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Understanding MA27 - A Numerical Example

C. Keller
Ozford University Computing Laboratory, Wolfson Building,
Parks Road, Oxford OX1 3QD, UK

The Harwell Subroutine Library code MA27 is a collection of FORTRAN sub-
routines for solving sparse sets of symmetric linear equations of the form Az = b
by Gaussian elimination. In order to achieve a high degree of efficiency, Duff
and Reid [5,6] implement a large number of sophisticated methods including the
minimum-degree ordering for reducing fill-in in the factors, the depth-first search
algorithm for determining an efficient pivot ordering within a pre-computed elim-
ination tree, and the ideas of frontal elimination for permitting a stable numerical
factorisation to be performed based on a symbolically chosen pivot sequence. Un-
derstanding the interaction of all these methods within the subroutine library is
not an easy task and requires the careful study of the source code. In this article
an attempt is made to visualise the interactions between individual subroutines in
the library by considering a specific example, and by discussing the more impor-
tant theories that are implemented. We hope that by ’talking the reader through’
a particular example, the beauty of the code can be appreciated and understood
more easily.
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1 Introduction

Comparing direct and iterative methods for solving large linear systems of equations of
the form

Az = b, (1.1)

where A € TR™ " is sparse, b € IR" is the right-hand side vector, and x € IR" is the
solution vector, often results in the identification of the advantages and disadvantages
of the two different solution strategies. For example, one of the main disadvantages
of solving (1.1) using a direct method is its restrictive applicability in the context of
large dimensional systems of equations. Not only is it near to impossible to find enough
computer storage for an increasing number of (zero) entries in A, but the unnecessary
work of performing arithmetic with zero entries is another problematic issue that requires
attention.

In the last twenty years, a large number of authors have addressed the problem of
solving the linear system (1.1) in an efficient manner—see, for instance, Duff, Erisman
and Reid [3], Saad [12], or George and Liu [8]. The overall aim has been to develop
efficient (sparse) algorithms that solve (1.1), and which reduce the complexity of O(n?)
in the dense case, towards a complexity in time and space which is proportional to
O(n) + O(7); here, n represents the order of the given coefficient matrix, and 7 denotes
the number of non-zeros of A.

Most of the advances that have been made over the years exploit the simple fact that
a reordering of A can have drastic implications on how much work is involved in solv-
ing (1.1). In this context, the majority of these refinements are based on direct methods
that use some sort of Gaussian elimination, in which case the standard approach is not
to compute the LU factorisation of A, but to factorise some permutation of the coeffi-
cient matrix. If P and Q are permutation matrices, then the 'permuted’ factorisation
may be written as

PAQ = LU, (1.2)

where £ and U are lower- and upper-triangular matrices, respectively. Once the factori-
sation (1.2) has been performed, and the factors £ and U are known, equation (1.1) is
solved through the application of the forward substitution

Ly = Pb,
and the back substitution
UQ z) =y.

Special situations arise when the coefficient matrix A is symmetric and positive definite,
or symmetric and indefinite. In the former case, the factorisation (1.2) simplifies to

PAPT = LL", (1.3)



where this decomposition is commonly referred to as the Cholesky factorisation of A. In
the latter case, the factorisation (1.2) is further modified to give the root-free Cholesky
factorisation PAPT = LDLT.

In practice, the different phases of the above solution process are usually divided into
a number of distinct steps, namely

(1) an analysis phase that examines the matrix structure in order to produce a suitable
ordering and corresponding data structures for an efficient factorisation;

(2) a factorisation phase that performs the actual (numerical) factorisation; and

(3) a solution phase which uses the factors of step (2) in order to perform the forward
and back substitutions.

The Harwell Subroutine Library [9] code M A27 is a collection of FORTRAN subrou-
tines for solving sparse sets of linear equations of the form (1.1) by Gaussian elimination—
see Duff and Reid [5,6]. No special structure apart from symmetry is assumed for the
coefficient matrix A. The generality of the implementation, which is mainly based on
a frontal method approach [10, 11], requires the code to be able to deal with a variety
of different coefficient matrices, most eminently those which are indefinite or positive
definite. Dealing with positive definiteness of the coefficient matrix is comparatively
elementary and can be exploited by choosing pivots on sparsity grounds alone, simply
because any choice of pivot from the diagonal results in a numerically stable factorisa-
tion. On the other hand, the possible indefiniteness of A requires special care due to
potential zero pivots occurring during the numerical factorisation—see below for details
of how M A27 overcomes this problem.

By applying a frontal method approach when solving (1.1), Duff and Reid describe
their method in terms of finite-element problems, in which case the coefficient matrix A
can usually be written as

A=A m<n. (1.4)

Here, each matrix A" is zero except in a small number of rows and columns. The
advantage of this approach is that the elimination steps

Qjj <= Qij — ik lare] ! Aj (1.5)
can often be performed before all the assembly steps
Q5 <= Q5 + ay]] (16)

are completed. The operations involving (1.5) can be executed as soon as the pivot row
and column is fully summed, that is, as soon as all operations (1.6) have been completed
for the individual elements—see the Duff and Reid’s original papers [5, 6] for details.

Structure within the code is accomplished by using the categorisation that we intro-
duced above. In particular, each of the subroutines is associated with exactly one of the
three tasks of



e analysing the sparsity pattern of the given coefficient matrix and preparing for
handling numerical values;

e factorising the previously analysed coefficient matrix numerically; and

e solving the set of linear equations that represents the already factorised coefficient
matrix.

Assuming that no pivot sequence has been specified on entry, the overall solution process
of the MA27 multifrontal solver can be represented by Figure 1.

Sort prior to minimum degree analysis (MA27G) ‘

Minimum degree analysis (MA27H) ‘

Analysis Phase (MA27A)

Depth-first search (MA27L) |

Space and operation count evaluation (MA27M)

Sort prior to factorisation (MA27N) ‘

Factorisation Phase (MA27B)

Factorise (MA270) |

UoNNeXa JO JOPIO

‘ Compress data structures during factorisation (MA27P) ‘

Forward substitution (MA27Q) |

Solution Phase (MA27C)

A A AN

Back substitution (MA27R) |

Figure 1: Call tree of the MA27 multifrontal solver.

The pivot sequence, which is determined during the analyse phase, can have an
inadmissible effect on the remaining two solution phases. As indicated above, if the
coefficient matrix A is symmetric and positive definite, then any choice of pivots from
the diagonal gives a stable (numerical) factorisation and also preserves symmetry. The
advantageous aspect of this result is that pivots may be chosen on sparsity grounds
alone, and that a suitable choice of diagonal pivots can simply be made by symbolically
processing on the sparsity pattern of the coefficient matrix. On the other hand, if A is
indefinite, then this approach may fail due to (possible) zero pivots. MA27 overcomes
the problem of zero pivots by using a mixture of 1 x 1 and 2 x 2 pivots which are chosen
during the numerical factorisation of A-—see Duff, Reid, Munksgaard, and Neilsen [4],
and also Bunch and Parlett [1], for details. The factorisation phase, which follows the
initial analysis, is mainly characterised by its application of the frontal method—see
Duff and Reid’s original reports [5, 6] for details.



In this report, we take a close look at the workings of the M A27 routines by identi-
fying a number of important sections within the code and by trying to give a coherent
description of how the different methods, which are implemented in the code, work and
interact together. This is achieved by taking a particular coefficient matrix A and by
using the chosen example to understand the code at a very low level. The example ma-
trix, which is a random symmetric and indefinite matrix of dimension 20 x 20, is shown
in Figure 2 (the corresponding numerical values of the coefficient matrix A are given in
Section 3.1).

The two original papers by Duff and Reid cover the methods implemented within the
subroutine library [5] as well as the code itself [6]. However, even though the descriptions
give a general overview of how individual methods function within the code, and also
describe Fortran specific implementation details, they do not go into great detail in doing
so. Here, an attempt is made to visualise how the code performs its individual tasks
and how the information constructed by the subroutines is exchanged. To this extent,
we concentrate on the major methods implemented and therefore do not cover routines
such as those used to compress the data structure.
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Figure 2: A 20 x 20 example matrix.

In Section 2, we discuss the routines that implement the analysis phase within the
M A27 code. We focus on the implementation of the minimum degree algorithm (Sec-
tion 2.1) and the depth-first algorithm (Section 2.2). Section 3 describes the individual
routines that make up the factorisation phase within the code and, in particular, discuss
the sorting routine M A27N (Section 3.1) and the numerical factorisation that is imple-
mented within M A270 (Section 3.2). In Section 4, we describe how the factors & and
D, which are stored within the M A27 data structure, are used to perform the forward
substitution (Section 4.1) and the back substitution (Section 4.2). Finally, in Section 5
we give an insight of how the block-diagonal matrix D and the upper-triangular matrix
U are stored within the M A27 data structure, and how they can be extracted in order
to be able to perform the explicit product PAPT = UTDU if required.



2 The analysis of the sparsity pattern

2.1 The minimum degree analysis - MA27TH

As outlined in Duff and Reid’s original paper [5], the subroutine MA27H considers the
non-zero pattern of the coefficient matrix in order to perform a fill-in reducing minimum
degree ordering strategy. At this stage no check is performed to identify potential zero
pivots. If a zero pivot occurs during the factorisation process, then the subsequent
factorisation routine either delays the application of the proposed (zero) pivot, or a 2 x 2
pivot is used instead.

=
o

In this article, we do not state the theo- llpi—vlwi
retical aspects of the minimum degree algo- 2|13] | 2| |
rithm, but instead describe how the actual min- 2%7 % E
imum degree algorithm is implemented within 5| 55/ B 4 —=| 2
the MA27H subroutine by looking at the exam- 6165 . ’ij . ]
ple described in the previous section. Within ;%%J = H
M A27H the non-zero pattern of the coefficient 9|120-—--F-|---|1.0——= | 2| | | —| 8
matrix A is stored using the INTEGER array ﬁ%ﬁ%ﬁ *9 H
IPFE of length n, and the INTEGER*2 work- N e 0 I B m
array IW. The entries of IPE are used as 13145+11W |14] B
pointers to the lists of the columns indices of == H ) —67 Ts

161
the non-zeros in the rows of A, where these lists 164

16[164 |-~~~ IR, i
are stored in the array /W. If row ¢ has no off- 17174 - Ethe 18—
. : N : 18[183 -~~~ IR,
diagonal entries, then IPFE(i) is zero. During ol - n I

execution [ PFE is used to store the elimination
tree that is derived by the minimum degree al-
gorithm. Figure 3: Storage of the non-zero pat-
If a supervariable 7 is absorbed into super- tern of A

variable j, then IPE(i) = —j. ' On the other .

hand, if the supervariable i is eliminated, then I PFE(7) either points to the list of super-
variables for the created element i, or it is zero if the created element is null. If element
i is absorbed into element j, then TPE(i) = —j. Using this strategy, the coefficient
matrix A, that is depicted in Figure 2, can be represented by Figure 3.

As indicated in Figure 3, IPE(1) is a pointer to the first entry of array W (1). Here,
IW(1) is the number of non-zero off-diagonal entries in the row 1 of A. The entries
IW(2)-IW (12) then refer to the column indices of the off-diagonal entries. Similarly,
IPE(2) points to location IW(13), which is the start of row 2 of A. The remaining
entries follow accordingly and are not given here.

N
o

108~ [}

The degree of a diagonal entry of A, subsequently referred to as a variable, is the
number of non-zero entries in the corresponding row of the coefficient matrix A. In order
to be able to update the data structure that holds the degrees of individual pivots, all

LA supervariable is an element consisting of two independent variables which have the same
sparsity pattern.



variables of equal degree are linked together with the help of a double linked list. Three
n dimensional INTEGER arrays, IPD, NXT and LST, are used for this purpose. For
the above example, there is no variable of degree one; this is indicated by the array entry
IPD(1) = 0. Similarly, there is only one variable of degree two; this is expressed by the
entry /PD(2) = 14 and also the array entries NXT'(14) = 0 and LST(14) = —2, which
verify that only variable 14 has degree two. Overall, the arrays IPD, NXT and LST
are

IPD [0 14 15 0 18 0 12 0 20 19 0 2 0 13 11 6 0 0 0 0

i 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20
NXT | 0 1 0 3 O 0 4 0 0 5 7 0 8 0 9 10 O 0 16 17

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
LST | 2 -12 10 -16 11 13 15 16 -15 -7 -—-14 -2 -3 19 20 -5 -10 -9

.
=

The entries of I PD refer to the degrees of a particular variable, the entries of NXT
link variables of equal degree together from left to right (NX7T = 0 indicates the last
element of the list going from left to right), and the entries of LST (LST = —d (1 <
d < 20) indicates the last element of degree d in the list going from right to left) link the
variables from right to left. Visually, the double linked list can be established as shown
in Figure 4.

Variables of degree 2 ipd(2)=14 Variables of degree 10 ipd(10)=19

nxt(14)=0 nxt(5)=0 nxt(10)=5 nxt(16)=10  nxt(19)=16
L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
1 2 3 45 6 7 8 91011 12 13 14 15 16 17 18 19 20 1 2 3 4 5.6 7 8 91011 12 13 14 15 16 17 18 19 20

Ist(14)=-2

1t(5)=10 It(10)=16 1st(16)=19 1st(19)=-10
Variables of degree 3 ipd(3)=15 Variables of degree 12
nxt(9)=0 nxt(15)=9 nxt(1)=0 ,~ nxt(2)=1 ipd(12)=2
L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
1 2 3 45 6 7 8 91011 12 13 14 15 16 17 18 19 20 1 2 3 45 6 7 8 9101112 13 14 15 16 17 18 19 20
I(9)=15 ™~ —* |g(15)=-3 Ist(1)=2 \ v Ist(2)=-12
Variables of degree 5 ipd(5)=18 Variables of degree 14 ipd(14)=13
nxt(18)=0 nxt(8)=0 nxt(13)=8
e o o e o o L e o o e o o e o o L L] L] o o e o o e o o L L] L] e o o e o o
1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 1 2 3 45 6 7 8_9 1011 12 13 14 15 16 17 18 19 20
|st(18)=-5 1st(8)=13 Ist(13)=-14
Variables of degree 7 ipd(7)=12 Variables of degree 15 ipd(15)=11
nxt(12)=0 mxt(@)=0 M™U4)=3 mxt(7)=4 nxt(11)=7
e o o e o o L e o o e o o e o o L L] L] L e o o e o o L] e o o e o o e o o
1 2 3 45 6 7 8 91011 12 13 14 15 16 17 18 19 20 1 2 3 45 6 7_8 91011 12 13 14 15 16 17 18 19 20
1t(12)=-7 N A/
Ist(3)=4 Ist(4)=7 Ist(7)=11 Ist(11)=-15
Variables of degree 9 ipd(9)=20 Variablesof degree 16 pd(16)=6
nxt(17)=0  nxt(20)=17 nxt(6)=0
e o o e o o L e o o e o o e o o e o L] L e o o e o o L e o o e o o e o o
1 2 3 45 6 7 8 91011 12 13 14 15 16 1718 19 20 1 2 3 45 6 7 8 91011 12 13 14 15 16 17 18 19 20
(1720 " Ist(20)=-9 It(6)=-16

Figure 4: The minimum degree variables of A.

The next step after the construction of the double linked list data structure is the
search for and removal of the next variable of minimum degree. We observe that within



each individual linked list of degree d, the variable with the greatest row number is elim-
inated first. Eliminating the variable of minimum degree is achieved by going through
the array IPD(i) (i =1,...,20) sequentially. A particular variable is removed simply
by readjusting the pointers of the linked lists. In order to establish how this is achieved
within the MA27H source, we shall consider the above example.

In the following, the elimination process at each stage can be read as follows. Black
circles represent the initial non-zero entries of A, light grey circles represent fill-in, dark
grey surfaces represent eliminated pivots/elements, dotted lines stand for amalgamated

rows/columns 2, and a solid line represents the element that is to be eliminated next.

Looking at the first graph, we note that [eeeeeeee ee ee 12
. . 3 . . *o00COSOOCOS [ N ] .3 [ J 12
pivot 14, which has degree two °, is the vari- eeee eee oo o eoeee:
L L : 000G SOSOOCS [ X J @ [ X J [ N J
able of minimum degree. The elimination of g g% ¢ ¢ e e e o o6 .
individual pivots during the elimination pro- |[eeeeeeee ee o o000
. . . *S0O0GSOGOS [ N ® [ X J ® @ 5
cess may induce fill-in which we have to take |¢eee eee e o oo eeu
. . . c . . . e | o
into consideration. As indicated in Figure 3, cece o006 oo o .
the non-zero structure of the coefficient matrix |eeeeeeee oo o oo oo
A is stored in the pointer array IPE and the !7,7!7,””,7!7,””,7!1!L 77777 ::.:: .
work-array IW. At stage zero of the elimina- |® . ° 5 :
tion process, the last entry of /W occurs at po- XY XY eee O 10
sition 206 (this is because IPE(20) = 198 and e et 2% °y |
there are eight non-zero elements in the current eesece e o Jw
e [ XX ] o6 Ol 9

row). The original pointer I PE(14) points to

position 159 in the work-array IWW, thus indicating that the non-zero pattern of row 14
is referenced at this position in IW. Cteesees se »b N
In fact, the value of entry IWW(159)is 1in- |eeeeeeee oo o e »
dicating that there is only one non-zero off- teteecee os : el
diagonal. The entry IW(160) = 1 and thus |®® eeee e || o e
s00CGSOCGES [ N J e 8 006 6 5
the non-zero off-diagonal entry occurs in col- eecccece o¢ o oo oo
umn one. After the first elimination, IPF(14) [*®®® ®®® ®°® ®|,°*°® *°*¢
points to /W (207) indicating that fill-in has oc- 2000 soe oo : e ool”
curred. Here, ITW(207) = 1 (the length of the o || eceeel
fill-in list) and 71/ (208) = 1 indicate that fill-in ~|$®®®..%¢¢ 98 @ | ¢e eex
has occurred in column 1. ° | o 3
To determine the rows in which fill-in has ce'oee .o : 7o P
occurred in these positions, we need to check tecece oee °s 13
the work-array ITW. Here, each occurrence of e oeo e Of o
the value 14 indicates that fill-in has occurred
in the row which is represented by IW(x) = 14. In our example, we observe that

IW(2) = 14 and also IW(25) = IW(40) = IW(81) = IW(123) = 14. The first

2Tf two rows have the same sparsity pattern, then these rows can be combined, or amalgamated,

during the subsequent elimination process.

3In fact, row 14 has degree one (the diagonal entry (14,14) is zero). However, since the
minimum degree algorithm does not look at the numerical values, and the off-diagonal is

assumed to be non-zero, the degree counter returns two rather than one.
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occurrence of 14, i.e., IW(2) = 14, indicates that fill-in has occurred in row 1. This
behaviour is readily verified in the second figure in which the only fill-in has occurred in
the position where row/column 14 have a non-zero entry. The remaining occurrences of
the value 14 do not refer to fill-in that has occurred during the factorisation, but refer
to the length of individual sub-lists in the overall list—as indicated above, positions 25,
40, 81 and 123 are the first entries of corresponding rows pointed to by the pointers in
the array /PE. Thus, after the elimination of the first variable, the array I PFE is given
by

i |1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19 20
IPE‘l 13 25 40 55 65 81 96 110 113 123 138 145 207 161 164 174 183 188 198

In the following, we look specifically at the entries of the pointer array I PFE and the
work-array IW in order to determine the fill-in that occurs during individual elimination
stages. As indicated above, the elimination of pivot 14 implies an update of the (1, 1)
entry of A. This is specified by the light-gray circles.

As indicated by the degrees of individual rows (specified by the numbers on the
right-hand side in the previous figure), the next pivot to be eliminated, i.e., the one of
minimum degree, is element 15.

Again, looking at the individual entries of

arrays IPE and IW, we note that the initial |g e e eeceesee oMo ﬁ
value of TPE(15) = 161 has been updated to |®*®®® ®ee o6 o 606660
. . . . o006 OGBOCGES LN L] [ X J e @ 5

IPE(15) = 209, thus indicating that fill-in oc- ee occoe ° e oo |0
curred in the elimination of this variable. We g e ceeeee oo oM oo ool
have IW(209) = 2 (the length of the fill-in |eeee eee oo ofg oo oou
list), I (210) = 9 and TW(212) = 2, and so eece oce oo o 10
®S00O0SOCOCGS e L 15

fill-in occurred in columns 9 and 2. The cor-
responding rows can, as before, be found by
checking array IW for the occurrence of the |

14

value 15. We obtain, IW(14) = 15 (row 2) ° 1
and /W (111) = 15 (row 9), so that row 2 and o
9 have fill-in in columns 2 and 9. This is in- © ols

dicated in the figure by light-gray circles. As
before, the entry IW(65) = 15 refers to the length of the corresponding row—in this
case row 6-—and not to an entry that has filled-in. The updated pointer array [PFE is
now given by

i |1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19 20
IPE‘I 13 25 40 55 65 81 96 110 113 123 138 145 207 209 164 174 183 188 198

Checking the current degree counts, we observe that the next pivot to be eliminated is
9, which has degree 3. The original value of ITPE(9) = 110 is changed to IPE(9) = 212,
thus indicating that fill-in has occurred during the elimination. We have IW(212) = 2
(the length of the fill-in list), /W (213) = 12 and IW (214) = 2. The corresponding rows
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that have a non-zero entry in column 9 are /W (14) =9 (row 2) and IW(139) =9 (row
12). Tt follows that the elimination of pivot 9 has induced fill-in in rows 2 and 12, which
all have new entries in columns 2 and 12. This is again indicated in the pictures by light-
gray circles. As before, the entries W (55) = IW (113) = IW(164) = IW(188) = 9 refer
to the length of corresponding sub-lists within 7W.

Also, the entry [T (210) arises from the

. . . . [ N N N N N N ] o0 11
elimination of pivot 15 and corresponds to row evece0eelees -
9; it is currently being eliminated. The up- 0000 o000 oo 000005

: o e0eecs0ece oo ee ee s
dated pointer array I PFE is given by e esoe . e o0 |0
2000660 0CCO o6 9 06 & s
i 1 9 3 4 5 6 7 8 9 10 20000 O0CGEO [ N J [ N J e @ 15
L N N N ] [ X N ) [ X J ee e e u

IPE 1 13 25 40 55) 65 81 96 212 113 ® Py
i 11 12 13 14 15 16 17 18 19 20 [N N N ] [ X N ] o6 10
IPE | 123 138 145 207 -9 164 174 183 188 198 s0ecceecece oo ee e s
[ ] 7
14

The negative entry of IPE(15), i.e.,
IPE(15) = —9, indicates that the eliminated
element 15 has been absorbed into element 9.
It follows that the elimination tree, which is
stored in IPE in form of son to father tree
pointers, has its first entry by means of element 15 being the son of its father 9. The
overall elimination tree is given in the next section.

The next pivot to be eliminated is 18.

Checking the relevant indices, we find that the
original value of IPF(18) = 183 has been -
changed to I PE(18) = 215. The corresponding
work-array entries are I (215) = 5 (the length
of the fill-in list), I (216) = 6, IW (217) = 12
and IW(218) = 5. Again, looking through ar-
ray [W, we find that ITW(26) = 18 (row 3),
IW(56) = 18 (row 5), IW(66) = 18 (row 6)
and [T/ (139) = 18 (row 12). Thus, the elimi-
nation of pivot 18 has induced fill-in in rows 3,
5, 6 and 12 and for each row in columns 3, 5, 6 -
and 12. One peculiarity of the current state is
that rows 3 and 6 have the same sparsity pat-
tern, which is due to the fill-in induced by previous eliminations. It follows that rows 3
and 6 can be amalgamated, i.e., 3 — 6. This state is indicated by dotted lines through
the respective row/column. As before, we need to update the pointer array IPE in
order to incorporate the current state of the elimination tree, i.e.,

1
12

|
|
)

esvoevee
A XN NN XN

LX)

15
[ 11
® @ 5
® @ 15
@ & 14

evoenee
L N}

XXX
ee e

( E NN RN NN
AN NN XN

10
15

14

i |1 2 3 4 5 6 7 8 9 o 11 12 13 14 15 16 17 18 19 20

IPE‘I 13 -6 40 55 65 81 96 212 113 123 138 145 207 -9 164 174 215 188 198

As shown above, element 3 has been amalgamated into element 6, which is indicated
by the fact that ITPE(3) = —6.
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As before, checking relevant degree counts,

we observe that the next pivot of minimum de- : : : : : : : : ® .
gree is element 12 which has degree 9. The ':::::::: . .
initial value of TPE(12) = 138 is changed to DS SSE 94 . 2
IPE(12) = 219, thus indicating that fill-in has |eeeeeee . 5

®0 00 o e * 14

occurred during the elimination process. We
obtain [T (219) = 3 (the length of the fill-
in list), IW(220) = 2, IW(221) = 17, and
IW(222) = 5. Checking for the value 12 in
the work-array, we obtain [W(14) = 12 (row
2), IW(56) = 12 (row 5), and IW(175) = 12
(row 17). It follows that rows 2, 5 and 17 all
have fill-in in columns 2, 5, and 17. Note the
amalgamation of row 6 — 3, row 19 — 20, row
20 — 16, and row 16 — 17. The corresponding pointer array is

10
15

14

-m-e-¢tes-¢ee

i ‘1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPE‘l 13 —6 40 55 -2 81 96 —-12 113 123 219 145 207 -9 -—-17 174 —-12 —-20 -16

Asindicated above, element 6 has been amalgamated into variable 2 giving IPE(3) =
—6, element 19 has been amalgamated into variable 20 giving IPFE(19) = —20, element
20 has been amalgamated into variable 16 giving IPFE(20) = —16, and element 16 has
been amalgamated into element 17 giving IPE(16) = —17. Furthermore, supervariable
9 has been absorbed into element 12 giving IPE(9) = —12, and supervariable 18 has
been absorbed into element 12 giving IPE(18) = —12.

The next pivot to be eliminated is element
10, which has degree 10. The original value
of IPE(10) = 113 is changed to IPE(1) = 223
and so fill-in has occurred. We have [T7(223) =
4 (the length of the fill-in list), [T/ (224) = 2,
IW(225) =7, IW(226) = 8, and W (227) =
1. Again, going through the work-array in or-
der to find the rows which have a non-zero entry
in column 10, we obtain IW(2) = 10 (row 2),
IW(14) = 10 (row 2), ITW(82) = 10 (row 7),
and /W (97) = 10 (row 8). It is thus observed
that the elimination of pivot 10 induces fill-in
in rows 1, 2, 7 and 8, where each row has fill-in
in columns 1, 2, 7 and 8. Note also the amal-
gamation of row 11 — 2, row 4 — 7, and row 13 — 8. As before, the corresponding
pointer array I PE has been updated to incorporate the current state of the elimination
tree, i.e.,




13

i ‘1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPE‘I 3 -6 -7 5 -2 8 96 -12 223 -2 219 -8 -10 -9 -—-17 174 -12 -20 -16

At this stage, element 11 has been amalgamated with element 2 giving IPFE(11) =
—2, element 4 has been amalgamated with element 7 giving IPE(4) = —7, and ele-
ment 13 has been amalgamated with element 8 giving TPE(13) = —8. Furthermore,
supervariable 14 has been absorbed into supervariable 10 giving /PE(14) = —10.

The next variable of minimum degree is 1.
The original value of IPFE(1) =1 is changed to
IPE(1) = 228, which is an indication that fill-
in has occurred during the elimination of pivot
1. We obtain IW(228) = 2 (the length of the
fill-in list), IW(229) = 5 and IW(230) = 2.
Going through the work-array, and looking for
variables which have the value 1, we observe
that 7W(14) = 1 (row 2) and W (56) =1 (row
5). It follows that the elimination of variable
1 introduces fill-in in rows/columns 2 and 5.
Note the amalgamation of row 7 — 8 and row
8 — 5. The corresponding pointer array, /[ PE,
which has been updated to reflect the current state of the elimination tree, is given by

® GO0 0@ -

i | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPE‘228 3 -6 -7 56 -2 -8 -5 -12 -1 -2 219 -8 -10 -9 -—-17 174 -12 —-20 -16

At this stage, element 7 has been amalgamated with element 8 giving IPE(7) = —8
and element 8 has been amalgamated with element 5 giving /PE(8) = —5. Furthermore,
supervariable 10 has been absorbed into element 1 giving IPFE(10) = —1.

The next pivot of minimum degree is 5. The
elimination of this variable introduces fill-in, reyry
which can be seen by observing that the origi- ::: :::
nal value of TPE(5) = 55 has been changed to sev oo e
IPE(5) = 231. If we now look at the value of ::: :::
IPE(231) we find that the length of the corre- .
sponding list is 1, i.e., IPF(231) = 1 and also
that TPE(232) = 17. Going through the array (EXIXXXI B O
IW as before, and looking for the value 5, we [(EXIEXI]
observe that IW(175) =5 (row 17). It follows
that the elimination of variable 5 introduces
fill-in in row/column 17. Note the amalgama-

tion of row 2 — 17. The updated pointer array
IPFE is defined by
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i | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPE‘—5 -7 -6 -7 231 -2 -8 -5 -12 -1 -2 -5 -8 —-10 -9 -17 174 -12 -20 -16

Similar to the above, element 2 has been amalgamated with element 17 giving

IPE(2) = —17. In addition, supervariable 2 has been absorbed into element 5 giv-
ing IPE(2) = —5, and supervariable 12 has been absorbed into element 5 giving
IPE(12) = —5.

The last pivot that needs to be eliminated is
element 17, which has degree 11. The elimina-
tion of this variable does not induce any fill-in, -
which is readily verified by the zero value of
IPE(17) = 0. The final state of the pointer -
array is given by

i 1 2 3 4 5 6 7 8 9 10

IPE | -5 -17 -6 -7 -17 -2 -8 -5 -12 -1 -
i 11 12 13 14 15 16 17 18 19 20

IPE| -2 -5 -8 -10 -9 -17 0 -12 -20 -16

Here, supervariable 5 has been absorbed
into element 17 giving IPFE(5) = —17, and su-
pervariable 17 has been set to null, i.e., IPE(17) = 0, indicating that element 17 is the
root, of the elimination tree. In the next section, we describe how the elimination tree
can be constructed from the values stored in the pointer array IPFE.

2.2 The depth-first tree search - MA27L

In this section, we investigate how to construct a graphical representation of the elimi-
nation tree that is stored in the pointer array I PE in form of son to father tree pointers.
Furthermore, we discuss how the depth-first search algorithm is used to construct the
permutation vector that is used to permute the rows and columns of the original coeffi-
cient matrix A.

The graphical representation of the elimination tree, which is stored in the array
IPE on exit from the subroutine M A27H, can easily be obtained by considering the
son-father relationship between individual tree nodes. For instance, for the example
that is discussed in this article, the entries of IPE indicate that the tree node is 17
(IPE(17) = 0). Having established that the root of the elimination tree is 17, the next
step is to find all the nodes of the tree that are connected to the root. This is done by
searching for the value —17 in the array IPFE, since the corresponding indices refer to
the sons of the root. In this example, the array entries IPE(2), IPE(5), and IPE(16)
all satisfy this condition and thus 2, 5 and 16 are the son nodes of the father/root node
17. Similarly, to find the son(s) of tree node 2, we would search for the value —2 in
IPE giving IPE(11) = —2 and IPE(6) = —2. Thus, the nodes 11 and 6 are sons of
the tree node 2. The remaining nodes of the tree are constructed in a similar fashion.
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Completing the construction of the graphical representation of the elimination tree, we
ascertain

16 1
sl sl s/ Ns o s\ sl
3 10 18 9 13 7 19

i | 4 .|

14 15 4

In the graph, the node numbers refer to the pivot/row numbers of the coefficient
matrix and the small numbers next to the connections between individual nodes refer
to the depth of a particular pivot within the elimination tree. In order to establish
the permutation vector, the n-dimensional array IPS is used. The array must not be
set on entry into M A27L, but during the elimination it is used temporarily to hold
—(eldest son of node i) if it has one or 0 otherwise. Eventually, it is set to hold the
position of node 7 in the order.

We are now in a position to see how the subroutine M A27L performs the depth-first
search using the elimination tree that is constructed by the subroutine M A27H. The
initial elimination tree and the corresponding entries of arrays I PS and I PE are

x

17 i 1 2 3 4 5

/ | L IPS/IPE | —10/8 —11/—-17 0/ —6 0/ -7 —12/16
2 5 16 i 6 7 8 9 10
2/ 2\ // \ 22|0 IPS/IPE | =3/ -2 —4/-8 -13/-5 -15/—12 —14/—1

16 1 12 8 4 -
3[ 3| 3/ \3 3/3\ 5 ’ i 11 12 13 14 15
3 10 18 9 13 7 19 _IPS/IPE| 0/6 —18/1 0/7 0/—10 0/-9
| | 4 1 i 16 17 18 19 20
14 15 4 IPS/IPE | —20/2 ~5/0 0/9 0/—20 —19/—16

As discussed above, the entries of IPS(i) are initially set to —(eldest son of node i).
Similarly, on entry the array IPFE(i) is set equal to —(father of node i) or zero if
the node is the root node. Before the application of the depth-first search algorithm the
entries of IPE(i) (i = 1,...,20) are altered to point to the next younger brother of node
i if it has one but otherwise is not changed. Thus, for the above example IPS(1) = —10
denotes that node 10 is the eldest son of node 1 and IPE(1) = 8 denotes that 8 is the
next younger brother of node 1. Similarly, IPS(2) = —11 denotes that node 11 is the
eldest son of node 2 and IPFE(2) = —17 implies that node 2 does not have a younger
brother. All other relationships are derived in a similar fashion.

For this example, the first pivot that is returned by the depth-first search algorithm
is element 18. For step k =1 (k =1,...,20) the elimination tree and its corresponding
arrays [ PS and IPE are given by
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17 i 1 2 3 4 5
/ | . : IPS/IPE | —10/8 —11/-17 0/-6 0/ 7 0/16
2 ) 16 i 6 7 8 9 10
121/ 2\6 ) /214 \8 22|0 IPS/IPE | -3/ -2 —4/-8 —13/—-5 -15/—12 —14/-1
NN 2 VAN N i 1 12 13 14 15
3 10 18 9 13 7 19 _IPS/IPE| 0/6 0/1 0/7 0/—10  0/-9
| | 4 1 i 16 17 18 19 20
14 15 4 IPS/IPE | —20/2 0/0 1/9 0/—20 —19/—16

Here, the light gray connections show the path of the depth first search from the root
to the corresponding element in the tree. In later graphs the dashed connections refer
to elements that have already been eliminated.

We note that the entries of IPS(5), IPS(12) and IPS(17) have all been cleared
during the elimination of node 18 and also that /PS(18) = 1. The latter assignment
indicates that node 18 has position 1 in the reordering. The former assignments clear
the father-son pointers in /PS as these are used. This is necessary in order to prevent
their reuse at a later stage in the elimination process.

At this stage we introduce four additional arrays NV, NE, NA and ND which have
the following purpose during the elimination process:

Array NV (i) is set to zero if no variables are eliminated at node i and to the
degree otherwise. Only leaf nodes can have zero values of NV (i).

Array NE(7) is set to the number of variables eliminated at stage i of the
elimination.

Array NA(i) is set to the number of variables assembled at stage i of the
elimination.

Array ND(i) is set to the degree at stage i of the elimination.

The initial degree count and the values of the above arrays at stage one are

Degree | Variables

2 14

3 9 15

7 12

9 17 20 NV -> 10000130003 100902308500
10 5 10 16 19 NE-> 1000 00000 00000000000
11 ) NA-> 0000 00000 00000000100
12 0 ND-> 5000 00000 00000000000
14 8 13

15 3 4 7 11

16 6

In the context of the current elimination stage, the arrays NV, NE, NA and ND can
be read as follows. From array NV we observe that node 18 has degree 5 (NV (18) = 5),
and from arrays NE and ND that, at stage 1, one element is eliminated, where this
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variable has degree 5 (i.e., ND(1) = 5). We also observe that no elements are assembled
at stage 1, i.e., NA(1) =

At the second stage of the elimination process the depth-first search backtracks one
and chooses element 15 as the next pivot, giving

1 2 3 4 5
/ \ \ IPS/IPE -10/8 —11/—-17 0/—-6 0/—7 0/16
6 7 8 9 10
121/ 2\6 . /14 \8 22|0 IPS/IPE —3/—2 -4/-8 -13/-5 0/—12 -14/—1
3[ 3| 2‘// \3 3/3\ 3, i 11 12 13 14 15
3 10 18 9 13 7 19 _IPS/IPE| 0/6 0/1 0/7__0/-10 2/-9
i [ 4 o i 16 17 18 19 20
14 15 4 IPS/IPE | —20/2 0/0 1/9 0/_20 19/ 16

We observe that the entry of TPS(9) has been cleared during the elimination and
that TPS(15) = 2 indicates that node 15 has position 2 in the reordering. The initial
degree count and the values of the arrays NV, NE, NA and ND are

Degree | Variables

2 14

3 9

7 12

9 17 20 NV -> 10000130003 100902308500
10 5 10 16 19 NE-> 1100 00000 00000000000
1 1 NA-> 0000 00000 0O0O0O0O000O0O01100
12 9 ND-> 5300 00000 00000000O00O00O0
14 8 13

15 3 4 7 11

16 6

As before, we observe from array NV that node 15 has degree 3 (NV(15) = 3), and
from arrays NE and N D that, at stage 2, one element is eliminated, where this variable
has degree 3 (i.e., ND(2) = 3). We also note that no elements are assembled at stage
2,1.e., NA(2) =

At the third stage of the elimination process element 9 is chosen as the next pivot,
giving

17 i 1 2 3 4 5
/ | . ) IPS/IPE | —10/8 —11/—-17 0/ —6 0/ -7 0/16
2 5 16 i 6 7 8 9 10
2/ 2\ 2 2/ 2 2 | IPS/IPE | -3/—-2 —4/-8 —13/—5 3/—12 —14/-1
1M 6 1 12 \8 20 2 / / [0 ¥ /
5 I 5 | 5 // \ 3 3 /3\ 3 I i 11 12 13 14 15
3 10 8 9 13 7 19 IPS/IPE 0/6 0/1 0/7 0/-10 2/ -9
.| [ 4 . i 16 17 18 19 20
14 15 4 IPS/IPE | —20/2 0/0 1/9 0/-20 -19/-16
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At the current stage, the entry IPS(9) has been changed to IPS(9) = 3 indicating
that node 9 has position 3 in the reordering. Furthermore, we ascertain

Degree | Variables

2 14

7 12

9 17 20

10 5 10 16 19
11 1

12 2

14 8 13

15 3 4 7 11
16 6

NV -> 10000130003 100902308500
NE -> 1110 00000 0000O00000O0O
NA-> 0010 00000 00000001200
ND-> 5330 00000 00000000O0O0O0

Here, the entry NV (9) = 3 indicates that the current pivot has degree 3 and the
array entries NE(3) = 1, NA(3) = 1, and ND(3) = 3 imply that one variable has
been eliminated, one element has been assembled at the current stage (node 15), and
ND(3) = 3 verifies that this element has degree 3.

The next pivot to be chosen is element 12, which is indicated in the following elimi-
nation tree.

17 i 1 2 3 4 5
/ \ 1\ IPS/IPE | —-10/8 —11/—17 0/-6 0/—T7 0/16
2 5 16 i 6 7 8 9 10
121/ BN // \ | TIPS/IPE | -3/ —2 —4/—8 —13/—5 3/—12 —14/—1
6 2 8 20 i 11 12 13 14 15
3 I 3 3y \ 3 3 /3\ 3 I
3 10 18 9 13 7 19 _IPS/IPE| 0/6 4/1 0/7 _0/-10 2/-9
af | af i 16 17 18 19 20
14 1 4 IPS/IPE | —20/2 0/0 1/9 0/—20 —19/—16

Here, the only entry of IPS that needs to be updated is IPS(12). The assignment
IPS(12) = 4 indicates, as before, that the current node has position 4 in the reordering.
The corresponding degree counts, elimination and assembly information is given below.

Degree | Variables

2 14

9 17 20

10 5 10 16 19
11 1

12 2

14 8 13

15 3 4 7 11
16 6

NV -> 10000 130003100902308500
NE -> 1111 00000 000O00O00000O0O
NA-> 0012 00000 00000001010
ND-> 5339 00000 0000000O0O0O0O0
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We note that NA(4) = 2 indicates that two elements have been assembled at the
current stage. Consulting the corresponding elimination tree above, we observe that the

two elements that have been assembled at this stage are those resulting from nodes 18
and 9. Also, IPS(12) = 4 indicates that node 12 has position 4 in the reordering.

After the elimination of node 12, the depth-first search algorithm backtracks one stage
and continues with one of the brother nodes of node 12. Since the overall procedure is
similar to what we just observed, we shall, for the remainder of the elimination process,
only give the elimination trees. As before, the light grey lines indicate the current pivot
that is eliminated and black dashed lines refer to already eliminated nodes.

Stage 5 Stage 6

\
5
2/2\ 2 2 2 2| z/z\ 2 5/ 2 zl
16 1/1'2\8 20 16 /1'2\8 20
3| 3 | 3,7 Ns 3/ 3\ 3| 3| 3 | 3,7 s 3/ 3\ 3|
3 10 18 9 15 7T 19 3 10 18 9 13 7T 19
.| [ 4 | i) 4 |
14 15 i 14 15 A
Stage 7 Stage 8
17 17

2
6 1 1 8 20 11 6 1 8 20
3[ 3', 3,/ \ 3 3/3\ 3’ 3[ 3: 3, \ 3 3/3\ 3’
3 10 18 9 13 7 19 3 10 18 9 13 7 19
. L | . L |
14 15 4 14 15 4
Stage 9 Stage 10

2/2\ z////z 2 2| z/z\ )////zl 2 zl
1w 6 17712 \8 20 1w 6 17712 \8 20
I 2N I RN
3[ 3 3y \ 3 3/3\ 3’ 3[ 3 3y \ 3 3/3\ 3’
3 10 18 9 13 7 19 3 10 18 9 13 7 19
i L | i 1 i
14 15 4 14 15 4
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At stage 20, all nodes in the elimination tree have been eliminated. This is indicated
by the black dashed lines in the graph. The final permutation vector I PS' is given by

i |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPS | T 19 17 9 12 18 10 11 3 6 16 4 8 5 2 15 20 1 13 14

This completes the depth-first search algorithm as implemented by subroutine M A27L.
In the next section, we discuss how the information constructed in the analysis phase of
the MA27 algorithm is applied in order to implement an efficient (numerical) factorisa-
tion strategy.
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3 The numerical factorisation

3.1 Sorting prior to factorisation - MA27N

In this section, we consider the M A27 sorting routine M A27TN. MA27TN uses the
permutation vector I PS to permute the rows and columns of the coefficient matrix A.
For the example we consider in this article, the numerical values of the coefficient matrix
are given by the following matrix. Note that the entries in gray refer to the (1,1) block
which has size 13 x 13.

[.8024 —.0234 —.0471 —.0170 .0064 —.0006 —.0581 —.0036 0307
8197 —.0212 —.0010 —.0084 —.0004 —.0034 .0566 0138
7631 —.0198 —.0009 —.0161 1094
8146 —.0078 —.0003 —.0107 —.0624 0129
8795 0001  .0022
8357 —.0011 —.0001 .0006
9527 0127 0105
9515
6739
. 8593
—.0393 —.0025 1.0000
0482 —.0041 8313
—.0004 —.0019 8723 —.0041 —.0792  .0050 —.0009
0517 —.0046 —.0041 8467 0270 —.0015
—.0082 —.0792 8741 —.0050
—.0007 0050 0270 —.0050  .8857 0057
—.0134 —.0008 —.0009 —.0015 0057 8763
0024 —.0003 0004 —.0346 —.0024 .0001
.0033 0289
.0003 0013
7518 0064 —.0064 0029 0422 —.0023
7502 —.0374 0049 —.0391 —.0053  .0010
7213 —.0007 0206 0048 —.0087
.0000
.0000
.0000
10000
10000
10000
0000 |

As indicated above, the purpose of the M A27N sorting routine is to reorder the user’s
input, i.e., the original coefficient matrix, so that the upper triangle of the permuted
matrix, including the diagonal, is held ordered by rows at the end of the storage arrays
A and IW. In fact, on entry into MA27N, the array A(i) holds the value of the
original matrix element in position (/RN (i), ICN(i)) (i = 1,...,nz), and, on exit,
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A(LA— NZ1+1i) (i=1,...,NZ1) holds the upper triangle of the permuted matrix
by rows with the diagonal entry although there is no further ordering within the rows
themselves. Here, the array TRN (i) is set to hold the row index of entry A(7), the array
ICN(i) holds the column index of entry A(i), LA is the length of array A, and NZ1 is,
on exit, the number of entries in the sorted matrix. Similarly, the array IW is used as
a workspace and on exit the entries IW (LIW — NZ1+1i) (i = 1,...,NZ1) hold the
column indices (the original unpermuted indices) of the corresponding entries of A with
the first entry for each row flagged negative. Here, LIW is the length of the array IW.

For the above example, the relevant entries of A and ITW are respectively given by

A(530 —534)  0.00000 —0.03913 —0.07919 —0.00495  0.87415
A(535—539)  0.00000 0.83125  0.02893  0.67390  0.00335
A(540 — 544)  0.75022  0.00103 —0.00527  0.00486 —0.03742
A(545—549)  0.00000  1.00000  0.85930 —0.00001  0.00126
A(550 — 554)  0.01290  0.03075  0.00058  0.01051  0.01384
A(555—559) 010941  0.00027  0.80244 —0.00245 —0.03926
A(560 — 564) —0.00356  0.00638 —0.05811 —0.00063 —0.01703
A(565 — 569) —0.04711 —0.02337  0.72129 —0.00871  0.00478
A(570 — 574)  0.02059 —0.00072 —0.00027 —0.00192 —0.00455
A(575 = 579) —0.00405 —0.00084  0.00635 —0.00005  0.81461
A(580 — 584)  0.05174 —0.00101 —0.00409  0.84672  0.02700
A(585 — 589) —0.00149 —0.00783 —0.00032 —0.01976 —0.01074
A(590 — 594) —0.06242  0.95266 —0.00087 —0.00149  0.00572
A(595 — 599) —0.00110  0.01270  0.00218 —0.01610  0.87634
A(600 — 604) —0.00340 —0.01342  0.95150 —0.00235  0.00237
A(605—609)  0.00036  0.00013 —0.03458 —0.00007  0.00002
A(610 — 614)  0.05658  0.87952 —0.07919 —0.00838 —0.00495
A(615—619)  0.00012 —0.00820  0.00000  0.04222  0.00498
A(620 — 624)  0.88567  0.00000 —0.00233  0.00572 —0.00087
A(625—629)  0.00000 —0.00640  0.87233  0.00498  0.75182
A(630 — 634)  0.00294 —0.00074  0.04822 —0.00041  0.76310
A(635—639) —0.00409 —0.02121 —0.00089  0.83568  0.02700
A(640 — 644) —0.00044  0.81969  0.00000
IW (163 — 167) ~18 12 3 6 5
IW (168 — 172) ~15 2 9 -9 12
IW (173 — 177) —12 20 19 17 16
IW (178 — 182) —14 1 ~10 8 13
IW (183 — 187) 1 1 6 7 2
IW (188 — 192) 3 11 ~1 13 11
IW (193 — 197) 8 5 7 6 4
IW (198 — 202) 3 2 ~13 20 19
IW (203 — 207) 17 16 8 3 4
IW (208 — 212) 2 7 11 6 —4
IW (213 — 217) 11 2 16 17 19
IW (218 — 222) 20 5 6 3 7
IW (223 — 227) 8 —7 16 17 19
IW (228 — 232) 6 8 5 3 20
IW (233 — 237) 2 11 -8 19 11
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238 — 242
243 — 247

IW( ) 16 20 17 6 3
IW( ) 2 -5 16 2 19
IW(248—252) 6 11 —19 11 3
IW(253—-257) 6 —20 11 6 3
IW(258—262) —16 11 3 6 —11
IW(263-267) 17 6 2 3 -3
IW(268-272) 17 2 6 —6 17
IW(273—-277) 2 —2 —17

As already mentioned above, negative entries in the array IW refer to the first entry
in each row, whereas nonnegative entries refer to the original unpermuted column indices.
Hence, for the above arrays IWW and A we ascertain the following reordered coefficient
matrix.

(18,18)—  0.00000 (13,13)—  0.72129
(18,12)— —0.03913 81236 (13,20)— —0.00871
Row 1 (18,3) — —0.07919 ; (13,19)—  0.00478
(18,6) — —0.00495 (13,17)—  0.02059
(18,5) —  0.87415 (13,16)— —0.00072 —13 20 19 1
(15,15)—  0.00000 Row 8 (13,18)— —0.00027 N 16 8
Row?2 (152) — 083125 » —» —15 2 9 (13,3) = —0.00192 4 2
(15,9) —  0.02893 213,4; —  —0.00455 1 6
13,2) = —0.00405
Row 3 Eg% : gggggg }—> 9 12 (13,7) = —0.00084
7 ' (13,11)—  0.00635
g o b S i
s — . -
Row 4 (12,19)— —0.00527 12 ?2 1o 17
(12,17)—  0.00486 (4.4) —  0.81461
(12,16)— —0.03742 (4.11) = 005174
14,14)—  0.00000 (42) — —0.00101
Row'5 514,1))—) 1.00000 }_> S (4,16) — —0.00409
417 0.84672 —4 11 2 16
(10,10)—  0.85930 (417 =
(4.19) = 0.02700 17 19 20
(10,8) = —0.00001 Row9 o0 3 ooono ( Se s
885’): 882;38 (45) — —0.00783 78
G01) & 003075 ~10 8 13 4 (4.6) — —0.00032
Row 6 ’ ' - 1 6 7 (4.3) = —0.01976
(10,6) - 0.00058 2 3 11 (47) — —0.01074
(10,7) =  0.01051 (48) — 006242
(10,2) —  0.01384 ’
(10,3) =  0.10941
(10,11)—  0.00027 (7,7 = 0.95266
(11) — 080244 (7.16) — —0.00087
(1,13) — —0.00245 27,173 — —0.00149
(1,11) = —0.03926 719) = 0.00572 .
—7 16 17 19
- 7.6) — —0.00110
(1.8) — —0.00356 1131w (7.6) 6 8 5
Row 7 (19) = 000638 S Row 10 (7.8) — 001270 p — 5 00
VA7) - 005811 (7 13 (75) —  0.00218 0
(1.6) — —0.00063 (7.3) = —0.01610
(14) — —0.01703 (7.20) —  0.87634
(1,3) — —0.04711 (7.2) — —0.00340
(1,2) — —0.02337 (7.11) = —0.01342

~ o~
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88) - 095150 (16,16) 0.00000
(8,19) — —0.00235 Row 15 (1O1D)= 000640 L 45 4y 5 ¢
(8,11) —  0.00237 (16,3) 0.87233
(8,16) —  0.00036 —8 19 11 16 (16,6) 0.00498
Row 11  (8,20) —  0.00013 » — 20 17 6 (11,11) 0.75182
(8,17) — —0.03458 3 2 (11,17) 0.00294 117 6 9
(8,6) — —0.00007 Row 16 (11,6) —0.00074 » — 3
(8,3) —  0.00002 (11,2) 0.04822
(82) —  0.05658 (11,3) —0.00041
(55) —  0.87952
(5,16) — —0.07919
Bow 19 (32) — —0.00838 ~5 16 2 19 8:1)))7) j _gggiég
’ (5,19) — —0.00495 6 11 Row 17 ;> ' - -3 17 2 6
(5.6) — 000012 (3.2) — —0.02121
(5,11) — —0.00820 (3.6) — —0.00089
(19,19)—  0.00000 56‘,6)) - 0.83568
(19, 11) 0.04222 B Row 18 (6,17) —  0.02700 » — —6 17 2
(196) 0.88567
88 f?; 7888223 Row 19 (2,2) — 0.81969 } — —2
Row 14 (206) »  0.00572 ( -20 11 6 3
(20,3) — —0.00087 Row 20  (17,17)—  0.00000 } — —17

In order to check the correctness of the above (reordered) array representation, we
may consider the tentative pivots that we obtained from performing the minimum degree
algorithm of Section 2.1, and the depth-first search algorithm of Section 2.2. We obtained
the ordering

i |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
IPS | T 19 17 9 12 18 10 11 3 6 16 4 8 5 2 15 20 1 13 14

Considering the individual entries of array I PS, we establish that row/column 18 has
been swapped to become row/column 1, row/column 15 has been swapped to become
row/column 2, etc. Overall, this defines the vector PER which is given by

i | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
PER ‘ 8 15 9 12 14 10 1 13 4 7 8 5 19 20 16 11 3 6 2 17

Comparing A(PER, PER) with the entries of the arrays A and I, we conclude that
the internal (reordered) representation of A within the MA27 data structure is identical
to the one defined by A(PER, PER); however, we remark that the column indices stored
in the array /T are those of the unordered matrix 4, and not of A(PER, PER).

3.2 The actual numerical factorisation - MA270

On entry into the factorisation routine M A270, the upper triangular representation of
the permuted matrix is copied from the end of the array A to the front, and the relevant
entries at the end of array IW are copied to the front of IWW. Thus, we have
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A(001 —005)  0.00000 —0.03913 —0.07919 —0.00495  0.87415
A(006—010)  0.00000  0.83125  0.02893  0.67390  0.00335
A(011—015)  0.75022  0.00103 —0.00527  0.00486 —0.03742
A(016—020)  0.00000  1.00000  0.85930 —0.00001  0.00126
A(021—025)  0.01200  0.03075  0.00058  0.01051  0.01384
A(026—030)  0.10941  0.00027  0.80244 —0.00245 —0.03926
A(031—035) —0.00356  0.00638 —0.05811 —0.00063 —0.01703
A(036 — 040) —0.04711 —0.02337  0.72129 —0.00871  0.00478
A(041 — 045)  0.02059 —0.00072 —0.00027 —0.00192 —0.00455
A(046 — 050) —0.00405 —0.00084  0.00635 —0.00005  0.81461
A(051—055)  0.05174 —0.00101 —0.00409  0.84672  0.02700
A(056 — 060) —0.00149 —0.00783 —0.00032 —0.01976 —0.01074
A(061 — 065) —0.06242  0.95266 —0.00087 —0.00149  0.00572
A(066 — 070) —0.00110  0.01270  0.00218 —0.01610  0.87634
A(071—075) —0.00340 —0.01342  0.95150 —0.00235  0.00237
A(076 —080)  0.00036  0.00013 —0.03458 —0.00007  0.00002
A(081—085)  0.05658  0.87952 —0.07919 —0.00838 —0.00495
A(086—090)  0.00012 —0.00820  0.00000  0.04222  0.00498
A(091—095)  0.88567  0.00000 —0.00233  0.00572 —0.00087
A(096 —100)  0.00000 —0.00640  0.87233  0.00498  0.75182
A(101—105)  0.00294 —0.00074  0.04822 —0.00041  0.76310
A(106 — 110) —0.00409 —0.02121 —0.00089  0.83568  0.02700
A(111 — 115) —0.00044  0.81969  0.00000  0.00000  0.00000
IW (001 — 005) —18 12 3 6 5
IW (006 — 010) —15 2 9 -9 12
IW(011 — 015) ~12 20 19 17 16
IW (016 — 020) ~14 1 ~10 8 13
IW (021 — 025) 4 1 6 7 2
IW (026 — 030) 3 11 -1 13 11
IW (031 — 035) 8 5 7 6 4
IW (036 — 040) 3 2 ~13 20 19
IW (041 — 045) 17 16 8 3 4
IW (046 — 050) 2 7 11 6 —4
IW (051 — 055) 11 2 16 17 19
IW (056 — 060) 20 5 6 3 7
IW (061 — 065) 8 -7 16 17 19
IW (066 — 070) 6 8 5 3 20
IW (071 — 075) 2 11 -8 19 11
IW (076 — 080) 16 20 17 6 3
IW (081 — 085) 2 . 16 2 19
IW (086 — 090) 6 11 ~19 11 3
IW (091 — 095) 6 —20 11 6 3
IW (096 — 100) ~16 11 3 6 —11
IW (101 — 105) 17 6 2 3 -3
IW (106 — 110) 17 2 6 —6 17
IW (111 — 115) 2 —2 —17 11 13

There are three distinctive parts within the M A270 subroutine which can be sum-
marised as follows:
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(i) The assembly of the frontal matrix from (possible) stack elements, i.e., factorised
rows from a previous elimination step, and entries from original rows. This process
can be visualised by considering Figure 5.

Previous factors

Frontal Matrix Free space

Stack Original matrix

Figure 5: Assembly of the frontal matrix.

(ii) After the assembly of the frontal matrix, the next step in the elimination process
is the actual application of the Gaussian elimination process. Potential pivots are
taken from the rows and columns of the frontal matrix, i.e., the shaded region in

Figure 6.

Rows already pivoted upon

Current frontal matrix

Figure 6: The frontal matrix at an intermediate stage.

(iii) The final part in the elimination process is the placement of the remainder of the
current front back on the stack. This process is visualised in Figure 7.

Factors

Free space Stack

Original matrix

\/

Figure 7: Placing remainder of the front on the stack.
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(exe

No (goto line 219)

—— * | Elements on stack
(line 176)

Yes
cute lines on 181-217)

column/row order saved in

Retrieve elements from stack “—’ array iw2

Incorporate original rows “7
(lines 225-253)

Size and order of columns
in new frontal matrix known

Assemble reals into

frontal matrix \ (lines 273-294)

Copy remainder of current
frontal matrix on stack

(lines 615-667)

Make sure there is sufficient
space anc comress if necessary

Incorporate reals from stack
and put elements into correct
position in array a |

(lines 297-315)

'

Zero corresponding elements
on stack

Incorporate reals from the

original rows (lines 317-322)

Frontal matrix fully assembled | ‘ (line 332)

'

Reset IW2 (lines 333-340)

Check for possible

‘ Perform pivoting on assembled element ‘ (line 341)

No or pivot already chosen

(lines 550-572)

—
2x2 pivot
No (goto 612)
No
(line 358)
Yes
Stability test of 1x1 Stability test of 2x2
No (line 362) pivot satisfied pivot satisfied

,,,,,,,,,,,,,,,, ! (lines 399-430)

Stability of 1x1 pivot okay Yes

e

(goto line 476)

Pivot has been Stability of 2x2 pivot okay

chosen (line 479)

Yes
‘ Perform swapping }—" Execute line 481-546

No swapping necessary
(goto line 548)

Perform elimination using
-

(line 548)

2x2 pivot | (lines 576-611) =

current pivot

Figure 8:

Execution order of the MA270D factorisation

(lines 432-472)

Yes

routine.
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In order for us to understand the above structure, we shall consider the above fac-
torisation structures for the first few elimination steps of the 20 x 20 matrix defined
in Section 3.1. In Figure 8, we give a flow-chart outlining the internal workings of the
factorisation routine.

3.2.1 Overall process at stage one of the elimination process

The actual factorisation process starts on line 155 with a loop of the form

do 760 iass=1,nsteps
(see original code for details)

760 continue

Since tass = 1 at the current stage, nothing has been put on the stack and therefore no
stack elements are being assembled at this stage (line 176), i.e.,

if (numstk.eq.0) go to 80

During the symbolic assembly, we hold the column indices so far placed in the front in
a linked list in the array ITW2 (lines 223-253).

80 numorg=nelim(iass)

j1 = -iw(j1)
do 150 iorg=1, numorg

(see original code for details)

150 continue
At stage one, the entries of array IW2 before line 225 are given by

i‘1234567891011121314151617181920
IW2‘00000000000000000000

whereas the same array has the entries

1‘1234567891011121314151617181920
IW2‘0060321000005000001200

after line 253, thus indicating that columns 18, 12, 5, 3 and 6 have been assembled into
the current frontal matrix. Looking at the initial coefficient matrix in Figure 2, we can
verify that row 18 has non-zero entries in columns 3, 5, 6 and 12, and therefore the
elimination of pivot 18 involves updates in those columns.

The next step in the construction of the frontal matrix is the assembly of the reals
into the frontal matrix. We first make sure that there is sufficient space in the arrays to
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a(l) — a(15) before line 276 a(l) — a(15) after line 295
(1) —a(15)

a(l) a(2) a(3) a(4) a(5) a(6) a(l) a(2) a(3) a(4) a(5) a(6)

.00000 —.03913 —.07919 —.00495 .87415 .00000 .00000  .00000 .00000 .00000 .00000 .00000
a(7) a(8) a(9) a(10) a(11l)  a(12) a(7) a(8) a(9) a(10)  a(11l) a(12)
.83125 .02893 .67390 .00335 .75022 .00103 .00000  .00000  .00000 .00000 .00000 .00000
a(13) a(14) a(15) a(16) a(17)  a(18) a(13) a(14) a(15)  a(16) a(17)  a(18)

—.00527  .00486  —.03742 .00000  .00000  .00000

hold the new frontal matrix and perform a simple compress using M A27P if necessary
(lines 276-295).

However, at this stage no stack elements are being assembled and so execution is
transferred to line 317.

The final step in the construction of the frontal matrix is the incorporation of the
reals from the original rows (lines 317 —332). The integer and real information is copied
directly into place as indicated by Figure 5. We notice that during this assembly, the
entries of the linked list are converted into relative positions during the integer copy to
facilitate the move of the reals.

a(1) — a(15) before line 317 a(1) — a(15) after line 332

a(1) a(2) a3)  a()  a(3)  a(6) a(1) a(2) a(3) a(4) a(5) a(6)
.00000 .00000  .00000 .00000 .00000 .00000 .00000 —.03913 .87415 —.07919 —.00495 .00000
a(7) a(8) a(9) a(10)  a(11)  a(12) a(7) a(8) a(9) a(10) a(11) a(12)
.00000  .00000  .00000 .00000 .00000 .00000 .00000  .00000  .00000  .00000 .00000  .00000
a(13) a(14) a(15)  a(16) a(17)  a(18) a(13) a(14) a(15) a(16) a(17) a(18)
.00000  .00000  .00000 .00000  .00000  .00000

This completes the assembly of the current frontal matrix, where the array entries
a(1) — a(15) after line 332 correspond to the front

.00000 —.03913 .87415 —.07919 —.00495
.00000 .00000  .00000  .00000

.00000  .00000  .00000

.00000  .00000

.00000

After resetting the array 172 and the variable numass (lines 333-340), which is the
number of accumulated rows assembled so far, we are now in a position to choose pivots in
the frontal matrix and perform the eliminations. The maximum number of pivots is the
number of tentative eliminations plus the number of variables in stacked elements which
were not previously eliminated because of stability considerations. Since we assembled
in tentative pivot order, these rows and columns come first in the corresponding data
structure (lines 341-364).

If the user has indicated that the matrix is definite by setting u < .00000, we do not
check for stability but perform the eliminations as long as the pivot is non-zero and has
not changed sign. A zero pivot, when the matrix has been declared definite, raises an
error condition as does a change in sign when u is set to zero. When u is set negative,
changes in sign are flagged and a warning is printed but the decomposition continues
(lines 365-398).
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The frontal matrix—at an intermediate stage—has the form shown in Figure 6.
When u > 0, we test the next potential pivot for stability in the following manner.
We first search the whole of the potential pivot row determining the largest entry in
the potential pivot columns (shaded region) and the largest entry of the rest (unshaded
region). The largest entry to the right of the diagonal in the row of prospective pivots
in the fully-summed part of the matrix is determined, and we also record the column of
this entry (lines 399-410). We do the same as above for the non-fully summed part, only
here we do not need to record the column (lines 410-417). For the above example, the
largest entry that is returned by the loop is tmaxr = .874148119. Finally, we calculate
the largest entry in the other part of the row (lines 418-428), for which we also obtain
rmax = .874148119.

Column indices. For each 2x2
pivot the first index is negated.

<+—— NFRONT —=
‘ Block pivot row. ‘ ‘ ‘ Integer List ‘/
NPIVOT o
v Leftin situ. $
NFRONT: number of columnsin block

NPIV: number of rows

Put on stack

w

Figure 9: Disposition of the frontal matrix.

The stability test follows on line 430, where, for a 1 x 1 pivot, we apply the chosen
pivot aj; if | a;; |> w | aj; | holds. At this stage of the elimination process, we ascertain
.00000 > .00000, and so the stability test is not satisfied. Next, the stability of a possible
2 x 2 pivot must be checked, i.e.,

[ A Ak k+1 ]
Ak+1,k  Ok41,k+1
The numerical stability test for 2 x 2 pivots, which is performed on lines 432-474, is
not satisfied (amaz = 0.0000) in this particular case, and so neither the 1 x 1 nor the
2 X 2 pivot can be used. Execution is transferred to the main elimination loops (line
611 — 612) and consequently, since no eliminations can be performed at this stage, the
elements of the current front are put back onto the stack.

If an elimination had taken place at this point, the rows from which pivots have been
chosen would have been at the beginning of the frontal matrix. This is visualised in

max [max (| oy || axa )] < u.
o0
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Figure 7. It follows that pivoted rows can be left in place as the next block pivot row in
the factors. The remainder of the frontal matrix must be placed on the stack. The data
movement in Figure 7 is expanded in Figure 9, where the integer storage for each block
pivot row is explicitly shown.

Once the frontal matrix has been disposed of as shown in Figure 9, further assemblies
can be performed (lines 615-667). Notice that any null rows or columns or any zero block
are effectively swept to the end of the factored form and will not ever need to be stored.
The total number of pivots (NTOTPV) is, in this case, less than n, the order of the
system, but the decomposition is still valid for the non-singular submatrix of order
NTOTPV. We elaborate on this behaviour at a later stage in the elimination process.

However, since no elimination has taken place at this stage, the entire front must be
put back onto the stack. We ascertain

a(1) — a(15) before line 615 a(515) — a(529) after line 615
a(l) a(2) a(3) a(4) a(5) a(6) a(515) a(516) a(517) a(518) a(519) a(520)
.00000 —.03913 .87415 —.07919 —.00495 .00000 .00000 .00000 .00000 .00000 .00000 .00000
a(7) a(8) a(9) a(10) a(11) a(12) a(522) a(523) a(524) a(525) a(526) a(527)
.00000  .00000  .00000  .00000 .00000  .00000 .00000 .00000 .00000 .00000 .00000 .00000
a(13) a(14) a(15) a(16) a(17) a(18) a(528) a(529) a(530) a(531) a(532) a(533)
.00000  .00000  .00000 .00000 .00000 .00000

and also
a(1) — a(15) before line 667 a(515) — a(529) after line 667

a(1) a(2) a(3) a(4) a(b) a(6) a(515)  a(516) a(517)  a(518) a(519)  a(520)
.00000 .00000 .00000 .00000 .00000 .00000 .00000 —.03913 .87415 —.07919 —.00495 .00000
a(7) a(8) a(9) a(10)  a(11)  a(12) a(522)  a(523) a(524) a(525) a(526)  a(527)
.00000 .00000 .00000 .00000 .00000 .00000 .00000  .00000  .00000  .00000 .00000  .00000
a(13)  a(14) a(15) a(16) a(17)  a(18) a(528) a(529) a(530) a(531)  a(532)  a(533)
.00000 .00000 .00000 .00000  .00000  .00000

The array entries a(1)-a(15) (shaded region below) are put on the stack a(515)-
a(529), and the initial entries a(1)-a(15) are zeroed out.

3.2.2 Overall process at stage two of the elimination process

As in the previous section, the actual factorisation process starts on line 155 with the
loop

do 760 iass=1,nsteps
(see original code for details)
760 cor.1tinue
and where iass = 2. Usually, the assembly of the frontal matrix for stages two or later

of the elimination process starts by retrieving the stack elements from a previous stage
of the elimination. This is accomplished by a loop of the form (lines 181-217)
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do 70 iell=1,numstk
(see original source code for details)

70 continue

However, since no elimination has taken place so far and therefore no (processed)
elements are on the stack, the execution is transferred to line 223 (see above) and the
assembly is continued by incorporating the original rows into the front (lines 223-253).
We ascertain the following entries for array /W2 before line 223:

i‘1234567891011121314151617181920
IW2‘00000000200000000000

After the incorporation of the original rows (line 253), the same array has the entries

i‘l234567891011121314151617181920
IW2‘021000000000200900000

thus indicating that columns 15, 9, and 2 have been assembled into the current frontal
matrix.

As before, the elimination process continues by incorporating the reals into the cur-
rent front. Since the overall process is equivalent to the one at stage two, we shall not
discuss it here again, but state the overall frontal matrix (line 332) which is given by

.00000 .02893 .83125
.00000 .00000
.00000

Performing the same preparations for checking the stability of the current pivot as
above (lines 333-430), we conclude on line 430 that in the current case, just as above,
the stability test for the 1 x 1 pivot is not satisfied (.00000 ¥ .00000). Furthermore, the
2 x 2 pivot does not satisfy the stability test either (amaz = .00000 on line 432) and
therefore execution is transferred back to the main elimination loops (line 611 - 612).
Consequently, since no elimination has taken place, all the elements of the current front
are put back onto the stack. As before, we ascertain the following array entries

a(1) — a(6) after line 667 a(509) — a(514) after line 667
a(1) a(2) a(3) a(4) a(5) a(6) a(509) a(510) a(511) a(512) a(513) a(514)
.00000 .00000 .00000 .00000 .00000 .00000 .00000 .83125 .00000 .00000 .00000 .00000
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3.2.3 Overall process at stage three of the elimination process

Since no eliminations have taken place so far, stage three of the elimination process
(iass = 3) starts, as before, by assembling the frontal matrix (lines 171-253). However,
the driver routine M A27A returns that one stack element is generated at stage three
(nstk(3) = 1) * and so the loop

do 70 iell=1,numstk

70 continue

is executed once. The corresponding entries of array ITW2 before line 181 are given
by

i‘1234567891011121314151617181920
IW2‘00000000000000000000

whereas the same array has the entries

i‘l234567891011121314151617181920
IW2‘021000000200000900000

after line 217, thus indicating that columns 15, 9 and 2 have been assembled from the
stack.

The next step in the construction of the frontal matrix is, as before, the incorporation
of the original rows into the frontal matrix. The entries of array I'W2 before line 225
are given by

i‘l234567891011121314151617181920
IW2‘021000000200000900000

whereas the same array has the entries

1‘1234567891011121314151617181920
IW2‘0210000001200200900000

after line 253, thus indicating that columns 15, 9, 12 and 2 have been assembled into
the current frontal matrix.

As indicated by our elaboration of stage one, the elimination process continues by
incorporating the reals into the current front, giving

“The elimination of pivot 9 implies the assembly of node 15—see the elimination tree on
page 18 for details.
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.00000 .02893 .00000 .83125
67390 .00335 .00000
.00000 .00000

.00000

Similar to the fronts of stage one and two in the elimination process, the stability
of the 1 x 1 pivot of the current front is not satisfied (.00000 % .00000 on line 430).
However, the stability of the 2 x 2 pivot

{ .00000 .02893 ]

(3.1)

.02893 .67390

is satisfied (lines 431-474) and thus execution continues on line 479 with a loop (lines
483 - 545) that attempts to move the pivot block to the top left hand corner of the
frontal matrix if required. However, since the chosen 2 x 2 pivot is already in the top
left hand corner of the frontal matrix in this particular case, execution is transferred to
line 547—the start of the actual elimination process—and consequently to line 576 since
we are dealing with a 2 x 2 pivot.

A pseudo algorithm that visualises the 2 x 2 elimination process can be stated as
follows.

Algorithm 3.1 (Gaussian elimination for 2 x 2 pivots)
Choose 2 x 2 pivot A(1:2,1:2) and compute inverse A(1:2,1:2)7 !
Compute A(1:2,1:n) = A(1:2,1:2)7"A(1:2,1:n)
Fori=3,...,n

Forj=3,...,n

End for
End for.

Now, writing the front (3.1) in its full storage representation we ascertain

.00000 .02893 .00000 .83125
02893 .67390 .00335 .00000
.00000 .00335 .00000 .00000
83125 .00000 .00000 .00000

Here, the grey cells represent the chosen 2 x 2 pivot as defined above. Computing the
inverse of the A(1: 2,1 :2), which is given by

—805.29771 34.56838
34.56838  0.00000 |’

(3.2)

and multiplying A(1: 2,1 : n) by the inverse, we obtain

1.00000 .00000 —.11568 669.40429
.00000 1.0000  .00000 —28.73499
.00000 .00335  .00000 .00000
83125 .00000  .00000 .00000
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This completes step one and two of Algorithm 3.1. What remains is to compute the
entries A(3,3), A(3,4) and A(3,5). This is achieved by the loop in step three of the
above algorithm, giving

A(3,3) = A(3,3) — A(3,1)A(1,3) — A(3,2)A(2,3)
00000 — .00000 * 11568 — 00335 * .00000
= 00000

A(3,4) = A(4,3)
= A(3,4) — A(4,1)A(1,3) — A(4,2)A(2,3)
= .00000 — .11568 * .83125 — .00000 * .00000
= —.09616

A4 4) = A(4,4) — A(4,1)A(1,4) — A(4,2)A(2,4)
— 00000 — .83125 * 669.40429 — .00000 * 28.73499
= 556.44278.

It follows that the overall frontal matrix for stage three of the elimination process is
given by

—805.29772 34.56838 —.11568 669.40428
.00000  .00000 —28.73499

.00000 —.09616

956.44278

Here, the entries A(1,1) = —805.29772, A(1,2) = 34.56838 and A(2,2) = .00000 corre-
spond the relevant entries in (3.3) but include the values of the inverse of the 2 x 2 pivot
in the data structure A within M A270.

What remains after the actual factorisation is to put the factorised terms in gray
back onto the stack, i.e.,

a(1) — a(12) before line 615 a(1) — a(12) after line 667
a(1) a(2) a(3) a(4) a(5) a(6) a(l) a(2) a(3) a(4) a(b) a(6)
—805.29772 34.56838 —.11568 669.40428 .00000 .00000 —805.29772 34.56838 —.11568 669.40428 .00000 .00000
a(7) a(8) a(9) a(10) a(1l)  a(12) a(7) a(8) a(9) a(10) a(1l)  a(12)
—28.73499 .00000 —0.09616 556.44278 .00000 .00000 —28.73499 .00000 .00000 00000 .00000 .00000

The corresponding stack elements are

a(512) — a(517) before line 615 a(512) — a(517) after line 667
a(512)  a(513)  a(514) a(515)  a(516)  a(517) a(512)  a(513)  a(514) a(515)  a(516)  a(517)
.00000000 .00000000 .00000000 .00000000 —.03913 .87415 .00000000 —.09616 556.44278 .00000000 —.03913 .87415




37

3.2.4 Overall process at stages four and five of the elimination process

Stage four of the elimination proceeds along the same lines as the elimination in stage
three, where the assembled front includes the columns

18— 12—-5—-19—-20—-16 >3 —6 —>2 — 17

As before, since the diagonal entry of row/column 18 is zero, the stability test for
the 1 x 1 pivot fails. However, the stability of the 2 x 2 pivot is satisfactory and thus
elimination proceeds as in the previous stage, giving the overall intermediate elimination
stage corresponding to
[ —805.29772 34.56838 —.11568
00000 100000
—489.94323 —25.55500 428.28205 —.13477

.00000  22.33894 .00000
374.38274 —0.11780

.00000

669.40428

—28.73499
02634 —.95617 —38.79879 —242625 —245739 12432
00000 00000 —2.02372  —.12655 .00000 00000
02303 —.83584 —33.91589 —2.12090 —2.14813  .10868
.00000 00000 01067 00067 .00000 00000
.00000  .00000  —.00209 —.00013 .00000 00000
.00000 07572 00474 .00000 00000
3.07249 19214 19460 —.00985
01201 01217 —.00062
556.44278 00000
.00000 |

The entries in grey are put back onto the stack in order to be used in subsequent
eliminations and execution is continued by assembling the fifth frontal matrix.
The fifth frontal matrix consists simply of the two columns

14 =1

Since no fill-in has occurred in the diagonal entry (14,14) and which is consequently
zero, the stability test for the 1 x 1 pivot fails. Checking the stability of the 2 x 2 pivot
reveals that its stability is not satisfied either, and thus execution continues at stage six.
The sixth stage of the elimination process, which incorporates a peculiarity, is discussed
in the next section.

3.2.5 Overall process at stages six of the elimination process

The assembly of the front at stage six, as well as the corresponding elimination process,
is similar to the elimination described in previous sections. However, the fully summed
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variable 14, which was not pivoted on in the previous section due to the failure of the nu-
merical test, is included in the new front, indicating that two fully summed rows/column
(14 and 10) are present. It follows that in case of the numerical instability of the first
pivot, a second potential pivot is available in the front which may be eliminated. The
importance of this observation is emphasised below.

The initial assembly of stack elements and original rows at the current stage returns
the front

i‘l234567891011121314151617181920
IW2‘132167028110130410000000

indicating that columns 14, 10, 1, 13, 4, 7, 8, 11, 3, 6 and 2 have been assembled in the
current, frontal matrix.

Again, going through the individual steps of checking the stability of the 1 x 1 pivot,
i.e., element (14, 14), and the 2 x 2 pivot, which is defined as

(14,14) (14,10)
(10,14) (10,10) |

we notice that neither pivot satisfies the given stability criteria. However, element
(10,10) in the current front, which has been fully summed, is the second pivot that may
be eliminated. Thus, the second run through loop 640 chooses the entry (10, 10) as pivot
and performs the suitable stability test which is satisfied—line 430 giving .859300795 >
.000000001. Before the elimination can take place the data structure

4—-10—-1—-13—-4=>7—-8—=11—-3—6—2
must be updated in order to incorporate the correct ordering
10—=-14—-1—-13-4=>7—-8—=11—-3—=6—2

Here, the first two positions in the current front have been swapped such that the cur-
rent pivot is in the top left corner. Writing the initial front in its column representation,
we ascertain

(14,14) (14,10) (14,1) (14,13) (14,4) (14,4) (14,7) (14,8) (14,11) (14,3) (14,6) (7,23) (14,2)

The subsequent entries of the front can be defined by reducing the number of columns
by one, i.e., neglecting the first entry of the previous row, in each subsequent row. For
instance, the second row in the front is given by
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(10,10) (10,1) (10,13) (10,4) (10,7) (10,8) (10,11) (10,3) (10,6) (10,2)
R T || E | I VI | IR
Within the M A270 source code the swapping is performed between lines 483-547.

If the current pivot is not in the top left corner of the current front (as in this particular
case), then the loop

do 550 krow=1,pivsiz

550 continue

is executed. The overall process can be visualised quite easily by considering the indices
of the array locations occupied by the current front within the storage space A and by
writing them in their frontal representation, i.e.,

[27 28 29 30 31 32 33 34 35 36 37 ]
38 39 40 41 42 43 44 45 46 47
48 49 50 51 52 53 54 55 56
57 58 59 60 61 62 63 64
65 66 67 68 69 70 71
72 73 T4 75 76 77
78 79 80 81 82
83 84 85 86
87 88 89
90 91
92

For krow = 1, the loop do 470, which swaps the portion of rows whose column
indices are greater than a later row, returns the indices j1 = 29, 72 = 37 and
apos2 = 39. It follows that the first row is swapped with the second row. Here, the
individual entries correspond to the following locations within the matrix.

(14,14) (14 10) (14, 1) (14,13) (14, 4) (14, 7) (14, 8) (14,11) (14, 3) (14 3) (14 2)

27 29 30 31 32 33 34 35

/////////

(§180) (10, 1) (é(l)s) (140110 (110127> (é?s)) (folfll) (1101% (éq) (folz
The last step in the current swapping process is to swap the diagonal entries, which
is accomplished on lines 524-533 of the original code. The code returns apos = 38 and
posfac =27 and so a(38) (10,10) <> a(27) (14,14). This completes the swapping pro-
cess which has swapped rows/columns 14 and 10. It follows that the initial row/column
order given above is now defined by

(10,10) (10,14) (10,1) (10,13) (10,4) (10,4) (10,7) (10,8) (10,11) (10,3) (10,6) (10,2)
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and, in terms of the above index matrix, we ascertain

[ 38 28 39

27 29

48

40
30
49

=

57

41
31
50
58
65

42
32
51
59
66
72

43
33
52
60
67
73
78

44
34
53
61
68
74
79
83

45
35
54
62
69
75
80
84
87

46 47
36 37

55 56

63 64
70 71
% 77
81 82
85 86
88 89
90 91
9 |

Having chosen the correct pivot, which has already been swapped to the top left
hand corner and which satisfies the 1 x 1 stability criterion, we are now in a position
to perform the actual factorisation. The process is initiated on line 548 and concludes
on line 572. Here, the corresponding entries of the elimination matrix A are defined as

follows.

a(27) — a(92) before line 548

a(27) a(28) a(29) a(30) a(31)  a(32)
.85930 .00000 .03075 .00126 .01290 .01051
a(33) a(34) a(35) a(36) a(37)  a(38)
—.00001  .00027 .10941 .00058  .01384 .00000
a(39) a(40) a(41) a(42) a(43)  a(44)
1.00000  .00000 .00000 .00000  .00000 .00000
a(45) a(46) a(47) a(48) a(49)  a(50)
.00000 .00000 .00000 .00000  .00000 .00000
a(51) a(52) a(53) a(54) a(55)  a(56)
.00000 00000 .00000 .00000  .00000 .00000
a(57) a(58) a(59) a(60) a(61l)  a(62)
.00000 .00000 .00000 .00000  .00000 .00000
a(63) a(64) a(65) a(66) a(67)  a(68)
00000 -00000 .00000 .00000  .00000 .00000
a(69) a(70) a(71) a(72) a(73)  a(74)
.00000 .00000 .00000 .00000  .00000 .00000
a(75) a(76) a(77) a(78) a(79)  a(80)
.00000 .00000 .00000 .00000  .00000 .00000
a(81) a(82) a(83) a(84) a(85)  a(86)
.00000 .00000 .00000 .00000  .00000 .00000
a(87) a(88) a(89) a(90) a(91)  a(92)
.00000 .00000 .00000 .00000  .00000 .00000

a(27) — a(92) after line 572

a(27) a(28) a(29) a(30) a(31) a(32)
1.16374  .00000 —.03578 —.00146 —.01501 —.01223
a(33) a(34) a(35) a(36) a(37) a(38)
.00001  —.00031 —.12733 —.00067 —.01611  .00000
a(39) a(40) a(41) a(42) a(43) a(44)
1.00000  .00000 .00000 .00000 .00000 .00000
a(45) a(46) a(47) a(48) a(49) a(50)
.00000 .00000 .00000 —.00110 —.00004 —.00046
a(51) a(52) a(53) a(54) a(55) a(56)
—.00038  .00000  —.00001 —.00392 —.00002 —.00050
a(57) a(58) a(59) a(60) a(61) a(62)
.00000  —.00002 —.00002  .00000 .00000  —.00016
a(63) a(64) a(65) a(66) a(67) a(68)
.00000  —.00002 —.00019 —.00016  .00000 00000
a(69) a(70) a(71) a(72) a(73) a(74)
—.00164 —.00001 —.00021 —.00013  .00000 .00000
a(75) a(76) a(77) a(78) a(79) a(80)
—.00134 —.00001 —.00017  .00000 .00000 .00000
a(81) a(82) a(83) a(84) a(85) a(86)
.00000 .00000 .00000  —.00003  .00000 .00000
a(87) a(88) a(89) a(90) a(91) a(92)
—.01393 —.00007 —.00176 .00000 —.00001 —.00022

The entries of a(27) —a(92) after line 572 now correspond to the entries of the frontal
matrix after Gaussian elimination. In order to verify the correctness of these results,
consider the ordinary implementation of the Gaussian elimination algorithm as defined
by Golub and Van Loan [7, page 99].

Algorithm 3.2 (Gaussian elimination for 1 x 1 pivots)

Fork=1,2,... ,n—1

Compute A(k+1:n,k)=Ak+1:n/k)/A(k, k)

Fori=k+1,...,n

Forj=k+1,....,n
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End for
End for
End for.

Performing the individual elimination stages, we ascertain, for k = 1,

A(2:11,1) = A(2: 11,1)/A(1,1) — A(2,1) = A(2,1)/A(1,1)
— .000000000/.859300795
= 000000000
S A(3,1) = A(3,1)/A(1,1)
— 030748033 /.859300795
= 035782619
A1) = A(4,1)/A(1,1)
— .001256151/.859300795
= 001461830
S A(B,1) = A(5,1)/A(1,1)
— .012897162/.859300795
= 015008902
S A(6,1) = A(6,1)/A(1,1)
— .010508927/.859300795
= .012229625
S A(T,1) = A(T,1)/A(L,1)
= —.000011455/.859300795
= —.000013330
S A(8,1) = A(8,1)/A(1,1)
= .000267988/.859300795
= 000311868
5 A(9,1) = A(9,1)/A(1,1)
= .109413267/.859300795
— 12732825
— A(10,1) = A(10,1)/A(1,1)
= .000579578/.859300795
— 000674476
— A(10,1) = A(10,1)/A(1,1)
= .013842891/.859300795
016109483
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The inner loops, i.e., i =2:11 and j = 2 : 11, give

— A(2,2)

— A(2,3)

— A(2,4)

— A(2,5)

— A(2,6)

— A(2,7)

— A(2,8)

— A(2,9)

— A(2,10)

— A(2,11)

— A(3,3)

A(2,2) — A(2,1)A(1,2)

.000000000 — (.000000000)(.000000000)
.000000000

A(2,3) — A(2,1)A(1,3)

1.000000000 — (.000000000)(.030748033)
1.000000000

A(2,4) — A(2,1)A(1, 4)

.000000000 — (.000000000)(.001256151)
.000000000

A(2,5) — A(2,1)A(1,5)

.000000000 — (.000000000)(.012897160)
.000000000

A(2,6) — A(2,1)A(1, 6)

.000000000 — (.000000000)(.010508920)
.000000000

A(2,7) — A(2,1)A(1,7)

.000000000 — (.000000000) (—.000011450)
.000000000

A(2,8) — A(2,1)A(1,8)

.000000000 — (.000000000)(.000267980)
.000000000

A(2,9) — A(2,1)A(1,9)

.000000000 — (.000000000)(.109413260)
.000000000

A(2,10) — A(2,1)A(1, 10)
.000000000 — (.000000000)(.000579578)
.000000000

A(2,11) — A(2,1)A(1,11)
.000000000 — (.000000000)(.013842891)
.000000000

A(3,3) — A(3,1)A(1,3)

.000000000 — (.035782619)(.030748033)
—.001100245
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Comparing the entries of the frontal matrix after line 572 with the entries obtained from
the Gaussian elimination algorithm verifies the correctness of the results stated above.

This completes the factorisation of the current frontal matrix. As before, entries
in the pivot row are stored at the front of the storage array A and do not have to be
accessed again, whereas entries from non-pivot rows are put on the stack in order to be
considered by future fronts.

The remaining fronts formed in order to complete the entire factorisation of the
coefficient matrix follow along the same lines as those described above; they are not
given here.

In the next section, we consider the factored matrix—stored at the beginning of the
array A—and describe how back substitution and forward substitution is applied to find
the solution to the linear system of equations.
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4 The solution phase

4.1 The forward substitution routine - M A27Q

The factors that are produced by the factorisation routine M A270, and which are stored
in the arrays A and IW, are used by M A27() to solve the system

Uy = b. (4.1)

Here, the solution vector y overwrites the right-hand side vector b held in the array
RHS.

The substitution process for each individual block pivot is initiated on lines 66-92 by
determining whether it is computationally better to use direct or indirect addressing in
the innermost substitution loop [2, §3.5]. When direct addressingis applied, an additional
vector W is used to store those components of the RHS vector that correspond to the
rows of the block pivot. The substitutions are then performed considering W rather
than RHS. On completion the components of W are copied back to the appropriate
components of RHS. Indirect addressing does not require an auxiliary vector, but
computations are performed using the RHS vector directly—see Duff and Reid [6] for
details.

In the context of the example in this article, the first thirty entries of the work-array
IW , which correspond to the first three fronts built during the elimination process, are
given by

W 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
“4 ‘2“-15 9 12 2‘ “10 ‘2“-18 12 5 19 20 16 3 6 2 17‘

vy v '

length of  2x2 pivot 1st front length of 2x2 pivot 2nd front
front front

\W 19 20 21 22 23 24 25 26 27 28 29 30

-’;1 |10 | 14 1 13 4 7 8 11 3 6 2

1x1 pivot of 3rd front
length 11

Within the work-array, the fronts corresponding to 2 x 2 pivots are preceded by two
entries, which refer to the length of the front and the indication that a 2 x 2 pivot is
used. On the other hand, 1 x 1 pivots are simply preceded by a single entry that refers
to the length of the front involving the 1 x 1 pivot.

As outlined in the previous section, the first block pivot is a 2 x 2 pivot involving a
front of dimension four, i.e.,

—805.29772 34.56838 —.11568 669.40428
.00000  .00000 —28.73499

.00000 —.09616

556.44278
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Here, the 2 x 2 pivot is located in the top left corner (elements in grey) and the
elements which were put back on the stack during the elimination process are in the
bottom right corner (also in grey). Forward substitution is performed using the elements
in the top right corner of the above front, i.e., those elements which involve neither the
pivot itself nor the elements that were put back on the stack. In this particular instance
the substitution is executed using indirect addressing (line 186), giving

rhs( 12) = rhs( 12) + rhs( 15) * a( 3) + rhs( 9) * a( 6)
0.88431811 = 1.00000000 + 1.000000 * -0.1156810 + 1.00000 * 0.000000
rhs( 2) = rhs( 2) + rhs( 15) * a( 4) + rhs( 9) * a( 7)
641.669291 = 1.00000000 + 1.000000 * 669.404285 + 1.00000 * -28.7349
Consulting the entries of the data structure stored in the array A, i.e.,

A(1-5) -805.2977168 34.5683843 -0.1156818 669.4042847 0.0000000

A(6-7) 0.0000000 -28.7349934

confirms the above theory. The first two entries of A, as well as the fourth entry,
correspond to the 2 x 2 block pivot, whereas the entries A(3), A(4), A(6) and A(7) are
substituted on.

The second block pivot, which is also of dimension 2, is again applied using indirect
addressing. The corresponding operations (line 186) are

rhs( 5)
449.037678

rhs( 19)
0.865234

rhs( 20)
1.026343

rhs( 16)
0.043827

rhs( 3)
-39.588401

rhs( 6)
-1.538156

rhs( 2)
639.211897

rhs( 5)

+

rhs( 18)

*

1.00000000 + 1.00000000 =*

rhs( 19)
1.00000000

rhs( 20)
1.00000000

rhs( 16)
1.00000000

rhs( 3)
1.00000000

rhs( 6)
1.00000000

rhs( 2)
641.669200

+

+

rhs( 18)

rhs( 18)

rhs( 18)

rhs( 18)

rhs( 18)

rhs( 18)

a( 10)
428.282951

* a( 11)
1.00000000 =

-0.1347650

* a( 12)
1.00000000 =*

0.02634300

* a( 13)
1.00000000 =*

-0.9561720

* a( 14)
1.00000000 =

-38.798791

* a( 15)
1.00000000 =*

-2.426245

* a( 16)
1.00000000 =

-2.45739400

+

+ +

+

rhs( 12)
0.884318

rhs( 12)
0.884318

rhs( 12)
0.884318

rhs( 12)
0.884318

rhs( 12)
0.884318

rhs( 12)
0.884318

rhs( 12)
0.884318

* a( 19)
* 22.3389

* a( 20)
* 0.00000

* a( 21)
* 0.00000

* a( 22)
* 0.00000

* a( 23)
* -2,0237

x a( 24)
* -0.1265

* a( 25)

*

0.00000
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rhs( 17) + rhs( 18) * a( 17) + rhs( 12) * a( 26)
1.00000000 + 1.00000000 * 0.1243246 + 0.884318 * 0.00000

rhs( 17)
1.124324

Again, checking the entries of the work-array I reveals the agreement between the
columns that make up the second front in the elimination process (see previous section)
and also the operations listed above. Only the elements involving the pivot rows (except
the 2 x 2 pivot itself) are used in the substitution. The corresponding front is defined as

[ —805.29772 34.56838 —.11568
.00000 .00000
—489.94323 —25.55509 428.28295  —.13477
.00000  22.33894 .00000
374.38274 —0.11780

.00000
669.40428
—28.73499
02634 —.95617 —38.79879 —242625 —245739 12432
00000 00000 —2.02372  —.12655 00000 00000
02303 —.83584 —33.91589 —2.12090 —2.14813  .10868
.00000 00000 01067 00067 .00000 00000
.00000 00000  —.00209 —.00013 .00000  .00000 |’
.00000 07572 00474 .00000 00000
3.07249 19214 19460 —.00985
01201 01217 —.00062
556.44278 00000
.00000 |

with the relevant entries in the array A being given by

A(C 1- 5) -805.2977168 34.5683843 -0.1156818 669.4042847  0.0000000
A(C 6-10) 0.0000000 -28.7349934 -489.9432282 -25.5550938 428.2829513
A(11-15) -0.1347651  0.0263438 -0.9561726 -38.7987914 -2.4262451
A(16-20) -2.4573944  0.1243246 0.0000000  22.3389372  0.0000000
A(21-25) 0.0000000  0.0000000 -2.0237176 -0.1265512  0.0000000
A(26-26) 0.0000000

Here, the first two rows in the above front (entries A(1)-A(7)) refer to the first block
pivot of dimension 2 x 2 and the entries in rows five to twelve are the factored elements
that were put back on the stack in order to be incorporated in later fronts.

The third front in the elimination process had dimension eleven and involved a 1 x 1
pivot—as indicated above, W (19) = —11. The substitution is again performed using
indirect addressing (line 168) and involves the operations

rhs( 14) + a( 28) * ths( 10)
1.000000 + 0.000000 * 1.000000

rhs( 14)
1.00000
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rhs( 1) = rhs( 1) + a( 29) * rhs( 10)
0.96421 = 1.000000 + -0.03578 * 1.000000
rhs( 13) = rhs( 13) + a( 30) * ths( 10)
0.99853 = 1.000000 + -0.00146 * 1.000000

rhs( 4) = rhs( 4) + a( 31) * rhs( 10)
0.98499 = 1.000000 + -0.01500 * 1.000000

rhs( 7) =rhs( 7) + a( 32) * ths( 10)
0.98777 = 1.000000 + -0.01222 * 1.000000

rhs( 8) = rhs( 8 ) + a( 33) * rhs( 10)

1.00001 = 1.000000 + 0.000013 * 1.000000
rhs( 11) = rhs( 11) + a( 34) * rhs( 10)
0.99968 = 1.000000 + -0.00031 * 1.000000

rhs( 3) = rhs( 3) + a( 35) * ths( 10)
-39.715 = -39.5884 + -0.12732 * 1.000000

rhs( 6) = rhs( 6) + a( 36) * rhs( 10)
-1.5388 = -1.53815 + -0.00067 * 1.000000

rhs( 2) = rhs( 2) + a( 37) * ths( 10)
639.195 639.2118 + -0.01610 * 1.000000

The corresponding array entries of A are

A(C 1- 5) -805.2977168 34.5683843 -0.1156818 669.4042847 0.0000000
A(C 6-10) 0.0000000 -28.7349934 -489.9432282 -25.5550938 428.2829513
A(11-15) -0.1347651 0.0263438 -0.9561726 -38.7987914 -2.4262451
A(16-20) -2.4573944 .1243246 0.0000000  22.3389372  0.0000000
A(21-25) 0.0000000 0.0000000 -2.0237176 -0.1265512 0.0000000
A(26-30) 0.0000000 1.1637368 0.0000000 -0.0357826 -0.0014618
A(31-35) -0.0150089 -0.0122296 0.0000133 -0.0003118 -0.1273282
A(36-37) -0.0006744 -0.0161094

o

The remaining substitution steps, which are not outlined here, are performed in a
similar manner. References to the vector RH S, which stores the intermediate result of
the forward substitution, and which is passed to the back substitution routine M A27R,
do not refer to the original ordering of the rows and columns of the coefficient matrix A,
but to its permuted representation. In Section 5, we outline a procedure which may be
used to identify where individual entries of RH S are located within the original ordering.
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4.2 The back substitution routine - MA27R

The back substitution routine M A27R works along the same lines as its corresponding
forward substitution routine, which we discussed in the previous section. However, the
final substitution operations are not performed from top to bottom, but in a similar
manner to the ordinary forward/backward substitution theory by computing the final
solution vector from bottom to top. Thus, the substitutions start with the final block
pivot— or the final front in the elimination—and conclude with the first block pivot.
Starting with our discussion from the third but last block pivot, which is a 1 x 1
pivot with the operations performed on a front of dimension eleven, reveals the following
computations. As before, the substitutions are executed using indirect addressing with
the column indices and the relevant frontal information being stored in the work-array
IW. The backward substitutions involving the current 1 x 1 block pivot are initiated

on line 166 by handling the pivot itself, i.e.,

rhs( 10)
1.16373685

The corresponding incorporation of the relevant columns of the current front are per-

rhs( 10)

* a( 27)
1.0000000 * 1.16373685

formed within a loop (lines 170-174), giving

rhs( 10) = rhs( 10) + a( 28) * rhs( 14)
1.16373685 = 1.16373685 + 0.00000000000 * 0.39417215
rhs( 10) = rhs( 10) + a( 29) * rhs( 1)
1.12795423 = 1.16373685 + -0.0357826193 * 1.00000000
rhs( 10) = rhs( 10) + a( 30) * ths( 13)
1.12592055 = 1.12795423 + -0.0014618300 * 1.39118609
rhs( 10) = rhs( 10) + a( 31) * rhs( 4)
1.10860324 = 1.12592055 + -0.0150089029 * 1.15380297
rhs( 10) = rhs( 10) + a( 32) * ths( 7)
1.09450153 = 1.10860324 + -0.0122296258 * 1.15307701
rhs( 10) = rhs( 10) + a( 33) * rhs( 8)
1.09451552 = 1.09450153 + 0.00001333033 * 1.04942995
rhs( 10) = rhs( 10) + a( 34) * ths( 11)
1.09412851 = 1.09451552 + -0.0003118685 * 1.24095618
rhs( 10) = rhs( 10) + a( 35) * rhs( 3)
0.92426730 = 1.09412851 + -0.1273282500 * 1.33404182
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rhs( 10) = rhs( 10) + a( 36) * rhs( 6)
0.923572339 = 0.92426729 + -0.0006744766 * 1.03036833
rhs( 10) = rhs( 10) + a( 37) * rhs( 2)
0.905020812 = 0.92357233 + -0.0161094830 * 1.15159046

rhs( 10) 0.905020812

This completes the computations involving the current 1 x 1 pivot. At this point element
rhs(10) is fully assembled and is equal to the corresponding entry in the solution vector
z, i.e., (10) = 0.905020812 refers to the original ordering.

The second but last block pivot is of order 2 and is equivalent to the pivot used in
the second front in the subroutine M A27(). Indirect addressing is used to initiate the
substitution involving the current pivot (lines 184-185), with the operations comprising
the actual pivot being given by

rhs( 18) = rhs( 18) * a( 8) + rhs( 12) * a( 9)
-512.542061 = 1.00000000 * -489.943228 + 0.884318112 *x -25.555094
rhs( 12) = rhs( 18) * a( 9) + rhs( 12) * a( 18)
-25.5550939 = 1.00000000 * -25.5550939 + 0.884318112 * 0.00000000

The backward substitutions involving the non-pivot entries of the corresponding front
are again inaugurated by a loop (lines 190-196), giving

rhs( 18)
56.9060659

rhs( 12)
4.14691953

rhs( 18)
56.8849538

rhs( 12)
4.14691953

rhs( 18)
56.8846507

rhs( 12)
4.14691953

rhs( 18)
56.8998457

rhs( 18)
-512.54206

rhs( 12)
-25.555093

rhs( 18)
56.9060659

rhs( 12)
4.14691953

rhs( 18)
56.8849538

rhs( 12)
4.14691953

rhs( 18)
56.8846507

+ rhs( 5)

+

+

1.32960727

rhs( 5)
1.32960727

rhs( 19)
0.156658622

rhs( 19)
0.156658622

rhs( 20)

-0.0115081547

rhs( 20)

-0.0115081547

rhs( 16)

* a( 10)
* 428.282951

* a( 19)
* 22.3389372

* a( 11)
* —0.1347652

* a( 20)
* 0.00000000

* a( 12)

*

* ¥

*

-0.0158915837

0.02634384

a( 21)
0.00000000

a( 13)
-0.9561727
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rhs( 12) = rhs( 12) + rhs( 16)
4.14691953 = 4.14691953 + -0.0158915837
rhs( 18) = rhs( 18) + rhs( 3)
5.14063534 = 56.8998457 + 1.33404182
rhs( 12) = rhs( 12) + rhs( 3)
1.44719555 = 4.14691953 + 1.33404182
rhs( 18) = rhs( 18) + rhs( 6)
2.64070920 = 5.14063534 + 1.03036833
rhs( 12) = rhs( 12) + rhs( 6)
1.31680116 = 1.44719555 + 1.03036833
rhs( 18) = rhs( 18) + rhs( 2)
-0.18920278 = 2.6407092 + 1.15159046
rhs( 12) = rhs( 12) + rhs( 2)
1.31680116 = 1.31680116 + 1.15159046
rhs( 18) = rhs( 18) + rhs( 17)
-0.17166994 = -0.18920278 + 0.141024596
rhs( 12) = rhs( 12) + rhs( 17)
1.31680116 = 1.31680116 + 0.141024596

rhs( 18) -> -0.171669949
rhs( 12) -> 1.316801160

*  *

a( 22)
0.00000000

* a( 14)

*

* al(
* =2,

* al(
* =2,

*x al(
* =0.

* al(
* =2,

*x al(

-38.798791

23)
0237177

15)
4262451

24)
1265512

16)
4573944

25)

* 0.00000000

*  *

*

a( 17)
0.12432469

a( 26)
0.00000000

As indicated above, the entries rhs(18) and rhs(12) refer to the original entries of the
solution vector, respectively given by 2(12) = 1.31680116 and z(18) = —0.171669949.

The operations involving the last block pivot of dimension 2, and thus the remaining
two entries of the solution vector x that have not been defined yet, follow the along the
same lines as indicated above (lines 190-196) and are given by

rhs( 15) = rhs( 15) * a( 1) + rhs( 9) * a( 2)
=-770.729332 = 1.00000000 * -805.297717 + 1.00000000 =* 34.5683844
rhs( 9) = rhs( 15) * a( 2) + rhs( 9) * a( 5)
34.5683844 = 1.00000000 * 34.5683844 + 1.00000000 * 0.00000000

The corresponding backward substitutions of the non-pivot entries of the current front
are
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rhs( 15) = rhs( 15) + rhs( 12) * a( 3)
-770.881663 = -770.729332 + 1.31680116 * -0.11568189
rhs( 9) = rhs( 9) + rhs( 12) * a( 6)
34.5683844 = 34.5683844 + 1.31680116 * 0.000000000
rhs( 15) = rhs( 15) + rhs( 2) * a( 4)
-0.00207227 = -770.881663 + 1.15159046 * 669.4042850
rhs( 9) = rhs( 9) + rhs( 2) * a( 7)
1.47743996 = 34.5683844 + 1.15159046 * —-28.7349934

rhs( 15) -> -0.00207228
rhs( 9) -> 1.47743996

This completes the overall backward substitution process. At this point all fronts built
during the elimination process have been eliminated and all elements of the solution
vector x have been fully assembled, with the remaining two entries being defined by
x(9) = 1.47743996 and x(15) = —0.00207227864. The overall solution vector z is given
by

1.000000000000000
1.151590463117462
1.334041821966219
1.153802973500643
1.329607271879568
1.030368333316440
1.153077010727039
1.049429948405755
1.477439964526797
0.905020811566008
1.240956184514922
1.316801160512123
1.391186092818604
0.394172151185358
—0.002072278644448
—0.015891583689995
0.141024596188653
—0.171669949204010
0.156658621818426
| —0.011508154676598

Performing the matrix-vector product Az reveals the right-hand side vector b, indicating
that the above solution vector satisfies the equality (5.2).
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5 Extracting the factors &/ and D from the M A27
data structure

As indicated in the introduction of this article, the M A27 subroutine library applies the
factorisation

PAPT =U"DU (5.1)
to solve the system
Ax =b. (5.2)

Here, P is the permutation vector, U is an upper-triangular matrix, and D is a block-
diagonal matrix consisting of 1 x 1 and possibly 2 x 2 blocks. The solution to (5.2) is
obtained by applying the decomposition (5.1) in the following manner. Firstly, forward
substitution solves the system

Uty = Pb, (5.3)
and then back substitution is applied to solve the system
DU(Pzx) = y. (5.4)

Even though the explicit representation of the factors & and D is not necessary in order
to understand the workings of the M A27 subroutine library, it may be useful to obtain
an explicit representation such that the matrix products in (5.1) can be computed. The
possible application of 2 x 2 pivots, and particularly their deep incorporation within the
M A27 data structure, makes it rather difficult and complicated to extract the desired
information.

As indicated in the previous section, the forward-substitution subroutine M A27Q)
can be divided into four subsections, i.e.,

e The operations are performed using direct addressing;

— lines 113-126 in the case of 1 X 1 pivots;
— lines 127-142 in the case of 2 X 2 pivots.

e The operations are performed using indirect addressing.

— lines 158-172 in the case of 1 X 1 pivots;
— lines 173-190 in the case of 2 X 2 pivots.

Since the factors ¢ and D are not stored in their original form, but in their permuted
representation, it is necessary to construct a number of permutation vectors which in-
dicate where a particular entry comes from in the original ordering. The first of these
vectors is the permutation vector p; it determines the row/column swapping as defined
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by the minimum degree and depth-first search algorithms. In the context of the example
in this article, the vector p is defined by

p:[7191791218101136164852152011314];

it results from the information kept in the array ikeep within the M A27 source code.

Before we can start to assemble the factors, a second vector referring to the sequence
of pivot rows needs to be constructed. This vector can simply be obtained by considering
the backward substitution routine M A27R and by storing relevant pivot rows whenever
a backward substitution takes place, i.e.,

subroutine ma27rd(n,a,la,iw,liw,w,maxfnt,rhs,iw2,nblk,latop,alg)
¢ this subroutine performs backward elimination operations

open(72,file="rdd.dat’ status=’new’)

ipiv = npiv — iipiv + 1
if (ipiv.eq.1l) go to 30
¢ jump if we have a 2 by 2 pivot.
if (iw(jpos—1).1£.0) go to 60
¢ perform back-substitution using 1 by 1 pivot.
30

wl = w(ipiv)*a(apos)
write(72,*)alg(ipiv)

¢ perform back-substitution operations with 2 by 2 pivot

60

wl = w(ipiv—1)*a(apos) + w(ipiv)*a(apos+1)
write(72,*)alg(ipiv)
write(72,*)alg(ipiv—1)

w2 = w(ipiv—1)*a(apos+1) + w(ipiv)*a(apos2)
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¢ perform back-substitution using 1 by 1 pivot.

iirhs = iw(jpos)
wl = rhs(iirhs)*a(apos)
write(72,*)iirhs

¢ perform operations with 2 by 2 pivot

ilrths = —iw(jpos—1)

i2rhs = iw(jpos)

wl = rhs(ilrhs)*a(apos) + rhs(i2rhs)*a(apos+1)
write(72,*)i2rhs

write(72,*)ilrhs

close(72)
end

For the example of this section, we ascertain the vector
rdd:[1726311162019587413114101218915].

Using the two vectors p and rdd is sufficient in order to construct the final permutation
vector permut. Considering the last entry in rdd, which has the value 15, and identifying
its position within the vector p, we ascertain the first entry of the vector permut, which
is 16. Similarly, considering the second but last entry of rdd, which has the value 9, and
identifying its position within p, defines the second entry of permut which is 4. Overall,
the process just described can be written in a programming context as

do 20 i=n,1,—-1
do 30 j=1.n
if (rdd(i).eq.p(j)) then
permut(counter)=j
write(*,*)permut(counter)
counter=counter+1
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7 endif
s 30 continue
9 20 continue

defining the overall vector

permut:[16 4 6 5 7 20 18 19 12 1 13 14 2 17 11 8 9 10 15 3].

The vector permut defines the overall structure of the block diagonal matrix D, i.e.,

( (16,16)
(4,4)
(6,6)

(13,13)
(14,14)
(2,2)
(17,17)
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Here, the numbers in brackets refer to the initial row/column of the pivot within
the matrix A. However, the above representation does not yet take the 2 x 2 pivots
into account. The relevant information required to specify the actual representation is
derived below.

Before the factor U can be constructed, it is necessary to reorder the solution vector y
whose final specification is known once the overall controlling process leaves the subrou-
tine M A27(Q). This reordering is required in order for the individual entries of the factor
U to be multiplied by the correct entries of the vector y. The first step in the assembly
of the permutation vector pp, which is consequently used to perform the reordering, is
to go through the vector rdd one by one and by looking for the corresponding index of
the entry in the vector p. The index is the looked for in the vector permut and whose
index is the entry of the vector pp. For example, taking the first entry of vector rdd
returns the value 17. Looking for the value 17 in the vector p returns the index 3, and
searching for this index in the vector permut gives 20. It follows that the first entry of
pp is 20. The overall process of defining the vector pp can be described by the following
FORTRAN code:

do 45 i=1n
current=rdd(i)
do 46 j=1n
if (current.eq.p(j)) then
current1=j
goto 500
endif
46 continue
500  do 47 j=1n
if (current1l.eq.permut(j)) then
pp(current)=j

goto 501
endif
47 continue
501 continue

45 continue
giving
pp:[2019181716151413121110987654321].

Reordering the solution vector y can now be performed by applying the following code:
do 50 i=1n

yy(pp(i))=y(i)
50 continue

defining the reordered form of the solution vector y
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1.000000000000000
1.000000000000000
1.000000000000000
0.884318111764627
1.000000000000000
1.000000000000000
0.964217380739730
1.001033684383166
1.008828274756829
B 1.060944145416257
vy = 1.068056212297313
449.039387744984310
0.965337265722774
—5.207969041404278
0.988697286953270
35.575878845224274
457.018773956291511
954.437958499165148
641.716463629558348
| —0.124619366787324

It is now possible to start the assembly of the factors ¢ and D by using the permuta-
tion vector permut and the vector p, which are defined above. The actual substitution
steps on lines 122, 138, 168 and 186 within the subroutine M A27() refer to particular
entries of the rhs vectors—the right hand side of the original equation— and memory
locations within the data structure A that hold the factored entries. Since these entries
are not stored in their original order, it is necessary to define the row and column in-
dices of each individual entry that is stored in the array A. The definition of where a
specific entry occurs within the upper triangular matrix A can be derived as described
below. For instance, consider the entry rhs[1]. Looking for the index 1 in the vector p
returns 18, i.e., p[18] = 1. Furthermore, identifying where the index 18 occurs in the
permutation vector permut, we obtain permut[7] = 18. It follows that rhs[1] within
the subroutine M A27Q) refers to the entry y[7] in Equation 5.2. Overall, the individual
references are derived as follows:

y1 is defined as permut| 1] = — p[l6] =15 — rhs(15)
yo is defined as permut] 2] = 4 — p[ 4] = 9 — rhs( 9)
ys is defined as permut[ 3] = 6 — p[ 6] =18 — rhs(18)
ys is defined as permut[ 4] = 5 — p[ 5] =12 — rhs(12)
ys is defined as permut[ 5] = 7 — p[ 7] =10 — rhs(10)
ye 1is defined as permut| 6] = — p[20] =14 — rhs(14)
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y7 is defined as permut| 7]= 18 — p[18] = 1 — rhs( 1)
ys is defined as permut| 8]= 19 — p[19] =13 — rhs(13)
Yo is defined as permut| 9= 12 — p[l12] = 4 — rhs( 4)
Y10 is defined as permut[10]= 1 — p[ 1] = 7 — rhs( 7)
y11 is defined as permut[11]= 13 — p[13] = 8 — rhs( 8)
Y12 is defined as permut[12]= 14 — p[l4] = 5 — rhs( 5)
Y13 is defined as permut[13]= 2 — p[ 2] =19 — rhs(19)
y14 is defined as permut[14]= 17 — p[l7] =20 — rhs(20)
Y15 is defined as permut[15]= 11 — p[ll] =16 — rhs(16)
Y16 is defined as permut[16]= 8 — p[ 8] =11 — rhs(11)
y17 is defined as permut[17])= — p[ 9] = 3 — rhs( 3)
y1g is defined as permut[18]= 10 — p[l0] = 6 — rhs( 6)
Y19 is defined as permut[19]= 15 — p[l5] = 2 — rhs( 2)
Yoo is defined as permut[20]= 3 — p[ 3] =17 — rhs(17)

The first elimination that takes place within the M A27@) routine is given by

rhs( 12) = rhs( 12) + a( 3) * rhs( 15) + a( 6) * rhs( 9)
rhs( 12) = 1.000000 -0.115681 * 1.000000 + 0.000000 * 1.000000
rhs( 12) = 0.884318112

Going through the above list, we identify that rhs(12) refers to row 4 in the original
ordering and thus elements a(3) and a(6) are entries of that row. To identify their
respective columns all that is required is to check which column rhs(15) represents—
column 1 from above—and which column rhs(9) represents—column 2 from above. It
follows that us; = .115681 (entries of U are stored in negated from within M A27),
ugo = .000000 and also that uyy = 1.000000 by definition.

The second elimination is

rhs( 2) = rhs( 2) + a( 4) * rhs( 15) + a( 7) * rhs( 9)
rhs( 2) = 1.000000 + 669.404284 * 1.000000 -28.734993 * 1.000000
rhs( 2) = 641.669291

Here, rhs(2) refers to row 19 in the original ordering. Similarly, a(4) multiplies rhs(15),
which refers to row 1, and thus a(4) = —669.404284 must be the entry uyg ;. The entry
a(7) multiplies rhs(9), which refers to row 2, and thus a(7) = 28.734993 must be the
entry g .

The other entries of the factor U are derived accordingly. However, there is a slight
complication if the elimination is performed using direct addressing. In this case the
above elimination takes the form
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w( 2) =w(2) +a(60) xw( 1)
w( 2) = 1.002484 + 0.006337 * 1.001033
w( 2) = 1.00882827

In order to decipher we must use the following conversion table which is also used within
the M A27 algorithm:

w( 1) = rhs( 13)
w( 2) = rhs( 4)
w( 3) =rhs( 7)
w( 4) = rhs( 8)
w( 5) = rhs( 5)
w( 6) = rhs( 19)
w( 7) = rhs( 20)
w( 8) = rhs( 16)
w( 9) =rhs( 11)
w( 10) = rhs( 3)
w( 11) = rhs( 6)
w( 12) = rhs( 2)
w( 13) = rhs( 17)

It is easily seen that w(2) refers to rhs(4) and thus row 9. Similarly, w(1) refers to
rhs(13) and thus row 8. It follows that the above substitution refers to element ugs, i.e.,
ugg = —0.006337.

The remaining entries involving both direct and indirect addressing are devised ac-
cordingly. However, there is another problem that has to be dealt with. It can sometimes
happen that the above process does not return the correct columns in /. In order to
solve this problem, a backup strategy must be implemented which tests whether the
columns, as devised by the above process, are the correct ones. This is done by com-
paring the values of the rhs and w entries with the corresponding values in yy. If they
agree with the column depicted by the the above process, then the derivation is contin-
ued accordingly, otherwise a search is initiated that looks for the values of rhs and w
in the vector yy and assigns the relevant indices. The overall process of devising U/ can
now be described by the following FORTRAN program:

program main
implicit none

integer n, max
integer i,j,k

integer row, column
double precision value
integer rowF, columnF
integer counter, foo
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30
20

40

integer current, currentcol, currentl
double precision currentcolv

parameter(n=20, max=126)

integer position(n), vec(n), permut(n), final(n)
double precision rhs(n), rrhs(n)

integer rrow(max), col(max)
double precision a(max), rh(max)

open(67,file="rdd.dat’,status=’01d’)
open(68,file="p.dat’, status=’01d’)
open(69,file="rhs_reordered.dat’ status=’new’)
open(70,file="rhs.dat’ status=’0ld’)
open(71,file="permut .dat’, status=’new’)
open(72,file="qdd.dat’,status=’01d’)
open(73,file="fooU.dat’, status="new’)
open(74,file="pp.dat’ status=’new’)

counter=1

do 10 i=1,n

read(67,*)position(i)

read(68,*)vec(i)

write(73,%)i,i,’ 1.0000000000000000°
continue

do 20 i=n,1,-1
do 30 j=1,n
if (position(i).eq.vec(j)) then
permut(counter)=j
write(71,*)permut(counter)
counter=counter—1
endif
continue
continue

do 40 i=1n
read(70,*)rhs(i)
rrhs(i)=0d0

continue

do 45 i—=1,n
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46

500

47
501
45

50

60

70

95
96

current=position(i)
do 46 j=1n
if (current.eq.vec(j)) then
current1=j
goto 500
endif
continue

do 47 j=1n
if (current1l.eq.permut(j)) then
final(current)=j
write(74,1001)final(current)
goto 501
endif
continue
continue
continue

do 50 i=1n
foo=final(i)
rrhs(foo)=rhs(i)

continue

do 60 i=1,n
write(69,1002)rrhs(i)
continue

do 70 i=1,max
read(72,*)rrow(i),a(i),rh(i),col(i)
continue

do 80 i=1,n
current=vec(permut(i))
do 90 j=1,max
if (rrow(j).eq.current) then
currentcolv=rh(j)
do 95 k=1,n
if(col(j).eq.vec(k)) then
currentcol=k
goto 96
endif
continue
do 97 k=1n
if (currentcol.eq.permut(k)) then

61
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99 currentcol=k

100 goto 98

101 endif

102 97 continue

103 98 if (abs(currentcolv—rrhs(currentcol)).le.1e—8) then
104 goto 110

105 else

106 do 100 k=1,n

107 if (abs(currentcolv—rrhs(k)).le.1e—8) then
108 currentcol=k

109 goto 110

110 endif

11 100 continue

112 endif

113 110 continue

114 write(73,1000)i,currentcol,—a(j)

115 endif

16 90 continue

117 80 continue
118

119 close(67)
120 close(68)
121 close(69)
122 close(70)
123 close(71)
124 close(72)
125 close(73)
126

127 1000 format(i4,i4,{25.15)
128 1001 format(i4)

120 1002 format(f25.15)

130 end

Thus, using the above strategy, the factor U is given by
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[ 1.0000 0.1157
1.0000 0.0000
1.0000
1.0000
1.0000 0.0000 0.0358  0.0015  0.0150  0.0122
1.0000 —0.0025 —0.0175 —0.0585
1.0000 0.00000  0.0000  0.0000
1.0000 —0.0063 —0.0012
1.0000 —0.0134
U= 1.0000
—669.4043 ]
28.7349
—428.2830  0.1348 —0.0263  0.9562 38.7988 2.4262 24574 —0.1243
—22.3389  0.0000  0.0000  0.0000 2.0237 0.1266 0.0000  0.0000
—0.0001 0.0003 0.1273 0.0007 0.0161
—0.0036 0.0064 —0.0393 —0.0510 —0.0006 —0.0239
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

—0.0004 0.0000  0.0066 —0.0121 —0.0010  0.0088  —0.0020  —0.0001  —0.0056  0.0286
~0.0766  —0.0096  0.0332 —0.0019 —0.0050  0.0636  —0.0263  —0.0004  —0.0015  1.0399
0.0125  0.002179  0.0064 09201 —0.0010 —0.0134  —0.0186  —0.0012  —0.0038  0.0104
10000 —0.0007 —0.0004 —0.0115  0.0001  0.0069  —0.0015  —0.0001 0.0597  0.0319
1.0000 —0.0003  0.0001 —0.0024 —0.0001  —0.0904  —0.0057  —0.0057  0.0003

10000 54480  0.1509 —40.2316  —5.3747 —878.8796 0.5870  28.0389

1.0000 —0.0022  0.2720 0.0184 6.204  —0.0093 —0.1893

10000 57245 —388.1569  62.7445 23218 —4.1140

10000  —1.8832  15.0378 0.0206 —0.5101

1.0000 0.0662  —0.0059  0.0031

10000 —0.0036 —0.0285

1.0000  0.0000

1.0000 |

The corresponding entries of the block diagonal matrix D can be ascertained by consid-
ering the subroutine M A27R and by storing any reference to the storage locations A on
line 117 (1 x 1 pivot used with direct addressing), lines 132-133 (2 x 2 pivot used with
direct addressing), line 166 (1 x 1 pivot used with indirect addressing) or lines 184-185
(2 x 2 pivot used with indirect addressing). The block-diagonal entries of D, which are
defined by the storage locations referenced on these lines ®, have indices starting from
n. Decrementing these indices each time a pivot on one of the above lines is used, gives

% Actually, the block-diagonal matrix D is stored as D! within the MA27 data structure.
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[ 0.0000 0.0289
0.0289 0.6739
0.0000 —0.0391
—0.0391  0.7502
0.8593
0.0000 1.0000
1.0000 0.8013
0.7213
0.8143
D 0.9524
0.9466
375.2621
—0.0010
—0.7766
—0.0022
2.5098
327.3969
248.9059
557.2432
—0.8837 |

With the explicit representation of the factors U and D available, it is now possible
to verify Equation (5.1). By extracting the individual blocks H, B and B” from both
matrix products, it is easily verified that the matrix product PTUTDUP is identical to
the original coefficient matrix, that is

max | Hy — Hyrpy |= 1.47883441603547¢ '3,
max | By — Byrpy |= 2.67954061716758¢ ',
max | By — Bl vy, |= 2.67954061716758¢ 2.

Figure 10 shows the spy plots of the block-diagonal matrix D, the upper triangular
matrix U, the original coefficient matrix A, and the matrix product PTUTDUP.
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Figure 10: The implicit representations of the block diagonal matrix D, the upper-
triangular matrix U, the original coefficient matrix A and the matrix product
PTUTDUP.
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