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1 Introduction

Using Anti-de Sitter space as a playground to study asymptotically-free QFTs — and in
particular gauge theories — has a long history, dating back to [1] and, more recently, to [2].
At the core of this program is the realization that the bulk isometry group SO(1, d+ 1) of
AdSd+1 acts as the conformal group on the asymptotic boundary degrees of freedom. This is
a powerful tool to constrain the asymptotic observables, which can be eventually connected
to the flat space ones by taking the limit of large radius [3–5].

In [2] it was proposed that intrinsically strong coupling bulk processes, such as dynamical
mass generation, can be equivalently described by a boundary transition between different
boundary conditions, using the language and the tools that are familiar from the study of
conformal field theories. For a confining gauge theory in AdS, this is a consequence of the
fact that, subject to the Dirichlet boundary condition, the bulk gauge fields remain massless
and there are colored asymptotic states. In order to match the flat-space expectation, a
transition must take place as we enter the strong coupling region ΛL ∼ O(1), where Λ is the
strong coupling scale and L the AdS length, whereby the Dirichlet boundary condition stops
being an available boundary condition compatible with unitarity and AdS isometries.

There are various proposals for the precise nature of the transition [2]. A first possibility
is that the boundary conserved current Jµ associated to the Dirichlet boundary condition is
continuously lifted by a multiplet recombination, corresponding to a continuous transition
to a Higgs phase in the bulk.1 On the other hand the recent studies [6, 7] suggest that a
boundary operator, singlet of the global symmetries and irrelevant at weak coupling, reaches
marginality at a critical value ΛL ∼ O(1) and causes the Dirichlet boundary condition to
disappear by merger and annihilation [8, 9]. This mechanism has been so far shown to hold
in 2d sigma models and the Gross-Neveau model in the large N limit, and it is favored by
the perturbative results for scaling dimensions in pure 4d Yang-Mills theory. The mechanism
by which the appearance of such a marginal operator generically leads to breaking AdS
isometries or unitarity is explained in [10].

The quantitative studies of these boundary transitions so far used the large-N expan-
sion [6] or indications from perturbation theory [7]. Given that the interesting dynamics
happens at strong coupling, it is precious to have examples in which exact nonperturbative
techniques are available. Motivated by this, in this work we extend the study of QFT in
AdS to the case of supersymmetric gauge theories in four dimensions, in which supersymme-
try allows to obtain exact results. The minimal amount that allows us to use localization
techniques is N = 2 extended supersymmetry.2

We will concentrate on the simplest example, namely the N = 2 pure SU(2) Super
Yang-Mills (SYM) theory in four dimensions. This theory does not confine in flat space,
nonetheless its behavior at strong coupling defeats the semiclassical intuition and it allows us

1Note that even in the presence of such a continuous recombination, the Dirichlet boundary condition
would keep existing in addition to the Higgsed boundary condition after the recombination, and its fate in the
strong coupling limit would still remain to be determined.

2Some previous studies of supersymmetric field theories in rigid AdS background are [11–20]. In particular
the dynamics of N = 2 SYM in AdS4 was already considered in [2]. Compared to the analysis presented there,
our main new tool, as explained below, is the localized partition function, that captures the ΛL corrections to
the prepotential.
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to pose a sharp question about the behavior of its AdS boundary conditions. Let us recall
some of the salient features of the flat space behavior that we will use in our analysis: in
flat space the theory has a Coulomb branch of supersymmetric vacua, parametrized by the
VEV of the scalar ϕ in the N = 2 vector multiplet3

u = −
〈
Tr
[
ϕ2
]〉

. (1.1)

Classically, the origin u = 0 of the Coulomb branch has a full unbroken SU(2) gauge symmetry,
while in every other point the gauge symmetry is broken by an adjoint Higgsing down to
U(1), leading to a Coulomb phase at low energy. However, as pointed out by Seiberg and
Witten [21], at the quantum level even the origin of the Coulomb branch u = 0 breaks the
non-abelian gauge symmetry down to U(1), and there is no point with full SU(2) gauge
symmetry, contrary to the classical expectation.

When we study the theory with u = 0 in AdS, the Dirichlet boundary condition is
certainly valid in the perturbative regime ΛL≪ 1, and it gives an SU(2) global symmetry on
the boundary. Similarly to the case of non-supersymmetric Yang-Mills, compatibility with the
flat space behavior requires that there should be a strong coupling transition for ΛL ∼ O(1) to
a new boundary condition. Differently from the case of non-supersymmetric Yang-Mills, this is
not expected to be a confining boundary condition, but rather a Higgsed boundary condition
with lower U(1) global symmetry, giving the Coulomb phase that is realized in flat space.

Our main result is that we will be able to give strong evidence in support of these
expectations, using nonperturbative observables, in particular the supersymmetric partition
function that can be computed using localization. While we are primarily motivated by the
specific example of SU(2) SYM, along the way we uncover a number of general properties
of N = 2 field theories in AdS background.

To explain the results in more detail, let us step back to the description of the Coulomb
branch in flat space, and its AdS counterpart. A convenient redundant variable to parametrize
it in flat space is the VEV of the complex scalar in the vector multiplet ϕ = − i

2aτ3. Here τ3
denotes the unbroken Cartan generator, while τ± denote the broken ones. At the classical
level u = a2

2 but this relation gets modified quantum-mechanically. The low energy effective
theory in the Coulomb phase is completely encoded in a single holomorphic function of
a ∈ C, the prepotential F(a).

In AdS4, the boundary modes of the bulk vector multiplet can be organized in two
multiplets J (0)

D and J (0)
N of conserved currents, that close under a massive 3d N = 2

supersymmetry acting on the boundary S3. See eqs. (2.14) for the detailed expressions in
terms of the bulk fields. The Dirichlet boundary condition corresponds to fixing the multiplet
J (0)

D to vanish, while the fluctuating multiplet J (0)
N gives the conserved current of the SU(2)

boundary global symmetry. Turning on a real VEV a = m ∈ R in AdS corresponds to
modifying the Dirichlet boundary condition, by giving a nonzero supersymmetric value to
the bottom component of J (0)

D

J (0)
D = (−mτ3, 0, 0, 0, 0) . (1.2)

3The minus sign is due to our conventions on the scalar field ϕ, that we spell out in section 2.
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This modification turns on a real mass deformation for the global symmetry with current
Tr[τ3J (0)

N ]. The deformation breaks the AdS isometries from the 3d N = 2 superconformal
algebra to a massive subalgebra. This is due to the fact that the moduli space of the flat
space theory is completely lifted by the bulk curvature, at least at the classical level. Naively,
one might expect that setting m = 0 is sufficient to ensure that the boundary condition
satisfies the full AdS (super-)isometries, and that this is the only value corresponding to
the origin of the Coulomb branch u = 0 that we want to study. However, preserving the
full N = 2 supersymmetry in AdS is more subtle than this, because it requires the addition
of suitable boundary terms to ensure the invariance of the action. To write down these
boundary terms, it is necessary to introduce a cutoff surface in the radial direction. As a
result, only a massive 3d N = 2 supersymmetry algebra can be made manifest, the same
subalgebra that is preserved by the massive deformation m. This opens the question: how do
we select AdS boundary conditions that preserves the full bulk supersymmetry, acting as a 3d
N = 2 superconformal algebra on the boundary? Moreover, in the above discussion we only
found an AdS counterpart for a real deformation a = m ∈ R, and another natural question is:
which AdS quantity corresponds to the imaginary part of a in the VEV ϕ = − i

2aτ3?
We find that the answers to these two questions are related. One can define an AdS4

partition function for the theory with modified Dirichlet boundary condition, and this is
naturally a function of the parameter m

FAdS(m) = − logZAdS with boundary condition (1.2). (1.3)

We propose to interpret FAdS(a) as a holomorphic function of the complex combination
a = m − iδ. The imaginary part δ corresponds to a mixing between the U(1)R symmetry
and the U(1) subgroup of SU(2) preserved by a ≠ 0, namely

R → R+ δq , (1.4)

where R and q are the charges of the R-symmetry and of the U(1). We further propose
that the boundary conditions that preserve the full 3d N = 2 superconformal symmetry
are determined by the values δ∗ that maximize

Re[FAdS] = − log |ZAdS| , (1.5)

namely we have

∂δ Re[FAdS](m− iδ∗) = 0 ,
∂2

δ Re[FAdS](m− iδ∗) ≤ 0 .
(1.6)

The values of δ∗ determined in this way fix the U(1)R superconformal R-symmetry to be
RSCFT = R + δ∗q. Note that in a maximum at some δ∗ ̸= 0 the superconformal U(1)R
symmetry mixes with a U(1) subgroup of SU(2). This is only possible because the SU(2)
is broken to U(1) in any such boundary condition, as can be explicitly verified by looking
at the divergence of the current

∂µJ
µ
± ∝ (m− iδ)O3 , (1.7)
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while Jµ
3 remains conserved. This is the manifestation of the adjoint Higgsing at the

boundary of AdS.
We call this procedure “FAdS-maximization”. We conjecture it to hold in general for

N = 2 supersymmetric field theories in AdS. It is mainly motivated by the analogy to other
setups with the same amount of supersymmetry, where one is faced with a similar problem
of determining the value of the superconformal U(1)R charge: 3d N = 2 supersymmetric
theories on S3 [22, 23] (to which our proposal is related by the gravitational decoupling
limit MPl → ∞ for 3d theories with holographic duals), and 4d N = 2 superconformal
theories on the hemisphere HS4 [24, 25] (to which our proposal is related in the special
case of superconformal theories in AdS4).

With the help of FAdS-maximization, the strategy to study the transition between
boundary conditions for SU(2) SYM becomes clear. First, we set m = 0 to avoid introducing
explicitly a breaking of the SU(2) symmetry down to U(1). Second, we study the maximization
of Re[FAdS](−iδ) as a function of δ, for various values of the coupling constant ΛL. This
is made possible by the fact that the partition function can be computed exactly using
localization. Deriving the expression for this partition function for any pure SYM theory
is one of our main technical results. Perhaps surprisingly, our final answer (3.3) coincides
with the partition function on the hemisphere background HS4 obtained in [26, 27]. For
the case of SU(2) SYM it takes the form

ZAdS(a,Λ) = (ΛL)4a2
Z1-loop(a)ZNekrasov(a,Λ) , (1.8)

where Z1-loop is the one-loop determinant for a vector multiplet with Dirichlet boundary
conditions and ZNekrasov is the holomorphic part of the Nekrasov instanton partition func-
tion [28] in the Ω background ϵ1 = ϵ2 = 1/L. While explicit, this answer is still rather
involved: in order to perform the maximization we need to truncate the sum over instantons
and use numerical techniques.

As illustrated in figures 1 and 2, we find that

• At weak coupling ΛL ≪ 1, there is a single smooth local maximum of Re[FAdS] at
δ∗ = 0, corresponding to the SU(2)-preserving Dirichlet boundary condition;

• As we increase ΛL, a new and larger local maximum of Re[FAdS] emerges at δ∗ ̸= 0.
This signals that a new boundary condition with adjoint Higgsing has appeared at
strong coupling;

• As we further increase ΛL to the largest values for which our numerical analysis is
under control, we see yet another even larger maximum emerge. The difference in
the values of Re[FAdS] at the maxima becomes smaller as ΛL grows. We conjecture
that this pattern generalizes to a sequence of more and more maxima emerging and
accumulating in the flat space limit ΛL→ ∞, from which the flat direction emerges.

These results give us a strong indication about how the theory at strong coupling/large
radius realizes the flat space physics: we expect that the un-Higgsed Dirichlet boundary
condition disappears at strong coupling, and there is a transition to the newly emerged
Higgsed boundary conditions. We should also clarify that, while we see the emergence of
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the new larger maxima, localization alone does not allow us to reveal any inconsistency in
the SU(2) preserving boundary condition at strong coupling, and its disappearance remains
conjectural. Showing it presumably requires a more detailed analysis of the operator spectrum.
Note that the transition to the Higgsed phase proposed here does not happen through the
continuous recombination process mentioned earlier, but rather it is a discontinuous “first
order” type of transition. The Higgsed boundary conditions that emerge are favored globally
in the sense that they correspond to larger maxima of Re[FAdS], see figures 1 and 2.

As a byproduct, which lies somewhat outside of the main scope of the paper, we find
a simple relation between the AdS partition function FAdS, and a curved-space version of
the prepotential FAdS, namely

FAdS = −4πiFAdS . (1.9)

Besides the fact that they are both holomorphic functions of a, this identification is motivated
by: (i) the flat-space limit; (ii) the observation that the gauge-invariant VEV u = −⟨Tr[ϕ2]⟩
can be obtained from FAdS through a differential operator that, upon the identification (1.9),
precisely reproduces the Matone relation [29]

u = πi

(
F(a)− 1

2a∂aF(a)
)

; (1.10)

(iii) the observation that the condition Im [F ′′
AdS] = Im [τIR] > 0 matches the maximization

condition ∂2
δRe [FAdS] < 0.

The plan for the rest of the paper is as follows: in section 2 we discuss how to couple
an N = 2 vector multiplet to a background AdS4 geometry with a manifest 3d N = 2
massive subalgebra, and we put forward our proposal of FAdS maximization to determine the
boundary conditions preserving the full 3d N = 2 superconformal symmetry. In section 3 we
perform the localization calculation of the N = 2 theory on an AdS background. In section 4
we leverage these results to discuss the boundary phase transitions for the N = 2 SU(2) SYM
theory in AdS. In section 5 we give a derivation of the AdS Matone relation and discuss the
evidence for the identification (1.9). We conclude with comments about open directions for
future research. Various details concerning the structure of SUSY multiplets, the localization
computation and the numerical study of FAdS-maximization are collected in appendices.

2 4d N = 2 super Yang-Mills in AdS

In this section we set up the problem by discussing the Lagrangian of N = 2 SYM in AdS4,
including boundary terms and 1/2-BPS boundary conditions that are needed to preserve
a massive 3d N = 2 supersymmetry. Finally, we propose a criterion that selects boundary
conditions preserving the full symmetry, isomorphic to a 3d N = 2 superconformal algebra.

2.1 Lagrangian and boundary terms

Let us start by reviewing how to put a 4d N = 2 theory in rigid curved Euclidean spacetime,
following mostly the conventions in [30]. We couple the theory to background supergravity,
whose bosonic content is displayed in table 1. We then fix the geometry, and fix the additional
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Field Description U(1)R SU(2)R

gµν metric 0 1
Aµ u(1)R gauge field 0 1
Vµ su(2)R gauge field 0 3
Tµν anti-self-dual tensor +2 1
T̄µν self-dual tensor −2 1
M̃ scalar 0 1

Table 1. Bosonic field content of N = 2 supergravity multiplet.

bosonic content of the supergravity multiplet in such a way that the Killing spinor equation
admits solutions [31]. In order to obtain eight supercharges in Euclidean AdS4, the bosonic
content of the gravity multiplet is fixed to

M̃ = 0 , Aµ = 0 , Vµ = 0 , Tµν = 0 , T̄µν = 0 , gµν = gAdS4
µν with R = −12 , (2.1)

where the AdS radius is set to 1. Denoting the supersymmetry variation in background
supergravity as

Q = ϵAQA + ϵ̄AQ̄
A , (2.2)

where ϵ and ϵ̄ are the spinorial parameter, and QA and Q̄A the operators acting on the
fields, the Killing spinor equation is

DµϵAα = − i

2τ
B

3,A (σµϵ̄B)α , Dµϵ̄
α̇
A = i

2τ
B

3,A (σ̄µϵB)α̇ . (2.3)

There are precisely eight linearly independent solutions, giving eight global supercharges.
Our conventions for the spinors, the R-symmetry indices, and the spacetime indices are
detailed in the appendix A.

The field content of N = 2 SYM theory is a 4d N = 2 vector multiplet, which comprises
a complex scalar ϕ, a Dirac fermion λA in the doublet of SU(2)R, a gauge field Aµ and an
auxiliary field DAB in the triplet of SU(2)R. All of these fields are in the adjoint representation
of the gauge group GYM. Specifying the general action for SYM coupled to background
supergravity [32] to the AdS4 background, one gets the following bulk action

S = Im(τ)
4π

∫
AdS4

LYM + i
Re(τ)
8π

∫
AdS4

Lθ ,

LYM = Tr
[1
2F

µνFµν − 4Dµϕ̄D
µϕ+ 8ϕ̄ϕ+ iλ̄A /̄DλA − iλA /Dλ̄A

− 1
2D

ABDAB + 4[ϕ, ϕ̄]2 − 2λA[ϕ̄, λA] + 2λ̄A[ϕ, λ̄A]
]
,

Lθ = Tr
[1
2ε

µνρσFµνFρσ

]
.

(2.4)

The background supergravity transformations of the vector multiplet, which can be specified
to our background with (2.1)–(2.3), are given by (B.6). The supersymmetry variation of the
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bulk Lagrangian is a total derivative. On a fixed geometry without a boundary the procedure
above immediately gives a theory that preserves eight supercharges. However in AdS, in order
to preserve at least part of the supersymmetry, we need to add boundary terms and consistent
boundary conditions. To discuss the boundary term we introduce an IR cut-off η0 in the
radial coordinate, where the coordinate η is defined by taking the following S3 slicing of AdS4

ds2 = dη2 + sinh(η)2dΩ2
S3 . (2.5)

The cutoff breaks part of the isometries and consequently also part of supersymmetries (see
e.g. [14, 33] for related discussions of supersymmetry in AdS). This means that only a subgroup
of the full OSp(2|4) AdS4 supersymmetry algebra, acting as a 3d N = 2 SUSY algebra on
the boundary, is manifest in the formalism. For generic choices of the parameters that enter
the boundary condition, only this subgroup is preserved, and thus the AdS isometries are
broken. We discuss the additional constraints that are needed to preserve the full AdS4
N = 2 algebra in section 2.3.

More specifically, compatibly with our choice of cutoff in the coordinate η in (2.5), the
largest supersymmetry algebra that can be made manifest from the Lagrangian supplemented
by boundary terms is the massive N = 2 algebra on S3. It is specified by the following
constraint on the AdS4 N = 2 Killing spinors

ϵAα = sinh
(
η

2

)(
ζα

ζ̃α

)
A

,

ϵ̄Aα̇ = −i cosh
(
η

2

)
τ B

3,A

(
(ζσ⊥)α̇

(ζ̃σ⊥)α̇

)
B

,

(2.6)

where ζ and ζ̃ are Killing spinors on an S3 of unit radius, see the appendix C for more details.
The boundary terms needed on the cutoff surface η = η0 in order to preserve this

subalgebra are

S∂ = Im(τ)
4π sinh3(η0)

∫
S3

L∂
YM + i

Re(τ)
8π sinh3(η0)

∫
S3

L∂
θ ,

L∂
YM = 2

sinh(η0)

[
coth(η0)

(3 + cosh(2η0)
sinh(η0)

(ϕ2
1 − ϕ2

2)− 8i coth(η0)ϕ1ϕ2

)
− (cosh(η0)ϕ2 + iϕ1)

(
4i D⊥ϕ1
sinh(η0)

+ 4 coth(η0)D⊥ϕ2 + 2iD12

)
+cosh2

(
η0
2

)
λ1λ2 + sinh2

(
η0
2

)
λ̄1λ̄2

]
,

L∂
θ = 2

sinh(η0)

[
2 coth(η0)

(
2 coth(η0)(ϕ2

1 − ϕ2
2)−

3 + cosh(2η0)
sinh(η0)

iϕ1ϕ2

)
− (ϕ2 + i cosh(η0)ϕ1)

(
4i D⊥ϕ1
sinh(η0)

+ 4 coth(η0)D⊥ϕ2 + 2iD12

)
+cosh2

(
η0
2

)
λ1λ2 − sinh2

(
η0
2

)
λ̄1λ̄2 −

i

2 sinh(η0)(λ1σ⊥λ̄2 − λ2σ⊥λ̄1)
]
.

(2.7)

Here

ϕ1 = ϕ+ ϕ̄

2i , ϕ2 = ϕ− ϕ̄

2 (2.8)
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and ⊥ denotes the curved space index in the radial direction. In our conventions we have
(ϕ)∗ = −ϕ̄, which ensures convergence of the path integral with the action in (2.4), hence
ϕ1,2 in (2.8) are real.

2.2 Boundary conditions

We now discuss boundary conditions at the cutoff surface η = η0 that preserve the massive
3d N = 2 supersymmetry algebra. We will restrict ourselves to the case θ = 0 and describe
the most basic Dirichlet and Neumann boundary conditions.4 In the limit of large η0, the
possible modes for the bulk fields that are compatible with the linearized equation of motion,
with the gauge-fixing A⊥ = 0, are

ϕ1,2(η0) ∼
η0→∞

e−η0
(
ϕ

(0)
1,2 + . . .

)
+ e−2η0

(
ϕ̃

(0)
1,2 + . . .

)
,

λ(η0) ∼
η0→∞

e−
3
2 η0
(
λ

(0)
+ + . . .

)
+ e−

3
2 η0
(
λ

(0)
− + . . .

)
,

λ̄(η0) ∼
η0→∞

e−
3
2 η0
(
λ̄

(0)
+ + . . .

)
+ e−

3
2 η0
(
λ̄

(0)
− + . . .

)
,

Ai(η0) ∼
η0→∞

(
A

(0)
i + . . .

)
+ e−η0

(
Ã

(0)
i + . . .

)
,

(2.9)

where the dependence on the S3 coordinates is left implicit, and the boundary modes of
the spinor satisfy λ

(0)
± = ±iσ⊥λ̄

(0)
± . A boundary condition is a choice of which of these

coefficients are fixed at the boundary, and which are free to fluctuate, and we impose that
this choice is compatible with supersymmetry. To this end, it is convenient to note that the
4d N = 2 multiplets of bulk operators can be decomposed, with η-dependent coefficients,
in pairs of multiplets of the 3d N = 2 associated to the spinors ζ and ζ̃ in (2.6). The 4d
N = 2 vector multiplet of the elementary fields of SYM theory decomposes in the following
two η-dependent 3d N = 2 multiplets

JD(η) :



J = 2ϕ1 ,

j = − i√
2
(
sinh

(η
2
)
λ2 + i cosh

(η
2 )σ⊥λ̄2

)
,

j̃ = i√
2
(
sinh

(η
2
)
λ1 − i cosh

(η
2 )σ⊥λ̄1

)
,

jk = − i

sinh2(η)

(
cosh(η)1

2ε
ij

kFij + sinh(η)Fk⊥
)
,

K = −2 sinh(η)D⊥ϕ2 − 2 cosh(η)(ϕ2 + i
2D12) + 2iϕ1 .

(2.10)

JN(η) :



J = 2ϕ2 ,

j = 1√
2
(
sinh

(η
2
)
λ2 − i cosh

(η
2 )σ⊥λ̄2

)
,

j̃ = − 1√
2
(
sinh

(η
2
)
λ1 + i cosh

(η
2 )σ⊥λ̄1

)
,

jk = − 1
sinh2(η)

(
1
2ε

ij
kFij + cosh(η) sinh(η)Fk⊥

)
,

K = 2 sinh(η)D⊥ϕ1 + 2 cosh(η)ϕ1 −D12 + 2iϕ2 .

(2.11)

4When the theta angle is nonzero, the Neumann boundary condition gets modified to a mixed boundary
condition that fixes a linear combination of J (0)

D and J (0)
N in eq. (2.14).
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We recall the supersymmetry transformations of the 4d and 3d multiplets in the appendix B.
The multiplets JD and JN contain a current jk in the adjoint representation of the gauge
group that is covariantly conserved. Therefore, compared to a more standard linear multiplet
of a conserved current, their supersymmetry variation contain additional terms that involve
the following 3d N = 2 vector multiplet, which is again built from the 4d vector multiplet
using η-dependent coefficients

V(η) :



σ = 2 cosh(η)ϕ1 − 2iϕ2 ,

λ = − sinh(η)
(
cosh

(η
2
)
λ1 − i sinh

(η
2
)
σ⊥λ̄1

)
,

λ̃ = − sinh(η)
(
cosh

(η
2
)
λ2 + i sinh

(η
2
)
σ⊥λ̄2

)
,

Ai = Ai ,

D = −2 cosh(η) sinh(η)D⊥ϕ2 − 2i sinh(η)D⊥ϕ1 − i sinh2(η)D12

−2 sinh2(η)ϕ2 − i cosh(η)ϕ1 − ϕ2 .

(2.12)

Having built these multiplets, the boundary conditions

Dirichlet: lim
η0→∞

eη0JD(η0) = 0 ,

Neumann: lim
η0→∞

eη0JN(η0) = 0 ,
(2.13)

manifestly preserve the massive 3d N = 2 supersymmetry on S3. Written in terms of the
boundary modes in equation (2.9), they set to zero either one of the two following linear
multiplets on S3

J (0)
D = (2ϕ(0)

1 ,−
√
2iλ(0)

2 +,
√
2iλ(0)

1−,−iε
jk
i ∂jA

(0)
k , 2(ϕ̃(0)

2 + iϕ
(0)
1 )) ,

J (0)
N = (2ϕ(0)

2 ,
√
2λ(0)

2−,−
√
2λ(0)

1 +,−Ã
(0)
i ,−2(ϕ̃(0)

1 − iϕ
(0)
2 )) .

(2.14)

Here we are using the notation J = (J, j, j̃, ji,K) for the components of the linear multiplet.
We used that the auxiliary field D12 is set to zero by the equations of motion, so there is no
associated boundary mode. Note that the current ji that we are setting to zero is −iεjk

i ∂jA
(0)
k

in the case of J (0)
D , and Ã(0)

i = − lim
η→∞

eηF⊥i in the case of J (0)
N , so these boundary conditions

are the supersymmetrizations of the ordinary Dirichlet and Neumann boundary conditions
for a gauge field, and are thus guaranteed to define a good variational principle. Since with
Dirichlet the connection trivializes at the boundary, the multiplet J (0)

N of fluctuating modes
is an ordinary linear multiplet with a conserved current ji, and we have a global symmetry
GYM at the boundary. On the other hand, with Neumann, J (0)

D is still the multiplet of a
covariantly-conserved current, coupled to the boundary limit of the vector multiplet V , and
the symmetry GYM is still gauged at the boundary.

We can allow a more general, “modified Dirichlet” boundary condition that preserves
the same supersymmetry, namely

J (0)
D = (−m, 0, 0, 0, 0) (2.15)

where m is an adjoint-valued constant which we can always take to the Cartan, e.g. for
SU(2) we can take m = mτ3. This parameter corresponds to turning on a source for the
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top component of the fluctuating linear multiplet J (0)
N . Turning on m breaks partially the

J (0)
N conserved current. Indeed, applying (B.11) we obtain

∂ij
i + 3

2[m, J ]− i[m,K] = 0 . (2.16)

This is an effect due to the introduction of a central charge in the S3 N = 2 algebra, as
explained below (C.21).

2.3 FAdS-maximization

As explained in the introduction, our goal is studying the transition at strong coupling
between the non-abelian Coulomb phase, i.e. SU(2) preserving Dirichlet boundary condition,
and the phase Higgsed down to U(1). In order to properly set up the problem, and find that
some boundary conditions stop being available at strong coupling, we need to be careful
in specifying what set of boundary conditions we consider allowed. To clarify this point,
consider the example of non-supersymmetric Yang-Mills [2, 7]: in that context, the leading
scenario for the transition to the confinement phase is that the Dirichlet boundary condition
disappears through a mechanism of merger and annihilation. This does not mean that no
boundary condition of Dirichlet-type is allowed when AdS is large, it just means that such a
boundary condition is incompatible with the requirements of unitarity and invariance under
AdS isometries, i.e. conformal symmetry at the boundary. Also in the present setup we
expect that it is important to restrict to the set of boundary condition that realize the full
(super)group of AdS (super-)isometries. In the previous section we saw that only a 3d N = 2
massive supersymmetry algebra on S3 is manifest in the action that we use. We then need
to find additional conditions that ensure that the boundary condition actually preserves
the full symmetry, i.e. 4d N = 2 supersymmetry in AdS4, acting on the boundary as the
3d N = 2 superconformal algebra. In this section we conjecture what these conditions are,
drawing inspiration from the analogous problem that one encounters for supersymmetric
quantum field theory on S3, namely ensuring that the curvature couplings are fixed in such
a way to preserve superconformal symmetry.

Let us recall how this works for 3d theories [22, 23]. The 3d N = 2 supersymmetry
algebra in flat space has an outer automorphism U(1)R which can be a global symmetry
of the theory. If the theory admits additional global symmetries U(1)a, the U(1)R can be
redefined adding to its generator arbitrary linear combinations of those of the U(1)a’s, namely

R = R0 +
∑

a

δa qa , (2.17)

where R0 is an arbitrary R-charge assignment consistent with the Lagrangian, and qa is the
charge of U(1)a. Theories that admit a U(1)R symmetry can be put on S3 by coupling to
the new minimal background supergravity multiplet [34]. The resulting curvature couplings,
the supersymmetry algebra on S3, and the value of the S3 partition function, all depend
on which assignment of R-charge is chosen among the possibilities in (2.17). If the starting
theory in flat space is superconformal, there is another way to put it on S3 that preserves the
full superconformal symmetry, which is to simply perform a Weyl rescaling. The curvature
couplings obtained in this way match those in the previous construction only for a special

– 11 –



J
H
E
P
0
3
(
2
0
2
6
)
2
5
4

choice of the R-charge assignment: namely if one picks the particular R-symmetry that
belongs to the superconformal algebra, i.e. the so-called superconformal R-symmetry. The
latter is not subject to any (continuous) ambiguity because its charge can be obtained from
anti-commutators of the odd superconformal generators {Q,S} = RSCFT + . . . . It was
proposed in [22], and later proved in [23], that the value of the mixing parameters δa that give
the superconformal R-charge is the one that maximizes the quantity Re[FS3 ] = − log |ZS3 |,
where FS3 = − logZS3 is the partition function obtained by putting the theory on the sphere
using the generic R-symmetry.

Going back to AdS4, the bulk N = 2 algebra is isomorphic to the 3d N = 2 superconformal
algebra, in particular it contains an unambiguous bulk U(1)R symmetry with fixed charge
assignment RAdS. However, the boundary condition at the cutoff surface η = η0 is only 1/2-
BPS, and the preserved U(1)R is allowed to mix with other U(1) charges like in (2.17). In AdS
the parameters δa should be thought of as parametrizing different possible 1/2-BPS boundary
conditions at the cutoff surface η = η0. For generic parameters δa the supersymmetry algebra
preserved in AdS4 is then the massive 3d N = 2 algebra on S3. As recalled above, this algebra
may enhance to the full superconformal algebra for specific choices of δa, which identify the
superconformal R-symmetry. Like in the case of local 3d theories that we reviewed above,
we conjecture that also in AdS4 this special values of δa are the ones that maximize the real
part of a supersymmetric partition function, in this case the AdS one

FAdS = − log ZAdS , (2.18)

where ZAdS is computed with the 1/2-BPS boundary condition and it is a function of the
parameters δa.

The way that the parameters δa enter in FAdS can be understood from the general
observation of [22]: for a theory with 3d N = 2 supersymmetry, the partition function
depends holomorphically on the combination ma − iδa, where ma is a real mass deformation
associated to the global symmetry U(1)a. In the context of AdS, this means that the mixing
can happen with global symmetries that act locally on the boundary, i.e. having an associated
conserved current at the boundary, in terms of which one can define a real mass deformation.
One important class of examples with boundary conserved currents, which will be our main
focus, is that of gauge theories with Dirichlet boundary conditions. In that case, the real
mass deformation at the boundary corresponds to a Cartan-valued parameter entering the
modified Dirichlet boundary condition (2.15), i.e. defining a = aaHa, with Ha the Cartan
generators, we have aa = ma. Therefore, the mixing with the R-symmetry is achieved by
complexifying the parameter in the boundary condition and considering aa = ma − iδa. This
can also be explicitly checked within the 1/2 BPS massive subalgebra in AdS4, as we show
in detail in the appendix, below (C.21).

Besides the mere analogy with the S3 case, the following arguments support the conjecture
of FAdS-maximization:

• SCFT on AdS4. Consider the special case in which the bulk theory is a SCFT. A
SCFT in AdS4 background with a boundary condition that preserves the full super-
symmetry can be mapped, through a Weyl rescaling, to the hemisphere HS4, with a
superconformal boundary condition on the equatorial S3. Therefore, when the bulk

– 12 –



J
H
E
P
0
3
(
2
0
2
6
)
2
5
4

theory is superconformal, we have a one-to-one correspondence between AdS4 invariant
boundary conditions and superconformal boundary conditions on HS4. When the
SCFT is placed on the hemisphere HS4 with a boundary condition on the equatorial S3,
the same ambiguity as (2.17) arises for the U(1)R symmetry preserved by the boundary
condition. In [24] it was argued that in order to find superconformal boundary con-
ditions one needs to determine the values of δa’s that maximize the real part of the
partition function FHS4 = − logZHS4 .5 Then, our proposal coincides with the one [24]
if FAdS = FHS4 , so that maximizing this quantity to find AdS4 invariant boundary
condition is the same as the procedure of [24] to find superconformal boundary condi-
tions. The relation FAdS = FHS4 trivially holds at the extremal value of δa, because
in that case the two partition functions are related by the Weyl rescaling mentioned
before. However we need this relation to hold also for general δa’s in order to support
our conjecture. As an evidence for this, in the next section we perform a localization
calculation of ZAdS for pure SYM theory, allowing for generic mixing of the U(1)R,
and we find a match with the result for ZHS4 obtained in [26, 27]. While we have not
performed the full localization calculation in AdS for generic gauge theories with matter,
we have checked that the one-loop determinants are the same on AdS and HS4 even
when hypermultiplet matter is included, in particular for superconformal gauge theories.
From this perspective, our proposal of FAdS maximization can be seen as an extension
of the proposal of [24] from the special case of SCFTs to massive QFTs in AdS4.

• Holography. If we consider a 3d SCFT that has an AdS4 supergravity dual, turning on
generic U(1)R mixing in the SCFT maps to boundary conditions that are not invariant
under the full AdS4 isometry on the supergravity side. The equality ZSCFT

S3 = ZAdS
between the deformed partition functions is a basic entry of the holographic dictionary.
Therefore in this context the boundary conditions that preserve the full 3d N = 2
algebra are manifestly obtained by maximizing Re[FAdS]. From this perspective, our
proposal arises by taking the rigid limit MPl → ∞ to recover a QFT in AdS. See
references [36–38] for holographic calculation in AdS4 duals of the partition function of
3d SCFTs. As a further example of the predictive power of this decoupling limit for
QFT in AdS, note that [37] found a direct relation between FS3 , seen as a function of
the mixing parameters, and the prepotential of the supergravity theory, as a function
of the scalars in vector multiplets. As we discuss in section 5 below, the quantity FAdS,
as a function of the boundary values of the scalar fields, can in fact be seen as a fully
quantum-corrected prepotential for the theory in AdS background, consistently with
the decoupling limit.

5Reference [24] further normalizes |ZHS4 | dividing it by a factor of |ZS4 |
1
2 . This ensures the cancellation

of contributions due to bulk Weyl anomalies or ambiguous curvature counterterms. The resulting combination
F∂ = − log |ZHS4 |/(|ZS4 |

1
2 ) is a universal quantity that decreases along boundary RG flows, as was proved

using entropic arguments in [35]. The normalization is however not needed to implement the maximization:
bulk Weyl anomalies or local counterterms cannot depend on the parameters δa of the boundary conditions.
Similar remarks on the dependence on Weyl anomalies and ambiguous counterterms apply also to AdS.
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3 AdS4 localization

In this section we perform the localization computation of FAdS = − logZAdS for SYM. This
will be the crucial quantity to discuss the transition to the Higgs phase for GSYM = SU(2)
in section 4. Readers that are only interested in this application can simply read the result
for ZAdS in equation (3.3) and skip to the next section. Localization in AdS spacetime has
been studied in [14–20, 39–42].

The theory we are considering has a marginally-relevant gauge coupling, with one-loop
exact beta function, and this is seen in the localization calculation from a renormalization
needed to absorb UV divergences in the one loop determinants [43] (we show the details in
the appendix D). As a result the coupling is traded with a scale µe

2πiτ(µ)
b1 = Λ where b1 is the

coefficient of the one-loop beta function, for pure SU(2) SYM b1 = 4. In particular taking τ
to be the coupling at the scale of the inverse AdS radius we have

eπiτ = (ΛL)
b1
2 , (3.1)

where we restored L for clarity, though we will keep L = 1 in the calculation. The partition
functions are written in terms of Λ and the Lie algebra matrix m in equation (3.13), which is
fixed with Dirichlet boundary condition, and fluctuating with Neumann boundary condition.
In both cases there are one loop contributions from the determinants, expressed in terms
of Barnes G-functions through the combination

H(x) = G(1 + x)G(1− x) . (3.2)

and nonperturbative contributions that are encoded by the Nekrasov instanton partition
function ZNekrasov(m,Λ) [28]. In both cases the final result involves a product over the positive
roots ∆+ of the gauge group GYM. The results are

• Dirichlet boundary conditions

ZD
pure SYM(m,Λ) = Λ

b1
2 Tr(m2) ∏

α∈∆+

H(iα ·m) α ·m
sinh(πα ·m)ZNekrasov(m,Λ) . (3.3)

• Neumann boundary conditions

ZN
pure SYM(Λ) =

∫
dm Λ

b1
2 Tr(m2) ∏

α∈∆+

(α ·m) sinh(πα ·m)H(iα ·m) · ZNekrasov(m,Λ) .

(3.4)

Here the integral over the Lie algebra has been rewritten as an integral over the Cartan
sub-algebra including the contribution from the Vandermonde determinant.

We have picked the following Killing spinor to define the localization charge Qloc

ϵAα = 1√
2
sinh

(
η

2

)
δAα , ϵ̄α̇A = i√

2
cosh

(
η

2

)
τ α

3,A . (3.5)

We proceed by studying the locus together with the classical contribution. We then discuss
the instanton corrections, leaving the 1-loop determinant computations to the appendix D.
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Note that to perform the calculation of the one-loop determinants we use a fixed point
formula (D.15), commonly used in the literature for this type of calculations. This formula
applies rigorously only on compact spaces, but it was explicitly shown, for instance in [14, 18],
that when this formula is applied to non-compact hyperbolic manifolds the final result
is consistent with the one obtained by other methods. To make the presentation of the
localization calculation less involved, in most of this section we skip the details of the
gauge-fixing. We comment the role of the gauge-fixing in section D.1.

3.1 The AdS locus and classical contributions

To perform localization we deform the action by a Qloc-exact term SSYM + t
∫

AdS QlocV and
take the limit t → +∞. We take

V = Tr
[
λA(Qlocλ

A)∗ + λ̄A(Qlocλ̄
A)∗

]
. (3.6)

Here the ∗ denotes complex conjugation, which is defined on the Euclidean fields as

(ϕ)∗ = −ϕ̄ , (Aµ)∗ = Aµ , (DAB)∗ = −DAB . (3.7)

This choice ensures that the action (2.4) is a sum of positive terms, so that the path integral
is convergent.

The resulting localization action for the bosonic fields takes the form

QlocV
∣∣
bosonic = Tr

[
ϵAϵA

(
F−

µν + 2
ϵAϵA

v[µDν]−ϕ2 + i
ϵAσµνϵ

Bτ3,AB

ϵCϵC
ϕ2

)2

+ ϵ̄Aϵ̄
A
(
F+

µν − 2
ϵ̄Aϵ̄A

v[µDν]+ϕ2 − i
ϵ̄Aσ̄µν ϵ̄

Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

)2

+ 4
ϵAϵA + ϵ̄Aϵ̄A

(
Dµ[(ϵAϵA + ϵ̄Aϵ̄

A)ϕ1]
)2 + ( 1

ϵAϵa
+ 1
ϵ̄Aϵ̄A

)
(v ·Dϕ2)2

+ 1
2(ϵAϵA + ϵ̄Aϵ̄A)

∣∣2ϕ1(ϵCϵC − ϵ̄C ϵ̄
C)τ3,AB + (ϵCϵC + ϵ̄C ϵ̄

C)DAB

∣∣2
− 16(ϵAϵA + ϵ̄Aϵ̄

A)[ϕ1, ϕ2]2
]
,

(3.8)

where the ± superscript refers to the self-dual/anti-self-dual components of the tensor, and
vµ = 2ϵ̄Aσ̄µϵA. This action is a sum of squares of real quantities, in particular it is positive
semi-definite, and therefore the stationary point in the limit t→ +∞ is given by QlocV = 0,
which defines the localization locus.

In order to derive the locus, we make a simplifying assumption: we assume that the
field configuration at the locus is invariant under the SO(4) symmetry that acts on the
S3 at fixed radial coordinate η. This means that we allow only η-dependent profiles for
each field, and we look for the locus among these configurations. In particular, while SO(4)
invariance still allows a nonzero Aη which is only function of η, that can be always set to
zero by a gauge transformation. As a result the gauge connection trivializes — with the
important exception of singular instanton contributions localized at the origin, as we discuss

– 15 –



J
H
E
P
0
3
(
2
0
2
6
)
2
5
4

below — and the gauge-covariant derivatives can be treated as ordinary derivatives. It is
convenient to rewrite the expression (3.8) as

QlocV
∣∣
even = Tr

[ 4
cosh(η)

(
Dµ[cosh(η)ϕ1]

)2 + 1
2 cosh(η)

∣∣− 2ϕ1τ3,AB + cosh(η)DAB

∣∣2
+ 4ϕ2

(
−D2 − 2

)
ϕ2 − 16 cosh(η)[ϕ1, ϕ2]2

+ cosh2
(
η

2

)(
F−

µν + i
ϵAσµνϵ

Bτ3,AB

ϵCϵC
ϕ2

)2

+ sinh2
(
η

2

)(
F+

µν − i
ϵ̄Aσ̄µν ϵ̄

Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

)2

+Dν

(
Dν(2 cosh(η)ϕ2

2
)
− 4F̃µνvµϕ2

)]
,

(3.9)

where F̃µν = 1
2εµνρσF

ρσ. Unlike (3.8), this rewriting is not a sum of squares of real quantities,
but we still obtain a sum of non-negative terms up to a total derivative. Indeed −D2 − 2 has
a positive spectrum, because the possible eigenvalues of the scalar Laplacian D2 are smaller
than the Breitenlohner-Freedman bound m2

BFL
2 = −9

4 [44]. We can then proceed to find the
locus by imposing that each term vanishes. Setting to zero the terms in the first line gives

ϕ1 = − m

2 cosh(η) , DAB = − 1
cosh2(η)

τ3,AB m . (3.10)

with m a constant Lie-algebra valued matrix. Setting to zero the terms in the second line gives

ϕ2 = c1
sinh(η)2 + c2 cosh(η)

sinh(η)2 , [c1,m] = [c2,m] = 0 . (3.11)

Setting to zero the term in the third line, since the connection is trivial, forces

c1 = c2 = 0 . (3.12)

This automatically satisfies also the constraint given by the term in the fourth line. In
addition, since the coefficient of this term is sinh(η)2, we can also allow for a discontinuous
field configuration that is non-vanishing only at the center η = 0. The field ϕ2 solves the
classical equation of motion everywhere, to ensure vanishing of the term in the second line,
so it cannot have such a discontinuity. However, by analogy with the S4 case [43], we can
allow singular instantons for which F+

µν is non-vanishing at the center, while F−
µν = 0. We

discuss their contributions below in section 3.2. Note that also the total derivative term
vanishes identically when we plug the bulk solution ϕ2 = 0.

The field configuration that we obtained in this way satisfies

J (0)
D = lim

η0→∞
eη0JD(η0) = (−m, 0, 0, 0, 0) ,

J (0)
N = lim

η0→∞
eη0JN(η0) = (0, 0, 0, 0, 0) ,

(3.13)

so it is compatible with either the choice of (modified) Dirichlet or of Neumann boundary
condition defined above. For (modified) Dirichlet the matrix m is interpreted as a fixed
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parameter of the boundary condition, while for Neumann it belongs to the multiplet that is
fluctuating at the boundary, therefore one still needs to perform a finite-dimensional integral
over it. There is however an observation to be made about the condition on J (0)

D : while the
component K of J (0)

D is vanishing both for t = 0 (i.e. the original SYM action) and for t→ ∞,
consistently with supersymmetry, we observe that its expression in terms of the modes of the
component fields at the boundary is different in the two cases. As we showed above, at t = 0
we have K = 2(ϕ̃(0)

2 + iϕ
(0)
1 ), so to ensure K = 0 we need ϕ̃

(0)
2 = −iϕ(0)

1 = im2 . On the other
hand, at the locus the field ϕ2 vanishes identically, but the non-trivial background (3.10) for
the auxiliary field D12, when plugged in eη0JD(η0), ensures that there is again a cancellation
of the K component. The fact that at the localization locus there is a nonzero value for an
auxiliary field of the vector multiplet, proportional to a scalar in the vector multiplet, is
actually common in localization, see e.g. [14, 26, 27, 43]. Therefore both (modified) Dirichlet
and Neumann boundary conditions can be expressed in the same way in terms of the boundary
multiplets J (0)

D and J (0)
N at t = 0 and t→ ∞. It is natural to expect that this is a general

consequence of the fact that these conditions remain valid at arbitrary values of t. In order
to check this one would need to study the variational principle for LSYM + tQlocV .

The classical contribution to the localization formula is given by plugging the locus (3.10)
in the action (2.4)–(2.7). The result it

e−S

∣∣∣∣
loc

= eπiτTr[m2] . (3.14)

We then trade eiπτ to Λ
b1
2 as explained in (3.1).

3.2 Instantons in AdS4

As we said above, the minimization of the localization action allows discontinuous configura-
tions in which F+

µν is non-vanishing only at the center η = 0. These configurations satisfy
F−

µν = 0 and are localized instantons, namely as in the case of S4 [43] we include in the
path integral singular configurations of the gauge field. The fact that these configurations
are localized allows to escape the no-go result for instanton contributions in the presence
of Dirichlet boundary conditions [1, 2].

The Q̂loc-complex, for the part of the path integration close to the center of AdS4,
is equivalent to the one of [28]. As for S4 case we therefore obtain a Nekrasov partition
function contribution. The Killing vector generated by Q̂2

loc fixes the parameters ϵ1, ϵ2 of
the Ω background to be

ϵ1 = ϵ2 = 1
L
. (3.15)

The sum is just over the instanton contributions, and not anti-instantons. Indeed, as
opposed to the S4 case and similarly to the HS4, we only have one point where the field
configuration can be singular while F−

µν = 0. The difference between instantons and anti-
instantons comes from the choice of orientation of the boundary. Note that the full dependence
on τ comes from the classical and the nonperturbative contribution to the partition function,
and both these contributions are holomorphic in τ . A change of the boundary orientation
would make it anti-holomorphic.
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4 Transition to adjoint-Higgsing in pure SU(2) SYM

We are now ready to apply the results of the previous sections to study the large radius
/ strong coupling limit of pure SU(2) SYM in AdS4, starting with the Dirichlet boundary
condition with SU(2) boundary global symmetry at weak coupling. We study this problem via
the maximization of FAdS as a function of the complexified parameter a = −iδ, which ensures
that the boundary condition satisfies AdS (super-)isometries. More precisely, we will maximize

Re[FAdS(−iδ,Λ)] = − log |ZD
SU(2)(a,Λ)|

∣∣∣
a=−iδ

. (4.1)

as a function of δ, for various values of the coupling Λ. Starting from (2.16), with m = mτ3,
and shifting m→ m− iδ, we see that also δ induces a breaking of the boundary SU(2) current,
even with m = 0. While the breaking of SU(2) due to m was due to the introduction of
a central charge in the algebra, as explained below (2.16), the breaking due to δ is caused
by the mixing with the R-symmetry, which changes the curvature couplings, as explained
below (2.17).

As discussed in the introduction, our expectations are that, at small AdS radius, the
origin δ = 0 will describe a stable SU(2)-preserving boundary condition, while, at finite
ΛL, the preferred boundary condition chosen by FAdS-maximization will be at finite δ and
only preserve the Cartan of SU(2).

We showcase only the main outcomes of our analysis, the reader interested in the detailed
implementation can consult appendix E. As shown previously, the full supersymmetric
partition function on AdS4 for SU(2) takes the form:

ZD
SU(2)(a,Λ) = Λ4a2 2a

sinh(2πa)G(1 + 2ia)G(1− 2ia)ZNekrasov(a,Λ) , (4.2)

where a = m− iδ parametrizes the complexified VEV of ϕ1, which without loss of generality
we take to be in the τ3 direction: ϕ1 = − mτ3

2 cosh(η) . We will omit the explicit L dependence
in several expressions. It can be restored by rescaling a → aL and Λ → ΛL.

The Nekrasov partition function admits a well known weak coupling expansion

ZNekrasov = 1 +
∞∑

k=1
Ik(a) Λ4k . (4.3)

The coefficients Ik(a) of the instanton expansion can be computed to an arbitrarily large
order by employing the algorithm of [28, 45]. In practice, for numerical evaluations we will
need to truncate the sum over k to some kmax. In our study we will use up to kmax = 16.
The first few terms of the series are

I1(a) =
1

2 (a2 + 1)

I2(a) =
8a2 + 33

4 (a2 + 1) (4a2 + 9)2

I3(a) =
8a4 + 99a2 + 366

24 (a2 + 1) (4a2 + 9)2 (a2 + 4)2

I4(a) =
256a8 + 7616a6 + 91276a4 + 521211a2 + 1109820

384 (a2 + 1) (4a2 + 9)2 (a2 + 4)3 (4a2 + 25)2 .

(4.4)
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This expansion is clearly valid in the weak coupling region Λ ≪ 1. We are however interested
in the physics at strong coupling Λ ∼ O(1). The convergence of the expansion at intermediate
Λ is a non-trivial matter.6 For generic (fixed) values of a, the coefficients Ik(a) decay fast
enough with k, making the truncation error for fixed Λ bounded as a function of a.

We can also assess the reliability of our truncation by looking at the singularities of FAdS
as a function of δ. Note that singularities of FAdS correspond to zeroes or poles of Z. We
observe two types of singularities: spurious ones at the Λ-independent location δ = 1

2Z for
|δ| ≥ 1, that disappear as we increase kmax; and physical ones whose position depend on the
value of Λ. The spurious singularities originate from the fact that

Z1-loop = 2a
sinh(2πa)G(1 + 2ia)G(1− 2ia)

∣∣∣∣
a=−iδ

(4.5)

has zeroes at δ = 1
2Z for |δ| ≥ 1. We observe that these zeros are compensated by the poles of

the Nekrasov partition function at δ = 1
2Z for |δ| ≥ 1. For a given kmax only a finite number

of such poles is present in ZNekrasov, namely the ones at δ = n
2 with 2 ≤ |n| ≤ kmax + 1,

as visible from the first few terms in (4.4). As kmax is increased, more poles appear in
ZNekrasov and the orders of the poles also increase. As a result, more spurious singularities
of FAdS disappear. So for a given kmax we can only trust the function FAdS in the region
|δ| ≤ δmax in which the spurious poles cancel. We observe that up to 16 instantons, all
spurious singularities for |δ| ≤ 4 are canceled.

On the other hand, the physical, Λ-dependent singularities of FAdS come from zeroes
in ZNekrasov. We observe that these zeroes gradually merge and disappear as Λ increases,
starting from the ones that are at smaller values of |δ|, and moving to larger and larger values
as Λ increases. As a result, a larger portion of the δ axis becomes free from singularities
as Λ increases. Interestingly, we find evidence that the disappearing of zeroes is related
to the emergence of new maxima in the AdS free-energy, see the discussion in appendix E
for more details.

In order to numerically investigate the emergence of new maxima at strong coupling,
we first need to determine the region in the (δ,Λ) plane in which the truncated instanton
expansion is reliable. We impose two constraints: first, the truncation error, estimated by the
relative error between kmax and kmax − 1, must be small for generic δ and fixed Λ; second,
the spurious singularities in δ must have disappeared in the region of δ that we consider. For
kmax = 16 we find the reliable region to be 0 < δ < 2.466 and 0 < Λ < 1.5, for which the
relative error in the free energy is smaller than 10−6. This allows us to reliably investigate
the emergence of new maxima in part of the strong-coupling regime.

Figure 1 showcases the free-energy for different values of Λ. At weak coupling 1(a)
the origin of the Coulomb branch is a stable maximum, as predicted by the semiclassical
analysis. This is the only maximum — defining a superconformal boundary condition with
the full SU(2) global symmetry — for small enough Λ. Note that it is only a local and
not a global maximum of the function, due to the existence of the physical singularities
mentioned above, at which Re[FAdS] → +∞.

6For a recent discussion of the convergence properties of the instanton expansion, albeit in a different
regime, see [46].
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Figure 1. Free energy FAdS(−iδ,Λ) for different values of Λ. (a) Weak coupling regime with single
maximum at the origin δ = 0. Note that the points where the function shows steep growth are actual
physical singularities where Re[FAdS] → +∞ and as such they do not give rise to any additional
smooth local maximum outside of the origin. (b) At intermediate values of the coupling, a new smooth
local maximum emerges at nonzero δ, with a larger value of Re[FAdS] compared to the one at origin,
signaling the transition to a SU(2)-breaking boundary condition. (c) At even stronger coupling a
second smooth local maximum with δ ≠ 0 emerges, larger than the first one. More and more of these
maxima are expected to emerge as we increase ΛL, eventually accumulating and giving rise to the flat
direction in the flat space limit.

As we increase Λ while remaining within our regime of validity, a second local maximum
at δ ≠ 0 appears at Λ ∼ 0.88. This happens due to a merger of singularities (figures 2(a)
and 2(b)). The value of Re[FAdS] at this new local maximum is higher than the one at the
origin. This is a new superconformal boundary condition where the bulk gauge symmetry
is broken down to a U(1) subgroup. Since this is the largest available local maximum, we
take this to signal that the theory at Λ > 0.88 transitions to an adjoint Higgs phase, the
one expected from the flat space limit.

By further increasing Λ, new leading maxima appear further away from the origin, while
their overall height approaches zero, as shown in figure 1(c) and figure 3 in the appendix. As
none of the former maxima disappear, we expect that, in the flat space limit, a continuous
Coulomb branch of vacua emerges from the merging of a dense set of discrete maxima of
the AdS free energy. This is also corroborated by the mechanism for the emergence of local
maxima via merging of singularities of the instanton partition function, which requires the
number of maxima to keep increasing as we approach the flat space limit.

Note that our analysis does not prove that the maximum at the origin becomes disallowed
when the new maxima emerge, but it proves that a new SU(2)-breaking boundary condition
becomes allowed, and it appears favored by the larger value of Re[FAdS]. Studying in more
details the properties of the SU(2) preserving boundary condition, such as the spectrum of
its operators, it could be possible to find that some obstruction emerges at ΛL ∼ 1 forcing
one to adopt the new Higgsed boundary condition. Another related possibility is that the
larger value of Re[FAdS] in the new maximum signals the existence of a bulk instability with
the SU(2) preserving boundary condition, that triggers a transition to the broken one. It
would be interesting to clarify this point, we leave it for future work.

Summarizing, and restoring the AdS length L for clarity, our analysis leads to two
main lessons:
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Figure 2. New maxima in the free energy F (−iδ,Λ) emerge from merging singularities as Λ increases.
(a, b) A new leading maximum emerges at finite Λ from the merging of two singularities. (c, d) A
third maximum emerges from merging singularities.

1. The local maximum of Re[FAdS] is the SU(2)-preserving boundary condition δ = 0 at
weak coupling ΛL≪ 1, but for ΛL ∼ 1 larger maxima emerge with δ ≠ 0, breaking the
boundary SU(2) symmetry down to U(1). This matches the expectation from the flat
space limit, in which there is no vacuum preserving the full SU(2) gauge group, and
the gauge symmetry is broken to U(1) by adjoint Higgsing.

2. The flat space Coulomb branch of vacua arises through the merging of local maxima of
the AdS free energy FAdS, which combine into an emergent flat direction for ΛL→ +∞.

5 FAdS = −4πiFAdS

In this section we provide evidence for an identification of the AdS-free energy FAdS with
the curved space prepotential FAdS. This is partly inspired by the results of [37] in the
context of AdS4/CFT3: that work found a relation between the S3 partition function of the
CFT3 — which by the holographic duality can be also identified with the bulk AdS4 partition
function — and the bulk prepotential in the supergravity theory. Besides the gravitational
decoupling limit MPl → ∞ of the result of [37], the identification purely for QFT in AdS
is suggested by three main observations:
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1. The AdS free energy FAdS obeys an analog of the Matone relation [29] (1.10) for the
flat space prepotential, namely one can obtain the VEV of a gauge-invariant Coulomb
branch operator by acting on it with a certain differential operator.

2. FAdS also reproduces the correct Seiberg-Witten prepotential in the flat space limit

FAdS ≃ −4πiL2Fflat(a,Λ) +O(log(L)) , (5.1)

where Fflat reads, for the SU(2) theory7

Fflat(a) = − i

2πa
2
(
log

(
Λ2

4a2

)
+ 3 +

∞∑
k=1

Fk

(Λ
a

)4k
)
. (5.2)

3. The maximization procedure can be recast as the positivity of the IR gauge coupling.
Indeed at δ∗

∂2Re[FAdS]
∂δ2

∣∣∣∣∣
δ=δ∗

≤ 0 . (5.3)

Using τ(a) = F ′′
AdS(a) and our proposed identification this becomes

Im [τ(a)]|δ=δ∗ ≥ 0 . (5.4)

We now provide more details for the first two observations in the specific case of pure SU(2)
SYM. We believe that such a relationship holds more generally for N = 2 gauge theories
in AdS background.

5.1 AdS Matone relation

Let us define

Ak = Tr[ϕk] , Āk = Tr[ϕ̄k] . (5.5)

Then the Matone relation in flat space reads

u = −⟨A2⟩ = πi

(
Fflat(a)−

1
2a∂a Fflat(a)

)
. (5.6)

Since the prepotential (5.2) is a function of the form a2f(Λ/a), it satisfies the equation

(2− a∂a)Fflat = Λ∂ΛFflat . (5.7)

Recall that τUV appears in the combination Λ = µeπiτUV(µ)/2.8 This allows us to rewrite
the Matone relation in the compact form

u = ∂τUVFflat . (5.8)
7We use the conventions of [47] with the following modifications: a2

here = 2a2
there, Λhere = 1

2 Λthere.
8A notational remark: the low energy coupling of the effective U(1) gauge theory, which is obtained from

the prepotential, is often denoted by τ , hence to avoid confusion in this section we adopt the symbol τUV to
denote the UV gauge coupling in the Lagrangian of the non-abelian gauge theory.
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Moving to AdS, we can still define u as the VEV of the operator −⟨A2⟩, which for any
choice of boundary condition that preserves the AdS isometries will be a constant. On the
other hand, the a dependence will stem from the choice of (modified) Dirichlet boundary
condition. For general a, the AdS isometries are broken and there is a preferred foliation
with S3’s at fixed radial coordinate η. In this case we can think of u as the expectation
value at the center of AdS ⟨A2(η = 0)⟩.

The relation (5.8) suggests that it should be possible to obtain u = −⟨A2(0)⟩ from the
derivative with respect to the coupling in the Lagrangian of some quantity. To prove the AdS
Matone relation we need to understand what this quantity is in AdS. Obtaining correlation
functions of chiral primaries from derivatives with respect to the associated coupling is
reminiscent of the results of [48] for Coulomb branch correlators on S4. These have already
been adapted in [25] to compute one-point functions of chiral operators on HS4, and we will
now discuss how to adapt them to AdS. Consider a generic deformation by the top component
C of a chiral operator of R-charge w. The N = 2 action is modified by

SN=2 → SN=2 +
∫

AdS4

√
g
(
λkCk + λ̄kC̄k

)
+
∫

∂AdS4

√
h
(
λkC∂, k + λ̄kC̄∂, k

)
, (5.9)

where the bulk Lagrangian densities have the following expression in terms of the components
of the chiral multiplet described in appendix B.1

C = C − i(w − 2)(τ3)ABBAB + 2(w − 2)(w − 3)A ,
C̄ = C̄ + i(w − 2)(τ3)ABB̄AB + 2(w − 2)(w − 3)Ā ,

(5.10)

and w denotes the conformal dimension of A. The deformation transforms under Q by
a total derivative

δC = −Dµ
(
2iϵ̄AσµΛA + 2s2(w − 2)(τ3)AB ϵ̄(Aσ̄

µΨB)
)
,

δC̄ = −Dµ
(
2iϵAσµΛ̄A − 2s1(w − 2)(τ3)ABϵ(Aσ

µΨ̄B)
)
.

(5.11)

In the presence of a boundary, our deformation must be supplemented by the appropriate
boundary term in order to preserve the Q supercharge. Similarly to what we did in section 2
for the SYM action, we define the boundary term on a cutoff surface at a large value of
η = η0 ≫ 1. The boundary terms read

C∂ = coth
(
η0
2

)(
− i(τ3)ABBAB + 2D⊥A+ 4(w − 2)A

−
(
1 + coth2

(
η0
2

)
− 6 coth

(
η0
2

)
coth(η0)

)
A

)
,

C̄∂ = tanh
(
η0
2

)(
i(τ3)ABB̄AB + 2D⊥Ā+ 4(w − 2)Ā

−
(
1 + tanh2

(
η0
2

)
− 6 tanh

(
η0
2

)
coth(η0)

)
Ā

)
.

(5.12)

In order to explicitly compute the derivative with respect to λk, we rewrite the pertur-
bation C as

C = DµV
µ + δQF , C̄ = DµV̄

µ + δQF̄ (5.13)
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where:

V µ = 2BAB
ϵ̄Aσ̄µϵB

ϵCϵC
− 2iτ3,AB

ϵ̄Aσ̄µϵB

ϵCϵC

(
s2(2w − 3)− s1

ϵ̄C ϵ̄
C

ϵDϵD

)
A− 2 ϵ̄C ϵ̄

C

ϵDϵD
DµA ,

V̄ µ = −2B̄AB
ϵAσµϵ̄B

ϵ̄C ϵ̄C
+ 2iτ3,AB

ϵAσµϵ̄B

ϵ̄C ϵ̄C

(
s1(2w − 3)− s2

ϵCϵC
ϵ̄D ϵ̄D

)
A− 2 ϵ̄C ϵ̄

C

ϵDϵD
DµA ,

F = −ϵ
AΛA

ϵCϵC
+ i

τAB
3 ϵAΨB

ϵCϵC

(
s2(w − 3)− s1

ϵ̄C ϵ̄
C

ϵDϵD

)
−Dµ

(
ϵ̄Aσ̄µΨA

ϵCϵC

)
,

F̄ = − ϵ̄
AΛ̄A

ϵ̄C ϵ̄C
+ i

τAB
3 ϵ̄AΨ̄B

ϵ̄C ϵ̄C

(
− s1(w − 3) + s2

ϵCϵC
ϵ̄D ϵ̄D

)
+Dµ

(
ϵAσµΨ̄A

ϵ̄C ϵ̄C

)
.

(5.14)

A lengthy, but straightforward computation gives∫
Ck +

∫
∂
C∂,k = 32π2Ak(0) + δQ

∫
F ,∫

C̄k +
∫

∂
C̄∂,k = δQ

∫
F̄ .

(5.15)

The Q-exact terms has zero VEV and we are left with the final result

∂λkFAdS|λ=0 = 32π2⟨Ak(0)⟩ , (5.16)

where the role of the north pole of the sphere in [25, 48] is played by the center of AdS4.
It might be confusing why the point η = 0 plays a special role, given that AdS, unlike the
hemisphere, is a homogeneous space. We stress that this is due to the fact, explained in
section 2, that we can only manifestly preserve a subgroup of the (super)isometry, as is
explicit by the choice of boundary terms on the cutoff surface η = η0. Of course, if the
boundary condition is chosen appropriately following the maximization procedure, the full
spacetime (super)symmetry is restored and the VEV ⟨Ak⟩ is constant in AdS.

Let us specialize to A = A2. In this case the associated chiral Lagrangian C2 gives
precisely the SYM one in (2.4), provided we specify

λ2 = i
τUV
8π . (5.17)

In this way we have

∂τUVFAdS = 4πi⟨A2(0)⟩ = −4πi u . (5.18)

Comparison with (5.8) prompts the identification

FAdS = −4πiFAdS . (5.19)

We stress that the relation (5.16) holds in general for Coulomb branch operators in any
N = 2 theory. While for SU(2) SYM the operators Ak with k ≥ 3 are not independent due to
trace relations, some of them become independent for higher rank theories and this relation
can be used to compute their VEVs. Moreover, both in higher rank theories and in SU(2),
one can also consider multiple derivatives, which by the same logic can be showed to give
the VEV of multi-trace Coulomb branch operators. Taking the flat-space limit, these AdS
relations allow to derive many generalizations of the Matone relation, both for higher rank
and for multi-trace operators, relating their VEVs to appropriate derivatives of the flat-space
prepotential with respect to UV couplings. It would be interesting to explore further these
generalizations, both in AdS and in flat space.
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5.2 The flat space limit

The identification (5.19) is also prompted by the flat space limit. We will work in a regime in
which L → ∞ while a is kept finite. The relation between the flat-space prepotential and
the flat-space limit of the supersymmetric partition function has been already pointed out
on S4 in [49, 50], though in that case it is slightly obscured by the fact that it works at
the level of the integrand of the localization matrix model. In the present context instead
we are directly taking the limit of a partition function. In this limit, the perturbative part
of the partition function

log(ZD
SU(2))pert = 2L2a2 log

(
Λ2
)
+ log

(
G(1 + 2iaL)G(1− 2iaL) 2aL

sinh(2πaL)

)
(5.20)

becomes, via the large z asymptotics log(G(1 + z)) ∼ 1
2z

2 log(z) − 3
4z

2 + . . .

log(ZD
SU(2))pert ∼

L→∞
2L2a2

(
log

(
Λ2

4a2

)
+ 3

)
+O(log(L)) , (5.21)

giving 4πiL2 times the perturbative part of the flat space prepotential (5.2). For the
nonperturbative part [28], we use that in the small ϵ1, ϵ2 regime the instanton partition
function approaches the nonperturbative part of the prepotential

log (ZNekrasov(a,Λ)) ∼
L→∞

4πiL2Finst, flat(a) + . . . . (5.22)

Putting the two pieces together

F (a,Λ) ∼
L→∞

−4πiL2Fflat(a) + . . . , (5.23)

consistently with our proposed identification (5.19).

6 Conclusions

In this paper we have explored some aspects of N = 2 SUSY QFTs on a background AdS
space, with a special focus on the example of pure SU(2) SYM. There are many interesting
possible future directions:

• Higher rank/matter generalizations. The study of the transitions between possible
boundary conditions can be extended to theories with more general gauge groups,
and/or with the inclusion of matter hypermultiplets [51]. The latter would require to
include matter contributions in the localization calculation in AdS4, though we still
expect to find a match with the HS4 result. Another interesting aspect would be to
check the relation between the partition function and the prepotential in these more
general theories. This relation suggests that in the higher rank case the bulk VEV of the
various single trace chiral operators should be computed by the appropriate derivatives
of the AdS prepotential. It would also be interesting to understand the mixing between
multi-trace operators in AdS, which is related by our proposal to higher derivatives of
the AdS prepotential [48].
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• Instantons in AdS. We have seen that localized instantons are allowed by localization
even in the presence of Dirichlet boundary conditions. The fact that these are singular
configurations is presumably the reason why they violate the expectation that Dirichlet
should forbid them [2]. Their inclusion is key to understand the strong coupling physics
in AdS using localization. Besides the example studied here, the physics of instantons
in AdS space remains largely unexplored. It would be instructive to understand how
Dirichlet or Neumann boundary conditions on the conformal boundary lead to differences
in the instanton spectrum, and the resulting effect on strong coupling physics.

• Monopole and dyon points from FAdS-maximization. In flat space, new massless
degrees of freedom emerge at the special loci u = ±Λ2 of the Coulomb branch, where
either monopoles or dyons become massless. To make contact with these special points,
it would be interesting to study FAdS-maximization by allowing also a nonzero real part
of a, and see what features emerge as we take the strong coupling limit. It is suggestive
to note that the maximization condition Re[F ′

AdS] = 0 is reminiscent of the condition
F ′(a) = 0 in Seiberg-Witten theory, describing the monopole point. It would also be
interesting to see if there is any controllable AdS counterpart to the mechanism of
confinement through monopole condensation, with a soft breaking to N = 1. However
the soft breaking means that localization techniques used in this work would not be
available and one would have to resort to some other method.

• Inclusion of the θ-angle. In our work we have focused on the time-reversal invariant
value θ = 0. For generic θ there is interesting new dynamics due the mixing between
Dirichlet and Neumann boundary conditions, which has been studied in the context of
the abelian BCFT with N = 2 supersymmetry in [25, 52–54]. In the asymptotically-free
non-abelian case, we expect this to impact both the physics of AdS instantons and to
give access to the analogue of the dyon point in the flat space limit.

• Proving the conjectures about FAdS. It would be nice to connect FAdS-maximization
to the minimization of the bulk effective potential. The identification with the curved
space prepotential is a first step in this direction, but the relation between the prepo-
tential and the scalar potential in curved space [32] is not straightforward enough to
make such a connection evident. In turn a general proof of the relation FAdS = 4πiFAdS
would be also interesting.

• Monotonicity under boundary RG for QFTs in AdS. Quantities that are extrem-
ized to determine the superconformal R-symmetry often have definite monotonicity prop-
erties along RG flows, even when supersymmetry is absent, see e.g. [22, 24, 35, 55–60].
This suggests that FAdS should decrease along RG flows, even for non-supersymmetric
theories. More precisely, since for supersymmetric theories FAdS determines the bound-
ary R-symmetry, it should satisfy FUV

AdS > F IR
AdS for boundary RG flows between two

AdS-invariant boundary conditions with a fixed bulk theory. This conjecture can be
seen as an extension many existing results about the monotonicity for BCFT and defect
free energies [35, 60–68] to the case of a massive bulk theory in AdS.

We leave these and other exciting questions for future work.
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A Conventions

In this appendix we describe various conventions and provide explicit coordinates which
we refer to throughout the article.

A.1 General conventions

1. We work in Euclidean signature and use the following index notations to denote the
different representations

µ, ν, . . . 4d curved-space indices,
i, j, . . . 3d curved-space indices,
a, b, . . . 4d tangent-space indices,
a′, b′, . . . 3d tangent-space indices,
α, β, . . . for ψα ∈ (2,1)Spin(4),
α̇, β̇, . . . for ψ̄α̇ ∈ (1,2)Spin(4),
A, B, . . . for λA ∈ 2SU(2)R ,

I, J, . . . adjoint gauge indices .

The spinors denoted with a bar ψ̄ will always carry a dotted index as opposed to the
unbarred ones. In Minkowski signature these spinors would be related to the unbarred
ones by complex conjugation but in Euclidean signature they are independent.

2. We embed the tangent-space index a′ of the boundary inside the one of the bulk as
a = (a′, 4). Similarly for the space-time index we have µ = (i,⊥) = (i, η), where η is
the perpendicular coordinate described in (A.7).

3. The Pauli-matrices are taken to be

τ1 =
(
0 1
1 0

)
τ2 =

(
0 −i
i 0

)
τ3 =

(
1 0
0 −1

)
. (A.1)

4. All rank n Levi-Civita tangent-space tensors are chosen such that ε12...n = 1. We define
the space-time Levi-Civita by trading tangent-space and space-time indices with the
vierbein.
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5. The relevant spin and R-symmetry tensors are defined below

(σa)αβ̇ = (−iτ⃗ , 1) , (σ̄a)α̇β = (iτ⃗ , 1) , (γa′) β
α = τa′

, τ⃗ B
A = τ⃗ ,

σab = σ[aσ̄b] , σ̄ab = σ̄[aσb] , γa′b′ = γ[a′
γb′] .

(A.2)

6. All spinorial and SU(2)R-symmetry indices are raised and lowered with the ε-tensors as
in the Wess & Bagger notation [69], namely

ε12 = ε21 = +1 . (A.3)

We employ the same notation for spinor bilinears as in [69].

7. The covariant derivatives Dµ or Di include both space-time and gauge connections. To
be explicit with our conventions, we display below the covariant derivative on spinors
in some representation of the gauge group

Dµχα = ∂µχα + 1
4ωµ,ab(σabχ)α − iAµχα , (A.4)

Dµχ̄
α̇ = ∂µχ̄

α̇ + 1
4ωµ,ab(σ̄abχ̄)α̇ − iAµχ̄

α̇ , (A.5)

with

ωµ,ab = −2∂[µeν][ae
ν
b] − eν

[ae
ρ
b]∂[νeρ]c . (A.6)

The 3d case is analogue. For adjoint fields we take Dµϕ = ∂µϕ− i[Aµ, ϕ].

A.2 Coordinate choices

We employ the following coordinates for AdS4, setting for convenience the AdS radius to 1

ds2 = dη2 + sinh(η)2dΩ2
S3 , (A.7)

with η ∈ [0,+∞). We then choose the following Hopf fibration for parametrizing the S3

part of the metric

z1 = sin
(
θ

2

)
eiψ−ϕ

2 , z2 = cos
(
θ

2

)
eiψ+ϕ

2 , |z1|2 + |z2|2 = 1 , (A.8)

with 0 ≤ θ ≤ π 0 ≤ ϕ ≤ 2π 0 ≤ ψ ≤ 4π. With this the unit three-sphere has the
following metric

dΩ2
S3 = 1

4
(
dθ2 + sin2(θ)dϕ2 + (dψ + cos(θ)dϕ)2) . (A.9)

A choice of vierbein is the following

(eAdS4)a
µ =


0 1

2 sinh(η) cos(ψ)
1
2 sinh(η) sin(θ) sin(ψ) 0

0 −1
2 sinh(η) sin(ψ)

1
2 sinh(η) sin(θ) cos(ψ) 0

1
2 sinh(η) 0 1

2 sinh(η) cos(θ) 0
0 0 0 1

 . (A.10)
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Bosons Description R-charge
gij metric 0
Bij 2-form gauge field 0
Ci photino 0
AR

i R-gauge field 0

Table 2. Bosonic content of the 3d N = 2 supergravity multiplet.

B Supersymmetry multiplets

In this section we display the relevant multiplets, both in 4d and in 3d.
For the 4d case we follow the conventions in [25]. To obtain the transformations on

the AdS4 background we employ (2.1)–(2.3) to fix the bosonic 4d supergravity content
listed in table 1.

For 3d N = 2 supersymmetry we follow [34], extending some transformations in the case
of non-abelian vector fields. The bosonic 3d supergravity content is displayed in table 2.

It is customary to redefine the one-form and two-form as follows

V i = −iεijk∂jCk , H = i

2ε
ijk∂iBjk . (B.1)

On S3 we have

H = i

L
, Vi = AR

i = 0 , gij = gS3
ij , (B.2)

and the Killing spinors satisfy

Diζ = − i

2γiζ , Diζ̃ = − i

2γiζ̃ . (B.3)

B.1 4d N = 2 multiplets

Chiral multiplet.

δA = −iϵAΨA ,

δΨA = 2σµϵ̄ADµA+BABϵ
B + 1

2σ
µνϵAG

−
µν + w σµDµϵ̄AA ,

δBAB = −2iϵ̄(Aσ̄µDµΨB) + 2iϵ(AΛB) + i(1− w)Dµϵ̄(Aσ̄
µΨB) ,

δG−
µν = − i

2 ϵ̄
Aσ̄ρσµνDρΨA − i

2ϵ
AσµνΛA − i

4(1 + w)Dρϵ̄
Aσ̄ρσµνΨA ,

δΛA = −1
2DρG

−
µνσ

µνσρϵ̄A +DµBABσ
µϵ̄B − CϵA (B.4)

+ 1
2(1 + w)BABσ

µDµϵ̄
B + 1

4(1− w)G−
µνσ

µνσρDρϵ̄A

+ 4DρA T̄
µνσρσ̄µν ϵ̄A + 4wADρT̄

µνσρσ̄µν ϵ̄A ,

δC = −2iϵ̄Aσ̄µDµΛA + 4iT̄µν ϵ̄Aσ̄µν σ̄
ρDρΨA

− iwDµϵ̄
Aσ̄µΛA + 4i(w − 1)DρT̄

µν ϵ̄Aσ̄µν σ̄
ρΨA .
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Anti-chiral multiplet.

δĀ = iϵ̄AΨ̄A ,

δΨ̄A = 2σ̄µϵADµĀ+ B̄AB ϵ̄
B + 1

2 σ̄
µν ϵ̄AG

+
µν + w σ̄µDµϵAĀ ,

δB̄AB = 2iϵ(AσµDµΨ̄B) + 2iϵ̄(AΛ̄B) − i(1− w)Dµϵ(Aσ
µΨ̄B) ,

δG+
µν = − i

2ϵ
Aσρσ̄µνDρΨ̄A − i

2 ϵ̄
Aσ̄µνΛ̄A + i

4(1 + w)Dρϵ
Aσρσ̄µνΨ̄A ,

δΛ̄A = 1
2DρG

+
µν σ̄

µν σ̄ρϵA −DµB̄ABσ̄
µϵB + C̄ϵ̄A (B.5)

− 1
2(1 + w)B̄ABσ̄

µDµϵ
B − 1

4(1− w)G+
µν σ̄

µν σ̄ρDρϵA

+ 4DρĀ T
µν σ̄ρσµνϵA + 4wĀDρT

µν σ̄ρσµνϵA ,

δC̄ = −2iϵAσµDµΛ̄A + 4iTµνϵAσµνσ
ρDρΨ̄A

− iwDµϵ
AσµΛ̄A + 4i(w − 1)DρT

µνϵAσµνσ
ρΨ̄A .

Vector multiplet.

δϕ = −iϵAλA ,

δϕ̄ = iϵ̄Aλ̄A ,

δλA = 1
2σ

µνϵA(Fµν + 8ϕ̄Tµν) + 2σµϵ̄ADµϕ+ σµDµϵ̄Aϕ+ 2iϵA[ϕ, ϕ̄] +DABϵ
B ,

δλ̄A = 1
2 σ̄

µν ϵ̄A(Fµν + 8ϕT̄µν) + 2σ̄µϵADµϕ̄+ σ̄µDµϵAϕ̄− 2iϵ̄A[ϕ, ϕ̄] +DAB ϵ̄
B ,

δAµ = iϵAσµλ̄A − iϵ̄Aσ̄µλA ,

δDAB = −2iϵ̄(Aσ̄µDµλB) + 2iϵ(AσµDµλ̄B) − 4[ϕ, ϵ̄(Aλ̄B)] + 4[ϕ̄, ϵ(AλB)] .

(B.6)

We can construct the following (anti-)chiral multiplet using the content of the vector multiplet,
and for any given prepotential, i.e. any holomorphic function F(ϕ) of the complex scalar
in the vector multiplet:

Chiral multiplet from prepotential.

A = F(ϕ) ,
ΨAα = FIλ

I
Aα ,

BAB = FID
I
AB + i

2FIJλ
I
Aλ

J
B ,

G−
µν = FI(F−I

µν + 8ϕ̄ITµν) + 2iFIJλ
IAσµνλ

J
A ,

ΛAα = FI( /Dλ̄I
A)α − iFI [ϕ̄, λAα]I +

i

4FIJ(F−I
µν + 8ϕ̄ITµν)(σµνλJ

A)α

+ 1
2FIJD

I
ABλ

JB
α − i

12FIJK

(
2(λI

Aλ
JB)λK

Bα − λI
Aα(λJBλK

B )
)
, (B.7)

C = −2FI

(
DµDµ − R

6 + M̃

2
)
ϕ̄I − 8FI(F+I

µν + 8ϕI T̄µν)T̄µν

+ FI [λ̄A, λ̄A]I − 2FI [[ϕ̄, ϕ], ϕ̄]I +
1
4FIJD

IABDJ
AB

− 1
2FIJ(F−I

µν + 8ϕ̄ITµν)(F−Jµν + 8ϕ̄JTµν) + iFIJλ
IA /Dλ̄J

A
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−FIJ([ϕ̄, λA]IλJ
A) +

i

4FIJKD
ABIλJ

Aλ
K
B

+ i

8FIJK(F−I
µν + 8ϕ̄ITµν)λJAσµνλK

A + 1
24FIJKL(λIAλJB)(λK

Aλ
L
B) .

Anti-chiral multiplet from prepotential.

Ā = F̄(ϕ̄) ,
Ψ̄Aα̇ = F̄I λ̄

IAα̇ ,

B̄AB = F̄ID
IAB − i

2 F̄IJ λ̄
IAλ̄JB ,

G+
µν = F̄I(F+I

µν + 8ϕI T̄µν)−
i

8 F̄IJ λ̄
IAσ̄µν λ̄

J
A ,

Λ̄Aα̇ = −F̄I( /̄DλI
A)α̇ + iF̄I [ϕ, λ̄Aα̇]I − i

4 F̄IJ(F+I
µν + 8ϕI T̄µν)(σ̄µν λ̄JA)α̇

+ 1
2 F̄IJD

IABλ̄Jα̇
B + i

12 F̄IJK

(
2(λ̄IAλ̄JB)λ̄Kα̇

B − λ̄IAα̇(λ̄JBλ̄K
B )
)
, (B.8)

C̄ = −2F̄I

(
DµDµ − R

6 + M̃

2
)
ϕI − 8F̄I(F−I

µν + 8ϕ̄ITµν)Tµν

− F̄I [λA, λA]I + 2F̄I [ϕ, [ϕ, ϕ̄]]I +
1
4 F̄IJD

IABDJ
AB

− 1
2 F̄IJ(F+I

µν + 8ϕI T̄µν)(F+Jµν + 8ϕJ T̄µν)− iF̄IJ λ̄
IA /̄DλJ

A

+ F̄IJ([ϕ, λ̄A]I λ̄J
A)−

i

4 F̄IJKD
ABI λ̄J

Aλ̄
K
B

+ i

8 F̄IJK(F+I
µν + 8ϕI T̄µν)λ̄JAσ̄µν λ̄K

A − 1
24 F̄IJKL(λ̄IAλ̄JB)(λ̄K

A λ̄
L
B) .

B.2 3d N = 2 multiplets

Vector multiplet.

δσ = −ζλ̃+ ζ̃λ ,

δλ =
(
i(D +Hσ)− i

2ε
ijkγkFij − iγi(Diσ + iViσ)

)
ζ ,

δλ̃ =
(
− i(D +Hσ)− i

2ε
ijkγkFij + iγi(Diσ − iViσ)

)
ζ̃ , (B.9)

δAi = −i(ζγiλ̃+ ζ̃γiλ) ,
δD = Di(ζγiλ̃− ζ̃γiλ)− iVi(ζγiλ̃+ ζ̃γiλ)−H(ζλ̃− ζ̃λ)− [σ, ζλ̃+ ζ̃λ] .

Linear multiplet.

δJ = iζj + iζ̃ j̃ ,

δj = ζ̃K + iγiζ̃(ji + iDiJ) + ζ̃[σ, J ]
δj̃ = ζK − iγiζ(ji − iDiJ)− ζ[σ, J ] , (B.10)
δji = iεijkD

j(ζγkj − ζ̃γk j̃) + [σ, ζγij + ζ̃γij̃] + i[J, ζ̃γiλ− ζγiλ̃] ,
δK = −iDi(ζγij + ζ̃γij̃) + 2iH(ζj + ζ̃ j̃)− Vi(ζγij + ζ̃γij̃) + [ζλ̃+ ζ̃λ, J ] .
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This definition of the linear multiplet matches the one of [34] in the abelian case. We
have written the transformations for a linear multiplet in the adjoint of the gauge group,
but one can write the transformations for generic representations. The supersymmetry
transformations close upon imposing

Dij
i − [σ + iD, J ]− i[σ,K] + [λ̃, j̃]− [λ, j] = 0 ,

[Fij , J ] = 0 .
(B.11)

A vector multiplet can be re-organized into a linear one in the following way

J = σ , j = iλ̃ , j̃ = −iλ ,

ji = − i

2εijkF
jk , K = D +Hσ .

(B.12)

C From N = 2 on AdS4 to N = 2 on S3

In this section we discuss in more detail the supersymmetry algebra in 4d N = 2 theories
and the specific case of AdS4. We explain the relation to the 3d N = 2 superconformal
algebra and its reduction to the 3d N = 2 supersymmetry algebra on S3. In order to be
self-contained we rewrite some of the formulas used in the main text.

C.1 4d N = 2 supersymmetry algebra and AdS4

The supersymmetry transformations are generated by

Q = ϵAQA + ϵ̄AQ̄
A , (C.1)

where ϵA and ϵ̄A solve some Killing spinor equations, depending on the chosen background.
It is possible to find the supersymmetry algebra by acting with Q2 on all the fields [30]. We
only display, as reference, the action on the gaugino

Q2λA = ivµ∂µλA + i[Φ, λA] +
i

4Labσ
abλA +

(3
2w +Θ

)
λA + Θ̃ABλ

B , (C.2)

with

vµ = 2ϵ̄Aσ̄µϵA ,

ΦI = 2iϕ̄IϵAϵA + 2iϕI ϵ̄Aϵ̄
A − ivµAI

µ ,

Lab = D[avb] + vµωµ,ab ,

w = − i

2(ϵ
AσµDµϵ̄A +Dµϵ

Aσµϵ̄A) ,

Θ = − i

4(ϵ
AσµDµϵ̄A −Dµϵ

Aσµϵ̄A) ,

Θ̃AB = −iϵ(AσµDµϵ̄B) + iDµϵ(Aσ
µϵ̄B) ,

(C.3)

where ωµ,ab is the spin connection (A.6) and we use I as an index in the adjoint of the gauge
group. The resulting algebra, written in terms of bosonic symmetry generators, is

Q2 = −vµPµ + LabM
ab + wD − iΦIGI +ΘRU(1) + Θ̃ABRAB

SU(2) . (C.4)
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Here Pµ, Mab and D are the generators of diffeos, local Lorentz, and Weyl transformations in
off-shell superconformal supergravity, GI is a generator of a gauge transformation, and RU(1)
and RAB

SU(2) are the R-symmetry generators. Note that GI is defined to act, on a field ΨR

in the representation R of the gauge group, as an hermitian transformation GIΨR = TR
I ΨR.

For adjoint fields written in matrix notation GI acts as GIΨ = [TI ,Ψ]. Specifying everything
to our AdS4 background with (2.1), and imposing the Killing spinor equations (2.3), the
algebra reduces to

Q2
∣∣∣∣
AdS

= −vµPµ + iΦIGI + LabM
ab + Θ̃R ,

RAB
SU(2) = −1

2τ
AB
3 R ,

Θ̃ = (ϵCϵC − ϵ̄C ϵ̄
C) ,

(C.5)

so the R-symmetry group becomes U(1)R ⊂ SU(2)R. The generator R is defined to act
as RλA = τ B

3,A λB. In the following section we discuss the relation to the 3d N = 2
superconformal algebra.

C.2 AdS4 N = 2 and 3d N = 2 superconformal algebra

The 3d superconformal symmetry algebra is spannded by the following conformal Killing
spinors [36]

DiξA = − i

2γiξA , Diξ̃A = i

2γiξ̃A , (C.6)

where A is the 2 of SO(2) ∼ U(1)R. We make the relation among the two algebras explicit
using the coordinate described in appendix A.2.

We solve the AdS4 Killing spinor equations (2.3) with the following ansatz

ϵA = e
η
2 ϵ+A + e−

η
2 ϵ−A ,

ϵ̄A = e
η
2 ϵ̄+A + e−

η
2 ϵ̄−A .

(C.7)

One can see that the equations for the perpendicular variable are immediately solved by

ϵ±A = ∓iτ B
3A σ4ϵ̄±B . (C.8)

With this the remaining independent equations are three and can be taken to be the following

DiϵA = i

2τ
B

3A σiϵ̄B . (C.9)

We then find

D3d
i ϵ±A = i

2γ
3d
i ϵ∓A , (C.10)

where with “3d” we here stress that we have removed all notions of the perpendicular
coordinate, namely we define

(γi
3d) β

α

sinh(η) = i(σiσ̄⊥) β
α = −i(σ⊥σ̄i)β

α ,

sinh(η)(γ3d
i ) β

α = i(σiσ̄
⊥) β

α = −i(σ⊥σ̄i)β
α .

(C.11)
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and we define

Diχα = D3d
i χα + 1

2ωi,a4(σa4χ)α . (C.12)

In all future 3d formulas, as well as the ones in the main text, the superscript “3d” is omitted.
With all these ingredients, by choosing

ξA = ϵ+A − ϵ−A , ξ̃A = ϵ+A + ϵ−A , (C.13)

we solve (C.6). The 4d N = 2 Killing spinors in function of the 3d N = 2 superconformal
ones are

ϵAα = sinh
(
η

2

)
ξAα + cosh

(
η

2

)
ξ̃Aα ,

ϵ̄Aα̇ = −iτ B
3,A

(
cosh

(
η

2

)
ξβ

A + sinh
(
η

2

)
ξ̃β

A

)
σ⊥,βα̇ .

(C.14)

We proceed to discuss the 3d N = 2 supersymmetry algebra which we explicitly preserve
in the article.

C.3 Preserving 3d N = 2 supersymmetry

We now need to link the ξA with the ζ, ζ̃ 3d N = 2 Killing spinors on S3 discussed in
appendix B.2. Their U(1)R-symmetry transformation is a phase transformation [34] which
we define to be the following

ζ ′ = eiθRζ , ζ̃ ′ = e−iθR ζ̃ ′ . (C.15)

The U(1)R ⊂ SU(2)R symmetry rotation acts on ξA via the generator τ3 as displayed below

ξ′A =
(
eiθRτ3

) B

A
ξB =

(
eiθRξ1
e−iθRξ2

)
A

. (C.16)

Modulo a choice of normalization, we have

ζ = ξ1 , ζ̃ = ξ2 . (C.17)

From this relation it follows from (C.6) that ζ and ζ̃ solve (B.3).
Preserving 3d N = 2 supersymmetry means then specifying the AdS4 N = 2 Killing

spinors in (2.3) to

ϵAα = sinh
(
η

2

)
ξAα = sinh

(
η

2

)(
ζα

ζ̃α

)
A

,

ϵ̄Aα̇ = −iτ B
3,A cosh

(η
2
)
(ξBσ⊥)α = −iτ B

3,A

(
(ζσ⊥)α̇

(ζ̃σ⊥)α̇

)
B

.

(C.18)

With this we then have

Q2
∣∣∣∣
3d

= −viPi − iΦIGI + La′b′M
a′b′ + Θ̃R , (C.19)

namely the algebra restricts to the N = 2 one on S3. Referring to (C.3) and (2.8), we have

vi = −2ζ̃γiζ , ΦI = −4iζζ̃(ϕI
2 + i cosh(η)ϕI

1) + viAI
i , Θ̃ = 2ζζ̃ . (C.20)
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Dirichlet boundary conditions, central charge, and R-mixing. The Dirichlet bound-
ary condition (2.15) fixes ΦI in (C.20) to

ΦI = −2mIζζ̃ . (C.21)

In order to preserve the Dirichlet boundary conditions the gauge transformations are forced
to approach constant transformations at the boundary, and as a result the gauge symmetry
acts as a global symmetry at the boundary. Therefore, at the boundary the bosonic generator
GI is the generator of a global symmetry. Restricting to the Cartan subalgebra mI → ma, the
appearance of Ga on the right-hand side of the 3d N = 2 supersymmetry algebra signals a
central extension. Indeed, the parameter ma has the interpretation of a real mass deformation
of the boundary, associated to the conserved current J (0)

N that generates the boundary global
symmetry, and it is well-known that real mass deformations give rise to a central charge
in the 3d N = 2 algebra, see e.g. [34].

Let us now show that complexifying the parameter ma → ma − iδa gives rise of a mixing
of the R-symmetry with the symmetry generated by Ga. From equations (C.19)–(C.21),
we obtain

Q2
∣∣∣∣
3d

⊃ 2ζζ̃
(
i
∑

a

(ma − iδa)Ga +R
)

= 2ζζ̃
(
i
∑

a

maGa +R′
)
, (C.22)

where the shift ma → ma − iδa has been absorbed by redefining the R-symmetry operator as
R → R′ = R+∑a δ

aGa. The requirement that the R-action be hermitian reflects the fact
that ma becomes part of the central charge while δa contributes to the R-symmetry.

D 1-loop determinant in AdS4

In this appendix we show the computation of the 1-loop determinants, relevant for our
localization computation, using the index theorem [70]. We have already anticipated that this
theorem is applicable only on compact spaces but, due to the fact this theorem reproduced
the result known via other methods in non-compact spaces [14, 18], we are going to apply
it to our case.

D.1 Gauge-fixing

Let us now comment on how to properly define a gauge-fixed path integral in order to run the
localization argument. This requires the addition of ghost fields and of a BRST transformation
with associated nilpotent charge QBRST. The results for the locus, the classical contribution
and the contribution of instantons obtained in section 3 are not affected by the gauge fixing.
The presentation is slightly different depending on the choice of boundary conditions.

Dirichlet boundary conditions. Indicating schematically all the fields as Ψ and the ghosts
as Ψghost, the path integral we aim to compute is∫

DΨDΨghoste
−S[Ψ]−tQlocV −QBRSTVghost . (D.1)

We use c and c̄ to denote the ghost and anti-ghost fields, B to denote a Lagrange multiplier
field, and Ψloc to denote the configuration of the fields at the locus QlocV = 0. We introduce
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a gauge-fixing functional G[Ψ−Ψloc] compatible with localization, namely such that G(0) = 0
in the locus. We take

Vghost = Tr
[
c̄
(
−G[Ψ−Ψloc] + κ

2B
)]
, (D.2)

with κ an arbitrary constant, and

QBRSTc =
i

2[c, c]+ ,

QBRSTc̄ = B , (D.3)
QBRSTB = 0 ,
QBRSTΨ = i[c,Ψ]± (except for QBRSTAµ = Dµc) ,

where [·, ·]± denotes commutator (−) or anti-commutator (+) depending on the Grassmann
parity of the fields. The approach here is similar to the one of [43], but in the case of
Dirichlet boundary conditions there is no need to add ghosts for ghosts for constant gauge
transformations, since these are not allowed by the boundary condition.

We can then upgrade the localization argument to include the gauge fixing by defining

Q̂ = Qloc +QBRST ,

V̂ = V + Vghost ,

V =
∑

Ψodd

Ψodd(Q̂Ψodd)∗ ,
(D.4)

where Ψodd denotes all the fields with odd Grassmann parity, and by defining the following
supersymmetry transformations for the ghosts

Qlocc = Φloc − Φ ,
Qlocc̄ = 0 ,
QlocB = ivµ∂µc̄+ ivµAloc

µ c̄ ,

(D.5)

where vµ = 2ϵ̄Aσ̄µϵA. We can then write our original path integral in the following way∫
DΨDΨghoste

−S[Ψ]−tQ̂V̂ . (D.6)

We can trade QV for Q̂V̂ because in this way we are just adding either a Q-exact or a
QBRST-exact quantity. We have

∫
Q̂V̂

∣∣
even =

∫
QV

∣∣
even +

∫
B

(
−G[Ψ−Ψloc] + κ

2B
)
, (D.7)

which is positive semi-definite. Finding the saddle-point of
∫
QV

∣∣
even as we did in section 3.1

fixes G[0] = 0 and we are thus left just with a gaussian integral in B.
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Neumann boundary conditions. The only difference, which plays a role in the 1-loop
determinant computation below, is that in this case we have to take into account ghosts for
ghosts a0, ā0, c0, c̄0 , B0 as in [43]. Indeed in this case the constant gauge transformations are
actual gauge redundancies. They act on the ghost field as a shift c→ c+ k. The approach we
have described with Dirichlet remains qualitatively the same, with the following modifications.
The BRST-charge in this case acts as follows

QBRSTc =
i

2[c, c]+ − a0 ,

QBRSTc̄ = B ,

QBRSTB = −i[a0, c̄] ,
QBRSTa0 = 0 ,
QBRSTā0 = c̄0 ,

QBRSTc0 = −i[a0, B0] ,
QBRSTc̄0 = −i[a0, ā0] ,
QBRSTB0 = c0 ,

QBRSTΨ = cIGIΨ (except for QBRSTAµ = Dµc) ,

(D.8)

and squares to Q2
BRST = −aI

0GI , with I an adjoint index of the gauge group and GI the
operator that implements a gauge transformation (so cIGIΨ = i[c,Ψ]± for all fields except
cIGIAµ = Dµc). We then need to define the following supersymmetry transformations

Qloca0 = Qlocā0 = QlocB0 = Qlocc0 = Qlocc̄0 = 0 (D.9)

and we take Vghost to be

Vghost = Tr
[
c̄

(
−G[Ψ−Ψloc] + κ1

2 B + iB0

)
− c

(
ā0 −

κ2
2 a0

)]
. (D.10)

D.2 The index theorem

Using Q̂loc in (D.4), we can divide the fields in Q̂loc-cohomology as (Xeven, Xodd),
Q̂loc(Xeven, Xodd) and possibly Q̂loc-singlets.

We can then write the localization Lagrangian (D.4), focusing on the quadratic part
since it is the only one relevant for the localization computation, as

V̂
∣∣
quad. =

(
Q̂Xeven Xodd

)(D00 D01
D10 D11

)(
Xeven
Q̂Xodd

)
,

Q̂V̂
∣∣
quad. =

(
Xeven Q̂Xodd

)(−Q̂2 0
0 1

)(
D00 D01
D10 D11

)(
Xeven
Q̂Xodd

)

−
(
Q̂Xeven Xodd

)(D00 D01
D10 D11

)(
1 0
0 Q̂2

)(
Q̂Xeven
Xodd

)
.

(D.11)

With this we can write the 1-loop determinant

Z1-loop =
√

det(Kodd)
det(Keven)

=

√√√√ detXodd(Q̂2)
detXeven(Q̂2)

=

√√√√detCoker.D10(Q̂2)
detKer.D10(Q̂2)

. (D.12)
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The first equality comes from det(AB) = det(A)det(B). The second one is due to the
fact that D10 maps Xeven into Xodd and [Q̂,D10] = 0. For this reason the ratio of the
determinants receives contribution only from the unpaired eigenmodes, which by definition
belong to the kernel and cokernel.

Calling λn the nth eigenvalue, kn and cn its multiplicity in the kernel and cokernel
respectively, we can write

Z1-loop =
√∏

n

λcn−kn
n . (D.13)

While λn can be obtained by studying the action of Q̂2
loc on the Q̂loc-complex, cn − kn can

be extracted from the index

IndD10(t) = TrKer.D10(e−iQ̂2t)− TrCoker.D10(e−iQ̂2t) = −
∑

n

(cn − kn)e−iλnt . (D.14)

For elliptic or transversally elliptic operators, which we define below, there are considerable
simplifications in computing the index.

As detailed in [14, 43], one can construct the so called symbol by sending ∂µ → ipµ in
D10. If the symbol has kernel when all pµ = 0, D10 is said to be elliptic and the index is a
finite Laurent series in e−it. If the same is true but with a singled out p̂ ∈ {pµ} that can
remain nonzero, then the operator is said to be transversally elliptic along p̂µ and the index
is in general a formal Laurent series in e−it. In localization computations, as the following
one, the operator we are computing the index of can be proved to be transversally elliptic.

When we have an operator that acts on functions on a manifold with at least a free U(1)
action generated by some Killing vector v̂, and when this operator is elliptic or transversally
elliptic along v̂, one can use (a generalization of) the Atiyah-Bott fixed point formula [70].
This is precisely the case for D10 and the U(1) action defined by the Killing vector generated
by Q̂2. Letting x0 be the fixed points of this U(1) action, we have

IndD10(t) =
∑
x0

TrXeven(e−iQ̂2t)
∣∣
x0

− TrXodd(e−iQ̂2t)
∣∣
x0

det(δµ
ν − ∂νx′µ)

, (D.15)

where x′µ is the transformation of xµ under the U(1) action induced by Q̂2. In this case the
only fixed point is the one specified by η = 0 in the coordinates displayed in appendix A.2.

We now proceed in computing the index for the Dirichlet boundary conditions, we
comment at the end the result for Neumann boundary conditions.

D.3 Writing the index (Dirichlet boundary conditions)

In the case of Dirichlet boundary conditions, where we do not have to introduce ghosts for
ghosts as we explain in section D.1, the Q̂loc-complex is formed by

Xeven = (ϕ2, Aµ) Xodd = (ΘAB, c̄, c) , (D.16)

with

ΘAB = ϵ(AλB) + ϵ̄(Aλ̄B) (D.17)
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plus the following Q̂loc-singlet

Φ = 2iϵ̄Aϵ̄Aϕ+ 2iϵAϵAϕ̄− ivµAµ . (D.18)

−vµPµ ⊂ Q̂2
loc (C.4) acts near the center of AdS4 as

iLv = i

(
x1 ∂

∂x2 − x2 ∂

∂x1

)
+ i

(
x3 ∂

∂x4 − x4 ∂

∂x3

)
. (D.19)

Defining

z1 = x1 + ix2 , z2 = x3 + ix4 (D.20)

we can see that iLv generates the following transformations

z′1 = eitz1 , z′2 = eitz2 . (D.21)

With these coordinates it is easier to compute the terms appearing in (D.15), namely

det(δµ
ν − ∂νx

′µ) = |1− eit|4 (D.22)

and

e−iQ̂2tAz1 = e−i(−1+im)tAz1 ,

e−iQ̂2tAz2 = e−i(−1+im)tAz2 ,

e−iQ̂2tAz̄1 = e−i(1+im)tAz̄1 ,

e−iQ̂2tAz̄2 = e−i(1+im)tAz̄2 ,

e−iQ̂2tϕ2 = e−i(im)tϕ2 ,

e−iQ̂2tΘ11 = e−i(2+im)tΘ11 ,

e−iQ̂2tΘ12 = e−i(im)tΘ12 ,

e−iQ̂2tΘ22 = e−i(−2+im)tΘ22 ,

e−iQ̂2tc̄ = e−i(im)tc̄ ,

e−iQ̂2tc = e−i(im)tc .

(D.23)

Putting everything together and using (D.15) we have

IndD10(t) = Tradj.(emt)

((
2eit + 2e−it + 1

)
−
(
e2it + e−2it + 3

))
|1− eit|4

= −Tradj.(emt) 1 + e2it

(1− eit)2 = −
∑
α∈∆

eα·mt × 1 + e2it

(1− eit)2 .

(D.24)

α · m is defined to be the eigenvalue of the adjoint matrix m acting on the eigen-subspace
corresponding to the root α ∈ ∆.

D.4 Obtaining the products of the eigenvalues

We have different possible answers of the 1-loop determinant depending on whether we expand
the denominator, for each numerator’s addend of (D.24), in powers of eit or e−it. As it
happens in these cases for localization computations in AdS [14, 18], one needs to find the
right answer via additional arguments after having examined all possibilities.
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For these different expansions one can rewrite (D.24) in four different ways

Ind[a]
D10

(t) = −
∑
α∈∆

eα·mt × 1 + e2it

(1− eit)2 ,

Ind[b]
D10

(t) = −
∑
α∈∆

eα·mt × 1 + e−2it

(1− e−it)2 ,

Ind[c]
D10

(t) = −
∑
α∈∆

eα·mt ×
( 1
(1− eit)2 + 1

(1− e−it)2

)
,

Ind[d]
D10

(t) = −
∑
α∈∆

eα·mt ×
(

e2it

(1− eit)2 + e−2it

(1− e−it)2

)
.

(D.25)

For instance the resulting expansion of

Ind[a]
D10

(t) = −
∑
α∈∆

eα·mt(1 + e2it)
(∑

k≥0
eikt

)2

= −
∑
α∈∆

e−i(iα·m)t −
∑
α∈∆

∑
k>0

2ke−i(iα·m−k)t ,

(D.26)

using (D.13)–(D.14), leads to

Z
[a]
1-loop =

∏
α∈∆+

α ·m
∏
k>0

(
k2 + (α ·m)2)k , (D.27)

with ∆+ being the set of positive roots. Coincidentally Ind[b]
D10

gives

Z
[b]
1-loop = Z

[a]
1-loop , (D.28)

but the other two choices give different answers

Z
[c]
1-loop =

∏
α∈∆+

(α ·m)2 ∏
k>0

(k + iα ·m)k+1(k − iα ·m)k+1 ,

Z
[d]
1-loop =

∏
α∈∆+

∏
k>0

(k + iα ·m)k−1(k − iα ·m)k−1 .
(D.29)

We now discuss the regularization of these products.

D.4.1 Regularizing the products

In order to regularize the 1-loop infinite products that we have found, we can use these two
expressions for the Γ-function and Barnes G-function

Γ(z) = e−γEz

z

∏
k>0

(
1 + z

k

)−1
e
z
k ,

G(z) = (2π)
z
2 e−

1+γEz
2+z

2
∏
k>0

(
1 + z

k

)k

e−z+ z2
k ,

(D.30)
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where γE the Euler-Mascheroni constant. With these equations we can write the following
formal products ∏

k>0
(k + z) =

∏
k>0

ke
z
k × e−γEz

Γ(z + 1) ,

∏
k>0

(k + z)k =
∏
k>0

kkez− z2
2k × G(1 + z)e

1+γEz
2+z

2

(2π) z2
.

(D.31)

Using the expression above, and keeping for now all infinite constants, one gets the following
results for 1-loop determinants in (D.27)–(D.29)

Z
[a]
1-loop = Z

[b]
1-loop =

(
e
∏
k>0

k2k)rk(G) ×
∏

α∈∆+

∏
k>0

e
(α·m)2
k

∏
α∈∆+

α ·m G(1 + iα ·m)G(1− iα ·m)e−(γEα·m)2
,

Z
[c]
1-loop =

(
e
∏
k>0

(−1)1+kk2k+2)rk(G) ×
∏

α∈∆+

∏
k>0

e
(α·m)2
k

∏
α∈∆+

α ·m sinh(πα ·m)G(1 + iα ·m)G(1− iα ·m)e−γE(α·m)2
,

Z
[d]
1-loop =

(
e
∏
k>0

(−1)1+kk2k+2)rk(G) ×
∏

α∈∆+

∏
k>0

e
(α·m)2
k

∏
α∈∆+

α ·m
sinh(πα ·m)G(1 + iα ·m)G(1− iα ·m)e−γE(α·m)2

,

(D.32)

with rk(G) being the rank of the gauge group. The m-independent quantities can be safely
removed

Z
[a]
1-loop = Z

[b]
1-loop =

∏
α∈∆+

∏
k>0

e
(α·m)2
k ×

∏
α∈∆+

α ·m G(1 + iα ·m)G(1− iα ·m)e−γE(α·m)2
,

Z
[c]
1-loop =

∏
α∈∆+

∏
k>0

e
(α·m)2
k ×

∏
α∈∆+

α ·m sinh(πα ·m)G(1 + iα ·m)G(1− iα ·m)e−γE(α·m)2
,

Z
[d]
1-loop =

∏
α∈∆+

∏
k>0

e
(α·m)2
k ×

∏
α∈∆+

α ·m
sinh(πα ·m)G(1 + iα ·m)G(1− iα ·m)e−γE(α·m)2

.

(D.33)

We remain with an infinite quadratic part ∼ e

∑
k

α·m
k

which can be absorbed, together with
the finite piece coming from ∼ e−γE(α·m)2 , into the renormalization of g2.

D.5 Vector multiplet with Dirichlet boundary condition

The partition function we are working with is invariant under ϕ1 → −ϕ1. For this reason we
rule out [a] and [b], since with these 1-loop determinants the partition function is not invariant
under m to −m. We also do not expect the 1-loop contribution to be zero at the origin of
the Coulomb branch, because this would give a vanishing partition function in that point.
We thus rule out [c]. We then expect the right partition function for Dirichlet boundary
conditions to be [d]. This coincides with the Dirichlet 1-loop contribution of HS4 [25].
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D.6 Vector multiplet with Neumann boundary condition

We are not going to present the full argument, but the Q̂loc-cohomology is similar to the one
in [43] and one needs to include also the ghost for ghosts, as explained in section D.1. Again
from [43] it can be seen that their introductions contributes to a +2 in the index in (D.24).
Repeating thus the argument of the index we find again four possible 1-loop results which are
equivalent to the ones showed in (D.33) apart for the multiplication by a factor of ∏

α∈∆+

1
(α·m)2 .

The only expressions invariant under m → −m are again [c] and [d]. The 1-loop contribution
[d] becomes singular in m = 0, after the multiplication of ∏

α∈∆+

1
(α·m)2 . We interpret this as a

signal to discard this partition function and we keep [c] multiplied ∏
α∈∆+

1
(α·m)2 .9 With this

the partition function result matches again the one on HS4 [26, 27].

E Details on the numerics

Here we provide more details on the numerics. In figure 1(a), it is clear that the origin
δ = 0 is the only maximum of the free energy at small Λ. The numerics hint that the SU(2)
symmetric massless boundary condition is the only superconformal boundary condition in a
finite range of Λ above 0. As we increase Λ, the maximum at the origin remains, but F (a,Λ)
changes dramatically. In particular, the singularities move, see figure 2. As we have mentioned
earlier in section 4, there are Λ-dependent singularities in F (−iδ,Λ) which we conjecture to
disappear in order to be consistent with the Seiberg-Witten theory in the flat space limit.
Note that all the singularities present in figure 1 and 2 are the Λ-dependent singularities, as
the Λ-independent singularities at the half-integer value of δ have already been canceled by
the 16-instanton terms we have included. We stress that the singularities in figure 1(a) are
not at half-integer values, indeed these singularities move as can be seen from figure 2(a).

At a critical value near Λ ∼ 0.88, a bigger maximum at δ∗ ∼ 1.27 emerges, which is
presented in figure 2. From figure 2(a) to figure 2(b), one observes that two singularities
merge and generate the new maximum when Λ increases. Within the reliable region of
our numerics, this second maximum coexists with the maximum at the origin for Λ > 0.88.
A similar mechanism is responsible for a third maximum emerging at a higher Λ ∼ 1.026,
see figure 2(c) and 2(d).

Within our control of the numerics, we do not observe the disappearance of the second
maximum in figure 1(b) or the third maximum in figure 1(c). We conjecture that they exist
all the way to the flat space limit Λ → ∞. We also conjecture that there are infinitely
many such new maxima as Λ → ∞. We expect this to be true because there seem to be
infinitely many zeros in the full Zinst, and they need to disappear in the flat space limit
for the prepotential to be analytic in a. The free energy has the form F (a) = −1

2 log f(a),
where f(a) = |ZD

pure SYM(a,Λ)|2. For F (a) to be real, f(a) must be positive as it is in our
case. Thus the zeros in f(a) must have even orders. Then F (a) must have positive first

9This is more a signal, as opposed to a strict argument, since the partition function remains finite. Indeed
with Neumann boundary conditions we still possess an integration over the gauge algebra matrices

∫
g

dm and
its reduction to the Cartan is

∫
h⊂g

dm
∏

α∈∆+
(α ·m)2. The partition function would thus turn out to be finite

both for [c] and [d].
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(a) The location of the second maximum on the
real δ axis as a function of Λ.
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(b) The difference between the free energy of the
second and the first maximum as a function of Λ.

Figure 3. Numerical properties of the second (leading) maximum as a function of Λ. (a) The
location of the new maximum δ∗ exhibits a power-law decrease as a function of Λ. (b) The peak
height F (δ∗,Λ)− F (0,Λ) decays exponentially as the coupling increases.

derivatives near the left of the singularity and negative second derivatives near the right.
When two such singularities merge continuously and leave a continuous function, there is
at least one point in a small vicinity of the merger that the first derivative vanishes and
the second derivative is negative, hence a local maximum. Our conjecture states that such
maxima remain in the large Λ limit.

The second maximum near δ∗ ∼ 1.27 is very well within our control of numerics. Near
the second maximum, the reliable Λ can be up to Λ ∼ 2. Now we proceed to analyze the
second maximum numerically, focusing on its behavior as Λ increases. From the log-log
plot 3(a) we observe that the location of the second maximum δ∗ decays in a power law
with Λ: δ∗ ∼ 1.25Λ−0.16. From the log plot 3(b), we observe that the difference between the
second maximum and the maximum at the origin decays exponentially with Λ, the best fit
being F (δ∗,Λ)− F (0,Λ) ∼ 1772e−8.56Λ. The numerics suggest that as Λ increases, the new
maximum tends to be lower and moves toward the origin. We observe a similar power law and
exponential scaling for the third maximum in a reliable range of Λ. Based on these numerics,
we form the last conjecture in section 4: as Λ increases, an infinite set of discrete new maxima
condense and become a dense set on the imaginary a axis and connect to the Coulomb branch
of vacua in the flat space limit, reproducing predictions of the Seiberg-Witten theory.
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