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We consider the energy spectrum Zg(N) of harmonic maps
from the sphere into a closed Riemannian manifold N. While a
well known conjecture asserts that Zg () is discrete whenever
N is analytic, for most analytic targets it is only known that
any potential accumulation point of the energy spectrum must
be given by the sum of the energies of at least two harmonic
spheres. The lowest energy level that could hence potentially
be an accumulation point of Zg is thus 2FEyin. In the present
paper we exclude this possibility for generic 3 manifolds and
prove additional results that establish obstructions to the
gluing of harmonic spheres and provide Lojasiewicz-estimates
for almost harmonic maps.
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1. Introduction

Let (N, gn) be a closed Riemannian manifold which we can assume without loss of

generality to be embedded in a suitable Euclidean space RY using Nash’s embedding
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theorem. We recall that a map u : S — N is called harmonic if it is a critical point of
the Dirichlet energy

E(u) = %/\Vu|2dvgsz.

S2

Such harmonic maps are characterised by 7,_,(u) = 0 where the tension field is given
by 74, (u) = —VLQE(u) = Ay ,u+ A(u)(Vu, Vu), A the second fundamental form of
N < RV,

We recall that any harmonic map from S? is (weakly) conformal and hence that
the set of harmonic maps from the sphere coincides with the set of (weakly) conformal
parametrisations of minimal spheres in N. In particular, the energy spectrum

Eg(N,gn) :={E(u) : u: S* — N harmonic, not constant }

of harmonic spheres agrees with the areas (counted with multiplicity) of (possibly
branched) immersed minimal spheres.

While there are many known examples of smooth manifolds (N, gy) for which
ZEg(N, gn) has accumulation points, such as warped products with S? for warping func-
tions with non-discrete critical values, a well known conjecture of Leon Simon and of
Fang-Hua Lin [5] asserts that the energy spectrum of harmonic maps from S2 into any
closed analytic manifold is discrete.

In some very special cases this follows as a consequence of much stronger results such
as an explicit characterisation of all minimal spheres in N and the resulting explicit
knowledge of Zg(N). E.g. if the target is the round sphere then all harmonic spheres
are described in stereographic coordinates z € C by rational maps in either z or z and
hence Z(52, gs2) is made up by the multiples of 4.

Conversely, for more general analytic targets very little is known about =g with the
few existing results following already from the compactness theory of (almost) harmonic
maps developed in the 1990s in [14,1,10,4] and the seminal result of Simon [13] from
1983.

To describe the known properties of Zg we first recall that sequences u; of maps with
bounded energy which are almost harmonic in the sense that

[7ggn ()l 2(52,g40) — O (1.1)

subconverge to a bubble tree without loss of energy or formation of necks: That is, there
exists a harmonic base map wg : S — N and a finite set S C S? so that Uj — wo
strongly in H? (5% \ S) and weakly in H'(S?) and so that near each point p € S the
u; are essentially described by a collection of highly concentrated harmonic spheres.
Namely, for each such p there exists a finite collection of harmonic maps wy, : R2 — N,
points pf — p and scales u? — 00 so that, working in stereographic coordinates centred
at p,
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uj(x) — Z (wk(uf(m —p;?)) — wy(00)) —wo(z) — 0 strongly in L™ N H'(B,(p)). (1.2)

We recall that the conformal invariance of the energy and the result [12] of Sacks-
Uhlenbeck imply that a finite energy map u : R — N is harmonic if and only if wom1:
S$? — N is a harmonic map from the sphere, 7(x) = (13—2‘2, %) : R2U{co0} — S? the
inverse stereographic projection. In the following we can thus switch viewpoint and work
on R2, or equivalently on C=CuU {00}, whenever this is more convenient and, except
in the trivial case where E(u;) — 0, can pull-back a sequence of maps u; satisfying (1.2)
by suitable M6bius transforms to ensure that the base map wy is non-constant.

If no bubbles form, i.e. if the maps converge strongly in H?(S5?), and if N is analytic
then the seminal results [13] of Simon are applicable. These ensure that for every har-
monic map u* : S — N there exists an ¢ = ¢(u*) > 0 so that a Lojasiewicz-estimate of

the form
[E(u) — E(u”)| < Cllrgg, (W)l|Z2 (52 g,,) for some a = a(u®) € (1,2] (1.3)
holds true for all maps in the neighbourhood
Uu*)={u:5* = N:|lu—u*|r~ <cand |u—u*||g <e}

Conversely these results cannot be applied to study sequences of harmonic maps that
undergo bubbling as such maps will not be H! close to a fixed harmonic map, or indeed
to any set of harmonic maps for which the results of [13] yield Lojasiewicz-estimates on
a uniform e-neighbourhood, compare Remark 4.3. To the authors knowledge the only
properties of the energy spectrum of harmonic maps into general analytic manifolds that
are currently known are the ones that follow from the above mentioned compactness
theory and from the work of Simon, i.e. that

o The lowest non-trivial energy level Ep,;y, := inf Zg(N) is achieved and isolated in the
energy spectrum.

« Any potential accumulation point of Zg(N) must be of the form E = Y1 F(w;)
for some non-trivial harmonic spheres w;, ¢ = 0,...,n > 1, and such an accumulation
point must be due to the existence of harmonic maps u; with energies £ # E(u;) — E
that converge to a non-trivial bubble tree.

The lowest level which might potentially be an accumulation point of the energy spec-
trum is hence 2FE};, and so a natural starting point to develop a better understanding
of Zg, and to gain new insight into the above mentioned conjecture, is to investigate
whether energies of harmonic maps might accumulate at 2F,,;,,. In the present paper we
exclude this possibility for 3 manifolds under some natural assumptions on the minimal
energy harmonic spheres

Theorem 1.1. Let (N, gn) be any analytic 3 manifold and let Ep = minZEg(N, gn)
be the minimal energy of a non-trivial harmonic sphere in N. Suppose that harmonic
spheres w : S%2 — N with this energy Epq, are unbranched, non-degenerate critical points
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and that any intersection or self-intersection between such minimal spheres is transversal
in the sense that the corresponding tangent spaces do not coincide.
Then 2F ., cannot be an accumulation point of the energy spectrum Zg(N, gn).

As the energy is invariant under conformal changes we know that any vector field of
the form Y = d%|5:0w o M., M. a family of Mobius transforms with M._¢ = Id, is a
Jacobi-field along w, i.e. so that d2E(w)(Y,-) = 0. We hence say that w is non-degenerate
if all Jacobi-fields along w are generated in this way.

We recall that the results of Gulliver, Osserman and Royden [2] ensure that minimal
surfaces in 3 manifolds that are locally area minimising cannot have any true branch
points. Any harmonic sphere with energy Ey,i, that is a local area minimiser will hence
automatically be unbranched. Of course the example of an equatorial sphere in S3 shows
that harmonic spheres of minimal energy might not be local minimisers of the Area and
to the author’s knowledge it is not known whether there any minimal energy harmonic
spheres in a 3 manifold that are branched.

The above theorem is valid also for manifolds which are not analytic but for which
it is known that prime harmonic spheres of energy 2FE.,, are non-degenerate critical
points.

As the bumpy metric theorems obtained by White in [19-21] and by Moore in [§]
and in Theorems 5.1.1 and 5.1.2 of [9], ensure that for generic metrics on manifolds of
dimension at least 3 all prime harmonic maps are non-degenerate critical points, not
branched and that all potential intersections and self-intersections are transverse we
hence obtain

Corollary 1.2. For generic 3 manifolds the possibility that 2E,;, is an accumulation
point of the energy spectrum Zg(N) is excluded and Lojasiewicz-estimates as stated in
Theorems 1.3, 1.5 and 1.7 below hold true for any sequence of almost harmonic maps
that converges to a bubble tree with a single bubble.

We remark that while standard arguments show that the Lojasiewicz-estimate (1.3)
holds true (with @ = 2) in an € = e(u*) > 0 neighbourhood of any non-degenerate
harmonic map u* into a smooth manifold, these arguments cannot be used to obtain
the above result as sequences of harmonic maps undergoing bubbling will not be in a
neighbourhood of a fixed such map.

To prove Theorem 1.1 and the above corollary we need to exclude the possibility that
there exists a sequence of harmonic maps u; : S — N with energy 2Enn # E(u;) —
2Fmin- We know that such a sequence cannot converge strongly as that would contradict
[13], so (after pull-back by suitable Mébius transforms) must converge to a bubble tree
with a base map wp and a bubble w; of energy F(wg) = F(w1) = Emin-

We hence need to ask whether it is possible to glue increasingly concentrated harmonic
spheres onto harmonic base maps in a way that results in a harmonic map whose energy is
close, but not equal, to E(wg)+ E(w1). We will not only exclude this for harmonic spheres
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as considered in Theorem 1.1, but will establish obstructions to gluing harmonic spheres
that apply in more general settings, including situations where the involved harmonic
spheres are branched and have non-trivial, and even non-integrable, Jacobi-fields.

It is natural to distinguish between bubble trees for which the bubble w; and base wy

(1) parametrise the same minimal surface with the same orientation
(2) parametrise the same minimal surface with the opposite orientation
(3) parametrise transversally intersecting minimal surfaces.

We note that the no-neck property of the convergence to a bubble tree ensures that we
only have to consider maps wp and w; for which wy(p) = wi(c0), p the point at which
the bubble forms. After rotating the domain, we can assume without loss of generality
that the bubble is attached at the north pole, so in stereographic coordinates at z = 0.
In the following we hence only have to consider maps u; : C — N for which there exist
w; — oo and z; — 0 for which

u;j(z) — [wo(z) + wi(pj(z — 2;)) —wi(o0)] = 0 in H'N L>(C). (1.4)

Our analysis is not restricted to bubble trees for which wy and w; are unbranched but we
can more generally consider bubble trees with base maps and bubbles which are obtained
as a composition of a harmonic sphere U* : C — N with dU*(¢*(0)) # 0 and a rational
map ¢* : C — C of arbitrary degree, i.e. a non-constant map of the form ¢*(z) = 28,

p1,2 polynomials. As we can precompose U* with a rotation we can restrict our attention

to rational maps ¢*(z) which map 0 to 0 and so will always ask that dU*(0) # 0.

We note that the conformal invariance of the energy ensures that any map of the form
U o g, U harmonic and ¢ rational, will be a harmonic map and that any vector field of
the form Y = d% l|e=0(U 0q.), ¢- rational maps, is a Jacobi-field along U o g.—¢. For higher
order coverings of harmonic spheres it is hence natural to say that

Definition 1. The second variation of the energy is non-degenerate along a harmonic map
w of the form w = U o q if every Jacobi-field Y along w is generated by a variation of
rational maps ¢, i.e. given by Y = d%|5:0(U 0 qe).

We first consider the case where the base and the bubble parametrise the same minimal
surface with the same orientation. Here we include settings in which U*(0) is a point
of higher multiplicity of an immersed minimal sphere U*(C) provided wy and wi (L)
parametrise the same leaf of U*(C) near z = 0, but will instead include settings in which
they parametrise transversally intersecting leafs in the third case, compare Theorem 1.7
below.

So suppose that wy and wy are obtained by composing the same harmonic U* : C >N
with rational maps ¢(z) and ¢; () for which ¢(0) = ¢}(0) = 0. We want to show that
the only sequences of harmonic maps u; that converge to such a bubble tree are higher
degree coverings of U* : §? — N.
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This does not follow from the existing theory since the size of the neighbourhoods on
which Y.ojasiewicz-estimates are known to hold true shrink to zero as the maps undergo
bubbling, compare Remark 4.3. If u; is a sequence of harmonic maps that converges to
such a bubble tree then the compactness theory from [14,1,10,4] ensures that ||u; —U* o
7| poerr — O for some rational maps ;. However the existing theory does not provide
the quantitative estimates on the rate of this convergence which would allow one to know
that the maps u; are in the smaller and smaller neighbourhoods U(U* o r;) for which
the results of Simon apply.

Conversely, our method allows us to prove that Y.ojasiewicz-estimates indeed hold
true on a uniform e neighbourhood around such a non-compact set of harmonic maps
{U* or} and hence that such sequences of harmonic maps cannot be responsible for an
accumulation point of the energy spectrum. To be more precise, we show

Theorem 1.3. Let (N, gn) be a smooth Riemannian manifold of any dimension. Suppose
that U* : C — N s a harmonic map with dU*(0) # 0 and ¢, ¢} : C — C are rational

*

maps with ¢;(0) = ¢5(0) = 0 so that d*E is non-degenerate at wo(z) := U* o qo* and
wi(z) :=U* o q1*(L) in the sense of Definition 1.

Let (uj) be any sequence of almost harmonic maps which converges to a bubble tree
with base map wo and bubble wy as described in (1.1) and (1.4). Then there exists a

constant C' so that
|E(u;) — [E(wo) + E(wi)]| < Cmin(||dE(uj)]|x, log u; [dE (u;)|13), (1.5)
for all sufficiently large j and for p1; — oo as in (1.4).

Furthermore, if the maps u; are harmonic, then, after precomposing with a suitable
rotation R; of the domain, they can be written as

u(2) = U ((2) + 41 ()
for rational maps qg which converge smoothly to qi when viewed as maps from S* to S2.
Here and in the following || - ||. denotes a weighted H ~! norm which is defined in Re-
mark 4.1 and which is chosen so that the above estimate (1.5) is invariant under pull-back
by Mébius transforms. We note that ||7,_, (u)||z2(s2,4,,), Which dominates ||dE(u)l|.,
does not have this property. However, while it is natural work with ||dE(u)| .« to anal-

yse the energy spectrum, it is also of interest to obtain L2-Fojasiewicz-estimates e.g. to
analyse the asymptotic behaviour of the harmonic map heat flow

Opu = T4, (u). (1.6)

We shall hence also prove
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Corollary 1.4. For sequences of maps u; as in Theorem 1.3 we can bound
|E(u;) = E*| < Cll7g g (Wll72(s2 .0 )- (1.7)

A consequence of this corollary is that solutions u(t) of the flow (1.6) for which
sequences u(t;), t; — oo, are known to subconverge to a bubble tree as considered in
Theorem 1.3 must indeed converge exponentially fast to a unique base map us : 52 = N
as t — oo away from a unique point p,, € S? in the sense of both L?(S?% gs2) and
Cl (52 {poc))-

In the one bubble case this extends results that were previously obtained by Topping
[15] in the case where N is the round 2-sphere and that were later extended by Liu
and Yang in [6] to compact Kahler manifolds with nonnegative holomorphic bisectional
curvature. We note that the results from [15,6] are not restricted to the one bubble case
but apply to sequences of maps and solutions of the flow which converge to any bubble
tree for which the base map and the bubbles are all parametrisations of the same minimal
spheres with the same orientation.

The above corollary suggests that while the special geometric structure of the target
is crucially used in the proofs of [15,6], analogue results might be valid for more general
targets and one would expect that the main property needed is the non-degeneracy of
the second variation of the energy at the underlying harmonic spheres U* o ¢}, which for
N = S? follows from [3].

Next we want to show that it is impossible to glue a highly concentrated bubble onto
a base map which parametrises the same minimal surface, but with opposite orientation.
Indeed, we will prove more generally that for almost harmonic maps that converge to
such a bubble tree the energy defect and the bubble scale are controlled in terms of
[dE(w)]+

Theorem 1.5. Let (N, gn) be a smooth Riemannian manifold of any dimension, let U* :
C — N be any harmonic map with dU*(0) # 0 and let ¢%,qt : C — C be any rational
maps with ¢;(0) = ¢3(0) = 0 so that d*E is non-degenerate at wo(z) := U* o qo* and
wi(z) :=U* o q1*(L) in the sense of Definition 1.

Let (uj) be any sequence of almost harmonic maps which converges to a bubble tree
with base map wo and bubble wy as described in (1.1) and (1.4). Then the bubble scale
must satisfy

py M) < CldB (u).

n; € N the order of the zero of ¢f at z =0, while the energy defect is controlled by
|E(u;) — [E(wo) + E(w)]| < ClldE(u;)|-.

In particular, no sequence of harmonic maps can converge to such a bubble tree.
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For maps to the round sphere, L?-Fojasiewicz-estimates with exponent a@ = 2 and
exponential bounds on the bubble scale were proven by Topping in [16]. In this setting
there are only two types of harmonic spheres, namely holomorphic or antiholomorphic
maps. The results of [16] apply for maps that converge to any bubble tree which is so
that for each singular point p the bubbles forming at p are all of the same type, where
for points p at which bubbles form that have a different type than the base map one
needs to impose additionally that the base map is not branched.

Topping already observed in [17] that even for maps into (52, gg2) one cannot expect
to prove L2-Lojasiewicz-estimates with exponent av = 2 if the base map is branched at
a point where a bubble of a different type forms and we remark that such settings have
been addressed very recently by Waldron in [18].

We also recall that any L2-F.ojasiewicz-estimate with an exponent a > 1 is sufficient
to prove convergence results for solutions of harmonic map flow. As this is our main
motivation to also prove Lojasiewicz-estimates that involve ||7y_, (u)|12(s2,4.,) Tather
than the weaker, and scaling invariant ||dE(u)]|«, we shall hence simply show

Corollary 1.6. For any sequence (u;) of almost harmonic maps as in Theorem 1.5 we
can bound

[E(uj) = [E(wo) + E(w)]] < Cll7gg, (ui)llzz(s2 (1.8)

7952)

Jor an exponent o > 1 that only depends on U* and qg ;.

We finally want to show that for maps into 3 manifolds it is impossible to glue two
harmonic spheres wg and w; which are so that wg and wl(%) parametrise transversally
intersecting minimal surfaces, respectively transversally intersecting leafs of the same
minimal surface, near z = 0.

Our result in this setting also applies for harmonic spheres which are degenerate crit-
ical points, i.e. which have Jacobi-fields that are not generated by variations of rational
maps. Indeed, we can even deal with harmonic spheres w; which have non-integrable
Jacobi-fields, i.e. for which d? E(w;) has null directions that are not tangential to the set
of harmonic maps near w;.

The one thing we want to ask is that for maps w; that are obtained as higher order
coverings of a map U} this structure is reflected also at the level of Jacobi-fields. Namely,
if ¢} has degree strictly greater than 1 then we ask that all Jacobi-fields along w; = U/ og}
are generated by a combination of Jacobi-fields along U} and Jacobi-fields that are
generated by variations of the rational maps: that is, in this case we will assume that

ker(Ly,) = {W ogq;, W € ker(Ly:»)} + T, {U 0 q: q: S* = S” rational },  (1.9)

L,, the Jacobi-operator along u. Here we note that the fact that W o ¢* is a Jacobi-field
along U*oq* whenever W is a Jacobi-field along U* follows from the conformal invariance
of the energy and the resulting formula
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T(Uogq) = %|Vq|27'(U oq) (1.10)

for the transformation of the tension under conformal changes.
As our final main result we prove

Theorem 1.7. Let (N,gn) be any analytic 3 manifold and let Ug, : C — N be any
harmonic spheres with U7 (0) = Uy (0) and dUg(0) # 0 which are so that the tangent
spaces Ty:o)U; (C) to the corresponding minimal surfaces U;(C) do not coincide. Let
a5, ¢ be any rational maps with ¢5(0) = ¢;(0) = 0, assumed to satisfy (1.9) if their
degree is at least 2.

Then for any sequence (u;) of almost harmonic maps that converges to a bubble tree
with base map wy = U o g and bubble wi(z) = U; (¢i (1)) as described in (1.1) and (1.4)
we can bound the bubble scale by

g ) < OB ;)|

and we have a Lojasiewicz-estimate of the form
|E(u) — [E(w1) + E(wo)]| < ClldE(u;)|[«-
In particular, no sequence of harmonic maps can converge to such a bubble tree.

Remark 1.8. If U7, are non-degenerate critical points, then the above theorem remains
valid also without the assumption that (N, gx) is analytic.

We note that in contrast to Theorems 1.3 and 1.5 which are valid for target manifolds
of arbitrary dimension, here we have to impose that the target is 3 dimensional. We
cannot expect to obtain the same repulsion effect if we were to consider maps into higher
dimensional manifolds such as N = 5% x 5% — R where e.g. u;(-) := (w(),w(ﬁ)) :
R2 = N, p; — oo, are harmonic maps which converge to a bubble tree for which the
tangent spaces of the base wy = (m,7(c0)) and the bubble w; = (7(c0), m(1)) intersect

transversally in a point.

Strategy of our proofs:
To prove our main results we use a general method that was first developed in the joint
work [7] of Malchiodi, Sharp and the author on H-surfaces. A crucial aspect of this
method is that it allows us to prove Lojasiewicz estimates for sequences of (almost)
critical points of an energy E that converge to a singular limit, here a bubble tree,
without having to analyse the properties of such general (almost) critical points.
Instead, if we can construct a suitable finite dimensional (non-compact) manifold Z
of singularity models so that the restriction of the energy to Z has the right properties,
then this method allows us to obtain Y.ojasiewicz-estimates that are valid on a uniform
€ neighbourhood of Z based on the properties of the energy and its variation on Z.
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These singularity models will in general not be critical points of the energy, but will
always be so that ||dE(3)||« is small as they serve as models for the behaviour of almost
critical points. The key properties Z needs to satisfy are that

(i) The second variation of the energy is uniformly definite orthogonal to Z

(ii) For each 3 € Z which is not a critical point of E we can identify a direction on Z
in which the variation of E has a sign and suitable scaling. To be more precise, we
need that for each such 3 € Z there exists a unit element y; € T2 so that

[dE ()]« (IdEw)|l+ + [ld* E(u)(y;, )|+
dE(u)(y;)

QG y;) = is small. (1.11)

Our proofs hence consist of three main steps: the construction of the manifold Z of
singularity models, the analysis of the energy and its variations on Z, including the iden-
tification of the dominating direction y; for which (1.11) holds, and finally the arguments
of how these properties of £ on Z yield our main results.

After rotating the domain, we will only need to consider maps for which the bubble
is attached at z = 0 and in settings where the Ug ; are non-degenerate, the singularity
models will be obtained by carefully gluing maps of the form U} (qo(z) + m(é) + ),
i=20,1, for ¢; € C small and ¢; rational maps with ¢;(0) = 0 which are close to ¢.

In case (1) where Uj = Uy, the set Z contains all relevant critical points (corre-
sponding to the case where ¢y = ¢1), but also non-harmonic maps 3 which are obtained
from gluing maps for which ¢y # ¢ and hence Ug(co) # U;(c1). These need to be
included as they correspond to directions in which the second variation degenerates
as 4 — oo, compare Remark 4.3. For these non-harmonic elements of Z the domi-
nating term in the energy expansion will always come from the zeroth order deviation
§ := dist(Ug (co), Us (c1)) between the maps we glue. In case (1) we will hence always
choose y; € T;Z so that it corresponds to a variation that increases this number 6,
compare Lemma 3.7.

For the other cases (2) and (3) our set of singularity models will not contain any
critical points, and indeed a key part of our claims is the non-existence of any critical
points which look like bubble trees of types (2) or (3). For these cases, the choice of
y; will also be more involved. In case (2) both zeroth and first order deviations in the
Taylor expansions of the maps that we glue can dominate the behaviour of the energy
and its variation. As a result, the choice of direction will depend on the relative size of
§ and (a suitable polynomial of) x~!, and we will consider variations that increase &
as described above only if § dominates, and otherwise use variations that increase the
energy by varying one of the rational maps in a suitable way, compare Lemma 3.5.

For settings as considered in Theorem 1.7 where the U are allowed to have non-
integrable Jacobi-fields, we will need to expand the class of maps that we glue to obtain
our singularity maps to include maps U;(qo(z) + %(ﬁ) + ¢;) for certain U; which are
themselves not harmonic. As a result, in this case (3), the choice of y; will depend on
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! and the tension of the maps U;, and in the case where the

the relation between §, pu~
later dominates we will consider a third type of variation which will increase E(3) by

increasing F(U;), compare Lemma 3.8.

Outline of the paper:

The paper is organised as follows: We begin by explaining the precise construction of the
singularity models in Section 2. We then collect all key properties of E and its variations
on this set Z in a series of lemmas in the subsequent Section 3. We however postpone
their rather technical proofs until Sections 5 and 6, as an understanding of these proofs is
not required to complete the proofs of the main results which are carried out in Section 4.

2. Construction of the singularity models

In this section we construct the singularity models which are maps 3 : S> — N that
model the behaviour of sequences of almost harmonic maps that converge to a bubble
tree with base wyg = Uj o ¢f and bubble wy(z) = U; o ¢i(L) where here and in the
following U} : C — N always denote fixed harmonic maps with dU}(0) # 0 while ¢}
denote fixed elements of

R :={q: C — C rational with ¢(0) = 0}. (2.1)

It suffices to construct singularity models 3 : S — N for which the bubble is attached
at the north pole and we denote the corresponding set of maps by Z;. Once we have
constructed Zy; we can then obtain the full manifold of singularity models as

Z:={300R,:p€S? 30 € 2}, (2.2)

where R, € SO(3) denotes the rotation which maps the plane containing 0, p and the
north pole 7(0) to itself and which is so that R,(p) = m(0) (with the convention that
R, =1d if p = 7w(0)).

To construct these maps 3 € Zy we work in fixed stereographic coordinates where the
base and bubble will be represented by harmonic maps U} : C — N and rational maps
q; C — C. As discussed in the introduction we need to analyse the three cases where
either Uy = Uy or Ug(z) = Ui (2) or where Uy, parametrise minimal spheres in a 3
manifold that intersect transversally in U7 (0) = U (0).

We can assume without loss of generality that the rational maps ¢j, are so that the
leading order coefficients in ¢} (2) = a,+(¢})z" + > jns a;(g;)z" are so that |an: (¢))| =
1. Indeed, to ensure this for ¢ we can simply replace U by Uj(c-) for a suitable ¢ > 0,
while replacing the chosen scales ; in the bubble tree convergence (1.4) by cu; allows
us to assume that this holds true for ¢f while still preserving the relations Uj = Uy
respectively Uj(z) = Uy (2).

To obtain a manifold Z which is so that d?E is definite orthogonal to Z we first need
to determine suitable sets H{(U;*) of maps which are so that the tangent space to
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H(wi) :=={Uoq:UeH{(U]), qe€R(qg)} (2.3)

at w; = U} o ¢f coincides with the space ker(L,,,) of Jacobi-fields along w;. Here and in

the following o > 0 denotes a small constant that is chosen later and that is in particular
small enough so that all maps in

R(q]) ={geR: |[rogon™t — 7 oq; ow’chk(Sz) <o} (2.4)

have the same degree as ¢; and are so that |a,:(¢;)| € (3,2). Here and in the following
we can choose k > 2 to be any fixed number.

If w; is non-degenerate, i.e. if all Jacobi-fields are generated by variations of rational
maps, then we can simply choose

H](UF) :={Uj(-+¢c):ceC,|c| <o}

More generally if all Jacobifields along U, are integrable we first choose a manifold
Ho(U;") of harmonic maps of dimension dim(ker Ly») — 6 which is so that each harmonic
map close to U; can be written uniquely in the form U o M for a Mébius transform M
and an element U of Ho(U;*). We then set

HI(UF) :={U(-+¢):ceC,|c| <o, U € Ho(U;) with (U —U;") o7 |cr(s2y < o}
(2.5)
and note that (1.9) ensures that H?(w;) defined by (2.3) is indeed so that T, H? (w;) =
ker(Ly, ).

In the more involved case where U} has non-integrable Jacobi-fields we need to addi-
tionally include certain non-harmonic maps in H7 (w;), and hence in H{ (U;*) and Ho(U}"),
to ensure that also these non-integrable Jacobi-fields correspond to directions that are
tangent to H7 (w;). In this case, we first choose Ho(U;") as described in detail in Appendix
A of [11] as a manifold of smooth maps with

Ty:{U oM :U € Ho(U]), M Mobius transform} = ker(Ly>) (2.6)
which has the key properties that for every U € Ho(U}) we can bound
I17g5o (U 0 7™ Hllon(szy < Clirggs (U0 71| 12(52,940) (2.7)
and find a variation U, in Ho(U;) of U with ||0-(Uz o 7= 1)||cx < C for which
i le=0 B(U2) 2 |79 (U 0 7Yl L2(52,0,40), (2.8)

see Lemma 2.1 of [11].

We then again define H{(U;*) by (2.5) and note that this manifold inherits the prop-
erties (2.7) and (2.8), while (1.9) ensures that T, H? (w;) = ker(L,,,) for H?(w;) defined
by (2.3).
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Having chosen H{(U;) in this way we now obtain our singularity models by carefully
gluing a highly concentrated copy of an element of H{(U;) onto an element of H{(Uf).
That is we want to construct the elements 3 = 3(Uy o qo, U © m(,%)) of Zy in a way that
3 ~ Up(qo(2)) away from z = 0 while 3(z) ~ Uy o ql(i) near z = 0, for U; € H(U}),
¢ € R°(qf), i = 0,1 and a large scaling factor u.

Remark 2.1. We will always consider elements that are obtained from maps in H¢ (w;)
and scaling factors u > [ for a sufficiently large number g and a sufficiently small number
o > 0 (depending only on U}, ¢f) and in the following all claims and estimates are to
be understood to hold true after increasing i and decreasing o if necessary.

To describe this gluing construction we first assign to each ¢o € R7(gg) and each
%(ﬁ) that we obtain from an element ¢; € R7(¢}) and a scaling factor p > i the
numbers

o = lang (go)| /™ and puy = plan; (1) /"5 (2.9)

We note that while there are multiple ways of representing the same rational map ql(ﬁ)
using an element of R7(¢}) and a factor p > [, the number p; is uniquely determined
by ql(i) and while pq is of order 1, p; will be of order pu.

Some of the gluing construction below will be carried out on annuli

A=Dp \D,,, A= (D, \Dy,) U (Dy, \Dy,,) and A =Dy \ Dy (2.10)
whose radii ! < 7 < # < rg < 1 are determined by 01 defined in (2.9) via
11
ro = “Ofu_ll/,m’ T = ul_lfm/uO and 7 :=pip, * . (2.11)
Here p+— f, is a fixed non-decreasing function which is so that
plOuful < fu while T2 <oy and £, < oy (2.12)

for p > i and a small constant oy € (0, ﬂ We use the same convention for oy as for o,
i.e. ask in the following that all claims hold provided f, satisfies this assumption for a
sufficiently small number o1 > 0 that only depends on Uy and ¢g ;-

The precise choice of f, is not important in the construction and it will be useful later

on that we can fix f, according to our needs as for the proof of Theorems 1.7 it will be
convenient to work with f,, = logu while in the proof of Corollary 1.6 we will want to
choose f, = p7t.
Remark 2.2. We note that the choice of the above radii and annuli is so that the con-
struction is invariant under a rescaling z +— Az of the stereographic coordinates and
symmetric with respect to interchanging the roles of the base and the bubble as we
change the coordinates according to z +— %
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To construct our singularity models we will first modify the maps
uy = Uy o g, and uy := Uy o g, for q,(2) := qo(2) + Q1(M—1Z) (2.13)

on A so that they agree upto first order errors in |z| + |uz| ™!, then further modify the
resulting maps on all of R? so that they agree upto second order, before gluing these
maps together on the central annulus A and projecting onto N.

To this end we let 4 = Yy, (0),05(0) : [0,1] — N be the shortest geodesic from 4(0) =
U1(0) to 4(1) = Uy(0). We note that 4 is well defined as 6(Uy, Uy) := distx (U (0), U1(0))
is small for all elements of H7 (U}") as such maps are C* close to U} and as Ug (0) = U5 (0).
To transition between U;(0) and Up(0) on A =D, \ D,, we use

Y =90 bromy (2.14)

where ¢, r, = ¢ro.r (|2]) : R? — [0,1] is defined by

(1= 9(;5))ero,m log() for r < 2r;
Grori (1) 1= 1 Cro.iy log(;=) =1 — ¢y log(2)  for r € (211, 1iro) (2.15)
1-— QS(%)CTO,M log(%") for r > %7’0

for ¢y, 1= (log(72))~" and a fixed cut-off function ¢ € C°([0,2),[0,1]) with ¢ =1 on
[0,1].

We note that ¢, r, is chosen so that Ag¢,, ,, = 0 outside of A* = (Dg,, \D,, ) U(Dy, \
D.,,) and so that ¢r, ., [p,, =0 while ¢ry . [(D,,)e = 1. Hence 7 R? — N is given by a
harmonic map outside of A* and transitions between v|p, = U1(0) and '7|1D£0 = Up(0).
Setting

Au, ==y — U1(0) and Ay, = — Up(0) (2.16)

we can hence change our original maps ug 1 into maps u1(z) + 9y, (2) and uo(z) + v, (2)
L

/LIZI) on A. Next we set

that agree upto error terms of order O(|z| +

Bi=Uo— U, jo:=—dB(0)(q-(55)) and ji := dB(0)(q1-(2)) (2.17)

where here and in the following we use the notation 0* = 1 and 1* = 0 to stress that to
obtain the (first order) modification jo of the base map uy we use the rational map ¢;
that corresponds to the bubble and vice versa. This ensures that the resulting maps

v1(2) i= w1(2) + 30, (2) + dB(0)(90(2)) = u1(2) + 0, (2) + 51 (2) (2.18)

and

vo(2) = uo(2) + Ju, (2) — dB(0)(q1,u(2)) = wo(2) + Ju, (2) + Jo(2), (2.19)
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agree upto a second order error term vy —v1 = (g,) —(0) —dB(0)(gy) in g, = go+q1,u-
We finally interpolate between these maps on the central annulus A =Dy, \D 15 and
project onto V. That is we define our singularity model as

5= 7N ((1 = pp)vr + pruo), (2.20)

— (A

where we set p7(2) := @(#7|z|) for a fixed smooth function ¢ : [0,00) — [0, 1] which is
so that ¢(t) = 0 for t < § while ¢(t) =1 for t > 2.

We note that these maps are well defined for Uy, € H7(Ug,) and qo1 € R7(q5,1) as
the image of (1 — z)v1 + psve will be contained in a small tubular neighbourhood of N
where the nearest point projection is well defined.

Remark 2.3. An important feature of our construction is that the modifications to the
maps u; are not just supported on an annulus, but rather on all of R2. In contrast to
maps we would get from a more ad hoc gluing construction this means that dE(3) has
a significant part that is supported on D,, and Dy . This will be crucial in the proof of
our main results later on as variations of elements of Z; induced by variations of one of
the rational maps are mainly concentrated on D, respectively Dy and hence can only
be used to obtain directions y; € T;Z satisfying (1.11) if dE(3) is so that it interacts
suitably with such directions.

3. Key lemmas

Here we collect the key properties on the behaviour of the energy and its variations
on Z that we need to prove our main results. We postpone the proofs of these lemmas
to Sections 5 and 6, as an understanding of these technical proofs is not required for the
proofs of our main results.

As these estimates will all be invariant under precomposition with a rotation, it suffices
to state and prove them for elements of the set Z; of singularity models for which
the bubble is attached at the north pole. We can furthermore assume that ql(i) is
represented by a map ¢; for which |a,:(¢1)] = 1 and hence use that p; and jg defined
in (2.9) are so that pq = u while pg ~ 1.

Given 3 = 3(Ug 0 qo,U; © Ch(,%)) € Zy we will work with respect to the weighted H!-
norm || - ||; and the corresponding inner product (-, -); which are given in stereographic
coordinates by

Julfdi= [ 1Vul? + BluwPds for 62 i= (Vs + [Vruls (3
R2
ma(z) := m(Az). We note that this definition respects the symmetry of the construction,

compare Remark 2.2, and that we define || - ||; for general elements 3 = 30 o R,, of Z by
the analogue formula in stereographic coordinates centred at p.
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We recall that the second variation of the energy is given by
d’E(3)(v,w) = /Vva — A(u)(Vu, Vu)A(u) (v, w) for v,w € T'(3*TN), (3.2)

compare e.g. [11, Lemma 3.1], and note that d?E is uniformly bounded with respect to
this norm, i.e. so that

|d*E(3)(w, v)| < [lwlls]lvll; for all v,w € T(5*TN), (3-3)

compare Section 6. Here and in the following we write T} < T5 if we can bound Ty < CT,
for a constant C' that only depends on the limiting configuration, i.e. on Ug; and ¢,
while we write 77 ~ T4 if both 71 < T and 175 < 1.

The first key property we need is that the choice of H{(Ug,) in the construction of
Z, ensures that the second variation is uniformly definite orthogonal to Z, i.e. that

Lemma 3.1. There exist co > 0 depending only on U, and g ; so that for every 3 € Zg
we can split TélZ orthogonally into subspaces V;t which are so that

+d?E(3) (w®, wr) > co||wi||§ and ?E(3)(wT,w™) =0 for all w* € V;t. (3.4)

To state all other properties of the energy E on Z we now associate to each 3 =
3(Us, qi, 1) the quantities

0 :=distn (U1(0),Up(0)), T :=max(To,T1) and v := max(vy, 1) (3.5)

where we set 7; := ||7g., (Ui 0 77 1)||2(52,9,,) and write gi(z) = > a;j(q;)z? near z =0
to define
vi= max |aj(@)ln™?, w:= max |a;(g)lp, (3.6)
j=1,...,n} Jj=1,...,n§

ng,1 > 1 the order of the zero of the fixed rational maps g ; at z = 0. We remark that
these quantities respect the symmetry discussed in Remark 2.2 and recall furthermore
that 7; also controls the C*-norm of the tension of U; o 7~1, compare (2.7).

The first quantitative estimate we need is a bound on the dual norm ||dE(3)|. =
sup{dE(3)(w) : ||w||; = 1} of the first variation and in Section 6 we shall prove

Lemma 3.2. For any 3 € 2y we have

1dEG)|. S ||Bll7(log ) + 20e)® 4 7

log p

for o, T and v as in (3.5) and 8 = Uy — U;.
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Here and in the following we compute the norms of g = Uy — U; and 0.3 as norms of
the corresponding maps from S? i.e. set

1Bl = 118 0 | c2(s2) and 9= = (108 0 7 lc2(s2).

In the following we consider variations 3. = ;,(Uéff , q((fi, u) in Z which are induced by

variations of Ul-(g) in H{(U}) and of qi(s) in R7(g}). We do not impose the assumption
that |a;. (qz(g))\ = 1 for € # 0 but allow for general variations of ¢; in R?(g;) since this
allows us to represent a variation of . = u(1 + €) through a variation of

q%s)(z) = %(%_5_62). (3.7)

To simplify the notation we will drop the index ¢ whenever there is no room for confusion
and use the convention that 0. is evaluated at € = 0 unless specified otherwise. We will
only ever consider variations for which

10=(m 0 gi o™ M)|lcr(szy S 1 and [|0:Usl|orszy S 1, i=0,1 (3.8)

as these correspond to variations in Z for which [|0.3/|; < 1. We note that for such

variations also ||0:3]|p~ < 1 while |0cp] < .
We associate to each such variation the quantities

no := |0:U1(0)| + |0-Up(0)] and (3.9)
N = 11072 (U1 0 7 Yl cogs) + 10752 (Uo 0 7 Hllcogse)

and furthermore set 7,.; = 0 whenever 0.qy = J.q1 = 0 while otherwise we let 9.4 1= 1
and choose j* > 1 so that both d.qy and d.q; are of order O(27") near z = 0.

The dual norm [|[d2E(3)(0:3, )|« = sup{0-dEG:)(w) : w € T(3*TN), |w|/; = 1} of
the second variation of E along such variations is controlled by the following lemma
which we will prove in Section 6.

Lemma 3.3. For any variation 3. for which (3.8) holds we can bound

|d*E(3)(0e3, -)|

1
_ ¥ 1 o og fu)?2
« S B+ 10-BID7 + mrarp ™| log () + LH10RIE 47 gy,
(3.10)
ford, T and v as in (3.5), 5 =Uy— Uy and 1. as in (3.9).

Remark. For changes of U; in H{ (U;) = {U(-+c¢),U € Ho(U;"),|c| < o} that are induced
only by translations on the domain, rather than also a change of the map in Ho(U}), we
can bound 7, < T since T; controls the C! norm of the tension of U;, compare (2.7).

For more general variations in H{(U) we can use that Ho(U;) is chosen in a
way that all elements of Ty»Ho(U;) are Jacobi-fields along U, and hence so that
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Pyeor-1(0eTyy, (U o m™1)) = 0 for all variation U, of U in Ho(U;). As H(UF) is
contained in a small C* neighbourhood of U} and as the tension is tangential, and hence

nr = Z ”86 (PUi,Emr—l(TgS2 (UZ}E o 71—_1)) ||CO(S2)

ST+ NPuon-1(0emgee (Uie o ))lleogs2)

this ensures that n7 will be smaller than any given positive constant if o > 0 is chosen
sufficiently small.

To analyse the first variation of E along Z we will in particular use

Lemma 3.4. Let Uj ; be any harmonic maps from S? into a smooth Riemannian manifold
N of any dimension, let q ; : C — C be any rational maps with qg,(0) = 0 and let 2y
be the corresponding set of singularity models defined in Section 2. Then we have

dEG3)(0:3) = Y / G0+ ey gy 25U, U1 + Y degla)) LE(U;) + err

i=0,1¢). i=0,1

(3.11)
for any variation 3. in Zo which satisfies (3.8). Here u;, j; and vy are as defined in (2.13),
(2.17) and (2.14), Q1 =Dy = QF, crory = (log(:—‘l)))_1 and err denotes an error term
that is bounded by |err] < Ro for

Ro :=p|Bll [~ +no+ns) + 5o [0+ Fu > + mol(log i)™ + £ ]

B S (3.12)
+ T [u™ logp+mo(log )" f. '],
5, T and v as in (3.5), B =Uy — Uy and n. as in (3.9).

As ¢pyry ~ (logp)™! and as we shall see that | [, ji0-Au;| < ||B]|(vi- + p~2) for
v+ = 1y and vy« = vy this ensures in particular that

0-EG) S 1B7 + o + T (3.13)

for any variation 3. in Z for which ||0.3|| < 1.
In the following we will consider three types of variations, which geometrically corre-
spond to

A~

(V1) Variations which do not change the surfaces U;(C), but move one of the points

~

U;(0) along U;(C). Such variations will be obtained by considering translations on
the domain.
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PN

(V2) Variations which do not change the surfaces U;(C) C N, nor the points U;(0) of
these surfaces where we glue. Such variations will be obtained from varying one of
the rational maps ¢; in a way that preserves the condition ¢;(0) = 0.

(V3) Variations which change one of the surface U;(C).

Roughly speaking we will want to consider variations of type (V1) if the influence of
d dominates, of type (V2) if the influence of ||5||7 dominates and of type (V3) if tension
terms 7 dominate.
ST

~

For variations of type (V1) the third term in (3.11) vanishes and 7,.q; = 0 while 1,
so we will have

0-E(e)l S 7+ o + 1on (3.14)

logp ' logp”

For variations of type (V2) both the second and the third term in (3.11) vanish and
10 = nr = 0, so we get a further improvement of this bound. In particular, for variations
induced by only a change of ¢; we will see that

1 2 _
0-BGo)| < 1810+ 181man + g + i + Tu log (315)

and we note that the same bound also applies to 1|0, E(3(Uo,1,90,1, )| since variations
of p can be represented by variations of ¢; as described in (3.7).

To prove our main results we now want to identify variations for which dE(3)(0:3)
scales like the dominating term in the above estimates.

To state these lemmas in a way that makes them applicable in the proofs of all of
our main results we recall that we always deal with settings for which the following
assumption is satisfied.

Assumption 1. We ask that Ug, : C — N are harmonic maps with Ug(0) = U;(0) and
dUg 1(0) # 0 for which one of the following holds

(A1) We have Uj = Uy and this map is a non-degenerate critical point;

(A2) We have Uj(z) = Uf(z) and these maps are non-degenerate critical points;

(A3) The target manifold N is 3 dimensional and the tangent spaces Ty = (o)U; (C) do
not coincide.

We recall that the assumption (Al) corresponds to settings as considered in Theo-
rem 1.3 and Corollary 1.4, (A2) to Theorem 1.5 and Corollary 1.6 and (A3) to Theo-
rem 1.7 and also note that 7 = 0 for both (A1) and (A2) and that will see that ||3]| <
for settings satisfying (Al).

In practice this will mean that for settings of type (Al) we will only ever consider
variations of type (V1), that for settings satisfying (A2) we will consider variations of
either type (V1) or (V2), while for settings as in (A3) all three types of variations will
be relevant.
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In Section 5.3 we shall prove that we can choose variations of type (V2) for which the
following holds.

Lemma 3.5. Let Ug, be so that either (A2) or (A3) of Assumption I holds, let g5 € R
and let Zy be the corresponding set of singularity models defined in Section 2.

Then there exists a constant ¢c; > 0 so that for every 3 € Zy and each i € {0,1} there
is a variation 3¢ that is induced by a variation of q; which satisfies (3.8) for which

_ 1 2 _
dE(3)(0:3¢) > ealdB(0)*vie — C 181712 + 2 + grisgye + T Hlogu],  (3.16)

where we write for short vo» = vy and V1~ = vy, recall that f,, satisfies (2.12) and that
0, T, v. and v are as in (3.5) and (3.6) while 8 = Uy — Uy.

To obtain variations of type (V1) which change the distance between the points U;(0)
that we glue, we will be able to use

Lemma 3.6. Let U be as in Assumption 1 and let Uy € HY(Ug ). Then there exists a
variation of the form U; . = U;(- + ea), a € R? with |a] < 1, so that

45Uy, Ur)? = 6(Uo, Un), (3.17)

where for settings satisfying (A1) or (A2), we can freely choose which of Uy or Uy we
want to vary, while for settings satisfying (AS8) the above holds true for at least one of
ie€{0,1}.

For the resulting variations of type (V1) we then obtain

Lemma 3.7. Let Uy, be as in Assumption 1, let q5 1 be any maps in R and let Zy be the
corresponding set of singularity models defined in Section 2. Then

dE(3)(0:3) = 1o — C(I817 + T(log )71 £ (3.18)

logp

for the variation 3. in 2y that is induced by changing U; as described in Lemma 3.6, and
ford, T and v as in (3.5) and f, as in (2.12).

Finally, in non-integrable settings where we have to deal with maps U; which are not
harmonic, we also want to consider variations of type (V3) which increase F(U;) and
hence show

Lemma 3.8. Let Uy ; : 82 — N be harmonic maps into an analytic Riemannian manifold
of any dimension with Ui (0) = U{(0). Then for any 3 € 2, there exists a variation .
in 2y induced by a variation of U; in H(U;") which satisfies (3.8) so that

dE(3)(0-3) > Ti = C[18117 + 5 + £, *(log 1)~ T, (3.19)
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3, T and v as in (3.5) and f, as in (2.12).

We note that while the previous Lemmas 3.5, 3.6 and 3.7 require Assumption 1, this
Lemma 3.8 is valid for more general settings, though in the present paper will only be
applied for settings satisfying (A3).

In the next section we will use these three lemmas to identify a unit direction y; =
u%ﬁ in which dE(3) is not only guaranteed to be positive, but also so that it dominates

all other terms that appear when we analyse the behaviour of E in a neighbourhood of
Z, compare (1.11).

4. Proof of the main theorems

Here we give the proof of our main results based on the lemmas stated in the previous
section. So let (u;) be a sequence of almost harmonic maps from S? to N that converges
to a bubble tree with bubble wi(2) = U (¢} (1)) and base wy = Uj o ¢ and let Z = {3
S? — N} be the corresponding set of singularity models constructed in Section 2.

For sufficiently large j our construction and (1.4) ensure that the function 3 — |lu;—3||;
achieves its minimum on Z and that the corresponding 3; € Z with |lu; — 3;[;, =

dist(uj, Z2) = inf,cz ||u; — 3||; are obtained from maps Uéjl) — Ug 1, rational functions

q((ﬁ — 51 and scales p(3;) — oo that are comparable to the numbers p; from (1.4).
Furthermore, (1.4) can be used to see that not only [lu; — 35|;, — 0 but also [lu; —
3jllLe(s2) = 0.

It hence suffices to prove that there exists a constant € > 0 so that the claims of our
main results hold true for all maps u for which

lu— 3]|; = dist(u, Z) < e and |lu — 3| = (s2) < € for some 3 € Z, (4.1)

where after a rotation of the domain we can assume without loss of generality that u is
so that the above holds for a 3 € Zj.

Here and in the following we continue to use the convention that all claims are to
be understood to hold true for the set of singularity models Z obtained for sufficiently
small 0,07 > 0 and sufficiently large p.

Remark 4.1. Given any u for which (4.1) holds we use the convention that
[dE(u)|[« := sup{dE(u)(w) : [w]/; =1} (4.2)

is to be computed with respect to the weighted norm || - ||; defined in (3.1) for a 3 € Z
for which (4.1) holds.

We do not claim that 3 is uniquely determined by this relation but observe that
|- 1l5 ~ || - |I5 if (4.1) is satisfied for both 3 and 3 and hence that it does not matter which
such element of Z we use to define |dE(u)||« in our main results.
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We will combine the results from the previous section with the following lemma that
describes the basic estimates that we can obtain from our method of proof, compare also
[7, Section 2].

Lemma 4.2. Let Ug, : S* = N be any given harmonic maps into a smooth Riemannian
manifold, let q5, € R and let Z be the corresponding set of singularity models. Then
there exist constants € > 0, A < oo and C so that the following holds true for any
u e H'(S? N) with ||y, (u)||2(s2,g,,) < 1 for which there exists 3 € Z so that (4.1) is
satisfied.

We can bound w :=u — 3 by

[wll; < ClldE(u) — dE(3)|« (4.3)
and furthermore get that
dE(3)(y;) < CldE(u)(y;)| + C|ldE(u)| (4.4)
for any u, 3 for which there is a unit element y; € T;Z with

_ J4BG)IE + 1B G) . ) MEG) - _ 51 )

QG y;) - dE(5)(y;) -

For C%-energies that are defined on a fixed Hilbert-space, the analogue of the above
lemma can be obtained from a simple argument that is based on the fundamental theorem
of calculus, compare [7]. In more involved settings such as the present problem where
we consider an energy on a suitable Hilbert-manifold of maps and where we work with
distances that are calculated using a weighted norm that depends on the corresponding
element of Z one needs to proceed with more care. For almost harmonic maps from higher
genus surfaces which are close to a simple bubble tree a similar result was obtained by
the author in Section 4 of [11], and most of the arguments from [11] are applicable also in
the present situation. For the convenience of the reader we hence include a sketch of the
proof of this lemma, but omit the technical details except to explain why the estimate
(4.3) is simpler than the one obtained in [11, Lemma 4.4].

Sketch of the proof of Lemma 4.2. Given u, 3 and w = u — 3 as in the lemma we set
wy := Pyw, P, the projection onto T, N. We first note that (4.1) ensures that ||w—w;||; <
C||lw|| p=||w|; where and in the following all L? norms are computed over (52, gg2) unless
indicated otherwise.

We can easily check that the variation of the weight p, in (3.1) is controlled by
|0-p;5]l2 < 1 whenever [|0:3]|; < 1. As 3 minimises the distance to u and thus

0= &lemallu =3l = ~2{u—3,0.5), +2 [ pd.pylul
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we hence get that || PTsZw;]|; < Cljwl|e |lw|);, i.e. that w; is nearly orthogonal to T} Z.

We then set w; := Pv;rwé — PYs w;, where PYi :T(3*TN) — Vi denote the (-,-);
orthogonal projections onto the subspaces Vf of TZ’J-Z from Lemma 3.3. The uniform
definiteness of d?>FE on these spaces ensures that

(co = Cllwl|z=e)wll; < d*E(3)(w;, @5) < (dB(u) — dE(3))(w;) + erry, (4.6)

where we can analyse the resulting error term as explained in detail in the proof of
Lemma 4.4 of [11], resulting in an estimate of

Jerr1| S [lwl|zoe lwll} + [[w]l oo [I7gge ()l 22 15 [ Za- (4.7)
The only difference to the proof in [11] is that in the present situation
[ @5lls S sl S Mldsll5 < Nlwslls < llwll

and that we can hence bound the second term on the right hand side of (4.7) by a
multiple of the first term. This was not possible in [11], as the correct weighted norm in
that context does not control the H! norm in a uniform way.

For € > 0 sufficiently small we hence conclude that

lwll; < C(AE(u) — dE(5))(w;) (4.8)

which yields the first claim of the lemma.
We can now use that for unit elements y, we have

dE(5)(ys) = dE(u)(y;) + d*B(5)(ys, ws) + erra

for an error of order erry| < |lw||?. If we can choose such a y; so that it satisfies (4.5)
we can thus conclude that

dE(3)(y;) < |dE(u)(y;)| + [d*E(3)(y;, wy)| + CldE(u)|3 + ClldE()]12

- (4.9)

< C|dE(u)(y;)| + C|dE(u)||? + CATdE(3)(y;)
for constants C' that only depend on U} and ¢F. For A = A(U*, ¢) sufficiently large we
can absorb the last term into the left hand side, which yields the second claim of the
lemma. 0O

To prove our main results we will now apply the above lemma in directions y; that
correspond to variations 3. as considered in one of the three Lemmas 3.5, 3.7, 3.8.
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4.1. Proofs of Theorem 1.3 and Corollary 1./

We first consider settings in which the base and bubble are given by parametrisations
of the same non-degenerate minimal sphere with the same orientation.

Solet U* : RZ — N, 451 € R and wo 1 be as in Theorem 1.3, let Z be the correspond-
ing set of singularity models and let u be a map for which (4.1) holds true for € > 0
chosen as in Lemma 4.2 and 3 € 2.

In this case, which corresponds to (Al), we can always obtain the desired y; by
considering variations 3. of type (V1) for which Uy, go,1 and p remain fixed while Uy
varies according to Uy . = U; (- +¢€a) for |a| ~ 1 chosen as in Lemma 3.6. As ||0:3¢]|; ~ 1
we obtain from Lemma 3.7 that

dE(3)(y;) 2 2c8 — O8] (4.10)

log p

for the corresponding unit element y; = Ha%é:l_\s and for constants C,c¢ > 0 that only
depend on U* and ¢ ;. Here we use that 7 = 0 as the maps U; are given by U(-) =
U*(- + ¢;) for some |¢;| < o since U* is assumed to be non-degenerate. As dU*(0) # 0
this furthermore implies that § ~ || || as both of these quantities scale like |cg — ¢1]|. As
v < pt < (log p)~t we hence deduce from (4.10) that

dBG)(y;) > el

while Lemmas 3.2 and 3.3 ensure that

1 1
4(lo L) 2 lo )2
ldEG)]. < ORI and || E () (y,, ). < € U8Lel2 (4.11)

again for constants that only depend on the limiting configuration.
We hence deduce that

QGy;) < CRELe < oy <A,

A as in Lemma 4.2 since f,, satisfies (2.12) for a constant oy = o(U}, qf) > 0 that can

still be reduced if necessary. This lemma hence implies that
[wll; S [IAE(w)]l« + [|[dE)]]« (4.12)
and

oo < dE(u)(ys) + ClldE(w)]. (4.13)

log p

If w is harmonic, then (4.13) ensures that §(3) = 0 which implies that Uy = U; and
thus that 3(z) = U*(qo(2) + Ch(ﬁ) + ¢p). In this case we hence have that dE(3) = 0 so
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(4.12) ensures that indeed u = 3 = U*(qo(2) + ql(i) + ¢p), establishing the claim about
harmonic maps made in the theorem.

To prove the claims about almost harmonic maps made in the theorem and the sub-
sequent Corollary 1.4 we now show that

|B(u) — B*| € 12 + ||ldE(u)|?, (4.14)

~ logu

where we write for short E* = E(wg) + E(w1) = [deg(qs) + deg(g)]E(U™).
To see this we first use (4.11) and (4.12) to bound

|E(u) = E(3)] < dEG)(w)| + [[wl} S NdEG)Z + l[wl} < 1dEG)Z + [dE (w2

521 2
S Tl 1 |ldE(w)|? S 2 + [dE(u)|2.

To obtain (4.14) it hence suffices to check that

B() — E*| < (2 for all € 2. (4.15)
If 6 =0, i.e. if Up,y = U*(- + ¢p,1) for numbers ¢g = ¢y, then this is trivially true as in
this case 3 = U*(qu(-) +co) has energy E* since g, () = qo(%) +q1(i) is a rational map
of degree deg(qo) + deg(q1) = deg(qg) + deg(q7)-

Conversely, if ¢y # ¢1 then we interpolate between 3 and j = U* o (g, + ¢o), which
satisfies 6(3) = O and thus E(3) = E*, using the family (3:):c[0,jc,—co) Obtained by
changing U; according to Uy s = U*(-+¢1 +t|§?:§;‘ ), while keeping Uy, qo,1 and p fixed.
This variation satisfies ||0;3:]| < 1 and ||B(Ge)|| < 0(Ge) S 9 := 0(3) so we can use (3.14) to
bound |0, E(3:)] < @ which, when integrated over 0 <t < |cg — ¢1] ~ 0, yields (4.15)
and hence (4.14).

From (4.13) and (4.14) we now immediately deduce that

|E(u) — E*| < min(||dE(u)|ls, log p|dE(u)|2)

which completes the proof of Theorem 1.3.

It remains to prove the L2-Lojasiewicz-estimate (1.7) claimed in Corollary 1.4. To
this end we first combine (4.13) with the fact that | - [[12(s2 4.,) < I - |l;, and hence
[dE ()]« S lITgg2 (W)l L2(52,942), to bound

e S I7ag (WllL2(s2, g0 19 L2(52,900) + ITag (W12 (52 4., )- (4.16)

As y; is obtained from a variation of just the bubble Uy, it is mainly concentrated on a
small ball around the point where the bubble is attached and hence its L? norm is small
compared to [|y;]|; = 1. To be more precise, for variations satisfying (3.8) for which g
and Uy are fixed we shall see in (5.19) that

— 1
103111252 g5y S (08 )% + 742 (4.17)
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In the present situation where 79 ~ 1 we hence get that [|y;||12(s2,g..) S (logpu) ™' fi
so (4.16) allows us to conclude that

2
105gu < HTgsz (U)||2L2(s2,gsz)~ (4.18)

Combined with (4.14) this immediately yields the claim |E(u)—E*| < |74, (u) H%Q(SQ gs2)
made in Corollary 1.4.

Remark 4.3. As noted in the introduction, the reason we cannot obtain these results from
the existing theory is that the spectral gap at zero for the Jacobi-operator at U*(g,)
tends to zero as u — oo and that the size of the neighbourhoods on which the existing
theory yields Lojasiewicz-estimates scales like this spectral gap. To be more precise,
as the energy defect scales like % we can see that the Jacobi-operator must have
an eigenvalue that scales like @. If we did not include these directions in our set of
singularity models Z, we would not get the uniform definiteness of d?E orthogonal to Z,

which would mean that the argument of Lemma 4.2 would break down even for harmonic
1

maps u unless we knew a priori that ||w]|; is bounded by a small enough multiple of o

compare (4.6).
4.2. Proofs of Theorems 1.5 and 1.7 and of Corollary 1.6

In this section we consider settings for which the assumptions of either Theorem 1.5
or of Theorem 1.7 are satisfied, i.e. for which either (A2) or (A3) of Assumption 1 hold.
We note that in these settings |d3(0)| and ||3|| are of order 1 and first show that the
energy defect of the singularity models 3 € Z constructed in Section 2 is controlled by

Lemma 4.4. For any 3 € Z we have

S

EG) — B*| S 12 +min(vo, 1) + p7 20+ T + T30 + T~ log (4.19)
where a1 € (1,2] are the exponents for which the classical Lojasiewicz-Simon estimate
(1.3) is wvalid near Ug while E* := E(wo) + E(w1) = deg(qo) E(Ug) + deg(q1) E(UY).

We note that the tension terms vanish for settings satisfying (A2), but that it is useful
to work with this general formula as it will allow us to treat settings satisfying (A2) or
(A3) simultaneously.

Proof of Lemma 4.4. It suffices to carry out the proof for elements of Zy and using the
symmetry described in Remark 2.2 we can assume without loss of generality that vy < 1.

We will first prove the lemma in the special case where § = §(3) = 0. To this end, we
consider the family 3(¢), ¢ > 0, which we obtain by varying the bubble scale according to
wu(t) = p(3)e! while keeping the maps U; and ¢; fixed. From (3.15) and the subsequent
remark we get that
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[ EG)] = w00 BG(1))] S volt) + p(t) 2 () + Tu(t) " log p(t) for t € [0,00),

where v;(t) = (00)ln() ™ < e, vi = vi(5). As E(5(t)) — deg(qo) E(Uo) +
deg(q1)E(Uy) for t — oo we hence deduce that

|BG) — E*| <Y deg(qi)|E(Us) = E(U7)| + Clvo + p~ 2va + Ty~ log g

which, combined with (1.3), yields the claim in this special case where ¢ = 0.

So suppose that 6 = §(Uy, Up) # 0. In this case we choose U; ; = U;(-+c¢;(t)), t € [0, 9]
with |¢;(¢)] < 1 in a way that §(Upy, Ui ) = 0 — t, compare Lemma 3.6. According to
(3.14), the resulting family 3; € Z satisfies

1L E(2)| ST+ 22 +

[
logp ' logp?

where we note that the quantities on the right hand side are independent of ¢ as we
do not change the rational maps and only change U; by a translation on the domain.

Integrated over [0, ], this ensures that the resulting element 3 = 3;—5, which satisfies
4(3) = 0, must be so that

1E(3) — ()|Nlogu+5 +logp,TNlog,u+V log 1+ T2

1

As vlogp < putlogu < p~2 and as we have already shown that (4.19) holds for 3 we

hence obtain the claimed bound on the energy defect also for general elements of Z;. O

We now explain how this lemma, combined with the results obtained in the previous
section allows us to complete the

Proofs of Theorems 1.5 and 1.7. We recall that all previous considerations are applica-
ble for singularity models obtained for any choice of function f,, satisfying (2.12). For
the present proof it is convenient to choose f,, := logu, which of course satisfies this
assumption (2.12) (provided [ is sufficiently large).

As we are dealing with almost harmonic maps which converge to a bubble tree, we
only need to consider maps u with |7, (u)[[12(s2 4,) < 1 Which satisfy (4.1) for some
3 € Z and for € > 0 as in Lemma 4.2.

We first note that

_ 5%(log £,.)?
|B(u) — EG)| S |dEG)|I? + lw]? < 7% log u+ TGl 1+ 72 + ||dE(u)|2,

thanks to (4.3) and Lemma 3.2, and that combining this with Lemma 4.4 implies that

|B(u) — B*| S 2 + min(vo,11) + 20+ T + T~ log u+ [dE@)|> (4.20)

log iz

for any such u and 3, and for & := min(ay, az) € (1,2].
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In order to prove the bounds on |E(u) — E*| claimed in Theorems 1.5 and 1.7 we hence
need to show that all these quantities are controlled by ||dE(u)]|«. To prove this, and the
related claim on the bubble scale made in the theorems, we will split our analysis into
three cases, depending on whether the influence of §, 7 or 7 dominates the behaviour of
the energy and its relevant variations at 3.

Situations where § dominates, and where we will hence consider a variation of type
(V1) that increases ¢ as done in Lemma 3.7 and the above proof of Theorem 1.3, corre-
spond to

Case 1: 3 € Z is so that

(logu)% < @ and T (loglog p)~%/2 < & (4.21)

log 1t

In this case we let y; be the unit element in the direction of a variation 0.3, as obtained
in Lemma 3.7. Inserting (4.21) into the estimates obtained in Lemmas 3.2, 3.3 and 3.7
gives

JAEG)]. S 208smd a2 g ()], < GBB0Y and aB()(y,) 2 et (4.22)

~ log i log i

This ensures that Q(3,y;) S lolgol# is small. Hence Lemma 4.2 is applicable and yields

S 1B (u)(ys)| + [dE@)||Z < |dE(u)]].

logu ~

Combined with (4.21) this immediately implies the claimed bound g~ ™71 < 5 <
|[dE ()|« on the bubble scale, and inserting these estimates into (4.20) furthermore gives

|1B(w) = B*| S o + (az) " (oglog )2 + [dE(w) 1 S iy + B ()| < |dE ()]

This completes the proofs of Theorems 1.5 and 1.7 in this first case where § dominates.
Next, we consider the situation where 7 dominates and where we hence want to
consider variations of type (V3). We recall that this is only relevant for settings satisfying
the assumption (A3). This corresponds to
Case 2: j is so that

5(log1 1/2 1
Soglos 1) < T and w(logu)? < T (4.23)

In this situation (4.20), and the fact that & = min(ag, @1) > 1, ensures that
|E(u) —E*|<ST. (4.24)

To obtain a bound on 7 = max(7y,7;) we fix ¢ so that T is given by 7; and use a
variation 3. as considered in Lemma 3.8. This lemma, as well as Lemma 3.2 and (4.23)
ensure that
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dE(3)(y;) 2 T and |dE(3)|[« ST for y; = ||a€5€||_18€56~ (4.25)

At the same time, Lemma 3.3 and the subsequent remark ensure that we can make
|d*E(3)(ys, )|« smaller than any given constant by reducing o accordingly. Hence we
can ensure that Q(3,vy;) S A~! for A as in Lemma 4.2 and apply this lemma to get

T < dE@)(ys)l + |dEW) |12 < [dE ).

Combined with (4.20) and (4.23) this immediately yields the claimed bound on |E(u) —
E*|, while the claim on the bubble scale follows from p~ ™61 <5 < T < ||dE(u)||x.
It remains to consider pairs u and 3 for which both (4.21) and (4.23) are violated, and
for which we hence know that
Case 3: j is so that

logu < i(logp)? and T < i(log p). (4.26)

In this case we will use variations of type (V2). To this end, we select i so that v;« = v
(for 0* = 1 and 1* = 0) and use a variation of the rational map ¢; as described in
Lemma 3.5 to obtain a unit element y, with

dE(3)(y;) 2 7 and [|d*E(3)(ys, )|« < ™" log .

As Lemma 3.2 and (4.26) allow us to bound ||dE(3)||« < vlogp this ensures that
QG,y;) S p(logp)? will be small, allowing us to apply Lemma 4.2 to deduce that
v < ||dE(u)]|«. This immediately yields the claimed bound on the bubble scale and, as
(4.26) ensures that all terms that involve ¢ or 7 in (4.20) are small compared to v, also
that |E(u) — E*| < v < ||[dE(u)]«. This completes the proofs of both Theorems 1.5 and
1.7. O

To prove Corollary 1.6, i.e. to show that L2-Fojasiewicz-estimates with an exponent
«a > 1 hold, we need to modify the above argument in a way that favours variations for
which only U; or ¢; change, as such variations lead to || - ||;-unit elements y; with very
small L? norm, compare (5.19).

Proof of Corollary 1.6. For the proof of this result we consider singularity models which
are defined using f, := p7*, for o1 > 0 small enough so that all results in Section 3
hold for this o; and for all sufficiently small o and large p. This will allow us to consider
variations of the bubble instead of the base also in some situations where a variation of
the base would result in a slightly larger change of the energy, which will be crucial to
obtain estimates with exponent strictly larger than 1.

Before we split into cases that identify suitable variations based on the relative size
of &, vy and v; we recall that Corollary 1.6 corresponds to a setting in which the non-
degeneracy condition (A2) holds. This means that all tension terms vanish and that
(4.20) reduces to



30 M. Rupflin / Journal of Functional Analysis 289 (2025) 111006

[E(u) - E*| S

o+ min(vo, 1) + p” 0+ (|dEw)].)°. (4.27)

As [[dE(u)l[« S [I7gge (W)l L2(s2,940), it hence suffices to show that the first three terms

on the right hand side are bounded by C/|7,., (u)||%2(527952) for some exponent a > 1.
In this context We will use variations of type (V1) in

— 1
Case 1: p“1v < log;u for ¢; := 7 € (0, 15)-

Here the influence of § dominates and we can argue exactly as in the proof of Corol-
lary 1.4 to see that

) 2
Tog )2 S 7y (U)||L2(s2,952),

compare (4.18). As 7 > =", n* := min(n},ng), we furthermore know that in this case

c1
—1—— [ )
vt gt

oo S s (W) 2(52,g00)-

IN

Inserted into (4.27) this immediately implies that

| B(u) = B*| S g0 (W)122(s2 g, for any a < (1—£4)7"

n*

It remains to consider

Case 2: “'v > oot gu’ for ¢; := € (0, %6)

As this condition ensures that 106g < op~ 2 log i < /%0 we obtain from (4.27)
and Lemma 3.2 that
X . 1 1
|E(u) — E*| S min(vo,v1) + p7 20 + |79, () |72(s2 4, and [[dE(2)||x S p* (log ) %,
(4.28)
while Lemmas 3.5 and 3.3 ensure that
dE(3)(y;) = cvi- — Cp 0 and [|d°E(3)(ys, )l S p~ ' (log p)2 (4.29)
for the unit element y; = [|0.z[; 'y, that is obtained from a variation of type (V2) for

which ¢; changes as described in Lemma 3.5.
If u® vy > vy we apply this for ¢ = 1, and hence obtain that the resulting y; is so that

dE(3)(y;) > cvo — Cp™*vy 2 1,

and so that Q(3)(y;) < p~ 113 log u is small. Hence Lemma 4.2 is applicable and yields

vo S [AB(u)(ys)| < 17900 (W)l 252,90 195l 1252, 902) + 17900 (W) [T (52 g,

S i (g 1) ? |7y g (W)l 1252 650) + [Tgge (W12 (52,609
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since such a variation of the rational map g; of the bubble leads to an element y; whose
5

I and
og

L? norm is of order p~*(log )2, compare (5.19). In this case where i >

ulyg > v we can thus bound

1_ . _
prr vy Svo S [7gg (W72 (52,4, for any a € (1,2] with a < (1 - Lyt
and (4.28) implies that the claim of the corollary holds true for any such exponent.

It remains to consider the case where 1y < p~“ 1y and & < pu®v. Here we instead
ey ~ Land dEG)(y;) 2 7.
compare (4.29). As Q(3)(y;) < p~ 112 log p is small, we can apply Lemma 4.2 to deduce
that

use a variation of qo, resulting in an element y; with ||y, 12(s2

v=u S dE@)lls S lITgs (W)ll2(52,94)-
Inserted into (4.28) this yields that

|B(u) = B*| S 17 + ||y, ()| 2(52 4.0
NEZ ||Tgsz (u)‘|%2(52,g52) S ||Tgs2 (U)H%Q(SQ,gsg)

provided a € (1,2] is chosen so that o <14 24, O
5. Variations of the energy along Z,

In this section we carry out the proofs of the key lemmas on the behaviour of the
energy on the manifold Zy of singularity models, i.e. of Lemmas 3.4, 3.5, 3.7 and 3.8,
that we stated in Section 3.

Before we turn to these proofs we collect a number of estimates, which will be used
both throughout this section as well as in the subsequent Section 6 where we will prove
the properties of dE(3) and d?E(3) claimed in Lemmas 3.1, 3.2 and 3.3.

5.1. Technical estimates

Let Zy be the set of singularity models constructed in Section 2. Given any 3 =
3(Uy 0 qo, Uy © ql(ui)) € 2y we work in fixed stereographic coordinates which we can
assume to be scaled in a way that |a,;(qo)| = 1. As we represent (h(i) for any fixed 3 by
a function ¢ satisfying |an,s(q1)| = 1 we hence know that p;(3) = u, p10(3) = 1, compare
(2.9), and hence that the radii of the annuli defined in (2.10) are given by

Nf=

r1(3) = fup !t < PG) =pT2 <ro(3) = fu (5.1)

To simplify the notation we will in the following write for short ¢,, = ¢, for the cut-off
function (2.15) used in the definition of 3 and also use the slight abuse of notation of
writing 0: @, = 0c|c=0®ry(;.),r (;.) €ven though (5.1) is only applicable at € = 0.
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For most of the proofs it will be more convenient to view the rational maps ¢; as maps
into the sphere SIQ,* := 5% — (0,0, 1), which is shifted in a way that elements of R map
0 to the origin in R3. We hence associate to any given U : C — N and any rational
mapq:@—)@themapSU::UOW;}:S’ZQ)* %Nand@zﬁp*oq:@%Sg* for
T =7 —(0,0,1) : R* = S2..

As at least one of go(z) or ¢1,,(2) := ql(ﬁ) will be small for every z € C we can
easily check that the map g, = mp+ o (Go o 71'1;1 +q1,u0 711,_*1) that represents g,, = go +q1,,
is so that

|Gl < 1d1,] + 1o and V@] S Vol + [V pl- (5:2)

Here and in the following we use the convention that unless specified otherwise all
quantities are computed with respect to the euclidean metric on R?, rather than with
respect to the metric that is induced by gg2.

We can hence estimate the maps @, := u; — U;(0) = U; o 4, — Ui (0) by

Us| S |G1,u| + |dol, u;| S |Vio 41,u| an ui| S |Vau qol”, .
@] S 1Gul + 1ol [Vl S Vol + [Var | and |Au| S [Vl + [Vdol?,  (5.3)

where the last estimate follows as the maps §; are harmonic maps into the sphere.
Since the maps §; o 71';*1 : Sg* — Sg* and their variations are uniformly bounded in
C*, we have

|0 (2)] + 10-do| S |m(2) = m(0)| S 1525, Vol +10-Vao| S IVH(2)| S i (54)

and

1l +10:Ya0] S 1m(E) = 7O S by [Vl +10-Van,l V()] S o
(5.5)
In particular we can always estimate |V§,| < p;, though will later need more refined
bounds in settings where we deal with rational maps ¢;, that are branched at z = 0,
compare (5.45) and (5.46) below.
The above estimates imply in particular that

11,51l + 1do] + 10| + 100l ov ) + [Vl + Vol ll2cay S fu ™ (5.6)

where we recall that the annuli A, A and A* are as defined in (2.10). Similarly we have

/%2,02 < fu P log )72, /%pi S fu 2 (logp) T, /IV%ng S fuHogp) ™t (5.7)
A

Ql Q1

for the cut-off function ¢, that is defined in (2.15) and that satisfies

Vol S c,ﬂ’*l]lA, AR cur*2]lA* for ¢, == log(:—?). (5.8)
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As 4 is a geodesic with 4(0) = U1(0) and |4'| =4, 0 as in (3.5), we have
50| < 86y with (Ve | = V4] S 81V6,] < cu6r1 14 (5.9)
for 4. defined as in (2.16) and
7(7) = A¢y, -4" 0 ¢, while P (AY) = [V, - AR, 7) 0 b (5.10)
o

IT(V)| S 6|A¢,| S (56#7”_2][,4* and \Pj(A7)| < 62\V¢#|2 < cir_2(521[,4. (5.11)

As ¢, ~ (logp)™!

we hence get
Il S 6ogp) ™", 1Py (AY)|er < 6%(logp)~" and [|Ay||zr < 6(logp)~". (5.12)

To obtain suitable bounds on the variations of ¢, we recall that |0.p;| < pi and that
|Oufulit < fu. This ensures that

|0cri| Sriy |07 S 7 and [Occrg | S Cuz S (logu)*Q (5.13)
which in turn imply that

‘as¢p| < ClLI]-A7 |asv¢u‘ < 02

#r_l]lA +eur M ae,  |0-Ad,] < eprlax. (5.14)

We also observe that the definition of ¢, and the above estimates ensure that
[Vul2: = 2mc, + O((log )~ 2) and that |8€||V¢“H%2(R2)| < (logp) 2. (5.15)
As |0A| + |10-VA] < no, no defined in (3.9), we can furthermore bound
|867| S 7]0 + C,ué]lAa |85’~YU1| S; 770¢u + CM(S]]‘Av ‘aE:YUo| S 770(1 - ¢H) + CH(SHA (516)

and

10| S (0 + dep)epr ™ 1a + deyr™ L ax s0 1|0Vl r2 < mo(log 1) =2 + d(log 1) ™.
(5.17)
We also note that |go(z)| < |2| is small on the set {z : |2| < 2~ 2} where we consider the
function v; (defined in (2.18)) and hence j; = dB(0)(go(z)). On this set we can hence
bound |go(2)| < |do(2)| and thus have

il S 1dBO)dol, [Vl S 1dBO)IVGol,  Aji =0

as well as
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01| < 1dB(0)[10do| + 10:dB(0)[|do|, 10-V 1| < [dB(0)[|0=V ol + [0:dB(0)||Viol. (5.18)

Analogue estimates hold for jo on the set |z] > %,u’% where vy, and hence jy, are

considered.
We also observe that we can combine the above estimates with (5.57) to see that if 3.
is a variation along which g9 and Uy are fixed then

A1
10:3ll L2 (52,952) S 11001V 7| L2 (Dy,) + 1000Vl L2®2\D ) + |A|2 [lv1 = vol| L

T
2

5 o
S el @an + g VAl ey + 12 (Il e ey + D2s]2) +p

-1 3 d+
Sw (IOg,U*)Z + I 1077;“

(5.19)
as claimed in the proofs of Corollaries 1.4 and 1.6.

5.2. General variations of the energy along Z

The purpose of this section is to derive the expression for J.FE(3.) claimed in
Lemma 3.4.

Thanks to the symmetry of the construction and the fact that on Qy = {z : [2| < p~2}
our map j; is essentially described by 31 = 7wy (v1) the main step in this proof is to show

Lemma 5.1. If 3. is a variation in Zy so that (3.8) is satisfied then the corresponding
31 =7mn(v1), v1 as defined in (2.18), is so that

/3531A51 =- /jlaaAul — OeurT(ug) + / A0y + ern (5.20)
|95 (951 ANy

for u;, j; and v as in (2.13), (2.17) and (2.14) and an error term which is bounded by
lerr| < Ry for

Ry :=6(logp) ' f, % + 0%(log 1) ™" + mo[|dB(0)| I3 + (log ) ™' £, ]
+1dB(0)|*(I1 + I2) + |dB(0)[|9-dB(0)| Iy + |dB(0)|Tae, (5.21)
+ T dB(0)|(I5 + Lu) + no(log ) ™' .~ % +10-dB(0)|I3] + n-|dB(0) | Ls.

Here §, 7,19 and 7, are as in (3.5) and (3.9) and the integrals I. = I.(go,q1,,) are as
in

Lemma 5.2. For any variations qéff in R7(qp.1), R7(-) as defined in (2.4), which satisfy
(3.8), we can bound

L= / G0l 0% + |41 Vaol? < 7 log (5.22)
Q
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A A A _1_
IVaol|* + |dolpq| Vo] < p~ 20

I = / 1Gol|0=dol 2 + 10-dolldn [V 0| [V1 ] + 1d1 1

Q1
(5.23)
I = / ol + [Viollduuloq < 7 (5.24)
|95
= [ ool + |doll0-Vadp, < (5.25)
Q1
Log = / ol + ldv,PdS < o (5.26)
o0

where we write for short for pg == |Vio| + |V ul-

This lemma ensures that Ry defined by (5.21) is bounded by the quantity Ry defined
in (3.12) and hence that err; can be included in the error term in Lemma 3.4.
Similarly the contributions of 3 — 31 to 9. F(3c) are of lower order, namely

Lemma 5.3. For any variation in Zy as considered above we can bound

/ 9:305 — 931031 < 1B117(n™ % +1m0) + u~t + Top (18] + 18:81)-  (5.27)
Qq

Combining these three lemmas with their analogues on €y, which follow by symmetry,

we get

0:-E(3) = — / 0:303 — / 0:303
Ql Qo
(5.28)

= /j135AU1 — Oeur(u1) + /joasAuo — OeuoT(ug) — /A75ﬂ + erry
Q1 Qo A

for an error term that satisfies the required bound |errs| < Ro.
As || = 6 we can use (5.15) to see that

~ [0yt = 141V = 54 (Y PIVOIE) = rou kU, U 4 emmy (520)
A

3(641n0)
oz ~ Ho-

for an error term that is bounded by |errs| <
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Finally, we can use that

deg(ql)d%E((Afl) = %E(Ul o dl:ﬂ) = —/T(Ul o ql,p,) . 85(01 [e] d17u)

e (5.30)

= —/T(ul) - Ozu1 + errs + erry.
1951

where we use (5.5) to bound

jerrs| < | / (010 duy)  0-(01 0 o) ST / Vaual? < 'T < Ro

and set erry := le O-urt(uy) — 86([71 o (jl’u)T(Ul ©q1,,). To bound this term we can use
that |- (uy — Uy o q1.)| < |do| + 10-do|, while (1.10) ensures that

I7(ur) — (U1 0G1,)| = [7(01) © 4u|Viu* = 7(01) © 41|Vl
T - (1401 P2 + [V dolpg)-

Combined with (5.4) and (5.5) this yields

jerna| S T / (ldo| + 19-0l)02 + [Vidolpg < " log uT < Ro.
Q4

This reduces the proof of Lemma 3.4 to the proofs of the three lemmas stated above,
which we carry out in the remainder of this section.
To prove Lemma 5.1, and later on also Lemmas 3.2 and 3.3, it is useful to expand

31 =7 (v1) = w1 + Py, (o, +j1) +erry, = uy +9u, +j1 — P (Ju, +j1) +erry, (5.31)

where we recall that uy, 4y, and j; are defined by (2.13), (2.16) and (2.17). We note
that the resulting error term can be written as

1
/ dry(un + G, + 1)) — dry (un)) G + 41)dt (5.32)
0

and hence bounded by

lerry, | < 11 |* + 1o, 2 < [dB(0)? 1o + 6% (5.33)

since dmn (p) agrees with the projection P, onto the tangent space T, N whenever p € N.
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Proof of Lemma 5.1. Writing 3; as in (5.31) and using that Aj; = 0 we find that

/ 0.51051 — / Dot Aty + 0-(Puyj1) Aty — Doy A(PEj1) + 0y Ay + T

(o5

(5.34)
= /agul T(ul) — PuljlasAU1 — asul A(Pj‘ljl) + asry Azy + Tl + T2
for Ty := fQ1 0 (Pu, j1Auy) = fQ . (j17(u1)) and
(121 < [ 10:(Puin) |+ 10cerm | Aun| + 1051 — ) AP o)
Q1
/|3551 Aerry, | + 031 A(P, 7U1 BN /8 31— 7)A| (5.35)

=TV 4. +1.

We can rewrite the third term in (5.34) using integration by parts, which results in a
boundary term of the form

/ On( ) - O-ur — Pl ji1 - 0,0:-u1dS, (5.36)
o1

to obtain the desired expression

/8531A31 = /(‘Lul T(ul) — /jlasAul +/85’7A’Y+T1 +TQ +Bl (537)

This reduces the proof of the lemma to showing that all error terms Tl(i), T5 and B;
obtained above are controlled by the quantity R; defined in (5.21).

To bound Tl(l) we consider A(p) as a bilinear form A(p) : RN x RN — T;-N on the
whole space which vanishes in normal directions and write

0 (PuyAu, ) A(ur)(Vur, Vuy) = =Py, (o, )0e (A(ur) (Vur, Vg )
= —P,,(Au,) - (0:A(u1))(Vur, Vuy).

Combined with (1.10), (5.9) and (5.16) we can hence bound
1) 5 [ 10.(PuGulir(an)| + [ 1P Gu) @A) (Tur, Van)

< (654 10)T + 4] / (60 + )| Vaul? < (00T +6)(log )~ .2,
ANy
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where we use (5.6) and (5.7) in the last step. Hence Tl(l) < Ry as required.
Next we use that the formula (5.32) for err,,, combined with (5.16) and (5.18), gives

[Ocerry, | S 1711 + o P + (52] + 3o, ) (101 ] + 1070, 1)
S 1dB(0)*[dol* + 6%, + (1dB(0)]]do] + 56,.) [|d5(0)[10=dol (5.38)
+10:dB(0)||Go| + Mody. + cudla].

Using additionally (5.3), (5.6) and (5.7) we hence see that
T SdBO (1 + I2) + d5(0)[10:4B(0) 1y + (log 1)~ £,75 + mo|dB(0)| I
+ 7705(10g /”')_qu72 + 62(1Og M)_lfu72

and thus that T1(2) S Ry
We then split

T® < / P (0:(31 — ) [|APE Gy | + / 10-(51 — 1) | Puy (AP 1)
Ql Ql

As [Auy| 4 [Vur > $ [VGu|* < p2 and as Ajy = 0 we can certainly estimate

\A(Pqﬁjlﬂ S al(IVur [ + [Aw|) + Vi ||V | S 1dB(0)[(1dolpg + [Vdo])pg-

To obtain an improved bound on the tangential part of this quantity we write Pj‘l Jj1=
32,1, v, ), to see that [Py, (A(PSj1)] < 171105 + pg| Pa; (Vi1)], and write

J1=dUo(0)(q0) — dU1(0)(q0) = Py, 0)(j1) + (Pus(0) — Pu,(0))(dU0(0)(g0))  (5.39)
to see that

P (V)| S [ur — U1(0)[| V1| + [Up(0) — U1(0)||Véo

) R A . (5.40)
S 1dB(0)[(1do| + 1d1,.1) Vol + 6] Viol.

Combined we hence get
| Py (AP 51))| S [dB(0)]1dol oz + 1dB(0)] 141, [V dolpg + 6] Vdolpq-
On the other hand, while we can only bound

10 (31 — w1)| = |0=(Pu, (Yo, + 1) + erru, )| S nl + 10211 + Fu | + 1070, |
S (1dB(0)] +10:dB(0)Ido| + |dB(0)||0=Go| + 6(du + cula) + M0Pu,

compare (5.38) and (5.16), we get a stronger bound of
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1P (0=(31 — wa)| = [(Po, — Pi)(0=31)] < |ur — 31/10-31
S =+ o] < 1dB(0)][do| + 60
Combined we hence get
3 N . .
105 [1asOlalarbil+6 [ @n+e)larii
N AnQ1

+ / (10-48(0)]do| + |4B(0)110-do ) Py (AP )| + 10 / Gl Pur (AP 1))
Q1 ANQq

S 1dB(0)[* (11 + I2) + |dB(0)]10-dB(0)| I
+8(10-dB(0)] + |dB(0)] + 10) ™% + moldB(0)| I3

and thus Tl(?’) < Ry. Here we simply use that [|do||L(0,) + [|Vdollz2(0,) S p~2 to deal
with the terms involving J as these only give lower order contributions.
Next we estimate

T < 1 / Py, (P (wn) (W1, V)| + / |Aerry, — Ly (un)(Vir, Vi)l
Q1 (o5

To deal with the first term we exploit that A(x) = —dP, and thus that
() (v,w) = —A(z)(v,w) € TN for all z € N,v,w € T, N. (5.41)
Combined with (5.40) this allows us to bound

[Py (@7 (un) (Vi Vi)l S 51— wl Vi + [P Vil Vi
S 1dB0)*(1do] + 1d1,pu] + 150, D) Vol

while the formula (5.32) for err,, allows us to check that
|Aerry, — 2d*mn (u1)(Vi1, Vi)

< (gl + Ao, D [[Vu (V] + [VA]) + VAP + VAP + 17()]]
+ (131 + 130, 12)02 + VA2 + [V Vi -

Combined we hence get
T S 1dBO) (11 + I2) + 81dB0) % + 62(|l 6202 1oy + [V bull22)

+ (il z= (@) + O)IT ()l
S 1dB(0)*(I + L) + 8|dB(0) |~ % + 82 (log )~
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where we also use (5.6), (5.7), (5.8) and (5.12) in the second step. Thus also T1 < Ry
Next we estimate

) < / Py (A(PE30)]

ANQq
/ s — 311 (1A% + (V1) + 1P (V) [0g + [0, 102
ANQq
< (b 4 0)d(log ) + / s — 1V1pg + 6(log 1)L £, 2

AN,

where we used (5.12), |ug — 31| < =2 + 6 and (5.7) in the last step. Using furthermore
that |uy — 4| < lur — U1 (0)] + [Fu, | < £~ + d¢, on A we hence get

T <35+ 6% (log p1) ™' + d(log 1) £, 2 < R (5.42)

Finally, to bound Tl(G) we write 37 instead as

1
31 =7+ Py(a1 + j1) + err, for err, = / drn(y+t(j1 + ul)) —drn(y)) (1 + j1)
0

and use (5.6) and (5.16) to see that

10:G1 — N S10AFu ™" + £ S o+ 0(log i) ™) ™ + fu = on A,

As [[Ay|lr < 6(log )=t we hence immediately deduce that

T < 6(log )~ f 72 + 6% (log 1) 2 fu " + mod(log )~ £~ < Ry

This completes the proof that the term T obtained in (5.34) is controlled by R; and
it hence remains to show that the term 75 obtained in this estimate (5.34) and the
boundary term Bj defined in (5.36) also have this property.

Since T, can be written as Ty = fQ - (j17(U1) © §,|V§u|?), compare (1.10), we fur-
thermore have

T2| S T/ 10-1105 + 1511(10=4ul p7 + P41V qul) +nT/ 7111Vl
< T1dB(0)|(Is + 14) + T10:dB(0)|15 + n7|dB(0)| 15 < R

Finally, to estimate By we use (5.39) to see that

1Py 1| S 1dullin| + 6ldol < 1dB(0)]]d,||do] + 6|dol. (5.43)
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Since |Vus| + |0.Vui| S 1 on 99y and hence |Py, (8, Py j1)| S 10w || Pl 1| S 1P|
we can hence bound

Bl S [ 1PEAIS S 145(0) Ton + 715, (5.44)

where the last step follows since |go| and |8 | are of order O(u~2).
We have thus shown that all error terms are controlled by R; which completes the
proof of Lemma 5.1. O

Proof of Lemma 5.2. To prove this lemma we will use that

'ILO

ldo(2)| + 211Vdo(2)| £ D laj(qo)]|2 for every z € C (5.45)
Jj=1

and for go € R7(qg), §o = 7r;*1 o qo. To see this we note that our choice of o ensures that
the right hand side is at least 1|2|™ and that (5.45) is hence trivially satisfied outside of
any fixed size disc D7(0) since the maps gy satisfy uniform C* bounds. As ¢;(0) = 0 and
as the maps §p are uniformly close to g5 we can fix 7 = 7(¢§) > 0 small enough so that
lgo(2)] <1 for all |z| < 27. Standard estimates from complex analysis then ensure that
laj(qo)] < (27)77 for all j and hence that ZjZnSHj\aj(qo)Hz\j < |z]m0 for all 2| < 7
which ensures that (5.45) also holds on D7(0).

Similarly, given ¢1 € R?(q;) and p > ji we can use that i, = mp- o ql(%) is so that

ny

d1,u(2)] S D 1% and [V ,(2)] S p Z el (5.46)
k=1

The proofs of all claims made in the lemma now follow from short explicit calculation
based these two estimates (5.45) and (5.46). To begin with we note that
22

[ 0P 1Va1 + i P19 Y s Plastan) P2 [ ficfires + 5L
(o1 Qq
\/ﬁ
S Y laj(ao) Plan(an) P [ £
0
< S Jag(ao)Plar(an) P (1% + up* log ) < 7 log
(5.47)
where here and in the following we only need to sumover j =1,...,njand k=1,...,n]

and can use that the corresponding coefficients a;(g;) are uniformly bounded as we only
consider elements of R7(¢q}). As we furthermore have
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/|Q0|2a|véfo|2 S Z |a;(go)[*1He) / | 2|20 +0i=2 < pl+a for any o > 0, (5.48)
Q1 J (951

so in particular for o = 1, we obtain the claimed estimate (5.22) on I.
Using (5.45), (5.46) and (5.4) we then get

VE
N N N T N i j+1
[ 1a0l100]1, + 100l Vil Vil S 3 (ool P9 [ttt
Q 0
S vptlog pu.
As the other contributions to I are bounded by
Vi
N N —2; 2j-1 _ _ 1
/|611,u||V(10|2 S lan(a)llaj(qo) P / e SV S
Q 0

and
/ ldoloa Vao| < (P log p) ¥t < w(log w) ¥ 5,

compare (5.47) and (5.48), we hence obtain the claimed bound (5.23) on Is.
Combining (5.48) with

N

A A A A~ N i j+1
/ G0lIVauul® + [Vaolldsul[Varul S 3 las(ao) lar(an) 2~ / i
Q4 0

S laj(go)llar(a) P(p™ + p= 72 p " log p) S v
then shows that I3 satisfies (5.24), while (5.4) and (5.5) give the claimed bound on

m
2 3 _ 2 _
ns 10+ st St bt [ a5
(921 0

Finally, as |go|? + |d1,,]* S 7 on 09 = G]D)#,%, we get that |Ipo,| < |07 Sop~z. O

In Section 6 we will also use that a very similar calculation gives

/ 1040l 03 + 140l (10 V do|* +10:Vv,ul*) S Nrar(u™" + ) log o (5.49)
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Having hence completed the proofs of both Lemmas 5.1 and 5.2, we finally turn to
the proof that the contribution of the error terms err, = 3 — 31 to 9-E(3c) is controlled

as described in Lemma 5.3
As err,, is supported on A (defined in (2.10)) we first collect some estimates that are
valid on this set where |z| ~ ,u_% and where we can hence bound

g0l + lavul + 1 2 (IVao| + [Varul) S 7 (5.50)
and
10-0] + 0-qp1] + 12 10-V o] +10: V1| S 7. (5.51)
Since vg — v1 = B(gu) — B(0) — dB(0)(g,) we have
[vo — o] + 72 [V (vo = v1)| + g Ao —v1)] S 1B (lgul* + 17" [Vaul*) < (187 (5.52)
as well as

0= (v0 = v1)| + 1~ 210V (v — v1)| + 5 [0-Avo —v1)| < (18I + 10-B1)7 + mral| Bl

(5.53)
We furthermore note that ~ is harmonic on A so we can bound
_ 2
[Voil® +Avi| S pf + VAP S (@ + ) (5.54)

Since the error term is given by
1
err, =y (v1 +to(vg — 1)) — v (v1) = /dwN(vl + to(vg — v1))(@(vo — v1))dt (5.55)
0

for a function ¢ that vanishes for |z| < %u*% and that satisfies V|2 + |A¢| < p we
have
lerro[ S{IBllv and  [Aerry| S 18] (5.56)
As |Oepii] < py we have
1 1
|0 (0 ()| S 2|0 52| (12 [2]])]2] S 14 (5.57)
allowing us to bound

|0:erre| S fvo — v1] + 10z (vo — vi)| S (IBI + 10-B1)7 + mracl Bl (5.58)

We will later also use that the above estimates also allow us to bound
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pto-Aerry| S (1181 + 10-81)7 + nraell Bl (5.59)

Based on these estimates we can now complete the

1

Proof of Lemma 5.3. Since |9.31] < p~2 46410 on A and since |A| < ~! we can bound

\/855A5 — 0:31451 < / (10311 + |Ozerry,|)| Aerry, | + / |0-err, Ag |
(o5

Aﬂﬂl AﬂQl
_1 —
SUBIG? + 5+ mo) + / D.crr, - Az,
ANQy

To bound this last term we split J.err,Aj; into the contributions of the tangential and
the normal parts. Since P;, = dr(31) and since [v; —31| < 6+||]|77 and [0.v1| < no+p 2
on A we get

S (Jvr = 31] + |vo — v1])[0:(¢(vo — v1))| + [O-v1]|p(vo — v1)]
< @+ 1817 (18I + 1188~ + (no + p~2)7 8] (5.60)
S1BlI=2 +6(/10-8] + 181N~ + nollBl|7

|P;1‘ (O-erry,)|

and can thus in particular bound |P;-(dzerr,)| S = ([|8]| + ).
Since (5.54) ensures that |A31| = |A(rn(v1))| < (@ + 62) on A and since |A| < p~?
this suffices to estimate

[ 1Pt oenn l|dn) < @+ ) 18]+

and hence to see that this term is bounded by the right hand side of (5.27).
From (5.31) we furthermore get that

|Puy (831)] S |7 (u)] + (VA1 + [V + pg(IV] + V1)

< Top+ 6%+ 602+ ||8|lop.

As (5.58) ensures that |d.err,| < (||8]| + 0-8])p~" and as |A| < p~! we immediately
conclude that also [ |9.erry||P,, Az1] is controlled by the right hand side of (5.27), which
completes the proof of the lemma. O

5.83. Dominating terms in the energy expansions for variations of the rational maps

In this section we explain how the general energy expansion proven in the previous
section can be used to identify a variation of type (V2) for which Lemma 3.5 holds true.
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By symmetry it suffices to prove the claim of the lemma for ¢ = 1, i.e. to identify a
variation of ¢; so that (3.16) holds for the resulting family 3. for which we keep Up 1, qo

and p fixed.
For such variations we know from Lemma 3.4 that
dE(3)(0:3) = /jlaaAul + /joagAuO + erry (5.61)
Q1 Qo

now for an error that is bounded by |err;| < Ro for
_ 1 2 _
Ry = 7| B2 +£H+ﬁfﬁ+7ﬂu "log u (5.62)

as o =1y =0. As 0.Up = 0 and as [0:4,| < |0:-¢1,,] is small on £y we can easily check
that

. _ 1
| [ o0 ol £ 7817 < . (5.63)
Qo
To prove the lemma it hence suffices to show that we can find a variation of ¢; for which
/j;l@EAul > ¢1]dB(0)*vy — erry (5.64)
Q1

for an error term that is bounded by |errs| < Rs.

To this end we will use that away from 2z = 0 the functions 2(uz)~7 are well
approximated by the first two components hj ,(z) = % of the harmonic map

hju(2) == 7m((uz)7) : € — S2, where we continue to identify (z,y) € R? with z + iy € C
whenever convenient. We hence write uy(z) = U1(qo(2) + q1,u(2)) as

ur(2) = Ur(0) + dUA (0 (Zaj (a0)hju(2) + (2 )>+f1(2)+fz(2)+fs(2)

for

uz)d
= AU (0)( > aj(fh)m)
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As Aji; = 0 we get that Th := le J1ADf; = fan §10n0s fi — 0 j10: f;dS and will use
this to show that all these terms are controlled by Rs.

We can use that |9Q;| ~ =2 and that the rational functions are bounded by (5.50)
and their variations by (5.51) at points with |z| ~ = 2. This immediately implies that

5| < 1d(0)] / 19011V @uul10qu| + 14,1V O=qp]) + [V qol|O=qullanul < 1dBO0) |27 S Ro,
o0

while [T3| < |dB(0)|u 2vg, < Ro follows since | fa| + p= 2|0V fs| < p=(mot1)/2 <
_1
no2r2.

-

We can now use that terms of the form d3(0)(a;z7), a; € C, and their radial deriva-
tives are L?(dD,) orthogonal to terms of the form dU;(0)(by(2)¥), by € C, and their
radial derivatives on any circle 9D, = 9D,.(0) if j # k. This implies that

L uz)?
T3] < 1dB(0 |Z|% q0)|la; ( EQ1|/ |ZJ||3n|,¢z|zJ((‘1W|+|32 ||WWH

J=1 o0
<1aB0) S Jaz(ao)l18=a; (@)l < [dB(0)|p 7 < Ro.
ji<ng

At this stage we hence know that

/jlaeAul = %Z/jl -dU1(0)(0=a;(q1)Ahj ) + errs (5.65)
jzlgl

Q1

for |errs| < Ro since we know that Agg = 0.
As hj,, is a harmonic map into S? and as

- o . . ) 2j—2
IVhul?(2) = [Va((uzP)P - ()P0 = 25l

we can write
Ahjy =~V ulhy, = =202 Hj(ulz]) - (u2)’

for H;(t) := ‘(lfj_tt—;)g The orthogonality of the different Fourier modes on circles hence

allows us to write the main terms in (5.65) as

%/jl-dU1( )(8 a](ql)Ah]M [H /dﬂ ZJG) dUl( )( j(ae(h)e_ijg)

Q4

= —la;(qo)llax (D-q0)| I} (w)1] (e, U, Un)
(5.66)
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for o = a0 (9:q1, q0) == j ' [Arg(a;(8-q1)) — Arg(a;(q0))],

IY(a,Up,Uy) = /d(U0 —U1)(0)(e7?)dUy (0) (e~ 70=))dp (5.67)
Sl
and
,% \//_1«
I (p) = p® / 1 Hy(pr) (ur) rdr = 45° 7 / iyt ~ . (5.68)
0 0

We note that the above calculation applies for any variation of ¢; that satisfies (3.8) and
hence shows that d.E(3) is always controlled by (3.15).

To find a specific variation of ¢; for which Lemma 3.5 holds we now use the following
lemma, a proof of which is included below.

Lemma 5.4. Let Uy, : C — N be distinct harmonic maps which satisfy Assumption 1.

Then there exists o € [0,27) and ¢* > 0 so that —IY(a*,Ug,Uf) > 2¢* for all j € N
and hence so that

Ia(a Uo,Ur) > ¢ for all U; € R°(U}), j € N.

Given a rational map go we will apply this lemma for jo € {1,...,n{} chosen so that

la;(qo) |t A < |ajy(go) A for j =1,...,n} (5.69)

where A; > 1 is a large number that only depends on Uj; and ¢f; and that is fixed
below.

Writing ¢; in the form ¢; = ;—; for polynomials r1 2 which are normalised by 72(0) = 1,
we finally define the desired variation of ¢; by

(©) () . ri(2) +e(e?” z)l0
() = o]

where we choose 6* := o* + jioArg(ajO) so that a;,(0:q1,qo) is given by the number o*
from Lemma 5.4.

As a;(0:q1) = 0 for j < jo while |a;,(9:¢q1)| = 1 we hence get from (5.65) and (5.66)
that
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ng
/jlasAul > *lajy (qo)|Tf! (1) = C > aj(qo) [T} (1) — CRy
Q1

Jj=jo+1

)
> 2claj, (qo)ln ™ = C > laj(qo)lp™? — CRy
Jj=Jjo+1

> (2¢ — CATY)|ajy (o)l — CRy > clajy(qo)|n™° — CRy

for a constant ¢ > 0 that only depends on U; and ¢ ,, where the last step holds true
provided Ay = A1 (U}, ¢f) in (5.69) is chosen sufficiently large.

Since (5.69) ensures that vy, < |aj,(qo)|n™7° this completes the proof of (5.64) and
hence of Lemma 3.5 up to the

Proof of Lemma 5.4. We use that harmonic spheres are weakly conformal and that
dU;(0) # 0.

If Ui (2) = Ug(2) we can hence choose coordinates on the target so that dUg,(0)
are given by the matrices with columns %|dU§‘ (0)|(1,0,0n5_2)T and %|dU5‘(O)|(O, +1,

On_2)T when viewed as maps from R? to RY. Setting a* := 7 hence gives

~Ij (o, U5, UY) = %\dU§(0)|2/81n2(j9) + cos?(j) = 7|dUg (0)[?
S1
which establishes the claim in this case.
So suppose instead that N is three dimensional and that Ug, are minimal spheres
whose tangent spaces at Uj(0) = U;(0) intersect transversally. In this case we choose
the coordinates on the domain so that 9,,U; (0) is contained in the intersection of these

tangent spaces and then use the conformality of U to choose coordinates on the target
so that 0., ,Uy = cyyer 2 and so that Ty, )N = R3 x {0}. Here ¢; is the standard basis

Z1,2

of RN and cyy = %|dU{‘(O)|
The matrix A = C[;Ol dUp*(0) : R? — RY whose columns are orthonormal, is hence so
that A31 = 0, A32 7é 0 and so that Az’j =0 for ¢ > 4. As

/ dU;(0)(e)dU; (0) (e 0=2"))dp = / cos(j6) cos(j0 + %) — sin(j0) sin(j60 + a*)df
= ()7
for any o* we hence get that
If(a*, Uy, UT) = cuscug /[All cos(jf) + Az sin(j6)] cos(jo + o*)do

— curcu; /[A21 cos(j8) + Aao sin(j60)] sin(56 + a™)db

= TCy;yCug [(An — A22) cosa™ — (A12 + Agl) sin Oé*].
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If Ay; # Age we can hence choose a* to be either 0 or m. Conversely, if A1; = Agg then
we cannot have that also Aj3 = —As; as both columns of A have unit length and as

37r 0O

A3z1 = 0 while A3z # 0. In this second case we can thus choose a* as either § or =

5.4. Dominating terms in the energy expansion for variations of the underlying maps
Ui

We now want to prove that we can always find variations of the maps U; in H4(U})
so that the induced variation in Zj is as described in Lemmas 3.7 respectively 3.8.
For such a variation we can always bound |9:Au;| < p? and hence have

|/ylaAu1|<\dﬂ |/|QO|P dB(O)|I; < 118117,

compare Lemma 5.2, while the analogue estimate for | fQo JoO:Aug| follows by symmetry.
The general formula (3.11) for the variation of the energy on Zj hence tells us that

dE(3)(0:3) = mcu deé(Uo, U1) + deg(ql)d%E(Ul) + deg(qo)d%E(Uo) + erry (5.70)

for [erral S 187+ 2515+ £~ + (log )] + T(log )~ £,

As ¢, ~ (logp)~! we immediately get that Lemma 3.8 holds true if we choose a
variation U; . in H{(U;") for which (2.8) holds.

On the other hand, if we consider variations of U; that are induced by translations on
the domain then we know that <L|._oE(U;) = 0 as the energy is conformally invariant.
To prove Lemma 3.7 it hence suffices to prove Lemma 3.6, i.e. that there always exist
variations of the form U; . = U;(- + ee'?°) so that

£0°(o,Un) Z 6(Us, Un). (5.71)

If we are in a non-degenerate setting for which Uj = U then we know that U;(z) =
Uj(z + ¢;) for some |¢;| < 0. If ¢g = ¢1 then § = 0 so there is nothing to prove, while
for ¢y # ¢1 we can consider Uy .(2) = Ug(z + 1 + 5|§E:§1|) =U(z+ 5‘23:2‘) and use

that dUZ(0) # 0 to get a variation for which (5.71) holds. The analogue argument also

applies in settings where Uj(z) = U;(Z) and in both these cases we could just as well
have constructed a variation of Uj.

So suppose that the maps U{ ; are instead as in (A3) of Assumption 1. In this case we
can exploit that the tangent spaces Ty () U/ ((C), which are 2 dimensional subspaces of
the same 3 dimensional space Ty« (o) N, intersect transversally and that the length 4 of
the geodesic 4y, v, that connects the points U;(0) can be made smaller than any given
constant by reducing o.

We hence obtain that at least one of the angles a; € [0, 5
TUi(O)Ui(C) must be so that |5 —a;| > $&, where & € (0, 5] denotes the angle between the

] at which 4 intersects
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spaces TU;‘(O)Ui*(C)~ For this 4 we hence know that ||PTU1‘<°)U1'(C)(%)|| = cos(qy) >
sin(@/3) is bounded away from zero, where we recall that 4(i*) = U;(0), 0* = 1,1* = 0.
As Uy is weakly conformal and dU;(0) # 0 and as the maps U; are C* close to U}
we hence deduce that U;(- 4 ce??) has the desired property (5.71) if 6y is chosen so that
0:U;(0)(e%) points in the direction of :I:PTUMO)UZ'(C)(%).
This completes the proof of Lemma 3.6 and hence the proof of Lemma 3.7.

6. Estimates on the first and second variation of the energy

‘We conclude this paper with the proofs of the claims on the first and second variation
of the energy at points 3 € Zy made in Lemmas 3.1-3.3. We will continue to work
in stereographic coordinates which are scaled so that |anz(qo)] = 1 and hence so that
1o = 1, but we now need to consider variations in general directions w € T'(3*TN). It is
hence useful to observe that for any such w we can bound

/lU)(?“em)ld@ < llog(min(r=", ur)))2[|w]l, for any r € [r1, 7o) = [w™" fu, £ '], (6.1)
S1

since both [g, Jw(e®)| and [ [w(p~'e)| are controlled by |Jwl|; and since the integral

, 1
of 9, [ lw(re™)|df over any interval I can be bounded by [|[Vw|[z2( f;771)2. As p; <
1+ /5= we can thus bound

[ s £ g, og fulwl and [ blwPde < Clognul (62
A A

which in particular implies that
/[ﬂ? +10:Vy? +10-Vui*||w]* < [[w]§ while /IVV\QIwI2 < 8% flwll3. (6.3)
A

We note that combined with the formula for the second variation (3.2), this immediately
gives (3.3).

In the proofs of Lemmas 3.2 and 3.3 below we will furthermore use that (6.1) ensures
that

[ elulds < C(iog £,)? ul, and that w5 < Cuogm. (6
A*

6.1. Uniform definiteness of the second variation orthogonal to Z

In this section we want to prove that the second variation is uniformly definite or-
thogonal to our set of singularity models as claimed in Lemma 3.1.
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The main step in the proof of Lemma 3.1 is to show that there exists a constant ¢y > 0
so that for any w € T;" Z with [|w|[; = 1 there is an element v € T;*Z with [[v[|; = 1 so
that

d*E(3)(w,v) > co. (6.5)

Once we have shown this we can define V;[ as the span of the eigenfunctions to positive
respectively negative eigenvalues of the corresponding Jacobi-operator

Ly: T2 - T Z,

which is characterised by

d*E(3)(v,w) = (Lyv,w); for v,w € T;Z

and obtain the claim of the lemma from the spectral theorem for selfadjoint Fredholm
operators.

To prove this claim (6.5) we will relate elements 3 of Z; and vector fields v and w
along 3 to the corresponding elements 3 = Uy o gg of H(wp) and to vector fields ¢ and
W along 3.

For such vector fields we will always work with respect to the inner product

(W, D)y = / |V [2d + Voo (6.6)
Rz

which (upto a factor 2) corresponds to the H! inner product on the sphere and which
approximates (-, ); well away from the origin.

We note that d*E(wp) is uniformly definite on T3 H (wy) since Ti,, H (wp) coincides
with the kernel of the corresponding Jacobi-operator L, : I'(wiTN) — I'(w§TN) and
since the eigenvalues of this self-adjoint Fredholm operator tend to infinity. As H7 (wo) is
a finite dimensional manifold which is contained in a small C* neighbourhood of wy we
can then use the continuity of the Jacobi-operator to deduce that the analogue statement
is also true for general elements of H°(wg) (provided o > 0 is chosen sufficiently small).

Le. we can use that there exists ¢ > 0 so that for any 3 € H(wy) and any @ €
T;-H (wo) with [|@]|x = 1 there exists a unit element o € T;~H(wp) so that

d*E(3)(w,0) > c. (6.7)

In the proof below we will furthermore use that variations 3. in Zy induced by variations
of only Uy and ¢g are well approximated by the corresponding variations 3. = er) o q((f)

in H7(wo). To be more precise we can easily check that

lls =31 + 10 = 3)* | L~ m=\p, ) + / VG =3P +IVo-G-3)P =o(1)  (6.8)
R2
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where here and in the following we write that a quantity is given by o(1) if we can ensure
that it is smaller than any given positive number by choosing [ sufficiently large and o
and oy sufficiently small. Here we use that |1 — ¢,| < lf'ffg{‘b‘ =o(1) for |2| > 2 = f, 2
to bound the L* norm of d.(3 — 3) and we note that we furthermore have

1035, + 193], = o(1) (6.9)

where || - ||z, and || - ||;,o are defined as in (3.1) and (6.6) but with the integrals taken
over §).

With these preparations in place we now turn to the proof of (6.5).

So let 3 € Zo and let w € T;"Z be so that [Jw||; = 1. We first remark that (6.2) and
(63) ensure that [pywlzaca) + | Valwlzaca) < o5 + [Vawlzaa) = o(1). From the
expression (3.2) for the second variation and the fact that outside of A we have Vy =0
and thus |V3| < p;, we hence obtain that

PEG) (w,w) > / Vul - C / VPl =l - / (72 + C| V3w’
R2 R?2 R2

> [lwll; = Cllwl} g2y a — 0(1).

The claim (6.5) is thus trivially true (for v = w) if ||w||; g2\ 4 is small and by symmetry
we can hence assume that ||w||§R2\D > ¢4 for a small, but fixed constant ¢4 > 0.
y 0

Given such a w we first want to construct a @ € T;H"(wo), so that

lw = @l g2\, = 0(1) while [[]lxp,., = o(1) and [|w]lp,, \p.,,, = o(1)  (6.10)
for some sg € [2r2,70]. To this end we initially construct a function w; which vanishes
on Q; = {z:|z| < p~ 2} and for which there is a radius so € [2r2, o] so that

w; = w on R?\ Dy, while [wil;ps,., = o(1).

To obtain such a function w; we use that D,, \ D,z contains J 2 log(ry ) = log £,
disjoint annuli of the form Dy, \ D1 to select so € [2r3, 3r0] for which
1

[ Wkt [ iuutsne)P < og £) ! = ol 6.11)
D25 \Dyy /2 St

On Dy, \ Dy, /2 we then define w; using a standard interpolation between w|a]D>50 and

the mean value w over this circle which, thanks to (6.1), is bounded by |w| < (log fﬂ)%.

Combined with (6.11) and [, p? < £, 7?2 this ensures that Jwill; Do \p,, = 0(1). On
50

Dy, /2 \]D)H, we can then choose w; as the harmonic function which transitions between

1
2
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0 and w and note that this map has energy of order O(%) = o(1) and weighted L?
norm of order O((log fu)%f;fl) =o(1).

Given such a function w; we then set wy := P;w; to obtain a vector field along 3. We
note that (6.8) ensures that [|wi — ws|[z R2\D,, ~ [lw1 — w2l; R2\D,, = o(1) and that we
still have |lwz|[; p,, = o(1).

Given a variation 3. in H%(wg) with ||0:3|lx = 1 we can hence consider the corre-
sponding variation 3. of 3 in Z and use (6.8) and (6.9) as well as that w € P;-Z to see
that

(w2, 0e3)x| = [(w, 0e3); R2\D.,, | + 0(1) < [(w, D)5 + o(1) = o(1).

We thus deduce that ||P:’1<'?ZAwg||7r = 0(1) and hence that & := PTi 2y, satisfies (6.10).
As ||@]|2 > ¢4 — o(1) is bounded away from zero we can hence apply (6.7) to obtain

a vector-field 0 € TyH7 (wo) with [|0]- < 1 so that

d*E(3)(w,0) > 1 (6.12)

and we will obtain the required element v of T;-Z by modifying this vector field 0.
To this end we repeat the argument from above to obtain a v; with
vy =9 on R*\ Dy, v1=0o0nD _1, [vill;ps.\D., . S 1 and [vill;p,,,, =o(1),
(6.13)
except that we work with a radius §o € [so, 2s0] with [, [0p9(50¢™)[* < 1 rather than

1
no2

with S0-
As 7 is tangential to N along 3 and supported on Qg where p; ~ |V7| we can combine
(6.8) and (6.13) to see that

1Por = villy S lorllspsosa + M1 = 3l @\ ) llvills + 11V3 = Viloi]l 2@\, 5) = 0(1)
where we use that [V3 — V3| < o(1)(p; + [V¢u|) on R*\ D,z to deal with the last term.
As ¥ is orthogonal to T;H”(wp) we can combine this bound with (6.8) and (6.9) to
see that (0.3, Pyu1); = o(1) for all variations 3. in Z that are induced by variations
of only Uy and ¢o. Conversely, variations of U; and ¢; result in variations 3. for which
|0:3¢ |50, = 0(1) and for which we hence trivially know that (0:3., Pyv1); = o(1).
All in all this ensures that v := PT: 2 (Pyuy) € T;-Z is so that

[0ll5,p.,/. = 0(1); [0l D\D., o S 1 and [Jv = 8[|; R2\D,,, = 0(1)-

We now write for short I1,(w,v) = VwVv—A(3)(V3, V3)A(3)(w, v) for the integrand that
appears in the formula (3.2) for d>E and note that [, [11;(w,v)| < lwl;.ellv|l;0 + o(1)
for every 2 C R? where the o(1) term comes from the contribution of Vv to V3, compare
(6.3). We hence get
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PEQww) > [ 1.0 = Cllolp,, . + [0l,p..10.,,.] o)
R2\Dy.,

3 R2\Dy,, T [l — @|; R2\D,,,

> / I1,(,0) — C[lv — o
R2\Ds.,

+ {13 = 3l 2 ®2\Do.)] — (1)

> [ 110,0) = Clilepa,, - o)
R2
> PEG)@,9) — o) 2 1-o(1) 2}

where the last inequality holds true provided o and o are sufficiently small and g is
sufficiently large. As ||v||; < 1 we hence obtain that (6.5) holds true for the corresponding
unit element of T;-Z which completes the proof of Lemma 3.1.

6.2. Proofs of Lemmas 3.2 and 3.3

We finally turn to the proofs of the estimates on the norms of the first and second
variation of F claimed in Lemmas 3.2 and 3.3. To simplify the notation we write for
short

_ 1
Ry = [|Bllv(log u)® + foon (6.14)
and
1
Ry = (1]l + 10-81)7log(1)* + nrarllBllu— log ()t + CH1e)losln)® (6.15)

and recall that to prove Lemma 3.2 we need to show that
|[dE(3)(w)| = \/7(5)w| S Ry + T for every w with |Jw|; =1
while Lemma 3.3 asserts that
|d?E(3)(0:3,w)| = |/85(T(3))w| S Ry+ T +ny for every w € T'(3*TN) with [Jwl; = 1.
By symmetry it suffices to bound the corresponding integrals over 2; where 3 = 31 +err,

for 31 = mn(v1) and for err, which is defined by (5.55) and supported on A.
To prove both lemmas we write the tension of 3 on ; as

7(3) = P5(A31 + Aerry) = 7(31) + (P — P;,)(As1) + Py(Aerry,), (6.16)

and use that Aj; = 0 to write
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7(31) = P;, (dny (v1)Avy) + Pal(dQﬂ'N(vl)(Vvl, Vo)) =Ty, + T;:‘l +T,+ T, (6.17)
where we split the contribution of Awu into the terms
T7 = P (dry(v1)(7(w1)) and Tt = — Py, (dry (v1))(A(wr)(Vur, Vur)))  (6.18)
and write for short
T, = P,,(Ay) and Ty := P;, (d*mn (v1)(Vor, Vp)). (6.19)
In the analysis of the resulting integrals we will use that
51 — 01| < Jua — 1| < Pou [+ 2] S 60y + (181114 (6.20)
which, thanks to (5.47), (5.48) and (5.7), ensures that
llvr = 31lpgllL2(0y) < lllur = vilpgllL2@,) < Rs. (6.21)

Similarly, since we can bound

10 (ur —v1)| S 10511 + 190, | + [0, | + |1

(6.22)
S U181+ 10:81)ldol + [181110=d0] + (5 +n0) ¢y + (log p1) ™ L a,

compare also (5.16), we can use these estimates (5.47), (5.48) and (5.7) together with
(5.49) to see that

110 (ur = v1)lpgllL2 S Ra- (6.23)
To analyse terms that involve v we instead write v; = v + @y + j1 to see that
o1 =] + 10 (v1 =) < ldol + 141l + 100l +10q1,u| S |2+ (1 + p?|2*) 7
and hence that also
o1 =7V z2 + 118 (v1 = NIVAI22 < Fiogs S R (6.24)
Finally, since |P;, Vu1 — V1| < Jur — 31lpg + 18] Vdo| + |v1 — 7[| V], we also get that
| Py, Vur — Vi ||z S Rs. (6.25)

With these estimates in place we can now show that all contributions to dE(3)(w) are
controlled by R3+7 and all contributions to d? E(3)(9e3, w) are controlled by Ry+7T +nr.
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To begin with we use that [7(u1)| < Tp2 < Tpj to see that

/ﬁzws¢wm=7
Q

while we can use that [0.T7 | < |7(u1)| + [0-7(u1)| S Tpep; + 102 S (T + 777)[’32 to
bound

[Tl ST 4
As A(u1)(Vug, Vuy) € T2 N we can then write
T2 = Py, ((drn(ur) — dry (v1)) (A(ur)(Vur, V) (6.26)

and hence use (6.21) to bound

ﬂnw&memmms&.
Q

From (6.26) we see that [0. T2 | < [Jur — v1|+|8:(u1 — v1)|] pg - p; which we can combine
with (6.21) and (6.23) to see that also

| [ ottt £ s = wilpllzn + 110-1 = w)lpylle S Ba+ R S B
Similarly, we can write

Ty = Py, ((drn (v) — drn (01)) (AN (V7 V) + By, (dew (01)7(7))) (6.27)

and use (5.11), (6.3), (6.4) and (6.24) to see that

1
- 2 S(1 2
[ Tyl <l = wllValles + 8 [ ulr? S oy + S SR (g
A*
As
07 (V)| < (o + 52%)‘A¢u| +610:A¢u| < (o + 5)Cur_2]lA* (6.29)

we can furthermore use (6.3), (6.4), (6.24) and (5.11) to see that

\/&val Sy = oal[VaDllze + [0 (v = v) [Vl 22 +/|T(7)|Iw|+ |07 ()] |w]

o+ o+ -2 5+ 1
S wagi + oty [l S Gty om 504 5 Ry

A*
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where the penultimate step follows from (6.4).
Finally we use (5.41) to write

T, = P;, (d*7n (v1)(Vor, Vur) — d?7n(31) (P, Vi, Py, Vor)). (6.30)

From (6.3), (6.21), (6.24) and (6.25) we hence get that also

/|Tww| S lvr = 31lpgllze + [llvr — 311Vl L2 + (| Py, Vor — Vugllre S Rs.

From (6.30) we see that

|/3ETWUJ| S lllvr =311Vl + 1110 (01 = 51)[Voill L2 + [|1 Py, Vor — Vou |
/|8 PJ‘Vvl )|V ||w].

As we can write P;rVoy = (P;r — PL)(Vur) + (Py; — Py )(Vy) + (P — P(i(o))vjl we
hence also get that | [ 0. Trw| < Ra.
All in all we hence get that

/‘7(31)IU‘ S R3+ T and /‘857’(31)w| SR+ T +nr.
Q1 [oN

To complete the proofs of Lemmas 3.2 and 3.3 it remains to bound the contributions of
the last two terms in (6.16). These are supported on A where p, < 1, 7(y) = 0 and hence

|A31] S u(@ + 8%(log ) =) (6.31)
so in particular |Aj] <1+ T )2,u Combined with (5.56) and (6.4) this shows that

2

1
| / (P, = Py) (Ba)wl S 1B17[1 + gotoagerd] el 1 ) S 8117 (log 1)F + ogiogsrs

only gives a lower order contribution, while (5.56) and (6.4) also allow us to bound
1
JrEA / ul S IBl7(iog )% < Ry,

This completes the proof of Lemma 3.2

Combining (6.31) with (5. 58) gives a pointwise bound of |0.err,||Aj1| S R4 while com-
bining [0:A31| < p(V+nrarp™ )+/‘?1o?7)70 with (5.56) ensures that also |err,||0:A31] S
R4 on A. Combined with (6.4) we can hence obtain that
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| / 9.((Pyy — Py)Ag)w| < Rap~(log j)* < Ry

just gives a lower order contribution to d2E(3)(9:3, w).
Finally (5.56), (5.59) and (6.4) allow us to also bound

/Iaa(PaAerrsa)Ilwl S (10eAerrg | oo 4y + [[AerTg || oo 4 10l L1 4) (6.2)

S (U8B + 10-B1)7 + mrarll Bl (log 1) < Ra,

which completes the proof of Lemma 3.3.
Data availability
No data was used for the research described in the article.

References

[1] W.Y. Ding, G. Tian, Energy identity for a class of approximate harmonic maps from surfaces,
Commun. Anal. Geom. 3 (1995) 543-554.

[2] R.D. Gulliver, R. Osserman, H.L. Royden, A theory of branched immersions of surfaces, Am. J.
Math. 95 (1973) 750-812.

[3] R.D. Gulliver, B. White, The rate of convergence of a harmonic map at a singular point, Math.
Ann. 283 (4) (1989) 539-549.

[4] F.-H. Lin, C.-Y. Wang, Energy identity of harmonic map flows from surfaces at finite singular time,
Calc. Var. Partial Differ. Equ. 6 (1998) 369-380.

[5] F.-H. Lin, Mapping problems, fundamental groups and defect measures, Acta Math. Sin. Engl. Ser.
15 (1999) 25-52.

[6] Q. Liu, Y. Yang, Rigidity of the harmonic map heat flow from the sphere to compact Kéhler
manifolds, Ark. Mat. 48 (1) (2010) 121-130.

[7] A. Malchiodi, M. Rupflin, B. Sharp, Lojasiewicz inequalities near simple bubble trees, Am. J. Math.
146 (2024) 1361-1397.

[8] J.D. Moore, Bumpy metrics and closed parametrized minimal surfaces in Riemannian manifolds,
Trans. Am. Math. Soc. 358 (12) (2006) 5193-5256.

[9] J.D. Moore, Introduction to Global Analysis: Minimal Surfaces in Riemannian Manifolds, AMS
Graduate Studies in Mathematics, vol. 187, American Mathematical Society, Providence, 2017.

[10] J. Qing, G. Tian, Bubbling of the heat flows for harmonic maps from surfaces, Commun. Pure Appl.
Math. 50 (1997) 295-310.

[11] M. Rupflin, Lojasiewicz inequalities for almost harmonic maps near simple bubble trees, Ann. Inst.
H. Poincaré C Anal. Non Linéaire (2024), https://doi.org/10.4171/ATHPC/131, published online
first.

[12] J. Sacks, K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. Math. 113 (1981)
1-24.

[13] L. Simon, Asymptotics for a class of non-linear evolution equations, with applications to geometric
problems, Ann. Math. 118 (1983) 525-571.

[14] M. Struwe, On the evolution of harmonic mappings of Riemannian surfaces, Comment. Math. Helv.
60 (1985) 558-581.

[15] P.M. Topping, Rigidity in the harmonic map heat flow, J. Differ. Geom. 45 (1997) 593-610.

[16] P.M. Topping, Repulsion and quantization in almost-harmonic maps, and asymptotics of the har-
monic map flow, Ann. Math. 159 (2004) 465-534.

[17] P.M. Topping, Bubbling of almost-harmonic maps between 2-spheres at points of zero energy den-
sity, in: Variational Problems in Riemannian Geometry: Bubbles, Scans and Geometric Flows, in:
Progress in Nonlinear Differential Equations and Their Applications, vol. 59, 2004, pp. 33—42.


http://refhub.elsevier.com/S0022-1236(25)00188-0/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib98E5FBEB7A67F4BDDE9F62B7DDAF24E9s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib98E5FBEB7A67F4BDDE9F62B7DDAF24E9s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib84AF4017F0AEC29384DB35A8D1EA6CE6s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib84AF4017F0AEC29384DB35A8D1EA6CE6s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3C7597D8BD3C4A55862E70A6AD736A3Bs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3C7597D8BD3C4A55862E70A6AD736A3Bs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bibA1A4F8363A4B52CBD0E798CA6C542FC7s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bibA1A4F8363A4B52CBD0E798CA6C542FC7s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib32E1E64D13D17DD555037461B89C56A9s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib32E1E64D13D17DD555037461B89C56A9s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib1553EFAC04C2B29D8BB61A0A4552A34Es1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib1553EFAC04C2B29D8BB61A0A4552A34Es1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3F84183918BBCCE913EECB6FD74A27D0s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3F84183918BBCCE913EECB6FD74A27D0s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3599A53AE39BA8A84A0C60107E7A5D89s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib3599A53AE39BA8A84A0C60107E7A5D89s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib4C29143F749D167E59B57F782AA1E8B6s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib4C29143F749D167E59B57F782AA1E8B6s1
https://doi.org/10.4171/AIHPC/131
http://refhub.elsevier.com/S0022-1236(25)00188-0/bibF7ADF0BA18D705092FA0A1E2F2C0BAFBs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bibF7ADF0BA18D705092FA0A1E2F2C0BAFBs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib78843575BF3437D87361A2ABA0A3FDEAs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib78843575BF3437D87361A2ABA0A3FDEAs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib9F9AC30B27559384D8B6C265A42D446Fs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib9F9AC30B27559384D8B6C265A42D446Fs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bibC601277818C130A930EE15B956F5CAE2s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib61651A7BE378D063B1E45FC17254B4F7s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib61651A7BE378D063B1E45FC17254B4F7s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib30EEBD27DF315B98EF89FC55C064035Bs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib30EEBD27DF315B98EF89FC55C064035Bs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib30EEBD27DF315B98EF89FC55C064035Bs1

M. Rupflin / Journal of Functional Analysis 289 (2025) 111006 59

[18] A. Waldron, Lojasiewicz inequalities for maps of the 2-sphere, preprint, arXiv:2312.16686, 2023.

[19] B. White, The space of minimal submanifolds for varying Riemannian metrics, Indiana Univ. Math.
J. 40 (1) (1991) 161-200.

[20] B. White, On the bumpy metrics theorem for minimal submanifolds, Am. J. Math. 139 (4) (2017)
1149-1155.

[21] B. White, Generic transversality of minimal submanifolds and generic regularity of two-dimensional
area-minimizing integral currents, arXiv:1901.05148.


http://refhub.elsevier.com/S0022-1236(25)00188-0/bib38A3EAD2008D067B1427814F2D7DBF4As1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib33D1AE406104CD3AE3220AFDDDB3926Es1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib33D1AE406104CD3AE3220AFDDDB3926Es1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib208B9B19D9D24BDC571258EBC934BA87s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib208B9B19D9D24BDC571258EBC934BA87s1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib198A577FDED1471E174218F535AE54FCs1
http://refhub.elsevier.com/S0022-1236(25)00188-0/bib198A577FDED1471E174218F535AE54FCs1

	Low energy levels of harmonic spheres in analytic manifolds
	1 Introduction
	2 Construction of the singularity models
	3 Key lemmas
	4 Proof of the main theorems
	4.1 Proofs of Theorem 1.3 and Corollary 1.4
	4.2 Proofs of Theorems 1.5 and 1.7 and of Corollary 1.6

	5 Variations of the energy along Z0
	5.1 Technical estimates
	5.2 General variations of the energy along Z
	5.3 Dominating terms in the energy expansions for variations of the rational maps
	5.4 Dominating terms in the energy expansion for variations of the underlying maps Ui

	6 Estimates on the first and second variation of the energy
	6.1 Uniform definiteness of the second variation orthogonal to Z
	6.2 Proofs of Lemmas 3.2 and 3.3

	Data availability
	References


