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Perturbation-resilient integer arithmetic  
using optical skyrmions
 

An Aloysius Wang    1  , Yifei Ma    1, Yunqi Zhang1, Zimo Zhao    1, Yuxi Cai1, 
Xuke Qiu1, Bowei Dong    2 & Chao He    1 

The decline of Moore’s law coupled with the rise of artificial intelligence 
has recently motivated research into photonic computing as a 
high-bandwidth, low-power strategy to accelerate digital electronics. 
However, many modern-day photonic computing strategies are analogue, 
making them susceptible to noise and intrinsically difficult to scale. 
Optical skyrmions offer a route to overcome these limitations through 
digitization in the form of a discrete topological number that can be 
assigned to the analogue optical field. Apart from an intrinsic robustness 
against perturbations, optical skyrmions represent a new medium that 
has yet to be fully exploited for photonic computing, namely, spatially 
varying polarization. Here we propose and experimentally demonstrate 
a method for performing perturbation-resilient integer arithmetic with 
optical skyrmions and passive optical components, achieving discrete 
mathematical operations directly using optical skyrmions without 
external energy input.

Recent developments in structured light have enabled the generation of 
optical skyrmions1–18, which include complex spatially varying polariza-
tion fields that carry information through a topological number taking 
an integer value. Optical skyrmions have three crucial properties that 
make them ideal candidates for high-density data transfer13, namely, the 
ability to interface with digital information given the discrete nature of 
the skyrmion number, a robustness to perturbations and the potential 
to store arbitrarily large integers within a single localized analogue 
optical field.

These same reasons also make optical skyrmions (here referring 
specifically to Stokes skyrmions) a natural candidate for computa-
tion, with its integer-valued topological number offering a route to 
digital photonic computing in a way that transcends the usual bitwise 
framework of digital electronics. Moreover, compared with existing 
photonic computing strategies, which predominantly modulate the 
amplitude, phase and wavelength, complex spatially varying polariza-
tion fields represent an untapped dimension that can be independently 
manipulated and, therefore, has the potential to increase bandwidth 
substantially. This is especially relevant given the growing recogni-
tion of untapped spatial degrees of freedom as a means to advance 

photonic technologies, with free-space optical skyrmions being one 
such approach19,20.

The central reason for exploring the use of optical skyrmions in 
photonic computing is, however, their resistance to noise and pertur-
bations, which arises from the integer-valued nature of the skyrmion 
number. The topological robustness of skyrmions has already been 
established in various domains, including magnetic skyrmions21–23, 
and more recently, non-local quantum skyrmions24,25, where the idea of 
using skyrmions to digitize information is developed from a different 
perspective. In the setting of optical skyrmions carried through polari-
zation fields, the study of topological robustness has also recently 
garnered attention26, with a degree of protection already verified for 
propagation through a number of different media8,12,27. This robust-
ness is particularly relevant to photonic computing, which has, so 
far, remained analogue and, therefore, susceptible to noise. Take, for 
instance, the following three common photonic accelerators. The 
accumulation of random phase errors in Mach–Zehnder interferometer 
meshes28,29, thermal crosstalk in microring resonator weight banks30,31 
and low optical contrast in phase-change-material-based photonic 
crossbar arrays32 lead to degraded signal-to-noise ratio in large-size 
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transformation law of skyrmions’ section) that, when restricted to 
particular types of input skyrmion, behaves as adders/subtractors 
(Fig. 1a) and provide experimental evidence supporting this fact. Note 
that the same medium can perform both addition and subtraction, but 
we adopt the term ‘adder’ throughout this paper for brevity. We would 
also like to emphasize that skyrmions are not topologically protected 
through the types of structured matter described in this paper, which 
have been specially designed to manipulate the skyrmion number. 
However, the topological nature of the skyrmion gives rise to resil-
ience against perturbations in a different form, namely, the material 
parameters have flexibility to fluctuate without affecting the medium’s 
ability to perform arithmetic (see the ‘Structured matter design using 
a general transformation law of skyrmions’ section). As mentioned 
above, this resilience of function is of key importance in photonic 
computing. Such structured matter can be realized using continuously 
varying retarders with specific structures on their boundary and offer 
a reliable way of manipulating the skyrmion number without external 

implementations, circumventing the scalability of these architectures. 
Even with progress in device innovation33,34, system calibration and con-
trol algorithm optimization to minimize errors35,36, almost all photonic 
accelerators demonstrated so far have remained small in size (typically 
less than four inputs by four outputs). Although recent breakthroughs 
have enabled larger-scale architectures37,38, it has been noted that noise 
remains a key challenge and a limiting factor for high-throughput data 
manipulation in photonic chips due to the use of analogue photonic sig-
nals in computing. Last, although the spatial degrees of freedom have 
been utilized for computation-related applications through orbital 
angular momentum before39–41, these approaches do not exhibit the 
same robustness to noise as they are generally linear-algebraic rather 
than topological in nature. Computing using optical skyrmions is, 
therefore, a promising solution that offers greater scalability through 
improved stability against noise.

Motivated by this possibility, we describe here a class of struc-
tured matter (see the ‘Structured matter design using a general 
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Fig. 1 | Concept. a, An optical skyrmion of arbitrary order n passing through 
specially designed passive structured matter can have the effect of addition or 
subtraction by an arbitrary integer, n↦n ± k (only n↦n + k is shown here). Note 
that the same medium can be used to perform both addition and subtraction. 
Such structured matter can be realized in many different ways including SLM 
cascades, metasurfaces, inkjet printing of liquid crystal structures, gradient-
index systems, direct laser writing of birefringent structures in silica and more. 
This figure also depicts the Stokes fields of a standard Néel-type skyrmion 
passing through such a medium. Throughout this paper, colour is used to 
represent the azimuthal angle on the Poincaré sphere (PS), and saturation to 
represent height (similar to ref. 13). b, Stokes fields of skyrmions passing through 
different adders of the first, second and third orders, and their respective 

skyrmion numbers. The linear retarder array described in the main text is used as 
an example, with spatially varying material properties illustrated using cylinders, 
where the local-axis orientation determines the shape and colour, and local 
retardance determines the height. Half-wave plates (HWPs) that control addition 
and subtraction are also shown (see the main text for details). c, Adders of the 
first, second and third orders using highly disordered materials, demonstrating 
the robustness of our proposed adder to imperfections of the medium. Here we 
consider perturbations to the linear retarder arrays that respect the conditions 
proposed in the main text, resulting in ellipticity of the axes and changes in 
retardance. Note that the chosen disorder here is merely an example that 
abstractly represents an arbitrary level of distortion.
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energy input. Moreover, we demonstrate that by adopting a general-
ized skyrmion number42, it is possible to simultaneously increase the 
dimensionality of information carried and relaxing boundary restric-
tions. Our work opens the doors to this entirely new framework for 
performing photonic computing, where optical skyrmions are used 
as the fundamental unit in computation.

Here we introduce a family of optical skyrmion adders: one for 
conventional skyrmions and another for generalized skyrmions. 
Each class of adder functions differently and exhibits a distinct form 
of topological robustness, which we make precise below. Finally, 
we discuss the relative strengths and weaknesses of the different 
adders introduced.

Beginning with conventional skyrmion adders, we provide a math-
ematical description of our proposed optical component, followed by 
experimental results that demonstrate its feasibility and robustness to 
disorder. As detailed in the ‘Structured matter design using a general 
transformation law of skyrmions’ section, given a general homotopy 
of skyrmions, the resulting difference in skyrmion number is equal to 
the skyrmion number of the homotopy when restricted onto the walls 
of the homotoping cylinder. This transformation law gives a systematic 
way of engineering structured matter to perform addition.

For example, consider a spatially varying retarder, which when 
restricted to its boundary, is linear and has a retardance of π. Let k be the 
number of half-revolutions made by the axis of the retarder traversing 
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Fig. 2 | Adder modules and experimental results. a, Order-k adder modules 
can be constructed using a linear retarder array placed before a half-wave 
plate, whereas order-k subtractor modules can be constructed using a linear 
retarder array placed after a half-wave plate. The addition of the half-wave plates 
resolves incompatibilities in polarization states on the boundary, as explained 
in the main text, allowing for the different modules to be cascaded indefinitely. 
Notice also that order-k adders and subtractors can be realized using the same 
hardware, with one direction performing addition and the other performing 
subtraction. Last, although gradient-index systems and a three-SLM cascade 
are used to implement the adder in our work, it is worth emphasizing that an 
adder can be implemented in many different ways, provided its properties 
at the boundary are properly constrained. b, Subset of the measured Stokes 

fields of optical skyrmions passing through adders of order 2 realized using 
gradient-index systems. The operations 1 ± 2 ± 2 and 3 ± 2 ± 2 are shown, with the 
detailed implementation presented in Supplementary Note 1 and the full dataset 
presented in Supplementary Fig. 2. c, Subset of the measured Stokes fields of 
optical skyrmions passing through adders of orders 1 and 3 realized using a three-
SLM cascade, and where disorder is introduced by a random pixel-wise noise to 
the voltage levels of the SLMs. Since only a single adder is used in this experiment, 
no half-wave plate is included. Three levels of disorder are shown, as indicated by 
the colour of the star, increasing from left to right. Details of the implementation 
are provided in Supplementary Note 1, and a complete dataset is presented in 
Supplementary Fig. 3.
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counterclockwise along its boundary (Fig. 1b). Then, with no further 
restrictions to material properties apart from continuity, one may show

deg𝒮𝒮′

={
deg𝒮𝒮𝒮k if𝒮𝒮 is right circularly polarized (RCP)on its boundary

deg𝒮𝒮𝒮k if𝒮𝒮 is left circularly polarized (LCP)on its boundary
,

(1)

where 𝒮𝒮 and 𝒮𝒮′ are the Stokes fields before and after the medium, respec-
tively. We call structured matter satisfying these conditions skyrmion 
photo-adders of order k.

Our mathematical results also imply that the function of any 
medium designed in this way depends only on the structure of its 
boundary and is independent of material properties everywhere else 
provided they are continuous (excluding certain extreme cases; see the 
‘Discussion’ and ‘Structured matter design using a general transforma-
tion law of skyrmions’ sections). This is a reflection of the topological 
structure of the optical skyrmion exhibited in matter. From a practical 
perspective, this suggests a strong robustness of any such adder to 
physical imperfections of the medium that implements it, which greatly 
eases fabrication. We demonstrate the robustness arising from this 
‘topological duality’ between field and matter (Fig. 1c), which shows 
the invariance of the effect of our proposed adder on the skyrmion 
number of optical fields to perturbations in the medium, and give a 
more detailed explanation of robustness and duality in the ‘Structured 
matter design using a general transformation law of skyrmions’ section.

After passing through the adder proposed above, the boundary 
conditions of the skyrmion will flip, that is, RCP becomes LCP and vice 
versa. Therefore, to cascade multiple adders together, one must realign 
the outer boundary after each operation. With our proposed design, 
this amounts to adding a half-wave plate after the medium for addition 
and a half-wave plate before for subtraction, provided we design our 
components for skyrmions that are RCP on their boundary (Fig. 2a and 
Supplementary Fig. 6). Therefore, combining an adder with a half-wave 
plate effectively produces a cascadable module that performs addition 
in one direction and subtraction in the other.

Next, to demonstrate the feasibility of our proposed medium, we 
provide experimentally measured Stokes fields of skyrmions passing 
through second-order adders realized via gradient-index systems. 
Figure 2b shows a subset of our results, with the full dataset presented 
in Supplementary Fig. 2. We generated skyrmions of orders ranging 
from –3 to 3 using a cascade of two spatial light modulators (SLMs) 
and passed the field through the medium with appropriate wave plates 
to achieve the operations +2 + 2, +2 – 2, –2 + 2 and –2 – 2 (Supplemen-
tary Note 1 provides details of the techniques used in beam genera-
tion, measurement and analysis, and Supplementary Fig. 1 shows the 
experimental assembly). Note that the medium we used was discarded 
by quality assurance due to its asymmetric axis distribution, and it 
exhibits substantial perturbations in material properties compared 
with the typical sample. Despite this, the numerically computed skyr-
mion numbers show that our proposed adder efficiently and reli-
ably performs the desired operations, even with imperfections in the 
medium. Further technical details of the experiments are presented 
in Supplementary Note 1.

To further emphasize the perturbation resilience of our proposed 
adder and the versatility of its implementation, we present experimen-
tal results in which a cascade of three SLMs is used to realize an adder 
and disorder is simulated by introducing random pixel-wise noise to 
the voltage levels of the SLMs. Since the three-SLM cascade is designed 
to achieve arbitrary retardance and axis orientation8, adding noise to 
the voltage levels of the SLMs effectively simulates a disordered array of 
arbitrary elliptical retarders, which has the added benefit of reflecting 
a wide variety of real-world perturbations. Note that the tunability of 
SLMs is used to introduce disturbances of varying strengths, but it is not 

central to how the adder operates (that is, the SLM cascade merely mim-
ics a passive device). The noise is added in such a way that it is the maxi-
mum at the centre and gradually decreases to zero at the boundary, 
consistent with the derivation in the ‘Structured matter design using 
a general transformation law of skyrmions’ section. Figure 2c shows a 
subset of our results with the full dataset, including Mueller matrices of 
the disordered media and polarization ellipses (Supplementary Fig. 3). 
This figure shows that the disorder we have added is substantially larger 
than what would typically occur in practice. Additionally, systematic 
errors due to phase unwrapping lead to lines observed in the output 
Stokes field, and this can also be considered a form of perturbation. 
Nonetheless, the numerically computed skyrmion number remains 
stable, demonstrating the strong topological robustness of our adder. 
There remains a large scope for further exploration into the limits of 
topological protection of optical skyrmions in the presence of random 
noise, including the effects of spatially correlated noise and the limits 
at which topological protection breaks down (Supplementary Note 3), 
which we plan to address in future work.

Last, by adopting the generalized skyrmion number introduced 
in ref. 42, it is possible to simultaneously enhance the topological 
robustness of our proposed adder against perturbations in the state of 
polarization (SoP) of the input light at the boundary, as well as against 
perturbations in the material parameters at the boundary. Moreover, 
this approach allows a single field to carry multiple topological charges, 
representing an increase in the dimensionality of the information car-
ried by the field and greatly improving its information density.

On a more technical level, the generalized skyrmion number is a 
method of assigning non-compactifiable fields27 a tuple of integers 
(n1…nk) derived from the de Rham cohomology of compactly sup-
ported forms, which are topologically protected under a general notion 
of homotopy42. Given any smooth polarization field 𝒮𝒮 𝒮 Ω ⟶ S2, we 
can define one generalized skyrmion number for each connected 
component of the Poincaré sphere carved out by the image of the 
boundary curve 𝒮𝒮𝒮∂Ω (Fig. 3b). The generalized skyrmion number asso-
ciated with a connected component can be computed by the 
integral equation

Generalized skyrmionnumber = 1
c∫Ω

f(𝒮𝒮)𝒮𝒮 𝒮 (∂𝒮𝒮∂x
× ∂𝒮𝒮

∂y )
dxdy,

where c = ∫2π
0 ∫π

0 f(θ,ϕ) sinθdθdϕ  and f is any smooth real-valued  
function supported on that component.

Following the line of argument in ref. 42, one has the following: as 
a skyrmion of degree n propagates within the medium, the image of 
the boundary curve on the Poincaré sphere transitions from a point to 
a curve. The generalized skyrmion numbers of the newly generated 
connected components will then be n + k, where k is the number of 
times the boundary curve encircles each component accounting for 
orientation, whereas the generalized skyrmion number of the original 
connected component remains unchanged at n (Fig. 3c shows a  
single example of this process, with more examples given in 
Supplementary Fig. 7). Note that the description above also enables 
the design of arbitrary generalized skyrmion photo-adders, which 
simultaneously perform an arbitrary number of arbitrary additions, 
(n)↦(n + k1…n + kj, n) for any number j ∈ ℕ and k1… k j ∈ ℤ . We 
describe this in detail in the ‘Arbitrary generalized skyrmion 
adders’ section.

Specializing to our proposed adder (whose axis distribu-
tion is depicted in Fig. 1b), if the outer retardance is a constant that  
lies between 0 and π, three cases arise depending on the SoP at  
the boundary of the incident skyrmion. For SoPs close to RCP, one  
has the transition (n)↦(n + k, n), for SoPs close to LCP, one has the 
transition (n)↦(n – k, n), and for all other states, one has the transi
tion (n)↦(n + k, n – k, n). Thus, one can essentially select the adder’s  
function by using different input boundary SoPs.
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Notice also that by adopting the generalized skyrmion number, 
not only can we have situations in which multiple additions and sub-
tractions occur simultaneously but there is also a general tolerance 
to the boundary SoP of the input beam. Indeed, the adder splits the 
Poincaré sphere into various regions, and performs a specific type of 
operation on each region. More generally, as long as the number of 
new connected components that form during propagation and the 
orientation in which the boundary curve encircles each component 
remains the same, the same operations will be observed at the level 
of the generalized skyrmion number. This latter property makes 
the generalized skyrmion adder stable against fluctuations in the 
parameters of matter, without the strict constraints at the boundary 
present in the skyrmion adders introduced earlier. Last, note that 
although it is possible to manipulate fields with non-integer skyrmion 
numbers for computation, the skyrmion number in this case is not a 
topologically protected quantity and, therefore, does not support 
the same level of robustness as the generalized skyrmion number 
(Supplementary Note 2).

To demonstrate the powerful robustness of our generalized skyr-
mion adder, we present the experimental results of uniformly polarized 
light entering a spatially varying retarder, with the axis configuration 
shown in Fig. 1b with a single half-revolution and where the outer retard-
ance is π/2. The adder is implemented via a cascade of three SLMs as 
above, and where disorder is simulated by a random pixel-wise noise 
to the voltage levels of the SLMs, uniform everywhere including at the 
boundaries. A two-SLM system that acts as an arbitrary beam generator 
is separately added (Supplementary Note 1). Figure 4a shows a subset of 
our results, with a single SoP selected from each region corresponding 
to addition, subtraction and simultaneous addition and subtraction. 
A full dataset including details of the incident light, measured Mueller 
matrices and polarization ellipses is presented in Supplementary Fig. 4. 
From the computed generalized skyrmion numbers, it is clear that the 
function of the generalized skyrmion adder is stable with respect to 
the added disorder.

Moreover, in the full dataset presented in Supplementary Fig. 4, 
we demonstrate that the function of the adder is stable within a range 
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single generalized skyrmion number (GSkyN) can be defined for each connected 
component of the Poincaré sphere carved out by the image of the boundary 
curve. A field with one component (left) and three components (right), along 
with the corresponding images of their boundary curves on the Poincaré sphere, 
is shown. A stereographically projected version of the boundary curve is also 

shown. Note that for a given boundary condition, any continuous extension of 
the boundary to the entire domain will have the same number of generalized 
skyrmion numbers. c, A generalized skyrmion adder works by manipulating 
the boundary to create new connected components. For each newly created 
component, the original skyrmion number (SkyN) is increased once for each time 
the boundary curve encircles the component, accounting for orientation. The 
figure depicts an example of an (n)↦(n + 1, n – 1, n) adder, with input field n = 2 
and where the Stokes fields and stereographically projected boundary curves are 
shown. Finally, the skyrmion number and generalized skyrmion numbers of the 
two fields are provided.
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of SoPs. This stability of the generalized skyrmion adder to different 
inputs is an important feature, which is not enjoyed by the skyrmion 
adders introduced earlier. Last, a comparison between the skyrmion 
number and generalized skyrmion numbers at different levels of 
disorders is also shown in Fig. 4b. From the plots, it is clear that the 
generalized skyrmion number is topologically stable even though 
the usual skyrmion number is not. The technique of computing the 
generalized skyrmion number and estimating the boundary curve is 
adapted from ref. 42.

A more detailed analysis of the experimental results is presented 
in Supplementary Note 1.4, including discussions on topological pro-
tection and engineering solutions for the formation of small loops in 
the boundary due to disorder.

In summary, adopting the generalized skyrmion number offers 
many advantages. Not only are there straightforward methods for 
creating generalized skyrmion photo-adders capable of performing 
an arbitrary number of arbitrary integer additions simultaneously but 

these systems also exhibit strong robustness against perturbations in 
both the incident field and the material implementing the adder, with 
weaker boundary restrictions.

There are, however, limitations to using the generalized skyr-
mion number as well, such as difficulties in retrieving the generalized 
skyrmion number from polarimetric measurements. Our proposed 
design also only allows for the conversion of a regular skyrmion to a 
generalized skyrmion and is, therefore, not immediately cascadable. 
In the ‘Arbitrary generalized skyrmion adders’ section, a rudimentary 
strategy for cascading generalized adders is introduced. Last, we note 
that there remains room to explore strategies for directly converting 
generalized skyrmions to other generalized skyrmions in the context 
of optical computing. Given its discrete nature, topological robustness 
and high dimensionality, we believe that the manipulation of general-
ized skyrmions represents a real and meaningful advancement in the 
use of optical skyrmions for high-density data applications that extend 
beyond computing.
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and different incident SoPs selected to demonstrate addition, subtraction 
and simultaneous addition and subtraction. A stereographic projection of the 
boundary curve is also shown, with the change in skyrmion number of each 

region labelled. The colour of these labels indicate the generalized skyrmion 
number corresponding to that region. A complete dataset including details of the 
incident SoPs and measured Mueller matrices is presented in Supplementary  
Fig. 4. Technical details such as the formation of small loops due to disorder are 
also discussed. Last, details of the implementation and experimental assembly 
are provided in Supplementary Note 1 and Supplementary Fig. 1, respectively.  
b, Skyrmion number and generalized skyrmion numbers at each level of disorder 
for different incident SoPs. Note that the generalized skyrmion number is 
topologically stable even though the usual skyrmion number is not.
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Discussion
In this paper, we have demonstrated a method of achieving digital 
computing with optical skyrmions using structured matter. In prac-
tice, adders of arbitrary orders can be fabricated through numerous 
techniques including the laser polymerization of liquid crystals43,44, 
metasurfaces45–49, gradient-index systems, SLM cascades8, direct laser 
writing of birefringent structures in silica50,51, inkjet printing of liquid 
crystal droplets52, compact meta-fibres53 and more, all of which sug-
gest the possibility of manufacturing compact microscale devices 
containing such adders.

As mentioned earlier, a crucial property of both proposed skyr-
mion photo-adders is that its effect on skyrmion fields depends only 
on the structure of their boundary, a reflection of the topological 
nature of the optical skyrmion. From an engineering perspective, this 
provides clear advantages in manufacturing as the tolerable margins 
of error in fabrication are greatly relaxed, with no further restrictions 
on the medium besides the continuity of its material properties. In 
particular, the function of the adder is independent of perturbations 
to material properties away from the boundary, including spatially 
varying anisotropic absorptions with tolerance up to a certain diattenu-
ation and complex spatially varying retardance such as those resulting 
from birefringence (see the ‘Structured matter design using a general 
transformation law of skyrmions’ section and ref. 27 for more details). 
Moreover, these conditions can be further relaxed if the framework of 
the generalized skyrmion number is adopted.

Despite the numerous promising properties of skyrmions for 
photonic computing, achieving full skyrmion-based computing still 
requires solutions to many important problems in manufacturing, 
architecture and on-chip integration. Here we outline the possible 
solutions to some of the hurdles that may arise.

First, understanding the non-trivial behaviour of polarization 
fields in waveguides is of key importance for enabling small integrated 
devices to make use of skyrmions. In particular, apart from fabricating 
the adders themselves, it is also necessary to relay polarization informa-
tion between adders for any meaningful computation to be done. For a 
waveguide to support the propagation of complex structured fields, it 
must necessarily be large enough to carry multiple modes. Moreover, 
work will need to be done to establish the range of skyrmion numbers 
that can be achieved by an arbitrary superposition of propagating 
modes and the conservation of skyrmion number in propagation. Here 
we provide a heuristic argument suggesting the feasibility of topologi-
cal protection. On the basis of the ellipticity of the Helmholtz equation, 
in general, the electric field develops continuously within the wave-
guide. This then naturally descends onto a homotopy of Stokes fields 
provided there are no zeros in the field. Therefore, at least for some 
finite distance, we expect the skyrmion number to remain unchanged54, 
supporting potential use in optical interconnects, where communica-
tion typically occurs over short, chip-scale distances.

Second, although our proposed medium theoretically sup-
ports wavelength-division multiplexing, the generally wavelength- 
dependent nature of retarders may limit the number of independent 
operations that can be carried out simultaneously. Nevertheless, with 
the improving quality of on-chip comb lasers55 and broadband retarders 
implemented through metamaterials45–48, such limitations are perhaps 
more a matter of engineering.

Third, besides considerations relating to the medium, any system 
exploiting skyrmions will also require auxiliary support for generat-
ing and detecting skyrmions. With regard to generation56, notice that 
uniform polarized light is trivially a skyrmion of degree 0. Therefore, 
our proposed medium can create optical skyrmions, where incident 
RCP and LCP light generate skyrmions of degree +k and –k, respec-
tively. Regarding detection, recent developments in on-chip Stokes 
polarimetry57 support the possibility of accurately measuring com-
plex polarization fields on integrated circuits. However, extracting 
the topological number from polarimetric measurements should be 

done efficiently for a skyrmion-based photonic adder to be feasible. 
Note that apart from evaluating the skyrmion number integral, various 
other properties of the topological number can be used to determine 
the skyrmion number such as counting strategies involving regular 
values27. An alternative way of detection is to exploit light–matter 
interactions modulated by skyrmions, such as through optomechani-
cal interactions between optical skyrmions and topological solitons 
in liquid crystals58.

Last, depending on implementation, both passive and tunable 
adders can be fabricated. The best implementation will ultimately 
depend on the application, with tunable elements providing greater 
flexibility at the cost of greater power consumption, possible hysteresis 
and greater complexity in control. We reiterate that in our work, we 
use SLMs to mimic a passive retarder array with disorder, rather than 
taking advantage of their tunability.

Despite the challenges presented above, we believe that photonic 
computing using optical skyrmions remains an exciting avenue to 
explore. Given the rise of artificial intelligence and machine learn-
ing, the need for power-efficient computing technologies is more 
important than ever. Photonic computing has emerged as a promis-
ing solution to meet this need, and optical skyrmions represent a way 
of carrying high-dimensional information within optical fields that 
holds great potential for enhancing information density in photonic 
computing without additional energy cost. With wavelength, ampli-
tude and phase information (including structured phase) accessible 
independent of spatially varying polarization and, hence, any under-
lying skyrmion structure, there are certainly intriguing prospects 
for combining different existing architectures to exploit all these 
dimensions simultaneously.

Moreover, our work provides a method of directly exploiting the 
topological and discrete nature of the skyrmion for computations and, 
therefore, a route to create robust digital photonic computing tolerant 
to perturbations and noise with strong potential for scalability. This 
is particularly so with our introduction of the generalized skyrmion 
number, which enables the transmission of multiple independent 
topologically protected quantities within a single field—including those 
with singularities, which, in effect, behave as additional boundaries that 
can be manipulated—allowing for spatial-domain multiplexing in an 
entirely novel way. We believe this makes our proposed approach one 
of the most promising strategies for increasing the number of TOPS 
(trillions (1012) of operations per second, or tera-ops per second) in 
modern photonic processors. Most importantly, using optical skyrmi-
ons as units of computation expands the traditional notion of the bit 
to theoretically infinite values and, therefore, has the potential to alter 
the binary foundations of digital computing fundamentally.

As a concluding remark, we note that with addition and subtraction 
possible, the remaining mathematical operations become a matter 
of design (Supplementary Note 4). However, skyrmions also support 
a more natural notion of multiplication. Suppose a homogeneous 
medium induces a mapping on the Poincaré sphere of degree k. The 
effect of such a medium on skyrmions is equivalent to multiplication by 
k, with no other restrictions on the input field. For example, a medium 
whose action on the Poincaré sphere is given by

(sinϕ cosθ, sinϕ sinθ, cosϕ) ↦ (sinϕ cos kθ, sinϕ sin kθ, cosϕ)

is a skyrmion multiplier of order k, whereas a mirror can be regarded 
as a multiplier of order –1 with the proper choice of coordinates59. Last, 
if such a multiplier can be implemented, then division is naturally also 
possible. One way to achieve this is by taking the unique advantage 
of the fact that skyrmions are integer valued and not limited to 0  
and 1 like bits in conventional digital electronics. This property  
enables the use of more novel fundamental units of data; for example,  
a single rational number can be represented by either two con-
ventional skyrmions or a single generalized skyrmion p/q⇔(p, q).  
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Addition, multiplication and division can then be implemented by  
(p1, q1) + (p2, q2) = (p1q2 + p2q1, q1q2), (p1, q1) × (p2, q2) = (p1p2, q1q2) and  
(p1, q1) ÷ (p2, q2) = (p1q2, p2q1), respectively.

Online content
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Methods
Structured matter design using a general transformation law 
of skyrmions
Here we derive a general transformation law of skyrmions from which we 
can observe a powerful heuristic of topological duality, namely, changes 
to the skyrmion number induced by a medium depend primarily on the 
structure of the medium on its boundary. As we will explain, this notion 
of duality has important implications for the design of structured mat-
ter to manipulate the skyrmion number, providing a strong tolerance to 
perturbations of material parameters away from the boundary.

As an aside, in this paper, we use the term structured matter as an 
umbrella term for the different types of matter that are used to gener-
ate and manipulate structured light8,27. Typically, these are complex 
spatially varying media that can precisely modulate the phase, polari-
zation and intensity of light, and can be abstractly described using 
Jones or Mueller calculus. Important classes of structured matter 
include spatially varying retarders, diattenuators and depolarizers60. 
This framework of structured matter enables the abstract design of 
complex components, which can then be implemented using differ-
ent technologies (including metasurfaces, liquid crystal devices and 
various other examples mentioned in this paper) tailored to practical 
requirements such as size, resolution, tunability, reconfigurability, 
dynamic control, rewritability (for example, for information storage) 
and more61–63. Additionally, the topological properties of structured 
matter remain a largely unexplored area with potential applications in 
beam generation and analysis, biomedical imaging, communications, 
information storage and, as demonstrated in this paper, computing.

In the following, we denote by Ba(0) the ball of radius a centred  
at the origin. Let 𝒮𝒮, 𝒮𝒮′ 𝒮 Ba(0)⟶ S2  be two different continuous  
polarization fields that are constant on the boundary. 𝒮𝒮 and 𝒮𝒮′ then 
descend onto the quotient Ba(0)/∼ ≅ S2 obtained by identifying points 
on ∂Ba(0) and are, therefore, skyrmions.

Suppose we can find a continuous homotopy F 𝒮 Ba(0) × [0, 1]⟶ S2 
from 𝒮𝒮 to 𝒮𝒮′. Let S+ = {(s1, s2, s3) ∈ S2: s3 ≥ 0} and S− = {(s1, s2, s3) ∈ S2: s3 ≤ 0} 
denote the northern and southern hemispheres, respectively, and 
define ψ+ 𝒮 Ba(0) → S+

ψ+(r cosθ, r sinθ) = (√1 𝒮 (r/a)2 cosθ,√1 𝒮 (r/a)2 sinθ,√1 𝒮 (r/a)2)

and ψ− 𝒮 Ba(0)⟶ S−,

ψ−(r cosθ, r sinθ) = (√1 𝒮 (r/a)2 cosθ,√1 𝒮 (r/a)2 sinθ, 𝒮√1 𝒮 (r/a)2)

so that ψ+ is an orientation-preserving diffeomorphism onto its image 
and ψ− is an orientation-reversing diffeomorphism onto its image. Now, 
let H: S2 × [0, 1]→S2 be

H(s, z) = {
F(ψ−1

+ (s), z), s ∈ S+

F(a cosθ,a sinθ, z(1 𝒮 s3)), s ∈ S−
,

where s = (s1, s2, s3) = (sinϕ cosθ, sinϕ sinθ, cosϕ) ∈ S2. Then, H is a con-
tinuous by a gluing argument, and by the homotopy invariance of the 
degree, we have deg H(⋅, 0) = deg H(⋅, 1).

It is clear that degH(𝒮,0) = deg𝒮𝒮  and degH(𝒮, 1) = deg𝒮𝒮′ 𝒮 deg∂F , 
where ∂F𝒮 ∂Ba(0) × [0, 1]/∼ ≅ S2 ⟶ S2  with the identifications 
(x,0) ∼ (y,0) and (x, 1) ∼ (y, 1) for all x, y ∈ ∂Ba(0) and ∂F([x]) = F(ι(x)) for 
the trivial inclusion ι 𝒮 ∂Ba(0) × [0, 1]⟶ Ba(0) × [0, 1]. Therefore,

deg𝒮𝒮 = deg𝒮𝒮′ 𝒮 deg∂F.

If, further, ∂F is C1, we have the integral equation

deg𝒮𝒮 = deg𝒮𝒮′ 𝒮∫
S2
(∂F )∗ω

for every normalized ω ∈ Λ2(S2).

In particular, this proves that given a general homotopy of skyrmi-
ons, the resulting difference in skyrmion number is equal to the skyr-
mion number of the homotopy when restricted onto the walls of the 
homotoping cylinder. To make this statement more intuitive, consider 
the polarization field as it propagates through the medium. Initially, 
the boundary of the field is a single point on the Poincaré sphere. How-
ever, as the field propagates, its boundary need not remain constant 
valued, but instead, traces out a curve on the Poincaré sphere. Last, 
this curve collapses back into a point at the output. This situation is, 
therefore, exactly analogous to the ‘unwrapping’ of the Poincaré sphere 
from the north pole to the south pole that is usually used to describe 
the skyrmion (except here we allow for the unwrapping between two 
arbitrary SoPs), and indeed, the number of times the Poincaré sphere 
is unwrapped is exactly the difference in the skyrmion numbers of the 
input and output fields.

From the argument above, it is easy to understand why our pro-
posed adder exhibits resilience to perturbations away from the bound-
ary. This resilience arises because the change in skyrmion number 
depends solely on how the polarization states at the boundary are 
‘unwrapped,’ which, in turn, depends only on the material parameters 
at the boundary. In this sense, there is a ‘duality’ between light and 
matter, in which specifying the boundary condition of one imposes a 
corresponding condition on the other.

Another way to understand topological robustness is through 
the theory presented in ref. 27, which provides precise conditions for 
the topological protection of optical skyrmions across a wide range 
of media, including spatially varying retarders, diattenuators, depo-
larizers and cascades of these elements. By considering the Jones or 
Mueller matrix of a real adder as a composition of an ideal adder and a 
matrix encoding the non-idealities, the theory in ref. 27 can be applied 
directly to this additional matrix.

With the procedure developed above, we may prove the following. 
Consider a continuous spatially varying elliptical retarder J 𝒮 Ba(0)
⟶ SU(2) given by the parameterization

J(α,δ,∆) = (
cos2(α)ei∆/2 𝒮 sin2(α)e−i∆/2 2i cos(α) sin(α) sin(∆/2)e−iδ

2i cos(α) sin(α) sin(∆/2)eiδ sin2(α)ei∆/2 𝒮 cos2(α)e−i∆/2
) ,

where 𝒬𝒬 𝒬 α 𝒮 Ba(0)⟶ ℝℙ1 = ℝ/(x ∼ x 𝒮 π)  and 𝒫𝒫 𝒬 δ 𝒮 Ba(0) ⟶ S1
= ℝ/(x ∼ x 𝒮 2π)  are continuous maps defining a continuously varying 
fast axis (cos(α)e−iδ/2, sin(α)eiδ/2) , 𝒬𝒬 and 𝒫𝒫 are the respective quotient 
maps, and 𝒫𝒫 𝒬 Δ 𝒮 Ba(0)⟶ S1  is the corresponding continuously  
varying retardance. Then, the output field 𝒮𝒮′ is given by

𝒮𝒮′(x) = ATSpin ( J(α(x),δ(x),∆(x)))A𝒮𝒮𝒮x),

where Spin: SU(2)→SO(3) is the usual Spin map

(
a 𝒮 bi c 𝒮 di

𝒮c 𝒮 di a 𝒮 bi
)

↦
⎛
⎜
⎜
⎝

a2 𝒮 b2 𝒮 c2 𝒮 d2 2ab 𝒮 2cd 𝒮2ac 𝒮 2bd

𝒮2ab 𝒮 2cd a2 𝒮 b2 𝒮 c2 𝒮 d 2 2ad 𝒮 2bc

2ac 𝒮 2bd 2bc 𝒮 2ad a2 𝒮 b2 𝒮 c2 𝒮 d 2

⎞
⎟
⎟
⎠

and

A =
⎛
⎜
⎜
⎝

0 1 0

0 0 1

1 0 0

⎞
⎟
⎟
⎠

.

Suppose now that 𝒫𝒫 𝒬 δ𝒮∂Ba(0) = [0]  and 𝒫𝒫 𝒬∆𝒮∂Ba(0) = [π] . If we  
further restrict to inputs that satisfy 𝒮𝒮𝒮∂Ba(0) = (0,0, 1)T, then 𝒮𝒮′ satisfies 
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𝒮𝒮′𝒮∂Ba(0) = (0,0, 𝒮1)T  and is, therefore, a skyrmion. Moreover, we may 
homotope 𝒮𝒮 to 𝒮𝒮′ by

F(x, z) = ATSpin( J(α(x),δ(x),∆(x)z))A𝒮𝒮𝒮x).

One can then directly compute

∂F([θ, z]) =
⎛
⎜
⎜
⎝

𝒮 sin(2∂α(θ)) sin((2n 𝒮 1)πz)

cos(2∂α(θ)) sin((2n 𝒮 1)πz)

cos((2n 𝒮 1)πz)

⎞
⎟
⎟
⎠

for some integer n ∈ ℤ and where ∂α 𝒮= α𝒮∂Ba(0). Taking ω ∈ Λ2(S2) to be 
the standard volume form on S2 and assuming sufficient smoothness, 
we have

deg∂F = ∫
S2
(∂F )∗ω

= ∫
2π

0
∫

1

0

1
4π

∂F 𝒮 (∂Fθ × ∂Fz)dzdθ

= ∫
2π

0
∫

1

0
𝒮 2n+1

2
sin((2n 𝒮 1)πz) d∂α

dθ
dzdθ

= 𝒮 1
π
∫

2π

0

d∂α
dθ

dθ

= 𝒮deg𝒬𝒬 𝒬 ∂α

where ∂Fθ and ∂Fz are partial derivatives of ∂F with respect to θ and z, 
respectively. Therefore,

deg𝒮𝒮′ = deg𝒮𝒮 𝒮 deg𝒬𝒬 𝒬 ∂α

depends only on the number of revolutions made by the fast axis along 
the boundary of the medium. An identical proof can be used in the 
∂𝒮𝒮𝒮∂Ba(0) = (0,0, 𝒮1)T case to show

deg𝒮𝒮′ = deg𝒮𝒮 𝒮 deg𝒬𝒬 𝒬 ∂α.

Last, note that although other works64–66 have investigated 
similar-structured linear retarder arrays for skyrmion generation, 
our study focuses on a broader class of structured matter (includ-
ing spatially varying elliptical retarder arrays) and demonstrates the 
topological properties of such media and their ability to modify the 
topological number of non-uniform input fields.

Arbitrary generalized skyrmion adders
Here we describe steps to design an arbitrary generalized skyrmion 
adder that performs the operation (n)↦(n + k1…n + kj, n) for any col-
lection k1… k j ∈ ℤ using elliptical retarders.

	 1.	 Pick an incident boundary SoP with Jones vector J = (J1, J2)
T ∈ ℂ2.

	 2.	 Design a smooth curve on the Poincaré sphere that carves out 
j components so that the curve encircles the ith component ki 
times accounting for orientation.

	 3.	 Lift the curve from Stokes parameters to Jones vectors.
	 4.	 Suppose we are working with a circular domain Ba(0). Let 

(γ1, γ2) ∈ ℂ2 be the curve obtained in step 3, and set

Γ (θ) = (
γ1(θ) 𝒮 ̄γ2(θ)

γ2(θ) ̄γ1(θ)
) (

J1 𝒮 ̄J2
J2 ̄J1

)
†

∈ SU(2),

where † represents the conjugate transpose. Notice that Γ(θ)J = (γ1(θ), 
γ2(θ)) by construction. Thus, we need only extend Γ to all of Ba(0).

	 5.	 Let Φ𝒮 SU(2)⟶ S3 be the canonical diffeomorphism

Φ (
a 𝒮 bi 𝒮c 𝒮 di

c 𝒮 di a 𝒮 bi
) =

⎛
⎜
⎜
⎜
⎜
⎝

a

b

c

d

⎞
⎟
⎟
⎟
⎟
⎠

.

 
We define ̃Γ 𝒮 Ba(0)⟶ SU(2) by

Φ( ̃Γ (r,θ)) = (r/a)Φ(Γ (θ)) 𝒮 (1 𝒮 r/a)p
‖
‖(r/a)Φ(Γ (θ)) 𝒮 (1 𝒮 r/a)p‖‖

,

where –p is any point not in the image of Φ∘
Γ .

The function ̃Γ  from the procedure above describes a spatially 
varying Jones matrix that performs the desired additions. However, it 
is worth noting that the higher the order of the adder and the greater 
the number of numbers added simultaneously, the more challenging 
it becomes to realize these adders in practice. Nonetheless, we believe 
there is great potential to further explore such adders and to  
develop adders capable of converting between generalized  
skyrmions.

As a side note, a generalized skyrmion can be converted back into 
an ordinary skyrmion using a diattenuator with fixed axes and a spa-
tially varying extinction ratio that approaches infinity at its boundary. 
In this case, the resultant skyrmion number corresponds to the con-
nected component containing the state parallel to the diattenuator’s 
transmissive axis. This then allows for different generalized adders to 
be cascaded.

Data availability
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the Article and its Supplementary Information. The data that support 
the plots within this paper and other findings of this study are available 
from the corresponding authors upon reasonable request. Source data 
are provided with this paper.
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