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Abstract

The main topic of this work is concerned with optimal transport approach to
the localisation technique. The localisation technique allows to reduce a high-
dimensional problem to a collection of one-dimensional problems. Significance of
this approach is illustrated by its applications to Poincaré inequality, log-Sobolev
inequality, isoperimetric inequality in the context of metric measure spaces sat-
isfying the curvature-dimension condition. We investigate multi-dimensional
generalisation of the technique and related conjectures of Klartag [70, Chap-
ter 6]. The settlement of these conjectures would constitute a step towards a
proof of the waist inequality in the setting of metric measure spaces satisfying
the curvature-dimension condition. This, in turn, would help in answering the
Bourgain’s hyperplane conjecture and the isoperimetric conjecture of Kannan,

Lovész and Simonovits.

We provide a partial affirmative answer to the conjecture that, whenever Eu-
clidean space equipped with a measure satisfies the curvature-dimension con-
dition, then any vector-valued 1-Lipschitz map induces a partition of the do-
main such that the leaves equipped with the conditional measures satisfy the
curvature-dimension condition with the same parameters as the initial space
did. Our approach is based on the ideas of Sudakov and their further instances

in works of Caffarelli, Feldman, McCann and of Klartag.

We provide a counterexample to another conjecture of Klartag that the con-
ditional measures, with respect to a partition induced by a certain 1-Lipschitz
map, satisfy so-called mass balance condition. We develop a theory of optimal
transport of vector measures and employ it to provide a sufficient condition for

the mass balance condition to hold true.

One way of proving the mass balance condition in one-dimensional setting is
via approximation of Lipshitz functions. This leads us to a study of conti-
nuity properties of extensions of vector-valued Lipschitz maps. We provide a

strengthening of the classical Kirszbraun theorem, which shows a discrepancy



between one-dimensional and multi-dimensional cases. We identify a sharp rate

of continuity of extensions of 1-Lipschitz maps.

Recently, several variants of the optimal transport problem have been studied.
Martingale optimal transport is a one of the greatest importance. Interestingly,
also in this case a localisation result has been established. Therefore, with help of
a novel version of Strassen’s theorem, we investigate the duality theorems in this
problem. We provide a reformulation of the optimal transport in two-marginal,
in multi-marginal and in martingale setting. We reprove the Kantorovich duality
formulae. As an application we characterise the uniformly smooth and the

uniformly convex functions.

We develop a divergence formulation of optimal transport of vector measures
and use it to provide a novel proof of the representation formula for polar cone
to monotone maps. We find several generalisations of this result. A tool that
we use is the matrix Holder’s inequality, for which we characterise the equality

cases.
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Chapter 1

Introduction

1.1 Optimal transport

In 1781 Gaspard Monge (see [85]) asked the following question: given two distributions of
masses, how to transfer one distribution onto the other in an optimal way. The criterion
of optimality was to minimise the average transported distance. Since then the topic has
developed extensively and much of this development has been done recently. We refer the
reader to the books of Villani (see [103, 104]) and to the lecture notes of Ambrosio (see [5])
for a thorough discussion, history and applications of the problem.

Let X be a set and let d be a metric on X. Let u, v be two Borel probability measures
on X. We consider all Borel measurable mappings T: X — X that push u forward to v,
ie.,

w(T7H(A)) = v(A) for all Borel sets A C X.

These maps are referred to as transport plans of p onto v. Among the set of all transport

plans we would like to identify one that minimises

/ d(z,T(x))du(z).
X

The modern mathematical treatment of the problem has been initiated in 1942 by

Kantorovich in [64, 65]. He proposed to consider a relaxed problem of optimising

/ d(z,y)dn(z,y)
XxX

among all transference plans m between p and v. These are the Borel probability measures

on X x X such that

(A x X) = p(A) and 7(X x A) = v(A) for all Borel sets A C X.

We shall write II(u, v) for the set of transference plans. The existence of an optimal trans-
ference plan is a straightforward consequence of the Prokhorov’s theorem, provided that X

is separable.



The main question that has attracted a lot of attention is whether there exists an optimal
transport plan. If we knew that an optimal transference plan is concentrated on a graph
of a Borel measurable function then we could infer the existence of an optimal transport
plan. The first complete answer on Euclidean space, under regularity assumptions on the
considered measures, was presented in a seminal paper [46] of Evans and Gangbo. However,
before that, Sudakov in [100] presented a solution of the problem that contained a flaw. The
flaw has been remedied by Ambrosio in [5] and later by Trudinger and Wang in [101] for the
Euclidean distance and by Cafarelli, Feldman and McCann in [32] for distances induced by
norms that satisfy certain smoothness and convexity assumptions. In [33] Caravenna has
carried out the original strategy of Sudakov for general strictly convex norms and eventually
Bianchini and Daneri in [24] accomplished the plan of a proof of Sudakov for general norms
on finite-dimensional normed spaces.

Let us describe briefly the strategy of Sudakov in the context of Euclidean spaces. We
assume that the two Borel probability measures u, v on R™ are absolutely continuous with
respect to the Lebesgue measure.

Let us recall the paramount Kantorovich-Rubinstein duality formula

sup {/ ud(p —v) | uwis 1—Lipschitz} = inf {/ |z —ylldr(z,y) | 7 € H(u,y)}.
(1.1.1)
Let us take an optimal v and an optimal 7 in the two above optimisation problems. We

may infer that
u(z) —u(y) = ||z — y|| for m-almost every (z,y) € X x X.

Consider the maximal sets on which u is an isometry, called the transport rays. We see
that all transport has to occur on these sets. Careful analysis of the Lipschitz function u
shows that the transport rays form a foliation of the underlying space R™, up to Lebesgue
measure zero. It turns out that the direction of the transport rays is itself locally Lipschitz.
This allows us to use of the area formula, which yields that the conditional measures of
the disintegration of the Lebesgue measure with respect to the aforementioned foliation
are absolutely continuous with respect to the one-dimensional Hausdorff measures on the
transport rays. This is exactly the place where Sudakov’s proof in [100] contained a de-
fect. He claimed that any foliation into segments is such that the conditional measures are
absolutely continuous with respect to the one-dimensional Hausdorff measure. It was later
shown by Ambrosio, Kirchheim and Preiss (see [7]) that there exists a foliation consisting
of segments and an atomic distributions on each segment such that the averaged measure is

absolutely continuous with respect to the Lebesgue measure, refuting the claim of Sudakov.



Knowing that the conditional measures are absolutely continuous with respect to the
one-dimensional Hausdorff measure, we may apply the well understood one-dimensional
theory, where an optimal transport plan is known to exist and may be given by a certain
formula, provided that at least one of the measures is non-atomic. Then the optimal
transport plan on the whole space is defined separately on each transport ray.

The ideas of Sudakov have been applied also to other settings than normed spaces. The
strategy has been carried out also in the context of Riemannian manifolds by Feldman and
McCann in [52].

1.2 Localisation technique

In [70] Klartag has observed that the methods of optimal transport may be applied to adapt
the localisation technique from convex geometry to the setting of Riemannian manifolds.
The technique allows to reduce certain high dimensional problems to a collection of one-
dimensional problems. Let us include a brief description of the technique based on [70].

It first appeared in works of Payne and Weinberger [89] and was developed in the
context of convex geometry by Gromov and Milman [60], Lovédsz and Simonovits [78] and
by Kannan, Lovasz and Simonovits [63]. Later, Klartag [70] adapted the technique to the
setting of weighted Riemannian manifolds satisfying the curvature-dimension condition in
the sense of Bakry and Emery [11, 12]. Subsequently, Ohta [88] generalised these results to
Finsler manifolds and Cavalletti and Mondino [35, 36] generalised them to metric measure
spaces satisfying the synthetic curvature-dimension condition. The latter was introduced
in the foundational papers by Sturm [98, 99] and by Lott and Villani [77] and allowed
for development of a far-reaching, vast theory of metric measure spaces. The curvature-
dimension condition may be thought of as lower bound on the curvature and an upper
bound on the dimension of the considered space. We refer also to Ambrosio [6] for a recent
account on the spaces satisfying the curvature-dimension condition. Let us note that the
curvature-dimension condition is also related to Bochner’s inequality; see [44].

The technique developed by Payne and Weinberger has no clear analogue for an abstract
Riemannian manifold. This is the point where the optimal transport plays its role in
localisation. Let us cite below a theorem from [70], presented there in a general setting of
Riemannian manifolds and measures that satisfy the curvature-dimension condition. We

refer the reader to Chapter 2, Section 2.7, for the necessary definitions.

Theorem 1.2.1. Letn > 2, k € R and N € (—00,1) U [n,00]. Assume that (M,d, p) is a

geodesically convex, n-dimensional weighted Riemannian manifold satisfying the curvature-



dimension condition CD(k, N) w. Let g: M — R be a p-integrable function such that

/ gdp =0 and / lg(x)|d(z, xo)du(x) < oo for some xg € M.
M M

Then there exists a partition  of M into pairwise disjoint sets, a measure v on §) and a

family (ur)req of measures on R™ such that:

i) for any Lebesgue measurable set A C M the map I — py(A) is well-defined v-almost

everywhere, is v-measureable and
u(A) = [ u(A)an(1),

i) for v-almost every I € Q) the set I C M is a minimising geodesic and uy is supported

on I and is a CD(k, N)-needle or else it is a singleton,
ii1) for v-almost every I € Q we have f] gdur = 0.

Let us remark that the above theorem has been known before in the context of Euclidean
spaces. Let us note that the proof presented in [70] differs much from the previously known
proofs of Gromov [60] or of Lovédsz and Simonovits [78].

One of the purposes of this thesis is to continue along the line of this research and
investigate multi-dimensional analogue of the localisation technique, as proposed in [70,
Chapter 6].

In what follows, we consider finite-dimensional linear spaces equipped with Euclidean
norm, unless specified otherwise, and 1-Lipschitz map u: R™ — R™. In Chapter 2 we define
a partition, up to Lebesgue measure zero, of R", associated to such a map and prove its
basic properties. The sets of the partition are the maximal sets S such that the restriction
of u to § is an isometry, i.e. preserves the Euclidean distance. Each such set we shall call
a leaf of u. We prove that each leaf of u is closed and convex, hence it has a well-defined
dimension.

In Theorem 2.6.1 we show that we may decompose the Lebesgue measure on R" into
a mixture of measures supported on leaves of w. In particular, the same is true for any
measure p such that (R™, |||, u) satisfies the CD(k, N) condition, as any such measure
is absolutely continuous with respect to the Lebesgue measure. It is a step towards a
conjecture of Klartag [70, Chapter 6].

Suppose now that m < n and that (R™,||-||,u) is a weighted Riemannian manifold,
satisfying the curvature-dimension condition C'D(k, N) for some k € R and N € (—o0,1)U
[n, oo]; see Chapter 2 for definitions. Here ||-|| denotes the Euclidean metric on R™ and p is

a Borel finite measure on R”. A partial affirmative answer to the conjecture is provided by



Theorem 2.7.2, where we prove that, for the leaves S of u of dimension m, the conditional
measures ps are supported on the relative interiors intS and are such that (intS, ||-||, pus)
satisfies CD(k, N).

Note that in [70, Chapter 6], it is conjectured that also the above theorem holds true
also for leaves of u of arbitrary dimension.

The possible applications of the result are in the localisation or dimensional reduction
arguments, where the disintegration is an effective tool. A similar result to ours in case
m = 1 has been used to derive new proofs and generalisations of isoperimetric inequality,
Poincaré’s inequality and others to the setting of metric measure spaces satisfying curvature
bounds. We refer the reader to [70], [36], [35], [88].

The proof relies on the area formula and Fubini’s theorem and is based on a work of
Caffarelli, Feldman and McCann [32] and of Klartag [70]. See also [5] and [52] for similar
approach to the Monge—Kantorovich problem.

Another tool that we use is the Wijsman topology [106] on the closed subsets of R™
which makes it a Polish space, so we may apply disintegration theorem. This is inspired by

papers of Obl6j and Siorpares [87].

1.2.1 Waist inequalities

The waist inequality, proved by Gromov [58, 59|, states that if f: R” — R™, m < n is a

continuous function, then there exists ¢ € R™ such that the fibre L = f~1(¢) satisfies
(L + rByp) > vm(rB,y,) for all r > 0.

Here ~, and 7, are the n and m dimensional standard Gaussian measures, B, and B,
are the unit balls in R™ and R™ respectively. This inequality may be seen as a generali-
sation of the Gaussian isoperimetric inequality. Gromov [59] has provided a proof of this
inequality with use of the localisation method [89, 78, 63, 58] combined with Borsuk—Ulam
type theorem. Later, Klartag [69] has proved the theorem for the unit cube also with use
of localisation methods, confirming a conjecture of Guth [61].

One of the future possible applications of the research initiated in this dissertation is
to prove a general version of the inequality for spaces satisfying the curvature-dimension
condition. This would imply the version for convex bodies and, in turn, would help answer-
ing the Bourgain’s hyperplane conjecture [29] and the isoperimetric conjecture of Kannan,

Lovész and Simonovits [63].



1.2.2 Multi-bubble conjectures

The Gaussian multi-bubble conjecture is a generalisation of isoperimetric inequality that
states that among all decompositions of R™ into 2 < k < n + 1 sets of prescribed Gaussian
measure the minimal Gaussian-weighted perimeter is uniquely attained by the Voronoi cells
of k equidistant points. The conjecture has been recently confirmed by E. Milman and
Neeman [83] (c.f. [82]). Another possible application of the multi-dimensional localisation

is a generalisation of this inequality for spaces satisfying the curvature-dimension condition.

1.3 Optimal transport of vector measures

Suppose that we are given a Borel probability measure p on R™ absolutely continuous with

respect to the Lebesgue measure such that

/nfdu:()

for some integrable function f: R™ — R™ such that

[ 1s@lleldnta) < .
Rn

Let u: R" — R™ be a 1-Lipschitz map such that
/ (u, f)dp = sup {/ (v, fdu|v: R" — R™ is 1—Lipschitz}. (1.3.1)
n Rn

In [70, Chapter 6] it is conjectured that for almost every leaf S of u the conditional measure

s (see Theorem 2.6.1) there is

fdus = 0 for v-almost every S € CC(R"). (1.3.2)
Rn

We provide a counterexample to this conjecture for m > 1. Moreover we show that such
statement fails to be true even if we replace the set of 1-Lipschitz maps in (1.3.1) by any
locally uniformly closed subset of 1-Lipschitz maps with respect to any norm on R™ and
any strictly convex norm on R™, unless the set of maps is trivial. Note that the outline of
a proof of the conjecture suggested in [70] has a gap, as follows by the results of Chapter 4.

If m = 1 then (1.3.1) is precisely the dual problem to the optimal transport problem
for measures p1, p2 given by formulae dp; = fidp and dpo = f_du. As we see, the dual
problem, depends merely on the difference of measures, and therefore, it makes sense to
consider the optimal transport for signed measures with total mass zero.

In Chapter 3 we develop a theory of optimal transport with metric cost of vector mea-
sures with total mass zero and establish its basic properties. We show, among others, that

for a given vector measure, there may be no optimal transport. However, if an optimal



transport for measure dv = fdu with absolutely continuous first marginal of its total vari-
ation exists, then we prove that the conjecture of Klartag holds true, i.e., (1.3.2) holds
true.

The precise formulation of the optimal transport for vector measures that we deal with

is as follows:
wt{ [ Jo-yldlrle.) | Pir - Por = p}. (1.3.3)
R™ xR™

Here Pim and Pom stand for the first and the second marginal of the vector measure 7
respectively. The above problem for m = 1 simplifies to the original optimal transport
problem, as follows readily by the Kantorovich-Rubinstein formula. We prove that for

m > 1 an analogue of this formula holds with the left-hand side of (1.1.1) replaced by
sup { / (u,dps) | w: R" = R™ is 1-Lipschitz | (1.3.4)

and the right-hand side replaced by (1.3.3).

Let us mention the existence of another approach to optimal transport of vector measures
that differs from ours developed by Chen, Georgiou, Tannenbaum, Tyu, Li, Osher, Haber,
Yamamoto (see [38, 39, 93]).

1.4 Continuity of extensions of Lipschitz maps

Another approach for a proof of (1.3.2) in the case m = 1 present in the literature (see e.g.
[32, 70, 101, 88]) relies on a clever approximation of the 1-Lipschitz function that maximises
(1.3.4). What is employed in the proof is in fact Proposition 4.3.1. It says that a 1-Lipschitz
function may be extended to the entire domain in such a way that its Lipschitz constant
is preserved and so is its uniform distance to another 1-Lipschitz function. This leads us
to the question whether similar approach works in the multi-dimensional case. That is,
we study approximations of 1-Lipschitz maps with values in R™, in hope that analogous
results convey to this setting. However, this fails to be true. The results of our studies are
included in Chapter 4, including a counterexample and several cases of positive examples,
when such approximation is possible. In particular, we prove that the rate of continuity of
approximation of a 1-Lipschitz function presented in [72] is sharp.

A classical theorem in this field is due to Kirszbraun [68], who proved in 1934 that any
1-Lipschitz map on X C R” may be extended to a 1-Lipschitz map on R™. Here we assume

that these spaces are equipped with Euclidean norms.

Theorem 1.4.1. Let X be any subset of R™. Let u: X — R™ be a 1-Lipschitz map. Then

there exists a 1-Lipschitz map u: R™ — R™ such that u|x = u.



There are many proofs of this theorem and we refer the reader to [68, 94, 102] for proofs
that use the Kuratowski—Zorn lemma and to [2, 30, 16] for constructive approach. There
exists also an explicit formula for the extension (see [9]). Let us also note a proof that
uses Fenchel duality and Fitzpatrick functions (see [91, 15]). We refer the reader also to
[40] where various extensions properties of vector-valued maps are studied. In [1] another
notion of contractive maps is studied. In [79] it is shown that an extension theorem holds
for these contractive maps on Hilbert spaces.

Let us note that Kirszbraun’s theorem holds not only in Euclidean spaces, but also for
spaces with an upper or lower bound on the curvature in the sense of Alexandrov [74].

We mention also related work of Sheffield and Smart [95] on optimal Lipschitz extensions
and work of Le Gruyer [75], Le Gruyer and Phan [76] on minimal Lipschitz extensions. The
latter work is based on C! extensions of 1-jets with optimal Lipschitz constants of the
gradients. Another related problem is the Whitney problem [105] of extending functions to
ChHl or C™! functions on R™. It is a topic of extensive research; see works of Fefferman
[48, 49, 51] and of Brudnyi and Shvartsman [31].

Let us consider the space L(X,R™), equipped with the supremum norm, of all Lipschitz
maps u: X — R™ that have a finite Lipschitz constant L(u), i.e. such that

llu(z) = u(y)ll

L(u):sup{ T H\x,yeXanda:#y}<oo.

In [72, 71, 73] it is proved that there exists a continuous map
F: £(X,R™) — L(R",R™)
such that for any v € L£(X,R™) we have
F(u)|x =u and L(F(u)) = L(u).

In each of the mentioned papers the problem is considered in a slightly different setting. In
[73] it is shown that F' may be chosen in such a way that for each u € £(X,R™) the image
of F'(u) is contained in the closure of the convex hull of the image of u. Let us mention here
a paper [50] of Fefferman that addresses a similar problem in the context of C"™ extensions.

In Chapter 4 we study the rate of continuity of extensions of 1-Lipschitz maps. We
study the following problem. Suppose we are given two sets A C B C R™ and 1-Lipschitz

maps u: A — R™ and v: B — R, with m > 1. We are interested in
inf { sup {||@(z) — v(z)|| | z € B} | @: B — R™ is 1-Lipschitz extension of u}.  (1.4.1)

We show that for any wu, v this quantity is bounded from above by

V62 +24d,(A, B),



where

dy(A, B) = sup{|v(z) —v(y)| | = € A,y € B}, (1.4.2)

and
§ =sup {||v(z) — u(z)| | z € A}. (1.4.3)

Moreover, it is sharp, in the sense that for any > 0 there exist sets A C B C R” and
functions u,v (see Example 4.2.2), such that (1.4.3) holds true and such that for any 1-

Lipschitz extension @ of u to B we have

sup {|lv(z) — @(z)| | z € B} = V02 + 26d,(A, B).

Proposition 4.2.3 shows that the rate of square root of  is optimal. Proposition 4.2.4 shows
that if d,(A, B) is infinite, then it may happen that (1.4.1) is infinite as well.
Let Y be a Hilbert space. We discuss several cases where it is possible to find an

extension of a 1-Lipschitz map u: A — Y to a 1-Lipschitz map %: X — Y such that

sup {Hv(a:) —az)| |z e X} — sup {Hv(;r) —ulz)| |z e A}, (1.4.4)

where v: X — Y is a given 1-Lipschitz map. The first such situation is when X,Y are
Euclidean spaces and u(x) — v(x) belongs to a fixed one-dimensional subspace Rw of YV
for all z € A. Then the sufficient condition is that (u,w) is 1-Lipschitz with respect to a

Riemannian pseudo-metric associated with v, which is given by the bilinear form
gg)(a:)(s, t) = <S7 t> - <DU(CC)S, D’U(.’E)t> + <U), D’U(QZ‘)S> <w7 DU([L‘)t>

This condition is always satisfied when the set A is geodesically convex with respect to the
pseudo-metric, i.e. that for any x,y € A there is a path realising the distance between x
and y and lying in the set A.

The second situation, covers the case of maps v: X — Y on an arbitrary set X taking
values in a Hilbert space Y and u: A — Y, with A C X, such that the increments of v

majorise the increments of u, i.e.
[u(z) —u(y)l| < [lo(z) —v(y)| for all 2,y € A.

In this case we prove that u may be extended to X such that its increments are still

majorised by the increments of v and such that

sup { [v(x) — a(@)|| | = € X } = sup {Ju(x) — u(@)|| | = € A}.

In particular, if v is an isometry on X, then we partially recover the result of Section 4.3.4.



The last part considers a situation when X is a Hilbert space and v is an affine map.
We prove in Theorem 4.3.9 that if Y is a Hilbert space of dimension at least two, then v
is affine and 1-Lipschitz if and only if for any u: A — Y there is a 1-Lipschitz extension
@: X — Y such that (1.4.4) holds true. One implication of this equivalence establishes a
strengthening of Kirszbraun’s theorem. For the proof we use the technique of K-functions
developed in [84]. This shows a striking difference with the one-dimensional case, when
every 1-Lipschitz map v has the above property, as Lipschitz functions are closed under
minima and maxima; see Proposition 4.3.1.

In Theorem 4.3.11, we provide a partial generalisation of this theorem to extensions of
Lipschitz maps to an arbirary subset of a Hilbert space.

Theorem 4.3.9 shows that an argument outlined in [70, Chapter 6], which aim was to
prove (1.3.2), contains a gap. It is proven in Chapter 3 that in fact the conjecture is false if
m > 1. Another argument, which could be used in a proof of the conjecture, could rely on
one-dimensional perturbations of v. Rate of continuity of extensions of such perturbations

is also a topic of Chapter 4, Section 4.3.2.

1.5 Optimal transport and Choquet theory

In Chapter 5, we explore a link of optimal transport problem with Choquet theory; see e.g.
[90, 3].

Using tools of Choquet theory and a novel variant of Strassen’s theorem (see Theorem
5.2.1) we reprove Kantorovich and Kantorovich-Rubinstein dualities; see Theorem 5.3.1,
Theorem 5.4.1 and Theorem 5.5.4. The observation is as follows. Let ¢: X XY — R be
a cost function. Suppose u and v are functions on X and Y respectively such that for all
x € X and y € Y there is u(z) + v(y) < ¢(z,y). Consider the set P of pairs of probability

measures (u, ) on X and Y respectively such that u, v maximise the sum of integrals

/ udp + / vdv.
X Y

Strassen’s theorem allows us to show that the set of extreme points of P is equal to the
set of pairs (dz,0,) with z € X and y € Y are such that u(z) + v(y) = c(x,y). Choquet’s
theorem and identification of extreme points of P yields existence of a Borel probability

measure ™ on X X Y such that

(o) = /X (6n,8,)dn(z.)

and 7 is supported on the set of points (z,y) such that u(z) + v(y) = c(z,y). It follows

that the marginals of 7w are p and v respectively and that

/udu+/ vdl/:/ cdm.
X Y XxY
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Therefore the existence of maximisers u,v implies Kantorovich duality. Note that when
the cost function ¢ is Lipschitz such existence may be proven with help of so-called c-
convexification. If ¢ is lower semicontinuous, then it may be suitably approximated by
Lipschitz functions in such a way that the duality follows.

Similar reasoning may be applied as well in the context of multimarginal optimal trans-
port; see Theorem 5.5.4.

Recently, great attention has been paid to the problem of martingale optimal transport
in multi-dimensional setting. The initial interest in this problem stems from its applications
to mathematical finance (see [53, 19]), and its link to the Skorokhod embedding problem
[20, 86]. The link of this topic to the thesis is visible by a localisation-type results established
in papers by Ghoussoub, Kim, Lim [57], by De March, Touzi [41, 42, 43] and by Obl16j and
Siorpaes [87]. The irreducible convex paving of these papers plays a role of localisation for
measures in convex order.

Suppose we are given two probability measures u, v on R” with finite first moments that
are in convex order, that is for any convex function f: R® — R

fdp < | fdv.
R” R
Then a theorem of Strassen (see [97]), implies that there exists a coupling 7 on R" x R"”
with respective marginals p and v, such that if (X,Y) is distributed according to 7, then

E(Y|X) = X, i.e. the pair (X,Y) is a one-step martingale. The problem is to find such

/ cdm
R™ xR"™

for a given measurable cost function c¢: R x R™ — R. The dual problem is to find maximal

/udp/ vdy

among all pairs u,v: R™ — R of continuous functions such that there exists v: R — R"

coupling 7 that minimises the integral

value of

satisfying
u(z) —v(y) + (v(x),y — x) < c(z,y) for all 7,y € R™.

We prove (see Theorem 5.7.3 and Corollary 5.7.4) that the set of such pairs of functions

is equal to the set of pairs u,v: R™ — R such that for all z1,...,2,+1 € R™ and all non-
negative t1,...,t,4+1 that sum up to one there is
n+1 n+1 n+1 n+1

u(Ztlw@) — Ztiv(:ni) < thc<ztimi’$j)‘
i=1 i=1 j=1 i=1

11



These results complement standard knowledge about convex functions, which follows by
taking © = v and ¢ to be equal to zero. The proofs work also in case of general convex sets
K CR".

In the course of the proof of these facts we also characterise the extreme points of the

set of probability measures in convex order as the set of pairs of the form

d+1 d+1
<5m, Zt15m1> with © = Z tixi
i=1 i=1
for some positive t1,. .., {411 summing up to one, some 1, ...,2x411 € R™ in general position

and d < n. This is the assertion of Theorem 5.6.1.

We introduce notion of martingale triangle inequality (see Definition 5.9.1) and prove
that if the cost function c satisfies this inequality and vanishes on the diagonal, then the
value of the dual problem will not be changed if we restrict ourselves to functions u, v that
satisfy u = v; see Theorem 5.9.3. Martingale triangle inequality demands that for any

points x,x1,...,Tn11 € R™ and any non-negative t1,...,t,+1 that sum up to one there is

n+1 n+1 n+1 n+1

Z tic(x,x;) — c(a:, Z tiazi) < Z tic< Z tjz;, xl) )
i=1 i=1 i=1 j=1

Examples of functions that satisfy martingale triangle inequality are metrics, non-negative
functions concave in the second variable and any conical combination of such functions.

Possible future applications of these finding lie in investigation of cyclical monotonicity
principle for martingale optimal transport (see e.g. [21]), akin to characterisation of the
classical optimal transport of Gangbo, McCann [56]. Another direction where the current
developments may be useful is concerned with numerical methods for the martingale optimal
transport problem.

As an application (see Theorem 5.8.3) we provide a characterisation of uniformly convex
and uniformly smooth functions that complements results of Azé and Penot [10] and of

Zalinescu [108].

1.6 Matrix Holder’s inequality, divergence formulation of op-
timal transport of vector measures with applications to
representations of polar cones

Chapter 6 presents matrix Holder’s inequality with a proof taken from [14]. We charac-
terise the equality cases for this inequality. According to the knowledge of the author, this
characterisation is new. The main purpose of the chapter is to provide necessary tools to

be applied in Chapter 7.
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Chapter 7 concerns another formulation of optimal transport for vector measures. In

there we consider the following problem
inf{HMHl | M € M(R™, R"™*™), —divM = M}
and show that this value is equal to

sup{ [(7.dw) | £ B > R7 DS < 1},

Here M is a matrix valued measure and ||M]||; stands for the total variation of M with
respect to the Schatten 1-norm. In the chapter we include also other variants for vector
measures that are absolutely continuous with respect to the Lebesgue measure. Let us
note that these results are related to the works of Bouchitté, Buttazzo and Seppecher [28],
Bouchitté and Buttazzo [27], Bouchitté, Gangbo and Seppecher [55] and Gangbo [54]. As
an outcome of our study we prove the result of [37] and its generalisation with use of results
of Chapter 6. That is, we provide a representation formula for vector measures that belong
to the polar cone to the set of monotone maps, and generalise these methods to obtain
representation formulae for polar cones to tangent cones of the unit ball of the space of

differentiable maps and of the Sobolev spaces.

1.7 Outline of the thesis

In Chapter 2 we study the 1-Lipschitz maps f: R™ — R™ and the partitions of R induced
by them. The chapter contains original results of the author which generalise facts already
known for m = 1 and partially prove a conjecture of Klartag.

In Chapter 3 we develop a theory of optimal transport for vector measures and we
prove a duality formula analogous to that of Kantorovich and Rubinstein. We provide a
counterexample to another conjecture of Klartag.

In Chapter 4 we study approximations of Lipschitz maps. We provide an example
that establishes a sharp rate of continuity of such approximations. We study also several
cases where such approximations have good continuity properties. In particular, we prove
a strengthening of the Kirszbraun theorem.

In Chapter 5 we provide a new interpretation of optimal transport as an optimisation
over the set of all Choquet’s representations of pair of measures. We provide a novel proof
of Kantorovich duality formula in two-marginal, multi-marginal setting and in martingale
optimal transport setting. We introduce and study cost functions that satisfy martingale
triangle inequality. As an application, we obtain a novel characterisation of uniformly

smooth and of uniformly convex functions.
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In Chapter 6 we consider and provide a proof of matrix Holder inequality. Basing on
this existing proof, we characterise equality cases in this inequality.

In Chapter 7 we develop theory of optimal transport for vector measures and apply it,
together with results of the previous chapter, to reprove the characterisation of the dual
cone of monotone maps that was first proven in [37].

All the matter presented in the thesis is due to the author, except when clearly indicated

or commonly known.
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Chapter 2

Leaves decompositions in
Euclidean spaces

2.1 Introduction

Here we describe the structure of the chapter. In Section 2.2 we provide a careful definition
of the partition associated to any 1-Lipschitz map u: R™ — R™ between Euclidean spaces.
What will follow in the latter sections is the existence of the map S: R" — CC(R") satis-
fying the properties of Theorem 2.7.2. The map S assigns to A-almost every point x € R”
a maximal closed convex set S(z) containing z such that u|g(,) is an isometry. Any such
set is called a leaf of u. We prove that certain components of u are differentiable on certain
leaves. Moreover we investigate the regularity of the derivative on the leaves and provide an
interesting strengthening of 1-Lipschitz property of u; see Lemma 2.2.6 and Remark 2.2.7.

In Section 2.3 we define, and prove the existence, of ghost subspaces. It turns out that
it may happen that the derivative of u is an isometry on a subspace that is strictly larger
than the tangent space to a given leaf. These subspaces are termed ghost subspaces. This
section will not be employed in further investigations of this chapter. Yet, it is of interest
on its own and complements the description of the partitioning obtained in Section 2.2.

In Section 2.4 we define a Lipschitz change of variables on sets, called clusters of leaves,
that will allow us to use the area formula and then Fubini’s theorem to prove the regularity
properties of the conditional measures. Here we provide significantly simpler proofs than
analogous proofs in [32], mainly thanks to Lemma 2.2.6 and Corollary 2.2.10.

In Section 2.5 we prove measurability properties of the partition, which will allow us,
among others, to show that the map S: R” — C'C(R"™) is measurable with respect to the
Wijsman topology on CC(R™). We also prove that the union of boundaries of leaves of
maximal dimension is a Borel set of the Lebsegue measure zero.

In Section 2.6 we provide a proof of Theorem 2.6.1, that the partition induces a disin-

tegration of the Lebesgue measure.
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In Section 2.7 we prove that the conditional measures pus have densities such that the
weighted Riemannian manifolds (intS, d, us) satisfy the curvature-dimension condition, pro-
vided that (R",d, ) did. This partially resolves in the affirmative a conjecture of Klartag
[70, Chapter 6].

In this chapter any considered norm on R"™ and on R™ is Euclidean.

2.2 Partition and its regularity

If A C R" let us denote by ConvA the convex hull of A, i.e.

k k
ConvA — {Zm | keN,Al,...,)\kZO,ZAizl,xl,...,xkEA}.
=1 =1

We define the affine hull AffA of a set A C R™ to be

k k
AffA:{ZAia:i|keN,Al,...,AkGR,Z)\izl,ml,...,azkGA}.
=1 =1

Lemma 2.2.1. Let z1,...,2z; € R™. Let x,y € R™. Suppose that

fori=1,...,k. Then for all z € Conv{zy,... .z} there is
[z — 2]l < [ly — 2.

In particular, if y € Conv{z1,... .z}, then x = y.

Proof. Let
Z = Conv{zi,..., 2}
We have
[ + 11201 = 2(z, 25) < lyl® + llzill* — 2(y, z)
for alli =1,...,k. Hence, for these i’s, we have

] = 20w, zi) < llyll* — 2(y, 2)

Thus, adding up these inequalities multiplied by non-negative coeflicients that sum up to
one, we get
2 2
l]l” = 2(z, 2) < lylI” = 2(y, 2)

for all z € Z. Hence also

le =zl < lly = 2|

Putting z = y yields ||z — y|| = 0. O
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Let A C R™. We shall say that a map v: A — R™ is an isometry provided that for all
2,y € A there is [o(z) — v(y)]| = |1z — ylI.

Definition 2.2.2. Let u: R™ — R™ be a 1-Lipschitz map. A set S C R" is called a leaf of u
if u|s is an isometry and for any y ¢ S there exists x € S such that ||[u(y) —u(z)|| < |ly—=]|.

In other words, S is a leaf if it is a maximal set, with respect to the order induced by

inclusion, such that u|s is an isometry.

Definition 2.2.3. If C C R" is a convex set, then we shall call the tangent space of C the
linear space Aff(C') — Aff(C'). We shall call the relative interior of C' the relative interior
with respect to the topology of Aff(C).

Lemma 2.2.4. Let S C R" be an arbitrary subset. Let u: S — R™ be an isometry. Then
there ezists a unique 1-Lipschitz function @: Conv(S) — R™ such that t|s = u. Moreover

U 1S an isometry.

Proof. Observe that, by the polarisation formula, u preserves the scalar product, that is for

all points p,q,r, s € S there is
(u(p) — ulq), u(r) —u(s)) =
= 2 (lup) — wls)IP + Jula) — u()? = u(p) — u(PI? ~ Jule) ~u(s) ) = (22,1

1
= 5(lp=sl?+llg=rl* = lp = rl* = llg = s*) = (p = a7 = 5).

Suppose that y1,...,9%,21,...,2; € S and that sq,...,sg, t1,...,t are non-negative real
numbers such that . l

IRED S

i=1 j=1

Then, by (2.2.1),

k l
=D D sisetytp{u(ys) — ulz) ulyr) — ulz)) = (22.2)

i,i'=17,5/'=1
k l k l )
= Z sisitity(yi — 25, Yir — zj1) = H Zsi?ﬁ - thsz
i,i'=17,j/'=1 i=1 j=1
We may now affinely extend u to Conv(S). That is, if x1, ...,z € S and sq,. .., i are any

non-negative real numbers that sum up to one, we set

k k
i ( ; sx) = ; siu(;).
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Now, (2.2.2) shows that @ is a well-defined affine map on Conv(S) and that it is an isometry.

Suppose now that we have another 1-Lipschitz extension v: Conv(S) — R™. To prove
that v = @ it is enough to show that v is affine. Choose non-negative real numbers s1, ..., s
summing up to one and any points z1,...,xr € S. Then, by 1-Lipschitzness and by the

fact that v is isometric on S, we get, as in (2.2.2),

k k k
Hv(?&%) - U(JC])H < H ;Szl‘z - x]H = H ;Szv(azz) — v(x])H

By Lemma 2.2.1 we see that

k k
v ( Z sixi> = Z siv(z;).
i=1 i=1
It follows that v is affine on Conv(S). O

Corollary 2.2.5. Any leaf S of u is a closed convex set and u|s is an affine isometry.

Let S be a leaf of u. Let P denote the orthogonal projection of R™ onto the tangent
space V of S. Let
T:V —-R"

be a linear isometry such that

for any =,y € S. Let @ denote the orthogonal projection of R™ onto T'(V').
Below by intS, clS, S we understand the relative interior, the relative closure and the

relative boundary of S respectively.

Lemma 2.2.6. Let u: R®™ — R™ be a 1-Lipschitz map. Let S1,S2 be two leaves of u. Let
V1, Vo be their respective tangent spaces and let Py, Py be orthogonal projections onto Vi, Vs

respectively. Let T1, T be isometric maps such that
u(x) —u(y) = Ti(z —y) for all z,y € S;,i =1,2.
Let z; € S; and o; = dist(x;,0S;) fori=1,2. Then
20103 PLPy — PITT TP < ln — of* — [Ju(z1) — u(a)|?,
and fori=1,2

204 || P, T (u(1) — u(w2)) — Pi(wy — 22)|| < [log — 22f” — [Ju(zr) — u(z) ||,
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Proof. Let y; € S; for i = 1,2. Let v; = y; — x; for i = 1,2. Then we may write

w(yr) — w(y2) = u(z1) — u(ze) + Thvr — Tovs.

Hence ||u(y1) — u(y2)||? is equal to

lu(z1) — u(z2)[|” + [Jor]]* + [[v2ll* + 2(u(z1) — u(zz), Trvr — Tova) — 2(Thv1, Tova).
We also have
Y1 — Y2 =T1 — T2 + U1 — V2,

yielding
lyr = gell* = llax — z2)l + o] + [Joz]]? + 2(21 — @2, v1 — v2) — 2(v1, v2).

As w is 1-Lipschitz, ||u(y1)—u(y2)|| < |ly1 —y2||. By the two identities above we get therefore
that

2(1}1, ’U2> — 2<T1'l}1, Tg’l)2> + 2(u(m1) — ’U,(:L'Q), Tﬂ)l — TQUQ) — 2<.%'1 — T2,V1 — ’U2>

is bounded above by
21 — 22)|* = lu(zr) — ().

Suppose that o1, 09 are both positive. As y1,y2 were arbitrary points of S1, Sy respectively,
the above inequality holds true for any v; € V; and any vs € V5 of norm at most o1 and o9
respectively. If we add two such inequalities with vy, v9 replaced by —wv1, —v9 then we get
that

2(v1,v9) — 2(Tyv1, Tove) < ||lz1 — 22| — |Ju(z1) — ulze)|* (2.2.3)

Equivalently, for any wi,ws € R™ of norm at most one, we have
20109(w1, (PP — PITy TaPy)wa) < [lon — wal* — [lu(z1) — u(z)||.

Taking supremum over all wy, ws € R™ of norm at most one yields the first desired inequality.

For the next inequalities, we assume that oo > 0 and we take v; = 0 to get that
—2(u(z1) — u(x2), Tova) + 2(a1 — @2, v2) < [|lz1 — wal|® — [Ju(z1) — ulao)|”.
Analogously for v9 =0 and o1 >0
2(u(z1) — u(z2), Tivr) — 2{a1 — 22,01) < [lag — 22|” — [Ju(z1) — ul@s)|.
Hence for any wy,ws € R™ of norm at most one there is

02<(P2T2* (u(z1) — u(xa)) — Pol21 — $2))7w2> <oy — w2l” = fulzr) — u(w)|?
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and
o1 (AT (u(@r) = (@) = Pin = 22)), w1 ) < Jlag = wll? = Juler) = (@)
Taking suprema over wi,ws in the unit ball of R™ yields the desired results. O

Remark 2.2.7. Lemma 2.2.6 tells us that if 1, x2 belong to relative interiors of leaves S1, So
respectively, then the 1-Lipschitzness of map u: R® — R is strengthened to the condition
that

lu(a1) = u(@2)|* + 20109]| PLPy = PITY ToPo|| < |21 — o

for all z1 € &1 and all x5 € Ss.

Lemma 2.2.8. Let S be a leaf of a 1-Lipschitz map u: R™ — R™. Then Qu is differentiable

in the relative interior of S. Moreover, if zg belongs to the relative interior of S, then
DQu(zy) = TP.
If u is differentiable in zy for some zg € S, then
QDu(zy) =TP.
Proof. Observe that Q = TT*. Hence, by Lemma 2.2.6, we see that
2011Qu(z1) — ulz0)) — TP(1 — )| < |1 — 20 — l[u(z1) — uz0)II.
for all zg € S and z; € R™. Here o = dist(zp, dS). Hence if o > 0 we obtain that

o sup Q) ~u0) = TP — )| o

21—20 ”Zl - ZOH 21—20

lz1 = =ll _

This yields the asserted differentiability.
Now, suppose that u is differentiable at zg € S. Arguing as in the proof of Lemma 2.2.6

we see that for all zo € § and 21 € R™ we have
2(T*(u(20) — u(z1)) — (20 — 21), 22 — 20) < |21 — 201> — [Ju(z1) — u(z0)|*.

Take any w € R™ and let z; = z9 — tw, t > 0. Then the above inequality implies that

(Mt ) el

Letting t tend to zero yields

(T*Du(zp)w — w, z9 — z9) < 0.
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As this holds true for any w € R™, applying this inequality to —w, we infer that the above

inequality is an equality, i.e. for all w € R"™ there is
(T*Du(zo)w — w, z9 — zo) = 0.
If follows that for all v € span{zs — 20| 22 € S} =V
(T* Du(zo)w — w,v) =0,

and, consequently, for all such v there is (QDu(zp)w — TPw,Tv) = 0. The assertion
follows. H

Corollary 2.2.9. Suppose that S is of dimension m. Then u is differentiable in the relative

interior of S.

Proof. If the dimension of S is m, then the respective orthogonal projection @ is the identity.

The claim follows now by Lemma 2.2.8. O

Corollary 2.2.10. Let u: R® — R™ be a 1-Lipschitz map. Let x; € intS; belong to the
relative interior of leaf S; of u, for i = 1,2. Let o; = dist(9S;, z;) for i = 1,2. Then for
any s1, 82 € R™ of norm at most one there is

1 — 2] — Jlu(z1) — u(x)

I
20‘10’2 '

|1 Prs1 — Posa||® — | Du(x1)s1 — Du(xa)ss|?| <

Here P; denote the orthogonal projection onto the tangent subspace of the leaf S; fori = 1,2.

Moreover for any wi,ws € R™ of norm at most one there is

21 — 22| = [|u(21) — u(zs)
20109

>

11Q1 w01~ Qawa |*~ | (DQru(1)) "1~ (DQau(w2)) "ws|*| <
Here Q); denote the orthogonal projection onto the image of T;, for i =1,2.

Proof. Formula (2.2.3), Lemma 2.2.6, tells us that for any v; € V; and any ve € V5 of norm

at most one, there is

|1 — @2* — u(@1) — u(@s)
2010’2

2
lfox = val]2 = [Tior = Tovall?] < L
Lemma 2.2.8 tells us that DQ;u(x;) = T;P; for i = 1,2. Hence the first asserted inequality
follows. Let v; = (T;P;)*w; for w; € R™, i = 1,2, of norm at most one. Then the above
formula yields

21 — 22||* — ||u(z1) — u(w2)
20109

2
(DL w1 — (T Py) wnl® — [Qrws — Quwa]?] < | I~

The proof is complete. ]
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Lemma 2.2.11. Let 81,83 be two distinct leaves of a 1-Lipschitz map u: R™ — R™. Then
S1 NSy C IS NOSs.

Proof. We shall first show that there is no point belonging to intS; N Sy. For this, suppose
that zg € intS1 N Sy, Let 1 € 81 and x5 € Sy. There exists isometries T and 75 on the
tangent spaces Vi and Vs of &1 and S» respectively such that

u(x1) —u(zo) = T1(x1 — x0) and u(x2) — u(zy) = To(xe — x0).
We may write

|21 — @ol|® + llz2 — xo|* — 2(T1 (w1 — 20), To(w2 — 0)) = [[u(z1) — u(z2)||? <

< @y — @2l = [lz1 — mol® + |lw2 — zol|* — 2(x1 — 20, 22 — o).

Hence

<£l31 — X, T2 — .T0> S <T1(Cl31 — IQ),TQ(I‘Q — CE(])>

As xg € intS; and the inequality holds true for all 1 € S, we actually have equality above

for xy sufficiently close to xg. It follows that for all v1 € V4 and vy € Vs,
(v1,v2) = (T1v2, Thva). (2.2.4)
Hence, there exists an isometry that extends both 77 and T5. Indeed, define a linear map
S:Vi+Vy—R™

by the formula
S(m + UQ) = Tl(vl) + TQ(UQ) for v1 € V1,09 € V5.

We claim that S is a well-defined isometry. Indeed, by (2.2.4) and by orthogonality we see
that if vo € V4 N Vy, then

[v2]|* = (Tyva, Tovs)

which implies, by the equality cases in the Cauchy—Schwarz inequality, that Tive = Thvs.

Thus S is well-defined. It is an isometry, as for v1 € V4 and vy € Vs,
1S (1 + v2) |2 = [l1]|* + [[oa]? + 2(Thvr, Tove) = |1 + va*.

Moreover, by the definition, S is an extension of both 77 and T5.

Define an affine map v: zg + V1 + Vo — R™ by the formula

v(z) = S(x — o) + u(xp).
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Then v|s, = u and v|s, = u. Choose any points z € S; and y € Sy. Then

[u(z) —u(y)]| = [lv(@) = vl = 1Sz =yl = |z =yl

Thus v is isometric on S1 U Sy. By maximality of leaves, S = &1 U 8o = 8o, contradicting

the distinctness of the two leaves. Hence
S$1 NSy C 051 N So.
Repeating the above argument with &) and Ss interchanged, we see that
S1NS; C (081N S,) N (9S2 N S1) = 081 N DSs.
O]

Lemma 2.2.12. Let u: R™ — R™ be 1-Lipschitz. If xg € R™ belongs to at least two distinct

leaves of u, then u is not differentiable at xg.

Proof. Clearly, any zero-dimensional leaf does not intersect any other leaf. Hence, xg be-
longs to two distinct leaves Sy, So of non-zero dimensions. Suppose that u is differentiable at
rg € S1NSy. Then Lemma 2.2.8 implies that Qqu is differentiable at xzg with the derivative
given by

DQqu(xg) = T1 Py,

where T7 is an isometry such that u(x) — u(xo) = Ti(x — xp) for all z € S;, P; is the
orthogonal projection onto the tangent space V; of &1 and @) is the orthogonal projection

onto the image of T7. In other words

- Qru(z) — Qru(zo) — T1Pr(z — 20)

mlixo Tz — 20l =0. (2.2.5)
For x € S we may write
u(z) — u(zg) = To(x — x0)
for an isometry Ts. If € Ss, then
Qru(x) — Q1|1|L:£x_o)xg”T1P1(:L‘ — 70) — (1T — TlPl)(Hi :72” > (2.2.6)
For x € Sy and ¢ € [0,1] let
xy = x0 + t(x — x0).
By convexity of leaves, x; € S3. Observe also that
%LH(]) Ty = X0. (2.2.7)
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It follows by (2.2.5), (2.2.6) and by (2.2.7) that
Q1Ta(x — z9) = T1 Pi(x — xp) for all x € Ss.
As Vo = span{z — o | © € S} is the tangent space of Sy, we infer that
Q1 Thv =T Py for all v € Vs.
Hence, for v1 € V; and for vy, € V5
(Thv1, Tovg) = (Thvr, Q1 Tov2) = (Thvr, Ti Prvg) = (v1, v2).
We continuue the proof as in Lemma 2.2.11 and arrive at a contradiction that S = Sy. [

Remark 2.2.13. We may proceed in the first part of the above proof of Lemma 2.2.11
alternatively. Namely, we may conclude from Lemma 2.2.8 that for at point in intS the
map Qu is differentiable with DQu = T P. Then we proceed as in the proof of Lemma
2.2.12.

Definition 2.2.14. The set of points belonging to at least two distinct leaves of a 1-
Lipschitz map u: R™ — R™ we shall denote by B(u).

Corollary 2.2.15. For any 1-Lipschitz function u: R™ — R™ the set B(u) is of Lebesque

measure zero.

Proof. Lemma 2.2.12 implies that B(u) is contained in the set of non-differentiability of w.

Rademacher’s theorem (see e.g. [47]) states that the latter is of Lebesgue measure zero. [

2.3 Ghost subspaces

In this section we shall study certain subspaces associated to leaves of a 1-Lipschitz map
u: R™ — R™. Observe that if S C R" is a leaf of u, then the derivative of u is isometric on
the tangent space V of §. Nevertheless, it may happen that the derivative of u, whenever
it exists, is an isometry on a strictly larger subspace than V. An example illustrating this
situation is provided below. Note that such situation does not occur when S has dimension

m.

Example 2.3.1. We shall construct a 1-Lipschitz function u: [0,1] — R such that there is
a set F of positive Lebesgue measure consisting of zero-dimensional leaves and such that
Du is almost everywhere an isometry, i.e. has slope one or negative one. In particular, for
all z € F and all y € [0,1] there is |u(z) — u(y)| < |x — y|. For a construction of such a

function, consider a dense set F' that is a union of a countable family of pairwise disjoint,
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non-degenerate intervals in [0, 1] of total measure A\(F') € (0,1). Let u be defined by the

formula
u(x) = /[ ](1Fc — 1p)(t)dt.
0,z

Then w is picewise affine — in each of the intervals in F' with slope equal to negative one
and in F'¢ with slope equal to one. Then clearly, Du is an isometry almost everywhere, yet,

for any = € F° the set {x} is a leaf of u. Taking E = F° yields the asserted claim.

In what follows we shall prove that w is isometric not only on &, but also, there is a
subspace of vectors on which Du(x) is exists and is isometric, whenever z € intS. The
derivative on these vectors is independent on the choice of a point in intS. We prove also
that the rates of convergence of the differential quotients to the derivative are comparable
on this subspace. Thus, in a sense, some leaves behave as it they were of higher dimension

than they actually are.

Lemma 2.3.2. Let u: R®™ — R™ be a 1-Lipschitz map. Let S be a leaf of w and let V
denote the tangent space to S. Let xg,x1 € intS. Suppose that for some h € R™ there exists
Du(xg)h with || Du(xo)h|| = ||h||. Then there exists Du(x1)h and

Du(x1)h = Du(xg)h.

Moreover, if for some € >0, § >0 and all t € R such that |t| < ¢ there is

|lu(xo + th) — u(xg) — tDu(zo)h||
17 =

then also

|u(xy +rh) —u(x1) — rDu(zo)h|| < etV |21 — 2o <1 N |21 — 2ol + 01)
|r{|| 7 o1 o0

whenever |r| < 0. Here fori=0,1 we set o; = dist(z;,dS).

g1
o1t+{lzr—zoll
Proof. By the assumption, o; > 0 for ¢ = 0,1. Let 2’ € S be given by the formula

xr1 — o

¥ =x + —T0.
21 — o]

Then
_ o1 1 — ol
Ty = 0
|x1 — ol + o1 |lz1 — xo|| + o1
Set s = m Let ¢ be a real number. Observe that z1 + sth = s(xg +th) + (1 — s)2’.

Let p € [0,1] be such that

 lluCzo + th) — u(ao)
Rk

(2.3.1)
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Then we claim that
/
e+ ) — w2 o + th 2 = pefig? (14 I =E0) 2
00
Indeed, Lemma 2.2.6 and Lemma 2.2.8 yield that

L2 n)2.

Qa0 -+ th) — u(wo) ~ tDu(za)h)| < 5 ~(EIHI = lluao + th) — u(a)|) = 55

Note that
QDu(xo)h = TPh.

Therefore, by the Pythagorean theorem and the above bound,
lu(wo + th) —u(a)||* = [lu(zo + th) — u(wo)|* + [lu(we) — u(a")|*+
+ 2(T(zg — "), Q(u(zo + th) — u(zo) — tDu(zo)h)) + 2(xo — o', tPh).
Hence, using (2.3.1) and the fact that (zg — 2’, Ph) = (xg — 2, h), we may write
N2~ 12017112 12 2011112 2o — | /
lu(@o + th) = u(@)I” 2 t7AI" + llwo — 271" = 7[RI { 1+ ———— ] + 2(z0 — 2, th) =
0
-
oo+t~ = pe (14 10221,
00
Thus, (2.3.2) follows. Observe that, c.f. proof of Lemma 2.2.4,
(u(z1 + sth) — u(xg + th), u(z1 + sth) —u(a')) =
1
— §(||u(x1 + sth) — u(ac')H2 + ||u(x1 + sth) — u(zo + th)”2 — |lu(zo + th) — u(x')||2)

Then we see, by 1-Lipschitzness of u and by (2.3.2), that the above scalar product is bounded

from above by
1 -
(w1 + sth — (a0 + th), @1 + sth — a') + Spt? || <1 + w> (2.3.3)
0

Expanding the squares, exploiting 1-Lipschitzness of u, (2.3.3) and the polarisation formula

yields
e -+ 5th) = (suleo -+ 8) + (1= Spu(a )P < s(1 = ypra? (14 1221,
Now, since u is affine on S, u(zy + sth) — (su(zo + th) + (1 — s)u(z’)) is equal to
u(xy + sth) —u(x1) — stDu(xo)h — s(u(xo + th) — u(xg) — tDu(xo)h).

We see that the quotient

|lu(x1 + sth) — u(x1) — stDu(xg)hl|
|st|[[ ]
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may be bounded by

pA =) [ llwo—all | |lulzo + th) — ulwo) — tDu(xo)hl]

Vs o0 2117l

By the definition of p we have

(2.3.4)

M—p= |u(zg 4+ th) — u(wo)|| >1_ |u(zo + th) — u(xo) — tDu(zo)hl|| ‘

It[[|7]] B [t[[|7
Hence
) <2 lu(xo + th) — u(xg) — tDh(z0)h||
t[[|7]]
Observe also that
|lzo — 2| = ||z — z1|| + 01

and that

1—s _ [lz1— o

S 01 '

Let € >0, > 0 and || < 0 be as in the assertion of the lemma. We see by (2.3.4) that

e 1) o) ~Dust] .y g fler =l e —sol o)
Il 7 %

J.
The proof is complete. O

provided that |r| <

o1
o1+]|z1—zo]|

The next proposition tells that the set of vectors h € R™ such that Du(z)h exists and

||Du(z)h| = ||| for some z € intS forms a subspace.

Proposition 2.3.3. Let S be a leaf of a 1-Lipschitz map u: R™ — R™. The set G of vectors
h € R™ such that for some x € intS there exists Du(z)h with ||Du(z)h|| = ||h|| forms a
subspace. Moreover, for any x € intS and any h € G there exists Du(z)h and Du(z) on G

is an isometry, which is independent on the choice of x € intS.

Proof. Let z € intS. Lemma 2.3.2 implies that the set G is equal to the set of h € R™ such
that here exists Du(x)h with || Du(z)h|| = ||h||. Let h1,hy € G. As wu is 1-Lipschitz

1
[1Du(z)hy = Du(@)he|| = lim —lu(z + thy) — w(z + the)l| < |[h1 = he.
It follows that
| Dua)ha |2 + | Du(a)hal2 — 2(Du(@)hy, Du(w)ha) < [hll? + sl = 2(h1, h).

Hence
<Du(az)h1, Du(m)h2> Z <h1, h2>. (235)
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Since the same is true with hy replaced by —hq, we infer that in (2.3.5) we actually have

an equality. Thus, Du(x) is an isometry on G. In particular
1
lim *Hu(l' + thl) — U(SC + thg)” = Hh1 — hQH (236)
t—0 ¢
Suppose that

H (z + thy) — u(m + (b + h2)) H

. 1
h?i)lglf m < §Hh1 — hall.
Since for t > 0
Hu(x + tha) — u(a: + 5(h1 + h2)> H
—||h1 — R
‘t‘ 2” 1= 2”
we see by the triangle inequality that
lim inf ||u(z + th1) — u(z + tha)|| < llhy = hal,
t—0 |t]

contradicting (2.3.6). From the above and by symmetry it follows that for i = 1,2
.1 t 1
lim EHu(x +thy) — u(m 5+ hg)) H = S0 = hall. (2.3.7)
By the polarisation formula we see that
1 2
H ( h1+h2)> 2(u(x+th1)—|—u(x+th2))H -
1
5(” (x + = (h1 + hg)) —u(x + thy) H + H (.CU + = (h1 + hg)) —u(x + the) H )

- i”u(x +thy) —u(z + thg)H2.

By the above, by (2.3.7) and by (2.3.6) we infer that
1
lim - H (x 4L (h1 n h2)) — () — =((wx + thy) — u(@)) + (u(z + he) — u(:U))H —0.
t—0 ¢ 2

hi1+ha
2

Therefore the derivatie Du(x) in direction of exists and

hi+h 1
Du(x) (%) = S (Du(@)hs + Duz)ha).
It follows that % € G whenever hi, ho € G. Since homogeneity of G is trivial to prove,
G is a linear subspace.
Lemma 2.3.2 tells us that Du(x) restricted to G is independent on the choice of a point
T € intS. O

Definition 2.3.4. Let u: R® — R™ be a 1-Lipschitz map. Let S be a leaf of u. A subspace
G C R" is called a ghost subspace associated to the leaf S if for any, or — equivalently —
some, x € intS and any h € G there exists Du(x)h and || Du(x)h| = ||h].
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The name ghost subspace comes from the fact that this subspace is not visible at the
level of partitioning into leaves, yet it is of significant importance when dealing with the
partition.

Note that on a ghost subspace, associated to a leaf S, the derivative is isometric and it
is the maximal subspace with this property. Clearly, a ghost subspace contains the tangent

space to the leaf S.

Lemma 2.3.5. Let u: R™ — R™ be a 1-Lipschitz map, let S be its leaf. If h € R™ is such
that ||Du(z)h|| = ||h|| for some x € intS, then there exists D*Qu(z)(h, h) and it is equal to

ZET0.

Proof. Lemma 2.2.6 and Lemma 2.2.8 yield that for y € R"

1Q(u(y) — u(z) = DQu(x)(y — x))|| < %(Hy =zl = Jlu(y) — u(@)]?),

where o = dist(z, S). Let y = x+th for t € R. Dividing by ¢? and exploiting the fact that

o e+ th) —u(@)| _

1
t=0 i

we arrive at the assertion. O

The following proposition provides a result on the regularity of the derivative of u on a

single leaf.

Proposition 2.3.6. Let u: R™ — R™ be a 1-Lipschitz map, let S be its leaf. Let x1,x9 €
intS and let o; = dist(x;,dS) for i =1,2. Then for hi, ha € R"

”Du(l‘l)hl — Du($2)h2”2
18 at most
1 1
. 2 o - 2 2 - 2 2
I mn+mu1aw<m0mm |Du(a)m|?) + - (Ilka] \WMmMﬂ))

whenever derivatives Du(xzq)hy and Du(xe)hy exist. In particular, the derivative of u on

intS is locally %—Hb'lder continuous.

Proof. Suppose x1,x2 € intS. Suppose that hq, ho € R™. Lett € R, y; = x; +th; fori = 1,2

and observe that
luly) — u(y2)lI” < llyr — 21>
Expanding the squares, like in the proof of Lemma 2.2.6, we obtain that
[u(zr) = u(@2)[|? + [[(u(yr) — w(z1)) = (u(yz) — ulza))|*+
+ 2(u(z1) — u(@2), (u(yr) — u(z1)) — (u(y2) — u(z2)))
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is bounded above by

21 — @2l + [(y1 — 1) — (y2 — @2)[|> + 2{z1 — 22, (Y1 — 21) — (y2 — 22))-

Taking into account that ||u(x1) —u(z2)| = ||z1 — 22|, vi — x; = th; for i = 1,2, we see that
(ulyr) = uler)) = (uly2) — ulz2))||* = ¢[lhy — ho|* <
< 26(x1 — 2, by — ho) = 2(u(z1) — u(z2), (u(y1) — u(r1)) — (u(y2) — u(z2))).

Lemma 2.2.8 tells us that

(2.3.8)

<U(IL'1) — u(:cg), Du(xl)hl — D’U,($2)h2> = <.T1 — X9, hl — h2>.
Lemma 2.2.6 yields that for ¢ = 1,2

(u(z1) — u(w2), w(y;) — ulzi) — tDu(zi)h;) < ;Hﬂcl — 2ol| ([ hill* — [Ju(yi) — u(w:)|?).

)

We infer further that

I(ulyr) = uler)) = (uly2) — w(@2))[I* < %|hy — ha*+

2oy = | (- (= ul) = u(en)|?) + - (k] = ue) - ule) ).

Now, dividing both sides of the above inequality by ¢ and letting ¢ tend to zero, we infer
that ||Du(x1)h1 — Du(z2)hz||? is bounded above by

1 1
s = ol + 2oy = ol (- (Vnl* = [ D)) + - (Bl = | Dutza)ha]) ).
The proof is complete. O

2.4 Lipschitz change of variables

We assume throughout the section that m < n. Let us recall a lemma taken from [47, 3.2.9].

Lemma 2.4.1. Let u: R® — R™ be a continuous function. Then the set
{z € R" | u is differentiable at x and Du(zx) has mazimal rank}

admits a countable Borel cover (G;)52, such that for any i € N there exists an orthogonal

projection m;: R™ — R™™™ and Lipschitz maps
wi: R > R™ xR"™™ 0;: R x R"™™ — R"

such that
wi(x) = (u(x), m(x)) and vi(wi(x)) =z for all x € Gj.
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Lemma 2.4.2. Let u: R™ — R™ be a Lipschitz function. Let s € R™ and let
Ss ={z e R" | u(z) = s}
be the level set. Then the set
SsN{z € R" | u is differentiable at x and Du(z) has mazimal rank}

has a countable Borel cover (S)3°; of bounded sets such that for all i € N there emist

Lipschitz functions w: R™ — R*™" and v: R*™™ — R" satisfying
v(w(x)) =z for all z € St

Proof. We apply Lemma 2.4.1 and obtain a countable cover consisting of Borel sets Gj,

orthogonal projections m;: R® — R"®™™ and Lipschitz maps
w;: R" 5 R™ x R*"™™, v;: R x R"™" — R"

such that
wi(z) = (u(x),m;(z)) and v;(w;(x)) = z for all z € G;.
The sets G; N Ss form a countable Borel cover of S;. For any ¢ € N define

w: R*" - R"™™ and v: R" "™ =5 R"

by w = mow;, where m: R™ x R"™™ — R"~™ is the projection on the second variable, and
v(x) = vi(s, ) for z € R*™™. Then, if u(x) = s, then

v(w(x)) = vils, w(z)) = viu(z), () = .
O

Definition 2.4.3. Pick a countable dense set S C R™. Let s € S. Let u: R — R™ be a
1-Lipschitz map. Let (S%)$2; be the Borel cover of Lemma 2.4.2 associated to the level set

Ss = {x e R" | u(x) = s}.

For each i,j € N let the cluster
T;j

denote the union of all m-dimensional leaves S of u such that there exists 2 € SN S¢ for
which dist(z, 9S) > % Denote by
inthij

the union of the relative interiors of all m-dimensional leaves S of u as above.
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Lemma 2.4.4. The union of all m-dimensional leaves is covered by the clusters
(Tsij)ses,ijen-
Moreover for each m-dimensional leaf S and each cluster Ty;; either
intS N Tgi; = 0 or intS C T;.

Proof. Let S be a m-dimensional leaf of u. Then wu, if restricted to S, is an isometry onto a
convex subset of R™. Thus, there exists s € SNintu(S). There exist i,j € N and z € SNS?
such that dist(z,0S) > 1/j. That is S C Ty;.

If the interior of some leaf intS intersects one of the leaves comprising the cluster Tg;;,
then Lemma 2.2.11 implies that they are equal and hence & C Ty;;. This completes the
proof. O

Lemma 2.4.5. Each cluster Ts;; C R™ admits maps
G: iIltTSl'j — R x R™

and
F: G(inthij) — inthij
such that:
i) for each X\ >0, G is a Lipschitz map on the set
sij

). = {l‘ € intTy;; | dist(z, 0S(x)) > )\};

here S(x) is the unique leaf of u such that x € S(x) and z € S(x) is the unique point
in S(z) such that u(z) = s,

i) F' is Lipschitz on the set G(intTy;;),
iii) F(G(x)) = x for each x € intTy;;,

w) if a leaf S C Ty intersects St at a point z, then each interior point x € intS of the
leaf satisfies

G(z) = (w(z),u(zr) —u(z)), (2.4.1)

where w: R™ — R"™™ 4s the map from Lemma 2.4.2.
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Proof. Lemma 2.2.11 shows that the relative interiors of leaves do not intersect any other
leaf. Moreover u is an isometry on each leaf. Therefore, every point = € intTy;; belongs to
a unique leaf and each leaf in the cluster T%;; intersects the level set S5 in a single point

z € Si. Tt follows that (2.4.1) defines a map
G: inthij — R"™™ x Rm,

on the cluster intTy;;. Let (a,b) € G(intTs;) and let v be the map parametrising S¢ from
Lemma 2.4.2. Then v(a) € S belongs to the relative interior of some leaf S and lies in a

distance at least 1/j from the relative boundary of the leaf. Define
Fla,b) = v(a) + Du(v(a))*(b).

Let o € intTy; belong to a leaf S that intersects S% at a point z. Then v(w(z)) = 2 and
there exists an isometry T such that u(xi) — u(ze) = T(x1 — x2) for all 21,29 € S and
Du(z) = TP, where P is the orthogonal projection onto the tangent space of S. We infer
that

F(G(x)) = F(w(z),u(z) —u(z)) = 2+ PT"T(x — z) = x.

We shall now prove that F' is Lipschitz on G(intT;;). Define
A={aeR"™] (a,0) € G(intTy;)}. (2.4.2)
We first claim that
(a,b) — Du(v(a))*b

is Lipschitz. Recall that v(a) € S¢ is in a distance at least 1/ from the relative boundary of
a leaf S that contains v(a). Thus, by Corollary 2.2.10, we infer that for points (a, b), (a’,0’) €
G(intTy;;) there is

-2
x x J L o,
1Du(v(a))™b = Du(v(a’)"V|* < - fl(a) = v(@)[* + (b= ¥|* < 5C%5%|la = a|* + [0 - V']]%,

where C' is the Lipschitz constant of v. It follows immediately that F' is Lipschitz on
G(inthij).

It remains to prove assertion i) of the lemma. Let A > 0. Let now x,2’ € Ts/\ij

belong
to the leaves S and S’ respectively. By the definition (2.4.1) and by Lipschitzness of w to
prove that G is Lipschitz it is enough to show that

Iz = 2| < Cllz — 2
for some constant C'. Note that
z =z + Du(x)"(u(z) — u(z)) and 2’ = 2’ + Du(z’)* (u(z") — u(2)).
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Thus
2= 2 <l = 'l + || Du(@)(u(=) - u(@)) = Du(a) (u(z') - u(@))|

Now, by Corollary 2.2.10, taking into account that u(z) = s = u(z’), we see that

| Duta)* (=)~ u@)) ~ Dula')* (=) ~u@ | < siglle — 2/ + uta) — ua) P

1
=2 <|lz -2 1 1+ —).
= 1< o =1 (14 1+ 555

This concludes the proof that G is Lipschitz on T 3; ; and completes the proof of the theorem.
O

Therefore

2.5 Measurability

Below G, 1 denotes the set of all k-dimensional subspaces of R". For V' € G, we denote
by O (V') the set of all isometries on V' with values in R™, i.e. the set of all linear maps

T:V — R™ such that
|T(z) = T(y)|| = |z — y| for all z,y € V.

By Py: R" — R" we denote the orthogonal projection onto V. Then G, is a compact if

equipped with the metric d given by the formula
a(v, V/) = ”PV — PV/H, V, Ve Gn,k-

Here ||| denotes the operator norm with respect to the Euclidean norm on R™.
For a point x € R™ and a real number r > 0 we shall denote by B(x,r) the closed ball

centred at x of radius r.

Definition 2.5.1. For k € {1,...,m} we define ay: R — RU {oco} by the formula

ag(z) = sup {T > 0| 3vec, , 3r0m (V) Vye@+V)nBay) w(@) —uly) =T(z — y)}
for x € R™. We define ay,11: R™ = R by app+1(2) = 0 for all x € R™.

The value of function aj(x) denotes the greatest radius of a ball such that u is isometric

on the intersection of the ball with some k-dimensional subspace.

Lemma 2.5.2. For any k € {1,...,m} the functions ai: R" — R U {oc} are upper semi-

continuous.
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Proof. Fix k € {1,...,m}. Pick g € R" and a sequence (z;)7°, that converges to g such
that there exists a limit

A= ll_1>11010 ag(xy).
We need to show that A < ag(zg). Suppose first that A < co. We may assume that
ak(x;) € R for each [ € N. From the definition of oy (z;) it follows that there exist

Vie Gy and T € Oy (V)
such that for all y € (z; +V}) N B(:L'l, (1 - %)ak(ml)) we have
u(zy) —u(y) = Ti(z — y).

By compactness of Gy, we may assume that the sequence (V;)7°, is convergent to some

W € Gy, - Moreover, we may assume that
(T1Py;)i2, converges to To Py,

where Ty € O,,(Vp). Indeed, we may assume that there exists Sy such that (T;Py;)72,

converges to Sy. For vy € V) we have
[voll = lim [[Py;vol| = lim [Ty Py;vol| = [ Sovoll-
l—00 l—o00

This is to say, Sp is an isometry on V. Setting T = So Py, proves the claim.
Choose now any vy € Vj of norm ||vg]| < A. By the definition of metric on G, , the

sequence (Py;v9)72, converges to vg. Moreover, for sufficiently large [,
1
x;+ Pyvg € (zp+ V) N B(xl, (1 — 7)0%(%1))-

Thus
u(zy) — u(zy + Pyvo) = =11 Py,vo.

Passing to the limits we obtain that
u(zo) — u(zo + vo) = —Tovo.

It follows that A\ < ay(zp). Thus, the proof is complete provided A is finite.

Suppose now that A is infinite. Assume again that ax(x;) € R for each | € N and that
(o ()72, converges to infinity monotonically. Then there exist V; € Gy, and T} as above,
i.e. such that (V])j°; converges to Vp and (1;Py;){°, converges to ToPy,, Ty € Opn(V0).

Taking any vg € V of norm at most | € N we may show that
u(zo) — u(zo + vo) = —Thvo.
Hence ay(xg) > [ for each | € N and thus ay(z) = oo. O
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Below we shall denote the unit ball centred at the origin by B = {x € R" | ||z|| < 1}.
For r > 0 we denote by C, 1(r) the set of all k-dimensional convex cones C' in R" such that
there exist cq,...,cr € CN B such that the n x k matrix D with columns ¢y, ..., ¢, satisfies
detD*D > r, i.e. their Gram matrix has determinant at least r. For a cone C we denote

by Vi its linear span.

Definition 2.5.3. For k € {1,...,m} we define f;: R” — R by the formula

Br(z) = sup {"” > 0] 3cec, 1 (nITeomve) Vye@ro)nBr)  w(@) —u(y) =T(z — y)}7
where x € R™. Let f,41: R™ — R be defined by S,+1(x) = 0 for all x € R™.

The functions S (z) indicate the maximal radius r such that there is a convex cone C,
of size in its linear span bounded from below, such that u is isometric on the intersection

of the ball centred at x of radius r with the shifted cone x + C.
Lemma 2.5.4. For any k € {1,...,m} the function Bi: R™ — R is upper semicontinuous.

Proof. Fix k € {1,...,m}. Pick o € R" and a sequence (x;);°; that converges to zg and
such that there exists a limit

A= lim Sy (7).
We need to show that A < fSi(xp). Observe that A < oo, as the determinant of a Gram

matrix of vectors in the unit ball is bounded above by the volume of the k-dimensional unit

ball. It follows from the definition of i (z;) that there exist
1
C) e ka((l — Z)B;&(l’z)) and T; € Om(VCl)
such that for all y € (z; + C;) N B(:cl, (1 — %)ﬂk(acl)>

u(zr) — u(y) = Ti(z — y).

For each [ pick points (cé-)?zl in C; N B such that their Gram matrix has determinant at
least (1 — 1/1)Bk(z;). Passing to subsequences, we may assume that the sequences (C§>?i1
converge to some points ¢;, for j = 1,..., k, for which the determinant of the Gram matrix
is at least A. Let Cp be the convex cone in R™ spanned by (cj)é?zl, that is

k
C():{;)\jCj|)\j20f01“j:1,...,/€}.

Clearly, Cp has dimension equal to k. It follows that Cy € Cy, k().
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Passing to a subsequence, we may assume that (Vi,)i°, converges to some Vy € Gy, .
We claim that Vp = V,. Choose any vy € V,. Then there exist real numbers ()\j)é?zl such
that

k
vy = Z /\jCj.
j=1

For [ € N set v; = Zk )\jcé-. Then (v;)72, converge to vy and v; € V,. Hence

J=1

Vo = lim v = lim PVC v = PVOUO'
l—o0 l—o0 !

Thus V¢, C Vo, and the claim follows, as dimension of V, is equal to k.
As in Lemma 2.5.2 we show that there exists Ty € O, (V) such that

(T1 Py, )iZ, converges to To Py, -

Take € > 0 and choose any yo € (xo + Cy) N B(xo, (1 — €)A). Then there exist ()\j)?:l such

that
k

Yo = xo + Z)\jcj.
j=1

Set y; = x; + Z?Zl )\jcé-. Then (y;)72, converges to yo and for sufficiently large I,

Y € (z+Cp) N B(iﬂl, (1- %)@c(%))-

For such [ we have u(z;) —u(y;) = Ty(x;—y;). It follows that also u(zo) —u(yo) = To(zo—yo)-
That is, Br(zo) > (1 — €)X\ for any € > 0. The proof is complete. O

Lemma 2.5.5. A point x € R™ belongs to a leaf S of u of dimension at least k if and only
if Br(x) > 0. A point x € R™ belongs to a leaf S of u of dimension exactly k if and only if

Br(x) >0 and Biy1(x) = 0.

Proof. Suppose that zo € R™ belongs to a leaf S of u of dimension | € {k,...,m}. Let V
denote the tangent space of S. Choose a point x1 € intS and €y > 0 so that the intersection

B(z1,€0) N (x1 + V) is contained in S. For € € (0, ¢) let
C={zeR"|z=\axz — ) for some X\ >0,z5 € B(z1,€) N (z1 +V)}.

Then C is a convex cone of dimension ! containing the origin. Thus, it contains k linearly
independent vectors, which have Gram matrix of non-zero determinant. This is to say, the
intersection of C' with the linear span of these vectors belongs to C;, i, () for e > 0 sufficiently
small. Moreover, by convexity of S, u is isometric on the set (zo+ C) N B(xg,€), if € > 0 is

sufficiently small. Therefore (§;(xo) > € > 0, whenever € satisfies the two upper bounds.
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Conversely, suppose that Sx(xo) > 0. Then there exist
r >0, a cone C € C,, ;(r) and an isometry 7" € O, (Vo)

such that
u(zo) —u(y) =T(x —y) for all y € (zg + C) N B(xo, ).
With use of the Kuratowski-Zorn lemma choose a leaf S of u containing (z +C) N B(zo, €).

Then the dimension of S is at least k.

The second assertion is a trivial consequence of the first assertion. O

Lemma 2.5.6. A point x € R™ belongs to relative interior of a leaf S of u of dimension k

if and only if ag(z) > 0 and Bi+1(z) = 0.

Proof. Suppose that xg belongs to the relative interior of a leaf S of u of dimension k. By
the previous lemma Si(xo) > 0 and Sgy1(zg) = 0. Let V denote the tangent space of S.
Then, as xg is in the relative interior, there exist € > 0, T' € O,,,(V') such that

u(zg) —u(y) = T(xog — y) for all y € (xg+ V) N B(xg, €).

That is ag () > € > 0.
Conversely, suppose that a(zg) > 0 and SBy41(xo) = 0. Then there exist V € G, and
T € O, (V) such that

u(zo) —u(y) =T(zo — y) for all y € (xo + V) N B(xo, €).

It follows from the Kuratowski—Zorn lemma that zg belongs to a leaf S of u that contains
(xo+ V)N B(xp,€). As Brt+1(zo) = 0, this leaf is of dimension k and thus xo belongs to the

relative interior of S. O

Corollary 2.5.7. Let k € {0,...,m}. Then the union of all leaves of u of dimension k is
a Borel set. Moreover, the union of all relative interiors of leaves of u of dimension k is a

Borel set and so is the union of all relative boundaries of leaves of u of dimension k.

Proof. The proof readily follows by Lemma 2.5.2, Lemma 2.5.4 and Lemma 2.5.5, Lemma
2.5.6. O

Note that whenever ag(z) > 0 and Sxy1(x) = 0, then Lemma 2.5.6 tells us that =
belongs to the relative interior of a leaf of w. This leaf in unique, by Lemma 2.2.11. We
shall denote it by S(x).

Below we adapt a convention that inf ) = co.
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Definition 2.5.8. Let k € {0,...,m}. We define 7;: R" x R™ — RU {oo} by the formula

Yk (z,y) = inf {t >0|ye t(u(S(x)) — u(x))}

for z € R™ such that ay(x) > 0 and Siy1(x) =0 and

Ve, y) = 00
otherwise.
Lemma 2.5.9. For any k € {0,...,m} the function 7 is Borel measurable.

Proof. As ay and i1, are Borel measurable, it is enough to show that the function 7y is

Borel measurable on
Ap = {(z,y) e R" x R™ | ag(x) > 0 and Br41(z) = 0}.
Observe that v is a limit, as p converges to infinity, of functions

Yo y) = inf {t > 0| y € t(u(S(x)) - u(@)), |yl < to}.

We claim that vy , is lower semicontinuous on Aj. This will yield the asserted measurability.

Indeed, let (x;,y1);°, be a sequence in Ay, such that there exists (zo,y0) € Ay with
(%0,y0) = lim (x7,%;) and such that there exists lim yy (21, 1) = A
=00 l—o0

We shall show that vy ,(x0,y0) < A. If X = oo, then there is nothing to prove. Otherwise,

there exist sequences (z);°; in R™ and (#;);°; in R such that
y =t (u(z) —u(z)) and |Jy|| < tip, where 2 € S(z;) and 0 < t; < v, y)+1/1. (2.5.1)

Observe that

[l
et = zll = flu(z) —wlw)lf = == < o

Thus, passing to a subsequence, we may assume that (z;)7°; converges to some zg € S(xo)

and that (;)7°, converges to some ty > 0. Taking limits in (2.5.1) we see that
Yo = to (u(zo) - u(a:o)) with zp € S(zp) and 0 <ty < A.

Hence

Yo € to(u(S(x0)) — u(xo)) and [yol| < top-

This is to say, Yk p(20,y0) < to < A. The proof is complete. ]
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Definition 2.5.10. For a convex set K C R™, such that 0 € int K, we define its Minkowsk:
functional ||-||x: R™ — R U{oo} by the formula

lyllx =inf {t > 0|y € tK}.

Proposition 2.5.11. Let K C R™ be a closed, convex set that contains the origin in its
interior. A point y € R™ belongs to the interior of K if and only if ||ly||x < 1.
Moreover, a point y € R™ belongs to the boundary of K if and only if ||y||x = 1.

Proof. 1f y € intK then, as 0 +y = y € intK, it follows by the continuity of addition that
y + B(0,¢) C intK for € > 0 sufficiently small. Observe that ||y/s|| < e if s > ||y||/e and
thus for large s > 0

(1+1/s)y € K.

Hence ||ly[|x < ;35 < 1.
Conversely, suppose that ||y||x < 1. Then y € tK for some t < 1. As 0 € intK, there
exists € > 0 such that if ||w|| <, then w € K. Hence, if ||z|| < €(1 — ), then

y+z€etK+(1—t)K =K,

by the convexity of K.
Suppose that y € 0K. Then clearly ||y||x < 1 and, by the above, |y|x > 1.
Conversely, let |ly|lx = 1 . Then there exists a sequence of positive numbers ()7,

converging to zero and a sequence (x7);°; in K such that
y=(1+1t)z.

It follows that (z;);°, is bounded. Taking a convergent subsequence from (z;)7°, we see

that y = ¢ for some xy € K. By the first assertion, y ¢ int K. Hence y € 0K. O

Lemma 2.5.12. If z € R" belongs to relative interior of a leaf S of u of dimension k, then
Yi(x,-) is the Minkowski functional a closed, convex set u(S) — u(z). If x € R™ does not

belong to relative interior of any leaf of dimension k, then

Vi (z, ) = oo.

Proof. Suppose that = € R™ does not belong to relative interior of a leaf of u of dimension
k. Then Lemma 2.5.6 and Definition 2.5.8 tells us that v (z,-) = oc.
Let now x € intS, where § is a k-dimensional leaf. By Lemma 2.2.11, such leaf S is

unique. The assertion of the lemma follows readily from the definitions. O
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Definition 2.5.13. Let £ € {0,...,m}. We shall denote by T} the union of all k-
dimensional leaves of w, by int7} the union of all relative interiors of all k-dimensional

leaves of w and by 0T} the union of all relative boundaries of all k-dimensional leaves of u.

Lemma 2.5.14. For each s € S and each i,j € N the cluster intTy;; and its image

G(intTs;j) are Borel sets. Moreover OT,, is a Borel set of Lebesgue measure zero.

Proof. Fix s € S and i,j € N. Recall the Borel set S C R" and Lipschitz mapping
w: R" — R"™™™ from Lemma 2.4.2. Since w is injective on S it follows from [47, 2.2.10]

that w(S%) is a Borel subset of R"~™. Moreover, the set A, defined in (2.4.2), is given by

A= {a € w(SH) | am(w ' (a)) > 1/j} (2.5.2)
as follows by the definition (2.4.1) and Lemma 2.4.2. Clearly, A is a Borel set. Definition
of the cluster int7;; implies that

G(intTyj) = {(a,b) ER"™ xR™|aeANbe u(intS(v(a))) - u(v(a))}.

Here S(v(a)) is the unique m-dimensional leaf of u containing v(a). Observe that Proposi-

tion 2.5.11 and Lemma 2.5.12 tells us that if a € A, then b belongs to the interior of
u(S(v(a))) — u(v(a)) if and only if v, (v(a),b) < 1.
This is to say,
G(intTy;;) = {(a, b) € R"™ x R™ | a € A, ym(v(a),b) < 1}. (2.5.3)

As v, is Borel measurable, it follows that G(intTy;;) is a Borel set.
Lemma 2.4.5 shows that F, the inverse of G on its image, is well-defined, injective and

Lipschitz on G(intT;;). Moreover
inthij = F(G(lnth”))

Using [47, 2.2.10], we see that intTy;; is a Borel set.
We shall show that 97, has Lebesque measure zero. Recall that Corollary 2.5.7 tells
us that 07, is a Borel set. Consider the set

B = {(a,b) ER"™MXR™|a€ A vn(v(a),b) = 1}.

By Fubini’s theorem, A(B) = 0, as boundaries of convex sets have Lebesgue measure zero.

Recall that F' is a Lipschitz map on G(intTy;;). Using the Kirszbraun theorem (see e.g
68, 94]) we extend F, defined on G(intT;;), to a Lipschitz map F' on R*™ x R™. We
claim that for any such extension

F(B) > 0Tp,. (2.5.4)
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Indeed, let © € O0T),. There exists a leaf S C Ty; of u and a sequence (x;)7°, in intS
that converges to z. Let G be a Lipschitz extension of G to R”. The sequence (G(x1))2,
converges to G(x) = (a,b) € R"™™ x R™. We claim that (a,b) € B. This follows by the
continuity of 7, in the second variable. Now, = = F/(G(x)) € F(B) and (2.5.4) is proven.
Therefore we can use A(B) = 0 and the fact that images under Lipschitz maps of
sets of Lebesgue measure zero have Lebesgue measure zero (see [47, 3.2.3]), to infer that
ANOTy, N Tsi) = 0 and hence 0T;, N Ty is Lebesgue measurable. By Lemma 2.4.4 the
sets Ty;; form a countable cover of 0T),. It follows that A(0T;,) = 0. This concludes the
proof. O

Corollary 2.5.15. For any s € S, i,j € N, the set Ty;; is Lebesgue measurable.

Proof. Ty;; is a union of a Borel set intTy;; and a set 91}, N Ty; of Lebesgue measure

ZEero. OJ

Remark 2.5.16. The clusters Ty;; may be taken to be disjoint. Indeed, let (73)72, be a

renumbering of the set of clusters. Set for [ € N
-1
T =T\JT
j=1

and
-1

int7] = int7; \ U intTj.
j=1

Note that the structure of the clusters Ts’ij remains the same. For each Ty;; there exists a

Borel subset Sg;; = Ts;; N Sj; of Sg C R™ on which there are Lipschitz maps
w: R - R" ™ and v: R*™ — R"

such that
v(w(z)) = x for all x € Sy;;

Indeed, the new cluster is a subset of the old one, so the former maps suffice. From the
modification procedure it follows also that Lemma 2.4.4 still holds true. Moreover, the leaf

S corresponding to a point z € Sy;; satisfies
dist(z,0S) > 1/3.

Also the assertions of Lemma 2.4.5 hold true with the old maps and so does the assertions

of Lemma 2.5.14, as follows from the modification procedure.
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2.6 Disintegration with respect to partition

Let u: R® — R™ be a 1-Lipschitz map with respect to the Euclidean norms. In the
previous sections we have associated to w a partitioning of R™, up to a set of Lebesgue
measure zero, into maximal sets S on which u is an isometry. It was conjectured by Klartag
in [70, Chapter 6] that given a measure p, such that (R™, |||, #) is a weighted Riemannian
manifold satisfying the curvature-dimension condition C'D(k, N) (see Section 2.7), then pu
may be decomposed into a mixture of measures ugs, each supported on a leaf S of u, such
that (intS, ||-||, us) is a weighted Riemannian manifold that satisfies CD(k, N).

Below we denote by CC(R"™) the space of closed, convex, non-empty subsets of R™. It is
a closed subspace of CL(R™) — the space of closed non-empty subsets of R equipped with
the Wijsman topology (see [106]). The Wijsman topology is the weakest topology such that
for any = € R™ function

A dist(z, A)

is continuous. By a result of Beer (see [17]), the space CL(R™), equipped with this topology,
is Polish. Hence so is CC(R").

Let us recall that B(u) denotes the set of points in R™ that belong to at least two distinct
leaves of u. By Corollary 2.2.15, it is contained in the Borel set N(u) of points at which u

is not differentiable. The latter is of Lebesgue measure zero. We define a map
S:R" - CCR")

in such a way that for x € R” \ N(u) the set S(x) is the unique leaf of u containing = and
for z € N(u) we put S(x) = {z}.
The aim of this section is to prove the following disintegration theorem, which is a step

towards the conjecture.

Theorem 2.6.1. Let u: R®™ — R" be a 1-Lipschitz map with respect to the FEuclidean
norms. Then there exists a Borel measure v on CC(R™), supported on the set of leaves of

u, and Borel measures A\s such that
i) for every Borel set A C R™ the function S — As(A) is Borel measurable,
ii) for v-almost every leaf S the measure \s is concentrated on S,

iit) for every Borel set A C R"
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Let X be a measurable space. In [18] it is proven that a map f: X — CL(R") is
measurable if and only if it is measurable as a multifunction. The latter is defined by the

condition that for any open set U C R" the set
{reX| f(x)nU # 0}

is measurable in X.

Let us recall a theorem taken from [25, Example 10.4.11].

Theorem 2.6.2. Let X,Y be two Polish spaces. Let m: X — Y be a Borel map and let
be a non-negative Borel measure on X. Let v be the push-forward of measure p via w.Then

there exist Borel measures (ty)ycy on X such that
i) for every Borel set B C X the function y — p,(B) is Borel measurable,
i) for v-almost every y € w(X) the measure ju, is concentrated on 71 (y),

ii1) for every Borel sets B C X and E CY there is
n(B 0w B) = [ (B,

Proof of Theorem 2.6.1. We have a well-defined map S: R” — CC(R"™) that assigns to any
x € R"\ N(u) a unique leaf S(x) that contains = and for x € N(u) we set S(z) = {z}. We
would like to prove that S: R — CC(R") is Borel measurable with respect to the Wijsman
topology on CC(R™), which is equivalent to its measurablity as a multifunction. Note that
for any compact set K C R” the set Ax = {z € R" | S(x) N K # (}} is equal to
{:UG]R”\(KUN(U)) | Sup{Hu(Hx)_uﬁy)H |y€K} = 1}UK.
=y
Observe that the function

[u(z) = u(y)|l

[l = yll

:cr—>sup{ \yEK}

is lower semicontinuous. Hence A is a Borel set. As any open set U C R” is a countable
union of compact sets, it follows that the map & is Borel measurable.
Recall that CC(R™) and R™ are Polish spaces. We apply Theorem 2.6.2 to the map S.

Since the set N(u) has Lebesgue measure zero we obtain the desired disintegration. O
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2.7 Curvature-dimension condition

Suppose that we are given a measure p on R™ such that (R”, |||, 1) is a weighted Rieman-
nian manifold satisfying C'D(k, N). We shall investigate the behaviour of the conditional
measures of u, with respect to the partition introduced in Section 2.2. We shall concentrate
on the leaves of maximal dimension.

In the current section we recall the notion of the curvature-dimension condition CD(k,n).
We shall say that an n-dimensional Riemannian manifold M satisfies the C'D(k,n) con-
dition provided that the Ricci tensor Ricps is bounded below by the Riemannian metric

tensor g, i.e.
Ricpm(p)(v,v) > kg(p)(v,v) for any p € M and any v € T, M.

We shall study weighted Riemannian manifolds, which are triples (M, d, u), where d is the
Riemannian metric on M and p is a measure on M with smooth positive density e~ with
respect to the Riemannian volume. The generalised Ricci tensor of the weighted Riemannian

manifold is defined by the formula
Ric,, = Ricp + D?p,

where D?p is the Hessian of smooth function p. The generalised Ricci tensor — or the

N-Bakry-Emery tensor — with parameter N € (—o0,1) U [n, 0] is defined by the formula

Ricy(v,v) — Dﬁ@f, if N >n
Ric, n = Ric,(v,v) if N =00

Rica(v,v) if N =n and p is constant.

Note that if N = n, then p is required to be a constant function.

Definition 2.7.1. For k € R and N € (—o0, 1) U [n, 00| we say that (M, d, ) satisfies the

curvature-dimension condition CD(k, N) if
Ric, n(p)(v,v) > kg(p)(v,v) for all x € M and all v € Ty M.

We refer the reader to [11], [12], [13] and to [98], [99], [44], [6], [104] for background on
the curvature-dimension condition. In all cases we consider in this thesis it will always hold
that Ricpyq = 0.

The aim of the section is to prove the following theorem which partially resolves the
conjecture of Klartag [70, Chapter 6] in the affirmative. In particular, if a measure p is
concentrated on leaves of u of dimension m, then the conjecture holds true for p and w.

Let us recall that T}, denotes the union of leaves of dimension m. This is a Borel set by
Corollary 2.5.7.

We shall denote by T C CC(R") the set of leaves of u of dimension m.
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Theorem 2.7.2. Let m < n. Let N € (—o0,1) U [n,00] andl let k € R. Let u: R" — R™
be a 1-Lipschitz map with respect to the Fuclidean norms. Let u be a Borel measure on
R™ such that (R™, |||, 1) satisfies the curvature-dimension condition CD(k,N). Then there
exists a Borel measure v on CC(R™), supported on the set T™ of leaves of dimension m,

and for each leaf S of u of dimension m, there exists a Borel measure us such that:
i) for every Borel set B C Ty, the function S — us(B) is v-measurable,
ii) for v-almost every leaf S the measure ps is concentrated on intS
iii) for v-almost every leaf S the space (intS, |||, us) satisfies the CD(k, N) condition,

iv) for every Borel set A C T, there is
n() = [ ns(a)a(s).

Let us note that the above theorem proves in particular that if we disintegrate the
Lebesgue measure with respect to the partition obtained from u, then (intS, ||-||, ps) will
satisfy the curvature-dimension condition C'D(0,n) for leaves S of dimension m. This
complements the results of [5], [100]; see also [33], [34] and [24]. Note that our result tells
in particular that the conditional measures are equivalent to the m-dimensional Hausdorff
measure, which provides a strengthening of the previously known results.

In what follows, we shall use the notation from Section 2.5. Observe that it suffices to
prove the theorem under the assumption that p is concentrated on a single cluster Tg;;,
s € S and 7,5 € N, of leaves of u; see Remark 2.5.16. Recall the definitions of maps F
and G (see Lemma 2.4.5) and a map v (see Lemma 2.4.2). Below H,, is the m-dimensional

Hausdorfl measure on R™.

Lemma 2.7.3. Let m < n and let u: R™ — R™ be a 1-Lipschitz map. Fiz s € S, i,j € N.
Then for any Borel set A C Ty;; there is

A(A):/ (/ 1AJnFoGde)d)\(a),
A intS(v(a))

where Jo F' denotes the n-dimensional Jacobian of F' and
A={aeR"™|(a,0) € G(intTy;)}.
Moreover, the map

Ad>a— 14, F oGdH,, € R
intS(v(a))

18 A-measurable.

46



Proof. By Lemma 2.4.5, the map F' is a bijection of G(intTy;;) and of intTy;. As F' is
Lipschitz on G(intTy;;) we may apply the area formula [47, 3.2.5] to infer that for any

measurable, non-negative ¢: R — R

/ 60 FJ, Fd) = G (2.7.1)
G(intTSij) intTSij
Let

f = JnFlG(inthij)'

Observe that f is non-negative and Borel measurable as G(intTy;;) is a Borel set by Lemma
2.4.5 and the fact that images of Borel sets via Lipschitz maps are Borel.
By Tonelli’s theorem, the functions f(a,-) are measurable for almost every a € R~

and we have
/ b Ffdr= / H(F(a,b)) f(a, b)dA(B)AA(a). (2.7.2)
R7—m xR n—m Jrm
Observe now that (a,b) € G(intTy;) if and only if for some a € A
a=w(v(a)) and b = u(z) — u(v(a)).
Note that F' on G(intS(v(a))) is an isometry. Therefore by a linear change of variables

/ O(F (a,b)) f(a, b)dA(b) = / o 0 GdHon,
G(intS(v(a)))

intS(v(a))

Tonelli’s theorem implies that the map

Ada— Qbf o Gd%m
intS(v(a))

is measurable. Moreover, by (2.7.1) and by (2.7.2), for any non-negative function ¢ we have

/ ¢d/\:/ (/ ¢foGd7-Lm)d)\(a).
It Ty, A MintS(v(a))

By the fact that 97,, has Lebesgue measure zero (see Lemma 2.5.14), we see that

/Tsu A= /A </int5(v(a)) ¢fe Gde) dA(a).

The proof is complete. O

Let us recall a lemma from [70] that we shall need in what follows.

Lemma 2.7.4. Let a,b € R, b >0 and a ¢ [—b,0]. Then
22 P
PR

(z —y)*

>
~— a+b

for all x,y € R.



Proof. We use the inequality

b
lal 2 4 2wy + uy2 > 0.
d |a

From this we see that

2y (a—y)? L /b o )
Ly _ 22 4 ory+ 2 >>0
a T T Ak a+b<aer WhRy) =

whenever b > 0 and a ¢ [, 0]. O

Let us also recall formulae for differentiation of matrices. If R(t) = log|det A(¢)| and A
is differentiable in ¢t € R, then

W s) = (A 2 0s). (2.7.3)

Moreover

d’*R L, d*A _1dA 2

“(s) = tr(A(s) 1W(s)) - tr((A(s) 1%(5)) ) (2.7.4)
We should also need the following version of the Whitney extension theorem (see [105]

or [96]).

Theorem 2.7.5. Let A C R" be an arbitrary set, let f: A— R and V: A — R". Suppose
that there exists M € R such that for all x,y € A

[f(@)] < M, [V (2)|| < M,
IV (z) = V(y)ll < M|z —yl],
[f(y) = fz) = (V(z),y — 2)| < M|z -y

Then there exists a differentiable function f: R™ — R with locally Lipschitz derivative such
that
f(x) = f(zx),Df(x)(y) = (V(z),y) for all z € A and all y € R™.

Proof of Theorem 2.7.2. As noted already, it is enough to prove Theorem 2.7.2 assuming
that there is a single cluster of leaves Ty;;. Thus, let us fix a cluster T;;.
Note that, by Corollary 2.2.10, on TS’\U, Du is Lipschitz; see Lemma 2.4.5 for the defi-

nition of T2

sij Moreover, by the second assertion of Lemma 2.2.6, for any =,y € T . there

E
lu(y) = w(z) = Du(z)(y - 2)|| < %Hx —yl*.

By the Whitney extension theorem there exists a differentiable map @ with locally Lipschitz
and such that D@ = Du on T2,. By [70,

derivative on R” that coincides with u on T2 47
Lemma 3.2.4], the second derivative of @ exists almost everywhere and is symmetric, in

s1J
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the sense that the second derivative of any of its components is symmetric. We will abuse
the notation and assume that u has Lipschitz derivative, is defined on R”, and its second
derivative is symmetric A-almost everywhere.

Since F': G(intTy;;) — R™ has locally Lipschitz inverse, it follows that for A-almost every
(a,b) € G(intTy;;) there exists D*u(F(a,b)) and is symmetric.

By Fubini’s theorem we infer that there exists a Borel cover (A;);°; of A such that for
each [ € N there exists b; such that (a,b;) € G(intTy;;) for all @ € A;. Moreover for A-almost
every a € A, there exists D?u(F(a,b;)) and it is symmetric. Note that for a € A,

u(F(a,b)) =u(v(a)) + b = s+ b.

Hence, on the level set of u corresponding to s + by, there exists D?u and it is symmetric.
Therefore, without loss of generality, passing to a refinement of initial cover and modifying
the clusters Ty;;, we assume that D?u(v(a)) exists for A-almost every a € A and it is
symmetric.

Let p have density e~ with respect to the Lebesgue measure on R™. For a leaf S such

that intS C intT;; and any Borel set A C R™ set

us(A) = / 1pe PJ,F o GdH,y,. (2.7.5)
intS

By Lemma 2.7.3 it follows now that for any Borel set A C T;; there is

MA%jAMmeAMMM,

where v: R — R"” is the map from Lemma 2.4.2. Neglecting a set of Lebesgue measure
zero, we may assume that v is differentiable on the set A. Let v denote the push-forward
of A\ via the map

Asa— Sv(a)eT™. (2.7.6)

By Lemma 2.7.3 and the definition of v the condition i) is satisfied. Note that the map
(2.7.6) is Borel measurable, by the proof of Theorem 2.6.1. Hence v is a Borel measure.

For any Borel set A C Tj;; there is

W) = [ ns(a)s).

Hence the condition iv) of Theorem 2.7.2 is satisfied. Condition ii) holds true by the
definition (2.7.5). We shall prove that iii) holds true as well.

Note that the density of a measure pus for an m-dimensional leaf S is equal to

dps —p
m = JnF oGe 13.
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Recall (see Lemma 2.4.5) that F, G are given by the formulae
F(a,b) = v(a) + Du(v(a))*(b) and G(z) = (w(z), u(x) — u(z)), (2.7.7)

where w: R™ — R and v: R"™™ — R” are maps from Lemma 2.4.2. Let us recall that
v(a) € St for all a € A. Tt follows by the definition of Sy that u(v(a)) = s for all a € A.
Recall that, by Lemma 2.2.8, u is differentiable in int7y;;. Thus, as we assumed that v is

differentiable in A, for every a € A
Du(v(a))Dv(a) = 0. (2.7.8)
For (a,b) € G(intTy;;) the derivative of F' at (a,b) is equal to
DF(a,b) = [Dv(a) + D*u(v(a))*(Dv(a)())(b), Du(v(a))].

Note that for any vectors z € R"™™ and w € R™ the derivatives Dv(a)z and Du(v(a))*w
are orthogonal. Indeed, by (2.7.8),

<Du(v(a))*(w),Dv(a)(z)> - <w,Du(v(a))Dv(a)(z)> ~0.

Let P denote the orthogonal projection onto the tangent space V of the leaf S containing
v(a). Then by Lemma 2.2.8 Du(v(a)) = TP. Let P denote the orthogonal projection

onto the orthogonal complement of V. Then
DF(a,b) = [Do(a) + D*u(v(a))* (P* Do(a)(-))(b), Du(v(a))"].
Therefore, by the formula for block matrices, and as Du(v(a))* is isometric, we have

)

\det(DF(a, b)) = (det (Dv(a) n PLD%(U(a))*(PiDv(a)(-))(b))

which is equal to
|det (P~ Du(a)) |‘ det (Id n PLDQu(v(a))*(Pl(-))(b)) ] (2.7.9)

Note that
H(b) = (Id + PlDQU(v(a))*(PL(-))(b)) (2.7.10)

is a linear operator on the image of P1, which is of dimension n — m. Moreover it is
symmetric and invertible for any b such that (a,b) € G(intTy;;), as F is a bijection. Consider
for some b’ € R™

PED?u(v(a))*(PH() ().
Let A be such that

PLD%u(v(a))* (PE() (V) = A(Id + PLD%(U(Q))*(PL(.))(b)). (2.7.11)
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Then A is conjugate to a symmetric operator of rank at most n — m, as
H(b) 2 AH(b)? = H(b)™2 P*D*u(v(a))*(PL(-) (b)) H(b) 2.
In consequence, by the Cauchy-Schwarz inequality,
(trA4)? < (n — m)tr(A)2 (2.7.12)

Let © = F(a,b). Let g belong to the tangent space of S. It is necessairly of the form
q = Du(v(a))*(V') for some b’ € R™. Then by (2.7.7), (2.7.9) and (2.7.10)

Dlog|det DF o G|(x)(q) = 4 log|det (DF(G(F(a,b) + tDu(v(a))*(¥'))| =

dt

Therefore, by (2.7.3), (2.7.4) and by (2.7.11)
Dlog|det DF o G|(x)(q) = tr(H(b) ™' P~ D2u(v(a))"(P*()) () = trA
and
D log|det DF o G|(2)(q.) = ~tr(H(5) " P*D?ulv(a))* (PH()()) = ~tx(4?)
By (2.7.12) and by Lemma 2.7.4, if N ¢ [m, n], then

—D?log|det DF o G|(x)(q, q) = tr(A?) >

(1A > - (Dp(a)(q) — try? — 22DV

n—m —-m N —n

>

Note that by the assumption on pu, c.f. Definition 2.7.1, for all p € R”

Dp(z)(p)*

> 2,
N > k|lpll

D?p(x)(p,p) —

Thus for all ¢ in the tangent space of S there is

(Dp(x)(q) — D(log|det DF o G|)(x)(q))”

N —m

D?p(z)(q, q)—D?log|det DFoG|(z)(q, q)— > kllq*.

We infer that (intS, ||-||, us) satisfies the curvature-dimension condition C'D(k, N), provided
that N ¢ [m,n].
If N = n, then p is required to be a constant function, and thus in this case the inequality

is also satisfied. If N = oo, then the desired estimates follow readily. O

For the historical remarks on similar estimates we refer to [70].

o1



Chapter 3

Optimal transport of vector
measures

3.1 Introduction

In the current chapter we study an extension of the classical optimal transport problem
(see e.g. [103, 104] for extensive account) to the case of vector measures.

In Section 3.2 we provide a definition of optimal transport of R™-valued vector measures
on a metric space X with metric d. Namely, for an R"*-valued measure p on X such that
w(X) = 0 and [, d(z,zo)d||p|(x) < oo for some z9 € X, we consider the infimum of

integrals

/ d(z, )| (. ) (3.1.1)
XxX

taken over the set of all R™-valued measures m on X x X such that Pym — Pom = u, where
P17, Pom denote the first and the second marginal of 7w respectively.
We prove that (3.1.1) admits a convex dual problem, which is to find supremum of

integrals
/ (v, dp) (3.1.2)
X

over the set of all 1-Lipschitz maps v: X — R™.

We study a conjecture of Klartag (see [70, Chapter 6]). The problem is as follows.
Suppose that we are given a vector measure p on R"™, with p(R™), which is absolutely
continuous with respect to Lebesgue measure. Let u: R™ — R™ be a 1-Lipschitz map, with

respect to Euclidean norms, that attains the supremum
sup { / (v,du) | v: R® = R™ is 1-Lipschitz}. (3.1.3)
It is claimed in [70] that the following mass balance condition holds true

u(A) = 0 for any Borel set A that is a union of a collection of leaves of wu. (3.1.4)
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Using the developed theory, we answer in Section 3.2 the conjecture in the affirmative,
provided that there exists an optimal transport such that the first marginal of its total
variation is absolutely continuous with respect to the Lebesgue measure; see Theorem 3.2.19.

In Section 3.3 we assume that m > 1 and we provide a counterexample to the conjecture.
It shows that, in general, the mass balance condition (3.1.4) does not hold true. Let F be
any subset of 1-Lipschitz maps that is locally uniformly closed. We prove that the mass
balance condition (3.1.4) fails to be true, even when the variational problem (3.1.3) is

replaced by
sup{/ (v,du) | v e f}, (3.1.5)
Rn

unless F is trivial, i.e. consists merely of affine maps. This is shown for also any norm on

R"™ and any strictly convex norm on R™.

3.2 Optimal transport of vector measures

In this section we develop theory of optimal transport of vector measures.
Let X be a metric space and let w be a Borel vector measure on X. Its total variation

||| is defined by the formula

|m|l[(A) = sup { ZHW(AZ)H | A= U A;, A; are Borel sets in X, A;NA; =0,i,j € N}
i=1 i=1
(3.2.1)

for all Borel sets A C X.

It can be shown (see [92]) that total variation of a vector measure is a non-negative
finite measure.

Let X be a metric space with metric d. Let u be R™-valued Borel measure on X. If 7
is a R™-valued Borel measure on X x X, we write Pym for the first marginal of m, i.e. the

measure given by
Pim(A) = 7m(A x X),

for all Borel A C X, and Pao7 for the second marginal of T,
Pom(B) = (X x B),
for all Borel B C X. We shall consider a variational problem
20—t { [ dtwpdlal(e0) |7 € T} (3:2.2)
XxX
Here I'(p) is the set of all R™-valued Borel measures m on X x X such that
n = P17[' — P27T.
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To check whether (3.2.2) defines a meaningful quantity, we have to check whether I'(u) is
non-empty.

We shall need the following definition.

Definition 3.2.1. Let o be an R"-valued Borel measure on X and let 8 be a Borel signed

measure on X. A unique Borel R™-valued measure o ® 6 such that
(0 ®6,v) = (o,v) © 6

for all v € R™ we shall call a product measure. Here (o,v) ® 6 is the usual product measure

of R-valued measures.

Remark 3.2.2. It is clear that the product measure exists. Analogously we define the product

measure 6 ® o for Borel signed measure ¢ and Borel R™-valued measure 6.
Proposition 3.2.3. I'(u) is non-empty if and only if
w(X) =0. (3.2.3)
Proof. Clearly, if there exists 7 € I'(u), then
u(X) =P1(X) = Por(X) =7m(X x X) — (X x X) =0,

so the condition (3.2.3) is satisfied. Conversely, assume that (3.2.3) holds true. Let v be

any Borel probability measure on X. Set
T=UuX .

Here ;1 ® v is the product measure; see Definition 3.2.1. Then for any Borel set A C X and

any vector v € R™, we have
(m(A X X) = m(X x A),v) = (u(A),v) — (WX),v)r(A) = (u(A), v).
This is to say, Pym — Pomm = p. O

The quantity defined by (3.2.2) we shall call the Kantorovich-Rubinstein norm of yu (see
e.g. [104, 103, 26] for references regarding the Monge-Kantorovich problem).

Proposition 3.2.4. Assume that u(X) = 0. Then Z(u) < oo provided that

/R d(a, zo)dlul(r) < oo (3.2.4)

for some (equivalently: any) xo € X.
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Proof. Define
T =& Og-

Here 04, is a probability measure such that d,({zo}) = 1. Then 7 € I'() and

/ d(z, y)dllrll(z,y) < / d(z, zo)d] (). (3.2.5)
XxX X

This shows that Z(u) < oo, provided that (3.2.4) is satisfied. The equivalence of finiteness
of

/ (e, y)dl|ul () < o0
R’ﬂ

for any y € X follows by the triangle inequality. O

Definition 3.2.5. We define the Wasserstein space W(X,R™) of all Borel measures p on
X with values in R such that

§(X) = 0 and /X (e, z0)dl|l| () < 00

for some 7o € X. We endow it with a norm |[|ul[yy(x rm) = Z(11).

Before we proceed let us recall the following definition.
We say that a non-negative Borel measure p on X is inner reqular if for any Borel set
B C X we have
u(B) =sup{u(K) | K C B, K is a compact set}.

Let us note that Ulam’s lemma tells that any finite measure on a Polish space is inner

regular.

Lemma 3.2.6. Suppose that X is a Polish space. Let i be a R™-valued Borel measure in
W(X,R™). Suppose that for any Lipschitz function u: X — R™

/ (u,dp) = 0.
X
Then p = 0.

Proof. We may assume that m = 1. Let y = uy — p— be the Hahn—-Jordan decomposition
of p. There exists two disjoint, Borel sets A, B C X with py(A°) = 0 and p—(B¢) = 0.
Choose any Borel set £ C A. As any finite measure on X is inner regular, for any € > 0,

there exists a compact set K C E such that

p+(E) < py(K) + €.
Define a function u. by the formula

we(z) = (1— %dist(ac,K)) V0.
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Then wu, is Lipschitz, equal to one on K and equal to zero on the complement of
K. ={x € X | dist(z, K) < €}.

Thus

0= / uedp = pg (K) + / uedp,
X KA\K

Therefore, by the above,
p+(E) < €+ pp(K) < e+ p (K \ K).

Letting € tend to zero, we get uy(F) = 0. It follows that uy = 0. Analogously, u— = 0.
This is to say, u = 0. O

Remark 3.2.7. In what follows, we shall always assume that underlying space X is a Polish

space.
Proposition 3.2.8. The function W(X,R™) > p— ||ulwx rm) € R is a norm.
Proof. Let us first check that

[ 12llw(x,rmy = 0 if and only if 1 = 0. (3.2.6)

If o = 0, then 7 = 0 belongs to I'(1), so [|u[wxrm) = 0. Conversely, assume that

lllw(x,gmy = 0. Choose any L-Lipschitz function
u: X — R™.

Then for any 7w € I'(11) we have

| / u,dp)] = | / uly), dr(e, )| < L / d(x,y)d|x (. y).
XxX XxX
Therefore if |||l x,zrm) = 0, then
[ iy =o.
X

It follows by Lemma 3.2.6, that 1 = 0. Homogeneity of [|-[|yy(x rm) is clear. Let us show
that the triangle inequality holds. For this choose measures p,v € W(X,R™) and any
measures m € ['(u) and p € I'(v). Then

p+v="Pi(r+p)—Pa(m+p),

so that 7+ p € I'(u 4+ v). It follows that

i+ Pl gm < / d(z, y)dlm + pll(z,y) <
XxX

S/Xxxd(w,y)dl\ﬂll(w’y)+/Xxxd(l‘,y)d||pll(1‘,y)-

Taking infimum over all 7, p we see that the triangle inequality holds true. O
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Proposition 3.2.9. The linear space U of measures of the form

n
S b
i=1
orz; € X andv; € R™, i =1,...,n, such that > "', v; =0, is dense in W(X,R™).
=1

Proof. Choose any measure u € W(X,R™). Choose any € > 0. Choose any point xg € X

and a compact set K such that

[ dw il @) < e
»

Choose pairwise disjoint Borel sets A1, Ag, ..., A C K such that the diameter of each is at

most € and

k
K= U A;.
i=1
Consider the restrictions p; = p|4, of the measure p to the sets A;, i = 1,2,..., k. Choose

any points x; € A;. Then, as
T = pi @ Oz, € (g — pi(X)6z,),

we have

i = 1 (X) 0 i x rmy < /Xd(y, zi)d|| il (y) < el|ull (Ai)-

Let Ag = K€ and let po = p]4,. Then

T = f10 @ 0z € Tt — 120(X )0z ),

SO
0 = 10 (X)biollwim < [ da.ao)dlol @) < e
Set
k
v= Z /’L(A'L)dmz
i=0
Then v € U. By the triangle inequality
k
e = vliweermy <Dl — (X)de; wixrm) <
i=0

k
< A + € < e(lull (X) + 1),
=1

This concludes the proof. O

Corollary 3.2.10. If X is separable, then so is the Wasserstein space YW(X,R™).

57



Proof. Fix n € N. Choose a countable dense subset A C X and a set
BC{(wl,...,wn)eRmx...Rm\Zwi:O} (3.2.7)
i=1

which is countable and dense in the set on the right-hand side of (3.2.7). Consider a measure

w given by
n
o
i=1

for z; € X and v; € R™, i = 1,...,n, such that Y ;" ; v; = 0. Choose ¢ > 0 and Z; € A,

i=1,...,n,and (9;)]" € B, such that fori =1,...,n
n
d(z;,%;) < € and [|v; — 0;]| < € and Zﬁi —0.
i=1
Set

n
i=" 0z
=1

Then

[ D S S| NS Dy
=1 ’ =1

W(X,R™)
Choose any zo € X. Taking
n n
T = 25% ® O (v — ¥;) and p = Z((Szl ® 6z, )vi
=1 =1
we see that
n n
DoTET IS o
i=1 i=1
and
n n
H Z(ém ~ 03 W(X,R™) = EZ”viu'
=1 =1
The conclusion follows now from Proposition 3.2.9. 0

Definition 3.2.11. Choose any zg € X. Define
L(X,R™) = {u: X — R™ | u is Lipschitz and u(xo) = 0},

i.e. the Banach space of R™-valued Lipschitz functions on X taking value zero at xg, with

norm

llu(@) — u()ll

I
my = X, x # .
lull £(x mm) SUP{ A(x.7) lz,ye X,z #y
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Proposition 3.2.12. Define

T: L(X,R™) = W(X,R™)*

and
S: WX, R™)* — L(X,R™)
by
7)) = | () (3.2.38)
and

for any w € R™. Then S,T are mutual reciprocals and establish an isometric isomorphism

of LIX,R™) and W(X,R™)*.
Proof. Choose any 7 € I'(). Then Py — Pam = . Thus, if u is a Lipschitz map, then
[ twdi| =| [ w) = wtdnto )| < lulleran [ atanalalien)

Taking infimum over all 7 € T'(u), we see that

[ )| < Tl lbwon
The above calculation shows that the formula (3.2.8) defines a continuous functional of
norm at most [ul|z(xgm). If w € R™ if of norm one and z,y € X, x # y, then for

_ 0z — 5yw
Heww = 4z, y)

(3.2.10)

we have ||tz ywllwxrm) < 1 and for any u € L(X,R™)

e

Thus
lullecx mmy = 1T (w)]-
We shall now show that 7' o S = Id. Take any functional A € W(X,R™)*. Set

Oz = (0p — g )W.
Then S(A\): X — R™ is defined by the formula

(SN (@), w) = Mozw)-
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It is clear that the above formula defines S(\) uniquely. Then we claim that map v = S())
is ||A||-Lipschitz. Indeed

[v(z) — v(y)|| = sup{{v(z) —v(y),w) | w € R™, |lw|| = 1},
and as
(@) = v(y), w) = Moww — oyw) < [[Alllozw = oywlwix rm)

we see that

[v(z) — o)l < [[A|d(z,y), since [lozw — oy wllwxrm) < d(z,y).
Suppose that v = (0, — d,)z. We compute

T(w)(v)= / (v,dv) = / (v, 2)d(6; — 0y) = M0g,z — 0y,2) = A(V).

X X

We see that T'(S(\)) and A are equal on the set spanned by (6, — 6,)z, where z,y € X,
z € R™. By Proposition 3.2.9, we see that T'(S(\)) and A are equal on W(X,R™).

Let us show also that S oT = Id. Choose any w € R™ and any map u € L(X,R™).
Then

(ST @)a), ) = T8~ 8ay ) = [ a.(8: = 6y ) = (u(o). ),
as u(xg) = 0. Therefore S(T'(u)) = u. O
Proposition 3.2.13. For any p € W(X,R™)
sup { /)((u,du) |u: X = R™ is 1—Lz’pschz’tz} = |lplhwxrm)- (3.2.11)
Moreover, there exists 1-Lipschitz function ug such that
sup { /X<u, dup) |u: X — R™ s l—Lipschitz} = /X<u0,d,u>. (3.2.12)

Proof. Notice first that the left-hand side of (3.2.11) is clearly at most the right-hand side
of (3.2.11). Take any p € W(X,R™). Then by the Hahn-Banach theorem there exists a

continuous linear functional A of norm one such that

Ap) = ||M||W(X,Rm)-

By Proposition 3.2.12, we know that A is of the form

A0 = | (o di)
X
for some Lipschitz map ug. The Lipschitz constant of ug is equal to one, as
HU0H£(X,Rm) = [[All = 1.

This completes the proof. ]

60



Definition 3.2.14. Any 1-Lipschitz function u: X — R™ such that (3.2.12) holds we shall

call an optimal potential of measure p.

Definition 3.2.15. A measure 7 € I'(u) such that

Ibwicsey = [ dGap)dlal )
XxX
we shall call an optimal transport for p.

Theorem 3.2.16. Let p € W(X,R™). Let u € L(X,R™) be a 1-Lipschitz map. Let

m € I'(n). The following conditions are equivalent:
i)
[ = [ dtwaieles) = ez,
X XxX
ii)
[ @) = utw).dnte.p)) = [ dtwdlale.n
for any Borel set AC X x X,
iii)
[y = [ da el )
X XxX
i) u is an optimal potential for p and 7 is an optimal transport for p.
Moreover, if the above conditions hold, then
[u(z) = uw(y)| = d(z,y)
||7||-almost everywhere.

Proof. Assume that iii) holds. Observe that

Jtwdi = [ tu(@) = uto). deta )

/ (s dis) < lillwiczm < / d(z, y)d|7 (2. y),
X XxX

X

then by iii) we see that in the above inequalities we have equalities. This is to say, i) holds
true.

Suppose now that i) holds. Clearly

/ (ulz) — u(y), dn(z, y)) < / d(z,y)dlix ] (2, ).
A A

If we had strict inequality in ii) for some Borel set A C X x X, then the above computations
shows that we would get strict inequality in i). Condition iv) is reformulation of i). The

last part of the theorem follows readily from ii). O
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Recall, see Definition 2.2.14, that, for a 1-Lipschitz map u: R” — R™, we denote by
B(u) the set of points in R™ that belong to at least two distinct leaves of .

Definition 3.2.17. Let u: R® — R™ be a 1-Lipschitz map of Euclidean spaces. We say
that a Borel set A C R”™ is a transport set associated with u if it enjoys the following

property: if z € A\ B(u) and y € R" is such that
[u(z) = u()|| = [l =yl
then y € A.

Let us remark that a Borel set A C R™ that is a union of leaves of u is a transport set.

We say that a measure p € M(Z,R™) is concentrated on a subset X C Z if there is
lll(Z\ X) = 0.

Proposition 3.2.18. Let p € W(R"”,R™) be concentrated on a set X C R™. Then

HﬂHW(Rn,Rm) = HMHW(X,Rm)-
Here we consider the Euclidean metrics on X and on R".

Proof. The assertion is that
sup {/ (u,dp) | u: R" — R™ is l—Lipschitz}

is equal to
sup {/ (u,dp) |u: X — R™ is 1—Lipschitz}.
X

By the Kirszbraun theorem any 1-Lipschitz function u: X — R™ extends to a 1-Lipschitz

function @: R™ — R™. Clearly, for any such extension

| i) = [ (.

The assertion follows. O

Suppose that p € W(R™,R™). The following theorem shows that if there exists an
optimal transport for p such that its total variation has absolutely continuous first marginal,
then the conjecture of Klartag holds true. Note that such existence is clear for m = 1,
whenever p is absolutely continuous with respect to the Lebesgue measure A.

Below we shall be using the conditional measures [|ul|s, S € CC(R™), of measure ||u||
which has been considered in Chapter 2, Section 2.6. We shall denote by v the resulting
measure on CC(R™), i.e. the push-forward of ||u| with respect to the map S: R" —
CC(R™).
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Theorem 3.2.19. Suppose that € W(R™,R™). Let u be an optimal potential for p.

Suppose that there exists an optimal transport @ of u such that
Pi||x]| is absolutely continuous with respect to the Lebesgue measure A. (3.2.13)

Then:

i) for any transport set A associated with u

&) p(A) =0,
b) mlaxa € T'(u|a) is an optimal transport of p]a

¢) u is an optimal potential of u|a,

it) if ||plls, S € CC(R™), are the conditional measures of ||u|| with respect to the map
S: R" — CC(R"™), then for v-almost every S € CC(R™) we have

dp
Y dlllls =0

and u is an optimal potential of %d”ﬂ”g.
Moreover, i) implies ia) and ic).
Proof. By Corollary 2.2.15 it follows that
A(B(u)) = 0.
Suppose that (3.2.13) holds true. Then
7] (B(u) x R™) = 0.

Let
I={(z,y) e R" xR" | [lu(z) —u(y)| = |z -yl }.

By Theorem 3.2.16, ||x||(I¢) = 0. Thus 7 is concentrated on the set
C =1nB(u)xR"
Suppose that (z,y) € C. Then, as A is a transport set, by the definition of B(u),
x € A implies that y € A. (3.2.14)
Let 7 = m|axa. To prove ib), it is enough to show that 1 is an optimal transport and that
1 € L(pla).
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For this, let D C R™ be any Borel set. Using the fact that 7 € I'(u) and the fact that
|7|[(C¢) = 0 and (3.2.14), we have

w(AND) = /Rann (lAnD(m) — 1A0D(y)>d7"($ay) =
— [ L) (1060 - 1)) dn(ay) =
R xR™
— [ (1) = 1p())dnta.y) = Pru(D) - Pan(D).
R7™ xR"™
It follows that m|axa € I'(i|4a). Then
[ = [ st - 1aut).dr) (3.2.15)
Therefore, by (3.2.14),

J = [ tacaten(ule) - ). dra)

By condition ii) of Theorem 3.2.16 we see that

/A (u, dpsy = /A = yldlml o).

Theorem 3.2.16, condition iii), tells us that m|4x4 is an optimal transport and u is an
optimal potential. Also p(A) =0, as m|axa € I'(u|A). This proves i).
For a proof of ii) let us take any Borel set B C CC(R") and let A = S~1(B). Then,

du dy
= 1a———d||p||sdv(S :/ 1 S/ Ml sdv
/ccoRn)/n a5 () co®n) 5(S) [ qupirlsd(S):

As this holds true for any B we infer that for v-almost every S there is

dp
0= e il dl|plls- (3.2.16)

By i), for any A, B as above and any 1-Lipschitz map v there is

0 < /A (0 — v, dp) = /C 1@ [ (w0, S Yl sdn(s).

Hence, by separability of L(R™, R™), for v-almost every S and for every v there is

Og/n<u—v a0 ”>d|],u||3d1/( ). (3.2.17)

The fact that ii) implies ia) and ic) follows by integration of (3.2.16) and (3.2.17) respectively.
U

64



3.3 Counterexample

We shall now provide necessary tools for the aforementioned counterexample to the conjec-
ture of Klartag.

In fact we shall provide a more general theorem for which we shall consider locally
uniformly closed subsets subsets F of 1-Lipschitz maps of R™ to R™ endowed with norms
which are not necessarily Euclidean. Suppose that a measure p belongs to W(R™, R™). We

consider supremum of integrals
/ (u, dp) (3.3.1)

taken over all u € F. An optimal ug € F, i.e. the map that satisfies

[t =sup{ [ (i |ue 7},

we shall call an F-optimal potential of p.

Lemma 3.3.1. Let X C R" be a compact set. Suppose that (pi)7>, C W(R",R™) are
all supported on X and converge weakly* to py € W(R™,R™), i.e. for any continuous and

bounded function g: R™ — R™ we have

R R™

k—o0

Suppose that for k=1,2,..., up € F is an F-optimal potential of ux and that up converge

locally uniformly to ug: R™ — R™. Then ug is an F-optimal potential of pg.

Proof. By the assumption, for any continuous and bounded map ¢g: R — R™, we have

lim [ (g,d(px — po)) = 0.

k—o0 Rn

In particular, as p are all supported on X, we have

lim <UQ, d(uk - /Lo)> =0.

k—o00 Rn
By the Banach-Steinhaus theorem, the sequence (u)32, is bounded in the total variation

norm. Hence, by uniform convergence on X,

lim (ug, — up, dpg) = 0.

k—o00 Rn
It follows that

[ i) = [ Gwosdm + [ G = o, dp)

converges to fRn (ug, dpo). As for any 1-Lipschitz map h € F we have

/n<h, dpg) < /n<uk,duk>.
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we also have

[ odu) < [ fudio)

The proof is complete. O

Lemma 3.3.2. Let m < n. Let p € W(R",R™) and let u be an optimal potential of u.
Suppose that there exists an optimal transport ™ for p or that any transport set of u is of

u-measure zero. Let A be the union of all leaves of dimension at least one. Then

[12]}(A) = 0.

Proof. Corollary 2.5.7 tells us that A is Borel measurable. Suppose that there exists an
optimal transport 7 for u. By Theorem 3.2.16, 7 is supported on the set

I={(z,y) €R" xR" [ [Ju(z) — u(y)| = ll= - yll}.
As =Py — Pomr, for any Borel set B C A€, we have
w(B)=n(B xR") —7(R" x B) =0,
for if B C A€, then
(BXxR")NIC{(z,z) |z €R"} and (R" x B) NI C {(z,z) |z € R"}.

Suppose now that any transport set for u is of ; measure zero. Observe that any Borel set

B C A€ is a transport set. The conclusion follows. O

Theorem 3.3.3. Letm > 1. There ezists an absolutely continuous measure p € YW(R™, R™)

for which there is no optimal transport ™ such that
Py|7|| is absolutely continuous with respect to the Lebesgue measure .

Moreover, for such u, there exists a transport set associated with the optimal potential of p

with non-zero measure (.

Proof. Choose any v1,...,vpt+1 € R™ such that

and that are affinely independent. For € > 0 set

1 m+1
€ = N/ DN A z;,6) Vs
He = XB0, ) Z 5o
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where x1,...,Tme1 € R™ are pairwise distinct points to be specified later. Here A denotes
the Lebesgue measure on R™. Then p. € W(R™,R™). Suppose that there exist optimal
transports 7, € I'(f1e, ) such that

Pylmgl] <A,

where (e;)72, is some sequence converging to zero. Then by Theorem 3.2.19 we have

for any transport set Ay of uy, where uy: R” — R™ is an optimal potential of u.,. For
ke Nandi=1,...,m-+ 1 consider the union N;; of all non-trivial leaves of u; — i.e. of
dimension at least one — that intersect B(x;,€x). Then Ny is a transport set. Its Borel
measurability follows by Lemma 2.5.4 and Lemma 2.5.5. Indeed, denote B = B(x;, €g);
then the function

[[ur(2) — ur(y)|l
= yll

R"\Baaz»ﬁsup{ |y€B}ER

is lower semicontinuous and therefore

[[ur () — ur(y)
Iz =yl

is a Borel set. Thus p., (N;;) = 0. Hence,

Nik:{xeR”\B]sup{ H\yeB}:l}U{xeB[ﬁl(:c)>0}

m+1

> 0 A(B(z), &) N Nig) = 0. (3.3.2)
j=1

As e, , by Lemma 3.3.2, is concentrated on non-trivial leaves of u;, we have for

A B(xi, €) N Nig)
A(B(0, ex))

Vi = e, (B(2i, €x) N Nig) = pe, (B(x4, €x)) = .
By (3.3.2) and assumption on the vectors vy, ..., Up+1
X B(zj,e,) N Nip) = AN(B(0,¢)) forall j=1,...,m+ 1.
Thus we infer that for any k € N and for all r,s = 1,...,m + 1, r # s, there exist points

(zF,, 2% € Bz, ep) x B(xs, €;)

TS

such that
k k k k
||uk(mrs) - uk(xsr)H = "xrs - xSTH'
Using Arzela—Ascoli theorem and passing to a subsequence we may assume that maps uy

converge locally uniformly to some 1-Lipschitz map ug. Observe now that

k

x’f‘S

converges to x, for all ;s =1,...,m + 1.
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Thus, by the locally uniform convergence, ug is an isometry on {xi,...,Zm+1}. Observe

that
m+1

fe, converges weakly™ to po = Z Oz, Vi
i=1

Now, Lemma 3.3.1 tells us that wg is an optimal potential of .

Suppose now that points z1, ..., x,+1 are such that for ¢ # j, 4,5 =1,...,m,
< Ti — Tm+1 7 Lj = Tm+1 > < < Vi ’ Uj > (3.3.3)
i =zl 25 — Zmaa | [[oill ™ [lvj
Then if we define h: {z1,...,Tm+1} — R™ by
& ‘
h(xmt1) =0, h(z;) = ||x; — xm+1||m fori=1,...,m,
7

then h is 1-Lipschitz. By the Kirszbraun theorem we may assume that h is defined on the

entire space. Moreover for
m—+1

™= § : vié(l’i:xm-&-l)
i=1

we have
Pim —Pom = g
and )
h(zi) — h(zm1)
;|| 0,
RPIS e e LN

Theorem 3.2.16 yields that h is an optimal potential and 7 is an optimal transport. It

follows that

m
o lwen memy = D lvillllzi = 2 .

Theorem 3.2.16 tells us that also

m
Z uO — U ':Um—l-l) ” H5
(%

i=1 Hxl - 33m+1” (i, Tm+1)

As ug is an isometry on {z1,...,Zp41}, it follows that for i,7 =1,...,m
1h(zi) = h(zj)|| = [[zi — =]

which is not true, as the inequalities in (3.3.3) are strict. The obtained contradiction shows
that there is no such sequence (€)%, i.e. there exists eg > 0 such that for all € € (0, )
there is no optimal transport with absolutely continuous marginal for p. and such that there

exists a transport set with non-zero measure p.. 0
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The proof of the following theorem is based on the same idea as the proof of Theorem
3.3.3. Note that we do not require below that the norms on R™ and on R™ are Euclidean.
For a 1-Lipschitz map u: R® — R™ a leaf of u is a maximal, with respect to the order
induced by inclusion, set S such that u|s is an isometry. A transport set is defined as a set
A that enjoys the property that if x € A belongs to a unique leaf of u, then for any y € R”
such that ||u(y) — u(x)|| = ||y — z|| there is y € A. This is to say, the leaves and transport

sets are defined as in the Euclidean case.

Theorem 3.3.4. Let m < n. Suppose that the norm on R™ is strictly convex. Suppose that
F is a locally uniformly closed subset of 1-Lipschitz maps of R™ to R™. Suppose that F has
the property that for any absolutely continuous measure p € W(R™ R™) and any F-optimal
potential uy of p we have pu(A) = 0 for any transport set of ug. Then eitherm =1 orm > 1

and

i) m =mn, any u € F is affine, and there exists u € F that is an isometry of R" and of
Rm

)

ii) for any absolutely continuous p any F-optimal potential of w is an isometry on a

mazimal subspace V. C R"™, so that
pu({z € R" | Px € A}) =0 for any Borel set A C W, (3.3.4)

here P denotes a projection onto a complement W of V.

Suppose that the norms are Euclidean. Then, if any F-optimal potential is affine and is an
isometry on a mazimal subspace V- C R™ such that (3.3.4) holds true, then u(A) = 0 for

any transport set of its F-optimal potential.

Proof. Suppose that m > 1. Choose any pairwise distinct points x1,xs,z3 € R™ and any

affinely independent vy, vs,v3 € R™ such that Z?:l v; = 0. Let

3
gy = E ’Uz(sxl
i=1

Then vy € Mo(R™,R™). For € > 0 let

3
1
B0, 2 e

Choose respective F-optimal potentials u for v.. These exist as F is locally uniformly
closed. Observe that, by the assumption, v.(B¢) = 0 for any Borel set consisting of trivial

leaves of u.. Whence, v, is concentrated on non-trivial leaves of u.. Let IN;c denote the
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union of all non-trivial leaves that intersect B(z;,€) and are not contained in B(z;,€) for
i1=1,2,3 and € > 0. The map
R”\KamHsup{W lye K} €R
is lower semicontinuous for any set K C R™. Note that N;. = M;. U K¢, where
M;e = {l‘ € R"\ B(x;,e) | sup{W |y € B(wi,e)} = 1},
and

lu@) =@l | gy g o —
L Y e R B} =1},

Hence M,;. and K;. are Borel measurable and so is ;..

K = {:v € B(x,¢€) | sup{

By the assumption,
Ve(Ni ) = 0,

which implies, as in the proof of Theorem 3.3.3, that
[ue(@ys) — ue(as,)[| = llors — 25|
for some points
(x54,25,) € B(xy,€) X B(xs,€),r,s=1,...,3,r # s.

By the Arzela—Ascoli theorem and passing to a subsequence we may assume that u. con-
verges locally uniformly to some ug € F, which is an F-optimal potential of vy by Lemma
3.3.1. By the uniform convergence we infer that ug is isometric on {z1,z2,z3}. Let now
x9 = txry + (1 — t)xg for some t € (0,1). Then any map f: {z1,z2,23} — R™ that is
isometric satisfies

fltzy + (1 —t)as) = tf (z1) + (1 — 1) f(x3). (3.3.5)
Indeed, as f is isometric,

[ f(x2) = f(z1)l| = (1 = O)||zs — 21| and || f(23) — f(z2)| = t[|wz — z1].

As ||f(z3) — f(z1)| = ||zs — z1|| it follows that we have equality in the triangle inequality

1/ (x3) = fl)ll < [1f(x2) = fl@)]| + 1 f(23) = fz2)]-

By the strict convexity it follows that there is A > 0 such that

f(x2) = flxr) = A(f(23) — f(21)).
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Taking the norms we arrive at (3.3.5). A function f that satisfies (3.3.5) may be extended
to R™ to an affine map that has derivative of operator norm at most m. This follows by the

Hahn-Banach theorem. As ug is isometric on {x1,x2, 23}, we infer that

3

3
3 (uo(ai),vi) < sup { S (f(ai) vi) | f2 RY = R™ is linear and | f]| < m}

i=1 i=1
Note now that the set of vectors vy, vo, v3 that sum up to zero and are affinely independent
is dense in the set of vectors v{,vh, v5 that sum up to zero. Moreover, ug is an F-optimal
potential for 9. We conclude that for any u € F and any vectors vy, v9, v3 that sum up to

zero there is

3 3
Z(u(azz),vJ < sup { Z(f(mi),vi> | f: R™ = R™ is linear and || f|| < m}

i=1 i=1
Take now vy = v, v1 = —tv and v3 = —(1 — t)v with ¢ € (0,1) as above and any v € R™.
We infer that
(u(ze) — tu(z1) — (1 — t)u(zs),v) < 0.

As this holds for any v we infer that u is affine. This proves part of i).
If u is affine then there exists a subspace V' C R™, possibly trivial, i.e. V' = {0}, such
that any set of the form
{zr eR" | Pr € A} (3.3.6)

for a Borel measurable set A C W is a transport set of u. Here P denotes a projection
onto a complement W of V. Indeed, let V' C R™ be a maximal subspace such that uly is
an isometry. Suppose that V' is not a leaf of u. Then there exists y ¢ V such that for all
zeV

[u(y) —w(@)|| = [ly — |-

It follows that for all non-zero A € R

Jotor =) = =3

for all x € V. Hence for all A € R we have ||u(A\y) — u(z)|| = |[A\y — z||. As u is affine, it
is also an isometry on V' + Ry. This contradiction shows that V' is a leaf of w. Thus ii) is
proven.

We shall now provide an example of a vector measure p such that for any proper subspace

V and any x( there is ¢ > 0 such that

,u({m eR" | |P(z — z0)|| < c}> £0. (3.3.7)
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Choose any z1,...,ZTm+1 € R™ affinely independent. Let € > 0 be a number such that any
yi € B(wj,€),i=1,...,m+ 1 are affinely independent. Choose vectors vy, ..., vn4+1 € R™

that add up to zero and are affinely independent. Let

m+1
w= Z Ui)\‘B(xi,e)a
=1

where A denotes the Lebesgue measure. Choose any proper affine subspace V' C R™. Then

V intersects at most m of the balls B(xz;,€), i =1,...,m + 1. So does the set
{2 €R" | |P(z — 20)]| < c}

provided that ¢ > 0 is sufficiently small. Thus (3.3.7) follows. It implies, by ii), that
V =R". We have shown that any F-optimal potential of ;1 has to be an isometry. Hence
m = n and the proof of i) is complete.

To prove the last part of the theorem, it is enough to prove that the translates of V
are the only leaves of an affine map. This holds true, since any point in R” is covered by a

translate of V. O
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Chapter 4

Continuity of extensions of
Lipschitz maps

4.1 Introduction

Here we describe the structure of the chapter. In Section 4.2 we study the optimal rates
of continuity for extensions of 1-Lipschitz maps. Example 4.2.2, Proposition 4.2.3 and
Proposition 4.2.4 discuss the optimality of the rate.

In Section 4.3 we discuss several cases where it is possible to find an extension of a
1-Lipschitz map with preserved uniform distance to a given map. In Section 4.3.1 we prove
that such extension always exists whenever the target space is of dimension one and the given
map is 1-Lipschitz. In Section 4.3.2 we deal with one-dimensional perturbations of a given
map. In Section 4.3.3 we study a related problem of extending maps such their increments
are majorised by the increments of another map. Section 4.3.4, considers a situation when
the map, to which we want preserve the uniform distance of the extension, is affine. We
prove in Theorem 4.3.9 that, if the target space is a Hilbert space of dimension at least
two, then a map is affine and 1-Lipschitz if and only if for any 1-Lipschitz map there is a
1-Lipschitz extension with preserved uniform distance to the given map. One implication of
this equivalence establishes a strengthening of Kirszbraun’s theorem. For the proof we use
the technique of K-functions developed in [84]. This shows a striking difference with the
one-dimensional case, where every 1-Lipschitz map v has the above property, as Lipschitz
functions are closed under minima and maxima. Another result, presented in Section 4.3.5,
concerns continuous extensions of 1-Lipschitz maps from a subset A of a Hilbert space to

another subset X that contains A. Suppose that v: X — R™ is such that
lv(x) —tiv(zr) — .. tv(zm)| < Jlz =tz — ... — t@m ||

for all x,z1,...,z,, € X and all non-negative t1,...,t, that sum up to one. In Theo-

rem 4.3.11 we prove that there exists, for any given 1-Lipschitz map on A, its 1-Lipschitz
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extension to X such that its uniform distance to v is preserved.

4.2 Sharp rate of continuity of extensions of Lipschitz maps

Let A C B C R", n € N. In this section we shall prove that given any 1-Lipschitz maps
v: R" - R™, for m € N, and u: A — R™, such that

sup{[|lu(z) — v(z)| |z € A} <6,

there exists a 1-Lipschitz extension @: B — R™ of u, that is u(x) = u(x) for z € A, such

that

sup{||v(z) — @(z)| | x € B} < /62 + 25d,(A, B). (4.2.1)

Here by d,(A, B) we denote the number
sup{[lv(z) —v(y)|l | = € A,y € B}. (4.2.2)

Note that for 1-Lipschitz functions v we have d, (A, B) < diam(B). We shall also give an
example of functions u, v such that the bound is attained. This is to say, u, v are such that
for any 1-Lipschitz extension @ of u we have equality in (4.2.1). Moreover, as we shall show,
we cannot hope, in general, for any bound, if d,(A, B) is infinite.

The proof of the following proposition follows from the proof of [71, Lemma 2.1].
Proposition 4.2.1. Let A C B C R"™ and let
u: A—-R", v: B—R"

be 1-Lipschitz maps. Assume that ||u(z) — v(z)|| < § for x € A. Then there exists a

<
1-Lipschitz map u: B — R™ such that u(x) = u(zx) for x € A and

Jv(z) — @(z)]| < /6% + 20d,(A, B)
for all x € B.
Proof. Let €2 = 6% + 20d,(A, B). Let us define a map
h: Bx{0}UAXx{e} - R™

by the formulae h(z,0) = v(z) for x € B and h(z,e) = u(x) for x € A. Then h is a
1-Lipschitz map on a subset of R"*!. Indeed, if € A and y € B, then

1h(y. 0) = h(z, €)|I* = lv(y) — u(@)|* =

= [l(y) — v(@)|* + llo(z) — w(@)[* + 2(v(y) — v(z), v(2) — u(z)) <

<l = yl* + 6% + 20dy (A, B) = ||z = y||* + €.
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For other points of the domain of h the 1-Lipschitz condition follows from 1-Lipschitzness
of w and v.
Using Theorem 1.4.1 we may extend h to a 1-Lipschitz map h: R — R™. Set for

x € B, u(x) = h(x,€). Then @ is a 1-Lipschitz extension of u and moreover, for x € B,

lo(2) = @(z)|| = [|h(z,0) = h(z, e)]l <e.

Let us now exhibit an example which shows that the bound may be attained.

Example 4.2.2. Let m > land let 2,y e R, 2 £y, 2 = ¥ Let a= ||z — z|| = |ly — 2||,
let 6 > 0. Define u: {x,y} — R™ by setting u(z) and u(y) so that ||u(z) —u(y)| = ||l —y]|.
Map u defined in this way is 1-Lipschitz. For the definition of v consider the triangle whose

vertices are u(z), u(y) and a point, called v(z), such that

[o(2) = u(@)]| = llv(z) = w(y)ll = a+ .

Set v(x),v(y) to be the points on the triangle’s edges containing u(x) and u(y) respectively
such that ||[v(z) — u(x)|| = ¢ and ||v(y) — u(y)|| = 6. If we define v: {z,y,2z} — R™ in
this manner, then it is 1-Lipschitz. By Kirszbraun’s theorem we may extend it to R™ in
such a way that the extension is still 1-Lipschitz. We shall call this extension v: R" — R™.
Moreover, sup{||u(t) — v(t)|| | t € A} = 0. Here A = {z,y}. Observe that any 1-Lipschitz
extension & of u to the point z must satisfy u(z) = M, by Lemma 2.2.4. Thus, if we

set B = {z,y, z}, then any 1-Lipschitz extension @ of u to B satisfies
|lv(z) —a(z)]] = V2 + 24a.

The situation is illustrated below.

v(z)

Note now that

a=dy(A,B)if § > aand a = idU(A,B) + \/116dv(A’ B)? + %dU(A, B)§ if ¢ < a.
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This exhibits that the bound (4.2.1) is indeed sharp, if 6 > d,(A, B). Note that § < a if

and only if § < d, (A, B). Hence we have shown that for all extensions @ of u we have

sup{||v(z) — @(2)|| | z € B} = /92 + 2dd,(A, B)

if § > dy(A, B) and

sup{[[v(z) — @(2)|| | = € B} = \/52 n %MU(A B) + 5\/idv(A, B2 + 2dy(A, B)S
it 5 < dy(A, B).

The following proposition shows that (4.2.1) is asymptotically sharp for ¢ approaching

zero, up to a multiplicative constant.

Proposition 4.2.3. Let m > 1 and let (0k)ren be a sequence of positive numbers and let
a > 0. Then there exists a 1-Lipschitz map v: R™ — R™ such that for k € N there exist
sets A, B, C R™, 1-Lipschitz maps uy: Ar — R™ such that

sup {[|v(z) — ()| | = € A} = 0

and for any 1-Lipschitz extensions uy of up to By we have

sup {||v(z) — ak(z)| | # € B} = 4/67 + 283a.

Proof. For any 6, let us construct a map vg: Ar — R™ as in Example 4.2.2, with a € R
independent of k. Let By be the corresponding set. We may appropriately shift sets Ay
and By so that the resulting function v: Jycy Bx — R™, v|B, = vy, is 1-Lipschitz. By
Kirszbraun’s theorem we may assume that v is defined on R"™. Consider a map uy: Ay —

R™, constructed as in Example 4.2.2. Then for any 1-Lipschitz extension uy of u; to By we

sup{[|v(z) — ux(2)| | z € Bx} = 1/ 62 + 263a.

have

O

Proposition 4.2.4. Let § > 0. There exist two sets A C B C R™ and 1-Lipschitz maps
v: R" = R™ and u: A — R™ such that

sup {[lv(z) — u(z)| | z € A} =6 and dy(A, B) = o0
and for any 1-Lipschitz extension o of u to B

sup {|lv(z) — @(z)| | z € B} = oc.
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Proof. Define maps u: A — R and v: B — R™ by reproducing, as in Proposition 4.2.3,
countably many times triangles of Example 4.2.2, with respective parameters (ay)ren con-

verging to infinity and fixed § > 0. Then
sup {||v(z) — u(z)| | 2 € A} = § and dy(A, B) = .
Moreover, for any 1-Lipschitz extension 4 of u to B we have
sup {|[v(z) — a(z)| | # € B} > sup{/8% + 20a, | k € N} = oo.
O
This shows that if the parameter d, (A, B) is infinite, then the corresponding parameter
inf { sup {||a(z) — v(z)|| | # € B} | 4: B — R™ is 1-Lipschitz extension of u}

may be infinite as well.

4.3 Examples of good approximability

Let us now turn to examples of situations, in which we can prove that, for 1-Lipschitz maps
v: X >R"andu: A—-R™ ACX,if

lv(z) —u(x)]| < forall x € A,
then it is possible to extend u to a 1-Lipschitz map @ such that

|lv(z) —u(x)|| <9 for all z € X.

4.3.1 Omne-dimensional target space

Let us first consider the case when the target space is one-dimensional.

Proposition 4.3.1. Let X be a metric space. Let v: X — R be a 1-Lipschitz function.
Then for any set A C X and for any 1-Lipschitz function u: A — R such that for allx € A

lu(z) —v(x)| <0, (4.3.1)
there exists 1-Lipschitz extension : X — R of v such that for all x € X
lv(z) —a(z)] < 0. (4.3.2)

Proof. Take any 1-Lipschitz extension @g: X — R of u. Existence of such function follows

from McShane’s formula (see [80]). Define now *

i(z) = fo(z) A ((@) + 6) V (v(x) — 5).

Then it is readily verifiable that @ satisfies the desired properties. ]

'Here, symbols a A b and a V b stand for minimum and maximum of two real numbers a, b respectively.
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4.3.2 One-dimensional perturbations

Our next example extends result of Section 4.3.1 and concerns 1-Lipschitz maps v: R™ — R™
and u: A — R™ such that v(z) — u(z) € Rw for some fixed w € R™ and all x € A. We

shall need to use below a Riemannian pseudo-metric given by the formula

b
d¥(z,y) = inf {/ 12(8) e =0yt | = € C*([a,b],R™), 2(a) = 2, 2(b) = y}. (4.3.3)

Here

125y 2y = 90 D (), 2(8) = [2(@)]° = 1D (v 0 2)@)II* + [{w, D(v o 2)()) [,

is a square of the length of a vector Z(t) with respect to the degenerate inner product g

given by
gy (z)(s,t) = (s,t) — (Dv(x)s, Dv(x)t) + (w, Dv(z)s)(w, Dv(z)t).

Observe that for any z € C'([a,b],R") the composition v o z: [a,b] — R™ is a Lipschitz
function. By Rademacher’s theorem (see e.g. [45]) it is differentiable almost everywhere
and thus the integrals in (4.3.3) are well defined.

Below we will speak of 1-Lipschitzness with respect to the Euclidean metric and with
respect to the d) pseudo-metric. If not stated explicitly, we consider 1-Lipschitzness with

respect to the Euclidean metric.

Lemma 4.3.2. For x,y € R™ define

d(z,y) = Vllz =yl — [v(z) — o@)? + (w, v(z) — v(y))*.

Then
dy (z,y) < d(z,y) for all x,y € R"™.

Proof. Choose z,y € R™. Set z: [0,1] — R" to be given by
z2(t) =x +t(y — x) for ¢t € [0, 1].

Let P denote the orthogonal projection in R™ onto the space orthogonal to w. Then

1
0¥ (z,y) < / VIl — 2= [D(Pvo =)0 dt.

We apply Jensen’s inequality twice, exploiting concavity of the square root and convexity

of the norm squared. This yields

d¥(z,y) < \/ o = yl2 - | /0 1D<onz><t>dtH2.
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Hence

dy (z,y) < V/llz = y|? — [|Pv(z) — Pu(y)[.

This completes the proof. O

Lemma 4.3.3. Let d be as above. Then for all x,y € R"

-1

dy)(z,y) = inf { Zd(mi,$i+1) |z =z, =y,z; eR"i=1,...,,l € N}. (4.3.4)
i=1

Proof. It is easy verifiable that d;/ satisfies triangle inequality. By Lemma 4.3.2, we infer
that the left-hand side of (4.3.4) is at most the right hand-side of (4.3.4). To prove the
converse inequality let € > 0 and take a path z € C!([a, b], R"), such that z(a) = z,2(b) = y

and

b
) 1
aw9) > [ 1Ot - e (435)

For k € N set (sf)?io C [a,b] to be s¥ =a+ (b— a)2%, i=0,...,2F and consider a function
T on [a,b] defined by

((Msfﬂ) - z<si-°>u>2 ) (l!v<z<si-“+1>> —velsr >>”>2+

rk(w - Z 1[sf,sf+l)(t) %k ok

%
i=0 Sit1 — 5 it1 — S

E ok
Siv1 — 5

1

~N

. <<w,v<z<sﬁ1>> - v(z(sm) ) :
Then we see that the corresponding functions rj are uniformly bounded and converge with k
converging to infinity to [|2(:)|[gw((.)) in any point of differentiability of v o z, hence almost
everywhere. Therefore, by Lebesgue’s dominated convergence theorem, for k sufficiently

large
b ) b 1
/ 1) oot > / r(t)dt — 2. (4.3.6)

Observe that fab ri(t)dt = Zfial d(z(s¥. 1), z(sF)). Combining (4.3.5) and (4.3.6) we get

2k 1
dy(z,y) > Y d(z(sh), 2(s)) — e
i=0
Thus
-1
dy(z,y) > inf{Zd(mi,le) |z =z, 0 =y,x; e R"i=1,... 1,1l € N} — €.
i=1
As this holds true for any € > 0, the proof is complete. O
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Theorem 4.3.4. Let A C R" and let w € R™ be a unit vector. Let v: R®™ — R™ and
u: A — R™ be 1-Lipschitz maps such that

v(x) —u(x) € Rw (4.3.7)

for all x € A. Then there exists a 1-Lipschitz extension u: R™ — R™ of u such that
v(z) — u(x) € Rw for all x € R™ if and only if

[(u(z) = u(y), w)| < dy(z,y) (4.3.8)

forallx,y € A, i.e. if (u,w) is 1-Lipschitz with respect to the pseudo-metric d¥. Moreover,
if condition (4.3.8) is satisfied, then there exists a 1-Lipschitz extension 4 of u such that
for all x € R™

a(z) — v(@)| < sup {Jlu(z) —v(@)|| |z € A}.

Proof. Define t: A — R by (u(z),w) = t(z) for z € A. Assuming v(x) — u(z) € Rw for all

x € A, 1-Lipschitzness of u is equivalent to that

[t(@) = t@)]* < o = yl* = [o(@) —v@)|* + (w, v(@) - v(y))? (4.3.9)

for all z,y € A. This is an immediate consequence of the Pythagorean theorem. Let, as

before, for z,y € R”

& (2,y) = [lz = y|I* = llo(z) — v + (w, v(z) - v(y))*.

Assume that uw may be extended to a 1-Lipschitz function @: R™ — R™ such that the
condition (4.3.7) holds true for all z € R™. Then, by (4.3.9), we have, for all choices of

points xg, ..., x; € R™ such that zg = z,x; =y,
-1 -1
t(x) — t(y)] <D |twigr) — tla)] < d(wigr, zi). (4.3.10)
=0 =0

Lemma 4.3.3 shows now that (4.3.8) holds true.
Conversely, if (4.3.8) holds true for all x,y € A, then we may extend t: A — R to a
1-Lipschitz function #, with respect to the d¥ pseudo-metric, on R™. Such an extension is

provided by McShane’s formula (see [80])
t(z) = inf{t(y) + dy'(z,y) | y € A}.

If we know that |(v(z) — u(z),w)| < ¢ for x € A, ie. [t(z) — (v(z),w)| < 0, then setting

instead
t(x) = inf{t(y) +dy (z,y) [y € A} A ((v(2), w) +8) V ({v(x), w) — J)
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gives a 1-Lipschitz extension, with respect to d, such that
[t(z) — (v(z), w)| <6

for all x € R™. Now, as f is 1-Lipschitz with respect to d* the function @ = v — (v, w)w +tw

is 1-Lipschitz extension that we wanted to find, see (4.3.9). O

Let us remark, that 1-Lipschitzness of u with respect to the Euclidean metric implies its
1-Lipschitzness with respect to the pseudo-metric d¥, provided that the set A is geodesically
convex, i.e. if for any two points z,y € A the infimum in the definition of the distance

d¥ (x,y) is realised by paths lying in the set A.

4.3.3 Increments majorisation

In what follows we shall use the following theorem of Minty (see [84]), which encompasses

several Kirszbraun’s type theorems.

Definition 4.3.5. Let Y be a real vector space and X be a set. A real function on Y is
called finitely lower semicontinuous if its restriction to any finitely-dimensional subspace of
Y is lower semicontinuous. A function ®: Y x X x X — R is called a K-function if & is
both finitely lower semicontinuous and convex in the first variable and such that for any

points (yi,mi)ézl €Y x X and any A1,...,\; > 0 such that 22:1 Ai = 1 we have

l l l
Z )\i)\jq)(yi — yj,xi,xj) > 22)\1'(1)(:1/1' — Z )\jyj,xi,x) (4.3.11)
j=1

ij=1 i=1

for all x € X. If Y is finite-dimensional, then it is enough to assume that [ < dimY + 1.

Theorem 4.3.6. Let Y be a real vector space and X be a set. Let P: Y x X x X - R be
a K-function. Let
(yivmi)lizl CY xX

be a sequence such that

O(y; — yj,xi,25) <0

foralli,j=1,...,l. Let x € X. Then there exists a vector y € Y such that
(yi — y,zisx) <0

foralli=1,... 1. Furthermore, y may be chosen to lie in Conv{yi,...,y}.
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Let us mention that the proof of the above theorem relies on von Neumann’s minimax
theorem.
Let now Y be a Hilbert space and let X be a set and let A C X. Our next example

concerns the extension of a map u: A — Y that has the property that

[u(z) = u(@)] < [lo(z) —v(y)l,

for all z,y € A. Here v: X — Y is a map, which we would like to stay close to @ — an

extension of u. The following proposition holds true.

Proposition 4.3.7. Let X be a set. Assume thatv: X — Y. Let AC X andletu: A —>Y
satisfy

[u(z) = u(y)|| < [[o(z) —v(y)]] (4.3.12)

for all x,y € A. Then there exists an extension u of u to X such that (4.3.12) holds for
all z,y € X. Moreover, there exists an extension U such that (4.3.12) holds true for all
z,y € X and such that for all x € X

lo(@) — ()| < sup {|lv(z) —u(2)] | = € A}.
Proof. Let us define ®: Y xY x Y — R by the formula
D(y,a,2") = yl? + 2y, — o).

We claim that this is a K-function. Indeed, it is convex and continuous in the first variable.
We have to check the condition (4.3.11). Let then (y;, 931')%:1 eYxYand A,...,\,z €Y,

be as in the definition of a K-function. A short calculation readily implies that
l l !
S NNl —yill? = 2> Nillyi = > Nwil? =0
ij=1 i=1 j=1
and that
l l l
NN =y —ay) =2 Ny — > Ny, wi— x) = 0.
i=1 j=1

ij=1
Thus we have an equality in (4.3.11). Choose now points t1,...,t; € A and let t € X \ A.
Let w: A =Y be defined by w = u — v. By (4.3.12) we know that

lw(ti) = w(t))|? +2(w(t;) — w(ty), v(t:) = v(t;)) < 0.

That is
(w(ti) — w(ty),v(ts), v(t;)) <0
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for all 4,j = 1,...,k. By Theorem 4.3.6 there exists a point y € Conv{w(t1),...,w(tx)},
which we shall call w(t), such that

D(w(ts) — w(t), vl(t:), v(t)) < 0

forallé,j =1,..., k. Thus, if we define u(t) = w(t) +v(t), then u, on the set {t,t1,...,tx},
has increments majorised by v and ||u(t) — v(t)|| < 6, provided that ||u(t;) — v(t;)| < § for
alli=1,... k.

This implies that for any choice of points t; € A and any t € X the intersection of closed

balls
k

() Bluta), o(t:) — v(#)Il) (4.3.13)

i=1
is non-empty. By compactness such intersection is non-empty also for any infinite family
of balls; in particular we may intersect over all points in A. Any point in the intersection
yields the desired extension of u to the point .

To finish, let us partially order by inclusion all subsets of X that admit an extension
of u and contain A. By the Kuratowski-Zorn lemma, there exists a maximal element Z of
this ordering. If Z # X then by the procedure above, we may extend u to an extra point
of X, contradicting the choice of Z. Thus Z = X and the proof is complete.

The continuity part of the theorem follows by considering intersection of closed balls of

the form
k

() Blu(ti), [o(t:) — v(&)I) N B(u(t), 6)
i=1
instead of (4.3.13). O

Corollary 4.3.8. Assume that u: A — Y is a 1-Lipschitz map on a subset A of Y. Let
T:Y — Y be any isometry. Then there exists a 1-Lipschitz extension u: Y — Y such that

sup{[la(y) =T (W)l |y € Y} = sup{llu(y) = T(y)| |y € A}.
Proof. Apply Proposition 4.3.7. O

4.3.4 Affine maps

Let us now consider the case when the target space is a Hilbert space Y. The theorem
below shows that if the dimension of Y is at least two, then the situation differs strikingly

from the one-dimensional case, c.f. Section 4.3.1.

Theorem 4.3.9. Let X,Y be real Hilbert spaces such that Y is of dimension at least two.

Letv: X =Y be a map. The following conditions are equivalent:
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i) for any A C X and for any 1-Lipschitz map u: A — Y there exists a 1-Lipschitz
extension u: X — Y of u such that for all x € X

v(z) — a(z) € Conv{v(z) —u(z) | z € A}.

it) for any 6 > 0, any A C X and for any 1-Lipschitz map u: A — Y such that for all
reA
[o(z) —u(z)|| <4,

there exists 1-Lipschitz extension : X — 'Y of u such that for all x € X
lo(z) —u(z)|| <4,

ii1) v is affine and 1-Lipschitz.

Proof. That i) implies ii) is trivial. Suppose that ii) holds true. Take any x € X and let
A = {z}. Set u(x) = v(z). Then u: A — Y is 1-Lipschitz and

|lv(x) —u(x)|| < J for any x € A and any § > 0.
By ii), there exist 1-Lipschitz maps us: X — Y such that
lv(z) — us(x)]| <0 for all x € X.
Thus for any z,y € X
[o(z) = o) < [lo(z) —us(@)|| + [Jo(y) —us(W)I| + |z — yll <26+ [lz —yl|.

As this holds true for any § > 0, we see that v is 1-Lipschitz.

Our aim is now to show that for any x,y € X there is

o(T5 ) = S(0lw) + ().

For this, take some z,y € X such that v(z) # v(y) and let 2 = ZEL. Let

GO 0),
fo(@) = o)l

Let r be a unit vector perpendicular to w lying in a tangent space to any two-dimensional

affine space containing the points v(z), v(y) and v(z). Let
h = [lv(z) = v(y)l

and A, u € R be such that
v(z) —v(z) = Ar + pw.
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We claim that

v(z) = Ar + %(v(y) + v(x)). (4.3.14)

Let 6 € R and set
u(z) = v(z) — 6w and u(y) = v(y) — d(ar + Pw) with a® + 5% = 1.

Then

lu(z) = u(y)|* = 2(1 — B)(6* — 6h) + h*.
Observe that if ||z — y|| = h, then Lemma 2.2.4 implies that v is affine on the line segment
[z,y]. We may thus assume that h < ||z — y||. Set v = W
pick 8 € (0,1) such that

. Then for any § > h we

Ju(z) = u()] = [z =yl

This 8 is given by
"
62 —6h’

It is positive provided that ¢ is sufficiently large. Let A = {x,y} and B = {z,y, z}. Observe

B=1

(4.3.15)

that map u: A — Y is 1-Lipschitz and for all p € A

[u(p) —v(p)]| = é.

Lemma 2.2.4 implies that any 1-Lipschitz extension @ of u to B satisfies

Sy ule) +uly)
u(z) = —

Hence for such an extension
- 9o 1 2 2
lo(z) - a(=)|2 = 5 ((2)\ +60) + (h+2u+5(1+ B)) )
If 6 > h, then ||v(2) — a(2)|| > ¢ if and only if
4622+ h+ Aa) + 0( — 4 ah — 4h(h +2p) — 2y + 4\ + (b +2p)?) + ¢ >0,  (4.3.16)
where
¢ = —h(h+2p)% — 4hX2 — 2v(h + 2u)

is independent of § and «. Indeed, this follows by expansion of the squares and a rearrange-
ment that takes (4.3.15) into account. Suppose that 2u + h > € for some € > 0. Observe
that, with the choice (4.3.15), a tends to 0 as ¢ tends to infinity. Let dp > 0 be such that
|Aa| < Se for § > 8. Pick any & > &y V h such that

1
452<2u—|—h—§e> +0( = 2eh — 4h(h + 2) — 2y + 4N2 + (h +21)%) + ¢ > 0.
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Then 0 satisfies also (4.3.16). This contradicts the assumption on v. Therefore 2u + h < 0.
This is to say

(v(2) = v(x),v(z) —v(y)) < —%Hv(ﬂ?) —u(y)|.

Repeating the above argument with x and y interchanged yields

(v(y) = v(2),v(x) = v(y)) < —%Hv(x) —v(y)l*.

If we add the above inequalities, we get an equality. Thus, there are equalities in both of
them. Hence, as v(z) —v(y) = hw and v(z) —v(x) = A\r + pw, we get 2u+ h = 0. We have
proven (4.3.14). We now also include the case v(x) = v(y); then we take r to be a unit
vector in direction parallel to v(z) — v(z). Then (4.3.14) still holds true.

We claim now that A = 0. Suppose conversely that A # 0. We may also suppose that
A > 0; otherwise we change r to —r. For p,n € (0,1) and such that p? +7n? =1 set

v(z) = v(z) + 6(pw — nr) and v(y) = v(y) 4+ 6(—pw —7r).

Then v: A — Y satisfies ||v(p) — v(p)|| = d for all p € A. We choose parameters 6, p and 7,
so that

lv(z) = vyl = llz —yll,
that is we put
h+2p6 = |z —yl|. (4.3.17)
Then by Lemma 2.2.4 any 1-Lipschitz extension o of v to B satisfies

1 1 v(z) + v(y)

v(y) = 5 —onr =v(z) — \r — dnr.

Then
[v(z) = (2)|| = A + dn.
Let § > A. Then this quantity, given (4.3.17), is greater than ¢ if and only if

<2 4 )\2
2

o=yl —h

o> 5

, where ¢ =

This is to say, if d is big enough, then there exists a 1-Lipschitz function v that contradicts

the assumption on v. Hence A = 0 and thus for any z,y € X

_v(@) +v(y)
v(z) = —

Tty

, where z =
2

Now, v is continuous and standard arguments imply that v is affine.

To prove that iii) implies i) consider first a function ®: Y x X x X — R, given by
O(y,z,2') = [|ylI* + 2{y, v(z) — v(2")) = [l — 2’| + J(z) — v()]*.
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Let us check that it is a K-function. The condition of convexity and finitely lower semicon-
tinuity is clearly satisfied. We need only to check whether the condition (4.3.11) holds. It
is readily seen that the first two summands in the definition of ® both satisfy the condition

(4.3.11) with equalities, c.f. proof of Proposition 4.3.7. Thus, to satisfy (4.3.11), we must

have
l !
Y AN (lo(a) = o(@)IP = i = 25)%) = 2 Nillo(zi) = o(@)|* = |z — )
i,j=1 i=1
for all non-negative A;, ¢ = 1,...,[, summing up to one, all z1,...,z;,x € X. Rearranging
we get

H ikm - xHQ = H i*iv(%) = v(ﬂ?)H2~ (4.3.18)
=1 i=1

As v is 1-Lipschitz and affine, this is certainly true. By Theorem 4.3.6 we see that for any

points z1,...,z; € A and any x € X the intersection of closed sets
k [
ﬂ B(u(x;), ||z — z]|) N (U(:U) + Conv{(u(z) —v(2) | z € A})
i=1

is non-empty. By compactness such intersection is non-empty also for any infinite number
of chosen points. Therefore we may always extend w to a 1-Lipschitz map on AU {z} so
that

v(z) — u(x) € Conv{v(z) —u(z) | z € A}.

Let us order by inclusion all subsets of X containing A that admit the desired extension.
By the Kuratowski—Zorn lemma, there exists a maximal subset enjoying this property. If
it were not X, then by the above considerations we could find a strictly larger subset with

an extension that satisfies the desired conditions. O

Remark 4.3.10. For ® to be a K-function, the condition (4.3.18) must be valid for all z € X,
whence putting ¢ = Zizl Aix; we see immediately that v must be an affine map, for [ = 2.

Moreover, if we take A\; = 1 then we see that for all z,2’ € X
2" = 2| > Jlo(a") = v(@)[|;
i.e. v must be 1-Lipschitz.

4.3.5 Further results

Suppose that Z is a real Hilbert space and let A C Z. In this section we consider continuity

of extensions of 1-Lipschitz on A to X C Z.
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Theorem 4.3.11. Let Z be a real Hilbert space. Suppose that X C Z. Suppose thatv: X —
R™ s such that for all x,x1,...,x,m € X and all non-negative real numbers ti,...,t;, that

sum up to one there is
lo(x) — tiv(z1) — ... — tu(zm) || < |l — tizr — ... — t@m| (4.3.19)

Then for any § > 0, any A C X and for any 1-Lipschitz map uw: A — 'Y such that for all
reA
lo(z) — u(@)|| <4,

there exists 1-Lipschitz extension w: X — Y of u such that for all x € X
[o(z) —u(z)]| < 6.

Proof. We shall first show that for any points x1, ...,z € A and any « € X the intersection

of closed sets
k
(M Blu(y), 2 —2l)) 1 (o) + Conv{(u(z) — v(2) | = € 4})
i=1

is non-empty. By Helly’s theorem (see [62]), it is enough to prove that for & < m the
corresponding intersection is non-empty and that for £ < m + 1 the intersection

k

() Blulxy), ll; — ll)

i=1
is non-empty. The latter follows by Kirszbraun’s theorem. To prove the former, consider a
function ®: V x X x X — R, where V = Aff{u(z;) —v(z;) | i =1,...,k}, given by

®(y,z,2') = |lyl* + 2y, v(@) — v(2") = [z = 2"|* + Ju(z) — v(=)|.

Let us check that it is a K-function. The condition of convexity and finitely lower semicon-
tinuity is clearly satisfied. We need only to check whether the condition (4.3.11) holds. It
is readily seen that the first two summands in the definition of ® both satisfy the condition
(4.3.11) with equalities, c.f. proof of Proposition 4.3.7. Thus, to satisfy (4.3.11), we must

have

l l
> Aidillola) = v(@)|? = llzi —a501%) = 2 Ni(llo(xs) —v(@)|? = |lei — =)

i,j=1 i=1
for all non-negative \;, ¢ = 1,...,[, summing up to one, all z1,...,x;,z € X and numbers

[ < 'm (see Definition 4.3.5) as dimV < k —1 < m — 1. Rearranging we get

! 2 ! 2
HZ/\ZJ:Z—JCH > HZ)\ZU(xZ) —v(x)H .
i=1 i=1
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This holds true by the assumption on v.
By Theorem 4.3.6 we infer that for any points xz1,...,xx € A, k < m, and any ¢ € X
the intersection of closed sets

k
(M B(u(=), [z — =]) N (v(x) + Convi{(u(z) —v(2) | 2 € A}) (4.3.20)
=1
is non-empty. Indeed, condition that ®(y — y;, x;,x) <0 fori=1,...,k and y; = u(x;) —

v(z;), is equivalent to that for i =1,...,k

ly —v(@) = (i —v(@) || < |z — @il

Hence, setting u(z) = y+v(x), we see that it belongs to the set defined by formula (4.3.20).
By compactness, and by Helly’s theorem, such intersection is non-empty also for any
infinite number of chosen points. Therefore we may always extend u to a 1-Lipschitz map
on AU {x} so that
v(z) — u(z) € Conv{v(z) —u(z) | 2 € A}.

Let us order by inclusion all subsets of X containing A that admit the desired extension. By
the Kuratowski—Zorn lemma, there exists a maximal subset. If it were not X, then by the
above considerations we could find a strictly larger subset with an extension that satisfies

the desired conditions. O

Let us note that similar statement for extending maps u: A — R” that satisfies
lu(x) — tiu(zr) — ... — tu(an)|| < ||z —tiz1 — ... — t@m || (4.3.21)

for all z,x1,...,x,m € A and all non-negative real numbers t¢1,...,t, that sum up to one,
to a map in w: X — R™ that still satisfies analogous condition is false in general. Indeed,
if X = Z, then such @ is necessairly affine, while there exists non-affine u: A — R™ that
satisfies (4.3.21) provided that A is affinely independent.

We conjecture that the opposite implication to that of Theorem 4.3.11 is also valid, that
isif v: X — R™ is a function such for any set A C X and any 1-Lipschitz u: A — R™ there
exists a 1-Lipschitz map @: X — R™ such that

sup {[[o(@) — ()| |« € X} = sup {o(a) — ()] | € A},

then necessairly v satisfies condition (4.3.19). Note that Theorem 4.3.9 confirms this con-

jecture if X is the entire Hilbert space.
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Chapter 5

Optimal transport and Choquet
theory

5.1 Introduction

In this chapter we are concerned with study of duality theorems for optimal transport.
The novelty is the treatment of the topic with use of a variant of the Strassen’s theorem,
Theorem 5.2.1 and its implication Theorem 5.2.3. Moreover, we provide a reinterpretation
of the optimal transport problem as a variational problem concerning linear functionals
over the set of all Choquet’s representations of measures that are involved in the problem.
The reinterpretation is introduced in the two-marginal, the multi-marginal as well as in the
martingale variant of the optimal transport problem.

In Section 5.2 we recall necessary definitions and prove theorems that our results are
based on.

In Section 5.3 we provide proofs of the Kantorovich duality in two-marginal case.

In Section 5.4 we prove the Kantorovich—-Rubinstein duality, i.e. the duality result for
cost function given by a metric.

In Section 5.5 we provide a proof of the Kantorovich duality in the multi-marginal
setting.

In Section 5.6 we characterise extreme points of pairs of probability measures in convex
order and prove a duality result for martingale optimal transport provided that there exists
a maximiser of the dual problem.

In Section 5.7 we investigate class of functions that appear in the dual problem to the
martingale optimal transport. We provide an intrinsic characterisation of such functions,
which is analogous to the characterisation of convex functions as the functions, whose graph
lies above its supporting tangent hyperplanes.

In Section 5.8 we apply the result of the previous section and obtain a novel character-

isation of uniformly convex and uniformly smooth functions.
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In Section 5.9 we introduce the notion of the martingale triangle inequality and prove
that if the inequality is satisfied by a cost function, then in the dual problem to the mar-

tingale optimal transport the consideration may be restricted to pairs of equal functions.

5.2 Around Strassen’s theorem

Here we shall provide a variant of Strassen’s theorem. The proof is based on the proof of

[81, Theorem T51]. We include it for completeness. We refer the reader also to [97] and [4].

Theorem 5.2.1. Let X be a separable Banach space, let (2, %, 1) be a probability space. Let
w +— hy, be a map from Q to continuous, convex functions on X, which is weakly measurable,
that is, for every x € X the map w — h,(x) is X-measurable, and such that there exists

non-negative number ¢ such that
|ho(z)| < c(||z|| +1) for all z € X. (5.2.1)
Set
h(zx) = /Qhw(m)d,u(w).
For a functional x* € X* the following conditions are equivalent:
i) ©* < h,

i) there exists a map w — x, from Q to X* which is weakly measurable, in the sense that
w — x5 (x) is measurable for any x € X, and such that x}, < h,, for p-almost every
w € Q and for allx € X

v'(@) = [ a(e)dn(e).

Proof. Observe that clearly ii) implies i). For the proof of the other implication, consider
the Banach space L' (2, X) of equivalence classes of measurable, integrable maps f: Q — X

with norm

1l = /Q 1) lda().

It’s dual space L (€2, X*) consists of almost everywhere bounded, weakly measurable, maps

with values in X*. Define a functional X\ on the subspace of constant functions by the formula

By the assumption, A < h, on that subspace. By the Hahn—-Banach theorem for convex

majorants we may extend it to a functional A defined on L'(Q, X) such that it satisfies
M) < [ hulale))dn(e).
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Note that the right-hand side of the above inequality is well defined by the assumption
(5.2.1). By the identification of the dual space, there exists a weakly measurable map x,

such that

Ma) = [ atla)dn(e).
To complete the proof of the theorem we need to show that for p-almost every w there is
x}, < h,. Choose a dense subset (z,)nen in X. It is enough to show that for all n € N

there is =} (x,) < hy(x,) for p-almost every w. For n € N and A € ¥ consider map
14 € LY(Q, X). Then it follows that

[ attein) < [ huw)du)
A A
The assertion of the theorem follows by standard arguments. O

Before we proceed with applications of the above modification of Strassen’s theorem, let

us recall definitions.

Definition 5.2.2. If (2, X) and (=, ©) are measurable spaces, then a Markov kernel P from
Q to E is a real function on © x Q such that for any point w € €, P(-,w) is a probability
measure on © and for any A € ©, P(A4,-) is X-measurable.
If i is a probability measure on ¥, then we define Pu to be a probability measure on ©
such that
Pu(A) = /QP(A,w)du(w) for all A € ©.

We shall denote by C(2) the Banach space of bounded continuous functions a topological
space  and by M () the Banach space of signed Borel measures on €2 normed by total
variation. By P(€2) we shall denote the set of Borel probability measures on Q. A subset K
of C(Q) is said to be stable under maxima provided that fV g € K for all functions f, g € K.

Theorem 5.2.3. Let Q be a locally compact Polish space. Let K be a convex set in C(2)
that is stable under mazima, contains constants, and for any constant ¢ there is K+c¢ C K.

Let f € C(QQ). Suppose that p,v are Borel probability measures such that

/gﬂu—V%E/fﬂu—W (5.2.2)
Q Q

for all g € K. Then there exists a Markov kernel P form Q to Q such that v = Py and
such that for every w € Q)

/ gd(6s — P(-w)) < / fd(5, — P(w)
Q Q

for all g € K. Moreover, the set of extreme points of the set of pairs of Borel probability
measures (u,v) that satisfy (5.2.2) is contained in the set of pairs of the form (d,,n) for

some w € ) and some Borel probability measure n on 1.
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Proof. Set X = C(Q2) to be the Banach space of all continuous bounded functions on 2.
Let z* be an element of X* represented by a measure v € M(2). Set for w € Q

ho(x) =inf {(f —y)(w) |y €K, f—y >z}

Then, as K is convex, hy, is convex. It is moreover continuous. Indeed, choose x1,x2 € C(2)

and let 6 = [|z1 — z2]]. Take € > 0, w € Q and y; € K such that
(f —y1)(w) < hyle1) +€and 21 < f =1
Then ys = y1 — § belongs to K and satisfies
2o <2140 < f—yzand hy(z2) < (f —y2)(w) < hy(z1) +d + €.

It follows that hy,(x2) < hy(x1) + 6. By symmetry, it follows that h,, is 1-Lipschitz. As

C(Q) is separable, so is its subset

{f-vylyeK f—y>uz}.

By the assumption that K is stable under maxima, w — hy(z) is a pointwise limit of a

sequence (f —y)5>, with y, € K. We may moreover assume that
yrp(w) > —||f — z|| for w € Q.

Hence (f — yx)(w) < ||f — z|| + || f]| for w € Q. By the definition of hy(x) it follows that
(f —yx)(w) > —||z||. By the assumption on p,v

v'(@) = [ < [ (F @) < [ (7= m))dn(e).
Now, by the dominated convergence theorem it follows that
x*(z) < / hy(x)dp(w).
Q

By the previous observations, |hy(x)| < 2||f|| + ||z|. Thus, assumptions of Theorem 5.2.1
are satisfied. Hence there is a weakly measurable function w — z, with values in X* that

satisfies x), < h,, for p-almost every w € 2 and such that

¥ (x) = / z(x)dp(w). (5.2.3)
Q
Observe that hy(z) < ||f — z|| + || f]|- Thus

() < hy(z)
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implies that for all positive A

1/l

I
A X

Letting A to infinity we infer that the norm of z is at most one. Observe that if g € f — K,
then by the definition of h,,,

hy(g) = g hence z;,(g) < g(w).

It follows that for all h € K there is
/ hds., — a7 (h) < / fds, — (). (5.2.4)
Q Q

Putting h to be equal to constant we see that z (1) = 1. It follows that x} is non-negative
functional. For if there exists non-negative g € C(§2) such that z}(g) < 0, then, assuming

without loss of generality that ||g|| < 1, we arrive at a contradication
l=a,(1) <zi(l-g) <[1-g <1

Let z/, denote restriction of z¥ to the Banach space Cy(f2) of all continuous functions on
Q2 which vanish at infinity. Then z/, is clearly non-negative. By the Riesz’ representation

theorem, there exists a measure P(-,w) on {2 such that for all h € Cy(Q2) there is

2 (h) = /thP(~,w).

Choose any h € C(€2). By Ulam’s lemma and Urysohn’s lemma there exists a bounded,
monotone, sequence of non-negative continuous and compactly supported functions (¢, )nen

that converges pointwise to constant function 1. In view of (5.2.3),

/Q héndy = /Q /Q héndP (-, w)dp(w).

By the dominated convergence theorem there is

/Q hdy — /Q /Q hP(-,w)dp(w). (5.2.5)

It follows that P(-,w) is a probability measure for u-almost every w. For h € C(Q) let
ro(h) = xf(h) — [ hdP(-,w). Then, r, is a non-negative functional on C(f2). Indeed, for

h € C(2) and a sequence (¢n)nen as above, there is

sL0) 2 al(hn) = [ hondP(w)

Taking limit, by the monotone convergence theorem, yields asserted non-negativity of 7.

By (5.2.3) and by (5.2.5) we infer that

[ ralidue) =0 for al € C(0).
Q
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Choose a countable dense subset (hy,)nen of C(2). It follows that
Tw(hn V 0) = 0 and 74,(h, A 0) = 0 for p-almost every w.

In consequence, r, = 0 for p-almost every w € 2. This is to say z, is integration against
P(-,w) for p-almost every w. We see that P defines a Markov kernel from  to 2. By
(5.2.5), v = Pu and by (5.2.4) we have

/ gd(6, — P(-w)) < / fd(8y — P(-w) (5.2.6)
Q Q

for p-almost every w € 2 and all g € K. To obtain the desired Markov kernel we modify P
on a measurable set of p-measure zero of w € € such that the inequality (5.2.6) is not valid

for some g € K by putting P(-,w) = d,,. We have

(1) = [ (B PL)ino),
so, by (5.2.4), the claim about the extreme points follows. O

Remark 5.2.4. If we assume moreover that K contains a cone F, then condition (5.2.2)

implies that for all g € F one has

/di(,u—u) <0

The next corollary extends the above result to the case of pair (u,r) of measures on

two, possibly distinct, locally compact Polish spaces X and Y.

Corollary 5.2.5. Let X,Y be locally compact Polish spaces. Let K be a convex set in
C(X UY) that is stabel under mazima, contains constants and for any constant c there is
K+ccCK. Let f € C(XUY). Suppose that p € P(X) and v € P(Y) are two Borel

probability measures such that

/ngu—/ygdug/xfdu—/yfdu (5.2.7)

for all g € K. Then there exists a Markov kernel P from X toY such that v = Pu and
such that for p-almost every x € X and any g € K

/ 9d(6, — P(-.z)) < / fd(6, — P(z)).
Y Y

Moreover, the set of extreme points of the set of pairs of Borel probability measures that
satisfy (5.2.7) is contained in the set of pairs of the form (6,,n) for some x € X and some

Borel probability measure n on Y.
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Proof. Let € be the disjoint union of X and Y. Let fi, 7 be the probability Borel measures

in M(Q) that are extensions of u and v respectively. Then (5.2.7) is equivalent to condition

that for all g € K there is
[ sati=9< [ faiu-o).
Q Q

Whence, by Theorem 5.2.3, there exists a Markov kernel P from Q to © such that
=P
and such that for every w € 2 and for all g € K there is

[ 96~ Pl.w)) < [ fia, - P (5.2.8)
Q Q

Let P(A,z) = P(A,z) for x € X and for any Borel set A C Y. Then P is a Markov kernel
from X to Y. For this, observe that

1= u(Y) = /X P, 2)dp(x).

Hence, for p-almost every x € X, P(-,x) is a Borel probability measure on Y. For x € X
that belong to the complement of this measurable set, we put P(-,x) = dy,. It follows that
for every z € X there is P(X,z) = 0. Moreover v = Pu. By (5.2.8) it follows that for
p-almost every x € X and all g € IC there is

/ gd(6, — P(-2)) < / fd(6, — P 2).
Y Y

The claim on the extreme points follows readily. O

5.3 Optimal transport

In the following Corollary 5.2.5 is employed to prove the Kantorovich duality. The theorem
below also provides a reinterpretation of the Kantorovich problem as minimisation of a

linear functional over all Choquet’s representation of a pair of probability measures.

Theorem 5.3.1. Let X,Y be two locally compact Polish spaces and let ¢: X xY — R
be a bounded Lipschitz function. Let p and v be Borel probability measures on X and Y

respectively. Then the supremum of integrals
[ dau~ [ wav
X Y
taken over the set of continuous, bounded functions ¢ € C(X),9 € C(Y') such that

o(x) —Y(y) < clx,y) forallz e X,y €Y
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is equal to the imfimum of integrals

cdm
XxY

over all m € I'(u,v). Here I'(u,v) stands for the set of all Borel probability measures on
X XY such that its marginals are p and v respectively. Moreover, both supremum and

infimum are attained.

Before we come to the proof of the above theorem, let us first show that the supremum
in the statement is attained. We include the proof for completeness and refer the reader to

[103] for further discussion.

Lemma 5.3.2. There exist ¢ € C(X) and ¢o € C(Y) such that for allz € X andy € Y
there is ¢o(z) — Yo(y) < c(z,y) and for all ¢ € C(X) and all »p € C(Y) that satisfy
o(x) —Y(y) < c(z,y) forallz € X andy €Y there is

/X pdji — /Y ey < /X Wodu — /Y bodv.

Proof. Suppose that ¢ € C(X), 9 € C(Y) satisfy
o(x) —Y(y) < c(z,y) forallz € X,y € Y. (5.3.1)

For z € X put
¢'(x) = inf {Y(y) + c(x,y) [y € Y}

and y € Y put
() = sup {/(2) — c(z,y) | 7 € X},

Observe ¢’ and 1)’ are both Lipschitz, with Lipschitz constant equal to the Lipschitz

constant of ¢, and satisfy
&' (x) —Y'(y) <c(z,y) forall z € X,y € Y and ¢ < ¢ and ¢’ < 1h.
Then also for x € X there is
¢'(x) = inf {4)'(y) + c(z,y) |y € Y'}.

Adding appropriate constant we may assume that ¢’ and v’ are bounded. Indeed, we may

assume that sup{¢'(z) | z € X} = 0. Then we have
—llel < ¥'(y) < —inf{e(z,y) [z € X,y €Y}

and thus
inf{e(z,y) |z € X,y € Y} — |le| < ¢/(z) <0.
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This is to say, we may restrict the class of functions considered in the supremum to a class

that is uniformly bounded and uniformly Lipschitz. We claim that there exist functions ¢

/X<z5du—/ywdu (5.3.2)

subject to the condition (5.3.1). Indeed, pick uniformly bounded and uniformly Lipschitz

and v that maximise

sequences of admissible functions (¢, )neny and (¢, )nen such that the respective integrals

/X bndlpt — /Y Yndy

converge to the supremum. As X, Y are Polish spaces, by Ulam’s lemma for any € > 0 there
exists compact sets K1 C X and Ky C Y such that u(K§) < e and v(KS§) < e. Now, by the
Arzela—Asoli theorem, we may assume that the sequences (¢, )nen and (Y, )nen converge
locally uniformly to ¢ and 1 on o-compact supports of measures p and v respectively.
Clearly, ¢, satisfy (5.3.1). Pick € > 0 and corresponding compact sets K, Ky. Let n € N
be such that for all £ > n the supremum distances of ¢ to ¢ on K7 and of ¢ to 1 on Ko

is at most e. For such numbers k

Iy

is bounded by
IM(u(KS) + v(KS) + /K 65 — dldu + /K [ — ldv < (4M + 2)e,

where M is the uniform bound on the sequences (¢n,)neny and (¢p)nen. The claim follows.
O

Proof of Theorem 5.3.1. Without loss of generality we may assume that ¢ is non-negative.
Pick ¢p € C(X) and 99 € C(Y) from the lemma above. Define pg € C(X UY) so that
po(z) = ¢o(x) for z € X and po(y) = ¢o(y) for y € Y. Let K denote the set of all bounded
continuous functions p on X UY such that for x € X and y € Y there is

p(r) — p(y) < c(z,y).

Observe that C is a convex set that is stable under maxima, contains constants K +c¢ C K

for all ¢ € R. Moreover, for all p € IC there is

/pdu—/ pdvé/ podu—/ podv.
X Y X Y

By Corollary 5.2.5 the extreme points of pairs of Borel probability measures satisfying such

inequality are contained in the set of pairs of the form (d,,7) with € X and 1 a probability
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measure on Y. By symmetry, the set of extreme points is contained in the set of pairs of

the form (64, 6y, )for some zg € X and yg € Y. For any such extreme point (dz,,dy,) there

is po(xo) — po(yo) = c(xo,yo). Indeed, define p(z) = c(z,yo) for z € X and set for y € Y
p(y) = sup{c(z,y0) — c(z,y) | z € X}.

Then p € K and p(zo) — p(yo) = ¢(xo, yo). Thus also po(zo) — po(yo) = c(z0,yo)-

It follows that the considered set &£ of extreme points is equal to

{(62:0)) | (@) = poly) = ()0 € X,y € V'],

By Choquet’s theorem there is a probability measure mg on £ such that

() = [ (@ E)imc) (5:3.3)
Define
= d )
™ /551 ® Eadmo (&)
Then, by (5.3.3), m € I'(u, v) and

/Xxycdw:/xgbdu—/yzbdy

and the proof is complete. O

Remark 5.3.3. If c: X xY — R is a lower seminontinuous function, then it may be written
as a supremum of a sequence of bounded and Lipschitz functions; see e.g. [103]. Applying
Theorem 5.3.1 for each function from the sequence, we may obtain the duality result for

the function c.

5.4 Kantorovich—Rubinstein duality

In the present section we present a proof of the Kantorovich—Rubinstein duality analogous

to the proof in the former section.

Theorem 5.4.1. Suppose that ) is a bounded, locally compact Polish space with metric d.

Let p and v be Borel probability measures on 2. Then the supremum of integrals

/Q gd(p —v)

taken over the set of 1-Lipschitz functions g € C(Q) is equal to the infimum of integrals

/ ddm
OQxQ

over all m € T'(u,v). Here I'(u,v) stands for the set of all Borel probability measures on
Q x Q such that its marginals are p and v respectively. Moreover, both supremum and

infimum are attained.
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Proof. The fact that the supremum is attained follows by Arzela—Ascoli theorem and by
Ulam’s lemma, c.f. Lemma 5.3.2. Take a 1-Lipschitz function f: @ — R such that

[ aitu=w < [ patu-v) (5.4.1)

for all 1-Lipschitz functions g € C(€2). The set K of all 1-Lipschitz functions satisfies
assumptions of Theorem 5.2.3. Observe that K is also stable under minima. Hence, the set
of extreme points of pairs of measures that satisfy (5.4.1) is contained in the set of pairs of

the form (6,,,dy,) for some xg,yo € Q. We claim that for any such extreme point there is

f(zo) = f(yo) = d(xo,0)- (5.4.2)

Indeed, fix an extreme point (8, dy,), Z0,yo € . Define fo(z) = d(z,yo). Then fo € K
and fo(zo) — fo(yo) = d(x0,y0). Then (5.4.2) follows, as

d(zo,y0) = fo(xo) — fo(yo) < f(z0) — f(yo) < d(z0,0)

By the Choquet’s theorem, there exists a Borel probability measure 7wy on the set of extreme

points £ such that
= d . 5.4.3
(1.0) = [ €amo(e) (5.4.3)
Define
= d .
n= [[& @ adn(©

Then 7 € I'(u, v), by (5.4.3). Moreover

/Q dGg)ina.) - /Q (@) = 1w)dn(ay) = /Q fd(—v).

5.5 Multi-marginal optimal transport

Here we generalise our approach to the multi-marginal optimal transport with finitely many

marginals; see e.g. [66]. In what follows we shall need the following lemma; see also [67].

Lemma 5.5.1. Let X1,..., X} be metric spaces. Let
c: Xi X ... x X, =R
be a Lipschitz function. Let A; C X; fori=1,...,k and let

firAi =R fori=1,...,k
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be such that for all x; € A;, i =1,... k, there is

k
Z f,(xz) S c(xl, . ,.’L‘k). (5.5.1)

i=1
Then there exists Lipschitz functions f, Xi =R, i=1,...,k, such that condition (5.5.1)
holds true for all x; € X;, i = 1,...,k. Moreover fi(xz;) < fl(xz) for all z; € A; and
i=1,...,k. FEach fi, 1 =1,...,k, may be taken so that its Lipschitz constant is at most

the Lipschitz constant of c.

Proof. We define inductively fl(azz), r; € Xj, fori=1,...,k as

i—1 k
inf{c(a:l, R ,a:k) — ij(arj) — Z fj(l’j) ’ IS Xj ifj < i,a:j S Aj ifj > Z}
j=1 j=i+1

Then Zle fz(xz) <c(x1,...,x) for x; € X;, i =1,..., k, and thus

fi(x;) <inf {c(xl, ceyT) — ij(:vj) |z € X5,5 # z}
J#i
Moreover f; < f; on A; for all i = 1,...,k and thus f; is at least the infimum on the

right-hand side of the above equality. This is to say, for x; € X; and i =1,...,k

fi(zi) = inf {0(431, mk) =Y filag) | @5 € X5, # Z}

J#i
If ¢ was L-Lipschitz, then f;, i = 1,...,k are L-Lipschitz as infima of L-Lipschitz functions.
O

Remark 5.5.2. Pick z; € X;, i = 1,...,k. Let f(z1) = ¢(z1,...,2,) and let f(x;) = 0
for i = 2,...,k. Then the assumptions of the above lemma are satisfied with A; = {z;},
i =1,...,k. Therefore we may apply the c-convexification procedure described above in

the proof, to obtain functions fl X;, =R, i=1,...,k such that

k

> Fi) <y, ..y for all y; € X;
=1

and moreover
k

Zf(:vl) =c(x1,...,x8).

i=1
The following lemma is based on [103, Remark 1.13].
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Lemma 5.5.3. Let X1,..., Xy be sets. Let
C:X1><...><Xk—>]R

be a bounded function. Suppose that f;: X; = R, 1 =1,...,k, are such that for all x; € X;
andi=1,...,k
fl(SUl) = inf {C(Sﬂl, . ,ﬂjk) — Zf](ﬂjj) ’ T € Xj,j % l}
J#i
Then there exist constants hi,...,hy € R that sum up to zero, such that the functions
fi = fi + h; satisfy
fl(xl) = inf {0(1:1, Cey Tg) = Zf](xj) | rj € Xj,J e Z}
J#i

and all of them are bounded by the uniform norm of ¢ times max{k,3}.

Proof. Note that for any hq,...,h; that sum up to zero there is
inf{c(xl, vz = Filag) @€ X5, # z} = file) =Y by = filzi).  (5.5.2)
i i
Thus the first assertion is proven. Let M denote the uniform norm of ¢. Choose hi, ..., hg

in such a way that
sup{fi(z;) | z; € X;} =M fori=2,... k.

Note that by (5.5.2) it follows that for i =1,...,k and all z; € X;

—M = sup{fj(x;) | 5 € X;} < filw) <M = sup{fi(z;) | z; € X;}.
j#i JF
Thus, for all 1 € X3
—kM < fi(z1) < (2 - k)M. (5.5.3)

Now, again from (5.5.2) and from (5.5.3), we get that for i =2,...,k and z; € X;
—M — (k—2)M + (k —2)M < fi(x;) < M — (k—2)M + kM.

Hence, for such indices 1,
—M < fi(z;) < 3M.

O]

The following theorem provides a novel interpretation of Kantorovich problem in the
multi-marginal setting as minimisation of a certain linear functional over the set of all

Choquet’s representations of k-tuples of probability measures (p1, ..., ux) € P.
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Theorem 5.5.4. Let X1, ..., X} be locally compact Polish spaces. Let c: X1 X...x X — R
be a bounded Lipschitz function. Let p; be a Borel probability measure on X; for each

i=1,..., k. Then the supremum of sum of integrals

k
idp
;/Xifu

taken over the set of continuous, bounded functions f; € C(X;), i = 1,...,k, such that

k

Zfz(xz) <c(xyy...,xp) foralaz; € Xi,i=1,...,k
i=1

1s equal to the infimum of integrals

/ cdm
X1 X...xXg

over all m € T'(u1,...,puk). Here T'(u1,...,ui) stands for the set of all Borel probability
measures on X1 X ... xX Xy such that its marginals on X; are p; fori=1,..., k. Moreover,

both supremum and infimum are attained.

Lemma 5.5.5. Let X1,..., Xy be locally compact Polish spaces. Letc: X1x...x X — R be
a non-negative bounded Lipschitz function,. Let L denote the set of all bounded continuous

functions g € C(X1 U ... U Xy) such that for all x; € X;, i =1,...,k, we have

k

Zg(x,) <c(xy,...,xK).

i=1
Let f € L. Then the set of extreme points of the set P of k-tuples of Borel probability
measures (fi1, ..., pk) € P(X1) X ... x P(Xy) such that

k k
;/Xigdmé;/xifdm

for all g € L is equal to the set of k-tuples of the form (0z,,...,0s,), such that

k

Z f(xz) = C(.Z'l, . ,xk).

i=1
Proof. For any | € {1,...,k} let ; = {1,...,01 — 1,1+ 1,...,k} and let Q be the disjoint
union of all X;, i =1,... k. Let (u1,...,ux) € P. We shall denote by fi; the extension of
py to Q. Let py, denote the probability measure on €2 given by

1 -
mrn = T—1 %;,Uz
K3
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Then, for any g € £, we have

/diuﬁ/g(k—l)gdml S/Qfduﬁ/g(k—l)fdml.

Denote by X7, the disjoint union of X;, i € I;. Let £; denote the convex set of all continuous
bounded functions on § which are equal to g on X; and to —(k—1)g on X7, for some g € L.
Then, L£; is stable under maxima, contains constants for any constant ¢ there is t + £; C L;.

Moreover for any h € L; there is

[ = [ nduy < [ gdu [ 0= ) s
Xl X] Xl Xll

!

By Corollary 5.2.5, the extreme points of the set P; of pairs of Borel probability measures
(n,v) € P(Xy) x P(Uieh X;) such that

/ hdu—/ hdy < fd,u—/ (1 —F)fdv
Xl Xll Xl XIl

for all h € L; are of the form (d,,n) for some probability n € 73( Uiell XZ-). By the Choquet’s
theorem there exists a Borel probability measure 7; on the set & of extreme points of P,

such that

(,Ulnulz)_/gfdﬂl(g)'

Hence for any i € I,

i = /gl(k — D&lx;dm(§).

Here we write £ = (&1, &2) for € € &. It follows that m-almost all (k — 1)£2|x, are probabil-

ities. We may write
(Hdy ey iy ey i) = /51 (k= Délx,,-- &, -, (k= Dlx, ) dm(&).
Observe that for m-almost every & there is
(k=1D&lx,, - &1he o (k= Déolx,) € P.
Hence, any extreme point of P has to be of the form

(7717 cee 777l—1)5561777’X1+17 cee )77|Xk)

with z; € X; and some probability measures n; for ¢ € I;. As this holds true for any
Il =1,...,k, any extreme point of P has to have the form (0,,...,0,,) with z; € X,
i=1,...,k.
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Take now any extreme point (0, ...,0z,) of P and let f € £ be as in the statement of

the lemma. Then for any g € £ we have

k k
> glai) < f(w). (5.5.4)
i=1 i=1
By Remark 5.5.2 there exists a function g € £ such that
k
Zg(azz) =c(x1,...,x8).
i=1
By (5.5.4) it follows that also
k
S Fw) = el )
i=1
The proof is complete. ]

Proof of Theorem 5.5.4. The fact that the supremum is attained follows by Lemmata 5.5.1,
5.5.3, by Ulam’s lemma and by Arzela—Ascoli theorem, c.f. Lemma 5.3.2.

The assertion follows from Lemma 5.5.5 and by the Choquet’s theorem, c.f. Theorem
5.3.1. Indeed, if my is a Borel probability measure on the set of extreme points £ of P of

the previous lemma then an optimal 7© € I'(u1, ..., ux) is given by the formula

= d ,
m /g&@ ® &dmo(§)
where £ = (&1,...,&) € €. O

Remark 5.5.6. If ¢: X1 x ... X X — R is a lower seminontinuous function, then it may be
written as a supremum of a sequence of bounded and Lipschitz functions; see e.g. [103].
Applying Theorem 5.5.4 for each function from the sequence, we may obtain duality result

for the function c.

5.6 Martingale optimal transport

We shall characterise the set of extreme points of two Borel probability measures p,v
in convex order. Recall that two Borel probability measures pu,v on R" with finite first

moments are said to be in convex order provided that

/gdué/ gdv

for all convex functions g: R® — R. Recall also that a set K C R™ is called a convex

body provided that it is convex, compact and has non-empty interior. We say that points
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x1,...,2q € R™ are affinely independent provided that none of these points lies in the affine
hull of the others.
In the proof below we could have used a result of Winkler [107]. Instead we follow a

direct approach for the sake of completeness and clarity.

Theorem 5.6.1. Let K C R™ be a convex body. Let F denote the set of continuous convex
functions on K. Let P denote the set of pairs (u,v) of Borel probability measures on K

that are in convex order, that is
[ it <0
K
for all g € F. Then the set of extreme points of P is equal to the set of pairs of the form

d+1

i=1
_ d+1 . d+1 _
where x = Y 7y Nxg, Ay >0 fori=1,....,d+1 and Y ;7 A\; =1, d < n and moreover
1, ..., %q+1 € K are affinely independent.

Proof. By Theorem 5.2.3, any extreme point of P is of the form (J,,7) for some z € K and

some Borel probability measure 1 on K. Moreover, as any affine function belongs to F, we

see that
T = / ydn(y).
K

Let us fix x € K. Consider the set A of all Borel probability measures that have x as their

barycentre. To prove the assertion we ought to show that the extreme points of A are of

the form
d+1
> Nid,
i=1
for some positive A1, ..., Ag+1 that sum up to one, d < n and z1, ..., x4+ affinely indepen-
dent such that
d+1

i=1

Let us first show that any extreme point v € A is supported on at most n+1 points. Suppose
conversely, that there exist pairwise disjoint non-empty Borel sets Aj,..., A+ C K such

that
n+2

K = UAi and v(A;) >0fori=1,...,n+2.
i=1

Then there exist real numbers t1,...,t,2, not all of them equal, such that

n+2

0= z;t /Ai(y — x)dv(y).
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We may assume that these numbers have absolute values all less than one and are such that

Set

2 2
D 31 () CTPNBNID 3/ B Y
L= 2 t(4y) L+ 32 by (A
Then ~1, 2 belong to A. Moreover

n+2 n+2

vy = %(1 - Zh’y(&;))’n + %(1 + th"Y(Az‘)>’Y2-
=1 i=1

Thus (d,,7) is not an extreme point of A. The contradiction yields that v is supported on
at most n 4 1 points.
Let d +1 < n + 1 be the number of points in the support. Let us show that we must

necessarily have

d+1
v= Niba,
i=1
for some positive numbers A, ..., \g+1 that sum up to one and xq, ..., x4+ affinely inde-
pendent. Suppose that this is not the case. Then there exist non-negative aq, ..., aqs1, not
all of them equal to A1,..., A\g11, such that
d+1 d+1

T = E o;x; and E a; = 1.
i=1 i=1

Set y = Z‘j;“ll @;6z,. Then x € A. Moreover, for any € € (O,min{)‘1 = 1}), we

0717 ) a1’

may write
1 vy—ex 1 Y+ €x
=—(1- —(1
v=50-gT——+30+edT

as a convex combination of two distinct measures in A. This concludes the proof of the fact

that any extreme point of P is of the form (5.6.1).
Let us now show that any pair u, v of that form is indeed an extreme point of P. Observe

that by Jensen’s inequality any such pair belongs to P. If we had

(M7V> = )‘(917P1> + (1 - /\)(927p2)

for some (01, p1), (02, p2) € P and some A € (0,1), then necessarily 6; = 6y = pu, as p is
supported on a single point x € K, and p1, po are supported on the support of v. As the

points in the support of v are affinely independent and

x:/ﬂydm(y)=/ﬂydm(y),

we see that p; = po = v. O
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The reasoning presented in the previous sections of the current chapter may be also
applied to the martingale optimal transport. In this problem one is given two Borel prob-
ability measures u, v on a convex body K C R"™ which are in convex order. The task is to

find a coupling 7 of 1 and v such that it is a distribution of a one-step martingale and that

/ cdm
KxK

among all such couplings. Here c: K x K — R is a given Borel measurable funciton, callled

minimises the integral

a cost function.

In the theorem below we shall employ the above characterisation of extreme points to
prove a duality result for the multi-dimensional martingale optimal transport, provided that
the value of the dual problem is attained.

For other results related to duality in the martingale optimal transport problem see
[20, 22].

Below we shall consider continuous functions g € C(K U K) on the disjoint union of two
copies of K. For such a function we shall denote by g1 and go the restrictions of g to the

first and to the second copy of K respectively.

Theorem 5.6.2. Let K be a conver body in R™ and let ¢c: K x K — R be a Lipschitz
function. Let u,v be two Borel probability measures on K in convex order. Let KC denote
the set of continuous functions g on the disjoint union of two copies of K such that for all

non-negative A1, ..., Ap+1 that add up to one and all x1,...,xn41 € K there is

n+1 n+1 n+1

91 ( > Aﬁz‘) - ni:l Xiga(wi) <Y )\ic< > Nz, f131>
i=1 i=1 =1 =

Let P denote the set of pairs of Borel probability measures on K that are in convex order.

Suppose that the supremum of integrals

/Kf1d,u—/Kf2dl/

taken over the set IC is attained. Then it is equal to the infimum of integrals

/ / cd(€1 ® &)dn () (5.6.2)
EJKxK

over the set of all Borel probability measures ™ on the set £ of extreme points of P such

that
(o) = /g £dn(€).

Moreover the infimum is attained. It is also equal to the infimum of integrals

/ cdm (5.6.3)
KxK
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over all m € O(u,v). Here O(u,v) stands for the set of all Borel probability measures on

K x K such that its marginals are p,v and that are distributions of a one-step martingale.

Lemma 5.6.3. Let K be a conver body in R™ and let c: K x K — R be a Lipschitz function.
Let f € K. Then the set of extreme points of the set R of pairs of Borel probability measures
(u,v) € P(K) x P(K) that are in convex order and such that

/mw/mws/ﬁm/ﬁw
K K K K

for all g € K is equal to the set of pairs of the form (5I,Z§ii11 Xix;) for some d < n,

ALy ..oy Ady1 positive that sum up to one, x1,...,2q41 € K affinely independent, x =
Zf:ll Aixzi, such that
! dt1 dt1 dt1

S ( Z )\il'i) — Z Aifa(wi) = Z )\@'C< Z AT, :1:@)
i=1 i=1 =1 j=1

Proof. The set K is convex, stable under maxima, contains constants and for any ¢ € R
there is K +¢ C K. Thus, by Theorem 5.2.3, any extreme point of R is of the form (d4,,7)
for some zp € K and a Borel probability measure n on K. Let (05,,17) € R be such an
extreme point. Let hg € C(K) be a convex continuous function on K. Let h be a function
equal to hg on the first copy of K and equal to the same function hg on the other copy of
K. Then f+ h € K. Thus n majorises 0, in the convex order. Then we know that for any
g € K we have

| (or(a0) = a0 anto) < [ (la) = 2w))dn(o). (5.6.4)
K K

As f € K, the right-hand side of the above inequality is bounded above by

/ c(@o, y)dn(y). (5.6.5)
K

Indeed, as 1 majorises d,, in the convex order, by Theorem 5.6.1, there exists a Borel

probability measure on the set of extreme points £ of P such that

(Brgr) = /g cdn(c). (5.6.6)

The fact that f € K may be rephrased by

Lﬁﬁezgwﬁgéww@®@>

for all £ € £. The fact that (5.6.4) is bounded by (5.6.5) follows by the integration against

.
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By the McShane extension formula (see [80]), we may assume that ¢ is defined and
Lipschitz on R™ x R™. Define g so that for y € K we have g2(y) = —c(z9,y) and for z € K

set
n+1 d+1

g1(x) = inf { Z Ni(e(z,yi) — c(wo,vi)) | (61, Z /\1'5%) € 8}.
i=1 =1
Here the infimum is over all pairs of measures in £. Then

n+1 n+1

g1(@) = > Niga(yi) <Y Nie(z, yi)
=1 =1

for all y1,...,ynt1 € K, all non-negative A1, ..., A\p+1 > 0 summing up to one, with xz =
Z?:Jrll Aiyi. Moreover, g1(zg) = 0. We claim that g is Lipschitz. Indeed, for any z,y € K
and any yi,...,Yn+1 € R™ and non-negative Ay, ..., Ap41 that sum up to one and such that

Y= E?Ill \iy; we have

n+1
Z Ai(e(@,yi + @ —y)) — clzo,yi +x —y)) <
=1

n+1

< Z Ni(e(y, i) — c(zo,vi)) + 3L|lz — v,
=1

where L is the Lipschitz constant of ¢. Thus

g1(x) < g1(y) + 3L[|z — y]|.

This shows that g; is Lipschitz, hence continuous. In consequence, g € K. Observe that,

for such g,

[ (o160) = ) anty) = [ clan.y)anto).
K K
Let m be as in (5.6.6). It follows by (5.6.4) that for m-almost every £ we have
[ (11w0) = o)) deato) = [ clao.n)datw)
K K

where d,, = &1. Hence m-almost every £ € £ belongs to R. Therefore any extreme point of

R is necessary an extreme point of P. The assertion follows readily. ]

Proof of Theorem 5.6.2. First part of the theorem follows directly from Lemma 5.6.3 and
Choquet’s theorem. For a proof of the second part, take a Borel probability measure 7wy on

€ that attains the infimum (5.6.2). Set

- /g €1 @ Eadmol©).

Then 7 € ©(p, v) is optimal for (5.6.3). O
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5.7 Dual problem in martingale optimal transport

Let u,v be Borel probability measures on R™ with finite first moments that are in convex
order. Martingale optimal transport problem between p and v admits a dual problem,

which is to find the supremum of integrals
fidp— [ fadv
R" Rn
taken over the set of all continuous functions fi, fo € C(R™) such that

file) = faly) < e(z,y) + (v(2),y — )

for all x,y € R™ and for some map ~v: R® — R". In this section we investigate this class
of functions. We prove that this class of functions is equal to the class considered in the

previous section.

Definition 5.7.1. Let K C R" be a convex set. Then F' C K is a face of K if for any
z € F and any t € (0,1) such that z = tx + (1 — t)y for some z,y € K we have xz,y € F.

Let us observe that for any x € K, there exists the minimal face of K containing x. This
holds true by the fact that K itself is a face and that the interesection of a family of faces
is a face. Uniqueness of minimal faces follows again by the property that the intersection
of two faces is a face. Note that by the Hahn—Banach theorem it follows that x belongs to
the relative interior of the minimal face that contains z.

Suppose that K C R" is a convex body. Let ¢: K x K — R be non-negative. We shall
denote by L the set of functions f € C(K U K) such that there is a map v: K — R"™ such
that for all z € K and all y € K that belong to the minimal face of K that contains = there
is

fi(@) = f2(y) < ez, y) + (v(@), y — ).
Here, as before, f; is the restriction of f to the first copy of K and f> is the restriction of
f to the second copy of K.

Lemma 5.7.2. The set L is convex, stable under mazxima, contains constants and for any

tER thereis L+t C L.

Proof. Observe that the only non-trivial assertion is that £ is stable under maxima. For

the proof of this fact let f,g € £ and let h denote fV g. Let v,0: K — R" be such that

fi(z) = foly) < elz,y) + (v(2),y — ) and g1(x) — g2(y) < c(z,y) + (0(),y — z)
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for all x € K and all y in the minimal face of K that contains x. Define p: K — R" by
setting p(x) = v(x) if fi(x) > g1(z) and p(x) = O(x) if fi(z) < g1(z). Suppose that z € K
is such that fi(x) > gi(x). Then for all y in the minimal face of K that contains x

hi(z) = fi(x) <e(z,y) + (v(2),y — 2) + fa(y) < c(z,y) + (p(x),y — =) + ha(y).

If fi(z) < gi(x), then we prove analogus inequality in the same way. It follows that
helL. O

Theorem 5.7.3. Let K be a convex body in R™. Let c: K Xx K — R be a Lipschitz function.
Let f € C(K UK) be a continuous function on a disjoint union of two copies of K. The

following conditions are equivalent:

i) for all x1,...,xp41 € K and all non-negative \1, ..., \py1 that sum up to one there is

n+1 n+1 n+1 n+1

h ( > Aiwz’) =D Aifalmi) < )\ic( > N, wi),
i=1 i=1 i=1 =1

i) there exists v: K — R™ such that for any x € K there and for ally € K in the minimal

face of K that contains x we have
fi(z) = faly) < clz,y) + (v(@),y — ).
iit) for any one-step martingale (Xo, X1) with values in K there is

E(f1(Xo) — f2(X1)) < Ee(Xo, X1).

Proof. Let us prove that the conditions i) and iii) are equivalent. Take a one-step martingale
(X0, X1) with values in K. Let 7w denote its distribution. Then there exists my — a Borel
probability measure on the set £ of extreme points of the set of pairs of Borel probability

measures that are in convex order such that

7":/551 ® Eadmo ().

Note that, by Theorem 5.6.1, i) tells us that for any £ € £ there is

/Kfldfl—/Khd&S/KXKCOZ(&@&).

Therefore
B(7(X0) — 1)) = [[( [ fider = [ pdea)m(e) <
< /g /K a6y © @)drol€) = Be(Xo, X1,
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This is to say, i) implies iii). For the converse implication, take any xi,..., 2,41 € K and
any non-negative Aq,..., Ay41 that sum up to one. Set Xy = Z?jll Niz; and X7 = x; with

probability A; for i = 1,...,n + 1. Then (Xp, X;) is a one-step martingale, for which

n+1 n+1

E(f1(X0) — f2(X1)) fl(ZA zi) = 3 Aifa(wi)
1=1

and
n+1 n+1

Ec(Xo, X1) Z)\ C(Z)\ mj,xl)

For the proof of the other equivalences, without loss of generality, we may assume that
¢ is non-negative. Let us denote the set of continuous functions on K that satisfy condition
i) by K; and the set of continuous functions on K that satisfy condition ii) by ICa. Observe
that trivially Ko C K. Moreover both K1 and Ko are convex sets that are stable under
maxima, contain constants and are such that for all ¢ € R there is K; 4+t C K; for i = 1, 2; see
Lemma 5.7.2. Suppose that there exists f € K; \ K. Then by the Hahn—Banach theorem
there exists a Borel measure n € M(K U K) such that for all g € Ko

/ fdn > / gdn. (5.7.1)
KUK KUK

Since constant functions belong to Ko, measure n may be written as a difference of two
Borel measures of equal masses. Since any continuous function that is negative on the first
and positive on the second copy of K belongs to Ko, we see that n = u — v, for some
non-negative u,r such that p is supported on the first copy of K and v is supported on
the second copy of K. Without loss of generality we may assume that these measures are
probabilities. Observe that if hy € C(K) is any convex function then h € C(K U K) such
that h; = ho = hg belongs to Ky. Thus p and v are in convex order. By Theorem 5.2.3 any
extreme point of the set of such pairs of measures has the form (d,,,0) for some zyp € K
and some Borel probability measure ¢ with barycentre xyg. We may therefore assume that
(,v) = (034, 0) for some zg € K and some o with barycentre zg. Define k: K UK — R
by ka2(y) = —c(zo,y) for y € K and for z € K set

ki(xz) = inf{c(x,y) — c(xo,y) |y € K}.

Then ki(xg) = 0, k is continuous by Lipschitzness of ¢ and thus h € Ko, with v equal to

zero. It follows that there exists o such that

/Kc(xo,y)da(y) = /K (k1(z0) — k2)do < /K (fi(wo) — f2)do. (5.7.2)
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Recall that (d,,0) is ordered in convex order. Thus, there exists a probability measure 7

on the set £ of extreme points of measures in convex order such that

wmmwzéaw@»

It follows, by Theorem 5.6.1, and the definition of K1, that
| (o)~ o < [ clao.)doty).
K K

This stands in contradiction to (5.7.2) and proves that f € Ka. O

Below we generalise the above theorem to the case of any convex set K C R", not

necessarily a compact one.

Corollary 5.7.4. Let K be a convex set in R™. Suppose that ¢c: K x K — R is a locally
Lipschitz function. Let f € C(K UK). The following conditions are equivalent:

i) for all x1,...,xp41 € K and all non-negative \1, ..., \py1 that sum up to one there is

n+1 n+1 n+1 n+1

f1 ( > /\z‘wz‘> =D Aifalwi) < >\z‘0< >N, 331’),
i=1 =1 i=1 j=1

ii) there exists v: K — R™ such that for any x € K there and for all y € K in the minimal

face of K that contains x we have
fi(@) = fo(y) < clz,y) + (v(2),y — @).
iii) for any bounded one-step martingale (Xo, X1) with values in K there is

E(fl(Xo) - fQ(Xl)) < EC(Xo,Xl).

Proof. Without loss of generality we may assume that int K is non-empty. Choose a increas-
ing sequence (K,,)5 ; of compact convex subsets of K such that its union is int K. Suppose
that f € C(K U K) satisfies 1). Pick x € intK and let € > 0 be such that B(z,¢) C intK.
Here B(z,€) denotes the closed ball of radius € centred at x. Then by Theorem 5.7.3 for
any n € N sufficiently large so that x € int K, there exists ~, such that for all y € K,, there
is

fi(@) = fay) < clz,y) + O,y — ). (5.7.3)
Let ng be such that B(x,€) C Kp,. Take n > ng. Suppose that 7, # 0 and set y,, = :c—e”z—zll.
Then y, € K,, C K, and therefore, by (5.7.3),

Fall < - (e, yn) — (@) + Folyn))-
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As ¢ is bounded on {z} x K, and f is bounded on K, the right-hand side of the above
inequality is bounded. Hence, so is the left-hand side. We may therefore pick ~ that is
an accumulation point of the sequence (7,)22 ;. From (5.7.3) and from continuity of f it

follows now that for all y € K

fi(@) = fa(y) < ez, y) + (7,9 — 2).

This is to say, f satisfies also ii) if € int K. If 4, = 0 for infinitely many n, then the above
inequality holds true with v = 0.

Pick now x € K and let L denote the minimal face of K that contains x. Then z
belongs to the relative interior of L. We repeat the above argument with K replaced by L
considered as a convex subset of its affine hull.

That ii) implies i) is straightforward.

The equivalence of i) and iii) follows readily from Theorem 5.7.3. O

We shall now investigate continuity properties of functions that satisfy conditions of

Theorem 5.7.3 or of Corollary 5.7.4. We shall need the following lemma.

Lemma 5.7.5. Suppose that f: [a,b] — R is such that for all A € [0,1] and all z,y € [a,b]

there is
M@+ 1 =Nf(y) = fAz+ (1= Ny) < Ae(Az+ (1 =Ny, z) + (1 = ANe(Az + (1 = Ny, y).

Then for all a < x1 < x9 < x3 < b the quotient % is bounded below by

3—T1

flxs) = flan) | clwa,x3) = clza,21) _ cl@a, 23)
T3 — X2 xr3 — I1 xr3 — T2
and above by
flx2) = flar) | clwa,s) —claz,21) | clza,21)
ro — I r3 — I1 xg—(/lq.
Proof. Let A € (0,1) be such that zo = Az + (1 — A)x3, that is

T3 — T2

A= .
r3 — I1

Then we know that

Af(zr) + (1= A) f(xs) = f(w2) < Ac(wa, 21) + (1 = A)e(w2, x3).

Hence putting formula for A we obtain that

f(xs) — f(z1)

flxs) = flwa) | clwa,ws) —clrz,21) _ w2, 23)

<
xr3 — T2 xr3 — X1 xr3 — T2 xr3 — X1
and
flzs) = f(21) _ flw) = fz1) | cl@a,zs) —cl@a,21) | clza, 1)
xr3 — X1 - To — X1 xr3 — X1 xg—xl'
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Lemma 5.7.6. Let K be a convex, open set in R™. Suppose that f: K — R is such that
for all z,y € K and all A € [0,1] there is

M)+ (1 =Nf(y) = fOx+ (1 =Ny) < Ae(Az+ (1 =Ny, z) + (1 = Ne(Az + (1 = Ny, y).

Suppose that ¢ is L-Lipschitz in the second variable and is such that for all x,y € K there
is |e(z,y)| < Allx — yl|| for some constant A. Then f is locally Lipschitz in K.

Proof. Suppose that n = 1. Then, without loss of generality, K = [a,d] for some a < d.
Choose numbers b, ¢ so that a < b < ¢ < d. Then applying Lemma 5.7.5 four times yields
that for any x,y such that b < x < y < ¢ we have

) = f@) IO =@ | clay) | clba) | clby) —clba)  clay) = ez,

Yy—x - b—a Yy—x b—a y—a y—a
and
fld) = flo) _clez) | cled) —cler) cy.2) cy.d) —cly2) _ f) = f@)
d—c c—w d—= y—x d—=x - y—xz

In particular on [b, ¢| function f has Lipschitz constant at most

{‘f(bzii(a) 2L 4 2A ,(f(dé:ic(c) —2L—2A(}.

max

Suppose now that n > 1 and that, by induction, the lemma holds true for all dimensions at
most n— 1. Choose any simplices X, Y and any ball B in K and suchthat BC X CY C K
and such that B and the boundaries of X and Y are pairwise disjoint. Then, by the inductive

assumption, f is continuous on the boundaries of X and Y, and therefore the function

f(z) = f)l

8X><8Y9(:U,y)r—>‘ eR
[l = yll

is bounded by a constant M. Choose any points z,y € B. Choose a unique line passing
through  and y. Then there exist unique points x1,z9 € X and y1,y2 € Y such that the

line intersects 0X in x1, 9 and Y in y1,y2 where, without loss of generality,
N<ri<r<y<zy <y

on the line. By Lemma 5.7.5 we see that

) = I ()= 000) oy g 1) =000y o)
Iz = yll ly2 — 2 ly2 — 2|
Therefore f has Lipschitz constant at most M + 2L + 2A on B. O

Corollary 5.7.7. Let K be a convex set in R™. Suppose that c: K x K — R is locally
Lipschitz. Let f € C(K). The following conditions are equivalent:
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i) for all x1,...,xp41 € K and all non-negative \1, ..., \py1 that sum up to one there is

n+1 n+1 n+1 n+1

f(Z )\13«"@') - Z Aif (i) < Z )\7;C< Z Ajxj, :v,»),
i=1 i=1 i=1 j=1

ii) there exists v: K — R™ such that for any x € K there and for ally € K in the minimal

face of K that contains x we have
iii) for any bounded one-step martingale (Xo, X1) with values in K there is

E(f(Xo) — f(X1)) < Ec(Xo, X1).

Moreover, if K is open and additionally for any xo € K there exist open, convexr set K' C K
such that xg € K" and |c(x,y)| < Al||lx — yl| for all z,y € K' and some constant A, then we
may drop the assumption on the continuity of f. In such case, any function that satisfies

the above conditions is locally Lipschitz.

Proof. The equivalence of the conditions i) ii) and iii) follows from Corollary 5.7.4. The
second part of the corollary follows from Lemma 5.7.6, as, in such case, any function f that

satisfies i), ii) or iii) is continuous in K. O

5.8 Uniform convexity and uniform smoothness

In this section we employ the results of the previous section to provide a characterisation
of uniformly smooth and uniformly convex functions on R™, or, more generally, on an open,
convex set K C R"™. We refer the reader to [10] and to [108] and references therein for

previous studies of the topic. Let us recall the definitions.

Definition 5.8.1. Let 0: R — R. A function f: K — R is called o-convex provided that
fOz+ (1= XNy) + A1 = No([lz —yl) < Af(x) + (1 =N f(y)

for all A € [0,1] and all z,y € K. A function g: K — R is called o-smooth provided that
gz + (1= ANy) + A1 = No([lz = yl)) = Ag(z) + (1 = N)g(y)

for all A € [0,1] and all z,y € K.

Another notion of convexity and smoothness is as follows (see [10]).
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Definition 5.8.2. Let v € R" and let x € K. We say that f: K — R is g-uniformly convex
at x with respect to v if for all y € K there is

f@)+o(ly —=l) + (v,y —2) < f(y).

Likewise, g: K — R is called o-uniformly smooth at x with respect to « if for all y € K

there is

g(@) +o(ly —z[)) + (v,y — z) > g().

Note that the condition that f: K — R is g-uniformly convex at any x € K is equivalent

to condition ii) of Corollary 5.7.7 for the function
C(.’E,y) = _J(Hy - .’EH), T,y € K.

Similarly, o-uniform smoothness at any « € K of a function g: K — R is equivalent to

condition ii) of Corollary 5.7.7 for —g and the function

c(z,y) =o(ly —=zl), z,y € K.

Now, Corollary 5.7.7 implies the following theorem, which complements the results of
[10].

Theorem 5.8.3. Let K C R” be an open, convex set. Suppose that o: R — R is locally
Lipschitz function such that o(0) = 0. Let f: K — R. The following conditions are

equivalent:

i) there exists v: K — R™ such that for any x € K the function f is o-uniformly convex

at x with respect to v(z) € R,

ii) for any x1,...,xny1 € K and any non-negative Ay, ..., Ap+1 that sum up to one there

)

iii) for any bounded one-step martingale (Xg, X1) with values in K there is

18
n+1 n+1 n+1 n+1

P niw) = Yo Aif @) < =S o (|| Yo Ay - w
i=1 i=1 i=1 j=1

E(f(Xo) — f(X1)) < ~Eo([|Xo — X1|)-

Also, the following conditions are equivalent:

i) there exists v: K — R™ such that for any x € K the function f is o-uniformly smooth
at x with respect to v(z) € R™,
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ii) for any x1,...,Tp+1 € K and any non-negative A1, ..., \p+1 that sum up to one there

).

iii) for any bounded one-step martingale (Xo, X1) with values in K there is

18
n+1 n+1 n+1 n+1

P niw) = Yo nf@) = = > vio (|| Yo Ay -
i=1 i=1 i=1 j=1

E(f(Xo) — f(X1)) = —Eo(|| X0 — X1l))-

Moreover, any function f that satisfies one of the above conditions is locally Lipschitz in

K.

Proof. The assumptions on ¢ imply that the functions

(z,y) = —o(lly = zl]) and (z,y) = o([ly — =[])

are locally Lipschitz in K x K and moreover for any xg € K there exists an open, convex

set K’ C K such that o € K’ and for all z,y € K’ there is

lo(ly = =[] < Ally — =,

where A depends on ¢. This is to say, the assumptions of Corollary 5.7.7 are satsfied. Thus,

the assertion of the theorem follows from the conclusion of Corollary 5.7.7. O

5.9 Martingale triangle inequality

In this section we introduce the notion of martingale triangle inequality for cost functions
c: K x K — R, where K C R" is a convex set. We shall show that if it is satisfied by a cost
function ¢, which vanishes on the diagonal, then one may take f; = fo in the dual problem

to the martingale optimal transport.

Definition 5.9.1. Let K C R" be a convex set. Let ¢: K x K — R. We say that c satisfies

martingale triangle inequality provided that for all z,z1,...,2,+1 € K and all non-negative
ALy« oy Apt1 that sum up to one there is
n+1 n+1 n+1 n+1

Z)\cx T —c( Z)\ a:z> §Z)\¢C(Z)\jxj,:ni>. (5.9.1)
i=1 j=1

In other words, for any x € K function —c(x,-) satisfies condition i) or Corollary 5.7.4,

with cost function c.
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Remark 5.9.2. Condition (5.9.1) is satisfied if ¢ is a metric on K and also it is satisfied if
¢ is concave in the second variable and non-negative. Also, this condition defines a closed
convex cone of functions. Note also that for a function given by c(z,y) = ||z — y||? for

x,y € K, where ||-|| deotes Euclidean norm on K, we have equality in (5.9.1).

The following theorem is a martingale optimal transport analogue of the Kantorovich—
Rubinstein duality for the classical optimal transport problem with a metric cost function;

see Section 5.4.

Theorem 5.9.3. Let K be a conver body in R™. Let c: K x K — R be a continuous
function satisfying martingale triangle inequality and vanishing on the diagonal.
Let By denote the set of functions f € C(K) such that for all xy,...,x,41 € K and all

non-negative A1, ..., Ap+1 that sum up to one there is

n+1 n+1 n+1 n+1

P Niw) = YA <D0 xie( 30 A wi).
i=1 i=1 i=1 j=1

Let By denote the set of functions g € C(K U K) on the disjoint union of two copies of
K such that for all x1,...,2h11 € K and all non-negative Ay, ..., Apt1 that sum up to one

there is
n+1 n+1 n+1 n+1

91 ( > )\ifUi) —> iga(w) <Y Aw( > Nz, xz)
i=1 i=1 i=1 =1

Then, for any Borel probability measures u,v on K in convex order there is

sup{/de(u—I/HfEBl} :SUP{/KQldH_/KQ2dV|9€B2}- (5.9.2)

Proof. Clearly, the supremum on the right-hand side of (5.9.2) is at least the supremum on
the left-hand side of (5.9.2), as if f € By, then g: KUK — R defined by g1 = f and g2 = f
belongs to Bs.

Suppose that there exists € > 0 such that for any function f € B;

/fd(u—v)+2e§sup{/gld,u,—/ggdi/!gEBg}.
K K K

It follows that there exists g € Bs such that for all f € By we have

/de(u—u)+6</Kgldu—/Kggdu. (5.9.3)

By Corollary 5.2.5, any extreme point of pairs of probability measures P that satisfy

/K fd(u—v) < /K o — /K ooy
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for all f € By is of the form (04,,n) for some zp € K and a Borel probability measure 7.
Hence, by (5.9.3), for some zyp € K and some n € P(K) and all f € B

/ (f(zo) — fldn+e€ < / (91(z0) — g2)dn. (5.9.4)
K K

Note that any such pair (d,,,7) is in convex order. Thus there exists a Borel probability

measure 7 on the set £ of extreme points of pairs of measures in convex order such that

(0o 1) = /Sfdm(i). (5.9.5)

But, as g € By, for any £ € £ we have

/ (1)~ )G @ @) < [ el o)
KxK

KxK

Take f = —c(zg, ). Then, by the martingale triangle inequality, f € B;. This, together wih
(5.9.5) and (5.9.4), yields a contradiction. O
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Chapter 6

Matrix Holder’s inequality

6.1 Introduction

In this chapter we consider matrix Holder’s inequality, which constitutes an extension of
the classical Holder’s inequality to the matrix setting. The result of the chapter is the
characterisation of the equality cases. Theorem 6.2.1 and Theorem 6.2.4 and their proofs
are based on [14]. We refer the reader also to [23]. We include the proofs for completeness
and to provide an analysis of equality cases.

Section 6.2 is devoted to a proof of the inequality and Section 6.3 characterises equality

cases in matrix Holder’s inequality.

6.2 Inequality
For a matrix A of size m x n we shall denote by |A| its absolute value, that is
|A| = (A*A)z.

Theorem 6.2.1. Let A, B be two m X n matrices with real entries. Then

N

[tr(A°B)| < (1] A|[B])? (tx]A%]|B°]) 2. (6.2.1)

Lemma 6.2.2. Let A be an m X n matriz with real entries. Then there exist orthonormal

basis (e;)i—y and (f;)7L; and non-negative numbers (a;)2{" such that
Ae; = a;f; and A*f; = ajej for alli,j=1,...,nAm
and Ae; =0,A*f; =0 fori,5 >nAm.
Proof. For the proof, let (e;)7_; be an orthonormal basis of eigenvectors of A*A with non-

negative eigenvalues (a?)™_;, a; > 0. We may assume that for i > n Am there is A*Ae; = 0,

as the rank of A*A is at most n A m.
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For indices such that a; = 0, we have Ae; = 0, as || Ae;||? = (A*Ae;, e;) = 0. Set
1
fj = —Ae; for j such that a; # 0. (6.2.2)
aj

These are orthonormal, eigenvectors of AA* such that A*f; = aje;.
Note that any eigenvector of AA* that is orthogonal to all f; has eigenvalue equal to

zero. Indeed, if f is such an eigenvector, then for all j

0= (f, Aej) = (A" [, ej),

that is A*f = 0 and thus AA*f =0
We may thus complement the eigenvectors (6.2.2) to a full orthnormal basis (f;)7; by
introducing eigenvectors of AA* with zero eigenvalue. For such vectors we have A* f; = 0.

This completes the proof of the lemma. O

Proof of Theorem 6.2.1. Take orthonormal basis (e;)7_;, ( fj)T:l and non-negative numbers
(a;)720" for A and (g:)7_y, (hy)Tey, (b)) for B, as in Lemma 6.2.2. Then

nAm
(A B)| = | 37 aibyles g0 (i),
ij=1
The Cauchy—Schwarz inequality yields
nAm 1 nAm 1
* 2 2
tr(A*B)| < (D aibyteng)?)* (3 aibi(fih)?)”
i,j=1 t,j=1

Note now that for i, j < n A m we have
|Ale; = aie;, [A”|fi = ai f; and |Blg; = bjg;,|B*|h; = bjh;,
and for ¢, >nAm
|Ale; = 0,]|A%|f; =0 and |B|g; =0, |B*|h; = 0.

Therefore
* 1 * N
tr(A*B)| < (tr(|Al|B)z (tr(|A™|[B*])2.

Remark 6.2.3. The equality holds in the above inequality if and only if

((ei 95) — a(fi, hy))aibj =0

for some constant « and all indices 1, j.
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Below ||-|| denotes the operator norm of a matrix, regarded as a linear operator between

Euclidean spaces.

Theorem 6.2.4. Let A, B be two m x n matrices with real entries. Then
[6(A*B)| < (6x]AP)7 (tr(|B|9)7 (6.2.3)
for all p,q € (1,00) such that % + % = 1. Moreover
[tr(A*B)| < tr|A|||B]|. (6.2.4)

Proof. Let p,q € (1,00) be such that %—l—% = 1. Using the notation from the above theorem,

let us note that
nAm

tr[APP = tr[A*[P = " dl.
i=1
Hence, for the proof it is enough to show that every factor on the right-hand side of the
inequality (6.2.1) is bounded above by (tr|A]p) (tr(|BJ4 ) For this, observe that, thanks

to orthonormality of the basis,
n

Z(eivgj>2 = 17

i=1
for all j =1,...,m and that
m
Z elag] -
=1
for all ¢ = 1,...,n. Therefore, using Holder’s inequality, we get
nAm nAm nAm
(4B = Y abileng)? < (D ol %%)(Zb%%)=
'7j_1 ,j=1 ,j=1
1 1
- ( Z ) ( Z bq) (tr] AP)7 (t]B|9)s
i,j=1 t,j=1

Proceeding analogously for tr(|A*||B*|) we get the desired inequality.

For the second part of the theorem observe that

1Bl = || B*|| = max{b; [ i = 1,...,n Am}

and that
nAm
tr]A] = tr]A*] = ) a;.
ij=1
Therefore
nAm
te(|AlIB)) = Y aibj{ei, g;)* < || Blltr|Al.
ij=1
Proceeding analogously for tr(]A*||B*|) we get the desired inequality. O
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Remark 6.2.5. If p,q € (1,00), then the equality in inequality (6.2.3) in the above theorem

holds true if and only if there exists a constant § such that
(af — Bb])(ei,gj) =0foralli=1,....,nandj=1,...,m (6.2.5)
and a constant « such that
((es, gj) — alfi,hj))abj=0foralli=1,...,nand j=1,...,m. (6.2.6)

For the inequality (6.2.4) in the theorem, there holds equality if and only if (6.2.6) is satisfied

and moreover
a;j(bj —b)(e;,g9;) =0foralli=1,...,nand j=1,...,n (6.2.7)

and some number b.

6.3 Equality cases

Example 6.3.1. Suppose that n = m and that B is the identity matrix. Then the inequality
(6.2.4) yields that for all n x n matrices A there is

[trA| < tr|A|.

Equality here holds if and only if A is symmetric and semidefinite. Indeed, it holds if and
only if (6.2.6) and (6.2.7 are satisfied. Note that (6.2.7) for B = Id clearly holds true.
Condition (6.2.6) holds if and only if

((ei,ej) —a(fi,ej))a; =0foralli=1,...,n.

Here we took g; = h; = e;. Equivalently, for any ¢ such that a; #0 and all j =1,...,n

<€i — gAei, €j> =0.

1

That is
aA
Aei = —Zei.
(6%

If a; = 0, then Ae; = 0. We see thus that A is diagonal with eigenvalues of fixed sign and

thus it is symmetric and semidefinite. Then converse implication is obvious.

Definition 6.3.2. For p € [1, oo], the quantity (tr]A\p)% is called the Schatten p-norm of a
matrix A. We shall denote it by ||A||,. We shall write (A, B) = tr(AB*).

Let us now analyse carefully what the conditions (6.2.6) and (6.2.7) mean.
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Theorem 6.3.3. Suppose that A, B are m x n matrices such that ||B|| < 1. Then the
condition

tr(A*B) = tr(|A]) (6.3.1)
holds if and only if A*B is symmetric and positive semidefinite and

A*BB*A = A*A. (6.3.2)
Moreover, if A # 0, then ||B]| = 1.

Proof. If A = 0, then the equivalence clearly holds true. Suppose that A # 0 and that
(6.3.1) holds true. Then, by (6.2.4), we have

tr(|AJ) = tr(A"B) < tr(|AD||B] < tr(|A]).

Therefore the equality (6.3.1) holds if and only if the conditions (6.2.6) and (6.2.7) are
satisfied and || B]| = 1.

Suppose that these conditions hold true. Note that if &« = 0 in (6.2.6), then we would
have tr(A*B) = 0, contrary to the assumptions. Therefore a # 0. Condition (6.2.7) may

be equivalently stated as
(bj —b)gj € kerA forall j=1,...,m.
Indeed, we may write fori =1,...,nannd j=1,...,m
0 = ai(bj — b)(ei, g5) = (A™fi, (b; — b)g;) = (fi, A(bj — b)g;)-

Thus we have A(b; —b)g; = 0.
Condition (6.2.6), with the above observation, implies that

0= ({5, g5) — a(fi, hy))aibj = (A" fi,bjg;) — o Aei, Bgj) =
= (fi, Abjg;) — a(B" Aei, g;) = ([i, Abg;) — a(B" Aei, g;) =
= (baie;, gj) — a(B* Ae;, g;).
It follows that for i =1,...,n
B*Ae; = aiﬁei.
(6

Thus B*A is symmetric and semidefinite. Hence

* * b
tr(|A]) = tr(A*B) = tr(|B*A|) = mtr(\AD. (6.3.3)
This is to say, & = 1. It follows that
A*BB*A = A*A.
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Observe also that B* A is positive semidefinite, as the quantities in (6.3.3) are non-negative.

Conversely, if ||B|| = 1, A*B is symmetric and positive semidefinite and
A*BB*A = A* A,
then
|A| = |A*B| = A*B

and thus
tr(A*B) = tr(|A]).

Corollary 6.3.4. Suppose that A, B are as above. Then
B*A=A"B,BA* = AB"
are positive semidefinite and
A*BB*A = A"A,AB*BA* = AA".
Moreover A*A and B*B diagonalise in a common orthonormal basis.

Proof. Observe that tr(A*B) = tr(AB*) and that tr(|A|) = tr(|A*|). Thus the assertion
follows by application of Theorem 6.3.3. The fact that A*A and B*B diagonalise in a

common orthonormal basis is a consequence of

A*AB*B = B*BA*A.

Remark 6.3.5. Note that condition (6.3.2) takes the form
BB* = 1d,

provided that A is invertible. This is to say, B is then an isometry. If A is not invertible,
in particular if m # n, then B* is an isometry, if restricted to imA. Indeed, for x = Ay, we
have

|B*¢||? = (BB x, ) = (A*BB*Ay,y) = (A" Ay,y) = ||z||*

Conversely, if BB* = Id on imA, then clearly A*BB*A = A*A. Thus, in Theorem 6.3.3, we
might write that the equivalent conditions are: B*A is symmetric and positive semidefinite

and that B* is an isometry on imA.
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Theorem 6.3.6. Suppose that m < n and that A, B are m X n matrices, A, B # 0. Let
p,q € (1,00) be such that % + % = 1. Then the equality

tr(A*B) = (tx(JAP))7 (tx(|B|%))7 (6.3.4)

holds if and only if B*A is symmetric and positive semidefinite and for some ¢ > 0,

A*B = B*A = c’(A*A)2 = ¢ 9(B*B)2. (6.3.5)
Equivalently,
A*B B*A (A*A):  (B*B)3
T T = T T = = CaE (6.3.6)
(tr(|AP)) 7 (ex(|Bl)s (tr(|AP)) 7 (x| Blay)s (AP w(BI9)
Proof. Let us recall — see (6.2.5) and (6.2.6) — that the equality holds if and only if
(ab — ﬁb?)<ei,gj> =0forali=1,...,n,5=1,...,m, (6.3.7)
and
((€i,g5) — alfi,hj))aibj =0foralli=1,...,n,j=1,...,m. (6.3.8)

Form (6.3.7) it follows that 8 # 0. Otherwise A = 0. Form (6.3.8) it follows that a # 0,
otherwise A*B = 0. Then, as there is equality in (6.3.4), we must have A = 0 or B = 0,
contrary to the assumptions. In what follows we assume therefore that o # 0,8 # 0. If
(€i, gj) # 0, then, by (6.3.7),

P
b] = 71(1;
Ba
and thus, by (6.3.8),
1+2
ai ! *
7161' - B Aei,gj =0.
afa
If (e;, g;) = 0 then the above formula holds as well, by (6.3.8). We infer that fori =1,...,n
o
B*Aei = -t T €i-
afa
Analogously we have for j =1,...,n
q
T
A ng = o 9gj-
Equivalently

* 1 * A\ 2 * B% * o\ 4
B A= (4*A)% and 4*B = 22 (B*B)L.
afa a
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It follows that B*A is symmetric and semidefinite. By (6.3.4) it is positive semidefinite, so
a > 0, and therefore

tr(B*A) = (tr(B*A)) 7 (tr(A*B)) s = é(tryAyp)%(tryB\q)%. (6.3.9)

Thus a = 1 and the equality (6.3.5) holds with ¢ = /8717171. Converse implication follows

readily, as in (6.3.9). Condition (6.3.6) follows from (6.3.5) by taking traces and computing

number c. 0

Remark 6.3.7. The following duality formula holds true
[Allp = sup{tr(AB™) [ | Blly <1},

where % + % =1, p,q € [1,00]. Indeed, take any matrix A and its polar factorisation
A =UD, where U is a partial isometry and D is symmetric and positive semidefinite such

that U*U is projection onto imD. Set B = UD%. Then
P P
[Allp = 1Dllp, [[Bllg = [[Dellg = [ Dll5

and
(A, B) = tr(B*A) = tr(D*4) = tr(D?) = || All, || Bll,-

If p=1, we take B=U. If p = o0, let v be a vector such that Dv = Av with X such that
Al = D]l Take B = U D, where D' = pun.
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Chapter 7

Divergence formulation of optimal
transport of vector measures

7.1 Introduction

In this chapter we formulate another approach to optimal transport of vector measures
related to the works of Bouchitté, Buttazzo and Seppecher [28], Bouchitté and Buttazzo
[27], Bouchitté, Gangbo and Seppecher [55] and Gangbo [54]. The idea is to extend the
divergence formulation of optimal transport to the setting of vector measures. We refer
the reader also to [103, 1.2.3]. We develop a duality theory and apply it, together with
characterisation of equality cases in matrix Holder’s inequality, to reprove (see [37]) the
representation formula for the polar cone of monotone maps. We obtain also several gener-
alisations.

The advantage of the current formulation of optimal transport of vector measures to
the formulation in Chapter 3 is that the primal problem’s value is always attained.

Section 7.2 is devoted to a proof of the duality for optimal transport of vector measures
in its divergence formulation.

In Section 7.3 we deal with duality for absolutely continuous measures.

Section 7.4 we employ results of the previous sections in order to provide characterisation
of polar cones to monotone maps, reproving result of [37].

In Section 7.5 we generalise the result of Section 7.4 and provide a representation formula
for polar cones to tangent cones of the unit ball of C*(R", R™).

In Section 7.6 we obtain another generalisation of the representation formulae for polar

cones to the tangent cones of the unit ball of Sobolev space W!P(Q, R™).
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7.2 Duality formula

Suppose we are given a Borel vector measure p € M(R™ R™) of finite total variation, such

that p(R™) = 0 and with finite first moments, i.e.

[ leldll@) < o
Rn

Here ||u|| denotes the total variation of pu. In what follows we shall consider a Banach
space C!(R™,R™) of continuously differentiable functions with bounded derivative and with

a seminorm given by

Jull = sup { | Du(@)]| | = € R .
The seminorm induces a norm on the subspace of functions vanishing at the origin.

Definition 7.2.1. Suppose that u € M(R™, R™) has finite first moments and u(R™) = 0.
Define
E(p) ={M € M(R",R™™) | —divM = u}.

Here we write

—divM = p
if
[ ity = [ (pra) (7.2.1)
for all functions f € C*(R®,R™). For any p as above define

I(p) = inf{[[ M|y | M € E(u)}

and
2 =sup{ [ (undu) |u e €' RRM, Jul <1},

Above we consider the total variation || M ||; of a matrix-valued measure M with respect
to the Schatten 1-norm. Recall that the Schatten 1-norm of A € R"™*™ is defined via the
formula

Al = tr(A*A)2.

Theorem 7.2.2. For any p € M(R™,R™) such that u(R™) = 0 and with finite first mo-

ments we have

Moreover there exists a 1-Lipschitz ug: R™ — R™ such that
30) = [ (o,
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and there exists My € Z(u) such that
(k) = | Moll1.

If ug, My are optimisers such that ug is differentiable ||Myl|1-almost everywhere, then
dMy
Du,————>:1 7.2.2
(P (722

|| Mo||1-almost everywhere.
Proof. Define a linear functional on the space
{pflfec® r™)}

by the formula
ADH = [ (f.du.

As p(R™) =0 it is well defined. It is continuous as
AR = [ 06 = rOdun = [ [ D@, dutann

and thus [[Al] < [p.[lz|d|p)(x). By the Hahn-Banach theorem it follows that we may
extend A to a continuous linear functional on C(R™,R™*") preserving its norm. From

Riesz’ theorem it follows that the dual space of C(R™, R™*"™) is isometrically isomorphic to

M(R™, R™*™). We obtain a matrix-valued measure My € M(R"™, R™*") such that
D = | (Dfdr)
and such that ||Mpl|/1 = ||A]]. Moreover
|Al = sup {A(DS) | £ € C'®™R™), £ < 1} =
s [ (di | re @R 1A < 1) = TG,

Observe that
J() < I(p). (7.2.3)

As we have just found a measure My with || My|l1 = J(u) we see that there holds equality
in (7.2.3). We shall now show that there exists a 1-Lipschitz map wg such that

[ twocdi) =swn{ [ wdm) | £ e CHrmmy ) < 1)
n Rn
For this, we may use Arzela—Ascoli theorem. Choose a sequence

(un)ny € CH(R™,R™),
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with |lu,|| <1, un(0) = 0 and such that

lim (un,dp) = J(p).

n—00 Jpn

We may substract a subsequence (uy, ) that converges locally uniformly to a 1-Lipschitz

function ug. We claim that
[ o du = 5. (7.2
Choose € > 0 and a compact set K C R™ such that

[t <
»

If ||up, () — ug(x)|| < € for all k > N and all z € K, then

[t = [ twnedii| < [ el @) + el ().

Letting n tend to infinity and then € to zero we get (7.2.4).
For the last part of the theorem observe that if —divM = p and wug is differentiable
|| M ||1-almost everywhere, with || Dug|| bounded above by 1, || M||1-almost everywhere, then

by matrix Holder’s inequality (see Chapter 6)

aM

<DUO, 7> <1.
d|| M}y

If My and ug are the optimisers then integrating the inequality with respect to d||My||; we
would get J(u) < I(p). Hence equality holds if and only if (7.2.2) holds. O

Remark 7.2.3. The problem of finding optimal measure My is a relaxation of the optimal
transport of vector measures, as formulated in Chapter 3. In this problem there holds the

Kantorovich—Rubinstein duality. That is, we have

inf{/ |z — ylld||7||(xz,y) | Prm — Por = ,u} = sup {/ (f,dp) | fis 1—Lipschitz}.
R" xR" Rn

Using convolution with a smoothing kernel we may show that the right-hand side of the

above equality is equal to

su{ [ (f.d) | 7 eCHRARM ) < 1,

7.3 Absolutely continuous vector measures

We shall be now interested in measures on open, bounded, connected subsets {2 C R™ with

continuously differentiable boundary 9€). We shall now restrict ourselves to considering
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matrix-valued measures p € M(,R™) that are absolutely continuous with respect to the

Lebesgue measure . Let p,q € [1,00] be such that % + % =1. Let

h e LUQ,R™)

/hd)\—O.
Q

T (h) = {H € LIQ,R™ ™) | —divH = h}.

be such that
Let us define

For H € L9(Q2, R™*") we write —divH = h if

[ @ mar= [ rmax

for all functions f € WHP(£,R™). The above condition is equivalent to demanding that the
divergence of Hd\ is equal to —hd\. Let us recall that WP (€2, R™) denotes the Sobolev
space of Borel measurable functions f on €2 that admit a weak derivative D f and with finite

norm given by the formula

([wtpspiars [spa)”

Recall that tr(|G|P)?r for a matrix G € R™*" is called the Schatten p-norm.
Let us recall that the Poincaré inequality states that for p € [1, 00| there exists a constant
C, which depends on Q and n, p, such that for any f € WHP(Q, R™)

/Q Hf N fi(ﬁzﬂp” ¢ /Q tr(|D f|P)dA.

For f € W'P(Q,R™) we shall write

1

121 = ([ wDsIar)”.
Set
1) = inf {||H|; | H € T{(h) }.

By ||H||; we mean here the L9(£2,R™*™) norm with respect to the Schatten g-norm on

R™X7 e,
1

= ([ e(nan)”

R =suw{ [ (£max] FeWr@R™. D], < 1},

We set
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Theorem 7.3.1. Let p,q € (1,00) be such that %—l—% =1. Let Q C R™ be an bounded, open

and connected set with continuously differentiable boundary. Let

he LIQ,R™)

/hd)\:O.
Q

Jx(h) = I3(h).

be such that
Then

Moreover there exists fo € WIP(Q,R™), || Dfoll, < 1, such that

30 = [ (forhyax
and there exists Hy € T'(h) such that
I5(h) = [ Hollq-
Moreover, if h # 0, then fo, Hy are optimisers if and only if
DfsHy HiDfy |Ho|?

_ — = |Dfo|? (7.3.1)
[Holly  [[Hollg  [1Hollg

A-almost everywhere.

Proof. Let us observe that if h € LI(£2,R™), then h € L'(2,R™), as Q is bounded. Thus

the integral
/ hdA
Q

is meaningful. Recall that the dual space of LP(£2, R™*™) is isometrically isomorphic to
L1(Q,R™*"™). Consider a subspace V of LP(Q2,R™*™) given by

V= {Df I fe WLP(Q,Rm)}

and a functional A: V' — R given by A\(Df) = [,(f,h)dX. By the assumptions, it is well-
defined and finite. For any function f € WHP(Q, R™) we have, by the Poincaré inequality,

Mof = [ (s -8 W < cimlos,

Thus
Al < CllRlg-

By the Hahn—Banach theorem we may extend A to a functional Ay defined on LP (€, R™*™)

and thus obtain a matrix-valued function Hy € L1(Q2, R™*"™) such that
[ ttmar= [ (o1, to)ax
Q Q
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for any f € WLP(Q,R™). Moreover
1 Hollg = [lAoll = [IA].
Since clearly J{(h) < I{(h), it follows that
Ji(h) = [|A]l = [[Hollq = I5(h).
We shall now show that there exists fo € WHP(Q,R™), | Dfoll, < 1, with

/<f0, hyd\ = Ji(h).
Q

Since the Sobolev space WLP(2,R™) is reflexive, its unit ball is weakly compact. The

functional
o / (f. hydA
Q

is continuous, as was shown above. By compactness, there exists fy that maximises its
value over the unit ball. This is the function in request.
For the equality

1

| @ s max= ol = [ (Hom)ir)’
Q Q
to hold true, it is sufficient and necessary that
1 1
tr(D 5 Ho) = (tr(|Dfol?))» (tr(|Hol|?)) «
A-almost everywhere and that there exists non-negative constant ¢ such that
tr(|Hol?) = ctr(|D folP)

A-almost everywhere. In view of Theorem 6.3.6 we see that these two conditions may be

equivalently stated as
* * 1
DfyHy = HyD fo = d|Ho|? = %|Df0\p

A-almost everywhere, for some non-negative constant d. If A #% 0, then Hy # 0 and also
|Dfoll, = 1. Integrating yields
1
d|[Hollg = 1.

It follows that the equivalent condition is that A-almost everywhere there is

foHo = HyD fo = 7 = [[Hollg|Dfol"-
[ Holl7
We infer that (7.3.1) holds true. O
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7.4 Polar cone of set of monotone maps

Let us now present an application of the above material. We shall provide a more general,
alternative proof of the representation formula for the elements of the polar cone of the set
of monotone maps. This representation formula is already proven in [37]. Let us remark

that the proof is alternative, but in essence both proofs rely on the Hahn-Banach theorem.
Definition 7.4.1. We shall say that a map u: R™ — R" is monotone if
(u(z) —uly),z—y) =20

for all z,y € R™.
Proposition 7.4.2. A map u € C*(R™,R") is monotone if and only if

(Du(z)v,v) >0 (7.4.1)
for all x;v € R™.
Proof. The proof follows readily. O

Remark 7.4.3. The condition (7.4.1) means that at any point € R" the matrix Du(z) is

positive semidefinite.

We shall now study the polar cone of the set of monotone maps, that is the set

P = {,u e M(R",R") (u,dp) > 0 for any monotone u € Cl(R",R”)}.

|
Rn
Here M(R™,R™) is the space of all R™-valued measures.
For u € M(R",R"), recall the definition of J(u); see Section 7.2.

Proposition 7.4.4. Suppose that p € M(R™,R"™) is such that p(R™) = 0 and has finite
first moments. Then u € P if and only if

| twdnta)) = 100, (74.9)

Proof. Suppose that (7.4.2) holds true. Let u € C(R™,R") be monotone. Let € > 0. We
see that f € C1(R",R™) defined by

f(@) =z — eu(x)
satisfies | Df|| < /1 + €2||Du|?. Indeed, by monotonicity of u, for any z,v € R"™ we have

1D f (x)ol|* = [lv = eDu(@)v]|* = [[v]]* + €| Du(z)v]| - 2¢(v, Du(x)v) < [[v]]* + || Dul|*|[]|*.
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Let 2 = \/1+ e2[[Dul|?>. Then, as cf is 1-Lipschitz, by (7.4.2),

[ o cf @), duta)) = 0

2
[ iy > cl|Dul (2, du(a))
n 1+ /1 + €2||Dul]?2 Jrn

and therefore

for any € > 0. Letting € tend to zero, we obtain p € P.
Assume now that € P. We shall show that (7.4.2) holds true. Take any h € C*(R", R")
with ||Dh|| < 1. Then for any z € R and any v € R"

(v —Dh(x)v,v) > 0.

Thus, by Proposition 7.4.2, id — h is monotone. As p € P, we have

[ Gwdnta)) = [ hodn)

Let us denote by ST*" the set of all n x n positive semidefinite symmetric martices.

Theorem 7.4.5. For any p € P with finite first moments, there exists a matriz-valued
measure M € M(R™, SY™") such that

w=—divM

and

/ (M) = / o du(a).

Conversely, if a divergence of an S}™"-valued measure is a measure, then it belongs to P.

Proof. Suppose that p € P has finite first moments. Then we know that
[ o duta)) = 30
Let My be such that || My||; is minimal on Z(u), i.e. on the set of measures M such that
—divM = p.

Then by Theorem 7.2.2 we know that

<Id,m> —1
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|| Mo||1-almost everywhere. By Example 6.3.1 it follows that this holds if and only if dH M oI

is positive semidefinite. Then,

| dn@) =10l = [ @)

This proves the first part of the theorem. For the second, let M € M(R",S7*") be such
that u = —divM. Then, as M is positive semidefinite,

dM
04, g = Il =

It follows that
J(u) > / (@, da()) = | M1 > J().

and by Proposition 7.4.4 we conclude the proof. ]

Remark 7.4.6. The advantage of the proof above is that the representation is a direct
consequence of the duality formula and Example 6.3.1. Thus the proof may be adapted to

computation of the representations of other polar cones.

7.5 Polar cones to tangent cones of C!(R", R™)

Below we shall apply Theorem 7.2.2 to compute the representations of certain tangent cones

to the unit ball of C1(R", R™).

Definition 7.5.1. For f € CL(R",R™), ||f|| = 1 define

Py = {u € MR ™) | I = [ thim)}:
Let us note that the set Py is the polar cone to the tangent cone of the unit ball at
f € CL{R™ R™).

Proposition 7.5.2. Suppose that f € CL(R™,R™), ||f|| = 1. Measure u with finite first
moments belongs to Py if and only if for any map h € CY(R"™,R™) such that for e > 0 the
Lipschitz constants e of f — eh satisfy

1—
lim inf A >0 (7.5.1)

e—0t €

there is [g. (h, dp) > 0.

Proof. Let ju € Py. Suppose that for h € C'(R™, R™) condition (7.5.1) holds true. For such

h, consider
g=f—e¢h.
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Then )\% g is 1-Lipschitz and hence

/n<f, dp) = Ale/n@,du)-

[ iy = 22 [ g

Note that [p.(f,du) > 0 — otherwise —f would yield greater value of the integral. Thus

It follows that

the assertion follows by taking limit.

Conversely, suppose that for any A € C}(R™,R™) such that (7.5.1) holds true there is
Jgn(hydu) > 0. Choose any g € CH(R™",R™) with ||Dg| < 1. Let h = f — g. Then the
corresponding Lipschitz constant of f —eh = (1 — €)f + €g is at most one. Hence, the

condition (7.5.1) is satisfied for h and the claim follows. O]

Remark 7.5.3. The proposition above tells us that Py is the polar cone to the convex cone
Hy of functions h € C*(R",R") that satisfy (7.5.1). Let us observe that this condition
indeed defines a convex cone. Clearly if h € Hy then also Ah € Hy for any non-negative A.
If hy,hy € Hy, then @ € Hy, as Lipschitz constant of convex combination of functions
is at most the convex combination of the corresponding Lipschitz constants.

Let us note that, when f is the identity map, the condition simplifies to demand that A

is monotone.

Theorem 7.5.4. Suppose that f € C*(R",R™). For any p € Py there exists a measure
M e M(R™ R™*"™) with

—divM = p,
and such that | M ||1-almost everywhere
aM
DfDf* =1d on im( ) (7.5.2)
d|| M|y
and
« aM , L : .
Df is symmetric and positive semidefinite. (7.5.3)
df| M|y

Moreover

M= [ {5.d.

Conversely, if M € M(R"™,R™*"™) is such that —divM 1is a finite vector-valued measure
such that (7.5.2) and (7.5.3) are satisfied then —divM € Py.

Proof. Follows from Theorem 6.3.3 and from Theorem 7.2.2, c.f. proof of Theorem 7.4.5. [
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7.6 Polar cones to tangent cones of WIP(R" R™).

The method developed above may be as well applied in the contex of absolutely continuous

vector measures with use of results of Section 7.3.

Definition 7.6.1. Let p,q € (1,00) be such that %—l—% =1 and let 2 C R™ be an open set.
For f € WHP(Q,R™), |Df|l, = 1 define

Ry = {h e LYQ,R™) | Ji(h) = /Q<f, h)d/\}.

In the above definition Ry is the polar cone to the tangent cone of the unit ball of
WP (Q,R™).

Proposition 7.6.2. Let p,q € (1,00) be such that % +% =1 and let let Q C R™ be an open
set. Let f € WHP(Q,R™) be such that |Df|, = 1. Then h € LY(Q,R™) belongs to Ry if
and only if for any map g € WIP(Q,R™) such that

1—||Df —eD

e—0t €

there is [¢,(h, g)dX > 0.
Proof. The proof follows analogous lines to the lines of the proof of Proposition 7.5.2. [

Theorem 7.6.3. Let p,q € (1,00) be such that %—F % =1 and let Q C R™ be an open,
bounded and connected set with continuously differentiable boundary. Let f € WIP(Q,R™)
be such that ||Df||, = 1. For any h € Ry, h # 0, there exists H € LY(2,R"™™) such that

—divH = h
and such that A\-almost everywhere
Df*H H*Df |H |2
= = |Df|P = . (7.6.1)
1Hllq  [1Hlq 1H 1[5

Conversely if H € LY(Q, R™™ ™) is such that —divH is a function in LY(Q,R™), that satisfies
(7.6.1), then —divH € Ry.

Proof. Again, the proof relies on Theorem 7.3.1 and the strategy does not differ from the
strategies in Theorem 7.4.5 and in Theorem 7.5.4. O

Let us apply the above results to a particular case when p = 2. We shall below compute
the polar cone to the cone of maps g € W'?(Q, R™) such that [,(Dg, Df)dX > 0.
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Corollary 7.6.4. Let Q0 C R”™ be an open, bounded and connected set with continuously
differentiable boundary. Let f € WY2(Q,R™). For h € L?>(Q,R") the following conditions

are equivalent:

i) there exists H € L*(Q, R"*™) such that —divH = h and \-almost everywhere there is

Df*H H*Df _
12l H]2

5|
IH 13

IDfI* = (7.6.2)

i) for any g € WY2(Q,R"™) such that
/ (Dg, Df)dA = 0
Q

there is [ (g, h)dX > 0.

Proof. Observe that if p = 2, then Proposition 7.6.2 yields that R ; consists of exactly these
h € L?(2,R™) such that if g € W12(Q, R™) satisfies

/<Df, Dg)d\ >0
Q

then [,(h, g)d\ > 0. Indeed, we have for e > 0,

1—|Df —eDglla _ 1-|Df —eDgl5 _ —€llDyglla +2 [o(Df, Dg)dA
€ €(1+[|Df —eDygll2) 1+|Df — eDgll2

and this quantity converges to [, (D f, Dg)dX as € tends to zero. Now, Theorem 7.6.3 tells
us that there exists H € L?(2,R™*") such that —divH = h and such that (7.6.2) holds
true. O

Remark 7.6.5. Observe that the limit in Proposition 7.6.2 is in fact the lower Dini derivative
of the norm of f taken in directioin of g. Using this observation it is easy to extend result

of Corollary 7.6.4 to other values of p € (1, 00).
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