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Abstract

We introduce two shearlet-based Ginzburg-Landau energies, based on the continuous and the discrete
shearlet transform. The energies result from replacing the elastic energy term of a classical Ginzburg—
Landau energy by the weighted L?-norm of a shearlet transform. The asymptotic behaviour of sequences
of these energies is analysed within the framework of I'-convergence and the limit energy is identified. We
show that the limit energy of a characteristic function is an anisotropic surface integral over the interfaces
of that function. We demonstrate that the anisotropy of the limit energy can be controlled by weighting
the underlying shearlet transforms according to their directional parameter.
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1 Introduction

The Ginzburg-Landau energy [11], introduced initially to model phase-transitions in superconductors, has
recently found many applications in image processing [3], [, [10, [14]. In [9], a wavelet-based Ginzburg—Landau
energy was introduced, which, in contrast to the original Ginzburg-Landau energy, is derivative-free and
the solution of the associated minimisation problem does not require the solution of a partial differential
equation. The wavelet-based Ginzburg—Landau energy is constructed by substituting the elastic energy term
of a standard Ginzburg-Landau energy by a wavelet-based Besov seminorm. This seminorm is formed by
considering a weighted L?-norm of the semi-continuous wavelet transform. It was demonstrated in [9] that
this generalised energy admits the following attractive theoretical property: a sequence of wavelet-based
Ginzburg-Landau energies I'-converges to a limit that, for piecewise constant functions, can be described by
an anisotropic surface integral over the interfaces. Thereby, the functional introduces a directional anisotropy.
This is particularly convenient since modelling such anisotropies in the classical Ginzburg-Landau energy
necessitates the solution of quasilinear PDEs for the numerical minimisation. The wavelet-based formulation,
on the other hand, can be minimised by solving a linear system.

Unfortunately, the wavelet-based functional can only produce very simple anisotropies. It was conjectured
in [10] that a similar approach using directional systems, such as curvelets [6] or shearlets [I7, [15], would
produce energies such that the anisotropy of the limiting energy could be more precisely controlled. Indeed,
this approach was numerically analysed in [7], but no theoretical analysis of the I'-convergence was included.
One issue preventing direct translation of the theoretical arguments used for the convergence results of
wavelet-based Ginzburg—Landau energies is that neither compactly supported shearlets, nor any known
shearlet system on a bounded domain, not resulting from truncation, forms a tight frame. The proof of
the convergence results for wavelet-based energies in [I0] is mostly based on a projection procedure of an
underlying function to a space spanned by wavelets up to a maximal scale. Such a projection operator
must necessarily involve the dual frame. If the frame is not tight, then the dual frame is usually not known
analytically. This severely complicates the analysis.



In this work, we present the first proof of the I'-convergence of a sequence of shearlet-based Ginzburg—
Landau energies in Theorem and Theorem The analysed energies are constructed similarly to
the wavelet case, by replacing the elasticity term of a Ginzburg-Landau energy by a weighted L?-norm
of a shearlet transform. We present results on two types of shearlet transforms, the continuous shearlet
transform and the discrete shearlet transform. We precisely identify the I'-limit of the sequences of energies
and demonstrate that the limit energy applied to characteristic functions of sets with finite perimeter is a
surface integral over the boundaries which can be controlled by weighting the individual shearlet elements
according to their orientation parameter. Our arguments are based on spatial and directional localisation,
which demonstrates that for certain functions a reweighted cone-adapted shearlet transform is asymptotically
equivalent to a so-called homogeneous shearlet transform. Contrary to the cone-adapted shearlet transform,
the homogeneous shearlet transform is an isometry. This shows that after spatial and directional localisation
the shearlet transform is locally and asymptotically the analysis operator of a tight frame.

The arguments in [9] describe the I'-convergence of a sequence of wavelet-based functionals to an anisotropic
perimeter functional by studying the quotient of a wavelet-based Besov seminorm and the H' seminorm. It
is shown that for a particular choice of sequences the quotient converges and the limit can be identified. To
obtain convergence of the quotient for all sequences, a lifting argument is used. This then establishes the
asymptotic equivalence of the wavelet-based Ginzburg—Landau energy and the standard Ginzburg—Landau
energy up to a multiplicative constant which is given by the limit of the quotient described above. Finally,
the fact that the standard Ginzburg-Landau energy converges to the perimeter functional is used to establish
the I'-limit of the wavelet-based functional.

Our approach is considerably different. We employ a different technique to construct a recovery sequence
in Subsection [3.4] which is not based on projections, but on spatial and directional filtering. The liminf
condition in the definition of I'-convergence then results from our construction of the shearlet-based energy,
without any lifting step.

In fact, we cannot apply the lifting technique of [9], since the argument there is incorrect. To elaborate
on this, we provide a counterexample to the main theorem of [9] and identify a miscalculation in the lifting
argument in Appendix [F]

2 The continuous shearlet-based Ginzburg—Landau energy

Before we start introducing shearlet systems and presenting the new construction of a shearlet-based Ginzburg—
Landau energy, we first recall some, mostly standard notation in Subsection below. This section may be
skipped and only referred to if a symbol or notion is not clear. In Subsection we then recall the definition
and classical results on shearlet systems. In Subsection we introduce a continuous shearlet system on
bounded domains. Finally, in Subsection [2.4] we introduce the shearlet-based Ginzburg-Landau energy and
establish its I-convergence to an anisotropic perimeter functional in Theorem [2.14]

2.1 Notation

Let d € N. For D ¢ R? and 1 < p < oo, we denote by LP(D) the standard Lebesgue spaces with
parameter p. We denote by H'(D) the Sobolev space of once weakly differentiable functions with || f||% (D) =
1172 oy + 1 F oy = 1f172(p) + IV FII72(p)- Moreover, we denote by C2°((0,1)) the space of infinitely
many times differentiable functions on (0,1)? the support of which is a closed subset of (0,1)? (with respect
to the topology on R?). Finally, we denote by H((0,1)?) the closure of C°((0,1)?) in the H'((0,1)?) norm.

We denote by BV the space of all functions of bounded variation on (0,1)? and by SBV the space of all
special functions of bounded variation on (0, 1), see e.g. [2, Definition 3.1 and Section 4.1] for the definitions
of these spaces. The Fourier transform of a function f € L'(R?) is defined by

F()E) = f(ﬁ) = / f(z) e 2@ qx for all £ € RY.

R2



It is well known that F : L*(R?) N L2(R?) — L>(RY) can be extended to an isomorphism on L?(R¢), which
yields a Fourier transform on L?(R%). We denote the Fourier transform on L?(R?) by the same symbol as
that on L'(R?). For a set K C R?, we denote by xx the characteristic function of K. For f € LP(R?),
g € LY(RY), we write f * g for the convolution of f and g. For ¢1, ¢ € L?(R) we define their tensor product

by (61 ® ¢2)(x) = d1(21) da(22), where z = (z1,22) € R?.

We use the symbol H; for the one-dimensional Hausdorff measure. For a vector z € R?, we denote by z;
the entry at its i-th coordinate. We denote by | - | the Euclidean norm on R? and ||z« = sup,_; 4 |a;| for
r € R%. S! denotes the unit sphere in R2. For € > 0 and = € R?, we denote by B.(z) the open ball of radius
¢ centered at z. If f,g: X — RT and there is a ¢ > 0 such that f(z) < cg(z) for all z € X, then we write
f<g If f<gand g < f, then we write f ~ g.

2.2 Continuous shearlet systems

A shearlet system over R? is a set of functions, generated from shifting, scaling, and shearing of one or more
generator functions. For the scaling and shearing operations, we require the following definitions: for a € R,
s € R, we define the anisotropic scaling matriz A, and the shear matriz Ss by

a 0 1 s
A, = (0 a5> and S, = (O 1).

We define two shearlet transforms, beginning with the homogeneous shearlet transform, [16l, [§].
Definition 2.1. Let ¢ € L?(R?); then we define
SH:L* (R?) —» L™ (RT x R x R?),
fe((a,s,t) = SH(f)(a,5,t) = (f, Y1),

where (-,-) denotes the inner product in L*(R?) and
Yast(@) =a 1y (A7'Ss(x — 1)),  forz € R%

We call SH the homogeneous shearlet transform. Moreover, we call SH(f) the homogeneous shearlet
transform of f.

It is clear from the Cauchy—Schwarz inequality that SH is well-defined. More importantly, under suitable
assumptions on 1, SH is also well-defined as a map to L?>(RT x R x R?,a~®dadsdt) and is, in fact, an
isometry; we recall the relevant results below.

Definition 2.2 ([8]). A function 1 € L?(R?) is called an admissible shearlet if
()P
d¢ = Cy < 0.
/R2 QT

The following result shows the previously announced norm-equivalence and, for Cy, = 1, the isometry
property of the shearlet transform.

Theorem 2.3 (|8, [12]). Let ¢ € L%(R?) be an admissible shearlet; then, for all f € L*(R?),

||f||2L2(R2) = CJI /R2 /R/]R+ ISH(f)(a,s,t)[>a™3 dadsdt.

To prevent unequal treatment of directions or shearlet elements v, 5 with very long supports if s becomes
large, a cone-adapted shearlet system was introduced in [I7]. We define

0 1
Q:—<1 0),



A, = QA,, and Ja’s’t = a 1p(QA;LST (- — 1)) for (a,s,t) € Rt x R x R2. In the sequel, we denote the
Fourier transform of v, s; and {/Jva,s’t by &a’s,t and {E

a,s.t» Tespectively, instead of the more accurate, but

aesthetically suboptimal symbols qﬁ:ﬂg, ’(Za,s,t
Cone-adapted systems are associated with a transform which, similarly to the homogeneous shearlet
transform, admits a certain norm-equivalence with the L?(R?) norm.

Theorem 2.4 ([12]). Let ¢ € L*(R?) be an admissible shearlet such that

min{|& |*, 1}
(14621 + &%)
Then, there exist a* > 0 and s* > 0 such that, for all a > a* and s > s* and every function K € L*(R?) with
f{(g) € [A,B] for 0 < A< B, for all £ € [-1,1]%, we have that

ey~ [ e C=0iPats [ [ g 0Pa dadsar (2.1)

S a .
+/ / / |(fs ta,se)[?a® dads dt,
R2J—-sJ0
holds for all f € L*(R?).

Remark 2.5. The implied constants in (2.1) can be chosen to depend on K, ¢, a*, and s* only. Indeed, it is
shown in Appendiz [E] that the upper bound

/R2 (f, K (-—t)? dt +/R2 /55 /Oa|<fv¢a,s,t>|2a3dadsdt

s ra _
+ / / / (s ) P dads dt < C| 12 e,
2J—-s5J0

holds for a constant C > 0 independent of a and s. On the other hand, the lower bound

C'lI £ 1172 gey < /}R2 I(f, K (- — )2 dt +/RQ/_ /O (s o) [2a~? dads dt
+/]R / /u |<f7 Ja,s,t>|2a_3 da dsdt.
2 —s5 0

clearly holds for all a > a* and s > s* as soon as it holds for s = s* and a = a*.

56| 5 for all € = (61,6) € R,

We have seen that the homogeneous and the cone-adapted shearlet transforms satisfy certain norm-
equivalences to the L2-norm. Additionally, it is also possible to characterise Sobolev norms by these transforms
in the following way. Note that we have, for f € H'(R?), by Parseval’s identity, that

of |I?
|flin (R?) 8x1 . 92s L2(]R2) (Hflf‘ Lo H§2f‘ L2(R2)> )
Let ¢ € L?(R?) be such that
DO o s
| e ae = en2 (22)

and set (§) = 15(5)/(27&“1), then C, = 1. By Parseval’s identity, we observe that

/R/R/]R+ 02|(f, Y i) Pa~? dads dt = /R/R/]R+ <;€:a£t1 o £1f>
:/RZ/R/]R+ <ﬂa7s,t,27r§1f>‘ 3 dadsdt = (2r) H&f‘

Additionally, we will show the following result in Appendix [A]

a3dadsdt

L2(R2)



Theorem 2.6. Let ) € L?(R?) be an admissible shearlet; then, there exist a* > 0, s* > 0 such that for all
a>a*, s> s* and every function K € L*(R?) with |K(€)|/|€] € [A, B] for all £ € [-1,1]%, and |K(¢)| < B,
for all € € R%, where 0 < A < B, there are 0 < ¢; < ¢a such that we have, for all f € H*(R?),

lffey < [ AKC=0Fat+ [ [ [ a2 P dadsar (23)

L )]

The constants c1,co may depend on a* and s*, but are independent of a and s.

a_3 da ds dt S CQ|f|§_Il(R2).

Note that, by Parseval’s identity, if \IA((E)| < B for all £ € R?, then

LnRC=Pa= [ (reK@Fat= [ IFOPIROR &6 < Bl (24
The last step towards constructing a shearlet-based Besov seminorm is to introduce directional weights to

control the anisotropy of the resulting seminorms.

Definition 2.7. Let s > s* > 0. A directional weight w : {—1,1} x R — R is a Lipschitz continuous map
such that, for 1€ {—1,1},

supp w(t, ) C [—s, 8] and min min  w(t,s) > 0.
re{—1,1} s€[—s*,5*]

Ifa>a*>0ands >s* >0, and ¢, K € L?(R?) are such that (2.3) holds and w is a directional weight,
then it is not hard to see that there exist 0 < ¢; < ¢g such that

5 a
Mt < [ KIPd+ 3 [ [ e, )P dadsdt < ol ey (25)
-5 J0

=—1,1
Finally, we introduce the shearlet-based Besov seminorm.

Definition 2.8. Let a > a* >0, and s > s5* > 0, and let ¢, K € L*(R?) be such that (2.3)) holds. Let w be a
directional weight. We define, for a € RT, s € R, t € R?:

Ki=K(—1), 541 =w(l,8)Vase, and g, 5 =w(-1, S)Ja,s,t-
Moreover, for f € L?>(R?), we define the shearlet-based Besov seminorm | - |g on R? by

=3 / / / a2|(f, 6, )P0 dads dt € [0, oo).

=—1,1

2.3 Shearlet transform on a bounded domain and norm-equivalence

To define a shearlet-based Besov seminorm on a bounded domain, we first need to adapt the shearlet system
from R? accordingly. A simple procedure to generate a shearlet system on (0,1)? is to make the elements of
the system periodic using the following approach: let a > a* > 0, and s > s* > 0, and let ¢, K € L?(R?) be
such that holds. Now define

L(;'sp;TL = Z wa s,t,L and Kfer = Z Kt( - k) (26)
kez? kez?

In a different setting of discrete shearlet systems, there have been alternative constructions of shearlets
on bounded domains, see [I3] [19]. The associated constructions are more involved than the approach via



periodisation above. This is because in the discrete setting the approximation properties of the associated
systems are analysed, which is not a concern in our approach. Moreover, the approaches in [13] [19] are based
on discrete, boundary-adapted wavelet systems, which do not generalise to continuous parameter sets.

Based on the periodic construction of , we proceed to define the shearlet-based Besov seminorm on
(0,1)% by

= /01 [/ F2Pey | a= dadsdt € [0,00],  for f e L ((0,1)?).

t=—1,1

Sometimes it will be necessary to also study a shearlet-based Besov-functional with nonperiodic elements
which, for r > 0, is defined as follows:

|f|B[_M] Z /M /_5/ f, aStL>‘2a_3dadsdte[O,oo], for f € L* (R?).

=—1,1"1"

We shall be interested in the question as to whether |f|pg, is equivalent to the Sobolev seminorm | f|g1((0,1)2)-

Since (f, g t5,) = (fP" 4% o 4.,), where fP¢" is a periodised version of f, we deduce from that |- |p,
is not equivalent to |- g1 ((0,1)2) if the situation fP°" ¢ H'(R?) is possible. In [9], a similar construction is
presented for a wavelet-based Besov seminorm. It is claimed that the Besov seminorm on [0, 1]? defined by a
sufficiently regular, periodic wavelet is equivalent to the H*((0,1)?) seminorm. As has just been demonstrated
this assertion is invalid if fP¢" ¢ H'(R?) is possible, i.e., if f has non-matching boundary conditions. However,
the result does hold true for compactly supported wavelets over H}((0,1)?) or if another form of matching
boundary condition at 0 and 1 is prescribed. A proof of such a result is not given in [9], but following the
arguments of the proposition below and replacing shearlets by wavelets when appropriate one can deduce the
asserted equivalence of seminorms in the regime of [9] as well.

Proposition 2.9. Let A > 0, B > 0, and v € L*(R?) be such that supp ¥ C [0,1]?> and such that, for
K € L*(R?) with |K(¢)|/|¢| € [A, B] for all £ € [-1,1]? and for all f € H'(R?), ([2.5)) holds. Then, there
exists a B’ > 0 such that

B 0.2

[F1H00)2) ~ | 1By for all f € Hy ((0,1)%) with || fl|72(0,1)2) < 5B

(2.7)
and
|f|237p S, |f‘%1((0’1)2), fOT' all f S Hé ((0, 1)2) . (28)

Proof. By (2.4) and (2.5), there exist ¢1,co > 0 such that, for all f € H'(R?),

3 / / / a2 e dadsdE < ol ey (29)
R2 J—5s

=—1,1

B
o (|f|§p<R2) - clfniw))

For a function f € H{((0,1)?) and Ny, Ny € Z with Ny < Ny, we define fin, n,)(2) = f(z — [z]) for all
x € [N1, N2)? and 0 otherwise, where the floor function |.] is applied component-wise. It can easily be verified
that fin,,n,) € Ho((N1, N2)?) and | fin, vy) 31 gy = (IN2]* = [N1) f[Z1(0,1)2)- Moreover, it is not hard to
see that for Ny < M; < M5 < Ny we have that

2
| fiveva) = Jint ] g gay < (N2 = Ny)(My = N1 + (N — Ny (N2 — M) f 12 ((0.1)2)- (2.10)

Without the assumption on the boundary condition for f, the conclusion fin, n,) € H}((N1, N3)?) would not
hold and the proof would fail.



It is not hard to see that there exists an R := R(a,5) € N such that supp ¢,s:, C Br(t) for all
(a,s,t,1) € (0,a] x [—s,5] x R? x {—1,1}. For f € H}((0,1)?), we have

a 5
= X L
by Z 0 J-s (0,1)2

v=—1,1

a 5
72 w
Z /0' /_5 a /(0)1)2 ’<f[_R71+R]7 wa,s,t,L>L2(R2)

t=—1,1

2
a3 dtdsda

(F 25 o

2
a3dtdsda = L. (2.11)

By the definition of the functions 1) we have that, for every t* € R?,

w
a,s,t,u’

<f’ ;),S,t,b> = <f( - t*)7 ((;],S,t+t*7L> .
Therefore, we observe that

1 a 5 5 "
1=z > /0 /—5a /[O’N]rz‘<f[—R,N+R},'(/Ja,s’t_’L>L2(R2)

t=—1,1

B 1 a 5 9 w
- N Z /0 /—5a /]R2 ‘<f[—R,N+R]vwa,s,t,L>L2(R2)

t=—1,1

1 a 5 5
- a
o 2 L e

1=—1,1

2
a3 dtdsda

2
a3 dtdsda

L) ‘

2
<f[—R,N+R]7¢g,s,t,L>L2(R2) a’_3 dtdsda =: 1L

We proceed by using that (f{r ny—g], Ya,s,,) = 0, for all t & [0, N]? since supp ¢, N[R,N — R]? = @.
Moreover, by the seminorm-equivalence of (2.9), ca| . [}1gey = |- [3 and |. 5 > e1(]. [ ge) = B/erll - (112 (g2))-
We compute that

1 a 5 5 2 5
M= — - ‘ B P -3 qtdsd
N2 L_Zl’l/o /_sa’ /]Rz <f[ R,N+R] wa,s,t,L>L2(]R2) a sda
1 a S 9 2 5
- 2;1/0 /_5a /}R2 ‘<f[7R,N+R] - f[R,NfR],iﬁ;),s’t,)Lz(Rz) a”” dtdsda
c1 2 B 2 Co 2
2 3z (|f[R,N+R]|H1(R2) o Hf[R,N+R]HL2(R2)> - N2 | fl—r,N+R) — f[R,N*R]‘Hl(RZ)
c1((N +2R)?) 2 B 2 C2 2
= N2 ‘f[o»l]‘Hl((O,l)Z) T o Hf[0»1]2HL2(R2) N2 |f[fR,N+R] - f[R,N*R]’Hl(]RQ)
c1((N +2R)?) 2 2(N +2R)2Rco 2
= N2 ’f[ovl]’Hl((O,l)2) - IN2 }f[O,l]‘Hl(Rz) )

where the last line holds thanks to the second bound (2.7)) with B’ := B/cy and (2.10)). Since N was arbitrary,
this completes the proof of the lower bound of the Besov seminorm by the Sobolev seminorm. The upper bound
follows trivially from the norm-equivalence on R?, equation (2.11]), and | fro,2 | m w2y < 2] f1H1((0,1)2)- O

2.4 The shearlet-based Ginzburg—Landau energy

We start by recalling the definition and some properties of the classical anisotropic Ginzburg-Landau energy.
Let N be a norm on R? and W(u) = u?(1 — u)?; then, for u € BV,

QLN () = { o N (V) dot 5 fg 1 Wlw)(@) da, - ifw e H((0,1)%),
) o if ue BV \ H ((0,1)?).
The Ginzburg-Landau energies as defined above I'-converge to an anisotropic perimeter functional for € — 0,

see [4, Theorem 4.13]. Let us recall the definition of T'-convergence before making the previous statement
more precise.



Definition 2.10. For a space X, we say that a sequence of functionals F. : X — [—o0, 00] T'-converges to a
functional F : X — [—00,00] for e = 0, if the following two conditions are satisfied:

1. lim-inf condition: for all u € X and all sequences (ue)eso C X such that u. — u, for e — 0, we have
that

o S _
hgri%lf F.(ue) > F(u); (2.12)

2. recovery sequence: there erists a recovery sequence (Ug)eso C X with e — u, for e — 0, such that

limsup F. (u:) < F(u).

e—=0

For a norm N on R?, we define, the perimeter functional
Py(u) = ¢ s N (i) dH., ifue S.*BV and u € {0,1} a.e.,
0, otherwise,
1 . o Lo

where ¢ = [ \/W(s)ds, S(u) denotes the jump-set of u (see [2, Definition 3.91]) and 7, is the measure
theoretic outer normal of S(u) at x (see [2| Definition 3.54] for a definition). As was already previously
announced, we have that GL?/ I-converges to Py by [, Theorem 4.13].

Next, we aim at constructing a corresponding shearlet-based Ginzburg-Landau energy. We begin by
placing some assumptions on the underlying shearlet systems and the weight w.

Assumption 2.11. We require the generator function 1 € L*(R?) to satisfy (2.2) and supp ¢ C [0,1]2.
Additionally, let s* > 0 and a* > 0 be such that the shearlet transform with s > s* and a > a* satisfies (2.5)).

For any norm A in R2?, we say that w is an associated directional weight to N if
7\ 2 7\ 2
max {|71], |7ia|} <ﬁ1w <1, _,2) + |fig|w (—1, _,1> ) =N(7)?, forallicS (2.13)
ni n2

where we define w(£1, £00) = 0.
Given N and s > s* > 0 there always exists a canonical choice of w so that w satisfies the conditions of
Definition 2.7] The construction of such an w is slightly technical and is therefore deferred to Appendix [B]
For a given norm and an appropriate directional weight, we can define the following space of functions.

Definition 2.12. Let N be a norm on R? and let | - |, be a shearlet-based Besov seminorm from a weighted
shearlet system with directional weight w, where w is an associated directional weight to N'. We define, for
U(z) = x/logy(2 + ), the set

By = {u € H'(N) : |ulh, > N (Vu(z))? de—U (|u%{1((0)1)2)>} :

(0,1)2

B is the set of functions that we will use to define the shearlet-based Ginzburg-Landau energy. Admittedly,
the definition of By is very specific to the shearlet system. Nonetheless, we will observe that B contains all
functions that admit a smooth phase-transition along a polygonal curve as well as smooth perturbations of
such functions. For a more detailed analysis of this set, we refer to Subsection [4

Definition 2.13. Let N be a norm on R? and let |- |5, be a shearlet-based Besov seminorm from a weighted
shearlet system with weight w, where w is an associated weight to N'. We define, for u € BV,

elulby, + 2= Sy W)(2) dz, i u € By,

SGLE (u) = { o0, ifue BV \ By

(2.14)



It turns out that the sequence of energies SGLY described above I'-converges to a perimeter functional
with norm N, where N is such that w is the associated directional weight.

Theorem 2.14. Let N be a norm on R? and let | - | g, be a shearlet-based Besov seminorm with a shearlet

system satisfying Assumption where ¢ = ' @ ¢! and

min{|¢], 1}*
(1+ght

Moreover, let the directional weight of | - |, be associated to N'. Then, for all u € SBV, u(x) € {0,1} for
almost every x € (0,1)2, and (uec)eso C HY((0,1)?) such that u. — u in L((0,1)?), for e — 0, we have

PO[sarih amd [0l 2 for all § € R.

h?l_félf SGLY? (ue) > Ppr(u).

Additionally, for every set D C (0,1)? of finite perimeter we have that there ewists a sequence (Uz)eso C
H}((0,1)2) such that u. — xp in L1((0,1)?), for e — 0, and

lim SGLY () = Pn(xp)-
e—0

Proof. We shall develop the proof in Section [3|of the paper. The liminf condition will be verified in Proposition
B3] and the existence of a recovery sequence will be demonstrated in Proposition [3.6] O

3 Proof of Theorem 2.14

3.1 The liminf condition

The definitions of By and SGLY immediately allow us to obtain the liminf condition, equation (2.12)), for the
shearlet-based Ginzburg-Landau energy.

Proposition 3.1. Let (u:)eso C HY((0,1)?), u € SBV, u(z) € {0,1} for almost every x € (0,1)2, and let
ue — u in LY((0,1)2), for e — 0; then,

lim>ionf SGLY (ue) > Ppr(u). (3.1)

Proof. There exists a subsequence (ue, Jnen 0f (te)e>o such that

lim SGLZ (uc,) = lim i(r)lf SGLY (u,). (3.2)
E—

n—oo

If liminf,, oo SGLZ (ue, ) = 0o, then (3.1)) follows trivially. Hence, we assume that

li_>m SGLY (ue,) < oo. (3.3)

We have by the definition of (SGLY).>o and (3.3)) that there exists an Ny € N such that for every n € N,
n 2 NOa

1

SGL‘;},@ (te,) = enlue, |2B,p +

> - 2 . .
Tor Jo e Ve (@) do 2 Gl (ue,) = a0 (fue o) - (34

If (uc, )nen is such that EnU(‘u€n|§{1((071)2)) — 0 for n — oo, then, by (3.4)),

liminf SGL¢ (ue,) > liminf GL(uc, ) > Py (u). (3.5)

n— 00 neN



If (ue,)nen is such that 5nU(|uEn|§{1((0’1)2)) 4 0 as n — oo, then, since U(z) = o(z) for z — oo,
we have that limsup,,cy 5n|u5n\?{1((0,1)2) = o0o. In the remainder of the proof, we will show that if
lim sup,,_, oo €n e, |§{1((071)2) = oo, then we have that lim,, o SGL{ (uc,) = oo, which contradicts (3.3).

We assume that limsup,,_, . &n|ue, |§Il((071)2) = oo and consider two cases:

Case 1: limsup,, ., ||ue, [|£2((0,1)2) < oo

In this case, we have that, since limsup,,_, .. €n|ue,, |§{1((071)2) = 00, there exists a subsequence (u./ )nen of

(e, Jnen such that lim, o [ue, \%1((0 1)2) = 00 Therefore, for any B’ > 0, there exists an N; € N such that

sup [, | < Ilino
! 2 2y S =,
mellil m 1L2((0,1)2) 2B

for all n > N;. We conclude by the seminorm-equivalence of , that

liminf &) |u

2 > / 2 _
iminf e ue; [, 2 WM enfue [71(0,1)2) = 00,

and hence lim,, o SGLY (uec,) = lim;, o0 SGLE (uer ) = oo0.
Case 2: limsup,,_, ||ue, [|2((0,1)2) = oo
In this case, we define R., = {z € (0,1)? : |u., (x)| < 2} and obtain that

(3.6)

=1 S 2 2y < Ii S .
o0 hmbupHu&n”L ((0,1)2) = hTIln_?olip (HUEnXRe,L ’Lz((0)1)2)>

n— oo

20,2 T [ue, X(0,1)2\ ..,

We have that limsup,, .. [|ue, XR., ||2L2((071)2) < 4 < o0. As a consequence of (3.6]), we therefore conclude
that

thzILSo%p ||uEnX(O,1)2\R5“ L2((0,1)2) = 00, (37)
and hence
/ W(ue, )(x) do > / ue, (2)2(1 — ue, (z))? da
(0,1) (0,1)°\Re,,
> / luc, (2))* dz — oo for n — oo,
(0,1)*\R.,,
by (3.7), at least up to a subsequence. This implies that lim,, . SGL¢ (ue, ) = oo. O

We see that the definition of Bys together with the convergence of the classical Ginzburg-Landau energy,
directly yields the liminf condition of the I'-convergence for (SGLY).so. The existence of a recovery sequence,
on the other hand, necessitates a more refined analysis of the behaviour of SGLY and in particular |- |p,.
We will start by analysing | - |, for characteristic functions of sets with linear boundaries, then extend the
estimate to characteristic sets of polygons and finally use a density argument to conclude the behaviour for
characteristic functions of sets of finite perimeter.

3.2 Estimating the shearlet-based Ginzburg—Landau energy for Heaviside func-
tions

Let H := yr- xr be the vertical Heaviside function and H = XrxR- be the horizontal Heaviside function.
We define for 7@ € S! the Heaviside function with normal @i by

_ H(Ss,/m,2), if 7;—2 <
H"(z) = (S 2) iy for z € R?.
H(Sgl/ﬁzx), if |5 ,

10



One readily verifies that H” is well-defined and has a jump across a line through the origin with normal 7i. Note,
that if 75 /7y > 0, then H(Sq, /7, T) = Xay 42 /i1 22<0 = H(S’gl/ﬁzx). If 7i5 /71 < 0, then we instead have that
H (S5, /7,%) = Xay+is/fiiza<o = 1 — fI(Sgl/ﬁQx) almost everywhere. In the sequel, we always analyse inner
products of H"(z) with functions 1) that have vanishing moments and by the previous considerations we will
always have (H (S5, /5,), %) = (H (Sgl/nz) ), 1) whenever 771 # 0 and 72 # 0. Additionally, we will be interested
in functions that admit a smooth sharp transition across a line. A function = : [-1/2,1/2] — [-1/2,1/2] is
called a transition profile if

11 1 1 1 1
o 1 _- = =) =_Z == ) ==
zect([ga))r 2(a) =2 me =(3) =

Prototypes of functions with smooth sharp transitions across a line can now be defined as follows: for € > 0,
p>0, and x € R? let

1, if o < —&
. 1= :
Hozp(z) =4 5-E (%) , i =B <o <&
0, if&E <J?17
1, if kg < —£7,
7 . 1= :
HE,E,p(x) = 5_‘:‘<§§)5 1 _7 Sx2§ %7
0, lf%E < Zg.

In the definition of H. = , above, ¢ and p have practically the same role. However, when we study the
I'-convergence of energies applied to these functions, we will later use € tied to the corresponding € parameter
of the energies (SGLY).~( and use p as a fine-tuning parameter.

In the sequel, we also need to analyse functions with smooth transitions accros lines that are not parallel
to the horizontal or vertical axes. To model this, we rotate the functions H, = , and H, = , described above,
but to make the analysis in the sequel simpler, we present a construction based on shearing instead of rotation.
We define, for z € R2,

7,1 = m,—1 . T7 p o
HEEp(x) = H, = ,/,|(Sr, /), if 11 #0,  and H p( x) = H. = /|5, <S~1/n2 ) if 75 #£ 0.
Clearly, H ’: and H ’E are functions that are constant along directions perpendicular to 7 and behave
like Z(-/(p )) E(— / (pe)) along @i. This implies that for all functions ¢ with a vanishing moment we have

(B2, 0) = (1= HIg,00) = (H00¥),

as long as 7y # 0 and 7y # 0, where = = Z or Z = 1 — Z(—-) depending on 7. The exact form of = will never
appear in the sequel. The only relation needed is that

‘Hﬁﬁl

’ ‘ i,—1
&5 IH((—r,r)?)

&5,p ‘Hl((fw)z) '

Finally, we define, for z € R?,

L

) HIZ (o), i |2 <1, .
SO HIZMw), i || <1 '

It is not hard to see, considering the length of the jump curve and the rotation invariance of the H' seminorm,
that

— 12 - 12
A2 _ )| h2|T (T 1,02
|H€»E»P’H1((—r,r)2) - <1 + mln{ 7_7:1 s ﬁz }) ‘H&E’p Y (—rr)?) + O(E), for e — 0. (39)

11



Additionally, we observe that, for A # 0 and € > 0 sufficiently small

’H(LO)

e Z0/ A | g1 ((Zrpy2) =[A |‘ 57_,,)’H1( ) (3.10)

Understanding the asymptotic behaviour of the shearlet-based Besov seminorm of H ﬁ_’ , requires a bit

more technical work. We will observe below that the shearlet-based Besov seminorm of H, ?_ p 1s asymptotically
equivalent to the H' seminorm of H ;‘_ - We study the nonperiodic Besov functional here because we will
later only apply the following proposition to analyse functions supported away from the boundary of our

domain.
Proposition 3.2. Let ¢ € L?(R?), 5 > s* > 0, and a > a* > 0 satisfy Assumption and let (a1, x2) =
P (z1) ot (x2), for all (z1,72) € R? and

PHOIS A+ D™ and  [P1(E)] Smin{l¢], 1} /A +[€)*,  for all§ € R. (3.11)

Let w be a directional weight associated to a norm N and let v € (0,1/2), p > 0. Then, we have that, for all
e>0withr/((s+2)p) > ¢

| 8 = p|B,[fr,'r‘]2 = N(ﬁ)z |H7l

fzolmira

et ()) o+ (G2) o ()

where the implied constant in the first asymptotic term depends quadratically on 1+ ||Z'||eo/p, and the implied
constants in the second and third asymptotic terms depend quadratically on 1+ ||Z/||s-

(3.12)

Proof. The proof proceeds in several steps.
Step 1: (Splitting into cones)

First, we split the shearlet-based Besov-functional into two parts, each associated to one of the cones of the

shearlet system:
157P7W7ﬁ — ¢ ° —2 -3 dtdsd
1 T [ ]2(1 6,_,p7wast1>‘ sdaa,
—5 —-r,Tr

_ 2 _
=P = / / /[ . Hg_p’wast—1>| a3 dtdsda.
—5 r,Tr

We have that |H = |5, 2 = 15747 L1904 1f i) + 0, then, by the considerations after the definition
of H"_ in (3.§)), we have that

€,E,p
_ a s 2
€,p,w,Mn -2 w -3
Il ’ - /0 [5 /[r r]? “ ’<H‘€’§’p/|ﬁ1‘ (Sﬁ2/ﬁ1$)7 wa’s’t’1>’ “ dtds da’

where Z = Z or E = 1 — E(—-). We assume in the sequel that £ = Z. The case E = 1 — Z(—-) follows
similarly. If 71, = 0, then H;K p= H;f; = H€7_7p/‘n2| is constant along the z;-direction. As each ¢4 s+1

has a vanishing moment in the z;-direction, this then implies that Ii’p’”’ﬁ =0.
Following the same argument as before, we get that if 775 # 0, then

e = ///[ X 72 su,p/\nﬂ(m/w)’1/’“”—1>‘ 7 didsde,

=1—Z2(—). We assume that == =; the other case follows similarly. If 775 = 0, then

[I]E
(1]
[

where

= or
I‘i’?w )



Step 2: (Partial integration)
We define 5 5
and  h_L H

he 20111 = *alee,a,p/ml\ cZpllial T 5y He = /1525

and we denote from now on  := —fi5 /7; to shorten the notation. Setting u == u'®¢*, with Zﬁ(g) = 27}1,5121(5),
for £ € R, we have that p' is the antiderivative of 4!, and, since 9! has a vanishing moment, we have that

supp ! C [0, 1]. Moreover,

min{[¢],1}° _ min{l¢], 1}

for all . .
T+leDt = arjgptw ToralleeR (3.13)

O] < i)™ and i) <

g [
: =
0 J—sJ[-rr]?
a S 1 2 3
:/0 / /[ - <hs£,p/|ﬁ1\7“3fs+9,t,1>’ a " dtdsda
—5J[—r7r

a 540
B A /5+9 »/[’I’,’I“]z

where wy(t, 8) = w(t, s — 6). By the same argument, we obtain that

a sty
Is,p,w,ﬁf// /
—1 -

0 J—s+% J[—rr]?

Step 3: (Removing non-aligned parts)

We have that b} = . (z) = e 1| /p - g(|fi]z1/(pe)) for g(x) = E'(2) if @ € [~1/2,1/2] and g(z) = 0
otherwise. Moreover, ||g]/11®) < [|Z/|| and thus [|§]le < [|Z/||cc. The Fourier transform of h! - p/|iiy) 1S @
tempered distribution and is given as

0 pE
Fl=—H.= /7 =g = (- Ogy=0,
(33;‘1 =0/ 1) Y (|n1| ()1> ® 0¢3=0

where d¢,—o denotes the J-distribution in &.
Let G € C°(R?) with [|G||p1(r2) = 1. We set G, = m?G(m-) so that (Gy,)men is a sequence of mollifiers.
Since ft4,5,¢,1 has compact support, we have that pg s+1 * Gr, is a Schwartz function and

Next, we compute

<h;75:/3/|ﬁ1\(5—9')7 M?J,S,t,1>)2 a~? dtdsda

2
1 -3
<ha,a,p/|ﬁ1\vﬂ‘§i,t,1>’ o™ dtdsda,

1 “% ? 3
<he,E,p/|ﬁ2\’lU’a,s,t,fl>’ a”° dtdsda.

”,ua,s,t,l * Gy, — Ha,s,t,1||Lr(R2) — 0, for m — oo,

for all p € [1,00], see e.g. [, Lemma 2.18]. Parseval’s identity and the convolution theorem show that
)<h§,s,p/|ﬁwﬂa,s’t’1>‘ = lim ‘<h§,5,p/\m|’“a’sxt,1 * Gm>‘

o ("55) V2 TR Gm><§,0>de|

|71 |

= lim
m—00

. 3
= lim a4
m—r00

< Jim ot [ [r@6)8 (Vase)| - [Grate/m. 0] a2

Lo (£¢) itaa (Vas) Gute/m.0 dg\

|71 |

IN

ot [ [mr(e)d(vase)| dg- 1.
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where we have used that Hé;HLOO(]RZ) < |Gl L1 w2y, for all m € N. By (3.13)), we conclude for s # 0 that

3 A . min{Jag], 1}2
/ ()3 (Vast)| e 4/R<1+|a5|>2<1+|1¢ass|>4

[ s Wag
r (L+1[€)*

ais d¢ < a%s_3, (3.14)

IN

since [, [€]2/(1 + [€])*d€ < oo. Next, we remove terms from Ii’p’w’ﬁ and Ii‘l”“”ﬁ that asymptotically only
grow relatively slowly for € — 0. Let v5 > 0; then we define

(007—% -

Invoking (3.14]), we get that

a
Ki,p,n,us < 2/ / / a*%{gfﬁ dtdsda S y§5
0 J(—o0,—vs] J[—rr]?

Clearly, the same estimate can be derived for

g [
L

. _ N
We set from now on v = £ and observe that K™ K&%™"* = o(¢~1/2). Hence, we conclude that

min{s+6,vs}
max{—s+0,—vs} J[—rr]?

Next, we observe that replacing the directional weight by a scalar only produces an asymptotically negligible
error. Let N € N; then,

min{s+0,vs} , -
/ /ax{ 546, _Vg}/ < e,E,p/|fi1] Mast1>‘ a dtdsda
min{s+6,vs} )
/ / / 1 70 ’<h’5~ﬂ/|"1| lu’agt1>‘ a”3 dtdsda
ax{—s+0,—vs}
min{s+0,v,}
/ / / ‘<hi5p/|ﬁ1\vﬂze&t 1>’2a_3 dtdsda
N ax{—s+0,—vs} J[-rr]X[-Nr,N7] T »Ssts

min{s+6,v:} 2
/ / / w(1,—6)? ‘<h;,5,p/|ﬁ1p/ﬁa,s,t,l>‘ a3 dtdsda = 11
ax{—s+60,—vs} J[—r,r]x[—Nr,Nr]

Now we observe, by the discussion before (3.13) that, for all a € (0,a) and s € (—s + 0,5 + ) and
t € [-r,r] x [-Nr,Nr], we have that supp pas:1 C [-r — ¢, 7+ ¢] x [-Nr — ¢, Nr + ¢] for a constant ¢

2
s,_,p/|n1\ :U/ast1>‘ a? dtdsda

2
a, 2,0/ Ma5t1>‘ a® dtdsda.

2
5,_.,p/|n2‘ s Ha,s,t, 71>‘ a? dtdsda

2
a, ,p/|n2‘ ,uast—1>‘ a? dtdsda.

2
<h;7_,p/‘m| ua’97t,1>‘ a™3 dtdsda+o (57%) .
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depending on a and s and 0. Therefore, we have that, for Dy, == [-r —¢,7 + ¢] X [-Nr — ¢, Nr + ],

1 a prmin{s+6,vs} . 2 5
11:7/ / / <(h o) > a~? dtdsda
N 0 Jmax{—s5+6,—vs} J[—r,r]x[—Nr,Nr] &=/l |IDN,r Ha,z.t.1
1 a prmin{s+0,vs} ) ) 2 .
N 0 /max{5+0 —vs} \/[\r r]X[—Nr,Nr] W(L _0) < (h&E,p/‘ﬁll) DN, 7ﬂa,s,t,1> “ dtdsda

a3 dtdsda

2
a3 dtdsda.

N
1 a pmin{s+6,v5} 2
N A (S N
N 0 Jmax{—s+0,—v,} JR2 i DN, b
1 a

min{s+0,v,} ) .
JR— w 1, —0 (h = 7 ) ) Ma,s >
N 0 ~/max{5+071/5} /RQ ( ) < &:Z.p/ 7| |IDn,» fasitid

By the Bessel property, see Appendix (E.1), we can deduce using the Lipschitz continuity of w and
e~ 10/11 — o(e~1logy(e™1) 1), for € — 0, that

1 a prmin{s+0,v,}
YN, o]
N 0 Jmax{—s+60,—vs} J[—rr]?

1 a min{s+0,v} ) L 2 3
- N/O /la {—s+0,—vs} /[—'r r]2 w(l) _9) ‘<h5757p/|ﬁ1‘7ﬂ'a,s,t,l>’ a " dtdsda

m
2

2
<h;,5,p/‘ﬁl|7ﬂzj’e‘g)t’1>) a~? dtdsda

1
< swp w10 —w(ls =07 1 |
SE[—vs,Vs] N

Ao o
€,Z,p/|7i1] L2(Dy )

2 2(Nr +c¢)
L2((—r—c,r+c)) N

1 !
§1/551T:7'~0<10g2 <> ),f0r5—>0,
€ €

where the last estimate holds since N was arbitrary and can be chosen larger than ¢/r. The implied constant
in the last estimate depends quadratically on ||Z'||«/p. Consequentially, we have that

cpwii ) a prmin{s+0,v.}
I =w(l,-0)
0 Jmax{—s+0,—vs} J[—rr]?

1 1\ 1
+r-o| —logy | — +0(€ 2),
€ €
for e — 0. Similarly,

. a pmin{s+1/60,v:}
209" = w(-1, —1/9)2/ / /
0 Jmax{—-s+1/0,—vs} J[—rr]?

<v

S

1
ha,E,p/\ﬁﬂ(W O)‘

<h;75,p/‘ﬁl|7ﬂa7s,t,l>)201_3 dtdsda (3.15)

2
< ;é,P/"Fi2|”u‘a’s7t’71>‘ a3 dtdsda
(1 (1>_1> B
+7r-0| —logy | — +O(€ 2),
€ €

Step 4: (Rewriting as a non-cone-adapted shearlet transform)

for e — 0.

We want to show that I3 W g asymptotically a rescaled version of the Sobolev seminorm of H 6(13’02).

Towards this goal, we plan to invoke (2.2) and use the resulting equivalence of the homogeneous shearlet
transform and the L2-norm. The main obstacle here is to deal with the fact that the integral in (3.15) is
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taken only over a finite domain. Moreover, simply extending h; =.p/j71| 1O R2 does not yield an L? function.
To overcome these issues, we use a blow-up technique, that was already applied in Proposition [2.9

We define
a pmin{s+0,vs}
b= ] J
0 Jmax{—s+0,—vs} J[—rr]?

Since H. = ,/|,| is constant in the xzz-direction we conclude that, for all N € N,

1 a pmin{s+0,v,} X ) .
Be = 7/ / / ‘<h =,p/|71 |2 Ha,s ,1>‘ a” °dadsdt.
€ N 0 max{—s+0,—vs} J[—rr]x [~ Nr,N7]| e,Z,p/|71] it

We replace hi,E,p/lﬁl\ by a suitable L?(R?) function by the following construction: Let v € C°°(R) with
supp v € [-1/2,1/2], v(x) > 0 for z € (—1/2,1/2), and fiiiz y(x)dz = 1. We set, for (z1,z2) € R?,

2
<h;,57p/|ﬁl|,ua757t71>’ a3 dtdsda. (3.16)

_ Il

7
In(x1,22) = p ('pi_'%) (v * X[=Nr—a,Nrta]) (@2)- (3.17)

It is not hard to see that

1 a pmin{s+60,vs} 9
p- [ / [ b ) 0™ i dsda.
N 0 Jmax{—s+60,—vs} J[—r,r]X[-Nr,Nr]

Next, we need to extend the domain of integration to R?. We start by extending to [—7,7] x R. We have that

1 a min{s+60,v,} 5
Ba = N/ / |<fN7/J/a,s7t,1>| a—3 dtdsda
0 Jmax{—s+60,—v.} JR?
1 a min{s+6,v,} 9 .
- N / / (fs pasia)]” @™ dtdsda. (3.18)
0 Jmax{—s+0,—vs} JR2\((—r,r)X(—Nr,Nr))
We have that
R%\ ((=r,7) x N(=r,7)) = ((fr, r) x (R\ (=N, NT))) U ((R\ [—7,7]) % R). (3.19)

As B. =0if |f] > s + 1, we assume that |#| < s+ 1 and hence

(5+1)227—%:Tg_1
ny ny

and thus |71 > 1/(/1+ (s + 1)) > 1/(\/(s +2)?) = 1/(s + 2). We choose R > 0 such that supp pgs¢1 C
Bgi25(t) for all (a,s,t) € [0,a] x [-1,1] x R%. Hence we have that (fn, fa,st1) = 0 if [ta] > pe/|ni| +
Rmax{a'/? = (r

,a}. Thus, we set a,. = (r — pe(s + 2))2/R? and compute, using vs < 1,

1
N

a pmin{s+0,vs} ,
/ / / |<anufa,s,t,1>‘ (173 dtdsda
0 Jmax{—s+6,—v:} J(R\[-r,r])xR

a min{s+0,v.} ,
/ / / [(fNs ta,s,t,1)] a3 dtdsda
are Jmax{—s+0,—vs} J(R\[-7,7]) xR

a min{s+0,v,} )
/ / |<fN7/f"a,s,t,1>| G_S dtdsda
are Jmax{—s+0,—v,} JR2

1
N

1
N
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We have by Plancherel’s identity and Parseval’s identity that

a min{s+0,vs} )
/ / |(fNs ta,s,e,1)] a3 dtdsda
are Jmax{—s+0,—v,} JR?

a min{s+0,v,}
‘/C‘r,s /r113x{5+0,1/5} /]R2

1 a min{s+0,v}
N G e [nax{5+0,us} /]R2

1 a min{s+0,v,}
B N /ct,,‘YE ~/max{—5+0,—l/s} x/R2

P 2 ra min{s+60,v,}
fN(f)‘ / / |ﬂa,s,0,1(f)|2a_3d8 da d¢.
Ar.e

max{—s+60,—vs}

1
N

ey 2
<fN,ﬁa,s,t,1>’ a"? dtdsda

1
N

2
fN(gﬁza,s,O,l(5)972“—@’)&) d¢| a2 dtdsda

R2

2
fN(f)’ [fla.s.01(&)?a™® d¢ dsda

1
N g

Taking the Fourier transform of (3.17) shows that, for all £ € R?,

— . .~ R 6
) = Nsine(V + )23(e2)d (25161 ) (3.20)
Moreover, we show in Appendix DI that, for all £ € R2,
a min{s+0,vs} s 3 1 1
Ta s a3dsda < ————. 3.21
[ SN R (321
We conclude that
1 /Cl /min{5+9,us} |< >|2 3 1
fNstase1)| a2 dtdsda] = O <> , for e — 0,
N a, e Jmax{—s+60,—v,} JR? ! a%,s

where the implicit constant depends quadratically on ||Z||o.. We proceed by estimating the integral over the

second set given in (3.19):

a rmin{s+6,vs}
/ / / |<fNa/l'a,s,t,1>‘2a73 dtdsda
0 Jmax{—s+60,—vs} J[—r,r]x(R\[-Nr,Nr])

Since supp fia,s,t,, C Bra(t) we conclude that

1
= = III.
N

1 a pmin{s+0,vs} 9 5
I = N / / / ’<fNXR><[—Nr+Ra,Nr—Ra]°7/ffa,s,t,1>’ a”” dtdsda
0 Jmax{—s+0,—v,} J[—r,r]x(R\[-Nr,Nr])
1 a min{s+60,v,} 9 3
< N / / ‘<fNXR><[—Nr+Ra,Nr—Ra]Ca,Ufa,s,t,1>| a”* dtdsda
0 Jmax{—s+6,—v,} JR?
1
S NHfNXRX[—NT—&-Ra,Nr—Ru]C||2L?(]R2)v (3.22)

where the last step is due to the Bessel inequality of the shearlet transform, see Appendix [E} Since [-Nr +
Ra, Nr— Ra]¢ and [-Nr— Ra—1, Nr+ Ra+ 1] intersect on a set the size of which is independent of N, we get
by (3.17) that || fNXrx[-Nr+Ra,Nr—Ra)e H%Z(R2) = O(1/¢), for e — 0, with the implicit constant independent
of N.

By equations (3.18]), (3.19), (3.21)), and (3.22)), we conclude that

L[y s Lo/e)
B :—/ / fnstase1)| a” dtdsda+(9()+(’)1 ).
: N 0 Jmax{—s+0,—v.} JR? ' ag,s N
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We have by Plancherel’s identity and by Parseval’s identity that

1 a min{s+0,v,} ,
N/ / |<fN7/14a,s,t,1>| CL—3 dtdsda
0 max{—s+60,—v,} JR2

1 a pmin{s+0,vs} . )
N 7/ / / <fNaﬁa,s7t,1>‘ a=? dtdsda
N 0 s R2

max{—s+60,—vs}
2

1 a min{s+0,v,} _ .
= = / / N g s01(6)e” 280 gl =3 dtdsda
N 0 Jmax{—-s+6,—vs} JR? |/R?

1 a min{s+0,v,} — 2 —~ 2 -3
= N/ / / fN(f)‘ [Fa,s,0,1(§)a™" d€ ds da
0 R?

max{—s+60,—vs}

P o ra rmin{s+6,v.} R ) s
fN(g)‘ /O / |fia,s,01(&)[Pa™ ds dad€.

max{—s+60,—v,}

1
N Jg2
Two simple but lengthy computations, that we postpone to Appendix [D} show that
/ / a.s01(6)2a3dsda < (1 + |&1]) 72 for all £ € R?, (3.23)
a R

and if |vs€1|/2 > |&2], then

[ essa@paasas 0 and [T fuson@Patasan s B @

0 Jow T ~ (1 vs&a))? o Ju, T ~ (1 vséal)?

If [vs&1|/2 < |&2], then since [7(€2)] < (14 |&])?, we can estimate

- &\’
Al <+ lal? (140 50) (325
The form of the Fourier transform in (3.20) and the estimates (3.24)), (3.23)) and (3.25)), imply that
1 a pmin{s+0,v:} _ 1 ) s B
N ‘<fN7/14a,s,t,1>| a dadsdt = — |<fN7/~La,s,t,1>| a dadsdt—i—(’)(ys ),
N Jo Jmax{-s+6,-v.} Jr? N Jr+ Jr Jre

and thus

1 2 o 1,(1 1 .
B. = N/]R‘F/R R2‘<fN,Na,s,t,1>| a °dadsdt + NO<€> +O<(r—p5(s—|—2))4> +0<5 )

Step 5: (Use of the Parseval property of a homogeneous system)
By (2.2) we obtain that, for every e > 0,

L ))4>+(’)(5111>, for N — oo.

1 2
- B0 —
NHfN||L2(R2) et ((r—p£(5+2

Moreover, by (3.17)), we also observe that, if pe < r, then

1 2 1
ey — [z oy T N = o0
Hence, we conclude that
b= [l ot o ()
A (D) (r — pe(s +2))*
2 1
_ (1,0) -
= ‘ eZo /1| g1 (o) +0 ((7‘ "o T 2))4> +0 (5 11) for e — 0.
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Since 77 € S, we have that

. L ey —L/2
<1+ ’min{ ? , ? } > = max{|71 |, |7i2|}.
n1 o
Using (3.9) and (3.10) we conclude that
—1/2
B, = Jita| (14 jmin{ |22 |22 2 \H |2 vol— L +0 ()
= | | =P lHY (-rr)?) (r—pe(s +2))*

_ o o i 2 1 _ L
= |n1|max{|n1|, |TL2|} |Hevap|H1((7r,r)2) + O <(r—p5(5+2))4> + O (6 11) , for e — 0.

‘ 1l
(V]

Since, by (3.16) and (3.15)), we have that IS = (1,

)Be, we get that

31

1

. 2
E,0,W,M __ - - - n2 7 2
Il —max{|n1|, |TL2|} <|n1|w (17 m) > |H£L,E,p|H1((7T7,,,)2)

ero(toe (1)) 10 (e patrray) o) e o

Performing the same computations for 17" yields that

L\ 2 Lo\ 2
w, 7 0w, 71 = — — n2 JEN iy i 2
S S AN A <|n1|w (12) 1 (-1 2) ) = o e
+ ! 1 o +0 ! + ! fore - 0
ro| =logy | = ————— ) +o|—=), for :
- 82\ ¢ (r—pe(s +2))4 NCYA

The factor of |i1|? or |fis|? in counteracts a certain stretching effect of the shearing operation.
Indeed, as we have seen in the proof above, the shearlet-based seminorm is, apart from the weight, invariant
to shearing. On the other hand, the H'! seminorm clearly is not, since shearing stretches in one direction
stronger than in the other.

O

3.3 Construction of a recovery sequence for polygons

We proceed by analysing the asymptotic behaviour of the shearlet-based Ginzburg-Landau energy for functions
that admit a smooth phase-transition over a polygonal curve. We start by giving a definition of a polygon,
then we introduce a class of functions that admit a smooth phase-transition across the boundary of a polygon.
After that we describe the asymptotic behaviour of the shearlet-based Besov seminorm of these functions. At
the end of the section, we will describe how this yields a sequence of functions with a smooth phase-transition
across a polygonal curve such that the associated shearlet-based Ginzburg—Landau energies evaluated on
these functions converge to an anisotropic perimeter functional.

Definition 3.3. For N € N, a closed set P C (0,1)? such that OP is a piecewise affine, non-self-intersecting
curve with N pieces is called N-gon. The N -points where the boundary curve is not affine are called vertices.
We denote them by z¥ ... 2% and we will always assume that they are ordered so that the line between x
and xf 4 is in OP for alli=1,... N, where xk , = x{. The identification x| = xf will also be used in
the sequel without additional comments.
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The length of the boundary curve of P is then

L(P) = Z |xf—xﬁ1|.

i=1,...,N
If there is no need to explicitly specify the number N, then we shall simply call such a set a polygon.

To make precise what we mean by functions with transitions along polygonal curves, we first need
to introduce a more general notion of a transition profile. A continuously differentiable function = :
St x [-1/2,1/2] — [-1/2,1/2], such that, for each n € S!, Z(n,) is a transition profile, is called directional
transition profile. Additionally, we call a continuously differentiable function W : S! — R* a directional
transition width.

For a polygon P C (0,1)? with vertices x1,..., 7y, there exists a normal map

OP >z — fi, € S,

which is well-defined everywhere except at x1, ..., xn. We replace this normal map by an auxiliary map which
is well-defined everywhere and coincides with 77, at every point, except in a neighbourhood of z1,...,zxN.
For € > 0 and a directional transition width W, we pick a function 75" such that

OP >z "W €S,

is smooth with derivative bounded by /e, 75" = i, whenever |z — z;| > emax{l,||W|}, for all

i=1,...,N.
We then consider the projection operator

7:(0,1)> = OP : x + argmin W (H) |z —yl,
yEOP |37—y|

which is well-defined almost everywhere. The reason we focus on polygons with directional transition profiles
is that precisely these functions form recovery sequences for the classical anisotropic Ginzburg-Landau energy

as analysed in [4, Proposition 4.10].
For a polygon P, a directional transition profile Z, and a directional transition width W, we now define

— (2 W w(z)—zx e, W . —e, W
1-2 T2y %/W T ) if |z — m(z)| < $eW Tl )@ € P
. -2y, =Eyw (asl)) i e — ()] < 3eW (Ag)) w & P,
EW =
: 1 if |z — w(x)| > eW ﬁfr(vr) ,x € P,
0 if |x —7w(z)| > eW ﬁ;(xw) ,x & P.

We are now able to analyse the asymptotic behaviour of |P. = w|p, for ¢ — 0 and fixed Z, W. Moreover, we
will see, that the estimates even hold independently of Z and W if ||Z/||oc and ||W || satisfy certain growth
conditions.

Proposition 3.4. Let ¢ € L?(R?) satisfy the assumptions of Proposition . Let N be a norm on R? and
let w be the associated directional weight to N'. Assume that P is a polygon, E is a directional transition
profile, and W is a directional weight. Then, we have that

1 A
‘P5757W|2Bp = / N(VP.zw)? dz+o | = log, <) , fore — 0. (3.26)
’ (0,1) € €
The implicit constant is independent of = and W, if
Wl < ge %, and |2l || <2 (3.27)
oo = 2 bl — oo W - — . .

20



Figure 1: Covering of the boundary of a polygon as in Proposition [3.5

To prove the result above, we require the following auxiliary result that will be proved in Appendix [C]

Proposition 3.5. Let N € N and let P be an N-gon with vertices x¥ . .. ,xﬁ. Then, there exists an rg > 0
and co € (0,1/2] such that for all v € (0,r¢) there are L1,...,Ly € N with £(P)/r > Zi\il L; > ¢(P)/(4r),
and (2k,i)k=1,....L; i=1,...N~ C OP, and cor/4 < s1,...,s8 < cor/2 such that

op Ui:l N <C($i’r) v Uk:l L,C(kasi)) , and (3.28)

9: C Clzi,r) U C(zigq1,7) U Uk:l . C(#k,i,81), foralli=1,..., N,

K3

where C(z,8) = z+(—s, s]? is the semi-open cube of radius s with center z and g; is the line segment between x;
and xiy1. Moreover, X prc (zy ,,sutcor/4)(- — 2k,i) 15 a rotated Heaviside function on [—sj —cor/4, 55 + cor/4)?
with the same normal direction as OP at zy; for allk =1,...,L.
Proof of Proposition[3.4} Assume that P is an N-gon and E is a directional transition profile. Let W be a
directional weight such that W (S') C [a, b], for 0 < a < b < oc0.

Let ro and ¢ be as in Proposition Let r == 4e'/16 /¢y and € > 0 so small that r < min{ro, dist(P, R?\
(0,1)?)}. Let Lq,...,Ly € N, and (2k.i)k=1.... L:.i=1...8 C OP, and cor/4 < s1,...,8y < cor/2 be as in
Proposition 3.5l We define

We first prove that
A(G" N (0P + Bjw.<(0)) S ¥/, (3.29)

where )\ denotes the Lebesgue measure on R?. Given that, for € < 1, r > s; > ¢, it is clear from Figure that
|GT N (5‘P + B|W|oo€(0% bounded by the measure of O(e~'/16) triangles with height at most € and base
at most . This shows (3.29)

We have that

L;

N a 5
Pzl =33 5 [a? [ [ [pawizi)f o dtdsda
0 —5 C(kai,si)

i=1 k=11=—1,1

N a .
X [ [ (e e adsa
i=1:=—1,170 =5 JC(z4,m)
a 5
e X [t [0 (wvsti) Pa atdsda
1=—1,170 -sJGr
N L o .
ZZZ Z / a_Q/ / ’<PE,E,W;w;7ﬁi:>‘QG_3 dtdsda =L
i=1k=11=—1,1"0 —5 JC(2k,i,5:)
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There exists an R > 0 such that supp 9%, ;, C B 4g(t) for all a € (0,a], s € [—s,5], t € R?, and + € {—1,1}.
Since £!/16 = cor/4 we conclude, from Proposition |3.5| that all shearlets ¢ r, with t € C(z,i, 5;) such that
P.=zw # H! :(m) w iy (- — 2ik,) on supp Y3y have scale a such that \/aR > /16 — ||W||oe. Therefore,

N L;
>0 / - / / [(Pezw g2 a® dtdsda
i=1k=11=—1,1 =5 JC(zk,i,8i)
N L; 9
=X / 72/ /C( > Hl 5 (a,), W(ﬁi)('—zm),w;’;ﬁi;> a~3 dtdsda
i=1 k=1:=-1,1 -5 Zk,i,Si

N L;
+ a? / / < VTS,
ZZ Z /1/16 |W]leoe)?/R2 —5 C(z“,sl) E W 1/} ¢ >|

i=1 k=1:=-1,1 (s

< e w2y %,’sp,ifl>

Assumption implies that the underlying shearlet system satisfies a Bessel inequality, see Appendix [E]
Hence,

a”? dtdsda.

N L; a )
Z Z / _2/ / 5’—’W7wa ,5?7;”
i (eM/16—[|W | s0€)?/ R? =5 JC(2k,i, z)

-1,1

L=
- [( B2 i - zk,n,w:;:im

N L,
S Z ( 116 ||W|| 5’—7W71/}a £§TL>}
C( )
-5 Zk,i5Si

i=1 k=11=—1,1

a3 dtdsda

a2 dtdsda

(HI ) e (= 20, w:::iiz>

N L; . B 9
<Y P Al w20
i=1 k=1
N L,
Z eI =0 (7171687i):(9<€7%),f0r6~>0,
i=1 k=1

where the implicit constants are independent of ||W||ao if ||W|soe < €2/16/2. This is always satisfied if (3.27))
holds. We get by the properties of the covering and Proposition that

N oL 2
= Z Z / - /_5/0 57_(nL) W(ﬁl)< _Zk,i)’w:,s,t,L> a

i=1 k=11=—1,1 (21, Lst)

Yy [ ‘2/_5/[_51&12

i=1 k=1:=-1,1

=3 dtdsda + O (5—%)

a3 dtdsda + O (s—%)

2
E,_,(T'Ll )ad}a s,t,L>

N L;
Z ZZN( ) ’H:L(nt) W(n7) H1 ((—si,s 1)2)
i=1 k=1
N L -1 1 1
4 $i0 log2< > >+0<)+(9( T >> fore — 0
;kﬂ ( < NG (eT6 (s+2))
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As Zfil Zﬁzl s; = O(1) and Zf\il 25:1 = O(e=/19), for £ — 0, we have that

N L, 2 1 1 -1
2 T
|Pezwlpy, 2 ZZ ) \H e agw @) sy O (5 log, <E)

-1
1 1
/ N(VP.zw)(z)? dz+o [ = log, () , fore =0,
(0.D2\(ULL, Cair)UBT) € <

where the last line follows because, for every vector ¥ € R?, we have that N (Z) = N(Z/|7]) - |Z| and
VP.zw/|IVPezw|=1; on C(zk,,s;) by construction. Moreover, the support of VP; = y is contained in

€,=,

an ¢||W||s neighbourhood of OP. Therefore

=)

/ N(VP.zw)(x)? dv = 0. (3.30)
B™\(9P+B:|w o (0))

Additionally, VP. = w exists almost everywhere and ||[VP. =z w|% <[22 )11/W|/2.e~2 by construction.

Therefore, by (3.30) and (3.29)),
N(VPozw)(@)? dz = / N(VPozw)(2)? dz = O /1), (3.31)
B

BT 7‘ﬂ(6P+35HW”OO(O))

for e — 0 and an implicit constant independent of W and = for sufficiently small ¢ > 0, or if ||Z'[|2,-[|1/ W%, <
4, which is always satisfied if (3.27)) holds. Moreover, since 7 = O(¢'/16), for ¢ — 0, this yields that

/ N(VPzw)(@)? dz SN - (IZ1%11/W3e™?) - (re|Wllao) = N - O(e~21/%2) (3.32)
U, C(asr)

for ¢ — 0, with an implicit constant independent of W and Z, if |Z/||2, - |[1/W||% - [|[W|leo < e '/32, which is
the case for sufficiently small € > 0 and fixed =, W, and always if ‘3.2?) is satisfied. Hence,

1 1\
|P. 751W|231p > N(VP.zw)(x)? dz+o (5 log, (g) ) , for e — 0. (3.33)
(0,1)2

To establish the lower bound, we define

=L...N \  Mgr=1,...,L;

/O aiZ/s/ (= s+51/10/2 |<P57 7w,’l,/)a’£i:>|2a73d$ dtda
—1,1 - ki
a 5
+Z Z / a*z/ /C |<PE757W,1/)§”§§:>|2a*?’ds dtda
—5 131',7“

i=11=—1,170

+ Z / -2 [5/ E,H,Wawafii>|2a73 ds dtda.

=—1,1

By construction, for ¢t € ér, all shearlets g s, such that supp v+, intersects OP + B (0) non-
trivially must satisfy \/aR > £'/19/2 — ||IW||e. We assume that ¢ is so small that £'/10/2 — ||[IW || >
e!/19/4, This is always satisfied independent of W if (3.27) holds. Thus, we have a=2 < 256 R*~4/10 if
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Supp Ya,s,¢,. N (OP + Bjw.. (0)) # @ . Invoking again the Bessel inequality of the periodised shearlet system,
see Appendix [E] this implies that

Z / _2/ / 6,_,W7wa ,sp(;TL>’2a_3 dtdsda

t=—1,1

1 1\ "
< 256R*e=4/10 Z/// 6_,W,¢;Jf‘§’;>|2a3dtdsdao<1og2(> ),fors%().
r ” g g

t=—1,1

Moreover, for e — 0,

-1
P, 1 1
/ _2/ / I E,_,W7¢a7§)irb>|2a—3ds dtda + o | = log, ()
1=—1,1 —5 JC(zk,i,5:+€1/10/2) - .

e1/8/(4R?)
Z / / / |<P€—‘W7wa’sp§i>’2a_3d8 dt da
—sJC

=—1,1 (2k,i,55+€/10/2)

|Pa,E,W|23p

i=1 k=

—

L;

N —1
1 1
DHIDI =[] o as avdacto ( Lo, (1)
i1 k_lb——l,l/l/s/(4R2 s (21.1,55421/10/2) |< e, E,W 1/) )ty >| a S a—+o - o -

1
::II+III+0< logg() )
€

We have that, if a < £'/8/(4R?) then /aR < £'/16/2 and hence
supp g hi, C Clzri, 8 + eM/10/2 4 £1/16/9) © C(zp4, 51 + cor/4).

Therefore, by Proposition

N L; 51/8/(4R2) , . } ,
II = — ’<H"L ) ’ >
Z Z Z /0 ’ /_5 L(zk,i781+€1/10/2) &5 (), W (i) wa 8t

a”3ds dtda. (3.34)

Moreover
N L, a N ,
m<e+y / / / [Pz, 275 ) 2 a3 ds dt da
i=1 k=11=—1,1 el/8 /(4R2) C(zk,i,5:+€1/10/2)
= (5_%), for e — 0,

by the Bessel inequality of Appendix
We proceed by estimating II. By (3.34)), and Proposition we have that

N L; 9
< z; kZN(nl) ‘H&E(ﬁi),w(ﬁi) HY((—s;+e1/10/2 5, 4+¢1/10 /2)2)
Pt \8i

(1+51/10/2) i/\/( )2 ‘H" ]

&,5(71:), W (7is) H((—si,8:)2)

ZN: N(ii;)* |H i ogs (1))t
< i ‘ T +o|-lo <> , for e — 0,
i=1 k=1 &E(),W () H'((—si,8:)?) € 62 5
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where the last estimate follows since £1/10/s; = O(¢3/80) and SN | ST N(ﬁi)2‘HgiE(ﬁi),W(ﬁi) |§{1((78i75i)2) =
O(1/e), for € — 0, where the implicit constant is independent of Z and W if ||Z/|| - |1/ W]|eo < 2, i.e., always
if (3.27) is satisfied. We conclude that

1 0\ !
< / N(VP.zw)(z)? de +o [ = log, <) , for e = 0. (3.35)
O.D2\(WUL, O(air)UG") 2082 | ¢

Invoking ([3.32), we observe that

‘PE,E,Wﬁip < / ~
(0,1)2\G™

1 1!
N(VP.zw)(z)? dz+o (6 log, (€> > , for e — 0.
Since G” C G", we conclude with (3.31) that

1 !
|PE,57W|QBP < / N(VP.zw)(z)? dz+o | = log, <) , for e = 0.
? (0,1)2 £ 5

Together with (3.33)) we obtain (3.26)). We observed in the course of the proof that (3.27)) implies that the
implicit constants are independent of = and W if (3.27)) is satisfied. O
Proposition shows that for functions of the form P. = :

‘PE,E,W|2B,;; - N(VPE,E,W)(.%')Q dx
(071)2

- — 0, for e = 0.

Hence,
ISGLE (P.zw) — GLY (P2 w)| = 0, for e — 0

with constants independent of =, W if (3.27) holds. It was demonstrated in [4, Proposition 4.10] that there
exists a sequence of functions (ug)eso of the form (P: = w.)es0, with min W, < ||EL||cc < max W, such that

lim GLY (u:) = Py (xp).

= . . = 1 .
Moreover, ||ZL||cc — oo at any sufficiently slow rate. In particular, we can choose ||Z.||, < e~ 1. This

yields existence of a recovery sequence.

3.4 Recovery sequences for characteristic functions of sets with finite perimeter

The standard method for the construction of recovery sequences in I'-convergence arguments is to establish
lower semicontinuity of the limit functional and then reduce the problem to finding a recovery sequence for
functions from a dense, but more accessible space, only. Indeed the anisotropic perimeter functional is lower
semi-continuous [I8, Theorem 20.1] and the set of polygons is dense in the set of sets of finite perimeter. This
yields the following proposition.

Proposition 3.6. Let ¢ € L?(R?) satisfy the assumptions of Proposition . Let N be a norm on R? and
let w be an associated directional weight to N . Assume that D C (0,1)? is a set of finite perimeter. Then,
there exists a sequence (us)e>o0 C H((0,1)?) with u. — xp for e — 0:

lim sup SGLY (u:) < Py (XxD)-
e>0
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4 The set By

The set Bar describes the feasible functions for the shearlet-based Ginzburg—Landau energy. It is somewhat
unsatisfying that the shearlet-based Ginzburg-Landau energy still depends—at least indirectly—on the
anisotropic Sobolev seminorm. Nonetheless, most of the relevant functions appearing in a phase-field problem
are contained in Bys. Indeed, it was demonstrated in Proposition that all functions of the form P. = w
for any directional transition profile = and any directional width W are elements of Bys, as long as € is
sufficiently small. Additionally, the definition of B demonstrates that for sufficiently small € > 0 also smooth
perturbations of functions of the form P. = w are contained in Bxs. Indeed, if (f:)eso C H'((0,1)?) with

|f€|ip((071)2) =0 (5_1/log2(2 + 5_1)) , for e =0,

then, for sufficiently small € > 0, we have that P. = w + f. € By. This is because,

’|fs + P57E7W|B7p - ‘Pe,E,W|B,p‘ < |f8|13,p < |fs|H1((0,1)2) )

by the reverse triangle inequality and by Proposition particularly (2.8]).
We observe with equation (A.2) below (after adding weights), that we have an alternative representation
of | f|5 as [|S(f)|lL2re) where, for f € L*(R?),

st =57 (e 5@ (K@ +1aP- [ [ o1, (et Ve + s o dads
+ &) /_55 /Ou lw(—1,5)? ‘/3(\/5(51 + 852),(152)‘2 a2 dads) ;> .

If (supp ue, R?\ (0,1)?) is sufficiently large then there exists an ag > 0 such that (ue,1,.,) = 0 for all
t ¢ (0,1)? and a < ag. In this case, we have that |u.|pp = [|Sp(ue)| L2(r2) + o(||uc||L2(r2)), for € — 0, where

stn= 7 (e fo (1 [ [ ot o s, vt + sl - dads
}2

+ &) /_ /0 ' lw(—1,5)[? ‘ﬁ(\/ﬁ(& + s&3),a€s) a2 dads>2> .

For a sequence u. — X p, where D C (0,1)2, it appears to be reasonable to study the action of the pseudo-
differential operator S, on u. to understand the behaviour of the |uc|p, norm. Due to these considerations, a
promising direction to remove the restriction to be a member of the set Bxs could be to study the microlocal
behaviour of the sequences u. — xp, where D C (0,1)? and such that sup,. o SGL. (u.) < oc.

5 The discrete shearlet-based Ginzburg—Landau energy

The construction of the shearlet-based Ginzburg—Landau energy of Definition is based on the continuous
shearlet transform. In practice, it is more appropriate to work with a discrete energy, where the integrals
over the parameters in the shearlet-based Besov seminorm are replaced by sums. Indeed, we will show that
the shearlet-based Ginzburg-Landau energy can be uniformly approximated by a discrete variant such that
both energies have the same I'-limit.

We start by defining a discrete shearlet-based Besov seminorm. Let a > 1 and s > 0; then, for a sampling
density ¢ > 0, we define J. = ¢Ny — log,(a) and, for all j € J., we set K; . = {k € —s+cZ: k| < 2%5}.

Moreover, we define the following rounding operators: for x € R,

[]c == max {z* € cNy — log,(a), z* < max{—log,(a),z}} (5.1)
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and, for x € [—2%5,2%5],
[2]),c = max {2" € K;,2" <x}. (5.2)

Next, we define the discrete shearlet-based Besov seminorm with sampling density c: let ¢ € L?*(R?), let w be
a directional weight, ¢ > 0, and define A; 5—; := Ag—; and A_; o-; = As—;; then,

2 . 27 ,per
Mhoe=c 3 3 3 X AT )
==1,1j5€J, kechmEcA o G2,
mE[Ol]

’ €[0,00], for f e L*R?).

Let T : (0,1] — (0,1] be a map such that T'(x) — 0 for z — 0. We then define the associated discrete
Ginzburg—Landau energy by
elul? + 4/ W(u)(x) dz, if u € By
DSGLY — DB,T(¢) 4e J(0,1)2 ) ) .
SGLZr (v) { o0, if we BV \ By (53)

We shall now study under what conditions on the map 7" and a sequence (uc)eso C H*((0,1)?) we have that
IDSGL 1 (ue) — SGLE (ue)| — 0, for € — 0. In other words, we analyse how quickly the sampling density
needs to decrease to guarantee convergence of the associated discrete shearlet-based Besov seminorm to the
continuous seminorm.

This will turn out to be the case if ||uc|| g1 ((0,1)2) = o(T(¢) 1), for € — 0. Moreover, we will see that if
T(e) = o(y/€), for £ — 0, then for any sequence (uc)e>o C H'((0,1)?) either [DSGLY T(ug) SGLY (ue)| — 0
or DSGLY 7 (u:) — oo and SGLY (u) — oo, for & — 0.

Theorem 5.1. Let 1) € L*(R?) satisfy the assumptions of Proposition and be such that

mln{|£1 |Ma 1}
F PR [P

G for all € € R?,

with M > 3 and N > 4. Let T : (0,1] — (0,1], and let (uc)e>o C H((0,1)?) be such that [ue|pi(o,1y2) =
o(T(e)™1), for e = 0. Then, [DSGLZ r(uc) — SGLE (ue)| — 0 for e = 0. If sup.sq [|uell22((0,1)2) < o0 and
liminf.so /el uel| 1 ((0,1)2) = 00 then liminf.so DSGLY 1 (u.) = oo.

In particular, if T'(e) = o(y/€) for e = 0, then DSGL 7 and SGLY have the same T'-limit.

Proof. In view of (5.3)), it is sufficient to show that, if (uc)eso C H{((0,1)?) such that |uc|m((0,1)2) =
o(T(e)~1Y), for € — 0, then

—0 fore—0,

el = e lBpre)

and if liminf.<q 6|u5|§1((071)2) = 00, then liminf.+g 5|“€|2DB,T(5) = 0.

We observe that there exists an R = R(a,s) € N such that supp v, s+, C Br(t) for all (a,s,t,t) €
(0,a] x [—5,5] x R? x {—1,1}.

By similar arguments to those following equation , we observe that, for all f € H}((0,1)?),

2
|f|2 B / / _2/ —R,N+R 7w;}s L a_3 dtdsda
w L;1 -5 [0,N]2 TR Vasit, >Lz(]R?)
N Z / / _2/ )<f[ R,N+R]» astL>L2(R2) -3 dtdsda
L**l 1

a? dtdsda. (5.4)

[-R,N+R]> w;s7t,b>L2(R2)

5 2L a0
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We further compute that

wZ L[]
=11 —s R2\[0,N]?

a3 dtdsda

[-R,N+R)» ,l/]:;,s,t,L>L2(R2)

a2 w -3
- T dtdsd
N? szg 1/ v/—s ~/RQ\[0 NJ? [-R,N+F] f[R7N R wa’s’t"L>L2(R2) a sda
1 a 5 5 2 3
S ﬁ L_le‘/o ‘/_5 a- ‘/]RQ ‘<f[—R,N+R] - f[R,N—R]7¢:,s,t,L>L2(R2) a”” dtdsda
1
S 329 (|f[fR,N+R fir.N—R)In RZ)) S N (\f|H1((o 1)2 ))

where the last inequality follows by equation (2.5)) and equation (2.10). Denoting ¢, := T'(¢), we compute
similarly to the continuous case

2
2 _ 4 E E § : § 2j ,per
|f‘DB’,cE = Ce 2 <f7 ¢2 J,2= J/2k,m,L>L2(R2)
1=—1,1 jEJCE kEKcE,j 7”€C£AL 2_JAZZ7
me[o,N]?
2
— 23 w
R S 31D S SRR (PRI
t==L1j€J., k€K, j m€ccA, ,— ;12
2
227 W )
Z Z Z Z f[7R7N+R]’w2 3,2=3/2k m,. L2(R2) (5 5)

L:71’1j€‘]c€ keKCsvj mGCaAL 273'22
mg[0,N]*

By assumption, we have that, for j € J._, k € K, j, and m € c. A, 5-5, we have that supp ¥5_; , ;. ., C
Bgr(m). Thus we have that

22 > X

<f[—R,N+R]v wg)*f,Q*j/Qk,m,L>

2 2
t==1,1j€Jc. k€K, ; mEcEALYZ,jZ{ L2 (%)
mg[0,N]?
2
Sk D VP OID DD DI R PR
N2 [-R,N+R] [R,N—R]> Yo—-i 2-i/2k m,. L2(R2)
1=—11j€Jc, h€Ke, j mEc. A, 5,72,
mg[0,N]?
2

IN

CYY Y ¥ o

t=—1,1j€Jc, k€K, j mEccA, ,— ;72

<f[7R,N+R] - f[R,NfR]a¢2—j72—.7‘/2k7m,L>L2(R2)

We define ¢, :==1if t =1 and 4, := 2 if « = —1 and ' := 3 and obtain by partial integration that

—EY Y Y Y

t=—1,1j€Jc. k€K, j meEc. A, , ;7>

2

9 w
<a$ib (f[iR’NH?'] B f[R’NfR]) 7’yzj’zj/zk’sz—a‘/%‘q?jm’L>L2(R2)

1 1
ﬁ(’) (‘f[*RyNJrR] - f[RyN*R]lill(]Rp)) = No (|f|12r{1((o,1)2)) ;

where the second to last step follows from a long but simple computation which, with minor changes, is
performed in [I5, Section 5.1.1] and the last inequality follows with (2.10). Let now (u.)e~o C Hg((0,1)?).

We then define .
N(us) = [max {|’UJ5|§{1((071)2), E}—‘ .
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It is not hard to see that |(ue)|—r,n(u.)+r] /N (Ue) |51 (R2) ~ U] H1((0,1)2) and by (5.4) and (5.5) we have that,

for e — 0,
2
_ u R,N+R —
|u€|BP Z / / 2/ < E[ + ]7¢astb> a 3dtd8da —0
=1,1 -5 R2 N (ue)? L2(R?)
and
(ue) :
. u
2 4 2 e)[-R,N+R)]
|ue|Dpe. — C: > oY <N(u)a¢2j,2j/2k,m,L> — 0.
t=—1,1j€Jc, k€K, ., j mEc.L? € L2(R?)

Thus, the result follows if for all (h:).»o C H'(R?) with |he| g1 g2y = O(T'(e)™!), for € — 0, one has that

s a
L] ate sz dmmee o dadsas
R2J—-5J0

DD IED DD DR

t=—1,1j€Jc. k€K, ,j mEc. A , ;72

<h63’l/);)—_7’72—j/2k7m7b> —0 fore—0, (5.6)

L2(R2)

and for all (ho)eso C H'(R?) with sup. [[uc||2r2) < 0o and liminf.~g E|hg|§Il(R2) = oo:

liIEn>iOnf{—:'c;1 Z Z Z Z 2%

t=—1,1j€Jc, k€K, ,j mEc. A, , ;72

i = 0. (5.7)

w
<h67 wgfj,gfj/2k7m7b>

L2(R?)

We will now verify the statements ) and (| . Let h € H'(R?); then, by partial integration, we compute

that
E / / / _2| aStL>L2 ]RQ)‘ a_3dadsdt
R2 J—s

t=—1,1
2
< Py Yer st L> a~3dadsdt. (5.8)
R?J—s L2(R?)
By the co-area formula, we can rewrite (5.8) as
a 8 2
<h,7(‘fstb> a?dadsdt
1JR2 -5 Jo Oz, o L2(R2)
2i/24 2
/ / / <a hyYs-s o J/ka> 2%9/2 dm dk d;j
117 —logy(a) J—21/25 JR? i, L2(R?)
23/24 2
/ / / < ( ) F (W’;j 2-3/2k )> 2%9/2 dm dk dj
1,1 log,(a) 2i/25 JR2 Li, ’ o L2(R2?)
21/ a 2 9
= / / / (279/2k,1)? h) ()] |F @ (Az-55T5,/2,€))| ddk dj
=11 log,(a) 2i/2¢s JR2 ax‘it
21724 9
- ¥ [ (I 2 |F (5 (AT, )kl e
=—1,1 R2 axh —logy(a) J —2i/25
=: S(h).
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We shall now perform a similar computation for the discrete shearlet-based Besov seminorm. We have by
Plancherel’s identity that, for ¢ > 0,

DD DD DR

JECLkEK, ; mec. A, 0—j 22

2

w,per
<h’ w?*j,2*j/2k,m,L>L2(R2)

2
9 w
=y Z <f < N h) F (72-j72_.7/2,€7m,b)> (5.9)
jECLkEK,, j mec.A ,] 72 L Lz(RQ)
Following once again the computation from [I5, Section 5.1.1] shows that (5.9)) equals:
Wi(h,c) + Wy(h,c)
— ZZ Z 2]/2k.L F ih Zya(AQ*jST'zf)}2d£+WL ihc
axi —2i/2k 2 6$1 ) )
jECLkEK,, . :
where for a function R : (0,1] — (0,1]:
9 o |
Wy | =—h <R h 5.10
w3 (e < R0 |52 o (5.10)
and, for sufficiently small ¢ > 0,
. 2
Wi o) > ||l hoxe- [,

Here C' == {x: |21], |22| > 1,|21| > |22|}, and C~! i= {x: |z1|, |x2| > 1, |71| < |22|}. Hence, we conclude that

R 2
Wihe) + Wi(ho) 2 lehrerce |, g

— R(C)“Lﬁ{l(Rz)

We have that

[icre ], o 2 sy = Il e
If we now insert u. for h we deduce that
e(Wi(ue, co) + Wy(ue, ¢.)) Z e(1 = R(c2))|uclF gy — llucl|72 ge)- (5.11)

Applying [15, Proposition 3.3] to [15, Equation (38)] yields that R(c.) < ¢ and thus (5.11) implies (5.7)). To
obtain (|5.6)), we now estimate with (5.10):

Sthy— > (Wi(h,c) + Wy(h,c))

t=—1,1

< |S(h) = Wi(h, ) + W (hye)| + O (R(c)mﬁ,l(RQ)) . (5.12)

We rewrite W} as a triple integral by using the rounding operators (5.1)) and (5.2):

[2 s]j,cte i 2
Wi(h,c) / / / w (27[J]C/2[l€]j,c,L>
log, (a ile/2g R2
2

|\ F <8§n h> ‘ b (Ag—mcngmc/qk]j’cé‘) ’2 d¢ dkdj.
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We proceed by estimating |S(h) — Wi (h,c) — Wi (h,c)]:

|S(h) = Wi (h,c) =W (h o)

23/24 9 5
—lle/271 .
S / <axh > —logy(a) —92i/2g [k]J767L> ‘ <A2 S /2[k]7 C£>’
- w 27]'/2'1{:7 L) |? (A2*J'Sz-‘2j/2k§) dk d] df
[2lle/2g]; (‘+C 9 5
ldle/2( > T .
+ (3117” ) ~log,(a) J2/25 2 [ ]j cy L) ’7 (A27[.7]C SfQ[J]C/z[k]jycg) ‘ dk dj dé-

2 2
2 [7le /z[k']jp,L) ‘? (AQ—[.j]cSZ‘Q[]‘]C/Z[]{;]],YC§>’

21724
< |h|H1 (R2) Su}ﬁ; / /
£€R log,(a) J/ —27/2s

— W@, [7 (Ag-575,046) | \dkdj
[2ble/? 5]Jc+c 2 2
“lle/2[k] Ag-17.87 5512 dk dj
/ log, (a) /2J/25 [ ]L L> ‘ ( 2" e /2[k];, f)’ j)
=t |hl 3 gay essfsuﬂg) (U1(&,0) + Ug(ﬁ,c)), (5.13)
= 2

where

23/24

/logQ(u)/Qi/%

—w (2*j/2]§’ L) |;y\ (Ag—j STQJ/Qkf) |2

5]J ctc 9
(2792 jer) " [7 (A0S0 | dkdj.
/ log,(a) /2J/25 [ gie ) 7 ( 2" -2k ]C/z[k]j,c£> J

We estimate Uy (€, ¢) and Uz (€, ¢) individually and start with Uy (€, c). We have that, for all £ € R?,

) 2
2 L ) ’? (AQ*[J']CSTQU]c/Q[k]j,cg)‘

dkdj and

min f Mq
A S Ual 1 (5.14)
(L+ &) % (1+ (&)
Hence,
olile/2 ¢ . i
|U2(€, )| < / / e min{|2 76, [, 1} dk dj.
R S 14 (27761 2)F (1 + 279/2(& — 27U1e/2[K]; 61 ]2)) E
Since [k];. = [219]</25], . on the domain of integration we have that, if £, # 0, then
> min{[277& [*M 1} ,
Us(&,c <c/ - d
Al togaa) (L+ [ZIE)E(L+ 27928, — 2012 20728] £ 2))E
o0 : —je 12M
< C/ min{|2 _§_1| 27L1} dj
—log,(a) (1 + ‘2 J§1| )
%0 min{|2—itloga(I€1)2M ¢ % mind|2-912M 1
< / mind 2o R L L) c/ min{l2Z7E 71 5 < (5.15)
o (4 IsTED ) o )
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We continue by estimating Uy (€, ¢). We compute with the binomial formula that, for all £ € R?

Ul(f? )

/log (a)/21/25 w(2 Klje: ) ‘7 <A2 e S ]C/z[k]j,cg)‘2

— w272k, |7 (Ag=s STy, 10,6 | ‘dkdg

27/25
/log (a)/23/25
- ‘w (z—mc/ (K] . ) (A2 10 STy 2, g) w22k (Aﬁ-sgj/%g)] dk dj.
Using the decay estimate , we obtain that if ¢« = 1, then, for all £ € R?,
'W (27[j]c/2[k]j,m ) (A2 ST, ile/2[k];, f) + w272k, (AQﬂ'Sng/zkf)‘

min{|2_]§1\71}M
(14 [279&112) % (1 +[279/2(& + 279/2k€1)|2) %

<

~

( ] cy L) /'7\ (AQ*[J.]U SzﬂQ[]‘]C/z[k]jycf) - w(2_j/2kj, L)a (Ag—j ST2j/2k§)‘

(5.16)

(5.17)

If t = —1, then the roles of & and & are reversed. Additionally, by the Lipschitz continuity of w, ¥ and the
Lipschitz continuity of = — 2% and x — 2%/2 for z in a neighbourhood of 0, we conclude that, for all £ € R,

o (2701/2(]0,0) 7 (A2 ST gtierap, €)= W20 (A-s8T52,8)|

(5.18)

S 423575506 = Ag-ie S ooy,

< (2 i _ 9=l ) £, (2-]/2 _ 9l 6/2) €9 — (2—jk _ Q—UJC[k]jJ) 51‘

< (CQ—jgh (2—j/2 _ 2—[1‘142) £ — (2—jk _ 2—[1’16/22—#2,{) ¢ — ( ~lile/29=/2) _ g=ile k) ) 51))
< (CQ*j£17 (Q—jm _ Qfmc/z) (52 _ 2*]’/%51) _ (Qfmc/zgfj/zk o~lle k), ) 51)’

< e ’2—1&7 (2—.7/2) (52 _ 2—1/%51)’ T ‘2—[j]c€1‘

S e+ ]2‘]{1]2)% (1 22 (e 27 2ke1) ‘2)5

Combining (5.16)), (5.17) and (5.18)) yields that

2% min{|2-7&,], 1}

vease[ , , ,
toga(a) J—20726 (14 [277€12) 371 (1+ |277/2(&2 + 2792k 2) 771
Additionally, applying (5.19), (5.15) to (5.13]) and (5.12)) shows that

S(h) = > (Wi(h,c) + Wi(h,c))

=—1,1

=0 ((c+ R(c)) |h|§-Il(R2)) =0 <C|h|?{1(R2)) ’

which after replacing h by u. and ¢ by ¢, implies (5.6). This completes the proof.
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A Equivalence of the shearlet-based Besov seminorm and the H!
seminorm

We first compute that

F(a,50)(€) = a9 (a1, Va(és + s&1))  for all £ € R2. (A.1)
Now let f € L?(R?), a > 0 and s > 0; then, by Parseval’s identity, the convolution theorem, and (A.1]) we

have that
5 a
/|<f,K(-—t)>|2 dt+/ / /a—2|<f,ww,m?a—?’dadsdt
R2 R2 J—sJ0O

[ )

=/2\f<5>|2 (|f<<f>|2+ " [ fite vate + se)|| a* aaas

Va(& + s&2), als)

a3 dadsdt

2
a s dads) d¢ = 1(f).

R2 J—s
Let, for € € B2 (€)= $(6)/&1 and F(E) = $(6)/€; then,
)= [ 1for (1R©F 1P [ [ a6 vate + s6)) ot dads (2.2

+ |6 -
R

' i(va(&r + sé), aﬁz)r a % dads) de.

—5J0

It was shown in [12] Theorem 4.3] and [I12] Lemma 4.2] that there exist a* > 0 and s* > 0 such that for all
a > a*,s > s* there exist A, B € (0,00) such that

As / 5 / fiva + séa).ag) at dads, for all € such that [ > 6ol and 61 2 15 (A3)
—5
AL Va(& + s&), afg)ra_% dads, for all € such that |&3] > [&1] and €] > 1; (A.4)
-5
/ / [(Va(& + s&), a§2)‘2a_%dad8§37 for all £ € R?; (A.5)
-5
Va(& + s&), a§2)‘2 a2dads < B, forall £ € R% (A.6)
-5

By [12, Equation 5], we observe that B in and can be chosen independently from a and s.
Moreover, since increasing a and s only increases the right-hand sides of and , we conclude that
A, B are independent of s, a.

We have that, if [&1] > |€2, then [¢]?/2 < |€ ? < [€? and if [&] > &, then [¢[?/2 < [&f* < [¢]*.
Additionally, by the assumptions of Theorem [2.6, we have that there exist 0 < A < B such that K (&)|/¢] €
[A, B] for all ¢ € [—1,1]2. Hence, for a > a* and 5 > 5" we have that

S GG

mln{ }|§2< |S(¢ )|2§max{B,§}|f|2 for all £ € R2.

where S : R?2 — R is such that
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Since |f|mg1 @2y ~ [go €12 £(€)[? d€, this shows that | fle g2y ~ I(f) for all f € H'(R?), where the implicit
constants depend on s* and a*, but not on s, and a.

B Canonical choices of associated directional weights

Let s > s* > 1 and let A be a norm on R2. Below we construct an associated directional weight to N. We
define t; : R — R to be a continuously differentiable cubic spline with nodes {—s, —1/s,1/s,s}, satisfying
ts=1on [—1/s,1/s] and t; = 0 on [—s, s]°.

Next we set, for x € R,

| cos(arctan(x))|~*

w(l,z) = <max{| cos(arctan(z))|, | sin(arctan(z))|} ts(x)) B (Cfﬁgiiﬁﬁiﬂgii >)

Moreover, we set, for x # 0,

1
| sin(arctan(z))| ! i) 2 cos(arctan(z 1))
-1 = (1=t .
w(=1,2) (max{cos(arctan(a:—l))|,|sin(arctan(x—1))} (1=t (7)) N sin(arctan(z-1)) ) )’
and w(—1,0) := 0. We have by construction that t1/? and N are Lipschitz continuous. Moreover,

max{| cos(arctan(z))|, | sin(arctan(z))|} is bounded below by

min max{| cos(x)|, |sin(x)|} = 1/v2.
po in  max{] cos(a)], [sin(z)[} =1/

Additionally, we have that supp ts C [—s,s] and hence
cos(arctan(z)) > ¢
for « € supp t; and a constant ¢ > 0. Similarly, supp (1 — ts) C [—1/s,1/s]¢ and hence
sin(arctan(z 1)) > ¢

for a constant ¢/ > 0. We conclude that w(t,-) is Lipschitz continuous for ¢ = +1. Furthermore, we have that
there exists a ¢’ > 0 such that, for all z € R, N'(z) > ¢”.
Therefore,

supp w(1, ) = supp ts(x) C s, 5],
supp w(—1,x) = supp (1 — tE(m_l)) C [-s,s],

/!
min  w(l,x) > ;ﬁ\/é min ts(z) >0,

TE[—5*,5%] TE[—5*,5%]

min  w(—1,x) >
z€[—5*,5%] ( ) 21/4 r€[—5*,5%]

We conclude that w is a directional weight according to Definition Next, we analyse if it is also associated
with the norm A in the sense of (2.13]). This is essentially clear by construction. Indeed, we have that, for

all (n1,m2) € SY,
(ntmemntrm) = (o)
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Therefore, for all (n;,n2) € St,

nwxﬂﬁl,ﬁ2}<fh%J(LZﬁ>2+f@“’(_LZ§>2>
S (@) ) e () ()
v (=(n)) =)

Hence, we have that the weight w is an associated weight to N.

C Proof of Proposition 3.5

Proof. Let a be the smallest interior or exterior angle of P and define ¢y := min{sin(«), 1}/2. We denote,
for i =1,...,N, by g; the line segment with start point z; and end point ;1. Let r = min{d(g;, g;) :
,7 € {l,...,N}, i >4, i—j>1, (i,j) # (N,1)} be the smallest distance between each line segment
and the closest non-neighbouring line segment. Since JP is non-self-intersecting, we have that r; > 0. Let
ro = min,—1 . N |¥; — Ti41|, where zx41 = x1. Again, we have that ro > 0 since otherwise two vertices
would coincide. We set ¢ := min{ry,r2}/8.

Let 7 < rg and let ¢ € {1,..., N}; then, by the Pythagorean theorem, there is a coordinate ¢ € {1,2} such
that

Ri = (@) = (@ie1)e] > 20 — 2 [/V2 > |23 = miga | /4 + 72/4 > |23 — wiga | /4 + 2r. (C.1)

Define L; = [(k; — 2r)/(rco)] and s; .= (x; — 2r)/(2L;). We have that L; > |x; — 2;41|/(4r) by equation
(C.1)). Moreover, we have that

. — ki — 21 <CTI€¢—27“ _ Cor
T2k =20/ (cor)] T Y 2(ks —2r) 2
and
S K; — 21 K; — 2r S cor
. — cor cof
M= 2 2(m — 20) J(cor) 220k —2r) © 4

where the last estimate follows since 0 < k; — 2r < 1 and hence (2 + 2(x; — 2r)) < 4. It is not hard to see
that g; can be parametrised by

Xflw

e

gi(w) = x; + ( )7 w € [0, K],

for a |\| = 1. We define, for k =1,...,L;, wg :==r + 2s;k — s; and

)\E_l’w;.C
Zki = T+ ot .
/\i Wi

Since |A| =1 it follows that |(zx,:)¢ — (Zk,i41)e] =2s; for i =1,...,L; — 1 and |(zx,:)r — (2k,i+1)r| < 2s; for
i=1,...,L;—1, wheret/ =2ift = land t’ = 1if t = 2. Moreover, |(x;);—(#1,:)¢] = r and |(z;)p — (z1,i)v| <7
and |(ziy1): — (21,1)t] =7 and |(xi41)e — (21,,4)¢| < r. This shows that

9i Ukﬂ L;

Ly g

Cl(zk,iy8i) U UZ:z‘ Z_JrlC(xg,r). (C.2)
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Next, we compute for any ¢ < N and k; < L; the distance between 2, ; and any line segment g;, j # ¢. If
|7 —i| > 1 and (i,75) # (1, N), (N, 1), then we know by assumption that d(zy, ;,g;) > 1 > 8. We also obtain
that d(z;, g;) > 8r and d(x;41,9;) > 8r. Hence, for any k; < L; we have

Cl(zki,51) N Cl2r, 5,85) =@  and  C(zp,4,5:) NClxj,7) = 3. (C.3)

Ifj=i+1lorj=1,i=N, then let z* € g; be such that d(zx,,2*) = 0(2x,;, gi+1). This choice is possible
since g; is compact. If 2* = x; then we have by construction d(zx;, 2*) > s; +r. If the smallest angle between
g; and g; is larger than or equal to m/2 then it is clear that z* = x;, so we can proceed by assuming that
the smallest angle 8 between g; and g; satisfies & < 8 < 7/2. By construction, the triangle with vertices
2k, 2%, x; has a right angle at z*. By the law of sines, we conclude that d(zy ;, 2*)/sin(8) = |2x,; — z;|. Using
that |z, — x;| > 7+ s; we conclude that d(zx,, 2%) > 2(r + s;) sin(a) = 2(r + s;)co.

We conclude, for all i < N, k1 < L; and ky < L;41, that

C(Zkhi, 51) N C(sz,i7 5i+1> C B\/ESL (Zkl,i) N B\/§Squl (Zkg,i-i-l) =, (04)

since 2v/2s; < 1¢o/V2 < |2ky; — 2k,.i|. From (C.2), (C-3), and (C-4) we conclude that for any 4, < N,
k; < L;, kj < L; we have that

C(Zki,iv sl) N C(ij,ja Sj) =g, if (Za kz) 7& (.77 kj)v and (05)

C(ZL'Z',’I’) N O(l’i,r) = ®7 lfj 7£ 7:7
C(2k,,581) N Clzj,7m) = 2.

We set L = Zf\il L; and get that L > Zf\]:l |x; — 2i11]/4 = £(P)/4. Next, we conclude from and
that holds. Finally, it is not hard to see that, C(zk, s; + cor/4) Ng; = @ for all j # i and therefore
XPAC (2.1,8:+cor/4) ( — 2k.i) 18 a rotated Heaviside function on [—s; —cor/4, 5; + cor/4)? with the same normal
direction as P at zy ;. O

D Some integral estimates

We start by showing equation (3.23]). We have that

oo
/ / [Fia,s,01(6)[Pa™ds da =
a R

2

min{la, |, 1} a 3dsda

1+|a€1) (1+[Va(s&1 +&)))*

m1n{|a§1\3 1}
2ds d
<1+|a§1 ) (11 [a&)?(1 + [Va(s&r + &) ©
2
<1 mln{|a€1|3 1} 3
~af? ( (1 + &2 ) oo Jo | T 0GP+ [Wa(ser 7 &)F| @ 84
By [12| Equation 5], we have that
mm{|a§1|3 1} ?
2dsd D.
oo S [T 0GP0 1 |va(str T &)t | @ dsde <o (D-1)

which yields (3.23)).
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Next, we demonstrate I ws)€1]/2 > |€2| then

a p—vs
/ / o (6)2a~ds da

min{|a& 3,1}
1+ |a&i[)* (1 + [Va(s& + &)))*
min{|a& |3, 1}

2
a3dsda

-3
T VaGE R T D+ TVaGE T &E| @ dsde
" mln{la£1|2 I min{|ag; |*, 1} -
S/o (L VA€ Je AT ED (Lt Va(st s &)pe| ¢ 9
gl min{|a; |3, 1} S
(ERERE TR+ [vaeE T EE| ¢ dede
< |€1|2

~ (L4 (&)Y

where we again invoked [I2] Equation 5] to estimate the integral over s and a. This completes the estimate

of (3:21).
E The Bessel inequality
Let f € L?(R?) and a > 0,5 > 0; we then compute, by Plancherel’s theorem, that
, 2
fl/)a,s,o,m e—27r1(<,m>> ‘ a2 dtdsda.

a s A B
/ / |<f> wa,s,t,L>|2a_3 dtdsda = / / / <
0 —s5 JR2 o I

Using Parseval’s identity and Fubini’s theorem, we obtain that

¢ ore A~ 2mi(-m) 2 3 a s s
/0 /75 /]R? <f Ya,s5,0,,€ ’ >’ a ? dtdsda = /0 [ 2(R2) dsda
A 2 [a ~ 2
:/ ‘f(f)‘ / / Va,s,0, a 3dsdade.
R2 0 J—s
Equation (D.1f) and
min{j¢], 1}

P@<arleh™ and ile)| < ST e

imply that fou ffs |1Za75,0,b\2a_3ds da is uniformly bounded by a constant C' > 0, independent of a and s,
which yields that

a 5
/ / / (£ Ya,s0.)?a® dtdsda < C|| f||72 gz, for all a,s > 0. (E.1)
0 —s5 JRR2

If f € L?((0,1)2), then

a 5 a 5
/ / / |<f, ge;“>‘2 a2 dtdsda < / / \(fper7¢a,s,t,L>|2 a3 dtdsda,
0o J-sJ,1)2 o 0o J—sJr2

where fPe"(x) = f(x — |z]) for all x € [-2,2]?, where |-| is applied componentwise, and fP¢"(z) = 0 on

R?\ [-2,2]%. Hence, by (E.J)),
a 5
T 2 - er
/O / /(0 e (£t o a7 dtdsda < C 7" 222y = CllAT2(0.0)2)-
. Jo.
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Performing the same argument for the second cone yields that

a 5
S L P s da S Ol oy forall L0 (©2)

1=—1,1

F Counterexample to the convergence result of Bertozzi and Do-
brosotskaya

In [9, Theorem 1.1] it is claimed, that for any sequence u,, € H'((0,1)?) converging to xp in L'((0,1)?),
where D is a set of finite perimeter, the quotient

|un|B,p
|un|r1((0,1)2)

converges to R(xp), and R(xp) is a nonconstant function of dD. This theorem cannot hold as the following
counterexample demonstrates.

For a contradiction, we assume that [9, Theorem 1.1] holds. Pick D C (0,1/2)? with finite perimeter and a
sequence (un)nen C H'((0,1)?), such that u, — xp in L*((0,1)?), and |un|g1((0,1)2) ~ |un|Bp — o0 for n —
00, and supp u,, C (0,1/2)2. Let g, be a sequence in H'((0,1)?) with ||gn|/£2(0,1)2) — 0, supp g, C (1/2,1)?
and |gn|g1((0,1)2) ~ |un|§{1((0,1)2). Since the H((0,1)?) seminorm of g, is asymptotically much larger than
the H'((0,1)?) seminorm of w,,, one can easily observe that

|, + gn|B,p |9n Bp

— — 0,
[un + gnlH1(0,1)2)  |9nlE1((0,1)2)
for n — oo. Hence, by [0, Theorem 1.1],
[un|Byp ’ |un + gnlBp . and |9n|Bp 7
unlmi(o,12)"  [tn + gnlmi(0,1)2) |gnl a1 ((0,1)2)

all converge to the same limit R(xp) for n — oo. The limit of |g,|Bp/|gn|r1((0,1)2), however, is independent
of D, completing the asserted contradiction.

The main mistake in [9] causing the incorrect conclusion of [9, Theorem 1.1] can be found in [9, Lemma
2.6], where in the second to last line an upper bound of 27 is mistaken for a lower bound. The best achievable
lower bound from the results in [9] appears to be 27/2.
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