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We consider the energy spectrum ΞE(N) of harmonic maps 
from the sphere into a closed Riemannian manifold N . While a 
well known conjecture asserts that ΞE(N) is discrete whenever 
N is analytic, for most analytic targets it is only known that 
any potential accumulation point of the energy spectrum must 
be given by the sum of the energies of at least two harmonic 
spheres. The lowest energy level that could hence potentially 
be an accumulation point of ΞE is thus 2Emin. In the present 
paper we exclude this possibility for generic 3 manifolds and 
prove additional results that establish obstructions to the 
gluing of harmonic spheres and provide Łojasiewicz-estimates 
for almost harmonic maps.

© 2025 The Author. Published by Elsevier Inc. This is an 
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1. Introduction

Let (N, gN ) be a closed Riemannian manifold which we can assume without loss of 
generality to be embedded in a suitable Euclidean space RN using Nash’s embedding 
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theorem. We recall that a map u : S2 → N is called harmonic if it is a critical point of 
the Dirichlet energy

E(u) = 1
2

∫
S2

|∇u|2dvgS2 .

Such harmonic maps are characterised by τgS2 (u) = 0 where the tension field is given 

by τgS2 (u) = −∇L2
E(u) = ΔgS2u + A(u)(∇u,∇u), A the second fundamental form of 

N ↪→ RN .
We recall that any harmonic map from S2 is (weakly) conformal and hence that 

the set of harmonic maps from the sphere coincides with the set of (weakly) conformal 
parametrisations of minimal spheres in N . In particular, the energy spectrum

ΞE(N, gN ) := {E(u) : u : S2 → N harmonic, not constant }

of harmonic spheres agrees with the areas (counted with multiplicity) of (possibly 
branched) immersed minimal spheres.

While there are many known examples of smooth manifolds (N, gN ) for which 
ΞE(N, gN ) has accumulation points, such as warped products with S2 for warping func
tions with non-discrete critical values, a well known conjecture of Leon Simon and of 
Fang-Hua Lin [5] asserts that the energy spectrum of harmonic maps from S2 into any 
closed analytic manifold is discrete.

In some very special cases this follows as a consequence of much stronger results such 
as an explicit characterisation of all minimal spheres in N and the resulting explicit 
knowledge of ΞE(N). E.g. if the target is the round sphere then all harmonic spheres 
are described in stereographic coordinates z ∈ C by rational maps in either z or z̄ and 
hence Ξ(S2, gS2) is made up by the multiples of 4π.

Conversely, for more general analytic targets very little is known about ΞE with the 
few existing results following already from the compactness theory of (almost) harmonic 
maps developed in the 1990s in [14,1,10,4] and the seminal result of Simon [13] from 
1983.

To describe the known properties of ΞE we first recall that sequences uj of maps with 
bounded energy which are almost harmonic in the sense that

‖τgS2 (uj)‖L2(S2,gS2 ) → 0 (1.1)

subconverge to a bubble tree without loss of energy or formation of necks: That is, there 
exists a harmonic base map ω0 : S2 → N and a finite set S ⊂ S2 so that uj → ω0
strongly in H2

loc(S2 \ S) and weakly in H1(S2) and so that near each point p ∈ S the 
uj are essentially described by a collection of highly concentrated harmonic spheres. 
Namely, for each such p there exists a finite collection of harmonic maps ωk : R2 → N , 
points pkj → p and scales μk

j → ∞ so that, working in stereographic coordinates centred 
at p,
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uj(x)−
∑(

ωk(μk
j (x− pkj ))− ωk(∞)

)
− ω0(x) → 0 strongly in L∞ ∩H1(Br(p)). (1.2)

We recall that the conformal invariance of the energy and the result [12] of Sacks
Uhlenbeck imply that a finite energy map u : R2 → N is harmonic if and only if u◦π−1 :
S2 → N is a harmonic map from the sphere, π(x) = ( 2x 

1+|x|2 ,
1−|x|2
1+|x|2 ) : R2∪{∞} → S2 the 

inverse stereographic projection. In the following we can thus switch viewpoint and work 
on R2, or equivalently on Ĉ = C ∪ {∞}, whenever this is more convenient and, except 
in the trivial case where E(uj) → 0, can pull-back a sequence of maps uj satisfying (1.2)
by suitable Möbius transforms to ensure that the base map ω0 is non-constant.

If no bubbles form, i.e. if the maps converge strongly in H2(S2), and if N is analytic 
then the seminal results [13] of Simon are applicable. These ensure that for every har
monic map u∗ : S2 → N there exists an ε = ε(u∗) > 0 so that a Łojasiewicz-estimate of 
the form

|E(u) −E(u∗)| ≤ C‖τgS2 (u)‖αL2(S2,gS2 ) for some α = α(u∗) ∈ (1, 2] (1.3)

holds true for all maps in the neighbourhood

U(u∗) = {u : S2 → N : ‖u− u∗‖L∞ < ε and ‖u− u∗‖H1 < ε}.

Conversely these results cannot be applied to study sequences of harmonic maps that 
undergo bubbling as such maps will not be H1 close to a fixed harmonic map, or indeed 
to any set of harmonic maps for which the results of [13] yield Łojasiewicz-estimates on 
a uniform ε-neighbourhood, compare Remark 4.3. To the authors knowledge the only 
properties of the energy spectrum of harmonic maps into general analytic manifolds that 
are currently known are the ones that follow from the above mentioned compactness 
theory and from the work of Simon, i.e. that
• The lowest non-trivial energy level Emin := inf ΞE(N) is achieved and isolated in the 

energy spectrum.
• Any potential accumulation point of ΞE(N) must be of the form Ē =

∑n
i=0 E(ωi)

for some non-trivial harmonic spheres ωi, i = 0, . . . , n ≥ 1, and such an accumulation 
point must be due to the existence of harmonic maps uj with energies Ē 
= E(uj) → Ē

that converge to a non-trivial bubble tree.
The lowest level which might potentially be an accumulation point of the energy spec

trum is hence 2Emin and so a natural starting point to develop a better understanding 
of ΞE , and to gain new insight into the above mentioned conjecture, is to investigate 
whether energies of harmonic maps might accumulate at 2Emin. In the present paper we 
exclude this possibility for 3 manifolds under some natural assumptions on the minimal 
energy harmonic spheres

Theorem 1.1. Let (N, gN ) be any analytic 3 manifold and let Emin = min ΞE(N, gN )
be the minimal energy of a non-trivial harmonic sphere in N . Suppose that harmonic 
spheres ω : S2 → N with this energy Emin are unbranched, non-degenerate critical points 
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and that any intersection or self-intersection between such minimal spheres is transversal 
in the sense that the corresponding tangent spaces do not coincide.

Then 2Emin cannot be an accumulation point of the energy spectrum ΞE(N, gN ).

As the energy is invariant under conformal changes we know that any vector field of 
the form Y = d 

dε |ε=0 ω ◦ Mε, Mε a family of Möbius transforms with Mε=0 = Id, is a 
Jacobifield along ω, i.e. so that d2E(ω)(Y, ·) = 0. We hence say that ω is non-degenerate 
if all Jacobifields along ω are generated in this way.

We recall that the results of Gulliver, Osserman and Royden [2] ensure that minimal 
surfaces in 3 manifolds that are locally area minimising cannot have any true branch 
points. Any harmonic sphere with energy Emin that is a local area minimiser will hence 
automatically be unbranched. Of course the example of an equatorial sphere in S3 shows 
that harmonic spheres of minimal energy might not be local minimisers of the Area and 
to the author’s knowledge it is not known whether there any minimal energy harmonic 
spheres in a 3 manifold that are branched.

The above theorem is valid also for manifolds which are not analytic but for which 
it is known that prime harmonic spheres of energy 2Emin are non-degenerate critical 
points.

As the bumpy metric theorems obtained by White in [19--21] and by Moore in [8] 
and in Theorems 5.1.1 and 5.1.2 of [9], ensure that for generic metrics on manifolds of 
dimension at least 3 all prime harmonic maps are non-degenerate critical points, not 
branched and that all potential intersections and self-intersections are transverse we 
hence obtain

Corollary 1.2. For generic 3 manifolds the possibility that 2Emin is an accumulation 
point of the energy spectrum ΞE(N) is excluded and Łojasiewicz-estimates as stated in 
Theorems 1.3, 1.5 and 1.7 below hold true for any sequence of almost harmonic maps 
that converges to a bubble tree with a single bubble.

We remark that while standard arguments show that the Łojasiewicz-estimate (1.3)
holds true (with α = 2) in an ε = ε(u∗) > 0 neighbourhood of any non-degenerate 
harmonic map u∗ into a smooth manifold, these arguments cannot be used to obtain 
the above result as sequences of harmonic maps undergoing bubbling will not be in a 
neighbourhood of a fixed such map.

To prove Theorem 1.1 and the above corollary we need to exclude the possibility that 
there exists a sequence of harmonic maps uj : S2 → N with energy 2Emin 
= E(uj) →
2Emin. We know that such a sequence cannot converge strongly as that would contradict 
[13], so (after pull-back by suitable Möbius transforms) must converge to a bubble tree 
with a base map ω0 and a bubble ω1 of energy E(ω0) = E(ω1) = Emin.

We hence need to ask whether it is possible to glue increasingly concentrated harmonic 
spheres onto harmonic base maps in a way that results in a harmonic map whose energy is 
close, but not equal, to E(ω0)+E(ω1). We will not only exclude this for harmonic spheres 
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as considered in Theorem 1.1, but will establish obstructions to gluing harmonic spheres 
that apply in more general settings, including situations where the involved harmonic 
spheres are branched and have non-trivial, and even non-integrable, Jacobifields.

It is natural to distinguish between bubble trees for which the bubble ω1 and base ω0

(1) parametrise the same minimal surface with the same orientation 
(2) parametrise the same minimal surface with the opposite orientation
(3) parametrise transversally intersecting minimal surfaces.

We note that the no-neck property of the convergence to a bubble tree ensures that we 
only have to consider maps ω0 and ω1 for which ω0(p) = ω1(∞), p the point at which 
the bubble forms. After rotating the domain, we can assume without loss of generality 
that the bubble is attached at the north pole, so in stereographic coordinates at z = 0. 
In the following we hence only have to consider maps uj : Ĉ → N for which there exist 
μj → ∞ and zj → 0 for which

uj(z) − [ω0(z) + ω1(μj(z − zj)) − ω1(∞)] → 0 in Ḣ1 ∩ L∞(C). (1.4)

Our analysis is not restricted to bubble trees for which ω0 and ω1 are unbranched but we 
can more generally consider bubble trees with base maps and bubbles which are obtained 
as a composition of a harmonic sphere U∗ : Ĉ → N with dU∗(q∗(0)) 
= 0 and a rational 
map q∗ : Ĉ → Ĉ of arbitrary degree, i.e. a non-constant map of the form q∗(z) = p1(z)

p2(z) , 
p1,2 polynomials. As we can precompose U∗ with a rotation we can restrict our attention 
to rational maps q∗(z) which map 0 to 0 and so will always ask that dU∗(0) 
= 0.

We note that the conformal invariance of the energy ensures that any map of the form 
U ◦ q, U harmonic and q rational, will be a harmonic map and that any vector field of 
the form Y = d 

dε |ε=0(U ◦qε), qε rational maps, is a Jacobifield along U ◦qε=0. For higher 
order coverings of harmonic spheres it is hence natural to say that

Definition 1. The second variation of the energy is non-degenerate along a harmonic map 
ω of the form ω = U ◦ q if every Jacobifield Y along ω is generated by a variation of 
rational maps qε, i.e. given by Y = d 

dε |ε=0(U ◦ qε).

We first consider the case where the base and the bubble parametrise the same minimal 
surface with the same orientation. Here we include settings in which U∗(0) is a point 
of higher multiplicity of an immersed minimal sphere U∗(Ĉ) provided ω0 and ω1( 1 

z )
parametrise the same leaf of U∗(Ĉ) near z = 0, but will instead include settings in which 
they parametrise transversally intersecting leafs in the third case, compare Theorem 1.7
below.

So suppose that ω0 and ω1 are obtained by composing the same harmonic U∗ : Ĉ → N

with rational maps q∗0(z) and q∗1( 1 
z ) for which q∗0(0) = q∗1(0) = 0. We want to show that 

the only sequences of harmonic maps uj that converge to such a bubble tree are higher 
degree coverings of U∗ : S2 → N .
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This does not follow from the existing theory since the size of the neighbourhoods on 
which Łojasiewicz-estimates are known to hold true shrink to zero as the maps undergo 
bubbling, compare Remark 4.3. If uj is a sequence of harmonic maps that converges to 
such a bubble tree then the compactness theory from [14,1,10,4] ensures that ‖uj −U∗ ◦
rj‖L∞∩Ḣ1 → 0 for some rational maps rj. However the existing theory does not provide 
the quantitative estimates on the rate of this convergence which would allow one to know 
that the maps uj are in the smaller and smaller neighbourhoods U(U∗ ◦ rj) for which 
the results of Simon apply.

Conversely, our method allows us to prove that Łojasiewicz-estimates indeed hold 
true on a uniform ε neighbourhood around such a non-compact set of harmonic maps 
{U∗ ◦ r} and hence that such sequences of harmonic maps cannot be responsible for an 
accumulation point of the energy spectrum. To be more precise, we show

Theorem 1.3. Let (N, gN ) be a smooth Riemannian manifold of any dimension. Suppose 
that U∗ : Ĉ → N is a harmonic map with dU∗(0) 
= 0 and q∗0 , q

∗
1 : Ĉ → Ĉ are rational 

maps with q∗1(0) = q∗0(0) = 0 so that d2E is non-degenerate at ω0(z) := U∗ ◦ q0
∗ and 

ω1(z) := U∗ ◦ q1∗( 1 
z ) in the sense of Definition 1.

Let (uj) be any sequence of almost harmonic maps which converges to a bubble tree 
with base map ω0 and bubble ω1 as described in (1.1) and (1.4). Then there exists a 
constant C so that

|E(uj) − [E(ω0) + E(ω1)]| ≤ C min(‖dE(uj)‖∗, logμj‖dE(uj)‖2
∗), (1.5)

for all sufficiently large j and for μj → ∞ as in (1.4).
Furthermore, if the maps uj are harmonic, then, after precomposing with a suitable 

rotation Rj of the domain, they can be written as

uj(z) = U∗(qj0(z) + qj1( 1 
μjz

)
)

for rational maps qji which converge smoothly to q∗i when viewed as maps from S2 to S2.

Here and in the following ‖ · ‖∗ denotes a weighted H−1 norm which is defined in Re
mark 4.1 and which is chosen so that the above estimate (1.5) is invariant under pull-back 
by Möbius transforms. We note that ‖τgS2 (u)‖L2(S2,gS2 ), which dominates ‖dE(u)‖∗, 
does not have this property. However, while it is natural work with ‖dE(u)‖∗ to anal
yse the energy spectrum, it is also of interest to obtain L2-Łojasiewicz-estimates e.g. to 
analyse the asymptotic behaviour of the harmonic map heat flow

∂tu = τgS2 (u). (1.6)

We shall hence also prove
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Corollary 1.4. For sequences of maps uj as in Theorem 1.3 we can bound

|E(uj) −E∗| ≤ C‖τgS2 (u)‖2
L2(S2,gS2 ). (1.7)

A consequence of this corollary is that solutions u(t) of the flow (1.6) for which 
sequences u(tj), tj → ∞, are known to subconverge to a bubble tree as considered in 
Theorem 1.3 must indeed converge exponentially fast to a unique base map u∞ : S2 → N

as t → ∞ away from a unique point p∞ ∈ S2 in the sense of both L2(S2, gS2) and 
Ck

loc(S2 \ {p∞}).
In the one bubble case this extends results that were previously obtained by Topping 

[15] in the case where N is the round 2-sphere and that were later extended by Liu 
and Yang in [6] to compact Kähler manifolds with nonnegative holomorphic bisectional 
curvature. We note that the results from [15,6] are not restricted to the one bubble case 
but apply to sequences of maps and solutions of the flow which converge to any bubble 
tree for which the base map and the bubbles are all parametrisations of the same minimal 
spheres with the same orientation.

The above corollary suggests that while the special geometric structure of the target 
is crucially used in the proofs of [15,6], analogue results might be valid for more general 
targets and one would expect that the main property needed is the non-degeneracy of 
the second variation of the energy at the underlying harmonic spheres U∗ ◦ q∗i , which for 
N = S2 follows from [3].

Next we want to show that it is impossible to glue a highly concentrated bubble onto 
a base map which parametrises the same minimal surface, but with opposite orientation. 
Indeed, we will prove more generally that for almost harmonic maps that converge to 
such a bubble tree the energy defect and the bubble scale are controlled in terms of 
‖dE(u)‖∗.

Theorem 1.5. Let (N, gN ) be a smooth Riemannian manifold of any dimension, let U∗ :
Ĉ → N be any harmonic map with dU∗(0) 
= 0 and let q∗0 , q∗1 : Ĉ → Ĉ be any rational 
maps with q∗1(0) = q∗0(0) = 0 so that d2E is non-degenerate at ω0(z) := U∗ ◦ q0

∗ and 
ω1(z) := U∗ ◦ q1∗( 1 

z̄ ) in the sense of Definition 1.
Let (uj) be any sequence of almost harmonic maps which converges to a bubble tree 

with base map ω0 and bubble ω1 as described in (1.1) and (1.4). Then the bubble scale 
must satisfy

μ
−min(n∗

0 ,n
∗
1)

j ≤ C‖dE(uj)‖∗,

n∗
i ∈ N the order of the zero of q∗i at z = 0, while the energy defect is controlled by

|E(uj) − [E(ω0) + E(ω1)]| ≤ C‖dE(uj)‖∗.

In particular, no sequence of harmonic maps can converge to such a bubble tree.
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For maps to the round sphere, L2-Łojasiewicz-estimates with exponent α = 2 and 
exponential bounds on the bubble scale were proven by Topping in [16]. In this setting 
there are only two types of harmonic spheres, namely holomorphic or antiholomorphic 
maps. The results of [16] apply for maps that converge to any bubble tree which is so 
that for each singular point p the bubbles forming at p are all of the same type, where 
for points p at which bubbles form that have a different type than the base map one 
needs to impose additionally that the base map is not branched.

Topping already observed in [17] that even for maps into (S2, gS2) one cannot expect 
to prove L2-Łojasiewicz-estimates with exponent α = 2 if the base map is branched at 
a point where a bubble of a different type forms and we remark that such settings have 
been addressed very recently by Waldron in [18].

We also recall that any L2-Łojasiewicz-estimate with an exponent α > 1 is sufficient 
to prove convergence results for solutions of harmonic map flow. As this is our main 
motivation to also prove Łojasiewicz-estimates that involve ‖τgS2 (u)‖L2(S2,gS2 ) rather 
than the weaker, and scaling invariant ‖dE(u)‖∗, we shall hence simply show

Corollary 1.6. For any sequence (uj) of almost harmonic maps as in Theorem 1.5 we 
can bound

|E(uj) − [E(ω0) + E(ω1)]| ≤ C‖τgS2 (uj)‖αL2(S2,gS2 ) (1.8)

for an exponent α > 1 that only depends on U∗ and q∗0,1.

We finally want to show that for maps into 3 manifolds it is impossible to glue two 
harmonic spheres ω0 and ω1 which are so that ω0 and ω1( 1 

z ) parametrise transversally 
intersecting minimal surfaces, respectively transversally intersecting leafs of the same 
minimal surface, near z = 0.

Our result in this setting also applies for harmonic spheres which are degenerate crit
ical points, i.e. which have Jacobifields that are not generated by variations of rational 
maps. Indeed, we can even deal with harmonic spheres ωi which have non-integrable 
Jacobifields, i.e. for which d2E(ωi) has null directions that are not tangential to the set 
of harmonic maps near ωi.

The one thing we want to ask is that for maps ωi that are obtained as higher order 
coverings of a map U∗

i this structure is reflected also at the level of Jacobifields. Namely, 
if q∗i has degree strictly greater than 1 then we ask that all Jacobifields along ωi = U∗

i ◦q∗i
are generated by a combination of Jacobifields along U∗

i and Jacobifields that are 
generated by variations of the rational maps: that is, in this case we will assume that

ker(Lωi
) = {W ◦ q∗i , W ∈ ker(LU∗

i
)} + Tωi

{U∗
i ◦ q : q : S2 → S2 rational }, (1.9)

Lu the Jacobi-operator along u. Here we note that the fact that W ◦ q∗ is a Jacobifield 
along U∗◦q∗ whenever W is a Jacobifield along U∗ follows from the conformal invariance 
of the energy and the resulting formula



M. Rupflin / Journal of Functional Analysis 289 (2025) 111006 9

τ(U ◦ q) = 1
2 |∇q|2τ(U ◦ q) (1.10)

for the transformation of the tension under conformal changes.
As our final main result we prove

Theorem 1.7. Let (N, gN ) be any analytic 3 manifold and let U∗
0,1 : Ĉ → N be any 

harmonic spheres with U∗
1 (0) = U∗

0 (0) and dU∗
0,1(0) 
= 0 which are so that the tangent 

spaces TU∗
i (0)U

∗
i (Ĉ) to the corresponding minimal surfaces Ui(Ĉ) do not coincide. Let 

q∗0 , q∗1 be any rational maps with q∗0(0) = q∗1(0) = 0, assumed to satisfy (1.9) if their 
degree is at least 2.

Then for any sequence (uj) of almost harmonic maps that converges to a bubble tree 
with base map ω0 = U∗

0 ◦q∗0 and bubble ω1(z) = U∗
1 (q∗1( 1 

z )) as described in (1.1) and (1.4)
we can bound the bubble scale by

μ
−min(n∗

0 ,n
∗
1)

j ≤ C‖dE(uj)‖∗

and we have a Łojasiewicz-estimate of the form

|E(u) − [E(ω1) + E(ω0)]| ≤ C‖dE(uj)‖∗.

In particular, no sequence of harmonic maps can converge to such a bubble tree.

Remark 1.8. If U∗
0,1 are non-degenerate critical points, then the above theorem remains 

valid also without the assumption that (N, gN ) is analytic.

We note that in contrast to Theorems 1.3 and 1.5 which are valid for target manifolds 
of arbitrary dimension, here we have to impose that the target is 3 dimensional. We 
cannot expect to obtain the same repulsion effect if we were to consider maps into higher 
dimensional manifolds such as N = S2 × S2 ↪→ R6 where e.g. uj(·) := (π(·), π( 1 

μj · )) :
R2 → N , μj → ∞, are harmonic maps which converge to a bubble tree for which the 
tangent spaces of the base ω0 = (π, π(∞)) and the bubble ω1 = (π(∞), π(1

· )) intersect 
transversally in a point.

Strategy of our proofs:
To prove our main results we use a general method that was first developed in the joint 
work [7] of Malchiodi, Sharp and the author on H-surfaces. A crucial aspect of this 
method is that it allows us to prove Łojasiewicz estimates for sequences of (almost) 
critical points of an energy E that converge to a singular limit, here a bubble tree, 
without having to analyse the properties of such general (almost) critical points.

Instead, if we can construct a suitable finite dimensional (non-compact) manifold Z
of singularity models so that the restriction of the energy to Z has the right properties, 
then this method allows us to obtain Łojasiewicz-estimates that are valid on a uniform 
ε neighbourhood of Z based on the properties of the energy and its variation on Z.
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These singularity models will in general not be critical points of the energy, but will 
always be so that ‖dE(z)‖∗ is small as they serve as models for the behaviour of almost 
critical points. The key properties Z needs to satisfy are that

(i) The second variation of the energy is uniformly definite orthogonal to Z
(ii) For each z ∈ Z which is not a critical point of E we can identify a direction on Z

in which the variation of E has a sign and suitable scaling. To be more precise, we 
need that for each such z ∈ Z there exists a unit element yz ∈ TzZ so that

Q(z, yz) :=
‖dE(u)‖∗

(
‖dE(u)‖∗ + ‖d2E(u)(yz, ·)‖∗

)
dE(u)(yz) 

is small. (1.11)

Our proofs hence consist of three main steps: the construction of the manifold Z of 
singularity models, the analysis of the energy and its variations on Z, including the iden
tification of the dominating direction yz for which (1.11) holds, and finally the arguments 
of how these properties of E on Z yield our main results.

After rotating the domain, we will only need to consider maps for which the bubble 
is attached at z = 0 and in settings where the U∗

0,1 are non-degenerate, the singularity 
models will be obtained by carefully gluing maps of the form U∗

i (q0(z) + q1( 1 
μz ) + ci), 

i = 0, 1, for ci ∈ C small and qi rational maps with qi(0) = 0 which are close to q∗i .
In case (1) where U∗

0 = U∗
1 , the set Z contains all relevant critical points (corre

sponding to the case where c0 = c1), but also non-harmonic maps z which are obtained 
from gluing maps for which c0 
= c1 and hence U∗

0 (c0) 
= U∗
1 (c1). These need to be 

included as they correspond to directions in which the second variation degenerates 
as μ → ∞, compare Remark 4.3. For these non-harmonic elements of Z the domi
nating term in the energy expansion will always come from the zeroth order deviation 
δ := dist(U∗

0 (c0), U∗
1 (c1)) between the maps we glue. In case (1) we will hence always 

choose yz ∈ TzZ so that it corresponds to a variation that increases this number δ, 
compare Lemma 3.7.

For the other cases (2) and (3) our set of singularity models will not contain any 
critical points, and indeed a key part of our claims is the non-existence of any critical 
points which look like bubble trees of types (2) or (3). For these cases, the choice of 
yz will also be more involved. In case (2) both zeroth and first order deviations in the 
Taylor expansions of the maps that we glue can dominate the behaviour of the energy 
and its variation. As a result, the choice of direction will depend on the relative size of 
δ and (a suitable polynomial of) μ−1, and we will consider variations that increase δ
as described above only if δ dominates, and otherwise use variations that increase the 
energy by varying one of the rational maps in a suitable way, compare Lemma 3.5.

For settings as considered in Theorem 1.7 where the U∗
i are allowed to have non

integrable Jacobifields, we will need to expand the class of maps that we glue to obtain 
our singularity maps to include maps Ui(q0(z) + q1( 1 

μz ) + ci) for certain Ui which are 
themselves not harmonic. As a result, in this case (3), the choice of yz will depend on 
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the relation between δ, μ−1 and the tension of the maps Ui, and in the case where the 
later dominates we will consider a third type of variation which will increase E(z) by 
increasing E(Ui), compare Lemma 3.8.

Outline of the paper:
The paper is organised as follows: We begin by explaining the precise construction of the 
singularity models in Section 2. We then collect all key properties of E and its variations 
on this set Z in a series of lemmas in the subsequent Section 3. We however postpone 
their rather technical proofs until Sections 5 and 6, as an understanding of these proofs is 
not required to complete the proofs of the main results which are carried out in Section 4.

2. Construction of the singularity models

In this section we construct the singularity models which are maps z : S2 → N that 
model the behaviour of sequences of almost harmonic maps that converge to a bubble 
tree with base ω0 = U∗

0 ◦ q∗0 and bubble ω1(z) = U∗
1 ◦ q∗1( 1 

z ) where here and in the 
following U∗

i : Ĉ → N always denote fixed harmonic maps with dU∗
i (0) 
= 0 while q∗i

denote fixed elements of

R := {q : Ĉ → Ĉ rational with q(0) = 0}. (2.1)

It suffices to construct singularity models z : S2 → N for which the bubble is attached 
at the north pole and we denote the corresponding set of maps by Z0. Once we have 
constructed Z0 we can then obtain the full manifold of singularity models as

Z := {z0 ◦Rp : p ∈ S2, z0 ∈ Z0}, (2.2)

where Rp ∈ SO(3) denotes the rotation which maps the plane containing 0, p and the 
north pole π(0) to itself and which is so that Rp(p) = π(0) (with the convention that 
Rp = Id if p = π(0)).

To construct these maps z ∈ Z0 we work in fixed stereographic coordinates where the 
base and bubble will be represented by harmonic maps U∗

i : Ĉ → N and rational maps 
q∗i : Ĉ → Ĉ. As discussed in the introduction we need to analyse the three cases where 
either U∗

0 = U∗
1 or U∗

0 (z̄) = U∗
1 (z) or where U∗

0,1 parametrise minimal spheres in a 3 
manifold that intersect transversally in U∗

1 (0) = U∗
0 (0).

We can assume without loss of generality that the rational maps q∗0,1 are so that the 
leading order coefficients in q∗i (z) = an∗

i
(q∗i )zn

∗
i +

∑
j>n∗

i
aj(q∗i )zj are so that |an∗

i
(q∗i )| =

1. Indeed, to ensure this for q∗0 we can simply replace U∗
0 by U∗

0 (c·) for a suitable c > 0, 
while replacing the chosen scales μi in the bubble tree convergence (1.4) by cμi allows 
us to assume that this holds true for q∗1 while still preserving the relations U∗

0 = U∗
1

respectively U∗
0 (z) = U∗

1 (z̄).
To obtain a manifold Z which is so that d2E is definite orthogonal to Z we first need 

to determine suitable sets Hσ
1 (U∗

i ) of maps which are so that the tangent space to
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Hσ(ωi) := {U ◦ q : U ∈ Hσ
1 (U∗

i ), q ∈ Rσ(q∗i )} (2.3)

at ωi = U∗
i ◦ q∗i coincides with the space ker(Lωi

) of Jacobifields along ωi. Here and in 
the following σ > 0 denotes a small constant that is chosen later and that is in particular 
small enough so that all maps in

Rσ(q∗i ) := {q ∈ R : ‖π ◦ q ◦ π−1 − π ◦ q∗i ◦ π−1‖Ck(S2) < σ} (2.4)

have the same degree as q∗i and are so that |an∗
i
(qi)| ∈ (1

2 , 2). Here and in the following 
we can choose k ≥ 2 to be any fixed number.

If ωi is non-degenerate, i.e. if all Jacobifields are generated by variations of rational 
maps, then we can simply choose

Hσ
1 (U∗

i ) := {U∗
i (· + c) : c ∈ C, |c| < σ}.

More generally if all Jacobifields along U∗
i are integrable we first choose a manifold 

H0(U∗
i ) of harmonic maps of dimension dim(kerLU∗

i
)−6 which is so that each harmonic 

map close to U∗
i can be written uniquely in the form U ◦M for a Möbius transform M

and an element U of H0(U∗
i ). We then set

Hσ
1 (U∗

i ) := {U(· + c) : c ∈ C, |c| < σ, U ∈ H0(U∗
i ) with ‖(U − U∗

i ) ◦ π−1‖Ck(S2) < σ}
(2.5)

and note that (1.9) ensures that Hσ(ωi) defined by (2.3) is indeed so that Tωi
Hσ(ωi) =

ker(Lωi
).

In the more involved case where U∗
i has non-integrable Jacobifields we need to addi

tionally include certain non-harmonic maps in Hσ(ωi), and hence in Hσ
1 (U∗

i ) and H0(U∗
i ), 

to ensure that also these non-integrable Jacobifields correspond to directions that are 
tangent to Hσ(ωi). In this case, we first choose H0(U∗

i ) as described in detail in Appendix 
A of [11] as a manifold of smooth maps with

TU∗
i
{U ◦M : U ∈ H0(U∗

i ),M Möbius transform} = ker(LU∗
i
) (2.6)

which has the key properties that for every U ∈ H0(U∗
i ) we can bound

‖τgS2 (U ◦ π−1)‖Ck(S2) ≤ C‖τgS2 (U ◦ π−1)‖L2(S2,gS2 ) (2.7)

and find a variation Uε in H0(U∗
i ) of U with ‖∂ε(Uε ◦ π−1)‖Ck ≤ C for which

d 
dε |ε=0E(Uε) ≥ ‖τgS2 (U ◦ π−1)‖L2(S2,gS2 ), (2.8)

see Lemma 2.1 of [11].
We then again define Hσ

1 (U∗
i ) by (2.5) and note that this manifold inherits the prop

erties (2.7) and (2.8), while (1.9) ensures that Tωi
Hσ(ωi) = ker(Lωi

) for Hσ(ωi) defined 
by (2.3).
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Having chosen Hσ
1 (U∗

i ) in this way we now obtain our singularity models by carefully 
gluing a highly concentrated copy of an element of Hσ

1 (U∗
1 ) onto an element of Hσ

1 (U∗
0 ). 

That is we want to construct the elements z = z(U0 ◦ q0, U1 ◦ q1( 1 
μ· )) of Z0 in a way that 

z ≈ U0(q0(z)) away from z = 0 while z(z) ≈ U1 ◦ q1( 1 
μz ) near z = 0, for Ui ∈ Hσ

1 (U∗
i ), 

qi ∈ Rσ(q∗i ), i = 0, 1 and a large scaling factor μ.

Remark 2.1. We will always consider elements that are obtained from maps in Hσ
1 (ωi)

and scaling factors μ > μ̄ for a sufficiently large number μ̄ and a sufficiently small number 
σ > 0 (depending only on U∗

i , q∗i ) and in the following all claims and estimates are to 
be understood to hold true after increasing μ̄ and decreasing σ if necessary.

To describe this gluing construction we first assign to each q0 ∈ Rσ(q∗0) and each 
q1( 1 

μz ) that we obtain from an element q1 ∈ Rσ(q∗1) and a scaling factor μ > μ̄ the 
numbers

μ0 := |an∗
0 (q0)|

−1/n∗
0 and μ1 := μ|an∗

1 (q1)|
−1/n∗

1 . (2.9)

We note that while there are multiple ways of representing the same rational map q1( 1 
μz )

using an element of Rσ(q∗1) and a factor μ > μ̄, the number μ1 is uniquely determined 
by q1( 1 

μz ) and while μ0 is of order 1, μ1 will be of order μ.
Some of the gluing construction below will be carried out on annuli

A = Dr0 \Dr1 , A∗ := (D2r1 \Dr1) ∪ (Dr0 \D 1
2 r0

) and Â = D2r̂ \D 1
2 r̂

(2.10)

whose radii μ−1 � r1 � r̂ � r0 � 1 are determined by μ0,1 defined in (2.9) via

r0 := μ0f
−1
μ1/μ0

, r1 := μ−1
1 fμ1/μ0 and r̂ := μ

1
2
0 μ

− 1
2

1 . (2.11)

Here μ �→ fμ is a fixed non-decreasing function which is so that

μ|∂μfμ| ≤ fμ while log fμ
logμ ≤ σ1 and f−1

μ ≤ σ1 (2.12)

for μ > μ̄ and a small constant σ1 ∈ (0, 1
4 ]. We use the same convention for σ1 as for σ, 

i.e. ask in the following that all claims hold provided fμ satisfies this assumption for a 
sufficiently small number σ1 > 0 that only depends on U∗

0,1 and q∗0,1.
The precise choice of fμ is not important in the construction and it will be useful later 

on that we can fix fμ according to our needs as for the proof of Theorems 1.7 it will be 
convenient to work with fμ = logμ while in the proof of Corollary 1.6 we will want to 
choose fμ = μσ1 .

Remark 2.2. We note that the choice of the above radii and annuli is so that the con
struction is invariant under a rescaling z �→ λz of the stereographic coordinates and 
symmetric with respect to interchanging the roles of the base and the bubble as we 
change the coordinates according to z �→ μ0

μ1z
.
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To construct our singularity models we will first modify the maps

u1 := U1 ◦ qμ and u0 := U0 ◦ qμ for qμ(z) := q0(z) + q1( 1 
μz ) (2.13)

on A so that they agree upto first order errors in |z| + |μz|−1, then further modify the 
resulting maps on all of R2 so that they agree upto second order, before gluing these 
maps together on the central annulus Â and projecting onto N .

To this end we let γ̂ = γ̂U1(0),U0(0) : [0, 1] → N be the shortest geodesic from γ̂(0) =
U1(0) to γ̂(1) = U0(0). We note that γ̂ is well defined as δ(U0, U1) := distN (U0(0), U1(0))
is small for all elements of Hσ(U∗

i ) as such maps are Ck close to U∗
i and as U∗

0 (0) = U∗
1 (0).

To transition between U1(0) and U0(0) on A = Dr0 \Dr1 we use

γ := γ̂ ◦ φr0,r1 (2.14)

where φr0,r1 = φr0,r1(|x|) : R2 → [0, 1] is defined by

φr0,r1(r) :=

⎧⎪⎪⎨
⎪⎪⎩

(1 − φ( r
r1

))cr0,r1 log( r
r1

) for r ≤ 2r1
cr0,r1 log( r

r1
) = 1 − cr0,r1 log( r0r ) for r ∈ (2r1, 1

2r0)
1 − φ(2r

r0
)cr0,r1 log( r0r ) for r ≥ 1

2r0

(2.15)

for cr0,r1 := (log( r0r1 ))−1 and a fixed cut-off function φ ∈ C∞
c ([0, 2), [0, 1]) with φ ≡ 1 on 

[0, 1].
We note that φr0,r1 is chosen so that Δφr0,r1 ≡ 0 outside of A∗ = (D2r1 \Dr1)∪ (Dr0 \

D 1
2 r0

) and so that φr0,r1 |Dr1
≡ 0 while φr0,r1 |(Dr0 )c ≡ 1. Hence γ : R2 → N is given by a 

harmonic map outside of A∗ and transitions between γ|Dr1
≡ U1(0) and γ|Dc

r0
≡ U0(0). 

Setting

γ̃U1 := γ − U1(0) and γ̃U0 := γ − U0(0) (2.16)

we can hence change our original maps u0,1 into maps u1(z)+ γ̃U1(z) and u0(z)+ γ̃U0(z)
that agree upto error terms of order O(|z| + 1 

μ|z| ) on A. Next we set

β := U0 − U1, j0 := −dβ(0)(q0∗( 1 
μz )) and j1 := dβ(0)(q1∗(z)) (2.17)

where here and in the following we use the notation 0∗ = 1 and 1∗ = 0 to stress that to 
obtain the (first order) modification j0 of the base map u0 we use the rational map q1
that corresponds to the bubble and vice versa. This ensures that the resulting maps

v1(z) := u1(z) + γ̃U1(z) + dβ(0)(q0(z)) = u1(z) + γ̃U1(z) + j1(z) (2.18)

and

v0(z) := u0(z) + γ̃U0(z) − dβ(0)(q1,μ(z)) = u0(z) + γ̃U0(z) + j0(z), (2.19)
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agree upto a second order error term v0−v1 = β(qμ)−β(0)−dβ(0)(qμ) in qμ = q0 +q1,μ.
We finally interpolate between these maps on the central annulus Â = D2r̂ \D 1

2 r̂
and 

project onto N . That is we define our singularity model as

z := πN ((1 − ϕr̂)v1 + ϕr̂v0), (2.20)

where we set ϕr̂(z) := ϕ̄(r̂−1|z|) for a fixed smooth function ϕ̄ : [0,∞) → [0, 1] which is 
so that ϕ̄(t) = 0 for t ≤ 1

2 while ϕ̄(t) = 1 for t ≥ 2.
We note that these maps are well defined for U0,1 ∈ Hσ(U∗

0,1) and q0,1 ∈ Rσ(q∗0,1) as 
the image of (1−ϕr̂)v1 +ϕr̂v0 will be contained in a small tubular neighbourhood of N
where the nearest point projection is well defined.

Remark 2.3. An important feature of our construction is that the modifications to the 
maps ui are not just supported on an annulus, but rather on all of R2. In contrast to 
maps we would get from a more ad hoc gluing construction this means that dE(z) has 
a significant part that is supported on Dr1 and Dc

r0 . This will be crucial in the proof of 
our main results later on as variations of elements of Z0 induced by variations of one of 
the rational maps are mainly concentrated on Dr1 respectively Dc

r0 and hence can only 
be used to obtain directions yz ∈ TzZ satisfying (1.11) if dE(z) is so that it interacts 
suitably with such directions.

3. Key lemmas

Here we collect the key properties on the behaviour of the energy and its variations 
on Z that we need to prove our main results. We postpone the proofs of these lemmas 
to Sections 5 and 6, as an understanding of these technical proofs is not required for the 
proofs of our main results.

As these estimates will all be invariant under precomposition with a rotation, it suffices 
to state and prove them for elements of the set Z0 of singularity models for which 
the bubble is attached at the north pole. We can furthermore assume that q1( 1 

μz ) is 
represented by a map q1 for which |an∗

1 (q1)| = 1 and hence use that μ1 and μ0 defined 
in (2.9) are so that μ1 = μ while μ0 ∼ 1.

Given z = z(U0 ◦ q0, U1 ◦ q1( 1 
μ· )) ∈ Z0 we will work with respect to the weighted H1

norm ‖ · ‖z and the corresponding inner product 〈·, ·〉z which are given in stereographic 
coordinates by

‖w‖2
z :=

∫
R2

|∇w|2 + ρ2
z |w|2dx for ρ2

z := |∇πμ0(z)−1 |2 + |∇πμ1(z)|2, (3.1)

πλ(z) := π(λz). We note that this definition respects the symmetry of the construction, 
compare Remark 2.2, and that we define ‖ · ‖z for general elements z = z0 ◦ Rp of Z by 
the analogue formula in stereographic coordinates centred at p.
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We recall that the second variation of the energy is given by

d2E(z)(v, w) =
∫

∇v∇w −A(u)(∇u,∇u)A(u)(v, w) for v, w ∈ Γ(z∗TN), (3.2)

compare e.g. [11, Lemma 3.1], and note that d2E is uniformly bounded with respect to 
this norm, i.e. so that

|d2E(z)(w, v)| ≲ ‖w‖z‖v‖z for all v, w ∈ Γ(z∗TN), (3.3)

compare Section 6. Here and in the following we write T1 ≲ T2 if we can bound T1 ≤ CT2
for a constant C that only depends on the limiting configuration, i.e. on U∗

0,1 and q∗0,1
while we write T1 ∼ T2 if both T1 ≲ T2 and T2 ≲ T1.

The first key property we need is that the choice of Hσ
1 (U∗

0,1) in the construction of 
Z0 ensures that the second variation is uniformly definite orthogonal to Z, i.e. that

Lemma 3.1. There exist c0 > 0 depending only on U∗
0,1 and q∗0,1 so that for every z ∈ Z0

we can split T⊥
z Z orthogonally into subspaces V±

z which are so that

±d2E(z)(w±, w±) ≥ c0‖w±‖2
z and d2E(z)(w+, w−) = 0 for all w± ∈ V±

z . (3.4)

To state all other properties of the energy E on Z we now associate to each z =
z(Ui, qi, μ) the quantities

δ := distN (U1(0), U0(0)), T := max(T0, T1) and ν̄ := max(ν1, ν0) (3.5)

where we set Ti := ‖τgS2 (Ui ◦ π−1)‖L2(S2,gS2 ) and write qi(z) =
∑

j aj(qi)zj near z = 0
to define

ν1 := max 
j=1,...,n∗

1
|aj(q1)|μ−j , ν0 := max 

j=1,...,n∗
0
|aj(q0)|μ−j , (3.6)

n∗
0,1 ≥ 1 the order of the zero of the fixed rational maps q∗0,1 at z = 0. We remark that 

these quantities respect the symmetry discussed in Remark 2.2 and recall furthermore 
that Ti also controls the Ck-norm of the tension of Ui ◦ π−1, compare (2.7).

The first quantitative estimate we need is a bound on the dual norm ‖dE(z)‖∗ :=
sup{dE(z)(w) : ‖w‖z = 1} of the first variation and in Section 6 we shall prove

Lemma 3.2. For any z ∈ Z0 we have

‖dE(z)‖∗ ≲ ‖β‖ν̄(logμ) 1
2 + δ(log fμ)

1
2

logμ + T .

for δ, T and ν̄ as in (3.5) and β = U0 − U1.
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Here and in the following we compute the norms of β = U0 −U1 and ∂εβ as norms of 
the corresponding maps from S2 i.e. set

‖β‖ := ‖β ◦ π−1‖C2(S2) and ‖∂εβ‖ := ‖∂εβ ◦ π−1‖C2(S2).

In the following we consider variations zε = z(U (ε)
0,1 , q

(ε)
0,1, μ) in Z which are induced by 

variations of U (ε)
i in Hσ

1 (U∗
i ) and of q(ε)

i in Rσ(q∗i ). We do not impose the assumption 
that |a∗ni

(q(ε)
i )| = 1 for ε 
= 0 but allow for general variations of qi in Rσ(qi) since this 

allows us to represent a variation of με = μ(1 + ε) through a variation of

q
(ε)
1 (z) = q1( 1 

1+εz). (3.7)

To simplify the notation we will drop the index ε whenever there is no room for confusion 
and use the convention that ∂ε is evaluated at ε = 0 unless specified otherwise. We will 
only ever consider variations for which

‖∂ε(π ◦ qi ◦ π−1)‖Ck(S2) ≲ 1 and ‖∂εUi‖Ck(S2) ≲ 1, i = 0, 1 (3.8)

as these correspond to variations in Z0 for which ‖∂εz‖z ≲ 1. We note that for such 
variations also ‖∂εz‖L∞ ≲ 1 while |∂εμi| ≲ μi.

We associate to each such variation the quantities

η0 := |∂εU1(0)| + |∂εU0(0)| and 

ητ := ‖∂ετgS2 (U1 ◦ π−1)‖C0(S2) + ‖∂ετgS2 (U0 ◦ π−1)‖C0(S2)
(3.9)

and furthermore set ηrat = 0 whenever ∂εq0 = ∂εq1 = 0 while otherwise we let ηrat := 1
and choose j∗ ≥ 1 so that both ∂εq0 and ∂εq1 are of order O(zj∗) near z = 0.

The dual norm ‖d2E(z)(∂εz, ·)‖∗ := sup{∂εdE(zε)(w) : w ∈ Γ(z∗TN), ‖w‖z = 1} of 
the second variation of E along such variations is controlled by the following lemma 
which we will prove in Section 6.

Lemma 3.3. For any variation zε for which (3.8) holds we can bound

‖d2E(z)(∂εz, ·)‖∗ ≲
[
(‖β‖ + ‖∂εβ‖)ν̄ + ηratμ

−j∗
]
log(μ) 1

2 + (δ+η0)(log fμ)
1
2

logμ + T + ηT ,

(3.10)
for δ, T and ν̄ as in (3.5), β = U0 − U1 and η· as in (3.9).

Remark. For changes of Ui in Hσ
1 (U∗

i ) = {U(·+c), U ∈ H0(U∗
i ), |c| ≤ σ} that are induced 

only by translations on the domain, rather than also a change of the map in H0(U∗
i ), we 

can bound ητ ≲ T since Ti controls the C1 norm of the tension of Ui, compare (2.7).
For more general variations in Hσ

1 (U∗
i ) we can use that H0(U∗

i ) is chosen in a 
way that all elements of TU∗

i
H0(U∗

i ) are Jacobifields along U∗
i , and hence so that 
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PU∗
i ◦π−1(∂ετgS2 (Uε ◦ π−1)) = 0 for all variation Uε of U∗

i in H0(U∗
i ). As Hσ

1 (U∗
i ) is 

contained in a small Ck neighbourhood of U∗
i and as the tension is tangential, and hence

ηT =
∑
i 

‖∂ε
(
PUi,ε◦π−1(τgS2 (Ui,ε ◦ π−1)

)
‖C0(S2)

≲ T +
∑
i 

‖PUi◦π−1(∂ετgS2 (Ui,ε ◦ π−1))‖C0(S2)

this ensures that ηT will be smaller than any given positive constant if σ > 0 is chosen 
sufficiently small.

To analyse the first variation of E along Z we will in particular use

Lemma 3.4. Let U∗
0,1 be any harmonic maps from S2 into a smooth Riemannian manifold 

N of any dimension, let q∗0,1 : Ĉ → Ĉ be any rational maps with q∗0,1(0) = 0 and let Z0

be the corresponding set of singularity models defined in Section 2. Then we have

dE(z)(∂εz) =
∑
i=0,1

∫
Ωi

ji∂εΔui + πcr0,r1
d 
dεδ(U0, U1)2 +

∑
i=0,1

deg(qi) d 
dεE(Ui) + err

(3.11)
for any variation zε in Z0 which satisfies (3.8). Here ui, ji and γ are as defined in (2.13), 
(2.17) and (2.14), Ω1 := Dr̂ = Ωc

0, cr0,r1 = (log( r0r1 ))−1 and err denotes an error term 
that is bounded by |err| ≲ R0 for

R0 :=ν̄‖β‖
[
μ− 1

2 + η0 + ητ
]
+ δ

logμ

[
δ + fμ

−2 + η0[(logμ)−1 + fμ
−1]

]
+ T

[
μ−1 logμ + η0(logμ)−1fμ

−1], (3.12)

δ, T and ν̄ as in (3.5), β = U0 − U1 and η· as in (3.9).

As cr0,r1 ∼ (logμ)−1 and as we shall see that |
∫
Ωi

ji∂εΔui| ≲ ‖β‖(νi∗ + μ− 1
2 ν̄) for 

ν1∗ = ν0 and ν0∗ = ν1 this ensures in particular that

|∂εE(zε)| ≲ ‖β‖ν̄ + δ
logμ + T (3.13)

for any variation zε in Z for which ‖∂εz‖ ≲ 1.
In the following we will consider three types of variations, which geometrically corre

spond to

(V1) Variations which do not change the surfaces Ui(Ĉ), but move one of the points 
Ui(0) along Ui(Ĉ). Such variations will be obtained by considering translations on 
the domain.
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(V2) Variations which do not change the surfaces Ui(Ĉ) ⊂ N , nor the points Ui(0) of 
these surfaces where we glue. Such variations will be obtained from varying one of 
the rational maps qi in a way that preserves the condition qi(0) = 0.

(V3) Variations which change one of the surface Ui(Ĉ).

Roughly speaking we will want to consider variations of type (V1) if the influence of 
δ dominates, of type (V2) if the influence of ‖β‖ν̄ dominates and of type (V3) if tension 
terms T dominate.

For variations of type (V1) the third term in (3.11) vanishes and ηrat = 0 while ητ ≲ T
so we will have

|∂εE(zε)| ≲ ν̄ + δ
logμ + T

logμ . (3.14)

For variations of type (V2) both the second and the third term in (3.11) vanish and 
η0 = ητ = 0, so we get a further improvement of this bound. In particular, for variations 
induced by only a change of q1 we will see that

|∂εE(zε)| ≲ ‖β‖ν0 + ‖β‖ν1μ
− 1

2 + δ2

logμ + δ
f2
μ logμ + T μ−1 logμ (3.15)

and we note that the same bound also applies to μ|∂μE(z(U0,1, q0,1, μ)| since variations 
of μ can be represented by variations of q1 as described in (3.7).

To prove our main results we now want to identify variations for which dE(z)(∂εz)
scales like the dominating term in the above estimates.

To state these lemmas in a way that makes them applicable in the proofs of all of 
our main results we recall that we always deal with settings for which the following 
assumption is satisfied.

Assumption 1. We ask that U∗
0,1 : Ĉ → N are harmonic maps with U∗

0 (0) = U∗
1 (0) and 

dU∗
0,1(0) 
= 0 for which one of the following holds

(A1) We have U∗
0 = U∗

1 and this map is a non-degenerate critical point;
(A2) We have U∗

0 (z) = U∗
1 (z̄) and these maps are non-degenerate critical points;

(A3) The target manifold N is 3 dimensional and the tangent spaces TU∗
i (0)U

∗
i (Ĉ) do 

not coincide.

We recall that the assumption (A1) corresponds to settings as considered in Theo
rem 1.3 and Corollary 1.4, (A2) to Theorem 1.5 and Corollary 1.6 and (A3) to Theo
rem 1.7 and also note that T = 0 for both (A1) and (A2) and that will see that ‖β‖ ≲ δ

for settings satisfying (A1).
In practice this will mean that for settings of type (A1) we will only ever consider 

variations of type (V1), that for settings satisfying (A2) we will consider variations of 
either type (V1) or (V2), while for settings as in (A3) all three types of variations will 
be relevant.
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In Section 5.3 we shall prove that we can choose variations of type (V2) for which the 
following holds.

Lemma 3.5. Let U∗
0,1 be so that either (A2) or (A3) of Assumption 1 holds, let q∗0,1 ∈ R

and let Z0 be the corresponding set of singularity models defined in Section 2.
Then there exists a constant c1 > 0 so that for every z ∈ Z0 and each i ∈ {0, 1} there 

is a variation zε that is induced by a variation of qi which satisfies (3.8) for which

dE(z)(∂εzε) ≥ c1|dβ(0)|2νi∗ − C
[
‖β‖ν̄μ− 1

2 + δ2

logμ + δ
f2
μ logμ + T μ−1 logμ

]
, (3.16)

where we write for short ν0∗ = ν1 and ν1∗ = ν0, recall that fμ satisfies (2.12) and that 
δ, T , ν· and ν̄ are as in (3.5) and (3.6) while β = U0 − U1.

To obtain variations of type (V1) which change the distance between the points Ui(0)
that we glue, we will be able to use

Lemma 3.6. Let U∗
i be as in Assumption 1 and let U0,1 ∈ Hσ

1 (U∗
0,1). Then there exists a 

variation of the form Ui,ε = Ui(· + εa), a ∈ R2 with |a| ≲ 1, so that

d 
dεδ(U0, U1)2 = δ(U0, U1), (3.17)

where for settings satisfying (A1) or (A2), we can freely choose which of U0 or U1 we 
want to vary, while for settings satisfying (A3) the above holds true for at least one of 
i ∈ {0, 1}.

For the resulting variations of type (V1) we then obtain

Lemma 3.7. Let U∗
0,1 be as in Assumption 1, let q∗0,1 be any maps in R and let Z0 be the 

corresponding set of singularity models defined in Section 2. Then

dE(z)(∂εz) ≥ δ
logμ − C

(
‖β‖ν̄ + T (logμ)−1f−1

μ

)
(3.18)

for the variation zε in Z0 that is induced by changing Ui as described in Lemma 3.6, and 
for δ, T and ν̄ as in (3.5) and fμ as in (2.12).

Finally, in non-integrable settings where we have to deal with maps Ui which are not 
harmonic, we also want to consider variations of type (V3) which increase E(Ui) and 
hence show

Lemma 3.8. Let U∗
0,1 : S2 → N be harmonic maps into an analytic Riemannian manifold 

of any dimension with U∗
0 (0) = U∗

1 (0). Then for any z ∈ Z0 there exists a variation zε
in Z0 induced by a variation of Ui in Hσ

1 (U∗
i ) which satisfies (3.8) so that

dE(z)(∂εz) ≥ Ti − C
[
‖β‖ν̄ + δ

logμ + f−1
μ (logμ)−1T

]
, (3.19)
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δ, T· and ν̄ as in (3.5) and fμ as in (2.12).

We note that while the previous Lemmas 3.5, 3.6 and 3.7 require Assumption 1, this 
Lemma 3.8 is valid for more general settings, though in the present paper will only be 
applied for settings satisfying (A3).

In the next section we will use these three lemmas to identify a unit direction yz =
∂εzε

‖∂εzε‖ in which dE(z) is not only guaranteed to be positive, but also so that it dominates 
all other terms that appear when we analyse the behaviour of E in a neighbourhood of 
Z, compare (1.11).

4. Proof of the main theorems

Here we give the proof of our main results based on the lemmas stated in the previous 
section. So let (uj) be a sequence of almost harmonic maps from S2 to N that converges 
to a bubble tree with bubble ω1(z) = U∗

1 (q∗1( 1 
z )) and base ω0 = U∗

0 ◦ q∗0 and let Z = {z :
S2 → N} be the corresponding set of singularity models constructed in Section 2.

For sufficiently large j our construction and (1.4) ensure that the function z �→ ‖uj−z‖z
achieves its minimum on Z and that the corresponding zj ∈ Z with ‖uj − zj‖zj =
dist(uj ,Z) := infz∈Z ‖uj − z‖z are obtained from maps U (j)

0,1 → U∗
0,1, rational functions 

q
(j)
0,1 → q∗0,1 and scales μ(zj) → ∞ that are comparable to the numbers μj from (1.4). 

Furthermore, (1.4) can be used to see that not only ‖uj − zj‖zj → 0 but also ‖uj −
zj‖L∞(S2) → 0.

It hence suffices to prove that there exists a constant ε > 0 so that the claims of our 
main results hold true for all maps u for which

‖u− z‖z = dist(u,Z) < ε and ‖u− z‖L∞(S2) < ε for some z ∈ Z, (4.1)

where after a rotation of the domain we can assume without loss of generality that u is 
so that the above holds for a z ∈ Z0.

Here and in the following we continue to use the convention that all claims are to 
be understood to hold true for the set of singularity models Z obtained for sufficiently 
small σ, σ1 > 0 and sufficiently large μ̄.

Remark 4.1. Given any u for which (4.1) holds we use the convention that

‖dE(u)‖∗ := sup{dE(u)(w) : ‖w‖z = 1} (4.2)

is to be computed with respect to the weighted norm ‖ · ‖z defined in (3.1) for a z ∈ Z
for which (4.1) holds.

We do not claim that z is uniquely determined by this relation but observe that 
‖ · ‖z̃ ∼ ‖ · ‖z if (4.1) is satisfied for both z and z̃ and hence that it does not matter which 
such element of Z we use to define ‖dE(u)‖∗ in our main results.
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We will combine the results from the previous section with the following lemma that 
describes the basic estimates that we can obtain from our method of proof, compare also 
[7, Section 2].

Lemma 4.2. Let U∗
0,1 : S2 → N be any given harmonic maps into a smooth Riemannian 

manifold, let q∗0,1 ∈ R and let Z be the corresponding set of singularity models. Then 
there exist constants ε > 0, Λ̄ < ∞ and C so that the following holds true for any 
u ∈ H1(S2, N) with ‖τgS2 (u)‖L2(S2,gS2 ) ≤ 1 for which there exists z ∈ Z so that (4.1) is 
satisfied.

We can bound w := u− z by

‖w‖z ≤ C‖dE(u) − dE(z)‖∗ (4.3)

and furthermore get that

dE(z)(yz) ≤ C|dE(u)(yz)| + C‖dE(u)‖2
∗ (4.4)

for any u, z for which there is a unit element yz ∈ TzZ with

Q(z, yz) := ‖dE(z)‖2
∗ + ‖d2E(z)(yz, ·)‖∗‖dE(z)‖∗

dE(z)(yz) 
≤ Λ̄−1. (4.5)

For C2-energies that are defined on a fixed Hilbert-space, the analogue of the above 
lemma can be obtained from a simple argument that is based on the fundamental theorem 
of calculus, compare [7]. In more involved settings such as the present problem where 
we consider an energy on a suitable Hilbert-manifold of maps and where we work with 
distances that are calculated using a weighted norm that depends on the corresponding 
element of Z one needs to proceed with more care. For almost harmonic maps from higher 
genus surfaces which are close to a simple bubble tree a similar result was obtained by 
the author in Section 4 of [11], and most of the arguments from [11] are applicable also in 
the present situation. For the convenience of the reader we hence include a sketch of the 
proof of this lemma, but omit the technical details except to explain why the estimate 
(4.3) is simpler than the one obtained in [11, Lemma 4.4].

Sketch of the proof of Lemma 4.2. Given u, z and w = u − z as in the lemma we set 
wz := Pzw, Pp the projection onto TpN . We first note that (4.1) ensures that ‖w−wz‖z ≤
C‖w‖L∞‖w‖z where and in the following all Lp norms are computed over (S2, gS2) unless 
indicated otherwise.

We can easily check that the variation of the weight ρz in (3.1) is controlled by 
‖∂ερz‖L2 ≲ 1 whenever ‖∂εz‖z ≤ 1. As z minimises the distance to u and thus

0 = d 
dε |ε=0‖u− z‖2

z = −2〈u− z, ∂εz〉z + 2
∫

ρz∂ερz|w|2
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we hence get that ‖PTzZwz‖z ≤ C‖w‖L∞‖w‖z, i.e. that wz is nearly orthogonal to TzZ.
We then set w̃z := PV+

z wz − PV−
z wz, where PV±

z : Γ(z∗TN) → V±
z denote the 〈·, ·〉z

orthogonal projections onto the subspaces V±
z of T⊥

z Z from Lemma 3.3. The uniform 
definiteness of d2E on these spaces ensures that

(c0 − C‖w‖L∞)‖w‖2
z ≤ d2E(z)(wz, w̃z) ≤ (dE(u) − dE(z))(w̃z) + err1, (4.6)

where we can analyse the resulting error term as explained in detail in the proof of 
Lemma 4.4 of [11], resulting in an estimate of

|err1| ≲ ‖w‖L∞‖w‖2
z + ‖w‖L∞‖τgS2 (u)‖L2‖w̃z‖2

L4 . (4.7)

The only difference to the proof in [11] is that in the present situation

‖w̃z‖L4 ≲ ‖w̃z‖H1 ≲ ‖w̃z‖z ≤ ‖wz‖z ≲ ‖w‖z

and that we can hence bound the second term on the right hand side of (4.7) by a 
multiple of the first term. This was not possible in [11], as the correct weighted norm in 
that context does not control the H1 norm in a uniform way.

For ε > 0 sufficiently small we hence conclude that

‖w‖2
z ≤ C(dE(u) − dE(z))(w̃z) (4.8)

which yields the first claim of the lemma.
We can now use that for unit elements yz we have

dE(z)(yz) = dE(u)(yz) + d2E(z)(yz, wz) + err2

for an error of order |err2| ≲ ‖w‖2
z . If we can choose such a yz so that it satisfies (4.5)

we can thus conclude that

dE(z)(yz) ≤ |dE(u)(yz)| + |d2E(z)(yz, wz)| + C‖dE(u)‖2
∗ + C‖dE(z)‖2

∗

≤ C|dE(u)(yz)| + C‖dE(u)‖2
∗ + CΛ̄−1dE(z)(yz)

(4.9)

for constants C that only depend on U∗
i and q∗i . For Λ̄ = Λ̄(U∗

i , q
∗
i ) sufficiently large we 

can absorb the last term into the left hand side, which yields the second claim of the 
lemma. �

To prove our main results we will now apply the above lemma in directions yz that 
correspond to variations zε as considered in one of the three Lemmas 3.5, 3.7, 3.8.
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4.1. Proofs of Theorem 1.3 and Corollary 1.4

We first consider settings in which the base and bubble are given by parametrisations 
of the same non-degenerate minimal sphere with the same orientation.

So let U∗ : R2 → N , q∗0,1 ∈ R and ω0,1 be as in Theorem 1.3, let Z be the correspond
ing set of singularity models and let u be a map for which (4.1) holds true for ε > 0
chosen as in Lemma 4.2 and z ∈ Z0.

In this case, which corresponds to (A1), we can always obtain the desired yz by 
considering variations zε of type (V1) for which U0, q0,1 and μ remain fixed while U1
varies according to U1,ε = U1(·+ εa) for |a| ∼ 1 chosen as in Lemma 3.6. As ‖∂εzε‖z ∼ 1
we obtain from Lemma 3.7 that

dE(z)(yz) ≥ 2c δ
logμ − C‖β‖ν̄ (4.10)

for the corresponding unit element yz = ∂εzε
‖∂εzε‖z

and for constants C, c > 0 that only 
depend on U∗ and q∗0,1. Here we use that T = 0 as the maps Ui are given by Ui(·) =
U∗(· + ci) for some |ci| < σ since U∗ is assumed to be non-degenerate. As dU∗(0) 
= 0
this furthermore implies that δ ∼ ‖β‖ as both of these quantities scale like |c0 − c1|. As 
ν̄ ≲ μ−1 � (logμ)−1 we hence deduce from (4.10) that

dE(z)(yz) ≥ c δ
logμ

while Lemmas 3.2 and 3.3 ensure that

‖dE(z)‖∗ ≤ C
δ(log fμ)

1
2

logμ and ‖d2E(z)(yz, ·)‖∗ ≤ C
(log fμ)

1
2

logμ , (4.11)

again for constants that only depend on the limiting configuration.
We hence deduce that

Q(z, yz) ≤ C
log fμ
logμ ≤ Cσ1 ≤ Λ̄−1,

Λ̄ as in Lemma 4.2 since fμ satisfies (2.12) for a constant σ1 = σ(U∗
i , q

∗
i ) > 0 that can 

still be reduced if necessary. This lemma hence implies that

‖w‖z ≲ ‖dE(u)‖∗ + ‖dE(z)‖∗ (4.12)

and

δ
logμ ≤ dE(u)(yz) + C‖dE(u)‖2

∗. (4.13)

If u is harmonic, then (4.13) ensures that δ(z) = 0 which implies that U0 = U1 and 
thus that z(z) = U∗(q0(z) + q1( 1 

μz ) + c0). In this case we hence have that dE(z) = 0 so 
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(4.12) ensures that indeed u = z = U∗(q0(z) + q1( 1 
μz ) + c0), establishing the claim about 

harmonic maps made in the theorem.
To prove the claims about almost harmonic maps made in the theorem and the sub

sequent Corollary 1.4 we now show that

|E(u) −E∗| ≲ δ2

logμ + ‖dE(u)‖2
∗, (4.14)

where we write for short E∗ = E(ω0) + E(ω1) = [deg(q∗0) + deg(q∗1)]E(U∗).
To see this we first use (4.11) and (4.12) to bound

|E(u) − E(z)| ≲ |dE(z)(w)| + ‖w‖2
z ≲ ‖dE(z)‖2

∗ + ‖w‖2
z ≲ ‖dE(z)‖2

∗ + ‖dE(u)‖2
∗

≲ δ2 log fμ
(logμ)2 + ‖dE(u)‖2

∗ ≲ δ2

logμ + ‖dE(u)‖2
∗.

To obtain (4.14) it hence suffices to check that

|E(z) − E∗| ≲ δ2

logμ for all z ∈ Z0. (4.15)

If δ = 0, i.e. if U0,1 = U∗(· + c0,1) for numbers c0 = c1, then this is trivially true as in 
this case z = U∗(qμ(·)+ c0) has energy E∗ since qμ(z) = q0(z)+ q1( 1 

μz ) is a rational map 
of degree deg(q0) + deg(q1) = deg(q∗0) + deg(q∗1).

Conversely, if c0 
= c1 then we interpolate between z and ẑ = U∗ ◦ (qμ + c0), which 
satisfies δ(ẑ) = 0 and thus E(ẑ) = E∗, using the family (zt)t∈[0,|c1−c0|] obtained by 
changing U1 according to U1,t = U∗(·+ c1 + t c0−c1

|c1−c0| ), while keeping U0, q0,1 and μ fixed. 
This variation satisfies ‖∂tzt‖ ≲ 1 and ‖β(zt)‖ ≲ δ(zt) ≲ δ := δ(z) so we can use (3.14) to 
bound |∂tE(zt)| ≲ δ

logμ which, when integrated over 0 ≤ t ≤ |c0 − c1| ∼ δ, yields (4.15)
and hence (4.14).

From (4.13) and (4.14) we now immediately deduce that

|E(u) − E∗| ≲ min(‖dE(u)‖∗, logμ‖dE(u)‖2
∗)

which completes the proof of Theorem 1.3.
It remains to prove the L2-Łojasiewicz-estimate (1.7) claimed in Corollary 1.4. To 

this end we first combine (4.13) with the fact that ‖ · ‖L2(S2,gS2 ) ≲ ‖ · ‖z, and hence 
‖dE(u)‖∗ ≲ ‖τgS2 (u)‖L2(S2,gS2 ), to bound

δ
logμ ≲ ‖τgS2 (u)‖L2(S2,gS2 )‖yz‖L2(S2,gS2 ) + ‖τgS2 (u)‖2

L2(S2,gS2 ). (4.16)

As yz is obtained from a variation of just the bubble U1, it is mainly concentrated on a 
small ball around the point where the bubble is attached and hence its L2 norm is small 
compared to ‖yz‖z = 1. To be more precise, for variations satisfying (3.8) for which q0
and U0 are fixed we shall see in (5.19) that

‖∂εz‖L2(S2,gS2 ) ≲ μ−1(logμ) 1
2 + δ+η0

fμ logμ . (4.17)
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In the present situation where η0 ∼ 1 we hence get that ‖yz‖L2(S2,gS2 ) ≲ (logμ)−1f−1
μ

so (4.16) allows us to conclude that

δ2

logμ ≤ ‖τgS2 (u)‖2
L2(S2,gS2 ). (4.18)

Combined with (4.14) this immediately yields the claim |E(u)−E∗| ≲ ‖τgS2 (u)‖2
L2(S2,gS2 )

made in Corollary 1.4.

Remark 4.3. As noted in the introduction, the reason we cannot obtain these results from 
the existing theory is that the spectral gap at zero for the Jacobi-operator at U∗(qμ)
tends to zero as μ → ∞ and that the size of the neighbourhoods on which the existing 
theory yields Łojasiewicz-estimates scales like this spectral gap. To be more precise, 
as the energy defect scales like δ2

logμ we can see that the Jacobi-operator must have 
an eigenvalue that scales like 1 

logμ . If we did not include these directions in our set of 
singularity models Z, we would not get the uniform definiteness of d2E orthogonal to Z, 
which would mean that the argument of Lemma 4.2 would break down even for harmonic 
maps u unless we knew a priori that ‖w‖z is bounded by a small enough multiple of 1 

logμ , 
compare (4.6).

4.2. Proofs of Theorems 1.5 and 1.7 and of Corollary 1.6

In this section we consider settings for which the assumptions of either Theorem 1.5
or of Theorem 1.7 are satisfied, i.e. for which either (A2) or (A3) of Assumption 1 hold. 
We note that in these settings |dβ(0)| and ‖β‖ are of order 1 and first show that the 
energy defect of the singularity models z ∈ Z constructed in Section 2 is controlled by

Lemma 4.4. For any z ∈ Z we have

|E(z) − E∗| ≲ δ2

logμ + min(ν0, ν1) + μ− 1
2 ν̄ + T α1

1 + T α0
0 + T μ−1 logμ, (4.19)

where α0,1 ∈ (1, 2] are the exponents for which the classical Łojasiewicz-Simon estimate 
(1.3) is valid near U∗

0,1 while E∗ := E(ω0) + E(ω1) = deg(q0)E(U∗
0 ) + deg(q1)E(U∗

1 ).

We note that the tension terms vanish for settings satisfying (A2), but that it is useful 
to work with this general formula as it will allow us to treat settings satisfying (A2) or 
(A3) simultaneously.

Proof of Lemma 4.4. It suffices to carry out the proof for elements of Z0 and using the 
symmetry described in Remark 2.2 we can assume without loss of generality that ν0 ≤ ν1.

We will first prove the lemma in the special case where δ = δ(z) = 0. To this end, we 
consider the family z(t), t > 0, which we obtain by varying the bubble scale according to 
μ(t) = μ(z)et while keeping the maps Ui and qi fixed. From (3.15) and the subsequent 
remark we get that
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| d dtE(z(t))| = μ(t)|∂μE(z(t))| ≲ ν0(t) + μ(t)− 1
2 ν1(t) + T μ(t)−1 logμ(t) for t ∈ [0,∞),

where νi(t) = maxj≤n∗
i
|aj(qi)|μ(t)−j ≲ e−tνi, νi = νi(z). As E(z(t)) → deg(q0)E(U0) +

deg(q1)E(U1) for t → ∞ we hence deduce that

|E(z) − E∗| ≤
∑
i 

deg(qi)|E(Ui) −E(U∗
i )| + C

[
ν0 + μ− 1

2 ν1 + T μ−1 logμ
]

which, combined with (1.3), yields the claim in this special case where δ = 0.
So suppose that δ = δ(U1, U0) 
= 0. In this case we choose Ui,t = Ui(·+ci(t)), t ∈ [0, δ]

with |ċi(t)| ≲ 1 in a way that δ(U0,t, U1,t) = δ − t, compare Lemma 3.6. According to 
(3.14), the resulting family zt ∈ Z satisfies

| d dtE(zt)| ≲ ν̄ + δ
logμ + T

logμ ,

where we note that the quantities on the right hand side are independent of t as we 
do not change the rational maps and only change Ui by a translation on the domain. 
Integrated over [0, δ], this ensures that the resulting element ẑ = zt=δ, which satisfies 
δ(ẑ) = 0, must be so that

|E(z) −E(ẑ)| ≲ δ2

logμ + δν̄ + δ
logμT ≲ δ2

logμ + ν̄2 logμ + T 2.

As ν̄ logμ ≲ μ−1 logμ ≲ μ− 1
2 and as we have already shown that (4.19) holds for ẑ we 

hence obtain the claimed bound on the energy defect also for general elements of Z0. �
We now explain how this lemma, combined with the results obtained in the previous 

section allows us to complete the

Proofs of Theorems 1.5 and 1.7. We recall that all previous considerations are applica
ble for singularity models obtained for any choice of function fμ satisfying (2.12). For 
the present proof it is convenient to choose fμ := logμ, which of course satisfies this 
assumption (2.12) (provided μ̄ is sufficiently large).

As we are dealing with almost harmonic maps which converge to a bubble tree, we 
only need to consider maps u with ‖τgS2 (u)‖L2(S2,gS2 ) ≤ 1 which satisfy (4.1) for some 
z ∈ Z and for ε > 0 as in Lemma 4.2.

We first note that

|E(u) −E(z)| ≲ ‖dE(z)‖2
∗ + ‖w‖2

z ≲ ν̄2 logμ + δ2(log fμ)2
(logμ)2 + T 2 + ‖dE(u)‖2

∗,

thanks to (4.3) and Lemma 3.2, and that combining this with Lemma 4.4 implies that

|E(u) − E∗| ≲ δ2

logμ + min(ν0, ν1) + μ− 1
2 ν̄ + T ᾱ + T μ−1 logμ + ‖dE(u)‖2

∗ (4.20)

for any such u and z, and for ᾱ := min(α1, α2) ∈ (1, 2].
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In order to prove the bounds on |E(u)−E∗| claimed in Theorems 1.5 and 1.7 we hence 
need to show that all these quantities are controlled by ‖dE(u)‖∗. To prove this, and the 
related claim on the bubble scale made in the theorems, we will split our analysis into 
three cases, depending on whether the influence of δ, T or ν̄ dominates the behaviour of 
the energy and its relevant variations at z.

Situations where δ dominates, and where we will hence consider a variation of type 
(V1) that increases δ as done in Lemma 3.7 and the above proof of Theorem 1.3, corre
spond to

Case 1: z ∈ Z is so that

ν̄(logμ) 1
2 ≤ δ

logμ and T (log logμ)−1/2 ≤ δ
logμ . (4.21)

In this case we let yz be the unit element in the direction of a variation ∂εzε as obtained 
in Lemma 3.7. Inserting (4.21) into the estimates obtained in Lemmas 3.2, 3.3 and 3.7
gives

‖dE(z)‖∗ ≲ δ(log logμ)
1
2

logμ , ‖d2E(z)(yz)‖∗ ≲ (log logμ)
1
2

logμ and dE(z)(yz) ≥ c δ
logμ . (4.22)

This ensures that Q(z, yz) ≲ log logμ
logμ is small. Hence Lemma 4.2 is applicable and yields

δ
logμ ≲ |dE(u)(yz)| + ‖dE(u)‖2

∗ ≲ ‖dE(u)‖∗.

Combined with (4.21) this immediately implies the claimed bound μ−min(n∗
0 ,n

∗
1) ≲ ν̄ ≲

‖dE(u)‖∗ on the bubble scale, and inserting these estimates into (4.20) furthermore gives

|E(u) −E∗| ≲ δ
logμ +

(
δ

logμ

)α(log logμ)α/2 + ‖dE(u)‖2
∗ ≲ δ

logμ + ‖dE(u)‖2
∗ ≲ ‖dE(u)‖∗.

This completes the proofs of Theorems 1.5 and 1.7 in this first case where δ dominates.
Next, we consider the situation where T dominates and where we hence want to 

consider variations of type (V3). We recall that this is only relevant for settings satisfying 
the assumption (A3). This corresponds to

Case 2: z is so that

δ(log logμ)1/2

logμ ≤ T and ν̄(logμ) 1
2 ≤ T . (4.23)

In this situation (4.20), and the fact that ᾱ = min(α0, α1) > 1, ensures that

|E(u) − E∗| ≲ T . (4.24)

To obtain a bound on T = max(T0, T1) we fix i so that T is given by Ti and use a 
variation zε as considered in Lemma 3.8. This lemma, as well as Lemma 3.2 and (4.23)
ensure that
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dE(z)(yz) ≳ T and ‖dE(z)‖∗ ≲ T for yz = ‖∂εzε‖−1∂εzε. (4.25)

At the same time, Lemma 3.3 and the subsequent remark ensure that we can make 
‖d2E(z)(yz, ·)‖∗ smaller than any given constant by reducing σ accordingly. Hence we 
can ensure that Q(z, yz) ≲ Λ̄−1 for Λ̄ as in Lemma 4.2 and apply this lemma to get

T ≲ ‖dE(u)(yz)‖ + ‖dE(u)‖2
∗ ≲ ‖dE(u)‖∗.

Combined with (4.20) and (4.23) this immediately yields the claimed bound on |E(u)−
E∗|, while the claim on the bubble scale follows from μ−min(n∗

0 ,n
∗
1) ≲ ν̄ ≤ T ≲ ‖dE(u)‖∗.

It remains to consider pairs u and z for which both (4.21) and (4.23) are violated, and 
for which we hence know that

Case 3: z is so that

δ
logμ ≤ ν̄(logμ) 1

2 and T ≤ ν̄(logμ). (4.26)

In this case we will use variations of type (V2). To this end, we select i so that νi∗ = ν̄

(for 0∗ = 1 and 1∗ = 0) and use a variation of the rational map qi as described in 
Lemma 3.5 to obtain a unit element yz with

dE(z)(yz) ≳ ν̄ and ‖d2E(z)(yz, ·)‖∗ ≲ μ−1 logμ.

As Lemma 3.2 and (4.26) allow us to bound ‖dE(z)‖∗ ≤ ν̄ logμ this ensures that 
Q(z, yz) ≲ μ−1(logμ)2 will be small, allowing us to apply Lemma 4.2 to deduce that 
ν̄ ≲ ‖dE(u)‖∗. This immediately yields the claimed bound on the bubble scale and, as 
(4.26) ensures that all terms that involve δ or T in (4.20) are small compared to ν̄, also 
that |E(u) −E∗| ≲ ν̄ ≲ ‖dE(u)‖∗. This completes the proofs of both Theorems 1.5 and 
1.7. �

To prove Corollary 1.6, i.e. to show that L2-Łojasiewicz-estimates with an exponent 
α > 1 hold, we need to modify the above argument in a way that favours variations for 
which only U1 or q1 change, as such variations lead to ‖ · ‖z-unit elements yz with very 
small L2 norm, compare (5.19).

Proof of Corollary 1.6. For the proof of this result we consider singularity models which 
are defined using fμ := μσ1 , for σ1 > 0 small enough so that all results in Section 3
hold for this σ1 and for all sufficiently small σ and large μ̄. This will allow us to consider 
variations of the bubble instead of the base also in some situations where a variation of 
the base would result in a slightly larger change of the energy, which will be crucial to 
obtain estimates with exponent strictly larger than 1.

Before we split into cases that identify suitable variations based on the relative size 
of δ, ν0 and ν1 we recall that Corollary 1.6 corresponds to a setting in which the non
degeneracy condition (A2) holds. This means that all tension terms vanish and that 
(4.20) reduces to
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|E(u) −E∗| ≲ δ2

logμ + min(ν0, ν1) + μ− 1
2 ν̄ + (‖dE(u)‖∗)2. (4.27)

As ‖dE(u)‖∗ ≲ ‖τgS2 (u)‖L2(S2,gS2 ), it hence suffices to show that the first three terms 
on the right hand side are bounded by C‖τgS2 (u)‖αL2(S2,gS2 ) for some exponent α > 1.

In this context we will use variations of type (V1) in
Case 1: μc1 ν̄ ≤ δ

logμ , for c1 := σ1
4 ∈ (0, 1 

16 ).
Here the influence of δ dominates and we can argue exactly as in the proof of Corol

lary 1.4 to see that

δ
(logμ)2 ≲ ‖τgS2 (u)‖2

L2(S2,gS2 ),

compare (4.18). As ν̄ ≳ μ−n∗ , n∗ := min(n∗
1, n

∗
0), we furthermore know that in this case

ν̄1− c1
n∗ ≲ μc1 ν̄ ≤ δ

logμ ≲ ‖τgS2 (u)‖L2(S2,gS2 ).

Inserted into (4.27) this immediately implies that

|E(u) − E∗| ≲ ‖τgS2 (u)‖αL2(S2,gS2 ) for any α ≤ (1 − c1
n∗ )−1.

It remains to consider
Case 2: μc1 ν̄ ≥ δ

logμ , for c1 := σ1
4 ∈ (0, 1 

16 ).
As this condition ensures that δ2

logμ ≲ ν̄μ−1+2c1 logμ � μ−1/2ν̄ we obtain from (4.27)
and Lemma 3.2 that

|E(u) − E∗| ≲ min(ν0, ν1) + μ− 1
2 ν̄ + ‖τgS2 (u)‖2

L2(S2,gS2 ) and ‖dE(z)‖∗ ≲ μc1(logμ) 1
2 ν̄,

(4.28)
while Lemmas 3.5 and 3.3 ensure that

dE(z)(yz) ≥ cνi∗ − Cμ−2c1 ν̄ and ‖d2E(z)(yz, ·)‖∗ ≲ μ−1+c1(logμ) 1
2 (4.29)

for the unit element yz = ‖∂εz‖−1
z yz that is obtained from a variation of type (V2) for 

which qi changes as described in Lemma 3.5.
If μc1ν0 ≥ ν1 we apply this for i = 1, and hence obtain that the resulting yz is so that

dE(z)(yz) ≥ cν0 − Cμ−2c1ν1 ≳ ν0,

and so that Q(z)(yz) ≲ μ−1+3c1 logμ is small. Hence Lemma 4.2 is applicable and yields

ν0 ≲ |dE(u)(yz)| ⩽ ‖τgS2 (u)‖L2(S2,gS2 )‖yz‖L2(S2,gS2 ) + ‖τgS2 (u)‖2
L2(S2,gS2 )

≲ μ−1(logμ) 1
2 ‖τgS2 (u)‖L2(S2,gS2 ) + ‖τgS2 (u)‖2

L2(S2,gS2 )
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since such a variation of the rational map q1 of the bubble leads to an element yz whose 
L2 norm is of order μ−1(logμ) 1

2 , compare (5.19). In this case where μc1 ν̄ ≥ δ
logμ and 

μc1ν0 ≥ ν1 we can thus bound

μ− 1
2 ν̄ + ν0 ≲ ν0 ≲ ‖τgS2 (u)‖αL2(S2,gS2 ) for any α ∈ (1, 2] with α < (1 − 1 

n∗ )−1

and (4.28) implies that the claim of the corollary holds true for any such exponent.
It remains to consider the case where ν0 ≤ μ−c1ν1 and δ

logμ ≤ μc1 ν̄. Here we instead 
use a variation of q0, resulting in an element yz with ‖yz‖L2(S2,gS2 ) ∼ 1 and dE(z)(yz) ≳ ν̄, 
compare (4.29). As Q(z)(yz) ≲ μ−1+2c1 logμ is small, we can apply Lemma 4.2 to deduce 
that

ν̄ = ν1 ≲ ‖dE(u)‖∗ ≲ ‖τgS2 (u)‖L2(S2,gS2 ).

Inserted into (4.28) this yields that

|E(u) − E∗| ≲ μ−c1 ν̄ + ‖τgS2 (u)‖2
L2(S2,gS2 )

≲ ν̄α + ‖τgS2 (u)‖2
L2(S2,gS2 ) ≲ ‖τgS2 (u)‖αL2(S2,gS2 )

provided α ∈ (1, 2] is chosen so that α ≤ 1 + c1
n∗ . �

5. Variations of the energy along Z0

In this section we carry out the proofs of the key lemmas on the behaviour of the 
energy on the manifold Z0 of singularity models, i.e. of Lemmas 3.4, 3.5, 3.7 and 3.8, 
that we stated in Section 3.

Before we turn to these proofs we collect a number of estimates, which will be used 
both throughout this section as well as in the subsequent Section 6 where we will prove 
the properties of dE(z) and d2E(z) claimed in Lemmas 3.1, 3.2 and 3.3.

5.1. Technical estimates

Let Z0 be the set of singularity models constructed in Section 2. Given any z =
z(U0 ◦ q0, U1 ◦ q1( 1 

μ· )) ∈ Z0 we work in fixed stereographic coordinates which we can 
assume to be scaled in a way that |an∗

0(q0)| = 1. As we represent q1( 1 
μ· ) for any fixed z by 

a function q1 satisfying |an∗
1 (q1)| = 1 we hence know that μ1(z) = μ, μ0(z) = 1, compare 

(2.9), and hence that the radii of the annuli defined in (2.10) are given by

r1(z) = fμμ
−1 � r̂(z) = μ− 1

2 � r0(z) = fμ
−1. (5.1)

To simplify the notation we will in the following write for short φμ = φr0,r1 for the cut-off 
function (2.15) used in the definition of z and also use the slight abuse of notation of 
writing ∂εφμ := ∂ε|ε=0φr0(zε),r1(zε) even though (5.1) is only applicable at ε = 0.
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For most of the proofs it will be more convenient to view the rational maps qi as maps 
into the sphere S2

p∗ := S2 − (0, 0, 1), which is shifted in a way that elements of R map 
0 to the origin in R3. We hence associate to any given U : Ĉ → N and any rational 
map q : Ĉ → Ĉ the maps Û := U ◦ π−1

p∗ : S2
p∗ → N and q̂ = πp∗ ◦ q : Ĉ → S2

p∗ for 
πp∗ := π − (0, 0, 1) : R2 → S2

p∗ .
As at least one of q0(z) or q1,μ(z) := q1( 1 

μz ) will be small for every z ∈ C we can 

easily check that the map q̂μ = πp∗ ◦ (q̂0 ◦π−1
p∗ + q̂1,μ ◦π−1

p∗ ) that represents qμ = q0 + q1,μ
is so that

|q̂μ| ≲ |q̂1,μ| + |q̂0| and |∇q̂μ| ≲ |∇q̂0| + |∇q̂1,μ|. (5.2)

Here and in the following we use the convention that unless specified otherwise all 
quantities are computed with respect to the euclidean metric on R2, rather than with 
respect to the metric that is induced by gS2 .

We can hence estimate the maps ũi := ui − Ui(0) = Ûi ◦ q̂μ − Ui(0) by

|ũi| ≲ |q̂1,μ| + |q̂0|, |∇ui| ≲ |∇q̂0| + |∇q̂1,μ| and |Δui| ≲ |∇q̂1,μ|2 + |∇q̂0|2, (5.3)

where the last estimate follows as the maps q̂i are harmonic maps into the sphere.
Since the maps q̂i ◦ π−1

p∗ : S2
p∗ → S2

p∗ and their variations are uniformly bounded in 
Ck, we have

|q̂0(z)| + |∂εq̂0| ≲ |π(z) − π(0)| ≲ |z| 
1+|z| , |∇q̂0| + |∂ε∇q̂0| ≲ |∇π(z)| ≲ 1 

1+|z|2 (5.4)

and

|q̂1,μ|+ |∂ε∇q̂0| ≲ |π( 1 
μz )− π(0)| ≲ 1 

1+|μz| , |∇q̂1,μ|+ |∂ε∇q̂1,μ| ≲ |∇(π( 1 
μz ))| ≲ μ 

1+|μz|2 .

(5.5)
In particular we can always estimate |∇q̂μ| ≲ ρz, though will later need more refined 
bounds in settings where we deal with rational maps q∗0,1 that are branched at z = 0, 
compare (5.45) and (5.46) below.

The above estimates imply in particular that

‖|q̂1,μ| + |q̂0| + |∂εq̂1,μ| + |∂εq̂0|‖L∞(A) + ‖|∇q̂1,μ| + |∇q̂0|‖L2(A) ≲ fμ
−1, (5.6)

where we recall that the annuli A, Â and A∗ are as defined in (2.10). Similarly we have
∫
Ω1

φμ
2ρ2

z ≲ fμ
−2(logμ)−2, 

∫
Ω1

φμρ
2
z ≲ fμ

−2(logμ)−1, 
∫
A 

|∇φμ|ρz ≲ fμ
−1(logμ)−1 (5.7)

for the cut-off function φμ that is defined in (2.15) and that satisfies

|∇φμ| ≲ cμr
−11A, |Δφμ| ≲ cμr

−21A∗ for cμ := log( r0r1 ). (5.8)
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As γ̂ is a geodesic with γ̂(0) = U1(0) and |γ̂′| = δ, δ as in (3.5), we have

|γ̃U1 | ≤ δφμ with |∇γ̃U1 | = |∇γ| ≲ δ|∇φμ| ≲ cμδr
−11A (5.9)

for γ̃· defined as in (2.16) and

τ(γ) = Δφμ · γ̂′ ◦ φμ while P⊥
γ (Δγ) = |∇φμ|2 ·A(γ̂)(γ̂′, γ̂′) ◦ φμ (5.10)

so

|τ(γ)| ≲ δ|Δφμ| ≲ δcμr
−21A∗ and |P⊥

γ (Δγ)| ≲ δ2|∇φμ|2 ≤ c2μr
−2δ21A. (5.11)

As cμ ∼ (logμ)−1 we hence get

‖τ(γ)‖L1 ≲ δ(logμ)−1, ‖P⊥
γ (Δγ)‖L1 ≲ δ2(logμ)−1 and ‖Δγ‖L1 ≲ δ(logμ)−1. (5.12)

To obtain suitable bounds on the variations of φμ we recall that |∂εμi| ≲ μi and that 
|∂μfμ|μ ≤ fμ. This ensures that

|∂εri| ≲ ri, |∂εr̂| ≲ r̂ and |∂εcr0,r1 | ≲ cμ
2 ≲ (logμ)−2 (5.13)

which in turn imply that

|∂εφμ| ⩽ cμ1A, |∂ε∇φμ| ⩽ c2μr
−11A + cμr

−11A∗ , |∂εΔφμ| ⩽ cμr
−21A∗ . (5.14)

We also observe that the definition of φμ and the above estimates ensure that

‖∇φμ‖2
L2 = 2πcμ + O((logμ)−2) and that |∂ε‖∇φμ‖2

L2(R2)| ≲ (logμ)−2. (5.15)

As |∂εγ̂| + |∂ε∇γ̂| ≲ η0, η0 defined in (3.9), we can furthermore bound

|∂εγ| ≲ η0 + cμδ1A, |∂εγ̃U1 | ≲ η0φμ + cμδ1A, |∂εγ̃U0 | ≲ η0(1 − φμ) + cμδ1A (5.16)

and

|∂ε∇γ| ≲ (η0 + δcμ)cμr−11A + δcμr
−11A∗ so ‖∂ε∇γ‖L2 ≲ η0(logμ)− 1

2 + δ(logμ)−1.

(5.17)
We also note that |q0(z)| ≲ |z| is small on the set {z : |z| ≤ 2μ− 1

2 } where we consider the 
function v1 (defined in (2.18)) and hence j1 = dβ(0)(q0(z)). On this set we can hence 
bound |q0(z)| ≲ |q̂0(z)| and thus have

|j1| ≲ |dβ(0)||q̂0|, |∇j1| ≲ |dβ(0)||∇q̂0|, Δj1 = 0

as well as
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|∂εj1| ≲ |dβ(0)||∂εq̂0|+ |∂εdβ(0)||q̂0|, |∂ε∇j1| ≲ |dβ(0)||∂ε∇q̂0|+ |∂εdβ(0)||∇q̂0|. (5.18)

Analogue estimates hold for j0 on the set |z| ≥ 1
2μ

− 1
2 where v0, and hence j0, are 

considered.
We also observe that we can combine the above estimates with (5.57) to see that if zε

is a variation along which q0 and U0 are fixed then

‖∂εz‖L2(S2,gS2 ) ≲ ‖∂εv1|∇π|‖L2(D2r̂) + ‖∂εv0|∇π|‖L2(R2\D r̂
2 )

+ |Â| 12 ‖v1 − v0‖L∞

≲ ‖z‖L2(D2r̂) + ‖ 1 
1+μ|z| |∇π|‖L2(R2) + δ+η0

logμ (‖φμ‖L2(R2) + |D2r̂|
1
2 ) + μ−1

≲ μ−1(logμ) 1
2 + δ+η0

fμ logμ

(5.19)
as claimed in the proofs of Corollaries 1.4 and 1.6.

5.2. General variations of the energy along Z

The purpose of this section is to derive the expression for ∂εE(zε) claimed in 
Lemma 3.4.

Thanks to the symmetry of the construction and the fact that on Ω1 = {z : |z| ≤ μ− 1
2 }

our map z is essentially described by z1 = πN (v1) the main step in this proof is to show

Lemma 5.1. If zε is a variation in Z0 so that (3.8) is satisfied then the corresponding 
z1 = πN (v1), v1 as defined in (2.18), is so that

∫
Ω1

∂εz1Δz1 = −
∫
Ω1

j1∂εΔu1 − ∂εu1τ(u1) +
∫

A∩Ω1

Δγ∂εγ + err1 (5.20)

for ui, ji and γ as in (2.13), (2.17) and (2.14) and an error term which is bounded by 
|err1| ≤ R1 for

R1 := δ(logμ)−1fμ
−2 + δ2(logμ)−1 + η0[|dβ(0)|I3 + δ(logμ)−1fμ

−1]

+ |dβ(0)|2(I1 + I2) + |dβ(0)||∂εdβ(0)|I1 + |dβ(0)|I∂Ω1

+ T [|dβ(0)|(I3 + I4) + η0(logμ)−1fμ
−2 + |∂εdβ(0)|I3] + ητ |dβ(0)|I3.

(5.21)

Here δ, τ, η0 and ητ are as in (3.5) and (3.9) and the integrals I· = I·(q0, q1,μ) are as 
in

Lemma 5.2. For any variations q(ε)
0,1 in Rσ(q∗0,1), Rσ(·) as defined in (2.4), which satisfy 

(3.8), we can bound

I1 :=
∫
Ω1

|q̂0|2ρ2
q + |q̂1,μ|2|∇q̂0|2 ≤ ν̄2 logμ (5.22)
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I2 :=
∫
Ω1

|q̂0||∂εq̂0|ρ2
q + |∂εq̂0||q̂1,μ||∇q̂0||∇q1,μ| + |q̂1,μ||∇q̂0|2 + |q̂0|ρq|∇q̂0| ≤ μ− 1

2 ν̄

(5.23)

I3 :=
∫
Ω1

|q̂0|ρ2
q + |∇q̂0||q̂1,μ|ρq ≤ ν̄ (5.24)

I4 :=
∫
Ω1

|∂εq̂0|ρ2
q + |q̂0||∂ε∇q̂μ|ρq ≲ μ−1 (5.25)

I∂Ω :=
∫

∂Ω1

|q̂0|2 + |q̂1,μ|2dS ≤ μ− 1
2 ν̄ (5.26)

where we write for short for ρq := |∇q̂0| + |∇q̂1,μ|.

This lemma ensures that R1 defined by (5.21) is bounded by the quantity R0 defined 
in (3.12) and hence that err1 can be included in the error term in Lemma 3.4.

Similarly the contributions of z− z1 to ∂εE(zε) are of lower order, namely

Lemma 5.3. For any variation in Z0 as considered above we can bound

∣∣∣∣∣∣
∫
Ω1

∂εzΔz− ∂εz1Δz1

∣∣∣∣∣∣ ≤ ‖β‖ν̄(μ− 1
2 + η0) + δμ−1 + T ν̄μ−1(‖β‖ + ‖∂εβ‖). (5.27)

Combining these three lemmas with their analogues on Ω0, which follow by symmetry, 
we get

∂εE(z) = −
∫
Ω1

∂εzΔz−
∫
Ω0

∂εzΔz

=
∫
Ω1

j1∂εΔu1 − ∂εu1τ(u1) +
∫
Ω0

j0∂εΔu0 − ∂εu0τ(u0) −
∫
A 

Δγ∂εγ + err2
(5.28)

for an error term that satisfies the required bound |err2| ≲ R0.
As |γ̂′| = δ we can use (5.15) to see that

−
∫
A 

∂εγΔγ = 1
2

d 
dε‖∇γ‖2

L2 = 1
2

d 
dε

(
|γ̂′|2‖∇φμ‖2

L2

)
= πcμ

d 
dεδ(U0, U1)2 + err3 (5.29)

for an error term that is bounded by |err3| ≲ δ(δ+η0)
(logμ)2 ≲ R0.
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Finally, we can use that

deg(q1) d 
dεE(Û1) = d 

dεE(Û1 ◦ q̂1,μ) = −
∫
R2

τ(Û1 ◦ q̂1,μ) · ∂ε(Û1 ◦ q̂1,μ)

= −
∫
Ω1

τ(u1) · ∂εu1 + err3 + err4.
(5.30)

where we use (5.5) to bound

|err3| ≲ |
∫
Ω0

τ(Û1 ◦ q̂1,μ) · ∂ε(Û1 ◦ q̂1,μ)| ≲ T
∫
Ω0

|∇q̂1,μ|2 ≲ μ−1T ≲ R0

and set err4 :=
∫
Ω1

∂εu1τ(u1)− ∂ε(Û1 ◦ q̂1,μ)τ(Û1 ◦ q̂1,μ). To bound this term we can use 

that |∂ε(u1 − Û1 ◦ q̂1,μ)| ≲ |q̂0| + |∂εq̂0|, while (1.10) ensures that

|τ(u1) − τ(U1 ◦ q̂1,μ)| = |τ(Û1) ◦ q̂μ|∇q̂μ|2 − τ(Û1) ◦ q̂1,μ|∇q̂1,μ|2|
≲ T · (|q̂0|ρ2

q + |∇q̂0|ρq).

Combined with (5.4) and (5.5) this yields

|err4| ≲ T
∫
Ω1

(|q̂0| + |∂εq̂0|)ρ2
q + |∇q̂0|ρq ≲ μ−1 logμT ≲ R0.

This reduces the proof of Lemma 3.4 to the proofs of the three lemmas stated above, 
which we carry out in the remainder of this section.

To prove Lemma 5.1, and later on also Lemmas 3.2 and 3.3, it is useful to expand

z1 = πN (v1) = u1 +Pu1(γ̃U1 + j1)+ erru1 = u1 + γ̃U1 + j1 −P⊥
u1

(γ̃U1 + j1)+ erru1 (5.31)

where we recall that u1, γ̃U1 and j1 are defined by (2.13), (2.16) and (2.17). We note 
that the resulting error term can be written as

erru1 =
1 ∫

0 

(
dπN (u1 + t(γ̃U1 + j1)) − dπN (u1)

)
(γ̃U1 + j1)dt (5.32)

and hence bounded by

|erru1 | ≲ |j1|2 + |γ̃U1 |2 ≲ |dβ(0)|2|q̂0|2 + δ2φμ (5.33)

since dπN (p) agrees with the projection Pp onto the tangent space TpN whenever p ∈ N .



M. Rupflin / Journal of Functional Analysis 289 (2025) 111006 37

Proof of Lemma 5.1. Writing z1 as in (5.31) and using that Δj1 = 0 we find that
∫
Ω1

∂εz1Δz1 =
∫
Ω1

∂εu1 Δu1 + ∂ε(Pu1j1) Δu1 − ∂εu1 Δ(P⊥
u1
j1) + ∂εγ Δγ + T1

=
∫
Ω1

∂εu1 τ(u1) − Pu1j1∂εΔu1 − ∂εu1 Δ(P⊥
u1
j1) + ∂εγ Δγ + T1 + T2

(5.34)

for T2 :=
∫
Ω1

∂ε(Pu1j1Δu1) =
∫
Ω1

∂ε(j1τ(u1)) and

|T1| ≤
∫
Ω1

|∂ε(Pu1 γ̃U1) Δu1| + |∂εerru1 | |Δu1| + |∂ε(z1 − u1) Δ(P⊥
u1
j1)|

+
∫
Ω1

|∂εz1 Δerru1 | + |∂εz1Δ(P⊥
u1
γ̃U1)| + |

∫
Ω1

∂ε(z1 − γ)Δγ|

=: T (1)
1 + ... + T

(6)
1 .

(5.35)

We can rewrite the third term in (5.34) using integration by parts, which results in a 
boundary term of the form

B1 := −
∫

∂Ω1

∂n(P⊥
u1
j1) · ∂εu1 − P⊥

u1
j1 · ∂n∂εu1dS, (5.36)

to obtain the desired expression
∫
Ω1

∂εz1Δz1 =
∫
Ω1

∂εu1 τ(u1) −
∫
Ω1

j1∂εΔu1 +
∫
Ω1

∂εγΔγ + T1 + T2 + B1. (5.37)

This reduces the proof of the lemma to showing that all error terms T (i)
1 , T2 and B1

obtained above are controlled by the quantity R1 defined in (5.21).
To bound T (1)

1 we consider A(p) as a bilinear form A(p) : RN × RN → T⊥
p N on the 

whole space which vanishes in normal directions and write

∂ε(Pu1 γ̃U1)A(u1)(∇u1,∇u1) = −Pu1(γ̃U1)∂ε
(
A(u1)(∇u1,∇u1)

)
= −Pu1(γ̃U1) · (∂εA(u1))(∇u1,∇u1).

Combined with (1.10), (5.9) and (5.16) we can hence bound

T
(1)
1 ≲

∫
|∂ε(Pu1(γ̃U1)||τ(u1)| +

∫
|Pu1(γ̃U1)||(∂εA(u1))(∇u1,∇u1)|

≲
[
(δ + η0)T + δ

] ∫
A∩Ω1

(φμ + cμ)|∇q̂μ|2 ≲ (η0T + δ)(logμ)−1fμ
−2,
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where we use (5.6) and (5.7) in the last step. Hence T (1)
1 ≲ R1 as required.

Next we use that the formula (5.32) for erru1 , combined with (5.16) and (5.18), gives

|∂εerru1 | ≲ |j1|2 + |γ̃U1 |2 + (|j1| + |γ̃U1 |)(|∂εj1| + |∂εγ̃U1 |)
≲ |dβ(0)|2|q̂0|2 + δ2φμ + (|dβ(0)||q̂0| + δφμ)

[
|dβ(0)||∂εq̂0|

+ |∂εdβ(0)||q̂0| + η0φμ + cμδ1A
]
.

(5.38)

Using additionally (5.3), (5.6) and (5.7) we hence see that

T
(2)
1 ≲|dβ(0)|2(I1 + I2) + |dβ(0)||∂εdβ(0)|I1 + (logμ)−1fμ

−3δ + η0|dβ(0)|I3
+ η0δ(logμ)−2fμ

−2 + δ2(logμ)−1fμ
−2

and thus that T (2)
1 ≲ R1.

We then split

T
(3)
1 ≤

∫
Ω1

|P⊥
u1

(∂ε(z1 − u1))||ΔP⊥
u1
j1| +

∫
Ω1

|∂ε(z1 − u1)||Pu1(ΔP⊥
u1
j1)|.

As |Δu1| + |∇u1|2 ≲ |∇q̂μ|2 ≲ ρ2
q and as Δj1 = 0 we can certainly estimate

|Δ(P⊥
u1
j1)| ≲ |j1|(|∇u1|2 + |Δu1|) + |∇j1||∇u1| ≲ |dβ(0)|(|q̂0|ρq + |∇q̂0|)ρq.

To obtain an improved bound on the tangential part of this quantity we write P⊥
u1
j1 =∑

j〈j1, νju1
〉νju1

to see that |Pu1(Δ(P⊥
u1
j1)| ≲ |j1|ρ2

q + ρq|P⊥
u1

(∇j1)|, and write

j1 = dU0(0)(q0) − dU1(0)(q0) = PU1(0)(j1) + (PU0(0) − PU1(0))(dU0(0)(q0)) (5.39)

to see that

|P⊥
u1

(∇j1)| ≲ |u1 − U1(0)||∇j1| + |U0(0) − U1(0)||∇q̂0|
≲ |dβ(0)|(|q̂0| + |q̂1,μ|)|∇q̂0| + δ|∇q̂0|.

(5.40)

Combined we hence get

|Pu1(Δ(P⊥
u1
j1))| ≲ |dβ(0)||q̂0|ρ2

q + |dβ(0)||q̂1,μ||∇q̂0|ρq + δ|∇q̂0|ρq.

On the other hand, while we can only bound

|∂ε(z1 − u1)| = |∂ε(Pu1(γ̃U1 + j1) + erru1)| ≲ |j1| + |∂εj1| + |γ̃U1 | + |∂εγ̃U1 |
≲ (|dβ(0)| + |∂εdβ(0)|)|q̂0| + |dβ(0)||∂εq̂0| + δ(φμ + cμ1A) + η0φμ,

compare (5.38) and (5.16), we get a stronger bound of
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|P⊥
u1

(∂ε(z1 − u1)| = |(P⊥
u1

− P⊥
z1

)(∂εz1)| ≤ |u1 − z1||∂εz1|
≲ |j1| + |γ̃U1 | ≲ |dβ(0)||q̂0| + δφμ.

Combined we hence get

T
(3)
1 ≲

∫
Ω1

|dβ(0)||q̂0||ΔP⊥
u1
j1| + δ

∫
A∩Ω1

(φμ + cμ)|ΔP⊥
u1
j1|

+
∫
Ω1

(|∂εdβ(0)||q̂0| + |dβ(0)||∂εq̂0|)|Pu1(ΔP⊥
u1
j1)| + η0

∫
A∩Ω1

φμ|Pu1(ΔP⊥
u1
j1)|

≲ |dβ(0)|2(I1 + I2) + |dβ(0)||∂εdβ(0)|I1

+ δ(|∂εdβ(0)| + |dβ(0)| + η0)μ− 1
2 + η0|dβ(0)|I3

and thus T (3)
1 ≲ R1. Here we simply use that ‖q̂0‖L∞(Ω1) + ‖∇q̂0‖L2(Ω1) ≲ μ− 1

2 to deal 
with the terms involving δ as these only give lower order contributions.

Next we estimate

T
(4)
1 ≤ 1

2

∫
Ω1

|Pz1(d2πN (u1)(∇j1,∇j1))| +
∫
Ω1

|Δerru1 − 1
2d

2πN (u1)(∇j1,∇j1)|.

To deal with the first term we exploit that A(x) = −dPx and thus that

d2π(x)(v, w) = −A(x)(v, w) ∈ T⊥
x N for all x ∈ N, v, w ∈ TxN. (5.41)

Combined with (5.40) this allows us to bound

|Pz1(d2πN (u1)(∇j1,∇j1))| ≲ |z1 − u1||∇j1|2 + |P⊥
u1
∇j1||∇j1|

≲ |dβ(0)|2(|q̂0| + |q̂1,μ| + |γ̃U1 |))|∇q̂0|2

while the formula (5.32) for erru1 allows us to check that

|Δerru1 − 1
2d

2πN (u1)(∇j1,∇j1)|
≲ (|j1| + |γ̃U1 |)

[
|∇u1|(|∇j1| + |∇γ|) + |∇j1|2 + |∇γ|2 + |τ(γ)|

]
+ (|j1|2 + |γ̃U1 |2)ρ2

q + |∇γ|2 + |∇γ||∇j1|.

Combined we hence get

T
(4)
1 ≲ |dβ(0)|2(I1 + I2) + δ|dβ(0)|μ− 1

2 + δ2(‖φμ
2ρ2

q‖L1(Ω1) + ‖∇φμ‖2
L2)

+ (‖j1‖L∞(Ω1) + δ)‖τ(γ)‖L1

≲ |dβ(0)|2(I1 + I2) + δ|dβ(0)|μ− 1
2 + δ2(logμ)−1
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where we also use (5.6), (5.7), (5.8) and (5.12) in the second step. Thus also T (4)
1 ≲ R1.

Next we estimate

T
(5)
1 ≲

∫
A∩Ω1

|Pz1(Δ(P⊥
u1
γ̃U1))|

≲
∫

A∩Ω1

|u1 − z1|(|Δγ| + |∇γ|ρq) + |P⊥
u1

(∇γ)|ρq + |γ̃U1 |ρ2
q

≲ (μ− 1
2 + δ)δ(logμ)−1 +

∫
A∩Ω1

|u1 − γ||∇γ|ρq + δ(logμ)−1fμ
−2

where we used (5.12), |u1 − z1| ≤ μ− 1
2 + δ and (5.7) in the last step. Using furthermore 

that |u1 − γ| ≲ |u1 − U1(0)| + |γ̃U1 | ≤ fμ
−1 + δφμ on A we hence get

T
(5)
1 ≲ μ− 1

2 δ + δ2(logμ)−1 + δ(logμ)−1fμ
−2 ≲ R1. (5.42)

Finally, to bound T (6)
1 we write z1 instead as

z1 = γ + Pγ(ũ1 + j1) + errγ for errγ =
1 ∫

0 

(
dπN (γ + t(j1 + ũ1)

)
− dπN (γ))(ũ1 + j1)

and use (5.6) and (5.16) to see that

|∂ε(z1 − γ)| ≲ |∂εγ|fμ−1 + fμ
−2 ≲ (η0 + δ(logμ)−1)fμ−1 + fμ

−2 on A.

As ‖Δγ‖L1 ≲ δ(logμ)−1 we hence immediately deduce that

T
(6)
1 ≤ δ(logμ)−1fμ

−2 + δ2(logμ)−2fμ
−1 + η0δ(logμ)−1fμ

−1 ≲ R1.

This completes the proof that the term T1 obtained in (5.34) is controlled by R1 and 
it hence remains to show that the term T2 obtained in this estimate (5.34) and the 
boundary term B1 defined in (5.36) also have this property.

Since T2 can be written as T2 =
∫
Ω1

∂ε(j1τ(Û1) ◦ q̂μ|∇q̂μ|2), compare (1.10), we fur
thermore have

|T2| ≲ T
∫

|∂εj1|ρ2
q + |j1|(|∂εq̂μ|ρ2

q + ρq|∂ε∇q̂μ|) + ηT

∫
|j1||∇q̂1,μ|2

≲ T |dβ(0)|(I3 + I4) + T |∂εdβ(0)|I3 + ηT |dβ(0)|I3 ≲ R1.

Finally, to estimate B1 we use (5.39) to see that

|P⊥
u1
j1| ≲ |q̂μ||j1| + δ|q̂0| ≲ |dβ(0)||q̂μ||q̂0| + δ|q̂0|. (5.43)
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Since |∇u1| + |∂ε∇u1| ≲ 1 on ∂Ω1 and hence |Pu1(∂nP⊥
u1
j1)| ≲ |∂nu1||P⊥

u1
j1| ≲ |P⊥

u1
j1|

we can hence bound

|B1| ≲
∫

∂Ω1

|P⊥
u1
j1|dS ≲ |dβ(0)|I∂Ω + μ−1δ, (5.44)

where the last step follows since |q̂0| and |∂Ω1| are of order O(μ− 1
2 ).

We have thus shown that all error terms are controlled by R1 which completes the 
proof of Lemma 5.1. �
Proof of Lemma 5.2. To prove this lemma we will use that

|q̂0(z)| + |z||∇q̂0(z)| ≲
n∗

0∑
j=1 

|aj(q0)||z|j for every z ∈ C (5.45)

and for q0 ∈ Rσ(q∗0), q̂0 = π−1
p∗ ◦ q0. To see this we note that our choice of σ ensures that 

the right hand side is at least 1
2 |z|n

∗
0 and that (5.45) is hence trivially satisfied outside of 

any fixed size disc Dr̄(0) since the maps q̂0 satisfy uniform Ck bounds. As q∗0(0) = 0 and 
as the maps q̂0 are uniformly close to q̂∗0 we can fix r̄ = r̄(q∗0) > 0 small enough so that 
|q0(z)| ≤ 1 for all |z| ≤ 2r̄. Standard estimates from complex analysis then ensure that 
|aj(q0)| ≲ (2r̄)−j for all j and hence that 

∑
j≥n∗

0+1 j|aj(q0)||z|j ≲ |z|n∗
0 for all |z| ≤ r̄

which ensures that (5.45) also holds on Dr̄(0).
Similarly, given q1 ∈ Rσ(q∗i ) and μ > μ̄ we can use that q̂1,μ = πp∗ ◦ q1( 1 

μ· ) is so that

|q̂1,μ(z)| ≲
n∗

1∑
k=1

|ak(q1)| 
1+|μz|k and |∇q̂1,μ(z)| ≲ μ

n∗
1∑

k=1

|ak(q1)| 
1+|μz|k+1 . (5.46)

The proofs of all claims made in the lemma now follow from short explicit calculation 
based these two estimates (5.45) and (5.46). To begin with we note that
∫
Ω1

|q̂0|2|∇q̂1,μ|2 + |q̂1,μ|2|∇q̂0|2 ≲
∑

|aj(q0)|2|ak(q1)|2μ−2jμ2
∫
Ω1

|μz|2j
1+|μz|2k+2 + |μz|2j−2

1+|μz|2k

≲
∑

|aj(q0)|2|ak(q1)|2μ−2j

√
μ∫

0 

t2j−1

1+t2k
dt

≲
∑

|aj(q0)|2|ak(q1)|2(μ−2j + μ−jμ−k logμ) ≤ ν̄2 logμ
(5.47)

where here and in the following we only need to sum over j = 1, . . . , n∗
0 and k = 1, . . . , n∗

1
and can use that the corresponding coefficients aj(qi) are uniformly bounded as we only 
consider elements of Rσ(q∗i ). As we furthermore have
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∫
Ω1

|q̂0|2α|∇q̂0|2 ≲
∑
j

|aj(q0)|2(1+α)
∫
Ω1

|z|2(1+α)j−2 ≲ ν̄1+α for any α ≥ 0, (5.48)

so in particular for α = 1, we obtain the claimed estimate (5.22) on I1.
Using (5.45), (5.46) and (5.4) we then get

∫
Ω1

|q̂0||∂εq̂0||∇q̂1,μ|2 + |∂εq̂0||q̂1,μ||∇q̂1,μ||∇q1,μ| ≲
∑

|aj(q0)||ak(q1)|2μ−j−1

√
μ∫

0 

tj+1

1+t2k+1 dt

≲ ν̄μ−1 logμ.

As the other contributions to I2 are bounded by

∫
Ω1

|q̂1,μ||∇q̂0|2 ≲
∑

|ak(q1)||aj(q0)|2μ−2j

√
μ∫

0 

t2j−1

1+tk
≲ ν̄3/2 ≲ μ− 1

2 ν̄

and
∫

|q̂0|ρq|∇q̂0| ≤ (ν̄2 logμ) 1
2 ν̄

1
2 ≲ μ−1(logμ) 1

2 ν̄,

compare (5.47) and (5.48), we hence obtain the claimed bound (5.23) on I2.
Combining (5.48) with

∫
Ω1

|q̂0||∇q̂1,μ|2 + |∇q̂0||q̂1,μ||∇q̂1,μ| ≲
∑

|aj(q0)||ak(q1)|2μ−j

√
μ∫

0 

tj+1

1+t2k+2

≲
∑

|aj(q0)||ak(q1)|2(μ−j + μ−j/2μ−k logμ) ≲ ν̄

then shows that I3 satisfies (5.24), while (5.4) and (5.5) give the claimed bound on

I4 ≤
∫
Ω1

|z|(1 + μ2

1+|μz|4 ) ≲ μ−3
2 + μ−1

√
μ∫

0 

t2

1+t4 dt ≲ μ−1.

Finally, as |q̂0|2 + |q̂1,μ|2 ≲ ν̄ on ∂Ω1 = ∂D
μ− 1

2
, we get that |I∂Ω1 | ≤ |∂Ω1|ν̄ ≲ ν̄μ− 1

2 . �
In Section 6 we will also use that a very similar calculation gives

∫
|∂εq̂0|2ρ2

q + |q̂0|2(|∂ε∇q̂0|2 + |∂ε∇q̂1,μ|2) ≲ ηrat(μ−j∗ + ν̄)2 logμ. (5.49)
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Having hence completed the proofs of both Lemmas 5.1 and 5.2, we finally turn to 
the proof that the contribution of the error terms errϕ = z− z1 to ∂εE(zε) is controlled 
as described in Lemma 5.3.

As errϕ is supported on Â (defined in (2.10)) we first collect some estimates that are 
valid on this set where |z| ∼ μ− 1

2 and where we can hence bound

|q0| + |q1,μ| + μ− 1
2 (|∇q0| + |∇q1,μ|) ≲ ν̄

1
2 (5.50)

and

|∂εq0| + |∂εqμ,1| + μ− 1
2 |∂ε∇q0| + |∂ε∇qμ,1| ≲ μ− 1

2 . (5.51)

Since v0 − v1 = β(qμ) − β(0) − dβ(0)(qμ) we have

|v0 − v1|+ μ− 1
2 |∇(v0 − v1)|+ μ−1|Δ(v0 − v1)| ≲ ‖β‖(|qμ|2 + μ−1|∇qμ|2) ≤ ‖β‖ν̄ (5.52)

as well as

|∂ε(v0 − v1)|+ μ− 1
2 |∂ε∇(v0 − v1)|+ μ−1|∂εΔ(v0 − v1)| ≤ (‖β‖+ ‖∂εβ‖)ν̄ + ηrat‖β‖μ−j∗ .

(5.53)
We furthermore note that γ is harmonic on Â so we can bound

|∇vi|2 + |Δvi| ≲ ρ2
q + |∇γ|2 ≲ μ(ν̄ + δ2

(logμ)2 ). (5.54)

Since the error term is given by

errϕ = πN (v1 + tϕ(v0 − v1))− πN (v1) =
1 ∫

0 

dπN (v1 + tϕ(v0 − v1))(ϕ(v0 − v1))dt (5.55)

for a function ϕ that vanishes for |z| ≤ 1
2μ

− 1
2 and that satisfies |∇ϕ|2 + |Δϕ| ≲ μ we 

have

|errϕ| ≲ ‖β‖ν̄ and |Δerrϕ| ≲ ‖β‖μν̄. (5.56)

As |∂εμi| ≲ μi we have

|∂ε(ϕμ(z))| ≲ μ− 1
2 |∂ε μ1

μ0
||φ′(μ 1

2 |z||)|z| ≲ 1Â (5.57)

allowing us to bound

|∂εerrϕ| ≲ |v0 − v1| + |∂ε(v0 − v1)| ≲ (‖β‖ + ‖∂εβ‖)ν̄ + ηrat‖β‖μ−j∗ . (5.58)

We will later also use that the above estimates also allow us to bound
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μ−1|∂εΔerrϕ| ≲ (‖β‖ + ‖∂εβ‖)ν̄ + ηrat‖β‖μ−j∗ . (5.59)

Based on these estimates we can now complete the

Proof of Lemma 5.3. Since |∂εz1| ≲ μ− 1
2 +δ+η0 on Â and since |Â| ≲ μ−1 we can bound

|
∫
Ω1

∂εzΔz− ∂εz1Δz1| ≤
∫

Â∩Ω1

(|∂εz1| + |∂εerrϕ|)|Δerrϕ| +
∫

Â∩Ω1

|∂εerrϕΔz1|

≲ ‖β‖(μ− 1
2 + δ + η0)ν̄ +

∫

Â∩Ω1

|∂εerrϕ · Δz1|.

To bound this last term we split ∂εerrϕΔz1 into the contributions of the tangential and 
the normal parts. Since Pz1 = dπ(z1) and since |v1−z1| ≤ δ+‖β‖ν̄ 1

2 and |∂εv1| ≲ η0+μ− 1
2

on Â we get

|P⊥
z1

(∂εerrϕ)| ≲ (|v1 − z1| + |v0 − v1|)|∂ε(ϕ(v0 − v1))| + |∂εv1||ϕ(v0 − v1)|

≤ (δ + ‖β‖ν̄ 1
2 )(‖β‖ + ‖∂εβ‖)μ−1 + (η0 + μ− 1

2 )ν̄‖β‖
≲ ‖β‖μ−3/2 + δ(‖∂εβ‖ + ‖β‖)μ−1 + η0‖β‖ν̄

(5.60)

and can thus in particular bound |P⊥
z1

(∂εerrϕ)| ≲ μ−1(‖β‖ + δ).
Since (5.54) ensures that |Δz1| = |Δ(πN (v1))| ≲ μ(ν̄ + δ2) on Â and since |Â| ≲ μ−1

this suffices to estimate
∫

|P⊥
z1
∂εerrϕ||Δz1| ≤ (ν̄ + δ2)μ−1[‖β‖ + δ]

and hence to see that this term is bounded by the right hand side of (5.27).
From (5.31) we furthermore get that

|Pu1(Δz1)| ≲ |τ(u1)| + |∇γ|2 + |∇j1|2 + ρq(|∇γ| + |∇j1|)

≤ T ν̄μ + δ2μ + δν̄
1
2μ + ‖β‖ν̄μ.

As (5.58) ensures that |∂εerrϕ| ≲ (‖β‖ + ‖∂εβ‖)μ−1 and as |Â| ≲ μ−1 we immediately 
conclude that also 

∫
|∂εerrϕ||Pu1Δz1| is controlled by the right hand side of (5.27), which 

completes the proof of the lemma. �
5.3. Dominating terms in the energy expansions for variations of the rational maps

In this section we explain how the general energy expansion proven in the previous 
section can be used to identify a variation of type (V2) for which Lemma 3.5 holds true.
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By symmetry it suffices to prove the claim of the lemma for i = 1, i.e. to identify a 
variation of q1 so that (3.16) holds for the resulting family zε for which we keep U0.1, q0
and μ fixed.

For such variations we know from Lemma 3.4 that

dE(z)(∂εz) =
∫
Ω1

j1∂εΔu1 +
∫
Ω0

j0∂εΔu0 + err1 (5.61)

now for an error that is bounded by |err1| ≲ R2 for

R2 := ν̄‖β‖μ− 1
2 + δ2

logμ + δ
f2
μ logμ + T μ−1 logμ (5.62)

as η0 = ητ = 0. As ∂εU0 = 0 and as |∂εq̂μ| ≲ |∂εq1,μ| is small on Ω0 we can easily check 
that

|
∫
Ω0

j0∂εΔu0| ≲ ν̄‖β‖μ− 1
2 ≤ R2. (5.63)

To prove the lemma it hence suffices to show that we can find a variation of q1 for which
∫
Ω1

j1∂εΔu1 ≥ c1|dβ(0)|2ν0 − err2 (5.64)

for an error term that is bounded by |err2| ≲ R2.
To this end we will use that away from z = 0 the functions 2(μz)−j are well 

approximated by the first two components hj,μ(z) := 2(μz̄)j
1+|μz̄|2j of the harmonic map 

h̄j,μ(z) := π((μz̄)j) : Ĉ → S2, where we continue to identify (x, y) ∈ R2 with x+ iy ∈ C

whenever convenient. We hence write u1(z) = U1(q0(z) + q1,μ(z)) as

u1(z) = U1(0) + dU1(0)
(

1
2

n∗
1∑

j=1 
aj(q1)hj,μ(z) + q0(z)

)
+ f1(z) + f2(z) + f3(z)

for

f1(z) := u1(z) − (U1(0) + dU1(0))(qμ) =
1 ∫

0 

(dU1(tqμ) − dU1(0))(qμ)dt

f2(z) := dU1(0))(
∑

1≤j≤n∗
0

aj(q1)((μz)−j − 1
2hj,μ(z))

= 1
2dU1(0)

( ∑
1≤j≤n∗

0

aj(q1) (μz̄)j
|μz|2j(1+|μz|2j)

)

f3(z) := dU1(0)
( ∑
j≥n∗

0+1
aj(q1)(μz)−j

)
.
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As Δj1 = 0 we get that T i
B :=

∫
Ω1

j1Δ∂εfi =
∫
∂Ω1

j1∂n∂εfi − ∂nj1∂εfidS and will use 
this to show that all these terms are controlled by R2.

We can use that |∂Ω1| ∼ μ− 1
2 and that the rational functions are bounded by (5.50)

and their variations by (5.51) at points with |z| ∼ μ− 1
2 . This immediately implies that

|T 1
B | ≲ |dβ(0)|

∫
∂Ω1

|q0|(|∇qμ||∂εqμ| + |qμ||∇∂εqμ|) + |∇q0||∂εqμ||qμ| ≲ |dβ(0)|μ− 1
2 ν̄ ≲ R2,

while |T 3
B | ≲ |dβ(0)|μ− 1

2 νq̂0 ≲ R2 follows since |∂εf3| + μ− 1
2 |∂ε∇f3| ≲ μ−(n∗

0+1)/2 ≲
μ− 1

2 ν̄
1
2 .

We can now use that terms of the form dβ(0)(ajzj), aj ∈ C, and their radial deriva
tives are L2(∂Dr) orthogonal to terms of the form dU1(0)(bk(z̄)k), bk ∈ C, and their 
radial derivatives on any circle ∂Dr = ∂Dr(0) if j 
= k. This implies that

|T 2
B | ≲ |dβ(0)|

n∗
0∑

j=1 
|aj(q0)||aj(∂εq1)|

∫
∂Ω1

[
|zj ||∂n (μz̄)j

|μz|2j(1+|μz|2j) | + |∂nzj || (μz̄)j
|μz|2j(1+|μz|2j) |

]

≲ |dβ(0)|
∑
j≤n∗

0

|aj(q0)||∂εaj(q1)|μ−2j ≲ |dβ(0)|μ−1ν̄ ≲ R2.

At this stage we hence know that

∫
Ω1

j1∂εΔu1 = 1
2

n∗
1∑

j=1 

∫
Ω1

j1 · dU1(0)(∂εaj(q1)Δhj,μ) + err3 (5.65)

for |err3| ≲ R2 since we know that Δq0 = 0.
As h̄j,μ is a harmonic map into S2 and as

|∇h̄j,μ|2(z) = |∇π((μz̄)j)|2 · (jμ)2|μz|2(j−1) = μ2 8j2|μz|2j−2

(1+|μz|2j)2

we can write

Δhj,μ = −|∇h̄j,μ|2hj,μ = −2μ2Hj(μ|z|) · (μz̄)j

for Hj(t) := 4j2t2j−2

(1+t2j)3 . The orthogonality of the different Fourier modes on circles hence 
allows us to write the main terms in (5.65) as

1
2

∫
Ω1

j1 · dU1(0)(∂εaj(q1)Δhj,μ) = −IHj (μ)
∫
S1

dβ(0)(aj(q0)eijθ) · dU1(0)(aj(∂εq1)e−ijθ)

= −|aj(q0)||a1(∂εq1)|IHj (μ)Iθj (αj , U0, U1)
(5.66)
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for αj = αj(∂εq1, q0) := j−1[Arg(aj(∂εq1)) − Arg(aj(q0))
]
,

Iθj (α,U0, U1) :=
∫
S1

d(U0 − U1)(0)(eijθ)dU1(0)(e−ij(θ−α))dθ (5.67)

and

IHj (μ) := μ2
μ− 1

2∫
0 

rjHj(μr)(μr)jrdr = 4j2μ−j

√
μ∫

0 

t4j−1

(1+t2j)3 dt ∼ μ−j . (5.68)

We note that the above calculation applies for any variation of qi that satisfies (3.8) and 
hence shows that ∂εE(z) is always controlled by (3.15).

To find a specific variation of q1 for which Lemma 3.5 holds we now use the following 
lemma, a proof of which is included below.

Lemma 5.4. Let U∗
0,1 : Ĉ → N be distinct harmonic maps which satisfy Assumption 1. 

Then there exists α∗ ∈ [0, 2π) and c∗ > 0 so that −Iθj (α∗, U∗
0 , U

∗
1 ) > 2c∗ for all j ∈ N

and hence so that

Iθj (α∗, U0, U1) ≥ c∗ for all Ui ∈ Rσ(U∗
i ), j ∈ N.

Given a rational map q0 we will apply this lemma for j0 ∈ {1, . . . , n∗
0} chosen so that

|aj(q0)|μ−jΛj
1 ≤ |aj0(q0)|μ−j0Λj0

1 for j = 1, . . . , n∗
0 (5.69)

where Λ1 ≥ 1 is a large number that only depends on U∗
0,1 and q∗0,1 and that is fixed 

below.
Writing q1 in the form q1 = r1

r2
for polynomials r1,2 which are normalised by r2(0) = 1, 

we finally define the desired variation of q1 by

q
(ε)
1 (z) := r1(z) + ε(eiθ∗

z)j0
r2(z) 

where we choose θ∗ := α∗ + 1 
j0

Arg(aj0) so that αj0(∂εq1, q0) is given by the number α∗

from Lemma 5.4.
As aj(∂εq1) = 0 for j < j0 while |aj0(∂εq1)| = 1 we hence get from (5.65) and (5.66)

that
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∫
Ω1

j1∂εΔu1 ≥ c∗|aj0(q0)|IHj0 (μ) − C

n∗
0∑

j=j0+1
|aj(q0)|IHj (μ) − CR2

≥ 2c|aj0(q0)|μ−j0 − C

n∗
0∑

j=j0+1
|aj(q0)|μ−j − CR2

≥ (2c− CΛ−1
1 )|aj0(q0)|μ−j0 − CR2 ≥ c|aj0(q0)|μ−j0 − CR2

for a constant c > 0 that only depends on U∗
i and q∗0,1, where the last step holds true 

provided Λ1 = Λ1(U∗
i , q

∗
i ) in (5.69) is chosen sufficiently large.

Since (5.69) ensures that νq0 ≲ |aj0(q0)|μ−j0 this completes the proof of (5.64) and 
hence of Lemma 3.5 up to the

Proof of Lemma 5.4. We use that harmonic spheres are weakly conformal and that 
dU∗

i (0) 
= 0.
If U∗

1 (z) = U∗
0 (z̄) we can hence choose coordinates on the target so that dU∗

0,1(0)
are given by the matrices with columns 1 √

2 |dU
∗
0 (0)|(1, 0, 0N−2)T and 1 √

2 |dU
∗
0 (0)|(0,±1, 

0N−2)T when viewed as maps from R2 to RN . Setting α∗ := π hence gives

−Iθj (α∗, U∗
0 , U

∗
1 ) = 1

2 |dU
∗
0 (0)|2

∫
S1

sin2(jθ) + cos2(jθ) = π|dU∗
0 (0)|2

which establishes the claim in this case.
So suppose instead that N is three dimensional and that U∗

0,1 are minimal spheres 
whose tangent spaces at U∗

0 (0) = U∗
1 (0) intersect transversally. In this case we choose 

the coordinates on the domain so that ∂x1U
∗
1 (0) is contained in the intersection of these 

tangent spaces and then use the conformality of U∗
1 to choose coordinates on the target 

so that ∂x1,2U
∗
1 = cU∗

1 e1,2 and so that TU∗
0 (0)N = R3 ×{0}. Here ei is the standard basis 

of RN and cU∗
1 := 1 √

2 |dU
∗
1 (0)|.

The matrix A = c−1
U∗

0
dU0

∗(0) : R2 → RN , whose columns are orthonormal, is hence so 
that A31 = 0, A32 
= 0 and so that Aij = 0 for i ≥ 4. As
∫

dU∗
1 (0)(eijθ)dU∗

1 (0)(e−ij(θ−α∗))dθ =
∫

cos(jθ) cos(jθ + θ∗) − sin(jθ) sin(jθ + α∗)dθ

= 0,

for any α∗ we hence get that

Iθj (α∗, U∗
0 , U

∗
1 ) = cU∗

1 cU∗
0

∫
[A11 cos(jθ) + A12 sin(jθ)] cos(jθ + α∗)dθ

− cU∗
1 cU∗

0

∫
[A21 cos(jθ) + A22 sin(jθ)] sin(jθ + α∗)dθ

= πcU∗
1 cU∗

0 [(A11 −A22) cosα∗ − (A12 + A21) sinα∗].
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If A11 
= A22 we can hence choose α∗ to be either 0 or π. Conversely, if A11 = A22 then 
we cannot have that also A12 = −A21 as both columns of A have unit length and as 
A31 = 0 while A32 
= 0. In this second case we can thus choose α∗ as either π2 or 3π

2 . �
5.4. Dominating terms in the energy expansion for variations of the underlying maps 
Ui

We now want to prove that we can always find variations of the maps Ui in H1(U∗
i )

so that the induced variation in Z0 is as described in Lemmas 3.7 respectively 3.8.
For such a variation we can always bound |∂εΔu1| ≲ ρ2

q and hence have

|
∫
Ω1

j1∂εΔu1| ≲ |dβ(0)|
∫
Ω1

|q̂0|ρ2
q ≲ |dβ(0)|I3 ≲ ‖β‖ν̄,

compare Lemma 5.2, while the analogue estimate for |
∫
Ω0

j0∂εΔu0| follows by symmetry.
The general formula (3.11) for the variation of the energy on Z0 hence tells us that

dE(z)(∂εz) = πcμ
d 
dεδ(U0, U1)2 + deg(q1) d 

dεE(U1) + deg(q0) d 
dεE(U0) + err4 (5.70)

for |err4| ≲ ‖β‖ν̄ + δ
logμ [δ + fμ

−1 + (logμ)−1] + T (logμ)−1fμ
−1.

As cμ ∼ (logμ)−1 we immediately get that Lemma 3.8 holds true if we choose a 
variation Ui,ε in Hσ

1 (U∗
i ) for which (2.8) holds.

On the other hand, if we consider variations of Ui that are induced by translations on 
the domain then we know that d 

dε |ε=0E(Ui) = 0 as the energy is conformally invariant. 
To prove Lemma 3.7 it hence suffices to prove Lemma 3.6, i.e. that there always exist 
variations of the form Ui,ε = Ui(· + εeiθ0) so that

d 
dεδ

2(U0, U1) ≳ δ(U0, U1). (5.71)

If we are in a non-degenerate setting for which U∗
0 = U∗

1 then we know that Ui(z) =
U∗

0 (z + ci) for some |ci| ≤ σ. If c0 = c1 then δ = 0 so there is nothing to prove, while 
for c0 
= c1 we can consider U1,ε(z) = U∗

0 (z + c1 + ε c0−c1
|c0−c1| ) = U1(z + ε c0−c1

|c0−c1| ) and use 
that dU∗

0 (0) 
= 0 to get a variation for which (5.71) holds. The analogue argument also 
applies in settings where U∗

0 (z) = U∗
1 (z̄) and in both these cases we could just as well 

have constructed a variation of U0.
So suppose that the maps U∗

0,1 are instead as in (A3) of Assumption 1. In this case we 
can exploit that the tangent spaces TU∗

i (0)U
∗
i (Ĉ), which are 2 dimensional subspaces of 

the same 3 dimensional space TU∗
i (0)N , intersect transversally and that the length δ of 

the geodesic γ̂U1,U0 that connects the points Ui(0) can be made smaller than any given 
constant by reducing σ.

We hence obtain that at least one of the angles αi ∈ [0, π
2 ] at which γ̂ intersects 

TUi(0)Ui(Ĉ) must be so that |π2 −αi| ≥ 1
3 ᾱ, where ᾱ ∈ (0, π

2 ] denotes the angle between the 



50 M. Rupflin / Journal of Functional Analysis 289 (2025) 111006 

spaces TU∗
i (0)U

∗
i (Ĉ). For this i we hence know that ‖PTUi(0)Ui(Ĉ)( γ̂′(i∗) 

‖γ̂′(i∗)‖ )‖ = cos(αi) ≥
sin(ᾱ/3) is bounded away from zero, where we recall that γ̂(i∗) = Ui(0), 0∗ = 1, 1∗ = 0.

As U∗
i is weakly conformal and dU∗

i (0) 
= 0 and as the maps Ui are Ck close to U∗
i

we hence deduce that Ui(·+ εeiθ0) has the desired property (5.71) if θ0 is chosen so that 
∂εUi(0)(eiθ0) points in the direction of ±PTUi(0)Ui(Ĉ)( γ̂′(i∗) 

‖γ̂′(i∗)‖ ).
This completes the proof of Lemma 3.6 and hence the proof of Lemma 3.7.

6. Estimates on the first and second variation of the energy

We conclude this paper with the proofs of the claims on the first and second variation 
of the energy at points z ∈ Z0 made in Lemmas 3.1-3.3. We will continue to work 
in stereographic coordinates which are scaled so that |an∗

0(q0)| = 1 and hence so that 
μ0 = 1, but we now need to consider variations in general directions w ∈ Γ(z∗TN). It is 
hence useful to observe that for any such w we can bound

∫
S1

|w(reiθ)|dθ ≲ [log(min(r−1, μr))] 1
2 ‖w‖z for any r ∈ [r1, r0] = [μ−1fμ, fμ

−1], (6.1)

since both 
∫
S1 |w(eiθ)| and 

∫
S1 |w(μ−1eiθ)| are controlled by ‖w‖z and since the integral 

of ∂r
∫
S1 |w(reiθ)|dθ over any interval I can be bounded by ‖∇w‖L2

( ∫
I
r−1) 1

2 . As ρz ≲
1 + μ 

1+μ2r2 we can thus bound

∫
A 

ρ2
z |w|2dx ≲ fμ

−2 log fμ‖w‖2
z and 

∫
A 

1 
r2 |w|2dx ≤ C(logμ)2‖w‖2

z (6.2)

which in particular implies that
∫

[ρ2
z + |∂ε∇γ|2 + |∂ε∇vi|2]|w|2 ≲ ‖w‖2

z while 
∫
A 

|∇γ|2|w|2 ≲ δ2‖w‖2
z . (6.3)

We note that combined with the formula for the second variation (3.2), this immediately 
gives (3.3).

In the proofs of Lemmas 3.2 and 3.3 below we will furthermore use that (6.1) ensures 
that

∫
A∗

1 
r2 |w|dx ≤ C(log fμ) 1

2 ‖w‖z and that ‖w‖L1(Â) ≤ Cμ−1(logμ) 1
2 . (6.4)

6.1. Uniform definiteness of the second variation orthogonal to Z

In this section we want to prove that the second variation is uniformly definite or
thogonal to our set of singularity models as claimed in Lemma 3.1.
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The main step in the proof of Lemma 3.1 is to show that there exists a constant c0 > 0
so that for any w ∈ T⊥

z Z with ‖w‖z = 1 there is an element v ∈ T⊥
z Z with ‖v‖z = 1 so 

that

d2E(z)(w, v) ≥ c0. (6.5)

Once we have shown this we can define V±
z as the span of the eigenfunctions to positive 

respectively negative eigenvalues of the corresponding Jacobi-operator

L̃z : T⊥
z Z → T⊥

z Z,

which is characterised by

d2E(z)(v, w) = 〈L̃zv, w〉z for v, w ∈ T⊥
z Z

and obtain the claim of the lemma from the spectral theorem for selfadjoint Fredholm 
operators.

To prove this claim (6.5) we will relate elements z of Z0 and vector fields v and w
along z to the corresponding elements ẑ = U0 ◦ q0 of Hσ(ω0) and to vector fields v̂ and 
ŵ along ẑ.

For such vector fields we will always work with respect to the inner product

〈ŵ, v̂〉π :=
∫
R2

|∇π|2ŵv̂ + ∇ŵ∇v̂ (6.6)

which (upto a factor 2) corresponds to the H1 inner product on the sphere and which 
approximates 〈·, 〉z well away from the origin.

We note that d2E(ω0) is uniformly definite on T⊥
ω0
Hσ(ω0) since Tω0Hσ(ω0) coincides 

with the kernel of the corresponding Jacobi-operator Lω0 : Γ(ω∗
0TN) → Γ(ω∗

0TN) and 
since the eigenvalues of this self-adjoint Fredholm operator tend to infinity. As Hσ(ω0) is 
a finite dimensional manifold which is contained in a small Ck neighbourhood of ω0 we 
can then use the continuity of the Jacobi-operator to deduce that the analogue statement 
is also true for general elements of Hσ(ω0) (provided σ > 0 is chosen sufficiently small).

I.e. we can use that there exists c > 0 so that for any ẑ ∈ Hσ(ω0) and any ŵ ∈
T⊥
ẑ
Hσ(ω0) with ‖ŵ‖π = 1 there exists a unit element v̂ ∈ T⊥

ẑ
H(ω0) so that

d2E(ẑ)(ŵ, v̂) ≥ c. (6.7)

In the proof below we will furthermore use that variations zε in Z0 induced by variations 
of only U0 and q0 are well approximated by the corresponding variations ẑε = U

(ε)
0 ◦ q(ε)

0
in Hσ(ω0). To be more precise we can easily check that

‖|z− ẑ|2 + |∂ε(z− ẑ)|2‖L∞(R2\Dr20
) +

∫
R2

|∇(z− ẑ)|2 + |∇∂ε(z− ẑ)|2 = o(1) (6.8)
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where here and in the following we write that a quantity is given by o(1) if we can ensure 
that it is smaller than any given positive number by choosing μ̄ sufficiently large and σ
and σ1 sufficiently small. Here we use that |1 − φμ| ≲ log fμ

logμ = o(1) for |z| ≥ r2
0 = fμ

−2

to bound the L∞ norm of ∂ε(z− ẑ) and we note that we furthermore have

‖∂εz‖z,Dr0
+ ‖∂εẑ‖π,Dr0

= o(1) (6.9)

where ‖ · ‖π,Ω and ‖ · ‖z,Ω are defined as in (3.1) and (6.6) but with the integrals taken 
over Ω.

With these preparations in place we now turn to the proof of (6.5).
So let z ∈ Z0 and let w ∈ T⊥

z Z be so that ‖w‖z = 1. We first remark that (6.2) and 
(6.3) ensure that ‖ρzw‖L2(A) + ‖|∇z|w‖L2(A) ≤ ‖(ρz + |∇γ|)w‖L2(A) = o(1). From the 
expression (3.2) for the second variation and the fact that outside of A we have ∇γ = 0
and thus |∇z| ≲ ρz, we hence obtain that

d2E(z)(w,w) ≥
∫
R2

|∇w|2 − C

∫
R2

|∇z|2|w|2 = ‖w‖2
z −

∫
R2

(ρ2
z + C|∇z|2)|w|2

≥ ‖w‖2
z − C‖w‖2

z,R2\A − o(1).

The claim (6.5) is thus trivially true (for v = w) if ‖w‖z,R2\A is small and by symmetry 
we can hence assume that ‖w‖2

z,R2\Dr0
≥ c4 for a small, but fixed constant c4 > 0.

Given such a w we first want to construct a ŵ ∈ T⊥
ẑ
Hσ(ω0), so that

‖w − ŵ‖π,R2\Ds0
= o(1) while ‖ŵ‖π,D2s0

= o(1) and ‖w‖D2s0\Ds0/2 = o(1) (6.10)

for some s0 ∈ [2r2
0, r0]. To this end we initially construct a function w1 which vanishes 

on Ω1 = {z : |z| ≤ μ− 1
2 } and for which there is a radius s0 ∈ [2r2

0, r0] so that

w1 ≡ w on R2 \Ds0 while ‖w1‖z,D2s0
= o(1).

To obtain such a function w1 we use that Dr0 \ Dr2
0

contains J ≳ log(r−1
0 ) = log fμ

disjoint annuli of the form D4r \D 1
4 r

to select s0 ∈ [2r2
0,

1
2r0] for which

∫
D2s0\Ds0/2

|∇w|2dx +
∫
S1

|∂θw(s0e
iθ)|2 ≲ (log fμ)−1 = o(1). (6.11)

On Ds0 \ Ds0/2 we then define w1 using a standard interpolation between w|∂Ds0
and 

the mean value w̄ over this circle which, thanks to (6.1), is bounded by |w̄| ≲ (log fμ) 1
2 . 

Combined with (6.11) and 
∫
A
ρ2
z ≲ fμ

−2 this ensures that ‖w1‖z,D2s0\Ds20
= o(1). On 

Ds0/2 \Dμ− 1
2

we can then choose w1 as the harmonic function which transitions between 
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0 and w̄ and note that this map has energy of order O( log fμ
logμ ) = o(1) and weighted L2

norm of order O((log fμ) 1
2 fμ

−1) = o(1).
Given such a function w1 we then set w2 := Pẑw1 to obtain a vector field along ẑ. We 

note that (6.8) ensures that ‖w1 −w2‖π,R2\Ds0
∼ ‖w1 −w2‖z,R2\Ds0

= o(1) and that we 
still have ‖w2‖z,Ds0

= o(1).
Given a variation ẑε in Hσ(ω0) with ‖∂εẑ‖π = 1 we can hence consider the corre

sponding variation zε of z in Z and use (6.8) and (6.9) as well as that w ∈ P⊥
z Z to see 

that

|〈w2, ∂εẑ〉π| = |〈w, ∂εz〉z,R2\Ds0
| + o(1) ≤ |〈w, ∂εz〉z| + o(1) = o(1).

We thus deduce that ‖PTẑẐw2‖π = o(1) and hence that ŵ := PT⊥
ẑ Ẑw2 satisfies (6.10).

As ‖ŵ‖2
π ≥ c4 − o(1) is bounded away from zero we can hence apply (6.7) to obtain 

a vectorfield v̂ ∈ TẑHσ(ω0) with ‖v̂‖π ≲ 1 so that

d2E(ẑ)(ŵ, v̂) ≥ 1 (6.12)

and we will obtain the required element v of T⊥
z Z by modifying this vector field v̂.

To this end we repeat the argument from above to obtain a v1 with

v1 ≡ v̂ on R2 \D2s0 , v1 ≡ 0 on D
μ− 1

2
, ‖v1‖z,D2s0\Ds0/2 ≲ 1 and ‖v1‖z,Ds0/2 = o(1),

(6.13)
except that we work with a radius ŝ0 ∈ [s0, 2s0] with 

∫
S1 |∂θ v̂(ŝ0e

iθ)|2 ≲ 1 rather than 
with s0.

As v̂ is tangential to N along ẑ and supported on Ω0 where ρz ∼ |∇π| we can combine 
(6.8) and (6.13) to see that

‖Pzv1 − v1‖z ≲ ‖v1‖z,Ds0/2 + ‖z− ẑ‖L∞(R2\Dr20
)‖v1‖z + ‖|∇z−∇ẑ|v1‖L2(R2\Dr20

) = o(1)

where we use that |∇z−∇ẑ| ≲ o(1)(ρz + |∇φμ|) on R2 \Dr2
0

to deal with the last term.
As v̂ is orthogonal to TẑHσ(ω0) we can combine this bound with (6.8) and (6.9) to 

see that 〈∂εzε, Pzv1〉z = o(1) for all variations zε in Z that are induced by variations 
of only U0 and q0. Conversely, variations of U1 and q1 result in variations zε for which 
‖∂εzε‖z,Ω0 = o(1) and for which we hence trivially know that 〈∂εzε, Pzv1〉z = o(1).

All in all this ensures that v := PT⊥
z Z(Pzv1) ∈ T⊥

z Z is so that

‖v‖z,Ds0/2 = o(1), ‖v‖z,D2s0\Ds0/2 ≲ 1 and ‖v − v̂‖z,R2\D2s0
= o(1).

We now write for short IIz(w, v) = ∇w∇v−A(z)(∇z,∇z)A(z)(w, v) for the integrand that 
appears in the formula (3.2) for d2E and note that 

∫
Ω |IIz(w, v)| ≲ ‖w‖z,Ω‖v‖z,Ω + o(1)

for every Ω ⊂ R2 where the o(1) term comes from the contribution of ∇γ to ∇z, compare 
(6.3). We hence get
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d2E(z)(v, w) ≥
∫

R2\D2s0

IIz(w, v) − C
[
‖v‖z,Ds0/2 + ‖w‖z,D2s0\Ds0/2

]
− o(1)

≥
∫

R2\D2s0

IIẑ(ŵ, v̂) − C
[
‖v − v̂‖z,R2\D2s0

+ ‖w − ŵ‖z,R2\D2s0

+ ‖z− ẑ‖L∞(R2\D2s0 )
]
− o(1)

≥
∫
R2

IIẑ(ŵ, v̂) − C‖ŵ‖π,D2s0
− o(1)

≥ d2E(ẑ)(ŵ, v̂) − o(1) ≥ 1 − o(1) ≥ 1
2 ,

where the last inequality holds true provided σ and σ1 are sufficiently small and μ̄ is 
sufficiently large. As ‖v‖z ≲ 1 we hence obtain that (6.5) holds true for the corresponding 
unit element of T⊥

z Z which completes the proof of Lemma 3.1.

6.2. Proofs of Lemmas 3.2 and 3.3

We finally turn to the proofs of the estimates on the norms of the first and second 
variation of E claimed in Lemmas 3.2 and 3.3. To simplify the notation we write for 
short

R3 := ‖β‖ν̄(logμ) 1
2 + δ

fμ logμ (6.14)

and

R4 := (‖β‖ + ‖∂εβ‖)ν̄ log(μ) 1
2 + ηrat‖β‖μ−j∗ log(μ) 1

2 + (δ+η0)(log fμ)
1
2

logμ (6.15)

and recall that to prove Lemma 3.2 we need to show that

|dE(z)(w)| = |
∫

τ(z)w| ≲ R3 + T for every w with ‖w‖z = 1

while Lemma 3.3 asserts that

|d2E(z)(∂εz, w)| = |
∫

∂ε(τ(z))w| ≲ R4 + T + ηT for every w ∈ Γ(z∗TN) with ‖w‖z = 1.

By symmetry it suffices to bound the corresponding integrals over Ω1 where z = z1+errϕ
for z1 = πN (v1) and for errϕ which is defined by (5.55) and supported on Â.

To prove both lemmas we write the tension of z on Ω1 as

τ(z) = Pz(Δz1 + Δerrϕ) = τ(z1) + (Pz − Pz1)(Δz1) + Pz(Δerrϕ), (6.16)

and use that Δj1 = 0 to write
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τ(z1) = Pz1(dπN (v1)Δv1) + Pz1(d2πN (v1)(∇v1,∇v1)) = T τ
u1

+ TA
u1

+ Tγ + Tπ (6.17)

where we split the contribution of Δu1 into the terms

T τ
u1

:= Pz1(dπN (v1)(τ(u1)) and TA
u1

:= −Pz1(dπN (v1))(A(u1)(∇u1,∇u1))) (6.18)

and write for short

Tγ := Pz1(Δγ) and Tπ := Pz1(d2πN (v1)(∇v1,∇v1)). (6.19)

In the analysis of the resulting integrals we will use that

|z1 − v1| ≤ |u1 − v1| ≤ |γ̃U1 | + |j1| ≲ δφμ + ‖β‖|q̂0| (6.20)

which, thanks to (5.47), (5.48) and (5.7), ensures that

‖|v1 − z1|ρq‖L2(Ω1) ≤ ‖|u1 − v1|ρq‖L2(Ω1) ≲ R3. (6.21)

Similarly, since we can bound

|∂ε(u1 − v1)| ≲ |∂εj1| + |∂εγ̃U1 | + |γ̃U1 | + |j1|
≲ (‖β‖ + ‖∂εβ‖)|q̂0| + ‖β‖|∂εq̂0| + (δ + η0)φμ + δ(logμ)−11A,

(6.22)

compare also (5.16), we can use these estimates (5.47), (5.48) and (5.7) together with 
(5.49) to see that

‖|∂ε(u1 − v1)|ρq‖L2 ≲ R4. (6.23)

To analyse terms that involve γ we instead write v1 = γ + ũ1 + j1 to see that

|v1 − γ| + |∂ε(v1 − γ)| ≲ |q̂0| + |q̂1,μ| + |∂εq̂0| + |∂εq̂1,μ| ≲ |z| + (1 + μ2|z|2)−1

and hence that also

‖|v1 − γ|∇γ‖L2 + ‖|∂ε(v1 − γ)|∇γ‖L2 ≤ δ
fμ logμ ≲ R3. (6.24)

Finally, since |Pz1∇v1 −∇v1| ≲ |u1 − z1|ρq + ‖β‖|∇q̂0| + |v1 − γ||∇γ|, we also get that

‖Pz1∇v1 −∇v1‖L2 ≲ R3. (6.25)

With these estimates in place we can now show that all contributions to dE(z)(w) are 
controlled by R3+T and all contributions to d2E(z)(∂εz, w) are controlled by R4+T +ηT .
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To begin with we use that |τ(u1)| ≲ T ρ2
q ≲ T ρ2

z to see that
∫
Ω1

|T τ
u1
w| ≲ T ‖w‖z = T

while we can use that |∂εT τ
u1
| ≲ |τ(u1)| + |∂ετ(u1)| ≲ T ρqρz + ητρ

2
q ≲ (T + ητ )ρ2

z to 
bound

|
∫

T τ
u1
w| ≲ T + ητ .

As A(u1)(∇u1,∇u1) ∈ T⊥
u1
N we can then write

TA
u1

= Pz1

(
(dπN (u1) − dπN (v1))(A(u1)(∇u1,∇u1))

)
(6.26)

and hence use (6.21) to bound
∫
Ω1

|Tu1w| ≲ ‖|u1 − z1|ρq‖L2 ≲ R3.

From (6.26) we see that |∂εTA
u1
| ≲

[
|u1 − v1|+ |∂ε(u1 − v1)|

]
ρq · ρz which we can combine 

with (6.21) and (6.23) to see that also

|
∫

∂εT
A
u1
w| ≲ ‖|u1 − v1|ρq‖L2 + ‖|∂ε(u1 − v1)|ρq‖L2 ≲ R3 + R4 ≲ R4.

Similarly, we can write

Tγ = Pz1((dπN (γ) − dπN (v1))(A(γ)(∇γ,∇γ))) + Pz1(dπN (v1)τ(γ))) (6.27)

and use (5.11), (6.3), (6.4) and (6.24) to see that

|
∫

Tγw| ≤ δ‖|γ − v1||∇γ|‖L2 + δcμ

∫
A∗

|w|r−2 ≲ δ2

fμ logμ + δ(log fμ)
1
2

logμ ≲ R3. (6.28)

As

|∂ετ(γ)| ≲ (η0 + δ2cμ)|Δφμ| + δ|∂εΔφμ| ≲ (η0 + δ)cμr−21A∗ (6.29)

we can furthermore use (6.3), (6.4), (6.24) and (5.11) to see that

|
∫

∂εTγw| ≲ ‖|γ − v1||∇γ|)‖L2 + ‖|∂ε(γ − v1)||∇γ|‖L2 +
∫

|τ(γ)||w| + |∂ετ(γ)||w|

≲ δ+η0
(logμ)fμ + δ+η0

(logμ)

∫
A∗

r−2|w| ≲ δ+η0
(logμ) (log fμ) 1

2 ≲ R4
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where the penultimate step follows from (6.4).
Finally we use (5.41) to write

Tπ = Pz1(d2πN (v1)(∇v1,∇v1) − d2πN (z1)(Pz1∇v1, Pz1∇v1)). (6.30)

From (6.3), (6.21), (6.24) and (6.25) we hence get that also
∫

|Tπw| ≲ ‖|v1 − z1|ρq‖L2 + ‖|v1 − z1|∇γ‖L2 + ‖Pz1∇v1 −∇vq‖L2 ≲ R3.

From (6.30) we see that

|
∫

∂εTπw| ≲ ‖|v1 − z1|∇v1‖L2 + ‖|∂ε(v1 − z1)|∇v1‖L2 + ‖Pz1∇v1 −∇v1‖L2

+
∫

|∂ε(P⊥
z1
∇v1)||∇v1||w|.

As we can write P⊥
z1
∇v1 = (P⊥

z1
− P⊥

u1
)(∇u1) + (P⊥

z1
− P⊥

γ )(∇γ) + (P⊥
z1

− P⊥
U1(0))∇j1 we 

hence also get that |
∫
∂εTπw| ≲ R4.

All in all we hence get that
∫
Ω1

|τ(z1)w| ≲ R3 + T and 
∫
Ω1

|∂ετ(z1)w| ≲ R4 + T + ηT .

To complete the proofs of Lemmas 3.2 and 3.3 it remains to bound the contributions of 
the last two terms in (6.16). These are supported on Â where ρz ≲ 1, τ(γ) = 0 and hence

|Δz1| ≲ μ(ν̄ + δ2(logμ)−2) (6.31)

so in particular |Δz1| ≲ 1 + δ2

(logμ)2μ. Combined with (5.56) and (6.4) this shows that

|
∫

(Pz − Pz1)(Δz1)w| ≲ ‖β‖ν̄
[
1 + δ2

(logμ)2μ
]
‖w‖L1(Â) ≲ ‖β‖ν̄μ−1(logμ) 1

2 + δ2

(logμ)3/2

only gives a lower order contribution, while (5.56) and (6.4) also allow us to bound
∫

|Δerrϕ||w| ≲ ‖β‖ν̄
∫

Â

|w| ≲ ‖β‖ν̄(logμ) 1
2 ≲ R3.

This completes the proof of Lemma 3.2
Combining (6.31) with (5.58) gives a pointwise bound of |∂εerrϕ||Δz1| ≲ R4 while com

bining |∂εΔz1| ≲ μ(ν̄+ηratμ
−j∗)+μ δ2+δη0

(logμ)2 with (5.56) ensures that also |errϕ||∂εΔz1| ≲
R4 on Â. Combined with (6.4) we can hence obtain that
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|
∫

∂ε((Pz1 − Pz)Δz1)w| ≲ R4μ
−1(logμ) 1

2 � R4

just gives a lower order contribution to d2E(z)(∂εz, w).
Finally (5.56), (5.59) and (6.4) allow us to also bound

∫
|∂ε(PzΔerrϕ)||w| ≲ (‖∂εΔerrϕ‖L∞(Â) + ‖Δerrϕ‖L∞(Â))‖w‖L1(Â)

≲
[
(‖β‖ + ‖∂εβ‖)ν̄ + ηrat‖β‖μ−j∗

]
(logμ) 1

2 ≲ R4,

(6.32)

which completes the proof of Lemma 3.3.

Data availability

No data was used for the research described in the article.
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