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Abstract

The main topic of this work is concerned with optimal transport approach to

the localisation technique. The localisation technique allows to reduce a high-

dimensional problem to a collection of one-dimensional problems. Significance of

this approach is illustrated by its applications to Poincaré inequality, log-Sobolev

inequality, isoperimetric inequality in the context of metric measure spaces sat-

isfying the curvature-dimension condition. We investigate multi-dimensional

generalisation of the technique and related conjectures of Klartag [70, Chap-

ter 6]. The settlement of these conjectures would constitute a step towards a

proof of the waist inequality in the setting of metric measure spaces satisfying

the curvature-dimension condition. This, in turn, would help in answering the

Bourgain’s hyperplane conjecture and the isoperimetric conjecture of Kannan,

Lovász and Simonovits.

We provide a partial affirmative answer to the conjecture that, whenever Eu-

clidean space equipped with a measure satisfies the curvature-dimension con-

dition, then any vector-valued 1-Lipschitz map induces a partition of the do-

main such that the leaves equipped with the conditional measures satisfy the

curvature-dimension condition with the same parameters as the initial space

did. Our approach is based on the ideas of Sudakov and their further instances

in works of Caffarelli, Feldman, McCann and of Klartag.

We provide a counterexample to another conjecture of Klartag that the con-

ditional measures, with respect to a partition induced by a certain 1-Lipschitz

map, satisfy so-called mass balance condition. We develop a theory of optimal

transport of vector measures and employ it to provide a sufficient condition for

the mass balance condition to hold true.

One way of proving the mass balance condition in one-dimensional setting is

via approximation of Lipshitz functions. This leads us to a study of conti-

nuity properties of extensions of vector-valued Lipschitz maps. We provide a

strengthening of the classical Kirszbraun theorem, which shows a discrepancy



between one-dimensional and multi-dimensional cases. We identify a sharp rate

of continuity of extensions of 1-Lipschitz maps.

Recently, several variants of the optimal transport problem have been studied.

Martingale optimal transport is a one of the greatest importance. Interestingly,

also in this case a localisation result has been established. Therefore, with help of

a novel version of Strassen’s theorem, we investigate the duality theorems in this

problem. We provide a reformulation of the optimal transport in two-marginal,

in multi-marginal and in martingale setting. We reprove the Kantorovich duality

formulae. As an application we characterise the uniformly smooth and the

uniformly convex functions.

We develop a divergence formulation of optimal transport of vector measures

and use it to provide a novel proof of the representation formula for polar cone

to monotone maps. We find several generalisations of this result. A tool that

we use is the matrix Hölder’s inequality, for which we characterise the equality

cases.
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Chapter 1

Introduction

1.1 Optimal transport

In 1781 Gaspard Monge (see [85]) asked the following question: given two distributions of

masses, how to transfer one distribution onto the other in an optimal way. The criterion

of optimality was to minimise the average transported distance. Since then the topic has

developed extensively and much of this development has been done recently. We refer the

reader to the books of Villani (see [103, 104]) and to the lecture notes of Ambrosio (see [5])

for a thorough discussion, history and applications of the problem.

Let X be a set and let d be a metric on X. Let µ, ν be two Borel probability measures

on X. We consider all Borel measurable mappings T : X → X that push µ forward to ν,

i.e.,

µ(T−1(A)) = ν(A) for all Borel sets A ⊂ X.

These maps are referred to as transport plans of µ onto ν. Among the set of all transport

plans we would like to identify one that minimises∫
X
d(x, T (x))dµ(x).

The modern mathematical treatment of the problem has been initiated in 1942 by

Kantorovich in [64, 65]. He proposed to consider a relaxed problem of optimising∫
X×X

d(x, y)dπ(x, y)

among all transference plans π between µ and ν. These are the Borel probability measures

on X ×X such that

π(A×X) = µ(A) and π(X ×A) = ν(A) for all Borel sets A ⊂ X.

We shall write Π(µ, ν) for the set of transference plans. The existence of an optimal trans-

ference plan is a straightforward consequence of the Prokhorov’s theorem, provided that X

is separable.
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The main question that has attracted a lot of attention is whether there exists an optimal

transport plan. If we knew that an optimal transference plan is concentrated on a graph

of a Borel measurable function then we could infer the existence of an optimal transport

plan. The first complete answer on Euclidean space, under regularity assumptions on the

considered measures, was presented in a seminal paper [46] of Evans and Gangbo. However,

before that, Sudakov in [100] presented a solution of the problem that contained a flaw. The

flaw has been remedied by Ambrosio in [5] and later by Trudinger and Wang in [101] for the

Euclidean distance and by Cafarelli, Feldman and McCann in [32] for distances induced by

norms that satisfy certain smoothness and convexity assumptions. In [33] Caravenna has

carried out the original strategy of Sudakov for general strictly convex norms and eventually

Bianchini and Daneri in [24] accomplished the plan of a proof of Sudakov for general norms

on finite-dimensional normed spaces.

Let us describe briefly the strategy of Sudakov in the context of Euclidean spaces. We

assume that the two Borel probability measures µ, ν on Rn are absolutely continuous with

respect to the Lebesgue measure.

Let us recall the paramount Kantorovich–Rubinstein duality formula

sup
{∫

Rn
ud(µ− ν) | u is 1-Lipschitz

}
= inf

{∫
Rn×Rn

‖x− y‖dπ(x, y) | π ∈ Π(µ, ν)
}
.

(1.1.1)

Let us take an optimal u and an optimal π in the two above optimisation problems. We

may infer that

u(x)− u(y) = ‖x− y‖ for π-almost every (x, y) ∈ X ×X.

Consider the maximal sets on which u is an isometry, called the transport rays. We see

that all transport has to occur on these sets. Careful analysis of the Lipschitz function u

shows that the transport rays form a foliation of the underlying space Rn, up to Lebesgue

measure zero. It turns out that the direction of the transport rays is itself locally Lipschitz.

This allows us to use of the area formula, which yields that the conditional measures of

the disintegration of the Lebesgue measure with respect to the aforementioned foliation

are absolutely continuous with respect to the one-dimensional Hausdorff measures on the

transport rays. This is exactly the place where Sudakov’s proof in [100] contained a de-

fect. He claimed that any foliation into segments is such that the conditional measures are

absolutely continuous with respect to the one-dimensional Hausdorff measure. It was later

shown by Ambrosio, Kirchheim and Preiss (see [7]) that there exists a foliation consisting

of segments and an atomic distributions on each segment such that the averaged measure is

absolutely continuous with respect to the Lebesgue measure, refuting the claim of Sudakov.
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Knowing that the conditional measures are absolutely continuous with respect to the

one-dimensional Hausdorff measure, we may apply the well understood one-dimensional

theory, where an optimal transport plan is known to exist and may be given by a certain

formula, provided that at least one of the measures is non-atomic. Then the optimal

transport plan on the whole space is defined separately on each transport ray.

The ideas of Sudakov have been applied also to other settings than normed spaces. The

strategy has been carried out also in the context of Riemannian manifolds by Feldman and

McCann in [52].

1.2 Localisation technique

In [70] Klartag has observed that the methods of optimal transport may be applied to adapt

the localisation technique from convex geometry to the setting of Riemannian manifolds.

The technique allows to reduce certain high dimensional problems to a collection of one-

dimensional problems. Let us include a brief description of the technique based on [70].

It first appeared in works of Payne and Weinberger [89] and was developed in the

context of convex geometry by Gromov and Milman [60], Lovász and Simonovits [78] and

by Kannan, Lovász and Simonovits [63]. Later, Klartag [70] adapted the technique to the

setting of weighted Riemannian manifolds satisfying the curvature-dimension condition in

the sense of Bakry and Émery [11, 12]. Subsequently, Ohta [88] generalised these results to

Finsler manifolds and Cavalletti and Mondino [35, 36] generalised them to metric measure

spaces satisfying the synthetic curvature-dimension condition. The latter was introduced

in the foundational papers by Sturm [98, 99] and by Lott and Villani [77] and allowed

for development of a far-reaching, vast theory of metric measure spaces. The curvature-

dimension condition may be thought of as lower bound on the curvature and an upper

bound on the dimension of the considered space. We refer also to Ambrosio [6] for a recent

account on the spaces satisfying the curvature-dimension condition. Let us note that the

curvature-dimension condition is also related to Bochner’s inequality; see [44].

The technique developed by Payne and Weinberger has no clear analogue for an abstract

Riemannian manifold. This is the point where the optimal transport plays its rôle in

localisation. Let us cite below a theorem from [70], presented there in a general setting of

Riemannian manifolds and measures that satisfy the curvature-dimension condition. We

refer the reader to Chapter 2, Section 2.7, for the necessary definitions.

Theorem 1.2.1. Let n ≥ 2, κ ∈ R and N ∈ (−∞, 1) ∪ [n,∞]. Assume that (M, d, µ) is a

geodesically convex, n-dimensional weighted Riemannian manifold satisfying the curvature-
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dimension condition CD(κ,N) w. Let g : M→ R be a µ-integrable function such that∫
M
gdµ = 0 and

∫
M
|g(x)|d(x, x0)dµ(x) <∞ for some x0 ∈M.

Then there exists a partition Ω of M into pairwise disjoint sets, a measure ν on Ω and a

family (µI)I∈Ω of measures on Rn such that:

i) for any Lebesgue measurable set A ⊂ M the map I 7→ µI(A) is well-defined ν-almost

everywhere, is ν-measureable and

µ(A) =

∫
Ω
µI(A)dν(I),

ii) for ν-almost every I ∈ Ω the set I ⊂ M is a minimising geodesic and µI is supported

on I and is a CD(κ,N)-needle or else it is a singleton,

iii) for ν-almost every I ∈ Ω we have
∫
I gdµI = 0.

Let us remark that the above theorem has been known before in the context of Euclidean

spaces. Let us note that the proof presented in [70] differs much from the previously known

proofs of Gromov [60] or of Lovász and Simonovits [78].

One of the purposes of this thesis is to continue along the line of this research and

investigate multi-dimensional analogue of the localisation technique, as proposed in [70,

Chapter 6].

In what follows, we consider finite-dimensional linear spaces equipped with Euclidean

norm, unless specified otherwise, and 1-Lipschitz map u : Rn → Rm. In Chapter 2 we define

a partition, up to Lebesgue measure zero, of Rn, associated to such a map and prove its

basic properties. The sets of the partition are the maximal sets S such that the restriction

of u to S is an isometry, i.e. preserves the Euclidean distance. Each such set we shall call

a leaf of u. We prove that each leaf of u is closed and convex, hence it has a well-defined

dimension.

In Theorem 2.6.1 we show that we may decompose the Lebesgue measure on Rn into

a mixture of measures supported on leaves of u. In particular, the same is true for any

measure µ such that (Rn, ‖·‖, µ) satisfies the CD(κ,N) condition, as any such measure

is absolutely continuous with respect to the Lebesgue measure. It is a step towards a

conjecture of Klartag [70, Chapter 6].

Suppose now that m ≤ n and that (Rn, ‖·‖, µ) is a weighted Riemannian manifold,

satisfying the curvature-dimension condition CD(κ,N) for some κ ∈ R and N ∈ (−∞, 1)∪
[n,∞]; see Chapter 2 for definitions. Here ‖·‖ denotes the Euclidean metric on Rn and µ is

a Borel finite measure on Rn. A partial affirmative answer to the conjecture is provided by
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Theorem 2.7.2, where we prove that, for the leaves S of u of dimension m, the conditional

measures µS are supported on the relative interiors intS and are such that (intS, ‖·‖, µS)

satisfies CD(κ,N).

Note that in [70, Chapter 6], it is conjectured that also the above theorem holds true

also for leaves of u of arbitrary dimension.

The possible applications of the result are in the localisation or dimensional reduction

arguments, where the disintegration is an effective tool. A similar result to ours in case

m = 1 has been used to derive new proofs and generalisations of isoperimetric inequality,

Poincaré’s inequality and others to the setting of metric measure spaces satisfying curvature

bounds. We refer the reader to [70], [36], [35], [88].

The proof relies on the area formula and Fubini’s theorem and is based on a work of

Caffarelli, Feldman and McCann [32] and of Klartag [70]. See also [5] and [52] for similar

approach to the Monge–Kantorovich problem.

Another tool that we use is the Wijsman topology [106] on the closed subsets of Rn

which makes it a Polish space, so we may apply disintegration theorem. This is inspired by

papers of Ob lój and Siorpares [87].

1.2.1 Waist inequalities

The waist inequality, proved by Gromov [58, 59], states that if f : Rn → Rm, m ≤ n is a

continuous function, then there exists t ∈ Rm such that the fibre L = f−1(t) satisfies

γn(L+ rBn) ≥ γm(rBm) for all r > 0.

Here γn and γm are the n and m dimensional standard Gaussian measures, Bn and Bm

are the unit balls in Rn and Rm respectively. This inequality may be seen as a generali-

sation of the Gaussian isoperimetric inequality. Gromov [59] has provided a proof of this

inequality with use of the localisation method [89, 78, 63, 58] combined with Borsuk–Ulam

type theorem. Later, Klartag [69] has proved the theorem for the unit cube also with use

of localisation methods, confirming a conjecture of Guth [61].

One of the future possible applications of the research initiated in this dissertation is

to prove a general version of the inequality for spaces satisfying the curvature-dimension

condition. This would imply the version for convex bodies and, in turn, would help answer-

ing the Bourgain’s hyperplane conjecture [29] and the isoperimetric conjecture of Kannan,

Lovász and Simonovits [63].
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1.2.2 Multi-bubble conjectures

The Gaussian multi-bubble conjecture is a generalisation of isoperimetric inequality that

states that among all decompositions of Rn into 2 ≤ k ≤ n+ 1 sets of prescribed Gaussian

measure the minimal Gaussian-weighted perimeter is uniquely attained by the Voronoi cells

of k equidistant points. The conjecture has been recently confirmed by E. Milman and

Neeman [83] (c.f. [82]). Another possible application of the multi-dimensional localisation

is a generalisation of this inequality for spaces satisfying the curvature-dimension condition.

1.3 Optimal transport of vector measures

Suppose that we are given a Borel probability measure µ on Rn absolutely continuous with

respect to the Lebesgue measure such that∫
Rn
fdµ = 0

for some integrable function f : Rn → Rm such that∫
Rn
‖f(x)‖‖x‖dµ(x) <∞.

Let u : Rn → Rm be a 1-Lipschitz map such that∫
Rn
〈u, f〉dµ = sup

{∫
Rn
〈v, f〉dµ | v : Rn → Rm is 1-Lipschitz

}
. (1.3.1)

In [70, Chapter 6] it is conjectured that for almost every leaf S of u the conditional measure

µS (see Theorem 2.6.1) there is∫
Rn
fdµS = 0 for ν-almost every S ∈ CC(Rn). (1.3.2)

We provide a counterexample to this conjecture for m > 1. Moreover we show that such

statement fails to be true even if we replace the set of 1-Lipschitz maps in (1.3.1) by any

locally uniformly closed subset of 1-Lipschitz maps with respect to any norm on Rn and

any strictly convex norm on Rm, unless the set of maps is trivial. Note that the outline of

a proof of the conjecture suggested in [70] has a gap, as follows by the results of Chapter 4.

If m = 1 then (1.3.1) is precisely the dual problem to the optimal transport problem

for measures ρ1, ρ2 given by formulae dρ1 = f+dµ and dρ2 = f−dµ. As we see, the dual

problem, depends merely on the difference of measures, and therefore, it makes sense to

consider the optimal transport for signed measures with total mass zero.

In Chapter 3 we develop a theory of optimal transport with metric cost of vector mea-

sures with total mass zero and establish its basic properties. We show, among others, that

for a given vector measure, there may be no optimal transport. However, if an optimal
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transport for measure dν = fdµ with absolutely continuous first marginal of its total vari-

ation exists, then we prove that the conjecture of Klartag holds true, i.e., (1.3.2) holds

true.

The precise formulation of the optimal transport for vector measures that we deal with

is as follows:

inf
{∫

Rn×Rn
‖x− y‖d‖π‖(x, y) | P1π − P2π = µ

}
. (1.3.3)

Here P1π and P2π stand for the first and the second marginal of the vector measure π

respectively. The above problem for m = 1 simplifies to the original optimal transport

problem, as follows readily by the Kantorovich–Rubinstein formula. We prove that for

m > 1 an analogue of this formula holds with the left-hand side of (1.1.1) replaced by

sup
{∫

Rn
〈u, dµ〉 | u : Rn → Rm is 1-Lipschitz

}
(1.3.4)

and the right-hand side replaced by (1.3.3).

Let us mention the existence of another approach to optimal transport of vector measures

that differs from ours developed by Chen, Georgiou, Tannenbaum, Tyu, Li, Osher, Haber,

Yamamoto (see [38, 39, 93]).

1.4 Continuity of extensions of Lipschitz maps

Another approach for a proof of (1.3.2) in the case m = 1 present in the literature (see e.g.

[32, 70, 101, 88]) relies on a clever approximation of the 1-Lipschitz function that maximises

(1.3.4). What is employed in the proof is in fact Proposition 4.3.1. It says that a 1-Lipschitz

function may be extended to the entire domain in such a way that its Lipschitz constant

is preserved and so is its uniform distance to another 1-Lipschitz function. This leads us

to the question whether similar approach works in the multi-dimensional case. That is,

we study approximations of 1-Lipschitz maps with values in Rm, in hope that analogous

results convey to this setting. However, this fails to be true. The results of our studies are

included in Chapter 4, including a counterexample and several cases of positive examples,

when such approximation is possible. In particular, we prove that the rate of continuity of

approximation of a 1-Lipschitz function presented in [72] is sharp.

A classical theorem in this field is due to Kirszbraun [68], who proved in 1934 that any

1-Lipschitz map on X ⊂ Rn may be extended to a 1-Lipschitz map on Rn. Here we assume

that these spaces are equipped with Euclidean norms.

Theorem 1.4.1. Let X be any subset of Rn. Let u : X → Rm be a 1-Lipschitz map. Then

there exists a 1-Lipschitz map ũ : Rn → Rm such that ũ|X = u.
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There are many proofs of this theorem and we refer the reader to [68, 94, 102] for proofs

that use the Kuratowski–Zorn lemma and to [2, 30, 16] for constructive approach. There

exists also an explicit formula for the extension (see [9]). Let us also note a proof that

uses Fenchel duality and Fitzpatrick functions (see [91, 15]). We refer the reader also to

[40] where various extensions properties of vector-valued maps are studied. In [1] another

notion of contractive maps is studied. In [79] it is shown that an extension theorem holds

for these contractive maps on Hilbert spaces.

Let us note that Kirszbraun’s theorem holds not only in Euclidean spaces, but also for

spaces with an upper or lower bound on the curvature in the sense of Alexandrov [74].

We mention also related work of Sheffield and Smart [95] on optimal Lipschitz extensions

and work of Le Gruyer [75], Le Gruyer and Phan [76] on minimal Lipschitz extensions. The

latter work is based on C1,1 extensions of 1-jets with optimal Lipschitz constants of the

gradients. Another related problem is the Whitney problem [105] of extending functions to

C1,1 or Cm,1 functions on Rn. It is a topic of extensive research; see works of Fefferman

[48, 49, 51] and of Brudnyi and Shvartsman [31].

Let us consider the space L(X,Rm), equipped with the supremum norm, of all Lipschitz

maps u : X → Rm that have a finite Lipschitz constant L(u), i.e. such that

L(u) = sup
{‖u(x)− u(y)‖

‖x− y‖
| x, y ∈ X and x 6= y

}
<∞.

In [72, 71, 73] it is proved that there exists a continuous map

F : L(X,Rm)→ L(Rn,Rm)

such that for any u ∈ L(X,Rm) we have

F (u)|X = u and L(F (u)) = L(u).

In each of the mentioned papers the problem is considered in a slightly different setting. In

[73] it is shown that F may be chosen in such a way that for each u ∈ L(X,Rm) the image

of F (u) is contained in the closure of the convex hull of the image of u. Let us mention here

a paper [50] of Fefferman that addresses a similar problem in the context of Cm extensions.

In Chapter 4 we study the rate of continuity of extensions of 1-Lipschitz maps. We

study the following problem. Suppose we are given two sets A ⊂ B ⊂ Rn and 1-Lipschitz

maps u : A→ Rm and v : B → Rm, with m > 1. We are interested in

inf
{

sup
{
‖ũ(x)− v(x)‖ | x ∈ B

}
| ũ : B → Rm is 1-Lipschitz extension of u

}
. (1.4.1)

We show that for any u, v this quantity is bounded from above by√
δ2 + 2δdv(A,B),
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where

dv(A,B) = sup{‖v(x)− v(y)‖ | x ∈ A, y ∈ B}, (1.4.2)

and

δ = sup
{
‖v(x)− u(x)‖ | x ∈ A

}
. (1.4.3)

Moreover, it is sharp, in the sense that for any δ > 0 there exist sets A ⊂ B ⊂ Rn and

functions u, v (see Example 4.2.2), such that (1.4.3) holds true and such that for any 1-

Lipschitz extension ũ of u to B we have

sup
{
‖v(x)− ũ(x)‖ | x ∈ B

}
=
√
δ2 + 2δdv(A,B).

Proposition 4.2.3 shows that the rate of square root of δ is optimal. Proposition 4.2.4 shows

that if dv(A,B) is infinite, then it may happen that (1.4.1) is infinite as well.

Let Y be a Hilbert space. We discuss several cases where it is possible to find an

extension of a 1-Lipschitz map u : A→ Y to a 1-Lipschitz map ũ : X → Y such that

sup
{
‖v(x)− ũ(x)‖ | x ∈ X

}
= sup

{
‖v(x)− u(x)‖ | x ∈ A

}
, (1.4.4)

where v : X → Y is a given 1-Lipschitz map. The first such situation is when X,Y are

Euclidean spaces and u(x) − v(x) belongs to a fixed one-dimensional subspace Rw of Y

for all x ∈ A. Then the sufficient condition is that 〈u,w〉 is 1-Lipschitz with respect to a

Riemannian pseudo-metric associated with v, which is given by the bilinear form

gwv (x)(s, t) = 〈s, t〉 − 〈Dv(x)s,Dv(x)t〉+ 〈w,Dv(x)s〉〈w,Dv(x)t〉.

This condition is always satisfied when the set A is geodesically convex with respect to the

pseudo-metric, i.e. that for any x, y ∈ A there is a path realising the distance between x

and y and lying in the set A.

The second situation, covers the case of maps v : X → Y on an arbitrary set X taking

values in a Hilbert space Y and u : A → Y , with A ⊂ X, such that the increments of v

majorise the increments of u, i.e.

‖u(x)− u(y)‖ ≤ ‖v(x)− v(y)‖ for all x, y ∈ A.

In this case we prove that u may be extended to X such that its increments are still

majorised by the increments of v and such that

sup
{
‖v(x)− ũ(x)‖ | x ∈ X

}
= sup

{
‖v(x)− u(x)‖ | x ∈ A

}
.

In particular, if v is an isometry on X, then we partially recover the result of Section 4.3.4.
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The last part considers a situation when X is a Hilbert space and v is an affine map.

We prove in Theorem 4.3.9 that if Y is a Hilbert space of dimension at least two, then v

is affine and 1-Lipschitz if and only if for any u : A → Y there is a 1-Lipschitz extension

ũ : X → Y such that (1.4.4) holds true. One implication of this equivalence establishes a

strengthening of Kirszbraun’s theorem. For the proof we use the technique of K-functions

developed in [84]. This shows a striking difference with the one-dimensional case, when

every 1-Lipschitz map v has the above property, as Lipschitz functions are closed under

minima and maxima; see Proposition 4.3.1.

In Theorem 4.3.11, we provide a partial generalisation of this theorem to extensions of

Lipschitz maps to an arbirary subset of a Hilbert space.

Theorem 4.3.9 shows that an argument outlined in [70, Chapter 6], which aim was to

prove (1.3.2), contains a gap. It is proven in Chapter 3 that in fact the conjecture is false if

m > 1. Another argument, which could be used in a proof of the conjecture, could rely on

one-dimensional perturbations of v. Rate of continuity of extensions of such perturbations

is also a topic of Chapter 4, Section 4.3.2.

1.5 Optimal transport and Choquet theory

In Chapter 5, we explore a link of optimal transport problem with Choquet theory; see e.g.

[90, 3].

Using tools of Choquet theory and a novel variant of Strassen’s theorem (see Theorem

5.2.1) we reprove Kantorovich and Kantorovich–Rubinstein dualities; see Theorem 5.3.1,

Theorem 5.4.1 and Theorem 5.5.4. The observation is as follows. Let c : X × Y → R be

a cost function. Suppose u and v are functions on X and Y respectively such that for all

x ∈ X and y ∈ Y there is u(x) + v(y) ≤ c(x, y). Consider the set P of pairs of probability

measures (µ, ν) on X and Y respectively such that u, v maximise the sum of integrals∫
X
udµ+

∫
Y
vdν.

Strassen’s theorem allows us to show that the set of extreme points of P is equal to the

set of pairs (δx, δy) with x ∈ X and y ∈ Y are such that u(x) + v(y) = c(x, y). Choquet’s

theorem and identification of extreme points of P yields existence of a Borel probability

measure π on X × Y such that

(µ, ν) =

∫
X×Y

(δx, δy)dπ(x, y)

and π is supported on the set of points (x, y) such that u(x) + v(y) = c(x, y). It follows

that the marginals of π are µ and ν respectively and that∫
X
udµ+

∫
Y
vdν =

∫
X×Y

cdπ.
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Therefore the existence of maximisers u, v implies Kantorovich duality. Note that when

the cost function c is Lipschitz such existence may be proven with help of so-called c-

convexification. If c is lower semicontinuous, then it may be suitably approximated by

Lipschitz functions in such a way that the duality follows.

Similar reasoning may be applied as well in the context of multimarginal optimal trans-

port; see Theorem 5.5.4.

Recently, great attention has been paid to the problem of martingale optimal transport

in multi-dimensional setting. The initial interest in this problem stems from its applications

to mathematical finance (see [53, 19]), and its link to the Skorokhod embedding problem

[20, 86]. The link of this topic to the thesis is visible by a localisation-type results established

in papers by Ghoussoub, Kim, Lim [57], by De March, Touzi [41, 42, 43] and by Ob lój and

Siorpaes [87]. The irreducible convex paving of these papers plays a rôle of localisation for

measures in convex order.

Suppose we are given two probability measures µ, ν on Rn with finite first moments that

are in convex order, that is for any convex function f : Rn → R∫
Rn
fdµ ≤

∫
Rn
fdν.

Then a theorem of Strassen (see [97]), implies that there exists a coupling π on Rn × Rn

with respective marginals µ and ν, such that if (X,Y ) is distributed according to π, then

E(Y |X) = X, i.e. the pair (X,Y ) is a one-step martingale. The problem is to find such

coupling π that minimises the integral ∫
Rn×Rn

cdπ

for a given measurable cost function c : Rn×Rn → R. The dual problem is to find maximal

value of ∫
Rn
udµ−

∫
Rn
vdν

among all pairs u, v : Rn → R of continuous functions such that there exists γ : Rn → Rn

satisfying

u(x)− v(y) + 〈γ(x), y − x〉 ≤ c(x, y) for all x, y ∈ Rn.

We prove (see Theorem 5.7.3 and Corollary 5.7.4) that the set of such pairs of functions

is equal to the set of pairs u, v : Rn → R such that for all x1, . . . , xn+1 ∈ Rn and all non-

negative t1, . . . , tn+1 that sum up to one there is

u
( n+1∑
i=1

tixi

)
−
n+1∑
i=1

tiv(xi) ≤
n+1∑
j=1

tjc
( n+1∑
i=1

tixi, xj

)
.
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These results complement standard knowledge about convex functions, which follows by

taking u = v and c to be equal to zero. The proofs work also in case of general convex sets

K ⊂ Rn.

In the course of the proof of these facts we also characterise the extreme points of the

set of probability measures in convex order as the set of pairs of the form

(
δx,

d+1∑
i=1

tiδxi

)
with x =

d+1∑
i=1

tixi

for some positive t1, . . . , td+1 summing up to one, some x1, . . . , xd+1 ∈ Rn in general position

and d ≤ n. This is the assertion of Theorem 5.6.1.

We introduce notion of martingale triangle inequality (see Definition 5.9.1) and prove

that if the cost function c satisfies this inequality and vanishes on the diagonal, then the

value of the dual problem will not be changed if we restrict ourselves to functions u, v that

satisfy u = v; see Theorem 5.9.3. Martingale triangle inequality demands that for any

points x, x1, . . . , xn+1 ∈ Rn and any non-negative t1, . . . , tn+1 that sum up to one there is

n+1∑
i=1

tic(x, xi)− c
(
x,

n+1∑
i=1

tixi

)
≤

n+1∑
i=1

tic
( n+1∑
j=1

tjxj , xi

)
.

Examples of functions that satisfy martingale triangle inequality are metrics, non-negative

functions concave in the second variable and any conical combination of such functions.

Possible future applications of these finding lie in investigation of cyclical monotonicity

principle for martingale optimal transport (see e.g. [21]), akin to characterisation of the

classical optimal transport of Gangbo, McCann [56]. Another direction where the current

developments may be useful is concerned with numerical methods for the martingale optimal

transport problem.

As an application (see Theorem 5.8.3) we provide a characterisation of uniformly convex

and uniformly smooth functions that complements results of Azè and Penot [10] and of

Zălinescu [108].

1.6 Matrix Hölder’s inequality, divergence formulation of op-
timal transport of vector measures with applications to
representations of polar cones

Chapter 6 presents matrix Hölder’s inequality with a proof taken from [14]. We charac-

terise the equality cases for this inequality. According to the knowledge of the author, this

characterisation is new. The main purpose of the chapter is to provide necessary tools to

be applied in Chapter 7.
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Chapter 7 concerns another formulation of optimal transport for vector measures. In

there we consider the following problem

inf
{
‖M‖1 |M ∈M(Rn,Rn×m),−divM = µ

}
and show that this value is equal to

sup
{∫
〈f, dµ〉 | f : Rn → Rm, ‖Df‖ ≤ 1

}
.

Here M is a matrix valued measure and ‖M‖1 stands for the total variation of M with

respect to the Schatten 1-norm. In the chapter we include also other variants for vector

measures that are absolutely continuous with respect to the Lebesgue measure. Let us

note that these results are related to the works of Bouchitté, Buttazzo and Seppecher [28],

Bouchitté and Buttazzo [27], Bouchitté, Gangbo and Seppecher [55] and Gangbo [54]. As

an outcome of our study we prove the result of [37] and its generalisation with use of results

of Chapter 6. That is, we provide a representation formula for vector measures that belong

to the polar cone to the set of monotone maps, and generalise these methods to obtain

representation formulae for polar cones to tangent cones of the unit ball of the space of

differentiable maps and of the Sobolev spaces.

1.7 Outline of the thesis

In Chapter 2 we study the 1-Lipschitz maps f : Rn → Rm and the partitions of Rn induced

by them. The chapter contains original results of the author which generalise facts already

known for m = 1 and partially prove a conjecture of Klartag.

In Chapter 3 we develop a theory of optimal transport for vector measures and we

prove a duality formula analogous to that of Kantorovich and Rubinstein. We provide a

counterexample to another conjecture of Klartag.

In Chapter 4 we study approximations of Lipschitz maps. We provide an example

that establishes a sharp rate of continuity of such approximations. We study also several

cases where such approximations have good continuity properties. In particular, we prove

a strengthening of the Kirszbraun theorem.

In Chapter 5 we provide a new interpretation of optimal transport as an optimisation

over the set of all Choquet’s representations of pair of measures. We provide a novel proof

of Kantorovich duality formula in two-marginal, multi-marginal setting and in martingale

optimal transport setting. We introduce and study cost functions that satisfy martingale

triangle inequality. As an application, we obtain a novel characterisation of uniformly

smooth and of uniformly convex functions.
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In Chapter 6 we consider and provide a proof of matrix Hölder inequality. Basing on

this existing proof, we characterise equality cases in this inequality.

In Chapter 7 we develop theory of optimal transport for vector measures and apply it,

together with results of the previous chapter, to reprove the characterisation of the dual

cone of monotone maps that was first proven in [37].

All the matter presented in the thesis is due to the author, except when clearly indicated

or commonly known.

14



Chapter 2

Leaves decompositions in
Euclidean spaces

2.1 Introduction

Here we describe the structure of the chapter. In Section 2.2 we provide a careful definition

of the partition associated to any 1-Lipschitz map u : Rn → Rm between Euclidean spaces.

What will follow in the latter sections is the existence of the map S : Rn → CC(Rn) satis-

fying the properties of Theorem 2.7.2. The map S assigns to λ-almost every point x ∈ Rn

a maximal closed convex set S(x) containing x such that u|S(x) is an isometry. Any such

set is called a leaf of u. We prove that certain components of u are differentiable on certain

leaves. Moreover we investigate the regularity of the derivative on the leaves and provide an

interesting strengthening of 1-Lipschitz property of u; see Lemma 2.2.6 and Remark 2.2.7.

In Section 2.3 we define, and prove the existence, of ghost subspaces. It turns out that

it may happen that the derivative of u is an isometry on a subspace that is strictly larger

than the tangent space to a given leaf. These subspaces are termed ghost subspaces. This

section will not be employed in further investigations of this chapter. Yet, it is of interest

on its own and complements the description of the partitioning obtained in Section 2.2.

In Section 2.4 we define a Lipschitz change of variables on sets, called clusters of leaves,

that will allow us to use the area formula and then Fubini’s theorem to prove the regularity

properties of the conditional measures. Here we provide significantly simpler proofs than

analogous proofs in [32], mainly thanks to Lemma 2.2.6 and Corollary 2.2.10.

In Section 2.5 we prove measurability properties of the partition, which will allow us,

among others, to show that the map S : Rn → CC(Rn) is measurable with respect to the

Wijsman topology on CC(Rn). We also prove that the union of boundaries of leaves of

maximal dimension is a Borel set of the Lebsegue measure zero.

In Section 2.6 we provide a proof of Theorem 2.6.1, that the partition induces a disin-

tegration of the Lebesgue measure.
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In Section 2.7 we prove that the conditional measures µS have densities such that the

weighted Riemannian manifolds (intS, d, µS) satisfy the curvature-dimension condition, pro-

vided that (Rn, d, µ) did. This partially resolves in the affirmative a conjecture of Klartag

[70, Chapter 6].

In this chapter any considered norm on Rn and on Rm is Euclidean.

2.2 Partition and its regularity

If A ⊂ Rn let us denote by ConvA the convex hull of A, i.e.

ConvA =
{ k∑
i=1

λixi | k ∈ N, λ1, . . . , λk ≥ 0,

k∑
i=1

λi = 1, x1, . . . , xk ∈ A
}
.

We define the affine hull AffA of a set A ⊂ Rn to be

AffA =
{ k∑
i=1

λixi | k ∈ N, λ1, . . . , λk ∈ R,
k∑
i=1

λi = 1, x1, . . . , xk ∈ A
}
.

Lemma 2.2.1. Let z1, . . . , zk ∈ Rn. Let x, y ∈ Rn. Suppose that

‖x− zi‖ ≤ ‖y − zi‖,

for i = 1, . . . , k. Then for all z ∈ Conv{z1, . . . .zk} there is

‖x− z‖ ≤ ‖y − z‖.

In particular, if y ∈ Conv{z1, . . . .zk}, then x = y.

Proof. Let

Z = Conv{z1, . . . , zk}.

We have

‖x‖2 + ‖zi‖2 − 2〈x, zi〉 ≤ ‖y‖2 + ‖zi‖2 − 2〈y, zi〉

for all i = 1, . . . , k. Hence, for these i’s, we have

‖x‖2 − 2〈x, zi〉 ≤ ‖y‖2 − 2〈y, zi〉

Thus, adding up these inequalities multiplied by non-negative coefficients that sum up to

one, we get

‖x‖2 − 2〈x, z〉 ≤ ‖y‖2 − 2〈y, z〉

for all z ∈ Z. Hence also

‖x− z‖ ≤ ‖y − z‖.

Putting z = y yields ‖x− y‖ = 0.
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Let A ⊂ Rn. We shall say that a map v : A → Rm is an isometry provided that for all

x, y ∈ A there is ‖v(x)− v(y)‖ = ‖x− y‖.

Definition 2.2.2. Let u : Rn → Rm be a 1-Lipschitz map. A set S ⊂ Rn is called a leaf of u

if u|S is an isometry and for any y /∈ S there exists x ∈ S such that ‖u(y)−u(x)‖ < ‖y−x‖.

In other words, S is a leaf if it is a maximal set, with respect to the order induced by

inclusion, such that u|S is an isometry.

Definition 2.2.3. If C ⊂ Rn is a convex set, then we shall call the tangent space of C the

linear space Aff(C) − Aff(C). We shall call the relative interior of C the relative interior

with respect to the topology of Aff(C).

Lemma 2.2.4. Let S ⊂ Rn be an arbitrary subset. Let u : S → Rm be an isometry. Then

there exists a unique 1-Lipschitz function ũ : Conv(S) → Rm such that ũ|S = u. Moreover

ũ is an isometry.

Proof. Observe that, by the polarisation formula, u preserves the scalar product, that is for

all points p, q, r, s ∈ S there is

〈u(p)− u(q), u(r)− u(s)〉 =

=
1

2

(
‖u(p)− u(s)‖2 + ‖u(q)− u(r)‖2 − ‖u(p)− u(r)‖2 − ‖u(q)− u(s)‖2

)
=

=
1

2

(
‖p− s‖2 + ‖q − r‖2 − ‖p− r‖2 − ‖q − s‖2

)
= 〈p− q, r − s〉.

(2.2.1)

Suppose that y1, . . . , yk, z1, . . . , zl ∈ S and that s1, . . . , sk, t1, . . . , tl are non-negative real

numbers such that
k∑
i=1

si =

l∑
j=1

tj = 1.

Then, by (2.2.1),∥∥∥ k∑
i=1

siu(yi)−
l∑

j=1

tju(zj)
∥∥∥2

=
∥∥∥ k∑
i=1

l∑
j=1

sitj(u(yi)− u(zj))
∥∥∥2

=

=

k∑
i,i′=1

l∑
j,j′=1

sisi′tjtj′〈u(yi)− u(zj), u(yi′)− u(zj′)〉 =

=

k∑
i,i′=1

l∑
j,j′=1

sisi′tjtj′〈yi − zj , yi′ − zj′〉 =
∥∥∥ k∑
i=1

siyi −
l∑

j=1

tjzj

∥∥∥2
.

(2.2.2)

We may now affinely extend u to Conv(S). That is, if x1, . . . , xk ∈ S and s1, . . . , sk are any

non-negative real numbers that sum up to one, we set

ũ

( k∑
i=1

sixi

)
=

k∑
i=1

siu(xi).
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Now, (2.2.2) shows that ũ is a well-defined affine map on Conv(S) and that it is an isometry.

Suppose now that we have another 1-Lipschitz extension v : Conv(S) → Rm. To prove

that v = ũ it is enough to show that v is affine. Choose non-negative real numbers s1, . . . , sk

summing up to one and any points x1, . . . , xk ∈ S. Then, by 1-Lipschitzness and by the

fact that v is isometric on S, we get, as in (2.2.2),

∥∥∥v( k∑
i=1

sixi

)
− v(xj)

∥∥∥ ≤ ∥∥∥ k∑
i=1

sixi − xj
∥∥∥ =

∥∥∥ k∑
i=1

siv(xi)− v(xj)
∥∥∥.

By Lemma 2.2.1 we see that

v

( k∑
i=1

sixi

)
=

k∑
i=1

siv(xi).

It follows that v is affine on Conv(S).

Corollary 2.2.5. Any leaf S of u is a closed convex set and u|S is an affine isometry.

Let S be a leaf of u. Let P denote the orthogonal projection of Rn onto the tangent

space V of S. Let

T : V → Rm

be a linear isometry such that

u(x)− u(y) = T (x− y)

for any x, y ∈ S. Let Q denote the orthogonal projection of Rm onto T (V ).

Below by intS, clS, ∂S we understand the relative interior, the relative closure and the

relative boundary of S respectively.

Lemma 2.2.6. Let u : Rn → Rm be a 1-Lipschitz map. Let S1,S2 be two leaves of u. Let

V1, V2 be their respective tangent spaces and let P1, P2 be orthogonal projections onto V1, V2

respectively. Let T1, T2 be isometric maps such that

u(x)− u(y) = Ti(x− y) for all x, y ∈ Si, i = 1, 2.

Let xi ∈ Si and σi = dist(xi, ∂Si) for i = 1, 2. Then

2σ1σ2‖P1P2 − P1T
∗
1 T2P2‖ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2,

and for i = 1, 2

2σi‖PiT ∗i (u(x1)− u(x2))− Pi(x1 − x2)‖ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

18



Proof. Let yi ∈ Si for i = 1, 2. Let vi = yi − xi for i = 1, 2. Then we may write

u(y1)− u(y2) = u(x1)− u(x2) + T1v1 − T2v2.

Hence ‖u(y1)− u(y2)‖2 is equal to

‖u(x1)− u(x2)‖2 + ‖v1‖2 + ‖v2‖2 + 2〈u(x1)− u(x2), T1v1 − T2v2〉 − 2〈T1v1, T2v2〉.

We also have

y1 − y2 = x1 − x2 + v1 − v2,

yielding

‖y1 − y2‖2 = ‖x1 − x2‖2 + ‖v1‖2 + ‖v2‖2 + 2〈x1 − x2, v1 − v2〉 − 2〈v1, v2〉.

As u is 1-Lipschitz, ‖u(y1)−u(y2)‖ ≤ ‖y1−y2‖. By the two identities above we get therefore

that

2〈v1, v2〉 − 2〈T1v1, T2v2〉+ 2〈u(x1)− u(x2), T1v1 − T2v2〉 − 2〈x1 − x2, v1 − v2〉

is bounded above by

‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

Suppose that σ1, σ2 are both positive. As y1, y2 were arbitrary points of S1,S2 respectively,

the above inequality holds true for any v1 ∈ V1 and any v2 ∈ V2 of norm at most σ1 and σ2

respectively. If we add two such inequalities with v1, v2 replaced by −v1,−v2 then we get

that

2〈v1, v2〉 − 2〈T1v1, T2v2〉 ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2. (2.2.3)

Equivalently, for any w1, w2 ∈ Rn of norm at most one, we have

2σ1σ2

〈
w1, (P1P2 − P1T

∗
1 T2P2)w2

〉
≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

Taking supremum over all w1, w2 ∈ Rn of norm at most one yields the first desired inequality.

For the next inequalities, we assume that σ2 > 0 and we take v1 = 0 to get that

−2〈u(x1)− u(x2), T2v2〉+ 2〈x1 − x2, v2〉 ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

Analogously for v2 = 0 and σ1 > 0

2〈u(x1)− u(x2), T1v1〉 − 2〈x1 − x2, v1〉 ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

Hence for any w1, w2 ∈ Rn of norm at most one there is

σ2

〈(
P2T

∗
2

(
u(x1)− u(x2)

)
− P2(x1 − x2)

)
, w2

〉
≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2

19



and

σ1

〈(
P1T

∗
1

(
u(x1)− u(x2)

)
− P1(x1 − x2)

)
, w1

〉
≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2.

Taking suprema over w1, w2 in the unit ball of Rn yields the desired results.

Remark 2.2.7. Lemma 2.2.6 tells us that if x1, x2 belong to relative interiors of leaves S1,S2

respectively, then the 1-Lipschitzness of map u : Rn → Rm is strengthened to the condition

that

‖u(x1)− u(x2)‖2 + 2σ1σ2‖P1P2 − P1T
∗
1 T2P2‖ ≤ ‖x1 − x2‖2

for all x1 ∈ S1 and all x2 ∈ S2.

Lemma 2.2.8. Let S be a leaf of a 1-Lipschitz map u : Rn → Rm. Then Qu is differentiable

in the relative interior of S. Moreover, if z0 belongs to the relative interior of S, then

DQu(z0) = TP.

If u is differentiable in z0 for some z0 ∈ S, then

QDu(z0) = TP.

Proof. Observe that Q = TT ∗. Hence, by Lemma 2.2.6, we see that

2σ‖Q(u(z1)− u(z0))− TP (z1 − z0)‖ ≤ ‖z1 − z0‖2 − ‖u(z1)− u(z0)‖2.

for all z0 ∈ S and z1 ∈ Rn. Here σ = dist(z0, ∂S). Hence if σ > 0 we obtain that

lim sup
z1→z0

‖Q(u(z1)− u(z0))− TP (z1 − z0)‖
‖z1 − z0‖

≤ lim sup
z1→z0

‖z1 − z0‖
2σ

= 0.

This yields the asserted differentiability.

Now, suppose that u is differentiable at z0 ∈ S. Arguing as in the proof of Lemma 2.2.6

we see that for all z2 ∈ S and z1 ∈ Rn we have

2
〈
T ∗(u(z0)− u(z1))− (z0 − z1), z2 − z0

〉
≤ ‖z1 − z0‖2 − ‖u(z1)− u(z0)‖2.

Take any w ∈ Rn and let z1 = z0 − tw, t > 0. Then the above inequality implies that〈
T ∗
(u(z0)− u(z0 − tw)

t

)
− w, z2 − z0

〉
≤ t‖w‖2

2
.

Letting t tend to zero yields

〈T ∗Du(z0)w − w, z2 − z0〉 ≤ 0.
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As this holds true for any w ∈ Rn, applying this inequality to −w, we infer that the above

inequality is an equality, i.e. for all w ∈ Rn there is

〈T ∗Du(z0)w − w, z2 − z0〉 = 0.

If follows that for all v ∈ span{z2 − z0 | z2 ∈ S} = V

〈T ∗Du(z0)w − w, v〉 = 0,

and, consequently, for all such v there is 〈QDu(z0)w − TPw, Tv〉 = 0. The assertion

follows.

Corollary 2.2.9. Suppose that S is of dimension m. Then u is differentiable in the relative

interior of S.

Proof. If the dimension of S is m, then the respective orthogonal projection Q is the identity.

The claim follows now by Lemma 2.2.8.

Corollary 2.2.10. Let u : Rn → Rm be a 1-Lipschitz map. Let xi ∈ intSi belong to the

relative interior of leaf Si of u, for i = 1, 2. Let σi = dist(∂Si, xi) for i = 1, 2. Then for

any s1, s2 ∈ Rn of norm at most one there is

∣∣‖P1s1 − P2s2‖2 − ‖Du(x1)s1 −Du(x2)s2‖2
∣∣ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2

2σ1σ2
.

Here Pi denote the orthogonal projection onto the tangent subspace of the leaf Si for i = 1, 2.

Moreover for any w1, w2 ∈ Rm of norm at most one there is

∣∣‖Q1w1−Q2w2‖2−‖
(
DQ1u(x1)

)∗
w1−

(
DQ2u(x2)

)∗
w2‖2

∣∣ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2

2σ1σ2
.

Here Qi denote the orthogonal projection onto the image of Ti, for i = 1, 2.

Proof. Formula (2.2.3), Lemma 2.2.6, tells us that for any v1 ∈ V1 and any v2 ∈ V2 of norm

at most one, there is

∣∣‖v1 − v2‖2 − ‖T1v1 − T2v2‖2
∣∣ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2

2σ1σ2
.

Lemma 2.2.8 tells us that DQiu(xi) = TiPi for i = 1, 2. Hence the first asserted inequality

follows. Let vi = (TiPi)
∗wi for wi ∈ Rm, i = 1, 2, of norm at most one. Then the above

formula yields

∣∣‖(T1P1)∗w1 − (T2P2)∗w2‖2 − ‖Q1w1 −Q2w2‖2
∣∣ ≤ ‖x1 − x2‖2 − ‖u(x1)− u(x2)‖2

2σ1σ2
.

The proof is complete.
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Lemma 2.2.11. Let S1,S2 be two distinct leaves of a 1-Lipschitz map u : Rn → Rm. Then

S1 ∩ S2 ⊂ ∂S1 ∩ ∂S2.

Proof. We shall first show that there is no point belonging to intS1 ∩ S2. For this, suppose

that x0 ∈ intS1 ∩ S2. Let x1 ∈ S1 and x2 ∈ S2. There exists isometries T1 and T2 on the

tangent spaces V1 and V2 of S1 and S2 respectively such that

u(x1)− u(x0) = T1(x1 − x0) and u(x2)− u(x0) = T2(x2 − x0).

We may write

‖x1 − x0‖2 + ‖x2 − x0‖2 − 2〈T1(x1 − x0), T2(x2 − x0)〉 = ‖u(x1)− u(x2)‖2 ≤

≤ ‖x1 − x2‖2 = ‖x1 − x0‖2 + ‖x2 − x0‖2 − 2〈x1 − x0, x2 − x0〉.

Hence

〈x1 − x0, x2 − x0〉 ≤ 〈T1(x1 − x0), T2(x2 − x0)〉.

As x0 ∈ intS1 and the inequality holds true for all x1 ∈ S1, we actually have equality above

for x1 sufficiently close to x0. It follows that for all v1 ∈ V1 and v2 ∈ V2,

〈v1, v2〉 = 〈T1v2, T2v2〉. (2.2.4)

Hence, there exists an isometry that extends both T1 and T2. Indeed, define a linear map

S : V1 + V2 → Rm

by the formula

S(v1 + v2) = T1(v1) + T2(v2) for v1 ∈ V1, v2 ∈ V2.

We claim that S is a well-defined isometry. Indeed, by (2.2.4) and by orthogonality we see

that if v2 ∈ V1 ∩ V2, then

‖v2‖2 = 〈T1v2, T2v2〉

which implies, by the equality cases in the Cauchy–Schwarz inequality, that T1v2 = T2v2.

Thus S is well-defined. It is an isometry, as for v1 ∈ V1 and v2 ∈ V2,

‖S(v1 + v2)‖2 = ‖v1‖2 + ‖v2‖2 + 2〈T1v1, T2v2〉 = ‖v1 + v2‖2.

Moreover, by the definition, S is an extension of both T1 and T2.

Define an affine map v : x0 + V1 + V2 → Rm by the formula

v(x) = S(x− x0) + u(x0).
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Then v|S1 = u and v|S2 = u. Choose any points x ∈ S1 and y ∈ S2. Then

‖u(x)− u(y)‖ = ‖v(x)− v(y)‖ = ‖S(x− y)‖ = ‖x− y‖.

Thus u is isometric on S1 ∪ S2. By maximality of leaves, S1 = S1 ∪ S2 = S2, contradicting

the distinctness of the two leaves. Hence

S1 ∩ S2 ⊂ ∂S1 ∩ S2.

Repeating the above argument with S1 and S2 interchanged, we see that

S1 ∩ S2 ⊂
(
∂S1 ∩ S2

)
∩
(
∂S2 ∩ S1

)
= ∂S1 ∩ ∂S2.

Lemma 2.2.12. Let u : Rn → Rm be 1-Lipschitz. If x0 ∈ Rn belongs to at least two distinct

leaves of u, then u is not differentiable at x0.

Proof. Clearly, any zero-dimensional leaf does not intersect any other leaf. Hence, x0 be-

longs to two distinct leaves S1,S2 of non-zero dimensions. Suppose that u is differentiable at

x0 ∈ S1∩S2. Then Lemma 2.2.8 implies that Q1u is differentiable at x0 with the derivative

given by

DQ1u(x0) = T1P1,

where T1 is an isometry such that u(x) − u(x0) = T1(x − x0) for all x ∈ S1, P1 is the

orthogonal projection onto the tangent space V1 of S1 and Q1 is the orthogonal projection

onto the image of T1. In other words

lim
x→x0

Q1u(x)−Q1u(x0)− T1P1(x− x0)

‖x− x0‖
= 0. (2.2.5)

For x ∈ S2 we may write

u(x)− u(x0) = T2(x− x0)

for an isometry T2. If x ∈ S2, then

Q1u(x)−Q1u(x0)− T1P1(x− x0)

‖x− x0‖
= (Q1T2 − T1P1)

(
x− x0

‖x− x0‖

)
. (2.2.6)

For x ∈ S2 and t ∈ [0, 1] let

xt = x0 + t(x− x0).

By convexity of leaves, xt ∈ S2. Observe also that

lim
t→0

xt = x0. (2.2.7)
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It follows by (2.2.5), (2.2.6) and by (2.2.7) that

Q1T2(x− x0) = T1P1(x− x0) for all x ∈ S2.

As V2 = span{x− x0 | x ∈ S2} is the tangent space of S2, we infer that

Q1T2v = T1P1v for all v ∈ V2.

Hence, for v1 ∈ V1 and for v2 ∈ V2

〈T1v1, T2v2〉 = 〈T1v1, Q1T2v2〉 = 〈T1v1, T1P1v2〉 = 〈v1, v2〉.

We continuue the proof as in Lemma 2.2.11 and arrive at a contradiction that S1 = S2.

Remark 2.2.13. We may proceed in the first part of the above proof of Lemma 2.2.11

alternatively. Namely, we may conclude from Lemma 2.2.8 that for at point in intS the

map Qu is differentiable with DQu = TP . Then we proceed as in the proof of Lemma

2.2.12.

Definition 2.2.14. The set of points belonging to at least two distinct leaves of a 1-

Lipschitz map u : Rn → Rm we shall denote by B(u).

Corollary 2.2.15. For any 1-Lipschitz function u : Rn → Rm the set B(u) is of Lebesgue

measure zero.

Proof. Lemma 2.2.12 implies that B(u) is contained in the set of non-differentiability of u.

Rademacher’s theorem (see e.g. [47]) states that the latter is of Lebesgue measure zero.

2.3 Ghost subspaces

In this section we shall study certain subspaces associated to leaves of a 1-Lipschitz map

u : Rn → Rm. Observe that if S ⊂ Rn is a leaf of u, then the derivative of u is isometric on

the tangent space V of S. Nevertheless, it may happen that the derivative of u, whenever

it exists, is an isometry on a strictly larger subspace than V . An example illustrating this

situation is provided below. Note that such situation does not occur when S has dimension

m.

Example 2.3.1. We shall construct a 1-Lipschitz function u : [0, 1]→ R such that there is

a set E of positive Lebesgue measure consisting of zero-dimensional leaves and such that

Du is almost everywhere an isometry, i.e. has slope one or negative one. In particular, for

all x ∈ E and all y ∈ [0, 1] there is |u(x) − u(y)| < |x − y|. For a construction of such a

function, consider a dense set F that is a union of a countable family of pairwise disjoint,
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non-degenerate intervals in [0, 1] of total measure λ(F ) ∈ (0, 1). Let u be defined by the

formula

u(x) =

∫
[0,x]

(1F c − 1F )(t)dt.

Then u is picewise affine – in each of the intervals in F with slope equal to negative one

and in F c with slope equal to one. Then clearly, Du is an isometry almost everywhere, yet,

for any x ∈ F c the set {x} is a leaf of u. Taking E = F c yields the asserted claim.

In what follows we shall prove that u is isometric not only on S, but also, there is a

subspace of vectors on which Du(x) is exists and is isometric, whenever x ∈ intS. The

derivative on these vectors is independent on the choice of a point in intS. We prove also

that the rates of convergence of the differential quotients to the derivative are comparable

on this subspace. Thus, in a sense, some leaves behave as it they were of higher dimension

than they actually are.

Lemma 2.3.2. Let u : Rn → Rm be a 1-Lipschitz map. Let S be a leaf of u and let V

denote the tangent space to S. Let x0, x1 ∈ intS. Suppose that for some h ∈ Rn there exists

Du(x0)h with ‖Du(x0)h‖ = ‖h‖. Then there exists Du(x1)h and

Du(x1)h = Du(x0)h.

Moreover, if for some ε > 0, δ > 0 and all t ∈ R such that |t| < δ there is

‖u(x0 + th)− u(x0)− tDu(x0)h‖
|t|‖h‖

< ε

then also

‖u(x1 + rh)− u(x1)− rDu(x0)h‖
|r|‖h‖

< ε+
√

2ε

√
‖x1 − x0‖

σ1

(
1 +
‖x1 − x0‖+ σ1

σ0

)
whenever |r| < σ1

σ1+‖x1−x0‖δ. Here for i = 0, 1 we set σi = dist(xi, ∂S).

Proof. By the assumption, σi > 0 for i = 0, 1. Let x′ ∈ S be given by the formula

x′ = x1 +
x1 − x0

‖x1 − x0‖
σ1.

Then

x1 =
σ1

‖x1 − x0‖+ σ1
x0 +

‖x1 − x0‖
‖x1 − x0‖+ σ1

x′.

Set s = σ1
‖x1−x0‖+σ1 . Let t be a real number. Observe that x1 + sth = s(x0 + th) + (1− s)x′.

Let ρ ∈ [0, 1] be such that

1− ρ =
‖u(x0 + th)− u(x0)‖2

t2‖h‖2
. (2.3.1)
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Then we claim that

‖u(x0 + th)− u(x′)‖2 ≥ ‖x0 + th− x′‖2 − ρt2‖h‖2
(

1 +
‖x0 − x′‖

σ0

)
. (2.3.2)

Indeed, Lemma 2.2.6 and Lemma 2.2.8 yield that

‖Q(u(x0 + th)− u(x0)− tDu(x0)h)‖ ≤ 1

2σ0
(t2‖h‖2 − ‖u(x0 + th)− u(x0)‖2) =

ρ

2σ0
t2‖h‖2.

Note that

QDu(x0)h = TPh.

Therefore, by the Pythagorean theorem and the above bound,

‖u(x0 + th)− u(x′)‖2 = ‖u(x0 + th)− u(x0)‖2 + ‖u(x0)− u(x′)‖2+

+ 2〈T (x0 − x′), Q(u(x0 + th)− u(x0)− tDu(x0)h)〉+ 2〈x0 − x′, tPh〉.

Hence, using (2.3.1) and the fact that 〈x0 − x′, Ph〉 = 〈x0 − x′, h〉, we may write

‖u(x0 + th)− u(x′)‖2 ≥ t2‖h‖2 + ‖x0 − x′‖2 − ρt2‖h‖2
(

1 +
‖x0 − x′‖

σ0

)
+ 2〈x0 − x′, th〉 =

= ‖x0 + th− x′‖2 − ρt2‖h‖2
(

1 +
‖x0 − x′‖

σ0

)
.

Thus, (2.3.2) follows. Observe that, c.f. proof of Lemma 2.2.4,

〈u(x1 + sth)− u(x0 + th), u(x1 + sth)− u(x′)〉 =

=
1

2

(
‖u(x1 + sth)− u(x′)‖2 + ‖u(x1 + sth)− u(x0 + th)‖2 − ‖u(x0 + th)− u(x′)‖2

)
.

Then we see, by 1-Lipschitzness of u and by (2.3.2), that the above scalar product is bounded

from above by

〈x1 + sth− (x0 + th), x1 + sth− x′〉+
1

2
ρt2‖h‖2

(
1 +
‖x0 − x′‖

σ0

)
. (2.3.3)

Expanding the squares, exploiting 1-Lipschitzness of u, (2.3.3) and the polarisation formula

yields

‖u(x1 + sth)− (su(x0 + th) + (1− s)u(x′))‖2 ≤ s(1− s)ρt2‖h‖2
(

1 +
‖x0 − x′‖

σ0

)
.

Now, since u is affine on S, u(x1 + sth)− (su(x0 + th) + (1− s)u(x′)) is equal to

u(x1 + sth)− u(x1)− stDu(x0)h− s(u(x0 + th)− u(x0)− tDu(x0)h).

We see that the quotient

‖u(x1 + sth)− u(x1)− stDu(x0)h‖
|st|‖h‖
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may be bounded by√
ρ(1− s)√

s

√
1 +
‖x0 − x′‖

σ0
+
‖u(x0 + th)− u(x0)− tDu(x0)h‖

|t|‖h‖
. (2.3.4)

By the definition of ρ we have√
1− ρ =

‖u(x0 + th)− u(x0)‖
|t|‖h‖

≥ 1− ‖u(x0 + th)− u(x0)− tDu(x0)h‖
|t|‖h‖

.

Hence

ρ ≤ 2
‖u(x0 + th)− u(x0)− tDh(x0)h‖

|t|‖h‖
.

Observe also that

‖x0 − x′‖ = ‖x0 − x1‖+ σ1

and that
1− s
s

=
‖x1 − x0‖

σ1
.

Let ε > 0, δ > 0 and |t| < δ be as in the assertion of the lemma. We see by (2.3.4) that

‖u(x1 + rh)− u(x1)− rDu(x0)h‖
|r|‖h‖

< ε+
√

2ε

√
‖x1 − x0‖

σ1

(
1 +
‖x1 − x0‖+ σ1

σ0

)
provided that |r| < σ1

σ1+‖x1−x0‖δ.

The proof is complete.

The next proposition tells that the set of vectors h ∈ Rn such that Du(x)h exists and

‖Du(x)h‖ = ‖h‖ for some x ∈ intS forms a subspace.

Proposition 2.3.3. Let S be a leaf of a 1-Lipschitz map u : Rn → Rm. The set G of vectors

h ∈ Rn such that for some x ∈ intS there exists Du(x)h with ‖Du(x)h‖ = ‖h‖ forms a

subspace. Moreover, for any x ∈ intS and any h ∈ G there exists Du(x)h and Du(x) on G

is an isometry, which is independent on the choice of x ∈ intS.

Proof. Let x ∈ intS. Lemma 2.3.2 implies that the set G is equal to the set of h ∈ Rn such

that here exists Du(x)h with ‖Du(x)h‖ = ‖h‖. Let h1, h2 ∈ G. As u is 1-Lipschitz

‖Du(x)h1 −Du(x)h2‖ = lim
t→0

1

t
‖u(x+ th1)− u(x+ th2)‖ ≤ ‖h1 − h2‖.

It follows that

‖Du(x)h1‖2 + ‖Du(x)h2‖2 − 2〈Du(x)h1, Du(x)h2〉 ≤ ‖h1‖2 + ‖h2‖2 − 2〈h1, h2〉.

Hence

〈Du(x)h1, Du(x)h2〉 ≥ 〈h1, h2〉. (2.3.5)
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Since the same is true with h1 replaced by −h1, we infer that in (2.3.5) we actually have

an equality. Thus, Du(x) is an isometry on G. In particular

lim
t→0

1

t
‖u(x+ th1)− u(x+ th2)‖ = ‖h1 − h2‖. (2.3.6)

Suppose that

lim inf
t→0

∥∥∥u(x+ th1)− u
(
x+ t

2(h1 + h2)
)∥∥∥

|t|
<

1

2
‖h1 − h2‖.

Since for t > 0 ∥∥∥u(x+ th2)− u
(
x+ t

2(h1 + h2)
)∥∥∥

|t|
≤ 1

2
‖h1 − h2‖

we see by the triangle inequality that

lim inf
t→0

‖u(x+ th1)− u(x+ th2)‖
|t|

< ‖h1 − h2‖,

contradicting (2.3.6). From the above and by symmetry it follows that for i = 1, 2

lim
t→0

1

t

∥∥∥u(x+ thi)− u
(
x+

t

2
(h1 + h2)

)∥∥∥ =
1

2
‖h1 − h2‖. (2.3.7)

By the polarisation formula we see that∥∥∥u(x+
t

2
(h1 + h2)

)
− 1

2
(u(x+ th1) + u(x+ th2))

∥∥∥2
=

=
1

2

(∥∥∥u(x+
t

2
(h1 + h2)

)
− u(x+ th1)

∥∥∥2
+
∥∥∥u(x+

t

2
(h1 + h2)

)
− u(x+ th2)

∥∥∥2)
−

− 1

4

∥∥∥u(x+ th1)− u(x+ th2)
∥∥∥2
.

By the above, by (2.3.7) and by (2.3.6) we infer that

lim
t→0

1

t

∥∥∥u(x+
t

2
(h1 + h2)

)
− u(x)− 1

2
((u(x+ th1)− u(x)) + (u(x+ h2)− u(x))

∥∥∥ = 0.

Therefore the derivatie Du(x) in direction of h1+h2
2 exists and

Du(x)
(h1 + h2

2

)
=

1

2
(Du(x)h1 +Du(x)h2).

It follows that h1+h2
2 ∈ G whenever h1, h2 ∈ G. Since homogeneity of G is trivial to prove,

G is a linear subspace.

Lemma 2.3.2 tells us that Du(x) restricted to G is independent on the choice of a point

x ∈ intS.

Definition 2.3.4. Let u : Rn → Rm be a 1-Lipschitz map. Let S be a leaf of u. A subspace

G ⊂ Rn is called a ghost subspace associated to the leaf S if for any, or – equivalently –

some, x ∈ intS and any h ∈ G there exists Du(x)h and ‖Du(x)h‖ = ‖h‖.

28



The name ghost subspace comes from the fact that this subspace is not visible at the

level of partitioning into leaves, yet it is of significant importance when dealing with the

partition.

Note that on a ghost subspace, associated to a leaf S, the derivative is isometric and it

is the maximal subspace with this property. Clearly, a ghost subspace contains the tangent

space to the leaf S.

Lemma 2.3.5. Let u : Rn → Rm be a 1-Lipschitz map, let S be its leaf. If h ∈ Rn is such

that ‖Du(x)h‖ = ‖h‖ for some x ∈ intS, then there exists D2Qu(x)(h, h) and it is equal to

zero.

Proof. Lemma 2.2.6 and Lemma 2.2.8 yield that for y ∈ Rn

‖Q(u(y)− u(x)−DQu(x)(y − x))‖ ≤ 1

σ

(
‖y − x‖2 − ‖u(y)− u(x)‖2

)
,

where σ = dist(x, ∂S). Let y = x+ th for t ∈ R. Dividing by t2 and exploiting the fact that

lim
t→0

‖u(x+ th)− u(x)‖
|t|‖h‖

= 1

we arrive at the assertion.

The following proposition provides a result on the regularity of the derivative of u on a

single leaf.

Proposition 2.3.6. Let u : Rn → Rm be a 1-Lipschitz map, let S be its leaf. Let x1, x2 ∈
intS and let σi = dist(xi, ∂S) for i = 1, 2. Then for h1, h2 ∈ Rn

‖Du(x1)h1 −Du(x2)h2‖2

is at most

‖h1 − h2‖2 + 2‖x1 − x2‖
(

1

σ1

(
‖h1‖2 − ‖Du(x1)h1‖2

)
+

1

σ2

(
‖h2‖2 − ‖Du(x2)h2‖2

))
,

whenever derivatives Du(x1)h1 and Du(x2)h2 exist. In particular, the derivative of u on

intS is locally 1
2 -Hölder continuous.

Proof. Suppose x1, x2 ∈ intS. Suppose that h1, h2 ∈ Rn. Let t ∈ R, yi = xi+ thi for i = 1, 2

and observe that

‖u(y1)− u(y2)‖2 ≤ ‖y1 − y2‖2.

Expanding the squares, like in the proof of Lemma 2.2.6, we obtain that

‖u(x1)− u(x2)‖2 + ‖(u(y1)− u(x1))− (u(y2)− u(x2))‖2+

+ 2〈u(x1)− u(x2), (u(y1)− u(x1))− (u(y2)− u(x2))〉
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is bounded above by

‖x1 − x2‖2 + ‖(y1 − x1)− (y2 − x2)‖2 + 2〈x1 − x2, (y1 − x1)− (y2 − x2)〉.

Taking into account that ‖u(x1)−u(x2)‖ = ‖x1−x2‖, yi−xi = thi for i = 1, 2, we see that

‖(u(y1)− u(x1))− (u(y2)− u(x2))‖2 − t2‖h1 − h2‖2 ≤

≤ 2t〈x1 − x2, h1 − h2〉 − 2〈u(x1)− u(x2), (u(y1)− u(x1))− (u(y2)− u(x2))〉.
(2.3.8)

Lemma 2.2.8 tells us that

〈u(x1)− u(x2), Du(x1)h1 −Du(x2)h2〉 = 〈x1 − x2, h1 − h2〉.

Lemma 2.2.6 yields that for i = 1, 2

〈u(x1)− u(x2), u(yi)− u(xi)− tDu(xi)hi〉 ≤
1

σi
‖x1 − x2‖

(
t2‖hi‖2 − ‖u(yi)− u(xi)‖2

)
.

We infer further that

‖(u(y1)− u(x1))− (u(y2)− u(x2))‖2 ≤ t2‖h1 − h2‖2+

+ 2‖x1 − x2‖
( 1

σ1

(
t2‖h1‖2 − ‖u(y1)− u(x1)‖2

)
+

1

σ2

(
t2‖h2‖2 − ‖u(y2)− u(x2)‖2

))
.

Now, dividing both sides of the above inequality by t2 and letting t tend to zero, we infer

that ‖Du(x1)h1 −Du(x2)h2‖2 is bounded above by

‖h1 − h2‖2 + 2‖x1 − x2‖
( 1

σ1

(
‖h1‖2 − ‖Du(x1)h1‖2

)
+

1

σ2

(
‖h2‖2 − ‖Du(x2)h2‖2

))
.

The proof is complete.

2.4 Lipschitz change of variables

We assume throughout the section that m ≤ n. Let us recall a lemma taken from [47, 3.2.9].

Lemma 2.4.1. Let u : Rn → Rm be a continuous function. Then the set

{x ∈ Rn | u is differentiable at x and Du(x) has maximal rank}

admits a countable Borel cover (Gi)
∞
i=1 such that for any i ∈ N there exists an orthogonal

projection πi : Rn → Rn−m and Lipschitz maps

wi : Rn → Rm × Rn−m, vi : Rm × Rn−m → Rn

such that

wi(x) = (u(x), πi(x)) and vi(wi(x)) = x for all x ∈ Gi.
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Lemma 2.4.2. Let u : Rn → Rm be a Lipschitz function. Let s ∈ Rm and let

Ss = {x ∈ Rn | u(x) = s}

be the level set. Then the set

Ss ∩ {x ∈ Rn | u is differentiable at x and Du(x) has maximal rank}

has a countable Borel cover (Sis)
∞
i=1 of bounded sets such that for all i ∈ N there exist

Lipschitz functions w : Rn → Rn−m and v : Rn−m → Rn satisfying

v(w(x)) = x for all x ∈ Sis.

Proof. We apply Lemma 2.4.1 and obtain a countable cover consisting of Borel sets Gi,

orthogonal projections πi : Rn → Rn−m and Lipschitz maps

wi : Rn → Rm × Rn−m, vi : Rm × Rn−m → Rn

such that

wi(x) = (u(x), πi(x)) and vi(wi(x)) = x for all x ∈ Gi.

The sets Gi ∩ Ss form a countable Borel cover of Ss. For any i ∈ N define

w : Rn → Rn−m and v : Rn−m → Rn

by w = π ◦wi, where π : Rm×Rn−m → Rn−m is the projection on the second variable, and

v(x) = vi(s, x) for x ∈ Rn−m. Then, if u(x) = s, then

v(w(x)) = vi(s, w(x)) = vi(u(x), πi(x)) = x.

Definition 2.4.3. Pick a countable dense set S ⊂ Rm. Let s ∈ S. Let u : Rn → Rm be a

1-Lipschitz map. Let (Sis)
∞
i=1 be the Borel cover of Lemma 2.4.2 associated to the level set

Ss = {x ∈ Rn | u(x) = s}.

For each i, j ∈ N let the cluster

Tsij

denote the union of all m-dimensional leaves S of u such that there exists z ∈ S ∩ Sis for

which dist(z, ∂S) ≥ 1
j . Denote by

intTsij

the union of the relative interiors of all m-dimensional leaves S of u as above.
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Lemma 2.4.4. The union of all m-dimensional leaves is covered by the clusters

(Tsij)s∈S,i,j∈N.

Moreover for each m-dimensional leaf S and each cluster Tsij either

intS ∩ Tsij = ∅ or intS ⊂ Tsij .

Proof. Let S be a m-dimensional leaf of u. Then u, if restricted to S, is an isometry onto a

convex subset of Rm. Thus, there exists s ∈ S∩ intu(S). There exist i, j ∈ N and z ∈ S ∩Sis
such that dist(z, ∂S) > 1/j. That is S ⊂ Tsij .

If the interior of some leaf intS intersects one of the leaves comprising the cluster Tsij ,

then Lemma 2.2.11 implies that they are equal and hence S ⊂ Tsij . This completes the

proof.

Lemma 2.4.5. Each cluster Tsij ⊂ Rn admits maps

G : intTsij → Rn−m × Rm

and

F : G(intTsij)→ intTsij

such that:

i) for each λ > 0, G is a Lipschitz map on the set

T λsij =
{
x ∈ intTsij | dist(x, ∂S(x)) > λ

}
;

here S(x) is the unique leaf of u such that x ∈ S(x) and z ∈ S(x) is the unique point

in S(x) such that u(z) = s,

ii) F is Lipschitz on the set G(intTsij),

iii) F (G(x)) = x for each x ∈ intTsij,

iv) if a leaf S ⊂ Tsij intersects Sis at a point z, then each interior point x ∈ intS of the

leaf satisfies

G(x) = (w(z), u(x)− u(z)), (2.4.1)

where w : Rn → Rn−m is the map from Lemma 2.4.2.
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Proof. Lemma 2.2.11 shows that the relative interiors of leaves do not intersect any other

leaf. Moreover u is an isometry on each leaf. Therefore, every point x ∈ intTsij belongs to

a unique leaf and each leaf in the cluster Tsij intersects the level set Ss in a single point

z ∈ Sis. It follows that (2.4.1) defines a map

G : intTsij → Rn−m × Rm,

on the cluster intTsij . Let (a, b) ∈ G(intTsij) and let v be the map parametrising Sis from

Lemma 2.4.2. Then v(a) ∈ Sis belongs to the relative interior of some leaf S and lies in a

distance at least 1/j from the relative boundary of the leaf. Define

F (a, b) = v(a) +Du(v(a))∗(b).

Let x ∈ intTsij belong to a leaf S that intersects Sis at a point z. Then v(w(z)) = z and

there exists an isometry T such that u(x1) − u(x2) = T (x1 − x2) for all x1, x2 ∈ S and

Du(z) = TP , where P is the orthogonal projection onto the tangent space of S. We infer

that

F (G(x)) = F (w(z), u(x)− u(z)) = z + PT ∗T (x− z) = x.

We shall now prove that F is Lipschitz on G(intTsij). Define

Λ =
{
a ∈ Rn−m | (a, 0) ∈ G(intTsij)

}
. (2.4.2)

We first claim that

(a, b) 7→ Du(v(a))∗b

is Lipschitz. Recall that v(a) ∈ Sis is in a distance at least 1/j from the relative boundary of

a leaf S that contains v(a). Thus, by Corollary 2.2.10, we infer that for points (a, b), (a′, b′) ∈
G(intTsij) there is

‖Du(v(a))∗b−Du(v(a′))∗b′‖2 ≤ j2

2
‖v(a)− v(a′)‖2 + ‖b− b′‖2 ≤ 1

2
C2j2‖a− a′‖2 + ‖b− b′‖2,

where C is the Lipschitz constant of v. It follows immediately that F is Lipschitz on

G(intTsij).

It remains to prove assertion i) of the lemma. Let λ > 0. Let now x, x′ ∈ T λsij belong

to the leaves S and S ′ respectively. By the definition (2.4.1) and by Lipschitzness of w to

prove that G is Lipschitz it is enough to show that

‖z − z′‖ ≤ C‖x− x′‖

for some constant C. Note that

z = x+Du(x)∗(u(z)− u(x)) and z′ = x′ +Du(x′)∗(u(z′)− u(x′)).
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Thus

‖z − z′‖ ≤ ‖x− x′‖+
∥∥∥Du(x)∗(u(z)− u(x))−Du(x′)∗(u(z′)− u(x′))

∥∥∥.
Now, by Corollary 2.2.10, taking into account that u(z) = s = u(z′), we see that∥∥∥Du(x)∗(u(z)− u(x))−Du(x′)∗(u(z′)− u(x′))

∥∥∥2
≤ 1

2λ2
‖x− x′‖2 + ‖u(x)− u(x′)‖2.

Therefore

‖z − z′‖ ≤ ‖x− x′‖
(

1 +

√
1 +

1

2λ2

)
.

This concludes the proof that G is Lipschitz on T λsij and completes the proof of the theorem.

2.5 Measurability

Below Gn,k denotes the set of all k-dimensional subspaces of Rn. For V ∈ Gn,k we denote

by Om(V ) the set of all isometries on V with values in Rm, i.e. the set of all linear maps

T : V → Rm such that

‖T (x)− T (y)‖ = ‖x− y‖ for all x, y ∈ V.

By PV : Rn → Rn we denote the orthogonal projection onto V . Then Gn,k is a compact if

equipped with the metric d given by the formula

d(V, V ′) = ‖PV − PV ′‖, V, V ′ ∈ Gn,k.

Here ‖·‖ denotes the operator norm with respect to the Euclidean norm on Rn.

For a point x ∈ Rn and a real number r > 0 we shall denote by B(x, r) the closed ball

centred at x of radius r.

Definition 2.5.1. For k ∈ {1, . . . ,m} we define αk : Rn → R ∪ {∞} by the formula

αk(x) = sup
{
r ≥ 0 | ∃V ∈Gn,k∃T∈Om(V )∀y∈(x+V )∩B(x,r) u(x)− u(y) = T (x− y)

}
for x ∈ Rn. We define αm+1 : Rn → R by αm+1(x) = 0 for all x ∈ Rn.

The value of function αk(x) denotes the greatest radius of a ball such that u is isometric

on the intersection of the ball with some k-dimensional subspace.

Lemma 2.5.2. For any k ∈ {1, . . . ,m} the functions αk : Rn → R ∪ {∞} are upper semi-

continuous.
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Proof. Fix k ∈ {1, . . . ,m}. Pick x0 ∈ Rn and a sequence (xl)
∞
l=1 that converges to x0 such

that there exists a limit

λ = lim
l→∞

αk(xl).

We need to show that λ ≤ αk(x0). Suppose first that λ < ∞. We may assume that

αk(xl) ∈ R for each l ∈ N. From the definition of αk(xl) it follows that there exist

Vl ∈ Gn,k and Tl ∈ Om(Vl)

such that for all y ∈ (xl + Vl) ∩B
(
xl,
(
1− 1

l

)
αk(xl)

)
we have

u(xl)− u(y) = Tl(xl − y).

By compactness of Gn,k we may assume that the sequence (Vl)
∞
l=1 is convergent to some

V0 ∈ Gn,k. Moreover, we may assume that

(TlPVl)
∞
l=1 converges to T0PV0 ,

where T0 ∈ Om(V0). Indeed, we may assume that there exists S0 such that (TlPVl)
∞
l=1

converges to S0. For v0 ∈ V0 we have

‖v0‖ = lim
l→∞
‖PVlv0‖ = lim

l→∞
‖TlPVlv0‖ = ‖S0v0‖.

This is to say, S0 is an isometry on V0. Setting T0 = S0PV0 proves the claim.

Choose now any v0 ∈ V0 of norm ‖v0‖ < λ. By the definition of metric on Gn,k, the

sequence (PVlv0)∞l=1 converges to v0. Moreover, for sufficiently large l,

xl + PVlv0 ∈ (xl + Vl) ∩B
(
xl,
(
1− 1

l

)
αk(xl)

)
.

Thus

u(xl)− u(xl + PVlv0) = −TlPVlv0.

Passing to the limits we obtain that

u(x0)− u(x0 + v0) = −T0v0.

It follows that λ ≤ αk(x0). Thus, the proof is complete provided λ is finite.

Suppose now that λ is infinite. Assume again that αk(xl) ∈ R for each l ∈ N and that

(αk(xl))
∞
l=1 converges to infinity monotonically. Then there exist Vl ∈ Gn,k and Tl as above,

i.e. such that (Vl)
∞
l=1 converges to V0 and (TlPVl)

∞
l=1 converges to T0PV0 , T0 ∈ Om(V0).

Taking any v0 ∈ V0 of norm at most l ∈ N we may show that

u(x0)− u(x0 + v0) = −T0v0.

Hence αk(x0) ≥ l for each l ∈ N and thus αk(x0) =∞.
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Below we shall denote the unit ball centred at the origin by B = {x ∈ Rn | ‖x‖ ≤ 1}.
For r ≥ 0 we denote by Cn,k(r) the set of all k-dimensional convex cones C in Rn such that

there exist c1, . . . , ck ∈ C ∩B such that the n×k matrix D with columns c1, . . . , ck satisfies

detD∗D ≥ r, i.e. their Gram matrix has determinant at least r. For a cone C we denote

by VC its linear span.

Definition 2.5.3. For k ∈ {1, . . . ,m} we define βk : Rn → R by the formula

βk(x) = sup
{
r ≥ 0 | ∃C∈Cn,k(r)∃T∈Om(VC)∀y∈(x+C)∩B(x,r) u(x)− u(y) = T (x− y)

}
,

where x ∈ Rn. Let βm+1 : Rn → R be defined by βm+1(x) = 0 for all x ∈ Rn.

The functions βk(x) indicate the maximal radius r such that there is a convex cone C,

of size in its linear span bounded from below, such that u is isometric on the intersection

of the ball centred at x of radius r with the shifted cone x+ C.

Lemma 2.5.4. For any k ∈ {1, . . . ,m} the function βk : Rn → R is upper semicontinuous.

Proof. Fix k ∈ {1, . . . ,m}. Pick x0 ∈ Rn and a sequence (xl)
∞
l=1 that converges to x0 and

such that there exists a limit

λ = lim
l→∞

βk(xl).

We need to show that λ ≤ βk(x0). Observe that λ < ∞, as the determinant of a Gram

matrix of vectors in the unit ball is bounded above by the volume of the k-dimensional unit

ball. It follows from the definition of βk(xl) that there exist

Cl ∈ Cn,k
((

1− 1

l

)
βk(xl)

)
and Tl ∈ Om(VCl)

such that for all y ∈ (xl + Cl) ∩B
(
xl,
(
1− 1

l

)
βk(xl)

)
u(xl)− u(y) = Tl(xl − y).

For each l pick points (clj)
k
j=1 in Cl ∩ B such that their Gram matrix has determinant at

least (1 − 1/l)βk(xl). Passing to subsequences, we may assume that the sequences (clj)
∞
l=1

converge to some points cj , for j = 1, . . . , k, for which the determinant of the Gram matrix

is at least λ. Let C0 be the convex cone in Rn spanned by (cj)
k
j=1, that is

C0 =
{ k∑
j=1

λjcj | λj ≥ 0 for j = 1, . . . , k
}
.

Clearly, C0 has dimension equal to k. It follows that C0 ∈ Cn,k(λ).
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Passing to a subsequence, we may assume that (VCl)
∞
l=1 converges to some V0 ∈ Gn,k.

We claim that V0 = VC0 . Choose any v0 ∈ VC0 . Then there exist real numbers (λj)
k
j=1 such

that

v0 =

k∑
j=1

λjcj .

For l ∈ N set vl =
∑k

j=1 λjc
l
j . Then (vl)

∞
l=1 converge to v0 and vl ∈ VCl . Hence

v0 = lim
l→∞

vl = lim
l→∞

PVClvl = PV0v0.

Thus VC0 ⊂ V0, and the claim follows, as dimension of VC0 is equal to k.

As in Lemma 2.5.2 we show that there exists T0 ∈ Om(VC0) such that

(TlPVCl )
∞
l=1 converges to T0PVC0

.

Take ε > 0 and choose any y0 ∈ (x0 + C0) ∩B(x0, (1− ε)λ). Then there exist (λj)
k
j=1 such

that

y0 = x0 +

k∑
j=1

λjcj .

Set yl = xl +
∑k

j=1 λjc
l
j . Then (yl)

∞
l=1 converges to y0 and for sufficiently large l,

yl ∈ (xl + Cl) ∩B
(
xl,
(
1− 1

l

)
βk(xl)

)
.

For such l we have u(xl)−u(yl) = Tl(xl−yl). It follows that also u(x0)−u(y0) = T0(x0−y0).

That is, βk(x0) ≥ (1− ε)λ for any ε > 0. The proof is complete.

Lemma 2.5.5. A point x ∈ Rn belongs to a leaf S of u of dimension at least k if and only

if βk(x) > 0. A point x ∈ Rn belongs to a leaf S of u of dimension exactly k if and only if

βk(x) > 0 and βk+1(x) = 0.

Proof. Suppose that x0 ∈ Rn belongs to a leaf S of u of dimension l ∈ {k, . . . ,m}. Let V

denote the tangent space of S. Choose a point x1 ∈ intS and ε0 > 0 so that the intersection

B(x1, ε0) ∩ (x1 + V ) is contained in S. For ε ∈ (0, ε0) let

C =
{
x ∈ Rn | x = λ(x2 − x0) for some λ ≥ 0, x2 ∈ B(x1, ε) ∩ (x1 + V )

}
.

Then C is a convex cone of dimension l containing the origin. Thus, it contains k linearly

independent vectors, which have Gram matrix of non-zero determinant. This is to say, the

intersection of C with the linear span of these vectors belongs to Cn,k(ε) for ε > 0 sufficiently

small. Moreover, by convexity of S, u is isometric on the set (x0 +C)∩B(x0, ε), if ε > 0 is

sufficiently small. Therefore βl(x0) > ε > 0, whenever ε satisfies the two upper bounds.
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Conversely, suppose that βk(x0) > 0. Then there exist

r > 0, a cone C ∈ Cn,k(r) and an isometry T ∈ Om(VC)

such that

u(x0)− u(y) = T (x− y) for all y ∈ (x0 + C) ∩B(x0, r).

With use of the Kuratowski–Zorn lemma choose a leaf S of u containing (x0 +C)∩B(x0, ε).

Then the dimension of S is at least k.

The second assertion is a trivial consequence of the first assertion.

Lemma 2.5.6. A point x ∈ Rn belongs to relative interior of a leaf S of u of dimension k

if and only if αk(x) > 0 and βk+1(x) = 0.

Proof. Suppose that x0 belongs to the relative interior of a leaf S of u of dimension k. By

the previous lemma βk(x0) > 0 and βk+1(x0) = 0. Let V denote the tangent space of S.

Then, as x0 is in the relative interior, there exist ε > 0, T ∈ Om(V ) such that

u(x0)− u(y) = T (x0 − y) for all y ∈ (x0 + V ) ∩B(x0, ε).

That is αk(x0) ≥ ε > 0.

Conversely, suppose that αk(x0) > 0 and βk+1(x0) = 0. Then there exist V ∈ Gn,k and

T ∈ Om(V ) such that

u(x0)− u(y) = T (x0 − y) for all y ∈ (x0 + V ) ∩B(x0, ε).

It follows from the Kuratowski–Zorn lemma that x0 belongs to a leaf S of u that contains

(x0 + V )∩B(x0, ε). As βk+1(x0) = 0, this leaf is of dimension k and thus x0 belongs to the

relative interior of S.

Corollary 2.5.7. Let k ∈ {0, . . . ,m}. Then the union of all leaves of u of dimension k is

a Borel set. Moreover, the union of all relative interiors of leaves of u of dimension k is a

Borel set and so is the union of all relative boundaries of leaves of u of dimension k.

Proof. The proof readily follows by Lemma 2.5.2, Lemma 2.5.4 and Lemma 2.5.5, Lemma

2.5.6.

Note that whenever αk(x) > 0 and βk+1(x) = 0, then Lemma 2.5.6 tells us that x

belongs to the relative interior of a leaf of u. This leaf in unique, by Lemma 2.2.11. We

shall denote it by S(x).

Below we adapt a convention that inf ∅ =∞.
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Definition 2.5.8. Let k ∈ {0, . . . ,m}. We define γk : Rn ×Rm → R∪ {∞} by the formula

γk(x, y) = inf
{
t > 0 | y ∈ t

(
u(S(x))− u(x)

)}
for x ∈ Rn such that αk(x) > 0 and βk+1(x) = 0 and

γk(x, y) =∞

otherwise.

Lemma 2.5.9. For any k ∈ {0, . . . ,m} the function γk is Borel measurable.

Proof. As αk and βk+1 are Borel measurable, it is enough to show that the function γk is

Borel measurable on

Ak =
{

(x, y) ∈ Rn × Rm | αk(x) > 0 and βk+1(x) = 0
}
.

Observe that γk is a limit, as ρ converges to infinity, of functions

γk,ρ(x, y) = inf
{
t > 0 | y ∈ t

(
u(S(x))− u(x)

)
, ‖y‖ ≤ tρ

}
.

We claim that γk,ρ is lower semicontinuous on Ak. This will yield the asserted measurability.

Indeed, let (xl, yl)
∞
l=1 be a sequence in Ak such that there exists (x0, y0) ∈ Ak with

(x0, y0) = lim
l→∞

(xl, yl) and such that there exists lim
l→∞

γk,ρ(xl, yl) = λ.

We shall show that γk,ρ(x0, y0) ≤ λ. If λ = ∞, then there is nothing to prove. Otherwise,

there exist sequences (zl)
∞
l=1 in Rn and (tl)

∞
l=1 in R such that

yl = tl
(
u(zl)−u(xl)

)
and ‖yl‖ ≤ tlρ, where zl ∈ S(xl) and 0 < tl < γk(xl, yl)+1/l. (2.5.1)

Observe that

‖zl − xl‖ = ‖u(zl)− u(xl)‖ =
‖yl‖
tl
≤ ρ

Thus, passing to a subsequence, we may assume that (zl)
∞
l=1 converges to some z0 ∈ S(x0)

and that (tl)
∞
l=1 converges to some t0 ≥ 0. Taking limits in (2.5.1) we see that

y0 = t0
(
u(z0)− u(x0)

)
with z0 ∈ S(x0) and 0 ≤ t0 ≤ λ.

Hence

y0 ∈ t0
(
u(S(x0))− u(x0)

)
and ‖y0‖ ≤ t0ρ.

This is to say, γk,ρ(x0, y0) ≤ t0 ≤ λ. The proof is complete.
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Definition 2.5.10. For a convex set K ⊂ Rm, such that 0 ∈ intK, we define its Minkowski

functional ‖·‖K : Rm → R ∪ {∞} by the formula

‖y‖K = inf
{
t > 0 | y ∈ tK

}
.

Proposition 2.5.11. Let K ⊂ Rm be a closed, convex set that contains the origin in its

interior. A point y ∈ Rm belongs to the interior of K if and only if ‖y‖K < 1.

Moreover, a point y ∈ Rm belongs to the boundary of K if and only if ‖y‖K = 1.

Proof. If y ∈ intK then, as 0 + y = y ∈ intK, it follows by the continuity of addition that

y + B(0, ε) ⊂ intK for ε > 0 sufficiently small. Observe that ‖y/s‖ ≤ ε if s ≥ ‖y‖/ε and

thus for large s > 0

(1 + 1/s)y ∈ K.

Hence ‖y‖K ≤ s
s+1 < 1.

Conversely, suppose that ‖y‖K < 1. Then y ∈ tK for some t < 1. As 0 ∈ intK, there

exists ε > 0 such that if ‖w‖ ≤ ε, then w ∈ K. Hence, if ‖z‖ ≤ ε(1− t), then

y + z ∈ tK + (1− t)K = K,

by the convexity of K.

Suppose that y ∈ ∂K. Then clearly ‖y‖K ≤ 1 and, by the above, ‖y‖K ≥ 1.

Conversely, let ‖y‖K = 1 . Then there exists a sequence of positive numbers (tl)
∞
l=1

converging to zero and a sequence (xl)
∞
l=1 in K such that

y = (1 + tl)xl.

It follows that (xl)
∞
l=1 is bounded. Taking a convergent subsequence from (xl)

∞
l=1 we see

that y = x0 for some x0 ∈ K. By the first assertion, y /∈ intK. Hence y ∈ ∂K.

Lemma 2.5.12. If x ∈ Rn belongs to relative interior of a leaf S of u of dimension k, then

γk(x, ·) is the Minkowski functional a closed, convex set u(S) − u(x). If x ∈ Rn does not

belong to relative interior of any leaf of dimension k, then

γk(x, ·) =∞.

Proof. Suppose that x ∈ Rn does not belong to relative interior of a leaf of u of dimension

k. Then Lemma 2.5.6 and Definition 2.5.8 tells us that γk(x, ·) =∞.

Let now x ∈ intS, where S is a k-dimensional leaf. By Lemma 2.2.11, such leaf S is

unique. The assertion of the lemma follows readily from the definitions.
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Definition 2.5.13. Let k ∈ {0, . . . ,m}. We shall denote by Tk the union of all k-

dimensional leaves of u, by intTk the union of all relative interiors of all k-dimensional

leaves of u and by ∂Tk the union of all relative boundaries of all k-dimensional leaves of u.

Lemma 2.5.14. For each s ∈ S and each i, j ∈ N the cluster intTsij and its image

G(intTsij) are Borel sets. Moreover ∂Tm is a Borel set of Lebesgue measure zero.

Proof. Fix s ∈ S and i, j ∈ N. Recall the Borel set Sis ⊂ Rn and Lipschitz mapping

w : Rn → Rn−m from Lemma 2.4.2. Since w is injective on Sis it follows from [47, 2.2.10]

that w(Sis) is a Borel subset of Rn−m. Moreover, the set Λ, defined in (2.4.2), is given by

Λ =
{
a ∈ w(Sis) | αm(w−1(a)) > 1/j

}
(2.5.2)

as follows by the definition (2.4.1) and Lemma 2.4.2. Clearly, Λ is a Borel set. Definition

of the cluster intTsij implies that

G(intTsij) =

{
(a, b) ∈ Rn−m × Rm | a ∈ Λ, b ∈ u

(
intS

(
v(a)

))
− u
(
v(a)

)}
.

Here S(v(a)) is the unique m-dimensional leaf of u containing v(a). Observe that Proposi-

tion 2.5.11 and Lemma 2.5.12 tells us that if a ∈ Λ, then b belongs to the interior of

u(S(v(a)))− u(v(a)) if and only if γm(v(a), b) < 1.

This is to say,

G(intTsij) =
{

(a, b) ∈ Rn−m × Rm | a ∈ Λ, γm(v(a), b) < 1
}
. (2.5.3)

As γm is Borel measurable, it follows that G(intTsij) is a Borel set.

Lemma 2.4.5 shows that F , the inverse of G on its image, is well-defined, injective and

Lipschitz on G(intTsij). Moreover

intTsij = F (G(intTsij)).

Using [47, 2.2.10], we see that intTsij is a Borel set.

We shall show that ∂Tm has Lebesque measure zero. Recall that Corollary 2.5.7 tells

us that ∂Tm is a Borel set. Consider the set

B =
{

(a, b) ∈ Rn−m × Rm | a ∈ Λ, γm(v(a), b) = 1
}
.

By Fubini’s theorem, λ(B) = 0, as boundaries of convex sets have Lebesgue measure zero.

Recall that F is a Lipschitz map on G(intTsij). Using the Kirszbraun theorem (see e.g

[68, 94]) we extend F , defined on G(intTsij), to a Lipschitz map F̃ on Rn−m × Rm. We

claim that for any such extension

F̃ (B) ⊃ ∂Tm. (2.5.4)
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Indeed, let x ∈ ∂Tm. There exists a leaf S ⊂ Tsij of u and a sequence (xl)
∞
l=1 in intS

that converges to x. Let G̃ be a Lipschitz extension of G to Rn. The sequence (G(xl))
∞
l=1

converges to G̃(x) = (a, b) ∈ Rn−m × Rm. We claim that (a, b) ∈ B. This follows by the

continuity of γm in the second variable. Now, x = F̃ (G̃(x)) ∈ F̃ (B) and (2.5.4) is proven.

Therefore we can use λ(B) = 0 and the fact that images under Lipschitz maps of

sets of Lebesgue measure zero have Lebesgue measure zero (see [47, 3.2.3]), to infer that

λ(∂Tm ∩ Tsij) = 0 and hence ∂Tm ∩ Tsij is Lebesgue measurable. By Lemma 2.4.4 the

sets Tsij form a countable cover of ∂Tm. It follows that λ(∂Tm) = 0. This concludes the

proof.

Corollary 2.5.15. For any s ∈ S, i, j ∈ N, the set Tsij is Lebesgue measurable.

Proof. Tsij is a union of a Borel set intTsij and a set ∂Tm ∩ Tsij of Lebesgue measure

zero.

Remark 2.5.16. The clusters Tsij may be taken to be disjoint. Indeed, let (Tk)
∞
k=1 be a

renumbering of the set of clusters. Set for l ∈ N

T ′l = Tl \
l−1⋃
j=1

Tj

and

intT ′l = intTl \
l−1⋃
j=1

intTj .

Note that the structure of the clusters T ′sij remains the same. For each Tsij there exists a

Borel subset Ssij = Tsij ∩ Sis of Sis ⊂ Rn on which there are Lipschitz maps

w : Rn → Rn−m and v : Rn−m → Rn

such that

v(w(x)) = x for all x ∈ Ssij

Indeed, the new cluster is a subset of the old one, so the former maps suffice. From the

modification procedure it follows also that Lemma 2.4.4 still holds true. Moreover, the leaf

S corresponding to a point z ∈ Ssij satisfies

dist(z, ∂S) > 1/j.

Also the assertions of Lemma 2.4.5 hold true with the old maps and so does the assertions

of Lemma 2.5.14, as follows from the modification procedure.
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2.6 Disintegration with respect to partition

Let u : Rn → Rm be a 1-Lipschitz map with respect to the Euclidean norms. In the

previous sections we have associated to u a partitioning of Rn, up to a set of Lebesgue

measure zero, into maximal sets S on which u is an isometry. It was conjectured by Klartag

in [70, Chapter 6] that given a measure µ, such that (Rn, ‖·‖, µ) is a weighted Riemannian

manifold satisfying the curvature-dimension condition CD(κ,N) (see Section 2.7), then µ

may be decomposed into a mixture of measures µS , each supported on a leaf S of u, such

that (intS, ‖·‖, µS) is a weighted Riemannian manifold that satisfies CD(κ,N).

Below we denote by CC(Rn) the space of closed, convex, non-empty subsets of Rn. It is

a closed subspace of CL(Rn) – the space of closed non-empty subsets of Rn equipped with

the Wijsman topology (see [106]). The Wijsman topology is the weakest topology such that

for any x ∈ Rn function

A 7→ dist(x,A)

is continuous. By a result of Beer (see [17]), the space CL(Rn), equipped with this topology,

is Polish. Hence so is CC(Rn).

Let us recall that B(u) denotes the set of points in Rn that belong to at least two distinct

leaves of u. By Corollary 2.2.15, it is contained in the Borel set N(u) of points at which u

is not differentiable. The latter is of Lebesgue measure zero. We define a map

S : Rn → CC(Rn)

in such a way that for x ∈ Rn \N(u) the set S(x) is the unique leaf of u containing x and

for x ∈ N(u) we put S(x) = {x}.
The aim of this section is to prove the following disintegration theorem, which is a step

towards the conjecture.

Theorem 2.6.1. Let u : Rn → Rm be a 1-Lipschitz map with respect to the Euclidean

norms. Then there exists a Borel measure ν on CC(Rn), supported on the set of leaves of

u, and Borel measures λS such that

i) for every Borel set A ⊂ Rn the function S 7→ λS(A) is Borel measurable,

ii) for ν-almost every leaf S the measure λS is concentrated on S,

iii) for every Borel set A ⊂ Rn

λ(A) =

∫
CC(Rn

λS(A)dν(S).
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Let X be a measurable space. In [18] it is proven that a map f : X → CL(Rn) is

measurable if and only if it is measurable as a multifunction. The latter is defined by the

condition that for any open set U ⊂ Rn the set

{x ∈ X | f(x) ∩ U 6= ∅}

is measurable in X.

Let us recall a theorem taken from [25, Example 10.4.11].

Theorem 2.6.2. Let X,Y be two Polish spaces. Let π : X → Y be a Borel map and let µ

be a non-negative Borel measure on X. Let ν be the push-forward of measure µ via π.Then

there exist Borel measures (µy)y∈Y on X such that

i) for every Borel set B ⊂ X the function y 7→ µy(B) is Borel measurable,

ii) for ν-almost every y ∈ π(X) the measure µy is concentrated on π−1(y),

iii) for every Borel sets B ⊂ X and E ⊂ Y there is

µ(B ∩ π−1(E)) =

∫
E
µy(B)dν(y).

Proof of Theorem 2.6.1. We have a well-defined map S : Rn → CC(Rn) that assigns to any

x ∈ Rn \N(u) a unique leaf S(x) that contains x and for x ∈ N(u) we set S(x) = {x}. We

would like to prove that S : Rn → CC(Rn) is Borel measurable with respect to the Wijsman

topology on CC(Rn), which is equivalent to its measurablity as a multifunction. Note that

for any compact set K ⊂ Rn the set AK = {x ∈ Rn | S(x) ∩K 6= ∅} is equal to{
x ∈ Rn \ (K ∪N(u)) | sup

{‖u(x)− u(y)‖
‖x− y‖

| y ∈ K
}

= 1
}
∪K.

Observe that the function

x 7→ sup
{‖u(x)− u(y)‖

‖x− y‖
| y ∈ K

}
is lower semicontinuous. Hence AK is a Borel set. As any open set U ⊂ Rn is a countable

union of compact sets, it follows that the map S is Borel measurable.

Recall that CC(Rn) and Rn are Polish spaces. We apply Theorem 2.6.2 to the map S.

Since the set N(u) has Lebesgue measure zero we obtain the desired disintegration.
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2.7 Curvature-dimension condition

Suppose that we are given a measure µ on Rn such that (Rn, ‖·‖, µ) is a weighted Rieman-

nian manifold satisfying CD(κ,N). We shall investigate the behaviour of the conditional

measures of µ, with respect to the partition introduced in Section 2.2. We shall concentrate

on the leaves of maximal dimension.

In the current section we recall the notion of the curvature-dimension condition CD(κ, n).

We shall say that an n-dimensional Riemannian manifold M satisfies the CD(κ, n) con-

dition provided that the Ricci tensor RicM is bounded below by the Riemannian metric

tensor g, i.e.

RicM(p)(v, v) ≥ κg(p)(v, v) for any p ∈M and any v ∈ TpM.

We shall study weighted Riemannian manifolds, which are triples (M, d, µ), where d is the

Riemannian metric onM and µ is a measure onM with smooth positive density e−ρ with

respect to the Riemannian volume. The generalised Ricci tensor of the weighted Riemannian

manifold is defined by the formula

Ricµ = RicM +D2ρ,

where D2ρ is the Hessian of smooth function ρ. The generalised Ricci tensor – or the

N -Bakry-Émery tensor – with parameter N ∈ (−∞, 1) ∪ [n,∞] is defined by the formula

Ricµ,N =


Ricµ(v, v)− Dρ(v)2

N−n , if N > n

Ricµ(v, v) if N =∞
RicM(v, v) if N = n and ρ is constant.

Note that if N = n, then ρ is required to be a constant function.

Definition 2.7.1. For κ ∈ R and N ∈ (−∞, 1) ∪ [n,∞] we say that (M, d, µ) satisfies the

curvature-dimension condition CD(κ,N) if

Ricµ,N (p)(v, v) ≥ κg(p)(v, v) for all x ∈M and all v ∈ TpM.

We refer the reader to [11], [12], [13] and to [98], [99], [44], [6], [104] for background on

the curvature-dimension condition. In all cases we consider in this thesis it will always hold

that RicM = 0.

The aim of the section is to prove the following theorem which partially resolves the

conjecture of Klartag [70, Chapter 6] in the affirmative. In particular, if a measure µ is

concentrated on leaves of u of dimension m, then the conjecture holds true for µ and u.

Let us recall that Tm denotes the union of leaves of dimension m. This is a Borel set by

Corollary 2.5.7.

We shall denote by Tm ⊂ CC(Rn) the set of leaves of u of dimension m.
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Theorem 2.7.2. Let m ≤ n. Let N ∈ (−∞, 1) ∪ [n,∞] andl let κ ∈ R. Let u : Rn → Rm

be a 1-Lipschitz map with respect to the Euclidean norms. Let µ be a Borel measure on

Rn such that (Rn, ‖·‖, µ) satisfies the curvature-dimension condition CD(κ,N). Then there

exists a Borel measure ν on CC(Rn), supported on the set Tm of leaves of dimension m,

and for each leaf S of u of dimension m, there exists a Borel measure µS such that:

i) for every Borel set B ⊂ Tm the function S 7→ µS(B) is ν-measurable,

ii) for ν-almost every leaf S the measure µS is concentrated on intS

iii) for ν-almost every leaf S the space (intS, ‖·‖, µS) satisfies the CD(κ,N) condition,

iv) for every Borel set A ⊂ Tm there is

µ(A) =

∫
Tm

µS(A)dν(S).

Let us note that the above theorem proves in particular that if we disintegrate the

Lebesgue measure with respect to the partition obtained from u, then (intS, ‖·‖, µS) will

satisfy the curvature-dimension condition CD(0, n) for leaves S of dimension m. This

complements the results of [5], [100]; see also [33], [34] and [24]. Note that our result tells

in particular that the conditional measures are equivalent to the m-dimensional Hausdorff

measure, which provides a strengthening of the previously known results.

In what follows, we shall use the notation from Section 2.5. Observe that it suffices to

prove the theorem under the assumption that µ is concentrated on a single cluster Tsij ,

s ∈ S and i, j ∈ N, of leaves of u; see Remark 2.5.16. Recall the definitions of maps F

and G (see Lemma 2.4.5) and a map v (see Lemma 2.4.2). Below Hm is the m-dimensional

Hausdorff measure on Rn.

Lemma 2.7.3. Let m ≤ n and let u : Rn → Rm be a 1-Lipschitz map. Fix s ∈ S, i, j ∈ N.

Then for any Borel set A ⊂ Tsij there is

λ(A) =

∫
Λ

(∫
intS(v(a))

1AJnF ◦GdHm
)
dλ(a),

where JnF denotes the n-dimensional Jacobian of F and

Λ =
{
a ∈ Rn−m | (a, 0) ∈ G(intTsij)

}
.

Moreover, the map

Λ 3 a 7→
∫

intS(v(a))
1AJnF ◦GdHm ∈ R

is λ-measurable.
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Proof. By Lemma 2.4.5, the map F is a bijection of G(intTsij) and of intTsij . As F is

Lipschitz on G(intTsij) we may apply the area formula [47, 3.2.5] to infer that for any

measurable, non-negative φ : Rn → R∫
G(intTsij)

φ ◦ FJnFdλ =

∫
intTsij

φdλ. (2.7.1)

Let

f = JnF1G(intTsij).

Observe that f is non-negative and Borel measurable as G(intTsij) is a Borel set by Lemma

2.4.5 and the fact that images of Borel sets via Lipschitz maps are Borel.

By Tonelli’s theorem, the functions f(a, ·) are measurable for almost every a ∈ Rn−m

and we have ∫
Rn−m×Rm

φ ◦ Ffdλ =

∫
Rn−m

∫
Rm

φ(F (a, b))f(a, b)dλ(b)dλ(a). (2.7.2)

Observe now that (a, b) ∈ G(intTsij) if and only if for some a ∈ Λ

a = w(v(a)) and b = u(x)− u(v(a)).

Note that F on G(intS(v(a))) is an isometry. Therefore by a linear change of variables∫
G(intS(v(a)))

φ(F (a, b))f(a, b)dλ(b) =

∫
intS(v(a))

φf ◦GdHm.

Tonelli’s theorem implies that the map

Λ 3 a 7→
∫

intS(v(a))
φf ◦GdHm

is measurable. Moreover, by (2.7.1) and by (2.7.2), for any non-negative function φ we have∫
intTsij

φdλ =

∫
Λ

(∫
intS(v(a))

φf ◦GdHm
)
dλ(a).

By the fact that ∂Tm has Lebesgue measure zero (see Lemma 2.5.14), we see that∫
Tsij

φdλ =

∫
Λ

(∫
intS(v(a))

φf ◦GdHm
)
dλ(a).

The proof is complete.

Let us recall a lemma from [70] that we shall need in what follows.

Lemma 2.7.4. Let a, b ∈ R, b > 0 and a /∈ [−b, 0]. Then

x2

a
+
y2

b
≥ (x− y)2

a+ b

for all x, y ∈ R.
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Proof. We use the inequality

|a|
|b|
x2 ± 2xy +

|b|
|a|
y2 ≥ 0.

From this we see that

x2

a
+
y2

b
− (x− y)2

a+ b
=

1

a+ b

( b
a
x2 + 2xy +

a

b
y2
)
≥ 0

whenever b > 0 and a /∈ [−b, 0].

Let us also recall formulae for differentiation of matrices. If R(t) = log|detA(t)| and A

is differentiable in t ∈ R, then

dR

dt
(s) = tr

(
A(s)−1dA

dt
(s)
)
. (2.7.3)

Moreover
d2R

dt2
(s) = tr

(
A(s)−1d

2A

dt2
(s)
)
− tr

((
A(s)−1dA

dt
(s)
)2
)
. (2.7.4)

We should also need the following version of the Whitney extension theorem (see [105]

or [96]).

Theorem 2.7.5. Let A ⊂ Rn be an arbitrary set, let f : A→ R and V : A→ Rn. Suppose

that there exists M ∈ R such that for all x, y ∈ A

|f(x)| ≤M, ‖V (x)‖ ≤M,

‖V (x)− V (y)‖ ≤M‖x− y‖,

|f(y)− f(x)− 〈V (x), y − x〉| ≤M‖x− y‖2.

Then there exists a differentiable function f̃ : Rn → R with locally Lipschitz derivative such

that

f̃(x) = f(x), Df(x)(y) = 〈V (x), y〉 for all x ∈ A and all y ∈ Rn.

Proof of Theorem 2.7.2. As noted already, it is enough to prove Theorem 2.7.2 assuming

that there is a single cluster of leaves Tsij . Thus, let us fix a cluster Tsij .

Note that, by Corollary 2.2.10, on T λsij , Du is Lipschitz; see Lemma 2.4.5 for the defi-

nition of T λsij . Moreover, by the second assertion of Lemma 2.2.6, for any x, y ∈ T λsij there

is

‖u(y)− u(x)−Du(x)(y − x)‖ ≤ 1

λ
‖x− y‖2.

By the Whitney extension theorem there exists a differentiable map ũ with locally Lipschitz

derivative on Rn that coincides with u on T λsij and such that Dũ = Du on T λsij . By [70,

Lemma 3.2.4], the second derivative of ũ exists almost everywhere and is symmetric, in
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the sense that the second derivative of any of its components is symmetric. We will abuse

the notation and assume that u has Lipschitz derivative, is defined on Rn, and its second

derivative is symmetric λ-almost everywhere.

Since F : G(intTsij)→ Rn has locally Lipschitz inverse, it follows that for λ-almost every

(a, b) ∈ G(intTsij) there exists D2u(F (a, b)) and is symmetric.

By Fubini’s theorem we infer that there exists a Borel cover (Λl)
∞
l=1 of Λ such that for

each l ∈ N there exists bl such that (a, bl) ∈ G(intTsij) for all a ∈ Λl. Moreover for λ-almost

every a ∈ Λl, there exists D2u(F (a, bl)) and it is symmetric. Note that for a ∈ Λl

u(F (a, bl)) = u(v(a)) + bl = s+ bl.

Hence, on the level set of u corresponding to s + bl, there exists D2u and it is symmetric.

Therefore, without loss of generality, passing to a refinement of initial cover and modifying

the clusters Tsij , we assume that D2u(v(a)) exists for λ-almost every a ∈ Λ and it is

symmetric.

Let µ have density e−ρ with respect to the Lebesgue measure on Rn. For a leaf S such

that intS ⊂ intTsij and any Borel set A ⊂ Rn set

µS(A) =

∫
intS

1Ae
−ρJnF ◦GdHm. (2.7.5)

By Lemma 2.7.3 it follows now that for any Borel set A ⊂ Tsij there is

µ(A) =

∫
Λ
µS(v(a))(A)dλ(a),

where v : Rn−m → Rn is the map from Lemma 2.4.2. Neglecting a set of Lebesgue measure

zero, we may assume that v is differentiable on the set Λ. Let ν denote the push-forward

of λ via the map

Λ 3 a 7→ S(v(a)) ∈ Tm. (2.7.6)

By Lemma 2.7.3 and the definition of ν the condition i) is satisfied. Note that the map

(2.7.6) is Borel measurable, by the proof of Theorem 2.6.1. Hence ν is a Borel measure.

For any Borel set A ⊂ Tsij there is

µ(A) =

∫
Tm

µS(A)dν(S).

Hence the condition iv) of Theorem 2.7.2 is satisfied. Condition ii) holds true by the

definition (2.7.5). We shall prove that iii) holds true as well.

Note that the density of a measure µS for an m-dimensional leaf S is equal to

dµS
dHm

= JnF ◦Ge−ρ1S .
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Recall (see Lemma 2.4.5) that F,G are given by the formulae

F (a, b) = v(a) +Du(v(a))∗(b) and G(x) = (w(z), u(x)− u(z)), (2.7.7)

where w : Rn → Rn−m and v : Rn−m → Rn are maps from Lemma 2.4.2. Let us recall that

v(a) ∈ Sis for all a ∈ Λ. It follows by the definition of Ss that u(v(a)) = s for all a ∈ Λ.

Recall that, by Lemma 2.2.8, u is differentiable in intTsij . Thus, as we assumed that v is

differentiable in Λ, for every a ∈ Λ

Du(v(a))Dv(a) = 0. (2.7.8)

For (a, b) ∈ G(intTsij) the derivative of F at (a, b) is equal to

DF (a, b) = [Dv(a) +D2u(v(a))∗(Dv(a)(·))(b), Du(v(a))∗].

Note that for any vectors z ∈ Rn−m and w ∈ Rm the derivatives Dv(a)z and Du(v(a))∗w

are orthogonal. Indeed, by (2.7.8),〈
Du(v(a))∗(w), Dv(a)(z)

〉
=
〈
w,Du(v(a))Dv(a)(z)

〉
= 0.

Let P denote the orthogonal projection onto the tangent space V of the leaf S containing

v(a). Then by Lemma 2.2.8 Du(v(a)) = TP . Let P⊥ denote the orthogonal projection

onto the orthogonal complement of V . Then

DF (a, b) = [Dv(a) +D2u(v(a))∗(P⊥Dv(a)(·))(b), Du(v(a))∗].

Therefore, by the formula for block matrices, and as Du(v(a))∗ is isometric, we have

|det(DF (a, b))| =
∣∣∣det

(
Dv(a) + P⊥D2u(v(a))∗(P⊥Dv(a)(·))(b)

)∣∣∣,
which is equal to

|det
(
P⊥Dv(a)

)
|
∣∣∣ det

(
Id + P⊥D2u(v(a))∗(P⊥(·))(b)

)∣∣∣. (2.7.9)

Note that

H(b) =
(

Id + P⊥D2u(v(a))∗(P⊥(·))(b)
)

(2.7.10)

is a linear operator on the image of P⊥, which is of dimension n − m. Moreover it is

symmetric and invertible for any b such that (a, b) ∈ G(intTpij), as F is a bijection. Consider

for some b′ ∈ Rm

P⊥D2u(v(a))∗(P⊥(·))(b′).

Let A be such that

P⊥D2u(v(a))∗(P⊥(·))(b′) = A
(

Id + P⊥D2u(v(a))∗(P⊥(·))(b)
)
. (2.7.11)
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Then A is conjugate to a symmetric operator of rank at most n−m, as

H(b)−
1
2AH(b)

1
2 = H(b)−

1
2P⊥D2u(v(a))∗(P⊥(·))(b′)H(b)−

1
2 .

In consequence, by the Cauchy-Schwarz inequality,

(trA)2 ≤ (n−m)tr(A)2. (2.7.12)

Let x = F (a, b). Let q belong to the tangent space of S. It is necessairly of the form

q = Du(v(a))∗(b′) for some b′ ∈ Rm. Then by (2.7.7), (2.7.9) and (2.7.10)

D log|detDF ◦G|(x)(q) =
d

dt
log|det

(
DF (G(F (a, b) + tDu(v(a))∗(b′)

)
| =

=
d

dt
log|det(DF (a, b+ tb′))| = d

dt
log|detH(b+ tb′)|.

Therefore, by (2.7.3), (2.7.4) and by (2.7.11)

D log|detDF ◦G|(x)(q) = tr
(
H(b)−1P⊥D2u(v(a))∗(P⊥(·))(b′)

)
= trA

and

D2 log|detDF ◦G|(x)(q, q) = −tr
(
H(b)−1P⊥D2u(v(a))∗(P⊥(·))(b′)

)2
= −tr(A2).

By (2.7.12) and by Lemma 2.7.4, if N /∈ [m,n], then

−D2 log|detDF ◦G|(x)(q, q) = tr(A2) ≥

≥ 1

n−m
(trA)2 ≥ 1

N −m
(Dρ(x)(q)− trA)2 − (Dρ(x)(q))2

N − n
.

Note that by the assumption on µ, c.f. Definition 2.7.1, for all p ∈ Rn

D2ρ(x)(p, p)− Dρ(x)(p)2

N − n
≥ κ‖p‖2.

Thus for all q in the tangent space of S there is

D2ρ(x)(q, q)−D2 log|detDF◦G|(x)(q, q)−
(
Dρ(x)(q)−D(log|detDF ◦G|)(x)(q)

)2
N −m

≥ κ‖q‖2.

We infer that (intS, ‖·‖, µS) satisfies the curvature-dimension condition CD(κ,N), provided

that N /∈ [m,n].

If N = n, then ρ is required to be a constant function, and thus in this case the inequality

is also satisfied. If N =∞, then the desired estimates follow readily.

For the historical remarks on similar estimates we refer to [70].
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Chapter 3

Optimal transport of vector
measures

3.1 Introduction

In the current chapter we study an extension of the classical optimal transport problem

(see e.g. [103, 104] for extensive account) to the case of vector measures.

In Section 3.2 we provide a definition of optimal transport of Rm-valued vector measures

on a metric space X with metric d. Namely, for an Rm-valued measure µ on X such that

µ(X) = 0 and
∫
Rn d(x, x0)d‖µ‖(x) < ∞ for some x0 ∈ X, we consider the infimum of

integrals ∫
X×X

d(x, y)d‖π‖(x, y) (3.1.1)

taken over the set of all Rm-valued measures π on X ×X such that P1π − P2π = µ, where

P1π,P2π denote the first and the second marginal of π respectively.

We prove that (3.1.1) admits a convex dual problem, which is to find supremum of

integrals ∫
X
〈v, dµ〉 (3.1.2)

over the set of all 1-Lipschitz maps v : X → Rm.

We study a conjecture of Klartag (see [70, Chapter 6]). The problem is as follows.

Suppose that we are given a vector measure µ on Rn, with µ(Rn), which is absolutely

continuous with respect to Lebesgue measure. Let u : Rn → Rm be a 1-Lipschitz map, with

respect to Euclidean norms, that attains the supremum

sup
{∫

Rn
〈v, dµ〉 | v : Rn → Rm is 1-Lipschitz

}
. (3.1.3)

It is claimed in [70] that the following mass balance condition holds true

µ(A) = 0 for any Borel set A that is a union of a collection of leaves of u. (3.1.4)
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Using the developed theory, we answer in Section 3.2 the conjecture in the affirmative,

provided that there exists an optimal transport such that the first marginal of its total

variation is absolutely continuous with respect to the Lebesgue measure; see Theorem 3.2.19.

In Section 3.3 we assume that m > 1 and we provide a counterexample to the conjecture.

It shows that, in general, the mass balance condition (3.1.4) does not hold true. Let F be

any subset of 1-Lipschitz maps that is locally uniformly closed. We prove that the mass

balance condition (3.1.4) fails to be true, even when the variational problem (3.1.3) is

replaced by

sup
{∫

Rn
〈v, dµ〉 | v ∈ F

}
, (3.1.5)

unless F is trivial, i.e. consists merely of affine maps. This is shown for also any norm on

Rn and any strictly convex norm on Rm.

3.2 Optimal transport of vector measures

In this section we develop theory of optimal transport of vector measures.

Let X be a metric space and let π be a Borel vector measure on X. Its total variation

‖π‖ is defined by the formula

‖π‖(A) = sup
{ ∞∑
i=1

‖π(Ai)‖ | A =

∞⋃
i=1

Ai, Ai are Borel sets in X,Ai ∩Aj = ∅, i, j ∈ N
}

(3.2.1)

for all Borel sets A ⊂ X.

It can be shown (see [92]) that total variation of a vector measure is a non-negative

finite measure.

Let X be a metric space with metric d. Let µ be Rm-valued Borel measure on X. If π

is a Rm-valued Borel measure on X ×X, we write P1π for the first marginal of π, i.e. the

measure given by

P1π(A) = π(A×X),

for all Borel A ⊂ X, and P2π for the second marginal of π,

P2π(B) = π(X ×B),

for all Borel B ⊂ X. We shall consider a variational problem

I(µ) = inf

{∫
X×X

d(x, y)d‖π‖(x, y) | π ∈ Γ(µ)

}
. (3.2.2)

Here Γ(µ) is the set of all Rm-valued Borel measures π on X ×X such that

µ = P1π − P2π.
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To check whether (3.2.2) defines a meaningful quantity, we have to check whether Γ(µ) is

non-empty.

We shall need the following definition.

Definition 3.2.1. Let σ be an Rm-valued Borel measure on X and let θ be a Borel signed

measure on X. A unique Borel Rm-valued measure σ ⊗ θ such that

〈σ ⊗ θ, v〉 = 〈σ, v〉 ⊗ θ

for all v ∈ Rm we shall call a product measure. Here 〈σ, v〉⊗ θ is the usual product measure

of R-valued measures.

Remark 3.2.2. It is clear that the product measure exists. Analogously we define the product

measure θ ⊗ σ for Borel signed measure σ and Borel Rm-valued measure θ.

Proposition 3.2.3. Γ(µ) is non-empty if and only if

µ(X) = 0. (3.2.3)

Proof. Clearly, if there exists π ∈ Γ(µ), then

µ(X) = P1π(X)− P2π(X) = π(X ×X)− π(X ×X) = 0,

so the condition (3.2.3) is satisfied. Conversely, assume that (3.2.3) holds true. Let ν be

any Borel probability measure on X. Set

π = µ⊗ ν.

Here µ⊗ ν is the product measure; see Definition 3.2.1. Then for any Borel set A ⊂ X and

any vector v ∈ Rm, we have

〈π(A×X)− π(X ×A), v〉 = 〈µ(A), v〉 − 〈µ(X), v〉ν(A) = 〈µ(A), v〉.

This is to say, P1π − P2π = µ.

The quantity defined by (3.2.2) we shall call the Kantorovich–Rubinstein norm of µ (see

e.g. [104, 103, 26] for references regarding the Monge–Kantorovich problem).

Proposition 3.2.4. Assume that µ(X) = 0. Then I(µ) <∞ provided that∫
Rn
d(x, x0)d‖µ‖(x) <∞ (3.2.4)

for some (equivalently: any) x0 ∈ X.
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Proof. Define

π = µ⊗ δx0 .

Here δx0 is a probability measure such that δx0({x0}) = 1. Then π ∈ Γ(µ) and∫
X×X

d(x, y)d‖π‖(x, y) ≤
∫
X
d(x, x0)d‖µ‖(x). (3.2.5)

This shows that I(µ) <∞, provided that (3.2.4) is satisfied. The equivalence of finiteness

of ∫
Rn
d(x, y)d‖µ‖(x) <∞

for any y ∈ X follows by the triangle inequality.

Definition 3.2.5. We define the Wasserstein space W(X,Rm) of all Borel measures µ on

X with values in Rm such that

µ(X) = 0 and

∫
X
d(x, x0)d‖µ‖(x) <∞

for some x0 ∈ X. We endow it with a norm ‖µ‖W(X,Rm) = I(µ).

Before we proceed let us recall the following definition.

We say that a non-negative Borel measure µ on X is inner regular if for any Borel set

B ⊂ X we have

µ(B) = sup{µ(K) | K ⊂ B,K is a compact set}.

Let us note that Ulam’s lemma tells that any finite measure on a Polish space is inner

regular.

Lemma 3.2.6. Suppose that X is a Polish space. Let µ be a Rm-valued Borel measure in

W(X,Rm). Suppose that for any Lipschitz function u : X → Rm∫
X
〈u, dµ〉 = 0.

Then µ = 0.

Proof. We may assume that m = 1. Let µ = µ+ − µ− be the Hahn–Jordan decomposition

of µ. There exists two disjoint, Borel sets A,B ⊂ X with µ+(Ac) = 0 and µ−(Bc) = 0.

Choose any Borel set E ⊂ A. As any finite measure on X is inner regular, for any ε > 0,

there exists a compact set K ⊂ E such that

µ+(E) ≤ µ+(K) + ε.

Define a function uε by the formula

uε(x) = (1− 1

ε
dist(x,K)) ∨ 0.
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Then uε is Lipschitz, equal to one on K and equal to zero on the complement of

Kε = {x ∈ X | dist(x,K) ≤ ε}.

Thus

0 =

∫
X
uεdµ = µ+(K) +

∫
Kε\K

uεdµ,

Therefore, by the above,

µ+(E) ≤ ε+ µ+(K) ≤ ε+ µ−(Kε \K).

Letting ε tend to zero, we get µ+(E) = 0. It follows that µ+ = 0. Analogously, µ− = 0.

This is to say, µ = 0.

Remark 3.2.7. In what follows, we shall always assume that underlying space X is a Polish

space.

Proposition 3.2.8. The function W(X,Rm) 3 µ 7→ ‖µ‖W(X,Rm) ∈ R is a norm.

Proof. Let us first check that

‖µ‖W(X,Rm) = 0 if and only if µ = 0. (3.2.6)

If µ = 0, then π = 0 belongs to Γ(µ), so ‖µ‖W(X,Rm) = 0. Conversely, assume that

‖µ‖W(X,Rm) = 0. Choose any L-Lipschitz function

u : X → Rm.

Then for any π ∈ Γ(µ) we have∣∣∣ ∫
X
〈u, dµ〉

∣∣∣ =
∣∣∣ ∫

X×X
〈u(x)− u(y), dπ(x, y)〉

∣∣∣ ≤ L∫
X×X

d(x, y)d‖π‖(x, y).

Therefore if ‖µ‖W(X,Rm) = 0, then ∫
X
〈u, dµ〉 = 0.

It follows by Lemma 3.2.6, that µ = 0. Homogeneity of ‖·‖W(X,Rm) is clear. Let us show

that the triangle inequality holds. For this choose measures µ, ν ∈ W(X,Rm) and any

measures π ∈ Γ(µ) and ρ ∈ Γ(ν). Then

µ+ ν = P1(π + ρ)− P2(π + ρ),

so that π + ρ ∈ Γ(µ+ ν). It follows that

‖µ+ ν‖W(X,Rm) ≤
∫
X×X

d(x, y)d‖π + ρ‖(x, y) ≤

≤
∫
X×X

d(x, y)d‖π‖(x, y) +

∫
X×X

d(x, y)d‖ρ‖(x, y).

Taking infimum over all π, ρ we see that the triangle inequality holds true.
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Proposition 3.2.9. The linear space U of measures of the form

n∑
i=1

δxivi

for xi ∈ X and vi ∈ Rm, i = 1, . . . , n, such that
∑n

i=1 vi = 0, is dense in W(X,Rm).

Proof. Choose any measure µ ∈ W(X,Rm). Choose any ε > 0. Choose any point x0 ∈ X
and a compact set K such that ∫

Kc

d(x, x0)d‖µ‖(x) ≤ ε.

Choose pairwise disjoint Borel sets A1, A2, . . . , Ak ⊂ K such that the diameter of each is at

most ε and

K =
k⋃
i=1

Ai.

Consider the restrictions µi = µ|Ai of the measure µ to the sets Ai, i = 1, 2, . . . , k. Choose

any points xi ∈ Ai. Then, as

πi = µi ⊗ δxi ∈ Γ(µi − µi(X)δxi),

we have

‖µi − µi(X)δxi‖W(X,Rm) ≤
∫
X
d(y, xi)d‖µi‖(y) ≤ ε‖µ‖(Ai).

Let A0 = Kc and let µ0 = µ|A0 . Then

π0 = µ0 ⊗ δx0 ∈ Γ(µ0 − µ0(X)δx0),

so

‖µ0 − µ0(X)δx0‖W(X,Rm) ≤
∫
X
d(x, x0)d‖µ0‖(x) ≤ ε.

Set

ν =

k∑
i=0

µ(Ai)δxi .

Then ν ∈ U . By the triangle inequality

‖µ− ν‖W(X,Rm) ≤
k∑
i=0

‖µi − µi(X)δxi‖W(X,Rm) ≤

≤ ε
k∑
i=1

‖µ(Ai)‖+ ε ≤ ε(‖µ‖(X) + 1).

This concludes the proof.

Corollary 3.2.10. If X is separable, then so is the Wasserstein space W(X,Rm).
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Proof. Fix n ∈ N. Choose a countable dense subset A ⊂ X and a set

B ⊂
{

(w1, . . . , wn) ∈ Rm × . . .Rm |
n∑
i=1

wi = 0
}

(3.2.7)

which is countable and dense in the set on the right-hand side of (3.2.7). Consider a measure

µ given by

µ =
n∑
i=1

δxivi

for xi ∈ X and vi ∈ Rm, i = 1, . . . , n, such that
∑n

i=1 vi = 0. Choose ε > 0 and x̃i ∈ A,

i = 1, . . . , n, and (ṽi)
n
i=1 ∈ B, such that for i = 1, . . . , n

d(xi, x̃i) < ε and ‖vi − ṽi‖ < ε and
n∑
i=1

ṽi = 0.

Set

µ̃ =
n∑
i=1

δx̃i ṽi.

Then

‖µ− µ̃‖W(X,Rm) ≤
∥∥∥ n∑
i=1

δxi(vi − ṽi)
∥∥∥
W(X,Rm)

+
∥∥∥ n∑
i=1

(δxi − δx̃i)vi
∥∥∥
W(X,Rm)

Choose any x0 ∈ X. Taking

π =
n∑
i=1

δxi ⊗ δx0(vi − ṽi) and ρ =
n∑
i=1

(δxi ⊗ δx̃i)vi

we see that ∥∥∥ n∑
i=1

δxi(vi − ṽi)
∥∥∥
W(X,Rm)

≤ ε
n∑
i=1

d(xi, x0)

and ∥∥∥ n∑
i=1

(δxi − δx̃i)vi
∥∥∥
W(X,Rm)

≤ ε
n∑
i=1

‖vi‖.

The conclusion follows now from Proposition 3.2.9.

Definition 3.2.11. Choose any x0 ∈ X. Define

L(X,Rm) = {u : X → Rm | u is Lipschitz and u(x0) = 0},

i.e. the Banach space of Rm-valued Lipschitz functions on X taking value zero at x0, with

norm

‖u‖L(X,Rm) = sup

{
‖u(x)− u(y)‖

d(x, y)
| x, y ∈ X,x 6= y

}
.
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Proposition 3.2.12. Define

T : L(X,Rm)→W(X,Rm)∗

and

S : W(X,Rm)∗ → L(X,Rm)

by

T (u)(µ) =

∫
X
〈u, dµ〉 (3.2.8)

and

〈S(λ)(x), w〉 = λ((δx − δx0)w), (3.2.9)

for any w ∈ Rm. Then S, T are mutual reciprocals and establish an isometric isomorphism

of L(X,Rm) and W(X,Rm)∗.

Proof. Choose any π ∈ Γ(µ). Then P1π − P2π = µ. Thus, if u is a Lipschitz map, then∣∣∣∣ ∫
X
〈u, dµ〉

∣∣∣∣ =

∣∣∣∣ ∫
X
〈u(x)− u(y), dπ(x, y)〉

∣∣∣∣ ≤ ‖u‖L(X,Rm)

∫
X
d(x, y)d‖π‖(x, y).

Taking infimum over all π ∈ Γ(µ), we see that∣∣∣∣ ∫
X
〈u, dµ〉

∣∣∣∣ ≤ ‖u‖L(X,Rm)‖µ‖W(X,Rm).

The above calculation shows that the formula (3.2.8) defines a continuous functional of

norm at most ‖u‖L(X,Rm). If w ∈ Rm if of norm one and x, y ∈ X, x 6= y, then for

µx,y,w =
δx − δy
d(x, y)

w (3.2.10)

we have ‖µx,y,w‖W(X,Rm) ≤ 1 and for any u ∈ L(X,Rm)∫
Rn
〈u, dµx,y,w〉 =

〈w, u(x)− u(y)〉
d(x, y)

.

Thus

‖u‖L(X,Rm) = ‖T (u)‖.

We shall now show that T ◦ S = Id. Take any functional λ ∈ W(X,Rm)∗. Set

σx,w = (δx − δx0)w.

Then S(λ) : X → Rm is defined by the formula

〈S(λ)(x), w〉 = λ(σx,w).
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It is clear that the above formula defines S(λ) uniquely. Then we claim that map v = S(λ)

is ‖λ‖-Lipschitz. Indeed

‖v(x)− v(y)‖ = sup{〈v(x)− v(y), w〉 | w ∈ Rm, ‖w‖ = 1},

and as

〈v(x)− v(y), w〉 = λ(σx,w − σy,w) ≤ ‖λ‖‖σx,w − σy,w‖W(X,Rm)

we see that

‖v(x)− v(y)‖ ≤ ‖λ‖d(x, y), since ‖σx,w − σy,w‖W(X,Rm) ≤ d(x, y).

Suppose that ν = (δx − δy)z. We compute

T (v)(ν) =

∫
X
〈v, dν〉 =

∫
X
〈v, z〉d(δx − δy) = λ(σx,z − σy,z) = λ(ν).

We see that T (S(λ)) and λ are equal on the set spanned by (δx − δy)z, where x, y ∈ X,

z ∈ Rm. By Proposition 3.2.9, we see that T (S(λ)) and λ are equal on W(X,Rm).

Let us show also that S ◦ T = Id. Choose any w ∈ Rm and any map u ∈ L(X,Rm).

Then

〈S(T (u))(x), w〉 = T (u)((δx − δx0)w) =

∫
X
〈u, d(δx − δx0)w〉 = 〈u(x), w〉,

as u(x0) = 0. Therefore S(T (u)) = u.

Proposition 3.2.13. For any µ ∈ W(X,Rm)

sup

{∫
X
〈u, dµ〉 | u : X → Rm is 1-Lipschitz

}
= ‖µ‖W(X,Rm). (3.2.11)

Moreover, there exists 1-Lipschitz function u0 such that

sup

{∫
X
〈u, dµ〉 | u : X → Rm is 1-Lipschitz

}
=

∫
X
〈u0, dµ〉. (3.2.12)

Proof. Notice first that the left-hand side of (3.2.11) is clearly at most the right-hand side

of (3.2.11). Take any µ ∈ W(X,Rm). Then by the Hahn–Banach theorem there exists a

continuous linear functional λ of norm one such that

λ(µ) = ‖µ‖W(X,Rm).

By Proposition 3.2.12, we know that λ is of the form

λ(µ) =

∫
X
〈u0, dµ〉

for some Lipschitz map u0. The Lipschitz constant of u0 is equal to one, as

‖u0‖L(X,Rm) = ‖λ‖ = 1.

This completes the proof.
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Definition 3.2.14. Any 1-Lipschitz function u : X → Rm such that (3.2.12) holds we shall

call an optimal potential of measure µ.

Definition 3.2.15. A measure π ∈ Γ(µ) such that

‖µ‖W(X,Rm) =

∫
X×X

d(x, y)d‖π‖(x, y)

we shall call an optimal transport for µ.

Theorem 3.2.16. Let µ ∈ W(X,Rm). Let u ∈ L(X,Rm) be a 1-Lipschitz map. Let

π ∈ Γ(µ). The following conditions are equivalent:

i) ∫
X
〈u, dµ〉 =

∫
X×X

d(x, y)d‖π‖(x, y) = ‖µ‖W(X,Rm),

ii) ∫
A
〈u(x)− u(y), dπ(x, y)〉 =

∫
A
d(x, y)d‖π‖(x, y)

for any Borel set A ⊂ X ×X,

iii) ∫
X
〈u, dµ〉 =

∫
X×X

d(x, y)d‖π‖(x, y),

iv) u is an optimal potential for µ and π is an optimal transport for µ.

Moreover, if the above conditions hold, then

‖u(x)− u(y)‖ = d(x, y)

‖π‖-almost everywhere.

Proof. Assume that iii) holds. Observe that∫
X
〈u, dµ〉 =

∫
X×X

〈u(x)− u(y), dπ(x, y)〉.

As ∫
X
〈u, dµ〉 ≤ ‖µ‖W(X,Rm) ≤

∫
X×X

d(x, y)d‖π‖(x, y),

then by iii) we see that in the above inequalities we have equalities. This is to say, i) holds

true.

Suppose now that i) holds. Clearly∫
A
〈u(x)− u(y), dπ(x, y)〉 ≤

∫
A
d(x, y)d‖π‖(x, y).

If we had strict inequality in ii) for some Borel set A ⊂ X×X, then the above computations

shows that we would get strict inequality in i). Condition iv) is reformulation of i). The

last part of the theorem follows readily from ii).
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Recall, see Definition 2.2.14, that, for a 1-Lipschitz map u : Rn → Rm, we denote by

B(u) the set of points in Rn that belong to at least two distinct leaves of u.

Definition 3.2.17. Let u : Rn → Rm be a 1-Lipschitz map of Euclidean spaces. We say

that a Borel set A ⊂ Rn is a transport set associated with u if it enjoys the following

property: if x ∈ A \B(u) and y ∈ Rn is such that

‖u(x)− u(y)‖ = ‖x− y‖,

then y ∈ A.

Let us remark that a Borel set A ⊂ Rn that is a union of leaves of u is a transport set.

We say that a measure µ ∈ M(Z,Rm) is concentrated on a subset X ⊂ Z if there is

‖µ‖(Z \X) = 0.

Proposition 3.2.18. Let µ ∈ W(Rn,Rm) be concentrated on a set X ⊂ Rn. Then

‖µ‖W(Rn,Rm) = ‖µ‖W(X,Rm).

Here we consider the Euclidean metrics on X and on Rn.

Proof. The assertion is that

sup
{∫

Rn
〈u, dµ〉 | u : Rn → Rm is 1-Lipschitz

}
is equal to

sup
{∫

X
〈u, dµ〉 | u : X → Rm is 1-Lipschitz

}
.

By the Kirszbraun theorem any 1-Lipschitz function u : X → Rm extends to a 1-Lipschitz

function ũ : Rn → Rm. Clearly, for any such extension∫
Rn
〈ũ, dµ〉 =

∫
X
〈u, dµ〉.

The assertion follows.

Suppose that µ ∈ W(Rn,Rm). The following theorem shows that if there exists an

optimal transport for µ such that its total variation has absolutely continuous first marginal,

then the conjecture of Klartag holds true. Note that such existence is clear for m = 1,

whenever µ is absolutely continuous with respect to the Lebesgue measure λ.

Below we shall be using the conditional measures ‖µ‖S , S ∈ CC(Rn), of measure ‖µ‖
which has been considered in Chapter 2, Section 2.6. We shall denote by ν the resulting

measure on CC(Rm), i.e. the push-forward of ‖µ‖ with respect to the map S : Rn →
CC(Rn).
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Theorem 3.2.19. Suppose that µ ∈ W(Rn,Rm). Let u be an optimal potential for µ.

Suppose that there exists an optimal transport π of µ such that

P1‖π‖ is absolutely continuous with respect to the Lebesgue measure λ. (3.2.13)

Then:

i) for any transport set A associated with u

a) µ(A) = 0,

b) π|A×A ∈ Γ(µ|A) is an optimal transport of µ|A

c) u is an optimal potential of µ|A,

ii) if ‖µ‖S , S ∈ CC(Rn), are the conditional measures of ‖µ‖ with respect to the map

S : Rn → CC(Rn), then for ν-almost every S ∈ CC(Rn) we have∫
Rn

dµ

d‖µ‖
d‖µ‖S = 0

and u is an optimal potential of dµ
d‖µ‖d‖µ‖S .

Moreover, ii) implies ia) and ic).

Proof. By Corollary 2.2.15 it follows that

λ(B(u)) = 0.

Suppose that (3.2.13) holds true. Then

‖π‖
(
B(u)× Rn

)
= 0.

Let

I =
{

(x, y) ∈ Rn × Rn | ‖u(x)− u(y)‖ = ‖x− y‖
}
.

By Theorem 3.2.16, ‖π‖(Ic) = 0. Thus π is concentrated on the set

C = I ∩B(u)c × Rn.

Suppose that (x, y) ∈ C. Then, as A is a transport set, by the definition of B(u),

x ∈ A implies that y ∈ A. (3.2.14)

Let η = π|A×A. To prove ib), it is enough to show that η is an optimal transport and that

η ∈ Γ(µ|A).
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For this, let D ⊂ Rn be any Borel set. Using the fact that π ∈ Γ(µ) and the fact that

‖π‖(Cc) = 0 and (3.2.14), we have

µ(A ∩D) =

∫
Rn×Rn

(
1A∩D(x)− 1A∩D(y)

)
dπ(x, y) =

=

∫
Rn×Rn

1A×A(x, y)
(
1D(x)− 1D(y)

)
dπ(x, y) =

=

∫
Rn×Rn

(
1D(x)− 1D(y)

)
dη(x, y) = P1η(D)− P2η(D).

It follows that π|A×A ∈ Γ(µ|A). Then∫
A
〈u, dµ〉 =

∫
Rn×Rn

1I(x, y)
〈
1A(x)u(x)− 1A(y)u(y), dπ(x, y)

〉
. (3.2.15)

Therefore, by (3.2.14),∫
A
〈u, dµ〉 =

∫
Rn×Rn

1A×A(x, y)
〈
u(x)− u(y), dπ(x, y)

〉
.

By condition ii) of Theorem 3.2.16 we see that∫
A
〈u, dµ〉 =

∫
A×A
‖x− y‖d‖π‖(x, y).

Theorem 3.2.16, condition iii), tells us that π|A×A is an optimal transport and u is an

optimal potential. Also µ(A) = 0, as π|A×A ∈ Γ(µ|A). This proves i).

For a proof of ii) let us take any Borel set B ⊂ CC(Rn) and let A = S−1(B). Then,

0 = µ(A) =

∫
CC(Rn)

∫
Rn

1A
dµ

d‖µ‖
d‖µ‖Sdν(S) =

∫
CC(Rn)

1B(S)

∫
Rn

dµ

d‖µ‖
d‖µ‖Sdν(S).

As this holds true for any B we infer that for ν-almost every S there is

0 =

∫
Rn

dµ

d‖µ‖
d‖µ‖S . (3.2.16)

By i), for any A,B as above and any 1-Lipschitz map v there is

0 ≤
∫
A
〈u− v, dµ〉 =

∫
CC(Rn)

1B(S)

∫
Rn

〈
u− v, dµ

d‖µ‖

〉
d‖µ‖Sdν(S).

Hence, by separability of L(Rn,Rm), for ν-almost every S and for every v there is

0 ≤
∫
Rn

〈
u− v, dµ

d‖µ‖

〉
d‖µ‖Sdν(S). (3.2.17)

The fact that ii) implies ia) and ic) follows by integration of (3.2.16) and (3.2.17) respectively.
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3.3 Counterexample

We shall now provide necessary tools for the aforementioned counterexample to the conjec-

ture of Klartag.

In fact we shall provide a more general theorem for which we shall consider locally

uniformly closed subsets subsets F of 1-Lipschitz maps of Rn to Rm endowed with norms

which are not necessarily Euclidean. Suppose that a measure µ belongs to W(Rn,Rm). We

consider supremum of integrals ∫
Rn
〈u, dµ〉 (3.3.1)

taken over all u ∈ F . An optimal u0 ∈ F , i.e. the map that satisfies∫
Rn
〈u0, dµ〉 = sup

{∫
Rn
〈u, dµ〉 | u ∈ F

}
,

we shall call an F-optimal potential of µ.

Lemma 3.3.1. Let X ⊂ Rn be a compact set. Suppose that (µk)
∞
k=1 ⊂ W(Rn,Rm) are

all supported on X and converge weakly* to µ0 ∈ W(Rn,Rm), i.e. for any continuous and

bounded function g : Rn → Rm we have

lim
k→∞

∫
Rn
〈g, dµk〉 =

∫
Rn
〈g, dµ0〉.

Suppose that for k = 1, 2, . . . , uk ∈ F is an F-optimal potential of µk and that uk converge

locally uniformly to u0 : Rn → Rm. Then u0 is an F-optimal potential of µ0.

Proof. By the assumption, for any continuous and bounded map g : Rn → Rm, we have

lim
k→∞

∫
Rn
〈g, d(µk − µ0)〉 = 0.

In particular, as µk are all supported on X, we have

lim
k→∞

∫
Rn
〈u0, d(µk − µ0)〉 = 0.

By the Banach–Steinhaus theorem, the sequence (µk)
∞
k=1 is bounded in the total variation

norm. Hence, by uniform convergence on X,

lim
k→∞

∫
Rn
〈uk − u0, dµk〉 = 0.

It follows that ∫
Rn
〈uk, dµk〉 =

∫
Rn
〈u0, dµk〉+

∫
Rn
〈uk − u0, dµk〉

converges to
∫
Rn〈u0, dµ0〉. As for any 1-Lipschitz map h ∈ F we have∫

Rn
〈h, dµk〉 ≤

∫
Rn
〈uk, dµk〉.
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we also have ∫
Rn
〈h, dµ0〉 ≤

∫
Rn
〈u0, dµ0〉.

The proof is complete.

Lemma 3.3.2. Let m ≤ n. Let µ ∈ W(Rn,Rm) and let u be an optimal potential of µ.

Suppose that there exists an optimal transport π for µ or that any transport set of u is of

µ-measure zero. Let A be the union of all leaves of dimension at least one. Then

‖µ‖(Ac) = 0.

Proof. Corollary 2.5.7 tells us that A is Borel measurable. Suppose that there exists an

optimal transport π for µ. By Theorem 3.2.16, π is supported on the set

I =
{

(x, y) ∈ Rn × Rn | ‖u(x)− u(y)‖ = ‖x− y‖
}
.

As µ = P1π − P2π, for any Borel set B ⊂ Ac, we have

µ(B) = π(B × Rn)− π(Rn ×B) = 0,

for if B ⊂ Ac, then(
B × Rn

)
∩ I ⊂ {(x, x) | x ∈ Rn} and

(
Rn ×B

)
∩ I ⊂ {(x, x) | x ∈ Rn}.

Suppose now that any transport set for u is of µ measure zero. Observe that any Borel set

B ⊂ Ac is a transport set. The conclusion follows.

Theorem 3.3.3. Let m > 1. There exists an absolutely continuous measure µ ∈ W(Rn,Rm)

for which there is no optimal transport π such that

P1‖π‖ is absolutely continuous with respect to the Lebesgue measure λ.

Moreover, for such µ, there exists a transport set associated with the optimal potential of µ

with non-zero measure µ.

Proof. Choose any v1, . . . , vm+1 ∈ Rm such that

m+1∑
i=1

vi = 0

and that are affinely independent. For ε > 0 set

µε =
1

λ(B(0, ε))

m+1∑
i=1

λ|B(xi,ε)vi,
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where x1, . . . , xm+1 ∈ Rn are pairwise distinct points to be specified later. Here λ denotes

the Lebesgue measure on Rn. Then µε ∈ W(Rn,Rm). Suppose that there exist optimal

transports πk ∈ Γ(µεk) such that

P1‖πk‖ � λ,

where (εk)
∞
k=1 is some sequence converging to zero. Then by Theorem 3.2.19 we have

µεk(Ak) = 0

for any transport set Ak of uk, where uk : Rn → Rm is an optimal potential of µεk . For

k ∈ N and i = 1, . . . ,m + 1 consider the union Nik of all non-trivial leaves of uk – i.e. of

dimension at least one – that intersect B(xi, εk). Then Nik is a transport set. Its Borel

measurability follows by Lemma 2.5.4 and Lemma 2.5.5. Indeed, denote B = B(xi, εk);

then the function

Rn \B 3 x 7→ sup
{‖uk(x)− uk(y)‖

‖x− y‖
| y ∈ B

}
∈ R

is lower semicontinuous and therefore

Nik =
{
x ∈ Rn \B | sup

{‖uk(x)− uk(y)‖
‖x− y‖

| y ∈ B
}

= 1
}
∪
{
x ∈ B | β1(x) > 0

}
is a Borel set. Thus µεk(Nik) = 0. Hence,

m+1∑
j=1

vjλ(B(xj , εk) ∩Nik) = 0. (3.3.2)

As µεk , by Lemma 3.3.2, is concentrated on non-trivial leaves of uk, we have for

λ(B(xi, εk) ∩Nik)

λ(B(0, εk))
vi = µεk(B(xi, εk) ∩Nik) = µεk(B(xi, εk)) = vi.

By (3.3.2) and assumption on the vectors v1, . . . , vm+1

λ(B(xj , εk) ∩Nik) = λ(B(0, εk)) for all j = 1, . . . ,m+ 1.

Thus we infer that for any k ∈ N and for all r, s = 1, . . . ,m+ 1, r 6= s, there exist points

(xkrs, x
k
sr) ∈ B(xr, εk)×B(xs, εk)

such that

‖uk(xkrs)− uk(xksr)‖ = ‖xkrs − xksr‖.

Using Arzelà–Ascoli theorem and passing to a subsequence we may assume that maps uk

converge locally uniformly to some 1-Lipschitz map u0. Observe now that

xkrs converges to xr for all r, s = 1, . . . ,m+ 1.
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Thus, by the locally uniform convergence, u0 is an isometry on {x1, . . . , xm+1}. Observe

that

µεk converges weakly* to µ0 =

m+1∑
i=1

δxivi.

Now, Lemma 3.3.1 tells us that u0 is an optimal potential of µ0.

Suppose now that points x1, . . . , xm+1 are such that for i 6= j, i, j = 1, . . . ,m,〈 xi − xm+1

‖xi − xm+1‖
,
xj − xm+1

‖xj − xm+1‖

〉
<
〈 vi
‖vi‖

,
vj
‖vj‖

〉
. (3.3.3)

Then if we define h : {x1, . . . , xm+1} → Rm by

h(xm+1) = 0, h(xi) = ‖xi − xm+1‖
vi
‖vi‖

for i = 1, . . . ,m,

then h is 1-Lipschitz. By the Kirszbraun theorem we may assume that h is defined on the

entire space. Moreover for

π =
m+1∑
i=1

viδ(xi,xm+1)

we have

P1π − P2π = µ0

and

π =
m∑
i=1

h(xi)− h(xm+1)

‖xi − xm+1‖
‖vi‖δ(xi,xm+1)

Theorem 3.2.16 yields that h is an optimal potential and π is an optimal transport. It

follows that

‖µ0‖W(Rn,Rm) =
m∑
i=1

‖vi‖‖xi − xm+1‖.

Theorem 3.2.16 tells us that also

π =

m∑
i=1

u0(xi)− u0(xm+1)

‖xi − xm+1‖
‖vi‖δ(xi,xm+1)

As u0 is an isometry on {x1, . . . , xm+1}, it follows that for i, j = 1, . . . ,m

‖h(xi)− h(xj)‖ = ‖xi − xj‖

which is not true, as the inequalities in (3.3.3) are strict. The obtained contradiction shows

that there is no such sequence (εk)
∞
k=1, i.e. there exists ε0 > 0 such that for all ε ∈ (0, ε0)

there is no optimal transport with absolutely continuous marginal for µε and such that there

exists a transport set with non-zero measure µε.
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The proof of the following theorem is based on the same idea as the proof of Theorem

3.3.3. Note that we do not require below that the norms on Rn and on Rm are Euclidean.

For a 1-Lipschitz map u : Rn → Rm a leaf of u is a maximal, with respect to the order

induced by inclusion, set S such that u|S is an isometry. A transport set is defined as a set

A that enjoys the property that if x ∈ A belongs to a unique leaf of u, then for any y ∈ Rn

such that ‖u(y)− u(x)‖ = ‖y − x‖ there is y ∈ A. This is to say, the leaves and transport

sets are defined as in the Euclidean case.

Theorem 3.3.4. Let m ≤ n. Suppose that the norm on Rm is strictly convex. Suppose that

F is a locally uniformly closed subset of 1-Lipschitz maps of Rn to Rm. Suppose that F has

the property that for any absolutely continuous measure µ ∈ W(Rn,Rm) and any F-optimal

potential u0 of µ we have µ(A) = 0 for any transport set of u0. Then either m = 1 or m > 1

and

i) m = n, any u ∈ F is affine, and there exists u ∈ F that is an isometry of Rn and of

Rm,

ii) for any absolutely continuous µ any F-optimal potential of µ is an isometry on a

maximal subspace V ⊂ Rn, so that

µ({x ∈ Rn | Px ∈ A}) = 0 for any Borel set A ⊂W ; (3.3.4)

here P denotes a projection onto a complement W of V .

Suppose that the norms are Euclidean. Then, if any F-optimal potential is affine and is an

isometry on a maximal subspace V ⊂ Rn such that (3.3.4) holds true, then µ(A) = 0 for

any transport set of its F-optimal potential.

Proof. Suppose that m > 1. Choose any pairwise distinct points x1, x2, x3 ∈ Rn and any

affinely independent v1, v2, v3 ∈ Rm such that
∑3

i=1 vi = 0. Let

ν0 =
3∑
i=1

viδxi .

Then ν0 ∈M0(Rn,Rm). For ε > 0 let

νε =
1

λ(B(0, ε)

3∑
i=1

viλ|B(xi,ε)

Choose respective F-optimal potentials uε for νε. These exist as F is locally uniformly

closed. Observe that, by the assumption, νε(Bε) = 0 for any Borel set consisting of trivial

leaves of uε. Whence, νε is concentrated on non-trivial leaves of uε. Let Niε denote the
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union of all non-trivial leaves that intersect B(xi, ε) and are not contained in B(xi, ε) for

i = 1, 2, 3 and ε > 0. The map

Rn \K 3 x 7→ sup
{‖u(x)− u(y)‖

‖x− y‖
| y ∈ K

}
∈ R

is lower semicontinuous for any set K ⊂ Rn. Note that Niε = Miε ∪Kiε, where

Miε =
{
x ∈ Rn \B(xi, ε) | sup

{‖u(x)− u(y)‖
‖x− y‖

| y ∈ B(xi, ε)
}

= 1
}
,

and

Kiε =
{
x ∈ B(xi, ε) | sup

{‖u(x)− u(y)‖
‖x− y‖

| y ∈ Rn \B(xi, ε)
}

= 1
}
.

Hence Miε and Kiε are Borel measurable and so is Niε.

By the assumption,

νε(Niε) = 0,

which implies, as in the proof of Theorem 3.3.3, that

‖uε(xεrs)− uε(xεsr)‖ = ‖xεrs − xεsr‖

for some points

(xεrs, x
ε
sr) ∈ B(xr, ε)×B(xs, ε), r, s = 1, . . . , 3, r 6= s.

By the Arzelà–Ascoli theorem and passing to a subsequence we may assume that uε con-

verges locally uniformly to some u0 ∈ F , which is an F-optimal potential of ν0 by Lemma

3.3.1. By the uniform convergence we infer that u0 is isometric on {x1, x2, x3}. Let now

x2 = tx1 + (1 − t)x3 for some t ∈ (0, 1). Then any map f : {x1, x2, x3} → Rm that is

isometric satisfies

f(tx1 + (1− t)x3) = tf(x1) + (1− t)f(x3). (3.3.5)

Indeed, as f is isometric,

‖f(x2)− f(x1)‖ = (1− t)‖x3 − x1‖ and ‖f(x3)− f(x2)‖ = t‖x3 − x1‖.

As ‖f(x3)− f(x1)‖ = ‖x3 − x1‖ it follows that we have equality in the triangle inequality

‖f(x3)− f(x1)‖ ≤ ‖f(x2)− f(x1)‖+ ‖f(x3)− f(x2)‖.

By the strict convexity it follows that there is λ > 0 such that

f(x2)− f(x1) = λ(f(x3)− f(x1)).
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Taking the norms we arrive at (3.3.5). A function f that satisfies (3.3.5) may be extended

to Rn to an affine map that has derivative of operator norm at most m. This follows by the

Hahn–Banach theorem. As u0 is isometric on {x1, x2, x3}, we infer that

3∑
i=1

〈u0(xi), vi〉 ≤ sup
{ 3∑
i=1

〈f(xi), vi〉 | f : Rn → Rm is linear and ‖f‖ ≤ m
}

Note now that the set of vectors v1, v2, v3 that sum up to zero and are affinely independent

is dense in the set of vectors v′1, v
′
2, v
′
3 that sum up to zero. Moreover, u0 is an F-optimal

potential for ν0. We conclude that for any u ∈ F and any vectors v1, v2, v3 that sum up to

zero there is

3∑
i=1

〈u(xi), vi〉 ≤ sup
{ 3∑
i=1

〈f(xi), vi〉 | f : Rn → Rm is linear and ‖f‖ ≤ m
}

Take now v2 = v, v1 = −tv and v3 = −(1 − t)v with t ∈ (0, 1) as above and any v ∈ Rm.

We infer that

〈u(x2)− tu(x1)− (1− t)u(x3), v〉 ≤ 0.

As this holds for any v we infer that u is affine. This proves part of i).

If u is affine then there exists a subspace V ⊂ Rn, possibly trivial, i.e. V = {0}, such

that any set of the form

{x ∈ Rn | Px ∈ A} (3.3.6)

for a Borel measurable set A ⊂ W is a transport set of u. Here P denotes a projection

onto a complement W of V . Indeed, let V ⊂ Rn be a maximal subspace such that u|V is

an isometry. Suppose that V is not a leaf of u. Then there exists y /∈ V such that for all

x ∈ V
‖u(y)− u(x)‖ = ‖y − x‖.

It follows that for all non-zero λ ∈ R∥∥∥u(y)− u
(x
λ

)∥∥∥ =
∥∥∥y − x

λ

∥∥∥
for all x ∈ V . Hence for all λ ∈ R we have ‖u(λy) − u(x)‖ = ‖λy − x‖. As u is affine, it

is also an isometry on V + Ry. This contradiction shows that V is a leaf of u. Thus ii) is

proven.

We shall now provide an example of a vector measure µ such that for any proper subspace

V and any x0 there is c > 0 such that

µ
({
x ∈ Rn | ‖P (x− x0)‖ ≤ c

})
6= 0. (3.3.7)
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Choose any x1, . . . , xm+1 ∈ Rn affinely independent. Let ε > 0 be a number such that any

yi ∈ B(xi, ε), i = 1, . . . ,m+ 1 are affinely independent. Choose vectors v1, . . . , vm+1 ∈ Rm

that add up to zero and are affinely independent. Let

µ =
m+1∑
i=1

viλ|B(xi,ε),

where λ denotes the Lebesgue measure. Choose any proper affine subspace V ⊂ Rn. Then

V intersects at most m of the balls B(xi, ε), i = 1, . . . ,m+ 1. So does the set{
x ∈ Rn | ‖P (x− x0)‖ ≤ c

}
provided that c > 0 is sufficiently small. Thus (3.3.7) follows. It implies, by ii), that

V = Rn. We have shown that any F-optimal potential of µ has to be an isometry. Hence

m = n and the proof of i) is complete.

To prove the last part of the theorem, it is enough to prove that the translates of V

are the only leaves of an affine map. This holds true, since any point in Rn is covered by a

translate of V .
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Chapter 4

Continuity of extensions of
Lipschitz maps

4.1 Introduction

Here we describe the structure of the chapter. In Section 4.2 we study the optimal rates

of continuity for extensions of 1-Lipschitz maps. Example 4.2.2, Proposition 4.2.3 and

Proposition 4.2.4 discuss the optimality of the rate.

In Section 4.3 we discuss several cases where it is possible to find an extension of a

1-Lipschitz map with preserved uniform distance to a given map. In Section 4.3.1 we prove

that such extension always exists whenever the target space is of dimension one and the given

map is 1-Lipschitz. In Section 4.3.2 we deal with one-dimensional perturbations of a given

map. In Section 4.3.3 we study a related problem of extending maps such their increments

are majorised by the increments of another map. Section 4.3.4, considers a situation when

the map, to which we want preserve the uniform distance of the extension, is affine. We

prove in Theorem 4.3.9 that, if the target space is a Hilbert space of dimension at least

two, then a map is affine and 1-Lipschitz if and only if for any 1-Lipschitz map there is a

1-Lipschitz extension with preserved uniform distance to the given map. One implication of

this equivalence establishes a strengthening of Kirszbraun’s theorem. For the proof we use

the technique of K-functions developed in [84]. This shows a striking difference with the

one-dimensional case, where every 1-Lipschitz map v has the above property, as Lipschitz

functions are closed under minima and maxima. Another result, presented in Section 4.3.5,

concerns continuous extensions of 1-Lipschitz maps from a subset A of a Hilbert space to

another subset X that contains A. Suppose that v : X → Rm is such that

‖v(x)− t1v(x1)− . . . tmv(xm)‖ ≤ ‖x− t1x1 − . . .− tmxm‖

for all x, x1, . . . , xm ∈ X and all non-negative t1, . . . , tm that sum up to one. In Theo-

rem 4.3.11 we prove that there exists, for any given 1-Lipschitz map on A, its 1-Lipschitz
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extension to X such that its uniform distance to v is preserved.

4.2 Sharp rate of continuity of extensions of Lipschitz maps

Let A ⊂ B ⊂ Rn, n ∈ N. In this section we shall prove that given any 1-Lipschitz maps

v : Rn → Rm, for m ∈ N, and u : A→ Rm, such that

sup{‖u(x)− v(x)‖ | x ∈ A} ≤ δ,

there exists a 1-Lipschitz extension ũ : B → Rm of u, that is ũ(x) = u(x) for x ∈ A, such

that

sup{‖v(x)− ũ(x)‖ | x ∈ B} ≤
√
δ2 + 2δdv(A,B). (4.2.1)

Here by dv(A,B) we denote the number

sup{‖v(x)− v(y)‖ | x ∈ A, y ∈ B}. (4.2.2)

Note that for 1-Lipschitz functions v we have dv(A,B) ≤ diam(B). We shall also give an

example of functions u, v such that the bound is attained. This is to say, u, v are such that

for any 1-Lipschitz extension ũ of u we have equality in (4.2.1). Moreover, as we shall show,

we cannot hope, in general, for any bound, if dv(A,B) is infinite.

The proof of the following proposition follows from the proof of [71, Lemma 2.1].

Proposition 4.2.1. Let A ⊂ B ⊂ Rn and let

u : A→ Rm, v : B → Rm

be 1-Lipschitz maps. Assume that ‖u(x) − v(x)‖ ≤ δ for x ∈ A. Then there exists a

1-Lipschitz map ũ : B → Rm such that ũ(x) = u(x) for x ∈ A and

‖v(x)− ũ(x)‖ ≤
√
δ2 + 2δdv(A,B)

for all x ∈ B.

Proof. Let ε2 = δ2 + 2δdv(A,B). Let us define a map

h : B × {0} ∪A× {ε} → Rm

by the formulae h(x, 0) = v(x) for x ∈ B and h(x, ε) = u(x) for x ∈ A. Then h is a

1-Lipschitz map on a subset of Rn+1. Indeed, if x ∈ A and y ∈ B, then

‖h(y, 0)− h(x, ε)‖2 = ‖v(y)− u(x)‖2 =

= ‖v(y)− v(x)‖2 + ‖v(x)− u(x)‖2 + 2〈v(y)− v(x), v(x)− u(x)〉 ≤

≤ ‖x− y‖2 + δ2 + 2δdv(A,B) = ‖x− y‖2 + ε2.
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For other points of the domain of h the 1-Lipschitz condition follows from 1-Lipschitzness

of u and v.

Using Theorem 1.4.1 we may extend h to a 1-Lipschitz map h̃ : Rn+1 → Rm. Set for

x ∈ B, ũ(x) = h̃(x, ε). Then ũ is a 1-Lipschitz extension of u and moreover, for x ∈ B,

‖v(x)− ũ(x)‖ = ‖h̃(x, 0)− h̃(x, ε)‖ ≤ ε.

Let us now exhibit an example which shows that the bound may be attained.

Example 4.2.2. Let m > 1 and let x, y ∈ Rn, x 6= y, z = x+y
2 . Let a = ‖x− z‖ = ‖y− z‖,

let δ > 0. Define u : {x, y} → Rm by setting u(x) and u(y) so that ‖u(x)−u(y)‖ = ‖x− y‖.
Map u defined in this way is 1-Lipschitz. For the definition of v consider the triangle whose

vertices are u(x), u(y) and a point, called v(z), such that

‖v(z)− u(x)‖ = ‖v(z)− u(y)‖ = a+ δ.

Set v(x), v(y) to be the points on the triangle’s edges containing u(x) and u(y) respectively

such that ‖v(x) − u(x)‖ = δ and ‖v(y) − u(y)‖ = δ. If we define v : {x, y, z} → Rm in

this manner, then it is 1-Lipschitz. By Kirszbraun’s theorem we may extend it to Rn in

such a way that the extension is still 1-Lipschitz. We shall call this extension v : Rn → Rm.

Moreover, sup{‖u(t) − v(t)‖ | t ∈ A} = δ. Here A = {x, y}. Observe that any 1-Lipschitz

extension ũ of u to the point z must satisfy ũ(z) = u(x)+u(y)
2 , by Lemma 2.2.4. Thus, if we

set B = {x, y, z}, then any 1-Lipschitz extension ũ of u to B satisfies

‖v(z)− ũ(z)‖ =
√
δ2 + 2δa.

The situation is illustrated below.

u(x)

v(z)

u(y)u(x)+u(y)
2

v(x) v(y)

δ δ

a

a

a

a

Note now that

a = dv(A,B) if δ ≥ a and a =
1

4
dv(A,B) +

√
1

16
dv(A,B)2 +

1

2
dv(A,B)δ if δ ≤ a.
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This exhibits that the bound (4.2.1) is indeed sharp, if δ ≥ dv(A,B). Note that δ ≤ a if

and only if δ ≤ dv(A,B). Hence we have shown that for all extensions ũ of u we have

sup{‖v(z)− ũ(z)‖ | z ∈ B} =
√
δ2 + 2δdv(A,B)

if δ ≥ dv(A,B) and

sup{‖v(z)− ũ(z)‖ | z ∈ B} =

√
δ2 +

1

2
δdv(A,B) + δ

√
1

4
dv(A,B)2 + 2dv(A,B)δ

if δ ≤ dv(A,B).

The following proposition shows that (4.2.1) is asymptotically sharp for δ approaching

zero, up to a multiplicative constant.

Proposition 4.2.3. Let m > 1 and let (δk)k∈N be a sequence of positive numbers and let

a > 0. Then there exists a 1-Lipschitz map v : Rn → Rm such that for k ∈ N there exist

sets Ak, Bk ⊂ Rn, 1-Lipschitz maps uk : Ak → Rm such that

sup
{
‖v(x)− uk(x)‖ | x ∈ Ak} = δk

and for any 1-Lipschitz extensions ũk of uk to Bk we have

sup
{
‖v(x)− ũk(x)‖ | x ∈ Bk} =

√
δ2
k + 2δka.

Proof. For any δk let us construct a map vk : Ak → Rm as in Example 4.2.2, with a ∈ R
independent of k. Let Bk be the corresponding set. We may appropriately shift sets Ak

and Bk so that the resulting function v :
⋃
k∈NBk → Rm, v|Bk = vk, is 1-Lipschitz. By

Kirszbraun’s theorem we may assume that v is defined on Rn. Consider a map uk : Ak →
Rm, constructed as in Example 4.2.2. Then for any 1-Lipschitz extension ũk of uk to Bk we

have

sup{‖v(z)− ũk(z)‖ | z ∈ Bk} =
√
δ2
k + 2δka.

Proposition 4.2.4. Let δ > 0. There exist two sets A ⊂ B ⊂ Rm and 1-Lipschitz maps

v : Rn → Rm and u : A→ Rm such that

sup
{
‖v(x)− u(x)‖ | x ∈ A

}
= δ and dv(A,B) =∞

and for any 1-Lipschitz extension ũ of u to B

sup
{
‖v(x)− ũ(x)‖ | x ∈ B

}
=∞.
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Proof. Define maps u : A → Rm and v : B → Rm by reproducing, as in Proposition 4.2.3,

countably many times triangles of Example 4.2.2, with respective parameters (ak)k∈N con-

verging to infinity and fixed δ > 0. Then

sup
{
‖v(x)− u(x)‖ | x ∈ A

}
= δ and dv(A,B) =∞.

Moreover, for any 1-Lipschitz extension ũ of u to B we have

sup
{
‖v(x)− ũ(x)‖ | x ∈ B

}
≥ sup{

√
δ2 + 2δak | k ∈ N} =∞.

This shows that if the parameter dv(A,B) is infinite, then the corresponding parameter

inf
{

sup
{
‖ũ(x)− v(x)‖ | x ∈ B

}
| ũ : B → Rm is 1-Lipschitz extension of u

}
may be infinite as well.

4.3 Examples of good approximability

Let us now turn to examples of situations, in which we can prove that, for 1-Lipschitz maps

v : X → Rm and u : A→ Rm, A ⊂ X, if

‖v(x)− u(x)‖ ≤ δ for all x ∈ A,

then it is possible to extend u to a 1-Lipschitz map ũ such that

‖v(x)− ũ(x)‖ ≤ δ for all x ∈ X.

4.3.1 One-dimensional target space

Let us first consider the case when the target space is one-dimensional.

Proposition 4.3.1. Let X be a metric space. Let v : X → R be a 1-Lipschitz function.

Then for any set A ⊂ X and for any 1-Lipschitz function u : A→ R such that for all x ∈ A

|u(x)− v(x)| ≤ δ, (4.3.1)

there exists 1-Lipschitz extension ũ : X → R of v such that for all x ∈ X

|v(x)− ũ(x)| ≤ δ. (4.3.2)

Proof. Take any 1-Lipschitz extension ũ0 : X → R of u. Existence of such function follows

from McShane’s formula (see [80]). Define now 1

ũ(x) = ũ0(x) ∧ (v(x) + δ) ∨ (v(x)− δ).

Then it is readily verifiable that ũ satisfies the desired properties.
1Here, symbols a ∧ b and a ∨ b stand for minimum and maximum of two real numbers a, b respectively.
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4.3.2 One-dimensional perturbations

Our next example extends result of Section 4.3.1 and concerns 1-Lipschitz maps v : Rn → Rm

and u : A → Rm such that v(x) − u(x) ∈ Rw for some fixed w ∈ Rm and all x ∈ A. We

shall need to use below a Riemannian pseudo-metric given by the formula

dwv (x, y) = inf
{∫ b

a
‖ż(t)‖gwv (z(t))dt | z ∈ C1([a, b],Rn), z(a) = x, z(b) = y

}
. (4.3.3)

Here

‖ż(t)‖2gwv (z(t)) = gwv (z(t))(ż(t), ż(t)) = ‖ż(t)‖2 − ‖D(v ◦ z)(t))‖2 + |〈w,D(v ◦ z)(t)〉|2,

is a square of the length of a vector ż(t) with respect to the degenerate inner product gwv

given by

gwv (x)(s, t) = 〈s, t〉 − 〈Dv(x)s,Dv(x)t〉+ 〈w,Dv(x)s〉〈w,Dv(x)t〉.

Observe that for any z ∈ C1([a, b],Rn) the composition v ◦ z : [a, b] → Rm is a Lipschitz

function. By Rademacher’s theorem (see e.g. [45]) it is differentiable almost everywhere

and thus the integrals in (4.3.3) are well defined.

Below we will speak of 1-Lipschitzness with respect to the Euclidean metric and with

respect to the dwv pseudo-metric. If not stated explicitly, we consider 1-Lipschitzness with

respect to the Euclidean metric.

Lemma 4.3.2. For x, y ∈ Rn define

d(x, y) =
√
‖x− y‖2 − ‖v(x)− v(y)‖2 + 〈w, v(x)− v(y)〉2.

Then

dwv (x, y) ≤ d(x, y) for all x, y ∈ Rn.

Proof. Choose x, y ∈ Rn. Set z : [0, 1]→ Rn to be given by

z(t) = x+ t(y − x) for t ∈ [0, 1].

Let P denote the orthogonal projection in Rm onto the space orthogonal to w. Then

dwv (x, y) ≤
∫ 1

0

√
‖x− y‖2 − ‖D(Pv ◦ z)(t)‖2dt.

We apply Jensen’s inequality twice, exploiting concavity of the square root and convexity

of the norm squared. This yields

dwv (x, y) ≤

√
‖x− y‖2 −

∥∥∥∫ 1

0
D(Pv ◦ z)(t)dt

∥∥∥2
.
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Hence

dwv (x, y) ≤
√
‖x− y‖2 − ‖Pv(x)− Pv(y)‖2.

This completes the proof.

Lemma 4.3.3. Let d be as above. Then for all x, y ∈ Rn

dwv (x, y) = inf
{ l−1∑
i=1

d(xi, xi+1) | x1 = x, xl = y, xi ∈ Rn, i = 1, . . . , l, l ∈ N
}
. (4.3.4)

Proof. It is easy verifiable that dwv satisfies triangle inequality. By Lemma 4.3.2, we infer

that the left-hand side of (4.3.4) is at most the right hand-side of (4.3.4). To prove the

converse inequality let ε > 0 and take a path z ∈ C1([a, b],Rn), such that z(a) = x, z(b) = y

and

dwv (x, y) >

∫ b

a
‖ż(t)‖gwv (z(t))dt−

1

2
ε. (4.3.5)

For k ∈ N set (ski )
2k
i=0 ⊂ [a, b] to be ski = a+ (b− a) i

2k
, i = 0, . . . , 2k and consider a function

rk on [a, b] defined by

rk(t) =
2k−1∑
i=0

1[ski ,s
k
i+1)(t)

((‖z(ski+1)− z(ski )‖
ski+1 − ski

)2

−
(‖v(z(ski+1))− v(z(ski ))‖

ski+1 − ski

)2

+

+

(〈w, v(z(ski+1))− v(z(ski ))〉
ski+1 − ski

)2
) 1

2

.

Then we see that the corresponding functions rk are uniformly bounded and converge with k

converging to infinity to ‖ż(·)‖gwv (z(·)) in any point of differentiability of v ◦ z, hence almost

everywhere. Therefore, by Lebesgue’s dominated convergence theorem, for k sufficiently

large ∫ b

a
‖ż(t)‖gwv (z(t))dt >

∫ b

a
rk(t)dt−

1

2
ε. (4.3.6)

Observe that
∫ b
a rk(t)dt =

∑2k−1
i=0 d(z(ski+1), z(ski )). Combining (4.3.5) and (4.3.6) we get

dwv (x, y) ≥
2k−1∑
i=0

d(z(ski+1), z(ski ))− ε.

Thus

dwv (x, y) ≥ inf
{ l−1∑
i=1

d(xi, xi+1) | x1 = x, xl = y, xi ∈ Rn, i = 1, . . . , l, l ∈ N
}
− ε.

As this holds true for any ε > 0, the proof is complete.
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Theorem 4.3.4. Let A ⊂ Rn and let w ∈ Rm be a unit vector. Let v : Rn → Rm and

u : A→ Rm be 1-Lipschitz maps such that

v(x)− u(x) ∈ Rw (4.3.7)

for all x ∈ A. Then there exists a 1-Lipschitz extension ũ : Rn → Rm of u such that

v(x)− ũ(x) ∈ Rw for all x ∈ Rn if and only if

|〈u(x)− u(y), w〉| ≤ dwv (x, y) (4.3.8)

for all x, y ∈ A, i.e. if 〈u,w〉 is 1-Lipschitz with respect to the pseudo-metric dwv . Moreover,

if condition (4.3.8) is satisfied, then there exists a 1-Lipschitz extension ũ of u such that

for all x ∈ Rn

‖ũ(x)− v(x)‖ ≤ sup
{
‖u(x)− v(x)‖ | x ∈ A

}
.

Proof. Define t : A→ R by 〈u(x), w〉 = t(x) for x ∈ A. Assuming v(x)− u(x) ∈ Rw for all

x ∈ A, 1-Lipschitzness of u is equivalent to that∣∣t(x)− t(y)
∣∣2 ≤ ‖x− y‖2 − ‖v(x)− v(y)‖2 + 〈w, v(x)− v(y)〉2 (4.3.9)

for all x, y ∈ A. This is an immediate consequence of the Pythagorean theorem. Let, as

before, for x, y ∈ Rn

d2(x, y) = ‖x− y‖2 − ‖v(x)− v(y)‖2 + 〈w, v(x)− v(y)〉2.

Assume that u may be extended to a 1-Lipschitz function ũ : Rn → Rm such that the

condition (4.3.7) holds true for all x ∈ Rn. Then, by (4.3.9), we have, for all choices of

points x0, . . . , xl ∈ Rn such that x0 = x, xl = y,

∣∣t(x)− t(y)
∣∣ ≤ l−1∑

i=0

∣∣t(xi+1)− t(xi)
∣∣ ≤ l−1∑

i=0

d(xi+1, xi). (4.3.10)

Lemma 4.3.3 shows now that (4.3.8) holds true.

Conversely, if (4.3.8) holds true for all x, y ∈ A, then we may extend t : A → R to a

1-Lipschitz function t̃, with respect to the dwv pseudo-metric, on Rn. Such an extension is

provided by McShane’s formula (see [80])

t̃(x) = inf{t(y) + dwv (x, y) | y ∈ A}.

If we know that |〈v(x) − u(x), w〉| ≤ δ for x ∈ A, i.e. |t(x) − 〈v(x), w〉| ≤ δ, then setting

instead

t̃(x) = inf{t(y) + dwv (x, y) | y ∈ A} ∧ (〈v(x), w〉+ δ) ∨ (〈v(x), w〉 − δ)
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gives a 1-Lipschitz extension, with respect to dwv , such that

|t̃(x)− 〈v(x), w〉| ≤ δ

for all x ∈ Rn. Now, as t̃ is 1-Lipschitz with respect to dwv the function ũ = v−〈v, w〉w+ t̃w

is 1-Lipschitz extension that we wanted to find, see (4.3.9).

Let us remark, that 1-Lipschitzness of u with respect to the Euclidean metric implies its

1-Lipschitzness with respect to the pseudo-metric dwv , provided that the set A is geodesically

convex, i.e. if for any two points x, y ∈ A the infimum in the definition of the distance

dwv (x, y) is realised by paths lying in the set A.

4.3.3 Increments majorisation

In what follows we shall use the following theorem of Minty (see [84]), which encompasses

several Kirszbraun’s type theorems.

Definition 4.3.5. Let Y be a real vector space and X be a set. A real function on Y is

called finitely lower semicontinuous if its restriction to any finitely-dimensional subspace of

Y is lower semicontinuous. A function Φ: Y × X × X → R is called a K-function if Φ is

both finitely lower semicontinuous and convex in the first variable and such that for any

points (yi, xi)
l
i=1 ∈ Y ×X and any λ1, . . . , λl ≥ 0 such that

∑l
i=1 λi = 1 we have

l∑
i,j=1

λiλjΦ(yi − yj , xi, xj) ≥ 2

l∑
i=1

λiΦ(yi −
l∑

j=1

λjyj , xi, x) (4.3.11)

for all x ∈ X. If Y is finite-dimensional, then it is enough to assume that l ≤ dimY + 1.

Theorem 4.3.6. Let Y be a real vector space and X be a set. Let Φ: Y ×X ×X → R be

a K-function. Let

(yi, xi)
l
i=1 ⊆ Y ×X

be a sequence such that

Φ(yi − yj , xi, xj) ≤ 0

for all i, j = 1, . . . , l. Let x ∈ X. Then there exists a vector y ∈ Y such that

Φ(yi − y, xi, x) ≤ 0

for all i = 1, . . . , l. Furthermore, y may be chosen to lie in Conv{y1, . . . , yl}.
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Let us mention that the proof of the above theorem relies on von Neumann’s minimax

theorem.

Let now Y be a Hilbert space and let X be a set and let A ⊂ X. Our next example

concerns the extension of a map u : A→ Y that has the property that

‖u(x)− u(y)‖ ≤ ‖v(x)− v(y)‖,

for all x, y ∈ A. Here v : X → Y is a map, which we would like to stay close to ũ – an

extension of u. The following proposition holds true.

Proposition 4.3.7. Let X be a set. Assume that v : X → Y . Let A ⊂ X and let u : A→ Y

satisfy

‖u(x)− u(y)‖ ≤ ‖v(x)− v(y)‖ (4.3.12)

for all x, y ∈ A. Then there exists an extension ũ of u to X such that (4.3.12) holds for

all x, y ∈ X. Moreover, there exists an extension ũ such that (4.3.12) holds true for all

x, y ∈ X and such that for all x ∈ X

‖v(x)− ũ(x)‖ ≤ sup
{
‖v(z)− u(z)‖ | z ∈ A

}
.

Proof. Let us define Φ: Y × Y × Y → R by the formula

Φ(y, x, x′) = ‖y‖2 + 2〈y, x− x′〉.

We claim that this is a K-function. Indeed, it is convex and continuous in the first variable.

We have to check the condition (4.3.11). Let then (yi, xi)
l
i=1 ∈ Y ×Y and λ1, . . . , λl, x ∈ Y ,

be as in the definition of a K-function. A short calculation readily implies that

l∑
i.j=1

λiλj‖yi − yj‖2 − 2
l∑

i=1

λi‖yi −
l∑

j=1

λjyj‖2 = 0

and that
l∑

i.j=1

λiλj〈yi − yj , xi − xj〉 − 2

l∑
i=1

λi〈yi −
l∑

j=1

λjyj , xi − x〉 = 0.

Thus we have an equality in (4.3.11). Choose now points t1, . . . , tk ∈ A and let t ∈ X \ A.

Let w : A→ Y be defined by w = u− v. By (4.3.12) we know that

‖w(ti)− w(tj)‖2 + 2〈w(ti)− w(tj), v(ti)− v(tj)〉 ≤ 0.

That is

Φ(w(ti)− w(tj), v(ti), v(tj)) ≤ 0
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for all i, j = 1, . . . , k. By Theorem 4.3.6 there exists a point y ∈ Conv{w(t1), . . . , w(tk)},
which we shall call w(t), such that

Φ(w(ti)− w(t), v(ti), v(t)) ≤ 0

for all i, j = 1, . . . , k. Thus, if we define u(t) = w(t) + v(t), then u, on the set {t, t1, . . . , tk},
has increments majorised by v and ‖u(t)− v(t)‖ ≤ δ, provided that ‖u(ti)− v(ti)‖ ≤ δ for

all i = 1, . . . , k.

This implies that for any choice of points ti ∈ A and any t ∈ X the intersection of closed

balls
k⋂
i=1

B(u(ti), ‖v(ti)− v(t)‖) (4.3.13)

is non-empty. By compactness such intersection is non-empty also for any infinite family

of balls; in particular we may intersect over all points in A. Any point in the intersection

yields the desired extension of u to the point t.

To finish, let us partially order by inclusion all subsets of X that admit an extension

of u and contain A. By the Kuratowski–Zorn lemma, there exists a maximal element Z of

this ordering. If Z 6= X then by the procedure above, we may extend u to an extra point

of X, contradicting the choice of Z. Thus Z = X and the proof is complete.

The continuity part of the theorem follows by considering intersection of closed balls of

the form
k⋂
i=1

B(u(ti), ‖v(ti)− v(t)‖) ∩B(v(t), δ)

instead of (4.3.13).

Corollary 4.3.8. Assume that u : A → Y is a 1-Lipschitz map on a subset A of Y . Let

T : Y → Y be any isometry. Then there exists a 1-Lipschitz extension ũ : Y → Y such that

sup{‖ũ(y)− T (y)‖ | y ∈ Y } = sup{‖u(y)− T (y)‖ | y ∈ A}.

Proof. Apply Proposition 4.3.7.

4.3.4 Affine maps

Let us now consider the case when the target space is a Hilbert space Y . The theorem

below shows that if the dimension of Y is at least two, then the situation differs strikingly

from the one-dimensional case, c.f. Section 4.3.1.

Theorem 4.3.9. Let X,Y be real Hilbert spaces such that Y is of dimension at least two.

Let v : X → Y be a map. The following conditions are equivalent:
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i) for any A ⊂ X and for any 1-Lipschitz map u : A → Y there exists a 1-Lipschitz

extension ũ : X → Y of u such that for all x ∈ X

v(x)− ũ(x) ∈ Conv
{
v(z)− u(z) | z ∈ A

}
.

ii) for any δ > 0, any A ⊂ X and for any 1-Lipschitz map u : A → Y such that for all

x ∈ A
‖v(x)− u(x)‖ ≤ δ,

there exists 1-Lipschitz extension ũ : X → Y of u such that for all x ∈ X

‖v(x)− ũ(x)‖ ≤ δ,

iii) v is affine and 1-Lipschitz.

Proof. That i) implies ii) is trivial. Suppose that ii) holds true. Take any x ∈ X and let

A = {x}. Set u(x) = v(x). Then u : A→ Y is 1-Lipschitz and

‖v(x)− u(x)‖ ≤ δ for any x ∈ A and any δ > 0.

By ii), there exist 1-Lipschitz maps uδ : X → Y such that

‖v(x)− uδ(x)‖ ≤ δ for all x ∈ X.

Thus for any x, y ∈ X

‖v(x)− v(y)‖ ≤ ‖v(x)− uδ(x)‖+ ‖v(y)− uδ(y)‖+ ‖x− y‖ ≤ 2δ + ‖x− y‖.

As this holds true for any δ > 0, we see that v is 1-Lipschitz.

Our aim is now to show that for any x, y ∈ X there is

v
(x+ y

2

)
=

1

2
(v(x) + v(y)).

For this, take some x, y ∈ X such that v(x) 6= v(y) and let z = x+y
2 . Let

w =
v(x)− v(y)

‖v(x)− v(y)‖
.

Let r be a unit vector perpendicular to w lying in a tangent space to any two-dimensional

affine space containing the points v(x), v(y) and v(z). Let

h = ‖v(x)− v(y)‖

and λ, µ ∈ R be such that

v(z)− v(x) = λr + µw.
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We claim that

v(z) = λr +
1

2
(v(y) + v(x)). (4.3.14)

Let δ ∈ R and set

u(x) = v(x)− δw and u(y) = v(y)− δ(αr + βw) with α2 + β2 = 1.

Then

‖u(x)− u(y)‖2 = 2(1− β)(δ2 − δh) + h2.

Observe that if ‖x− y‖ = h, then Lemma 2.2.4 implies that v is affine on the line segment

[x, y]. We may thus assume that h < ‖x − y‖. Set γ = ‖x−y‖2−h2
2 . Then for any δ > h we

pick β ∈ (0, 1) such that

‖u(x)− u(y)‖ = ‖x− y‖.

This β is given by

β = 1− γ

δ2 − δh
. (4.3.15)

It is positive provided that δ is sufficiently large. Let A = {x, y} and B = {x, y, z}. Observe

that map u : A→ Y is 1-Lipschitz and for all p ∈ A

‖u(p)− v(p)‖ = δ.

Lemma 2.2.4 implies that any 1-Lipschitz extension ũ of u to B satisfies

ũ(z) =
u(x) + u(y)

2
.

Hence for such an extension

‖v(z)− ũ(z)‖2 =
1

4

((
2λ+ δα

)2
+
(
h+ 2µ+ δ(1 + β)

)2)
.

If δ > h, then ‖v(z)− ũ(z)‖ > δ if and only if

4δ2(2µ+ h+ λα) + δ
(
− 4λαh− 4h(h+ 2µ)− 2γ + 4λ2 + (h+ 2µ)2

)
+ c > 0, (4.3.16)

where

c = −h(h+ 2µ)2 − 4hλ2 − 2γ(h+ 2µ)

is independent of δ and α. Indeed, this follows by expansion of the squares and a rearrange-

ment that takes (4.3.15) into account. Suppose that 2µ + h > ε for some ε > 0. Observe

that, with the choice (4.3.15), α tends to 0 as δ tends to infinity. Let δ0 > 0 be such that

|λα| < 1
2ε for δ > δ0. Pick any δ > δ0 ∨ h such that

4δ2
(

2µ+ h− 1

2
ε
)

+ δ
(
− 2εh− 4h(h+ 2µ)− 2γ + 4λ2 + (h+ 2µ)2

)
+ c > 0.
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Then δ satisfies also (4.3.16). This contradicts the assumption on v. Therefore 2µ+ h ≤ 0.

This is to say

〈v(z)− v(x), v(x)− v(y)〉 ≤ −1

2
‖v(x)− v(y)‖2.

Repeating the above argument with x and y interchanged yields

〈v(y)− v(z), v(x)− v(y)〉 ≤ −1

2
‖v(x)− v(y)‖2.

If we add the above inequalities, we get an equality. Thus, there are equalities in both of

them. Hence, as v(x)− v(y) = hw and v(z)− v(x) = λr+ µw, we get 2µ+ h = 0. We have

proven (4.3.14). We now also include the case v(x) = v(y); then we take r to be a unit

vector in direction parallel to v(z)− v(x). Then (4.3.14) still holds true.

We claim now that λ = 0. Suppose conversely that λ 6= 0. We may also suppose that

λ > 0; otherwise we change r to −r. For ρ, η ∈ (0, 1) and such that ρ2 + η2 = 1 set

ν(x) = v(x) + δ(ρw − ηr) and ν(y) = v(y) + δ(−ρw − ηr).

Then ν : A→ Y satisfies ‖v(p)− ν(p)‖ = δ for all p ∈ A. We choose parameters δ, ρ and η

so that

‖ν(x)− ν(y)‖ = ‖x− y‖,

that is we put

h+ 2ρδ = ‖x− y‖. (4.3.17)

Then by Lemma 2.2.4 any 1-Lipschitz extension ν̃ of ν to B satisfies

ν̃(z) =
1

2
ν(x) +

1

2
ν(y) =

v(x) + v(y)

2
− δηr = v(z)− λr − δηr.

Then

‖v(z)− ν̃(z)‖ = λ+ δη.

Let δ > λ. Then this quantity, given (4.3.17), is greater than δ if and only if

δ >
ζ2 + λ2

2λ
, where ζ =

‖x− y‖ − h
2

.

This is to say, if δ is big enough, then there exists a 1-Lipschitz function ν that contradicts

the assumption on v. Hence λ = 0 and thus for any x, y ∈ X

v(z) =
v(x) + v(y)

2
, where z =

x+ y

2
.

Now, v is continuous and standard arguments imply that v is affine.

To prove that iii) implies i) consider first a function Φ: Y ×X ×X → R, given by

Φ(y, x, x′) = ‖y‖2 + 2〈y, v(x)− v(x′)〉 − ‖x− x′‖2 + ‖v(x)− v(x′)‖2.
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Let us check that it is a K-function. The condition of convexity and finitely lower semicon-

tinuity is clearly satisfied. We need only to check whether the condition (4.3.11) holds. It

is readily seen that the first two summands in the definition of Φ both satisfy the condition

(4.3.11) with equalities, c.f. proof of Proposition 4.3.7. Thus, to satisfy (4.3.11), we must

have

l∑
i,j=1

λiλj(‖v(xi)− v(xj)‖2 − ‖xi − xj‖2) ≥ 2
l∑

i=1

λi(‖v(xi)− v(x)‖2 − ‖xi − x‖2)

for all non-negative λi, i = 1, . . . , l, summing up to one, all x1, . . . , xl, x ∈ X. Rearranging

we get ∥∥∥ l∑
i=1

λixi − x
∥∥∥2
≥
∥∥∥ l∑
i=1

λiv(xi)− v(x)
∥∥∥2
. (4.3.18)

As v is 1-Lipschitz and affine, this is certainly true. By Theorem 4.3.6 we see that for any

points x1, . . . , xk ∈ A and any x ∈ X the intersection of closed sets

k⋂
i=1

B(u(xi), ‖xi − x‖) ∩
(
v(x) + Conv{(u(z)− v(z) | z ∈ A}

)
is non-empty. By compactness such intersection is non-empty also for any infinite number

of chosen points. Therefore we may always extend u to a 1-Lipschitz map on A ∪ {x} so

that

v(x)− u(x) ∈ Conv{v(z)− u(z) | z ∈ A}.

Let us order by inclusion all subsets of X containing A that admit the desired extension.

By the Kuratowski–Zorn lemma, there exists a maximal subset enjoying this property. If

it were not X, then by the above considerations we could find a strictly larger subset with

an extension that satisfies the desired conditions.

Remark 4.3.10. For Φ to be a K-function, the condition (4.3.18) must be valid for all x ∈ X,

whence putting x =
∑l

i=1 λixi we see immediately that v must be an affine map, for l = 2.

Moreover, if we take λ1 = 1 then we see that for all x, x′ ∈ X

‖x′ − x‖2 ≥ ‖v(x′)− v(x)‖2;

i.e. v must be 1-Lipschitz.

4.3.5 Further results

Suppose that Z is a real Hilbert space and let A ⊂ Z. In this section we consider continuity

of extensions of 1-Lipschitz on A to X ⊂ Z.
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Theorem 4.3.11. Let Z be a real Hilbert space. Suppose that X ⊂ Z. Suppose that v : X →
Rm is such that for all x, x1, . . . , xm ∈ X and all non-negative real numbers t1, . . . , tm that

sum up to one there is

‖v(x)− t1v(x1)− . . .− tmv(xm)‖ ≤ ‖x− t1x1 − . . .− tmxm‖ (4.3.19)

Then for any δ > 0, any A ⊂ X and for any 1-Lipschitz map u : A → Y such that for all

x ∈ A
‖v(x)− u(x)‖ ≤ δ,

there exists 1-Lipschitz extension ũ : X → Y of u such that for all x ∈ X

‖v(x)− ũ(x)‖ ≤ δ.

Proof. We shall first show that for any points x1, . . . , xk ∈ A and any x ∈ X the intersection

of closed sets

k⋂
i=1

B(u(xi), ‖xi − x‖) ∩
(
v(x) + Conv{(u(z)− v(z) | z ∈ A}

)
is non-empty. By Helly’s theorem (see [62]), it is enough to prove that for k ≤ m the

corresponding intersection is non-empty and that for k ≤ m+ 1 the intersection

k⋂
i=1

B(u(xi), ‖xi − x‖)

is non-empty. The latter follows by Kirszbraun’s theorem. To prove the former, consider a

function Φ: V ×X ×X → R, where V = Aff{u(xi)− v(xi) | i = 1, . . . , k}, given by

Φ(y, x, x′) = ‖y‖2 + 2〈y, v(x)− v(x′)〉 − ‖x− x′‖2 + ‖v(x)− v(x′)‖2.

Let us check that it is a K-function. The condition of convexity and finitely lower semicon-

tinuity is clearly satisfied. We need only to check whether the condition (4.3.11) holds. It

is readily seen that the first two summands in the definition of Φ both satisfy the condition

(4.3.11) with equalities, c.f. proof of Proposition 4.3.7. Thus, to satisfy (4.3.11), we must

have

l∑
i,j=1

λiλj(‖v(xi)− v(xj)‖2 − ‖xi − xj‖2) ≥ 2

l∑
i=1

λi(‖v(xi)− v(x)‖2 − ‖xi − x‖2)

for all non-negative λi, i = 1, . . . , l, summing up to one, all x1, . . . , xl, x ∈ X and numbers

l ≤ m (see Definition 4.3.5) as dimV ≤ k − 1 ≤ m− 1. Rearranging we get

∥∥∥ l∑
i=1

λixi − x
∥∥∥2
≥
∥∥∥ l∑
i=1

λiv(xi)− v(x)
∥∥∥2
.
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This holds true by the assumption on v.

By Theorem 4.3.6 we infer that for any points x1, . . . , xk ∈ A, k ≤ m, and any x ∈ X
the intersection of closed sets

k⋂
i=1

B(u(xi), ‖xi − x‖) ∩
(
v(x) + Conv{(u(z)− v(z) | z ∈ A}

)
(4.3.20)

is non-empty. Indeed, condition that Φ(y − yi, xi, x) ≤ 0 for i = 1, . . . , k and yi = u(xi) −
v(xi), is equivalent to that for i = 1, . . . , k

‖y − v(x)− (yi − v(xi))‖ ≤ ‖x− xi‖.

Hence, setting u(x) = y+v(x), we see that it belongs to the set defined by formula (4.3.20).

By compactness, and by Helly’s theorem, such intersection is non-empty also for any

infinite number of chosen points. Therefore we may always extend u to a 1-Lipschitz map

on A ∪ {x} so that

v(x)− u(x) ∈ Conv{v(z)− u(z) | z ∈ A}.

Let us order by inclusion all subsets of X containing A that admit the desired extension. By

the Kuratowski–Zorn lemma, there exists a maximal subset. If it were not X, then by the

above considerations we could find a strictly larger subset with an extension that satisfies

the desired conditions.

Let us note that similar statement for extending maps u : A→ Rn that satisfies

‖u(x)− t1u(x1)− . . .− tmu(xm)‖ ≤ ‖x− t1x1 − . . .− tmxm‖ (4.3.21)

for all x, x1, . . . , xm ∈ A and all non-negative real numbers t1, . . . , tm that sum up to one,

to a map in ũ : X → Rm that still satisfies analogous condition is false in general. Indeed,

if X = Z, then such ũ is necessairly affine, while there exists non-affine u : A → Rm that

satisfies (4.3.21) provided that A is affinely independent.

We conjecture that the opposite implication to that of Theorem 4.3.11 is also valid, that

is if v : X → Rm is a function such for any set A ⊂ X and any 1-Lipschitz u : A→ Rm there

exists a 1-Lipschitz map ũ : X → Rm such that

sup
{
‖v(x)− ũ(x)‖ | x ∈ X

}
= sup

{
‖v(x)− ũ(x)‖ | x ∈ A

}
,

then necessairly v satisfies condition (4.3.19). Note that Theorem 4.3.9 confirms this con-

jecture if X is the entire Hilbert space.
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Chapter 5

Optimal transport and Choquet
theory

5.1 Introduction

In this chapter we are concerned with study of duality theorems for optimal transport.

The novelty is the treatment of the topic with use of a variant of the Strassen’s theorem,

Theorem 5.2.1 and its implication Theorem 5.2.3. Moreover, we provide a reinterpretation

of the optimal transport problem as a variational problem concerning linear functionals

over the set of all Choquet’s representations of measures that are involved in the problem.

The reinterpretation is introduced in the two-marginal, the multi-marginal as well as in the

martingale variant of the optimal transport problem.

In Section 5.2 we recall necessary definitions and prove theorems that our results are

based on.

In Section 5.3 we provide proofs of the Kantorovich duality in two-marginal case.

In Section 5.4 we prove the Kantorovich–Rubinstein duality, i.e. the duality result for

cost function given by a metric.

In Section 5.5 we provide a proof of the Kantorovich duality in the multi-marginal

setting.

In Section 5.6 we characterise extreme points of pairs of probability measures in convex

order and prove a duality result for martingale optimal transport provided that there exists

a maximiser of the dual problem.

In Section 5.7 we investigate class of functions that appear in the dual problem to the

martingale optimal transport. We provide an intrinsic characterisation of such functions,

which is analogous to the characterisation of convex functions as the functions, whose graph

lies above its supporting tangent hyperplanes.

In Section 5.8 we apply the result of the previous section and obtain a novel character-

isation of uniformly convex and uniformly smooth functions.
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In Section 5.9 we introduce the notion of the martingale triangle inequality and prove

that if the inequality is satisfied by a cost function, then in the dual problem to the mar-

tingale optimal transport the consideration may be restricted to pairs of equal functions.

5.2 Around Strassen’s theorem

Here we shall provide a variant of Strassen’s theorem. The proof is based on the proof of

[81, Theorem T51]. We include it for completeness. We refer the reader also to [97] and [4].

Theorem 5.2.1. Let X be a separable Banach space, let (Ω,Σ, µ) be a probability space. Let

ω 7→ hω be a map from Ω to continuous, convex functions on X, which is weakly measurable,

that is, for every x ∈ X the map ω 7→ hω(x) is Σ-measurable, and such that there exists

non-negative number c such that

|hω(x)| ≤ c(‖x‖+ 1) for all x ∈ X. (5.2.1)

Set

h(x) =

∫
Ω
hω(x)dµ(ω).

For a functional x∗ ∈ X∗ the following conditions are equivalent:

i) x∗ ≤ h,

ii) there exists a map ω 7→ x∗ω from Ω to X∗ which is weakly measurable, in the sense that

ω 7→ x∗ω(x) is measurable for any x ∈ X, and such that x∗ω ≤ hω for µ-almost every

ω ∈ Ω and for all x ∈ X
x∗(x) =

∫
Ω
x∗ω(x)dµ(ω).

Proof. Observe that clearly ii) implies i). For the proof of the other implication, consider

the Banach space L1(Ω, X) of equivalence classes of measurable, integrable maps f : Ω→ X

with norm

‖f‖1 =

∫
Ω
‖f(ω)‖dµ(ω).

It’s dual space L∞(Ω, X∗) consists of almost everywhere bounded, weakly measurable, maps

with values inX∗. Define a functional λ on the subspace of constant functions by the formula

λ(x) = x∗(x).

By the assumption, λ ≤ h, on that subspace. By the Hahn–Banach theorem for convex

majorants we may extend it to a functional Λ defined on L1(Ω, X) such that it satisfies

Λ(g) ≤
∫

Ω
hω(g(ω))dµ(ω).
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Note that the right-hand side of the above inequality is well defined by the assumption

(5.2.1). By the identification of the dual space, there exists a weakly measurable map x∗ω

such that

Λ(g) =

∫
Ω
x∗ω(g(ω))dµ(ω).

To complete the proof of the theorem we need to show that for µ-almost every ω there is

x∗ω ≤ hω. Choose a dense subset (xn)n∈N in X. It is enough to show that for all n ∈ N
there is x∗ω(xn) ≤ hω(xn) for µ-almost every ω. For n ∈ N and A ∈ Σ consider map

xn1A ∈ L1(Ω, X). Then it follows that∫
A
x∗ω(xn)dµ(ω) ≤

∫
A
hω(xn)dµ(ω).

The assertion of the theorem follows by standard arguments.

Before we proceed with applications of the above modification of Strassen’s theorem, let

us recall definitions.

Definition 5.2.2. If (Ω,Σ) and (Ξ,Θ) are measurable spaces, then a Markov kernel P from

Ω to Ξ is a real function on Θ × Ω such that for any point ω ∈ Ω, P (·, ω) is a probability

measure on Θ and for any A ∈ Θ, P (A, ·) is Σ-measurable.

If µ is a probability measure on Σ, then we define Pµ to be a probability measure on Θ

such that

Pµ(A) =

∫
Ω
P (A,ω)dµ(ω) for all A ∈ Θ.

We shall denote by C(Ω) the Banach space of bounded continuous functions a topological

space Ω and by M(Ω) the Banach space of signed Borel measures on Ω normed by total

variation. By P(Ω) we shall denote the set of Borel probability measures on Ω. A subset K
of C(Ω) is said to be stable under maxima provided that f ∨g ∈ K for all functions f, g ∈ K.

Theorem 5.2.3. Let Ω be a locally compact Polish space. Let K be a convex set in C(Ω)

that is stable under maxima, contains constants, and for any constant c there is K+ c ⊂ K.

Let f ∈ C(Ω). Suppose that µ, ν are Borel probability measures such that∫
Ω
gd(µ− ν) ≤

∫
Ω
fd(µ− ν) (5.2.2)

for all g ∈ K. Then there exists a Markov kernel P form Ω to Ω such that ν = Pµ and

such that for every ω ∈ Ω∫
Ω
gd(δω − P (·, ω)) ≤

∫
Ω
fd(δω − P (·, ω))

for all g ∈ K. Moreover, the set of extreme points of the set of pairs of Borel probability

measures (µ, ν) that satisfy (5.2.2) is contained in the set of pairs of the form (δω, η) for

some ω ∈ Ω and some Borel probability measure η on Ω.
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Proof. Set X = C(Ω) to be the Banach space of all continuous bounded functions on Ω.

Let x∗ be an element of X∗ represented by a measure ν ∈M(Ω). Set for ω ∈ Ω

hω(x) = inf
{

(f − y)(ω) | y ∈ K, f − y ≥ x
}
.

Then, as K is convex, hω is convex. It is moreover continuous. Indeed, choose x1, x2 ∈ C(Ω)

and let δ = ‖x1 − x2‖. Take ε > 0, ω ∈ Ω and y1 ∈ K such that

(f − y1)(ω) < hω(x1) + ε and x1 ≤ f − y1.

Then y2 = y1 − δ belongs to K and satisfies

x2 ≤ x1 + δ ≤ f − y2 and hω(x2) ≤ (f − y2)(ω) < hω(x1) + δ + ε.

It follows that hω(x2) ≤ hω(x1) + δ. By symmetry, it follows that hω is 1-Lipschitz. As

C(Ω) is separable, so is its subset{
f − y | y ∈ K, f − y ≥ x

}
.

By the assumption that K is stable under maxima, ω 7→ hω(x) is a pointwise limit of a

sequence (f − yk)∞k=1 with yk ∈ K. We may moreover assume that

yk(ω) ≥ −‖f − x‖ for ω ∈ Ω.

Hence (f − yk)(ω) ≤ ‖f − x‖ + ‖f‖ for ω ∈ Ω. By the definition of hω(x) it follows that

(f − yk)(ω) ≥ −‖x‖. By the assumption on µ, ν

x∗(x) =

∫
Ω
xdν ≤

∫
Ω

(f − yk)(ω)dν(ω) ≤
∫

Ω
(f − yk)(ω)dµ(ω).

Now, by the dominated convergence theorem it follows that

x∗(x) ≤
∫

Ω
hω(x)dµ(ω).

By the previous observations, |hω(x)| ≤ 2‖f‖ + ‖x‖. Thus, assumptions of Theorem 5.2.1

are satisfied. Hence there is a weakly measurable function ω 7→ x∗ω with values in X∗ that

satisfies x∗ω ≤ hω for µ-almost every ω ∈ Ω and such that

x∗(x) =

∫
Ω
x∗ω(x)dµ(ω). (5.2.3)

Observe that hω(x) ≤ ‖f − x‖+ ‖f‖. Thus

x∗ω(x) ≤ hω(x)
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implies that for all positive λ

x∗ω(x) ≤
∥∥∥f
λ
− x
∥∥∥+
‖f‖
λ
.

Letting λ to infinity we infer that the norm of x∗ω is at most one. Observe that if g ∈ f −K,

then by the definition of hω,

hω(g) = g hence x∗ω(g) ≤ g(ω).

It follows that for all h ∈ K there is∫
Ω
hdδω − x∗ω(h) ≤

∫
Ω
fdδω − x∗ω(f). (5.2.4)

Putting h to be equal to constant we see that x∗ω(1) = 1. It follows that x∗ω is non-negative

functional. For if there exists non-negative g ∈ C(Ω) such that x∗ω(g) < 0, then, assuming

without loss of generality that ‖g‖ ≤ 1, we arrive at a contradication

1 = x∗ω(1) < x∗ω(1− g) ≤ ‖1− g‖ ≤ 1.

Let x′ω denote restriction of x∗ω to the Banach space C0(Ω) of all continuous functions on

Ω which vanish at infinity. Then x′ω is clearly non-negative. By the Riesz’ representation

theorem, there exists a measure P (·, ω) on Ω such that for all h ∈ C0(Ω) there is

x′ω(h) =

∫
Ω
hdP (·, ω).

Choose any h ∈ C(Ω). By Ulam’s lemma and Urysohn’s lemma there exists a bounded,

monotone, sequence of non-negative continuous and compactly supported functions (φn)n∈N

that converges pointwise to constant function 1. In view of (5.2.3),∫
Ω
hφndν =

∫
Ω

∫
Ω
hφndP (·, ω)dµ(ω).

By the dominated convergence theorem there is∫
Ω
hdν =

∫
Ω

∫
Ω
hdP (·, ω)dµ(ω). (5.2.5)

It follows that P (·, ω) is a probability measure for µ-almost every ω. For h ∈ C(Ω) let

rω(h) = x∗ω(h) −
∫

Ω hdP (·, ω). Then, rω is a non-negative functional on C(Ω). Indeed, for

h ∈ C(Ω) and a sequence (φn)n∈N as above, there is

x∗ω(h) ≥ x′ω(hφn) =

∫
Ω
hφndP (·, ω).

Taking limit, by the monotone convergence theorem, yields asserted non-negativity of rω.

By (5.2.3) and by (5.2.5) we infer that∫
Ω
rω(h)dµ(ω) = 0 for all h ∈ C(Ω).
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Choose a countable dense subset (hn)n∈N of C(Ω). It follows that

rω(hn ∨ 0) = 0 and rω(hn ∧ 0) = 0 for µ-almost every ω.

In consequence, rω = 0 for µ-almost every ω ∈ Ω. This is to say x∗ω is integration against

P (·, ω) for µ-almost every ω. We see that P defines a Markov kernel from Ω to Ω. By

(5.2.5), ν = Pµ and by (5.2.4) we have∫
Ω
gd(δω − P (·, ω)) ≤

∫
Ω
fd(δω − P (·, ω)) (5.2.6)

for µ-almost every ω ∈ Ω and all g ∈ K. To obtain the desired Markov kernel we modify P

on a measurable set of µ-measure zero of ω ∈ Ω such that the inequality (5.2.6) is not valid

for some g ∈ K by putting P (·, ω) = δω. We have

(µ, ν) =

∫
Ω

(δω, P (·, ω))dµ(ω),

so, by (5.2.4), the claim about the extreme points follows.

Remark 5.2.4. If we assume moreover that K contains a cone F , then condition (5.2.2)

implies that for all g ∈ F one has ∫
Ω
gd(µ− ν) ≤ 0.

The next corollary extends the above result to the case of pair (µ, ν) of measures on

two, possibly distinct, locally compact Polish spaces X and Y .

Corollary 5.2.5. Let X,Y be locally compact Polish spaces. Let K be a convex set in

C(X ∪ Y ) that is stabel under maxima, contains constants and for any constant c there is

K + c ⊂ K. Let f ∈ C(X ∪ Y ). Suppose that µ ∈ P(X) and ν ∈ P(Y ) are two Borel

probability measures such that∫
X
gdµ−

∫
Y
gdν ≤

∫
X
fdµ−

∫
Y
fdν (5.2.7)

for all g ∈ K. Then there exists a Markov kernel P from X to Y such that ν = Pµ and

such that for µ-almost every x ∈ X and any g ∈ K∫
Y
gd(δx − P (·, x)) ≤

∫
Y
fd(δx − P (·, x)).

Moreover, the set of extreme points of the set of pairs of Borel probability measures that

satisfy (5.2.7) is contained in the set of pairs of the form (δx, η) for some x ∈ X and some

Borel probability measure η on Y .

95



Proof. Let Ω be the disjoint union of X and Y . Let µ̃, ν̃ be the probability Borel measures

inM(Ω) that are extensions of µ and ν respectively. Then (5.2.7) is equivalent to condition

that for all g ∈ K there is ∫
Ω
gd(µ̃− ν̃) ≤

∫
Ω
fd(µ̃− ν̃).

Whence, by Theorem 5.2.3, there exists a Markov kernel P̃ from Ω to Ω such that

ν̃ = P̃ µ̃

and such that for every ω ∈ Ω and for all g ∈ K there is∫
Ω
gd(δω − P̃ (·, ω)) ≤

∫
Ω
fd(δω − P̃ (·, ω)). (5.2.8)

Let P (A, x) = P̃ (A, x) for x ∈ X and for any Borel set A ⊂ Y . Then P is a Markov kernel

from X to Y . For this, observe that

1 = ν(Y ) =

∫
X
P̃ (Y, x)dµ(x).

Hence, for µ-almost every x ∈ X, P (·, x) is a Borel probability measure on Y . For x ∈ X
that belong to the complement of this measurable set, we put P (·, x) = δy0 . It follows that

for every x ∈ X there is P (X,x) = 0. Moreover ν = Pµ. By (5.2.8) it follows that for

µ-almost every x ∈ X and all g ∈ K there is∫
Y
gd(δx − P (·, x)) ≤

∫
Y
fd(δx − P (·, x)).

The claim on the extreme points follows readily.

5.3 Optimal transport

In the following Corollary 5.2.5 is employed to prove the Kantorovich duality. The theorem

below also provides a reinterpretation of the Kantorovich problem as minimisation of a

linear functional over all Choquet’s representation of a pair of probability measures.

Theorem 5.3.1. Let X,Y be two locally compact Polish spaces and let c : X × Y → R
be a bounded Lipschitz function. Let µ and ν be Borel probability measures on X and Y

respectively. Then the supremum of integrals∫
X
φdµ−

∫
Y
ψdν

taken over the set of continuous, bounded functions φ ∈ C(X), ψ ∈ C(Y ) such that

φ(x)− ψ(y) ≤ c(x, y) for all x ∈ X, y ∈ Y
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is equal to the imfimum of integrals ∫
X×Y

cdπ

over all π ∈ Γ(µ, ν). Here Γ(µ, ν) stands for the set of all Borel probability measures on

X × Y such that its marginals are µ and ν respectively. Moreover, both supremum and

infimum are attained.

Before we come to the proof of the above theorem, let us first show that the supremum

in the statement is attained. We include the proof for completeness and refer the reader to

[103] for further discussion.

Lemma 5.3.2. There exist φ0 ∈ C(X) and φ0 ∈ C(Y ) such that for all x ∈ X and y ∈ Y
there is φ0(x) − ψ0(y) ≤ c(x, y) and for all φ ∈ C(X) and all ψ ∈ C(Y ) that satisfy

φ(x)− ψ(y) ≤ c(x, y) for all x ∈ X and y ∈ Y there is∫
X
φdµ−

∫
Y
ψdν ≤

∫
X
ψ0dµ−

∫
Y
φ0dν.

Proof. Suppose that φ ∈ C(X), ψ ∈ C(Y ) satisfy

φ(x)− ψ(y) ≤ c(x, y) for all x ∈ X, y ∈ Y. (5.3.1)

For x ∈ X put

φ′(x) = inf
{
ψ(y) + c(x, y) | y ∈ Y

}
and y ∈ Y put

ψ′(y) = sup
{
φ′(x)− c(x, y) | x ∈ X

}
.

Observe φ′ and ψ′ are both Lipschitz, with Lipschitz constant equal to the Lipschitz

constant of c, and satisfy

φ′(x)− ψ′(y) ≤ c(x, y) for all x ∈ X, y ∈ Y and φ ≤ φ′ and ψ′ ≤ ψ.

Then also for x ∈ X there is

φ′(x) = inf
{
ψ′(y) + c(x, y) | y ∈ Y

}
.

Adding appropriate constant we may assume that φ′ and ψ′ are bounded. Indeed, we may

assume that sup{φ′(x) | x ∈ X} = 0. Then we have

−‖c‖ ≤ ψ′(y) ≤ − inf{c(x, y) | x ∈ X, y ∈ Y }

and thus

inf{c(x, y) | x ∈ X, y ∈ Y } − ‖c‖ ≤ φ′(x) ≤ 0.
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This is to say, we may restrict the class of functions considered in the supremum to a class

that is uniformly bounded and uniformly Lipschitz. We claim that there exist functions φ

and ψ that maximise ∫
X
φdµ−

∫
Y
ψdν (5.3.2)

subject to the condition (5.3.1). Indeed, pick uniformly bounded and uniformly Lipschitz

sequences of admissible functions (φn)n∈N and (ψn)n∈N such that the respective integrals∫
X
φndµ−

∫
Y
ψndν

converge to the supremum. As X,Y are Polish spaces, by Ulam’s lemma for any ε > 0 there

exists compact sets K1 ⊂ X and K2 ⊂ Y such that µ(Kc
1) ≤ ε and ν(Kc

2) ≤ ε. Now, by the

Arzelà–Asoli theorem, we may assume that the sequences (φn)n∈N and (ψn)n∈N converge

locally uniformly to φ and ψ on σ-compact supports of measures µ and ν respectively.

Clearly, φ, ψ satisfy (5.3.1). Pick ε > 0 and corresponding compact sets K1,K2. Let n ∈ N
be such that for all k ≥ n the supremum distances of φk to φ on K1 and of ψk to ψ on K2

is at most ε. For such numbers k∣∣∣ ∫
X

(φk − φ)dµ−
∫
Y

(ψk − ψ)dν
∣∣∣

is bounded by

2M(µ(Kc
1) + ν(Kc

2)) +

∫
K1

|φk − φ|dµ+

∫
K2

|ψk − ψ|dν ≤ (4M + 2)ε,

where M is the uniform bound on the sequences (φn)n∈N and (ψn)n∈N. The claim follows.

Proof of Theorem 5.3.1. Without loss of generality we may assume that c is non-negative.

Pick φ0 ∈ C(X) and ψ0 ∈ C(Y ) from the lemma above. Define ρ0 ∈ C(X ∪ Y ) so that

ρ0(x) = φ0(x) for x ∈ X and ρ0(y) = ψ0(y) for y ∈ Y . Let K denote the set of all bounded

continuous functions ρ on X ∪ Y such that for x ∈ X and y ∈ Y there is

ρ(x)− ρ(y) ≤ c(x, y).

Observe that K is a convex set that is stable under maxima, contains constants K+ c ⊂ K
for all c ∈ R. Moreover, for all ρ ∈ K there is∫

X
ρdµ−

∫
Y
ρdν ≤

∫
X
ρ0dµ−

∫
Y
ρ0dν.

By Corollary 5.2.5 the extreme points of pairs of Borel probability measures satisfying such

inequality are contained in the set of pairs of the form (δx, η) with x ∈ X and η a probability
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measure on Y . By symmetry, the set of extreme points is contained in the set of pairs of

the form (δx0 , δy0)for some x0 ∈ X and y0 ∈ Y . For any such extreme point (δx0 , δy0) there

is ρ0(x0)− ρ0(y0) = c(x0, y0). Indeed, define ρ(x) = c(x, y0) for x ∈ X and set for y ∈ Y

ρ(y) = sup{c(x, y0)− c(x, y) | x ∈ X}.

Then ρ ∈ K and ρ(x0)− ρ(y0) = c(x0, y0). Thus also ρ0(x0)− ρ0(y0) = c(x0, y0).

It follows that the considered set E of extreme points is equal to{
(δx, δy) | ρ0(x)− ρ0(y) = c(x, y), x ∈ X, y ∈ Y

}
.

By Choquet’s theorem there is a probability measure π0 on E such that

(µ, ν) =

∫
E
(ξ1, ξ2)dπ0(ξ). (5.3.3)

Define

π =

∫
E
ξ1 ⊗ ξ2dπ0(ξ).

Then, by (5.3.3), π ∈ Γ(µ, ν) and∫
X×Y

cdπ =

∫
X
φdµ−

∫
Y
ψdν

and the proof is complete.

Remark 5.3.3. If c : X ×Y → R is a lower seminontinuous function, then it may be written

as a supremum of a sequence of bounded and Lipschitz functions; see e.g. [103]. Applying

Theorem 5.3.1 for each function from the sequence, we may obtain the duality result for

the function c.

5.4 Kantorovich–Rubinstein duality

In the present section we present a proof of the Kantorovich–Rubinstein duality analogous

to the proof in the former section.

Theorem 5.4.1. Suppose that Ω is a bounded, locally compact Polish space with metric d.

Let µ and ν be Borel probability measures on Ω. Then the supremum of integrals∫
Ω
gd(µ− ν)

taken over the set of 1-Lipschitz functions g ∈ C(Ω) is equal to the infimum of integrals∫
Ω×Ω

ddπ

over all π ∈ Γ(µ, ν). Here Γ(µ, ν) stands for the set of all Borel probability measures on

Ω × Ω such that its marginals are µ and ν respectively. Moreover, both supremum and

infimum are attained.
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Proof. The fact that the supremum is attained follows by Arzelà–Ascoli theorem and by

Ulam’s lemma, c.f. Lemma 5.3.2. Take a 1-Lipschitz function f : Ω→ R such that∫
Ω
gd(µ− ν) ≤

∫
Ω
fd(µ− ν) (5.4.1)

for all 1-Lipschitz functions g ∈ C(Ω). The set K of all 1-Lipschitz functions satisfies

assumptions of Theorem 5.2.3. Observe that K is also stable under minima. Hence, the set

of extreme points of pairs of measures that satisfy (5.4.1) is contained in the set of pairs of

the form (δx0 , δy0) for some x0, y0 ∈ Ω. We claim that for any such extreme point there is

f(x0)− f(y0) = d(x0, y0). (5.4.2)

Indeed, fix an extreme point (δx0 , δy0), x0, y0 ∈ Ω. Define f0(x) = d(x, y0). Then f0 ∈ K
and f0(x0)− f0(y0) = d(x0, y0). Then (5.4.2) follows, as

d(x0, y0) = f0(x0)− f0(y0) ≤ f(x0)− f(y0) ≤ d(x0, y0).

By the Choquet’s theorem, there exists a Borel probability measure π0 on the set of extreme

points E such that

(µ, ν) =

∫
E
ξdπ0(ξ). (5.4.3)

Define

π =

∫
E
ξ1 ⊗ ξ2dπ0(ξ).

Then π ∈ Γ(µ, ν), by (5.4.3). Moreover∫
Ω×Ω

d(x, y)dπ(x, y) =

∫
Ω×Ω

(
f(x)− f(y)

)
dπ(x, y) =

∫
Ω
fd(µ− ν).

5.5 Multi-marginal optimal transport

Here we generalise our approach to the multi-marginal optimal transport with finitely many

marginals; see e.g. [66]. In what follows we shall need the following lemma; see also [67].

Lemma 5.5.1. Let X1, . . . , Xk be metric spaces. Let

c : X1 × . . .×Xk → R

be a Lipschitz function. Let Ai ⊂ Xi for i = 1, . . . , k and let

fi : Ai → R for i = 1, . . . , k
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be such that for all xi ∈ Ai, i = 1, . . . , k, there is

k∑
i=1

fi(xi) ≤ c(x1, . . . , xk). (5.5.1)

Then there exists Lipschitz functions f̃i : Xi → R, i = 1, . . . , k, such that condition (5.5.1)

holds true for all xi ∈ Xi, i = 1, . . . , k. Moreover fi(xi) ≤ f̃i(xi) for all xi ∈ Ai and

i = 1, . . . , k. Each f̃i, i = 1, . . . , k, may be taken so that its Lipschitz constant is at most

the Lipschitz constant of c.

Proof. We define inductively f̃i(xi), xi ∈ Xi, for i = 1, . . . , k as

inf
{
c(x1, . . . , xk)−

i−1∑
j=1

f̃j(xj)−
k∑

j=i+1

fj(xj) | xj ∈ Xj if j < i, xj ∈ Aj if j > i
}
.

Then
∑k

i=1 f̃i(xi) ≤ c(x1, . . . , xk) for xi ∈ Xi, i = 1, . . . , k, and thus

f̃i(xi) ≤ inf
{
c(x1, . . . , xk)−

∑
j 6=i

f̃j(xj) | xj ∈ Xj , j 6= i
}
.

Moreover fi ≤ f̃i on Ai for all i = 1, . . . , k and thus f̃i is at least the infimum on the

right-hand side of the above equality. This is to say, for xi ∈ Xi and i = 1, . . . , k

f̃i(xi) = inf
{
c(x1, . . . , xk)−

∑
j 6=i

f̃j(xj) | xj ∈ Xj , j 6= i
}
.

If c was L-Lipschitz, then f̃i, i = 1, . . . , k are L-Lipschitz as infima of L-Lipschitz functions.

Remark 5.5.2. Pick xi ∈ Xi, i = 1, . . . , k. Let f(x1) = c(x1, . . . , xk) and let f(xi) = 0

for i = 2, . . . , k. Then the assumptions of the above lemma are satisfied with Ai = {xi},
i = 1, . . . , k. Therefore we may apply the c-convexification procedure described above in

the proof, to obtain functions f̃i : Xi → R, i = 1, . . . , k such that

k∑
i=1

f̃(yi) ≤ c(y1, . . . , yk) for all yi ∈ Xi

and moreover
k∑
i=1

f̃(xi) = c(x1, . . . , xk).

The following lemma is based on [103, Remark 1.13].
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Lemma 5.5.3. Let X1, . . . , Xk be sets. Let

c : X1 × . . .×Xk → R

be a bounded function. Suppose that fi : Xi → R, i = 1, . . . , k, are such that for all xi ∈ Xi

and i = 1, . . . , k

fi(xi) = inf
{
c(x1, . . . , xk)−

∑
j 6=i

fj(xj) | xj ∈ Xj , j 6= i
}
.

Then there exist constants h1, . . . , hk ∈ R that sum up to zero, such that the functions

f̃i = fi + hi satisfy

f̃i(xi) = inf
{
c(x1, . . . , xk)−

∑
j 6=i

f̃j(xj) | xj ∈ Xj , j 6= i
}

and all of them are bounded by the uniform norm of c times max{k, 3}.

Proof. Note that for any h1, . . . , hk that sum up to zero there is

inf
{
c(x1, . . . , xk)−

∑
j 6=i

f̃j(xj) | xj ∈ Xj , j 6= i
}

= fi(xi)−
∑
j 6=i

hj = f̃i(xi). (5.5.2)

Thus the first assertion is proven. Let M denote the uniform norm of c. Choose h1, . . . , hk

in such a way that

sup{f̃i(xi) | xi ∈ Xi} = M for i = 2, . . . , k.

Note that by (5.5.2) it follows that for i = 1, . . . , k and all xi ∈ Xi

−M −
∑
j 6=i

sup{f̃j(xj) | xj ∈ Xj} ≤ f̃i(xi) ≤M −
∑
j 6=i

sup{f̃j(xj) | xj ∈ Xj}.

Thus, for all x1 ∈ X1

−kM ≤ f̃1(x1) ≤ (2− k)M. (5.5.3)

Now, again from (5.5.2) and from (5.5.3), we get that for i = 2, . . . , k and xi ∈ Xi

−M − (k − 2)M + (k − 2)M ≤ f̃i(xi) ≤M − (k − 2)M + kM.

Hence, for such indices i,

−M ≤ f̃i(xi) ≤ 3M.

The following theorem provides a novel interpretation of Kantorovich problem in the

multi-marginal setting as minimisation of a certain linear functional over the set of all

Choquet’s representations of k-tuples of probability measures (µ1, . . . , µk) ∈ P.
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Theorem 5.5.4. Let X1, . . . , Xk be locally compact Polish spaces. Let c : X1×. . .×Xk → R
be a bounded Lipschitz function. Let µi be a Borel probability measure on Xi for each

i = 1, . . . , k. Then the supremum of sum of integrals

k∑
i=1

∫
Xi

fidµi

taken over the set of continuous, bounded functions fi ∈ C(Xi), i = 1, . . . , k, such that

k∑
i=1

fi(xi) ≤ c(x1, . . . , xk) for all xi ∈ Xi, i = 1, . . . , k

is equal to the infimum of integrals ∫
X1×...×Xk

cdπ

over all π ∈ Γ(µ1, . . . , µk). Here Γ(µ1, . . . , µk) stands for the set of all Borel probability

measures on X1× . . .×Xk such that its marginals on Xi are µi for i = 1, . . . , k. Moreover,

both supremum and infimum are attained.

Lemma 5.5.5. Let X1, . . . , Xk be locally compact Polish spaces. Let c : X1×. . .×Xk → R be

a non-negative bounded Lipschitz function,. Let L denote the set of all bounded continuous

functions g ∈ C(X1 ∪ . . . ∪Xk) such that for all xi ∈ Xi, i = 1, . . . , k, we have

k∑
i=1

g(xi) ≤ c(x1, . . . , xk).

Let f ∈ L. Then the set of extreme points of the set P of k-tuples of Borel probability

measures (µ1, . . . , µk) ∈ P(X1)× . . .× P(Xk) such that

k∑
i=1

∫
Xi

gdµi ≤
k∑
i=1

∫
Xi

fdµi

for all g ∈ L is equal to the set of k-tuples of the form (δx1 , . . . , δxk), such that

k∑
i=1

f(xi) = c(x1, . . . , xk).

Proof. For any l ∈ {1, . . . , k} let Il = {1, . . . , l − 1, l + 1, . . . , k} and let Ω be the disjoint

union of all Xi, i = 1, . . . , k. Let (µ1, . . . , µk) ∈ P. We shall denote by µ̃l the extension of

µl to Ω. Let µIl denote the probability measure on Ω given by

µIl =
1

k − 1

∑
i 6=l

µ̃i.
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Then, for any g ∈ L, we have∫
Ω
gdµl +

∫
Ω

(k − 1)gdµIl ≤
∫

Ω
fdµl +

∫
Ω

(k − 1)fdµIl .

Denote by XIl the disjoint union of Xi, i ∈ Il. Let Ll denote the convex set of all continuous

bounded functions on Ω which are equal to g on Xl and to −(k−1)g on XIl for some g ∈ L.

Then, Ll is stable under maxima, contains constants for any constant t there is t+Ll ⊂ Ll.
Moreover for any h ∈ Ll there is∫

Xl

hdµl −
∫
XIl

hdµIl ≤
∫
Xl

fdµl −
∫
XIl

(1− k)fdµIl .

By Corollary 5.2.5, the extreme points of the set Pl of pairs of Borel probability measures

(µ, ν) ∈ P(Xl)× P
(⋃

i∈Il Xi

)
such that∫

Xl

hdµ−
∫
XIl

hdν ≤
∫
Xl

fdµ−
∫
XIl

(1− k)fdν

for all h ∈ Ll are of the form (δx, η) for some probability η ∈ P
(⋃

i∈Il Xi

)
. By the Choquet’s

theorem there exists a Borel probability measure πl on the set El of extreme points of Pl
such that

(µl, µIl) =

∫
El
ξdπl(ξ).

Hence for any i ∈ Il
µi =

∫
El

(k − 1)ξ2|Xidπl(ξ).

Here we write ξ = (ξ1, ξ2) for ξ ∈ El. It follows that πl-almost all (k − 1)ξ2|Xi are probabil-

ities. We may write

(µ1, . . . , µl, . . . , µk) =

∫
El

(
(k − 1)ξ2|X1 , . . . , ξ1, . . . , (k − 1)ξ2|Xk

)
dπl(ξ).

Observe that for πl-almost every ξ there is(
(k − 1)ξ2|X1 , . . . , ξ1, . . . , (k − 1)ξ2|Xk

)
∈ P.

Hence, any extreme point of P has to be of the form

(η1, . . . , ηl−1, δxl , η|Xl+1
, . . . , η|Xk)

with xl ∈ Xl and some probability measures ηi for i ∈ Il. As this holds true for any

l = 1, . . . , k, any extreme point of P has to have the form (δx1 , . . . , δxk) with xi ∈ Xi,

i = 1, . . . , k.
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Take now any extreme point (δx1 , . . . , δxk) of P and let f ∈ L be as in the statement of

the lemma. Then for any g ∈ L we have

k∑
i=1

g(xi) ≤
k∑
i=1

f(xi). (5.5.4)

By Remark 5.5.2 there exists a function g ∈ L such that

k∑
i=1

g(xi) = c(x1, . . . , xk).

By (5.5.4) it follows that also

k∑
i=1

f(xi) = c(x1, . . . , xk).

The proof is complete.

Proof of Theorem 5.5.4. The fact that the supremum is attained follows by Lemmata 5.5.1,

5.5.3, by Ulam’s lemma and by Arzelà–Ascoli theorem, c.f. Lemma 5.3.2.

The assertion follows from Lemma 5.5.5 and by the Choquet’s theorem, c.f. Theorem

5.3.1. Indeed, if π0 is a Borel probability measure on the set of extreme points E of P of

the previous lemma then an optimal π ∈ Γ(µ1, . . . , µk) is given by the formula

π =

∫
E
ξ1 ⊗ . . .⊗ ξkdπ0(ξ),

where ξ = (ξ1, . . . , ξk) ∈ E .

Remark 5.5.6. If c : X1 × . . .×Xk → R is a lower seminontinuous function, then it may be

written as a supremum of a sequence of bounded and Lipschitz functions; see e.g. [103].

Applying Theorem 5.5.4 for each function from the sequence, we may obtain duality result

for the function c.

5.6 Martingale optimal transport

We shall characterise the set of extreme points of two Borel probability measures µ, ν

in convex order. Recall that two Borel probability measures µ, ν on Rn with finite first

moments are said to be in convex order provided that∫
Rn
gdµ ≤

∫
Rn
gdν

for all convex functions g : Rn → R. Recall also that a set K ⊂ Rn is called a convex

body provided that it is convex, compact and has non-empty interior. We say that points
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x1, . . . , xd ∈ Rn are affinely independent provided that none of these points lies in the affine

hull of the others.

In the proof below we could have used a result of Winkler [107]. Instead we follow a

direct approach for the sake of completeness and clarity.

Theorem 5.6.1. Let K ⊂ Rn be a convex body. Let F denote the set of continuous convex

functions on K. Let P denote the set of pairs (µ, ν) of Borel probability measures on K

that are in convex order, that is ∫
K
gd(µ− ν) ≤ 0

for all g ∈ F . Then the set of extreme points of P is equal to the set of pairs of the form

(
δx,

d+1∑
i=1

λiδxi

)
(5.6.1)

where x =
∑d+1

i=1 λixi, λi > 0 for i = 1, . . . , d + 1 and
∑d+1

i=1 λi = 1, d ≤ n and moreover

x1, . . . , xd+1 ∈ K are affinely independent.

Proof. By Theorem 5.2.3, any extreme point of P is of the form (δx, η) for some x ∈ K and

some Borel probability measure η on K. Moreover, as any affine function belongs to F , we

see that

x =

∫
K
ydη(y).

Let us fix x ∈ K. Consider the set A of all Borel probability measures that have x as their

barycentre. To prove the assertion we ought to show that the extreme points of A are of

the form
d+1∑
i=1

λiδxi

for some positive λ1, . . . , λd+1 that sum up to one, d ≤ n and x1, . . . , xd+1 affinely indepen-

dent such that

x =
d+1∑
i=1

λixi.

Let us first show that any extreme point γ ∈ A is supported on at most n+1 points. Suppose

conversely, that there exist pairwise disjoint non-empty Borel sets A1, . . . , An+2 ⊂ K such

that

K =
n+2⋃
i=1

Ai and γ(Ai) > 0 for i = 1, . . . , n+ 2.

Then there exist real numbers t1, . . . , tn+2, not all of them equal, such that

0 =
n+2∑
i=1

ti

∫
Ai

(y − x)dγ(y).
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We may assume that these numbers have absolute values all less than one and are such that

−1

2
≤

n+2∑
i=1

tiγ(Ai) ≤
1

2
.

Set

γ1 =

∑n+2
i=1 (1− ti)γ|Ai

1−
∑n+2

i=1 tiγ(Ai)
and γ2 =

∑n+2
i=1 (1 + ti)γ|Ai

1 +
∑n+2

i=1 tiγ(Ai)
.

Then γ1, γ2 belong to A. Moreover

γ =
1

2

(
1−

n+2∑
i=1

tiγ(Ai)
)
γ1 +

1

2

(
1 +

n+2∑
i=1

tiγ(Ai)
)
γ2.

Thus (δx, γ) is not an extreme point of A. The contradiction yields that γ is supported on

at most n+ 1 points.

Let d + 1 ≤ n + 1 be the number of points in the support. Let us show that we must

necessarily have

γ =

d+1∑
i=1

λiδxi

for some positive numbers λ1, . . . , λd+1 that sum up to one and x1, . . . , xd+1 affinely inde-

pendent. Suppose that this is not the case. Then there exist non-negative α1, . . . , αd+1, not

all of them equal to λ1, . . . , λd+1, such that

x =
d+1∑
i=1

αixi and
d+1∑
i=1

αi = 1.

Set χ =
∑d+1

i=1 αiδxi . Then χ ∈ A. Moreover, for any ε ∈
(

0,min
{
λ1
α1
, . . . ,

λd+1

αd+1
, 1
})

, we

may write

γ =
1

2
(1− ε)γ − εχ

1− ε
+

1

2
(1 + ε)

γ + εχ

1 + ε
,

as a convex combination of two distinct measures in A. This concludes the proof of the fact

that any extreme point of P is of the form (5.6.1).

Let us now show that any pair µ, ν of that form is indeed an extreme point of P. Observe

that by Jensen’s inequality any such pair belongs to P. If we had

(µ, ν) = λ(θ1, ρ1) + (1− λ)(θ2, ρ2)

for some (θ1, ρ1), (θ2, ρ2) ∈ P and some λ ∈ (0, 1), then necessarily θ1 = θ2 = µ, as µ is

supported on a single point x ∈ K, and ρ1, ρ2 are supported on the support of ν. As the

points in the support of ν are affinely independent and

x =

∫
Ω
ydρ1(y) =

∫
Ω
ydρ2(y),

we see that ρ1 = ρ2 = ν.

107



The reasoning presented in the previous sections of the current chapter may be also

applied to the martingale optimal transport. In this problem one is given two Borel prob-

ability measures µ, ν on a convex body K ⊂ Rn which are in convex order. The task is to

find a coupling π of µ and ν such that it is a distribution of a one-step martingale and that

minimises the integral ∫
K×K

cdπ

among all such couplings. Here c : K×K → R is a given Borel measurable funciton, callled

a cost function.

In the theorem below we shall employ the above characterisation of extreme points to

prove a duality result for the multi-dimensional martingale optimal transport, provided that

the value of the dual problem is attained.

For other results related to duality in the martingale optimal transport problem see

[20, 22].

Below we shall consider continuous functions g ∈ C(K ∪K) on the disjoint union of two

copies of K. For such a function we shall denote by g1 and g2 the restrictions of g to the

first and to the second copy of K respectively.

Theorem 5.6.2. Let K be a convex body in Rn and let c : K × K → R be a Lipschitz

function. Let µ, ν be two Borel probability measures on K in convex order. Let K denote

the set of continuous functions g on the disjoint union of two copies of K such that for all

non-negative λ1, . . . , λn+1 that add up to one and all x1, . . . , xn+1 ∈ K there is

g1

( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λig2(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
.

Let P denote the set of pairs of Borel probability measures on K that are in convex order.

Suppose that the supremum of integrals∫
K
f1dµ−

∫
K
f2dν

taken over the set K is attained. Then it is equal to the infimum of integrals∫
E

∫
K×K

cd(ξ1 ⊗ ξ2)dπ(ξ) (5.6.2)

over the set of all Borel probability measures π on the set E of extreme points of P such

that

(µ, ν) =

∫
E
ξdπ(ξ).

Moreover the infimum is attained. It is also equal to the infimum of integrals∫
K×K

cdπ (5.6.3)
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over all π ∈ Θ(µ, ν). Here Θ(µ, ν) stands for the set of all Borel probability measures on

K ×K such that its marginals are µ, ν and that are distributions of a one-step martingale.

Lemma 5.6.3. Let K be a convex body in Rn and let c : K×K → R be a Lipschitz function.

Let f ∈ K. Then the set of extreme points of the set R of pairs of Borel probability measures

(µ, ν) ∈ P(K)× P(K) that are in convex order and such that∫
K
g1dµ−

∫
K
g2dν ≤

∫
K
f1dµ−

∫
K
f2dν

for all g ∈ K is equal to the set of pairs of the form (δx,
∑d+1

i=1 λixi) for some d ≤ n,

λ1, . . . , λd+1 positive that sum up to one, x1, . . . , xd+1 ∈ K affinely independent, x =∑d+1
i=1 λixi, such that

f1

( d+1∑
i=1

λixi

)
−

d+1∑
i=1

λif2(xi) =
d+1∑
i=1

λic
( d+1∑
j=1

λjxj , xi

)
.

Proof. The set K is convex, stable under maxima, contains constants and for any t ∈ R
there is K+ t ⊂ K. Thus, by Theorem 5.2.3, any extreme point of R is of the form (δx0 , η)

for some x0 ∈ K and a Borel probability measure η on K. Let (δx0 , η) ∈ R be such an

extreme point. Let h0 ∈ C(K) be a convex continuous function on K. Let h be a function

equal to h0 on the first copy of K and equal to the same function h0 on the other copy of

K. Then f + h ∈ K. Thus η majorises δx0 in the convex order. Then we know that for any

g ∈ K we have ∫
K

(
g1(x0)− g2(y)

)
dη(y) ≤

∫
K

(
f1(x0)− f2(y)

)
)dη(y). (5.6.4)

As f ∈ K, the right-hand side of the above inequality is bounded above by∫
K
c(x0, y)dη(y). (5.6.5)

Indeed, as η majorises δx0 in the convex order, by Theorem 5.6.1, there exists a Borel

probability measure on the set of extreme points E of P such that

(δx,0η) =

∫
E
ξdπ(ξ). (5.6.6)

The fact that f ∈ K may be rephrased by∫
K
f1dξ1 −

∫
K
f2dξ2 ≤

∫
K×K

cd(ξ1 ⊗ ξ2)

for all ξ ∈ E . The fact that (5.6.4) is bounded by (5.6.5) follows by the integration against

π.
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By the McShane extension formula (see [80]), we may assume that c is defined and

Lipschitz on Rn ×Rn. Define g so that for y ∈ K we have g2(y) = −c(x0, y) and for x ∈ K
set

g1(x) = inf
{ n+1∑
i=1

λi
(
c(x, yi)− c(x0, yi)

)
|
(
δx,

d+1∑
i=1

λiδyi

)
∈ E
}
.

Here the infimum is over all pairs of measures in E . Then

g1(x)−
n+1∑
i=1

λig2(yi) ≤
n+1∑
i=1

λic(x, yi)

for all y1, . . . , yn+1 ∈ K, all non-negative λ1, . . . , λn+1 ≥ 0 summing up to one, with x =∑n+1
i=1 λiyi. Moreover, g1(x0) = 0. We claim that g is Lipschitz. Indeed, for any x, y ∈ K

and any y1, . . . , yn+1 ∈ Rn and non-negative λ1, . . . , λn+1 that sum up to one and such that

y =
∑n+1

i=1 λiyi we have

n+1∑
i=1

λi
(
c(x, yi + x− y))− c(x0, yi + x− y)

)
≤

≤
n+1∑
i=1

λi
(
c(y, yi)− c(x0, yi)

)
+ 3L‖x− y‖,

where L is the Lipschitz constant of c. Thus

g1(x) ≤ g1(y) + 3L‖x− y‖.

This shows that g1 is Lipschitz, hence continuous. In consequence, g ∈ K. Observe that,

for such g, ∫
K

(
g1(x0)− g2(y)

)
dη(y) =

∫
K
c(x0, y)dη(y).

Let π be as in (5.6.6). It follows by (5.6.4) that for π-almost every ξ we have∫
K

(f1(x0)− f2(y)
)
dξ2(y) =

∫
K
c(x0, y)dξ2(y),

where δx0 = ξ1. Hence π-almost every ξ ∈ E belongs to R. Therefore any extreme point of

R is necessary an extreme point of P. The assertion follows readily.

Proof of Theorem 5.6.2. First part of the theorem follows directly from Lemma 5.6.3 and

Choquet’s theorem. For a proof of the second part, take a Borel probability measure π0 on

E that attains the infimum (5.6.2). Set

π =

∫
E
ξ1 ⊗ ξ2dπ0(ξ).

Then π ∈ Θ(µ, ν) is optimal for (5.6.3).
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5.7 Dual problem in martingale optimal transport

Let µ, ν be Borel probability measures on Rn with finite first moments that are in convex

order. Martingale optimal transport problem between µ and ν admits a dual problem,

which is to find the supremum of integrals∫
Rn
f1dµ−

∫
Rn
f2dν

taken over the set of all continuous functions f1, f2 ∈ C(Rn) such that

f1(x)− f2(y) ≤ c(x, y) + 〈γ(x), y − x〉

for all x, y ∈ Rn and for some map γ : Rn → Rn. In this section we investigate this class

of functions. We prove that this class of functions is equal to the class considered in the

previous section.

Definition 5.7.1. Let K ⊂ Rn be a convex set. Then F ⊂ K is a face of K if for any

z ∈ F and any t ∈ (0, 1) such that z = tx+ (1− t)y for some x, y ∈ K we have x, y ∈ F .

Let us observe that for any x ∈ K, there exists the minimal face of K containing x. This

holds true by the fact that K itself is a face and that the interesection of a family of faces

is a face. Uniqueness of minimal faces follows again by the property that the intersection

of two faces is a face. Note that by the Hahn–Banach theorem it follows that x belongs to

the relative interior of the minimal face that contains x.

Suppose that K ⊂ Rn is a convex body. Let c : K ×K → R be non-negative. We shall

denote by L the set of functions f ∈ C(K ∪K) such that there is a map γ : K → Rn such

that for all x ∈ K and all y ∈ K that belong to the minimal face of K that contains x there

is

f1(x)− f2(y) ≤ c(x, y) + 〈γ(x), y − x〉.

Here, as before, f1 is the restriction of f to the first copy of K and f2 is the restriction of

f to the second copy of K.

Lemma 5.7.2. The set L is convex, stable under maxima, contains constants and for any

t ∈ R there is L+ t ⊂ L.

Proof. Observe that the only non-trivial assertion is that L is stable under maxima. For

the proof of this fact let f, g ∈ L and let h denote f ∨ g. Let γ, θ : K → Rn be such that

f1(x)− f2(y) ≤ c(x, y) + 〈γ(x), y − x〉 and g1(x)− g2(y) ≤ c(x, y) + 〈θ(x), y − x〉
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for all x ∈ K and all y in the minimal face of K that contains x. Define ρ : K → Rn by

setting ρ(x) = γ(x) if f1(x) ≥ g1(x) and ρ(x) = θ(x) if f1(x) < g1(x). Suppose that x ∈ K
is such that f1(x) ≥ g1(x). Then for all y in the minimal face of K that contains x

h1(x) = f1(x) ≤ c(x, y) + 〈γ(x), y − x〉+ f2(y) ≤ c(x, y) + 〈ρ(x), y − x〉+ h2(y).

If f1(x) < g1(x), then we prove analogus inequality in the same way. It follows that

h ∈ L.

Theorem 5.7.3. Let K be a convex body in Rn. Let c : K×K → R be a Lipschitz function.

Let f ∈ C(K ∪ K) be a continuous function on a disjoint union of two copies of K. The

following conditions are equivalent:

i) for all x1, . . . , xn+1 ∈ K and all non-negative λ1, . . . , λn+1 that sum up to one there is

f1

( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif2(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
,

ii) there exists γ : K → Rn such that for any x ∈ K there and for all y ∈ K in the minimal

face of K that contains x we have

f1(x)− f2(y) ≤ c(x, y) + 〈γ(x), y − x〉.

iii) for any one-step martingale (X0, X1) with values in K there is

E
(
f1(X0)− f2(X1)

)
≤ Ec(X0, X1).

Proof. Let us prove that the conditions i) and iii) are equivalent. Take a one-step martingale

(X0, X1) with values in K. Let π denote its distribution. Then there exists π0 – a Borel

probability measure on the set E of extreme points of the set of pairs of Borel probability

measures that are in convex order such that

π =

∫
E
ξ1 ⊗ ξ2dπ0(ξ).

Note that, by Theorem 5.6.1, i) tells us that for any ξ ∈ E there is∫
K
f1dξ1 −

∫
K
f2dξ2 ≤

∫
K×K

cd(ξ1 ⊗ ξ2).

Therefore

E
(
f1(X0)− f2(X1)

)
=

∫
E

(∫
K
f1dξ1 −

∫
K
f2dξ2

)
dπ0(ξ) ≤

≤
∫
E

∫
K×K

cd(ξ1 ⊗ ξ2)dπ0(ξ) = Ec(X0, X1).
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This is to say, i) implies iii). For the converse implication, take any x1, . . . , xn+1 ∈ K and

any non-negative λ1, . . . , λn+1 that sum up to one. Set X0 =
∑n+1

i=1 λixi and X1 = xi with

probability λi for i = 1, . . . , n+ 1. Then (X0, X1) is a one-step martingale, for which

E
(
f1(X0)− f2(X1)

)
= f1

( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif2(xi)

and

Ec(X0, X1) =
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
.

For the proof of the other equivalences, without loss of generality, we may assume that

c is non-negative. Let us denote the set of continuous functions on K that satisfy condition

i) by K1 and the set of continuous functions on K that satisfy condition ii) by K2. Observe

that trivially K2 ⊂ K1. Moreover both K1 and K2 are convex sets that are stable under

maxima, contain constants and are such that for all t ∈ R there is Ki+t ⊂ Ki for i = 1, 2; see

Lemma 5.7.2. Suppose that there exists f ∈ K1 \ K2. Then by the Hahn–Banach theorem

there exists a Borel measure η ∈M(K ∪K) such that for all g ∈ K2∫
K∪K

fdη >

∫
K∪K

gdη. (5.7.1)

Since constant functions belong to K2, measure η may be written as a difference of two

Borel measures of equal masses. Since any continuous function that is negative on the first

and positive on the second copy of K belongs to K2, we see that η = µ − ν, for some

non-negative µ, ν such that µ is supported on the first copy of K and ν is supported on

the second copy of K. Without loss of generality we may assume that these measures are

probabilities. Observe that if h0 ∈ C(K) is any convex function then h ∈ C(K ∪K) such

that h1 = h2 = h0 belongs to K2. Thus µ and ν are in convex order. By Theorem 5.2.3 any

extreme point of the set of such pairs of measures has the form (δx0 , σ) for some x0 ∈ K
and some Borel probability measure σ with barycentre x0. We may therefore assume that

(µ, ν) = (δx0 , σ) for some x0 ∈ K and some σ with barycentre x0. Define k : K ∪K → R
by k2(y) = −c(x0, y) for y ∈ K and for x ∈ K set

k1(x) = inf{c(x, y)− c(x0, y) | y ∈ K}.

Then k1(x0) = 0, k is continuous by Lipschitzness of c and thus h ∈ K2, with γ equal to

zero. It follows that there exists σ such that∫
K
c(x0, y)dσ(y) =

∫
K

(
k1(x0)− k2

)
dσ <

∫
K

(
f1(x0)− f2

)
dσ. (5.7.2)
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Recall that (δx0 , σ) is ordered in convex order. Thus, there exists a probability measure π

on the set E of extreme points of measures in convex order such that

(δx0 , σ) =

∫
E
ξdπ(ξ).

It follows, by Theorem 5.6.1, and the definition of K1, that∫
K

(
f1(x0)− f2

)
dσ ≤

∫
K
c(x0, y)dσ(y).

This stands in contradiction to (5.7.2) and proves that f ∈ K2.

Below we generalise the above theorem to the case of any convex set K ⊂ Rn, not

necessarily a compact one.

Corollary 5.7.4. Let K be a convex set in Rn. Suppose that c : K ×K → R is a locally

Lipschitz function. Let f ∈ C(K ∪K). The following conditions are equivalent:

i) for all x1, . . . , xn+1 ∈ K and all non-negative λ1, . . . , λn+1 that sum up to one there is

f1

( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif2(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
,

ii) there exists γ : K → Rn such that for any x ∈ K there and for all y ∈ K in the minimal

face of K that contains x we have

f1(x)− f2(y) ≤ c(x, y) + 〈γ(x), y − x〉.

iii) for any bounded one-step martingale (X0, X1) with values in K there is

E
(
f1(X0)− f2(X1)

)
≤ Ec(X0, X1).

Proof. Without loss of generality we may assume that intK is non-empty. Choose a increas-

ing sequence (Kn)∞n=1 of compact convex subsets of K such that its union is intK. Suppose

that f ∈ C(K ∪K) satisfies i). Pick x ∈ intK and let ε > 0 be such that B(x, ε) ⊂ intK.

Here B(x, ε) denotes the closed ball of radius ε centred at x. Then by Theorem 5.7.3 for

any n ∈ N sufficiently large so that x ∈ intKn there exists γn such that for all y ∈ Kn there

is

f1(x)− f2(y) ≤ c(x, y) + 〈γn, y − x〉. (5.7.3)

Let n0 be such thatB(x, ε) ⊂ Kn0 . Take n > n0. Suppose that γn 6= 0 and set yn = x−ε γn
‖γn‖ .

Then yn ∈ Kn0 ⊂ Kn and therefore, by (5.7.3),

‖γn‖ ≤
1

ε

(
c(x, yn)− f1(x) + f2(yn)

)
.
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As c is bounded on {x} ×Kn0 and f is bounded on Kn0 , the right-hand side of the above

inequality is bounded. Hence, so is the left-hand side. We may therefore pick γ that is

an accumulation point of the sequence (γn)∞n=1. From (5.7.3) and from continuity of f it

follows now that for all y ∈ K

f1(x)− f2(y) ≤ c(x, y) + 〈γ, y − x〉.

This is to say, f satisfies also ii) if x ∈ intK. If γn = 0 for infinitely many n, then the above

inequality holds true with γ = 0.

Pick now x ∈ K and let L denote the minimal face of K that contains x. Then x

belongs to the relative interior of L. We repeat the above argument with K replaced by L

considered as a convex subset of its affine hull.

That ii) implies i) is straightforward.

The equivalence of i) and iii) follows readily from Theorem 5.7.3.

We shall now investigate continuity properties of functions that satisfy conditions of

Theorem 5.7.3 or of Corollary 5.7.4. We shall need the following lemma.

Lemma 5.7.5. Suppose that f : [a, b]→ R is such that for all λ ∈ [0, 1] and all x, y ∈ [a, b]

there is

λf(x) + (1− λ)f(y)− f(λx+ (1− λ)y) ≤ λc(λx+ (1− λ)y, x) + (1− λ)c(λx+ (1− λ)y, y).

Then for all a ≤ x1 < x2 < x3 ≤ b the quotient f(x3)−f(x1)
x3−x1 is bounded below by

f(x3)− f(x2)

x3 − x2
+
c(x2, x3)− c(x2, x1)

x3 − x1
− c(x2, x3)

x3 − x2

and above by
f(x2)− f(x1)

x2 − x1
+
c(x2, x3)− c(x2, x1)

x3 − x1
+
c(x2, x1)

x2 − x1
.

Proof. Let λ ∈ (0, 1) be such that x2 = λx1 + (1− λ)x3, that is

λ =
x3 − x2

x3 − x1
.

Then we know that

λf(x1) + (1− λ)f(x3)− f(x2) ≤ λc(x2, x1) + (1− λ)c(x2, x3).

Hence putting formula for λ we obtain that

f(x3)− f(x2)

x3 − x2
+
c(x2, x3)− c(x2, x1)

x3 − x1
− c(x2, x3)

x3 − x2
≤ f(x3)− f(x1)

x3 − x1

and
f(x3)− f(x1)

x3 − x1
≤ f(x2)− f(x1)

x2 − x1
+
c(x2, x3)− c(x2, x1)

x3 − x1
+
c(x2, x1)

x2 − x1
.
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Lemma 5.7.6. Let K be a convex, open set in Rn. Suppose that f : K → R is such that

for all x, y ∈ K and all λ ∈ [0, 1] there is

λf(x) + (1− λ)f(y)− f(λx+ (1− λ)y) ≤ λc(λx+ (1− λ)y, x) + (1− λ)c(λx+ (1− λ)y, y).

Suppose that c is L-Lipschitz in the second variable and is such that for all x, y ∈ K there

is |c(x, y)| ≤ Λ‖x− y‖ for some constant Λ. Then f is locally Lipschitz in K.

Proof. Suppose that n = 1. Then, without loss of generality, K = [a, d] for some a < d.

Choose numbers b, c so that a < b < c < d. Then applying Lemma 5.7.5 four times yields

that for any x, y such that b < x < y < c we have

f(y)− f(x)

y − x
≤ f(b)− f(a)

b− a
+
c(x, y)

y − x
+
c(b, a)

b− a
+
c(b, y)− c(b, a)

y − a
− c(x, y)− c(x, a)

y − a

and

f(d)− f(c)

d− c
− c(c, x)

c− x
+
c(c, d)− c(c, x)

d− x
− c(y, x)

y − x
− c(y, d)− c(y, x)

d− x
≤ f(y)− f(x)

y − x
.

In particular on [b, c] function f has Lipschitz constant at most

max
{∣∣∣f(b)− f(a)

b− a
+ 2L+ 2Λ

∣∣∣, ∣∣∣f(d)− f(c)

d− c
− 2L− 2Λ

∣∣∣}.
Suppose now that n > 1 and that, by induction, the lemma holds true for all dimensions at

most n−1. Choose any simplices X,Y and any ball B in K and such that B ⊂ X ⊂ Y ⊂ K
and such that B and the boundaries ofX and Y are pairwise disjoint. Then, by the inductive

assumption, f is continuous on the boundaries of X and Y , and therefore the function

∂X × ∂Y 3 (x, y) 7→ |f(x)− f(y)|
‖x− y‖

∈ R

is bounded by a constant M . Choose any points x, y ∈ B. Choose a unique line passing

through x and y. Then there exist unique points x1, x2 ∈ X and y1, y2 ∈ Y such that the

line intersects ∂X in x1, x2 and ∂Y in y1, y2 where, without loss of generality,

y1 < x1 < x < y < x2 < y2

on the line. By Lemma 5.7.5 we see that

|f(y)− f(x)|
‖x− y‖

≤ max
{∣∣∣f(y2)− f(x2)

‖y2 − x2‖
− 2L− 2Λ

∣∣∣, ∣∣∣f(x1)− f(y1)

‖y2 − x2‖
+ 2L+ 2Λ

∣∣∣}
Therefore f has Lipschitz constant at most M + 2L+ 2Λ on B.

Corollary 5.7.7. Let K be a convex set in Rn. Suppose that c : K × K → R is locally

Lipschitz. Let f ∈ C(K). The following conditions are equivalent:
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i) for all x1, . . . , xn+1 ∈ K and all non-negative λ1, . . . , λn+1 that sum up to one there is

f
( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
,

ii) there exists γ : K → Rn such that for any x ∈ K there and for all y ∈ K in the minimal

face of K that contains x we have

f(x)− f(y) ≤ c(x, y) + 〈γ(x), y − x〉.

iii) for any bounded one-step martingale (X0, X1) with values in K there is

E
(
f(X0)− f(X1)

)
≤ Ec(X0, X1).

Moreover, if K is open and additionally for any x0 ∈ K there exist open, convex set K ′ ⊂ K
such that x0 ∈ K ′ and |c(x, y)| ≤ Λ‖x− y‖ for all x, y ∈ K ′ and some constant Λ, then we

may drop the assumption on the continuity of f . In such case, any function that satisfies

the above conditions is locally Lipschitz.

Proof. The equivalence of the conditions i) ii) and iii) follows from Corollary 5.7.4. The

second part of the corollary follows from Lemma 5.7.6, as, in such case, any function f that

satisfies i), ii) or iii) is continuous in K.

5.8 Uniform convexity and uniform smoothness

In this section we employ the results of the previous section to provide a characterisation

of uniformly smooth and uniformly convex functions on Rn, or, more generally, on an open,

convex set K ⊂ Rn. We refer the reader to [10] and to [108] and references therein for

previous studies of the topic. Let us recall the definitions.

Definition 5.8.1. Let σ : R→ R. A function f : K → R is called σ-convex provided that

f(λx+ (1− λ)y) + λ(1− λ)σ(‖x− y‖) ≤ λf(x) + (1− λ)f(y)

for all λ ∈ [0, 1] and all x, y ∈ K. A function g : K → R is called σ-smooth provided that

g(λx+ (1− λ)y) + λ(1− λ)σ(‖x− y‖) ≥ λg(x) + (1− λ)g(y)

for all λ ∈ [0, 1] and all x, y ∈ K.

Another notion of convexity and smoothness is as follows (see [10]).
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Definition 5.8.2. Let γ ∈ Rn and let x ∈ K. We say that f : K → R is σ-uniformly convex

at x with respect to γ if for all y ∈ K there is

f(x) + σ(‖y − x‖) + 〈γ, y − x〉 ≤ f(y).

Likewise, g : K → R is called σ-uniformly smooth at x with respect to γ if for all y ∈ K
there is

g(x) + σ(‖y − x‖) + 〈γ, y − x〉 ≥ g(y).

Note that the condition that f : K → R is σ-uniformly convex at any x ∈ K is equivalent

to condition ii) of Corollary 5.7.7 for the function

c(x, y) = −σ(‖y − x‖), x, y ∈ K.

Similarly, σ-uniform smoothness at any x ∈ K of a function g : K → R is equivalent to

condition ii) of Corollary 5.7.7 for −g and the function

c(x, y) = σ(‖y − x‖), x, y ∈ K.

Now, Corollary 5.7.7 implies the following theorem, which complements the results of

[10].

Theorem 5.8.3. Let K ⊂ Rn be an open, convex set. Suppose that σ : R → R is locally

Lipschitz function such that σ(0) = 0. Let f : K → R. The following conditions are

equivalent:

i) there exists γ : K → Rn such that for any x ∈ K the function f is σ-uniformly convex

at x with respect to γ(x) ∈ Rn,

ii) for any x1, . . . , xn+1 ∈ K and any non-negative λ1, . . . , λn+1 that sum up to one there

is

f
( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif(xi) ≤ −
n+1∑
i=1

λiσ
(∥∥∥ n+1∑

j=1

λjxj − xi
∥∥∥),

iii) for any bounded one-step martingale (X0, X1) with values in K there is

E
(
f(X0)− f(X1)

)
≤ −Eσ(‖X0 −X1‖).

Also, the following conditions are equivalent:

i) there exists γ : K → Rn such that for any x ∈ K the function f is σ-uniformly smooth

at x with respect to γ(x) ∈ Rn,
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ii) for any x1, . . . , xn+1 ∈ K and any non-negative λ1, . . . , λn+1 that sum up to one there

is

f
( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif(xi) ≥ −
n+1∑
i=1

λiσ
(∥∥∥ n+1∑

j=1

λjxj − xi
∥∥∥),

iii) for any bounded one-step martingale (X0, X1) with values in K there is

E
(
f(X0)− f(X1)

)
≥ −Eσ(‖X0 −X1‖).

Moreover, any function f that satisfies one of the above conditions is locally Lipschitz in

K.

Proof. The assumptions on σ imply that the functions

(x, y) 7→ −σ(‖y − x‖) and (x, y) 7→ σ(‖y − x‖)

are locally Lipschitz in K ×K and moreover for any x0 ∈ K there exists an open, convex

set K ′ ⊂ K such that x0 ∈ K ′ and for all x, y ∈ K ′ there is

|σ(‖y − x‖)| ≤ Λ‖y − x‖,

where Λ depends on σ. This is to say, the assumptions of Corollary 5.7.7 are satsfied. Thus,

the assertion of the theorem follows from the conclusion of Corollary 5.7.7.

5.9 Martingale triangle inequality

In this section we introduce the notion of martingale triangle inequality for cost functions

c : K×K → R, where K ⊂ Rn is a convex set. We shall show that if it is satisfied by a cost

function c, which vanishes on the diagonal, then one may take f1 = f2 in the dual problem

to the martingale optimal transport.

Definition 5.9.1. Let K ⊂ Rn be a convex set. Let c : K×K → R. We say that c satisfies

martingale triangle inequality provided that for all x, x1, . . . , xn+1 ∈ K and all non-negative

λ1, . . . , λn+1 that sum up to one there is

n+1∑
i=1

λic(x, xi)− c
(
x,

n+1∑
i=1

λixi

)
≤

n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
. (5.9.1)

In other words, for any x ∈ K function −c(x, ·) satisfies condition i) or Corollary 5.7.4,

with cost function c.
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Remark 5.9.2. Condition (5.9.1) is satisfied if c is a metric on K and also it is satisfied if

c is concave in the second variable and non-negative. Also, this condition defines a closed

convex cone of functions. Note also that for a function given by c(x, y) = ‖x − y‖2 for

x, y ∈ K, where ‖·‖ deotes Euclidean norm on K, we have equality in (5.9.1).

The following theorem is a martingale optimal transport analogue of the Kantorovich–

Rubinstein duality for the classical optimal transport problem with a metric cost function;

see Section 5.4.

Theorem 5.9.3. Let K be a convex body in Rn. Let c : K × K → R be a continuous

function satisfying martingale triangle inequality and vanishing on the diagonal.

Let B1 denote the set of functions f ∈ C(K) such that for all x1, . . . , xn+1 ∈ K and all

non-negative λ1, . . . , λn+1 that sum up to one there is

f
( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λif(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
.

Let B2 denote the set of functions g ∈ C(K ∪K) on the disjoint union of two copies of

K such that for all x1, . . . , xn+1 ∈ K and all non-negative λ1, . . . , λn+1 that sum up to one

there is

g1

( n+1∑
i=1

λixi

)
−
n+1∑
i=1

λig2(xi) ≤
n+1∑
i=1

λic
( n+1∑
j=1

λjxj , xi

)
.

Then, for any Borel probability measures µ, ν on K in convex order there is

sup
{∫

K
fd(µ− ν) | f ∈ B1

}
= sup

{∫
K
g1dµ−

∫
K
g2dν | g ∈ B2

}
. (5.9.2)

Proof. Clearly, the supremum on the right-hand side of (5.9.2) is at least the supremum on

the left-hand side of (5.9.2), as if f ∈ B1, then g : K ∪K → R defined by g1 = f and g2 = f

belongs to B2.

Suppose that there exists ε > 0 such that for any function f ∈ B1∫
K
fd(µ− ν) + 2ε ≤ sup

{∫
K
g1dµ−

∫
K
g2dν | g ∈ B2

}
.

It follows that there exists g ∈ B2 such that for all f ∈ B1 we have∫
K
fd(µ− ν) + ε ≤

∫
K
g1dµ−

∫
K
g2dν. (5.9.3)

By Corollary 5.2.5, any extreme point of pairs of probability measures P that satisfy∫
K
fd(µ− ν) ≤

∫
K
g1dµ−

∫
K
g2dν.

120



for all f ∈ B1 is of the form (δx0 , η) for some x0 ∈ K and a Borel probability measure η.

Hence, by (5.9.3), for some x0 ∈ K and some η ∈ P(K) and all f ∈ B1∫
K

(f(x0)− f)dη + ε ≤
∫
K

(
g1(x0)− g2

)
dη. (5.9.4)

Note that any such pair (δx0 , η) is in convex order. Thus there exists a Borel probability

measure π0 on the set E of extreme points of pairs of measures in convex order such that

(δx0 , η) =

∫
E
ξdπ0(ξ). (5.9.5)

But, as g ∈ B2, for any ξ ∈ E we have∫
K×K

(g1(x)− g2(y))d(ξ1 ⊗ ξ2)(x, y) ≤
∫
K×K

cd(ξ1 ⊗ ξ2).

Take f = −c(x0, ·). Then, by the martingale triangle inequality, f ∈ B1. This, together wih

(5.9.5) and (5.9.4), yields a contradiction.
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Chapter 6

Matrix Hölder’s inequality

6.1 Introduction

In this chapter we consider matrix Hölder’s inequality, which constitutes an extension of

the classical Hölder’s inequality to the matrix setting. The result of the chapter is the

characterisation of the equality cases. Theorem 6.2.1 and Theorem 6.2.4 and their proofs

are based on [14]. We refer the reader also to [23]. We include the proofs for completeness

and to provide an analysis of equality cases.

Section 6.2 is devoted to a proof of the inequality and Section 6.3 characterises equality

cases in matrix Hölder’s inequality.

6.2 Inequality

For a matrix A of size m× n we shall denote by |A| its absolute value, that is

|A| = (A∗A)
1
2 .

Theorem 6.2.1. Let A,B be two m× n matrices with real entries. Then

|tr(A∗B)| ≤ (tr|A||B|)
1
2
(
tr|A∗||B∗|

) 1
2 . (6.2.1)

Lemma 6.2.2. Let A be an m× n matrix with real entries. Then there exist orthonormal

basis (ei)
n
i=1 and (fj)

m
j=1 and non-negative numbers (ai)

n∧m
i=1 such that

Aei = aifi and A∗fj = ajej for all i, j = 1, . . . , n ∧m

and Aei = 0, A∗fj = 0 for i, j > n ∧m.

Proof. For the proof, let (ei)
n
i=1 be an orthonormal basis of eigenvectors of A∗A with non-

negative eigenvalues (a2
i )
n
i=1, ai ≥ 0. We may assume that for i ≥ n∧m there is A∗Aei = 0,

as the rank of A∗A is at most n ∧m.
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For indices such that ai = 0, we have Aei = 0, as ‖Aei‖2 = 〈A∗Aei, ei〉 = 0. Set

fj =
1

aj
Aej for j such that aj 6= 0. (6.2.2)

These are orthonormal, eigenvectors of AA∗ such that A∗fj = ajej .

Note that any eigenvector of AA∗ that is orthogonal to all fj has eigenvalue equal to

zero. Indeed, if f is such an eigenvector, then for all j

0 = 〈f,Aej〉 = 〈A∗f, ej〉,

that is A∗f = 0 and thus AA∗f = 0.

We may thus complement the eigenvectors (6.2.2) to a full orthnormal basis (fj)
m
j=1 by

introducing eigenvectors of AA∗ with zero eigenvalue. For such vectors we have A∗fj = 0.

This completes the proof of the lemma.

Proof of Theorem 6.2.1. Take orthonormal basis (ei)
n
i=1, (fj)

m
j=1 and non-negative numbers

(ai)
n∧m
i=1 for A and (gi)

n
i=1, (hj)

m
j=1, (bi)

n∧m
i=1 for B, as in Lemma 6.2.2. Then

|tr(A∗B)| =
∣∣∣ n∧m∑
i,j=1

aibj〈ei, gj〉〈fi, hj〉
∣∣∣.

The Cauchy–Schwarz inequality yields

|tr(A∗B)| ≤
( n∧m∑
i,j=1

aibj〈ei, gj〉2
) 1

2
( n∧m∑
i,j=1

aibj〈fi, hj〉2
) 1

2
.

Note now that for i, j ≤ n ∧m we have

|A|ei = aiei, |A∗|fi = aifi and |B|gj = bjgj , |B∗|hj = bjhj ,

and for i, j > n ∧m

|A|ei = 0, |A∗|fi = 0 and |B|gj = 0, |B∗|hj = 0.

Therefore

|tr(A∗B)| ≤ (tr(|A||B|)
1
2 (tr(|A∗||B∗|)

1
2 .

Remark 6.2.3. The equality holds in the above inequality if and only if

(〈ei, gj〉 − α〈fi, hj〉)aibj = 0

for some constant α and all indices i, j.
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Below ‖·‖ denotes the operator norm of a matrix, regarded as a linear operator between

Euclidean spaces.

Theorem 6.2.4. Let A,B be two m× n matrices with real entries. Then

|tr(A∗B)| ≤ (tr|A|p)
1
p (tr(|B|q)

1
q (6.2.3)

for all p, q ∈ (1,∞) such that 1
p + 1

q = 1. Moreover

|tr(A∗B)| ≤ tr|A|‖B‖. (6.2.4)

Proof. Let p, q ∈ (1,∞) be such that 1
p+ 1

q = 1. Using the notation from the above theorem,

let us note that

tr|A|p = tr|A∗|p =
n∧m∑
i=1

api .

Hence, for the proof it is enough to show that every factor on the right-hand side of the

inequality (6.2.1) is bounded above by (tr|A|p)
1
p (tr(|B|q)

1
q . For this, observe that, thanks

to orthonormality of the basis,
n∑
i=1

〈ei, gj〉2 = 1,

for all j = 1, . . . ,m and that
m∑
j=1

〈ei, gj〉2 = 1,

for all i = 1, . . . , n. Therefore, using Hölder’s inequality, we get

tr(|A||B|) =
n∧m∑
i,j=1

aibj〈ei, gj〉2 ≤
( n∧m∑
i,j=1

api 〈ei, gj〉
2
) 1
p
( n∧m∑
i,j=1

bqj〈ei, gj〉
2
) 1
q

=

=
( n∧m∑
i,j=1

api

) 1
p
( n∧m∑
i,j=1

bqj

) 1
q

= (tr|A|p)
1
p (tr|B|q)

1
q

Proceeding analogously for tr(|A∗||B∗|) we get the desired inequality.

For the second part of the theorem observe that

‖B‖ = ‖B∗‖ = max{bi | i = 1, . . . , n ∧m}

and that

tr|A| = tr|A∗| =
n∧m∑
i,j=1

ai.

Therefore

tr(|A||B|) =

n∧m∑
i,j=1

aibj〈ei, gj〉2 ≤ ‖B‖tr|A|.

Proceeding analogously for tr(|A∗||B∗|) we get the desired inequality.
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Remark 6.2.5. If p, q ∈ (1,∞), then the equality in inequality (6.2.3) in the above theorem

holds true if and only if there exists a constant β such that

(api − βb
q
j)〈ei, gj〉 = 0 for all i = 1, . . . , n and j = 1, . . . ,m (6.2.5)

and a constant α such that

(〈ei, gj〉 − α〈fi, hj〉)aibj = 0 for all i = 1, . . . , n and j = 1, . . . ,m. (6.2.6)

For the inequality (6.2.4) in the theorem, there holds equality if and only if (6.2.6) is satisfied

and moreover

ai(bj − b)〈ei, gj〉 = 0 for all i = 1, . . . , n and j = 1, . . . , n (6.2.7)

and some number b.

6.3 Equality cases

Example 6.3.1. Suppose that n = m and thatB is the identity matrix. Then the inequality

(6.2.4) yields that for all n× n matrices A there is

|trA| ≤ tr|A|.

Equality here holds if and only if A is symmetric and semidefinite. Indeed, it holds if and

only if (6.2.6) and (6.2.7 are satisfied. Note that (6.2.7) for B = Id clearly holds true.

Condition (6.2.6) holds if and only if

(〈ei, ej〉 − α〈fi, ej〉)ai = 0 for all i = 1, . . . , n.

Here we took gj = hj = ej . Equivalently, for any i such that ai 6= 0 and all j = 1, . . . , n

〈ei −
α

ai
Aei, ej〉 = 0.

That is

Aei =
ai
α
ei.

If ai = 0, then Aei = 0. We see thus that A is diagonal with eigenvalues of fixed sign and

thus it is symmetric and semidefinite. Then converse implication is obvious.

Definition 6.3.2. For p ∈ [1,∞], the quantity (tr|A|p)
1
p is called the Schatten p-norm of a

matrix A. We shall denote it by ‖A‖p. We shall write 〈A,B〉 = tr(AB∗).

Let us now analyse carefully what the conditions (6.2.6) and (6.2.7) mean.
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Theorem 6.3.3. Suppose that A,B are m × n matrices such that ‖B‖ ≤ 1. Then the

condition

tr(A∗B) = tr(|A|) (6.3.1)

holds if and only if A∗B is symmetric and positive semidefinite and

A∗BB∗A = A∗A. (6.3.2)

Moreover, if A 6= 0, then ‖B‖ = 1.

Proof. If A = 0, then the equivalence clearly holds true. Suppose that A 6= 0 and that

(6.3.1) holds true. Then, by (6.2.4), we have

tr(|A|) = tr(A∗B) ≤ tr(|A|)‖B‖ ≤ tr(|A|).

Therefore the equality (6.3.1) holds if and only if the conditions (6.2.6) and (6.2.7) are

satisfied and ‖B‖ = 1.

Suppose that these conditions hold true. Note that if α = 0 in (6.2.6), then we would

have tr(A∗B) = 0, contrary to the assumptions. Therefore α 6= 0. Condition (6.2.7) may

be equivalently stated as

(bj − b)gj ∈ kerA for all j = 1, . . . ,m.

Indeed, we may write for i = 1, . . . , n annd j = 1, . . . ,m

0 = ai(bj − b)〈ei, gj〉 = 〈A∗fi, (bj − b)gj〉 = 〈fi, A(bj − b)gj〉.

Thus we have A(bj − b)gj = 0.

Condition (6.2.6), with the above observation, implies that

0 = (〈ei, gj〉 − α〈fi, hj〉)aibj = 〈A∗fi, bjgj〉 − α〈Aei, Bgj〉 =

= 〈fi, Abjgj〉 − α〈B∗Aei, gj〉 = 〈fi, Abgj〉 − α〈B∗Aei, gj〉 =

= 〈baiei, gj〉 − α〈B∗Aei, gj〉.

It follows that for i = 1, . . . , n

B∗Aei = ai
b

α
ei.

Thus B∗A is symmetric and semidefinite. Hence

tr(|A|) = tr(A∗B) = tr(|B∗A|) =
b

|α|
tr(|A|). (6.3.3)

This is to say, b
|α| = 1. It follows that

A∗BB∗A = A∗A.

126



Observe also that B∗A is positive semidefinite, as the quantities in (6.3.3) are non-negative.

Conversely, if ‖B‖ = 1, A∗B is symmetric and positive semidefinite and

A∗BB∗A = A∗A,

then

|A| = |A∗B| = A∗B

and thus

tr(A∗B) = tr(|A|).

Corollary 6.3.4. Suppose that A,B are as above. Then

B∗A = A∗B,BA∗ = AB∗

are positive semidefinite and

A∗BB∗A = A∗A,AB∗BA∗ = AA∗.

Moreover A∗A and B∗B diagonalise in a common orthonormal basis.

Proof. Observe that tr(A∗B) = tr(AB∗) and that tr(|A|) = tr(|A∗|). Thus the assertion

follows by application of Theorem 6.3.3. The fact that A∗A and B∗B diagonalise in a

common orthonormal basis is a consequence of

A∗AB∗B = B∗BA∗A.

Remark 6.3.5. Note that condition (6.3.2) takes the form

BB∗ = Id,

provided that A is invertible. This is to say, B is then an isometry. If A is not invertible,

in particular if m 6= n, then B∗ is an isometry, if restricted to imA. Indeed, for x = Ay, we

have

‖B∗x‖2 = 〈BB∗x, x〉 = 〈A∗BB∗Ay, y〉 = 〈A∗Ay, y〉 = ‖x‖2.

Conversely, if BB∗ = Id on imA, then clearly A∗BB∗A = A∗A. Thus, in Theorem 6.3.3, we

might write that the equivalent conditions are: B∗A is symmetric and positive semidefinite

and that B∗ is an isometry on imA.
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Theorem 6.3.6. Suppose that m ≤ n and that A,B are m × n matrices, A,B 6= 0. Let

p, q ∈ (1,∞) be such that 1
p + 1

q = 1. Then the equality

tr(A∗B) = (tr(|A|p))
1
p (tr(|B|q))

1
q (6.3.4)

holds if and only if B∗A is symmetric and positive semidefinite and for some c > 0,

A∗B = B∗A = cp(A∗A)
p
2 = c−q(B∗B)

q
2 . (6.3.5)

Equivalently,

A∗B

(tr(|A|p))
1
p (tr(|B|q))

1
q

=
B∗A

(tr(|A|p))
1
p (tr(|B|q))

1
q

=
(A∗A)

p
2

tr(|A|p)
=

(B∗B)
q
2

tr(|B|q)
. (6.3.6)

Proof. Let us recall – see (6.2.5) and (6.2.6) – that the equality holds if and only if

(api − βb
q
j)〈ei, gj〉 = 0 for all i = 1, . . . , n, j = 1, . . . ,m, (6.3.7)

and

(〈ei, gj〉 − α〈fi, hj〉)aibj = 0 for all i = 1, . . . , n, j = 1, . . . ,m. (6.3.8)

Form (6.3.7) it follows that β 6= 0. Otherwise A = 0. Form (6.3.8) it follows that α 6= 0,

otherwise A∗B = 0. Then, as there is equality in (6.3.4), we must have A = 0 or B = 0,

contrary to the assumptions. In what follows we assume therefore that α 6= 0, β 6= 0. If

〈ei, gj〉 6= 0, then, by (6.3.7),

bj =
1

β
1
q

a
p
q

i

and thus, by (6.3.8), 〈
a

1+ p
q

i

αβ
1
q

ei −B∗Aei, gj

〉
= 0.

If 〈ei, gj〉 = 0 then the above formula holds as well, by (6.3.8). We infer that for i = 1, . . . , n

B∗Aei =
a

1+ p
q

i

αβ
1
q

ei.

Analogously we have for j = 1, . . . , n

A∗Bgj =
β

1
p b

1+ q
p

j

α
gj .

Equivalently

B∗A =
1

αβ
1
q

(A∗A)
p
2 and A∗B =

β
1
p

α
(B∗B)

q
2 .
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It follows that B∗A is symmetric and semidefinite. By (6.3.4) it is positive semidefinite, so

α > 0, and therefore

tr(B∗A) = (tr(B∗A))
1
p (tr(A∗B))

1
q =

1

α
(tr|A|p)

1
p (tr|B|q)

1
q . (6.3.9)

Thus α = 1 and the equality (6.3.5) holds with c = β
− 1
pq . Converse implication follows

readily, as in (6.3.9). Condition (6.3.6) follows from (6.3.5) by taking traces and computing

number c.

Remark 6.3.7. The following duality formula holds true

‖A‖p = sup{tr(AB∗) | ‖B‖q ≤ 1},

where 1
p + 1

q = 1, p, q ∈ [1,∞]. Indeed, take any matrix A and its polar factorisation

A = UD, where U is a partial isometry and D is symmetric and positive semidefinite such

that U∗U is projection onto imD. Set B = UD
p
q . Then

‖A‖p = ‖D‖p, ‖B‖q = ‖D
p
q ‖q = ‖D‖

p
q
p ,

and

〈A,B〉 = tr(B∗A) = tr(D
1+ p

q ) = tr(Dp) = ‖A‖p‖B‖q.

If p = 1, we take B = U . If p = ∞, let v be a vector such that Dv = λv with λ such that

|λ| = ‖D‖. Take B = UD′, where D′ = λ
|λ|vv

∗.
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Chapter 7

Divergence formulation of optimal
transport of vector measures

7.1 Introduction

In this chapter we formulate another approach to optimal transport of vector measures

related to the works of Bouchitté, Buttazzo and Seppecher [28], Bouchitté and Buttazzo

[27], Bouchitté, Gangbo and Seppecher [55] and Gangbo [54]. The idea is to extend the

divergence formulation of optimal transport to the setting of vector measures. We refer

the reader also to [103, 1.2.3]. We develop a duality theory and apply it, together with

characterisation of equality cases in matrix Hölder’s inequality, to reprove (see [37]) the

representation formula for the polar cone of monotone maps. We obtain also several gener-

alisations.

The advantage of the current formulation of optimal transport of vector measures to

the formulation in Chapter 3 is that the primal problem’s value is always attained.

Section 7.2 is devoted to a proof of the duality for optimal transport of vector measures

in its divergence formulation.

In Section 7.3 we deal with duality for absolutely continuous measures.

Section 7.4 we employ results of the previous sections in order to provide characterisation

of polar cones to monotone maps, reproving result of [37].

In Section 7.5 we generalise the result of Section 7.4 and provide a representation formula

for polar cones to tangent cones of the unit ball of C1(Rn,Rm).

In Section 7.6 we obtain another generalisation of the representation formulae for polar

cones to the tangent cones of the unit ball of Sobolev space W1,p(Ω,Rm).

130



7.2 Duality formula

Suppose we are given a Borel vector measure µ ∈M(Rn,Rm) of finite total variation, such

that µ(Rn) = 0 and with finite first moments, i.e.∫
Rn
‖x‖d‖µ‖(x) <∞.

Here ‖µ‖ denotes the total variation of µ. In what follows we shall consider a Banach

space C1(Rn,Rm) of continuously differentiable functions with bounded derivative and with

a seminorm given by

‖u‖ = sup
{
‖Du(x)‖ | x ∈ Rn

}
.

The seminorm induces a norm on the subspace of functions vanishing at the origin.

Definition 7.2.1. Suppose that µ ∈ M(Rn,Rm) has finite first moments and µ(Rn) = 0.

Define

Ξ(µ) = {M ∈M(Rn,Rm×n) | −divM = µ}.

Here we write

−divM = µ

if ∫
Rn
〈f, dµ〉 =

∫
Rn
〈Df, dM〉 (7.2.1)

for all functions f ∈ C1(Rn,Rm). For any µ as above define

I(µ) = inf{‖M‖1 |M ∈ Ξ(µ)}

and

J(µ) = sup
{∫

Rn
〈u, dµ〉 | u ∈ C1(Rn,Rm), ‖u‖ ≤ 1

}
.

Above we consider the total variation ‖M‖1 of a matrix-valued measure M with respect

to the Schatten 1-norm. Recall that the Schatten 1-norm of A ∈ Rm×n is defined via the

formula

‖A‖1 = tr(A∗A)
1
2 .

Theorem 7.2.2. For any µ ∈ M(Rn,Rm) such that µ(Rn) = 0 and with finite first mo-

ments we have

I(µ) = J(µ).

Moreover there exists a 1-Lipschitz u0 : Rn → Rm such that

J(µ) =

∫
Rn
〈u0, dµ〉,
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and there exists M0 ∈ Ξ(µ) such that

I(µ) = ‖M0‖1.

If u0,M0 are optimisers such that u0 is differentiable ‖M0‖1-almost everywhere, then〈
Du0,

dM0

d‖M0‖1

〉
= 1 (7.2.2)

‖M0‖1-almost everywhere.

Proof. Define a linear functional on the space{
Df | f ∈ C1(Rn,Rm)

}
by the formula

Λ(Df) =

∫
Rn
〈f, dµ〉.

As µ(Rn) = 0 it is well defined. It is continuous as

Λ(Df) =

∫
Rn
〈f(x)− f(0), dµ(x)〉 =

∫
Rn

∫
[0,1]
〈Df(tx)(x), dµ(x)〉dλ(t),

and thus ‖Λ‖ ≤
∫
Rn‖x‖d‖µ‖(x). By the Hahn–Banach theorem it follows that we may

extend Λ to a continuous linear functional on C(Rn,Rm×n) preserving its norm. From

Riesz’ theorem it follows that the dual space of C(Rn,Rm×n) is isometrically isomorphic to

M(Rn,Rm×n). We obtain a matrix-valued measure M0 ∈M(Rn,Rm×n) such that

Λ(Df) =

∫
Rn
〈Df, dM0〉

and such that ‖M0‖1 = ‖Λ‖. Moreover

‖Λ‖ = sup
{

Λ(Df) | f ∈ C1(Rn,Rm), ‖f‖ ≤ 1
}

=

= sup
{∫

Rn
〈f, dµ〉 | f ∈ C1(Rn,Rm), ‖f‖ ≤ 1

}
= J(µ).

Observe that

J(µ) ≤ I(µ). (7.2.3)

As we have just found a measure M0 with ‖M0‖1 = J(µ) we see that there holds equality

in (7.2.3). We shall now show that there exists a 1-Lipschitz map u0 such that∫
Rn
〈u0, dµ〉 = sup

{∫
Rn
〈u, dµ〉 | f ∈ C1(Rn,Rm), ‖f‖ ≤ 1

}
.

For this, we may use Arzelà–Ascoli theorem. Choose a sequence

(un)∞n=1 ∈ C1(Rn,Rm),
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with ‖un‖ ≤ 1, un(0) = 0 and such that

lim
n→∞

∫
Rn
〈un, dµ〉 = J(µ).

We may substract a subsequence (unk)∞k=1 that converges locally uniformly to a 1-Lipschitz

function u0. We claim that ∫
Rn
〈u0, dµ〉 = J(µ). (7.2.4)

Choose ε > 0 and a compact set K ⊂ Rn such that∫
Kc

‖x‖d‖µ‖(x) < ε.

If ‖unk(x)− u0(x)‖ < ε for all k ≥ N and all x ∈ K, then∣∣∣ ∫
Rn
〈u0, dµ〉 −

∫
Rn
〈unk , dµ〉

∣∣∣ ≤ ∫
Kc

‖x‖d‖µ‖(x) + ε‖µ‖(K).

Letting n tend to infinity and then ε to zero we get (7.2.4).

For the last part of the theorem observe that if −divM = µ and u0 is differentiable

‖M‖1-almost everywhere, with ‖Du0‖ bounded above by 1, ‖M‖1-almost everywhere, then

by matrix Hölder’s inequality (see Chapter 6)

〈Du0,
dM

d‖M‖1
〉 ≤ 1.

If M0 and u0 are the optimisers then integrating the inequality with respect to d‖M0‖1 we

would get J(µ) ≤ I(µ). Hence equality holds if and only if (7.2.2) holds.

Remark 7.2.3. The problem of finding optimal measure M0 is a relaxation of the optimal

transport of vector measures, as formulated in Chapter 3. In this problem there holds the

Kantorovich–Rubinstein duality. That is, we have

inf
{∫

Rn×Rn
‖x− y‖d‖π‖(x, y) | P1π − P2π = µ

}
= sup

{∫
Rn
〈f, dµ〉 | f is 1-Lipschitz

}
.

Using convolution with a smoothing kernel we may show that the right-hand side of the

above equality is equal to

sup
{∫

Rn
〈f, dµ〉 | f ∈ C1(Rn,Rm), ‖f‖ ≤ 1

}
.

7.3 Absolutely continuous vector measures

We shall be now interested in measures on open, bounded, connected subsets Ω ⊂ Rn with

continuously differentiable boundary ∂Ω. We shall now restrict ourselves to considering
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matrix-valued measures µ ∈ M(Ω,Rm) that are absolutely continuous with respect to the

Lebesgue measure λ. Let p, q ∈ [1,∞] be such that 1
p + 1

q = 1. Let

h ∈ Lq(Ω,Rm)

be such that ∫
Ω
hdλ = 0.

Let us define

Γqλ(h) =
{
H ∈ Lq(Ω,Rm×n) | −divH = h

}
.

For H ∈ Lq(Ω,Rm×n) we write −divH = h if∫
Ω
〈Df,H〉dλ =

∫
Ω
〈f, h〉dλ,

for all functions f ∈ W1,p(Ω,Rm). The above condition is equivalent to demanding that the

divergence of Hdλ is equal to −hdλ. Let us recall that W1,p(Ω,Rm) denotes the Sobolev

space of Borel measurable functions f on Ω that admit a weak derivative Df and with finite

norm given by the formula (∫
Ω

tr(|Df |p)dλ+

∫
Ω
‖f‖pdλ

) 1
p

Recall that tr(|G|p)
1
p for a matrix G ∈ Rm×n is called the Schatten p-norm.

Let us recall that the Poincaré inequality states that for p ∈ [1,∞] there exists a constant

C, which depends on Ω and n, p, such that for any f ∈ W1,p(Ω,Rm)∫
Ω

∥∥∥f − ∫Ω fdλ

λ(Ω)

∥∥∥pdλ ≤ C ∫
Ω

tr(|Df |p)dλ.

For f ∈ W1,p(Ω,Rm) we shall write

‖Df‖p =
(∫

Ω
tr(|Df |p)dλ

) 1
p
.

Set

Iqλ(h) = inf
{
‖H‖q | H ∈ Γqλ(h)

}
.

By ‖H‖q we mean here the Lq(Ω,Rm×n) norm with respect to the Schatten q-norm on

Rm×n, i.e.

‖H‖q =
(∫

Rn
tr(|H|q)dλ

) 1
q
.

We set

Jpλ(h) = sup
{∫

Rn
〈f, h〉dλ | f ∈ W1,p(Ω,Rm), ‖Df‖p ≤ 1

}
.
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Theorem 7.3.1. Let p, q ∈ (1,∞) be such that 1
p + 1

q = 1. Let Ω ⊂ Rn be an bounded, open

and connected set with continuously differentiable boundary. Let

h ∈ Lq(Ω,Rm)

be such that ∫
Ω
hdλ = 0.

Then

Jqλ(h) = Iqλ(h).

Moreover there exists f0 ∈ W1,p(Ω,Rm), ‖Df0‖p ≤ 1, such that

Jqλ(h) =

∫
Ω
〈f0, h〉dλ,

and there exists H0 ∈ Γqλ(h) such that

Iqλ(h) = ‖H0‖q.

Moreover, if h 6= 0, then f0, H0 are optimisers if and only if

Df∗0H0

‖H0‖q
=
H∗0Df0

‖H0‖q
=
|H0|q

‖H0‖qq
= |Df0|p (7.3.1)

λ-almost everywhere.

Proof. Let us observe that if h ∈ Lq(Ω,Rm), then h ∈ L1(Ω,Rm), as Ω is bounded. Thus

the integral ∫
Ω
hdλ

is meaningful. Recall that the dual space of Lp(Ω,Rm×n) is isometrically isomorphic to

Lq(Ω,Rm×n). Consider a subspace V of Lp(Ω,Rm×n) given by

V =
{
Df | f ∈ W1,p(Ω,Rm)

}
and a functional Λ: V → R given by λ(Df) =

∫
Ω〈f, h〉dλ. By the assumptions, it is well-

defined and finite. For any function f ∈ W1,p(Ω,Rm) we have, by the Poincaré inequality,

Λ(Df) =

∫
Ω

〈
f −

∫
Ω fdλ

λ(Ω)
, h
〉
dλ ≤ C‖h‖q‖Df‖p.

Thus

‖Λ‖ ≤ C‖h‖q.

By the Hahn–Banach theorem we may extend Λ to a functional Λ0 defined on Lp(Ω,Rm×n)

and thus obtain a matrix-valued function H0 ∈ Lq(Ω,Rm×n) such that∫
Ω
〈f, h〉dλ =

∫
Ω
〈Df,H0〉dλ
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for any f ∈ W1,p(Ω,Rm). Moreover

‖H0‖q = ‖Λ0‖ = ‖Λ‖.

Since clearly Jqλ(h) ≤ Iqλ(h), it follows that

Jqλ(h) = ‖Λ‖ = ‖H0‖q = Iqλ(h).

We shall now show that there exists f0 ∈ W1,p(Ω,Rm), ‖Df0‖p ≤ 1, with∫
Ω
〈f0, h〉dλ = Jqλ(h).

Since the Sobolev space W1,p(Ω,Rm) is reflexive, its unit ball is weakly compact. The

functional

f 7→
∫

Ω
〈f, h〉dλ

is continuous, as was shown above. By compactness, there exists f0 that maximises its

value over the unit ball. This is the function in request.

For the equality ∫
Ω
〈Df0, H0〉dλ = ‖H0‖q =

(∫
Ω

tr(|H0|q)〉dλ
) 1
q

to hold true, it is sufficient and necessary that

tr(Df∗0H0) =
(
tr(|Df0|p)

) 1
p
(
tr(|H0|q)

) 1
q

λ-almost everywhere and that there exists non-negative constant c such that

tr(|H0|q) = ctr(|Df0|p)

λ-almost everywhere. In view of Theorem 6.3.6 we see that these two conditions may be

equivalently stated as

Df∗0H0 = H∗0Df0 = dq|H0|q =
1

dp
|Df0|p

λ-almost everywhere, for some non-negative constant d. If h 6= 0, then H0 6= 0 and also

‖Df0‖p = 1. Integrating yields

d‖H0‖
1
p
q = 1.

It follows that the equivalent condition is that λ-almost everywhere there is

Df∗0H0 = H∗0Df0 =
|H0|q

‖H0‖
q
p
q

= ‖H0‖q|Df0|p.

We infer that (7.3.1) holds true.
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7.4 Polar cone of set of monotone maps

Let us now present an application of the above material. We shall provide a more general,

alternative proof of the representation formula for the elements of the polar cone of the set

of monotone maps. This representation formula is already proven in [37]. Let us remark

that the proof is alternative, but in essence both proofs rely on the Hahn–Banach theorem.

Definition 7.4.1. We shall say that a map u : Rn → Rn is monotone if

〈u(x)− u(y), x− y〉 ≥ 0

for all x, y ∈ Rn.

Proposition 7.4.2. A map u ∈ C1(Rn,Rn) is monotone if and only if

〈Du(x)v, v〉 ≥ 0 (7.4.1)

for all x, v ∈ Rn.

Proof. The proof follows readily.

Remark 7.4.3. The condition (7.4.1) means that at any point x ∈ Rn the matrix Du(x) is

positive semidefinite.

We shall now study the polar cone of the set of monotone maps, that is the set

P =
{
µ ∈M(Rn,Rn) |

∫
Rn
〈u, dµ〉 ≥ 0 for any monotone u ∈ C1(Rn,Rn)

}
.

Here M(Rn,Rn) is the space of all Rm-valued measures.

For µ ∈M(Rn,Rn), recall the definition of J(µ); see Section 7.2.

Proposition 7.4.4. Suppose that µ ∈ M(Rn,Rn) is such that µ(Rn) = 0 and has finite

first moments. Then µ ∈ P if and only if∫
Rn
〈x, dµ(x)〉 = J(µ). (7.4.2)

Proof. Suppose that (7.4.2) holds true. Let u ∈ C1(Rn,Rn) be monotone. Let ε > 0. We

see that f ∈ C1(Rn,Rm) defined by

f(x) = x− εu(x)

satisfies ‖Df‖ ≤
√

1 + ε2‖Du‖2. Indeed, by monotonicity of u, for any x, v ∈ Rn we have

‖Df(x)v‖2 = ‖v− εDu(x)v‖2 = ‖v‖2 + ε2‖Du(x)v‖−2ε〈v,Du(x)v〉 ≤ ‖v‖2 + ε2‖Du‖2‖v‖2.
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Let 1
c =

√
1 + ε2‖Du‖2. Then, as cf is 1-Lipschitz, by (7.4.2),∫

Rn
〈x− cf(x), dµ(x)〉 ≥ 0

and therefore ∫
Rn
〈u, dµ〉 ≥ ε‖Du‖2

1 +
√

1 + ε2‖Du‖2

∫
Rn
〈x, dµ(x)〉

for any ε > 0. Letting ε tend to zero, we obtain µ ∈ P.

Assume now that µ ∈ P. We shall show that (7.4.2) holds true. Take any h ∈ C1(Rn,Rn)

with ‖Dh‖ ≤ 1. Then for any x ∈ Rn and any v ∈ Rn

〈v −Dh(x)v, v〉 ≥ 0.

Thus, by Proposition 7.4.2, id− h is monotone. As µ ∈ P, we have∫
Rn
〈x, dµ(x)〉 ≥

∫
Rn
〈h, dµ〉.

Let us denote by Sn×n+ the set of all n× n positive semidefinite symmetric martices.

Theorem 7.4.5. For any µ ∈ P with finite first moments, there exists a matrix-valued

measure M ∈M(Rn,Sn×n+ ) such that

µ = −divM

and ∫
Rn

tr(dM) =

∫
Rn
〈x, dµ(x)〉.

Conversely, if a divergence of an Sn×n+ -valued measure is a measure, then it belongs to P.

Proof. Suppose that µ ∈ P has finite first moments. Then we know that∫
Rn
〈x, dµ(x)〉 = J(µ).

Let M0 be such that ‖M0‖1 is minimal on Ξ(µ), i.e. on the set of measures M such that

−divM = µ.

Then by Theorem 7.2.2 we know that〈
Id,

dM0

d‖M0‖1

〉
= 1
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‖M0‖1-almost everywhere. By Example 6.3.1 it follows that this holds if and only if dM0
d‖M0‖1

is positive semidefinite. Then,∫
Rn
〈x, dµ(x)〉 = ‖M0‖1 =

∫
Rn

tr(dM0).

This proves the first part of the theorem. For the second, let M ∈ M(Rn,Sn×n+ ) be such

that µ = −divM . Then, as M is positive semidefinite,

〈Id, dM

d‖M‖1
〉 =

∥∥∥ dM

d‖M‖1

∥∥∥
1

= 1.

It follows that

J(µ) ≥
∫
Rn
〈x, dµ(x)〉 = ‖M‖1 ≥ J(µ).

and by Proposition 7.4.4 we conclude the proof.

Remark 7.4.6. The advantage of the proof above is that the representation is a direct

consequence of the duality formula and Example 6.3.1. Thus the proof may be adapted to

computation of the representations of other polar cones.

7.5 Polar cones to tangent cones of C1(Rn,Rm)

Below we shall apply Theorem 7.2.2 to compute the representations of certain tangent cones

to the unit ball of C1(Rn,Rm).

Definition 7.5.1. For f ∈ C1(Rn,Rm), ‖f‖ = 1 define

Pf =
{
µ ∈M0(Rn,Rm) | J(µ) =

∫
Rn
〈f, dµ〉

}
.

Let us note that the set Pf is the polar cone to the tangent cone of the unit ball at

f ∈ C1(Rn,Rm).

Proposition 7.5.2. Suppose that f ∈ C1(Rn,Rm), ‖f‖ = 1. Measure µ with finite first

moments belongs to Pf if and only if for any map h ∈ C1(Rn,Rm) such that for ε > 0 the

Lipschitz constants λε of f − εh satisfy

lim inf
ε→0+

1− λε
ε
≥ 0 (7.5.1)

there is
∫
Rn〈h, dµ〉 ≥ 0.

Proof. Let µ ∈ Pf . Suppose that for h ∈ C1(Rn,Rm) condition (7.5.1) holds true. For such

h, consider

g = f − εh.
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Then 1
λε
g is 1-Lipschitz and hence∫

Rn
〈f, dµ〉 ≥ 1

λε

∫
Rn
〈g, dµ〉.

It follows that ∫
Rn
〈h, dµ〉 ≥ 1− λε

ε

∫
Rn
〈f, dµ〉.

Note that
∫
Rn〈f, dµ〉 ≥ 0 – otherwise −f would yield greater value of the integral. Thus

the assertion follows by taking limit.

Conversely, suppose that for any h ∈ C1(Rn,Rm) such that (7.5.1) holds true there is∫
Rn〈h, dµ〉 ≥ 0. Choose any g ∈ C1(Rn,Rm) with ‖Dg‖ ≤ 1. Let h = f − g. Then the

corresponding Lipschitz constant of f − εh = (1 − ε)f + εg is at most one. Hence, the

condition (7.5.1) is satisfied for h and the claim follows.

Remark 7.5.3. The proposition above tells us that Pf is the polar cone to the convex cone

Hf of functions h ∈ C1(Rn,Rn) that satisfy (7.5.1). Let us observe that this condition

indeed defines a convex cone. Clearly if h ∈ Hf then also λh ∈ Hf for any non-negative λ.

If h1, h2 ∈ Hf , then h1+h2
2 ∈ Hf , as Lipschitz constant of convex combination of functions

is at most the convex combination of the corresponding Lipschitz constants.

Let us note that, when f is the identity map, the condition simplifies to demand that h

is monotone.

Theorem 7.5.4. Suppose that f ∈ C1(Rn,Rm). For any µ ∈ Pf there exists a measure

M ∈M(Rn,Rm×n) with

−divM = µ,

and such that ‖M‖1-almost everywhere

DfDf∗ = Id on im
( dM

d‖M‖1

)
, (7.5.2)

and

Df∗
dM

d‖M‖1
is symmetric and positive semidefinite. (7.5.3)

Moreover

‖M‖1 =

∫
Rn
〈f, dµ〉.

Conversely, if M ∈ M(Rn,Rm×n) is such that −divM is a finite vector-valued measure

such that (7.5.2) and (7.5.3) are satisfied then −divM ∈ Pf .

Proof. Follows from Theorem 6.3.3 and from Theorem 7.2.2, c.f. proof of Theorem 7.4.5.
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7.6 Polar cones to tangent cones of W1,p(Rn,Rm).

The method developed above may be as well applied in the contex of absolutely continuous

vector measures with use of results of Section 7.3.

Definition 7.6.1. Let p, q ∈ (1,∞) be such that 1
p + 1

q = 1 and let Ω ⊂ Rn be an open set.

For f ∈ W1,p(Ω,Rm), ‖Df‖p = 1 define

Rf =
{
h ∈ Lq(Ω,Rm) | Jqλ(h) =

∫
Ω
〈f, h〉dλ

}
.

In the above definition Rf is the polar cone to the tangent cone of the unit ball of

W1,p(Ω,Rm).

Proposition 7.6.2. Let p, q ∈ (1,∞) be such that 1
p + 1

q = 1 and let let Ω ⊂ Rn be an open

set. Let f ∈ W1,p(Ω,Rm) be such that ‖Df‖p = 1. Then h ∈ Lq(Ω,Rm) belongs to Rf if

and only if for any map g ∈ W1,p(Ω,Rm) such that

lim inf
ε→0+

1− ‖Df − εDg‖p
ε

≥ 0

there is
∫

Ω〈h, g〉dλ ≥ 0.

Proof. The proof follows analogous lines to the lines of the proof of Proposition 7.5.2.

Theorem 7.6.3. Let p, q ∈ (1,∞) be such that 1
p + 1

q = 1 and let Ω ⊂ Rn be an open,

bounded and connected set with continuously differentiable boundary. Let f ∈ W1,p(Ω,Rm)

be such that ‖Df‖p = 1. For any h ∈ Rf , h 6= 0, there exists H ∈ Lq(Ω,Rn×m) such that

−divH = h

and such that λ-almost everywhere

Df∗H

‖H‖q
=
H∗Df

‖H‖q
= |Df |p =

|H|q

‖H‖qq
. (7.6.1)

Conversely if H ∈ Lq(Ω,Rn×m) is such that −divH is a function in Lq(Ω,Rm), that satisfies

(7.6.1), then −divH ∈ Rf .

Proof. Again, the proof relies on Theorem 7.3.1 and the strategy does not differ from the

strategies in Theorem 7.4.5 and in Theorem 7.5.4.

Let us apply the above results to a particular case when p = 2. We shall below compute

the polar cone to the cone of maps g ∈ W1,2(Ω,Rm) such that
∫

Ω〈Dg,Df〉dλ ≥ 0.
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Corollary 7.6.4. Let Ω ⊂ Rn be an open, bounded and connected set with continuously

differentiable boundary. Let f ∈ W1,2(Ω,Rm). For h ∈ L2(Ω,Rn) the following conditions

are equivalent:

i) there exists H ∈ L2(Ω,Rn×m) such that −divH = h and λ-almost everywhere there is

Df∗H

‖H‖2
=
H∗Df

‖H‖2
= |Df |2 =

|H|2

‖H‖22
. (7.6.2)

ii) for any g ∈ W1,2(Ω,Rn) such that∫
Ω
〈Dg,Df〉dλ ≥ 0

there is
∫

Ω〈g, h〉dλ ≥ 0.

Proof. Observe that if p = 2, then Proposition 7.6.2 yields that Rf consists of exactly these

h ∈ L2(Ω,Rm) such that if g ∈ W1,2(Ω,Rm) satisfies∫
Ω
〈Df,Dg〉dλ ≥ 0

then
∫

Ω〈h, g〉dλ ≥ 0. Indeed, we have for ε > 0,

1− ‖Df − εDg‖2
ε

=
1− ‖Df − εDg‖22
ε(1 + ‖Df − εDg‖2)

=
−ε‖Dg‖2 + 2

∫
Ω〈Df,Dg〉dλ

1 + ‖Df − εDg‖2

and this quantity converges to
∫

Ω〈Df,Dg〉dλ as ε tends to zero. Now, Theorem 7.6.3 tells

us that there exists H ∈ L2(Ω,Rn×n) such that −divH = h and such that (7.6.2) holds

true.

Remark 7.6.5. Observe that the limit in Proposition 7.6.2 is in fact the lower Dini derivative

of the norm of f taken in directioin of g. Using this observation it is easy to extend result

of Corollary 7.6.4 to other values of p ∈ (1,∞).
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[71] E. Kopecká. Bootstrapping Kirszbraun’s extension theorem. Fund. Math., 217(1):13–

19, 2012.
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