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1 Introduction

In 1988, Erik Verlinde conjectured a by now famous formula, valid in two-dimensional rational
conformal field theory (RCFT), which relates the fusion coefficients of the theory to its
modular S-matrix [1]:

Nij
k =

∑
h∈P

SihSjhS∗
hk

S1h
. (1.1)

Here the sum runs over a finite set of primary operators of the chiral algebra. The Verlinde
formula is often phrased as the statement that the modular S-matrix diagonalizes the fusion
rules of an RCFT. A very striking feature of this formula is that it relates local data of
the CFT to the global features of the CFT on the torus. Another important consequence
is that it makes manifest the fact that the fusion rules form an algebra, which is both
commutative and associative.
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Soon after Verlinde’s discovery, Moore and Seiberg proved the formula (1.1), by using the
consistency conditions imposed on any 2d CFT so as to define it on an arbitrary (punctured)
Riemann surface [2, 3]. The modern formulation of these consistency conditions uses the
theory of modular tensor categories [4, 5]. For further applications and reviews of the Verlinde
formula, we refer to [6–10].

A natural question is whether a version of the Verlinde formula (1.1) continues to hold
for non-rational conformal field theories.1 For now, we restrict ourselves to non-rational
CFT’s with only Virasoro symmetry (i.e. with no extended chiral algebra) and central charge
c ≥ 25. However, in this case one immediately runs into a problem: the space of allowed
unitary highest-weight representations is non-compact, meaning that instead of a finite sum
over primaries the right-hand side of (1.1) would be replaced by a continuous integral:

NP3
P1P2

?=
∫ ∞

0
dP

SP1P [1]SP2P [1]S∗
P P3

[1]
S1P [1]

. (1.2)

For non-degenerate primaries O1,2,3 with conformal weights ∆i,∆i parametrized in terms
of Liouville momenta Pi, P i the modular S-kernels SPiP [1] and S1P [1] are known explicitly,
and it turns out that the integral in the naive guess (1.2) is divergent. This is of course
incompatible with the definition of a fusion coefficient NP3

P1P2
as the dimension of the space

of 3-point conformal blocks on the sphere, which, for the Virasoro algebra, should be either
zero or one [13].

In order to resolve this problem, we use the recently constructed Virasoro TQFT [14, 15]
to derive a new formula that expresses the Virasoro fusion kernel, with a particular repetition
of its arguments, as an integral over a ratio of S-kernels:

FP1P3

[
P0 P3
P1 P2

]
=
∫ ∞

0
dP

SP1P [P0]SP2P [1]S∗
P P3

[P0]
S1P [1]

. (1.3)

Importantly, the integrand contains the one-point S-kernel, which implements the modular
S-transform of the torus one-point conformal block [16]. The presence of the extra Liouville
parameter P0 (which labels the conformal weight of the operator O0 inserted on the punctured
torus) makes the integral in (1.3) convergent. This motivates us to define the left-hand side
of (1.3) as a ‘regularized fusion density’,

NP0 [P1, P2, P3] := FP1P3

[
P0 P3
P1 P2

]
, (1.4)

which is now a well-defined meromorphic function of the (left-moving2) Liouville momenta
of O1,2,3. The external momentum P0 plays the role of a regulator, in the sense that the
limit O0 → 1 is divergent (due to the P−2 scaling of the ratio (1.2) for small P ) but the

1This question was partially addressed in [11] for Liouville theory (restricted to degenerate representations)
and two examples of non-compact WZW coset models. The possibility was also briefly considered in the
outlook of [12], but not pursued in later works. Our results can be seen as a further development of the ideas
in those works.

2Since the conformal blocks of the Virasoro algebra factorize into left- and right-movers, the crossing kernels
are also holomorphically factorized. Hence equations (1.3) and (1.4) both have a right-moving counterpart
that depends on the anti-holomorphic coordinates P i.
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analytic properties of the crossing kernels allow us to extract non-trivial information about
the fusion rules before taking the regulator to the identity.

As an example, consider the analytic continuation of the regularized fusion density (1.4)
to the ⟨2, 1⟩ degenerate representation P2 = P⟨2,1⟩ ≡ ib+ i

2b , where b parametrizes the central
charge. A careful analysis of the Virasoro fusion kernel then shows that

lim
P0→1

NP0 [P1, P⟨2,1⟩, P3] = δ(P1 − (P3 + ib
2 )) + δ(P1 − (P3 − ib

2 )), (1.5)

which indeed takes the form of a density ∑k Nij
k δ(P −Pk), where Nij

k are the known fusion
coefficients of the generalized Virasoro minimal model. More generally, using the known
closed-form expressions for the fusion kernel found by Ponsot and Teschner [17, 18], we
derive a wealth of analytic properties of the fusion density NP0 , including reality, positivity,
degenerate and non-degenerate selection rules, commutativity and associativity. These
properties will be established in section 2.3.

There is a very interesting rewriting of the main formula (1.3) that makes contact with
the quantum 6j symbol of the Virasoro algebra. If we conveniently normalize the one-point
S-kernels (which we denote by a hat: see (2.47)), then equation (1.3) can be written in terms
of the Racah-Wigner quantum 6j symbol as:{

P3 P3 P0
P1 P1 P2

}
6j

=
∫ ∞

0
dµ(P )

ŜP1P [P0]SP2P [1]Ŝ∗
P P3

[P0]
S1P [1]

. (1.6)

We can rephrase this formula as the statement that the one-point S-kernel ŜP P ′ [P0] diagonal-
izes the Virasoro 6j symbol, with ‘eigenvalues’ given by the ratio of S-kernels:

SP2P [1]
S1P [1]

= cos(4πPP2)
2 sinh(2πbP ) sinh(2πb−1P ) . (1.7)

This resonates with the interpretation of the standard Verlinde formula as stating that
the modular S-matrix diagonalizes the fusion rules in RCFT. Note that the left-hand side
of (1.6) is not the most general 6j symbol, since the external operators O1,3 are pairwise
identical. It is proportional to the fusion kernel FP0P2

[
P1 P3
P1 P3

]
, which governs the crossing

transformation between the s- and t-channel conformal block expansions of the sphere
four-point function ⟨O1O1O3O3⟩.

The rewriting (1.6) reveals an underlying quantum group structure of the Virasoro-
Verlinde formula. Since the work of Ponsot and Teschner [17, 18], it has been known that
the representation theory of the Virasoro algebra, for the continuous series P ∈ R+, coincides
with the representation theory of the modular double of the quantum group Uq(sl(2, R)). In
particular, the Virasoro 6j symbol is equal to the Racah-Wigner coefficient of the modular
double. Moreover, the integration measure

dµ(P ) := dP ρ0(P ) (1.8)

where ρ0(P ) = 4
√
2 sinh(2πbP ) sinh

(
2πb−1P

)
, coincides with the Plancherel measure on

the space of representations of Uq(sl(2, R)). Since the 6j symbol plays a prominent role in
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Figure 1. Three applications of the Virasoro-Verlinde formula: a) open-closed duality of the annulus
one-point function in boundary Liouville CFT; b) gravitational path integrals on knot and link
complements in S3 that fiber over the circle; c) a three-boundary torus wormhole in AdS3, with new
implications for the statistical properties of universal CFT2 data.

Liouville theory [19, 20], 3D gravity [15, 21, 22] and the tensor-matrix model of [23, 24], the
new identity (1.6) will likely prove to be useful in these contexts.

Indeed, in section 3 we give three applications of the Virasoro-Verlinde formula in a variety
of theories governed by Virasoro symmetry. These applications — in Liouville boundary
CFT, quantum topology and AdS3/CFT2 — are summarized pictorially in figure 1. The
results of this section can be formulated as follows:

• In section 3.1, we show that the Virasoro-Verlinde formula proves the open-closed
duality of the boundary one-point function on the annulus in boundary Liouville CFT,
thanks to the relation between the non-perturbative Liouville BCFT structure constants
and the Virasoro crossing kernels.

• In section 3.2, we demonstrate that the Virasoro-Verlinde formula provides the relation
between two distinct ways of evaluating the Virasoro TQFT partition function (as a
so-called ‘Heegaard splitting’ and as a ‘mapping torus’) for finite volume hyperbolic
3-manifolds that admit a fibration over the circle. We make this explicit for two
well-known knot and link complements, the figure-8 knot and the Whitehead link.

• In section 3.3, we find that the Virasoro-Verlinde formula precisely computes the
gravitational path integral on a three-boundary torus wormhole with a conical defect in
the bulk. This gives a bulk interpretation to the regulator P0 in (1.3) as parametrizing
the mass of a matter Wilson line that stabilizes the wormhole. Assuming a ‘coarse-
grained’ AdS3/CFT2 dictionary between 3d gravity (with defects) and the statistical
ensemble of universal large-c CFT data of [25], our computation gives a new prediction
for the connected contribution to the ‘mixed’ expectation value ρC2 between the density
of primary states and two OPE coefficients.

After these applications, in section 4 we turn to the question of whether the Virasoro-
Verlinde formula defines a particular fusion product within the space of unitary highest-weight
representations of the Virasoro algebra. We find a neat connection with a fusion product
previously considered in [12] which we discuss in detail. For ‘generic’ non-rational 2d CFTs
with only Virasoro symmetry — comprising a discrete set of left-right representations — we
raise the issue of the existence of a ‘generalized Virasoro-Verlinde’ formula that appropriately
captures the discreteness of the representations. This leads us to conjecture a novel formula
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relating the modular-invariant density of states on S1 with the associated fusion numbers,
which, as we explain, can be used to derive novel bootstrap constraints on the density of states.

Organization of the paper

This article is organized as follows. In sections 2.1 and 2.2, we prove the main formula (1.3)
using the correspondence between Virasoro crossing kernels in c ≥ 25 2d CFT and the 3d
Virasoro TQFT. An alternative proof that uses only the 2d CFT consistency conditions is
given in appendix B. After introducing the regularized fusion density NP0 , we derive many of
its properties in section 2.3. In section 3, we give three applications of the formula, which were
summarized above. Then, in section 4, we comment on the implications of our formula for
general CFTs with only Virasoro symmetry, leading us to propose a new bootstrap condition
on the spectral density of an non-rational CFT. We end with a discussion and outlook. In
appendix A, we collect the necessary background on crossing kernels and Virasoro TQFT.

2 A Verlinde formula for the Virasoro algebra

In this section, we give the proof of the main formula (1.3) using the Virasoro TQFT. In
appendix B, we also provide a separate CFT derivation that only makes use of the (non-
rational) Moore-Seiberg consistency conditions. After establishing the Virasoro-Verlinde
formula in section 2.2, we will describe the properties of the fusion density in section 2.3.
However, before we go into the Virasoro TQFT, let us briefly recall how the rational Verlinde
formula can be proven using 3d TQFT techniques.3

2.1 Rational CFT recap

In the standard set-up where the Verlinde formula applies, we have a rational CFT2 with
some chiral algebra A and finite-dimensional Hilbert spaces of conformal blocks Hg,n, labeled
by the data of a punctured Riemann surface Σg,n in a given pair-of-pants decomposition
C. Crossing transformations between the channels C and C′ are finite-dimensional matrices,
and the fusion coefficients are Nij

k = dim(H0,3).
There is a dual description of rational CFT’s in terms of 3d Chern-Simons theory with

compact gauge group [6, 26]. So, to set up the derivation of the Verlinde formula in RCFT,
let us consider the Chern-Simons partition function on the following link, embedded in the
3-sphere, consisting of three Wilson loops:

i j

k
. (2.1)

The labels i, j and k specify the representation of the gauge group that the Wilson loops are
in. The main idea of the argument, that we will sketch, is that the Chern-Simons partition
function of the link complement in S3 can be computed in two different ways:

3We thank Lorenz Eberhardt for explaining the argument. More details are found in section 4 of [6].
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1) First unlink the i and j loops from the k loop, using the TQFT identity:4

k
j

= Sjk

S1k

k
. (2.2)

Here Sjk is the modular S-matrix of the RCFT and 1 denotes the identity module.
Then, after unlinking i and j, we are left with a single Wilson loop ZCS

[
k

]
.

2) First fuse the loops i and j into a new Wilson loop h. The allowed representations for
h are determined by the fusion coefficient Nij

h:

i j

k
= ∑

h

h

kNij
h (2.3)

Then use the TQFT formula (2.2) to unlink h from k. What’s left is again a single
Wilson loop inside S3, labeled by k.

The two ways of computing the link should give the same answer for the Chern-Simons
partition function. Therefore, consistency of the TQFT demands that:

SikSjk

S1kS1k
=
∑

h

Nij
h Shk

S1k
. (2.4)

This is basically Verlinde’s formula. We can bring it in the equivalent form (1.1) by dividing
out a common factor S1k and acting with the inverse S-matrix (S−1)hk = S∗

kh.
A simple generalization of this argument is to consider a ring labeled by k, as in (2.1),

but now with multiple Wilson loops i1, . . . in−1 linked to it. There are again two ways to
compute the Chern-Simons partition function of this configuration: either we first unlink all
loops im using n−1 applications of (2.2), or we first fuse all loops with each other successively.
The latter simply computes the dimension of H0,n.

2.2 Virasoro TQFT proof

Inspired by the above strategy, we explore to what extent the derivation should be modified
for non-rational CFT’s with only Virasoro symmetry and c ≥ 25. In this case, the Hilbert
space of Virasoro conformal blocks Hg,n is infinite-dimensional [27]. The Virasoro conformal
blocks are labeled by continuous conformal weights, for which we use the conventional
Liouville parametrization:

∆ = c − 1
24 + P 2, ∆ = c − 1

24 + P
2
, c = 1 + 6Q2, Q = b + b−1 . (2.5)

4This formula is valid in any 3d TQFT. It is shown in appendix A.4 that a similar formula holds for the
Virasoro TQFT, where the ratio of S-kernels is given by (1.7).
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Here ∆,∆ label the conformal weights of primaries with respect to the Virasoro algebra
Vir×Vir. The blocks factorize holomorphically as F C

g,n(Pi;POi ; Ω)F
C
g,n(P i;POi ; Ω), where

{Pi}3g−3+n
i=1 are a set of ‘internal momenta’ associated to a given channel C of the block

(corresponding to a choice of pair-of-pants decomposition of the Riemann surface), and
{POi}n

i=1 label the conformal weights of the external operators Oi inserted at the punctures.
Finally, Ω denotes the set moduli of the Riemann surface.

A complete basis of non-degenerate Virasoro conformal blocks is parametrized by positive
real values of Pi (so ∆i ≥ c−1

24 ). Degenerate conformal blocks, such as the vacuum block,
exist as analytic continuations in Pi to discrete points on the imaginary axis.5 To make
the space of c ≥ 25 Virasoro conformal blocks into a Hilbert space, an inner product was
constructed in [14]; see also our appendix A.

Conformal blocks in one channel C can be mapped to conformal blocks in a different
channel C′ by so-called crossing transformations. For conformal blocks of the Virasoro
algebra at c ≥ 25, these transformations are represented as integral kernels K, integrated
over real internal momenta:

F C
g,n(Pi;POk

; Ω) =
∫ ∞

0

∏
i

dP ′
i K{Pi},{P ′

i}
[
{POk

}n
k=1

]
F C′

g,n(P ′
i ;POk

; Ω′). (2.6)

An excellent review of Virasoro crossing kernels was recently given in [16]. We also give a
brief overview of these kernels in appendix A. A complete set of generators for the Virasoro
crossing kernels is given by the following three basic transformations:

Sphere four-point fusion kernel: FP P ′

[
P2 P1
P3 P4

]
, (2.7)

Torus one-point S-kernel: SP P ′ [P0], (2.8)

Sphere three-point braiding phase: BP2P3
P δ(P − P ′). (2.9)

These generators satisfy a non-rational version of the Moore-Seiberg construction [28]. Even
though the conformal blocks are not known analytically for general g, n, the above generators
of the Moore-Seiberg group are known in closed form. The solutions were originally derived
in [17, 18], and a short review of their functional form is provided in appendix A.2. Many
more of their properties are collected in [16].

The existence of a non-rational analog of the Moore-Seiberg construction for the Virasoro
algebra at c ≥ 25 allows one to define a consistent 3d topological quantum field theory, which
was named the Virasoro TQFT in [14, 15]. There, it was used as an intermediate step in
the calculation of exact partition functions in pure AdS3 gravity on hyperbolic 3-manifolds.
The Virasoro TQFT allows for efficient computations of multiboundary wormholes in 3d
gravity, which capture higher statistical moments of OPE data [29]. In this article, we will
use the Virasoro TQFT as a powerful framework in which the infinite number of integral
identities relating the generators (2.7), (2.8) and (2.9) are encoded in topological properties of
3-manifolds. This will allow us to easily derive the non-rational analog of the Verlinde formula.
The connection to 3d gravity and multiboundary wormholes will be made in section 3.

5For the degenerate blocks one has to subtract any null-states by hand, as is well-understood [16].
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Two ways of computing a 3d partition function. Let us now turn to the TQFT
derivation of the Virasoro-Verlinde formula (1.3). We would like to mimic the argument
sketched in section 2.1. However, a direct translation of that argument to the non-rational
case does not work, for the following reason. An important technicality of the Virasoro
TQFT is that the inner product for Hg,n is only well-defined for stable surfaces, which means
that we should slice bulk 3-manifolds along surfaces of negative Euler characteristic. In
particular, the sphere partition function is ill-defined.

So in order to use the Virasoro TQFT properly, our main idea is to slice the 3-manifold
depicted in (2.1) along a four-punctured sphere. The Hilbert space of four-punctured sphere
conformal blocks H0,4 has a well-defined inner product (A.21) and a complete basis of
states [14]. Specifically, we compute the Virasoro TQFT partition function on a ball with
boundary Σ0,4, with the following configuration of bulk Wilson lines:6

M =

P1

P3

P2

(2.10)

The Wilson lines are labeled by continuous Liouville momenta Pi which parametrize the
conformal weight of a non-degenerate Virasoro primary through (2.5).

By the usual rules of 3d TQFT, the path integral on the manifold M defines a state
ZVir(M) ∈ H0,4. We can evaluate this partition function in two distinct ways:

1) First unlink the red P2 loop from the parallel Wilson lines P1 and P3 using the Virasoro
TQFT identities (A.28) and (A.29), which involve the one-point S kernel:

ZVir


1

3

2 =

∫ ∞

0
dP0dP ′

0F1P0

[
P1 P1
P1 P1

]
SP1P2 [P0]
S1P2 [1]

F1P ′
0

[
P2 P2
P2 P2

]S∗
P2P3

[P ′
0]

S1P3 [1]
ZVir


1

3 P ′
0

2
P0

 .

(2.11)

These unlinking formulas are derived in appendix A.4 and have not appeared in the
literature before. Next, remove the red ‘Wilson bubble’, using the Virasoro TQFT
identity (A.30). This gives:

ZVir(M)=
∫ ∞

0
dP0F1P0

[
P1 P1
P1 P1

] SP1P2 [P0]S∗
P2P3

[P0]
S1P2 [1]S1P3 [1]

ZVir


1

3
P0

 . (2.12)

6The term Wilson line is still appropriate thanks to the connection between Virasoro TQFT and the
quantization of PSL(2, R) Chern-Simons theory, or more precisely, its Teichmüller component [14].
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Here we used the relation (A.13) between F and C0 to simplify the integrand. So we
have written ZVir(M) as a superposition of sphere four-point blocks in the t-channel,
with an exchanged heavy operator of weight ∆0.

2) First fuse P1 and P3, by inserting the identity line and applying an identity fusion
move:

ZVir


1

3

2

1

 =
∫ ∞

0
dP F1P

[
P1 P3
P1 P3

]
ZVir


1

3

2

P

1

3

 . (2.13)

The operation of adding an identity line can always be done ‘for free’, as it corresponds
to cutting the 3-manifold locally along a four-punctured sphere surrounding a neigh-
bourhood of the endpoints of the identity line. Next, apply the TQFT rule for the
Verlinde loop operator (A.33) to remove the P2 loop:

1

3

2

P

1

3
=

1

3 P

1

3

2

= SP2P [1]
S1P [1]

1

3 P

1

3
. (2.14)

The ratio of identity S-kernels that arises has the simple form (1.7). Finally, apply
another fusion move to bring the conformal block back to the t-channel. This gives the
following expression for the partition function:

ZVir(M)=
∫ ∞

0
dPdP0F1P

[
P1 P3
P1 P3

]
SP2P [1]
S1P [1]

FP P0

[
P1 P1
P3 P3

]
ZVir


1

3
P0

 . (2.15)

Consistency of the Virasoro TQFT demands that the two ways of calculating the partition
function ZVir(M) should be equal. Remark that we expressed both (2.12) and (2.15) as
superpositions of the four-point sphere conformal block in the t-channel, with exchanged
momentum P0. Using the fact that the t-channel conformal blocks with P0 ∈ R+ form
a complete orthogonal basis for the Hilbert space H0,4, we conclude that the expansion
coefficients should be equal:

∫ ∞

0
dP F1P

[
P1 P3
P1 P3

]
SP2P [1]
S1P [1]

FP P0

[
P1 P1
P3 P3

]
= F1P0

[
P1 P1
P1 P1

] SP1P2 [P0]S∗
P2P3

[P0]
S1P2 [1]S1P3 [1]

. (2.16)

This is essentially the Virasoro-Verlinde formula (1.3) that we wanted to prove. We
can massage the equation into the desired form, by acting on both sides with the modular
S kernel SP ′

2P2 [1] (that is, taking the inverse Fourier transform of (2.16)) and using the
permutation symmetry of the C0 formula:

F1P

[
P1 P3
P1 P3

]
S1P [1]

= C0(P, P1, P3) = C0(P3, P, P1) =
F1P3

[
P P1
P P1

]
S1P3 [1]

. (2.17)
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Rearranging the F kernels to one side of the equation, and relabeling dummy variables, we
arrive at the following equation:

F1P3

[
P1 P2
P1 P2

]
FP2P0

[
P1 P1
P3 P3

]
F1P0

[
P1 P1
P1 P1

] =
∫ ∞

0
dP

SP1P [P0]SP2P [1]S∗
P P3

[P0]
S1P [1]

. (2.18)

Finally, we can use the tetrahedral symmetry of the fusion kernel (see equation (2.57) in [16])
to write the left-hand side in terms of the fusion density (1.4):

NP0 [P1, P2, P3] := FP1P3

[
P0 P3
P1 P2

]
=

F1P3

[
P1 P2
P1 P2

]
FP2P0

[
P1 P1
P3 P3

]
F1P0

[
P1 P1
P1 P1

] . (2.19)

This concludes the Virasoro TQFT proof.

2.3 Properties of the fusion density

We will now explore the properties of the fusion density NP0 . As we saw above, it is expressed
as a fusion kernel (2.19), but it is not a priori clear that it satisfies the properties expected
of a fusion coefficient Nij

k. In this section, we derive many of the relevant properties of
NP0 [P1, P2, P3] and compare them to general properties expected of fusion coefficients. This
will explain why it deserves the name fusion density.

Reality. In general, a fusion coefficient Nij
k is a positive integer if k appears in the fusion

of i and j, and zero otherwise. We are proposing a density of fusion coefficients, so we
do not expect to get an integer, but at least we expect the fusion density to be real and
non-negative. Let us first check the reality of NP0 .

Recall that the fusion density is defined through the fusion kernel F, see (2.19). For real
values of its arguments Pi, and c ≥ 25, the fusion kernel is known to take real values [17].
So at least for the heavy states, the fusion density is real. This can also be seen directly
from the formula (1.3), since

(
NP0 [P1, P2, P3]

)∗ = ∫ ∞

0
dP

S∗
P1P [P0]SP2P [1]SP P3 [P0]

S1P [1]
= NP0 [P1, P2, P3], (2.20)

where in the last equality we used that for all Pa, Pb ∈ R [16]:

S∗
PaPb

[P0] = e−πi∆0SPaPb
[P0]. (2.21)

Viewed as a meromorphic function of complex variables Pi ∈ C, NP0 is not everywhere
real-valued in the complex plane, but we will check later in this section that the fusion density
is real at the degenerate points P⟨m,n⟩ = ibm

2 + in
2b .
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Positivity. To show that the fusion density is non-negative, we need to work a little harder.
We can use the closed-form solution of the fusion kernel (see equation (A.17)) to give an
explicit integral expression for the fusion density:7

NP0 [P1,P2,P3]=FP1P3

[
P0 P3
P1 P2

]
=FP1P3

[
P2 P1
P3 P0

]
=

=AP0
P1P3

∫ ∞

−∞
dxSb

(Q
4 +

i
2P0±i(x+P2

2 )±iP1
)
Sb

(Q
4 −

i
2P0±i(x−P2

2 )±iP3
)
.

(2.22)

Here Sb(z) is the double sine function [19, 20], and we used the standard notation that ±
denotes a product over all choices of sign. The normalization factor is given by a ratio of
Barnes double gamma functions:

AP0
P1P3

= Γb(Q ± 2iP1)
Γb(±2iP3)

Γb

(
Q
2 + iP0 ± 2iP3

)
Γb

(
Q
2 + iP0 ± 2iP1

) . (2.23)

Now, assume P0 = ip0 is pure imaginary with p0 ∈ [0, Q
2 ), and also choose P1,2,3 ∈ R. Then

the integrand can be written as an absolute value square:

Nip0 [P1, P2, P3] =

Aip0
P1P3

∫ ∞

−∞
dx
∣∣∣Sb

(Q
4 − p0

2 + i(x + P2
2 )± iP1

)
Sb

(Q
4 + p0

2 + i(x − P2
2 )± iP3

)∣∣∣2. (2.24)

Here we used that the double sine function behaves under complex conjugation as [16]:

Sb(z) = Sb(z). (2.25)

Since the integrand is manifestly non-negative, the integral is non-negative too.
The prefactor is also real and non-negative when O0 is light and O1,3 are heavy:

Aip0
P1P3

∈ R+ ∀ p0 ∈ [0, Q
2 ), P1, P3 ∈ R. (2.26)

This follows from the following reality property of the double gamma function:

Γb(x + iP ) = Γb(x − iP ) ∀x, P ∈ R+. (2.27)

This property is easily derived from the integral formula of the Γb function, written for example
in equation (2.19) of [14]. We conclude that the fusion density is real and non-negative
for O0 light and O1,2,3 heavy:

NP0 [P1, P2, P3] ≥ 0. (2.28)
7To arrive at this formula, we evaluated (A.17) on P4 = P0, Ps = P1, Pt = P3. Then we performed

the change of variables z = Q
4 + ix − i

2 (P2 − P0), and used the fact that the double sine function satisfies
Sb(z) = 1/Sb(Q − z). The change of variables is allowed since we assume 0 ≤ Im(P0) < Q

2 , so the contour
does not cross any poles.
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Identity selection rule. In any CFT, the fusion coefficients should obey the selection rule
Ni1

k = δik, which follows from the same property of the OPE coefficient Ci1
k. The fusion

density satisfies the continuous analog of this selection rule when P2 → 1:

NP0 [P1, 1, P3] = FP1P3

[
P0 P3
P1 1

]
= δ(P1 − P3), (2.29)

for arbitrary P0 ∈ C. This follows from an analysis of the fusion kernel (see e.g. equation (3.76)
in [16]) or more directly by using the r.h.s. of the Virasoro-Verlinde formula (1.3):

FP1P3

[
P0 P3
P1 1

]
=
∫ ∞

0
dP SP1P [P0]S∗

P P3 [P0] = δ(P1 − P3). (2.30)

In the second equality we used the idempotency of the one-point S-kernel.
The other two limits, P1 → 1 or P3 → 1, are not well-defined for arbitrary P0 as can

be seen from the r.h.s. of (1.3) (i.e. the modular kernel with a non-trivial external operator
P0 cannot have the identity propagating in one of the internal channels). To study those,
we need to send P1(P3) → 1 in a coordinated way together with P0 → 1. Taking this limit
carefully we get limP0,P1→1 SP1P [P0] = ρ0(P ), as expected.8 Then

lim
P0,P1→1

NP0 [P1, P2, P3] =
∫ ∞

0
dP SP2P [1]SP P3 [1] = δ(P2 − P3). (2.31)

A similar analysis holds for the other limit P3 → 1.

Degenerate representations. Instead of taking P2 → 1, we can also consider P2 to be a
different non-identity degenerate representation. The irreducible degenerate representations
of the Virasoro algebra occur at the discrete imaginary values

P⟨m,n⟩ =
ibm

2 + in

2b
, m, n ∈ Z>0. (2.32)

Even though we derived equation (1.3) for real momenta only, both sides of the Virasoro-
Verlinde formula are meromorphic functions of their complex arguments Pi. We can therefore
evaluate our formula on P2 = P⟨m,n⟩:

FP1P3

[
P0 P3
P1 ⟨m, n⟩

]
=
∫ ∞

0
dP

SP1P [P0]S⟨m,n⟩P [1]S∗
P P3

[P0]
S1P [1]

. (2.33)

For this equation to hold true, one has to use the degenerate crossing kernels (which appear
in the generalized minimal models, as well as Liouville theory with only degenerate vertex
operators). The degenerate S-kernel is given in (A.6), and the ratio

S⟨m,n⟩P [1]
S1P [1]

= sinh
(
2πb−1mP

)
sinh(2πb nP )

sinh(2πb−1P ) sinh(2πbP ) (2.34)

is now regular at P = 0. So we can safely set the ‘regulator’ to P0 → 1.
As an example, let us take ⟨m, n⟩ = ⟨2, 1⟩. In that case, the BPZ equation fixes the

degenerate 4-point conformal block in terms of the Gauss hypergeometric function [31]. The
8For more details about this limit see e.g. appendix A of [30].

– 12 –



J
H
E
P
0
4
(
2
0
2
5
)
0
1
5

connection identity satisfied by the hypergeometric 2F1 allows one to read off the ⟨2, 1⟩
degenerate fusion kernel [16]:

FP− ib
2 ,P3

[
P0 P

P1 ⟨2, 1⟩

]
= Γ(1− 2biP )Γ(2biP1)

Γ
(
1
2 + biP1 ± biP0 − biP

)δ(P3 − (P1 + ib
2 ))

+ Γ(1− 2biP )Γ(−2biP1)
Γ
(
1
2 − biP1 ± biP0 − biP

)δ(P3 − (P1 − ib
2 )).

(2.35)

So the degenerate fusion kernel ‘clicks’ at two places if we integrate over P3. Satisfyingly,
the ratios of gamma functions become equal to 1 in the limit that the regulator is removed
(i.e. P0 = iQ

2 ), if we simultaneously take P = P1 + ib
2 . So the fusion density is indeed a

sum of delta functions, whose coefficients are precisely the integer fusion coefficients of the
generalized minimal model:

N1[P1, P⟨2,1⟩, P3] = δ(P3 − (P1 + ib
2 )) + δ(P3 − (P1 − ib

2 )). (2.36)

This reflects the well-known fusion rule [V⟨2,1⟩] · [Vα] = [Vα−b/2] + [Vα+b/2] between the ⟨2, 1⟩
degenerate representation of the Virasoro algebra and a general non-degenerate one. From the
point of view of the r.h.s. of (2.33) the above result can also be obtained by a careful analysis
of the poles that pinch the P contour whenever P3 − P1 = ± ib

2 in the limit that P0 → 1.
More generally, we expect the fusion density at degenerate momenta to be a sum over

delta functions whose expansion coefficients are the fusion rules of the generalized Virasoro
minimal model:

N1[P1, P⟨m,n⟩, P3] =
∑
h∈S

Nh1,⟨m,n⟩
h δ(h3 − h). (2.37)

To show this, one has to use a recursive formula that determines the degenerate fusion
kernel (see equation (3.15) in [16]). Starting from the basic case ⟨2, 1⟩, the recursion relation
determines the degenerate fusion kernel on the left-hand side of (2.33) for any m, n > 0 as
a sum over delta functions. Evaluating each kernel on ∆0 = 1 then gives the degenerate
fusion coefficients (2.37) in a similar way as above.

A different way of showing the equality (2.37) is to invert the degenerate Virasoro-Verlinde
formula (2.33) by acting on both sides with the one-point S-kernel:

∫ ∞

0
dP1 SP P1 [P0]FP1P3

[
P0 P3
P1 ⟨m, n⟩

]
=

S⟨m,n⟩P [1]S∗
P P3

[P0]
S1P [1]

. (2.38)

By computing the boundary Liouville partition function on the cylinder with mixed FZZT
and ZZ boundary conditions, it was shown in [11] that the ratio on the right-hand side
of (2.38), when we take ∆0 = 1, can be rewritten as:

S⟨m,n⟩P [1]SP P3 [1]
S1P [1]

=
∑

m′,n′∈Z

∫ ∞

0
dP1 SP,P1+P⟨m,n⟩ [1]N

n′,m′,P1
n,m,P3

(2.39)
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where Nn′,m′,P1
n,m,P3

are the degenerate fusion rules of Liouville theory (which coincide with the
fusion rules of the generalized minimal model):

Nn′,m′,P1
n,m,P3

=


1 if


1− m ≤ m′ ≤ m − 1, m + m′ is odd
1− n ≤ n′ ≤ n − 1, n + n′ is odd
and P1 = P3.

0 else.

(2.40)

Comparing (2.38) with (2.39) and changing variables P1 → P1 + P⟨m,n⟩ in the integral, we
arrive at the desired result (2.37).

Non-degenerate representations. Another interesting aspect of the fusion density con-
cerns its behavior in the limit P0 → 1 for non-degenerate representations. This property
will be crucial for making the connection to holographic non-rational CFTs dual to pure
AdS3 gravity, which we study in section 3.3, since representations with P ∈ R+ correspond
to black hole states.

If we take the naive limit that the regulator P0 goes to the identity, we would obtain:

lim
P0→1

NP0 [P1, P2, P3] = lim
P0→1

FP1P3

[
P0 P3
P1 P2

]
→ ∞. (2.41)

This can be seen in multiple ways. Firstly, from the Virasoro-Verlinde formula (1.3), we
see that at ∆0 = 1 the P -integrand scales as P−2 for small P , so we get a divergence of
the integral at P = 0. Another way to see the divergence is from the following selection
rule satisfied by the fusion kernel [16]:

FP1P3

[
1 P ′

3
P1 P2

]
= δ(P3 − P ′

3). (2.42)

Clearly, when P3 = P ′
3 we get a divergence. We want to view the appearance of the infinite

factor δ(0) as the continuous analog of a fusion rule of the form NP3
P1P2

= 1, which would
simply say that the fusion of three heavy states is allowed for any value of (P1, P2, P3) above
the black hole threshold. This is indeed the case for Liouville CFT, and we will comment
on the implication for generic non-rational CFT in section 4.

We can make this intuition more precise by isolating the divergence in the P0 → 1 limit.
To do so, we swap the internal indices of the fusion kernel using [16]:

FP2P0

[
P1 P1
P3 P3

]
ρ0(P0)C0(P0, P1, P1)C0(P0, P3, P3)

=
FP0P2

[
P1 P3
P1 P3

]
ρ0(P2)C0(P2, P3, P1)C0(P2, P3, P1)

. (2.43)

Together with the permutation symmetry of C0 and the relation between C0 and the identity
fusion kernel (A.13), this allows us to rewrite the fusion density as:

NP0 [P1, P2, P3] =
F1P3

[
P2 P1
P2 P1

]
FP2P0

[
P1 P1
P3 P3

]
F1P0

[
P1 P1
P1 P1

] = ρ0(P3)C0(P0, P3, P3)
FP0P2

[
P1 P3
P1 P3

]
F1P2

[
P1 P3
P1 P3

] . (2.44)
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Now it becomes clear what the P0 divergence is in the limit P0 → 1: it is just a
simple pole from the C0 function at C0( iQ

2 , P3, P3). To compute the residue of the pole,
we parametrize P0 = iQ

2 − iϵ, and expand the ratio of double gamma functions in (A.20)
around ϵ = 0. This gives:

C0(i(Q
2 − ϵ), P3, P3) =

1
πρ0(P3)

ϵ−1 + O(ϵ0). (2.45)

So if we define z = iπP0, then the residue of the fusion density at P0 = 1 is one:

Res
z=−πQ

2
N z

iπ
[P1, P2, P3] = 1. (2.46)

This makes precise in what sense NP3
P1P2

= 1: the fusion density knows about the fusion
coefficients through residues at its poles. We will use this in section 4 to discuss universal
properties of CFT2 and their relation to the fusion density.

Quantum group symmetry and the Virasoro 6j symbol. A very interesting rewriting
of our formula (1.3) makes the connection to the Virasoro 6j symbol manifest. First, let
us define the normalized S-kernel:

ŜP ′P [P0] :=
√

C0(P ′, P ′, P0)
C0(P, P, P0)

SP ′P [P0]
ρ0(P ) . (2.47)

This normalization of the one-point S-kernel, which also appears in quantum Teichmüller
theory [19, 20], is sometimes referred to as the ‘Racah-Wigner normalization’. It is symmetric
under exchanging P and P ′:

ŜP ′P [P0] = ŜP P ′ [P0], (2.48)

thanks to the formula for swapping the internal indices of the one-point S-kernel (see e.g.
equation (2.66) in [16]). In this symmetric normalization, the Virasoro-Verlinde formula
can be written in the following elegant form:∫ ∞

0
dµ(P )

ŜP1P [P0]SP2P [1]Ŝ∗
P P3

[P0]
S1P [1]

=
{

P3 P3 P0
P1 P1 P2

}
6j

. (2.49)

Here dµ(P ) := dPρ0(P ), and the right-hand side is the Virasoro 6j symbol, with pairwise
identical external operators P1 and P3. It is related to the fusion kernel through the Racah-
Wigner normalization (see eq. (A.14)) and hence it governs the crossing transformation
between the s- and t-channel four-point blocks:9

P0

P1

P3

P3

P1

=
∫ ∞

0
dµ(P2)

{
P3 P3 P0
P1 P1 P2

}
6j

P2

P1

P3

P3

P1

. (2.50)

9In the Racah-Wigner normalization, conformal blocks are normalized by factors of
√

C0(Pi, Pj , Pk) at
each trivalent vertex (ijk).
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The Virasoro 6j symbol coincides with the 6j symbol of the modular double of the non-
compact quantum group Uq(sl(2, R)) [18]. In fact, the integration measure dµ(P ) =
4
√
2 sinh(2πbP ) sinh

(
2πb−1P

)
dP coincides with the Plancherel measure on the space of

continuous representations of this quantum group. Moreover, the ratio of identity S-kernels
that appears in (2.49) can be viewed as the continuous analogue of the generalized ‘quantum
dimension’ of an anyonic excitation in the TQFT [32, 33]:

d P ′
P := SP ′P [1]

S1P [1]
= cos(4πPP ′)

2 sinh(2πbP ) sinh(2πb−1P ) . (2.51)

Although the quantum dimension dP ′
1 is ill-defined, its generalization to non-degenerate P

exists and is given by the above ratio of S-kernels. This ratio of S-kernels also appears in the
FZZT boundary state of Liouville theory [34, 35]. Moreover, the ratio is the eigenvalue of
the Verlinde loop operator in quantum Teichmüller theory and Liouville CFT [27, 36–38].
We return to both these facts in the discussion section.

Given this discussion, it is natural to adopt the Racah-Wigner normalization and define
the normalized fusion density:

N̂P0 [P1, P2, P3] :=
{

P3 P3 P0
P1 P1 P2

}
6j

. (2.52)

Tracking the normalization factors, N̂ is related to the old fusion density as:

N̂P0 [P1, P2, P3] =
1

ρ0(P3)

√
C0(P0, P1, P1)
C0(P0, P3, P3)

NP0 [P1, P2, P3]. (2.53)

This normalization makes more symmetries of the fusion density manifest. Namely, the 6j

symbol possesses a full tetrahedral symmetry, generated by (1) swapping pairs of columns
and (2) swapping the rows of pairs of entries in the same row:{

P3 P3 P0
P1 P1 P2

}
6j

(1)=
{

P3 P0 P3
P1 P2 P1

}
6j

(2)=
{

P1 P1 P0
P3 P3 P2

}
6j

(1)+(2)=
{

P3 P1 P2
P1 P3 P0

}
6j

. (2.54)

In fact, while N̂P0 [P1, P2, P3] has the symmetry group of a tetrahedron, the fusion density
in the limit P0 → 1 that the regulator is removed has a full permutation symmetry in
(P1, P2, P3). Diagrammatically, we can see this by associating a tetrahedron to the fusion
density, and noticing that the tetrahedron becomes a ‘sunset’ diagram when we remove
the P0 edge:

2

3
1

3
1

0
P0→1−−−−→

2

1

3

. (2.55)
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Besides making the tetrahedral symmetry manifest, the 6j normalization also makes the
selection rules more transparent. For example, for non-degenerate representations P1, P3
we have {

P3 P3 P0
P1 P1 1

}
6j

= δ(P1 − P3)
ρ0(P3)

, (2.56)

which is equivalent to our earlier observation (2.29). Similar selection rules for degenerate
representations involve the Wigner 3j symbol for the quantum group. Moreover, the Racah-
Wigner normalization preserves the reality and positivity properties derived earlier, since
both ρ0 and C0 are positive-definite functions.

By analogy to the standard Verlinde formula, we can read our result (2.49) as saying
that the one-point S-kernel ŜP P ′ [P0] diagonalizes the Virasoro 6j symbol. We will expand
on this observation in the discussion section.

Commutativity of the fusion algebra. The Racah-Wigner normalization makes it clear
that N̂ is invariant under exchanging P1 ↔ P3, as it corresponds to one of the tetrahedral
symmetries of the 6j symbol:

N̂P0 [P1, P2, P3] = N̂P0 [P3, P2, P1]. (2.57)

This is a desirable feature of the fusion density, since it reflects the fact that the fusion
algebra is commutative,

Nij
k = Nji

k. (2.58)

In our previous normalization, the fusion density NP0 is covariant under P1 ↔ P3 with a
specific proportionality constant. But as remarked above, the full permutation symmetry
is restored when the regulator is removed, for both choices of normalization.

Associativity of the fusion algebra. Next to commutativity, the fusion algebra in any
CFT2 should also be associative. Associativity of the OPE of primary fields implies that
the fusion coefficients should satisfy∑

h

Nkj
hNih

m =
∑

h

Nij
hNhk

m. (2.59)

The analogous identity satisfied by the fusion density NP0 can be shown to be:∫ ∞

0
dP2NP0 [P1,P2,P3]NP0 [P4,P2,P5] =

∫ ∞

0
dP2NP0 [P4,P2,P3]NP0 [P1,P2,P5]. (2.60)

This is easily seen by substituting the Virasoro-Verlinde formula (2.18) into (2.60) and
using the fact that

∫∞
0 dP2 SP P2 [1]SP2P ′ [1] = δ(P − P ′). Note that the associativity-like

equation (2.60) holds for any value of the regulator P0.
Moreover, the Virasoro-Verlinde formula in the Racah-Wigner normalization (2.49) allows

us to derive the following nontrivial integral identities for the 6j symbol (we dropped the
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subscript 6j for clarity):
∫ ∞

0
dP2

{
P3 P3 P0
P1 P1 P2

}{
P5 P5 P0
P4 P4 P2

}
=
∫ ∞

0
dP2

{
P3 P3 P0
P4 P4 P2

}{
P5 P5 P0
P1 P1 P2

}
, (2.61)

∫ ∞

0
dµ(P3)

{
P3 P3 P0
P1 P1 P2

}{
P3 P3 P0
P4 P4 P5

}
=
∫ ∞

0
dµ(P3)

{
P3 P3 P0
P1 P1 P5

}{
P3 P3 P0
P4 P4 P2

}
. (2.62)

These equalities follow from the idempotency of the modular and one-point S-kernels. Many
more new identities can be derived by translating the known PSL(2, Z) identities satisfied
by the S-kernel to integral identities satisfied by the 6j symbol.

Boundedness of the fusion density. We can use the relation between the 6j symbol and
the Virasoro fusion kernel to express the fusion density in the Racah-Wigner normalization as:

N̂P0 [P1, P2, P3] =
√

C0(P0, P1, P1)C0(P0, P3, P3)
FP0P2

[
P1 P3
P1 P3

]
F1P2

[
P1 P3
P1 P3

] . (2.63)

This allows us to analyze the asymptotic behavior of the fusion density when we take the
operators to be very heavy, ∆1,2,3 → ∞. The asymptotics of the C0 function for O0 light
and O1,2,3 heavy were given in equation (4.12) of [30]. From these asymptotics, one learns
that the square root prefactor in (2.63) is exponentially suppressed at large P1,3. Moreover,
the ratio of fusion kernels has the asymptotic behavior [30]:

FP0P2

[
P1 P3
P1 P3

]
F1P2

[
P1 P3
P1 P3

] ∼ (order-one)P−2∆0 (2.64)

in the heavy-heavy-heavy limit P1,2,3 := P → ∞, with 0 ≤ ∆0 ≤ c−1
24 fixed. This shows that

the fusion density remains bounded as we take the conformal weights of O1,2,3 to infinity.
So the fusion density is a normalizable density on R3.

Analytic check at c = 25. Lastly, let us discuss the Virasoro-Verlinde formula (1.3) at
the special value of the central charge c = 25, corresponding to b = 1. A new closed form
expression for the fusion kernel at b = 1 was recently derived in [39]. This allows us to
perform an analytic check of the formula (1.3) in the special case of ∆0 = 1 (which, at c = 25,
corresponds to P0 = 0). In this special case, the one-point S-kernel significantly simplifies.
We present the details of this analytic check in appendix B.

3 Applications

3.1 Open-closed duality in boundary Liouville CFT

Soon after Verlinde published his formula, it was realized by Cardy that the Verlinde formula
is equivalent to the statement of open-closed duality for the annulus partition function in
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rational BCFT [7]. In this subsection, we will show that the Virasoro-Verlinde formula has a
similar interpretation as an open-closed duality for the boundary one-point function on the
annulus, in c > 1 Liouville BCFT. This duality can be summarized by the Weyl equivalence
of the boundary-punctured annulus and cylinder:

= (3.1)

The l.h.s. is the ‘open channel’, and the r.h.s. the ‘closed channel’ of the boundary one-
point function ⟨O0⟩(ab)

τ . Here a, b label conformal boundary conditions on the two circular
boundaries, and τ = iβ

2π with β the length of the cylinder. The one-point function does not
depend on the position of the boundary insertion O0.

A concise review of BCFT2 can be found in section 2 of [40]. In a general BCFT, the
statement of open-closed duality of the cylinder one-point function is:

⟨O0⟩(ab)
− 1

τ
,closed = (−iτ)∆0 ⟨O0⟩(ab)

τ,open . (3.2)

The right-hand side is expanded in conformal blocks of the BCFT in the open channel:

⟨O0⟩(ab)
τ,open =

∑
i∈Hopen

1
g
(ab)
ii

C
(abb)
i0i Fopen

O0 a

b
i

 . (3.3)

Here we represented the insertion of O0 by a dotted edge, and labeled the boundary states
by a, b and the intermediate bulk state by the index i. The structure constants that appear
are the boundary 2-point normalization coefficients g

(ab)
ij (which serve to raise and lower bulk

indices) and the boundary OPE coefficient C
(abc)
ijk (which describes the boundary 3-point

function on the disk).
The left-hand side is expanded in closed channel conformal blocks:

⟨O0⟩(ab)
− 1

τ
,closed =

∑
j∈Hclosed

C
(a)
1j C

(b)
j0 Fclosed

O0 a bj

 . (3.4)

Here C
(a)
1j = B a

j is the structure constant of the bulk one-point function on the disk and C
(b)
j0

is the structure constant of the bulk-boundary two-point function.
The open and closed channel conformal blocks of the punctured cylinder are related

to each other by a crossing transformation. Specializing to c > 1 non-rational BCFT’s
with only Virasoro symmetry, the relevant crossing kernel is one (holomorphic) copy of the
Ponsot-Teschner one-point S-kernel:

(−iτ)∆0Fopen

O0 a

b
P

 =
∫ ∞

0
dP ′ SP P ′ [P0]Fclosed

O0 a bP ′

 . (3.5)
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This can be shown by using the doubling trick to map the punctured annulus to the punctured
torus, and then applying the S-transform on the torus [40].

Boundary Liouville. A prominent example of a BCFT with only Virasoro symmetry is
boundary Liouville theory, which was studied, among others, in [17, 34, 35, 40–44]. For
c > 1 the spectrum is continuous and coincides with the non-degenerate representations
P ∈ R of the Virasoro algebra, and its structure constants will also depend smoothly on
the Liouville momenta. Let us explore the consequence of the open-closed duality (3.2) for
Liouville BCFT with FZZT boundary conditions.

Plugging the S-transformation (3.5) into equation (3.3) and imposing the open-closed
duality relation (3.2) results in the following condition that the boundary Liouville structure
constants have to satisfy: ∫ ∞

0
dP C

(abb)
P P0P SP P ′ [P0] = C

(a)
1P ′C

(b)
P ′P0

. (3.6)

Here we used that the integration measure over the Liouville spectrum is flat in P , if we
normalize the two-point function to unity (i.e. g

(ab)
P P = 1). The structure constants, which

now depend on continuous Liouville momenta, are known:

• Boundary three-point function on the disk [41]:

C
(abc)
P1P2P3

=
g
(ba)
P1

g
(bc)
P2

g
(ca)
P3

FPcP1

[
P2 P3
Pb Pa

]
. (3.7)

Here F is the Virasoro fusion kernel, and the coefficients g
(ab)
P are given by a ratio of

double gamma functions (see e.g. equation (26) in [41] with β := Q
2 + iP ).

• Bulk one-point function on the disk [35]:

C
(a)
1P = A(P |Pa) = 21/4 eiδ(P ) SPaP [1]√

S1P [1]
. (3.8)

Here SPaP [1] is the modular S-kernel (A.3) (for FZZT boundary conditions) and the
phase factor is the square root of the bulk Liouville reflection amplitude [45]:

e2iδ(P ) = R(P ), Ψ(1,1)
ZZ (P ) = R(P )Ψ(1,1)

ZZ (−P ), (3.9)

where Ψ(1,1)
ZZ (P ) is the identity ZZ-brane wavefunction:

Ψ(1,1)
ZZ (P ) = (πµγ(b2))−iP/b 23/4 2πiP

Γ(1− 2ibP )Γ(1− 2ib−1P ) . (3.10)

• Bulk-boundary two-point function on the disk [42]:

C
(a)
P P0

= A(P ;P0|Pa). (3.11)

The precise expression for A(P ;P0|Pa) can be found in appendix D of [40]. There it
was shown by an explicit computation that the bulk-boundary two-point structure
constant (3.11) is proportional to the one-point S-kernel:10

SPbP [P0] =
1

21/4Ψ
(1,1)
ZZ (P ) g

(bb)
P0

A(P ;P0|Pb). (3.12)
10The internal indices of S are swapped compared to [40]. Explicitly, SP ′P [P0]here = SP P ′ [P0]there.
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Having collected the ingredients that go into the open-closed duality condition (3.6), we make
the following observation: the boundary three-point function that appears is proportional
to the fusion density:

C
(abb)
P P0P = 1

g
(bb)
P0

FPbP

[
P0 P

Pb Pa

]
= 1

g
(bb)
P0

NP0 [Pb, Pa, P ]. (3.13)

The proportionality constant is independent of P , so it can be taken outside the P -integral.
Substituting (3.8), (3.12) and (3.13) into equation (3.6), and using the relation between
the ZZ brane wavefunction and ρ0,∣∣Ψ(1,1)

ZZ (P )
∣∣2 = Ψ(1,1)

ZZ (P )Ψ(1,1)
ZZ (−P ) = 2−1/2ρ0(P ), (3.14)

the open-closed duality condition can be written as:∫ ∞

0
dP NP0 [Pb, Pa, P ]SP P ′ [P0] = SPbP ′ [P0]

SPaP ′ [1]
ρ0(P ′) . (3.15)

This is precisely the Virasoro-Verlinde formula! So our formula demonstrates that boundary
Liouville CFT indeed obeys the open-closed duality of the annulus one-point function, at
a fully non-perturbative level.11 Our analysis can be straightforwardly modified to ZZ or
mixed boundary conditions, in which case we land on the Virasoro-Verlinde formula (2.33)
with degenerate external momenta.

3.2 Knot and link partition functions

For the next application, we shift gears and turn to knots and links in 3d gravity. As explained
in [14], the Virasoro TQFT is a building block for evaluating the exact Euclidean AdS3
gravitational path integral on a fixed hyperbolic 3-manifold M :

Zgrav(M) = 1
|Map(M)|ZVir(M)Z∗

Vir(M). (3.16)

Here Map(M) is the mapping class group of the 3-manifold, which, for hyperbolic manifolds,
is isomorphic to the isometry group of M . In particular, this group is finite, so it just gives
an overall symmetry factor. If M has a conformal boundary, one should also sum over the
boundary mapping class group (the ‘modular images’).

Figure-8 knot. In [15], this recipe was used to compute the exact partition function of the
figure-8 knot complement 41, which is a prominent example of a hyperbolic 3-manifold.12

Two expressions were found for the partition function, using two different techniques. On
the one hand, the Heegaard splitting of the knot gives the following answer:13

ZVir


P0

 = 1
ρ0(P0)

∫ ∞

0
dP ρ0(P )S∗

P0P0 [P ] e−2πi(∆P −2∆0) . (3.17)

11One might wonder whether other interesting relations between S, F could emerge from additional consistency
constraints in boundary Liouville theory. Cardy and Lewellen [46, 47] showed there are four such independent
constraints: three coming from the disk and one from the annulus (the latter essentially yielding our formula).
Investigating the bulk-to-boundary three-point function constraint on the disk would be particularly interesting.
We thank S. Ribault for pointing this out to us.

12Here we used the standard nomenclature 41 that counts the number of crossings of the knot.
13To compare to equation (4.5) in [15], use the fact that S∗

P0P0 [P ] = e−πi( c−1
24 +P 2)SP0P0 [P ].
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On the other hand, the figure-8 knot complement is known to be a surface bundle over the
circle Σ1,1 ×φ S1, where the monodromy φ = ST 3 is an element of the mapping class group
of the once-punctured torus, PSL(2, Z). Therefore, using the standard rules of TQFT, the
partition function should be given by the following answer:

Z ′
Vir

(
Σ1,1 ×φ S1;P ′

0

)
= TrH1,1(ST3) =

∫ ∞

0
dP SP P [P ′

0]
(
e−2πi(P 2− 1

24)
)3

. (3.18)

However, it was observed in [15] that the momentum P0 in equation (3.17) runs along
the longitudinal cycle of a torus neighborhood of the knot, whereas P ′

0 in equation (3.18)
runs along a meridian cycle of the boundary torus. It was conjectured that exchanging
the two cycles of the boundary torus, using the modular S-transform, relates the partition
functions ZVir and Z ′

Vir:

ZVir (41;P0)
?=
∫ ∞

0
dP ′

0 SP0P ′
0
[1]Z ′

Vir
(
41;P ′

0
)

. (3.19)

This was checked to hold true in a large-c saddle point approximation in [15]. However, we
can use the Virasoro-Verlinde formula to show that (3.19) holds exactly.

To do so, let us first use the standard identity that expresses the one-point S-kernel
as an integral over the fusion kernel:14

SP P [P ′
0] =

∫ ∞

0
dPs ρ0(Ps) e−2πi(∆s−2∆P ) FP P

[
Ps P

P P ′
0

]
. (3.20)

We now recognize the fusion density NPs [P, P ′
0, P ] inside the integrand. Plugging (3.20) into

the expression for Z ′
Vir in (3.18), we obtain the intermediate result:

Z ′
Vir(41;P ′

0) = e6πi( c
24)
∫ ∞

0
dPdPs ρ0(Ps) e−2πi(∆s+∆P )NPs [P, P ′

0, P ]. (3.21)

Next, we use the Virasoro-Verlinde formula (1.3) for NPs , which allows us to compute the
modular S-transform in P ′

0:∫ ∞

0
dP ′

0 SP0P ′
0
[1]NPs [P, P ′

0, P ] =
SP P0 [Ps]S∗

P0P [Ps]
S1P0 [1]

. (3.22)

Putting everything together, we have shown that:

∫ ∞

0
dP ′

0SP0P ′
0
[1]Z ′

Vir
(
41;P ′

0
)
= e6πi( c

24)
ρ0(P0)

∫ ∞

0
dPdPs ρ0(Ps)TsSP P0 [Ps]TP S∗

P0P [Ps] (3.23)

where TP = e−2πi∆P . The conjectural equality (3.19) now follows from the fundamental
PSL(2, Z) identity STS∗ = T∗S∗T∗ (see eq. (2.49) in [16]), which allows us to perform the
P -integral. Indeed, all the factors (including the phases) assemble nicely into (3.17).

14To arrive at this form, we took the complex conjugate of the equivalent identity (2.33) in [15], and
simplified the integrand using the tetrahedral symmetry of the fusion kernel.
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Whitehead link. As a next application, let us consider a slightly more complicated hy-
perbolic 3-manifold. The Whitehead link complement, which is denoted by 52

1, is one of
the two 3-manifolds with the smallest hyperbolic volume among all hyperbolic 3-manifolds
with two torus boundaries [48].

In a forthcoming work [49], it will be shown that the Virasoro TQFT partition function
on the Whitehead link can also be computed in two ways. First, a genus-two Heegaard
splitting of the manifold gives the following exact result:

ZVir


P1

P2

 = e−6πi( c
24)

ρ0(P1)ρ0(P2)

∫ ∞

0
dP ρ0(P )SP1P2 [P ]S∗

P2P1 [P ] e2πi∆P . (3.24)

On the other hand, the Whitehead link complement also admits a description as a fibration
of the twice-punctured torus over the circle 52

1
∼= Σ1,2 ×φ S1, where φ is a composition of

three Dehn twists along the standard cycles on Σ1,2. Leaving the details to [49], the trace
of this mapping class evaluates to the following simple expression:

Z ′
Vir

(
Σ1,2 ×φ S1;P ′

1, P ′
2

)
= TrH1,2(φ) =

∫ ∞

0
dP FP P

[
P ′

2 P

P P ′
1

]
e−2πi∆P . (3.25)

As in the previous example, the partition functions ZVir and Z ′
Vir are not equal: the

momenta P1, P2 going along the link components in (3.24) describe the S-dual cycles of the
momenta P ′

1, P ′
2 that run along the boundary circles of the Seifert surface. Hence, a natural

guess is that ZVir and Z ′
Vir are related by a double modular S-transform:

ZVir
(
52
1;P1, P2

) ?=
∫ ∞

0
dP ′

1dP ′
2 SP1P ′

1
[1]SP2P ′

2
[1]Z ′

Vir

(
52
1;P ′

1, P ′
2

)
. (3.26)

Again, the key to showing that (3.26) is indeed true, is the Virasoro-Verlinde formula. Namely,
notice that the integrand of eq. (3.25) contains the fusion density NP ′

2
[P, P ′

1, P ], so we can
use (3.22) to evaluate the first modular S-transform:∫ ∞

0
dP ′

1 SP1P ′
1
[1]Z ′

Vir

(
52
1;P ′

1, P ′
2

)
=
∫ ∞

0
dP

SP P1 [P ′
2]S∗

P1P [P ′
2]

S1P1 [1]
e−2πi∆P . (3.27)

Next, we evaluate the P -integral using the PSL(2, Z) identity STS∗ = T∗S∗T∗, which gives a
single one-point S-kernel S∗

P1P1
[P ′

2] times a phase. As before, the one-point S-kernel can be
represented as an integral over a fusion kernel via (3.20), which allows us to also compute
the second modular S-transform:∫ ∞

0
dP ′

1dP ′
2 SP1P ′

1
[1]SP2P ′

2
[1]Z ′

Vir

(
52
1;P ′

1, P ′
2

)

= e−6πi( c
24) e4πi∆1

ρ0(P1)

∫ ∞

0
dPs ρ0(Ps) e2πi(∆s−2∆1)

∫ ∞

0
dP ′

2 SP2P ′
2
[1]FP1P1

[
Ps P1
P1 P ′

2

]
. (3.28)

Applying the Virasoro-Verlinde formula once more, the integral over P ′
2 gives a ratio of

S-kernels as in (3.22), and we see that we precisely land on the expression (3.24) for ZVir(52
1).
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This shows that the conjecture (3.26) is true, meaning that P1,2 are indeed the S-dual
holonomies of P ′

1,2.
The above two examples show that the Virasoro-Verlinde formula is a useful identity

in Virasoro TQFT when computing the Euclidean gravity path integral on hyperbolic 3-
manifolds with finite volume. This is an interesting application, since the gravitational
partition function is a topological invariant of the 3-manifold. In the next section, we will
discuss an application where the 3-manifold has asymptotic (conformal) boundaries, which
is more natural in the context of AdS3/CFT2.

3.3 Three-boundary wormhole in 3d gravity

As a third application, we will show that the Virasoro-Verlinde formula has a nice inter-
pretation in 3d gravity: it computes the partition function of a Euclidean wormhole with
three asymptotic torus boundaries. We will explain that the regulator O0 can be seen as
a conical defect going through the bulk that makes the wormhole partition function finite.
We then discuss the limit in which the regulator is removed and obtain a finite answer that
is compatible with the intuition from random matrix theory.

To set up the calculation, consider the following three-boundary wormhole:

M3 = . (3.29)

Topologically, M3 is a three-holed sphere times a circle Σ0,3 × S1. Its boundary consists
of 3 tori (one has the opposite orientation to the other two), which we label by complex
structure moduli τ1, τ2 and τ3. We can alternatively think of M3 as a solid torus with two
solid tori removed from the interior, as illustrated in (3.29).

Warm-up: Chern-Simons theory. Before computing the 3d gravity path integral on
this topology, let us study the simpler problem of compact Chern-Simons theory.15 In that
case, the space of conformal blocks on the three-holed sphere has a dimension given by
the fusion coefficient, so [6]

ZCS(Σ0,3 × S1) = TrH0,3(1) = dimH0,3 = Nij
k. (3.30)

This is the ‘microcanonical’ partition function, where we fix boundary holonomies in irreducible
representations i, j, k of the gauge group. To obtain the ‘canonical’ partition function, we
multiply by the characters of the chiral algebra and sum over the representations:∑

i,j,k

Nij
k χi(τ1)χj(τ2)χ∗

k(τ3). (3.31)

Plugging in the Verlinde formula (1.1), one obtains a sum of products of characters in the
S-dual channel: ∑

h

(S1h)−1χh(− 1
τ1
)χh(− 1

τ2
)χ∗

h(− 1
τ3
). (3.32)

15We would like to thank Jan de Boer for discussions on this topic.
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Notice that the three characters are all paired in the primary conformal weight h, and weighted
by the inverse modular S-matrix. Also note that (3.32) need not be modular invariant. One
way to construct a modular invariant object is to simply sum over the modular images
of τ1,2,3. However, from the Chern-Simons point of view this is not required. For further
connections between torus wormholes, the Verlinde formula and topological entanglement
in Chern-Simons theory, see [50, 51].

The 3d gravity computation: adding a regulator. We would like to mimic the above
Chern-Simons calculation in the non-compact case of pure 3d gravity. However, a naive
application of the logic does not hold: as we saw in the previous section, the integral∫ ∞

0
dP

SP1P [1]SP2P [1]S∗
P P3

[1]
S1P [1]

(3.33)

diverges for all real values of P1,2,3. Since the gravitational partition function can be written as
an integral over Virasoro characters in the continuous black hole band, the naive generalization
of the formula (3.31) for the three-boundary partition function is clearly ill-defined in pure
3d gravity.

The way forward is to couple AdS3 gravity to a matter field dual to a CFT operator O0.
We will think of O0 as a probe of the wormhole geometry, which in the bulk extends to a
Wilson line W0 that ends on two of the three asymptotic boundaries:

MO0
3 =

W0

. (3.34)

In the same way that the addition of a matter field makes the two-boundary wormhole
in 3d gravity on-shell [25], the three-boundary wormhole MO0

3 can be stabilized for heavy
enough operators O0. In particular, a semiclassical description is valid when O0 is in the
conical defect regime, meaning that ∆0 and ∆0 scale with c while remaining below the black
hole threshold c−1

24 (so P0, P 0 are purely imaginary) [52].
The semiclassical geometry is difficult to describe with an explicit metric that includes

the backreacted matter field. Fortunately, we can use the Virasoro TQFT to derive the
exact partition function on MO0

3 without having to construct a metric. As a first step, we
compute the ‘microcanonical’ partition function:

ZVir(MO0
3 ;P1,2,3) =

∫ ∞

0
dP SP2P [1]ZVir


P0P1 P3

P
 . (3.35)

To arrive at the above expression, we first represented MO0
3 as the complement of three

solid tori inside S3. The solid tori can be thought of as tubular neighborhoods of Wilson
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loops L1,L2 and L3. We specified the holonomies around the meridian (non-contractible)
cycles of the boundary tori by P1, P2 and P3 (in R+). We also attached a Wilson line W0
between L1 and L3.

Then, we used the modular S-transform to exchange the meridian and longitudinal cycles
of one of the boundary tori, corresponding to L2. Topologically, this step is tantamount to
performing a Dehn surgery [15]. The fact that toric Dehn surgery is implemented in the
Virasoro TQFT by SP P2 [1] was already used in the previous section, recall equations (3.19)
and (3.26).

After this Dehn surgery, we compute the Virasoro TQFT partition function on the
right-hand side of (3.35) by finding a so-called Heegaard splitting of the manifold inside the
brackets. We do so by using the TQFT identities (A.28) and (A.29):

ZVir

 P0
P1 P3

P
 =

∫ ∞

0
dP4dP5 F1P4

[
P1 P1
P1 P1

]
SP1P [P4]
S1P [1]

F1P5

[
P3 P3
P3 P3

]S∗
P3P [P5]
S1P [1]

ZVir

 P0P1 P3

P

P4 P5

 .

(3.36)

These identities were derived in appendix A.4 by inserting identity lines and doing fusion
and braiding. Topologically, inserting the identity line corresponds to adding what is known
in the knot theory literature as an ‘unknotting tunnel’ [53]. Next, we remove the ‘Wilson
bubbles’ using the identity (A.30), obtaining:

ZVir

 P0
P1 P3

P
 = SP1P [P0]

S1P [1]
S∗

P3P [P0]
S1P [1]

ZVir


P

P0

 . (3.37)

Finally, we use the result of [15] for evaluating the Virasoro TQFT partition function on
the ‘sunset’ diagram:

ZVir

 P

P0

 = 1
C0(P, P, P0)

. (3.38)

We can put everything together to obtain the answer for ZVir(MO0
3 ) in (3.35). The result

can be further massaged by writing S1P [1] = ρ0(P ) and using the formula for swapping the
internal indices of the one-point S-kernel [16]:

S∗
P3P [P0]

ρ0(P )C0(P, P, P0)
=

S∗
P P3

[P0]
ρ0(P3)C0(P3, P3, P0)

. (3.39)

Doing so, we learn that the Virasoro TQFT partition function on the ‘regulated’ three-
boundary wormhole MO0

3 is given by:

ZVir(MO0
3 ;P1,2,3) =

1
ρ0(P3)C0(P3, P3, P0)

∫ ∞

0
dP

SP1P [P0]SP2P [1]S∗
P P3

[P0]
S1P [1]

. (3.40)
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Remarkably, the right-hand side is proportional to the fusion density NP0 [P1, P2, P3] by virtue
of the Virasoro-Verlinde formula (1.3)! The proportionality factor is precisely the norm of
the torus one-point conformal block in the Hilbert space H1,1 (see (A.21)).

Rewriting the answer in terms of N̂ in the Racah-Wigner normalization, and multiplying
by the anti-holomorphic counterpart, we obtain the microcanonical partition function:

Zgrav(MO0
3 ;P1,2,3, P 1,2,3) =

1√
C101C303

N̂P0 [P1, P2, P3] N̂P 0
[P 1, P 2, P 3]. (3.41)

Here we defined the normalization factors C123 := C0(P1, P2, P3)C0(P 1, P 2, P 3).16 The
result (3.41) should be seen as the analogue of the compact Chern-Simons result (3.30), now
for the non-compact gauge group PSL(2, R) × PSL(2, R).

To calculate the gravity path integral with asymptotic boundaries, one has to integrate
the microcanonical partition function against the torus 0- and 1-point conformal blocks,
and sum over the boundary modular group. But before doing so, let us discuss the limit
P0 → 1 of the result (3.41).

Removing the regulator and RMT. The appearance of the normalization factors in (3.41)
is interesting, because it allows us to take the limit that the external operator O0 is taken
to the identity. In this limit, there is no longer the semiclassical interpretation as a conical
defect geometry, but in principle the Virasoro TQFT framework accommodates arbitrarily
light matter fields. In particular, our computation above shows that the limit exists and
is equal to 1:

lim
P0→ iQ

2

ZVir(MO0
3 ;P1,2,3) = lim

P0→ iQ
2

FP0P2

[
P1 P3
P1 P3

]
F1P2

[
P1 P3
P1 P3

] = 1. (3.42)

We would like to stress that this is a non-trivial result: equation (3.40) is of the form ∞
∞

when P0 = 1, since both the P -integral and the normalization factor diverge; however the
Virasoro-Verlinde formula shows (using e.g. (2.44)) that the limit exists and is equal to 1. In
particular, the result is the same for any (real) value of P1,2,3.

This simple answer is reminiscent of ‘square root edge’ double-scaled random matrix
models,17 which have a universal form for the leading three-point correlator of resolvents,
ω0,3(z1, z2, z3), which after Laplace transforming in z1,2,3 gives V0,3(ℓ1, ℓ2, ℓ3) = 1. The
connection to random matrix theory can be understood more precisely via the Virasoro
minimal string [57], which was shown to a) be dual to a random matrix model with a square
root edge and b) describe a chiral half of 3d gravity on manifolds of the form Σg,n × S1.
Indeed, we have for Pi ∈ R+:

V(b)
0,3(P1, P2, P3) = ZVir(M3;P1,2,3) = 1, (3.43)

where we used the notation of [57] for the quantum volumes.18

16Interestingly, these are precisely the ‘vertex factors’ of [15], corresponding to the vertices of the tetrahedron
to which the P0 edge is attached; recall eq. (2.55).

17By this we mean that the spectral curve has the form (x(z), y(z)) = (z2,
∑∞

n=0 anz2n+1). These models
are known to be dual to 2d topological gravity in a general background [54]. Examples include the Kontsevich-
Witten model [55], JT gravity [56] and the Virasoro minimal string [57].

18In general, the Virasoro minimal string is not identical to Virasoro TQFT on Σg,n × S1, because the
former is quotiented by the 2d mapping class group; but this quotient is trivial for Σ0,3.
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The canonical partition function. So far, we computed the partition function on MO0
3

with finite-size boundaries with specified holonomies P1,2,3 along meridians of the boundary
tori. A semiclassical (b → 0) argument due to Verlinde [27] relates the Pi to lengths ℓi of the
boundaries of Σ0,3 through P = ℓ

4πb . To get asymptotic boundaries, with fixed conformal
moduli τ1,2,3, we have to integrate (3.41) against the appropriate ‘trumpets’, which include
the contribution from boundary gravitons.

For the torus without puncture, the trumpet evaluates to the Virasoro character
F1,0(P ; τ) := χP (τ), as was shown in [58]. For the once-punctured torus, the relevant
trumpet factor is the one-point torus conformal block [14]. So before summing over modular
images, we can write the ‘seed’ canonical partition function at fixed τ1,2,3 as:

Z(seed)
grav (MO0

3 ;τ1,2,3,τ1,2,3)=
∣∣∣∣∣
∫ ∞

0
dP1dP2dP3ρ1,1(P1;P0)ρ1,1(P3;P0) (3.44)

×ZVir(MO0
3 ;P1,2,3)F1,1(P1;P0;τ1)F1,0(P2,τ2)F∗

1,1(P3;P0;τ3)
∣∣∣∣∣
2

.

Here we used the notation that | · |2 signifies the product of the holomorphic piece with
its anti-holomorphic counterpart Pi → P i, τi → τ i. The integrand in (3.44) includes the
appropriate measure factors for the integrals over the one-point blocks, coming from the
normalization of the inner product (A.21), ρ1,1(Pi;P0) := ρ0(Pi)C0(Pi, Pi, P0). We also took
a flat measure in P2 for the integral over the Virasoro character.19 Lastly, we multiplied by
F∗
1,1(τ3) = F1,1(−τ3), since one of the torus boundaries has the opposite orientation compared

to the other two, as can be seen from (3.34).
Using the Virasoro-Verlinde formula (3.40), we can simplify equation (3.44) to:

Z(seed)
grav (MO0

3 ; τ1,2,3, τ1,2,3)

=
∣∣∣∣∣
∫ ∞

0
dP C0(P, P, P0)F1,1(P ;P0;− 1

τ1
)F1,0(P,− 1

τ2
)F∗

1,1(P ;P0;− 1
τ3
)
∣∣∣∣∣
2

. (3.45)

To arrive at this answer, we swapped the arguments of SP1P [P0] using (3.39), and then recog-
nized the P1,2,3 integrals as S-transforms of the blocks. Notice the similarity between (3.45)
and the Chern-Simons computation (3.32): the blocks are in the S-dual channel and they
are all paired with the same momentum P .

Modular completion. One immediate consequence of (3.45) is that the seed partition
function has the following property under modular T-transformations:20

Z(seed)
grav (Tnτ1, τ2, τ3) = Z(seed)

grav (τ1, Tnτ2, τ3) = Z(seed)
grav (τ1, τ2, (T∗)nτ3). (3.46)

19This should be contrasted to the measure that was used to compute the two-boundary ‘double trumpet’ in
3d gravity [58], which is flat in ∆2. Our choice of measure aligns with [14], and, as we will show, reproduces
the prediction from the ETH-like CFT ensemble of [25, 29, 59].

20This property is a consequence of the bulk mapping class group: a Dehn twist along a cycle parallel to the
S1 direction in Σ0,3 × S1 is equivalent to a T-transformation on the b-cycle of any of the three boundaries.
This can be seen by deforming a b-cycle on the outer torus in (3.34) through the bulk to a b-cycle on either of
the grey inner tori.
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Here we defined Tn = S−1T nS, with S, T the standard generators of PSL(2, Z). We also
suppressed the dependence on τ i in the notation for clarity. Put differently, two factors of Z
are redundant in the sum over modular images. If we sum over the remaining Z subgroup,
we get a partition function that has a full Z3 invariance:

Z̃(seed)
grav (τ1, τ2, τ3) :=

∑
n∈Z

Z(seed)
grav (Tnτ1, τ2, τ3). (3.47)

This sum over Z implements the spin quantization of the states in the integral over P, P

in (3.45). Namely, applying the Tn transform in (3.45) brings a factor of Tn
P = e−2πin∆P

inside the P integral, and a factor of e2πin∆P inside the P integral. Then, the sum over n ∈ Z
can be done using the Poisson summation formula, giving∑

n∈Z

Tn
P (T∗

P
)n =

∑
n∈Z

e−2πin(P 2−P
2) =

∑
n∈Z

δ(J − n) =: δZ(J), (3.48)

where we recognized J = P 2 − P
2. In the integral for Z̃(seed) that arises in this way, one can

then change variables from P, P to J and E = c
12 +P 2+P

2, so that the Dirac comb will turn
the J-integral into a sum over integer J ’s. The remaining E-integral is strictly above the black
hole threshold E ≥ c

12 , precisely as expected for a Euclidean wormhole contribution [60].
To obtain a fully modular invariant object, we follow the prescription of [14] and sum

over the remaining boundary mapping class group. As the seed is already invariant under
Z3, the modular completion is a sum over G = (PSL(2, Z)/Z)3:

Zgrav(MO0
3 ; τ1,2,3, τ1,2,3) =

∑
(γ1,γ2,γ3)∈G

Z̃(seed)
grav (γ1 · τ1, γ2 · τ2, γ3 · τ3). (3.49)

One can view the modular images as coming from bulk 3-manifolds that are topologically equiv-
alent to MO0

3 , but where each ‘trumpet’ is glued with a relative modular transformation γi.21

Notice that the structure of the modular sum differs from that of the two-boundary
torus wormholes encountered in e.g. [58]. For the two-boundary case, there is only a single
(relative) modular sum, since the modular transformation on one boundary can be ‘undone’
by an opposite modular transformation on the other boundary. For the three-boundary case,
this is no longer possible, since there is a topological obstruction to deforming a general large
diffeomorphism of a given boundary through the bulk to any of the other boundaries (with
the exception of the subgroup of T-transforms that we identified in (3.46)).

Match to the large-c OPE ensemble. Since MO0
3 is a Euclidean wormhole between

two punctured tori and one non-punctured torus, it is natural to expect that Zgrav(MO0
3 )

computes the connected correlation function:

⟨O0⟩τ1,τ1
⟨1⟩τ2,τ2

⟨O0⟩τ3,τ3

conn. (3.50)

in the statistical ensemble of OPE coefficients introduced in [25]. However, if we take the
strictly Gaussian ansatz of [25], this moment would factorize as Z(τ2) ⟨O0⟩τ1

⟨O0⟩τ3
, so the

21More precisely, the meridian curve [m] on a geodesic boundary of the ‘microcanonical’ wormhole (the
convex core) is identified with a curve p[m] + q[l] on the geodesic boundary of the trumpet, where p and q are
coprime positive integers.
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cubic cumulant vanishes. Indeed, it was argued in [29] that non-Gaussian higher statistical
moments are necessary to explain multiboundary wormholes in 3d gravity. These non-
Gaussian moments are further suppressed in e−S (where S is the Cardy entropy) compared
to the Gaussian contraction, but they are still important for the consistency of the OPE
ensemble [61].

Interestingly, requiring that the cubic moment (3.50) matches to our three-boundary
wormhole computation gives a non-trivial prediction for the statistical correlation between
the density of states and two OPE coefficients:

ρ(P2, P 2)C1O1C3O3
conn.

=
∣∣∣∣δ(P1 − P3)

ρ0(P1)
δ(P2 − P3)

ρ0(P2)
C0(P3, P3, PO)

∣∣∣∣2 + . . . (3.51)

The dots signify other subleading contractions that we will discuss momentarily.
The cubic moment ρCC has not appeared in the literature before, and it is interesting

for the following reason. When we expand the product of expectation values (3.50) in
conformal blocks, we get

⟨O⟩τ1
⟨1⟩τ2

⟨O⟩τ3
=
∫ 3∏

j=1
d∆jd∆j ρ(∆1,∆1)ρ(∆2,∆2)ρ(∆3,∆3)C1O1C3O3

×
∣∣∣F1,1(∆1; ∆O;− 1

τ1
)F1,0(∆2,− 1

τ2
)F∗

1,1(∆3; ∆O;− 1
τ3
)
∣∣∣2 . (3.52)

We expanded the blocks in the S-dual channel, which is allowed since the left-hand side
of (3.52) is modular invariant in τ1, τ2 and τ3. At this point, we have not made any
approximation, and we defined ρ(∆,∆) = ∑

h,h∈S δ(h −∆)δ(h −∆), where S is the exact
primary spectrum of the CFT.

Now, if (•) denotes the average in any consistent statistical ensemble of ρ and C’s, then all
lower moments should appear as terms in the average. We can organize their contributions as:

Fully factorized contraction: ρ ρ ρ C2

Single contractions: ρ ρ2 C2 and ρ ρ ρC2.

Double contractions: ρ2 ρC2 and ρ ρ2C2.

Fully connected contraction: ρ3C2.

The contractions that involve higher moments of ρ arise from spectral correlations, which are
believed to arise due to off-shell Euclidean wormholes in the gravitational path integral [49].
Such spectral correlations can usually be disregarded at early enough times where the
Eigenstate Thermalization Hypothesis applies (for ergodic systems, spectral correlations
become important after the Thouless time [62]). So if we ignore all higher spectral correlations,
then the only non-trivial contraction pattern other than the fully factorized contraction is

ρ ρ ρC2 conn. ≈ ρ0 ρ0 ρC2 conn.
, (3.53)

which is precisely the type of cubic contraction that we have found in (3.50). This contraction
sits at an interesting intermediate point in the statistical description of CFT data, where
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we do not take into account eigenvalue repulsion, but we do get non-trivial correlations
between ρ and C.

In (3.53), we approximated the coarse-grained density of states ρ by the smooth Cardy
density ρ0(∆1,∆)d∆d∆ := δZ(J)ρ0(P )ρ0(P )dPdP .22 This approximation is justified for
CFT’s with a sparse light spectrum, a gap of the order c ≫ 1, and a dense spectrum of
states above the black hole threshold [63]. If we combine this with the cubic moment (3.51),
then we can approximate the CFT average (3.50) by:23

⟨O⟩τ1
⟨1⟩τ2

⟨O⟩τ3

conn. ≈
∫ ∞

0
dPdP δZ(J)C0(P, P, PO)C0(P , P , PO)

×
∣∣∣F1,1(P ;PO;− 1

τ1
)F1,0(P,− 1

τ2
)F∗

1,1(P ;PO;− 1
τ3
)
∣∣∣2 . (3.54)

This precisely matches to the answer obtained in equations (3.45) and (3.47) for the 3d
gravity partition function on the three-boundary wormhole MO0

3 . Put differently, if one
assumes that an averaged version of AdS3/CFT2 exists for pure gravity, then consistency
requires a statistical correlation for ρC2 of the leading form (3.51).

We can also give an independent CFT motivation for the cubic moment (3.51) by appealing
to the concept of typicality. For sufficiently chaotic quantum systems, it is expected that in
the dense part of the spectrum, there is approximate unitary invariance in microcanonical
energy bands. This general expectation is at the core of the Eigenstate Thermalization
Hypothesis [64]. A small amount of unitary averaging then fixes the index structure of the
OPE coefficients in (3.50) to the ‘diagonal’ contraction:

C1O1C212C3O3 (3.55)

which sets ∆1 = ∆2 = ∆3. It was moreover shown in [29] that the cubic moment is
suppressed by a factor e−S of compared to the Gaussian contraction. Our proposal for (3.51)
satisfies both conditions: the selection rule δ13 is imposed by the continuous delta function
δ(P1−P3)

ρ0(P1) , and there is an extra factor of 1/ρ0(P2, P 2) ∼ e−SCardy compared to the Gaussian
moment. Finally, the precise functional form of (3.51) can be obtained from imposing crossing
symmetry on the CFT’s torus three-point function. Indeed, taking O1 = O3 and O2 = 1
in equation (2.44) of [29] we retrieve (3.51).

Corrections from modular images. Let us now briefly discuss the corrections to the
cubic moment (3.51). From equation (3.54) we can see that the ‘diagonal’ approximation
does not preserve modular invariance in τ1,2,3, τ1,2,3. This is a general feature of the large-c
OPE ensemble for wormhole amplitudes — for a similar discussion, see section 3.2 in [29]. We
can restore modular invariance by adding to the OPE contraction (3.51) all the corrections
from the modular images in the triple Poincaré sum (3.49). For example, the contributions

ρ(P2, P 2)C1O1C3O3
conn.

⊃
∣∣∣∣δ(P2 − P3)

ρ0(P2)
SP3P1 [PO]

ρ0(P1)
C0(P3, P3, PO)

∣∣∣∣2 + (1 ↔ 3) (3.56)

22This is a slight refinement of the OPE ensemble of [25], taking into account spin quantization.
23To arrive at this answer, we approximated the CFT spectrum by the identity 1 plus a continuum of black

hole states with ∆, ∆ ≥ c−1
24 . We also used that C1O1 = 0, meaning that the contributions from ∆1,3 = 0

to (3.52) vanish. Finally, we used that the contribution from ∆2 = 0 drops out of the connected average.

– 31 –



J
H
E
P
0
4
(
2
0
2
5
)
0
1
5

give rise to the modular images τ1 → S ·τ1 and τ3 → S ·τ3. Note that thanks to the symmetry
relation (3.39), the second term in the above expression only differs from the first by the
substitution δ(P2 − P3) 7→ δ(P2 − P1).

We can in principle add all modular images in this way. However, it is expected that
at high enough temperatures and large c the diagonal contribution (3.54) dominates. A
heuristic argument goes as follows. A simple analysis shows that C0(P, P, PO) is peaked at
∆∗

P ≈ ∆2
O/∆t, where ∆t := c−1

24 is the black hole threshold. This value of ∆∗
P is very small

for any sub-threshold ∆O, when c is large. For larger values of ∆P , the C0 function decays
exponentially. So the largest contribution to the modular sum will come from those terms
where the P -integral is dominated by a saddle point close to ∆∗

P . At high temperatures
Im(τi) → 0, this is the case when all the conformal blocks are in the S-dual channel. This
selects (3.54) as the dominant contribution.

The off-shell 3-boundary wormhole. We have seen that the microcanonical partition
function on Σ0,3 × S1 is finite in the limit that the matter insertion W0 is removed. However,
the canonical partition function with fixed boundary moduli diverges, as can be seen from
eq. (3.45): the function C0(P, P, PO) has a simple pole at PO = iQ

2 . The divergence comes
from the factors of ρ1,1 in (3.44), in exactly the same way that the two-boundary punctured
torus wormhole partition function diverges as O0 → 1 [65]. This divergence signals the
fact that the 3-boundary torus wormhole without matter is off-shell: an analysis similar to
that of Cotler and Jensen [58] should be done to determine the correct wormhole partition
function in 3d gravity, which would contribute to the “RMT2” statistics of ρ3 [66, 67]. We
leave this as a problem for future work.

4 Comments on general non-rational CFTs

The main formula (1.3) (or its variant (1.6)) can be viewed as a mathematical identity
between the S and F kernels which have independent and concrete definitions as meromorphic
functions [17, 68]. Our assertion so far, however, is that it represents something more profound.
Crucially, these crossing kernels are the unique solutions24 that satisfy the Moore-Seiberg
consistency relations for c ≥ 25 2d CFTs [16], which makes them universal quantities in any
theory with these values of the central charge. Even more, as we have seen, the derivation
of (1.3) from both the Virasoro TQFT perspective (cf. section 2.2) and the (Liouville) CFT
perspective (cf. appendix B) proceeded through a natural extension of the steps that led to
the derivation of the original Verlinde formula in Chern-Simons theory [6] and RCFTs [2, 3],
respectively. As such, it is reasonable to posit that our main formula encodes some structure
related to the fusion coefficients in non-rational 2d CFTs with just Virasoro symmetry which
we wish to make precise in the current section. By ‘non-rational’ here we basically refer to

24As it was explained in [16] the uniqueness argument relies crucially on the assumptions of meromorphicity
in the P variables and continuity in b ∈ (0, 1]. It is useful to contrast this with the situation at c ≤ 1 where
it was shown in [39] that the analogous unique meromorphic and continuous in b ∈ iR(0,1] solutions of the
shift relations lead to non-physical crossing kernels (i.e. kernels that do not implement the fusion of c ≤ 1
blocks). It is still an open question to date to determine the physical S, F kernels for c ≤ 1 in the same way
that [17, 68] did for c ≥ 25.
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theories with an infinite, yet discrete, spectra of representations with respect to the chiral
and anti-chiral Virasoro algebra.

To set the stage, we first review some general facts about the fusion coefficients in
section 4.1. We then return to the Virasoro-Verlinde formula and ask whether it defines
a fusion product. In the limit where the ‘regulator’ O0 becomes the identity operator, we
argue that our formula connects with a particular fusion product considered previously by
J.Teschner in [12], which we newly analyze in section 4.2. We are then led to conjecture,
in section 4.3, a natural generalization of our main formula to non-rational theories which
properly accounts for the discreteness of the allowed representations. Given such formula,
we show that there is a universal contribution to the fusion numbers of such theories that
is captured by two copies of the Virasoro-Verlinde formula. We also discuss some novel
bootstrap implications that arise from the conjectured formula.

4.1 Fusion coefficients in CFTs with only Virasoro symmetry

Let us review briefly what we mean by fusion coefficients in 2d CFTs with just Virasoro
symmetry. By definition the fusion coefficients Nij

k ∈ Z≥0 are commonly associated with
the chiral algebra of the theory (in this case either Vir(left) or Vir(right)) and encode the
multiplicities in which a given representation Rk of, say, Vir(left) appears in the fusion of two
other representations Ri, Rj . As it is known from the plethora of examples in RCFTs, in a
diagonal theory — meaning a theory with only scalar operators — the total fusion number
associated to the full left-right representations factorizes as Ntot. = Nleft × Nright, where
Nleft ≡ Nij

k and Nright ≡ Nij
k (corresponding to the representations Ri, Rj , Rk ∈ Vir(right)).

On the other hand, in a non-diagonal theory, the corresponding fusion rules must take
into account the asymmetric left-right pairing of the Virasoro primaries, and hence will
not be chiral in general. In this case, one simply defines25 a single fusion number as
N(tot.) = N(i,i),(j,j)

(k,k). In summary,

diagonal theories: Ntot. = Nij
k × Nij

k ∈ {0, 1}

non-diagonal theories: Ntot. = N(i,i),(j,j)
(k,k) ∈ {0, 1} .

The condition that the fusion number of (Ri, Ri), (Rj , Rj) ∈ Vir(left) × Vir(right) contains
the representation (Rk, Rk) is equivalent with the associated three-point structure constant
C(i,i),(j,j)

(k,k) being non-trivial. In particular, the statement is that the fusion number
coincides with the dimension of the space of three-point structure constants involving the
aforementioned representations.

In the case where the chiral symmetry algebra is just Virasoro the fusion coefficients
can take values Nij

k = {0, 1}. In other words, absent any extra symmetry, given three
representations of the Virasoro algebra the three-point structure constants are either unique
or non-existent. This essentially relies on the structure of the Virasoro Ward identities which

25In the case of non-diagonal RCFTs, one usually proceeds further by defining extended-symmetry characters
which re-organize e.g. the non-diagonal partition function of the theory to a diagonal modular invariant in
those extended characters. The associated extended fusion numbers then factorize into left and right fusion
coefficients, just like in the usual diagonal case, which are in turn described by an ‘extended’ Verlinde formula.
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imply that three-point functions of descendant fields are completely determined from the
three-point functions of the corresponding primary fields (see e.g. [13]).26 Based on that, it is
clear that the fusion numbers are in general determined in part by symmetry. In contrast, the
theory-specific information is encoded on the actual support of the fusion numbers, which in
turn depends on the type of representations of the Virasoro algebra that we are studying. Here
we are primarily concerned with unitary (or ‘positive energy’) representations characterized by
central charge c > 0 and chiral conformal dimensions ∆,∆ ≥ 0, thereby setting aside several
important classes of theories such as non-unitary minimal models or logarithmic CFTs.27

The role of the type of the representation is pivotal in the fusion rules as can be seen already
from the well-known case of unitary Virasoro minimal models with c < 1: the corresponding
highest-weight representations are reducible due to the presence of null states which results
into a finite number of primary fields propagating in the fusion rules [31]. On the other hand,
for c > 1 it is known that the only degenerate representation occurs for the identity field
with ∆ = ∆ = 0, whereas all other highest-weight representations with ∆,∆ > 0 are non-
degenerate. We will restrict attention to exactly those, in particular for c ≥ 25 (or 0 < b ≤ 1).
It is in this sense that we will refer to the fusion numbers/rules of non-rational theories,
where by ‘non-rational’ we specifically mean theories with c ≥ 25 and an infinite number of
unitary highest-weight representations labeled by discrete ∆,∆ > 0, together with a unique
degenerate identity module with ∆0 = ∆0 = 0. As usual, in terms of the Liouville momentum
labels P, P it will be convenient to ‘split’ the representations into ‘light’ (sometimes also
called ‘complementary series’) which occur when P, P ∈ iR(0, Q

2 ] or 0 ≤ ∆,∆ < c−1
24 , and

‘heavy’ (sometimes also called ‘principal series’) which occur when P, P ∈ R or ∆,∆ ≥ c−1
24 .

4.2 The analytic Liouville fusion product

After these preparations let us return to the Virasoro-Verlinde formula, in particular its form
in the 6j normalization (2.49). We repeat it here in an equivalent form:28

N (L)
ij (Pk|z) =

∫ ∞

0
dµ(P )

(
ŜPiP [z]√

C0(z, Pi, Pi)

)
SPkP [1]
S1P [1]

 Ŝ∗
P Pj

[z]√
C0(z, Pj , Pj)

 (4.1)

where
N (L)

ij (Pk|z) := (ρ0(Pk)C0(Pi, Pj , Pk))−1 Fz,Pk

[
Pi Pj

Pi Pj

]
. (4.2)

Normalizing both sides in this manner helps circumvent the various singularities described in
section 2.3 and further reveals the physical meaning of the formula, as we now discuss.

Given the striking resemblance of (4.1) with the ordinary Verlinde formula it is tempting
to suggest that N (L)

ij (Pk|z) defines a particular fusion product within the unitary highest-
weight representations of the Virasoro algebra with c ≥ 25. For arbitrary z, this is not
quite true for the simple reason that N (L)

ij (Pk|z) can take arbitrary values other than {0, 1}
26The situation is different in e.g. RCFTs with extended symmetry or theories with Wn symmetry algebras

where the fusion coefficients can take values larger than one (see e.g. [9, 69]).
27For a discussion on the analog of the Verlinde formula in logarithmic CFTs see [70].
28We have renamed P1,2,3 ≡ Pi,k,j , P0 ≡ z and we divided both sides by the normalization factors√
C0(z, Pi, Pi)C0(z, Pj , Pj); recall equation (2.63).
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(which are the expected values, as we discussed, of the fusion coefficients in a theory with
just Virasoro symmetry). The situation, on the other hand, is better in the limit z → iQ

2 .
Indeed, we see right away that29

lim
z→ iQ

2

N (L)
ij (Pk|z) = 1.

The interpretation of this ‘1’ should be handled with caution though, as its derivation
implicitly makes some assumption about the support of the representations involved. In
particular, this quick calculation obscures any absence of particular representations in a given
fusion (i.e. cases where the fusion coefficient is zero).

To be more rigorous, for two unitary representations RPi and RPj of, say, Vir(left) we can
define a formal fusion product ⊠ : (R, R) → R inspired by (4.1) as follows:

RPi ⊠ RPj ≃
∫ ⊕

U
dµ(P ) RP ⊗ Hom(L)

(
RPi ⊠ RPj ;RP

)
. (4.3)

Here ≃ means unitary equivalence, and U is some measure set of unitary representations
of Vir(left) (of given c ≥ 25) that we need to specify. Given the original connection of our
formula with Virasoro TQFT and Liouville theory, it is natural to consider U = R+, i.e. the
(chiral) continuous spectrum of normalizable states in the Hilbert space of Liouville theory.
The measure then is dµ(P ) = dPρ0(P ) which is the standard continuous Plancherel measure
in the space of representations of the Virasoro algebra. Finally, Hom(L)

(
RPi ⊠ RPj ;RP

)
is

the space of homomorphisms RPi ⊠ RPj → RP , which is isomorphic to the Hilbert space of
(chiral) conformal blocks on the three-punctured sphere (or, more precisely, of the so-called
‘intertwiners’30) and has dimension

dim
[
Hom(L)

(
RPi ⊠ RPj ;RP

)]
= lim

z→ iQ
2

N (L)
ij (P |z) = 1 . (4.4)

As emphasized in section 2.3, for arbitrary z ∈ iR(0, Q
2 ) the quantity N (L)

ij (P |z) is a positive
definite number and can thus be regarded in our setup as a regularized dimension for the space
of three-point conformal blocks on the sphere. This is, however, physically relevant for the
Virasoro case only in the limit z → iQ

2 , where N (L)
ij (P |z) → 1. Similarly, on the space of three-

point conformal blocks one can formally define a metric which is proportional to the physical
(chiral) structure constants Cij

P . From (4.1), it is suggested that there is a regularized metric
which reads C0(Pi, Pj , P )N (L)

ij (P |z) = ρ0(P )−1Fz,P

[
Pi Pj

Pi Pj

]
. However this, again, only makes

sense as a physical structure constant in the limit z → iQ
2 , where it reduces to C0(Pi, Pj , P ).

The fusion product (4.3) with the aforementioned choices has interestingly appeared before
in [12].31 It enjoys various nice properties that we now discuss. First, the identity selection

29From the l.h.s. of (4.1), this is obvious. From the r.h.s., this result is attained from a cancellation between
a pinching singularity of the integral and a zero coming from an overall factor of C0(z, Pj , Pj)−1, when z → iQ

2 .
30The role of the intertwiners (or ‘intertwining operators’) was originally emphasized in [2] (see also [71, 72])

to stress the fact that the fusion product ⊠ is not a tensor product (usually denoted by ⊗). The tensor product
of two representations is a representation that has as central charge the sum of the two initial central charges.
In the fusion product we are interested in obtaining a representation with the same central charge.

31See section 7.2 thereof. The function D(α3, α2, α1) of [12] is up to trivial factors equal to C0.
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rule is automatically satisfied since the metric in Hom(L) obeys limPi→P1 C0(Pi, Pj , P ) =
ρ0(P )−1δ(P − Pj). For general values of Pi, Pj , the metric is permutation-symmetric and
hence the fusion product (4.3) is commutative. In addition, for U = R+ the associativity
property holds. This follows directly from crossing symmetry of four-point functions in
Liouville theory and the existence of the fusion kernel F. Indeed, we compute

(RP1 ⊠ RP2)⊠ RP3 ≃
∫ ⊕

U
dµ(P ) RP ⊗ Hom(s) (RP1 ⊠ RP2 ⊠ RP3 ;RP )

RP1 ⊠ (RP2 ⊠ RP3) ≃
∫ ⊕

U
dµ(P ) RP ⊗ Hom(t) (RP1 ⊠ RP2 ⊠ RP3 ;RP )

(4.5)

where Hom(s,t) are isomorphic to the (infinite-dimensional) spaces of the s, t−channels four-
point Liouville conformal blocks, with metrics given by C0(P1, P2, Ps)C0(Ps, P3, P ) and
C0(P3, P2, Pt)C0(Pt, P1, P ), respectively. The unitary equivalence of the two expressions
in (4.5) for U = R+ is therefore guaranteed from crossing symmetry in Liouville theory, or
equivalently, from the existence of a unitary fusion kernel F that maps t-channel Liouville
conformal blocks to s-channel ones [12]. We will refer to the fusion product (4.3) with
dµ(P ) = dPρ0(P ), U = R+ and metric in the space Hom(L) given by C0, as the analytic
Liouville fusion product.

In order to understand further the support of its measure set U we will analyze the
OPE between chiral vertex operators VPi , VPj . In Liouville theory, the standard form of
the OPE reads

VPi(x, x)VPj (0) ∼
∫
R+

dP

B(P ) CDOZZ(Pi, Pj , P ) (xx)∆−∆i−∆j [VP ] (0) . (4.6)

Here B(P ) is a given two-point function normalization, CDOZZ(P1, P2, P3) is the ‘DOZZ
formula’ compatible with this two-point function, and [VP ] denotes the chain operator that
contains all the contributions from the holomorphic descendants of the primary VP . It
can be shown using standard methods that if we normalize our chiral vertex operators
such that B(P ) = ρ−1

0 (P ), then CDOZZ coincides with the function C0 (see appendix B.1
of [14]). We then have

V̂Pi(x, x)V̂Pj (0) ∼
∫
R+

dPρ0(P )C0(Pi, Pj , P ) (xx)∆−∆i−∆j [V̂P ](0) (4.7)

which is exactly the map of the fusion product (4.3) to the corresponding space of chiral
vertex operators.

As it was first observed in the original work of [45], the Liouville OPE can have either
continuous or discrete support depending on the values of Pi, Pj . The discrete series can
arise when we analytically continue the momenta Pi, Pj outside the standard Liouville regime
P ∈ R+, in which case several poles of the integrand can cross the contour. To maintain
analyticity in the parameters we need to deform the contour and pick the residues of these
contributions. For the case of the normalization (4.7) these poles are determined basically
by the analytic structure of C0(Pi, Pj , P ) (since ρ0(P ) is analytic). There are four distinct
cases regarding the support of the OPE (4.7) — and hence of (4.3) — as dictated by the
analytic structure of C0. We summarize them in table 1.
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Pi, Pj support of (4.3)
heavy, heavy continuous
heavy, light continuous
light, light; with Im(Pi + Pj) ≤ Q

2 continuous
light, light; with Im(Pi + Pj) > Q

2 discrete + continuous

Table 1. Four distinct cases of two unitary highest-weight representations of the chiral Virasoro
algebra labeled by Pi, Pj and the support of their corresponding fusion product (4.3) as dictated
by the OPE (4.7). The characterization as ‘light’ or ‘heavy’ corresponds to conformal dimensions
0 ≤ ∆ < c−1

24 or ∆ ≥ c−1
24 , respectively.

In the first three cases, where we have at least one ‘heavy’ representation or two ‘light’
ones such that Im(Pi+Pj) ≤ Q

2 , it can be seen that the poles of C0(Pi, Pj , P ) do not cross the
contour P ∈ R+. Therefore the corresponding OPE has the form (4.7), i.e. with a continuous
support. On the other hand, for two light representations with Im(Pi + Pj) > Q

2 a finite
set of poles of the measure can cross the contour P ∈ R+ and therefore, by analyticity,
contribute an additional discrete sum in the OPE. In particular, it can be seen that these
poles occur at pure imaginary P = Pm such that Im(Pm) > 0 (thus corresponding to ‘light’
unitary representations):

Pm = Pi + Pj −
iQ

2 − imb, with m ∈ Z≥0 : Im(Pm) > 0 (4.8)

along with all their reflections. The corresponding OPE can then be written compactly
in this case as32

V̂Pi(x, x)V̂Pj (0) ∼
∫
Γ
dP C(L)

ij (P ) (xx)∆−∆i−∆j [V̂P ](0) (4.9)

where Γ is an appropriate contour that passes through the extended, but still unitary, regime
of P (namely, iR(0, Q

2 ] ∪ R≥0), and

C(L)
ij (P ) :=

∑
m

−2πi Res
P=Pm

[
ρ0(P )C0(Pi, Pj , P )

]
δ(P − Pm) + ρ0(P )C0(Pi, Pj , P )Θ(P ).

(4.10)
This is the ‘analytic’ OPE spectral density, where Θ denotes the standard Heaviside step
function. It is therefore clear from the OPE analysis that, by analyticity, the measure set
U in the fusion product (4.3) can have both discrete and continuous support depending on
the type of (unitary) representations that undergo fusion. As a result, we can write the
analytic Liouville fusion product formally as

RPi ⊠ RPj ≃
⊕

P=Pm

RP ⊗ Hom(discr.)
(
RPi ⊠ RPj ;RP

)
⊕
∫ ⊕

R+
dµ(P ) RP ⊗ Hom(L)

(
RPi ⊠ RPj ;RP

) (4.11)

32It is worth noting that from the analysis of C0(Pi, Pj , P ) (given in (A.20)) one can see that these discrete
contributions exist for m ≥ 1 only for c > 25 (or 0 < b < 1).
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with the understanding that the discrete series of representations is only present in the case
Im(Pi + Pj) > Q

2 . The metric in the one-dimensional Hilbert space denoted as Hom(discr.)

is proportional to Res
P=Pm

[
ρ0(P )C0(Pi, Pj , P )

]
.

This concludes our definition of the analytic Liouville fusion product. It is worth noting
that the contributions (4.8), (4.9) were studied in [73] (see also [74]) within the context of the
lightcone bootstrap of four-point functions in unitary 2d CFTs with c > 1 and a twist gap
above the vacuum. The corresponding spectrum was dubbed Virasoro Mean Field Theory
and it was shown to govern universally the support of the s-channel OPE spectral density of
four-point functions for pairwise-identical operators at large spin. Crucially, such theories
are characterized by a discrete set of non-diagonal left-right representations of the Virasoro
algebra and, as such, are not directly related with the diagonal case of Liouville theory that
we discussed here. We will explore the extent to which we can describe such theories via
a Verlinde formula in the next section.

4.3 A conjecture for a novel bootstrap approach

In a general unitary c > 1 CFT with just Virasoro symmetry, a unique sl(2, C)-invariant
vacuum state, and a discrete spectrum of infinitely-many primary operators at each spin
sector, there is a corresponding set of modules {M(1,1),M(i,i),M(j,j), · · · } which includes all
the pairings of left-right Virasoro primaries with conformal weights ∆i,∆i along with their
descendants. Since such a theory contains primary operators at arbitrarily large spins [75],
we in general have modules with ∆i ̸= ∆i. This differs substantially from the ‘diagonal’
case of Liouville theory that we studied above. It is reasonable, however, to expect that
there still exists an associative and commutative fusion ring structure on the set of allowed
modules of the theory:

MI ⊠MJ ≃
⊕

K∈SIJ

NIJ
KMK (4.12)

where we denoted for brevity I ≡ (i, i), J ≡ (j, j) etc. In a theory with just Virasoro symmetry,
the fusion numbers NIJ

K are expected to take values in {0, 1}.
The original Verlinde formula [1] as well as the Virasoro-Verlinde formula (4.1) are

inherently ‘chiral’ equations, in the sense that they describe the chiral part of the symmetry
algebra. For a non-diagonal theory, and absent any other extended symmetry beyond Virasoro,
it is intriguing to conjecture the existence of an analogous ‘generalized Virasoro-Verlinde
formula’ that connects in a similar way the fusion numbers of left-right modules of such
theories with the CFT data on the torus,33 namely

NIJ
K(z, z) !=

∫
C
dPdPρ(P, P )

 ŜPiP [z]ŜP iP
[z]

√
Czii

 SPkP [1]SP kP [1]
S1P [1]S1P [1]

 Ŝ∗
P Pj

[z]Ŝ∗
P P j

[z]√
Czjj

 .

(4.13)
33To the best of our knowledge, there is no analogous construction of a ‘generalized Verlinde formula’ in

non-diagonal RCFTs that yields the left-right fusion numbers as a sum over the full spectrum weighted by the
left and right copies of the modular kernel (cf. discussion in footnote 25). Nevertheless, we will proceed with
the conjecture presented here for reasons that we will argue below.
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The function NIJ
K(z, z) on the l.h.s. represents a ‘deformed’ (for arbitrary values of z, z)

fusion number for the modules MI ,MJ ,MK , and is expected to take values in {0, 1} in the
limit z, z → iQ

2 . In less abstract terms, we view the l.h.s. as defined mostly by the integral
on the r.h.s. which we now explain. The dependence on z, z on the r.h.s. enters universally
through the arguments of the modular S-kernels and the functions C (related to C0). The
behaviour of the integral is fundamentally determined by the density ρ, which we take it
to be the modular-invariant density of primary states in the P, P variables that enters in
the usual partition function of the theory on the torus

Z(τ, τ) =
∫
C
dPdPρ(P, P ) qP 2

η(τ)
qP

2

η(−τ) , q = e2πiτ , q = e−2πiτ . (4.14)

Here C is an appropriate contour in the P, P plane that includes the support of ρ. In a
given non-rational 2d CFT with a discrete spectrum, ρ is a generalized function and can
be thought of as a sum of delta functions supported at integer spins and a discrete set of
scaling dimensions at each spin sector.

We will now show that, assuming the existence of (4.13) and relying solely on known
universal statements about the primary density of states ρ on the r.h.s., the ‘deformed
fusion numbers’ NIJ

K(z, z) are captured universally by two copies of the Virasoro-Verlinde
formula (4.1) which are, crucially, non-identical. Indeed, in a modular-invariant theory with
c > 1 and a twist gap above the vacuum, the density of states at large energies or large
spin is famously governed by the Cardy formula [76] (established rigorously and extended
in [77–85]). In the (P, P ) variables the averaged density reads34

ρ(P, P ) ≈ ρCardy(P, P ) ≡ ρ0(P )ρ0(P ) as P, P → ∞, or P → ∞, P fixed, (4.15)

and further corrections coming from non-trivial primaries above the vacuum are exponentially
suppressed in at least one of P ∼

√
∆ or P ∼

√
∆.

From the perspective of (4.13) this means that we could in principle study the behavior
of the ‘deformed fusion numbers’ on the l.h.s. as dictated from the internal high-energy part of
the spectrum (one can think of these contributions as “high-energy loops”), by approximating
the measure on the r.h.s. as∫

C
dPdPρ(P, P ) −→

∫ ∞

0
dµ(P )dµ(P ). (4.16)

Accordingly, this defines an averaged ‘deformed fusion number’ that we denote as NIJ
K(z, z).

It is not at all clear a priori that by doing this crude approximation we will end up with
something physical on the l.h.s. (i.e. a set of fusion numbers) after taking the limits z, z → iQ

2 .
Nonetheless, given the existence of our original formula (4.1) we find

NIJ
K(z, z) ≈ N (L)

ij (Pk|z)×N (L)
ij

(Pk|z)

=
(
ρCardy(Pk, P k) Cijk

)−1
Fz,Pk

[
Pi Pj

Pi Pj

]
Fz,P k

[
P i P j

P i P j

]
.

(4.17)

34The notation a ≈ b here means that a
b
→ 1 in the limit of interest.
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The corrections to (4.17) are suppressed in the approximation (4.16), and are generically
controlled by corrections to the Cardy formula coming from non-vacuum primaries (as
computed within (4.13)). Quite remarkably, this appears to be a physical result for the
fusion numbers. Indeed, the limit

lim
z,z→ iQ

2

NIJ
K(z, z) = 1

recovers the correct dimension of the space of conformal blocks in the three-punctured sphere
for a theory with just Virasoro symmetry. Furthermore, we see that the expression factorizes
into left and right ‘fusion coefficients’ which — contrary to the diagonal case of Liouville
theory — have in principle different left and right labels for all the indices. This shows
the precise way in which the Virasoro-Verlinde formula captures the fusion numbers in
general non-rational and non-diagonal theories, subject to the conjecture (4.13). The rigorous
implications of this factorized structure deserve further understanding, especially in relation
to the analytic bootstrap results of [30, 73, 74], where we believe there is a highly suggestive
connection. We leave these explorations to future work.

A key point to emphasize is that the only input in this derivation (subject to the
conjecture (4.13)) was the universality of the density of states at large scaling dimension
or large spin, as given by the Cardy formula. From this, we were able to obtain universal
information about the fusion numbers. This kind of relation is precisely at the heart of
the Verlinde formula on general grounds: it connects in a non-trivial way the spectrum of
the theory on S1 with the space of three-point conformal blocks on the sphere. Conversely,
further exploring this connection for non-rational two-dimensional CFTs could serve as a
promising approach and a novel means for constraining the spectral density ρ itself, using
universal features of the fusion coefficients.

An immediate bootstrap constraint of this form is the following. Within the space of all
modular-invariant spectral densities ρ(P, P ), not all of them will possibly produce a positive-
definite and integral distribution NIJ

K in the limit z, z → iQ/2 of (4.13). Even more, in
theories with just Virasoro symmetry, the allowed spectral densities should be able to capture
the fusion numbers which take values in {0, 1}. This is a concrete and novel way to distinguish
between theories with just Virasoro symmetry and theories with extended symmetry algebras.
The possible existence of a ‘generalized Verlinde formula’ such as (4.13), therefore, defines an
intriguing classification problem for allowed distributions ρ (with either discrete or continuous
support). We think of this approach as equivalent and/or complementary to the usual
modular bootstrap approach [77, 86–89]. The existence of a Verlinde formula is a unique and
fascinating feature of two-dimensional theories that we believe should be an integral part of
the bootstrap toolkit for exploring the rich structure of these theories. It is critical, of course,
to understand whether similar relations exist for CFTs in higher dimensions.

5 Discussion

In this work, we derived a new formula in non-rational 2d conformal field theories with c ≥ 25
and only Virasoro symmetry that we view as the analog of the Verlinde formula for the Virasoro
algebra. Remarkably, (1.6) assembles all the basic Virasoro crossing kernels in one formula:
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the identity S-kernel, the modular S-kernel, the one-point S-kernel and the Virasoro 6j symbol
(with pairwise identical external arguments). Moreover, we have seen that the regularized
‘fusion density’ NP0 [P1, P2, P3] elegantly packages the fusion rules of both degenerate and
non-degenerate representations of the Virasoro algebra in one meromorphic function.

Our derivation relied on the internal consistency of the Virasoro TQFT, which was shown
to admit a well-defined inner product (for stable surfaces and c ≥ 25) in [14, 15]. We can
think of the TQFT as ‘encoding’ the non-rational Moore-Seiberg consistency conditions into
topological properties of 3-manifolds. Apart from showcasing the utility of the Virasoro
TQFT formalism, we showed that the Virasoro-Verlinde formula has interesting applications
in a variety of theories that are governed by Virasoro symmetry. Moreover, it offers intriguing
implications for generic non-rational 2d CFTs.

In this discussion, we will pose some open questions and indicate future directions.

The one-point S-kernel diagonalizes the 6j symbol. As already remarked in the
introduction, our formula has the structural form of a diagonalization SDS† of the 6j

symbol (or equivalently, the fusion kernel) with pairwise identical external operators. Since
the formula follows from basic consistency conditions required in any CFT2 (as shown in
appendix B), there should be a version of our formula for arbitrary chiral algebras, i.e.{

h3 h3 h0
h1 h1 h2

}
6j

=
∫
C
dµ(h)

Ŝh1h[h0]Sh2h[1] Ŝ∗
hh3

[h0]
S1h[1]

, (5.1)

for some appropriate measure µ(h). In particular, for RCFT’s µ(h) is a finite sum of delta
functions supported on the spectrum of the RCFT, and the right-hand side becomes a product
of matrices (for fixed h0).35 For non-rational theories with non-compact representations —
such as the coset WZNW models on SL(2, R)/U(1) or H+

3 = SL(2, C)/SU(2), or theories with
Wn symmetry — the measure µ(h) will be the Plancherel measure on the representation
space. Furthermore, we expect that (5.1) will generalize straightforwardly to supersymmetric
CFT’s, such as N = 1 or N = 2 super-Liouville theory36 [91, 92].

Finally, in the realm of CFTs whose chiral algebra is just Virasoro, there is still an
interesting open problem of understanding the modular and fusion kernels at c ≤ 1 in great
generality (for a recent proposal, see [93]), or even an inner product in the space of c ≤ 1
conformal blocks (in the sense of [14]). Understanding this would ultimately lead to a c ≤ 1
analog of the formula we presented, where an intricate connection with the so-called ‘timelike’
Liouville theory is anticipated, in a similar way to how our formula is connected with the
ordinary (spacelike) Liouville theory for c > 1.

Large central charge and the Schwarzian limit. It is interesting to study systematically
various large central charge limits of our formula. As a notable example, it is known that the
Virasoro 6j symbol reduces to the classical 6j symbol associated to sl(2, R) in the so-called

35For example, for SU(2) Chern-Simons theory at level k one can explicitly check that the matrix product
on the right-hand side reproduces the 6j symbol of the SU(2)k quantum group.

36Recently, a supersymmetric generalization of the Virasoro TQFT was given in [90], which uses the known
fusion and one-point S-kernels of N = 1 super-Liouville CFT. This means that the TQFT argument of
section 2.2 directly carries over to the N = 1 case.
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Schwarzian limit [94]. From the bulk point of view, the Schwarzian limit can be understood
as the dimensional reduction of Chern-Simons theory to SL+(2, R) BF theory, which is
equivalent to JT with heavy matter on the disk [95]. Explicitly, the Schwarzian limit is a
combination of the semiclassical limit b → 0 (i.e. c → ∞) with a scaling of the conformal
weights to the threshold P → 0 [96]. Keeping the ratio k := P/b fixed, the classical 6j

symbol is retrieved as the limit:

lim
b→0

b3
{

P3 P3 P0
P1 P1 P2

}
6j

=
{

k3 k3 k0
k1 k1 k2

}
sl(2,R)

. (5.2)

An interesting question arises when we take this Schwarzian limit on both sides of the
Virasoro-Verlinde formula. We know that in this limit, S1P [1] reduces to the Schwarzian
density of states, while the classical 6j symbol computes the Schwarzian OTOC [94]. However,
it is not so clear what the interpretation of the one-point S-kernel Sk1k[k0] is in the Schwarzian
limit. Perhaps it can be understood in terms of boundary states in Liouville theory, as in
section 3.1, by using the connection between Liouville CFT and the Schwarzian theory [97].
This leads us to the next point.

Boundary states in Liouville CFT. In rational BCFT, the standard Cardy boundary
states are written as a superposition of Ishibashi states, weighted by the ratio of modular
S-matrices Skh√

S1h
[7]. In this case, Cardy’s boundary states are consistent with the open-closed

duality of the annulus partition function thanks to the Verlinde formula [46]. Similarly, the
FZZT and ZZ brane boundary states in Liouville theory can be written as a continuous
superposition:

|Pa⟩ =
∫ ∞

0
dP eiδ(P ) SPaP [1]√

S1P [1]
|P ⟩⟩, (5.3)

where the Ishibashi state is defined by the condition (Ln − L−n)|P ⟩⟩ = 0. For the FZZT
boundary condition, SPaP [1] is the non-degenerate modular S-kernel (A.3) [35], while for the
ZZ boundary state it is the degenerate modular S-kernel (A.6) with Pa = P⟨m,n⟩ [98]. Given
the fact that we showed in section 3.1 that the open-closed duality of the annulus boundary
one-point function in Liouville is guaranteed by the Virasoro-Verlinde formula, it is natural
to conjecture that we can consistently define a ‘punctured boundary state’ of the form:

|Pa;P0⟩ =
∫ ∞

0
dP eiδ(P )SPaP [P0]√

S1P [1]
|P ;P0⟩⟩, (5.4)

where the phase factor is the same as in (5.3) (namely the square root of the bulk reflection
amplitude) and |P ;P0⟩⟩ is now a ‘punctured Ishibashi state’ that includes the contribution
from the descendants of O0. Since the open-closed duality we derived in section 3.1 was
independent of the structure constant g

(ab)
P , and since eq. (3.7) is the generic form of a

boundary 3-point OPE coefficient in BCFT, it is plausible that a punctured boundary state
of the form (5.4) may be defined in greater generality.

Open and closed Verlinde lines. The quantization of the Teichmüller space of Riemann
surfaces is known to be intimately connected to Liouville CFT and Virasoro modular ge-
ometry. Two natural observables in quantum Teichmüller theory are the closed Verlinde
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loop operator [27, 36–38] and the open Verlinde line operator [99]. Pictorially, the loop
operator acts on a line labeled by P as:

P

P2

= SP2P [1]
S1P [1]

P
, (5.5)

which for P2 = P⟨2,1⟩ (semiclassically) computes the geodesic length of the cycle dual to P .
The open Verlinde line operator acts on three-point vertex as:

P3

P1

P2

P0

= 1√
C101C303

{
P3 P3 P0
P1 P1 P2

}
6j

P3

P1

P2

(5.6)

where C101 := C0(P1, P0, P1). The Virasoro-Verlinde formula (2.49) can now be read as saying
that the open and closed loop/line operators are related by a ‘change of basis’, implemented by
the (unitary) one-point S-kernel. This can be made more explicit by introducing a complete
basis |P ⟩ associated to an annulus (i.e. a tubular neighborhood of the line P in (5.5)). We
choose this basis such that it diagonalizes the loop operator:

Lclosed
(2) |P ⟩ = SP2P [1]

S1P [1]
|P ⟩ . (5.7)

In quantum Teichmüller theory, this basis simultaneously diagonalizes the Dehn twist op-
erator [100, 101]. The one-point S-kernel is written as a matrix element in this basis,
ŜP P ′ [P0] = ⟨P ′| S(0) |P ⟩ [20]. Using the completeness relation 1 =

∫∞
0 dµ(P ) |P ⟩ ⟨P |, we can

then rewrite the Virasoro-Verlinde formula as the operator identity

Lopen
(0,2) = S(0)Lclosed

(2) S†
(0) (5.8)

where we define Lopen
(0,2) through its matrix elements

⟨P1| Lopen
(0,2) |P3⟩ =

{
P3 P3 P0
P1 P1 P2

}
6j

. (5.9)

Indeed, taking the matrix element ⟨P1| · · · |P3⟩ on both sides of (5.8) retrieves our for-
mula (2.49). It would be interesting to gain a deeper understanding of the significance of
the ‘open-closed’ operator equality (5.8) in quantum Teichmüller theory.

Mixed correlations in the large-c ensemble. In section 3.3, we used the Virasoro-
Verlinde formula to compute a three-boundary wormhole, which led to a new formula for the
cubic connected average ρC2 in the large-c ensemble of OPE data. It would be interesting
to show whether our result can be derived directly from the matrix-tensor model of [23, 24].
Since the matrix/tensor model obeys the Moore-Seiberg consistency conditions in the triple
scaling limit, it seems that in principle the result (3.51) should agree with ours (although
showing this may be technically hard).
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A related question is whether our prediction for the mixed correlation agrees with the state
averaging ansatz proposed in [102].37 There, the framework of state averaging was introduced
as an alternative for ensemble averaging over OPE coefficients. The conceptual advantage
is that state averaging is well-defined in a single CFT2, where the Cijk are non-random.
Moreover, the ensemble of mixed states, which was derived using a principle of maximum
entropy, was shown to agree with Euclidean wormhole computations in 3d gravity [102]. In
the present case, the three-boundary wormhole computed in section 3.3 would contribute
to the connected average

Tr(ρO)Tr(ρ)Tr(ρO) (5.10)

where ρ now denotes a density matrix drawn from an ensemble of random mixed states. The
state averaging perspective has the advantage of treating the three factors inside the average
on the same footing: instead of a mixed correlation between ρ(E2, J2) and C1O1C3O3, the
average is simply over a density matrix ρ ⊗ ρ ⊗ ρ on the tripled CFT Hilbert space. For the
state averaging ansatz, the connected contribution to the average ρ ⊗ ρ ⊗ ρ was shown to be
of the ‘cyclic’ type, which precisely agrees with the diagonal pattern of index contractions of
our result (3.51). It would be interesting to know what would be the low energy input in
the maximum ignorance ensemble of states that would also reproduce the precise smooth
functional form of the three-boundary wormhole (3.45).

Reconstruction fantasies.38 The problem of finding examples of non-rational two-dimensional
theories with just Virasoro symmetry beyond Liouville theory remains tantalizing, as it con-
tinues to challenge our understanding of two-dimensional CFTs (see [103] for recent progress
constructing such candidate examples). In section 4.3, we conjectured the existence of
a generalized Virasoro-Verlinde formula, which we believe merits further exploration and
could provide essential insights into addressing this longstanding challenge. One possibly
interesting concrete problem to study is the observation that the r.h.s. of (4.13) obeys a
shift relation in the variables z, z as dictated from the analogous shift relations obeyed by
the modular kernel and the function C0 (see e.g. [16]). This directly translates into shift
relations for the conjectured ‘deformed fusion number’ NIJ

K(z, z) on the l.h.s. It will be
interesting to systematically study (and classify) the solutions of such shift relations and
investigate their physical interpretation.
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A Basics of crossing kernels and Virasoro TQFT

In this appendix we give a brief introduction to the Virasoro crossing kernels in CFT2, and
how they appear in the 3d Virasoro TQFT introduced in [14]. For a more in-depth analysis
of the Virasoro crossing kernels, we refer to the excellent notes of [16].

As usual, we adopt the Liouville parametrization for the central charge c and the
conformal weights ∆,∆ of highest-weight representations of the Virasoro algebra:

∆ = c − 1
24 + P 2, ∆ = c − 1

24 + P
2
, c = 1 + 6Q2, Q = b + b−1 . (A.1)

The corresponding scaling dimensions E (on the plane) and spin J are given by:

E = c − 1
12 + P 2 + P

2
, J = P 2 − P

2
. (A.2)

Note the reflection symmetry P → −P of the Liouville parametrization (A.1). Unless
explicitly stated, we are interested in the regime c ≥ 25, which means b ∈ (0, 1]. We also
demand ∆,∆ ≥ 0, so we take P, P ∈ iR(0, Q

2 ] ∪ R+ modulo reflections. The vacuum state
corresponds to pure imaginary Liouville momentum P = P = iQ

2 , which we denote by “P = 1”.
For any compact unitary CFT the spectrum of primary conformal dimensions is discrete

and the spin is quantized. Nonetheless, the space of non-degenerate representations of the full
Virasoro algebra Vir×Vir is described by continuous parameters P, P . Since the Virasoro
conformal blocks factorize into holomorphic and anti-holomorphic blocks, the Virasoro
crossing kernels are also holomorphically factorized. As our paper is mostly concerned
with the representation theoretic aspects of the Virasoro algebra, we will mostly ignore the
dependence on the anti- holomorphic sector. However, it is understood that the conformal
blocks and crossing kernels discussed below all have an anti-holomorphic counterpart.

A.1 Crossing kernels

The simplest example of a crossing kernel is the modular transformation that maps the
non-degenerate Virasoro character on the torus χP (τ) to its S-dual character χP ′(− 1

τ ). It
is simply the Fourier kernel:

SP ′P [1] = 2
√
2 cos

(
4πPP ′). (A.3)

Pictorially, the modular S-transform maps the a-cycle of the torus to the b-cycle:

P ′
=
∫ ∞

0
dP SP ′P [1]

P

. (A.4)

We can also study degenerate representations of the Virasoro algebra, which occur at
the special values

P⟨m,n⟩ =
ibm

2 + in

2b
. (A.5)
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To construct the corresponding degenerate characters, one needs to subtract the null-states in
a systematic way. The S-transform of these characters is then implemented by the degenerate
modular S-kernel:

S⟨m,n⟩P [1] = 4
√
2 sinh

(
2πb−1mP

)
sinh(2πb nP ). (A.6)

The special case m = n = 1 corresponds to the identity module, P⟨1,1⟩ = 1. The identity
S-kernel defines the universal Cardy density of states via ρCardy(P, P ) = ρ0(P )ρ0(P ), where

ρ0(P ) := S1P [1] = 4
√
2 sinh(2πbP ) sinh

(
2πb−1P

)
. (A.7)

This density of states indeed exhibits the usual Cardy growth ρCardy ∼ e2πQ(P+P ) at high
energies [30].

More complicated crossing kernels exist for conformal blocks on punctured Riemann
surfaces with negative Euler characteristic. The two basic building blocks are:

Torus one-point: τ∆0FP1 [P0; τ ] =
∫ ∞

0
dP2 SP1P2 [P0] FP2 [P0;− 1

τ ] ,

Sphere four-point: VPs [Pi; z] =
∫ ∞

0
dPt FPsPt

[
P2 P1
P3 P4

]
VPt [Pi; 1− z] .

(A.8)

The torus one-point blocks are normalized as FP1 [P0; τ ] = q∆1− c
24 (1 + O(q)) with nome

q ≡ e2πiτ and τ ∈ H+, and the sphere four-point block is normalized as VPs [Pi; z] =
z∆s−∆1−∆2(1 + O(z)). We call S the one-point S-kernel and F the fusion kernel.

Pictorially, the one-point S-kernel implements the transformation between two canonical
pair-of-pants decompositions of the one-holed torus:

P0
P1

=
∫ ∞

0
dP SP1P [P0] P0

P

. (A.9)

Similarly, the fusion kernel implements the change of pair-of-pants decomposition of the
four-holed sphere from the s-channel to the t-channel:

Ps

P2

P4

P1

P3

=
∫ ∞

0
dPt FPsPt

[
P2 P1
P3 P4

]
Pt

P2

P4

P1

P3

. (A.10)

Combining the one-point S-kernel and fusion kernel with the braiding phase

BP2P3
P1

= eπi(∆1−∆2−∆3) (A.11)

leads to a non-rational generalization of the Moore-Seiberg construction for rational theories [3,
28]. In other words, any element γ of the mapping class group of given punctured Riemann
surface Σg,n can be represented as an integral kernel Kγ acting on the corresponding conformal
block FΣg,n . The generators S, F and B satisfy a continuous version of the pentagon identity
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and hexagon identity, as well as fundamental identities on the 0-, 1- and 2-punctured torus [16].
The kernels are also invertible, in a distributional sense:∫ ∞

0
dPt FPsPt

[
P2 P1
P3 P4

]
FPtP ′

s

[
P3 P2
P4 P1

]
= δ(Ps − P ′

s)

∫ ∞

0
dP2 SP1P2 [P0]S∗

P2P3 [P0] = δ(P1 − P3).

(A.12)

Remarkably, these crossing kernels are known in closed form, as originally derived in [17, 18].
In the next appendix A.2, we write down their explicit form. They involve the use of the
special function Sb(z), known as the double sine function, which is closely related to Faddeev’s
quantum dilogarithm Φb(z) [104] and the Barnes double gamma function Γb(z).

The one-point S-kernel reduces in the limit P0 → 1 to the modular S-kernel SP ′P [1]
given in (A.3). The fusion kernel also has a well-defined limit when the first internal index
goes to the identity and the external operators are pairwise-identical:

F1P1

[
P2 P3
P2 P3

]
= ρ0(P1)C0(P1, P2, P3). (A.13)

The density of states ρ0(P ) was defined in (A.7) and C0 is a totally symmetric function (see
equation (A.20)) that controls the leading asymptotic growth of high energy OPE coefficients
|C123|2 in any non-rational c > 1 CFT2 with only Virasoro symmetry [30].

Lastly, we note here the relation between the Virasoro 6j symbol and the fusion kernel [16]:{
P4 P1 Ps

P2 P3 Pt

}
6j

= 1
ρ0(Pt)

√
C0(P1, P4, Ps)C0(P2, P3, Ps)
C0(P1, P2, Pt)C0(P3, P4, Pt)

FPsPt

[
P2 P1
P3 P4

]
. (A.14)

This relation has been used in the main text to connect the fusion density to the Virasoro
6j symbol. The normalization (A.14) of the fusion kernel is called the ‘Racah-Wigner
normalization’, as the 6j symbol plays the role of the Racah-Wigner coefficient for a continuous
series representation of the quantum group Uq(sl(2, R)) [18].

A.2 Integral form

Here we write down the closed-form expressions for the crossing kernels used in the main text.
They are expressed in terms of the Barnes double gamma function Γb(z), and the double sine
function Sb(z) = Γb(z)/Γb(Q − z). See [16] for a detailed derivation of these formulas.

The one-point S-kernel is given by an integral over a ratio of double sine functions:

SP1P2 [P0] = e
iπ
2 ∆0 Nb(P1, P2) ρ0(P2)

∫
R
dx

Sb

(µ
2 ± iP2 ± ix

)
Sb(µ)

e4πiP1x. (A.15)

We defined µ := Q
2 + iP0, and the normalization factor Nb is a ratio of Barnes double

gamma functions:

Nb(P1, P2) :=
Γb(Q ± 2iP1)Γb(Q

2 − iP0 ± 2iP2)
Γb(Q ± 2iP2)Γb(Q

2 − iP0 ± 2iP1)
. (A.16)
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The notation ± denotes a product over all possible choices of sign, for example f(a ± b) =
f(a + b)f(a − b). The integral representation converges for P0,1,2 ∈ R and can be analytically
continued to a meromorphic function for complex arguments.

The fusion kernel is also an integral over a ratio of double sine functions:39

FPsPt

[
P2 P1
P3 P4

]
= Mb(Pi;Ps, Pt)

∫
Q
4 +iR

dz

i

4∏
k=1

Sb(z + uk)
Sb(z + vk)

, (A.17)

where the normalization factor is given by

Mb(Pi;Ps, Pt) =
Γb(Q ± 2iPs)
Γb(±2iPt)

Γb

(
Q
2 ± iPt ± iP3 − iP4

)
Γb

(
Q
2 ± iPt ± iP1 + iP2

)
Γb

(
Q
2 ± iPs ± iP1 − iP4

)
Γb

(
Q
2 ± iPs ± iP3 + iP2

) , (A.18)

and we defined the variables

u1 = iP1 − iP4, v1 = Q
2 − iPt + iP2 − iP4

u2 = −iP1 − iP4, v2 = Q
2 + iPt + iP2 − iP4

u3 = iP2 + iP3, v3 = Q
2 + iPs

u4 = iP2 − iP3, v4 = Q
2 − iPs.

(A.19)

Lastly, the explicit form of the C0 function is given by:

C0(P1, P2, P3) =
Γb(2Q)Γb

(
Q
2 ± iP1 ± iP2 ± iP3

)
√
2Γb(Q)3∏3

k=1 Γb(Q ± 2iPk)
. (A.20)

This totally symmetric function is proportional to the identity fusion kernel via (A.13).

A.3 Virasoro TQFT

The Virasoro TQFT was introduced in [14] as a tool to quantize pure AdS3 gravity on a
given (fixed) hyperbolic 3-manifold. The phase space of 3d gravity on a codimension-one
slice Σ is the product of Teichmüller spaces TΣ × T Σ, and on each copy of Teichmüller
space one considers the line bundle of Virasoro conformal blocks [27, 105]. In the quantum
theory, wavefunctions (i.e. sections of this line bundle) are products of left- and right-moving
conformal blocks FΣFΣ. If Σ is a stable surface with genus g and n punctures, the Hilbert
space of (Liouville) conformal blocks HVir(Σg,n) is equipped with an inner product [14]:

〈
FC
Σg,n

(P, PO)
∣∣∣F C

Σg,n
(P′, PO)

〉
= δ3g−3+n(P − P′)

ρg,n(P;PO)
. (A.21)

Here C denotes a particular choice of pair-of-pants decomposition of the surface Σg,n (also
called an OPE channel) and the ‘internal momenta’ P = (P1, . . . , P3g−3+n) are associated
to the set of non-intersecting cycles defining the pair-of-pants decomposition. The ‘external
momenta’ PO = (PO1 , . . . , POn) label the n punctures.

39Note that this formula differs from equation (2.10) in [73] by the exchange of s ↔ t. Compared to [73] our

conventions are Fhere
PsPt

[
P2 P1
P3 P4

]
= Fthere

PtPs

[
P2 P1
P3 P4

]
. Our convention aligns with [16].
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The normalization factor appearing in the inner product (A.21) is given by

ρg,n(P;PO) =
∏
a

ρ0(Pa)
∏

(i,j,k)
C0(Pi, Pj , Pk), (A.22)

where the index a runs over all embedded cylinders (‘cuffs’) and the triples (i, j, k) label the
three-holed spheres (‘pair-of-pants’), in the channel C. In other words, if we represent the pair-
of-pants decomposition as a trivalent graph, each edge is weighted by the ρ0 function (A.7)
and each vertex by the C0 function (A.20).

The Hilbert space HVir(Σg,n) carries a projective unitary representation of the mapping
class group of Σg,n, through the action of the crossing kernels F, S and B discussed above.
The action of the Moore-Seiberg generators together with the inner product (A.21) defines a
3d TQFT, called the Virasoro TQFT. As usual in TQFT, the 3d partition function ZVir on
a 3-manifold M with boundary Σ creates a state in the Hilbert space HVir(Σ):

ZVir

 M Σ

 ∈ HVir(Σ). (A.23)

Boundaries can be glued (with opposite orientation) using the inner product (A.21).
In this way, one can build the TQFT partition function on any hyperbolic 3-manifold by
slicing along stable surfaces. Multiplying the holomorphic partition function by the anti-
holomorphic counterpart, and dividing out by the mapping class group, one obtains the 3d
gravity partition function as in (3.16) [14].

A.4 TQFT identities

Here we collect and prove some identities in Virasoro TQFT that are needed in the main text.
These can be understood either as diagrammatic relations between configurations of bulk
Wilson lines, or as non-perturbative identities satisfied by conformal blocks on (punctured)
surfaces surrounding the Wilson lines.

Unlinking formula

We will start with a useful formula that applies when two bulk Wilson lines are linked:

P1 P2

(A.24)
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Inserting an identity line and applying fusion and braiding moves, we obtain:

P1 P2
1 =

∫ ∞

0
dP F1P

[
P1 P2
P1 P2

] 1

P

1 2

2

(A.25)

=
∫ ∞

0
dP F1P

[
P1 P2
P1 P2

]
(BP1P2

P )2
1

P

1 2

2

(A.26)

=
∫ ∞

0
dPdP ′ F1P

[
P1 P2
P1 P2

]
(BP1P2

P )2FP P ′

[
P2 P2
P1 P1

] 1

P ′

1 2

2

(A.27)

=
∫ ∞

0
dP ′

F1P ′

[
P1 P1
P1 P1

]
SP1P2 [P ′]

S1P2 [1]

1

P ′

1 2

2

. (A.28)

In the last equality we used the relation between the S kernel and the fusion kernel, see
equation (2.65) in [16]. That relation can, in turn, also be derived from a simple TQFT
argument, as was shown in section 2.5 of [15]. Our formula (A.28) shows that the configuration
of linked Wilson lines produces a state in the Hilbert space of conformal blocks on the four-
punctured sphere, expressed as a superposition of s-channel blocks.

A very similar formula holds for the linking of two Wilson lines with the opposite
orientation of the over- and under-crossings:

P1 P2

=
∫ ∞

0
dP

F1P

[
P1 P1
P1 P1

]
S∗

P1P2
[P ]

S1P2 [1]

P1

P

P1 P2

P2

, (A.29)

where the complex conjugate of the S kernel is given by S∗
P1P2

[P ] = e−iπ∆P SP1P2 [P ]. The
derivation proceeds in the same steps as above, with the only difference that the braiding
phase now comes with a complex conjugation BP

P1P2
= (BP1P2

P )∗. Hence we use the complex
conjugate of the identity relating F, B and S. This conjugation only affects the S-kernel
in (A.29), since F and ρ0 are real for real arguments P1, P2, P .

Wilson bubbles

A second identity that is used in the main text, is the formula for removing loops of bulk
Wilson lines:

P3
P1

P2

P4 = δ(P3 − P4)
ρ0(P3)C0(P1, P2, P3)

P4 . (A.30)
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This formula is valid when the Wilson lines are inside a topologically trivial region of the bulk
3-manifold. Namely, in that case we can surround the bubble diagram by a two-punctured
sphere, and use the fact that the sphere two-point function is delta-function normalized.
The normalization factor in (A.30) was derived in [14] by considering the degeneration limit
of a four-boundary wormhole.

We can use this to evaluate Wilson bubbles with three or more external legs. For
example, for three external legs we obtain

P2

P1

P3

P

=
FP P3

[
P2 P1
P2 P1

]
F1P3

[
P2 P1
P2 P1

] P2

P1

P3

. (A.31)

This is easily proven by acting with a fusion transformation on the edge highlighted in red,
and then removing the Wilson bubble using (A.30).40 The ratio of F kernels in (A.31) can also
be derived from a four-boundary wormhole computation, see equation (3.44) in [14]. Wilson
bubbles with more than three external legs can always be evaluated by inserting identity lines,
applying fusion moves, and then reducing to the basic case with two external legs (A.30).

Loop operator

The most important identity that we need in the main text is the formula for the Verlinde
loop operator [27, 36–38]. Whenever a Wilson loop encircles another Wilson line, we can
use the unlinking formula (A.28) to obtain

P1
P

=
∫ ∞

0
dP2

F1P2

[
P P

P P

]
SP P1 [P2]

S1P1 [1] P2

P

P1 P1

(A.32)

We can now connect the P loop on the right hand side to the P1 line with an identity line
1. Then we remove the Wilson bubble with the TQFT rule (A.30).41 Using the fact that
F1P2

[
P P

P P

]
= ρ0(P2)C0(P, P, P2), we obtain the simple formula:

P1
P

= SP P1 [1]
S1P1 [1]

P1 (A.33)

Here SP P1 [1] is the modular S kernel, which is given by SP P1 [1] = 2
√
2 cos(4πPP1) for

non-degenerate representations. So the action of the loop operator on a Wilson line is just a
multiplication with a ratio of S kernels. If we take the loop P to be in the ⟨2, 1⟩ degenerate
representation, the ratio in (A.33) gives the hyperbolic length 2 cosh(ℓ/2) with ℓ := 4πbP1 [16].

40In [99], the red edge was called an ‘open Verlinde line’.
41The delta function is to be understood as a real distribution in terms of the conformal weight ∆2 = c−1

24 +P 2
2 .

Thus δ(∆2) is only non-zero when ∆2 = 0.
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B Direct CFT proof

In this appendix, we give a proof of the main formula (1.3), using only the Moore-Seiberg
consistency conditions obeyed by the crossing transformations of conformal blocks. The proof
given in this appendix is essentially a series of manipulations of the (g, n) = (1, 2) identity
described in [16], and proceeds in the following steps.

Step 1. The starting point is the most general crossing equation for the conformal block
on the two-punctured torus (equation (2.50) in [16]):

SP1P2 [P3]
∫ ∞

0
dP4 FP3P4

[
P2 P ′

0
P2 P0

]
e2πi(∆4−∆2)FP4P5

[
P0 P ′

0
P2 P2

]

=
∫ ∞

0
dP6 FP3P6

[
P1 P0
P1 P ′

0

]
FP1P5

[
P0 P ′

0
P6 P6

]
eπi(∆0+∆′

0−∆5)SP6P2 [P5] . (B.1)

From this general formula, we can derive various identities as special cases. First, we consider
the degeneration limit P3 → iQ

2 ≡ 1. Using the explicit form of the identity crossing kernels
SP1P2 [1] and F1P6 , this gives

SP1P2 [1]
∫ ∞

0
dP4 F1P4

[
P2 P ′

0
P2 P0

]
e2πi(∆4−∆2)FP4P5

[
P0 P ′

0
P2 P2

]

=
∫ ∞

0
dP6 F1P6

[
P1 P0
P1 P ′

0

]
FP1P5

[
P0 P ′

0
P6 P6

]
eπi(∆0+∆′

0−∆5)SP6P2 [P5] . (B.2)

Step 2. Next, we return to the general formula (B.1), and specialize to P0 → P ′
0. We

further take the simultaneous degeneration limits P1 → 1 and P3 → 1. Using the fact that
F16

[
1P0
1P0

]
= δ(P6 − P0), the P6 integral can be done and we obtain

S1P2 [1]
∫ ∞

0
dP4 F1P4

[
P2 P0
P2 P0

]
e2πi(∆4−∆2)FP4P5

[
P0 P0
P2 P2

]
= eπi(2∆0−∆5)F1P5

[
P0 P0
P0 P0

]
SP0P2 [P5] .

(B.3)
We can now plug this formula into the left-hand side of (B.2), still with P0 = P ′

0, and cancel
the phase factors. Doing so gives

SP0P2 [P5]SP1P2 [1]F1P5

[
P0 P0
P0 P0

]
S1P2 [1]

=
∫ ∞

0
dP6 F1P6

[
P1 P0
P1 P0

]
FP1P5

[
P0 P0
P6 P6

]
SP6P2 [P5]. (B.4)

Step 3. The denominator on the l.h.s. of (B.4) has a double zero at P2 = 0, coming from the
explicit form of the identity S-kernel S1P2 [1] = 4

√
2 sinh(2πbP2) sinh

(
2πb−1P2

)
. This double

zero is matched by a double zero (at P2 = 0) coming from the modular kernel SP0P2 [P5].42

Hence we can safely integrate both sides of (B.4) over P2 ∈ R+ after multiplying with
S∗

P2P ′
2
[P5]. We then use the idempotency of the S-kernel,∫ ∞

0
dP2 SP6P2 [P5]S∗

P2P ′
2
[P5] = δ(P6 − P ′

2), (B.5)

42For a discussion about the poles and zeroes of the modular kernel see section 3.8 of [16]. In particular, the
locations and orders of the zeroes of SP1P2 [P0] w.r.t. P2 are as follows: i) double zeroes at P2 = 0, ii) simple
zeroes at ±P2 = ib

2 Z>0 and ±P2 = ib−1

2 Z>0 and iii) simple zeroes at ±P2 = i
2

(
bZ>0 + b−1Z>0

)
.
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where S∗
P2P ′

2
[P5] := e−iπ∆5SP2P ′

2
[P5], to simplify the right-hand side of eq. (B.4). For any

P0, P5 ∈ R+, the identity kernel F1P5

[
P0 P0
P0 P0

]
is non-zero, so we can divide by it, obtaining

∫ ∞

0
dP2

SP0P2 [P5]SP1P2 [1]S∗
P2P ′

2
[P5]

S1P2 [1]
=

F1P ′
2

[
P1 P0
P1 P0

]
FP1P5

[
P0 P0
P ′

2 P ′
2

]
F1P5

[
P0 P0
P0 P0

] . (B.6)

Step 4. Finally, we use the tetrahedral symmetry of the fusion kernel,

F1P ′
2

[
P1 P0
P1 P0

]
FP1P5

[
P0 P0
P ′

2 P ′
2

]
= FP0P ′

2

[
P5 P ′

2
P0 P1

]
F1P5

[
P0 P0
P0 P0

]
. (B.7)

This identity is actually a special case of the pentagon identity (see equations (2.47) and (2.57)
in [16]), which in turn is a consistency condition derived from crossing transformations of the
five-punctured sphere conformal block. Plugging (B.7) into (B.6), and relabeling variables
(P0, P1, P2, P ′

2, P5) 7→ (P1, P2, P, P3, P0), we arrive at the main formula (1.3) of the paper.
We stress that the only ingredients of the proof were the consistency conditions for

the torus 2-point function and the sphere 5-point function. This parallels the derivations
in [3, 9, 106] for the case of rational CFT.

Explicit check in the case c = 25, ∆0 = 1

There is a special case where we can verify our main formula (1.3) analytically. Namely,
for b = 1 (corresponding to c = 25) and P0 = i(b−1−b)

2 = 0 all the corresponding Virasoro
crossing kernels simplify drastically. The regulator momentum P0 = 0 at b = 1 corresponds
to conformal weight ∆0 = 1. The modular kernel with external conformal weight ∆0 = 1
takes a very simple form which is actually independent of the central charge (see e.g. [107]).
According to our conventions (A.8) the modular S-kernel reads:

SP P ′

[
i(b−1 − b)

2

]
= 2i

√
2
(

P ′

P

)
sin (4πPP ′). (B.8)

So we have all the ingredients to perform the integral on the r.h.s. of (1.3). We find:
∫ ∞

0
dP

SP1P [P0=0]SP2P [1]S∗
P P3

[P0=0]
S1P [1]

∣∣∣∣∣
b=1

=

P3
2P1

[
P123 coth(πP123)+P1−23 coth(πP1−23)−P12−3 coth(πP12−3)−P1−2−3 coth(πP1−2−3)

]
,

(B.9)

where we adopted the notation Pi±j±k = Pi ± Pj ± Pk for brevity (e.g. P1−23 = P1 − P2 + P3
etc.). This result is formally valid under the condition ∑3

i=1 |ImPi| < 1.
According to the Virasoro-Verlinde formula, the explicit function on the r.h.s. of (B.9)

should be equal to the fusion kernel

FP1P3

[
i(b−1−b)

2 P3
P1 P2

]∣∣∣∣∣
b=1

. (B.10)
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One way to check that is indeed the case, is by using the result of [39] where the c = 25
fusion kernel was given an explicit form in terms of the Barnes−G function for arbitrary
internal and external momenta. After studying carefully the P0 → 0 limit in that formula
we are indeed able to reproduce (B.9).43

It is worth mentioning a few non-trivial features of the explicit expression (B.9) and
hence verify the general properties mentioned in section 2.3. It is straightforward to see that
the expression is reflection symmetric in all P1, P2, P3, and also positive-definite

N i(b−1−b)
2

[P1, P2, P3]
∣∣
b=1 ≥ 0 , ∀P1, P2, P3 ∈ R . (B.11)

Furthermore, it is bounded both as a function of P1 (for fixed P2, P3 ∈ R) and as a function
P2 (for fixed P1, P3). In particular,

lim
P1,P2→±∞

N i(b−1−b)
2

[P1, P2, P3]
∣∣
b=1 = 0 . (B.12)

As a function of P3 the expression diverges linearly N ∼ ±2P3 as P3 → ±∞. This is just
an artifact of the particular normalization we are using for the fusion kernel. If we instead
use the 6j normalization as in (2.52) (cf. (2.53)) we find:

N̂ i(b−1−b)
2

[P1, P2, P3]
∣∣
b=1

= P1

4
√
2P3

(sinh(2πP1) sinh(2πP3))−1 ×N i(b−1−b)
2

[P1, P2, P3]
∣∣
b=1 .

(B.13)

It is then obvious that this expression is again positive-definite, and moreover bounded
irrespective of the choice of momentum:

lim
P1,P2,P3→±∞

N̂ i(b−1−b)
2

[P1, P2, P3]
∣∣
b=1 = 0 . (B.14)

It is also manifestly symmetric under the exchange P1 ↔ P3 as expected from the symmetries
of the 6j symbol.
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43This limit is subtle because the formula of [39] involves an inverse square root of a determinant that
naively diverges in the limit P0 → 0. However this divergence is compensated by an appropriate zero in the
numerator with the net result being exactly (B.9).
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