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We introduce quantum Kolmogorov-Arnold networks (QKAN), a quantum algorithmic framework
inspired by the recently proposed Kolmogorov-Arnold Networks (KAN). QKAN inherits the
compositional structure of KAN and is based on block-encodings, constructed recursively from a
single layer using quantum singular value transformation. We demonstrate the algorithmic utility of
QKAN in two applications. First, we introduce and analyze QKAN as a quantum learning model,
treating the eigenvalues of block-encoded matrices as neurons and applying parametrized activation
functions on the edges of the network. We show that QKAN is a wide-and-shallow neural architecture,
where shallow depth is compensated by exponentially wide layers whenever efficient block-
encodings of inputs are available. We further discuss how to parametrize and train QKAN using
parametrized quantum circuits and quantum linear algebra subroutines. Second, we demonstrate that
QKAN can serve as a multivariate quantum state-preparation protocol for functions with shallow
compositional structure. We demonstrate this by efficiently preparing a multivariate Gaussian
quantum state using a two-layer QKAN. Looking forward, we anticipate that QKAN’s compositional
and modular design will enable new applications in quantum machine learning and quantum state

preparation.

Kolmogorov-Arnold representation theorem (KART) states that any con-
tinuous function of multiple variables can be decomposed using two layers
of composition and summation of univariate functions'™. Recently, Liu et
al.” extended this compositional structure beyond two layers, providing an
alternative neural network design aimed at offering advantages over tradi-
tional feedforward multilayer perceptrons (MLPs)*”. Although KANs do
not inherit the universal representation property of KART, their structure,
based on compositions of parametrized univariate activation functions, can
yield better interpretability and improved accuracy on small-scale tasks’. In
scientific applications, where many target functions admit symbolic for-
mulas, KANs can reveal modular structure and potentially aid in the dis-
covery of new physical laws, making them a promising tool for scientific
discovery'’. The KAN architecture has inspired multiple extensions and
applications, including Convolutional KANs"', Graph KANs'*", Cheby-
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shev KANs', KANs for quantum circuits” and others'*,

In this work, motivated by the potential of KANSs in the classical setting,
we introduce a quantum version, QKAN; a structured quantum architecture
that leverages the quantum singular value transformation (QSVT) to apply
nonlinear transformations. QSVT applies polynomial transformations to
the singular values of a matrix encoded as a block of a unitary (a block-
encoding), utilizing the power of quantum computers to manipulate
exponentially large unitary operators efficiently”. QSVT has seen wide-
spread adoption as a quantum meta-algorithm, both rederiving previous
algorithms™* and designing new efficient quantum algorithms™’. QKAN
uses block-encodings as its input and output model, representing both the
input and output vectors as block-encoded diagonal operators, which can be
manipulated using quantum linear algebra subroutines, as illustrated in
Fig. 1. We demonstrate the algorithmic utility of QKAN in two applications.

First, we introduce and analyze QKAN as a quantum learning model. In
quantum machine learning, models are developed using quantum
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mechanical principles’ . Existing approaches include variational quantum
algorithms (VQAs) employing parametrized quantum circuits whose para-
meters are optimized to minimize a cost function’ ™, similar to MLPs. Their
generalization, expressibility, and interpretability have been extensively stu-
died in refs. 40-46. In the fault-tolerant regime, various quantum imple-
mentations of classical machine learning algorithms have been proposed,
including support vector machines”, deep convolutional neural networks®,
transformers®, and various others™>’. Contrary to previous architectures,
QKAN treats the eigenvalues of block-encoded matrices as neurons and
applies parametrized activation functions on network edges via linear com-
binations of Chebyshev polynomials, or other basis functions that can be
realized efficiently using QSVT. The gate complexity of QKAN scales linearly
with the cost of constructing the block-encoding of an N-dimensional input
vector, which in certain cases, such as for inherently quantum inputs, can be
O(polylog(N)). At the same time, composing layers incurs an exponential
overhead in depth due to the recursive QSVT-based construction, so QKAN
is naturally constrained to be shallow. This makes QKAN a wide-and-shallow
architecture: when efficient block-encodings are available, a shallow QKAN
can realize exponentially wide layers at a polylogarithmic cost, a regime that is
inaccessible to classical neural networks. For example, given access to a
quantum unitary that prepares a N-dimensional quantum state of interest
efficiently, we can process that state by computing a multivariate function of
its amplitudes in O(polylog(N)) time, assuming that the target function
admits an efficient polynomial approximation. Such an operation generally
requires O(N) classical runtime. We note that although we implement
QKAN with Chebyshev polynomials to facilitate training and interpretability,
QKAN is not restricted to the Chebyshev basis and can employ any bounded-
degree, bounded-range polynomials realizable via QSVT.

Second, we demonstrate that QKAN can serve as a multivariate
quantum state-preparation protocol. The goal of quantum state preparation
is to prepare a quantum state, for example, for use in other quantum
algorithms. The problem of loading univariate functions has been exten-
sively investigated in the prior literature® . However, extensions to mul-
tivariate state preparation remain scarce despite their importance® . We
illustrate how QKAN’s compositional circuitry can efficiently prepare
families of multivariate high-dimensional distributions by exploiting their
compositional structure. As a concrete example, we show that a two-layer
QKAN can efficiently load a D-dimensional Gaussian distribution into a
quantum state.

Results

Notation and preliminaries

Throughout this manuscript, N denotes the dimension of input, assumed to
be a power of two, and n = log,(N) represents the number of qubits. K
denotes the dimension of the output and, similarly, k = log,(K). The
subscript nin 1//>n and U, indicates the size of the system in terms of qubits.
For a vector v, ||v||,, is the £,-norm of v. For a matrix A, ||Al| is the spectral
norm of A. Further, diag(x;, x,, ..., Xn) represents a diagonal matrix whose
diagonal entries are xy, x,, ..., Xn. Here, T,(x) € R[x] is the r-th Chebyshev
polynomial of the first kind, defined as T,(x) := cos(rarccos(x)). We
denote R [x] as the set of all polynomials with real coefficients in the variable
x. We adopt the convention that indices in summations run from 1 to the
upper limit of the sum and use [N] to denote the set {1, ..., N}.

Kolmogorov-Arnold Networks (KAN)

Kolmogorov-Arnold representation theorem states that any continuous
multivariate function can be represented as a composition of univariate
functions with the summation"***, Formally, for any continuous function
f:10,1Y — R, there exist continuous inner functions bpq [0,1]— R
(independent of f) and outer functions g, : R — IR (dependent of f) such
that

2N+1

N
fas )=y gq( ¢pq(xp)). M
gq=1 p=1

In the context of neural networks, KART has been studied to explain
how deep learning can overcome the curse of dimensionality, with one
approach involving the approximation of the inner and outer functions of
the KART representation using neural networks. However, the practicality
of this approach is limited by the high nonsmoothness of the inner and outer
functions, even when the original function is smooth, posing significant
challenges in accurate approximation and robustness to noise.

Liu et al.” proposed generalizing the compositional structure of KART
to include more layers. This architecture, called Kolmogorov-Arnold Net-
works, can contain an arbitrary number of layers, as opposed to the two
layers guaranteed in KART. Here, we define KAN as outlined in the original
study and only slightly adapt the notation of ref. 5.

Definition 1. (KAN layer,’). Define a KAN layer as a transformation @ :
RY — RX that takes a real vector ¥ as input and outputs a real vector (%)
such that

N N
D) = (Z B (%), - .7Z¢p,<<xp))7 @)
p=1 p=1

where ¢, : R — R are univariate functions.

This transformation can be interpreted as placing activation functions
¢pq on the edges connecting the input nodes p € [N] to the output nodes g €
[K] of a single layer neural network and applying summation on the
output nodes.

Definition 2. (KAN,’). Define KAN as a neural network architecture
consisting of concatenated KAN layers, where the output of the previous
layer serves as the input to the next one. Let L be the number of KAN layers
and let an integer array [N, N%, ..., N] be given, where N denotes the
number of nodes in the /-th KAN layer. The KAN output, denoted by
KAN(X), is the composition of the individual layers:

KAN®®) = 0P o - -+ 0 dD(R), (3)

where each @0 : RN — R¥" is specified by an array of univariate
functions {¢1(72}'

As per the definition above, in KAN, the univariate functions ¢,, are
parametrized as linear combinations of basis functions. The choice of a basis
can be tailored to the specific application. For example, the original KAN
implementation used B-splines defined on a grid. Subsequent works con-
sidered wavelets, Chebyshev polynomials, and Fourier expansion.

It is crucial to emphasize that KAN does not inherit the universal
representation power of KART because the inner and outer functions of
KART may not be learnable in practice®”*’. Therefore, there is no guarantee
that a deep KAN can represent any given multivariate function. Never-
theless, KAN appears to be successful in certain applications, particularly in
science. For example, KAN has outperformed MLPs in learning symbolic
functions commonly found in physics™'’. Additionally, KAN offers a sig-
nificant interpretability advantage: individual activation functions can be
inspected, and the network can be pruned by removing functions that
closely resemble zero functions, potentially discovering sparse composi-
tional structures. Compared to MLPs, KANs have displayed the property of
efficiency in certain cases and exhibit a lower spectral bias toward lower
frequencies®.

Quantum Kolmogorov-Arnold Network (QKAN)

In this section, we establish the main contribution of our work. Namely, we
develop a quantum implementation of the Kolmogorov-Arnold Network
(QKAN), illustrated in Fig. 1. QKAN is designed to realize the classical KAN
on a quantum computer and, as such, consists solely of unitary transfor-
mations. This implementation leads to several technical differences between
KAN and QKAN. Firstly, QKAN operates on block-encodings of vectors
rather than directly on vectors themselves. In this representation, the vector
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Fig. 1 | Construction of a CHEB-QKAN layer with the corresponding quantum
circuit. The input to the QKAN model is a diagonal block-encoding of an N-
dimensional real vector ¥. The CHEB-QKAN layer applies univariate activation
functions ¢, to each input component x,, where p € [N] indexes input nodes and q
€ [K] indexes output nodes. The output vector is computed as a sum over activated
input nodes. This operation yields a block-encoded real K-dimensional output
vector. The quantum circuit implementation requires 1 + log, (d + 1) qubits for the

construction and linear combination of weighted Chebyshev polynomials, a,, + a,
qubits for the block-encodings of input and weights, n = log, N qubits for input
vector encoding, and k = log, K qubits for output. The circuit consists of a series of
multi-controlled block-encodings of Chebyshev polynomials, interspersed with
diagonal block-encodings of the corresponding real weights. The entire circuit
represents a block-encoding of the K-dimensional vector corresponding to the
CHEB-QKAN layer, with auxiliary qubits initialized and measured in the |0) state.
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Fig. 2 | Diagonal block-encoding. The top left block is a diagonal matrix whose
entries are the components of an N-dimensional vector ¥, while the remaining
matrix blocks, denoted by asterisks (), are unspecified.

is encoded in the diagonal of the top-left block of a unitary matrix. Secondly,
due to the constraints of unitarity, the elements of the vectors are bounded in
magnitude by one. Throughout this manuscript, we frequently utilize block-
encodings of diagonal matrices. For clarity, we adopt the term “diagonal
block-encoding of a vector” to refer to a block-encoding of a diagonal matrix
where the diagonal elements correspond to the elements of the vector, as
shown in Fig. 2.

In this work, we limit the discussion to real values; in particular, the
input, output, and weights of the QKAN model are assumed to be real. A
generalization to complex numbers is possible without a significant increase
in complexity by treating real and imaginary parts separately, and is a
direction for future work.

We define the QKAN layer and the full QKAN model in analogy to
their classical counterparts.

Definition 3. (QKAN Layer). Define a QKAN layer as a transformation
that, given query access to a diagonal (1, a, ¢,)-block-encoding of
% e [—1,1]", constructs a diagonal (1, a., €,)-block-encoding of ®(x) €
[—1,1]% such that

Definition 4. (QKAN). Define QKAN as a composition of QKAN layers,
where the block-encoding produced by one layer serves as the input to the
next one. Let L be the number of layers in the QKAN architecture, and let an
integer array [N, N, ..., N¥'] be given, where N represents the number of
nodes in the /-th layer. The QKAN output, denoted by QKAN(¥), is a
diagonal block-encoding of an N"-dimensional vector, constructed
recursively from the composition of layers:

QKAN®) = 0V o ... 0 OV (%), (5)

where each @ :[—1, I]N(H) — [-1, I]N(” is specified by an array of
univariate functions {gbg; 1.

Remark. It is important to note that the term “layer” in QKAN may be
slightly misleading. Unlike in classical KAN, where layers are concatenated,
a QKAN layer serves as a primitive building block for the subsequent layer,
leading to a recursive construction.

Similarly to KAN, in QKAN, the univariate functions ¢pq are para-
metrized as linear combinations of basis functions. For QKAN, Chebyshev
polynomials are a natural choice of basis because they can be efficiently
implemented within the qubitization framework. We define CHEB-QKAN
as a QKAN where the activation functions ¢,, are expressed as linear
combinations of Chebyshev polynomials, an idea previously explored in
ref. 14:

1 d
> W T, ©)
r=0

¢pq(x) = a+r1

where wgq) € [—1, 1] are linear coefficients. With these definitions, we can
now state the main result of this work.

Theorem 1. (CHEB-QKAN). Given access to a controlled diagonal (1, a,,
&,)-block-encoding U, of an input vector X € [—1, 11V, and access to d + 1
controlled diagonal (1, a,, €,)-block-encodings U, of weight vectors
W e [-1,1]°%, we can construct a diagonal
(1,a, + 1 +a, +log,(d + 1) + n,4d, /g, + ¢,)-block-encoding of a
vector D(¥) € [—1,1]* corresponding to the CHEB-QKAN layer

B 1 1<
O(F) = (NZ IREARESS ¢p,<(xp)> , )
p=1 p=1 . 1 & 1
O(F) = (NZ A DY ¢pK(xp)> , %)
where ¢pq: [ — 1, 1] — [ — 1, 1] are univariate functions. = =
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where d is the maximal degree of Chebyshev polynomials used in the
parameterization of activation functions ¢, using O(dz) applications of
controlled-U, and controlled-U ., and their adjoint versions.

In the above theorem, we construct QKAN using Chebyshev poly-
nomials. However, we emphasize that QKAN is not limited to this particular
basis set. In fact, due to the versatility of the QSVT framework, quantum
implementations of other versions of KANSs can be realized using efficient
polynomial approximation of a wide range of basis functions™****°. For
example, to implement the B-spline construction for KANs in Liu et al.”s
original paper, each individual spline can be implemented by first separating
each piecewise section and then taking its sum by the linear combinations of
unitaries method (LCU)”". Each individual piecewise polynomial can then
be implemented by multiplying a polynomial function constructed via
QSVT with a threshold function formed by the sum of two Heaviside
functions, which can in turn be approximated using polynomial approx-
imations to the erf function via Lemma 10 and Corollary 5 of ref. 72.

Implementing CHEB-QKAN

We prove the main Theorem 1 by presenting a detailed construction of
CHEB-QKAN in “CHEB-QKAN construction”. Our construction of
CHEB-QKAN relies on three basic operations: addition, multiplication, and
QSVT. In a nutshell, we implement parametrized activation functions
between nodes of two layers by taking linear combinations of a fixed set of
basis functions, where each basis function is realized through QSVT. After
having constructed a single CHEB-QKAN layer that transforms a diagonal
block-encoding of an N-dimensional input vector into a diagonal block-
encoding of a K-dimensional output vector, the obtained block-encoding
can be used as the input to the next layer by serving as the starting point for
the next layer’s construction. One can immediately see that recursively
transforming block-encodings in this manner results in a gate complexity
that grows exponentially with the number of layers. This is because every
output block-encoding is used as the elementary building block in the
subsequent layer. Additionally, the total number of auxiliary qubits required
increases linearly with the number of layers L. Finally, if the block-encodings
of the input and weights are non-perfect, the error propagates recursively
with every new layer, resulting in an amplified error in the output block-
encoding. In summary, the recursive error propagation and the exponential
dependency of circuit depth on the number of layers limit QKAN to a
shallow, i.e., L = O(1), albeit wide, architecture. These considerations are
made precise in Supplementary Note 2.

Application I: Quantum learning model

In this section, we introduce QKAN as an end-to-end quantum learning
framework and outline its input and output models. In "Parametrization of
the QKAN learning model", Section IV E, and Section IV F, we further detail
the parameterization, training, and interpretability of QKAN.

By Theorem 1, QKAN implements a unitary whose diagonal entries
block-encode a K-dimensional output vector. To recover these outputs
classically, we apply the unitary to a quantum computational basis state and
estimate a designated amplitude that encodes a multivariate function of the
input that can serve for regression or classification. An end-to-end quantum
speedup arises when the quantum implementation of this multivariate
function requires exponentially fewer resources than a classical algorithm.
The four core components enabling this speedup in QKAN are the quantum
input encoding, the parametrization via Chebyshev expansions, the training
algorithm, and the output extraction. Here we focus on the single-layer
CHEB-QKAN case; extending to an L-layer CHEB-QKAN - and to general
QKAN architectures — proceeds similarly, with an additional exponential
dependence on L as discussed in Supplementary Note 2.

Constructing a diagonal block-encoding of a generic N-dimensional
classical vector requires at least O(N) gates™. Because QKAN’s complexity is
measured in queries to the input block-encoding, we must therefore restrict
to inputs that admit efficient block-encodings that can be prepared in
O(polylog(N)) time. A natural setting is when the input is inherently
quantum: for example, a unitary produced by a variational quantum

X Uqran

Fig. 3 | Circuit for solution extraction via Hadamard test. By estimating the
expectation value of Pauli-Z on the top qubit, the circuit retrieves the value Ugkan,qq
to additive &-precision.

algorithm that prepares an approximate ground state; the time-evolution
unitary e ™ encoding dynamical information; a block-encoding of a
quantum Gibbs state e P ora block-encoding of a Hamiltonian H via the
LCU method. Given such a unitary, we propose two methods for efficient
diagonal block-encoding of the input vector. The first method treats Uas an
efficiently implementable state-preparation unitary and constructs a diag-
onal block-encoding of the amplitude vector ‘1//>n = U|0),, (“Input block-
encoding for the learning model” Lemma 10). As a result, QKAN computes
a multivariate function of the quantum amplitudes. The second method
forms the diagonal block-encoding by taking the Hadamard (entry-wise)
product with the identity Uel, retaining only the diagonal entries of the
unitary (“Input block-encoding for the learning model” Lemma 11).

To estimate the values within the diagonally block-encoded output
vector QKAN(X) to additive error &, one can leverage the Hadamard test”,
using O(1/8%) queries to the controlled diagonal block-encoding Ugkan-
Specifically, to obtain the value of the g-th entry of the output vector, we
prepare the state |y) = (H ® L) CU qean (H @ Ly 1)10)[0) 1 q>k
and estimate the expectation value (Z) of the top qubit, as depicted in Fig. 3.
As a result, we obtain QKAN(X), = Re(<0|au<q’kUQKANIO)auX‘q>k) to &-
precision. In addition, the Hadamard test can be combined with amplitude
estimation”™ to reduce the number of queries to CUqkan to O(1/6). The-
orem 2 makes this statement precise, with the proof deferred to Supple-
mentary Note 3.

Theorem 2. (Output estimation of CHEB-QKAN). Given access to a
controlled diagonal (1, a,, &,)-block-encoding U, of an input vector

€ [-1,1]F, and access to d + 1 controlled diagonal (1, a,, ¢,)-block-
encodings me of welght vectors " € [—1,1]¥K, we can estimate the
value @(¥), = Zp 1$pq(x,) of the g-th component of the CHEB —
QKAN layer tolz d /&, + €, + 0)-precision using O(dz /8) applications
of controlled-U, and controlled U,,» and their adjoint versions.

Any potential quantum speed-up is contingent on the cost of reading
out the K entries produced by the final layer. First, the classical post-
processing cost must remain sub-exponential. We therefore restrict the
output dimension to K = O(polylog(N)), since estimating an exponential
number of values would itself take exponential time. Fortunately, setting
K = O(1) is already sufficient for most regression and classification tasks.
Second consider the precision with which each amplitude o, =
N Zp 19p4(x,) is estimated. Using the estimation procedure described in
Theorem 2, an additive & approximation requires O(d”/8) queries, inde-
pendent of |ay. If a multiplicative (relative) error is required, ie.,
|oc a,l< é Loy, the query count increases to O a4 /(8 |)> because the
amphtude must now be resolved to a fixed fraction of its value. Conse-
quently, the potential quantum speed-up is preserved as long as a, does not
decay exponentially, that is, provided |0cq|’1 = O(polylog(N)). The last
requirement is not an artifact of QKAN; it is analogous to the inverse-
amplitude overhead in amplitude-amplification/estimation, which scales as
1/4/a with the marked-state probability a™*, and black-box state-prepara-
tion, that scales as 1/F with the &, filling fraction F of the target function™.

Application ll: Multivariate state preparation

On the other hand, given the quantum nature of our algorithm, QKAN can
also output a quantum state as the solution. While QKAN can be seen as a
machine learning model, the algorithm itself leads to a form of multivariate
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Fig. 4 | Example: 2D Gaussian state preparation via QKAN. Starting from a
vectorized 2D grid of points {(x;, y;)} encoded as a diagonal block-encoding (left), the
first QKAN layer applies Chebyshev polynomial T, and sums over the two
dimensions, computing 3 (T;(x;) + T,(y;)) = &} + y7 — 1. A second layer uses a

e*% (Xi2+yj2)

= 'g ()

polyn0m1al approximation of the exponential e —241) 1o block-encode the values
R, Finally, applying this block-encoding to the uniform superposition and
amphtude amplifying yields the desired 2D Gaussian distribution (right).

61

state preparation”’. The resulting block-encoding can be applied to the
uniform superposition |+); := H;|0);, in combination with amplitude
amplification™”, to produce a quantum state with amplitudes encoding
multivariate functions of the input. In the following, we show how the
compositional framework of QKAN introduced in “Implementing CHEB-
QKAN” can be used to prepare quantum states encoding multivariate
functions on a D-dimensional regular grid. Specifically, we work through the
special case of a D-dimensional Gaussian. Efficient Gaussian state pre-
paration has been studied extensively, ranging from Grover-Rudolph” and
Kitaev-Webb”” to more recent approaches improving depth and ancilla
costs”™. Our use of the Gaussian example is not meant to compete with
these tailored methods but to illustrate how QKAN’s modular, composi-
tional structure enables the assembling of multivariate amplitudes from
elementary components. Finally, in "Generalized state preparation via
CHEB-QKAN", we remove the grid restriction and show that any CHEB-
QKAN layer - acting on an arbitrary input register — yields a valid multi-
variate state-preparation routine.

Our aim is to prepare a quantum state of the form
1D> Mthx(z ..... ID)_( 1+IS) [ 1 1]
and (z17 . zD) € {0,...,2" — 1}P. To do this, we ﬁrst encode the vec-
torized D—dimensional grld points x;; ;) as a diagonal operator Gp,
treating the vectorized grid as the classical input ¥ to QKAN. In Supple-
mentary Note 4.A, we provide the proof of Lemma 3 by extending the one-
dimensional construction of Rosenkranz et al.”' to D dimensions.

Lemma 3. (Multivariate grid encoding). Let
Gp = diag x(z,....,in)>(1 lllll — 2n_l]D,where
iy = (14 s, =14iys, ..., —1+ips) €[-1,11°,  (8)

be a uniform (vectorized) D-dimensional grid on [—1, 1]” with step size
5 =3 . Then,

n i1
G=3 (%) I, ®XZX®]I, ;and
£

b ©)
Gp = Xgln(jfl) ® G, ® Lp_ ® [5){il,
=

and we can create a (1,D[logn],0)-block-encoding of Gp using
O(Dn(log n + log D)) two-qubit gates.

In the following, we illustrate how the QKAN architecture can be used
to provide a multivariate Gaussian quantum state. The main result is
summarized in Theorem 4:

Theorem 4. We can prepare a Dn-qubit quantum state ’1//> with ampli-
tudes corresponding to a D-dimensional Gaussian distribution on a regular
square grid of size (2P such that

2" ﬁ D
Z exp(—5 D )i ip)|| <6, (10)
/ =

H lv) -

2
where F exp NOrmalizes the target state, The procedure succeeds with arbi-
trarily high probability by using o ([T tip log ) two-qubit gates and
Drlogn] + [log D + 4 ancilla qubits.

Here, the O notation suppresses the logarithmic factors log n and log 3,
and treats D as a constant. The details of gate and qubit complexity can be
found in Supplementary Note 4.D. The proof of Theorem 4 is an explicit
four-step construction, and the entire procedure can be viewed as an
instance of a two-layer QKAN architecture. For example, Fig. 4 gives an
illustration for the D = 2 case: starting from a vectorized 2D grid of points,
the first layer computes x? + yjz — 1, and the second layer applies a poly-
nomial approximation of the exponential to produce the Gaussian out-
put state.

The vectorized D-dimensional grid serves as the input to the first layer.
By Lemma 3, we start by creating a (1, D[log n1, 0)-block-encoding Ug, of
Gp using O(Dn(log n + log D)) two-qubit gates. The first layer applies the
activation function Ty(x) = 2x> — 1 to all entries of the multivariate grid,
followed by the summation over the D dimensions, realizing the transfor-
mation Gp = ®;(Gp). Specifically, by Theorem 9, we first construct a
(1, D[log n] + 1, 0)-block-encoding of T>(Gp) according to the CHEB step
in the QKAN construction:

Gp>Ty(Gp) = Zln(] H ® TG @ Lypy ® |]>< }
=

(11)

This step uses O(1) queries to the controlled version of U _and O(Dlog n)
other two-qubit gates. We then sum over the D dimensions by applying
Hadamards on the last k qubits of T,(Gp) and absorbing them into the
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auxiliary register, according to the SUM step:

T,(Gp)—>D,(Gp) = (0|ka) T,(Gp) (IDn ® Hk|0>k)

(12)

(IDn ®

L2
= len(j—l) ® T5(G) ® Lyp_j-
=1

The above transformation yields a (1, D[logn] + [log D] + 1, 0)-block-
encoding of o) (GD) In component wise form, the transformation is
X, i % =1 ( 1+ s) — 1. The layer dimension is reduced from
dim Gp = D2" to dim gCD (Gp) = 2"". The second layer implements the
exponential decay:

@1 (Go)>®y(Gp) ~ exp(—B[,(Gp) +1]) with f = 2. (13)

In Supplementary Note 4.B we show that one can find an approximating
polynomial P,(x) with degree d = O(\/— Blogl) such that |Py(x) —
e PetDi<eon [ — 1, 1]. Such a polynomial can be realized by QSVT
invoking Theorem 9 using O(d) queries to the block-encoding of ®,(Gp),
constructed in the previous step, and O(dx (Dlogn + logD)) other
two-qubit  gates. By  Theorem 9, we obtain a
(1, D[log n] + [log D] + 3, 0)-block-encoding of @y (Gp). In
component-wise form, the transformation is

2 ¢ 2 2L 2 B 2
Bj; (=14 i) — 1> Py B;:l (=1+is)" = 1| ~ exp —Ej; (—1+ ijs) .
(14)

Therefore, the diagonal entries of ®,(Gp) correspond to the amplitudes of a
D-dimensional Gaussian up to a maximal error e. In Supplementary Note
4.D, we show that d must be chosen as a function of D, 5, and § to obtain the

target state preparation accuracy 8: d = 0<\ /Dp logﬂ%log %) By apply-
ing the block-encoding to the uniform superposition |+)p, and post-
selecting on the auxiliary register being in the |0), state, we prepare the
desired state

ly) = @,(Gp)l+)pn (15)
1©2(Gp)l+) o

probabilistically, with success probability p = H(DZ(GD)H—) Dn ||§ We can
boost p to an arbitrarily high success probability by using fixed-point
amplitude amplification with O(1/,/p) queries to the controlled block-
encodings of ®,(Gp) (and their adjoint versions)”. In Supplementary
Note 4.C we show that 1/, /p can be upper-bounded by O([%) using a lower
bound on the continuous version of the &,-filling fraction of the D-
dimensional Gaussian. The total gate complexity arises from O(ﬂ ) queries
to the (controlled) block-encodings of ®,(Gp), as shown in Supplementary
Note 4.D.

This compositional approach readily extends beyond Gaussian
amplitudes to a broader class of multivariate functions. Any target
map

fGg i) = &1 <gL—1(' 81 (5 iw)))» (16)

with each g; admitting an efficient polynomial approximation of degree d;,
can be implemented by cascading L QKAN layers. This modularity allows
one to leverage known polynomial expansions for elementary functions,
such as sin(x), exp(x), or log(x), and assemble them into more complex
amplitudes via successive QKAN layers. Crucially, because QKAN com-
poses recursively by invoking the block-encoding constructed in the
previous layer as the elementary building block for the next one, the overall

two-qubit-gate cost scales multiplicatively as O(d, d, - - - d; ), making it
essential to keep the compositional depth L shallow.

Finally, in addition to the fully explicit state-preparation con-
structions presented above, any intermediate QKAN layer—when
viewed as a parametrized quantum learning model with trainable
activation functions—can itself produce a parametrized quantum state
when applied to a uniform superposition; this provides a variational
multivariate state-preparation method for generic functions, as for-
malized in "Generalized state preparation via CHEB-QKAN".

Discussion

In this work, we have defined and implemented a quantum version of the
recently proposed KAN architecture in ref. 5. Our proposed QKAN
architecture is built on block-encodings, where both the input and the
output are block-encodings. More specifically, it employs a recursive con-
struction where block-encodings obtained in the previous layer serve as a
primitive building block in the next layer. The potential applications of
QKAN will be reliant on the availability of efficient block-encodings of the
inputs. Specifically, we demonstrated that QKAN can serve as a quantum
learning model by giving an explicit construction for encoding and training
its parameters. Moreover, we demonstrated that QKAN has a broader
algorithmic utility by serving as a multivariate state preparation protocol,
exemplified by an explicit construction of a D-dimensional Gaussian
distribution.

The QKAN architecture has several strengths. Firstly, it depends
linearly on the cost of constructing block-encodings of input and
weights. This dependency can lead to efficient implementation proce-
dures assuming efficient block-encoding methods. Additionally, we
propose that QKAN is potentially suitable for direct quantum input, for
instance, quantum states whose analysis would be intractable classi-
cally. For example, in phase classification tasks®, if a state corre-
sponding to an unknown quantum phase of a physical system can be
prepared efficiently, one may attempt to train QKAN in a supervised
manner to classify the phase of that state. This classification would be
achieved by computing a multivariate function of the state’s ampli-
tudes, potentially leading to the discovery of new order parameters. In
addition, QKAN is a versatile architecture that admits different ways to
encode data, parameterize weights, and perform training. Lastly, its
underlying mechanism, the QSVT framework, allows the imple-
mentation of different sets of basis functions tailored to different
applications.

On the other hand, QKAN exhibits several caveats. Firstly, it inherits
limitations from the classical KANs, whose full potential remains to be
established, even though symbolic regression tasks in science applications
are brought forth. Secondly, the query complexity of a multilayer QKAN
scales exponentially in the number of layers, limiting QKAN to a shallow,
albeit wide architecture. Finally, some caveats arise due to the nature of the
quantum subroutines involved. Quantum computers are good at repre-
senting polynomials, but not all functions can be efficiently approximated
by polynomials. Therefore, the available basis functions for QKAN may
generally be less powerful in approximating arbitrary functions directly
compared to, for example, using splines as basis functions.

Within the broader quantum machine learning literature and even
quantum algorithms, QKAN is a novel result in multiple directions. Firstly,
it departs from variational architectures and steps into the more powerful
quantum linear algebra toolset. From another perspective, it brings the
aspect of parameterization into fault-tolerant subroutines for quantum
machine learning. Secondly, it is a quantum learning model built on a new
paradigm — that of having a decomposition of a function into single
transformed features and summations. Finally, QKAN enables a version of
multivariate state preparation, thereby serving as an algorithmic subroutine.
We hope that this work will serve as a motivation to further investigate our
QKAN architecture and other types of QKAN architecture, and build
quantum models beyond near-term techniques.
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Methods

Block-encoding and quantum subroutines

In the following, we outline some known results that are used in different
parts of the construction and parameterization of QKAN. We begin by
formally defining block-encoding:

Definition 5. (Block-encoding - Definition 24”, see also refs. 82,83). Let A
be an n-qubit matrix, , e € R and a € IN. We say that the (n 4 a)-qubit
unitary U is an (a, g, €)-block-encoding of A if

I A—a((0l, ® I)U(I0), ®I,) || <e. (17)
Given block-encodings of operators A; we can construct a block-

encoding of their linear combination using an auxiliary tool known as a

“state-preparation pair”. Recall that || - ||, is the £;/Manhattan norm.

Definition 6. (State preparation pair — Definition 28,”). Let y € C™ and
Il ¥ll; <B. The pair of unitaries (P;, Pg) is called a (B, b, sp)-state-pre-
paration-pair for ¥ if

P[0%) = Z Gli), Prl0") = Zd 1) (18)

. b
such that Zﬁ1‘)’j — Bejdj| <ep and.cj’-“dj = 0 for j =m +1, = 2°.

One can think of a state preparation pair as encoding the desired state/
vector ¥ in the first 1 elements of a length-2° column vector whose elements
are cf dj, up to an error of &sp. The role of 3 is to take care of normalization.

Lemma 5. (Linear combination of block-encodings -~ Lemma 29,”). Let
A=>", ViA; be an n-qubit operatorand e € R, Suppose that (P, Pg) is
a (B, b, ¢;)-state-preparation-pair for y and

m

=>_li) Jy®U+((1—Z|; yihel, eI,

j=1 j=1

(19)

isann + a + b qubit unitary such that forallj€ 1, ..., m we have that Ujis an
(a, a, &5)-block-encoding of A;. Then we can implement a (af, a + b, ae; +
Be,)-block-encoding of A, with a single use of W, Pz and P;.

We can also construct a block-encoding of a product of two block-
encoded matrices.

Lemma 6. (Product of block-encodings - Lemma 30,”). Let U, be a («, 4,
e4)-block-encoding of A and Ug be a (3, b, €5)-block-encoding of B, where A,
Bare n-qubit operators. Then, (I, ® Ua)(I, ® Up)isa (af,a + b, aeg + Pea)-
block-encoding of AB.

In Lemma 6, identity operators act on each other’s aux111ary qublts,
slightly abusing the notation. Formally, I, @ U, :=1,®>.;

ij=1
1i)(j| ® (U,), while I, ® Uy := le_m)( ®1,® (Up),

Lemma 7. (Hadamard product of block-encodings — Theorem 4,"). Let U,
be a (&, a, €4)-block-encoding of A and U be a (3, b, e5)-block-encoding of
B, where A, B are n-qubit operators. Then
(P®1I,.p)Us @ Ug(P' @1,.4) (20)
isa (aff, a+ b+ n, aeg + Pea)-block-encoding of AeB. Here U, and Uy are
the block-encodings of A and B respectively and P := Zf\j Uil ®
}z ®j)(j ] can be constructed using # CNOT gates, namely one CNOT gate
between each pair of corresponding qubits from the first and second
registers.
Polynomial functions can be applied to the singular values of a block-

encoded matrix (or eigenvalues of a Hermitian matrix) through quantum
signal processing (QSP)**** and QSVT?. For a more detailed account of

QSVT and its applications in quantum algorithms, we refer the reader to
refs. 23,25,85.

Lemma 8. (Constructing Chebyshev polynomials via QSP - Lemma 6,”).
Let T, e R[x] be the d-th Chebyshev polynomial of the first kind. Let
® € R? be such that ¢, = (1 — d)%, and for all i € [d]\{1}, let ¢, :=
Then

—X

[ re0) = [ 4] here ko) o= [ :

V1—x?
i V1 —x? ’

(21
isa (1, 1, 0)-block-encoding of T(x).

Theorem 9. (Polynomial Eigenvalue Transformation - Theorem 31,”).
Let U be an («, 4, €)-encoding of a Hermitian matrix A and P € R[x] be a
degree-d polynomial satisfying [P(x)| < § on [ — 1, 1]. Then, one can con-
struct a quantum circuit U whichisa (1, a + 2, 4d/e/a)-encoding of P(A/
a). U consists of d Uand U’ gates, one controlled U,and O((a + 1)d) other
one- and two-qubit gates.
Note that for Chebyshev polynomials, the a + 1 auxiliary qubits are
sufficient, and the |P(x)| < constralnt is relaxed since |Ty(x)|<1.

CHEB-QKAN construction

In the following, we present a detailed construction of CHEB-QKAN.
Our model takes as input a real N-dimensional vector
¥ = (x],%,,...,%y) € [~1,1]V. We encode and process this input data on
the diagonal of a matrix, assuming it is provided as a diagonal (1, a,, &)-
block-encoding U,, such that | (0],U,|0), — diag(x,,...,xy)
| <e.(Note thatif Uis an (, a, €)-block-encoding of A, then equivalently it
isa (1, a, £)-block-encoding of %. Therefore, we can factor « into the input
vector X and restrict the discussion to & = 1.). For example, the input could be
the amplitudes of a quantum state: given access to an amplitude-encoding
unitary U where U|0), = Zilxih)n with x; € [ — 1, 1], we can efficiently
construct a diagonal (1, n + 2, 0)-block-encoding of {x;}, as detailed in
Lemma 10. Alternatively, techniques for constructing exact block-
encodings for sparse matrices may also be employed™. Since such con-
structions may not be diagonal, one first removes the off-diagonal entries of
the constructed block-encoding via Lemma 11. In the following, we detail
the steps to build a CHEB-QKAN layer.

Suppose that the layer has K output nodes. Then, we need NK different
parametrized activation functions, one between every two input and output
nodes. To accommodate this, we first dilate the input block-encoding by
appending k = log, K auxiliary qubits (Supplementary Note 1). This pro-
duces a (1, a,, €,)-block-encoding of

diag(x;, ..., X, -,
——
K K

N K
XN 'aXN):ZZXP|p><p‘n® |q><q‘k

p=1 g=1

(22)

The obtained block-encoding U, ® Ii serves as the foundation for
subsequent operations, as illustrated in Fig. 5.

Our trainable activation functions are linear combinations of Cheby-
shev polynomials of the first kind because these polynomials can be natively
realized using QSVT®. To implement these polynomials, we alternately
apply U, and U7, interleaved by reflection operators according to Lemma 8.
By utilizing Theorem 9, we obtain a (1, a, + 1, 4r,/€,)-block-encoding of
the diagonal matrix

diag (T,(x,), ..., T,(x)), ..., T,(xy),..

T(xN»—ZZT( D|P)(pl, ®19) (4],

p=1 q=1

(23)
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Fig. 5 | Step 1. Expand the input block-encoding of
the N-dimensional input vector X by appending k =

log, K auxiliary qubits, resulting in a block-encoding 71
containing K copies of each vector component. T
DILATE:
IN]1pE

o
K
A= = A lvel—
oy I S I
L'Nl pE

[21] [T (1) ]

Ty T,-(.’I/'l)
CHEB: |:| —|

TN Tr(zN)

LN R LT (zn)] g

Fig. 6 | Step 2. Apply Chebyshev polynomials of degreesr € {1, .

., d} to the diagonal
block-encoding from Step 1 by interleaving the input block- encodlng Ux and its
adjoint with reflection operators. For even r, apply (U Z U Z_)’; for odd r, apply

x“n Y xn

Uz, Uiz, U xZ,[)Lﬂ %. The k auxiliary qubits from Step 1 remain unused in this
construction, serving only to maintain the expanded dimension of the block-
encoding.

(T (1) ] [ Wiy o) |
- Aoy taz+1

T, T ( as+1

r(21) wiTr(21) az= [0)
MUL: : — : ., Ur, | | Ui = —+———Uur, |—
\ —+— H —

T (xn) U)](V%TT(CL‘N) i VLR —
. . /I

[T (an)] LW T (2 ). .

Fig. 7 | Step 3. Multiply the block-encoded Chebyshev polynomials from Step 2 by

an NK-dimensional weight vector. The weight qu) corresponds to the coefficient in

front of the r-th Chebyshev polynomial in the activation function ¢,,. In the circuit,

the respective block-encodings do not “overlap” on their auxiliary qubits and,
therefore, the a, + 1 wire goes "through" U

using O(r) applications of U, and U’ and a single auxiliary qubit, as illu-
strated in Fig. 6. We denote this resulting block-encoding by U , which
serves as the building block for our activation functions. '

We repeat the previous to prepare separate block-encodings for each of
the d + 1 Chebyshev polynomials, with degrees r ranging from 0 to d. Note
that To(x) = 1 is trivial and corresponds to identity. Therefore, a general
linear combination requires a total of (d + 1)NK linear coefficients. For this
construction, we assume the weights are provided in the form of d + 1
diagonal (1, ay, €,,)-block-encodings of NK-dimensional real weight vectors
W,, denoted by U,, . We intentionally defer the discussion of the precise
construction of these block-encodings to parametrization “Parametrization
of the QKAN learning model”, in order to maintain the generality of our
approach. Applying Lemma 6, we multiply each Chebyshev polynomial
encoding by its respective weight block-encoding, as illustrated in Fig. 7.
This yields a (1,a, + 1 + a,,, 47, /¢, + ¢,,)-block-encoding for each diag-
onal matrix:

diag (w(lrl)Tr(xl), ... ,w(lrIzTr(xl), .. WNIT (Xn)s - - - ,W;;(Tr(XN))
K K
N (24)
=22 wnTx)p)(pl, ® |4)(dl,.

p=1q=1

Here, wpq is the weight of the r-th Chebyshev polynomial in the activation
functlon between the p-th input node and the g-th output node. We must
have |wpq | <1 for all p, g, r due to unitarity.

Finally, we combine the d + 1 weighted block-encodings of Chebyshev
polynomials by taking the linear combination of block-encodings with an
equal superposition using Lemma 5, as illustrated in Fig. 8. This process
yields the desired (1,a,+ 1+ a, +log,(d + 1),4d, /e, + ¢,)-block-
encoding of the diagonal matrix containing NK activation functions:

diag (¢, (1), -+, B(Xp); -+ -5 D1 (XN, - - - Bre(Xn))
K K
N K (25)
222‘%( x)|p){pl, ®[a)(al,-
p=1 q=

Here, ¢,,(x) denotes the activation function between the pth input node and
the g-th output node:

Bpg (%) = d+1§jwﬁ (26)

The LCU procedure requires log, (d 4 1) auxiliary qubits, assuming d + 1 is
a power of two, with the equal superposition created by applying Ho, (441)-
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(M), - -
wyy Tr(21) B11(21) los(d1) 0 L . log(d+1)+
. og(d+ d og(a
: : ( . .
" . ( ) ( ) 0 H T T T H awtaz+1
W\ T (2 b1 (21 TLA +ant1 ] R N 5 (: |‘/—
LCU: : - : a ) D = AU,
r : ; - Uu: o 1 Uw ' — Uu.' .
“'<\1T7(T\) n1(zn) . 7 " Ta /F
_u'(JLE(T\)- BE Lonk(@n)] g

Fig. 8 | Step 4. Add the (d + 1) block-encodings of weighted Chebyshev polynomials obtained in Step 3 using LCU. This requires log,(d + 1) control qubits, which are

initialized in an equal superposition state using multi-qubit Hadamard gates.

In "Parametrization of the QKAN learning model", we consider generalizing
this step by replacing H,, (4,1) With a parametrized unitary to control the
contribution of each basis function. We denote the obtained block-encoding

In the final step of the construction, we want to produce a diagonal
block-encoding corresponding to the output of the CHEB-QKAN layer, as
illustrated in Fig. 9. Starting from the block-encoding Uy of individual
activation functions obtained in the previous step, we apply a layer of
Hadamards H,, on the # ‘input’ qubits, corresponding to the summation of
N inputs for each of the K output nodes:

o0 (S o

p=1 g=1
This results in a block-encoding of a matrix whose diagonal elements hold
the desired summation:
) 0), ® I

0], ® Ik(
(28)

=;< Z¢pq( )>Iq (d,-

>ﬂWMWmm» -

33 g Ha ) o], Ha ® o) e

p=1 g=1

In particular, the obtained unitary, denoted by Ug, isa (1,a, +1+a,, +
log,(d + 1) + n,4d, /g, + ¢,,) block-encoding of the diagonal matrix

1 & 1 &
dlag (N ; ¢p1(xp)7 s 7N I; ¢pK(xp)> )

(29)

since

Il 1, (H,, ® I)diag($ - -, dic) (Hy ® 1) 10),, = (01, (Hy @ Ii) (01 Ul Oho (H,, © 1) 10, |

dnag( PILACANES NZsﬁ,,K(xp)) 42 (€1l ® 1) O Uyl (1), © 1)

IA

max I6,06,) = (P, (1 OlauxUy Ol ), [4)s

4d [e; + ¢,

IA

(30)

Notice that we have absorbed the n “input” qubits into the auxiliary
register.

Input block-encoding for the learning model
We formalize the two proposed methods for efficient diagonal block-
encoding of the input vector.

Lemma 10. (Diagonal block-encoding of amplitudes — Theorem 2,”).
Given an n-qubit quantum state specified by a state preparation unitary U,
), =Ulo), = Zjily/j|j>” (withy; € C), we can preparea (1,
n + 2, 0)-block-encoding U, of the diagonal matrix A=

diag(Re(y, ), . .., Re(yy)) with O(n) circuit depth and a total of O(1)
queries to a controlled-U gate.

Lemma 11. (Removing off-diagonal matrix elements). Let U, be an («, g,
€)-block-encoding for an #-qubit operator A. Then

(I,®P)U, ®1,(I,® P) (31)

is a (o, a + n, e¢)-block-encoding of diag(A;;, ANN)s

where P= YN 1i) (il ® |i 1) (j-

ceey

Proof. Noting that diag(A;, ..., Ann) = Ael,,, this follows immediately from
Lemma 7, where A < A and B ¢ I,,. Note that I, acts on the a auxiliary qubits
of U, and that, trivially, I, is a (1, 0, 0)-block-encoding of itself. []

Parametrization of the QKAN learning model
The parameterization of QKAN depends on being able to encode the
relevant parameters into a diagonal block-encoding and update it. Rather
than classically computing and reconstructing the block-encoding at each
iteration - which can be costly or technically challenging® - we combine
parametrized quantum circuits (PQCs)* with our block-encoding propo-
sitions in "Input block-encoding for the learning model" to enable efficient
updates in the MUL step of "CHEB-QKAN construction”. We first provide
two methods to parameterize the diagonal block-encodings of the weight
vectors w used in the MUL step in "CHEB-QKAN construction”, which
correspond to different norm constraints, namely || w|l; <1, || w|l, <1,
and || W]l <

The first method encodes the real parts of the amplitudes of a para-
metrized state

‘W(é)>n+k = U®@)0), (32)

as a diagonal (1, n + k + 2, 0)-block-encoding via Lemma 10, The step can
be done efficiently using O(1) queries to the controlled- U(6) gate and its
adjoint version. The £, normalization the pure quantum state w(9)
implies a strict equality constraint || w||, = 1. However, by encoding oﬂly
the real parts by Lemma 10, the constraint on the weights is relaxed to an
inequality || Re(#)]|, < 1. Such regularization is utilized in classical machine
learning to prevent overfitting””*, but on the other hand, it may limit the
expressibility of the QKAN model, which can be hypothesized from the
effects of £, upper bounds of weights on Rademacher complexity™.
Alternatively, we can impose an ¢; regularization by encoding the real
values of the state onto the diagonal as described above, and then squaring it
by applying the block-encoding twice (Lemma 6) to create a block-encoding
with || #?||, < 1. This, however, places the weight within a probability
simplex since wj2 > 0. To generalize the parameterization from the simplex
to the €, ball, we can multiply the simplex-constrained block-encoding by an
alternatively parametrized block-encoding with {1, — 1} on its diagonal,
which can be prepared by applying the QSVT-approximated sign function
to another parametrized block-encoding. We note that there is a limitation
to the precision of the approximation of the sign function when the
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Fig. 9 | Step 5. Sum the individual activation functions over N input nodes for each
output node, creating the desired diagonal block-encoding U® of the K-dimensional
output vector. This is achieved by sandwiching the block-encoding from Step 4 with

two n-qubit Hadamard gates. The dimension reduction occurs as the n qubits ori-
ginally used for input block-encoding are moved to the auxiliary register.

parameters are close to 0, and we leave further improvements on such
parameterizations to future work.

The second method is to utilize Lemma 7 and replace MUL with a
Hadamard product between a parametrized unitary (or parametrized block-
encoding) and our prepared diagonal block-encoding Uy of the r-th
Chebyshev polynomial. A parametrized unitary U(6) is a (1, 0, 0)-block-
encoding of itself. As the off-diagonal elements of the diagonal block-
encoding Uy are zero, so is the Hadamard product

U(6) 0 (0], (33)

UT' |0> aux?
so the result remains a diagonal block-encoding. We then effectively create a
parametrized diagonal. We conjecture that the diagonal block-encoding
produced by this second method can be more expressive compared to the
first method because, in principle, all diagonal entries of U( 9) could bein the
range of [ — 1, 1] such that the €., norm of the weights is upper bounded by 1:
|| W|lo <1. This provides a much weaker regularization effect on the
weights compared to the ¢, and ¢, regularizations in the first method, which
would result in higher expressibility while retaining a regularization effect.

Given that, for the purpose of this paper, we assume that all the weights
in our QKAN are real, we must restrict the diagonal entries of U(é) to be
real. In principle, one can limit the use of PQCs to consist of only real gates,
e.g., RY, CNOT, and CZ gates. However, such limitations would greatly
restrict the expressive power of PQCs as they would be confined to ortho-
gonal transformations. Alternatively, one can prepare the adjoint U@®)' of
the PQC and combine the two using LCU, so that the diagonal entries of the

resulting matrix, 1 (U( é)l + U(é)), are real. Finally, the parameterization
can be further augmented by composing the constructions outlined above,
for example, by taking sums, products, or applying polynomial functions to
the parametrized diagonal block-encoding as discussed in “Block-encoding
and quantum subroutines”.

Thus far, we have limited the parameterization of QKAN to the weight
vectors. However, parameterizing other steps of QKAN could be advanta-
geous. For instance, in the LCU step in "CHEB-QKAN construction”,
instead of using Hadamard transforms, we can parameterize the unitaries
used as state preparation pairs (Definition 6) to control the global weights of
Chebyshev polynomials of different degrees. With a sufficiently expressive
Ansatz, a training strategy could involve iteratively adding higher-degree
Chebyshev polynomials to the sum and optimizing their global weights. By
inspecting the optimized weights, one could determine the optimal number
of Chebyshev polynomials, e.g., if the weight of the newly added polynomial
vanishes. Furthermore, while we focus on Chebyshev polynomials, the
QSVT framework allows implementing any bounded polynomial using
Theorem 9, and many functions of interest can be well approximated by
polynomials in the QSVT framework™. This, of course, includes splines,
which can be approximated via a polynomial approximation of the erf
function, as mentioned in “Quantum Kolmogorov-Arnold Network
(QKAN)”. While a fixed basis can be selected, in principle, even the angles of

QSVT could be made trainable parameters, which would allow the selection
of basis functions to be part of learning as well.

Training of the QKAN learning model

The parameterization methods in "Parametrization of the QKAN learning
model" remove the cost of constructing a new circuit that implements a
diagonal block-encoding, given that we only need to update the parameters
in the PQC. Considering the full circuit with the Hadamard test and
amplitude estimation, we can view the entire circuit as a very large PQC that
has parameters that are repeated multiple times throughout the circuit.
Given this construction, we note that the same parameter would be repeated
throughout the circuit due to sequential repetitions of circuit blocks from
QSVT and amplitude estimation. To achieve the analytical derivative from
parameter-shift rules’”"”", we note that from the product rule, the gradient
can be obtained from the sum of gradients of individual sub-terms, and thus
can be found by computing the sum of the parameter-shifted circuits™**"' of
gates that share the same classical parameter. Therefore, the evaluation of
the gradient via parameter shift rule would then cost O(d) queries for single
layer QKANS, and O(d*") for L-layer QKANs. Note that the number of
queries required to evaluate the gradient of a single parameter in the QKAN
architecture also grows exponentially with the number of layers.

Given that it is costly to obtain the full analytical gradient, we can make
use of gradient estimation techniques to achieve a much more efficient
estimation. Instead of perturbing each occurrence of the variable indivi-
dually, one can obtain an estimate of the gradient by finite difference
methods, which would only require a perturbation of shared variables once.
By extension, one can also use simultaneous perturbation stochastic
approximation (known as SPSA)” to produce gradient estimates with a cost
unrelated to the number of parameters (both free and repeated) to achieve a
much more efficient training strategy.

The circuit parameters can then be updated using optimizer algorithms
such as gradient descent or Adam”. Further, one can also incorporate
quantum natural gradient methods™” to achieve faster convergence by
again using parameter shift rules or, with a constant cost, SPSA, to compute

the quantum Fisher information matrix™.

Interpretability of the QKAN learning model

Interpretability of KANs, as formalized in ref. 5, refers to identifying and
pruning unimportant branches of the model. In QKAN, this can be achieved
in a manner consistent with our block encoding parametrization: the same
parametrized quantum state that defines the weights also provides sample
access to their relative importance.

Consider the first method in "Parametrization of the QKAN learning
model" where the weights are encoded from the real amplitudes of
[y(0)) = U(0)I0), ie, w; = Re(t//](f))) To obtain sampling access con-
51stent with the encoded welghts, we use a standard LCU combination of
U(G) and U(G) and a single ancilla qubit to prepare the state

0)|Re(y)) + 1) [Im(y)), (34)
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Fig. 10 | Numerical illustration of Gaussian state preparation via QKAN.

a Degree-3 polynomial P;(x) approximating 1 e ®+1 on [—1, 1]. b Absolute
amplitude error |1yexp(i, 7) — ¥aran(i: )1 of the normalized 2D Gaussian state pre-
pared using Ps. ¢ £,-error between the prepared and target states as a function of

polynomial degree d, compared to the theoretical bound from Supplementary Note
4.B; the empirical error decreases exponentially until saturating at machine
precision.

where }Re(l//)> = ZjRe(l//j)| ]> By measuring this state in the computa-
tional basis and postselecting on |0) in the first register, we sample indices
with probability

Prlj] = [Re(y, ()" = w,[’. (35)

The postselection succeeds with probability p, . .. = ijf = ||#]|%, which,
if desired, can be increased via amplitude amplification, yielding a sampling
distribution arbitrarily close to Pr[j] = wf /1I#®13. As a result, indices with

large |w)| are sampled more frequently, while small weights are further
suppressed when squared. Thus, basis functions with vanishing weights will
have low sampling probability and can be pruned after the training is
completed. Therefore, by sampling the trained state-preparation circuits, we
can obtain a compressed and pruned model of the trained QKAN that can
be explicitly interpreted. If one additionally requires the signed values w; for
selected indices j, they can be estimated using a standard Hadamard-test
combined with amplitude estimation, analogous to the output-estimation
step described in “Application I: Quantum learning model”.

Finally, classical KANs support sparsity via the ¢; regularization. To
mirror this while preserving sampling access, we can impose the || w||; <1
regularization via coherent squaring of the real amplitudes, as described in
"Parametrization of the QKAN learning model".

Numerical illustration of Gaussian state preparation via QKAN
To complement our theoretical analysis, we provide a concise numerical
example illustrating Gaussian state preparation via QKAN and highlighting
several practical considerations. As discussed in “Application II: Multi-
variate state preparation”, the only approximation in our two-layer con-
struction arises in the second layer, where the exponential decay e #*™ is
implemented using a Chebyshev polynomial. The first layer, which prepares
the D-dimensional grid and evaluates low-degree Chebyshev polynomials,
is exact and incurs no approximation or block-encoding error. Supple-
mentary Note 4.B provides a worst-case bound on the approximation error
of the exponential; here we examine how the approximation behaves
numerically and how it affects the resulting state.

We specialize to D =2 and consider a 32 x 32 grid corresponding ton =
5 qubits per dimension, setting = 6. This 2D example is also illustrated in
Fig. 4. The first QKAN layer computes

1
2 =5 | T2 + Toy)| =% +37 — 1, (36)

exactly at each grid point, producing a diagonal operator that encodes a
(shifted) squared radius on the grid. - B

The second layer approximates x—>e P*+1) with § = /2 using a
degree-d polynomial P,(x). The standard QSVT constructions require
polynomials of definite parity, so we first decompose the target function into
even and odd components,

109 =3 [l + Foaa®] = 3 [0 +f=) + () — F(—0)].
37)

approximate each component by a truncated Taylor series of degree d, and
combine them via an equal-superposition LCU using one additional ancilla
qubit, as in Theorem 9. To satisfy the amplitude constraints |P,(x)| < 1
needed for Theorem 9, we rescale the target function to 1 #**D; this
introduces only a constant-factor overhead in the final amplitude-
amplification step. Finally, to implement the resulting polynomials using
QSVT, we compute the required phase angles numerically using the pygsp
Python package”.

Figure 10(a) shows the resulting degree-3 polynomial P5(x) approx-

imating 1 e P*+1) The approximation is accurate on the interval [—1, 1], as
required for QKAN, and deteriorates outside this range. Applying the
polynomial to the output of the first layer yields a diagonal operator whose
entries approximate the target Gaussian values. Figure 10(b) displays the
absolute error in the normalized two-dimensional Gaussian state prepared
using this degree-3 polynomial. For each grid point (i, j) we plot
[Wexp(1,7) — Waran (@ )]> where yoian is the normalized output state and
Veyp is the ideal Gaussian. The error is largest near the center of the dis-

tribution. This matches the behavior in Fig. 10 (a): the center corresponds to
the region where x is close to — 1 and the polynomial approximation error is
maximal.

Finally, Fig. 10c shows the ¢, error, || Vep — Varan I ,asa function of
the polynomial degree d, together with the theoretical bound from Sup-
plementary Note 4.B. The empirical error decays exponentially with d, in
agreement with the lemma, and plateaus at d = 20 when the error reaches
machine precision of 107*-107".

Generalized state preparation via CHEB-QKAN

When discussing multivariate state preparation in “Application II: Multi-
variate state preparation” we assumed the input register X encoded a regular
D-dimensional grid to prepare multivariate distributions on a grid. We now
generalize this to an arbitrary input by showing that a CHEB-QKAN layer
implements a general multivariate state-preparation routine on any block-
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encoded input vector X. Theorem 12 guarantees that we can prepare a
quantum state with amplitudes matching the entries of an arbitrary K-
dimensional CHEB-QKAN layer, as long as the input and weights can be
block-encoded efficiently. The proof is deferred to Supplementary Note 5
and proceeds by applying the block-encoding to the uniform superposition,
followed by amplitude amplification.

Theorem 12. (Multivariate state preparation via CHEB-QKAN). Let
e € (0, 2) We are given access to a controlled diagonal (1, a,, &,)-block-
encoding U, of an input vector ¥ € [—1, 11V, and access to d + 1 controlled
diagonal (1, a,, ¢,)-block- encodlngs U0 Qf weight  vectors
W e [—1, 1. Let N2 = 25_1 <11, Zg 195,(%,) ) and d be the max-
imal degree of Chebyshev polynomlals used in the parameterization of
activation functions ¢, Ife, < A; Tz € 2ande,, < A= ¢, then we can prepare
a ¢, normalized quantum state Tw> with amphtudes corresponding to a
CHEB — QKAN layer such that

le —%g( Z%( ))q

<e¢

=&

(38)

2

The procedure succeeds with arbitrarily high probability by using
O(VKd*/N') applications of controlled-U, and controlled-U, and their
adjoint versions.

Such a strategy can be viewed as a multivariate extension of the non-
linear amplitude transformation procedure outlined by Guo et al.” because
the amplitudes of the prepared state are multivariate functions of the input
vector. In their approach, a nonlinear amplitude transformation unitary is
applied to a uniform superposition state, followed by amplitude amplifi-
cation. On the other hand, achieving a multivariate version of exponential
improvement through importance sampling, as proposed by Rattew and
Rebentrost™, remains an open problem, due to the challenges associated
with implementing importance sampling in the multivariate setting.
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