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Abstract
Atherosclerotic plaques are fatty growths in artery walls that cause heart attacks and
strokes. Plaque formation is driven by macrophages that are recruited to the artery
wall. These cells consume and remove blood-derived lipids, such as modified low-
density lipoprotein. Ineffective lipid removal, due to macrophage death and other
factors, leads to the accumulation of lipid-loaded macrophages and formation of a
necrotic lipid core. Experimental observations suggest that macrophage functionality
varies with the extent of lipid loading. However, little is known about the influence of
macrophage lipid loads on plaque fate. Extending work by Ford et al. (J Theor Biol
479:48–63, 2019) and Chambers et al. (A lipid-structured model of atherosclerosis
withmacrophage proliferation, 2022), we develop a plaquemodel wheremacrophages
are structured by their ingested lipid load and behave in a lipid-dependent manner.
The model considers several macrophage behaviours, including recruitment to and
emigration from the artery wall; proliferation and apotosis; ingestion of plaque lipids;
and secondary necrosis of apoptotic cells. We consider apoptosis, emigration and
proliferation to be lipid-dependent and we model these effects using experimentally
informed functions of the internalised lipid load. Our results demonstrate that lipid-
dependent macrophage behaviour can substantially alter plaque fate by changing both
the total quantity of lipid in the plaque and the distribution of lipid between the live
cells, dead cells and necrotic core. The consequences of macrophage lipid-dependence
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are often unpredictable because lipid-dependent effects introduce subtle, nonlinear
interactions between the modelled cell behaviours. These observations highlight the
importance of mathematical modelling in unravelling the complexities of macrophage
lipid accumulation during atherosclerotic plaque formation.

Keywords Atherosclerosis · Macrophage · Lipid · Partial integro-differential
equation · Structured population model

1 Introduction

Atherosclerotic plaques are localised accumulations of cells, lipids and associated
debris that form in the lining of major arteries (Hansson and Libby 2006). Plaques are
initiated when blood-borne low-density lipoprotein (LDL) penetrates the endothelium
of the artery and is deposited in the artery wall (Tabas et al. 2007). Once inside the
artery wall, LDL is oxidised or modified in different ways. Accumulation of mod-
ified LDL elicits an immune response that attracts circulating monocytes. These
monocytes rapidly differentiate into macrophages, which ingest (phagocytose) the
modified LDL and stimulate further macrophage recruitment through inflammatory
signalling (Moore et al. 2013; Tall and Yvan-Charvet 2015). The death of lipid-loaded
macrophages (known as foam cells) creates fatty deposits that may accumulate over
time to form a large necrotic core (Lusis 2000). Rupture of a vulnerable plaque can
release this necrotic material into the bloodstream and trigger a clotting cascade that
causes stroke or myocardial infarction (Lusis 2000; Hansson and Libby 2006).

Not all plaques progress to become clinically dangerous. Many simply resolve
naturally or evolve towards a benign, non-resolving state (Bäck et al. 2019). The fate
of a plaque is largely determined by the interaction between macrophages and lipids
in the artery wall and, in particular, the relative rates at which these constituents enter
and leave the tissue (Moore et al. 2013). In addition to recruitment by inflammatory
signalling, the plaque macrophage population can be increased by local proliferation
(Robbins et al. 2013; Lhoták et al. 2016). On the other hand, plaque macrophage
numbers can be reduced by death (apoptosis) or by emigration out of the wall (Tabas
2010; Llodrá et al. 2004). Since infiltrating LDL becomes bound to the artery wall
extracellular matrix (Tabas et al. 2007), the removal of this lipid from the system
requires the intervention of macrophages. Lipid internalised by macrophages can be
ferried out of the plaque during macrophage emigration or by macrophage offloading
to high-density lipoprotein (HDL) in a process known as reverse cholesterol transport
(Yvan-Charvet et al. 2010). A further important mechanism, which recycles the cell
and lipid content of the plaque, is macrophage efferocytosis (Yin and Heit 2021). As
observed in vitro, a macrophage can phagocytose an entire apoptotic cell and acquire
the dying cell’s ingested lipid (Ford et al. 2019b). Apoptotic cells that are not efficiently
cleared by efferocytosis are a source of necrotic material (Kojima et al. 2017).

Experimental results indicate that plaque macrophage behaviour can change with
the extent of lipid loading (Tabas and Bornfeldt 2016). Lipid accumulation in plaque
macrophages can upregulate the production of the pro-inflammatory signals that are
required formonocyte recruitment (Tall andYvan-Charvet 2015).The cytotoxic effects
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of excessive lipid ingestion can lead to macrophage apoptosis (Tabas 2002; Feng et al.
2003). Using a detailed transcriptomic study ofmurine plaquemacrophages, Kim et al.
(2018) showed that macrophage proliferation is likely to decrease with increasing lipid
load. Results from both in vitro and in vivo studies further suggest that macrophages
with larger lipid loads are less likely to emigrate from plaques (Chen et al. 2019; van
Gils et al. 2012;Wanschel et al. 2013). This is due to either reducedmigration capacity
(Chen et al. 2019) or through increased expression of so-called retention factors (van
Gils et al. 2012; Wanschel et al. 2013). Defective macrophage efferocytosis, an often
cited mechanism of atherosclerotic plaque progression (Thorp and Tabas 2009; Linton
et al. 2016),may also arise through lipid-dependent effects; lipid loading can reduce the
efficiency of efferocytosis by disrupting relevant signalling pathways (Yin et al. 2020)
and excessive lipid acquisition through efferocytosis can lead to cytotoxicmacrophage
death (Yin and Heit 2021).

Experimental plaque formation data is frequently collected ex vivo (e.g., from
studies that use the genetically modified, atherosclerosis prone ApoE−/− mouse).
Thus, although the lipid-dependent effects noted above have been identified, little is
known about how they contribute either individually or collectively to plaque for-
mation dynamics. In this paper, we address this issue by developing a mathematical
model to study the impact of lipid-dependent macrophage behaviour on the dynamics
and fate of atherosclerotic plaque progression. As will be seen, our findings indicate
that lipid-dependent effects can substantially alter the fate of a plaque, often in unpre-
dictableways. This provides valuable new insight, and emphasises the need to consider
lipid-dependent plaque cell behaviour both in future mathematical models of plaque
formation and in the interpretation of experimental plaque formation data.

Interest inmathematicalmodelling of atherosclerotic plaque formation has grown in
recent years (Parton et al. 2016; Avgerinos and Neofytou 2019; McAuley 2021). Most
work to date has focussed on modelling the inflammatory response of macrophages
in the early plaque. Published approaches include spatially-averaged ODE models
(Bulelzai and Dubbeldam 2012; Cohen et al. 2014; Islam and Johnston 2016; Thon
et al. 2018; Lui andMyerscough 2021), spatially-resolvedPDEmodels (ElKhatib et al.
2007; Calvez et al. 2009; Little et al. 2009; Yang et al. 2016; Chalmers et al. 2017;
Thon et al. 2019; Silva et al. 2020) and agent-based models (Bhui and Hayenga 2017).
It is common to assume that the modelled macrophages have two sub-populations:
those with little or no internalised lipid (usually termed macrophages) and those with
lots of internalised lipid (usually termed foam cells) (Calvez et al. 2009; Bulelzai and
Dubbeldam 2012; Cilla et al. 2014; Hao and Friedman 2014; Islam and Johnston 2016;
Yang et al. 2016; Chalmers et al. 2017; Silva et al. 2020). Lipid-dependentmacrophage
behaviour can be implicitly incorporated in this model framework by assuming that
these sub-populations have, for example, different rates of lipid consumption (Calvez
et al. 2009; Bulelzai and Dubbeldam 2012; Cilla et al. 2014; Hao and Friedman 2014;
Islam and Johnston 2016; Silva et al. 2020), migration (Calvez et al. 2009; Cilla et al.
2014; Yang et al. 2016; Chalmers et al. 2017; Silva et al. 2020) or apoptosis (Hao and
Friedman 2014; Islam and Johnston 2016; Silva et al. 2020). An alternative approach is
to model macrophages as a single population and track the population’s total ingested
lipid content (Little et al. 2009; Cohen et al. 2014; Thon et al. 2018, 2019; Lui and
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Myerscough 2021). Here, lipid-dependent effects can be included at the population-
level by assuming that macrophage behaviour depends on the average ingested lipid
load (Thon et al. 2018, 2019). A more natural means to model lipid accumulation
in plaque macrophage populations, including with lipid-dependent effects, is to use
a population model in which macrophages are physiologically structured by their
internalised lipid content. Lipid-structured models of plaque macrophages have been
developed by Ford et al. (2019a), Chambers et al. (2022), and Meunier and Muller
(2019).

The model by Ford et al. (2019a) uses a system of partial integro-differential equa-
tions to study how internalised lipid loads are distributed in live and apoptotic plaque
macrophage populations, and how this influences necrotic core formation. Possible
behaviours of live macrophages in the model include: (i) apoptosis; (ii) emigration
from the plaque; (iii) LDL and necrotic lipid phagocytosis; (iv) lipid offloading to
HDL; and (v) efferocytosis of apoptotic cells. Simulations and analysis of this model
demonstrate the important roles of emigration and efferocytosis in the prevention of
necrotic core growth. Efferocytosis is identified as a double-edged sword, however, as
it can drive ingested lipid loads to become excessively large [as confirmed experimen-
tally in Ford et al. (2019b)]. Chambers et al. (2022) extended the Fordmodel to include
macrophage proliferation. This introduces an additional means of reducing cell lipid
loads as internalised lipid in the parent cell is split between its daughter cells upon
division. The model demonstrates that macrophage proliferation can reduce necrotic
core formation by enhancing the capacity for necrotic lipid consumption. However,
results suggest that proliferation can also be a double-edged sword because the reduc-
tion in necrotic core often comes at the expense of a substantially enlargedmacrophage
population.

Ford et al. (2019a) and Chambers et al. (2022) assume that all plaque macrophage
behaviours occur at constant rates independent of internalised lipid content. In this
paper, we generalise their lipid-structured framework to include live macrophage
behaviour that depends smoothly and continuously on ingested lipid load. For now,
we include lipid-dependent behaviour only in macrophage apoptosis, emigration and
proliferation. Modelling of lipid-dependent phagocytosis and efferocytosis will be
addressed in a future study. By simulating and analysing this new model, we demon-
strate that lipid-dependent macrophage behaviour can substantially alter plaque fate
by changing both the distribution and the net accumulation of lipid in the system.
Note that, while lipid loading is believed to influence plaque fate by modulating the
phenotypic profile of the macrophage population (Moore et al. 2013; Tabas and Born-
feldt 2016), we do not explicitly consider macrophage phenotype here. The current
work can be regarded as a step towards more detailed mathematical models that link
macrophage phenotype to internalised lipid load.

The remainder of the manuscript is structured as follows. In Sect. 2, we outline
our methodology. This includes a brief presentation of the model equations, and
definitions of the functions that characterise lipid-dependent macrophage behaviour.
Section3 reports results and analysis from an in-depth simulation study that addresses
how lipid-dependent apoptosis, emigration and proliferation influence plaque progres-
sion. We discuss the implications of our results for both theoretical and experimental
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atherosclerosis research in Sect. 4, and end with broad conclusions on the significance
of the study in Sect. 5.

2 Methods

2.1 Definitions

The number densities of live and apoptotic plaquemacrophages with lipid load a � a0
at time t � 0 are denoted m (a, t) and p (a, t), respectively. The minimum lipid load
a0 represents the endogenous lipid contained in the internal structures of each cell.
We denote the acellular necrotic lipid content of the plaque at time t by N (t). For
m (a, t) and p (a, t), we define the total number of cells in each population by:

M (t) =
∫ ∞

a0
m (a, t) da, P (t) =

∫ ∞

a0
p (a, t) da, (1)

and the total lipid content of each population by:

AM (t) =
∫ ∞

a0
am (a, t) da, AP (t) =

∫ ∞

a0
ap (a, t) da, (2)

respectively.
Lipid-dependent cell behaviour is modelled by assuming that the dimensional ref-

erence rate of a given behaviour is modulated by a dimensionless factor g� (a). The
symbol � is a placeholder that represents β for apoptosis, γ for emigration or ρ for
proliferation. For notational convenience, we define the related quantities:

G� (t) =
∫ ∞

a0
g� (a)m (a, t) da, G�a (t) =

∫ ∞

a0
g� (a) am (a, t) da, (3)

which will appear in the model equations below. Lipid-independence in a given
behaviour can be recovered by setting g� (a) ≡ 1. This, in turn, gives G� (t) = M (t)
and G�a (t) = AM (t).

2.2 Model Statement

A formal derivation of the original lipid-independent model can be found in Ford et al.
(2019a) and, for the macrophage proliferation terms, in Chambers et al. (2022). The
interested reader is directed to these works for in-depth explanation. Here, we give a
brief summary of the modelling assumptions before stating the equations in full. The
model considers the following processes in the plaque:

1. Livemacrophages consume lipid fromLDL particles and offload lipid to HDL par-
ticles. Lipid attached to LDL particles is assumed to enter the plaque at constant
rate λL and be rapidly consumed by macrophages. A quasi-steady state approxi-
mation gives λL

M as the rate per cell of lipid ingestion from LDL. HDL particles
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are assumed to enter the plaque with a constant lipid capacity per time λH and
rapidly fill with lipid offloaded from macrophages. A quasi-steady state approx-
imation gives λH

M as the rate per cell of lipid offloading to HDL. The net rate of

lipid acquisition per cell from these two processes is λL−λH
M = λ

M . We assume
that λ > 0 is necessary for a plaque to form. This continuous acquisition of lipid
is modelled by an advection term in the m (a, t) equation.

2. Live macrophages consume necrotic lipid at a rate proportional to θ . This phago-
cytic lipid uptake is also modelled by continuous advection in the m (a, t)
equation.

3. Live macrophages become apoptotic macrophages at rate βgβ (a) or emigrate
from the plaque at rate γ gγ (a).

4. Live macrophages consume apoptotic macrophages by ingesting their entire lipid
content at a rate proportional to η. This process (efferocytosis) contributes a local
sink term and a non-local source term to the m (a, t) equation. The source term
takes the form of a convolution integral, which accounts for all possible consump-
tion events that produce live macrophages with lipid content a. The value of this
integral is interpreted as 0 for all a � 2a0.

5. Live macrophages proliferate at rate ρgρ (a). Shortly before division, we assume
that the parent cell newly-synthesises the quantity of endogenous lipid a0 that is
required to form a second daughter cell (Scaglia et al. 2014). Upon division, we
assume that the total lipid content of the parent is divided equally between the
two daughters. Proliferation contributes a local sink term and a non-local source
term to the m (a, t) equation. The source term accounts for the fact that daughter
cells with lipid content a are produced by parent cells with lipid content 2a − a0.
The transient, pre-division increase in the parent cell lipid content is not explicitly
modelled as it occurs on a timescale much shorter than the timescale of interest.

6. Apoptotic macrophages undergo post-apoptotic necrosis, producing necrotic lipid
at rate ν.

7. Live macrophages with lipid content a0 are recruited to the plaque from the blood-
stream.The rate of cell recruitment is assumed tobe a saturating functionof the total
ingested lipid in the live macrophage population AM (t)− a0M (t), with maximal
recruitment rateα andhalf-maximal recruitmentwhen AM (t)−a0M (t) = κ .Note
that this model for macrophage recruitment encodes an implicit lipid-dependence
because the expression AM − a0M arises from an assumption that macrophages
produce recruitment-stimulating cytokines at a rate proportional to their accumu-
lated lipid content a − a0. Recruitment is modelled by a boundary condition on
the m (a, t) equation.

The equations and boundary condition that reflect the above assumptions are as
follows:

∂m (a, t)

∂t
+

[
λ

M (t)
+ θN (t)

]
∂m (a, t)

∂a

= η

∫ a−a0

a0
m(a′, t)p(a − a′, t) da′ + 4ρgρ (2a − a0)m(2a − a0, t)

−
[
βgβ (a) + γ gγ (a) + ρgρ (a) + ηP (t)

]
m (a, t) , (4)
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∂ p (a, t)

∂t
= βgβ (a)m (a, t) − [

νM (t) + η
]
p (a, t) , (5)

dN (t)

dt
= νAP (t) − θM (t) N (t) , (6)

[
λ

M (t)
+ θN (t)

]
m (a0, t) = α

[
AM (t) − a0M (t)

]
κ + AM (t) − a0M (t)

. (7)

Additional ODEs for M (t), AM (t), P (t) and AP (t) can be generated by integrat-
ing (4) and (5) with respect to a, both with and without multiplying by a prior to the
integration. For these calculations, we impose the requirement thatm (a, t), am (a, t),
p (a, t) and ap (a, t) all → 0 as a → ∞. This leads to the following equations:

dM (t)

dt
= α

[
AM (t) − a0M (t)

]
κ + AM (t) − a0M (t)

+ ρGρ (t) − βGβ (t) − γGγ (t) , (8)

d AM (t)

dt
= a0α

[
AM (t) − a0M (t)

]
κ + AM (t) − a0M (t)

+ λ + θM (t) N (t)

+ηAP (t) + a0ρGρ (t) − βGβa (t) − γGγ a (t) , (9)
dP (t)

dt
= βGβ (t) − [

νM (t) + η
]
P (t) , (10)

d AP (t)

dt
= βGβa (t) − [

νM (t) + η
]
AP (t) . (11)

Based on a similar argument to that presented in Chambers et al. (2022), we note that
Eqs. (8) and (9) will lead to unbounded growth of M (t) and AM (t) if:

βGβ (t) + γGγ (t) − ρGρ (t) � 0.

To avoid this eventuality in the current study, we ensure that the condition:

βgβ (a) + γ gγ (a) − ρgρ (a) > 0, (12)

is satisfied for all a ∈ [a0,∞).
In the presence of lipid-dependent cell behaviour, the ODE equations (6), (8)–(11)

and the PDE equations (4)–(5) cannot be readily decoupled, in contrast to the simpler
models of Ford et al. (2019a) and Chambers et al. (2022). This limits the opportunity
for analytical investigation of the model equations and, hence, this paper will use
numerical simulations to study plaque fate and dynamics in a range of scenarios.

The model is closed by assigning appropriate initial conditions to each variable.
The PDE variables require initial distributions and the ODE variables require initial
values. Generically, we set:

m (a, 0) = m0 (a) , p (a, 0) = p0 (a) ,

M (0) = M0, P (0) = P0, AM (0) = AM0, AP (0) = AP0, N (0) = N0.
(13)
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For m0 (a) and p0 (a), we use the following half-normal distributions:

m0 (a)

M0
= p0 (a)

P0
= 2

aσ

√
2π

exp

(
− (a − a0)2

2aσ
2

)
, (14)

which are scaled such that
∫ ∞
a0

m0 (a) da = M0 and
∫ ∞
a0

p0 (a) da = P0. The parame-
teraσ > 0 defines the shape of the distributions. For AM0 and AP0,we correspondingly
define:

AM0 = M0

(
a0 + 2√

2π
aσ

)
, AP0 = P0

(
a0 + 2√

2π
aσ

)
. (15)

The initial number of live macrophages M0 can be defined in terms of aσ by assuming
that the initial distribution m0 (a) satisfies the boundary condition (7) at t = 0. This
leads to the relationship:

M0 = κλ
√
2π

aσ

[
aσ α

√
2π − 2λ

] . (16)

For a valid (positive)M0 value, we require aσ > λ
√
2

α
√

π
. Finally, we assume that initially

there is no necrotic lipid in the system (N0 = 0), and the system contains fewer dead
cells than live cells. To satisfy the latter assumption, we arbitrarily set P0 = 0.5M0.

2.3 Lipid-Dependent Rate Functions

In the model, lipid-dependent cell behaviour is described by either a monotonic func-
tion g� (a) = gs� (a) or a non-monotonic function g� (a) = gr� (a). For the monotonic
function, we use the following saturating relationship:

gs� (a) = (a� − a0)n� + δ� (a − a0)n�

(a� − a0)n� + (a − a0)n� . (17)

Here, gs� (a0) = 1 and the non-negative parameter δ� = lima→∞ gs� (a). Hence, gs� (a)

increases from 1 to δ� when δ� > 1 or decreases from 1 to δ� when 0 � δ� < 1. The
exponent n� � 1 determines the shape of the function and the parameter a� > a0
denotes the lipid content for which gs� (a�) = 1+δ�

2 . For the non-monotonic function,
we use the following scaled relationship:

gr� (a) = ε� + (1 − ε�)

⎛
⎝ q�b�(q�−k�)

q�
√
k�k�(q� − k�)(q�−k�)

[
(a − a0)k�

b�q� + (a − a0)q�

]⎞
⎠ , (18)

where 0 � ε� < 1, b� > 0 and the exponents q� and k� satisfy q� > k� � 1. This

function increases from gr� (a0) = ε� to a peak value of 1 at a = a0 + b� q�
√

k�
q�−k� ,
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before decreasing towards ε� as a tends to infinity. The exponent k� controls the rate
of increase of gr� (a) for a ≈ a0, while the larger exponent q� controls the rate of
decline of gr� (a) as a → ∞.

In practice, we shall primarily focus on modulating factors that have a monotonic
dependence on a (i.e. monotonic increasing for gβ (a), monotonic decreasing for
gγ (a) and gρ (a)). However, for gγ (a), we shall also consider the non-monotonic
dependence, since physical arguments suggest that this may be a more realistic
assumption.

2.4 Nondimensionalisation

Using tildes to denote dimensionless quantities, the independent and dependent
variables are nondimensionalised as follows (Chambers et al. 2022):

ã = a

a0
, t̃ = βt,

m̃
(
ã, t̃

) = a0
M (t)

m (a, t) , p̃
(
ã, t̃

) = a0
P (t)

p (a, t) ,

M̃
(
t̃
) = β

α
M (t) , P̃

(
t̃
) = β

α
P (t) ,

ÃM
(
t̃
) = β

a0 α
AM (t) , ÃP

(
t̃
) = β

a0 α
AP (t) , Ñ

(
t̃
) = β

a0 α
N (t) . (19)

These scalings are chosen to give
∫ ∞
1 m̃

(
ã, t̃

)
dã = ∫ ∞

1 p̃
(
ã, t̃

)
dã = 1, such that

m̃
(
ã, t̃

)
and p̃

(
ã, t̃

)
may be considered as probability density functions for the live

and apoptotic macrophage populations, respectively. We further define the following
dimensionless parameters:

γ̃ = γ

β
, κ̃ = κ β

a0 α
, ρ̃ = ρ

β
, ν̃ = ν

β
, λ̃ = λ

a0 α
, θ̃ = θ α

β2 , η̃ = η α

β2 ,

ã� = a�
a0

, b̃� = b�
a0

, ãσ = aσ

a0
, ñ� = n�, δ̃� = δ�, k̃� = k�, q̃� = q�,

M̃0 = β

α
M0, P̃0 = β

α
P0, ÃM0 = β

a0 α
AM0, ÃP0 = β

a0 α
AP0. (20)

The dimensionless model equations are presented in full in Appendix A. Appendix B
presents three additional ODEs that describe the time evolution of the total amount of
lipid in the system L (t) = ÃM (t)+ ÃP (t)+ Ñ (t), the average lipid content per live

cell ĀM (t) = ÃM (t)
M̃(t)

, and the average lipid content per apoptotic cell ĀP (t) = ÃP (t)
P̃(t)

.

These equations prove useful for interpreting the simulation outcomes. The numerical
method used to solve the model equations is summarised in Appendix C.
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Table 1 Base case
lipid-independent parameter
values

Parameter Description Value

γ Reference dimensionless live cell
emigration rate

0.2

κ Dimensionless live cell
accumulated lipid content for
half-maximal recruitment

25
6

ρ Reference dimensionless live cell
proliferation rate

0 (Sect. 3.2)

0.5 (Sect. 3.3)

ν Dimensionless post-apoptotic
necrosis rate

1

λ Dimensionless net LDL
consumption/HDL offloading
rate

0.1

θ Dimensionless necrotic lipid
consumption rate

0.6

η Dimensionless efferocytosis rate 9.6

These values are used for all simulation results in Sect. 3. Theparameter
ρ has two possible values because we neglect proliferation for the
results in Sect. 3.2, but include it for the results in Sect. 3.3

2.5 Base Case Model Parameterisation

The aim of this study is to investigate how lipid-dependent macrophage behaviour can
alter the fate and dynamics of a plaque compared to caseswheremacrophage behaviour
is lipid-independent. Thus, to maintain our focus on the role of lipid-dependence, we
vary only the parameter values that characterise the functions g� (a) and we fix all
parameter values that are not related to these functions (see Table 1). Details on the
parameterisation of the functions g� (a) are provided at the beginning of Sect. 3. Here,
we provide justification for the values of the lipid-independent base case parameters.

We estimate that β = ν = 0.05 h−1. The value for the apoptosis rate β is consistent
with estimates fromThon et al. (2018) andFord et al. (2019b),whofittedmodels to data
from in vitro experiments on macrophage lipid loading. The secondary necrosis rate ν

is estimated from observations that cell lysis occurs between 12-24h after apoptosis
(Collins et al. 1997).

Using data from an in vivo study of the monocyte/macrophage inflammatory
response in murine myocardial infarction, we estimate γ = 0.01 h−1 and α = 104

cells h−1 (Leuschner et al. 2012). The value of the emigration rate γ corresponds to
the observation that 5–15% of cells exit the site of inflammation rather than die in situ,
where we take our estimate at the upper end of the interval. The value for the maximal
macrophage recruitment rate α is a conservative estimate based on the observation
that the monocyte/macrophage turnover in the inflamed infarct exceeds 106 cells in a
24h period.

For the efferocytosis rate, we choose η = 2.4×10−6 cell−1 h−1, which is consistent
with estimates made by Marée et al. (2005) in a study that fits ODE models to in vitro

123



A Lipid-Structured Model of Atherosclerotic... Page 11 of 42 85

data onmacrophage engulfment of apoptotic cells. An accurate estimate of the necrotic
lipid ingestion rate θ is not currently available. However, it is believed that the rate
of macrophage phagocytosis of apoptotic cells is considerably more efficient than
that of necrotic material (Kojima et al. 2017). Hence, we assume that η > θ , and set
θ = 1.5 × 10−7 cell−1 h−1.

Due to a lack of suitable quantitative data, estimates for the values of the remaining
parameters ρ, λ and κ are not currently available. For macrophage proliferation, we
consider the two cases ρ = 0 h−1 and ρ = 0.025 h−1. Here, the larger value ensures
compliance with the condition (12), and, in the absence of other factors, predicts a
biologically reasonable macrophage population doubling time of approximately 28h.
For λ and κ , we choose dimensionless values that lead to amild inflammatory response
and relatively benign plaque formation in the absence of lipid-dependent effects. By
making this choice, we leave scope to investigatewhether lipid-dependentmacrophage
behaviour can, as one might anticipate, promote a more robust inflammatory response
and lead to potentially dangerous plaque formation.

3 Results

The model outlined in Sect. 2 includes lipid-dependent terms for macrophage apop-
tosis, emigration and proliferation. We stress, however, that it is not our intention to
apply the model in its full generality. Rather, we shall consider lipid-dependence in
each behaviour individually to investigate how each lipid-dependent behaviour can
influence plaque progression. For the functions g� (a), we consider a range of param-
eterisations, both in unscaled and scaled formats. We use a range of parameterisations
for the lipid-dependent cell behaviours because there is a lack of appropriate exper-
imental data with which to accurately estimate the relevant quantities. For unscaled
simulations, we apply the functions gs� (a) or gr� (a) exactly as defined in Sect. 2.4.
For scaled simulations, we pre-multiply the relevant function by a scaling value that
we have found (by simulation) to give G� (t) ≈ 1 at steady-state (specifically, we
accept G� (∞) = 1 ± 0.01). Scaling the functions in this way allows for a consistent
comparison of steady-state results from both lipid-dependent and lipid-independent
cases because the net (population level) rate of the behaviour of interest is approxi-
mately conserved. We focus mainly on steady state results because the time to reach
steady state (typically around 100 macrophage lifetimes) is considerably shorter than
the lifespan of a plaque. Table 2(monotonic functions) and Table 3(non-monotonic
functions) summarise the cases that we consider in the following sections. Each table
reports function parameterisations, G� (∞) values from unscaled simulations and
corresponding scaling values required to give G� (∞) ≈ 1.

3.1 Lipid-Independent Base Case Simulations

Intra-plaque macrophage proliferation has only recently been established as an impor-
tant contributor to plaque progression (Robbins et al. 2013). The extent of this
proliferation is not well characterised but it is understood to vary over the lifetime
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Table 3 Parameterisations, unscaled G�(∞) values and corresponding scaling values for simulations with
the non-monotonic rate modulating function (33)

Cell Behaviour g�(a) Parameter values G�(∞) Scaling Values

ε� b� k� q� (unscaled) (G�(∞) ≈ 1)

Emigration grγ (a) 0.1 3 1 2 0.5736 1.9*

Emigration grγ (a) 0.1 6 1 2 0.5418 1.99*

Emigration grγ (a) 0.1 9 1 2 0.4964 2.08*

Note that these simulations do not consider macrophage proliferation (i.e. ρ = 0). Asterisks denote that
scaling values multiply only the second term on the right-hand side of (33). This ensures that both the scaled
and unscaled functions tend towards εγ as a → ∞

(a) (b)

Fig. 1 Steady state solutions for a the ODE variables and b the live cell distribution m (a, t) from
lipid-independent simulations both without macrophage proliferation (ρ = 0; black bars/lines) and with
macrophage proliferation (ρ = 0.5; red bars/lines). The apoptotic cell distributions p (a,∞) are effectively
identical to the corresponding m (a, ∞) plots in each case (Color figure online)

of a plaque (Lhoták et al. 2016). Given this uncertainty, we shall perform numerical
investigations of lipid-dependent cell behaviour both in the absence (Sect. 3.2) and the
presence (Sect. 3.3) of macrophage proliferation. To provide a reference point for our
lipid-dependent simulations, we first generate base case results where macrophage
behaviour is independent of internalised lipid (all g� (a) = 1). Steady-state results
for these cases, which use only the parameter values in Table 1, are shown in Fig. 1
. For an in-depth understanding of these results, interested readers are referred to the
simulations and analysis in Ford et al. (2019a) and Chambers et al. (2022). Here, we
provide only a brief summary of some key features of the results.

In the absence of proliferation (ρ = 0), the model recruits a relatively small
macrophage population and forms a moderately sized necrotic core (M ≈ 0.24,
N ≈ 4.03; Fig. 1a black bars). This reflects our conservative model parameterisa-
tion, since we wish to allow for elevated macrophage recruitment in lipid-dependent
cases where poorer outcomes are anticipated (e.g. when apoptosis increases with a,
or when emigration decreases with a). In the case with proliferation (ρ = 0.5), we
observe an almost 3-fold increase in the live cell population (M ≈ 0.70; Fig. 1a red
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(a) (b)

Fig. 2 a Unscaled and b scaled rate modulating functions for macrophage apoptosis gβ (a) = gsβ (a). Plots
correspond to equation (32) with parameter values nβ = 2 and aβ = 15, δβ = 2 (dashed lines), aβ = 12,
δβ = 3 (solid lines) or aβ = 9, δβ = 4 (dot-dashed lines). Scaling values for the plots in (b) are 0.86, 0.72
and 0.565, respectively

bar). This is partly due to proliferation itself, but also due to enhanced recruitment
courtesy of the substantial increase in AM (4.70 vs. 1.96). The increased cell popu-
lation leads to a reduction in both the necrotic core size (N ≈ 1.45) and the average
lipid per cell ( ĀM = ĀP ≈ 6.7, down from 8.1). The reduction in ĀM due to prolif-
eration can be seen qualitatively by comparing the steady state m (a, t) distributions
in Fig. 1b. The case with proliferation (red line) has a considerably larger proportion
of cells with very small lipid loads.

For the lipid-independent parameterisation chosen here, there is no single
macrophage behaviour that dominates plaque formation. Given that these lipid-
independent parameters are fixed for the entirety of the study, we argue that avoiding
a single dominant cell behaviour is the most appropriate way to gain a general
appreciation of the impact of lipid-dependence on plaque fate and dynamics.

3.2 Lipid-Dependent SimulationsWithout Proliferation

In this section, we neglect macrophage proliferation and investigate, in turn, the role
of lipid-dependence in macrophage apoptosis and emigration.

3.2.1 Apoptosis Only

To investigate lipid-dependent apoptosis, we set gγ (a) = 1 and gβ (a) = gsβ (a). We
consider three different unscaled forms for gsβ , each of which has δβ > 1 and nβ = 2
(Fig. 2 a). Each function reflects an assumption that the likelihood of macrophage
apoptosis increases with increasing ingested lipid content (Tabas 2002; Feng et al.
2003). By varying the values of both aβ and δβ , we investigate the impact of a mild
(aβ = 15, δβ = 2), moderate (aβ = 12, δβ = 3) or severe (aβ = 9, δβ = 4) increase
in the apoptosis rate above the reference value with increasing a. (By changing the

123



A Lipid-Structured Model of Atherosclerotic... Page 15 of 42 85

Fig. 3 Time dependent solutions of the ODE variables M (t), P (t), AM (t), AP (t) and N (t) for the lipid-
independent base case (gβ = 1; black lines) and for three cases with unscaled lipid-dependent apoptosis
(gβ = gsβ ). Lipid-dependent cases have parameter values nβ = 2 and aβ = 15, δβ = 2 (red lines),
aβ = 12, δβ = 3 (blue lines) or aβ = 9, δβ = 4 (green lines) (Color figure online)

parameter values in this way, we anticipate that all scenarios with aβ ∈ [9, 15] and
δβ ∈ [2, 4] will have solutions that lie within the bounds of those reported below.)

Time dependent solutions of the ODE variables for these cases are compared with
those for the base case simulation (gβ (a) = 1) in Fig. 3. An immediate observation
is the interesting behaviour of the case with aβ = 9 and δβ = 4. While the other
cases all display similar dynamics, this case elicits oscillations that eventually decay
towards steady state. Noting that this is the case with the highest net apoptosis rate
(dimensionless value Gβ (t) = 2.367 at steady state; see Table 2), a likely explanation
for the oscillations is as follows. Initially, live macrophage numbers M (t) drop to a
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Fig. 4 Surface plot showing the temporal evolution of m (a, t) for 1 � a � 45 and 0 � t � 1200 in a
simulation with unscaled lipid-dependent apoptosis (gβ = gsβ with nβ = 2, aβ = 9 and δβ = 4). Note the
onset of temporal oscillations in m (a, t) near a = 1 at t ≈ 400. These oscillations reflect repeated bursts
of macrophage recruitment that gradually diminish in intensity

very low level because cells that ingest even moderate quantities of lipid quickly die
to become apoptotic macrophages P (t). The associated conversion of live cell lipid
AM (t) to apoptotic cell lipid AP (t) reduces the rate of macrophage recruitment. Low
cell numbers and sustained apoptotic lipid generation lead to rapid accumulation of
necrotic lipid N (t). Eventually, however, the necrotic lipid pool becomes so vast that
the live macrophages begin to ingest lipid at a rate that outstrips the death rate. This
allows AM (t) to rise, which stimulates macrophage recruitment and enhances lipid
ingestion to shrink the necrotic core. Of course, as more live cells now attain higher
quantities of ingested lipid, their apoptosis rates increase further and M (t) drops once
again. A new period of growth in N (t) is then initiated until a further (smaller) wave
of macrophage recruitment is triggered. This cycle repeats until the magnitude of
the oscillations tend to zero. Figure4presents a corresponding surface plot of the live
macrophage distributionm (a, t) in this case. The solution shows temporal oscillations
near a = 1, which are associated with the repeated waves of macrophage recruitment.

Long-time solutions of the ODE variables for each simulation indicate that the
magnitude and steepness of the increase in gsβ correlates with a decrease in M and
an increase in each of the other variables (ranging from a marginal rise in AM to a
substantial rise in N ). The magnitude and steepness of the change in gsβ also appears to
be correlated to the time required to reach steady state, which increases from t ≈ 100
in the base case to t ≈ 180 (aβ = 15, δβ = 2), t ≈ 350 (aβ = 12, δβ = 3)
or t ≈ 2000 (aβ = 9, δβ = 4). The steady state distributions of live macrophages
m (a, t) and apoptotic macrophages p (a, t) for each simulation are presented in Fig. 5
a (note, from Eq. (24), thatm (a, t) and p (a, t) differ at steady state only in the case of
lipid-dependent apoptosis). For both m and p, we see that increasing the magnitude
and steepness of the change in gsβ skews the distributions towards larger lipid loads.
This seems counter-intuitive, but it appears that the elevated lipid ingestion rate (due
to the increase in N and AP ) produces more cells with large lipid loads than are
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(a)

(b)

Fig. 5 Steady state m (a, t) distributions (left panels) and p (a, t) distributions (right panels) for the lipid-
independent base case (gβ = 1; black lines) and for three cases with a unscaled or b scaled lipid-dependent
apoptosis (gβ = gsβ ). Lipid-dependent cases have parameter values nβ = 2 and aβ = 15, δβ = 2 (red
lines), aβ = 12, δβ = 3 (blue lines) or aβ = 9, δβ = 4 (green lines). Primary plots show the results on the
interval a ∈ [1, 10] and inset log–log plots show the results on the entire a domain (Color figure online)

lost through apoptosis. At steady state, the m and p distributions are related by the
expression p (a,∞) = gβ(a)m(a,∞)

Gβ(∞)
[see Eq. (24)]. In the simulation with aβ = 9 and

δβ = 4, this gives a non-monotonic profile for p (a,∞) with a shallow peak near
a = 8.

When interpreting these results, it is important to remember that the net apoptosis
rates Gβ (t) vary considerably between the different simulations (from 1 in the base
case to 2.367 at steady state in the case with aβ = 9 and δβ = 4). To correct for
this difference, we repeat the lipid-dependent simulations with appropriately scaled
functions gsβ (a) that give Gβ (t) ≈ 1 at steady state (Fig. 2b). For these simulations,
we find that the steady state values of M , P and AM effectively remain fixed, and
only AP and N vary across the different cases. (The oscillatory dynamics observed
above do not occur in this case, and, while the trend of increasing time to steady state
remains, it is much less pronounced than before). Figure6compares the steady state
solutions for AP and N from the base case with those from the scaled lipid-dependent
simulations. While the absolute variation in these quantities is much smaller than in
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Fig. 6 Steady state solutions of the ODE variables AP (t) and N (t) for the lipid-independent base case
(gβ = 1; black bars) and for three cases with scaled lipid-dependent apoptosis (gβ = gsβ ). Lipid-dependent
cases have parameter values nβ = 2 and aβ = 15, δβ = 2 (red bars), aβ = 12, δβ = 3 (blue bars) or
aβ = 9, δβ = 4 (green bars). Solutions for M (t), P (t) and AM (t) are omitted from the plot as their values
are unchanged across cases (Color figure online)

the unscaled scenario, the trend of increasing AP and N with increasing magnitude
and steepness of the change in gsβ remains.

Plots of the corresponding steady state PDE solutions are shown in Fig. 5b. These
demonstrate that the trends in the m (a,∞) and p (a,∞) distributions with scaled
gsβ (a) are largely conserved from the unscaled cases (Fig. 5a), although the differences
relative to the base case results are less pronounced. Each of the p (a,∞) distributions
presented in Fig. 5b satisfies the relationship p (a,∞) = gβ (a)m (a,∞). Accord-
ingly, the p (a,∞) distribution in each case corresponds exactly to the distribution
of apoptosis events at steady state. Moreover, Eq. (36) shows that, in each case, the
steady state average lipid per apoptotic cell ĀP = AP

P is given by the steady state Gβa

value. Given that the steady state P values are essentially identical across all cases,
this indicates that the steady state AP values are exactly proportional to the steady
state Gβa values. The trend observed in Fig. 6 for increasing steady state AP (and N )
with increasing magnitude and steepness of the change in gsβ is therefore related to a
trend for increasing steady state Gβa . The precise reason for this trend of increasing
steady state Gβa is, however, not entirely clear. It may be correlated to the increase in
the (maximum) steepness of gsβ , or it may be correlated to the increase in the limiting
value of gsβ (c.f. Fig. 2b).

The fact that the steady state M and AM values are essentially identical across these
scaled simulations has interesting consequences when viewed through the lens of Eqs.
(34) and (35). For the scenarios simulated here, Eq. (34) reduces to:

dL (t)

dt
= F (t) + λ − γ AM (t) . (21)

The total system lipid L (t) has explicit dependence only on M (t) and AM (t). Inter-
estingly, however, our simulation results indicate that the steady state L value is not
uniquely determined by the steady state M and AM values (i.e. even though steady
stateM and AM are essentially fixed across simulations, there are differences in steady
state L due to the variation in steady state AP and N ). This observation demonstrates
that, in terms of total system lipid, the model plaque carries the weight of its history.
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Fig. 7 Time dependent solutions of the ODE variablesM (t) and AM (t) for the lipid-independent base case
(gβ = 1; black lines) and for three cases with scaled lipid-dependent apoptosis (gβ = gsβ ). Lipid-dependent
cases have parameter values nβ = 2 and aβ = 15, δβ = 2 (red lines), aβ = 12, δβ = 3 (blue lines) or
aβ = 9, δβ = 4 (green lines). Although all simulations reach similar steady state M and AM values, the
paths taken to get there vary and this has consequences for the total quantity of lipid retained in the system
(Color figure online)

That is, the observed increase in steady state L with decreasing aβ and increasing δβ

can be explained by the historical accumulation of lipid due to periods of reduced lipid
removal by emigration (i.e. reduced AM (t)) or increased lipid addition by recruitment
(i.e. increased F (t) or, equivalently, increased AM (t) − M (t)). The time courses of
the relevant M (t) and AM (t) solutions (Fig. 7) suggest that reduced lipid removal by
emigration is the predominant mechanism in this case.

Unlike L (t), the steady state solution for ĀM (t) remains fixed across all four
simulations. In eachof these cases, the steady state solutionofEq. (35) canbe expressed
as:

λ

M
+ θN + ηAP − F

M

[
ĀM − 1

]
+ ĀM − Gβa = 0, (22)

where all time-dependent variables take their steady state values. As steady state M
and ĀM have fixed values for all simulations, only terms two, three and six on the
left-hand side of (22) change in each case. Thus, steady state ĀM is unchanged across
all scaled simulations because any reduction in average lipid per cell due to lipid-
dependent apoptosis (term six) is exactly compensated by an increase in necrotic and
efferocytic lipid consumption (terms twoand three, respectively). This finding supports
our earlier interpretation of the unscaled simulation results, where we found that the
direct contribution of lipid-dependent apoptosis to reducing ĀM (t) was counteracted
by other factors.

3.2.2 Emigration Only

To study lipid-dependent emigration, we set gβ (a) = 1 and consider that gγ (a)

takes either the monotonic form gsγ (a) with δγ < 1, or the non-monotonic form
grγ (a). In the monotonic case, we assume that the rate at which macrophages leave
the plaque decreases with increasing lipid load (van Gils et al. 2012; Wanschel et al.
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(a) (b)

Fig. 8 a Unscaled and b scaled rate modulating functions for macrophage emigration gγ (a) = gsγ (a).
Plots correspond to Eq. (32) with parameter values nγ = 1.5, δγ = 0.1 and aγ = 12 (dashed lines),
aγ = 18 (solid lines) or aγ = 24 (dot-dashed lines). Scaling values for the plots in (b) are 1.38, 1.25 and
1.18, respectively. In the scaled cases, δγ is divided by the scaling value so that each gsγ retains the limiting
value of the unscaled functions

2013; Chen et al. 2019). In the non-monotonic case, we retain this argument. However,
we additionally assume a substantially reduced emigration rate for macrophages with
little or no accumulated lipid. This assumption reflects a range of considerations,
including the innate propensity for macrophages to pursue foreign bodies, and the fact
that emigrating macrophages typically traverse the plaque before exiting to the media
(Llodrá et al. 2004). Either way, we anticipate that newly-recruited macrophages are
unlikely to leave the plaque without first ingesting at least some lipid. Combined
with the assumption of reduced emigration for macrophages with large lipid loads,
this leads us to consider that the lipid-dependent emigration rate may peak at some
intermediate lipid quantity. Note, however, that the argument regarding low rates of
emigration for macrophages with small lipid loads may not hold if the lipid load can
be reduced by proliferation. As such, we will only consider the function grγ (a) for the
model without macrophage proliferation.

We first investigate monotonic lipid-dependence in macrophage emigration and
consider three alternative unscaled forms for gsγ (a) (Fig. 8a). Each function has δγ =
0.1 and nγ = 1.5, while we vary aγ to study the impact of a gentle (aγ = 24),
moderate (aγ = 18) or steep (aγ = 12) reduction in the emigration rate as a increases
over low values. We deliberately choose a small nγ value and non-zero δγ to maintain
feasibility in the numerical solution of the equations. When the functions gsγ decline
rapidly and/or tend towards zero as a → ∞, a non-negligible proportion of cells
can acquire extremely large lipid loads (a 
 1000). For numerical accuracy, such
cases need to be solved on extended domains at significant computational expense.
We avoid such scenarios here, as this increase in computational effort is unlikely to
produce additional physical insight. While physically we may expect effectively zero
emigration of macrophages with very large lipid loads, our chosen parameterisation
ensures that cells are still fifty times more likely to die than to emigrate as a → ∞.
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(a) (b)

(c) (d)

Fig. 9 Steady state solutions of the ODE variables M (t), P (t), N (t), AP (t) and AM (t) for the lipid-
independent base case (gγ = 1; black bars) and for several scenarios with lipid-dependent emigration.
Lipid-dependent simulations use a unscaled or b scaled monotonic lipid-dependence (gγ = gsγ ) and c
unscaled or d scaled non-monotonic lipid-dependence (gγ = grγ ). Monotonic lipid-dependent cases have
parameter values nγ = 1.5, δγ = 0.1 and aγ = 12 (red bars), aγ = 18 (blue bars) or aγ = 24 (green
bars). Non-monotonic lipid-dependent cases have parameter values εγ = 0.1, kγ = 1, qγ = 2 and bγ = 3
(red bars), bγ = 6 (blue bars) or bγ = 9 (green bars) (Color figure online)

Steady state results for theODEvariables in each lipid-dependent case are compared
with those from the base case (gγ = 1) in Fig. 9 a (note the use of several vertical
axis scales for ease of visualisation). These results show all five variables trending
upwards with decreasing aγ (or, equivalently, with decreasing net emigration rate
Gγ (∞)). These upward trends are of varying degrees, with the case for aγ = 12
showing approximately 1.3-, 1.8-, 3.1-, 5.5- and 13.7-fold increases in P , N , M ,
AP and AM , respectively, versus the base case. The increase in steady state M in
each lipid-dependent case is partly due to reduced net emigration, but mainly due
to increased cell recruitment as a consequence of the substantial rise in AM . The
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(a) (b)

(c) (d)

Fig. 10 Steady state m (a, t) distributions for the lipid-independent base case (gγ = 1; black lines) and for
several scenarios with lipid-dependent emigration. Lipid-dependent simulations use a unscaled or b scaled
monotonic lipid-dependence (gγ = gsγ ) and c unscaled or d scaled non-monotonic lipid-dependence
(gγ = grγ ). Monotonic lipid-dependent cases have parameter values nγ = 1.5, δγ = 0.1 and aγ = 12
(red lines), aγ = 18 (blue lines) or aγ = 24 (green lines). Non-monotonic lipid-dependent cases have
parameter values εγ = 0.1, kγ = 1, qγ = 2 and bγ = 3 (red lines), bγ = 6 (blue lines) or bγ = 9 (green
lines). Primary plots show the results on the interval a ∈ [1, 10] and inset log–log plots show the results on
the entire a domain (Color figure online)

steady state AM values increase so significantly because, as cells accumulate more
and more lipid, they become less likely to emigrate. This is shown in the inset of
Fig. 10a by the (relatively) large proportions of cells with very large lipid loads in the
steady state m (a, t) distributions. As these heavily lipid-loaded cells are much more
likely to undergo apoptosis than to emigrate, AP is increased and this ultimately fuels
an increase in N . These enlarged necrotic lipid pools emerge despite the significant
increase in overall lipid consumption afforded by the increase in M .

To correct for the variation in the net steady state emigration rates in the above
lipid-dependent cases, we repeat our study with appropriately scaled gsγ (a) functions.
The functions are scaled in such a way that the limiting value of each gsγ remains
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(a) (b)

Fig. 11 a Unscaled and b scaled rate modulating functions for macrophage emigration gγ (a) = grγ (a).
Plots correspond to Eq. (33) with parameter values εγ = 0.1, kγ = 1, qγ = 2 and bγ = 3 (dashed lines),
bγ = 6 (solid lines) or bγ = 9 (dot-dashed lines). Scaling values for the plots in (b) are 1.9, 1.99 and 2.08,
respectively. These scaling values multiply only the second term in Eq. (33) so that each grγ retains the
limiting value of the unscaled functions

at 0.1. In practice, this involves dividing δγ by the scaling value when the scaling is
applied. We make this assumption because the model results are particularly sensitive
to the limiting value of gsγ and we wish to retain consistency for comparison with the
unscaled cases. Steady state solutions of the ODE variables are presented in Fig. 9b.
Unlike lipid-dependent apoptosis, where the steady state values of M , P and AM

were all unchanged from their base case values upon scaling, here we see that all five
variables are different from the base case. Indeed, the trends in the ODE solutions
are identical to those in the unscaled cases, although with slightly smaller variation
from the base case values. This observation correlates with the steady state m (a, t)
distributions in Fig. 10b, which become slightly closer to the base case distribution
than those in the unscaled case (Fig. 10a). These results with scaled gsγ demonstrate
that the particular form of the lipid-dependent emigration function (parameterised
here by aγ and an appropriate scaling value) can have considerable influence on the
long-term plaque composition.

We now consider the case of non-monotonic lipid-dependent emigration, where the
function grγ (a) encodes a reduced emigration rate for macrophages with small lipid
loads. We fix the parameter values kγ = 1, qγ = 2 and εγ = 0.1 (note the consistency
in the limiting value of gγ ), and vary bγ such that grγ has its peak at a = 4 (bγ = 3),
a = 7 (bγ = 6) or a = 10 (bγ = 9). Plots of these three unscaled grγ are shown
in Fig. 11 a, where we see that each rightward shift in the peak reduces the rate of
decline of the function with increasing a. The steady state ODE solutions andm (a, t)
distributions generatedwith these functions are shown in Figs. 9c and 10c, respectively.
An immediate observation is that the plot of the ODE results is visually very similar
to that for the unscaled monotonic case (Fig. 9a). This, however, is coincidental and
should not be regarded as significant. Indeed, the lipid-dependent case with the best
outcome (smallest N ) in Fig. 9a is the one with the highest net emigration rate at
steady state (aγ = 24, Gγ (∞) ≈ 0.83), whereas the lipid-dependent case with the
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Fig. 12 Plot comparing how emigration events gγ (a)m (a,∞) (solid lines) and associated quantities of
removed lipid gγ (a) am (a,∞) (dashed lines) are distributed with respect to a at steady state in simulations
with monotonic lipid-dependent emigration gγ = gsγ (aγ = 24; red lines) and non-monotonic lipid-
dependent emigration gγ = grγ (bγ = 9; blue lines). The net emigration rate for the non-monotonic case

is considerably smaller than that for the monotonic case (Gγ = ∫ ∞
1 gγ m da ≈ 0.50 vs. 0.83), but the

increased proportion of emigration events with larger lipid loads produces a similar net lipid removal rate

(Gγ a = ∫ ∞
1 gγ am da ≈ 6.29 vs. 6.61). The average lipid removed per cell

Gγ a
Gγ

is approximately 8.0 for

the monotonic case and approximately 12.6 for the non-monotonic case

best outcome in Fig. 9c is the one with the lowest net emigration rate at steady state
(bγ = 9,Gγ (∞) ≈ 0.50). This observation demonstrates thatwhen emigration events
are skewed towardsmacrophageswith larger lipid loads, the efficiency of lipid removal
from the system can be substantially improved (Fig. 12). The case with bγ = 9 has a
smaller steady state N value than the base case (where Gγ = 1), which presumably
reflects a preferential balance in the steady state M and AP values. However, the exact
mechanism that underlies this result is difficult to ascertain.

Given that non-monotonic lipid-dependent emigration can remove substantial
amounts of lipid from the plaque even at reduced net emigration rates, it seems rea-
sonable to expect an improvement in outcomes when the net emigration rate is scaled
to the reference value. (See Fig. 11b for plots of the scaled lipid-dependent functions
grγ . We again preserve the limiting value of 0.1 by multiplying only the non-constant
part of (33) by the scaling value.) This is indeed true in some cases, but the steady state
ODE results in Fig. 9d portray a greater subtlety in the model’s response to this scal-
ing. Relative to their corresponding unscaled cases (Fig. 9c), each scaled case shows
reduced steady state M , P , AM and AP values. Steady state N also decreases for
bγ = 3 and bγ = 6 (here falling below the base case value), but for bγ = 9 the core
size increases. It seems that, in this case, the extent of lipid removal from the plaque
is so substantial that recruitment is reduced and too few macrophages remain in the
plaque to resolve the necrotic core. This explanation is corroborated by the steady state
m (a, t) distribution in Fig. 10d (green line). Compared to the corresponding result for
the unscaled case (Fig. 10c), we see large reductions in both the proportion of cells
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with very large lipid loads (see inset) and the proportion of cells with very small lipid
loads (a ≈ 1). The cases for bγ = 3 and bγ = 6 (red and blue lines, respectively)
show similarly large reductions in m at the top end of their distributions, but at the
lower end both distributions increase.

3.3 Lipid-Dependent Simulations with Proliferation

In this section, we introduce macrophage proliferation into the system by setting
ρ = 0.5. First we assume that proliferation is independent of lipid load. We briefly
revisit the scenarios from Sect. 3.2 to study the manner in which proliferation (with its
tendency to reduce average lipid loads) interacts with lipid-dependence in the other
cell behaviours. We then revert to lipid-independent apoptosis and emigration, and
conclude the results by investigating the impact of lipid-dependence in proliferation
itself.

3.3.1 Apoptosis Only or Emigration Only

We set gρ (a) = 1, and select one lipid-dependent case from each of Sects. 3.2.1 and
3.2.2. These are gβ = gsβ with aβ = 12, δβ = 3 and gγ = gsγ with aγ = 18,
respectively. As before, we allow lipid-dependence in only one cell behaviour at a
time, and we investigate each lipid-dependent case using both scaled and unscaled
functions. (Note that gβ and gγ generally require new scaling values to account for
the impact of proliferation; see Table 2). Here, we shall primarily focus on the scaled
cases since preserving the net steady state apoptosis or emigration rate facilitates
comparison against the earlier scaled cases without proliferation. The unscaled cases
do, however, provide some interest and we comment on these below.

For the unscaled lipid-dependent apoptosis case, Table 2 shows that the inclusion
of proliferation acts to reduce the net steady state apoptosis rate Gβ by approximately
8% from 1.576 to 1.445. This reflects the fact that proliferation acts to reduce indi-
vidual cell lipid loads, thereby reducing the likelihood of apoptosis (i.e. daughter cell
apoptosis rates gsβ (a) are always less than parent cell apoptosis rates gsβ (2a − 1)).
Note, however, that a tangible reduction in the daughter cell apoptosis rate requires
gsβ (a) � gsβ (2a − 1), and this occurs only for daughter cells with a sufficiently small.
The unscaled lipid-dependent emigration case produces the rather curious result that
proliferation actually reduces the net steady state emigration rate (Gγ (∞) drops from
0.7812 to 0.7650; see Table 2). This is counter-intuitive because the associated reduc-
tion of lipid loads would be expected to increase the likelihood of emigration (i.e.
gsγ (a) > gsγ (2a − 1) for all a). This quirk appears to arise due to the proliferation of
cells with very large lipid loads. Proliferation of such cells fails to significantly elevate
daughter cell emigration rates because gsγ (a) remains similar to gsγ (2a − 1) for large
a. Thus, lipid loaded cells with very low emigration rates perpetuate in the system
and skew theGγ value upwards. Despite this unexpected increase inGγ , proliferation
does, as expected, reduce the average lipid per cell at steady state.

Returning to the scaled lipid-dependent functions, Fig. 13 presents the steady state
ODE solutions for the lipid-dependent and base case simulations both in the absence
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(a) (b)

Fig. 13 Steady state solutions of the ODE variables M (t), P (t), N (t), AP (t) and AM (t) for lipid-
independent (gβ = gγ = 1; black bars) and scaled lipid-dependent cases a without proliferation (ρ = 0)
and b with proliferation (ρ = 0.5). Red bars show results with lipid-dependent apoptosis (gβ = gsβ ,
gγ = 1) using parameter values nβ = 2, δβ = 3 and aβ = 12. Blue bars show results with lipid-dependent
emigration (gγ = gsγ , gβ = 1) using parameter values nγ = 1.5, δγ = 0.1 and aγ = 18 (Color figure
online)

(Fig. 13a) and presence (Fig. 13b) of macrophage proliferation. Although the two
solution sets are quantitatively different, the lipid-dependent results display the same
qualitative trends regardless of the particular proliferation rate. Lipid-dependent apop-
tosis increases N and AP (M , P and AM remain fixed), while lipid-dependent
emigration increases the solutions of all five ODE variables. Figure14 shows the
corresponding steady-state m (a, t) distributions for the cases without proliferation
(Fig. 14a) and with proliferation (Fig. 14b). As proliferation adds a second non-local
effect into the model, the precise features of the plots in Fig. 14b are difficult to inter-
pret. However, as expected based on Eq. (35), proliferation tends to shift the m (a, t)
distributions towards lower accumulated lipid loads. For lipid-dependent apoptosis,
proliferation produces a relatively large increase in the proportion of cells with small
lipid loads. However, for large a, the impact of proliferation seems relatively minimal.
This likely reflects the substantial increase in the apoptosis rate with increasing a,
which effectively acts to suppress proliferation events.

3.3.2 Proliferation Only

Finally, we investigate the role of lipid-dependent macrophage proliferation. In this
section, we set gρ (a) = gsρ (a) and fix gβ (a) = gγ (a) = 1. Once again, we consider
three different forms for the unscaled lipid dependent functions (Fig. 15 a). These
functions have nρ = 2, δρ = 0 and aρ = 4, 9 or 14. By varying aρ , we study the
effect of different rates of decline in the macrophage proliferation rate with increased
lipid loading (Kim et al. 2018).
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(a) (b)

Fig. 14 Steady state m (a, t) distributions for lipid-independent (gβ = gγ = 1; black bars) and scaled
lipid-dependent cases a without proliferation (ρ = 0) and b with proliferation (ρ = 0.5). Red lines show
results with lipid-dependent apoptosis (gβ = gsβ , gγ = 1) using parameter values nβ = 2, δβ = 3 and

aβ = 12. Blue lines show results with lipid-dependent emigration (gγ = gsγ , gβ = 1) using parameter
values nγ = 1.5, δγ = 0.1 and aγ = 18. Primary plots show the results on the interval a ∈ [1, 10] and
inset log–log plots show the results on the entire a domain (Color figure online)

(a) (b)

Fig. 15 a Unscaled and b scaled rate modulating functions for macrophage proliferation gρ (a) = gsρ (a).
Plots correspond to Eq. (32) with parameter values nρ = 2, δρ = 0 and aρ = 4 (dashed lines), aρ = 9 (solid
lines) or aρ = 14 (dot-dashed lines). Scaling values for the plots in b are 1.47, 1.22 and 1.15, respectively

The steady state ODE solutions generated using these functions are presented in
Fig. 16. Here, we observe marginal decreases in P and AP , marked decreases in M
and AM , and a marked increase in N with decreasing aρ . These variations in the
steady state solutions across the lipid-dependent cases are not explicitly related to the
particular form of gρ , but simply reflect the associated changes in the net proliferation
rates ρGρ (∞). The case with aρ = 4, for example, has net steady state proliferation
rate ρGρ ≈ (0.5) (0.6377) ≈ 0.319. A lipid-independent simulation (Gρ = 1) with
proliferation rate ρ = 0.319 would therefore give almost identical steady state ODE
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Fig. 16 Steady state solutions of the ODE variables M (t), P (t), N (t), AP (t) and AM (t) for the lipid-
independent base case (gρ = 1; black bars) and for three cases with unscaled lipid-dependent proliferation
(gρ = gsρ ). Lipid-dependent cases have parameter values nρ = 2, δρ = 0 and aρ = 4 (red bars), aρ = 9
(blue bars) or aρ = 14 (green bars) (Color figure online)

solutions, albeit with different temporal dynamics and different steady state PDE
solutions.

It is interesting to observe that the Gρ values in these lipid-dependent simulations
remain fairly close to 1, even when gsρ declines rapidly with a. This suggests that
the model is relatively insensitive to the value of the parameter aρ , provided it is not
too close to 1. This makes intuitive sense because proliferation generally acts to keep
cell lipid loads close to a = 1, and, provided aρ is not too small, the lipid-dependent
proliferation rate remains high throughout this region (i.e. gsρ ≈ 1). Contrastingly,
while lipid-independent proliferation may allow some cells to acquire small lipid
loads from large lipid loads through multiple proliferation events, this phenomenon
will be suppressed in the lipid-dependent cases due to the decline in gsρ for large a.

Consistent with their definition, simulations using the scaled gsρ (Fig. 15b) lead to
net proliferation rates approximately equal to ρ at steady state. Accordingly, each of
these simulations produces steady stateODE results that are indistinguishable from the
base case.We therefore omit these ODE results and focus instead on the corresponding
steady state m (a, t) distributions (Fig. 17 ). We also omit the m (a, t) distributions
generated using the unscaled gsρ . These differ slightly from the scaled gsρ results for
small a, but the distributions become increasingly similar as a increases. Figure17
shows that there are few discernible differences between the base case steady state
m (a, t) distribution and the distributions generated using the scaled gsρ . One exception
is that the lipid-dependent cases all have a larger proportion of cells with lipid load
a > 50. This is because these cells have substantially reduced proliferation rates and
cannot readily divide to reduce their lipid load. In the case with aρ = 4, there is a
subtle change in the form of the distribution with the emergence of a small peak near
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Fig. 17 Steady state m (a, t) distributions for the lipid-independent base case (gρ = 1; black lines) and
for three cases with scaled lipid-dependent proliferation (gρ = gsρ ). Lipid-dependent cases have parameter
values nρ = 2, δρ = 0 and aρ = 4 (red lines), aρ = 9 (blue lines) or aρ = 14 (green lines). The primary
plot shows the results on the interval a ∈ [1, 10] and the inset log–log plot shows the results on the entire a
domain. All four distributions coincide at a = 1 because the values of the ODE variables in the boundary
condition (30) are almost identical in each case (Color figure online)

a = 1. This is likely due to the locally elevated proliferation rate, which alters the
relative balance between proliferation and efferocytosis (see Fig. 7 in Chambers et al.
(2022)). Overall, we conclude from the results in this section that the outcome of
plaque formation is probably more sensitive to the net population-level proliferation
rate than to the particular lipid-dependent distribution of proliferation rates across the
population.

4 Discussion

Lipid consumption is known to alter macrophage behaviour but the implications for
atherosclerotic plaque formation are not well understood. In this paper, we establish
a novel modelling framework to study these implications. We develop a structured
populationmodel of plaquemacrophage lipid accumulation in whichmacrophages are
classifiedby their internalised lipid loada andbehave in a lipid-dependentmanner.This
work builds upon the partial integro-differential equation models recently developed
in Ford et al. (2019a) and Chambers et al. (2022). As in these earlier works, we model
how livemacrophage behaviour feeds into apoptoticmacrophage population dynamics
and necrotic core formation through mechanisms such as efferocytosis, post-apoptotic
necrosis and necrotic core consumption. A key difference in the current model is that
the lipid-averaged ODE subsystem cannot be easily decoupled from the governing
PDEs.
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We focus our investigation on how lipid-dependent macrophage apoptosis, emigra-
tion and proliferation can influence plaque progression. This work is based on results
that show dysfunctionality in macrophages that have large ingested lipid loads (Tabas
2002;Moore et al. 2013; Yin andHeit 2021). Consequently, we assume that increasing
lipid loads cause increased rates of apoptosis and reduced rates of both emigration and
proliferation.We do not consider lipid-induced dysfunction inmacrophage phagocytic
or efferocytic capacity. Thus, heavily lipid-loaded macrophages in our simulations
consume extracellular lipid and engulf apoptotic bodies at the same rate as cells with
small ingested lipid loads. This is a limitation of the current study that we will address
in future by including lipid-dependent phagocytosis and efferocytosis terms in the
model. We anticipate that the inclusion of these terms will have dual benefit. Not only
will the model become more realistic, but lipid consumption rates that decrease with
increasing lipid load will reduce the domain sizes required for accurate numerical
solutions. Model simulations will therefore be less computationally demanding and
numerical techniques such as the non-uniform gridding strategy implemented here
may no longer be required.

Lipid-dependentmacrophage behaviour is encoded in themodel through the dimen-
sionless functions gβ (a), gγ (a) and gρ (a), which modulate the reference rates
of apoptosis, emigration and proliferation, respectively. These functions typically
take a monotonic form, but for emigration we also consider a non-monotonic lipid-
dependence. In the absence of appropriate data to parameterise these functions, we
simulate a range of scenarios with different rates of approach to their (finite) limit-
ing values. This is a reasonable strategy as the lipid-dependence of each behaviour
in vivo is likely to be controlled by several different factors including the activation
or disruption of unique signalling pathways (Feng et al. 2003; van Gils et al. 2012;
Robbins et al. 2013). Thus, the rate of each individual macrophage behaviour may be
altered in different ways, at different times and at different internalised lipid loads. In
our analysis, we have made the simplifying assumption that only one of apoptosis,
emigration or proliferation may be lipid-dependent at any one time. While this may be
unrealistic in practice, the benefit of this assumption is that we can study the influence
of each lipid-dependent behaviour on plaque progression. Of course, simulations with
more than one lipid-dependent behaviour can be easily performed within our model
framework. However, the increased difficulty in interpretation of such results limits
the insight that can be gained.

For each scenario that we model in this paper, we fix the lipid-independent
parameter values and perform several simulations using both unscaled and scaled
functions g� (a). Unscaled simulations use the exact functional forms (32) or (33)
with an appropriate set of lipid-dependent parameter values. Each corresponding
scaled simulation uses the same lipid-dependent parameter values, but the func-
tion g� is multiplicatively scaled such that the net rate of the behaviour of interest
matches the reference rate at steady state (mathematically, this is expressed as
G� (∞) = ∫ ∞

1 g� (a)m (a,∞) da = 1 where g� (a) �= 1). Each approach has
unique advantages and disadvantages. Unscaled simulations are relevant for under-
standing the impact of variability in lipid-dependent macrophage behaviour and/or the
response of the model system to interventions that alter the lipid-dependence. How-
ever, as the net steady state rate of the behaviour of interest is not conserved from
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case to case, it is difficult to interpret the impact of the lipid-dependence itself. By
correcting for this, scaled simulations provide a more consistent and insightful means
of comparison across simulated scenarios. However, the scaling value required in a
given case is not known a priori and must be determined by a process of estimation
and refinement through repeated simulation. As such, the scaling process itself can be
computationally demanding.

Our results and analysis indicate some interesting population level differences in
the relative influence of lipid-dependent apoptosis, emigration and proliferation on
plaque progression. For unscaled lipid-dependent proliferation simulations with net
steady state proliferation rate ρGρ (∞), we find that the steady state ODE solutions
M , P , AM , AP and N can always be matched by an equivalent lipid-independent
simulation with the constant proliferation rate ρGρ (∞). Consequently, for all scaled
lipid-dependent apoptosis simulations (Gρ (∞) ≈ 1), we obtain essentially identical
steady state ODE results. This phenomenon is unique to lipid-dependent proliferation
and equivalent outcomes are not seen for lipid-dependent apoptosis or lipid-dependent
emigration simulations. Mathematically, this reflects the presence in the model equa-
tions of the terms Gβa and Gγ a . These terms appear because the net rate of lipid
removal from the live cell population by lipid-dependent apoptosis or lipid-dependent
emigration depends on the distribution of lipid across the population. There is no
equivalent Gρa term in the model equations because the quantity of lipid added to
the system by a proliferation event (a0 in dimensional terms) is always fixed and
does not depend on the internalised lipid content of the parent cell. Thus, compared
to lipid-dependent proliferation, the model equations for lipid-dependent apoptosis
or lipid-dependent emigration have additional nonlinear terms that increase the com-
plexity of the underlying dynamics. This is emphasised by Eq. (35), where we see
that lipid-dependent apoptosis and lipid-dependent emigration can dynamically alter
ĀM (t) in a way that is not observed at all in lipid-independent cases.

In our unscaled lipid-dependent apoptosis simulations,we observe the emergence of
decaying oscillations in the ODE variables when the increase in gβ (a) is sufficiently
large in both magnitude and steepness. Oscillatory solutions of this type appear to
be unique to the lipid-dependent model as they have not been observed in earlier
lipid-independent approaches (Ford et al. 2019a; Chambers et al. 2022). Two factors
that appear to be necessary to initiate these oscillations are: (1) macrophages ingest
(primarily necrotic) lipid at such a rate that AM grows irrespective of a concurrent
increase in the net apoptosis rate; and (2) this increase in AM stimulates an increase
in macrophage recruitment. The latter requirement may only be satisfied for certain
values of the dimensionless parameter κ . We use κ = 5 in our simulations. However,
for a smaller κ value, the recruitment rate would probably be less sensitive to changes
in AM and it is possible that oscillations may not emerge at all.

The observation that oscillatory solutions require a sufficiently rapid rate of lipid
ingestion relative to apoptosis raises an interesting question about what might happen
if gβ does not saturate and instead approaches infinity at some finite a; that is, if there
exists a certain lipid load above which macrophages become unviable. It is not clear
whether oscillations could occur in this case because AM may be unable to grow due to
(potentially) very rapid lipid-induced apoptosis. Non-saturating lipid-dependent death
rates may be generally interesting to investigate in this model because, together with
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lipid ingestion rates that decrease with a, they offer another means to reduce (and,
indeed, cap) the length of the a domain.

Oscillatory solutions have also been observed in a plaque formation model by
Bulelzai et al. (2014). While it is possible that there may be underlying similarity
in the mathematical structure of the models, the biological mechanisms that pro-
duce these oscillations in the respective models are quite distinct. These independent
observations naturally raise the question as to whether such oscillations are biologi-
cally realistic. To our knowledge, oscillatory behaviour in real plaques has never been
reported experimentally. However, most plaque data is collected ex vivo and in vivo
plaques are typically not observed with sufficient resolution or sufficiently often for
such an observation to be made. The oscillations reported here reflect a particular set
of modelling assumptions, and, in practice, there may be other factors (e.g., spatial
effects, other lipid-dependent behaviours) that act to modify the dynamics. How-
ever, the dynamic feedback inherent in monocyte/macrophage recruitment, as well as
the multiple timescales inherent in plaque progression, do support the plausibility of
oscillatory dynamics in real plaques.

For scaled lipid-dependent apoptosis, we find the surprising result that the steady
state M , P and AM values remain unchanged across all simulated cases. Our analysis
shows that this happens because, at steady state in each simulation, the net rate of
lipid loss from live cells due to apoptosis (Gβa) is exactly balanced by the rate of
lipid gain via efferocytosis and necrotic lipid consumption (ηAP + θN ). The balance
between these terms fixes the steady state AM value in each simulation, and fixed
steady state M and P follow because the recruitment rate, net apoptosis rate and all
other relevant rates remain unchanged. Of course, while the relationship between Gβa

and ηAP + θN causes steady state M , P and AM to remain fixed, the very same
relationship causes steady state AP and N to vary. The steady state values of Gβa ,
AP and N all increase with increasing magnitude and steepness of change in scaled
gsβ . These results suggest that plaques whose cells have increased susceptibility to the
cytotoxic effects of lipid accumulation can have larger necrotic cores at steady state
even if the net macrophage apoptosis rate is held fixed. Based on the ODE for total
system lipid L (t), we further propose that this result reflects excess lipid accumulation
in the plaque over time, primarily due to a sustained period of reduced lipid removal
by emigration.

Our results for lipid-dependent emigration are arguably themost difficult to analyse
and interpret because, even in the case of scaled gγ (a), none of the steady state ODE
solutions remain fixed across our simulated cases. This reflects the influence of the
term Gγ a on the dynamics of AM , which then affects the other ODE variables via the
macrophage recruitment rate. Although not considered here, our results suggest that
it may be worthwhile to perform a complementary set of lipid-dependent simulations
where the functions gγ are scaled such that, at steady state, the quantity Gγ a matches
its base case value; that is, scale the gγ tomatch the rate of lipid removal bymacrophage
emigration at steady state rather than the rate of macrophage emigration itself. While
this approach is unlikely to keep any of the individual steady state ODE solutions at
their base case values, itmay give additional insight into the intricacies of the simulated
outcomes.
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In our simulations with unscaled monotonic lipid-dependent emigration, we find
that the steady state values of the ODE variables all increase with increasing rate of
decline of gγ (decreasing aγ ). This is unsurprising because, as aγ decreases, the net
emigration rate also decreases and the system therefore retains more cells and more
lipids. In simulations with scaled gγ , we observe the exact same trend in the steady
state ODE values. This shows that the reduced net emigration rate in the unscaled
cases is only partially responsible for the observed outcomes and, in fact, it is the
form of the lipid-dependence that contributes much of the increase in the steady state
ODE values relative to the base case. This observation reflects the fact that any cell
that fails to emigrate for a small becomes increasingly unlikely to emigrate at all.
Cells can therefore persist in the system, acquiring lipid and eventually undergoing
apoptosis. This leads to large ingested lipid quantities in both the live and apoptotic
cell populations, which ultimately feed into enlarged necrotic cores. Our results show
that the detrimental effects of monotonically decreasing lipid-dependent emigration
can be substantial. Scaled simulations predict up to a 40% increase in necrotic core
size despite a 2- to 3-fold increase in the net rate of necrotic core consumption.

As well as monotonic lipid-dependent emigration, we consider non-monotonic gγ

wheremacrophages withmoderate lipid loads have the highest emigration rates. These
gγ impose reduced rates of emigration for macrophages with very small lipid loads on
the basis that such cells (in the absence of proliferation) seemunlikely to exit the plaque
(Llodrá et al. 2004). Our results show that non-monotonic lipid-dependent emigration
can be beneficial relative to the monotonic lipid-dependence. As cells are more likely
to emigrate with a relatively large lipid load, this not only removes more lipid from the
system but it also (in scaled cases at least) reduces the likelihood that cells acquire large
lipid loads before dying. Our simulations with parameter value bγ = 9 are particularly
interesting. In the unscaled case, we see a reduction in steady state N relative to the
base case. This is particularly remarkable because: (1) the steady state Gγ is only
half of the base case value; and (2) the emigration rate of cells with very large a is
up to 10 times smaller than in the base case. In the equivalent scaled case, however,
we see a larger steady state N relative to the base case. This is because extensive
lipid removal from the system by emigration inhibits the immune response. Taken
together, these results suggest that the presence of at least some heavily lipid-loaded
(and highly inflammatory)macrophages in the plaquemaybe beneficial for stimulating
the recruitment that is required for necrotic core consumption. Observations such as
this may be useful in the interpretation of results from experimental studies on plaque
resolution and regression (Rahman and Fisher 2018).

Our lipid-dependent emigration results provide new insight into how the distribution
of emigration events can influence the extent of lipid removal from the plaque and
the overall plaque progression. These results, however, should be interpreted with
caution. We assume that the likelihood of macrophage emigration depends only on
lipid load, whereas, in practice, this relationship would be time- and space-dependent
due to factors such as plaque size and the strength of emigratory signals relative to
other migratory cues (e.g. “findme” signals from apoptotic cells (Kojima et al. 2017)).
The inclusion of spatial effects in future models will allow a better understanding of
how macrophage emigration events may be distributed with respect to internalised
lipid loads, both over time and at steady state.
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In the current work, we perform two sets of simulations that include macrophage
proliferation. We first investigate how lipid-independent proliferation interacts with
lipid-dependence in the other kinetic terms, and we then investigate the impact of a
monotonically decreasing lipid-dependent proliferation rate. When lipid-independent
proliferation is combined with scaled lipid-dependent apoptosis or emigration, we
observe, as expected, a general reduction in necrotic core size and average cell lipid
loads. Overall, however, the qualitative trends in the steady stateODE solutions remain
the same as in the proliferation-free cases. When gβ is unscaled, we make the inter-
esting observation that proliferation can improve the outcome of plaque formation
by reducing the net apoptosis rate. Although the observed reduction at steady state
is relatively small (around 8%), the lipid-dependent apoptosis rates range from 2–6
times larger than the proliferation rate (and, as observed in proliferation-free cases,
lipid-dependent apoptosis tends to drive cells to higher a by increasing lipid con-
sumption). For simulations with lipid-dependent proliferation, we identify two main
findings. First, that the steady state ODE solutions depend only on the net steady state
proliferation rate ρGρ , and, second, that the steady state distribution of lipid across
the live cell population is relatively insensitive to the form of gρ (provided steady state
Gρ is not too far from 1).

Although we consider a monotonically decreasing form for gρ , there exists experi-
mental evidence that the rate of lipid-dependent macrophage proliferation may peak at
an intermediate lipid content (Xu et al. 2015). This form of lipid-dependent prolifera-
tion can be easily included in themodel by allowing gρ to take the non-monotonic form
defined inEq. (33). An interesting implication of this non-monotonic lipid-dependence
is that, unlike monotonically decreasing lipid-dependent proliferation, it can natu-
rally explain the observation that the contribution of plaque macrophage proliferation
increases over time (Lhoták et al. (2016); i.e. as plaque-resident macrophages grad-
ually accumulate lipid, the net population proliferation rate would grow). Of course,
many other factors may contribute to this phenomenon, including the presence of a
fibrous cap in mature plaques that may inhibit the rate of monocyte recruitment from
the bloodstream. We have performed preliminary model investigations using non-
monotonic lipid-dependent proliferation, but we omit the results here because we find
that they are not substantially different to those with monotonic lipid-dependence.
However, in simulations that consider more than one lipid-dependent behaviour at a
time (e.g. lipid-dependent proliferation and lipid-dependent apoptosis), we envisage
that the particular form of lipid-dependent proliferation may have a more signifi-
cant impact on the outcome of plaque progression. For example, a lipid-dependent
macrophage proliferation rate that peaks close to the lipid load at which the lipid-
dependent apoptosis rate begins to rise would potentially optimise the protective effect
of proliferation against the otherwise detrimental effects of lipid cytotoxicity.

Before concluding, we emphasise that the aim of this study is to use mathemati-
cal modelling to identify ways in which lipid-dependent macrophage behaviour may
modify atherosclerotic plaque fate and dynamics. We also wish to understand, from
a mathematical perspective, the mechanisms that underlie these modifications. By
design, we consider the implications of several different lipid-dependent macrophage
behaviours in isolation. This approach provides an ideal way to achieve the stated
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aims. However, as this model setup is somewhat artificial, we remain naturally cau-
tious when interpreting our findings with respect to in vivo plaque formation. Real
plaques are likely to have multiple different lipid-dependent macrophage behaviours
at play at any given time and, hence, direct extrapolation of our findings to exist-
ing in vivo observations is challenging. The real significance of this work is that it
demonstrates that the effects of lipid-dependent macrophage behaviour on plaque for-
mation can be substantial, and therefore highlights that more detailed experimental
measurements (including, for example, macrophage internalised lipid distributions)
will almost certainly be required to fully comprehend themechanisms of in vivo plaque
progression.

5 Conclusions

This paper extends thework of Ford et al. (2019a) andChambers et al. (2022) by devel-
oping a lipid-structured model of atherosclerotic plaque macrophages in which the
rates ofmacrophage apoptosis, emigration and proliferation aremodulated by the inter-
nalised lipid load. We model these lipid-dependent behaviours using dimensionless
modulating functions whose features align qualitatively with a range of experimen-
tal observations. Our results indicate, particularly for apoptosis and emigration, that
variations in macrophage behaviour across lipid loads can substantially alter plaque
fate relative to cases without lipid-dependence. We find that these changes to plaque
fate are difficult to predict because the lipid-dependent behaviours introduce subtle,
nonlinear effects that feed back into the model through phagocytosis, efferocytosis
and recruitment. This work provides new insight into how macrophage lipid accu-
mulation can shape atherosclerotic plaque progression and highlights the importance
of mathematical modelling as a tool in the scientific study of atherosclerotic plaque
macrophages.
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Appendix A: Dimensionless Equations

With tildes dropped for notational convenience, the dimensionless model equations
given by the scalings (19) and (20) are:

∂m (a, t)

∂t
+

[
λ

M (t)
+ θN (t)

]
∂m (a, t)

∂a

= ηP (t)

[ ∫ a−1

1
m(a′, t)p(a − a′, t) da′ − m (a, t)

]

+
[(

Gβ (t) − gβ (a)
)

+ γ
(
Gγ (t) − gγ (a)

)]
m (a, t)

+ 4ρgρ (2a − 1)m(2a − 1, t) −
(
Gρ (t) + gρ (a)

)
ρm (a, t)

−
[

1

M (t)

AM (t) − M (t)

κ + AM (t) − M (t)

]
m (a, t) ,

(23)

∂ p (a, t)

∂t
= M (t)

P (t)

[
gβ (a)m (a, t) − Gβ (t) p (a, t)

]
, (24)

dN (t)

dt
= νAP (t) − θM (t) N (t) , (25)

dM (t)

dt
= AM (t) − M (t)

κ + AM (t) − M (t)
−

[
Gβ (t) + γGγ (t) − ρGρ (t)

]
M (t) , (26)

d AM (t)

dt
= AM (t) − M (t)

κ + AM (t) − M (t)
+ λ + θM (t) N (t)

+ηM (t) AP (t) −
[
Gβa (t) + γGγ a (t) − ρGρ (t)

]
M (t) ,

(27)

dP (t)

dt
= Gβ (t) M (t) −

[
ν + ηM (t)

]
P (t) , (28)

d AP (t)

dt
= Gβa (t) M (t) −

[
ν + ηM (t)

]
AP (t) . (29)

The boundary condition is:

[
λ

M (t)
+ θN (t)

]
m (1, t) = 1

M (t)

AM (t) − M (t)

κ + AM (t) − M (t)
, (30)
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and the initial conditions are:

m0 (a) = p0 (a) = 2

aσ

√
2π

exp

(
− (a − 1)2

2aσ
2

)
,

N0 = 0,

M0 = 2P0 = κλ
√
2π

aσ

[
aσ

√
2π − 2λ

] ,

AM0 = 2AP0 = M0

(
1 + 2√

2π
aσ

)
.

(31)

We set aσ = 0.5 for all simulations in this paper.
The functions that control lipid-dependent cell behaviour are:

gs� (a) = (a� − 1)n� + δ� (a − 1)n�

(a� − 1)n� + (a − 1)n� , (32)

gr� (a) = ε� + (1 − ε�)

⎛
⎝ q�b�(q�−k�)

q�
√
k�k�(q� − k�)(q�−k�)

[
(a − 1)k�

b�q� + (a − 1)q�

]⎞
⎠ .

(33)

The integral terms in (23)–(29) are G� (t) = ∫ ∞
1 g� (a)m (a, t) da and G�a (t) =∫ ∞

1 g� (a) am (a, t) da. In the case of lipid independence (i.e., g� (a) ≡ 1), these

integrals evaluate to G� (t) = 1 and G�a (t) = AM (t)
M(t) .

Appendix B: Total System Lipid and Average Lipid Per Cell

The ODE system (25)–(29) can be used to derive additional ODEs for the total amount
of lipid in the system L (t), the average lipid content per live cell ĀM (t), and the
average lipid content per apoptotic cell ĀP (t). In what follows, wemake the definition
F (t) = AM (t)−M(t)

κ+AM (t)−M(t) , where F (t) is proportional to the dimensionless macrophage
recruitment rate.

For L (t), we have:

dL (t)

dt
= F (t) + λ + ρGρ (t) M (t) − γGγ a (t) M (t) . (34)

The mechanisms that add lipid to the system are monocyte recruitment, LDL con-
sumption, and local macrophage proliferation (first, second and third terms on the
right-hand side). Contrastingly, the solemechanism of lipid removal from the system is
macrophage emigration (final term on the right-hand side). The time evolution of L (t)
is driven entirely by the behaviour of live macrophages, while explicit lipid-dependent
effects appear only in the proliferation and emigration terms.
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For ĀM (t), we have:

d ĀM (t)

dt
= λ

M (t)
+ θN (t) + ηAP (t)

− F (t)

M (t)

[
ĀM (t) − 1

]
− ρGρ (t)

[
ĀM (t) − 1

]

+
[
Gβ (t) ĀM (t) − Gβa (t)

]
+ γ

[
Gγ (t) ĀM (t) − Gγ a (t)

]
.

(35)

The first three terms on the right-hand side show that LDL consumption, necrotic lipid
consumption and efferocytosis all act to increase ĀM (t). On the other hand, monocyte
recruitment and macrophage proliferation (terms four and five) always act to reduce
ĀM (t) (note that ĀM (t) > 1 in all but the extreme case where m (a, t) is a delta
distribution). The final two terms, which relate to apoptosis and emigration, can act
to either increase or decrease ĀM (t) depending on their signs. Letting � denote β

or γ , we see that these terms act to increase ĀM (t) when G�a(t)
G�(t) < ĀM (t) and act

to decrease ĀM (t) when G�a(t)
G�(t) > ĀM (t). The ratio G�a(t)

G�(t) can be interpreted as the
average lipid load of cells leaving the live cell population via apoptosis or emigration
at time t . Thus, when the cells leaving the live cell population have a smaller (larger)
average lipid load than the live cells that remain, the average lipid load of the live
cell population tends to increase (decrease). The impact of apoptosis and emigration
on ĀM (t) observed here is entirely due to the lipid-dependent terms in the model. In
the absence of lipid-dependent apoptosis and emigration, the final two terms on the
right-hand side of (35) equate to zero.

For ĀP (t), we have:

d ĀP (t)

dt
= M (t)

P (t)

[
Gβa (t) − Gβ (t) ĀP (t)

]
. (36)

This equation contains only a term relating to macrophage apoptosis. We see that
ĀP (t) increases when

Gβa(t)
Gβ(t) > ĀP (t) and decreases when Gβa(t)

Gβ(t) < ĀP (t). This

makes sense because ĀP (t) increases (decreases) when the average lipid load of dying
cells is larger (smaller) than the average lipid load of those already dead. Unlike the
corresponding term in the ĀM (t) equation, the right-hand side here does not vanish
in the absence of lipid-dependent apoptosis. Instead, the term in brackets reduces to
ĀM (t)− ĀP (t) and theODE acts to equilibrate the average apoptotic cell lipid content
to the average live cell lipid content.

Appendix C: Numerical SolutionMethods

The model equations are solved by reformulating (23)–(29) as a large system of cou-
pled ODEs (method of lines) and integrating with the MATLAB routine ode15s. This
approach requires the semi-infinite a domain for Eqs. (23) and (24) to be truncated
at a finite upper limit amax and appropriately discretised. In choosing amax , we aim
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to minimise numerical error associated with the loss of live cells (and their ingested
lipid) across the upper domain boundary. For the scenarios considered in this paper,
this typically requires amax values on the order 102–103. Since uniform discretisation
of such large domains would require a substantial (and potentially unfeasible) number
of grid points, we adopt a non-uniform gridding strategy to reduce the number of
points required.

We discretise the a domain into I points ai (i = 1, 2, . . . , I ) by assuming that
the spacing between adjacent points �ai = ai+1 − ai increases linearly from �a1 =
�amin to �aI−1 = c�amin , where c > 1 is a constant. (This equates to adding
the constant increment �amin(c−1)

(I−2) to the width of each subsequent grid spacing). The
positions of individual grid points are thus given by the expression:

ai = 1 + �amin (i − 1)

[
1 + (i − 2) (c − 1)

2 (I − 2)

]
, (37)

where amax = aI = 1+ 1
2�amin (c + 1) (I − 1). This non-uniformgridding approach

is by no means optimised for the problem. However, we find that it is well suited to
the model equations because it allows for the use of a high grid point density near
a = 1 (where solutions can vary rapidly with a) and a low grid point density for
a 
 1 (where solutions have relatively little variation with a). For the simulations in
this paper, we use two different domain sizes with the following discretisations:

1. �amin = 0.005, c = 126, I = 1258 
⇒ amax = 400.0975;
2. �amin = 0.005, c = 200, I = 2001 
⇒ amax = 1006.

Note that the ratios �amin(c−1)
(I−2) are very similar for the two discretisations, meaning

that corresponding points ai have almost identical positions for all i � 1258. Most
simulations in this study use the smaller domain. However, for cases that consider
lipid-dependent emigration, calculations are performed on the larger domain. The
larger domain is required in this case because the reduced rate of emigration for lipid-
loaded cells tends to drive an increase in the proportion of cells with very large lipid
quantities.

Using the above discretisation, we define the quantities mi (t) = m (ai , t) and
pi (t) = p (ai , t) for i = 1, . . . , I . Equations (23)–(29) are then recast as a system of
2I + 4 ODEs for m2 (t) , . . . , mI (t), p1 (t) , . . . , pI (t), N (t), M (t), AM (t), P (t)
and AP (t) coupled to an algebraic constraint for m1 (t) as given by the boundary
condition (30). All integral terms in these ODEs are approximated in terms of the
mi (t) and pi (t) using the trapezoidal rule. The derivative in the structural variable is
approximated by the non-uniform second-order upwind scheme:

∂m

∂a
(ai , t) ≈ 3mi (t) − 4mi−1 (t) + mi−2 (t)

3�ai−1 − �ai−2
, (38)

for 3 � i � I , and by the non-uniform second-order centered scheme:

∂m

∂a
(a2, t) ≈ m3 (t) − m1 (t)

�a2 + �a1
(39)
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for i = 2.
The proliferation and efferocytosis terms in Eq. (23) pose additional challenges to

the numerical solution of the ODE system. The following provides further details on
our handling of these non-local terms:

1. The proliferation source term 4ρgρ (2a − 1)m(2a − 1, t) is not well-defined for
2a−1 > amax (i.e. proliferation of cells with lipid loads greater than amax cannot
be quantified). We therefore omit this term from all mi (t) equations for which
ai > 1

2 (amax + 1). For the large simulation domains that we use, the numerical
error associated with these omissions is negligible (indeed, in the case that gρ (a)

tends rapidly to 0, the error is vanishingly small).
2. To evaluate the proliferation and efferocytosis source terms in themi (t) equations,

we often need to approximate m and p values at positions that are not coincident
with grid points (e.g.m (2a − 1, t) in the proliferation source term, p

(
a − a′, t

)
in

the integrand of the efferocytosis source term). Whenever such an approximation
is required, we perform a linear interpolation using the appropriate pair of mi (t)
or pi (t) values from adjacent grid points.

3. Upon each evaluation of an efferocytosis source integral, we divide the result by
the numerical approximation to the following integral:

∫ ∞

1

∫ a−1

1
m(a′, t)p(a − a′, t) da′ da =

(∫ ∞

1
m (a, t) da

)
·
(∫ ∞

1
p (a, t) da

)
.

This re-normalises the result and acts to prevent the growth of small errors that
arise in the numerical calculation of the efferocytosis integral. No such intervention
is required for the other integral terms in the model.

References

Avgerinos NA, Neofytou P (2019) Mathematical modelling and simulation of atherosclerosis formation
and progress: a review. Ann Biomed Eng 47:1764–1785

Bäck M, Yurdagul A, Tabas I et al (2019) Inflammation and its resolution in atherosclerosis: mediators and
therapeutic opportunities. Nat Rev Cardiol 16:389–406

Bhui R, Hayenga HN (2017) An agent-based model of leukocyte transendothelial migration during
atherogenesis. PLoS Comput Biol 13(e1005):523

Bulelzai MAK, Dubbeldam JLA (2012) Long time evolution of atherosclerotic plaques. J Theor Biol
297:1–10

Bulelzai MAK, Dubbeldam JLA, Meijer HGE (2014) Bifurcation analysis of a model for atherosclerotic
plaque evolution. Physica D 278–279:31–43

Calvez V, Ebde A, Meunier N et al (2009) Mathematical modelling of the atherosclerotic plaque formation.
ESAIM Proc 28:1–12

Chalmers AD, Bursill CA, Myerscough MR (2017) Nonlinear dynamics of early atherosclerotic plaque
formation may determine the efficacy of high density lipoproteins (HDL) in plaque regression. PLoS
ONE 12(e0187):674

Chambers KL, Watson MG, Myerscough MR (2022) A lipid-structured model of atherosclerosis with
macrophage proliferation. Preprint available at: https://arxiv.org/abs/2205.04715

Chen L, Zhang J, Yang X et al (2019) Lysophosphatidic acid decreased macrophage foam cell migration
correlated with downregulation of fucosyltransferase 8 via HNF1α. Atherosclerosis 290:19–30

Cilla M, Pena E, Martinez MA (2014) Mathematical modelling of atheroma plaque formation and
development in coronary arteries. J R Soc Interface 11(20130):866

123

https://arxiv.org/abs/2205.04715


A Lipid-Structured Model of Atherosclerotic... Page 41 of 42 85

Cohen A, Myerscough MR, Thompson RS (2014) Athero-protective effects of high density lipoproteins
(HDL): an ODE model of the early stages of atherosclerosis. Bull Math Biol 76:1117–1142

Collins JA, Schandl CA, Young KK et al (1997) Major DNA fragmentation is a late event in apoptosis. J
Histochem Cytochem 45:923–934

El Khatib N, Genieys S, Volpert V (2007) Atherosclerosis initiation modeled as an inflammatory process.
Math Model Nat Phenom 2:126–141

Feng B, Yaol PM, Li Y et al (2003) The endoplasmic reticulum is the site of cholesterol-induced cytotoxicity
in macrophages. Nat Cell Biol 5:781–792

Ford HZ, Byrne HM, Myerscough MR (2019) A lipid-structured model for macrophage populations in
atherosclerotic plaques. J Theor Biol 479:48–63

Ford HZ, Zeboudj L, Purvis GSD et al (2019) Efferocytosis perpetuates substance accumulation inside
macrophage populations. Proc R Soc B 286(20190):730

Hansson GK, Libby P (2006) The immune response in atherosclerosis: a double-edged sword. Nat Immunol
6:508–519

Hao W, Friedman A (2014) The LDL-HDL profile determines the risk of atherosclerosis: a mathematical
model. PLoS ONE 9(e90):497

Islam MH, Johnston PR (2016) A mathematical model for atherosclerotic plaque formation and arterial
wall remodelling. ANZIAM J 57:C320–C345

Kim K, Shim D, Lee JS et al (2018) Transcriptome analysis reveals nonfoamy rather than foamy plaque
macrophages are proinflammatory in atherosclerotic murine models. Circ Res 123:1127–1142

KojimaY,Weissman IL, Leeper NJ (2017) The role of efferocytosis in atherosclerosis. Circulation 135:476–
489

Leuschner F, Rauch PJ, Ueno T et al (2012) Rapid monocyte kinetics in acute myocardial infarction are
sustained by extramedullary monocytopoiesis. J Exp Med 209:123–137

Lhoták Š, Gyulay G, Cutz JC et al (2016) Characterization of proliferating lesion-resident cells during all
stages of atherosclerotic growth. J Am Heart Assoc 5(e003):945

Linton MF, Babaev VR, Huang J et al (2016) Macrophage apoptosis and efferocytosis in the pathogenesis
of atherosclerosis. Circ J 80:2259–2268

Little MP, Gola A, Tzoulaki I (2009) A model of cardiovascular disease giving a plausible mechanism for
the effect of fractionated low-dose ionizing radiation exposure. PLoS Comput Biol 5(e1000):539

Llodrá J, Angeli V, Liu J, et al (2004) Emigration of monocyte-derived cells from atherosclerotic lesions
characterizes regressive, but not progressive, plaques. PNAS 101:11779–11784

LuiG,MyerscoughM (2021)Modelling preferential phagocytosis in atherosclerosis: delineating timescales
in plaque development. Bull Math Biol 83:96

Lusis AJ (2000) Atherosclerosis. Nature 407:233–241
Marée AFM, Komba M, Dyck C et al (2005) Quantifying macrophage defects in type 1 diabetes. J Theor

Biol 233:533–551
McAuley MT (2021) Modeling cholesterol metabolism and atherosclerosis. WIREs Mech Dis e1546
Meunier N, Muller N (2019) Mathematical study of an inflammatory model for atherosclerosis: a nonlinear

renewal equation. Acta Appl Math 161:107–126
Moore K, Sheedy F, Fisher E (2013) Macrophages in atherosclerosis: a dynamic balance. Nat Rev Immunol

13:709–721
Parton A, McGilligan V, O’Kane M et al (2016) Computational modelling of atherosclerosis. Brief

Bioinform 17:562–575
RahmanK,FisherEA (2018) Insights frompre-clinical and clinical studies on the role of innate inflammation

in atherosclerosis regression. Front Cardiovasc Med 5:32
Robbins CS, Hilgendorf I, Weber GF et al (2013) Local proliferation dominates lesional macrophage

accumulation in atherosclerosis. Nat Med 9:1166–1174
Scaglia N, Tyekucheva S, Zadra G et al (2014) De novo fatty acid synthesis at the mitotic exit is required

to complete cellular division. Cell Cycle 13:859–868
Silva T, Jäger W, Neuss-Radu M et al (2020) Modeling of the early stage of atherosclerosis with emphasis

on the regulation of the endothelial permeability. J Theor Biol 496(110):229
Tabas I (2002) Consequences of cellular cholesterol accumulation: basic concepts and physiological

implications. J Clin Invest 110:905–911
Tabas I (2010) Macrophage death and defective inflammation resolution in atherosclerosis. Nat Rev

Immunol 10:36–46

123



85 Page 42 of 42 M. G. Watson et al.

Tabas I, Bornfeldt KE (2016) Macrophage phenotype and function in different stages of atherosclerosis.
Circ Res 118:653–667

Tabas I, Williams KJ, Borén J (2007) Subendothelial lipoprotein retention as the initiating process in
atherosclerosis. Update and therapeutic implications. Circulation 116:1832–1844

Tall AR,Yvan-Charvet L (2015) Cholesterol, inflammation and innate immunity. Nat Rev Immunol 15:104–
116

ThonMP,FordHZ,GeeMWet al (2018)Aquantitativemodel of early atherosclerotic plaques parameterized
using in vitro experiments. Bull Math Biol 80:175–214

Thon MP, Myerscough MR, Gee MW (2019) A spatially resolved and quantitative model of early
atherosclerosis. Bull Math Biol 81:4022–4068

Thorp E, Tabas I (2009) Mechanisms and consequences of efferocytosis in advanced atherosclerosis. J
Leukoc Biol 86:1089–1095

van Gils JM, Derby MC, Fernandes LR et al (2012) The neuroimmune guidance cue netrin-1 promotes
atherosclerosis by inhibiting the emigration of macrophages from plaques. Nat Immunol 13:136–143

Wanschel A, Seibert T, Hewing B et al (2013) Neuroimmune guidance cue Semaphorin 3E is expressed in
atherosclerotic plaques and regulates macrophage retention. Arterioscler Thromb Vasc Biol 33:886–
893

XuX, ZhangA, Li N et al (2015) Concentration-dependent diversification effects of free cholesterol loading
on macrophage viability and polarization. Cell Physiol Biochem 37:419–431

Yang Y, Jäger W, Neuss-Radu M et al (2016) Mathematical modeling and simulation of the evolution of
plaques in blood vessels. J Math Biol 72:973–996

Yin C, Heit B (2021) Cellular responses to the efferocytosis of apoptotic cells. Front Immunol 12(631):714
Yin C, Vrieze AM, Rosoga M et al (2020) Efferocytic defects in early atherosclerosis are driven by GATA2

overexpression in macrophages. Front Immunol 11(594):136
Yvan-Charvet L, Wang N, Tall AR (2010) Role of HDL, ABCA1, and ABCG1 transporters in cholesterol

efflux and immune responses. Arterioscler Thromb Vasc Biol 30:139–143

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	A Lipid-Structured Model of Atherosclerotic Plaque Macrophages with Lipid-Dependent Kinetics
	Abstract
	1 Introduction
	2 Methods
	2.1 Definitions
	2.2 Model Statement
	2.3 Lipid-Dependent Rate Functions
	2.4 Nondimensionalisation
	2.5 Base Case Model Parameterisation

	3 Results
	3.1 Lipid-Independent Base Case Simulations
	3.2 Lipid-Dependent Simulations Without Proliferation
	3.2.1 Apoptosis Only
	3.2.2 Emigration Only

	3.3 Lipid-Dependent Simulations with Proliferation
	3.3.1 Apoptosis Only or Emigration Only
	3.3.2 Proliferation Only


	4 Discussion
	5 Conclusions
	Acknowledgements
	Appendix A: Dimensionless Equations
	Appendix B: Total System Lipid and Average Lipid Per Cell
	Appendix C: Numerical Solution Methods
	References




