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Abstract

We present an implementation of interior-point methods for generalized power cones,
power mean cones and relative entropy cones, by exploiting underlying low-rank
and sparsity properties of the Hessians of their logarithmically homogeneous self-
concordant barrier functions. We prove that the augmented linear system in our interior-
point method can be sparse and quasidefinite after adding a static regularization term,
enabling the use of sparse LDL factorization for nonsymmetric cones. Numerical
results show that our implementation can exploit sparsity in our test examples.

Keywords Nonsymmetric cone - Interior-point method - LDL factorization

1 Introduction
1.1 Literature Review

Convex optimization has been widely used in fields such as control engineering [3],
signal processing [17] and finance [8]. It encompasses common problem classes
such as linear programming (LP), quadratic programming (QP), second-order cone
programming (SOCP) and semidefinite programming (SDP) problems, as well as
other problems classes defined over more exotic cone constraints. Common mod-
ern approaches for general convex optimization include first-order operator-splitting
methods [13, 25], and second-order interior-point methods (IPM) [22], where the lat-
ter is generally preferred when high accuracy solutions are required. Interior-point
methods commonly employ v-logarithmically homogeneous self-concordant barrier
(LHSCB) functions, which apply penalties on convex inequality constraints defined
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over cones. The parameter v is related to the convergence speed of an IPM, where the
total iteration number is known to be O(y/v log(1/¢€)) in theory.

State-of-the-art conic interior-point solvers commonly employ an infeasible
starting-point method where the initial iterate is chosen on the interior of any conic
inequality constraints, with linear equalities not necessarily satisfied until the interior-
point algorithm converges to optimality. Since general purpose optimization methods
must allow for the possibility of infeasible problems being posed, [IPMs require a mech-
anism that will work either by providing a solution (in the feasible case) or a certificate
of infeasibility (in the infeasible case). This requirement motivated the development
of the homogeneous self-dual embedding (HSDE) [34], which augments the original
problem to a new one that is always feasible. The new augmented problem is always
solvable, and from its solution one can recover either a solution or certificate of infeasi-
bility for the original problem. The HSDE method is very popular and is widely used in
both open-source and commercial solvers, e.g. SCS [25], CVXOPT [32], ECOS [12]
and Mosek [19].

The great majority of research of conic IPMs focuses on problems with conic
constraints that are homogeneous self-dual (also called self-scaled), e.g. the nonneg-
ative, second-order and positive-semidefinite cones. Cones that do not possess the
self-scaled property are called nonsymmetric and are topics of more recent interests
for interior-point methods [23]. The exponential cone and the power cone are the two
most commonly studied, and are supported in the commercial solver Mosek [19] and
some open-source solvers like ECOS [12] and Clarabel [14]. It has also been shown
that some existing conic optimization problems can be solved more efficiently by
exploiting their special structure through the lens of nonsymmetric conic optimiza-
tion, like sparse SDPs [1] and sum of squares (SOS) programs [26]. The Matlab-based
DDS [16] and Julia-based Hypatia [6] solvers support a variety of nonsymmetric cone
types that can solve many optimization problems more efficiently than their extended
formulations based on three-dimensional exponential cones or power cones.

However, we cannot exploit Nesterov-Todd (NT) scaling points for nonsymmet-
ric cones as already done in symmetric cones [21]. Instead a nonsymmetric strategy,
where the scaling point is chosen to be the primal (dual) iterate in each iteration, is
commonly used for nonsymmetric cones in solvers like ECOS and Hypatia. Recently,
a symmetric primal-dual scaling algorithm motivated by [31] is proposed in [10]
and implemented in Mosek and Clarabel [14]. Neighborhood check guarantees the
update iterates close to the central path and some metrics require computing conju-
gate gradients of conic barrier functions, which generally do not have closed-form
representations for nonsymmetric cones and efficient numerical methods have been
proposed in [15].

The power cone is a powerful tool to model various cones such as the p-norm cone,
the power mean cone and the generalized power cone [5]. The thesis of Chares [5]
describes a 3-self-concordant barrier function for the standard three-dimensional
power cone, and conjectured an (n + 1)-self-concordant barrier for the (n + 1)-
dimensional power cone K" := {(x.2) e RY x R: T x> |z]}, wherear € R
and 37, o; = 1. This was finally validated for a more general (n, m)-generalized

power cone K™ = {(r.2) e R x R™ : [T, x{ = lizll2} in [27]. The relative
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entropy cone can be regarded as the extension of three-dimensional exponential cone
and is suitable to model problems in circuit design, statistical learning and power
control in communication systems, etc. [4].

1.2 Organization

The paper is organized as follows: We introduce basic definitions of homogeneous
self-dual embedding and interior-point methods in Sect.2. We then propose a gen-
eral structure that is suitable for sparse LDL factorization in Sect.3. The proposed
augmented sparse decomposition of Hessians for nonsymmetric cones are shown in
Sect.4. The implementation of the IPM is detailed in Sect.5, and numerical results
are given in Sect. 6. Finally, the conclusion is summarized in Sect. 7.

1.3 Notation

R? is the d-dimensional space of reals and Ri (Ri ) denotes the nonnegative (pos-
itive) orthant. S” is the set of symmetric matrices in R”*”. Functions f(-) and f*(-)
consist of a convex conjugate pair. The kth-order derivative is denoted by V* f(x).
The set of interior points of C is denoted by int (C). The inner product of vectors x, y
in the Euclidean space R” is denoted by (x, y) and the Euclidean norm of x is denoted
by |lx||. The product set of Cy, C; is denoted as C := C; x C2, e.g. (x,y) € C means
x € Cy,y € Cp. The index set {1,2, ..., d} is abbreviated as [d]. An n-dimensional
vector with value a for every entry is denoted by a”. The indicator function §; ; is

5 1, i=7],
n 0, otherwise.

Diag(x) € R™" denotes a diagonal matrix where x € R” fills in the diagonal terms.

2 Problem Description

We will consider the following primal-dual pair of conic optimization problems
throughout:

max —h'y—b'z

min ¢ x v,z
X, T T
st. Gx=h (P) st. A z+Gy+e=0,
- ’ e K*
Ax+s=b, s e, < ’
(D)

where G € RP*" A € R"" ¢ € R",h € R”,b € R™, K is a nonempty, closed
convex cone and K* is the dual cone of K. We assume that IC does not contain any
straight lines, i.e. it is pointed. We call problem P the primal problem and D the dual
problem.
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The problem P and its dual D are quite general, and cover a wide range of standard
problem types in numerical optimization. If K is the nonnegative orthant, i.e. L = R,
then P represents a linear program. Likewise, if KC is the second-order cone Kgoc OF
the positive semidefinite cone Kqp, then P represents a second-order cone program or
semidefinite program, respectively. In each of these cases, or where K is a composition
of cones of these types, the cone K is symmetric and satisfies the self-dual property
K=K

In this paper we focus on problems in which the cone K is nonsymmetric and will
consider in detail a family of nonsymmetric cones for which we can exploit special
structure within an interior-point method. In the remainder of this section we sketch
an interior-point method for such cones, and subsequently consider in detail the issue
of sparsity exploitation for our cones of interest.

2.1 Logarithmically Homogeneous Self-Concordant Barrier (LHSCB) Functions

A function f : R" — R is called v—LHSCB for a convex cone K C R”, if it satisfies

V3 £, r]l <2 (sz(x)[r, r]>3/2 Vx € int(K), r € R",
FOx) = f(x) — vlog(h) Vx €int (), A > 0,

2

for a scalar v > 1. We first recall several properties of v—LHSCB functions and refer
readers to [21] for more details.
The gradient g : R” — R” of a v—LHSCB f satisfies

(g(x),x) = —v, Vx €int(K). 3)
The convex conjugate function f*(y) : R* — R, defined as

Fr) = sup {=(y,x) = f0)}, (4)
xeint(C)

is also v—LHSCB in the interior of X*, and we call it the conjugate barrier. The
gradient g* of f*, which we call the conjugate gradient of f, is the solution of

g (y) = —arg sup {—(y,x)— f(0)}. 5
xeint(IC)

The function f* likewise has f and g as its conjugate and conjugate gradient,
respectively. From (3)—(5) it can be verified that

) ==, —g* M) — f(=g* ) = —v — f(—=g" (), Yy €int(K*). (6)

For a v—LHSCB f, the gradient mapping plus the conjugate gradient mapping will
eventually project a variable back to its original space, i.e.

—g*(—gx)) =x, Vx eint(K), —g(—g*(y) =y, ¥y eint(K*). (D
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2.2 Homogeneous Self-Dual IPM for Nonsymmetric Cones

We next introduce several basic building blocks for an IPM based on the HSDE for
nonsymmetric cones.
In the standard HSDE model, the KKT condition for P and D are modified to

0 0 GT AT ¢ X
0| | -G O 0 h y
S —-A 0 0 b z
K —cT —hT =b7 0 T @)

(s,z,6,7) € F,x e R", y € R?,

where F := K x K* x Ry x Ry and the cone K may represent the composition of
multiple standard cone types. We refer to (8) as an HSDE model for P—D since the
problem of finding a feasible point for (8) is dual to itself!, and any nonzero feasible
point (x*, y*, z*, 5%, t*, k™) of (8) can be used to extract either a solution to P-D
or a certificate of infeasibility [29]. The IPM amounts to a Newton-like method for
finding a feasible point for (8).

The optimality condition in a convex problem includes a complementary slackness
condition, which is achieved in the zero limit of the central path in an IPM. For
symmetric cones, e.g. nonnegative, second-order and positive-semidefinite cones, we
can exploit the self-scaled property [21] that ensures a unique (symmetric) Nesterov-
Todd (NT) scaling point [21] is obtained from the combination of primal and dual
variables. In the case of nonsymmetric cones, the nonsymmetric scaling is a popular
choice [1, 23, 29] and is implemented in ECOS [28]. A primal-dual scaling with a
3rd-order correction is also effective and is implemented in Mosek [10]. In this paper,
we will employ a nonsymmetric strategy with the scaling at dual iterates so that we can
exploit the low-rank information or sparsity of Hessians of barrier functions directly.

Given some initial point (O, yO, s9, 729, 20 «9) with (59, %) € int (K) x int (K*),
the central path is parametrized by u € (0, 1] and the gradient g*(z) of the barrier
function f*(z), satisfying

0 0 G AT ¢ by qx

0] | -G 0 0 h y qy

s 1Tl =a 0 o bz g |

K —cT =T —bT 0 T q- ©)
(s,z,k,7) € F,

s =—ug @), tK=p,

1 NB: this does not require that the cone /C should be self-dual.
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where

gx=—-G Y — AT — e, gy = Gx° — ht",

q: :/c—i—c-rxo—i—h-ryo—i—b—r 0 q: =5+ Ax" — p7°.

For an IPM with nonsymmetric cones, we require that every iterate should remain close
to the central path. Standard metrics for this distance include the proximity measure
in [23, 29] and one defined in terms of shadow iterates [10, 31].

2.3 Computation of the KKT System

In order to solve (8) we adopt the widely-used affine-centering (predictor-corrector)
framework due to its excellent practical performance. We provide implementation
details for this method in Sect. 5. Note that the step equations for both the predictor
and the corrector steps can be written in the unified general form [32]

0 GT AT ¢ [ Ax 0 dy
-G 0 0 hl]|Ay 0| |4
—A 0 0 b Az | | Aas |7 |d |” (10
—cT —hT =pT 0 || AT Ak d;

WH* (D) Az + As = —d;, 1Ak + kAT = —d,,

where only the choice of right-hand side term dy, dy, d., dy, d-, d differs between
the affine and the centering step directions in a given iterate. The Hessian of the
barrier f* is denoted as H*(z) = V2 f*(z) : R* — S", which is positive definite for
Vz € int (K*).

We typically expect the data matrices G and A to be sparse, particularly for large
problems, so we adopt the same approach as [14, 32] to preserve this sparsity while
reducing the system to one that we can perform a symmetric linear solve. We first
substitute the last two equations into the first one to obtain

T AT c Ax d

0 N

G 0 0 —h||Ay]| —dy

A 0 —puH*(z) —b Az | | di—d,
—cl —hT  —pT & At d; —d¢/t

T

This can then be solved by solving a symmetric linear system twice with different
right-hand sides, i.e.

X1 dy X2 —c
K|y |= —d,y , K| yw|= h |, an
21 dy — d; 22 b
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where K is defined as

0GT AT
K=|G 0 (12)
A0

0
— H#
with H,, := wH"(z) for the nonsymmetric scaling. Only the lower right-hand block
H,,, which may be dense in general, would be different if we had instead employed

a primal-dual scaling strategy [10]. Finally, we obtain the solution of (10) by first
solving for At as

dy —de/t+c xi+hTy +b7z

At =
kK/T—cTxp—hTy, —bTz

3

followed by

Ax = x| + Atxp, As = —d; — H, Az,
Ay =y +Atyy, Ak =—(de +KAT)/T.
Az =1z1 + ATz,

Observe that we only need to factorize the matrix K once at each iteration before
performing the two linear solves in (11). We utilize sparse LDL factorization [11]
with static ordering to factorize the matrix K. We add a small regularization term to
the diagonal of K so that it becomes symmetric quasidefinite and the sparse LDL
factorization always exists with diagonal D even after any symmetric permutation
P[33],i.e. K = PLDL'PT.

3 Augmented Sparsity

We will consider a class of nonsymmetric cones for which the term H,, that appears
as the lower right-hand block in (12) is the sum of a sparse matrix plus a few low-rank
dense terms, and satisfies a certain quasidefiniteness condition.

Definition 1 Suppose the matrix H is of the form

nj

ny
H:=D+Zuiu?—2viv?, (13)
j=1

i=l

where u;,v; € R", D € S"*" is sparse and ny,ny; <« n. We will say that H is
augmented-sparse if D — 272:1 v; viT > 0. The corresponding augmented sparse
matrix is

DV U
Hug := | VT I, :
ut I,
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with V =[vg, ..., 0,1, U =[uy, ..., uyl
Lemma 1 If H is augmented-sparse then Hyg is quasidefinite.

Proof A sufficient condition is for the upper left 2x 2 block of H to be positive definite
[33]. This follows immediately since the Schur complement D — V'V is positive
definite by assumption.

If H, in (12) is augmented-sparse, we can solve (11) via an equivalent linear system.
For example, the last row of the left equation in (11), i.e. Ax — Hyz1 = dy — d;
becomes

A DV U Az dy —d.
0 |Ax—| VT I, | = 0 (14)
0 ul I, ty 0
~—— ——
(Hy)aug

with additional variables t, € R"!, , € R"2, which is both larger and sparser than the
equivalent term in (11). The same applies to the last row of the right equation in (11).
For (14), the number of nonzero entries in (H,, ) aug is [nnz(D) +n(n1 +nz+2)], which
is much smaller than the number of entries in a dense Hessian form if ny, no << n. We
therefore expect that an LDL factorization of (H,)ag Will have significantly sparser
factors than would be obtained by direct factorization of H,,. Such a property has been
exploited for SOCPs in ECOS under the NT (primal-dual) scaling strategy [12]. We
will show how this approach can also be utilized in the nonsymmetric scaling strategy
for nonsymmetric cones.

4 Sparse Hessian Decompositions for Nonsymmetric Cones

In this section we describe three nonsymmetric cones that can be shown to have
augmented-sparse structure in the sense of Definition 1. We introduce fundamental
definitions and barrier functions for these nonsymmetric cones in Sect. 4.1, and then
detail the underlying augmented-sparse structures in Sect.4.2.

4.1 Nonsymmetric Cones

We will show that the sparse structure can be exploited in three nonsymmetric cones
of interest: generalized power cones, power mean cones and relative entropy cones.
They are defined as follows:

Definition 2 [Generalized power cone] The generalized power cone is parametrized
by @ € RY, such that > icla;) @ = 1 and s defined as

Copowtodrdy = § (., w) € RY xR+ T uf = Juwl . (15a)
ie[[dl]]
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Its dual cone is

u; \%
Chowiadr dy = | (. w) € RY xR [T (—) > flwll ¢ - (15b)
iefdi] "

Note that the dual generalized power cone is a linear transformation of the primal
generalized power cone.

Definition 3 [Power mean cone] The power mean cone is parametrized by « € R‘_ﬁ T
such that ) _; .4y @ = 1 and is defined as

Coowm(a,d) = | (u, w) € Ri xR: l_[ u' > wt . (16a)
ie[d]
Its dual cone is
u; &%
l
Cgowm(a,d) =, w)e Ri xR_: 1_[ (OT) = —wg. (16b)
1

ie[d]

Note that the geometric mean cone [6] is a special case of the power mean cone
where o; = %,Vi € [d].

Definition 4 [Relative entropy cone] The relative entropy cone is defined as

Crel(ay = ¢l § (u, v, w) e R x Ri+ X Rf’H U > Z w; log (ﬂ) . (17)
v;
ie[d]

Its dual cone is

Crd) = cl{(u, v, w) € Ry4 x Ri+ xR w; > u <log <1> — 1) Vi € [[dﬂ}
vi
(18)

A generalized power cone reduces to a second-order cone when d; = 1 while it
looks similar to a power mean cone whend, = 1. This motivates us to consider whether
we can exploit sparsity of these nonsymmetric cones using an approach similar to the
one that was described for second-order cones in [12]. The answer is yes if we choose
the nonsymmetric scaling strategy for these cones in a IPM.

We therefore choose the nonsymmetric scaling strategy in our IPM throughout the
paper. We will formulate our problems such that the cone treated as the “dual” cone
KC* in our general primal-dual problem pair (P)—(D) is actually one of the cones
Cepow(a,d1,d»)» Cpowm(a,d) OF Crel(q) from Definitions 2—4. We consequently require v-
LHSCB conjugate barrier functions for their support within an interior-point method,
which have been defined already in [6, 16]:
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Definition 5 The barrier functions for generalized power cones, power mean cones
and relative entropy cones are defined as follows:

1. The function

fpowl,w) = —log [ T uf* —lwl* | = Y d—alog@) (19

iedi] iefd]

is a (dy + 1)-LHSCB function of Copow («,d;,d,) Where o, u € Ril+, w e R%.
2. The function

foowm(, w) = —log | [ uf" —w|— )" log ) (20)

ie[d] ic[d]

is a (d + 1)-LHSCB function of Cpowm(«,4) Where o, u € RfiH, w € R.
3. The function

frel(u,vy w)=_10g u — Z Wi log (&

ie[d]

) — > (log (v) + log (wi))
ie[d]

Vj

21

is a (2d + 1)-LHSCB function of Crej(q) Where v, w € R‘J’Hr.

4.2 Sparsity Exploitation

For the nonsymmetric scaling strategy at iteration k, the scaling matrix H,, is set to
Hf = p*H*(z5), where pu* := (s¥, 2*) /v > 0 is the centering parameter and H*(z¥)
is the Hessian of a barrier function at z*¥ € IC* with degree v. Hence, we can exploit the
augmented-sparse structure of the scaling matrix H llj as long as H* (%) is augmented-
sparse. For the remainder of this section, we will show that the Hessians of barrier
functions defined in Definition 5 are augmented-sparse or can be made augmented-
sparse by adding a positive regularization to their diagonal, and thus so are the related
scaling matrices H, I’j

4.2.1 Generalized Power Cone

We start by establishing the augmented-sparse property for the Hessian of generalized
power cones:

Theorem 2 The Hessian of the barrier function f*(2) = fgpow (1, w) defined in (19)
for the generalized power cone satisfies Definition 1 withn; = 1,ny =2, i.e.

H*2)=D+pp' —qq" —rr',
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where z =: (u, w) and D —qq " —rr' > 0. The parameters D, p, q, r are given by

o)
I
|
1
TS
- o
IS
L 1

D1 (223)

with

[o(@+ wl?) 2¢
Do =4 —————, p1=-2/—-, (22b)
2 @+ llwl?
V 2° @+ llw|?’

20 i\ 20
where ¢ = [];cfau YT = 21%, Vi € [di], and & =T];ca u;™ — Jlw|?.

i

Proof of Theorem 2 The gradient and Hessian for fopow (11, w) (19) are given by

Vu[.fz—r'{—(p— u_“’, Vi € [di].
l
2 .
wlf—%, Vi € [do].

LT (@ T 1—aq; ..
Vo= LE D)4 S , Vi, jeld],
i ¢ (§ >+ l’j(é'ui—i_ u? > i eldl

2TiQw; . .

V’%iijf:_ }2 L, Vi € [di], V) € [da],
_4wiwj

2 .
Vii,wjf— +5,-,J-E, Vi, j € [da].

§2
Pos P1, qo, r1 should satisfy the conditions
Py — a5 =¢@ -0 =glwl> popr=-20, pi—ri=4

to match coefficients in the Hessian. Given the parameter choices in (22), we find
D —qq" — rrT is 2 x 2 block-diagonal and the condition D — gg' —rr’ > 0
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becomes

T T
Dl—qg (£><£> >OandD2—r12 (E)<E) >0,
¢ ¢ ¢ ¢
which is equivalent to
2

' (T ‘1(% ;l
=ai(E) o) E g

lEIIdl]] Cuj

4‘!

401 qo
=1- > 0,
Z §(2Olzfp+(1 —;)¢)

and

o\ (w lwl® ¢
() o (F) =t e

due to their Schur complements. If we set gy = ,/5‘3, ro=2 m,
satisfied by
2.2 2
B Z dasq; B Z 4o qo_ 2&2

i<l ¢ Qaip + (1 —ai)é“) i<l 20w 4%

and (23b) is satisfied by
Y 2f|wll? ¢
—r —Q 5, =1- 5 = 5 >0
¢ 2 @+ llwll o+ lwl

Hence, D —qq' —rr' > 0.

(23a)

(23b)

(23a) is

]

Since the scaling matrix H, is augmented-sparse, we can employ an expanded

sparse linear system

A Dgqgr p Azy dy — d;
0 g" 100 ty | 0
o M o1t o0 || [T o |
0 pl 001 tp 0
—
(Hu.)aug
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in our interior-point step equation (11), where (Hj,)aug is quasidefinite and strongly
factorizable [33]. Instead of (24), we solve the linear system

A MDT Vg Jur Jup | | Az ds —d;

0 VE¢T 10 0 0o 0

0|2~ JET 0 10 A o |’ (25)
T

0 JapT 00 -1 A 0

which yields the same Ax, Az as (24). During direct factorization we find that the
pivoting for (25) is more numerically stable than for (24) since the magnitude of
diagonal terms of (H,)aue increases from p to 1 and the ratio of off-diagonal to
diagonal terms also decreases, e.g. g to ,/ugq.

In addition, the memory requirement for the rank-3 update of generalized power
cones is equivalent to a rank-2 update due to the presence of zeros in ¢, r.

4.2.2 Power Mean Cone

We next establish the augmented-sparse property for the power mean cone:

Theorem 3 The Hessian of the barrier function f*(2) = fpowm(u, w) defined in (20)
for the power mean cone satisfies Definition 1 with ny = 1, ny = 1 given a positive
regularization p > 0, i.e.

H*2)=D+pp' —qq',

where 7 =: (u, w) and D + pI — qq" > 0. The parameters D, p, q are given by

TP 1
-+ po-T qo- T
D = ti u; , p= , g = , 26
. P [Pl-%} 1 |: 0 (262)
0
with
po=¢, p1=-1, qo=+/Co, (26b)

where we define ¢ = Hie[[d]] u?i, t=¢—wandt € R witht; = 2, Vi € [d].

uig’
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Proof of Theorem 3 The gradient and Hessian of (20) are

1
wa = Z’
1
Vi f = —oti — —
i
1
2
Vw,wf = ?’
QT
V! =

! i

2 . et 1
Vu;,ujfZ(pTiij)'i‘S(l,j) u—+u_2 ,

According to the Schur complement lemma, the condition D + pI — gq' > 0 is
equivalent to p > 0 and

-1
. T 1

l—qng |:D1ag<;—g.0+u—2+p):| >0
! i

2

2
=1—ZM(M—T">1—Z ai§>0,

1
ie[d] ui + u_l2 T ie[d] @i + ¢

which is valid since (u, w) € int (Cpowm(a.a)) implies £, ¢ > 0. Hence, we have
D+ pl —qq' > 0. O

The value p > 0 is referred to as a static regularization term and is commonly used
in matrix factorization [24]. Note that the augmented-sparse structure of power mean
cones is similar to the case of generalized power cones in Theorem 2, but with » = 0.
We can therefore use an expanded sparse linear system as (24) with a numerically
stable variant similar to (25) for solving equations (11).

4.2.3 Relative Entropy Cone

We can also exploit the augmented-sparse property in relative entropy cones after
adding a static regularization:

Theorem 4 The Hessian of the barrier function (21) f*(z) = fre1(u, v, w) for the
relative entropy cone satisfies Definition 1 with ny = 1,ny = 0 after a positive
regularization p > 0, i.e.

H*(z)=D+pp',
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where z =: (u, v, w) and D > 0, D + pI > 0. The parameters D, p are given by

0 0
Dyy | Dyy >0, pP=
Dy | Dy

S
Il
olo|o

with

. [(of] 1
valeag ,__{__2’

. 1 1
wa=D1ag<[’§T+Fv
i .

1

. 1
Dyy = Dy, = Diag <|: EREN

where § = u — 3 crq) Wi log (f—") o= =) (log

i ¢ [d].

Proof The gradient of the barrier function (21) is

1
Vuf = _Ea
1
Vv,-f —0; — —,
Vi
1
Vw,'f - — T,
wj
with the Hessian
1
2
Vu,u = ?’
2 Oi
Vu,v,-f - ?’
2 i
Vu,w; = ?’

1

.. O
Vgi’vjf =0;0; +8G, j) (v—’ +

|
Vfi’wjf = 0;1; —5(1,;)5,
l

Cw;

cvi’

1
¢
o
T

)

(%)

1
v )

i

;)

. 1
ngi’wjf =77 + 8@, j) (7 + —

3

27)

+1>,Vi e [d].o; =
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Since Dy, y, Dy w > 0, we have

DUU Dvw
DU)U wa

} = 0% Dyy— DyuD, ' Dy y =0,

due to the Schur complement, which is equivalent to

o 1 2,2 o; 1 w; 1
_l+__%>_l+_2__'2=_2>0, Vi € [d].
L 7w S A A 4 v;

Hence, we can obtain D > 0 and then D + pI > 0 for p > 0.

5 An IPM for Nonsymmetric Conic Optimization

We are now in a position to summarize the implementation of our IPM algorithm.

5.1 Initialization of s°, 2°

The initialization of symmetric cones and three-dimensional nonsymmetric cones, i.e.
power and exponential cones, follows the Mosek setting as discussed in [10], where

x% =0,k =1%=1and s z° are set to

SO — ZO — —g*(ZO), (28)

which are on the central path with ,uo = 1. This strategy holds for Cgpow(a,d;,dy)» and
we initialize s, z° by

sO=270= <(m>ie[[d1]] ,Od2> .

For Copowm(a’d) and Crej(4), We can not easily find 59, 70 satisfying (28), so we initialize
0, 7% as in Hypatia [6], where s, 70 satisfy s° = —g*(z°) and then u® = ((s°, z%) +
%% /v +1) = 1.

5.2 Proximity Measurement

A common approach in interior point methods is to keep iterates (x¥, s, z¥, 7%, k%)

in the neighborhood of the central path (9), since the solution of (9) is exactly an
optimal solution of the KKT system (8) when p tends to 0 from the positive side. The
neighborhood is defined as

% _ 1/2
NB) = s + ng" @ = (s + 18" @, (HH '@ (s + ng"@)) "~ < i
(29)
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in Hypatia [6] where B; € [0, 1], and f; = 0 implies the iterate is on the central
path. In Mosek’s paper [10] with higher-order correction, the neighborhood is based
on shadow iterates [31] with

Ez_g*(Z)’ Z:—g(s), ﬂ’=<§72>/‘)a

for (s,z) € K x K*, where uix > 1 with equality only on the central path [22], and
the neighborhood is defined as

N(B2) :={(s,2) € K x K* | fopji < 1}, (30)

while > € (0, 1] and B> = 1 implies the iterate is on the central path. We use the
neighborhood A (,) defined in (30) for generalized power cones and power mean
cones, and use (29) for relative entropy cones [6] since the conjugate gradient of
relative entropy cones can not be obtained efficiently.

5.3 Higher-Order Correction

The higher-order correction is an effective technique accelerating the convergence
of IPMs in practice, and we use the third-order correction initially proposed in [10],
which becomes

1 —
N(Asa, Aza) = =5V [7(2) [Aza, (V@) Asa} : (31

in our implementation, where As,, Az, are affine directions detailed later in Sect. 5.4.
Although a third-order correction was proposed for use in a symmetric scaling
method [10] and the convergence proof does not hold for an IPM with nonsymmetric
scaling, we find it still reduces computational time of the IPM with nonsymmetric
scaling in numerical experiments. The computation of third-order derivatives and the
inverse Hessians are detailed in Appendix A.

5.4 Algorithmic Sketch

Suppose we define the linear residual as

0 G' AT ¢ [x 0

-G 0 0 h 0

R(xayaZ7S’T’K) = —A 0 O b z B s
—cT T =b70 ||t K

Our IPM proceeds as follows at each iteration k:

1. Update residuals, gap and check termination or infeasibility: We compute the
. kT ko kok . .
residual R(x*, y*, 2%, s*, o% «*)and uk = % The computation of duality

gap, the termination check and the infeasibility detection follow ECOS [12].
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2. Affine step: The affine direction (predictor) is the solution of

R(Axas Ayas AZaz Asav AT{I? AKa) = _R(-xkv ykv st Sk» tks Kk)s

WFH* () Azg + Asy = —s*, Ak, + k¥ AT, = —thiE, 52
which tries to remove residuals of the linearized model at iteration k. We can com-
pute the maximal step size o, such that (54 g Asq, 2K +toayAzy, T +ag Ay, Kk +
o, Ak,) resides in F.

3. Update the sparse decomposition of H*(z): We update the augmented sparse
decomposition of the Hessian H *(z) for nonsymmetric cones as discussed in Sect. 3
and Sect. 4.

4. Combined step: The weight of centrality o is set to (1 — ;) empirically and then
used for the computation of the centering direction (corrector) via

R(AXe, Aye, Aze, Ase, Ate, Ake) = —(1 — o)R(x*, yF, 2K 55 o8 i),
W H* () Aze + Ase = —sF — o pFg* () — n(Asa. Azy), (33)
‘[kAKC + KkATC = —tFiek + O’/,Lk — At Aky,

where A1, Ak, and the function n(As,, Az,) are higher-order corrections given
information from the affine directions. We use the Mehrotra’s correction [18] for
symmetric cones and the third-order correction (31) for nonsymmetric cones. Like-
wise, we compute the largest step size o, ensuring 5 +acAse, 2K +acAze, TF+
e ATe, KX + e Ake) stays inside F and a neighborhood N (B) of the central path.

5. Update iterates: At the end of each iteration k, we obtain the new iterate
(xk—i-l’ yk—i—l’ Sk_H, Zk_H, Kk+1, .L.k-l—l) by

(xk—H’ yk—H’ Sk+1, Zk+1, Kk+1, ,[k+1) — (xk’ yk’ Sk, Zk, Kk, ,[k)

+ o (Axe, Aye, Ase, Aze, Ake, ATe).

6 Experiments

In our experiments, we first choose two examples to show the effectiveness of our
sparse implementation for generalized power cones and power mean cones; the max-
imum likelihood estimation of a convex distribution [30] and the maximum volume
hypercube problems [7]. We test these examples with 4 different solver configurations:

1. GenPow is the proposed sparse implementation of generalized power cones;

2. PowMean is the proposed sparse implementation of power mean cones;

3. Clarabel-Pow uses Clarabel but transforms the generalized power cone to a
product of three-dimensional power cones as formulated in [5, 19];

4. Hypatia uses the Hypatia solver, which supports the generalized power cone and
the power mean cone constraints directly;

5. Mosek denotes the use of Mosek with transforming the generalized power cone
to a product of three-dimensional power cones.
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In order to compare performance of our method against solvers that do not directly
support generalized power cone constraints, we apply a standard transformation to
reformulate the constraint for those solvers into a collection of three-dimensional
power cone constraints. Following [19], we can rewrite a generalized power cone
(x,1) € Cgpow(a,n,1) constraint as a collection of constraints over three-dimensional
power cones

I-p> p
X1 2222|Z3|,

1—
23 x>zl

(34)

1717;1—1 pn l

-1 Xy > |zal,

Z}l_pnx’fn Z |t|7

where p; = oc,-/(Z"/-:l ;). This is the form used by Clarabel-Pow and Mosek.
For relative entropy cones, we compare our sparse implementation called Entropy
to the counterpart supported in the Hypatia solver on the signomial optimization prob-
lem [20] and the Wasserstein barycenter problem [9]. The convergence tolerance is
setto e = 10~ for all tests.?

6.1 Maximum Likelihood Estimator of a Density Function

Given an ordered sample y; < y2 < ... < y, of n outcomes of an unknown dis-
tribution with a density function g : Ry — R, we can form an estimate of g
using a piecewise linear function estimator g : [y, y,] — R4 with break points at
(yi, xi),i = 1,...,n, where the variables x; > 0 are estimators for g (y;) [30]. The
slope of the i-th linear segment of g is

Xi41l — X
Yi+1 — Vi

We can enforce the gradient change to be monotone, such as the non-decreasing slope
constraints

Xi+1 — Xi < Xi+2 — Xi+1

=< Jdi=1,...,n—2.
Yi+1 — Vi Yi+2 — Yi+l1

The discrete density function ¢ must sum to 1, i.e.

Xi+1 +x
Z(yl+1_yl <l+2 l>=1‘

i=1

2 https://github.com/yuwenchen95/Clarabel- genpowcone.jl.git
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Table 1 Likelihood estimation with the generalized power cone

GenPow Hypatia (GenPow) Clarabel-Pow Mosek
n Time Iter Time Iter Time Iter Time Iter
465 0.042 41 1.037 57 0.103 45 0.078 24
910 0.088 49 8.175 137 0.217 52 0.297 44
1370 0.223 87 19.144 138 0.390 61 0.625 63

Table 2 Likelihood estimation

with the power mean cone PowMean Hypatia (PowMean)
n Time Tter Time Iter
465 0.083 55 0.905 45
910 0.169 51 5.304 84
1370 0.335 86 15.274 111

The maximum likelihood estimation can then be formulated as a conic optimization
problem

Xi+l — Xi Xi42 — Xi+1

<0, i=1,...,n-2,
)’i+1 — )i Yi+2 = Yi+l1
s.t. (35)

xl-‘rl + xi
Z(yl"rl _yl 2 = 17

i=1

x,) ek, x>0,

where K can be either a generalized power cone or a power mean cone. We test
implementation of GenPow, PowMean and compare them with the counterparts
implemented in Hypatia, Clarabel-Pow and Mosek, which are tested by replac-
ing the constraint (x, #) € K with the equivalent reformulation shown in (34).

Computational results including the total computational time and the number of
iterations for different dimensions n are shown in Tables 1 and 2.

Table 1 shows that our sparse LDL implementation for generalized power cones
performs better than other methods on problems up to moderate size. Although the total
iteration number of GenPow is larger than the implementation of Clarabel-Pow
or Mosek, it takes less time overall for convergence due to improved linear solve
efficiency enabled by the augmented sparse decomposition we proposed in Sect.4.2.1.

Table 2 summarizes results for the same problem, but choosing X to be a power
mean cone in (35). Since Mosek doesn’t support power mean cones directly, we
compare our sparse implementation only with Hypatia. We vary the dimension n as
for the test of generalized power cones. Table 2 shows that our sparse implementation
for power mean cones is significantly faster than Hypatia which is based on solving
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Table 3 Volume maximization problem with the generalized power cone

GenPow Hypatia (GenPow) Clarabel-Pow Mosek
n Time(s) Iter Time(s) Iter Time(s) Iter Time(s) Iter
100 0.014 20 0.075 13 0.017 20 0.016 10
500 0.079 49 0.722 18 0.062 24 0.046 12
2500 0.648 80 31.243 21 0.431 26 0.297 14

Table 4 Volume maximization

problem with the power mean PowMean Hypatia (PowMean)

cone n Time(s) Tter Time(s) Tter
100 0.019 25 0.091 17
500 0.087 49 1.228 16
2500 1.865 63 33.297 21

the reduced normal system where the sparsity is usually lost, both in total time and the
averaged time per iteration. Although the results of our power mean cones are slower
than our sparse implementation of generalized power cones, it still performs better
than other solvers on the discrete maximum likelihood problem.

6.2 Maximum Volume of a Hypercube

The problem of finding the maximum volume of a hypercube [2] that fits inside the
intersection of 1-norm and co-norm balls is given as follows,

max

S.t. (x,t)elC,oz:[l,...,l] (36)
n

n
Ax € Bi(y1), Ax € Boo(y2),

where /C is either a generalized power cone or a power mean cone, Bi(y1) := {x |
Ixll1 < v1}, Boo(32) :={x | llxllec < y2} and y1, y» are given constants. Both norm
constraints are easily converted into a collection of linear inequalities. The matrix
A is set to the identity matrix and the solver settings are kept the same as in the
previous example, along with the same transformation of the generalized power cone
to a product of three-dimensional power cones as in (34).

We vary the dimension n from 100 to 2500 and summarize the computational
results in Tables 3 and 4. Although GenPow and PowMean take more time than
Clarabel-Pow and Mosek in total time, the averaged time per iteration in our
sparse implementation is smaller. This demonstrates the efficacy of our sparse aug-
mentation approach compared to Hypatia that doesn’t exploit sparsity in the matrix
factorization. Since both our IPM and Hypatia need to solve the same linear system
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Table 5 Test results for the

signomial minimization problem Entropy Hypatia (Entropy)
Time(s) Tter Time(s) Tter
10 0.07 62 0.89 60
20 0.19 85 3.06 45
30 0.46 114 12.30 36
40 0.71 100 61.68 57
50 1.22 105 152.56 50
Time(s) Iter Time(s) Iter
(10,5) 0.07 17 8.96 25
(12,6) 0.63 23 44.51 35
(14,7) 0.89 27 226.74 43
(16,8) 1.07 34 1186.69 51
(18,9) 1.81 36 - -

at each iteration and the sparse implementation of the Hessian matrix is isolated from
the remaining parts of an IPM, it could be exploited in Hypatia for acceleration.

6.3 Signomial Minimization Problem

We take the signomial minimization problem from Hypatia’s benchmark test set, which
originated from [20] and formulates the convex SAGE relaxation problem with relative
entropy cones as:

max y
q
yeR, neRy

st. ¢ —y1" — Z Up&p =1,
reld]

t= Z Xk, 37)

ke[m]
Ay, — Ak 1" TV = 0,Vk € [m],Vj € [n].

Xix + Z Yj i Xpm]ikyks Yok | € Crelm—1y. Yk € [m]),
je[m—1]

where r € R, X € R™™ Yy ¢ R"=D*" with parameters ¢, g, € R”, p € [¢] and
A € R™*"_ [m]\{k} denotes the set difference between [m] and {k}.
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We vary m from 10 to 50, which is the number of relative entropy cones. Table 5
shows that our IPM implementation can reduce the computational time by one to two
orders of magnitude relative to the Hypatia solver.

6.4 Wasserstein Barycenter with Entropy Regularizations

Finally, we compare our implementation of relative entropy cones with Hypatia on
the Wasserstein barycenter problem with entropy regularization, which is equivalent
to a discrete optimal transport problem with the entropy regularization [9]:

1 n m
min (M, p)+ =3 > pijlog (i)

i=1 j=I

m n
st. Zpijzlvbi Vie[[n]], Zpijzvj Vje[[m]],

=1 i=1
Dij = 0 Vie [[n]],Vj € [[m]],

(38)

where p € R"*™ is the transport and M € R"*™ is a coefficient matrix. We vary the
dimension of m, n and limit computation times to one hour in all tests. Table 6 shows
that the time for Hypatia’s implementation of relative entropy cones increases rapidly
for problem (38), while our method finishes the computation within seconds. This
suggests that the proposed sparsity exploitation for relative entropy cones can also be
utilized within the Hypatia solver similar to generalized power cones and power mean
cones.

7 Conclusion

We have presented an efficient sparse decomposition of generalized power cones,
power mean cones and relative entropy cones within interior-point methods. We have
detailed how to exploit the low-rank property inside Hessian matrices of these barrier
functions and proposed the augmented decomposition that ensures the quasidefi-
niteness of the augmented linear system and makes it factorizable under the LDL
factorization with static pivoting. The experimental results demonstrate that our sparse
decomposition for these cones performs much better than the Hypatia solver and open
the way to exploit the sparsity of nonsymmetric cones when they are supported directly
within a solver.

Although the factorization time can be reduced dramatically, we observe that the
number of iterations for convergence of high-dimensional nonsymmetric cones is
higher compared to the equivalent problem solved by Mosek due to the smaller step
size in each iteration, which is also found in tests of Hypatia. Future work would be
designing more efficient and provable higher-order corrections, improving the numer-
ical stability of IPMs and exploiting the low-rank property in the primal-dual scaling
IPM for high-dimensional nonsymmetric cones.
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Appendix A: Third-Order Derivatives and the Inverse of Hessian

We summarize the computation of third-order derivatives and the inverse Hessians for
different cones following the derivation from Hypatia cones reference [6]:

A.1 Generalized Power Cone

Note that ¢ = [T;c[q] W T = 4 vi e [dif, and ¢ = [Tiepa W — ||w|?. The
third-order derivative 1s

e (1_¢@
280e (1-¢), i=j=k
TT . .
@\ (29 #2(1—2), i=k#j
iy fapow = TiTj Tk (1 - E) <? - 1) e s O
WE(-). 1A=k
0, otherwise
2
: 2071
(1-g) et ik
(-0, i
0, otherwise
2ritiowy (2¢ 2T Wi
3 _ itj v .. i
vui,uj,wkfgpow - §2 ( ; 1 + 5(17 .]) ;214,' )
—8w wiTig
Vsi,wj,wkfgpow = —23 - 3(J, k)§2 T,
Sguét , l — J — k
16w; w j wi 4wy u;’, i=k#j
V3 fopow = ——5"—+ 3G, N—5 + 1 & :
i TEROY £3 | A=k
0, otherwise
The inverse of Hessian is
4||w||2 o o)

Sepow = —8(, j) ’
u, M’ gpow = 7 f gpow k28 Vi fepow V“/’ Jepow

f 2 o
= — W iy
Vi, w’ YTk Vulfgpo»v !
(¢ o +4ky)

w wfgpow—a(l ) + wiwj,
Wy k2

where

2 Ak 2
h:<ayg» b:—(LHW”)— wl?
Vuf u @ ¢
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A.2 Power Mean Cone

Note that ¢ = [[;cqu;'-¢ = ¢ —wand 7 € R? with 7; = w2 Vi € [d]. The
third-order derivative 1s

_%fiﬂk_%:__zn_ % i=j=k
Vit g Joowm = —weT T T 2w + £) + _wenn i= Ak
0, otherwise
e g
WYT;Tj . .
+1 J‘f"fj’ P=kAE
weTiTi . . )
_u—jj’ i # J e k
0, otherwise
3 2¢
Vu,-,uj,wfpowm =9uT; ? —-1)+4G, ])_§
l
2¢1;
3 i
Vit w,w fpowm = R
3 2
Vu),w,u).prWl’Il = Fs

The inverse of Hessian is

2

fpowm—a(l ])_+ s
”“"’ 50,i  §82 S0,i S0,j

@ aiu; aju;

) _ poaiu;
Vu, wfpowm - g 50 ; )
N
-2 2, 51 2
Vu),u)_prWI'fl - C + gqj )
where
50, =1 +Oll'(p§_1,\7’i € [d],
2
q;
51 = -,
K
ie[d] ~O
so=1-— (pf_ls
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A.3 Relative Entropy Cone

For a relative entropy cone, we define o; = ﬁ, Vi € [d], Bi = log (’,’j—l’) Vi
[d], and i = 3~ ;cpap\iy wiBi- Vi € [d]. Then:

2
uuuf_ _4.3
20;
3 i
Vu,u,v,-fz _§_2
27;
uuw,f_ ;2
20,0;
3 i0j
Vu,v,-,v_,fz_ : —6(, ])_é'
l
20;T;
3 ity
VM,U,‘,wjfz_ 8(1 J) ;2’
l
27T
3 ity
Vu,w,-,wjf:_ é— _8(1 .]) (2,
3:7[- o 2 s
\ —T 211_[2 —_ U_? L =] —k,
Voivpuf = —20i0j0k + ] 2% i=j#k,
0 otherwise
1 T 0; 20; _
T ow Twe PSR
7,0} .
3 T L= #kv
Vi f = —20i0j T + o i#j=
vj;‘ J =K,
0 otherwise ,
’ 1 . .
we Twe L=i=k
‘[k : .
T L= #k’
=20t + 1",
v, wj, Wk J _ O . .
wjé i#j=k
0 otherwise ,
3 1 2
e T Ty ==k
Vo f = =20t + - i=j+k,
0 otherwise .
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The inverse Hessian is

Vi2f=02= 3" aywi i — & + 1 (€ + LB+ wif)

ie[d]
Vo f = —viwie; (u —y; — 2w i),
Vi 2w f = —wla; (B + 7).,
Vil f =80, vie: (¢ +wi),
Voiow, | =80, puiwia;,
Vorw, [ =80, Pwiai (¢ +wp).
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