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Abstract

We study the existence, optimality, and construction of non-randomised stopping times
that solve the Skorokhod embedding problem (SEP) for Markov processes which sat-
isfy a duality assumption. These stopping times are hitting times of space-time subsets,
so-called Root barriers. Our main result is, besides the existence and optimality, a
potential-theoretic characterisation of this Root barrier as a free boundary. If the gen-
erator of the Markov process is sufficiently regular, this reduces to an obstacle PDE
that has the Root barrier as free boundary and thereby generalises previous results
from one-dimensional diffusions to Markov processes. However, our characterisation
always applies and allows, at least in principle, to compute the Root barrier by dynamic
programming, even when the well-posedness of the informally associated obstacle
PDE is not clear. Finally, we demonstrate the flexibility of our method by replacing
time by an additive functional in Root’s construction. Already for multi-dimensional
Brownian motion this leads to new class of constructive solutions of (SEP).

Mathematics Subject Classification 60G40 - 60J45

1 Introduction

We study the Skorokhod embedding problem for Markov processes X = (X;);>0
evolving in a locally compact space E. That is, given measures u and v on E, the task
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is to find a stopping time 7 such that
if Xo ~ w then X7 ~ v. (SEP(X, u, v))

Throughout this article we are interested in non-randomised stopping times, thatis 7
is a stopping time in the filtration generated by X. When X is a one-dimensional Brow-
nian motion, this problem has received much attention, partly due to its importance
in mathematical finance [42]. In this case, there exists a wealth of different stopping
times that solve SEP(X, u, v), see [51] for an overview. One of the most intuitive
solutions is due to Root [57]: for a one-dimensional Brownian motion and j,v in con-
vex order, there exists a space-time subset — the so-called Root barrier — such that its
hitting time by (¢, X;) solves SEP(X, u, v). More recently, connections with obstacle
PDEs [23,28,33,34,38], optimal transport [3,5-7,20,37,39,40], and optimal stopping
[23,25] and extensions to the multi-marginal case [4,22,56] have been developed.

However, already for multi-dimensional Brownian motion much less is known about
solutions to SEP(X, 1, v), see for example work of Falkner [30] that highlights some of
the difficulties that arise in the multi-dimensional Brownian case. For general Markov
processes the literature gets even sparser: Rost [58,59] developed a potential theoretic
approach to previous work of Root, but in general this shows only the existence of
a randomised stopping time for SEP(X, ¢, v) when p and v are in balayage order.
Subsequent works of Chacon, Falkner, and Fitzsimmons, [18,30,32], expand on these
results and provide sufficient conditions for the existence of a non-randomised stopping
time; however, in none of these works the question of how to compute these stopping
times T (w) for a given sample trajectory X (w) is addressed. Another approach is
the application of optimal transport to SEP(X, u, v) as initiated by Beiglbock, Cox,
Huesmann [3]. This covers Feller processes but verifying the assumptions can be non-
trivial. More importantly, the optimal transport approach currently only addresses the
existence and optimality of a stopping time but not its computation. Besides these two
approaches — (Rost’s) potential theoretic approach and the optimal transport approach —
we are not aware of a general methodology that produces solutions to SEP(X, u, v) for
Markov processes.

Contribution. We focus on the large class of right-continuous transient standard
Markov processes satisfying a duality assumption and absolute continuity of the
semigroup. Our main result is Theorem 3.6 which extends Rost’s results and shows
existence of a non-randomised Root stopping time and, more importantly, represents
the Root barrier as a free boundary via the semigroup of the dual space-time process.
This allows to apply classical dynamic programming to calculate the Root barrier for
a large class of Markov processes. Theorem 3.6 also implies that if a PDE theory
is available that ensures the well-posedness of the free boundary problem formu-
lated as PDE problem, then numerical methods for PDEs can be used to compute the
barrier. However, in general this requires much stronger assumptions on the Markov
process, e.g. when the generator involves non-local terms as is already the case for one-
dimensional Lévy processes, the well-posedness of such PDE:s is an active research
area.
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We present a series of examples of processes to which our result applies. The most
important one is arguably multi-dimensional Brownian motion (or more generally,
hypoelliptic diffusions), but we also discuss stable Lévy processes and Markov chains
on a discrete state space. In all these cases our result allows to compute the Root
barrier, and we present several numerical experiments to illustrate this point.

Finally, we show that our approach is flexible enough to construct new classes
of solutions to the Skorokhod embedding problem: instead of hitting times of the
space-time process (¢, X;), we discuss hitting times of (A;, X;) where A is an additive
functional of X of the form fo a(Xy)ds. We expect that such an approach holds in
much greater generality for other functionals and leave this for further research.

Outline. The structure of the article is as follows: Sect. 2 introduces notation and
basic results from potential theory, Sect.3 contains the statement of our main result
and Sect. 4 contains its proof. Section 5 then applies this to concrete examples of
Markov processes and computations of Root barriers. Section 6 discusses how these
results can be used to construct new solutions of SEP(X, u, v). In Appendix A and
Appendix B we will present fundamental results from classical potential theory used
throught this article and in Appendix C we discuss details around applying our result
to Brownian motion in a Lie group.

2 Notations and assumptions

We briefly recall notations from potential theory, mostly following the presentation in
Blumenthal and Getoor [12]. A detailed description can be found in “Appendix A”.
Throughout, E is alocally compact metric space with countable base and € is the Borel-
o-algebra on E. In addition, we write £* for the o-algebra of universally measurable
sets and E" for the o-algebra of nearly Borel sets, see Definition A.1.

Let (Q, F, (F)iz0, (Xt)r>o0, (IP’X)XGE) denote a filtered probability space that car-
ries a stochastic process X. To allow for killing we add an absorbing cemetery state
A to the state space, that is we define EA := E U {A}and forallt > 0if X;(w) = A,
then X;(w) = A for all s > t. Denote with ¢ := inf{r > 0 : X; = A} the lifetime
of the process. Each P* is then a probability measure on paths with Xg = x, P*-a.s
for all x € E . Furthermore, for t > 0 let 6; be the natural shift operator of the the
process, i.e. 6;(Xs(w)) = X;4s(w) for all s > 0. Throughout, we assume that X is a
standard process, see Definition A.2, in particular we assume that X has cadlag paths
and satisfies the strong Markov property. We write P = (P;);>0 for the Markovian
transition semigroup of X and U = fooo Py dt for its potential and write as usual P; f,
wP;, Uf and pU for the actions on Borel functions f : E — R and Borel measures 1
on E. For an (J;);>0-stopping time 7', we write Pr(x, dy) =P* (X7 € dy; T < ¢)
and for first hitting times T4 = inf{r > 0 : X, € A} of Ae &, we write P4 = Pr,. We
write A" for the regular points of a nearly Borel set A, see Table 3 in “Appendix A”.

A central role will be played by lifting X to a space-time process X, that is X, :=
(s, X;) with 7, = 79 + ¢, with the space-time semigroup Q = (Q;);>0 acting on
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Borel functions g : R x E — R and Borel measures p on E as follows:

058(t,x) = Pg(t +5,)(x) (& x wQi(I x A) =P ( X1y € A)l{sqsery,

wheret e R,x e E,Acand I CR.

Duality. Throughout this paper we make the following assumption,

Assumption 2.1 There exists a standard process X with semigroup P on the same
probability space, and some o-finite measure £ on E such that for all # > 0 and
f, g >0 E&* -measurable,

/(Bf)gds =/ F(gB)) de. @.1)
E E

Furthermore, the semigroups of X and X are absolutely continuous with respect to &,
Pi(x,) <& P(,y) <& VxyekE. (2.2)

Remark 2.2 Relation (2.1) is referred to in the literature as weak duality. The processes
X and X are said to be in strong duality with respect to & (as defined in [12, Ch. VI]
or [19, Ch.13]), if, in addition to (2.1), the resolvent kernels are absolutely continuous
with respect to &. This is weaker than the absolute continuity of the semigroup, so that
in particular, strong duality of X and X holds under Assumption 2.1.

We write P and U for the semigroup and potential kernel of X, and we denote
the actions of these operators on Borel functions f and measures p on the other
side as for X, i.e. f P, f U and U . Furthermore, we use the prefix “co” for the
corresponding properties relating to X, e. g. coexcessive, copolar, cothin, etc., and we
write Ty = inf {t>0: X e A} and " A for the coregular points of a measurable set
A.

By [36,65], absolute continuity of the semigroups implies that the corresponding
space-time processes (1;, X;), and (7;, X,), where T, = 7y — ¢, are in strong duality
with respect to the measure A ® &, where A is the Lebesgue measure on the real line.
We denote by Q the semigroup corresponding to the space-time process (7;, X,). For
every s > 0 and (B(R) x &)-B(R)-measurable function g,

(0:8)(t, %) = Pog(t +5,)(x), (g0, x) =gt —s, ) Py(x).

In addition, there exists a Borel function (¢, x, y) = pr (x, y) such that for all # > 0

and x, y in E, Pi(x, dy) = pi(x, y)§(dy) and P;(dx,y) = p;(x, y)§(dx), and p
satisfies the Kolmogorov—Chapman relation

Vis >0, Yoy eE: ps(x.y) =/s(dz>pf<x,z>ps(z,y). 23)
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Table 1 (Densities of) semigroup and potentials for X and its dual X

~

X X
Semigroup Prf(x) = [ pi(x, ) f(NEMY) fB(G) = S f ) pe(x, y)E(dx)
wP(dy) = [ pu(dx) pr(x, y)E(dy) Pru(dx) = [ £(dx) pr(x, y)ue(dy)
Potential function Uf(x) = [ulx,y) f(»Edy) FO) = J Fux, y)§(dx)
Upx) = [ux, p)pdy) pUG) = [ ndxu(x, y)
Potential measure nU(dy) = fﬂ(dx)u(x, y)&é(dy) ﬁu(dx) = fu(x, y)u(dy)&(dx)

The function u(x, y) := fooo p:(x, y) dt is excessive in x (for each fixed y), coexces-
sive in y, and is a density for U and U.

Note that the duality assumption implies by [12, Ch. IV, Prop. (1.11)]) that a measure
u is excessive if and only if it has a density which is coexcessive and finite &-almost
everywhere. Hence, the density of the potential U with respect to § is given by the
(coexcessive) potential function ,uﬁ .

Remark 2.3 The functions which are (co-)excessive with respect to P, P, Q and @
are actually Borel-measurable. Indeed, strong duality of the corresponding processes
guarantees the existence of a so-called reference measure! (for more details see [12,
Ch. VI]). In this case Proposition (1.3) in [12, Ch. V] implies that excessive functions
are Borel-measurable.

We repeatedly use the following classical result,

Proposition 2.4 (Hunt’s switching formula, [12, VI.1.16]) Let X, X be standard pro-
cesses in strong duality. Then for all Borel-measurable B, one has Ppu = uPp, i.e.
forallx,y € E,

EX[M(XTgv y)] = @’[u(x, 5(\?3)].

Remark 2.5 The dual process X can be thought of as X running backwards in time. In
fact, strong duality implies that for non-negative bounded Borel functions f and g it
holds

E°[f (Xo)g(Xn] = EF[f (X1)g(Xo)].
More generally and ignoring technicalities (see [19, Ch.13] for details), if we take 2
to be the canonical probability space and let r, : & — €2 denote the right-continuous

time reversal at time ¢, that is ' := r;(w) is given as o’'(s) := w(t — s—), then for
any F that is F,-measurable

ES[F] = RE[F or,).

I A o-finite measure & is a reference measure for X if for all Borel B, (U (x, B) = Oforall x) < £(B) = 0.
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38 P. Gassiat et al.

Informally, strong duality of X with another standard process requires that two con-
ditions are met: (i) X admits an excessive reference measure, (ii) the right-continuous
version of its time reversal is a standard process and in particular satisfies the strong
Markov property. We refer to [19, Ch. 15] and [62] for a detailed discussion.

Remark 2.6 A practical approach to obtain Markov processes in duality is via Dirichlet
forms. Given a Markov process with generator £, this consists in considering the
bilinear form

D(f.g) = — / (L f)g de,

extended to a suitable class of functions f, g. The theory of Dirichlet forms, see
e.g. [49], then provides sufficient analytic criteria on D so that it is associated to
a pair of (standard) Markov processes in weak duality with respect to &. It is also
possible to obtain existence (and further properties) of transition densities for a Markov
semigroup by considering functional inequalities (such as Nash inequality) satisfied
by the associated Dirichlet form, see e.g. [17].

3 Afree boundary characterisation

Definition 3.1 (Root barrier) A subset R of R, x E is called a Root ﬁarrier for X if
R is nearly Borel-measurable with respect to the space-time process X and

(t,x)eR, s>t — (s,x) €R.

We call the first hitting time Tg = inf{t > 0 : (¢, X;) € R} the Root stopping time
associated with R.

Dealing with the regularity of R is a central theme of this article and it is useful to
introduce “right-" and “left-"continuous modifications R~ and R™ of R.

Definition 3.2 For a Root barrier R denote with
R, ={xe€e E:(t,x) € R}
the section at time 7. We define R~ € R € Rt as

R™ =[] [t.00) x Ry with Ry =] Ry.

t>0 s<t
R* =[] [t.00) x R} with R =[] Ry.
t>0 s>t

Remark 3.3 An equivalent definition of the barrier is that the mapping ¢ +— R; is
non-decreasing. This also implies that R~ and R™ are barriers as well. As R is nearly
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Borel-measurable with respect to X then so are the shifted barriers R® = {(t —
s,x), (t,x) € R}foranys € R, as then

= |J R, R"= () R
5s<0, s€Q 5s>0, seQ

Definition 3.4 (Balayage order) Two probability measures u and v are in balayage
order, if their potentials U and vU satisty

nU(A) > vU(A)  for all measurable sets A. 3.1

In this case we will write u < v and say that p is before v.

Remark 3.5 Under Assumption 2.1, (3.1) is equivalent to
nU(x) = vU(x) forallx € E. (3.2)

The inequality (3.2) holds everywhere if and only if it holds &-almost everywhere,
since both sides are coexcessive functions.

‘We now state our main result,

Theorem 3.6 Let X be a Markov process for which Assumption 2.1 holds. Let ., v be
two measures such that uU and vU are o -finite measures and such that v charges no
semipolar set. If u < v then there exists a Root barrier R for X such that

WP, =v.
Moreover, if we set
Y, x) ;== inf {g@ — excessive: g > Mﬁ(x)]l{,fo} + vl?(x)ﬂ{,>0}}, 3.3)

then

(1) [V, %) = pPa, U (%),

(2) Tr = arg min wP;AsU(B) for any Borel set B and t > 0,
S: wPs=v

(3) in the above we may take

R={(t,x) eRy x E | f*"(1,x)=vUx)}.

Besides existence and optimality of a Root stopping time, the main interest of Theo-
rem 3.6 is that item (3) provides a way to compute the Root barrier for a large class
of Markov processes ranging from Lévy processes to hypo-elliptic diffusions, see the
examples in Sect. 5. Concretely, it allows to use classical optimal stopping and the
dynamic programming algorithm to compute f*" and hence R. We state this as a
corollary:
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Corollary 3.7 Using the same notation and assumptions as in Theorem 3.6 it holds
that

(1) f*V is the value function of the optimal stopping problem

UV, x) = sup EY [uU (Xe) Lirmry + U (Xe) Liz<ny] V2= 0,x € EG34)
T

where the supremum is taken over stopping times t taking values in [0, t].
(2) If we define for n > 0 the function f1"" on {k2™", k > 0} x E by

V0, =pul,  fIEQTk+ 1), ) = max {(f"Q27"k. ) Pyn,vU}
then for eacht > 0, x € E,
(@, x) = lim. (272", x).
Informally, f#V is the solution of the obstacle problem
u(©0,) =pU, min[@ —Lu,u—v0]=0 on(0,+00) x E, (3.5

where L is the generator of the dual process X. However, to make this rigorous is in
general a subtle topic since the obstacle introduces singularities. Several notions of
generalised PDE solutions ranging from variational inequalities to viscosity solutions
address this, often together with numerical schemes [1,44,45,52]. This PDE approach
to Root’s barrier has been carried out in [23,34] for one-dimensional diffusions. How-
ever, already in the one-dimensional case when the operator involves non-local terms
as is the case for many Markov processes, the well-posedness of such obstacle PDEs is
an active research area; see e.g. [2,16]. In general, this PDE approach requires stronger
assumptions than Assumption 2.1 for the well-posedness of (3.5); in stark contrast,
Corollary 3.7 holds in full generality of Theorem 3.6.

Remark 3.8 (Minimal residual expectation) Item (2) of Theorem 3.6 was named min-
imal residual expectation by Rost [60] with respect to v = 1t Pry. It implies that

Tg = arg min E*[F(S)], for any non-decreasing convex function F.
S: uPs=v

This is actually an equivalent formulation of the minimal residual expectation property
assoonas (uU —vU)(E) is finite as then this quantity is equal to E# [ S] for all solutions
S of SEP(X, p, v). Furthermore, Rost proved in [60] that any stopping time S which
is of minimal residual expectation with respect to u Pr, necessarily satisfies § = Tg
PH-a.s.

Remark 3.9 (Recurrent Markov processes) That uU and vU are o-finite is a kind
of transience assumption, and is usual in this context [32,60]. In the case of one-
dimensional Brownian motion or diffusions it is not necessary, see [23,34]. We expect
that our result could be extended to the recurrent case (at least in some special cases),
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but this would require a certain amount of work, see e.g. [30] for results for two-
dimensional Brownian motion.

Remark 3.10 (Assumptions of Theorem 3.6) From the counterexamples discussed in
[30,32], to obtain solutions to SEP(X, u, v) as non-randomised stopping times, one
needs to make:

ey

2

an assumption on the process in order to avoid “deterministic portions” in the
trajectory. In our case, this is reflected in the assumption of absolute continuity
(2.2). This assumption is rather strong but can often be checked in practice. In
the case of diffusions, the celebrated Hormander’s criterion [43] gives a simple
condition to ensure existence of transition densities with respect to Lebesgue
measure. For jump-diffusions, there are also many results providing sufficient
criteria for absolute continuity, see for instance [9,53].

an assumption on the “small” sets charged by initial and target measures (to avoid
issues as in the case of multidimensional Brownian motion and Dirac masses). This
is why we assume that v charges no semipolar sets. Without this assumption, it is
not true that there exists a solution to SEP(X, u, v) as hitting time of a barrier, or
even as an non-randomised stopping time. In the case where all semipolar sets are
polar, following [31], we can replace the assumption that v charges no (semi)polar
set by the assumption that

there exists a (universally measurable) set C s.t.
v(Z) = u(ZNC), forall polar Z. 3.6)

Indeed, there exists then a polar set M C C, and a measure y supported on M,
', v supported on M€ with u = ' + y, v = v/ + y, and v’ charges no polar
sets (cf. [31, p.50]). Letting R’ be a barrier embedding v’ into u’ as given by
Theorem 3.6, let R := R’ U (R4 x M), then T := inf{t > 0, (¢,X;) € R}
embeds v into w. In [31] is proven that (if semipolar sets are polar), (3.6) is a
necessary condition for a non-randomised solution to SEP(X, u, v) to exist (in
the case where uU > vU but (3.6) does not hold, randomisation of the stopping
time at time 0O is necessary).

4 Proof of Theorem 3.6

The proof of our main result, Theorem 3.6, is split into two parts:

Existence. We first show that a Root barrier R exists such that i Py, = v and that
items (1) and (2) of Theorem 3.6 hold. Here we rely on classic work of Rost, [60],
that shows that SEP(X, u, v) has as solution stopping time 7 that lies between the
hitting times of two barriers which differ only by a space-time graph. We show that
these hitting times are necessarily equal; a similar approach was already followed
in [3,18,34] under different assumptions.

Free boundary characterisation. We show item (3) of Theorem 3.6, that is that
one can take the contact set of the obstacle problem (3.5) as the Root barrier. From
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a conceptual point of view, this is similar to the case of one-dimensional diffusions
as studied with PDE methods in [23,34]. However, there the analysis is greatly
simplified due to the existence of local times. Since local times are not available
in our setting, the situation becomes more delicate and requires the analysis of
negligible sets via potential theory.

4.1 Existence

We prepare the proof of existence and optimality with two lemmas. The first lemma
shows right-continuity of the semigroup when applied to bounded Borel-measurable
functions.

Lemma 4.1 Under Assumption 2.1, it holds for all Borel-measurable and bounded
functions f, forallx € E andt > 0

%} Pipnf(x) = P f(x). (4.1)

Proof First, note that if f is continuous then by a.s. right continuity of 7 — X, itis
clear that P; f is right continuous as a function of ¢.

Let pf = p;(x, -). Since fE p; (¥)é(dy) = 1, by de La Vallée Poussin’s theorem
(see e.g. [26, Thm. I1.22]% there exists a function G which is strictly convex and
superlinear (i.e. limy_, 1~ G(x)/x = 400) such that

/G(Pf(y))é(dy) < 0. (4.2)

Then for all 2 > 0 one has

/ G(pip(NEWy) = f G ( / pf(z)pi(y)é(dz)) £(dy)
S//pfl(y)é(dZ)G (pf(z))é(dy)=fG(pj‘(z))$(dz),

where we first used Kolmogorov-Chapman’s equality (2.3), then Jensen’s inequality
and that it holds [ p;,()&(dz) = 1 by duality. Since & is o -finite, there exists a count-
able increasing family of open sets (E;),cn such that U, enEn = E and E(E,) < o0
foralln € N.

Now fix n € N. On E, the integrability condition as in (4.2) is satisfied for all
functions in the family (p7 )s>;. By the de La Vallée Poussin’s theorem this is equivalent
to (py)s>; being uniformly integrable in LY (E,, &).

Then, by the Dunford-Pettis theorem (see e.g. [26, Thm. I1.23]), uniform integra-
bility of (p})s>, implies that it is weakly (relatively) compact in the finite measure

2 The de La Vallée Poussin’s theorem in literature is given in finite measure spaces. That & is infinite is
clearly not a problem here. If necessary consider the finite measure f(y) A 1&£(dy), applying the theorem
to that measure gives that for some superlinear G, f G(fy) Vv )f(y) nl&(dy) < 4oo.
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space L'(E,, £). By a diagonal argument there exists a subsequence s; | 7 and a
measurable function ¢ such that for all n, for all bounded and measurable f one
has [ E, py fd§ — / E, q f d& for k — oo. If we take f as a continuous function
supported in E,, by right-continuity of the sample paths, we obtain that ¢ = p;. In
addition, since E, is closed, by a.s. right-continuity of X, one has that

limsup Py, (x, E,) < P,(x, E}).

k— 00

Hence if f is measurable and bounded by 1,

lim sup
k— 00

< 2Pi(x, Eyp).

/pfkfdg _/P;Cfdfl < lim sup

k— 00

/ p;“kfds—/ pi f d
ES E¢

Letting n — 00, the right-hand side goes to 0 by dominated convergence. Hence pg,

converges weakly in L' (E, £) to p; . We can use the same line of argument for every
subsequence of any sequence s | f to argue the convergence of a subsubsequence.
Therefore for all x € E we have that p} converges weakly in L'(E,&)to p; fors | ¢
which leads to the required statement. O

The second Lemma revisits Chacon’s idea of “shaking the barrier”, see also [3,18]
for similar statements under slightly stronger assumptions.

Lemma 4.2 If the semigroup of a Markov process satisfies (4.1), then for all Root
barriers R one has almost surely

Tg = Tg+ = Tx-. (4.3)

Proof Firstly, by replacing R with R if necessary, it is enough to show that T = Tk~
almost surely. Secondly, if we define

R(8) := RN ([3, +00) x E),
we have Tg = infs-o Tr(s). Put together, this implies that it is sufficient to show that
forall 6 > 0, Tr(s) = Tr-(s) P#-a.s. and below we assume that R = R(§) for a given

5> 0.
For ¢ € R define

RE := U [t,00) X Rite. (4.4)

t>max(—e¢,0)

That is, R® is the barrier that arises by shifting R in time to the left if ¢ > 0 [resp. to
the right if ¢ < 0]. Now since R = R($),

Tr =Tps 005+
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44 P. Gassiat et al.

and for any 0 < ¢ < § we also have
TR—e = TR‘; [e] 03+8 + (8 + 8).

Now set f(x) := E* [exp (—TRa)] and use the above identities to deduce that for
every 0 < ¢ < § and every x,

E* [exp (=Tg)] = ¢ *Ps f(x), E*[exp (=Tg—)] = e+ Py f(x).
From the right-continuity of the semigroup, Lemma 4.1, it follows that
liﬁ% E* [exp (—TR—e)] =FE* [exp (—TR)] )
&
But since Tp—e > Tg P*-a.s. for all x and for all ¢ > 0, this already implies that

limTpr-- = Tg P*-as.
el0

and we conclude that Tg = Tg- since R~ = J,.oR™°. O

For the proof of existence and optimality, we rely on the following result obtained
by Rost:

Theorem 4.3 (Rost, Theorems 1 and 3 in [60]) If u < v, then there exists a (possibly
randomised) stopping time T which is of minimal residual expectation with respect to
v, L.e. uPr = v and

T = arg min uP;AsU(B)  for any Borel set B andt > 0. 4.5)
S: uPg=v

In addition, the measure
dr ® (uParU(dx))
is given by the Q-réduite of the measure
dr ® (uU(dx)]l{,So} + vU(dx)]l{,>o}) .

Furthermore, there exists a finely closed Root barrier R such that P"*-a.s.:

(1) T <Tg:=inf{t >0, X, € R},
(2) X1 € Ry

The key ingredients in the proof of Rost’s theorem are the filling scheme from [59],
which allows to obtain the existence of T satisfying the optimality property (4.5), and
then a paths-swapping argument (see [42] for a heuristic description), which shows
that 7 is almost the hitting time of a Root barrier (i.e. (1) and (2) above). However,
this does not imply that T is the hitting time of a Root barrier.
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In order to conclude item (1) from Theorem 3.6, we first see that Lemma B.3 yields
FRU(, x) = uParU(x),  dr ® E(dx)-ae. (4.6)

We will prove in Lemma 4.4 that f*" is Q-excessive. Therefore, if we show that
g(t,x) := uPiArU(x) is Q-excessive then (4.6) holds everywhere. For this we need
to show that g satisfies gQ; — g ast — 0. But this follows from the definition since

lim inf (g00)(s, ) = lim inf g( — 5. N2
= t—

= liminf uPis_yyn7U P = liminf uPsarU P = uPoarU.
t—0 t—0

Secondly, from f#*V(t, x) = wPaT U (x), it also follows from Theorem 1 in [60] that
T is the unique stopping time minimising p Py ArU forallt > 0 among all stopping
times embedding v in w.

Furthermore, X7 € Rr4 in (2) from Theorem 4.3 by Rost implies T > Tg+ =
inf {r >0, X; € Ry} on {T > O} If T = 0 we have Xo € Ro and if Xo € Ry,
then Tx+ = 0, so that combined we get

PYT =0 < Tr+) <P"(X1 € Ro+ \ Rpy) = v(Rot+ \ Ryy) = 0,

where we used that Ro+ \ Ry, is semipolar and that by assumption v charges no
semipolar sets. Hence combined with item (2) from Theorem 4.3, one has Tg+ < T <
Tr, and we can conclude the existence of a solution satisfying items (1) and (2) in
Theorem 3.6 with Lemma 4.2.

4.2 Free boundary characterisation

Let T = T be the unique Root stopping time solving SEP(X,, 11, v) from the previous
section with the respective Root barrier R. We want to prove ' = T with T := =Tz,
where R is defined as in Theorem 3.6

={(t,x) eRXE| f*(t,x) =vU(x)}.

The proof is split into two inequalities given in Proposition 4.5 and Proposition 4.7.
First, we show some useful properties of the Root barrier R:

Lemma 4.4 The function f* and the resulting Root barrier R satisfy the following
properties:

(1) fr*vis Q excessive and non-increasing in t,
(2) R is a Borel-measurable and Q -finely closed Root barrier.

Proof For (1), note thatany function f : Rx E — Ris Q-ﬁnely continuous if and only
ifthe processt — f(s—t, X;)is Pien-as. right continuog\s forall (s, x) GAR x E (see
e.g. [12, Theorem (4.8)]) . As in the obstacle i(t, x) = nU (x)L;<o) + vU (X)L 150y,
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we have the ﬁ-ﬁnely continuous functions uﬁ and vU making ¢ — Mﬁ (5(\ +) (when
t < s)and t — vﬁ(f(\t) (when t > ) Por-as. right-continuous for all x € E.
Furthermore, t +— h(s — t, x) is right continuous at ¢ = s which together makes
h Q-ﬁnely continuous. By Proposition B.2 it then follows that f#-V is @-excessive.
Further, f#V is non-increasing in ¢ since % is non-increasing.

For (2), note that the Q-excessive function f#V is Borel-measurable, see
Remark 2.3, and the barrier R is a level set of the Borel-measurable function
(t,x)— PV, x)— vl7(x), hence it is Borel-measurable. Therefore R is Q—ﬁnely
closed since it is the set where the two finely-continuous functions f** and & coincide,
and it is a barrier by time monotonicity of f/".

O

Proposition 4.5 T <T.

Proof Since T = Tz = Tg+ by Lemma 4.2, we only need to prove Tz < T'. Since
nU is o-finite, N = {uU = oo} is polar (cf. [12, (3.5)]). Let (s, y) be such that
y € "Ry and y ¢ N. One has

0 < uPArUY) — nPrU () = B* [Lery(u(Xs, ) —u(X7, )] &7

and since T < s 4 T, 065 on {s < T} as s — Ry is non-decreasing, we can apply
the Markov property to obtain

(4.7) < B [1s<ry (u(Xs, y) — Prou(Xs, )]
By the switching identity (Proposition 2.4) and since y € " R; we have
Prou(x,y) = B [u(Xz, , )] = B [ux, X7, )] = u(x, ) (4.8)
for all x € E and hence
wPArU(y) = wPrU(y) = vU (). 4.9)
Thus, we can conclude that (s, y) € R.
Now forany ¢ > 0,ifr < ¢ < t+¢, R;\"Ri+. C Ry\"R,. Since qu@R \"Ry is
semipolar, and since v charges no semipolar sets, it follows thata.s. X7 € "Ry4e \N.

By the previous paragraph, this means that X7 € (), RT+3 = RTJr Hence Tp+ <
T. O

Before we prove the inverse inequality, we first need a preliminary lemma:

Lemma 4.6 Assume that for some measure 1 which charges no semipolar sets, some
stopping time T and some nearly Borel-measurable set A one has nU =nP; U on A.
Then t < Ta, P almost surely.

Proof We first write

nPrﬁznPrﬁAAznﬁﬁAznPAﬁ,
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where we have used in the first inequality that Py U is coexcessive and in the following
equality, that the coexcessive functions nﬁ and r;Prﬁ coincide on A and therefore
also on its cofine closure on which Py is supported. The last equality follows by the
switching identity.

Therefore it holds that nPAU < nP.U, i.e. the measures nP4 and nP; are in
balayage order. We then follow the proof of [60, Lemma p.8]. By [59], since n P4 >
n Py, there exists a stopping time t’ (possibly on an enlarged probability space) which
is later than 7 such that the process arrives in the measure n P, at time t/,i.e. 7/ > t
P7-a.s. and n P = nPs. We can assume without loss of generality that A is finely
closed and then this implies that P7(X, € A) = 1. In particular, if D4 := inf{r > 0,
X; € A}, then we have ' > D, P"-a.s. However, since n(A \ A”) = 0 it holds
that T4 = D4 P"-a.s., so that t’ > T4. Since ©/ > T4 would be a contradiction to
NP, U = nPaU, we conclude that T4 = 7, and therefore T4 > 7 P"-almost surely.00

Proposition 4.7 T >T.

Proof We first show that for all # € Q4 := QN (0, +00), one has T <t + Ty o 6;.
For this we first prove

uwPr = WPt Pre (4.10)

where for fixed t € Q. the stopping time T := inf{s > 0 : X; € R;,} is the hitting
time of R shifted in time by ¢. This holds since for all Borel-measurable functions f
it holds

WPt Pro f =B* [ f(Xei110) L<1y + Pro f (X7)Lp=13] -

Since T = t+ T" 06 on {t < T}, it holds that E*Lf (X0 ) i <T1)]
E*[ f(X1)1{<7}]. Furthermore, we know that by definition of 7" we have Py« f =
on Rf, since t — R; is non-decreasing. As P*(X7 € R; \ R}) = v(R; \ R))
0 since v does not charge semipolar sets, it holds that E*[ Py f(X7)1>13]
E*[f(X7)1>1)]. Together this implies u Piar Pre f = uPr f.

Secondly, note that u P a7 < & + v does not charge semipolar sets. Since u Pr U=
/LP[ATﬁ on ﬁ,, we can choose n = uPia7, 7 = T'and A = ﬁ, in Lemma 4.6 to
obtain that 7" < Tg, PHPAT g 5. We write

[N

PUT > 1+ Ty 06) = B* [1y=nP¥ (1" > Tz )| =0.
and this implies
PH(Ir e Qy: Xy € R, for some s € [z, 7)) =0.

Since

Rrc |J R

t<s,teQ4

@ Springer



48 P. Gassiat et al.

this implies that T > T P#-almost surely, which concludes the proof by Lemma 4.2.
]

5 Examples

In this section we apply Theorem 3.6 to concrete Markov processes. The examples
are

Continuous-time Markov chains. This is a toy example but we find it instructive
since many abstract quantities from potential theory become very concrete and
simple; e.g. the obstacle PDE reduces to a system of ordinary differential equations.
Hypo-elliptic diffusions. This is a large and important class of processes. In
the one-dimensional case we recover the setting of [23,34] but for the multi-
dimensional case the results are new to our knowledge. As concrete example we
give a Skorokhod embedding for two-dimensional Brownian motion and Brownian
motion in a Lie group.

a-stable Lévy processes. There is very little literature on the Skorokhod embed-
ding problem for Lévy processes, see [27] for references. We apply our results to
a-stable Lévy processes which are of growing interest in financial modelling, see
e.g. [63], as they are characterised uniquely as the class of Lévy processes possess-
ing the self-similarity property. Due to the infinite jump-activity such processes
are hard to analyse but potential theoretic tools are classic in this context and much
is known about their potentials, see [8,11,14,47].

Two remarks are in order: firstly, the question to characterise or even construct mea-
sures (., v that are in balayage order u < v for a given Markov process seems to be
a difficult topic. In the case of one-dimensional Brownian motion this reduces to the
convex order which is usually easy to verify but already for multi-dimensional Brow-
nian motion it can be (numerically) difficult to check if two given measures are in
balayage order. Secondly, we reiterate the discussion after Corollary 3.7 that the PDE
formulation usually requires stronger assumptions whereas the discrete dynamic pro-
gramming algorithm, Corollary 3.7, applies to Theorem 3.6 in full generality. All our
examples were computed using the dynamic programming equation stated as item (2)
in Corollary 3.7.

5.1 Continuous-time Markov chains

LetY = (Y,)nen be a discrete-time Markov chain on a discrete state space E C Z and
transition matrix IT such that IT(x, y) = g(y — x) for all x, y € E and a probability
measure ¢g. Imposing exp(A)-distributed waiting times at each state, we arrive at the
continuous-time Markov chain X = (X;);>¢ with transition function

o0 )\, k
pr(x, y) = e*fz%nk(x,y). (5.1)
k=0 ’
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The process X is dual to the continuous-time Markov chain X with transition matrix
[T = I7 and the same transition rate A at each state with respect to the counting
measure. The potentials are given with respect to the function

u(x,y) =y TCx, y) (5.2)
k=0

and the potential function of a measure p is given by

o0

pUG) =Yy 1, ). (5.3)

k=0 xeE

Example 5.1 (Asymmetric random walk on Z) Let Y be the asymmetric random walk
onZ,thatisI[T(x,x+1)=p € (%, 1Tand IT(x, x — 1) = 1 — p =: q. By translation
invariance and a standard result (see e.g. [54]) it then holds for the potential kernel of
X

= y =X,
ux,y)=u,y —x) = BN (p)y,x v < 54

P—q q

Now let 4 = §p and v = Zf;lal&q for some N € N, q; > 0, Z,N:Iczl =1 and
0<x; <---<xpy.Then

N
vU(y) = Zazu(% y)
=1

,,'q'Zliﬂl‘(f)yﬂ, y < x1
= p]fq'[Zﬁlal"'Zl[\;Kﬂal‘(g)) I:|, Xg <y <xg4+1, 1< K<N-1,
ﬁs y > XN.
(5.5)
Since p > g, we have WU < ;L(? for all such v. The generator of X is given by
Lr»m=x-IpfG=D+afG+D = O] (5.6)

and the obstacle problem (3.5) reduces to the following set of ODEs:

(0, x) = pnU(x),

A-lput,x — 1) +qu(t,x +1) —u(t,x)] ifu(t,x)> v(?(x),

du(t, x) = if u(r, x) = v0(x).
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(a) Réduite, when it first touches yU at 2 (b) Root barrier

Fig.1 Root embedding for the continuous-time asymmetric random walk on Z withA = 1, p = %, n =24y
and v = %62 + %64

Then either classical methods for solving this set of coupled ODEs can be applied or
we can directly apply the dynamical programming approach as in Corollary 3.7 as
follows: For ¢ > 0 small enough, we choose xg such that ,uﬁ(xo) — vﬁ(xo) < e We
approximate the function f*" on the set {xg, xo + 1, ..., xx} at discrete time points
t = % for fixed n:

F100, ) = nU ),
flV(t, y) = pU(y)  fory <xpory > xy,
I s y) = max {(1 = 30) £ (e, y) + 27 (pFL (ke y = 1)
+af ey + D) vU ().

For example, wetake A = 1, p = % andv = 152 + %84. Figure 1 show the potentials
uU, vU and the resulting Root barrier.
5.2 Hypo-elliptic diffusions

Let X be the diffusion in R? obtained by solving an SDE formulated in the Stratonovich
sense

N
dX, =Y Vi(X,) o dB; + Vo(X,) dt (5.7)

i=1
where the V;,i = 1, ..., N, are vector fields on R which we assume to be smooth

with all derivatives bounded, and B is a standard Brownian motion in RY. We further
assume that X is killed at rate ¢(X) dz, where ¢ > 0 is a non-negative smooth function.
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X is then a standard Markov process on R?, with generator £ which acts on smooth
functions via

Lf =—cf + (Vo+ZVz-2> f=—cf+ Y bidif+> 0 (aijd;f),
; i ij

where the b; and a;;’s are smooth functions which can be written explicitely in terms
of the V;. The formal adjoint of £ with respect to Lebesgue measure is then given by

Lf = (~divt) =) f = > bidif + Y 8 (aijd; f)

ij

and we can choose smooth vector fields V;’s such that L = (—div(h) — o) f +
(Vo +Y; V7). Assuming that

div(h) + ¢ > 0 on R?, (5.8)

we can then identify L with the generator of the Markov process consisting of the
Stratonovich SDE

dX, = > Vi(X) 0 dB; + Vo(X) dr (5.9)

1

killed at rate (div(b) + c)()?t) dr.
In addition, assume that the vector fields satisfy the weak Héormander conditions

v

Vx € RY, Lie[V,-, Vo.Vil. i 1](x) — R4, (5.10)

Vx € Rd, Lie[f/\i [\70, \71] i

v

l](x) =R, (5.11)

then tllg: classical Hormander result [43] yields that the semigroups P;, ﬁ, associated
to X, ,)\( admit (smooth) densities with respect to Lebesgue measure. Therefore, (P;)
and (P;) are in duality with respect to Lebesgue measure, as seen by

d ~ -~ ~

o \Pims S Pog) = (=LP—s [, Pog) + (P [ L Pyg) = 0,

which yields that (P, f, g) = (f, Prg), first for f, g smooth with compact support and
then for all f, g > 0 Borel measurable by an approximation argument. In conclusion,
we have obtained the following.

Proposition 5.2 Assume that (5.8) and (5.10)—(5.11) hgld. Then the process X given
by solving the SDE (5.7) satisfies Assumption 2.1, with X given by the solution to (5.9)
and & given by the Lebesgue measure on R,
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Example 5.3 (Brownian motion in R4 ) For d < 2, as Brownian motion is recurrent,
for any positive Borel function f we have either Uf = oo or Uf = 0. Therefore
we consider the Brownian motion killed when exiting the unit ball B(0), i.e. { =

inf{r > 0: || X;|| > 1} For any probability measure p with density f supported on
B1(0), the potential /LU =f U is the unique continuous solution of 1 5Av = f on

B1(0) vanishing on d B1(0), and is given explicitely as fU(x) — E* [fo f(X,) dt] _
Ju(x,y)f(y)dy, where

u(x y)—{_|x_y|’ d=1 (5.12)
£ - 1 l _ .
;logw, d=2.

In dimensions d > 3, Brownian motion is transient, and the potential is the Newtonian
potential on RY:

1
ux,y) =cq- k==’ (5.13)

where ¢y = 5 x4 2F( d— 2)). For d = 1 the balayage order reduces to the convex
order which i 1s easy to verify. In higher dimensions it is in general non-trivial to find
measures in balayage order.

Now we consider the two-dimensional Brownian motion starting in 0. As an exam-
ple for a measure v which is not rotational symmetric and can be embedded in the
two-dimensional Brownian motion, we take v as the measure with the following den-
sity as an approximation of the marginal of the diffusion ¥ which is generated by the
operator e ¥ =2, here v(A) = P(Yy; € A),

v(dx)
dx

= Cexp[-2.5+ (atx1 = F) = bz =) = D) = 6 (b(x1 = )
tate =% - %)’°],

where C denotes a normalising constant, a = cos(%), b = sin(%) and X = 0.15. The
(empirical) density is respresented in Fig. 2a on page 18. We take v of this form since
Y can be obtained as a time change via an additive functional of X which implies
80 < v (we will show this explicitly in Sect. 6) and we see vU in Fig. 2b.

Example 5.4 (Lie-group valued Brownian motion) Let (B!, B?) be a two-dimensional
Brownian motion. Then (B!, B2, [ B'dB% — [ B2dB') can be identified (after tak-
ing the Lie algebra exponential), as a Brownian motion in the free nilpotent Lie group
of order 2; see “Appendix C” for details and extension to general free nilpotent groups.
The generator of the process is the sub-Laplacian Ag = 5 (X2 + Y?) on the Heisen-
berg group G; where in coordinates

1 1
X =0+ 3y00, ¥ =0y~ 3xd,.
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Fig.2 Root embedding for the 2d Brownian motion
As shown by [35,48], the transition density equals

00 bl b22
pib', b2, a) = X ( G +b)”

gzl Ml re S anhG) )cos(ax) dx (5.14)

and by Brownian scaling p,(b', b*, a) := pl(f’/—l;, f’/—é, 4). In this case, it is already
non-trivial to find measures w, v in balayage order, © < v, even if p is a Dirac at
the origin. However, Proposition C.1 in the appendix shows that any measure vV on
(0, 00) can be lifted to a measure v on G such that 89 < v. This provides a rich class
of probability measures in balayage order, and Theorem 3.6 allows to apply dynamic
programming to compute the Root barrier solving SEP(X, 8¢, v). However, this is
computationally expensive since (5.14) is not available in closed form. In this case,
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the well-posedness of the obstacle PDE

min [(3 — Ag)u, u—vU] =0,
u(0, ) = 8oU

can be shown by standard methods (such as viscosity solutions). Again this leads
to non-trivial numerics,? even after using the radial symmetry of (5.14) to reduce the
space dimension to 2, namely radius and area. Nevertheless, both approaches (dynamic
programming and PDE) are applicable to compute barriers for group-valued Brownian
motion, although much work remains to be done to turn this into a stable numerical
tool and we leave this for future research.

5.3 Symmetric stable Lévy processes

A right-continuous stochastic process (X;);>0 is called an «-stable Lévy process, if
it has independent, stationary increments which are distributed according to an «-
stable distribution. We consider the symmetric case without drift. In this case, the
characteristic component is given by ¥ (9) = |6]%, i.e. E[e/?X/] = - g2:(0)
and hence X, satisfies the scaling property X; 4 ey 1. Classic results, e.g. [41],
show that X has a transition density

pe(x,y) = pe(y —x) = (F gy —x),

which is absolutely continuous with respect to the Lebesgues measure. For further
properties of symmetric stable processes, we refer to [11]. We are going to take
o € (0,1), as in this case X is transient, as shown in [14]. Furthermore, one-
dimensional Lévy processes X are dual to X = —X with respect to the Lebesgue
measure (see [8]). Since the jumps are distributed according to the symmetric sta-
ble distribution, the symmetric stable process X is self-dual. By [12] the potential

Uf(x) = [u(x,y)f(y)dy equals

u(x,y) = Crq-lx =y, (5.15)
where in the one-dimensional case Cj , = F(l%”‘) . [Z“ﬁ F(%)z]_l. In order to
construct the Root stopping time, we construct the function f*-V as described in

Theorem 3.6 as solution to the obstacle problem

v(0,) = puU, min[@ + (—A)")v,v—vU] =0,

where the generator of the process —(—A)“? is given by the fractional Laplacian
o
« fO) - flz+y)
(=4) /zf(y) = C2,a PV/ MT dz, (5.16)
—0oQ

3 We would like to thank Oleg Reichmann and Christian Bayer on helpful conversations and numerical
experiments.
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with P. V. denoting a principal value integral.

Example 5.5 (Embedding for « = 0.5, u ~ Uniform([—1, 1]) and v ~ 0.75 -
Beta(2, 2)) Let u be the Uniform distribution on [—1, 1], then

nU(y) =

. . (5.17)
2 ((yI+D¥ =yl =D, for|y| = 1.

Cra {(1 — Y A4y, forlyl <1,
We want to construct a solution T for SEP(X, i, v) where the density of v is given
by % =0.75 - g4.p, where

Llath)  p—a=b+l . (4 )a=l. (] —x)b=1 x| <1
ab(x) = {g(“)'r(b) x| o O

is the density of a Beta(a, b) distribution on the interval [—1, 1]. Realisations of the
resulting embedding will then give us that on the event {T < oo} where P(T < oo) =
0.75, the stopped values X7 are distributed according to the Beta(a, b) distribution.
Studying general numerical methods for the fractional Laplacian is beyond the scope
of this article, so we just discuss a quick method which is adapted to our case. We can
rewrite (5.16) as

f(z+y)—f(y—z)d
Z.

EiE (5.19)

h _
(-8 () = Coa - lim f 2/
-0 Jo

Define the set O := [0,T] x [-K, K] for large T,K € Rand h := (At, Ax) =
(NLT %,—If), where Ny, N7 € N are chosen large enough. The space-time mesh grid is

defined as

Spi={tn :tn=n-At, n=0,1,... Ny} x{xj:x;=—K+j-Ax, j=1,..., N}

For the resulting minimal excessive majorant of ,ujj Ty<0y + vU 150y we expect
that f*V never touches vU outside [—1, 1] as this is the support of v. Indeed,
a straightforward calculation shows that starting in uﬁ , for |y| > 1 we have
(—A)“/zuﬁ(y) = o(ly — 1]), i.e. the repeated action of the fractional Laplacian
on ,uﬁ outside an interval [— K, K] with large enough K >> 1 is negligible. For any
(t, x) € G;, we define the operator

Vi, x) + At - (=A@, ) (), x € [-K, K],

hph _
ST x) = {uﬁ(x), else.

where (—A)Z/ ? is the evaluation of the fractional Laplacian using a Gauf3-Kronrod
quadrature as described in [24] on Gj,. Then the minimal excessive majorant f#V for
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Theorem 3.6 can be computed on G, as follows:
h _ h _ 75 hpoh
v"(0, ) = nU(), v ((n + 1)At, -) = max (UU(~), S" v (nAt, ~)). (5.20)

In Fig. 3 on page 21, we can see a realisation of the embedding for SEP(X, u, v) with
w and v as given above. As for small values of «, the trajectories of X may have large
jumps, for the simulations we need to take into consideration that X may jump back in
the barrier although it already left the support of v. Following the results from [13,46],
the probability of X not returning to (—1, 1) after reaching level x is

r(—9)

2

x—1
/”‘ WPV — ) du. (5.21)
0

6 Towards generalised Root embeddings

The results of the previous sections, rely on Root’s and Rost’s approach to lift X to a
space-time process

X = (, X1)i=0

and find a solutions of SEP(X, u, v) that are given as a hitting time of X. A natural
generalisation is to replace the time-component by another real-valued, increasing
process A with Ag = 0, such that (A, X) is again Markov and carry out a similar
construction. That is, to construct a set such that its first hitting time by the lifted
process

(At, Xt)tzo

solves SEP(X, u, v). Again, one expects such a stopping time to be optimal in a
minimal residual expectation sense, however, now formulated in terms of A.

Carrying out this program in full generality is beyond the scope of this article.
Instead, we focus on the case when A is of the form A, = f(; a(Xy)ds where a is
strictly positive. Denote with 7, := inf{t > 0 : A; = s} the first hitting time of s > 0
by A and with ¥y := X the time-changed process. Since for every (sufficiently nice)
set R C [0,00) X E

inf{s > 0:(s,Ys) € R} =inf{s > 0: (A, X;,) € R},

this allows us to use the framework of the previous sections. Concretely, one needs
to verify that the assumptions of Theorem 3.6 are met by Y. This already provides a
new class of solutions for SEP(X, u, v). It can be seen as an interpolation between
the Root embedding (when a = 1) and the classical Vallois embedding [64], since
when applied to a Brownian motion, the classical Vallois embedding can be identified
as the limiting case when a approaches a Dirac at 0.
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Fig.3 Root embedding for the symmetric %—stable process, i = Uniform[—1, 1], v = 0.75 - Beta(2, 2)

6.1 Generalised Root embeddings
Below we restrict ourselves to additive functionals of the form
dA[ = a(X[) dt

with a Borel measurable a which is locally bounded and locally bounded away from
0, so that r — A; is one-to-one and the measure m 4 (dx) = a(x)&(dx) is o-finite.
This implies that A is an additive functional of X, i.e. A satisfies

(1) Ap =0, — A;(w) is right continuous and non-decreasing, almost surely,
(2) A;is F;-measurable,
3) Arys = A + A o 6; almost surely for each 7, s > 0.
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We can then define the time-changed process Y as follows
Y; = X, o :=influ >0: A, =1t}.

By [29, Theorem 10.11], Y is a standard process. Its potential is given by

tﬂﬂan{A ﬂ&MA]=W{A ﬂ&mamﬂ
=/u@yﬁ@M@Emw,

and we can define the potential operator A fly) = f f(x)u(x, y)a(x)&(dx) for any
non-negative Borel-measurable function f which corresponds to the time-changed
process Y, = )??t, where we analogously define 7, := inf{u > 0, A, = t} with
;4\, = fé a(f(\ s) ds. In addition, strong duality holds,

Theorem 6.1 (Revuz, Thm. V.5 and Thm. 2 in VIL.3 in [55]) The processes Y and Y are
in strong duality with respect to the so-called Revuz measure m 4 (dx) = a(x)&(dx).

Remark 6.2 From the duality with respect to the Revuz measure m 4, it follows for any
Borel measure i and y € E that

;ﬁﬂwzmewmmy
Hence, ufj A= uﬁ , i.e. the potentials of the measures of the original and the time-

changed process are equal. However, note that uU4 # puU.

To apply our main result to the time-changed process we make the following assump-
tion, which we will discuss later in this section.

Assumption 6.3 For all t+ > 0 and x € E, the transition functionsA of ¥ and Y are
absolutely continuous with respect to m 4, i.e. PtA (x,) < my and P,A(-, y) KL my.

Combining the above duality results with our main Theorem 3.6 then gives us the
following new solution of SEP(X, u, v).

Theorem 6.4 Let X be a Markov process and A an additive functional for which
Assumptions 2.1 and 6.3 hold. Let i < v be two measures with o-finite potentials
in balayage order; i.e. ;/,U > vU, and such that v charges no semipolar set. Then
there exists a Root barrier RA which embeds (A, X) such that its first hitting time
TA:=inf{r >0: (A;, X;) € RA} embeds 1 into v,

,l,LPT = V.
Moreover, if we denote

fA*“’” = inf {gQA — excessive: g > ul?(x)]l{tfo} + vﬁ(x)ﬂ{,>o}}, 6.1)
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where Q4 denotes the space-time semigroup associated with Y, then

(1) fARV(E x) = pPran, U ),

(2) T4 = arg min ,LLPT,AASUA(B)for all Borel sets B andt > 0,
S: uPs=v

(3) We may take R4 = {(s,x) eRy x E | fARY(s,x) = vﬁ(x)}.

Proof By Remark 6.2, ,uﬁ >0 implies ufj A > A for the time-changed process
Y. We henceforth write Np(w) = {t > 0 : X;(w) € B} for the visits of a nearly Borel
set B during the lifetime of X. Then the set B is semipolar if and only if the set N is
almost surely countable. Further we have

{s>0: X (w) (@) € B} € Np(w)

since the mapping s +— 7, is continuous and strictly increasing because ¢ +— A; is.
Therefore, any set B which is semipolar for X is also semipolar for ¥ and v does not
charge sets which are semipolar for Y.

Due to Assumption 6.3, the processes Y and Y and the measures w and v satisfy the
assumptions of Theorem 3.6. Then f4-*" and R4 defined as above are exactly the
equivalent results from Theorem 3.6 for ¥ and the stopping time solving SEP(Y, u, v)
is given by

T =inf{r > 0: (t,Y,) € R4}.

Then for f4*V as in (6.1), we have fA4*V(r,x) = ,uP[ﬁTl’]\A(x) = uh,,, l?(x)
is the density of the measure ,uPrtAASUA w.r.t. ma. If we define T4 = 7, then for
any nearly Borel set B € £" we obtain P#(X;4 € B) = P*(Y7 € B) = v(B) and it
follows that for any solution 7 to SEP(Y, u, v), we have that T4 = 77 is a solution
for SEP(X, u, v). The optimality of Property 2 then naturally follows.

Finally, since inf{s > 0 : (s,Y;) € R4} = inf{s > 0 : (A, Xy,) € R4}, for
TA = A7, we know that

TA =inf{t > 0: (A;, X,) € R4},

which completes the proof. O
Remark 6.5 Assumption 6.3 does not always hold, even under Assumption 2.1. For
instance, let X = (X!, X?) be the Markov process given by

dX; = (dB;, a(X})dr)

where a is non-negative, bounded, smooth with (for instance) a’ strictly positive,
and B is a linear Brownian motion. Then by the weak Hérmander criterion, X admits
transition probabilities with respect to Lebesgue measure and satisfies Assumption 2.1.
However taking the time-change 7, corresponding to dA; = a(X ,1) dt, the resulting
process satisfies

dY, = (dB,,, ds)
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which does not admit transition probabilities.

Remark 6.6 Let X be the diffusion with generator given in Hérmander form by

n
Lx = Vo—i—ZViz
i—1

(with for instance the V;’s with bounded derivatives of all order), then (assuming a
also smooth,say) the generator of Y is given by

2
Ly :_LX—VO +Z< 1/2 )

for some vector field VOA. In particular, if the following strong Hérmander condition
holds for X :

vx e RY, Lie[Vy,..., Vyl(x) =

it also holds for the generator of Y, in which case Y admits transition probabilities
with respect to Lebesgue measure. This condition is for instance satisfied when X is
multi-dimensional Brownian motion (or more generally, Brownian motion on a Carnot

group).

Remark 6.7 (Obstacle PDE) The generator of the time-changed process Yis given by
LAf(x) a(x)Lf(x) see [29]. Hence, we can again identify f4/V(z, x) as the
solution to the obstacle problem

min [(at —a "Dyu,u— uﬁ] =0, u©0,)=pl on(0,+00) x E

provided additional regularity assumptions are made that guarantee well-posedness of
the above PDE. However, analogous to Corollary 3.7, dynamic programming applies
without any additionally assumptions on £ and a.

Remark 6.8 (Vallois’ embedding as limit of Root type embedding) Item (2) in Theo-
rem 6.4 implies that

T4 = arg min E*[F(As)], for any non-decreasing convex function F.
S: uPs=v

Taking X as the one-dimensional Brownian motion and a(x) = J¢(x) the Dirac at0, the
additive functional A becomes the local time of X at 0. Thus — at least informally since
a is not bounded from below — Theorem 6.4 recovers the classical Vallois embedding,
see e.g. [21,64].
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Fig. 4 Root embedding for Brownian motion and time-changed Brownian motion, with the same time
discretisation in both pictures, u = §p, v = Uniform[—1, 1]

6.2 Examples

We now apply Theorem 6.4 to concrete Markov processes.

Example 6.9 (Brownian motion B and A, = fot exp(2B;) ds) Taking X; = B; as

the one-dimensional Brownian motion, the additive functional f(; exp(2B;) ds has
received much attention (see e.g. [50]) due to application in mathematical finance in

the context of Asian options. Then By, 4 log(Z;), where Z is the Bessel process of
index O for which the transition density is well known (see [50]). Figure 4 on page 25
shows the Root barriers for u = §g and v = Uniform[—1, 1].

Example 6.10 (Symmetric stable Lévy process X and A; = 2t + fot arctan(4X;) ds)
For smooth a with ¢c; < a < ¢ for some ci,co > 0, from [10, Theorem
(2.5)], the time-changed process Y; = X, has absolutely continuous transition
density with respect to the Lebesgue measure. Comparing the Root barriers for
u = Uniform[—1, 1] and v = 0.75 - Beta(2, 2) for X and Y, we can see that the
barrier in Fig. 5b on p. 26 is not symmetric, unlike the barrier for X in Fig. 3b. Due to
the time change, the process Y runs faster past negative increments and more slowly
through the positive parts which leads to hitting the barrier early on the negative parts
and much later on the positive parts compared to X.

@ Springer



62 P. Gassiat et al.

|

o ——

}
if

% od =

[
L4

04
o -
w -
a4
o -
> -
~ 4

At

0.15
L
0.0 05

Potential
Quantiles of the Beta distribution

0.05
L

T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -0.5 0.0 05 1.0

Location Values of the stopped process

(b) Minimal excessive majorant, when it touches v (C) Comparison of the quantiles of the Beta distribution and
stopped values of 500 trajectories

Fig. 5 Root embedding for the time-changed symmetric %—stable process, with a(x) = 2 + arctan(4x),
n = Uniform[—1, 1], v = 0.75 - Beta(2, 2)

Acknowledgements PG acknowledges the support of the ANR, via the ANR Project ANR-16-CE40-
0020-01. HO is grateful for support from the EPSRC Grant “Datasig” [EP/S026347/1], the Oxford-Man
Institute of Quantitative Finance, and the Alan Turing Institute. CZ was supported by the EPSRC Grant
EP/N509711/1, via the Project No. 1941799.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

A free boundary characterisation of the Root barrier for... 63

Appendix A: Basic definitions from potential theory

Below, we state some definitions taken from [12, Chapter 0 and 1]:

Definition A.1 (Universally measurable sets and nearly Borel sets) Given a Borel o-
algebra €&, define the following o -algebras on E:

(1) the o-algebra of universally measurable sets £* = ), gy € given as intersec-
tion of completions E* of € with respect to finite measures .,

(2) the o-algebra " of nearly Borel sets. We call a set B nearly Borel (with respect
to X) if for each finite measure u on E, there exists Borel sets Bf C B C B; such
that P*(3r > 0: X, € B, \ By) =0.

Definition A.2 (Standard process) On a filtered probability space (2, F, (F1)1=0, (P*)xeE).
the stochastic process X = (X;);>0 with shift operator 6; is called a Markov process
with augmented state space (Ea, €p), if forall s, > 0,x € Ep,and B € Ep

(1) X, is F;-E o-measurable,

(2) the map x — P*(X; € B) from Ex to [0, 1] is €a-measurable and PA(Xy =
A)=1,

3) Xt o00s = Xiy5,and

@) P* (X145 € B|F)) =PY(X; € B).

Furthermore, it is called a standard process, if additionally

(1) (3})r>o0 is right-continuous and J; is complete with respect to the family of mea-
sures {I™*, x € E},

(2) the sample paths ¢ — X;(w) are cadlag a.s.,

(3) X satisfies the strong Markov property, i.e. X7 is Fr-E7 -measurable and for
all bounded measurable functions f and (J;),>o-stopping times 7 we have
E[f(X74)] = IEX[IEXT[f(Xt)]] forall x € E and ¢ > 0, and

(4) X is quasi-left-continuous on [0, ¢), i.e. for any increasing sequence (7},),en of
(F1)r=0-stopping times such that 7,, 1 7 almost surely for a stopping time T, it
holds that X7, — X7 almost surely on {T < ¢}.

Semigroup and potential. InTable2weletx € E,A € ",1 C[0,00), f: E — R
be a £*-measurable function (extended to Ex by f(A) = 0), u be a Borel measure
on E, and T be a stopping time.

The potential U (A) of a measure 1 on a set A describes the occupation of the set
A by X over its lifetime when starting in the initial distribution x; on the other hand,
U f (x) evaluates the mass transported over the entire lifetime after starting in x under
f. This explains the notation for the different actions uU and Uf of the potential
kernel on p and f as we start in i and end in f, respectively.

Definition A.3 (Excessive functions and measures) A non-negative &*-measurable
function f : E — R4 U {400} is called excessive if P, f(x) < f(x) forallx € E
and lim, o P, f = f pointwise.

Analogously, a Borel measure u is called excessive if it is o-finite and pu P;(A) <
u(A) forall A e Eandr > 0.
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Table 2 Semigroups, potentials and stopping times for X and its space-time lift X

Markov process X

Semigroup P = (Pr);>0 of X Prf Prf(x) = [ Pr(x, dy) f(y) = E¥[f(X0)]
Py wPr(A) = [ (dx) Pr(x, A) = PH(X; € A)
Potential U = [;° P; dt of X Uf Uf(x)= [Ux, dy) f(y) = E*[ [5° f(Xp)de]
nu 1U(A) = [ @)U x, A) = B4 [5° 1 (x,ea) d7]
Stopping times
Semigroup at 7’ Pr Pr(x,dy)=P* Xy e dy;T <)
first hitting time Tx Tp=inf{t > 0: X; € A}, Py =P,

Fine topology. In Table 3, the set A denotes a nearly Borel set.

Intuitively, the polar sets are those sets which are never visited at positive times by
the process, while semipolar sets are those sets which are almost surely visited only
countably many times by the process. Every polar set is semipolar, but the reverse
implication is not true in general.

Appendix B: Properties of the réduite

Definition B.1 (Réduite) Given a Markov semigroup (P;) associated to a standard
process, and given & > 0 Borel-measurable and finely lower semicontinuous, we
define the réduite (or smallest excessive majorant) of # by

Redp(h) = inf { f P — excessive, f > h}. (B.1)

Proposition B.2 (Shiryaev, Lemma 3 and Theorem 1 in [61, Chapter 3]) Let X be a
standard process with semigroup (Py) and h > 0 finely lower semicontinuous. Then:

(1) Redp(h) is excessive.

Table 3 The fine topology on E

Fine topology

Polar set Aispolarif Ty = oo, P*-as. forallx € E

Thin set Aisthinif T4 > 0,P¥-as. forallx € E

Semipolar set A is semipolar, if it is a countable union of thin sets

A" the regular points of A; a point x is called regular if 74 = 0, P*-a.s.
Fine topology on E topology where the open sets are O C E s.t. Tpc > 0, P¥-a.s.Vx € O
Fine closure of A the set AU A"
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(2) Forall x € E, it holds that

Redp (h)(x) = sup E* [h(X:)Lir<g)]

where the supremum ranges over stopping times t taking values in [0, ).
(3) Define for § > 0 and g > 0 Borel-measurable, Rs(g) = g Vv Psg. Then it holds
that

Redp(h) = lim Nli_r)noo RY, (h).

Given a (positive) Borel measure y, we similarly define

Redp(y) = inf {A P-excessive measure, A > y} (B.2)

(note that the infimum above is the infimum of a family of measures, namely the
smallest measure dominated by all measures in the family).

LemmaB.3 Assume that X and X are standard processes in strong duality with
respect to a reference measure . Let h be finely lower semi-continuous and y (dx) =
h(x)é(dx). Then

dRed5(y)

Redp(h) =

p(h) d

Proof It is easy to see that Redp(y) isa P-excessive measure, and it therefore admits

a P-excessive density g. Since Redp(y) > y, it holds that g > h £-a.e. We then
actually have the inequality everywhere since

g =1lim P,g > liminf P,h > h
t—0 t—0

using the semicontinuity of /. Therefore g > Redp (h).

For the opposite inequality, note that A(dx) := Redp(h)(x)&(dx) isa P-excessive
measure which dominates y, so that Redp (h) > g £-a.e., and then everywhere since
both are excessive functions. ]

Appendix C: Hypo-elliptic Laplacian
Denote with (G, 4, *) the free nilpotent group of depth n of d generators. Denote with
Vi, ..., Vg abasis of R? and identify it as left-invariant vector fields (the first level of

the Lie algebra of G, 4). If B = (B') is a d-dimensional Brownian motion, then it is
well-known that the solution of the SDE

d
dX, =Y Vi(X,) o dB]
i=1
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is a (left)-Brownian motion* on the Lie-group G, 4. Moreover, X is a Markov process
with generator %Z?:l Viz. Following [15], there exists a homogeneous norm N :
Gp.a %X Gu.a — [0, 00) such that

uw(gxh™") =u(g,h) =cq - Ngxh™") 1",

with a constant ¢ = ¢q(n,d); moreover, N is the fundamental solution to
—Agu(-,h) = &p. In the case where n = 1 and d > 3, N is just given by the
Euclidean norm on R?. Forn = d = 2, G2 2 can be identified as the Heisenberg
group. It is more convenient to work in the associated Lie algebra go» = log G2
which we identify in coordinates as R>. Then ¢ = 4 and

N@ =Ny a) = (243D + 16a%)

For any measure ¢ on G, 4 we then define
uU(h) = / ju(dg) u(g. h).
Gn.d

Lemma C.1 Let V be any probability measure on (0, 00). Define the measure

|Vgul?

|Vl

v(dg) = /0 ) Loy () (¢) o (dg). .1

where Dn(r) = {g € Gu.q : N(g) < r} is the open ball with respect to N, o is the
surface measure and

n
VGNP =) [Vi(N).
i=1

Then v is a probability measures on G, g such that 8o < v with respect to Brownian
motion on G 4.

Proof From [15, Theorems 3.4 and 4.1] we know that a upper semi-continous function
f is sub-harmonic on G, 4 if and only if it satisfies the global-surface sub-mean
property for any r > 0

f@g = / Y (h) f(h) o(dh), (C.2)
DN (g.1)

where V¥ (h) = 'Tg;‘l'z (h), and Dy(g,r) = {h € Gnq : N(g~'h) < r}. We write
ug(h) = u(0, h). Then ug = 80[7 is subharmonic. The fact that v is a probability

4 A process X taking values in Lie-group G is called (left) Brownian motion in G if f — X is continuous,
(X;IX’+‘V),>0 is independent of (Xy)o<,<s, and (X;1X1+s>l>0 and (X;);>¢ are identical in law.
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measure follows as we have equality in (C.2) for the harmonic function f = 1. For

its

potential we get

uﬁ(g)=/c u(g™! *h)v(dh):/ooo (/w ()w(h)u(g‘h)dh)?i(dr)
n.d N\

Z/ (f w(gh)uo(h)dh> 3(dr)
O aDN(g,r)

< ( /O V(dr>) wo(g™") = uo(g) = 50T (s),

where we used Eq. (C.2) for —ug in the last inequality. O

This in turns leads to an explicit density if we choose V as the uniform measure on

©, ).

CorollaryC.2 Let n = d = 2. Then there exists a probability measure v such that

)

< v and that has a density with respect to Lebesgue measure given as

4 x2+ y2 1
b4 \/(x2 + v5)2 4 1642

v(dg) = v(d(x, y,a)) = ((x24y2)2+16a2<1) dx dy da.
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