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Abstract

The explosive rise of large language model capabilities has shifted research and practice
from task-specific training to in-context learning via prompting. This raises a fundamental
question: can a model with fixed weights solve novel tasks as effectively as a fine-tuned one?
This thesis investigates the theoretical capabilities and limitations of in-context learning
across major sequence model architectures, introducing the formal notion of universal in-
context approximation, where a single model can approximate any function from a given
class by only selecting an appropriate input prompt.

Our investigation begins by exploring the limitations of prompting in transformers. We
first prove a significant restriction: prompting and prefix-tuning are fundamentally inca-
pable of changing a model’s learned attention patterns over the user-provided content. This
finding initially suggests that prompting is strictly less powerful than fine-tuning. However,
we then demonstrate the contrary: transformers are universal in-context approximators.
This thesis resolves the apparent contradiction by showing that universality is achieved not
by altering attention over the content, but by leveraging the transformer’s attention mech-
anism’s ability to approximate smooth functions to arbitrary precision. Most notably, the
model size is constant in the target precision.

Furthermore, we extend this inquiry beyond attention-based models to fully recurrent
architectures, including RNNs, LSTMs and modern State Space Models (SSMs). As these
models lack an attention mechanism, we develop a different method for proving their in-
context capabilities: a compiler that translates high-level procedural programs into the
parameters of recurrent models. Using this framework, we prove that these fully recurrent
architectures are also universal in-context approximators, possibly even more efficiently so
than the transformer.

Collectively, these results establish that, from a representational standpoint, in-context
learning can be as expressive as full model retraining. This work provides a rigorous
foundation for understanding the emergent capabilities of large-scale models and shows
that, at least in theory, a carefully crafted prompt can go a long way.
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Chapter 1

Introduction

Since I started my DPhil four years ago, the field of machine learning has undergone
dramatic changes, not least in terminology—the “AI” label once resisted by researchers
is now embraced as the field entered public discourse. Problems we used to focus on,
such as image classification, sentiment analysis, and speech recognition, are now largely
considered solved, with entirely new challenges taking center stage. Text, image and video
generation, instruction following, and zero-shot behavior, once niche areas of inquiry, have
since emerged as core research priorities.

The position these systems occupy in society has fundamentally shifted, regarding both
their practical utility and their presence in public consciousness. Previously, most people’s
AI interactions were confined to recreational applications like generating images of avocado
chairs or enhancing photos with fun filters. Although machine learning has long operated
behind the scenes in recommender systems, advertising, and autonomous vehicles, it func-
tioned as a tool rather than the product itself. In contrast, today, AI is defining the zeitgeist.
It underpins economic policies, dominates investment landscapes, becomes necessary for
professional relevance, and is even emerging in geopolitical security discussions and trade
tensions.

The notion of what safe AI is has also been turned on its head: it used to be about
systems enacting harms on individuals and communities, now the focus is on humanity-
level extinction events. The trend appears to be that AI will be regulated as a double-
use technology with export and import controls, akin to military, aerospace and nuclear
technology. And all of this happened in the span of less than three years.

The turning point was November 30, 2022, the day OpenAI released ChatGPT. ChatGPT
was far from the first chatbot released (ELIZA by Weizenbaum, 1966 probably being the first,
with Siri and Alexa as more recent examples), nor was it the first highly capable one, with
Google’s LaMDA being a notable predecessor (Thoppilan et al., 2022). However, ChatGPT
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4 Chapter 1. Introduction

was the first powerful model that was publicly released in a way that was markedly easy to
access and use. Powerful here means “useful”: it was the first time most people interacted
with a system that can perform some tasks more efficiently than they could themselves.
It also was a general purpose tool in a way that few prior models were. Fancy sentiment
analysis? Just ask it. Need a draft of a contract? Just ask it. Want something translated?
Just ask it. Don’t understand a step of a proof? Just ask it.

The “ChatGPT moment” quickly sent ripples throughout the research community before
spreading to the rest of society. Industry immediately saw the importance and in no time
a number of other proprietary models such as Gemini by Google and Claude by Anthropic
were released. The open-source community quickly followed with models that quickly
started to compete with the closed-source ones: LLaMA by Meta (Touvron et al., 2023),
Gemma by Google (Team Gemma et al., 2024), the family of models by Mistral, and, more
recently, the reasoning models by DeepSeek (Liu et al., 2024a; Guo et al., 2025).

Part of the reason the advent of general-purpose chatbots ushered in such sweeping
change was their transformation of how we interact with machine learning models. Previ-
ously, solving each new task required collecting data and training a dedicated model. While
fine-tuning a pretrained model offered an alternative, it still demanded task-specific data,
expertise in setting up training pipelines, and access to hardware. However, large commer-
cial (and subsequently open-source) models could reach good performance on new tasks in
zero-shot fashion (requiring no training data) or through in-context learning (where train-
ing examples are provided as input, eliminating model retraining). All you needed was
to acquire some API credits and send your requests in natural text, receiving responses
back without having to think about GPUs, memory constraints, servers or infrastructure.
This was a welcome change as the state-of-the-art models had become too large for most
individuals and academic research labs to train or even fine-tune. Even if they could, it
would likely be much less resource-efficient than the carefully optimized pipelines of the
commercial providers.

Consequently, large segments of the research community shifted from developing task-
specific datasets and architectures to devising creative strategies to coax chatbots to solve
their problems. Prompting evolved into an engineering discipline, and virtually overnight,
the “prompt engineer” role emerged. I may have even encountered several “Chief Prompt
Engineers” on Twitter (presently X).

Throughout 2023 and 2024, a multitude of start-ups, businesses, and academic research
projects were centered on prompt engineering as their core technique. The premise was
that skillfully designed sophisticated prompts could enable these base models to solve
formerly unthinkable tasks. Whole businesses —even some successful ones— popped
up by carefully crafting system prompts and customization wrappers around the APIs of
commercial chatbots.

A question lingered though: what would become of the mathematics, architectural
innovations, and efforts to ensure robustness if our primary focus shifted solely to prompting
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models? This prospect felt intellectually unstimulating at the time.1 Beyond these aesthetic
concerns, the prompting-centric view appeared to suggest a perpetual engine, capable of
conjuring new functionalities ex nihilo. This notion fueled the discussions that preoccupied
us for a while about whether large pretrained language models exhibit “emergence” of
sorts—the capacity to solve problems very different from their training data. In contrast to
the perceived boundless potential of prompting, those of us who still believed in classical
machine learning principles held the conviction that there were inherent limits. There is no
free lunch. You must be limited by your training data. You can extrapolate and compose
what you learned but you cannot teach an old dog new tricks.

As a lover of impossibility results, that is what I set out to show: that there is a fundamen-
tal limit to what you can achieve by prompting a pretrained transformer. I was blissfully
unaware of what a roller-coaster experience seeking this result would be and that I would
eventually prove myself wrong. I had some initial success showing that prompting cannot
change the relative attention pattern over the content and can only bias the outputs of an
attention layer in a fixed direction. Yet, these results fell short of establishing a rigorous
proof of prompting’s limitation so I dug deeper and started searching for concrete coun-
terexamples. And I failed spectacularly. It turns out prompting is, in fact, astonishingly
powerful. Reality, as usual, refused to pick a side—turning out more nuanced and complex
than both the fans and critics of prompting would have liked.

But how does one even begin to formally study the limits of prompting and in-context
learning? The first major hurdle is formalizing precisely what we want the model to be able
to express. One approach, rooted in classical deep learning theory, is to frame the question
through the notion of universal approximation. A model architecture is considered to be a
universal approximator for a class of functions C (called a concept class) if for every 𝜖 > 0
and every 𝑓 ∈ C there exist model dimensions and corresponding weights such that the
model with these weights approximates 𝑓 with error at most 𝜖 at all inputs. The set of all
models that can be realized by a given architecture is called the hypothesis class. Formally, the
question can be framed as whether the hypothesis class is dense in the concept class—a topic
we will return to in Section 2.1. Typically, we endow the elements of the hypothesis class with
some notion of size (like width or depth) and study the scaling properties of the architecture,
specifically how decreasing the maximum error 𝜖 governs the model size growth. Universal
approximation is the lens through which we decided to tackle the problem.

That said, the universal approximation setup, as classically defined, does not seamlessly
extend to the context of in-context learning. When prompting a language model we do
not modify its weights. Instead of changing the model’s weights, we adjust a part of its
input: the prompt. As a result, it is not clear what the appropriate hypothesis class is,
or how we should define its notion of size. For instance, should we allow the model’s
size and parameters to depend on the target precision 𝜖? While others have adopted this

1This feeling has evolved over the course of the work presented in this thesis. I now find myself much
more convinced of the power of prompting, as well as zero-shot and in-context learning, than I once was.
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approach (Wang et al., 2023), we found it offered limited insight—it effectively allows the
model to memorize all possible mappings within the target precision, which is precisely the
strategy used in that work. Instead, we believe that the model parameters should be fixed
and independent of 𝜖, so that a single model can approximate every function in the concept
class, for any 𝜖 > 0. That leaves us with just one lever to pull: the prompt. Therefore,
the hypothesis class we consider is indexed by the set of all prompts. The natural scaling
dimension in this setup is hence not the size of the model, but the length of the prompt.
In other words, smaller 𝜖 would demand longer prompts, rather than larger models. We
formally introduced this notion under the name “universal in-context approximation”.

That said, what happens with the model parameters? Even if we use the same parameters
for all target functions, we still have to decide what those parameters should be. We thus
define an architecture to be a “universal in-context approximator” for a concept class C if
there exist model parameters such that for all 𝑓 ∈ C and 𝜖 > 0, there exists a prompt
such that the model from this architecture with these parameters when prefixed with this
prompt will approximate 𝑓 with error at most 𝜖. This problem formulation is applicable to
any architecture that operates over sequences. In this thesis, we will consider transformers,
RNNs, LSTMs and SSMs.

We began by taking a careful look into how attention layers in transformers actually work,
specifically, how much of their behavior can be changed by a prompt, as opposed to directly
modifying their key, query, and value matrices. This exploration became the basis of our
paper When Do Prompting and Prefix-Tuning Work? A Theory of Capabilities and Limitations,
which appears here as Chapter 3.

To frame the problem, we compared the expressive power of different ways of feeding
information into a sequence model. While most users interact with models via prompting—
that is, providing a sequence of discrete tokens—it is also possible to use soft prompts
(continuous embeddings passed to the first layer), or prefix-tuning, which injects continuous
vectors into all layers. We compared the expressivity of these three approaches in Section 3.3
and found that prefix-tuning is strictly more expressive. This means that any limitations of
prefix-tuning automatically apply to prompting as well.

Then, we showed that prefix-tuning has a severe limitation: it cannot change how an
attention head distributes attention over the non-prefix elements of the sequence! The
presence of a prefix or a prompt cannot change which positions the model attends the most
and which the least. In fact, we showed that the only effect of a prefix is to add a fixed bias
vector to the outputs of the attention layer.

So, while prompting and prefix-tuning can nudge the model’s behavior, they are funda-
mentally limited in what they can teach it, especially when comparing to full fine-tuning
or even LoRA which can reshape attention patterns in a way prompting simply cannot.
Although we found that adding a bias can still help with compositional generalization,
prefix-tuning nevertheless fell short on learning entirely new tasks that LoRA, with an
equivalent number of parameters, could master easily. Both our theoretical analysis and
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empirical results pointed in the same direction: prompting is inherently limited and you
cannot expect to teach a model completely novel behaviors just by crafting a clever prompt.

While it was certainly interesting that the presence of a prompt cannot change the at-
tention over the content tokens, this alone does not immediately rule out the possibility of
transformers being universal in-context approximators. Despite remaining sceptical, the
possibility lingered: could that bias, subtle as it seems, somehow be enough? After all, even
a small bias at the first layer might have increasingly complex and nonlinear effects deeper
in the model.

Seeking more definite proof, I set out to find a pair of functions that cannot be expressed
in-context by the same transformer, regardless of how it is prompted. But after a number of
frustrating dead ends, doubt crept in: what if such a pair did not exist? What if transformers
in fact are universal in-context approximators?

Trying to prove the reverse conjecture led to surprisingly quick progress. If attention
could act like a nearest-neighbour classifier in-context, maybe we could use that mechanism
to approximate arbitrary functions. And it turns out we can, at least, if we restrict ourselves
to the domain of the hypersphere. There, the dot product —which is at the center of the
attention mechanism— acts like a distance metric.

With that we showed that prefix-tuning a single attention head is sufficient to approximate
any smooth continuous function on the hypersphere 𝑆𝑚 to any desired precision 𝜖. We also
derived bounds the prompt length as function of 𝜖 and the smoothness properties of the
target function. Using the Kolmogorov–Arnold representation theorem, we extended this
result to general sequence-to-sequence functions, achievable with transformers with depth
linear in the sequence length and, importantly, independent of 𝜖. That made us the first
to show that transformers can indeed be universal in-context approximators—where the
required model size depends on the length of the input sequences (though only linearly)
but not on the desired precision 𝜖 or the prompt length.

This resulted in our Prompting a Pretrained Transformer Can Be a Universal Approximator
paper presented here as Chapter 4. Importantly, this result does not contradict our earlier
work. The key is that this construction does not rely on changing how the model attends
across the user input, but instead, on how the user input attends to the prompt.

Of course, the world neither started nor ended with the transformer architecture. Al-
though the transformer remained the dominant architecture in 2024, the research commu-
nity was eager to discover what might come next. Among the most promising candidates
were State Space Models (SSMs) —essentially Linear RNNs— which were attracting signif-
icant interest, and with good reasons. They were proposed as a response to one of the main
critiques of attention: its quadratic complexity in sequence length. SSMs promised the best
of both worlds: parallelizable training, like transformers, combined with the linear-time
inference of RNNs. At the same time, there was considerable debate whether compressing
all past information in a fixed size state would mean that SSMs are less capable than trans-
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formers in processing long sequences. We were curious whether our earlier results could
be extended to these new architectures and whether these perceived limitations would
impact whether they can too be universal in-context approximators. But this was not a
straightforward task.

Our universal in-context approximation results relied heavily on two properties: the
presence of attention, and the ability to losslessly extract inputs from prompts of arbitrary
length. Neither of these holds in SSMs, which are more akin to recurrent models. Therefore,
we needed to get back to the drawing board, eventually culminating in our Universal In-
Context Approximation By Prompting Fully Recurrent Models paper, presented here as Chapter 5.

The first observations was that Linear RNNs, the common core of SSMs and the various
flavours of RNNs, can be decomposed into just two basic operations: linear state updates
that propagate information through time, and MLPs that operate independently on each
time step. Furthermore, any computation that can be expressed as a directed acyclic graph
consisting of these two operations can also be realized by a Linear RNN. That, together with
the complexity of manually figuring out what the model parameters should be, led me to
instead develop LSRL: a programming language which compiles to model parameters for
Linear RNNs. All that was left, was to write LSRL programs that act as universal in-context
approximators. Writing these programs required several technical tricks but it turned out
that such programs do exist. As such, Linear RNNs and their variants like LSTMs, GRUs
and SSMs turned out to be universal in-context approximators as well.

We further investigated the role of multiplicative gating that many of the more advanced
SSM architectures use. Our findings suggest that it plays a crucial role in ensuring the
numerical stability of the conditional operations required by our programs. This helped
dispel earlier doubts about whether such architectures are inherently less expressive than
transformers—they are not, at least when it comes to representational capacity. In fact,
our results indicate that recurrent models may even be asymptotically more efficient than
transformers at universal in-context approximation.

A number of important questions remain open, and resolving them is crucial for un-
derstanding the broader consequences of architectural design choices, particularly when
deciding which architecture to use in practice. For one, we had to adopt a number of sim-
plifying assumptions. For instance, we ignored numerical precision issues: in reality the
minimum approximation error we can reach is limited by the use of floating point arith-
metic. This issue was particularly pronounced in our work on recurrent models. We also
ignored the effect of structural components typically found in models: residual connections,
normalization layers, positional encodings and various activation functions. For our trans-
former architecture results, we relied on the ability to scale our inputs arbitrarily in norm,
something that is hindered in practical deployments by normalization.

More broadly, the results in this thesis focus on constructing models to realize universal
in-context approximation. But in practice, models are not hand-crafted; they are learned.
Therefore, it remains an open question to assess whether a model can learn to be universal
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in-context approximator by gradient descent, and whether models pretrained on large scale
internet data do in fact exhibit this property.

Despite the limitations of our analysis, we did show that in-context learning can be
as expressive as training or fine-tuning a model, something that was not at all obvious
when we started our work on these problems. Knowing the representational boundaries
and resource requirements of different architectures provides a valuable lens for real-world
applications. As training gets more expensive and inference scales to billions of users, the
need for efficient and performant model at scale further stresses the need to ground our
architectures in sound theory.





Chapter 2

Brief Survey of Universal (In-Context)
Approximation

Before the deep learning boom, back when GPU-powered convolutional neural networks
began dominating competitions (Ciregan et al., 2012; Krizhevsky et al., 2012; Simonyan
and Zisserman, 2015), the question of whether neural networks were “the answer” was
far more contested than it is today. Back then, deep learning was just one of many con-
tenders in the quest toward artificial intelligence, alongside expert systems (Myers, 1986),
SVMs (Cortes and Vapnik, 1995), probabilistic graphical models (Koller and Friedman,
2009) and Gaussian Processes (Rasmussen and Williams, 2006). Compared to these more
principled and mathematically grounded approaches, deep learning was the least justified
method. With little performance guarantees and little theoretical underpinnings why deep
learning should work, many were sceptical. In fact, the community had a laundry list
of concerns, from them being overparameterized, backpropagation failing at toy problems
(Curry and Morgan, 1997), not being interpretable, and not being able to provide guarantees
on their performance and robustness; deep learning was not without its criticism. Back in
2018, as I took my first steps into deep learning, many still regarded it as a temporary fad
that would pass once people realized that you cannot just SGD your way into intelligence
and believed we would ultimately get back to doing AI the proper serious way. Surely, you
can put it on a self-driving car demo, but no one would really trust it on real roads, with
actual people and unpredictable traffic... right?

In this sort of environment, deep learning had to prove itself, not just by winning compe-
titions and topping benchmarks, but also by providing a theoretical justification for its exis-
tence and empirical successes. One promising angle came from demonstrating that, despite
being composed of deceptively simple operations (linear transformations and element-wise
non-linearities) neural networks are capable of expressing arbitrarily complex functions,

11
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provided they have sufficient capacity. The seminal works by Cybenko (1989) and Hornik
et al. (1989), later refined by Leshno et al. (1993), demonstrated that even a single hidden
layer network with a non-polynomial activation function can approximate any continuous
function on a compact domain to arbitrary precision. These results helped explain why neu-
ral networks could succeed across diverse domains and offered compelling mathematical
assurance that the deep learning paradigm was, in fact, theoretically sound.

The times have certainly changed. Few sceptics of deep learning remain and our theo-
retical understanding has significantly advanced, though it is still far from where we would
like it to be. While deep learning no longer needs to defend itself from external doubt, the
challenges now come from within. Now that we know that deep learning works well, the
question is which network architecture is “the best”.

In the realm of natural language processing in particular, numerous architectures have
been proposed and pitted against one another. From vanilla RNNs, to LSTMs, to the Trans-
former that sparked the current explosion in interest in generative models, and even a return
to fundamentals with Linear RNNs and state space models (SSMs). Each new architecture
sought to address the shortcomings of its predecessors: LSTMs introduced gating mecha-
nisms to mitigate the vanishing and exploding gradients of RNNs; Transformers enabled
parallel training, unlike the sequential nature of LSTMs; and Linear RNNs or SSMs tackled
the quadratic inference scaling of Transformers while preserving training efficiency. And
yet, each brought new issues as well.

As a result, analysing the properties of various neural architectures and understanding
their respective strengths and limitations has become critical for selecting the appropriate
model for a given task. Ideally, such analysis not only guides model selection but also
inspires the development of new methods. Thus, the question of whether these architectures
possess universal approximation capabilities, a necessary though not a sufficient condition
for their utility, has resurfaced.

Once models (predominantly transformer-based ones) were scaled up sufficiently, they
began to exhibit few-shot (Brown et al., 2020) and even zero-shot (Wei et al., 2021) capabil-
ities. With that, a whole new mode of learning came to be: in-context learning. Rather
than optimizing model parameters either through training from scratch or fine-tuning a
pretrained model, in-context learning leaves the parameters fixed and instead modifies the
model’s input. In-context learning, with prompting as its most popular form, proved to be
extremely successful, especially considering that it required no parameter updates.

And yet there has been disagreement as to how much one can push themselves away
from the original base model. If the model had never seen some sort of data or a task, a
skill or knowledge, would it be able to learn it by just seeing a description and/or examples
in-context? There has been empirical evidence in both directions. Bubeck et al. (2023)
had a comprehensive study of various abilities of GPT-4 (Achiam et al., 2023) and came to
the conclusion that just prompting that model often leads to close to human performance,
though scepticism quickly followed (Marcus, 2023). Tanzer et al. (2024) showed that large
commercial models get close to human performance when translating a low-resource lan-
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guage (Kalamang) that has only a single grammar book (Visser, 2022) parts of which were
provided in-context. However, it was later shown that the model does not make an effective
use of the grammar knowledge but rather leverages the parallel examples (Aycock et al.,
2025). While counting only as anecdotal evidence, many of us have been surprised when
a chatbot has managed to solve a problem that we are certain no one had ever looked at
before. Still, many of the claims of emergent skills of the largest models were disputed as
possible data contamination issues (Martínez, 2024; Rogers and Luccioni, 2024; Sainz et al.,
2024; Udandarao et al., 2024; Elazar et al., 2024) or due to improper evaluation (Schaeffer
et al., 2023; Lu et al., 2024). Therefore, understanding the limits of what these state of the
art models can do when prompted appropriately remained an open question. Our efforts
in studying this open question culminated in the present thesis.

This chapter offers a short overview of universal approximation results for MLPs, the
first architecture that was extensively studied, in Section 2.1. This is followed by reviewing
the results for sequence-to-sequence models that are more relevant to language models in
Section 2.2. Then, Section 2.3 reviews other works on universal in-context approximation,
the area of the contributions of this thesis. Finally, in Section 2.4, we briefly summarize some
works comparing the expressivity of in-context learning with various formal languages, as
an alternative way to study the power of prompting.

2.1 Universal approximation results for the MLP
Why do we care about universal approximation of neural networks in the first place? The
key motivation is that it is a necessary condition for deep learning to work. Universal
approximation properties of a given architecture do not imply that a training pipeline will
find a good model efficiently. However, a lack of universal approximation properties makes
it impossible to approximate certain functions, making it unlikely that said architecture
would work well in practice.

Let X and Y be normed vector spaces. We consider a family of target functions which is
a subset C of all mappings X → Y, i.e., C ⊆ YX, with C is often referred to as a concept
space. These are the relationships we wish to learn by some simpler candidate functions.
Let us denote this set of candidates by H ⊂ YX, called hypothesis space. The problem of
universal approximation is concerned with how well functions in H approximate functions
in C. There are two main ways to measure how well functions in H represent functions in
C: density results and approximation rate results (Carothers, 1998). Density results show
that, given an 𝜖, one can find a hypothesis ℎ ∈ H approximating any 𝑓 ∈ C with error at
most 𝜖. Approximation rate results, also called Jackson-type results, are stronger as they offer
a measure of complexity for ℎ to reach a desired precision 𝜖. Classically, a Jackson-type
result would provide a minimum width or depth necessary for a neural network to reach
a desired precision 𝜖. In the context of the present thesis, the notion of complexity that we
care about is the length 𝑁 of the prefix or prompt.

Formally, we can define these two notions of universal approximation as follows:
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Definition 2.1 (Universal Approximation (Density-Type)). We say that H is a universal
approximator for C over a compact set 𝑆 ⊆ X if for every 𝑓 ∈ C and every 𝜖 > 0 there exists
an ℎ ∈ H such that sup𝑥∈𝑆 ∥ 𝑓 (𝑥) − ℎ(𝑥)∥ ≤ 𝜖. One typically says that H is dense in C.

Definition 2.2 (Approximation Rate (Jackson-Type)). Fix a hypothesis space H. Let {H𝑁 :
𝑁 ∈ N+} be a collection of subsets of H such that H𝑁 ⊂ H𝑁+1 and

⋃
𝑁∈N+ H

𝑁 = H. Here,
𝑁 is a measure of the complexity of the approximation candidates, and H𝑁 is the subset of
hypotheses with complexity at most 𝑁 . Then, the approximation rate estimate for 𝑓 ∈ C

over a compact 𝑆 ⊆ X is a bound 𝑍H:

𝑁 ≥ 𝑍H( 𝑓 , 𝜖) =⇒ inf
ℎ∈H𝑁

sup
𝑥∈𝑆

∥ 𝑓 (𝑥) − ℎ(𝑥)∥ ≤ 𝜖.

𝑍H gives an upper bound to the minimum hypothesis complexity necessary to reach the
target precision 𝜖 and typically depends on the smoothness of 𝑓 .

In the late 80s and early 90s, the density question (Definition 2.1) for C being a set
of univariate functions with various continuity properties was extensively studied for the
single hidden layer perceptron (Gallant and White, 1988; Irie and Miyake, 1988; Carroll
and Dickinson, 1989; Cybenko, 1989; Funahashi, 1989; Hornik et al., 1989). The single layer
perceptron with 𝑚 inputs and 𝑁 hidden neurons corresponds to:

H𝑁
𝑃,𝑑in

=

{
𝒙 ↦→

𝑁∑
𝑖=1

𝑐𝑖𝜎(𝒘⊤
𝑖 𝒙 − 𝑏𝑖) | for 𝑐𝑖 , 𝑏𝑖 ∈ R,𝒘𝑖 ∈ R𝑑in

}
, (2.1)

with 𝜎 being some sigmoidal function, i.e., lim𝑡→−∞ 𝜎(𝑡) = 0 and lim𝑡→∞ 𝜎(𝑡) = 1. Naturally,
the hypothesis class of all perceptrons with 𝑑in inputs is H𝑃,𝑑in =

⋃
𝑁∈N+ H

𝑁
𝑃,𝑑in

. This line of
research culminated in 1993 with results by Leshno et al. (1993) and Hornik (1993) showing
that the activation function not being a polynomial is a necessary and sufficient condition
of universal approximation:

Theorem 2.3 (Non-polynomial activation is necessary and sufficient). Let 𝜎 be an activation
function. Then, the concept class of single hidden layer MLPs (H𝑃,𝑚) is dense in the compact
continuous functions over R𝑛 , if and only if 𝜎 is not a polynomial.

Seeing that if the activation is polynomial density fails is easy: linear combinations of
polynomials of degree 𝑛 is of degree 𝑛 and will always have irreducible error when approx-
imating polynomials of a higher degree. Approximation rate results (Jackson-Type bounds,
Definition 2.2) have also been extensively studied under different conditions, establishing
the approximation error 𝜖 for 𝑁 hidden layer parameters at O(𝜖−𝑑in) (DeVore et al., 1989;
Mhaskar, 1996; Maiorov and Pinkus, 1999).

With the advent of deep neural networks in the 2010s, the question arose whether increas-
ing the depth offers something more than a shallow network. Telgarsky (2015) showed that
depth does indeed help for parameter-efficient learning, namely that there exist functions
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that require exponential number of parameters if approximated with a shallow network
but a linear number of parameters for a deep network. In a follow-up, Telgarsky (2016)
also showed that the benefits of depth never stop, i.e., one can always construct a function
that a deeper network can approximate with constant layer width which a less deep net-
work would require an exponential width. Yarotsky (2017) showed that 𝑓 (𝑥) = 𝑥2 on the
segment [0, 1] can be approximated by a ReLU network with depth and number of param-
eters O(ln(1/𝜖)), when a shallow model would require O(1/𝜖) parameters. This is especially
important, because 𝑥2 is a good way to think about the ability of a model to approximate
multiplication of its inputs (via 𝑥𝑦 = 1/2((𝑥 + 𝑦)2 − 𝑥2 − 𝑦2)), something that will be relevant
when considering the benefits of multiplicative gating in SSMs in Chapter 5. Pushing the
depth-width trade-off to its limit, Park et al. (2021) showed that universal approximation is
possible with a deep network of width just max{𝑑in + 1, 𝑑out}, with 𝑑out being the output
dimension of the target function. Overall, the question of universal approximation of MLPs
has been extensively studied for various concept classes and scaling dimensions. For fur-
ther reading on the classical results, the lecture notes by Telgarsky (2021) and the survey by
Pinkus (1999) are highly recommended.

2.2 Universal approximation results for
sequence-to-sequence architectures

As neural networks progressed beyond simple toy problems to tackle various domains, the
community developed an increasingly diverse range of concept classes and model archi-
tectures. For example, CNNs (Zhou, 2020) and more generally sparse models (Bölcskei
et al., 2019) were shown to be universal approximators under certain conditions. However,
within the context of large language models, we are primarily concerned with sequence-to-
sequence models.

Recurrent Neural Networks (RNNs), one of the first architectures proposed for sequence
modelling can be thought of as a discrete-time dynamical system:

𝒉𝑡+1 = 𝜎(𝑨𝒉𝑡 + 𝑩𝒙𝑡 + 𝒃),
H
𝑑hid
RNN =

{
𝒙 , 𝑡 ↦→ 𝑪𝒉𝑡 | 𝑨 ∈ R𝑑hid×𝑑hid , 𝑩 ∈ R𝑑hid×𝑑in , 𝒃 ∈ R𝑑hid , 𝑪 ∈ R𝑑out×𝑑hid

}
,

HRNN =

⋃
𝑑hid∈N+

H
𝑑hid
RNN.

(2.2)

Deeper versions of RNNs can also be constructed by stacking such layers one after the other.
While RNNs were the sequence model of choice for a while, the non-linearity in the

state update can make them difficult to train due to vanishing and exploding gradients
(Bengio et al., 1994). To address these issues, various techniques to introduce residual-like
connections to stabilise the training were proposed. The most notable models that were
proposed are Gated Recurrent Units (GRUs, Cho et al. 2014) and Long Short-Term Memory
models (LSTMs, Hochreiter and Schmidhuber 1997). While LSTMs remained the dominant
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flavour of RNNs for a while, they require sequential training which renders them slow and
difficult to train at scale.

As a result, the transformer architecture (Vaswani et al., 2017), built around the attention
mechanism (Bahdanau et al., 2015), quickly picked up interest due its capacity for parallel
sequence processing during training. This parallelization enabled straightforward scaling,
ultimately producing the large models that demonstrated significant utility. The attention
mechanism computes keys, queries and value projections of all inputs 𝒙1, . . . , 𝒙𝑁 by mul-
tiplying them with corresponding 𝑾𝐾 , 𝑾𝑄 and 𝑾𝑉 matrices. To calculate how position 𝑖

mixes information across the inputs 𝑗 = 1, . . . , 𝑁 , attention weights 𝛼𝑖
𝑗
are computed as the

softmax-normalized dot products 𝒙⊤
𝑖
𝑾⊤
𝑄
𝑾𝐾𝒙 𝑗 . Then the attention layer output for element

𝑖 is simply the attention-weighted linear combination of the value projections: 𝛼𝑖
𝑗
𝑾𝑉𝒙 𝑗 . A

transformer typically then applies an MLP independently to each element before feeding it
to the next attention layer. Residual connections (Srivastava et al., 2015; He et al., 2016) and
normalization (Ba et al., 2016; Zhang and Sennrich, 2019) are also usually used.

Due to the cost of computing the attention weights 𝛼𝑖
𝑗
, which scales quadratically in

the sequence length, the inference of transformers, unlike RNNs, does not scale well with
longer sequences. As an attempt to alleviate the quadratic inference cost, Linear RNNs
(also referred to as State Space Models, SSMs), which drop the non-linearity from the state
update in Equation (2.2) were proposed:

𝒉𝑡 = 𝑨𝒉𝑡−1 + 𝑩𝒙𝑡 + 𝒃,

𝒚𝑡 = MLP(𝒉𝑡).
(2.3)

As they admit a convolutional representation, they can be trained in parallel like a trans-
former (Gu et al., 2021; Fu et al., 2023a), while maintaining the linear complexity inference
of an RNN. The fully linear state updates do not affect the expressivity of the models, as
non-linear activations are nevertheless present in the MLPs between the linear state update
layers (Boyd and Chua, 1985; Wang and Xue, 2023). The state-of-the-art Linear RNN models
also utilise some form of multiplicative gating (Gu and Dao, 2023; De et al., 2024; Botev et al.,
2024).

When considering sequence-to-sequence models, two types of concepts classes naturally
arise. First, there is the class of functions defined over inputs of fixed length over some
input domain, either vocabulary (finite discrete tokens) or continuous vectors. This makes
more sense when studying language as we are generally interested in language models that
eventually terminate, i.e., produce an end-of-sequence (EOS) token (Du et al., 2022).

An alternative approach, more aligned with the control theory and dynamical systems
literature, is to look at sequences of unbounded length. Processing general unbounded
sequences demands correspondingly unbounded model memory capacity, an impractical
requirement for non-attention architectures like RNNs, LSTMs, GRUs, and SSMs, as their
state dimensions would necessarily grow with sequence length. Therefore, some memory
decay property of the concept class is typically considered, i.e., that inputs far in the past have
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minimal impact on the current values (Boyd and Chua, 1985; Hanson and Raginsky, 2020;
Wang and Xue, 2023). While such decay might be sensible for modelling physical systems,
it aligns poorly with how we use LLMs in practice: instructions provided in the beginning
of the prompt are typically relevant throughout its processing. While transformers, in
principle, can have unbounded memory due to being able to attend to all prior keys, this
also has its limits in practice (Liu et al., 2024b; Barbero et al., 2024). Accordingly, given
their better alignment with the objectives of language modelling, the present thesis focuses
exclusively on results for the first kind: bounded input lengths.

Among the earliest investigations of sequence-to-sequence models was the analysis of
RNNs with Schäfer and Zimmermann (2007) showing that they can universally approximate
dynamical systems over bounded number of temporal steps. Consequently, they can uni-
versally approximate general continuous sequence-to-sequence functions as such functions
can be expressed as dynamical systems via the Kolmogorov–Arnold theorem (Hamdouche
and Sala, 2021). For the deep but narrow regime of RNNs, corresponding more closely
to the architectures used in practice, Song et al. (2023) show that width of 𝑑in+𝑑out+3 and
ReLU activations are sufficient to universally approximate continuous sequence-to-sequence
functions.

The universal approximation abilities of transformer were also studied. Yun et al. (2020)
pioneered this direction with proving universality by embedding the input sequences with
contextual maps: each input element is mapped to a unique scalar that depends on the
entire sequence. Once that is done, an element-wise application of an MLP can transform
these contextualized embeddings into the target outputs. The contextual map embedding
requires depth O(𝛿−𝑑in) that is exponential in the input dimension and grows as the function
becomes less smooth or the target precision increases (which leads to a smaller discretization
step 𝛿). They only offer density results which are not particularly constructive but Jiang and
Li (2024) provide Jackson bounds instead. Furuya et al. (2025) have also studied representing
contextual maps with transformers. However, it has also been shown that 𝛿 might scale
poorly even for smooth functions and that transformers might struggle to learn universal
approximation abilities in practice (Nath et al., 2024).

SSMs (Linear RNNs) have similarly been examined from the perspective of universal
approximation. Wang and Xue (2023) and Orvieto et al. (2024) showed that the lack of
non-linearities on the state update —something that, intuitively, should be very limited in
expressivity— deep state-space models with nonlinear activation between layers can in fact
approximate continuous sequence-to-sequence relationships. Nishikawa and Suzuki (2024)
demonstrated that SSMs with gated convolution can achieve similar approximation error
rates like the transformer architecture for concept classes with specific smoothness proper-
ties. Meanwhile, Cirone et al. (2024) studied SSMs with more general gating operations and
show that they can be more expressive than the purely linear ones.
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Figure 2.1: Comparing universal approximation and universal in-context approximation.
In universal approximation, the model parameters are indexed by the target function. In
contrast, in universal in-context approximation they are fixed and the prompt is used to index
the target function; the model parameters are universal for all functions in the concept class.

2.3 Universal in-context approximation results

As previously established, large pretrained language models demonstrate zero-shot and
in-context learning capabilities. These abilities, combined with the continuously increasing
scale of state-of-the-art models and the growing challenges of running them on typical
hardware, have established prompting and few-shot learning as the dominant paradigms
for specializing deep learning models for specific tasks. This poses a very different regime
than what the classic approximation theory results study.

In the traditional setting, the hypothesis classH is indexed through the model parameters.
In other words, the goal is to show that there exist model parameters for which the model
approximates the target function. Conversely, in this new prompting and in-context learning
settings the model parameters are fixed. Instead, we can only control the prefix of the input,
i.e., the prompt.

One typically specifies the desired behavior by choosing the first inputs (tokens) to
specify the target mapping from the following input tokens (queries) to the output tokens.
For example, in the input “Translate English to Bulgarian: Neural networks are weird!”, the
expression “Translate English to Bulgarian” would be the prompt while “Neural networks are
weird!” would be the query. Therefore, our hypothesis class is associated with fixed model
parameters and is indexed by prompts, which we can vary to approximate functions from
the concept class. Note that in this setting the choice of prompt will depend on the target
function and the target precision, however the model parameters are universal and fixed for
all functions in the concept class. We can, however, specify what the model parameters should
be.

Studying scaling in the in-context setting is also different than in the traditional set-
ting. Whereas classical approaches require scaling architectural dimensions —typically
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layer width (for MLPs), hidden dimensionality (for RNNs and attention mechanisms), or
model depth— the in-context setting precludes such modifications due to the immutability
of the parameters. Consequently, the sole mechanism for enhancing approximation quality
through increased parameter allocation involves increasing the prompt length, intuitively
accomplished by supplying additional demonstrations or more detailed function specifi-
cations. This mimics practice: more detailed prompts result in more specific and closely
controlled behavior. The proof strategies for demonstrating universal in-context approxi-
mation are thus also very different than in the classic universal approximation setup. See
Figure 2.1 for a summary of the differences between the two settings.

For the transformer architecture, Wang et al. (2023) were the first to pose the question of
universal in-context approximation. Their proof technique relied on the observation that
every prompt defines a function from the query to the output and hence the transformer
needs to approximate the higher-order function prompt→ (query→ output). By applying
defunctionalization (also known as uncurrying) one can view this higher-order function as
the first order function with signature (prompt × query) → output. With that observation,
one can directly apply the results by Yun et al. (2020), as discussed in Section 2.2, to show
universal approximation for the uncurried function and thus universal in-context approxi-
mation. Although conceptually elegant, this approach suffers from several limitations. First,
it necessitates the discretization and enumeration of all possible functions for in-context ap-
proximation, which is infeasible. Moreover, the discretization must be performed prior
to determining the model parameters and locks the approximation quality in at a given
precision level. As a consequence, the model parameters are not truly fixed; rather, they
depend on the precision. Furthermore, as they resort to (Yun et al., 2020), the depth of the
model also needs to scale with the target precision. Hence, the model parameters cannot be
considered fixed. Consequently, this construction fails to satisfy the criteria we established
for universal in-context approximation. Furthermore, they only offer density results and
lack explicit constructions.

In contrast, we demonstrated that universal in-context approximation can be achieved
far more efficiently: with fixed model parameters, a model depth that grows linearly with
input length, and precision improvements attained simply by extending the prompt length,
without altering the model architecture or parameters (Petrov et al., 2024b). This makes
our work the first to show that a fixed transformer model can be a universal in-context ap-
proximator. Our proofs are based on the observation that, due to the dot product in the
attention mechanism, attention heads are especially suited to approximate smooth contin-
uous functions on the hypersphere to any desired precision. Our results are constructive
and we provide explicit weights for the model parameters and for the formatting of the
prompt and query. Furthermore, we offer Jackson bounds: given smoothness properties
of the target function and the desired precision, we offer an upper bound to the necessary
prompt length.

Li et al. (2024) study a more constrained setting, focusing on in-context learning of nearest
neighbours with transformers. They further explore the learning dynamics, demonstrat-

https://en.wikipedia.org/wiki/Defunctionalization
https://en.wikipedia.org/wiki/Currying
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ing that such models are trainable using standard gradient descent. Their construction
resembles ours, thus it is likely that their learning dynamics results also translate to our
setting.

Kratsios and Furuya (2025) demonstrate that MLPs are also capable of in-context learning,
although their depth scales linearly with the hidden dimension and exponentially with the
context size, potentially relying on memorization of all possible mappings, much like the
construction by Wang et al. (2023). In contrast, our depth is constant in the dimension size,
and linear in the context length and does not rely on memorization. Kratsios and Furuya
(2025) also employ a model size that is dependent on the target precision, thus it does not
satisfy the notion of a single, frozen architecture. That is not surprising as an MLP has a
fixed input size. Nevertheless, it is still interesting that even an MLP can use part of its input
to completely determine how the rest of its input should be processed.

As far as RNNs, their various flavours such as GRUs and LSTMs, and their linear counter-
parts are concerned, to the best of our knowledge our work (Petrov et al., 2024a) is the only
to study their universal in-context approximation abilities. We showed that all these recur-
rent architectures can also be universal in-context approximators despite lacking attention
mechanisms. The prompt lengths needed are O(𝜖−𝑑in), which is as good as one may hope
for. Still, a number of open questions remain, especially regarding the role of multiplicative
gating.

2.4 In-context learning and formal languages
In addition to their universal approximation characteristics described in the preceding
sections, autoregressive models provide an alternative framework for analysis. Because of
their sequential behavior, these models resemble computing machines and may be studied
through the lens of computational complexity theory. This insight has not gone unnoticed;
in recent years, there has been extensive contributions on identifying the formal languages
that various transformer configurations are capable of expressing.1 Whereas universal
approximation typically investigates an architecture’s ability to approximate continuous
functions over finite sequences in a single forward pass, the study of formal language
recognition and generation centers on potentially infinite sequences composed of discrete
vocabulary elements produced in an autoregressive manner. We present a concise summary
of key results in this area, even though they are orthogonal to the primary scope of this
thesis. For a more comprehensive review, we recommend (Strobl et al., 2024).

There are several different frameworks of formal models through which the computa-
tional abilities of transformers have been studied. Finite automata and Turing machines are a

1The interest in autoregressive models expressing formal languages neither started nor ended with the
transformer architecture. RNNs with a specific activation function were shown to be Turing complete by
Siegelmann and Sontag (1995) and further studied by Svete et al. (2024) and Nowak et al. (2023). SSMs, as their
linear variant, have also been recently studied in the context of formal languages (Sarrof et al., 2024; Terzic
et al., 2025). Still, most interest has been in transformers, likely due to their dominant role in practice.
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popular choice. These models are closely linked to the Chomsky hierarchy, which classifies
languages as regular, context-free, context-sensitive, and recursively enumerable. Finite-
state automata are capable of recognizing regular languages. Non-deterministic pushdown
automata recognize context-free languages. Linear-bounded non-deterministic Turing ma-
chines are associated with context-sensitive languages. At the top of the hierarchy, Turing
machines recognize recursively enumerable languages. Bhattamishra et al. (2020), Pérez
et al. (2021) and Merrill and Sabharwal (2024) have shown that transformers, operating in
the autoregressive regime, can recognize recursively enumerable languages.

An alternative perspective comes from circuit complexity. A circuit 𝐶 is a directed acyclic
graphs with 𝑛 binary inputs, where each vertex corresponding to a logic gate (e.g., NOT, AND,
OR) and with the circuit producing a single binary output. To study them across different
input lengths one considers circuit families, where each input length 𝑛 corresponds to its
own circuit 𝐶𝑛 , with certain regularities as to the computational cost of constructing 𝐶𝑛
given its input length 𝑛. Circuits have mostly been used to study lower and upper bounds
of transformers in the feed-forward-only regime (no autoregression), e.g., by Hahn (2020),
Hao et al. (2022), Strobl (2023) and Chiang et al. (2023). These multiple perspectives on
formal languages, along with their intersections, produce a diverse array of capabilities
against which different versions of the transformer architecture can be assessed. For a
diagrammatic overview of these connections, refer to Figure 1 in Strobl et al. (2024).

Unsurprisingly, in the absence of intermediate steps such as chain-of-thought reasoning
or autoregressive sampling, the expressive power of the model is constrained by its size (Hao
et al., 2022; Merrill and Sabharwal, 2023b). However, when autoregressivity is allowed, the
situation changes significantly, especially with respect to Turing completeness and the ability
to recognize any recursively enumerable language. Several results support this. For instance,
Pérez et al. (2021) focuses on encoder-decoder architecture where the input is provided to
the encoder while the decoder simulates the Turing machine. They show that a 𝑇(𝑛)-time-
bounded Turing machine can be simulated by a transformer usingO(log𝑇(𝑛)) precision and
O(𝑇(𝑛)) intermediate steps. A similar result was shown by Bhattamishra et al. (2020) via
reduction to an RNN and form (Siegelmann and Sontag, 1995). Given that state-of-the-art
transformers primarily rely on decoder-only designs, it is more practical to focus on these
when studying computational power. To this end, Merrill and Sabharwal (2024) show that
a transformer decoder with O(log(𝑛 + 𝑇(𝑛))) precision and O(𝑇(𝑛)) intermediate steps can
simulate a Turing machine for 𝑇(𝑛) steps. Looking more generally at language models as
distributions over strings from an alphabet, corresponding to the autoregressive sampling
procedure from a transformer architecture, Nowak et al. (2024) show that language models
(and transformers) can represent the same distributions over strings as probabilistic Turing
machines.

The above-mentioned works aiming to show equivalence between transformers and for-
mal models rely heavily on the models acting in a discrete fashion, i.e., being able to
accurately select activations at specific previous locations, akin to a computer reading an
address in memory. To enable this behavior, these works often replace the standard softmax
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activation in the attention mechanism with various hard-max alternatives. While at first
approximating the softmax with a hardmax might appear to be just a negligible technical
assumption, it yields models with substantially different properties from those of trans-
formers used in practice. This divergence arises from the softmax function’s inability to
enforce hard selection, particularly when the context length extends beyond the sequences
seen during training (Veličković et al., 2024). In other words, softmax is bound to disperse
attention for long enough sequences, making it impossible to approximate hardmax or even
simple functions like mean pooling (Petrov et al., 2025c). Further complications, plaguing
also the classic universal approximation results, stem from the failure of attention in the
constant precision regime and the corresponding need for at least O(log 𝑛) (𝑛 being the
sequence length) precision (Merrill and Sabharwal, 2023a). The vast array of computational
classes under comparison, the many architectural variants of the transformer (feed-forward
vs autoregressive, encoder-decoder vs decoder-only, various choices for positional embed-
dings), and the simplifying assumptions employed, all contribute to the difficulty of drawing
concrete conclusions about what transformers can or cannot achieve in practice.



Chapter 3

When Do Prompting and Prefix-Tuning
Work? A Theory of Capabilities and
Limitations

Abstract

Context-based fine-tuning methods, including prompting, in-context learning, soft
prompting (also known as prompt tuning), and prefix-tuning, have gained popularity
due to their ability to often match the performance of full fine-tuning with a fraction of the
parameters. Despite their empirical successes, there is little theoretical understanding
of how these techniques influence the internal computation of the model and their
expressiveness limitations. We show that despite the continuous embedding space
being more expressive than the discrete token space, soft-prompting and prefix-tuning
are potentially less expressive than full fine-tuning, even with the same number of
learnable parameters. Concretely, context-based fine-tuning cannot change the relative
attention pattern over the content and can only bias the outputs of an attention layer in a
fixed direction. This suggests that while techniques like prompting, in-context learning,
soft prompting, and prefix-tuning can effectively elicit skills present in the pretrained
model, they may not be able to learn novel tasks that require new attention patterns.

3.1 Introduction
Language model advances are largely driven by larger models and more training data
(Kaplan et al., 2020; Rae et al., 2021). Training cutting-edge models is out of reach for most
academic researchers, small enterprises, and individuals, and it has become common to

23
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instead fine-tune open-source pretrained models (Devlin et al., 2019; Min et al., 2021). Yet,
due to escalating computational demands, even fine-tuning of the larger models has become
prohibitively expensive (Lialin et al., 2023).

As a result, there is an acute need for more efficient fine-tuning methods, either by
sparsely modifying the parameters of the model or modifying its input context. Examples
of the first type include adapter modules which introduce a few trainable layers to modify
the behaviour of the frozen pretrained network (Rebuffi et al., 2017; Houlsby et al., 2019; Hu
et al., 2023). One can also use low-rank updates, which also results in a reduced number of
trainable parameters (Hu et al., 2021).

Context-based fine-tuning has been motivated by the success of few-shot and zero-shot
learning (Wei et al., 2021; Kojima et al., 2022). The most popular context-based approach
is prompting, where generation is conditioned on either human-crafted or automatically
optimized tokens (Shin et al., 2020; Liu et al., 2023). In-context learning —prompting via
providing input-label pairs— is another widely used technique (Brown et al., 2020). Given
the challenges of discrete optimization over tokens, there is growing interest in methods
that optimize real-valued embeddings (Lester et al., 2021). It is widely believed that these
soft prompts offer greater expressiveness due to the expansive nature of continuous space.
Furthermore, beyond only optimizing input embeddings, one can optimize the inputs of
every attention layer (Li and Liang, 2021). This technique, prefix-tuning, has proven to be
very successful and competitive to full fine-tuning (Liu et al., 2022).

While context-based fine-tuning approaches have witnessed impressive empirical suc-
cesses and widespread adoption, we have little theoretical understanding of how they work.
In this work, we analyse the influence of prompts and prefixes on the internal computations
of a pretrained model and delineate their limitations. Specifically, we address the following
questions:

1. Soft prompting and prefix-tuning are motivated by the embedding space being larger
than the token space. However, can a transformer utilize the additional capacity? We
show that with a careful choice of transformer weights, controlling a single embedding
can generate any of the 𝑉𝑁 completions of 𝑁 tokens, while controlling a token can
produce only 𝑉 completions, with 𝑉 being the vocabulary size. Thus, a transformer can
indeed exploit the embedding space.

2. Since prefix-tuning is more expressive than prompting, is it as expressive as full fine-
tuning? Despite the expressiveness of continuous space, prefix-tuning has structural
limitations. A prefix cannot change the relative attention over the content tokens and can
only bias the output of the attention block in a constant direction. In contrast, full fine-
tuning can learn new attention patterns and arbitrarily modify attention block outputs,
making it strictly more powerful.

3. If context-based fine-tuning methods suffer from such structural limitations, how come
they have high empirical performance? We show that the prefix-induced bias can steer
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the model towards a pretraining task. Prefix-tuning can also combine skills picked up
during pretraining to solve some new tasks similar to pretraining tasks. However, it
may not learn a completely new task. This is not simply because of the small number
of learnable parameters: fine-tuning the same number of parameters can be sufficient to
learn the novel task. Hence, context-based fine-tuning can elicit or combine pretrained
model skills but cannot learn completely new behaviors.

3.2 Background

3.2.1 The transformer architecture
We outline a simplified decoder-only transformer architecture (Vaswani et al., 2017). Assume
that the model has vocabulary size 𝑉 (also referred to as number of tokens). The input is a
sequence (x1, . . . , x𝑝), x𝑖∈{1, . . . , 𝑉}, ∀𝑖. Each token is mapped to a 𝑑𝑒-dimensional vector
that is the x𝑖-th column of an embedding matrix 𝑬 ∈ R𝑑𝑒×𝑉 . The attention mechanism is
position-invariant, so typically position encodings are added. For a model with maximum
input length𝑁 (context size), we use a one-hot position encoding 𝒆𝑁 (𝑖) concatenated with the
embedding. Therefore, the embedding for the 𝑖-th position provided to the first attention
block would be 𝒙𝑖 = [𝑬⊤

:,x𝑖 , 𝒆
⊤
𝑁
(𝑖)]⊤.

A transformer consists of alternating attention blocks which operate across the whole
sequence and Multi-Layer Perceptrons (MLPs) operating on each individual element. Each
attention block consists of 𝐻 heads. Each head ℎ is parameterized by query, key, and value
matrices 𝑾 ℎ

𝑄
,𝑾 ℎ

𝐾
∈ R𝑘×𝑑in ,𝑾 ℎ

𝑉
∈ R𝑑out×𝑑in .1 The attention matrix 𝑨ℎ ∈ R𝑝×𝑝 for head ℎ then

has elements

𝑨ℎ
𝑖𝑗 =

exp
(
𝑇/√𝑘(𝑾 ℎ

𝑄
𝒙𝑖)⊤(𝑾 ℎ

𝐾
𝒙 𝑗)

)
∑𝑝

𝑟=1 exp
(
𝑇/√𝑘(𝑾 ℎ

𝑄
𝒙𝑖)⊤(𝑾 ℎ

𝐾
𝒙𝑟)

) , (3.1)

where 𝑝 ≤ 𝑁 is the current length of the input and 𝑇 > 0 is an inverse temperature
parameter.2 Equation (3.1) is the softmax function, hence with high enough 𝑇, it will result
in approximately one-hot encoding of the maximum 𝑗. The output of the attention block A

with 𝐻 heads is then (𝒕1, . . . , 𝒕𝑝), where each position 𝑖 is the sum of the attention-weighted
values across all heads:

A[(𝑾 1
𝑄 , . . . ,𝑾

𝐻
𝑄 ), (𝑾 1

𝐾 , . . . ,𝑾
𝐻
𝐾 ), (𝑾 1

𝑉 , . . . ,𝑾
𝐻
𝑉 )](𝒙1, . . . , 𝒙𝑝) = (𝒕1, . . . , 𝒕𝑝),

𝒕𝑖 =
∑𝐻
ℎ=1

∑𝑝

𝑗=1 𝑨
ℎ
𝑖𝑗
𝑾 ℎ
𝑉
𝒙 𝑗 . (3.2)

A transformer then applies an MLP to each output of an attention block before passing
them to next attention block. We will consider linear layers L[𝑴 , 𝒃](𝒙) = 𝑴𝒙 + 𝒃 and
ReLU-activated linear layers L̂[𝑴 , 𝒃](𝒙) = ReLU(𝑴𝒙 + 𝒃). When we compose attention

1For the first block, 𝑑in must be 𝑑𝑒 + 𝑁 but may be different for the deeper blocks.
2A causal model has 𝐴𝑖 𝑗 = 0 for 𝑗 > 𝑖. This does not affect our results so we will skip the masking step.
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blocks and linear or softmax layers, we will implicitly assume that the linear layer is applied
to all positions of the sequence. Furthermore, we will use the then operator # for left-to-
right function composition. Therefore, a transformer model predicting confidences over the
vocabulary can, for example, be represented as:

(𝒚1, . . . , 𝒚𝑝) =
(
A1 # L̂1,1 # L1,2 # A2 # L̂2,1 # L2,2 # softmax

) ( [
𝑬:,x1

𝒆𝑁 (1)

]
, . . . ,

[
𝑬:,x𝑝
𝒆𝑁 (𝑝)

] )
, (3.3)

where the output dimension of the last layer has to be𝑉 . The next token for a deterministic
transformer is selected to be the last element’s largest logit: x𝑝+1 = arg max𝑢∈1,...,𝑉 𝒚𝑝,𝑢 .
Given an input (x1, . . . , x𝑝), the model then autoregressively extends this sequence one
token at a time, following Equation (3.3) either until the sequence reaches a length 𝑁 or
until a special termination token is sampled.

A transformer has no separation between the system prompt S, user provided input X
and the autoregressively response Y. Thus, a sequence conditional on user input is denoted
as (S1, ..., S𝑛𝑆 , X1, ..., X𝑛𝑋 , Y1, ..., Y𝑛𝑌 ) and one without user input as (S1, ..., S𝑛𝑆 , Y1, ..., Y𝑛𝑌 ).

3.2.2 Context-based fine-tuning of a pretrained model
We now define prompting, soft prompting and prefix-tuning with the previously introduced
notation.

Prompting. The most frequently used content-based fine-tuning approach is prompting:
prefixing the input (X1, ..., X𝑛𝑋 ) with a token sequence 𝑆 ∈ {1, ..., 𝑉}𝑛𝑆 to guide the model
response: (S1, ..., S𝑛𝑆 , X1, ..., X𝑛𝑋 ). This is how most people interact with language models
such as ChatGPT.

Soft prompting. Soft prompting replaces the embeddings of the system input 𝑬:,S𝑖 with
learned vectors 𝒔𝑖 ∈ R𝑑𝑒 called virtual tokens (Hambardzumyan et al., 2021; Lester et al., 2021;
Qin and Eisner, 2021). Hence, the input in Equation (3.3) is modified to be:( [

𝒔1
𝒆𝑁 (1)

]
, . . . ,

[
𝒔𝑛𝑆

𝒆𝑁 (𝑛𝑆)

]
,

[
𝑬:,X1

𝒆𝑁 (𝑛𝑆 + 1)

]
, . . . ,

[
𝑬:,X𝑛𝑋

𝒆𝑁 (𝑛𝑆 + 𝑛𝑋)

] )
(3.4)

with 𝒔1, . . . , 𝒔𝑛𝑆 being chosen to maximize the likelihood of a target response𝑌 = (Y1, ..., Y𝑛𝑌 ),
i.e., arg max𝒔1 ,...,𝒔𝑛𝑆∈R𝑑𝑒

∑𝑛𝑌
𝑗=1 log 𝒚𝑛𝑆+𝑛𝑋+𝑗 ,Y𝑗 , where 𝒚𝑛𝑆+𝑛𝑋+𝑗 are autoregressively generated.

Prefix-tuning. Prefix-tuning applies soft prompting across the depth of the model (Li and
Liang, 2021; Liu et al., 2022). The first 𝑛𝑆 positions for all attention blocks are learnable
parameters, replacing the input (𝒙 𝑙1, . . . , 𝒙 𝑙𝑛𝑋 ) for layer 𝑙 with (𝒔 𝑙1, . . . , 𝒔 𝑙𝑛𝑆 , 𝒙 𝑙1, . . . , 𝒙 𝑙𝑛𝑋 ), where
all 𝒔 𝑙

𝑖
constitute the prefix. Hence, prefix-tuning can be formulated as

arg max
{𝒔1

𝑖
,...,𝒔𝐿

𝑖
}𝑛𝑆
𝑖=1

𝑛𝑌∑
𝑗=1

log 𝒚𝑛𝑆+𝑛𝑋+𝑗 ,Y𝑗 .
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Prefix-tuning has been successful at fine-tuning models (Vu et al., 2022; Wu and Shi, 2022;
Choi and Lee, 2023; Ouyang et al., 2023; Bai et al., 2023a), leading to calls for language
models provided as a service (La Malfa et al., 2024) to allow providing prefixes instead of
prompts (Sun et al., 2022).

Any token-based prompt (S1, ..., S𝑛𝑆) has a corresponding soft prompt (𝒔𝑖 = 𝑬:,S𝑖 ) but
the reverse does not hold. Similarly, every soft prompt (𝒔1, ..., 𝒔𝑛𝑆) can be represented as a
prefix by setting the deeper prefixes to be the values that the model would compute at these
positions (𝒔 𝑙

𝑖
= (A1 # ... # L𝑙−1,−1)([𝒔⊤1 , 𝒆⊤𝑁 (1)]⊤, ..., [𝒔⊤𝑙 , 𝒆

⊤
𝑁
(𝑙)]⊤)). The reverse also does not

hold: there are prefixes that cannot be represented as a soft prompt. A hierarchy emerges:
prompting < soft prompting < prefix-tuning, with prefix-tuning the most powerful of the three.
Hence, we focus on examining its performance relative to full fine-tuning but our findings
also apply to prompting and soft prompting.

3.3 Soft prompting has more capacity than prompting
The success of soft prompting (and prefix-tuning) is commonly attributed to the larger
capacity of the continuous embeddings compared to the finite tokens. Yet, increased capacity
is beneficial only if the model can utilize it. We show this is indeed the case by constructing
a transformer generating exponentially more completions by varying a single virtual token
than by varying a hard token.

Consider unconditional generation (representing a function with no inputs) with a single
system token: (Y1, ..., Y𝑁 ) = 𝑓 (S1) = 𝑓S1 . For a deterministic autoregressive function, there
are a total of 𝑉 functions in this family, hence the upper bound on the number of outputs
of length 𝑁 that one can generate by varying the first token S1 is 𝑉 : the first token fully
determines the rest of the sequence. Generally, if one varies the first 𝑁𝑆 tokens, there are
at most 𝑉𝑁𝑆 unique outputs. What if instead of the token S1 we vary a single virtual token
𝒔1: (Y1, ..., Y𝑁 ) = 𝑓 (𝒔1) = 𝑓𝒔1? This family of functions is indexed by a real vector and
hence is infinite: in principle, one could generate all 𝑉𝑁 possible output sequences by only
controlling 𝒔1.3 Still, a transformer may not be able to represent a function that achieves
that in practice, i.e., it is not obvious if there is a surjective map from { 𝑓𝒔1 : 𝒔1 ∈ R𝑑𝑒} to
{1, ..., 𝑉}𝑁 . We show that, in fact, there is a transformer 𝑓 for which such a surjective map
exists:

Theorem 3.1 (Exponential unconditional generation capacity of a single virtual token). For
any𝑉, 𝑁 > 1, there exists a transformer with vocabulary size𝑉 , context size𝑁 , embedding size 𝑑𝑒 =
𝑁 , one attention layer with two heads and a three-layer MLP such that it generates any token sequence
(Y1, ..., Y𝑁 ) ∈ {1, ..., 𝑉}𝑁 when conditioned on the single virtual token 𝒔1 = ((Y1−1)/𝑉 , ..., (Y𝑁−1)/𝑉).

3For example, for LLaMA-7B (Touvron et al., 2023) cannot have more than 32 000 unique completions when
prompted with each of its 32 000 tokens. Still, we found a non-exhaustive set of 46 812 unique 10-token-long
sequences by controlling the first virtual token. Hence, in practice, one can generate more outputs by soft
prompting than by prompting.
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However, conditional generation is more interesting: given a user input (X1, ..., X𝑛𝑋 ), we
want to generate a target response (Y1, ..., Y𝑛𝑌 ). Even in the simple case of one system
token, the user provides one token and the model generates one token in response (Y1 =

𝑓 (S1, X1) = 𝑓S1(X1)), we cannot control the response of the model to any user input with
the system token. There are 𝑉𝑉 maps from X1 to Y1, but S1 can take on only 𝑉 values:
|{ 𝑓S1 : S1 ∈ 1, ..., 𝑉}| = 𝑉 < 𝑉𝑉 . Hence, tokens cannot be used to specify an arbitrary map
from user input to model output. However, a single virtual token can specify any of the
𝑉𝑉 maps, i.e., there exists a transformer 𝑓𝒔1(X2) for which there is a surjective map from
{ 𝑓𝒔1 : 𝒔1 ∈ R𝑑𝑒} to {1, ..., 𝑉}{1,...,𝑉}.

Theorem 3.2 (Conditional generation capacity for a single virtual token (𝑛𝑋 = 𝑛𝑌 = 1)).
For any 𝑉 > 1, there exists a transformer with vocabulary size 𝑉 , context size 𝑁 = 2, embedding
size 𝑑𝑒 = 𝑉 , one attention layer with two heads and a three-layer MLP that reproduces any map
𝑚 : [1, ..., 𝑉] → [1, ..., 𝑉] from a user input token to a model response token when conditioned on a
single virtual token 𝒔1 = (𝑚(1)/𝑉 , ..., 𝑚(𝑉)/𝑉). That is, by selecting 𝒔1 we control the model response
to any user input.

Theorem 3.2 builds on Theorem 3.1 by showing that soft prompting is also more ex-
pressive for governing the conditional behavior of a transformer model. This also holds for
longer responses 𝑛𝑌 > 1 by increasing the length of the soft prompt, or longer user inputs
𝑛𝑋 > 1, by increasing the depth of the model. We provide proofs in Appendix A.1, as well
as working Python implementations.

This section showed that soft prompting, and by implication, prefix-tuning, possess
greater expressiveness than prompting. As we can fully determine the map from user
input to model response using virtual tokens, our findings may appear to suggest that
soft prompting is as powerful as full fine-tuning. However, this is not at all the case.
There are structural constraints on the capabilities of soft prompting and prefix-tuning; they
cannot facilitate the learning of an entirely new task. The following section elucidates this
discrepancy and reconciles these seemingly contradictory results.

3.4 Prefix-tuning can only bias the output of an attention
head

We just saw that soft prompting and prefix-tuning can fully control the conditional behavior
of a transformer. However, that assumed a specific design for the network weights. Given
a fixed pretrained model, as opposed to a manually crafted one, can prefix-tuning be con-
sidered equally powerful to full fine-tuning? In this section, we show that, for an arbitrary
pretrained model, a prefix 𝑆 cannot change the relative attention over the content 𝑋,𝑌 and
can only bias the attention block outputs in a subspace of rank 𝑛𝑆, the prefix length, making
it less powerful than full fine-tuning.
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While full fine-tuning can alter the attention pattern of an attention head, prefix-tuning
cannot. Recall the attention 𝑨𝑖 𝑗 position 𝑖 gives to position 𝑗 for a trained transformer
(Equation (3.1)):

𝑨𝑖 𝑗 =

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑾⊤
𝑄
𝑾𝐾𝒙 𝑗

)
∑𝑝

𝑟=1 exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑾⊤
𝑄
𝑾𝐾𝒙𝑟

) =

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙 𝑗

)
∑𝑝

𝑟=1 exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙𝑟

) , (3.5)

where 𝑾⊤
𝑄
𝑾𝐾=𝑯 . Full fine-tuning can enact arbitrary changes to 𝑾𝑄 and 𝑾𝐾 and hence,

assuming the input does not change (e.g., at the first attention layer), we get the following
attention:

𝑨ft
𝑖 𝑗 =

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙 𝑗 + 𝑇/√𝑘 𝒙⊤

𝑖
Δ𝑯𝒙 𝑗

)
∑𝑝

𝑟=1 exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙𝑟 + 𝑇/√𝑘 𝒙⊤

𝑖
Δ𝑯𝒙𝑟

) ,
where the changes to 𝑾𝑄 and 𝑾𝐾 are folded into Δ𝑯 . It is clear that by varying Δ𝑯 full
fine-tuning can change the attention patterns arbitrarily. However, let us see how attention
is affected by the presence of a prefix. For now, assume we have a prefix of length one (𝒔1)
at position 0.

𝑨
pt
𝑖0 =

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒔1

)
exp

(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒔1

)
+

𝑝∑
𝑟=1

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙𝑟

) ,
𝑨

pt
𝑖 𝑗
=

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙 𝑗

)
exp

(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒔1

)
+

𝑝∑
𝑟=1

exp
(
𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒙𝑟

) for 𝑗 ≥ 1.

The numerator of 𝑨pt
𝑖 𝑗

is the same as in Equation (3.5), i.e., the prefix does not affect it. It
only adds the term exp(𝑇/√𝑘 𝒙⊤

𝑖
𝑯𝒔1) to the denominator. Therefore, the attention position

𝑖 gives to the content positions 𝑗 ≥ 1 is simply scaled down by the attention it now gives to
the prefix. As a result, the order of importance of the content tokens cannot change. This
becomes evident by rewriting 𝑨

pt
𝑖 𝑗

as the attention of the pretrained model scaled by the
attention “stolen” by the prefix:

𝑨
pt
𝑖 𝑗
= 𝑨𝑖 𝑗

∑𝑝

𝑟=1𝑨
pt
𝑖𝑟
= 𝑨𝑖 𝑗(1 − 𝑨

pt
𝑖0). (3.6)

Hence, prefix-tuning cannot affect the relative attention patterns across the content, it will
only scale them down. In other words, one cannot modify what an attention head attends
the most to via prefix-tuning.4

4Likhosherstov et al. (2021) show that a fixed attention head can approximate any sparse attention pattern.
However, they require control over all the input embeddings while we can only control the prefix ones.
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Prefix-tuning only adds a bias to the attention block output. Let us see how this attention
scaling down affects the output of the attention block. Following Equation (3.2), the output
at position 𝑖 for the pretrained (𝒕𝑖), the fully fine-tuned (𝒕 ft

𝑖
) and the prefix-tuned (𝒕pt

𝑖
) models

are as follows:5

𝒕𝑖 =
∑𝑝

𝑗=1𝑨𝑖 𝑗𝑾𝑉𝒙 𝑗 ,

𝒕 ft
𝑖 =

∑𝑝

𝑗=1𝑨
ft
𝑖 𝑗
(𝑾𝑉 + Δ𝑾𝑉)𝒙 𝑗 , (3.7)

𝒕
pt
𝑖

= 𝑨
pt
𝑖0𝑾𝑉𝒔1 +

𝑝∑
𝑗=1

𝑨
pt
𝑖 𝑗
𝑾𝑉𝒙 𝑗

(3.6)
= 𝑨

pt
𝑖0𝑾𝑉𝒔1 +

𝑝∑
𝑗=1

𝑨𝑖 𝑗(1 − 𝑨
pt
𝑖0)𝑾𝑉𝒙 𝑗 = 𝑨

pt
𝑖0𝑾𝑉𝒔1 + (1 − 𝑨

pt
𝑖0)𝒕𝑖 .

Hence, prefix-tuning only biases the attention block value at each position 𝑖 towards the
constant vector 𝑾𝑉𝒔1, which is independent of the content (𝒙1, ..., 𝒙𝑝). I.e., the prefix-tuned
activation is a linear combination of the pretrained activation and the constant vector 𝑾𝑉𝒔1.
The content only affects the scale 𝑨

pt
𝑖0 of the bias via the amount of attention on the prefix.

In contrast, in full fine-tuning Δ𝑾𝑄 , Δ𝑾𝐾 and Δ𝑾𝑉 allow for a content-dependent change
of the attention and value computation. These results hold for suffix-tuning (placing the
prefix after the input) but not for suffix soft-prompting. We validate that this indeed is the
case when prefix-tuning real-world transformers. In Figures A.2 and A.3, we show that a
prefix applied to LLaMA’s first layer does not change the relative attention distribution over
the content positions 𝑋 and results in a bias with a constant direction.

Longer prefixes define larger subspaces for the bias but are not fully utilized in practice.
In the case of a longer prefix (𝒔1, . . . , 𝒔𝑛𝑆), the bias vector is in a subspace of dimensionality
𝑛𝑆: 𝒕

pt
𝑖

=
∑𝑛𝑆
𝑗=1 𝑨

pt
𝑖 ,𝑆𝑗

𝑾𝑉𝒔 𝑗 + (1 − ∑𝑛𝑆
𝑗=1 𝑨

pt
𝑖 ,𝑆𝑗

)𝒕𝑖 , where 𝑖 goes over the content and 𝑗 over the
prefix positions. Larger prefixes thus have a larger subspace to modify the attention block
output. The specific direction is determined by the relative distribution of attention across
the prefix positions. However, when we examine the distribution of attention across the
prefix positions for various inputs as in Appendix A.2, it appears that the prefixes do not span
this subspace. Regardless of the input, the attention 𝑨

pt
𝑖 ,𝑆𝑗

over the prefix positions remains
nearly constant. Thus, prefix-tuning does not seem to make full use of the space that the
vectors𝑾𝑉𝒔 𝑗 span. We hypothesise that this is due to the two competing optimization goals
for the vectors 𝒔 𝑗 : at the same time they need to “grab attention” when interacting with 𝑾𝐾

and determine the bias direction when multiplied with 𝑾𝑉 .

So, is prefix-tuning equivalent to full fine-tuning or is it less powerful than full fine-
tuning? In Section 3.3, we showed that prefix-tuning, in principle, has a large capacity to
influence the behavior of the model. But then, in this section, we showed that it has some
severe limitations, including not being able to affect the attention pattern and only biasing

5He et al. (2021a) show a similar analysis but do not study the expressiveness of prefix-tuning.
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the attention layer activations. These two results seem to be contradicting one another, so
how do we reconcile them?

The constructions for the results in Section 3.3 (described in Appendix A.1) are simply an
algorithm that extracts the completion from a lookup table encoded in the virtual tokens.
The attention patterns are simply extracting the current position embedding and the virtual
token and hence the attention does not depend on the actual content in the tokens. There
is no need to learn a new attention pattern to learn a different map from input to output.6
Furthermore, the virtual token designates the map precisely by acting as a bias. Therefore,
the observations in these two sections do not contradict one another. Soft prompting and
prefix-tuning can be on par with full fine-tuning but only in very limited circumstances:
when all the knowledge is represented in the virtual token as a lookup table and the model
simply extracts the relevant entry. Transformers do not behave like this in practice. Models
are typically trained with token inputs rather than virtual tokens. Moreover, if we had a
lookup table of the responses to each input we would not need a learning algorithm in the
first place.

Therefore, the limitations from this section hold for real-world pretrained transformers.
Then how come prefix-tuning has been reported to achieve high accuracy and often to be
competitive to full fine-tuning? The next section aims to explain when and why prefix-
tuning can work in practice.

3.5 The bias can elicit skills from the pretrained model

Pretraining potentially exposes a model to different types of completions for the same token
sequence. For a string like I didn’t enjoy the movie, the model may have seen completions such
as I found the acting to be sub par, This is negative sentiment or Je n’ai pas aimé le film. Hence,
a pretrained model could do text completion, sentiment analysis, or translation. Still, the
input does not fully determine the desired completion type and the model can generate
any one of them. Hence, following our results from Section 3.4, we hypothesise that prefix-
tuning cannot gain new knowledge but can bring to the surface latent knowledge present in
the pretrained model.7 We test this hypothesis by constructing small transformers trained
on one or few tasks. We use a minimal transformer model (Karpathy, 2020) to show that
prefix-tuning struggles to learn a new task that full fine-tuning can. Then, that prefix-tuning
can easily elicit a latent skill from pretraining. Finally, we show how it can even learn some
new tasks, provided they can be solved by combining pretraining skills.

6In a follow-up work (Petrov et al., 2024b), we utilize this observation to show that, in fact, there exist pre-
trained weights for which a transformer can be a universal approximator for sequence-to-sequence functions
when prefixed. This is not in contradiction with the present results as these transformers can approximate
any function without having to modify their attention mechanism.

7A similar hypothesis has also been proposed by Reynolds and McDonell (2021) for fine-tuning in general.
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Figure 3.1: Attention patterns of a small transformer pretrained on sorting in ascending
order. The model is given the prefix 𝑆 and user input 𝑋 and generates 𝑌 autoregressively.
We have highlighted the attention when the first response Y1 is being generated. Full fine-
tuning sorts in descending order but prefix-tuning cannot as it cannot update the learned
attention. Note how the relative attention of 𝑋 to 𝑋 in the left and right plots is exactly
the same: the prefix cannot change the attention pattern for the same inputs. The relative
attention of 𝑋 to 𝑋 in the center plot is very different because full fine-tuning can arbitrarily
change 𝑾𝑄 and 𝑾𝐾 .
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Figure 3.2: Model pretrained on the four tasks. The four attention heads specialize in the
skills necessary to solve these tasks: look at the elements in order, look first at the smallest
elements or first at the largest elements.

Table 3.1: A transformer pretrained on sorting in ascending order cannot be prefix-tuned to
sort in descending order. 10 random seeds.

Ascending Descending
Pretrain on asc. 91±5% 0±0%
Full fine-tune on desc. 0±0% 85±5%
Prefix-tune on desc. 0±0% 0±0%
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Table 3.2: A transformer pretrained on several tasks can be prefix-tuned for one of them. 10
random seeds.

Accuracy on: ↗ ↘ +1 +2
Pretrained 25±13% 25±12% 24±11% 22±7%
Prefix-tune on ↗ 95± 2% 0± 0% 0± 0% 0±0%
Prefix-tune on ↘ 0± 0% 90± 3% 1± 1% 1±1%
Prefix-tune on +1 0± 0% 1± 3% 95± 6% 0±1%
Prefix-tune on +2 0± 0% 0± 0% 1± 2% 98±5%

Prefix-tuning may not learn a new task requiring a different attention pattern. To check
if prefix-tuning can learn a new task, we train a 1-layer, 1-head transformer to sort numbers
into ascending order and then fine-tune it to sort in descending order. During training, the
model sees random sequences of 10 digits from 0 to 7 followed by their ascending sorted
order. The pretrained accuracy (fully matching the sorted sequence) is 91%. Full fine-tuning
on the descending task leads to 85% test accuracy, hence full fine-tuning successfully learns
the new task. However, prefix-tuning with a prefix size 𝑛𝑆 = 1 results in 0% accuracy, hence
prefix-tuning fails to learn the new task at all.

The attention patterns in Figure 3.1 show why this is the case: the pretrained model
learns to attend first to the smallest numbers and then to the larger ones. When fully
fine-tuned, the attention patterns are reversed: they now first attend to the largest values.
However, following Section 3.4, prefix-tuning cannot change the attention pattern over the
input sequence and will still attend to the smallest values. Hence, prefix-tuning may indeed
struggle to learn a new task requiring new attention patterns.

Prefix-tuning can elicit a skill from the pretrained model. The second part of our hypoth-
esis was that prefix-tuning can elicit latent skills in the pretrained model. To test that, we
pretrain a 1-layer, 4-head model with solutions sorted in ascending (↗) or descending (↘)
order, or adding one (+1) or two (+2) to each element of the input sequence. Each solution
is shown with 25% probability. The model has no indication of what the task is, hence, it
assigns equal probability to all tasks, as shown in the first row in Table 3.2. Full fine-tuning
for each task naturally results in high accuracy. However, prefix-tuning (𝑛𝑆=1) can also
reach accuracy above 90% for all tasks. Compared to the previous case, prefix-tuning is
more successful here because the pretrained model contains the attention mechanisms for
solving the four tasks, as shown in Figure 3.2.

If all a prefix does is bias the attention layer activations, how can it steer the model to
collapse its distribution onto one task? This is likely due to the attention block solving all
tasks in parallel and placing their solutions in different subspaces of the residual stream
(intermediate representation, Elhage et al., 2021). As the MLP needs to select one solution
to generate, a further indicator on the selected task (or lack of selection thereof) should also
be represented. The bias induced by the prefix then acts on this “selection subspace” to
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Figure 3.3: Attention block activations for ten sequences at the last input position (10)
when pretrained on the four tasks. The left plot shows the pretrained activations 𝒕10 are
not predictive of the completion. The right plot shows prefixes cluster the activations 𝒕

pt
10.

Connecting the pretrained and prefixed activations highlights the bias. No dimensionality
reduction is used; the clustering is solely due to the prefixes.

nudge the MLP to select the desired solution.
This can be clearly seen from the activations of the attention layer at the last input

position (X𝑛𝑋 ): the position where the task selection happens as the first output element fully
describes the task. Figure 3.3 shows plots of randomly selected dimensions of the residual
stream with and without a prefix. The attention block activations of the pretrained model
(without prefix) show no correlation with the output it is about to generate, demonstrating
that the choice of completion is indeed not determined by the attention block. However, the
prefix-tuned activations for the same inputs are clustered as a result of the prefix-induced
bias. This indicates that the bias induced by the prefix may act as a “task selector” of the
subspace of the residual stream specializing in the desired task.

Prefix-tuning can combine knowledge from pretraining tasks to solve new tasks. Prefix-
tuning eliciting one type of completion learned in pretraining starts to explain its practical
utility. Still, prefix-tuning seems to be successful also at tasks that the pretrained model has
not seen. As we showed above, a model trained to sort in one order cannot be prefix-tuned
to sort in the other. Then how is it possible for prefix-tuning to learn a new task? We posit
that this can happen, as long as the “skill” required to solve the new task is a combination
of “skills” the pretrained model has seen.

We test this by pretraining a 40-layer 4-head model with the same four tasks. We prefix-
tune (𝑛𝑆 = 12) for two new tasks: incrementing the ascending sorted sequence (↗+1) and
double histogram (mapping each element to the number of elements with the same value,
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Table 3.3: Prefix tuning can learn a new task requiring only pretraining skills (↗+1) but
cannot learn a completely new task (H). Average accuracy over 3 seeds.

Accuracy on: ↗ ↘ +1 +2 ↗+1 H

Pretrained 17% 23% 34% 25% 0% 0%
Prefix-tune on ↗ 100% 0% 0% 0% 0% 0%
Prefix-tune on ↘ 0% 100% 0% 0% 0% 0%
Prefix-tune on +1 0% 0% 100% 0% 0% 0%
Prefix-tune on +2 0% 0% 0% 100% 0% 0%
Prefix-tune on ↗+1 0% 0% 0% 0% 93% 0%
Prefix-tune on H 0% 0% 0% 0% 0% 1%

e.g., 3,0,0,1 ↦→1,2,2,1,H). The pretrained model has not seen either task. Prefix-tuning results
in 93% accuracy for ↗+1 which is a combination of the ↗ and +1 pretraining tasks and just
1% for the H task which requires different skills: finding other instances of the same token
and counting. H is not a hard task: it requires 2 layers and 2 heads to be solved exactly
(Weiss et al., 2021). Therefore, prefix-tuning can indeed combine skills that the model has
learned in order to solve a novel task but may not learn a completely new task requiring
new skills.

3.6 Effects of prefix-tuning beyond the single attention layer

Section 3.4 focused exclusively on a single attention layer. Still, even if a prefix only induces
a bias on its output, this bias can exhibit complex behaviors via the subsequent MLPs and
attention layers. This section shows how a prefix can change the attention pattern of the
following attention layer but only in a linear fashion while full fine-tuning also has bilinear
effects. Appendix A.3 further argues that the representational capacity of prefix-tuning may
be limited. Therefore, prefix-tuning appears to be less expressive than full fine-tuning, even
with the same number of learnable parameters.

Prefix-tuning can change the attention, albeit the one of the next layer Let us examine
how the prefix of one attention layer affects the following one. Assume no MLPs, residual
connections or layer norms: the output 𝒕 (1)

𝑖
of the first is the input 𝒙(2)

𝑖
of the second.

The pretrained outputs are 𝒕 (1)
𝑖

=
∑𝑝

𝑗=1 𝑨
(1)
𝑖 𝑗
𝑾 (1)
𝑉

𝒙(1)
𝑗

, resulting in the second layer attention

𝑨̃(2)
𝑖 𝑗

= 𝑇/√𝑘 𝒕 (1)⊤
𝑖

𝑯 (2)𝒕 (1)
𝑗

. Here 𝑨̃𝑖 𝑗 is the pre-softmax attention, i.e., 𝑨𝑖 𝑗 = exp 𝑨̃𝑖 𝑗/∑𝑝

𝑟=1 exp 𝑨̃𝑖𝑟. For
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prefix-tuning we then have:

𝒕
pt(1)
𝑖

= 𝑨
pt(1)
𝑖0 𝑾𝑉𝒔

(1)
1 +

𝑝∑
𝑗=1

𝑨
pt(1)
𝑖 𝑗

𝑾 (1)
𝑉

𝒙(1)
𝑗

(3.7)
= 𝑨

pt(1)
𝑖0︸︷︷︸
𝛼𝑖

𝑾𝑉𝒔
(1)
1︸ ︷︷ ︸

𝝁

+(1 − 𝑨
pt(1)
𝑖0 )𝒕 (1)

𝑖
,

𝑨̃
pt(2)
𝑖 𝑗

= 𝑇√
𝑘
𝒕

pt(1)⊤
𝑖

𝑯 (2)𝒕
pt(1)
𝑗

,

= 𝑇√
𝑘
(𝛼𝑖𝛼 𝑗 𝝁⊤𝑯 (2)𝝁︸   ︷︷   ︸

constant

+𝛼 𝑗(1-𝛼𝑖) 𝒕 (1)⊤𝑖
𝑯 (2)𝝁︸      ︷︷      ︸

depends only on 𝒕 (1)
𝑖

+𝛼𝑖(1-𝛼 𝑗)𝝁⊤𝑯 (2)𝒕 (1)
𝑗︸      ︷︷      ︸

depends only on 𝒕 (1)
𝑗

+(1-𝛼𝑖)(1-𝛼 𝑗) 𝒕 (1)⊤𝑖
𝑯 (2)𝒕 (1)

𝑗︸        ︷︷        ︸
pretrained attention 𝑨̃(2)

𝑖 𝑗

).

The presence of 𝝁 shows that the prefix of layer 1 can change the attention pattern of the
following layer. This change is content-specific: the second and the third terms depend
on the inputs, hence a simple bias can affect the attention when passed through MLPs and
further attention blocks. Compare with Equation (3.6), which showed a prefix cannot change
the attention of the same layer. Still, even considering this cross-layer effect, prefix-tuning
is more limited in its expressiveness than full fine-tuning. While the second and the third
terms are input-dependent, each depends on one input position only. The prefix does not
change the bilinear dependency on both the query and key. This is something that the full
fine-tuning can achieve: 𝑨̃ft(2)

𝑖 𝑗
= 𝑇/√𝑘 𝒕 ft(1)⊤

𝑖
(𝑯 (2) + Δ𝑯 (2))𝒕 ft(1)

𝑗
.

Even if prefix-tuning could be a universal approximator, it would not be a parameter-
efficient one. Prefix-tuning appears to be less parameter-efficient than other comparable
approaches. We designed an experiment to this end. Our pretrained model in Section 3.5
failed to learn the double histogram task (H). A rank-1 Low Rank Adaptation (LoRA, Hu
et al., 2021) applied only to the MLPs in a 4-layer 4-head model pretrained in the exact
same way results in 92% accuracy on the H task. The number of parameters for the LoRA
fine-tuning is exactly the same as for a prefix of size 12. However, as can be expected from
the results in Section 3.5, training this prefix results in 0% accuracy. Hence, prefix-tuning
fails at a task that LoRA with the same number of parameters can learn.

In conclusion, while prefix-tuning, prompting, soft prompting and in-context learning
have complex effects in deeper models, the interaction of the learnable parameters and the
model inputs likely still results in very limited expressiveness. In particular, we demon-
strated that LoRA can be used to learn a completely new task while prefix-tuning with the
exact same number of parameters fails to.

3.7 Discussion and related works
Understanding fine-tuning and prefix-tuning. Prior works show that prefixes have low
intrinsic dimension allowing transfer to similar tasks and initialization of prefixes for new
tasks (Qin et al., 2021; Su et al., 2022; Zhong et al., 2022; Wang et al., 2022b; Zheng et al.,
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2023). In this work, we offered theoretical insights into their results: this subspace is the
span of the prefix-induced bias. Another line of work shows that skills can be localized in
the parameter space of pretrained models (Wang et al., 2022a; Panigrahi et al., 2023). Here,
we showed that it is also possible to identify subspaces of the residual stream corresponding
to individual tasks and select them via prefix-tuning.

Prompting and in-context learning. Prompting and in-context learning are a special case
of prefix-tuning. Therefore, the limitations and mechanisms discussed in this work apply to
prompting as well: prompts cannot change the distribution of attention of the first attention
layer over the content following it and can only induce a bias on the output of this layer
(Section 3.4). Even considering the cross-layer effects, a prompt is strictly less expressive
than full fine-tuning (Section 3.6) and prompting is unlikely to enable the model to solve
a completely new task. Our theory thus explains why Kossen et al. (2023) observed that
in-context examples cannot overcome pre-training skills.

While context-based fine-tuning approaches may not learn arbitrary new tasks, as shown
in Section 3.5, they can leverage pre-trained skills. Wies et al. (2023) have PAC-learnability
results that also show that when pretraining is on a mixture tasks, they can be efficiently
learned via in-context learning, Moreover, transformers can learn linear models in-context
by mimicking gradient descent (von Oswald et al., 2023a) or approximating matrix inversion
(Akyürek et al., 2022). This is consistent with our theory: the prediction updates are enacted
as biases in the attention block activations. Hence, despite the limitations discussed in this
work, context-based methods can result in powerful fine-tuning if the pretrained model has
“transferable skills” such as algorithmic fundamentals. Still, in-context learning will likely
fail for non-algorithmic tasks, e.g., translating to a language that the model has never seen
before, even if large number of translation pairs are provided in-context.

Implications for catastrophic forgetting and model alignment. The lack of expressiveness
of context-based fine-tuning can be a feature: desirable properties will be maintained. Full
fine-tuning can result in catastrophic forgetting (He et al., 2021b; Luo et al., 2023; Mukhoti
et al., 2023). Our theory shows that context-based methods won’t lose pretrained skills.
Model alignment poses the reverse problem: ensuring that the model cannot pick up
undesirable skills during fine-tuning. Our results show that prompting and prefix-tuning
might be unable to steer the model towards new adversarial behaviors. Hence, the recent
successes in adversarial prompting (Zou et al., 2023) indicate that current model alignment
methods just mask the undesirable skills rather than removing them.

Implications for model interpretability. One open question for language model inter-
pretability is whether attention is sufficient for explainability (Jain and Wallace, 2019; Wiegr-
effe and Pinter, 2019). Section 3.5 points toward the negative: by interfering in the output
of the attention layer with the bias induced by a prefix, we can change the behavior of
the model, without changing its attention. On the flip side, prefix-tuning can be used to
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understand what “skills” a model has: if prefix-tuning for a task fails, then the model likely
lacks one of the key “skills” for that task.

Limitations. The present analysis is largely limited to prefixing with prompts, soft prompts
and for prefix-tuning. While our theoretical results hold for suffix-tuning, they do not nec-
essarily apply to suffixing with prompts or soft prompts. That is because the deeper rep-
resentations for prompt and soft prompt suffixes would depend on the previous positions.
This does not apply to suffix-tuning as it fixes all intermediate representations. Therefore,
whether suffixing is more expressive than prefixing remains an open question. Separately,
while we provided evidence towards context-based fine-tuning methods being parameter
inefficient learners, the formal analysis of the conditions under which they may be uni-
versal approximators remain an open question. Finally, we mostly considered simple toy
problems. In practice, however, language models are pretrained with very large datasets
and can pick up very complex behaviors. Hence, the extent to which the limitations we
demonstrated apply to large-scale pretrained transformers also remains for future work.

3.8 Conclusion
This paper formally showed that fine-tuning techniques working in embedding space, such
as soft prompting and prefix-tuning, are strictly more expressive than prompting which
operates in the discrete token space. However, we then demonstrated that despite this
larger expressivity, prefix-tuning suffers from structural limitations that prevent it from
learning new attention patterns. As a result, it can only bias the output of the attention layer
in a direction from a subspace of rank equal to the size of the prefix. We showed that this
results in practical limitations by constructing minimal transformers where prefix tuning
fails to solve a simple task. This result seems to be at odds with the empirical success of
prefix-tuning. We provided explanations towards that. First, we showed that prefix-tuning
can easily elicit a skill the pretrained model already has and can even learn a new task,
if it has picked up the skills to solve it during pretraining. Second, we showed that the
effect of the prefix-induced bias is more complicated and powerful when combined with
downstream non-linear operations. However, it appears to be still less expressive than full
fine-tuning.

Reproducibility statement
In order to facilitate the reproduction of our empirical results, validating our theoretical
results, and further studying the properties of context-based fine-tuning, we release all our
code and resources used in this work. Furthermore, in Appendix A.1 we offer explicit
constructions of transformers with the properties discussed in Section 3.3. We also provide
Python implementations of these constructions that validate their correctness.

https://github.com/AleksandarPetrov/prefix-tuning-theory
https://github.com/AleksandarPetrov/prefix-tuning-theory
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Chapter 4

Prompting a Pretrained Transformer Can
Be a Universal Approximator

Abstract

Despite the widespread adoption of prompting, prompt tuning and prefix-tuning
of transformer models, our theoretical understanding of these fine-tuning methods re-
mains limited. A key question is whether one can arbitrarily modify the behavior of
the pretrained model by prompting or prefix-tuning it. Formally, if prompting and
prefix-tuning a pretrained model can universally approximate sequence-to-sequence
functions. This paper answers in the affirmative and demonstrates that much smaller
pretrained models than previously thought can be universal approximators when pre-
fixed. In fact, the attention mechanism is uniquely suited for universal approximation
with prefix-tuning a single attention head being sufficient to approximate any contin-
uous function. Moreover, any sequence-to-sequence function can be approximated by
prefixing a transformer with depth linear, or even constant, in the sequence length. Be-
yond these density-type results, we also offer Jackson-type bounds on the length of the
prefix needed to approximate a function to a desired precision.

4.1 Introduction
The scale of modern transformer architectures (Vaswani et al., 2017) is ever-increasing and
training competitive models from scratch, even fine-tuning them, is often prohibitively
expensive (Lialin et al., 2023). To that end, there has been a proliferation of research aiming
at efficient training in general and fine-tuning in particular (Rebuffi et al., 2017; Houlsby
et al., 2019; Hu et al., 2021, 2023).

41
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Motivated by the success of few- and zero-shot learning (Wei et al., 2021; Kojima et al.,
2022), context-based fine-tuning methods do not change the model parameters. Instead,
they modify the way the input is presented. For example, with prompting, one fine-tunes
a string of tokens (a prompt) which is prepended to the user input (Shin et al., 2020; Liu
et al., 2023). As optimizing over discrete tokens is difficult, one can optimize the real-valued
embeddings instead (soft prompting, prompt tuning, Lester et al. 2021). A generalization to
this approach is the optimization over the embeddings of every attention layer (prefix-tuning,
Li and Liang 2021). These methods are attractive as they require a few learnable parameters
and allow for different prefixes to be used for different samples in the same batch which is
not possible with methods that change the model parameters. As every prompt and soft
prompt can be expressed as prefix-tuning (Petrov et al., 2024c), in this paper, we will focus
primarily on prefix-tuning.

While these context-based fine-tuning techniques have seen widespread adoption and
are, in some cases, competitive to full fine-tuning (Liu et al., 2022), our understanding of
their abilities and restrictions remains limited. How much can the behavior of a model be
modified without changing any model parameter? Given a pretrained transformer and an
arbitrary target function, how long should the prefix be so that the transformer approximates
this function to an arbitrary precision? Differently put, can prefix-tuning of a pretrained
transformer be a universal approximator? These are some of the questions we aim to address
in this work.

It is well-known that fully-connected neural networks with suitable activation functions
can approximate any continuous function (Cybenko, 1989; Hornik et al., 1989; Barron, 1993;
Telgarsky, 2015), while Recurrent Neural Networks (RNNs) can approximate dynamical
system. The attention mechanism (Bahdanau et al., 2015) has also been studied in its own
right. Deora et al. (2023) derived convergence and generalization guarantees for gradient-
descent training of a single-layer multi-head self-attention model, and Mahdavi et al. (2023)
showed that the memorization capacity increases linearly with the number of attention
heads. On the other hand, it was shown that attention layers are not expressive enough
as they lose rank doubly exponentially with depth if Multi-Layer Perceptrons (MLPs) and
residual connections are not present (Dong et al., 2021). However, attention layers, with
a hidden size that grows only logarithmically in the sequence lengths, were shown to be
good approximators for sparse attention patterns (Likhosherstov et al., 2021), except for a
few tasks that require linear scaling of the size of the hidden layers in the sequence length
(Sanford et al., 2023).

Considering universal approximation using encoder-only transformers, Yun et al. (2020)
showed that transformers are universal approximators of sequence-to-sequence functions
by demonstrating that self-attention layers can compute contextual mappings of input se-
quences. Jiang and Li (2024) demonstrated universality by instead leveraging the Kolmogorov-
Arnold representation theorem. Moreover, Alberti et al. (2023) provided universal approx-
imation results for architectures with non-standard attention mechanisms.

Despite this interest in theoretically understanding the approximation properties of the
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transformer architecture when being trained, much less progress has been made in un-
derstanding context-based fine-tuning methods such as prompting, soft prompting, and
prefix-tuning. Petrov et al. (2024c) have shown that the presence of a prefix cannot change
the relative attention over the context and experimentally demonstrated that one cannot
learn completely novel tasks with prefix-tuning. In the realm of in-context learning, where
input-target pairs are part of the prompt (Brown et al., 2020), Xie et al. (2021) and Yad-
lowsky et al. (2023) show that the ability to generalize depends on the choice of pretraining
tasks. However, these are not universal approximation results. The closest to our objective
is the work of Wang et al. (2023). They quantize the input and output spaces allowing
them to enumerate all possible sequence-to-sequence functions. All possible functions and
inputs can then be hard-coded in a transformer using the constructions by Yun et al. (2020).
As this approach relies on memorization, the depth of the model depends on the desired
approximation precision 𝜖.

In this work, we demonstrate that prefix-tuning can be a universal approximator much
more efficiently than previously assumed. In particular:

1. We show that attention heads are especially suited to model functions over hyper-
spheres, concretely, prefix-tuning a single attention head is sufficient to approximate any
smooth continuous function on the hypersphere 𝑆𝑚 to any desired precision 𝜖;

2. We give a bound on the required prompt length to approximate a smooth target
function to a precision 𝜖;

3. We demonstrate how this result can be leveraged to approximate general sequence-to-
sequence functions with transformers of depth linear (or even constant) in the sequence
length and independent of 𝜖;

4. We discuss how prefix-tuning may result in element-wise functions which, when com-
bined with cross-element mixing from the pretrained model, may be able to explain
the success behind prefix-tuning and prompting and why it works for some tasks and
not others.

4.2 Background material

4.2.1 Transformer architecture
In soft prompting and prefix-tuning, the focus of this work, the sequence fed to a transformer
model is split into two parts: a prefix sequence 𝑃 = (𝒑1, . . . , 𝒑𝑁 ), which is to be learnt or
hand-crafted, and an input sequence 𝑋 = (𝒙1, . . . , 𝒙𝑇), where 𝒙𝑖 , 𝒑𝑖 ∈ R𝑑. A transformer
operating on a sequence consists of alternating attention blocks which operate on the whole
sequence and MLPs that operate on individual elements. For a sequence of length 𝑁 + 𝑇,
an attention head of dimension 𝑑 is a function 𝑢̃ : R𝑑×(𝑁+𝑇) → R𝑑×(𝑁+𝑇). Since we will
only be interested in the output at the positions corresponding to the inputs 𝑋, we use
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𝑢(· ;𝑃) : R𝑑×(𝑁+𝑇) → R𝑑×𝑇 to denote the output of 𝑢̃ at the locations corresponding to the
input 𝑋 when prefixed with 𝑃. Therefore, the 𝑘-th output of 𝑢 is defined as:

[𝑢(𝑋;𝑃)]𝑘=

𝑁∑
𝑖=1

exp(𝒙⊤𝑘𝑯𝒑𝑖)𝑾𝑉𝒑𝑖+
𝑇∑
𝑗=1

exp(𝒙⊤𝑘𝑯𝒙 𝑗)𝑾𝑉𝒙 𝑗

𝑁∑
𝑖=1

exp(𝒙⊤𝑘 𝑯𝒑𝑖) +
𝑇∑
𝑗=1

exp(𝒙⊤𝑘 𝑯𝒙 𝑗)
, (4.1)

where 𝑾𝑉 , the value matrix, and 𝑯 are in R𝑑×𝑑. 𝑯 is typically split into two lower-rank
matrices 𝑯 = 𝑾⊤

𝑄
𝑾𝐾 , query and key matrices. Multiple attention heads can be combined

into an attention block but, for simplicity, we will only consider single head attention blocks.
A transformer is then constructed by alternating attention heads and MLPs.

We consider pretrained transformers but, in the context of this work, these are constructed
rather than trained. We refer to the matrices 𝑾𝑉 ,𝑾𝑄 ,𝑾𝐾 along with the parameters of the
MLPs as pretrained parameters, and they are fixed throughout and not learnt. The prefix 𝑃 is
the only variable that can be modified to change the behavior of the model.

4.2.2 Universal approximation
Let X and Y be normed vector spaces. We consider a family of target functions which is
a subset C of all mappings X → Y, i.e., C ⊆ YX, with C is often referred to as a concept
space. These are the relationships we wish to learn by some simpler candidate functions.
Let us denote this set of candidates by H ⊂ YX, called hypothesis space. The problem of
approximation is concerned with how well functions in H approximate functions in C.
There are two main ways to measure how well functions in H represent functions in C:
density results and approximation rate results (Jiang et al., 2023). Density results show
that, given an 𝜖, one can find a hypothesis ℎ ∈ H approximating any 𝑓 ∈ C with error
at most 𝜖. Approximation rate results, also called Jackson-type, are stronger as they offer a
measure of complexity for ℎ to reach a desired precision 𝜖. Classically, a Jackson-type result
would provide a minimum width or depth necessary for a neural network to reach a desired
precision 𝜖. In the context of the present work, the notion of complexity that we care about
is the length 𝑁 of the prefix 𝑃. Formally:

Definition 4.1 (Universal Approximation (Density-Type)). We say that H is a universal
approximator for C over a compact set 𝑆 ⊆ X if for every 𝑓 ∈ C and every 𝜖 > 0 there exists
an ℎ ∈ H such that sup𝑥∈𝑆 ∥ 𝑓 (𝑥) − ℎ(𝑥)∥ ≤ 𝜖. One typically says that H is dense in C.

Lemma 4.2 (Transitivity). If A is dense in B and B is dense in C, then A is dense in C.

Definition 4.3 (Approximation Rate (Jackson-Type)). Fix a hypothesis space H. Let {H𝑁 :
𝑁 ∈ N+} be a collection of subsets of H such that H𝑁 ⊂ H𝑁+1 and

⋃
𝑁∈N+ H

𝑁 = H. Here,
𝑁 is a measure of the complexity of the approximation candidates, and H𝑁 is the subset of
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hypotheses with complexity at most 𝑁 . Then, the approximation rate estimate for C over a
compact 𝑆 ⊆ X is a bound 𝑍H:

𝑁 ≥ 𝑍H( 𝑓 , 𝜖) =⇒ inf
ℎ∈H𝑁

sup
𝑥∈𝑆

∥ 𝑓 (𝑥) − ℎ(𝑥)∥ ≤ 𝜖, ∀ 𝑓 ∈C.

𝑍H gives an upper bound to the minimum hypothesis complexity necessary to reach the
target precision 𝜖 and typically depends on the smoothness of 𝑓 .

Lemma 4.4. A Jackson bound for {H𝑁 | 𝑁 ∈ N+} with finite 𝑍H for all 𝑓 ∈ C,𝜖 > 0 immediately
implies that

⋃
𝑁∈N+ H

𝑁 = H is dense in C. Hence, Jackson bounds (Definition 4.3) are stronger
than density results (Definition 4.1).

The key hypothesis classes we consider in this work are the set of all prefixed attention
heads and the set of prefixed transformers. This is very different from the classical universal
approximation setting. The hypothesis classes in the classical universal approximation
results consist of all possible parameter values of the model itself (Cybenko, 1989; Yun et al.,
2020). When studying universal approximation with prefixing, the model parameters are
fixed where prefixes are what can be modified.

Definition 4.5 (Prefixed Attention Heads Class). This is the class of all attention heads as
defined in Equation (4.1) of dimension 𝑑, input/output sequence of length𝑇, prefix of length
at most 𝑁 , and fixed pretrained components 𝑯 ,𝑾𝑉 ∈ R𝑑×𝑑:

H
𝑁,𝑇
−,𝑑 (𝑯 ,𝑾𝑉) =

{
𝑢 : R𝑑×(𝑁 ′+𝑇)→R𝑑×𝑇 ,

[𝑢]𝑘 as in (4.1), 𝒑𝑖 ∈ R𝑑 , 𝑁 ′ ≤ 𝑁

}
.

For simplicity, we say that H𝑁,𝑇
−,𝑑 is dense in C to imply that there exists a pair (𝑯 ,𝑾𝑉) such

that H𝑁,𝑇
−,𝑑 (𝑯 ,𝑾𝑉) is dense in C. When considering all possible prefix lengths, we drop the

𝑁 : H𝑇
−,𝑑 =

⋃
𝑁∈NH

𝑁,𝑇
−,𝑑 .

Definition 4.6 (Prefixed Transformers Class). A transformer consists of 𝐿 layers with each
layer 𝑙 consisting of an attention head with 𝑯 𝑙 and 𝑾 𝑙

𝑉
followed by an MLP consisting of

𝑘𝑙 linear layers, each parameterized as L𝑙
𝑘
(𝒙) = 𝑨𝑙 ,𝑘𝒙 + 𝒃𝑙 ,𝑘 interspersed with non-linear

activation 𝜎. This gives rise to the following hypothesis class when prefixed:

H
𝑁,𝑇
≡,𝑑

({
𝑯 𝑙 ,𝑾 𝑙

𝑉 , {(𝑨𝑙 ,𝑘 , 𝒃𝑙 ,𝑘)}𝑘𝑙
𝑘=1

}𝐿
𝑙=1

)
=

{
L𝐿
𝑘𝐿
◦ ... ◦ 𝜎 ◦L𝐿

1 ◦ ℎ𝐿... ◦ ℎ2 ◦L1
𝑘1
◦ ... ◦ 𝜎 ◦L1

1 ◦ ℎ1

with ℎ 𝑙 ∈ H
𝑁 ′,𝑇
−,𝑑 (𝑯 𝑙 ,𝑾 𝑙

𝑉
), 𝑙 = 1, . . . , 𝐿, 𝑁 ′ ≤ 𝑁.

}
,

applying linear layers L element-wise. Again, we say H
𝑁,𝑇
≡,𝑑 is dense in C, short for there exist{

𝑯 𝑙 ,𝑾 𝑙
𝑉
, {𝑨𝑙 ,𝑘 , 𝒃𝑙 ,𝑘}𝑘𝑙

𝑘=1

}𝐿
𝑙=1

such that H𝑁,𝑇
≡,𝑑

({
𝑯 𝑙 ,𝑾 𝑙

𝑉
, {𝑨𝑙 ,𝑘 , 𝒃𝑙 ,𝑘}𝑘𝑙

𝑘=1

}𝐿
𝑙=1

)
is dense in C.
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Figure 4.1: Approximating functions on the hypersphere with a single attention head.
A. We simplify the classical attention head into a core attention head. B. The exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)𝒑𝛽

𝑘
terms act like kernels when 𝒙 is restricted to a hypersphere. We can approximate a function
𝑓 by placing𝑁 control points 𝒑𝛼

1 , ..., 𝒑
𝛼
𝑁

and centering a kernel at each of them. C. Increasing
𝜆 results in less smoothing, while increasing 𝑁 results in more control points and hence
better approximation. With large enough 𝜆 and 𝑁 , we can approximate 𝑓 to any desired
accuracy. D. With the normalization term in classical attention close to a constant, and
giving 𝒙, 𝒑𝛼

𝑘
and 𝒑

𝛽
𝑘

orthogonal subspaces, core attention can be represented as classical
attention. Hence, a classical attention head can also approximate 𝑓 with arbitrary precision.

In this paper, we consider several different concept classes. For reasons that will become
apparent in the following section, we focus on functions whose domain is a hypersphere
𝑆𝑚 = {𝒚 ∈ R𝑚+1 | ∥𝒚∥2 = 1} ⊂ R𝑚+1. We consider both scalar and vector-valued functions
on the hypersphere.

Definition 4.7 (Scalar Functions on the Hypersphere). Define 𝐶(𝑆𝑚) ⊂ R𝑆
𝑚 to be the space

of all continuous functions defined on 𝑆𝑚 with bounded norm, i.e.,

∥ 𝑓 ∥∞ = sup
𝒙∈𝑆𝑚

| 𝑓 (𝒙)| < ∞, 𝑓 ∈ 𝐶(𝑆𝑚). (4.2)

This is the concept class C𝑠,𝑚 = 𝐶(𝑆𝑚) ⊂ R𝑆
𝑚 .

Definition 4.8 (Vector-valued Functions on the Hypersphere). The class of vector-valued
functions on the hypersphere is:

C𝑣,𝑚 =
{
𝑓 : 𝑆𝑚→R𝑚+1 | [ 𝑓 ]𝑖 ∈ 𝐶(𝑆𝑚), 𝑖 = 1, ..., 𝑚+1

}
.
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Transformers are typically used to learn mappings over sequences rather than individual
inputs. Hence, we define two sequence-to-sequence concept classes:

Definition 4.9 (General Sequence-to-sequence Functions). Given a fixed sequence length
𝑇 ∈ N>0, we define the sequence-to-sequence function class as:

C𝑇,𝑚 =
{
𝑓 : (𝑆𝑚)𝑇→(R𝑚+1)𝑇 | 𝑓 continuous and bounded

}
.

We will also consider the subset of element-wise functions:

Definition 4.10 (Element-wise functions). Element-wise functions operate over sequences
of inputs but apply the exact same function independently to all inputs:

C∥,𝑇,𝑚 =


there exists 𝑔 ∈ C𝑣,𝑚 , such that

𝑓 ∈ C𝑇,𝑚 𝑓 (𝒙1, ..., 𝒙𝑇) = (𝑔(𝒙1), ..., 𝑔(𝒙𝑇))
for all (𝒙1, ..., 𝒙𝑇) ∈ (𝑆𝑚)𝑇

 .
4.3 Universal approximation with a single attention head
In this section, we will restrict ourselves to the setting when the input sequence is of length
𝑇=1, i.e., 𝑋=(𝒙). General sequence-to-sequence functions will be discussed in Section 4.4.
We will show that a single attention head can approximate any continuous function on
the hypersphere, or that H1

−,𝑚+1 is dense in C𝑠,𝑚 . To do this, we first simplify the classical
attention head in Equation (4.1), resulting in what we call a core attention head. Then, we show
that each of the terms in the core attention act as a kernel, meaning that it can approximate
any function in C𝑠,𝑚 . Finally, we show that any core attention head can be approximated by
a classical attention head, hence, H1

−,𝑚+1 is indeed dense in C𝑠,𝑚 . The complete pipeline is
illustrated in Figure 4.1.

To illuminate the approximation abilities of the attention head mechanism we relax it a bit.
That is, we allow for different values of the prefix positions when computing the attention
(the exp terms in Equation (4.1)) and when computing the value (the right multiplication
with 𝑾𝑉 ). We will also drop the terms depending only on 𝒙, set 𝑯 = 𝜆𝑰𝑑, 𝜆 > 0, and
𝑾𝑉 = 𝑰𝑑. We refer to this relaxed version as a split attention head with its corresponding
hypothesis class:

ℎ ⇋(𝒙) =
∑𝑁 ′
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)𝒑𝛽

𝑘∑𝑁 ′
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)

. (4.3)

Definition 4.11 (Split Attention Head Class).

H𝑁

⇋,𝑑
=

{
ℎ ⇋ as in (4.3), 𝒑𝛼

𝑘
, 𝒑

𝛽
𝑘
∈ R𝑑 , 𝑁 ′ ≤ 𝑁,𝜆 > 0

}
.

We will later show that a split head can be represented by a classical attention head. For
now, let us simplify a bit further: we drop the denominator, resulting in our core attention
head:

ℎ⊛(𝒙) =
∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)𝒑𝛽

𝑘
, (4.4)
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1
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𝜃

𝜃 = cos−1(⟨𝒙 , 𝒑𝛼
1 ⟩) = cos−1(⟨𝒙 , 𝒑𝛼

2 ⟩)
𝒙

𝒑𝛼
2

𝒑𝛼
1

Figure 4.2: The dot product is a measure of closeness over the hypersphere. We want large
dot product for points with lower distances. That is not the case for general 𝒑𝛼

1 , 𝒑
𝛼
2 ∈ R𝑚+1:

above we show larger dot product for points which are further away, i.e., ⟨𝒙 , 𝒑𝛼
1 ⟩ < ⟨𝒙 , 𝒑𝛼

2 ⟩
despite ∥𝒙 − 𝒑𝛼

1∥2 < ∥𝒙 − 𝒑𝛼
1∥2. However, if we restrict 𝒙, 𝒑𝛼

𝑖
, and 𝒑𝛼

𝑗
to the hypersphere

𝑆𝑚 , then the dot product measures the cosine between 𝒙 and 𝒑𝑖 which is truly a measure of
closeness: ⟨𝒙 , 𝒑𝛼

𝑖
⟩ < ⟨𝒙 , 𝒑𝛼

𝑗
⟩ ⇐⇒ ∥𝒙 − 𝒑𝛼

𝑖
∥2 > ∥𝒙 − 𝒑𝛼

𝑗
∥2.

which gives rise to the hypothesis class:

H𝑁
⊛,𝑑 =

{
𝒙 ↦→ ∑𝑁 ′

𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)𝒑𝛽

𝑘
, where

𝒑𝛼
𝑘
, 𝒑

𝛽
𝑘
∈ R𝑑 , 𝑁 ′ ≤ 𝑁,𝜆 > 0

}
.

We also have their scalar-valued counterparts:

ℎ⊙(𝒙) =
∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)𝑝𝛽

𝑘
, (4.5)

H𝑁
⊙,𝑑 =

{
𝒙 ↦→ ∑𝑁 ′

𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)𝑝𝛽

𝑘
, where

𝒑𝛼
𝑘
∈ R𝑑 , 𝑝𝛽

𝑘
∈ R, 𝑁 ′ ≤ 𝑁,𝜆 > 0

}
.

As the dot product is a notion of similarity, one can interpret ℎ⊛ in Equation (4.4) and ℎ⊙
in Equation (4.5) as interpolators. The 𝒑𝛼

𝑖
vectors act as control points, while the 𝒑

𝛽
𝑖

vectors
designate the output value at the location of the corresponding control point. The dot
product with the input 𝒙 controls how much each control point should contribute to the
final result, with control points closer to 𝒙 (larger dot product) contributing more.

Unfortunately, it is not generally true that higher dot product means smaller distance,
hence the above interpretation fails inR𝑚+1. To see this, consider two control points 𝒑𝛼

1 , 𝒑
𝛼
2 ∈

R𝑚+1 such that 𝒑𝛼
2 = 𝑡𝒑𝛼

1 , with 𝑡 > 1. Then for 𝒙 = 𝒑𝛼
1 we would have ⟨𝒙 , 𝒑𝛼

1 ⟩=∥𝒑𝛼
1∥2

2 <
⟨𝒙 , 𝒑𝛼

2 ⟩=𝑡∥𝒑𝛼
1∥2

2; the dot product is smaller for 𝒑𝛼
1 , the control point that is closer to 𝒙, than

for the much further away 𝒑𝛼
2 (see Figure 4.2). Therefore, the further away control point has

a larger contribution than the closer point, which is at odds with the interpolation behaviour
we desire. In general, the contribution of control points with larger norms will “dominate”
the one of points with smaller norms. This has been observed for the attention mechanism
in general by Demeter et al. (2020).
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Fortunately, the domination of larger norm control points 𝒑𝛼
𝑖

is not an issue if all con-
trol points have the same norm. In particular, if 𝒙 and 𝒑𝛼

𝑖
lie on the unit hypersphere

𝑆𝑚={𝒚∈R𝑚+1 | ∥𝒚∥2=1} then ⟨𝒙 , 𝒑𝛼
𝑖
⟩ = cos(∠(𝒙 , 𝒑𝛼

𝑖
)) and it has the desired property that the

closer 𝒙 is to 𝒑𝛼
𝑖
, the higher their dot product. By doing this, we restrict ℎ⊛ to be a function

from the hypersphere 𝑆𝑚 to R𝑚+1. While this might seem artificial, modern transformer
architectures do operate over hyperspheres as LayerNorm projects activations to 𝑆𝑚 (Brody
et al., 2023).

The central result of this section is that the functions in the form of Equation (4.5) can ap-
proximate any continuous function defined on the hypersphere, i.e., H⊙,𝑚+1 =

⋃∞
𝑁=1 H

𝑁
⊙,𝑚+1

is dense in C𝑠,𝑚 (Definition 4.7) and H⊛,𝑚+1 =
⋃∞
𝑁=1 H

𝑁
⊛,𝑚+1 is dense in C𝑣,𝑚 (Definition 4.8).

Furthermore, we offer a Jackson-type approximation rate result which gives us a bound on
the necessary prefix length 𝑁 to achieve a desired approximation quality.

Theorem 4.12 (Jackson-type Bound for Universal Approximation on the Hypersphere). Let
𝑓 ∈ 𝐶(𝑆𝑚) be a continuous function on 𝑆𝑚 , 𝑚 ≥ 8 with modulus of continuity

𝜔( 𝑓 ; 𝑡) = sup
{
| 𝑓 (𝒙) − 𝑓 (𝒚)|

�� 𝒙 , 𝒚 ∈ 𝑆𝑚 , cos−1(⟨𝒙 , 𝒚⟩) ≤ 𝑡
}
≤ 𝐿𝑡,

for some 𝐿 > 0. Then, for any 𝜖 > 0, there exist 𝒑𝛼
1 , . . . , 𝒑

𝛼
𝑁
∈ 𝑆𝑚 and 𝑝𝛽1 , . . . , 𝑝

𝛽
𝑁
∈ R such that

sup
𝑥∈𝑆𝑚

����� 𝑓 (𝒙) − 𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)𝑝𝛽

𝑘

����� ≤ 𝜖,

where 𝜆 = Λ(𝜖/2) with

Λ(𝜎) =
(8𝐿𝐶𝑅 + 𝑚𝜎 + 𝜎)

(
1 − 𝜎2

8𝐿𝐶𝐻𝐶𝑅+2𝜎𝐶𝐻

) 𝜎
4𝐿𝐶𝑅+𝜎

𝜎

(
1 −

(
1 − 𝜎2

8𝐿𝐶𝐻𝐶𝑅+2𝜎𝐶𝐻

) 2𝜎
4𝐿𝐶𝑅+𝜎

) = O

(
𝐿3𝐶𝐻
𝜎4

)
, (4.6)

and any 𝑁 ≥ 𝑁(𝜆, 𝜖) with

𝑁(𝜆, 𝜖) = Φ(𝑚)
(3𝜋

(
𝐿 + 𝜆∥ 𝑓 ∥∞

)
𝑐𝑚+1(𝜆) exp(𝜆)

𝜖

)2(𝑚+1)
= O

(
𝜖−10−14𝑚−4𝑚2

)
, (4.7)

with 𝐶𝐻 being a constant depending on the smoothness of 𝑓 (formally defined in the proof), 𝐶𝑅 being
a constant not depending on 𝑓 or 𝜖, Φ(𝑚) = O(𝑚 log𝑚) being a function that depends only on the
dimension 𝑚 and 𝑐𝑚+1 being a normalization function.

Corollary 4.13. H⊙,𝑚+1 is dense in C𝑠,𝑚

Proof. Theorem 4.12 holds for all 𝜖 > 0 and Lemma 4.4. □
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Theorem 4.12 is a Jackson-type result as Equation (4.7) gives the number 𝑁 of control
points needed to approximate 𝑓 with accuracy 𝜖. This corresponds to the length of the prefix
sequence. Moreover, the smoother the target 𝑓 is, i.e., the smaller 𝐿 and 𝐶𝐻 , the shorter the
prefix length 𝑁 . Thus, our construction uses only as much prefix positions as necessary.

The proof of Theorem 4.12 follows closely (Ng and Kwong, 2022). While they only
provide a density result, we offer a Jackson-type bound which is non-trivial and may be of
an independent interest. The idea behind the proof is as following. We first approximate 𝑓
with its convolution with a kernel having the form of the terms in Equation (4.5):(

𝑓 ∗ 𝐾vMF
𝜆

)
(𝒙) =

∫
𝑆𝑚

𝑐𝑚+1(𝜆) exp(𝜆⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚). (4.8)

The larger the 𝜆 is, the closer 𝑓 ∗𝐾vMF
𝜆 is to 𝑓 and hence the smaller the approximation error

(Menegatto, 1997). Λ(𝜖/2) gives the smallest value for 𝜆 such that this error is 𝜖/2. Equa-
tion (4.8) can then be approximated with sums: we partition 𝑆𝑚 into 𝑁 sets 𝑉1, ..., 𝑉𝑁 small
enough that 𝑓 does not vary too much within each set. Each control point 𝒑𝛼

𝑘
is placed in

its corresponding𝑉𝑘 . Then, exp(𝜆⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) can be approximated with exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩) 𝑓 (𝒑𝛼

𝑘
)

when 𝒚 is in the 𝑘-th set 𝑉𝑘 . Hence, Equation (4.8) can be approximated with

𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩) 𝐶 𝑓 (𝒑𝛼

𝑘
)

for some suitable constant 𝐶. By increasing 𝑁 we can reduce the error of approximating the
convolution with the sum. Equation (4.7) gives us the minimum 𝑁 needed so that this error
is 𝜖/2. Hence, we have error of at most 𝜖/2 from approximating 𝑓 with the convolution and
𝜖/2 from approximating the convolution with the sum, resulting in our overall error being
bounded by 𝜖. The full proof is in Appendix B.2 and is illustrated in Figure B.2. The theorem
can be extended to vector-valued functions in C𝑣,𝑚 with a multiplicative factor 1/√𝑚+1:

Corollary 4.14. Let 𝑓 : 𝑆𝑚 → R𝑚+1,𝑚 ≥ 8 be such that each component 𝑓𝑖 satisfies the conditions in
Theorem 4.12. Define ∥ 𝑓 ∥∞ = max1≤𝑖≤𝑚+1∥ 𝑓𝑖∥∞. Then, for any 𝜖 > 0, there exist 𝒑𝛼

1 , ..., 𝒑
𝛼
𝑁
∈ 𝑆𝑚

and 𝒑
𝛽
1 , ..., 𝒑

𝛽
𝑁
∈ R𝑚+1 such that

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − 𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)𝒑𝛽

𝑘







2

≤ 𝜖,

with 𝜆 = Λ(𝜖/2
√
𝑚+1) for any 𝑁 ≥ 𝑁(𝜆, 𝜖/√𝑚+1). That is, H⊛,𝑚+1 is dense in C𝑣,𝑚 with respect to

the ∥ · ∥2 norm.

Thanks to Theorem 4.12 and Corollary 4.14, we know that functions in C𝑣,𝑚 can be
approximated by core attention (Equation (4.4)). We only have to demonstrate that a core
attention head can be represented as a classical attention head (Equation (4.1)). We do this
by reversing the simplifications we made when constructing the core attention head.
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Let’s start by bringing the normalization term back, resulting in H𝑁

⇋,𝑑
, the split attention

head hypothesis (Definition 4.11). Intuitively,
∑𝑛
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩) is almost constant when

the 𝒑𝛼
𝑘

are uniformly distributed over the sphere as the distribution of distances from 𝒙 to
𝒑𝛼
𝑘

will be similar, regardless of where 𝒙 lies. We can bound how far
∑𝑛
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩) is

from being a constant and adjust the approximation error to account for it. Appendix B.3
has the full proof.

Theorem 4.15. Let 𝑓 : 𝑆𝑚 → R𝑚+1, 𝑚 ≥ 8 be such that each component 𝑓𝑖 satisfies the conditions
in Theorem 4.12. Then, for any 0 < 𝜖 < 2∥ 𝑓 ∥∞, there exist 𝒑𝛼

1 , ..., 𝒑
𝛼
𝑁
∈ 𝑆𝑚 such that

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − ∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)𝒑𝛽

𝑘∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼

𝑘
⟩)







2

≤ 𝜖,

with

𝜆 = Λ

(
2𝜖𝐿

2𝐿 + ∥ 𝑓 ∥∞

)
𝒑
𝛽
𝑘
= 𝑓 (𝒑𝛼

𝑘
), ∀𝑘 = 1, . . . , 𝑁 ,

for any 𝑁 ≥ 𝑁(𝜆, 𝜖/√𝑚+1). That is, H ⇋,𝑚+1 is dense in C𝑣,𝑚 with respect to the ∥ · ∥2 norm.

An interesting observation is that adding the normalization term has not affected the
asymptotic behavior of 𝜆 and hence also of the prefix length 𝑁 . Furthermore, notice how
the value 𝒑

𝛽
𝑖

at the control point 𝒑𝛼
𝑖

is simply 𝑓 (𝒑𝛼
𝑘
), the target function evaluated at this

control point.
We ultimately care about the ability of the classical attention head (Definition 4.5) to

approximate functions in C𝑣,𝑚 by prefixing. Hence, we need to bring back the terms
depending only on the input 𝒙, combine 𝒑𝛼

𝑘
and 𝒑

𝛽
𝑘

parts into a single prefix 𝒑𝑘 and bring
back the 𝑯 and 𝑾𝑉 matrices. One can do this by considering an attention head with a
hidden dimension 3(𝑚+1) allowing us to place 𝒙 , 𝒑𝛼

𝑘
and 𝒑

𝛽
𝑘

in different subspaces of the
embedding space. To do this, define a pair of embedding and projection operations:

Π : 𝑆𝑚 → R3(𝑚+1) Π−1 : R3(𝑚+1) → R𝑚+1

𝒙 ↦→

𝑰𝑚+1
0𝑚+1
0𝑚+1

 𝒙 𝒙 ↦→

𝑰𝑚+1
0𝑚+1
0𝑚+1


⊤

𝒙.

Lemma 4.16. Π−1 ◦H1
−,3(𝑚+1) ◦Π is dense in H ⇋,𝑚+1, with the composition applied to each function

in the class.

Proof. We can prove something stronger. For all 𝑓 ∈ H ⇋,𝑚+1 there exists a 𝑔 ∈ H1
−,3(𝑚+1) such

that 𝑓 = Π−1 ◦ 𝑔 ◦Π. If 𝑓 ∈ H ⇋,𝑚+1, then

𝑓 (𝒙) =
∑𝑁
𝑘=1 𝒑

𝛽
𝑘

exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)∑𝑁

𝑘=1 exp(𝜆⟨𝒙 , 𝒑𝛼
𝑘
⟩)

, ∀𝒙 ∈ 𝑆𝑚
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for some 𝑁 , 𝜆, 𝒑𝛼
𝑖
, 𝒑𝛽

𝑖
. Define:

𝒑𝑘 =


0

𝜆𝒑𝛼
𝑘

𝒑
𝛽
𝑘

 ∈ R3(𝑚+1),

𝑯 =


𝑀𝑰 𝑰 0
0 0 0
0 0 0

 ,𝑾𝑉 =


0 0 𝑰
0 0 0
0 0 0

 ∈ R3(𝑚+1)×3(𝑚+1),

With 𝑀 a negative constant tending to −∞. Then:

𝑔(𝒙) =

𝑁∑
𝑖=1

exp(𝒙⊤𝑯𝒑𝑖)𝑾𝑉𝒑𝑖+ exp(𝒙⊤𝑯𝒙)𝑾𝑉𝒙

𝑁∑
𝑖=1

exp(𝒙⊤𝑯𝒑𝑖) + exp(𝒙⊤𝑯𝒙)
,

is in H1
−,3(𝑚+1) and 𝑓 = Π−1 ◦ 𝑔 ◦ Π. As this holds for all 𝑓 ∈ H ⇋,𝑚+1, it follows that

H ⇋,𝑚+1 ⊂ Π−1 ◦H1
−,3(𝑚+1) ◦Π. Hence, Π−1 ◦H1

−,3(𝑚+1) ◦Π is dense in H ⇋,𝑚+1. □

Lemma 4.16 shows that every split attention head can be exactly represented as 3 times
bigger classical attention head. Note that our choice for 𝑯 and 𝑾𝑉 is not unique. Equiv-
alent constructions are available by multiplying each component by an invertible matrix,
effectively changing the basis. Finally, the embedding and projection operations can be
represented as MLPs and hence can be embedded in a transformer architecture. Now, we
can provide the final result of this section, namely that the standard attention head of a
transformer can approximate any vector-valued function on the hypersphere:

Theorem 4.17. Let 𝑓 : 𝑆𝑚 → R𝑚+1, 𝑚 ≥ 8 be such that each component 𝑓𝑖 satisfies the conditions
in Theorem 4.12. Then, for any 0 < 𝜖 ≤ 2∥ 𝑓 ∥∞, there exists an attention head ℎ ∈ H

𝑁,1
−,3(𝑚+1) such

that
sup
𝒙∈𝑆𝑚



 𝑓 (𝒙) − (Π−1 ◦ ℎ ◦Π)(𝒙)




2 ≤ 𝜖, (4.9)

for any 𝑁 ≥ 𝑁(𝜆, 𝜖/√𝑚+1). That is, Π−1 ◦H1
−,3(𝑚+1) ◦Π is dense in C𝑣,𝑚 with respect to the ∥ · ∥2

norm.

Proof. The density result follows directly from Theorem 4.15 and Lemma 4.16 and transitivity
(Lemma 4.2). The Jackson bound is the same as in Theorem 4.15 as transforming the split
attention head to a classical attention head is exact and does not contribute further error. □

Therefore, we have shown that a single attention head with a hidden dimension 3(𝑚 + 1)
can approximate any continuous function 𝑓 : 𝐶(𝑆𝑚) → R𝑚+1 to an arbitrary accuracy. This
is for fixed pretrained components, that is, 𝑯 and𝑾𝑉 are as given in the proof of Lemma 4.16
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and depend neither on the input 𝒙 nor on the target function 𝑓 . Therefore, the behavior of
the attention head is fully controlled by the prefix. This is a Jackson-type result, with the
length 𝑁 of the prefix given in Theorem 4.15. To the best of our knowledge, Theorem 4.17
is the first bound on the necessary prefix length to achieve a desired accuracy of function
approximation using an attention head. Most critically, Theorem 4.17 demonstrates that
attention heads are more expressive than commonly thought. A single attention head with
a very simple structure can be a universal approximator.

4.4 Universal approximation of sequence-to-sequence
functions

The previous section showed how we can approximate any continuous 𝑓 : 𝑆𝑚 → R𝑚+1 with
a single attention head. Still, one typically uses the transformer architecture for operations
over sequences rather than over single inputs (the case with 𝑇 ≥ 1). We will now show
how we can leverage Theorem 4.17 to model general sequence-to-sequence functions. First,
we show the simpler case of functions that apply the exact same mapping to all inputs.
We then show how to model general sequence-to-sequence functions using a variant of the
Kolmogorov–Arnold theorem.

Element-wise functions Theorem 4.17 can be extended to element-wise functions where
the exact same function is applied to each element in the input sequence, i.e., the concept
class C∥,𝑇,𝑚 from Definition 4.10. If 𝑓 ∈ C∥,𝑇,𝑚 , then there exists a 𝑔 ∈ C𝑣,𝑚 such that
𝑓 (𝒙1, . . . , 𝒙𝑇) = (𝑔(𝒙1), . . . , 𝑔(𝒙𝑇)). By Theorem 4.17, there exists a prefix 𝒑1, ..., 𝒑𝑁 that
approximates 𝑔. As the construction in Lemma 4.16 prevents interactions between two
different inputs 𝒙𝑖 and 𝒙 𝑗 , an attention head ℎ𝑇 ∈ H

𝑁,𝑇

−,3(𝑚+1) for a𝑇-long input (Equation (4.1))
with the exact same prefix 𝒑1, . . . , 𝒑𝑁 approximates 𝑓 :

Corollary 4.18. Π−1 ◦ H𝑇
−,3(𝑚+1) ◦ Π is dense in C∥,𝑇,𝑚 with respect to the ∥ · ∥2 norm applied

element-wise. That is, for every 𝜖 > 0, there exists ℎ𝑇 ∈ H
𝑁,𝑇

−,3(𝑚+1) such that:

sup
{𝒙𝑖}∈(𝑆𝑚)𝑇

max
1≤𝑘≤𝑇




[ 𝑓 ({𝒙𝑖}) − (
Π−1◦ℎ𝑇◦Π

)
({𝒙𝑖})

]
𝑘





2
≤ 𝜖,

with Π and Π−1 applied element-wise, [·]𝑘 selecting the 𝑘-th element, and approximate rate bound
on 𝑁 as in Theorem 4.17.

General sequence-to-sequence functions Ultimately, we are interested in modeling arbi-
trary functions from sequences of inputs (𝒙1, . . . , 𝒙𝑇) to sequences of outputs (𝒚1, . . . , 𝒚𝑇),
that is, the C𝑇,𝑚 . We will use a version of the Kolmogorov–Arnold representation Theorem.
The Theorem is typically defined on functions over the unit hypercube [0, 1]𝑚 . As there
exists a homeomorphism between [0, 1]𝑚 and a subset of 𝑆𝑚 (Lemma B.4.1), for simplicity,
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we will ignore this technical detail. Our construction requires only 𝑇 + 2 attention layers,
each with a single head.

The original Kolmogorov-Arnold representation theorem (Kolmogorov, 1957) identifies
every continuous function 𝑓 : [0, 1]𝑑 → R with univariate functions 𝑔𝑞 , 𝜓𝑝,𝑞 such that:

𝑓 (𝑥1, . . . , 𝑥𝑑) =
∑2𝑑
𝑞=0 𝑔𝑞

(∑𝑑
𝑝=1 𝜓𝑝,𝑞(𝑥𝑝)

)
.

In other words, multivariate functions can be represented as sums and compositions of
univariate functions. As transformers are good at summing and attention heads are good
at approximating functions, they can approximate functions of this form. However, 𝑔𝑞 and
𝜓𝑝,𝑞 are generally not well-behaved (Girosi and Poggio, 1989), so we will use the construction
by Schmidt-Hieber (2021) instead.

Lemma 4.19 (Theorem 2 in (Schmidt-Hieber, 2021)). For a fixed 𝑑, there exists a monotone
functions 𝜓 : [0, 1] → 𝐶 (the Cantor set) such that for any function 𝑓 : [0, 1]𝑑 → R, we can find a
function 𝑔 : 𝐶 → R such that

1. 𝑓 (𝑥1, . . . , 𝑥𝑑) = 𝑔
(
3
∑𝑑
𝑝=1 3−𝑝 𝜓(𝑥𝑝)

)
, (4.10)

2. if 𝑓 is continuous, then 𝑔 is also continuous,
3. if | 𝑓 (𝒙) − 𝑓 (𝒚)| ≤ 𝑄∥𝒙 − 𝒚∥∞, for all 𝒙 , 𝒚 ∈ [0, 1]𝑑 and some 𝑄, then |𝑔(𝑥) − 𝑔(𝑦)| ≤

2𝑄, ∀𝑥, 𝑦 ∈ 𝐶.

In comparison with the original Kolmogorov–Arnold theorem, we need a single inner
function 𝜓 which does not depend on the target function 𝑓 and only one outer function 𝑔.
Furthermore, both 𝜓 and 𝑔 are Lipschitz. Hence, we can approximate them with our results
from Section 4.3.

We need to modify Lemma 4.19 a bit to make it fit the sequence-to-sequence setting. First,
flatten a sequence of𝑇 (𝑚+1)-dimensional vectors into a single vector in [0, 1](𝑚+1)𝑇 . Second,
define Ψ𝑑 : [0, 1]𝑑 → R𝑑 to be the element-wise application of 𝜓: Ψ𝑑({𝑥𝑖}𝑑𝑖=1) = (𝜓(𝑥𝑖))𝑑𝑖=1.
We can also define 𝐺𝑖 : 𝐶 → R𝑚+1, 𝑖 = 1, . . . , 𝑇 and extend Equation (4.10) for our setting:

𝑓 (𝒙1, ..., 𝒙𝑇) = (𝐺1(𝑅), . . . , 𝐺𝑇(𝑅)), with

𝑅 = 3
𝑇∑
𝑖=1

3−(𝑖−1)(𝑚+1)
𝑚+1∑
𝑝=1

3−𝑝𝜓(𝒙𝑖 ,𝑝) (4.11)

= 3
𝑇∑
𝑖=1

3−(𝑖−1)(𝑚+1)


3−1

...

3−(𝑚+1)


⊤

Ψ𝑚+1(𝒙𝑖).

Equation (4.11) can now be represented with a transformer with 𝑇 + 2 attention layers.
Ψ𝑚+1 is applied element-wise, hence, all Ψ𝑚+1(𝒙𝑖) can be computed in parallel with a single
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attention head (Corollary 4.18). The dot product with the
[
3−1 · · · 3−(𝑚+1)] vector can

be computed using a single MLP. The product with the 3−(𝑖−1)(𝑚+1) scalar is a bit more
challenging as it depends on the position in the sequence. However, if we concatenate
position encodings to the input, another MLP can use them to compute this factor and the
multiplication. The outer sum over the 𝑇 inputs and the multiplication by 3 can be achieved
with a single attention head. Hence, using only 2 attention layers, we have compressed the
whole sequence in a single scalar 𝑅.1

The only thing left is to apply 𝐺1, . . . , 𝐺𝑇 to 𝑅 to compute each of the 𝑇 outputs. As
each one of these is Lipschitz, we can approximate each with a single attention head using
Theorem 4.17. Each 𝐺𝑖 is different and would need its own set of prefixes, requiring 𝑇

attention heads arranged in 𝑇 attention layers. Using the positional encodings, each layer
can compute the output for its corresponding position and pass the input unmodified for
the other positions. The overall prefix size would be the longest of the prefixes necessary
to approximate Ψ𝑚+1, 𝐺1, . . . , 𝐺𝑇 . Hence, we have constructed an architecture that approx-
imates any sequence-to-sequence function 𝑓 ∈ C𝑇,𝑚 with only 𝑇 + 2 attention layers. Thus,
H𝑇

≡,𝑑 is dense in C𝑇,𝑚 .
There is also an equivalent construction with fixed depth of 3 attention layers where the

last layer would need to have 𝑇 attention heads. As 𝐺1, . . . , 𝐺𝑇 can be applied in parallel,
they can be packed as separate heads in a single layer. Therefore, we can trade depth for
number of layers.

One can also construct a 3-layer single-head model by defining a 𝐺★ that combines all
𝐺1, . . . , 𝐺𝑇 :

𝐺★(𝑅) =

𝐺1(𝑅) if 𝜋 = 1
𝐺2(𝑅) if 𝜋 = 2

...

,

where 𝜋 is the positional encoding at this token. As 𝐺1, . . . , 𝐺𝑇 are all Lipschitz, there
exists such a 𝐺★(𝑅) that is also Lipschitz, although its Lipschitz constant can be arbitrarily
large. By setting the single head of the third layer to approximate 𝐺★(𝑅), we get universal
in-context approximation for sequence-to-sequence functions in three attention layers each
with a single head.

4.5 Discussion and conclusions
Comparison with prior work Just like us, Wang et al. (2023) show that prefix-tuning can
be a universal approximator. Their approach relies on discretizing the input space and the
set of sequence-to-sequence functions to a given precision depending on 𝜖, resulting in a
finite number of pairs of functions and inputs, each having a unique corresponding output.
Then, using the results of Yun et al. (2020), they construct a meta-transformer which maps

1Yun et al. (2020) use a similar approach but use discretization to enumerate all possible sequences and
require O(𝜖−𝑚) attention layers. In our continuous setting, 𝑅 is computed with 2 layers.
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each of the function-input pairs to their corresponding output. This approach has several
limitations: i) the model has exponential depth O(𝑇𝜖−𝑚); ii) reducing the approximation
error 𝜖 requires increasing the model depth; iii) the prefix length is fixed, hence a constant
function and a highly non-smooth function would have equal prefix lengths, and iv) it
effectively has memorized all possible functions and inputs, explaining the exponential size
of their constructions. In contrast, we show that memorization is not needed: attention
heads are naturally suited for universal approximation. Section 4.4 showed that 𝑇 + 2
layers are enough, we require shorter prefixes for more smooth functions and reducing the
approximation error 𝜖 can be done by increasing the prefix length, without modifying the
pretrained model.

Petrov et al. (2024c) have shown that prefix-tuning cannot change the relative attention
patterns over the input tokens and hence cannot learn tasks with new attention patterns.
This appears to be a limitation but von Oswald et al. (2023a) and Akyürek et al. (2022) proved
that there exist attention heads that can learn any linear model, samples of which are given
as a prefix. In this work, we showed the existence of a “universal” attention head (𝑯 and
𝑾𝑉 in Lemma 4.16) that can be used to emulate any new function defined as a prefix. This
reconciles the apparent contradiction between (Petrov et al., 2024c) and this work. While a
prefix indeed cannot change the relative attention pattern over the input tokens, this is not
needed for universal approximation. If a suitable for interpolation description of the target
function is provided in-context, it suffices that the input tokens attend appropriately to this
description rather than to themselves.

Prefixes have been observed to have larger norms than token embeddings (Bailey et al.,
2023). Our results provide an explanation to that. While the control points 𝒑𝛼

𝑘
are in 𝑆𝑚 and

hence have norm 1, in Lemma 4.16 we fold 𝜆 into them. Recall that the less smooth 𝑓 is,
the higher the concentration parameter 𝜆 has to be in order to reduce the influence of one
control point on the locations far from it. Hence, the less smooth 𝑓 is, the larger the norm
of the prefixes.

Connection to prompting and safety implications While this work focused on prefix-
tuning, the results can extend to prompting. Observe that prefix tuning (where we have a
distinct prefix) can be reduced to soft prompting (where only the first layer is prefixed) by
using an appropriate attention mechanism and position embeddings. Hence, if a function
𝑓 ∈ C𝑇,𝑚 requires 𝑁 prefixes to be approximated to precision 𝜖 with prefix-tuning, it would
require O(𝑇𝑁) soft tokens to be approximated with soft prompting. Finally, observe that a
soft token can be encoded with a sequence of hard tokens, the number of hard tokens per
soft token depends on the required precision and the vocabulary size 𝑉 . Hence, 𝑓 could be
approximated with O(log𝑉(𝜖−1)𝑚𝑇𝑁) hard tokens. Therefore, our universal approximation
results may translate to prompting. This raises concerns as to whether it is at all possible
to prevent a transformer model from exhibiting undesirable behaviors (Zou et al., 2023;
Wolf et al., 2023; Chao et al., 2023). Furthermore, this means that transformer-based agents
might have the technical possibility to collude in undetectable and uninterpretable manner
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(de Witt et al., 2023). Still, our results require specific form of the attention and value
matrices and, hence, it is not clear whether these risk translate to real-world models.

Prefix-tuning and prompting a pretrained transformer might be less efficient than train-
ing it Typically, with neural networks one expects that the number of trainable parameters
would grow as O(𝜖−𝑚) (Schmidt-Hieber, 2021). Indeed that is the case for universal ap-
proximation with a transformer when one learns the key, query and value matrices and
the MLP parameters as shown by Yun et al. (2020). However, as Equation (4.7) shows,
our construction results in the trainable parameters (prefix length in our case) growing as
O(𝜖−10−14𝑚−4𝑚2). The 𝑚2 term indicates worse asymptotic efficiency of prefix-tuning and
prompting compared to training a transformer. However, our approach may not be tight.
Thus, it remains an open question if a tighter Jackson bound exists or if prefix-tuning and
prompting inherently require more trainable parameters to reach the same approximation
accuracy as training a transformer.

Prefix-tuning and prompting may work by combining prefix-based element-wise maps
with pretrained cross-element mixing The construction for general sequence-to-sequence
functions in Section 4.4 is highly unlikely to occur in transformers pretrained on real data as
it requires very specific parameter values. While the element-wise setting (Corollary 4.18)
is more plausible, it cannot approximate general sequence-to-sequence functions. Hence,
neither result explains why prefix-tuning works in practice. To this end, we hypothesise
that prompting and prefix-tuning, can modify how single tokens are processed (akin to
fine-tuning only MLPs), while the cross-token information mixing happens with pretrained
attention patterns. Therefore, prompting and prefix-tuning can easily learn novel tasks
as long as no new attention patterns are required. Our findings suggest a method for
guaranteeing that a pretrained model possesses the capability to act as a token-wise universal
approximator. This can be achieved by ensuring each layer of the model includes at least
one attention head conforming to the structure in Lemma 4.16.

Limitations. We assume a highly specific pretrained model which is unlikely to occur in
practice when pretraining with real-world data. Hence, the question of, given a real-world
pretrained transformer, which is the class of functions it can approximate with prefix-tuning
is still open. This is an inverse (Bernstein-type, Jiang et al. 2023) bound and is considerably
more difficult to derive.
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Chapter 5

Universal In-Context Approximation by
Prompting Fully Recurrent Models

Abstract

Zero-shot and in-context learning enable solving tasks without model fine-tuning,
making them essential for developing generative model solutions. Therefore, it is crucial
to understand whether a pretrained model can be prompted to approximate any function,
i.e., whether it is a universal in-context approximator. While it was recently shown
that transformer models do possess this property, these results rely on their attention
mechanism. Hence, these findings do not apply to fully recurrent architectures like
RNNs, LSTMs, and the increasingly popular SSMs. We demonstrate that RNNs, LSTMs,
GRUs, Linear RNNs, and linear gated architectures such as Mamba and Hawk/Griffin
can also serve as universal in-context approximators. To streamline our argument, we
introduce a programming language called LSRL that compiles to these fully recurrent
architectures. LSRL may be of independent interest for further studies of fully recurrent
models, such as constructing interpretability benchmarks. We also study the role of
multiplicative gating and observe that architectures incorporating such gating (e.g.,
LSTMs, GRUs, Hawk/Griffin) can implement certain operations more stably, making
them more viable candidates for practical in-context universal approximation.

5.1 Introduction
Until recently, solving a task with machine learning required training or fine-tuning a
model on a dataset matching the task at hand. However, large foundation models exhibit the
ability to solve new tasks without being specifically fine-tuned or trained for them: often it is

59
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sufficient to simply prompt them in the right way. This has made prompting a key method for
steering a model towards a specific behaviour or task (Liu et al., 2023). Prompting has been
especially successful because of in-context learning: the ability to modify the model’s behavior
with information provided within the input sequence, without changing the underlying
model parameters (Brown et al., 2020). As a result, the art and skill of constructing a
successful prompt (prompt engineering) has become extremely important (Liu and Chilton,
2022; Sahoo et al., 2024). Yet, we know little about the theoretical properties of prompting.
It is not even clear if there are limits to what can be achieved with prompting or, conversely,
whether it is possible to prompt your way into any behaviour or task.

This can be framed as a universal approximation question. Classically, universal ap-
proximation results show how a class of tractable functions, such as neural networks, ap-
proximates another class of concept functions, e.g., all continuous functions on a bounded
domain, with arbitrary accuracy. This is often done by showing that one can choose model
parameters that approximate the target function. However, in-context learning poses a dif-
ferent challenge as the model parameters are fixed. Instead, a part of the input (the prompt)
is modified to cause the model to approximate the target function. Hence, we define uni-
versal in-context approximation to be the property that there exist fixed weights such that
the resulting model can be prompted to approximate any function from a concept class.
Understanding whether a model can be a universal in-context approximator is especially
important as most commercial models are accessible exclusively via a prompting interface
(La Malfa et al., 2024).

In-context learning has been almost exclusively studied in conjunction with the trans-
former architecture (Vaswani et al., 2017). This is likely because in-context abilities appear
once the models are large enough (Wei et al., 2021) and most large models have been
transformer-based. On the subject of universal in-context approximation, Wang et al. (2023)
were first to show that a transformer possesses this property by discretising and memorising
all possible functions in the model weights. Memorisation is not needed, though, and even
small transformers can be universal approximators when prompted (Petrov et al., 2024b).
Both results, however, critically depend on the attention mechanism of the transformer
architecture (Bahdanau et al., 2015).

Still, generative models are not restricted to attention-based architectures: there are the
“classic” recurrent neural networks (RNNs, Amari, 1972), long short-term memory models
(LSTMs, Hochreiter and Schmidhuber, 1997) and gated recurrent units (GRUs, Cho et al.,
2014). Recently, Linear RNN models (also known as state-space models or SSMs) were
proposed as a scalable alternative to the transformer architecture (Orvieto et al., 2023; Fu
et al., 2023a) and have started to outperform similarly-sized transformers when multiplica-
tive gating is added (Gu and Dao, 2023; De et al., 2024; Botev et al., 2024). Furthermore,
despite in-context learning being associated with the transformer, recent empirical results
show in-context learning in SSMs, RNNs, LSTMs and even convolutional models (Xie et al.,
2021; Akyürek et al., 2024; Lee et al., 2024).

Yet, despite their ability to be in-context learners, there is little known about the theoretical
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properties of these fully recurrent architectures. As these architectures become more and
more widely used, understanding their in-context approximation abilities is increasingly
more important for their safety, security and alignment. We show that, in fact, many of
these architectures, similarly to transformers, can be universal in-context approximators.
Concretely, our contributions are as follows:

1. We develop Linear State Recurrent Language (LSRL): a programming language that
compiles to different fully recurrent models. Programming in LSRL is akin to “thinking
like a recurrent model”. LSRL programs can then be implemented exactly as model
weights.

2. Using LSRL, we construct Linear RNN models that can be prompted to act as any
token-to-token function over finite token sequences, or to approximate any continuous
function. These results also hold for RNNs, LSTMs, GRUs and Hawk/Griffin models
(De et al., 2024).

3. We present constructions with and without multiplicative gating. However, we ob-
serve that the constructions without these gates depend on numerically unstable con-
ditional logic.

4. Nevertheless, we show that multiplicative gates lead to more compact and numerically
stable models, making it more likely that universal in-context approximation proper-
ties arise in models utilising them, such as LSTMs, GRUs and the latest generation of
Linear RNNs.

5.2 Preliminaries
Fully recurrent architectures. In this work, we focus exclusively on fully recurrent neural
network architectures. Recurrent models operate over sequences. Concretely, consider an
input sequence (𝒙1, . . . , 𝒙𝑁 ) with 𝒙𝑡 ∈ X, X being some input space. We will refer to the
elements of the input sequence as tokens even if they are real-valued vectors. A recurrent
model 𝑔 : X★ → Y maps a sequence of inputs to an output in some output space Y. These
models are always causal, namely:

𝒚𝑡 = 𝑔(𝒙1, . . . , 𝒙𝑡). (5.1)

We will abuse the notation and refer to (𝒚1, . . . , 𝒚𝑡) = (𝑔(𝒙1), . . . , 𝑔(𝒙1, . . . , 𝒙𝑡)) as simply
𝑔(𝒙1, . . . , 𝒙𝑡). We will also separate the input sequence into a query (𝒒1, . . . , 𝒒𝑛) and a
prompt (𝒑1, . . . , 𝒑𝑁 ). The prompt specifies the target function 𝑓 that we approximate while
the query designates the input at which we evaluate it. Contrary to the typical setting, we
will place the query before the prompt.1

1That is necessitated by the limited capacity of the state variables. As the model is fixed, in order to
increase the precision of the approximation, we can only increase the prompt length. If the prompt is before
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There are various neural network architectures that fall under the general framework of
Equation (5.1). The quintessential one is the RNN. It processes inputs one by one with only
a non-linear state being passed from one time step to the other. A model 𝑔 can thus be
stacked RNN layers, each one being:

𝒔𝑡 = 𝜎(𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃),
𝒚𝑡 = 𝜙(𝒔𝑡),

(Classic RNN) (5.2)

with 𝑨, 𝑩, 𝒃 and the initial state value 𝒔0 being model parameters, 𝜎 a non-linear activation
function and 𝜙 a multi-layer perceptron (MLP) with ReLU activations. We assume that 𝜎
is always a ReLU to keep the analysis simpler. The non-linearity in the state update can
make the model difficult to train due to vanishing and exploding gradients (Bengio et al.,
1994). Therefore, Linear RNNs have been proposed as regularizing the eigenvalues of 𝑨 can
stabilise the training dynamics (Orvieto et al., 2023). Linear RNNs also admit a convolutional
representation, making them trainable in parallel (Gu et al., 2021; Fu et al., 2023a). Linear
RNNs drop the non-linearity from the state update in Equation (5.2):

𝒔𝑡 = 𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃,

𝒚𝑡 = 𝜙(𝒔𝑡).
(Linear RNN) (5.3)

The fully linear state updates do not affect the expressivity of the models, as non-linear
activations are nevertheless present in the MLP layers 𝜙 between the linear state update
layers (Boyd and Chua, 1985; Wang and Xue, 2023). The state-of-the-art Linear RNN models
also utilise some form of multiplicative gating (Gu and Dao, 2023; De et al., 2024; Botev et al.,
2024). While specific implementations can differ, we can abstract it as the following Gated
Linear RNN architecture:

𝒔𝑡 = 𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃,

𝒚𝑡 = 𝛾(𝒙𝑡) ⊙ 𝜙(𝒔𝑡),
(Gated Linear RNN) (5.4)

with 𝛾 being another MLP and⊙ being the element-wise multiplication operation (Hadamard
product). Equation (5.4) encompasses a range of recently proposed models. For example,
one can show that any model consisting of 𝐿 stacked Gated Linear RNN layers, with 𝛾 and
𝜙 with 𝑘 layers, can be represented as a 𝐿(𝑘 + 2)-layer Hawk or Griffin model (De et al.,
2024). The conversions are described in detail in Appendix C.5. We can similarly add
multiplicative gating to the classic RNN architecture:

𝒔𝑡 = 𝜎(𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃),
𝒚𝑡 = 𝛾(𝒙𝑡) ⊙ 𝜙(𝒔𝑡),

(Gated RNN) (5.5)

the query, it would have to be compressed into a fixed-size state, limiting the approximation precision even
with increased prompt lengths. But if the query has a fixed size, it can be stored in a fixed-size state variable
exactly.



5.2. Preliminaries 63

Equation (5.5) may appear unusual but it is related to the well-known GRU (Cho et al.,
2014) and LSTM (Hochreiter and Schmidhuber, 1997) architectures. Same as the case with
Griffin/Hawk, any Gated RNN can be represented as a 𝐿(𝑘 + 2)-layer GRU or LSTM model
(details in Appendices C.3 and C.4). As a result, if there exists a Gated RNN model that is
a universal in-context approximator (which we later show to be the case), then there also
exist GRU and LSTM models with the same property.

All the models above can be boiled down to compositions of a few building blocks.
Namely, linear layers, ReLU activations, (non-)linear state updates and multiplicative oper-
ations (in the case of gated models). These four building blocks will be the primitives of
LSRL, the programming language we introduce in Section 5.3 as a tool to write programs
that directly compile to these architectures. In practice, a number of additional elements
might be present such as residual connections (He et al., 2016), positional embeddings (Su
et al., 2024) and normalisation layers (Ba et al., 2016; Zhang and Sennrich, 2019). However,
as these are not necessary for showing the in-context universal approximation abilities of
the four architectures above, we will not consider them in this work.

Theoretical understanding of in-context learning. Beyond the question of universal in-
context approximation, there have been attempts to theoretically understand in-context
learning from various perspectives. The ability to learn linear functions and perform opti-
mization in-context has been extensively explored in the context of linear regression (Garg
et al., 2022; Akyürek et al., 2022; von Oswald et al., 2023a; Fu et al., 2023b; Zhang et al., 2023;
Ahn et al., 2023), kernel regression (Han et al., 2023) and dynamical systems (Li et al., 2023).
Furthermore, studies have explored how in-context learning identifies and applies the ap-
propriate pretraining skill (Xie et al., 2021; Coda-Forno et al., 2023; Bai et al., 2023b). It has
also been shown that transformers can construct internal learning objectives and optimize
them during the forward pass (von Oswald et al., 2023b; Dai et al., 2023). However, these
studies almost exclusively focus on the transformer architecture, and the applicability of
their findings to fully recurrent models remains unclear.

Approximation theory. Let X and Y be normed vector spaces. Take a set of functions
C ⊆ YX from X to Y called a concept space. Take also a set of nicely behaved functions
H ⊂ YX, called hypothesis space. H could be any set that we have tools to construct
and analyse, e.g., all polynomials or all neural networks of a particular architectural type.
Approximation theory is concerned with how well functions in H approximate functions in
C. We say thatH universally approximatesC over a compact domainD (or thatH is dense inC)
if for every 𝑓 ∈ C and 𝜖 > 0 there exist a ℎ ∈ H such that sup𝒙∈D | 𝑓 (𝒙) − ℎ(𝒙)| ≤ 𝜖. There is
a long history of studying the concept class of continuous functions and hypothesis classes
of single hidden layer neural networks (Cybenko, 1989; Barron, 1993) or deeper models
(Hornik et al., 1989; Telgarsky, 2015). The concept class of sequence-to-sequence functions
has been shown to be universally approximated with the hypothesis classes of transformers
(Yun et al., 2020), RNNs (Schäfer and Zimmermann, 2007) and Linear RNNs (Wang and



64 Chapter 5. Universal In-Context Approx. by Prompting Fully Recurrent Models

Xue, 2023).
The hypothesis spaces in this work are different. The model is fixed and only the prompt

part of the input is changed, i.e., all learnable parameters are in the prompt. Take a recurrent
model 𝑔 as in Equation (5.1) with fixed model parameters and a query length 𝑛. The
hypothesis class is all functions that result by calling 𝑔 on the user query followed by the
prompt and taking the last 𝑛′ outputs:

HD𝑛

𝑔 = {(𝒒1, . . . , 𝒒𝑛) ↦→ 𝑔(𝒒1, . . . , 𝒒𝑛 , 𝒑1, . . . , 𝒑𝑁 )[-𝑛′:] | ∀𝒑𝑖 ∈ D , 𝑁 > 0}. (5.6)

The domain D of 𝒑𝑖 and 𝒒𝑖 can be continuous embeddings in R𝑑 or discrete tokens V =

{1, ..., 𝑉}.
Note that each ℎ ∈ H𝑔 is identified by a prompt (𝒑1, ..., 𝒑𝑁 ) but is a function with domain

all possible queries (𝒒1, ..., 𝒒𝑛). Therefore, finding a hypothesis ℎ ∈ H𝑔 that approximates a
target function 𝑓 is equivalent to finding the prompt of that hypothesis. The approximation
properties of H𝑔 in Equation (5.6) depend on the architecture of 𝑔, as well as its specific
parameters. This makes it challenging to do approximation in the context window. The
possibilities for interaction between the inputs are limited and the effects of the fixed model
weights can be difficult to study (Petrov et al., 2024c). To the best of our knowledge, this has
only been studied in the case where 𝑔 is a transformer model. Wang et al. (2023) showed
that in-context universal approximation is possible with a transformer by discretizing and
memorising all possible functions in the model weights, while, Petrov et al. (2024b) argue
that no memorisation is needed and that a transformer with 𝑛 + 2 layers can be a universal
approximator for sequence-to-sequence functions with input length 𝑛 with a prompt of
length O(𝜖−10−14𝑑−4𝑑2).

We study the recurrent architectures in Equations (5.2) to (5.5) and their ability to ap-
proximate continuous functions over real-valued vectors and to represent discrete maps
over tokens (which corresponds to how language models are used in practice). We consider
the following classes of functions. Cvec = (R𝑑out)[0,1]𝑑in contains all continuous functions from
the unit hypercube to R𝑑out , while Ctok = {ℎ ∈ (V𝑙)V𝑙 | ℎ causal} all causal functions from
𝑙 tokens to 𝑙 tokens. The hypothesis classes are Hvec(𝑔) corresponding to Equation (5.6)
with 𝐷 = [0, 1]𝑑in , 𝑛 = 𝑛′ = 1 and 𝑔 some fixed model of one of the four architectures in
Equations (5.2) to (5.5), and Htok(𝑔) with 𝐷 = V and 𝑛 = 𝑛′ = 𝑙.

5.3 Linear State Recurrent Language (LSRL)
We can construct the weights for universal in-context models with the architectures

in Equations (5.2) to (5.5) by hand but this is labour-intensive, error-prone, difficult to
interpret, and the specific weights would be architecture-dependent. Working at such a low
level of abstraction can also obfuscate common mechanisms and design patterns, making
it more difficult to appreciate both the capabilities and the constraints of fully recurrent
architectures. Instead, we propose a new programming language: Linear State Recurrent
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Figure 5.1: Compilation of an LSRL program to a Linear RNN. An example of a simple
LSRL program that takes a sequence of 0s and 1s as an input and outputs 1 if there have been
more 1s than 0s and 0 otherwise. The LSRL compiler follows the rules in Appendix C.1
to simplify the computation DAG into a path graph. The resulting path graph can be
represented as a Linear RNN with one layer.

1 ForEach:
2 input = Input(dim=1)

3 ctr1s=LinState(input,
4 A=[[1]], B=[[1]],
5 init_state=[[0]])

6 # equivalent to 1-input
7 is_zero = f_not(input)
8 ctr0s = LinState(is_zero,
9 A=[[1]], B=[[1]],
10 init_state=[[0]])

11 # equivalent to f_step(ctr1s-ctr0s)
12 output=f_larger(ctr1s,ctr0s,mu=10)
13 return output

Language (LSRL).2 LSRL programs compile to the four architectures in Equations (5.2) to (5.5).
Conversely, any Linear RNN can be represented as an LSRL program, making LSRL a
versatile tool for studying the capabilities of recurrent models. Later, in Sections 5.4 to 5.6
we make use of LSRL to develop programs that are universal approximators for Cvec and
Ctok, thus showing that all four architectures can be universal in-context approximators.

LSRL syntax. An LSRL program specifies how a single element is processed and how the
recurrent states are updated for the next element. LSRL programs always start with an
Input(𝒙) = 𝒙 with an 𝒙 of a fixed dimension. Only one Input can be declared in a program.
Linear layers and ReLUs are also supported: Lin[𝑨, 𝒃](𝒙) := 𝑨𝒙 + 𝒃, ReLU(𝒙) := max(0, 𝒙).
The unique component of LSRL, however, is its LinState operation implementing the linear
state update in Linear RNNs (Equation (5.3)): LinState[𝑨, 𝑩, 𝒃, 𝒔0](𝒙𝑡) := 𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃,
where the state 𝒔𝑡−1 is the output of the call this node at step 𝑡 − 1. LinState is the only
way information can be passed from previous tokens to the current one. We also pro-
vide a Concat operation that combines variables: Concat(𝒙 , 𝒚) := (𝒙1, ..., 𝒙|𝒙|, 𝒚1, ..., 𝒚|𝒚|).
Finally, to support gating architectures we also implement a rudimentary Multi opera-
tion that splits its input into two sub-arrays and returns their element-wise multiplication:
Multi(𝒙) := 𝒙[ : |𝒙|/2] ⊙ 𝒙[|𝒙|/2 : ]. Naturally, Multi requires that 𝒙 has even length. These
six operations can be composed into a direct acyclic graph (DAG) with a single source node
(the Input variable) and a single sink node (marked with a return statement).

2Our implementation of LSRL is available at https://github.com/AleksandarPetrov/LSRL

https://github.com/AleksandarPetrov/LSRL
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Such a program operates over a single token 𝒙𝑡 passed to Input, while a recurrent model
needs to operate over sequences. Thus, we wrap the program into a ForEach loop that
passes each element individually for the DAG to output a variable denoted by a return
clause. Each element is processed by the exact same program, with the only difference
being that the state of the LinState variables is changing between iterations. You can see
an example of a small LSRL program in Figure 5.1.

Expressiveness limitations. ForEach does not behave like the typical for loop: only the
states are accessible between iterations, i.e., you cannot use the output of a linear layer at step
𝑡 in any computation at step 𝑡 + 1. Furthermore, as the program is a DAG and only states of
LinState nodes are passed between iterations, variables computed in latter operations of a
previous time step are not accessible as inputs in earlier layers (with respect to the topological
sorting of the computation graph). This leads to a key programming paradigm in LSRL: a
LinState update cannot depend non-linearly on its own state. That includes it depending
on a variable that depends on the LinState itself and conditional updates to the state.
Such a dependency would break the DAG property of the program.3 This poses serious
limitations on what algorithms can be expressed in a Linear RNN and makes programming
them challenging. Still, in Section 5.4 we show how carefully constructing state updates and
auxiliary variables nevertheless allows to program some limited conditional behaviours.

Compilation. Any LSRL program without Multi nodes can be compiled to a Linear RNN
(Equation (5.3)) or to a RNN (Equation (5.2)). If the program has Multi nodes, then it
cannot be compiled to a Linear RNN as the multiplicative gating cannot be implemented
exactly. However, it can be compiled to a Gated Linear RNN. To compile an LSRL program
to a Linear (Gated) RNN, we first parse the program to build a computation graph. This
is a DAG with a single source (the Input node) and a single sink (the return statement of
the ForEach loop). At the same time, a Linear (Gated) RNN can be represented as a path
graph (no branching) with the six basic operations as nodes. Therefore, the compilation
step needs to transform this DAG into a path graph. We achieve that by iterativly collapsing
the first branching point into a single node. The exact rules that achieve that are described
in Appendix C.1. Later, in Section 5.6, we will show how any Linear (Gated) RNN can be
converted into a non-linear (Gated) RNN, hence, how we can compile LSRL programs to
these architectures as well.

Syntactic sugar. To make programming easier, we define several convenience functions.
For instance, we can Slice variables 𝒙[𝑙:𝑢] via sparse Lin layers. We can also sum
variables and element-wise multiplication with scalars (implemented as Lin layers). For
logical operations we also need step functions which can be approximated with ReLUs:
f_step[𝜇](𝒙) := ReLU(𝜇𝒙) − 𝜇ReLU(𝒙 − 1/𝜇), where 𝜇 is a positive constant controlling the

3For example, we cannot implement an operation that adds one to the state and squares it at each time step:
𝑠𝑡+1 = (𝑠𝑡 + 1)2, or an operation that performs conditional assignment scuh as 𝑠𝑡+1 = 0 if (𝑠𝑡 > 5) else 𝑠𝑡 .
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quality of the approximation. We can also approximate bump functions (1 between 𝑙 and 𝑢
and 0 otherwise): f_bump[𝒍 , 𝒖 , 𝜇](𝒙) := f_step[𝜇](𝒙 − 𝒍) − f_step[𝜇](𝒙 − 𝒖). Similarly, we
can approximate conjunction (f_and), disjunction (f_or), negation (f_not), and comparison
operators (f_larger and f_smaller). See Appendix C.6 for the definitions.

Critically, we need also a conditional operator that assigns a value t(𝒙) if a certain
condition is met and another value f(𝒙) otherwise. One way to implement this is:

f_ifelse[cond, t, f,𝜆](𝒙) := ReLU(-𝜆 cond(𝒙)+f(𝒙)) + ReLU(-𝜆 f_not(cond(𝒙))+t(𝒙))
− ReLU(-𝜆 cond(𝒙)-f(𝒙)) − ReLU(-𝜆 f_not(cond(𝒙))-t(𝒙)),

(5.7)
where 𝜆 is a constant that is larger than any absolute value that t(𝒙) and f(𝒙) can attain.
This construction, however, is not numerically stable (consider if cond(𝒙) is not exactly 0 but
a small positive number) and we will study alternatives in Section 5.5. We provide both
numerical (SciPy.sparse, Virtanen et al. 2020) and symbolic (SymPy, Meurer et al. 2017)
backends with the second being crucial for programs that are not numerically stable.

Constant and dynamic variables. It is important also to distinguish between variables
which can be dynamically assigned and such that must by “baked in” the model weights
and be constant. Some operations can only be performed when one of the operands is a
constant. For example, with a Linear RNN we cannot exactly compute the product of two
variables —such as Lin[𝑨1, 𝒃1](𝒙) ⊙ Lin[𝑨2, 𝒃2](𝒙)— but we can compute a product with a
fixed vector Lin[𝑨1, 𝒃1](𝒙) ⊙ 𝒗. This is also why 𝜆 in Equation (5.7) cannot be dynamically
computed depending on the input 𝒙. This is not the case for the gated architectures, where
variable product is possible, something we will leverage to construct more numerically
stable conditional operators in Section 5.5.

Prior work on encoding algorithms in model weights. A similar approach to developing
a programming language that compiles to model weights was already done for the trans-
former architecture with the RASP language (Weiss et al., 2021) and the Tracr compiler
(Lindner et al., 2023). They were predominantly created as a tool for interpretability re-
search. In a sense, RASP is to a transformer as LSRL is to a (Linear) (Gated) RNN. Hence,
LSRL can be used to develop benchmarks for interpretability methods for fully-recurrent
architectures. However, while RASP can only express a subset of transformer models, LSRL
is isomorphic to the set of all (Gated) Linear RNNs (though not to the non-linear ones). That
means that any (Gated) Linear RNN can be represented and analysed as an LSRL program
and vice versa. Hence, the limitations of what you can express in LSRL are also limitations
of what a Linear (Gated) RNN can do. Namely: (i) we cannot have exact multiplicative
interactions between inputs without multiplicative gates, and (ii) we cannot have state vari-
able updates depending non-linearly on their previous iterations or in any way on a variable
that depends on them.
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1 ForEach:
2 input = Input(dim=1+d_in+d_out)

3 # counter needed to know whether we are looking at the query or the prompt
4 const_1 = f_constant(input, 1)
5 counter_vector = LinState(input=const_1, A=ones(d_in,d_in), B=ones(d_in,1), init_state=zeros(d_in

,1))

6 # copy the query in a state (only when the counter is 1)
7 q_update = f_ifelse(cond=f_smaller(counter_vector , 1.5), t=input[: d_in], f=input[: d_in]*0)
8 q = LinState(input=q_update, A=eye(d_in), B=eye(d_in), init_state=zeros(d_in,1))

9 # the following operations will only change the output when counter > 1
10 # the step size is the first element of every prompt element
11 step_size = Linear(input=input[0], A=ones(d_in,1), b=zeros(d_in,1))

12 # using it we can compute the upper bounds of the current prompt cell
13 lb = input[1 : 1 + d_in]
14 ub = lb + step_size

15 # now check if q is in this cell (the bump should be 1 on all dimensions)
16 q_in_bump_componentwise = f_bump(q, lb, ub)
17 bump_sum = Linear(input=q_in_bump_componentwise , A=ones(1,d_in), b=zeros(1,1))
18 in_cell = f_larger(bump_sum , d_in - 0.5)
19 in_and_processing = f_and(in_cell, f_larger(counter, 0.5))

20 # if counter >1 and this cell contains q, add the value to the output state
21 update = f_ifelse(cond=f_larger(in_and_processing ,0.5), t=input[-d_out:], f=input[-d_out:]*0)
22 y = LinState(input=update, A=eye(d_out), B=eye(d_out), init_state=zeros(d_out ,1))
23 return y

Listing 1: LSRL program for universal approximation in-context for continuous functions.
The inputs are 𝒒 = [𝒒′⊤, 0⊤

𝑑out+1]⊤ with 𝒒′ ∈ [0, 1]𝑑in being the query value at which we want
to evaluate the function, then followed by prompts describing the target function as in
Equation (5.8).

5.4 Universal in-context approximation with Linear RNNs
Now that we are equipped with LSRL, we can proceed to building LSRL programs that are
universal in-context approximators. We will describe two programs: one for approximating
continuous functions (Cvec), and one for approximating maps between token sequences
(Ctok). Formally, we construct a model 𝑔vec of the Linear RNN architecture (Equation (5.3))
such that Hvec(𝑔vec) is dense in Cvec and a model 𝑔tok such that Htok(𝑔tok) is dense in Ctok.

5.4.1 Approximating continuous functions in Cvec

The idea behind the approximation for continuous functions is to discretise the domain
into a grid and approximate the function as constant in each cell of the grid. This tech-
nique is commonly used for showing universal approximation using the step activation
function (Blum and Li, 1991; Scarselli and Tsoi, 1998). However, it is not obvious how
to implement this approach in-context when information across input tokens can be only
combined linearly. Consider a target function 𝑓 : [0, 1]𝑑in→[0, 1]𝑑out and a discretization step
𝛿. Our approach is to describe the value of 𝑓 in each of the discretization cells as a single
prompt token. For the cell with lower bounds 𝑙1, . . . , 𝑙𝑑in and their respective upper bounds
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Figure 5.2: Intuition behind the LSRL program for universal in-context approximation
for continuous functions in Listing 1. Our target function 𝑓 has input dimension 𝑑in = 2
and output dimension 𝑑out = 1. Each input dimension is split into two parts, hence 𝛿 = 1/2.
We illustrated an example input sequence of length 5: one for the query and four for the
prompt tokens corresponding to each of the discretisation cells. The query (𝑞1, 𝑞2) falls in
the cell corresponding to the third prompt token. We show how the two LinState variables
in the program are updated after each step. Most notably, how the state holding the output
y is updated after 𝒑3 is processed.

𝑙1+𝛿, ..., 𝑙𝑑in+𝛿, the corresponding prompt token is a (𝑑in+𝑑out+1)-dimensional vector:

𝒑 = [𝛿, 𝑙1, . . . , 𝑙𝑑in , 𝒚̄1, . . . 𝒚̄𝑑out]⊤, (5.8)

where 𝒚̄ is the value of 𝑓 at the centre of that cell: 𝒚̄ = 𝑓 (𝑙1+𝛿/2, ..., 𝑙𝑑in+𝛿/2). Each prompt
token describes the size of the cell (the discretisation step 𝛿), its starting lower bound, and
the value of the target function at the centre of the cell. Thus, ⌈1/𝛿⌉𝑑in such tokens, one for
each cell, are sufficient to describe the piece-wise constant approximation of 𝑓 . A query
𝒒′ ∈ [0, 1]𝑑in can fall in only one of the cells. We pad it with zeros and encode it as the first
input element: 𝒒 = [𝒒′⊤, 0⊤

𝑑out+1]⊤, followed by the prompt. Our program will extract and
save 𝒒′ to a state and then process the prompt tokens one at a time until it finds the one whose
cell contains 𝒒′. The target function value for this cell will be added to an accumulator state.
If the current cell does not contain 𝒒′, then 0 is instead added.‘ Hence, the accumulator’s
final value corresponds to the value of 𝑓 at the centre of the cell containing 𝒒′. The full
LSRL program is provided in Listing 1 and an illustration for 𝑑in = 2, 𝑑out = 1, 𝛿 = 1/2 is
shown in Figure 5.2. The prompt length required to approximate an 𝐿-Lipschitz function
𝑓 (w.r.t. the ℓ2 norm) to precision 𝜖 is 𝑁 = (2𝜖/𝐿√𝑑in)−𝑑in = O(𝜖−𝑑in) (see Appendix C.2 for
the proof). Asymptotically, this is as good as one can hope without further assumptions on
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all_matching 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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query prompt
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Figure 5.3: Intuition behind the LSRL program for universal in-context approximation
for discrete functions in Listing 2. Our keys and values have length 𝑛=3 and represent
countries and capitals, e.g., AUStria↦→VIEnna, BULgaria↦→SOFia, and so on. The query is
CAN for Canada and the final 𝑛 outputs are OTT (Ottawa). We show the values of some
of the variables in Listing 2 at each step, with the LinState variables being marked with
arrows. For cleaner presentation we are tokenizing letters as 0 ↦→?, 1 ↦→A, 2↦→B, etc. Vertical
separators are for illustration purposes only.

the target function. This is also better than the best known result for the same problem for
transformers: O(𝜖−10−14𝑑in−4𝑑2

in) in Petrov et al. 2024b.
The LSRL program in Listing 1 also allows us to perform streaming universal in-context

approximation for free. As the discretization step 𝛿 is not hard-coded in the model, we
can first provide prompts at a coarse grid and then iteratively add prompts at increasingly
finer grids, each providing a correction of the estimate of the previous one. Thus, if the
computation is interrupted, or a compute budget is reached, our model will still output the
best approximation of the target function for this budget.

5.4.2 Approximating functions over token sequences in Ctok

Section 5.4.1 focused on continuous functions but recurrent architectures are often used to
model natural language whose domain is tokens. Thus, we also look at modelling maps over
a discrete domain. Any function from 𝑛 tokens to 𝑛 tokens taking values in V = {1, . . . , 𝑉}
can be represented as a dictionary whose keys and values are in V𝑛 . Therefore, a simple
way to represent this function in-context is to first provide the 𝑛 tokens corresponding to the
query and then a sequence of 2𝑛 tokens corresponding to key and value pairs (see Figure 5.3
for an illustration of the setup). The model stores the query in a state and processes the
key-value pairs one by one by comparing the key (the first 𝑛 tokens) with the query. If they
match, then the value (the next 𝑛 tokens) is copied into a state that keeps it and repeatedly
outputs it. This continues until the end of the prompt, at which point the last 𝑛 outputted
tokens will be the value corresponding to the key matching the query. This is essentially
a dictionary lookup. However, as shown in Listing 2, implementing dictionary lookup
in a linear recurrent model is much less straightforward than executing dict[key] in a
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general-purpose programming language.
Listing 2 can appear daunting at first so we would like to clarify the non-trivial aspects.

First, we need to count how far we are into every set of 𝑛 or 2𝑛 tokens. This can be done with
mod 𝑛 and mod 2𝑛 operations but implementing modulo for arbitrary large inputs is not
possible with ReLUMLPs (Ziyin et al., 2020). Therefore, we implement this with LinState
as f_modulo_counterwhich has a unit-length state that is rotated 1/𝑛 or 1/2𝑛 revolutions per
iteration, with the angle corresponding to the modulo value (Appendix C.6.7). Second, we
need to do dynamic indexing to copy the 𝑖-th input in a subsequence to the 𝑖-th element of
a state and vice-versa. Dynamic indexing, however, cannot be succinctly represented in a
Linear RNN. We work around this with temporary variables that are non-zero only at the
𝑖-th coordinates (see Lines 16, 17, 19, 20, 32 to 35, 37 and 38). Finally, in order to compare
whether all 𝑛 elements in the query and the key match, we need to remember whether
the previous 𝑛 pairs were matching. As RNNs do not have attention, we implement this
short-term memory buffer as a LinStatewith a shift matrix (Line 23).

5.5 Stable universal in-context approximation with Gated
Linear RNNs

The ReLU-based conditional operator is not numerically stable. The LSRL programs
in Listings 1 and 2 for approximating functions in respectively Cvec and Ctok rely on the
f_ifelse conditional assignment operator in Equation (5.7) in order to implement different
behaviours depending on whether we are processing the query or specific parts of the
prompt. This operator is not numerically stable. The first term in Equation (5.7) relies
on cond(𝒙) being exactly zero if the condition is not met. In this way, multiplying it
with −𝜆 would be 0 and f(𝒙) would be returned. However, if cond(𝒙) is not identically
0 but has a small positive value, then −𝜆cond(𝒙) can “overpower” f(𝒙) resulting in the
ReLU output being 0. In our experience, this is not a problem when processing inputs
through the LSRL program step-by-step. However, de-branching the DAG into a path
graph —which is necessary in order to uncover the equivalent Linear RNN— appears
to introduce such numerical instabilities which occasionally result in wrong outputs as
conditional assignments will be 0 when they should not. This problem is more prominent
in Listing 2 which is longer (more debranching steps) and has more f_ifelse operations:
it gets most tokens wrong because of that instability (see Original, No noise in Figure 5.4). To
this end, we support LSRL with a symbolic backend (based on SymPy) that performs the
debranching steps exactly. Using it, both programs always produce the correct output.

This numerical instability highlights a critical practical limitation of the universal ap-
proximation results in Section 5.4: if the models are not numerically stable, it is unlikely
that they occur in practice by training models using gradient descent. This section shows
how to improve the numerical stability of Equation (5.7) and obtain more realistic recurrent
models that are universal approximators in-context.
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Implementing f_ifelse with MLPs. As LSRL allows us to express arbitrary MLPs and
MLPs can approximate any continuous function, it is tempting to replace Equation (5.7)
with a deep MLP model. However, such implementation would also not be exact, which
can cause problems when composing such logical operations. For this reason, and for
compactness of the resulting compiled model, we do not consider deeper implementations
of f_ifelse.

Removing unnecessary terms in Equation (5.7). Equation (5.7) has 4 separate ReLU terms.
The first two handle the cases when t(𝒙) and f(𝒙) are positive and the second two when
they are negative. Therefore, if we know that one or both of these will always be non-
negative, we can drop the corresponding terms. This is especially useful for Listing 2,
approximating Ctok, as it exclusively uses non-negative values (counters, mode switches
and token values). Additionally, if f(𝒙) is always 0, then the first and third terms can be
safely dropped. Similarly, the second and fourth are unnecessary if f(𝒙) ≡ 0. All f_ifelse
in Listings 1 and 2 fall in this case and hence can be simplified. We will refer to this f_ifelse
implementation that is aware of the attainable values of t(𝒙) and f(𝒙) as optimized. As it
reduces the number of numerically unstable ReLU operations in the model, we expect that it
will improve the stability of the compiled models. We experimented with adding various
levels of noise to the non-zero model parameters, and, as the results in Figure 5.4 show,
optimized is indeed more numerically robust than original.

Step-based implementation. We can get rid of the input sensitivity of Equation (5.7) using
f_step:

f_ifelse[cond, t, f,𝜆](𝒙) := ReLU(−𝜆 + 𝜆f_step(1/2 − cond(𝒙)) + f(𝒙))
+ ReLU(−𝜆 + 𝜆f_step(cond(𝒙) − 1/2) + t(𝒙))
− ReLU(−𝜆 + 𝜆f_step(1/2 − cond(𝒙)) − f(𝒙))
− ReLU(−𝜆 + 𝜆f_step(cond(𝒙) − 1/2) − t(𝒙)).

(5.9)

We can also apply the optimisation strategy here. While this implementation is robust to
noise in the input it appears to be more sensitive to parameter noise, as shown in Figure 5.4.

Numerically stable f_ifelsewith multiplicative gates. Removing the unused ReLU terms
in the original f_ifelse reduces the opportunities for numerical precision issues to creep
in but does not solve the underlying problem. The multiplicative gating present in the
Linear Gated RNN (Equation (5.4)) and Gated RNN models (Equation (5.5)) can help via
implementing a numerically stable conditional operator:

f_ifelse[cond, t, f](𝒙) := cond(𝒙) ⊙ t(𝒙) + f_not(cond(𝒙)) ⊙ f(𝒙), (5.10)

where the element-wise product is implemented in LSRL with Concat and Multi. We
will refer to the implementation of f_ifelse in Equation (5.10) as multiplicative. Sim-
ilarly to original implementation of f_ifelse in Equation (5.7), we can drop the t(𝒙) and
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Figure 5.4: Robustness of the various f_ifelse implementations to model parameter
noise. We show how the performance of the two universal approximation programs in List-
ings 1 and 2 deteriorates as we add Gaussian noise of various magnitudes to the non-zero
weights of the resulting compiled models. As expected, the original f_ifelse implementa-
tion in Equation (5.7) exhibits numerical precision errors at the lowest noise magnitude. For
the token sequence case, numerical precision errors are present in all samples even in the
no-noise setting. Hence, the original f_ifelse implementation is less numerically robust
while the implementations with multiplicative gating are the most robust. For Listing 1
(approximating Cvec) we report the Euclidean distance between the target function value
and the estimated one over 10 queries for 25 target functions. For Listing 2 we report the
percentage of wrong token predictions over 5 queries for 25 dictionary maps. Lower values
are better in both cases.

f(𝒙) term if they are equal to zero (multiplicative optimized). If cond(𝒙) is not exactly
zero, cond(𝒙) ⊙ t(𝒙) will result in a small error to the output but, in contrast to the orig-
inal implementation, is not going to cause a discontinuity in the output of the operation.
Therefore, Equation (5.10) should be more robust to numerical precision issues than Equa-
tion (5.7). Figure 5.4 shows that this is the case in practice with Listings 1 and 2 being more
robust to parameter noise when using multiplicative gates compared to the ReLU-based
implementations. Therefore, Linear Gated RNNs (Equation (5.4)) —to which models with
multiplicative gates can be compiled— are more likely than Linear RNNs (Equation (5.3))
to exhibit universal approximation properties in practice.

Stability benefits of multiplicative gating in recurrent models has been previously shown
in the context of deterministic finite-state automata (Omlin and Giles, 1996). Beyond more
stable conditional operators, multiplicative gating also results in strictly more expressive
models than models with only element-wise nonlinearities (Jayakumar et al., 2020).
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5.6 Universal in-context approximation with non-linear
(Gated) RNNs

Sections 5.4 and 5.5 showed how universal approximation of continuous and token-to-token
functions can be implemented in LSRL and compiled to respectively Linear RNNs and Linear
Gated RNNs. This section aims to address the situation with non-linear state updates, that
is, the cases of classic and gated RNNs (Equations (5.2) and (5.5)). Concretely, we show
how every linear (Gated) RNN can be converted to a non-linear (Gated) RNN. Thus, we can
compile any LSRL program (including Listings 1 and 2) also to an RNN (if it has no Multi
operations) or a Gated RNN.

The key idea is that the ReLU applied to the state updates in the non-linear architectures
is an identity operation if its inputs are positive. Hence, we can split the states in positive
and negative components, flip the sign of the negative component, pass them separately
through the ReLU—which will act as an identity as all elements will be non-negative— and
then fuse the positive and negative components back together in the 𝑨 matrix at the next
time step. Formally, we can convert a Linear RNN state update into a classic RNN state
update as following:

𝒔𝑡 = 𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃

𝒚𝑡 = 𝜙(𝒔𝑡).
≡

[
𝒔+𝑡
𝒔−𝑡

]
= ReLU

( [
𝑨 −𝑨

−𝑨 𝑨

] [
𝒔+𝑡
𝒔−𝑡

]
+

[
𝑩

−𝑩

]
𝒙𝑡 +

[
𝒃

−𝒃

] )
𝒚𝑡 = 𝜙

( [
𝑰 −𝑰

] [
𝒔+𝑡
𝒔−𝑡

] )
.

(5.11)

Another way to look at this is by recognizing that an RNN is equivalent to a Linear RNN
with the exact same weights if the states are always non-negative. Hence, all we need is a
trick to ensure the states are non-negative. This approach works just as well for the Gated
RNNs as the gating and the state updates are independent from one another.

Using Equation (5.11) we can compile any LSRL program to an RNN (Equation (5.2))
or a Gated RNN (Equation (5.5)). This includes Listings 1 and 2. Hence, RNNs and
Gated RNNs can be universal in-context approximators for continuous and token-to-token
functions. As any Gated RNN can be represented as a GRU model (Appendix C.3) or an
LSTM (Appendix C.4), these models are too universal in-context approximators. The same
numerical stability issues discussed in Section 5.5 apply here and as a result, universal
approximation capabilities are probably more likely to occur in Gated RNNs than in RNNs.

5.7 Discussion and conclusions
We developed LSRL: a programming language for specifying programs expressible with
recurrent neural architectures. We then used LSRL to show that various architectures
—from the humble RNN to the state-of-the-art Linear Gated RNNs— can all be universal
approximators in-context. That is, there exist fixed models with these architectures which can
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be prompted to act as any token-to-token function or approximate any continuous function
to an arbitrary precision. These results do not assume infinite precision or exponential
hidden state sizes. The hidden state sizes of our constructions are also independent of the
target precision (in the continuous setting) or the key-value dictionary size (in the discrete
setting).

Comparison with the transformer architecture. Contemporary Linear RNNs attempt to
challenge the dominant role of the transformer architecture. At the same time, our under-
standing of their in-context abilities is significantly lacking behind that of the transformer.
This work makes an important contribution to this problem: we showed that Linear SSMs
are not only universal in-context approximators but are potentially require shorter prompts
than transformers (O(𝜖−𝑑in) vs O(𝜖−10−14𝑑in−4𝑑2

in) from Petrov et al. 2024b). That approach
also relies on the Kolmogorov-Arnold representation theorem (Kolmogorov, 1957) which is
notoriously unlikely to be useful in practice (Girosi and Poggio, 1989). Our constructions
are much simpler, especially in the token-to-token case.

Ability of models to implement algorithms. There has been a lot of attention on evaluating
how well models can execute various algorithms (Giannou et al., 2023; La Malfa et al., 2024;
Sanford et al., 2024). These abilities are fundamentally limited to how many basic operations
a model can do in a single forward pass. Our results indicate that this might be architecture
dependent and that multiplicative gating might be much more efficient for implementing
logic operations at the core of many algorithms. Hence, it might be possible that more
complex logic programs could be expressed with the same number of parameters if one
uses an architecture with multiplicative gating.

Safety and security implications. If a model can be prompted to approximate any func-
tion, then preventing it from exhibiting undesirable behaviours (i.e., alignment) might be
fundamentally impossible. On the flip side, recently, methods for improving the safety
of transformers using interpretability approaches have been proposed (Conmy et al., 2023;
Geiger et al., 2024). The success of interpretability techniques is difficult to assess though.
To assist with that, benchmarks of models with known behaviours can be developed. RASP
has already been used to evaluate transformer interpretability methods (Friedman et al., 2023;
Zhou et al., 2024). However, interpretability tools for fully recurrent models are significantly
lagging behind the ones for transformers. Therefore, we hope that LSRL can be helpful for
designing interpretability benchmarks for fully recurrent models, similarly to how RASP
has contributed to understanding transformer models.

Limitations. In this work we provide constructive existence results: that is, we show that
there can exist models with various recurrent architectures that are universal in-context
approximators. However, the present theory is not sufficient to analyse whether a given
model has this property. That is a much more difficult question that would require a very



76 Chapter 5. Universal In-Context Approx. by Prompting Fully Recurrent Models

different approach. We also assume no restrictions on the 𝑨 matrix in the state update
equations. However, many state-of-the-art models impose structural constraints on 𝑨 (e.g.,
it being diagonal) for the sake of fast training and inference (Gu et al., 2020, 2021; Gupta
et al., 2022). It is not directly obvious whether such structural restrictions would affect the
universal in-context approximation abilities of these architectures. In practice, however, the
compiled matrices are very sparse and often diagonal. Therefore, it is highly likely that our
results translate to models with structural restrictions.
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1 ForEach:
2 input = Input(dim=1)

3 # counter needed to know whether we are looking at the query or the prompt
4 const_1 = f_constant(input, 1)
5 global_ctr = LinState(input=const_1, A=[[1]], B=[[1]], init_state=[[-1]])

6 # counters mod[n] and mod[2n]
7 mod_n_ctr = f_modulo_counter(input, n)
8 mod_2n_ctr = f_modulo_counter(input, 2*n)

9 # which mode are we in (looking at the query, comparing query with key, or copying value to state)
10 is_prompt = f_larger(global_ctr , n-0.5)
11 is_compare_mode = f_larger(mod_2n_ctr , n-0.5)
12 is_copy_mode = f_and(is_prompt , f_not(is_compare_mode))
13 is_first_token_for_copy = f_and(is_copy_mode ,f_smaller(mod_n_ctr , 0.5))

14 # update the state holding the query if this is one of the first n tokens
15 tq=f_ifelse(f_smaller(is_prompt , 0.5), t=input, f=input*0)
16 tqs=[f_ifelse(f_and(f_larger(mod_n_ctr ,i-0.5), f_smaller(mod_n_ctr ,i+0.5)),t=tq,f=tq*0) for i in

1..n]
17 q = LinState(input=Concat(tqs), A=eye(n), B=eye(n), init_state=zeros(n,1)) # query

18 # if we are in compare mode (looking at keys), check if this token matches the corresponding one in
the query

19 qs=[f_ifelse(f_and(f_larger(mod_n_ctr ,i-0.5),f_smaller(mod_n_ctr ,i+0.5)),t=q[i],f=q[i]*0) for i in
1..n]

20 cor_q_el = Linear(input=Concat(qs), A=ones(1,n), b=zeros(1,1))
21 matching = f_and(f_and(f_larger(input, cor_q_el -0.5),f_smaller(input, cor_q_el+0.5)),

is_compare_mode)

22 # keep a buffer of the last last n+1 match values, the +1 because we can only read the buffer after
writing

23 buffer = LinState(input=matching, A=shift_matrix , B=[[0] for _ in 1..n], [[1]]), init_state=zeros(n
+1,1))

24 buffer_sum = Linear(input=buffer, A=[[1 for _ in 1..n], [0]], b=zeros(1, 1))
25 all_matching = f_larger(buffer_sum , n-0.5)

26 # if all are matching and it’s the first token in the value part of the (key, value) pair, then
mark this as the iterations when we start copying to state

27 matching_and_first_for_copy = f_and(all_matching , is_first_token_for_copy)
28 t_started_on_update = f_ifelse(matching_and_first_for_copy ,t=global_ctr , f=global_ctr*0)
29 started_on = LinState(input=t_started_on_update , A=eye(1), B=eye(1), init_state=zeros(1, 1))

30 # copying to state for n iterations after started_on
31 copy_and_on = f_and(is_copy_mode , f_smaller(global_ctr , started_on+n))
32 mod_n_eq_i = [ f_and(f_larger(mod_n_ctr ,i-0.5), f_smaller(mod_n_ctr ,i+0.5)) for i in 1..n ]
33 t_updates_should_update = [f_and(copy_and_on , mod_n_eq_i[i]) for i in 1..n]
34 t_updates = [f_ifelse(f_larger(t_updates_should_update[i], 0.5), t=input, f=input*0) for i in 1..n]
35 output_regs = [LinState(input=update, A=eye(1), B=eye(1), init_state=zeros(1,1)) for update in

t_updates]

36 # finally, read out the value from the corresponding output register in order to output from the
model

37 t_outputs = [f_ifelse(f_larger(mod_n_eq_i[i], 0.5), t=output_regs[i], f=output_regs[i]*0) for i in
1..n]

38 return Linear(input=Concat(t_outputs), A=ones(1,n), b=zeros(1,1))

Listing 2: LSRL program for universal in-context approximation of discrete functions.
The inputs are 𝒒1, ..., 𝒒𝑛 (the query tokens), followed by pairs of keys and values from the
map we are approximating. The last 𝑛 outputs are the value corresponding to the key
matching the query.





Chapter 6

Conclusions and Outlook

Roughly a year into my DPhil, amidst the whirlwind of developments in machine learning,
this thesis started to take shape around a central question: what are the powers and the
limitations of pretrained sequence-to-sequence models. The emergence of zero-shot capa-
bilities in large language models —and the accompanying rise of prompting as a paradigm—
raised fundamental questions about what these systems can and cannot achieve. The theo-
retical lens of choice for this thesis was universal approximation: a classic tool for assessing
a model’s expressive capacity. We had to adapt this setup for the new paradigm of in-
context learning, which resulted in the introduction of the concept of universal in-context
approximation.

Although other approaches (such as analyzing formal language recognition) do exist,
there are compelling reasons we focused on universal approximation. First, establishing
universal approximation properties is a canonical way to support the choice of a neural
network model architecture and a first line of defense against its detractors. And yet, it was
not clear how in-context learning fits with the existing universal approximation literature.
After all, classic results assume learnable parameters, which prompting explicitly avoids.
Deep down, we suspected that prompting had limits: that there are problems one simply
cannot solve without modifying the model itself. Perhaps it was part skepticism, part
existential dread, and part empirical grounding: our first paper showed that prompting
cannot match the flexibility of fine-tuning, at least for a single attention layer. Given our
goal of proving a limitation, showing the absence of universal approximation seemed like a
definitive way to make the case. As the reader knows by now, the punchline is a twist: we
did not find a limitation. Instead, we found universality across all the major sequence-to-
sequence architectures.

A natural question that follows our results is: what does all this mean for real-world
models? Is one’s favourite model a universal in-context approximator and what would that
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mean? Unfortunately, that question is considerably harder to answer. In this work, as in
most of the follow-up literature and the related studies on computational classes, we take a
proof by construction approach: we explicitly build model weights that exhibit the desired
universal behavior. However, the weights we select are highly structured and unlikely to
arise through gradient descent under typical regularization, normalization, or real-world
training data. So while we prove that such weights exist, this tells us little about whether a
given model’s weights actually have these properties.

Answering the second question is both more compelling and considerably more diffi-
cult. In principle, one might analyze whether the weights of a real attention layer could
be mapped to our constructions via some linear transformation. But this idea quickly
runs into practical complications. For one, real-world transformers have multiple attention
heads, often employing grouped or sparse attention mechanisms. Depending on the specific
implementation, this can cause the effective key and query matrices to be rank-deficient,
though not necessarily so. Then, there are all the other structural details: residual con-
nections, normalization layers (LayerNorm or RMSNorm), BOS tokens, input embeddings,
nonlinearities, and so on.

Strict universality is a high bar, and I suspect even the best pretrained models fall short
of it in practice. That is, one can likely find a target function that no prompt can cause
that model to approximate. But this does not mean they are not useful—far from it. These
models still approximate a wide range of practically important functions. So it may be
more appropriate to study whether models can approximate a narrower, more realistic set
of functions. The problem, of course, is that we do not know what that function class should
be. If we did, we would not be building language models in the first place. This points to
a broader tension typical of deep learning theory: the gap between theoretical expressivity
and practical learnability may not be easily bridged.

One further complication involves numerical precision: our results assume arbitrary-
precision arithmetic, which we cannot depend on in practical deployments. Consequently,
even if we baked the weights we pick into a model and run it on a computer, it will fail to
reach arbitrary precision for really long inputs. This limitation is not unique to our work:
it is a common caveat for most universal approximation results. Our work with recurrent
models, especially Linear RNNs, revealed just how sensitive these constructions are. When
multiplicative gating was not available, floating-point error during both compilation and
execution forced us to design a symbolic backend to operate on exact algebraic forms instead.

A concern raised by our findings relates to safety and security. If a deployed model
is a universal in-context approximator, then in principle, it could be prompted to do any-
thing—including tasks considered unsafe or undesirable. In that case, alignment becomes
impossible: no matter the safeguards, there would always exist some prompt capable of
steering the model toward unwanted behavior. However, our results depend on the as-
sumption that the full specification of the target function is provided in-context. But if
someone already has that full specification, then they do not need the model at all—they
could just compute it directly. In that sense, these theoretical results are not immediately



Chapter 6. Conclusions and Outlook 81

threatening. Realistic concerns arise when prompting leverages both the information pro-
vided in-context and the knowledge encoded in the model’s weights. Similar criticisms
apply to computational class results. A model being Turing complete only matters if you
give it the code to execute—at which point, why not just run the code elsewhere? For these
results to inform real-world risks or capabilities, they must focus on the interaction between
what the prompt provides and what the model already knows.

Sadly, the above argument becomes more complicated once these models are placed in
agentic harnesses. Then, an attacker can use the universal approximation capabilities or
its ability to execute arbitrary code in-context in order to coerce a model to produce an
unsafe action that it otherwise would not. For example, while browsing the web to answer
a query, the model might encounter a lengthy prompt that completely changes its behavior
to anything the attacker wants. While similar to the ever increasing cases of malicious
instructions hidden in webpages or documents, this type of an attack can fully change the
model behaviour itself, rather than simply change the instruction it follows.

The architectures used in practice are often composed of a variety of components that
function well in real-world applications but are challenging to study from a theoretical
standpoint. As a result, both our work and nearly all other studies exploring the theoretical
properties of these architectures necessarily rely on simplifying assumptions. For instance,
many studies assume hardmax attention as a proxy for softmax attention, though there is ev-
idence suggesting that the relationship between the two is not as straightforward as it might
seem. While our approach to transformers worked with softmax attention, which might
appear more realistic, it did assume that inputs could scale to arbitrary magnitudes, with
less smooth functions requiring larger inputs and, consequently, higher norms. However, in
practical scenarios, normalization layers would typically prevent this. Most empirical work,
on the other hand, tends to focus on a limited set of synthetic tasks, which neither cover
the full range of potential tasks nor reflect real-world use cases. Given all these simplifying
assumptions and the often idealized evaluation setups, it remains unclear how directly such
theoretical results translate to real-world models.

So does this mean that studying the theoretical properties of neural network architectures,
and particularly their universal in-context approximation abilities, is fundamentally of little
practical utility? Not at all. In fact, as researchers, we often make intuition-based claims
that are difficult to verify empirically, especially when these claims are sensitive to specific
conditions and hyperparameters. The only reliable way to validate such claims is through
theoretical analysis. For instance, Linear RNNs and SSMs have received criticism for their
perceived inability to capture long-term memory. However, we showed that this actually
need not be a problem. The key lies in how data is represented and the fact that these
models lack attention and rely on a fixed-size state does not prevent them from possessing
the same universal in-context approximation abilities as transformers, perhaps even more
efficiently. While theoretical results might not always provide definitive answers about the
models we use in practice, they often serve to challenge our assumptions and intuitions,
revealing that things are often more nuanced than we initially believed—or would like to
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admit.
There are also several valuable “byproducts” from this work: thinking through how

transformers or RNNs function, and how their behaviors can be implemented by construc-
tion, provides insight into how these architectures work, and, just as importantly, how they
cannot work. Despite their impressive results at scale, their building blocks are simple and
in fact quite limited in how they operate. Figuring out how to coax them to do the simple
operations needed for universal in-context approximation was not at all easy, and, along the
way, we discovered numerous ways in which they fail to work. This understanding of what
these models can and cannot express has proven useful in tackling more applied problems.
For example, in our work (Petrov et al., 2025c), this insight into the workings of transformer
layers, and what kind of communication is possible (or impossible) between layers, was
crucial in understanding why a popular context compression technique did not work well
in practice. By addressing these issues, we were able to propose a much more effective
approach. Beyond pure theoretical insight, there is also tooling that we can reuse for other
purposes. For instance, while studying the properties of Linear RNNs we developed the
LSRL programming language and compiler. This tool itself has practical applications, from
building recurrent model components with specific properties to supporting interpretabil-
ity research on such architectures. So, while these outcomes may not always be direct, they
certainly offer valuable avenues for future work.

While this thesis did answer the questions it set out to explore, it inevitably opened
up many new ones. For instance, it is evident that the true practical utility of models in
real-world applications does not come solely from the model’s weights and parameters,
nor do we fully specify the function we are modelling explicitly in context. Rather, it
is the interaction between the two that drives practical utility. The same model might
perform poorly with a naïve prompt and excellently with a carefully crafted one. Therefore,
studying the interplay between in-context learning and in-weights learning will be key to
understanding why current models succeed and how we can improve future ones.

It is also clear that theoretical results can only take us so far in deep learning. On the
other hand, empirical results on a few synthetic tasks are similarly limited in scope and
real-world relevance. What we really need are large-scale, systematic experiments across a
diverse set of datasets and tasks, complemented by robust (possibly causal) analysis, to better
understand how various architectures and hyperparameters translate into performance on
unseen tasks. Additionally, the growing importance of test-time compute and the emergence
of new scaling paradigms raise new questions about how we should measure performance.

After so many years of intense interest and research in deep learning, a surprising number
of unknowns remain about what constitutes good models and effective training paradigms.
In many ways, it is not even clear what questions we should be asking: What makes a
model truly “good” to begin with? What is becoming increasingly evident, however, is that
we need to think more deeply about what we need to understand in order to derive useful
insights—and what is the right balance of theoretical understanding and empirical evidence
we need in order to get there.
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Appendix A

Appendices for When Do Prompting and
Prefix-Tuning Work? A Theory of
Capabilities and Limitations

A.1 Constructing transformers that utilize the capacity of
the embedding space

A.1.1 Unconditional generation for a single virtual token
This section provides an explicit construction of a transformer with the properties described
in Theorem 3.1. The goal is to construct a transformer that, by varying the choice of the
virtual token, can generate any sequence of 𝑁 tokens.

First, we need to specify how we encode the target sequence (Y1, . . . , Y𝑁 ) into the virtual
token 𝒔1. We chose the size of the embedding (and hence of 𝒔1) to be 𝑁 . This way, each
element of 𝒔1 can represent one position of the target sequence. We then represent the token
value by discretizing each element of 𝒔1 into 𝑉 levels:

𝒔1 = ((Y1−1)/𝑉 , . . . , (Y𝑁−1)/𝑉) .

Note that this means that each element of 𝒔1 is in [0, 1).
When predicting the token for the 𝑖 + 1 position, the transformer needs to pick the 𝑖-th

element of 𝒔1, and then decode the corresponding value as a one-hot encoding representing
the Y𝑖-th token.

We extract the 𝑖-th element of 𝒔1 using one attention block of two heads. The fst head
always looks at the first position which is our virtual token 𝒔1. For that purpose we create
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an attention head that always has 𝑨fst
𝑖 𝑗

= 1 if 𝑗 = 1 and 𝑨fst
𝑖 𝑗

= 0 otherwise together with a
value matrix 𝑾 fst

𝑉
that extracts the embedding. This is achieved with

𝑾 fst
𝑄 = [0𝑁 , 1𝑁], 𝑾 fst

𝐾 = [0𝑁 , 1, 1𝑁−1], 𝑾 fst
𝑉 = [𝑰𝑁 , 0𝑁×𝑁], (A.1)

and a sufficiently high inverse temperature parameter 𝑇.
The pos head instead extracts the one-hot encoding of the current position. This can be

done with an attention head that always attends only to the current position and a value
matrix 𝑾

pos
𝑉

that extracts the position embedding as a one-hot vector:

𝑾
pos
𝑄

= [0𝑁×𝑁 , 𝑰𝑁], 𝑾
pos
𝐾

= [0𝑁×𝑁 , 𝑰𝑁], 𝑾
pos
𝑉

= [0𝑁×𝑁 , 𝑰𝑁]. (A.2)

When the outputs of these two attention heads are summed, then only the element of
𝒔1 that corresponds to the current position will be larger than 1. From Equation (3.2) the
output at the 𝑖-th position of the attention block is:

𝒕𝑖 =
𝑝∑
𝑗=1

𝑨fst
𝑖 𝑗 𝒙 𝑗 +

𝑝∑
𝑗=1

𝑨
pos
𝑖 𝑗

𝒆𝑁 (𝑗) = 𝒔1 + 𝒆𝑁 (𝑖),

where 𝒙1 = 𝒔1 and 𝒙 𝑗 = 𝐸:,Y𝑗−1 for 𝑗 > 1.
We can extract the value of 𝒔1 corresponding to the current position by substracting 1

from the hidden state and apply ReLU: L̂ex = L̂[𝑰𝑁 ,−1𝑁]. Now, we are left with only one
non-zero entry and that’s the one corresponding to the next token. We can retain only the
non-zero entry if we just sum all the entries of the hidden state with L̂sum = L̂[1⊤

𝑁
, 0].

The final step is to map this scalar to a 𝑉-dimensional vector which has its maximum
value at index Y𝑖 . This task is equivalent to designing 𝑉 linear functions, each attaining
its maximum at one of 0, 1/𝑉 , . . . , (𝑉−1)/𝑉. To construct this, we use the property of convex
functions that their tangent is always under the plot of the function. Therefore, given a
convex function 𝛾(𝑥), we construct the 𝑖-th linear function to be simply the tangent of 𝛾 at
𝑖−1/𝑉. If we take 𝛾(𝑥) = (𝑥 − 1/2)2, this results in the following linear layer:

Lproj = L

[ [
2(1 − 1)
𝑉

− 1, . . . , 2(𝑉 − 1)
𝑉

− 1
]𝑇
,

[
1
4 − (1 − 1)2

𝑉2 , . . . ,
1
4 − (𝑉 − 1)2

𝑉2

]⊤]
. (A.3)

Figure A.1 shows the predictors for each individual token id.
With just two attention heads and three linear layers, the transformer

A[(𝑾 fst
𝑄 ,𝑾

pos
𝑄

), (𝑾 fst
𝐾 ,𝑾

pos
𝐾

), (𝑾 fst
𝑉 ,𝑾

pos
𝑉

)] # L̂ex # L̂sum # Lproj # softmax

achieves the upper bound of 𝑉𝑁 unique outputs by controlling a single virtual token at its
input. Note that for this construction, the choice of embedding matrix 𝐸 ∈ R𝑁×𝑉 does not
matter. The same transformer architecture can generate only 𝑉 unique outputs if we only
control the first token instead. Therefore, it is indeed the case that the embedding space has
exponentially more capacity for control than the token space. You can see this transformer
implemented and running in practice in Section 2 of this notebook.

https://colab.research.google.com/drive/1CU2wt3I2qEwy9xvNB9oBamKzFlugnmcl
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Figure A.1: Illustration of the predictors for each token in the Lproj linear layer for 𝑉 = 10.
The layer is constructed in such a way that the 𝑖-th token has the highest confidence when
the input is 𝑖−1/𝑉.

A.1.2 Conditional generation for a single virtual token (𝑛𝑋 = 𝑛𝑌 = 1)
This section provides an explicit construction of a transformer with the properties described
in Theorem 3.2. The goal is to construct a transformer that, by varying the choice of the
virtual token, can cause the model to act as any map 𝑚 : [1, . . . , 𝑉] → [1, . . . , 𝑉]. In other
words, by selecting the virtual token, we can fully control how the model will respond to
any token the user may provide.

First, we need to specify how the map 𝑚 will be encoded in the virtual token 𝒔1. We
choose the embedding size 𝑑𝑒 to be 𝑉 . Now, we can use the same encoding scheme as
before, but now each element in 𝒔1 corresponds to a different user token, rather than to a
position in the generated sequence:

𝒔1 = (𝑚(1)/𝑉 , . . . , 𝑚(𝑉)/𝑉).

Therefore, the first element of 𝒔1 designates the response if the user provides token 1, the
second element is the response to the token 2, and so on.

Extracting the Y𝑖-th value from 𝒔1 and decoding it can be done in a very similar way as
for the unconditional case. The only difference is that instead of looking at the user input
position, we look at its value. Take 𝑬 = 𝑰𝑉 and 𝑁 = 2.

Hence we have the following val head (only differing in the 𝑾𝑉 matrix from Equa-
tion (A.2)):

𝑾 val
𝑄 = [02×𝑉 , 𝑰2], 𝑾 val

𝐾 = [02×𝑉 , 𝑰2], 𝑾 val
𝑉 = [𝑰𝑉 , 0𝑉×2].
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We also need embedding of the first token, so we have a modified version of Equation (A.1):

𝑾 fst
𝑄 = [0𝑉 , 1, 1], 𝑾 fst

𝐾 = [0𝑉 , 1, 0], 𝑾 fst
𝑉 = [𝑰𝑉 , 0𝑉×2].

And hence the output of this attention block at the second position would be:

𝒕2 =

2∑
𝑗=1

𝑨fst
𝑖 𝑗 𝒙 𝑗 +

2∑
𝑗=1

𝑨val
𝑖 𝑗 𝑾

fst
𝑉 𝑥 𝑗 = 𝒔1 + 𝒆𝑉(Y1).

Similarly to the unconditional case, only the entry of 𝒕2 corresponding to the user token will
have a value above 1 and that value would be 1 + 𝑚(𝑥1)/𝑉 .

We can now extract the one-hot representation of the target token using the same approach
as before, just adjusting for the different hidden state size: L̂ex = L̂[𝑰𝑉 ,−1𝑉], L̂sum =

L̂[1⊤
𝑉
, 0], and the same projection had as before (Equation (A.3)). The final transformer is

then: A[(𝑾 fst
𝑄
,𝑾 val

𝑄
), (𝑾 fst

𝐾
,𝑾 val

𝐾
), (𝑾 fst

𝑉
,𝑾 val

𝑉
)] # L̂ex # L̂sum # Lproj # softmax . You can see

this transformer implemented and running in practice in Section 3 here.

A.1.3 Conditional generation for longer responses (𝑛𝑋 = 1, 𝑛𝑌 > 1)
We can obtain longer responses via a simple extension. If the response length is 𝑁0, then we
can encode the map 𝑚 : [1, . . . , 𝑉] → [1, . . . , 𝑉]𝑁0 in 𝑁0 virtual tokens, each corresponding
to one of the target positions:

𝒔𝑖 = (𝑚(1)𝑖/𝑉 , . . . , 𝑚(𝑉)𝑖/𝑉) for 𝑖 = 1, . . . , 𝑁0.

For this model we would then have 𝑁 = 2𝑁0 and 𝑑𝑒 = 𝑉 .
First, we need a head that always looks at the token provided by the user, which will be

at position 𝑁𝑜 + 1:

𝑾 user
𝑄 = [0𝑉 , 1𝑁], 𝑾 user

𝐾 = [0(𝑉+𝑁𝑜), 1, 0(𝑁𝑜−1)], 𝑾 user
𝑉 = [𝑰𝑉 , 0𝑉×𝑁].

In order to consume the map at the right location, we need to also look at the embedding of
the token 𝑁𝑜 positions before the one we are trying to generate:

𝑾 back
𝑄 =

[
0𝑁0×(𝑁0+𝑉) 𝑰𝑁0

0𝑁0×(𝑁0+𝑉) 0𝑁0×𝑁0

]
, 𝑾 back

𝐾 = [0𝑁×𝑉 , 𝑰𝑁], 𝑾 back
𝑉 = [𝑰𝑉 , 0𝑉×𝑁].

From here on, the decoding is exactly the same as in the 𝑛𝑋 = 𝑛𝑌 = 1 case. The final
transformer is then: A[(𝑾 user

𝑄
,𝑾 back

𝑄
), (𝑾 user

𝐾
,𝑾 back

𝐾
), (𝑾 user

𝑉
,𝑾 back

𝑉
)] # L̂ex # L̂sum # Lproj #

softmax . You can see this transformer implemented and running in practice in Section 4
here.

https://colab.research.google.com/drive/1CU2wt3I2qEwy9xvNB9oBamKzFlugnmcl
https://colab.research.google.com/drive/1CU2wt3I2qEwy9xvNB9oBamKzFlugnmcl
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A.1.4 Conditional generation for longer user inputs (𝑛𝑋 > 1, 𝑛𝑌 = 1)
Finally, we consider the case when the user input X is longer. This is a bit more complicated
because we need to search through a domain of size 𝑉𝑉 . We will only consider the case
with 𝑛𝑋 = 2 where we would need two attention layers. A similar approach can be used
to construct deeper models for 𝑛𝑋 > 2. Finally, combining the strategy in the previous
section for longer responses with the strategy in this section for longer user inputs allows
us to construct transformers that map from arbitrary length user strings to arbitrary length
responses.

In order to encode a map 𝑚 : [1, . . . , 𝑉]2 → [1, . . . , 𝑉] into a single virtual token we
would need a more involved construction than before. Similarly to how we discretized each
element of the virtual token 𝒔1 in 𝑉 levels before, we are going to now discretize it into
𝑉𝑉 levels. Each one of these levels would be one of the 𝑉𝑉 possible maps from the second
user token to the response. The first user token would be used to select the corresponding
element of 𝒔1. Then this scalar will be “unpacked” into a new vector of𝑉 elements using the
first attention block. Then, the second user token will select an element from this unpacked
vector, which will correspond to the target token.

We construct the virtual token as follows:

𝒔1 =

[
𝑉∑
𝑖=1

𝑚1(𝑖) ×
𝑉 𝑖−1

𝑉𝑉
, . . . ,

𝑉∑
𝑖=1

𝑚𝑉(𝑖) ×
𝑉 𝑖−1

𝑉𝑉

]
,

where 𝑚 𝑓 (𝑥) = 𝑚( 𝑓 , 𝑥) is a map from the second user token to the response when the first
token is fixed to be 𝑓 .

An additional change from the previous constructions is that we are going to divide the
residual stream into two sections. This is in line with the theory that different parts of the
residual stream specialize for different communications needs by different attention heads
(Elhage et al., 2021). We will use the first half of the residual stream to extract and “unpack”
the correct mapping from second token to target token, while the second half of the residual
stream will be used to copy the second token value so that the second attention layer can use
it to extract the target. As usual, the embedding matrix will be the identity matrix: 𝑬 = 𝑰𝑉 .
Finally, for convenience, we will also use a dummy zero virtual token that we will attend to
when we want to not attend to anything. This results in context size 𝑁 = 4 with the input
being( [

0𝑉
𝒆𝑁 (1)

]
,

[
𝒔1

𝒆𝑁 (2)

]
,

[
𝑬:,X1

𝒆𝑁 (3)

]
,

[
𝑬:,X2

𝒆𝑁 (4)

] )
=

( [
0𝑉

𝒆𝑁 (1)

]
,

[
𝒔1

𝒆𝑁 (2)

]
,

[
𝒆𝑉(X1)
𝒆𝑁 (3)

]
,

[
𝒆𝑉(X2)
𝒆𝑁 (4)

] )
.

We want the output at the last position to be the target 𝑚(X1, X2), that is:

arg max
𝑢∈1,...,𝑉

𝒚4,𝑢 = 𝑚(X1, X2) for any 𝑚, X1, X2.

The first attention block will have three attention heads.
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As before, we want to extract the value of 𝒔1 that corresponds to the first token the user
provided (X1) and place it in the first half of the residual stream. We want only the third
position to do that, while the rest of the positions keep the first half of their residual stream
with zeros. Hence we have the following fst head:

𝑾 fst
𝑄 =

[
02×𝑉

1 1 0 1
0 0 1 0

]
, 𝑾 fst

𝐾 =

[
02×𝑉

1 0 0 0
0 1 0 0

]
, 𝑾 fst

𝑉 =

[
𝑰𝑉 0𝑉×𝑁

0𝑉×𝑉 0𝑉×𝑁

]
.

The user1 head extracts the value of the first user-provided token (X1) and also places it
in the first half of the residual stream:

𝑾 user1
𝑄 =

[
02×𝑉

1 1 0 1
0 0 1 0

]
, 𝑾 user1

𝐾 =

[
02×𝑉

1 0 0 0
0 0 1 0

]
, 𝑾 user1

𝑉 =

[
𝑰𝑉 0𝑉×𝑁

0𝑉×𝑉 0𝑉×𝑁

]
.

And the user2 head does the same for the value of the second user-provided token (X2),
placing it in the second half of the residual stream:

𝑾 user2
𝑄 =

[
02×𝑉

1 1 1 0
0 0 0 1

]
, 𝑾 user2

𝐾 =

[
02×𝑉

1 0 0 0
0 0 0 1

]
, 𝑾 user2

𝑉 =

[
0𝑉×𝑉 0𝑉×𝑁
2𝑰𝑉 0𝑉×𝑁

]
,

where the factor 2 is there because, as usual, the first linear layer will subtract 1 from
everything in order to extract the value selected by the first token.

This linear layer looks as usual: L̂ex2 = L̂[𝑰2𝑉 ,−12𝑉]. The result is that the first 𝑉
elements will be 0 except one which designates which map from second user token to
output we should use, and the second 𝑉 elements have a one hot-encoding of the second
user token. Constructing an MLP that unpacks the mapping can become quite involved so
we do not provide an explicit form for it. But from the universal approximation theorems
and the finiteness of the domain and range, we know that such an MLP should exist. We
thus designate by unpack the MLP that decodes the first half of the residual stream to:(

𝑚X1(1)
𝑉

, . . . ,
𝑚X1(𝑉)
𝑉

)
and keeps the second half unchanged.

And now, by using two attention heads, the second attention block extracts the value of
the above vector at the position designated by the second token, in a fashion not dissimilar
to all the previous cases:

𝑾 emb
𝑄 = [0⊤𝑉 , 1⊤𝑉], 𝑾 emb

𝐾 = [1⊤𝑉 , 0⊤𝑉], 𝑾 emb
𝑉 =

[
𝑰𝑉 0𝑉×𝑉

]
,

𝑾 user2’
𝑄 = [0⊤𝑉 , 1⊤𝑉], 𝑾 user2’

𝐾 = [0⊤𝑉 , 1⊤𝑉], 𝑾 user2’
𝑉 =

[
0𝑉×𝑉 𝑰𝑉

]
,

And finally, with L̂ex = L̂[𝑰𝑉 ,−1𝑉], L̂sum = L̂[1⊤
𝑉
, 0], and the same projection had as

before (Equation (A.3)), we get the target token. The final transformer is then:
A[(𝑾 fst

𝑄 ,𝑾 user1
𝑄 ,𝑾 user2

𝑄 ), (𝑾 fst
𝐾 ,𝑾 user1

𝐾 ,𝑾 user2
𝐾 ), (𝑾 fst

𝑉 ,𝑾 user1
𝑉 ,𝑾 user2

𝑉 )] # L̂ex2 # unpack

#A[(𝑾 emb
𝑄 ,𝑾 user2’

𝑄 ), (𝑾 emb
𝐾 ,𝑾 user2’

𝐾 ), (𝑾 emb
𝑉 ,𝑾 user2’

𝑉 )] # L̂ex # L̂sum # Lproj # softmax .
You can see this transformer implemented and running in practice in Section 5 here.

https://colab.research.google.com/drive/1CU2wt3I2qEwy9xvNB9oBamKzFlugnmcl
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Figure A.2: The attention of the twelfth head of the first layer of LLaMA (Touvron et al.,
2023). The left plot shows the attention with a prefix of length one. The second plot shows
the same attention but normalized such that the attenion over the non-prefix positions sums
to 1. The right plot shows the attention of the pre-trained model (without prefix). The
center and the right plots are the same, illustrating that the presence of the prefix indeed
only scales down the attention over the content (non-prefix positions) but does not change
its relative distribution, providing empirical validation of Equation (3.6). The test sequence
is TABLE: Fourth Round Qualifying : NEW_ENTRIES_THIS_ROUND : 24 TEXT: Fourth
round qualifying had 24 new entries. from the DART table-to-test dataset (Nan et al.,
2021).

A.2 Attention distribution over the prefix
As discussed in Section 3.4, longer prefixes define a subspace from which the bias for the
attention block is selected. For a prefix of size 𝑛𝑆, that means that this subspace is 𝑛𝑆-
dimensional. Each of prefix position 𝑗 defines a basis vector 𝑾𝑉𝒔 𝑗 for this subspace, while
the attention𝑨

pt
𝑖 ,𝑆𝑗

on this position determines how much of this basis component contributes
to the bias.

In ordered to span the whole subspace and make full use of the capacity of the prefix, 𝑨pt
𝑖 ,𝑆𝑗

should vary between 0 and 1 for different inputs. However, we observe that this does not
happen in practice. Figure A.4 shows the ranges of attention the different prefix positions
take for the GPT-2 model (Radford et al., 2019). For layer 1, for example, the attention each
prefix positions gets is almost constant hence, the effective subspace is collapsed and there
is a single bias vector that’s applied to the attention layer output, regardless of the user input
𝑋.

Some other layers show slightly higher variation. For example, layer 3 has three prefix
positions with large variations. Therefore, the effective bias subspace is 3-dimensional and
the user input 𝑋 governs which bias vector from this subspace will be selected.
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Figure A.3: The activations of the twelfth head of the first layer of LLaMA (Touvron et al.,
2023). The left plot shows the activations in the presence of the prefix. The right plot shows
the activations 𝒕𝑖 of the pretrained model, scaled by one minus the attention that the prefix
would take and then biased in the direction 𝑾𝑉𝒔1. The two plots are the same, illustrating
that our theory, Equation (3.7) in particular, also holds for real-world large transformer
models. The test sequence is the same as in Figure A.2.

A.3 Expressivity of prefix-tuning across deeper models
In Section 3.6, we considered the effect of the presence of the prefix in the first attention
layer on the attention of the second. However, the effects become more complex as one adds
more attention attention layers. We also ignored the MLPs between, but in practice they
can play an important role. Here, instead, we analyse prefix-tuning as learning a neural
network. We argue that while the resulting architecture includes both linear operation and
non-linear activations, the structure is unlikely to learn efficiently.

For simplicity, we will consider two inputs 𝒙1 and 𝒙2 and a single prefix 𝒔. The output of
the attention head, parameterized by 𝒔 is then:

A𝒔(𝒙1, 𝒙2) = ⟨𝒚1, 𝒚2⟩

𝒚1 =
exp(𝒙1

⊤𝑯𝒔)𝑾𝑉𝒔 + exp(𝒙1
⊤𝑯𝒙1)𝑾𝑉𝒙1 + exp(𝒙1

⊤𝑯𝒙2)𝑾𝑉𝒙2

𝐶1
(A.4)

𝒚2 =
exp(𝒙2

⊤𝑯𝒔)𝑾𝑉𝒔 + exp(𝒙2
⊤𝑯𝒙1)𝑾𝑉𝒙1 + exp(𝒙2

⊤𝑯𝒙2)𝑾𝑉𝒙2,

𝐶2

where we have omitted the 𝑇/√𝑘 factors and have folded the softmax normalization
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Figure A.4: The range of attention (1st to 99th percentile) for a single GPT-2 (Radford et al.,
2019) prefix trained on the Emotion dataset (Saravia et al., 2018). The prefix is of size 10
(𝑛𝑆 = 10). This is the attention of the last user input token (𝑛𝑋) because this is the position
at which the class prediction is done. For illustration purposes, we have normalized the
attention so that the attention over the 10 prefix positions sums to 1. The range of attention
over the 10 positions for each layer are shown.
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Figure A.5: Prefix-tuning as a neural network architecture. While linearities and non-
linearities are present, the only learnable parameters 𝒔(1), 𝒔(2), ... have limited interaction
with the inputs 𝒙1 and 𝒙2. The interaction of the prefix parameters with each input is only via
the scalar attention, shown here with a light connection. The mixing of information between
the inputs happens via residual connections with the pretrained fixed feature extraction and
hence is not learnable. The MLP is also fixed and hence only acts as a multivariate activation
function. This limited interaction explains why prefix-tuning struggles to learn new tasks
even in deeper models.

into 𝐶1 and 𝐶2. The layer inputs, pretrained parameters and the learnable parameters are
correspondingly highlighted. The attention head is clearly a non-linear operation. However,
the learnable parameter 𝒔 participates only in the left term. It interacts with only one of
the inputs at a time and only by computing a single scalar value 𝒙⊤

𝑖
𝑯𝒔. As we discussed

above, the interaction between 𝒙1 and 𝒙2 is non-trainable and can be thought as a hard-coded
feature extraction. Each of the outputs is then passed to a pretrained MLP which can be
thought of as an activation function. This would be a multivariate activation function, which
while unusual in the contemporary practice has been studied before (Solazzi and Uncini,
2004). Figure A.5 illustrates the computation graph of the resulting neural network and
shows that the only learnable interaction between the inputs is indirect. Therefore, prefix-
tuning can be considered as learning a neural network where the only interaction between
the inputs happens via non-learnable residual connections. Nevertheless, the alternating
linear and nonlinear operations are reminiscent of the standard neural network architecture
and their universal approximation properties (Hassoun, 1995). That begs the question if
the prefix-tuning architecture can be a universal approximator and whether it would be a
parameter-efficient one.

An example of prefix-tuning failing to be a universal approximator. While we leave
the formal analysis of the representational capacity of prefix-tuning as future work, we
provide an example of pretrained parameters for which the architecture is not a universal
approximator. As can be seen in Figure A.5, all information must pass through the non-
learnable MLPs. Thus, if the MLPs destroy all input information, there is no value for
the prefixes 𝒔(1), 𝒔(2), ... that can change that fact. The MLPs can destroy all information,
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if, e.g., one of their linear layers has a zero weight matrix. While this is unlikely to be
learned with typical pretraining, this demonstrates that if prefix-tuning could be a universal
approximator, that would pose specific requirements on the pretrained MLPs and it is not
clear whether real-world pretraining would satisfy these requirements.

A.4 Extended results
In this appendix we present further experiments in the context of Section 3.5. We consider
different prefix lengths (𝑛𝑆 ∈ {10, 50, 100}) and different model sizes (4, 16 and 32 layers).
We consider two extensions, the first one maintains the pretraining step as in Section 3.5,
the other one extends the set of pretraining tasks with 4 additional tasks. Both pretraining
and prefix-tuning are done for 100 000 iterations with the prefix-tuning accuracy reported
every 10 000 iterations.

A.4.1 Pretraining as in Section 3.5
The first setting has the same pretraining tasks as in Section 3.5, namely sorting in ascending
(↗) or descending (↘) order, and adding one (+1) or two (+2) to each element of the input
sequence. We evaluate by prefix-tuning on the same four tasks plus incrementing the
ascending sorted sequence (↗+1), double histogram (H), element-wise modulo operation
(with respect to the first element of the sequence), and FilterAtLeastNTimes which puts
zeros at the positions of elements whose value appears at less than 𝑁 times in the sequence
with 𝑁 being the first element of the sequence:

Pretraining tasks:

Sort in ascending order (↗)
Sort in descending order (↘)
Add 1(+1)
Add 2 (+2)

Prefix-tuning tasks:

Sort in ascending order (↗)
Sort in descending order (↘)
Add 1(+1)
Add 2 (+2)
Sort ascending and add 1 (↗+1)
Modulo the first element (Modulo)
Double Histogram (H)
Filter the elements that are at least as large as the first element (FilterAtLeastNTimes)

The results are plotted in Figure A.6. As expected, the prefix-tuned accuracy on the
pretraining tasks is close to 100%. Interestingly, prefix length 50 for the largest (32-layer)
architecture appears to be an exception and does not learn the +1, ↗ and ↘.

As also observed in Section 3.5, regardless of the prefix length and the model size,
prefix-tuning a model pretrained with these four tasks cannot learn the double histogram
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Figure A.6: Extended result with pretraining as in Section 3.5. The pretraining and the
prefix-tuning tasks are described in Appendix A.4.1. Each prefix was trained for 100 000
iterations and we report accuracy at every 10 000 iterations. Each experiment is performed
with 3 random seeds, except the 32 layer case which, due to the computational costs involved,
was performed only with one seed.

task (H). FilterAtLeastNTimes also appears to be challenging but the 16-layer and 32-
layer experiments reach about 50% accuracy for the longest prefix size 𝑛𝑆 = 100. This is
curious as FilterAtLeastNTimes is related to the double histogram task: it can be considered
as thresholding the double histogram output. FilterAtLeastNTimes, similarly to double
histogram, is therefore not compositional in the pretraining task. It is surprising then that
FilterAtLeastNTimes would achieve higher accuracy than double histogram. This hints that,
perhaps, compositionality does not fully explain why prefix-tuning works for some and not
other downstream tasks.

The results in Figure A.6 also hint that bigger is not always better. For example, the
4-layer model prefix-tuned for the Modulo task performs better with a prefix size 50 than
the larger prefix size 100. A similar effect can be observed with the 16-layer model prefix-
tuned for the↗+1 task. Larger models are also not necessarily more conducive to successful
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prefix-tuning: for many of the cases the 32-layer models perform worse when prefix-tuned
than the 16-layer models.

A.4.2 Extended pretraining
The second setting extends the set of pretraining tasks. On top of the original three pre-
training tasks ↗, ↘,+1 (without +2) we also pretrain on element-wise modulo operation
(with respect to the first element of the sequence), element-wise less than (less than the first
element in the sequence), element-wise divisible (by the first element of the sequence), and
inverse binary (element-wise negation). For the inverse binary task, the input is restricted
to be binary. We evaluate by prefix-tuning on the same seven tasks, as well as 11 additional
ones as listed in the following table:

Pretraining tasks:

Sort in ascending order (↗)
Sort in descending order (↘)
Add 1 (+1)
Modulo the first element (Modulo)
Filter the elements that are less than the first element (LessThan)
Filter the elements that are divisible by first element (Divisible)
Element-wise negation (InverseBinary)

Prefix-tuning tasks:

Sort in ascending order (↗)
Sort in descending order (↘)
Add 1 (+1)
Add 2 (+2)
Add 3 (+3)
Modulo the first element (Modulo)
Filter the elements that are less than the first element (LessThan)
Filter the elements that are not less than the first element (MoreThanEqual)
Filter the elements that are divisible by first element (Divisible)
Filter the elements that are not divisible by first element (NotDivisible)
Element-wise negation (InverseBinary)
Double Histogram (H)
Filter the elements that are at least as large as the first element (FilterAtLeastNTimes)
Sort ascending, followed by add 1 (↗+1)
Add 1, followed by LessThan (+1 + LessThan)
LessThan, followed by Add 1 (LessThan +1)
LessThan, followed by sort ascending (LessThan + ↗)
Divisible, followed by Add 1 (Divisible +1)

The results are shown in Figure A.7. Even though the model did not see the +2 and +3
tasks, it appears that prefix-tuning can generalize from the +1 task. The +1 + LessThan task
is another example of successful prefix-tuning for a task that is compositional in pretraining
tasks. Similarly, for Divisible+1, LessThan+1, LessThan +↗, MoreThanEqual, NotDivisible,

Similarly to the case in Appendix A.4.1, we observe several instances in which the largest,
32-layer, model performs worse, when prefix-tuned, than the smaller models, as well as
cases where shorter prefixes perform better than longer ones.
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Figure A.7: Extended result with pretraining with additional tasks. The pretraining and
the prefix-tuning tasks are described in Appendix A.4.2. Each prefix was trained for 100 000
iterations and we report accuracy at every 10 000 iterations. Each experiment is performed
with 3 random seeds, except the 32 layer case which, due to the computational costs involved,
was performed only with one seed.
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A.5 Further experiments with memorization
Our experiments in Section 3.5 focused on algorithmic tasks such as sorting, incrementing
and counting. However, learning a natural language also includes a substantial memoriza-
tion component. For example, learning a new language requires learning its vocabulary.
Hence, if a novel task requires memorization of novel concepts, the fine-tuning method
should be able to memorize them. To this end, we evaluate and compare the abilities of
prefix-tuning and LoRA to learn to memorize a large number of new words and show that,
for the same amount of learnable parameters, LoRA can learn to translate to a new language
while prefix-tuning cannot. These findings further strengthen our results from Section 3.5.

We use the PHOR-in-One dataset (Costa et al., 2022) that contains 4921 unique translations
of English words into German, Spanish and Portuguese. The dataset is preprocessed to
remove all accents in order to ensure that fine-tuning does not require characters that
the model has not seen during pre-training (e.g., éçü would become ecu). Character-level
tokenization is used, with the additional <TR> token that separates the source and target
words and a <PAD> token that we use to ensure all training sequences are of the same length.

We then pre-train a 4-layer 4-head transformer to translate the English words to German.
As seen in Table A.1, this model successfully memorizes 99.3% of the English-German pairs.
We then want to fine-tune this model to instead translate the English words to Spanish.
Spanish is linguistically closer to English than German, so, in a way, the fine-tuning task is
simpler than the pre-training task.

We do prefix-tuning on English-Spanish pairs with a prefix of size 𝑛𝑆 = 66 but it achieves
only 0.18% accuracy (about 10 words which are the same in English and Spanish, e.g.,
instrumental, orbital, solar). However, rank-4 LoRA is able to achieve 94.8% accuracy with
half the training iterations. Both fine-tuning methods have similar numbers of learnable
parameters (see Table A.1). Therefore, this is further evidence that prefix-tuning fails to
learn a new task, while LoRA with the same number of learnable parameters can.

Note that there is no train-test split for the word pairs. We are evaluating the accuracy
on the training set as this experiment is measuring memorization rather than generalization.

Table A.1: Further experiments on memorization of word pairs form (Costa et al., 2022)
in different languages. The model is pre-trained on the English-to-German word pairs to
almost perfect accuracy. Prefix-tuning fails to modify it to memorize English-Spanish word
pairs while LoRA with the same number of parameters and half the training iterations
reaches 94% percent accuracy. 5 random seeds.

Pre-training on
English to German

Prefix-tune (𝑛𝑆=66) on
English to Spanish

Rank-4 LoRA on
English to Spanish

Accuracy 99.3 ± 0.1% 0.18 ± 0.01% 94.8 ± 1.1%
Learnable parameters 3.19M 67 584 66 780
Training iterations 50 000 100 000 50 000





Appendix B

Appendices for Prompting a Pretrained
Transformer Can Be a Universal
Approximator

B.1 Background on analysis on the sphere
As mentioned in the main text, the investigation of the properties of attention heads naturally
leads to analysing functions over the hypersphere. To this end, our results require some
basic facts about the analysis on the hypersphere. We will review them in this appendix.
For a comprehensive reference, we recommend (Atkinson and Han, 2012) and (Dai and Xu,
2013).

Define P𝑘(R𝑚+1) to be the space of polynomials of degree at most 𝑘. The restriction of a
polynomial 𝑝 ∈ P𝑘(R𝑚+1) to the unit hypersphere 𝑆𝑚 = {𝒙 ∈ R𝑚+1 | ∥𝒙∥2 = 1} is called a
spherical polynomial. We can thus define the space of spherical polynomials:

P𝑘(𝑆𝑚) = {𝑝|𝑆𝑚 for 𝑝 ∈ P𝑘(R𝑚+1)}.
Define by H𝑘(R𝑚+1) the space of polynomials of degree 𝑘 that are homogeneous:

H𝑘(R𝑚+1) = span

{
(𝑥1, . . . , 𝑥𝑚+1) ↦→ 𝑥

𝛼1
1 × · · · × 𝑥𝛼𝑚+1

𝑚+1 |
𝑚+1∑
𝑖=1

𝛼𝑖 = 𝑘

}
.

Its restriction to the sphere H𝑘(𝑆𝑚) is defined analogously to P𝑘(𝑆𝑚). Finally, we can define
the space Y(R𝑚+1) of harmonic homogeneous polynomials:

Y𝑘(R𝑚+1) =
{
𝑝 ∈ H𝑘(R𝑚+1) | 𝜕2

𝜕𝒙2 𝑝(𝒙) = 0, ∀𝒙 ∈ R𝑚+1
}
.

117
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Y𝑘(𝑆𝑚) which is the restriction of Y𝑘(R𝑚+1) to 𝑆𝑚 is the set of spherical harmonics of degree
𝑘. Spherical harmonics are a higher-dimensional extension of Fourier series.

Notably, even though
Y𝑘(𝑆𝑚) ⊂ H𝑘(𝑆𝑚) ⊂ P𝑘(𝑆𝑚),

the restriction of any polynomial on 𝑆𝑚 is a sum of spherical harmonics:

P𝑘(𝑆𝑚) = Y0(𝑆𝑚) ⊕ · · · ⊕ Y𝑘(𝑆𝑚),

with ⊕ being the direct sum (Atkinson and Han, 2012, Corollary 2.19).
We define 𝐶(𝑆𝑚) to be the space of all continuous functions defined on 𝑆𝑚 with the

uniform norm
∥ 𝑓 ∥∞ = sup

𝒙∈𝑆𝑚
| 𝑓 (𝒙)|, 𝑓 ∈ 𝐶(𝑆𝑚). (B.1)

Similarly, L𝑝(𝑆𝑚), 1 ≤ 𝑝 < ∞ is the space of all functions defined on 𝑆𝑚 which are integrable
with respect to the standard surface measure 𝑑𝑤𝑚 . The norm in this space is:

∥ 𝑓 ∥𝑝 =
(

1
𝑤𝑚

∫
𝑆𝑚

| 𝑓 (𝒙)|𝑝 𝑑𝑤𝑚(𝒙)
)1/𝑝

, 𝑓 ∈ L𝑝(𝑆𝑚), (B.2)

with the surface area being

𝑤𝑚 =

∫
𝑆𝑚
𝑑𝑤𝑚 =

2𝜋(𝑚+1)/2

Γ((𝑚+1)/2) . (B.3)

We will use 𝑉𝑚 to denote any of these two spaces and ∥ · ∥𝑚 the corresponding norm.
A key property of spherical harmonics is that sums of spherical harmonics can uniformly

approximate the functions in 𝐶(𝑆𝑚). In other words, the span of
⋃∞
𝑘=0 Y𝑘(𝑆𝑚) is dense in

𝐶(𝑆𝑚) with respect to the uniform norm ∥ · ∥∞. Hence, any 𝑓 ∈ 𝐶(𝑆𝑚) can be expressed as a
series of spherical harmonics:

𝑓 (𝒙) =
∞∑
𝑘=0

𝑌𝑚
𝑘
(𝒙), with 𝑌𝑚

𝑘
∈ Y𝑘(𝑆𝑚), ∀𝑘.

We will also make a heavy use of the concept of spherical convolutions. Define the space
of kernels L1,𝑚 to consist of all measurable functions 𝐾 on [−1, 1] with norm

∥𝐾∥1,𝑚 =
𝑤𝑚−1
𝑤𝑚

∫ 1

−1
|𝐾(𝑡)|(1 − 𝑡2)(𝑚−2)/2 𝑑𝑡 < ∞.

Definition B.1.1 (Spherical convolution). The spherical convolution 𝐾 ∗ 𝑓 of a kernel 𝐾 in
L1,𝑚 with a function 𝑓 ∈ 𝑉𝑚 is defined by:

(𝐾 ∗ 𝑓 )(𝒙) = 1
𝑤𝑚

∫
𝑆𝑚
𝐾(⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚), 𝒙 ∈ 𝑆𝑚 .
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Figure B.1: Plots of the von Mises-Fisher kernel 𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩) for 𝜆 = 1, 5, 10 and fixed 𝒚 in

three dimensions (𝑚 = 2). The larger 𝜆 is, the more concentrated the kernel is around 𝒚.

Spherical convolutions map functions 𝑓 ∈ 𝑉𝑚 to functions in 𝑉𝑚 . Furthermore, the
spherical harmonics are eigenfunctions of the function generated by a kernel in L1,𝑚 :

Lemma B.1.2 (Funk and Hecke’s formula (Funk, 1915; Hecke, 1917; Estrada, 2014)).

𝐾 ∗ 𝑌𝑚
𝑘

= 𝑎𝑚
𝑘
(𝐾)𝑌𝑚

𝑘
, when 𝐾 ∈ L1,𝑚 , 𝑌𝑚

𝑘
∈ Y𝑘(𝑆𝑚), 𝑘 = 0, 1, . . . ,

where 𝑎𝑚
𝑘
(𝐾) are the coefficients in the series expansion in terms of Gegenbauer polynomials associated

with the kernel 𝐾:

𝑎𝑚
𝑘
(𝐾) = 𝑤𝑚−1

𝑤𝑚

∫ 1

−1
𝐾(𝑡)

𝑄
(𝑚−1)/2
𝑘

(𝑡)
𝑄

(𝑚−1)/2
𝑘

(1)
(1 − 𝑡2)(𝑚−2)/2 𝑑𝑡, 𝑘 = 0, 1, . . . . (B.4)

Here, 𝑄(𝑚−1)/2
𝑘

is the Gegenbauer polynomial of degree 𝑘.

Note also that with a change of variables we have:∫
𝑆𝑚
𝐾(⟨𝒙 , 𝒚⟩) 𝑑𝑤𝑚(𝒚) = 𝑤𝑚−1

∫ 1

−1
𝐾(𝑡)(1 − 𝑡2)(𝑚−2)/2 𝑑𝑡. (B.5)

Ideally, we would like a kernel that acts as an identity for the convolution operation. In
this case, we would have ∥𝐾 ∗ 𝑓 − 𝑓 ∥∞ = 0, 𝑓 ∈ C(𝑆𝑚) which would be rather convenient.
However, there is no such kernel in the spherical setting (Menegatto, 1997). The next best
thing is to construct a sequence of kernels {𝐾𝑛} ∈ L1,𝑚 such that ∥𝐾𝑛 ∗ 𝑓 − 𝑓 ∥𝑚 → 0 as
𝑛 → ∞ for all 𝑓 ∈ 𝑉𝑚 . This sequence of kernels is called an approximate identity. The specific
such sequence of kernels we will use is based on the von Mises-Fisher distribution as this
gives us the exp(⟨𝒙 , 𝒚⟩) form that we also observe in the transformer attention mechanism.

Definition B.1.3 (von Mises-Fisher kernels, (Ng and Kwong, 2022)). We define the sequence
of von Mises-Fisher kernels as:

𝐾vMF
𝜆 (𝑡) = 𝑐𝑚+1(𝜆) exp(𝜆𝑡), 𝑡 ∈ [−1, 1],
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where

𝑐𝑚+1(𝜆) =
𝑤𝑚𝜆

𝑚+1
2 −1

(2𝜋)𝑚+1
2 𝐼𝑚+1

2 −1(𝜆)
,

with 𝐼𝑣 being the modified Bessel function at order 𝑣.

Note that a von Mises-Fisher kernel can also be expressed in terms of points on 𝑆𝑚 . In
particular, for a fixed 𝒚 ∈ 𝑆𝑚 we have 𝐾vMF

𝜆 (⟨𝒙 , 𝒚⟩), 𝒙 ∈ 𝑆𝑚 . The parameter𝜆 is a “peakiness”
parameter: the large 𝜆 is, the closer 𝐾vMF

𝜆 (⟨𝒙 , 𝒚⟩) approximates the delta function centered
at 𝒚, as can be seen in Figure B.1. It is easy to check that ∥𝐾vMF

𝜆 ∥1,𝑚 = 1, ∀𝜆 > 1, 𝑚 > 1
and hence the sequence is in L1,𝑚 , meaning they are valid kernels. Ng and Kwong (2022,
Lemma 4.2) show that {𝐾vMF

𝜆 } is indeed an approximate identity, i.e., ∥𝐾vMF
𝜆 ∗ 𝑓 − 𝑓 ∥𝑚 → 0

as 𝜆 → ∞ for all 𝑓 ∈ 𝑉𝑚 .1 As we want a Jackson-type result however, we will need to
upper bound the error ∥𝐾vMF

𝜆 ∗ 𝑓 − 𝑓 ∥𝑚 as a function of 𝜆, that is a non-asymptotic result
on the quality of the approximation by spherical convolutions with 𝐾vMF

𝜆 . We do that in
Lemma B.2.5.

B.2 A Jackson-type bound for universal approximation on
the unit hypersphere

The overarching goal in this section is to provide a Jackson-type (Definition 4.3) bound for
approximating functions 𝑓 : 𝑆𝑚 → R𝑚+1 on the hypersphere 𝑆𝑚 = {𝒙 ∈ R𝑚+1 | ∥𝒙∥2 = 1} by
functions of the form

ℎ(𝒙) =
𝑁∑
𝑘=1

𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩) (B.6)

To this end, we will leverage results from approximation on the hypersphere using spher-
ical convolutions by Menegatto (1997) and recent results on the universal approximation
on the hypersphere by Ng and Kwong (2022). While these two works inspire the general
proof strategy, they only offer uniform convergence (i.e., density-type results, Definition 4.1).
Instead, we offer a non-asymptotic analysis and develop the first approximation rate results
on the sphere for functions of the form of Equation (B.6), i.e., Jackson-type results (Defini-
tion 4.3).

The high-level idea of the proof is to split the goal into approximating 𝑓 with the convo-
lution 𝑓 ∗ 𝐾vMF

𝜆 and approximating the convolution 𝑓 ∗ 𝐾vMF
𝜆 with a sum of terms that have

1The 𝑤𝑚 term in the normalization constant 𝑐𝑚+1(𝜆) is not in (Ng and Kwong, 2022). However, without it
𝐾vMF
𝜆 are not an approximate identity.
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A. B. C. D. E. F.

Target function Convolution with
von Mises-Fisher kernel

Partition of    is approximately
constant in each cell

Approximating dot product
with a point in the partition

when

Sum over
the partition

Figure B.2: Intuition behind the proof of our Jackson-type bound for universal approxi-
mation on the hypersphere. A. We want to approximate a function 𝑓 over the hypersphere
𝑆𝑚 . This illustration is in three-dimensional space, so 𝑚 = 2. B. In order to get the
exp(𝜆⟨·, 𝒚⟩) form that we want, we convolve 𝑓 with the 𝐾vMF

𝜆 (𝑡) = 𝑐𝑚+1(𝜆) exp(𝜆𝑡) kernel. C.
We partition 𝑆𝑚 into 𝑁 cells 𝑉1,. . . ,𝑉𝑁 . D. Our choice of 𝑁 is such that 𝑓 does not vary too
much in each cell and hence can be approximated by a function that is constant in each𝑉𝑘 . E.
As each cell is small, the dot product of 𝒙 with any point in the cell𝑉𝑘 can be approximated
by the dot product of 𝒙 with a fixed point 𝒃𝑘 ∈ 𝑉𝑘 . F. This allows us to approximate the
integral in the convolution 𝐾vMF

𝜆 with a finite sum.

the exp(𝑡⟨𝒙 , 𝒃𝑘⟩) structure resembling the kernel 𝐾vMF
𝜆 (Definition B.1.3):

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − 𝑁∑
𝑘=1

𝜉𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)





 ≤



 𝑓 − 𝑓 ∗ 𝐾vMF
𝜆




∞︸               ︷︷               ︸

Eq. B.8 / Eq. B.2.5

+





 𝑓 ∗ 𝐾vMF

𝜆 −
𝑁∑
𝑘=1

𝜉𝑘 exp(𝜆⟨·, 𝒃𝑘⟩)






∞︸                                       ︷︷                                       ︸

Lemma B.2.7

.

(B.7)
This is also illustrated in Figure B.2.

Let’s focus on the first term in Equation (B.7). It can be further decomposed into three
terms by introducing𝑊𝑞 ∈ P𝑞(𝑆𝑚), the best approximation of 𝑓 with a spherical polynomial
of degree 𝑞:

∥𝐾vMF
𝜆 ∗ 𝑓 − 𝑓 ∥∞ ≤ ∥𝐾vMF

𝜆 ∗ 𝑓 − 𝐾vMF
𝜆 ∗𝑊𝑞∥∞︸                           ︷︷                           ︸

Lemma B.2.2

+∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞︸                    ︷︷                    ︸

Lemma B.2.4

+∥𝑊𝑞 − 𝑓 ∥∞︸       ︷︷       ︸
Lemma B.2.1

. (B.8)

There are a number of Jackson-type results for how well finite sums of spherical polyno-
mials approximate functions 𝑓 ∈ 𝑉𝑚 (the last term in Equation (B.8)). In particular, they are
interested in bounding

min
𝑊𝑞∈P𝑞(𝑆𝑚)

∥ 𝑓 −𝑊𝑞∥𝑝 , 1 ≤ 𝑝 ≤ ∞. (B.9)

We will use a simple bound by Ragozin (1971):
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Lemma B.2.1 (Ragozin bound). For 𝑓 ∈ 𝐶(𝑆𝑚) and 𝑞 ∈ N>0 it holds that:

min
𝑊𝑞∈P𝑞(𝑆𝑚)

∥ 𝑓 −𝑊𝑞∥∞ ≤ 𝐶𝑅 𝜔

(
𝑓 ; 1
𝑞

)
, (B.10)

for some constant 𝐶𝑅 that does not depend on 𝑓 or 𝑞 and 𝜔 being the first modulus of continuity of
𝑓 defined as:

𝜔( 𝑓 ; 𝑡) = sup{| 𝑓 (𝒙) − 𝑓 (𝒚)| | 𝒙 , 𝒚 ∈ 𝑆𝑚 , cos−1(𝒙⊤𝒚) ≤ 𝑡}.

We recommend Atkinson and Han (2012, Chapter 4) and Dai and Xu (2013, Chapter 4) for
an overview of the various bounds proposed for Equation (B.9) depending on the continuity
properties of 𝑓 and its derivatives. In particular, the above bound could be improved with
a term 1/𝑛𝑘 if 𝑓 has 𝑘 continuous derivates (Ragozin, 1971).

We can upper-bound the first term in Equation (B.8) by recalling that the norm of the
kernel 𝐾vMF

𝜆 is 1:

Lemma B.2.2.
∥𝐾vMF

𝜆 ∗ 𝑓 − 𝐾vMF
𝜆 ∗𝑊𝑞∥𝑚 ≤ ∥ 𝑓 −𝑊𝑞∥𝑚 .

Hence:

∥𝐾vMF
𝜆 ∗ 𝑓 − 𝐾vMF

𝜆 ∗𝑊𝑞∥∞ ≤ ∥ 𝑓 −𝑊𝑞∥∞ ≤ 𝐶𝑅 𝜔

(
𝑓 ; 1
𝑞

)
.

Proof. Convolution is linear so ∥𝐾vMF
𝜆 ∗ 𝑓 − 𝐾vMF

𝜆 ∗𝑊𝑞∥𝑚 = ∥𝐾vMF
𝜆 ∗ ( 𝑓 −𝑊𝑞)∥𝑚 . Using the

Hölder inequality (Dai and Xu, 2013, Theorem 2.1.2) we get ∥𝐾vMF
𝜆 ∗ 𝑓 − 𝐾vMF

𝜆 ∗𝑊𝑞∥𝑚 ≤
∥𝐾vMF

𝜆 ∥1,𝑚∥ 𝑓 −𝑊𝑞∥𝑚 . As ∥𝐾vMF
𝜆 ∥1,𝑚 = 1 for all 𝜆 > 0, 𝑚 > 1, we obtain the inequality in the

lemma. For the uniform norm, we also use the Ragozin bound from Lemma B.2.1. □

Only the second term in Equation (B.8) is left. However, before we tackle it, we will need
a helper lemma that bounds the eigenvalues of the von Mises-Fisher kernel (Equation (B.4)):

Lemma B.2.3 (Bounds on the eigenvalues 𝑎𝑚
𝑘
(𝐾vMF

𝜆 )). The eigenvalues 𝑎𝑚
𝑘

, as defined in Equa-
tion (B.4), for the sequence of von Mises-Fisher kernels (Definition B.1.3) are bounded from below
and above as:

0 <
©­­«

𝜆(
𝑚−1

2 + 𝑘
)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑘
)2

ª®®¬
𝑘

≤ 𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) ≤ 1

Proof. We have

𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) = 𝑤𝑚−1
𝑤𝑚

∫ 1

−1
𝐾vMF
𝜆 (𝑡)

𝑄
(𝑚−1)/2
𝑘

(𝑡)
𝑄

(𝑚−1)/2
𝑘

(1)
(1 − 𝑡2)(𝑚−2)/2𝑑𝑡
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Figure B.3: The coefficients 𝑎𝑚
𝑘

for the von Mises-Fisher kernels 𝐾vMF
𝜆 for 𝑚 = 2 and 𝑘 ∈

{1, 2, 3} as well as the lower bound from Lemma B.2.3.

=
𝑤𝑚−1
𝑤𝑚

∫ 1

−1
𝑐𝑚+1(𝜆) exp(𝜆𝑡)

𝑄
(𝑚−1)/2
𝑘

(𝑡)
𝑄

(𝑚−1)/2
𝑘

(1)
(1 − 𝑡2)(𝑚−2)/2𝑑𝑡

★
=
𝐼𝑚−1

2 +𝑘(𝜆)
𝐼𝑚−1

2
(𝜆) ,

with★ solved using Mathematica. From here we can see that 𝑎𝑚0 (𝐾vMF
𝜆 ) = 1 for all𝑚 > 1,𝜆 >

1. Furthermore, for 𝑣 > 1 and 𝜆 > 0 the modified Bessel function of the first kind 𝐼𝑣(𝜆) is
monotonically decreasing as 𝑣 increases. Therefore, 𝑎𝑚

𝑘
(𝐾vMF

𝜆 ) ≤ 𝑎𝑚0 (𝐾vMF
𝜆 ) = 1, which gives

us the upper bound in the lemma.
For the lower bound, we will use the following bound on the ratio of modified Bessel

functions by Amos (1974, Eq. 9):

𝐼𝑣+1(𝑥)
𝐼𝑣(𝑥)

≥ 𝑥

(𝑣 + 1) +
√
𝑥2 + (𝑣 + 1)2

, 𝑣 ≥ 0, 𝑥 ≥ 0.

As mentioned above, 0 ≤ 𝐼𝑣+1(𝑥)
𝐼𝑣(𝑥) ≤ 1. Furthermore, these ratios are decreasing as 𝑣 increases,

i.e., 𝐼𝑣+2(𝑥)
𝐼𝑣+1(𝑥) ≤

𝐼𝑣+1(𝑥)
𝐼𝑣(𝑥) for all 𝑣 ≥ 0 and 𝑥 ≥ 0 (Amos, 1974, Eq. 10). Combining these facts gives

us:
𝐼𝑣+𝑘(𝑥)
𝐼𝑣(𝑥)

≥
(
𝐼𝑣+𝑘(𝑥)
𝐼𝑣+𝑘−1(𝑥)

) 𝑘
=

(
𝑥

(𝑣 + 𝑘) +
√
𝑥2 + (𝑣 + 𝑘)2

) 𝑘
. (B.11)

We can now give the lower bound for 𝑎𝑚
𝑘
(𝐾vMF

𝑛 ) using Equation (B.11) :

𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) =
𝐼𝑚−1

2 +𝑘(𝜆)
𝐼𝑚−1

2
(𝜆) ≥

©­­«
𝜆(

𝑚−1
2 + 𝑘

)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑘
)2

ª®®¬
𝑘

.



124 Chapter B. App. for Prompting a Pretrained Transformer Can Be a Univ. Approx.

The lower bound for 𝑚 = 2 is plotted in Figure B.3. □

We can now provide a bound for the second term in Equation (B.8):

Lemma B.2.4. Take an 𝑓 ∈ 𝐶(𝑆𝑚). Furthermore, assume that there exists a constant 𝐶𝐻 ≥ 0 that
upper-bounds the norms of the spherical harmonics of any best polynomial approximation𝑊𝑞 of 𝑓 :

for all 𝑞 ≥ 1,𝑊𝑞 =

𝑞∑
𝑘=0

𝑌𝑚
𝑘
, 𝑌𝑚

𝑘
∈ Y(𝑆𝑚), ∥𝑌𝑚

𝑘
∥∞ ≤ 𝐶𝐻 , ∀𝑘 = 0, . . . , 𝑞,

where𝑊𝑞 = arg minℎ∈P𝑞(𝑆𝑚) ∥ 𝑓 − ℎ∥∞. Then

∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ ≤ 𝐶𝐻 𝑞

©­­«1 −
©­­«

𝜆(
𝑚−1

2 + 𝑞
)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑞
)2

ª®®¬
𝑞ª®®¬ .

Proof. Using that𝑊𝑞 is a spherical polynomial of degree 𝑞 and hence can be expressed as a
sum of spherical harmonics𝑊𝑞 =

∑𝑞

𝑘=0𝑌
𝑚
𝑘

, we get:

∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ =






𝐾vMF
𝜆 ∗

𝑞∑
𝑘=0

𝑌𝑚
𝑘
(𝑥) −

𝑞∑
𝑘=0

𝑌𝑚
𝑘
(𝑥)







∞

=






 𝑞∑
𝑘=0

(
𝐾vMF
𝜆 ∗ 𝑌𝑚

𝑘
(𝑥) − 𝑌𝑚

𝑘
(𝑥)

)





∞

≤
𝑞∑
𝑘=0



(𝐾vMF
𝜆 ∗ 𝑌𝑚

𝑘
(𝑥) − 𝑌𝑚

𝑘
(𝑥)

)


∞ (Triangle inequality)

=

𝑞∑
𝑘=0



(𝑎𝑚
𝑘
(𝐾vMF

𝜆 )𝑌𝑚
𝑘
(𝑥) − 𝑌𝑚

𝑘
(𝑥)

)


∞ (Lemma B.1.2)

=

𝑞∑
𝑘=0



(𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) − 1) 𝑌𝑚
𝑘
(𝑥)




∞

=

𝑞∑
𝑘=0

|𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) − 1|


𝑌𝑚

𝑘
(𝑥)




∞

≤
𝑞∑
𝑘=0

|𝑎𝑚
𝑘
(𝐾vMF

𝜆 ) − 1| 𝐶𝐻

≤ 𝐶𝐻

𝑞∑
𝑘=0

©­­­«1 −
©­­«

𝜆(
𝑚−1

2 + 𝑘
)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑘
)2

ª®®¬
𝑘ª®®®¬ (Lemma B.2.3)
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≤ 𝐶𝐻

𝑞∑
𝑘=0

©­­­­­­­­«
1 −

©­­«
𝜆(

𝑚−1
2 + 𝑞

)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑞
)2

ª®®¬︸                                     ︷︷                                     ︸
𝐵

𝑘
ª®®®®®®®®¬

(as 𝑘 ≤ 𝑞)

= 𝐶𝐻

(
𝑞 + 1 −

𝑞∑
𝑘=0

𝐵𝑘

)
≤ 𝐶𝐻

(
𝑞 + 1 − (1 + 𝑞𝐵𝑞)

)
(using that 0 < 𝐵 < 1)

≤ 𝐶𝐻 𝑞 (1 − 𝐵𝑞) .

□

We can finally combine Lemmas B.2.1, B.2.2, and B.2.4 in order to provide an upper
bound to Equation (B.8):

Lemma B.2.5 (Bound on ∥𝐾vMF
𝜆 ∗ 𝑓 − 𝑓 ∥∞). Take an 𝑓 ∈ 𝑉𝑚 with modulus of continuity 𝜔( 𝑓 ; 𝑡) ≤

𝐿𝑡. As in Lemma B.2.4, assume that there exists a constant 𝐶𝐻 ≥ 0 that upper-bounds the norms of
the spherical harmonics of any best polynomial approximation𝑊𝑞 of 𝑓 :

for all 𝑞 ≥ 1,𝑊𝑞 =

𝑞∑
𝑘=0

𝑌𝑚
𝑘
, 𝑌𝑚

𝑘
∈ Y(𝑆𝑚), ∥𝑌𝑚

𝑘
∥∞ ≤ 𝐶𝐻 , ∀𝑘 = 0, . . . , 𝑞,

where𝑊𝑞 = arg minℎ∈P𝑞(𝑆𝑚) ∥ 𝑓 − ℎ∥∞. If 𝜆 ≥ Λ(𝜖), where

Λ(𝜖) =
(8𝐿𝐶𝑅 + 𝑚𝜖 + 𝜖)

(
1 − 𝜖2

8𝐿𝐶𝐻𝐶𝑅+2𝜖𝐶𝐻

) 𝜖
4𝐿𝐶𝑅+𝜖

𝜖
(
1 −

(
1 − 𝜖2

8𝐿𝐶𝐻𝐶𝑅+2𝜖𝐶𝐻

) 2𝜖
4𝐿𝐶𝑅+𝜖

) = O

(
𝐿3𝐶𝐻𝐶

3
𝑅

𝜖4

)
. (B.12)

then ∥ 𝑓 − 𝐾vMF
𝜆 ∗ 𝑓 ∥∞ ≤ 𝜖.

Proof. As we want to upper-bound Equation (B.8) with 𝜖, we will split our 𝜖 budget over
the three terms.

For the first and the third terms, using the Ragozin bound from Lemma B.2.1 we have:

∥ 𝑓 −𝑊𝑞∥∞ ≤ 𝐶𝑅 𝜔

(
𝑓 ; 1
𝑞

)
≤ 𝐶𝑅𝐿

𝑞
, 𝑞 ≥ 1. (B.13)

We want to select an integer 𝑞 large enough so that ∥ 𝑓 −𝑊𝑞∥∞ ≤ 𝜖/4. That is 𝑞 =

⌈
4𝐶𝑅𝐿
𝜖

⌉
.

This will be how we bound the first and last terms in Equation (B.8).
Let’s focus on the second term. Pick 𝑊𝑞 to be the best approximation from the Ragozin

bound. From Lemma B.2.4 we have that

∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ ≤ 𝐶𝐻 𝑞 (1 − 𝐵𝑞) ,
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where
𝐵 =

𝜆(
𝑚−1

2 + 𝑞
)
+

√
𝜆2 +

(
𝑚−1

2 + 𝑞
)2
.

The error budget we want to allocate for the ∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ term is 𝜖/2. Hence:

𝐵 ≥
(
1 − 𝜖

2𝐶𝐻𝑞

) 1/𝑞
= 𝐷 =⇒ ∥𝐾vMF

𝑛 ∗𝑊𝑞 −𝑊𝑞∥∞ ≤ 𝜖
2 . (B.14)

We just need to find the minimum value for 𝜆 such that Equation (B.14) holds. We have:

𝐵 =
𝜆(

𝑚−1
2 + 𝑞

)︸     ︷︷     ︸
𝐸

+
√
𝜆2 +

(
𝑚−1

2 + 𝑞
)2

=
𝜆

𝐸 +
√
𝜆2 + 𝐸2

. (B.15)

Then, combining Equations (B.14) and (B.15) we get:
𝜆

𝐸 +
√
𝜆2 + 𝐸2

≥ 𝐷

𝜆 ≥ 2𝐷𝐸
1 − 𝐷2 .

Finally, replacing 𝐷 and 𝐸 with the expressions in Equations (B.14) and (B.15), then upper-
bounding 𝑞 =

⌈
4𝐶𝑅𝐿
𝜖

⌉
as 𝑞 ≥ 4𝐶𝑅𝐿

𝜖 + 1 and finally simplifying the expression we get our final
bound for 𝜆. If 𝜆 ≥ Λ(𝜖), with

Λ(𝜖) =
(8𝐿𝐶𝑅 + 𝑚𝜖 + 𝜖)

(
1 − 𝜖2

8𝐿𝐶𝐻𝐶𝑅+2𝜖𝐶𝐻

) 𝜖
4𝐿𝐶𝑅+𝜖

𝜖
(
1 −

(
1 − 𝜖2

8𝐿𝐶𝐻𝐶𝑅+2𝜖𝐶𝐻

) 2𝜖
4𝐿𝐶𝑅+𝜖

) ,

then ∥𝐾vMF
𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ ≤ 𝜖/2.

Hence, for any 𝜆 ≥ Λ(𝜖) we have:

∥𝐾vMF
𝜆 ∗ 𝑓 − 𝑓 ∥∞ ≤ ∥𝐾vMF

𝜆 ∗ 𝑓 − 𝐾vMF
𝜆 ∗𝑊𝑞∥∞ + ∥𝐾vMF

𝜆 ∗𝑊𝑞 −𝑊𝑞∥∞ + ∥𝑊𝑞 − 𝑓 ∥∞
≤ ∥ 𝑓 −𝑊𝑞∥∞ + 𝜖

2 + ∥𝑊𝑞 − 𝑓 ∥∞

≤ 𝜖
4 + 𝜖

2 + 𝜖
4

= 𝜖.

This concludes our bound on Equation (B.8).
Finally, to give the asymptotic behavior of Λ(𝜖) as 𝜖 → 0 we observe that the Taylor series

expansion of Λ around 𝜖 = 0 is:

Λ(𝜖) =
128𝐿3𝐶𝐻𝐶

3
𝑅

𝜖4 +
16𝐿2(𝑚 − 1)𝐶𝐻𝐶2

𝑅

𝜖3 +O

(
1
𝜖2

)
,
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hence:

Λ(𝜖) = O

(
𝐿3𝐶𝐻𝐶

3
𝑅

𝜖4

)
.

□

Lemma B.2.5 is our bound on Equation (B.8) which is also the first term of Equation (B.7).
Recall that bounding Equation (B.7) is our ultimate goal. Hence, we are halfway done with
our proof. Let’s focus now on the second term in Equation (B.7), that is, how well we can
approximate the convolution of 𝑓 with the von Mises-Fisher kernel using a finite sum:




 𝑓 ∗ 𝐾vMF

𝜆 −
𝑁∑
𝑘=1

𝜉𝑘 exp(𝜆⟨·, 𝒃𝑘⟩)






∞
.

The basic idea behind bounding this term is that we can partition the hypersphere 𝑆𝑚
into 𝑁 sets ({𝑉1, . . . , 𝑉𝑁}), each small enough so that, for a fixed 𝒙 ∈ 𝑆𝑚 , the 𝐾(⟨𝒙 , 𝒚⟩) 𝑓 (𝒚)
term in the convolution

(𝐾 ∗ 𝑓 )(𝒙) = 1
𝑤𝑚

∫
𝑆𝑚
𝐾(⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚)

is almost the same for all values 𝒚 ∈ 𝑉𝑘 in that element of the partition. Hence we can
approximate the integral over the partition with estimate over a single point 𝒃𝑘 :∫

𝑉𝑘

𝐾(⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚) ≈ |𝑉𝑘| 𝐾(⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒃𝑘).

The rest of this section will make this formal.
First, in order to construct our partition {𝑉1, . . . , 𝑉𝑁} of 𝑆𝑚 we use a cover of 𝑆𝑚 . Then,

our partition will be such that each element 𝑉𝑘 is a subset of the corresponding element of
the cover of 𝑆𝑚 . In this way, we can control the maximum size of the elements of the cover.

Lemma B.2.6. Consider a cover {𝐵𝛿(𝒃1), . . . , 𝐵𝛿(𝒃𝑁𝑚
𝛿
)} of 𝑆𝑚 by 𝑁𝑚

𝛿 hyperspherical caps 𝐵𝛿(𝒙) =
{𝒚 ∈ 𝑆𝑚 | ⟨𝒙 , 𝒚⟩ ≥ 1 − 𝛿} for 0 < 𝛿 < 1, centred at 𝒃1, . . . , 𝒃𝑁𝑚

𝛿
∈ 𝑆𝑚 . By cover we mean

that
⋃𝑁𝑚

𝛿

𝑖=1 𝐵𝛿(𝒃𝑖) = 𝑆𝑚 , with 𝑁𝑚
𝛿 being the smallest number of hyperspherical caps to cover 𝑆𝑚 (its

covering number). Then, for 𝑚 ≥ 8 we have:

2
𝐼(𝛿(2−𝛿))

(
𝑚
2 ,

1
2
) ≤ 𝑁𝑚

𝛿 <
Φ(𝑚)

(𝛿(2 − 𝛿))
𝑚+1

2
<

Φ(𝑚)
𝛿𝑚+1 ,

with 𝐼 being the regularized incomplete beta function and Φ(𝑚) = O(𝑚 log𝑚) being a function that
depends only on the dimension 𝑚.

Proof. Define 𝜙 = cos−1(1 − 𝛿):
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𝜙

𝐵𝛿(𝑥) 𝑥

Naturally, the area of the caps needs to be at least as much as the area of the hypersphere
for the set of caps to be a cover. This gives us our lower bound. The area of a cap with
colatitude angle 𝜙 as above is (Li, 2010):

𝑤
𝜙
𝑚 =

1
2𝑤𝑚𝐼sin2 𝜙

(
𝑚

2 ,
1
2

)
.

As sin 𝜙 = sin
(
cos−1(1 − 𝛿)

)
=

√
1 − (1 − 𝛿)2 =

√
𝛿(2 − 𝛿), we have our lower bound:

𝑁𝑚
𝛿 ≥ 𝑤𝑚

𝑤
𝜙
𝑚

=
2

𝐼sin2 𝜙

(
𝑚
2 ,

1
2
) =

2
𝐼(𝛿(2−𝛿))

(
𝑚
2 ,

1
2
)

For the upper bound, we can use the observation that if a unit ball is covered with balls of
radius 𝑟, then the unit sphere is also covered with the same number of caps of radius 𝑟. From
(Rogers, 1963, intermediate result from the proof of theorem 3) we have that for 𝑚 ≥ 8 and
1/𝑟 ≥ 𝑚 + 1, a unit ball can be covered by less than

𝑒
(
(𝑚 + 1) log(𝑚 + 1) + (𝑚 + 1) log log(𝑚 + 1) + 5(𝑚 + 1)

) 1
𝑟𝑚+1 = Φ(𝑚) 1

𝑟𝑚+1

balls of radius 𝑟. For high 𝑚, this is a pretty good approximation since most of the volume
of the hypersphere lies near its surface. Our caps 𝐵𝛿 can fit inside balls of radius 𝑟 = sin 𝜙.
Hence, we have the upper bound:

𝑁𝑚
𝛿 <

Φ(𝑚)
sin𝑚+1 𝜙

=
Φ(𝑚)

(𝛿(2 − 𝛿))
𝑚+1

2
.

□

Now we can use a partition resulting from this covering in order to bound the error
between the integral and its Riemannian sum approximation:

Lemma B.2.7 (Approximation via Riemann sums). Let 𝑔(𝑥, 𝑦) : 𝑆𝑚 × 𝑆𝑚 → R with 𝑚 ≥ 8 be
a continuous function with modulus of continuity for both arguments 𝜔(𝑔(·; 𝒚), 𝑡) ≤ 𝐿𝑡, ∀𝒚 ∈ 𝑆𝑚
and 𝜔(𝑔(𝒙 , ·); 𝑡) ≤ 𝐿𝑡, ∀𝒙 ∈ 𝑆𝑚 . Take any 0 < 𝛿 < 1. Then, there exists a partition {𝑉1, . . . , 𝑉𝑁𝑚

𝛿
}

of 𝑆𝑚 into 𝑁𝑚
𝛿 = ⌈Φ(𝑚)/𝛿𝑚+1⌉ subsets, as well as 𝒃1, . . . , 𝒃𝑁𝑚

𝛿
∈ 𝑆𝑚 such that:

max
𝒙∈𝑆𝑚

1
𝑤𝑚

������
∫
𝑆𝑚

𝑔(𝒙 , 𝒚) 𝑑𝑤𝑚(𝒚) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒙 , 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������ ≤ 3𝐿 cos−1(1 − 𝛿).



B.2. A Jackson-type bound for universal approximation on the unit hypersphere 129

Here, Φ(𝑚) = O(𝑚 log𝑚) is a function that depends only on the dimension 𝑚.

Proof. This proof is a non-asymptotic version of the proof of Lemma 4.3 from Ng and Kwong
(2022). First, we can use Lemma B.2.6 to construct a covering {𝐵𝛿(𝒃1), . . . , 𝐵𝛿(𝒃𝑁𝑚

𝛿
)} of 𝑆𝑚 . If

we have a covering of 𝑆𝑚 it is trivial to construct a partition of it {𝑉1, . . . , 𝑉𝑁𝑚
𝛿
},

⋃𝑁𝑚
𝛿

𝑘=1𝑉𝑘 = 𝑆
𝑚 ,

𝑉𝑖 ∩ 𝑉𝑗 = ∅, 𝑖 ≠ 𝑗 such that 𝑉𝑘 ⊆ 𝐵𝛿(𝒃𝑘), ∀𝑘. This partition can also be selected to be such
that all elements of it have the same measure 𝑤𝑚(𝑉1) = 𝑤𝑚(𝑉𝑖), ∀𝑖 (Feige and Schechtman,
2002, Lemma 21). While this is not necessary for this proof, we will use this equal measure
partition in Lemma B.3.2 and Theorem B.3.3.

We can then use the triangle inequality to split the term we want to bound in three
separate terms: ������

∫
𝑆𝑚

𝑔(𝒙 , 𝒚) 𝑑𝑤𝑚(𝒚) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒙 , 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������
≤

����∫
𝑆𝑚

𝑔(𝒙 , 𝒚) 𝑑𝑤𝑚(𝒚) −
∫
𝑆𝑚

𝑔(𝒃★, 𝒚) 𝑑𝑤𝑚(𝒚)
����

+

������
∫
𝑆𝑚

𝑔(𝒃★, 𝒚) 𝑑𝑤𝑚(𝒚) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒃★, 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������
+

������
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒃★, 𝒃𝑘) 𝑤𝑚(𝑉𝑘) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒙 , 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������ ,
(B.16)

where 𝒃★ is the center of one of the caps whose corresponding partition contains 𝒙, i.e.,
𝒃★ = 𝒃𝑖 ⇐⇒ 𝒙 ∈ 𝑉𝑖 . Due to {𝑉1, . . . , 𝑉𝑁𝑚

𝛿
} being a partition, 𝒃★ is well-defined as 𝒙 is in

exactly one of the elements of the partition.
Observe also that the modulus of continuity gives us a Lipschitz-like bound, i.e., if

⟨𝒙 , 𝒚⟩ ≥ 1 − 𝛿 for 𝒙 , 𝒚 ∈ 𝑆𝑚 and 𝜔( 𝑓 ; 𝑡) ≤ 𝐿𝑡, then

| 𝑓 (𝒙) − 𝑓 (𝒚)| ≤ 𝜔( 𝑓 ; cos−1(⟨𝒙 , 𝒚⟩)) ≤ 𝜔( 𝑓 ; cos−1(1 − 𝛿)) ≤ 𝐿 cos−1(1 − 𝛿). (B.17)

Let’s start with the first term in Equation (B.16). Using the fact that we selected 𝒃★ to be
such that ⟨𝒃★, 𝒙⟩ ≥ 1 − 𝛿 and Equation (B.17), we have:����∫

𝑆𝑚
𝑔(𝒙 , 𝒚) 𝑑𝑤𝑚(𝒚) −

∫
𝑆𝑚

𝑔(𝒃★, 𝒚) 𝑑𝑤𝑚(𝒚)
���� = ����∫

𝑆𝑚
(𝑔(𝒙 , 𝒚) − 𝑔(𝒃★, 𝒚)) 𝑑𝑤𝑚(𝒚)

����
≤

∫
𝑆𝑚

��𝑔(𝒙 , 𝒚) − 𝑔(𝒃★, 𝒚)
�� 𝑑𝑤𝑚(𝒚)

≤
∫
𝑆𝑚
𝐿 cos−1(1 − 𝛿) 𝑑𝑤𝑚(𝒚)

= 𝐿 cos−1(1 − 𝛿)
∫
𝑆𝑚
𝑑𝑤𝑚(𝒚)
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= 𝐿 cos−1(1 − 𝛿) 𝑤𝑚 .
We can similarly upper-bound the second term of Equation (B.16) using also the fact that
{𝑉𝑘} is a partition of 𝑆𝑚 :������

∫
𝑆𝑚

𝑔(𝒃★, 𝒚) 𝑑𝑤𝑚(𝒚) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒃★, 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������
=

������
𝑁𝑚

𝛿∑
𝑘=1

∫
𝑉𝑘

𝑔(𝒃★, 𝒚) 𝑑𝑚𝑤(𝒚) −
𝑁𝑚

𝛿∑
𝑘=1

𝑔(𝒃★, 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������
=

������
𝑁𝑚

𝛿∑
𝑘=1

∫
𝑉𝑘

(
𝑔(𝒃★, 𝒚) − 𝑔(𝒃★, 𝒃𝑘)

)
𝑑𝑚𝑤(𝒚)

������
≤

𝑁𝑚
𝛿∑

𝑘=1

∫
𝑉𝑘

��𝑔(𝒃★, 𝒚) − 𝑔(𝒃★, 𝒃𝑘)
�� 𝑑𝑚𝑤(𝒚)

≤
𝑁𝑚

𝛿∑
𝑘=1

∫
𝑉𝑘

𝐿 cos−1(1 − 𝛿) 𝑑𝑚𝑤(𝒚)

=𝐿 cos−1(1 − 𝛿)
𝑁𝑚

𝛿∑
𝑘=1

∫
𝑉𝑘

𝑑𝑚𝑤(𝒚)

=𝐿 cos−1(1 − 𝛿)𝑤𝑚 .
And analogously, for the third term we get:������

𝑁𝑚
𝛿∑

𝑘=1
𝑔(𝒃★, 𝒃𝑘) 𝑤𝑚(𝑉𝑘) −

𝑁𝑚
𝛿∑

𝑘=1
𝑔(𝒙 , 𝒃𝑘) 𝑤𝑚(𝑉𝑘)

������ =
������
𝑁𝑚

𝛿∑
𝑘=1

(
𝑔(𝒃★, 𝒃𝑘) − 𝑔(𝒙 , 𝒃𝑘)

)
𝑤𝑚(𝑉𝑘)

������
≤

𝑁𝑚
𝛿∑

𝑘=1

��𝑔(𝒃★, 𝒃𝑘) − 𝑔(𝒙 , 𝒃𝑘)
�� 𝑤𝑚(𝑉𝑘)

≤ 𝐿 cos−1(1 − 𝛿)
𝑁𝑚

𝛿∑
𝑘=1

𝑤𝑚(𝑉𝑘)

= 𝐿 cos−1(1 − 𝛿)𝑤𝑚 .
Finally, observing that the above bounds do not depend on the choice of 𝒙 ∈ 𝑆𝑚 and
combining the three results we obtain our desired bound. □

By observing that we can set𝑔(𝒙 , 𝒚) = 𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩) 𝑓 (𝒚), it becomes clear how Lemma B.2.7

can be used to bound the second term in Equation (B.7). For that we will also need to know
what is the modulus of continuity of the von Mises-Fisher kernels 𝐾vMF

𝜆 .
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Lemma B.2.8 (Modulus of continuity of𝐾vMF
𝜆 ). The von Mises-Fisher kernels𝐾vMF

𝜆 have modulus
of continuity 𝜔(𝐾vMF

𝜆 ; 𝑡) ≤ 𝑐𝑚+1(𝜆) exp(𝜆).

Proof. Recall that 𝐾vMF
𝜆 (𝑢) is defined on 𝑢 ∈ [−1, 1]. 𝐾vMF

𝜆 (𝑢) and its derivative are both
monotonically increasing in 𝑢. Hence:

𝜔(𝐾vMF
𝜆 ; 𝑡) = sup

{
|𝐾vMF

𝜆 (⟨𝒛, 𝒙⟩) − 𝐾vMF
𝜆 (⟨𝒛, 𝒚⟩) | 𝒙 , 𝒚 ∈ 𝑆𝑚 , cos−1(⟨𝒙 , 𝒚⟩) ≤ 𝑡

}
.

Using the mean value theorem we know there exists a 𝒅 ∈ 𝑆𝑚 such that

|𝐾vMF
𝜆 (⟨𝒛, 𝒙⟩) − 𝐾vMF

𝜆 (⟨𝒛, 𝒚⟩)| = |(𝐾vMF
𝜆 )′(⟨𝒛, 𝒅⟩) (⟨𝒛, 𝒙⟩ − ⟨𝒛, 𝒚⟩)|

= (𝐾vMF
𝜆 )′(⟨𝒛, 𝒅⟩) |⟨𝒛, 𝒙⟩ − ⟨𝒛, 𝒚⟩|

= 𝜆𝑐𝑚+1(𝜆) exp(𝜆⟨𝒛, 𝒅⟩) |⟨𝒛, 𝒙⟩ − ⟨𝒛, 𝒚⟩|
≤ 𝜆𝑐𝑚+1(𝜆) exp(𝜆) |⟨𝒛, 𝒙⟩ − ⟨𝒛, 𝒚⟩|
= 𝜆𝑐𝑚+1(𝜆) exp(𝜆)∥𝒛∥2∥𝒙 − 𝒚∥2 cos(angle(𝒛, 𝒙 − 𝒚))
≤ 𝜆𝑐𝑚+1(𝜆) exp(𝜆)∥𝒙 − 𝒚∥2.

Using the law of cosines and that the angle between 𝒙 and 𝒚 is less than 𝑡:

∥𝒙 − 𝒚∥2 =

√
∥𝒙∥2

2 + ∥𝒚∥2
2 − 2∥𝒙∥2

2∥𝒚∥2
2 cos(angle(𝒙 , 𝒚))

=
√

2 − 2 cos(angle(𝒙 , 𝒚))
≤

√
2 − 2 cos 𝑡

≤ 𝑡.

Hence:
𝜔(𝐾vMF

𝜆 ; 𝑡) ≤ 𝜆𝑐𝑚+1(𝜆) exp(𝜆)𝑡.
□

Our final result, a bound on Equation (B.7), combines Lemma B.2.5 and Lemma B.2.7,
each bounding one of the two terms in Equation (B.7).

Theorem B.2.9 (Jackson-type bound for universal approximation on the hypersphere, The-
orem 4.12 in the main text). Let 𝑓 ∈ 𝐶(𝑆𝑚) be a continuous function on 𝑆𝑚 with modulus of
continuity 𝜔( 𝑓 ; 𝑡) ≤ 𝐿𝑡 for some 𝐿 ∈ R>0 and 𝑚 ≥ 8. Assume that there exists a constant 𝐶𝐻 ≥ 0
that upper-bounds the norms of the spherical harmonics of any best polynomial approximation𝑊𝑞 of
𝑓 :

for all 𝑞 ≥ 1,𝑊𝑞 =

𝑞∑
𝑘=0

𝑌𝑚
𝑘
, 𝑌𝑚

𝑘
∈ Y(𝑆𝑚), ∥𝑌𝑚

𝑘
∥∞ ≤ 𝐶𝐻 , ∀𝑘 = 0, . . . , 𝑞,

where 𝑊𝑞 = arg minℎ∈P𝑞(𝑆𝑚) ∥ 𝑓 − ℎ∥∞. Then, for any 𝜖 > 0, there exist 𝜉1, . . . , 𝜉𝑁 ∈ R and
𝒃1, . . . , 𝒃𝑁 ∈ 𝑆𝑚 such that

sup
𝒙∈𝑆𝑚

����� 𝑓 (𝒙) − 𝑁∑
𝑘=1

𝜉𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
����� ≤ 𝜖,
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where 𝜆 = Λ(𝜖/2) (Equation (B.12)) and for any 𝑁 such that

𝑁 ≥ 𝑁(𝜆, 𝜖) = Φ(𝑚)
(
3𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

𝜖

)2(𝑚+1)
= O(𝜖−10−14𝑚−4𝑚2). (B.18)

Proof. Recall the decomposition in Equation (B.7). We will split our error budget 𝜖 in half.
Hence, we first select 𝜆 such that approximating 𝑓 with its convolution with 𝐾vMF

𝜆 results in
an error at most 𝜆/2. Then, using this 𝜆, we find how finely we need to partition 𝑆𝑚 in order
to be able to approximate the convolution with a sum up to an error 𝜖/2.

Let’s select how “peaky” we need the kernel 𝐾vMF
𝜆 to be, that is, how big should 𝜆 be.

From Lemma B.2.5 we have that if 𝜆 = Λ(𝜖/2), then we would have ∥ 𝑓 − 𝑓 ∗ 𝐾vMF
𝜆 ∥∞ ≤ 𝜖/2.

Now, for the second term in Equation (B.7), consider Lemma B.2.7 with

𝑔(𝒙 , 𝒚) = 𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩) 𝑓 (𝒚).

From Lemma B.2.8 we have that the modulus of continuity of 𝐾vMF
𝜆 is

𝜔(𝐾vMF
𝜆 ; 𝑡) ≤ 𝑡 𝜆 𝑐𝑚+1(𝜆) exp(𝜆).

Hence, we have modulus of continuity for 𝑔(𝒙 , 𝒚) being bounded as:

𝜔(𝑔; 𝑡) ≤ ∥𝐾vMF
𝜆 ∥∞𝜔( 𝑓 ; 𝑡) + ∥ 𝑓 ∥∞𝜔(𝐾vMF

𝜆 ; 𝑡)
≤ 𝐾vMF

𝜆 (1) 𝐿𝑡 + ∥ 𝑓 ∥∞𝜆𝑐𝑚+1(𝜆) exp(𝜆) 𝑡
= 𝑐𝑚+1(𝜆) exp(𝜆) 𝐿𝑡 + ∥ 𝑓 ∥∞𝜆𝑐𝑚+1(𝜆) exp(𝜆) 𝑡
= 𝑐𝑚+1(𝜆) exp(𝜆)

(
𝐿 + 𝜆∥ 𝑓 ∥∞

)
𝑡.

Take

𝛿 =

(
2𝜖

6𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

)2
.

Then, by Lemma B.2.7, there exists a partition {𝑉1, . . . , 𝑉𝑁} of 𝑆𝑚 and 𝒃1, . . . , 𝒃𝑁 ∈ 𝑆𝑚 for
𝑁 as in the lemma such that:

max
𝒙∈𝑆𝑚

����� 1
𝑤𝑚

∫
𝑆𝑚
𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚) −

1
𝑤𝑚

𝑁∑
𝑘=1

𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒃𝑘) 𝑤𝑚(𝑉𝑘)

����� ≤ 3(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1 exp(𝜆) cos−1(1 − 𝛿).

As (2𝑥/𝜋)2 < 1 − cos(𝑥) (Bagul and Panchal, 2018, Theorem 1), we have:

𝛿 =

(
2𝜖

6𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

)2
< 1 − cos

(
𝜖

6(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

)
. (B.19)

Hence:

max
𝒙∈𝑆𝑚

����� 1
𝑤𝑚

∫
𝑆𝑚
𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩) 𝑓 (𝒚) 𝑑𝑤𝑚(𝒚) −

1
𝑤𝑚

𝑁∑
𝑘=1

𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒃𝑘) 𝑤𝑚(𝑉𝑘)

�����
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≤ 3(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1 exp(𝜆) cos−1(1 − 𝛿)

< 3(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1 exp(𝜆) cos−1
(
cos

(
𝜖

6(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

))
= 𝜖/2.

Combining the two results we have:




 𝑓 - 1
𝑤𝑚

𝑁∑
𝑘=1

𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒚) 𝑤𝑚(𝑉𝑘)







∞

≤∥ 𝑓 - 𝑓 ∗𝐾vMF
𝜆 ∥∞ +






 𝑓 ∗𝐾vMF
𝜆 -

1
𝑤𝑚

𝑁∑
𝑘=1

𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒚) 𝑤𝑚(𝑉𝑘)







∞

≤𝜖/2 + 𝜖/2

=𝜖.

Now, the only thing left is to show that this expression can be expressed in the form of
Equation (B.6).

1
𝑤𝑚

𝑁𝑚
𝛿∑

𝑘=1
𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒃𝑘) 𝑤𝑚(𝑉𝑘) =

𝑁𝑚
𝛿∑

𝑘=1

1
𝑤𝑚

𝑐𝑚+1(𝜆) exp(𝜆⟨𝒙 , 𝒃𝑘⟩) 𝑓 (𝒃𝑘) 𝑤𝑚(𝑉𝑘)

=

𝑁𝑚
𝛿∑

𝑘=1
𝜉𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩),

with
𝜉𝑘 = 𝑐𝑚+1(𝜆) 𝑓 (𝒃𝑘)

𝑤𝑚(𝑉𝑘)
𝑤𝑚

. (B.20)

If we have chosen a partition of equal measure this further simplifies to

𝜉𝑘 =
𝑐𝑚+1(𝜆)
𝑁

𝑓 (𝒃𝑘).

Hence, for this choice of Λ, 𝑁 and 𝒃𝑘 and 𝜉𝑘 constructed as above, we indeed have

sup
𝒙∈𝑆𝑚

����� 𝑓 (𝒙) − 𝑁∑
𝑘=1

𝜉𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
����� ≤ 𝜖.

Finally, let’s study the asymptotic growth of 𝑁 as 𝜖 → 0. We have:

𝑁(𝜆, 𝜖) = Φ(𝑚)
(
3𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

𝜖

)2(𝑚+1)
.
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Φ(𝑚) is constant in 𝜖 so we can ignore it. Expanding 𝑐𝑚+1 and dropping the terms that do
not depend on 𝜖 gives us:

O

(
(𝐿 + 𝜆∥ 𝑓 ∥∞)𝜆

𝑚+1
2 −1 exp(𝜆)

𝜖 𝐼𝑚+1
2 −1(𝜆)

)2(𝑚+1)

. (B.21)

The asymptotics of the modified Bessel function of the first kind are difficult to analyse.
However, as we care about an upper bound, we can simplify the expression by lower-
bounding 𝐼𝜈(𝜆) using Equation (B.11) and that 𝐼0(𝜆) ≥ 𝐶 exp(𝜆)/√𝜆 for 𝜆 > 1/2 (Barnett, 2021):

𝐼𝜈(𝜆) ≥ 𝐶

(√
𝜈2 + 𝜆2 − 𝜈

𝜆

)𝜈+1 exp
(√

𝜈2 + 𝜆2
)

√
𝜆

,

for some constant 𝐶. Plugging this in Equation (B.21), replacing 𝜆 with its asymptotic
growth 𝜖−4 and taking the Taylor series expansion at for 𝜖 → 0 gives us:

O(𝜖−10−14𝑚−4𝑚2).

□

We can easily extend Theorem B.2.9 to vector-valued functions:

Corollary B.2.10 (Corollary 4.14 in the main text). Let 𝑓 : 𝑆𝑚 → R𝑚+1, 𝑚 ≥ 8 be such
that each component 𝑓𝑖 is in 𝐶(𝑆𝑚), 𝑖 = 1, . . . , 𝑚 + 1 and satisfies the conditions in Theorem B.2.9.
Furthermore, define ∥ 𝑓 ∥∞ = max1≤𝑖≤𝑚+1 ∥ 𝑓𝑖∥∞. Then, for any 𝜖 > 0, there exist 𝝃1, . . . , 𝝃𝑁 ∈ R𝑚+1

and 𝒃1, . . . , 𝒃𝑁 ∈ 𝑆𝑚 such that

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − 𝑁∑
𝑘=1

𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)







2

≤ 𝜖,

with 𝜆 = Λ(𝜖/2
√
𝑚+1) for any 𝑁 ≥ 𝑁(𝜆, 𝜖/√𝑚+1).

Proof. The proof is the same as for Theorem B.2.9. As the concentration parameter 𝜆 of the
kernels 𝐾vMF

𝜆 depends only on the smoothness properties of the individual components and
these are assumed to be the same, the same kernel choice can be used for all components
𝑓𝑖 . Furthermore, the choice of partition is independent of the function to be approximated
and depends only on the concentration parameter of the kernel. Hence, we can also use the
same partition for all components 𝑓𝑖 . We only need to take into account that:

∥𝑥 − 𝑦∥2 =

√√√
𝑚+1∑
𝑖=1

|𝑥𝑖 − 𝑦𝑖|2 ≤
√
(𝑚 + 1)𝜖2 =

√
𝑚 + 1𝜖

for all 𝑥, 𝑦 ∈ R𝑚+1, |𝑥𝑖 − 𝑦𝑖| ≤ 𝜖, 𝑖 = 1, . . . , 𝑚 + 1 which results in the factor of
√
𝑚 + 1. □



B.3. A Jackson-type bound for approximation with a split attention head 135

B.3 A Jackson-type bound for approximation with a split
attention head

Lemma B.3.1. Let 𝑎, 𝑏 : R𝑑 → R, 𝑐, 𝑑 : R → R, 𝑐(𝑥), 𝑑(𝑥) ≠ 0, ∀𝑥 ∈ R and 𝜖1, 𝜖2 ≥ 0 be such
that:

sup
𝒚∈R𝑑

∥𝑎(𝒚) − 𝑏(𝒚)∥2 ≤ 𝜖1

sup
𝑥∈R

|𝑐(𝑥) − 𝑑(𝑥)| = |𝑐 − 𝑑|∞ ≤ 𝜖2.

Then for all 𝑥 ∈ R and 𝒚 ∈ R𝑑:



 𝑎(𝒚)𝑐(𝑥) −
𝑏(𝒚)
𝑑(𝑥)






2
≤

𝜖1|𝑐|∞ + 𝜖2 sup𝒚∈R𝑑 ∥𝑎(𝒚)∥2

|𝑐(𝑥) 𝑑(𝑥)| .

Proof. For a fixed 𝑥 ∈ R and 𝒚 ∈ R𝑑, using the triangle inequality gives us



 𝑎(𝒚)𝑐(𝑥) −
𝑏(𝒚)
𝑑(𝑥)






2
=





 𝑎(𝒚) 𝑑(𝑥) − 𝑏(𝒚) 𝑐(𝑥)𝑐(𝑥) 𝑑(𝑥)






2

=



𝑎(𝒚) 𝑑(𝑥) − 𝑏(𝒚) 𝑐(𝑥)

2
|𝑐(𝑥) 𝑑(𝑥)|

=



𝑎(𝒚) 𝑑(𝑥) − 𝑎(𝒚) 𝑐(𝑥) + 𝑎(𝒚) 𝑐(𝑥) − 𝑏(𝒚) 𝑐(𝑥)

2
|𝑐(𝑥) 𝑑(𝑥)|

≤


𝑎(𝒚) (𝑑(𝑥) − 𝑐(𝑥))

2 +



𝑐(𝑥) (𝑎(𝒚) − 𝑏(𝒚))

2
|𝑐(𝑥) 𝑑(𝑥)|

≤ 𝜖2∥𝑎(𝒚)∥2 + 𝜖1|𝑐(𝑥)|
|𝑐(𝑥) 𝑑(𝑥)|

≤
𝜖1|𝑐|∞ + 𝜖2 sup𝒚∈R𝑑 ∥𝑎(𝒚)∥2

|𝑐(𝑥) 𝑑(𝑥)| .

And as this holds for all 𝑥 ∈ R and 𝒚 ∈ R𝑑, the inequality in the lemma follows. □

Lemma B.3.2. Let 𝑓 : 𝑆𝑚 → R𝑚+1, 𝑚 ≥ 8 satisfy the requirements in Corollary B.2.10. Then,
given an 𝜖 > 0 and taking 𝜆, 𝑁 , and 𝒃1, . . . , 𝒃𝑁 ∈ 𝑆𝑚 as prescribed by the Corollary, we have that∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩) is close to being a constant:

sup
𝒙∈𝑆𝑚

�����1 − 𝑐𝑚+1(𝜆)
𝑁

𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
����� ≤ 𝜖

2
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)

. (B.22)

Proof. We can use Lemma B.2.7 by taking 𝑔(𝒙 , 𝒚) = 𝐾vMF
𝜆 (⟨𝒙 , 𝒚⟩). From Lemma B.2.8 we

have that the modulus of continuity of 𝐾vMF
𝜆 is 𝜔(𝐾vMF

𝜆 ; 𝑡) ≤ 𝑡 𝑐𝑚+1(𝜆) exp(𝜆). Observe that
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using Equation (B.5) we have∫
𝑆𝑚

𝑔(𝑥, 𝑦)𝑑𝑤𝑚(𝑦) =
∫
𝑆𝑚
𝐾vMF
𝜆 (⟨𝑥, 𝑦⟩)𝑑𝑤𝑚(𝑦) = 𝑤𝑚−1

∫ 1

−1
𝐾vMF
𝜆 (𝑡)(1 − 𝑡2)(𝑚−2)/2𝑑𝑡 = 𝑤𝑚 .

The value for 𝛿 has to be selected as in Corollary B.2.10 (Equation (B.19)):

𝛿 =

(
2𝜖

6𝜋
√
𝑚+1(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

)2

< 1- cos

(
𝜖

6
√
𝑚+1(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

)
.

Now, using the same partition from Lemma B.2.7, and recalling that we constructed it such
that each element of the partition has the same measure 𝑤𝑚(𝑉1) = 𝑤𝑚(𝑉𝑖), ∀𝑖, we have:

max
𝒙∈𝑆𝑚

����� 1
𝑤𝑚

∫
𝑆𝑚

𝑔(𝒙 , 𝒚)𝑑𝑤𝑚(𝒚) −
1
𝑤𝑚

𝑁∑
𝑘=1

𝐾vMF
𝜆 (⟨𝒙 , 𝒃𝑘⟩)𝑤𝑚(𝑉𝑘)

�����
= max

𝒙∈𝑆𝑚

�����1 − 1
𝑤𝑚

𝑁∑
𝑘=1

𝑐𝑚+1(𝜆) exp(𝜆⟨𝒙 , 𝒃𝑘⟩)𝑤𝑚(𝑉𝑘)
�����

= max
𝒙∈𝑆𝑚

�����1 − 𝑐𝑚+1(𝜆)
𝑁

𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
�����

≤ 3𝑐𝑚+1 exp(𝜆) cos−1(1 − 𝛿)

< 3𝑐𝑚+1 exp(𝜆) cos−1

(
cos

(
𝜖

6
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

))
=

3𝑐𝑚+1 exp(𝜆)𝜖
6
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)𝑐𝑚+1(𝜆) exp(𝜆)

=
𝜖

2
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)

.

□

Theorem B.3.3. Let 𝑓 : 𝑆𝑚 → R𝑚+1, 𝑚 ≥ 8 satisfies the conditions in Corollary B.2.10. Define
∥ 𝑓 ∥∞ = max1≤𝑖≤𝑚+1 ∥ 𝑓𝑖∥∞. For any 𝜖 > 0, there exist 𝒃1, . . . , 𝒃𝑁 ∈ 𝑆𝑚 such that 𝑓 can be
uniformly approximated to an error at most 𝜖:

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − ∑𝑁
𝑘=1 𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)







2

≤ 𝜖,

with:

𝜆 = Λ

(
2𝜖𝐿

2𝐿 + ∥ 𝑓 ∥∞

)
with Λ from Equation (B.12),
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𝑁 ≥ Φ(𝑚)
(
3𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)

√
𝑚 + 1 𝑐𝑚+1(𝜆) exp(𝜆)
𝜖

)2(𝑚+1)

,

𝝃𝑘 = 𝑓 (𝒃𝑘), ∀𝑘 = 1, . . . , 𝑁.

Proof. From Corollary B.2.10 we know that
∑𝑁
𝑘=1 𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩) approximates 𝑓 (𝒙) and

from Lemma B.3.2 we know that 𝑐𝑚+1(𝜆)
𝑁

∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩) approximates 1. Using Lemma B.3.1

we can combine the two results to bound how well∑𝑁
𝑘=1 𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)

𝑐𝑚+1(𝜆)
𝑁

∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)

approximates 𝑓 (𝒙)/1 = 𝑓 (𝒙). The fact that 𝑐𝑚+1(𝜆)
𝑁

∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩) is not identically 1

means that we will need to increase the precision of approximating the numerator by
reducing 𝜖 in order to account for the additional error coming from the denominator. In
particular, we have

sup
𝒙∈𝑆𝑚






 𝑓 (𝒙) − 𝑁∑
𝑘=1

𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)







2

≤ 𝜖′,

sup
𝒙∈𝑆𝑚

�����1 − 𝑐𝑚+1(𝜆)
𝑁

𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
����� ≤ 𝜖′

2
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)

,

sup
𝒙∈𝑆𝑚

∥ 𝑓 (𝒙)∥2 ≤
√
𝑚 + 1∥ 𝑓 ∥∞,

sup
𝒙∈𝑆𝑚

����� 𝑐𝑚+1(𝜆)
𝑁

𝑁∑
𝑘=1

exp(𝜆⟨𝒙 , 𝒃𝑘⟩)
����� ≤ 1 + 𝜖′

2
√
𝑚 + 1(𝐿 + 𝜆∥ 𝑓 ∥∞)

.

Hence, applying Lemma B.3.1 gives us:




 𝑓 (𝒙) − ∑𝑁
𝑘=1 𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)

𝑐𝑚+1(𝜆)
𝑁

∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)







2

=






 𝑓 (𝒙)1 −
∑𝑁
𝑘=1 𝝃𝑘 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)

𝑐𝑚+1(𝜆)
𝑁

∑𝑁
𝑘=1 exp(𝜆⟨𝒙 , 𝒃𝑘⟩)







2

≤
𝜖′ + 𝜖′

2
√
𝑚+1(𝐿+𝜆∥ 𝑓 ∥∞)

√
𝑚 + 1∥ 𝑓 ∥∞

1 + 𝜖′

2
√
𝑚+1(𝐿+𝜆∥ 𝑓 ∥∞)

=
𝜖′
√
𝑚 + 1(∥ 𝑓 ∥∞ + 2𝐿 + 2𝜆∥ 𝑓 ∥∞)
2
√
𝑚 + 1(𝜆∥ 𝑓 ∥∞ + 𝐿) + 𝜖′

≤ 𝜖′

2

( ∥ 𝑓 ∥∞
𝜆∥ 𝑓 ∥∞ + 𝐿 + 2

𝜆∥ 𝑓 ∥∞ + 𝐿
𝜆∥ 𝑓 ∥∞ + 𝐿

)
≤ 𝜖′

2

(
2 + ∥ 𝑓 ∥∞

𝐿

)
,



138 Chapter B. App. for Prompting a Pretrained Transformer Can Be a Univ. Approx.

where we used that 𝜖′, ∥ 𝑓 ∥∞𝐿 > 0, which is the case in realistic scenarios. Therefore, if we
want this error to be upper bounded by 𝜖, we need to select

𝜖′ ≤ 2𝜖𝐿
2𝐿 + ∥ 𝑓 ∥∞

.

From Corollary B.2.10 (Equation (B.12)) that can be achieved by selecting

𝜆 = Λ

(
2𝜖𝐿

2𝐿 + ∥ 𝑓 ∥∞

)
and

𝑁 ≥ Φ(𝑚)
(
3𝜋(𝐿 + 𝜆∥ 𝑓 ∥∞)

√
𝑚 + 1 𝑐𝑚+1(𝜆) exp(𝜆)
𝜖

)2(𝑚+1)

.

Finally, observe that the 𝑐𝑚+1(𝜆)/𝑁 factor can be folded in the 𝝃𝑘 terms (Equation (B.20)):

𝝃𝑘 =
𝑁

𝑐𝑚+1(𝜆)
𝑓 (𝒃𝑘) 𝑐𝑚+1(𝜆)

𝑤𝑚(𝑉𝑘)
𝑤𝑚

= 𝑓 (𝒃𝑘),

with 𝝃𝑘 nicely reducing to be the evaluation of 𝑓 at the corresponding control point 𝒃𝑘 . □

B.4 Additional results
Lemma B.4.1. Define the stereographic projection and its inverse:

Σ𝑚 : 𝑆̄𝑚 → R𝑚

(𝑥1, . . . , 𝑥𝑚+1) ↦→
(

𝑥1
1 − 𝑥𝑚+1

, . . . ,
𝑥𝑚

1 − 𝑥𝑚+1

)
Σ−1
𝑚 : R𝑚 → 𝑆𝑚

(𝑦1, . . . , 𝑦𝑚) ↦→
(

2𝑦1∑𝑚
𝑖=1 𝑦

2
𝑖
+ 1

, . . . ,
2𝑦𝑚∑𝑚

𝑖=1 𝑦
2
𝑖
+ 1

,

∑𝑚
𝑖=1 𝑦

2
𝑖
− 1∑𝑚

𝑖=1 𝑦
2
𝑖
+ 1

)
with 𝑆̄𝑚 the part of 𝑆𝑚 that gets mapped to [0, 1]𝑚 , i.e., 𝑆̄𝑚 = Σ−1

𝑚 ([0, 1]𝑚). Σ𝑚 and Σ−1
𝑚 are

continuous and inverses of each other and there exist 𝐿Σ𝑚 and 𝐿Σ−1
𝑚 such that 𝜔(Σ𝑚 ; 𝑡) ≤ 𝐿Σ𝑚𝑡 and

𝜔(Σ−1
𝑚 ; 𝑡) ≤ 𝐿Σ

−1
𝑚 𝑡. Furthermore, Σ𝑚 ◦H1

𝐻,3(𝑚+1) ◦ Σ−1
𝑚 is dense in the set of continuous functions

[0, 1]𝑚 → R𝑚 .



Appendix C

Appendices for Universal In-Context
Approximation by Prompting Fully
Recurrent Models

C.1 Computation graph debranching rules
We convert the computation DAG resulting from the LSRL program into a path program by
attending to the first node whose output is the input for multiple other nodes, i.e., the first
branching node.

Preparation step. Before we even start debranching we first pre-process the graph by
fusing consecutive nodes of the same type together. The specific rules are:

• If a Lin node is followed by a single other Lin node, then fuse them together. This
follows directly from the classical result that composing linear functions is a linear
function.

• If a ReLU node is followed by another ReLU node, we can drop one of them as ReLU is
idempotent.

• If a Lin is followed by a LinState, we can subsume the weight matrix 𝑨 of the linear
node in the 𝑩 matrix of the LinState, and the bias 𝒃 of the Lin node in the bias 𝒃 of
the LinState.

• If all inputs of a Concat node are the same, then this node only duplicates the input
and hence can be safely replaced with a Lin layer.

139
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This step is repeated after the any debranching rule is applied.
The debranching process goes through the following cases in order. It iterates over the

rules until there are no branching nodes left, in other words, until the graph has become
a path graph. We will refer to the nodes whose input is the branching node as subsequent
nodes.

Case 1A: All subsequent nodes are Multi. As all Multi nodes that have the same input
(the branching node) they must all be producing the exact same output. Hence, only one
can be kept. This removes one branch.

Case 1B: The subsequent nodes are a combination of Multi and other nodes. We add a
single Lin layer that acts as a bypass for the non-Multi nodes using the fact that multiplica-
tion by 1 is identity. This is followed by a single Multi layer. We then add Slice operators
between the new Lin layer and the non-Multi nodes. This keeps the number of branches
unchanged but removes the Multi node and the new branch can be handled by the other
rules.

Case 2: All subsequent nodes are LinState. LinState nodes can be fused into a single
LinState node by combining their states and update matrices. As each LinStatemay have
different subsequent nodes itself, we add Slice nodes to extract the respective subspaces of
the state. This keeps the number of branches unchanged but puts the graph into Case 5A.

Case 3: All subsequent nodes are ReLU. We can replace them by a single ReLU node. This
removes one branch.

Case 4: All subsequent nodes are Concat. One complication is that Concat nodes can
depend on other Concat nodes. So, we will restrict ourselves at this step by only treating
the Concat nodes that depend only on the branch node directly by replacing them with a
single Lin node. The rest will be handled by the Lin and Concat case (Case 10) or the only
Lin case (Cases 5A and 5B). See the following example:

BranchNode

Concat

Concat

=⇒

BranchNode

Lin

Concat

Hence, this operation either reduces the number of branches by one or will be followed by
a case that reduces the number of branches.
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Case 5A: Only Lin nodes and they are all Slices. This is one of the more challenging
cases. While the Slice nodes are simply Lin nodes with special structure, we cannot treat
them like standard Lin nodes (see Case 5B). While we can merge them into a single Lin
node, we will then need further Slices to extract the relevant subspaces for the subsequent
nodes. Therefore, we would be simply replacing Slice nodes with Slice nodes. Instead,
we use the observation that Slice nodes can be fused with subsequent Lin and LinState
nodes and can be pushed after ReLU and Concat nodes. Therefore we treat each subsequent
node differently, depending on its type:

• If there are Multi nodes after any of the Slice nodes, they can all be fused into a single
Lin node followed by a single Multi node.

• If there are Lin or LinState nodes after any of the Slice nodes, the Slices can be
fused with the 𝑨 matrix of the Lin nodes and the 𝑩 matrix of the LinState nodes.
This uses the fact that composing linear functions results in a linear function.

• If there is a ReLU after a Slice node, their position can be switched without changing
the nodes. That is because ReLU commutes with linear operations with 𝒃 = 0 and 𝑨
with non-negative eigenvalues as is the case for Slice nodes.

• If there is a Concat node after a Slice node, we can similarly push the Slice as a new
Lin node after the Concat.

This step does not reduce the number of branching nodes but prepares the graph for a
removal, with the specific case depending on the remaining nodes.

Case 5B: Only Lin nodes and they are not all Slices. We can combine them into a single
Lin node and then add Slices to extract the relevant subspaces for the subsequent nodes.
These Slices can then be pushed into the next operations using Case 5A.

Case 6: Both LinState nodes and other nodes. If both LinState nodes and other nodes
are present, we can pass through the other variables with dummy LinState variables using
zero matrices for 𝑨 and identities for 𝑩. Then, Case 2 can be used to fuse all the LinState
variables together.

Case 7A: Only Lin and ReLU nodes where all Lin nodes are followed by only one node
which is a ReLU. If we add Lin bypasses to the ReLUs we will have only Lin nodes left.
Each one of them would be followed by a ReLU. Hence, Case 5B can be first applied, followed
by Case 3.

Case 7B: Only Lin and ReLU nodes where some Lin nodes are not followed by only one
node which is a ReLU. In this case we cannot apply the above strategy. Instead, we fuse
the ReLUs by placing ReLU-based bypasses before the Lin nodes. We do this in a similar
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spirit to Equation (5.11), by splitting the positive and negative components and treating
them separately. See Appendix C.6.6 for the LSRL implementation. Our DAG will then be
in Case 7A first, then Case 5B, and, finally, in Case 3.

Case 8: Only Lin and Concat nodes. We add Lin bypasses for the Concat nodes which
can then be merged using Case 5B and then Case 5A.

Case 9: Only ReLU and Concat nodes. Same strategy as for Case 8 but with ReLU bypasses.

Case 10: Only Lin, ReLU or Concat nodes. We introduce ReLU bypasses to all Concat nodes
and to the Lin branches which are not immediately followed by a ReLU. This will be followed
by applying Case 5B and then Case 3.

The above 13 cases cover all possible branching configurations. After repeated applica-
tion, they reduce any DAG corresponding to an LSRL program to a path graph that can be
compiled to one of the recurrent models in Section 5.2.

C.2 Error bound on the approximation scheme for
continuous functions

In Section 5.4.1 we outlined a strategy to perform universal in-context approximation for
continuous functions with Linear RNNs. The full program is in Listing 1 and an illustration
of the scheme is presented in Figure 5.2. In Section 5.4.1 we claimed that the prompt length
required to approximate an 𝐿-Lipschitz function 𝑓 (w.r.t. the ℓ2 norm) to precision 𝜖 is
𝑁 = (2𝜖/𝐿√𝑑in)-𝑑in = O(𝜖-𝑑in). The present appendix offers the formal proof of this claim.

The program in Listing 1 approximates the value of a function 𝒚 = 𝑓 (𝒒) with the value 𝒚̄
at the centre 𝒄 of the cell that contains 𝒒. Therefore, the error of our approximation is the
maximum difference between 𝑓 (𝒒) and 𝑓 (𝒄): ∥ 𝑓 (𝒒) − 𝑓 (𝒄)∥2. First, as the length of each side
of the cell is 𝛿, that means that ∥𝒒 − 𝒄∥∞ ≤ 𝛿/2. Thus, ∥𝒒 − 𝒄∥2 ≤

√
𝑑in𝛿/2. Therefore, thanks

to 𝑓 being 𝐿-Lipschitz we get:

∥ 𝑓 (𝒒) − 𝑓 (𝒄)∥2 ≤ 𝛿𝐿
√
𝑑in

2 .

If we want to upper bound this approximation error by 𝜖, we need to have 𝛿 small enough:

𝛿 ≤ 2𝜖
𝐿
√
𝑑in
.

Finally, as the number of cells we need to cover the whole domain is 𝑁 = (1/𝛿)𝑑in , this
corresponds to us needing sufficiently long prompt:

𝑁 ≥
(
1
𝛿

)𝑑in

≥
(
𝐿
√
𝑑in

2𝜖

)𝑑in

.
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Therefore, if we want our approximation to have error at most 𝜖 anywhere in the domain,
we need a prompt of length at least (𝐿

√
𝑑in/2𝜖)𝑑in .

C.3 Gated RNNs are GRU models
A GRU layer (Cho et al., 2014) with input 𝒂𝑡 ∈ R𝑑in and hidden state 𝒉𝑡−1 ∈ R𝑑hidden , and
output 𝒉𝑡 ∈ R𝑑hidden can be described as follows:

𝒛𝑡 = Sigmoid(𝑾𝑧𝒂𝑡 +𝑼𝑧𝒉𝑡−1 + 𝒃𝑧), (update gate vector) (C.1)
𝒓𝑡 = Sigmoid(𝑾𝑟𝒂𝑡 +𝑼𝑟𝒉𝑡−1 + 𝒃𝑟), (reset gate vector) (C.2)
𝒉̂𝑡 = tanh(𝑾ℎ𝒂𝑡 +𝑼ℎ(𝒓𝑡 ⊙ 𝒉𝑡−1) + 𝒃ℎ), (candidate activation vector) (C.3)
𝒉𝑡 = (1 − 𝒛𝑡) ⊙ 𝒉𝑡−1 + 𝒛𝑡 ⊙ 𝒉̂𝑡 , (output vector) (C.4)

In this section, we show a conversion of a single Gated RNN layer (Equation (5.5)) to 𝑘+2
GRU layers. Here, 𝑘 is the number of layers in the 𝛾 and ℎ MLPs in Equation (5.5). We first
show that a single GRU layer can be used to compute the updated state 𝒔𝑡 and the output of
the first layer of 𝛾 when applied to 𝒙𝑡 . Then, every pair of single layers of 𝛾(𝒙𝑡) and 𝜙(𝒔𝑡) can
be represented as an individual GRU layer. Finally, a single layer can be used to compute
the element-wise multiplication 𝛾(𝒙𝑡) ⊙ 𝜙(𝒔𝑡). For simplicity, we assume the Sigmoid and
tanh nonlinearities are replaced by ReLUs. If not, they can each be approximated with MLPs
and hence also with additional GRU layers. Additionally, for convenience we will assume
𝑑in = 𝑑hidden.

C.3.1 Representing the state update as a GRU layer
For this layer we set 𝒃𝑧 = 1, 𝑾𝑧 = 0 , 𝑼𝑧 = 0 giving 𝒛𝑡 = 1. Similarly, we set 𝒃𝑟 = 1, 𝑾𝑟 = 0 ,
𝑼𝑟 = 0 giving 𝒓𝑡 = 1. Thus, Equation (C.3) reduces to:

𝒉̂𝑡 = 𝜎(𝑾ℎ𝒂𝑡 +𝑼ℎ𝒉𝑡−1 + 𝒃ℎ), (C.5)

Setting 𝒂𝑡 =

[
0
𝒙𝑡

]
, where 𝒙𝑡 ∈ R𝑑in/2, 𝒉𝑡−1 =

[
𝒔𝑡−1

0

]
, where 𝒔𝑡−1 ∈ R𝑑hidden/2, 𝑾ℎ =

[
0 𝑩
0 𝑰

]
,

𝑼ℎ =

[
𝑨 0
0 0

]
, 𝒃ℎ =

[
𝒃

−𝒌𝑙𝑏

]
, where 𝒌𝑙𝑏 is a vector where every element in 𝒌 is a lower bound

on 𝒙𝑡 . results in Equation (C.4) becoming:

𝒉𝑡 = 𝜎

( [
0 𝑩
0 𝑰

] [
0
𝒙𝑡

]
+

[
𝑨 0
0 0

] [
𝒔𝑡−1

0

]
+

[
𝒃

−𝒌𝑙𝑏

] )
=

[
𝜎(𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃)

𝜎(𝒙𝑡 − 𝒌𝑙𝑏)

]
=

[
𝜎(𝒔𝑡)

𝒙𝑡 − 𝒌𝑙𝑏

]
. (C.6)

Note: if we do not want to assume a compact domain for 𝒙𝑡 , it would be possible to use the same trick
as in Equation (5.11) rather than subtracting 𝒌 in this layer and adding in the next. However, we
omit this approach for clarity of presentation.
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C.3.2 Representing each MLP layer as a GRU layer
In these layers, similarly to the recurrent layer, we set 𝒃𝑧 = 1, 𝑾𝑧 = 0 , 𝑼𝑧 = 0 giving
𝒛𝑡 = 1. In the same way, we set 𝒃𝑟 = 1, 𝑾𝑟 = 0 , 𝑼𝑟 = 0 giving 𝒓𝑡 = 1. Here, however,

we set 𝑾ℎ =

[
𝑾ℎ𝑖 0

0 𝑾𝛾𝑖

]
, 𝑼ℎ = 0 and 𝒃ℎ =

[
𝒃ℎ𝑖
𝒃𝛾𝑖

]
, except for the first of such layer where

𝒃ℎ =

[
𝒃ℎ𝑖

𝒃𝛾𝑖 +𝑾𝛾𝑖𝒌𝑙𝑏

]
. Thus, for an input 𝒂𝑡 =

[
𝒂1,𝑡
𝒂2,𝑡

]
the layer output (Equation (C.4)) for

layer 𝑖 is:

𝒉𝑡 = 𝜎

( [
𝑾𝜙𝑖 0

0 𝑾𝛾𝑖

] [
𝒂1,𝑡
𝒂2,𝑡

]
+

[
𝒃𝜙𝑖

𝒃𝛾𝑖

] )
=

[
𝜙𝑖(𝒂1,𝑡)
𝛾𝑖(𝒂1,𝑡)

]
. (C.7)

Here, 𝜙𝑖 and 𝛾𝑖 are the 𝑖-th layers (including the ReLU) of respectively 𝜙 and 𝛾 in Equa-
tion (5.5).

C.3.3 Representing the multiplicative gating with a single GRU layer
The only thing left is to model the element-wise multiplication of the outputs of 𝜙 and 𝛾

in Equation (5.5). We do this using a GRU layer with 𝒃𝑧 = 0, 𝑾𝑧 = 0, 𝑼𝑧 =

[
0 0
0 𝑰

]
. We set

𝒃𝑟 = 0, 𝑾𝑟 = 0 , 𝑼𝑟 = 0 giving 𝒓𝑡 = 0. We also set 𝒃ℎ = 0, 𝑾ℎ =

[
0 0
𝑰 0

]
, 𝑼ℎ = 0. Thus, for an

input 𝒂𝑡 =
[
𝒂1,𝑡
𝒂2,𝑡

]
, the output 𝒉𝑡 (Equation (C.4)) of this GRU layer becomes:

𝒉𝑡 = 𝜎

( [
0 0
𝑰 0

] [
𝒂1,𝑡
𝒂2,𝑡

] )
⊙

[
0 0
0 𝑰

] [
𝒂1,𝑡
𝒂2,𝑡

]
=

[
0

𝜎(𝒂1,𝑡) ⊙ 𝒂2,𝑡

]
. (C.8)

If 𝒂𝑡 is the output of a GRU layer constructed as in Equation (C.7) (as is in our case), then
it must be non-negative. This is due to the ReLU application in Equation (C.7). Hence,
the application of another ReLU to 𝒂1,𝑡 in Equation (C.8) can be safely removed as ReLU is
idempotent and Equation (C.8) simplifies to

𝒉𝑡 =

[
0

𝒂1,𝑡 ⊙ 𝒂2,𝑡

]
. (C.9)

Thus, this construction computes element-wise multiplication of 𝒂1,𝑡 and 𝒂2,𝑡 .

C.3.4 Composing the operations to model a single Gated RNN layer
In order to represent Equation (5.5), we use one GRU layer for the recurrence (as described
in Appendix C.3.1), followed by 𝑘 GRU layers modelling a pair of the 𝑘 MLP layers of 𝜙 and
𝛾 (Appendix C.3.2), completed with a single mixing layer (Appendix C.3.3). This stack of
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𝑘 + 2 layers models exactly the Gated RNN layer (Equation (5.5)):

𝒔𝑡 = 𝜎

(
𝑨

[
0

𝒔𝑡−1

]
+ 𝑩

[
𝒙𝑡
0

]
+ 𝒃

)
𝒚𝑡 =

[
0

𝛾(𝒙𝑡) ⊙ 𝜙(𝒔𝑡)

]
,

With this, we have shown that any Gated RNN (Equation (5.5)) can be expressed as a
GRU-based model. Hence, the two universal approximation programs in Listings 1 and 2
can be implemented also in GRU-based models. Thus, the GRU architecture can also be a
universal in-context approximator.

C.4 Gated RNNs are LSTMs
A single LSTM layer (Hochreiter and Schmidhuber, 1997; Gers et al., 2000) with input
𝒂𝑡 ∈ R𝑑in , hidden state 𝒉𝑡−1 ∈ R𝑑hidden , candidate memory cell 𝒄𝑡 ∈ R𝑑hidden , memory cell
𝒄𝑡 ∈ R𝑑hidden and layer output 𝒉𝑡 ∈ R𝑑hidden can be expressed as:

𝒇𝑡 = Sigmoid(𝑾𝑓 𝒂𝑡 +𝑼 𝑓 𝒉𝑡−1 + 𝒃 𝑓 ), (forget gate vector) (C.10)
𝒊𝑡 = Sigmoid(𝑾𝑖𝒂𝑡 +𝑼𝑖𝒉𝑡−1 + 𝒃𝑖), (input gate vector) (C.11)
𝒐𝑡 = Sigmoid(𝑾𝑜𝒂𝑡 +𝑼𝑜𝒉𝑡−1 + 𝒃𝑜), (output gate vector) (C.12)
𝒄̃𝑡 = tanh(𝑾𝑐𝒂𝑡 +𝑼𝑐𝒉𝑡−1 + 𝒃𝑐), (candidate cell vector) (C.13)
𝒄𝑡 = 𝒇𝑡 ⊙ 𝒄𝑡−1 + 𝒊𝑡 ⊙ 𝒄̃𝑡 , (memory cell vector) (C.14)
𝒉𝑡 = 𝒐𝑡 ⊙ tanh(𝒄𝑡), (output vector) (C.15)

where 𝒉0 = 0 and 𝒄0 = 0 .
In a way analogous to Appendix C.3, we show that a single layer of a gated RNN

(Equation (5.5)) can be expressed using 𝑘+2 LSTM layers, where 𝑘 is the maximum depth of
either of the MLP networks 𝜙 or 𝛾. We again follow the setup of replacing all Sigmoid and
tanh activation functions with ReLU activations which we denote 𝜎 and we again assume
that 𝑑in = 𝑑hidden. The set up follows the same structure as in Appendix C.3. First, we show
that the non-linear state update computing 𝒔𝑡 can be expressed as a single LSTM layer. We
then show that we can represent the layers in MLP networks 𝛾(𝒙𝑡) and 𝜙(𝒔𝑡) using single
LSTM layers. Finally, a single layer can compute the Hadamard product between 𝛾(𝒙𝑡) and
𝜙(𝒔𝑡). Therefore, any Gated RNN with ReLU activations can be expressed as a LSTM with
ReLU activations.

For clarity of the exposition, we once again assume that our inputs belong to a compact
domain X of real vectors. This implies that the set is bounded and, in particular, that we
can find a vector 𝒌𝑙𝑏 such that 𝒌𝑙𝑏,𝑖 ≤ (𝒙𝑡)𝑖 for 𝑖 ∈ [𝑑in] for all 𝒙𝑡 ∈ X. In other words, we
have (𝒙𝑡 − 𝒌𝑙𝑏)𝑖 ≥ 0 for for 𝑖 ∈ 1, . . . , 𝑑in. We will make use of this fact several times when
dealing with ReLU activations.
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C.4.1 Representing the state update as an LSTM layer
We first represent the non-linear state update in Eq. (5.5) using a single layer of an LSTM.
In particular, we set 𝑾𝑓 = 0, 𝑼 𝑓 = 0 and 𝒃 𝑓 = 0 so that 𝒇𝑡 = 0. We also set 𝑾𝑖 = 0, 𝑼𝑖 = 0,
𝒃𝑖 = 1 and 𝑾𝑐 = 0, 𝑼𝑐 = 0, 𝒃𝑐 = 1. This results in 𝒊𝑡 = 1 and 𝒄̃𝑡 = 1. We see from this that the
LSTM layer with these weight settings reduces to

𝒉𝑡 = 𝒐𝑡 = 𝜎(𝑾𝑜𝒂𝑡 +𝑼𝑜𝒉𝑡−1 + 𝒃𝑜). (C.16)

We now set 𝒂𝑡 =
[

0
𝒙𝑡

]
, where 𝒙𝑡 ∈ R𝑑in/2, 𝒉𝑡−1 =

[
𝒔𝑡−1

0

]
, where 𝒔𝑡−1 ∈ R𝑑hidden/2, 𝑾𝑜 =

[
0 𝑩
0 𝑰

]
,

𝑼𝑜 =

[
𝑨 0
0 0

]
, 𝒃𝑜 =

[
𝒃

−𝒌𝑙𝑏

]
so that

𝒉𝑡 = 𝜎

( [
0 𝑩
0 𝑰

] [
0
𝒙𝑡

]
+

[
𝑨 0
0 0

] [
𝒔𝑡−1

0

]
+

[
𝒃

−𝒌𝑙𝑏

] )
=

[
𝜎(𝑨𝒔𝑡−1 + 𝑩𝒙𝑡 + 𝒃)

𝜎(𝒙𝑡 − 𝒌𝑙𝑏)

]
=

[
𝒔𝑡

𝒙𝑡 − 𝒌𝑙𝑏

]
.

(C.17)

C.4.2 Representing each MLP layer as an LSTM layer
Now we want to use an LSTM layers to model the MLP layers of both 𝛾 and 𝜙 simultaneously.
We set 𝑾𝑓 = 0, 𝑼 𝑓 = 0, 𝒃 𝑓 = 0 and 𝑾𝑖 = 0, 𝑼𝑖 = 0, 𝒃𝑖 = 1 and 𝑾𝑐 = 0, 𝑼𝑐 = 0, 𝒃𝑐 = 1 as

before. We make a change for these LSTM layers by setting 𝑾𝑜 =

[
𝑾𝜙𝑖 0

0 𝑾𝛾𝑖

]
, 𝑼𝑜 = 0 and

𝒃𝑜 =

[
𝒃𝜙𝑖

𝒃𝛾𝑖

]
, except for the first layer where 𝒃𝜙 =

[
𝒃𝜙1

𝒃𝛾1 +𝑾𝛾1𝒌

]
. Thus, for an input 𝒂𝑡 =

[
𝒂1,𝑡
𝒂2,𝑡

]
the layer output is:

𝒉𝑡 = 𝜎

( [
𝑾𝜙𝑖 0

0 𝑾𝛾𝑖

] [
𝒂1,𝑡
𝒂2,𝑡

]
+

[
𝒃𝜙𝑖

𝒃𝛾𝑖

] )
=

[
𝜙𝑖(𝒂1,𝑡)
𝛾𝑖(𝒂2,𝑡)

]
. (C.18)

Here, 𝜙𝑖 and 𝛾𝑖 again refer to the 𝑖-th layers (including the ReLU) of respectively 𝜙 and 𝛾 in
Equation (5.5).

Note that, without a loss of generality, if we have that 𝜙 has𝑚 layers whereas 𝛾 has 𝑘 with
𝑚 < 𝑘, then we can also model this by simply adding additional layers to model additional
layers for 𝛾 whilst simply passing on 𝜙 unchanged. Specifically, we set set the weights to
ensure that 𝒇𝑡 = 0 and that 𝒊𝑡 and 𝒄𝑡 are 1 so that 𝒉𝑡 = 𝒐𝑡 . The input to this layer for 𝑖 > 𝑘 is

then given as 𝒂𝑡 =

[
𝜙(𝒔𝑡)
𝒂2,𝑡

]
. The we set the weights to compute 𝒐𝑡 as

𝒐𝑡 = 𝜎

( [
𝑰 0
0 𝑾𝛾𝑖

] [
𝜙(𝒔𝑡)
𝒂2,𝑡

]
+

[
0
𝒃𝜙𝑖

] )
=

[
𝜙(𝒔𝑡)
𝛾𝑖(𝒂2,𝑡)

]
. (C.19)
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C.4.3 Representing the multiplicative gating with an LSTM layer
Finally, we model the element-wise multiplication of the outputs of 𝜙 and 𝛾 in Equation (5.5).
To do this we set the weights of the input gate and candidate cell vectors for the final layers
of of 𝛾 and 𝜙 to be as follows:

𝒊𝑡 = 𝜎

( [
0 0
𝑰 0

] [
𝒂1,𝑡
𝒂2,𝑡

]
+

[
0
0

] )
=

[
0
𝒂1,𝑡

]
(C.20)

and
𝒄̃ = 𝜎

( [
0 0
0 𝑰

] [
𝒂1,𝑡
𝒂2,𝑡

]
+

[
0
0

] )
=

[
0
𝒂2,𝑡

]
. (C.21)

Then by setting 𝑾𝑓 = 0, 𝑼 𝑓 = 0, 𝒃 𝑓 = 0 and 𝑾𝑜 = 0, 𝑼𝑜 = 0, 𝒃𝑜 = 1 to force 𝒇𝑡 = 0 and
𝒐𝑡 = 1, we get

𝒚𝑡 = 𝜎(𝒄𝑡) =
[

𝜎(0 ⊙ 0)
𝜎(𝒂1,𝑡 ⊙ 𝒂2,𝑡)

]
=

[
0

𝜎(𝒂1,𝑡 ⊙ 𝒂2,𝑡)

]
. (C.22)

C.4.4 Composing the operations to model a single Gated RNN layer
To model the gated RNN described in Eq. (5.5), we again follow the same lines as described
in Appendix C.3. In particular, we use one LSTM layer for the recurrent state updated as
described in Appendix C.4.1. We then stack 𝑘 LSTM layers as described in Appendix C.4.2
to model the 𝑘 MLP layers of 𝜙 and 𝛾 in parallel. We then use one final layer to both
give the final MLP layer of 𝜙 and 𝛾 and to compute their Hadamard product as set out in
Appendix C.4.3 in order to match the output of the gated RNN in Eq. (5.5). Now, since we are
working with 𝜎 = ReLU, both 𝛾(𝒙𝑡) and 𝜙(𝒔𝑡) are positive and therefore so is their product.
Hence, applying 𝜎 to the product components in Eq. (C.22) leaves the the components
invariant. Therefore, we output is

𝒚𝑡 =

[
0

𝛾(𝒙𝑡) ⊙ 𝜙(𝒔𝑡)

]
, (C.23)

as required.
Hence, we have shown that a single layer of a gated RNN as described by Eq. (5.5)

can be represented using 𝑘 + 2 LSTM layers where 𝑘 is the maximum depth of 𝜙 and 𝛾.
Therefore, once again, the two universal approximation programs in Listings 1 and 2 can
also be implemented for LSTMs. Hence, LSTM models are also universal approximators in
the sense described in Section 5.4.

C.5 Gated Linear RNNs are Hawk/Griffin Models
A single residual block of a Hawk/Griffin model (De et al., 2024) consists of two components,
a recurrent block for temporal mixing which makes use of a one-dimensional temporal
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convolution, as well as real-gated linear recurrent unit (RG-LRU) and a gated MLP block.
Specifically, we consider an input 𝒂𝑡 ∈ R𝑑in , inputs to the blocks of dimensions 𝑑in and
outputs from each block of dimensions 𝑑in. Within blocks, all vectors have dimensionality
𝑑hidden = 𝐸𝑑in, where 𝐸 is denotes an expansion factor. Below, we formally describe the
form of the recurrent and gated MLP blocks which are the two main components making
up the residual blocks used for Hawk and Griffin.

Recurrent block. The recurrent block consists of two branches. The first applies a
one-dimensional temporal convolution followed by a RG-LRU. The second branch simply
performs a linear transformation followed by a non-linearity, i.e. applies a single layer of an
MLP.

Consider the first branch of the recurrent block with an input 𝒂𝑡 . The one-dimensional
temporal convolution can be written as:

𝒂′
𝑡 = 𝑾𝑎𝒂𝑡 , (C.24)

𝒈𝑡 = GeLU(𝑾𝑔𝒂𝑡 + 𝒃𝑔), (C.25)

𝑴𝑡 =

[
𝒂′
𝑡−(𝑑conv−1), . . . , 𝒂

′
𝑡−2, 𝒂

′
𝑡−1, 𝒂

′
𝑡

]
, (C.26)

𝒛𝑡 =
𝑑conv-1∑
𝑖=0

𝑾𝑀[𝑖]𝑴𝑡[𝑡 − 𝑖] + 𝒃conv (convolution with window size 𝑑conv), (C.27)

where 𝒃conv is a bias vector and𝑾𝑀 =
[
𝑩̃, 𝑨̃𝑩̃, 𝑨̃2𝑩̃, · · · , 𝑨̃𝑡 𝑩̃, · · ·

]
is the convolutional kernel

for the one-dimensional temporal convolution.
The output of this convolution is then fed into a RG-LRU. We can write this down

concretely using as an input 𝒛𝑡 from the one-dimensional convolution and with recurrent
state 𝒉𝑡 ∈ R𝑑model :

𝒓𝑡 = Sigmoid(𝑾𝑟𝒛𝑡 + 𝒃𝑟), (C.28)
𝒊𝑡 = Sigmoid(𝑾𝑖𝒛𝑡 + 𝒃𝑖), (C.29)
𝑎 = Sigmoid(Λ), (Λ a learnable parameter) (C.30)
𝒂𝑡 = 𝑎𝑐𝒓𝑡 , (𝑐 = 8 fixed scalar constant) (C.31)

𝒉𝑡 = 𝒂𝑡 ⊙ 𝒉𝑡−1 +
√

1 − 𝒂2
𝑡 ⊙ (𝒊𝑡 ⊙ 𝒛𝑡). (C.32)

Now consider the second branch of the recurrent block. This performs a linear transfor-
mation followed by a non-linear activation:

𝒈𝑡 = GeLU(𝑾𝑔𝒂𝑡 + 𝒃𝑔). (C.33)

To get the final output of the recurrent block, we multiply the components of the vectors
computed from each branch within the recurrent block and then perform a non-linear
transformation:

𝒉′
𝑡 = 𝒈𝑡 ⊙ 𝒉𝑡 , (C.34)
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𝒐𝑡 = 𝑾𝑜𝒉′
𝑡 + 𝒃𝑜 . (C.35)

Gated MLP block. After passing through the recurrent block, we pass the output 𝒐𝑡 into
a gated MLP block. Again we have two branches, the first where we linearly transform the
input to this block

𝒆𝑡 = 𝑾𝑒𝒐𝑡 + 𝒃𝑒 , (C.36)

and the second performs a single layer MLP transformation as

𝒇𝑡 = GeLU(𝑾𝑓 𝒐𝑡 + 𝒃 𝑓 ). (C.37)

These are then combined through a Hadamard product and linear transformation as

𝒆′𝑡 = 𝒆𝑡 ⊙ 𝒇𝑡 , (C.38)
𝒎𝑡 = 𝑾𝑚𝒆′𝑡 + 𝒃𝑚 . (C.39)

We then have that the vector 𝒎𝑡 acts as the output of the residual block given the input 𝒂𝑡 .
Distinction between the Griffin and Hawk models. Hawk is the more simple of the two

architectures proposed in (De et al., 2024). Here, residual blocks using the recurrent block
described above are simply stacked on top of each other to form the Hawk architecture.
Griffin, on the other hand, mixes recurrent blocks and local attention. In particular, two
residual blocks with recurrent blocks are followed by one residual block using local MQA
attention (Beltagy et al., 2020; Shazeer, 2019).

Simplifying Assumptions. We again follow the setup of replacing all Sigmoid and tanh
activation functions with ReLU activations which we denote 𝜎. Furthermore, we assume for
simplicity that 𝑑in = 𝑑hidden by choosing 𝐸 = 1. Moreover, the Hawk and Griffin architecture
contains residual connections and normalising layers which we omit.1 We again assume
compactness of the input domain X and denote a vector of finite values 𝒌𝑙𝑏 , such that
𝒌𝑙𝑏,𝑖 ≤ (𝒙𝑡)𝑖 for 𝑖 ∈ [𝑑in] and all 𝒙𝑡 ∈ X, just as before. Finally, we assume that 𝑑conv = 𝑇

where 𝑇 is the maximum sequence length.

C.5.1 Representing the state update using a recurrent block
Starting with the input to the Hawk model, which we denote 𝒂𝑡 , we define this to be a

function of the input to the Gated RNN 𝒙𝑡 as 𝒂𝑡 =

[
0
𝒙𝑡

]
. First, we set 𝑾𝑎 = 𝑰 so that

𝒂′
𝑡 = 𝒂𝑡 . Next we choose matrices 𝑨̃ =

[
0 𝑨
0 0

]
and 𝑩̃ =

[
0 𝑩
0 0

]
which we then use,

1We will force a lot of our recurrent blocks to implement the identity function. So instead of this, we could
implement the 0 function in the recurrent block and use a residual connection between the residual block
input and the output of the recurrent block to achieve the same identity function. However, for clarity we
ignore residual connections in our derivations.



150 Chapter C. App. for Univ. In-Context Approx. by Prompting Recurrent Models

with a convolutional window size of 𝑑conv = 𝑇 to form the convolutional kernel 𝑾𝑀 =[
𝑩̃, 𝑨̃𝑩̃, 𝑨̃2𝑩̃, · · · , 𝑨̃𝑡 𝑩̃, · · ·

]
. Setting the convolutional bias as 𝒃conv =

[
0
1

]
gives

𝒛𝑡 =
𝑡−1∑
𝑖=0

𝑾𝑀[𝑖]𝑴𝑡[𝑡 − 𝑖] + 𝒃conv, (C.40)

= 𝑩̃𝒂𝑡 + 𝑨̃𝑩̃𝒂𝑡−1 + · · · + 𝑨̃𝑡−1𝑩̃𝒂1 +
[
0
1

]
(C.41)

=

[
𝒔𝑡
1

]
. (C.42)

Now, we pass 𝒛𝑡 through the RG-LRU. We set Λ = 0 so that 𝒂𝑡 = 0. We also define
𝑾𝑖 = 0 and 𝒃𝑖 = 1 so that 𝒊𝑡 = 1. This gives us 𝒉𝑡 = 𝒛𝑡 , so that we pass the output of the
one-dimensional convolution through he RG-LRU.

Next, let’s focus on the second branch. Making use of the lower bound 𝒌𝑙𝑏 on the domain

X, we set 𝑾𝑔 = 𝑰 and 𝒃𝑔 =

[
1

−𝒌𝑙𝑏

]
so that

𝒈𝑡 = 𝜎

(
𝑰

[
0
𝒙𝑡

]
+

[
1

−𝒌𝑙𝑏

] )
=

[
𝜎(1)

𝜎(𝒙𝑡 − 𝒌𝑙𝑏)

]
=

[
1

𝒙𝑡 − 𝒌𝑙𝑏

]
, (C.43)

where we used that (𝒙𝑡 − 𝒌𝑙𝑏)𝑖 ≥ 0 for every 𝑖. Combining the two branches gives

𝒉′
𝑡 =

[
1

𝒙𝑡 − 𝒌𝑙𝑏

]
⊙

[
𝒔𝑡
1

]
=

[
𝒔𝑡

𝒙𝑡 − 𝒌𝑙𝑏

]
. (C.44)

We finally get the output of the recurrent block by defining 𝑾𝑜 = 𝑰 and 𝒃0 =

[
0
𝒌𝑙𝑏

]
so that

𝒐𝑡 =

[
𝒔𝑡
𝒙𝑡

]
. (C.45)

C.5.2 Representing the identity function using a recurrent block
We now show that we can pass an input unchanged through a recurrent block. Assume

that the input to the recurrent block is 𝒂𝑡 =

[
𝒂1,𝑡
𝒂2,𝑡

]
with 𝑾𝑎 = 𝑰 so that 𝒂′

𝑡 = 𝒂𝑡 . Then

we define matrices 𝑨̃ = 0 and 𝑩̃ = 𝑰 which we then use to form the convolutional kernel
𝑾𝑀 =

[
𝑩̃, 𝑨̃𝑩̃, 𝑨̃2𝑩̃, · · · , 𝑨̃𝑡 𝑩̃, · · ·

]
. Finally, setting the convolutional bias as 𝒃conv = 0 results

in 𝒛𝑡 = 𝒂𝑡 . From here, we can again set Λ = 0, 𝑾𝑖 = 0 and 𝒃𝑖 = 1 so that 𝒉𝑡 = 𝒛𝑡 . Looking
at the second branch and setting 𝑾𝑔 = 0 and 𝒃𝑔 = 1 so that 𝒉′

𝑡 = 𝒉𝑡 . Finally, we can simply
output the input to the recurrent block by setting 𝑾𝑜 = 𝑰 and 𝒃𝑜 = 0 so that 𝒐𝑡 = 𝒉𝑡 which
means that 𝒐𝑡 = 𝒂𝑡 .
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C.5.3 Representing each MLP layer as a gated MLP block
We can represent the MLP layers of the networks 𝜙(𝒔𝑡) and 𝛾(𝒙𝑡) as described in Eq. (5.4)
using Gated MLP blocks. We again denote the 𝑖-th layer of 𝜙 and 𝛾 as 𝜙𝑖 and 𝛾𝑖 . Assume

that the input to the gated MLP block is 𝒂𝑡 =

[
𝒂1,𝑡
𝒂2,𝑡

]
. Then, on the first purely linear branch,

let us define 𝑾𝑒 = 𝑰 and 𝒃𝑒 = 1 so that 𝒆𝑡 = 1. On the second non-linear branch, we can

define 𝑾𝑓 =

[
𝑾𝜙𝑖 0

0 𝑾𝛾𝑖

]
and 𝒃 𝑓 =

[
𝒃𝜙𝑖

𝒃𝛾𝑖

]
. This results in

𝒇𝑡 = 𝜎

( [
𝑾𝜙𝑖 0

0 𝑾𝛾𝑖

] [
𝒂1,𝑡
𝒂2,𝑡

]
+

[
𝒃𝜙𝑖

𝒃𝛾𝑖

] )
=

[
𝜙𝑖(𝒂1,𝑡)
𝛾𝑖(𝒂2,𝑡)

]
. (C.46)

Due to our setting of 𝒆𝑡 , we get 𝒆′𝑡 = 𝒇𝑡 . Further, defining 𝑾𝑚 = 𝑰 and 𝒃𝑚 = 0 makes the
output of the MLP block be

𝒎𝑡 =

[
𝜙𝑖(𝒂1,𝑡)
𝛾𝑖(𝒂2,𝑡)

]
. (C.47)

Emulating the layers of only one the two networks. Suppose without loss of generality
(WLOG) that 𝜙 has𝑚 layers and 𝛾 has 𝑛 layers where𝑚 < 𝑛. Suppose also that our input to

the MLP block is 𝒂𝑡 =

[
𝜙(𝒙𝑡)
𝒂2,𝑡

]
. Again, on the first purely linear branch, let us define 𝑾𝑒 = 𝑰

and 𝒃𝑒 = 1 so that 𝒆𝑡 = 1. Now we modify the weights on the second non-linear branch by

defining 𝑾𝑓 =

[
𝑰 0
0 𝑾𝛾𝑖

]
and 𝒃 𝑓 =

[
0
𝒃𝛾𝑖

]
. This gives us

𝒇𝑡 = 𝜎

( [
𝑰 0
0 𝑾𝛾𝑖

] [
𝜙(𝒙𝑡)
𝒂2,𝑡

]
+

[
0
𝒃𝛾𝑖

] )
=

[
𝜎(𝜙(𝒙𝑡))
𝛾𝑖(𝒂2,𝑡)

]
=

[
𝜙(𝒙𝑡)
𝛾𝑖(𝒂2,𝑡)

]
, (C.48)

where we have used that since 𝜙(𝒙𝑡) is a ReLU network whose final activation is a ReLU, we
have that 𝜙(𝒙𝑡) = 𝜎(𝜙(𝒙𝑡)). Hence, if our networks have different depths and we have fully
emulated one of the networks, we can continue to emulate the remaining layers of the other
network while keeping the fully emulated network fixed and unchanged.

C.5.4 Representing the identify function using a gated MLP block
In this section we show that we can represent an identity function using a gated MLP block.
This can be simply done by setting 𝑾𝑓 = 0, 𝒃 𝑓 = 1,𝑾𝑒 = 𝑰 , 𝒃𝑒 = 0,𝑾𝑚 = 𝑰 and 𝒃𝑚 = 0. This

then gives us that for an input 𝒂𝑡 =
[
𝒂1,𝑡
𝒂2,𝑡

]
to the gated MLP block, the output of the gated

MLP block is 𝒎𝑡 = 𝒂𝑡 . Thus, we pass the input through the gated MLP unchanged.

C.5.5 Representing multiplicative gating with a gated MLP block
The final thing we need to do is to compute an element-wise product of two vectors in order
to match the output in Eq. (5.4). In other words, to match the 𝜙(𝒙𝑡) ⊙ 𝛾(𝒔𝑡) operation.
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Again, assume that the input to the gated MLP block is 𝒂𝑡 =

[
𝒂1,𝑡
𝒂2,𝑡

]
. Working with the

first linear branch, we define 𝑾𝑒 =

[
0 0
𝑰 0

]
and 𝒃𝑒 = 0, so that

𝒆𝑡 =

[
0 0
𝑰 0

] [
𝒂1,𝑡
𝒂2,𝑡

]
+ 0 =

[
0
𝒂1,𝑡

]
. (C.49)

Next, we define 𝑾𝑓 = 𝑰 and 𝒃𝑒 = 0 so that

𝒇𝑡 =

[
𝜎(𝒂1,𝑡)
𝜎(𝒂2,𝑡)

]
. (C.50)

Setting 𝑾𝑚 = 𝑰 and 𝒃𝑚 = 0 gives the output of the gated MLP as

𝒎𝑡 =

[
0

𝒂1,𝑡 ⊙ 𝜎(𝒂2,𝑡)

]
. (C.51)

C.5.6 Composing the operations to model a single gated linear-RNN
layer

Now that we have all the individual layers, we can combine them so that we can use a Hawk
model to emulate a single Gated RNN layer.

First we start by taking the input of the form 𝒂𝑡 =

[
0
𝒙𝑡

]
. We use a residual block that con-

sists of a recurrent block computing the state update as descried in Appendix C.5.1 and then
a gated MLP block that computes the identity function as demonstrated in Appendix C.5.4.

This gives an output from this first recurrent block as 𝒐𝑡 =

[
𝒔𝑡
𝒙𝑡

]
.

Next, we emulate the MLP layers of the networks 𝜙 and 𝛾 in parallel. Suppose WLOG
that 𝜙 and 𝛾 have𝑚 and 𝑛MLP layers respectively, where𝑚 ≤ 𝑛. We stack𝑚 residual blocks
using recurrent blocks that implement the identity function as described in Appendix C.5.2
followed by MLP blocks that apply the MLP layers of𝜙 and 𝛾 as described in Appendix C.5.3.

Stacking 𝑚 such residual blocks results in the output 𝒎𝑡 =

[
𝛾𝑚(𝒔𝑡)
𝜙(𝒙𝑡)

]
, where we can fully

emulate the shallower network 𝜙(𝒙𝑡).
Now, for the remaining 𝑘 −𝑚 layers for the network 𝛾(𝒙𝑡), we stack residual blocks with

recurrent blocks implementing the identity function as described in Appendix C.5.2 and
MLP blocks that leave 𝜙(𝒙𝑡) unchanged whilst applying the additional layers needed to
emulate 𝛾(𝒔𝑡) as described at the end of Appendix C.5.3. After stacking 𝑘 − 𝑚 additional

residual layers in this fashion, the output of the final residual block will now be𝒎𝑡 =

[
𝛾(𝒔𝑡)
𝜙(𝒙𝑡)

]
,

which fully reconstructs the MLP networks 𝛾 and 𝜙.
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Finally, we utilise a residual block with a recurrent block that implements the identity
function as described in Appendix C.5.2 followed by a gated MLP block that applies mul-
tiplicative gating as described in Appendix C.5.5. This then gives as an output of this final

residual block 𝒎𝑡 =

[
0

𝛾(𝒔𝑡) ⊙ 𝜎(𝜙(𝒙𝑡))

]
. Since 𝜙(𝒙𝑡) is a MLP network with the final activa-

tion function being a ReLU activation, we have that 𝜎(𝜙(𝒙𝑡)) = 𝜙(𝒙𝑡), giving the required
final output from the stacked block of residual blocks as

𝒎𝑡 =

[
0

𝛾(𝒔𝑡) ⊙ 𝜙(𝒙𝑡)

]
. (C.52)

Hence, we have shown that a single layer of a gated RNN as described by Eq. (5.5) can
be represented using 𝑘 + 2 Hawk residual blocks where 𝑘 is the maximum depth of 𝜙 and
𝛾. Once again, the two universal approximation programs in Listings 1 and 2 can also
be applied to Hawk models as they can represent Gated Linear RNNs. Therefore, Hawk
models are also universal approximators in the sense described in Section 5.4.

Gated Linear-RNNs are Griffin models too. The above argument extends to the Griffin
architecture which uses stacks of two residual blocks with recurrent blocks followed by a
residual block with attention. The only thing that changes is that for every third residual
block, which in our argument will be used to compute the MLP layers of 𝜙 and 𝛾 in parallel,
the recurrent block is now replaced with a local MQA block.

We can set the key query and values matrices to implement the identity function which
is to act input to the block. Hence, as a corollary of the above argument, we can also show
that the universal approximation programs in Listings 1 and 2 can also be implemented as
Griffin models. Therefore, Griffin models can also be universal approximators in the sense
described in Section 5.4.

C.6 Definitions for some helper functions in LSRL

C.6.1 f_not

This is a convenience function that creates a NOT function block. It assumes that 𝑥 is 0 or 1.
Works with scalar and vector-valued inputs. With vector-valued inputs, it acts element-wise.

1 not_x = 1 - x

C.6.2 f_and

This is a convenience function that creates an AND function block. It assumes that 𝑥 and 𝑦

are 0 or 1. Works with scalar and vector-valued inputs. With vector-valued inputs, it acts
element-wise. mu is the approximation parameter 𝜇 for f_step as described in Section 5.3.

1 and_x_y = ReLU(f_step(x, mu) + f_step(y, mu) - 1)
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C.6.3 f_or

This is a convenience function that creates an OR function block. It assumes that 𝑥 and 𝑦

are 0 or 1. Works with scalar and vector-valued inputs. With vector-valued inputs, it acts
element-wise. mu is the approximation parameter 𝜇 for f_step as described in Section 5.3.

1 or_x_y = f_step(x + y, mu=mu)

C.6.4 f_smaller

This is a convenience function that a less than comparison block. Works with scalar and
vector-valued inputs. With vector-valued inputs, it acts element-wise. mu is the approxima-
tion parameter 𝜇 for f_step as described in Section 5.3.

1 smaller_x_y = f_step(y - x, mu=mu)

C.6.5 f_larger

This is a convenience function that a more than comparison block. Works with scalar and
vector-valued inputs. With vector-valued inputs, it acts element-wise. mu is the approxima-
tion parameter 𝜇 for f_step as described in Section 5.3.

1 larger_x_y = f_step(x - y, mu=mu)

C.6.6 f_relu_identity

Identity operation using ReLUs. This is useful for debranching when some of the branches
have ReLUs but the other don’t. We can add this as a bypass for the ones that do not and can
then merge the ReLUs together (see Appendix C.1 for details).

1 positive_part = ReLU(x)
2 negative_part = ReLU(
3 Linear(
4 input=x,
5 A=-1 * eye(x.dim),
6 b=zeros(x.dim, 1),
7 )
8 )
9 both = Concat([positive_part , negative_part])
10 relu_identity = Linear(
11 input=both,
12 A=hstack(eye(x.dim), -1 * eye(x.dim)),
13 b=zeros(x.dim, 1),
14 )
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C.6.7 f_modulo_counter

Computes the 𝑥 mod divisor where 𝑥 is a counter starting from zero. The idea is that we
rotate a unit vector so that it makes a full revolution every divisor rotations. dummy_input
can be any variable, we use it only to construct a constant.

1 angle = 2 * pi / divisor
2 R = [[cos(angle), sin(angle)], [sin(angle), cos(angle)]]

3 unit_vector = [[1], [0]]

4 # we first rotate, then output so if we want the first output to be 0 we need to have the
init_state one step before that

5 init_state = R.inv() @ unit_vector

6 # this rotates a 2D vector 1/divisor revolutions at a time
7 cycler = LinState(
8 input=dummy_input ,
9 A=R,
10 B=zeros(2, dummy_input.dim),
11 init_state=init_state ,
12 )

13 # we now need to extract the position of the cycler
14 extractor_matrix = vstack(*[(R^i * unit_vector).T) for i in range(divisor)])
15 indicator = Linear(
16 input=cycler,
17 A=extractor_matrix ,
18 b=zeros(divisor, 1)
19 )

20 # the dot product with the row of extractor_matrix corresponding to the current position of the
cycler is 1

21 # the dot product with the second highest is cos(angle)
22 # thus, we can threshold at 1-cos(angle/2) to get a one hot encoding of the current position of the

cycler
23 one_hot = f_larger(indicator , cos(angle / 2))

24 # and to get an integer value we need one final linear layer
25 mod_value = Linear(
26 one_hot,
27 A=[[i for i in range(divisor)]],
28 b=zeros(1, 1)
29 )
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