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Abstract

Atmospheric circulation on Venus and Titan is characterised by prograde superrotating
jets at the equator, and meridional overturning circulations that extend a significant
distance towards the poles. Circulation of this type is characteristic of planets that are
slowly rotating. By contrast, the atmospheres of the Earth and Mars, which are more
rapidly rotating, feature zonal jets in mid-latitudes, and overturning circulation that is
confined to the tropics. However, while planetary rotation is likely the main determinant
of a given planet’s atmospheric circulation, other factors also have an important influence.
This has been illustrated by numerical experiments using models of slowly rotating Earth-

like planets, which do not automatically generate Venus or Titan-like circulations.

The aim of this thesis is to improve our understanding of the different circulation
regimes that may be obtained on slowly rotating planets. This is achieved by developing
a theoretical framework within which the circulation of different slowly rotating planets
can be easily compared. Additionally, for the case of Titan, this thesis presents an in-
depth investigation of the specific atmospheric phenomena that differentiate it from

other slow rotators.

Recently, the array of possible circulation regimes has expanded significantly, due to
the discovery of tidally locked planets orbiting stars other than the Sun. If we restrict
our attention to temperate planets, then theoretical considerations suggest most will be
slowly rotating. Tidally locked planets have a permanent day side and night side, which
strongly influences their atmospheric circulation. Consequently, these planets occupy
circulation regimes that are different from those exhibited by the slowly rotating planets

in the Solar System.

To characterise the atmospheres of slowly rotating tidally locked planets, this thesis
proposes a new analysis technique that divides the total circulation into physically
meaningful constituent components, in much the same way as the circulation of the Solar
System planets is divided into zonal jets and meridional overturning. It is also shown
that the proposed decomposition of the circulation can be used to aid the observational
characterisation of these planets, by showing how different parts of the decomposed

circulation contribute distinct features to a planet’s thermal emission.






Acknowledgements

I would like to begin by thanking Peter Read for supervising me. Working towards my
DPhil under your guidance has been an incredibly enjoyable experience, and I have
learned far more than I expected to when I began. This is no small part due to your
infectious enthusiasm for all things GFD, and your willingness to engage with my long
and often rambling attempts to extract from you your deep understanding of this subject.
I am also grateful for the tremendous freedom and encouragement you've given me to
explore the broad range of topics covered in this thesis, as well as those that didn't make
the cut!

The work presented in this thesis has benefitted hugely from a number of fantastic
collaborators and colleagues. Foremost amongst them is Mark Hammond, without
whom the ideas about exoplanet atmospheric circulation discussed in this thesis would’ve
died in the AOPP kitchen. I would also like to thank Juan Lora and Nick Lombardo at
Yale for working with me to understand superrotation on Titan, and Greg Colyer for

engaging in interesting and hugely insightful conversions on whole host of topics.

I am indebted to Hugo Lambert, Nathan Mayne and Geoff Vallis in Exeter. I
wouldn’'t be where I am today without each of you, and I will be eternally grateful
for the opportunities and mentorship you have offered to me over the years. Thanks also

to Chloe Lambert for making the introductions!

I am thankful for the friendship and support of my peers in AOPP, especially Rowan,
RJ, and Ryan, with whom I have undertaken this journey. Credit is also due to Cherry for
always brightening up the office with a smile, and Maxence for enduring me exclaiming

at him in ‘French’ whenever I passed by en route to a coffee.

A special thanks goes to my friends at Trinity College for making my time here so
enjoyable, and for giving me an escape from work. In particular, thank you to Johann and

Marta, Rowan (again), Bethany, Laura, Conor, and Rowan (pronounced differently).

Most importantly, thank you to my parents, my brother, and Sophie, for supporting

me every step of the way.

vii






Contents

Introduction 1
1.1 Atmospheric circulation on rocky planets in the Solar System . . . . ... .. 1
1.2 Factors affecting atmospheric circulation . . . ... ....... ... .. ... 3
1.3 Atmospheric circulation on tidally locked exoplanets . . . . ... ..... .. 5
1.4 ThesiSOVErVIEW . . . . . . it e 7
Theory and Models of Planetary Atmospheric Circulation 9
21 Equationsofmotion . ... ... ... ... ... . ... ... 10
2.2 Non-dimensionalisation . . . . . . ......... .. .. ... .. .. 11
2.3 Circulation driven by zonally symmetric, time-independent forcing . . . . 13
2.4 Axisymmetriccirculation . .. ... ... oo oo oo oL 19
2.5 Equatorial waves . . .. ... ... 25
2.6 Generation and maintenance of equatorial superrotation. . . . . . ... .. 28
2.7 Tidallylocked exoplanets . . . ... ........ ... ... ......... 33
28 Openquestions . . . . ... ... 41
Characterising Regimes of Atmospheric Circulation in Terms of Their Global

Superrotation 43
3.0 Introduction . . . ... ... L 43
3.2 Description of experiments . . . . . ... ... ... ... .. 46
3.3 Zonally-averaged circulations . . . . .. ..... ... ... L 49
3.4 Dependence of global superrotation on rotationrate . . ........... 51
3.5 Relationship between S and circulation regime . ... ............ 58
3.6 SUMMATY . . . .o vt 61

Equatorial Waves and Superrotation in the Stratosphere of a Titan GCM 63

41 Introduction . . . . ... ... 63
42 Methodology . . . ... ... . .. 65
4.3 Basic circulation and seasonal cycle . . ..... ... ... ........ .. 69
4.4 Wavesinautumn . . .. ... ... .. . e 73
45 Wavesinwinter . . . .. ... ... L L e 86
4.6 Wave generation mechanisms . . . . .. ....... . ... ... ... ... 91
4.7 DIscussion . . . ... ... 94
4.8 Conclusions . . . ... .. .. 99

ix



5 Rotational and Divergent Components of Atmospheric Circulation on Tidally

Locked Planets

51 Introduction . . . . ... ...
5.2 Description of numerical simulation . . . ... ................
5.3 Decomposition of circulation . . . . ... ... ... .. ... ...
54 Discussion . . . .. .. ...

6 Temperature Structure Associated with Circulation Components on Tidally
Locked Planets
6.1 Introduction . . . . ... ... ...
6.2 Model description . . . ... ... ...
6.3 Rotational and divergent geopotential components . . . .. .........
6.4 Relationship between geopotential components and temperature . . . . .
6.5 Thermal phasecurves .. ... ... ... .. ... ... . ... .....
6.6 Summary. . ... ...

Appendices for Chapter 6

6.A Rotational and divergent circulations in linear shallow water . . ... ...
6.B Derivation of expanded divergence equation . . . . . ... .........
6.C Subdivision of heightfield . . . . .. ....... ... ... .........

7  Conclusion

Bibliography

101

115

115
117
119
124
127
129

131

131
135
136

141

145









— ONE —

Introduction

1.1 Atmospheric circulation on rocky planets in the Solar System

he Solar System contains four rocky planetary bodies that possess substantial
T atmospheres. Three — Venus, the Earth and Mars - are planets. The fourth is
Titan, which is the largest moon of Saturn. Each of these bodies’ atmospheres are in
motion, termed atmospheric circulation, driven by differential solar heating in latitude
and planetary rotation. However, the atmospheric circulation on each planet (henceforth

taken to include Titan) differs significantly in form and strength.

Figure 1.1 shows the zonally-averaged circulation for the Earth, Mars, Venus and
Titan in the latitude-pressure plane. The Earth’s atmospheric circulation is characterised
by prograde zonal jets in the sub-tropics and mid-latitudes with a maximum velocity
of roughly 40 m s7; clockwise, thermally-direct overturning Hadley cells (after Hadley,
1735), confined to the tropics; and anti-clockwise Ferrel cells (after Ferrel, 1856), in the
mid-latitudes. The Earth’s jets are sometimes separated into two distinct components:
the sub-tropical jets, which are located at the outflow of the Hadley circulation, and the
mid-latitude eddy driven jets, which are located poleward of the Hadley circulation and
extend more strongly down towards the surface. This distinction is made as the two
types of jet have different generation mechanisms (Vallis, 2017); the sub-tropical jet is
associated with conservation of angular momentum in the poleward moving branch
of the Hadley circulation, while the mid-latitude jet is associated with momentum

convergence induced by atmospheric waves.

Mars’ atmospheric circulation is similar in many ways to the Earth’s. Distinct clock-
wise and anti-clockwise cells can be identified in each hemisphere, as can mid-latitude
zonal jets. However, the circulation on Mars is ‘expanded’ in the meridional direction
when compared with the Earth’s. The Hadley cells have a greater poleward extent, the
Ferrel cells are compacted close to the poles, and it is much harder to make a distinction
between the sub-tropical and mid-latitude jets, which have essentially merged into one.
The maximum zonal velocity is around 90 m s}, which is faster than that reached in the

Earth’s atmosphere.
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Figure 1.1: Atmospheric circulation in the Solar System. In each panel, colour contours show the zonal-
mean zonal wind u, and solid contours show the Eulerian mean meridional mass streamfunction ¥,
which measures the strength of overturning circulation in the 9-p plane (positive contours indicate
clockwise motion). Panels for Earth and Mars show annually averaged circulation computed from the
ERA-40 reanalysis dataset (Uppala et al., 2005), and the Mars Climate Database (Lewis et al., 1999; Millour
et al., 2018), respectively. The data shown for Venus and Titan is output from General Circulation Model
simulations described in Lebonnois et al. (2016) and Lora et al. (2015). The ‘Earth’ and ‘Mars’ panels are
obtained from Read et al. (2018). The ‘Venus’ panel is obtained from Lebonnois et al. (2016), and the
‘Titan’ panel is from Lewis et al. (2022, in review; also Chapter 4 of this thesis).

The atmospheric circulation on Venus and Titan has striking differences to that on
the Earth and Mars. Pronounced prograde zonal jets are present at the equator, and
so Venus’ and Titan’s atmospheres are superrotating, which describes a phenomenon
where the specific axial angular momentum of the zonal wind exceeds that of the solid
planet at the equator (Read, 1986b). The maximum zonal wind velocity obtained on
Venus and Titan is greater than on the Earth and Mars. Equatorial wind velocities in
excess of 100 m s~! have been measured in both atmospheres in situ, by the Pioneer Venus
(at Venus; Counselman et al. 1980), and Huygens (at Titan; Bird et al. 2005) descent
probes. In addition, the Hadley circulation on each planet extends the whole way to the
poles. On Venus, it also takes on a more complex ‘stacked’ structure in the vertical with

multiple distinct cells layered on top of one another.
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Table 1.1: Estimates of the Rossby number

-1 -1
Planet @ (km) Q) U (ms™) R ‘R for the Earth, Mars, Venus and Titan.

Earth 6371  7.29x107° 40 0.09
Mars 3396 7.09x107° 70 0.29
Titan 2575  4.56 x107° 120 10
Venus 6051  2.99 x1077 120 66

1.2 Factors affecting atmospheric circulation

Given the differences in atmospheric circulation on each planet, and in particular
between the circulation of Earth and Mars compared with Venus and Titan, it is natural

to ask what their origin is?

The most obvious difference between the two pairs of planets - the Earth and Mars,
and Venus and Titan - comes in through the importance of planetary rotation in deter-
mining their atmospheric dynamics. This can be quantified by the Rossby number R,
defined as the ratio between advection and Coriolis forces in the horizontal momentum

equations

(1.1)

Above, U is a characteristic horizontal velocity scale and L a characteristic horizontal
length scale, and f = 2Q sin J is the Coriolis parameter. () is the planetary rotation rate
and 9 is latitude. Estimates of R computed for each of the Earth, Mars, Venus and Titan,
assuming L = a where a is the planetary radius, are tabulated in Table 1.1. When R <« 1

the dynamics are dominated by planetary rotation.

On the Earth and Mars, R < 1, whereas on Venus and Titan R > 1. Venus and Titan’s
large R comes from their slow rotation (relative to the Earth), and additionally in the
case of Titan, its small size. The circulations shown in Figure 1.1 suggest that planets with
small R may generally feature pronounced mid-latitude jets and overturning circulation
confined to the tropics, while large R planets may feature equatorial superrotation and
planetary-scale overturning circulations. This notion is supported by theoretical models
of atmospheric circulation, which suggest that the Hadley circulation should expand
polewards as R is increased (Held and Hou, 1980), and numerical modeling that suggests
superrotating circulation is to be expected for large R whereas mid-latitude jets prevail
for small R (Mitchell and Vallis, 2010; Kaspi and Showman, 2015; Wang et al., 2018).

Planetary rotation is also important for sustaining various waves in the atmosphere,
and has an influence on their size. In mid-latitudes, waves take a horizontal scale defined

by the Rossby radius of deformation l4. Closer to the equator, this scale is given by the
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Figure 1.2: Mid-troposphere cross-sections of an ‘Earth-like’ atmosphere with the Earth’s rotation rate
(left) and 1/16 times the Earth’s rotation rate (right). Fields plotted are eddy geopotential height (colour)
and eddy horizontal wind (quivers). The colour contour interval in the left-hand panel is four times
that in the right-hand panel. Data was produced with numerical simulations following Held and Suarez
(1994) using the Isca modeling framework (Vallis et al., 2018).

equatorial radius of deformation [.. These are defined as (Vallis, 2017, Chapters 6 and 8)

N N :
ld = f—m, (12) lea = (/_))_m) (13)

where N is the buoyancy frequency, which is a measure of stratification, m is the vertical
wavenumber of the wave, related to the vertical wavelength A, via m = 27/A,, and
B =df/dy = 2Q cos 9/a. Both deformation radii depend inversely on rotation rate,
with Iy o< Q1and [, < Q~, which means that slower planetary rotation leads to a
larger horizontal scale for atmospheric waves. This phenomenology emerges naturally in
simulations of the Earth’s atmosphere when planetary rotation rate is varied (Figure 1.2).
The existence of large, planetary-scale waves has been inferred from observations of
cloud patterns in the atmospheres of Venus and Titan (del Genio and Rossow, 1990;
Mitchell et al., 2011).

However, while the importance of planetary rotation is likely the most important
factor determining the flavour’ of a planet’s atmospheric circulation, its value cannot be
used single-handedly to explain the differences between the circulations of the Earth
and Mars, and Venus and Titan. Simulations of atmospheric circulation using numerical
models of the Earth’s atmosphere, but with a rotation rate similar to Venus, do obtain a
superrotating circulation, but the zonal wind velocity is far slower (by roughly a factor
of 10) than that obtained in the real Venus atmosphere (e.g., Colyer and Vallis, 2019).
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This suggests that other features distinguishing Venus and Titan from the Earth are
potentially important in determining their atmospheric circulation. Notable amongst
these are the mass of Venus’ and Titan’s atmospheres, which are approximately 100x
and 10x more massive than the Earth’s, respectively (Griffith et al., 2013; Bullock and
Grinspoon, 2013), and the presence of ultraviolet absorbing substances which absorb a
significant fraction of (net) incident solar radiation before it reaches the surface (approx-
imately 90% for both planets; Tomasko et al., 1980, 2008). Properties of a planet’s orbit
can also affect its atmospheric circulation. Venus’ atmosphere features large diurnal and
semi-diurnal thermal tides due to Venus’ long solar day (116 Earth days), and Titan expe-
riences a seasonal variation in insolation similar to the Earth’s due to Saturn’s non-zero
obliquity (26.7° inclination). Venus’ thermal tides have been shown to be important for

accelerating its superrotating jet (Lebonnois et al., 2010; Horinouchi et al., 2020).

1.3 Atmospheric circulation on tidally locked exoplanets

Recently, the number of known rocky planets has increased significantly. This is due
to the discovery of numerous planets orbiting stars other than the sun, called extrasolar
planets (or exoplanets for short). At the time of writing, roughly 100 exoplanets with a
size and mass similar to the Earth’s have been discovered. These planets are presented in
Figure 1.3 as a function of their orbital distance and mass. The radius of each planet and

the spectral class of its host star is also shown.

Due to the limitations of current observational techniques, most observationally
accessible exoplanets are on close-in, short-period orbits around stars cooler, and thus
dimmer, than the Sun (predominantly stars with spectral class K or M; Showman et al.,
2013). Many of these planets are sufficiently close to their host star for gravitational
interaction between star and planet to ‘spin down’ the planet’s rotation so that their
orbital and rotational periods are synchronised (Dole, 1964). A planet in this state is
referred to as tidally locked. If we restrict our interest to temperate planets that might
support surface temperatures similar to the Earth’s, then we implicitly require planets
orbiting M and K stars to have orbital periods (and thus rotation periods) on the order of
approximately 5-50 days! (Leconte et al., 2015). A good example of a temperate, tidally
locked rocky exoplanet is Trappist-le, which is part of a seven planet (Trappist 1b-h)
chain of planets orbiting an ultracool M star (Gillon et al., 2017). It has a rotation period

of 6 days and a radius of 0.91ag where ag, is the Earth’s radius (Table 1.1), and numerical

'Inferred by applying Kepler’s Third Law to the boundaries of the shaded habitable zone in Figure 3
of Leconte et al. (2015).
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Figure 1.3: 104 observed rocky exoplanets, with Solar System counterparts shown for context. Data is
obtained from The Extrasolar Planets Encyclopaedia (https://exoplanet.eu). Planets are plotted
as a function of their orbital distance (semi-major axis, in AU) and planetary mass (in Earth masses).
The radius of each planet is indicated by its marker size, and the spectral class of a planet’s host star is
indicated by marker colour. 131 planets are returned from the catalogue if the following filters are applied:
0.5< £ <2and 0.5 < Mﬁ < 2%, where a is radius and M is planetary mass, and ag and Mg are the
radius and mass of the Earth, respectively. Only those with a known orbital distance (semi-major axis)
are shown, leaving 104 planets. The planets in the Trappist 1 system are marked with central black dots
and letter labels (b-h).

climate simulations suggest that its atmosphere may possibly support temperatures such

that liquid water can be sustained at the surface (Turbet et al., 2018).

Tidal locking means that these planets always present the same face to their host star,
and thus have a permanent day side and night side. This forcing has a more pronounced
zonal asymmetry than that experienced by the Solar System planets, which leads to
differences in their atmospheric circulation. This is illustrated in Figure 1.4, which shows
snapshots of mid-troposphere horizontal wind and temperature for two simulations
of atmospheric circulation on tidally locked rocky exoplanets, with rotation periods of
4 days and 10 days, respectively. Some similarities with trends emergent in the ‘Earth-like’
simulations shown in Figure 1.2 can be identified. For example, the circulation for the
10 day rotator has a broader latitudinal extent, and is less wavy, than that of the 4 day
rotator. However, the imprint of the day-night forcing imposed in the two simulations
can clearly be identified in the circulation. Temperatures are hottest on the day side,
near the sub-stellar point (located at the origin), and vortices associated with stationary
waves are prominent on the night side. Superrotation is present in both experiments,
generated by momentum convergence associated with the stationary waves (Showman
and Polvani, 2011).


https://exoplanet.eu
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Figure 1.4: Mid-troposphere cross-sections of atmospheric circulation on a tidally locked planet. Simula-
tions with 1/4 times the Earth’s rotation rate (left) and 1/16 times the Earth’s rotation rate (right) are shown.
Fields plotted are temperature (colour) and horizontal wind (quivers). Data was produced with numerical
simulations following Hammond and Pierrehumbert (2018) using the Isca modeling framework (Vallis
et al., 2018).

1.4 Thesis overview

In this thesis, my aim is to improve our understanding of the atmospheric circulation
regimes that may be obtained on slowly rotating rocky planets, both in the Solar System

and elsewhere.

The work in this thesis is conducted by designing, running and analysing numerical
experiments using General Circulation Model (GCM) simulations of atmospheric circu-
lation. GCMs solve the equations of fluid motion in a rotating frame, subject to forcing
from solar heating and dissipation through radiative cooling, parametrised diffusion
and surface friction. A variety of GCMs are used for the work in this thesis, including
idealised models of slowly rotating Earth-like planets and tidally locked planets, as well as
a sophisticated model of Titan’s atmosphere. These models are described in the chapters

where they are introduced. The remainder of this thesis is structured as follows.

Chapter 2 begins with a survey of previous work which has investigated the factors
that determine the large-scale circulation of planetary atmospheres. This review begins
by discussing the basic dependence of planetary atmospheric circulation on key param-
eters such as planetary rotation rate, radius, and atmospheric mass, before focussing
on processes and phenomena of particular relevance to slowly rotating planets, such
as equatorial waves and superrotation. The atmospheric circulation of tidally locked

terrestrial planets is also reviewed in detail.

In Chapter 3, I examine how the different regimes of atmospheric circulation iden-
tified in Chapter 2 may be characterised and compared using a diagnostic called the
‘global superrotation index’ In Chapter 4 we turn our attention towards atmospheric
circulation on Titan specifically, and I present an investigation of the wave processes that

maintain superrotation in Titans atmosphere.



1 Introduction

Chapter 5 and Chapter 6 focus on atmospheric circulation on tidally locked planets.
Chapter 5 introduces a technique that allows the circulation to be partitioned into its
constituent phenomena (i.e., similar to partitioning the Earth’s atmospheric circulation
into zonal jets and a meridional overturning circulation). Then, in Chapter 6 I use
this decomposition to interpret the dynamical balances that determine atmospheric

temperature structure on tidally locked planets.

Finally, Chapter 7 gives a summary of the outcomes of each of these investigations,

and outlines some opportunities for future work.



— TWO —

Theory and Models of Planetary Atmospheric Circulation

r | the aim of this chapter is to provide an overview of previous work to understand
the factors governing planetary atmospheric circulation, focusing on rocky planets

similar to the Earth.

Fluid motion in an atmosphere or ocean is governed by equations for conservation
of momentum, mass, and internal energy, applied in a rotating spherical coordinate
system, combined with an equation of state. Collectively these equations are often
referred to as the equations of motion. The equations of motion are a nonlinear set of
partial differential equations that cannot be solved directly. Instead, they must either be
integrated numerically, or reduced to a simpler form for which approximate analytic
solutions can be obtained. Motivated by a need to understand weather and climate on
Earth, both of these approaches have been explored extensively (Schneider, 2006; Held,
2018). With increasing frequency, the theory and models of the Earth’s atmospheric
circulation have been adapted and applied to understanding atmospheric circulation
on planets other than the Earth (Read, 2011; Showman et al., 2013; Mitchell et al., 2019).
This effort began with the Solar System planets, motivated by the availability of high
quality observations made by orbiting spacecraft, and has more recently expanded to

speculate on the possible atmospheric circulations of newly discovered exoplanets.

Our discussion of this work begins by introducing the equations of motion (Sec-
tion 2.1). This is followed with a non-dimensionalisation of the equations, so as identify
the key dimensionless numbers that determine the circulation regime occupied by a
particular planetary atmosphere (Section 2.2). Studies that investigate the parameter
dependence of atmospheric circulation are then reviewed, drawing on results from
idealised general circulation model experiments (Section 2.3). The next three sections
focus on phenomena of particular relevance to slowly rotating terrestrial planets, namely
axisymmetric overturning circulations (Section 2.4), equatorial waves (Section 2.5), and
equatorial superrotation (Section 2.6). Finally, we consider the special case of tidally
locked planets, for which the dynamics are strongly influenced by a stationary heating
contrast between their day side and night side (Section 2.7). The chapter concludes with

a list of open questions motivated by the work discussed in this review (Section 2.8).
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2.1 Equations of motion

For atmospheric circulation at large scales (made precise below), the dynamics are
well-represented by an equation set called the hydrostatic primitive equations, which may
be written (Andrews et al., 1987, Chapter 3; Vallis, 2017, Chapter 2)

Du
o fxu=-v,¢-D,, (2.1)
0
3inp =—RT, (2.2)
Vy-u+ a_w =0 (2.3)
p ap - Y .
DT «T .
D—t_?w:Q_DT, (24)
p = pRT. (2.5)

This form of the primitive equations uses pressure p as the vertical coordinate. u = (u, v)
is the horizontal velocity in the longitude A (east-west) and latitude 9 (north-south)
directions, respectively, w = Dp/Dt is the pressure vertical velocity, ¢ = gz is the
geopotential, where g is the acceleration due to gravity and z is height, T is temperature
and p is density. ¥ = R/c, is the ratio of the specific gas constant and specific heat
capacity at constant pressure. Q describes the net radiative heating or cooling rate, and

D describes dissipation due to viscous effects and friction near the surface.

Above, D/Dt is the material derivative, defined in pressure coordinates as

D

- - = 2.
Dt ot (2.6)

+u-Vp+w$.

When applied to the vector horizontal wind u = ui + vj, care must be taken to account

for the rate of change of the unit vectors i and j. One way of achieving this is to expand
the material derivative as (Vallis, 2017, Chapter 2)

Du Du, Duv, Di Dj

— = —i+t —jtu— +v—,
Dt Dt Dt Dt Dt
Du., Dv, wu?tand, wuvtan?d,
=—i+—j+ j- i. (2.7)
Dt Dt a a

V, is the horizontal gradient operator acting along surfaces of constant pressure. When

applied to a scalar ¢ it has the form

~ 1 d¢\., [(1d¢).
vp(p_(acoseﬁ)l+(;£)]' 28)



Non-dimensionalisation 2.2

The horizontal divergence is expanded as

u 1 oJvcos?d

1
acos9 oA " acosd 99 29)

VP'u:

It is worth noting that the thermodynamic equation (2.4) can be rewritten in terms

of the potential temperature 6 = AT, where A = (po/p)®/°, so that

Do .

— = Qg — Dy. 2.10
D7 = QDo (2.10)
The potential temperature is a marker for specific entropy, and is materially conserved

in the absence of diabatic heating and cooling.

The primitive equations are a simplified version of the full Navier-Stokes equations,
derived from the full equations by i) assuming that the vertical momentum equation can
be approximated by a statement of hydrostatic balance (2.2), ii) simplifying derivatives in
the radial direction r = a + z by replacing r with a except where r is the differentiating

argument (Vallis, 2017, Chapter 2), e.g.,

10(r*u) du

- 2.11
r2  or 0z (2.11)

and iii) neglecting Coriolis and metric terms involving the vertical velocity w. Approxi-
mations ii) and iii) are often called the shallow-fluid approximation and the traditional
approximation respectively. They are valid when y = H/a <« 1, where H = RT/g is a
pressure scale height. The hydrostatic approximation is valid when the aspect ratio of
the motion is small, namely « = H/L << 1, where L is the horizontal scale of motion. For

large-scale phenomena L ~ a, and the approximations are coincident.

The simple form of the primitive equations compared with the full equations facili-
tates their use for diagnostic analysis of meteorological phenomena, and the derivation of
some approximate analytic solutions. Additionally, the approximations made to obtain
the primitive equations exclude fast vertically propagating sound waves, which enables
the use of longer timesteps when integrating the equations numerically. For these reasons
the work in this thesis will use the primitive equations, and further simplifications to

them, almost exclusively.

2.2 Non-dimensionalisation

Generally speaking, the different dynamical regimes that can be obtained by a plane-

tary atmosphere will correspond to different balances between the various terms in the

11
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equations of motion. In order to elucidate the relative sizes of each of the terms, we can

non-dimensionalise the equations.

To begin, we set u = U1 and assume that the Lagrangian rate of change scales with
the advective terms so that D/D¢ = T;jVD /Dt where 7,4, = aU!. From the continuity
equation, we set w = a"'Up,w. Following Hoskins and James (2014), we make use
of a reference atmosphere for the thermodynamic variables, so that ¢ = ¢r(p) + ¢/,
and 0 = Or(p) + 0'. The reference atmosphere is chosen so that it is in hydrostatic
balance. The potential temperature perturbation is non-dimensionalised as 6’ = §66/,
and from hydrostatic balance ¢’ = R0¢’. The heating and dissipation terms are non-
dimensionalised as D, = 7 UD,, Dg = 7716 0Dy and Qg = 7716 Gég, where 74 is a drag

timescale and 7, is the radiative timescale.

With these substitutions, the horizontal momentum equation may be written

R— + fxit=— b —ED,, 2.12
Dt S UQa Vpd ( )
where
U 1
R=—, (2.13) and E=z —. (2.14)
Qa Q14

R is a global Rossby number, and £ is an Ekman number. The value of the Ekman num-
ber indicates the relative importance of surface dissipative effects to rotation, and is
generally small away from the surface (where friction is important). Assuming small &,
then if the Rossby number is small, a balance called geostrophic balance between Coriolis
forces and horizontal pressure gradients dominates the dynamics. If the Rossby number
is order one or greater, then the dominant balance is between nonlinear terms contained
within the material derivative and horizontal pressure contrasts, termed cyclostrophic

balance.

For the thermodynamic equation, it is simplest to work with the potential temper-
ature version given by (2.10). To non-dimensionalise the d0r/dp term, we make use
of the definition of the Buoyancy frequency N, N2 = g/6(00/0z) to set d0r/dp =
H2N?/(Rp)(90y/dp), where N is a characteristic value for the buoyancy frequency, and
H = RO,/ g is a characteristic value for the pressure scale height. Then, the thermody-

namic equation may be written
Dé/ UQa . 8éR

RDf + RO Ba aﬁ :IQQ_(CJDQ, (2.15)
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where
B= (2.16)

is a global Burger number, which is the square of the ratio of the deformation scale /g,
defined by (1.2), to the planetary radius. The Burger number indicates the importance of
the stratification in determining the dynamics. £ is the Ekman number, as before, and 7
is a radiative damping number, defined
1
QT,

that determines the importance of radiative heating and cooling for the dynamics.

T (2.17)

In both non-dimensionalised equations, there is a factor R66/(UQa) present in one
of the terms. In order to simplify these equations, it is common (e.g., Read, 2011; Vallis,
2019) to set U = R§O/(Qa) based on a ‘thermal wind’ scale. With this substitution, the

two equations read

RTD£+fxa=—@¢&—5Dm (2.18)
and
Do’ ) s R
RT GA +Bd)a—0AR ZIQQ—EDQ, (219)
t op
where R80
Rt = 0o (2.20)

is the called the thermal Rossby number.

2.3 Circulation driven by zonally symmetric, time-independent forcing

To investigate the influence of various factors on planetary atmospheric circulation,
a number of authors have leveraged idealised general circulation models to survey the
parameter space discussed in the previous section (as reviewed by Showman et al., 2010;
Read, 2011; Read et al., 2018; Mitchell et al., 2019).

Perhaps the simplest model that can be constructed for this task is one where the ex-
ternal forcing and dissipation are defined to be zonally symmetric and time-independent.
This involves excluding zonal asymmetries from the surface (i.e., excluding topography),
as well as diurnal and seasonal variations from the radiative heating. One way to achieve
this is to parametrise the forcing term on the right-hand-side of the thermodynamic
equation with a linear Newtonian cooling scheme, so that

Q:—T_E, (2.21)

Tr

13



2 Theory and Models of Planetary Atmospheric Circulation
a)
100.0000 E g T J T T T T T

F o Super-rotating circulation
- X

10.0000 - x T E
E * e s s s e e sssae===1

1.0000 & % s ¥ Regular baroclinic waves -
3 ’ E
3 > * E
E S *
r « i

Rt o100 o N TRE T T 3

F 5 ¥ Irregular baroclinic waves
C " ]

0.0100 ¢ e ~
E < * E
F Axisymmetric circulation o Multip)l'g jets
C 5 ]

0.0010 ° * UN-—>
E o =
F o

0.0001 1 N L 1 " L A

102 104 108 108 10 102
-4
Teo< &

14

Figure 2.1: Regime diagram adapted from Wang et al. (2018), showing the circulation regimes obtained
in an idealised general circulation model as a function of thermal Rossby number R and frictional
Taylor number 7. The approximate locations of some of the solar system planets are indicated by their
initial letters. Snapshots of zonal wind at 200 hPa for each regime are shown on the right.

where T, is a relaxation temperature field that is zonally symmetric and time-independent.
T, is commonly defined following Held and Suarez (1994) to describe the Earth’s annually-
averaged radiative-convective equilibrium temperature (Potter et al., 2014; Wang et al.,
2018), although some authors have also constructed T; to yield a temperature structure
characteristic of Venus (Yamamoto and Takahashi, 2016; Tsunoda et al., 2021). A further
option is to represent Q with a radiative transfer scheme where the solar forcing is defined
to be zonally and time-independent, although often still defined to yield a temperature

structure similar to the Earth’s (Kaspi and Showman, 2015).

2.3.1  Importance of the thermal Rossby number

Experiments conducted with simplified models of this type have revealed a dominant
role for the thermal Rossby number Rt (which measures the importance of planetary
rotation) in determining the atmospheric circulation regime obtained (Potter et al., 2014;
Kaspi and Showman, 2015; Wang et al., 2018). These regimes are schematised in the
regime diagram shown in Figure 2.1a, obtained from Wang et al. (2018), by analogy
with regime diagrams constructed from the results of rotating annulus experiments
(see, e.g., Read et al., 2014, for a review). Experiments with small Rt <« 1 (i.e., rapid
rotation, large radius) occupy a regime characterised by multiple zonal jets in each
hemisphere (Figure 2.1b), consistent with observations of multiple jets on Jupiter (which
is large and rapidly rotating). As Ry is increased (reducing rotation rate, radius), regimes

characterised by baroclinic planetary waves and a single jet in mid-latitudes are obtained
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(Figure 2.1c). For Rt = 0.1, characteristic of Earth, these waves are highly irregular with
mixed wavenumbers and aperiodic time dependence. When Rt is made slightly larger,
so as to be characteristic of Mars, the planetary waves assume a structure that is far more
regular in spatial and temporal structure (Figure 2.1d). Finally, when Rt is made large
(slow rotation, small planetary size) a regime characterised by equatorial superrotation is
obtained (Figure 2.1e). This is consistent with the observation of superrotation on Venus
and Titan, although it should be noted that the wind speed obtained in the idealised

GCM (u ~ 40 ms™!) is much slower than on either Venus or Titan (# > 100 ms™).

Zonal-mean cross-sections of the atmospheric circulation obtained in similar exper-
iments performed by Kaspi and Showman (2015), but with semi-grey radiative transfer
in place of the Newtonian cooling used by Wang et al. (2018), are shown in Figure 2.2. A
similar dependence of the atmospheric circulation on rotation rate (or Rr) can be iden-
tified: the simulation with Q) = 4Q)g features multiple jets in mid-latitudes, and when the
rotation rate is reduced to Q) = Qg /4, a circulation featuring a superrotating equatorial jet
is obtained. Accompanying these different circulation regimes are marked differences in
the eddy momentum fluxes (u/v’, shown in the right-hand column of Figure 2.2 as solid
contours). The experiments with (O = 4Qg and Qg feature horizontal eddy momentum
flux convergence (du’v’/dy < 0) in mid-latitudes, whereas the superrotating Q = Qg /4

simulation features eddy momentum flux convergence at the equator.

Some further trends in the atmospheric circulation can be identified in Figure 2.2. In
this figure, the meridional overturning (Hadley) circulation is shown using the Eulerian

mean meridional mass streamfunction, defined as

Ds
y - 2racosd [ Tdp (2.22)
g 0

(left-hand column, colour contours). Positive values correspond to clockwise over-
turning, and negative values correspond to anti-clockwise overturning. The Hadley
circulation can be identified as pairs of cells that feature air rising at the equator, before
moving polewards in the upper troposphere (around p = 400 hPa). A clear dependence
of the Hadley cell width on rotation rate can be identified in Figure 2.2, with the merid-
ional extent of the cells extending from +5° latitude when Q) = 4Qg (small Rr) to +£30°
latitude when Q = Q/4 (large Rr). This is accompanied by an increase in the strength
of the overturning circulation, as well as an expansion of the region of ‘flat’ temperature
contours (right column, colour contours) associated with meridional heat transport by
the overturning circulation. Similar phenomenology is also identified in the Newtonian

cooling experiments of Wang et al. (2018) that are shown in Figure 2.1. Figure 2.3 shows
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Figure 2.2: Zonal-mean circulation obtained from idealised GCM experiments varying the planetary
rotation rate, adapted from Kaspi and Showman (2015). The left-hand column shows zonal-mean
zonal wind (contours, interval 5m s~ with zero contour bold) and the Eulerian mean meridional mass
streamfunction (colours, red indicates clockwise circulation, maximum values are: 4.2,1.9, and 0.6 x
10" kgs™", from top to bottom). The right-hand column shows zonal-mean temperature (colour, from
210 to 290 K) and eddy momentum flux u/v’ (contours, with positive values black and negative values
grey, indicating northward and southward transport of momentum, respectively).
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Figure 2.3: Dependence of a) Hadley cell properties and b) Maximum meridional heat transport on
planetary rotation rate in idealised simulations, adapted from Wang et al. (2018). Panel a) shows the
Hadley cell width (left y-axis, solid markers) and meridional mass streamfunction strength (right y-axis,
open markers), as well as theoretical scaling relations for the Hadley cell width from Held and Hou (1980)
and Hou (1984) (marked HH and H84, respectively). Panel b) shows the mass-weighted vertical integral
of the meridional heat flux [ c,vT dp/g (solid line) separated into contributions from the zonal mean
circulation (v T, dotted line) and eddies (v' T/, dashed line).
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the thermal Rossby number dependence of Hadley cell strength and width (panel a), as
well as the meridional heat flux due to the mean flow and eddies (panel b), obtained
by Wang et al. (2018). The dependence of the Hadley cell width on the thermal Rossby
number is in approximate agreement with scaling relations derived from axisymmetric
theory (also shown in the figure; due to Held and Hou, 1980, for the rapidly rotating
limit, and Hou, 1984, for the slowly rotating limit). Figure 2.3b shows that as rotation
rate is decreased, the maximum meridional heat flux, v T, increases. This is partially due
to an increase in zonal-mean heat transport, 0T, by the Hadley circulation as it expands
and strengthens when rotation rate is reduced. For more rapidly rotating simulations,
however, the dependency of meridional heat transport is dominated by the contribution
from eddies, v’ T, which increases as rotation rate is decreased towards Qg /2 due to
an increase in the mid-latitude deformation scale (Equation 1.2; Kaspi and Showman,
2015; Wang et al., 2018). For rotation rates less than Qg/2, the eddy heat transport term
is reduced as baroclinic instability is suppressed in favour of barotropic instability at low

rotation rates.

2.3.2  Other input parameters

Thus far, we have only discussed the dependence of planetary atmospheric circulation
on the rotation rate or radius, through their effect on the thermal Rossby number. In
Section 2.2 three further parameters that influence atmospheric dynamics were identified,
namely the Ekman number &, radiative damping number 7, and Burger number 3. Of
these parameters, £ and Z have the effect of driving the atmospheric dynamics towards
axisymmetry if they are made large (i.e., strong damping). This is highlighted in the
lower left-hand corner of the regime diagram shown in Figure 2.1, and illustrated in
Figure 2.4 with a series of idealised GCM experiments configured following Held and
Suarez (1994), for a planet with a = 2ag, and different friction and radiative timescales.
Eddies in mid-latitudes are clearly damped in the center panel (increased friction)
when compared with the left-hand panel (control experiment), and the circulation
in the right-hand panel (increased friction and radiative cooling) is almost entirely
axisymmetric. The zonal-mean zonal wind in these simulations (not shown) transitions
from a regime with multiple eddy driven jets in the control experiment, to a regime
with a single sub-tropical jet associated with angular momentum conservation in the
overturning circulation. These results are consistent with those presented in Kaspi and
Showman (2015) and Chemke and Kaspi (2017), who investigate the effect of varying
the atmospheric mass on atmospheric circulation. Both studies found that the energy

containing wavenumber decreased as surface pressure was reduced (increased radiative
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Figure 2.4: Geopotential height (colour) and velocity (quivers) at 600 hPa for three simulations showing
the effect of friction and damping on atmospheric circulation. The left-hand panel shows a simulation
with radius a = 2ag, radiative timescale 7, = 40 days and friction timescale 74 = 1day. The centre panel
shows a simulation where the drag timescale has been reduced by a factor of 10, and the right-hand panel
shows a simulation where the drag timescale and the radiative timescale have been reduced by a factor
of 10. Data was produced with numerical simulations following Held and Suarez (1994) using the Isca
modeling framework (Vallis et al., 2018).

cooling), and Chemke and Kaspi (2017) also show that the circulation transitions from
a multiple eddy-driven jet circulation to a single sub-tropical jet circulation when the
surface pressure is reduced. For planets in the large R, slowly rotating regime, Dias
Pinto and Mitchell (2014) show that large 7 can act to inhibit superrotation. This is
because stronger radiative damping induces a stronger overturning circulation that
can more effectively communicate the effect of surface friction to the jet region aloft,

decelerating the superrotation.

Finally, we briefly discuss the role of the Burger number B. The Burger number
differs from Rt only by a factor of Af, /86 (where A, is a measure of the mean vertical
potential temperature contrast in the atmosphere), and so generally there will not be a
significant distinction between ‘high (or low) Rossby number’ circulations and ‘high
(or low) Burger number’ circulations. However, in principle, the two parameters can
be varied independently via the stratification A6,. Studies that vary the stratification
independently in GCM simulations have shown that increasing the stratification for
a planet with an Earth-like thermal Rossby number leads to a poleward expansion of
the Hadley circulation (Korty and Schneider, 2008; Levine and Schneider, 2015). This
is associated with the suppression of baroclinic instability when the stratification is
strong (Pierrehumbert and Swanson, 1995)!. Kidston et al. (2011) showed that the eddy

length scale increases as the stratification is increased, as might be expected from the

!Baroclinic instability has been proposed to set the Hadley circulation extent on rapidly rotating
planets (Walker and Schneider, 2006).
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dependence of the Rossby deformation radius /4 (1.2) on the buoyancy frequency N. The
effect of the stratification on the circulation of slowly rotating planets has not yet received
significant attention in the literature, although we note that enhanced stratification can
lead to the onset of superrotation (again, associated with the suppression of mid-latitude
baroclinic instability; Williams, 2003; Laraia and Schneider, 2015), which could be of
relevance to the processes that generate and maintain superrotation on slowly rotating
planets (Zurita-Gotor et al., 2022).

To facilitate the comparison of circulation regimes obtained in idealised models,
we have discussed them in terms of non-dimensional input parameters (such as the
thermal Rossby number, Rr). However, the utility of input parameters for this task is
limited by the sensitivity of atmospheric circulation to multiple input parameters. This
topic is examined further in Chapter 3, which investigates the extent to which different
circulation regimes can be characterised in terms of a bulk diagnostic called the global
superrotation index, S. The global superrotation index compares the mass-weighted
integral of the specific zonal angular momentum m with a state of solid-body corotation
with the underlying planet. It is defined as (Read, 1986b; Read and Lebonnois, 2018)

[ pmdVv
= -1, 2.2
S [ pQa?cos?9dV (223
where
m=acos9d (Qacosd+u), (2.24)

and dV is an element of volume.

2.4  Axisymmetric circulation

In the previous two sections, we have discussed how atmospheric circulation de-
pends on planetary parameters, with a focus on the thermal Rossby number Rt (or, in
terms of dimensional parameters, the planetary rotation rate and radius). In the next
three sections, we will focus our attention onto phenomena of particular importance in
the large Ry (small radius or rotation rate) regime. This section begins by discussing
the dynamics of an axisymmetric (two-dimensional) atmosphere, which yields insight
into the mechanisms that determine the width of the meridional overturning (Hadley)
circulation, as well as the importance of eddies in a fully three-dimensional atmosphere
for accelerating superrotation. Then, in Section 2.5 and Section 2.6 we will discuss
three-dimensional phenomena: first, the theory of linear waves on the equatorial beta
plane, and second, the proposed mechanisms that give rise to superrotation on planets

with large Rr.
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241  Held and Hou model for the Hadley circulation

The idealised GCM experiments discussed in Section 2.3 show that both the strength
and width of the Hadley circulation depend strongly on the thermal Rossby number
(Kaspi and Showman, 2015; Wang et al., 2018).

There are two mechanisms known to constrain the width of the Hadley circulation
on Earth to the sub-tropics. The first is that it terminates at the latitude where an angular
momentum conserving overturning circulation would become baroclinically unstable.
This idea was discussed by Lorenz (1969), and numerical studies have since shown that
baroclinic eddies do have an important influence on the Hadley circulation (e.g., Walker
and Schneider, 2006). However, this mechanism does not explain why the Hadley
circulation extent is limited in GCM simulations with slower rotation rates within which
baroclinic instability is suppressed, such as those shown in Figure 2.2 and Figure 2.3,
where, even for the most slowly rotating simulations, the Hadley circulation terminates

before reaching the poles.

The mechanism by which the Hadley circulation is restricted in the absence of
non-axisymmetric effects was demonstrated by Held and Hou (1980; hereafter HH),
building on earlier work by Schneider (1977). These authors showed that an idealised
axisymmetric circulation can be constrained by the combined requirements for it to

conserve energy and angular momentum.

The HH model is derived from the Boussinesq hydrostatic primitive equations on a
sphere. It consists of essentially two layers; a lower layer with u ~ 0, and an upper layer
(the free atmosphere) which is in approximate gradient wind balance with the model

temperature field:

0 u?tan 9 g 00
. -4 = 22
az(f”+ ) 26, 09 (2.25)

where the height is being used as the vertical coordinate. The circulation is forced by a

a

linear relaxation to a radiative-convective equilibrium potential temperature field, given
by
0 z 1

e 2 .
e—szl—gAhpz(SIHS)‘i‘AV(ﬁ—z), (226)

where 0, Ay, is the equator-to-pole surface temperature difference, and 6, A, is the vertical
potential temperature difference. P,(y) = (3y%—1)/2 is the second Legendre polynomial.

These equations may be vertically integrated to yield

wtand  gH a0

— =H, 2.2
" 20,00 (2.27)
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Figure 2.5: A schematic for the atmospheric circulation in an axisymmetric atmosphere. The atmosphere
is divided into a quiscent boundary layer where u ~ 0, and the free atmosphere where u # 0. An angular
momentum conserving overturning cell extends to some latitude 9y, beyond which there is no meridional
overturning. The crossed circles indicate the magnitude of prograde flow aloft.

and

A

Qeq = 60 [1 - %AhPZ (Sin 19) s (228)

where a hat denotes a vertical average H™! fOH dz, and H is the domain height.

At z = H, the circulation is divided into two regions: a tropical region, and an extra-
tropical region. In the extra-tropical region, v = 0, and so u is determined through
gradient wind balance with the radiative equilibrium temperature field (i.e., ugr is given
by Equation 2.27 with 0 = éeq). In the Hadley cell region, u is determined by conservation
of specific angular momentum m, which, if u = 0 at the equator, implies m = Qa? and
upc = Qasin® 9/ cos 9. The vertically averaged potential temperature field in the Hadley

cell region is then obtained from gradient wind balance, which yields

6(0) -6 _ ”2Hc

= . 2.2

The circulation in the HH model is schematised in Figure 2.5.

To obtain expressions for the boundary latitude 9y, and the vertically-averaged

potential temperature at the equator é(O), HH enforce two matching conditions:
Oeq (9u1) = 0 (%), (2.30)

and

9 4 9 4
f B cos 9.d9 = f D1y cos 9 d9. (231)
0 0

The first requires that potential temperature be continuous across the Hadley cell bound-

ary, and the second requires that the Hadley cell is energetically closed. If the expressions
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for temperature in the tropical and extra-tropical regions, (2.28) and (2.29), are substi-
tuted into (2.30) and (2.31) then the following expression can be obtained for the Hadley

cell latitude: )
RTzé[l Lo 1 ln(1+yH)], (2.32)

+
403 yh 1-y& 2yi \l-ym

where yy = sin 9y, and Rt = gHAL/(Q?%a?). For limiting values of R, approximate

analytic solutions to (2.32) can be obtained:

5 3
(ERT) , RT <1,

sin 9y = (2.33)

3
1-—, Rr>1
8RRy t

Noting that sin 9y » 9y when Iy is small, the result in the Ry < 1 limit is Held and
Hou’s celebrated scaling for the Hadley cell width. The second limit is that obtained by
Hou (1984), which is appropriate for slowly rotating or small sized planets with Rt > 1.

For finite values of R, the theory predicts that 9y < 7/2, that is, that the Hadley
circulation is constrained to terminate before it reaches the pole. This is the key result of
HH, namely that a thermally-driven overturning circulation is restricted from extending
all of the way towards the pole, even in the absence of baroclinic instabilities (or other
non-axisymmetric effects). Furthermore, the theory finds that the meridional extent
of the Hadley circulation is determined entirely by the thermal Rossby number, and
expands as Ry is increased. This underscores the importance of this parameter for

determining the dynamical regime occupied by a planetary atmosphere.

The scalings given by (2.33) generally compare well against those obtained from fully
3D GCM simulations, suggesting that the axisymmetric theory is useful for interpreting
the phenomenology of real atmospheres (each scaling is shown in Figure 2.3, alongside
results for 9y obtained from the idealised GCM simulations of Wang et al., 2018). For
example, substitution of Ry = 0.1 (in the right ballpark for Earth) into (2.33) yields
9u = 24.3° latitude (in the small Ry limit), which is roughly where the Earth’s Hadley
cell terminates. Similarly, setting Rt = 20, which is appropriate for Titan (Read and
Lebonnois, 2018), yields 9y = 79°, which in rough agreement with that obtained in Titan

general circulation models (Lora et al., 2019).

The HH model has subsequently been generalised by other authors. One deficiency
of the model is that the zonal wind profile is discontinuous at the Hadley cell edge,
particularly for large Rt (a phenomenon not observed in real atmospheres). This arises

due to the ‘continuity of potential temperature’ matching condition at the Hadley cell
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boundary (Equation 2.30). Colyer and Vallis (2019) consider the effects of a different
matching condition, namely that the zonal velocity is continuous at the Hadley cell
boundary (which introduces a discontinuity in temperature). They find that the original
HH model gives a better prediction of the Hadley cell extent obtained in numerical
simulations, but that their variant gives a better prediction of the sub-tropical jet speed
than either uyc or ugr evaluated at 9y for the original model. A further limitation of
the HH model is that its forcing is highly idealised, using a linear Newtonian cooling
formulation. Caballero et al. (2008) extend the model by replacing the linear forcing
with a simplified treatment of non-grey radiative transfer and convective adjustment.
They recover the same scaling as HH in the small angle approximation, multiplied by a
pre-factor F < 1 that depends on the radiative properties of the atmosphere. They note
that the difference between their prediction for 9y and that of HH will generally only
be large for atmospheres with an optically thick stratosphere. Caballero et al. (2008)
also relaxed the Boussinesq approximation when deriving their expression, and thus
their results suggest that neither the Boussinesq approximation, nor the representation
of radiative transfer as a linear relaxation, severely restrict the applicability of the HH
model to real atmospheres. In Chapter 3 I will use the Held-Hou model to develop an

axisymmetric scaling theory for the global superrotation index S defined by (2.23).

2.4.2  Hide’s theorem

Atmospheres are inherently three-dimensional, and the biggest limitation of the
HH model is that it is axisymmetric. On slowly rotating planets, eddies are critical for
accelerating superrotation at the equator, and consequently the HH model does not

admit superrotation (Hou, 1984).

This can be appreciated by considering the zonally-averaged zonal momentum equa-
tion, which may be written (Vallis, 2017, Chapter 14)

ou'w’

o +,

E)_ﬁ+( ! aﬁcosf)_f)Bera_ﬂ__ ! i(WCOSZS)—
ot \acosd 09 dp  acos?9ad

(2.34)

where the ) represents the possible effects of viscous friction, an overbar indicates a
zonal-average, and a prime indicates a deviation from the zonal average. Equation (2.34)
may be re-written in terms of the axial component of specific angular momentum m
(defined by Equation 2.24) which yields

D7 R Jp—
Dt __acosx‘)@(mvcoss)

om'w’

dp

+ V. (2.35)
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Figure 2.6: Zonally-averaged circulation obtained from idealised GCM experiments width rotation rates
Qg, Q5/20, and Q5 /100. The left-hand set of panels shows output from three-dimensional simulations
and the right-hand set shows output from axisymmetric simulations. Within each set the left-hand
column shows the zonal-mean zonal wind (colours) and temperature structure (black contours), and
the right-hand column shows the local superrotation index (colours, defined by Equation 2.37) and the
Eulerian mean meridional overturning streamfunction (black contours, negative dashed, defined by
Equation 2.22). Figure adapted from Colyer and Vallis (2019).

If the atmosphere is axisymmetric (X = X), and additionally inviscid, (2.35) reduces to

Dm
— =0, (2.36)
Dt

which states that the specific zonal angular momentum of any given air mass is materially

conserved. It is this result that forms the basis of the HH model.

In such an atmosphere, there is therefore no mechanism by which m can be trans-
ported up-gradient. Given that air rising at the equator will be equilibrated with the
underlying surface, so that u = 0 and m = Qa? (cf. Figure 2.5), this implies that m < Qa?
everywhere in the atmosphere, and u < 0 at the equator. As such, an axisymmetric

atmosphere may not superrotate unless it is initialised as such. This result was first

presented by Hide (1969), and is often referred to as Hide’s theorem. These considerations
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also motivate the defintion of a local superrotation index (Read, 1986a,b)
s=—— -1, (2.37)

defined so that Hide’s theorem requires s < 0 in an axisymmetric atmosphere, and s > 0

indicates superrotation.

Generalising to an axisymmetric, but viscous atmosphere (i.e. V # 0), Read (1986b)
notes that molecular viscosity, which acts towards an end-point of uniform angular veloc-
ity, can transport angular momentum up-gradient, and so in principle could generate
local superrotation. In practice, typical molecular viscosity coefficients for gases are far
too small to balance the down-gradient transport of m by advection. A corollary that
may be drawn here is that in the absence of an unphysically large molecular viscosity,
non-axisymmetric disturbances that act to transport m up-gradient are required for the
existence of a region that is superrotating. This is illustrated in Figure 2.6, which shows
output from three-dimensional and axisymmetric GCM simulations, obtained from
Colyer and Vallis (2019). At low rotation rate, local superrotation (s > 0) is present in
the three-dimensional simulations, but not the axisymmetric simulations, where instead
the Hadley cell fills the atmosphere with air that has s = 0 (or m = Qa?, as in Figure 2.5;
see also Mitchell and Vallis, 2010).

2.5 Equatorial waves

Atmospheric waves are an important feature of the atmospheric circulation of slowly
rotating or small sized planets with large Rt. In particular, their capacity to induce
eddy momentum fluxes provides a mechanism through which equatorial superrotation
can be maintained against poleward transport of angular momentum by meridional

overturning circulation (Gierasch, 1975; Rossow and Williams, 1979).

On a slowly rotating planet, the atmospheric dynamics may be thought to occupy
an ‘all tropics’ regime (Showman et al., 2013). The first reason for this is that the Hadley
circulation expands towards the poles (as discussed in the previous section). In addition,
the atmospheric wave dynamics become decidedly equatorial as their characteristic
meridional scale (given by the equatorial deformation radius; Equation 1.3) becomes
comparable to the planetary radius. In this section, we review the linear theory of
equatorial waves on the beta plane. Then, in the next section, we discuss the mechanisms

through which equatorial waves have been shown to accelerate superrotation.
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Following Matsuno (1966) and Wheeler and Nguyen (2015), we begin with the

linearised shallow water equations on the equatorial beta plane (Vallis, 2017, Chapter 3)

8u1 a¢1
2.
- Byvr = o (2.38)
av, a¢,
2.39
+ Byu; = 3y (2.39)
agbl aul 801
- h 0, 2.40
FYSR l(a ay) (2.40)

which correspond to the equations that govern the vertical normal modes of the con-
tinuously stratified equations (indicated by the subscript /). Working on the equatorial
beta plane introduces the approximation f = y. x is the east-west direction, y is the

north-south direction, and #; is the equivalent depth of a fluid layer.

To obtain a dispersion relation for the equatorial wave modes, we seek wave-like
solutions of the form (Matsuno, 1966; Wheeler and Nguyen, 2015)

(us,v1, 61) = Re {[4(»), 5(»), $(») ) expli(kx )}, 241

where i1, 0, and ¢ are functions that describe the meridional structure of the solutions,
k is the zonal wavenumber, and w is the frequency. If it is required that the solutions
described by (2.41) remain bounded far from the equator, then substitution into the

shallow water equations (2.38)-(2.40) yields the general dispersion relation

ghl a)2
V el ——ﬁ 2n+1; n=0,12,..., (2.42)
B (flhl

where 7 is a positive integer called the meridional mode number. Approximate solutions

to (2.42) may be obtained by considering the limits where w > land w «< 1. If n > 1,

then the high frequency approximation to (2.42) is

wi =+ [ (2n + 1) ghi + g (2.43)
and the low frequency approximation is
Wgp ™ — Pk . (2.44)

k*+(2n +1)ﬁ/\/%

Equation (2.43) has two roots corresponding to eastward (positive root) and westward
propagating (negative root) inertio—gravity waves, respectively, and (2.44) has one root

corresponding to westward propagating equatorial Rossby waves.
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For n = 0, an additional, exact solution to (2.42) exists,

1/2

1 1 4

Wpeo = k\/gh| -+ -1+ —/3 . (2.45)
2 2 k? \/ gh 1

The two roots of (2.45) correspond to an eastward propagating inertio—gravity wave

(positive root) and a mixed Rossby-gravity wave (negative root). A further exact wave-

like solution exists to (2.38)-(2.40) if 0 = 0 is set, namely

wx =/ ghik, (2.46)

which corresponds to an eastward propagating Kelvin wave. The dispersion relations
for each of these waves are shown in Figure 2.7 (obtained from Wheeler and Nguyen,
2015). The solutions shown are obtained without approximation from (2.42) for the
inertio-gravity waves, mixed Rossby-gravity wave, and the equatorial Rossby wave, and
from (2.46) for the Kelvin wave (also without approximation). Figure 2.8 shows the
spatial structure of the zonal wavenumber-1 Kelvin, mixed Rossby-gravity, and n = 1
equatorial Rossby waves.

Each of the solutions to (2.38)-(2.40) have meridional structure functions that decay

exponentially away from the equator according to X(y) o< exp[-y?/(212)], where I, is

the equatorial deformation radius, and defined by
V gh
12 = z L (2.47)

These waves are therefore equatorially trapped, and can only propagate in the zonal and

vertical directions (Andrews et al., 1987, Chapter 4). The shallow water equivalent depth
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Figure 2.8: Horizontal structures of waves on the equatorial beta plane. Unshaded contours show the

geopotential (negative dashed) and quivers show the velocity. Filled and hatched shading corresponds to
regions of convergence and divergence, respectively. Adapted from Wheeler and Nguyen (2015).

is related to the vertical wavenumber m via

N
V ghi = o T @R (2.48)

and so the expression for /. given by (2.47) reduces to that quoted in the introduction

(1.3) if the 1/(4H?) term is neglected, which corresponds to making the Boussinesq
approximation (Andrews et al., 1987, Chapter 4; Vallis, 2017, Chapter 7). For a slowly
rotating or small sized planet, f is small, which means that . (and thus the waves) may
be large, and comparable in meridional extent to the planetary radius. In this scenario,
the beta plane approximation is no longer formally valid (although still useful), and the
spherical geometry of the planet will affect the structure of the waves. An important
example of this concerns the Kelvin wave, which has a non-zero meridional velocity on

the sphere, in contrast with its counterpart on the beta plane (Yamamoto, 2019).

In Chapter 4 I will use space-time cross-spectral analysis to isolate the equatorial
waves present in a GCM simulation of Titan’s atmosphere performed with the Titan
Atmospheric Model (Lora et al., 2015). These waves are then discussed and identified in
terms of those discussed in this section, obtained from linear theory on the equatorial

beta plane.

2.6  Generation and maintenance of equatorial superrotation

2.61  Superrotation in idealised models

Equatorial superrotation appears to be a ubiquitous phenomenon in the atmospheres
of planets that are slowly rotating or have a small radius (large R1) (Read and Lebonnois,
2018; Imamura et al., 2020). Both Venus (very slowly rotating) and Titan (small compared
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Ulp) /Uy Figure 2.9: Horizontal structure of an
0.4 0.6 0.8 Rossby-Kelvin mode obtained from a sta-
' bility analysis of the primitive equations lin-
earised about a background zonal wind pro-
file. Horizontal velocities are shown as quiv-
ers and the pressure perturbation associated
with the wave is shown as colour contours.
The background zonal-mean zonal wind pro-
file is shown as a white line. Obtained from
Wang and Mitchell (2014).
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to Earth, and slowly rotating) feature superrotation in their atmospheres — Read and
Lebonnois (2018) estimate local superrotation indices (using Equation 2.37) of sy »
65 and st ~ 15, respectively for Venus and Titan. Superrotation is also present in
the slowly rotating Earth-like GCM simulations of Kaspi and Showman (2015) and
Wang et al. (2018) shown in Section 2.3. Given the requirement of Hide’s theorem that
equatorial superrotation is accelerated by up-gradient angular momentum transport
due to non-axisymmetric disturbances, these observations motivate investigation into
the phenomena that induce the required angular momentum transport, and why they

are most pronounced in the large R regime.

To address this issue, a number of authors have investigated the transition to super-
rotation on large Rt planets using idealised Earth-like GCMs (del Genio et al., 1993;
Williams, 2003; Mitchell and Vallis, 2010; Potter et al., 2014; Laraia and Schneider, 2015; Lu
and Yamamoto, 2020). These studies have shown that equatorial superrotation emerges
naturally in this context when either the planetary radius of rotation rate is reduced
from Earth’s. Stronger superrotation is obtained when the planetary radius is reduced
when compared with that due to an equivalent reduction in the planetary rotation rate
(Dias Pinto and Mitchell, 2014). This occurs as a reduction of the rotation rate reduces
the ratio of the radiative damping timescale to the advective timescale (i.e., the radiative

damping number 7 in Section 2.2 is large), whereas a reduction in the radius does not.

In the idealised Earth-like setting, superrotation is commonly found to be generated
by a planetary-scale, zonal wavenumber-1 equatorial wave mode that comprises a Kelvin
component phase locked with a Rossby-like component in mid-latitudes (Mitchell and

Vallis, 2010). An example of the horizontal structure of this type of wave is shown in
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Figure 2.9, obtained from Wang and Mitchell (2014). Iga and Matsuda (2005) and Wang
and Mitchell (2014) have shown that this sort of mode emerges due to a barotropic,
ageostrophic instability, called Rossby-Kelvin instability (Sakai, 1989). This instability
occurs when the deformation radius is large enough that the two component waves have
some spatial overlap, and the meridional shear in the background wind (the white line
in Figure 2.9) is substantial enough that the Rossby component (moving west relative to
the mean flow) is sufficiently Doppler-shifted by the mid-latitude jet that it can phase-
lock with the Kelvin component (moving east relative to the mean flow). Both of these
phenomena are more likely to occur on planets with large R, due to the dependence of

the deformation radius and the sub-tropical jet speed on the rotation rate or radius.

An additional factor that contributes to the generation of superrotation at large R is
that baroclinic instability in the extra-tropics is suppressed (Williams, 2003; Laraia and
Schneider, 2015; Zurita-Gotor et al., 2022). This is due to the action of baroclinic eddies
to converge momentum into their source region, which means that they decelerate the
sub-tropical jet when they are active in the extra-tropics. Zurita-Gotor et al. (2022)
show that this results in less favorable conditions for Rossby—Kelvin instability, as the
Rossby component experiences a weaker Doppler-shift by the zonal-mean zonal wind.
This explains the results of other studies that have found equatorial superrotation to
emerge in idealised models with the Earth’s planetary parameters when the equator-to-
pole radiative-convective equilibrium temperature contrast in a model with Newtonian
cooling is made weaker (Williams, 2003; Polichtchouk and Cho, 2016).

In some circumstances, a Rossby—Kelvin mode generates superrotation in an ide-
alised model’s spin-up phase (initiated from rest), but then disappears when the circula-
tion equilibrates (Mitchell and Vallis, 2010; Dias Pinto and Mitchell, 2016). This occurs
when the accelerated equatorial superrotation is strong enough to remove the meridional
shear required for the Kelvin and Rossby components to phase lock. In this scenario, after
spin-up, Dias Pinto and Mitchell (2016) show that equatorial Rossby waves, generated
by a mixed barotropic-baroclinic instability, can induce the acceleration required to

maintain superrotation.

2.6.2  Superrotation in the Solar System

Idealised models of Earth-like atmospheres show that superrotation emerges nat-
urally when the thermal Rossby number is made large. However, the strength of su-
perrotation in these models is generally far weaker (~20-50 m s™!) than that observed

on Venus or Titan (>100 m s7!). This suggests that other properties of Venus and Titan



Generation and maintenance of equatorial superrotation 2.6

a) Diurnal tide Semidiurnal tide
Vertical "*f 2E
71 E 71 EB
structure
Tl 70 -
Lol 6 N , b) Acceleration
° L - : 50N
2 68 68 NN o 4 - ! !
< 67F . N 67 - (Al & i = 40N [ < R
66 F ‘ . 665 o son | % ]
Bl bl ) gy Eiaia | | || ‘
850 6 12 18 22 %0 6 12 18 24 20N | L) J
Local time [h] Local time [h] = f r?/
o ) ~ 0N - g
Horizontal 60 |- mmmp" . m——" 60 |- ; . ° i /
[ — - I ) S ol i ]
structure i & . : E AN
— 30 | ; 300 ¢ & ;T 3 s '
g | L 8 ; 105 - AN 1
S L - : : E i y
$ o \ i1 0 RaEE
£ [ - - >N )
® r . M E : 308 1
3 30 Edy B = ] S
[ L : \ 40s - 1
1 P . -60 |, M- AN e WA LW ] oS ) )
0 6 12 18 24 0 12 18 24 s -
Local time [h] Local time [h] 0 os oo oS 10

IR
zonal acceleration (ms™'doy™"
[ e |
-4.0 -2.0 0.0 2.0 4.0
T [K]

Figure 2.10: a) Spatial structure of Venus’ thermal tides derived from measurements of thermal radia-
tion made by the Longwave Infrared Camera instrument on board Akatsuki. The left column shows
the diurnal tide and the right column shows the semidiurnal tide. The vertical structure displayed is
reprasentative of the region between 0° and 30° latitude. The horizontal structure is shown for at an
altitude of 69 km. b) Zonal acceleration due to tides (solid lines), low frequency transients (dotted lines)
and high frequency transients (dashed lines) obtained from cloud tracked winds (65-70 km altitude)
derived from measurements made with the Ultraviolet Imager on board Akatsuki at 283 nm (red) and
365nm (blue). The 283 nm results capture winds at a slightly higher altitude than the 365 nm results.
Note that a negative acceleration in panel (b) indicates acceleration, not deceleration, of the superrotating
jet, which is retrograde on Venus. The panels labelled (a) are adapted from Akiba et al. (2021), and panel
(b) is obtained from Horinouchi et al. (2020).

play an important role in determining their zonal-mean atmospheric dynamics. Both
Venus and Titan have atmospheres that are relatively massive compared to the Earth’s
(Grifhith et al., 2013; Bullock and Grinspoon, 2013). Additionally, their atmospheres
contain substances that strongly absorb incoming solar radiation (Tomasko et al., 2008;
Bullock and Grinspoon, 2013). On Venus, the combination of direct solar heating in the
atmosphere and Venus’ long solar day leads to the generation of large amplitude thermal
tides (forced gravity waves; Schofield and Taylor, 1983; Zasova et al., 2007; Akiba et al.,
2021). The spatial structure of Venus' thermal tides is shown in Figure 2.10a, derived
from measurements of thermal emission taken by the Longwave Infrared Camera on
board the JAXA Akatsuki orbiter (adapted from Akiba et al., 2021). On Titan, seasonal
variation in insolation (due to Saturn’s obliquity of 27°) leads to pronounced seasonal

variation in Titan’s stratospheric winds (Achterberg et al., 2008; Sharkey et al., 2021).

A number of general circulation models have been developed to study Venus’ at-

mospheric dynamics. Early models of Venus” atmosphere (Yamamoto and Takahashi,
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2003; Lee et al., 2007), similar to the idealised Earth-like GCMs discussed in Section 2.3
but forced with a Venus-like relaxation temperature profile (derived from observations),
obtained superrotation of a comparable magnitude to that observed in the real Venusian
atmosphere. In this setting, the superrotation was shown to be accelerated by transient,
planetary scale equatorial waves, similar to those discussed in the previous subsection.
Comprehensive models of Venus’ atmosphere have since been developed that include a
realistic representation of radiative transfer that includes Venus’ diurnal cycle (Lebon-
nois et al., 2010; Mendonga and Read, 2016). These models identify a dominant role for
Venus’ thermal tides (particularly the semidiurnal tide) in accelerating superrotation.
Both studies show that thermal tides act to transport angular momentum vertically
downward in the equatorial region, which prevents it from being transported poleward
by the Hadley circulation (which extends from equator to pole). They also identify a
role for transient equatorial waves in Venus’ upper cloud layer in converging angular
momentum horizontally from higher latitudes towards the equator, as in the idealised
models. Horinouchi et al. (2020) derived estimates for horizontal and vertical angular
momentum transport in Venus' atmosphere due to tides and waves from cloud tracked
wind velocities obtained using the Ultraviolet Imager (UVI) on board Akatsuki (sensing
approximately 65 km altitude). They found that the tides act to converge momentum
meridionally (shown in Figure 2.10b) and vertically into the cloud region, accelerating
the superrotation, while transients or turbulence (i.e., mostly high-frequency variability)
act to decelerate the cloud region. This apparent inconsistency regarding the role of tran-
sients remains to be resolved, although it is possible that the UVI instrument is sensing
a different altitude to that where the transients contribute to accelerating superrotation
in the GCMs (Lebonnois, 2020).

The nature of the eddies that accelerate superrotation on Titan is less clear. The
idealised modeling studies described in the previous subsection do not consider the
effects of a seasonal cycle, thus omitting an important feature of Titan. In particular,
it is not obvious a priori what effect the hemispheric asymmetry present in Titan’s
background zonal-mean zonal wind will have on the emergence of the Rossby-Kelvin
modes found to accelerate superrotation in idealised models. Using an idealised model
with a seasonal cycle, Mitchell et al. (2014) show that seasonal forcing can suppress
superrotation, by inducing cross-equatorial momentum transport that decelerates the
tropics in favour of the winter-hemisphere jet, and overwhelms equatorward momentum
transport due to transients. They further show that if radiative damping time is set to

be very long (100 times that in the standard, Earth-like set-up), then this effect can be
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overcome as seasonal overturning is suppressed. The radiative timescale on Titan is long
compared with Earth’s due to Titan’s larger atmospheric mass and lower temperatures,
and Mitchell et al. (2014) suggest this may be critical for the development of strong
superrotation there. However, observations (Achterberg et al., 2008; Sharkey et al., 2021)
and more comprehensive GCMs with realistic radiative transfer (Newman et al., 2011;
Lebonnois et al., 2012a; Lora et al., 2015) do feature substantial seasonal variation in the
upper-stratospheric zonal-mean zonal wind where equatorial superrotation is strongest.
Newman et al. (2011) and Lebonnois et al. (2012a) find that eddy acceleration of the
superrotating jet is strongest around the solstices, when hemispheric asymmetries in the
zonal-mean zonal wind are strongest. Both studies identify that the acceleration is due
to waves with low zonal wavenumbers, which they suggest are generated by barotropic
instability in sub-tropical latitudes. However, it is yet to be determined whether these
waves are similar or different to those obtained in idealised models, as neither study

characterised their spatial structure. This will be investigated in Chapter 4.

2.7  Tidally locked exoplanets

Finally, we conclude our review of the circulation regimes that may be obtained on
slowly rotating planets by considering the case of tidally locked planets. These planets
always present the same face to their host star. This means that they have a permanent
day side, where they are heated by stellar radiation, and night side, where they cool to
space. The day-night heating contrast on tidally locked planets gives rise to atmospheric
circulations that have distinct differences from those obtained in idealised Earth-like

GCMs, or observed in the Solar System.

Most observationally accessible extrasolar planets are likely to be tidally locked (Dole,
1964; Guillot et al., 1996), which has motivated a large body of work that seeks to un-
derstand the processes that influence observable features of these planets in thermal
emission and reflected visible light, as well as their climates and potential habitability.
Understanding atmospheric circulation is central to each of these objectives. Circulation
transports heat, chemical species, and clouds around a planet, which affect the observ-
able properties of exoplanets in both the visible (reflected light) and infrared (thermal
emission) (Burrows, 2014; Crossfield, 2015; Parmentier and Crossfield, 2018). In addition,
the circulation may be crucial to supporting a habitable climate on a rocky planet, with
sufficient heat transport from the day side to the night side required to prevent volatile
species from condensing on the cold night side, causing atmospheric collapse (Joshi
et al., 1997; Heng and Kopparla, 2012; Wordsworth, 2015).
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Figure 2.11: Schematic showning the main
components of atmospheric circulation on
tidally locked planets. Obtained from Ham-
mond and Lewis (2021).

Stationary
Rossby waves

Theoretical work and modeling studies using GCMs have shown that atmospheric
circulation on tidally locked planets is strongly influenced by the day-night pattern of
heating and cooling (as reviewed by Showman et al., 2013; Pierrehumbert and Hammond,
2019; Showman et al., 2020). A schematic displaying the main components of atmo-
spheric circulation on tidally locked planets is shown in Figure 2.11. Heating on the day
side drives vertical motion at the substellar point and divergence aloft (Showman et al.,
2013), which in turn generates stationary Rossby waves (Showman and Polvani, 2010;
see also Sardeshmukh and Hoskins, 1988). Interaction between these two circulation
components can lead to momentum convergence at the equator and the acceleration of
a westerly superrotating jet (Showman and Polvani, 2011). In Chapter 5 I will show how
these components can be separated from one another using a Helmholtz decomposition,
which partitions the horizontal velocity into components associated with rotational
(divergence-free) and divergent (vorticity-free) components. Then, in Chapter 6, I
will use the Helmholtz decomposition to show how each component of the circulation
contributes to atmospheric temperature structure by analysing balance relations in the

divergence equation (obtained by taking the divergence of the momentum equations).

2.71  Stationary wave response to day-night heating

One of the prominent features of atmospheric circulation on tidally locked planets is
a pronounced stationary wave response to the day-night pattern of heating and cooling.
This is exemplified in Figure 2.12, which shows output from an idealised, dry GCM
simulation of a tidally locked terrestrial planet with a 10 day orbital period (Q = Qg/10),

obtained from Hammond and Pierrehumbert (2018). The substellar point is located
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Figure 2.12: Temperature (colour contours) and horizontal velocity (quivers) output from an idealised
GCM simulation of an Earth-like, tidally locked terrestrial planet, with an orbital period of P = 10 days.
Obtained from (Hammond and Pierrehumbert, 2018).

at (A, 9) = (0°, 0°). A wavenumber-1 modulation is present in the temperature field
(colour) at the equator, phase shifted eastwards by around 70° longitude from the heating,

and equatorial Rossby wave-like gyres are also present in higher latitudes (around +60°).

Showman and Polvani (2011) showed that the stationary wave response to day-night
heating on tidally locked planets is analogous to that identified and analysed by Matsuno
(1966) and Gill (1980) for the response to localised heating in the Earth’s tropics. These
studies sought wave-like solutions to the linearised shallow water equations for stationary

circulation in the presence of linear friction, which may be written

o u
- = - 2.4
Byvi 3% Tam (2.49)
o v
= - 2.
ﬁyul ax Tdrag ( 50)
8141 al)l ¢1
Rl V) — , 2.51
ghl(ax+ay) Qi (x,y) - (2.51)

where the notation is the same as in Section 2.5 for the unsteady shallow water equations
(Equations 2.38-2.40), and the boundary conditions once again require solutions that
remain bounded far from the equator. In the equations above, the linear drag terms
essentially replace the time derivatives in (2.38)-(2.40). Additionally, a mass source
or sink term Q; has been introduced that represents the tropical heating (or, for a
tidally locked planet, the day-night forcing). Matsuno (1966) shows that it is possible

to express both the forcing (Q;) and solutions (#;, v;, ¢;) of the equations for forced,
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Figure 2.13: Stationary wave response Substellar longitude

(bottom) to tropical heating (top) that
is sinusoidal in the longitude direction
and has a Gaussian decay in the lati-
tude direction. The wave response is
comprised of a Kelvin component and
an equatorial Rossby component (la-
belled K and R, respectively). Adapted
from Matsuno (1966).
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stationary circulation (2.49)-(2.51) as a linear combination of the free wave solutions to
(2.38)-(2.40) discussed in Section 2.5.

For the special case where Tgrag = Trag and the forcing Q; takes the idealised form Q; =
Qo exp(ix/a) exp[—y?/(21,)?], Matsuno (1966) shows that the forced wave response is
solely comprised of the zonal wavenumber-1 Kelvin and n = 1 equatorial Rossby wave
solutions. The resultant wave pattern is shown in Figure 2.13 along with the spatial
structure of the forcing function Q;. This pattern has a similar structure to that of the
GCM simulation shown in Figure 2.12, but there are also some notable differences. For
example, only the Rossby gyres with a negative anomaly are identifiable in the GCM
simulation, and the wave response in the GCM simulation is phase-shifted eastwards by

about 45° compared with the Matsuno-Gill solution.

These differences are due to the effect of the zonal-mean flow on the waves obtained
in the GCM simulation (Tsai et al., 2014; Hammond and Pierrehumbert, 2018), which
features an equatorial superrotating jet (whereas the shallow water system given by
Equations 2.49-2.51 is linearised about a state of rest). This is illustrated in Figure 2.14,
which shows numerical solutions to the shallow water equations on the sphere, linearised
about a background zonal-mean zonal jet (adapted from Hammond and Pierrehumbert,
2018). The center panel shows the effect of the background jet on the stationary waves,
which phase-shifts the Rossby waves eastwards relative to their position in the Matsuno-
Gill solution with no background jet. Additionally, it appears to suppress the Kelvin
wave response, which is difficult to identify in Figure 2.14. In the right-hand panel,

the circulation associated with the background jet, which has a Gaussian structure
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Analogue of Matsuno—Gill Doppler shifted stationary wave solution to Doppler shifted stationary wave solution plus
solution on sphere SWEs linearised about a Gaussian zonal jet height and velocity perturbation due to jet
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Figure 2.14: Left panel: Equivalent of Matsuno-Gill solution shown in Figure 2.13 but in a spherical
geometry. The substellar point is at (A, 9) = (0, 0). Center panel: Stationary wave solution for a shallow
water system linearised about a Gaussian zonal jet of the form % = cos 9 exp[-(9/9,)?]. Right panel: The
stationary wave solution shown in the centre panel with the height and velocity perturbation due to the
Gaussian jet added on. Notably, the circulation in this panel is very similar to that shown in Figure 2.12
obtained from a GCM simulation. Adapted from Hammond and Pierrehumbert (2018).

that is maximal on the equator, has been added to the stationary wave solution. The
perturbation fields associated with the zonal jet obscure the Rossby gyres with a positive
height anomaly, and the total circulation now resembles that in the three-dimensional
GCM. One notable remaining difference between the GCM simulation and the shallow
water solutions shown in Figure 2.14 is the sharp temperature maximum at the substellar
point in the GCM simulation, which is not present in the shallow water solutions. In
Chapter 6 I will show that this is associated with thermally-driven overturning circulation,

which is not resolved in the shallow water system.

272 Equatorial superrotation

General Circulation Model simulations indicate that equatorial superrotation is
likely to be a ubiquitous feature of atmospheric circulation on tidally locked planets
(Heng and Showman, 2015; Turbet et al., 2021). These model results are supported
by observations of exoplanets which exhibit eastward offsets in maximum thermal
emission relative to the substellar point (also known as hotspot shifts; Knutson et al.,
2007; Majeau et al., 2012; Demory et al., 2016), which have been suggested to be associated
with equatorial superrotation, both directly due to advection of heat by the equatorial
jet (Zhang and Showman, 2017), and indirectly by phase-shifting the stationary waves
eastwards (and thus the temperature structure associated with them, cf. Figure Figure 2.12
and Figure 2.14; Tsai et al., 2014; Hammond and Pierrehumbert, 2018).

As for non-tidally locked planets, Hide’s theorem (Section 2.4; Hide, 1969) requires
that equatorial superrotation is accelerated by up-gradient momentum transport due

to non-axisymmetric disturbances. For the case of tidally locked planets, equatorial
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momentum convergence is induced by the stationary wave response to the day-night
heating (Showman and Polvani, 2010; 2011).

The phase shift between the Kelvin and Rossby components of the wave response in
the Matsuno-Gill model gives rise to velocity vectors that are tilted northwest to south-
east, which implies 0%/9t = --- — 9u’v’/dy > 0. In the shallow water system (Equations
2.49-2.51), this momentum convergence does not actually lead to an acceleration of the
Eulerian-mean zonal velocity, as mass is also converged towards the equator, and the
eddy momentum flux balances this exactly so as to keep the zonal momentum per unit
mass constant (Showman and Polvani, 2010; see also Zurita-Gotor and Held, 2018). How-
ever, Showman and Polvani (2010) show that if an additional term is included in (2.49)
and (2.50) that represents the effects of momentum advection from a quiescent lower
layer, then equatorial superrotation does emerge in the Matsuno-Gill model as a result
of equatorward momentum convergence by the stationary waves. In three-dimensional
models, equatorial superrotation emerges without the need for an additional term, as
vertical motion is resolved in this case, and consequently so is the required vertical

momentum advection (Showman and Polvani, 2011).

2.7.3  Circulation in three-dimensional models, and its dependence on rotation rate

The three-dimensional atmospheric circulation on tidally locked planets has been
investigated extensively using general circulation models. This subsection discusses
some of the circulation features that emerge in these simulations, with a focus on studies
that model terrestrial planets. Terrestrial planets are rocky planets of a similar size and
mass to Earth (typically defined to be those with radii less than 2ag; see introductory
discussion in Dressing and Charbonneau, 2015). The study of atmospheric circulation
on terrestrial tidally locked planets has been focussed on temperate planets, which might
host climates that are suitable for supporting life (Showman et al., 2013; Forget and
Leconte, 2014). The atmospheric dynamics of hotter terrestrial lava planets such as 55
Cancri e has also received some attention (e.g., Hammond and Pierrehumbert, 2017),

motivated by the availability of observations of thermal emission (Demory et al., 2016).

Figure 2.15 shows horizontal wind and temperature in the mid-troposphere obtained
from idealised GCM simulations performed by Koll and Abbot (2016). Their model is
configured with semi-grey radiative transfer, and a diffusive boundary layer code that
exchanges sensible heat with the surface and parametrises surface friction. The substellar
point in each panel is located at 270° longitude. Three simulations are presented that

vary Rt through the planetary rotation period, from P = 60 days (‘slow rotation’ — large
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Figure 2.15: Horizontal velocity (quivers) and temperature (colour contours) obtained from idealised 0.65

terrestrial, tidally locked GCM simulations with varying rotation rates, corresponding to orbital periods
of approximately 60 days, 12 days, and 6 days respectively, from left to right, and Tq ~ 255K. The
substellar point is located at 270° longitude. Adapted from Koll and Abbot (2016).

Rr ~ 50) to P = 6 days (‘rapid rotation’ - although still slowly rotating compared with
the Earth — smaller Rt ~ 5). The P = 6 days simulation exhibits a pronounced stationary
wave response to the tropical heating, and a superrotating jet at the equator. By contrast,
both the stationary waves and equatorial superrotation are essentially absent in the P =
60 days simulation, which instead features roughly isotropic divergent flow away from
the substellar point, which in the vertical takes the form of an overturning circulation
(Koll and Abbot, 2016). The P = 12 days simulation appears to represent an intermediate
case, with less pronounced stationary waves and weaker superrotation. It has been
proposed that the weakening of the stationary wave response, evident P = 12 days and
P = 60 days cases, is related to the deformation radius becoming larger than the planetary
radius (Noda et al., 2017; Haqq-Misra et al., 2018), although the extent to which the
deformation radius (which only has formal importance in the limit where the beta plane
approximation is valid) is a useful indicator of the behaviour of waves that are global in
scale is unclear. Similar rotation rate dependence has been identified by a number of
other studies (Merlis and Schneider, 2010; Edson et al., 2011; Carone et al., 2015, 2016;
Noda et al., 2017; Haqq-Misra et al., 2018; Pierrehumbert and Hammond, 2019).

The structure of the overturning circulation on tidally locked planets is more compli-
cated than that found in idealised GCM simulations with axisymmetric forcing, or in
the atmospheres of the Solar System planets which experience a moving, diurnal forcing.
In these latter two cases, overturning is predominantly meridional (i.e., in the north-
south direction) and axisymmetric in nature (Section 2.3 and Section 2.4). By contrast,
atmospheric circulation on tidally locked planets displays distinct zonal asymmetry due
to the stationary forcing associated with their orbital configuration. This means that
overturning circulation on tidally locked planets has a component in the zonal direction,

which makes it difficult to analyse using traditional zonally-averaged diagnostics such
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Figure 2.16: Mid-tropospheric temperature obtained from idealised, dry GCM simulations configured
with an orbital period of P = 5 days and three different values of instellation: 271.8 (left), 1376 (center, the
same as Earth), and 4320 W m~? (right). Adapted from Pierrehumbert and Hammond (2019).

as the Eulerian mean meridional mass streamfunction (defined by Equation 2.22). At
present, overturning circulation on terrestrial tidally locked planets is understood in
terms of a superposition of various different zonal and meridional circulations. Ascent
on the day side paired with meridional horizontal motion and descent near the poles has
been described as a Hadley circulation (Merlis and Schneider, 2010; Edson et al., 2011;
Heng et al., 2011; Carone et al., 2014; Haqq-Misra et al., 2018), and overturning circulation
in the zonal direction has been described as a Walker circulation (Carone et al., 2014;
Haqq-Misra et al., 2018; by analogy with zonal overturning in the Earth’s tropical pacific.
On the night side, meridional motion has been described as an ‘anti-Hadley circulation’
(Heng et al.,, 2011; Charnay et al., 2015; Haqq-Misra et al., 2018). The partitioning of
meridional overturning into separate day side and night side components in previous
work has been informed by computing the Eulerian mean mass streamfunction ¥ over a
limited longitude range (e.g., over just the night side). However, this approach is difficult
to motivate as ¥ is derived by integrating the continuity equation over all longitudes.
In Chapter 5 I will show that, for slowly rotating planets, the overturning circulation,
which is purely divergent, can be separated from the jet and stationary waves, which are

mostly rotational, using the Helmholtz decomposition.

As with circulation forced by zonally symmetric heating (as in Section 2.3), the
circulation on tidally locked planets is also sensitive to parameters beyond the thermal
Rossby number Rr. Pierrehumbert and Hammond (2019) present results from idealised
GCM simulations similar to those of Koll and Abbot (2016) where they vary the strength
of incoming stellar radiation, which in non-dimensional terms corresponds primarily to
varying the thermal damping number Z. Figure 2.16 shows a subset of their simulations,
run with a rotation period of P = 5 days and three values for the instellation: 271.8, 1376
(the same as Earth), and 4320 W m~2. These simulations show that hotter planets with

stronger instellation feature a more pronounced stationary wave response compared
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with cooler planets that have a more zonally symmetric circulation. Finally, Heng and
Vogt (2011) and Carone et al. (2016) present results from idealised GCM simulations
where they vary the effect of surface friction (i.e., the Ekman number £). They find that
as the strength of surface friction is increased, the circulation moves away from a regime
characterised by pronounced stationary waves, towards one dominated by isotropic day

side to night side overturning (similar to the left-hand panel in Figure 2.15).

2.8 Open questions

This chapter has discussed the different circulation regimes that can arise in plane-
tary atmospheres, with an emphasis on slowly rotating rocky planets with large thermal
Rossby number Rt. The dynamics in the ‘slowly rotating regime’ are generally charac-
terised by equatorial superrotation and planetary-scale overturning circulations, and the
general reasons for the emergence of each of these features when R is large are under-

stood in terms of idealised theoretical models and results from numerical experiments.

However, we have identified that the details of atmospheric circulation on slowly
rotating planets, for example: the superrotating jet speed and the mechanisms that
accelerate it, the nature of atmospheric waves, and the structure of the overturning
circulation, are highly sensitive to the specific properties of an individual planet or class
of planets (e.g., tidally locked planets), such as the radiative properties of its atmosphere
and its orbital configuration. The relative importance of these factors in determining
circulation in the slowly rotating regime is not yet fully understood. A non-exhaustive

list of open questions raised by the discussion in this chapter is given below:

1. Can quantitative metrics be used to characterise the different circulation regimes
identified in idealised GCMs (e.g., in the regime diagram shown in Figure 2.1), as

well as the Solar System atmospheres?

2. How does the strength of stratification affect the dynamics of planets in the slowly

rotating (large Rr) regime?

3. Are the mechanisms that accelerate superrotation in idealised models relevant to

Venus and Titan?
4. What role do free transient waves play in Venus’ zonal momentum budget?

5. Which properties of Venus and Titan (e.g., their atmospheric mass, radiative
heating structure, and orbital configuration) are most important in determining

their atmospheric dynamics?
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6. What does the regime diagram for atmospheric circulation on tidally locked

planets look like, and what are the key nondimensional control parameters?

7. How do different components of circulation on tidally locked planets contribute
to processes such as heat and volatile species transport, and observable properties

such as thermal emission?

8. How do the characteristics of equatorial waves on tidally locked and non-tidally
locked planets depend on planetary parameters, when the equatorial beta plane

approximation is no longer formally valid?

I aim to seek answers to some of these questions during the remainder of this thesis.
Specifically, In Chapter 3, I investigate whether circulation regimes can be quantitatively
characterised using a metric called the global superrotation index, addressing Question
1. In Chapter 4, I study the waves that accelerate superrotation in a simulation of Titan’s
atmosphere, and discuss the instabilities that give rise to them, addressing Question
3. Chapter 5 and Chapter 6 form a pair of chapters that seek to tackle Question 7. In
Chapter 5, I introduce a method for decomposing circulation on tidally locked planets
into its constituent parts, and assess how each component contributes to heat transport.
In Chapter 6, I build on this work and assesses how each different components of the

circulation contribute to temperature structure via diagnostic balance relationships.
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Characterising Regimes of Atmospheric Circulation in
Terms of Their Global Superrotation

The contents of this chapter are a modified version of N. T. Lewis, G. J. Colyer, and P. L.
Read (2021): Characterising Regimes of Atmospheric Circulation in Terms of Their Global
Superrotation, in: Journal of the Atmospheric Sciences, 78 (4), pp. 1245-1258.

Author contributions: NTL and PLR identified the study topic. NTL designed, ran and
analysed the numerical experiments, and lead the writing of the paper. GJC and PLR proof
read the paper, and advised on the interpretation and discussion of results.

3.1 Introduction

lanetary atmospheres can occupy a variety of different circulation regimes. This is

borne out by the dynamics of the Solar System atmospheres (Chapter 1). Earth’s
atmospheric circulation is characterised by overturning (Hadley) cells which feature
air rising near the equator and sinking in the subtropics. In the midlatitudes, prograde
jets with zonal velocities of approximately 30-40 m s™! are present, while in the tropics
weak retrograde flow is found (Schneider, 2006). By contrast, Venus and Titan (which
are slowly rotating with respect to Earth, and in the case of Titan also smaller) host
prograde equatorial jets with zonal wind velocities in excess of 100 m s™! (Counselman
et al., 1980; Bird et al., 2005). Numerical modeling suggests these atmospheres also
feature planetary-scale overturning circulations formed of Hadley-like cells with a nearly
meridional extent (Lebonnois et al., 2013; Lora et al., 2019). The atmospheres of the gas
giant planets Jupiter and Saturn (much larger and more rapidly rotating with respect
to the Earth) feature zonal velocity profiles with strongly prograde jets alternating with

weakly retrograde jets in a banded pattern (Porco et al., 2003; Porco et al., 2005).

There is now a large body of work that seeks to understand how atmospheric circula-
tion is sensitive to key parameters and processes (as reviewed in Chapter 2). Idealised
simulations using Earth-like General Circulation Models have found a dominant role
for the thermal Rossby number Ry (2.20) in determining the dynamical regime occu-
pied by a planetary atmosphere. Atmospheric circulation has been found to occupy
a regime characterised by geostrophic balance and multiple zonal jets when Ry <« 1,
and a regime characterised by cyclostrophic balance and equatorial superrotation when
Rt > 1 (Mitchell and Vallis, 2010; Kaspi and Showman, 2015; Wang et al., 2018).
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A planet’s atmospheric circulation is not solely determined by Rr, however, as it is
sensitive to other nondimensional control parameters (such as the Ekman number, and
the radiative damping number; see Chapter 2, Sections 2.2 and 2.3). For example, Dias
Pinto and Mitchell (2014) show that when R is large, a strongly superrotating state —
analogous to that of Venus’ and Titan’s atmospheres — is not obtained if the radiative

damping number 7 is large (as may be typical for a slowly rotating planet).

To facilitate the comparison of circulation regimes obtained in different planetary
atmospheres, it is useful to develop bulk quantities that indicate the specific regime they
occupy. However, the utility of Rt and other input parameters for this task is limited by
the sensitivity of atmospheric circulation to multiple input parameters and atmospheric
properties. Instead, it is necessary to use diagnostic quantities that can be computed
from the equilibrium flow structure in a planetary atmosphere (or a set of numerical

simulations).

In this chapter, I will investigate the utility of the global superrotation index S for
characterising and comparing the circulation regimes occupied by different planetary
atmospheres. S is defined (Read, 1986a,b; Read and Lebonnois, 2018)

__ [pmdv

- -L 2.23, revisited
[ pQa?cos?9dV ( revisited)

and compares the mass-weighted global integral of the specific zonal angular momentum
m with a state of solid-body co-rotation with the underlying planet (when S > 0 the
atmosphere has more zonal angular momentum that if it were co-rotating with the

planetary surface). Above, dV = a2 cos 9 dA d9 dz is an element of volume.

The global superrotation index S can be regarded as the quotient of a mean zonal
velocity U, and Qa, and thus shares some characteristics of a zonal Rossby number
(Read, 1986a). This suggests that S may be a useful quantity to compute when comparing
planetary atmospheres, as its value is indicative of the dynamical regime occupied by
an atmosphere. S << 11is suggestive of a regime where the dynamics are dominated by
geostrophic balance, and S > 1 suggests a regime where the dynamics are dominated
by cyclostrophic balance. S is given further value by the fact that it is constrained to
be § < 1/2 in an axisymmetric, inviscid atmosphere. The constraint is due to Hide’s
theorem (Hide, 1969; Chapter 2, Section 2.4), which states that in an axisymmetric,
inviscid setting, Dm /D¢t = 0. If we assume that in a thin boundary layer, surface friction
acts to restore m to a state of co-rotation with the underlying planet, then the maximum
value of m that may be obtained in the boundary layer is m = Qa? (the value of m for a

parcel of air co-rotating with the planetary surface at the equator). Parcels of air that are
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then transported into the free atmosphere (e.g., by an overturning circulation) will then
also have m < Qa?, as m is materially conserved. This ideal circulation is schematised in
Figure 2.5. The S = 1/2 limit corresponds to the scenario where m = Qa? everywhere
(and the boundary layer has infinitesimal depth), and if S > 1/2 then non-axisymmetric

disturbances which transport m up its local gradient must be present in the atmosphere.

The global superrotation index has been used previously to compare the dynamics
of the Solar System atmospheres (Read and Lebonnois, 2018), and to compare different
Venus and Titan GCMs (Lebonnois et al., 2012b, 2013). In addition, the value of S
estimated from zonal velocity measurements in Venus’ atmosphere has been compared
with § computed from the output of Venus GCMs to assess how well they reproduce
the observed circulation (Mendonga and Read, 2016; Read and Lebonnois, 2018). The
atmospheres of Venus and Titan, for which Sy » 7.7 and St ~ 2 (Read and Lebonnois,
2018), exhibit the greatest degree of global superrotation within the Solar System, and
S > 1is indicative of the dominance of cyclostrophic balance in the local momentum
budget throughout the atmosphere. For Mars and the Earth, Sy ~ 0.04 and Sg ~ 0.0135
(Read and Lebonnois, 2018), which is consistent with the dominance of geostrophic
balance in the their atmospheres. The fact that S > 1/2 for Venus and Titan means
that eddy processes, which transport m up its local gradient, must be important in
determining the dominant (cyclostrophic) dynamical balance that characterises their

atmospheric circulations.

311 Aim of this chapter

The work in this chapter aims to investigate the utility of S for characterising regimes

of atmospheric circulation.

To date, this has only been investigated using axisymmetric models with an eddy-
viscosity parametrisation that diffuses angular velocity, which allows for up-gradient
transport of m (Read, 1986a; Yamamoto et al., 2009; Yamamoto and Yoden, 2013). These
studies have shown that S scales with =2 (S o< Rr) at high rotation rate (small Rr), and
that at low rotation rate (large Rr) S either saturates (S = constant) when parametrised
up-gradient transport of m is small, or scales with Q1 or Q=23 (S < /Ry or § o< RIT/3)
when the eddy diffusion coefficient is made large and up-gradient transport of m is
significant. Yamamoto and Yoden (2013) develop a theory that relates S to Rr, valid for
slowly rotating planets with extreme up-gradient transport of m. By considering the
limiting behaviour of their theory, they are able to explicitly demonstrate that S o< /Ry

or § o RIT/3 is associated with the dominance of cyclostrophic balance in the zonal
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momentum budget. I aim to extend the analysis of Read (1986a), Yamamoto et al. (2009)
and Yamamoto and Yoden (2013) by investigating the dependence of S on Q (or Rr)
in idealised three-dimensional Earth-like GCM simulations. Experiments of this type
are an obvious extension to the work of Read (1986a), Yamamoto et al. (2009), and
Yamamoto and Yoden (2013). Unlike in these previous studies, up-gradient transport
of m in the model used here is not parametrised, and the existence, direction and
strength of materially non-conservative transport of m is associated with the existence
and characteristics of non-axisymmetric disturbances that can induce stresses on the
zonal flow. To elucidate the role of eddies in determining the dependence of S on Q, a set

of axisymmetric (2D) experiments are also run for comparison with the 3D experiments.

For both the 3D and 2D experiments, it will be shown that S scales with Q=2 (S < Rr)
for rapid rotation rates, while for low rotation rates (large Rt) S = constant. To interpret
these scalings for S, a theory is derived for S in terms of Rt from the axisymmetric
model of Held and Hou (1980), that captures the scaling behaviour of S in the numerical
experiments. As in Yamamoto and Yoden (2013), the limiting behaviour of the theory
presented here is considered, to show how different dependencies of S on R correspond

to different dominant dynamical balances.

The rest of this chapter is structured as follows. The model configuration and experi-
ment design is described in Section 3.2. To provide context for the rest of the chapter,
the zonally-averaged circulation obtained in the GCM experiments is described in Sec-
tion 3.3. In Section 3.4, S is computed for each experiment, the dependence of S on Q
is discussed, and differences in S between the 3D and axisymmetric experiments are
investigated. This section also includes the derivation of a theory for S for the case of an
axisymmetric atmosphere in the inviscid limit. Discussion focussed on illustrating the
relationship between S and circulation regime is provided in Section 3.5. Section 3.6

summarises the findings of this work.

3.2 Description of experiments

3.21  Numerical model

The GCM used in this study is build using Isca, a framework for building idealised
general circulation models of varying complexity. Isca is built on top of the GFDL!
primitive equation spectral dynamical core. In the present work, Isca is configured as

a dry dynamical core forced by Newtonian cooling to a statically stable axisymmetric

!Geophysical Fluid Dynamics Laboratory, Princeton.
https://www.gfdl.noaa.gov/idealized-spectral-models-quickstart/.
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Description of experiments

3.2

radiative-convective equilibrium temperature profile.

Dynamical core

The dynamical core integrates the primitive equations forwards in time, using a semi-
implicit leapfrog scheme with a Robert-Asselin time filter. The equations are solved
on a thin spherical shell, using a pseudospectral method in the horizontal (prognostic
fields are represented by a triangular truncation of spherical harmonics), and a finite
difference method in the vertical. For numerical efficiency, and to avoid the formulation
of vector fields on the spectral grid, the primitive equations are solved in terms of the
scalar vorticity and divergence. The vertical coordinate is a terrain-following coordinate,
defined as 0 = p/p,. There are N = 80 levels, distributed according to o = exp[-6(0.5Z +
0.527%)] where Z is equally spaced on the unit interval. This configuration yields vertical
layers that are roughly evenly spaced in the troposphere, with enhanced resolution in

the stratosphere.

Thermal forcing

The thermal relaxation temperature profile used for the Newtonian cooling is that
described in Wang et al. (2018), similar to that of Held and Suarez (1994), and is written

Tr = Tr,z + Tr,97 (31)
where
L 2 L
To.=Typ+ [5 (2 - z)] + K2+ > (zp-2), and
1
T = h (o) ATh(g—sinZS), (3.2)
with
in | & [ 9=C%® i
. sin [2 (1—% )] , ifo> oy, (33)
0, otherwise.

Above, zy;, = 12 km is the tropopause height (oy, is the corresponding o level),
L = 6.5Kkm™ is the vertical lapse rate, and Ty, = Ty — Lzy, is the temperature at the
tropopause, with T, = 288K the globally-averaged surface temperature. AT, = 60K
is the equator-to-pole temperature difference at the surface. K = 2K is a smoothing
parameter that ensures a continuous temperature change across the tropopause. The
radiative relaxation timescale is 2.5 days in the boundary layer (o > 0.8), and 30 days in

the free atmosphere.
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Drag and dissipation

A linear drag is applied in the boundary layer, operating on a timescale of 0.6 days,
and in the upper-atmosphere (o < 0.01, applied to the eddy components of the flow
only), operating on a timescale of 0.5 days. The drag in the upper atmosphere is included

as a sponge layer, to avoid the reflection of waves at the model top.

A hyperviscosity term is applied to the momentum and thermodynamic equations:

% U, (3.4)
% T, (3.5)
%—7; =+ kYT, (3.6)

operating on a timescale of 0.25 days at the grid scale. n = 4 is the damping order. {, §,
and T are the vorticity, divergence, and temperature. This term is included to parametrise

the dissipation of energy by sub-grid scale dynamics.

3.2.2  Description of model runs

GCM simulations are run over a wide range of rotation rates, from 8Qg to Qg/512,
where Qg = 7.29 x 107> s7! is the Earth’s rotation rate. All other planetary parameters are

taken to be Earth-like: a = 6.4 x 10 m, g = 9.81m s7}, and surface pressure p, = 1bar.

Three-dimensional experiments are run at both T127 and T42 spectral resolution
(corresponding to approximately 1° and 2.8° latitude-longitude resolution, respectively,
at the equator). Axisymmetric experiments are run with the same meridional resolution
as the T127 three-dimensional experiments. The axisymmetric runs are constructed by
retaining only zonal wavenumber m = 0 coefficients in the spectral dynamical core at

each time step. The rotation rates run in each configuration are shown in Table 3.1.

Each of the experiments is run to equilibrium, by which it is meant that S is no longer
evolving with time. To achieve this, three-dimensional experiments with QO > Qg/4 are
run for 3 (Earth) years, then Q = Qr/8 experiment is runs for 6 years, and experiments
with Q < Qg/16 are run for 8 years. The axisymmetric experiments are all run for 3

years.

3.2.3  Data analysis

The 3D model data analysed in this chapter is output in daily-averaged format, and
the axisymmetric model data is output in monthly-averaged format. Isca outputs data

on the o coordinate vertical grid, which is subsequently interpolated onto pure pressure
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Config.  8x 4x 2x Qp 12 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512

3D, T127 v v v v v v
3D, T42 v v v v v v v v v
2D v v v v v v v v v v

v

-1

Table 3.1: Rotation rates for each model configuration. Qg = 7.29 x 107> s is the Earth’s rotation rate.

2D’ refers to axisymmetric experiments.

levels p, = 0ppo. Occasionally p, > ps(t,A,9), in which case the data is set to NaN
(the grid-point being interpolated onto is below the surface). In order to correctly take
account of these subterranean grid points when computing integrals and averages, we

make use of the techniques described by Boer (1982).

3.3 Zonally-averaged circulations

To provide context for the rest of the chapter, I begin the presentation of the experi-
ment results by discussing some aspects of their zonally-averaged circulations. Each of
the experiments discussed in this section was run at T127 resolution. The structure of
the circulation obtained in the numerical experiments run for this study is consistent
with that presented in previous work (e.g., Dias Pinto and Mitchell, 2014; Kaspi and
Showman, 2015; Wang et al., 2018; and Colyer and Vallis, 2019).

The zonal-mean zonal wind u# and meridional mass streamfunction ¥ (2.22) are
shown in Figure 3.1, and the local superrotation index s (2.37) and ¥ are shown in
Figure 3.2. In each figure, output from the 3D experiments is shown in the top row, and

from the axisymmetric experiments in the bottom row.

In all of the experiments, thermally direct Hadley cells which feature air rising at
the equator and sinking at higher latitudes are present. The action of the Hadley cell to
fill the domain with air that has m ~» Qa? (equilibrated with the equatorial surface) is
clearly visible in the s field (Figure 3.2), where the structure of the subtropical jets in the
u (Figure 3.1) is replaced by a region within the Hadley cell where s ~ 0. The Hadley cells
are flanked by a subtropical jet associated with angular momentum conservation in the
poleward moving branch of each cell. In the axisymmetric experiments, the maximum
subtropical jet velocity increases from as Q is decreased from 4Qg to Qg/16, before
decreasing when () is decreased further. This result is consistent with the predictions
of axisymmetric theory (Held and Hou, 1980; Hou, 1984; Colyer and Vallis, 2019). A

similar trend can be identified for the subtropical jets in the 3D experiments.

Three-dimensional experiments with () > Qg feature additional mid-latitude, eddy-
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Figure 3.1: Zonal-mean zonal wind u (colour), and meridional mass streamfunction ¥ (contours). All
experiments shown were run with T127 horizontal resolution. The rotation rate for each experiment is
indicated in the top-left corner of each panel. Note that the colour scale for u varies between panels. The
red cross (and number) indicates the location (and value) where ¥ is maximum. The maximum value
for ¥ has units x10° kg s7L. The solid contours delimit 5% and 50% of the maximum, and the dashed
contours show ‘—1 x’ the solid contours. As the contour levels are percentages of the maximum value for
P, they vary between panels.
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Figure 3.2: Local superrotation index, s. As in Figure 3.1, the red label and contours show the meridional
mass streamfunction ¥ (see Figure 3.1 caption for details). All experiments shown were run with T127
horizontal resolution.

driven jets poleward of each sub-tropical jet (Figure 3.1). As the rotation rate is increased
from Qf to 4Qg, the number of jets increases as the characteristic length scale of baro-
clinic instability decreases (Williams, 1978; Lee, 2005). As the mid-latitude jets present
in the 3D experiments are eddy driven, they are absent in the axisymmetric experiments
at the same rotation rate, which leads to a very different u field. However, when the
zonal flow is displayed in terms of s (Figure 3.2), the 3D experiments appear very similar

to the axisymmetric experiments, and the complex structure of the eddy driven jets is
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no longer present. This is explained by the fact that, for rapidly rotating planets, the
relative component of m (m, = u x a cos 9) is much smaller than the contribution to m
from the background rotation of the planet (m, = Qa?cos? 9). Eddies are important
for the angular momentum budget (as dm/dt = dm,/0dt), but the absolute value of m is

essentially set by m,,.

At rotation rates < Qg /4, a prograde (locally superrotating) jet emerges at the equator
in the 3D experiments (Figure 3.1). This is associated with planetary-scale tropical
disturbances which converge momentum towards the equator (Mitchell and Vallis, 2010),
which are generated when R is increased to an O(1) value (Wang and Mitchell, 2014).
Regions of local superrotation (s > 0, Figure 3.2) can clearly be identified for the 3D
experiments, while in the axisymmetric experiments, local superrotation is no longer
present, in accordance with Hide’s theorem. In the superrotating 3D experiments, s is only
significantly positive in the region above the Hadley circulation. This is because within
the Hadley cell, air ascending at the equator acts to communicate the effects of friction
at the surface to the atmosphere aloft. The meridional extent of the superrotating region
is confined within the bounds of the Hadley circulation, indicating that momentum
is only converged towards the equator from within the region where it is deposited by

meridional overturning (Gierasch, 1975; Rossow and Williams, 1979).

In the 3D experiments, the maximum (superrotating) zonal wind velocity at the
equator is found in the Qg /16 experiment (28 ms™). It is of interest to note that while
equatorial velocities in the Q/4 and Qg/16 experiments are similar (Figure 3.1), the
maximum local superrotation relative to the underlying planet is much weaker in the
Qg /4 experiment when compared with the Qg /16 experiment (Figure 3.2). When the
rotation rate is further decreased to /64 the maximum velocity at the equator is
reduced (8 ms™!) (Figure 3.1). The trend for the maximum equatorial velocity to decrease
when Q <« Qg is reduced is also present in the T42 experiments: the maximum equatorial
velocity is 1.2ms™! at Qg/256, and just 0.4 ms™! at Q/512 (not shown).

3.4 Dependence of global superrotation on rotation rate

3.4.1  Results from numerical experiments

We now turn our discussion towards the dependence of the global superrotation
index S on planetary rotation rate Q. Figure 3.3 shows S vs. Ry for each of the experi-
ments run for this work. S is shown as a function of R instead of Q in order to make a
cleaner comparison between the numerical experiments, and estimates of S for the real
planets (Venus, Titan, Mars, the Earth).
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Figure 3.3: Global superrotation index S vs. thermal Rossby number R. 3D experiments are shown in
blue, and axisymmetric experiments in purple. Experiments run at T42 are plotted in dark blue, and
those run at T127 are plotted in light blue. The orange dots show estimates for S for the Earth, Mars, Titan
and Venus, and are taken from Read and Lebonnois (2018). The black dashed line indicates a Q™2 scaling.

In both the 3D and the axisymmetric experiments, S (S;p and S,y, respectively)
increases with decreasing () (increasing Rt) when Rt is small (rapid rotation rate), and
S « 1, which indicates that the dynamics are in a regime where the local momentum
budget is dominated by geostrophic balance throughout the domain. When R is large
(slow rotation rate), S saturates so that it becomes virtually independent of Q (and Rr).
S saturates at a value S < 1, indicating that a regime where the atmospheric dynamics
are dominated by cyclostrophic balance is not obtained - even for the 3D experiments.
The sole exception to this is the 3D Q = Qg/16 experiment (T42 resolution), for which S

is close to unity.

For the axisymmetric experiments, S,x appears to scale inversely with Q2 when Rt
is small; this may be inferred by comparing the black dashed line (proportional to 2~2)
with the solid purple line. At high R, S.x appears to saturate at a value S, ~ 0.3. This is

less than the limiting value of S, = 1/2 for an axisymmetric atmosphere.

The normalised difference AS = (S3p — Sax)/Sax (shown in Figure 3.4) between
S;p and S, is generally |AS| < 1, with the exception of the Qg /16 T42 experiment, for
which AS = 1.25. For the T127 experiments, AS is maximal when Q = Qg/16, for which
AS = 0.61, and minimal (most negative) when Q = Qg, for which AS = -0.43. The
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values taken by Ssp appear to be perturbations around S, (i.e., S in each case is of the
same order of magnitude). In the idealised GCM simulations considered here, eddies are
unable to substantially modify the globally integrated atmospheric angular momentum

away from that realised in axisymmetric setting.

When Ry is small, S3p is less than S,y, and when R is large, Ssp is greater than S,.
Each of the numerical experiments is initiated with u = 0 everywhere, corresponding
to S = 0, and so the equilibrium value of S is a measure of the total zonal angular
momentum injected into the atmosphere during spin-up; dS/dt = 0 when the globally
integrated surface stress 7 = 0. Figure 3.5 shows § as function of time over the first
120 days of the Q) = Qf experiment, and the first 360 days of the Q = Q5 /16 experiment
(both T127 resolution). For both experiments shown, S;p and S, are initially nearly
identical. During this initial period, angular momentum is lifted into the atmosphere
by the mean flow, and there is little vertical momentum transport due to eddy activity.
After day 30 for the Q = Qp experiment, and day 180 for the Q = Qg/16 experiment,
non-axisymmetric disturbances cause S;p and S,y to diverge. For the Qg/16 case, eddies
which induce an up-gradient transport of m allow the mean flow to lift more angular
momentum into the atmosphere by removing angular momentum from the descending
branch of the Hadley circulation and depositing it at the equator (Gierasch, 1975; Rossow
and Williams, 1979). This leads to S;p > Sux. For the Qg case, Rossby waves generated
by baroclinic instability induce a down-gradient transfer of m into the boundary layer
(Andrews et al., 1983), which counteracts upward transport of m by the mean flow. This

causes the Qg experiment to equilibrate with S;p < Sq.

The difference between the 3D and axisymmetric experiments |AS] is largest for
intermediate values of Rt ~ 0.1 - 10. When Ry <« 1and R > 1 (i.e., at very high and

very low rotation rate) S;p converges towards S,y. This is consistent with a decrease in the
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Figure 3.5: S vs. t for axisymmetric and 3D experiments. Left panel: S vs. ¢ for the first 120 days of the Qg
experiments. Right panel: S vs. ¢ for the first 360 days of the Qg /16 experiments. Blue curves show 3D
experiments and purple curves show axisymmetric experiments. All output shown is from experiments
with T127 resolution.

characteristic scale of baroclinic instability as the rotation rate increased in the Rt <« 1
regime (Lee, 2005), and the drop-off in the magnitude of equatorial superrotation as the

rotation rate is decreased in the Ry > 1 regime.

Estimates of S for the Earth, Mars, Venus, and Titan (taken from Read and Lebonnois,
2018) are shown as orange dots in Figure 3.3. The 3D experiments with Rt closest to the
Earth (Qg) and Mars (Qg/2) obtain values for S similar to those obtained by the two
real planets. At low rotation rate, however, experiments with Rt characteristic of Venus
(Qg/128) and Titan (Qg/16) do not generate global superrotation of a similar order of
magnitude to that estimated for the real planets (particularly for Venus), underscoring
the fact that the processes responsible for storing excess m in the atmospheres of Venus

and Titan are not (fully) represented in an Earth-like numerical model.

3.42  'Theory for S in axisymmetric case

The objective of this section is to understand which processes contribute to the R < 1
and R > 1 scalings for S obtained in the numerical experiments (Figure 3.3). To do
so, a theory is developed for § in terms of R, for the case of an axisymmetric, inviscid
atmosphere, based on the model of Held and Hou (1980; the HH model).

To relate S to R, we make use of the zonal velocity profiles found for the tropical

and extra-tropical regions of the HH model. We will assume

, 9¢€[0,9%],
U= Unc [ H] (37)
ugr, 9¢€ (9, /2],
where uyc is given by
Qasin® 9
My = 2iasimn v (3.8)
cosd



Dependence of global superrotation on rotation rate

3.4

for all p/ps < 0.8 (i.e., in the free atmosphere), and uyc = 0 in the boundary layer. ugr is
given by (Held and Hou, 1980)

ugr = Qacosd (\ /ZRT% +1- 1) , (3.9)

through the depth of the atmosphere (this expression for ugr can be obtained by sub-
stituting 6 = 0.4 into the expression for gradient wind balance given by Equation 2.27).
By assuming that uyc is independent of z in the free atmosphere, we are assuming that,
above the boundary layer, 06/99 — 0 within the Hadley cell (Fang and Tung, 1999).

It is worth noting that in the numerical simulations, the Hadley cell boundary con-
tracts equatorwards with decreasing altitude, and consequently so does the region where
u = upc. Therefore, the choice for uyc may lead to an overestimate of S, although this
overestimate will likely be small, as the Hadley cell width exhibits a weak altitude depen-
dence above 800 hPa in the majority of the numerical experiments (see the boundary of

the white contour in Figure 3.2).

The definition of S may be re-written

[ pacos9udVv
[ pQa?cos?9dV’

S (3.10)

as the —1 in (2.23) cancels with the planetary (Qa? cos? 9) contribution to m in the

numerator. S may then be split into contributions from the Hadley cell and extra-tropical

regions
S = SHC + SET (311)
where
e 9 29d9d
S = I e €OS P/g’ 3.12)
I [F Qacos’9d9dp/g
and,
H 3 2
ugpt cos?9dd pydz
er = Jo Jose o1 Po (3.13)

I f0§ Qacos® 9 d9 podz .

Note that in the Boussinesq framework, p = py is a constant reference density, and the
hydrostatic relation dp = —gpodz has been used to write (3.12) as an integration over
pressure. The integration [ dA in each expression cancels between the numerator and

denominator due to axisymmetry, and is omitted.
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Figure 3.6: Theoretical prediction for S from Equation 3.14 vs. Rt for the case of an axisymmetric
atmosphere (solid red curve). Also shown are the contributions to the theoretical S from the Hadley
cell and extra-tropical regions, Syc and Sgr. The purple line shows S for the axisymmetric numerical
experiments.

Equations (3.12) and (3.13) may then be evaluated analytically using (3.8) and (3.9)

to obtain
S = Suc + Sgrs

3
2 1| (2Rr+1)2 -1
:gsin39H+_ %

= = - ; (8 —9sin 9y —sin39y) . (3.14)
T

As 9y depends only on Ry (obtained by solving Equation 2.32 in Chapter 2, Section 2.4),

S is now determined solely by Rr.

3.43  Comparison between theoretical S and simulation results

Figure 3.6 shows S given by (3.14) plotted against Rt. The values for S calculated for
the axisymmetric numerical experiments are also shown, and there is good agreement
between the theoretical prediction for § and the numerical experiments in both the high
and low rotation rate limits. For intermediate R, the theoretical prediction for S is a
slight overestimate of that obtained in the numerical experiments; this difference arises
from the simplifying assumption that 9y is independent of height, which is most strongly
violated by experiments with intermediate Rt (see, for example, the Qg/4 experiment

in Figure 3.2).
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Equation (3.14) is comprised of two terms, one that measures the contribution to
S from the Hadley cell region (Suc), and one that measures the contribution from the
extra-tropical region (Sgr). These are shown in Figure 3.6 as a dashed and dotted curve,
respectively. At high rotation rates, the extra-tropical term dominates the total value of
S, as in this regime the Hadley cell is small and the ‘extra-tropics’ essentially comprise
the whole atmosphere. At low rotation rates, the contribution to S from the Hadley
cell dominates, as the Hadley cell expands to fill the domain. The transition between
the extra-tropical and Hadley-cell dominated regimes occurs when the first and second
terms in (3.14) are equal. This occurs when Rt = 0.11, corresponding to a Hadley cell
latitude 9y = 22.8°.

It is instructive to consider the behaviour of the axisymmetric theory in the limits
Rt <« land Ry > 1. When R <« 1 (rapid rotation)
(QRr+1)' -1 3 3Ry

~Iw 3.15
2R 2 4 (315)

(via Taylor expansion). Additionally Yy — 0, meaning that sin 9y, sin 39y, and sin® 9y —
0. From (3.14), we obtain X

In the rapidly rotating regime, S is dominated by the extra-tropical region (as the Hadley
Cell is small), and (3.16) predicts that S scales linearly with R, which, in terms of the

rotation rate, corresponds to a 272 scaling.

The R dependence in (3.14) comes from the expression for ugr (3.9), which origi-
nally derives from enforcing gradient wind balance in the extra-tropical region with the
radiative-convective equilibrium forcing profile. This tells us that the S o< 72 scaling in
the rapidly rotating regime is simply that implied by geostrophic thermal wind balance,

which in this scenario is the dominant dynamical balance throughout the domain.

When Rt >> 1 (slow rotation) then 9y — 7/2, so that sin 9 and sin® 9y — 1, while

sin 39y — —1. In this scenario, the axisymmetric theory approaches

2
S~ = constant. (3.17)

The Rt > 1limit is the scenario where the Hadley cell has filled the entire domain.
This is qualitatively the same as the S = 1/2 limit suggested in the introduction to this
chapter, and the additional factor 4/5 comes from assuming u = 0 in the boundary
layer (p/ps > 0.8). In this limit, the entire free atmosphere has specific zonal angular

momentum m = Qa? due to the equilibration of air with the equatorial surface, and
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conservation of m in the free atmosphere. In this scenario, the dominant term in
the local momentum budget varies through the domain; at low latitudes, geostrophic
balance is dominant, and at high latitudes, cyclostrophic balance dominates. This may
be appreciated by considering the ratio (cyclostrophic term)/(geostrophic term) in the
gradient wind equation (2.27) when u = uyc, i.e., ugctan9/(2Qasin9) = tan®9/2,

which is greater than one when 9 is large, and less than one when ¥ is small.

In summary, the results from the theoretical model for S suggest that in the axisym-
metric experiments, the dependence of S on R at high rotation rate is determined by
geostrophic thermal wind balance, while at low rotation rate, it is determined by approx-
imate conservation of angular momentum. The presence of eddies does not alter the
dependence of S on Rt obtained in the 3D experiments from that in the axisymmetric
experiments, at least to first order (see Section 3.4), and so it is likely that the same

processes also determine the Ry << 1and Rt > 1 behaviour of S in the 3D model.

3.5 Relationship between S and circulation regime

Part of the motivation for studying S is due to its similarity with a zonal Rossby
number, which means that the value of S is indicative of the dynamical regime occupied

by a planetary atmosphere (Read, 1986a).

By considering the limits of the axisymmetric theory for S, it was shown that the
relationship between S and circulation regime is manifest in the local dependence of S
on Rr. In the rapid rotation rate limit, S oc Rt << 1 defines a regime where geostrophic
balance is dominant in the local momentum budget, throughout the atmosphere. At
low rotation rate, S = constant defines a regime where the dynamics are determined by
approximate conservation of angular momentum within the Hadley circulation, which
fills the domain at low rotation rate, and the local momentum budget is characterised by

a mixed gradient wind balance.

As discussed in the introduction, § > 1 indicates a further regime, characteristic of
the atmospheres of Venus and Titan, where the local momentum budget is dominated
by cyclostrophic balance throughout the domain. It is not possible to comment on
the cyclostrophic regime within the framework provided by the axisymmetric theory;
S >1/2 requires some representation of up-gradient angular momentum transport, and

is not obtainable in an axisymmetric, inviscid model.

However, we can draw on the results of Yamamoto and Yoden (2013; henceforth the

‘YY theory’), who derive an expression for a non-dimensional measure of superrotation
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strength §’ = 45/3 in terms of R,

2+ SI\T[AS' (2+ 8
[s’%zs'ws'(ﬁy)” : (IIS,)+1]=2RT, (3.18)

derived from the Boussinesq primitive equations on a sphere forced by Newtonian
relaxation (e.g., as in the HH model), in the presence of diffusion of angular velocity. S
depends on the external parameters A, B, and Rr. R is the same as for the axisymmetric
theory, and A = 727/7y and B = 207% (Q7!/\ /Tty )%, where 7 is the radiative relaxation
timescale, Ty is the timescale for vertical eddy momentum diffusion, and 7y is the
timescale for horizontal eddy momentum diffusion. In the YY theory, diffusion terms are
formulated in analogy with molecular viscosity and so can transport angular momentum
up-gradient (Read, 1986b). Yamamoto and Yoden (2013) assume that the relaxation
time for horizontal diffusion is much shorter than the turnover time of the meridional
circulation, and the relaxation time for vertical diffusion, which allows the YY theory to

access the cyclostrophic regime where S > 1, occupied by Titan and Venus.

The dependence of S on Rt given by the YY theory is shown in Figure 3.7 alongside
values for S computed from the axisymmetric, inviscid theory developed in Section 3.4.2
and from the numerical experiments (Section 3.4.1). S from the YY theory is only shown
for Rt > 0.1, as when R <« 1it is generally no longer appropriate to assume up-gradient
eddy angular momentum transport. Multiple curves are shown, with different curves
corresponding to different values for A. The values for A are chosen to be in the ‘correct
ballpark’ for Venus and Titan (see Section 5.5 of YY), and multiple values are shown to
demonstrate the dependence of S on A. For all YY curves, B = 0.3 is set. The parameter
B is only important in determining the behaviour of S at low and intermediate R (high
and intermediate rotation rate), and has no effect on the Rt > 1 asymptote. B < 1 puts
the curves in the geostrophic regime occupied by the idealised GCM simulations, the
Earth, and Mars, and the B = 0.3 is chosen so that the YY theory curves join up with the

axisymmetric theory developed in this work at approximately Rt = 0.1.

YY show that for intermediate values for Rr,1 < Rt < 10, S scales with /2Rt o< Q71,
which corresponds to either (i) a scaling associated with the dominance of cyclostrophic
balance in the local momentum budget, or (ii) a scaling associated with the dominance
of geostrophic balance, modified from Soc Ry (i.e., the scaling given by Equation 3.16)
to Soc /Rr. This modified-geostrophic scaling arises due to a significant reduction in
the equator-to-pole temperature difference AT with respect to its radiative equilibrium
value AT,,. Regime (i) is realised when the timescale for vertical eddy momentum

diffusion v is much longer than the radiative relaxation time 7, 7y > 7, while regime
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Figure 3.7: S vs. Ry calculated from numerical experiments (solid curves) and theoretical predictions
(dashed curves). 3D experiments are shown in blue, and axisymmetric experiments in purple (see
Figure 3.3 caption for details). The orange dots show estimates for S for the Earth, Mars, Titan and Venus
taken from Read and Lebonnois (2018). The red dashed curve shows S given by the axisymmetric theory
(3.14). The grey dashed curves show S given by the quasi-axisymmetric YY theory (3.18). In the YY theory,
S depends on parameters A and B in addition to Rt. Parameter values for A are shown in the legend,
and B is set to B = 0.3 (see text for a definition of A and B, and justification of the values chosen for each).
S from the YY theory is only shown for Rt > 0.1. This choice is made both to enhance the clarity of
the figure (for B = 0.3 the YY theory curves are essentially identical to that given by the axisymmetric
theory when Rt < 1), and because, when Rt <« 1, it is difficult to place a physical interpretation on the
circulation implied by the YY theory due to the assumption of strong horizontal diffusion (see footnote 2
in the text, and Section 5.5 of Yamamoto and Yoden, 2013).

(ii) corresponds to the opposite scenario where 7y < 7. For large Rt > 10 (S > 1), S
scales with RlT/s oc (37?3, indicating a modified-cyclostrophic regime (again, due to a

reduction in AT with respect to ATg).

Strong up-gradient angular momentum transport allows the YY theory to access
the cyclostrophic regime, but it precludes their theory from describing the angular
momentum conserving regime occupied by the numerical experiments presented in
this work. Additionally, the strong-diffusion assumption makes it difficult to place a
physical interpretation on the behaviour of the YY theory when Rt <« 1 (not shown in

Figure 3.7)%. However, when the theory for the axisymmetric, inviscid case, developed

*The YY theory does have a geostrophic regime for Rt << 1where § « R (if additionally B « 1),
but the implied meridional circulation structure is quite different from that assumed for the theory
developed in this chapter, due to the assumed importance of horizontal diffusion in Yamamoto and
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in this chapter, is taken in tandem with the YY theory, the breadth of dynamical regimes
accessed by the idealised numerical experiments shown in Figure 3.1 and Figure 3.2, and

the real planets is captured.

Figure 3.7 makes clear the utility of the global superrotation index S for characterising
and comparing the dynamical regimes occupied by different atmospheres. The Earth and
Mars clearly occupy the geostrophic regime defined by S << 1and S oc Ry, while Titan
and Venus clearly occupy the modified-geostrophic or cyclostrophic regimes for which
S>1land S o< \/RyrorS o< Ré It is also apparent that the regime towards which the
Earth-like atmospheric model asymptotes when Ry >> 1, defined by S = constant ~ 1/2,
is fundamentally different from that occupied by Venus and Titan. Figure 3.7 shows
that the circulation regime associated with a given value of Ry is degenerate when R is
made large. This is due to the high sensitivity of the atmospheric circulation to other
input parameters in the slowly rotating regime (as discussed in the introduction to this
chapter, cf. Dias Pinto and Mitchell, 2014). Unlike the thermal Rossby number R, the
combination of the value of § and the local dependence of S on Rt uniquely define the

circulation regime occupied by a planetary atmosphere.

3.6 Summary

The work presented in this chapter has investigated the dependence of global super-
rotation on planetary rotation rate using a combination of numerical and theoretical
modelling. The aim of this work was to investigate the utility of the global superrotation
index S for characterising and comparing the circulation regimes occupied by differ-
ent planetary atmospheres. The results from this study are summarised graphically in

Figure 3.7.

The dependence of S on Q) was studied using an idealised Earth-like general circula-
tion model in both 3D and axisymmetric configurations (Figure 3.3). In both configu-
rations, Rt << 1 (rapid rotation rate) S << 1, and S increases as  is decreased. When

Q is decreased sufficiently so that Rt > 1, S stops increasing with decreasing (), and

Yoden (2013). Even at high rotation rate, a single Hadley cell spans each hemisphere in their study (see,
e.g., the left-most columns Figure 4 in Yamamoto and Yoden, 2013). This feature of the circulation in
the YY theory, combined with the sensitivity of the YY theory to the parameter B, makes it difficult to
give a physical interpretation on its behaviour when R <« 1. In particular, in the axisymmetric theory
developed in this chapter, the transition from the geostrophic to angular momentum conserving scaling
for S is associated with the expansion of the Hadley cell region (and contraction of the extra-tropical
region). In the YY theory, the physical interpretation of the transition away from the geostrophic regime
is less clear. The limitations of the YY theory when Rt <« 1 are discussed in greater depth in Section 5.5
of Yamamoto and Yoden (2013).
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instead saturates at a constant value S ~ 1/2. Over the entire parameter space considered,
S in the 3D and axisymmetric experiments (S;p and S,) are always of the same order of
magnitude (Figure 3.4). Eddies are unable to substantially modify S;p away from S,
and instead S;p takes the form of perturbations about S,4. At high rotation rate, eddies
induce down-gradient transport of m which causes S;p < S,x, while at low rotation rate,
eddies induce up-gradient transport of m which leads to S;p > S.x. At both very high

and very low rotation rates S;p and S, converge.

The dependence of S on Q (or more generally Rt) obtained in the numerical experi-
ments with can be captured with an axisymmetric theoretical model for S (Figure 3.6),
derived from the model of Held and Hou (1980). In the rapid rotation rate limit (Rt << 1),
the theoretical model predicts S ~ R1/2, and in the low rotation rate limit (Rt >> 1), the
theoretical model predicts that S ~ 2/5, both of which are consistent with the results of
the numerical experiments shown in Section 3.3. By considering the limiting behaviour
of the theory, it is shown that the value of S and its local dependence on R is related to
the dominance of different dynamical balances in the atmosphere. § << 1and § o< Ry
defines a regime where geostrophic thermal wind balance is dominant throughout the
domain, and S ~ 1/2 = constant defines a regime dominated by conservation of an-
gular momentum within the overturning circulation. In this scenario, the dominant
momentum balance is geostrophic at low latitudes, and cyclostrophic at middle and high
latitudes.

By consulting the axisymmetric theory in tandem with an alternative theory for S
proposed by Yamamoto and Yoden (2013), which defines a cyclostrophic regime when
S>1land S o< /RrorS$ o RIT/3, it is possible to characterise each of the circulation
regimes accessed by the idealised numerical experiments presented in this chapter, and
the Solar System planets (Figure 3.7). This analysis suggests that the atmospheres of Venus
and Titan, characterised by cyclostrophic balance and strong equatorial superrotation,
are in a fundamentally different dynamical regime to the idealised Earth-like simulations
in their low rotation rate limit. With this in mind, it is argued that slowly rotating planets
do not enter a cyclostrophic, strongly superrotating regime by ‘default; as is sometimes

assumed.

The work presented in this chapter demonstrates that the global superrotation index
S is a useful quantity to study when comparing the dynamics of different planetary
atmospheres. It is hoped that this work, in combination with that of Yamamoto and

Yoden (2013), will provide a framework for future work to make more use of S.
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Equatorial Waves and Superrotation in the Stratosphere of a
Titan General Circulation Model

The contents of this chapter are a modified version of N. T. Lewis, N. A. Lombardo, P. L. Read,
and J. M. Lora (2022): Equatorial Waves and Superrotation in the Stratosphere of a Titan General
Circulation Model, submitted to The Planetary Science Journal (pending first referee report).

Author contributions: NTL proposed the research. JML and NAL designed and ran the GCM
simulation. NTL conducted the analysis and wrote the paper. NAL, JML and PLR proof read the
paper, and advised on the interpretation and discussion of results.

4.1 Introduction

itan’s stratospheric circulation is dominated by a broad prograde zonal jet, which
T extends from pole to pole and reaches speeds in excess of 200 m s™! (Achterberg
et al., 2008; Sharkey et al., 2021). The structure of this jet varies with Titan’s seasonal
cycle, with maximum zonal velocities obtained in mid-autumn (Sharkey et al., 2021).
A property of Titan’s zonal jet is that it is superrotating, which means that it has more
axial angular momentum, m, than the solid planet at the equator (Read, 1986b; Read and
Lebonnois, 2018). As discussed in Chapter 2, the existence of superrotation requires that
non-axisymmetric eddies exist that act to mix angular momentum up-gradient (Hide,
1969; Gierasch, 1975; Rossow and Williams, 1979; Read, 1986b). In this chapter, my aim
is to characterise the waves present in a simulation of Titan’s atmospheric circulation,
and determine which are responsible for accelerating equatorial superrotation. This
work is partially motivated by the discussion of the global superrotation index presented
in Chapter 3, and may be viewed as an attempt to determine why Titan’s atmospheric
circulation occupies the ‘cyclostrophic regime’ as opposed to the ‘angular momentum

conserving regime’ (cf. Figure 3.7).

In an effort to understand and interpret Titan’s observed atmospheric circulation, a
number of general circulation models (GCMs) of Titan’s atmosphere have been devel-
oped. They include: the Kéln Titan model (Tokano et al., 1999), TitanCAM (Friedson
et al., 2009), TitanWRF (Newman et al., 2011), the IPSL Titan model (Lebonnois et al.,
2012a), and the Titan Atmospheric Model (TAM; Lora et al., 2015). Each of these mod-

els integrates the hydrostatic primitive equations forwards in time to simulate Titan’s
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atmospheric circulation, forced by radiative heating designed to imitate that in Titan’s
real atmosphere. A major success of TitanWRE, the IPSL model, and TAM has been
reproducing Titan’s stratospheric superrotation with a strength similar to that inferred
from Cassini observations (Newman et al., 2011; Lebonnois et al., 2012a; Lora et al., 2015).
Strong superrotation is not generated in TitanCAM or the Kéln model, possibly due
to poor conservation of angular momentum in their dynamical cores (Lebonnois et al.,
2012b).

TitanWRE, the IPSL model, and TAM present an opportunity to investigate the
properties of wave-like disturbances that exist under Titan-like atmospheric conditions,
and lead to the acceleration of superrotation. To this end, Newman et al. (2011) and
Lebonnois et al. (2012a) analyse the angular momentum budget and waves obtained in
their respective models, TitanWRF and the IPSL model. In both cases, eddy acceleration
of the superrotating jet is strongest around the solstices, and acts to balance decelera-
tion at the equator due to mean-flow advection of angular momentum into the winter
hemisphere. In the TitanWRF model, eddy accelerations appear to be concentrated into
short, intense ‘transfer events. Both Newman et al. (2011) and Lebonnois et al. (2012a)
find that the acceleration of superrotation is predominantly due to waves with low zonal
wavenumbers, which in their models likely originate from barotropic instabilities in

sub-tropical latitudes. An equivalent analysis has not been performed for TAM.

More recently, a number of studies have proposed that coupling between Rossby
waves and equatorial Kelvin waves can lead to the acceleration of superrotation on small
and/or slowly rotating planets (Mitchell and Vallis, 2010; Wang and Mitchell, 2014).
However, this is based on modeling results from idealised Earth-like GCMs where
the planetary radius or rotation rate is reduced from Earth’, and it has not yet been
investigated whether or not coupled Rossby-Kelvin waves play a role in accelerating

Titan’s superrotation.

4.11  Chapter outline

In this chapter, I present an analysis of the equatorial waves present in a simulation
of Titan’s atmosphere run using the TAM general circulation model (Lora et al., 2015),
focusing on the stratosphere. This analysis has three main objectives. The first is to
characterise the different equatorial waves that are supported in the TAM simulation,
with an emphasis on investigating their three-dimensional structure, as exploration of
this topic in previous work has been limited in scope. The second objective is to determine

which of the waves contribute most to accelerating Titan’s equatorial superrotation, and
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understand whether or not these waves are affected by Titan’s seasonal cycle. Finally, the
third objective is to investigate the mechanisms that generate the waves identified in the

model atmosphere.

The rest of this chapter is organised as follows. The TAM general circulation model
and the diagnostics used to analyse the waves in the simulation are described in Sec-
tion 4.2. The basic properties of the atmospheric circulation obtained in the TAM
simulation and its seasonal variation are described in Section 4.3. The main results of
this study are then presented in Section 4.4 to Section 4.6. Section 4.4 and Section 4.5
analyse the waves present in the model atmosphere in northern hemisphere autumn and
winter, respectively. Section 4.6 discusses the likely sources of instability that generate
the waves in the simulation. Finally, discussion is presented in Section 4.7, and the

chapter’s main conclusions are summarised in Section 4.8.

4.2 Methodology

421 General Circulation Model

The work in this chapter uses results from a simulation run using the Titan Atmo-
spheric Model GCM. TAM is introduced and described in detail in Lora et al. (2015),
and updated in Lora and Addmkovics (2017) and Battalio et al. (2022). The version of
TAM used for this study is based on the configuration described in Lombardo and Lora
(2022, submitted to Icarus), which features an updated radiative transfer code. There
are two differences between the configuration used in this work and that of Lombardo
and Lora (2022). First, the model top has been extended from 2 x 10~ hPa (14 scale
heights) to 6 x 10~*hPa (15 scale heights) and the number of layers in the vertical has
been increased from 30 to 50. Second, the radiative transfer computation makes use of
static instead of seasonally varying profiles for the abundances of radiative species. The

main features of TAM are summarised below.

The model is built on the GFDL primitive equation spectral dynamical core (the
same as the dynamical core used by the Isca framework, introduced in Chapter 3). To
recap, the equations are solved on a spherical domain using a pseudospectral method in
the horizontal, and a finite difference method in the vertical. The vertical coordinate is a
hybrid ‘sigma’ coordinate, 6 = p/p;, that transitions to a pure pressure, p, coordinate
around 100 hPa.

The model is run with a T21 triangular truncation, which corresponds to a hori-

zontal latitude-longitude resolution of roughly 5.6° at the equator. This resolution is
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relatively low, but necessary to avoid the computational expense of the model becom-
ing prohibitive. There are 50 layers in the vertical direction up to a top pressure of
6 x 10~*hPa (approximately 465 km altitude). They are distributed in ¢ according to
o = exp [-15(0.1Z + 0.92%1) ], where Z is equally spaced in the unit interval. To stabilise
the model, an eighth-order horizontal hyperdiffusion acting on a timescale of 3.7 days
is applied throughout the atmosphere. A Laplacian ‘sponge’ is included in the upper-
most model layer, and a Rayleigh drag is applied above 2.5 x 10~% hPa, to prevent wave
reflection at the model top. The sponge damps eddy zonal and meridional winds on a
timescale of 0.16 days at the grid scale. The Rayleigh drag is applied to the full zonal and

meridional wind, and acts on a timescale of 1day.

TAM is adapted to Titan through the inclusion of a multi-band radiative transfer
code with opacities based on the composition of Titan’s atmosphere (described in Lom-
bardo and Lora, 2022), a representation of Titan’s methane hydrological cycle (Lora and
Adémkovics, 2017; Battalio et al., 2022), and an astronomy calculation adapted to give
Titan’s seasonal cycle of insolation. A Mellor-Yamada scheme is used to parametrise
boundary layer turbulence (Mellor and Yamada, 1982) and the ‘Simple Betts—Miller’

scheme of Frierson (2007) is used to parametrise convection.

To spin-up the model, the zonal wind is nudged towards a prescribed, hemispherically
symmetric superrotating state. Once the total angular momentum of the model’s zonal
winds reaches that of the prescribed state, the nudging is switched off, and the model
allowed to run freely until the circulation reaches a statistically steady state. A detailed
description of this procedure is given in Lombardo and Lora (2022). The simulation is
then run for a further half Titan year (14.7 Earth years; solar longitudes Lg = 180° - 360°)
producing output every 6 hours, which is interpolated onto a pure pressure coordinate

prior to analysis.

42.2  Transformed Eulerian Mean momentum budget

In this chapter, the Transformed Eulerian Mean (TEM) formulation of the zonally-
averaged zonal momentum equation is used to analyse the acceleration of the mean flow
due to eddies. In a log-pressure coordinate, the TEM momentum budget may be written
(Andrews et al., 1987, Chapter 3)

D*u  uv tan?d 1 —

- fo' = -F-D, 4.1
Dt a fo poacosf)v (41)

where
D o0 v°9 _, 0

Dt ot a9 " oz

(4.2)
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is the material derivative following the residual mean meridional circulation (v",w"),
which is defined by

v :5_iap_°v/) (4.3)
Po 0z*

— — 1 Odycos?d

oW acos9 99 (4.4)

and y = v'0'/(96/0z*). The vector F = (F(®), F=))) is the Eliassen-Palm flux (EP flux),
defined

F®) = poacosd (;—Zw—W), (4.5)
FG&) = poacos 9 [( f-- C(l)s 5 aa;gs 0 ) - w’u’] , (4.6)

. | F®cosd  IFC)
voF= acos 9 89COS F (47)

Above, 9 is latitude and z* = —Hlog(p/po) is log-pressure ‘pseudoheight, with
H = RT;/ g a pressure scale-height and p, a reference pressure (e.g. the mean surface
pressure). po = pse~? /" is a basic state density profile, where p; = po/(RT,). 6 =
T(po/p)®/<r is the potential temperature. R is the specific gas constant, c,, is the specific
heat capacity at constant pressure, T, the globally-averaged surface temperature, and g
the acceleration due to gravity. w = Dz* /Dt is the vertical velocity in the log pressure
coordinate system. D symbolises the effects of friction and dissipation. A number of
variables are decomposed into their zonal-average and a deviation from the zonal average,

using the notation X = X + X',

It is worth noting that (4.1) can be simplified considerably by re-writing it in terms

of the axial component of angular momentum m, yielding

- —

=V-F- POBm) (48)

Y

with D,, = a cos 9D. From (4.8) it is clear that if D,, transports angular momentum down
gradient, then up gradient transport can only be achieved by V- F (i.e., non-axisymmetric
disturbances; cf. Hide’s theorem; Hide, 1969; also Chapter 2, Section 2.4).

The TEM formulation of the zonally-averaged momentum budget has two main
advantages over the regular Eulerian mean momentum budget (Andrews et al., 1987).

First, the residual mean circulation approximates that driven by diabatic heating, and
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thus more closely resembles the Lagrangian mean meridional mass flow. Residual mean

meridional overturning can be quantified via definition of a streamfunction

p
e Zracosd f 7" dp. (4.9)
g 0

Second, in the quasigeostrophic limit, V - F describes the total wave-induced forcing
of the TEM circulation. Additionally, V - F depends on the basic physical properties
of wave or eddy disturbances in such a way that it is zero if the disturbances are steady,

linear, frictionless and adiabatic.

4.2.3  Spectral diagnostics

In order to characterise the disturbances present in the model atmosphere, spectral
diagnostics are used to transform time series data from real space (¢, 1) to spectral space
(w, k). Here, t is time, A is longitude, w is frequency and k is the zonal wavenumber, re-

lated to the number of wavelengths k,, that fit around a latitude circle via k = k,/(a cos 9).

For some quantity g(¢,1) defined in real space, this is achieved via the complex

Fourier transform

. T 2 .
G(w>k)=ﬁfo fo g(t,A)e iAot q) dt, (4.10)

Here, k (or k,) is positive, and w > 0 and w < 0 correspond to eastward and westward
propagating modes, respectively. It is worth noting that the absolute frequency w of a
transient wave can be decomposed into a contribution from the intrinsic frequency of
the wave w*, and a Doppler-shift due to the background zonal-mean zonal wind, so that
(Andrews et al., 1987)

w =w-ku. (4.11)

w* is then positive for waves that propagate eastward relative to the background zonal
wind (prograde waves), and negative for waves that propagate westward relative to the

background wind (retrograde waves).

Given time series f and/or g, cross-spectral power density can be computed via
Cox = 2(Re{FG*}), (4.12)

where the asterisk denotes the complex conjugate, and angle brackets represent averaging
over a frequency bandwidth. The method of Hayashi (1971) is used for the computation
of (4.12), and averaging in frequency is achieved by application of a Gaussian window
following Randel and Held (1991). Spectra are computed from subsets of the data 10° L
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in duration, corresponding to roughly 300 (Earth) days (1196 data points). This yields
a raw spectral resolution of 277 x Aw = 3.34 x 10~* days ', smoothed to an effective

resolution of 277 x Aw.g = 1.67 x 1072 days ™" by the Gaussian window.

The propagation of waves relative to the mean flow can also be assessed by trans-
forming spectra in frequency-wavenumber (w, k) space to phase speed-wavenumber

(¢p» k) space, where ¢, = w/k. This is achieved via the relation
Cepk = kCo s (4.13)

again following Randel and Held (1991). The lower bounds on raw and effective reso-
lution in phase-speed space are Ac, = 0.626 ms™' and Ac, ¢ = 3.13m s}, respectively
(corresponding to Aw and Aw.g above for k,, = 1at the equator). Phase speed spectra will
be shown as a function of ¢, and some other spatial dimension x (latitude or pressure).

This is achieved by computing C,, x for each x and then summing over wavenumber.

The spatial structure of selected waves (in either latitude-longitude or longitude-
pressure) is obtained by computing G for perturbation quantities (1, v’, and z’ where z
is the geopotential height) and filtering for frequencies and wavenumbers of interest (by
zeroing the spectra outside of a desired frequency and wavenumber range). Each wave
shown is filtered for a single zonal wavenumber kv, and a narrow range of frequencies
(a spectral window) centered on the frequency wy,ye of a peak in the z’ w-k spectra
associated with a particular wave. As the fields are being filtered for a single wavenumber,
the spectral window corresponds to a range of phase speeds ¢, yave + Cp air» centred on
Cpwave = Wyave/ Kwave. The width of the spectral window used to obtain the structure of
each wave is indicated by quoting ¢, 4 in the relevant figure caption, and range from
+1m s~ to +5m st (corresponding to 3 - 15 frequency bins in the discretised FFT). After
filtering, the perturbation quantities are transformed back into real space, and shown as

snapshots at the time when the filtered wave’s z’ amplitude is largest.

4.3  Basic circulation and seasonal cycle

Before proceeding to analyse the waves present in the TAM simulation, it is useful
to discuss some aspects of the simulation’s zonally-averaged circulation (on which the

waves themselves depend).

Figure 4.1 shows the circulation averaged over two periods close to the northern
hemisphere autumn equinox (L = 180° - 190°) and winter solstice (Ls = 260° — 280°),
respectively. Colour contours show the zonal-mean zonal wind u, and white contours

show the TEM streamfunction, W*. The circulation displays a clear dependence on the
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Figure 4.1: Zonal-mean zonal wind % and TEM streamfunction ¥* for northern hemisphere autumn
equinox and winter solstice. Six contour levels are shown for ¥* at +107, +10® and +10° kgs™ (negative
contours dashed). Positive ¥* indicates clockwise overturning.

seasonal cycle, most pronounced in the stratosphere (roughly p > 40 hPa). At equinox,
the circulation has some hemispheric symmetry, whereas around the solstice it is very
asymmetric, with u strongest in the winter hemisphere, and W* taking the form of a
single cell rising near the summer pole and sinking near the winter pole. The structure of
W* is similar to that of the regular Eulerian mean streamfunction computed in previous
studies (e.g., Lora et al., 2019); this is due to the meridional eddy heat flux being small
(so y in Section 4.2 is small, and v* » v). Also noteworthy is a pronounced shear in the
zonal wind, in both the vertical and meridional directions. The vertical shear is strongest
in the range p = 10 — 100 hPa and does not vary that substantially with the seasonal
cycle. Meridional shear is most pronounced around p = 1hPa and is strongest around

the solstice.

The temperature structure of an atmosphere also has important effects on the charac-
teristics of atmospheric waves, for example through the dependence of the deformation

radius on the buoyancy frequency N (see Chapter 2). N is given by

R (3T «T\]
N—[E(az*-l-ﬁ)] N (414)

where k = R/c,. Figure 4.2 shows T and N vs. p, at the equator and in mid-latitudes, for
northern hemisphere autumn equinox and winter solstice. Below roughly p = 60 hPa,
temperature decreases with height in a region that could be termed the troposphere. In

the troposphere, there is little seasonal variation in T (and so likewise N), and additionally
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meridional temperature contrasts are very weak (Mitchell and Lora, 2016). Above
p = 40 hPa, temperature increases sharply with height until p ~ 1hPa, above which the
atmosphere is roughly isothermal. In this chapter, the region between p = 40 hPa and
0.04 hPa will be referred to as the stratosphere. Within the stratosphere, meridional
temperature contrasts are somewhat more pronounced, and there is also some evidence
for seasonal variation of the temperature structure, as in observations (Achterberg et al.,
2008; Schinder et al., 2011). The sharp increase in temperature in the lower stratosphere
notably gives rise to a pronounced increase in N between p = 60 hPa and p = 20 hPa.
There is a ‘kink’ in the temperature structure in the top few model layers (p 2 3x1073 hPa)
which is due to the sponge layer.

The aim of this chapter is to investigate eddy momentum fluxes and wave structures
in the stratosphere of the TAM simulation. With this in mind, Figure 4.3 presents a more
granular view of seasonal variation in the zonally-averaged circulation over the pressure
range p = 0.04 — 40 hPa. The left-hand column shows u and ¥*, as in Figure 4.1, and the

right-hand column shows the EP flux (quivers) and its divergence V - F (colours).

Figure 4.3 shows that through much of the year, the stratospheric zonal-mean circu-
lation is strongly asymmetric about the equator. Over the whole period L, = 215° - 325°,
the TEM streamfunction indicates that overturning takes the form of a single cell rising
in the summer hemisphere and sinking in the winter hemisphere, and only for a brief
period around equinox is a two cell structure apparent. Likewise, throughout most of
the year zonal wind velocities are clearly much stronger in the winter hemisphere, with

the strongest meridional shear occurring in mid-autumn (around L = 225°).

Across a range of pressures, the EP flux divergence is positive at or near the equa-
tor, consistent with the requirement for equatorial superrotation to be maintained by

eddy accelerations. Seasonal variation is also evident in the EP flux and its divergence.
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Figure 4.3: Seasonal cycle of u, ¥*, F and V - F across the pressure range p = 0.04 — 40 hPa. Left column:
Zonal-mean zonal wind # and TEM streamfunction W¥*, as in Figure 4.1. Right column: the EP flux F
(quivers) and its divergence V - F (colour contour). The horizontal and vertical components of F are
rescaled as (7a) ' F(®) and (Az*)~'F"), respectively, where Az* = —H log(p:/py ) with p; = 4x10~2 hPa
and py, = 40 hPa. The EP flux divergence has units of density x specific angular momentum per unit time.
Red colour indicates acceleration.

This is particularly true in the upper stratosphere (p < 4hPa), where, during north-
ern hemisphere mid-autumn to mid-winter, eddies induce a southward flux of angular
momentum that balances northward momentum transport by the mean flow, whereas
around the equinoxes eddy acceleration is greatly reduced. Lower down in the strato-

sphere (p 2 4hPa), eddy accelerations display much weaker seasonal variation.
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The direction of the EP flux vectors is indicative of the direction of wave propagation,
although whether F is roughly parallel or anti-parallel to the wave propagation depends
on whether a wave has a prograde or retrograde intrinsic frequency (Andrews et al.,
1987). Nonetheless, it is clear from Figure 4.3 that waves propagate both vertically and
horizontally. Note that for waves that have a horizontal size close to the planetary scale,
‘horizontal propagation’ should be taken to mean that the waves are preferentially gener-
ated at one latitude and dissipated at another (without necessarily physically propagating
in the meridional direction). In regions where the EP flux divergence is strongest, F is
very close to horizontal, and a decomposition of V - F into contributions from F(®) and
F(") reveals that eddy acceleration is almost entirely due to horizontal divergence (not

shown).

In the next two sections, I will characterise the waves present in the TAM simulation
and identify those that contribute most to the acceleration of equatorial superrotation. In
Section 4.4, the analysis focuses on waves in northern hemisphere autumn, where there
is significant eddy momentum flux divergence in both the upper and lower stratosphere.
The main differences between those waves and waves in winter are then described in
Section 4.5, focusing on the persistence of eddy momentum flux divergence in the lower

stratosphere and its absence in the upper stratosphere.

4.4 Waves in autumn

This section characterises the waves present during northern hemisphere mid-
autumn. All of the analysis for this season will focus on the period L; = 220° - 230°.
Analysing a short period makes for simpler spectral analysis, as it reduces the effect of
a time-varying Doppler-shift of the waves due to seasonal variation in u. The period
Ly =220° - 230° was chosen because it yielded the cleanest results as far as visual presen-
tation is concerned. However, it is stressed that the results described in this section are
characteristic of the entire period L = 215° — 280°.

We begin by returning to the EP flux and its divergence, shown again in Figure 4.4,
but now separated into contributions from prograde and retrograde disturbances. Both
prograde and retrograde disturbances contribute to V - F, but in different locations.
Prograde waves mostly accelerate the mean flow in the upper stratosphere, whereas
retrograde waves have a greater contribution in the lower stratosphere. The purple
contours indicate the contribution of 9F(?")/dz* to V - F, which is generally very weak,
and acceleration of the mean flow by eddies is identified to be mostly due to horizontal

convergence of eddy angular momentum fluxes.
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Figure 4.4: EP flux F (quivers) and its divergence V - F (colour contour) for prograde (left) and retrograde
(right) waves during the period L, = 220° - 230°. F is scaled as in Figure 4.3, but the quiver length has
been doubled. Grey contours show the zonal-mean zonal wind u with the same contour levels as in

Figure 4.1 and Figure 4.3. Purple contours show the contribution to V - F from dF (") /z* (using the
same contour levels).

The direction of F indicates the predominant direction of wave propagation for each
case. Noting that F is aligned with the direction of propagation for retrograde waves,
and opposite to the direction of propagation for prograde waves (Andrews et al., 1987;
Imamura, 2006), it can be determined from Figure 4.4 that prograde waves appear to
propagate equatorwards and, to a lesser extent, upwards from source regions in the
middle stratosphere around p = 4 hPa in northern hemisphere sub-tropical latitudes.
Meanwhile, retrograde waves propagate polewards and upwards from a source lower in
the stratosphere, around p = 20 hPa and near to the equator. A spectral analysis of the
waves that contribute to the general behaviour shown in Figure 4.4 is presented in the

next two subsections.

4.41  Upper stratosphere

This subsection presents an analysis of the waves present in the upper stratosphere,
focusing on the pressure level p = 0.7 hPa. Figure 4.5 shows latitude-phase speed and
frequency-wavenumber (averaged between +6° latitude) spectra for the eddy geopo-
tential height anomaly and eddy angular momentum flux convergence. Dispersion
curves are overlaid on the frequency-wavenumber spectra, computed from the general

dispersion relation given by (2.42) in Chapter 2, Section 2.5,

!Dispersion curves are shown for vertical wavenumbers m,, = 1and m,, = 4 for all waves, and addition-
ally m,, = 8 for equatorial Rossby waves and Kelvin waves. Here, m,, is the number of wavelengths A, that
fits into the total altitude range Az* occupied by a wave, i.e., m, = Az* /A, where Az* = —Hlog(p:/pv)-
As we are considering waves in the stratosphere, p; = 4x10"> hPa and p;, = 40 hPa are set. m,, is related to
the vertical wavenumber m that appears in the dispersion relationships quoted in Chapter 2, Section 2.5
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Figure 4.5: Spectra of eddy geopotential height and horizontal angular momentum flux convergence
presented as a function of latitude and phase speed (panels a and c), and wavenumber and frequency
(panels b and d), averaged between +6° latitude. Analysis is shown for p = 0.7 hPa, L, = 220° - 230°. The
dashed cyan lines in panels a) and c) are curves of constant angular velocity (c, x cos 9), and solid blue
lines show the zonal-mean zonal wind u. In panels b) and d), prograde modes are plotted with a positive
wavenumber and retrograde modes are plotted with a negative wavenumber. Blue colour in panel b)
indicates modes anti-symmetric across the equator (only one is present, a mixed Rossby-gravity mode
at w* = 0.625days and k, = 1; labeled in panel). The curves in panels b) and d) are dispersion curves
for Kelvin waves (solid), mixed Rossby-gravity / n = 0 eastward inertio-gravity waves (dash-dot), n = 1
inertio—gravity waves (dotted), and »n = 1 equatorial Rossby waves (dashed), where # is the meridional
mode number. Curves are shown for vertical wavenumbers m,, = 1 and 4 for all waves, and additionally
m, = 8 for equatorial Rossby waves and Kelvin waves, corresponding to approximate vertical wavelengths
At # 136km, Ay4 » 34km, and Ays ~ 16 km, respectively (see footnote 1 for details). The dispersion
curves are calculated assuming a rotation rate Q¢ = u/a, which is the effective rotation rate moving with
the superrotating jet. For details of the computation, see footnote 1.

via m = 2m/Ay = 2nm, [Az*. The vertical wavenumbers selected for plotting in Figure 4.5 are based
on those of the waves identified later in the chapter (Figure 4.10). The dispersion relation also has a
dependency on the buoyancy frequency N and pressure scale height H. Recall that H = RT;/g, and
when computing the dispersion curves, T, = 92K is set. For the buoyancy frequency, N = 0.006s™ is
set, based on Figure 4.2. For a strongly superrotating atmosphere, it is appropriate to set the planetary
rotation rate  to that rotating with the equatorial jet (del Genio and Rossow, 1990; Imamura, 2006), so
B =2Q.s¢/a = 2ui/a* is used when computing dispersion curves, where % = 100m s~ at p = 0.7 hPa (for
Figure 4.5), and # = 50 m s at p = 13.8 hPa (for Figure 4.13).
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From Figure 4.5a, it can be identified that both prograde (c, > u) and retrograde
(cp < u) disturbances are present at the equator. A number of structures have coher-
ence along curves of constant angular velocity. This is particularly clear for a series
of retrograde modes with broad meridional extent (examples with equatorial phase
speeds ¢, = -12ms}, 52ms™!, and 96 m s are indicated by dashed cyan curves of
constant angular velocity). Figure 4.5b shows that power in the equatorial disturbances
is generally concentrated into low wavenumbers, but across a broad range of frequencies
(although it is important to note that the large mean flow contribution to w means that
disturbances with moderate eastward intrinsic frequencies w* and wavenumbers, i.e.

the upper-right hand corner of Figure 4.5b and d, are not resolved in the output data).

In Figure 4.5b, retrograde waves are plotted with a negative wavenumber, while pro-
grade waves are plotted with a positive wavenumber. The w* -k distribution of z”2 suggests
that a number of equatorial waves are supported in the model atmosphere, including low
frequency equatorial Rossby waves (retrograde) and Kelvin waves (prograde), as well as
higher frequency inertio-gravity modes (retrograde and prograde). Colour in Figure 4.5b
is used to differentiate between modes that are symmetric (red) and anti-symmetric
(blue) across the equator (see Wheeler and Kiladis, 1999, for method). Almost all distur-
bances are symmetric, aside from one prominent example with w* = —0.625 days ' and
k, = 1. This corresponds to the structure at ¢, = ~12m s~ shown in Figure 4.5a, which is

later identified as a mixed Rossby-gravity wave (Figure 4.6f).

Figure 4.5c and d present a spectral decomposition of the eddy angular momentum
flux divergence associated with each of these disturbances. The high-frequency inertio-
gravity waves and the mixed Rossby-gravity wave do not play a role in the acceleration of
superrotation. Instead, the largest eddy accelerations are due to modes with phase speeds
similar to the mean flow speed (i.e., small w*) and very low wavenumbers k, = 1,2.
Generally these disturbances have w* > 0 at latitudes where m’v’ is convergent, and
w* < 0 where m'v’ is divergent.

Figure 4.6 shows snapshots of the horizontal structure of selected waves, highlighted
in Figure 4.5a,c with dashed cyan lines. Three prograde modes and three retrograde
modes are presented. For each panel, filtered u’ and v’ are shown as quivers, and filtered
z' as colour contours. The filtered fields are obtained following the method described
in Section 4.2. To simplify the analysis, attention is restricted to modes with k, = 1.
As described in Section 4.2, frequencies are filtered using a spectra window centred
on a peak in the z’ power spectrum (Figure 4.5a) associated with a particular wave

of interest, which, given k,, corresponds to a range of phase speeds c;, yave * p,dif- In
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Figure 4.6: Snapshots showing the horizontal structure for various waves identified at p = 0.7hPa
during the period L, = 220° - 230°. Eddy velocity components (#',0) are shown as quivers, and eddy
geopotential height is shown as colour contours. The quiver scale is constant between panels. Each panel
shows fields filtered for k, = 1 and frequencies corresponding to ¢, = ¢ wave * Cp,diff- Cp,wave fOr €ach
wave is indicated above each panel, and corresponds to one of the cyan lines in Figure 4.5a,c. ¢ qiff = 2, 2,
5,1,3,and Im s, for panels a)-f) respectively. The red line in each panel shows the horizontal angular
momentum flux convergence computed directly from each wave’s filtered eddy velocity field. It has
units of py x 1073 m? s~2. Blue lines show the zonal-mean zonal wind %, and the dashed cyan line shows
¢p x cos 9 (both with units ms™). The solar longitude at which each snapshot was obtained is indicated
at the top-right of each panel.
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Figure 4.6, ¢p,wave is indicated at the top-right of each panel, and corresponds to a cyan
line in Figure 4.5a,c, while ¢, 4 is stated in the figure caption for each wave. Each panel
shows a snapshot of the filtered fields at the time where the wave geopotential height

anomaly is maximum (over the period L, = 220° - 230°).

Figure 4.6a and b present filtered fields for the phase speeds ¢, = 137ms™! and
¢, = 119 ms~!. The waves in these panels have a similar structure, composed of a prograde
equatorial Kelvin wave-like component on the equator, phase-locked with a retrograde,
Rossby wave-like component in northern mid-latitudes (cf. Figure 2.7 in Chapter 2;
Matsuno, 1966; Kiladis et al., 2009). This sort of wave mode has been identified in
previous studies of superrotating atmospheres, and is often referred to as a ‘Rossby-
Kelvin’ mode (cf. Figure 2.9 in Chapter 2; Iga and Matsuda, 2005; Mitchell and Vallis,
2010; Wang and Mitchell, 2014).

The ¢, = 137 m s™! mode has larger amplitude (~ 13 m?) and meridional extent (+47°)
than the ¢, = 119 m s~ mode (~7m? and +35°) which is consistent with the prediction
of linear theory when the intrinsic frequency w* is reduced (Andrews et al., 1987). These
modes correspond to the Kelvin modes in Figure 4.5b with wavenumber 1 that are
intersected by the m, = 4 and m,, = 8 dispersion curves, where m,, is the number of
wavelengths A, that fits into the altitude range Az* spanned by the stratosphere (see
footnote 1 for more information). The equatorial deformation radii® /. expected for
these modes from linear theory are I./a = 0.79, corresponding to +45° latitude, for the
m, =4 mode (c, = 137ms™), and l./a = 0.56, corresponding to +32° latitude, for the
m, = 8 mode (c, = 119 ms™), which agrees well with the meridional extent of each
mode shown in Figure 4.6. For the phase speeds shown in Figure 4.6a and b there are
also Rossby-like waves in northern and southern high latitudes (|9] > 50°) which are
not directly coupled to the Rossby-Kelvin mode (cf. Figure 4.5a, where there is no
clear evidence of phase locking in the z’2 field between sub-tropical and extra-tropical
latitudes). These high-latitude waves appear in the analysis as they are present across a

broad range of phase speeds, including those filtered for here.

Phase locking between the prograde and retrograde components is made possible by
the meridional shear in the background wind (see the blue line in each panel), and due
to the asymmetry of the background shear, the combined Rossby-Kelvin mode is asym-

metric about the equator, with no Rossby-like component in the southern hemisphere.

2Equation (2.47) in Chapter 2 is used to compute the theoretical deformation radii quoted in the
text. N, H and Q are set as described for the dispersion curves in footnote 1. When I is quoted as a

‘meridional extent’ (degrees latitude) in the text, this quantity is computed asmeridional extent =

(180° /) x (I /a).
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Spatial overlap between the Rossby wave-like component and the Kelvin wave-like com-
ponent creates a velocity field structure that converges momentum towards the equator.
This overlap is greater for the ¢, = 119 m s™! wave, and thus the associated equatorward
momentum flux is stronger. Note that there are additional, faster Kelvin waves with
¢p 2 175ms™! that do not have a Rossby-like component in mid-latitudes (e.g., the
prograde disturbance with equatorial phase speed ¢, > 200 m s~ in Figure 4.5a; spatial
structure not shown), likely because their high phase speed prevents phase locking with

a retrograde component in sub-tropical or middle latitudes.

Figure 4.6¢ presents an additional Rossby-Kelvin wave, travelling with a phase speed
¢, =105m ™. Consistent with the trend above, it appears to have a smaller amplitude
(~5m?) and meridional extent (+25°) than either of the other two Rossby-Kelvin modes
shown. It is also more symmetric about the equator, and partial phase-locking between
a Rossby-like component in the southern hemisphere, and the Kelvin component, is
apparent. This is made possible by the proximity of the wave’s phase speed to the mean
flow speed at the equator, which allows for (¢, wave — €p,diff) COS 99=_250 < U|9-_250. Con-
sequently, momentum is converged to the equator from both the northern and southern
hemispheres. At the time of the snapshot shown in Figure 4.6c, momentum transport
from the northern hemisphere into the equatorial region appears to be enhanced by

interaction with a Rossby wave in northern high latitudes.

Three retrograde modes are presented in Figure 4.6d, e and f. Two (Figure 4.6d,e;
¢, =96ms'and ¢, = 52ms') have a horizontal structure that is characteristic of an
equatorial Rossby wave (cf. Figure 2.7; Matsuno, 1966; Kiladis et al., 2009). As with the
prograde modes, the amplitude and meridional extent of these equatorial Rossby waves
increases with increasing intrinsic frequency w*. The ¢, = 96 m s™! mode corresponds
to the wavenumber 1 mode in Figure 4.5b that is intersected by the m, = 8 equatorial
Rossby wave dispersion curve, which has an associated theoretical deformation radius
corresponding to a meridional extent of +32° latitude. The ¢, = 52 m s~ mode is situated
just above the m,, = 1dispersion curve. Setting m,, = 1/3 for this mode yields a theoretical
deformation radius of I./a = 1.98, which corresponds to a meridional extent of +113°
latitude (i.e., the simulated mode has grown to fill the domain). Similarly to Figure 4.6a-c,
there are also Rossby-like waves in northern and southern high latitudes (|9] > 50°) for
the panel showing c, = 96 m s™'. While there is a clear overlap between these tropical
and extra-tropical modes at the time shown, they are not strongly coupled in general.
Regarding the ¢, = 52 m s™! equatorial Rossby wave, it is difficult to make any distinction

between high-latitude Rossby waves and the equatorial wave as the meridional extent of
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Figure 4.7: Spectra of eddy geopotential height and horizontal angular momentum flux convergence
presented as a function of latitude and phase speed, as in Figure 4.5a,c but for p = 19.0 hPa. The dashed
cyan lines are curves of constant angular velocity (c, x cos 9), and solid blue lines show the zonal-mean
zonal wind u.

the equatorial wave is global. This wave has quite a ‘messy’ structure when compared
with that expected from linear theory in the absence of a background wind shear, and
notably the meridional component of the velocity is not zero at the equator (i.e., there
is cross-equatorial flow). This is likely due to the effects of the background shear on
the wave, and possibly also due to overlap between the equatorial Rossby wave and

high-latitude Rossby waves that are not symmetric about the equator.

The final mode shown in Figure 4.6f has the structure of a mixed Rossby-gravity
wave (Kiladis et al., 2009), which travels with a much higher intrinsic frequency than
do the equatorial Rossby waves. The effect of each of these retrograde waves on the
angular momentum budget in the equatorial area is minimal compared with that of the
Rossby-Kelvin waves shown in Figure 4.6b and ¢, which is consistent with the separation
of V- F shown in Figure 4.4, where prograde modes are responsible for acceleration near

the equator in the upper stratosphere.

4.4.2  Lower stratosphere

We now turn our attention towards the lower stratosphere, focusing on the pressure
level p = 19 hPa, in the lower stratosphere, where the equatorial eddy angular momentum
flux convergence is strongest (see Figure 4.4). Figure 4.7 shows z2 and the horizontal
eddy angular momentum flux convergence as a function of latitude and phase speed, as

in Figure 4.5a,c.

The picture is quite different to that in the upper stratosphere. First, zonal-mean
zonal wind is more symmetric about the equator, and this appears to be reflected in the
spectra shown in Figure 4.7. Prograde and retrograde disturbances are both present

(Figure 4.7a), as before, but eddy angular momentum flux convergence is now primarily
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Figure 4.8: Snapshots showing the horizontal structure for various waves as in Figure 4.6 but for p =
19.0 hPa. For panels b)-d) the quiver scale is constant, and the same as in Figure 4.6. For panel a) the
quiver length has been multiplied a factor of 10. As before, frequencies correspond to ¢, = ¢ wave * Cp,diff-
Cp,wave is indicated above each panel, and ¢, qiff = 2, 2,1, and 1m s71, for panels a)-d) respectively. The
solar longitude at which each snapshot was obtained is indicated at the top-right of each panel.

due to retrograde waves. It is notable that prograde modes appear to exist at phase speeds
similar to those in the upper atmosphere, implying that the Kelvin waves may have a
somewhat coherent vertical structure. A similar observation can also be made at the
phase speed of the mixed Rossby-gravity wave identified previously (c, = -12ms™"). The
vertical structure of the waves present in the atmosphere for this time period (L = 220° -

230°) will be analysed in detail in the next subsection.

The horizontal structures of selected disturbances (indicated by cyan lines in Fig-
ure 4.7) are shown in Figure 4.8. The prograde disturbance with ¢, = 137ms™ has a
structure that is very reminiscent of the solution for a linear Kelvin wave on the equa-
torial beta plane (cf. Figure 2.7; Matsuno, 1966; Kiladis et al., 2009), aside from the
fact that it has non-zero meridional velocity; likely a product of the spherical geometry
(Yamamoto, 2019). Notably, this mode is not accompanied by Rossby wave-like compo-
nent in mid-latitudes, unlike the disturbances with similar c, identified at p = 0.7 hPa.

This underscores the importance of horizontal shear flow in the upper stratosphere for
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generating these features; without meridional shear that is comparable in magnitude to
the phase speed of the prograde wave, prograde and retrograde components are unable
to phase-lock (Wang and Mitchell, 2014). In the absence of an accompanying Rossby-like
component, this mode is unable to converge momentum towards the equator as might

be expected for predominantly divergent motion (Iga and Matsuda, 2005).

Figure 4.8b shows the retrograde wave which is responsible for horizontal eddy
angular momentum convergence at the equator. This wave has a structure characteristic
of an equatorial Rossby wave, which at the time shown appears to be interacting with
a further Rossby wave in high-latitudes (although at other times, this interaction is
not as clear or is not present at all). The vertical shear in the background zonal-mean
wind appears to induce an equatorward meridional phase tilt in the wave (Imamura,
2006), which allows it to converge momentum towards the equator. Dias Pinto and
Mitchell (2016) have shown that similar disturbances are responsible for accelerating
equatorial superrotation in idealised GCM simulations of an Earth-like planet with a

smaller (Titan-like) planetary radius.

The final two waves shown in Figure 4.8c and d are additional retrograde modes. The
first (Figure 4.8¢) resembles an equatorial Rossby wave, while the second (Figure 4.8d)
appears to be the same mixed Rossby-gravity wave identified in the upper stratosphere.
Neither of these waves induce a significant momentum flux near the equator. As in the
upper stratosphere, it appears that this is less likely to occur for with a phase speed that

is significantly different from the mean flow speed.

4.43  Vertical structure

Some of the waves identified in the analysis of the p = 0.7hPa and p = 19 hPa levels
appear to have a coherent vertical structure. Notably, a mixed Rossby-gravity wave was
identified in both the upper and lower stratosphere with ¢, = ~12m s™!. Additionally, the
eddy geopotential height anomaly analysed at p = 19 hPa has a Kelvin wave-like feature
that appears across a broad range of phase speeds, ¢, = 100 - 150 m s, similar to those
of the Rossby-Kelvin mode identified at p = 0.7 hPa. Using this as a motivation, this
section presents an analysis of the vertical structure of the waves present during the
period L = 220° - 230°.

Figure 4.9 shows 2”2 as a function of pressure and phase speed, averaged between
+10° latitude. The background zonal-mean zonal wind is also plotted as a solid blue line.

This analysis is presented over a broad range of pressures, from 4 x 102 hPa to 4 x 1073 hPa.

A number of disturbances with a coherent vertical structure can be identified. This is
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Figure 4.9: Eddy geopotential height spectrum presented as a function of pressure and phase speed,
averaged within +10° latitude for Ly = 220° — 230°. Vertical dashed lines correspond to ¢, associated
with waves whose spatial structure in the A-p plane is shown in Figure 4.10. Points marked by cyan and
blue crosses correspond to the locations of waves whose horizontal structures are shown in Figure 4.6
and Figure 4.8, respectively. The solid blue curve shows the zonal-mean zonal wind u. The red curve
indicates the pressure below which waves should be evanescent for a given phase speed (see text). The
dotted purple lines indicate the pressure range spanned in Figure 4.3 and Figure 4.4.

particularly evident for retrograde disturbances (with c, < u); the signature of the mixed
Rossby-gravity wave is present at —12m s~! and appears to extend from roughly 40 hPa
to 1 x 1072 hPa, and each of the equatorial Rossby waves identified in Figure 4.6 and
Figure 4.8, with phase speeds c, =19, 31, 50,and 96 m s™', appear over broad pressure

ranges.

Prograde waves also exist across a broad range of phase speeds and pressures, but
with a complicated vertical structure in z2. In the lower stratosphere, z’2 appears to
be amplified at certain pressures for certain phase speeds. This distribution for z2 is
difficult to interpret, although the region where it is most prominent notably coincides
with sharp vertical contrasts in the background wind u and the buoyancy frequency
N (see Figure 4.2). This effect is not realised for the retrograde waves, and less so for
prograde waves in the upper stratosphere, which both have a more evenly spread z2
distribution in the vertical. Finally, there is evidence of a critical region in Figure 4.9
close to the mean flow speed (i.e., where |c, — u| is small), through which disturbances

cannot propagate vertically and the wave amplitudes become small.

Figure 4.10 presents the vertical structure of selected waves in the longitude-pressure
plane, averaged between +20° latitude. The filtered fields shown are obtained in the same

way as those presented in Figure 4.6 and Figure 4.8. Each wave is indicated by a vertical
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Figure 4.10: Snapshots of filtered geopotential height anomaly (a-c) and meridional velocity (d) averaged
between +20° latitude for selected waves. Red dashed lines in panels b) and ¢) indicate the pressure
where c, = u for the selected phase speed. Above these lines, waves are retrograde, and below they are
prograde. As in Figure 4.6 and Figure 4.8, fields are filtered for frequencies corresponding to a range of
phase speeds ¢, = ¢ wave * Cp,ditf> With ¢p qifr = 2,1, 1and I m s~! for panels a)-d) respectively. Meridional
velocity is shown in place of geopotential height for the mixed Rossby-gravity wave as it has a vanishing
amplitude in 2z’ at the equator (see Figure 4.6f; Figure 4.8d). The solar longitude at which each snapshot
was obtained is indicated at the top-left of each panel.

dashed line in Figure 4.9, and corresponds to one shown in Figure 4.6 or Figure 4.8 (or
both). The vertical snapshots are shown at the same time as the horizontal ones (for the
same wave). In panels b and c, red dashed lines indicate the pressure where ¢, = u. In

these panels, disturbances are retrograde above the red dashed line, and prograde below.

Figure 4.10a shows the vertical structure of z2 for ¢p =137 ms™'. This corresponds
to the phase speed of the Rossby-Kelvin wave shown in Figure 4.6a at p = 0.7 hPa, that
appeared more similar to a pure Kelvin wave in Figure 4.8a, in the lower stratosphere.
This mode has a high vertical wavenumber, with a wavelength that decreases with altitude.
The vertical wavelength is consistent with that selected to produce the m, = 4 Kelvin

wave dispersion curve shown in Figure 4.5b and d.
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For linear Kelvin waves on the equatorial beta plane, the intrinsic frequency obeys

the dispersion relationship (Andrews et al., 1987)

Wielyin = — Nk , (4.15)
[m? +1/(4H?)]"?

where m is the vertical wavenumber, related to the vertical wavelength A, via m = 27/, =
2nm,[Az* (see footnote 1 for more detail). For waves with smaller w*, travelling at a
speed close to the mean flow speed, we expect larger m. Furthermore, for prograde
waves propagating vertically in a positive (increasing with altitude) shear, it is necessary
for the vertical wavelength to shorten with altitude so as to preserve a coherent ¢, in
the vertical (Andrews et al., 1987; Imamura, 2006). Above p ~ 2hPa, the wave shown in
Figure 4.10a displays a clear phase tilt with altitude which, for a prograde Kelvin wave, is
consistent with upward vertical propagation (see, e.g., Figure 4.19 of Andrews et al., 1987),
and suggestive of a source region for the wave around p = 2hPa. Sources of instability
that lead to the generation of this wave, and others discussed later, will be investigated

in Section 4.6.

Below p ~ 2 hPa, the wave appears to take the form of a standing wave that does not
propagate vertically, where instead we might expect it to propagate downward away from
the apparent source region. This standing structure is coincident with the vertical range
in Figure 4.9 where z”2 is concentrated at particular pressures. This behaviour is difficult
to interpret using the linear theory, within which equatorial Kelvin waves only become
vertically trapped when N2k?/w*? < 1/(4H?), so that m in (4.15) is imaginary (del Genio
and Rossow, 1990). This is not satisfied in the simulation around p »~ 2 hPa, but instead
much deeper in the atmosphere (below the red curve in Figure 4.9, which, notably, is
roughly where z’2 goes to zero). Gossard and Hooke (1975) show that the curvature of
the background wind can also inhibit vertical propagation, if N2k/|w*| < |d*u/dz?|, but
this condition is not satisfied anywhere in the model atmosphere. Possible explanations
for apparent disagreement between the linear theory and the standing structure of the

Kelvin wave are discussed further in Section 4.7.3.

Figure 4.10b presents the vertical structure of the equatorial Rossby wave identified
at p = 0.7 hPa with ¢, = 96 m s™! (Figure 4.6d). This mode also displays a clear phase tilt
in the vertical, consistent with upward propagation for a retrograde wave above roughly
3 x 1072 hPa, and downward propagation below (compare with, e.g., Figure 13 of Yang et
al., 2011, and accompanying text), suggestive of a source region in the upper stratosphere.
This wave has a longer vertical wavelength than does the Rossby-Kelvin/Kelvin wave,

consistent with larger separation between c, and u (at the altitude it is generated). There
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is less evidence for variation of the vertical wavelength with height, consistent with the
reduced vertical shear of the background zonal wind in the upper stratosphere. Note
that a prograde wave can also be identified in Figure 4.10b at lower altitude, below the
pressure where ¢, — u changes sign. As in Figure 4.10a, this wave appears to propagate

vertically away from a source region, this time located around p = 4hPa.

Figure 4.10c and d show the vertical structure of the equatorial Rossby wave pre-
sented in Figure 4.8¢c, and the mixed Rossby-gravity wave presented in Figure 4.6f and
Figure 4.8d, respectively. Each of these waves has a barotropic structure, with a slight
phase tilt indicative of upward propagation away from a source around p = 40 hPa. The
increased vertical wavelength of these modes, with respect to the others shown previ-
ously, is once again consistent with an increase in |c, — u|. In Figure 4.10c, a prograde

wave exhibiting similar properties to those in Figure 4.10a and b is also present.

Unlike the modes presented in Figure 4.10, the Rossby-Kelvin wave with ¢, =
105m s, at p = 0.7 hPa, and the equatorial Rossby wave with ¢, = 31ms™, at p = 19 hPa,
which contribute the greatest acceleration of the mean flow on their respective pressure
levels, are confined to one model level. It is interesting to note from Figure 4.9 that
disturbances with the same phase speed as the equatorial Rossby wave exist at pressures
above and below p = 16 hPa. Below, there is a prograde mode with a vertical structure
similar to those in the lower part of Figure 4.10b and ¢, and a horizontal structure similar
to that in Figure 4.8a. Above, there is an additional retrograde disturbance that takes the
form of a further equatorial Rossby wave with a much broader meridional extent (similar
to that in Figure 4.8c) and a longer vertical wavelength. Regarding the Rossby-Kelvin
wave at ¢, = 105ms™, p = 0.7 hPa, note that its amplitude is sufficiently small that it

cannot be identified in the 2”2 co-spectrum shown in Figure 4.9.

4.5 Waves in winter

So far, this chapter has only presented an analysis of waves characteristic of northern
hemisphere autumn. However, the waves present in the atmosphere vary with the
seasonal cycle, due to seasonal variation in the background zonal wind and temperature
structure. This is manifested in the seasonal variation exhibited by the EP flux vectors
shown in Figure 4.3. This section presents an analysis of the waves present during the
period L = 350° - 360° (Figure 4.3, bottom row), corresponding to northern hemisphere
late-winter, during which the EP flux and its divergence have a very different structure
to that in autumn. In particular, significant eddy acceleration of the mean flow is now

only present in the lower stratosphere. For brevity, the analysis in this section will focus
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Figure 4.11: EP flux F (quivers) and its divergence V - F (colour contour) for prograde (left) and retrograde
(right) waves, as in Figure 4.4 but for L, = 350° - 360°. See Figure 4.4 caption for more details.

only on notable differences between the autumn and winter periods, and on waves that

contribute the most to equatorward transport of angular momentum.

Figure 4.11 shows V - F and EP flux vectors for the period L, = 350° - 360°, decom-
posed into contributions from prograde and retrograde waves. In contrast with the
analysis presented for northern hemisphere autumn, acceleration of the equatorial zonal
flow is almost entirely due to retrograde waves and is confined to the lower stratosphere
(p 2 4hPa). This indicates that the generation mechanism for the retrograde waves that
accelerate superrotation in the lower stratosphere persists throughout the Titan year,
whereas the mechanism generating prograde waves in the upper stratosphere is only

active when the background circulation has a more pronounced hemispheric asymmetry.

Latitude-phase speed spectra of the eddy geopotential height anomaly and eddy
angular momentum flux convergence during this time period are shown in Figure 4.12,
for two pressure levels, p = 0.7hPa and p = 13.8hPa. p = 0.7hPa corresponds to
the pressure level in the upper stratosphere that was analysed in the previous section,
and p = 13.8 hPa corresponds to the pressure where the equatorial acceleration due to

retrograde disturbances is greatest in Figure 4.11.

For both pressures shown, Figure 4.12a,c shows that essentially all disturbances with
significant amplitude in z’ are retrograde, with only one prograde disturbance, at ¢, =
153 m s, clearly identifiable. At the equator, retrograde disturbances generally have ¢, <
50 ms~!, and a few structures have a broad meridional extent that is suggestive of phase
locking between equatorial and mid-latitude disturbances. In the lower stratosphere
(p =13.8hPa), Figure 4.12d shows that eddy angular momentum flux convergence at the

equator is entirely due to one mode with a phase speed ¢, = 50 m s~! that is very close to
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Figure 4.12: Eddy geopotential height and horizontal angular momentum flux convergence presented as
a function of latitude and phase speed, as in Figure 4.5a,c, but for Lg = 350° - 360°, p = 0.7 hPa (panels a
and b) and p = 13.8 hPa (panels c and d). The dashed cyan lines are curves of constant angular velocity
(cp x cos 9), and solid blue lines show the zonal-mean zonal wind u. Note that the contour spacing
changes between panels b) and d), and that the acceleration is much larger in panel d) compared with b).
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the mean flow speed. Figure 4.13 presents the wavenumber-frequency co-spectrum for
the eddy momentum flux at this altitude, which reveals that the disturbance contributing
this acceleration has zonal wavenumber k,, = 2. In Figure 4.12b, there is no disturbance
that is able to induce a significant acceleration at the p = 0.7 hPa level, likely because

none have c, that is close enough to u.

Figure 4.14 presents the horizontal structure for two of the waves present in Fig-
ure 4.12. Figure 4.14a and b show the structure of the prograde disturbance with
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¢, = 153 ms™, which is associated with k, = 1, at p = 0.7hPa and p = 13.8 hPa. At
both pressures, this mode has a Kelvin wave-like component at the equator. In the upper
stratosphere it also features a Rossby-like component in higher latitudes. In this sense,
the mode is similar to that shown in the previous section for Ly = 220° — 230° with
¢p =137ms™! (see Figure 4.6a and Figure 4.8a). Unlike the disturbances shown in the
previous section for the upper stratosphere, this mode is approximately symmetric about
the equator, reflecting the enhanced hemispheric symmetry of the background zonal
wind. Phase-locking between the prograde and retrograde components of the wave at
p = 0.7hPa appears to be made possible by modest meridional shear in the background
wind at high latitudes. However, the amplitude of the waves’ velocity field is too small
to induce a strong equatorward flux of angular momentum (although note that eddy

angular momentum flux convergence due to this mode is positive at the equator).

Figure 4.14c shows the horizontal structure of the k,, = 2 retrograde mode associated
with equatorial eddy angular momentum flux convergence at p = 13.8 hPa. This wave
resembles an equatorial Rossby wave with an extra-tropical projection in higher latitudes
(similar to those identified by Dias Pinto and Mitchell, 2016). The meridional extent of

this mode is consistent with the theoretical deformation radius for modes with m,, =
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Figure 4.15: Eddy geopotential height presented as a function of pressure and phase speed, averaged
within +10°, as in Figure 4.9 but for Ly = 350° - 360°. The vertical dashed line indicates c,, for the Kelvin
wave whose vertical structure is displayed in Figure 4.16. Points marked by blue crosses correspond to
the locations of waves whose horizontal structure is shown in Figure 4.14. Other curves have the same
meaning as in Figure 4.9.

8 (£32° latitude; see footnote 2 for details). As with the equatorial Rossby wave at
p =19.0 hPa identified during L, = 220° - 230° (Figure 4.8b), convergence of angular
momentum at the equator is facilitated by a meridional phase tilt in the equatorial Rossby

wave.

The distribution of 22 in pressure and phase speed is shown in Figure 4.15 averaged
between +10° latitude. This figure reveals that prograde disturbances are almost com-
pletely absent across the full range of pressures that demarcate the stratosphere (40 hPa
to 4 x 102 hPa, indicated by the horizontal purple lines), although it should be noted that
there is still some significant prograde wave activity outside of this range in the upper
troposphere (p > 40 hPa). By contrast, retrograde disturbances are identifiable across a
range of pressures in the stratosphere. The mixed-Rossby gravity wave identified during
northern hemisphere autumn at ¢, = ~12m s is still present, as are other retrograde
disturbances with phase speeds closer to the mean flow speed. The k, = 2 equatorial
Rossby wave that accelerates superrotation at p = 13.8 hPa is difficult to identify in Fig-
ure 4.15. This is because it is confined to one pressure level, similar to the ¢, = 105ms™
Rossby-Kelvin wave identified during L, = 220° - 230° at p = 0.7 hPa. However, it is
clear from Figure 4.15 that other waves are also generated with this phase speed. At lower
pressures, the ¢, = 50 m s™! disturbance takes the form of a k,, = 2 mixed Rossby-gravity

wave, and at higher pressures (where c, > u) it takes the form of a k,, = 2 Kelvin wave.
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There is a weak signature in z2 at ¢, = 153 ms™, corresponding to the phase speed
of the Rossby-Kelvin / Kelvin wave shown in Figure 4.14a,b, across a range of pressures.
It appears that, as in the previous section, this prograde mode has a somewhat coherent
vertical structure, shown in the longitude—pressure plane in Figure 4.16. However, there
is very little phase tilt with altitude in the upper stratosphere, above p ~ 2 hPa, indicative
of only modest or no vertical propagation. There is also no longer evidence of the vertical
wavelength shortening with increasing altitude, which consistent with the lack of vertical

shear in u in the upper stratosphere during this period.

4.6  Wave generation mechanisms

In this section, the possible mechanisms for the generation of the waves identified in
the previous two sections are investigated. Both i) ageostrophic, barotropic instabilities,
similar to that discussed by Iga and Matsuda (2005) and Wang and Mitchell (2014)
(Section 4.6.1), as well as ii) conventional quasigeostrophic barotropic instability (see,
e.g., Read et al., 2020) (Section 4.6.2) are considered.

4.6.1  Seasonal generation of prograde modes by ageostrophic, barotropic instabilities

The analysis in the previous sections has shown that the acceleration of superrota-
tion in the upper stratosphere is due to waves that consist of an equatorial Kelvin-like
component, coupled with a Rossby-like component in mid- and high latitudes. This
mode grows when there is strong meridional shear in the horizontal wind, which is
most pronounced around solstice. It is generally asymmetric with respect to the equator,
with a Rossby-like component located in the winter hemisphere but not the summer

hemisphere, due to asymmetry in the background wind.

Previous work has shown that coupled Rossby-Kelvin waves similar to those identi-
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fied in this chapter can grow due to an ageostrophic, barotropic instability that exists on
slowly rotating and/or small-sized planets if there is meridional shear in the background
wind (such that the velocity in mid-latitudes is greater than that at the equator; Iga
and Matsuda, 2005; Wang and Mitchell, 2014). The instability requires the deformation
radius to be large enough that the Rossby and Kelvin components have some spatial

overlap, and that the two component waves have similar frequencies.

The first condition is generally true in the slowly rotating/small planet regime as both
the equatorial and mid-latitude deformation radii depend inversely on the planetary
rotation rate and radius. The second ‘frequency matching’ condition can be quantified
via the definition of a Froude number that measures the ratio of the Doppler-shifted
frequency of mid- or high-latitude Rossby waves to that of the equatorial Kelvin wave
(Wang and Mitchell, 2014):

Wrossby N aml/ COS ‘9ml

Fr= ~
—_— + bl
Wkelvin ueq + wkelvin/ k

(4.16)

where w{, . [k is given by (4.15), Uq is the zonal velocity at the equator, Uy is the
mid-latitude speed at the latitude, 9,,, where it is maximal, and the intrinsic frequency
of the Rossby component has been assumed small and neglected. In principle, Fr =1
for a Rossby-Kelvin mode. In practise, however, Wang and Mitchell (2014) find that
neglecting the intrinsic component of the Rossby wave frequency means that Rossby-
Kelvin instability occurs for a range of Fr > 1. Specifically, they find the growth rate (and
equatorward eddy momentum flux due to the wave) is maximised when Fr » 2, and

drops off as Fr is varied away from 2 (but within the range Fr = 1- 3, outside of which
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the instability is inactive).

Figure 4.17 shows Fr as a function of pressure at different times during the Titan year
(corresponding to those shown in Figure 4.3). Each line assumes m,, = 4, corresponding
to an approximate vertical wavelength Ay, ~ 34 km (see footnote 1). For each period
shown, 1 < Fr < 2.5 throughout the depth of the stratosphere, indicating conditions
favorable for Rossby-Kelvin instability. Notably, Fr ~ 2 during the period when coupled
Rossby-Kelvin modes induce the greatest acceleration in the upper stratosphere, as
in Wang and Mitchell (2014). Furthermore, Fr ~ 1.5 in winter is consistent with the
existence of weaker Rossby-Kelvin modes (e.g., Figure 4.14a) that do not induce a

significant acceleration.

This analysis is not fully conclusive regarding the origin of the waves responsible
for accelerating superrotation in the upper stratosphere, but it is at least consistent with
the waves being generated by an ageostropic shear instability that is most active during

autumn, when the meridional shear in the background wind is maximised and Fr »~ 2.

4.6.2  Year-round generation of retrograde modes by conventional barotropic instability

In the lower stratosphere, superrotation is maintained by equatorial Rossby-like
waves, and the equatorial eddy angular momentum flux convergence due to these waves
displays far less seasonal variation. More generally, retrograde modes exist throughout
the year in the stratosphere, whereas prograde modes do not (compare Figure 4.9 and Fig-
ure 4.15). This suggests a generation mechanism for retrograde waves that does not vary
as strongly with the seasonal cycle as the ageostrophic, barotropic instability described
in the previous subsection. A possible mechanism is conventional quasigeostrophic
barotropic instability, which has been shown to occur close to the equator in other Titan
GCMs (Newman et al., 2011; Lebonnois et al., 2012a).

A necessary criterion for quasigeostrophic barotropic instability is that the meridional
gradient of zonally-averaged potential vorticity, taken on isentropic surfaces, change

sign somewhere within the domain (Charney and Stern, 1962).

The criterion for barotropic instability can be expressed mathematically as
&= 86/89|9 =0, somewhere, (4.17)
where the potential vorticity Q is defined
Q=-g(f+k-Vgxv)/(dp/a0). (4.18)

Above, Vy is the horizontal gradient acting along surfaces of constant potential tempera-
ture, 6 (Hoskins et al., 1985).
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Figure 4.18 shows zero-contours for & at a range of pressures in the stratosphere,
over the period Ly = 180° — 360°. The criterion for barotropic instability is satisfied
year-round at pressures from which the retrograde waves shown in Figure 4.10 and
Figure 4.16 appear to originate. £ = 0 generally occurs at latitudes conincident with
the equatorward flank of the summer hemisphere mid-latitude jet. It is worth noting
that & = 0 never occurs directly on the equator. However, the occurence of barotropic
instability within a deformation radius of the equator is sufficient to generate equatorial

wave modes (as is the case here).

The fact that £ = 0 for most of the year in regions where retrograde equatorial waves
appear to be generated points to barotropic instability as a likely source of excitation.
However, as before, it cannot be definitively asserted that this is the case based solely on
the analysis presented here. Instead, this suggestion, and the suggestion that ageostrophic
barotropic instability leads to the generation of Rossby-Kelvin type waves in the upper
stratosphere, should be investigated further by conducting stability analyses of mean

circulation states that are characteristic of Titan.

4.7 Discussion

4.71  Relationship to results from idealised modeling studies

As discussed in Chapter 2, Section 2.6 and summarised in the introduction to this
chapter, the generation and maintenance of superrotation in the atmospheres of small
and/or slowly rotating planets has been investigated extensively with idealised Earth-like
GCMs forced by time-independent, hemispherically symmetric heating and cooling.

However, it is not obvious a priori that mechanisms leading to the generation and
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maintainance of superrotation in a simplified modeling setting are of direct relevance
to Titan’s atmosphere, which is complicated by seasonally-varying, hemispherically

asymmetric meridional shear.

Studies with idealised GCMs have shown that a global mode that couples equatorial
Kelvin waves with Rossby-like waves in midlatitudes leads to the generation of superro-
tation during the model spin-up period (Mitchell and Vallis, 2010). Phase locking of the
Rossby and Kelvin components is possible as the Rossby waves are Doppler-shifted east-
wards by a midlatitude jet that emerges very early in the spin-up phase (and is associated
with conservation of angular momentum within the Hadley cell). However, once the
Rossby-Kelvin wave has accelerated the zonal wind at the equator and the simulation
equilibrates, the Kelvin wave also experiences a Doppler-shift (due to the equatorial jet)
and phase locking between the Rossby and Kelvin components is no longer possible.
Dias Pinto and Mitchell (2014, 2016) have shown that in equilibrium superrotation is
maintained by equatorial Rossby waves, which develop a meridional phase tilt in vertical

shear that facilitates eddy momentum flux convergence (Imamura, 2006).

The results presented in this chapter suggest that direct analogies between the genera-
tion scenario and the maintenance scenario may be drawn with different aspects of Titan’s
stratospheric circulation. The seasonal maintenance of superrotation by a Rossby-Kelvin
like wave in the upper stratosphere is analogous to the generation of superrotation by
Rossby-Kelvin waves in idealised Earth-like GCMs during their spin-up phase. In Titan’s
upper stratosphere, the circulation in each hemisphere never really equilibrates, and is
instead constantly ‘spinning up’ and ‘spinning down’ with the seasonal cycle. Meanwhile,
the maintenance mechanism for superrotation in Titan’s lower stratosphere, where there
is less seasonal variation, is very comparable to the maintenance mechanism in idealised

GCMs, with equatorial Rossby waves playing a central role in both cases.

Mitchell et al. (2014) have shown that when a seasonal cycle is included in an idealised
Earth-like model, the generation of equatorial superrotation is inhibited. They suggest
this is due to two effects: i) cross-equatorial advection of momentum by the overturning
circulation, and ii) suppression of the Rossby—Kelvin instability in hemispherically
asymmetric meridional shear. To achieve a Titan-like superrotating circulation, they
increase the radiative cooling time in their model by a factor of 100 (appropriate for
Titan), the effect of which is to reduce the strength of overturning which, in turn, damps

each of the superrotation-inhibiting seasonal effects described above.

The circulation in the TAM simulation used for this study does feature strong merid-

ional shear, but this actually appears to give rise to the asymmetric Rossby-Kelvin type
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wave that accelerates superrotation in the upper stratosphere (notably, this disturbance
is very similar to one shown in Mitchell et al., 2014, for a Titan-like case that does not de-
velop strong superrotation; compare Figure 4.6b with their Figure 8). This indicates that
Rossby-Kelvin modes that are not symmetric about the equator can provide sufficient
momentum transport to maintain superrotation, counter to the suggestion of Mitchell
et al. (2014). However, it is likely that the superrotation in TAM does benefit from effect
ii) above, namely ‘reduced mean flow momentum transport due to weaker overturning,
as a result of Titan’s long radiative timescale, although this will be reduced in the strato-
sphere where the pressure is low. Additionally, note that in the TAM simulation used
for this work, the overturning in the stratosphere is partially detached from that in the
troposphere, which will limit the extent to which the mean flow can communicate the
effects of friction near the surface to the superrotating jet (see, e.g., Figure 4.1, where it
could be argued that overturning in the stratosphere takes the form of an isolated cell

sitting above another overturning cell in the troposphere).

4.72  Comparison with other Titan GCMs

This subsection compares the results presented in this chapter with those of New-
man et al. (2011) and Lebonnois et al. (2012a), who analysed the waves responsible for

accelerating superrotation in TitanWRF and the IPSL Titan GCM, respectively.

Each of these studies found that eddy angular momentum transport is strongest in
the autumn/winter hemisphere, and induces acceleration close to the equator paired
with deceleration in mid-latitudes, which is consistent with the seasonal cycle of EP flux

divergence shown in Figure 4.3.

Spectral analysis of the waves in the IPSL model also appears to be consistent with
some of the results presented here (Lebonnois et al., 2012a). In particular, the acceleration
of superrotation above p = 10hPa in their model seems to be due to modes that are
prograde at the equator, and, notably, have a similar spatial structure in latitude and
longitude to the hemispherically asymmetric Rossby-Kelvin wave identified in this
study (compare the filtered u’ in Lebonnois et al., 2012a’s Figure 16b with the zonal
component of the quivers in Figure 4.6b). A few modes have a coherent structure in the
vertical direction in their Figure 14, which shows #’ and v’ as a function of frequency and
pressure (similar to Figure 4.10 and Figure 4.16 in this work), although not as obviously
as in the analysis presented here. There appear to be some retrograde modes in the lower
stratosphere of the IPSL simulation, but Lebonnois et al. (2012a) do not show whether

or not they contribute to the angular momentum budget at the equator.
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Newman et al. (2011) compute latitude-phase speed eddy momentum flux co-spectra
for TitanWRE which show that acceleration in TitanWRF’s upper stratosphere is due
to a mode with strong coherence along a line of ¢, x cos 9, which has ¢, > u at the
equator and ¢, < u in mid-latitudes. They interpret this in terms of a wave propagating
meridionally from the equator and breaking in mid-latitudes after crossing a critical line
where ¢, = u, whereas the analysis in this chapter indicates that this sort of signature is
due to a coupled Rossby-Kelvin mode that does not propagate meridionally. However,
Newman et al. (2011) do not show the horizontal latitude-longitude structure of the wave
that accelerates superrotation in the upper stratosphere of TitanWRE, so it is difficult to

comment on whether or not it is similar to those identified in this study.

It is worth noting that Newman et al. (2011) present evidence that angular momentum
transport from the winter hemisphere to the equator is concentrated into short-lived
‘transfer events’ (duration corresponding to < 5° L;). While there is eddy angular mo-
mentum flux variability in the TAM simulation used here that occurs on a timescale
corresponding to a few degrees L, no events of comparable magnitude to those in
TitanWRF have been identified. Newman et al. (2011) show that the timing of these
transfer events is closely related to instances when barotropic instability might operate
(i.e., times when & = 0), which also occurs in short-lived events (note that TAM does
not exhibit this sort of behaviour, cf. Figure 4.18). This might indicate that the waves
that accelerate superrotation in the upper stratosphere of TitanWRF are generated by a

different mechanism to those here.

473  Vertical structure of equatorial Kelvin waves

In this study, a number of waves which resemble an equatorial Kelvin wave at the
equator have been identified (see, e.g., Figure 4.6a,b, and ¢, Figure 4.8a, and Figure 4.14a
and b). These waves generally have short vertical wavelengths, consistent with their phase
speeds being close to the mean flow speed (cf. Equation 4.15). Furthermore, there is
evidence that their wavelength varies due to vertical propagation in a vertically-sheared
background zonal wind profile (e.g., Figure 4.10a), which, again, is consistent with our

expectation from linear theory.

However, these Kelvin waves also exhibit some unusual characteristics. Specifically,
a number appear to be vertically trapped (i.e., unable to propagate) in the region where
the background vertical wind shear is strongest (Figure 4.10a and Figure 4.16). This
behaviour is not predicted by the linear theory for waves on the equatorial beta plane.

However, the linear theory is only valid for the case of a slowly varying background u
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and N (see, e.g., Appendix 4A in Andrews et al., 1987), which is clearly not satisfied in
Titan’s stratosphere. It is therefore possible that unusual vertically trapped behaviour
exhibited by the Kelvin waves is a physical response to the strong vertical variation in N

and ¥ in the simulation.

Notwithstanding the possible influence of strong vertical variation in # and N, it is
likely that the short vertical wavelength of the equatorial waves identified in this work
means that they are not properly resolved with the model’s current vertical resolution. At
least four grid points per wavelength are required for a wave to be represented accurately,
ie, Ay/(40z*) > 1, where 8z* is the vertical grid spacing. This is not always satisfied
in TAM; for example, A,/(4 §z*) ~ 0.875 for the Rossby-Kelvin / Kelvin wave shown
in Figure 4.10a. Boville and Randel (1992) investigated the effect of vertical resolution
on equatorial waves in the stratosphere of a GCM designed for Earth. They found
that for 1,/(4 8z*) $ 1, the amplitude of equatorial waves depended strongly on the
vertical resolution (increasing amplitude for increasing resolution). This, in turn, affects
eddy acceleration of the mean flow, as the EP flux is formed from covariances of wave
properties, and so depends on the wave amplitude squared. Boville and Randel (1992) also
note that insufficient resolution in regions with strong vertical shear in the background
wind can lead to poor representation of vertically propagating equatorial waves; notably,
it is in such regions that the equatorial Kelvin waves identified in this study exhibit

unusual behaviour.

It is therefore possible that the EP flux and its divergence in the TAM simulation used
here only partially capture the way in which waves interact with the mean flow in Titan’s
real atmosphere. The vertical resolution used for this study is similar to that of other Titan
GCMs (e.g., TitanWRF and the IPSL Titan Model; Newman et al., 2011; Lebonnois et al.,
2012a), and thus it is reasonable to expect that the issues regarding vertical resolution
discussed here for TAM extend to those models as well. Poor representation of the
vertical propagation and structure of equatorial waves may explain why current Titan
GCMs struggle to produce the zonal wind minimum’ present in the Huygens descent
profile (at p = 20 hPa in Figure 2 of Bird et al., 2005), which could be formed by a vertical
eddy momentum flux divergence (e.g., due to prograde waves propagating vertically away
from this region). Taken together, the arguments discussed in this subsection motivate

the development of Titan GCMs with higher vertical resolution in the stratosphere.
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4.8 Conclusions

The aim of this chapter was to characterise the different waves that are supported in
a simulation of Titan’s stratosphere using the Titan Atmospheric Model (Lora et al., 2015;
Lombardo and Lora, 2022), with a focus on those that contribute most to the acceleration

of equatorial superrotation.

The key conclusions of this study are as follows:

1. A variety of equatorial waves are identified in TAM’s stratosphere, including
equatorial Kelvin waves, equatorial Rossby waves, and mixed Rossby-Gravity

waves.

2. In the upper stratosphere, equatorial waves are strongly affected by the seasonal
cycle and feature pronounced hemispheric asymmetries when meridional shear
in the background wind is strongest. This leads to interactions between equatorial
Kelvin waves and Rossby-like waves in the winter hemisphere, which converge
momentum from winter mid-latitudes towards the equator, opposing momentum

transport away from the equator by the mean flow.

3. In the lower stratosphere, equatorial waves have more hemispheric symmetry, and
equatorial superrotation is accelerated throughout the year. The strongest eddy

momentum fluxes in the lower stratosphere are due to equatorial Rossby waves.

4. Seasonal variation in the Rossby-Kelvin type waves that accelerate superrotation
in the upper stratosphere is consistent with generation by ageostrophic, barotropic
‘Rossby-Kelvin instability’ (cf. Wang and Mitchell, 2014). Meanwhile, conventional
quasigeostrophic barotropic instability is a possible source of waves that accelerate

superrotation in the lower stratosphere.

5. Equatorial waves that are most important for accelerating superrotation generally
have phase speeds that are close to the zonal velocity of the mean flow (i.e., small
intrinsic frequency w*). Small w* requires these modes to have short vertical
wavelengths, and, therefore, it is likely that they are underresolved in the vertical.
In light of this analysis, it is suggested that Titan modelers should work to increase
the vertical resolution of Titan GCMs. This should be complemented by theo-
retical investigation of the expected properties of equatorial waves in Titan-like
background conditions with strong vertical variation in the background wind and

buoyancy frequency, and hemispherically asymmetric meridional shear.
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Rotational and Divergent Components of Atmospheric
Circulation on Tidally Locked Planets

The contents of this chapter are a modified version of M. Hammond and N. T. Lewis (2021): The
Rotational and Divergent Components of Atmospheric Circulation on Tidally Locked Planets, in:
Proceedings of the National Academy of Sciences, 118 (13), €2022705118.

Author contributions: NTL proposed the research. NTL and MH analysed the numerical exper-
iments and wrote the paper. The analysis in the paper is applied to two simulations: one of a
terrestrial planet, and the other a hot Jupiter. NTL lead the analysis and writing for the terrestrial
planet, and MH lead the analysis and writing for the hot Jupiter. This chapter only presents results
from the terrestrial planet simulation. NTL and MH are listed alphabetically on the publication.

5.1 Introduction

n this chapter and the next, we turn our attention away from the Solar System and
Itowards planets orbiting stars other than the sun, called exoplanets. The most obser-
vationally accessible exoplanets are likely to be tidally locked, which means that they
always present the same face to their host star, and thus have a permanent day side and a
permanent night side (Dole, 1964; Guillot et al., 1996).

As discussed in Chapter 2, the day-night heating contrast on tidally locked planets
strongly influences their atmospheric circulation. Notably, it introduces pronounced
zonal asymmetries in the form of stationary equatorial waves (Showman and Polvani,
2010; Showman and Polvani, 2011; Hammond and Pierrehumbert, 2018) and divergent
overturning motion which features air rising on the day side and sinking on the night
side (Showman et al., 2013). Interaction between these circulation components can lead
to the acceleration of a superrotating equatorial jet (Showman and Polvani, 2011). The
day-night asymmetry of atmospheric circulation on tidally locked planets is in contrast
to that on non-tidally locked planets, the statistics of which are approximately zonally

symmetric (see, e.g., Figure 2.1).

The superposition of different stationary circulation features on tidally locked planets
makes them difficult to analyse. In particular, it is no longer obviously meaningful to di-
agnose overturning circulation using the Eulerian mean meridional mass streamfunction
(as in Chapter 2, Section 2.3), which is a zonally averaged diagnostic, and the stationary

waves cannot be separated from the rest of the circulation using spectral diagnostics,
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as was done for Titan in Chapter 4. Consequently, the relative contribution of each of
the circulation components on tidally locked planets — namely, the superrotating jet,
stationary waves, and divergent circulation — to the total circulation, remains poorly

understood.

In this chapter, I will show how this issue can be addressed by partitioning the
circulation on tidally locked planets using a Helmholtz decomposition, which uniquely
divides the total circulation u = (u,v) into divergent (vorticity free) and rotational

(divergence free) components (Holton, 2004, Chapter 11):

Uu=ug+u,

= VPX +k x VPV/ (51)
Above, y is the velocity potential, and v is a streamfunction. y and y are obtained from

Vix=90 (5.2)
vyb=1¢ (5.3)

where & = V, - uq is the divergence and { = k - V, x u is the vorticity.

The utility of the Helmholtz decomposition for analysing circulation on tidally locked
planets is investigated by applying it to a well-studied simulation of a terrestrial planet,
run using the GCM Exo-FMS (Hammond and Pierrehumbert, 2018; Hammond et al.,
2020). Hammond and Lewis (2021) also present results from a simulation of a giant
gaseous planet (a hot Jupiter) run using the GCM THOR (Mendonga et al., 2016; Deitrick
et al., 2020), and these results are discussed in the text where they are relevant. Sec-
tion 5.2 describes the configuration of the Exo-FMS GCM, and also presents the model’s
basic atmospheric circulation. Section 5.3 presents the results of this study. Finally, in
Section 5.4 some opportunities for future work using the Helmholtz decomposition are

outlined, and the main conclusions of this chapter are summarised.

5.2 Description of numerical simulation

521  Model configuration

The GCM simulation was run using Exo-FMS (Hammond and Pierrehumbert, 2018),
which solves the primitive equations on a cubed-sphere grid with a vertical sigma-
pressure coordinate (Lin, 2004). Exo-FMS is configured as a dry model with no rep-
resentation of water vapour or cloud condensate, with the planetary and atmospheric

parameters listed in Table 5.1. The simulation has an orbital period of P = 10 days, which
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Table 5.1: Input parameters of

Parameter the Exo-FMS GCM simulation.
Radius a (m) 6.371 x 10°

Rotation rate Q (s7!) 7.29 x 107°

Gravitational acceleration g (ms™?) 9.81

Lower boundary pressure p, (Pa) 10°

Gas constant Ry (J kg_1 K™ 287

Specific heat capacity ¢, kg K™) 1005
Instellation F, (W m™2) 1000

is an approximate representation of a tidally locked Earth-like planet orbiting an M
dwarf, similar to the Trappist-1 planets (Figure 1.3 in Chapter 1; Gillon et al., 2017).

The simulation used for this work has the same configuration as the “1000 W m™2”

instellation experiment presented in Hammond and Pierrehumbert (2018). It uses
semi-grey two-stream radiative transfer scheme and dry convective adjustment (see
Section 6.2 in Chapter 6 for a description of the semi-grey radiative transfer formulation).
The atmosphere is assumed to be transparent to shortwave radiation (incoming stellar
radiation), and grey in the longwave (thermal emission), with grey optical depth 1, = 1
at the surface, which yields Earth-like surface temperatures. The surface albedo is set to
zero (the effect of albedo is folded into the instellation, as these parameters are degenerate

when the atmosphere is transparent to shortwave radiation).

Each of the six faces of the cubed-sphere grid has 48 by 48 cells, which corresponds
to an approximate latitude—longitude resolution of 1.9°, and the model has 48 levels
in the vertical. The simulation is stabilised with a fourth-order hyperdiffusion, with a
coefficient that is the same as that in the default distribution of the dynamical core (Lin,
2004). A linear drag is applied to the horizontal velocity at the surface on a timescale of

1 Earth days, which decreases linearly (in pressure) to a value of zero at 700 hPa.

The simulation was spun up for 1000 Earth days, until the total angular momentum
and total outgoing longwave radiation were equilibrated. The output data were then
taken as an average over the next 1000 days, and interpolated onto a pure pressure

coordinate prior to analysis.

5.2.2  Simulated circulation

Figure 5.1 shows the global circulation of the terrestrial planet GCM simulation
used for this study. The left-hand panel of Figure 5.1 shows the geopotential height and
horizontal velocity fields at 400 hPa, and the right-hand panel shows the zonal-mean
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Figure 5.1: The global circulation of the terrestrial tidally locked planet simulated using Exo-FMS. Left
panel: Geopotential height (colour contours) and horizontal velocity field (quivers) at 400 hPa. The
substellar point is located at (0°, 0°). Right panel: zonal-mean zonal velocity. The simulation features an
eastward equatorial jet and eastward hot-spot shift typical to tidally locked planets.

zonal wind. These fields show the key features of the circulation in the simulation: a hot
spot shifted eastward of the substellar point, stationary planetary-scale waves, and an

eastward equatorial jet.

5.3 Decomposition of circulation

In this section, the Helmholtz decomposition given by (5.1) is applied to the GCM
simulation shown in Figure 5.1. The horizontal wind is decomposed into its rotational
and divergent components in Section 5.3.1. In Section 5.3.2, the divergent circulation is
discussed in terms of a ‘tidally locked streamfunction’ which describes and overturning
cell featuring air rising on the day side and sinking on the night side. Finally, the
contributions of the rotational and divergent circulations to day—night heat transport

are evaluated in Section 5.3.3.

531 Application of the Helmholtz decomposition to horizontal velocities

Figure 5.2 shows u, and u4 for the terrestrial GCM simulation shown in Figure 5.1.
The rotational circulation is characterised primarily by zonal flow around the planet’s axis
of rotation, superimposed over a stationary wave pattern, and the divergent circulation
is characterised by roughly isotropic flow away from the substellar point. The analysis of

the hot Jupiter presented in Hammond and Lewis (2021) yields a similar decomposition.

The rotational circulation has two phenomenological components, which are man-
ifest in the zonal mean of u, and the eddy component of u, (Figure 5.3). The eddy
component corresponds to planetary waves, primarily stationary Rossby waves with
zonal wavenumber-1 (Showman and Polvani, 2011; Tsai et al., 2014; Hammond and

Pierrehumbert, 2018), which are excited by the divergent circulation (Sardeshmukh and
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Figure 5.2: Helmholtz decomposition of horizontal velocity u at 0.4 bar. Left panel: Rotational component
of u, u,. Figure 5.3 shows that this component is composed of the zonal-mean eastward equatorial jet and
a stationary wave with zonal wavenumber-1. Right panel: Divergent component of u, u4. At the pressure
level shown here, the divergent component is dominated by an isotropic flow away from the substellar
point (located at 0° longitude).

Hoskins, 1988). The zonal-mean component of u, corresponds to the zonal-mean super-
rotating jet, which is produced by momentum flux convergence at the equator associated
with the stationary waves (Showman and Polvani, 2010; Showman and Polvani, 2011).
The zonally-averaged meridional rotational velocity is zero, as v, = dy/dx vanishes
when integrated over longitude (assuming there is no surface topography to produce a
discontinuity in ).

Existing theory of the atmospheric circulation on tidally locked planets is built largely
on the results of shallow water models, which represent the first baroclinic mode of
an atmosphere as a single fluid layer (Chapter 2, Section 2.7). Showman and Polvani
(2011) show that forcing the shallow water system with a day-night heating contrast
produces stationary waves which converge westerly momentum towards the equator
that accelerate a superrotating jet. Tsai et al. (2014) and Hammond and Pierrehumbert

(2018) used shallow water modelling to show how a superrotating jet phase-shifts the
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Figure 5.3: The two physical components of the rotational circulation in Figure 5.2. Left panel: Zonal-
mean part of u,, u;, which is the eastward equatorial jet. Right panel: Eddy (total minus zonal mean)
part of u,, u,, which is dominated by a wave with zonal wavenumber-1.

105



5 Rotational and divergent circulation on tidally locked planets

106

stationary waves to produce as eastward hot spot shift (as in Figure 5.1). Each of these
shallow water models assumes that the atmosphere is dominated by a stationary wave
response with zonal wavenumber-1 and a zonal-mean zonal flow, and that these two
features have separable effects. They also exclude all aspects of the overturning circulation.
Figure 5.3 is therefore an important confirmation of the assumptions made in shallow
water models, as it shows that their stationary wave response corresponds to a specific
part of the rotational circulation, which is indeed dominated by a component with zonal
wavenumber-1. It also suggests that the overturning circulation is a physically distinct
feature from both the jet and stationary waves, so that it is reasonable to model the latter

components in isolation in a shallow water system.

Divergent horizontal motion occurs due to convergent vertical motion (ignoring
non-hydrostatic effects), and, phenomenologically speaking, the divergent circulation
in the Exo-FMS simulation corresponds to an overturning circulation driven by heating
at the substellar point. The divergent horizontal wind is shown in Figure 5.4 at three
different pressure levels: 250 hPa, 400 hPa, and 886 hPa, with the pressure vertical ve-
locity w underlaid as color contours (the quivers at 400 hPa are the same as those in
Figure 5.2). In the free atmosphere (250 hPa and 400 hPa), divergent horizontal motion
is primarily a flow away from the substellar point, where radiative heating is strongest
and air rises (negative w) and diverges. This flow extends roughly isotropically away
from the substellar point in all directions, before starting to subside on the night side
(positive w). In the boundary layer (886 hPa), air returns from regions of subsidence on
the night side towards the substellar point. The convergent return flow in the boundary
layer is roughly isotropic, like the divergent flow aloft. There is some anisotropy in
the boundary layer ascent (i.e., w) near the substellar point, which takes the form of a
wide, horseshoe-shaped feature. This feature appears similar in structure to a weather
front in the Earth’s atmosphere (Hoskins, 1982), and forms at the boundary where cold
air, advected from the night side by the rotational circulation (which is predominantly

westward in the boundary layer), meets the warm air near the substellar point.

At 400 hPa, it is notable that there are two main regions of convergence just beyond
each terminator, rather than a single region at the antistellar point, suggesting that the
overturning circulation is not sufficiently strong to reach all the way to the antistellar
point in the mid-troposphere for the specific terrestrial planet considered here. Higher up
in the atmosphere at 250 hPa, divergent flow extends further and convergence primarily
occurs near the antistellar point. The divergent circulation is slightly stronger going east

from the substellar point, compared to its westward part, likely due to the presence of the
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Figure 5.4: The spatial structure of the divergent circulation. Each panel shows vertical velocity (shaded)
and horizontal velocity (quivers). First to third panels: Latitude-longitude slices at 250 hPa (top left),
400 hPa (top right), and 886 hPa (bottom left), showing the day-night overturning cell. Fourth panel
(bottom right): the 400 hPa slice shown in tidally locked coordinates (see text; Koll and Abbot, 2015).

zonal-mean eastward equatorial jet; notably, this effect is more pronounced at 400 hPa

where the jet is stronger.

5.3.2  Overturning circulation in tidally locked coordinates

Past interpretation of the overturning circulation on tidally locked planets has de-
scribed the circulation as a superposition of various different overturning circulations.
Ascent on the day side paired with meridional horizontal motion and descent near the
poles has been described as a sort of Hadley circulation (Merlis and Schneider, 2010;
Edson et al.,, 2011; Heng et al., 2011; Carone et al., 2014; Haqq-Misra et al., 2018), and
overturning circulation in the zonal direction has been described as a Walker circulation
(Carone et al., 2014; Haqq-Misra et al., 2018), by analogy with their namesakes in the
Earth’s tropical atmosphere. On the night side, meridional motion has been described as
an ‘anti-Hadley circulation’ (Heng et al., 2011; Haqq-Misra et al., 2018). The analysis of
the divergent circulation presented here suggests that this interpretation of overturning
in a tidally locked atmosphere is overly complicated, and misleading; the overturning
circulation is not three different circulations, but instead a single thermally-direct and

(roughly) isotropic circulation from the day side to the night side.
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Given the roughly isotropic nature of the overturning circulation about the substellar
point, it is instructive to visualise it within a coordinate system that exploits symmetry
about the axis connecting the substellar and antistellar points. To do this, the GCM output
is transformed from latitude-longitude coordinates to the the ‘tidally locked coordinates’
of Koll and Abbot (2015). In tidally locked coordinates, latitude 9’ is measured as the
angle from the terminator, and longitude A’ is the angle about the axis connecting the

substellar and antistellar points. Mathematically, they are defined

9’ = arcsin (cos dcos 1), (5.4)
;o sin A
A = arctan (tan 9 ) . (5.5)

Lines at constant tidally locked longitude (i.e., tidally locked meridians) are arcs that

connect the substellar and antistellar points. Tidally locked velocities u’ and v’ are then

defined by
, ,DA" (9N u oA
u' =acosd D _COS9(8Ac059+890)’ (5.6)
and
,_ DY 99 u oY’
vV =a = v, (5.7)

Dt 9Acosd a9
in the A’ and 9’ directions respectively. The point (9’,1") = (0,0) is chosen to coincide
with the north pole. Note that the Helmholtz decomposition is invariant under the
coordinate system rotation from latitude-longitude to tidally locked coordinates. This
follows from the invariance of the V; operator under rotation, and the fact that as ¢ and

0 are scalar fields, they are also invariant under rotation by definition.

The bottom panel of Figure 5.4 shows the divergent velocity uq4 in the tidally locked
coordinate system at 400 hPa. Comparison with the upper right-hand panel in Figure 5.4,
which shows #4 in regular latitude-longitude coordinates, illustrates how moving to
tidally locked coordinates transforms the data. The substellar point, which was a point
on the equator in the latitude-longitude coordinate, is now a ‘pole’ in the new coordinate
system. Consequently, all substellar ascending vertical motion is now at 9’ = 90°. The
‘equator’ in the tidally locked coordinate system is the terminator. ‘North’ of the termina-
tor (i.e., on the day side), there is ascending vertical motion, and ‘south’ of the terminator
(i.e., on the night side), there is descending vertical motion. The dominance of substellar
to antistellar flow is clear in this coordinate system, taking the form of ‘southward’ flow
along lines of constant A’. The isotropic nature of the divergent circulation appears in

the form of approximate zonal symmetry in A’.
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Figure 5.5: Mass streamfunctions showing the structure of overturning circulation on a tidally locked
planet. Left panel: Tidally locked streamfunction ¥’ defined by (5.9). Right panel: Regular Eulerian mean
meridional streamfunction ¥ . Mass flux follows lines of constant ¥’ or . The direction of overturning
is indicated by arrows and the sign of the streamfunction. Positive values indicate clockwise motion,
negative values indicate anti-clockwise motion. Note that the colour scale differs in magnitude between
the two panels.

By analogy with the continuity equation in regular A-9 coordinates, the continuity

equation in tidally locked coordinates is

1 ou 1

_ / N 0w
acosS’WJracosgrw(v cos9’) + — = 0. (5.8)

op
Symmetry in the A’ direction motivates integrating (5.8) over A’, which enables the

definition of a tidally locked meridional mass streamfunction

2macosd’ [P
W= TS fo [v'], dp, (5.9)

where [ -],/ indicates an average over tidally locked longitude. ¥ is the total northward (in
the 9’ direction, i.e. towards the antistellar point) mass flux above a particular pressure

p» and mass flux in the 9’-p plane follows lines of constant V'.

The tidally locked streamfunction ¥’ is shown Figure 5.5. The overturning circulation
viewed in the 9’—p plane takes the form of a single overturning cell from the day side
to the night side, and reveals each of the features of the circulation inferred from the
A-9 slices of u4 and w which were shown in Figure 5.4. Air rises near the substellar
point (9’ = 90°), before moving towards the night side aloft. Descent begins as air passes
across the terminator (9’ = 0°), and eventually air enters a near-surface return flow back

towards the substellar point.

Visualising the overturning circulation in terms of ¥’ clearly captures the nature of
the circulation better than the regular meridional mass streamfunction (Equation 2.22;

also shown in Figure 5.5). The circulation strength indicated by ¥ is far weaker than
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that indicated by ¥’ due to cancellation between day side and night side meridional
mass fluxes. The regular streamfunction ¥ also captures none of the overturning in
the zonal direction, or cross-polar meridional motion. Day-night differences in the
overturning circulation have been described in previous works where V¥ is averaged over
a limited longitude range (i.e., over just the day side or night side; e.g., Heng et al., 2011;
Haqq-Misra et al., 2018). However, this approach is difficult to motivate, as ¥ is derived

by integrating the continuity equation over all longitudes.

53.3  Day-night heat transport

The instellation gradient between the day and night sides of tidally locked planets
naturally produces a day-night heat transport by the atmospheric circulation. This heat
transport is a key feature of these atmospheres, due to its effect on climate stability (pre-
venting night side temperatures from becoming so cold that the atmosphere condenses;
Heng and Kopparla, 2012; Wordsworth, 2015; Turbet et al., 2018) and observations of

thermal phase curves (Demory et al., 2016; Hammond and Pierrehumbert, 2017).

In the absence of a condensible substance, atmospheric circulation transports heat

by transporting dry static energy (DSE), defined as
s=c,T+¢, (5.10)

where T is temperature and ¢ is the geopotential. Local heating is due to the divergence

of the dry static energy flux, and, column integrated, the local energy budget is
(V, - (su)) + Fs - Forr = 0, (5.11)

where (-) denotes a vertical (mass-weighted) integration, Fs is the net radiative flux
entering the atmosphere due to instellation, and Foyy is the outgoing longwave radiation.
The meridional average of (5.11) is shown in Figure 5.6, decomposed into contributions
from the rotational and divergent circulations. This budget does not exactly sum to
zero, as there is a small residual introduced by re-gridding the model output data on the
cubed-sphere to a latitude-longitude grid.

The mean day side instellation is 315 W m™

, of which 70% is reradiated from the day
side and 26% is transported to the night side. Of the transport to the night side, 96% is
due to the divergent circulation, 6% due to the zonal-mean rotational circulation, and
—2% is by the eddy rotational circulation (i.e., heat is returned from the night side to the
day side). This is a surprising result, as Figure 5.2 shows that the divergent circulation is

significantly weaker than the rotational circulation in terms of absolute velocity. The
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Figure 5.6: The dry static energy budget for the Exo-FMS GCM simulation. The DSE is flux divergence is
decomposed into contributions from the zonal-mean rotational u, (red), eddy rotational ] (green), and
divergent u4 (blue), components of the circulation. The day-night heat transport is dominated by the
divergent circulation.

divergent heat transport is roughly symmetric in the eastward and westward directions,

reflecting the isotropic nature of the divergent circulation.

The dominance of the divergent circulation can be explained by the fact that the
atmosphere is in a weak temperature gradient (WTG) regime (Mills and Abbot, 2013;
Pierrehumbert and Hammond, 2019). In this regime, which is typical of planets that are
slowly rotating, the zonal momentum equation is dominated by a balance between the
local temperature gradient and a term that depends on the square of the local velocity
(rather than the Coriolis force; Hammond et al., 2020). This means that horizontal
temperature gradients are relatively small. Expanding the local heating due to the

divergence of the DSE flux as
Vo (su) =sVp-u+u-Vys (5.12)

shows that the contribution of the rotational velocity u, will only be through the second
term on the right-hand side, as V, - u, = 0 by definition. However, the horizontal gradient
of the DSE Vs is small in the WTG regime, so the heating due to the u - V,s terms
is small, meaning that the total heating due to the rotational circulation is small. On
the other hand, the divergent velocity u4 has non-zero divergence so contributes to
the local heating via both terms on the right-hand side of (5.12). This means that the
divergent circulation plays a dominant role in the energy budget, as sV, - u4 is much
greater than u, - Vs (or ugq - V,s). For the hot Jupiter simulation presented in Hammond
and Lewis (2021), most of the day-night heat transport (78%) is also due to the divergent
circulation, although not to the same extent as in the terrestrial simulation shown here;

this is because the hot Jupiter is less firmly in the WTG regime.
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5.4 Discussion

541 Summary

In this chapter, the atmospheric circulation on tidally locked planets has been anal-
ysed by applying the Helmholtz decomposition (5.1) to output from a GCM simulation
of a terrestrial, tidally locked planet.

This work has three main conclusions. First, the Helmholtz decomposition isolated
the three main components that make up the atmospheric circulation in the GCM
simulation - the superrotating jet, stationary waves, and overturning circulation (see
Figure 2.11in Chapter 2). The rotational velocities contain the jet (zonal-mean rotational)
and wavenumber-1 stationary wave response (eddy rotational), and the divergent veloci-
ties contains the overturning circulation. The stationary wave response corresponds is
the shallow water Rossby waves analysed by previous studies (Showman and Polvani,
2011; Tsai et al., 2014; Hammond and Pierrehumbert, 2018). The divergent circulation
is weaker than the rotational circulation, but not negligible, with velocities only a sin-
gle order of magnitude less than those associated with the rotational circulation. The
overturning circulation is similar in some respects to a combination of the Hadley and
Walker circulations on Earth. However, its isotropy means that there is little distinction
between overturning in the zonal or meridional directions. With this in mind, it is
suggested that it is not useful, and potentially misleading, to define distinct Hadley and
Walker circulations for tidally locked planets.

Second, the overturning circulation is represented naturally by a mass streamfunction
in tidally locked coordinates (Koll and Abbot, 2015), as it is dominated by isotropic
motion away from the substellar point. This reveals that the overturning circulation
is dominated by a single cell which features air rising near the substellar point and
descending on the night side. By contrast, the traditional zonal mean meridional mass
streamfunction defined in latitude-longitude coordinates fails to capture most of the
overturing and contains no information about cross-polar flow or overturning in the

zonal direction.

Third, for the terrestrial simulation analysed in this chapter (and also the hot Jupiter
in Hammond and Lewis, 2021), the divergent circulation dominates day-night heat
transport even when its absolute velocity is weaker than the other components. This is
due to the circulation occupying a weak temperature gradient regime, typical of tidally
locked planets (Pierrehumbert and Hammond, 2019), which inhibits advection of heat by

the superrotating jet (or stationary waves). The importance of the divergent circulation



Discussion 5.4

in the day—night heat budget for both the terrestrial case and the hot Jupiter illustrates
that each of the circulation components are important to the whole circulation, even in

regimes where one component has much higher velocities than the others.

5.4.2  Future work

A few opportunities for future research motivated by this study are now outlined.
First, in this chapter we have considered a single exemplar benchmark simulation of a
terrestrial tidally locked planet. While the terrestrial results presented here are given
some generality by their similarity with those obtained for the hot Jupiter presented in
Hammond and Lewis (2021), future work should explore this further by applying the
Helmholtz decomposition to simulations of different types of exoplanet spanning a wide
parameter space. In addition, simulations of the circulation on both terrestrial planets
and hot Jupiters have been shown to be sensitive to choices made in model configuration.
For example, the circulation of a hot Jupiter has been shown to be sensitive to imposed
drag and radiative timescales (Komacek and Showman, 2016) and the lower boundary
pressure (Carone et al., 2020). On terrestrial tidally locked planets, the presence of
absence of a land surface (as opposed to a homogeneous ocean surface) has been shown
to affect the atmospheric circulation (Lewis et al., 2018). Additionally, on habitable
planets, water vapour and clouds will likely influence the atmospheric dynamics and
heat transport, through both their radiative effects and the effect of latent heating (Merlis
and Schneider, 2010). The simulation analysed in this chapter is dry (i.e., there is no
water vapour or cloud condensate in the model atmosphere), and examining the effect
of moisture on the Helmholtz decomposition of the circulation and heat transport is an

obvious follow-up to this work.

The fact that the majority of day-night heat transport is due to the divergent circula-
tion, for both the terrestrial planet and the hot Jupiter, is an important result, as some
previous work studying day-night heat transport on tidally locked planets has focused
entirely on the role of the jet and stationary waves (Perez-Becker and Showman, 2013;
Hammond and Pierrehumbert, 2017; Mendonga, 2020). The red line in Figure 5.6 (minus
the known instellation) is related to the broadband thermal phase curve that could be
observed for the planet (Cowan and Agol, 2008; Koll and Abbot, 2015), and consequently
the energy budget can be constrained by observations. Phase curves observed from hot
Jupiters and high-temperature rocky planets (Demory et al., 2016; Kreidberg et al., 2019)
are already available and will increase in quality in the coming years (Bean et al., 2018).

Similar observations should become available for terrestrial tidally locked planets using
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next-generation observatories such as the James Webb Space Telescope (Deming et al.,
2009). Separating the contributions of the rotational and divergent circulations to heat
transport on tidally locked planets over a broad range of parameters could be crucial to
interpreting phase curve observations. Temperature and atmospheric circulation are
also related diagnostically through balances of terms in the momentum equations. In
Chapter 6, I will show that it is possible to partition the geopotential, and thus tem-
perature, into components associated with the rotational and divergent circulations
using diagnostic balance relations (Trenberth and Chen, 1988; Holton, 2004, Chapter
11). These physically-based temperature components could be used by future work as
basis functions for fitting thermal phase curves, which have previously been fitted to a
sum of spherical harmonics (Rauscher et al., 2018) that do not correspond to physical

components of the circulation.

In this chapter I have shown how the Helmholtz decomposition can be used to divide
the atmospheric circulation of tidally locked planets into distinct, physically meaningful
components, just as is done by dividing the circulation of non-tidally locked planets
into contributions from zonal jets, travelling waves, and meridional overturning. On a
tidally locked planet, the components isolated by the Helmholtz decomposition contain
the superrotating jet, stationary Rossby waves, and divergent (overturning) circulation.
Understanding each of these components is important, even in circumstances where
one or two components dominate the total circulation. It is hoped that the method and
results presented in this chapter will form a basis for future work on the behaviour of

each of these components, and their role in the global circulation.



— SIX —

Temperature Structure Associated with Circulation
Components on Tidally Locked Planets

The contents of this chapter are a modified version of N. T. Lewis and M. Hammond (2022):
Temperature Structures Associated with Different Components of Atmospheric Circulation on
Tidally Locked Exoplanets, submitted to The Astrophysical Journal (pending first referee report).

Author contributions: NTL proposed the research. NTL designed and ran the numerical experi-
ments, conducted the analysis, and wrote the paper. MH proof read the paper, and advised on the
interpretation and discussion of results.

6.1 Introduction

idally locked exoplanets can be characterised by measuring their thermal emission
T (Burrows, 2014; Crossfield, 2015). Time-resolved observations of thermal emission
are known as thermal phase curves, and show the disk-integrated infrared flux emitted
from a planet as it orbits its host star (Cowan and Agol, 2008; Demory et al., 2016),
revealing the longitudinal structure of its brightness temperature. Eclipse maps show
the two-dimensional structure of brightness temperature on a planet’s day side (Majeau
et al., 2012).

Atmospheric temperatures and atmospheric circulation are closely related. This is
not only due to the ability of an atmosphere to transport heat (Koll and Abbot, 2016), and
thus maintain a temperature structure against differential heating and cooling (Showman
et al., 2013), but also through the pressure gradient forces in the horizontal momentum
equations. These pressure gradient forces mean that any distribution of winds must be
balanced by a particular temperature distribution. The most familiar example of such a

balance is the geostrophic thermal wind relation (Holton, 2004, Chapter 3)

ou _RE)T ov R 0T

falnp_zﬁ; falnp:_acos9ﬁ;

(6.1)

which can be derived by assuming the flow is in hydrostatic and geostrophic balance. The
thermal wind relation states that vertical variation in the horizontal wind u = (u, v) must
be accompanied by horizontal variation in the temperature T'. The utility of geostrophic
balance itself is limited to scenarios where the Coriolis term is dominant in the momen-

tum equations, but the requirement that accelerations in the horizontal momentum
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equations are balanced by horizontal pressure contrasts is a generic one. In this chapter,
I will show how an understanding of the balances between different components of the
horizontal velocity field and atmospheric temperature aids interpretation of observations

of thermal emission from extrasolar planets.

Chapter 5 showed that each of the circulation features on tidally locked planets - the
superrotating jet, stationary Rossby waves, and divergent circulation — can be separated
out from one another using a Helmholtz decomposition, which divides the horizontal
velocity into a rotational (divergence free) and divergent (vorticity free) component.
The zonal-mean zonal jet and stationary Rossby waves are contained within the zonal-
mean and eddy components of u, = u, + u/ respectively, and the divergent circulation
(comprising, e.g., thermally-direct overturning; cf. Chapter 5, and Kelvin waves; see

Appendix 6.A) is contained within u4.

The aim of this chapter is to use the Helmholtz decomposition to understand how
different components of atmospheric circulation contribute to the distribution of at-
mospheric temperature, and by extension thermal emission, on tidally locked planets.
This is achieved by decomposing the geopotential ¢ into a component that is balanced
by purely rotational winds (‘the rotational geopotential’), and a component that is due
to divergent winds and rotational-divergent interactions (‘the divergent geopotential’)
(Section 6.3; see also Trenberth and Chen, 1988). The hydrostatic relation

o _
dlnp

-RT (2.2, revisited)

is then used to split the global temperature field into rotational and divergent components
(Section 6.4). Finally, the contribution of each temperature component to simulated
thermal phase curves is evaluated by linearly expanding F = ¢ T* around the horizontally
averaged temperature T, (Section 6.5). The chapter concludes with a summary of the

key results of this work (Section 6.6).

In each section, the diagnostics are applied to idealised general circulation model
(GCM) simulations of atmospheric circulation on dry, temperate terrestrial tidally locked
planets. The model is constructed using the Isca modeling framework (Vallis et al., 2018),
and is described in detail in Section 6.2. Results are presented from four simulations with
different rotation periods, P = 4, 8, 16, and oo days (i.e., zero rotation). The zero-rotator

is included to illustrate the effect of rotation in the other simulations.

In this chapter, results are only presented from simulations of terrestrial planets.

However, there is no reason why the techniques described herein cannot be applied to
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gaseous planets (e.g., hot Jupiters or mini Neptunes) and this is something I aim to do in

the near future.

6.2 Model description

The GCM simulations analysed in this chapter were configured and run using Isca,
which is a a framework for building idealised general circulation models of varying
complexity (Vallis et al., 2018; also used in Chapter 3). In the present study a dry GCM
configuration is used, i.e., water vapour and moist processes are not included in the
model atmosphere. The model is configured to simulate the atmospheric circulation of
terrestrial planets with a lower boundary modeled as a ‘slab ocean All planetary param-
eters aside from the rotation rate and properties of the stellar irradiation (e.g., radius,
surface pressure, gravitational acceleration) are set to be those of the Earth. Four rotation
periods are used, P = 4, 8, 16, and oo days, and the distribution of stellar irradiation is
set to be that of a tidally locked planet (defined below). The main components of the

model are described below.

6.21  Dynamical core

Isca uses a pseudospectral dynamical core to integrate the primitive equations
forwards in time (described in more detail in Chapter 3). The vertical coordinate used is
a terrain-following ‘sigma’ coordinate, defined o = p/p,, where p is pressure and py is
surface pressure. The simulations presented here use a T42 triangular truncation, which
corresponds to approximately 2.8° latitude-longitude resolution, and 25 unevenly spaced
levels in the vertical, distributed according to ¢ = exp[—-5(0.05Z + 0.952%) ] where Z is
equally spaced in the unit interval. A V# hyperviscosity term is applied to the momentum
and thermodynamic equations operating on a timescale of 0.1 days at the grid scale.
Prior to analysis, the model output is interpolated from the model’s sigma coordinate to

a pure pressure coordinate.

6.2.2  Radiative transfer

The model uses a semi-grey radiative transfer code to model radiative heating and
cooling. Radiative fluxes are split into two wavelength bands: one covering longwave
(thermal emission) wavelengths, and the other covering shortwave (stellar heating)

wavelengths.

In the shortwave band, the atmosphere is assumed to be transparent, and all incoming

radiation is absorbed at the surface (i.e., the surface albedo has been folded into the
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solar constant). The instellation at the top-of-atmosphere is imposed with the following

distribution, appropriate for a tidally locked planet:

Socosdcos(A—-A on the day side,
S _ 0 ( 0) Y (6.2)

0 on the night side,

where 1y = 0° is the substellar longitude, and Sy = 1000 W m ™2,

In the longwave band, upward and downward radiative fluxes are computed accord-

ing to
N
drt =F'-oT* (6.3)
dr
!
drt =oT*-F* (6.4)
dr

where 7 = 7o(p/po) is the longwave optical depth and 7, = 1 is the optical depth at
Po = ps- The longwave radiative heating in the model is then
T Fd
ot Cp op
The boundary conditions for the longwave fluxesare F*(p = 0) = 0Oand F'(p = p;) = 0 T2

where T; is the surface temperature.

6.2.3  Surface energy budget, boundary layer sensible heat transport, and convection

The surface is modeled as a static slab ocean that can exchange energy with the atmo-
sphere in the vertical but cannot transport heat horizontally. The surface temperature

evolves according to

0T,
ey =S+F, -oT!-H (6.6)

where C is a specified heat capacity that corresponds to an ocean mixed-layer depth of

C

2.5m, F}_is the downward flux of longwave radiation incident on the surface, and # is

the surface sensible heat flux. # is computed according to
H= PanC ‘ua’ (Ts - Ta) > (67)

where p is the density, the subscript @’ indicates quantities that are evaluated at the lowest

model level, and C = 0.001 is a dimensionless bulk transfer coeflicient.

Turbulent vertical transport of heat within the boundary layer is parametrised fol-
lowing Thatcher and Jablonowski (2016) as

Dr=w'0 = —/c%, (6.8)
0z
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where z is height, w = Dz/Dt is the vertical velocity, and 6 is the potential temperature.

The diffusion coefficient K is calculated according to

C|ua|za fOI'p >pr1’

2
C|u,| z, exp [— (%) ] for p < pubi.

(6.9)

Ppbl = 850hPa is the top of the boundary layer, and pge = 100 hPa controls the rate
of decrease of boundary layer diffusion with height. The contribution to the model

temperature tendency from the boundary layer diftusion is then

of ., 99Dr

Fri ¢ ap (6.10)

Finally, the model includes a dry convection scheme, which instantaneously restores
the atmospheric temperature structure to the dry adiabat whenever it is convectively

unstable.

6.2.4  Surface friction and sponge layer

Surface friction is parametrised following Held and Suarez (1994) as a linear Rayleigh

drag
ou
oMk 6.11
5 fu (6.11)
where ks is defined as
k¢ = k¢s max (0, m) . (6.12)
1- Op

ke, = 1day ™ is the drag timescale at the surface, and the top of the frictional boundary
layer is located at oy, = 0.7. A linear drag is also applied in the upper atmosphere above
Psponge = 50hPa following Polvani and Kushner (2002), which damps the horizontal
winds on a timescale of 0.5 days . This acts as a sponge layer, and is included to suppress

wave reflection at the top of the model atmosphere.

6.3 Rotational and divergent geopotential components

6.3.1  Definition of rotational geopotential

The horizontal momentum equations (Equation 2.1 in Chapter 2) can be written in
the form (Holton, 2004, Chapter 4)

—+w—p+(f+C)k><u:—Vp(¢+%!u\2)—kfu, (6.13)
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where |u|? = u? +v?, and k¢ is a linear drag coefficient that is non-zero close to the surface.
Equations for the vorticity { = k- V, x u and divergence § = V, - u can then be obtained
by taking k - V,, x (6.13) and V, - (6.13), respectively,

—D(fD:C)+(f+()8+k~(3—:><va)=—kff, (6.14)

2
i

%+vp.(wg_;)+vp.[(f+()kxu] :—V‘g (¢+u7)—kf8 (615)

The geopotential ¢ does not appear in the vorticity equation (6.14), and thus all of the
dynamics that determines ¢ is described by the divergence equation (6.15).

In order to separate the geopotential into components associated with the rotational

and divergent winds, u = u, + ug4 is substituted into Equation (6.15), which yields

00 0 (u,
2o [o2 g () - [Tl @
v v
—V§[¢+ PZ + Pz +J (v, x) | - k¢d

where y is a streamfunction and y is the velocity potential function, as in Chapter 5.
J(y, x) = k- (V,¥ x V,x) is the Jacobian, and 8 = a719f/09. A derivation of (6.16) is
given in Appendix 6.B.

To decompose the geopotential into components associated with the rotational
and divergent circulation, it can be expanded as ¢ = ¢ + ¢, + d4, where ¢o(t, p) is
the horizontal-mean geopotential, which does not contribute to (6.16) as Vp2¢0 = 0.
Following Trenberth and Chen (1988), the ‘rotational geopotential’ is defined to be the
component of ¢ which is balanced by purely rotational circulation (with no vertical

motion). When applied to (6.16), this definition yields the following equation for ¢,

2
%]
Ve =V, [(f + Vi) Vpy] - V2 (T) : (6.17)
This equation is called the non-linear balance equation (Lorenz, 1960) and takes the
place of the divergence equation for purely non-divergent horizontal circulation (see,
e.g., Holton, 2004, Chapter 11). For stationary circularly-symmetric flow, it is equivalent
to the gradient wind approximation. If the streamfunction y (i.e., the rotational wind

distribution) is known, then (6.17) can be inverted to obtain ¢,.
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6.3.2  Divergent geopotential

Given the rotational geopotential as defined by (6.17), the ‘divergent geopotential’ is
then defined following Trenberth and Chen (1988) to be that obtained as a residual from

¢a=¢—(Po+¢r). (6.18)

The remaining terms in (6.16) which determine ¢4 involve terms that are purely divergent,

and terms due to interaction between the rotational and divergent winds.

6.3.3 A note on the meaning of balances in the divergence equation

In the next subsection, the definitions (6.17) and (6.18) are used to partition the
geopotential in the GCM simulations into rotational and divergent components, and
the terms in (6.16) and (6.17) that contribute the most to the decomposed height fields
are discussed. In anticipation of this, it is important to note that a large term in, e.g.,
Equation (6.17), which defines ¢, does not necessarily correspond to a dominant balance
in the momentum equation for u,. This is because an additional term is introduced if
(6.17) is integrated to obtain an equation for u,; the same applies if (6.16) (minus the
solely rotational terms) is integrated to obtain an equation for ug4. This is illustrated for
the linearised shallow water equations on the sphere in Appendix 6.A. In this appendix I
also show that the momentum equations for u, and u4 can be used to understand the
dynamical balance that supports the existence a linear Kelvin-like wave on the sphere,

in the absence of drag.

6.3.4  Application to simulations

Figure 6.1 shows the horizontal wind u = (u, v) and geopotential height z in the mid-
troposphere (p = 480 hPa) for each GCM simulation. The full circulation is shown in the
top row, and subsequent rows show the rotational circulation - split into contributions
from the zonal-mean (jet) and eddies (stationary waves) — and the divergent circulation.
Figure 6.2 shows the vertical structure of the full circulation, eddy rotational circulation,
and divergent circulation averaged between +40° latitude. In the P = 4 days simulation,
the circulation is mostly contained within the rotational component, whereas in the
P =8 and P = 16 days simulations it is more evenly divided into rotational and divergent
contributions. Finally, the circulation in the P = co days simulation is purely divergent.
In this subsection, the important features of the circulation components shown in
Figure 6.1 and Figure 6.2 are described. Appendix 6.C is referred to throughout; it
contains additional analysis of the contributions of individual terms in the expanded

divergence equation (6.16) to each of the rotational and divergent height fields.
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Figure 6.1: Geopotential height (contours) and horizontal velocity (quivers) at p = 480 hPa for each
GCM simulation. For each simulation, full fields are shown in the top row. The next three rows show the
zonal-mean rotational circulation, eddy rotational circulation, and divergent circulation. Note that the
circulation in the P = co days simulation has no rotational component.

The zonal-mean rotational height field ¢_ in each of the P = 4, 8, and 16 days

simulations is in approximate geostrophic balance with the zonal-mean rotational wind

Uy
10¢,

fem =59

which gives rise to a local height maximum centred on the equator, associated with the

(6.19)

superrotating equatorial jet (Hammond and Pierrehumbert, 2018). In the P = 4 days
simulation there are additional retrograde jets poleward of £50° in each hemisphere
which lead to a secondary maximum in the zonal-mean rotational height field at each

pole.

The eddy-rotational circulation in each simulation has a horizontal wind and geopo-
tential structure characteristic of a stationary equatorial Rossby wave. The longitude of
the eddy rotational height maximum is located eastwards of the substellar point due to
a phase-shift by the zonal-mean zonal wind (Tsai et al., 2014). For the rapidly rotating
P = 4 days case, the structure and phase offset of the Rossby waves is very similar to
that obtained in a linearised shallow water model with a prescribed background jet (e.g.,
Figure 10 in Hammond and Pierrehumbert, 2018). As the rotation period is reduced, the
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Figure 6.2: Geopotential height (contours) and velocity (4, w; quivers) in the longitude-pressure plane,
averaged between +40° latitude, shown for each GCM simulation. The top row shows the full circulation.
Contributions to the full circulation from the eddy-rotational and divergent components are shown in
the next two rows. Data is averaged over the tropics only in order to show the baroclinic structure of the
eddy rotational wind.

Rossby lobes with a positive geopotential anomaly become elongated with respect to
those with a negative geopotential anomaly. Similar phenomenology is also exhibited in
the GCM simulations presented in Edson et al. (2011, see their Figure 5). In Appendix 6.C
it is shown that this is due to non-linear effects by partitioning the rotational height into
contributions from the linear and non-linear terms in the non-linear balance equation
(6.17). In the vertical, the stationary Rossby waves have a wavenumber-1 modulation
(Tsai et al., 2014), as can be identified in the second row of Figure 6.2 (most clearly

evident in the P = 4 and 8 days simulations).

The divergent circulation generally displays the most complex structure of all of
the circulation components in Figure 6.1 and Figure 6.2. The exception to this is the
P = oo days simulation, for which the circulation is purely divergent and takes the form
of a single isotropic, thermally-direct, overturning cell that features air rising on the
day side, near the substellar point, and sinking on the night side (cf. Chapter 5). The
geopotential structure associated with the overturning circulation is predominantly
associated with the V, - (wduq/dp) term in (6.16), which is dominant in regions of ascent
and descent. In the boundary layer the surface friction term is important, and in the
outflow regions aloft the horizontal non-linear -V, [|V, x|*/2] term is important (see
Appendix 6.C).
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The balance of terms in the expanded divergence equation (6.16) for the P = 16 days
is similar to that in the zero-rotation simulation. In particular, the V, - (wouga/dp) term
is still important in these simulations in the region of strong ascent near the substellar
point, and the general characteristics of the divergent circulation are the same as those
described as overturning circulation in Chapter 5. However, additional terms in (6.16)
that describe interactions between the rotational (mostly %,) and divergent circulations
are also important (Appendix 6.C), which suggests that the overturning circulation in

the P =16 days is ‘tipped over’ by the eastward superrotating jet.

Finally, in the P = 4 days simulation, the structure of the divergent height field
is very different from that in the P = 16 or P = oo days simulations, and is harder to
interpret. Both its horizontal and vertical structure are somewhat wave-like, although
very different to the structure of a linear Kelvin wave on the equatorial beta plane (e.g.,
as in Chapter 2, Figure 2.7). In Appendix 6.C it is shown that the total divergent height
structure shown in Figure 6.1 and Figure 6.2 for the P = 4 days simulation is mostly due
to the linear uy4f8 term, which takes the form of a Kelvin wave in a linearised shallow
water model (Appendix 6.A), and terms describing interaction between rotational and
divergent horizontal winds. Finally, in the P = 8 days simulation, the divergent height
field has features that are characteristic of both the slowly rotating simulations, with
thermally-direct overturning, and the P = 4 days simulation, with non-linear and wave-

like contributions to the height, suggesting that it resides in an intermediate regime.

6.4 Relationship between geopotential components and temperature

In this section, the hydrostatic relation is used to obtain components of the atmo-
spheric temperature that are associated with the rotational and divergent geopotential
components. This is achieved by requiring that each component of the geopotential
(¢o, ¢ and ¢gq) is in hydrostatic balance with the corresponding component of the
temperature (Ty, T, and Ty), i.e.,

aal% - RTy 2P o _pp, 9%

Understanding how each component of the circulation contributes to atmospheric

% Bnp " 3lnp

= —RTy. (6.20)

temperature structure is important for interpreting observations of thermal emission
from tidally locked planets, such as eclipse maps (Majeau et al., 2012) and phase curves
(Cowan and Agol, 2008; Demory et al., 2016; Morris et al., 2022).

Figure 6.3 shows the temperature structure in the lower troposphere (p = 750 hPa)

for each GCM simulation. As with the geopotential height shown in Figure 6.1, the
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Figure 6.3: Temperature at p = 750 hPa for each GCM simulation. For each simulation, full fields are
shown in the top row. The next three rows show the zonal-mean rotational circulation, eddy rotational
circulation, and divergent circulation, respectively.

temperature is decomposed into contributions from the zonal-mean and eddy rotational
circulations, and the divergent circulation. Figure 6.4 shows the vertical structure of
the full circulation, eddy rotational circulation, and divergent circulation, averaged
meridionally over all latitudes for consistency with the disk-integrated phase curves

shown later.

Generally, the horizontal and vertical structures of the temperature components
shown in Figure 6.3 and Figure 6.4 are similar to the structure of the height components
shown in Figure 6.1 and Figure 6.2. The main difference between them is a phase offset in
their vertical structures, which appears as the temperature is obtained from the vertical
derivative of the geopotential (this is why the temperature in Figure 6.3 is plotted deeper
in the atmosphere than the height field in Figure 6.1).

In each of the simulations with rotation, there is an eastward hot spot shift from the
substellar point. In the P = 8 and 16 days simulations, this is almost exclusively due to the
rotational standing Rossby waves which are phase-shifted eastwards from the substellar
point by the zonal-mean jet (Tsai et al., 2014; Hammond and Pierrehumbert, 2018). The
zonal-mean rotational temperature that balances the zonal-mean rotational wind cannot

contribute a longitudinal shift to the temperature structure by definition, although it does
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Figure 6.4: Temperature (contours) in the longitude—pressure plane, averaged meridionally from pole to
pole (£90° latitude), shown for each GCM simulation. The top row shows the full circulation. Contribu-
tions to the full circulation from the eddy-rotational and divergent components are shown in the next
two rows.

contribute towards ‘brightening’ (i.e., warming) the equator with respect to the poles in
the zonal-mean. The divergent temperature structure in the P = 16 days simulation is
similar to that of the P = co days simulation which only features overturning circulation.
The overturning circulation is a direct response to heating at the substellar point, and
it appears that this strong coupling to the surface prevents it from being phase-shifted

much by the jet.

By contrast, in the P = 4 days simulation, the divergent temperature structure has a
greater eastward shift than the eddy rotational circulation (which is now only shifted by a
few degrees longitude from the substellar point), although its amplitude is comparatively
lower. The eastward shift of the divergent temperature in this simulation is consistent
with the wave-like nature of its divergent circulation and height field, discussed in the
previous section. The temperature structure associated with the zonal mean rotational
circulation is also different to that in the P = 8 and 16 days simulations, due to the
retrograde jets that exist in this simulation in mid-latitudes, and now contributes a

brightening to both the equator and the poles, relative to the mid-latitudes.
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6.5 Thermal phase curves

Thermal phase curves show the infrared flux emitted from a planet as it orbits its star.
As a planet progresses through its orbit we see emission from different angles, so these
observations characterise the longitudinal distribution of temperature on extrasolar
planets (Cowan and Agol, 2008; Koll and Abbot, 2015).

In this section, thermal phase curves are computed from the decomposed tem-
perature structures under the approximation that the broadband thermal emission I

originates from a specific radiating level py,q:

I' (p:prad) =oT* (pzprad)’ (6.21)

to show how each component contributes to their observable features. The thermal
phase curves are computed using a radiating level to simulate observing at a wavelength
at which the atmosphere is optically thick, instead of using the model’s actual semi-
grey outgoing longwave radiation (OLR). This is because the OLR in the simulations
used for this work is dominated by the surface emission, and so is not an instructive

demonstration of the potential contribution to the phase curve from the atmosphere.

As (6.21) is non-linear in T, the contributions to I' from each of T, and T, cannot

be easily separated. To make progress, (6.21) is approximated by the linear relation
"'~ 0Ty +40T; (T-Ty) =0Ty +40Ty (T, + Ty) , (6.22)

where T is the horizontal mean temperature. Normalised thermal phase curves are then

computed according to

RIS
(8= — [ I' cos (A + £) cos? 9 d9 dA. (6.23)

no Ty J-t-rfp J-npr
where & is the phase angle of the planet in its orbit (Cowan and Agol, 2008).

Figure 6.5 shows phase curves computed for each GCM simulation using (6.23),
for a radiating level located at p = 750 hPa, which corresponds to the level for which
the horizontal temperature structure was shown in Figure 6.3. Solid black curves show
the phase curve computed using the non-linear expression given by (6.21), and dashed
grey curves show the phase curve computed using the linear approximation given by
(6.22). There is generally good agreement between the phase curves computed using
the non-linear and linear expressions, and the difference between the two is reduced
with increasing rotation period as deviations from the horizontal-mean temperature

become smaller. This shows that the decomposition of the phase curve into rotational
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Figure 6.5: Phase curves calculated using the broadband thermal emission from a radiating level at
Prad = 750 hPa, for each GCM simulation. The secondary and primary eclipses would be at phase 90° and
—90°. The solid black curve shows emission calculated using the full temperature field, and the dashed
grey curve shows emission using the linear approximation given by (6.22). The dashed red and blue
curves show the contributions to the linear approximation from the rotational and divergent temperature
fields, respectively.

and divergent components by the linear approximation is useful for the simulations
considered here. For hotter planets, it may be necessary to include higher order terms in

the approximation given by (6.22).

The contributions from the rotational and divergent components of the temperature
to the linear approximation are shown in Figure 6.5 as dashed red and blue lines, respec-
tively. In each simulation with rotation, the amplitude of the rotational contribution to
the phase curve is larger than that of the divergent contribution, and leads to a negative
offset in the phase curve peak from & = 90° (corresponding to an eastward hot-spot shift
in the temperature maps shown in Figure 6.3). As discussed in Section 6.4, this is entirely
due to the phase-shifted Rossby waves, as the temperature structure that balances the jet
cannot itself contribute a direct hot-spot shift by definition (although it is the velocity of
the jet that phase-shifts the waves).

The negative phase offset associated with the stationary Rossby waves increases
monotonically with increasing period. However, this trend is not reflected in the full
phase curves, due to contributions from the divergent circulation. In the P = 4 days
simulation, the divergent circulation, which in this simulation resembles a non-linear
wave that is phase-shifted eastwards, also contributes an eastward phase shift, that is in
fact larger than that associated with the rotational circulation. This means that the peak
of the full phase curve has a greater negative phase offset from & = 90° than it would if
only the rotational circulation (stationary Rossby waves) contributed. By contrast, in
the P = 16 days simulation, the divergent circulation now takes the form of overturning
circulation, and is restricted to be close to the substellar point, due to strong coupling

between the overturning circulation and the instellation. This means that the divergent
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contribution to the phase curve is not offset from & = 90°, and the full phase curve has a

lesser negative phase offset than it would if due to the stationary Rossby waves alone.

The vertical temperature structure shown for each simulation in Figure 6.4 indicates
that the phase curves in Figure 6.5 will depend strongly on the choice of radiating level.
To illustrate this an additional phase curve is shown in Figure 6.6 for the P = 4 days
simulation, this time for p,,q = 200hPa. In this figure, the sign of the normalised
flux associated with the rotational circulation is essentially flipped with respect to that
shown in Figure 6.5, and the peak of the full phase curve has a positive offset from
& = 0°, which would correspond to a westward hot-spot shift in temperature. This is
due to the wavenumber-1 structure of the stationary Rossby waves in the vertical (see
Figure 6.4), which means that they can contribute either a negative or a positive shift to
the phase curve peak depending on the exact pressure level from which they contribute
to thermal emission. This is a key result of understanding thermal phase shifts as due to
stationary wave shifts rather than heat advection by a jet, and is a potential explanation

for unexpected observations of westward phase shifts (Dang et al., 2018).

6.6 Summary

The work presented in Chapter 5 showed that the Helmholtz decomposition u =
u, + uq is a useful tool for separating out different components of the atmospheric
circulation on tidally locked planets. The jet and stationary Rossby waves are contained
within u, and divergent circulation is contained within uy4, which takes the form of
thermally-direct overturning for slowly rotating planets (e.g., our P = 8 and P =16 days
simulations; see also Chapter 5), but has a complex linear Kelvin / non-linear wave
structure for more rapidly rotating planets (cf. our P = 4 days GCM simulation, and the

shallow water results in Appendix 6.A).

The objective of this chapter was to build upon Chapter 5 by relating the atmospheric

temperature structure to each of the circulation components contained within u, and u4.

129



6  Components of atmospheric temperature on tidally locked planets

130

This was achieved by defining rotational and divergent components of the geopotential
using balance relations in the divergence equation, which were then used to define a

temperature decomposition via the hydrostatic relation.

Decomposed temperature maps (Figure 6.3) computed from idealised GCM simula-
tions of atmospheric circulation on terrestrial tidally locked planets show that both the
rotational and divergent circulations make non-negligible contributions to the horizontal
temperature structure. Understanding what determines the relative strength of these
circulations, and how they depend on planetary parameters, will be crucial for correctly
interpreting observations of thermal emission such as phase curves (Cowan and Agol,
2008) and eclipse maps (Majeau et al., 2012).

The analysis presented in this chapter shows that both circulation components can
contribute to the hot spot shifts that have been inferred from observations of thermal
emission (e.g., Demory et al., 2016) (Figure 6.3 and Figure 6.5). In the GCM simulations,
both the rotational circulation and the divergent circulation contribute an eastward
hot spot shift if thermal emission is assumed to come from the lower troposphere
(p =750hPa). For the P = 8 and P = 16 days cases, the hot spot shift is almost entirely
due to the rotational stationary Rossby waves (which are phase-shifted eastwards by the
superrotating jet). In the P = 8 days case, this is because the amplitude of the rotational
temperature component is much larger than the divergent temperature component.
In the P = 16 days case, both components have a similar amplitude, but the divergent
component does not contribute a hot spot shift as it is dominated by thermally-driven
overturning, which means it is strongly coupled to the pattern of instellation which is
centered on the substellar point. By contrast, in the P = 4 days simulation, both the
rotational component and the divergent component (which is now more wave-like)
contribute an eastward hot spot shift if emission is from the lower troposphere. However,
it is shown that the rotational component can also contribute a westward hot spot shift
if emission comes from higher up in the atmosphere (Figure 6.6), which is due to its

wavenumber-1 structure in the vertical (Figure 6.4).

Based on the results presented in this chapter, it is suggested that the temperature
structure of the atmosphere of a tidally locked planet can be divided into four physically

meaningful components:

1. The overturning divergent component, providing a temperature peak at the sub-

stellar point and uniform temperature elsewhere.

2. A wave-like divergent component, providing a zonal wavenumber-1 sinusoidal



temperature modulation, maximal on the equator which can be phase-shifted by

a zonal jet.

3. The Rossby-wave-like eddy rotational component, providing a zonal wavenumber-
1 sinusoidal temperature modulation with maxima off the equator, which can be

phase-shifted by a zonal jet.

4. The zonal-mean rotational component, i.e. the zonal jet, providing a zonally
uniform temperature field with a meridional gradient determined by the gradient
of the jet itself.

These components could be used to fit thermal phase curves or eclipse maps with
physically meaningful functions. It is hoped that the techniques and analysis presented
herein will be of use for interpreting observations of thermal emission on tidally locked

planets.

Appendices for Chapter Six

6.A Rotational and divergent circulations in linear shallow water

In this appendix, the linearised shallow water equations on the sphere are used
as an example to show how partitioning the height field into rotational and divergent
components can be used to obtain momentum equations for the rotational and divergent
wind. These equations are then used to interpret the existence of a steady linear Kelvin
wave in the spherical geometry, in the absence of drag, which does not exist on the

equatorial beta plane.

In the absence of friction, the linearised shallow water equations may be written
(Vallis, 2017, Chapter 3)

_at + fk xu=-gvy, (6.A.1)
on
— +Hé=Q. 6.A.2
T Q (6.A.2)

Above, 7 is the free surface displacement (or height), H is the mean fluid depth, and Q

is a mass source or sink term.

131



6  Components of atmospheric temperature on tidally locked planets

132

As with the primitive equations, equations for the vorticity and divergence can be
obtained by taking k - V x (6.A.1) and V - (6.A.1), respectively,

%+f8+(vr+vd)/3:0, (6.A.3)
g—f ~V-[fVyl+uap=-gvin. (6.A.4)

Assuming a steady state, the divergence equation can be partitioned into two equations

that define the rotational and divergent height, #, and 74:

V-[fvy] = gVines  —uaf = 9V e (6.A.5)

which can then be integrated to yield momentum equations for the rotational and

divergent circulations in a steady state (Trenberth and Chen, 1988)

fkxu =-g(Vn, +kxVy), (6.A.6)
fkxug=-g(Vna-kxvy), (6.A.7)

where y is defined by
gv*y = Puc == (f8+ pva). (6.A.8)

Equation (6.A.8) can be obtained by taking the curl of either (6.A.6) or (6.A.7), and the

second equality comes from the vorticity equation in steady state.

Equations (6.A.6) and (6.A.7) each contain an additional term involving the potential
function y, when compared with the momentum equation for the full horizontal velocity
u. These terms arise as an integration constant and are due to the variability of f with
latitude, and their proper representation is contingent on working in a spherical geometry
(Trenberth and Chen, 1988).

Figure 6.A.1 shows horizontal velocity and height fields from a linear shallow water
simulation using the GFDL spectral shallow water model. The model was run with T85
resolution for 500 days, and the output shown is averaged over the final 100 days of the

run. The mass source term is configured for a tidally locked planet as
Q= Tea” M (6.A.9)
Trad

following Perez-Becker and Showman (2013), where 74 is given by

H + AfjeqcosAcos 9 on the day side,
Heq = (6.A.10)
H on the night side.
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Figure 6.A.1: Free surface displacement (height; colour contours) and horizontal velocity (quivers)
obtained in a linear shallow water simulation without drag (P = 8 days, Earth’s radius). The height and
velocity fields are decomposed into eddy rotational (center panel) and divergent (right panel) components.
The zonal-mean rotational component is small and so is not shown.

Aneq is the difference in the radiative equilibrium height between the substellar point
and the terminator. In (6.A.9), T..q is the radiative relaxation timescale. The GFDL
model solves the full non-linear shallow water equations, and the solution was kept
in a linear regime by using a small forcing amplitude, #.,/H < 1, following Perez-
Becker and Showman (2013). An important feature of the model is that it does not
include a linear drag (i.e., Tarag = 00 in Perez-Becker and Showman, 2013). The planetary
parameters used for this simulation were: a = 6.371 x 10°m, P = 8 days, and g =
9.81m s72. The equilibrium height was H = 10000 m, the magnitude of the forcing was
Afeq = 10 m, and the radiative timescale was 7,,q = 0.1 days. These parameters were
chosen for demonstrative purposes as they give rotational and divergent components of
similar magnitude, but the conclusions of this appendix are not sensitive to the chosen
parameters as long as the forcing is linear. In Figure 6.A.1 the velocity and height is split
into eddy rotational and divergent components. The zonal mean rotational component

is not shown as it is small.

The decomposed rotational and divergent circulations shown in Figure 6.A.1 have
structures that resemble the linear solutions for equatorial Rossby and Kelvin waves,
respectively, on the equatorial beta plane (cf. Figure 2.7, Chapter 2), although they are
modified by the spherical geometry. This partitioning of the Rossby waves into the
rotational component and the Kelvin waves into the divergent component is consistent
with Vanneste and Vial (1994), who show that in the limit of small Lamb parameter,

A =402%a%/(gH) <« 1(in the shallow water simulation A ~ 0.1), Rossby waves are purely

133



6  Components of atmospheric temperature on tidally locked planets

134

Potential function -y

Figure 6.A.2: Structure of the potential func-
tion y that appears in the momentum equations
for the rotational and divergent circulations, ob-
tained from the linear shallow water simulation.

A
[6)]

Latitude
o

A
o

Longitude

-0.72 -0.48 -0.24 0 0.24 0.48 0.72
¥/ m

rotational and Kelvin waves are purely divergent. The Kelvin wave obtained here has
non-zero meridional velocity, which derives from the spherical geometry (Yamamoto,
2019). The Rossby component is very similar to that obtained by Showman and Polvani
(2011) on the equatorial beta plane in the absence of friction (as is the case here; cf. their
Figure 14). Notably, Showman and Polvani (2011, their Appendix C) show that in the

absence of drag, an equatorial Kelvin wave cannot exist on the equatorial beta plane.

In a steady state, the zonal momentum equation is

_ g9 9Jq
fv= s 1" (6.A.11)

As f = 0 at the equator (and also v = 0 due to the hemispheric symmetry of the
problem), (6.A.11) requires that d/dA = 0 at the equator. This is satisfied in the shallow
water simulation (see the left-hand panel in Figure 6.A.1). However, Showman and
Polvani (2011) further show that on the equatorial beta plane, equatorial Rossby wave
solutions have no longitudinal # variation at the equator, which by (6.A.11), means that

an equatorial Kelvin component cannot exist (as it would introduce a non-zero 97/dA).

By contrast, both the equatorial Rossby and Kelvin components in Figure 6.A.1 have
a non-zero height modulations that cancel one another so that the total d7/0A at the
equator is still zero. This is due to the effect of the spherical geometry on the waves,
which now are governed by a zonal momentum equation of the form (e.g., for u,, from
Equation 6.A.6)

~ 1 dn, 1oy
foe= g(acosS N " E%) (6.A12)

If dy/d0 is non-zero at the equator (which will be the case if v is symmetric about the
equator; y obtained in the shallow water model is shown in Figure 6.A.2 for reference),
then neither will 07,/0A|9-o= —07%4/dA|9o. As a consequence, on the sphere and in
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the limit of small Lamb parameter, the existence of a rotational stationary Rossby wave
requires the existence of a divergent stationary Kelvin wave, and vice versa. Showman
and Polvani (2011) introduced a linear drag to their beta plane model to generate the
stationary Kelvin wave necessary for the acceleration of a zonal jet; here it is shown that
this linear drag is not necessary for the formation of a Kelvin (-like) wave on a sphere

rather than on a beta plane.

6.B  Derivation of expanded divergence equation

This appendix describes how the divergence equation (Equation 6.15 in the main
text)

@_,.V. a)a_u +V.[(f+()kxu]:—vz ¢+@ — k¢b (6B1)
ot v \“Yap ) TV p 2 ) o

can be expanded into a form that separates contributions from the rotational and diver-

gent winds (i.e., Equation 6.16 in the main text).

First, applying the Helmholtz decomposition to V, - [(f + {)k x u], four terms are

obtained:
L V- [fkxu] =V, [fkxkxVy] ==V, [fV,y],

2. V- [Ckxu] ==V, - [ViyWpyl,
3. Vo [fkxug] =k xuq- V,f = ugf,

4.V [Ckxug] =k x Vo x- V0 =k (Vpx x Vp0) = J (. ¢) = J (X Vyy),

where 3 = 9f/09, for the third and fourth terms we have used (f + {)V, - (k x uq) =
—(f +{)(Vp x ug) = 0, and in the fourth term the Jacobian

J(x:0) =k (Vpx x V,p0) (6.B.2)

has been introduced. The |u|? term can also be expanded into contributions from u, and
uq4 as follows:
2 2 2
V V
| _ V¥l N Vo N
2 2

_ +M+u ‘u
2 2 2 rotd

] (v, x) - (6.B.3)
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With these substitutions, the divergence Equation (6.15) becomes

96 3 (u,
=+ [w%] +uaB+7 (X% Viw) - V- [(f + Viv) oy ] = (6.B.4)
ol | Vol
—Vlf[¢+ pz + pz +J (v, x) | - k¢d

which is Equation (6.16) in the main text.

6.C  Subdivision of height field

This appendix includes some additional analysis of the terms in the expanded di-
vergence equation (Equation 6.16), to identify those that contribute most strongly to
the rotational and divergent height components in the GCM simulations. In particular,
the characterisation of the divergent circulation is refined by highlighting the term that
corresponds to overturning circulation, and comparing it to the terms that correspond

to wave-like divergent circulation and non-linear rotational-divergent interactions.

In the P = 4 and P = 8 days simulations, the eddy rotational height (Figure 6.1) is
dominated by the linear V, - [ fV,y] term (not shown). It has the structure of a stationary
equatorial Rossby wave, that is phase-shifted eastwards by the zonal-mean jet (Tsai et al.,
2014; Hammond and Pierrehumbert, 2018). In the P = 16 days simulation, the eddy
rotational height also resembles a stationary Rossby wave, but the lobes with a positive
geopotential anomaly are noticeably elongated with respect to those with a negative
geopotential anomaly (Figure 6.1). Figure 6.C.1 shows the eddy rotational height field for
the P = 16 days simulation, divided into contributions from the linear term, and the non-
linear V, - [V; V¥ ] = V;[|V,¥]?/2] terms. This subdivision of the height field shows that
the elongation of the stationary Rossby is mostly due to non-linear rotational-rotational

interactions.

The divergent height field has a complex structure in each of the simulations presented
in Figure 6.1 and Figure 6.2. In order to interpret it, Figure 6.C.2 and Figure 6.C.3 show

the divergent height field, decomposed into contributions from various terms in (6.16).

The P = oo days simulation represents a limiting case where the divergent circulation
takes the form of an isotropic, overturning cell (see Figure 6.1 and Figure 6.2). In this case,
Figure 6.C.3 shows that the divergent height structure is due to the V, - (wouqdp) term
in regions of ascent near the substellar point, and descent on the night side. Meanwhile,
the k¢d (surface friction) contribution is important in the boundary layer, and non-

linear horizontal divergent-divergent interactions are important in the outflow area
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Figure 6.C.1: Subdivision of rotational geopotential height in the P = 16 days simulation into contributions
from non-linear (left-hand panel) and linear (right-hand panel) terms.
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Figure 6.C.2: Subdivision of divergent geopotential height in the P = 4 days simulation into contributions
from the non-linear rotational-divergent terms (left-hand panel) and linear u4f term (right-hand panel).

surrounding the region of ascent near the substellar point. The balance of terms in
the P = 16 days simulation is similar to that in the P = oo days case, although there is
a contribution to the divergent height field from the horizontal non-linear rotational-
divergent interaction terms, —V;[J(y, x)]-J( x> V;¥) (mostly through u,). This suggests
the interpretation that the divergent height structure in the P = 16 days simulation is
consistent with a thermally-direct overturning circulation that is ‘tipped over’ by the

superrotating jet.

By contrast, the most important contributions to the divergent height in the P =
4 days simulation are from the linear u4f term, and non-linear horizontal rotational-

divergent interactions (note that surface friction is still important in the boundary layer).
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Figure 6.C.3: Subdivision of divergent geopotential height into contributions from different terms in
the divergence equation (Equation 6.16 in the main text). The top row shows the total divergent height
field for each simulation, and subsequent rows show contributions to the divergent height from different
terms (labelled to the left of each row). Contributions from terms in the full divergence equation that are
due to solely rotational circulation are not shown, as they do not contribute to the divergent geopotential
by definition.

Figure 6.C.2 shows the horizontal structure of the linear 14/ term and horizontal non-
linear rotational-divergent interaction terms for the P = 4 days simulation. The height
field associated with the u4f term is qualitatively similar to that of the linear Kelvin
wave obtained in the linear shallow water simulation presented in Appendix 6.A. In the
vertical, the height associated with this term has a wavenumber-1 structure (Figure 6.C.3).
However, unlike in the linear shallow water simulation, the divergent height field is
modified by the contribution from the non-linear rotational-divergent interaction term
(largest in the upper troposphere), which yields the complex structure shown in Figure 6.1.
The divergent height in the P = 8 days simulation has contributions from all of the terms

discussed for both the P = 4 days and P = 16 days simulations, and it appears that this
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simulation is an intermediate case between the Kelvin/non-linear wave regime of the
P = 4 days simulation, and the thermally-direct overturning regime of the P = 16 and

P = oo days simulations.
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Conclusion

' | he aim of this thesis was “to improve our understanding of the atmospheric circu-
lation regimes that may be obtained on slowly rotating rocky planets, both in the

Solar System and elsewhere”.

The crucial role of planetary rotation in determining atmospheric circulation is
exemplified by the Solar System terrestrial planets. Atmospheric circulation on the Earth
and Mars is characterised by zonal jets in mid-latitudes and meridional overturning
circulations that terminate some distance before the poles, so that these planets have
distinct regions where ‘tropical dynamics’ and ‘mid-latitude dynamics’ prevail. By con-
trast, circulation on Venus and Titan, which are both slowly rotating when compared
with the Earth and Mars, is characterised by planetary-scale overturning circulation
and equatorial superrotation, and these slowly rotating planets could be described as
residing in an ‘all tropics’ regime.

However, the atmospheres on Venus and Titan also illustrate that circulation on
slowly rotating planets is highly sensitive to other planetary parameters and atmospheric
properties. The maximum velocity of the superrotating jet on each of these planets is far
greater than that obtained in models of the Earth’s atmosphere where the rotation rate is
reduced, and so other features of Venus and Titan that differentiate them from the Earth
must be important in determining their circulation (for example their large atmospheric
masses or the presence of shortwave absorbing substances in their atmospheres). This
sensitivity is also demonstrated by the atmospheric circulation of tidally locked planets,
typically slowly rotating, which exhibits significant differences from the circulation on
non-tidally locked planets in the form of stationary zonal asymmetries driven by day

side-night side forcing contrasts.

In this thesis, my objective has been to try to characterise and understand the different
regimes of atmospheric circulation that may be obtained on slowly rotating planets
dominated by tropical dynamics. This work has considered both the Solar System
planets and tidally locked exoplanets.
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In Chapter 3, I investigated the extent to which different ‘flavours’ of circulation
on slowly rotating planets can be quantitatively differentiated using a metric called the
global superrotation index S, which compares the total axial angular momentum of
a planetary atmosphere with that due to solid body co-rotation with the underlying
planet. By considering the limiting behaviour of different scaling theories for S, this work
revealed that it can be used effectively to distinguish between the strongly superrotating
circulation regime occupied by Venus and Titan, which is dominated by cyclostrophic
balance, and the weakly or non-superrotating regime obtained in idealised models of
a slowly rotating Earth like atmosphere, which is characterised (in a bulk sense) by
conservation of angular momentum. I hope that the results presented in Chapter 3 will
be of use to others when comparing the atmospheric circulations of different planets
(or sets of numerical general circulation model simulations). In the future, it would
be interesting to investigate how the global superrotation index depends on rotation
rate for the case of tidally locked planets. Both of the scaling theories for S discussed
in Chapter 3 placed a central emphasis on the importance of meridional overturning
circulation. However, as was shown in Chapter 5, the overturning circulation on tidally
locked planets takes a different form — namely isotropic divergence away from the
substellar point, in response to the day-night heating contrast. It would be interesting to
know whether the different form of overturning circulation on tidally locked planets has

a significant impact on the rotation rate dependence of their atmospheric circulation.

In Chapter 4, I focused specifically on Titan’s atmospheric circulation. My aim in
undertaking this project was to characterise the waves that accelerate superrotation under
Titan-like atmospheric conditions, and to understand whether or not they are similar to
those that generate and maintain superrotation in idealised Earth like models. Using
spectral diagnostics, this chapter identified a range of equatorial waves — including
Kelvin, equatorial Rossby, inertio-gavity, and mixed Rossby-gravity waves — to be present
in a realistic simulation of Titan’s atmospheric circulation. Of these waves, superrotation
was found to be accelerated by coupled Rossby-Kelvin modes in the upper stratosphere,
and equatorial Rossby waves in the lower stratosphere. Both of these classes of wave have
been shown to be important for accelerating superrotation in idealised Earth like models,
and thus the results of this chapter serve as an important bridge between the ‘idealised’
and ‘realistic’ modeling approaches applied to understand superrotation. However, this
chapter also showed that Titan’s seasonal cycle does not act to inhibit the formation
of superrotation, in contrast with results from idealised modeling. It is suggested that

this is due to the fact that the circulation in Titan’s stratosphere is ‘decoupled’ from the



meridional overturning in the troposphere. I hope to explore this suggestion further
in the future in the idealised modeling context by introducing a stratosphere to these
models, which to date have been used in essentially ‘troposphere only’ configurations.
Finally, Chapter 4 also highlights a potential issue with current Titan GCMs — namely
that equatorial waves are not properly resolved in the vertical, which may affect the way
in which they interact with the mean flow. I hope by raising this issue, the results from

this work will be a useful guide to future development of Titan models.

Chapter 5 and Chapter 6 formed a pair of chapters within which I investigated the
utility of the Helmholtz decomposition for characterising atmospheric circulation on
tidally locked planets. Chapter 5 showed that dividing the circulation of a slowly rotating
terrestrial planet into rotational (divergence free) and divergent (vorticity free) com-
ponents usefully separates out different phenomenological features of the atmospheric
circulation on tidally locked planets: the rotational component is shown to ‘contain’ the
superrotating jet (in the zonal mean) and stationary waves (deviation from the zonal
mean), and the divergent component contains the overturning circulation. It has been
exciting for me to see that, in the year following the publication of the results presented in
Chapter 5, a number of authors have used the Helmholtz decomposition to analyse their
own GCM simulations of circulation on tidally locked planets (Turbet et al., 2021; Sergeev
et al., 2021; Macdonald et al., 2022; Innes and Pierrehumbert, 2022; Paradise et al., 2022).
It would be interesting in the future to explore the utility of the Helmholtz decomposition
for analysing circulation on slowly rotating planets that are not tidally locked (e.g., Venus,
or slowly rotating Earth-like, ‘nearly’ tidally-locked planets, as discussed by Leconte
et al,, 2015 and Penn and Vallis, 2018). An example of such a study would be an analysis
of Venus’ atmospheric circulation using the Helmholtz decomposition, where I expect it
would isolate divergent motion driven by Venus’ (long) diurnal cycle of insolation from
the total circulation. Such an analysis could form the basis for a comparative study of
Venus” atmospheric circulation and the circulation on Venus-like tidally locked planets
(cf. Kane, 2022).

Chapter 6 built on the results of Chapter 5, and showed that it is possible to define
components of the full atmospheric temperature field that balance the rotational and
divergent components of the circulation. The contributions of each of these components
to thermal emission were evaluated, and it was demonstrated that ‘hot spot shifts, observ-
able in thermal phase curves, are due to Doppler-shifted stationary Rossby waves, and,
in some cases, complex non-linear interactions between the rotational and divergent

circulation. I hope that the results obtained in Chapter 6 will be of use in the near future
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for interpreting observations made by next generation telescopes, including the recently
launched James Webb Space Telescope. My ambition is to extend the ideas discussed in
Chapter 6 to develop a method by which the two-dimensional velocity distribution can

be retrieved from spatially resolved observations of thermal emission.

In the near term, I look forward to seeing how the results of this thesis are used to aid
study of atmospheric circulation in the Solar System, and on exoplanets. In the longer
term, I look forward to seeing how they are built upon, and ultimately made redundant,

by theories yet to be developed, and analyses yet to be conducted!
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