PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: June 14, 2025
REVISED: October 31, 2025
ACCEPTED: February 12, 2026
PUBLISHED: March 27, 2026

N = 2 super Yang-Mills in AdS, and Fags-maximization

Davide Bason®,? Christian Copetti®,’ Lorenzo Di Pietro®%? and Ziming Ji©® %/

@ Yau Mathematical Sciences Center, Tsinghua University,
Jingzhai, Haidan District, Beijing, 100084, China

b Mathematical Institute, University of Ozford,

Andrew Wiles Building, Woodstock Road, Ozford, OX2 6GG, U.K.
¢ Dipartimento di Fisica, Universitd di Trieste,

Strada Costiera 11, 1-34151 Trieste, Italy

4INFN, Sezione di Trieste,

Via Valerio 2, I-34127 Trieste, Italy

¢ International School for Advanced Studies (SISSA),
Via Bonomea 265, 34136 Trieste, Italy

f Department of Physics, Northeastern University,

Boston, MA, 02115, U.S.A.

E-mail: davidebason@mail.tsinghua.edu.cn,
christian.copetti@maths.ox.ac.uk, ldipietro@units.it,
zi.ji@northeastern.edu

ABSTRACT: We investigate the dynamics of four-dimensional N" = 2 SU(2) super Yang-Mills
theory on an AdS background. We propose that the boundary conditions that preserve
the AdS super-isometries are determined by maximizing the real part of the AdS partition
function Faqs = —log Zaqs- At weak coupling AL <« 1 the maximization singles out the
Dirichlet boundary condition with an SU(2) boundary global symmetry, corresponding to
the classical vacuum at the origin of the Coulomb branch with fully un-higgsed gauge group.
We find that for AL ~ O(1) new boundary conditions are favored, with gauge-group higgsed
down to U(1), matching the expectation from the flat space limit. We use supersymmetric
localization to compute Zagqg nonperturbatively. We further provide evidence for a relation
between Faqs and the A = 2 prepotential in AdS background.

KEYWORDS: Supersymmetric Gauge Theory, Scale and Conformal Symmetries, Spontaneous
Symmetry Breaking, Solitons Monopoles and Instantons

ARX1v EPRINT: 2506.05162

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP03(2026)254


https://orcid.org/0000-0003-4059-7801
https://orcid.org/0000-0001-7295-0660
https://orcid.org/0000-0001-7496-5276
https://orcid.org/0000-0002-9065-8521
mailto:davidebason@mail.tsinghua.edu.cn
mailto:christian.copetti@maths.ox.ac.uk
mailto:ldipietro@units.it
mailto:zi.ji@northeastern.edu
https://doi.org/10.48550/arXiv.2506.05162
https://doi.org/10.1007/JHEP03(2026)254

Contents

Introduction

4d N = 2 super Yang-Mills in AdS
2.1 Lagrangian and boundary terms
2.2 Boundary conditions

2.3 Fags-maximization

AdS,4 localization
3.1 The AdS locus and classical contributions
3.2 Instantons in AdSy

Transition to adjoint-Higgsing in pure SU(2) SYM

Fpags = —4miFads
5.1 AdS Matone relation
5.2 The flat space limit

Conclusions

Conventions
A.1 General conventions
A.2 Coordinate choices

Supersymmetry multiplets
B.1 4d N = 2 multiplets
B.2 3d N = 2 multiplets

From N = 2 on AdS4 to N =2 on S3

C.1 4d N = 2 supersymmetry algebra and AdS,

C.2 AdS4; N =2 and 3d N = 2 superconformal algebra
C.3 Preserving 3d N = 2 supersymmetry

1-loop determinant in AdSy

D.1 Gauge-fixing

D.2 The index theorem

D.3 Writing the index (Dirichlet boundary conditions)
D.4 Obtaining the products of the eigenvalues

D.5 Vector multiplet with Dirichlet boundary condition
D.6 Vector multiplet with Neumann boundary condition

Details on the numerics

(@)

11

14
15
17

18

21
22
25

25

27
27
28

29
29
31

32
32
33
34

35
35
37
38
39
41
42

42




1 Introduction

Using Anti-de Sitter space as a playground to study asymptotically-free QFTs — and in
particular gauge theories — has a long history, dating back to [1] and, more recently, to [2].
At the core of this program is the realization that the bulk isometry group SO(1,d + 1) of
AdSg41 acts as the conformal group on the asymptotic boundary degrees of freedom. This is
a powerful tool to constrain the asymptotic observables, which can be eventually connected
to the flat space ones by taking the limit of large radius [3-5].

In [2] it was proposed that intrinsically strong coupling bulk processes, such as dynamical
mass generation, can be equivalently described by a boundary transition between different
boundary conditions, using the language and the tools that are familiar from the study of
conformal field theories. For a confining gauge theory in AdS, this is a consequence of the
fact that, subject to the Dirichlet boundary condition, the bulk gauge fields remain massless
and there are colored asymptotic states. In order to match the flat-space expectation, a
transition must take place as we enter the strong coupling region AL ~ O(1), where A is the
strong coupling scale and L the AdS length, whereby the Dirichlet boundary condition stops
being an available boundary condition compatible with unitarity and AdS isometries.

There are various proposals for the precise nature of the transition [2]. A first possibility
is that the boundary conserved current J# associated to the Dirichlet boundary condition is
continuously lifted by a multiplet recombination, corresponding to a continuous transition
to a Higgs phase in the bulk.! On the other hand the recent studies [6, 7] suggest that a
boundary operator, singlet of the global symmetries and irrelevant at weak coupling, reaches
marginality at a critical value AL ~ O(1) and causes the Dirichlet boundary condition to
disappear by merger and annihilation [8, 9]. This mechanism has been so far shown to hold
in 2d sigma models and the Gross-Neveau model in the large N limit, and it is favored by
the perturbative results for scaling dimensions in pure 4d Yang-Mills theory. The mechanism
by which the appearance of such a marginal operator generically leads to breaking AdS
isometries or unitarity is explained in [10].

The quantitative studies of these boundary transitions so far used the large- N expan-
sion [6] or indications from perturbation theory [7]. Given that the interesting dynamics
happens at strong coupling, it is precious to have examples in which exact nonperturbative
techniques are available. Motivated by this, in this work we extend the study of QFT in
AdS to the case of supersymmetric gauge theories in four dimensions, in which supersymme-
try allows to obtain exact results. The minimal amount that allows us to use localization
techniques is N' = 2 extended supersymmetry.?

We will concentrate on the simplest example, namely the A/ = 2 pure SU(2) Super
Yang-Mills (SYM) theory in four dimensions. This theory does not confine in flat space,
nonetheless its behavior at strong coupling defeats the semiclassical intuition and it allows us

Note that even in the presence of such a continuous recombination, the Dirichlet boundary condition
would keep existing in addition to the Higgsed boundary condition after the recombination, and its fate in the
strong coupling limit would still remain to be determined.

2Some previous studies of supersymmetric field theories in rigid AdS background are [11-20]. In particular
the dynamics of N' =2 SYM in AdS4 was already considered in [2]. Compared to the analysis presented there,
our main new tool, as explained below, is the localized partition function, that captures the AL corrections to
the prepotential.



to pose a sharp question about the behavior of its AdS boundary conditions. Let us recall
some of the salient features of the flat space behavior that we will use in our analysis: in
flat space the theory has a Coulomb branch of supersymmetric vacua, parametrized by the
VEV of the scalar ¢ in the N' = 2 vector multiplet?

w=—(Tr|¢?]). (1.1)

Classically, the origin u = 0 of the Coulomb branch has a full unbroken SU(2) gauge symmetry,
while in every other point the gauge symmetry is broken by an adjoint Higgsing down to
U(1), leading to a Coulomb phase at low energy. However, as pointed out by Seiberg and
Witten [21], at the quantum level even the origin of the Coulomb branch u = 0 breaks the
non-abelian gauge symmetry down to U(1), and there is no point with full SU(2) gauge
symmetry, contrary to the classical expectation.

When we study the theory with w = 0 in AdS, the Dirichlet boundary condition is
certainly valid in the perturbative regime AL < 1, and it gives an SU(2) global symmetry on
the boundary. Similarly to the case of non-supersymmetric Yang-Mills, compatibility with the
flat space behavior requires that there should be a strong coupling transition for AL ~ O(1) to
a new boundary condition. Differently from the case of non-supersymmetric Yang-Mills, this is
not expected to be a confining boundary condition, but rather a Higgsed boundary condition
with lower U(1) global symmetry, giving the Coulomb phase that is realized in flat space.

Our main result is that we will be able to give strong evidence in support of these
expectations, using nonperturbative observables, in particular the supersymmetric partition
function that can be computed using localization. While we are primarily motivated by the
specific example of SU(2) SYM, along the way we uncover a number of general properties
of N' = 2 field theories in AdS background.

To explain the results in more detail, let us step back to the description of the Coulomb
branch in flat space, and its AdS counterpart. A convenient redundant variable to parametrize
it in flat space is the VEV of the complex scalar in the vector multiplet ¢ = —%aTg. Here 73
denotes the unbroken Cartan generator, while 7. denote the broken ones. At the classical
level u = “2—2 but this relation gets modified quantum-mechanically. The low energy effective
theory in the Coulomb phase is completely encoded in a single holomorphic function of
a € C, the prepotential F(a).

In AdS4, the boundary modes of the bulk vector multiplet can be organized in two
multiplets Jl()o) and JJS,O ) of conserved currents, that close under a massive 3d N = 2
supersymmetry acting on the boundary S3. See eqs. (2.14) for the detailed expressions in
terms of the bulk fields. The Dirichlet boundary condition corresponds to fixing the multiplet
T 1(70) to vanish, while the fluctuating multiplet T ]S,O ) gives the conserved current of the SU(2)
boundary global symmetry. Turning on a real VEV a = m € R in AdS corresponds to
modifying the Dirichlet boundary condition, by giving a nonzero supersymmetric value to
the bottom component of 7, 1(70)

T = (=m7s, 0, 0,0, 0) . (1.2)

3The minus sign is due to our conventions on the scalar field ¢, that we spell out in section 2.



This modification turns on a real mass deformation for the global symmetry with current
Tr[m37, ]glo )]. The deformation breaks the AdS isometries from the 3d N = 2 superconformal
algebra to a massive subalgebra. This is due to the fact that the moduli space of the flat
space theory is completely lifted by the bulk curvature, at least at the classical level. Naively,
one might expect that setting m = 0 is sufficient to ensure that the boundary condition
satisfies the full AdS (super-)isometries, and that this is the only value corresponding to
the origin of the Coulomb branch v = 0 that we want to study. However, preserving the
full /' = 2 supersymmetry in AdS is more subtle than this, because it requires the addition
of suitable boundary terms to ensure the invariance of the action. To write down these
boundary terms, it is necessary to introduce a cutoff surface in the radial direction. As a
result, only a massive 3d N/ = 2 supersymmetry algebra can be made manifest, the same
subalgebra that is preserved by the massive deformation m. This opens the question: how do
we select AdS boundary conditions that preserves the full bulk supersymmetry, acting as a 3d
N = 2 superconformal algebra on the boundary? Moreover, in the above discussion we only
found an AdS counterpart for a real deformation a = m € R, and another natural question is:
which AdS quantity corresponds to the imaginary part of a in the VEV ¢ = —%CLTg?

We find that the answers to these two questions are related. One can define an AdSy
partition function for the theory with modified Dirichlet boundary condition, and this is
naturally a function of the parameter m

Faqs(m) = —log Zpaqs  with boundary condition (1.2). (1.3)

We propose to interpret Fagg(a) as a holomorphic function of the complex combination
a = m — 1. The imaginary part § corresponds to a mixing between the U(1)g symmetry
and the U(1) subgroup of SU(2) preserved by a # 0, namely

R — R+ dq, (1.4)

where R and ¢ are the charges of the R-symmetry and of the U(1). We further propose
that the boundary conditions that preserve the full 3d N' = 2 superconformal symmetry
are determined by the values 6* that maximize

Re[Fags] = —log|Zaas|, (1.5)

namely we have

0s Re[Faqs|(m — i6%) =0,

9% Re[Fagqs)(m —i6*) <0 . (1.6)

The values of 0* determined in this way fix the U(1)g superconformal R-symmetry to be
Rscrr = R + 0*q. Note that in a maximum at some 6* # 0 the superconformal U(1)z
symmetry mixes with a U(1) subgroup of SU(2). This is only possible because the SU(2)
is broken to U(1) in any such boundary condition, as can be explicitly verified by looking
at the divergence of the current

A Jl o< (m —1i0)Os, (1.7)



while J{' remains conserved. This is the manifestation of the adjoint Higgsing at the
boundary of AdS.

We call this procedure “Fagqs-maximization”. We conjecture it to hold in general for
N = 2 supersymmetric field theories in AdS. It is mainly motivated by the analogy to other
setups with the same amount of supersymmetry, where one is faced with a similar problem
of determining the value of the superconformal U(1)g charge: 3d N/ = 2 supersymmetric
theories on S° [22, 23] (to which our proposal is related by the gravitational decoupling
limit Mp; — oo for 3d theories with holographic duals), and 4d N = 2 superconformal
theories on the hemisphere HS* [24, 25] (to which our proposal is related in the special
case of superconformal theories in AdSy).

With the help of Fags-maximization, the strategy to study the transition between
boundary conditions for SU(2) SYM becomes clear. First, we set m = 0 to avoid introducing
explicitly a breaking of the SU(2) symmetry down to U(1). Second, we study the maximization
of Re[Faqs|(—id) as a function of §, for various values of the coupling constant AL. This
is made possible by the fact that the partition function can be computed exactly using
localization. Deriving the expression for this partition function for any pure SYM theory
is one of our main technical results. Perhaps surprisingly, our final answer (3.3) coincides
with the partition function on the hemisphere background HS* obtained in [26, 27]. For
the case of SU(2) SYM it takes the form

ZAdS(a; A) = (AL)4a2 Zl—loop(a) ZNekrasov(a7 A) ) (18)

where Zi.100p is the one-loop determinant for a vector multiplet with Dirichlet boundary
conditions and ZNekrasov 1S the holomorphic part of the Nekrasov instanton partition func-
tion [28] in the Q background ¢; = e; = 1/L. While explicit, this answer is still rather
involved: in order to perform the maximization we need to truncate the sum over instantons
and use numerical techniques.

As illustrated in figures 1 and 2, we find that

o At weak coupling AL < 1, there is a single smooth local maximum of Re[Faq4g] at
0* = 0, corresponding to the SU(2)-preserving Dirichlet boundary condition;

o As we increase AL, a new and larger local maximum of Re[Faqg| emerges at §* # 0.
This signals that a new boundary condition with adjoint Higgsing has appeared at
strong coupling;

e As we further increase AL to the largest values for which our numerical analysis is
under control, we see yet another even larger maximum emerge. The difference in
the values of Re[Faqg] at the maxima becomes smaller as AL grows. We conjecture
that this pattern generalizes to a sequence of more and more maxima emerging and
accumulating in the flat space limit AL — oo, from which the flat direction emerges.

These results give us a strong indication about how the theory at strong coupling/large
radius realizes the flat space physics: we expect that the un-Higgsed Dirichlet boundary
condition disappears at strong coupling, and there is a transition to the newly emerged
Higgsed boundary conditions. We should also clarify that, while we see the emergence of



the new larger maxima, localization alone does not allow us to reveal any inconsistency in
the SU(2) preserving boundary condition at strong coupling, and its disappearance remains
conjectural. Showing it presumably requires a more detailed analysis of the operator spectrum.
Note that the transition to the Higgsed phase proposed here does not happen through the
continuous recombination process mentioned earlier, but rather it is a discontinuous “first
order” type of transition. The Higgsed boundary conditions that emerge are favored globally
in the sense that they correspond to larger maxima of Re[Faqgg], see figures 1 and 2.

As a byproduct, which lies somewhat outside of the main scope of the paper, we find
a simple relation between the AdS partition function Fagg, and a curved-space version of
the prepotential Faqs, namely

Faqs = —4miFaqgs - (1.9)

Besides the fact that they are both holomorphic functions of a, this identification is motivated
by: (i) the flat-space limit; (ii) the observation that the gauge-invariant VEV u = —(Tr[¢?])
can be obtained from Faqs through a differential operator that, upon the identification (1.9),
precisely reproduces the Matone relation [29]

u =i (.F(a) - ;aﬁa}'(a)> ; (1.10)

(iii) the observation that the condition Im [F} 4] = Im [7ir] > 0 matches the maximization
condition 92Re [Faqs] < 0.

The plan for the rest of the paper is as follows: in section 2 we discuss how to couple
an N = 2 vector multiplet to a background AdS; geometry with a manifest 3d N = 2
massive subalgebra, and we put forward our proposal of Fagqg maximization to determine the
boundary conditions preserving the full 3d A/ = 2 superconformal symmetry. In section 3 we
perform the localization calculation of the A = 2 theory on an AdS background. In section 4
we leverage these results to discuss the boundary phase transitions for the N' =2 SU(2) SYM
theory in AdS. In section 5 we give a derivation of the AdS Matone relation and discuss the
evidence for the identification (1.9). We conclude with comments about open directions for
future research. Various details concerning the structure of SUSY multiplets, the localization

computation and the numerical study of Fagg-maximization are collected in appendices.

2 4d N = 2 super Yang-Mills in AdS

In this section we set up the problem by discussing the Lagrangian of N'=2 SYM in AdSy,
including boundary terms and 1/2-BPS boundary conditions that are needed to preserve
a massive 3d N = 2 supersymmetry. Finally, we propose a criterion that selects boundary
conditions preserving the full symmetry, isomorphic to a 3d N = 2 superconformal algebra.

2.1 Lagrangian and boundary terms

Let us start by reviewing how to put a 4d A/ = 2 theory in rigid curved Euclidean spacetime,
following mostly the conventions in [30]. We couple the theory to background supergravity,
whose bosonic content is displayed in table 1. We then fix the geometry, and fix the additional



Field Description U(l)r SU((2)g

Juv metric 1
A, u(1)g gauge field 0 1
Vs su(2)r gauge field 0 3
T,  anti-self-dual tensor +2 1
_W, self-dual tensor -2 1
M scalar 0 1

Table 1. Bosonic field content of N' = 2 supergravity multiplet.

bosonic content of the supergravity multiplet in such a way that the Killing spinor equation
admits solutions [31]. In order to obtain eight supercharges in Euclidean AdSy, the bosonic
content of the gravity multiplet is fixed to

M=0, A,=0, V=0, Tu=0, Tuw=0, gu=g>* with #Z=-12, (2.1)

where the AdS radius is set to 1. Denoting the supersymmetry variation in background
supergravity as

Q=e'Qa+eaQt, (2.2)

where ¢ and € are the spinorial parameter, and Q4 and Q4 the operators acting on the
fields, the Killing spinor equation is

) _ . ) _ .
DueAa = _57—37,4B(U;LGB)@ , DME% = éTB,AB(O-MeB)a . (23)

There are precisely eight linearly independent solutions, giving eight global supercharges.
Our conventions for the spinors, the R-symmetry indices, and the spacetime indices are
detailed in the appendix A.

The field content of A/ =2 SYM theory is a 4d N = 2 vector multiplet, which comprises
a complex scalar ¢, a Dirac fermion A4 in the doublet of SU(2), a gauge field A, and an
auxiliary field D 4p in the triplet of SU(2)%. All of these fields are in the adjoint representation
of the gauge group Gyn. Specifying the general action for SYM coupled to background
supergravity [32] to the AdS4 background, one gets the following bulk action

g Im(7) / Lon & Z,Re(T) / Lo
4m  JAds, 8T  JAdSs

Lyv = Tr BFWFW — 4D, ¢D ¢ + 8 + iN A4 — iN DA 4
(2.4)

1 _ _ _ _

= 5D Dag + 406, 6" — 2219, Al + 2270, Al

1
Loy ="Tr {2€”VPUFWFW] .

The background supergravity transformations of the vector multiplet, which can be specified
to our background with (2.1)—(2.3), are given by (B.6). The supersymmetry variation of the



bulk Lagrangian is a total derivative. On a fixed geometry without a boundary the procedure
above immediately gives a theory that preserves eight supercharges. However in AdS, in order
to preserve at least part of the supersymmetry, we need to add boundary terms and consistent
boundary conditions. To discuss the boundary term we introduce an IR cut-off 79 in the
radial coordinate, where the coordinate 7 is defined by taking the following S? slicing of AdSy

ds?® = dn?* + sinh(n)%d0%; . (2.5)

The cutoff breaks part of the isometries and consequently also part of supersymmetries (see
e.g. [14, 33] for related discussions of supersymmetry in AdS). This means that only a subgroup
of the full OSp(2|4) AdS, supersymmetry algebra, acting as a 3d N' = 2 SUSY algebra on
the boundary, is manifest in the formalism. For generic choices of the parameters that enter
the boundary condition, only this subgroup is preserved, and thus the AdS isometries are
broken. We discuss the additional constraints that are needed to preserve the full AdSy
N = 2 algebra in section 2.3.

More specifically, compatibly with our choice of cutoff in the coordinate 7 in (2.5), the
largest supersymmetry algebra that can be made manifest from the Lagrangian supplemented
by boundary terms is the massive N/ = 2 algebra on S3. It is specified by the following
constraint on the AdSy; N = 2 Killing spinors

G

€46 = —icosh <;]> T3 A (Eggi;()B ,

where ¢ and ¢ are Killing spinors on an S3 of unit radius, see the appendix C for more details.

(2.6)

The boundary terms needed on the cutoff surface n = 7y in order to preserve this
subalgebra are

I
So = m(r )smh3 7)0/ EYM—FZR(

47
sinh(o) {COth(Wo) (

~ (cosh(m)on +in) (14

)Sinh3(770) / g,
S3
3 + cosh(2n)

sinh(ro)
D¢,
1nh(17 )

~+ cos 1A2 + sin 1A2] :
h2< ))\A h2( )AA] (2.7)

o _
‘CYM_

(62 — ¢2) — 8i coth(no>¢1<z>2)

+ 4 coth(ng) D1 ¢2 + 21D12)

3 + cosh(2np)

Eg _ i {2 coth(no) (2 coth(no)(@f)% - ¢%) - sinh()

sinh(n)
D¢

sinh(ro)
+ cosh? ( ) A1 Ag — sinh? ( 5 ) Mg — 3 smh(no)()\laL/\Q — X201 A1)

i¢>1¢2>

— (¢pg + i cosh(ng)d1) (4@ + 4 coth(ng) D ¢ + 22‘D12>

Here

-

o+ =9
¢1 - 2 ; ¢2 - 9

(2.8)



and 1 denotes the curved space index in the radial direction. In our conventions we have
(¢)* = —¢, which ensures convergence of the path integral with the action in (2.4), hence
$1,2 in (2.8) are real.

2.2 Boundary conditions

We now discuss boundary conditions at the cutoft surface n = ng that preserve the massive
3d N = 2 supersymmetry algebra. We will restrict ourselves to the case # = 0 and describe
the most basic Dirichlet and Neumann boundary conditions.* In the limit of large 7, the
possible modes for the bulk fields that are compatible with the linearized equation of motion,
with the gauge-fixing A, = 0, are

( +..)+e*%770()\(_0)+...),
o ) ) (2.9)
) |~ e 3m (Af) T .. ) + 2 ()\_0) T .. ) :

where the dependence on the S3 coordinates is left implicit, and the boundary modes of
the spinor satisfy )\(f ) = tio J_S\El(:)). A boundary condition is a choice of which of these
coefficients are fixed at the boundary, and which are free to fluctuate, and we impose that
this choice is compatible with supersymmetry. To this end, it is convenient to note that the
4d N = 2 multiplets of bulk operators can be decomposed, with n-dependent coefficients,
in pairs of multiplets of the 3d A/ = 2 associated to the spinors ¢ and ¢ in (2.6). The 4d
N = 2 vector multiplet of the elementary fields of SYM theory decomposes in the following

two nm-dependent 3d N/ = 2 multiplets

J =2¢1,
j= —%(sinh (#)A2 +icosh (g)UJ_/_\2) )
~ 1 . . N
To(n) 4 3= 75 (sinh (F)A = icosh (o). (2.10)
= ) (cosh(n) 3" i + sinh(n)Frr )

K = —2sinh(n)D ¢ — 2 cosh(n)(¢2 + £D12) + i .
J 2¢2a

1 -
] = ﬁ(Sinh (g))\g — i cosh (g)O'L)\g) ,
~ L. , 5
In(n) ¢ = 7ﬁ(smh (2)A1 +icosh (F)o1 A1), (2.11)
= ———— (%Y F;j + cosh(y) sinh(n) Fy.1 ) |
Tk Sinh2(7]) (26 gl'ij T COS (77) sin ("7) kL)

K = 2sinh(n)D, ¢1 + 2 cosh(n)pr — Dig + 2i¢s .

“When the theta angle is nonzero, the Neumann boundary condition gets modified to a mixed boundary

condition that fixes a linear combination of j]go) and \71\(]0) in eq. (2.14).



We recall the supersymmetry transformations of the 4d and 3d multiplets in the appendix B.
The multiplets Jp and Jn contain a current ji in the adjoint representation of the gauge
group that is covariantly conserved. Therefore, compared to a more standard linear multiplet
of a conserved current, their supersymmetry variation contain additional terms that involve
the following 3d N' = 2 vector multiplet, which is again built from the 4d vector multiplet
using n-dependent coefficients

o = 2cosh(n)p; — 2ips,
A = —sinh(n) (cosh (2)A1 —isinh (g)O'J_S\l) :
A = —sinh h (2)\g + isinh (2)o A
Vi) sinh(n) (cos (#)A2 +isinh ()0, 2) : (2.12)
A=A,
D = —2cosh(n) sinh(n) D ¢ — 2isinh(n)D | ¢1 — isinh?(n)Diy
-2 sinhQ(n)ngg —icosh(n)pr — ¢2 .
Having built these multiplets, the boundary conditions
Dirichlet: li_1>n e Ip(no) =0,
s (2.13)

. lim 0 _
Neumann: nggnooe In(mo) =0,

manifestly preserve the massive 3d N' = 2 supersymmetry on S3. Written in terms of the
boundary modes in equation (2.9), they set to zero either one of the two following linear
multiplets on 3

T = 2617, —v2ir) V2in”, ik 9; 4L 2(85” + ie\”)),

(0
]?0> (0) (0) ©) _ 500 <0) -, (0) (2.14)
jN = (2¢2 ’ \/§>‘2_7 _\/§A1+, _Ai s _2(¢1 - 1¢2 )) .

Here we are using the notation J = (J, 37,5 K ) for the components of the linear multiplet.
We used that the auxiliary field Do is set to zero by the equations of motion, so there is no
associated boundary mode. Note that the current j; that we are setting to zero is —iagkﬁjA,(f)
in the case of j]go), and AEO) = — ll)ngo e"F'|; in the case of jl\(lo), so these boundary conditions
are the supersymmetrizations of7zche ordinary Dirichlet and Neumann boundary conditions
for a gauge field, and are thus guaranteed to define a good variational principle. Since with
Dirichlet the connection trivializes at the boundary, the multiplet jl\(lo) of fluctuating modes
is an ordinary linear multiplet with a conserved current j;, and we have a global symmetry
GywMm at the boundary. On the other hand, with Neumann, j]go) is still the multiplet of a
covariantly-conserved current, coupled to the boundary limit of the vector multiplet V, and
the symmetry Gy is still gauged at the boundary.

We can allow a more general, “modified Dirichlet” boundary condition that preserves
the same supersymmetry, namely

I8 = (~1,0,0,0,0) (2.15)

where m is an adjoint-valued constant which we can always take to the Cartan, e.g. for
SU(2) we can take m = m73. This parameter corresponds to turning on a source for the

,10,



top component of the fluctuating linear multiplet Jl\(lo). Turning on m breaks partially the
\71510) conserved current. Indeed, applying (B.11) we obtain

B, + %[m, J] — ifm, K] = 0. (2.16)

This is an effect due to the introduction of a central charge in the S* N = 2 algebra, as
explained below (C.21).

2.3 Fags-maximization

As explained in the introduction, our goal is studying the transition at strong coupling
between the non-abelian Coulomb phase, i.e. SU(2) preserving Dirichlet boundary condition,
and the phase Higgsed down to U(1). In order to properly set up the problem, and find that
some boundary conditions stop being available at strong coupling, we need to be careful
in specifying what set of boundary conditions we consider allowed. To clarify this point,
consider the example of non-supersymmetric Yang-Mills [2, 7]: in that context, the leading
scenario for the transition to the confinement phase is that the Dirichlet boundary condition
disappears through a mechanism of merger and annihilation. This does not mean that no
boundary condition of Dirichlet-type is allowed when AdS is large, it just means that such a
boundary condition is incompatible with the requirements of unitarity and invariance under
AdS isometries, i.e. conformal symmetry at the boundary. Also in the present setup we
expect that it is important to restrict to the set of boundary condition that realize the full
(super)group of AdS (super-)isometries. In the previous section we saw that only a 3d N = 2
massive supersymmetry algebra on S is manifest in the action that we use. We then need
to find additional conditions that ensure that the boundary condition actually preserves
the full symmetry, i.e. 4d N' = 2 supersymmetry in AdSy, acting on the boundary as the
3d N = 2 superconformal algebra. In this section we conjecture what these conditions are,
drawing inspiration from the analogous problem that one encounters for supersymmetric
quantum field theory on S, namely ensuring that the curvature couplings are fixed in such
a way to preserve superconformal symmetry.

Let us recall how this works for 3d theories [22, 23]. The 3d N' = 2 supersymmetry
algebra in flat space has an outer automorphism U(1)z which can be a global symmetry
of the theory. If the theory admits additional global symmetries U(1),, the U(1)g can be
redefined adding to its generator arbitrary linear combinations of those of the U(1),’s, namely

R=Ro+> 6"qa, (2.17)

where Ry is an arbitrary R-charge assignment consistent with the Lagrangian, and ¢, is the
charge of U(1),. Theories that admit a U(1)g symmetry can be put on S by coupling to
the new minimal background supergravity multiplet [34]. The resulting curvature couplings,
the supersymmetry algebra on S2, and the value of the S® partition function, all depend
on which assignment of R-charge is chosen among the possibilities in (2.17). If the starting
theory in flat space is superconformal, there is another way to put it on S that preserves the
full superconformal symmetry, which is to simply perform a Weyl rescaling. The curvature
couplings obtained in this way match those in the previous construction only for a special
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choice of the R-charge assignment: namely if one picks the particular R-symmetry that
belongs to the superconformal algebra, i.e. the so-called superconformal R-symmetry. The
latter is not subject to any (continuous) ambiguity because its charge can be obtained from
anti-commutators of the odd superconformal generators {Q,S} = Rscpr + .... It was
proposed in [22], and later proved in [23], that the value of the mixing parameters §* that give
the superconformal R-charge is the one that maximizes the quantity Re[Fgs] = —log|Zgs|,
where Fgs = —log Zgs is the partition function obtained by putting the theory on the sphere
using the generic R-symmetry.

Going back to AdSy, the bulk NV = 2 algebra is isomorphic to the 3d N’ = 2 superconformal
algebra, in particular it contains an unambiguous bulk U(1)z symmetry with fixed charge
assignment Raqs. However, the boundary condition at the cutoff surface n = g is only 1/2-
BPS, and the preserved U(1) is allowed to mix with other U(1) charges like in (2.17). In AdS
the parameters % should be thought of as parametrizing different possible 1/2-BPS boundary
conditions at the cutoff surface n = 7. For generic parameters 0 the supersymmetry algebra
preserved in AdSy is then the massive 3d N = 2 algebra on S2. As recalled above, this algebra
may enhance to the full superconformal algebra for specific choices of 6%, which identify the
superconformal R-symmetry. Like in the case of local 3d theories that we reviewed above,
we conjecture that also in AdSy this special values of §* are the ones that maximize the real
part of a supersymmetric partition function, in this case the AdS one

Faqs = —log Zaas , (2.18)

where Zags is computed with the 1/2-BPS boundary condition and it is a function of the
parameters %.

The way that the parameters §% enter in Faqs can be understood from the general
observation of [22]: for a theory with 3d A/ = 2 supersymmetry, the partition function
depends holomorphically on the combination m® — id%, where m® is a real mass deformation
associated to the global symmetry U(1),. In the context of AdS, this means that the mixing
can happen with global symmetries that act locally on the boundary, i.e. having an associated
conserved current at the boundary, in terms of which one can define a real mass deformation.
One important class of examples with boundary conserved currents, which will be our main
focus, is that of gauge theories with Dirichlet boundary conditions. In that case, the real
mass deformation at the boundary corresponds to a Cartan-valued parameter entering the
modified Dirichlet boundary condition (2.15), i.e. defining a = a®H,, with H, the Cartan
generators, we have a* = m®. Therefore, the mixing with the R-symmetry is achieved by
complexifying the parameter in the boundary condition and considering a* = m® — 9. This
can also be explicitly checked within the 1/2 BPS massive subalgebra in AdSy, as we show
in detail in the appendix, below (C.21).

Besides the mere analogy with the S? case, the following arguments support the conjecture
of Fags-maximization:

e SCFT on AdS,. Consider the special case in which the bulk theory is a SCFT. A
SCFT in AdS,4 background with a boundary condition that preserves the full super-
symmetry can be mapped, through a Weyl rescaling, to the hemisphere HS*, with a
superconformal boundary condition on the equatorial S3. Therefore, when the bulk
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theory is superconformal, we have a one-to-one correspondence between AdS, invariant
boundary conditions and superconformal boundary conditions on HS* When the
SCFT is placed on the hemisphere HS* with a boundary condition on the equatorial S3,
the same ambiguity as (2.17) arises for the U(1)x symmetry preserved by the boundary
condition. In [24] it was argued that in order to find superconformal boundary con-
ditions one needs to determine the values of §*’s that maximize the real part of the
partition function Fiyga = —log Zygs.> Then, our proposal coincides with the one [24]
if Fags = Fpg4, so that maximizing this quantity to find AdS, invariant boundary
condition is the same as the procedure of [24] to find superconformal boundary condi-
tions. The relation Faqs = Fyg+ trivially holds at the extremal value of 6%, because
in that case the two partition functions are related by the Weyl rescaling mentioned
before. However we need this relation to hold also for general §%’s in order to support
our conjecture. As an evidence for this, in the next section we perform a localization
calculation of Zaqg for pure SYM theory, allowing for generic mixing of the U(1)g,
and we find a match with the result for Zy g4 obtained in [26, 27]. While we have not
performed the full localization calculation in AdS for generic gauge theories with matter,
we have checked that the one-loop determinants are the same on AdS and HS* even
when hypermultiplet matter is included, in particular for superconformal gauge theories.
From this perspective, our proposal of Fagg maximization can be seen as an extension
of the proposal of [24] from the special case of SCFTs to massive QFTs in AdSy.

o Holography. If we consider a 3d SCFT that has an AdS4 supergravity dual, turning on
generic U(1)g mixing in the SCFT maps to boundary conditions that are not invariant
under the full AdS, isometry on the supergravity side. The equality ZESCFT = Zads

between the deformed partition functions is a basic entry of the holographic dictionary.

Therefore in this context the boundary conditions that preserve the full 3d N = 2

algebra are manifestly obtained by maximizing Re[Faqs]. From this perspective, our

proposal arises by taking the rigid limit Mp; — oo to recover a QFT in AdS. See
references [36-38] for holographic calculation in AdS, duals of the partition function of
3d SCFTs. As a further example of the predictive power of this decoupling limit for

QFT in AdS, note that [37] found a direct relation between Flgs, seen as a function of

the mixing parameters, and the prepotential of the supergravity theory, as a function

of the scalars in vector multiplets. As we discuss in section 5 below, the quantity Faqs,
as a function of the boundary values of the scalar fields, can in fact be seen as a fully
quantum-corrected prepotential for the theory in AdS background, consistently with

the decoupling limit.

SReference [24] further normalizes | Z g4| dividing it by a factor of |Z s4|%~ This ensures the cancellation
of contributions due to bulk Weyl anomalies or ambiguous curvature counterterms. The resulting combination
Fy = —log|Zyga \/(|ZS4|%) is a universal quantity that decreases along boundary RG flows, as was proved
using entropic arguments in [35]. The normalization is however not needed to implement the maximization:
bulk Weyl anomalies or local counterterms cannot depend on the parameters 6° of the boundary conditions.
Similar remarks on the dependence on Weyl anomalies and ambiguous counterterms apply also to AdS.
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3 AdS, localization

In this section we perform the localization computation of Faqs = — log Zagg for SYM. This
will be the crucial quantity to discuss the transition to the Higgs phase for Ggym = SU(2)
in section 4. Readers that are only interested in this application can simply read the result
for Zaqs in equation (3.3) and skip to the next section. Localization in AdS spacetime has
been studied in [14-20, 39-42].

The theory we are considering has a marginally-relevant gauge coupling, with one-loop
exact beta function, and this is seen in the localization calculation from a renormalization

needed to absorb UV divergences in the one loop determinants [43] (we show the details in
2miT(p)

the appendix D). As a result the coupling is traded with a scale pe = A where b is the

coefficient of the one-loop beta function, for pure SU(2) SYM b; = 4. In particular taking
to be the coupling at the scale of the inverse AdS radius we have
) by

e"" = (AL)? (3.1)
where we restored L for clarity, though we will keep L = 1 in the calculation. The partition
functions are written in terms of A and the Lie algebra matrix m in equation (3.13), which is
fixed with Dirichlet boundary condition, and fluctuating with Neumann boundary condition.
In both cases there are one loop contributions from the determinants, expressed in terms
of Barnes G-functions through the combination

H(z)=G(1+4+2)G(1—=z). (3.2)

and nonperturbative contributions that are encoded by the Nekrasov instanton partition
function ZNekrasov(m, A) [28]. In both cases the final result involves a product over the positive
roots A of the gauge group Gyn. The results are

¢ Dirichlet boundary conditions

ZDure SYM(mv A) = Ab?lTr(mQ) H H(Za ’ m) S

p ) ZNekrasov (m7 A) . (33)

sinh(ra - m
¢ Neumann boundary conditions

ZII)\Iure SYM(A) = /dm A%Tr(mz) H (Oé ’ m) Sinh(ﬂ-a : m)H(la : m) ’ ZNekrasov(m) A) :
aEAT

(3.4)

Here the integral over the Lie algebra has been rewritten as an integral over the Cartan
sub-algebra including the contribution from the Vandermonde determinant.

We have picked the following Killing spinor to define the localization charge Qo

1 . 4 1
€Aa = 7 sinh (727)5,4& , €4 = 7 cosh (7;)7372‘. (3.5)

We proceed by studying the locus together with the classical contribution. We then discuss
the instanton corrections, leaving the 1-loop determinant computations to the appendix D.
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Note that to perform the calculation of the one-loop determinants we use a fixed point
formula (D.15), commonly used in the literature for this type of calculations. This formula
applies rigorously only on compact spaces, but it was explicitly shown, for instance in [14, 18],
that when this formula is applied to non-compact hyperbolic manifolds the final result
is consistent with the one obtained by other methods. To make the presentation of the
localization calculation less involved, in most of this section we skip the details of the
gauge-fixing. We comment the role of the gauge-fixing in section D.1.

3.1 The AdS locus and classical contributions
To perform localization we deform the action by a Qjc-exact term Sgyn + ¢ [ Ads QlocV and
take the limit ¢ — 4+00. We take

V= T‘r[)\A(Qloc)\A)* + S\A(QIOCS‘A)*] . (36)

Here the * denotes complex conjugation, which is defined on the Euclidean fields as

(¢)"=—0, (A=A, (Dap)*=-D"". (3.7)

This choice ensures that the action (2.4) is a sum of positive terms, so that the path integral
is convergent.
The resulting localization action for the bosonic fields takes the form

2 ,EAO' eBr 2
Qlocv|bosonic =Tr |:EA€A <F[;/ + 7U[MDV}—¢2 + ZW¢2>

eey eCec
o 2 €45,,€%73 A
+ et <F:L - Q?U[uDy]Jréf)Z - Z#:Cechﬁ)
4 (D [(EAEA + gAgA)¢1])2 + L + L (v- D¢2)2 (3.8)
edeg + eqed ’ ele, €q4€4
1

C = =C C - -C 2
+2(€A€A+€A€A)|2¢1(€ €c — €€ )T3,AB + (€ €c + €c€ )DAB|

— 16(e%eq + €aet) (o1, 6252]2} ;

where the + superscript refers to the self-dual/anti-self-dual components of the tensor, and
vk = 2e4Gte 4. This action is a sum of squares of real quantities, in particular it is positive
semi-definite, and therefore the stationary point in the limit ¢t — 400 is given by Qj,.V =0,
which defines the localization locus.

In order to derive the locus, we make a simplifying assumption: we assume that the
field configuration at the locus is invariant under the SO(4) symmetry that acts on the
53 at fixed radial coordinate n. This means that we allow only 7-dependent profiles for
each field, and we look for the locus among these configurations. In particular, while SO(4)
invariance still allows a nonzero A, which is only function of 7, that can be always set to
zero by a gauge transformation. As a result the gauge connection trivializes — with the
important exception of singular instanton contributions localized at the origin, as we discuss
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below — and the gauge-covariant derivatives can be treated as ordinary derivatives. It is
convenient to rewrite the expression (3.8) as

4 1
even Tr[COSh()(D [COSh< >¢1]> QCOSh( ) ’
2

+ 4 — D? — 2) 2 — 16 cosh(n)[¢1, 2]
2

A
2 Q € U;wﬁ T3,AB
+ cosh (2) (F +1 ¢2> (3.9)

A 2
+ sinh? (727) (F+ LT CT?’ AB¢2>
ECE

2
Qo V| 2¢173,48 + cosh(n)D ap]|

+ D, (D”(2 cosh(n)¢3) — 4F‘“’vu¢2>} ,

where F, = %qugF P7. Unlike (3.8), this rewriting is not a sum of squares of real quantities,
but we still obtain a sum of non-negative terms up to a total derivative. Indeed —D? — 2 has
a positive spectrum, because the possible eigenvalues of the scalar Laplacian D? are smaller
than the Breitenlohner-Freedman bound m3pL? = —% [44]. We can then proceed to find the
locus by imposing that each term vanishes. Setting to zero the terms in the first line gives

m

2cosh(n) T3,AB M. (3.10)

Dyp = —

br=- cosh?(n)

with m a constant Lie-algebra valued matrix. Setting to zero the terms in the second line gives

h
$2 = sinlrcltnﬁ + ngiflis(n()z) , [er,m] = [c2,m] =0. (3.11)

Setting to zero the term in the third line, since the connection is trivial, forces
Cl = Cy = 0. (3.12)

This automatically satisfies also the constraint given by the term in the fourth line. In
addition, since the coefficient of this term is sinh(n)?, we can also allow for a discontinuous
field configuration that is non-vanishing only at the center 7 = 0. The field ¢2 solves the
classical equation of motion everywhere, to ensure vanishing of the term in the second line,
so it cannot have such a discontinuity. However, by analogy with the S* case [43], we can
allow singular instantons for which F/ ;;, is non-vanishing at the center, while £, = 0. We
discuss their contributions below in section 3.2. Note that also the total derivative term
vanishes identically when we plug the bulk solution ¢ = 0.
The field configuration that we obtained in this way satisfies

F = lim_e™ Jp () = (—m,0,0,0,0),

M0 —00

0) _ 70 — (319
jN = nognooe jN(nO) = (Oa O’ 07 07 0) )

so it is compatible with either the choice of (modified) Dirichlet or of Neumann boundary
condition defined above. For (modified) Dirichlet the matrix m is interpreted as a fixed

,16,



parameter of the boundary condition, while for Neumann it belongs to the multiplet that is
fluctuating at the boundary, therefore one still needs to perform a finite-dimensional integral
over it. There is however an observation to be made about the condition on j]go): while the
component K of jlgo) is vanishing both for ¢t = 0 (i.e. the original SYM action) and for ¢t — oo,
consistently with supersymmetry, we observe that its expression in terms of the modes of the
component fields at the boundary is different in the two cases. As we showed above, at t =0
we have K = 2(@23%0) + igﬁgo)), so to ensure K = 0 we need (]Eéo) = —z'(bgo) =i5. On the other
hand, at the locus the field ¢9 vanishes identically, but the non-trivial background (3.10) for
the auxiliary field Dj9, when plugged in €0 Jp (1), ensures that there is again a cancellation
of the K component. The fact that at the localization locus there is a nonzero value for an
auxiliary field of the vector multiplet, proportional to a scalar in the vector multiplet, is
actually common in localization, see e.g. [14, 26, 27, 43]. Therefore both (modified) Dirichlet
and Neumann boundary conditions can be expressed in the same way in terms of the boundary
multiplets J]SO) and \71510) at t =0 and t — oo. It is natural to expect that this is a general
consequence of the fact that these conditions remain valid at arbitrary values of ¢. In order
to check this one would need to study the variational principle for Ly + £QlocV .

The classical contribution to the localization formula is given by plugging the locus (3.10)
in the action (2.4)—(2.7). The result it

eS| = emTiw’ (3.14)

loc

. b
We then trade €™ to A2 as explained in (3.1).

3.2 Instantons in AdS,4

As we said above, the minimization of the localization action allows discontinuous configura-
tions in which F ;;, is non-vanishing only at the center n = 0. These configurations satisfy
F,, = 0 and are localized instantons, namely as in the case of S* [43] we include in the
path integral singular configurations of the gauge field. The fact that these configurations
are localized allows to escape the no-go result for instanton contributions in the presence
of Dirichlet boundary conditions [1, 2].

The Ojpc-complex, for the part of the path integration close to the center of AdSy,
is equivalent to the one of [28]. As for S* case we therefore obtain a Nekrasov partition
function contribution. The Killing vector generated by QIQOC fixes the parameters €1, €5 of
the © background to be

1
€1 = €9 = Z . (3.15)

The sum is just over the instanton contributions, and not anti-instantons. Indeed, as
opposed to the S* case and similarly to the HS4, we only have one point where the field
configuration can be singular while £, = 0. The difference between instantons and anti-
instantons comes from the choice of orientation of the boundary. Note that the full dependence
on 7 comes from the classical and the nonperturbative contribution to the partition function,
and both these contributions are holomorphic in 7. A change of the boundary orientation
would make it anti-holomorphic.
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4 Transition to adjoint-Higgsing in pure SU(2) SYM

We are now ready to apply the results of the previous sections to study the large radius
/ strong coupling limit of pure SU(2) SYM in AdSy, starting with the Dirichlet boundary
condition with SU(2) boundary global symmetry at weak coupling. We study this problem via
the maximization of Faqs as a function of the complexified parameter a = —id, which ensures
that the boundary condition satisfies AdS (super-)isometries. More precisely, we will maximize

Re[Faas(—id, A)] = —log| 28z (a, A)| (4.1)

a=—is

as a function of 0, for various values of the coupling A. Starting from (2.16), with m = mrs,
and shifting m — m —id, we see that also ¢ induces a breaking of the boundary SU(2) current,
even with m = 0. While the breaking of SU(2) due to m was due to the introduction of
a central charge in the algebra, as explained below (2.16), the breaking due to § is caused
by the mixing with the R-symmetry, which changes the curvature couplings, as explained
below (2.17).

As discussed in the introduction, our expectations are that, at small AdS radius, the
origin § = 0 will describe a stable SU(2)-preserving boundary condition, while, at finite
AL, the preferred boundary condition chosen by Faqg-maximization will be at finite § and
only preserve the Cartan of SU(2).

We showcase only the main outcomes of our analysis, the reader interested in the detailed
implementation can consult appendix E. As shown previously, the full supersymmetric
partition function on AdS, for SU(2) takes the form:

2a

mG(l + 2’LCL)G(1 — ZZQ)ZNekraSOV(a, A) y (42)

aQ
Z5u(9)(a, A) = A*

where a = m — i parametrizes the complexified VEV of ¢, which without loss of generality
mTs

" 2cosh(n)
in several expressions. It can be restored by rescaling a — aL and A — AL.

we take to be in the 73 direction: ¢; = . We will omit the explicit L dependence

The Nekrasov partition function admits a well known weak coupling expansion

oo
ZNekrasov =1+ Z Ik(a) A4k : (43>
k=1
The coefficients Ii(a) of the instanton expansion can be computed to an arbitrarily large
order by employing the algorithm of [28, 45]. In practice, for numerical evaluations we will
need to truncate the sum over k to some kpax. In our study we will use up to kmax = 16.
The first few terms of the series are

ha) =5 (a21+ 1)

I(a) = 8a? + 33
4(a? +1) (4a2 +9)

Iy(a) = 8a* 4+ 9942 + 366 (4.4)
24 (a2 + 1) (442 + 9)? (a2 + 4)?

Li(a) = 256a° 4+ 761645 + 91276a* 4 521211a% + 1109820 ‘

384 (a2 + 1) (4a2 + 9) (a2 + 4)° (4a2 + 25)°
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This expansion is clearly valid in the weak coupling region A < 1. We are however interested
in the physics at strong coupling A ~ O(1). The convergence of the expansion at intermediate
A is a non-trivial matter.® For generic (fixed) values of a, the coefficients I;(a) decay fast
enough with k, making the truncation error for fixed A bounded as a function of a.

We can also assess the reliability of our truncation by looking at the singularities of Faqg
as a function of §. Note that singularities of Faqg correspond to zeroes or poles of Z. We
observe two types of singularities: spurious ones at the A-independent location § = %Z for
|0] > 1, that disappear as we increase kpax; and physical ones whose position depend on the
value of A. The spurious singularities originate from the fact that

2a

mG(1 + 2ia)G(1 — 2ia) (4.5)

a=—1d

Zl-loop =

has zeroes at § = %Z for |0] > 1. We observe that these zeros are compensated by the poles of
the Nekrasov partition function at § = %Z for |[§] > 1. For a given kpax only a finite number
of such poles is present in ZNekrasov, namely the ones at 0 = § with 2 < |n| < kpax + 1,
as visible from the first few terms in (4.4). As kpax is increased, more poles appear in
ZNekrasov and the orders of the poles also increase. As a result, more spurious singularities
of Fags disappear. So for a given kpax we can only trust the function Fagqg in the region
|0] < dmax in which the spurious poles cancel. We observe that up to 16 instantons, all
spurious singularities for |§| < 4 are canceled.

On the other hand, the physical, A-dependent singularities of Fags come from zeroes
in ZNekrasov- We observe that these zeroes gradually merge and disappear as A increases,
starting from the ones that are at smaller values of ||, and moving to larger and larger values
as A increases. As a result, a larger portion of the ¢ axis becomes free from singularities
as A increases. Interestingly, we find evidence that the disappearing of zeroes is related
to the emergence of new maxima in the AdS free-energy, see the discussion in appendix E
for more details.

In order to numerically investigate the emergence of new maxima at strong coupling,
we first need to determine the region in the (J, A) plane in which the truncated instanton
expansion is reliable. We impose two constraints: first, the truncation error, estimated by the
relative error between kpax and kmax — 1, must be small for generic ¢ and fixed A; second,
the spurious singularities in & must have disappeared in the region of ¢ that we consider. For
kmax = 16 we find the reliable region to be 0 < § < 2.466 and 0 < A < 1.5, for which the
relative error in the free energy is smaller than 1076, This allows us to reliably investigate
the emergence of new maxima in part of the strong-coupling regime.

Figure 1 showcases the free-energy for different values of A. At weak coupling 1(a)
the origin of the Coulomb branch is a stable maximum, as predicted by the semiclassical
analysis. This is the only maximum — defining a superconformal boundary condition with
the full SU(2) global symmetry — for small enough A. Note that it is only a local and
not a global maximum of the function, due to the existence of the physical singularities
mentioned above, at which Re[Fagg] — +oo.

SFor a recent discussion of the convergence properties of the instanton expansion, albeit in a different
regime, see [46].
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(a) (b) ()

Figure 1. Free energy Faqs(—:d, A) for different values of A. (a) Weak coupling regime with single
maximum at the origin § = 0. Note that the points where the function shows steep growth are actual
physical singularities where Re[Fags] — 400 and as such they do not give rise to any additional
smooth local maximum outside of the origin. (b) At intermediate values of the coupling, a new smooth
local maximum emerges at nonzero §, with a larger value of Re[Faqs] compared to the one at origin,
signaling the transition to a SU(2)-breaking boundary condition. (c¢) At even stronger coupling a
second smooth local maximum with § # 0 emerges, larger than the first one. More and more of these
maxima are expected to emerge as we increase AL, eventually accumulating and giving rise to the flat
direction in the flat space limit.

As we increase A while remaining within our regime of validity, a second local maximum
at 0 # 0 appears at A ~ 0.88. This happens due to a merger of singularities (figures 2(a)
and 2(b)). The value of Re[Fags] at this new local maximum is higher than the one at the
origin. This is a new superconformal boundary condition where the bulk gauge symmetry
is broken down to a U(1) subgroup. Since this is the largest available local maximum, we
take this to signal that the theory at A > 0.88 transitions to an adjoint Higgs phase, the
one expected from the flat space limit.

By further increasing A, new leading maxima appear further away from the origin, while
their overall height approaches zero, as shown in figure 1(c) and figure 3 in the appendix. As
none of the former maxima disappear, we expect that, in the flat space limit, a continuous
Coulomb branch of vacua emerges from the merging of a dense set of discrete maxima of
the AdS free energy. This is also corroborated by the mechanism for the emergence of local
maxima via merging of singularities of the instanton partition function, which requires the
number of maxima to keep increasing as we approach the flat space limit.

Note that our analysis does not prove that the maximum at the origin becomes disallowed
when the new maxima emerge, but it proves that a new SU(2)-breaking boundary condition
becomes allowed, and it appears favored by the larger value of Re[Fqgs]. Studying in more
details the properties of the SU(2) preserving boundary condition, such as the spectrum of
its operators, it could be possible to find that some obstruction emerges at AL ~ 1 forcing
one to adopt the new Higgsed boundary condition. Another related possibility is that the
larger value of Re[Fagqs] in the new maximum signals the existence of a bulk instability with
the SU(2) preserving boundary condition, that triggers a transition to the broken one. It
would be interesting to clarify this point, we leave it for future work.

Summarizing, and restoring the AdS length L for clarity, our analysis leads to two
main lessons:
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N=0.86 N =0.88

Figure 2. New maxima in the free energy F(—id, A) emerge from merging singularities as A increases.
(a, b) A new leading maximum emerges at finite A from the merging of two singularities. (c, d) A
third maximum emerges from merging singularities.

1. The local maximum of Re[Fagqs] is the SU(2)-preserving boundary condition 6 = 0 at
weak coupling AL < 1, but for AL ~ 1 larger maxima emerge with § # 0, breaking the
boundary SU(2) symmetry down to U(1). This matches the expectation from the flat
space limit, in which there is no vacuum preserving the full SU(2) gauge group, and
the gauge symmetry is broken to U(1) by adjoint Higgsing.

2. The flat space Coulomb branch of vacua arises through the merging of local maxima of
the AdS free energy Faqs, which combine into an emergent flat direction for AL — +o0.

5 FAdS = —47T’I:FAdS

In this section we provide evidence for an identification of the AdS-free energy Faqs with
the curved space prepotential Faqs. This is partly inspired by the results of [37] in the
context of AdS,/CFTj3: that work found a relation between the S partition function of the
CFT5 — which by the holographic duality can be also identified with the bulk AdS4 partition
function — and the bulk prepotential in the supergravity theory. Besides the gravitational
decoupling limit Mp; — oo of the result of [37], the identification purely for QFT in AdS
is suggested by three main observations:
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1. The AdS free energy Faqs obeys an analog of the Matone relation [29] (1.10) for the
flat space prepotential, namely one can obtain the VEV of a gauge-invariant Coulomb
branch operator by acting on it with a certain differential operator.

2. Faqs also reproduces the correct Seiberg-Witten prepotential in the flat space limit
Fias =~ —4miL* Fa(a, A) + O(log(L)) (5.1)

where Fat reads, for the SU(2) theory”

. o) 4k
Fiiat(a) = _%QQ (log (ﬁ;) +3+ > F (2) ) . (5.2)

k=1

3. The maximization procedure can be recast as the positivity of the IR gauge coupling.
Indeed at 0*
82RG[F AdS]

552 <0. (5.3)

6=06*

Using 7(a) = Fiys(a) and our proposed identification this becomes

Im [r(a)][;_s. > 0. (5.4)

We now provide more details for the first two observations in the specific case of pure SU(2)
SYM. We believe that such a relationship holds more generally for N’ = 2 gauge theories
in AdS background.

5.1 AdS Matone relation

Let us define
Ap =Tulg"), Ay =Tr[¢"]. (5:5)
Then the Matone relation in flat space reads
u = ~(4a) = 71 ( Fia(@) ~ 5000 Fra@)) (56)
Since the prepotential (5.2) is a function of the form a®f(A/a), it satisfies the equation
(2 — ady) Friat = AOAFhtat - (5.7)

Recall that Tyy appears in the combination A = ue”iTUV(“)/ 28 This allows us to rewrite
the Matone relation in the compact form

u = 8TU\/]:ﬁat . (58)

"We use the conventions of [47] with the following modifications: afq., = 26300, Ahere = %Athere.

8 A notational remark: the low energy coupling of the effective U(1) gauge theory, which is obtained from
the prepotential, is often denoted by 7, hence to avoid confusion in this section we adopt the symbol Tyv to
denote the UV gauge coupling in the Lagrangian of the non-abelian gauge theory.
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Moving to AdS, we can still define u as the VEV of the operator —(As), which for any
choice of boundary condition that preserves the AdS isometries will be a constant. On the
other hand, the a dependence will stem from the choice of (modified) Dirichlet boundary
condition. For general a, the AdS isometries are broken and there is a preferred foliation
with S3’s at fixed radial coordinate 7. In this case we can think of u as the expectation
value at the center of AdS (Aa(n = 0)).

The relation (5.8) suggests that it should be possible to obtain u = —(A3(0)) from the
derivative with respect to the coupling in the Lagrangian of some quantity. To prove the AdS
Matone relation we need to understand what this quantity is in AdS. Obtaining correlation
functions of chiral primaries from derivatives with respect to the associated coupling is
reminiscent of the results of [48] for Coulomb branch correlators on S*. These have already
been adapted in [25] to compute one-point functions of chiral operators on H 5S4, and we will
now discuss how to adapt them to AdS. Consider a generic deformation by the top component
C of a chiral operator of R-charge w. The A/ = 2 action is modified by

Sn=2 — Sn=2 + / V9 ()\kck + j\kzc_k) + Vh ()\kC&k + ;\kzc_&k) ; (5.9)
AdSy

0AdSy

where the bulk Lagrangian densities have the following expression in terms of the components
of the chiral multiplet described in appendix B.1

C=0C—i(w—2)(m)"PBap +2(w—2)(w—3)A,
o B _ (5.10)
C=C+i(w—2)(m3)"PBup +2(w —2)(w —3)A,

and w denotes the conformal dimension of A. The deformation transforms under Q by
a total derivative

8C = —D,,(2ie* oA g + 252 (w — 2)(73) P 40" Tp))

g A " 5.11
0C = =D, (2ie* oA — 251(w — 2)(13)Pe(a0" U . o

In the presence of a boundary, our deformation must be supplemented by the appropriate
boundary term in order to preserve the Q supercharge. Similarly to what we did in section 2
for the SYM action, we define the boundary term on a cutoff surface at a large value of
n = 19 > 1. The boundary terms read

Cp = coth (7720) ( —i(13)*PBap + 2D A + 4(w — 2)A

- (1 + coth? (7720) — 6 coth (7720) coth(n0)>A> )

Cy = tanh (?) <i(73)ABBAB +2D ] A+ 4(w—2)A

- <1 + tanh? (7720) — 6tanh (?) coth(no))/_l> .

In order to explicitly compute the derivative with respect to Ag, we rewrite the pertur-

(5.12)

bation C as

C=D,V"+6gF, C=D,V"+5gF (5.13)
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where:

“A=u_B “A-u B = C = =C
etate , e“ote ECE €CE
H=2B -2 — 2w —3) — A-2 DHFA
v AB~Ce., 175,48 Cec (82( w=3) = s 6D€D> ePep ’
- A u=B A_pzB c = C
Vi = —2Bap 0 + 2ims an g <31(2w —3) — 80 Eg>A —95C puy,
€CE €CE €EDE ePep
A AB - A= (514)
€Ay 137ea¥p €CE eohW 4
F=-— e s2(w —3) — s1—p Dyl ——
€~ €ec e~ ec €7 €D e €eC
—A N ABZ= Ty C A \T
_ €Ay Ty eA\I/B( € 60) (e U“\I/A>
F=- — -3 D,|——).
eceC ' egeC silw=3)+ 27775 ) + Dul o
A lengthy, but straightforward computation gives
[er+ [ cox=s2ma(0) 460 [ F.
T ) (5.15)
/ck+/6087,§:5Q/F.
The O-exact terms has zero VEV and we are left with the final result
O, Fads| =0 = 327%(A41(0)), (5.16)

where the role of the north pole of the sphere in [25, 48] is played by the center of AdSy.
It might be confusing why the point n = 0 plays a special role, given that AdS, unlike the
hemisphere, is a homogeneous space. We stress that this is due to the fact, explained in
section 2, that we can only manifestly preserve a subgroup of the (super)isometry, as is
explicit by the choice of boundary terms on the cutoff surface n = ng. Of course, if the
boundary condition is chosen appropriately following the maximization procedure, the full
spacetime (super)symmetry is restored and the VEV (Ay) is constant in AdS.

Let us specialize to A = A,. In this case the associated chiral Lagrangian Co gives
precisely the SYM one in (2.4), provided we specify

.TUV
Ay = Uyl (5.17)

In this way we have

Oryy Faas = 4mi(A2(0)) = —4miw. (5.18)
Comparison with (5.8) prompts the identification
Faqs = —4miFags - (5.19)

We stress that the relation (5.16) holds in general for Coulomb branch operators in any
N =2 theory. While for SU(2) SYM the operators Ay with k > 3 are not independent due to
trace relations, some of them become independent for higher rank theories and this relation
can be used to compute their VEVs. Moreover, both in higher rank theories and in SU(2),
one can also consider multiple derivatives, which by the same logic can be showed to give
the VEV of multi-trace Coulomb branch operators. Taking the flat-space limit, these AdS
relations allow to derive many generalizations of the Matone relation, both for higher rank
and for multi-trace operators, relating their VEVs to appropriate derivatives of the flat-space
prepotential with respect to UV couplings. It would be interesting to explore further these
generalizations, both in AdS and in flat space.
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5.2 The flat space limit

The identification (5.19) is also prompted by the flat space limit. We will work in a regime in
which L — oo while «a is kept finite. The relation between the flat-space prepotential and
the flat-space limit of the supersymmetric partition function has been already pointed out
on S% in [49, 50], though in that case it is slightly obscured by the fact that it works at
the level of the integrand of the localization matrix model. In the present context instead
we are directly taking the limit of a partition function. In this limit, the perturbative part
of the partition function

2alL

log(Zé)U(Q))pert = 2L2CL2 IOg <A2> + ].Og <G(1 + QlaL)G(l — 2/LaL)Slnh(2ﬂ'aI/)> (520)

becomes, via the large 2 asymptotics log(G(1 + z)) ~ 322log(z) — 322 + ...

AZ
10g(Z&0(2) ) pert o 2L%a* <log <W> + 3) + O(log(L)), (5.21)

giving 4mi L? times the perturbative part of the flat space prepotential (5.2). For the
nonperturbative part [28], we use that in the small €1, €5 regime the instanton partition
function approaches the nonperturbative part of the prepotential

log (ZNekrasov(a@, A))  ~ 47TZ'L2.Enst7 fat(@) + ... . (5.22)

L—oo

Putting the two pieces together

F(a,A)  ~ —ATiL* Far(a) + .. ., (5.23)

—00

consistently with our proposed identification (5.19).

6 Conclusions

In this paper we have explored some aspects of N'= 2 SUSY QFTs on a background AdS
space, with a special focus on the example of pure SU(2) SYM. There are many interesting
possible future directions:

o Higher rank/matter generalizations. The study of the transitions between possible
boundary conditions can be extended to theories with more general gauge groups,
and/or with the inclusion of matter hypermultiplets [51]. The latter would require to
include matter contributions in the localization calculation in AdS4, though we still
expect to find a match with the HS* result. Another interesting aspect would be to
check the relation between the partition function and the prepotential in these more
general theories. This relation suggests that in the higher rank case the bulk VEV of the
various single trace chiral operators should be computed by the appropriate derivatives
of the AdS prepotential. It would also be interesting to understand the mixing between
multi-trace operators in AdS, which is related by our proposal to higher derivatives of
the AdS prepotential [48].
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¢ Instantons in AdS. We have seen that localized instantons are allowed by localization
even in the presence of Dirichlet boundary conditions. The fact that these are singular
configurations is presumably the reason why they violate the expectation that Dirichlet
should forbid them [2]. Their inclusion is key to understand the strong coupling physics
in AdS using localization. Besides the example studied here, the physics of instantons
in AdS space remains largely unexplored. It would be instructive to understand how
Dirichlet or Neumann boundary conditions on the conformal boundary lead to differences
in the instanton spectrum, and the resulting effect on strong coupling physics.

¢ Monopole and dyon points from Fpgs-maximization. In flat space, new massless
degrees of freedom emerge at the special loci u = £A? of the Coulomb branch, where
either monopoles or dyons become massless. To make contact with these special points,
it would be interesting to study Fags-maximization by allowing also a nonzero real part
of a, and see what features emerge as we take the strong coupling limit. It is suggestive
to note that the maximization condition Re[F} q] = 0 is reminiscent of the condition
F'(a) =0 in Seiberg-Witten theory, describing the monopole point. It would also be
interesting to see if there is any controllable AdS counterpart to the mechanism of
confinement through monopole condensation, with a soft breaking to A/ = 1. However
the soft breaking means that localization techniques used in this work would not be
available and one would have to resort to some other method.

¢ Inclusion of the #-angle. In our work we have focused on the time-reversal invariant
value 8 = 0. For generic 6 there is interesting new dynamics due the mixing between
Dirichlet and Neumann boundary conditions, which has been studied in the context of
the abelian BCFT with NV = 2 supersymmetry in [25, 52-54]. In the asymptotically-free
non-abelian case, we expect this to impact both the physics of AdS instantons and to
give access to the analogue of the dyon point in the flat space limit.

¢ Proving the conjectures about Fags. It would be nice to connect Faqs-maximization
to the minimization of the bulk effective potential. The identification with the curved
space prepotential is a first step in this direction, but the relation between the prepo-
tential and the scalar potential in curved space [32] is not straightforward enough to
make such a connection evident. In turn a general proof of the relation Fagqg = 4miFads
would be also interesting.

¢ Monotonicity under boundary RG for QFTs in AdS. Quantities that are extrem-
ized to determine the superconformal R-symmetry often have definite monotonicity prop-
erties along RG flows, even when supersymmetry is absent, see e.g. [22, 24, 35, 55-60).
This suggests that Faqs should decrease along RG flows, even for non-supersymmetric
theories. More precisely, since for supersymmetric theories Faqs determines the bound-

F/gdvs > FE(}S for boundary RG flows between two

ary R-symmetry, it should satisfy
AdS-invariant boundary conditions with a fixed bulk theory. This conjecture can be
seen as an extension many existing results about the monotonicity for BCFT and defect

free energies [35, 60-68] to the case of a massive bulk theory in AdS.

We leave these and other exciting questions for future work.
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A Conventions

In this appendix we describe various conventions and provide explicit coordinates which
we refer to throughout the article.
A.1 General conventions

1. We work in Euclidean signature and use the following index notations to denote the
different representations

W, v, ...4d curved-space indices,
i, j, ... 3d curved-space indices,
a, b, ... 4d tangent-space indices,
a', V', ... 3d tangent-space indices,

(e 5, ... for 1/1(1 S (2, 1)Spin(4)’
&, B, ... for wa S (1a 2)Spin(4)7
A, _B7 ... for )\A S 2SU(2)73 s

I, J, ... adjoint gauge indices.

The spinors denoted with a bar ¢ will always carry a dotted index as opposed to the
unbarred ones. In Minkowski signature these spinors would be related to the unbarred
ones by complex conjugation but in Euclidean signature they are independent.

2. We embed the tangent-space index a’ of the boundary inside the one of the bulk as
a = (a’,4). Similarly for the space-time index we have u = (i, L) = (i,n), where 7 is
the perpendicular coordinate described in (A.7).

3. The Pauli-matrices are taken to be

) () ) s

4. All rank n Levi-Civita tangent-space tensors are chosen such that 2" = 1. We define
the space-time Levi-Civita by trading tangent-space and space-time indices with the
vierbein.
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5. The relevant spin and R-symmetry tensors are defined below

(Ua)aB = (_27?7 1) ; (5_(1)64,8 = (Z’T_", 1) s (,ya’)a/j = 7—a, , FAB _ 7—_»’

— — 'y / /
O_ab: ab la _b] a’b [a’ V']

(A.2)
ologh, c® =agl%", AT = AP

6. All spinorial and SU(2) g-symmetry indices are raised and lowered with the e-tensors as
in the Wess & Bagger notation [69], namely

e =gy =+1. (A.3)

We employ the same notation for spinor bilinears as in [69].

7. The covariant derivatives D,, or D; include both space-time and gauge connections. To
be explicit with our conventions, we display below the covariant derivative on spinors
in some representation of the gauge group

DyXa = OuXa + iwu,ab(aabx)a — 1A Xa (A.4)
Dyux® = 9ux" + iwu,ab(ﬁabx)"“ —iAux”, (A.5)

with
Wy,ab = —26[Meynaeg} — e[”aeg)]a[uep]c. (A.6)

The 3d case is analogue. For adjoint fields we take D ¢ = 0,¢ — i[A,, ¢].

A.2 Coordinate choices

We employ the following coordinates for AdSy, setting for convenience the AdS radius to 1

ds* = dn® + sinh(n)*dQ%s , (A.7)
with 1 € [0,+00). We then choose the following Hopf fibration for parametrizing the S3
part of the metric

0\ , 0\ ;
z1 = sin <2>€ZQ , 22 = COS <2>ezw;¢ ;e =1, (A.8)

with 0 < 0 <7 0< ¢ <21 0 <Y < 4n. With this the unit three-sphere has the
following metric

1
d0%,; = Z(de2 + sin?(0)d¢? + (dip + cos(0)de)?) . (A.9)
A choice of vierbein is the following

0 % sinh(n) cos(y) 3 sinh(n) sin(6) sin(y) 0

a 0 —Lsinh(n) sin(v) & sinh(n) sin(8) cos(t)) 0
(eaas,)’ = % sinh(n) i 0 i % sinh(n) cos(6) 0 (A.10)
0 0 0 1
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Bosons Description R-charge

9ij metric 0
Bi; 2-form gauge field 0
C; photino 0
AR R-gauge field 0

Table 2. Bosonic content of the 3d A = 2 supergravity multiplet.

B Supersymmetry multiplets

In this section we display the relevant multiplets, both in 4d and in 3d.

For the 4d case we follow the conventions in [25]. To obtain the transformations on
the AdSs background we employ (2.1)-(2.3) to fix the bosonic 4d supergravity content

listed in table 1.

For 3d N = 2 supersymmetry we follow [34], extending some transformations in the case

of non-abelian vector fields. The bosonic 3d supergravity content is displayed in table 2.

It is customary to redefine the one-form and two-form as follows
Vi= —icg;C H = Leikg,p,
- 1Yk - 25 1Dk -

On S% we have

and the Killing spinors satisfy
1 > T
Di¢ = —5%¢, Di¢=—5%C.
B.1 4d N = 2 multiplets
Chiral multiplet.
0A = —ieA\IIA,
1
6U 4 = 201€4D, A+ Bape® + 5a“”eAG;,, +wotD,EsA,

0Bap = —2i€(A5"uDN\IJB) + 2i€(AAB) +i(1— w)DME(Aﬁull/B) ,
4

1
0Ny = —EDPG;VO'“VO")EA + DMBABO"“EB —Cey

6G;V = _%EA(}pO-/WDP\I]A - %EAU,UVAA -1+ w)DpEAa'pU,ul/‘llAy

+ %(1 +w)Bapa"D,e? + %(1 —w)G,, 0" 0" Dyés
+4D,AT" 05,,,€4 + 4wAD,T" 65 €4 ,

6C = —2ie G DyA 4 + 4T €45,,6°D, 0 4
—iwD, " A g + 4i(w — 1) D, T e 5,,6°V 4 .
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Anti-chiral multiplet.
SA = Z'EA@A ,
_ o 1 _
oW, = 26 es D, A+ Bapé® + 50" €aG, + wat Dyead,
dBap = 2ie 40t D \I’B) + 226(AAB) —i(1— )DME(AO'H\TIB) ,
5Gf, = —%eAapaWD Uy — ;6 Fuwha + 4(1 +w) D,y 0?5,V 4,
oAy = iDpG:y(}“V&pe A — D, Bapcte® + Cey (B.5)
1 _ 1
- 5(1 + w)Bapo"D,e? — Z(l - w)G:V5“”6preA
+ 4Dpf_1 T oPo,e4 + 4wf_1DpTW6"UW6A ,
6C = —21'6‘40“]_),,1_\,4 + 4Z'T‘LW6AO'MVO'pr\iJA
—iwD,eta" A g + 4i(w —1)D,T" ea,,0° U 4 .
Vector multiplet.
8 = —ie\a,
5& = Z'EAE\A ,

1 _ _

oAy = §J“V€A(FM,, +8¢T ) + 20" €aD, ¢ + 0 Dyead + 2iea|p, ¢ + DABEB
B.6)
] (
oAy = 50’“” A(Fu + 8¢TW) + QUHGADuQS +o DMeAqb 2ies[p, §] + Dape’

(SA‘u =iclo )\A — et 5#/\,4,
6D ap = —2ie 4" Dy + 2ie(a0" Dyrp) — 4[, €arp)] + 40, €adp)] -

We can construct the following (anti-)chiral multiplet using the content of the vector multiplet,
and for any given prepotential, i.e. any holomorphic function F(¢) of the complex scalar
in the vector multiplet:

Chiral multiplet from prepotential.

A=F(¢),
Vo = FrXha,
7
zﬂB:fﬂ%B+aﬂﬂg%,
Gy =F1(F) +86"Tpw) + 2iF 1\ 4o, A7
- - i _ - Y
Mo = Fi(PXy)o = iF1]6: Mol + 1 F1(Flu) + 86" 1) (0" Xh)a
1 1
+ 5F1DapA" = 5 F 1k 20NP)AB. = Xaa(VPAE)) (B.7)
# M -
C'==2F1(D"Dy =&+ 5 )" — 8F((F L + 8¢ T,)TH
- 1
+ FiM A = 27116, 6, 6] + ;Frs D Dip

1 - - . -
— 5T (Fp + 86 T ) (F~/M 4+ 867 T) +iF 1y N DAL
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- i
— Fry([o, MIA]) + ZFUKDABIA;{AIBf
i _ - y 1
+ gfIJK(FWI + 8¢ Ty )N Ao A} + ﬂfIJKL(AIAAJB)(AfAé) :
Anti-chiral multiplet from prepotential.
A=F(9),
JAG — FlAG
_ _ F
BAB — ]:’IDIAB o ifIJ)\IAAJBa
_ _ i = 1. -
G, =Fi(FH +8¢"T,) — éfm“‘awxj ,

A Ad (77 Y T YAd i £ 7 —pvy JA\G
NS = —F (DA + iFi[o N = 2 F () + 86 T (0" X7

1 - . i - o e o

+ 5P DIAENG + S P QNTEINES - A (TEAR)) (B.8)
. . # M T od ,
C = —2F1(D"Dy = " 4 5)0" = 8F1(F + 89 T T"

— FiDM, Ma)f + 2F[6, [0, 9] + i]:}JDIABD;],B
- %JEU(F;J + 8¢ T ) (FTH 4 8¢ TH) — iFy A4 PN
+ Frallo V)AL — L Fra DA
+ éﬁIJK(FJVI + 8¢1Tuu)5\JAa-lw;\f§ _ ifIJKL(;\IAE\JB)(;\gj\é) .
B.2 3d N = 2 multiplets
Vector multiplet.
b0 = —CA+CA,
o\ = <i(D + Ho) — %eiﬂ'k%ﬂj — iy (Do + i%a)){ ,
oN = ( —i(D+ Ho) — %aiﬂ"mﬂj + iv' (Do — ma)>§, (B.9)

6A; = —i(Cyid + (i)
5D = Di(¢y'A = {Y'A) — iVi(CY' A+ ' A) — H(CA = {X) — [0, (A + O

Linear multiplet.

8J =iCj+i(j,
8j = CK +y'C(ji +iDiJ) + Clo, J]
67 = CK —iv'¢(j; — iD;J) — Clo, J], (B.10)

8j; = iij DY (CF5 — (VFF) + [0, Cvid + Cvig) + [, (v — (i),
SK = —iDi(¢y'5 + Cv'5) + 20H(CG + CG) — Vi(¢r' + Cv'5) + [+ ¢ ]
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This definition of the linear multiplet matches the one of [34] in the abelian case. We
have written the transformations for a linear multiplet in the adjoint of the gauge group,
but one can write the transformations for generic representations. The supersymmetry
transformations close upon imposing

Dijt — [0 414D, J| —ilo, K]+ [\ j] — [\, 4] =0, (B.11)
[Fij,J]:O.

A vector multiplet can be re-organized into a linear one in the following way

J=0o, j=i\, j=—i),
i ] (B.12)
ji = fa%kFﬂ’f , K=D+Ho.

C From N =2 on AdS, to N =2 on S3

In this section we discuss in more detail the supersymmetry algebra in 4d A/ = 2 theories
and the specific case of AdS;. We explain the relation to the 3d N = 2 superconformal
algebra and its reduction to the 3d A/ = 2 supersymmetry algebra on S3. In order to be
self-contained we rewrite some of the formulas used in the main text.

C.1 4d N = 2 supersymmetry algebra and AdS,

The supersymmetry transformations are generated by
Q=e"Qa+eaQ?, (C.1)

where €4 and €4 solve some Killing spinor equations, depending on the chosen background.
It is possible to find the supersymmetry algebra by acting with Q2 on all the fields [30]. We
only display, as reference, the action on the gaugino

. 3 )
Q2)\A = z’v‘“@u)\A +1i[P, 4] + %Laboab)\,q + (2w + @) A+ @AB)\B , (C.2)

with
o' = 2e4GHey
o = 2igletey + 2ip eset —iv" Al

Lo = Dygvy) + v*wpap

w = —%( Aa“DuEA + DHEAUNEA) , (C.3)
0= —%( AU“DMEA — DMGAU“EA) ,
Oap = —i€a0" Dyépy +iDyeaotepy,

where w,, 45 is the spin connection (A.6) and we use I as an index in the adjoint of the gauge
group. The resulting algebra, written in terms of bosonic symmetry generators, is

Q* = —v"Py+ LM + wD — i®' G + ORy(1) + OaBRE o) - (C.4)
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Here P,, M @ and D are the generators of diffeos, local Lorentz, and Weyl transformations in
off-shell superconformal supergravity, G is a generator of a gauge transformation, and Ryy1)
and R?{?(z) are the R-symmetry generators. Note that G is defined to act, on a field W%
in the representation R of the gauge group, as an hermitian transformation G;¥% =T IR\IIR.
For adjoint fields written in matrix notation Gy acts as Gr¥ = [Ty, ¥]. Specifying everything
to our AdS, background with (2.1), and imposing the Killing spinor equations (2.3), the
algebra reduces to

<
[

—v"P, +i® Gy + Ly M™ + OR,
(C.5)
0= (6060 — Eceﬁt),

so the R-symmetry group becomes U(1)g C SU(2)r. The generator R is defined to act
as Ry = T3, f)\B. In the following section we discuss the relation to the 3d N' = 2
superconformal algebra.

C.2 AdS4; N =2 and 3d N = 2 superconformal algebra

The 3d superconformal symmetry algebra is spannded by the following conformal Killing
spinors [36]

7 ~ S
Diéy = —5%‘&1, Dia = i%'fA, (C.6)

where A is the 2 of SO(2) ~ U(1)g. We make the relation among the two algebras explicit
using the coordinate described in appendix A.2.
We solve the AdS, Killing spinor equations (2.3) with the following ansatz

(C.7)

One can see that the equations for the perpendicular variable are immediately solved by
€4+ A = :|:iT3AB04€:|:B. (CS)
With this the remaining independent equations are three and can be taken to be the following
i _
Dies = 57’3AB0'7;€B. (C.9)

We then find
e
2

where with “3d” we here stress that we have removed all notions of the perpendicular

D}esp = sy exa, (C.10)

coordinate, namely we define

(’Yéd)aﬁ —i(o'a ) B = _i(gtai)P
y=il'T)E = =it on
sinh(n) (1¥4)? = i(0i60)f = ~i(05:)5, -

sinh(n
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and we define

1
DiXa = DiYa + 50i.a4(0"X)a - (C.12)

In all future 3d formulas, as well as the ones in the main text, the superscript “3d” is omitted.
With all these ingredients, by choosing

§a=¢€ra—€-a, Sa=¢€rate_y, (C.13)

we solve (C.6). The 4d N = 2 Killing spinors in function of the 3d N = 2 superconformal
ones are

€EAa = sinh (g) an + cosh (727) gAa 5

Eag = _@'Tgf (cosh <727) fﬁ + sinh (727) gﬁ) 01,Ba-

We proceed to discuss the 3d A/ = 2 supersymmetry algebra which we explicitly preserve

(C.14)

in the article.

C.3 Preserving 3d N = 2 supersymmetry

We now need to link the &4 with the ¢, ¢ 3d N/ = 2 Killing spinors on S discussed in
appendix B.2. Their U(1)g-symmetry transformation is a phase transformation [34] which
we define to be the following

CI — €i6RC, 5/ _ e—ienél . (015)
The U(1)g C SU(2)r symmetry rotation acts on {4 via the generator 73 as displayed below
i0r
) ( i0rT3\ B _ € §1
€4 = (e " 3),4 {B = (ewR&)A : (C.16)

Modulo a choice of normalization, we have

(=&, (=6&. (C.17)

From this relation it follows from (C.6) that ¢ and ¢ solve (B.3).
Preserving 3d N’ = 2 supersymmetry means then specifying the AdS; N = 2 Killing
spinors in (2.3) to

€Aq = sinh (727) £4q = sinh (727) (%) ’
*/ A

(o) (C.18)
_ . B n . B 01 )&
€4q = —1i7Tq 4 cosh (=) (€pol)a = —iT: 2 .
3,A (2)( ) 3,A <(<UJ_)(54>B
With this we then have
Q| = —v'P —i® G+ Lyy MY + OR, (C.19)
3d

namely the algebra restricts to the ' = 2 one on S3. Referring to (C.3) and (2.8), we have

vi=—207¢, B = —4icl(¢h+icosh(n)el) +v' AL, & =2, (C.20)
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Dirichlet boundary conditions, central charge, and R-mixing. The Dirichlet bound-
ary condition (2.15) fixes ®! in (C.20) to

df = —2ml¢C. (C.21)

In order to preserve the Dirichlet boundary conditions the gauge transformations are forced
to approach constant transformations at the boundary, and as a result the gauge symmetry
acts as a global symmetry at the boundary. Therefore, at the boundary the bosonic generator
G is the generator of a global symmetry. Restricting to the Cartan subalgebra m! — m?, the
appearance of G, on the right-hand side of the 3d N = 2 supersymmetry algebra signals a
central extension. Indeed, the parameter m® has the interpretation of a real mass deformation
of the boundary, associated to the conserved current jl\(lo) that generates the boundary global
symmetry, and it is well-known that real mass deformations give rise to a central charge
in the 3d N' = 2 algebra, see e.g. [34].

Let us now show that complexifying the parameter m® — m® — i§* gives rise of a mixing
of the R-symmetry with the symmetry generated by G,. From equations (C.19)—(C.21),
we obtain

Q2

> 2¢¢ (z > (m® —i6%)Ga + R) = 2¢C (z > miG, + R’) , (C.22)
3d a a

where the shift m® — m® — ié* has been absorbed by redefining the R-symmetry operator as
R—>R =R+ ,0°G,. The requirement that the R-action be hermitian reflects the fact
that m® becomes part of the central charge while §* contributes to the R-symmetry.

D 1-loop determinant in AdS,

In this appendix we show the computation of the 1-loop determinants, relevant for our
localization computation, using the index theorem [70]. We have already anticipated that this
theorem is applicable only on compact spaces but, due to the fact this theorem reproduced
the result known via other methods in non-compact spaces [14, 18], we are going to apply
it to our case.

D.1 Gauge-fixing

Let us now comment on how to properly define a gauge-fixed path integral in order to run the
localization argument. This requires the addition of ghost fields and of a BRST transformation
with associated nilpotent charge Qprst. The results for the locus, the classical contribution
and the contribution of instantons obtained in section 3 are not affected by the gauge fixing.
The presentation is slightly different depending on the choice of boundary conditions.

Dirichlet boundary conditions. Indicating schematically all the fields as ¥ and the ghosts
as Wgnost, the path integral we aim to compute is

/D\PD‘llghoste_S[\P]—tQIOCv_QBRSTVghOSt . (Dl)

We use ¢ and ¢ to denote the ghost and anti-ghost fields, B to denote a Lagrange multiplier
field, and W), to denote the configuration of the fields at the locus Qjo.V = 0. We introduce
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a gauge-fixing functional G[¥ — ¥},.] compatible with localization, namely such that G(0) =0
in the locus. We take

Vhost = Tr | = GI¥ — 0] + ZB) |, (D.2)

with x an arbitrary constant, and

7

QBRSTC = 5[07 C]+ )
OprstC = B, (D.3)
OprsTB =0,

QprsTY = Z'[C, \I/]i (except for QBRSTAM = Duc) ,

where [-, -]+ denotes commutator (—) or anti-commutator (+) depending on the Grassmann
parity of the fields. The approach here is similar to the one of [43], but in the case of
Dirichlet boundary conditions there is no need to add ghosts for ghosts for constant gauge
transformations, since these are not allowed by the boundary condition.

We can then upgrade the localization argument to include the gauge fixing by defining

Q = Qioc + OpRsT,
V =V + Vghost )

V=" T5aa(Q Voua)*,

Woad

(D.4)

where W44 denotes all the fields with odd Grassmann parity, and by defining the following
supersymmetry transformations for the ghosts

QlocC = (I)IOC -9,
Qlocc =10, (D5)
Qloc B = w"0,c + iU“AifCE,

where v* = 2¢45#¢,. We can then write our original path integral in the following way

/ DUDY gpoepe STV (D.6)

We can trade QV for OV because in this way we are just adding either a Q-exact or a
Oprsr-exact quantity. We have

[ 60 [Vt [5( o v 58), o

which is positive semi-definite. Finding the saddle-point of [ QV‘QVG]rl as we did in section 3.1
fixes G[0] = 0 and we are thus left just with a gaussian integral in B.
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Neumann boundary conditions. The only difference, which plays a role in the 1-loop
determinant computation below, is that in this case we have to take into account ghosts for
ghosts ag, ag, co, ¢o, Bo as in [43]. Indeed in this case the constant gauge transformations are
actual gauge redundancies. They act on the ghost field as a shift ¢ — ¢+ k. The approach we
have described with Dirichlet remains qualitatively the same, with the following modifications.
The BRST-charge in this case acts as follows

7
OBRsTC = ¢, )4 —ao,

2

OprstC = B,

OprstB = —ilao, ],

Oprstao =0,

QBRSTAO = Co , (D-8)
OprsTco = —ilag, Bol ,

9OBRrsTC0 = —i[ag, do] ,
QprsTBo = o,

OprstV = /G U (except for QprsTA, = Dye),

and squares to Q%RST = —a}Gy, with I an adjoint index of the gauge group and G the

operator that implements a gauge transformation (so ¢!G;¥ = i[c, ¥]+ for all fields except
e 1A, = D,c). We then need to define the following supersymmetry transformations

Qlocn = Qlocto = QiocBo = Qiocco = Qloco = 0 (DQ)

and we take Vgnost to be

Vghost = Tr |:E (—G[\If _ \IjloC] —+ %B + ’LB()) — C <C_l0 — H;ao)] . (DlO)

D.2 The index theorem

Using Ojoe in (D.4), we can divide the fields in Qloc—cohomology as (Xeven, Xodd),
Qloc(Xevens Xodd) and possibly Ojoc-singlets.

We can then write the localization Lagrangian (D.4), focusing on the quadratic part
since it is the only one relevant for the localization computation, as

A A DOO DOl Xeven
17 = Xeven X, A ’
|quad. (Q even Odd) (DIO DH) (QXodd>
L B R _Q2 0 Doy Do1 Xeven
QV’quad. = (Xeven QXodd) ( 0 1 DIO Dll QXodd (Dll)

A DOO DOI 10 QXeven
(DX even X, - .
(Q e dd) <D10 D11> <0 Q2> ( Xodd

With this we can write the 1-loop determinant

Z1-loop = (D.12)

det(Koda) _ detx,,, (9% | detcoker.ny(9%)
det(Keven) detKer.Dlo (QQ)
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The first equality comes from det(AB) = det(A)det(B). The second one is due to the
fact that D19 maps Xeven into Xyqq and [Q,Dlo] = 0. For this reason the ratio of the
determinants receives contribution only from the unpaired eigenmodes, which by definition
belong to the kernel and cokernel.

Calling A\, the n'' eigenvalue, k, and ¢, its multiplicity in the kernel and cokernel

Z1d00p = /H)\%"_k" . (D.13)

While A,, can be obtained by studying the action of Q12oc on the Qloc-complex, ¢n — ky, can

respectively, we can write

be extracted from the index

_ A2 i A2 i
Indp,,(t) = Trker.ny, (€ QT _ Trcoker. Dy (€ Q7 — _Z(C” — kyp)e Pt (D.14)
n

For elliptic or transversally elliptic operators, which we define below, there are considerable

simplifications in computing the index.
As detailed in [14, 43], one can construct the so called symbol by sending 9,, — ip, in
Dqg. If the symbol has kernel when all p, = 0, D1g is said to be elliptic and the index is a
i

finite Laurent series in e~*. If the same is true but with a singled out p € {pu} that can

remain nonzero, then the operator is said to be transversally elliptic along p,, and the index

. In localization computations, as the following

is in general a formal Laurent series in e~
one, the operator we are computing the index of can be proved to be transversally elliptic.

When we have an operator that acts on functions on a manifold with at least a free U(1)
action generated by some Killing vector 0, and when this operator is elliptic or transversally
elliptic along 9, one can use (a generalization of) the Atiyah-Bott fixed point formula [70].
This is precisely the case for Do and the U(1) action defined by the Killing vector generated

by Q2. Letting xg be the fixed points of this U(1) action, we have

Tr o (€79 — Trx,,q (€719
tndpio(t) =2 det (6 — B,7) - (D.13)

Z0

where z/# is the transformation of z* under the U(1) action induced by Q2. In this case the
only fixed point is the one specified by n = 0 in the coordinates displayed in appendix A.2.

We now proceed in computing the index for the Dirichlet boundary conditions, we
comment at the end the result for Neumann boundary conditions.

D.3 Writing the index (Dirichlet boundary conditions)

In the case of Dirichlet boundary conditions, where we do not have to introduce ghosts for
ghosts as we explain in section D.1, the Qloc—complex is formed by

Xeven - ((2527 Au) Xodd = (GAB7 E? C) ) (D'16>
with

Oap = €(A>\B) + g(AS\B) (D.17)
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plus the following Qloc—singlet
D = 2ie e b + 2ietend — M A, . (D.18)

—vtP, C Q2 (C.4) acts near the center of AdSy as

loc
0 0 0 0
- (1 2 (.3 4
zﬁv:z<x 52 ¢ arl)—l—z(x 50t ¥ 8353)' (D.19)
Defining
21 = x1 +izs, 29 = x3 + 124 (D.20)

we can see that iL, generates the following transformations

2p = ez, 2y =€z, (D.21)

With these coordinates it is easier to compute the terms appearing in (D.15), namely
det(6# — D ™) = 1 — |t (D.22)

and

_:02 i . A2 . .
e 19 tAz1 —e i( 1+zm)tA217 e 1Q t@H —e 1(2+zm)t@11,

e*iQZtAZZ _ efi(flJrim)tAzQ ? efiQQt@w _ ilimtg
e‘iQQtAgl _ e—i(1+im)tA21 : e—iQQtQQZ — pril=2timig,, (D.23)
e—iQZtA22 = emiHimi g o~ 1Q% G _ e—ilim)tg

e*iQQt@ — i)ty o—iQ%, _ —i(im)t,,

Putting everything together and using (D.15) we have

Indp,,(t) = Traq;.(e™)

[1— et (D.24)
14 2 1+ %
— t _ -mt
= —Traq).(e™ )(1 e = —%ea X e

« - m is defined to be the eigenvalue of the adjoint matrix m acting on the eigen-subspace
corresponding to the root a € A.

D.4 Obtaining the products of the eigenvalues

We have different possible answers of the 1-loop determinant depending on whether we expand
the denominator, for each numerator’s addend of (D.24), in powers of e or e™®. As it
happens in these cases for localization computations in AdS [14, 18], one needs to find the
right answer via additional arguments after having examined all possibilities.
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For these different expansions one can rewrite (D.24) in four different ways

2it
[a] ty, Lte
IndDw t Z o 1 _ eit)Z ’
a€A
d[b] t - mt 1 + G_Qit
D10 Z 1 _ e—it)2 ’
ach X X (D.25)
[c] t
Indp,, (#) = =3 ™™ x ( 1— eit)? T 1- eit)Q) ’
acA
2it 24t
(d] t e e
Indp,, () = = 2 ™™ x < 1 eit)2 T 1- e—it)Q) '
acA

For instance the resulting expansion of

Ind%w t Zea -mt 1 + eZzt <Zezkt>

aed k20 (D.26)
— _ Z e—i(ia~m)t o Z Z2k€—i(ia~m—k)t ’
aEA aceAE>0
using (D.13)—(D.14), leads to
a k
ZHOOP = H a-m H (k* + (a-m)?)", (D.27)
acAt k>0
[b]

with AT being the set of positive roots. Coincidentally Ind Dy 8ives

B _ lal
Zl—loop - th—lloop ’ (D28)
but the other two choices give different answers
2% = TI (a-m)? Tk +ia- m)*+L(k — o - m)*+L,
acAt k>0 k ) (D.ZQ)
1100p H Hk‘+za m) Nk — o - m)FTT
aceATE>0

We now discuss the regularization of these products.

D.4.1 Regularizing the products

In order to regularize the 1-loop infinite products that we have found, we can use these two
expressions for the I'-function and Barnes G-function

-1

e VEZ < z) z
I'(z) = 1+ — ek ,
(2) = — kH>0 p
. (D.30)
G = emie ] (14 2) et
T k’ € )

k>0
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where vg the Euler-Mascheroni constant. With these equations we can write the following
formal products

—YEZ
H k + Z er X 671 y
k>0 k>0 I'(z+1)
2 1+ypz©+z (Dgl)
2
[1k+2)%=J]kre 2 x G+
E>0 E>0 (2m)2

Using the expression above, and keeping for now all infinite constants, one gets the following
results for 1-loop determinants in (D.27)—(D.29)

(am)?
Zl[[—l%oop = Zgb]loop Hk2k k(@) X H 1_[6T
k>0 aEATE>0
[T o -m G +ia-m)G(1 —ia - m)e”Ba™”
aEAT
[d] 1 k12k 2 k(G (am)?
Zlcloop €H * k + H He k
k>0 aEATE>0 2 (D.32)
H a-m sinh(ra - m)G(1 4+ ia- m)G(1 — ia - m)e*’m(a-m) 7
aEAT
d k(G (am)?
Hoop eH 1)1k 2k H He :
k>0 a€A+E>0

_em o - o - m)eElam)?
ag+sinh(7ra-m)G(1+m m)G(1 —ia-m)e ,

with rk(G) being the rank of the gauge group. The m-independent quantities can be safely

removed
(a- m)
Zﬂoop = 1 loop H He EX H a-mG(l+ia-m)G(1 —ia- m)e‘”’E(o"m)2 ,
acEATE>0 acAt
(am)?
ZHOOP = H He EoX H a-m sinh(ra - m)G(1 +ia-m)G(1 —io - t'n)e*”E(a'm)2 ,
ac€ATE>0 aceAt
(arm)? oa-m 2
Z%C_q = H He X H — Gl +ioa-m)G(1 —ia - m)eEO™
oop wE A0 weA+ sinh(ra - m)
(D.33)
We remain with an infinite quadratic part ~ e * which can be absorbed, together with

a-m)?

the finite piece coming from ~ e 7E( , into the renormalization of ¢2.

D.5 Vector multiplet with Dirichlet boundary condition

The partition function we are working with is invariant under ¢; — —¢;. For this reason we
rule out [a] and [b], since with these 1-loop determinants the partition function is not invariant
under m to —m. We also do not expect the 1-loop contribution to be zero at the origin of
the Coulomb branch, because this would give a vanishing partition function in that point.
We thus rule out [c]. We then expect the right partition function for Dirichlet boundary
conditions to be [d]. This coincides with the Dirichlet 1-loop contribution of HS? [25].
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D.6 Vector multiplet with Neumann boundary condition

We are not going to present the full argument, but the Qloc—cohomology is similar to the one
in [43] and one needs to include also the ghost for ghosts, as explained in section D.1. Again
from [43] it can be seen that their introductions contributes to a +2 in the index in (D.24).
Repeating thus the argument of the index we find again four possible 1-loop results which are

equivalent to the ones showed in (D.33) apart for the multiplication by a factor of [] W
acAt

The only expressions invariant under m — —m are again [c] and [d]. The 1-loop contribution

[d] becomes singular in m = 0, after the multiplication of [] ﬁ
aEAT

signal to discard this partition function and we keep [c] multiplied [] (a.}n)g 2 With this
aceAt

the partition function result matches again the one on HS* [26, 27].

We interpret this as a

E Details on the numerics

Here we provide more details on the numerics. In figure 1(a), it is clear that the origin
d = 0 is the only maximum of the free energy at small A. The numerics hint that the SU(2)
symmetric massless boundary condition is the only superconformal boundary condition in a
finite range of A above 0. As we increase A, the maximum at the origin remains, but F'(a, A)
changes dramatically. In particular, the singularities move, see figure 2. As we have mentioned
earlier in section 4, there are A-dependent singularities in F'(—id, A) which we conjecture to
disappear in order to be consistent with the Seiberg-Witten theory in the flat space limit.
Note that all the singularities present in figure 1 and 2 are the A-dependent singularities, as
the A-independent singularities at the half-integer value of § have already been canceled by
the 16-instanton terms we have included. We stress that the singularities in figure 1(a) are
not at half-integer values, indeed these singularities move as can be seen from figure 2(a).

At a critical value near A ~ 0.88, a bigger maximum at §* ~ 1.27 emerges, which is
presented in figure 2. From figure 2(a) to figure 2(b), one observes that two singularities
merge and generate the new maximum when A increases. Within the reliable region of
our numerics, this second maximum coexists with the maximum at the origin for A > 0.88.
A similar mechanism is responsible for a third maximum emerging at a higher A ~ 1.026,
see figure 2(c) and 2(d).

Within our control of the numerics, we do not observe the disappearance of the second
maximum in figure 1(b) or the third maximum in figure 1(c). We conjecture that they exist
all the way to the flat space limit A — oco. We also conjecture that there are infinitely
many such new maxima as A — co. We expect this to be true because there seem to be
infinitely many zeros in the full Z,s, and they need to disappear in the flat space limit
for the prepotential to be analytic in a. The free energy has the form F(a) = —% log f(a),
where f(a) = ’ZII))ure syam(a, A)2. For F(a) to be real, f(a) must be positive as it is in our
case. Thus the zeros in f(a) must have even orders. Then F(a) must have positive first

9This is more a signal, as opposed to a strict argument, since the partition function remains finite. Indeed
with Neumann boundary conditions we still possess an integration over the gauge algebra matrices fg dm and

its reduction to the Cartan is thg dm [] (a-m)?. The partition function would thus turn out to be finite
acAt
both for [c] and [d].

— 42 —



5 Second Maximum position --- LoglLog Plot Second Maximum Free Energy Difference —-- Log Plot
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(a) The location of the second maximum on the (b) The difference between the free energy of the
real 0 axis as a function of A. second and the first maximum as a function of A.

Figure 3. Numerical properties of the second (leading) maximum as a function of A. (a) The
location of the new maximum ¢* exhibits a power-law decrease as a function of A. (b) The peak
height F(§*,A) — F(0,A) decays exponentially as the coupling increases.

derivatives near the left of the singularity and negative second derivatives near the right.
When two such singularities merge continuously and leave a continuous function, there is
at least one point in a small vicinity of the merger that the first derivative vanishes and
the second derivative is negative, hence a local maximum. Our conjecture states that such
maxima remain in the large A limit.

The second maximum near §* ~ 1.27 is very well within our control of numerics. Near
the second maximum, the reliable A can be up to A ~ 2. Now we proceed to analyze the
second maximum numerically, focusing on its behavior as A increases. From the log-log
plot 3(a) we observe that the location of the second maximum 6* decays in a power law
with A: 6* ~ 1.25A7%16, From the log plot 3(b), we observe that the difference between the
second maximum and the maximum at the origin decays exponentially with A, the best fit
being F(0*,A) — F(0,A) ~ 17728502 The numerics suggest that as A increases, the new
maximum tends to be lower and moves toward the origin. We observe a similar power law and
exponential scaling for the third maximum in a reliable range of A. Based on these numerics,
we form the last conjecture in section 4: as A increases, an infinite set of discrete new maxima
condense and become a dense set on the imaginary a axis and connect to the Coulomb branch
of vacua in the flat space limit, reproducing predictions of the Seiberg-Witten theory.
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