the
application of a magnetic field after demagnetization, sinece
by applying the magnetic field along the axis of low
susceptibility the temperature is raised by only a small
amount. In an experiment on the alignment of Co®® muelei
reported by Ambler, et al. (1953) using cerium magnesium
nitrate as a cooling agents a Cleld of 430 gouss was applicd
at & temperature of 0,007°K, produeing a 50" anisotropy in
the gamm-radiation.

[
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1w , G.Apt‘n 7'

Relaxation meapurements similar to these on Ceriunm
Magneeium Nitrate have beon mede on meveral other substances.
Theee included 2 palte in the double nitrate series and 2 of
the alume. In Shis ehapter we shall briefly sumarise the
results.

fe GERIUM ZING NITRATE Cepin3(N03)ep 24iig0

This salt is very similar in all respects to the
magnesium nitrate and a cheek experiment was carried out to
verify that the propertier were not appreeiably different.
The g wmlues have been measured by Cooke and Duf'fus and
were found to be 1.84 and 0,25 as before, Yeagurements
of the apin lattice relaxation time in o fleld of about L0 pause

gave the following resulte:

Zable 1.
K “Tysoce
2.18 | 2 x 10 %

1,05 8 x 105
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Using 450 e/a 1t was thus possible to messure ¥, at 1.05%K
without extrapolation. The effect of the earth's field

wvas again eliminsnted by reversing the field through the
solenoid and taking the moan result. The correction for
the effect of the empty crycstat was made as befores by
adding 0.05 uemei. to Myeily and 0,02 to Wiy, The value

of Mg was found by measuring the inductance in a field of
about 1700 gnues, large enough to make Y, effectively
serc. In this experiment there was no discontinuity in

the calibration ourve due to & superconducter. 4As for

the magnesiun salt demagnetiging and saturetion effecte were
negligible. The results are shown in table 2.

7%= 1.05 " . 937.26

= 1. - .

B . oMsigety SMaiaty Algep Sgar i‘ " pis
] Wlie85 799 O 766 (v}

*U42.1 S40.87 3.61 3.98 3.66 4,00 1660

42,1 940.95 3.69 3.90 3:7h 3492

~47.9 94048 3.22 be37 3427 4e39 1690

+47.4 9uO48  3.22 We37 3627 439

& o 1675



Ik
7.3

Taking A = 0.09575 ¥ 1.84° (eq. 6.1) we get

r e 6.4 x 10'6

This 1o of the same order of magnitude as the walue for

Ce Mg Witrate and is in good agreement with the enleulated
value which is the same for both salts. It has thus been
established that there is no signifiecant differents between
the sine and magnesiua double nitrate so that either can be
used for experiments where a very low specifiec heat or great
anieotropy is required.

2, NRODYMIUM HAGHESIUM NITRATRE

. "

The ground state of the froe Na>* lon s %19/p and in
a eryetalline electric fleld of sufficlently low symetry
thia ie split into 5 Kramers' doublets. To a firet
approximation these may be speeified by Jg = sde 32 +ov 33 o
However & more ageurate theory shows, (Elliott and Stevens,
1953) that a erystal field of Cgy, symmetry such as would be
expected in the double nitrates. will adalx certain states
with different walues of J, and also that the effect of
higher levels on the ground state murt bde considered. The
theoretioal problems conneeted with this substance have not
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yet been fully solved, However it hae been shown
experimentally by Cooke and Duffus (1954) that in the double
aitrete below 4L°K only one doublet is populated and that
the magnetie properties of the ions eun be expressed in
terme of & fietitious spin 6§ = ¢ and an anieotroplie g
value, a8 for Cerium Magnesium Nitrate. The prineipal wlues
of the g tensor were found tc be 0,45 & 0.05 aleng the
trigonal axis and 2.72 & 0.02 perpendicular to it.

Cooke and Duffus also resolved the hyperfine strueture
due to the two NA isotopes with nem sero nuelear spin.
These are m‘“’(n.aﬁa) and M"“’(l-l’.i) each with nuelear
epin I = 7/2. They found that the hyperfine splittings could
be represented by & spin hamiltonian of the form

A Sg Ig + B(0x Ix « 8y 1Iy) (1)

vhere A and B have the wmlues

nat43, Aeb5x10% an! = 0,07 x 4072°x
Pw312 x 100 e~ = L.49 x 1072
l‘“"t Am32x 10"‘ u" e 0,04 n 10"“&

Be193 2 104 an*! = 2.79 x 10~2%

These splittings give rise to & Sohottiy anomaly at
very low temperatures (~0.,05°K), the tail of which can be
neasured at 1%K.

e



7.5

Ihe Measurcaents

The specimen consigted of two pieeecs of esingle erystal
eagh 25 x 10 x 4 mm., mounted on & perspex frame with the
trigonal axis perpendicular to the measuring fleld, Jeagure-
ments of the epin lattice relamation time in o field of
about 200 gauss gave the following results:

Zable 3
*°x T seen
2,05 8 x 403
1.37 11 x 103
1.03 1 x 403

It e intereating to compare the slow variation of
vith temperature in this salt (~#) with thet in the Cerium
double mitrate in which T wvaries approximately ae T/,

At the loweet temperature the relaxation time was long
enough to measure the speeifiz heat without extrepolation
using 175¢/8. The field needed to mko"’zf'&‘-"- 1 was about
300 gauss so that the effect of saturation was negligible.
The demagnetizing corrcction, caleulated as for Ceriun
Magnesium Nitreate was less than 0,005°K, The quantity
l"a therefore gives & directly. Table 4 shows
the results of 6 measuremente of ?‘tuﬂolubom
?;;'.I and 420 gause.

ey

|\<1



' Ao
7.6

M .03’! M” ‘,. '.'7’6 .M Vetle e

H gauss M uemei. Olsdigeiy Sy @2-:’&
0 TH6.01 9459

«215.5  743.03 6464 2,98 1,025 = 107

316 Thi 3N .89 be70 1.05

421 739.94 3.52 6.07 1,03

+208.5 Th3.21 6.79 2,78 1.06

o312 T W98 46O 1,055

+h22 T4o .00 3.58 6,03 1.055

Average value of ?’ = 1.045 x 105
The Curie constant ). was calculated from the g value gliving
A = 0,608 e.niu./mole

?al.ﬂ!ﬂ)‘“

The meapured value of the speelfle heoat can be compared
vlﬂ tht caleculated from the hyperfine strueture plus the
m of dipole-dipole intermction. It ean be shown

pr
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(Danielss 1953) that in the region where the speeifie heat
ie proportional to %2 the two contributions are sdditive.
The ealeulation for the "hyperfine' speeifie heat is glven
in Appendix II where a serice expansion in derived in temms
of the constants of the epin hamiltonian (eq. 1).

This given

w = 8.10:10"‘(14»@4‘ )

At 1°K the second term may be neglected,
The dipole-dipole speeirie hest may be derived directly
from the calenlation for Ce Mg Witmate (6,6), minee the
two salts have the same lettice constanta, Ae C le
proportional to ﬁ we multiply the walue for the Cerium salt
&g 4 b —
by (“.) = (ﬂ) w L8 80 that for Wa ¥Wg Witrate

3&%&1’.‘ e 3.3 x 10°5

Thus the total ealeulated speeifie heat is given by

2112" = 8.43 x 1074

This 18 in very good agreement with the experinmental walue
of 8.756'The am11 dicerepaney oan be asertbed to
experimental orrors in measuring either the specific heat or
the parameters derived from paramagnetic resonance. In any
oase, exchange interaction is very small,

4
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conolusion
It seems therefore, that the behaviour of the salt
above 1°K 18 adequately deseribed in terms of the hyperfine
splittings and dipole-dipole interastion. Vo messurcments
have so far been made below 1°K but it seoms remsonable to
prediet that the same theory will hold at least down %o
temperatures where the hyperfine splittinges become comparable |
with kT ( ~0.,05°K). As in Ce Mg Witrate, the theory for *
the dipole-dipole interaetion will hold dewn to much lower 3
temperatures ( ~0,01°K). It would therefore be possible to l
use T4 Mg Nitrete as & standard magnetie substance below }
1°% instead of the Cerium salt, in experiments where & {
specific heat about 100 timee larger would be advantageous. '
The salt should also prove very useful for experimente
in nueclear alignment.

3. CHROMIC MNTHYLAMINE ALUM Or(CHylHs3)o(80)) 12050

The properties of this salt below 1°7 have been
invectigated extensively by Gardner and "urti (1954). and it
was declded to measure the speeific heat above 1°K to check

their extrapolated value.

L

"1 h

.
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7.9

The speeimen used was & 4311 ellipeoid of compreosed
powder enclosed in & hollow perspex mould. It was 3.9 em.
long and weighed 2.7 gns. Measurements of the spin lattiee
relaxation time in a fleld of 470 gauss give the following
results:

Table 5.
2.14 6 x 107

1.38 18 x 10>

1.03 28 x 107
The specifiec heat was therefore measured at the twe lower
temperatures using 175 ¢/8. The results are shown in tables
6 and 7.

Zable 6.
£=A75 ¢/o Mg = 628,50 u.m.i.

* it M Ay SMslily = éﬂ
133 0  647.91 19.44 0 &
138 U465 643.83 15.33 4,08 04266
1.38 625 6u41.57 13.07 63k 04485
11:03 0 65445 25,95 n e
1.03 456 649.09 20.59 536 0+ 260
1.03 640 646.18 17.68 8.27 0467
103 773 643.30 14.80 11.15 04754

il
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As this substence hae & relatively large walue of ?e-

fields of the order of 700 guuss had to be used to measure
¥y and agcount had to be taken of saturation effects. The

saturation correction was ecnleculated from eq.(3.5) whieh

gives & = 1,58 x 10°8, The eorrections to the ratio

P e “ are tabulated below.

duble 7.
R T ﬂ r r'ere 153 5?

UGS 1438  1.75x10°7  266x10°3  264x10™>  B.18x10°

625 1.38 3.k - bBS 462 B.12

456 1,03 3.01 260 257 809

610 1,03 5.35 L67 462 8405

773 1,03 8.62 75 Tab 6.02
8.09

Agccount &lso hed to be taken of the effeet of the
demagnetiging correction as the volume susceptibility of
this substance is fuirly large. 7The value of & wan
ealculated from eqg.(hels) using the walue of A corresponding
to e opin 8 = 3/2 and g = 1.98:

S i | A = 1,876 emou./mole
= 0,00632 e.meu./c0.

e .
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For a 41 ellipsocid @ is equal to 0.016;1:. The epeecifie
heat ean now be euleuleated from the mtlo ‘,’:' using Qe (3.8).

f & 0,019

in excellent agreement with the value 0,0193 found by
gardner and Eurti from demegnetisation experiments and also
with the walue 0,020 found by de Xlerk and Hudeon (1953).
Discuosion

Extensive paramagnetic renonance work has been done on
this substance by Bleaney (1950) and by Baker (unpublished).
The “P ground state of the frec Cr>* lon is 'quenched' by
the large cubiec eryetalline ficld so that only one orbital
level is populated at normal temperetures. This level, which
has 2 4 fold degeneracy due to spin, is split by a trigomal
field into 2 doublete which are choructerized by 88= £3/2 and
88 & 33« However, the variation of paramagnetie resonance
absorption with angle showed that the simple model whieh
aseribed the splitting solely to a trigomal distortion of
the cubie ficld was not exmot and that a rhombie component
was also involved. The magnitude of the splitting im mero
fleld was found to be 0.,255°K. This splitting givee rise to

& Sehottky type specific heat anomaly with its maximum at

Sl

| 2%
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about 0.,11°K, so that above 1°E only the 'tail' can be
observed. It can be shown that in this region the
specific heat followas the law

§ - g

wvhere is the splitting. Thus the contribution to the
specific hent due to the Sturk effrect is

w = OQMG’

The contribution due to dipole~dipole interaction
can be ecaloulated from the formula of Van Vieek (1937)

?‘g 3 a'? g (1)

where \' is the Curle constant per ec. and 0 is a dimension-
less constant depending on the lattiee arrangement of the
nearest neighbours (¢.f« €q.5.18). PFor a fMee centred
ecubie lattice, corresponding to the alum struetwre (| =
fheh. Thus

M e 307 X "Q*

Thie gives for the total caleulated speelifie heat

%ﬁ. = 00171
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It will be seen that there is a diserepancy between
this value and the oxperimental walue amounting %o 120,
Three poseible reasons for the 'excess’ specific heat have
been advanced:

(1) The resomance measurements were made at 20°X and 1t is
possidle that there might be & small change in the crystal
field which would alter the aplitting as the temperature 1is
reduced., To agree with the experimental speeific heat
would have to be 0,27k,

(11) In the resonance experiments, the splitting was
deduced from measuremonts of transitions in large magnetic
fielda. Any deviations of the erystal field theory from
mwu—mmmmmmumod.
Work is at present in progress (Baker) to find the sero
field transitions more direetly by ueing different microwave
frequencies. -

(111) The intersctions between the iona may not be entirely
due to magnetie dipole-dipole forces and there may be a
contribution from exchange. liowever isotropie exchange of
the form J §qe8, leads to aWeiss Ay (8ee Chapter 1) and this
wag not. cbeerved,since it was found that Curie's law was
obeyed accurately if allowance was made for the demagnetising
correction. Any exchange must therefore be of the anisotropie
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kind: Recent examination of the line shepe has shown
(Baker unpublished) that this poesibility ean be ruled out
so that the exchange interaction must be negligible.

At present there is no indlecation whieh of the other

clarifying.

4e FERRIC RUBIDIUM ALUM Fe RD 128

Paramagnetic resonance in this ealt has been investignted
by Bleaney and Trenam (19%4) who found that the %5 ground
state of the free Fe>' ion was split into three doublots
with energies corresponding to O, 0.,0026 and 0.063%K,

These splittings are much smsller than in any of the other
alums, Consequently the 'Stark' speeific hoat associated
with the splittings should be very small, se that almoet

the entire speeifie heat should arise from dipole-dipole
interaction. This would make the propertiee of the
substance very interesting near ite Curie point as the theory
of Sauer and Temperley (1940) should then be applicable.

When demagnetiszing experiments were atarted by Cardner and
Furti with a view to investignting this region, 1t was

found thet the specific heat wan mueh larger than expeoted.
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They also found that the magnetiszation Aid not follow a
Prillouin function even for small flelde of the order of
a few hundred gauss. In order to conf'irm the Tirst of
these findinges it was deeided to meapure the magnetic
pert of the speecific heat by the relamation method.
The seuaurements

Measuremenis were made on the same specoimen as that
used by Gardner and Kurti, & single erynstal shaped inte a
oylinder & em. long and 5 ma, in dismeter, with ite axis
parallel to the (1 1 0) Alrection. In a field of about
250 gauns the following relaxmtion times were obtalned.

Zable 8.
e T
4. 2°K 7 = 10 gee.
2,19 4 x 103
1.35 15%10™3
1.05 30x10™>

It vap thuo possible to measure the speeific heat at the
two lower temperatures using 175 ¢/s without any extrapolation,
The results are summeriged in table (9).
The demagnetizing correction was caloulated from
eqs (Lels) assuning the specimen to de an 8:1 ellipeold,




e 130

746

This gives & = 0,059°Ks The Curie constant, ealculated
fron the g walues, was
A = U438 eumius/mole
= 0,0152 esmou,/ee.
As 1t had been shown by Gardner that the magnetigation
did not follow a Brillouin funetion, it was necessary %o
investigate the saturetion experimentally. This wes done
by Gardner and Meyer and the full resulte are discussed
in cardner's thesis. Using a ballistic galvenometer to
meagure the (differential) suseeptibility in fields of up
to 1400 gauss, they found that near 1°K the susceptibility
could be expressed in the form

e n [ oo e ]

where o hae the yalue 1,2 x 10™7 & 18, If the substance
hed followed & Brillouin funetion the value of § would have
iua}.)bzio" {gas 345). Thus the saturation correetion
to the ratio r-xl is about 4 times bigger than that
caloulated theoretically. However for the fields used to
‘meagure Y (~B800 gauss) the gorrection to the final
value of the specifie heat only amounted to about 15,

The resulte are shown in Table 9,

o




T H aMela, M * ‘%ﬂ r‘-r-(ﬂsa

1.35 191 16.79

235
272
Loo

1.05 233

15.07
13.7
9.70
7.22

19.56
16.M
15.10
13.95
11.76
9.08
L.75
3.3
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Zable O.

439 0,262 2.6x10™7
6415 0408 4.0
7«54 0,552 5.3
11.51 1.18% 11.6
14,00 1,94 18,8

8427 0.421  6.6x10™
10,92 0,645 10,2
12.72 0,843 13,2
13.87 0,994 15.6
16,04 1.36 21.4
18.30 2,02 32.4
23.03 4,85 75
2469 7.8 120

0.259
0 o Ly0ly
04547
1473
1.92

Uelstly
0.635
0.830
0.978
134
1.99
LT7
77

2
£

1.425107
1.37
1.35
1.37
1.36
137
1.34
1«3
1.3
131
131
133
1.29
1.27
1.30

The value of (4 -’ )" At 1.35°K 10 1,15, and 1,19 at 1.05°¢
8o that

o«

B -

= 1.575 x 109 at 1.35%
1.545 x 10° at 1,08°<

{3l
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2
Taking the avemmge value of ? = 1.%:105,wﬂmmt

?' = 0.2 x 10%3

Diseusgion
This value of the specific heat ean be compared with

the wmlue ealoulated for dipole-~dipole intermeotion pluse
the effect of the Stark splittings. Using eq.(1) we get
for the dipole-~dipcle eontribution

Catgo1e™ = 4,98 x 103 .

The contribution to the apeeific heat from the Stark splitiings
has been given by Bleaney and Trenam as

M e 8,58 x 10

Thas She tetal saleulated weius of 18

w = .04 = 10”’

Comparing this with our measured value 5,2 x 10~ we pee
that there is a diserepancy of 25 .

An estimnte of the magnetie specific heat has also been
made by Gerdner from his demagnetimation reculte by eanmlysing
the total mpecifie heat into a s part, corresponding to

o »




719

the tail of the Gtark and interection anomnlies, and a
"non magnetie” contribution Cy. After correcting for
the effect of saturation. he found that

f o 1020, o

An attempt to fit the non magnetie part & a Debye
function has so far proved unsuccessiful, and it may be
that 2 simple analysis of the apeecifie heatl cannot be
made in thie case. The discrepancy between hin walue
and ours eannot be explained but it must be pointed cut
that the relaxation method measuren only the apin dependent
pert of the speeifiec heat while demegnetizstion meesurements
involve the lattice aa wells In any case the diserepancy
between Oardner's value and the theoretical value is even
greater than ours,.

Two poesible explanations of the 'excess' specific
heat have been suggested: One is that there io @ large
exchange intersction between the ions. lowever. direet
(isotropie) exchange is unlikely as no VWeies A was observed
and elso ap the iong are very far apart. Henece a large
amount of anisotropiec indireet exchange would have to be
involved. The second, and mueh more likely ecause of the
diserepaney io that the splittings in the concentrated salt
are different from those in the diluted sait in which the
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resonange moasurements were made. In order to reduce the
line width due to apin-spin interaction, Nleaney and
Trenam found it necessary to use orystals containing only
very small quantities of the ferrie alum diluted in
several hundred parta of the isemorphous aluminium salt,
It does not ceem &t all unlikely that the erystalline
field aeting on the Fe>' ions should have been slightly
different from that in the concentrated salt, particularly
in view of the faot that the splittinge are only caused
by distortions of the field from cubiec symmetry.
(A field of true gubie symmetry affects an o etate only
in a very high order of perturbation (Van Vieck and renney,
1934))s A subseguent examination of the unresolved line
shape in the concentrated salt indlented that this explanation
is probably correct.

However the anomalous variation of magnetisation with
flield as well ae the diserepancy between the relaxation and
demagretisation measurementa of whwnthhmnm.
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5. SUMMARY OP PART TI.

‘We conclude this part with a table of results ahowing
the specifiec heats and also the slopes of the ealibration
curves of ¥ against § (or yhs where there is en
appreeiable demagnetizing correction). For a substance
with known g values it is poasible %o deduce the eonatant
of proportionality between the Curie eonstant and the change
of mutual inductance of the measuring coil, sinee from

equation 2,1
u-m%ﬂ - Mg) = C . Slope

loge = [* g’ 132:(.»1) g f

s Ag® J(741) ! by (2)

where m is the mass of the speecimen, ¥ the gram lonic mase
and £ is a funetion of the sige of the speeimen whieh nllows
for the fact that not all the flux passes through the
secondary. VFor a very short specimen £ = 1 (see Appendix 1),
Two measurements have been ineluded in table 10 whieh

have not been referred to above. One was o meapurement on
d= bt
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& #pecimen of manganous ammoniun sulphate, the purpose

of which was to establish the constant A o greater
agcuragy by using a substance with & large suseeptibility.
The speeimen which was freshly recrystalliged,was ecntalned
in a standard eylindrieal perepex container 3.6sem. long.

The demagnetising correction was ealculated on the

appumption that the eylinder approximated to a 3:1 ellipscid
giving the walue & & 0,029°E, It will be seen frem the table
that the walue of A deduced is in good agrecment with the
mean of all the other experimente.

The other experiment was an attespt to measure the
epecifie heat of Ferric methylsalne alum. In thig
substance the splittings of the 5 ground state ere very
large (Bleaney and Trenam, 1954) and the ealeulated wlue of

at 1°K is about O.4. This 18 50 times larger than the
velus for the rubidium salt. It was found. however, that
?m too big to be measured by the relaxation method as
such large fields had %o be applied to measure ) that the
saturation correction beecame comparable with the ratlo %’ .
In view of the uncertainty of the eorrection it was decided
to postpone further measurements until an experimental
investigation of the saturation curve had becn made,

However, the experiment was useful in previding another
determination of A, thie time on & specimen enclosed in an
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ellipsoidal container for which ¢ ean be culculated
agowrately (0,025%). A ealeulation was alse made to
eptimate the effect of the large epystalline splittings
on the suseeptibility, dut it wae found that down to
1°K the effect was less than 17 and could therefore be
negleeted.

The results of all the experiments are dollected
in Table 10. It will be secn that the average value of
A = 363 3 10 8o that for any substance for which the g
leu are not known, the Curie constant ean now be
ealoulnted from eq.(2) using the experimentally determained
slope. ' |




3»\

TRttt €
"“:35555’52

« RERABAR 448
%

i BRFAE 64

(e )

0 402
1.965 278

g = : (em) ¢
18 F 49 42 7 4860.07%
272 1 o 25 1.7 g.ow.om
w(Egms)a(s0)ot2i0 198 § 2 39 o xy
3.9
| 20§ A0 40
200 § 5.5 365 143  150.8

Gepiny(W3) WP Bk § 297 35 142 B.0Bkc.
Po(CH M) (0 ) ABP 200 § 172

-ubstamoe
Sezigy(103) 220
Nagig3(R03) 422000
Pelib(soy ghamgd
Un(1Fy:0),) R0

l

I3%



l3€7

8.1

PART IIX

anPi'lin 8,

At temperctures reached by adiabatic demagnotimation,
ve define a magnetie seale of temperuture T¢ by extrepolating
Curie’s law, Y = Q. uping measurements made in the range
4K to 1°k to ealoulate A (see Chapter 4). However, as we
have seen in Chapter 1 Curie's law does not hold sceurately
at very low temperatures for most substances used, espeeially
those with & large specifiec heat. ie therefore reguire to
find the wariation of ¥ with aboolute temperature so that
? ean be corrected to T. One method of measuring 7 1s to
use & thermometer substance whieh is known to obey Curie's
law in the temperature range required, when 7 ean be deduced
fron meacurement of 1ta susceptidility, The problem 1o then
one of memsuring simultaneously the susceptibilitiee for two
.ltl in thermal contact.
. Consider the case of & composite speclimen consisting of
ﬁl substances one of which hag an isotrople suseceptibility

.
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while the others the thermometer. is o single erysial
having & susceptibility X in one direotion and A ine

perpendicular direction.

AX+X,
ﬁ
ottt - ?
=~
Th X+ X% ™
S
=

Messurements on the composite speeizen in these two

diréctions give () +% ) and (K + )y, )e If X, and [ ere
known to obey Curie's law the wariation of X with temperature
ean be dedueed. The probles is payticularly simple it‘xt
negligibly small,

However, the magnetio momente of the two substancee will
be additive only to & first approximetion, and at low |
toeperatures, where the suseceptibllities become large.
demngnetizing corrections munt be applled. The potential
problem of & composite epecimen can be solved moot simply
for the cape of an anleotrople sphere surrounded by a concentriec
fisotropic spherienl shell (see Appendix ITI). TIf the thermo-
meter salt has a small thermal eapmeity, as all salte obeying
Curie's law will, such an arrangement hee the further advantage
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of providing & guard ring of large heat capaeliy for the
thernometer and ensuring optimum conditions Tor thermal
eontact.

Prom the resulte of the work deseribed in Chapter 6

and alse from the work of Daniele and Robinson (1953). it

will be seen that Cerium Negnesium Nitrate possevses all ilhe
propertier required by @ thermometer of the type deseribed
above, We may summarise these an follows:

1) The salt obeye Curie's law to within 2 down to 0.006°K,
2) The susceptibility parallel to the crystalline axise is

very much smaller than that perpendicular to the arxis
x’_thﬁnl'o

3) The mpeeifie heat below 1°X is very small

¢ = ﬂ;gm-/wm., (1)

This hae the sdvantage of ensuring a short response

time in spite of poor theraml contact at low temperatures.

The main problems in hvumg such a method of messuring

hcnﬁuu are as follows:
1} 'emmnm a system of mutual inductance coils to

19 3
A

meagure susceptibilitice in two directions at right

| angles.

. .
2) Making & epecimen consieting of a single eryetal ephere

r._.t -4 .0

o

of Cerium Vagneeium Nitrate surrounded by @ eoncentrie shell
of the substance under investigation,
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3) daking good thermanl contaet between the subntuncee

since after demagnetisation they may be at very different

temporatures.

The adventage of such a themomoter in that, once a |
specinen hae been mades the variation of museeptidility with
temperature oan be measured from the lowent temperature
attainable with that substance up to 1°K in one demapgnetisntion,
so that the entire TJ* relation ean be found in one experiment.
This ie a great improvement over the thermodynamic method of
determining absolute temperatures whieh requires a large
number of demmgnetisations fothod.1s partieularly useful in
the Curie point region where the suseeptibility of the salt

itepelf becomen practically temperature independent.

Ve have seen in Chapter 2 that the suseeptibility of a
specimen can be measured very conveniently in teras of the
mutual inductance of a pair of eolls surrounding the speeinen,
The main problem in designing & coll to memrpure in twe
directions at right angler is one of spaee, mince the whole
meaguring system munt be accommodated in & devar vessel and
placed between the poles of a magnet. A simple extencion of




r s
‘1

the conventiomal arrengement of coaxial selemoids was thus
ruled out, However & much less bulky arrangement can be
designed since She coile ean be wound in amy shape and 31so it
can be shown from firet prineiplea thet & gingle eecondary
wound at an angle to two primaries at right angles 18
sufficient.

Let us connider an anisotroplic paramagnetic speeimen
in a magnetie fleld j due to the primary of a mutual
induetance coils If the field is parellel to one of the
principal axes of susceptibility, then the amgnetic moment
induced in the specimen, Be will be parallel to j| and
propertional to the ecorresponding prineipal suseeptibility.
If we now surround the specimen by any secondary coll and
vary ji+ them the change of flux through the seeondary due
to the specimen will be proportienal to the ehange of b and
henee to the principal susceptibllity in the dizeetion of H.
Further, if a second primery is used to produce & variable
field along one of the other principal axcss the prineipal
susceptibility in this direction ecan be mcasuved from the
change of flux through the gamg secondery. The two conntante
of proportiomality between suseeptidility end flux will depend
only on geometrical factors and can be found using an imotrople
gpecimen of known sueceptibility.
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Two experimental arrangements were tried: In the firet
the inductance of the empty coil wae backed of'f by an
external compensater cooled in ligquil gen. The mu
changen due to the specimen were u&qma'on the v ¢ y
Nartehorn bridge. However, this arrehgesent proved unsatie-
factory due to imsuffielent stabllity in the gompensator and
1t was therefore decided to comstruet a gecond coll compensated
internally as for )1 denagnetization experimente (see
Chapter ). The const | OF this coll i mhown in
fige. 16, 17 and 14, 3 : |

The secondsry ﬁ‘ ed of two identlcal halves eounected \
in antiphase, ouch -wta with 3800 tupne of 58 Sw.gs enamelled
eilk covered wire hMW”?m mn. raeh channel
was 2 em, wide and vae ‘“’iM-l}! thigudh-n a thin npacer
to reduce celf capadelty. To wind the seeondary, two steel
rods were serewed into the former at hn dangle of 35° te the
axls of the eolly emaebly at right angles $6 the channeln,
and held between ﬁtt*ﬁn;u.a lathes As the two yarte of
the secondary were ell pﬂul there vae & variation in winding
speed which was all for by feeding the wire from an autoe
matic tensioning device,  Bekelite varnish wee applied after
each layer to hold the wirga 4n place. Vhen the coll wae
finished the wvarnish was earefully dried out st BO°C for
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several hours to remove the solvent and wae then polymerized
at 140°C for 1 hour. The ende of the wires were brought out
to terminal blocks consisting of small brass serews.

The primary was also wound in two parts: one %o previde
a field perpendicular to the axis of the eoil (the horiszontal
field), the other to provide a field along the axis (the
vertical rield). . |

The primary for the horisontal field was wound in groovee
running along the length of the coll distributed over the
surfage of the former in such a way that the uniformity at
the centre was a maximum, It can be shown by cxtending the
caleulation for a Helmhols coily thet the condition feor thie
ie matisfied Ly a uniferm current dietribution over the
curved surface of the eodl subtending an angle of 120" at the
axiey plus a eimilar distribution flowing in the other
direction on the opposite side of the eoll.

v




L =

8.8

In practice the uniform current distridbution was
aschieved by winding 30 turns of 32 e.w.g. wire in each of
15 elote 2 mas wide and 1 mm, apart producing a rield at
the centre of 69 geuse/amp. The winding wae done by hand,

The primary for the vertical fleld consisted of a
double layer solenoid of 34 s.w.g. wire., Thia was wound
on top of the other primary, a piece of X<ray film being
placed between the twe to faecilitote smooth winding. The
field produced at the centre was 63 gauss/amp.

The conatante relating mutual inductance to suseeptibility
were found by calibrating in the heliun range, using a sphere
of powdered potassiua chrome alua, In the notation of
section 7.5

-',l,l
Slope = [Al]_._o « As(set)g® B

whence the walues for A were found to Dbe
Ay = 223
for the vertieal direetion, and
Ag = 205
for the horiszontal direetion. The ratic of the sensitivities,
ngeded to enloulate the results, is therefore

‘x‘{ e 1.08g (2)
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The srror 4n thie ratio is about 2° but ap it affecte
the finel snswer only to a second order, thie 1s negligible.

By demagnetizing the same aphere of chrome alum it wae
ponsidble to investigate the accuraey with which tenperat.res
can be measured with this codl below 1°K, For an isotropic
spheres the valuecs of 7+ deduced by extrapolating & plot of
¥ againot # in the helium remge should be very aecurately
the sames for a given temperature of the apheres whichever
of the primarier is used. The Tollowing wmilues were obtalined
by taking alternate readinge to find the simuitanesous
values of ¥ at different temperatures:

y &)
0.1!85 0+129
0.130 0«43
0uiblg 04463
0.2”’ 0« 240
0435 D352

We thus see that as regards sensitivity and stability of the
ayetem, deviations in the T<0% relation of the order of
0,001°K ean be meacured.
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3. Zhe mpeeinens

As explained in the introduetion, the most convenient
form of specimen ie one consisting of a single erystal sphere
of the anisotropiec thermometer substance surrounded by o
shell of the isotropic substance unler investigmtion. 7The
thiekneses of the shell was chosen so that the magnetie
moments of the shell and sphere were roughly equal and ware
determined by the relative volume suseceptibdilities of the
two substancess Ae Ce Mg Vitrate has & rother amall
susceptibility (8 = § g, = 1.,84) thie implies, for most
substances, very thin shelle of the order of 1 mm. thiek.
Two different technigues were evelved Tor maling the
concentrie spheres agcording ve a single erystal or
eompresscd powder wus used for the shell. 7er both types
of speeimen the inner sphere of Ce Mg Nitrate wae made in
the same way: The flat fece (perpendiculer to the trigonal
axis) of a pleee of single erystal of Ce Mg Vitrate wae
glued with Araldite (101) to & pieee of paper and this in
turn vap glued with Durefix to the end of a cylindrieal
wooden mandrels In this way the ecryetal could be turned in
a lathe and shaped into & hemisphere ueing sandpuper, and
oould then be detached from the mandrel by clebving the
piece of paper with & ragor blade. lowever, for making

i
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& specinen with a single erystal shell thie last cperation
was deferred., Firet a hemispherical hole was cut into a
piece of the outer crystal attached to ancther wooden
mandrel ap deseribed above., The cutter used for making

the hole was a simple steel dlese of the required pise
sachined flat on one face and backed off at 5° to provide
a cutting edge. It was attached to & brass holder which
was gripped in the tailotock of the lathe, Yo lubriecant
wae used for eutting. The operation of cutting & hole took
about 2 hours end even then the cerystal frequently broke
on agcount of flaws, and for this resson later cxporiments
used shells of compressed powders The Ce g Mitrate
hemisphere, still attached to ite mandrel was then glued
into the hole using Araldites care being taken to ensure
that the axis of the mandrel, (und hence the erystal)

vas exactly perpendicular te the equitorial plane of the
heole, ¥"hen the glue had set the mandre) wae put back into
the lathe and the outer erystal shaped away using sandpaper
until a thin shell remained. In this way it was possible
to make extremely thin shelle (~ 0.7 mmdthick) out of single
erystals, whieh were exactly eoncentrie with the inner
flued togetiher with araldite. The line of the join eleerly




- 53

8.2

defined the plane of the Cerium erystals and hence the axis
of low suseeptidility. The respeetive mapses of shell and
sphere were deduoed from weighings made at the different

stages of the process,

In view of the difficultice of machining single eryetala,
it wae declded to use eompressed powder for the outer shell
and the following teehnique was evolved:

A pleee of perspex was turned down in & lathe 11l ite
diameter was about 2 mm, greater than the outside of the
shell and a hemispherieal hole eut inte one end using a
steel dise similar to the one deseribed above. The diasmeter
of the hole, which was always about 0.5 mm. bigger than that
of the cutter, was made equal to that of the outelde of the
shell, The hole was then packed with some very finely
erushed powder of the subatance out of which it was desired
%o make the shell, using o hydranlie ram to previde pressures
of up to 6 tons/sq. ineh., The perspex “eup” was then put
baek into the lathe and & hole corresponding to the sise of
the Ceriumghere turned out of the powder ueing a second
steel cutter. Due to the uniform nature of the compressed
powder and the absence of flawe thie proved to be
eonsiderably easier than for a single crystal. Ome of the
Ceriun hemispheres, detached from its mandrel., was then

e
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gently pressed inte the hole using Apiemon J oil to £111
any small gaps. It was foun! that this mode good thermal
contact between the shell and the sphere down to at least
041°K (see delow). Two puech composite hemispheres were
made and joined together using chloroform to seal the
perspex. The adwantage of having the specimen totally
enclosed in perspex is that the masses of the msalte will
remain constant with time so thut the enlibration slopes
for different experiments cen be compared. The method also
avoide the use of any glue exeept for sealing the perspex,
so that chemieal decomposition of the mpecimens is far
less likely. It was found that the perspex d4id not influence
the heat transfer betweon the epecimen and the eryostat, and
it seems that it would be very good practice in all
demagnetisation experimente on powdered samples to use

| similar plastie moulds to protect the specimens,

For the preliminary experiuments chrome alum wes used
for the shell, but for the firet guantitative experimentes it
was deeided to use manganous ammonium sulphate for whieh
the deviations from Curie's law are large and have already
been determined by the standard y ray method (Cookes 1949).
The volume suseceptibility of this salt is about 24 times that
of Ce Mg Nitrate, so that for the magnetic moment of the shell

s
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lﬂ“hhmbho&yamllmmttmdwm
used. %o aveid the difficulties of making a shell 0.2 mm.
thicke the manganese salt was nixed with emsetly twoe parte
of diamagnetic sine sulphate to aet as filler. making 1%
posnible %o work with wvolumes 3 times an big. The ealte
were both made from Anslar ¢hemicals and were Ireahly
recryrtallized before belng rinely crushed and mixed. To
avold dehydration of the finely divided powder it wae
compressed into the porspex mould imcediately after erushing.
The dimenslions of the specimon were ac follows -

Redlus of Ce Mg Witrete spheve, By = 0,0 mn,

Mass of Ce Mg Nitrate ephere, Ry = 430 gmo.
Mass of ¥n + Zn shell e 0,61 gme,
. Mase of Nn ammonium sulphate e 0,203 gas.
. Tffective onto; radius of shell, Rp = O mm,
Hencey (;}) e 1 = 0,87

The erfective outer radive wap deduced from the thicinesn of
the shell which was caleulated from the mans and the dencity.
The matio (}'})’ is needed in pome of the caleulations of
eorrection factors given in Appendix III.

B
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The thermal contact between the shell and the inner
sphere was investignted in the following experiment:

The composite specimen with an ocuter shell of Chrome alum,
wae demagnotiged from & field of about 7 ¥ geuse applled
along the direeotion of large suseeptibility of the Cerium
-1“ This cooled tue inner sphere to about 0.,006°EK and the
surrounding Chrome alum to about 0.,16°K. The ¥ value was
nl‘ . the Hartshern bridge as soon after demagnetizing

© an pgnm and plotted as & funetion of time., A typleal
result ie shown in fig. 19.

In the temperature region where the effeet of the two
salts 18 approxiaately adaitive (T » 0,1°K, see Appemdix ITI) -
the value of mutual induetance for the direction of maximum
suseeptibility is given by

l,.l,n%:q- ﬁ-g (3)

where the eonstant o ge 8nd o gp ore approximately equal
(eee p. 8,9). Sinee the Cerium is cooled to such a low
temperature its initial effect on M+ through the seeond
term in eq.(1)» i very much greater than thaut of the
manganese (in the ratio 0.16:0,006), TMences as can be

scen from £ig. 19. the initial of My ie very large and

I
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growe rapidly smeller with time as the Cerium warms up to
the temperature of the Mangmnese. It was found that after
about 4 minutee the decrease of My beecame very much slover,
indicating that thermel equilibrium had been reached and
that the specimen was waraming up ae & whole., Ve can estimate
the amount of heat transferred in this time from the specifie
heat of Ce Mg Nitmte. Integrating eq. (1) we find that
the amount of heat needed to raise the temperature of the
inner sphere from 0,006°% to 0.16°C is about 500 erge so
that the average heat transfer rate during the firet four
minutes was about 125 erge/minute, Simllar ealeulatione
show that the total amount of heat which must be suppllied
to the Cerium spin system (neglecting the effect of the
lattiecs) to warm it from 0.16°FK to 1°K 18 about 20 erge
while the amount needed to warm the Chrome alum shell over
the pame temperature interwal is about 8000 ergs.

Thue for thermel equilibrium to be maintalned, any
heat reaching the epecimen muet be shared between the outside
and the ineide in the ratio 8000:20 so that for a heat influx
of 40 erga/minute only 1/10 erg/minute must be transferred
to the Cerium sphere. This is eome 1000 times less than the
observed heat tranafer during the first minute so that there
seems to be little doubt that the Cerium can follow the
tempereture changes of the outer shell down to at least 0.16%K,

.
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to check this conclusien & second experiment it 2
The specimen wan heated with y rays from a
“Loounl for a period of 2 minutes and the
change of ¥ was observed during and after the heating. The
divection of measurement was Ce + Or as before. The absorp=
QMI"I_; is roughly the same for both the Chromium and
Ceriun pal ﬂ}h the speeific heate are in the ratio 2000:1.
Thus if there nu poor heat tranafer, the imner aphere would
be raised in tempereture fur above the outer shell, On
removing the | ray source the inner mpherc would then cool te
the tempereture of the shell at & rete depending on the heat
contact. The result of the experiment ie shown in fig. 20.
By extrapolating the final drift-rate back to the time the source
was removedy it was possible to ealeulate that the inner sphere
had been paised only about 0,032°K above the shell at 0.,2°K,
inspite of the fact that the Y rays supplied to 1t about
300 ergs, more than 20 times the amount needed to raise its
temperature o 1°1,
The specimen used for this experiment wes mede with . _

n the sphere and shell. When the experiment - «
th & new specimen in whiech Aplegon oll had

was even Mr and 1t seems therefore thad

' heat contact mu-.-lc-)_
) l
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5. Ihe Measurengnie

The apparatus used was the same as that deseribed in
Chapter 4 excopt that a larger eryostat was used to
ageommodate the bigger specimen, The ealibration in the
helium renge was carried out, as befores by plotting the
wlues of ¥ corresponding to each direetion of the primary
fleld againet i- The two graphs obtained were each found
to lie accurately on @ straight line., Oreat care was |
needed in calibrating sinee the aecuraey of the experiment
depends entirely on the walues of the slopes and the respective
values of Mg,

At 1°K the specimen was magnetised in the direction of
maxinum susceptibility (horisontal) using the largest field
available with a 10 em. pole gap ( 9 ¥ gauves).

When the heat of magnetization had been earried away, the
I+ViCe was pumped for 1% hours to remove as much exchange gne
as possible and ensure & slow heating up rete. After
demagnetizing, ¥ in the direetion ¥n + Ce wae observed for
a short time to verify that the Cerium had cocled to a very
low tempereture and was repidly varming up to the temperature
of the Manganese. In order to ensure that the inslde had
"eaught up" with the shell,a y ray source (250 m0) wae
brought to within 5 cms of the dewar and left in position

.
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for 30 seconds., This reised the temperature of the Ceriun
above that of the shell am deseribed in section 4s so thet
after one further minute complete thermal equilibrium
between the sphere and shell ean be considered to have been
established, Altermate walues of ¥ were then taken every
30 seconds for the mext 30 minutes. During this time the
wlues of ¥ in both directions remained almoot constant
indicating that the manganese was near its Curie point. In
order to warm up the specimen more guiekly than through the
mtual heat leaky the 7y may source was then brought back
and the specimen heated for about 3¢ seeconds. After
allowing 1 minute to emsure thermal equilibrium alternate
readings of ¥ (vertieal) and ¥ (horizontal) were agnin taken
every 30 seconds, end the simultanesous wvalues found by
interpclations Thie procecdure was repeated until the

| spectnen reashed 1°K.

While the specimen was &t low temperatures, the primary
currente were reduced to as small & walue ap poseible to
"avold heating of the specimen by hyeteresis near the Curie
point, It was found poseible %o use currents of' the order
of 10 ma (corvesponding to 0.7 gouss) and still read ¥ to
within O«1 uemeis When the specimen was at about 0.7°K the
- 14VsCGs was conneccted to the puaping aystem to remove exchange

B
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ghe which is desorded at higher temperatures. I this i
not done, the heating up rete lneresses wvery rapldly as 1°C
ie approached and it becomes very Aiffioulit to take securate
readinge. These are wvery important in this region since 1t
is escential to verify that near 1°r T = T to cheek that
the correct extrapclation of the ealibration eurves has been
made.

6+ Galoulation of the Results
The results oon be expressed mont dircetly by plotting
¥ (vertical) against ¥ (horigontal) since these ore
approximstely proportional to X (mangnmese) and X(Mn) + X (Ce).
In the range in which both substances obey Curie's law this
gives & straight line whick eould be extrapolated to lower
tomperatures and compared with the experimental pointe obtained,
Dovistione from this line below 1°r indlcated o deviation from
Curie's law., In order to get a guantitative messure of the
Gevietions 4t io necessary to proceed numeriecally and to apply
various correstione whieh we have no fr neglected. The
steps in the ealeulation of a T = % relation frem the
simultancous values of My and My may be Aummarised ce follows:
Fron the ealibration curves in the heliua range we find
either graphically or by least sguares the values of
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(Mo) ye (Mo)y+ (0lope)y, and (Slope)y. The slopes ean be
compared with those ealeculated from the meseer of un and
Ces using the constanis given on page 8.8, it wae found that
the differences were never creater than about 2., Any small
error may be aseribed to a slight tilt of the speecimen., This
oan be allowed for but as it affecte the final answer only
to & pecond order it can ususlly be neglected.

We can now subtrect the appropriste walue of iy from the
readinge of V¥ in each direction and gbtain the changes in M,
MMy and AMye which are proportional to the suseeptibilities
in arbitrary unite. In order to bring both sets of oM to
the sane unite we multiply the walues of vy by ﬁ-r}ws
(...o.o.)o

bliy represents the effect of the manganese shell plus
a small effect from the parallel suseeptibility of the Cerium,
The latter can be calculated to sufficient sccuraey from the
mape of the inner ephere and the walue of g, » and was found
to be 1.6 of the total magnetic moment in the vertical
direction. Thus in units of aliy

an (shell) = (1 -M)-":-m’ o Oy

= 0.9 “'
= 0.9 (.' - Moy)e
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aM (eshell) is proportional to the magnotic moment of the
shell of manganese. It ean be related to the magnetic
moment of a sphere of the same volueR by meana of a simple
magnetontatiec caleunlation. Thie ie given in Appendix III.
It 18 found that in the helium menge the eorrection is
negligible but that et 0,45°C the magnetiec moment of the shell
fe about £¢ larger than that of a sphere. Using the general
formula the walues of AMyp(shell) can thus be corrected to
un(.l-n) and the wmlues of p® deduoed.

In order to esleulate the corresponding values of the

| absclute temperature we must find the magnetic moment of the

‘“ﬂ of Cerium Magnesium Nitrate. To a firet order thies
fl proportional to MMy - AlM(shell). However at lov temperatures
the magnetic moment of the compound specimen is not exaetly
mxuuuuﬁom:rmmmum"
mist take account of the interaction between them by means of
an "additivity” correction. This is given in section 4 of
Appendix III., It is shown that the magnetic moment of the
shell plus the magnetic moment of the sphere of Ce Mg Nitrute
IL greater than the compound mpeeimen and an expreesion for
the pepeentage difference is derived. Mowever the effect io
sm1l (30 et 0.1°C) and can be neglected at all but the
.‘;.”‘ temperaturen,
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The wmluen of AlMge for an isolated sphere of Ce Mg
Nitrate ean now be caleulated from the values of My - aM(shell)

and the absolute temperature doduced from the formula
\

»A'.. (aphere) = [‘.“]E""

which holds to within 2% down to a temperature of 0,006,
To make thies secuence of caleulations somewhat clearer, we
may represent it diagrematically as follows:

By &— simul tanecus values ————alip

by Anterpolation
from find N,y from plot
of ir Sinat 10 of Ny S@minst 1/7
’ v
bliy oMy

eorrect for diffe
of sensitivities

and for W
u..(mu) au,ﬁn.,( shell)

demagnetizing rect for additivity
effect (% !~ 2«’%!
%(M) LM g (Bphore)
from points in helium from points in hellum
range range
v

3]

t':éé | —> 75 Tee
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It muat be pointed out that, although the ealeulation
of the resulte is performed in several stages, nll the
"gorrection” factors arise from elaspical magneto-static
considerations, so that there ie no guestion of finding the
results by successive approximations, Cinee the eorrections
are all very small 1t 1o elmply more econvenient to allow
for the effocts separately.

7. Zhe regullis
The resulta of four demagnetisations made on two

different daye on the same specimens are shown in

figes (21) and (22). In fig. (21) T° for mangancus

ammonium sulphate is plotted againet the absolute twtm
T, and in fig. (22) the same results are plotted as x'fi ’
against T to demonstrate the deviations froa Curie’'s law more
olearly. The results are only in qualitative agreement with
those obtained by Cooke (1949) using the standard Y ray method.
It muet be pointed out however that the earlier results were
fitted to the "known" deviations at 0,5°K using & theory

whieh 414 not include the effeet of hyperfine structures then
not discovered, and which also made the wrong snsumptione
about the Stark splittings. The disagreement is therefore not
surprising, but on account of the very compliented energy
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level scheme found from paramagnetic resonance (Bleaney,
Ingrem, 1951) 1t would be difficult to recaleulate his results.

It will de seen from the grephs that the consistenay
of the new method 1® very good, the scatter nowhere execeeding
a few percent. The only serious error which affects the
resulte &ppears to be the uncertainty of the slopes of the
calibration curvee in the helium reange. It seens that this
error arises not from lack of sensitivity, but from a lack
of stablility of the whole system which from time to time
eauses amall spurious changes of M. MNowever the shifts are
very amll ( ¢ Ot u.m.i,) and it is estimnted that the error
in the slopes is lese than 3%. It must be noted that any
emall shifte which oceeur et low temperatures hardly affeet
the value of T ° or T at all, sinee the meusured values of
A are then of the order of 30 « 50 usmii. 20 that an
uncertainty of .1 u.m.is io negliglible,

The chief advantage of this method over the standard
Y ray method, apart from the great saving in time, is the
ease with which ueasuremcnta can be made in the region of the
Curie point. In this region the suseeptibility is practically
temperuture independent so that any method which relies on
measuring the temperature of the salt in terms of ite own
susceptibility mects with great diffieulties, whereas in our
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method we ean follow small changee of temperature ecsily

in terms of the susceptibility of the Cerium thernometer.

We can determine the walue of the Curie point from fig.(22)
as the temperature at which T° passes through & minimum,
(L.e. the suseeptibllity passes through 2 maximum.,) We find
that with this definition of the Curie peint

Te = 0.,127°k

0,003°K
': e 0.1’“’5 "

and it would be interesting at a later date to inveatignte
how this temperature compares with the Neel point defined
as the temperature &t which remanence sets in. It may be
noted that the value of T obtained by Cooke was independent
of the fitting at 0,5°, and was 0,44°%, in good agrecuent
with ours.
It is hoped in the near future to use this thermoneter

to measure the epecific heat in the Curie point region by

’ applying known amounts of heat from a y ray source. Such
experiments would provide new and very interesting information
on the onset of antiferromagnetism about which very little la
known at present. On account of the very large mumber of
meapurements which ean be made during each demagnetisation
(the time required to measure T is about 2 minutes) 1t should

&
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be posaible to measure the entire mpecific heat curve in
one single experiment, and so open up a field in whiech
progress upt to now has been slow on account of very time
conouning experimenta.
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APFENDIX I,

Consider a apecimen with & uniform ecross seetion A,
whose magnetisation due to the primary field is ¥
e:Meu./0cs Then the dipole moment of & short length
dx is

“ = qutdxc

mmmmm?.m-w--um
turn of the pecondary, redius a, at a distance z along
the axis of the dipoles we get

2
o = [Hgn e FEE)V2 . b

Thus for & secondary of n turns/em. extending from 2 = 84

’ to = = sps the flux is
22

atdz
' « kP Sz. 2(&"‘"3‘)%’

1.0, For a dipole a distance x from the centre of a
secondury of length 2b, the flux is

-
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X+ >
acdz
X 3/;

i) = np L_h ez

e By P(x) = nM.Adx Px)
This Auupn;q 48 beet garried out graphically using the

actual dimensions of the ¢o0il: & = 1.5 em. and 2b = 4 om.
Fig. 23 erﬂ as a Mo\ton of X.

In order 88 the flun due to @ specimen of finite
length (21) we t now inte #(x) with reepect to =
belamnthe 1imits) = = s21. This integration is agein

performed grephiomlly and the remult ies shown in fig. 24
t with that due %p & specimen of similar
strength (2 I.A.* but mmMat the centre.,

!

éa,s }_’ M.A.lon.f(o) 5 “\‘

‘\

\
we can caleulate B correction fagtor f \9 allow for the
flux linkage lost by the specimen otlm&‘pai.

£ is defined as

R
& Sz nLALP(x) ax
- A

2n.Mm. AJ. ’(0) "
as is shown es a function of 1 in fig. 22. It will be seen,

that for a M 3.6 em. long the correction is about 43 ..
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However most of this correction can be ¢liminated in
prectice by always using epecimens of comparable lengths.
The curve 1z then used only to mommlise the effeet of
specimens which are necessarily smaller.

A similar ealeulation has been made for a L:1
ellipeoid 3.9 on, long. The correction faetor f for such
& specimen waa found to be 1.095.
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The general spin hamiltonian for an lon with hyperfine
structure in a magnetic fleld may be written as

Mo gorel + LoPuL + B Heme = vBy 0oL » Yt (1)

(see Abragam and Fryce, 1951) vhere the tensor A character-
izes the interaction between the electron spin g and the
nuelear apin I, P the interaction between the nuelear
quadrupole moment and the electrie erystalline fleld, and
g the interaction between the spin and the applied fleld, fl.
The fourth term which gives the direet intersetion between
the nuclear magnetic moment and the field le negligible
exeept when ! is very big. The fifth term YN\represente the
effect of the crystalline electrie field. For Sej, Msp= 0.

If we consider the cane of ! along the z axis of a
coordinate ayetem in which A. F and g are diagonal, then
(1) reduces, for & = §, to

| e AgBelIxeaynylyengs,1,
+PpIf e P12 p, 1.2 0 gpme, (2)




For many substances the coefficients ¥ are negligible
and uleo Ax = Ay on meoount of axial symmetry, but for
the sake of generality we shall use eq. 2 in ite
unsimplified form.

2. ansion o | | Py |
The method of obtaining apmnmw values of mpecific
heat and entropy from the hamiltonisn has been explained
_in Chapter 6, The same method cen be used for the
suseeptidility. Ve set up a portition funetion

2 = 2, exp(<m/) (3)

and expand it in powers of 1/7. The coefficients 2, W,"
ean be ealeulated directly from the energy lewels, if these
are known explicitly, but as pointed out before this is
not necessary, By using the theorem

Z, " = Spur (&)

and writing down the full expression for ¥ (eq.2), we can
find the Z, W™ in terme of the Gpurs of functions of the
operators 8xs Bys 8m; Ix, Iy and Is. These diagonal sune
oan be ealculated once and for all and are given in table 1
below. It ean be shown from elmple symmetry conalderations

\71 |
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that many of them are serc and that some of the non mero
ones are equals s0 that the asctunl nuaber which has to be
computed is small,

Expanding % and using eq.(4) we have

[ 3 'Y
’ e == g
& g?..«\ %-&- 5?%\'— %%i‘*ﬁ S

~'wids RY
whence, retaining only powers of %W«n to 4&

‘QN\eZ = *Qa%e@g\) +$-:T{_'—%§L+zt ‘;;S_ﬁ.m’ +Spit 1

\ X WP 4

~N N 2 2
Tt & e e |
*‘-é?—‘)’i.%%h 3zes,-vr-': i&z:(

il SR

core, B8

we can write the hamliltonian W in eq.(2) in the
form

4(3 &"'HM& (n
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where )‘(n i®s the part depending on the magnetie field
(0. gPss) ana 4 1o the nuelear part. OSubstituting
for ‘K.in equation (6)s we can then simplify the expreasion

for loge? eince, as will de shown below. (see eq.19)

Sy o = SpHe = Sp k= G Ha=0

and also 5
QY’Km Ao =0
mmngonnenammnwegnt

1 He o WHHS St
R"‘(‘-Z Q’\‘S“) Sp! Y_SP 2:”?'&‘, . %1_’:("

L ﬁt'&..-\- ‘K..S‘K}-\% Kdlfi\
“”“\SV +g§a Mol As G M)]

?2—\3_;')‘[ @Sg&) *6:-\_%3(5(‘»!&“» ]

. 8

Prem this expresalon for leg Z we eun caloeulate the
susceptibility X . since

y - ? %“Qog z)‘i‘ (9)

12 |
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muwmmn-oummwmmm
heat in sereo field from the relations

o = k By (T 108 Ing) (10)

and O = "i@ﬂ (11)

Sinee we have retained only powers of Il up to H° in (8), the
exprescion for the suseeptibility (9) will contain omly the
part of X independent of field. 1.c. the suseeptibility

in small fielda. In order to investigante the wariation of

¥ with H we would have to include higher powers of N

in log 2.

a) Symaetry considemstions
In order to ealculate the apurs which oecur in the
numerators of ¢q.(8), let us firet consider the spurs of the
3 angular momentum operators Lx Ly and Lz, representing the
components of either the nuclear spin I or the electronic
apin J.

we have shown in Chapter 6 that the spurs of an operator
ie invariant under a change of representation and this fuot

3
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eften makes possible to deduce the spur of one operator from
that of another, by rotating the coordinate axes, Thus,
quite generally, the spur of any function of ILx is equal to
the spur of the same funetion of Ly or Ls. Yow Spur £{Lm)
ean be ealoulated very eimply. The usunl representation
of angular momentum iz one in whieh the total square of the
‘ angular momentum and ite component along Oz are defined

| (good gquantun numbers) so that the matrix of Ls s

|12, 1> - .. |1, Lgeat>
(l-.o L=t [ | ¥
, Tt
| (12)
N

It follows thet the only non venishing elements of any
operators which is a fumetion of Lz, are

C et | o) 12 18'> = 2(le').
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oo that
8p f(ls) = . s |2(us) | net S
1tz
. 2 #(Ls") (13)
Ia' = L
- .
Thus BPM.ZLI'-O (1)
L:z=[_
and hence, by rotation of axes
SpLx « Sply =« O (1ha)
Bllﬂlﬂ.j b ol
op Le? = Z (1e')? = § L0 (2001)
- aym’ « 8p Ly® (15)

Spurs of higher powere are deduced in a similar way.

In ealeulating the spure of funetions invelving more
than one cperator (eg. Lx Ly) aeeount must be taken of the
faet that operators in general do net commite. Thue

Lx’ Ls - La Lx® = 2Ly 4 O,

However, it ean be shown that for any apermators A, Bs C ..
that

ppur(ABC.ss) = Spur(BC...A) ete. {16)
ag lonz ae the oyelie exder of the fMetors remine usaltered.
On the other hand, Spur ABC is net neeessarily equal to
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Sp BAG. Thus for any set of functions which are products of &
sumber of operators it is only necessary to compute the spurs
of all the different oyelic permutations of the factors.

eg: Although AY invelves terma tn  $GHe | Rl Ren,
Htd Moy ot , HAI U Yo SRAUMK, the spur of ondy
one of the first four products and one of the last two have
to be calculated.

There is @ further theorem whieh often emables us to
reduce the number of spurs whieh have to de computeds This
enables us to say from the symmetry of the matrices
representing factors that the spur of a certain produet will
be sero. e oall thie:

b) e .
Consider & square nen matrix A whose clements are such

"diagons lly anticsymeterie”

Il 4 AN X &%

that
al] * Bp i1y neled. (17

Let us eall such & matrix dlagonnily symmetricanl about the
1ine from the top right %o the bottem left hand corner.
It is simple to show that any pewer of A will also exhlbit
diagonal symnetry.

Gonelder now & seeond rom matrix B whieh ie dicgonally
antisymetrieal

loes  BLY = =Bnejets neled (18)
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We can show that even powers of B are dlagonslly symmetrical
while 0dd powers are antisymmetrical., The spur of o
@lagenally entisymmetrical matrix 18 merc since the elements
which ocouwr aleng the main diagonal cecur in equal and
oppoeite pairs. Thus

- spur B°L 0 whese q 1p eny integer 31.
If we now consider the product of a disgonnlly symmetrical
matrix with any diagonelly antisymmetrical matrix of the same
orders esgs AP 3791, thems as we oun show that the resulting
product 1o anti eyrmetrical, it follows that the spur of all
producta of the form AP B2 15 mere. . simple esample of
& dlagonelly symmetrieal metrix is do above; o simple
antisymmetrieal motrix i (.. Thue we con eonelude without
eny further caleulation that for ell p and q > 1.

swsn . ol % (19)

We bave so far eonsidered only products of operators of
one phyaieal wariables e.g. nuelear anguler momentum, lNow
any operetor deseribing the interaciion betucen o nueleus J
and sn electron g must bo represented in terms of both §
end J. The npin dependert pari of the operater will be
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represented by a (26+¢1)x(2541) matrix, vhile the part
depending on the nueleus will be represented by a
(21+1)%(21+1) matrix. In order to represent the whole
operator we therefore meed an 'outer product space' whieh
bas (2Is+1)x(28+1) rows and columne. It follows that the
spur of any operator of the form £(J).g(l) will be equal
to the product of Sp £(§).9p g(l) where 8p £(3) end sp g(I)
are computed respectively in & 26+1 and 27+1 dimensional
representation. It is important to note that I we use
an outer produet apace for any one part of our hamiltonian
€:gs Ax Bx Ixs then we must use the same representation
for all the other operators in & ., Thus rx Ix® must be
written as Px Inl.4g where 14 18 the unit operator in a
(28+1) dimensional representation. Similarly

Spur 14,401 = % 18 . 9p 13
£ (”‘1)0(3!"")0

lf mm_u | Z

We are nov in & position to ealeculate the non vanishing
spure whieh oocur in the expansion of X" . Considering only
terms ineluded in eq.(8) we find, taking agcount that the
eperators in § commufe with those in I but ret among themsclves,
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that the termn we need are of the form

op_LJs 0p 12 8p L PgT 8p 1, 1g 1, (20)

where 1. stands for either J or I and oL » Bypepresent x» ¥
or 8. The valuea of these spurs are reedlly calculated., Ve
have already seen that the spurs of opermtors involving only
the 2 component of angular momentum can be written down by
inspection; eq.(13), and that those invelving only Ly or Lx
can be obtained from them by retating the axes.

© As & Sypleal emmmple of computing the spur of a produet
of different opemators, let us consider:

Sur La o L&
Prom the commutation relation

Iz Ly -y lx = i Lo | (21)
(unite of ® implied throughout), we have

Lx Ly te = 4 La® 4 Ly Lx Ls
whenee
* spllx Ly Ls) = 4 8p(Le”) + Op(ly Lx Ly) (22)

WWNW(WW+L:M)M
n mmum mnhn. Sinece the first factor
remaing inveriant when = is changed %o -z, 1t followe that
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the matrix of (Lx Ly + Ly Lx) muet be dlagonally aymmetricel
fses (Lx Ly ¢ Ly 1x) ip an operator of the type / in
section (3b)s Similarly Lz 18 antiaoymmetrical of the type D.
Thus by the above theoream the product (Lx Ly + Ly Lx)Lez is
antisymaetrical so that ite spur ie mero.
© ep(1R'Ly Ls) » 8p(ly 1x Lg) = 0 C (23)
Thus from (22)
2op(Lx Ly Ls) = 4 8p Ls®
From eq.(1S) it follows that |
gpur (Lx Ly Ls) = ‘% L) (a0 (2h)

The spurs of othef functions of L up $0 the fourth power
are given in table (1)..
Zabie 1.
Spixelp ly=fp ln =0
Bp Lx Ly = Op Ly Lu ete. = O
8p Lx® = 8p Ly? ete. = 1/3L(MA)(2Le1)
8p 1x® Ly ete. = 0
8p 123 ete. = 0
Sp Lx Ly Le » <Op Ly Lx l2 = L(1+1) Cuesl)
8p Lx Ly ete. = /30 L(L#)(2141) (2024 21a1)
8p Lx? Ly ete. = O
8p Lt ete. = 1/15 LLA) (2uM) (317 304)
 8p Lx Ly Lx 1y = 1/30 L(18)(25+1) ( 20742004451 )
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be Hemults
&) LuseeptibilAty

Substituting in the expression for log 7 (8) and
earrying out the differentiations we got

xx = € "s(s*')[ e T3+ {(ﬂ:ﬁﬂ‘ )(2L3 -1-2';,}77)

YT IS %' T ]
- A (as™as- 's)
8 .
..... PXy)
For a2 spin S=! thie reduces to
1‘ Yo = Wh S T(Ta (AR
,‘ - s +) > -
t A.\.T{ | 28 W1 1
. (2¢)

Two similar expressions hold for X‘ and X’I
For a powder the average suseeptibility le given by

x= i‘ (X)"* XJ"'Xk)
It ia interesting to note (Nleaney 1950) that there

is ne term in h 80 that the deviations from Curie'’e law
will be very small down to the lowest temperature (~§ *K) .
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b) Entropy and Speelfic heat
The expression for the entropy to povwers of %3 ie

= L @S+)@TH) — o] A T(zens(sn)
ke 1%
due D6 |E+\M2I-\)(=ZI-3)]
bo

\‘}V’Y. Q.Lb_q__x L (s+)T(TH)
oA (M'?, "'Q;E*“u) S(s+NT(T+aT-l }zx—g):\
90

« o s(27)

vhere A® = Z .f\zz; P2 o Zx-xﬁ

This is equivalent %o & specifliec heat

Cyso = L ( A T(TA)(SISH) 4 ?‘:L:m)m,’&m’

R e a1
‘T\‘F‘i Ra E;_g s(s+)T(T+)
& (9. +\l\h‘+\\‘? ) s(s+)T (T + ),.]
- xQT~ 1 T )

--12%)



The values of the coeffieienta of Ax® + Ay « As® agree with
those caleulated by Pleaney (loe.oit) who 4id not consider

5 Applicetion
We can now apply these formulse to the cape of
Neodymium Magnesium Nitrete for which the coeffieients in
the spin hamiltonian have been given on pege 7-4 .
Identifying our notation with the more usual one for cases
of axial symnetry we find that
B &= Ax = Ay
A = As
No quadrupole shift was meapured and we take Px o Py« i's = 0,
a) Lupeeptibility
On agcount of the large anisotropy (g, = OJu5:.08
8, = 2.7240.02) single erystals aunt be umed for demammot-
isation work (see L.4) so that we need only ealeulate the
opsceptibility in the direction of large g. Substituting in
eqs (26) we get

T

Thie formula will held down to about 0,05°% where the
deviation from Curie’'s law amounts to 3.5¢. At lower
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temperc tures the nextterm in the serice, 5. will become
important and a more emact caleulation is needed.

®) Saecifie Neat snd Introny
Substituting in eqs. (27) and (28) we get

: § = 200 46 .(urzﬂ:'. A "ﬂd)
- gu o Aagerto™, gl

Thus in the reglon where Curie's law is obeyed (7 > 0.,05%K)
the entropy and speeific heat both follow & o law to very

good accuraecy (~1,).

6. Conelusien
Thie method of ealeculating macroseople quantities from
the spin hamiltonian ean be used in all eaees where the
energy levels are well defined and the state of the ion ean
be represented by an exact hamiltonian. In cases where the
interactions between the ions are considerable and the
enorgy levels are broadened, account muat be taken of the
interaction forees in setting up the hamiltonian. For pure
magnetic dipole-dipole foreen this in done by ilneluding a
term of the form of eq. 5.12, but for exchange forees no
general theory has yet been worked out. The contribution
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to the *a part of the apecific heut and entropy from the
interactions is additive to that from the nuclear effects
but in higher terms ercos products oceur (Danielss 1953).
These eross products are however very small when, ae in the
case of Nd g Nitrete, the hyperfine splittings are much
larger than the interaction epergies. The ealeulations
based on ecunsidering the twe effects separately are then
valid until the intercctions energles become compurable
with X7 (~ 0.,01%K).



Let us consider firet the case of an isotropic ephere
of permeabdllity o surdounded by ap isotropic shell of
permeablility pq. in o magnetie fleld ilg.

wWe can show that the potentials which mmtisfy
Laplace's equation are of the fom

§;- as r cos @ (1)

for the inner sphere,

B w gy roos s WhE (2)
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for the shell, and

é‘?- -lI,z-ooncarbo%—Q (3)

for the space outside the speciaen,
The 4 constants agy, 840 Bys By are determined by the
boundary conditions

[t“gé' ]g‘ o [\At%%‘]g‘
[ '?'%la‘ 3 [ i]&

a3

with two similar equations for the 0 - 1 boundary,

The problem wae first solved for the spherieal ecase
o = Up = 1 by Polsson and the solution has been given in
detall by ¥axwell (1873 p.65).

From ©q.(3) 1t will be seen that in the region of space
outside the spe¢imen the effeot of the concentric spheres
is exnotly equivalent to & dipole whose ptrength is equal
te by Carrying out the differentiations and solving for
the eonstants in the general cape we find that

I L R L) ()
(2 ko*k\xrziru) "'%tﬁ\»\ o-‘MX‘,\‘-“;)
ceoee(4)
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hmalbu&m-muuunmugntnl
introduce the following quantities:

x-“‘Q‘.“ax‘

J 'H“"be

n "g’ (Bee p.8-u)
b = by

Axs 2% e xy o Snx o 202 ¢ Iny s Pnxy
2 * 9+ 9me 222 + 37 + Xy - 20%° + 2nxy
‘e (3)
2. Zsotrepie shell wWith an animotropie kerne
Equation (5) was derived on the basis that x and y
are isotropic. In our case thic is not so: In cae dilreetion
¥ is compareble with x but in & direetion at right angles
¥y ie prectically serc. However, we can show that eguation (5)
otill holde in the case of an anisotropic inner sphere
provided the external field is applied parallel to one of the
principal axes of suseeptibdility esince the same solutions
of Laplace's equation satisfy the boundary conditions in both
cages.
Prom equation (1) we see that for the cnse of an
isotropic sphere and shells the field inside the inner
gphere, [2+ ie uniform and pamllel to [lo. so that the
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induction By is also paraliel to lly end equal to up kHo.

Lot us gagumg that the lnternal fleld in the case of an
anisotrepio inner gphere is otill unifoms and parallel to
lips Then the induction B is given by

Bo = ielip

where i is now the permeadility temsor. If [ip is parallel
to one of the principal axes of | then the taasor reduces
to & numben J and || are then parallel as in the isctrople
case, and the constant cvmnecting them is the eppropriate
principal value of the pu tensor. If this wlue is equal
to igs then the boundary conditions for B and § are emuctly
the same a® in the isotropic case and henece, by the unique-
ness theorem; the eame solution holde. T¢ must be polnted
out that the same argument can not be applied to the ease of
an anisotrople shell since the internal fleld in e shell is
not uniform and 1t is thus impossible to alipn the shell
in such & way that the prinoipel axis is parallel to the
internul Meld at every point.

‘The case of IL, not parallel to the prineipal axis must
be considered separatoly. In pemerel, we can resolve I,
into 3 components IlHge mi, and nil; parellel to the 5
principel axee and consider the problem as a euperposiiien
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of the 3 rields. Rach component will induce a dipole
moment which is & function of the suseeptiblility of the
shell r& and the appropriate prineipel value of y.

~ Resolving the 2 dipole memente along the direction of I
we find that

Dy mn ® 190(xy) o 0PB(xeyg) + BOB(xy,)  (6)

Thus in the general ease d transforme like a tensor of

rank 2, with prineipal mives given in terms of the prineipal
eusceptibilities of the immer gpheve. However, as in the
present experimental arrangement 41t was possible to align
the spheres to within 3° we need not consider this case

any further, »

In order to obtain an expression for the magnetie
moment of the specimen when [, is epplied in the direction
of small suseceptibility of the immer sphere, we put y = ©
in eqs (5) and consider the problem as one of a hollow
figotropic shell, The gmall effect (~ 2 ) of the inner
sphere s then ealeulated separately and added to the
. A
' This sddition is however not valld when Hy 18 applied
in the direction in which both the sphere and the shell

have & comparable magnetic moment, and in thic oase we have
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o consider the erfect of onc on the other ingr eater deinll.
This evloulation 1s given in section 4, but first let us

consider & hollov shell,

3

Putting y = 0 in eqe. (4) we find that the magnetlic
moment of a hollow shell ls given Ly

%%ﬁ(i-ﬂ)

so that the effective susceptibility per unit volume

X (shell) .u.%%:) - w%-m (8)

For small x thie reduces to g~ = X, » the susceptibliity
ap defined in magnetontatics for an infinite needle.
8imilarly we find that the effective suseeptibility

a8 moagured on & sphere, X (sphere) is given by

X(lpheﬂ) = m) (9)

so that olhhﬁ.u x we get a relation between ¥ (shell)
and X (sphorve) and hemce AM(shell) and sM(ephere).

Prom eqe. (6) and (9) we get
K(s2e) = X@v&*’{ | +_2n(amyy ‘l
\+$:3!ng -%u (Aﬁxsf)’-
«== (o)
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This correction replaces the conventional demagnetising
factor which relates the suseeptidility an measured on
& given mpecimen to that of & body of standard shepe
(in thie case & sphere). The effect is omall except
2t very low temperaturee,

Thus at 0.,15°K for the speeimen of manganous
emmoniuwa sulphate used

K(sner1) =  X(sner2) | 1+ 0u04]

so that if we define T%(shell) pm.mrt shell
will be lower than ¥ by 3 millidegrees at 0.15°C. In
the helium range the correction is negiigible.
he Zhe additivity correetion

In order to find the absolute temperature we require
to £ind the magnetic mement which the inner mphoere of Ce
ig Mitrate would have in the absence of the cuter nhell,
If we denote the magnotle moment of the eompound specimen

in the direction of maximum susceptibility by b(ecomp) then,
to & firet epproximation, the magnetle moment of the Cerium

sphere is given by b(eomp) - bB(shell), However at low

temperaturen, where the susceptibllities becsme large, the

magnetic interaction between the sphere and ghell must be

~ol
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considered and we ean wrrite
b(Ce) = b{eomp) - b(shell) + 'Sb (11)

where 3b 1s o funotion of the susceptivilities which allove
for the magnetic interaction. We ean estimate the relative
magnitude of $b from eq.(5). Negleeting terms in y eompared
with x (y:x ™ 1:8 in our case) we get

R S
| 9+ 020 2x< (1 =)
= IF:&“ -~ (12)

For the "diluted” whm of maganous emmonium gulphate

used , x = w 80 that for example at 0.15%, 2.2" 25

In the helium range the correction is megligidle, As &b
must be added to the dipole moment of the ephere as caleulated
from OMg-sM(shell), the temperature deduced will be lowered
by & small amount,
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