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ABSTRACT

Blast wave models are commonly used to model relativistic outflows from ultra-relativistic gamma-ray bursts (GRBs), but
are also applied to lower Lorentz factor ejections from X-ray binaries (XRBs). Here, we revisit the physics of blast waves and
reverse shocks in these systems and explore the similarities and differences between the ultra-relativistic (I" > 1) and moderately
relativistic (I' ~ a few) regimes. We first demonstrate that the evolution of the blast wave radius as a function of the observer
frame time is recovered in the on-axis ultra-relativistic limit from a general energy and radius blast wave evolution, emphasizing
that XRB ejections are off-axis, moderately relativistic cousins of GRB afterglows. We show that, for fixed blast wave or ejecta
energy, reverse shocks cross the ejecta much later (earlier) on in the evolution for less (more) relativistic systems, and find
that reverse shocks are much longer lived in XRBs and off-axis GRBs compared to on-axis GRBs. Reverse shock crossing
should thus typically finish after ~10-100 of days (in the observer frame) in XRB ejections. This characteristic, together with
their moderate Lorentz factors and resolvable core separations, makes XRB ejections unique laboratories for shock and particle
acceleration physics. We discuss the impact of geometry and lateral spreading on our results, explore how to distinguish between
different shock components, and comment on the implications for GRB and XRB environments. Additionally, we argue that
identification of reverse shock signatures in XRBs could provide an independent constraint on the ejecta Lorentz factor.

Key words: acceleration of particles —hydrodynamics — shock waves —gamma-ray burst: general —ISM: jets and outflows — X-
rays: binaries.

amount of energy. Much of our understanding of the kinematics of

1 INTRODUCTION blast waves stems from analytic calculations of their behaviour in

Relativistic jets, and their associated blast waves and shocks, are
ubiquitously produced in systems powered by accretion on to com-
pact objects, from the ultra-relativistic flows produced in gamma-ray
bursts (GRBs) to more mildly relativistic jet ‘ejections’ in active
galactic nuclei (AGN) and X-ray binaries (XRBs). The outflows
are associated with transient explosive phenomena or persistent yet
variable accretion on to a compact object. Monitoring of the radiation
from the resulting blast waves provides important information about
the energetics and nature of the underlying central engine. In addition,
the blast waves transfer energy to the surrounding medium, accelerate
high-energy particles, and act as a testbed for shock and plasma
physics, often in a relativistic regime.

A blast wave consists of a propagating shock front and associated
region of high pressure produced by an impulsive injection of a large
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various limiting regimes. Supernova remnants are perhaps the most
famous examples of astrophysical blast waves, and their adiabatic
phase follows the well-known Sedov-Taylor-von Neumann self-
similar solution (Taylor 1950; Sedov 1958). The ultra-relativistic
analogue was developed by Blandford & McKee (1976), a self-
similar solution which is thought to well-describe the relativistic
phase of afterglows from GRBs. Extensions or variants of the
Blandford—Mckee solution are frequently used to model the spectra
and light curves of GRBs, typically based on analytic models for
their evolution (Sari, Piran & Narayan 1998; Gao et al. 2013).
The evolution of the light curves and spectra changes depending
on the structure of the jet (whether it is Gaussian, top-hat, etc;
Ryan et al. 2020) and changes of this structure over time (whether
it spreads laterally or not; Panaitescu, Mészdros & Rees 1998;
Sari, Piran & Halpern 1999). However, it is often challenging for
theoretical models to adequately fit the data (or for parameters to be
well constrained) from the observed light curves and spectra alone
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(e.g. Aksulu et al. 2022). In addition, the Blandford—Mckee and
(early) GRB afterglow regimes are ultra-relativistic. Understanding
the similarities and differences between the ultra-relativistic and
mildly/trans-relativistic regimes of transients, jets, and blast waves
is therefore important.

Direct information about the kinematics of blast waves in
synchrotron-emitting transients, through the detection of proper
motion, is invaluable to test the predictions of these theoretical
models. In XRBs, blast wave-like phenomena can be produced during
transient, large-scale (0.1 pc), jet ejection events. The most famous
example of these is the Mirabel & Rodriguez (1994) discovery of
superluminal apparent motion in the large-scale jet ejecta of GRS
19154-105. In recent years, the number of XRBs with newly detected,
time-resolved, large scale jet ejection events has risen from three
detected between 1998 and 2018 (Hannikainen et al. 2001; Gallo
et al. 2004; Yang et al. 2011), to eight from 2018-2024 (Russell
et al. 2019; Bright et al. 2020; Carotenuto et al. 2021; Bahramian
et al. 2023, with further work submitted or in preparation), albeit
with the numbers depending on exactly how ‘large-scale’ is defined.
This order of magnitude increase in detection rate is principally due
to dedicated monitoring with MeerKAT (Jonas & MeerKAT Team
2016) through the ThunderKAT programme (Fender et al. 2016)
and its successor, X-KAT. The ejection events are linked to state
transitions and radio flaring (Fender, Belloni & Gallo 2004a; Fender,
Homan & Belloni 2009), and while their launching mechanism is not
known, it is clear that a large amount of kinetic energy is released.
The (presumably) kinetically-dominated ejecta then propagate into
the ISM, decelerating and transferring energy and momentum to
the surrounding environment. In the process, shocks are produced,
which are thought to be the origin of the in sifu particle acceleration
needed to explain the observed long-lived radio and X-ray emission
(Bright et al. 2020; Espinasse et al. 2020). The trajectories of the
ejecta are tracked with regular radio monitoring and can be modelled
using the same blast wave frameworks we will discuss in this work
(Carotenuto et al. 2024). This kinematic modelling can be used, in
tandem with core monitoring in X-rays and radio, to infer information
about both the central engine — such as the total ejected energy, the
connection to disc variability (Homan et al. 2020) and potentially
even the composition of the ejected plasma (Zdziarski & Heinz 2024)
— and the ambient medium surrounding the XRB (Corbel et al. 2002;
Heinz 2002; Rushton et al. 2017; Carotenuto, Tetarenko & Corbel
2022; Sikora & Zdziarski 2023; Carotenuto et al. 2024)

It is much more difficult to detect proper motion from GRBs; their
angular separation from the core grows much more slowly with time,
due to the cosmological distances to sources. High-resolution Very
Long Baseline Interferometry (VLBI) provides a plausible pathway
to direct kinematic measurements of these objects. Two events have
associated ‘expansion speed’ measurements: GRB 030329A and
221009A, (Taylor et al. 2004; Giarratana et al. 2024), while two
further studies obtain upper limits using similar techniques (GRB
201015A, Giarratana et al. 2022; GRB 190289A, Salafia et al. 2022).
Moreover, the proximity of GRB170817a (Abbott et al. 2017a),
associated with the seminal gravitational wave event GW170817
(Abbott et al. 2017b), enabled a measurement of jet proper motion at
both radio (Mooley et al. 2018) and optical (Mooley, Anderson & Lu
2022) wavelengths. GRB proper motions from the aforementioned
studies provide additional constraints for afterglow modelling (e.g.
Ryan et al. 2024), inform the study of multiple shock components,
and provide additional constraints on the circumburst medium.

Both XRBs and GRBs represent rich laboratories for relativistic
astrophysics, particularly concerning shocks and particle acceler-
ation. GRBs are thought to have multiple shock components: a
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forward shock (FS) accelerates particles throughout the afterglow!
phase (Mésziros & Rees 1997; Sari et al. 1998; Piran 1999; Wang
etal. 2015), and internal shocks plausibly power the prompt emission
(Rees & Meszaros 1994). In addition, at fairly early times (~days),
it is sometimes possible to detect emission associated with a reverse
shock (RS) component (Laskar et al. 2013, 2016, 2019; Lamb et al.
2019; Rhodes et al. 2020, 2024; Bright et al. 2023). In XRBs, the
role of shocks is perhaps less well established, but a qualitatively
similar picture can be painted in which internal shocks are important
in the ‘compact jet’ phase (Kaiser, Sunyaev & Spruit 2000; Malzac
2014; Malzac et al. 2018) and radio flare (Fender et al. 2009), with
the radio emission from the large scale jet ejecta being powered by in
situ particle acceleration at a forward or external shock (Corbel et al.
2002; Rushton et al. 2017; Bright et al. 2020). RSs have also been
discussed in the large-scale decelerating jets considered here (Wang,
Dai & Lu 2003; Hao & Zhang 2009; Savard et al. submitted), but
their importance remains somewhat unclear.

In both source classes, the shock structures are traced through
the non-thermal particles that they accelerate. Partly as a result of
this, XRB and GRB jetted blast waves have often been discussed as
potential sources of cosmic rays (CRs). In particular, XRB jets may
represent a contribution to Galactic CRs up to and perhaps beyond the
‘knee’ at ~PeV energies (Heinz & Sunyaev 2002; Fender, Maccarone
& van Kesteren 2005; Cooper et al. 2020; Kantzas et al. 2023), an idea
that has been bolstered by the recent detection of very-high energy
(VHE) gamma-rays from a host of Galactic XRBs or microquasars
(Abeysekara et al. 2018; Alfaro et al. 2024; LHAASO Collaboration
2024). TeV gamma-ray detections have also been reported from
GRBs, notably from GRB 221009A (Cao et al. 2023). However,
given their prodigious powers, GRBs may be able to accelerate
particles to much higher energies, and they are potential sources
(Vietri 1995; Waxman 1995; Baerwald, Bustamante & Winter 2015;
Globus et al. 2015) for ultra-high energy cosmic rays (UHECRS),
protons and nuclei with energies up to 10% eV (see Alves Batista
et al. 2019; Matthews & Taylor 2023; Biteau 2024, for recent
UHECR reviews). Important theoretical questions persist regarding
particle acceleration in relativistic shocks (Lemoine, Pelletier &
Revenu 2006; Sironi & Spitkovsky 2011; Sironi, Spitkovsky &
Arons 2013; Reville & Bell 2014; Ellison, Warren & Bykov 2016;
Marcowith et al. 2016; Matthews, Bell & Blundell 2020; Huang
et al. 2023), in particular how the total amount of energy given to
non-thermal particles, and their maximum energies, depend on shock
parameters like Lorentz factor and magnetization. Both GRBs and
XRBs represent important observational testbeds for theoretical and
numerical studies of these topics; there are also additional synergies
with other jetted systems such as tidal disruption events (TDEs),
pulsar wind nebulae, and AGN.

Despite the clear similarities between GRB and XRB
phenomenology—and their complementary nature as probes of im-
portant and interesting physics — the extent to which they can be
unified is not always clear and their literature trails are somewhat
divergent. One obfuscating factor is that they lie in different regimes
in the relevant energy versus viewing angle versus Lorentz factor
parameter space. However, there are also very real differences in
their evolution. In this paper, we aim to discuss and address some
of these issues, and try to answer the following questions: Are

!GRBs are characterized by an initial burst of gamma-rays on time-scales
ranging from <ls to ~1000s (the prompt emission; e.g. Zhang 2014),
followed by a much longer lived afterglow phase in which the remaining
energy associated with the GRB is gradually dissipated (e.g. Piran 1999).



GRB afterglows and XRB jet ejections ‘cousins’, that is, similar
phenomena in different regimes? What is the role of RSs? How do
the underlying assumptions in blast wave models affect the inferred
parameters? Does it make sense to apply GRB blast wave models
to XRB ejecta? We start by providing the observational context in
Section 2, before describing the blast wave models and kinematics in
Section 3. In Section 4, we identify the critical radii in the evolution
of the blast wave and explore the dependence on Lorentz factor. We
discuss the associated observed time-scales and the overall evolution
of the blast wave system in Section 5. In Section 6, we explore how
different geometries and lateral spreading may affect the propagation
physics, before discussing our results in Section 7, focusing on
ambient densities, constraining the initial Lorentz factor and using
XRBs as shock laboratories. Finally, in Section 8, we summarize our
results and conclude.

2 OBSERVATIONAL CONTEXT

Before discussing blast wave models, we set the scene by considering
the observational constraints on the key quantities of jet ejections and
relativistic blast waves. Specifically, we first seek constraints on the
total energy and opening angles of blast waves driven by GRBs
and XRB transient jet ejections. In addition, we collate a set of
(model-dependent) estimates of Lorentz factors of the same systems.
We discuss instantaneous estimates of Lorentz factor I', as well as
inferred initial Lorentz factors, I'g, which is the value of I" at the
start of the propagation of a discrete ejection or blast wave shell
(neglecting any initial acceleration period or more complex launch
dynamics). We also define the usual 8, the bulk velocity in units of
¢, and B,pp, the apparent velocity.

2.1 X-ray binaries

In XRBs, there are multiple ways to constrain the properties of both
transient jets and the persistent, compact jets seen in the hard spectral
state. The method most directly relevant to our work is the application
of the external shock model to large-scale decelerating transient jets
(see Section 3.2; Wang et al. 2003; Steiner & McClintock 2012;
Carotenuto et al. 2022, 2024; Zdziarski et al. 2023), which can be
used to constrain both the Lorentz factor, and the effective initial
energy. The latter is given by Eg = Eo/(nism?), required due to an
inherent degeneracy between the three parameters: Ey, the initial
energy, Nism, the ISM density in cm~ and ¢., the half-opening angle
in degrees. Carotenuto et al. (2024) infer effective energies ranging
from Ey ~ 10* erg for XTE J1752—223 up to Ey ~ 6 x 10*® erg
for MAXI J1535—571. Such high effective energies strongly suggest
a significantly underdense ISM compared to the canonical value of
1 particle cm™3, as has been discussed by various authors (Heinz
2002; Carotenuto et al. 2022, 2024; Zdziarski et al. 2023; Zdziarski &
Heinz 2024, Savard et al. submitted). Even with an underdense
ISM the energies released are significant; for example, in MAXI
J1820+4-070 at 90 d post launch, Bright et al. (2020) find the internal
energy alone must be at least 10*! erg, and the total energy is likely
to be significantly higher than this conservative estimate.

The Lorentz factors of transient XRB jet ejections are challenging
to constrain or measure, even when the distance to the source
is known. The principal difficulty is that, for a significantly off-
axis source, an observed superluminal apparent speed is entirely
consistent with almost any Lorentz factor greater than 1; to be
concrete, for a typical XRB viewing angle of 60° then a blob or
jet ejection with I' = 2 propagates with almost an identical proper
motion to one with I' = 1000. This degeneracy means that the
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Lorentz factor can only really be constrained from proper motions
alone for the relatively few sources that are viewed at low inclination,
or those that have slower propagation speeds. Two such examples
are 4U 1543-47, a low inclination source with an estimate of I’y ~ 8
Zhang et al. 2025), and MAXI J1848—015, which has an ejecta
velocity of ~0.8¢ (I" & 1.67; Bahramian et al. 2023).

Alternatively, the Lorentz factor can sometimes be estimated
by fitting the trajectories of both the approaching and receding
components. As part of their Bayesian fitting framework Carotenuto
et al. (2022, 2024) obtain constraints of [y = 1.857)13 for MAXI
J1348—630, Ty = 2.61’8;2 for MAXIT J18204-070, Ty = 1.6 £0.2
for MAXI J1535—571, and T’y > 3.4 for XTE J1752—223. Thus,
overall, while XRB jet ejections are clearly not ultra-relativistic,
there is still considerable uncertainty over their distribution of initial
Lorentz factors I'y; all we can be sure of is that at least a few are
moderately relativistic (I'y ~ a few), and some are likely ~10. We
note that there is also indirect evidence that some (neutron star) XRBs
produce I' > 10 outflows (Fender et al. 2004b; Motta & Fender
2019), but these are not our focus.

2.2 Gamma-ray bursts

GRB Lorentz factors early in the burst must, in general, be high
(I Z 100), else the optical depths to gamma-ray photons would be
too high for them to be observed (the compactness problem, see e.g.
Piran 1999). Lithwick & Sari (2001) derive a secondary limit, which
is sometimes more stringent, based on scattering off e~e™ pairs.
More generally, the relativistic fireball model (Rees & Meszaros
1992; Meszaros & Rees 1993; Piran 1999) is widely accepted as
explaining the overall phenomenology of GRBs (albeit with ongoing
debates about jet structure, shocks, prompt emission mechanisms,
etc.).

However, while it is clear that GRBs must be highly relativistic,
obtaining actual quantitative estimates of the initial Lorentz factor
I’y of the afterglow blast wave — and knowing whether Lorentz
factors obtained from, e.g. opacity limits correspond directly to
I’y — is a thorny subject. With very few proper motion constraints
(see Section 7.1), estimates of the initial Lorentz factor come from
model-dependent or indirect means. For example, a typical method
is to study the early afterglow and search for RS and FS peak
times (e.g. Zhang, Kobayashi & Mészaros 2003) or, related, so-
called ‘deceleration signatures’ or ‘onset bumps’ in which the peak
time of the optical or gamma-ray light curve depends sensitively
on Iy (Ghirlanda et al. 2018). Liang et al. (2010) use this onset
bump method to measure initial Lorentz factors of ~hundreds and
a tight relationship between I'y and E,, s, in a sample of 19 GRBs,
where E, i, is the isotropic equivalent gamma-ray energy released.
Similarly, Ghirlanda et al. (2018) provide measurements of I'¢
from 67 GRBs with peaks in their optical or GeV light curves.
Finally, Pe’er et al. (2007) propose a method based on measuring the
temperature and flux of the thermal component seen at early times
in gamma-rays and X-rays.

E, iso can be measured directly from the burst fluence if the GRB
redshift is known, with typical values in the range 1032~ erg (Frail
et al. 2001; Amati 2006; Atteia et al. 2017). There is evidence for
a cutoff in the distribution at log;, E, s, ~ 54.5 (Atteia et al. 2017,
Dado & Dar 2022). GRB 221009A, with E\, j;, ~ 55 (An et al. 2023;
Frederiks et al. 2023; Lesage et al. 2023), is a notable extremely
energetic burst beyond (but broadly statistically consistent with) this
cutoff (Atteia et al. 2025). Considering that the opening angle of
GRB jets are likely a few degrees (Frail et al. 2001; Fong et al.
2015), this means the true radiated energy is 100—1000 lower than
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Figure 1. Stacked histograms of Lorentz factor estimates in XRBs (pink) and GRBs (blue), with different methods and data sources labelled. Lower limits for
XRBs are marked with a pink triangle. With various caveats (see text), GRBs blast waves are ultra-relativistic, and at least some XRB jet ejecta are mildly or
moderately relativistic. The banded pink and blue regions show the approximate regimes used to aid our discussion of XRB (1.5 < 'y < 8) and GRB (I'g = 100)

blast waves, respectively.

E, iso, O order 103! erg™! and comparable with the energy released
by a core-collapse supernovae (Frail et al. 2001; Woosley & Bloom
2006; Goldstein et al. 2016).

The prompt emission does not represent the entire energy budget
of the GRB; a significant fraction, and probably the majority, of
the total energy is made up of kinetic energy that is dissipated
gradually through the resulting blast wave and synchrotron afterglow
— this kinetic energy is the relevant energy reservoir for our work.
An important parameter is therefore the radiative efficiency, €, =
E, is0/(Ey iso + Ei.iso)» Where we have introduced Ej 5o, the isotropic
equivalent kinetic energy. Measurements of Ej s, are challenging,
but in the absence of fully multiwavelength afterglow modelling, the
X-ray afterglow is thought to act as an effective probe of the kinetic
energy budget (Freedman & Waxman 2001; Lloyd-Ronning & Zhang
2004; Fan & Piran 2006; Zhang et al. 2007). Typically, radiative
efficiencies of ~0.1 are inferred from these methods, a value we
use to inform our choice of blast wave energy for the GRB case,
although we note some studies find much lower values (e.g. Salafia
et al. 2022).

2.3 Collating estimates and representative values

Given all the above uncertainties, it is difficult to choose represen-
tative values for the initial kinetic energy, Ey, initial Lorentz factor,
[y, ISM number density, n;,, and jet/outflow opening angle, ¢.
Where relevant, we assume the blast waves are travelling into an
relatively low density ISM (see Section 7.1) with number density
ng = 6.95 x 1073 cm ™ such that the mass density is py = 19 ,. We
adopt representative values of I'y = 2.5, Ey = 10* erg, and ¢ = 1°
for XRB jet ejections, and 'y = 100, Ey = 10°! erg, and ¢ = 1°
for GRBs, noting that for ¢ = 1° the isotropic equivalent kinetic
energy is Ey o = (180/m)?Ey &~ 3282E,. Our adopted GRB half-
opening angle is a little narrow; they are typically a few degrees and
sometimes larger (Frail et al. 2001; Racusin et al. 2009; Ghirlanda
etal. 2013; Fong et al. 2015; Ryan et al. 2015; Goldstein et al. 2016).
However, adopting the same value for XRBs and GRBs makes the
scaling of results more straightforward for the reader. Furthermore,
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within the external shock model we will discuss (Section 3.2), ng
and ¢? are both degenerate with the choice of E, and in many cases
will be normalized away, and it is also straightforward to scale the
results to an alternative choice of ng or ¢.

In many cases, we will plot quantities normalized in such a way
that neither the energy, opening angle nor the ISM density appears
explicitly or matters. We stress that these values are illustrative and
should be thought of as delineating approximate physical regimes,
since the properties of GRB and XRB jets at the population level are
somewhat diverse and poorly constrained.

To illustrate this latter point, we collate some estimates of I’y
and I — all of which are model-dependent — from the literature for
both GRBs and XRBs. These estimates are plotted as histograms in
Fig. 1. Our XRB measurements are obtained from the two methods
described above: we take estimates of initial Lorentz factors, I'y, for
four XRBs from Carotenuto et al. (2022, 2024), and instantaneous
Lorentz estimates from the apparent speeds collated by Fender &
Motta (submitted). The GRB measurements come from a more
diverse set of publications, which are given in Appendix A (Tables A1l
and A2). We do not include errorbars or attempt to ensure a consistent
statistical methodology: we therefore stress again that these Lorentz
factors estimates are heterogeneous, approximate and subject to a
wide range of selection effects. Hereafter, we focus on moderately
relativistic XRB ejecta with Iy ~ 1.5-8, and highly relativistic GRB
ejecta with [y = 100, but that is not to say that all sources will
produce jets or blast waves with I'y lying in this range (see, e.g.
Dereli-Bégué et al. 2022, for a particularly relevant GRB study).
These Lorentz factor ranges are illustrated in Fig. 1, and throughout,
with shaded regions.

3 BLAST WAVE MODELS AND KINEMATICS

We will proceed by briefly reviewing some commonly used blast
wave models in the literature and discuss the various assumptions
and limits in which each can be applied. Throughout this section we
will assume a quasi-spherical blast wave with a solid angle 2 (panel
a of Fig. 2); this assumption is interrogated in Section 6. For an
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Figure 2. Schematic diagram showing the geometries considered in this
paper. R is the laboratory frame distance from the origin (O) to the FS. The
RS (pink solid line) and contact discontinuity (CD; dashed black line) are
labelled. Initially, we focus purely on the quasi-spherical or conical geometry
shown in panel (a). We discuss the alternative geometries shown in panels
(b) and (c) in Section 6 as well as the overall impact of geometry on the
propagation of blast waves and associated inference of physical parameters.
The RS or contact discontinuity are not shown in panel (c) because spreading
occurs only after the two-shock phase (see Section 6.2).

outflow with a spherical cap or conical geometry, the solid angle is
related to the half-opening angle ¢ via Q = 27 (1 — cos ¢), which is
~m¢? for small ¢. Although the external shock model described in
Section 3.2 has a defined half-opening angle, it is quasi-1D in nature
and so does not account for angular or lateral structure as one moves
away from the axis of propagation. As a result, here we take on-axis
to mean strictly on-axis, i.e. with viewing angle 6 = 0, but this does
not mean our on-axis results are limited to that case; rather, they are
broadly applicable to situations when 6 < ¢. This is important to
note given that GRBs are thought to be typically observed somewhat
oft-axis but still satisfying this condition (Ryan et al. 2015).

For time evolution, we consider ¢ as the time as measured in
the observer frame (although neglecting the effects of cosmological
redshift for GRBs), which includes time dilation and geometric light
traveltime effects and thus depends on viewing angle 6 (see e.g.
Zhang & Mészaros 2004; Zhang & MacFadyen 2009, for further
discussion). R is the laboratory frame distance from the origin of the
blast wave, which can be converted to measured projected angular
distance, o, again ignoring cosmological effects, through the formula
o = Rsinf/D, where D is the distance to the source.

3.1 Ultra-relativistic blast waves and the Blandford—Mckee
model

In the Blandford—Mckee model (Blandford & McKee 1976, hereafter
BM76), the explosion after the RS phase is modelled as a self-
similar, expanding spherical blast wave in which the total energy is
conserved. In this solution, the density profile is usually assumed to
follow p(R) = poR~*, with canonical profiles typically considered
in GRB afterglow modelling corresponding to wind-like (k = 2) and
uniform density interstellar medium (ISM; k = 0). We will adopt
k = 0 for simplicity such that p(R) = py, but our results can easily
be generalized to k # O (see, e.g. Section 4 and Piran 1999). The
energy of a relativistic blast wave sweeping up matter from the ISM
is given by

Q
E = gl"zpoczR3. 00
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If we now enforce energy conservation, such that £ = E, with Ey
the initial blast wave energy, this implies the relationship R oc I'"2/3,
It is common to introduce the ‘isotropic equivalent energy’, that is,
the total energy of the blast wave if Q = 4w, given by Ej o =
4 Ey/ 2. It is convenient to introduce a generalized Sedov—Taylor—
von Neumann scale,

3Ey\?
Is = (—2) : @)
PoC

and the quasi-spherical version of this, including a correction for
opening angle:

3E, 1/3 3B\ P
| = = 50 . 3)
(me) = (Grne)

The physical meaning of the Sedov—Taylor—von Neumann length is
discussed further in Section 4. Using these quantities and applying
energy conservation, one can show that the evolution of R and I'
over time is then (e.g. Piran 1999)

R = (28%)* 114, “

Ty = (13/8)* 1738 (5)

Now following geometric arguments, in an ultra-relativistic blast
wave, photons emitted while the shell moves a distance dR arrive,
for an on-axis observer, on a time-scale df ~ dR/(2I"%c) (Sari 1997;
Waxman 1997), or alternatively

dR

i 2I%c. 6)

3.2 The external shock model

We now introduce the generalized blast wave or ‘external shock’
model, which is no longer limited to the ultra-relativistic or on-axis
cases. The external shock model is described by Huang, Dai & Lu
(1999) and first applied to XRBs by Wang et al. (2003). Subsequently,
a number of groups have applied the model to fit the proper motions
of discrete jet ejecta in XRBs (Hao & Zhang 2009; Steiner &
McClintock 2012; Steiner, McClintock & Reid 2012; Carotenuto
etal. 2022, 2024; Zdziarski et al. 2023). Related models are described
by Pe’er (2012), who explores the behaviour in both the GRB and
XRB regimes, and Sadeh, Guttman & Waxman 2023, who introduce
their own analytic model applicable to mildly relativistic ejecta. We
consider a quasi-spherical, thin shell of ejecta with initial mass M,
and initial Lorentz factor I'y. The initial kinetic energy of the shell
is

Ep = (g — DMc”. 7

The general blast wave model is based on energy conservation such
that total energy change dE/df = 0 and the energy lost from the
ejecta is transferred to the swept up mass, that is

Eo = (I' — DMoc* + o (T3, — Dmgyc?, ®)

where Iy, is the Lorentz factor of the (forward) shocked material,
o is a numerical factor equal to 6/17(~0.35) for ultra-relativistic
shocks and ~0.73 for non-relativistic shocks. I" and I'y, are related
as (BM76)

(T DEET =D+ 17
T e - pHIr-h+2

where 7 is the adiabatic index and we adopt the formula of
Steiner & McClintock (2012) and Carotenuto et al. (2022, 2024)

; (©)]
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for interpolating between the non-relativistic (y = 5/3) and ultra-
relativistic ( = 4/3) regimes as y = (4I" + 1)/(3T"). Equation (9)
asymptotes to the ultra-relativistic and non-relativistic jump condi-
tions of I' = 42T, (e.g Achterberg et al. 2001) and 8 = 48,/3 (e.g
Landau & Lifshitz 1959).

We assume the outflow occupies a solid angle €2 such that the
swept up mass obeys

(10)

This evolution is solved numerically by Carotenuto et al. (2024) and
others to obtain the solution for blast wave radius over time — the
change in (deprojected) radius for time measured in the observer
frame follows the relation

dR Bc
dr =~ 1FBcosh’

where the F denotes approaching and receding components, respec-
tively. This equation holds in general, that is, for varying 8 and all 6.
The angular separation as a function of observer time, «(?), can then
be calculated as

A / B
[F (') cos

which now includes the sin 6 factor for the projected distance. One
can then numerically obtain the solution and fit it to observations
of «(t), for parameters Iy, 2, and E\, with a degeneracy between
Q ~ ¢?, Ey, and p. To implement the above model, we use a modified
version of the JETKINEMATICS? code presented by Carotenuto et al.
(2024).

(11)

sm9 dr’, (12)

3.3 On-acxis relativistic blast waves

Here we show that equation (6) can be obtained by taking the
ultra-relativistic, on-axis limit of equation (11). This derivation is
very similar to the ‘textbook result’ that the Doppler factor goes
as 2I'? in the on-axis, ultra-relativistic case (see also section 3.2 of
Zhang & Mészaros 2004); nevertheless, for completeness and clarity,
we include it here.

We begin by making the on-axis assumption, i.e. that cosd ~ 1
and the ejecta is moving towards us, so that

dR  Bc

— = 13
dr 1-5 13
multiplying top and bottom by 1 + B gives

drR B(l+ B) B+ B’

—=C =cC (14)
dr a-pa+p 1—p?

we now make the substitution 8 = +/1 — '"2 which, after some
manipulation and noting that 1 — 8% = I'"2, gives

dR V1 —=T"2

— =c|———+T%+1 15
il |: = +I"+ (15)

Finally, we take the ultra-relativistic limit ' — oco: as I' — oo,
I'2 — 0 and the first term tends to I'>. As a result, we obtain
dR/dt =~ 2I"%¢, reproducing the dependence above. We therefore
find that the equations for the evolution of R over time are the ultra-
relativistic, on-axis limit of equation (11): dR /d¢ oc I'?c should hold
for any T'(t) if T > 1 and 6 ~ 0, and R(t) o< t'/* describes the
specific evolution for () oc t=3/8.

Zhtps://github.com/f-carotenuto/JetKinematics
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Figure 3. The dependence of the rate of change of blast wave radius with
respect to observer time, dR/df, on Lorentz factor I' and viewing angle
0, for ejecta approaching the observer. The coloured lines show the full
equation (11), compared with the on-axis limit from equation (6) shown with
a dot-dashed line. The pink and blue shaded regions show approximate initial
Lorentz factor ranges for XRBs and GRBs. At 6 = 0°, the solution agrees
with the 2I'? asymptote for high I'. At small angles to the line of sight, the
curves also agree with this curve for intermediate I' before flattening off as
the cos 6 term becomes important.

A graphical representation of the above derivation is shown in
Fig. 3, which shows the recovery of dR/dt ~ 2I">c behaviour in
the GRB (on-axis, ultra-relativistic) limit. We show a variety of
viewing angles in this figure, designed to illustrate a few interest-
ing behaviours. The small  curves show the I'> dependence for
intermediate I', but for high I' the cosf term in the denominator
of equation (13) becomes important and the curves flatten off. For
larger viewing angles, the curve never intersects the dR/dt = 2I'2,
instead turning over and flattening off, with the & = 90° curve purely
following the relation dR/dt = B = /1 — T2,

3.4 Terminology

Before proceeding further, we wish to make a few points on
terminology. First, we note the potential for confusion regarding
what is meant by deceleration. Deceleration could be used to refer
to an observable decrease in the rate of change of angular separation
over time. Other definitions could relate to the point at which the blast
wave starts deceleration, or when the blast wave sweeps up a rest
mass equal to I' ™! of the initial mass, which is often how deceleration
time, f4ec, is used in the GRB literature. To avoid conflation of these
(and other) possible meanings, we tend to avoid the use of the term
and refer explicitly to well-defined critical radii in the next section.
In addition, a potential area of confusion when interpreting
observations in the blast wave model framework is in the distinction
between the distance travelled by the ejecta from the central engine
(R) and the size of the emitting region. Often estimations of the
size of the emitting region from techniques such as synchrotron
self-absorption measurements or interstellar scintillation are used
as a measurement of R. However, we stress that the size of the
emission region and R are two different quantities, and while related
for some geometries (such as a conical one), this is not always the
case. Equivalently, the expansion velocity of the emitting region
and the velocity of the ejecta/blast wave are not equivalent or even
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Figure 4. Comparison of the various analytic critical distances/radii defined in the text. The left hand panel shows the various length-scales normalized to the
Sedov-Taylor—von Neumann length (/): the RS crossing distance, Rgs, the slowing distance, Rsjow, and the energy dissipation scale, Rg for two values of fg
(the fraction of the initial energy that has been dissipated). The right-hand panel shows ratios of Rgs to the other critical radii. RSs are short-lived in GRBs but
long-lived in XRBs. XRBs dissipate their energy on around the same scale over which they slow down, whereas GRBs dissipate most of their energy before
they have reached a low Lorentz factor. The pink and blue shaded regions show approximate initial Lorentz factor ranges for XRBs and GRBs.

necessarily related in a simple fashion. Therefore, we caution against
using measurements of the size of the emission region to derive values
such as the gamma of the blast wave/ejecta/shocked material, except
in special circumstances. Relatedly, we note that the term spreading
can be confusing. A shell can spread laterally (diverge or expand
perpendicular to its propagation), or it can spread radially (rarefy or
expand along the direction of propagation). In this work, we only
ever use the term to mean lateral spreading (see Section 6.2).

4 CRITICAL DISTANCES

Following, e.g. Sari & Piran (1995), we define a series of critical
radii, each of which have an associated observer frame time-scale
(see Section 5.1). The critical radii represent the value of R, the
laboratory frame distance from the origin to the blast wave outer
edge/shock (or to the ejecta/shell), at a given critical point in the
evolution. These are:

(i) Rrs = R(trs): the point at which the RS finishes crossing the
ejecta (this is R in the notation of Sari & Piran 1995).

(ii) R, = R(t,): the point at which the swept up mass equals 1/ T’y
of the initial mass (sometimes called the deceleration radius in the
GRB community).

(iii) / = R(#;): the angle-corrected Sedov—Taylor—-von Neumann
length-scale; the point at which the rest mass energy of the swept up
material equals the initial energy.

(iv) Rgow = R(t50w): the point at which the blast wave slows to a
low Lorentz factor I'gjoy.

(v) Rg = R(tg): the energy dissipation radius, the point at which
the blast wave has dissipated a fraction fg of its energy.

These critical radii can be defined in general terms, or specifi-
cally for a kinetically-dominated initial condition with Ey = (I'g —
1)Moc?. We now define or derive expressions for each of these based
on mass and energy conservation; the first three are also given by
Sari & Piran (1995) who discuss them in the GRB (i.e. on axis, ultra-

relativistic) context. The critical radii are independent of observer
viewing angle, but the critical times do depend on viewing angle,
from equation (13), as discussed in the next section. Each critical
radius is given for k = 0 (where p(R) &< R~*), but can be generalized
to k # 0 by replacing the 1/3 exponent with 1/(3 — k). We plot Rgs,
Rgow, and Rg in Fig. 4 and now derive and discuss them in turn. In
the equations, we assume ['g, & I', but in the plots we make use of
the more accurate equation (9).

4.1 Reverse shock crossing

There are various subtleties in choosing the appropriate expression
for the RS crossing radius; it depends somewhat on the shock and
shell characteristics, in particular whether or not the shell is thin or
thick and whether the RS is relativistic or Newtonian (Sari & Piran
1995; Kobayashi 2000; Kobayashi & Sari 2000). Going forward
we assume equivalence between Rgs and R,,, which is appropriate
for the thin shell Newtonian regime and was the behaviour in our
numerical hydrodynamic simulations in the moderately relativistic
regime (see Appendix B). This assumption is equivalent to saying
that the RS crosses the shell when the swept up mass equals 1/ Iy of
the shell mass, which happens when R satisfies

Qoo R? M,
P _ o (16)
3 Iy
The RS should then cross the shell at the critical radius
IM. 1/3 3E 1/3
RMZ( 0) =C—TJL—O : a7
Qpoly Qpoc*To(lg — 1)

This equation tells us that, for the same energy input, more relativistic
shells have their RS crossing earlier on in the evolution, and the
opposite is true for more massive shells. Similarly, for constant mass,
shells that are more relativistic also have their RS crossing earlier
on in the evolution, although the effect is less pronounced (oI’ D)
than for constant energy. The reason for this behaviour is relatively
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straightforward. The Lorentz factor is the ratio of kinetic energy to
rest mass energy and this critical radius is defined by mass sweeping;
lower Lorentz factor shells have higher masses for a given energy, so
hit the critical shock crossing point later in their evolution.

4.2 The relationship between Rggs and [

The slowing down of the ejecta is determined by energy conservation,
so we might expect significant slowing when the rest mass energy
of the swept up material equals the initial energy. For a kinetically-
dominated flow, this gives

Qpoc’R3

3 = (Ty — DMyc>. (18)

Thus again we have a critical radius which is equal to the Sedov—
Taylor—von Neumann length given previously

_ 1/3
/= (73(%9;);)%) . (19)

which is also often described (e.g. Piran ) as the point at which
the blast wave becomes non-relativistic or Newtonian (although see
Sections 4.3 and 5.3). Taking the ratio of Rrs and [ is instructive:

R
= =Moo = D1~

(20)
This quantity is plotted in the left-hand panel of Fig. 4. We
find the ratio Rrs/! only depends on how relativistic the flow is.
This result is similar to that obtained in GRBs (see, for example
Sari & Piran 1995; Piran 1999) where the ultra-relativistic case
gives Rps ~ T 3], For these highly relativistic flows, the RS is
relatively short lived: Rrs <« [. For the moderately relativistic or
transrelativistic case, applicable to XRBs and some other scenarios,
we expect//Rrs ~ a few. Equation (20) implies that measurement of
[ and Rgg or equivalent time-scales in XRBs can be used to constrain
the initial Lorentz factor, a possibility that we discuss further in
Section 7.3.

4.3 Slowing

Zdziarski & Heinz (2024) define a slowing distance — which is more
accurate at characterizing the slowing of the ejecta, for modest Iy,
than [ — as the distance at which the blast wave has slowed to a
Lorentz factor of KI'y (where K is a positive constant less than one).
This distance is calculated from the transfer of energy to the shocked
ISM through equation (8), rather than comparing to the rest mass
energy swept up. They give the equation

3(1 — K)TWE, 173
R}C ~

~ , 21
Qpoc2a(Ty — D(K2TZ — 1) @h

which can be derived from equation (8) if one sets ' = KT’y and
approximates I'y, &~ KT'y. However, since this equation involves a
fractional decrease in I', it is not suitable for comparing the stopping
distance of blast waves in vastly different Iy regimes. Instead, we
calculate the distance Ry, at which the blast wave has reached a
given low Lorentz factor ['go < I'g, which happens when

1—‘slow -1

Ey= E
0 Ty—1 0

Qopyc?R3
_ ‘”’Og sow (P2 _ ), 22)
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We can then rearrange for R,y and approximate Iy, =~ [yow,
obtaining

3(FO - l—‘slow)EO 13

T Qpocto(Ty — D2, — 1)

slow

Rslow (23)
We adopt Tgow = ~/5/2 =~ 1.118 for our calculations, corresponding
to I = 1/2.

We plot Rgow /! in the left-hand panel of Fig. 4. From this figure and
equation (23), I'o > I'yow one finds that the deceleration scale
defined this way is, for fixed Ey, independent of TI'y; the figure of
merit for determining the stopping or slowing distance is then
[Eo/(poS2)]'/3 as expected from the generalized Sedov—Taylor—von
Neumann scale. Ultra-relativistic and moderately relativistic blast
waves thus decelerate to a given low I" at the same radius for a given
energy, as long as they are embedded in the same density environment
and have the same opening angle. The difference is that moderately
relativistic blast waves have a longer lived RS phase, and have used
up much less of their energy by the time they decelerate to a low
I'. The RS and Sedov-Taylor—von Neumann phases are therefore
comparatively more important in moderately relativistic blast waves
than ultra-relativistic ones.

4.4 Energy dissipation

Finally, we derive the energy dissipation radius: the radius at which
the ejection has only a factor fg of its initial energy. This happens
when

Eo = feEo + o3 — Dmg,c? (24)

since I' — 1 = E/(Myc?) one can derive that I' = fg(Iy — 1) + 1
which, under the assumption Iy, &~ I gives

Eo = feEo+ omu(Re)® [f5(To = D? +2fe(Mo = D] (25)
which after some manipulation gives

3(1 = fe)Eo 7
Qooc2o (f2(To — D2+ 2 fa(lo — 1))
The left-hand panel of Fig. 4 shows each of these critical radii,
normalized to /, as a function of Iy, for two choices of fg = 0.1, 0.5.
The right hand panel then shows the ratios Rgrs/ Rjow and Rgs/ Rg, the
latter for the same two values of fg. For fixed Ey, [ is independent
of 'y, and Ry, becomes independent of 'y once I'g > [goy. In
the XRB regime (I'y ~ a few), Rgs is less than but comparable to
Rgow, With Rrs/ Rgow ranging from ~0.1-0.5. However, in the ultra-
relativistic regime Rgrs/Rgow ~ 0.01, and the RS crosses the shell at
small R, i.e. when the blast wave is still very compact.

Rg (26)

5 TIME-SCALES AND EVOLUTION

5.1 Reverse shock time-scales

We also seek to calculate the critical time (in the observer frame)
associated with the RS crossing, since this dictates the window during
which an observer will be able to search for signatures of the RS.
For the on-axis, ultra-relativistic case, the time can be estimated
straightforwardly from integrating equation (6), but for the more
general case we must instead integrate equation (11) until the critical
radius in question is reached. We do this by numerical solution for
a range of I'y, using the procedure described by Carotenuto et al.
(2022), and calculate fgs. In the next subsection, we also calculate
tsow Using the same procedure.
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Figure 5. RSs live longer when blast waves are less relativistic and/or
more off-axis. RS time-scales, calculated from numerical integration of
the external shock model, as a function of I'y for different Ey and 0,
corresponding approximately to an off-axis XRB (Eo = 10* ergs~!, 0 =
60°), an, off-axis GRB (Eo = 10°! ergs™!, # = 60°) and an on-axis GRB
(Ey = 107! erg s7!,6 = 0°). For the XRB, we show frg for both the
approaching and receding components. The pink and blue shaded regions
show approximate initial Lorentz factor ranges for XRBs and GRBs.

Fig. 5 shows the RS crossing time, fgs, defined such that
R(trs) = Rgs, as a function of I'y for four choices of energies and
viewing angles. These choices correspond approximately to an off-
axis XRB (Ey = 10% ergs™!, 8§ = 60°; approaching and receding
components), an off-axis GRB (Ey = 10°! erg s~!, 0 = 60°) and an
on-axis GRB (Ey = 10°! erg s™!, # = 0°). The figure shows that RS
time-scales in XRBs are typically tens of days if I’y < 5, whereas in
an on-axis GRB #gs < 0.1 d. By comparing the ‘Far off-axis GRB’
and ‘XRB’ cases it becomes clear that for more energetic ejecta,
the RS time-scale is longer, by frs o E(l,/ 3 for fixed I'p and 6. This
figure emphasizes key aspects of moderately and off-axis relativistic
systems: their RSs are, in principle, observable for much longer than
their ultra-relativistic, on-axis cousins.

The observability of RS signatures is not only determined by the
RS crossing time. In GRBs, the peak in the RS component of the
light curve typically occurs at <1 d, but does not usually correspond
to the point of RS crossing. In the majority of events where the
RS has been identified, it has been through the discovery of a fast
declining early-time component (Laskar et al. 2013, 2016, 2019).
To our knowledge, there is only one event where the peak (the
synchrotron self-absorption break) of the RS has been track through
multiple observing bands (Bright et al. 2023; Rhodes et al. 2024).
The detection of the emission from RS electrons can then continue
for a number of days post-shock crossing, as the particles accelerated
by the RS gradually cool due adiabatic losses as the shocked plasma
expands, synchrotron losses, and inverse Compton losses.

Moderately relativistic XRB ejecta resolved from the core are
observed as optically thin throughout their evolution. This, coupled
with the fact that the RS crossing occurs on 10-100d time-scales,
means that the peak of the RS emission will generally correspond
to the completion of the RS crossing, as also found by Savard et al.
(submitted; see also Sadeh, Guttman & Waxman 2023). The relevant
time-scale over which a RS signature can be observed is then approx-
imately frs obs A frs + MIiN(Tyg, Traq). Here, 7,4 is the observer frame
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adiabatic cooling time-scale, and 7., is the frequency-dependent
radiative observer frame cooling time, including synchrotron and
inverse-Compton losses. In reality, both of these time-scales will
evolve, and vary from source to source, since they depend on the
local plasma conditions. We have investigated the details of the
RS crossing and its light curve in a forthcoming companion paper
(Cooper et al. 2025). We note also that Sadeh and collaborators
(Sadeh, Guttman & Waxman 2023; Sadeh, Linder & Waxman
2024; Sadeh 2024; Sadeh & Waxman 2024) have derived analytic
descriptions for the time-dependent flux and separation over time in
mildly relativistic sources. They applied these descriptions to ejecta
from mergers of compact objects, but there is significant overlap
with the situation we consider, including a discussion of long-lived
reverse shocks in the mildly relativistic regime.

5.1.1 The receding component

The receding ejecta component or shell is not detected in GRBs; their
on-axis, ultra-relativistic nature means the radiation is invariably
strongly beamed away from the observer (although see Granot, De
Colle & Ramirez-Ruiz 2018; Ferniandez, Kobayashi & Lamb 2022
for predicted counter-jet effects on the GRB radio centroid, and Li
et al. 2024 for multiwavelength counterjet prospects in GW170817).
However, in XRBs it is relatively common to detect the receding
component, particularly in far off-axis (i.e. high inclination) sources
such as MAXI J1820+4-070 (Bright et al. 2020), XTE J1550—564
(Corbel et al. 2002), and MAXI J1848—015 (Bahramian et al. 2023);
see also discussion by Maccarone, Pattie & Tetarenko (2022). The
behaviour of dR/dt or «(¢) for receding ejecta can be obtained by
taking the alternative sign in the denominator of equations (11) and
(12), so it is straightforward to carry out the same calculation of
trs in the receding case. In Fig. 5, we show this RS time-scale for
the receding jet with a dashed line. As expected, the time-scale is
longer in the receding jet case, by the ratio of the integral of the
Doppler factors over the evolution from launch to the point at which
R = Rgs. This is of course generically true for any observer-frame
critical time-scale. In the highly relativistic limit, the ratio simplifies,
so that the RS time-scale is longer for the receding ejecta compared
to the approaching ejecta by a factor (1 + cos9)/(1 — cos 0), which
is 3 for the plotted case of cos & = 1/2. RS signatures will therefore
be observable for even longer in XRBs where the receding jet is
detectable.

5.2 Distinguishing the reverse and forward shocks

As well as operating on different time-scales, electrons accelerated
by the RS and FS reside in spatially distinct regions. To investigate
this, we ran a 1D relativistic hydrodynamic (RHD) simulation
of a spherical shell with Ty = 2.5 and Ej;, = 1.313 x 10®® erg.
The numerical method and setup is described in Appendix B. We
identified the point of RS crossing and also tracked the location
of the FS and ejecta material, the latter being a proxy for what
would be observed if RS emission was powering what we observed
in XRB transient ejecta. The time of evolution of the radius R
of these two locations, normalized to [, is shown in Fig. 6. At
early times (where R < Rgs), the two shocks move in concert and
the separation between shocked plasma is small. However, at later
times, after the RS crossing, the FS decouples from any reverse
shocked material and propagates ahead of any electrons accelerated
by the RS. An important consequence of this behaviour is that, if the
emission comes mainly from reverse shocked electrons, the angular
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separation may increase more slowly for the same total energy input
Ey; equivalently, this could mean that energy estimates obtained with
a FS kinematic model could be conservative underestimates.

XRB jet ejections can be spatially resolved, in terms of their
separation from the core and sometimes also in terms of the structure
of the ejecta itself. Thus, in these sources the spatial decoupling
of the FS and RS provides another way to search for signatures
of different shock components (in addition to the aforementioned
combined kinematic and radiative modelling). In particular, it may
be possible to observe stratified emission structures in radio blobs
as a result of the distinct shocked regions, or multiple components
diverging from each other in core separation over time. We note that
MAXI J1848—015 does have radially extended structure in VLA
images (Bahramian et al. 2023), and its large-scale jets are likely
to have a particularly long-lived RS given the high inclination and
relatively modest velocity of ~0.8¢ (I' &~ 1.67). In addition, changes
in relative brightness of the forward and reverse shocked regions
could lead to jittering or an illusion of fast changes in apparent
angular separation. There are hints of both of these effects in some
XRB sources, but it is challenging to know if multiple shocks are
responsible. However, in general, the spatially resolved nature of
jet ejections in XRBs provides a powerful pathway to understand
astrophysical RSs.

One final way to distinguish between RS and FS signatures is
via radio polarization measurements. The reverse and forward post-
shock regions could have quite different magnetic field topologies
and densities of cold electrons, which could translate to a change
in polarization properties if the synchrotron emission changes from
reverse to FS dominated. This could manifest itself as a rotation in the
polarization angle due to different field geometries, an evolution in
fractional linear polarization due to the different degrees of ordering
of the magnetic field, or changes in internal Faraday rotation measure.
Related to this possibility, Laskar et al. (2019) argue that the linear
polarization in the the millimetre-band afterglow of GRB 190114C
can be attributed to a RS. In addition, from spatially resolved
polarization data, Orienti et al. (2017) find evidence for disordered
magnetic fields in the hotspot of radio galaxy 3C 445. Both of these
studies used data from the Atacama Large Millimeter Array, and
similar approaches in either the mm or radio bands could prove
fruitful in XRBs.

5.3 Overall evolution

In Fig. 7, we show a schematic diagram depicting the evolution of
R(1) with two of the critical time-scales (fgs and fqoy) and phases
of different behaviour marked and labelled I-IV. In both cases,
the R(#) curve has been obtained from numerical integration of
equations (8) and (13), and the curve is normalized to / making
the magnitude of R independent of Ej (although not of I’y or 0). A
version of the schematic figure with logarithmic axes is given in the
appendix (Fig. C1), in which it is easier to see the dynamic range of
times and scales as well as the various limiting slopes of the R(?)
curves. We now, in turn, briefly discuss the qualitative evolution of
the GRB and XRB scenarios depicted. We also refer the reader to
Pe’er (2012) who uses a similar shell/external shock model to plot
the evolution of I', BT, and R over observer time in the XRB and
GRB regimes, for somewhat different parameters.

The evolution of ultra-relativistic blast waves has been extensively
discussed in the literature (e.g. Sari & Piran 1995; Sari 1997; Piran
1999) and so we only briefly review the key phases here. After,
or sometimes during, the prompt emission phase, there is a short-
lived RS crossing phase. The behaviour of the shock depends on the
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relative time-scales of the shock crossing and the burst duration,
which determines whether or not the thin or thick shell regime
is relevant and also whether the RS is relativistic or Newtonian
(Sari & Piran 1995). After the RS crossing, the blast wave is
still highly relativistic and the system enters the Blandford—Mckee
phase (phase II). This phase is long-lived and results in the well
known I o #3/8, R o ¢!/* evolution. Eventually, at around # Or Zjoy,
the system gradually transitions, via a mildly relativistic pseudo-
Blandford—Mckee phase (III), to a truly Newtonian, Sedov—Taylor—
von Neumann solution (phase IV). The recovery of the true Sedov—
Taylor—von Neumann evolution can take some time; Fig C1 shows
that even at R/l ~ 3 the gradient of the R(¢) curve has steepened,
but has not yet reached the limiting R o t*/3 behaviour. This result
is consistent with Zhang & MacFadyen (2009), who find that the
evolution can be described by the Sedov-Taylor-von Neumann
solution after R/l ~ 5 (see also Waxman, Kulkarni & Frail 1998;
Livio & Waxman 2000; Pe’er 2012; Sadeh, Guttman & Waxman
2023; Wang et al. 2024, for further discussion of the transition to the
non-relativistic regime).

In the moderately relativistic case, the RS phase (I) lasts much
longer, as previously discussed. At the time the RS finishes passing
through the shell/ejecta the blast wave is not highly relavistic as in the
GRB case, and thus the system never enters a true Blandford—Mckee
phase. However, the system is also not strictly ‘Newtonian’, at least
in the sense that BT" 2> 1 and the system has not started following the
expected Sedov—Taylor—von Neumann evolution. We thus refer to
this phase III as a pseudo-Blandford—Mckee phase where the system
is not described accurately by either of the self-similar solutions used
to model blast waves. This pseudo-Blandford—Mckee phase IIl is also
the phase in which lateral spreading is likely to be important (see
Section 6.2). Finally, the system eventually transitions to a Sedov—
Taylor—von Neumann phase (IV) where R t2/5 and the expansion
is non-relativistic.

6 GEOMETRY

6.1 Cloud crushing and arbitrary geometries

Savard et al. (submitted) model an XRB jet ejection as a propagating
moderately relativistic cloud or blob, which, in the frame of the cloud,
is a relativistic analogue of the well-studied cloud-crushing problem
(Klein, McKee & Colella 1994). A RS passes through the cloud
and a FS is driven into the surrounding medium. The cloud disrupts
on a few cloud-crushing time-scales. The behaviour is qualitatively
similar to that considered here, and in fact Savard et al. (submitted)
also find that 1D simulations with the same properties produce very
similar deceleration profiles to the 2D cloud geometry. The 2D
cloud geometry is somewhat similar to the boosted fireball model
considered by Duffell & MacFadyen (2013).

The main differences between the relativistic cloud-crushing
picture and the quasi-spherical external shock model are purely
geometric. This can be seen by considering the swept up mass, 7y,
from equation (10), which is only appropriate for a quasi-spherical
outflow. The most general form of mg, comes from considering
an infinitesimal mass element dm = pAdr, where A is the cross-
sectional area of the element and both A and p are, in general,
functions of R. This gives

R
Mgy (R) = / P(RHA(R)AR' 27
0

which can be used for any well-defined 3D shape swept out in the
ISM by the blast wave. If we assume a blob of constant radius, ry,
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Figure 6. Comparison of the hydrodynamic evolution of the FS position and
the maximum distance of shell material/ejecta (a proxy for the ‘RS signature’).
Both curves are shown as a function of laboratory frame time, #14, equivalent
to our observer frame time at ; = 90°. The circle marks the point of RS
crossing, at which the ejecta material detaches from the FS. The results are
obtained from a 1D RHD simulation with I'g = 2.5.

and constant density p then the mass swept up at a radius R is just
set by the volume of a cylinder, that is

Mgy (R) = wr2Rpo. (28)
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Following the same procedure as in Section 4, for constant cloud
radius r, we can find the radius at which the swept up mass equals
M,/ Ty, which gives

4r.
Ry,c == X (29)

3T
where x = p./p is the density contrast and we have used My =
(4/3)rr2p for the initial cloud mass. This equation can also be
written in terms of energy as

Eo

Rye=——" . 30
YT wr2To(T — 1)poc? (30)

There are two interesting scalings in the above equations that are
worth discussing. The first is that R, . oc x7., which, in the non-
relativistic limit, matches the scaling of the drag time-scale, fgrag,
quoted by Klein et al. (1994); t4rg is the characteristic time-scale
over which the cloud decelerates due to drag forces. However, it is
in contrast to the canonical cloud-crushing time x dependence of
fee & x'/?r,. This difference results in foe < f4rag, and the conceptual
difference between the two time-scales is the same as that between
t, and fgs in the relativistic blast wave case (Sari & Piran 1995,
see also Section 4). However, in a proper hydrodynamic model, the
idealised picture breaks down and 7 is rather similar to 74, (Klein
et al. 1994); both should be thought of as merely characteristic time-
scales. The second important scaling is that R, . o E, in contrast to
the Rgs o E'/3 scaling in the quasi-spherical or conical case. This
different scaling arises purely from the linear dependence of myy,
on R, and is unlikely to be correct. As noted by Klein et al. (1994)
and Savard et al. (submitted), the cylindrical approximation for the
swept up mass is an oversimplification; in reality, the cloud expands
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Figure 7. Schematic figure showing the evolution of R, the distance from the central engine to the blast wave shock, over observer-frame time in approximate
XRB (Eg = 10% erg s, 6, = 60°, Ty = 2.5; left panel) and GRB (Ey = 10°! erg s7L, 6, =~ 0°, [y = 100; right panel) regimes, both for the approaching
component. The curve is normalized to the Sedov—Taylor-von Neumann length, /. In both cases, the R(¢) curve has been obtained from numerical integration of
equations (8) and (13), and two of the critical radii are marked, as are the important phases in the evolution. The colourmap in the background denotes log BI".
The parameter values are as defined in Section 2.3, with g = 6.95 x 1073 cm™3 and ¢ = 1°. A version of this figure on logarithmic axes is shown in Fig. C1.
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and distorts, and the true form of my, (R) will be more complex. In
principle, the general form of the swept up mass (equation 27) can be
implemented within the numerical solution of equation (8) to obtain,
e.g. R(z) for arbitrary geometries.

6.2 Lateral spreading

The process of lateral expansion, often termed ‘spreading’, by which
we mean an opening angle increasing over time and as a function
of R (d¢p/dR > 0), is often discussed in a GRB context and there
have been a number of detailed analytic and numerical studies
(e.g. Rhoads 1999; Livio & Waxman 2000; Zhang & MacFadyen
2009; Granot & Piran 2012; Lyutikov 2012; van Eerten, van der
Horst & MacFadyen 2012; Duffell & Laskar 2018; Granot et al.
2018; Fernandez et al. 2022; Govreen-Segal & Nakar 2024). Early
on in GRB evolution, the different regions in the jet are not causally
connected, and no spreading occurs. However, spreading is thought
to start when I'¢p < 1, because at that point the edges of the jet are
causally connected. Recently, Govreen-Segal & Nakar (2024) used
both numerical and analytic methods to show that, in this spreading
phase, the Lorentz factor in the wings follows I'(¢) oc ¢~ '3 where
¢ is the angle from the axis. Lateral spreading effects can also be
approximately accounted for using modelling tools such as af-
terglowpy (Ryan et al. 2020) or jetsimpy (Wang et al. 2024).
Govreen-Segal & Nakar (2024) discuss a range of observational
consequences induced by this lateral spreading including the impact
on the light curve rise and spectral evolution. However, our principal
interests here are how, in XRBs, lateral spreading might affect the
separation over time —i.e. dR/d¢ or a(t) — or the shock properties.

Based on the above I'¢ < 1 criterion, we can define a critical
Lorentz factor below which lateral spreading is important as I'syread =
(180/m)¢p; " ~ 57¢ ', where ¢, is now the opening angle in degrees.
XRB jet ejections have inferred opening angles of only up to a few
degrees (Miller-Jones, Fender & Nakar 2006). Thus, taken at face
value, this equation indicates that lateral spreading is likely to be
important in XRB jet ejections. However, there is a big difference
between the GRB and XRB case: in the former, the RS has always
crossed the ejecta before I'¢ < 1, whereas in the latter case this is
not true. To see this, we define a critical radius Ry, the value of R at
which I'¢ = 1. This radius can be derived in a similar manner to the
critical radii in the previous section, and is given by

1/3
R, — S(FO - lﬂspread)EO (31)
* T Qo020 (To — DT e — D|

which is only valid for I'g > I'gpreaq. In Fig. 8, we show the value
of R4/ Rgs as a function of I'y, for various values of ¢. We see that
R4 < Rgs only at relatively low I'y, as one would expect. In XRBs,
we will almost always be in the regime where I'y > Igpread.

During the RS crossing phase, the shell does not spread laterally.
This is because the shell is cold and has only radial momentum. The
material that has passed through the post-shock is hot, and can spread
sideways, but will flow away from the RS region and not impede the
shell’s progress significantly. The kinetically-dominated shell thus
continues to drive the blast wave forwards and the overall behaviour
will depend somewhat on the detailed hydrodynamics and density
contrast of the shell. Thus, from Fig. 8 and the above argument,
in moderately/mildly relativistic XRBs we can expect that lateral
spreading only matters at all when R > Rgs; we now look to verify
this expectation with hydrodynamic simulations.
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Figure 8. The onset of lateral spreading is set by RS crossing in XRBs and
mildly relativistic blast waves. The solid lines, colour-coded by half-opening
angle ¢, show the ratio of Ry, the radius at which I'¢ = 1, to Rgs, the RS
crossing radius as a function of I'g. For 'y < 1/¢ the equation becomes
meaningless. Ry is estimated analytically from equation (31). Above the
dotted line (and at high I'y), the critical Lorentz factor for spreading is
reached after the RS crossing phase. Below the dotted line, the onset of
lateral spreading is instead determined by the point of RS crossing.

6.3 Lateral spreading with relativistic hydrodynamics

To estimate the approximate impact of spreading in the XRB case,
one could introduce a GRB-like prescription into our swept-up mass
parametrization but only allow it to modify the kinematics when the
RS has crossed the shell. In particular, Granot & Piran (2012) give a
simple form of lateral spreading that could be implemented. Instead,
we use 2D hydrodynamic simulations in an axisymmetric spherical
polar (r, ¢) geometry. 2D RHD simulations have been extensively
applied to the evolution of highly relativistic blast waves in the
GRB-like I’y = 10 regime, where they can be used to, for example,
study the dynamics and/or predict afterglow light curves and spectra
(Zhang & MacFadyen 2009; van Eerten, Zhang & MacFadyen 2010;
van Eerten et al. 2012; van Eerten & MacFadyen 2013; Duffell &
MacFadyen 2015; Granot et al. 2018; Xie & MacFadyen 2019;
Ayache, van Eerten & Eardley 2022; Govreen-Segal & Nakar 2024).
The details of our numerical calculations, which use PLUTO, are again
described in Appendix B. The parameters and set up are identical to
the 1D calculation used in Section 5.1, except we now introduce an
additional parameter in 2D: the half-opening angle ¢.

To investigate spreading in XRBs, we conduct 2D simulations
with varying values of ¢ and identical I'y and E s, (see Appendix B
for further details). We first verified that the 1D case produces
identical results to 2D when ¢ = 90° (corresponding to spherical
symmetry). Then, for each simulation, we calculate the position of
the FS over time, and compare the 2D calculations to the 1D case.
The results are shown in Fig. 9, which shows R as a function of
t from each simulation. First, we do indeed confirm our assertion
that the shell does not spread laterally during the RS crossing phase.
However, we also find that after RS crossing, the lateral spreading can
have a significant impact on the propagation of the shell, causing it
decelerate more quickly. The detailed propagation will likely depend
on input parameters and merits further investigation with dedicated
hydrodynamics simulations; nevertheless, the basic result — that
lateral spreading only impacts propagation at R > Rgs, but can cause
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Figure 9. The impact of lateral spreading on the FS radius, as inferred from a
RHD simulation. Lateral spreading only occurs after RS crossing. The black
line shows the FS radius from the 1D (i.e. truly spherical) hydrodynamic
simulation described, while the green line shows the FS radius from a 2D
hydrodynamic simulation of a conical outflow with ¢ = 1°. Both curves are
shown as a function of laboratory frame time, #155, €equivalent to our observer
frame time at 6; = 90°. Lateral spreading at late times causes more rapid
deceleration and leads to a shorter propagation distance.

the shell to propagate less far — broadly agrees with expectations from
GRB theory and general physical reasoning.

If lateral spreading can cause faster deceleration, it follows that
this could impact energy estimates of XRB ejecta, reasoning along
similar lines to the RS argument in Section 5.1. Shells that spread
laterally will require correspondingly higher energies to produce
a given deceleration curve, compared to those that do not. Again,
this reasoning suggest that the currently inferred effective energies
may be somewhat underestimated, showing how it is important to
account for the detailed hydrodynamics of the blast wave. Finally,
we note two interesting points. One is that XRBs actually do have
some constraints on spreading, since their opening angles (or more
accurately, the opening angles associated with the observed radio
emission) can be estimated from spatially resolved observations,
assuming that this emitting region tracks the true dynamics of the
ejecta fairly well. The second point is that constraints on lateral
spreading — either from modelling of the displacement over time,
or from the radio images directly — should provide useful (model-
dependent) information about initial Lorentz factors: ejecta with
modest lateral spreading effects are more likely to have relatively
low I'y.

7 DISCUSSION

7.1 Slowing distances and ambient densities

An approximate Sedov—Taylor—von Neumann distance often quoted
for GRBsis/ ~ 10!8 cm (e.g. Sari & Piran 1995; Piran 1999), which
is comparable with the observed deprojected slowing distances for
XRBs (e.g. Carotenuto et al. 2024) despite perhaps seven orders of
magnitude difference in energetics. However, the estimated value of
I (or equivalently, the effective energy E,) depends significantly on
the ambient density of the medium.
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Direct measurements of GRB jet deceleration or stopping dis-
tances are technically challenging, and therefore rare. In order to
measure the distance travelled by a jet both VLBI observations (to
measure the projected source size) and multiwavelength modelling of
the afterglow (to measure the opening angle) are needed. As a result,
there are only about three events where we can say anything with
relative confidence about the distance travelled by, and therefore
stopping distance of, the jet. These events are GRBs 030329,
130427a, and 221009A (Mesler et al. 2012; De Pasquale et al. 2016;
Giarratana et al. 2024; Rhodes et al. 2024), whose proximity and
intrinsic luminosity allowed them to be studied out to much later
times than the average event. For both 030329a and 221009A, the
combination of VLBI and multifrequency afterglow observations sets
the minimum distance travelled by the jet to be about 4 pc (Mesler
et al. 2012; Rhodes et al. 2024). We note that at the time of writing,
GRB 221009A is still being monitored and so the minimum distance
will continue to grow. In the case of GRB 130427a, the minimum
distance travelled was measured to be at least 50 pc (De Pasquale et al.
2016). It is thus clear that GRB blast waves can travel significantly
further than the canonical I ~ 10'® cm figure.

The circumburst (ambient) densities of GRB environments are
inferred from afterglow models. The density profile can be extracted
from afterglow light curves and its normalization is derived from
spectral modelling. Is it expected that long GRBs, those produced by
collapsing massive stars, have a circumburst density profile following
p oc r~2 as a result of the progenitor star’s stellar wind. Conversely,
short GRBs from binary neutron star mergers, are expected to lie in a
homogeneous environment p o r9. However, unlike theory, studies
of long GRB afterglows find a broad range of (model-dependent)
density profiles (e.g. Brightet al. 2019; Rhodes et al. 2020, who found
o o r~2% and oc 0, respectively). Furthermore, afterglow modelling
attempts also find a large range of number density normalizations
for both long and short GRBs. Fong et al. (2015) presented a
comprehensive set of short GRB observations and found that their
ambient number density normalizations ranged between 10~> cm™>
and 1 cm™3. Aksulu et al. (2022) performed a similar analysis for
long GRBs and found on the whole the number densities were higher
but had just as large a range between 1072 ¢cm~> and 10>° cm ™.

It has been suggested for a number of years that XRBs lie in
underdense environments relative to the canonical ISM density of
n ~ 1 cm™3 (Heinz 2002; Wang et al. 2003). This finding appears to
be confirmed from kinematic modelling of more recent ThunderKAT
sources, with Carotenuto et al. (2024) finding high effective energies
and favouring low ambient medium densities as a way to avoid
restrictively high jet powers (under the assumption that the jet
launching time-scale is roughly the radio flare time-scale). This
conclusion is broadly supported by other authors. Savard et al.
(submitted) show that simulations of XRB jet ejecta also require
a low density ISM and that the jet ejection itself can create a low-
density cavity. Thus, unlike the GRB case, there appears to be an
emerging consensus that XRB jet environments are systematically
underdense, with n < 1073 cm ™.

With these observational constraints in mind we can then revisit
the apparent coincidence in stopping distances or Sedov—Taylor—von
Neumann lengths. In some cases, it is relatively likely that GRB
blast waves travel a similar distance to XRB discrete jet ejecta
before slowing to non-relativistic velocities. For this to be true,
the larger energy (factor of ~107) needs to be compensated by a
corresponding factor in ¢?py, which is feasible if the GRB lives in
a dense environment and/or its outflow has a large opening angle
(there are indeed GRBs with inferred opening angles significantly
larger than a few degrees; Goldstein et al. 2016). However, in general,
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Figure 10. Contours of the angular separation at the time of RS crossing,
aRs, as a function of T'p and 6 for a source with our representative XRB
parameters at a distance of D = 3 kpc. The angular separation is calculated
directly from equation (32) and the red line marks a MeerKAT nominal
angular resolution of 5.4 arcsec, with the hashes showing the side of the line
where ars < 5.4 arcsec. The pink band shows the approximate initial Lorentz
factor range for XRBs.

GRBs likely have a large range of slowing distances as expected from
their range of inferred Ey s, values and circumburst densities, and
the I ~ 10'® cm figure is far from universal.

7.2 XRBs as shock and particle acceleration laboratories

If indeed I'y ~ a few, the property that //Rgs ~ afew and fgg ~
tens of days makes XRBs unique shock laboratories, for a number
of reasons. The most obvious one is that their RSs persist for a
long time, compared to on-axis GRBs (Fig. 5). This makes it much
more practical to obtain multiwavelength coverage, particularly in the
radio, where it might take a few days or more to get on source. This
advantage is made more pronounced by the fact that the receding
ejecta can also be detected in many XRBs, and the associated
observed time-scales are even longer for the receding case (see
Section 5.1.1). In addition, the RS persists through a phase when
the ejection is a long way from the nucleus. To illustrate this latter
point, we can define the angular separation at RS crossing, which at
z = 0is given by

1/3
3 ) . (32)

ars = D7 'Rpssin = D™ 'siné <7
Qpol'o(I'o — 1)

We plot ags as a filled contour as a function of I'g and 6 in Fig. 10. The
figure shows that off-axis, moderately relativistic Galactic sources
can have their separations from the core at 7gg resolved with present
day radio telescopes without the need for VLBI.

There are also intrinsic properties of the shocks in XRBs that
make them interesting testbeds; to see this, we must first review the
theory of particle acceleration at (trans-)relativistic shocks. Arguably
the two most important parameters governing particle acceleration
at shocks are the Lorentz factor, 'y, and the magnetization. Both
of these parameters affect the efficiency of particle acceleration
(the fraction of the total energy given to non-thermal particles),
the maximum individual energies those particles reach, and the
shape or slope of the particle spectrum (see Kirk & Duffy 1999;
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Bykov et al. 2012; Marcowith et al. 2016; Matthews et al. 2020,
for reviews). Efficient particle acceleration occurs when particles
cross the shock many times. At low magnetizations, relativistic
shocks are thought to be efficient particle accelerators able to
channel a significant fraction of the shock power into non-thermal
particles (Spitkovsky 2008; Sironi & Spitkovsky 2009, 2011). At
high magnetization, the efficiency of particle acceleration depends
significantly on the magnetic field orientation and is often inefficient
(e.g. Begelman & Kirk 1990; Gallant et al. 1992; Sironi & Spitkovsky
2009, 2011), with the particles unable to ‘outrun’ the shock before
being swept downstream. Irrespective of the magnetization, relativis-
tic shocks are quasi-perpendicular and have steep particle spectra
compared to non-relativistic shocks (Kirk, Rieger & Mastichiadis
1998; Achterberg et al. 2001); both these effects conspire to prevent
the driving of strong Larmor-scale turbulence at the highest energies
and limit the maximum energy significantly (Lemoine & Pelletier
2010; Sironi et al. 2013; Reville & Bell 2014; Bell, Matthews &
Blundell 2019). However, much of the physics remains an area of
theoretical debate, and so having good astrophysical laboratories
to test these theories is essential. Furthermore, in the most general
sense, we should expect all the parameters that describe the dis-
tribution of accelerated particles to depend on the shock Lorentz

factor.

As long as the ejecta shell is denser than the surroundings, the
Lorentz factor of the RS is lower than that of the FS. Depending
on the initial Lorentz factor, and which shock dominates the particle
acceleration, the shock will transition between different regimes of
Lorentz factor/shock velocity, and in turn sample different regimes
of particle acceleration physics. This is the case even if the shock
in question is never ultra-relativistic. For example, Bell, Schure &
Reville (2011) show that even at modest velocities of 10000 km s~',
there are already higher order anisotropies in the particle distribution
function that cause the diffusion approximation to break down, with
a knock-on impact on particle spectral indices. In addition, Bell et al.
(2019) show that spectral steepening due to energy exchange between
MHD turbulence and the CRs can occur at non-relativistic, shock
velocities. Thus regardless of the precise shock velocity, the ability
to track a particle accelerator spatially and spectrally — in a time-
resolved manner as the shock transitions between different velocity
regimes — is likely to be a powerful probe of particle acceleration
physics. In addition, future combined kinematic-radiative modelling
of XRB large-scale jet ejecta (Cooper et al. 2025) can provide
constraints on the same microphysical parameters (€. and €,) use
in GRB model fitting, allowing tests of particle acceleration theory
in a new regime.

The importance of XRB jets/ejecta as high-energy particle accel-
erators is emphasized by recent VHE gamma-ray results. The High-
Altitude Water Cherenkov observatory has reported extended VHE
gamma-ray emission from both SS 433 (Abeysekara et al. 2018)
and V4641 Sgr (Alfaro et al. 2024). In addition, the Large High
Altitude Air Shower Observatory (LHAASO) detected five XRBs
in >100TeV gamma-rays (LHAASO Collaboration 2024). Intrigu-
ingly, the LHAASO detections included VHE emission aligned with
the receding jet of MAXI J1820+4-070, a source now famous for
its long-lived superluminal jet ejections (Bright et al. 2020). As
discussed also by Savard et al. (submitted), these results, particularly
the MAXI J1820+070 detection, provide the tantalising possibility
that XRB large-scale jets are accelerating particles to PeV energies,
with the FS and RS both being candidate acceleration sites. We
will explore this possibility further, including the potential CR and
neutrino contributions, in a forthcoming paper (Bacon et al., in
preparation).



7.3 Constraining the initial Lorentz factor

The ratio of the Sedov-Taylor—von Neumann length to the RS
crossing time depends only on I'y (equation 20). This fact has been
used, when estimates of the total burst energy, circumburst density
and RS crossing time are available, to infer initial Lorentz factors
in GRBs (e.g. Laskar et al. 2019). The same principle has also been
discussed by Generozov et al. (2017) in the context of TDEs. Using
this Rgs/! ratio to constraint Iy in XRBs should also be possible,
where there are two big advantages. First, it is significantly easier
to estimate /, because the trajectory is resolved. Second, as we have
argued in the previous subsection, the RS can persist for tens of
days. However, although other authors have argued for RS emission
in XRB jet ejections (Wang et al. 2003, Savard et al., submitted),
there is no definitive detection of RS emission (nor for that matter,
FS emission) — that is to say, the site of in situ particle acceleration
is not yet well constrained.

If a RS component can be clearly identified, there is the inviting
possibility that its crossing time can be used to measure the Lorentz
factor in XRBs. Furthermore, rather than taking a simple ratio, more
progress can be made with a full Bayesian fitting procedure that
incorporates both angular separation and light curve data for the
ejecta and fits the kinematics and radiation simultaneously. We have
taken the first steps towards this in a companion paper (Cooper et al.
2025).

8 SUMMARY AND CONCLUSIONS

We have revisited blast wave modelling in GRBs and XRBs and
examined the differences and similarities between these different
classes of source. We started by providing the observational context
and described the various selection effects and biases at work when
placing XRBs and GRBs in regimes of energy and Lorentz factor.
We then reviewed blast wave models in both the ultra-relativistic, on-
axis regime and the more general transrelativistic, off-axis regime,
before deriving various critical radii and times during the blast wave
evolution. Our main findings are as follows:

(1) In Section 3.2, we demonstrate and emphasize that XRBs are
the off-axis, moderately relativistic cousins of GRBs (e.g. Fig. 3);
although the Blandford-Mckee model and the R o I'’¢ behaviour
are specific to GRBs, the more general equations for dR/d¢ and
energy conservation can be applied in both regimes, as originally
suggested by Huang et al. (1999).

(ii) We show that, in moderately relativistic XRB jet ejecta, the
RS crossing phase is long-lived and lasts for tens of days in the
observer frame (Fig. 5) as also found in hydrodynamic simulations
(Savard et al., submitted). The ratio of the blast wave radius at the
point of RS crossing to the Sedov-Taylor—von Neumann length is
significantly larger (//Rgs ~ a few) in moderately relativistic blast
waves compared to ultra-relativistic ones (Fig. 4).

(iii) We describe the overall evolution of blast waves in the ultra-
relativistic on-axis (GRB) and moderately relativistic off-axis (XRB)
cases (Figs 7 and C1). The GRB case is well described in the
literature, and is characterized by a short RS crossing phase, a
relatively long Blandford—-Mckee phase and a slow transition to a
Newtonian regime. By contrast, the XRB blast wave never enters a
true Blandford—Mckee phase and has a long RS crossing — after the
RS crosses it instead enters a pseudo-Blandford—-Mckee phase before
transitioning to a Sedov—Taylor—von Neumann solution.

(iv) We examine the effect of geometry on XRB ejecta or blob
propagation. We discuss the relationship between relativistic ‘cloud-
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crushing’ and the quasi-spherical case, which both produce similar
results (Section 6.1).

(v) We also explore the impact of lateral spreading on the blast
wave, in which ¢ increases over time (Section 6.2). We argue that
the real lateral spreading must depend on the hydrodynamics of
the system and applying a GRB recipe during the RS phase is
unrealistic — we therefore argue for a more modest impact of lateral
spreading as inferred from our 2D RHD simulations. Nevertheless,
any lateral spreading will act to increase energy estimates from
kinematic modelling.

(vi) We use our RHD simulation to show that if the emission from
XRB ejecta comes from particles accelerated at the RS then the
propagation distance can be significantly shorter compared to a FS
scenario (Fig. 6). This effect could lead to an underestimate of the
effective energy of the blast wave if a FS model is then applied.

(vii) We argue that discrete jet ejecta from XRBs are excellent
laboratories for studying RSs and particle acceleration in moderately
relativistic shocks (Section 7.2). This is because their RS is long-
lived (Fig. 5) and crosses the ejecta at a point when the separation
can be easily resolved with present day radio telescopes (Fig. 10).

(viii) If RS signatures can be robustly identified in XRBs, then the
ratio //Rgs can in principle be used to constrain the initial Lorentz
factor, 'y, as has been suggested for GRBs. Moving forward, a
combined radiative-kinematic modelling framework (Cooper et al.
2025) should allow parameters of the system (such as I'y) to be
constrained more rigorously and with fewer degeneracies.

Overall, our work emphasizes that XRB and GRB blast waves
and/or jets are complementary laboratories. Each can inform the
other, and each probes different regimes in terms of Lorentz factor,
energetics, viewing angles and microphysics. XRBs have one big
advantage in that their trajectories can be tracked much more
easily without the need for VLBI. This property can be exploited
so as to learn more about the physics of particle acceleration,
shocks and ISM interaction in relativistic plasmas, making an even
firmer case for continued targeted, high-resolution radio and X-ray
monitoring of large-scale jet ejecta from XRBs. In turn, improved
constraints on energetics and Lorentz factors of the ejecta in both
XRBs and GRBs can help us understand the central accreting
compact object that ultimately powers these extreme transient
phenomena.
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Table A1. Estimates of the initial Lorentz factor in GRBs, with references.

Table A2. Estimated lower limits on the initial Lorentz factor in GRBs.

GRB ID Iy estimate Reference GRB ID o limit Reference
080210a 38.3 Xi et al. (2017) 051111a 395 Liang et al. (2010)
080810a 43.7 Xi et al. (2017) 080319b 486 Liang et al. (2010)
080810a 80.7 Xi et al. (2017) 060908a 455 Liang et al. (2010)
080928a 29.2 Xi et al. (2017) 060912a 307 Liang et al. (2010)
080928a 24.3 Xi et al. (2017) 061021a 363 Liang et al. (2010)
081008a 55.8 Xi et al. (2017) 071003a 483 Liang et al. (2010)
100906a 494 Xi et al. (2017) 021211a 282 Liang et al. (2010)
110801a 29.2 Xi et al. (2017) 050319a 337 Liang et al. (2010)
110801a 62.7 Xi et al. (2017) 050525a 384 Liang et al. (2010)
12102a 17.1 Xi et al. (2017) 160625B 100 Alexander et al. (2017)
121024a 23.0 Xietal. (2017) 190114¢ 140 Acciari et al. (2019)
121211a 342 Xi et al. (2017) 191016a 90 Smith et al. (2021)
130427b 33.4 Xietal. (2017) 060124a 5.3 Yi et al. (2015)
130606a 37.7 Xi et al. (2017) 060124a 27.2 Yi et al. (2015)
130606a 19.6 Xietal. (2017) 060210a 45.9 Yi et al. (2015)
130606a 449 Xi et al. (2017) 060210a 63.3 Yi et al. (2015)
130606a 106.6 Xietal. (2017) 060418a 62.2 Yi et al. (2015)
130606a 39.6 Xi et al. (2017) 060526a 12.3 Yi et al. (2015)
140512a 28.6 Xietal. (2017) 060526a 20 Yi et al. (2015)
140515a 87.2 Xi et al. (2017) 060526a 17.9 Yi et al. (2015)
160509a 330 Laskar et al. (2016) 060526a 29.1 Yi et al. (2015)
130427a 130 Laskar et al. (2013) 060707a 12.2 Yi et al. (2015)
100219a 260 Mao et al. (2012) 060714a 68 Yi et al. (2015)
081029a 500 Holland et al. (2012) 060714a 30.8 Yi et al. (2015)
081029a 120 Greiner et al. (2009) 060714a 44.4 Yi et al. (2015)
140629a 82 Hu et al. (2019) 060714a 37.3 Yi et al. (2015)
181201a 103 Laskar et al. (2019) 060729a 4.5 Yi et al. (2015)
160625b 58 Lin et al. (2019) 060814a 28.1 Yi et al. (2015)
080319b 520 Fraija & Veres (2018) 060906a 56 Yi et al. (2015)
130427a 550 Fraija & Veres (2018) 060906a 80.1 Yi et al. (2015)
201015a 204 Ror et al. (2023) 070306a 25.3 Yi et al. (2015)
201216¢ 310 Ror et al. (2023) 070318a 8.8 Yi et al. (2015)
110731a 580 Lii et al. (2017) 070318a 9.3 Yi et al. (2015)
110731a 154 Lii et al. (2017) 070721Ba 56.5 Yi et al. (2015)
070208a 115 Liang et al. (2010) 070721Ba 62.9 Yi et al. (2015)
080319¢ 301 Liang et al. (2010) 070721Ba 74.6 Yi et al. (2015)
990123a 966 Liang et al. (2010) 071031a 17.3 Yi et al. (2015)
050922¢ 401 Liang et al. (2010) 071031a 27.8 Yi et al. (2015)
060210a 381 Liang et al. (2010) 071031a 29.8 Yi et al. (2015)
071010b 309 Liang et al. (2010) 071031a 25.8 Yi et al. (2015)
071112¢ 244 Liang et al. (2010) 050416A 43.7 Yi et al. (2015)
050802a 10.3 Yi et al. (2015)
050814a 36.6 Yi et al. (2015)
050814a 20.1 Yi et al. (2015)
APPENDIX B: RELATIVISTIC 050820a 123 Yietal. (2015)
We ran 1D and 2D RHD simulations, using PLUTO (Mignone et al. 0509042 30.9 Yietal. (2015)
2007). The aim of the simulations was to test the RS crossing 050904a 247 Y? etal. (2015)
o . . R . 050904a 25.4 Yi et al. (2015)
.condmon, predict RS .observatlonal signatures, and examine the 0509042 559 Yiet al. (2015)
impact of lateral spreading and 2D effects. We use PLUTO to solve the 0509042 34.9 Yi et al. (2015)
equations of RHD in both 1D spherical and 2D polar axisymmetric 050904a 14.3 Yi et al. (2015)
(r, ¢) geometries. We initialize the simulations with a shell of 051016b 15.1 Yi et al. (2015)
lab-frame width Ay = 2 x 10'® c¢m, Lorentz factor 'y = 2.5 and 060115a 38.7 Yi et al. (2015)

mass My = 9.74(Q/4m) x 10°° g such that the initial rest mass
density inside the shell is py = 3M0/(QA(3)F0) = 9.25 x 10% g. This
results in an isotropic energy equivalent of Ej ;,, = 1.313 x 10¥ erg,
corresponding to an initial kinetic energy of the shell for ¢ = 1°
of Ey = 10* erg. Both the 1D and 2D setups have resolutions of
10" cm and a maximum radius of 1.024 x 10'® cm leading to 1024
radial cells in the 1D case and 1024 x 512 (r, ¢) cells in the 2D
case. We evolve the simulations using the HLLC Riemann solver
(Mignone & Bodo 2005), a Courant—Friedrichs—Levy number of
0.4 and linear reconstruction. We adopt the Taub—Mathews (Taub
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1948; Mignone & McKinney 2007) equation of state, the Monotized
Central flux limiter and 2nd order Runge—Kutta time stepping. This
setup is a standard recommended one for PLUTO RHD simulations,
but we nevertheless experimented with the numerical scheme, trying
higher order methods and various different Riemann solvers and flux
limiters. Our results were not sensitive to these choices. We also
verified that a 2D simulation with spherical symmetry (¢ = 90°)
produced the same results as the 1D simulation.



We assigned a tracer fluid (Q) to the initial shell material, and
evolved this tracer as a passive scalar in the simulation. We then
define shell/ejecta material as having Q > 1072 and Q < 1072,
respectively. We identified the FS by searching inwards for a jump in
pressure and use its position to calculate R(#). The RS proxy in Fig. 6
is taken to be the maximum distance reached by the ejecta material,
i.e. the maximum r at which Q > 1072. To find the point of RS
crossing, we inspected the 1D spatial profiles of density, pressure,
velocity, and tracer, to find the time at which the RS finishes crossing
the shell. We found that this does indeed match well with the point at
which the swept up mass equals 1/ I'y of the initial blob mass, so we
record the value of R at which mg, = M/ 'y as found numerically
from the simulation results. For this purpose, we calculate the swept
up mass by summing over all cells (indexed by n) with r < R so
that

(B1)

Mgy = < Z pnFnVn> - M,

n,rp <R

that is the total mass behind the FS minus the initial shell mass.
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APPENDIX C: ADDITIONAL SCHEMATIC
FIGURE

In Fig. C1, we show a modified version of Fig. 7 on logarith-
mic axes. The shading, time-scales, and phases are labelled as
in Fig. 7. The logarithmic axes make it easier to see the early
time evolution of the GRB, and also the slopes of the power-
law evolution of R(¢). In particular, in the left-hand XRB panel,
we see a transition from an early pseudo-ballistic trajectory to
a Sedov—Taylor-von Neumann phase with R oc t?/° at late times
when R >1 and R > Ryoy. In the right-hand GRB panel, after
an initial ballistic phase we instead recover the Blandford—Mckee
solution R o t'/# for most of the early time evolution. Again, at late
times when R > [ and R > Ry, the R o t*/° Sedov—Taylor—von
Neumann evolution is gradually recovered (see Livio & Waxman
2000; Zhang & MacFadyen 2009; Pe’er 2012; Sadeh, Guttman
& Waxman 2023; Wang et al. 2024, for further discussion of
the transition to the non-relativistic regime). Somewhat counter-
intuitively, this means the XRB R(r) curve gets shallower at large 7,
whereas the GRB curve steepens, due to relativistic and geometric
effects.
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Figure C1. Analogue to Fig. 7, but with logarithmic axes and expected Sedov—Taylor—von Neumann and BM76 time evolutions marked with dotted and dashed
lines, respectively. The colours and labelled zones I-IV match those denoted in Fig. 7.
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