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Abstract

The quantum theory of many-particle systems is deeply connected to the mathematical
formalism and techniques of quantum field theory, which are crucial in order describe
the emergent phenomena that arise in condensed matter physics. The main goal of
this thesis is to provide a unified description of quantum field theory methods in the
context of many-particle physics in order to extend and develop these techniques to better
understand the different quantum properties of matter. This both furthers the conceptual
understanding of quantum many-body correlation and also allows for the development of
novel theoretical techniques that combine the different formalisms employed in condensed
matter theory, quantum chemistry and nuclear physics.

To achieve this aim, the thesis is composed of two parts. Part I deals with many-body
fermion-fermion interactions and is physically motivated by the non-relativistic electronic
structure problem. Here, we introduce the Keldysh contour formulation of quantum
field theory to provide a unified presentation of quantum systems both in and out-of-
equilibrium. Then, we extend the conventional quantum theory of many-particle systems,
based on hermitian quantum mechanics, to describe systems governed by non-hermitan
Hamiltonians. This allows us to present a natural unification of two major pillars in the ab
initio quantum theory of many-particle systems: coupled-cluster theory and the Green’s
function formalism. This unification is further demonstrated through the emergence of the
coupled-cluster amplitude equations from the Green’s function formalism. In particular,
this analysis has direct bearing on the development of novel theoretical approaches to the
electronic structure and nuclear many-body problems. Our findings are also relevant to
the study of general non-hermitian as well as open quantum systems.

Part II focuses on the quantum field theory of electron-nuclear interactions in infinite
solids. Here, we use the Keldysh contour representation presented in Part I to understand
excited state dynamics that include electron-electron and electron-lattice interactions in

materials. We also derive the analytic continuation of the Green’s function for systems



that have continuous eigenspectra. This analysis demonstrates the relationship between
the Green’s function formalism and scattering theory, making the role of the continuum
and causality conditions explicitly clear in the context of the pole condition of the Dyson
equation. Using the analytic continuation of the propagator, we provide an in-depth
analysis of electron-phonon and exciton-phonon scattering channels, with a particular
focus on phonon-driven exciton dissociation scattering. Our theoretical analysis then
firmly demonstrates the connection between the extension of the Bethe-Salpeter equation
approach to include electron-phonon interactions and effective field theories based on
composite exciton-phonon coupling. We subsequently combine the techniques presented in
Part I, based on the Dyson supermatrix formulation, with the analysis presented in Part
II to calculate, from first principles, the effects of including electron-phonon interactions
on the excited states of heterogeneous semiconductors.

Finally, we provide a summary of the fundamental contributions presented in this

thesis and the potential further research directions to be pursued.
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Introduction

The quantum theory of many-particle systems is central to the study of a vast
array of physical phenomena [12-17]. In particular, all forms of quantum matter can
be described in terms of a many-body Hamiltonian. Since the advent of quantum
field theory [12], the philosophical and mathematical formalism has found widespread
application across condensed matter, nuclear and high energy physics. The development
of quantum field theory methods in the context of many-particle physics originated from
the identification that low-energy effective field theories emerge from the thermodynamic
limit of a macroscopically large number of interacting particles. Inspired by the successes
of these methods in describing the ground and excited state properties of solids and
nuclei, quantum field theory methods are being increasingly more employed in quantum
chemistry. This thesis focuses on the unification and development of these methods in the
study of a wide range of physical phenomena from the behaviour of electrons in quantum
chemistry, many-body nuclear-nuclear interactions to electron-phonon interactions in
semiconductors and insulators as well as systems governed by non-hermitian Hamiltonians.
In the following, we provide an overview of the fundamental non-relativistic many-body
problem of interacting electrons and nuclei which provides the physical motivation for
the theoretical advancements presented in this thesis. We conclude this Chapter by

providing an outline of the structure of the thesis.



1.1 The many-body problem of electrons and nuclei

Of central importance in the study of condensed matter and quantum chemistry is the
non-relativistic coupled electron-nuclear Hamiltonian (written in atomic units)

_ 1 2
H= 22@':Vi Z\r,

Ly Ly

Z |R RH”

(1.1.0.1)

2M

_I'J’

where {r;} and {Ry} refer to the electron and nuclear coordinates, respectively. The
set of nuclear masses and charges is given by {M,} and {Z,}. Finding the many-body
eigenstates of Eq. 1.1.0.1 is extremely complicated due to the correlated motion of the
nuclei, electrons as well as their coupled electron-nuclear motion.

To make the problem more tractable, it is common to introduce the Born-Oppenheimer
approximation which is obtained from the limit: M, — oo [18]. This removes the
contribution of the nuclear kinetic energy and therefore results in the ‘clamped-ion’ picture
whereby the nuclei are fixed in place. As a result the electronic energy becomes a parametric
function of the ‘clamped-ion’ nuclear positions. In many cases, this constitutes a good
approximation as the nuclei masses are much larger than the mass of the electron. When
this approximation is made, we obtain the electronic structure Hamiltonian:

He —Zh r;) + 5 Z v(ri, 1)) (1.1.0.2)
Z#J

where we have defined the one-body and two-body terms as

hr:) = —%v? + o(r:) (1.1.0.3a)

(r;) ’ f”R| (1.1.0.3b)
1

(ri, ;) F— (1.1.0.3¢c)

Within the Born-Oppenheimer approximation, the internuclear repulsion simply contributes
an additive constant to the electronic Hamiltonian and therefore is not included in

Eq. 1.1.0.2. The electronic structure problem is then defined by the eigenvalue problem

Hel\pl/(xh X2, ,XN; {RH}) = Eiv({RN})\IIV(Xh X2, ,XN; {RH}) ’ (1104)

where x = (r,0) is the space-spin coordinate of an electron, v indexes the many-body

eigenstates and we have explicitly denoted the parametric dependence of the electronic
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wavefunction and energy on the positions of the ‘clamped-ions’. However, even within the
Born-Oppenheimer approximation the eigenvalue problem of Eq. 1.1.0.4 remains highly
computationally intractable due to the correlated motion of the electrons. Therefore, we

are required to resort to more sophisticated theoretical techniques for its effective solution.

1.2 Structure of the thesis

This thesis is composed of two parts. Part I is centered around the electronic structure
problem given by the Hamiltonian of Eq. 1.1.0.2 obtained from the Born-Oppenheimer
approximation. In Chapter 2, we introduce and develop the formalism of quantum field
theory for systems of many interacting fermions, with Eq. 1.1.0.2 providing the main
motivation for this analysis. This leads us to introduce the Keldysh contour formulation
of quantum field theory which provides a unified description of systems in and out-of-
equilibrium. We introduce the single-particle Green’s function and self-energy, focusing on
their formally exact analytic and algebraic structures for systems governed by hermitian
many-body Hamiltonians. We provide an overview of the exact and perturbative Dyson
equations, with their relationship to Hedin’s equations. We then introduce and extend
the Dyson supermatrix formulation to describe many-body systems at finite temperatures.
Finally, we derive and summarize several formally exact properties of the two-particle
Green’s function and Bethe-Salpeter equation used to describe correlated two-particle states.

In Chapter 3, we extend the conventional hermitian Green’s function formalism to
account for N-body non-hermitian interactions. This analysis is motivated in order
to provide a unified description of quantum many-body correlation by combination of
field theoretic correlation functions and canonical transformations. One of the most
useful canonical transformations introduced in the context of the nuclear many-body
and electronic structure problems is the coupled-cluster similarity transformation, which
is the ‘gold standard’ method used to perform highly accurate quantum-chemical and
nuclear calculations of ground state correlation effects. However, coupled-cluster theory
generates a non-hermitian N-body Hamiltonian that is isospectral to the original physical
Hamiltonian of interest. As a result of the complexity of the non-hermitian N-body
Hamiltonian generated by this transformation, a complete and unified description of

the relationship between the conventional hermitian Green’s function formalism and



coupled-cluster theory has remained uncovered. The formalism presented in this Chapter
achieves this unified description, furthering the conceptual understanding of many-body
correlation in the context of condensed matter, nuclear physics and quantum chemistry,
while also allowing for the description of fundamentally non-hermitian many-body quantum
systems, open quantum systems and more.

In Chapter 4, we focus on how specific approximations of coupled-cluster theory can
be generated directly from the conventional hermitian Green’s function formalism. This
analysis complements that of Chapters 2 and 3, providing, for the first time, the derivation
of the complete coupled-cluster doubles amplitude equations starting from the hermitian
Green’s function formalism. In addition, the relationship to the equation-of-motion coupled-
cluster theory is also outlined. We demonstrate the exact analytic results obtained by
exact solution of the Hubbard dimer. We believe that this contribution will lead to the
development of novel electronic structure and nuclear physics methods.

In Part IT of this thesis, we focus on going beyond the Born-Oppenheimer approximation
by including the effects of interactions between the electronic and lattice degrees of freedom
in infinite solids. In particular, we focus on the inclusion of electron-phonon interactions to
understand the dynamics of the excited electronic states of semiconductors and insulators.

In Chapter 5, we provide an in-depth analysis of the structure of the Green’s function
for systems that possess a continuous spectrum. In this case, the Green’s function develops
a branch cut discontinuity on the real axis. We specifically derive the exact analytic
continuation for the Green’s function across the branch cut in order to understand the pole
condition of the Dyson equation and its relationship to scattering theory and causality.
We then introduce the quantum field theory of the electron-nuclear interaction to derive
the phonon contribution to the screened interaction and electronic self-energy that appear
in the Hedin-Baym equations. Using this analysis, we extend the Bethe-Salpeter equation
to account for electron-phonon interactions providing a complete overview of the origin
of these contributions as well as their relationship to scattering channels such as phonon-
driven exciton dissociation. Finally, we provide an overview of the effective field theory
based on the linear coupling of excitons to a bath of phonons.

In Chapter 6, we derive the Dyson supermatrix formulation to account for the lattice

screening of exciton states at finite temperatures using the analysis derived in Chapter 5.



1. Introduction

In the process, we provide a rigorous connection between the Bethe-Salpeter equation
and the effective field theory based on the linear exciton-phonon coupling. We then
apply our formalism to compute non-perturbative temperature-dependent phonon-driven
exciton dissociation rates and energy renormalizations for heterogeneous semiconductors
in a computationally efficient and physically transparent manner using the Block Lanczos
algorithm. As a proof of concept, we predict ultrafast exciton dissociation at room
temperature for CdS, GaN and BiVOy, opening up the computation of this quantity
for a broad range of materials.

In Chapter 7, we present the conclusions of this thesis and provide an outlook for
ongoing and future work to be done towards the unification and development of quantum
field theory methods to understand systems of many interacting particles. Finally, the
four appendices cover more detailed step by step derivations relevant to the results

presented in the main body of the thesis.






Part 1

Electron—Electron Interactions






“They consider relativistic quantum field theory and
electrodynamics to be quite perfect theories and it is
not necessary to be anxious about the situation. I should
say that I do not like that at all, because according to
such ‘perfect’ theory we have to neglect, without any
reason, infinities that appear in the equations. It is just
mathematical nonsense.”

— Paul Dirac
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2.1 Second quantization

The non-relativistic electronic structure Hamiltonian given in Eq. 1.1.0.2 can be written



2.1. Second quantization

in terms of the electron field operators as [12]

Hg = /dwa(x)h(rW(x) + % /dXdX'wT(X)W(X’)v(r, )b (x )b (x) | (2.1.0.1)

where 1 (x)/¢(x) act to create/annihilate electrons at space-spin location x. The field
operators operate on the Fock space which allows for the description of many-body quantum
systems that vary in particle number [12, 16]. The integrals here are defined as [ dx =
>, [ dr, where the summation runs over the spin degrees of freedom. The field operators

are defined in the Schrodinger picture and obey the canonical anti-commutation relations:

0,0 ()} = 6x —x) ¢ {w(x), 6(x)} = [T, 8T ()} =0, (21.0.2)

This commutator algebra, along with the fact that states are created from a unique
vacuum state (1(x) [vac) = 0; ¥T(x)|vac) = |x) V x), recovers the correct Fermi-Dirac
statistics required to describe systems of many-fermions [12]. By transformation to a

general single-particle spin-orbital basis!
Yi(x) =Y ¢n(r)al , (2.1.0.3)

where ¢7(r) = (¢p|r), with p representing a combined index that also includes the spin

degrees of freedom, we can re-write the Hamiltonian as [12, 13, 15-17]

1
He = Z hpqa;)aq + ) Z qu,rsa;[;a};asar . (2.1.0.4)
Pq pq,rs

Here, we have defined the one-body and two-body matrix elements as

o = [ @6 (2)h(x)6,(r) (2.1.0.50)
Upgirs = /drdr’qzﬁ;;(r)gb;(r’)v(r,r’)qﬁs(r’)gbr(r) . (2.1.0.5b)

As Eq. 2.1.0.3 represents a canonical transformation, the rotated electron field operators

also obey the anti-commutator algebra

{ap,a:;} =0pg ; {ap,a,} ={al,al} =0. (2.1.0.6)

P’ q

Finally, it is useful to write the Hamiltonian in the fully anti-symmetrized form [19]

1 _
Ha = hpgafiag + 1 D~ Upgraafafasay | (2.1.0.7)
pq pq,rs

'Throughout Part I of this thesis, indices and wavevectors ik;, jk;, - -- denote occupied (valence band)
spin-orbitals and akq, bks, - - - will denote virtuals (conduction band). Unless otherwise stated, a mixture of
latin and greek indices pky, aka, - - -, will be used to denote general single-particle states. The wavevector
dependence will be omitted for notational clarity.

10



2. Quantum Field Theory Methods for Many-Fermions

where Upg rs = Upg,rs — Upg,sr 1S the anti-symmetrized electron-electron repulsion integral.
In the quantum chemistry literature, it is common to also denote the anti-symmetrized
electron-electron repulsion integral by (pq||rs) = Upgrs. As will be demonstrated in
Chapter 3, introduction of the anti-symmetrized Hamiltonian allows for the direct inclusion
of fermion exchange symmetry. In general, we can extend the results obtained here for
the two-body electronic structure Hamiltonian to write the expression for an arbitrary

N-body operator on the Fock space as

1 _ 1 _
0= Z opqa;r;aq + W Z opq,rsa;)a;asar + W Z opqrystua;agalauatas
" N B (2.1.0.8)
1 B 1. U,
Opgrs-—- utwo--ahalalal - - ayapaia, .
- fojala)
)7 pgrs--

utwuv---

In this equation all matrix elements are fully anti-symmetrized with respect to fermionic

exchange. For example, the anti-symmetrized three-body integral contains six integrals [20]:

Opgr.stu = Opgr,stu — Opgruts — Opgr,sut — Opgr.tsu + Opgr.tus + Opgrust (2109)

where the three-body matrix element is defined as

Opgr.stu = /drdr'dr"gbl*)(r)gbz(r')d)ﬁ(r")O(r,r',r")qﬁu(r”)gzbt(r')qﬁs(r) . (2.1.0.10)

From this analysis, it is clear how these relationships can be generalized to generate

an anti-symmetrized N-body matrix element.

2.2 Generalized Keldysh contour

The quantum theory of many-particle systems is centered around the analysis of Green’s
functions. Green’s functions are dynamical correlation functions that contain information
about the way a quantum field changes with time. Therefore, it is crucial to understand
and provide an overview of the role of time-dependence in quantum mechanics. This
analysis is also necessary in order to provide a complete description of the forthcoming
non-hermitian theory, to be presented in Chapter 3, where the time-dependence of states
and operators must be carefully addressed. In order to provide a unified description of
quantum systems at zero and finite temperature, the analysis presented here is centered

around the Keldysh contour [21, 22].

11



2.2. Generalized Keldysh contour

2.2.1 Zero-temperature formalism

Suppose that we have a system governed by a time-dependent hermitian Hamiltonian,

H(t). The Schrodinger equation is therefore

0

i |Ws(t)) = H(t) [Ps(t)) . (2.2.1.1)
Given an initial state |¥(tg)), we can write the formal solution as [13-15, 17]

(Ws(t)) = Ut to) [¥s(to)) (2.2.1.2)
where U(t,t9) is the time-evolution operator defined as

.rt
U(t,to) = T{e" t dtH(t)} . (2.2.1.3)

Here, we introduce the time-ordering operator 7, which acts to place operators with later
time arguments to the left. Therefore, within the time-ordering operator, the Hamiltonians
at different times can be treated as commuting operators. It is important to note that
Eq. 2.2.1.3 is valid for both forward- (¢ > tp) or backward- (¢ < tp) time evolution.
By using the group property of the time-evolution operator [13, 14, 17], we can define

the backward time-evolution operator as
Ut tg) = T{eifto dtH(t)} : (2.2.1.4)

where we have introduced the anti-time-ordering operator 7, which acts to place operators
with earlier time arguments to the left. The appearance of the time-ordering operators in
Egs 2.2.1.3 and 2.2.1.4 can be used to reveal the underlying Keldysh contour construction.

In the Schrodinger picture, all operators are time-independent and the time-dependence
enters via the state vector, |Wg(t)). Alternatively, the Heisenberg picture works with
time-dependent operators and stationary state vectors. The Heisenberg formulation
corresponds more intuitively to the classical picture where observables such as position
and momentum vary with time. The state-vector in the Heisenberg representation is
time-independent and is given by |¥p) = |¥g(tp)). Heisenberg operators are related

to Schrodinger operators via [13—15]
Ou(t) = Ul(to, t)Os(t)U(t, o)
_ , it 2.2.1.5
:T{ezﬁ“dtH@}os(t)T{e zftodtH(t)} | ( )

12
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Figure 2.1: Keldysh contour construction [21, 22].

where we have introduced the notation Og(t) to indicate any explicit time-dependence of
the operator. By introducing the notation in Eq. 2.2.1.5, we can rewrite this expression by
using the Keldysh contour depicted in Figure 2.1 [16, 17, 21, 22]. The contour is explicitly
time-directed, consisting of a forward branch (y_) from ty to t and a backward branch ()
from t to tg. With respect to the contour, time arguments on the backward branch are
always ‘later’ than those on the forward branch. A generic time-argument associated with
the contour is denoted by z, while a time argument on the forward (backward) branch is
denoted as t_(t4). The contour is completed by specifying the time-dependence of the set
of operators on each branch. For the purposes of this thesis, we define operators such that
they are identical on either branch of the contour: Og(t—) = Og(t+) = Og(t). However, it
should be noted that this is a choice that can be modified depending on the physical problem
of interest. If an operator is time-independent then Og(ty) = Og. However, we keep
the time-dependence of all operators in order to correctly specify their position along the
contour. Importantly, on both branches of the contour the Hamiltonian is given by H (t).

The Keldysh contour is also defined alongside the contour time-ordering operator, 7.
The contour time-ordering operator is defined such that it moves operators with ‘later’
contour time arguments to the left. Therefore, for time-arguments on the forward branch
Ty = T, whereas on the backward branch 75 = T For strings of operators containing time
arguments on either side of the branch, the contour time-ordering operator simply gives
the product of the operators with their time arguments on the backward branch to the
left of those with their time arguments on the forward branch. Using the contour, we can

re-write the expectation value of an operator at zero temperature as [17]
(O@))g = (U (t0)|T, {e_ifv dZH(Z)OS(t)} W (t0)) . (2.2.1.6)

By using the group property of the time-evolution operator, we can extend the length

of the contour to infinity as U(t,tg) = U(t,00)U (00, ty). Using the Keldysh contour, we

18



2.2. Generalized Keldysh contour

introduce the contour ordered Keldysh representation as [17]
Ok (z) =U(z0,2)0s(2)U(z, 20) , (2.2.1.7)
where we have defined the contour time-evolution operator as
—i [* dzH(z)
U(z,20) =Ty qe “#0 , (2.2.1.8)

with z ‘later’ than zp. Eq. 2.2.1.7 is equivalent to the Heisenberg picture when z = ¢4

and zg = tp+. This gives rise to the contour equation-of-motion

. d

Z%OK(Z) = [Ok(2),Hk(2)] , (2.2.1.9)
where we have assumed the operator Og(z) has no explicit time-dependence.

2.2.2 Time-dependent ensemble averages

The time-dependent ensemble average of a quantum system of many interacting particles is

defined as

Oens(t) = Tr {peqO(t)} (2.2.2.1)

where the trace is taken over the Fock space. Here, peq is the equilibrium density matrix
corresponding to the Grand Canonical Ensemble (GCE) and defined as

e BHM
Peq = 7 5

(2.2.2.2)

where HM = H — N, with u being the chemical potential, and Z = Tr {efﬁHM} is the
partition function, with g = k;f%T being the inverse temperature. The GCE describes an
open system at constant volume in thermal equilibrium with a reservoir, thereby allowing
for both fluctuations in energy and particle number. It is important to note that the
thermal average given in Eq. 2.2.2.1 is defined with respect to a time-independent density
matrix that has already reached an equilibrium state. Therefore, any attempts to extend
this equation to define a general time-dependent ensemble average for a system that
is explicitly out-of-equilibrium will be seriously constrained in its applicability. This is
because Eq. 2.2.2.1 does not account for energy dissipation and so it cannot describe
the long-time dynamics of the system as it re-approaches an equilibrium state. However,
for systems at equilibrium at finite temperature, Eq. 2.2.2.1 provides a formally exact

description of their dynamical properties.

14
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A

to — i3

Figure 2.2: Generalized Keldysh contour construction [17].

Using Eq. 2.2.1.6, we can re-write the time-dependent ensemble average in the suggestive

form
Tr {eﬁHMﬂ {ei J 4z H‘%(z)}}

Tr {e=oH |
Tr {%K {e‘ifm + H(Z)O(z)}} (2:2:2:3)

Tr {7:)/(3}( {ei f'YGK dz H(z) }}

In the final equality, we have introduced the generalized Keldysh contour (depicted

Oens(z) =

in Figure 2.2) to re-write the equilibrium density matrix in terms of time-evolution
over the Matsubara contour and used the fact that integration over the Keldysh con-
tour v gives the identity.

The generalized Kelydsh contour consists of three connected and explicitly ordered
branches. The first two are the forward (v_) and backward (v4 ) real-time branches previous
outlined in Subsection 2.2.1. The third branch is commonly referred to as the Matsubara
contour (yy) and extends from g to tg — i3 [13, 14, 16, 17]. In Figure 2.2, the Matsubara
contour is depicted as a vertical strip. However, the Matsubara contour can be represented
by any contour in the complex plane provided that the difference between the end points is
exactly —i3. On the Matsubara contour, the Hamiltonian is time-independent and defined
as HM. Clearly, the time-evolution along the Matsubara contour is non-unitary.

Extension of the Keldysh contour to the imaginary Matsubara axis gives rise to the

generalized Keldysh picture defined as

Ock(2) = U(20,2)05(2)U(z, 20) (2.2.2.4)

15



2.2. Generalized Keldysh contour

for z,20 € gk, where
Uz, 20) = Tax {eifzodZH(z)} , (2.2.2.5)

provided that z is ‘later’ than zy with respect to the contour. Using this expression, we

can write the time-dependent ensemble average as

= Tr{U(zf,20)Ock(2)}
Oens( ) - Tr{U(Zf,ZO)}

(2.2.2.6)

where U(zy,20) = Tak {e_i fVGK dzH(g)} — ¢ PHY i5 the time-evolution operator that
runs from the initial and final points of the contour. For the purposes of this thesis we
define operators on the Matsubara contour to be time-independent: O(z € y) = O. By
inspection of Figure 2.2, it can be seen that zg = tg and zy =ty — i3 are the initial and

final time arguments of the generalized Keldysh contour.

2.2.3 The Gell-Mann and Low theorem and Interaction picture

At equilibrium, the dynamics of the system is governed by a time-independent
Hamiltonian. Therefore, on the Keldysh contour the Hamiltonian is given by H(t+) = H.
For the rest of this thesis, we will be working at equilibrium and therefore within
the equilibrium Keldysh formalism [23]. The time-independence of the Hamiltonian
at equilibrium allows us to introduce the Gell-Mann and Low (GML) theorem for the
ground state of a quantum field theory [24]. In general, at equilibrium, the Hamiltonian
of the system can be decomposed into the sum of a reference operator, Hp, and an
interaction term, H;. The GML theorem introduces the adiabatic ‘switching on’ of the

interaction through the time-dependent Hamiltonian:
H,(t) = Ho + e "t=tl gy | (2.2.3.1)

where 7 is a positive infinitesimal. With the introduction of this Hamiltonian we see that,
at large earlier and later times, the Hamiltonian tends to Hy. At t = tg, the Hamiltonian
is exactly the full Hamiltonian of the interacting system. Finally, taking the limit as n — 0
at the end of the calculation corresponds to adiabatically switching on the interaction [13].

To understand the Gell-Mann and Low theorem requires us to introduce the Interaction

picture of quantum mechanics. This is done by application of the time-dependent unitary

16



2. Quantum Field Theory Methods for Many-Fermions

transformation on the Schrodinger state vector to define the Interaction state vector:

|Wr(t)) = ot [ Wg(t)). This gives rise to the Interaction picture Schrédinger equation
0
i |Ur(t)) = Hi(t) [r(t)) (2.2.3.2)

where Hi(t) = et Hie7#0! ig the explicitly time-dependent interaction Hamiltonian
defined in the Interaction picture. By comparison with Eqs 2.2.1.1 and 2.2.1.3, we see

that the general solution is given by
—i [* dEH: (8)
i) =7 { ™ O s o)) (2.23.3)

remembering that the state vectors and operators are defined in the Interaction picture.
Therefore, the Interaction picture corresponds to an explicitly time-dependent formulation
of quantum mechanics even if the Hamiltonian in the Schrédinger representation is time-
independent. This means that the Interaction picture can be immediately associated with
the Keldysh contour construction presented in Subsection 2.2.1. Using the relationship
between the Schrodinger and Interaction state vectors, we find that the Heisenberg

state vector is given by
|U ) = e Holoy(to, t') [T, () . (2.2.3.4)

As the initial time tg is arbitrary, we can set tg = 0 for simplicity. By introduction of

the adiabatic ‘switching on’ Hamiltonian in Eq. 2.2.3.1, we find that
(W) = U/0,8) [r(t)) (2.2.3.5)

where UJ(0,#) is given by replacing Hj() in Eq. 2.2.3.3 by e "IH,(f). Letting the
time limit ¢ approach —oo, while taking the physical limit as n — 0 of Eq. 2.2.3.5 leads
immediately to the GML theorem on the ground state of a quantum field theory [25].

The GML theorem states that if the quantity

Uy0,—00) [20) _ |Wo)
3 (0| U (0, —o0)|@0) — (@] Uy) (2.23.6)

converges to all orders in perturbation theory, then it is an eigenstate of the full Hamiltonian
such that

[Wo) _ o)

H@O\‘I’o) (®o| o)

(2.2.3.7)
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2.2. Generalized Keldysh contour

Figure 2.3: Zero temperature adiabatic Keldysh contour from the Gell-Mann and Low theorem.

where |®¢) is an eigenstate of the reference operator, Ho |®q) = E©) |®q). In this way an
eigenstate of the full Hamiltonian is generated adiabatically from |®g) as the interaction is
switched on. If |®() is the ground state of the reference Hamiltonian, then the eigenstate
generated from this procedure is usually the true ground state. However, this is not
always the case. Importantly, the limits of the numerator and denominator as n — 0 in
Eq. 2.2.3.6 do not exist separately. The theorem only asserts that if the limit of their ratio
exists, then the eigenstate is well defined and is an eigenstate of the full Hamiltonian [24].
It can also be shown that the state can also be obtained from evolving ‘backward’ in
time from 400 to the initial time. Using these results, along with the Keldysh contour
construction, we depict the zero temperature adiabatic Keldysh contour in Figure 2.3.
This can be used to construct contour-ordered perturbative expressions for expectation

values of time-ordered strings of operators as
—1 dzH(z
REe1z2) = @l {0 eone o) . (2238)

where the Hamiltonian on the contour is depicted in Figure 2.3.

It is important to note that the GML theorem can be used to construct perturbative
expansions for time-ordered operators without reference to the Keldysh contour [13-15].
However, in this Chapter we choose to present the contour formulation in order to unify
the zero temperature and finite temperature formalisms. This will be especially useful for
the theoretical analysis to be presented on electron- and exciton-phonon interactions in
Chapter 5. Furthermore, the Keldysh representation (Eq. 2.2.1.7) implicitly encodes both
time-ordered and anti-time-ordered components. Focusing on the time-ordered component
of Eq. 2.2.3.8 evaluated on the forward branch of the contour: RT(tl,tg) = R(zn =

t1,—, 22 = tg_), we recover the conventional expression
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2. Quantum Field Theory Methods for Many-Fermions

Figure 2.4: Finite temperature adiabatic Keldysh contour construction.

R (t1,t2) = (0| T {ei INOOdte_nltlHl(t)} T{e_i - dtentlHl(t)OI(tl)OI(h)} Do)
—i [ dte=nItl
<<I>0|T{e 2 e (t)OI(tl)OI(tZ)} |Po)

(®o|T {eifoooo dte U (t)} |Po)

(2.2.3.9)

In these expressions we have dropped the implicit limit as 7 — 0 for notational clarity.
Therefore, at zero temperature, we can choose to work either with the conventional formu-
lation or on the Keldysh contour which includes both time-orderings and time-directions.

We can also use the adiabatic ‘switching on’ procedure and GML theorem for systems
at finite temperature. This is because the GML theorem can be applied to every eigenstate
of the full Hamiltonian and so we can generate the fully interacting GCE density matrix
from eigenstates of the reference equilibrium density matrix: py! = T{e:’i\d [13, 14,

v e

17]. Therefore, at equilibrium, we can write the time-dependent ensemble expectation

value over a time-ordered string of operators as

dz H

Tr {’EAM {ei L (2)01(21)01(22)}}
oM

where the finite temperature adiabatic Keldysh contour is depicted in Figure 2.4. Here, we

R(z1,22) =

(2.2.3.10)

define the Interaction picture on the Matsubara contour as Oy(z € yv) = eHo' TOSe_H(I)\4 T

to capture the time-evolution of the non-interacting equilbirium density matrix.

In the rest of this thesis, we will simply refer to the Keldysh contour construction as ~.
This is because the specific contour required will depend on the formulation as demonstrated
in this Section. However, the structure of correlation functions remains identical and

is independent of the specific contour chosen. Therefore, we can write expressions for
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2.3. Single-particle Green’s function

correlation functions on an arbitrary Keldysh contour construction, obtaining specific

cases through choice of the contour.

2.3 Single-particle Green’s function

The single-particle Keldysh Green’s function is defined as the contour-ordered string

of time-dependent operators in the Keldysh representation:

iGpqg(21, 22) = <ﬂ {ap(zl)az(zg)}> . (2.3.0.1)

In Eq. 2.3.0.1, we have purposefully not specified the expectation value: (7 {---}). This is
to demonstrate that the structure of the equations for the single-particle Green’s function
at zero and finite temperatures is formally identical. The zero temperature formulation
simply takes the expectation value to be defined over the exact ground state wavefunction,
while the finite temperature formulation gives the Green’s function as an ensemble average
over the GCE. In addition, the Keldysh contour, -, has also not been specified as the
contour can vary depending on whether the system is at zero or finite temperatures as
well as in or out-of-equilibrium as demonstrated in Section 2.2.

The Keldysh Green’s function contains the following causal structure

Gpg(2,2") = 0(z, z’)G;q(z, )+ 0(,2)Gs

(% 7) (2.3.0.2)

where 6(z,2’) is the contour-ordered Heaviside step function. It is defined such that
the result is one if z is ‘later’ than 2’ on the contour but zero otherwise. The power of
the Keldysh formalism arises when specifying which branches of the contour the time
arguments of the propagator lie on. For the work presented in this thesis, the most

important components that can be directly obtained from the contour are given by

G;fq(t,t') =Gplz=t_,2' =1t") (2.3.0.3a)
GE (t,4) = Gpglz = t4, 2 = 1)) (2.3.0.3b)
Gyt t') = Gpg(z =t_, 2" =1t)) (2.3.0.3¢)
Gt ) =Gpez =ty,2' =t") (2.3.0.3d)
Q%(T, ) = Gpylz =to —ir, 2 =tg —it') . (2.3.0.3¢)
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2. Quantum Field Theory Methods for Many-Fermions

These are the real time-ordered (G), real anti-time-ordered (GT), lesser (G<), greater
(G*) and Matsubara (GM) components, respectively. At zero temperature, we are restricted
to the first four. There are also two other important Green’s functions that are particularly
relevant to the study of quantum systems at finite temperatures and systems that are

out-of-equilibrium. These are the retarded and advanced components:

G (1) = 0t = t') (G, 1) = Gyt 1)) (2.3.0.4a)

Gy () = =0 — 1) (G (t,1) = Gy (t,1)) (2.3.0.4b)

In general, the retarded, advanced, lesser and greater components are related to each other

by
Gr(t,t) — Gy (t, ') = Gh(t,1') — G (t,1) . (2.3.0.5)

To make the structure contained in the Keldysh contour Green’s function more explicit, we
can collect all the components contained in Eq. 2.3.0.1 to form the Keldysh branch

time-matrix representation
Gl=| att) GLtt) Gl |, (2.3.0.6)

where we have defined the ‘left’ and ‘right’ Keldysh components as G}Dq(t, ') = Gpe(z =

ty,z =tg—ir’) and G}Eq(T, t') = Gpg(z = to —it, 2/ = t!), respectively [17].

2.3.1 Exact Dyson equation on the Keldysh contour

In this Section, we derive the exact equation-of-motion for the single-particle Green’s
function on the Keldysh contour. For simplicity, we assume that the Hamiltonian on
each branch of the contour is a two-body operator. However, the formalism can be
generalized to account for higher-body interaction Hamiltonians. Using the definition of
the single-particle Green’s function given in Eq. 2.3.0.1, the equation-of-motion of the

single-particle Green’s function operator is [17]

0
Z (26 Spr — hpr(zl)> Grq(21,22) = 6(21, 22)0pq
21

T

1 _ 4
+ 5 Z/ dZSUPT:St(Zh 23)Gs£’tr‘q(21’ Z3;3 Zgr’ 22)7
oy

rst

(2.3.1.1)
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2.3. Single-particle Green’s function

where 2 is the time argument evaluated on the same branch of the contour as z3 but

at an infinitesimally later time: 23 = lim, o+ 23 + 7. Here, we have also defined the

four-point Green’s function on the contour as
Z'G;l)E:ETS(Zl,ZQ;Zg,ZAL) = <7fY {aq(ZQ)ap(zl)ai(zg)al(24)}> . (2.3.1.2)

Importantly, we have chosen to explicitly indicate the time-dependence of the Hamiltonian
and defined the two-body interaction as vy (21, 22) = Uprst(21)0(21, 22). The integral
over the contour, =, is general but specifically depends on whether the system is at zero
or finite temperatures or out-of-equilibrium.

As can be seen, the equation-of-motion for the single-particle Green’s function is
coupled to the higher-body four-point Green’s function. However, we can formally close
this equation by introduction of the exact irreducible self-energy:

Bpg(21,22) = % zt: /ydz3dz4'l_)pr,st(217ZB)ng‘:nu(zlaZSQ3;724)G17¢11(Z4>z2) . (23.1.3)
rstu

This gives

. d
Z <Zd,2515pr - hpr(zl)) Grq(zla Z2) = 5(217 22)6pq + Z / dZSEpT(Zla ZS)Grq(Z& Z2) .
T r 7
(2.3.1.4)

By defining the functional inverse of the non-interacting Green’s function on the contour as

[GO];ql (z1,22) = >, (idizll&pr - hpr(zl)) d(z1, 22), we arrive at the contour Dyson equation
G(21,22) = Go(21,22) + Z/ dzzdzy Go(21, 23) 2 (23, 24) G (24, 22) - (2.3.1.5)
rs 77

Here, we have introduced matrix notation for the Green’s function, G(z1, 22), and self-
energy, 3(z1, 22), for notational simplicity. The Dyson equation is a first-order differential
equation and therefore a well-defined solution can only be obtained if specific boundary
conditions are satisfied. In particular, at finite temperature, the fermionic Green’s function

must satisfy the Kubo-Martin-Schwinger (KMS) boundary conditions [26, 27]:

G(zi, 22) = —G(zy, 22) (2.3.1.6a)

G(z1,2) = —G(21,2f) . (2.3.1.6b)

The KMS boundary conditions require the Matsubara contour to be attached to the forward

and backward real time branches of the Keldysh contour in order that a unique solution
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2. Quantum Field Theory Methods for Many-Fermions

can be obtained from the Dyson equation. At finite temperatures the KMS boundary
conditions result in the fermionic Green’s function being anti-periodic in imaginary time.

Eq. 2.3.1.5 is the exact Dyson equation defined on the Keldysh contour. However, in
order to obtain Dyson equations for the Green’s function components defined in Eqs 2.3.0.3,
we must project the time arguments onto the different contour branches. From the branch
matrix structure given in Eq 2.3.0.6, it is clear that the time-convolutions over the contour
will result in the mixing of different time-projected components of the propagator. For
simplicity, we work at equilibrium where the mixing between the Matsubara and real
components vanishes. Therefore, we can discard convolutions that mix the Matsubara
and real-time components [17, 28, 29].

At equilibrium, by evaluating both the external Green’s function time-arguments on
the forward branch of the contour (z = t_,2' = t_), we arrive at the zero temperature

Dyson equation for the time-ordered single-particle Green’s function as

G'(t1,t2) = G (1, ta) + Y [ dzsdzy Go(t—1,23)8(23,24)G (24, t—2) . (2.3.1.7)

rs VYA

In order to convert the contour time convolution integrals from the contour to the
projected Green’s function components requires the introduction of the Langreth rules
given in Appendix A.1. Using these rules, we find that the time-ordered Green’s func-

tion equation-of-motion is
GT(tl,tQ) = GOT(tl,tQ) + [Gg + 2T 4 GT](tl,tQ) — [Gg * B % G>](t1,t2)
(2.3.1.8)
—[Gg * (2 G)7](t1, 1),
where we have introduced the notation [AxBxC](t,t') = [°0 dtidta A(t, t1)B(t1,t2)C(t2,t').
The structure of Eq. 2.3.1.8 is extremely revealing. It shows that, in general, the Dyson
equation for the real-time-ordered Green’s function is not closed. This is because the

real-time-ordered component is explictly coupled to the greater and lesser propagators.

By Fourier transformation to the frequency domain, we have
Gl (w) = Gy (W) + G (W) ET(W)GH (W) — Gy (W) B (w)G7 (w)
(2.3.1.9)
-G (W) (Ew)G(w)”
In contrast, using the Langreth rules, we see that the Dyson equations for the

retarded /advanced components are closed regardless of whether the system is in or out-

of-equilibrium. The Fourier transform of these Dyson equations is given by

GMA W) = G/ M w) + Gy (W) BV W) GA (W) (2.3.1.10)
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2.3. Single-particle Green’s function

By evaluating both the external time-arguments of the Green’s function on Matsubara
contour we find that the Matsubara component also obeys a closed Dyson equation. Using
the KMS boundary conditions (Egs 2.3.1.6), it can be shown that, at equilibrium, the
Matsubara component is anti-periodic with a period given by the inverse temperature, 3.
This follows from the relation: GM(0) = —GM(). Therefore, the Matsubara component
can be expanded as a Fourier series with respect to the discrete Matsubara frequencies,

Wy, = (2n?)m. This gives rise to the closed Matsubara Dyson equation [13-17]:

GM(iwn) = Gl iwn) + Gt (iwn) EM (1w ) GM (itwy,) (2.3.1.11)

As we will demonstrate in subsection 2.3.3, the fact that the retarded, advanced and
Matsubara components all form closed Dyson equations on the contour is the origin for the
analytic continuation connection between the Matsubara and retarded/advanced Green’s
functions. This is also why analytic continuation cannot be used to directly obtain the
time-ordered Green’s function from the Matsubara component.

However, at equilibrium and at zero temperature the time-ordered Dyson equation
closes as G”(w)X<(w) = GS(w)X~”(w) = 0 [29]. This can be seen directly from the
analytical structure of the Green’s function and self-energy at zero temperature and is a
result of the detailed balance condition [29]. As a result, we can write the zero temperature

Dyson equation, at equilibrium, for the time-ordered Green’s function as
GT(w) =Gl W) + G (WET(W)GT(w) . (2.3.1.12)

Therefore, at equilibrium and at zero temperature, the integrals over the backward
branch, vy, of the Keldysh contour vanish and so the contour integrations can simply
be restricted to the forward, real-time-ordered branch. This remarkable result connects
directly with the conventional zero temperature Gell-Mann and Low formulation presented
in Subsection 2.2.3 and Refs [13-15].

The fact that, at finite temperatures, the time-ordered Dyson equation is not closed
means that we will focus our analysis on the Matsubara and retarded components.
However, at equilibrium and zero temperature, for simplicity we will focus on the

time-ordered Green’s function.
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2. Quantum Field Theory Methods for Many-Fermions

2.3.2 Lehmann representation at zero temperature

At equilibrium and at zero temperature, the single-particle Green’s function depends
only on the time difference. Using Eq. 2.3.0.3a, the real time-ordered Green’s function is

given by
T _
Gpy(t,t") = 0(t —t')G (¢, 1) + 0(t' — )G, (1, 1) (2.3.2.1)
where the greater and lesser components are defined as

G (1) = —i (Wolaye gl [ W) B0 (=0 (2.3.2.2a)

G (t,1) = i (Wolafe T =g, W) 10 (1) (2.3.2.2b)

Resolving the complete set of (N + 1)-particle eigenstates of the Hamiltonian in Eqs 2.3.2.2
and taking the Fourier transform of Eq. 2.3.2.1 yields the Lehmann representation of

the time-ordered Green’s function:

Y *Y},L Xl/ Xl/ *
Gy (w) = lim (Z w(N)H + Z 1(v1)> : (2.3.2.3)
o

n—0+ +1in w—¢ey T —in
where Y/ = (Wgla,| W) and X} = (U] ~!|a,|¥o). The poles of the zero temperature
propagator are given by ENH Efy“ — E(]]V and e =1 = E(])V — EY=1 and correspond to
the exact removal and addition energies of the system, respectively. The appearance of
the infinitesimal 7 in the denominators of Eq. 2.3.2.3 is necessary in order to converge the
Fourier transform. In the rest of this thesis, the implicit limit as n — 0 will be dropped
for notational clarity. As can be seen, the poles of the time-ordered Green’s function lie
above and below the real frequency axis. The retarded/advanced propagators are found
by simply placing all the poles of the time-ordered Green’s function below/above the real

axis. The Fourier transform of the greater and lesser components give
> _ N+1
Gpg(w) = —27”2 ) Ygo(w—e,7) (2.3.2.42)

Gry(w) = 27”ZX5 (X9)"0(w—e) 7). (2.3.2.4b)

Finally, the Lehmann representation of the non-interacting Green’s function is given by

G,%;,%):apq( T > (2.3.2.5)



2.3. Single-particle Green’s function

where n, =1 —n, and n, = 1 if p corresponds to a state that is occupied in the reference
determinant |®g), and zero otherwise. The non-interacting retarded/advanced propagator is

simply

)
0 R/A g
GOR/A (W) = el (2.3.2.6)

2.3.3 Lehmann representation at finite temperature

At equilibrium and at finite temperature, the Green’s function also admits a Lehmann

representation. Using Eq. 2.3.0.3e, we find the Matsubara component as

Q%(T, ™y =0(r - 7)G;,

(T ™)+ 0(7 — T)Gp<q(T, 7, (2.3.3.1)

where the imaginary-time greater and lesser components are defined as

M 1\/1 — ,7_
Glog(7,7" ——zan (Wnlape” D0l 1w,) (2.3.3.2a)
Gg(T:7') :Hzpn (Wnlafe TP gy w,) (2.3.3.2b)
n
ﬁ b

with p, = and EM = E,, — uN,,. As [HM, H] = 0, we can choose the eigenstates of
HM such that they are also eigenstates of H with eigenvalue, E,,. From the KMS boundary
conditions (Eq. 2.3.1.6), we know that the Matsubara component is anti-periodic and
therefore can be represented as a Fourier series over the Matsubara frequencies. Therefore,

resolving the identity of eigenstates of HM and taking the Fourier component, we can

write the Matsubara component as [13, 16, 17]

‘ (U,|ap W) (Uy|al|W,,)
M P q
G (iwm) = Enl iom + i — (1 — B (pn + pl) : (2.3.3.3)

Importantly, the only non-zero terms in this summation are for the states where N;—N,, = 1.
However, in contrast to the zero temperature formulation, the Green’s function at finite
temperature is defined as an ensemble average and so the Lehmann representation does not
cleanly split into an addition and removal part. The poles, E; — E,,, instead correspond to
removal and addition energies of the system defined within the GCE as N; — N, = 1. It is
important to note that the poles are temperature-independent and that the temperature-

dependence of the propagator is contained entirely in its residues.

26



2. Quantum Field Theory Methods for Many-Fermions

Similarly, we can obtain the Lehmann representation of the retarded/advanced Green’s

function as [13-16]

Un|ap|T1) (i]af| )
R/A[ N A Tnlap q
Gt M w) Zl: ot (BB <in (on+ 1) - (2.3.3.4)

Here, we clearly see the relationship between the Matsubara (Eq. 2.3.3.3) and retarded/ad-
vanced components at finite temperatures. It is straightforward to see that analytically
continuing ‘w,, — w + in for the Matsubara component gives the retarded component.
Therefore, we can introduce a general Green’s function G(s), where s € C is now a
complex frequency argument, that is analytic everywhere except on the real axis and at
the Matsubara frequencies. From the general Green’s function, we can obtain the different

Matsubara/retarded /advanced components from the relations:

Gpq(iwnm,) qP({zwm)
Gpe(s) = ¢ Gplw+1in) = A( w) . (2.3.3.5)
Gpg(w —in) = Gpy(w)
This analytic continuation between the Matsubara and retarded/advanced components is
a direct reflection of that fact that both components obey closed Dyson equations (see
Eqgs 2.3.1.10 and 2.3.1.11). As a result, no similar direct relationship can be established
for the time-ordered Green’s function at finite temperature as it does not obey a closed

Dyson equation. Using these relationships, we can write the analytically continued

finite temperature Dyson equation as
G(s) = Go(s) + Go(5)X(5)G(s) (2.3.3.6)

where the analytically continued self-energy is defined as:

Spgiwm) = SN (iwpm)
Ypg(s) = Tpglw+in) =35 (w) . (2.3.3.7)
Epg(w —in) EA ( )

At finite temperatures, Eq. 2.3.3.6 is the unified Dyson equation we will work with in
this thesis. It is also useful to write the Lehmann representation of the analytically

continued Green’s function as:

an T an* T
Gpq(s,T) = Z y (DA ), (2.3.3.8)

S — Wpl

where X;l(T) = (Uplap|¥1) /on + p1, and wy; = E; — E,, — p. This makes the temperature-

dependence of the propagator explicit and will be useful in the Dyson supermatrix
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2.3. Single-particle Green’s function

formulation in Section 2.6. The exact spectral representation of the finite temper-
ature single-particle Green’s function given in given in Eq. 2.3.3.8 is not commonly
stated in the literature.

Finally, the non-interacting Green’s function at finite temperature is given by

1)
GO (s,T) = —2L_ 2.3.3.
(e ) = (2339
where §, = ¢, — pu. It is interesting to note that this propagator is temperature-

independent, whereas the non-interacting ‘lesser’ and ‘greater’ components are explicitly

temperature dependent [14, 17]:

GOS(5,T) = 6pg2mi f(£)5(s — &) (2.3.3.10a)

GY7 (5,T) = —0pg2mi(1 — f(£))5(s — &) - (2.3.3.10b)

Here, the temperature-dependence enters through the Fermi-Dirac distribution: f(w) =

(ef 4 1)~L.
2.3.4 Relationship to physical observables

In general, knowledge of the single-particle Green’s function gives access to the expectation
value of any one-body operator, the exact addition and removal spectrum as well as the
spectral function. For the case where the interaction Hamiltonian is a two-body operator,

the Green’s function also gives the exact ground state energy.
One-body observables:

We can immediately identify the one-particle reduced density matrix from the single-

particle Green’s function using Eq. 2.3.0.3c to give
Tpg(t) = —iG,(t,t) = Tr { peqaf (g (t) } - (2.3.4.1)
At finite temperature and at equilibrium, this relationship gives
Tpy = —iGy(t,t) = —z'gé\g(r, 77) =Tr {peqa;f)aq} . (2.3.4.2)

Therefore, we can define the expectation value of any one-body observable in terms of

the single-particle Green’s function as

(O(2)) = =i )_ 0pg(2)Gp(2,2) - (2.3.4.3)
pq
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2. Quantum Field Theory Methods for Many-Fermions

Spectral function:

At equilibrium, the single-particle Green’s function gives the spectral function from the iden-

tity

Ap() = 5 [G3 ) — Gylw)] = 5= [Glw) — Gryle)]

| (2.3.4.4)
= = —ImGy(w) > 0.

It is important to note that the spectral function is guaranteed to be positive semi-
definite [17]. Using the exact definitions derived in subsections 2.3.2 and 2.3.3, we can

re-write the exact spectral function at zero and finite temperatures as

(3, V20w — el 1) + 32, [X520(w — 1)) (T =0)

2.3.4.5
St 1120 (w — wit) (T'#0) ( )

App(w) = {

Using the definitions in Eq. 2.3.4.5, it is straightforward to show that the spectral

function is normalized to one:

/_OO dwApp(w) =1 . (2.3.4.6)

Ground state energy:

Using the contour equation-of-motion for the Green’s function (Eq. 2.3.1.1), for a two-body

interaction Hamiltonian, we can obtain the exact ground state energy as
=-—5 Z ( 2 Opr + hpr(zl)) Gry(21,21) (2.3.4.7)
Using the definition of the irreducible self-energy, we can re-write this equation as
thpq (21)Gop(21,21) + = Z/ pr(21,23)G (23, 2) (2.3.4.8)

At equilibrium, we can use this equation to write the Galitskii-Migdal formula for

the ground state energy

E = _7’ qu hquq<p(t t) hmn—>0 Zpr foooo Qd;.; anl\%[]T ( )Glap(w) (T = 0) ,
135 hpgGap(tst) + hmn_>0 S Do, €1 N (iwn )Gy (iwn) (T #0)
(2.3.4.9)

which is time-independent. However, for systems governed by interaction Hamiltonians
that contain higher-body interactions, the exact ground state energy cannot be obtained

from the single-particle Green’s function [20, 30].
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2.3. Single-particle Green’s function

2.3.5 Differences between finite and continuous systems

For simplicity, in this subsection we restrict our analysis to systems at equilibrium at
zero temperature. However, the general conclusions are also valid for systems at finite
temperatures. In finite closed systems such as nuclear, atomic and molecular systems,
the single-particle Green’s function has a simple structure. It is a meromorphic function
that has simple poles at the exact, discrete charged excitation energies of the system [13].

This can be seen by using the Dirac identity: lim,_,q+ = PV(1) Find(w) [13-17],

1
win
to find the imaginary part of the Green’s function as
—fImGR Z \ (UNFaf | W) y 5w —e,)
(2.3.5.1)
+Z]<wiv*1|aprwo>\ Sw—2) .
v
Clearly, as the summations in Eq. 2.3.5.1 are over discrete eigenstates of the system, the
imaginary part of the Green’s function is zero when w is away from the poles. This is
because the poles correspond to bound states which have an infinite lifetime and thus
the imaginary part effectively represents a Fourier mode decomposition of the discrete
excitation energies of the system. This is fundamentally a result of reversible unitary
evolution of a finite system that occurs with no energy loss.

For systems in the thermodynamic limit, such as infinite solids, the pole structure of the
Green’s function fundamentally changes. This is due to the fact that the eigenstates of the
Hamiltonian can take a continuous range of energies. As a result, the single-particle Green’s
function develops a discontinuity along the real axis. This can be viewed as the merging of
an infinite number of discrete poles to form a continuous energy structure. Therefore, the
Green’s function is no longer a single valued function. In order to ensure that the Green’s
function remains single-valued in the complex plane, we introduce a branch cut exactly
where the range of continuum energy eigenstates occurs. To demonstrate this clearly, we

write the expression for the retarded Green’s function in terms of its imaginary part:

0 ! R /
/ P CONN _/ o’ Gy (o) (2.3.5.2)
w — w+m oo T w—w +1in
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Figure 2.5: Singularity structure in the complex plane showing poles and branch cuts of the
Green’s function.

where the imaginary part is now given by the integral over the continuous eigenstates of the

Hamiltonian:

—%Imefp(w) - /da (Wb o) [ 3w - e)
9 (2.3.5.3)
+ [ 48 [ (Y ayhvo) | 8w~ )
It is important to note that Eq. 2.3.5.2 is a Kramers-Kronig relation that states that
the propagator is completely determined by the structure of its imaginary part [31, 32].
As Eq. 2.3.5.3 involves an integral over the continuous eigenstates of the Hamiltonian,
the imaginary part of the Green’s function becomes a finite and smooth function over
regions of w. This is directly because the energy conservation condition enforced by the
Dirac delta distributions can be satisfied by infinitely many nearby states, thereby giving
rise to irreversible decay and the non-unitary evolution of states. This is fundamentally
different from the imaginary part of the propagator obtained for finite closed systems,
which is a discontinuous function that vanishes away from the simple poles. In Figure 2.5,
we plot the pole structure of the Green’s function in the general case where both bound
state solutions and continuous branch cuts are present.
To further demonstrate how the continuum gives rise to the branch cut structure
of the Green’s function, we provide a simple example here of a single flat band model.
In this case, the spectral function can be written as A(w) = 51-0(W — |w]|), where W

is the width of the band. In this case, using the Kramers-Konig relation (Eq. 2.3.5.2)
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the general Green’s function becomes

W) 1 g (29 (235.4)

G(s) /00 0 1 o(
s) = Ww———-~=—10
o 2W s —u/! 2W & s—W
It is clear that G(s) has developed a discontinuity on the real axis (s = w), where the
complex logarithm jumps by 27i. This discontinuity is exactly the spectral function:
A(w) ~ G(w +in) — G(w —in). In order to tame the multivalued complex logarithm, we
introduce a logarithmic branch cut for the Green’s function along the interval [—W, W].
Using Eq. 2.3.3.5, we identify the retarded Green’s function as
1 (w +W + in>

=_—log( ————

2w w—W+1in

1 w+W T
= oy o8|, Ty | W e

G (w)
(2.3.5.5)

log ’

It is straightforward to see that this expression exactly recovers the continuous spectral
function from —%ImGR(w) and demonstrates the emergence of the branch cut structure

of the Green’s function for continuous systems.

2.4 Diagrammatic expansion of the irreducible self-energy

Using the GML theorem (Eq. 2.2.3.8), the perturbation expansion for the single-

particle Green’s function can be written as

Gpg(21,22) = <TW {eZ’fvdZH(Z)ap(ZI)ag(ZI)}>
pg\Z1, <7:y {e—ifvdzH(z)}>

where all operators are defined in the Interaction picture and on the adiabatic contours

(2.4.0.1)

depicted in subsection 2.2.3. By utilizing Wick’s theorem [33] and Goldstone’s linked
cluster theorem [34] on the contour, it can be shown that Eq. 2.4.0.1 can be simplified to

restricting the perturbative expansion to containing only the ‘connected’ terms, C [16, 17]:

Gl 22) = <ry {e_if'v dzH<Z>ap(z1)a;(z1)}>c . (2.4.0.2)

Therefore, Eq. 2.4.0.2 represents an infinite-order Feynman diagrammatic expansion for the
propagator in terms of diagrams that are fully connected. The number of diagrams (terms)
generated by Eq. 2.4.0.2 at each order can be further reduced by collecting all one-particle

irreducible (1PI) diagrams in the expansion. 1PI diagrams are diagrams that cannot be
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2. Quantum Field Theory Methods for Many-Fermions

divided into different sub-diagrams by cutting a single propagator line and their complete
set defines the perturbative expansion for the irreducible self-energy kernel, ¥,4(21, 22). By
construction, the set of 1PI used to construct the irreducible self-energy is expressed with
respect to the non-interacting Green’s function G, and corresponding interaction vertices of
the Hamiltonian normal-ordered with respect to the reference expectation value associated

with Go. All reducible diagrams are then generated by the geometric Dyson series
Gpg(21,22) = Gpy(21,22) + Z/ dz3dza Gy, (21, 23)Sps(23, 24) Gag (20, 21) . (2.4.0.3)
rs 77

This equation is of the exact same form as Eq. 2.3.1.1 except it has been derived in the
context of perturbation theory instead from the exact equation-of-motion. The beauty
of the Dyson equation is that it allows us to move away from direct Green’s function
perturbation theory and instead focus on the reduced set of diagrams that constitute
the self-energy [35]. At equilibrium, we can take the Fourier transform of Eq. 2.4.0.3
and obtain perturbative Dyson equations for the Green’s function components presented
in subsection 2.3.1. Formulation of the diagrammatic expansion of the irreducible self-
energy on the Keldysh contour allows us to obtain all components of the self-energy
through the Langreth rules.

The set of 1PI diagrams of the self-energy means that it can be expressed as a functional
of the non-interacting Green’s function, X[G]. The definition of the self-energy given in
Eq. 2.3.1.3 corresponds to the self-consistent representation whereby the self-energy is
expressed as a functional of the exact Green’s function, X£[G]. In terms of the diagrammatic
representation, the self-consistent self-energy expansion restricts it to be composed of
diagrams that are 1PI, skeleton and interaction-irreducible [17, 20, 30, 36, 37]. Skeleton
diagrams are self-energy diagrams that cannot be separated into two pieces by cutting a
single fermion line twice at two different points [17, 20]. Interaction-irreducible diagrams
are self-energy diagrams that are constructed from the effective interactions that arise
when normal-ordering the Hamiltonian with respect to the exact density matrix [20,
36]. Expressing the self-energy with respect to the exact Green’s function considerably
reduces the number of diagrams constituting the self-energy expansion and is commonly
referred to as self-consistent renormalization. This will be explicitly demonstrated in
Chapter 3, where we extend the conventional hermitian Green’s function formulation

to account for non-hermitian interactions.
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In the context of the two-body electronic structure problem, Hedin’s equations constitute
a closed set of equations for the self-consistent expansion for the electronic self-energy
functional: ¥[G] [38]. Using Schwinger’s functional derivative technique [39], which involves
the introduction of a fictitious local external potential (¢) that couples to the electronic
density, Hedin derived a set of five coupled integro-differential equations to determine the

electronic Green’s function. They are given by (see Appendix C.1):

G(1,2) = Go(1,2) + /d3d4 Go(1,3)%(3,4)G(4,2) (2.4.0.4a)
W(1,2) = v(1,2) + /d3d4 (1,3)P(3,4)W (4,2) (2.4.0.4D)
$(1,2) = i/d3d4 W (1,3)G(1,4)T(3,2;4) (2.4.0.4¢)
P(1,2) = —i/d3d4 G(1,3)G(4, )T'(3,4; 2) (2.4.0.4d)
T(1,2:3) = 6(1,3)8(2,3) + /d4d5d6d7 mGu, 6)G(7,5)(6,7;:3)  (2.4.0.4e)

where 1 = (x1, 21) represents the composite spin-space-time coordinate, W represents
the screened electronic interaction induced by the electronic polarization P, and I' is

the interaction vertex, explicitly defined as

§G71(1,2)

1,2;3)=— 500 (3)

(2.4.0.5)

with ue = ¢ + v is the sum of the total classical potential experienced by the electrons,
being composed of the sum of the fictitious local external potential and the induced Hartree
potential. Hedin’s equations give rise to the famous GW approximation when the vertex

is taken to be the identity T'(1,2;3) ~ §(1,3)0(2,3):
Sew(1,2) = iG(1,2)W(1.2) . (2.4.0.6)

2.5 Exact algebraic properties of the self-energy

In many-body field theory, the irreducible self-energy has equal importance alongside
the single-particle Green’s function. Through the Dyson equation, an approximation for the
self-energy defines the corresponding approximation for the single-particle Green’s function.
This is also continued to the two-particle Green’s function and so on through the functional-

diagrammatic relationships of quantum field theory. The self-energy is a function in Keldysh
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2. Quantum Field Theory Methods for Many-Fermions

space and, at equilibrium, is composed of a static component and a dynamical contribution
qu(zl, 22) = 2;2(5(21, 22) + 9(2’1, 2’2)2;1(21, 2’2) + 9(22, Zl)E;q(Zl, 2’2) , (2.5.0.1)

where 370 is the static component and Y= are the lesser/greater components of the self-
energy, respectively. From the exact relationships derived in Section 2.3, at equilibrium,
it was demonstrated that the Matsubara and retarded/advanced components of the
single-particle Green’s function and self-energy can be connected by analytic continuation.
This means that we can obtain the Matsubara component from the advanced/retarded
component and vice-versa. Therefore, we simply restrict our analysis to either the
real-time or the Matsubara sector.

Due to its connection to the single-particle Green’s function through the Dyson equation,

the self-energy also has a spectral Lehmann representation given by [40, 41]

o] T /
Spq(s) = 259 +[m de pq(“’,> : (2.5.0.2)

§—w
where we have introduced the scattering function as

i

Tp(@) = 5 (Sn(w) = S5y(w))

1
= —;ImEgZ(w) .

?

o (Thaw) = )

(2.5.0.3)

Eq. 2.5.0.2 is therefore another Kramers-Kronig relation that implies that the dynamical
component of the self-energy is determined entirely by the structure of its imaginary
part. It is straightforward to demonstrate that I'yy(w) = I',(w), such that T'y,(w) > 0.
The positive semi-definite property of I' requires the imaginary part of the retarded

self-energy to be negative semi-definite
ImSR (w) <0 . (2.5.0.4)

This condition is necessary in order to maintain the proper causal structure of the theory
as well as to ensure the positive semi-definite property of the spectral function A. This can
be seen from the exact relationship between the spectral function and the self-energy [17]

App(@) = Y G (@)L rs () G ()

1 ) R (2.5.0.5)
- _; Z GPT(W)Imzrs(w)GSp(w) 2 O ’
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2.5. Fxact algebraic properties of the self-energy

Writing the spectral decomposition for the imaginary part of the self-energy, making
the temperature-dependence explicit, we have

Tpg(w,T) = > (v (1)) 0y (T)8(w — o) + Y up(T)(ug(T)*6(w = 05) . (2.5.0.6)
A 1)

Using the Kramers-Kronig relation of Eq. 2.5.0.2, we can immediately write the exact

spectral representation of the self-energy as [35, 36, 41, 42]

* 6 *
—(UA T))ey () Z p o(7) . (2.5.0.7)

Spq(s,T) :2;3(T)+; P P
Here we have provided an explicit representation of the self-energy at finite temperature.
In general, the poles (o) /05) and amplitudes (UZ)J‘(T) / ug(T)) of the self-energy cannot be
directly related to physical quantities [35, 41]. Importantly, the indices \/d are composite
and are connected to the excited state configurations of the system. Therefore, they span
a configuration space outside of the single-particle subspace indexed by {p,q,---}. By
unitary transformation, we can write this expression in the non-diagonal form as [35, 41, 43]
Spa(s,T) = Zpe(T) + M;P (T) (s1 = A)ppr Mprg(T) + 3 N, (s1 = T)pps NJTD/Q(T)

PP PP
(2.5.0.8)

where M,,(T) = Uv,(T), N,(T) = Viu,(T) and A = UsUT, T' = VIgV define the unitary
transformation between the diagonal and non-diagonal representation of the self-energy.
In the non-diagonal representation, the indices PP’ label multi-particle-hole Intermediate
State Configurations (ISCs) [35, 41]. ISCs represent states which mediate between the exact
eigenstates of the Hamiltonian and the particle configurations resulting from excitation
with respect to the ensemble ‘ground’ state. In general, the indices PP’ are composed of
different particle, hole and momenta character and they conserve the associated scattered
momenta between the excited configurations. In the case of the electronic self-energy,
they are associated with excited state configurations containing (N =+ 1)-particles relative
to the ground state. The Appr and I'pps matrices represent the interactions between
the different ISCs. The coupling matrices, M/IN, link the initial and final single-particle
states to the ISCs, thereby allowing the dynamical self-energy to be coupled to many-body
interactions. From the Lehmann representation of the finite-temperature Green’s function
(Eq. 2.3.3.8), it can be seen that the coupling matrices are temperature-dependent, whereas

the interaction matrices are temperature-independent.
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2. Quantum Field Theory Methods for Many-Fermions

At zero temperature, due to the corresponding Lehmann representation of the Green’s
function, the self-energy Lehmann representation splits into definite (N £ 1)-particle parts.
Therefore, we can restrict the summations in Eq. 2.5.0.8 to be only over forward-time
(JJ') and backward-time (AA’) ISCs. The forward-time (JJ') indices are associated
with excited configurations containing (N + 1)-particles, while the backward-time (AA")
indices correspond to excited configurations containing (N — 1)-particles. Using this
notation, at zero temperature, we have
Spa(s) = S0 + 3 U, (1 — (K> + C)) 5, Upg + Y Vpa (s1 — (K= +C%)) 00 Vi, -

JJ! AA/
(2.5.0.9)

Here, we have decomposed the interaction matrices to be composed of either entirely
forward-time or backward-time interactions: A — K~ + C~ and T' — K< + C<. In
general, the KS-matrices are block diagonal by definition and the CS-matrices contain
off-diagonal contributions [41]. Similarly, we restrict the coupling matrices to be composed

entirely of ‘forward’-time and ‘backward’-time contributions: M — U and N — V.

2.6 Dyson supermatrix formulation

The Dyson equation at equilibrium (Eq. 2.3.3.6) can be rearranged to give
G l(s) = Gyl(s) — 2(s) . (2.6.0.1)

For a system that has bound and metastable states, the poles and residues of the Green’s

function are found from the condition
detG ! (s) = det (G ' (s) = 2(s)) = 0. (2.6.0.2)

Using the fact that G !(s) = s1—h, we can recast this condition in terms of diagonalization

of the effective Hamiltonian:
ZHpq(fw)Zg = Zjey . (2.6.0.3)
q

where flpq (ey) = hpg + Epg(ey). Here, v is a composite index that spans the poles and

residues of the Green’s function. In this thesis, Eq. 2.6.0.3 will be referred to as the
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2.6. Dyson supermatriz formulation

quasiparticle equation. When the full set of 1PI diagrams are included in the definition of

the self-energy, the eigenvalues of Eq. 2.6.0.3 are the exact poles of the Green’s function:

o=l tuaT (T=0) (2.6.0.4)
K Wnl (T 7£ 0)
Similarly, the residues corresponding to a given pole are given by
YHy*uXy (T'=0)
Z) = (v p 2.6.0.5
: { ) (T £ 0) (26.05)

From the eigenvector solutions of Eq. 2.6.0.3, it is often useful to introduce the quasiparticle

renormalization factor as

0%~ (8)
v — _ 27
Z (1 s

—1
) (2.6.0.6)

where ¥, (s) is the self-energy rotated into the normalized eigenbasis of Eq. 2.6.0.3.
The quasiparticle renormalization factor is constrained to be between zero and one such
that the particle number is conserved.

For systems in the thermodynamic limit, in Subsection 2.3.5, we demonstrated that the
Green’s function also possesses branch cuts on the real axis as the Green’s function develops
a finite imaginary part at a continuous range of frequencies. In this case, the eigenvalue
problem of Eq. 2.6.0.3 is non-hermitian and the eigenvalue solutions can take on complex
values. These solutions correspond to ‘metastable’ states and are defined on the analytically
continued second Riemann sheet of the Green’s function, G(s). This can also result in the
emergence of complex residues. Importantly, these solutions do not correspond to ‘exact’
excitation energies as they exist on the second Riemann sheet where the Green’s function
has been analytically continued as a result of the branch cut. However, they still contain
valuable physical information corresponding to particle decay rates as they encode the
emergence of the branch cut on the real axis. This will be discussed at length in Chapter 5.

By using the Feshbach-Fano partitioning [44-46], (equivalent to the Lowdin partition-
ing [47] or the Schur complement [48]), we can re-write the frequency-dependent equation

(Eq. 2.6.0.3) in terms of a frequency-independent supermatrix:

hpg + S55(T) Mo (T)  Nypi(T)
D(T) = Mpy(T) Appr 0 (2.6.0.7)
N}, (T) 0 Tppr
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2. Quantum Field Theory Methods for Many-Fermions

with eigenvalue solutions given by

z z

p
DT)| W) |=¢ | W) |. (2.6.0.8)
vy vy

In this thesis, we refer to this representation as the Dyson supermatrix formulation.
Importantly, for finite systems that possess only bound states, the eigenvalues and upper
component of the eigenvectors of Eq. 2.6.0.8 are exactly those of the original frequency-
dependent problem in Eq. 2.6.0.3. It is important to note that, when the self-energy
is exact, the eigenvalues of the supermatrix are temperature-independent whereas the
eigenvectors are temperature-dependent. This is because ensemble averages simply result
in a temperature-dependent population of the particles among temperature-independent
eigenstates of the Hamiltonian. By normalization of the supereigenvector, the quasiparticle

renormalization factor is simply given by the overlap of the upper component:
=3 zZ1Zr. (2.6.0.9)

At zero temperature, the Dyson supermatrix is given by

hpq + Z;E U;J/ ‘/pA/
D(T = 0) = U{q (K7, +C7,) 0 : (2.6.0.10)
Vig 0 (KGia + Chia)

where the coupling and interaction blocks are restricted to the (N 4 1)-particle sectors, re-
spectively.

From the supereigenvector solutions of the Dyson supermatrix, the exact single-particle
Green’s function can be constructed by taking the resolvent of the Dyson supermatrix

in the single-particle subspace. This is given by

Gals) = (s1 - D);

y(XYy
B Z’YZ’Y* { } :;1, (SY €)N+1 + Z - El]/\’ )1 (T — 0) (26011)
Z — T X (T ’
§ &y Yonl 7(8_)%1 @ (T #0)

where we have explicitly presented the solutions at both zero and finite temperatures.
The spectral representation of the self-energy and Dyson supermatrix representation

can be firmly connected to the Feynman diagrammatic expansion outlined in Section 2.4.

To see how this is possible, by writing a Feynman diagram expansion for the self-energy

and using the Lippmann-Schwinger equation to expand the resolvents in Eq 2.5.0.8, we can

39



2.7. Two-particle Green’s function

identify the different intermediate states contained in a diagrammatic expansion. By doing
so, we can enforce an approximate Feynman diagrammatic expansion for the self-energy to
obey the formal properties of the exact self-energy with a negative semi-definite imaginary
part. This approach forms the basis of the zero temperature Algebraic Diagrammatic
Construction (ADC) method [35, 36, 41]. The diagrammatic expansion can be performed
perturbatively in terms of 1PI diagrams for X[Gy] [35, 41] or in terms of the self-consistent
1PI skeleton diagram series in X[G] [36]. The difference between the two will be in the
exact form of the intermediate state configurations that are present at each order, with
the self-consistent solutions depending on the residues and poles of the self-consistent
Green’s function. However, it is important to emphasize that our analysis has extended
the previously existing zero temperature Dyson supermatrix formulation [41] to provide a
unified description of many-body quantum systems at zero and finite temperatures.
The Dyson supermatrix formalism presented here applies to closed quantum systems
that obey unitary evolution at equilibrium and finite temperatures. However, for open
quantum systems or systems that are intrinsically governed by non-hermitian Hamiltoni-
ans, the self-energy and supermatrix formulation are fundamentally non-hermitian, the

consequences of which will be discussed in Chapters 3 and 5.

2.7 Two-particle Green’s function

As was demonstrated in Section 2.3, the single-particle Green’s function is coupled to the
four-point Green’s function through its equation-of-motion. The four-point Green’s function
is a two-particle Green’s function and contains information on two-particle correlation
processes, giving access to neutral and two-particle excitation energies. On the Keldysh

contour, the four-point response function is defined as
qu,rs(zlv 22523, 24) = G;qupfrs (Z].a 22323, Z4) - iGpr (Z].a ZB)Gqs(227 24) s (2701)

where the four-point Green’s function was defined in Eq. 2.3.1.2 of subsection 2.3.1. The

‘non-interacting’ four-point response function is
qu,’r‘s(zh 29323, 24) = —iGps(21, 24)Ggr (22, 23) (2.7.0.2)

and corresponds to the propagation of two-independent particles. It is important to note

that Eq. 2.7.0.2 contains two exact single-particle Green’s functions. In the study of
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2. Quantum Field Theory Methods for Many-Fermions

correlated particle-hole excitations, we are interested in the properties of the particle-hole
response function at equilibrium at zero and finite temperatures. The particle-hole (ph)
response function is obtained from the four-point response function as

Lo (21, 22) = Lpgrs(21, 223 21, 2) (2.7.0.3)

where z;” and z) are time arguments evaluated on the same branch of the contour as the

z1 and zp arguments but at an infinitesimally later time: 27 = 21 + 7.

2.7.1 Lehmann representation at zero temperature

At zero temperature, the time-ordered particle-hole response function is given by

LY (t1,t2) = Gobbd (t, tos t] ,1d) — iGoy(t1, 1) Gy (t2, t2) (2.7.1.1)

The Lehmann representation of this propagator is obtained by Fourier transformation of

this equation using the resolution of the identity of eigenstates of the Hamiltonian:

.AS*.AS AS*AS
Lt (w) =Y P __ £ %) (2.7.1.2)
Pa> 570 w—Qs+in w+Qs—1in

where Afp = (U¥|afa,|Wp). The poles of the particle-hole response function, Qs =
Eév — E}', are the exact neutral excitation energies of the system. From Eq. 2.7.1.2, we
see that the four-point response propagator contains a fundamental coupling between the
forward-time and backward-time sectors which is different from that contained in the
single-particle Green’s function. This can be shown simply by analysis of the component:

Sx /S S gS
Lp}-l’-T (w) _ Z Aai ‘Abj i Ajb ‘Aia
aj,ib 570 w—Qs+in w+Qs—1in

(2.7.1.3)

which demonstrates that the forward and backward matrix blocks of LP! are explicitly
coupled to each other as they share the same pole at +{2s. This means that the propagator
cannot be written in the form of a Dyson equation expansion. We can easily find the spectral
representation of the ‘non-interacting’ four-point response function defined in Eq. 2.7.0.2
by replacing the exact single-particle Green’s functions with their reference counterparts:

G — Gy. This gives the fully ‘non-interacting’ particle-hole response function as
h(Go),T dw' o1 0,T
L @) = | 5= w4+ G (W)
i
Oap0ij
w— (€ —€)+in

(2.7.1.4)
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2.7. Two-particle Green’s function

It is important to note that this propagator is block diagonal in the combined space of
electron-hole pairs spanned by the composite index {ai} and is fully decoupled from

its backward-time component.
2.7.2 Lehmann representation at finite temperature

At equilibirum and at finite temperature, the Lehmann representation for the particle-
hole response function is given by

h _ <\I/n‘aTap’\IIn’> <\I/n"aTaqm/n>
Linrals) = 30 = P o S (oo = ) (27.2.1)

n
n'#n

where the number of particles in each state is equal: N,y = N,. The poles of the finite
temperature ph response function occur at all the neutral excitation energies accessible
in the ensemble. Using the Langreth rules, we can immediately evaluate the retarded

component of the fully ‘non-interacting’ propagator at finite temperature:

IRGIRw) = [ 22 (GO +w)GP <) + G + o) GRAW))

Pg;Ts o7 \ - Ps ar
2.7.2.2
s JE) - (&) (2722)

= OpsOqr .

w— (€p — €) +in
Therefore, the propagator over the occupied-virtual subspace is given by

Lph(Go),R — S04 f(&) - f(‘fa) ) 2.7.9.3
agj,ib (w) b T — (€a — €) + in ( )

We again observe that the non-interacting particle-hole response function has forward-time
and backward-time contributions that are completely decoupled. For systems with a large

band gap, this expression reduces to Eq. 2.7.1.4 as f(§) ~ 1 and f(&,) = 0
2.7.3 The Bethe-Salpeter equation

Through Schwinger’s functional derivative technique, it can be shown that the four-
point response function is given by

_Z.de'r(Zlv 23)
Osq(24, 22) (2.7.3.1)

= G;l)qp,trs(zl’ 22523, 24) — iGpr(Zla ZS)GqS(z% 24) ,

qu,rs(zh 22523, Z4) =

where ¢ is the fictitious external potential that couples to the electronic density via Hy(z) =
>ow Joy AZPvw (2, 2)al (2)ay(2), where ¢y (2, 2) = ¢uw(2)d(2, 2). By using the identity

OGpr(21,23) . / , 6GL(2,2) ,
— = dzdz' Gpy(21, 2) =L G (2, 23) 2.7.3.2
5¢sq(z4a 22) ;n: 5 r ( ! )6¢sq(z4a 22) ( 3) ( )

42



2. Quantum Field Theory Methods for Many-Fermions

and the contour Dyson equation: G, !(z,2') = [Go (2, 2)]pg — Ppq(2,2") — Bpg(z, 2, we
arrive at the famous Bethe-Salpeter equation (BSE) [13, 15, 49]
Lypgrs(21, 225 23, 24) = Ly 1s(21, 225 23, 24)
+ Z /dzdz'dz”dz”’Lgtym(zl,z;zg,z’)Euv,tw(z’,z”;z,z’”)qu’US(z”’,22;2”,24) .
v

tuvw

(2.7.3.3)
The BSE is the two-particle analog of the Dyson equation for the single-particle Green’s
function, with the kernel of the Bethe-Salpeter equation =, given by the functional derivative

of the self-energy with respect to the single-particle Green’s function:

.52177’(2:17 Z3)

] | B ' 2.7.3.4
pa.rs(21; 223 23, 24) = i 0Gsq(24, 22) | )

The kernel is composed of two-particle irreducible (2PI) diagrams [17]. The BSE is
fundamentally different from the corresponding Dyson equation for the single-particle
Green’s function because it cannot be cast in a closed form equation for the ph/hp response

function. Restricting the BSE to that of the ph/hp sector, we have

Lpgra(r22) = Ly a1, 22)

13 1 3 0 oA = 1o, 1 mo_ .+
+ Z /dzdz dz"dz" L (21, 25 215 2 ) B pw (275 275 2, 27 ) Lupgus (275 20527 23 ) -
tuvw Y

(2.7.3.5)
It is the presence of the kernel, =, that means we cannot send the time arguments in
the propagators to the corresponding ones for the ph/hp propagator [50-55]. Therefore,
we do not have a closed equation for the ph/hp response function as Eq. 2.7.3.5 is not a
functional of LP". This is because the BSE contains a fundamental coupling between the
particle-hole, particle-particle and hole-hole response functions via the kernel.

Despite the fact that the BSE does not form a closed equation for the ph response
function, we can still make progress by defining an effective kernel such that the formal
structure of the Dyson equation is recovered [53, 54]. At equilibrium, due to time
translational invariance, the ph response function is a function of three time-differences [53].
The most useful time-differences are those corresponding to the electron-hole convention:
t1g = t1 — t3, tog = to — t4 and tog = to — t3. Using this convention, we can define the

three-time Fourier transform as (see Appendix A.4) [53, 54]

L(I/, I//7 w) = /dtlgdt24dt23€i'/t13ew/tmeiwbSL(tlg, t24, t23) s (2.7.3.6)
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where the propagator has been written in matrix form for notational simplicity. Ap-
plication of this Fourier transform to the BSE (Eq. 2.7.3.3) gives rise to the effect-

ive Dyson equation [53]
L(w) = Lo(w) 4 Lo (w)K= (w)L(w) , (2.7.3.7)
where the effective kernel is given by

K=(w) = /%Lal(w)Lo(mw)E(u, VW)LV, W)L (W) . (2.7.3.8)

Therefore, we can write the BSE is the suggestive form
L' (w) = Lyt (w) — K=(w) (2.7.3.9)
such that the pole condition for the particle-hole response function becomes
detL ™! (w) = det (Lg () — K=(w)) =0 . (2.7.3.10)

However, there remain substantially non-trivial dynamical terms left as a result of
the ‘independent-particle’ propagator, Lo(w). These can also be explicitly included by

introduction of the frequency-dependent kernel as
K”(w) = Lg! (w)Ly(w)L ™ (w) (2.7.3.11)

where we have separated the self-energy contributions to the ‘non-interacting’ ph propagator

as: Lo(w) = Lg,(w) +Lx(w). This identification allows us to re-write the pole condition as
detL ™! (w) = det (L} (w) — K(w)) =0, (2.7.3.12)

where K(w) = K*(w) + La(l)(w)Lo(w)KE(w).
It is important to note that the particle-hole response function can also be obtained

directly from the perturbative expansion:

<TV {e_i /; IO o () ap(21)al (25 ag (=2) }>

<’G {e—i I dzH(z)}> ;

from which one may enumerate the diagrams (terms) in the perturbative expansion to

iGps (21,2212, 2F) = (2.7.3.13)

generate approximate schemes for its enumeration. This is the approach taken in the
ADC method applied to the polarization propagator [35, 56]. Eq. 2.7.3.13 therefore
allows for a clean diagrammatic interpretation of the terms that are generated by the

particle-hole restricted BSE (Eq. 2.7.3.5).
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2.7.4 Excitons

The pole condition of Eq. 2.7.3.12 gives rise to the following self-consistent eigenvalue

problem for the neutral excitation energies [13, 17, 19]

H(QS ) C(QS) As Ag
* * = 2.74.1
( —C*(-Qs) —H*(-Qs) Bs 5\ Bs ( )
with the resonant and anti-resonant matrices defined as

Heipj(w) = Agipj + Kajin(w) (2.7.4.2a)

Caipj(w) = Kap,ij(w) , (2.7.4.2b)

where Agipj = (€a — €;)0:j0qp are the eigenvalue differences of the reference Hamiltonian.

The eigenvector blocks are given by Ag = .Afi and Bs = AS | respectively. The solutions

a7
of Eq. 2.7.4.1 are correlated electron-hole pairs, commonly referred to as excitons. Within
the Tamm-Dancoff approximation (TDA), we set the anti-resonant block to zero (C = 0)

and solve the effective Dyson equation [19]:

;Hai,bj(QS)A% = QsA3; . (2.7.4.3)
j

This approximation is deemed to be valid when ground state correlations are weak such
that the Bs amplitudes are small compared to the Ag coefficients and so can be safely
neglected [19]. To lowest-order in the electron-electron interaction, the self-energy is

typically composed of two diagrams (Hartree plus GW) [57]:

qu(zlv 22) = Z;I;Iq(zh ZQ) + E;C)T:IW(ZL 22)

_ ] (2.7.4.4)
—1 Z Upr,qsGsr(Zly Zr)é(zly 22) +1 Z Wpr,sq(zla ZQ)GST(Zla 22)
s rs
The two diagrams gives rise to the GW-BSE kernel
Epgrs (21, 22; 23, 24) R Vpgrs — Wpqsr (21, 23)0(21, 24)6(22, 23) , (2.7.4.5)

where we have neglected the functional derivative of the screened interaction W, with
respect to the Green’s function: Z% [58, 59]. At zero temperature, the GW-BSE kernel

gives rise to the expression for the effective kernel as [50, 60]

E  dw’ G G
K i(w) = vajan + / o Wasai(@) (L5 @+ ) + LT+ ), (2.746)
—00

aj,ja
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where we have linearized Eq. 2.7.3.8 by setting L = Ly = Lg,. This gives rise to
the self-consistent eigenvalue problem
Z (Aaz bj + aj, 'Lb(QS)> Ab] - QSAaz ) (2747)
bj
where commonly the independent-particle eigenvalues are taken within the quasiparticle

GW approximation: AZW. = (5™ — €ZW)d46;5, where 5" = ¢, + LGV (¢,) [57-59].

at,bj
However, taking a static approximation for the screened interaction W(w = 0), we

can further simply Eq. 2.7.4.7 as

Kg;'),ib == vaj,ib - Waj,bi (w == 0) . (2748)

In this case, the static GW-BSE within the TDA becomes
S
Z <Aaz bj + aj, zb) Ab] QSAai . (2749)
bj
This approximation is particularly useful for semiconductor crystal systems where the

AGW

relative energy scales of exciton binding energies (Ag;'s;

Qs) and plasmon frequencies
(poles of W (w)) is large [58, 59]. For finite molecular systems, however, it is important
to include the full dynamical effects of the screened interaction as the exciton binding
energies are typically of a similar order of magnitude to the plasmon frequencies [59, 61].

In Chapters 5 and 6, we will extend the BSE approach presented here to include the

effects of interactions between electrons and the lattice vibrations.
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‘At the moment physics is again terribly confused. In any
case, it is too difficult for me, and I wish I had been a
movie comedian or something of the sort and had never
heard of physics.’

— Wolfgang Pauli

Non-Hermitian Green’s Function Theory With
N-body Interactions: The Coupled-Cluster
Similarity Transformation
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3.1 Introduction

In this Chapter, we generalize the conventional formulation of Green’s function theory given
in Chapter 2, based on hermitian two-body (and recently three-body [20]) interactions, to
include up to N-body non-hermitian interactions. We present the diagrammatic theory
of the self-energy generated by a non-hermitian N-body interaction, focusing specifically
on the coupled-cluster similarity transformed Hamiltonian. The non-hermitian Green’s
function formalism presented in this Chapter unifies and combines the techniques of coupled-
cluster and Green’s function theory, thereby furthering the conceptual understanding of
ground and excited state many-body correlation in the context of condensed matter, nuclear
physics and quantum chemistry. The approach is based on taking the coupled-cluster
similarity transformed Hamiltonian as the fundamental interaction Hamiltonian. This
change of perspective unveils the derivation of the resulting theory of the self-energy and
single-particle Green’s function that naturally arise within the context of coupled-cluster
theory. We arrive at a formally exact formalism that is related to but distinct from prior
work on connecting approximate Green’s function and coupled-cluster theories. As we are
at zero temperature, the analysis is centered about real-time-ordered propagators.

The Green’s function formalism is one of the major pillars in the ab initio theory of
many interacting particles [13, 14, 17]. Green’s function theory is based on the analysis
of N-point dynamical correlation functions, with the single-particle Green’s function
occupying the central position. A significant conceptual and computational advantage of
Green’s functions is that they provide a simultaneous description of ground and excited
state many-body correlation. Knowledge of the single-particle Green’s function gives
access to the exact addition and removal energies, ground state expectation values of any

single-particle observable and, for two-body interactions, the exact ground state energy
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of the system. Similarly, knowledge of the N-body Green’s function yields ground and
excited state properties of N-body observables.

Direct computation of the single-particle Green’s function scales exponentially with
the number of interacting particles, requiring knowledge of exact eigenstates of the full
many-body Hamiltonian containing different numbers of particles. However, the single-
particle Green’s function can also be constructed from the Dyson equation. The Dyson
equation relates a known, reference Green’s function to the exact, interacting Green’s
function through the irreducible self-energy. The irreducible self-energy contains all the
many-body interactions a single-particle experiences as it propagates through the system.
The self-energy itself depends on the exact Green’s function such that the Green’s function
formalism constitutes a self-consistent theory [38]. The self-energy can be expressed either
as a perturbative or self-consistent Feynman diagrammatic expansion. For systems of
particles governed by a two-body interaction, theories of the self-energy have been well
established and extensively explored in nuclear and condensed matter systems [17, 30,
57-59, 62—-65]. Only recently, in the context of nuclear theory, has the Green’s function
formalism been extended to include three-body interactions [20, 36]. Until this work, the
development of the Green’s function formalism in the context of non-hermitian N-body
interactions has been entirely unexplored. Here, we will focus specifically on the non-
hermitian coupled-cluster similarity transformed Hamiltonian but the general approach
can also be applied to other non-hermitian Hamiltonians.

The discovery that non-hermitian parity-time (P7) symmetric Hamiltonians can
possess real spectra [66] has lead to new active areas of theoretical and experimental
physics research [67-71]. There has been increasing interest in exploring non-hermitian
Hamiltonians as they can describe experimentally verifiable and novel properties of physical
systems [68]. For example, non-hermitian Hamiltonians play a role in the theory of
open quantum systems [17, 70, 72], dissipative Lindbladian dynamics [73, 74] as well
topological quantum phase transitions [75-78]. Experimental work on probing the spectra
and eigenstates of non-hermitian Hamiltonians has also recently emerged in the context
of optics and photonics [79, 80], magnetic systems [81], exciton-polaritons [82] as well

as ultracold atoms [83, 84]. The continued experimental and theoretical exploration of
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non-hermitian many-body quantum systems further motivates the development of a new
Green’s function formalism capable of describing their spectral properties.

Another central pillar in the ab initio theory of many interacting particles is coupled-
cluster (CC) theory [85, 86]. Coupled-cluster theory is directly concerned with obtaining
ground state properties of a system of many interacting particles. It is based on a size-
extensive reformulation of the Configuration Interaction that leads to hierarchical and
systematically controllable sets of equations that are, in principle, exact. CC theory is
formulated in terms of the non-hermitian similarity transformed Hamiltonian. The CC
similarity transformation is determined by the ground state CC amplitude equations.
In general, when the CC transformation is not truncated, the similarity transformed
Hamiltonian is an N-body non-hermitian operator that possesses different left and right
eigenstates. Excited state properties are then usually obtained from Configuration
Interaction expansions of the CC similarity transformed Hamiltonian, commonly referred
to as equation-of-motion coupled-cluster (EOM-CC) theory.

Previous attempts at combining coupled-cluster and Green’s function methods have
been largely centered around direct construction of the electronic single-particle Green’s
function using the eigenstates and eigenvalues resulting from ground state and ioniza-
tion potential/electron affinity equation-of-motion coupled-cluster theory (IP/EA-EOM-
CC) [87-91]. In this thesis we refer to the approach first presented in Refs [87] and [88] as
the coupled-cluster representation of the electronic Green’s function. The approach outlined
in Refs [87, 88] has led to many practical advantages over conventional hermitian many-
body Green’s function techniques for computing spectral functions and charged excitation
energies [91-94]. However, these approaches to combining coupled-cluster with Green’s
function theory do not connect to a diagrammatic construction of the irreducible coupled-
cluster self-energy [4]. As a result, the connections to the coupled-cluster representation
of the electronic two-particle Green’s function remain largely unexplored.

Recently, there has been increasing interest in understanding and exploring the
connections between coupled-cluster and Green’s function theories based on the GyWj
self-energy [95-99]. It has also been demonstrated that the Random Phase (RPA) and
static GW-BSE approximations can be recast as approximate forms of CCD theory where

the doubles amplitudes are solved for by keeping only the ‘ring’ diagrams (rCCD) [95,
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100]. In the case of the static GW-BSE approximation, the associated rCCD equations
contain screened interaction intermediates as well as bare Coulomb vertices [95]. These
established connections have also been useful in the development of analytic nuclear
gradients for the static GW-BSE approximation through its connection to unitary coupled-
cluster theory [97, 101, 102]. This work has been crucial in furthering the conceptual
understanding of the nature of the many-body self-energy and Bethe-Salpeter kernel in the
context of wavefunction based approaches. However, Green’s function theory is centered
about universal and exact relationships between the exact single-particle Green’s function,
irreducible self-energy functional 3[G], and its higher order functional derivatives [17].
To fully understand the relationship between the functional-diagrammatic framework of
Green’s function theory and the coupled-cluster similarity transformation, it is necessary
to develop new methods in order to construct the self-energy generated by a higher than
two-body non-hermitian interaction Hamiltonian.

As stated in Chapter 2, the diagrammatic content of the irreducible self-energy depends
on whether it is expanded with respect to the non-interacting or exact Green’s function.
Expansion of the electronic self-energy with respect to the exact Green’s function gives
rise to self-consistent renormalization and leads to the GF2 and GW approximations [38,
103-110]. In the case of a two-body interaction, the interaction lines/vertices appearing
in irreducible self-energy diagrams are ‘bare’, exhibiting no dependence on the form
of the Green’s function itself. While it is true that Hedin’s equations introduce the
screened interaction WG], which is also a functional of the single-particle Green’s function,
this is a choice that is not fundamentally necessary to construct the self-consistent self-
energy expansion. However, in the presence of higher-body interactions, the interaction
lines/vertices appearing in the self-energy expansion are fundamentally dependent on which
Green’s function the self-energy is expanded with respect to. For example, if the self-energy
is expanded with respect to the non-interacting Green’s function, Gy, it is composed of
one-particle irreducible diagrams that are constructed from effective interactions that arise
when normal-ordering the Hamiltonian with respect to the reference state. However, to
construct the self-energy as a functional of the exact Green’s function requires effective
interactions that arise when normal-ordering the Hamiltonian with respect to the exact

ground state. It is a fundamental consequence of the Green’s function formalism that
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interaction vertices of the self-energy are dressed by the Green’s function. However, this
consideration has been entirely unexplored in the context of non-hermitian interactions
and coupled-cluster theory. This analysis is not only crucial to construct the correct
renormalized self-energy functional but also to generate the correct diagrams of the
Bethe-Salpeter kernel which arise by taking the functional derivative of the renormalized
self-energy with respect to the exact Green’s function.

This Chapter is organized as follows. In Section 3.2, we review and extend the
biorthogonal quantum theory in order to define the pictures of quantum mechanics in the
presence of a non-hermitian Hamiltonian. Here, we define the biorthogonal Schrodinger,
Heisenberg and Interaction pictures, extending the Gell-Mann and Low theorem to include
non-hermitian interactions. In Section 3.3, we define the single-particle Green’s function
and Dyson equation for a system governed by an N-body non-hermitian Hamiltonian.
We demonstrate the generalization of effective interactions required to construct the
non-hermitian irreducible self-energy as a functional of the exact Green’s function. In
Section 3.4, we provide an overview of coupled-cluster theory and the similarity transformed
Hamiltonian. This leads us to introduce a novel normal-ordering of the Hamiltonian
required for the self-consistent theory of the coupled-cluster self-energy. In Section 3.5,
we discuss the coupled-cluster representation of the electronic Green’s function which
leads us to our novel approach to the genuine single-particle coupled-cluster Green’s
function. This change of perspective allows us to define a functional-diagrammatic
formalism that unifies the Green’s function formalism and coupled-cluster theory. In
Section 3.6, we derive the perturbative expansion of the single-particle coupled-cluster
Green’s function, thereby defining the irreducible coupled-cluster self-energy. In Section 3.7,
we derive the diagrammatic perturbation expansion of the irreducible coupled-cluster
self-energy, demonstrating its relationship to the conventional electronic self-energy. In
Section 3.8, we use the biorthogonal theory developed in Section 3.2 to construct the non-
perturbative renormalized coupled-cluster self-energy from the exact equation-of-motion of
the single-particle coupled-cluster Green’s function. Here, we describe how the perturbative
expansion is recovered from the self-consistent renormalization procedure. In Section 3.9,
we demonstrate how the exact coupled-cluster ground state energy can be obtained from

the coupled-cluster self-energy. In Section 3.10, we use the spectral representation of the
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coupled-cluster self-energy to derive the associated coupled-cluster Dyson supermatrix.
Here, we also introduce several different approximations for the coupled-cluster self-energy
that may be readily implemented. In Section 6.6, we demonstrate the relationship between
the coupled-cluster self-energy, IP/EA-EOM-CCSD and the GoW, approximation. This
motivates us to introduce CC-GoWy theory that combines aspects of Green’s function
theory and Hedin’s equations with coupled-cluster theory. Finally, in Section 3.12, we derive

the relationship between the coupled-cluster self-energy and the Bethe-Salpeter kernel.

3.2 Non-hermitian Quantum Mechanics

Within non-hermitian quantum theory, time evolution of states and operators must be
formulated carefully. This is due to the fact that the left and right states can be related
to each other by a non-trivial metric and therefore evolve under different Hamiltonians.
In this Section, we will review aspects of biorthogonal quantum theory, as well as the
biorthogonal Schréodinger and Heisenberg pictures. To the best of our knowledge, for the
first time we present the biorthogonal Interaction picture and provide an extension of the
GML theorem to include non-hermitian interactions. This analysis is required to define a
consistent Green’s function theory that generates a diagrammatic theory of the self-energy
and Bethe-Salpeter kernel. Finally, the biorthogonal Heisenberg picture is central to the

self-consistent Green’s function theory presented in Section 3.8.
3.2.1 Biorthogonal basis

Suppose we have a diagonalizable non-hermitian Hamiltonian H with eigenstates {|¥,,)}

and eigenvalues {F,} such that

H|¥,)=E,|V,) = (U,|H =(v,|E". (3.2.1.1)
The eigenstates of the hermitian adjoint HT are

H'®,) =&,|®,) = (D,|H=(D,|E . (3.2.1.2)

The set {|¥,)} is complete in the Hilbert space, with (®,|¥,,) = 0pm, En = &V n.

Completeness of {|U,,)} implies the completeness of {|®,)} [111, 112]. The eigenstates
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of H are generally not orthogonal [111]. The basis set {|®,,)}N_; is referred to as the

m=1

biorthonormal basis associated with {|¥,)}~_; [111-113]. A general state

|‘11> = i Ch ’\I’n> ) (3.2.1.3)
n=1

has an associated state and a dual state
3 N 3 N
) =" Cr|®n) = (I[=D Ch (Pl . (3.2.1.4)
n=1 n=1

The state dual to |¥) is given by (¥| and the associated state is given by its hermitian

conjugate: |¥). The biorthogonal inner product is defined as
(¥, \Il>b0 = <®’\P> = Z ‘Cn|2 ) (3.2.1.5)

where (.,.),, denotes the biorthogonal inner product. Under the biorthogonal inner
product, the set of states, {|¥,),|®,)})_; forms a complete biorthogonal system. A

generic operator, A, can be represented in the biorthogonal basis as

A= V) (Pl (3.2.1.6)

with anm = (Pp|A|¥,,). The expectation value of an observable in a pure state |V) is
defined as

(I|A|w)

(4) = T (3.2.1.7)

*

o, the expectation value of

and if the operator is biorthogonally hermitian with a,,, = a
the observable will be real. Non-hermitian quantum mechanics can also be formulated in
terms of conventional quantum theory where the Hilbert space is endowed with a nontrivial

metric. This is known as pseudo-hermitian quantum theory [111, 114, 115].
3.2.2 Biorthogonal Schrodinger and Heisenberg pictures

The formalism of quantum field theory takes place in the Heisenberg picture [12]. Therefore,
we must carefully define the relationship between the Schrédinger and Heisenberg pictures
in order to define the correct extension of the Green’s function formalism for non-
hermitian interactions.

The time-dependent non-hermitian Schrodinger equation is written as

igt |Ws(t)) = H|[Ws(t)) (3.2.2.1)
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where H is a time-independent, pseudo-hermitian Hamiltonian [115]. The formal solution is

given by
(1)) = O (1,0) [w5(0)) | (3.2:2.2)

where U(t, 0) = et Tt is important to note that the time-evolution operator U is not

unitary. The associated states necessarily obey the conjugate equation
0 = ot
5 Ws(t)) = H' |¥g(t)) (3.2.2.3)

yielding the formal solution

[Bs(t)) = U1(1,0) [ F5(0)) (3.2.2.4)

where |¥g(0)) is the associated state of |¥g(0)) and U*(t,0) = e~ This ensures that
the norm of the state is preserved under time-evolution as (g (t)|¥s(t)) = (¥5(0)|¥5(0)).
Clearly, we see that associated states evolve according to a different Hamiltonian (HT) [116].
This also has important consequences in the theory of non-hermitian quantum electrodynam-
ics [112].

The Heisenberg states are given by the relationship: |Upy) = |Ug(0)) and |¥y) =
|W5(0)). Therefore, the general relationship between an operator in the Heisenberg and

Schrodinger representations under the birothogonal inner product is given by
On(t) = eftoge it (3.2.2.5)

It should be noted that the same form has been obtained in the pseudo-hermitian
theory with respect to the 7-inner product, where 7 is the metric [117]. Now that
we have defined the biorthogonal Schrédinger and Heisenberg pictures, we introduce

the biorthogonal Interaction picture.
3.2.3 Biorthogonal Interaction picture

Assume that a time-independent diagonalizable non-hermitian Hamiltonian H may be
expressed as the sum of two non-hermitian terms Hy and H; such that H = Hy + H;. Let

us define the Interaction state vector in the Hilbert space as |¥;(t)) = eiflot |Ws(t)) and
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it’s associated state as |¥y(t)) = et |Ws(t)). This transformation leads to the following

Schrodinger equations for the Interaction state vector

0 -

5 [Wr(t)) = Hi(t) |[Pr(t)) (3.2.3.1a)
and its associated state

L0 = —t ~

5 |Wr(t)) = H{(t) |[Wr(t)) (3.2.3.1b)

where H,(t) = eifot f, e=ifot and fIlT (t) is the hermitian adjoint. An arbitrary matrix
element in the Schrédinger picture requires a general operator in the biorthogonal

Interaction picture to be defined as
04 (t) = efotOge=iHot (3.2.3.2)

In order to find an expression for the time-evolution operator in the biorthogonal Interaction

picture, from Eqs 3.2.3.1a and 3.2.3.1b, we immediately find that

B eii fti) dt' Hy (')
W, (t)) = T{ } W (to)) (3.2.3.3)
= Ul(t, to) |¥(to))

and

- —i [P ar AT ) | =

\I/]t :T{e zftﬂ ! } \I/[ to

[W(t)) W (to)) (3.23.4)
= UT(t,10) [U1(to)) -

These relations ensure that the biorthogonal norm of the interaction state-vector is time-

independent. As a result, the general relationship between the birothogonal Interaction

and Heisenberg pictures under the biorthogonal inner product is given by

|Wr) =U(0,t0) [¥r(to)) (3.2.3.5a)
(W) = U0, 0) ¥ 1(to)) (3.2.3.5b)
Og(t) = U(0,t)07(t)U(t,0) . (3.2.3.5¢)

3.2.4 Extension of the Gell-Mann and Low theorem

In order to generate a diagrammatically consistent Green’s function formalism for non-

hermitian interactions, here we demonstrate that we can extend the GML theorem.
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Exact eigenstates of the full non-hermitian Hamiltonian can be generated adiabatically

by introducing the time-dependent Hamiltonian
H=Hy+e "HH | (3.2.4.1)

where 7 is a positive infinitesimal. Here, we have made the implicit assumption that
H can be partitioned as the sum of two diagonalizable non-hermitian Hamiltonians
Hy and H;. At very large times, the Hamiltonian reduces to Hy and at ¢ = 0, the
Hamiltonian is the full non-hermitian Hamiltonian. The general solution for the interaction

and associated states is given by

(W1 (t)) = Uy(t, to) |r(to)) (3.2.4.2a)
[0 ()) = UJ(t,t0) [¥r(to)) (3.2.4.2b)

where the time-evolution operator now takes the form
t 1 =
_ —i " dt’e—t N H (¢
T, (¢, o) :T{e Ui B 1(”} , (3.2.4.3)

with the analogous form for U; (t,t0). Using these relationships, we take the time limit g —
—oo and the physical limit as 7 — 0 by extending the GML theorem (see Appendix B.1)

such that if the limits of the quantities

~|\I170> = lim :HEO,—OO)\(I)@ (3.2.4.4a)
(@o|Wo) =0t (@o|Upy(0, —00)|Po) o
and
[%o) _ . Uh0.—0)[20) (3.2.4.4b)
(@o|Wo) — n=0* (Bo| T} (0, —00)| o)

exist, then they are the ‘right’ and ‘left’ eigenstates of the full Hamiltonian H:

g 1% _ o %) -t W) _ . |%o) '
(Do|Wo) (®o[Wo) (@o[Po) (@o|Wo)

(3.2.4.5)

Importantly, the limit as 7 — 0 of both the numerators and denominators of Eqs 3.2.4.4a
and 3.2.4.4b do not separately exist. The proof can be derived in a similar way to the
original proof presented for the Hermitian case but can only be obtained by careful analysis

of the role of time-dependence of operators for non-hermitian quantum systems. The
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theorem also applies equally to the state obtained from evolving from ¢ = +oo [13, 24].

Using our definition, the associated state is written as

Ld*: n (Do| Uy (0, —00) ]
(Tol@o)™  m=0" (o] Uy (0, —00)|0) (3.2.4.6)
(@o| Uy(—00,0)

T im0t (@] Uy (—00, 0)]@o)”
Therefore, the state obtained from the adiabatic procedure is an eigenstate of the
full non-hermitian Hamiltonian, which may be obtained from either evolving ‘forward’
or ‘backward’ in time.

By making use of our extended GML theorem, we can construct perturbative expressions
for time-dependent correlation functions by evolving on the right from —oo and on the
left from +o00 as follows (making use of the linked diagram theorem [13, 85])

{Uo| T {On (t1)Om (t2) - -- O (tn)} [ ¥o)

(Uo|Wo) (3.2.4.7)
(o|T {8,01(01)O1(t2) - O (ta) } | o).

RY(t1,ta, - ty) =

= lim

n—0+

where the subscript C indicates that only connected diagrams contribute to the expansion.
Here, 577 = Un(oo, —00) is the non-unitary scattering operator. If we choose the parti-
tioning such that the reference Hamiltonian is hermitian, i.e. Hy = Hg , the results

above hold and we have

R (t1, b2, -+ ,ty) = lim (‘I’0|T{5n01(t1)01(t2) - 'O[(tn)} [®o). (3.2.4.8)

n—0t

where now the left and right states of the hermitian reference are simply related to
each other via hermitian conjugation.

As demonstrated in Chapter 2, the Interaction picture automatically implies the Keldysh
contour construction. However, for simplicity here we work directly on the real-time-ordered
contour to make the connection between the non-hermitian formulation and the conventional

Green’s function theory as clear as possible as we are working at zero temperature.

3.3 The single-particle Green’s function for N-body non-
hermitian interactions

In this Section, we define the single-particle Green’s function for the case of an N-body

non-hermitian interaction Hamiltonian and discuss the construction of the non-hermitian
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irreducible self-energy that emerges. This analysis provides the foundation for the analysis
of the diagrammatic coupled-cluster self-energy presented in Sections 3.7 and 3.8.

Suppose we have an N-body non-hermitian Hamiltonian

H= thqa aq + <2|)2 Z qu,ma TasaT + 2 Z Wpgr,stu@ azalauatas

pq,rs ! pqr,stu
1
+ — Upgrs tuv,zaJTCLJr ! Tazavauat
(41)2 I; e pfafirts (3.3.0.1)
tuvz
1
(5|)2 Z Kqursn tuvzma;a;aialailamazavauat + -
pqrsn
tuvzm

with right and left eigenstates given by H |¥) = EN |W)) and HT |W)) = EY |¥)).
The biorthogonal single-particle Green’s function of the non-hermitian theory is defined

as the biorthogonal expectation value
iGh (t1,12) = (U | T {ap(tr)a] (t2) }0)) (3.3.0.2)

where the time-dependence of the field-operators is given by a,(t1) = emtlape_mtl as
defined in the biorthogonal Heisenberg picture. The notation G is used to indicate that
the Green’s function is defined with respect to the biorthogonal inner product.

By partitioning the non-hermitian Hamiltonian into an arbitrary reference operator Hy,
and an interaction term Hy = H — Hp, we can use the extended GML theorem (Eq. 3.2.4.7)

to write the perturbative expansion for the Green’s function as
. = —i [ dt Hy(t
iGT (t1,t2) = <<1>OyT{e e )ap(tl)a;(tQ)} o)., (3.3.0.3)

where the time-dependence of the field operators is now defined in the biorthogonal
Interaction picture: a,(t1) = emotape*igot. Here, |®o) and (®g| are the right and left
ground eigenstates of the reference operator, Hy. We have dropped the implicit limit
as 17 — 0 in Eq. 3.2.4.7 for notational simplicity. Eq. 3.3.0.3 immediately gives rise

to the exact geometric Dyson series
AT 0T, Z OT AT
qu(w) = Gp G )qu(w) ’ (3304)

where G° is the non-interacting Green’s function of the reference. The non-hermitian self-
energy can be exactly written as the sum of the static (f]gg) and forward-/backward-time

— F S B . . .
(Xpq(w)/Xpy(w)) dynamical contributions

Spa(W) = B5g + 25, (w) + Zp(w) (3.3.0.5)
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and is a functional of the exact biorthogonal single-particle Green’s function, i[@] The
1PI, skeleton and interaction-irreducible diagrams that make up the self-energy functional
»[G] are obtained from effective interactions. These interactions arise when normal-
ordering H with respect to the biorthogonal ground state expectation value. In this

case, the one-body term is given by

~ _ B 5 1 B ~ 1 B ~
qu = hpq + Z Upr,qsrs + W Z prS,thFTS’tU + W Z uprst,quvzrrst,uvz + -
s orsitu ) rstuvz
~ 1 _ 1 3
_ - ~ref _ _
= qu + Z Upr,qs (77”5 - ’Yﬁi ) + N2 Z wprs,qturrs,tu + W Z Uprst,quvzrrst7uvz
S ( ) rs,tu ( ) rst,uvz

= foa + 505 ,
(3.3.0.6a)
where qu is the non-hermitian Fock operator, the exact one-particle reduced density matrix
is defined as 4,, = (T} |a;f)aq\\lfév ) and the reference one-particle reduced density matrix

is ’y;‘f]f = <<i>0]a;f)aq\fl>0>. The two-body effective interaction is obtained as

_ _ N B 1 3 ~
Vbg,rs = Upgrs + Z Wpgt,rsuVtu + W Z Upgtu,rsvzl tuwz T (3.3.0.6b)
tu o tuwz
with the three-body effective interaction
_ B B B 1 B ~
qur,stu = Wpgr,stu + Z Upgrv,stuz Yoz + W Z ’ipqrvw,stulorvw,lo +ee (3.3.0.6C)
VT oow,lo
The four-body effective interaction is
qurs,tuvo = 774pq7"s,tuvo + Z qursy,tuvox:yyx + - (3306d)
yx

This procedure is continued up to the N-body interaction. The two-particle biorthogonal
reduced density matrix is defined as Tpgrs = (T |a};a;asar|\llév ) and so on for the
higher-body equivalents.

We immediately find the exact static component of the non-hermitian self-energy

f]oo[é’] as the remainder of the one-body effective interaction, F — f:

; o 1 L
Yipg = vav‘,qs (’Yrs - 'Yﬁif) + 2 Z Wprs,gtul rs,tu
rs orsitu
1 ) (3.3.0.7)
+ W Z aprst,quvzrrst,uvz + -
( ) rst,uvz

To construct the non-hermitian self-energy functional self-consistently, it must be composed

of the effective interactions V', W, U and so on, which are required in order to generate
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interaction-irreducible self-energy diagrams. Therefore, it is these effective interactions
that appear as vertices in the self-consistent expression of the self-energy functional, f][é’}
Importantly, all effective interactions up to the N-body term are explicitly functionals of
the single-particle Green’s function. The perturbative expansion for the self-energy i[éo]
is obtained by expanding both the propagators and effective interactions with respect
to the reference Green’s function, Go. For the remainder of this work we will focus on
generating the interaction-irreducible Feynman diagrams resulting from the coupled-cluster
similarity transformed Hamiltonian. However, the analysis presented in this work is general

and can be applied to any N-body hermitian or non-hermitian interaction Hamiltonian.

3.4 Coupled-cluster theory

Within coupled-cluster theory, the following ansatz is made for the exact ground state

wavefunction of a system of N interacting particles
1wy = el |®) (3.4.0.1)

where |®g) is the reference determinant. The wave operator T, creates all excitations

with respect to the reference determinant and is defined as

_ a T ab abe T
T = Zti (4507} 2 tzy aaba]aZ 2 Z tzgka a’ba akaﬂal +-- (3402)
ia ! ijab ! ijkabe

where {t?, t%b,t%blg,- -} are the cluster amplitudes. Using the CC ansatz, we write the
non-hermitian CC eigenvalue problem for the right and left eigenstates of the similarity

transformed Hamiltonian as
H|®g) = EGC|®o) ; (Dol H = (Uo| g, (3.4.0.3)

where

H=cTHeT (3.4.0.4)

is the similarity transformed Hamiltonian and H is the bare Hamiltonian. Here, we see that
the reference |®g) is the right eigenstate of the similarity transformed Hamiltonian. The left

eigenstate is given by <\i/0\ = (®o| (I + A), where A is the de-excitation operator defined as

i jk
A= Z)\Za;raa 2! (an2 Z)‘Z]baTaTaba“ 3| 3N2 Z )‘Z]bc ! Takacabaa"‘ © o (3.4.0.5)
at abij abcijk
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3.4. Coupled-cluster theory

with {\, )\ifg,)\fljgz, .-+ } representing the de-excitation amplitudes. The excitation, de-
excitation amplitudes and ground state energy are obtained from minimization of the
coupled-cluster Lagrangian [86]

LG (8, ) = (Vo| H|®o) = (Ro|H|o) + Y A (®ulH| Do) (3.4.0.6)
n

where |®,,) represents the manifold of excited Slater determinants given by |®¢) = ala; |®o)

etc. Minimization of the Lagrangian gives rise to the excitation and de-excitation amplitude

equations
CcC B
0Ly~ _ (®,|H|®o) =0 (3.4.0.7a)
W
o0LS® _ _
i, = (Do|HTy|Po) + > A (®y|[H, 7] |®0) = 0 (3.4.0.7b)

where 7, is the excitation operator associated with the cluster amplitude ¢,. Once the

excitation amplitudes are determined, the ground state energy is simply given by
B = (Wo|H|do) = (®o|H|®) - (3.4.0.8)

When T is not truncated, the ground state energy obtained from this procedure is formally
exact. Importantly, the reference state |®¢) can be constructed such that the singles
amplitudes, t, are zero by construction. This approach is referred to as Brueckner
formulation of coupled-cluster (BCC) theory and implies that the reference state has
maximum overlap with the exact ground state. BCC theory uses spin-orbitals that are
determined by unitary rotation using the singles amplitude equations [118-120)].

In terms of the cluster amplitudes and general spin-orbitals, the coupled-cluster ground

state energy corresponding to the electronic structure Hamiltonian is given by

1

CC f . b b

By~ =Ey + > (ijllab) (£ + 2tt5) + > fialf, (3.4.0.9)
ijab ia

where EJ' is the energy of the reference and (pq|[rs) = vpgrs — Upgsr is the anti-

symmetrized Coulomb interaction.

The similarity transformed Hamiltonian H possesses the same spectrum as the electronic
structure Hamiltonian, H. As H is non-hermitian but contains a real spectrum, it is
necessarily pseudo-hermitian (see Appendix B.5). This fact is not commonly expressed

in the literature on coupled-cluster theory. Additionally, H is not P7T-symmetric, in
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contrast to most of the Hamiltonians studied in the literature on non-hermitian quantum
systems [67, 69-71, 78, 115, 116, 121].

In ionization potential/electron affinity equation-of-motion coupled-cluster (IP/EA-
EOM-CC) theory, the charged excitation energies are obtained by diagonalization of
the similarity transformed Hamiltonian expressed in the basis of all Slater determinants
containing (N =+ 1)-electrons. This is exactly equivalent to a Configuration Interaction
expansion of H. Focusing on the removal energies, the IP-EOM-CC eigenvalue problem

can be written as [4, 85]
[H,RIY| |®o) = = 71RIP |®g) , (3.4.0.10)

where RIF |®g) is the right (N — 1)-particle eigenstate of H, [¥)~1). In IP-EOM-CC
theory, the operator creates all determinants consisting of (N — 1) electrons:
RY = "ri(w)a;i+ > T%(V)alajai +--- (3.4.0.11)
i i<j,a
The TP-EOM-CC eigenvalue problem is written in matrix form in terms of the non-

Hermitian supermatrix:

(Oi|Hy|®j) (@i Hy|Pf)
HIP-EOM-CC _ _ | (@) [Hy|®;) (@, [Hn|®F) - | | (3.4.0.12)

where Hy = H — E§C, with |®;) = a; |®0), ;) = alaja; |®o), and so on. An analogous
supermatrix for the EA-EOM-CC eigenvalue problem can also be constructed. In IP/EA-
EOM-CC theory, the ionization potential and electron affinity sectors are automatically
decoupled as the formalism is based on Configuration Interaction expansions of H. This
approach to obtaining charged excitation spectra can be made to be formally exact, but

is distinct from the diagrammatic Green’s function formalism which does not decouple

the ionization potential and electron affinity sectors.
3.4.1 The similarity transformed Hamiltonian

The analysis of the effective interactions generated by the CC similarity transformed
Hamiltonian will be crucial when constructing the perturbative and renormalized expansions

of the coupled-cluster self-energy and Bethe-Salpeter kernel in Sections 3.7, 3.8 and 3.12.
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3.4. Coupled-cluster theory

The full similarity transformed Hamiltonian is an N-body operator written as
H=h+V+W+--.
_ 1 _
= Z hpqa;;aq + W Z hpq,rsa Tasar + 72 Z pqr,stua;r;a:gaiauatas +ee
Pq

pq,Ts ! pgr,stu

(3.4.1.1)

where {hpg, hpgrs, hpgrstu, - -+ } are the one-body, antisymmetrized two-body, three-body
and so on matrix elements. Using the notation of Ref. [4], in Appendix B.2 we normal-order

this Hamiltonian with respect to the reference determinant to give [85]

H = ©+ Zqu{a agto + 75 2, 2 Z qu,rs{a asar}()

e (3.4.1.2)

( )2 Z qurstu{a arauatas}0+
*/ pgr,stu

where the notation {--- }¢ indicates normal-ordering with respect to the reference, |®g).
The set of effective interaction matrix elements {Fpq, Xpg,rs: Xpgr,stu * - - }, up to the four-
body effective interaction, can be found in Refs [85] and [122]. This is the conventional
normal-ordering of H usually presented in the context of coupled-cluster theory and is
central to the perturbative expansion of the irreducible coupled-cluster self-energy and
Bethe-Salpeter kernel with respect to the reference Green’s function.

However, in Appendix B.2 we also normal-order the Hamiltonian with respect to the
biorthogonal expectation value (®g|®g),, := <\T/0\<I>0>, defined in Section 3.2, to give

H = +Zqu{a agt + 75rng 2,)2 Z P%Ts{a asar}

e (3.4.1.3)

(3 )2 Z qurstu{ arauatas}+
) pqr,stu

to the best of our knowledge, this normal-ordering of H has not been reported in the
literature before. It is this normal-ordering that will be central to the development
of the self-consistent Green’s function formalism within coupled-cluster theory. The
relationship between all matrix elements {A,q, hpgrs, Ppgrstus = +> A Fpgs Xpairs» Xpqr.stus = }
and { pas Spg.rss Xpgr,stus - - - 1 15 derived in Appendix B.2. The coupled-cluster amplitude
equations are given by the effective interaction elements { Fu;, Xab.ij, Xabe,ijk, - - - } which all
evaluate to zero at convergence [85]. Since these effective interaction elements vanish, the
interaction elements {F’ai, éab’ij, Xabe,ijk, - - } also evaluate to zero [4, 7]. All effective inter-

action matrix elements with four or more lines below the vertex, apart from the two-body
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terms x;j,qp and éij,ab, vanish as a result of the coupled-cluster similarity transformation.

Finally, it is useful to split the similarity transformed Hamiltonian into two terms
I‘_I =F+ gl

= prqa aq +Z g qu CL aq (2')2 Z hpq,rsap gasar

pq,rs

(3.4.1.4)

2 Z Dqr, stua aTauatas +
pqr,stu

where F is the Fock operator and H; = H — F, is the N-body operator containing all the

interactions and effects introduced by the similarity transformed Hamiltonian.

3.5 The coupled-cluster representation of the electronic
Green’s function

As defined in Chapter 2, the zero temperature single-particle electronic Green’s function

of the hermitian, two-body electronic structure Hamiltonian H, is defined as

iGy(t1 = ta) = (W T {ap(tr)al(ts) } | 0F) (3.5.0.1)

where |W{Y) is the exact N-electron ground state wavefunction and the time-dependence of
the field operators is governed by the electronic structure Hamiltonian: a,(t) = e'!a,e ="t

Attempts at combining coupled-cluster theory with the Green’s function formalism have
largely focused on direct computation of Eq. 3.5.0.1 for the electronic Green’s function using
coupled-cluster theory [87-90]. The coupled-cluster representation of the time-domain
electronic Green’s function can be obtained from the biorthogonal theory developed

in Section 3.2 and is written as

iGy (1 = t2) = (To|T {@y(tr)af(tz) } o) (35.0.2)

iHt= _—iH

= — t o — oiHtgt —iHt ity 5 — 0Ty oT Gl — =Tt eT
where a,(t1) = ea,e™ "t al(t) = ef'laje with @, = e Tape’ and af = e

a;ge )
respectively. The notation G is chosen to distinguish the coupled-cluster representation

of the electronic Green’s function from the electronic Green’s function, denoted by G.

Performing the similarity transformation on the operators leads to
y(t1) = ap(t) + " [ap, Te ™10

(3.5.0.3)
= ay(t1) + [ap, T)(t1) ,
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3.5. The coupled-cluster representation of the electronic Green’s function

where [ap, T|(t1) = ethl[ap,T Je=ift1 Inserting this relation into the time-ordered

expectation value gives
Gyt — t2) = (To|T {ap(tr)af(tz) } 1B} + (To|T {[ay, T)(t2)al(tz) } [@0)

+ (Bo|T {ap(t1)[af, T](t2) } o) + (o[ T {[ap, T](t1)[a], T)(t2) } |@0) -
(3.5.0.4)

Due to the commutator of the creation/annihilation operators with 7', it is clear that the
coupled-cluster representation of the electronic single-particle Green’s function is in fact a
collection of ‘many-particle’ Green’s functions of specified time-orderings, including up to
the N-body Green’s function. However, the occupied—virtual (ia) part of the coupled-cluster

representation of the electronic Green’s function is in fact a single-particle propagator:
iGH (t — t2) = (Wo|T {ai(tr)a (t2) } [®0) = (Bo|T {as(tr)al(t2) } @0} . (3.5.0.5)

This is because [a;, T] = [a}, T] = 0, remembering that i and a index occupied and virtual
spin-orbitals as defined in Section 2.1 of Chapter 2. Through Eq. 3.5.0.4, we see that
the full coupled-cluster representation of the electronic Green’s function is a complicated
combination of many-body Green’s functions. However, the many-body Green’s functions
are explicitly coupled to each other through their exact equations of motion (see Section 3.8)
and it is exactly this hierarchy of coupled many-body Green’s functions that we want
to decouple by introduction of the coupled-cluster self-energy.

To obtain the spectral form of the coupled-cluster representation of the electronic

Green’s function, we take the Fourier transform of Eq. 3.5.0.2, resolving the identity

of (N + 1)-particle eigenstates of H, to give:

T 1= [N+ SN+ =t
épq(w)zzﬂfolap\‘l’u ]3<;I’u |ag|®o)
w—en Tt 4in

‘I’olaTl‘I’N 1> <‘I’N |ap|2o)

vy Sltalty (0 Tlt).

m

(3.5.0.6)

where e/ 71 = EVT!—ElV and e)'~! = ElY — E)Y ! are the exact addition and removal ener-
gies of the system of interacting electrons, within a complete basis when T is not truncated.
This is the expression that was first presented by Nooijen and Snijders in Refs [87, 88].

In principle, knowledge of the exact coupled-cluster representation of the electronic

Green’s function gives the exact single-particle spectrum, coupled-cluster ground state
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energy as well as the non-hermitian one-particle reduced density matrix
Ypg = —iG, (t — 1) = (Bolahay|Po) - (3.5.0.7)

However, it should be noted that calculation of the ground state energy at any level of
approximation for the coupled-cluster representation of the electronic Green’s function
results in a different ground state energy from that obtained at the same level of
approximation of the ground state coupled-cluster equations [87, 88, 99].

Formally the Dyson equation for the coupled-cluster representation of the electronic

Green’s function is written as
Gl (w) = GhM(w) + Y G (w) S (w)Gl, (W) - (3.5.0.8)

However, it is important to note that the ‘self-energy’, ¥, is not the same object as the
clectronic self-energy, 3 [4]. This is because ¥ is an object that connects Gy to G rather
than G of the hermitian electronic structure Hamiltonian. As a result the coupled-cluster
self-energy is non-hermitian. Due to the fact that the coupled-cluster representation of the
electronic Green’s function introduces a fundamental coupling to every N-particle Green’s
function, the ‘self-energy’ ¥ entering Eq. 3.5.0.8 cannot be defined in the diagrammatic way
as the set of all 1PI diagrams. Therefore, the coupled-cluster representation of the electronic
Green’s function, G, does not concern the diagrammatic coupled-cluster self-energy and

therefore does not fully connect Green’s function and coupled-cluster theories.

3.6 The single-particle coupled-cluster Green’s function and
self-energy

In this work, we take the similarity transformed Hamiltonian as the fundamental inter-
action Hamiltonian and use the biorthogonal formulation for non-hermitian Hamiltonians

to define the single-particle coupled-cluster Green’s function (SP-CCGF) as
iGygts — 12) = @O\T{ap(tl)@j;(b)} [®0) (3.6.0.1)

where the time-dependence of the operators is governed by the similarity transformed
Hamiltonian, H via Eq. 3.2.2.5. We note that Gi,(w) = Gia(w). This is a single-particle

propagator that remains coupled to all higher-order many-body Green’s function through
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its equation-of-motion. It will subsequently be shown that this propagator also contains the
exact charged excitation spectrum as well as the coupled-cluster ground-state correlation
energy through its associated self-energy. As we will show, this change of perspective
allows us to define the irreducible coupled-cluster self-energy directly using techniques
from Green’s function theory. In the following we refer to G as the electronic Green’s
function, G as the coupled-cluster representation of the electronic Green’s function and
G as the single-particle coupled-cluster Green’s function.

3.6.1 Lehmann representation of the single-particle coupled-cluster Green’s

function
The explicit single-particle coupled-cluster Green’s function is defined in Eq. 3.6.0.1. By
expanding the time-ordered product, resolving the identity of (N 41)-particle eigenstates of
H and taking the Fourier transform, we find the Lehmann representation of the SP-CCGF:
(Wolaf | w)™) (U~ ap| Po)

. Uola, TN (ON+ o f P
Ggq(w):z:( oltsl ]\>f—§1 — 1%0) ""Z N-1 .
m w—¢€y T+ > w—¢€y —1m

. (3.6.1.1)

We immediately see that the SP-CCGF contains the exact single-particle spectrum
and we will subsequently show how the associated self-energy also contains the exact
ground state energy. The only difference between the SP-CCGF and the coupled-cluster
representation of the electronic Green’s function (Eq. 3.5.0.6) arises in the form of the
residues, which in the coupled-cluster representation are different due to the explicit
contribution of the higher-order N-particle Green’s functions. We introduce the residues
of the coupled-cluster propagator defined in Eq. 3.6.1.1 as )7;7/‘ = (\ilfy“]a;f,\@@ ,}7;# =
<\i'0|ap]\11fy+1> ,)_(;,’ = (U1 a,|®g) and Xg = <\i10|a;\\1'l],v_1), and re-write the single-
particle coupled-cluster Green’s function as

Yy XXy

Gl (w) = + : 3.6.1.2
pq( ) Zu:w—é?ﬁ“rl—i-in Z,,:w—al],v_l—in ( )
The four blocks of the SP-CCGF are given by:
N XvXv
Grw)y =S ——I—* 3.6.1.3a
ij(w) %:w—sﬁvfl—m ( )
- YHYH
Ghlw)y=> ——o4b 3.6.1.3b
b(w) gw—aﬁf“ﬂ'n ( )
~ Yy © XvXvy
Gia(w) = e o 3.6.1.3
@) zu:w—aﬁf“—i—in zl,:w—sl],v_l—z’n ( °)
GrLw)=0. (3.6.1.3d)
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Note that Yiu = )_(a” = 0. Therefore, we see that the occupied block contains only
backward time contributions, the virtual block contains only forward time contributions,
the occupied—virtual block contains both forward and backward time contributions and

that the virtual-occupied block vanishes.

3.6.2 The irreducible coupled-cluster self-energy

The perturbative expression for the SP-CCGF is given by
= —i [ atH
iGT (t — ta) = <<I>0|T{e )= 'le(”ap(tl)a;(tg)} o)., (3.6.2.1)

where the operators are implicitly defined in the Heisenberg picture in the first equality
and the interaction picture in the perturbative expansion: a,(t;) = e’ tape_iF t. We
have dropped the implicit limit of » — 0. This procedure was outlined in Section 3.2
and results in a diagrammatic perturbation theory for the Green’s function. The set of

diagrams generated by Eq. 3.6.2.1 is reduced by collecting all 1PI diagrams and performing

a geometric series summation through the coupled-cluster Dyson equation
Gpg(w) = Gy (@) ZGOT (w)GL, (W), (3.6.2.2)

where GY (w) is the reference Green’s function of the Fock operator and Ypg(w) is the
coupled-cluster self-energy. As Gia = Gia, it should be noted that f)w = Yia.
From the Lehmann representation of the coupled-cluster Green’s function (Eq. 3.6.1.1),

we immediately identify the spectral form of the coupled-cluster self-energy as [4]

E;Fq(w) - i;; + igq(w) + iz?q(w)

—EOO+ UJ w+z77)]lf(K +C>) Uy
; P [ L q (3.6.2.3)
3 Voa (w0 — i)l — (K= +€9)] | Vg

AA!
where the indices JJ'/AA’ label forward-time/backward-time multi-particle-hole ISCs.
The matrices K; g+ (_3; 7 and I_{j w —|—(_7f1 4 represent the interactions between the different
ISCs mediated by the similarity transformed Hamiltonian. The K-matrices are block-

diagonal by definition (K7, = K7,8,,/). The quantities U,7/Uysp and V,,7/Va, represent
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the coupling matrices that link initial and final single-particle states to the different ISCs.
For the occupied-occupied block of the self-energy we have
S (w W4 Via [ —in)1 — (K= + C<)}A1 Vaj. (3.6.2.4)
AA
The occupied block of the coupled-cluster self-energy only contains poles above the
real axis and is a consequence of backward time propagation alone. The self-energy

of the virtual-virtual block is

-1 -

Sap(w) =25+ Uy [ w+in)l — (K~ + C>)] L U (3.6.2.5)
JJ!

and contains poles only beneath the real axis resulting from forward time propagation
only. The self-energy of the occupied-virtual block contains the combined forward and
backward propagation and has poles both above and below the real axis as
- ~ - ) _ —_1-1 -
Shw) = 2% + 3 Uiy [+ i)l = (K +C)| | Ty
JJ!

. (3.6.2.6)

+ AXA:IVQA [ w—in)l — (K< + C<)]AA, Varg.
As Gai(w) = 0, the self-energy of the virtual-occupied block also vanishes: ¥4(w) = 0. An
important limit is when the cluster operator vanishes, i.e. T =0 (G — G). In this case,
the coupled-cluster Dyson equation (Eq. 3.6.2.2) reduces to the electronic Dyson equation,
where Hj is the bare two-body Coulomb interaction subtracted by the HF potential. The
coupled-cluster self-energy reduces to the two-body electronic self-energy.

For the rest of this Chapter the Green’s function and self-energy components are

implicitly taken to be real-time-ordered.

3.7 Diagrammatic perturbation expansion of the coupled-
cluster self-energy

In this section, we derive the perturbative diagrammatic expansion of the coupled-
cluster self-energy functional, fJ[GO], to third-order. The number of diagrams in the
perturbative expansion for the coupled-cluster self-energy may be reduced by restricting
the diagrammatic expansion to contain only interaction-irreducible diagrams [20]. This
results in a combined series that involves renormalization of the propagators and interaction

vertices. Diagrams are referred to as interaction-reducible when they can be split into
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two diagrams by cutting an interaction vertex into two parts [20, 36]. As long as only
interaction-irreducible diagrams are included, where all propagators are dressed, the
diagrammatic expansion for the coupled-cluster self-energy is equivalent to replacing the
perturbation H; in Eq. 3.6.2.1 with the effective interaction

~ _ 1 = 1 -
Hy = Z(qu - qu)aLaq + W Z ipq,rsa;a:gasar + W Z qur,stua;azaiauatas + -

Pq pq,rs pqr,stu
(3.7.0.1)

obtained from the normal-ordering of the similarity transformed Hamiltonian with respect
to the biorthogonal ground state expectation value (Eq. 3.4.1.3). Obtaining the perturbative
expression for the coupled-cluster self-energy in terms of effective interactions resulting
from normal-ordering with respect to the reference |®g), requires the relationships between
the effective interactions, which are defined in Appendices B.2 and B.4. The effective
interactions arising from normal-ordering with respect to the reference arise when expanding
the self-energy with respect to the reference Green’s function, Gy. Therefore, the self-energy
expansion with respect to the non-interacting propagator is obtained by the expansion of
interaction-irreducible interactions that enter 1PI, skeleton self-energy diagrams.

In the following, we employ the antisymmetrized Hugenholtz-Shavitt-Bartlett diagram
convention [123]. Diagrammatically, the effective interactions that arise when normal-
ordering the Hamiltonian with respect to the reference state are represented by

Perarne ! —
T s = Xpgq,rs >

T

D q
s & .-t Oy = Xpgr,stu »

w

D g 2 g
s & Z‘= _.=u_. v = Xpgrw,stuv »

and so on for the higher-body terms. The effective interactions that arise from normal-
ordering the Hamiltonian with respect to the biorthogonal expectation value are ob-
tained by contracting the diagrams above with the corresponding A-matrices as out-

lined in Appendix B.2.
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3.7. Diagrammatic perturbation expansion of the coupled-cluster self-energy

3.7.1 First-order diagrams

The first-order contribution to the perturbative expansion is the static term [4]
220Gyl = F===3X = Fpy— fyq - (3.7.1.1)

This term was derived in Ref. [4] as the first contribution to the functional derivative of
the BCC Lagrangian with respect to the non-interacting Green’s function. However,
Eq. 3.7.1.1 represents the generalization to coupled-cluster theory formulated about
an arbitrary reference state.

Depending on the external time-orderings of the legs, this self-energy contains different
sets of diagrams. For simplicity, we take the reference to be the HF state such that
the reference Green’s function is the HF Green’s function. Focusing on the occupied-

occupied contribution, we have

iOO(O): ‘ ::::><

) ] M @ M (3.7.1.2)

where we have employed the standard Goldstone diagram notation of Ref. [85]. This
set of Goldstone diagrams corresponds to the equation
550 = 23 Gikllab) (12 + 26582 ) + 3 (ikllja) 1
i =5 2 ik Uk . Ja)ty - (3.7.1.3)
al a

Likewise, the first-order self-energy of the virtual-virtual states is given by

3 a
EZZ(O) — === :><
b
a b
= + +
b a a
which are written as
= 3 Y tiillbe) (185 +21915) + - akloe) (3.7.1.4)
ijc kc
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The contribution to the occupied-virtual block is given by f)z?(o) = (®¢|H|®p) = 0, which
are the singles amplitude equations. The virtual-occupied self-energy contribution is given

by

500(0) _ m =" (ik|lab) #}, .
t kb

These terms represent the most important 1PI contribution to the coupled-cluster self-
energy [4]. It should be noted that if we work with the Brueckner reference, the first-order
contribution decouples the IP/EA sectors of the self-energy. From this analysis, we see the
general feature of the coupled-cluster self-energy in that it combines Feynman diagrams
in terms of propagators with Goldstone diagrams that represent the interaction vertices
arising from the similarity transformed Hamiltonian. When the similarity transformation
is not present (7' = 0), our expression reduces to the perturbative electronic self-energy

expansion and hence ingo’oo(o) = E;Z(O) = 0 as required.

3.7.2 Second-order diagrams

At second-order, both static and frequency-dependent terms arise. The only explicitly
frequency-dependent second-order perturbative contribution to the coupled-cluster self-

energy is the diagram
S@IGy) = (3.7.2.1)

Fixing the external indices, the Feynman diagram contains two contributions corresponding

to forward and backward time orderings

S 1 Xpi,abXab,gi Xpa,ijXij,ga
S (W) =5 DEIE 4 mmed I 3.7.2.2
o () 2 %w—i—ei—ea—eb—km %w—l—ea—ei—ej—m ( )
If both external indices are in the occupied space, we have
S 1 Xik,abXab,jk Xia, ki Xkl,ja
s@0 -1 ihabXabgk kiXklja 3.7.2.3
i @) 2 %w—l—ek—ea—eb—i—m %w+ea—ek—el—m ( )

However, since the matrix element xgpjx = <<I>?,I;]f_] |®9) = 0 via the amplitude equa-
tions, the forward time contribution of the second-order self-energy vanishes. There-

fore, we are left with

= 1 Xia,kl Xkl ja
> () = = ta,kl X klg . 3.7.2.4
() %w%—ea—ek—el—in ( )
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3.7. Diagrammatic perturbation expansion of the coupled-cluster self-energy

Likewise, the second-order contribution to the virtual-virtual block is

— Xa ,C Xc ,
SOw =33 hycd Xedbk (3.7.2.5)

2Cdkw+6k—ec—ed+in'

In this case, the backward time-contribution vanishes due to the doubles amplitude

equations Xq¢,i; = 0. Turning to the second-order contribution corresponding to hole to
2)

particle propagation we have flm- = 0. This is because both Xpcij = Xab,jx = 0. However,

both time-orderings remain in the particle to hole block

_ 1 . ) o
252) (w) _ 5 ( Z Xij,bcXbe,aj + Z Xib,jkXjk,ab > . (3726)

bcjw+6j—eb—ec+zn jkbw+€b—€j—€k—277

Therefore, at second-order, the perturbative expansion of the coupled-cluster self-energy is
exactly that of the spectral form outlined in Subsection 3.6.2. Summarising, the forward
time dynamical contribution to the coupled-cluster self-energy in the occupied-occupied
space vanishes as a result of the similarity transformation. These contributions appear
instead in the first-order static term, i?(o). This is because the forward time contributions
that would appear in the second-order electronic self-energy are instead contained in the
doubles amplitudes t?]b that enter the similarity transformation. Therefore, if we included
these forward time contributions in the second-order dynamical self-energy, we would be
double-counting these contributions. The same structure is observed for the backward
time contribution of the coupled-cluster self-energy in the virtual-virtual space which
are now contained in the static contribution, flzz(o). The occupied-virtual block of the
coupled-cluster self-energy must vanish in order to consistently determine the doubles
amplitudes that contain these contributions. When 7" = 0, the second-order expression
for the coupled-cluster self-energy in Eq. 3.7.2.2 reduces the well known second-order
Mpgller-Plesset (MP2) self-energy [124], i.e. ingo(” (w) = ZMP2(w) as Xpgrs — (pal|rs).

Other second-order diagrams such as

and so on, containing elements up to N-body from the similarity transformed Hamiltonian,

+ (3.7.2.7)

vanish as a result of having four or more lines below any interaction vertex. The coupled-

cluster self-energy diagram of Eq. 3.7.2.1 represents an excitation processes whereby
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the intermediate scattered states consist of excited states containing two-particle-one-
hole (2plh) and two-hole-one-particle (2hlp) configurations. Likewise, the diagrams of
Eq. 3.7.2.7 contain intermediate scattered states of 3p2h/3h2p and 4p3h/4h3p character,
which vanish within coupled-cluster theory, but will contribute in the case of a generic
N-body interaction Hamiltonian.

The final second-order interaction-reducible diagrams are those where the two-body
effective interaction is contracted with the static self-energy and where the three-body

effective interaction is contracted with the two-body interaction:

+ (3.7.2.8)
o———-¥--
These are static terms that evaluate to give
$00(2) _ Z ch,qkigi(o) n 1 Z Xpab,qij Xij,ab (3.7.2.9)
Pa — (e —ec+in)  (2!)? (€i+€ —ea—ep+1in) o

abij
The contributions resulting from the contraction of the four-body with the three-body
effective interaction and so on vanish as a result of containing four or more lines below the

interaction vertex. In Brueckner theory, the first term vanishes because i],;“;(o) =0 [4].
3.7.3 Third-order diagrams

In order to reduce the number of diagrams depicted at third-order, we present only
the 1PI, skeleton and interaction-irreducible coupled-cluster self-energy diagrams. This
restriction requires the self-energy to be written in terms of fully dressed Green’s functions

because the self-energy insertions are already included in the propagator renormalization.

75



3.7. Diagrammatic perturbation expansion of the coupled-cluster self-energy

They are depicted below:

vanish due to the fact that matrix elements of the similarity transformed Hamiltonian

with four or more lines below a vertex are zero. Other dynamical third-order contributions

U

are in fact interaction-reducible as they are obtained by contracting the three-body effective

such as the diagrams

interaction with a single-particle Green’s function and the four-body effective interaction
with a two-body Green’s function. However, these diagrams will appear in the perturbative
expansion of the self-energy with respect to Gg, but they do not contribute to the series
of third-order 1PI, skeleton and interaction-irreducible diagrams that enter %[G]. These
interaction-reducible diagrams are actually contained in the self-consistent renormalized

coupled-cluster self-energy expansion at second-order to be presented in Section 3.8.
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S2p1h/2h1p(0) _
s /2h1p(0) _

Figure 3.1: The 2plh/2hlp excitation character restricted third-order one-particle irreducible
coupled-cluster self-energy diagrams expressed with respect to the reference Green’s function, Gy.

When T = 0, the third-order coupled-cluster self-energy exactly reduces to the two

skeleton diagrams of the electronic self-energy as

where the interaction line is now the antisymmetrized bare Coulomb interaction. Therefore,
we have S;quo(g) (w) = E,(f(}) (w) as expected.

To demonstrate the evaluation of a typical third-order contribution to the coupled-
cluster self-energy, we focus on the third diagram of Eq. 3.7.3.1. In this diagram, from
the Feynman rules [13, 14, 17, 20, 36], we have two sets of two equally oriented Green’s
function lines which give rise to a total symmetry factor ﬁ = i. There is also one closed

fermion loop giving rise to an overall phase factor of —1. The diagram evaluates to

dw dw dw dw
LY [leddadin, 60060 ()Gl o )

rstuvx
yzwnol

X Xuvx,yszgn (w3)Ggo(w4)XnO,qu?x (w3 +wy — w) :

The first three diagrams of Eq. 3.7.3.1 encode excitations that contain mixtures of
2plh/2hlp states. In the case of three-body interactions, it was proposed that these
diagrams make up the dominant contribution to the self-energy at third-order [20, 36]. The

rest of the diagrams all contain combinations of 3p2h and 2plh excitations. Higher-body
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3.8. Self-consistent renormalization of the coupled-cluster self-energy

excitations are possible in the case of a generic N-body interaction, but vanish within
coupled-cluster theory due to the structure of the similarity transformed Hamiltonian [85].

To conclude the perturbative analysis presented in this section, we depict the dia-
grammatic content of the set of perturbative third-order 1PI coupled-cluster self-energy
diagrams restricted to the space of 2p1h/2hlp intermediate excitation states in Figure 3.1.
The fifth and sixth diagrams of Figure 3.1 arise by insertion of the static coupled-cluster
self-energy diagram (the first diagram) into the second-order dynamical term (the fourth
diagram). As a result, they are non-skeleton contributions. The second and third diagrams

are static contributions that are interaction-reducible.

3.8 Self-consistent renormalization of the coupled-cluster
self-energy

In this Section, we construct the renormalized coupled-cluster self-energy from the
exact equation-of-motion for the single-particle coupled-cluster Green’s function. Our
analysis demonstrates the formally consistent functional-diagrammatic formulation of the
non-hermitian CC self-energy. As a result, profound connections are uncovered between
the effective interactions generated by the self-consistent Green’s function theory and those
that arise from the functional derivatives of the BCC Lagrangian presented in Ref. [4].
From this analysis, we also demonstrate how the perturbative series for the self-energy

derived in Section 3.7 emerges from the self-consistent formalism.

3.8.1 Renormalized coupled-cluster self-energy

Through its exact equation-of-motion, the single-particle coupled-cluster Green’s
function is coupled to the 4-point, 6-point, 8-point and so on Green’s functions. In

the spin-orbital basis, these higher-point Green’s functions are defined as

iGoPt (1, o3 t3, ) = <\ifo!T{aq(tz)ap(tl)ai(tg)ag(m)} |®o) (3.8.1.1a)
IGRY (b1, o, i ta, 5, t6) = (Dol T {ap(ts)ag(t2)ay(t1)al (ta)a] (t5)al (ts) } o)
(3.8.1.1b)
iégrq)rt’s,tuvw(tlat27t37t4;t57t67t7;t8) =
(3.8.1.1c)

(Bo|T {as(ta)ar (ts)ag(ta)ap(tr)af (ts)al, (te)al, (t7)al, (ts) } | ®o) -
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The 10-point and higher Green’s functions are defined analogously. The relationship
between the 4-point Green’s function, the two-particle-hole Green’s function and the

two-particle reduced density matrix is given by

GERL (47,8 ¢F) = G2 (¢ — 1) (3.8.1.2a)
with
Lpgrs = iGooho(t = t7) = (Tolalalagap| o) - (3.8.1.2b)

Here, the notation ¢t — t* denotes evaluation of the second time argument of the Green’s
function with a positive infinitesimal, i.e. ¢* = t + n, where n — 0 from above.
Analogous relationships hold between the higher-body Green’s functions and corresponding
reduced density matrices.

Taking the time-derivative of the first argument of the coupled-cluster Green’s function
(Eq. 3.6.0.1), using Eq. 3.2.2.5 and the definitions of the higher-order Green’s functions, we

have

0

3 (iatlépr — fpr) Grqlts — t2) = 0pgd(ts — t2) + > (hpr — for)Grg(ts — t2)

1 7 ~4pt
+ 5 Z hpT,sthErq(tla t1; tii_a t2)

T orst

1 - ~6
+ ﬂ Z hprs,tquth);?rW (tly tla tl; t1++, t;rv t2)
: tors

tuv

L h ~8pt
A D hrstawol Goon patg (s bttt 75 4T 8 )

rst
uvol

(3.8.1.3)

In contrast to the electronic Green’s function where the interaction Hamilotonian is a
two-body operator, the coupled-cluster Green’s function is coupled all the way up to the
N-body Green’s function, since H is an N-body operator. Using the functional inverse

for the ‘non-interacting’ Green’s function and taking the Fourier transformation of this

79



3.8. Self-consistent renormalization of the coupled-cluster self-energy

expression, we rewrite the equation-of-motion as the Dyson series

Gpg(w) = G;zqu(w) + Z Ggr(w)(ilrs - fTS)ésq(w)

1 - o0 dwldCUQ ~
~ 5 Z Ggr(W)hrs,tu/ e Gfgqu (w1, w23 w, w1 +wp — w)
—00

trstu

1

+ 531 2 Conl@hrstans [ * dwrdwydwsdun
312l & et Trstuew | (o)
uvw
X Gggzu,rqt(wlaW27W3§W4,w,w1 +wy + w3 —wy —w)
_ 1 Z 0 (w)ﬁ /OO dw dwodwsdwdwsdwe
4!. 3! e pn nrst,uvol - (27‘(‘)6
uvol
X Gigtol,qrst(wlvwQaw37w4§waw57w6;w1 +wr w3 +wy —ws —ws — W)
+ ..

(3.8.1.4)
where the continuing series implies coupling of the five-body interaction to the 10-point
Green’s function and so on. Therefore, knowledge of the single-particle Green’s function
requires the knowledge of all N-point Green’s functions. In order to derive the self-
consistent expression for the coupled-cluster self-energy, we first introduce expressions for
the 4-point, 6-point, 8-point vertices and so on. These interaction vertices contain only
1PI diagrams and are related to the self-consistent equations of motion for the 4-point,
6-point, 8-point Green’s functions and so on, respectively. In the frequency domain, the
4-point vertex function is defined as [17, 125]

G?)E:CTS(W1,W2;W3,OJ4) = 2mi (5(w1 — w3)8(wa — wa)Gpr(w1)Glys (w2)
— §(wn — wa)d(ws — w3)Cps(w1)Gr(wn))
— 3" Goulw1)Gau(w2) A (wr, wa; wg, wa) Gur (w3) Guss (wa) -
tuvw

(3.8.1.5)
This equation presents the 4-point Green’s function as the sum of the properly an-
tisymmetrized propagation of two independent particles, with Adpt representing their
effective interaction. The 4-point vertex, /~\4pt, is very closely related to the Bethe-
Salpeter kernel and ‘vertex’ of Hedin’s equations (see Section 3.12). However, it is
constructed from antisymmetrized 1PI diagrams as opposed to the two-particle irreducible

diagrams (2PI) which enter the BSE.
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Similarly, the exact equation-of-motion for the 6-point Green’s function can be written

as [17, 20, 125]

6Dt . —
Gpgr.stu (W1, W2, W35 Wa, W5, we) =

— (21)2 Alfpwr g, ros ] [5((#1 — wy)d(wa — ws )0 (w3 — we) Gips (wl)éqt(w)éru(%)]
- 27Ti7)[{pw1 ,qw2,rwg}]P[{sw4,tw5,uw6}}

X (5(001 — w4)Gps(w1) > G <w2)érw(w3>[\3§t,lo(w27w3;w5vw6>élt(w5)éou(wﬁ)>

vwlo

+ Z G~¢pv (Wl)éqw (WQ)GTI (w3)Agitl,omn (w17 W2, W3, W4, Ws, WG)GOS (w4)émt (w5)é7w (wG)

vwl
omn

(3.8.1.6)

Here, we employ the notation of Ref. [20] where Al{pwr,quwz,rws}] TePresents the antisymmetric
sum of all possible pairs of permutations of the index-frequency pairs and Py, qws,rws}]
sums all cyclic permutations of each index-frequency pair. The antisymmetrized and cyclic
permutation summations are required to ensure that the fermionic exchange symmetry is
obeyed during multiparticle propagation. In general, there are n! terms that contribute
to the independent-particle propagation of n fermions. For a single fermion propagating
independently with respect to the coupled propagating of (n — 1) interacting fermions
gives rise to n? equivalent combinations. For the case of the 6-point vertex equation, we
have 3! = 6 independent-particle propagation terms, 32 = 9 terms corresponding to the
propagation of a single fermion with two interacting fermions [125]. From this equation,
we immediately see the emergence of the coupling of the 6-point vertex function to the
4-point vertex. This is a consequence of the fact that the 6-point vertex is related to
the functional derivative of the 4-point vertex with respect to the single-particle Green’s
function. Continuing this process up to the N-body Green’s function and 2N-point
vertex function, yields expressions that couple to all propagators and contain the correct
permutation symmetry with respect to the Fermi statistics. All equations involving vertices
are exact by definition and inserting the expressions containing the vertex functions, using
the definition of the self-energy through the Dyson equation, we obtain the following

expression for the irreducible coupled-cluster self-energy
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. . i _
Ypg(w) = <hm -t Z hprgsGlsr(t —17) + 22 Z hprs,qtqug};‘s(t —tT) 4. ) — fpq

rs rstu

1 _ - . i _ s
+ 5 (hps,tu -1 Z hpso,tunGno(t - t+) + (2|)2 Z pson,tuenGz,Egn(t - t+) + - )
’ on Y/ onek

stu
vwl
dwidws ~ - < 4ot i
X / (27’()2 Gtv(wl)Guw(WQ)Avw’ql(wl,CUQ;UJ,OJl + wo — W)Gls(wl +wy — w)
1 7 . 7 ~
+ ﬂ Z Z <h8pt,uvw —1 Z hsptﬂ,uvweGgﬁ(t _ tJr)
uf;i.u algﬁ 66
o I s e 10 -
€dp
dW1dw2dW3dW4 ~ ~ ~ B
/ W ul(wl)Gvo’(W2)Gwa(w3>A?£gﬂqH(wl, Wo,Ws; Wy, W, w1 + W + W3 — wq — w)

X G,ys (w4)égt(w1 + wo + w3y —wyg — w)

1 _ - .
+ 41 3 Z Z (hpstu,vwol -1 Z hpstua,vwolﬂGﬂa(t - t+)

stu_ 09z af
vwol yyed

¢ h ~2ph
+ W Z hpstuaﬁ,vwol'yqu,yZ’aﬁ (t — t"‘) + - )
Y apye

dwidwsodwsdwadwsdwg ~ ~ ~ -
/ ! 2 (237[-)64 > 6Gva(wl)ng(w2)Goz(W3)Gly(w4)

A 8pt

ngy,q'ye5(wlaw2aw3yw4;w;w5aw6ywl +wo + w3+ ws — w5 —wg — w)

X Grys(ws)Ger(we)Gsy(wi +wa + w3 + wy — ws — we — w)

(3.8.1.7)

From the equation-of-motion for the Green’s function this expression continues up to
the 2N-point vertex. Remarkably, as a result of the exact vertex equations, the effective
interaction elements appearing here correspond exactly to those of the similarity trans-
formed Hamiltonian normal-ordered with respect to the exact ground state biorthogonal

expectation value (Eq. 3.4.1.3). Therefore, we may simplify the above expression to obtain
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the fully renormalized coupled-cluster self-energy as

Ypg(w) = (qu — fpqg)

1 = dwidws ~ ~ ~

+ E Z Sps,tu / WGM(WI)Guw(WZ)Aigiql(wl’ W2 W, w1 + w2 — W)Gls(wl + wy — w)
T ostu
vwl

1 ~ dwldWdegdW4 ~ ~ ~
+ Z Z Xspt,uvw / —4Gul(w1)Gvo(w2)Gwa(w3)
2 4 4 @)
uvw QYK
A 6pt . - -
X Alaa;yqn(wl?w2v W3 W4, W, w1 + w2 + w3 — w4 — W)G'ys(w4)Go't(w1 + w9 + w3 — wy — w)
1 ~ dwldwzdwgdw4dw5dw6 ~ ~ ~ ~
+ T Z Z Xpstu,vwol/ 6 GW(wl)ng(wg)Goz(wg)Gly(w4)
4.3l stu 09z (27‘-)
vwol yyed
N?rr;tzy,queé(wbw%w& W43 W, Ws, We, w1 + W + W3 + wqg — Ws — We — w)
X Glys(ws) Glet (o) Gou (W1 + wa + w3 + wy — ws — we — w)
J’_ .

(3.8.1.8)

The diagrammatic representation of this equation is given by

where the higher-order diagrams are represented by propagators coupled to the five-body
interaction and the 10-point vertex function and so on. Here, we have introduced the
diagrammatic notation for the ‘vertex’ functions, A%/6/8Pt  Diagrammatically, through
the vertices, the renormalized self-energy is expressed as the sum of all 1PI, interaction-
irreducible skeleton diagrams. From the Feynman rules, we see that the correct pre-factors
of the self-energy are reproduced. The first vertex diagram has one set of two equally
oriented Green’s function lines therefore giving a total symmetry factor of % The second

vertex diagram contains one set of three and one set of two equally oriented Green’s

L

function lines giving rise to the total symmetry factor of ;.

The third vertex diagram

contains one set of four and one set of three equally oriented Green’s function lines giving

1

rise to the total symmetry factor of 45,

and so on. This results in the self-consistently
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renormalized series for the self-energy functional (up to third order)

Subsequently we observe the renormalization of both propagators and interaction vertices
as required by the presence of the interaction-irreducible diagrams. This is the result
of the implicit normal-ordering of the Hamiltonian generated by the Green’s function

formalism. Third-order diagrams such as

vanish due to the fact that the renormalized three-body, four-body and so on matrix
elements of the similarity transformed Hamiltonian that contain four or more lines below

a vertex are zero. This is analogous to the corresponding perturbative analysis presented
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in Section 3.7. The explicitly static term is given by

e p N
Yoo = e WX = E,, — fr
AV (3.8.1.11)

- . 1 y
= E;Z(O) + Z )\ZXpa,qi + (2‘)2 Z )‘ZjbXpab,qij 4.
ia Y ijab
This is exactly the static term first derived in Ref [4] and is given by the functional derivative

of the coupled-cluster Lagrangian with respect to the equal-time ‘non-interacting’ single-

particle Green’s function. When 7" = 0 (meaning that G is also replaced by G), we find that

lim ¥ = lim F,, —
T=0 P4 7o P4 Tra

= hpg = i) (prllas) Gar(t —£7) = hpg —i Y (prllgs) Gy(t — tF)

rs

=" (prllgs) (yrs — 1)
rs

__ y00
_EPQ’

(3.8.1.12)

which is the exact static part of the two-body electronic self-energy [35]. It is important
to note that the property F,; = F,; = 0 holds for the interaction-irreducible effective
interactions. However, Fy; is no longer simply the singles amplitude equations but contains

all amplitude equations via Eq. 3.8.1.11. The effective two-body interaction is similarly

given by the following Goldstone diagram series [4]

= = PN I — eARARRe
Zpgrs = T s = +

*~--0--

. 1 g
= qu,rs + Z AZqua,rsi + (2|)2 Z )\;]bquab,rsij + -
ia /' ijab

(3.8.1.13)

[1]x

Again, Zgp 5 = Xabij = 0 due to the coupled-cluster amplitude equations. The three-body
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effective interaction is similarly defined as

- p
Xpgr,stu = S

[ 1 N

-(3.8.1.14)
and so on. The higher-body terms are constructed analogously by contracting the higher-
order effective interaction matrix elements {x} with the corresponding A-matrices. Within
the CCSD approximation, all dressed effective interactions contributions are truncated to
contain contractions of terms up to the doubles de-excitation amplitudes, {)\Z)}, only.
Using the expression for the effective two-body interaction, the corresponding second-

order self-consistent coupled-cluster self-energy takes the form

»PG) = = + = +
LV 4}

(3.8.1.15)

and so on for the terms containing the higher-body de-excitation amplitudes. Here,
we have introduced the mixed Feynman-Goldstone diagram notation to represent the
Green’s functions and interaction-irreducible matrix elements. The dressed propagators
are to be identified as Green’s functions, whilst undressed fermion lines contracting
with the A-matrices are to be interpreted as Goldstone diagrams that contribute to
the effective interaction, Xpq,rs-

Using the Green’s function residues and poles defined in Section 3.6, as an example,
we evaluate the second-order self-consistent contribution to the renormalized coupled-

cluster self-energy to give

S(2) 1/ Il <=  A2pih/2hip, =
21(31) [Gl(w) = ) Tzst: ‘:‘PT,tUGtgr,s{)w P(W)Esv,qu- (3.8.1.16)
uvw
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izglh/%lp: - m—i_% + % +

Figure 3.2: The 2plh/2hlp excitation character restricted third-order one-particle irreducible
skeleton coupled-cluster self-energy diagrams expressed with respect to the exact single-particle
coupled-cluster Green’s function, G.

Here, we have identified the resolvents generated in Eq. 3.8.1.16 in terms of the propagator

aatr ) =y TR

’ prpan W T E T T & T —Euy T
S i)
viv2 1 w + eﬂl - 61’1 - 6”2 —wm

(3.8.1.17)

representing correlated simultaneous charged excitation processes involving three-particles.
The space spanned by the indices 4 and v is much larger than the spin-orbital space as they
index the removal/addition poles of the Green’s function and are directly connected
to charged excitation processes.

To conclude this subsection, in Figure 3.2 we depict the diagrammatic content of
the set of renormalized third-order 1PI skeleton coupled-cluster self-energy diagrams
restricted to the space of 2plh/2hlp intermediate excitation states. These diagrams
contain excitations involving renormalized intermediate states of 2plh/2hlp excitation
character and will therefore constitute the most important contributions to the coupled-
cluster self-energy at third-order. All diagrams depicted in Figure 3.2 are 1PI, skeleton

and interaction-irreducible.
3.8.2 Recovering the perturbative expansion

To recover the perturbative expansion for the coupled-cluster self-energy requires careful
consideration. This is due to the fact that the interaction-irreducible matrix elements of
the similarity transformed Hamiltonian also depend on the exact Green’s function. The

self-consistent self-energy at second-order is composed of two diagrams

sG] = MWW+ (3.8.2.1)
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However, the effective interactions as well as Green’s function lines have corresponding

Dyson expansions. Diagrammatically, these take the form (see Appendix B.4)

+ o (3.8.2.2)

with

+ o (38.23)

*---0--

===
Now, retaining only terms up to second-order (diagrams containing up to two interaction

lines), we insert Eqs 3.8.2.2 and 3.8.2.3 into Eq. 3.8.2.1 to obtain the second-order

perturbative expansion of the self-energy as

(3.8.2.4)

This is exactly the expression obtained at second order in the perturbative expansion as
presented in Section 3.7. All higher-order perturbative diagrams are obtained from the
self-consistent expression by successive diagrammatic expansion of exact propagators

and interaction vertices.

3.9 The coupled-cluster ground state energy

In this Section, we demonstrate how the coupled-cluster correlation energy may be
obtained from the coupled-cluster self-energy. The coupled-cluster ground state energy

is given by the expectation value

E§Y = (Do H|Do)

- f f (3.9.0.1)
= Z hquyjzr;] 2! (912 Z hpq ] ;?] rs 2 Z hpq’r stu ;?17' stu 4
m pg,rs ! pqr,stu
From Eq. 3.4.0.9, we have
_ 1 _
ref+ Z (ij]|ab) (50 + 2t7¢%) + 3 fiatd (3.9.0.2)
z]ab -
= By + EJC .
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All additional higher-body terms evaluate to zero due to the structure of the coupled-
cluster similarity transformed Hamiltonian as all matrix elements with four or more
lines below the interaction vertex vanish [85]. The ground state energy is also given

by the coupled-cluster Lagrangian via

L§C = (Vo|H|Do) = <‘T’0|Bl\¢)o> + (‘i’ofv’%) + (Wo|W @) +

r f " f ref
Z th'YpZ 2| oN2 Z hpq rs p?],rs 2 Z hpqr sturpzr stu T
pq,rs 3! pqr,stu
. . (3.9.0.3)
+ Z hpq <A|Q;aq|‘bo> + W Z hpg,rs <A|apaqasar|<l>0>
*/ pq,rs
+ one Z hpqr stu <A‘a;) (T; iauatas@()) +

(3') partu
where (A| = (®g| A is the state obtained from application of the de-excitation operator
onto the reference. From the equation-of-motion for the single-particle CC Green’s function
(Eq. 3.8.1.3), it appears that the total ground-state energy cannot be obtained from

the self-energy because

1 © duw ) ) i )
‘ = — T
5 77113%’)1+ %/ 271'Z “7&)217(]( )qu(b.}) - 5 %(hpq qu) <\I/0|apaq|<1>0>
1 - -
+ (21)2 Z Ppg,rs <‘Po\aLa;asar\(I>0>
) pg,rs
1
+ 3. (212 Z Npaqrstu <\I/0|a alayaas| ®g)
( ) pqr,stu

(3.9.0.4)

which equates to

3 0m 3 [ S Sle)pe) = 5 @ol(1 4 A) s — )e0) + (@ol(1 4 )7 2]

2 {@o](1+ ) |o) +

(3.9.0.5)
The correct prefactors required to give the coupled-cluster Lagrangian in Eq. 3.9.0.3 are
not generated by the equation-of-motion for the single-particle Green’s function given in
Eq. 3.9.0.5. Therefore the amplitude equations are not correctly reproduced from the
equation-of-motion. This is analogous to the fact that the ground state energy of a three-
body hermitian interaction Hamiltonian is not obtainable from the equation-of-motion for
the single-particle Green’s function [20]. However, the coupled-cluster ground state energy

is still accessible from the coupled-cluster self-energy. To demonstrate how this is the case,
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we evaluate the frequency integral in Eq. 3.9.0.5 analytically by making use of the pole
structure of the SP-CCGF and associated coupled-cluster self-energy. As the coupled-cluster

self-energy consists of a static and dynamical part, %(w) = £ + 2P (w), we have

i . dw
2 lim Z/ €' g () Zzpcﬂpq
pq v

OO27T

/) dw -
— 2 meD u
2 a0+ %; /_oo o ()G (),

where we have used Gai(w) = X2 (w) = 0. The dynamical part of the self-energy is
given by the sum of the forward- and backward-time contribuitons: £P = 3F + ¥B. The
one-particle reduced density matrix is given by 7,y = <\Tlo|a;aq\<bo>. The poles of the
occupied-occupied block of the self-energy and Green’s function lie above the real axis
and the poles of the virtual-virtual block of the self-energy and Green’s function lie below
the real axis. Therefore, from the residue theorem, the integrals over frequency vanish

and we are left only with the static contribution

i, dw e
—5 lim > / TN (W) Zzpqqu. (3.9.0.7)
pq

00277

From the definition of the one-particle reduced density matrix and the static component

of the coupled-cluster self-energy, Eq. 3.9.0.7 evaluates to
(. ® dw ;o .
—5 lim Z/ 5= €1 Epg (W) Gp(w) = *ZE +5 Z)‘a az
pq
= 5 Z 2“ Z Aan, ik + 7ors ( )3 Z )‘ameb ikl

zka iklab

+ = ZAZ — fai) »

(3.9.0.8)

where we have used Eq. 3.8.1.11 to identify Z ( ). We have also used Eq. 3.8.1.11 to
write the second equality of Eq 3.9.0.8, alongside the definition qu( ) = Fpy — fpq, given in
Section 3.7. We have derived these equations using a general reference state |®¢), such that

oo(0) # fai # 0. Using Eqs 3.9.0.3 and 3.9.0.5, we can write the CC ground state energy as

. 1
E§C =23 S5+ ZA’ wi — fai) + <‘I/o\(h1+F)|‘I’0>—§<‘I’0‘W“I’0>

(3.9.0.9)
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The third term evaluates to give 5 <\I/0|(h1 + F)|[®o) = 5 Z (hii + fir) + S AL ( ai + fai)-
The additional three-body component results in the expression
1

ik
-5 <\I/0’W‘(I)0 2 Z )‘a aijkij — (2')3 Z )\ab abk,ijk — 2 Z )\Zbchabc,ijk .
! ijka kijab ! ijkabe

(3.9.0.10)

The higher-body terms in Eq. 3.9.0.9 give rise to a similar structure of terms whereby the
higher-body interactions are contracted with different de-excitation amplitudes. Using
these identities we can simplify Eq. 3.9.0.9 to give

1

E§° = iz(hii—f—fii‘f'i?m)_'_zhiat?) +EZA3(F“"+EC”')

T3 Z )‘GXC” kit ( )3 Z /\abXabz kli +
zka : zklab

1
2 Z >‘a aij,kij — (2')3 Z )\abhabk ijk — (3')2 Z Aabchabc ijk + -
! ijka kijab ijkabe

(3.9.0.11)

where we have used hj; = h; + Y q hiat?. We have also used the antisymmetry of the
matrix elements to re-write terms originating from the trace of the static component
of the self-energy (igg) such as: Xiqik = Xaiki and so on. Using the definition of
i;o(o) from Eq. 3.7.1.3, we find

*ZZ“ = 4Z<w|\ab> (857 + 26343) + 5 met“r =S Gijllai) (3.9.0.12)

ijab iaj

remembering that f;, # 0 for a general reference state. Using this result, we identify
the first term of Eq. 3.9.0.11 as the coupled-cluster ground state energy obtained from

the ground state coupled-cluster equations as
1 00(0
EGC = 52 (hii+fii+2;>,-o( )+tht?>
a

ref+ Z (ij|laby (22 + 242 + 3~ fiat?
z]ab ia

(3.9.0.13)

where we have used the definition of the reference energy as it = % >i(hii + fii). This

result is clearly identical to Eq. 3.9.0.2. Therefore, we have

E ECC + = Z )\Z az + hm + Z )\aXaz kl ( )3 Z )\abXabz kli T

'Lka iklab

ijk
2 E : )‘a aij,kij — ( ) E Aabhabk ijk — 9. 2 § )\ajbchabc,ijk +ee
! ijka kijab ijkabe

(3.9.0.14)
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In order for this equation to be correct, we demonstrate in Appendix B.6 that the remaining
terms of Eq. 3.9.0.14 vanish as a result of the CC amplitude equations. Combining these
results together, Eq. 3.9.0.14 can be re-written as
E§C = B§®+ 3 MoFui - 2(13,)2 > NheXabeigh + - (3.9.0.15)
ia ijkabe
Written is this form, it is clear that the additional terms in Eq. 3.9.0.15 vanish as they
contain exactly the CC amplitude equations, Fy; = Xabij = Xabeijk = 0 and so on.
Therefore, within the Green’s function formalism, the coupled-cluster correlation energy

is generally given by the expression

L (o0
EEC=23 (z S hmtg> . (3.9.0.16)

i
In the Brueckner basis, the second term vanishes and the correlation energy is simply
given by the first term of the static contribution to the coupled-cluster self-energy [4].
Hence, the coupled-cluster ground state correlation energy is completely determined
by the coupled-cluster self-energy. From Eq. 3.9.0.16, we find that the coupled-cluster
ground state energy obtained at any level of approximation of the CC self-energy gives
the same ground state energy as that obtained at the same level of approximation of

the ground state coupled-cluster equations.

3.10 The coupled-cluster Dyson supermatrix

In this Section, we provide an overview of the coupled-cluster quasiparticle equation and
Dyson supermatrix. Standard Green’s function theory is centered around the frequency-
dependent quasiparticle equation (Eq. 2.6.0.3), which gives access to the poles and residues
of the Green’s function. This allows us to directly combine coupled-cluster theory with the
methodology employed in the Green’s function formalism, leading us to introduce several
approximations for the coupled-cluster self-energy that preserve its correct spectral form.

The Dyson equation for the SP-CCGF can be used to derive the coupled-cluster

quasiparticle Hamiltonian using the identity

fqu(w) = (W‘Spq - G;ql(w)) = fpa T ipq(w) ) (3.10.0.1)
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where: C;’qul(w) = [Golyg (w) — ¥ (w), with [Golpg (W) = (wdpg — fpg)- The poles and
residues of the SP-CCGF are then given by the eigenvalues and eigenvectors of the

self-consistent frequency-dependent coupled-cluster quasiparticle equation:
> Hpgley) A7 = AJey . (3.10.0.2)
q

Here, 7 is a composite index that spans both forward- and backward-time poles and
residues of the SP-CCGF: v = u,v. When the full set of 1PI diagrams are included in
the coupled-cluster self-energy, the eigenvalues of Eq. 3.10.0.2 are the exact addition and
removal energies of the system. As discussed in Section 3.6, the coupled-cluster self-energy
is inherently non-hermitian. Therefore, the coupled-cluster quasiparticle Hamiltonian

possesses distinct left eigenstates given by
> AjHgp(ey) = ey A (3.10.0.3)
q

The right and left eigenvectors are related to the SP-CCGF residues defined in Section 3.6

through
Ty= Vit = (Wolap| WL+
AVTRY = P AR AR 3.10.0.4a
’ { X2 = (&N Jay|@p) ( )
= V) = (U af| o)
A=Y = - P Lo g 3.10.0.4b
o= S ) (10040)
Similarly, the eigenvalues are related to the poles of the SP-CCGF as
€N+1
Eqympy = aj\l;’l (3.10.0.5)
v 9

which are at the formally exact removal and addition energies of the system.
Using the spectral form of the CC self-energy, given in Eq. 3.6.2.3, the frequency-
dependent coupled-cluster quasiparticle equation (Eq. 3.10.0.2) can be written in terms

of the frequency-independent ‘upfolded’ coupled-cluster Dyson supermatrix eigenvalue prob-

lem
f 4 X0 U \Y% A A
U K +C» 0 Wt | = WH | . (3.10.0.6)
\Y% 0 K< +C< W- A\

Here we have employed matrix notation for the coupling and interactions between the
forward and backward time multi-particle-hole ISCs. The eigenvalues, ¢, are the exact

addition and removal energies of the system. Diagonalization of the coupled-cluster Dyson
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supermatrix yields all the forward- and backward-time poles and residues of the SP-CCGF
at once. Throughout the rest of this Chapter we denote the CC Dyson supermatrix as DC.

Since the coupled-cluster self-energy is non-hermitian, the coupled-cluster Dyson
supermatrix also has distinct left and right supereigenvectors. However, the exact CC Dyson
supermatrix is pseudo-hermitian, due to the similarity transformed Hamiltonian H, as it
possesses a real spectrum. In Appendix B.5 we show that the imaginary part of the retarded
component of the exact coupled-cluster self-energy is biorthogonally negative semi-definite.
This property follows from the pseudo-hermiticity of the CC Dyson supermatrix and CC self-
energy. This constitutes a non-hermitian extension of the negative semi-definite property of
the imaginary part of the retarded self-energy (Eq. 2.5.0.4) presented in Chapter 2, which is
an important property that ensures the correct causal structure of the theory [40, 41, 126].

The components of the right and left eigenvectors in the space of excited multi-

particle-hole ISCs are found as

Wi =3 (1 (K> +C7))
J"p

] " 7’\/
LUy (3.10.0.7a)

-1 .

Wi =3 (e1 - (RS + C<))AA”VA~,pA;Z (3.10.0.7b)
A//p

Wi =3 A0 (a1 - (R +€7)) (3.10.0.7c)
pJ//

) o _ N

Wi =S A1V, 4 (5711 (RS 1 C<))A”A : (3.10.0.7d)
pA//

where ( A Wt wW- ) is the left supereigenvector solution. From these formal solutions,
it should be noted that the W=7/W*" components of the eigenvectors are explicit
functions of the corresponding eigenvalue, e,.

If we impose the normalization condition: }_, A;;lg = 1, the quasiparticle renormaliza-

tion factor can be found from the inverse of the overlap of the supereigenvectors as

1
7= (S S e W)
p J A
i . (3.10.0.8)
- (1 0%, (w)

_ 9En(w) )

Ow
However, if we instead require that full supereigenvectors be normalized under the biortho-

w=e~y

gonal inner product then the renormalization factor is simply given by: Z, =3, fl;/_lg.
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From the right and left supereigenvector solutions of the CC Dyson supermatrix
(Eq. 3.10.0.6), it is possible to reconstruct the exact SP-CCGF by taking the resolvent of
the Dyson supermatrix in the single-particle spin-orbital subspace. For the retarded

SP-CCGF, the result is given by

Gl (@) = ((w+in)1 - D)

_ pq
-y A3 Aq
o= i (3.10.0.9)
Yoy XgXp

:;w—sﬁfﬂ—l—in—kgw—ey*l—{—in '
where we have used the relationships given in Egs 3.10.0.4 and 3.10.0.5 to go from the
second equality to the third equality. As can be seen, this expression agrees with the exact
Lehmann representation given in Eq. 3.6.1.2 (remembering that the difference between the
time-ordered and retarded single-particle Green’s function is that the retarded propagator
simply places all the poles below the real axis [13, 14, 17]).

By introducing the coupled-cluster Dyson supermatrix, we preserve the correct ana-
lytical structure of the self-energy required to obtain the correct convergence of the
Feynman-Dyson diagrammatic perturbation expansion [123]. This representation forms
the basis of the Algebraic Diagrammatic Construction method [35, 36, 41]. In the following
subsections, we construct the upfolded Dyson supermatrices for different 2p1h/2hlp CC
self-energy approximations that preserve the correct analytic structure. To be consistent
with the treatment of 2plh/2h1p excitations, all coupling and effective interaction matrices
appearing in these subsections will be implicitly taken within the CCSD approximation
(T = T1 + T»). These CC self-energy approximations reveal the connection to IP/EA-
EOM-CCSD theory and allow us to leverage the connections between Green’s function
and coupled-cluster theory.

The equations derived in this work are no more complex than those that have been
derived in the context of EOM-CC theory [127-129], the Algebraic Diagrammatic Con-
struction method [36, 41] and the Gorkov-Green’s function formalism [37, 130]. Therefore,
similar hierarchies of approximations and powerful numerical techniques can be ported over
for the efficient solution of the coupled-cluster Dyson supermatrix [36, 61, 94, 131-141].

In the following subsections, we will use the fermionic antisymmetry of the effective inter-

action matrix elements to restrict our sums to be over ordered sets of single-particle Green’s
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function indices: (i < j;a), (i < j < k;a <b), (11 <wvo;pu1), (11 <o < ws;uy < pz) and
so on. We can recover the general case using unrestricted summations by introduction of

the relevant symmetry factors of the Feynman diagrams presented in Sections 3.7 and 3.8.
3.10.1 Second-order perturbative and self-consistent approximations

From the second-order perturbative coupled-cluster self-energy (Eq. 3.7.2.2), we see that

J = (i;a < b)/A= (i < j;a) are restricted to the space of 2p1h/2h1p excitations such that:

Ué,oi)ab = Xpi,ab (3.10.1.1a)
Uiy = Xabai (3.10.1.1b)
Vo) y = Xijga (3.10.1.1¢)
‘7,,((2,1 = Xpa,ij (3.10.1.1d)
The ISC interaction matrices are given by I_{;b,jcd = (€a + € — €)(0acObd — Oaadbe)dij

and I_{fja’klb = (ei + €5 — €a)(0i051 — 010k )dap, respectively. This leads to the following

upfolded CC Dyson supermatrix

So0(0 S00(2 ~(0 = (0
(eSS o v,
Dy = Uiabg Ko 0 | (3.10.1.2)

(0) .
V;j%q 0 Ki<ja,klb

Alternatively, we also carry out this procedure for the second-order self-consistent, renor-
malized coupled-cluster self-energy. This self-energy also consists of 2plh/2hlp excit-
ation character (J = (vi;u1 < p2)/A = (11 < vo;u1)) and gives rise to the follow-

ing coupling matrices:

Upihres = Xt: Spraa ¥/ Y [P X (3.10.1.3a)
Tty
Usithisg = O Ssvqu V{1 Y2 X! (3.10.1.3b)
Svw
Voo = ; S X X2V (3.10.1.3¢)
Ttu
Votiing = D EsvaquX X2V h (3.10.1.3d)
Svw
The interaction matrices become Kimuzmuauzx = (aﬁflﬂ + 6272“ — &)Y (Opy i Opapus —

r < _ N-1 N-1 N+1
5#1#46;12#3)51/11/2 and KV1V2,LL1,V3I/4,LL2 - (61/1 + 51/2 - Eul )(5V1V351/2V4 - 5V1V45V2V3)5M1u2'

Within this approximation, the resulting coupled-cluster Dyson supermatrix is given by

< ~sc(2 —sc(2
o [T IEC B Vi
- _o(2 _
Dsc(2) = Usf;(gsuz,q K;H1H27V2#3,u4 0 . (3.10.1.4)
C 7SC r
Virvap g 0 K§1V2,U17V3V4Mz
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The static contribution, E%CCSD, is taken within the CCSD approximation to be consistent

with the treatment of 2p1h/2hl1p excitations contained in the second-order self-energy:
Soe P = 5500+ 3 Noxpagi + (;)2 > Ay Xpavi - (3.10.1.5)

ia " ijab
The solution of Eq. 3.10.1.4 requires iterative diagonalization, whereby the coupling and
interaction matrices are updated at each step. The zeroth-order iteration is taken as the
second-order perturbative supermatrix defined in Eq. 3.10.1.2 and the resulting eigenvectors
and eigenvalues are subsequently fed into the definition of the coupling and interaction

matrices. This processes is repeated until convergence of the spectrum of f)scc(é) is achieved.

3.10.2 Coupled-cluster self-energy approximations

The second-order coupled-cluster self-energy contains interactions between ISCs that are
fundamentally of 2plh/2hlp excitation character. This is demonstrated by the fact that
the ISCs are parametrized by the ordered sets of single-particle Green’s function indices:
J = (i5a <b)/A= (i < j;a). We can include the complete set of 2plh/2hlp interactions

between these ISCs by defining the interaction matrices as [4]

_ 0 .
Kb jea + Ci>ag7,])’cd = <¢’?b|HN|@§d) (3.10.2.1a)
_ 00 .

Ko + Ci<jt(1,l)clb = — (O} HN|DF) (3.10.2.1b)

<

. ro > >
where the matrices K7, ;.,/K5, 1

, are defined in Subsection 3.10.1 and are block-diagonal
by definition (see Section 3.6). This approximation corresponds to allowing all particles to
propagate independently, to interact pairwise via the static component of the perturbative
CC-BSE kernel and finally via the combined three-body interaction of the similarity

transformed Hamiltonian normal-ordered with respect to the reference determinant [4, 142,

143]. The explicit expression for the interaction matrices are therefore given by

Cit) s = 52053500 — 505761300 + SV buctiy — SpeVbaadi — S35V bucOa

+ i;?(O)(Sad(Sbc + Xja,ciObd + Xjb,di%ac + Xab,edOij — Xja,diObc — Xjb,ciOad + Xjab,cid
(3.10.2.2a)
ijg,)/)db = E?E(O)éabéjl - i;')zo(o)%bfsjk + i;?(O)(Sabéik - E;Z(O)%b(sz‘l + 222(0)51‘15%

00(0
- EZZ( )5ik5jz + Xib,atOjk + Xjb,ak0il — XijkiOab — XibakOjl — Xjb,aldik + Xijbkal -
(3.10.2.2b)
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To include the full set of time-orderings of the coupled-cluster self-energy diagrams
corresponding to the interaction matrices defined in Eqs 3.10.2.1 requires us to modify

the 2plh and 2hlp coupling matrices as

~2p1h(0 1 Xkl,ab Xik,b
Up,};i)ab( )= Xpi,ab + 5 Z Xpi,kl > + Z Xpe,ak =
kl ke

€k T € — € — € € + €k — € — €

Xik,ac Xpi kbi:o(o) Xpi kaiﬁ(o)
B 7 o 7 ¢ + B . /N
ZXPC,bk6i+6k_€a_ec Zk: p— Xk: p— (3.10.2.3)
Z ch abX ZC( )
~2hlp(0) _ Xig,ed Xkj,ca .
V;ja’q N Z] a“ 3 Z €5 + 6] — €c — XCd qa + Z €k + 6] €c — €q ch,qk
o (0) §o0(0)
- Xki,ca S Xejga _ - Yje Xeiga
Z €+ € — € — X]C gk + Z € — €. z{; J— (3.10.2.3b)
0
-y % .
€k —€a

In the Brueckner basis, the final three terms of Eqs 3.10.2.3a and 3.10.2.3b vanish. The

coupling matrices o remain the same as those defined in Subsection 3.10.1.

iab q/ nga
This reflects the inherent non-hermitian structure of the coupled-cluster self-energy.
Using the definition of the interaction and coupling matrices defined above leads to

the upfolded CC Dyson supermatrix

00 (2 ~2p1h(0 —(0
qu + qu( ) + 2132( ) UpELbZ( ) © V;ﬁi;'a
~CC _ >(0
DADC(Qplh(O)) - 2h1 ?0) Kz>ab,]cd + Czab,]cd 0 ©)
- =<
Vite qp 0 Komn T Cliakm

(3.10.2.4)

This approximation corresponds to the infinite-order summation of the coupled-cluster
self-energy diagrams depicted in Figure 3.1 and is closely related to IP/EA-EOM-CC
theory truncated to the space of 2plh/2hlp excitations. However, the upper left block
of the coupled-cluster Dyson supermatrix is defined over the combined set of occupied
and virtual spin-orbitals. This definition of the interaction and coupling matrices results

in the 2p1h(0)/2h1p(0) coupled-cluster self-energy approximation
SﬁqDC(Qplh(O)) (w) — SOO(O) + 200(2)

1 _
U2p1h(0)( w+in)l — (K> + C>(0 ))) 7

2 iah pyiab iab,jcd jedyq
jed
-1
. = = ~2h1p(0
E Ve ((w = im)1 — (K< + C<)) vpo)
! o kla,mnb ’
mnb

(3.10.2.5)
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Similarly, we can further generalize the 2plh/2hlp coupled-cluster self-energy approx-
imation by allowing the interaction matrices to be composed of the full effective interactions
arising when normal-ordering H with respect to the biorthogonal ground state expectation

value. This results in the following interaction matrices [4]

Cijed = SoebijOoa — Soq6ijObe + S530ac0ij — Spebaddis — 55 0acObd + 155 Gaadhe

+ Eja,ciObd + Ejb,didac + Eab,cddij — ZEja,diObe — Zijb,cidad + Xjab,cid

(3.10.2.62)
Cliarn = = S50ab0j1 — 57 0ab0jk + S5 Sanir — S300ab0i1 + Spedudjn — Spadindji

+ ZibatOjk + Zjv,ak0it — Zijki0ab — Zib,ak0ji — Zjb,alOik + Xijb,kal -
(3.10.2.6b)

To reiterate, in order to be consistent with the treatment of the 2plh/2hlp excitation
character of the intermediate state configurations, the static coupled-cluster self-energy
contribution and the effective interactions épq,rs and Xpgr,stu appearing in Eqgs 3.10.2.6a
and 3.10.2.6b are taken in the CCSD approximation. Then, we define the coupling matrices

to be composed of the renormalized interactions as follows:

~oplh = l—= Ekl,ab = Eik,be
U iab = Zpisab+ 5 ) Epiki ’ + > Epeak ’
priab pLa 2%: e ek+el—ea—e Z pea €i+€k—6b—€c
= 100
= Sik,ac ~—*pz kb k sz ka k;b = >
- Z Spe,bk - Z < Z :pc,ab¢ 3
€ + € — €q — € € — €q €L — €p € — €c
ke k c
(3.10.2.7a)
r72plh _ =
Uiabg = Zab,qi (3.10.2.7b)
~72h1 = 1 Eij cd kj ca =
Vii p:‘:‘lﬂa—%* '—'cd o+ Zic,qk
taa 7ae "9 6t e —€— € 4 Zek—l—ej—ec—ea 4
= ~ C = . 1002
—ki,ca = ‘—'C] qa jc—cr,qa ka—17,q9k
e D IR e
o kT 6 —€—¢€ € — €c € —€c . €k — €
(3.10.2.7¢)

2hlp =
Viija = Epajij - (3.10.2.7d)

This definition of the coupling matrices ensures that all time-orderings of the 2p1h/2hlp
CC self-energy diagrams are included in the CC Dyson supermatrix. The CC Dyson

supermatrix within this approximation is given by

S100CCSD ~2plh —2h1p
qu + goloh Up,mb V;D,ija
CC _ 772D
Dxbc(2pin) = U]ﬁﬂq K ica+ Cinpied 0 . (3.10.2.8)
p i < 1<
Viib.q 0 Ko + Clian
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A
A

Figure 3.3: The set of third-order 2plh/2hlp excitation character restricted 1PI coupled-cluster
self-energy diagrams that are obtained from the diagrams in Figure 3.2 by replacing the self-
consistent propagators with their lowest-order linearized equivalents: G — Gy + GoX*Gp.

The CC Dyson supermatrix approximations, defined in Egs. 3.10.2.4 and 3.10.2.8, can be
viewed as infinite-order summations of coupled-cluster self-energy diagrams. Eq. 3.10.2.4
is constructed from the infinite-order summation of the perturbative coupled-cluster self-
energy diagrams depicted in Figure 3.1, whereas Eq. 3.10.2.8 results from the infinite-order
summation of the diagrammatic series depicted in Figure 3.3. The coupled-cluster self-
energy diagrams depicted in Figure 3.3 are obtained from the self-consistent diagrams
presented in Figure 3.2 by retaining the third-order 2plh/2hlp self-energy diagrams
that result upon replacement of the self-consistent propagators with their lowest-order
linearized equivalents: G — Go + GoX°Gy. This replacement gives rise to the sixth and
seventh diagrams of Figure 3.3 which are one-particle irreducible contributions, containing
interactions vertices that are interaction-irreducible.

Downfolding the CC Dyson supermatrix in Eq. 3.10.2.8 into the single-particle spin-
orbital subspace spanned by the upper left block results in the following coupled-cluster

self-energy approximation

1

s"ADC(2p1h) 5 CCSD 2p1h B > > —~2plh
qu P (w) - E;Z 2[ (9N2 % zab( w + ZT})]l (K + C ))meCd jed,q
jed
1
2h1p B _ < < “2h1p
2' (212 % Pl ( )1 - (K= +C ))kla mnmenb’q ’
mnb
(3.10.2.9)

and corresponds to the infinite-order summation of the coupled-cluster self-energy diagrams

depicted in Figure 3.3.
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Therefore, the coupled-cluster Dyson supermatrices of Eqs 3.10.2.4 and 3.10.2.8 are
identical to the third-order Algebraic Diagrammatic Construction method (ADC(3)) applied
to the 2plh/2hlp coupled-cluster self-energy diagrams depicted in Figures 3.1 and 3.3.
However, it should be noted that the vanishing different Goldstone time-orderings of the
third-order CC self-energy diagrams, as a result of the CC amplitude equations, is in
contradistinction to the hermitian ADC(3) electronic Dyson supermatrix construction [35,
41]. In the case of the hermitian electronic self-energy, these different time-orderings
are non-zero and give rise to additional contributions to the coupling matrices. The
reader is referred to Refs [35, 36, 41] for a comprehensive review of the Algebraic

Diagrammatic Construction method.

3.11 Relationship to IP/EA-EOM-CC and G/, approxima-
tions

In this section, we provide an overview of the connections between approximations
for the coupled-cluster self-energy, IP/EA-EOM-CC and GoW, theory. Subsequently,

we arrive at CC-GogWj theory.
3.11.1 Connection to IP/EA-EOM-CC theory

The IP-EOM-CC method was presented in Section 3.4. The electron removal energies
are obtained from the IP-EOM-CC eigenvalue problem given in Eq. 3.4.0.12. Restrict-
ing the IP-EOM-CC supermatrix to contain only 2hlp interactions gives the IP-EOM-

CCSD approximation [85]:

— IP-EOM.- ;| Hn|®;)  (®;|Hy|PE,)
fip-Eom-cesp _ (@il Hn|®; NP _ 3.11.1.1
(@8, | Hy|By) (@, [ Hy|0F,) (811.11)

By identifying that the upper left block is — (®;|Hy|®;) = fji + i;?(o), that in the
Brueckner basis, (®;|Hy|®) = Xkiio and (@0, |Hn|Pj) = Xjpmn, We re-write the

IP-EOM-CCSD supermatrix as

oo (0
fP-Eom-cosp _ ( Jiit Ego‘?( ) ~ Xklia (3.11.1.2)
A k< @O ) A1
Xjb,mn kla,mnb kla,mnb

101
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where we have used Eq. 3.10.2.1 to identify the interaction matrices as the lower right block
of the IP-EOM-CCSD supermatrix. Downfolding this supermatrix into the single-particle

occupied-occupied subspace, we have [4, 5]

_ - 1 _ _ -
FEOM-CCSD(, )y — .. 4 53000 | 2 Z , 1 — (K< + C<0) o
ij (W) f]z + ji + 4 < Xja,kl (UJ ( + ))kla,manmn,zb
mnb
(3.11.1.3)

Transposing Eq. 3.11.1.3, we identify the effective EOM-CCSD ‘non-Dyson self-energy’ as:
i?jOM—CCSD(w) — FIJEZ}OM—CCSD(W) _ fij

1 _ _ -1
=504 23y, 1— (K< + ¢<0 o (311.14)
ij + 4 < Xia,kl (W ( + ))kla,mnbxm b

mnb

By comparison with Eq. 3.10.2.5, we see that the IP-EOM-CCSD effective self-energy is
related to the transpose of the 2p1h(0) coupled-cluster self-energy restricted to the occupied-
occupied block. However, the contribution i?f@) does not appear in IP-EOM-CCSD
theory. It arises from the correct treatment of the static component in the perturbative
expansion of the coupled-cluster self-energy resulting from the Green’s function formalism.
Additionally, the coupling matrices of the ADC(2p1h(0)) CC self-energy (Eq. 3.10.2.5)
contain different time-orderings that are neglected in the IP-EOM-CCSD approximation
which is based on a Configuration Interaction expansion. As a result, ADC(2p1h(0))

CC self-energy diagrams such as

are not included in IP-EOM-CCSD theory. However, it should be noted that the
untruncated algebraic-wavefuction based IP/EA-EOM-CC theory and the full set of
1PI coupled-cluster self-energy diagrams are both formally exact approaches for obtaining
the charge-excitation spectrum of the similarity-transformed Hamiltonian despite their

differing mathematical formulations [4].

3.11.2 The GyW, self-energy and CC-GyIW, theory

The dynamical GoW, self-energy is given by [38, 97, 134, 144]

Wy aWe Wi Wi
$GoWo () — parWavg piv Wiv,g 3.11.2.1
) Zw—Q,,—eLﬁ-inTLZw—V-Qy—Q—iW7 ( )

av w
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where the coupling and interaction matrix elements W), ,, and €, are usually found by

solution of the RPA equations within the quasi-boson approximation [19]

A B X X
(_B* _A* ) < Y ) :Q<Y> (3.11.2.2)

where

Aja,jb = (€a — €) dapbij + (ibl|aj) (3.11.2.3a)
Bia,gb = (ijllab) , (3.11.2.3b)
Woaw =) ( (pallqi) Xi, + (pillqa) YZ-Z) : (3.11.2.3c)

ia
In the GoWj approximation, the exchange interaction is usually separated from the
direct interaction and one is left with only the direct RPA (dRPA) equations. Here, we
instead choose to work with the antisymmetrized RPA equations to more easily exploit the
connections to coupled-cluster theory. The exchange contributions may be trivially removed
from our equations to recover the GoW approximation using dRPA [97, 99]. In terms of the

upfolded Dyson supermatrix representation, the GoWj eigenvalue problem takes the form

qu Wp,av Wp,iv

DO = | Wang AGLY O (3.11.2.4)
Wing 0 AJNPS
with
ASO” = (€a + Q) dabdins (3.11.2.5a)
AGOOS = (e — )10 - (3.11.2.5b)

where the index v is a quasi-boson index that spans a set of values much larger than the
spin-orbital index. The RPA eigenvalue problem can be re-written in terms of effective
coupled-cluster doubles amplitudes by identifying T = YX~!. Using this expression in the
RPA equations (Eq. 3.11.2.2) leads to the ring CCD (rCCD) approximation [4, 100, 145]

B*"+A*"T+TA+TBT =0, (3.11.2.6)

with the RPA Hamiltonian written as

Hiiy = (ea = €)0apij + (ibllag) + D _ (ikllac) (t55)rcop. (3.11.2.7)
kc

108



3.11. Relationship to IP/EA-EOM-CC and GoWy approzimations

As a result, the RPA eigenvalue problem becomes

RPA —
Z ia,jb ]I'jb - QVXZZ ' (31128)

where the rCCD doubles amplitudes do not retain fermionic anti-symmetry [100].
To demonstrate the connection between the GoWj approximation and the coupled-
cluster self-energy, we restrict our analysis of the coupled-cluster self-energy to the space

of 2h1p/2plh excitations. In doing so, we introduce the CC-GoWj Dyson supermatrix as

s oorCCD CCD CCD
qu + EOOI‘ Xri7‘(/1i;) X;’)a i
NCC-GoWy _ rCCD x GoWo>
D - Xab,gi Az’ab,jad 0 (3.11.2.9)
rCCD 0 AGOW0<
Xij,qa ija,klb

where the effective interactions {ngCD} are found from the two-body matrix elements
of H, but are formed from only the rCCD diagrams and amplitudes. For example,

the element XL?EZD is given by

Xiahl = (ialkl) +Z {(iml|ke) (t5)rcep - (3.11.2.10)

The interaction matrices are defined as

A0 = (€adhadiy + Hijog ) dac (3.11.2.11a)
AGOTOS = (€:610ap — HIHA) i, - (3.11.2.11b)

The static contribution, f)gferCD, can be evaluated exactly within the rCCD approx-

imation and is given by

rCCD 0 rCCD rCCD
S = 5200 2' 53 X (A )eeep (3.11.2.12)

ijab
where (/\Z))rCCD are the rCCD de-excitation amplitudes obtained from the rCCD Lag-
rangian [98]. There are no singles amplitudes in the coupled-cluster doubles approx-
imation. The three-body interaction elements can be found in Ref. [85], an example

of which is the element

CCD CCD CCD
X;ab]kl = legn,jk (t )rCCD + ZX;TUL ck t]l)rCCD . (311213)

n

Using these coupling and interaction matrix elements, the diagrammatic representation of
the CC-GoWy self-energy diagrams contained in the DC“-GoWo supermatrix is depicted in

Figure 3.4. We clearly see that this approximation results in the infinite-order summation
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Figure 3.4: Diagrammatic representation of the CC-GoWj self-energy. The bubble diagrams are
summed to infinite-order through the DE®-GoWo supermatrix representation (Eq. 3.11.2.9) and the
two-body antisymmetrized effective interactions are evaluated within the rCCD approximation.
The non-interacting Green’s function lines appearing in the dynamical self-energy diagrams are not
fully antisymmetrized with respect to fermionic exchange.

of the coupled-cluster bubble self-energy diagrams, analogous to the GoW} approximation
which performs an infinite-order summation of electronic bubble self-energy diagrams.
Finally, from Eq. 3.9.0.16, the ground state correlation energy in CC-GoW} theory
is the RPA correlation energy [4, 100]
EEG0Wo — %Z $iorOreeP - % > (igllab) (#})rcep - (3.11.2.14)
i ij,ab
Through this reformulation of the GyW{ approximation in the framework of coupled-cluster
theory, we may now include ‘vertex’ corrections that go beyond the GoWj approximation,
while maintaining the correct spectral form of the self-energy. This is achieved by
simply modifying the doubles excitation and de-excitation amplitudes that enter the
approximation. For example, using Eq. 3.11.2.9, one may use the full CCSD singles
and doubles excitation and de-excitation amplitudes instead of the rCCD amplitudes.
This would provide a simple way to extend the GoWj approximation to include effects
of singles excitations and go beyond RPA screening by including the complete set of

interactions, <<I>2|ﬁ ~|P¢), between singly excited configurations in the definition of the

G0W0>/AG0W0< [4]

interaction matrices defined in Aiab,jcd ia.klb

3.12 The coupled-cluster Bethe-Salpeter Equation

In Chapter 2, it was demonstrated that within the Green’s function formalism the
Bethe-Salpeter equation (BSE) describes two-particle correlation processes and gives

access to neutral and two-particle excitation energies. We can immediately write the
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coupled-cluster Bethe-Salpeter equation as

Lpgrs(t1,toits, ta) = LY, . (t1, ta;t3,t4)

- ~ ~ 3.12.0.1

+> / dtdt'dt"dt" Ly, ., (t1, b3, ) B (' 73 8,8") Luges (17 123" 1), ( )
tuvw

where qu’rs(thtg;tg,t;l) = —iéps(tl,t4)éqr(t2,t3) corresponds to the propagation of

two-independent particles [17], and = is the coupled-cluster Bethe-Salpeter kernel. The

correlated four-point linear response function L is defined as

Lypgurs(t1, ta; b3, ta) = GpP' (b1, tos ts, ta) — iGpp(tr, t3) Gs(ta, ta) (3.12.0.2)

and can be expressed as the functional derivative of the single-particle Green’s function
with respect to a fictitious external potential via application of Schwinger’s functional
derivative technique to the biorthogonal Interaction picture (Section 3.2).

It is important to note that the coupled-cluster BSE is not an equation for the coupled-

cluster representation of the electronic 4-point response function, which is defined as
Lpgrs(ti,tosts, ts) = éﬁgfm(tl,tz;t:s,t@ — iGpr(t1,3)Gys(ta, ta)

where
Gttt ts, t4) = (ol T {@y(t2)a,(t1)al (ts)al (1) | |20)

is the coupled-cluster representation of the electronic 4-point Green’s function. This is
because the coupled-cluster representation of the electronic 4-point electronic response
function can only be obtained by direct computation using quantities obtained from ground
state and excitation energy equation-of-motion (EE-EOM-CC) coupled-cluster theory,
which remains largely unexplored. Instead, the coupled-cluster BSE naturally arises as
a result of the coupling between the SP-CCGF and the four-point response function
through the diagrammatic coupled-cluster self-energy.

In the real time-domain, the kernel of the coupled-cluster BSE is given by the functional
derivative of the coupled-cluster self-energy with respect to the single-paricle coupled-

cluster Green’s function as

= 0% (t1,t3)
Epors(ti, ta;ts, ty) = i—mbn"2 22 3.12.0.3
pars(t1,t2;ts, ta) 15qu(t47t2) ( )

The kernel is composed of two-particle irreducible (2PI) diagrams [17]. The BSE is

fundamentally different from the corresponding Dyson equation for the single-particle
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Green’s function because it cannot be cast as a closed form equation for the ph/hp

response function. The ph/hp response function is defined as [35]

LPM (t1,t2) = Lpgrs(ti t2; 11, 15) (3.12.0.4)

q,TSs

The Fourier transform of the exact coupled-cluster ph/hp response function (Eq. 3.12.0.4),
obtained by resolving the identity of N-particle eigenstates of H, possess poles at the

eract neutral excitation spectrum:

@)=Y (Polafap|¥)) (U} |afag|®o)  (Volalay|W)) (¥]|afay|Po)
pars w—Q, +in w+Q, —in ’

v#£0
(3.12.0.5)

where Q, = E)Y — E¥ are the exact neutral excitation energies of the system. Restricting

the BSE to that of the ph/hp sector, we have

Lpgra(t1,t2) = Ligl)(t1,12)

+> / dtdt'dt"dt" L), ., (t1, 66 ) S (875 6,87 Lusgues (1" t25 " 1)
tuvw

(3.12.0.6)

Analogous to the hermitian theory presented in Chapter 2, the presence of the kernel 2
means that the BSE always contains a fundamental coupling between the particle-hole,

particle-particle and hole-hole response functions [146].
3.12.1 The coupled-cluster Bethe-Salpeter kernel

By taking the functional derivative of the coupled-cluster self-energy defined in Eq. 3.8.1.9
with respect to the coupled-cluster Green’s function we generate the coupled-cluster BSE
kernel. Diagrammatically, this functional derivative is found by cutting the Green’s function
and interaction lines in the Feynman diagram series for the renormalized coupled-cluster self-
energy. To do this, we first analyze the variation of the interaction lines with respect to the

Green’s function. In the real-time domain, the static component of the self-energy is given by

S0 (tr,ts) = Spod(ty, t3)

_ ] _ - 7 _ -
= <hpq -1 Z hp?“,qsGsr(tl - tf) + 1 Z hprs,qtuG?S,}v{s(tl - t1+) + - ')5@17 t3) :

TS rs,tu

(3.12.1.1)
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The functional derivative of the static component with respect to the exact Green’s function

is therefore

SN0 (ty,t - _ N
ZM = thﬂ“S —1 Z hpqt,rsuGut(tl - t—li_) + - (5(751, t3)5(t17 tQ)(S(ti—’ t4)
5qu(t4, t2) rs,tu

t Epgrs(tstas by s ta) (b1, 1)

(3.12.1.2)

where égqvm(tl,tg;tf,u) represents the contribution that is dependent on functional
derivatives involving the A27Pt_yertices and is explicitly related to multiparticle correlation
effects. This additional term =€ is similar in origin to the functional derivative of W with
respect to the Green’s function in the GW approximation that arises when deriving the
electronic GW-BSE kernel. The first term inside the brackets is simply the series for the

two-body effective interaction (see Appendix B.2) and so we have

5222@17 t3)

P om0 (1) (t, )0 (¢,
Zéqu(t4,t2) pa.rsO(t1,t3)0(t1,t2)0(t] , ta)

(3.12.1.3)
+ 20 st tast]  ta)(te, t3) -
Therefore, at first-order, the functional derivative is the static two-body effective interaction
and arises due to ‘independent particle’ propagation. The additional term Z¢ must also
be accounted for and gives rise to a dynamical contribution.
To derive the additional component Z¢ we adopt a simplified notation whereby the

spin-orbital indices and time/frequency arguments are suppressed. With this notation, we

write the 4-point and 6-point vertex equations from Eqs 3.8.1.5 and 3.8.1.6 as
G = i A{GGY — GGAP™'GG (3.12.1.4)
and
GOV _ A[GGGY — iP{GGGRMGGY + GOCAMGEE (3.12.1.5)

where A generates the correct fermionic symmetry associated with independent-particle
propagation and P is the cyclic permutation symmetry required to correctly describe fermi-
onic statistics of two correlated particles propagating with respect to a third independent-

particle. Using this simplified notation, the static component of the self-energy becomes

S0 _plb _pobA L Ppshedpt L pabaept y | 191,
G PG — G 4 (3.12.1.6)
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where h™ represent the n-body matrix elements of the similarity transformed Hamiltonian.

The contribution of the functional derivativ 6 =
particle propagation gives the static two-body effective interaction, Z2°. The functional
derivatives of the higher-body Green’s functions with respect to the single-particle propag-

ator (removing the anti-symmetrized independent-particle propagation) gives rise to

the general structure

5 /- - SAME
— (G — jA{GG —2GA™'GG - GG GG 3.12.1.7a
5G( iA{ }) el ( )
with
5 /- o e ~ . SAAPt
= (G 4 A{GGGY) = —(3)HGGAM GG - 3%GGG= -GG
oG oG
SFo (3.12.1.7b)
+3GGAP* GGG + GGG % GGG

and so on for the higher derivatives. In these equations, the pre-factors represent the
number of equivalent terms generated by the different functional derivatives with respect
to permutation of the fermionic states. Therefore, the functional derivative of the static

component of the coupled-cluster self-energy gives rise to

55)00 =9 1 =3 % At A . A 4pt .
—= == ——h’(2IGA™'GG + GG——GG
e = +GEZ7G0)
1 - AR ~ = ~~~(51~\4pt~~ e~ o ~~~(5A6pt~~~
_ ! 2 - A4pt 92 _ A6pt oA
+ G (- BYUCGAT GG - $5GEG™ -GG + 3GOA™ GGG + GGG~ GGE)

(3.12.1.8)

Collecting like terms together along with the higher-order contributions arising from

functional derivatives of the higher-order Green’s functions we have

R
11— =

0G

[1]:

wy LG ) (Giad)
N W(h?,b iR L ) (ééi? GG) (3.12.1.9)
b (R G ) (36687666 + caa AT caa) +

Identifying the expressions in brackets as the effective interactions that arise when

normal-ordering the similarity transformed Hamiltonian with respect to the biorthogonal

ground state expectation value, we find

) e . 1 . ~6A4Pt -
(3.12.1.10)
L a6t _ab i OAP
+31.21X GGA GGG+( )X GGG 3G GGG + - --
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where the series continues with the higher-order effective interactions contracting with
higher-order vertices in this schematic derivation. At first-order, the explicitly frequency-
dependent contribution gives rise to the following diagrams, which correspond to the

second term of the right hand side of Eq. 3.12.1.10

(3.12.1.11)

T T
Here, we have re-inserted the spin-orbital indices and accounted for the different external
index permutations. Diagrammatically, this term arises from cutting the Green’s function

lines in the following diagram contributing to the static component of the self-energy:

(3.12.1.12)

This diagram appears when expanding the 4-point Green’s function in the expression for 2
through the four-point vertex equation (Eq. 3.8.1.5). The resulting contribution is explicitly
dynamical. A similar expression holds for the two-body effective interaction elements

=
rq, 5

Gt ) (t1,t3) = Xpqtrsud(t1,£3)0(t1,12)0(t] , ta) 4 gt psu (t1, 25 17 £a)0(t1, 23) -
u )

(3.12.1.13)
Using our simplified notation, we find
=2 1 gt 1 . SAMPE
05y Lo (GA‘*PtGG) + i (GG‘S _ GG)
0G 2! (2! 0G
) 5 A6t (3.12.1.14)
<5b &A1 A 6Pt A <5b A A lala
AP _
+ ETRGIRS GG GGG + (3!)2X GGG e GGG +

and so on for the derivatives of higher-body interactions. In the case of a three-body

Hamiltonian, this derivative would only generate the bare three-body interaction, '% =
%% = h3 as there are no higher-body interactions present. Using these results, the

corresponding expansion for the coupled-cluster BSE kernel is given by the following

series of Feynman diagrams (up to second-order)
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P s P q
vavvv»| |WWM|
EparslGl = 7 M { + | | + | | +
RV RIS

q
r

(3.12.1.15)

We obtain the perturbative expansion, E[Go], to second-order by inserting Eq. 3.8.2.3
into Eq. 3.12.1.15 while replacing all effective interactions and Green’s functions by their
reference counterparts: ¥ — x, G — Go. As can be seen from the general diagrammatic
series, the CC-BSE kernel reduces to the electronic BSE kernel when 7' = 0 and the effects
of the similarity transformation are removed. The second, third and fourth diagrams of
the first line of Eq. 3.12.1.15 arise by cutting the Green’s function lines of the second-order
dynamical self-energy diagram of Eq. 3.8.1.15. The fifth and sixth diagrams of Eq. 3.12.1.15
appear when taking the functional derivative of the two-body effective interaction lines
appearing in the second-order self-energy diagram. They are the first-order contributions
according to Eq. 3.12.1.13. The final two diagrams of Eq. 3.12.1.15 are those that arise
due to derivatives of the static component of the self-energy as outlined in Eq. 3.12.1.11.

We can also take the functional derivative of the vanishing second-order self-energy

diagram (see Section 3.7)

q
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3.12. The coupled-cluster Bethe-Salpeter Equation

However, as these diagrams have four Green’s function lines below the three-body vertex,
they also vanish due to the coupled-cluster similarity transformation. If we take the
functional derivative of the two-body interaction in Eq. 3.12.1.12, at first-order we generate

the complementary exchange diagram

S
which also vanishes. At first-order, the functional derivative of the three-body effective

interaction in Eq. 3.12.1.12 gives rise to the diagram

P q
s S
which explicitly contains the 4-body effective interaction. Depending on the ordering of the

external indices, this diagram may not vanish and will give a non-zero contribution
to the CC-BSE kernel.

From our analysis, we see that the diagrams of the Bethe-Salpeter kernel generated by
an N-body interaction result from functional derivatives of different components of the
self-energy. We note that the corresponding expression for the 6-point vertex function is
obtained by the functional derivative of the BSE kernel with respect to the single-particle
Green’s function, APt ~ i%, and so on for the higher-order vertices. These relationships
arise as the 6-point Green’s function is generated from the functional derivative of the
4-point Green’s function and so on.

Using the general analysis presented in this work, we can generate the diagrammatic
series for the coupled-cluster BSE kernel order-by-order. When restricted to the Tamm-
Dancoff approximation, the perturbative expansion of the coupled-cluster BSE kernel
derived here is closely related to the EE-EOM-CC eigenvalue problem. To conclude

this section, we write the terms appearing in the second-order perturbative expansion

of the CC-BSE kernel as
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Z Xpqab,rsij Xij,ab + Z Xpk,scXcq,rk

00(0)
=(2) Xpqc, Tskzkc
pq,rs( ) Xpg,rs + Z €) — €c (2) abij € —€ —€ — € ke W — (Gc - €k‘) + ZT]

ch kstq,rc 1 qu,lekl rS qu,chcd rs
+ i _
Z — (ex —€c) —in 2%:w—(ek+q ) —in Zw— (. +€q) +in

+ = Z Xabq,rkska,ab =+ Xpkq,abs Xab,rk + Xpab,rks Xkq,ab + Xpab,rstqk,ab)
W+ € — € — €+ 1N

abk
4= Z Xqu,rasXpa,kl + Xpaq,kls Xkl,ra + Xpkl,rasXaq,kl + kal,rsana,kl)
W€ — € — € —in '

kla
(3.12.1.16)

Here, the first three terms arise due to the perturbative expansion of the two-body
effective interaction (see Eq. 3.8.2.3). The remaining terms correspond to the remaining
diagrams of Eq. 3.12.1.15 where the Green’s function and interaction lines are replaced by
Gp and x equivalents. We clearly see the similarity between the fourth, fifth, sixth and
seventh terms of Eq. 3.12.1.16 and those obtained within the second-order perturbative
approximation for the electronic BSE kernel [52-54, 96]. Using Eq. 3.12.1.16 for the
CC-BSE kernel, we can formulate closed equations for the particle-hole response function

which give access to neutral excitation energies. This is reserved for future work.

3.13 Conclusions

In summary, we have presented the diagrammatic theory of the irreducible self-energy
and Bethe-Salpeter kernel that is generated by a general N-body hermitian or non-hermitian
interaction Hamiltonian. We have centered our analysis around the non-hermitian coupled-
cluster similarity transformed Hamiltonian.

To generate a consistent functional-diagrammatic theory of the coupled-cluster self-
energy, we introduce the single-particle Green’s function G, of a general N-body non-
hermitian interaction within the biorthogonal quantum theory. We extend the GML
theorem to include adiabatic generation of the right and left ground states of a psuedo-
hermitian Hamiltonian, which leads to the perturbative expansion of the non-hermitian
single-particle Green’s function. Using our extended GML theorem, we define the non-
hermitian Dyson equation and generate the perturbative expansion for the coupled-cluster

self-energy, E[Go]. From the exact equation-of-motion for the single-particle CC Green’s
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function we reveal the structure of the self-consistent renormalized coupled-cluster self-
energy, f)[é’] and demonstrate how the perturbative self-energy is generated from this
functional. The analysis presented in this work clearly demonstrates the emergence of
different effective interactions that appear when expanding the self-energy with respect to
either the non-interacting or the exact Green’s function. These interactions correspond
to those appearing when normal-ordering the Hamiltonian with respect to the reference
or exact ground state. Further, we show how the electronic self-energy emerges when the
similarity transformation of the electronic structure Hamiltonian is removed.

We subsequently derive the coupled-cluster Dyson supermatrix from the exact, analytic
spectral representation of the coupled-cluster self-energy and present several approximate
expressions for the coupled-cluster self-energy that are restricted to the space of 2plh/2hlp
excitations. In the process, we have firmly demonstrated the relationship and connections
between the coupled-cluster self-energy, IP/EA-EOM-CC theory and the GoWj approxim-
ation. This analysis lead us to introduce CC-GqWj theory which combines aspects of the
GoWy approximation with the coupled-cluster self-energy presented in Section 3.8. This is
a novel approximation that will be explored in future work. Our formulation also allows
us to explore approximations beyond GoW; theory by using the full CCSD singles and
doubles excitation and de-excitation amplitudes in place of the rCCD amplitudes. Use
of the full CCSD amplitudes goes beyond RPA screening by including the complete set
of interactions, <<I>§’-\I:I ~N|®¢), between singly excited configurations [4].

Finally, we derive the coupled-cluster BSE kernel in terms of the functional derivative
of the coupled-cluster self-energy with respect to the single-particle coupled-cluster Green’s
function. We demonstrate that diagrams of the CC-BSE kernel are generated both by
cutting Green’s function lines in self-energy diagrams whilst also taking derivatives of the
interaction vertices. These diagrams are closely related to the terms that arise within EE-
EOM-CC theory once further approximations are made in defining an effective kernel that
depends only on a single frequency using the analysis presented in Chapter 2 [50, 53, 54].

Of particular interest in the context of non-hermitian quantum systems are P7T-
symmetric Hamiltonians. However, in certain parameter regimes, not every eigenstate is
also PT-symmetric with a corresponding real eigenvalue solution [70, 78]. It has been

well established that a P7T-broken phase can exist where eigenstates take on complex
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eigenvalues [66, 111, 115, 116]. The Green’s function formalism presented here is rooted
in the biorthogonal theory whereby the left and right eigenstates of the Hamiltonian are
dealt with explicitly. As a result, our approach is not concerned with the construction
of a PT-symmetric metric for the Hilbert space. Therefore, our formalism allows for
the calculation of the full spectra of a generic non-hermitian Hamiltonian, including
complex eigenvalues corresponding to a PT-broken phase. This is also supported by the
fact that the CC similarity transformed Hamiltonian does not possess PT-symmetry. In
fact, the presence of complex solutions can occur in truncated CC theories [147, 148],
although their interpretation in the context of CC theory indicates a deficiency in the
similarity-transformation rather than the presence a P7T-broken phase.

The formalism presented in this Chapter provides the rigorous theoretical foundation
for many possible implementations as a result of different approximations of the coupled-
cluster amplitude equations. A potential further application of the formalism presented
in this work would be to generate the self-energy and BSE kernel for the transcorrelated
Hamiltonian [149-152]. The theory presented in this work provides a unified and complete
description of the seemingly disconnected approaches of coupled-cluster theory and the
Green’s function formalism. Our findings should form the basis for improved formulations

of Green’s function theory for systems of many interacting particles.
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“Sometimes it happens that the most insane thought,
the most impossible conception, will become so fixed
in one’s head that at length one believes the thought or
the conception to be reality.”

Exact Relationship Between Coupled-Cluster
Doubles Theory and The Electronic Self-Energy

— Fyodor Dostoevsky

This Chapter contains work that contributed to the publication of Ref. [5]. The analytic

HF and GW solutions for the Hubbard dimer also contributed to the publication of Ref. [1].
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4.1 Introduction

In contrast to wavefunction based approaches, Green’s function methods simultaneously
encode excited and ground state many-body correlation. This is reflected by the fact that
exact ground state properties as well as the single-particle charged excitation spectrum can
be obtained from the same single-particle Green’s function as demonstrated in Chapter 2 [13,
14, 17]. As stated at length in Chapter 3, recently there has been significant interest in
identifying and leveraging connections between coupled-cluster and Green’s function
theory [4, 7, 61, 95-97, 99, 134, 138-140, 144, 153].

the exact connection between the electronic self-energy and the coupled-cluster doubles
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4.2. Third-order Algebraic Diagrammatic Construction method

amplitude equations by showing how, under certain approximations, the Dyson supermatrix
formulation can be recast to give the CCD amplitude equations. This complements the
analysis presented in Chapter 3 by further cementing the connection between the Green’s
function formalism and coupled-cluster theory. We employ a real canonical spin-orbital
basis throughout the Chapter and all Green’s function and self-energy components are

time-ordered as we are at zero temperature.

4.2 Third-order Algebraic Diagrammatic Construction method

The third-order Algebraic Diagrammatic Construction method, ADC(3), provides an
infinite-order partial summation of a third-order diagrammatic perturbation expansion of
the electronic self-energy [36, 41]. It combines diagonalization of the Dyson supermatrix
with perturbation expansions of the coupling and interaction matrix elements of the
self-energy. For a complete account of the ADC(n) method, the reader is again referred to
Refs [35, 36, 41]. Here, we simply state the results. The forward-time coupling matrices
(see Sections 2.5 and 2.6 of Chapter 2) are defined as
U = {pillab) + 5 3 (pillbT) (D)nte2 — 3 (pel oK) (5nae + D dpellak) (5 )aees
kl ke ke

(4.2.0.1a)

with the backward-time contributions as

Voija = (pallij) + % > (pallbe) (635)np2 — Y (pkl1b) (t3)np2 + Y (pkllib) (635)wpz -

be kb kb
(4.2.0.1b)
Here, we introduce the MP2 CCD amplitude notation as (t%l-))Mpg = —%, with
ij

A%b =€q + € — € —€; and (pq||rs) = Vpgrs — Vpg,sr representing the anti-symmetrized
two-electron repulsion integrals. The forward-time interaction matrices are given by

(K20 CoiBl D) = (a + € — €1) (Gacdba — Gaddse)dij + (abllcd) 83 + (jbl|di) dac

— (jbl[ci) Oaa + (jal|ci) dpa — (jal|di) dpe
(4.2.0.2a)

with the backward-time interaction matrices as
h h .. .
(K2ub + Coul) = (6 + €5 — €a)0an(0indjt — 0udj) — (ig]|kl) dap — (jbllal) b

- {jbllak) 8 + (ibllat) b — {ibl ak) o1
(4.2.0.2b)

Using these expressions for the coupling and interaction matrices in the Dyson supermatrix
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Figure 4.1: The third-order one-particle irreducible skeleton electronic self-energy diagrams. The
ADC(3) Dyson supermatrix performs an infinite-order summation of these terms.

representation (Eq. 2.6.0.10) corresponds to an infinite-order summation of the electronic
self-energy diagrams depicted in Figure 4.1. To identify the connection to coupled-
cluster doubles theory, we define 3X*° = 0, as the reference zeroth-order Hamiltonian

is the Fock operator.

4.3 Coupled-cluster doubles theory from the electronic self-
energy

In the following we show that the connection between the electronic self-energy and the
CCD amplitude equations can be derived by decoupling the forward and backward time
self-energy components along with separating the particle-hole sectors. The decoupling
of the different time directions and particle-hole sectors is commonly referred to as a
non-Dyson self-energy approximation [99, 123, 134, 154].

The connections presented in this Section are related to but distinct from the diagram-
matic coupled-cluster self-energy, recently introduced in Refs [4] and [7] and presented
in Chapter 3, which is defined over the complete set of occupied and virtual orbitals.
As a result, the non-Dyson electronic self-energy uncovered in this work that yields the
exact CCD amplitude equations cannot be derived by taking functional derivatives of
a diagrammatic expansion for the CC ground-state energy.

We refer to the non-Dyson electronic self-energy approximation introduced in this

Chapter as the particle-hole-time decoupled self-energy. For the occupied states, we have

z_]z‘j (w) = Z Ui,kab((w +in)1 — (K2>p1h + C2>p1h)>kab lchZCd’j (4.3.0.1)
ka>b ’

le>d
where all backward-time contributions are decoupled. This is motivated by the fact

that the coupled-cluster excitation operators contain only hole to particle excitations

and so are restricted to only contain forward-time propagation: To = > p~qa t%ba:flaltajai.
7>
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4.8. Coupled-cluster doubles theory from the electronic self-energy

Figure 4.2: The fourth-order one-particle irreducible skeleton electronic self-energy diagrams
contained in the full CCD equations when their contribution is included in the set of 2plh/2hlp
interaction matrices.

Additionally, we also neglect all forward-time self-energy diagrams that contain internal
backward-time propagation of the intermediate Green’s function lines from the final
interaction vertex such that: U; jup = (ij||ab). This procedures ensures that the correct
set of only forward-time ordered Feynman-Goldstone self-energy diagrams are included
in the particle-hole-time decoupled self-energy. However, the form of the second coupling
matrix, Uj.q; remains the same as defined in Eq. 4.2.0.1a. In general, this breaks the
hermiticity of the coupling elements of the electronic self-energy. This retention of specific
forward-time ordered diagrams is closely related to well-known approximations for the
polarization propagator [144]. The full set of time-orderings contained in the ADC(3)
supermatrix contain both forward- and backward-time bubble, exchange and ladder
polarization insertions. This is also the case in the GW-RPA approximation whereby
both forward- and backward-time bubble diagrams are present [99, 144]. The inclusion of
both time-orderings of these polarization diagrams is particularly important to describe
both electronic relaxation and correlation processes.

By particle-hole symmetry, we have the particle-hole-time decoupled self-energy of the

virtual states as

Saw) = _a,ijc((w — i)l — (K, + C2<h1p)>l.ji kldeTld,b , (4.3.0.2)

i |
where now we decouple all forward-time contributions and neglect all diagrams that
contain internal forward-time propagation of the intermediate Green’s function lines
from the final interaction verex such that: V, ;. = (ac||ij). The second coupling matrix
element, V,jld’b, remains the same as defined in Eq. 4.2.0.1b. Decoupling the particle-

hole sectors requires: Y;, = Y4 = 0.
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Focusing on the particle-hole-time decoupled self-energy of the occupied-occupied block,

Eq. 4.3.0.1, we have the upfolded supermatrix eigenvalue problem

€i0ij Uz jab X7 X7
2p1h 2p1h = Ey . (4303)
( Uked,i (Kz>ab §)cd Cz>ab E)cd) ) ( Yia ) < Yian Y

Now, we introduce the doubles amplitudes through the follow identity: t?b 2 Yip(X™ by,
In matrix notation, we write (T ) =(YX™ )ab = t“b Using this identity with Eq. 4.3.0.3,

we have

f U 1 1 _
< U K>2plh L C>2plh ) < T > = ( T )XSX L (4.3.0.4)

These simultaneous equations give the extended Fock operator and the self-energy Riccati

equation:

FX = X& (4.3.0.5a)

U + (K3, + Coy) T - TF =0, (4.3.0.5b)

where F = f + UT is the extended Fock operator. In explicit matrix notation, the
extended Fock operator is written as

= €idij + 5 Z (ik]|ab) 3} (4.3.0.6)

kab

The extended Fock operator is exactly of the form of the upper left block in IP-EOM-CCD
theory: Fj;j = — (®;|Hy|®;), where Hy = e 2 HeT> — E§C is the normal-ordered CCD
similarity transformed Hamiltonian [4, 7, 155]. Eq. 4.3.0.6 is also found by neglecting
the 77 amplitudes appearing in Refs [122, 127, 135, 137]. Using the coupling and
interaction matrix elements defined above in Eqs 4.2.0.1a and 4.2.0.2a, the self-energy

Riccati equation is explicitly written as

(ab|lig) + = Zt mp2 (ij||kl) — Z(k‘szc} (t Mpg—{—z (kallic) (tkj)MP2+A?Jbt%b

ke ke
1
+3 Z (ab||cd) t;?;i — > (kbl|jc) 3 + Z (kal|jc) t% — 3 Z 4 (Kl |ed) t]l =
cd ke kled

(4.3.0.7)
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The self-energy Riccati equation as defined in Eq 4.3.0.5b represents a subset of the
full CCD equations [85]:

. ; abya 1 c 1 . . a
(@) + Aife) + 5 3 @l + 5 5 Gallk)
= 3 ((Roljc) i — (kallie) e + (akle . — oKl )

1
+ 57 (Kl||cd) ( sy — o (bt + et + agredd + e + (e + ) = 0.
kled
(4.3.0.8)

As can be seen by analysis of Eq. 4.3.0.8, the self-energy CCD amplitude equations
given in Eq. 4.3.0.7 are missing several additional terms. These missing contributions
include the particle-particle ladder terms, the full antisymmetrized ring diagrams as well
as the six additional quadratic terms. Another difference is that only the MP2 doubles
amplitudes appear in the hole-hole ladder and ring terms of the self-energy amplitude
equations. These effectively represent a first iteration of the CCD equations using the
MP2 amplitudes as an initial guess.

We note that the approach presented in this Chapter shares some similarities to the
rCCD amplitude equations, first derived in Ref. [100]. However, the rCCD amplitude
equations are given by [19, 98, 100, 144, 145]

(abllig) + AFt = D7 (kbllje) ti — D (kallic) 5 + >t (Rllled) 5 =0, (4.3.0.9)
kc ke kled

and originate from the RPA eigenvalue problem. The RPA approximation only contains
ring diagram contributions to the CCD equations that are not antisymmetrized with
respect to exchange of the external indices.

To obtain the full CCD equations from the electronic self-energy, we must transform
the coupling and interaction matrices to become self-consistently dependent on the
corresponding amplitude solutions. For the coupling matrices, Eq. 4.2.0.1a, this simply
corresponds to replacing all MP2 amplitudes with the exact doubles amplitudes to be
determined: (t¢ . )Mpg — t‘}jb. This results in the ‘self-consistent’ coupling matrix elements:

Ship = (abllpj) + = Zt (pjllkl) = (kbllpe) 135 + Y (kallpe) 675 . (4.3.0.10)
kc ke
These coupling matrix elements can be viewed in terms of a self-consistent Green’s function

theory whereby the solution is updated iteratively. For the interaction matrices, the
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following self-consistent updates are necessary:

1 . .
Gi(sij — Ei(sz‘j + 5 Z <’LkHCd> tj% (4.3.0.11&)
ked
1 .. ca
€adap = €adar — 5 D (ilbe) (4.3.0.11b)
ijc
1 a
(ablled) — (abled) + 5 > (K]|cd) th (4.3.0.11c)
kl
(jallbi) — (jallbi) + > (jikllbe) tif . (4.3.0.11d)
kc

Including these additional terms in the interaction matrices, (Kfafil; + C;’Z?ﬁ), (see
Eq. 4.2.0.2a) that enter the self-energy Riccati equation (Eq. 4.3.0.5b) gives rise to the
six additional quadratic terms required to generate the full CCD equations given in
Eq. 4.3.0.8. The additional terms, generated by the replacements given in Eqs 4.3.0.11,
can be viewed as self-consistent fourth-order electronic self-energy diagrams that contain
contributions in the 2p1h/2hlp excitation space (see Figure 4.2 and Appendix C.1) that
are present in the ADC(4) construction [41]. However, in the perturbative ADC(4)
construction their contribution is restricted to contain MP2 doubles amplitudes only
and necessarily requires the expansion of the Dyson supermatrix to include 3p2h/3h2p
intermediate state configurations [35, 41]. The self-energy Riccati equation, Eq. 4.3.0.5b,
resulting from the replacements made in Eqs 4.3.0.10 and 4.3.0.11 to the coupling and
interaction matrices gives the full CCD amplitude equations. These results demonstrate
that the full CCD equations can be viewed as an infinite partial summation through fourth-
order of perturbation theory in the electronic self-energy when restricted to 2plh/2hlp
excitation character of the Intermediate State Configurations. The Feynman-Goldstone
diagrams for the particle-hole-time decoupled self-energy that generate the full CCD
amplitude equations are given in Appendix C.1. To the best of our knowledge, this is
the first time that the complete CCD amplitude equations have been derived within
the Green’s function formalism.

In Chapter 3, it was stated that the singles amplitudes, {t¢}, can be formally eliminated
by the use of Brueckner orbitals whereby the spin-orbitals are determined simultaneously
with the optimization of the cluster amplitudes [86, 118—-120, 155]. This orbital rotation
determined by the singles amplitude equations is termed BCC theory. Therefore, upon

rotation to the Brueckner orbitals the derivation of the doubles amplitude equations
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presented above is unchanged. Additionally, the formalism presented in this work can
also be extended to derive the higher body BCCDT amplitude equations by retention and
identification of the correct time-ordered self-energy diagrams contained in the higher-
order ADC(n) approximations.

The ground state correlation energy is found from the relation
N 1 -1
1 _
= By + 5tr[UT] (4.3.0.12)

1 .
= B+ 1Y (igllab) 22
ijab

where we have used the identity: XEX ™! = F from Eq. 4.3.0.6 to go from the first line
to second line of Eq. 4.3.0.12. This expression is exactly equivalent to that obtained
from CCD theory. Eq. 4.3.0.12 demonstrates that we can obtain ground state correlation
energies from Green’s function theory that can be cast exactly in terms of CCD theory.

The doubles amplitude equations generated by the particle-hole-time decoupled self-
energy for the virtual block can be found in Appendix C.2 and are identical through
particle-hole symmetry.

The relationship to the IP-EOM-CCD eigenvalue problem can be seen by coupling
the self-consistent backward-time particle-hole-time decoupled self-energy (see Eq. 4.3.0.2
and Appendix C.2) to the occupied-occupied block of the self-energy while maintaining
the particle-hole separation. This coupling is necessary to account for the negation of
the full time-orderings of the coupling matrices of the forward-time particle-hole-time
decoupled self-energy (see Eq. 4.3.0.1) in order to obtain accurate approximations for
the removal excitation energies. Inclusion of these terms results in equations that are
analogous to those of IP-EOM-CCD theory [127-129, 135-137]. As particle-hole separation
is maintained, the resulting self-energy approximation is still of the non-Dyson form.
Therefore, the presence of the lambda de-excitation amplitudes, {A,} required to construct
the left eigenstate of H, that appear in Refs [4] and [7] (see Chapter 3) in the diagrammatic
coupled-cluster self-energy do not appear here. As the non-Dyson approximation is
kept, the connection can be explicitly made to IP/EA-EOM-CCD theory, where the

particle-hole sectors are decoupled. The coupling of backward-time components to the
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particle-hole-time decoupled self-energy of the occupied-occupied block gives the additional

particle-hole decoupled self-energy contribution

-1

i?j (w) = Z i?lgla((w —in)1 — (K2<h1p + (_32<h1p))kla mnbvn];nb,ﬁ (4.3.0.13)
k>la ’
m>nb

where we define the transformed coupling elements from the self-consistent coupling
matrices given in Appendix C.2. The coupling matrix elements are exactly equal to
the blocks of the CCD similarity transformed Hamiltonian: V; g, = (@%llﬁ ~N|®;) and
7l

mnbj = (®;|Hn|®,,) [85, 99]. The interaction matrices are almost identical to the

matrix elements of the CCD similarity transformed Hamiltonian in the basis of 2hlp
determinants: (I_(fjaz};lléj + C;f};}g’) ~— <®Zl|ﬁN|¢>§”j>. However, the explicit three-body
interaction, X;jp kal, that arises in IP-EOM-CCD theory is not present in the modified
interaction matrices (see Eq. C.2.0.8) [4, 7, 127, 135, 137, 156]. We maintain particle-hole
separability such that Yo = Yai = 0. The result of this re-coupling is the effective

particle-hole decoupled quasiparticle Hamiltonian
H5POMOD () = Fj + £F(w) | (4.3.0.14)

from which we have the upfolded supermatrix representation:

_ f+UT A%
DIP-EOM-CCD _ _ _ _ . 4.3.0.15
Vi K, + Coinp ( )

Explicitly, we can write this supermatrix in the suggestive form

~IP-EOM-CCD __ - (‘I)J ’ﬁN’¢Z> - <(I)%ZH?N’¢’L>
D - ( (@AY, — (@ [Hy|2f) ) (4.3.0.16)

remembering that the interaction matrices (bottom right block of the supermatrix) do not
include the three-body CC interaction. In Chapter 3, we showed that supermatrices of
the form of Eqs 4.3.0.15/4.3.0.16 have structures that are analogous to the IP-EOM-CCD
supermatrix. Therefore, the eigenvalues of DIP-FOM-CCD provide access to approximate
electron removal energies. However, the residues of the single-particle Green’s function are
not obtained within this approximation as the particle-hole sectors remain decoupled. The
relationship to EA-EOM-CCD theory can be derived in an entirely analogous manner by
coupling the forward time self-energy contributions to the virtual states (see Eq. 4.3.0.2)

while maintaining particle-hole separability.
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4.4 Exact solution of the Hubbard Dimer

We apply the formalism presented in this Chapter to the exactly solvable Hubbard dimer
at half filling. The Hubbard model is parametrized by the ratio %, which provides a
measure of the ‘correlation strength’. The parameters U and ¢ represent the on-site
repulsion and the coupling strength between nearest neighbour sites, respectively [157].

The CCD amplitude equations are exact for the Hubbard dimer and their quadratic

Riccati equation yields two solutions:

_4t:tc
=

() + (4.4.0.1)

where ¢ = VU? 4 16t2. The CCD amplitude is the negative solution, (t&*)_, which gives
the exact ground state correlation energy: F, = %(tff‘)_ =2t— 3.

In Ref. [1], we demonstrated that the second-order MP2 self-energy is exact for the Hub-
bard dimer. From the MP2 self-energy, the corresponding Dyson supermatrix for this system

splits into the following eigenvalue problems for the occupied and virtual blocks respectively

( ‘ Zeag— & ) < v ) = ( v >€h (4.4.0.2a)
7 X X\,
( % — €, ) < % ) = ( v )6 (4.4.0.2b)

where €;/, = % Ft are the HF reference energies of the occupied/virtual states, respectively.

Sl epa)

NISFS

Multiplying Eq. 4.4.0.2a by X!, we obtain the extended Fock operator and self-

energy Riccati equation as

U
€ + gt?ﬂ = ¢h (4.4.0.3a)
U U
7+ 2(eq — €15 — 5“21;1)2 =0, (4.4.0.3b)

where we have used the identity: 9% = Y - X~1. The self-energy Riccati equation,

Eq. 4.4.0.3b, is the exact CCD amplitude equation:

U U
o () — 4t - 5 =0, (4.4.0.4)

and yields two solutions: (t%%)y = %(475 + ¢). The corresponding hole eigenvalues and

super-eigenvectors of the quasiparticle and satellite solutions are found by substitution
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Figure 4.3: Hole quasiparticle and satellite energies of the Hubbard dimer as a function of %
relative to the chemical potential, = % The particle states are related to the hole states by

particle-hole symmetry.

of the CCD amplitude solutions, (t%*)+, into Eq. 4.4.0.3a to give

U 1
51(§P =€+ 5(75%‘1)7 ; Vgp = ( (129) ) (4.4.0.5a)
mn /7
U 1
ot = & T 5 (1) 5 Ve = ( (19a)., ) : (4.4.0.5b)
0

The CCD amplitude is the lower component of the Vgp vector of the hole quasiparticle

solution: (t%%)_ = 4'}; <. From Eq. 2.6.0.9, the inverse of the norm of the vector is exactly the

—1 —1
hole quasiparticle renormalization factor: Z,?P = (vgfpvgp) = (1 + (tfﬁ)%) = % + %

h
sat»

The hole satellite solution contains a lower component of the eigenvector, v, that is exactly
the positive CCD amplitude solution: (t%)4 = £ (4¢+c), with the satellite renormalization
factor as Z32t = (1 + (t;-ll-“)%r>71 =1 — 2. As expected, the renormalization factor for
the quasiparticle is larger than that of the satellite, Z,?P > Z3. Using Eq. 4.3.0.12
for the ground state correlation energy gives the exact ground state correlation energy
of the Hubbard dimer [63, 64, 158, 159].

For the particle solutions, the amplitude equations are directly connected to the hole

solutions via particle-hole symmetry (see Appendix C.2). The corresponding particle
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Figure 4.4: ZI?/};/ %2 renormalization factors for the Hubbard dimer as a function of g

eigenvalues and super-eigenvectors of the quasiparticle and satellite solutions are given by

U 1
6pr =€q — E(t?ﬂ)— ; Vgp = ( _ (oY > (4.4.0.6a)
mn /—
U 1
2’:‘Ea,t = €q — 7(75%&)4- ) Vgat - aa\* ) (4406b)
2 (5%
where we have used the relation from Appendix C.2: % = Y. X! —(t%*)*. The
-1
quasiparticle renormalization factor is again Z[?P = ( + (t9%) ) . The satellite particle

solution gives the lower component of the v, vector as the negative of the positive
CCD solution: —(tg]b) +, with the renormalization factor given by Z3** = (1 + (t?f‘)i)_
Again, the renormalization factor of the quasiparticle is larger than that of the satellite,
ZZ(?P > Z;at. Using these expressions is it simple to verify that Z}?/P;) + Z}SL% =1, as
required by the sum rule.

Substituting the expression for the CCD amplitudes (Eq. 4.4.0.1) obtained from the
self-energy Riccati equation (Eq. 4.4.0.3b) into Eqs 4.4.0.5 and 4.4.0.6, we see that the
particle and hole quasiparticle/satellite energies and renormalization factors are exact for
the Hubbard dimer [1, 142, 143, 160]. The satellite and quasiparticle energies are exactly
of the form of the extended Fock operators defined in Eqgs 4.3.0.6 and C.2.0.3. These

results concretely demonstrate that different CCD amplitude solutions can correspond

to satellite excited states resulting from particle removal and addition processes. From
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Figure 4.5: Exact and GW spectral functions obtained for the Hubbard dimer at % = 7. The
exact spectral function is obtained from Eq. 4.4.0.7 as A(w) = —1 o ImGR, (w).

our formulation, we can explicitly write the exact single-particle Green’s function in

terms of the CCD amplitudes:

GRw) = (1+ (ao2) -
e w— (& + gl(tn )-)+n (4.4.0.72)
+ (1 + (tii )+) W — (62 + %(t?@'a)Jr) +in
-1
Gual) = (L (2) T v (4.4.0.7D)

+ (1+ (3 )_1 .
T w— (e — 518 4) +in

In Figures 4.3 and 4.4, we plot the poles and weights of the exact Green’s function given in
Eq. 4.4.0.7 against the HF and GW approximations obtained from Ref. [1]. In Figure 4.3,
we see that the quasiparticle GW solutions are close to the exact quasiparticle solutions
obtained within our formalism for values of % up to 3. Beyond this point, the quasiparticle
GW solutions begin to diverge away from the exact results as the essential correlated
physics of electron localization is not recovered. In Figure 4.3, we also see that the GW
satellite solutions are completely qualitatively wrong. This is a result of the fact that the
GW approximation cannot handle the increasing multireference character of the underlying
ground and excited state wavefunctions as the correlation strength % increases [1, 161].

In Figure 4.4, we plot the quasiparticle and satellite renormalization factors as a function

of % We find that the GW solutions diverge quickly from the exact results even in the
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weakly correlated regime as a result of the strong multireference character of the ground and
excited state wavefunctions [1]. In Figure 4.5, we show the exact and GW spectral functions,
evaluated at % = 7, obtained from the trace of the imaginary part of the corresponding
Green’s function. From analysis of the spectral function, we clearly see the qualitatively
incorrect satellite peaks and strengths obtained from the GW approximation relative to the
exact solution obtained from Eq. 4.4.0.7. Additionally, we see that the GW quasiparticle
peaks are in qualitatively better agreement with the exact solution, but that their relative

peak strength is larger as a result of the underestimation of the satellite weights.

4.5 Summary

In summary, we have firmly demonstrated the connection between the electronic self-energy
and coupled-cluster doubles theory. To do so, we decouple the particle-hole as well as
forward- and backward-time sectors of the electronic self-energy. Our formal insights have
demonstrated that CCD theory represents a self-consistent, infinite-order summation of
fourth-order electronic self-energy diagrams restricted to the space of 2plh/2h1p excitations.
The relationship to the IP/EA-EOM-CCD eigenvalue problem can be revealed be coupling
reverse-time self-energy contributions to either the occupied or virtual sectors while
maintaining particle-hole separability. Finally, using the formalism developed in this paper,
we reconstruct the exact Green’s function of the Hubbard dimer in terms of the CCD
amplitudes. We hope that our findings will help stimulate renewed work towards combining
Green’s function and coupled-cluster theories for ground and excited state many-body
correlation [132, 141]. Further directions of this work would be to develop a hermitian
ADC(3) self-energy approximation that contains the exact CCD amplitudes obtained from
a ground state coupled-cluster calculation. This would allow for the use of ground state
coupled-cluster amplitudes, that contain infinite-order partial summations of the forward-
time self-energy diagrams derived in this work, within the hermitian structure of the
conventional Green’s function formalism to obtain charged excitation spectra. In principle,
the relationships identified here can also be used to generate novel CCD approximations
from the GW approximation. The extension of the analysis presented here to the derivation

of the coupled doubles and triples amplitude equations is reserved for future work.
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“I see myself as doomed, pitiful — An awful realisation that
I have been fooling myself all my life thinking there was
a next thing to do to keep the show going and actually
I’'m just a sick clown and so is everybody else...”

Electron-Phonon and Exciton-Phonon Interactions:
Green’s Function Theory For Continuous Systems

— Jack Kerouac

This Chapter provides a overview of the role of analytic continuation in systems that
have continuous energy eigenstates, alongside how to treat electron-phonon and exciton-
phonon interactions in infinite solids using the methods of quantum field theory. This

Chapter also contains work that contributed to the publication of Refs [3, 6, 162], as

well as work that will be submitted for publication.

Throughout this Chapter we will employ notation commonly used by the condensed
matter physics community. The indices {v,?’,-- -} will denote electronic valence bands,
{¢,d,---} will denote electronic conduction band indices, {n,n’,---} will denote gen-
eral electronic band indices and {k,k’,---} will correspond to the electronic momenta.

The indices and wavevectors {v,v/,---} and {q,q’, -} will denote phonon modes and

momenta, respectively.
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5.1. Branch cuts, the second Riemann sheet and resonant states

5.6 Including missing reverse-time contributions . . . . ... ... ... .. 158
5.7  Exciton-phonon Fan-Migdal self-energy . . . . . . .. .. .. ... ... 159

5.1 Branch cuts, the second Riemann sheet and reson-
ant states

In Chapter 2, we derived the Lehmann representation of the Green’s function corres-
ponding to a system of many interacting particles governed by a hermitian interaction
Hamiltonian. In the process, we were lead to introduce the general Green’s function defined
over the complex plane: G(s). Through analytic continuation, we demonstrated how the
general Green’s function can be used to obtain the physical retarded/advanced Green’s
functions on the real axis. In addition, we showed that there is a fundamental difference
in the structure of the Green’s function for finite and continuous systems. For systems
in the thermodynamic limit, the Green’s function develops a branch cut discontinuity
on the real axis due to the continuum of energy states accessible when the system is
excited. This is reflected by the fact that the imaginary part of the Green’s function
becomes a smooth function of frequency.

In the most general case, a retarded Green’s function can be written as the sum over
simple poles (corresponding to bound states) and an integral over the spectral function
describing the continuum energy states that appear above a certain energy threshold:

GR(w) = Z

A

o0 /

woextin Jp, e win (5.1.01)

Here, we have made chosen the continuum contribution to appear above an energy
threshold, Ei,. By analytic continuation, we can write the expression for the gen-

eral Green’s function as

Z o AW
LS e Wea )/ : (5.1.0.2)
s —¢€x Ey S—Ww

Gs)=)_
A

Importantly, the retarded and advanced components can be obtained by evaluation of this

function from either above or below the real axis: G(w + i) = G¥(w) and G(w — in) =
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Figure 5.1: Branch cut and relationship to the analytically continued Green’s function: GE(s).
The branch cut indicates that the propagator becomes a multi-valued function in the complex
plane, requiring a multi-Riemann sheet construction for its analytic continuation.

GA(w), where 7 — 0% from above. The complex function G(s) is single valued everywhere

except along the real axis where it contains a discontinuity given by the spectral function:

lim [G(w —in) — G(w +in)] = 2miA(w) . (5.1.0.3)

n—0+t

Eq. 5.1.0.3 demonstrates that G(s) is not single-valued and therefore must contain a
branch cut along the real axis from [Ey,,00). This is depicted in Figure 5.1 where
we introduce the branch cut along the real axis to ensure that the Green’s function
remains single valued for the closed path in the complex plane that avoids the branch
cut discontinuity. However, we can analytically continue the function through the branch
cut and onto the second Riemann sheet.

The second Riemann sheet is obtained from the first Riemann sheet by choice of how
the branch cut is made. By choosing the branch cut such that the first Riemann sheet
is constrained to describe only the retarded component when moving in a closed loop in
the complex plane, we can analytically continue the Green’s function through the branch
cut with the retarded boundary conditions. Therefore, we label the Green’s function on
the first Riemann sheet as Gi(s) and the analytically continued Green’s function of the
second sheet as Gri(s). Traveling through the branch cut takes the complex function onto
the second Riemann sheet which is simply another complex plane glued to the ‘seam’
where the branch cut occurs. This is also displayed in Figure 5.1, where we depict how

analytic continuation through the branch cut takes us onto the second Riemann sheet. It
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is clear that the analytically continued function is not equal to the original general Green’s
function of the first ‘physical’ Riemann sheet: Gi(s) # Gr(s). However, the analytic

continuation must obey the boundary conditions when going through the branch cut:

Gri(w — in) = Gr(w + in) = G (w) (5.1.0.4a)
Gr(w + in) = Gr(w — in) = G (w) . (5.1.0.4b)
These boundary conditions are required in order for the functions to be defined continuously

across the sheets. Using the boundary conditions, we can re-write the branch cut discontinu-
ity as
lim [Gri(w +in) — Gi(w + in)] = 2miA(w) . (5.1.0.5)
n—0t
This equation can also be analytically continued to give

Gru(s) = Gi(s) + 2miA(s) , (5.1.0.6)

where the analytically continued spectral function is given by A(s). Focusing on the

continuum contribution to Eq. 5.1.0.2, we can write

Gi(s) :/OOH0+ 122 (5.1.0.7)

Eg+i0t 8§ =2

where z = w'+i0". Here, the notation 0T indicates that the integral is taken an infinitesimal
distance above the branch cut. This is the physical Green’s function of the first Riemann
sheet which is defined above the branch cut on the real axis. We can analytically continue
this expression to the second Riemann sheet by moving through the branch cut to get:

Gri(s) :/OM0+ A% (5.1.0.8)

By, —i0t S —Zz

where now z = w’ — i0" and the integral runs an infinitesimal distance below the branch
cut on the second Riemann sheet. It is important to note that this corresponds to an
analytic continuation of the retarded Green’s function. The Green’s functions on both
Riemann sheets contain the same branch cut structure on the real axis and simply passing
through the branch cut takes you from one sheet to the other.

G1(s) does not contain any simple poles off the real axis (only poles on the real axis
corresponding to bound states) and is a meromorphic function everywhere in the complex

plane except at the branch cut location where it is discontinuous. The same is not true for
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Figure 5.2: Analytic continuation from the physical sheet (Sheet I) to the second Riemann sheet
(Sheet II) by traveling through the branch cut from above.
Gr1(s), which contains the branch cut on the real axis as well as complex poles and branch
cuts beneath the real axis [163]. The reason that the poles and branch cuts of Gr(s) all
appear below the real axis is due to causality. This is directly related to the fact that, on the
real axis, ImX®(w) < 0, which pushes the poles into the lower half of the complex plane and
is directly related to the analytic continuation of the spectral function given in Eq. 5.1.0.7.
The relationship between the analytic structure of Gy(s) and Gyy(s) is depicted in Figure 5.2.
To generate an exact analytic expression for the second sheet Green’s function, we

write the closed contour integral:

%dw f(s,w), (5.1.0.9)
C

A(w)

sS—w

where f(s,w) = and C is the closed contour on the second Riemann sheet that runs
along the branch cut just below the real axis and wraps around the lower half of the complex
plane, encircling the poles of f(s,w) and avoiding the branch cut discontinuities where the

function becomes multi-valued. By the residue theorem, we can immediately write

Z.
o du f(s,0) = 2]3 o

(5.1.0.10)

where z; and Zj are the complex poles and residues of the analytically continued spectral
function, A(w). Due to causality, Imz; < 0 as the poles of the analytically continued
function are pushed into the lower half of the plane. By splitting the contour into the sum
of the real axis branch cut contribution and the ‘background’ term which contains the

contributions generated by avoiding the branch cuts of f(s,w), we can immediately write

+GRE(s) (5.1.0.11)
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where G]Iolg(s) = — Jeor. dwf(s,w) is the ‘background’ continuum term dependent on
the branch cut structure of f(s,w). Using the boundary continuation for the analytic
continuation (Eq. 5.1.0.4), we can immediately write the expression for the continuum

contribution to the physical retarded Green’s function from Gy as

Z.
GRw) =Y - _ﬂz'
j J

+ GPB(w —in) . (5.1.0.12)

Therefore, we can re-write the Lehmann representation of the retarded Green’s function

in terms of the analytically continued function as

o) / .
Z Z n dw’ Aw) Z 2 n Z Zj n G})Ig(w —in) .

w—€ex+1in By @ w—w 41in w—e€)+1in Wz

A A
(5.1.0.13)
Using this exact relationship, the exact spectral function is given by
1
Aw) = ——ImGR(w)
T
= Zy(w—c¢
XA: W= (5.1.0.14)
1 Imz;ReZ; ImZ;(w — Rez;) b
+ = g — . L )+ A (W) >0,
T ; ((w —Rezj)? +Tmzf  (w — Rez;)? + Imz3 (@) 2
where A?Ig (w) = —%ImGlﬁg(w —in). Eq. 5.1.0.14 is an exact identity and therefore requires

the spectral function to be positive semi-definite. However, as the residues and poles of
G11 are complex, the second term containing the sum over these poles can become negative
around specific peaks depending on the magnitude and sign of the imaginary component
of Zj. When this happens, it is clear from Eq. 5.1.0.14 that the ‘background’ contribution
A}’Ig(w) will provide a positive contribution which will cancel these negative contributions,
ensuring that the spectral function remains positive semi-definite. In general, the second
term of Eq. 5.1.0.14 can give rise to asymmetric ‘Lorentzian-like’ line shapes in the spectral
function [46]. This was first discussed by Toyozawa in Refs [164, 165] in the context of
exciton-phonon interactions but the detailed analysis of the analytic continuation and
the positive continuum contribution, A?Ig, was not presented.

With this analysis, we can now fully understand the pole condition of the single-
particle Green’s function for continuous systems that contain a branch cut on the real

axis. The pole condition is determined by

detGRH(w) = detG' (w —in) =0 . (5.1.0.15)
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From Eq. 5.1.0.12, we see that this condition locates exactly the poles and residues of
the second Riemann sheet Green’s function. Therefore, the pole condition of Eq. 5.1.0.15
is used to determine the complex pole contribution to the analytically continued second
sheet Green’s function:

7
5 — 2

Gi(s) = Z (5.1.0.16)

There is a deep relationship between the condition of Eq. 5.1.0.15 and the pole positions
of the analytically continued S-matrix. In fact, they are directly related to each other

through the fact that the S-matrix can be written as [3, 163]
S(s)=1—-14T(s), (5.1.0.17)
where
T(s) =V +VGu(s)V, (5.1.0.18)

with Gri(s) = (s — H)~!. Therefore, the poles of S-matrix are identical to those of the 7T-
matrix, which are inherited from the Dyson equation as the poles of Gr1(s). From the optical
theorem, in the isolated simple pole and exponential decay regime, the scattering rate of a

state is then given by the imaginary part of the pole of the second sheet Green’s function:
v; = —2Imz; = 2|Imz;| >0 . (5.1.0.19)

Therefore, the poles of the second sheet Green’s function correspond exactly to metastable,
resonance states that are transient excitations that spontaneously decay into the continuum
with a rate corresponding to twice their imaginary part.

Through the Dyson equation, the branch cut structure of the Green’s function can
be viewed directly as a consequence of the branch cut structure of the self-energy. As
demonstrated in Chapter 2, the self-energy on the first Riemann sheet can be written

in its spectral form as

0 Vl/‘/u]L *° F(w/)
Si(s) =28+ > P - dw's 5 (5.1.0.20)

where I'(w) is the scattering function given by the discontinuity of the self-energy on
the real axis. As is the case for the single-particle Green’s function, the second term of

Eq. 5.1.0.20 represents the unitary evolution of the closed system giving rise to bound
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states. Using our analysis of the analytic continuation of the Green’s function through
the branch cut, we can immediately write the analytic continuation of the self-energy

through the branch cut and onto the second Riemann sheet as

Yn(s) = /OH0+ dzM (5.1.0.21)

M
Ey,—i0t S — 2z

with
Yi(w+in) — Xi(w +in) = 2mil(w) . (5.1.0.22)

On the second sheet, due to causality, the poles of the self-energy lie below the real axis.

Therefore, we can immediately write the analytic continuation of the self-energy as

(s Z

where wy and M) are the complex poles and residues of the analytically continued self-

+y My +2 2(s), (5.1.0.23)

s — 0oy X S —w

energy, with Imw, < 0. E]IOIg is the background contribution that arises due to the
branch cut structure of the analytic continuation of I'(s). From the analytic continuation

boundary condition, the retarded self-energy is therefore given by

N *2 e

With this continuation, we can immediately write the scattering function as

M .
+3 A SEw i) - (5.1.0.24)

w— 0oy —|—z77 W Wy

P(w) = — S ImaR(w)

v
=Y VVis(w—0y)
1 ImwyReMy, ImM,, (w — Rewy) b
— - e >0
=y <(w —Rewy)? + Imw?  (w — Rewy)? + Imw? @) 20,
(5.1.0.25)
where F})Ig(w) = —%ImZﬁg(w —n). Similarly, depending on the magnitude of the real

and imaginary parts of residues of the pole terms of the analytic continuation of the self-
energy, the scattering function can become negative. However, the background continuum
contribution will provide a positive contribution that will ensure that the overall scattering
function remains positive semi-definite.

Finally, the states obtained by solution of the pole condition of the second sheet Green’s

function are given by the eigenstates of the Dyson equation:

(7 Su(2))) 1) = 2 1) (5.1.0.26)
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and
(h + EE(ZJ)) 1) = 25 [ (5.1.0.27)
which can be used to reconstruct the second sheet Green’s function as

Z [¥h) (1] : (5.1.0.28)

5 — 2
From the biorthogonal theory of quantum mechanics presented in Chapter 3, the states,
{W’%Q , |1,Z~)i>}, can be viewed as binormalized pairs. In the context of scattering theory, the
left and right eigenstates are referred to as Gamow states and are non-normalizable in the
physical Hilbert space [163, 166—-168]. The time evolution of Gamow states automatically
implies irreversibility as Imz; < 0, meaning that they represent the spontaneous and
irreversible decay of resonant states into the continuum, enforced by the retarded boundary
condition [43, 168]. It is important to note that solution of Eq. 5.1.0.26 gives rise to
scattering rates and energy renormalizations that go beyond the first Born approximation

as they involve the full diagonalization of the dynamical self-energy.
5.2 The electron-nuclear Hamiltonian

A system of interacting electrons and nuclei is given by the Hamiltonian [13-15, 17, 169]
2 1 P,‘i 2
H = —/dxzﬂ(x)zw(x) + 3 /dxdxle(x)wT(x’)v(r, Z | |

+ / dx)t (x)3 (%) d(r, R) + Enue(R) ,

(5.2.0.1)

1
[r—r’|

where v(r,r’) = is the bare Coulomb interaction and x = (r, o) is the composite
space-spin coordinate with [dx = Y, [dr as given in Chapters 1 and 2. {M,}, {Z.}
and {R,} are the are the nuclear masses, charges and position operators, respectively.

The nuclear repulsion energy is given by En,.(R) = % p P %. The scalar electric

field that results in the electron-nuclear interaction is given by

__ZL 9.0.9
TR (5.2.0.2)

At equilibrium, we can approximate the nuclear repulsion energy by its second-order Taylor

expansion with respect to the equilibrium nuclear positions:

aEinuc 8 Enuc )
Enu R)~FE nu UKJCXUH/
o(R) ~ Bune(Rea) + 3 =55 6Rm "3 Z 3 ORa0Rs ’
R=Req R=Req

(5.2.0.3)
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5.2. The electron-nuclear Hamiltonian

where Uyq = Rua — Rp3, is the nuclear displacement of the s-th nucleus about the
equilibrium position, with « corresponding to the cartesian component of the vector.
We can then also approximate the electron-nuclear interaction to second-order in the

lattice displacements as

96(r, R) 1 0%¢(r,R)
R)~ R. s Uka + 5 ap ap UkaUwsp -
o(r,R) ~ o(r,Req) + ) R T2 2 SRRy g
Ko R=R.q rak!' B R=Req
(5.2.0.4)
By defining the electron-nuclear and Debye-Waller (DW) couplings as gP,, (r) = %:j) R_R

and g,?l\; ' (r) = (@% R-R..’ respectively, we can re-write this expression as
1
b DW
d)(ra R) ~ ¢(r) + Zgna(r)Uma + 5 Z gna,n’ﬁ(r)UﬁaU’i'ﬁ : (5205)
Ko rak!B

We used the notation ¢ to emphasize that the electron-nuclear coupling is given by the
derivative of the ‘bare’ Coulomb interaction between the electrons and nuclei. Importantly,
including the second-order term in the Taylor expansion of the electron-nuclear interaction
gives rise to the DW interaction [17]. In certain circumstances, the DW interaction
can be significant and responsible for band structure renormalization effects [169-175].
However, the DW contribution is commonly neglected in the literature on electron-phonon
interactions in semiconductors and metallic systems as it gives rise to a frequency-
independent contribution to the electronic self-energy and will not substantially contribute
to states near the Fermi surface [169]. Therefore, considering the effects of including the
DW interaction on exciton-phonon interactions is beyond the scope of this thesis.

With these identifications, we can re-write the electron-nuclear interaction Hamiltonian
as

P.|”
2M,,

1
+ 5 Z Unacna,n’BUn’ﬁ )

kak!B

1= Ha+ 3 [ ! (9gb (1)U + 3
(5.2.0.6)

where H.; is the electronic structure Hamiltonian defined in Eq. 2.1.0.1 of chapter 2.

We have neglected the additive constant of the equilibrium nuclear energy and defined

9% Enuc(R)
ORka 8Rnlﬁ

the Dynamical matrix: Cyq g = + [drne(r)gPWV, 5(r); we have kept

R=Req
the DW contribution for completeness.
To describe the electrons and nuclei in an infinite solid, we use Born-von-Karman

(BvK) boundary conditions in which periodic boundary conditions are applied to a large
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supercell containing N, unit cells which are indexed by R, direct lattice vectors [169].
Therefore, the position of a nucleus is specified by Uxap = Uka + Rap, where Uy, is the
position of the nucleus in the unit cell. The periodicity of the infinite solid essentially
amounts to replacing x — xp in Eq. 5.2.0.6 to indicate summations over the direct lattice
thereby including the periodic copies of the unit cell. The details of this construction

can be found in Appendix A.5.
5.2.1 Phonons and the electron-phonon interaction

In an infinite solid, the phonon Hamiltonian is given by the nuclear contribution to

Eq. 5.2.0.6 as

P m!
Z Pl 4 = Z Unapcnapn’ﬁp’U 'Bp - (5.2.1.1)

Kap

' Bp’
The translational symmetry of the lattice implies Ciap v/ gp = Cra,xs(Rp — Ryy) such that

we may take the Fourier transform of the dynamical matrix as
1 or.
Crawp(d) = ar a7 > IR O p(Ry), (5.2.1.2)
kK

where the expansion has been chosen about the reference unit cell indexed as R, = 0.
The eigenvalues and eigenvectors of the Fourier transformed Dynamical matrix give the

normal modes and phonon frequencies of the solid:

cha /i’,B éﬁ’ﬁ I/( ) - w?}l/&ﬂ@v’/(q) : (5213)

It is clear that the index v spans the product of states NN, = 3N, where N is the
number of nuclei contained in the unit cell. The phonon normal modes, {£.q.(q)},

form a complete set at each q-point and

Zé’m, @)k (@) = O as (5.2.1.4a)
Z&mx 1 éna l/( ) - 51/1/’5qq’ 5 (5214]3)

2

with the eigenvectors and eigenvalues related by xa.(q) = &, (—q) and w3, = w2,

respectively. Using the complete set of phonon eigenvectors, we can expand the nuclear dis-

placements as

UK)OC Zqu rRo,V qv -
p= \/—pze Exan (@)U (5.2.1.5)

qv
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Using this transformation and the equivalent for the phonon momenta, we can write

1
Hyp =53 (P, Pay + w2, U8, Ua) (5.2.1.6)
qv

where we have used the property PJW = P_q4, and UJ;V = U_qu. Finally, by introduction

1

m(aqy + aiqy)

of the bosonic field operators: {aq,,, a:;,y,] = 0gq'0’, we define Ug, =

and Pg, = —iy/“ (aqy — aT_ql,), such that we can re-write the Hamiltonian as
T 1
th = quy aqyaq,, + 5 . (5217)
qv

Physically, the bosonic phonon operators agl, /aqu act to create/annihilate phonon states
at wavevector q in the vibrational mode v. Using the phonon creation and annihilation
operators, we can re-write the electron-nuclear interaction Hamiltonian in Eq. 5.2.0.6 as
H=H,+ quy (agyaqy + 1) + Z g,m (K q)e nk/+qcn’k’AqV , (5.2.1.8)

Waw
where cILk/cnk act to create/annihilate an electron in the single-particle Bloch state,
Yk (r) = ¥ Ty (r), where up(r) is the cell-periodic component of the single-particle

wavefunction. Ag, = aqy + al

_qv 1s the phonon displacement operator and g};m,,/ (k,q) =

(mk + q|gqu(r)|nk) are the electron-phonon coupling elements [169] expressed with respect
to the normal modes of the solid. The electron-phonon coupling element is obtained by

Fourier transform of the real space representation using the phonon eigenvectors as

I (x ZF 2 € (@) G (T) - (5.2.1.9)

P rap
Finally, by treating the electron-electron interaction at the mean-field level (Hartree-Fock

or Kohn-Sham DFT), we obtain the electron-phonon interaction Hamiltonian as

1
Hep = Z GnkCLkan + Zqu (a:rwaql, + 2) + Z gnn’y(k,’ q)cILk/Jqun/k/Aqy s
nk qv k@n’
qu

(5.2.1.10)

where now the electron-phonon coupling elements are defined with respect to the derivative
of the self-consistent field potential (Vscr)

6VSCF (I‘, R)

gna(r) = OR

, (5.2.1.11)
R=R.q

and the Dynamical matrix contains an additional contribution from the electronic ground

0?E,
state energy: C°, KB = m

RR This is approach is taken in density functional
=Req

perturbation theory (DFPT) [169, 176].
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5.3 The Hedin-Baym equations and screened Coulomb inter-
action

The electron-phonon Hamiltonian of Eq. 5.2.1.10 was obtained by neglecting the full effects
of the two-body electron-electron Coulomb interaction. However, in order to include both
the effects of electronic correlation resulting from the combined motion of the nuclei and
harmonic lattice vibrations requires us to work with the full coupled quantum field theory
of electron-nuclear interactions [38, 177]. The Hedin-Baym equations provide us with
exactly this and constitute a formally exact set of coupled integro-differential equations for
the electronic and nuclear Green’s functions [38, 169, 177]. One of the central quantities
entering the Hedin-Baym equations is the screened Coulomb interaction which accounts for
the retardation of the interaction experienced between two electrons due to the combined
polarization of the electron and nuclear densities. As this chapter is specifically focused
on the electronic degrees of freedom, we will focus our analysis on the effects induced by
the nuclear motion on the screening of the electron-electron interaction.

The screened Coulomb interaction, induced by the polarization of both the electrons
and nuclei (P = Py + P,), is given by

W=v+vPW
(5.3.0.1)
=v4+vPgW +vP, W .

It is straightforward to re-write this equation in terms of the electronic polarization by defin-
ing

Wea = el

el v

(5.3.0.2)
=v+vBPgWe ,

where ee_ll is the inverse electronic dielectric response function. Using the electronic

contribution to the screened Coloumb interaction we can rearrange Eq. 5.3.0.1 to give

W = Weq + Wa P,W
(5.3.0.3)
== el + WelP;v 5

where in the last equality we have introduced the reducible nuclear polarization propagator,
Pr = Pye !, where ¢! is the total inverse dielectric response function that includes the

effects due to both the electronic and nuclear degrees of freedom. By introduction of an
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external field that couples to both the electronic and nuclear densities (¢), using Schwinger’s

functional derivative technique: P} = %{L, it is possible to re-write Eq. 5.3.0.3 as [169]

onnp
W = Wea + Wd%v , (5.3.0.4)

where n,, is the nuclear density. Using the chain-rule, by introduction of an external

potential that couples only to the nuclear density (J), we can re-write this expression as

on

= _ 5.3.0.5
W =Wq + Wa 5JU ( )

where n = ng + n, is now the combined electronic and nuclear density. This expression

can then be simplified by identification of the nuclear density-density correlation function

B om _ onnp, —1 _ p, —1.
(D) as 57 = e = Deg:

W = We + WaDWy
) (5.3.0.6)
Wy = W DWy .

Therefore, we see that the screened Coulomb interaction decomposes exactly into the sum
of electronic (We1) and nuclear (W) contributions. In real space, the nuclear contribution

to the screened Coloumb interaction is written as
Won(1,2) / d3d4 Wi (1,3)D(3,4)Wa (4, 2) (5.3.0.7)

where D(1,2) = —i (T, {(nn(1) — (1 (1)) (nn(2) — (n,(2)))}). By truncating the nuclear
density operator to second-order in the atomic displacements about their equilibrium

positions, Baym [177] and Maksimov [178] showed that the propagator can be written as

9,
= ZnZy — RN Dyop wigy (21, 22) =—6(ra — RS} ))
2 rp) Do, 5 Oras ( wp') (5.3.0.8)
' Bp’

where we have introduced Diop w8y (21, 22) = =i (T {Ugap(21)Uwpp (22)}) as the phonon
propagator. Inserting Eq. 5.3.0.8 into Eq. 5.3.0.7, using the derivative property of the Dirac
delta distribution and taking the Fourier transformation to the frequency domain, it

is straightforward to show that

I/VR (r1,ro;w Grop(T1;W DR /(w)gR, (ro;w)
;,m rop Dot o ()90 5y (5.3.0.9)

&' By’

where we have defined the dynamically screened electron-phonon vertex as

G (F130) = /dr26;1’R(rlaFQSW)QEap(r2) . (5.3.0.10)

146



5. Electron-Phonon and Ezciton-Phonon Interactions: Green’s Function Theory For
Continuous Systems

Transforming to the phonon eigenmode representation and electronic Bloch basis, the
screened Coulomb interaction takes the form

h,R R, . .
Wﬁkn’k’,n”k/n’”k(w) = Z gnl(;;/l,(ka k/ - k7 w)‘D(l:D[LZ/,qV’ (('U)g?{}’n’”ljl (k7 k, - k? w) ’ (53011)

127

where the phonon propagator is now given by Dgy qu (21, 22) = —i (T {Aqu(21) Aqu(22) })-
The screened electron-phonon vertex is defined as g&,, (k, k' — k;w) = (nk/|gl | (r;w)|mk),
where we use the notation ¢°° to indicate that this vertex only contains the complex
conjugation of the bare electron-phonon vertex in Eq. 5.3.0.10 and not also of the
electronic inverse dielectric function. This notation follows that of Ref. [169], where
it is also noted that this subtle detail is frequently overlooked in the prior literature
on electron-phonon interactions.

To lowest order in the electron-phonon interaction, we can simplify Eq. 5.3.0.11 by
neglecting the frequency-dependence of the screened electron-phonon vertex: guap(r;w) =~
Grap(T;w = 0) = grap(r). In addition, we also make the ‘adiabatic’ approximation for
the phonon propagator: D ~ DY. With these two approximations, the expression for the
phonon contribution to the screened Coulomb interaction in the electronic Bloch basis be-

comes
h(0),R . OR
Wrzz)kﬁL’z{’,n”k’n”’k(w) == Z gn”nu(k7 k/ — k)gn/n”’l/(k7 k, - k>Dk’—klj(w)' (53012)
v

This expression can also be obtained from the coherent state path integral by integrating out
the phonon field [16]. In Eq. 5.3.0.12, the full complex conjugate of the electron-phonon ver-
tex appears as the inverse electronic dielectric function is real at w = 0 [169]. At equilibrium

and at zero temperature, the Fourier transform of the phonon propagator is given by

DM w) = ( ! ! ) . (5.3.0.13)

W—qu‘i‘in N U)+qu+l7’]
Importantly, the phonon contribution to the screened Coloumb interaction provides

an additive contribution to the electronic self-energy through the Hedin-Baym equations [38,

177]:

Sep(1,2) = i/d3d4 G(1,3)T(3,2;4) Wy (4,1) . (5.3.0.14)
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5.3.1 Electron-phonon Fan-Migdal self-energy

By introduction of the phonon contribution to the screened interaction, the lowest-order

expression for the dynamical electron-phonon self-energy is given by

ph
Enk n’'k’ 217 22 Z Wnkn1k1 ngkgn’k’(zl7 ZQ)Gn2k2,n1k1 (Zl’ Z2> .
n1k1
nako

(5.3.1.1)

The GWp;, Feynman diagram corresponding to this approximation is depicted in Figure 5.3.
Using the expression for Wy, given in Eq. 5.3.0.12 and the replacing the interacting Green’s
function with its non-interacting counterpart, at equilibrium and finite temperature, we
obtain the retarded Fan-Migdal electron-phonon self-energy (FMd) self-energy using the
Langreth rules (see Appendix A.1) [14, 169]:

FMd, R
Enk n’k’ 5kk/ Z /

[NB(wy(q)) +1 - flewr(k+a) | Npwi(a) + flen(k +q))
w—ew(k+q)—w(q)+in = w—ewk+q)tw(q)+in
(5.3.1.2)

Q gn”m/ k q)gn”n l/(k q)
BZ 3iBZ

where Np(w) = (e — 1)7! is the Bose-Einstein occupation factor. Here, we have
written the summation over the q-points as an integral over the first Brillouin zone and
explicitly indicated that the phonon and electronic dispersions are continuous functions
of their respective wavevectors in order to emphasize the continuous nature of reciprocal
space in the thermodynamic limit.

In the thermodynamic limit, as demonstrated in section 5.1, the single-particle Green’s
function and self-energy develop branch cuts on the real axis, giving rise to smooth
imaginary parts over a given energy interval. The finite imaginary part of the FMd
electron-phonon self-energy arises from the scattering of electrons due to phonon emission
and absorption. Physically, this is due to the lifetime of the electronic state as it scatters
into the continuum of final states accessible resulting from the lattice degrees of freedom.

At a given energy, the imaginary part of the FMd electron-phonon self-energy is directly

proportional to the first Born approximation for the scattering rate of an electronic state:

Imzzlll/fgi(R(w,T) = — T Z / , |gn"ny(k q)|

[(NBm(q)) byt y Fhlenr ) i(w—anlicra) m(q))] .

(5.3.1.3)
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Figure 5.3: Dynamical GW,,;, Fan-Migdal self-energy contribution.

Here, the + notation indicates the sum over both phonon emission and absorption channels.
Due to the continuous energies accessible to the electron by scattering with phonons,
ImZlef S}ﬁ(w,T) becomes a smooth function of the frequency. It is clear that the Fan-
Migdal electron-phonon self-energy approximation is fully causal as ImES% Si(R(w, T)<O0.

Physically, an electron propagating through a crystal drags the polarization of the lattice
along with it. This is the origin of the phonon contribution to the screened interaction,
Wph. In some cases, if the coupling of the electron and the nuclei is sufficiently strong,
this can result in the distortion of the lattice. When this happens, the quasiparticle
formed by the combined carrier and lattice distortion is called a polaron [169, 179, 180].
However, capturing the potential distortions of the lattice is typically not possible within
perturbation theory, requiring more sophisticated techniques based on variational canonical
transformations (Lang-Firsov [8, 14, 181, 182]), the introduction of more sophisticated
self-consistent many-body approaches [179, 180, 183-186] or using diagrammatic Monte-
Carlo methods [187-189]. In addition, it is clear that the polarization of the lattice
induced by an electron will be opposite to that induced by a hole due to their opposite
formal charge. This will have important consequences for the dynamics of excitons.
These polaronic contributions are clearly not captured by the perturbative Fan-Migdal

self-energy given in Eq. 5.3.1.2.

5.4 The Bethe-Salpeter equation including electron-phonon
interactions

Excitons are correlated quasiparticles that are commonly generated by photoexcitation
of electron-hole pairs in semiconductors and insulators. The composite bound electron-hole
pair is inherently correlated as a result of the attractive screened Coulomb interaction
they experience [58, 59, 190]. Exciton formation and dissociation at finite temperatures is

of central importance for the functioning of optoelectronic devices such as light-emitting
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diodes and solar cells. Their dynamics are also central to the efficiency of photochemical
reactions [6, 191-198]. In the presence of a weak external electric field, exciton dissociation
to free charge carriers and radiative recombination can be induced by exciton-phonon
interactions [197, 199-201]. Phonon-driven exciton dissociation, whereby an exciton
scatters to a free electron-hole pair by interaction with phonons is of particular importance
in semiconductors and insulators [2, 3, 6].

The ab initio Bethe-Salpeter equation (BSE) is one of the central theoretical frameworks
used to understand and predict the properties of correlated electron-hole pairs in materials
from first principles [58, 59]. In the electron-hole pair basis, within the TDA as outlined
in Chapter 2 (see Eq. 2.7.4.7), the clamped-ion BSE for a solid, in reciprocal space,
is given by [3, 59, 60, 202]

AgcrqucApg + 2;( Kihquewqs@)Aude = Lsa g (5.4.0.1)

v/ 'k’

where Ak Quk = €ck+Q — €vk are the eigenvalues of an independent-particle Hamiltonian,
corresponding to the energy differences between conduction (¢) and valence (v) band
electronic states. Eq. 5.4.0.1 is written in the (k + Q)-convention whereby the electron
(conduction band) states are defined with momenta Q relative to the hole (valence band)
states. The independent-particle eigenvalues are usually evaluated within the ‘clamped-ion’
GW,; approximation. Here, we have introduced the electron-hole pair notation such that
the BSE kernel takes the form: KS?kQ’U/C,k,Q(w) = K§ﬁ+Qv,k,7vkc,k,+Q(w). The exciton
eigenvalues are given by {2gq, with Afc?{ corresponding to the coefficients of the exciton
wavefunction with principle quantum number S and centre-of-mass momentum Q. In the
free electron-hole pair basis, the exciton wavefunction is written as [202]

15Q) =Y AYS uck + Qk) (5.4.0.2)
vck

where |vck + Qk) is the electron-hole-pair state. In the position representation, the
electron-hole pair basis wavefunction is given by (rpre|vck + Qk) = Yok yq(re)Vly (rh),

such that the exciton wavefunction is written as

Vsq(re,rp) = Z Afc?(wck—&-Q(rE)w:k(rh) ) (5.4.0.3)
vck

where r./r; denote the electron/hole coordinates, respectively.
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The electron-hole interaction kernel, K" (w), consists of a direct contribution and an
exchange contribution [59]. When working within the GW, approximation, the direct
interaction is taken to be the frequency-dependent, screened Coulomb interaction. This
term is attractive and results in the formation of bound excited states. The exchange
contribution is repulsive and gives rise to the exciton singlet-triplet splitting [59]. Commonly,
the clamped-ion electron-hole interaction is evaluated within the static approximation,
Wel(w = 0), which in many circumstances constitutes a good approximation [2, 58, 59,
203-207]. In this case, the finite momentum GW-BSE equation can be written as

BSE SQ 5Q
Z chkQ,v’c’k’QAv’c’k’ - QSQI4Uck ’ (5404)

,U/C/k/
h, s h7
where Hggci%,v’c’k’Q = ACk+Q,Uk(SUCk,U’C/k/+Kgcko(3,v/c’k’Q’ with Kgcko(g,v’c’k’Q = Uck+Qu'K uke'k'+Q
Cell( FQUK K +ka(w = 0) [58, 59]. As discussed in Chapter 2, the independent-particle
electronic eigenvalues are also taken within the GW, approximation. In the case of optical
excitations, the exciton states formed are generally assumed to have zero center-of-mass mo-
mentum (Q = 0). Within this approximation, the clamped-ion BSE (Eq. 5.4.0.1) reduces to
S h S S
Ack,’Uk‘4vck + Z Kgck,v’c/k/<QS)Av’c’k’ = QS‘Aka’ (5405)
'U/C/k/

where we have kept the full frequency-dependence of the electron-hole interaction.
5.4.1 Phonon contribution to the BSE kernel

From Chapter 2, the contribution of the electron-phonon interaction to the BSE kernel
is given by the functional derivative of the electron-phonon self-energy with respect

to the electronic Green’s function:

—=ph 52;1;(2’1, 23)

= ; =i = . 5.4.1.1
qu’S(Zl7 2 23, 24) Z5G5q(2472’2) ( )

By making the approximation for the electron-phonon self-energy given in Eq. 5.3.1.1,
reinserting the wavevector dependence of all quantities and restricting the indices to the

resonant block of the BSE, we see that this contribution is given by

—ph h
‘:‘f:)kv’k’,vkc’k’(zl’ 22323, 24) = — fkv’k’,c’k’vk('zl’ 23)5(24, Z1)5(ZQ, 23) s (5.4.1.2)

where we have neglected the contribution of the functional derivative of WP" with respect

to the Green’s function. Using the analysis from chapter 2, using the phonon exchange
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Kph(w) = +

Figure 5.4: Phonon exchange diagrams contained in the ab initio phonon-screened BSE interaction
kernel, KP".

diagrams depicted in Figure 5.4, we can generate the expression for the ‘closed’ frequency-

dependent BSE kernel as

ph _ _:71Go Go ph
chv’k’,vkc’k’(zl’ 22) = —1 {Lc’k’vk,vkc’k’ (Zl’ 22) + Lckv’k’,v’k’ck(zl7 22) chv’k’,c’k’vk(zz’ Zl) .

(5.4.1.3)

For the retarded component at finite temperature, we can directly evaluate this diagram

using the Langreth rules to give

h,R - rGo,R Go,R h,<
ngv’k’,vkc/k/ (tl’ t2) =t [Lc’i){’vk,vkc’k’ (tl’ t2) + Lckov’k’,v/k’ck <t1’ t2):| chkv’k’,c/k/vk (t2’ tl)
(5.4.1.4)

Using the phonon contribution to the screened interaction given by Eq. 5.3.0.12, we have
h(0), * 0,
Wheenenc@) = = 3 gucru (K k= K) g, (K k — K) D5y, () (5.4.1.5)
v

where, at finite temperature the phonon propagator is given by Doy (w) = —27i {(N B(wav)+

1)d(w + wqr) + Np(wqw)d(w — wq,,)] and we have used the relationship: gpm, (k, k' — k) =
g’;knnl/(kla k — kl)
Taking the Fourier transform of Eq. 5.4.1.4 gives the finite temperature expression for

the interaction phonon screening contribution to the BSE kernel first derived in Refs [2, 205]:
h,R X 1 1
K’fd;,v/c/k/ (w’ T) - chc,l/(k/a k — k/)gvv’l/(k/7 k — k/) (NB (wk—k’ll) + 5 + 5)
v,

1 1
— + -
w—Agwk Fwk-kv+1 W= Auk ok FWk-—kv + 11
(5.4.1.6)

However, in this Chapter we have derived Eq. 5.4.1.6 by directly working on the equilibrium
Keldysh contour instead of using analytic continuation from the Matsubara axis. Here,
we have made the large band gap approximation, outlined in Chapter 2, which means we

can neglect the Fermi-Dirac occupation factors of the electronic states. By rotation into
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the basis of clamped-ion exciton states: K g}é,R( )= ek A%y KP fklj”) oo (W, T)VAS 1,

we arrive at the expression [2, 3, 6, 205]

1 1
Kg";“’R ’ Z Avckgvv 'y k k K’ )gcc Z/(k, k — k/)Av 'k’ (NB(wk k'v ) + 5 + 5)
v}}cc’ll({’
v,+
1 1

— + -
W= Ak FWk—kiv T W — Ao ok F Wk—k'v + 11
(5.4.1.7)

Physically, the imaginary part of K fg’}fg’R is related to the dissociative scattering of exciton

states to free electron-hole pairs driven by phonon emission and absorption:

1 1
Ing}éR w,T)=m Z Avckgvv v k/ k - K )gcc l/(k/ k — k,>Av ek’ (NB(wk k'v ) + 5 + 5)
/ /k/
l/:l:

0 (w— Ak Fwk—xw) +0 (w— Avk vk F Wk—k'v) ] .

(5.4.1.8)
In contrast to the FMd electron-phonon self-energy (Eq. 5.3.1.3), the sign of the imaginary
part of K gg’R is not determined. This reflects the fact that the kernel is a two-particle
interaction rather than a retarded self-energy, as the kernel encodes interference effects
between two-particles which are dependent on the electronic phases of the individual
states. It is important to note that the analysis presented here equally applies to the
‘clamped-ion’ electron-electron dynamical BSE kernel [61, 96] as well as the exciton-

polariton interaction kernel [208].
5.4.2 Including dynamical self-energy contributions

To include the effects of the electron-phonon self-energy on the single-particle Green’s
functions that also enter the BSE, at lowest-order in the interaction we must evaluate
the Feynman diagrams shown in Figure 5.5. At equilibrium and finite temperature,

these diagrams evaluate to give

FMd
czkv’k’ 1;{kc’k’( T) Zfliv[c(}lf’ (w + €vks )5kk’6vv/ - ZF’I\li[fivkll((GCk )6kk’5cc/ 5
(5.4.2.1)
where
FMd *
Z:ck c’lf’( ) :6kk' Z gc”cu(kv q)gc”c’l/(kv q)
'qu
5.4.2.2a
NB(qu) +1 + NB(wqy) ( )

W — €clktq — Wqv T+ m w— €c'ktq T Wqv + m
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G S
T &

Figure 5.5: Dynamical self-energy diagrams generated by the independent particle propagation
term of the BSE.

and
FMd,h .
Ev’k’,vk(w’ T) =0kk’ Z g’u”v’v(k’ q)gv"vv(k’ q)
v qu

NB(wq,j) +1 " NB(WqV)
W — €yiktq — Wqv — U] W~ €yiktq T War — 11

(5.4.2.2b)

As can be seen, the two diagrams are constrained within the TDA such that they include
only specific time-orderings of the Green’s function lines in Figure 5.5. This constrains the
self-energy contributions to be composed of only forward time-ordered diagrams for the
conduction band states and only backward time-ordered diagrams for the valence states.
This is reflected in Eqs 5.4.2.2a and 5.4.2.2b by the fact that the self-energy contributions for
the conduction and hole states contain summations only over either conduction or valence
intermediate states. Using these two diagrams, we arrive at the generalized interaction

kernel given by the sum of the dynamical self-energy and phonon exchange diagrams

TDA,R »FMd TpDA AR
chk,v,c,k, (w,T) = chk’v,c,k, (w,T) + Kﬁ’ck,v,dk, (w,T) . (5.4.2.3)

We use the notation K UTCEﬁ’/P;k, to indicate that the dynamical self-energy contributions

are included within the TDA. We can combine both terms in the form of a single

matrix element to give

Myex ey My o 1 1
, k/ " //k//k///
KTDA’/R, H(w,T) = vessve -~ Np(wygr _xmy) £ =+ =
vek,v’c’k ) )
’ e w — Ac”k”,v”k’” :F Wk —k'"y —|— ’LT] 2 2
c

U//k///
v,+

(5.4.2.4)

where
Mvck,v”c”k”k”’u = gcc”l/(k”a k — k//)évv”ékk/” - Q;U”y(kma k — k/”)écc”ékk” . (5425)

It is straightforward to verify that expansion of this matrix element gives exactly the
diagrams of Figures 5.4 and 5.5. By inclusion of the dynamical electron-phonon self-

energy contributions to the single-particle propagators, we find that the imaginary part

154



5. Electron-Phonon and Ezciton-Phonon Interactions: Green’s Function Theory For
Continuous Systems

of the kernel recovers a definite sign:

TDA,R I 1
ImK’Uck,’UCk(w7 T) = —T Z |Mvck,v”c”k”k”/1/|2(NB (Wk”—k’“u) :l: 5 —|— 5)
Enton (5.4.2.6)
v,+

X 5 (w — Ac”k”,v”k’” F wk”—k”’l/) .

TDA,R
chk,vck

As ImK iﬁﬁ’i(w, T) <0, we can immediately find that (w,T) constitutes a fully

causal approximation. Transformation of this kernel to the ‘clamped-ion’ exciton basis:

TDA,R o Sx TDA,R s’
KSS’ (w) - Z yc/lli{/ AUCkaCk,U’c’k’ (W)Av/c/k/, we ﬁnd that
v

TDAR MS,'U”CIIkIIkl//l/MiSk'/ ’U“C//k//k///l/ 1 1
KSS’ ’ (w,T) = Z ) - (NB(wk//_ka) 4+ — + 7)7
o W — Dengr yren Fwier iy + 1) 22
C )
,U//k///
v,+
(5.4.2.7)

where the rotated matrix elements are defined as

Sx "o " Sx * "oy "
MS,v”c”k”k”’u = Z Avuqkmgclcn,j(k ,k -k ) - Z Avlcx/k//gyl,uuy(k ,k -k ) .

Cc1 v1

(5.4.2.8)

As stated, the interaction kernel K TDA’R(w, T) contains specific time-ordered electron-
phonon Fan-Migdal self-energy contributions. However, for the case of electron-electron
interactions, it is found that this approximation can severely affect the eigenvalues of the
computed excitation energies [96, 134]. In addition, polaronic effects have been neglected in
this approximation. Depending on the nature of the interference between the electron and
hole polarons, their renormalized effects may cancel each other out within this regime [181,
209]. This polaron interference can be viewed as the result of the overlap of the separate
electron and hole lattice distortion clouds as they are brought closer to form a bound
exciton. As the electron-hole distance decreases, the lattice relaxation is reduced relative
to the free electron and hole polarons as the lattice is constrained by the opposing lattice
distortions. Therefore, as a first approximation, previous work partially neglects the effects
of this band renormalization entirely [2, 181, 182, 205, 209]. Potential future directions
for including these localization effects in the calculation of exciton renormalization will

require a better understanding of polaron interference effects [179, 180].
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5.5 Causality and phonon-driven exciton dissociation

The imaginary part of KgSD A’R(w,T) kernel is given by

N 1 1
Ing? ’R(w, T) = —7T Z ’MS,’U”C”k”k”’V‘Q(NB(wk”—k’”l/) :]: 5 —+ 5)
S (5.5.0.1)
v,+

X (S(W — Ac”k”,v”k”’ + wk”—k”’l/);

which is clearly negative semi-definite: Ingjq3 A’R(w) < 0. Using Eq. 5.4.2.3, we find that
“ImKIPM (w0, T) = —ImK Sy, TP (w, T) — ImK 2R (w, T) > 0 (5.5.0.2)

from which we immediately conclude
“ImKg TP W, T) > KPR (w0, T) Y w,T . (5.5.0.3)

In Ref. [3] we rigorously demonstrated, using rearrangement collision theory [210], that
—ImKESDA’R(QS) is directly proportional to the first Born approximation for the phonon-

driven dissociation rate for a zero momentum exciton:

. % 1 1
15(T) =27 Y AT Qg @) A5 (Vo) + 5% 5 )
vckc’ic”
qv

5(95 - (6011k+q - 6Uk) + wqy)
% % 1 1
+ 27 Z Agckgv”vu(kv q)gv”’U'l/(k7 q)Af]Ck <NB(qu> + 5 + 2)

vckv'v
qut

0(Qs — (€ck — €vrkiq) F Wav)

1 1
—21 Y Aga i, (K k —K)gery (K, k —K)AS 0 (NB(wk_k/V) + =+ )

vck 2 2
,Ulc/k/
v,+
6 (s — Ak Fwik—kw) +0 (s — Ackr vk F Wk—k/v) ] ;
(5.5.0.4)
where vg = —QIngél? A’R(QS) > 0. It is clear from their relationship to the dynamical

self-energy that the first two terms of Eq. 5.5.0.4 directly arise due to the lifetime of
the individual electronic states that the exciton is composed from. Therefore, we can

define the contribution

VghFMd = fQImKA?;Md’TDA(QSa T)
FMd,
=2 3 AT I Qg — e, T)AS (5.5.0.5)
veke!
d,h
—+ 2 Z Af:klng‘/l\li[m’k (eck - QS? T)Af/ck )
vekv!
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where we have used the notation vghFMd to indicate the lifetime of the corresponding electron

and hole-polaron states [3]. Similarly, we also define the interference contribution as [3]

V(T = —2lm K2 (Qs, T)

1 1
=27 Z Avckgvv v k k k )gcc l/(k k — k/)Av Te'k! (NB(wk k'v ) + 5 + 5)
v})cc’ll(('
v,+
8 (s — Ak Fwk—xww) +0 (s — Avkr ok F wkk’u)‘|
(5.5.0.6)
to write the dissociation rate as
vs(T) = [W§™MUT) + 5T - (5.5.0.7)

As the sign of ImK2" gg is not determined, it is clear that the sign of YXeB(T) also inherits the
same property. However, if we make the approximation that the polaron renormalization
of the Fan-Migdal self-energy results in (infinitely) long lived electron/hole-polaron
quasiparticle states, we may simplify the dissociation rate by neglecting the imaginary part
of the FM self-energy. In this case, we can write the correlated first Born approximation

for the electron-hole dissociation rate as
5(T) ~ |y5™(T)| = 2ImK%y"(Qs,T)] (5.5.0.8)

where |[ImK% h, R(QS, T))| ensures that the rate is positive semi-definite within this approxima-
tion.
The phonon-screened BSE eigenvalue problem, written in the ‘clamped-ion’ exciton
eigenbasis of Eq. 5.4.0.4, is given by
> (sdss + K5y (s, 1)) US(T) = Qs(T)TS(T) - (5.5.0.9)
I
As K% h R( ,T) is a two-particle dynamical interaction kernel that is not required to be
causal, the eigenvalue solutions of Eq. 5.5.0.9 come in complex conjugate pairs, {Qg, Q:“S}
This is because the secular equation that determines the eigenvalues of Eq. 5.5.0.9 yields a
polynomial equation that contains only real coefficients. As a result, the corresponding pole
solutions lie in both halves of the complex plane. Therefore, the physical exciton resonance
solution corresponds to the retarded pole, given by the eigenvalue with a negative imaginary

part: ImQg < 0. The conjugate solution in the upper half-plane is nonphysical and simply

157



5.6. Including missing reverse-time contributions

arises due to the analytic structure of the secular equation rather than indicating a real
physical instability of the system. Therefore, the retarded pole can be viewed as an
approximate resonance state of the exciton state as a result of interaction with phonons.
The real part, Re€s, corresponds to the renormalization of the exciton as a result of
the screening due to phonons while the imaginary part, \Imﬁg!, is proportional to the
approximate self-consistent linewidth of the exciton due to phonon-driven dissociation

scattering to long-lived free electron-hole pairs.

5.6 Including missing reverse-time contributions

As stated in Section 5.4, the dynamical self-energy diagrams depicted in Figure 5.5 do not
include the full set of time-orderings of the FMd electron-phonon self-energy. At first-order,
inclusion of missing reverse-time contributions gives rise to the following static contribution:

61)1)’ 5kk’

FM,
chk,z?’oc’k/ (T) =

E 1 1
gvuclu(k7 q)g;//d/(k; CI) <NB(wqy> + 5 —+ 2>
v''qut

1 1
— + ;
€ck — €v'’k+q + Wqy + 11 €c'’k — €'’k+q + Wqv + 11

" 1 1
Z gc//'uzz(k7 q)gcnv/y(ka q) (NB (wa,) + 5 -+ 2)
c'qut

500’ 5kk’

1 1
— + ;
Lv’k — €'k+q T Wqv T €k — €c’k+q T Wqu + 7]
(5.6.0.1)

The diagrams associated with these missing time-orderings are depicted in Figure 5.6 and
clearly contain the propagation of intermediate states that cannot be projected onto the
space of electron-hole pairs and hence are not captured within the TDA. This term was first
derived in Ref. [211] but its connection to the reverse-time contributions of the Fan-Migdal
electron-phonon self-energy was not discussed. The derivation of these contributions in
this thesis was arrived at completely independently using the Keldysh contour formulation.
In particular, we find that Eq. 5.6.0.1 also contains a branch cut on the real axis and can
give rise to a finite imaginary part as a result of electron-phonon scattering. However, the
analysis of these contributions is beyond the scope of this thesis and requires future study.

Inclusion of the reverse-time components of the FMd electron-phonon self-energy gives

the complete first-order expression for the dynamical BSE including the effects of the
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Figure 5.6: Missing reverse-time self-energy diagrams generated by the independent particle
propagation term of the BSE. These contributions are not captured with the Tamm-Dancoff
approximation.

electron-phonon interaction within the TDA:

rep,BSE BSE LFMd TpHA hR FM,
Hsgk,v/c’k’ (w’ T) = HUCk,U/C/k/ + chk,v’c’k’ (w7 T) + Kgck,v’c’k’ (OJ, T) + chk,s’oc/k’ (T) :
(5.6.0.2)

We are currently exploring including these reverse-time contributions in order to provide

a complete theory of exciton-phonon interactions in infinite solids.

5.7 Exciton-phonon Fan-Migdal self-energy

In the previous sections, we extended the BSE to include electron-phonon interactions
by introduction of the phonon contribution to the screened Coulomb interaction, Wpy,.
In this section, we instead consider an alternative approach based on the effective field

theory of excitons that are linearly coupled to a bath of phonons [211]:

Hyctph = Y QSQOLQOSQ +> wgal,aq + Y. Gssn (@ q)O;Qq-qOS/Q'AqV :
5Q av S5'Q
qu

(5.7.0.1)

where OTS‘Q /Osq are Bosonic creation/annihilation operators that act to create/annihilate
‘clamped-ion’ Bloch exciton states (the eigenstates of Eq. 5.4.0.4) and we have defined the
composite ‘exciton-phonon’ vertex: Ggg,(Q',q) = (SQ' + q|gqv|5’'Q’). Expansion of the
exciton-phonon coupling matrix in the electron-hole pair basis we have [211, 212]
S ! S/ ’ S / S/ /
GSS/V(Q,7q) = Z Av§{/+q*gcc”u(k/ + Q,a Q)Avclcllk/ - Z Av§{/+q*gv”vu(kla q)AU//?k/+q'

vee!'k! vev'' k!

(5.7.0.2)
The effective field theory of Eq. 5.7.0.1 is valid only in the dilute exciton density limit

whereby the field commutation relations are approximately valid: {qu, OE,Q,} = 55/0QqQ’-
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The effective Hamiltonian gives rise to the following Dyson equation for the exciton-phonon

propagator
L(s,T) = L(s,T) 4+ L (s, T)E(s, T)L(s,T) , (5.7.0.3)

where the ‘non-interacting’ clamped-ion exciton propagator corresponds to the solution
of the eigenvalue problem of Eq. 5.4.0.4:
LR B SQ el R s'qQ

LZ'Q S’Q’( ) - Z Avck* ikv’k’ vkc’k’( )Av’c’k’
vck
vk (5.7.0.4)

dss0Qq

w—80 sQ + mn '

It is important to realise that the effective field theory of Eq. 5.7.0.1 results in the mapping
of the two-particle BSE to an effective one-particle theory whereby the two-particle
interaction has been mapped to an effective ‘one-particle’ self-energy kernel. This structure
is emphasized by the emergence of the exciton-phonon Dyson equation of Eq. 5.7.0.3.
To lowest-order in the effective exciton-phonon interaction, the exciton-phonon self-

energy can be immediately inferred from the structure of the Hamiltonian in Eq. 5.7.0.1

as the ‘LqW,;," exciton-phonon Fan-Migdal self-energy:

—FMd . h(0 1
:‘SQ,S’Q'(Zl’ZZ) =1 Z WgQ(Sin,SQQQS’Q’(ZlvZ2)L?S'2Q2,51Q1(Zla22) R
51Q
505

(5.7.0.5)

where we have defined the phonon contribution to the exciton screened Coulomb interaction

as

h(0
WgQ(53Q/ 52Q'S'Q 21722 ZGS2SV Q Q Q)GS1S’ (Q Q Q)DQ' Qll(zl722) .
(5.7.0.6)
At finite temperature, using the Langreth rules, we find the retarded component of the self-

energy as

=FMd,R el R ph(0),

Esaiq (tit2) =i D L, siq, (1 t2)Wiqsiq, s,qusrq (B 12)
$Q
5Qs

(5.7.0.7)

which upon Fourier transformation gives rise to

< ) G 1Sy )
—FMd,R (@,T) = S Z 5,5,(Q,9)Gs,50,(Q,q) (NB(wqy)

1 1
5Q,5'Q &, @ Q5,q1q F way - i 5) - ( )

2

It is clear that the exciton-phonon Fan-Migdal self-energy gives rise to th branch cut

structure of the exciton Green’s function on the real axis as a result of exciton-phonon
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scattering to a continuum of final states. The imaginary part of the exciton-phonon
Fan-Migdal self-energy describes the first Born approximation for the scattering between
clamped-ion BSE exciton states driven by phonon emission and absorption [3, 211-214]:
—FMd,R 2 1 1
Im:SQ,S"Q(va) = ngi |Gss,0(Q.a)l (NB(WqV) * B} + 2) 0 (w—Q5,Q+q Fwqv) -
1qu

(5.7.0.9)

As can be seen, the self-energy is fully causal as ImEggfis%(w, T) < 0. The resulting pole

condition for the exciton propagator is given by the expression
detL ! (s,T) = det (L' (s, ) — E(s,T)) = 0, (5.7.0.10)

which gives rise to the frequency-dependent eigenvalue problem corresponding to the

effective field theory of Eq. 5.7.0.1:

> (Qsissdqq + Esq.sq (s, 7)) Uq (1) = QsT5a(T) . (5.7.0.11)
S/Q/
In Chapter 6, we will provide a rigorous proof of the exact connection between the exciton-

phonon Fan-Migdal self-energy and the Bethe-Salpter equation including electron-phonon

interactions through the Dyson supermatrix formulation.
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When I have fears that I may cease to be,
Before my pen has gleaned my teeming brain,
Before high-piled books, in charactery,

Hold like rich garners the full ripened grain;
When I behold, upon the night’s starred face,
Huge cloudy symbols of a high romance,

And think that I may never live to trace
Their shadows with the magic hand of chance;
And when I feel, fair creature of an hour,
That I shall never look upon thee more,
Never have relish in the faery power

Of unreflecting love—then on the shore

Of the wide world I stand alone and think,

Till love and fame to nothingness do sink.

— John Keats

Dyson Supermatrix Formulation for Lattice
Screening of Excitons at Finite Temperatures

This Chapter contains work that contributed to the publication of Refs [3, 6, 162]. At
the time of writing, the main results of this Chapter are contained in Refs. [10] and [11]

that are about to be submitted for review.
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6.1 Introduction

The Green’s function formalism has found applications across a wide range of disciplines,
from high energy and nuclear physics to condensed matter physics and more recently to

quantum chemistry [2, 4, 20, 36, 41, 57-59, 61, 134, 205, 211, 213, 215, 216]. Over the
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past two decades, ab initio calculations of the properties of quasiparticles such as electrons,
polarons, excitons and more, have proven to be a powerful means for understanding and
predicting correlated spectroscopic phenomena in molecules and materials [57, 58, 169, 217—
222]. In periodic solids, these state-of-the-art ab initio calculations typically involve solution
of Eq. 2.6.0.3, with a self-energy approximated with low order perturbation theory [179,
180, 183-185, 208, 223-226]. The dynamical self-energy is commonly taken within a
diagonal approximation and its frequency-dependence is often treated approximately. It
is exceedingly rare that the entire spectrum of the quasiparticle equation is computed.
However, understanding the dynamical properties of quasiparticles requires the full solution
of Eq. 2.6.0.3, for example to determine transport properties and accurate scattering
rates. Additionally, even obtaining an accurate ground state energy from the single-
particle Green’s function, from the Galitskii-Migdal formula [227], requires the accurate
computation of all poles and residues of Eq. 2.6.0.3 [5, 132, 133]. Therefore, to extend
the physical information accessible from the Green’s function formalism, we must devise
novel algorithms for the accurate solution of Eq. 2.6.0.3.

While conceptually and formally elegant, the explicit frequency-dependence of Eq. 2.6.0.3
results in significant numerical instabilities that are not easily and systematically control-
lable [61, 132—134]. In particular, it is highly non-trivial and challenging to find satellite
solutions numerically [228]. Outside of the diagonal approximation, converging to all
the different solutions to Eq. 2.6.0.3 requires careful initial starting guesses and iterative
numerical algorithm design. This results in significant constraints on what properties can
be computed. Furthermore, increasing the number of basis states that enter the dynamical
interaction kernel, results in a substantial increase in the computational resources required
to iteratively converge to all the different solutions.

In the context of nuclear theory and quantum chemistry, significant progress has been
made to recast Eq. 2.6.0.3 in a form that is more amenable to numerical computation.
This was initiated by the Algebraic Diagrammatic Construction method [41], whereby
a systematic approach to including ‘vertex’ self-energy corrections to infinite-order was
presented [5, 7, 36]. This formulation is centered around the reconstruction of Eq. 2.6.0.3
in terms of the frequency-independent Dyson supermatrix. The frequency-independent

Dyson supermatrix allows for the computation of all solutions to Eq. 2.6.0.3 in a single
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diagonalization. The trade-off is that the diagonalization of this matrix can become
computationally prohibitive due to its size. In spite of this difficulty, several algorithmic
advances have been made in order to make this formulation computationally feasible
and scalable for finite systems of interacting particles at zero temperature [61, 107, 108,
131, 133, 134]. However, to the best of our knowledge, no form has been reported for
extended periodic solids at finite temperatures.

While energy renormalizations, scattering rates and cross-sections are routinely com-
puted from ab initio for a variety of physical mechanisms, they are typically computed
within the first Born approximation [208, 221, 229-234]. Recently, there has been growing
interest in computing self-consistent electron-phonon [235, 236] and exciton-phonon [6,
237] scattering rates in materials, demonstrating that for several systems, a self-consistent
treatment is necessary. Self-consistent scattering rates include interactions beyond the
first Born approximation. This is because a given perturbation is summed to infinite-
order through iterative solution of the Lippmann-Schwinger equation within a given
approximation for the self-energy.

In this work, we demonstrate how the Dyson supermatrix formalism can be extended to
finite temperatures and applied to solid state systems. We construct Dyson supermatrices
for electron-phonon and exciton-phonon interactions, thereby applying, for the first
time, the Algebraic Diagrammatic Construction method [35, 41] to the electron-phonon
interaction at finite temperatures. Our general formulation allows for the computation of
energy renormalizations, scattering rates and spectral functions at finite temperatures in
the thermodynamic limit. The temperature-dependent self-consistent scattering rate of a
given state is simply extracted as the imaginary part of the corresponding eigenvalue of the
Dyson supermatrix. While the focus of this Chapter is on the finite-temperature Dyson
supermatrix formulation of the Bethe-Salpeter equation for exciton-phonon interactions
within the Tamm-Dancoff approximation, our approach is general and can be applied to a
any physical phenomena that are described by equations of a similar form to Eq. 2.6.0.3.

This Chapter is organized as follows. In Section 6.2, we discuss the frequency-dependent
phonon screening contribution to the Bethe-Salpeter kernel and demonstrate how, within
the Tamm-Dancoff approximation, it can be recast in terms of a frequency-independent

Dyson supermatrix. In Section 6.3, we also provide the Dyson supermatrix construction
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whereby the dynamical Fan-Migdal electron-phonon self-energy is also included within
the TDA. In Section 6.4, we subsequently demonstrate the exact connection between the
supermatrix formulation presented in Section 6.3 and the exciton-phonon Fan-Migdal
self-energy derived in Chapter 5. In Section 6.5, we provide a detailed analysis between
our approach to calculating scattering rates and common quasiparticle approximations
employed in the literature. In Section 6.6, we outline the computational details of our
implementation, providing an overview of the temperature-dependent block Lanczos
algorithm that is particularly well suited for sparse, non-hermitian eigenvalue problems
and critical for rendering these calculations computationally tractable. In Section 6.7,
we apply our formalism to a three-dimensional model system to compute self-consistent
exciton binding energies and dissociation rates resulting from the inclusion of the dynamical
effects due to phonon screening. In Section 6.8, we then apply our formalism to compute,
from first principles, non-perturbative temperature-dependent phonon-driven exciton
dissociation rates and energy renormalizations for the heterogeneous semiconductors
GaN, CdS and BiVOy. Finally, in Section 6.9 we summarize our findings and provide

outlook for future work.

6.2 Phonon screening Dyson supermatrix formulation

In this Section, we provide the Dyson supermatrix construction for the phonon screening

contribution to the BSE kernel presented in Chapter 5 at zero and finite temperatures.

6.2.1 Zero temperature Dyson supermatrix formulation

In a recent series of papers [2, 3, 6, 205, 226], we have introduced the ab initio
contribution of phonon screening to the BSE (see Eq. 5.4.0.5 of Chapter 5). At equilibrium

and at zero temperature, this interaction kernel is given by [2, 6, 205]
h
Kfck,'u’c’k’ (w) == Z gcc’u(k/7 k — k/)g:v/,j(kl, k — k/)

1 1
— + — |,
W= Ak — Wk-kiy T W — Ao ok — Wk—k'v + 11

(6.2.1.1)

The interaction kernel KP" encodes the contribution of phonon screening of excitons via

exchange of phonons between conduction and valence band electron and its imaginary
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part gives a measure of the phonon-driven exciton dissociation rate [2, 3, 6]. The
corresponding Feynman diagrams representing phonon exchange are given in Figure 5.4.
At zero temperature, Eq. 6.2.1.1 only includes the phonon emission channel, whereby
the scattering channel involves the emission of a phonon only. Including this frequency-
dependent interaction kernel, Kph(w), in the BSE eigenvalue problem (Eq. 5.4.0.5), we
arrive at the phonon-screened BSE eigenvalue problem [2, 6]
S (HEE o0 + Ko oo (28)) A e = Qs A (6.2.1.2)
o' k!
Eq. 6.2.1.2 is a frequency-dependent self-consistent eigenvalue problem that yields the
renormalized exciton eigenvalues and ‘Dyson orbitals’ that include the effects of phonon
screening on the electron-hole interaction. Typically, self-consistent eigenvalue problems
of this form are solved by iterative diagonalization that targets each excited state until a
convergence threshold is reached. This process yields the so-called quasiparticle solutions.
Quasiparticle solutions are those that correspond to a large quasiparticle renormalization
factor, Zs, and therefore have a large spectral weight. Satellite solutions are those that
possess a much weaker spectral weight. While it is fairly straightforward to converge the
eigenvalue problem of Eq. 6.2.1.2 to find the quasiparticle solutions, it is typically much
more challenging to converge to the satellite solutions. As KP"(w) is a complex kernel
consisting of real and imaginary parts, we have a distinct left eigenvalue equation:
Z Af’c’k/ (H},vgcil?v’c/k/ + Kggk,v/c’k’(ﬁs)) = AfckQS‘ (6.2.1.3)
o'k
The eigenvalues of Eqs 6.2.1.2 and 6.2.1.3 are complex with the real part corresponding to
the energy of the exciton state including the effects of phonon screening and the imaginary
part is proportional to the phonon-driven exciton dissociation rate [2, 3, 6].
Using the same approach outlined in Chapter 2, we can write Eq. 6.2.1.2 in terms

of the zero temperature Dyson supermatrix

BSE I (IT)
chk,v’c’k’ Mvck,v’c’k’k”u Mvck,v’c’k’k”u
h vall +
D" = Mé/c)’k’k”l/,vck Aiclzk’u,v’c’k”k’”u’ 0 ’ (6214)
~ (I1) (+)
Mv’c’k’k”u,vck 0 Avckk’u,v’c’k”k”’u’
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where we define the coupling and interaction matrices as

M oy = a0k~ ) 62150
M ey e = Geren (K K =K )8y Siem (6.2.1.5b)
MOID ey = = Geery (&, K — K")3 By (6.2.1.5¢)
M£££2’k”k”’u,v’c’k’ = Gy (K K" = K)demer e (6.2.1.5d)
AL ey = (Ackcoke + Wi 1) Oecs e Bicncrndu. (6.2.1.5¢)

The matrices MD/UD) and MD/UD are referred to as coupling matrices while the matrix
A is the interaction matrix. In comparison with Chapter 2 the Green’s function index
is now: nk — wck and the composite ISC index becomes: J = vckk’v. In deriving
the expressions for the coupling matrices in Eqs 6.2.1.5, we have used the property
that gmno(k, k' — k) = g, (K, k — k). The supermatrix in Eq. 6.2.1.4 is the result of
application of the Algebraic Diagrammatic Construction method for the polarization
propagator [35, 36, 41, 133] using the phonon exchange diagrams of Figure 5.4.

The dimensions of the matrix DP" are much larger than those of the original frequency-

dependent self-consistent eigenvalue problem and the supereigenvectors of DP" have the

form
S 1S
h Iilsvik ~ f}g”ik
p b J— b
D chkk’y - QS chkk’zx . (6216)
ch’kk/y W’uci(k’u
S

Here, the first row of the supereigenvector, A is exactly the eigenvector of the dynamical

vck?
BSE of Eq. 6.2.1.2. The second and third rows, Wiﬁ{,y and Wi’k_k,y, are related to
multiparticle propagator residues which contain effects due to the combined electron-hole-
pair-phonon (EHPP) propagation as outlined in Appendix D.2. As DP" is non-hermitian,
we denote the left super-eigenvector solution of Eq. 6.2.1.6 by ( Ag VV;r V~V§ ) The
biorthogonal normalization condition requires that the inner product of the left and
right eigenvectors is equal to one. As stated in Chapter 5, the eigenvalue solutions of

Eq. 6.2.1.6 occur in complex conjugate pairs due to the real coefficients of the characteristic

polynomial that determines the eigenvalues.
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Using the biorthogonal normalization condition, the inner product of the upper

component of the super-eigenvectors gives the quasiparticle renormalization factor as [5, 7]

1
OKP (w
ZS - Z AvckAvck =1|1- gi)()

vck w=s

(6.2.1.7)

Here, Kgg (w) = sz’)cc'lli / AS, K 531(71), 1o (W)AS s is the expression for the phonon screened
kernel in the biorthogonal eigenbasis of Eq. 6.2.1.2. It is important to note that the
quasiparticle renormalization factor defined in Eq. 6.2.1.7 is the exact renormalization
factor corresponding to a given self-energy approximation and not obtained from a linearized

equation. From the biorthogonal normalization condition, we have

S +
1= Z'5+ Z ( vekk/v vckk’ +chkk’ chkk’ ) : (6218)
vekk/v

6.2.2 Rotating to the ‘clamped-ion’ exciton basis

The eigenstates of the clamped-ion BSE (Eq. 5.4.0.5) formally constitute a complete set of
states in the electron-hole pair subspace and can be used to rotate the phonon-screened
BSE (Eq. 6.2.1.2) into the exciton basis to give
h (A 7S O .77S

> (25059 + K55 (Qs) ) US = QsUS (6.2.2.1)

S/
where the phonon-screening kernel has been rotated into the exciton basis via: K gg, (w) =
S vek Avckack — )Af,lc,k,. The relationship between the eigenvectors of Eqs 6.2.1.6

/ / /

and 6.2.2.1 can be used to express the right phonon screened exciton wavefunctions as

S) = g US|S") = Sp D5 USAS Juck). This implies
AS, = Z US A5, . (6.2.2.2)

The left eigenvector solutions of Eq. 6.2.2.1 are similarly related to the left eigenvectors of

Eq. 6.2.1.2 as

AS, =Y ASLUS (6.2.2.3)
SI

Using the clamped-ion BSE exciton basis, we can construct the Dyson supermatrix in

the exciton basis by rotating the coupling matrices as

(1) _
MS,U“C”k”kHIV - Z Avlclkl Ulclkl v/lc//k//k///
vierky (6.2.2.4)

Sx * "oy "
:_ZAvlc”k”gvlv”V(k ,k -k )

v1
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6.2. Phonon screening Dyson supermatriz formulation

We can perform the same procedure for the other coupling blocks (see Appendix D.1)

and this leads to the following supermatrix structure

Qsdss MS), M)
o= | ), Al o |, (6.2.2.5)

(D) (+)
Mj s 0 Ay

where we have re-introduced the composite index J for notational clarity. Formally, if
the complete set of clamped-ion exciton states were included in the change-of-basis, the
supermatrix defined in Eq. 6.2.2.5 yields the same eigenvalues as Eq. 6.2.1.4. However,
the advantage of rotating to the exciton basis is that it can be used to reduce the
dimensionality of the Dyson supermatrix. This is because, in practice, the number of
exciton states computed, Ng, is typically much smaller than the total number of free
electron-hole pair states, N. x N, x Ni. Therefore, we can reduce the computational cost
associated with the diagonalization of DP by rotation of the upper left block and coupling
elements to the clamped-ion BSE basis. This simplification can be viewed as a physically
motivated Singular Value Decomposition (SVD) of the coupling matrices, reducing the
dimensionality of the coupling blocks of the supermatrix [216].

By rotating to the ‘clamped-ion’ exciton basis, the Lehmann representation of the
phonon screened exciton Green’s function can be obtained from the eigenvalues and

super-eigenvectors of Eq 6.2.2.5 as

L?«S/(S) = (S]l — Dph) P ( )
6.2.2.6

s Usu US,
s 57
The exciton spectral function is obtained from the Lehmann representation of the exciton

Green’s function by using the relationship: A®(w) = —1Im trL®(w). This yields

A% (w) = —flm Z

w— Qg +1in
~ (6.2.2.7)
1 Z ImQsReZs  ImZs(w — ReQs)
(w - RGQS)Q + (ImQ3)2 (w - Rng)Q + (Imﬁg)2

where we have used the identity: > ¢ ﬁgf]g = Zs, which can be obtained by substituting
Eqgs 6.2.2.2 and 6.2.2.3 into Eq. 6.2.1.7.
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6.2.3 Finite temperature Dyson supermatrix formulation

At equilibrium and at finite temperature, the temperature-dependent phonon screening
kernel in the clamped-ion BSE exciton basis is given by Eq. 5.4.1.7. At finite temperatures
we see the emergence of the absorption channel as exciton-phonon scattering can now
be due to phonon absorption as well as emission. The corresponding temperature- and
frequency-dependent eigenvalue problem is written as

h A 7S ® 7S
> (s + K5 (Qs, 7)) US(T) = Qs(T)TE(T) - (62.3.1)
Sl
It is important to note that, at finite temperatures, the eigenvalues and eigenvector solutions
are explicitly temperature-dependent as the self-consistent eigenvalue problem must be
solved separately at each temperature. We can directly write the finite-temperature

frequency-independent Dyson supermatrix as

I 11 I II
Osdss Mg p(T) MG)(T) Nyp(T) NGHT)
.y Al 0 0 0
DTy = | MYT) o A% 0 0 . (6.2.3.2)
~ I —
N1 o 0 AG) 0
NYD@ o 0 0 AS)

where the temperature-dependent couplings and absoption interaction matrix are defined in
Appendix D.4.

In principle we can obtain all quasiparticle and satellite energies at a given finite
temperature from a single diagonalization of Eq. 6.2.3.2. The emergence of the absorption
channel at finite temperatures results in a supermatrix that is almost twice as large as
that required for the zero temperature case. However, in Section 6.6, we will show how we
can exploit the sparse supermatrix structure of Eq. 6.2.3.2 by employing Krylov subspace
expansions alongside the generalized Davidson algorithm to compute its spectrum. In
the zero temperature limit, the Bose-Einstein occupation factors vanish and Eq. 6.2.3.2
reduces to Eq. 6.2.2.5. At higher temperatures, the KP*(w, T') interaction kernel displays
an increase in the coupling to the electron-phonon interaction as demonstrated by the
temperature-dependence of the coupling matrices. This is simply a consequence of the

increase in the Bose-Einstein occupation factors as the temperature increases.
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It must be emphasized again that the eigenvalues of Egs 6.2.3.1 and 6.2.3.2 are formally
identical. However, as demonstrated in Appendix D.2, in principle, the Dyson supermatrix
representation gives access to more information, such as multiparticle correlation and
spectral functions. Further, the frequency-independent supermatrix representation is
numerically more stable. This is due to the complex structure of the self-energy, which
can oscillate wildly in the vicinity of its poles, making it difficult to converge calculations
to satellite solutions [133, 228]. Additionally, it is not even guaranteed that all solutions
to Eq 6.2.3.1 will be found. In stark contrast, a single diagonalization of Eq. 6.2.3.2
yields all poles of the corresponding propagator.

We can directly compute the temperature-dependent phonon screened exciton Green’s

function
US (T)US/(T)
LB (w,T) = SRS 6.2.3.3
ssr( ) gw—Qs(T)er ( a)
and spectral function as
ex 1 Zs(T)
A%(w,T) = —=Im»  ——= (6.2.3.3b)

where we have indicated the implicit dependence on temperature that the eigenvalues
and eigenvectors possess as a result of Egs 6.2.3.1 and 6.2.3.2. Due to the fact that the
two-particle interaction kernel, KP" is not fully causal the renormalization factors Zs do
not provide a true probability measure of the spectral weight of a given pole. However,
the complex resonance eigenvalues that lie beneath the real axis still provide an accurate

approximation to the energy renormalization and scattering rate of an exciton.

6.3 Inclusion of TDA self-energy contributions

We can also derive the Dyson supermatrix representation of the TDA kernel given by
Eq. 5.4.2.4 of Chapter 5. This kernel includes the effects of electron-phonon scattering
on the single-particle propagators themselves. The corresponding temperature-dependent

Dyson supermatrix is

HBE, e VS (1) V)T

U K

Do) = | Ve @) ALY 0 , (6.3.0.1)

v

Vi, D) 0 AG)

v
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where we have defined

I II
V(chrc),J(T) = Mzgcl)c,J(T) - MzEck?J(T)

v

= (gCC”I/(kllv k — k//)(svv”ékk’” - gzv//y(k/”v k — k///)(scc”(skk”) \/NB(wk”—k’”u) +1
(6.3.0.2)

and

- I IT
VLz(ck),J = 15CI)<,J(T) - ngck?J(T)

—= (gcc”l/(klla k — kll)5vv”5kk”’ — g’:v”u(k”/7 k — k”/)(scc”(skk”) NB (wk//_k///,/) y
(6.3.0.3)

where the composite index here is defined as J = v""k"k”'v. It is important to note
that the DE,PA (T) is of identical form to the exact finite temperature Dyson supermatrix
formalism presented in Chapter 2. In contrast to the phonon screened Dyson supermatrix
DP"(T) of Eq. 6.2.3.2, the TDA supermatrix coupling matrices contain both the conduction
and valence band electron-phonon coupling elements. Additionally, this supermatrix
representation is hermitian as inclusion of the self-energy contributions to the single-
particle propagators restores the causality of the kernel. However, as stated in Chapter 5,
the self-energy correction included in the TDA kernel is specifically time-ordered and
restricted to include only specific self-energy contributions. This can clearly be seen in
Eq. 5.4.2.1 where only specific forward- and backward-time contributions to the Fan-Migdal
electron-phonon self-energy are included. In the case of electron-electron interactions, the
time restriction of the self-energy corrections has been observed to result in significant
errors in the calculated excitation energies [61, 96]. This is because restriction of the
time-orderings that enter a self-energy approximation can severely affect the energies of
the single-particle states, resulting in less accurate neutral excitation energies. Therefore,
despite the attractive hermitian and causal structure of Eq. 6.3.0.1, the missing reverse-time

self-energy contributions can affect the accuracy of the calculated resonant states.

6.4 Connection to the Fan-Migdal exciton-phonon self-energy

To demonstrate the connection to the Fan-Migdal exciton-phonon self-energy presented
in Section 5.7 of Chapter 5, we must first extend the DE,PA(T ) supermatrix representation

to account for finite momentum exciton states. Working in the (k + Q)-convention, whereby
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the conduction band wavevector is specified by the centre-of-mass exciton momentum

wavevector Q, we must extend the size of the coupling matrices as:
V(+) T) — K" 'K — K" NG S
vck’Q,v”c”k”’Q’Qlu( ) = gcc“y( + Q 5 - + Q - Q ) vv!’ Ok’k’"

— Gy (K" K = K")oer b Qe )/ NB(war—qv) + 10qq,
(6.4.0.1)

and
Vioqurenenaa®) = (gern (K" + QK — K"+ Q = Q)3 fiener

— g:vu,j(km, k/ — k”’)éccndkurQ,karQr) NB (wQ/,Qy)éQQl
(6.4.0.2)

where k = k’ + Q and k” = k" + Q' correspond to the momenta of the electron state. We
see that the configuration space has increased in size due to the presence of the additional
wavevector Qq. This is required in order to specify the additional exciton scattering
accessible to finite momentum exciton states. The corresponding interaction matrices are

also increased to account for the finite momentum scattering as

+
A aauw ey = (B quk +9Q-Q,u)0u e b dlacrdoqiqiq, - (6:4.03)

and
Al aa e,y = (Bt Quk — 9Q-Q,u) 0w e O Blacrdqqrdqiq, - (6:4.04)

This gives rise to the finite momentum representation

(+) (=)
H Q]ii%,v’c’k’Q’ VoekQ, P (T) VoekQ, P (T)

DIPAT) = | Ve (@) AL 0 (6.4.0.5)
Vikae@ 0 A

where we have introduced the finite momentum composite index: P = vckQQ;v.

Now that we have introduced the finite momentum extension of Eq. 6.3.0.1 to yield
the supermatrix of Eq. 6.4.0.5, we can demonstrate its exact connection to the Fan-
Migdal exciton-phonon self-energy. To do so, we allow the intermediate scattered states to
interact through the clamped-ion instantaneous electron-hole interaction to infinite-order

by modification of the interaction matrices:

(£).eh _ AD h,
AUCqullI,UIC/k//Q/QQV' - A’UCkQQllj,’U’C/k”Q'QQV/ + KScko(z,v’c’k”QéVV'éQlQQ5Q.Q/ . (6406)
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This modification means that the interaction matrices are no longer block diagonal. The
resulting finite momentum supermatrix including the electron-hole interactions to infinite

order in the intermediate scattering states is given by

+
HUCkQ v C/k/QI ‘/tU(Ck)(Q P’ (T) V’U(Ck)(Q P’ (T>

D, (T) = V(+’)lj’Q’ (1) A 0 . (6.4.0.7)
—)* —),eh
‘/U(IC’)k’Q’,P(T) 0 A},P),/

Now, we can show that the finite momentum supermatrix that includes the electron-hole
interaction to infinite-order in the intermediate scattering states (Eq. 6.4.0.7) is exactly
equivalent to the Fan-Migdal exciton-phonon self-energy.

We can rotate into the eigenbasis of the modified interaction matrices A&)<h by
introduction of the exciton-phonon-pair product states: |[SQ'Q;v) with correspond-
ing eigenvalues €25q/ + wq,—q/- This rotation results in the formation of block diag-

onal interaction matrices

+),eh
Ag(Q)QIVS/Q Q) = (QSQ/ + le*Q/)(SSS/é-QQ/(SQlQQ(sVI// . (6408)

With the introduction of the exciton-phonon-pair product states, we can express them
with respect to the free electron-hole-pair phonon states as

SQQy) = Y- AN, vk Q' Quy) (6.4.0.9)

vck’

Rotation into the eigenbasis of the interaction matrices requires us to rotate the coupling
matrices into the same basis. We also know that the finite momentum exciton states
form the eigenbasis of the upper left block of Eq. 6.4.0.7. Therefore, we can rotate the
entire matrix into the eigenbasis of the BSE and the modified interaction matrices by
corresponding rotation of the coupling matrices as:
Msaau= ¥ AFVPavovaa®%e i
AR

and likewise for the M éQ) sQQ, ,(T) block. Therefore, rotation of the coupling matrices
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exactly yields the composite exciton-phonon scattering matrix as

Z SQuy,(+) s'Q
A'UCkl ‘/UCkIQ,'U”CNkNIQ/Qly(T)A'U”C//k//
/
,U/;Ucc/lk///

S ! * S/ / S ! * S/ ’
= ( Z Av§</+q gcc”l/(k/ —+ Q,aQ) chk/ - Z Av§</+q g’U”Ul/(klaq)A/U//?k+q>

vee k! vev' k!

\/NB(WQ’—QV) +19QQ,

= Gs50(Q.Q ~ Q)y/Ns(wq—qu) + 10qq, -

(6.4.0.11)

where we have used Eq. 5.7.0.2 to indentify the exciton-phonon composite scattering
matrix. The result for the M éé) S,q,Qly(T) block can be obtained by the analogous

rotation. Therefore, the rotated supermatrix becomes

Hd sqr Méﬂ (1) Mé?g),,v(T)

QN

TDA,eh * 7eh

D, q (1) = M%T(%,’A(T) A (0) ] (6.4.0.12)
Mg \(T) 0 Ay

where we have introduced the exciton-phonon-pair composite index as A = SQQ,v.

Downfolding this matrix into the exciton subspace, we have

-1
AN

~TDA,ch + +)x
Hyy ™ (5, T) = HSqsrqy + Y- MEGA(T) (s1 = AB) MG (7))
AN

(6.4.0.13)
= Osalsqsa + Esg s (5,T) -

Therefore, we have demonstrated that the supermatrices of Eqs 6.4.0.7 and 6.4.0.12 are
exactly equivalent to the exciton-phonon Fan-Migdal self-energy formulation. Clearly
this supermatrix describes scattering between excitons driven by the electron-phonon
interaction. However, directly from the considerations of the previous subsection, despite
the fact that this supermatrix now includes the electron-hole interaction to infinite-order in
the scattering, it does not include the complete time-orderings of the underlying electron-
phonon Fan-Migdal self-energy for the single-particle states. Therefore, this approximation
is also expected to suffer from the same reasons identified in the previous subsection.
This, coupled with the severe computational scaling involved in the computation of finite-
momentum exciton states means that we will we focus our subsequent numerical analysis
on the phonon screened Dyson supermatrix, DPP(T).

An interesting direction for future work would be to provide a complete study of
the exciton-phonon kernel that is not constrained within the TDA. This would involve

the introduction of terms that fully account for time-orderings of the self-energy of the
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underlying single-particle Green’s functions. As identified in Section 5.6 of Chapter 5, a
first step towards this would be the inclusion of the static term rotated into the exciton

! /

. . FM, 00 - SQx .-FM, 00 S5'Q P
basis: KSQ’S,Q, = > vk Aok Kka’v,c,k,Q,Av,C,k, to give:

FM, + -
HES oo + Kiasa Msan(T) MG (T)

ADC,eh (+) 5Q.5'Q (), eh

)€ _ +)* +),

DphaQ (T) - M,%"()Q’,)\(T) A)\)\/ ¢ (0) , . (64014)
MS’Q’,)\(T) 0 A)\)\/,e

Exploration and numerical analysis of this approximation is beyond the scope of this

thesis and is reserved for future work.

6.5 Phonon-driven exciton dissociation rates

As demonstrated in Chapter 5, the imaginary part of the eigenvalues of DP*(T') are
related to the self-consistent temperature-dependent phonon-driven exciton dissociation

rate to infinitely long-lived electron-hole pairs:
YE(T) = 2[ImQs5(T)| . (6.5.0.1)

Clearly, in the frequency-dependent representation (Eq. 6.2.3.1), this relationship gives
rise to a self-consistent equation for the imaginary part. However, as the eigenvalues
of DP(T) are identical to those obtained from the self-consistent frequency-dependent
equation, we can compute the scattering rate simply by taking the imaginary part of the
computed eigenvalue. Eq. 6.5.0.1 is a correlated dissociation rate that goes beyond the
first Born approximation as it is obtained by diagonalization of the BSE including the
phonon-exchange interaction. Therefore, the scattering rate can be viewed as containing
contributions to infinite-order through exact solution of the Lippmann-Schwinger equation
within this self-energy approximation [3]. The lifetime of the given state is simply
given by the reciprocal of the scattering rate as: 75 = 751. The corresponding first
Born approximation for this scattering rate was derived in Chapter 5 and is given by:
YENT) = 2MImKE" (s, T)] [2, 3].

Eq. 6.5.0.1 represents the formally exact relationship between scattering rates and
solutions of the Dyson equation. It is approximate once the corresponding self-energy

approximation is given. It is important to demonstrate exactly how our supermatrix
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approach differs from approximations that separate the real and imaginary parts of the self-
energy when solving the Dyson equation. The exact solution of the Dyson equation consists
of real and imaginary parts, Qs = ReQg + ilmQs. Focusing on the phonon-screening

contribution to the BSE, we can write the quasiparticle equation as
kReQS+¢hnﬁgﬂf—ﬂgﬁy—KT%ReQ5+ihnﬁgﬂ\@5>:0, (6.5.0.2)

where we have not chosen a specific basis representation. By assuming that ReQs > ImQsg,
we can perform a Taylor expansion of the phonon screening kernel about the real part of

the eigenvalue, KP"(Qs) ~ KP"(ReQls) + iIng%‘ KP"(w). Using this expansion

w=Re(ls
and the fact that the kernel evaluated at the real part also has a non-zero imaginary part

contribution [3], we can write the approximate expression

(951 — Hpsn — ReK™ (2s)] |Ws)

B 8Ref(ph(w) ‘ (6503)

+1 90

thS<1 i )-—hnkﬂwﬁsﬂyws>zcy

w=0s

‘ _ ImKP"(w) to the
w=ReNgs

real part of Eq. 6.5.0.3 and re-defined the real-part of the eigenvalue as Qs = ReQs.

Here we have neglected the contribution arising from ImQS%

By making the further approximation that the quasiparticle solutions are eigenstates
of the real-part of Eq. 6.5.0.3, we arrive at the following approximate decomposition

of the quasiparticle equation:

(51 — Hyge — ReK™(Qs)] [Ws) % 0 (6.5.0.4a)
~ Cph .
ka<1—m“wa )-JmKMmg%wgzo (6.5.0.4b)
aw w=0Ng

In matrix notation, reinserting the temperature-dependence of all quantities, we can write

these two-equations in the clamped-ion exciton basis as

> (95535' + Rng}é/(Q&T))UE’S' (T) = Qs(T)US(T) (6.5.0.5a)
Sl

with

TmQs(T)| ~ , (6.5.0.5b)

Zs < > USH(T)ImKEe, (O, T)Uﬁ(T))
Ss

where the approximate quasiparticle renormalization factor is given by

-1
ph
7% = (1-5H“”<&9@”*T) ) _ (6.5.0.6)
w=0s

ow
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Here, Kg’g(w,T) =Y gqU g*Kgg, (w, T)U§ is the expression for the phonon screening
kernel in the eigenbasis of Eq. 6.5.0.5a. It should be noted that Eq. 6.5.0.6 is an
approximation to the full renormalization factor defined in Eq. 6.2.1.7. Therefore, from the
exact relationship given in Eq. 6.5.0.1, we can write the approximate phonon-driven

exciton dissociation rate as

75(T) ~ 2

Z% ( S USH(T)ImKEY, (Qs, T)US (T)) ‘ : (6.5.0.7)
SS’

Notably, this approximate expression is only valid in the limit where ReQg > ImQg,
meaning that the resulting excitations are assumed to be long-lived. Furthermore,
due to the computational complexity of the frequency-dependent representation, it is
common that Eqgs 6.5.0.5 are taken within a diagonal approximation: Rng}g,,(Qg, T) ~
5SS/RngZ(QS,T), and that the approximate renormalization factor, Z5 is neglected
entirely. Our analysis clearly demonstrates that obtaining solutions to the quasiparticle
equation by direct computation of the eigenvalues of the Dyson supermatrix is conceptually
simpler, removing the need to introduce fundamental assumptions about the potential
character of the solutions. This is in contrast to the approach given in Eqs 6.5.0.5
and the further subsequent approximations commonly resulting from the frequency-

dependent formulation.

6.6 Krylov Subspaces and Block Lanczos Algorithm

The large size of the Dyson supermatrices derived in Eqgs 6.2.2.5 and 6.2.3.2 is the direct
consequence of the large configuration spaces spanned by the A and A matrices. In
general, both the A and A7) interaction matrices are of size NCNUNIENV X NCNUNIEN,,.
This means that they are typically of the order of 107 x 107 for real materials, resulting in the
total Dyson supermatrix size of 108x10% [11]. However, the A A and DP" matrices are
significantly sparse. Despite their sparse structure, full diagonalization of the non-hermitian
Dyson supermatrix is currently computationally unfeasible. In order to circumvent these
numerical difficulties, we extend the approach outlined in Refs [133] and [131] to construct
DP"(T) using a Krylov subspace expansion. In addition, in Appendix D.5, we also
provide an overview of the generalized Davidson algorithm which can be used to explicitly

diagonalize the full DP"(T) supermatrix about a given set of target eigenvalues.
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To systematically control the growth of the configuration space of the interaction
matrices, A(t) and A7), we need to find an efficient dense representation of their sparse
structure (see Eqs D.4.0.1e and D.3.0.1f). As the A®H) and A7) are both hermitian, the
most efficient way to do this is to construct an orthonormal basis for these matrices within
their respective Krylov subspaces by utilizing the block Lanczos algorithm [94, 131, 133,
238-241]. If A and A5 were both non-hermitian, we could simply extend the algorithm
by constructing a biorthogonal basis of the Krylov subspace.

A Krylov subspace of order n of At is given by the successive application of the

first (n — 1) powers of the matrix into some starting vector vy:
Kn (A vo) = span{vo, A vg, (AH))2vg, .- (AH))n=lyg) (6.6.0.1)

To construct the orthonormal basis {q;;i = 1,2, --n} corresponding to K, (A1) vq) we
employ the block Lanczos method. We fix the initial starting vector vg, and orthogonalize
the rest of Krylov basis as follows:
q1 = Vo
AP qy = Aiar + Aa1qe
(6.6.0.2)

A(+)qn—1 - )‘l(n—l)ql et )‘n(n—l)qn .

It is straightforward to show that this expansion leads to the tridiagonal hermitian structure:

with A\;; = 0 for |¢ — j| > 2. By collecting the Lanczos basis vectors into a matrix, £y,

we can define the Krylov subspace resolution of the identity as
1r=LL) . (6.6.0.4)
Using the Lanczos basis, we can project the full A(t) matrix onto the Krylov subspace by

A = £IAD) L, (6.6.0.5)

The resulting matrix, A%—H, is a tridiagonal and hermitian matrix of much smaller dimension.
We can also perform a separate block Lanczos procedure for the A(™) interaction block

to give an analogous tridiagonal hermitian projected matrix

A = £IAC) g, (6.6.0.6)
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Combining both block Lanczos procedures, we can project the full Dyson supermatrix

into the Krylov subspace by introducing the projector

1 o0 0 O O
0 £ 0 0 O
SMy=|0 o £, 0 o (6.6.0.7)
0O 0 0 L, O
0O 0 0 0 Lo
which gives rise to the Lanczos-basis Dyson supermatrix representation
DY (T) = S(T)D*(T)S(T)
Hpsg MOg, MU, Nz, NUDg,
(D) A )
LMY A o 0 0 (6.6.0.8)
=| cimun o & 0 0
£iND 0 0 AL 0
ciNUD o 0 0 AL

The Lanczos-basis Dyson supermatrix in Eq. 6.6.0.8 is much smaller than the original
DP"(T) supermatrix. As a result, one can view the Lanczos construction as a very effective
data compression of the original sparse matrices. Crucially, as the dimension of the Krylov
subspace is increased to the dimensionality of the full A(T) and A(-) matrices, the Krylov
subspace will span the same space as the initial lower interaction block of the initial
supermatrix, DP?(T). Therefore, the ‘exact’ untruncated basis result will be obtained
from the Lanczos method by increasing the basis set size. The Lanczos algorithm clearly
generates a set of mutually orthonormal basis vectors that span the full original space [131,
133]. However, the numerical precision on computers can reduce the efficiency of the
method as the orthogonality can only be obtained to within machine precision. Therefore,
as the number of iterations increases, the Lanczos basis vectors will lose orthogonality and
the subspace construction can result in the production of eigenvalues that have already
been converged [131-133]. However, such instability issues that occur at each iteration
can be overcome by the use of either a complete or a selective reorthonormalization of
the Lanczos basis vectors among themselves [242].

Downfolding the Lanczos subspace representation into the electron-hole subspace gives
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rise to the subspace phonon screening interaction kernel
- -1 ~
KY' (w,T) = MU Ly (w1 = AGH) - iva?)
+ MLy (w1 - A;ﬂ)*lc{l\?ﬂm
) 1. (6.6.0.9)
+NOLy (w1 = AD)) £iND

~ -1 ~
+NUDLy (w1 = AG)) £5NUD

Once constructed, the reduced size of the D%”L supermatrix means that it can be fully
diagonalized within the Lanczos subspace. If the initial vector vq is provides a good
starting point for the algorithm, the resulting spectrum of D}Z provides an excellent
approximation to the full, untruncated DP" supermatrix. In practice, as demonstrated
in Section 6.7, only a few hundred Lanczos vectors are required in order to faithfully
reproduce the overall spectral features of the full untruncated supermatrix.

In order that only a few hundred Lanczos vectors are required to provide an accurate
representation of the full supermatrix means that the initial starting vector, vg, needs
to capture the relevant degrees of freedom that couple the upper left Hgggy matrix to
the EHPP states responsible for the phonon screening. By initializing the starting vector
as the result of the coupling of the EHPP states due to the wings of the supermatrix,

we choose the initial vector to be the vector
vo = ( M) MUID(T) ) (6.6.0.10)

in which each block component is a matrix of dimension (N.N,N,(Ny)% Ng). As a
result, block application of A(T) on this initial vector provides an extremely effective
representation for the Krylov subspace. In particular, as the matrices A+, M) (T') and
™MD (T') are sparse, the construction of the Lanczos subspace is efficient and only a few
hundred Lanczos vectors are required to construct an accurate subspace representation of
the full supermatrix. The number of Lanczos vectors employed is denoted by Ny,.

In this work, as we are dealing with a temperature-dependent supermatrix eigenvalue
problem, we extend the Lanczos approach to construct the Lanczos subspaces at each
given temperature. This is required as the coupling blocks are now temperature-dependent
(see Appendix D.4) meaning that the coupling between the exciton and EHPP subspaces

can be significantly modified at different temperatures.

182



6. Dyson Supermatriz Formulation for Lattice Screening of Excitons at Finite
Temperatures

(a) H, Couplings: M

Interactions: A

Cou_p\h}nﬁs M
i
4
b4

N, A(*) Lo

~

Figure 6.1: (a) Schematic of the Dyson supermatrix representation. Here we indicate the specific
phonon exchange diagrams (KP") considered in this work. (b) Schematic of the dynamical self-
energy of the Dyson supermatrix. The green stars indicate how the coupling matrices connect
to the subspace of Hy and the arrows indicate how the coupling and interaction matrices are
contracted together. (c) Lanczos projections of A& into the Krylov subspace of dimension Ny,.

To summarize, in principle, a target eigenvalue solution of the full Dyson supermatrix
will agree with the same target solution of the self-consistent frequency-dependent eigenvalue
problem. The Lanczos projected solution will display systematically improvable agreement
with the same target eigenvalue as the number of Lanczos vectors approaches the full
dimensionality of the space. Finally, the generalized Davidson target solution will also
display systematically improvable agreement as the preconditioned subspace grows. In
the calculations that follow, we use these internal consistency checks to ensure that our

results are accurate and fully converged.

6.7 Application to a model system

In the Wannier-Mott limit, excitons in many three-dimensional polar semi-conductors

can be accurately modelled within the hydrogenic exciton approximation [2, 3, 205, 243]. Un-
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der these approximations, the two-band electronic clamped-ion BSE Hamiltonian becomes

k|2 47 1
HEY = [ E Ll Okl — . 6.7.0.1
k.k ( g T o ) T NV k— K] ( )

Here, V' is the unit cell volume and N is the number of unit cells in the Born-von-Karman

supercell. This hydrogenic model Hamiltonian can be solved analytically, and the lowest

energy (1s) state has the following closed-form expression for the exciton coefficients:

Njw

(2@0) 1
VNV (14 adlk[?)?

where ag = / ﬁ is the exciton Bohr radius, Eg = I, — Qg, the exciton binding energy

Ay =

(6.7.0.2)

MeMp

. the exciton reduced mass.
e

(in this case for the 1s state) and p =

In three-dimensional polar semiconductor systems, the dominant electron-phonon
coupling mechanism is given by the Frohlich interaction. The Frohlich interaction is a
result of the coupling between the polar longitudinal optical (LO) phonon mode and
electronic charge density [244]. In reciprocal space, the Frohlich electron-phonon coupling

element is given by [2, 3, 205, 244]

27erO 1 )
Ea—— 6.7.0.3
gq ’q’\/ 6oo €0 ( )

where €,,/9 are the high/low frequency dielectric constants and wro is the frequency

of the dispersionless LO phonon responsible for the Frohlich interaction. Using these
approximations, which we refer to as the Wannier-Mott-Frohlich model, the corresponding
phonon-screened upfolded Dyson supermatrix coupling and interaction matrices in the
exciton basis are defined in Appendix D.1. The finite temperature model supermatrix
is simply given by substituting the model expressions for the exciton coefficients and
Frohlich interaction into the expressions for the coupling and interaction matrices given
in Appendix D.4. The Bose-Einstein occupation factors for the model are found by the
replacement Np(wyw_xr,) — Np(wro).

The resulting eigenvalue problem for the model at finite temperatures is given by
DPYT)Vs(T) = —Q3(T)Vs(T) , (6.7.0.4)

where Q‘%(T )=FE4 — Qs (T') is the temperature-dependent renormalized exciton energy
relative to the band gap and Vg(7T') is the supereigenvector solution. Here, we have

subtracted the energy of the band gap to give the exciton binding energy, Eg. The real
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part of the eigenvalue corresponds to the renormalized exciton binding energy, ReQ%(T) =
Eg(T). The imaginary part corresponds to the self-consistent phonon-driven exciton
dissociation rate: vs(T) = 2|TmQ3(7T)|.

It is important to understand the sparse structure of the coupling and interaction
matrix elements of the Wannier-Mott-Frohlich model DP? supermatrix. The interaction
matrices are trivially sparse as they are simply diagonal matrices. However, the coupling

blocks for the model are also sparse. To see this, the 1s coupling block is given by

I F
Ml(s,)k”k’” = —Aik(//gk/;kik///
C (6.7.0.5)
- (1 +a(2)\k”|2)2|k” _ k”’| ’
_ 3
where C = ’(]%[“‘2; z. \/ 2Twro (é — %) is the constant of prefactors. From this expression,

we see that as the distance between the k-blocks of M 1(21(”1(”' (given by |k” — k™|) increases,
the coupling elements decay sharply to zero. This behaviour is analogous for the rest
of the coupling matrix elements and also present in ab initio coupling matrix elements.
Therefore, the model Dyson supermatrix possesses an extremely sparse structure that is
particularly amenable to both the Lanczos and generalized Davidson algorithms.

The first-order ‘single-shot’ perturbative correction to Eq. 6.7.0.4 is obtained from
Rayleigh-Schrédinger (RS) perturbation theory: Qg(T) = Qg + Rngg(Qs,T) [2, 205].
The imaginary part, Ingg(QS,T), is directly proportional to the first Born approx-
imation for the phonon-driven exciton dissociation rate [3]. In subsection 6.7.1, we
will present a comparison of the ‘single-shot’” RS approach with the solutions obtained
from diagonalization of the Dyson supermatrix DP"*  to demonstrate the qualitative
differences between these approaches.

We choose to apply our method to study CdS, which is a system that is known to
be accurately modeled within the Wannier-Mott and Frohlich approximations [2]. As
such, we use parameters calculated in Ref. [2]: Ep = 39 meV, wro = 34 meV, o, = 6.2,
go = 10.4, me = 0.12 and mjy = 2.01. We also employ the patched sampling technique
developed in Ref. [245], which is necessary to efficiently converge the exciton binding
energy with a minimal number of k-points. We employ I'-centered patches, with a cutoff
coordinate of 0.05 (in crystal coordinates), drawn from a fine grid of 100 x 100 x 100

k-points [2]. This corresponds to a patch containing 1331 k-points, which we find to
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be more than sufficient to converge our model calculations. Finally, the model exciton

subspace consists of the 1s and 2s solutions.

(N2 dim(DPM)  dim(DPM(T))  dim(D¥ (7))

1,771,561 3,543,124 7,086,246 802

Table 6.1: Dimensions of the model Dyson supermatrices.

In Table D.1, we depict the dimensionality of the model phonon screened zero- and
finite-temperature Dyson supermatrices as well as the finite temperature Krylov subspace
representation formed from Ny = 200 basis vectors. Both the zero and finite temperature
Dyson supermatrices are enormous and can only be diagonalized using the generalized
Davidson algorithm (see Appendix D.5). However, the Lanczos representation of the
Dyson supermatrix can be fully diagonalized using conventional diagonalization routines
and its resulting spectrum can be obtained to high accuracy. At zero temperature,
we find that N = 400 Lanczos basis vectors are enough to converge the supermatrix
eigenvalue results to within numerical precision of the result obtained from the full exact
diagonalization. However, at finite temperatures, using only Ny = 200 basis vectors,
we find the lowest state to be fully converged to within 0.01 meV. This is shown in
Table 6.2, where we display the 1s eigenvalue obtained from the exact diagonalization

and Lanczos subspace projection at 200K.

T = 200K Exact Lanczos

ReQ3 (meV) -24.89  -24.89
ImQ$ (meV)  -2.25 -2.24

Table 6.2: Eigenvalue of the 1s state at 200K obtained from the exact diagonalization and Lanczos
projection (Ny, = 200), respectively.

6.7.1 Results and discussion

In Figure 6.2, we plot a comparison of the change in the exciton binding energy and
the dissociation rate for the 1s state obtained from the single-shot Rayleigh-Schrédinger

perturbation theory with the Dyson supermatrix solution as a function of temperature.
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Figure 6.2: Change in the exciton binding energy of the lowest state and the scattering rate
obtained from the DP*(T) and RS solutions as a function of temperature.

The change in the exciton binding energy is simply given by: AEp = Qg — E’j‘g Therefore,
the change in the binding energy provides a simple measure of how the effects of phonon
screening can modify the energy of a given state. A negative value of the change in the
exciton binding energy means that the contribution of phonon screening pushes the energy
of the phonon-screened exciton state closer to the conduction band continuum.

At low temperatures, the energy change of the RS and supermatrix solutions for the
1s state are very close in energy, giving a binding energy change of around 6.5 meV at
zero temperature. However, the energy change as a function of the temperature for the
supermatrix solution is more complex as its temperature dependence is not simply governed
by the Bose occupation factor of the LO phonon. This can be seen by working in the
frequency-dependent representation. In the Wannier-Mott-Fréhlich model, the phonon

screening kernel contains denominator contributions of the form

k>, [K?
Ep+AEg+ — 4+ — —wro (6.7.1.1a)
2me th
and
k 2 Kk’ 2
EB—FAEB—Fu—i-u—I—wLO , (6.7.1.11))

2me th

for the emission an absorption channels, respectively. It should be noted that there are
other contributions to Eqs 6.7.1.1 where k <> k’. The ‘single-shot’ RS solution also contains

these contributions but the self-consistent dependence on AFEp is removed. However, the
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supermatrix solution is equivalent to the self-consistent solution (as demonstrated in
Section 6.2) and therefore, at each temperature, Eqs 6.7.1.1 vary depending on the value
obtained for AFEp. Furthermore, from Eq. 6.7.0.5, we expect that the energy renormaliza-
tion will be largest when the corresponding |k — k| vector in Egs 6.7.1.1 is small. This
means that contributions to the energy renormalization will be largest when the difference
between the renormalized binding energy and the LO phonon frequency wro is small.

At low temperatures, we see a slightly larger decrease in the binding energy change
for the supermatrix solution as the difference between the LO phonon frequency and
the renormalized energy is smaller than that for the RS solution. This results in larger
contributions from the decrease in |k — k’| that is connected to the coupling matrices.
However, as the temperature increases, the slope of the supermatrix solution decreases.
This occurs because, as the binding energy change increases, contributions from Eq. 6.7.1.1a
can become negative. This results in terms that can act to slightly offset the effects of
Eq. 6.7.1.1b, which remain positive. Further, the large binding energy renormalization
change also acts self-consistently to reduce the strength of the effective Frohlich couplings
to the exciton state for both the emission and absorption channels through Eq. 6.7.0.5. In
contrast, the RS solution shows a constant gradient change as a result of the fixed energy
differences that enter the KP" kernel with the constant increase of the LO occupation
factor. Therefore, at high temperatures, the constant energy differences present in the
RS approach, combined with the increase in the LO occupation factors, means that the
RS solution begins to display a larger binding energy renormalization.

In the Wannier-Mott model, the exciton is formed from parabolic conduction and
valence bands corresponding to a system with a direct band gap. Therefore, as the
energy renormalization of the exciton increases, this can become large enough to resolve

the crossing equation:

k 2 Kk’ 2

Ep + AEp +
2me  2my,

For our model system, this can only be achieved if the renormalized exciton state that has a
binding energy lower than wyo. This condition, coupled with the large Bose-Einstein factor
for the LO phonon, results in a substantial phonon-driven exciton dissociation rate obtained
from the supermatrix solution. This is displayed by the large shaded region in Figure 6.2. In

contrast, within the 1st Born approximation, the corresponding crossing equation is given
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|k|?
2Mme

k']
2mh

by: Ep+5.—+

—wro = 0. For the parameters of CdS can never be satisfied as the bare
exciton binding energy (39 meV) is always larger than the LO phonon frequency (34 meV).
Therefore, the corresponding phonon-driven dissociation within this approximation is zero
at all temperatures. This is demonstrated by the fact that there is no black shaded region
under the RS solution in Figure 6.2. The increase in the dissociation rate obtained from
the supermatrix solution as a function of temperature is a result of the combination of the

crossing equation (Eq. 6.7.1.2) being satisfied along with the large LO occupation factor.

6.8 Results for heterogeneous semiconductors

In this section, we compute the temperature dependence of the exciton binding energy
and exciton dissociation rate for three different semiconductors, GaN, CdS and BiVOy4. To
obtain accurate ab initio results for these materials, we first carefully converge the clamped
ion, electron-screened exciton binding energies by employing the patched non-uniform
Brillouin zone sampling technique [6, 245]. This is necessary to converge exciton states while
using only a few thousand k-points in the vicinity of the lowest direct optical transition [245].
We use Wannier interpolation techniques to obtain gauge consistent electron-phonon matrix
elements and clamped-ion GW-BSE eigenvectors within the aforementioned patch [2, 6].
For CdS and GaN, we include the first set of degenerate exciton states, whereas for BiVO,
we include the lowest lying state only. These approximations are discussed and justified
in Refs [2] and [6], as well as in Appendix D.6, where we provide further computational
details. The full DP" supermatrix sizes are over 300 million for GaN and CdS, and
over 400 million for BiVO4 before the Lanczos basis projection. In Figures 6.3 and 6.4,
we plot the the exciton binding energy and the dissociation rate of the lowest excited
state obtained by diagonalization of the Krylov subspace representations as a function
of temperature for GaN, CdS and BiVOy.

At zero temperature for GaN, we obtain a renormalization energy of —15 meV, consistent
with prior work [2]. In Figure 6.3a, we see that both renormalization energies of the RS
and supermatrix solutions are not strongly temperature-dependent displaying a variation
of approximately 3 meV across 300K. This can be directly related to the large difference

(22 meV) between the LO phonon frequency and exciton binding energy [2, 3]. However, we
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Figure 6.3: Binding energy renormalization and dissociation rates obtained from the D" (blue)
and RS solutions (black) for (a) GaN and (b) CdS.

see a decrease in the binding energy that is more pronounced for the supermatrix solution
due to its self-consistency. In addition, we also plot the phonon-driven exciton dissociation
rate obtained from the first Born approximation (using a broadening of 1 meV) and the
imaginary part of the supermatrix eigenvalue. At lower temperatures, the calculated
dissociation rate from the full diagonalization of DP"(T) is lower than that obtained
within the first Born approximation. This is because the LO phonon frequency of GaN is
already much larger than the exciton binding energy, and this difference increases with
temperature, decreasing the scattering rate. Furthermore, in GaN, the lower frequency
phonon modes do not contribute substantially to the screening [2, 3]. At 300K, we obtain
an ultrafast dissociation lifetime of 91 femtoseconds (fs) GaN.

For CdS, at zero temperature both the supermatrix and RS energy solutions are similar,
giving a renormalization energy of the exciton state of —6 meV. However, as shown in
Figure 6.3b, the temperature variation of both the RS and supermatrix results is about

15 meV and much larger than that observed for GaN. This is due to the relevant coupling
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Figure 6.4: Binding energy renormalization and dissociation rates obtained from the DP" (purple)
and RS solutions (black) for BiVO,.

strengths as well as energy differences given in Eq. 5.4.1.7. The LO phonon frequency
and exciton binding energy of CdS are both small and similar in magnitude [2, 10]. This,
coupled with the contribution of acoustic modes for the pierzoelectric material CdS, results
in the substantial temperature dependence of the energy renormalization [2].

As the electron-phonon coupling is more significant in CdS, the supermatrix solution
displays a more complicated temperature dependence. At higher temperatures, the
substantial energy renormalizations can result in modifying the overall sign of the emission
channel of the KP" interaction kernel (Eq. 5.4.1.7) [10]. At temperatures higher than 100K,
we also see the emergence of a strongly temperature dependent exciton dissociation rate
for the supermatrix solution, contrasting with the zero scattering rate obtained within
the first Born approximation [2, 3, 10]. The finite dissociative scattering rate obtained
for CdS demonstrates the importance of our non-perturbative approach, since it gives
qualitatively different results from the first Born approximation. At 300K, we obtain
an ultrafast dissociation lifetime of 37 fs for CdS.

In Figure 6.4, we plot the results obtained for monoclinic BiVOy4. Clearly, we see
that the effects of phonon screening on the excitons for BiVQy is significant, displaying
a variation of approximately 50 meV across the temperature range. We note that this
range is slightly lower than the variation range reported in Ref. [6]; we assign the slight
discrepancy to the fact that partial self-consistency was used in Ref. [6]. Even at zero

temperature, we obtain a binding energy change of —30 meV and —35 meV for the RS and
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supermatrix solutions, respectively. This is directly the result of the significant electron-
phonon coupling to 15 zone-center polar phonons and is discussed at length in Ref. [6].
We additionally find a significant temperature-dependence of the supermatrix solution
as it is not simply determined by the phonon occupation factors. For the supermatrix
solution, we find a substantial temperature dependence of the scattering rate, resulting in
ultrafast exciton dissociation at temperatures above 100K. Similar to the exciton binding
energy, we find slightly reduced scattering rates compared to Ref. [6]. This is in stark
contrast to the RS results, which display a much weaker temperature dependence and a
very small dissociation rate. We obtain an ultrafast phonon-driven exciton dissociation

lifetime of 8 fs for BiVO, at 300K.

6.9 Conclusions

In summary, we have presented an ab initio approach to the frequency- and temperature-
dependent quasiparticle equation for extended, periodic solids by introduction of the
temperature-dependent Dyson supermatrix. We have implemented our formalism by
including the phonon screening contribution within the ab initio BSE for real systems,
demonstrating the general applicability of our method to compute fully converged non-
perturbative and temperature-dependent scattering rates and energy renormalizations.
With our novel approach, based on the block Lanczos algorithm, we are able to diagonalize
the Dyson supermatrix while full diagonalization is highly unfeasible on any current
supercomputer. The connections between our formalism and the Algebraic Diagrammatic
Construction method [5, 7, 35, 36, 41] allow for an alternative theoretical and computational
formulation of ‘vertex corrections’ and self-consistency in the context of temperature
dependent electron- and exciton-phonon interactions present in periodic solids. This
will provide the subject of future work that builds on the formalism presented here,
hopefully leading to novel theoretical approaches for the computation of nonpertubative
quasiparticle interactions and scattering rates at finite temperatures in extended periodic

systems, nuclear matter and molecular systems.
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In summary, this thesis presented a series of fundamental theoretical contributions to the
unification and development of quantum field theory methods in many-particle physics.
In Part I, we focused on the electronic structure problem and interactions between many-
fermion systems. In Chapter 2, we presented the general Green’s function formalism for
quantum systems governed by hermitian interactions. We presented a unified formulation
centered around the Keldysh contour in order to describe systems both in and out-of-
equilibrium. In this Chapter, we provided a detailed analysis on the formally exact
analytic properties of the single-particle Green’s function and self-energy to ensure the
semi-definite property of the spectral function and causality of the theory. This naturally
lead us to introduce the unified Dyson supermatrix formulation, valid for systems at
zero and finite temperatures. We concluded this chapter with a detailed analysis of the
two-particle Green’s function and Bethe-Salpeter equation for neutral excitations. Here,
we also provided an in-depth derivation and discussion outlining the differences between
the Bethe-Salpeter and Dyson equations, a detail often overlooked in the literature.

In Chapter 3, we extended the hermitian theory presented in Chapter 2 to account for
systems governed by an N-body non-hermitian Hamiltonian. We subsequently focused our
analysis on the coupled-cluster similarity transformed Hamiltonian in order to provide a
complete unification of the Green’s function formalism with coupled-cluster theory. This
was also inspired by the need to combine and transfer theoretical approaches between

quantum chemistry, nuclear and condensed matter theory. Our analysis presented a detailed
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analysis of the role that time-dependence plays in non-hermitian quantum theory, which
is highly non-trivial. This was necessary not only to generate consistent non-hermitian
pictures of quantum mechanics, but also in order to extend the Gell-Mann and Low theorem
which is crucial for generating a diagrammatically consistent and formally exact theory.
We expect that the generality of the formalism presented will also be useful in the study
of other non-hermitian many-body Hamiltonians as well as open quantum systems.

We concluded Part I of this thesis with the results contained in Chapter 4. By building
on the theoretical results derived in Chapters 2 and 3, here we demonstrated the emergence
of the complete coupled-cluster doubles amplitude equations from the electronic self-
energy by leveraging connections to the Algebraic Diagrammatic Construction method.
We then proceeded to uncover the connections between many-body Green’s function
approaches and ionization potential/electron-affinity equation-of-motion coupled-cluster
theory. Using the formal relationships uncovered, we obtained exact analytic results for
the spectrum of the Hubbard dimer to contrast with other approximate schemes such
as the GW approximation. As this Chapter presents significant advancements in the
conceptual understanding of the relationship between the Green’s function formalism and
coupled-cluster theory, we expect that the formalism presented will spark new interest in
the development of improved and scalable first-principles methods for ground and excited
state electronic correlation in molecules and materials.

In Part II of this thesis, we focused on going beyond the Born-Oppenhiemer approxim-
ation by including the effects of the lattice dynamics on the electronic properties of infinite
solids. In Chapter 5, we provided a detailed derivation of the structure of the Green’s
function for systems that possess a continuous spectrum. This required us to introduce
the analytically continued Green’s function of the second Riemann sheet, necessary in
order to interpret the pole condition of the Dyson equation for continuous systems. This
analysis was essential as it is not contained in the literature on electron-phonon and exciton-
phonon scattering in solids. We then introduced the coupled electron-nuclear interaction
Hamiltonian in the context of infinite solids, expanding the nuclear coordinates to second-
order about their equilibrium positions. This naturally lead to the introduction of phonons

and the phonon contribution to the screened electron-electron Coulomb interaction and
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electronic self-energy that arises in the full quantum field theoretic treatment of electron-
nuclear interactions (Hedin-Baym equations). Using the derived phonon contribution to
the electron-electron interaction, we extended the Bethe-Salpeter equation to include the
effects of harmonic lattice vibrations at finite temperatures. In the process, we provided
a much needed analysis of the causal properties of the two-particle theory that also
applies to the ‘clamped-ion’ electron-electron and exciton-polariton interactions. We
provided a detailed analysis of the phonon-driven exciton dissociation scattering channel
contained in the Bethe-Salpeter approach. Finally, we also provided context on effective
field theory approaches based on the linear coupling between ‘clamped-ion’ exciton states
interacting with a bath of phonons.

We conclude this thesis in Chapter 6, where we reformulated the electron-phonon
contribution to the Bethe-Salpeter equation in terms of the finite temperature Dyson
supermatrix. This allowed us to firmly demonstrate the connections between the effective
exciton field theory presented in Chapter 5 and the Bethe-Salpeter equation. Finally, using
the Dyson supermatrix formulation, we calculated the effect of including phonon screening
on excitons from first principles in several heterogeneous semi-conductors of interest. Using
the powerful block Lanczos algorithm we were able to diagonalize the Dyson supermatrices
for these systems, a feat which is currently unfeasible on the most powerful supercomputers.
We expect the formalism presented in this Chapter will lead to novel approaches for the non-

perturbative calculation of energy renormalizations and scattering rates in infinite solids.

7.1 Future directions

The work presented in this thesis has uncovered several complementary and distinct future
research directions. At present, there exists no unified and consistent theoretical framework
whereby we can study and predict the optical properties of materials resulting from the
competing interactions between correlated electron-hole pairs and explicit distortions
of the lattice due to the electronic motion. The current understanding of exciton-
phonon interactions consists of two related but contrasting physical pictures. The first
approximation is based on the picture of an exciton that interacts with a modified, averaged
potential due to the lattice vibrations. This change in potential the exciton experiences is

taken to be perturbative, weakly influencing the properties of the exciton as it propagates
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through the lattice. This picture was discussed extensively in Chapters 5 and 6. The
second picture is based on that of an exciton-polaron [186, 223, 224]. An exciton-polaron
can be thought of as a correlated electron-hole pair that is explicitly coupled to the lattice
distortion accompanying its propagation through the lattice. This picture is a result
of the dipole-like character of an exciton, which drags an effective polarization of the
lattice along with it as it propagates through a material. Both pictures of exciton-phonon
interactions are useful, corresponding to different regimes of coupling strength between
the electronic and vibrational degrees of freedom of a material. As a result, they depend
strongly on the characteristic properties of a specific material. However, there should
exist a coherent theoretical and computational tractable framework through which both
pictures arise from the same set of fundamental equations.

The central difficulty in providing a unified theoretical framework for exciton interactions
is because the exciton is an emergent quasiparticle that is composed of an electron and
a hole. Therefore, there is a delicate and complicated balance between the individual
effects that an electron or hole experience along with their combined, correlated influence
they exert on the lattice. In systems such as Lead Halide Perovskites and Transition
Metal Dichalcogenides (TMDs), key optoelectronic materials used to make solar cells
and photocatalysts, it has been argued that the effects due to the individual electron
and individual hole that comprise an exciton are canceled by the resulting distortion of
the lattice through polaronic interference effects. Therefore, it is of central importance
to address these open questions by accounting for the complicated and diverse exciton
interactions necessary to understand and design novel optoelectronic materials. We are
currently pursuing ways to include these polaronic interference effects on the dynamics of
excitons in semiconductors and insulators. This work would hopefully provide a unified
theory of exciton-phonon interactions in semiconductors and insulators.

In fact, the work presented in Chapter 5 has already inspired new research directions,
currently in review, on understanding phonon-mediated electron attraction in materials by
extension of ab initio downfolding techniques to include arbitrary range electron-phonon
coupling [8, 9]. Another interesting avenue for future work would be in the combination
of coupled-cluster and Green’s function theories for the computation of electron-phonon

interactions in infinite solids [246]. This is very much an emerging field and is currently
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hindered by the computational cost of coupled-cluster theory for periodic solids. However,
the theoretical advances presented in this thesis can be used to develop a consistent theory
of the coupled-cluster self-energy and Bethe-Salpeter kernel for the computation of excited
state energies that include the interactions with harmonic lattice vibrations.

The theoretical advancements presented in Chapter 3, where we derived a consistent
field theory for non-hermitian many-body interactions, will hopefully provide the foundation
to explore different non-hermitian interactions such as those that emerge in the context
of open quantum systems. We believe this work will also be useful in generating a fully
consistent non-equilibrium Green’s function theory, whereby the approach to equilibrium
is also captured after a perturbation is switched off. In addition, this work will also
be useful to the development of new methods in the context of the nuclear many-body
problem [132, 141]. Finally, we plan to explore the analytic continuation of the Green’s
function and self-energy, derived in Chapter 5, when coupled to the continuum in the

context of understanding the emergence of irreversibility in quantum mechanics [43, 168].
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A.1 Langreth rules

In this appendix, we give a few examples of how to calculate integrals and products
of functions defined on the Keldysh contour using the Langreth rules [17, 247, 248]. In
general, a function defined on the Keldysh contour is referred to as a Keldysh function

and takes the general form [17]:
h(z,2') = h®(2)0(z,2') + 0(z, 2 )b~ (2,2) + 0(, 2)h=(2,2') . (A.1.0.1)

By projecting the contour time arguments onto the different parts of the physical contour,
we obtain either real-time or imaginary-time functions. This was explicitly outlined for

the Green’s function and self-energy in Chapter 2.
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A.1. Langreth rules

In this thesis, the main two Langreth rules we require are for contour convolutions and

contour products. A typical convolution we are interested in is the two-point convolution:
h(z,2') = / dzf(z 2)9(z,7) . (A.1.0.2)
v

We know that evaluation of the external z,z’ time-arguments on the backward and
forward branch of the real-time part of the contour gives the greater component of

the Keldysh function:
h= (t,t) :/dzf(t+,z)g(2,t’_) (A.1.0.3)
v

Now, taking the contour to be simply composed of the forward and backward branches,

ignoring the Matsubara strip, we have (assuming we are at equilibrium)

W) = [ g ) + [ dE S Eg(E )
o I (A.1.0.4)

— [ digeng" @) + [ dif T 0g7 @)
Now, using the relationships: gT = ¢~ + ¢® and fT = f> — fR we can rearrange

this expression to get
> (4,1 = / dif> (t,D)g 1) + / difR (e, Dg” (1) . (A.1.0.5)

By introducing the shorthand notation fx g = [ dtf(t,t)g(t,t'), it can also be shown

that the lesser component is given by
RS = f<sxgh + fRag™. (A.1.0.6)

Finally, using these two expressions, along with the identity: h~ — h< = AR — B2, it
is straightforward to demonstrate that
Rl = fR oy gl (A.1.0.7a)
A = A s gh (A.1.0.7b)
These equations are important as they show that retarded/advanced convolutions do
not mix different Keldysh components.

Finally, the most important Keldysh product used in this thesis is the retarded product.

Suppose we have the product of two Keldysh functions

h(z,2") = f(z,2")g(z,7) (A.1.0.8)
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where f>*° = ¢>° = 0. To find the retarded component of this expression, we note that

the greater and lesser components can simply be found as hS = fS¢S. Using these

relationships, it is staightforward to demonstrate that

WR(t, 1) = R, )g=(t,t)) + f=(t, 1) g% (t, ) + fR(t, t)g" (¢, 1) . (A.1.0.9)

Upon Fourier transformation, this equation can be converted to a frequency convolution

which is employed extensively throughout this thesis.

A.2 Schwinger’s functional derivative technique and Hedin’s
equations

In the presence of a time-dependent external perturbation, the Green’s function is given by
(T {e e Ouapte)])

()

where Hy(2) = [ dxd3¢(1,3)y (1) (3), with ¢(1,3) = #(1)d(1, 3) the time-dependent local

iG(1,2) =

(A.2.0.1)

external potential that is coupled to the electronic density. We have already taken into
account the time-dependence of the field operators using the Keldysh picture given in
Chapter 2. Taking the functional derivative of the electronic density with respect to the

external potential gives the reducible polarization propagator P*:

Sna(l) ' <7'7 {ei In dZHl(Z)n(1>n(3)}>
36(3) Z( <7_W {eifv d2H1(2)}>
< {e i [ dzH (2 }>< {e—zf dzH (2) (3)}> (A.2.0.2)
7’7{ =i dzHl(z)}> <7-7{ =i, dzHl(z)}> )

= P*(1,2) .

Substituting this result into the contour equation-of-motion for the Green’s function gives

5G(1,2)

(
e =6(1,2)  (A.2.0.3)

(laazl — h(1) — vy (1) — ¢(1)> G(1,2) — i/7d3 v(1,3)250:2)

Through Schwinger’s functional derivative technique, we can formally close the equation-

of-motion for the single-particle Green’s function by introduction of the self-energy

/d3213 —z/d3v13 ()) (A.2.0.4)
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Using the functional inverse of the Green’s function: [d3 G(1,3)G~1(3,2) = §(1,2),

we can write the self-energy as

. 5G(17 4) —1
Y(1,2) = z/d3d4 v(1,3) LG (4,2 A.2.0.5
(1.2) = [ st o(1,9)% 671 42) (4205)
From teh definition of the functional inverse, we can immediately write f7 d4 5?;(13’;1) G 1(4,2) =
— J,d4 G(1,4) %(%’2), which motivates the introduction of the reducible vertex function I':
- §G71(1,2)
0(1,2:3) = —— 2% A.2.0.6
(1L.23) = - (420,

The vertex function implicitly contains all the many-body interactions a single-particle
experiences as it propagates through the system. Using this definition, we can isolate the

functional derivative of the Green’s function with respect to the external potential

0G(1,2) / -
— 20 — [ d4d5 G(1,4)T'(4,5;3)G(5,2 A2.0.7
56(3) ; (1, 4)I( )G(5,2) ( )
Therefore, it is clear that
P*(1,3;2,3%) = —i/d4d5 G(1,4)T(4,5;3)G(5,2) (A.2.0.8)
ol

Setting 2 — 17 we obtain the equation for the reducible polarization

P*(1,2) = —i/ dads G(1,4)T'(4,5;2)G(5,17) (A.2.0.9)
Y
and also have
¥(1,2) :i/d4d5 v(1,4)G(1,5)(5,2;4) (A.2.0.10)
vy

The reducible vertex can be transformed to a more fundamental quantity called the
irreducible vertex. The irreducible vertex contains the dependency of inverse Green’s
function on the variation of the total classical potential experienced by the electrons of
the system. This allows for a more effective perturbative expansion as we start from a
vertex which already accounts for some of the many-body interactions (classical Hartree
interaction). In theory we would like to work with the four-point vertex function in which
the variation with respect to the entire potential an electron experiences is accounted

for. This would take the form of

I*(1,2;3,4) = —)3) , (A.2.0.11)
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where the non-local potential is given by
J(4,2) = [u(4) +vg(4)] 6(4,2) + 3(4,2) . (A.2.0.12)

The non-local potential already contains the self-energy and results in an irreducible vertex
that is the identity. This is because this form of non-local potential makes the implicit
assumption that we already know the exact electronic self-energy functional. However,
it is more useful to work with the classical potential u.(1) = ¢(1) 4+ vg(1) from which

the irreducible vertex function of Hedin’s eqautions is defined as

6G1(1,2) 6G1(1,2)\ d¢(4)
rai,2;3) = ———1-2~ :/d4 — ’ A.2.0.13
( ) due(3) v < dp(4) due(3) ( )
From the total classical interaction, the inverse dielectric function can be defined as
1
1(1,2) = 2all) _ 5 o) +/d3 v(1,3)P*(3,2) . (A.2.0.14)
59(2) Y

The inverse electronic dielectric function can then be used to define the screened interaction
W' through the relation:

W(1,2) = [ d3 e;(1,3)0(3,2) :v(1,2)+/d3d4 v(1,3)P*(3,4)0(4,2)  (A.2.0.15)

As the irreducible polarizability is given by the functional derivative of the density with

respect to the total classical potential

.
P(1,2) = —z% , (A.2.0.16)

we can obtain the Dyson Equation for the screened interaction by the chain rule:
W(1,2) = v(1,2) + / d3d4 v(1,3)P(3,4)W (4, 2) . (A.2.0.17)
gl

Likewise using the chain rule, we can rewrite the expressions for the self-energy and

polarization in terms of the irreducible vertex as
¥(1,2) = z/ d3d4 W(1,4)G(1,3)I'(3,2;4) (A.2.0.18)
v

P(1,2) = —i/ d3d4 G(1,3)['(3,4;2)G(4,17) (A.2.0.19)

Finally to derive the equation for the irreducible vertex function we can use the Dyson
equation, G71(1,2) = Gy'(1,2) — %(1,2), to get

55(1,2)

[(1,2:3) = 8(1,3)0(2,3) + 5oy

(A.2.0.20)
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From the diagrammatic analysis presented in Chapter 2, we know that the self-energy

is a functional of G and so we can use the chain rule

0%(1,2) 0G(5,4)
I'(1,2;3) = 4(1,3)0(2 d4d A.2.0.21
(1,2:8) = 0(0,3)0(2,8) + [ a5 g s T (A-20.21)
Identifying the BSE kernel as
0%(1,2)
==(1,4;2 A.2.0.22
oG, - SR (A.2022)

we can re-write the irreducible vertex equation as
I'(1,2;3) =46(1,3)0(2,3) — z/ d4dsd6dT =(1,4;2,5)G(5,6)'(6,7;3)G(7,4) , (A.2.0.23)
gl

where we have used the relation

3G(5,4)

Sua(d) /ﬂm G(5,6)0(6,7;3)G(7,4) . (A.2.0.24)

Hedin’s equations are completed with Dyson’s equation for the electronic Green’s function:

G(1,2) = Go(1,2) + / d3d4 Go(1,3)%(3,4)G(4,2) . (A.2.0.25)
Y

A.3 Fourier transform convention

Throughout this thesis, we use the following convention for the general Fourier trans-
formation of an m-point correlation function:
20 (wy +wo + - —wg —wy — - )GTPY Wy, wa, - W3, W, )
= / dtydty - - - dtzdty - - - 1122 L GIPY (L by o sty by, - e WBIB TRl
(A.3.0.1)

For example, the Fourier transform of the single-particle Green’s function is given by

/oo dtldtgeiwltl ---G2pt(t1;t3)€7w3t3 _ /00 dtlei(wlfwg)tl /OO dTeingG(T)

oo —00 —00 (A.3.0.2)
= 27T(5(W1 — wg)G(w3)

where we have used the fact that G?P(t1;t3) = G*P*(t; — t3) = G(7), where T = t; — t3.

This also results in the identification that G?P'(ws;ws) = G(ws3). For a simple function

of a single time, the Fourier transforms are defined as

/ dre“"F(r (A.3.0.3a)
F(r) = /_ ;L: T () | (A.3.0.3b)
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A.4 Particle-hole response function Fourier transform

At equilbrium, due to the time-independence of the Hamiltonian, the four-point
response function becomes a function of three time-differences. In the particle-hole
response function convention, we have L(ty,ta;ts,t4) = L(t13,t24; ta3). Taking the general

Fourier transform of this function, we can write

oo . . . .
/ dtldt2dt3dt4elwltl ezwthL(tl, tQ; t3, t4)e—zw3t3e—zw4t4
T e S ' ' (A.4.0.1)
— / dt1 dtgdtgdt4€wltl 6M2t2L(t13, toq; t23)€71w3t3€71w4t4
—o0

Now, using the time-differences, we can re-write this expression as

/oo dt13dt24dt23dt4ew1t13 ei(w1+w2—w3)t24ei(w3—w1)t23 L(t13, tou; t23)ei(w1+w2—w3—w4)t4

—00
= 218 (w1 + w2 — w3 — wy) / dt13dt24dt23€zw1t13ez(wl+w27w3)t246z(w37w1)t23L(tlg’ to4; t23)
—00
(A.4.0.2)

Using the delta function condition, we can identify wy +ws—w3 = w4 and re-write this expres-
sion as

L(wy,w; w3, wy) = / dt13dtoydtyze 1113 eiwnt2a g2 w)t2s (1,0 g0, 493)
e (A.4.0.3)

= L(w1,wq,ws — wy) .
Finally, by introduction of the Fermionic frequencies, w; = v and ws4 = 1/, we can introduce
the Bosonic frequency, w = wy — v/. The reason we refer to w as the Bosonic frequency is
because, at finite temperatures, the subtraction of the two Fermionic Matsubara frequencies
generates a Bosonic Matsubara frequency. This allows us to write the final expression

for the particle-hole Fourier transform as
00 . ., .
L(I/, I/,,w) = / dtlgdt24dt23elut13€w t24€wt23L(t13,t24;t23) . (A.4.0.4)
—0oQ

Finally, by inverse transformation, we have

0 dvdy'dw

L(t137t24; t23) = / We

By identification of the particle-hole propagator by sending t3 — tf and t4 — t;, we have

© dw _ o dvdv' . i ,
L(t12) = /_OO 3¢ 12 (/_oo W@ e L(v, v ,w)) (A.4.0.6)

*ivtwe*il’/t% e*i‘*’t%L(V’ y/’ w) . (A.4.0.5)
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From which, we can immediately identify

< dvdv' ;. i
L(w) :/ (21/ ;/26“’776“”7 Lv,V w) . (A.4.0.7)
_ oo (2

Similarly, this relationship can be used to obtain the two-frequency propagator as

oo / R
L(v,w) :/ W i [, ) (A.4.0.8)

Lo 2T

A.5 Born-von-Karman boundary conditions

In Chapters 5 and 6, we derive the effects of including electron-phonon interactions in
the Bethe-Salpeter equation for infinite solids. As stated in the main body of the thesis,
we employ BvK boundary conditions to describe the infinite solid [169]. We define the
crystal unit cell by the primitive direct lattice vectors, {aj,as,a3}. The pth unit cell is
then indexed by the linear combination: R, = E?:l n;a;, where n; are integers between 0
and N; — 1, with V; corresponding to the number of periodic copies along a given lattice
direction. The BvK supercell then contains N, = [[; N; unit cells.

The Fourier transform of the direct lattice in real space gives rise to the reciprocal lattice.
The primitive reciprocal lattice vectors {by, bg, b3} are constructed from the primitive
direct lattice vectors by the duality condition: a; - b; = 27d;;. From the reciprocal lattice

vectors, we can construct the Bloch wavevectors: k = 325, A+ bi which correspond to a
uniform grid within a chosen unit cell of the reciprocal lattice. The uniform grid within a
chosen unit cell of the reciprocal lattice vectors contains the same number of unit cells in

the total BvK supercell: N,. With these defintions, we arrive at the Fourier transforms

S ek ®Ry) = NGy (A.5.0.1)
k
and
Zei(k—k’)'Rp = Nplkk - (A.5.0.2)
p

Given a vector of the reciprocal lattice G = Z?:l ¢;b;, from the duality condition, it is
evident that ¢’G'B» = 1. Therefore, any replacement of k — k + G leaves all expressions
derived in this thesis unchanged. Similarly, any shift of the direct lattice vector by another
lattice vector of the BvK supercell leaves the expressions unaltered. Therefore, we are free

to constrain the uniform k-grid to consist of the set of vectors in the first Brillouin zone.
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B.1 Proof of extended Gell-Mann and Low theorem

From the ‘adiabatic switiching on’ procedure, we have the time-evolution operator

in the interaction picture as

0, (0, —o0) = T{exp (—i/_ooo dr Hl(t)e”“)} (B.1.0.1)

If the limit

oy 0000 _ 14
1=0 (Q0|Uy (0, —00)|Po)  (Po| Vo)

(B.1.0.2)
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exits then:

_ U )\
H!o> _E|0>

= = FE— . B.1.0.3
olwe) " (oltg) -
Therefore, the quantity @ | ITIZ > is an eigenstate of the full Hamiltonian, H.
Proof: Consider the quantity
(Ho — E©)[o(n)) = (Ho — E©)U, (0, —00) | o)
- (B.1.0.4)
= [Ho, (0, —00)] [@0) -
In the biorthogonal Interaction picture, we have that
o _ _
i () = [H(t), Ho| (B.1.0.5)
Evaluating the commutators arising in Eq. B.1.0.4, we have
oo n 1
(Hy — E©Y|Wo(n Z / dty - / dt et Ftnl
n=1
(Z vy > {H1 t1).. Hl(tn)} Do)
(B.1.0.6)
Performing integration by parts with respect to t;, we have
ry (0) rq . 8
(Ho — E™7) [Wo(n)) = —Hy [Wo(n)) + 95, [Wo(n)) (B.1.0.7)

where we have assumed that the interaction H; is proportional to an arbitrary coupling
constant, g, which allows us to identify [13, 24]

—)n1 n .0 —i)" n
En—)l)!g :Zgag<(n!) 9) ' (3108

Therefore, we have

(= B) [Wa(n) = ing 5 [Va() (B.L.0.9)
and projecting on both sides with @(f@%, we get
BBAB) — iy (1o Balto()) = BB (B.1.0.10)
However, we also have that
(7 — poy 2o g 9y (B.1.0.11)

(Po|Wo(n))  (Po|¥o(n)) Ig
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by multiplying Eq B.1.0.9 by . This equation can be rearranged to give

1
(@0l ®o(n))

7 g o 9N Wom) _ [Yo(m) SO
(= im0 ) Gty = Ty * (197108 Bolbaln) ) (B1012)

However, by Eq. B.1.0.10, we may rearrange the expression to give

7_ 5O _ 1%o(m) _ 00 [%o(m)
(B-E AE(m)(éol%(n» 19 59 ¥ (] (B.1.0.13)

Now, we are in a position to take the limit as n — 0. By assumption, the right hand
side is finite to all orders in perturbation theory. Therefore, the multiplication by n as

n — 0 sends the right hand side to zero. As a result, we have

7B i o)
(7 E)%%O(@ol\lfo(n» 0 (B.1.0.14)

and hence we have the extended Gell-Mann and Low theorem. By analogy, we also have

- o)
(#' - EB) lim TGt 0 (B.1.0.15)

for the left eigenstate. As a result, the ground state energy shift is given by

AE — <‘i)0~|ﬁ1|‘1’0> _ <‘1’0|FI{|¢0> 7 (B.1.0.16)
(©o[Wo) (©o[Wo)

where AE = E — E©),

B.2 Normal-orderings of the similarity transformed Hamilto-
nian

The similarity transformed Hamiltonian is written as

_ B _ 1 _ 1 _
H=cTH = Z hpqa;aq + 7(2')2 Z hpwsazagasar + 7(3')2 Z hpqmtua;a:;a:[auatas
Pq opg,rs ' pgr,stu
(B.2.0.1)

Normal-ordering this Hamiltonian with respect to the reference determinant gives the expres-

sion

_ _ 1
H = (®g|H|®g) + Z Foq {GLGQ}O + @) Z Xpq,rs {alaéasar}o
) e pere (B.2.0.2)

Talal
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where the effective interaction matrix elements are given by [4]

- T G2
Fpg = hpg = ZZ hpr,qsG(s)r(t 2, onz Z hprs,atu tzi)rs )(t — )+ (B.2.0.3a)

rs rs,tu

= N 2ph, (0
Xpg,rs = hm,v"s —1 Z hpqt,rsuth (t - t+) (2|)2 Z hpqtu rsvew}z;,tEL )(t - t+) +--
tu tuwv

(B.2.0.3b)

and so on for the three-body and higher effective interactions. Here, —iGgq(t —th) =
<<I>olailap|<bg) and ngg};gO)( tt) = (®p|alalaya,|®o) are the reference one- and two-
particle reduced density matrices, respectively. The higher-order contributions are given by
contracting higher-body matrix elements with reference reduced density matrices. However,

we can also write the similarity transformed Hamiltonian as

7 = (Wal[80) + 3 Fro {ajou} + g 3 Zpurs {abafoar}
: i (B.2.0.4)
+ 3z 2o Nearst {a;agaiauatas} L
( ) pqr,stu

where ESC = (V| H|®g) = (| H|®Pp) from the coupled-cluster Lagrangian. The normal-

ordered effective interactions become

- _ - ~ { 7 ~2ph
Fpg = hpg —1 Z hprgsGar(t —17) + (21)2 Z hprs,gtuGlaps (= £7) + -+
s orsitu

| (B.2.0.5a)
= Fpg+ ) Xpagite + (2,)2 D Xpabgij Ay +
ai ijab
EPQJ“S = BPQ:TS - 7’2 qut,rsuéut (t - t+ Z Xpqtu, rswvG ?ﬁjhtu (t - t+) + -
tu tuwv
= Xpg,rs + Z XP(IGJ"SZ'/\ (2')2 Z Xpgab,rsij )‘ab =+
ia ijab
(B.2.0.5b)

and so on for the three-body and higher effective interactions. Here, —i@pq(t —tT) =
<@0|a2ap]<130> and ngqp},{s(t —t) = (Uglalala,a,|®o) are the biorthogonal one- and two-
particle reduced density matrices, respectively. The higher-order contributions are given

by contracting higher-body matrix elements with biorthogonal reduced density matrices.

B.3 Relationship between the BSE kernel and the 4-point
vertex function
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B. Proofs and Derivations for Non-Hermitian Green’s Function Theory and The
Coupled-Cluster Stmilarity Transformation

The BSE kernel =, and the 4-point vertex function A%, are closely related. From

Eq. 3.8.1.5 for the 4-point vertex function, in the real-time domain, we have
Gobt (1, tast,ta) = iGpr (b1, t3) Gs (b2, ta) — iGhs(t1, 14)Gyr(ta, t3)

tu,ow

-3 / dtdt'dt" dt" Gy (t1, ') Gau (o, " )VAE (#8787 Glop (t, £3) Gos (87 4)
tuvw

(B.3.0.1)

This equation can be rewritten using the definition of the 4-point response function L

and its non-interacting counterpart Lo, as

Lpgrs(ty,tosts, ta) = L, (1, ta s, ta)

5 . N B.3.0.2
+> / dedt'dt"dt" L0, ., (tr, t;ts, YA (¢ "¢, ¢")LO (" tast” ty) . ( )

pvu,rt tu,ow wq,us
tuvw

Comparison of Eq. B.3.0.2 with Eq. 3.12.0.1, we see that the 4-point vertex function is the
reducible BSE kernel. With this identification, we can immediately write the relationship

between the BSE kernel and 4-point vertex as
APt (1, ta;ts, ta) = Spgrs(t1, tasts, ta)

+ > / dtdt' dt" dt"" =, e (tr, tt3, ') L0, o (8 1758, 8" VALPE (" to: 1" 1y)

tu,vw wq,us
tuvw

(B.3.0.3)
Using this relationship, we have
L = Lo + LoA* Ly
= Lo+ Lo(2 + ELoA™Y) L (B.3.0.4)
= Lo+ Lo=L
which is the Bethe-Salpeter equation (Eq. 3.12.0.1). Since the 4-point vertex is the reducible
kernel of the BSE, it consists of 1PI diagrams and hence appears in the self-consistent
expansion for the self-energy. As a result, the 4-point vertex can be viewed as the functional

derivative of & with respect to G: AP~ i%. The irreducible BSE kernel =, consists only

of 2PI diagrams as the BSE performs the geometric series summation of these terms.

B.4 Expansion of interaction-irreducible vertices

Here, we present the diagrammatic expansion of the interaction-irreducible one-body

vertex. The derivation for higher-order interaction vertices is analogous. The one-body

218



B.4. Expansion of interaction-irreducible vertices

interaction-irreducible vertex is given by

qu = qu - ZZ ﬁm,qsésr(t —th)+ )2 Z hprs.qtuG tQEI;s(t —tT) 4 (B.4.0.1)
TS

rstu

Using the Dyson equation for the single-particle Green’s function
Gt =) = Gyt —1') + / dtdty ZGpv vw(ty = t2)Gug(t2 — ') (B.4.0.2)

and expanding the equal time two-particle Green’s function as the antisymmetrized sum

of the first two terms from independent-particle propagation

G2 (1 — 1) m Gy (t — 1) Gus(t — t7) — iGs(t — t1) G (t — 1), (B.4.0.3)

tu,rs

we insert the Dyson equation into Eqs B.4.0.1 and B.4.0.3 to obtain

pq - qu Z ( prqt — ZZ Bprs,qtuGgs(t - t+ 2! (912 Z hprsu thoGzzu%lgu) (t t+) + )
su

sSuwo
X Z/dtldtgva(t — 1) Sty — t2)Gopr(ta —tT) 4 -+
(B.4.0.4)
Now, the expression in brackets is exactly that of the effective interaction x4 and

so this expression simplifies to
Fog = Fpq —1i Z Xpr,t X /dtldtZGtv( — t1) S0 (1 — t2) G (t2 — 1) + -+ (B.4.0.5)
rtow

By further perturbative expansion of the higher-body Green’s functions, we arrive at the ex-

pression

Xpa = Xpg — & Y Xpragt X /dtldtQGtv(t — 1) S (ts — t2) G (ta — t1)

rtow

(2')2 % Xprs qtu /dtldt2th( 1— tQ)G (tl - tQ)Alo vw(tl’ tl, t2, tQ)GUr(tQ — tl)éws(tg — tl)

vwlo

(B.4.0.6)

Perturbative expansion of the Green’s function G ~ Gy, the self-energy ¥ ~ 29 and the 4-

point vertex function as qu T(s) R Xpg,rs, allows us to write this expression diagrammatically

+ + o (B.4.0.7)

This is exactly the diagrammatic series presented in Section 3.8 when recovering the
perturbative expansion of the coupled-cluster self-energy. The derivation for the expansion

of the two-body effective interaction is entirely analogous.
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B. Proofs and Derivations for Non-Hermitian Green’s Function Theory and The
Coupled-Cluster Stmilarity Transformation

B.5 Formal properties of the coupled-cluster Dyson super-
matrix and self-energy

The CC quasiparticle Hamiltonian (Eq. 3.10.0.2) and CC Dyson supermatrix (Eq. 3.10.0.6)
are non-hermitian but possess the same real spectrum. As first demonstrated in Ref. [115],
a diagonalizable non-hermitian matrix possesses a real spectrum if and only if it is

pseudo-hermitian with respect to a linear hermitian automorphism (metric) of the form
T=ATA . (B.5.0.1)

This results in a biorthogonal formulation of quantum mechanics whereby the relationship

between an arbitrary vector and its associated vector is given by [111]
V=1Vv. (B.5.0.2)
This definition requires the CC Dyson supermatrix to be pseudo-hermitian:
(DYC)T = D771 | (B.5.0.3)

It can also be shown that a diagonalizable matrix possesses a real spectrum if and only
if there is a pseudo-canonical transformation that maps the matrix into a hermitian
one [115]. This requires the CC and electronic Dyson supermatrices to be related by

the similarity transformation
D = ADCCA! (B.5.0.4)
such that D = (D). Therefore, we can show that for an arbitrary state y, we have
y' Dy = yTAD®CA 1y . (B.5.0.5)

Now, defining the arbitrary state v.= A~ly, we can write its associated state as ¥ =

ATA(A7ly) = A'y. This results in the general relationship
y' Dy = 31Dy (B.5.0.6)
for any arbitrary vectors y and v related to each other by the invertible transformation y =

Av.

215



B.5. Formal properties of the coupled-cluster Dyson supermatriz and self-energy

We can also provide a similar analysis for the dynamical CC quasiparticle equation.
By working in the canonical basis that diagonalizes the Fock operator, we can write the

frequency-dependent CC quasiparticle equation (Eq. 3.10.0.2) as
3(e)C = AcC (B.5.0.7)

where Ae = ¢ — € is real and ¢ is the matrix of eigenvalues of the Fock operator. Therefore,
as the eigenvalues of the non-hermitian coupled-cluster self-energy are real, the coupled-
cluster self-energy must also be pseudo-hermitian. The pseudo-hermiticity of the CC

self-energy is expressed with respect to the metric
n=B'B. (B.5.0.8)

Therefore, a general state and its associated state are related via ¥ = nv for some general
vector v. As this is the case, we can define the pseudo-canonical transformation that takes
the coupled-cluster self-energy into the hermitian electronic self-energy via

¥(w) = BE(w)B™!, (B.5.0.9)

with 3(w) = (E(w))T. Therefore, for any arbitrary state x, we have the biorthogonal rela-

tionship
xB(w)x = wE(w)w (B.5.0.10)

which holds for the general states x and w related by the invertible transformation
w = B7'x. As a result, we immediately conclude that the coupled-cluster self-energy
is biorthogonally positive semi-definite as a result of the positive semi-definite property
of the electronic self-energy [40, 41, 126]. This property is summarized by the following

equations for the imaginary part of the retarded CC self-energy
Im (%S (w)w) <0 (B.5.0.11)

for an arbitrary state w and its associated state w. Therefore, the CC self-energy preserves
causality in the biorthogonal formalism.

The pseudo-hermitian property displayed in coupled-cluster theory can be further
demonstrated by the relationship between the hermitian electronic structure Hamiltonian

H, and the similarity transformed non-hermitian Hamiltonian H:

H=c"He . (B.5.0.12)
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B. Proofs and Derivations for Non-Hermitian Green’s Function Theory and The
Coupled-Cluster Stmilarity Transformation

From this relationship, we find that the similarity transformed Hamiltonian is necessarily

pseudo-hermitian with respect to the metric defined by
= (eD)Tel . (B.5.0.13)

Clearly this metric is hermitian and possesses an inverse. Therefore, coupled-cluster
theory can be formulated as a biorthogonal pseudo-hermitian quantum theory with a

non trivial metric defined by Eq. B.5.0.13.

B.6 Coupled-cluster ground state energy from the coupled-
cluster self-energy

To show how the ground-state energy is obtained from the coupled-cluster self-energy,
we use the relationship between the effective interactions given in Appendix B.2. The
additional terms generated from the expectation values such as —3% (To|W|®p) and so
on give rise to the correct prefactors required to generate the CC amplitude equations.

This can be seen by re-arranging the terms in Eq. 3.9.0.14 as
cc _ pcc, L i 1 k(7 l s
Ey~ = Ey~ + izkaFaH- 52)\(1 hak-i-ZXai,ki - Ezhaij,kij +--
ia ka i g

1
+ (2|)3 Z )‘s%) (Xabi,kli - abz kli — Z habzm klim — > (BGOI)

iklab

Z )\abc< abe,ijk + Z B(lbim,klim + - ) + ...
m

Ukabc

where the additional terms outside the brackets contain the four-body interaction matrices
contracted with the corresponding four-body de-excitation amplitudes and so on. We can
identify the terms in brackets as the effective interactions defined in Appendix B.2,
{Fpq: Xpg,rs> Xpgr,stus - - - }» that arise when normal-ordering the similarity transformed
Hamiltonian with respect to the reference state. To make this explicit, for the first
bracketed term of Eq. B.6.0.1, we have terms of the form

_ 1 - 1 =
hak =+ Z Xai,ki — 5 Z haij,kij +e = hak + Z haz ki T Z haz] kzg T E Z haij,kij +
i T g Y

%J
= hak + Z haiki + o1 Z Raijkij +
7 Y]

= Fai )
(B.6.0.2)
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B.7. Algebraic Diagrammatic Construction of the coupled-cluster self-energy

where we have used the expansion for x,; i given in Appendix B.2. From this analysis
it is clear that the correct pre-factors required to form the CC amplitude equations are
generated by subtraction of the missing higher-body expectation values that are not
included in the coupled-cluster Galitskii-Migdal formula (Eq. 3.9.0.5). The second line of

Eq. B.6.0.1 vanishes as the series in the brackets cancels the effective interaction, xaps k-

B.7 Algebraic Diagrammatic Construction of the coupled-
cluster self-energy

To demonstrate this, we use the Lippmann-Schwinger equation [4]

((win)1 - (K= + ég))_l =3 ((wFimt - Kg); > (Cé((w Tt Kg)_1>
L n=0 "L
B701)

where L = J, A is a general composite index representing either forward- or backward-time

ISCs. By taking the second Born approximation for this propagator [3], we have

-1

((w Fin)l — (K> + ég))LL/ B

Q

((w Fin)l — I_(§)LL/

+ ) ( wFin)l — K>);Né§,,ﬂ,,((w +in)l — K>)
L'

1
v
(B.7.0.2)
Inserting Eq. B.7.0.2 into Eq. 3.10.2.9, using the expression for the interaction matrices in
Eqgs 4.2.0.2a and 4.2.0.2b, gives the series of Feynman diagrams depicted in Figure 3.3.
At third-order, a self-energy Feynman diagram contains 3! = 6 different time-orderings
or Goldstone self-energy diagrams [13, 35, 41]. These are distributed equally in the
form of three distinct forward-time and three distinct backward-time Goldstone self-
energy diagrams, 2F (w)/SB(w). To illustrate these results, we take the forward-time
self-energy contribution of the fifth diagram of Figure 3.3. There are three different
Goldstone diagrams corresponding to the forward-time component of this diagram. The

first time-ordering gives the Goldstone diagram:

WY

_ 1 _
Z 07" (w + i) - K>)J G ((w+im1 - K>)JHJWU§B,{2 :

J// J///

AW
(B.7.0.3)
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B. Proofs and Derivations for Non-Hermitian Green’s Function Theory and The
Coupled-Cluster Stmilarity Transformation

remembering that the 2plh ISC index, J = (i;a < b). From the diagram, we immediately
identify the coupling matrix elements as U 2p1h 2 _ Spiap and U 2}3,1 o écd,qj. The
three-body interaction matrix element is C J/ J,, = —Xabj,cdi = Xjab,cid» Where we use the

antisymmetry of the effective interaction matrix element.

The second time-ordering gives rise to the following Goldstone diagram:

Z 2p1h Zb( +Z77)]]- _ R>)J U q (B704)
JJ'

from which, we can immediately identify the first coupling matrix as U2p1h 2b épi,ab‘

The second coupling matrix element contains effects resulting from the three-body in-

teraction and is given by

~ 1 Xabe ki Sk qe
Ui =< e =0.
S Z%Ek—kel—kei—ea—eb—ec (B.7.0.5)

This term vanishes as a result of the CC amplitude equations: Xgpcrii = 0. Therefore,
the second time-ordered contribution vanishes as a result of the CC amplitude equations.
The third and final time-ordered contribution to this coupled-cluster self-energy Feynman

diagram is given by the Goldstone diagram:

. . _\—1 b
- Z Ugg((w +in)l — K>)JJ Uipjz . (B.7.0.6)

The first coupling matrix element contains the three-body effective interaction and evaluates

to give

= 1 Xk abeZpe ki
Ush, = - e ! =0. B.7.0.7
pJ 2%ek+q+ei—ea—eb—ec ( )

This coupling term also vanishes due to the structure of the CC similarity transformed

Hamiltonian as effective interactions that have four or more lines below a vertex are

zero: Xiii,abe = 0. The second coupling matrix element is identified as U2p1h éab,qi-

Therefore, the third time-ordered contribution to the CC self-energy Feynman diagram

also vanishes as a result of the CC similarity transformation.
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B.7. Algebraic Diagrammatic Construction of the coupled-cluster self-energy

Bringing these results together, the forward-time contribution of this third-order
self-energy diagram, igfb(w), is given by
1
F 3b 2p1h,2b > ~>,3b > r72plh
E %: U’ ((w—l—m)ﬂ K )J CJ/J,,((w—i—m)]l K )JNJ///UJH/7q .
J//J///
(B.7.0.8)
The forward-time component of the second-order diagram, the second diagram of Figure 3.3,
evaluates to
-1
. F,Qb 2p1h 2b . > 72plh
@) = O (@ i1 ~K>) O (B.7.09)
JJ’
Adding Egs B.7.0.8 and B.7.0.9 together, we can use the spectral representation of the
self-energy and the corresponding Lippmann-Schwinger equation (Eq. B.7.0.1) to perform

the infinite-order summation of these two diagrams by writing

SpP R @) = ST (w 4 i) T - (K> + C 3b))JJ,U2‘j}1h - (B.7.0.10)
JJ'

Using the upfolded Dyson supermatrix representation, we can simply sum this self-energy
contribution to infinite-order by identification of the three-body interaction matrix element:
C; J?;b Performing this analysis for all the forward- and backward-time interaction matrix
elements defined in Eqgs 3.10.2.6a and 3.10.2.6b will give the infinite-order summation
of the CC self-energy diagrams depicted in Figure 3.3. The same analysis presented
here can also be applied to the set of diagrams depicted in Figure 3.1 and yields the

coupled-cluster Dyson supermatrix of Eq. 3.10.2.4.
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Derivations For Exact Connection Between The

Electronic Selt-Energy and Coupled-Cluster
Doubles Theory

Contents

C.1 Coupled-cluster doubles particle-hole-time decoupled electronic self-

energy diagrams . . . . ... L. 221
C.2 Coupled-cluster doubles amplitude equations from the particle-hole-time
decoupled self-energy . . . . . . . .. 222

C.1 Coupled-cluster doubles particle-hole-time decoupled
electronic self-energy diagrams

The set of one-particle irreducible particle-hole-time decoupled self-energy diagrams
that generate the exact CCD amplitude equations are shown in Figure C.1. In Figure C.1,
we introduce the self-consistent notation, whereby the interaction and coupling matrices
are now dependent on the solution of the CCD amplitudes. This amounts to replacing
the MP2 amplitudes that are be obtained from the perturbative electronic self-energy
diagrams by the full CCD amplitudes: (t%b)Mpg — tg‘]b.

Downfolding Eq. 4.3.0.4, using the modified self-consistent coupling and interac-

tion matrices that depend on the exact CCD amplitudes (Egs 4.3.0.10 and 4.3.0.11)

221



C.2. Coupled-cluster doubles amplitude equations from the particle-hole-time decoupled
self-energy

+

$7CCD

Figure C.1: The 2p1h/2hlp excitation restricted Feynman-Goldstone one-particle irreducible
electronic particle-hole-time decoupled self-energy diagrams that generate the CCD amplitude
equations when summed to infinite-order by the Dyson supermatrix. The final four diagrams
depicted are fourth-order self-energy contributions. The solid line represents the CCD amplitude,
ted,

leads to the expression

_ 1 - -~ =
ccb . A . >.2plh >,2plh
Lij (W)= > Uzvabk((w +an)l — (K4 G ))kab,zchs‘il’j © (C10.0)

kab
led

where the interaction matrix elements, (K;&i%ﬂg—#é,ﬁ;i%ﬂg), are obtained by using FEqs 4.3.0.11

to update the interaction matrices defined in Eq. 4.2.0.2a. The self-consistent coupling
matrix elements, Ucar j» are defined in Eq. 4.3.0.10. The infinite series of self-energy

diagrams contained in Eq. C.1.0.1 is presented in Figure C.1.

C.2 Coupled-cluster doubles amplitude equations from the
particle-hole-time decoupled self-energy

For the virtual block of the particle-hole-time decoupled self-energy, we have the

following supermatrix eigenvalue problem

f A% X X\ =
( v K<2hlp , C<2hlp ) ( v ) = ( v )5 . (C.2.0.1)

Defining the effective doubles amplitudes as T = YX~! we have the extended Fock

operator and self-energy Riccati equation

FX = X¢& (C.2.0.2a)

Vi (KSR L I T _TF =0, (C.2.0.2b)
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C. Derivations For Ezact Connection Between The Electronic Self-Energy and
Coupled-Cluster Doubles Theory

where F = f + VT. We immediately apply the constraint of particle-hole symmetry: ff‘]b =

—(t?}’)*. The corresponding extended Fock operator in the virtual space is then given by

Fop = €adap + Z (ac||kl) t
klc

1 (C.2.0.3)
= €a0ab — 3 Z (kl||be) t37
klc
where we have used the constraint of hermiticity: Fy, = Fj,. This expression is

exactly that obtained from CCD theory for the extended Fock operator [4, 7]. The
amplitude equations become

;L 1 C . C . C abya
(ijllab) + 5 Z (ablled) (¢35 )apa + D (kallje) (Ef)mp2 — Z {akl|ci) (£ )apa — ALY
ke

—72 (ij||k1) 1% +Z (el [kb) £ — >~ (ic||kb) £ Zt (cd||k1) 8 =0,

kc klcd
(C.2.0.4)

which can be re-written by imposing the particle-hole symmetry constraint as

(abl|ij) + 5 Z (ab||cd) (t5pe + > (kalljc) (5 )mp2 — Z(akllci> ()P + AL
ke

.. a bd _
+§%:<zg||k1)tk,—%: (kb||jc) t¢ +Z (kb lic) ¢ Zt (Kl||cd) th¢ =

klcd
(C.2.0.5)

To generate the full CCD equations from the virtual block, we must self-consistently update
the coupling and interaction matrices as follows. First, we modify the coupling matrices
to be self-consistently determined from the doubles amplitude solutions:

SC ca ca 1 C
okia = (pal|kl) + Z (pm|ke) try — Z (pml|le) toy, + B Z (pal|cd) t] . (C.2.0.6)
cm cd

cm

This is analogous to the procedure carried out for the occupied block. Then we update
the interaction matrices between the 2hlp states to become self-consistently dependent

on the doubles amplitudes as

Cabar = cabas — 5 D (ilbe) 5 = Fuy (C.2.0.72)
€;0ij — €05 + = kz;i (ik||cd) t]k = Fjj (C.2.0.7b)
(il Hl) — (i1kd) + ;Zd: (il ed) 15 = i (C.2.07¢)
Gl Gall) + 32 (K10 15 = oz (C.2.07d)
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C.2. Coupled-cluster doubles amplitude equations from the particle-hole-time decoupled
self-energy

Using these quantities, we write the modified self-consistent interaction matrices as
~<,2h1 =<,2h1
(Kfj’a,kzg) + ij’a,sz) = Fipbapdj1 + Fjidapdit, — Fpadirdji
— Fy0ap0jk — Fjrdapdir + Fra0itdjk
(C.2.0.8)
+ Xib,al0jk + Xjb,akOil = Xij,kiOab
— Xib,ak0jl — Xjb,al0ik -
Resolving these equations in the self-energy Riccati equation (Eq. C.2.0.2b) yields the

full CCD amplitude equations.
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D.1 Definition of rotated coupling matrices

Here, we provide expressions for the rotated coupling matrices as a result of changing

basis to the clamped-ion BSE exction basis. The matrices are given by

~ (I S’
M’lE”?’,‘”k”k”/l/,Sl - Z gc”cllj(k”/7 k” - kl”)‘Av”clk’” (D].Ola)
Cc1
M(H) _ AS* K K" — K"
S k"KM Y T - Z U”clk”’gclc”ll( ) - ) (D].Olb)
Cc1
M(H) _ * K’ K" — k" AS’
kKM, S ng”yly( 3 - ) vic’kK! . (D].OlC)
v1
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D.2. Interpretation of the phonon-screened Dyson supermatriz

The AM) matrix is unchanged by this basis transformation. For the model system

introduced in Section 6.7, the matrix elements are given by

I * *

Mé,l)(”k”’ = _AE/lglf;/_k/N (D102a)
~ (] ,

Mlgll)kll/’s/ = g{;/l_k///AiS;/// (D102b)
Mé{l{/)/k/// = _AiS{'/ﬂ;/glflnik// (D102c)
~r (11 * /

Mli”k)/”,S’ = glf;//_k//Aiz// (D102d)

2 112

(+) _ (K[ K]

Akklykl!kl!l = <2me + 2mh + wro 5kk”5k’k”’ . (D.1.0.2e)

D.2 Interpretation of the phonon-screened Dyson supermat-
rix

To demonstrate the coupling to multiparticle Green’s functions contained in the KP"
frequency-dependent kernel, we introduce the basis of finite momentum free electron-hole
pairs: |vckk’). Remaining within the Tamm-Dancoff and quasi-boson approximations, we
write the Hamiltonian consisting of independent electron-hole pairs and a bath of phonons as

h,ph
Hg ph _ Z (Eck — evk’)Clckk’CUCkk/ + quVa:rll/aqV . (D201)
vekk! av

Here, the operators CZ k' / Cockie create/annihilate free electron-hole pairs in the state
|uckk’) and a:r]y /aqu are the creation/annihilation operators corresponding to a phonon
of wavevector q and branch v. It is clear that the product state of a free electron-hole

pair with a phonon is an eigenstate of this Hamiltonian:
th’ph lvekk!,ny) = (€ — €pir + Wik [vekk  ny) (D.2.0.2)

where |vckk’,n,) = C’i ckk’alT(—k’V |vac). In this equation we have imposed the conser-
vation of momentum of the combined electron-hole-pair-phonon (EHPP) state such
that g = k — k. Using this eigenvalue equation, we can write the interaction matrix

appearing in Eqs 6.2.1.5 as
+ h,ph
AE)chk/ll,’U/c/k”k”’V’ = <’UCkk/,7’LV’Hg p ”U/C/k”k///,nl,l>

(D.2.0.3)
= (fck — €k T wkfk’u)(svv/6cc/6kk”5k’k’”51/u’ .
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Details

The resolvent of this matrix is therefore given by the retarded propagator

eh,ph(0),R, N _ _ ppehoh) !
Gvckk’l/ (w) - <(w + “7)]1 H )fuckk’u,vckk’l/
—1
- in)1 — A
(<w T ZT]) )vckk’lj,’uckk’l/ (D204)
1

W — Ak vk — Wk—kiy +in

which corresponds to the retarded Green’s function of a non-interacting free EHPP product

eh,ph(0),R
vicikikov

state [7, 142, 143]. The notation G (w) is used to denote the diagonal elements of
the EHPP Green’s function. Therefore, DP" represents the coupling of the zero momentum
electron-hole pair propagator to all possible finite-momentum free EHPP propagators,
with the couplings mediated by the electron-phonon vertices contained in the M()/U1)

and M/UD matrices. Using this result, we can make this coupling structure explicit

to re-write the phonon-screened BSE kernel as

ph _ (1) eh,ph(0),R ()
KSS’ (w) - Z MS,vlclk1kgqulclk1k2u(w)leclklkgu,S’
vicy

k1k2
D.2.0.5)
M UD eh,ph(0),R (1) (
+ Z Svlc1k1k21/leclk1k2u(w>leclk1kgu,S"
vicl
kikso
v

This structure emphasizes that we can obtain information from the phonon-screened
Dyson supermatrix that goes beyond just the ‘single-particle’ propagator of the theory.
For example, by taking the resolvent of the supermatrix (Eq. 6.2.1.4) in the subspace of
EHPP states yields the retarded correlated EHPP Green’s function as (focusing only

on the diagonal elements)

eh,ph,R¢ \ _ _ prh
gvckk’u (w) <(w + ”7)]1 D )vckk’u vckk/v

_— . (D.2.0.6)
Z( vekk/v vckk’ +chkk’ chkk’ )

—Qs—i-in.

If we take the trace of Eq. D.2.0.6 over the electron-hole pair states only ({vckk’}), we obtain

1
R
My (w) = gm% (Wt Witdew + WitaesWinae) - (D.2.0.7)

This quantity can be viewed as a correlated phonon self-energy resulting from phonon-

exciton interactions. These identities allow us to define the spectral function of the
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correlated EHPP states as

1
Aeh,ph(w) — —;Im trgeh,ph,R(w)

1
- 7nnzyjﬂfi(w) (D.2.0.8)

=y 022
s 5 w—Qs+in

Here, we have used Eq. 6.2.1.8 to identify the renormalization factor Zgs.

D.3 Fan-Migdal Dyson supermatrices

In this appendix we demonstrate how to construct the Fan-Midgal Dyson supermatrices
from the dynamical Fan-Migdal electron-phonon and exciton-phonon self-energies, respect-
ively. For the electron-phonon Fan-Migdal self-energy, we find the following expressions

for the coupling and interaction matrices:

M({(),n”k”kly _ g:L”m/(kv K’ — k)ékkl \/NB (Wk”—ky) +1— fn”k” (D301a)

n.

~r (1
M?S,//)/k///kQV/,n/k/ = gn'"'n/v’ (k/, kK" — k,)6k2k’ \/NB (wk///_kxyl> +1-— fn”’k”’ (D?)Olb)

N?Si),n”k”klu = Gy (K, K" — k), \/NB (Wi —xw) + e (D-3.0.1¢)
Ng’)fkwkwcnfkf = g (K K" = K) i \/ Np(wir—xvr) + farmer (D.3.0.1d)
Aizﬂ(”klu,n/“k/”kgu/ = (e + Wk —kyv — 1) Onrrns Ok Oy ey O (D.3.0.1e)
A e e = (€ — Wiy — )8 Oricn Sicy o Oy (D.3.0.1f)

Here, f,x is the Fermi-Dirac distribution. The electron-phonon Fan-Migdal Dyson
supermatrix is then constructed as

I I
Hno MY (1) NG (D)

D™MYT) = | M) (1) AL 0 , (D.3.0.2)
(1 _

where we have defined J = nkk’v as the composite index. Using Eqs D.3.0.1, it can easily
be shown that downfolding this expression into the single-particle subspace reproduces

the retarded dynamical Fan-Midgal self-energy:
FMd,R %
Enk,n’k’ (w7 T) =0kk’ Z In''ny (k7 q)gn”n’u(ka q>
n''qu

Np(wqw) +1— Jnk+q + Np(wqv) + Jnk+q
W — €pikyq — Wav =+ ’i77 W — €p’k+q + Wqv + ’”7

(D.3.0.3)
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The same procedure can be carried out for the dynamical exciton-phonon Fan-
Migdal self-energy [211]. The corresponding expressions for the coupling and interaction

matrices is given by

Még,anugly = G5,(Q,Q" — Q)iqq, \/NB (wqr—qv) +1 (D.3.0.4a)

NG oo s = Gsms(Q, Q" — Q)oquqy/No(wer-qu) +1  (D.3.0.4b)
Nég,s"QNQw = G55,(Q, Q" — Q)dqq,\/ Np(wqr-qv) (D.3.0.4¢)
Nihgmaue.siq = Gsmsn(Q, Q" — Q)dquq/Ne(war—qv) (D.3.0.4d)

A Qs = (srqr +wqr—qu — )dsnsmdquardq,Quins  (D.3.0.4e)
Ay s = (Qsrqr — wqr—u — iM)dsrsmoqraiququdns - (D-3.0.4f)

The result is the exction-phonon Fan-Migdal Dyson supermatrix:

I I
H g Mg p(T) NG (1)
Dxct—FMd (T) — M}I,S)"Q’ (T) A‘(]‘;), 0 , (D305)
~(I) )
Njsq (T) 0 Ay

where now the composite index is defined as J = SQQ'v. For both these self-energy
approximations we have (M()T = M) and (NU)f = N(), This means both matrices

can be written symbolically as

DMy = | Mi(T) A 0 : (D.3.0.6)
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D.4 Temperature-dependent Dyson supermatrix blocks

The temperature-dependent coupling blocks of the finite temperature Dyson supermatrix

derived in Section 6.2.3 are given by:

1 * *
Mé,'t))”c”k”k’”y(T) = — Z Aglc”k”gvl’u”l/(k///’ k// - k///) \/NB (wk"—k/”l/) + 1 (D40la)
v1

~ I /
M’IE//)C//k//k///V,S/ (T) = Z gc”c1l/(k”/’ k// - k/”)Af”clk"/ \/NB (wk”—k”/l/) + 1 (D401b)
Cc1
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C1
NG e (T) = 3 Gy (6 K"~ K"V A5 i\ [N (@ior—ien) + 1 (D.4.0.1d)
V1
Aitllk’y,v’c’k”k’”y’ = (Ackok’ + Wk—k'v)Opur Ocer Ok Ok Oyt - (D.4.0.1e)
Né’,lg”c”k”k”’y(T) = =Y A G (K" K = K") [ Np (Wi xm) (D.4.0.1f)
v1
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C1
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C1
Nﬁiﬁ?,k,,k,,,% 5 (T) =3 Gy (& K" =K A oy N (@ien i) (D.4.0.1i)
V1
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By introduction of the composite index J = vckk’v, we can write the temperature-

dependent Dyson supermatrix in terms of these matrix elements as

I II I II
Qsdss M) MYDT) NO.1) NI

m ) Al 0 0 0

D7) = | MD(T) 0 AS) 0 0 . (D.4.0.2)
N1 o 0 A 0
NYD(T) 0 0 0 A

D.5 Generalized Davidson algorithm

If we substantially increase the size of the Krylov subspace, or we simply want to
compute a target eigenvalue of the full untruncated Dyson supermatrix, we employ the
generalized Davidson algorithm [249]. The generalized Davidson algorithm is an extremely
powerful iterative diagonalization method used to compute the spectrum of a general

matrix about a target eigenvalue solution. It is particularly well adapted for sparse,
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non-hermitian matrices. Here, we provide a brief summary but the reader is referred to
Refs [131] and [249] for a more thorough account of the method. Below we simply provide
an overview of the right-sided generalized Davidson algorithm.

Given a huge matrix, such as DP*(T), the generalized Davidson method is centered
around a subspace constructed from preconditioned residuals as opposed to the conceptually

‘simpler’ Krylov subspace (Eq. 6.6.0.1). The preconditioned residual space is given by
Rn(Dph; v1) = span{vy, A7lr, A7y, - - ,A_lrn}, (D.5.0.1)

where A~! = (Dph—ﬁgﬂ)_l is the preconditioner, with Qg as the target eigenvalue and r; as
the residual vector obtained at each iteration. The initial vector, vy, is usually initialized as
a random vector in the full space spanned by DP". At a given step in the iteration cycle, the

subspace is obtained and expanded by solution of the reduced ‘effective’ eigenvalue problem
(VIDP"V,)Xs = XsQs , (D.5.0.2)

where V,, is the matrix of the orthogonalized preconditioned residual basis. Now, for each
effective eigenpair, (Qs,Xs), we have a corresponding Ritz pair for the full supermatrix

by projection into the full space:
Xs=V,Xs, (D.5.0.3)

where X is the approximate right eigenvector of the full DP" supermatrix. The residual
used to expand the pre-conditioned subspace is generated by the difference between the

‘model’ solution and ‘exact’ solution as
r; = DP"Xs — QsXs , (D.5.0.4)

where r; is the i-th iteration of the residual vector. From this expression, the next
search direction is obtained from the correction equation obtained by solution of the
linearized full eigenvalue problem
(D”* — Qs1)s; = -
(D.5.0.5)
— S; = —A_II'Z' .
This correction vector, s;, is then orthogonalized with respect to the rest of the existing

preconditioned subspace and the algorithm is iterated until the norm of the residual

vector (Eq. D.5.0.4) is within a prespecified convergence threshold. Therefore, the iterative
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generalized Davidson subspace is generated by an initial starting vector and the subsequent
correction vectors constructed at each iteration until convergence is achieved. This results
in an incredible reduction in the cost for diagonalization of DP" and is particularly suited
for solution of the smallest, largest or prespecified target eigenpairs. The sparse structure
of the DP" supermatrix means that the algorithm is highly efficient, making use of sparse

matrix-vector multiplication speedups at each iteration.

D.6 Computational Details

System  N.N,(Ni)?N, dim(DP(T)) dim(DY (7))

CdS 86,882,562 347,530,288 2,440
GaN 83,283,876 333,135,544 3,240
BiVOy 109,244,304 436,977,266 3,250

Table D.1: Dimensions of the finite temperature ab initio Dyson supermatrices.

Our density functional theory (DFT) and density functional perturbation theory
(DFPT) calculations are carried out under the Perdew-Burke-Ernzerhof (PBE) func-
tional [250] implemented within the Quantum Espresso software package [251, 252]. For all
systems, we use fully-relativistic optimized norm-conserving Vanderbilt pseudopotentials
taken from Pseudo Dojo [253, 254]. We use Wannier90 [255] and EPW [256] to generate
Wannier states and Wannier-Fourier interpolated electron-phonon matrix elements. We
used the BerkeleyGW software package for the GW and clamped-ion GW-BSE calcula-
tions [257]. For CdS, GaN, and BiVOy,, we compute the phonon dispersions on 6 x 6 x 6,
6 x 6 x4, and 3 x 3 x 4 grids of g-points [2, 6].

We perform GW calculations within a Godby-Needs generalized plasmon pole model [258],
using the DFT-PBE Kohn-Sham starting point wavefunctions, to converge the quasiparticle
band gaps within 0.1 eV. The GW calculation parameters are: CdS (120 Ry plane wave
cutoff, 750 bands, 35 Ry polarizability cutoff, 6 x 6 x 6 half-shifted k-grid), GaN (120 Ry
plane wave cutoff, 750 bands, 35 Ry polarizability cutoff, 6 x 6 x 4 half-shifted k-grid), BiVO4
(512 bands, 30 Ry polarizability cutoff, 3 x 3 x 4 half-shifted k-grid). For all systems, the

electronic BSE kernel is computed on the same k-grid as the GW eigenvalues. For CdS and
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Figure D.1: Convergence of ab initio calculations with Krylov subspace size (Np): CdS (300K),
GaN (300K) and BiVO, (200K). (a) AQs: energy change. (b) vs: dissociation rate.

GaN, we interpolate the kernel onto a fine k-grid using one conduction and three valence
bands, whereas for BiVO,4 we interpolate the kernel onto two conduction and two valence
bands. For CdS and GaN, we employ a I'-centered patch, with a cutoff bound of £0.06 (in
crystal coordinates) along each direction, drawn from fine k-grids of 100 x 100 x 100 and
100x 100 x 60, respectively [2]. For BiVOy, from Ref. [6], we use the patched grid of 9x9x 11,
drawn from a fine grid of 24 x 24 x 32, both being centered about k = [1/6,—1/6,1/8]
in crystal coordinates. This corresponds to the medium-sized patch employed in Ref. [6].

The shift in the patch centering corresponds to the point where the lowest-lying exciton

238



D.6. Computational Details

wavefunction is centered in reciprocal space. We employ gauge consistent Wannier-Fourier
interpolation to obtain the electron-phonon matrix elements computed from EPW and the
clamped-ion exciton coefficients computed using BerkeleyGW [2, 6]. The gauge consistent
Wannier-Fourier interpolation and construction of the Dyson supermatrices are computed
using an in-house code library. The dense patches employed in this work give rise to the

full Dyson supermatrix dimensions displayed in Table D.1.

25.0
—¥— CdS: AQg
22.5 1 —¥— CdS: ImQg
20.0
V\_ - v
<175
[
E
o0
[0}
0 12,5
10.0 1
754 v\-ﬁ —
5.0 T T : T
10 20 30 40

Ng

Figure D.2: CdS (T =300K, Ny, = 800) convergence with exciton subspace size Ng: AQs (energy
change) and [ImQg| (imaginary part).
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Figure D.3: GaN (T =300K, N, = 800) convergence with exciton subspace size Ng: AQs (energy
change) and ImQs (imaginary part).
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In Figures D.1a and D.1b, we plot the convergence of the energy and scattering rate for
the lowest bound state as the Krylov subspace size (N1) increases for the three systems.
For display purposes, we plot the convergence of the eigenvalue at 300K for CdS and GaN,
whereas for BiVO4 we plot the convergence of the eigenvalue obtained at 200K. We choose
these temperatures for our convergence plots as they correspond to significantly enhanced
electron-phonon coupling resulting from the temperature dependence of the wings of the
DP"(T) supermatrix [10]. For all systems, we see that convergence of both the real and
imaginary parts of the lowest eigenvalue to within 0.1 meV are achieved using a Lanczos
subspace spanned by Ny = 1000 basis vectors. However, both CdS and BiVO4 display
faster convergence than GaN. This is related to the fact that there is a large change in
the imaginary part of the eigenvalue for GaN at 300K which arise as the increase in the
size of the Lanczos subspace begins to resolve the dissociation scattering channel.

For both GaN and CdS, with Ny = 800 at 300K, we find the change in the real
and imaginary parts of the lowest eigenvalue to be within 1 meV as the exciton subspace
increases from 1 to 40. This is displayed in Figures D.2 and D.3. For BiVOy, our calculations
in Figure D.4, with Ny, = 800 at 300K, demonstrate that the real and imaginary parts of
the lowest renormalized exciton state are within 6 meV and 0.5 meV, respectfully as the
exciton subspace increases from 1 to 50. The eigenvalue is converged at Ng = 50. This
is in agreement with Ref [6], where our prior work demonstrated that the change in the
real and imaginary parts of the lowest renormalized exciton state of BiVO, vary by less
than 6 meV at 300K as the exciton subspace increases from 1 to 70. Additionally, it was
also demonstrated in Ref [6] that the convergence of the exciton energy and wavefunction
is achieved at Ng = 50, in agreement with the results presented here.

Every ab initio Dyson supermatrix constructed in this thesis is of the order of hundreds
of millions in size. However, obtaining an exact full diagonalization of these non-hermitian
matrices is unfeasible on current supercomputing systems. In addition, the relevant
quasiparticle eigenvalues of interest (eigenvalues of the largest spectral weight) are so-called
interior eigenvalues meaning that they do not exist at the extrema of the spectrum of
DP"(T). Even the massively parallelized and scalable generalized Davidson diagonalization
method can fail to converge to any eigenvalues of these matrices at high temperatures.

We found this to be the case for BiVO4 at 300K where the iterative solver did not
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Figure D.4: BiVO, (T~ =300K, N; = 800) convergence with exciton subspace size Ng: AQS
(energy change) and |ImQgs| (imaginary part).

converge to any interior eigenvalues. This is due to the fact that the pre-conditioner
for the generalized Davidson method is not effective enough to converge to any complex

eigenvalues for matrices of this size.
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