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Abstract
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The rationalisation of drug potency using three-dimensional structures of protein-ligand

complexes is a central paradigm in medicinal research. For over two decades, a major

goal has been to find the rules that accurately relate the structure of any protein-ligand

complex to its affinity. Addressing this problem is of great concern to the pharmaceutical

industry, which uses virtual screens to computationally assay up to many millions of

compounds against a protein target. A fast and trustworthy affinity estimator could

potentially streamline the drug discovery process, reducing reliance on expensive wet

lab experiments, speeding up the discovery of new hits and aiding lead optimization.

Water plays a critical role in drug-protein interactions. To address the often ambiguous

nature of water in binding sites, a water placement method was developed and found to

be in good agreement with X-ray crystallography, neutron diffraction data and molecular

dynamics simulations. The method is fast and has facilitated a large scale study of the

statistics of water in ligand binding sites, as well as the creation of models pertaining

to water binding free energies and displacement propensities, which are of particular

interest to medicinal chemistry.

Structure-based scoring functions employing the explicit water models were developed.

Surprisingly, these attempts were no more accurate than the current state of the art,

and the models suffered from the same inadequacies which have plagued all previous

scoring functions. This suggests a unifying cause behind scoring function inaccuracy.

Accordingly, mathematical analyses on the fundamental uncertainties in structure-based

modelling were conducted. Using statistical learning theory and information theory, the

existence of inherent errors in empirical scoring functions was proven. Among other

results, it was found that even the very best generalised structure-based model is signifi-

cantly limited in its accuracy, and protein-specific models are always likely to be better.

The theoretical framework developed herein hints at modelling strategies that operate

at the leading edge of achievable accuracy.
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Note that the problem is not to find the ρ0 which correctly describes the “true physical

situation”. That is unknown, and always remains so, because of incomplete information.

In order to have a usable theory we ask the much more modest question: “What ρ0 best

describes our state of knowledge about the physical situation”.

Edwin Thompson Jaynes



Chapter 1

Introduction

1.1 Where are we now?

Drug discovery is difficult. The entire process, from selecting the target to clinical tri-

als, can take over a decade and cost over a billion pounds1. Modern medical successes

demonstrate how much has been achieved while simultaneously highlighting the many

complex diseases that remain untreated. When pharmaceutical companies seek to im-

prove on drugs already on the market, new compounds not only have to combat the

disease they were designed to treat, but also must compete with existing drugs. These

factors have contributed to difficulties faced by the pharmaceutical industry in recent

years: research development costs are rising but productivity is falling1–3. This situation

demands that our scientific understanding of drugs and proteins evolves in step with this

ever-ratcheting challenge.

Computational methods form an important component of drug discovery4. Yet despite

being over thirty decades old, the field of computer-aided drug design is still in its

infancy, and there remain many hurdles to overcome before the dream of cheaper and

more efficient drug development can be fulfilled5–7.

1
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Figure 1.1: A representation of the main phases in drug discovery projects1,8. During
the lead generation phase, many millions of compounds are assayed in high throughput
screens. Later, in lead optimisation, chemical modifications are made to compounds in
order to improve the interaction with the protein. Computational methods are playing
increasingly important roles in these phases in predicting the potency of compounds

against the protein target4.

1.2 Strategies in Drug Discovery

Whether a drug is designed to activate, or inactivate a protein, or inhibit the binding of

endogenous ligands, it is fundamental that the drug and protein associate with sufficient

strength. The degree to which two molecules bind is known as the affinity.

Early in a drug discovery project, high throughput chemical screens are used to deter-

mine compounds, known as “hits”, which bind to the target protein with enough affinity

or activity to merit further development9,10. The emergence of fully automated proce-

dures in the 1980s was a major leap forward for the pharmaceutical industry, allowing

vast libraries of compounds to be assayed without prior knowledge of the required lig-

and chemistry9. While modern techniques have the remarkable capacity to screen over

100,000 molecules a day11, high throughput screens are expensive and require highly

specialised laboratories. As a result, the increasing availability of cheap and powerful
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computers has enabled so called “virtual” screens to become well established in the phar-

maceutical and biotechnology industries, as well as in academic drug discovery12. Often,

they are used to enrich libraries prior to high throughput screens with compounds that

are more likely to be hits. In less costly projects, the very top hits from a virtual screen

are taken forward for manual experimentation. The testing of up to many millions of

compounds requires that only simple models be used to estimate affinity, so that the

calculations can be carried out as fast as possible.

Once promising leads for drug candidates (unsurprisingly called “leads”) have been

identified, efforts focus on improving the affinity, activity and selectivity of the ligands.

Early considerations can also be made with respect to the toxicity of the compounds, and

whether they will be well-tolerated by the body13. Theoretical models play a crucial role

in determining which chemical modifications will be pursued to enhance the affinity or

activity of a compound. Most commonly, these models are qualitative structure-activity

relationship (SAR) models, which are formal hypotheses regarding the relationship be-

tween ligand chemical structure and activity or affinity. Quantitative features of the

leads, such as lipophilicity and charge, can also form the basis of mathematical models

called quantitative structure-activity relationship (QSAR) models. As only a handful of

compounds may reach this stage, it is also feasible to apply computational techniques

that are more intensive than those used in virtual screening.

Determination of the three-dimensional structure of the target protein opens the possi-

bility to powerful rationalisations of drug affinity that are not possible with only ligand

chemical data14. With structural protein data, medicinal chemists try to optimise com-

pounds to have favourable interactions with the protein15. One of the most effective

strategies involves designing ligands to fit the three-dimensional shape of the binding site

and to complement the hydrophobic, electrostatic, and hydrogen bonding surface16,17.
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(a) (b)

Figure 1.2: Drugs are designed to complement the shape of the target protein’s
binding site. (a) An example of a drug for the blood coagulation protein, factor Xa,
demonstrating the characteristic hinge, like an upside-down “L”, which is typical to
many factor Xa inhibitors. (b) The complex of the protein (in purple) and ligand (in
yellow), showing the drug is well buried in the binding site. Subfigures (a) and (b) are

in different scales.

Implicit in structure-based lead optimisation strategies is the hypothesis that the three-

dimensional structure of a protein-ligand complex – and, in particular, the pose of the

ligand within the binding site – encodes the ligand’s potency. Critically, the development

of an accurate and generally applicable structure-based affinity prediction technique re-

mains one of the most significant unsolved problems in drug discovery18, and is subject

to intense and continuous research. With such a technique, medicinal chemists would be

well informed as to which chemical modifications to pursue. A fast and accurate affinity

model would be of even greater benefit, not only for convenience in lead optimisation,

but to greatly improve the productivity of virtual screens.

1.3 Computational approaches to binding affinity predic-

tion

In the absence of structural information for a protein or protein-ligand complex, the

chemical make-up of a known ligand provides a sufficient starting point for a virtual

screen. Chemically similar ligands often have similar affinities and activities19, so given
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a ligand with a desirable potency against the target, a virtual library of compounds can

be trawled to find compounds that match a particular description of that ligand. Descrip-

tions can include chemical composition20 or estimated three-dimensional shape16,21,22;

the latter emphasises the significance of structure in drug discovery. However, large

differences in potency between similar compounds – known as activity cliffs – can oc-

cur. While the cause in many cases remains unclear, activity cliffs can arise from steric

clashes in the binding site, or the loss of a crucial interaction with the protein: problems

that are less likely to arise in structure-based models.

When the three-dimensional structure of the target and location of the binding site are

known, structure-based models require that the binding pose of a compound is deter-

mined before its affinity can be calculated. The process of positioning a compound in

a binding site, known as “docking”, has been the subject of research for over thirty

years23, and there currently exist many algorithms that are fast enough to be used in

virtual screens24. Docking programs seek to find the binding mode that minimises, or

maximises, a predefined score. The mathematical models used to calculate this score are

called scoring functions. Computationally efficient protocols typically treat the protein

as a rigid body, so that the docking program searches over the orientation of the ligand

in the binding site and its dihedral angles. The size of the search space rises exponen-

tially with the number of freely rotatable bonds, so to speed up the optimisation, many

docking programs are partially stochastic and produce many candidate binding modes.

Even though docking programs can produce accurate predictions within the candidate

solutions, scoring functions often struggle to distinguish the best pose25,26.

In addition to binding mode prediction, scoring functions are also used to produce

estimates of the binding affinity. Some methods use the same scoring function as for

binding mode prediction, while others decouple binding and affinity prediction and re-

score the complexes with a different model27. Despite large amounts of research, it
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remains a challenge to predict the affinity of a compound even when an experimental

protein structure with the bound ligand exists28. Errors are even greater when predicting

affinities from docked poses29. Although virtual screening with docking and scoring can

significantly enrich compound libraries, the performance of a given scoring function is

highly dependent on the data set25,26,30–33.

Scoring functions are the fastest structure-based method for estimating affinity, typically

using a single docked pose and the rigid structure of the protein. In reality, protein-ligand

complexes are dynamic, not static, and, as will be discussed in Chapter 2, the binding

affinity is a function of the thermodynamic free energy difference between the bound

and unbound states of the protein and ligand. While closely related scoring function

methods have attempted to account for multiple ligand positions using the candidate

solutions from the docked poses34–36, they still do not account for the unbound state of

the protein and ligand.

Atomistic simulations, either with molecular dynamics or Monte Carlo methods, can

respectively generate a trajectory or an ensemble of structures of either the protein,

ligand, or complex at comparatively great computational expense compared to dock-

ing programs. Methods such as the relaxed complex scheme approximate the binding

free energy as the average interaction energy between the bound ligand and protein37.

Alternatively, the energetics of a collection of structures from a simulation can be re-

calculated using Poisson-Boltzmann (PB) or generalised Born (GB) electrostatics, which

straightforwardly estimate the binding enthalpies of the ligand and binding site, and can

estimate the binding solvation entropy by further assuming the change is proportional

to the surface area (SA) of the binding site and ligand. As a result, these techniques

are known as PBSA and GBSA38. Computationally more expensive, so-called end point

methods run atomistic simulations of the protein and ligand when they are bound and

unbound. A popular end point formalism known as linear interaction energy39 assumes
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that the free energy is given by a linear response in the average difference in potential

energy terms in both simulations.

It is important to stress that all of the aforementioned techniques require significant ap-

proximations or assumptions regarding the binding free energy. The theory of statistical

mechanics – from which many of the above methods are derived, and which is outlined

in Section 2 of Chapter 2 – also yields theoretically exact ways to calculate the affinity of

a protein-ligand complex40,41. The increased rigour comes at the expense of significant

computational resources, and often multiple simulations are required to calculate the

affinity of a single complex. Potential of mean force (PMF) methods are an example of

a rigorous technique; these calculate free energy profiles along pre-defined reaction coor-

dinates. A set of rigorous techniques known as “alchemical” methods calculate the free

energy difference between states, such as the bound and unbound states of a protein and

ligand, using a series of non-physical intermediates, reminiscent of the long-sought- after

elemental transmutation from which these techniques derive their name. Although bind-

ing sites that are buried within a protein make it difficult to define a reaction coordinate

for a PMF calculation, alchemical techniques, such as thermodynamic integration, have

no such difficulty as ligands can gradually be transformed in and out. An alternative

alchemical method, known as free energy perturbation or exponential averaging, is most

often applied to calculate the relative affinities of congeneric compounds42.

In theory, rigorous binding free energy calculations are applicable to any protein-ligand

complex. They are limited by forcefield approximations and inadequate sampling, prob-

lems that are also faced by the less rigorous simulation-based methods. However, they

remain technically difficult and time consuming41,43, and are more likely to be of use in

the lead optimisation stage of drug discovery than in virtual screening, where the simpler

ligand-based and structure-based scoring functions are widely used6. Interestingly, in

the few cases where structure-based scoring functions and rigorous methods have been
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(a) (b) (c)

Figure 1.3: (A) The bacterial peptide transporter OppA binds to a myriad of small
peptides by adjusting the number of water molecules in its binding site54. (B) As the
peptide (in blue) is too small, four water molecules (red spheres) are able to bridge the
interaction to the protein (green sticks). (C) In the same binding site, all but one of
the water molecules have been expelled to accommodate the larger peptide side chain

(purple sticks).

compared, the improvement from the scoring function is slight44,45, and tests of rigorous

methods often report absolute errors of 1-3 kcal/mol46, which are similar to the reported

errors of scoring functions in prospective studies47.

1.4 Water in binding thermodynamics

Water is a substance that is utterly fundamental to biomolecular function48. Among

many of their structural roles, water molecules can stabilise proteins49, lubricate molec-

ular hinges50 and control ion channel gating51,52. Pertinently, water’s critical role in

protein-ligand binding simultaneously informs lead optimisation strategies and affinity

prediction methods. When binding in an aqueous environment, both the protein’s bind-

ing site and the ligand partially desolvate to facilitate direct interactions between the

pair. Where the protein and ligand do not directly interact, water molecules are com-

monly found to mediate interactions53, allowing binding sites to accommodate a variety

of ligand sizes and chemistry that otherwise would have been impossible (see Figure

1.3).
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The inclusion of explicit water molecules in docking, scoring and rigorous free energy

calculations is becoming ever more common55–57. Careful consideration of hydration

sites has been shown to aid the predictability of 3D QSAR models,58–61 ensure stable

molecular dynamics simulations49, and improve the accuracy of rigorous free energy

calculations62.

Despite their importance, locating where water molecules reside protein structures can

itself be problematic. Discussed in more detail in Chapter 3, water molecules are often

extracted from X-ray crystal structures, where they are added towards the end of the

structure refinement procedure. There is no standardised method for including water

molecules or validating their positions, such that different crystallographers can predict

different water distributions from the same diffraction pattern63. The most rigorous

way to computationally predict water molecule locations requires all-atom molecular

simulations, whose unprocessed results are a continuum of positions. While a continuum

may be the closest representation of water’s “true” spatial extent, it is interesting to

note that interpreting water’s biomolecular role and incorporating water in quantitative

models is most easily achieved when using a discretised set of explicit positions.

Ideally, as scoring functions predict affinity using only a single snapshot of a molecular

complex, the objective of scoring function research is to elucidate any emergent laws that

operate above the physical laws of atomic motion. The hydrophobic effect, the tendency

for non-polar molecules to aggregate in water, is the best known emergent property of

biomolecular association. The history of scientists’ understanding of the hydrophobic

effect is not only an exemplary story of how collaboration between experiment, theory

and computational methods are needed to elucidate the thermodynamics of bimolecular

binding, but it contains many lessons for advancing affinity models and structure-based

drug design as well.
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1.4.1 The hydrophobic effect

In 1945, Frank and Evans proposed the famous “iceberg” model of hydrophobicity64.

By observing that the hydration of non-polar gases was accompanied by a decrease in

entropy larger than that of ions, they reasoned that water forms ice-like cages around

non-polar solutes in an effort to conserve hydrogen bonds. The increased ordering in

water, they postulated, was responsible for the decrease in entropy. Further experi-

ments with water at higher temperature showed that the decrease in entropy lessoned,

apparently signifying the “melting” of clathrate cages64. With this model, non-polar

aggregation could be understood by the liberation of caged water molecules upon asso-

ciation of two hydrophobes, such that the association would primarily be entropically

driven. This picture was readily adopted by those seeking to understand why non-polar

amino acids are typically found at the core of aqueous proteins65,66. In the 1980s, new

experiments raised doubts about the classic iceberg model67, such as the observation

that protein-protein association could be enthalpically driven, even in cases where bind-

ing involved the burial of non-polar side chains68. Also, beginning in the late 1970s and

confirmed later by molecular simulations, theoretical studies indicated that the increased

ordering could only lead to the aggregation of non-polar solutes at high concentrations

of solute69–72.

A significant breakthrough was the realisation that the driving forces of the hydrophobic

effect are dependent on the size and curvature of the solute69,71,73. For instance, with

large non-polar surfaces, it is geometrically impossible for water to surround the solute

and maintain all its hydrogen bonds. Unable to satisfy their hydrogen bonds, water

molecules adjacent to these solutes have been observed to be disordered and vapour-

like74,75. The association of large non-polar surfaces frees these comparatively high-

energy water molecules, so that the process is more favourable enthalpically than it is

entropically. Atomistic simulations of spherical non-polar cavities in water also exhibit
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the same disordered, low-density water as found at the interfaces of large solutes76.

More recent thermodynamic calculations of spherical, non-polar ligand and binding site

revealed that binding was enthalpically favourable and entropically unfavourable, due

to the displacement of the disordered water layer at the binding site77. Experiments,

theory and atomistic simulations have shown that, while the literal interpretation of

clathrate cages around non-polar solutes is completely unrealistic, the orientations of

water molecules around small non-polar solutes are indeed restricted compared to bulk

water48,67,78. Presently, it is well established that both entropy and enthalpy play a

role in driving non-polar solvents together in water78–80, although the topic continues

to remain controversial81–83. Apparently unaware of the developments over the last

thirty years, biochemical and biophysical textbooks, with notable exceptions80, continue

to only espouse the rigid water cage model of hydrophobicity84–87, no doubt to the

detriment of the field.

1.4.2 Hydrophobicity in structure-based drug design

Due to the hydrophobic effect, the addition of hydrophobic groups to ligands tends to

increase the binding affinity with the protein. However, as hydrophobicity drives all

non-polar solutes together, a more hydrophobic compound is likely to be less specific

and partition more readily into membranes88. As a result, more selective strategies –

informed by the thermodynamics of the hydrophobic effect – have been developed to

exploit water in structure-based drug design.

Just as with the classic iceberg model of Frank and Evans, early rationalisations of the

role of water in drug affinity were informed by the entropic benefits of molecular asso-

ciation. In 1994, Dunitz reasoned that, due to the loss of translational and rotational

freedom, it was entropically unfavourable – with a maximum cost of 7 kcal/mol – for wa-

ter molecules to bind to macromolecules89. The implication was that medicinal chemists
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(a) (b) (c)

Figure 1.4: (a) The protein HIV protease is required by the virus to create a complete
virion. (b) An X-ray crystal structure of HIV protease with an inhibitor reveals that
a water molecule is bonded to both the protein (green sticks) and the inhibitor (blue
sticks). (c) As the first example of its kind, a new inhibitor was designed to displace

the same water molecule to improve its binding affinity90.

should design compounds that displace ordered water molecules from binding sites to

exploit the favourable increase in entropy. Three months prior to Dunitz’s hypothesis,

Lam et. al. reported that a new type of potent inhibitor for HIV-1 protease had been

successfully designed to displace and mimic the bonds of an ordered water molecule90

(see Figure 1.4) . Since this landmark work, the targeted displacement of ordered water

molecules by polar ligand groups has been a popular strategy in drug discovery91–98.

However, attempts to displace water molecules may not be successful95,98, and can lead

to a decrease in affinity if the ligand is unable to fulfil the water’s stabilising role96,97.

With regard to the thermodynamics of targeted water displacement, some studies com-

bining ITC and X-ray crystallography have confirmed the classical view of hydrophobic-

ity, where the stepwise expansion of non-polar groups into non-polar groves – accompa-

nied by the displacement of water – increases the binding entropy97,99. Yet there are a

growing number of studies reporting that enthalpy, rather than entropy, is the dominant

favourable factor that occurs when non-polar groups displace water molecules100–103. Of

course, this should only be surprising if one maintains the entropy fixated explanation

of the hydrophobic effect. As discussed, the thermodynamic driving forces are depen-

dent on the size and geometry of the solutes, and freeing structurally disordered waters
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can result in favourable enthalpic and unfavourable entropic changes. However, con-

firming whether the displacement of disordered water is responsible for the favourable

enthalpy observed in ITC experiments is difficult, not least because many factors, such

as changes in the protein and ligand flexibility, contribute to the thermodynamic sig-

natures observed in ITC104,105. In addition, structurally disordered waters in protein

binding sites can be invisible to X-ray crystallography, even at a high resolution, requir-

ing specialised protocols to resolve them106. Fortunately, NMR and MD simulations

can reveal whether a binding site or cavity is hydrated with disordered, low density

water107–109. A well-studied example of the enthalpic hydrophobic effect in protein-

ligand binding is the thermodynamic analysis conducted by Homans and co-workers on

mouse urinary protein110,111, which has a very hydrophobic binding site. ITC experi-

ments on the binding of non-polar ligands revealed that during ligand binding, affinity

was dominated by a favourable enthalpy change, which could not be explained by the

tightening of the protein as observed by NMR. As MD simulations revealed the binding

site was sub-optimally hydrated with disordered water molecules, they concluded that

the displacement of the disordered water molecules was responsible for the favourable

enthalpy.

1.4.3 Hydrophobic consequences for modelling

Understanding how water affects the affinity of a protein-ligand complex is a notoriously

difficult problem. The hydrophobic contribution to the binding of a non-polar ligand to

a protein can be enthalpic or entropic, depending on the geometry and size of the binding

site and ligand. An intuitive assessment of the thermodynamics is complicated by the

fact that binding sites contain both hydrophobic and hydrophilic regions. Although the

degree of desolvation of the protein’s binding site and ligand that occurs during binding

undoubtedly contributes to the affinity of the complex, a recent analysis of thousands
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of protein-ligand complexes revealed no statistically significant difference between the

affinities of complexes with bridging water molecules and those without112. Further

complicating a simple understanding of the thermodynamic contributions of water are

cooperative effects97, and the fact that the binding of a ligand may not directly displace

water molecules from a binding site but rather perturb an adjacent water hydrogen

bonding network113.

The only way to predict the role of water seems to be with a computational approach,

and great strides have been made in accounting for water’s multifaceted effects in drug-

protein binding, even in cases involving water network perturbation114. Rigorous free

energy methods, such as thermodynamic integration, can calculate the binding free ener-

gies of water molecules in protein binding sites115,116, and have been applied to predict

the change in affinity when a ligand group is designed to displace an ordered water

molecule117,118. Calculating the enthalpic and entropic contributions of water displace-

ment with such rigorous methods is prohibitively time-consuming in a practical setting,

requiring free energy calculations to be performed at different temperatures. From a

single simulation, inhomogeneous solvation theory (IFST), as popularised by Lazeridis

in the late 1990s119,120, can calculate the binding entropy and enthalpy of ordered water

molecules at binding sites. The entropic cost of binding a water molecule to a protein

is estimated by truncating solvent-solute correlation functions, typically to the second

order, in a manner similar to theories which appeared in the 1980s121,122. This method is

the basis of the commercially available semi-empirical method WaterMap123,124, which,

among many applications, has been applied to understand the affinity and selectivity

of kinase inhibitors125 and PDZ domains126. IFST is typically applied to simulations

of restrained biomolecules, and the impact on the thermodynamic estimates has been

investigated by Huggins127,128.

An early application of IFST to drug discovery related problems was conducted by Li
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and Lazaridis on the water molecule displaced by Lam et. al. in HIV-1 protease129

(shown in Figure 1.4). They found, that as expected, the water molecule was highly

ordered compared to bulk water. The decrease in entropy for transferring the water

molecule from bulk water was calculated to be 9.8 kcal/mol, exceeding the maximum

of 7 kcal/mol initially estimated by Dunitz. The calculated solvation free energy of the

bound water molecule was -15.2 kcal/mol, in contrast to -9.1 kcal/mol as calculated

later by Hamelberg and McCammon with thermodynamic integration115. Calculations

by WaterMap have confirmed that ordered water molecules in binding sites have a lower

entropy with respect to the bulk solvent123. Recent applications have also revealed that

ordered water molecules can have a lower enthalpy than bulk water, which were used to

explain the favourable enthalpic component observed in the targeted water displacement

in carbonic anhydrase II100. The water excluded regions within non-polar pockets,

discussed above, fall outside the framework of IFST, prompting a recent extension of

WaterMap130.

1.5 Objectives for this thesis

This thesis concerns the accurate prediction of protein-drug affinities: one of the “holy-

grails” of computational chemistry7,18,131. Of particular interest will be methods that

can be used in virtual screens.

Two significant trends can exploited to develop more accurate, fast affinity prediction

methods: the continual exponential rise in computational power as described by Moore’s

Law132, and the ever-increasing availability of structural and thermodynamic binding

data of protein-ligand complexes133–137. While Moore’s Law suggests that methods

which utilise currently time-consuming molecular simulations can one day be incorpo-

rated into virtual screenings, structure-based scoring functions appear to have the most
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to gain from both trends, as faster processors facilitate the screening of ever larger

libraries of compounds, and the large amounts of experimental data can be used to dis-

cover and exploit statistical and emergent properties to calculate affinities. This thesis,

therefore, approaches the development of affinity estimation from an empirical perspec-

tive.

The hydrophobic effect is arguably the best studied emergent effect in biomolecular

binding. As computational methods have proven essential in elucidating the thermo-

dynamic contributions of water molecules in binding, a reasonable hypothesis is that a

more detailed treatment of water in structure-based scoring functions can improve their

accuracy over current scoring functions, which either ignore water or use simple implicit

solvent models. Methods to rapidly determine water molecule locations and to predict

their roles in protein-ligand binding will be pursued in order to contribute to the main

goal of water-based scoring function.

A recurring theme in this thesis concerns the role of uncertainty in structure-based

drug design and affinity prediction. As such, the central underlying assumptions of

thesis – that increased amounts of experimental and structural data and improved water

modelling can improve scoring functions – will be investigated. It is hoped that the

successes and failures of this thesis will yield lessons and future directions toward the

dream of rapid affinity prediction.



Chapter 2

Background theory

2.1 Binding affinity

Consider the simple bimolecular reaction L+M 
 ML, where L and M are the ligand

and macromolecule respectively, and ML is the complex. This reaction is reversible, so

that if the reactants were well mixed in a beaker of solvent, we may imagine the complex

constantly assembling and disassembling. The relative concentrations of the free ligand

and macromolecule to the concentration of the complex indicates the binding strength,

and the affinity is quantified by the dissociation constant

Kd =
[M ][L]
[ML]

, (2.1)

where square brackets denote molar concentrations. For a high affinity, there would

be a large concentration of the complex [ML], compared to smaller amounts of the

free macromolecule [M ] and ligand [L]; the smaller Kd is, the stronger the interaction.

The inverse of Kd, known as the association, or equilibrium constant, is also a common

17
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measure of affinity. However, Kd benefits from a simple interpretation: it is equal to

the concentration of free ligand at which half of the macromolecule is bound. The speed

that the reaction L+M 
 ML occurs in either direction is hidden within Kd. Denoting

the rate at which the complex forms as kon and dissociates as koff,

Kd =
koff

kon
, (2.2)

Thus, a ligand and a protein which bind with a high affinity may have a high association

rate, or a low dissociation rate, or both.

As discussed in Chapter 1, the accurate prediction of Kd remains a challenging problem,

the resolution of which would be of great benefit to drug discovery. Many of the most

successful prediction methods have followed from a deeper understanding of the physical

basis of binding affinity, which is the subject of the next section.

2.2 Thermodynamics and statistical mechanics

We can begin to understand the physical basis of binding affinity by looking at proteins

and ligands at the microscopic scale. In the highest detail, the electrons, protons and

neutrons of biomolecules are described by the probabilistic quantum theory of matter,

whose dynamics are described by Schrödinger’s or Heisenberg’s equations of motion138.

At a coarser level of resolution, quantum uncertainty relents, and the kinetics of atoms

appears deterministic. At this scale, classical mechanics reigns and the atomic con-

stituents of proteins and ligands are well approximated by Newton’s equations of mo-

tion. To link this microscopic view of nature to the macroscopic world of lab benches and

experimentally measured drug affinity requires classical determinism to be supplanted
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by yet another probabilistic theory, where our uncertainty arises from the unimaginable

– but countable – number of atoms and molecules that make up a living cell or a beaker

of water.

In thermodynamics, systems are completely characterised by only a handful of variables,

such as temperature and average total energy. A beaker of water left in a closed room

would eventually equilibrate to the room’s same temperature and pressure. If evapora-

tion is slow, the number of water molecules it contains will be roughly constant. In this

example, the thermodynamic variables are the temperature, denoted T , pressure P , and

number of particles N . Knowing only so few variables means that we are ignorant of

the positions, momenta and internal degrees of freedom of the N water molecules in the

beaker.

The positions and momenta of the N particles are denoted by the coordinate vectors

rN and pN respectively. The hyper-dimensional coordinate system spanned by rN and

pN is known as the phase-space, and each point in phase-space represents a particular

microscopic configuration of the system. The internal degrees of freedom possessed by

a molecule, such as bond vibrations and rotations, also contribute to the dimensions of

phase-space, but are omitted in this discussion for brevity. The traditional approach to

gaining a statistical understanding of a system – covered more rigorously in textbooks

such as McQuarrie139 – imagines infinitely many copies of the same system, each at

different snap-shots in time. The collection of systems is known as an ensemble, and

different ensembles can be constructed for different sets of macroscopic constraints. By

assuming that microscopic states of equal energy are equally probable, and that time

averages are equal to averages over the ensemble, a probability distribution over phase

space, known as the Boltzmann distribution, can be established. A fixed T , P and N

corresponds to the isothermal-isobaric ensemble, and it can be shown that the probability

over phase-space is given by the following Boltzmann distribution
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pB(rN ,pN ) =
1

∆(T, P,N)
exp

(
−E(rN ,pN )

kBT
− PV

kBT

)
, (2.3)

where E(rN ,pN ) is the energy at a particular point in phase-space, V is the volume,

kB is Boltzmann’s constant and ∆(T, P,N) is the normalisation factor, known as the

partition function. It is given by

∆(T, P,N) = C(N)
∫ ∞

0
exp

(
−PV
kBT

)∫
V

∫ +∞

−∞
exp

(
−E(rN ,pN )

kBT

)
drN dpN dV

(2.4)

where C(N) ensures the non-dimensionality of ∆(T, P,N), consistency with quantum

mechanics, and accounts for whether the particles are distinguishable or indistinguish-

able. An alternative way to approach statistical mechanics – discovered by Jaynes140,141

and covered in textbooks such as Dill and Bromberg80 – does away with the construction

of thermodynamic ensembles, and derives the above statistics from a purely Bayesian

perspective. In Jaynes’ framework, maximising the uncertainty of the phase-space dis-

tribution, subject to the macroscopic constraints, yields the Boltzmann distribution.

From ∆(T, P,N), all of the macroscopic observables of the system can be derived.

The above, therefore, provides the bridge between the microscopic and the macroscopic

world. All macroscopic observables are given by, or are related to, expectation values

over relevant Boltzmann distributions. The macroscopic value of a microscopic variable

A(rN ,pN ) is given by the average over all phase space
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〈A〉 =
1

∆(T, P,N)

∫ ∞
0

exp
(
−PV
kBT

)∫
V

∫ +∞

−∞
A(rN ,pN ) exp

(
−E(rN ,pN )

kBT

)
drN dpN dV,

(2.5)

where, in general, angular brackets denote ensemble averages. The binding affinity

between a drug and a protein is also a macroscopic observable. To relate protein-ligand

binding affinity to statistical mechanics, it informative to consider the Gibbs free energy

of the system

G = −kBT ln ∆(T, P,N), (2.6)

where the dependency of G on T , P , and N is made implicit for notational simplicity.

The Gibbs free energy equals the maximum amount of work that can be extracted from

a system for a fixed P and T. The free energy can be expanded

G = H + TS, (2.7)

where H and S are the enthalpy and entropy, respectively, of the system. The enthalpy

H = 〈E〉+ P 〈V 〉, (2.8)
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quantifies the average energetic contributions of the system and the maximum amount

of heat that can be extracted from it. The entropy

S = −kB
∫
V

∫ +∞

−∞
pB(rN ,pN ) ln pB(rN ,pN ) drN dpN , (2.9)

can be understood as the degree of microscopic uncertainty, as the log of the average

phase-space volume sampled by a system is proportional to S. The greater the entropy,

the worse our ability to specify the microscopic configuration of the system. The en-

tropy is maximised for uniform distributions, and as Equation 2.3 shows, the larger the

temperature becomes, the more pB(rN ,pN ) tends to a uniform distribution, and the

more disordered the system is said to be.

Consider again the binding reaction L + M 
 ML, between a ligand L and macro-

molecule M. This reaction implies two distinct macrostates: the unbound state, where

the ligand and macromolecule are separate, and the bound state, where both molecules

have formed a complex. One can associate a free energy to both of these states, the

unbound free energy Gu and the bound free energy Gb. The difference between the

bound and unbound free energies

∆G = Gb −Gu, (2.10)

is known as the binding free energy. The sign and magnitude of ∆G determines the

likelihood of finding the macromolecule and ligand in the bound or unbound states. If

∆G is negative, the binding reaction can occur without any additional input of energy,

and it is more probable to find the molecules in the bound state than the unbound
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state. A seminal result in statistical mechanics is the following relationship between the

dissociation constant and the binding free energy:

∆G = −kBT ln
Kd

Kref
, (2.11)

where Kref is the reference concentration, typically set equal to 1 mol/litre. For a binding

reaction occurring at the same temperature, Equation 2.7 implies that ∆G = ∆H+T∆S,

so that the change in free energy can be understood in terms of the differences in enthalpy

and entropy. As discussed in Chapter 1, Section 1.4.1, the consideration of the entropy

and enthalpy changes that occur when two non-polar solutes aggregate in water is crucial

to understanding the driving forces behind the hydrophobic effect.

Together, Equation 2.4, Equation 2.11 imply that if one were to calculate the energies

for all of phase-space in the bound and unbound macrostates, one could predict the

binding affinity of a protein-ligand complex. Molecular simulations, such as molecular

dynamics and Monte Carlo methods, use forcefields to estimate the energies at partic-

ular points in phase-space. However, owing to the sheer enormity of phase-space, and

the vanishingly small probability that energetically unfavourable regions will ever be

sampled142, brute force calculations of Gb and Gu are out of the question for all but

the simplest toy problems. Instead, dedicated binding free energy techniques, such as

free energy perturbation and thermodynamic integration offer more practical ways to

calculate ∆G. These methods and others are covered in a number of reviews40,41,143.

Many binding free energy methods have been inspired by expanding the binding free

energy into independent components. When a ligand and macromolecule bind in an

aqueous environment, a possible expansion is
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∆G = ∆Gsolvent + ∆Gprotein-ligand, (2.12)

where ∆Gsolvent is the change in the water’s free energy, which is contributed to by the

partial desolvation of the ligand and binding site, and ∆Gprotein-ligand is the change in free

energy arising from interactions between the protein and ligand. Described in Chapter

1, Section 1.3, PBSA and GBSA techniques approximate ∆Gsolvation by modelling water

implicitly. Structure-based scoring functions are far more approximate techniques that,

in the same spirit as statistical mechanics, base their binding free energy predictions

on the microscopic detail of protein-ligand interactions. The majority of these models

expand ∆Gprotein-ligand with interaction energies or heuristic potentials, which can be

evaluated as quickly as possible. Regression is often used to train these simpler models on

the structures of protein-ligand complexes. The theory underlying regression is covered

in the following section.

2.3 Statistical learning theory and regression

Statistical mechanics is a triumph of deductive reasoning, as the physics at the mi-

croscopic level can be used to predict binding affinity, a macroscopic phenomenon. In

contrast, one can approach affinity prediction inductively, and investigate which struc-

tural features of protein-ligand complexes are indicative of high or low affinity.

Inductive learning requires prior data, known as a training set, on which a model can be

based. In structure-based scoring functions, training sets are comprised of protein-ligand

complexes with experimentally measured binding affinities and resolved X-ray crystal

structures. Statistical learning theory (see Hastie et. al.144) provides a framework under
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which functional relationships between features and affinities can be reliably inferred.

The process is known as regression, and models obtained in this way inherit the assump-

tions that are implicit in statistical learning theory. In regression, features or descriptors

– such as shape complementarity in scoring functions – are known a explanatory vari-

ables, which we denote as X, and the predicted variable – like binding free energy – is

called the response variable, denoted Y . Following the common convention in statistics,

we will denote random variables with capital letters and individual realisations of those

variables in the corresponding lower case. Lower case letters will also be used within

functions.

A criterion known as a cost or loss function is used to judge the success of a model. A very

popular criterion for continuous response variables, like binding free energy, is the mean

squared error (MSE) between the predictions of the model and the measured values. To

complicate matters, the best model is unlikely to be the one with the lowest error on the

training set. An arbitrarily complex function that passes through all the data points in a

training set will have zero error, but may be disastrously wrong in predictive setting. The

greater the non-linearity of the fitted function and the more free parameters it has, the

more likely it is the model has over-fit the training data. The goal of regression, therefore,

is to find the function that consistently has the lowest error on hitherto unseen data.

Statistical learning theory encapsulates this concept of reproducibility by assuming there

is a probabilistic process underlying the data. A training set, for instance, is modelled

as multiple samples from a joint probability distribution function (PDF) over X and Y ,

which we denote as p(x, y). Equally, a test set is modelled as another set of samples

from p(x, y). Thus, by training a model to have a low error in a predictive setting, we

are forced to assume that any future data must be generated by the same joint PDF as

the training set. By using regression to infer the functional relationship between X and

Y , we are in actuality inferring something about the statistical relationship between the
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two variables, which is encoded in p(x, y). The expected MSE of an estimated function,

denoted f̂(x), is given by

MSE =
∫∫
XY

p(x, y)
(
y − f̂(x)

)2 dx dy. (2.13)

It is this quantity – not the average error on the training set – that one should seek to

minimise when performing regression. A classic result in statistical learning theory is

that the function that minimises Equation 2.13, denoted f(x), is given by

f(x) =
∫
Y

p(y|x) y dy

= E[Y |X = x], (2.14)

where p(y|x) = p(x, y)/p(x) and E[Y |X = x] denotes the conditional expectation value

of Y given x. Thus, the optimal model is the conditional mean of the response variable

for given particular explanatory variables. It seems then, that the regression problem

is solved: to predict the affinity of a protein-ligand complex, for example, we need to

provide the average value of Y for the particular structural features of the complex.

However, in most real problems, such as with scoring functions, the distribution p(x, y),

which underlies the data, is unknown, so that such averages cannot be carried out.

A great deal of statistical learning theory concerns finding reliable ways to estimate

equations 2.13 and 2.14.

While the expected MSE cannot be evaluated directly, a number of regression strategies

are informed by the bias-variance decomposition of the MSE. To proceed, we assume –
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as Equation 2.14 implies – that y = f(x)+ε, where ε is random noise with mean equal to

zero and a standard deviation equal to σY . For a fixed regression method, completely re-

sampling the training set will result in a slightly different function estimate, f̂(x), than

before, and we denote the average estimate due to complete re-sampling as E[f̂(x)]. For

a particular test set sample (xt, yt), the MSE can be expanded in terms of f̂(xt) and

E[f̂(xt)]to give

MSE = σ2
Y +

Bias2︷ ︸︸ ︷(
f(xt)− E[f̂(xt)]

)2 +

Variance︷ ︸︸ ︷
E
[(
f̂(xt)− E[f̂(xt)]

)2]
, (2.15)

where the first term is the intrinsic noise in Y , which is irreducible; the second term

is the squared bias, which quantifies how much the average of our estimate f̂(x) differs

from the optimal function; the third quantity is the variance of the estimate, which tells

us by how much our estimate is expected to change if we re-sampled the training set.

For every method of regression, there is a trade-off between bias and variance. A linear

model will have a very high bias if the true relationship between the explanatory and

response variables is not linear. However, linear models have a lower variance than non-

linear models precisely because the model’s functional form is significantly constrained.

Highly non-linear models, such as neural-networks, have a very low bias because they

make few assumptions regarding the functional relationship between the variables. This

higher complexity comes at the cost of larger variance. Such models are sensitive to the

composition of the training and test sets, and re-fitting a non-linear model again to a

re-sampled training set can result in a very different function.

Bootstrap aggregating (commonly known as bagging) is a common technique that is

applied to reduce the variance of complex models, and is often used in conjunction

with regression trees. In bagging, a large number of “new” training sets are obtained
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by sampling uniformly with replacement from the original training set to approximate

complete re-sampling. A model is fit to each sample, and future predictions are given by

the average over the fits. With reference to Equation 2.15, the average over all the fitted

models is closer to the E[f̂(x)] than any single model, so that the “bagged” models have

a lower variance.

It is important to highlight that the definition of an optimal model is dependent on the

choice of loss function. Here, we discuss the MSE due to its popularity and analytical

simplicity, but one could equally choose another loss function, such as the mean absolute

error (MAE). It can be shown that the function that minimises the MAE is given by the

conditional median of the response variable, as opposed to the conditional mean given

in Equation 2.14. Depending on what type of distribution p(x, y) is, these quantities

may be very different.

In addition to the error of a model, the degree of correlation between a model’s predic-

tions and the experimentally measured outcomes is another easily interpretable quan-

tification of predictive success. Pearson’s linear correlation coefficient,

R =
cov[X,Y ]
σXσY

(2.16)

is one such measure, where cov[X,Y ] is the covariance between X and Y , and σX and

σY are the standard deviations of X and Y respectively. It has a maximum value of 1,

indicating a perfect positive linear correlation, a minimum of -1 for a perfect negative

linear correlation, and equals 0 in the case of no linear correlation. The square of R

is equal to the amount of linear variance in Y explained by X. In drug-discovery,

however, one of the most important measures of a scoring function’s success is its ability

to correctly rank order compounds by affinity, as in a virtual screen, only the top ranked
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compound are typically selected for experimental testing. Spearman’s rank coefficient,

often denoted as ρ, measures how well the relationship between two variables can be

measured as a monotonic function. It is given by Pearson’s correlation coefficient of

the rank ordered predictions and experimental values. A value of 1 means that all the

predictions have the same rank ordering as the measured values. In general, Pearson’s

and Spearman’s coefficients are not the same. For instance, a monotonic relationship

between the predictions and measured values with a high Spearman rank coefficient need

not be linear, and so may have a low Pearson correlation coefficient.

2.4 Information theory and regression

Originally conceived by Claude Shannon as a general theory for communication, informa-

tion theory has wide ranging applications, including statistical mechanics and regression,

the latter which we primarily discuss in this section. At its heart, the theory provides

a measure for the information content of a given system. Information theory is well

covered by Cover and Thomas145.

To gain an intuitive understanding of information as a quantity, consider the question

“What is the information content of this thesis?”. Such a question concerns only the

amount of information, not its quality or importance. The sum of all the text this thesis

contains would be a very poor measure, because any repeated words or phrases would

not be informative, having already been covered by preceding text. Thus, the text that

appears with a higher frequency should, on average, contribute to the thesis’ information

content less than the text that occurs infrequently. Viewing the thesis as a probabilistic

source of letters, or words, or phrases, denoted X, that are produced with probability

p(x), we would expect that a particular X that occurs with a low probability provides
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more information on average than a realisation of X that occurs with a high probability.

In his landmark paper146, Shannon reasoned that for discrete probability distributions,

H(X) = −
∑
X

p(x) log p(x), (2.17)

is the amount of information provided by a source whose output is governed by p(x).

This quantity, known as the Shannon, or information entropy, is always non-negative. As

information theory was originally applied to electrical signals, the logarithm is typically

taken to the base two, so that entropy is measured in bits. Equation 2.17 shows that

the entropy is the average value of log 1
p(x) , implying that less probable outcomes are

weighted higher than more likely outcomes, as discussed. Entropy is a property of

the probability distribution only, which may be different for distinct message sources.

For continuous random variables, which we will henceforth consider, the differential or

continuous entropy is defined as

h(X) = −
∫
X

p(x) ln p(x) dx, (2.18)

where in contrast to the discrete case the natural logarithm is commonly used, and p(x)

now denotes a PDF. In addition to quantifying the amount of information contained in a

message, the entropy characterises the degree of spread in a distribution, or equivalently,

the “uncertainty” in a random variable. Accordingly, h(X) is at a maximum for uni-

form distributions. Shannon entropy derives its name from Gibbs entropy in statistical

mechanics. Comparing equations 2.9 and 2.18, one can see that the Gibbs entropy can

be considered as the information content of a thermodynamic system.
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In regression, one is concerned with two types of random variables, the explanatory

variables and the response variable. The goal of regression is to find the function that

maps the explanatory variables, denoted X, to the response variable, denoted Y , with

the lowest expected error. While regression theory states that the function that yields the

lowest MSE is given by Equation 2.14, it does not state how one chooses the explanatory

variables in the first place. A possible way is via the mutual information, I(X;Y ), which

quantifies the amount of information shared by X and Y . It is given by

I(X;Y ) =
∫∫
XY

p(x, y) ln
p(x, y)
p(x)p(y)

dx dy, (2.19)

and is a measure of statistical dependence between X and Y . It is positive unless X

and Y are independent, in which case p(x, y) = p(x)p(y), so that I(X;Y ) = 0. To

understand I(X;Y ) further, one can expand

I(X;Y ) = h(Y )− h(Y |X), (2.20)

where

h(Y |X) = −
∫∫
XY

p(x, y) ln p(y|x) dx dy, (2.21)

is the conditional entropy, which quantifies the uncertainty in Y givenX, and tells us how

much information Y conveys if X is already known. A perfect set of descriptors could be

used to determine Y unambiguously, in which case h(Y |X) = 0 so that I(X;Y ) = h(Y ),
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meaning that the best set of explanatory variables contain all the information in Y . For

a fixed h(Y ), the minimum of h(Y |X) occurs at the maximum of I(X;Y ). Concerning

the statistical relationship between the variables, h(Y |X) places an lower-bound on the

MSE of any function obtained by regression. When X and Y are non-dimentional,

MSE ≥ 1
2πe

exp
(
2h(Y |X)

)
, (2.22)

with equality if and only if p(y|x) is a normal distribution. Thus, there is an important

link between the information variables share with each other and the optimal perfor-

mance of empirical models.

The Kullback-Leibler divergence, or relative entropy, between two distributions is an

information theoretic term that has also impacted regression analysis. For two PDFs

over X, p(x) and q(x) it is defined as

D
(
p(x)||q(x)

)
=
∫
X

p(x) ln
p(x)
q(x)

dx (2.23)

The relative entropy measures the dissimilarity between two distributions, it is zero when

p(x) = q(x) and positive otherwise. Considering D
(
p(x)||q(x)

)
as a type of distance

between p(x) and q(x) is illustrative, although not strictly true, as it does not obey

the triangle inequality, and is generally asymmetric with respect to exchanging p(x)

and q(x). There are numerous, equally valid interpretations of the relative entropy. In

the context of message processing and compression, the relative entropy is equal to the

extra number of bits that are needed to compress a message governed by p(x) when it

is thought the distribution is q(x)145. In statistics, it is the average log-likelihood ratio
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between two hypotheses, as well as the divergence between a model q(x) and the true

probabilistic process p(x). Consideration of the latter led to the development of Akaike’s

information criterion (AIC) – covered in detail by Burnham and Anderson147 – which

is used to select between models of differing complexity if only a small training set is

available. The AIC is an approximation of the relative entropy between reality and a

model. For a fitted model,

AIC = 2d− 2 ln(L) (2.24)

where d is the number of free parameters in the model and L is the likelihood function

of the fitted model. As discussed in the previous section, the error a fitted model has

on a training set error typically underestimates the true error. The AIC corrects for

the over-fitting of more complex models by penalising for the number of free parameters

they contain. Instead of choosing the model the with the lowest training set error, one

seeks to find the model with the lowest AIC.



Chapter 3

Rapid and accurate placement of

water in protein binding sites

3.1 Introduction

The location of water molecules in binding sites and protein-ligand complexes has impor-

tant implications in structure-based drug design. As discussed in Chapter 1, Section 1.4,

water molecules can be targeted for displacement to improve affinity, increase specificity,

and inspire new molecular scaffolds90,125,148.

The positions of water molecules are typically taken from X-ray crystal structures and

may be validated by comparison with related structures149. Nevertheless, there are

inherent problems with identifying hydration sites in crystallography. Water molecules

can be artifactual, may be too mobile to identify or not observed at all because of low

resolution63,107,109,150–152. Structures resolved by NMR or predicted using homology

modeling may be completely devoid of water molecules. Hence, it is necessary to be

able to accurately predict water locations within binding sites.

34
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Water sites can be predicted by running molecular dynamics or Monte Carlo simulations

with an explicit water model and taking the peaks in water density or averaging over

water molecule locations153,154. This has the benefit of including entropic effects in the

prediction but can be very time consuming to run, especially with buried cavities due

to the long time it takes for water to permeate within proteins. Grand canonical Monte

Carlo methods, as utilised by the water thermodynamics package WaterMap130, can

significantly reduce the length of the simulation155, although can still be computationally

demanding. The grid-based Monte Carlo method JAWS attempts to strike a balance

between rapid solvation techniques and full molecular simulations that explicitly treat

entropic effects156. It has the added advantage of producing an estimate of the free

energy of displacing the water molecule into bulk solvent, although the value may not

be well converged41. Integral theory approaches have also been developed to predict the

structure of water in proteins157–159. Notably, the 3D reference interaction site model

(3D-RISM), has been adapted to predict explicit water locations as well as their binding

free energies and entropies160, taking around 11 minutes on an eight core processor for

a typical protein-ligand complex161. While a promising development, this still remains

too slow to be applied in a virtual screening context.

Fast solvation methods have also been pursued for a number of years. A popular method

is GRID, which calculates the interaction energy of a chemical probe around a pro-

tein162. The water probe is able to make up to 4 hydrogen bonds with the protein163.

A novel mean field method has been reported by Setny and Zacharias that places po-

tential water sites on a lattice and iteratively solves the solvent distribution using a

semi-heuristic cellular automata approach164. The fact that water sites form distinctive

distributions around amino acids165 has been exploited by a number of knowledge-based

methods166–170. An early example called AQUARIUS predicted solvent sites within a

protein by mapping each amino acid to a data set of crystal structures166. SuperStar is
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another knowledge-based method that combines structural data from the Protein Data

Bank171 (PDB) and the Cambridge Structural Database (CSD)172 to predict chemical

propensity maps within protein cavities167. Also using water distributions from the CSD,

AcquaAlta predicted 66% of crystallographic water molecules in a test set of fourteen

tripeptide ligands bound to OppA169. Favourable water bonding geometries have also

been utilised to predict water sites164,173. By systematically analysing hydrogen bond-

ing angles, Huggins and Tidor correctly predicted 44% of the bridging water molecules

in a test set of twenty-one crystal structures of tri-peptides bound to OppA174.

Clearly, there exist a great variety of computationally inexpensive ways to predict the

location of water molecules in proteins. Unfortunately, many of the prediction methods

are limited to predicting water molecules coordinated by polar groups168,169,174, water

distributions and not explicit locations167, either bridging water molecules only169,174 or

apo hydration sites only164,166, and can be monetarily costly123,162. With regards to the

validation procedures of each method, comparisons to random placements are seldom

reported166,173, and false positive rates are rarely considered. Thus, if one wishes to

predict the location of water in a binding site, not only are there a baffling array of

possible methods to choose from and learn, but the accuracy of each one can be unclear.

Given the familiarity medicinal and computational chemists have with protein-ligand

docking software, it is surprising that they have not widely been used to predict hydration

sites175. Designed to solve multidimensional optimization problems, docking programs

should be well adapted at balancing the various energetic needs of a water molecule.

Using a method we call WaterDock, in this chapter we show that the AutoDock Vina

tool176 can be used to predict the location of ordered water molecules in ligand binding

sites to a high degree of accuracy. Crucially, a WaterDock prediction only takes a matter

of seconds to produce, utilises freely available software and is simple to implement. Its

speed and accuracy mean it has the potential for use in virtual screening.
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3.2 Method

3.2.1 AutoDock Vina as a water placement tool

Autodock is the most prominent brand of freely available docking software, and is widely

used in the computational chemistry community. A water placement tool based on

AutoDock would therefore be widely accessible, with many users being already familiar

with its basic implementation.

AutoDock Vina (henceforth referred to as Vina) is the most recent version of the

AutoDock series, being immediately preceeded by AutoDock 4. Docking with Vina

is roughly two orders of magnitude faster than docking with AutoDock 4; in Vina’s

early validation, it was found that docking a compound with Vina took on average 8

minutes to complete, while AutoDock 4 took around 520 minutes176. Speed can be

further increased in Vina as, unlike AutoDock 4, it allows for multithreading. The sig-

nificant speed difference between the two was observed in our initial testing of docking

with water. Our early comparisons also found that Vina was more able to predict a

greater diversity of water sites in a single docking run compared to AutoDock 4. As

such, Vina was taken forward for further investigations.

Vina employs a stochastic global optimisation procedure to locate the lowest energy

binding poses, where the energy is calculated by Vina’s scoring function. Vina’s scor-

ing function is composed of Gaussian shaped energy wells, steric repulsion, as well as

hydrophobic and hydrogen bonding terms. The hydrogen bonding term accounts only

for the proximity of hydrogen donor-acceptor pairs, and not the explicit location of the

hydrogen atoms. This helps the energy landscape be smoother than that of AutoDock

4’s forcefield-based scoring function, which includes among other terms Coulomb and

Lennard-Jones potentials, and a directional hydrogen bonding term. While AutoDock

4 uses a Lamarckian genetic algorithm to find the lowest energy binding mode, Vina’s
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less coarse energy landscape aids the gradient-based optimisation stage of docking. The

choice of Gaussian shaped energy wells in Vina reflects its shape complementarity-based

approach to docking.

When docking a ligand, Vina begins by randomly placing the ligand within the speci-

fied search space. Then, successive steps of random perturbations – which are accepted

or rejected according to the Metropolis criterion – are followed by local gradient-based

optimisation via a quasi-Newtonian method. The total number of steps is automatically

chosen by Vina, and is dependent on the degrees of freedom of the ligand, while the num-

ber of starting configurations is set by the user with Vina’s “exhaustiveness” parameter.

During optimisation, Vina records low energy binding modes, which are later clustered

and refined using an undocumented internal procedure. Vina is limited to producing a

maximum of 20 binding mode predictions for a given run.

The application of Vina to water docking requires several important considerations.

Firstly, Vina’s scoring function has been designed and optimised on drug-like compounds,

not for water molecules as intended here. Thus, a training set was assembled to deter-

mine the applicability of Vina’s scoring function to water. Secondly, Vina’s maximum

limit of 20 binding modes and internal clustering procedure means that a single long run

with a high exhaustiveness parameter is not equivalent to many independent docking

runs with respect to the number and diversity of the pose predictions. Thus, a second

data set was assembled to optimise the docking procedure in terms of number of repeats,

exhaustiveness of the search and the post-processing method. This second data was cre-

ated with an emphasis on determining placement accuracy in terms of false positive and

true positive rates. Finally, an independent test set was used to assess the accuracy of

the final docking procedure, which we refer to as WaterDock.
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3.2.2 Applicability of Vina’s scoring function

The first data set comprised of 15 high-resolution, pharmacologically relevant protein

crystal structures and is shown in Table 3.1. As there can be some inconsistencies

regarding crystallographically observed water molecules, it may be that Vina correctly

predicts hydration sites that are not observed experimentally. For this reason, three

proteins from Table 3.1 were chosen for molecular dynamics (MD) simulations. The

minimum distances from predicted water molecules to an experimental or a MD water

molecule were used to investigate the relationship between a prediction’s error and its

Vina score. In order to assess the magnitude of the errors, the minimum distances were

compared to those from a random placement of water molecules. The energy cutoff was

chosen as the Vina score which produced an error distribution that was indistinguishable

from a random placement.

Table 3.1 includes apo and holo crystal structures of some of the same proteins in order

to test whether Vina can predict the location of bridging water molecules as well as water

molecules in unliganded binding sites. The proteins were also selected to have a diverse

number of water molecules in the binding site. For example, trypsin has only one water

molecule bridging the interaction between the ligand (benzamidine) and the protein,

whereas heat shock protein 90 has 9 bridging water molecules and 6 neighboring waters

with its ligand, adenosine diphosphate (ADP). The unliganded structures of heat shock

protein 90, penicillopepsin and PIM1 kinase were simulated using unrestrained MD for

10 ns. These proteins were selected as their binding sites vary in their hydrophobicity

and are easily accessible to the bulk solvent. The MD simulation details are included in

Appendix A.1.
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Protein PDB code Resolution (Å) Ligand

BRD4 2OSS 1.35 None

BRD4 3MXF 1.6 JQ1

Trypsin 1SOQ 1.0 None

Trypsin 1BTY 1.5 Benzamidine

HSP 90 1AH6* 1.8 None

HSP 90 1AM1 2 ADP

Penicillopepsin 3APP* 1.8 None

Penicillopepsin 1BXQ 1.4 PPi3

PIM1 kinase 1YWV* 2.0 None

PIM1 kinase 1XWS 1.8 BI1

PNPase 1V48 2.2 DFPP-G

GluA2 1FTM 1.7 AMPA

HIV-1 protease 1KZK 1.1 JE-2147

Table 3.1: The protein structures used to establish a cutoff score that indicates
whether or not a prediction is better than random. *Structures selected for molec-

ular dynamics simulations.

Table 3.1 includes apo and holo crystal structures of some of the same proteins in order

to test whether Vina can predict the location of bridging water molecules as well as water

molecules in unliganded binding sites. The proteins were also selected to have a diverse

number of water molecules in the binding site. For example, trypsin has only one water

molecule bridging the interaction between the ligand (benzamidine) and the protein,

whereas heat shock protein 90 has 9 bridging water molecules and 6 neighbouring waters

with its ligand, adenosine diphosphate (ADP). The unliganded structures of heat shock

protein 90, penicillopepsin and PIM1 kinase were simulated using unrestrained MD for

10 ns. These proteins were selected as their binding sites vary in their hydrophobicity

and are easily accessible to the bulk solvent. The MD simulation details are included

in Appendix A.1. For each crystal structure or MD snapshot, Vina was used to dock
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a single water molecule into the binding site and all the locations were recorded. To

ensure a sufficient diversity of water sites, Vina was used twice on each structure and

the maximum number of predicted binding modes was retained, producing 40 water site

predictions for each binding site. Prior to docking, structures were stripped of all pre-

existing water molecules and prepared using the software package AutoDockTools177.

For holo-proteins, the search space was 15Å×15Å×15Å around the geometric centre of

the ligand. Apo-proteins were structurally aligned to the corresponding holo structure

and the ligand centre was again used to define the docking search space. This search

volume is sufficient to encompass the binding sites of the proteins listed in Table 3.1.

As stated, Vina’s predictions were compared to a random distribution of water molecules.

Water molecules were placed at random within the sterically allowed volume of each

docking search space. AutoGrid (part of the AutoDock 4 package)178 was used to

create oxygen affinity grid maps, and favourable points were selected at random on grid

locations that had energies less than or equal to 0 kcal/mol. Five hundred randomly

placed water molecules were selected for each protein structure.

3.2.3 Refinement of the water placement method

Repeated independent water molecule dockings creates many overlapping and similar

water predictions even after low energy sites have been removed. A second data set

was created in order to test the accuracy of different clustering methods and docking

procedures. An accurate water placement method is one in which many experimental

water positions are correctly identified (high true positive rate) with very few predictions

that are not experimentally observed (low false positive rate). As discussed in Section

3.1, the validity of water molecules seen in X-ray crystal structures is often uncertain

and many water molecules may be missing from the structure. This complicates the

proper assessment of the sensitivity and specificity of a water placement method. To
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circumvent these issues, the data set in Table 3.2 was assembled so that each structure

had been determined to a high resolution more than once. Where possible, neutron

diffraction data were included because of its ability to resolve water molecules that

contain deuterium. Each protein in Table 3.2 was structurally aligned and consensus

water molecules were determined. A consensus water molecule was defined as one that

was within 1 Å of another water molecule seen in at least one other structure. These

water molecules were used to estimate the true positive rate of WaterDock. The binding

site water molecules that were seen in only one structure were recorded in order to

estimate the false positive rate of WaterDock. By validating WaterDock in this way,

WaterDock’s true positive rate was assessed using only trustworthy water sites, while

its false positive rate was assessed using all water sites, for which there is at least some

evidence for. Note that because of the difficulty in experimentally resolving some water

molecules, the false positive rate is likely to be an upper estimate.

Protein PDB codes Resolution (Å) Ligand

HIV-1 protease 3FX5, 1HPX, 2ZYE* 0.9, 2, 1.9 KNI-272

Ribonuclease A 1KF5, 1FS3, 5RSE* 1.2, 1.4, 2 None

GluA2 1FTM†, 1MY2† 1.7, 1.8 AMPA

Trypsin 1S0Q, 1UTQ, 1TPO* 1.0, 1.2, 1.7, None

Concanavalin A 1NLS, 1GKB, 1JBC, 1QNY*, 1K3L 0.9, 1.6, 1.2, 1.8 None

Glutathione S-T A 1K3Y†, 1K3L† 1.3, 1.5 SHG

Carbonic anhydrase II 3KS3, 3MWO, 2ILI 0.9, 1.4, 1.1 None

Table 3.2: The proteins and set of structures used to establish the docking and
clustering procedures for the water placement method. *Structures that have been
determined by neutron diffraction. †Structures where multiple chains from the same

crystal structure have been used to validate ordered water molecules.

Each of the proteins in Table 3.2 were structurally aligned and consensus water sites

were identified using the statistical programming language R179. Using a 15Å×15Å×15Å

cube to define each binding site, 185 distinct water molecules were identified. Of these
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water molecules, only 92 had been identified at least twice by experiment. Observing

less than half of experimentally determined water molecules in at least two structures

highlights the uncertainty regarding crystallographic water positions and underlies the

need for caution when validating a water prediction method.

To test WaterDock on an independent data set, we chose 14 structures of OppA bound

to different KXK tri-peptides (see Appendix, Table A.1). The data set was primarily

chosen because the same test set was used for a recent water prediction method called

AcquaAlta169. Doing so allows a direct comparison of the two methods. In addition,

the structures have been determined to a high resolution and the ligands have varied

water distributions around the side chain of the central amino acid54.

3.3 Results

The minimum distance of each docked water molecule from a crystallographic or molec-

ular dynamics (MD) water molecule was computed in order to assess how placement

prediction error depended on the water position’s Vina score. In particular, we sought

to find a score cutoff that identified well-determined sites by comparing the predictions

to a random placement of water molecules. Figure 3.1 shows how each Vina score has

an error distribution associated with it and how the median and the range of the error

distributions decreases for more negative (favourable) scores. In particular, as the scores

increase (become less favourable), the distributions tend to the error distribution from

the random placement model. It is apparent that the lower the Vina score, the closer

the agreement with crystallographic water locations.
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Figure 3.1: Box-plot summarizing the Vina score (in kcal/mol) versus the minimum
distance (in Å) between the prediction and a crystallographic water (above) and MD
water (below) from the data set in Table 3.1. Each box’s lower and upper limits are
at the 25th and 75th percentiles. The solid black line within each box indicates the
median and the width of each box is proportional to the square root of the number
of data points. Outliers are shown as black dots and are defined by points outside 1.5
times the interquartile range. For comparison, the results from a random placement
of water molecules are shown by the grey background box (light grey represents the
whiskers, darker grey represents the 25th and 75th percentiles and the darkest grey
line represents the median). The accuracy of the placement increases with a more
negative score and the median distance of the predicted sites is consistently lower than

the median of the random placement method for scores less than -0.5 kcal/mol.

When predicting water locations in the X-ray crystal structures of Table 3.1, the error

distributions were always better than the error distribution from the random model.
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During the MD simulations, large numbers of water molecules filled the cavities. This

meant that placing a water molecule at random within the cavity has a much greater

chance of being near a simulated water molecule. While prediction error was also re-

duced, outperforming the random model provided a more stringent test. As a result, a

cutoff of -0.6 kcal/mol was chosen by inspection as the minimum acceptable score of a

predicted water molecule.

Using 7 crystal structures that had been resolved multiple times (see Table 3.2), different

docking and clustering protocols were experimented with in order to find the method

that predicted the largest number of consensus water molecules for the fewest number

of false positives. Below, we summarize the most accurate protocol while the results of

additional tested docking and clustering regimes are shown in Table A.2.

We found that independently docking a water molecule 3 times into the binding site

appeared sufficient to sample the configuration space of the water molecule, while dock-

ing only once did not. The exhaustiveness parameter in Vina determines how rigorous

the docking search is and is roughly proportional to elapsed docking time. We found

that setting this parameter to 20 significantly improved the accuracy of the subsequent

clustering methods when compared to an exhaustiveness value of 10. Three independent

docking runs with an exhaustiveness value of 20 was also very fast and took no more

than 15 seconds to complete on a 2.33 GHz Intel Xeon quad-core processor.

Independently docking a water molecule 3 times with Vina generates a maximum of

60 binding modes. Many of the positions overlapped or were in close proximity to one

another. Clustering the water positions is a time efficient way of producing a solvation

map of the binding site from an ensemble of water positions. A number of different

hierarchical clustering methods were experimented with, including complete linkage,

single linkage and Ward’s minimum variance method. Distance cutoffs of each clustering
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method were varied to find the one that gave the best accuracy. The average position

of a docked water molecule cluster was used as the predicted water molecule location.

(a) (b)

(c) (d)

Figure 3.2: Examples from the data set in Table 3.2 that were used to develop the
WaterDock method. Yellow spheres: predicted water sites, red spheres: water molecules
observed in at least two experimental structures, blue spheres: water molecules observed
in only one experimental structure. (A) HIV-1 protease bound to the inhibitor KNI-
272. All 9 consensus water molecules and all 6 non-consensus water molecules are
correctly identified. One non-consensus water molecule is in between two predictions,
resulting in a false positive. This water molecule was resolved only in 3FX5 with a
temperature factor of 42 Å2, so the over-prediction may be due to the uncertainty in
the water molecule’s position. (B) GluR2 ligand binding core bound to AMPA. All
water molecules within the binding site are correctly predicted. (C) Water around apo
concanavalin A catalytic manganese and calcium ions (purple and dark green spheres
respectively). Two false positives can be seen, with one over-coordinating the calcium
ion. (D) Apo trypsin, showing good agreement between predicted and experimental

water molecules.
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Max. error = 1.5 Å
Max. distance of Consensus waters False Mean

experimental water from protein predicted (%) positives (%) error (Å)
3.0 88 24 0.69
3.3 81 24 0.69

Max. error = 2.0 Å
Max. distance of Consensus waters False Mean

experimental water from protein predicted (%) positives (%) error (Å)
3.0 94 16 0.77
3.3 88 16 0.78

Table 3.3: The performance of the final WaterDock method on the second validation
set.

The most accurate clustering method was found to be with 2 rounds of single linkage

clustering with different distance cutoffs. The results are summarized in Tables 3.3 and

3.4. The first clustering round used a distance cutoff of 0.5 Å and was designed to

remove the most overlapping sites and to reduce the chaining of clusters in the second

docking round. The output was clustered again with a distance cutoff of 1.6 Å. While

these distance cutoffs were established empirically so as to maximize accuracy, the second

clustering cutoff coincides with the effective van der Waals radius of a water molecule180.

Using a maximum placement error of 2 Å the final WaterDock method identified 87% of

consensus water molecules within 3.3 Å of the protein. The distance of 3.3 Å was chosen

from the water-water radial distribution function so as to define the first hydration

shell181. While used previously to validate water placement error174, 2 Å is a lenient

error cutoff. Yet, out of the 80 consensus water molecules correctly identified, only

8 were over 1.5 Å away from the experimental position and 54 were within 1 Å of a

consensus water molecule. When only tightly bound water molecules (within 3 Å of the

protein) were considered, WaterDock predicted 94% of these consensus water molecules.

Given that only protein-water interactions and not water-water interactions were used

to generate the initial ensemble of positions, it is encouraging that WaterDock was able

to predict the vast majority of consensus water sites. Even in examples that contain a
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complex network of water molecules, such as ribonuclease A, and carbonic anhydrase

II, WaterDock was still able to predict 80% of the consensus sites (see Table 3.4). It

is clear therefore, that the protein is the most important factor in determining a water

molecule’s position. However, the omission of water-water interactions was likely to be

responsible for some of the errors. In a few cases, an experimental water site was found

to lie between two predicted locations (see Figure 3.2), resulting in a false positive. In

examples such as ribonuclease A, concanavalin A and carbonic anhydrase II, it was found

that water-water interactions were very subtle and consensus sites were observed to be

slightly displaced with respect to the WaterDock predictions, possibly to accommodate

and interact with another water molecule.

Water-water interactions could be included in the WaterDock method if a second sam-

pling procedure, akin to the JAWS method156 could switch the predicted sites on and

off. We also considered sequentially docking a water molecule into a cavity to account

for water-water interactions. However we found that the point at which to stop docking

was ambiguous and that subsequent predictions were biased to regions near previous pre-

dictions. Importantly, neither of these methods adapt the positions of water molecules

to optimize both the protein-water and the water-water interactions. A second energy

minimization step would be required to achieve this. Given the high accuracy and speed

of the current method, we felt these improvements were unnecessary.
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Consensus Predicted False Water molecules

Protein waters consensus waters positives predicted

HIV-1 protease 9 9 2 18

Ribonuclease A 10 8 3 20

GluA2 15 15 3 20

Trypsin 14 12 2 17

Concanavalin A 17 13 4 21

Glutathione S-transferase A 13 12 3 19

Carbonic anhydrase II 15 12 4 18

Total 93 82 21 133

Table 3.4: The individual protein results using the final WaterDock method for a
maximum error of 2Å. The number of correctly predicted non-consensus water sites
can be calculated by finding the difference between the number of water molecules

predicted and the sum of the predicted consensus waters and false positives.

Figure 3.3: An example from the test set used to validate WaterDock. The tripep-
tide KNK is shown bound to OppA, PDB code 1B5I. Red spheres: crystallographic
water molecules; blue spheres: water molecules seen in other related structures; yellow
spheres: WaterDock predictions. All water molecules are correctly predicted with two

false positives.
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Using the OppA test set shown in Appendix Table A.1, AcquaAlta reported predicting

66% of the water molecules that bridged the interaction between the ligand and the

protein to a maximum error of 1.4 Å. Using the same maximum error, WaterDock

predicted 87% of the crystallographic water molecules. When the results were visually

inspected, eleven additional predictions were found to be within 2.0 Å of crystallographic

water molecules that made the same interactions with the ligand and protein. When

these water molecules were included in the analysis, WaterDock identified 97% of the

crystallographic water sites with a mean error of 0.68 Å. WaterDock predicted on average

1 water molecule per structure that was not seen experimentally. The false positive rate

was not reported for AcquaAlta.

3.4 Discussion

In the previous section, fixed distance cutoffs were used to classify WaterDock predictions

as either “correct” or “incorrect”. It is important to acknowledge that this approach

has been used to simplify the error analysis, and in reality, the uncertainty regarding

the true location of water molecules is more complex.

In crystallography, the degree of spread about the peaks in electron density represents

the uncertainty in an atoms location. Structural heterogeneities between the molecules

in the crystal, dynamic flexibility and thermal motion all contribute to this spread. Tem-

perature factors, also known as B-factors, for each atom are proportional to isotropic

variance of the electron density, which are readily interpreted as the mean square dis-

placement of an atom from its average location. Therefore, the B-factors of water

molecules can, in principal, be used to assess the accuracy of predicted water locations

in a manner that reflects the inherent error in the crystallographic position. Anisotropic

displacement parameters, which are provided for structures resolved to a high resolution
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could also be used. However, such an error analysis may suffer from inconsistencies in the

assignment of B-factor, which depend on the resolution of the structure and refinement

method used by the crystallographer182. Hence, different standardisation strategies are

commonly utilised when comparing B-factors from multiple crystal structures183,184. As

standardised B-factors may be negative53, they can no longer represent as mean square

displacements.

Water molecules are often added to a protein-crystal structures in the latter stages of

the refinement procedure63. As a result, water molecules may be erroneously included

to reduce the average residual between the calculated structure and electron density, or

simply may be missing. The significant discrepancy between water sites in crystallog-

raphy and NMR152 prompted us to validate WaterDock on waters observed in multiple

structures. The false positive rate was estimated using all distinct water sites, whether

consensus or not. Evaluating predictions against the crystallographic electron density is

a more detailed analysis that, while free from refinement idyosyncrasies, is complicated

by the fact that the concentration of other solutes in the crystal may be unknown and

that electron densities are not reported for all structures in the PDB. Preliminary anal-

ysis suggests that our reported false positive rate may be an over estimate in some of

the proteins (see Figure 3.4).

At thermal equilibrium, our ability to ascertain microscopic detail – such as collection

of atomic coordinates – of a system is characterised by the Gibbs entropy. The location

of water molecules in proteins is no exception, so we should expect the position entropy

of a single hydration site, denoted Sr
1 , to be the ultimate limit of accuracy of any

water placement method. The relationship between the mean squared error (MSE) of

an estimator and Shannon entropy in Equation 2.22 in Chapter 2, applies equally for

water placement error and Sr
1 , owing to the proportionality between Shannon and Gibbs

entropy. Thus, when predicting the location of water molecules in protein structures
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(a) (b)

Figure 3.4: Comparing crystallographic electron density maps against WaterDock
predictions for (a) glutathione s-transferase and (b) concanavalin A. Yellow spheres:
WaterDock predictions; red spheres: consensus water sites; green and blue sticks: pro-
tein and ligand respectively; grey mesh: electron density at one standard deviation
above the background density. In (a) and (b), regions of electron density that may
correspond to hydration sites are shown. In (a), the structure (PDB code 1K3Y) was
resolved to 1.3 Å. Due to the significant overlap with consensus water sites, crystallo-
graphic waters are not shown. Although the structure in (b) (PDB code 1NLS) was
resolved a resolution of 0.94 Å, there are large regions of electron density that are un-
accounted for. The central consensus water at the centre of (b) was not present in the
structure, and was inferred from the other apo concanavalin A structures from Table

3.2.

sampled from the Boltzmann distribution, assumed here to be locally Gaussian about

the water molecule’s mean position, one has

MSEwater ∝
1

2πe
exp

(
2Sr

1

kB

)
. (3.1)

The integral theory 3D-RISM can be used to predict not only the location of water

molecules in protein-ligand complexes, but also the individual entropies of the water

molecules. In agreement with Equation 3.1, a strong correlation was recently reported

between placement error and entropy of water sites as predicted by 3D-RISM161. Clearly,

error is an inescapable part of any method that predicts the discrete locations of wa-

ter molecules; analyses based on distance cutoffs, B-factors or electron densities can
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assess this error to varying degrees of validity, although each one is subject to its own

limitations.

3.5 Summary

In this Chapter we have shown that freely available ligand docking tools can be appro-

priated to predict the location of hydration sites in protein structures. The simplicity

of our procedure, which we call WaterDock, is the key to its speed; water molecules are

docked into a structure using AutoDock Vina, low scoring sites are removed and the rest

are clustered. The centroids of the clusters are the predicted water sites. Our method

was validated against high-resolution crystal structures, neutron diffraction data and

molecular dynamics simulations. In particular, we assembled a data set of high resolu-

tion protein and protein-ligand structures that had been determined at least twice. We

found that WaterDock was able to predict 87% of consensus water sites with a mean

error of 0.78 Å. Using 14 structures of OppA bound to lysine-X-lysine tripeptides, Wa-

terDock predicted 97% of the ordered water molecules, with on average 1 false positive

per structure. The key advantages of the approach we present here is that it takes only

a few seconds to apply yet is able to maintain a high degree of accuracy.



Chapter 4

Predicting the role of water in

protein-ligand binding

4.1 Introduction

When a ligand binds to a protein, water molecules vacate the binding site to accom-

modate the molecule, while others remain which bridge the interaction between the

ligand and the protein. Water-mediated binding is so common that a study of 392

protein-ligand complexes found that 85% had at least one water molecule which bridged

the interaction between the ligand and the protein53. The number and distribution

of bridging water molecules can change for each new ligand, presenting a challenge for

fast ligand binding mode prediction. As discussed in Chapter 1, Section 1.4.2, a popular

strategy in rational drug design is to modify a ligand so that it displaces an ordered water

molecule into the bulk solvent. But as targeted water displacement can fail, predicting

which water molecules can be displaced by the ligand, and which remain to bridge the

interaction is not only of concern to protein-ligand docking, but also to structure-based

drug design.

54
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Traditionally, ordered water molecules were ignored in ligand docking studies and lig-

ands were docked into desolvated binding sites185. Presently, there are a number of

docking protocols that include explicit water molecules and claim to improve accuracy

in many cases186–190, typically involving multiple docking runs with various different

water positions. Water positions are typically selected from so called, “conserved” sites,

which are hydrated in multiple structures of the protein bound to different ligands. It

has also been reported that including water molecules may hamper efforts to predict a

ligand’s correct binding mode191. In addition, the chemical diversity of the hits from a

virtual screen can either be reduced or increased, depending on which water sites have

been retained148,192.

Rather than preselecting which water molecules to keep in the binding site, some docking

procedures – although different in implementation – involve switching water molecules

“on” and “off” during docking193–195 at additional computational expense. Some meth-

ods can simultaneously dock ligands and water molecules175,196, where the method by

Forli175 docks ligands with water molecules attached to their hydrogen bonding groups.

A number of approaches have used the structural features of a water molecule’s envi-

ronment to predict whether it will be displaced or not without any prior knowledge

of the ligand. Using a K-nearest neighbours genetic algorithm, Consolv reported 75%

accuracy when predicting whether binding site water molecules would be displaced or

not197. However, as Consolv used crystallographic temperature factors as structural

descriptors, it cannot be applied to predicted water sites, such as with WaterDock as

developed in Chapter 3. Amadasi and co-workers have combined the HINT forcefield198

with the Rank score199 to classify water molecules into two broad categories; conserved/-

functionally displaced and sterically displaced/missing200,201. Their first study correctly

classified 76% of the water molecules tested while their second study reported a classifi-

cation accuracy of 87%. Their analysis included weakly bound water molecules, which
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were a maximum of 4 Å away from the protein. Another method called WaterScore

used water molecules within 7 Å of the bound ligand in protein-ligand binding sites202.

Using multivariate logistic statistical regression, WaterScore reported 67% accuracy in

classifying displaced and conserved waters, although water molecules that were displaced

because of steric clashes with the ligand were not included in their analysis. Barillari

et al. used the computationally expensive double-decoupling method to calculate the

binding energies of 54 water molecules in protein-ligand complexes116. They found that

water molecules that could be displaced by a ligand were on average less strongly bound

than conserved water molecules by 2.5 kcal/mol.

Despite the positive strides that have been made in understanding the role of ordered

waters, no single method is able to answer how displaceable a water molecule is, and what

is it likely to be displaced by. Addressing these questions becomes even less clear when

there is limited experimental knowledge of a binding site’s solvation structure and one

has to rely on theoretically predicted water positions. Here, we develop a conceptually

straightforward method that can be used in conjunction with our WaterDock procedure

to predict whether molecules are likely to be conserved or displaced after ligand binding.

We also develop a model to predict the probability that predicted water molecules will

be displaced by polar or non-polar groups.

4.2 Methods

As a rapid placement tool, the WaterDock method facilitates the development of empiri-

cal classification models as well as a large scale study into the statistics of water displace-

ment. As described in more detail below, water molecules were predicted in the binding

sites of the Astex Diverse Set203 of protein-ligand complexes after the ligands had been

removed from the structures. By overlaying the ligands back into the hydrated cavities,
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we studied the statistics of hypothetically “displaced” water molecules. By developing

novel water scores using data mining and heuristics, and a machine learning method,

we developed probabilistic models to predict the role of water in protein-ligand binding.

We developed probabilistic models rather than discrete classifiers because whether a

water molecule is displaced or not depends on the size, type and scaffold of a ligand.

Classifying a water molecule as either always displaceable or only conserved was deemed

an oversimplification.

4.2.1 Establishing a water binding energy score

Using the double decoupling method, Barillari et al. calculated the absolute binding

free energies of 54 water molecules from 35 ligand-protein complexes116. The data set

was made up of 6 proteins and 11 conserved hydration sites. They found that conserved

water molecules had statistically significant lower binding energies than displaceable

water molecules. Therefore, we trained a water free energy estimator, with the aim to

similarly distinguish conserved and displaceable water molecules.

We considered Barillari et al.’s data ideal to develop a water scoring function because

of the size of the set, the diverse range of proteins and the consistent manner in which

the binding energies were calculated. Rather than create a new scoring function from

scratch, we opted to apply the Vina and AutoDock 4 scoring functions because of their

free availability. Each of the 54 water molecules were initially scored using the scoring

functions from Vina and AutoDock 4 and correlations with R2 values of 0.01 and 0.31

respectively were found. It is interesting to note that while Vina is able to accurately

dock water molecules, it has no predictive power on the binding free energies. If rigorous

free energy calculations were used to dock and score ligands, accuracy in one would

directly correspond to accuracy in the other. However, as both fast docking procedures
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and scoring functions do not use rigorously calculated free energies, this correspondence

cannot be guaranteed.

Due to the poor correlation in the Vina and AutoDock 4 scoring functions, we sought to

find which combination of components in the scoring functions had the best predictive

ability. We wished to do so in a purely data driven manner, without imposing any bias

as to which sort of interactions we thought would be important for water, to compare

and contrast to our heuristic approach to a water scoring term as described in Section

4.2.2.

AutoDock 4 has 5 terms in its scoring function, while Vina has 6. Excluding Autodock 4’s

and Vina’s rotatable bond terms and Vina’s hydrophobic term, both scoring functions

have 4 terms each that are applicable to water. There are 255 unique combinations

of these terms, with the largest having 8 terms: 4 from Vina and 4 from AutoDock

4. Linear regression was used to fit each of the 255 combinations of terms results in

255 candidate water scoring functions. We note that because each model has fewer

explanatory variables than the number of response variables, the solution to each linear

model is unique. As a vast majority of these models were overfit, we wanted to extract

from this pool of water models the one with the best balance between accuracy and

simplicity. Thus, each of the models were ranked by their Akaike information criterion

(AIC)204. As discussed in Chapter 2, Section 2.4, the AIC is a information theoretic

measure for the goodness of fit of a model, which penalises models for the number of

parameters they contain, the preferred model being the one that minimises the AIC. The

top 30 models with the lowest AICs were then selected for an extensive cross validation

study to further assess the trade-off in model complexity and accuracy.
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4.2.2 Development of hydrophilic and lipophilic scores

By analyzing 10,837 surface bound water molecules in 56 high resolution crystal struc-

tures, Kuhn et al. established the individual hydration propensities for each amino acid

atom type205. They determined the propensities by dividing the total number of water

molecules that hydrated an atom by the number of surface exposed occurrences. Build-

ing on their work, we created a hydrophilicity model and a lipophilicity model intended

to encapsulate the local chemical environment of a water molecule. These models were

intended to be distinct from the water energy model previosly described, as they are

heuristic knowledge-based potentials as opposed to a fitted forcefield model. The hy-

drophilicity model is a distance weighted sum of the propensities from all the atoms

within 4 Å of a water molecule and is given by:

UH =
N∑
i

pi exp
(
− ri
d0

)
, (4.1)

where N is the number of protein atoms within 4 Å of the atomic position, ri is the

distance (in Å) of protein atom i to a water molecule, pi is the hydration propensity

of atom i and d0 is the distance scale of the interaction, set at 1 Å. We chose the

weighting function because previous works have suggested that hydrophobicity decays

exponentially with distance206, albeit at longer length scales, and is used by the HINT

forcefield198. The hydration propensities of cofactor atoms were assigned the same value

as the most similar protein atom. Because of the high magnitude of ion hydration free

energies, ion hydration propensities were assigned the same as the highest value in the

Kuhn data set. For the lipophilic score, we chose the same form as Equation 4.1 and it

is given by
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UL =
N∑
i

li exp
(
− ri
d0

)
, (4.2)

where the terms are as before except li which is the carbon propensity of protein atom

i. As atomic carbon propensities have not been established as they have been for hy-

drophilicity, for simplicity, we set all carbon atoms a propensity score of 1 and all other

atom types a score of 0.

4.2.3 Finding displaced water molecules retrospectively with Water-

Dock

The Astex Diverse Set contains 85 high-resolution crystal structures of pharmacologically

relevant ligand-protein complexes203. The ligands are drug-like and have a diverse range

of scaffolds. Importantly, the electron density of the ligands in the crystal structures

accounts for all parts of the ligand, leaving little ambiguity over the binding mode and

the locations of the ligand atoms. This makes the Astex Diverse Set appropriate data

to investigate what types of ligand atoms displace WaterDock predictions of apo water

molecules.

Ligands and water molecules were removed from the binding sites and cofactors were

retained. Water sites were predicted in the binding site using the WaterDock method as

described in Chapter 3. A predicted water molecule was classified as conserved if it was

seen within 1.5 Å of a water molecule seen in the crystal structure of the protein-ligand

complex. Predicted water molecules that were not within 1.5 Å of a crystallographic

water molecule but within 1.5 Å of a ligand atom were classified as displaced. The

distance cutoff was chosen as this represents an acceptable water prediction error, being

within the van der Waals radius of a water molecule180.
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4.2.4 Development of a probabilistic water classifier

We expect that the displacement probability of a water molecule depended on a – po-

tentially – non linear combination of the 3 structural descriptors (binding energy, hy-

drophilicity and lipophilicity) and that certain regions of parameter space would gen-

erally correspond to different classes of water molecule. Classification trees meet these

requirements by recursively partitioning the parameter space such that each region de-

fines a class. Classification trees are particularly well suited to our problem because the

proportion of a class in a partitioned region can be readily interpreted as a conditional

probability. However, because of a tree’s hierarchical nature, small changes in the data

can result in a different series of splits, making single classification trees unstable. The

method of bootstrap aggregation – known as bagging and discussed in Chapter 1, Sec-

tion 2.3 alleviates this issue by fitting many trees to bootstrapped samples (sampling

with replacement) of the data. The probability of a class is found by averaging the class

proportions from each classification tree.

Using the free statistical language R with the package “rpart”179, a bagged classification

tree algorithm was written and trained on the predicted water positions in Astex Diverse

Set to classify them as conserved or displaced. In addition, a second model was trained

to classify displaced WaterDock predictions as displaced by hydrogen-bonding groups or

by non-polar groups. To assess the accuracy of the models, we used leave-protein-out

cross validation. This involved partitioning the Astex Diverse Set into a training set and

a test set, where the test set comprised of all the water molecules from a single protein.

The water molecules in the test set was classified by both models and the fraction of

correct predictions were recorded. This process was repeated until all 85 proteins had

been used as the test set. The accuracies quoted in the results are the mean accuracies

from all partitions. This validation procedure was chosen so that the models were tested

on structures that were distinct to the structures in the training set.
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Term Coefficient (kcal/mol)
Intercept 1.77
H-bond -2.58

Table 4.1: The gradient and intercept of Vina’s hydrogen-bonding term after refitting
to the calculated binding energy of water according to Barillari et al116.

4.3 Results

4.3.1 Water energy model from a data mining procedure

On Barillari’s et al.’s data set of calculated water binding energies, it was found that

a single term, the hydrogen bonding term from Vina’s scoring function, had the lowest

mean error in the cross-validation study, with an error of 1.7 kcal/mol. The standard

error of the fit was 1.6 kcal/mol and had an R2 = 0.50. For comparison, if the average

calculated energy of the Barillari data set is used to predict each water molecule’s energy,

the mean error would be 2.5 kcal/mol. The coefficient and intercept of the re-weighted

Vina hydrogen bonding term is shown in Table 4.1.

Figure 4.1: The re-weighted AutoDock Vina score applied to training set set of
calculated protein-water binding free energies. The y = x line is shown in red.

Vina’s hydrogen bonding term is the sum over hydrogen bonding pairs176. For each pair,

the value ranges from 1 to 0 and varies linearly with distance. The significant correlation
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despite the simplicity of the model is likely to be due to a strong enthalpy-entropy

compensation effect, where the number and strength of hydrogen bonds correlates with

the lack of translational and orientational freedom of the water molecule.

4.3.2 Classifying the role of water

To develop a water classifier that was consistent with our water placement method,

water sites were predicted in the Astex diverse data set after the ligands had been

removed from the structures. By overlaying the ligands back onto the hypothetical apo

solvation structure, we investigated the displacement statistics of our water predictions

(See Figure 4.2). In total, 545 predicted apo water molecules were within 1.5 Å of

water molecules seen in the crystal structure of the protein-ligand complex and so were

classified as conserved. Also, 459 predicted water molecules were classified as displaced

as they were within 1.5 Å from a ligand. Of these displaced water molecules, 216 were

displaced by polar groups and 243 were displaced by non-polar groups.

As described, the water energy model was trained on the 54 water molecules in Bar-

illari et al.’s study, which had binding energies calculated using thermodynamic inte-

gration116. In that study, they found that displaced water molecules were less strongly

bound than conserved water molecules, with an average difference of 2.5 kcal/mol. Like-

wise, the scores of the hypothetically displaced water molecules in our displacement study

were also predicted to be less strongly bound, with a difference of 2.0 kcal/mol compared

to the hypothetical conserved waters. It is encouraging that the simple model captured

this relevant feature for water displacement. As our study classed water molecules as

“conserved” if they were not displaced in a single complex, while Barillari et al. as water

molecules for which there is no evidence of displacement, one could expect our score to

predict a wider difference if the latter criterion is applied.
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(a) (b)

Figure 4.2: Two examples the retrospective displacement study. (A) Human methio-
nine aminopeptidase-2 and (B) neuraminidase bound to inhibitors (blue transparent
sticks), PDB codes 1R58 and 1L7F respectively. Yellow spheres: water sites predicted
in the absence of the ligand; black spheres: predicted water sites that overlap with the
ligand; red spheres: crystallographic water molecules seen in the protein-ligand com-
plex, purple spheres: manganese ions. Predictions that correspond to water molecules
seen in the crystal structure are considered to be conserved and water molecules that
overlap with the ligand are considered to be displaced. Multiple ligand atoms are con-
sidered to displace water molecules, and in (B), ligand contacts within 1.5 Å of predicted

waters are highlighted with black dotted lines

Using the re-weighted Vina hydrogen bond term, the hydrophilicity model and the

lipophilicity model as descriptors in a probabilistic machine learning classifier, water

molecules were predicted to be either being displaced or conserved. Using leave-protein-

out cross validation (as described in Methods, Section 4.2.4), 75% of the WaterDock

predictions are correctly classified as either conserved or displaced when the class with

the highest probability was used for the prediction. Similarly, when waters predicted

to be displaced by WaterDock are classified as being displaced by a polar group or by

a non-polar group, 80% of the WaterDock predictions are correctly classified in cross

validation. Table 4.2 shows that there appears to be a slight bias for predicting water

molecules to be displaced rather than conserved.

One benefit of using a probabilistic classifier is that the certainty of a prediction is
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Figure 4.3: The distribution of energies of water molecules displaced by polar groups
(purple) and by non-polar atoms (black) for the hydrogen bond score (A), hydrophilic-
ity score (B) and the lipophilicity score (C). Overlaid are the distribution of energies
of conserved water molecules (dashed orange) and displaced water molecules (dashed
cyan). Water molecules that are conserved and functionally displaced tend to be in
more hydrophilic regions with stronger binding energies than water molecules that are

displaced by polar groups.

naturally quantified. One would therefore expect that the higher the classification prob-

ability is, the lower the chance of misclassification. For both of our models, we found

that classification probabilities of 0.80 or above correctly classified the water in 94% and

95% of cases in both models after cross validation.

In Figure 4.3, it seems counterintuitive that conserved WaterDock predictions are more

likely to have a higher lipophilic score than displaced water molecules. This is due to
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Model 1 correctly classified (%)
Total Conserved Waters Displaced Waters

75 70 81

Model 2 correctly classified (%)
Total Displayed by polar group displaced Displaced by non-polar group

80 82 79

Table 4.2: The results of the models that classify water molecules as displaced or
conserved and as displaced by a polar group and displaced by a non-polar group.

the fact that conserved water molecules tend to be more buried with higher numbers

of protein contacts than displaced waters, which also explains the higher hydrophilicity

scores and the stronger hydrogen bonds. The opposite is true when one compares Wa-

terDock predictions that were displaced by polar groups to water predictions that were

displaced by non-polar groups. Water molecules displaced by non-polar groups tend to

reside in slightly more lipophilic and less hydrophilic environments and tend to make

fewer and weaker hydrogen bonds.

It is interesting to note that even though Vina’s hydrogen-bonding term was established

using a data mining protocol and the hydrophilicity score was designed heuristically,

both scores were strongly correlated with an R2 of 0.72. These very different approaches

have converged to describe a related property of water. Despite the high correlation,

the combination of the two scores in the machine learning algorithm increased the clas-

sification accuracy by around 7% compared to when each term was fitted individually,

suggesting that despite the high correlation, both terms contain sufficiently distinct

information.

4.3.3 Ligand water displacement propensities

As well as predicting the role that WaterDock predictions play in ligand binding, we

also investigated the propensities for ligand chemical groups to occupy the predicted

water sites in the Astex Diverse Set. Given the good agreement between WaterDock’s
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Figure 4.4: (A) The probability of finding a ligand atom, by group, at a given distance
from a predicted water site. Light purple: hydrogen donors, dark purple: hydrogen
acceptors, light green: aliphatic carbon atoms, dark green: aromatic carbon atoms. (B)

The probability of finding a ligand atomic element at a given distance from a predicted
water site. Red: oxygen, blue: nitrogen, black: carbon. Within 1.5 Å, ligand oxygen

atoms are far more likely to occupy predicted water sites than any other element.

predictions and experimentally determined water sites, we expect these displacement

statistics to be similar for water molecules seen in crystal structures.

Figure 4.4 shows the probability of finding ligand functional groups at various distances

from hypothetically displaced water sites. For a given distance cutoff, each point can be

considered as the propensity that a ligand atom will displace a water molecule. Hydrogen

bond donors and acceptors were equally likely to displace predicted water molecules and

were found to be around 9 times more likely to be within 0.5 Å of a water site than

aromatic and aliphatic carbons. This indicates that it is important for water displacing

ligand groups to replicate water’s hydrogen bonding capacity. Interestingly, when the

occupation probabilities were computed for ligand atoms, rather than atom functions,

oxygen atoms were over twice as likely to be found within 0.5 Å of a displaced water site

than nitrogen atoms. At 1.5 Å – the distance cutoff we previously used to define whether

a water molecule was displaced or not – the displacement propensities of oxygen and

nitrogen are roughly the same. In large part, this is due to the frequency and shape of
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the chemical groups that contain oxygen atoms compared to those that contain nitrogen

atoms. Elements which are only covalently bonded to one other non-hydrogen atom

protrude more from a ligand than elements that are covalently bonded to at least two

heavy atoms. These protruding elements can, due to steric reasons, more easily occupy

partially buried water sites. For all of the 85 ligands in the Astex Diverse Set, the number

of occurrences where the terminal heavy atom of a chemical group was a nitrogen atom

(such as in primary amines or nitriles) were counted, as were the number of occurrences

where oxygen was the terminal heavy atom (such as in alcohols or carbonyls). When

adjusted for the total number of oxygen and nitrogen atoms, there were 4.6 times as

many protruding oxygen atoms than there were protruding nitrogen atoms. Thus, based

on ligand shape alone, one would expect oxygen to have a higher relative displacement

propensity at shorter distances compared to nitrogen for this data set, as observed in

Figure 4.4.

As the distance from a predicted water site increases further, the less one can consider

a ligand atom to have displaced a water molecule. As a result, the propensities tend

to the same value. Ligand atoms such as halogens, sulfur and phosphorous were not

included in this study due to their small number in the data set.

From Figure 4.4, it is tempting to conclude that ligand modifications designed to displace

a water molecule should always be made with an hydrogen-bonding group. However, in

this study we have seen that many water molecules, depending on their local environ-

ment, are preferentially displaced by non-polar groups. Yet, since carbon is the most

abundant ligand element in the Astex Diverse Set – and most organic compounds – the

per atom displacement probability is significantly less for carbon than for polar atoms.
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4.4 Summary

In this Chapter, we developed three water-specific scores that can accurately predict

the probability of a water being displaced and conserved, as well being displaced by a

polar group or non-polar group. One score in particular – selected to correlate with

the binding free energies calculated using thermodynamic integration – replicated the

differences between the binding energies of hypothetical conserved or displaced water

molecules in the Astex Diverse Set of protein-ligand complexes.

Given their fast implementation and ability to capture useful information regarding

the role of water in protein-ligand, these models, when used in conjunction with our

placement method WaterDock, provide a starting point for the development of a novel

water-based scoring function.



Chapter 5

Explicit water in empirical

scoring functions

5.1 Introduction

Despite decades of research, predicting the affinity of a protein-ligand complex using a

single snapshot of the bound state remains a notoriously difficult problem. Addressing

this problem is of great concern to virtual screening, especially in the latter stages of a

screening cascade, where protein-ligand docking and scoring functions are used to enrich

a chemical library with active compounds and, more ambitiously, rank order series of

ligands by affinity.

Over the years, progress in improving the accuracy of scoring functions for affinity pre-

diction has been slow. For instance, in 2003, a survey of eleven scoring functions tested

on one-hundred diverse protein-ligand complexes reported that the Pearson correlation

coefficients of the predictions against experimentally measured affinities ranged from 0.42

to 0.70207, while a similar survey conducted in 2009 with one-hundred and ninety-seven

complexes and sixteen scoring functions reported correlation coefficients between 0.55

70
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and 0.6428. It has also been found that accuracy is heavily protein-dependent; scoring

functions with high enrichment rates on one protein may perform worse than random

on another protein25,26,31,33,194. As most scoring functions either ignore water effects

completely or use a type of implicit solvent model, it has often been suggested that a

more rigorous treatment of water will increase their accuracy56,208,209. The rationale

behind such arguments stems from the reported success from a number of affinity pre-

diction methods that utilise explicit waters. The inclusion of bridging water molecules

in protein-ligand binding interfaces has been reported to improve free energy pertur-

bation calculations62 and Poisson-Boltzmann and generalised Born surface area tech-

niques210,211, despite the fact that these latter methods have been designed to be used

in the absence of explicit water molecules. The consideration of apo water molecules

also forms the basis of protein-ligand affinity calculations using inhomogeneous solva-

tion theory119,120, which is exemplified by the WaterMap method123,124 (see Chaper 1,

Section 1.4.3).

To include structural water molecules in a scoring function, one must first know their

location in the apo and holo three-dimensional protein structures. While methods that

utilise molecular simulations represent the gold standard in accurate water placement

predictions153,155, they are too slow to be used for virtual screening, as the distribution of

bridging holo waters would have to be recalculated for each new ligand. Our WaterDock

method, discussed in Chapter 3, provides a possible solution: the method is fast enough

to be applied to thousands of complexes in a matter of hours, and potentially accurate

enough to be combined with a rapid affinity model. The water scores developed in

Chapter 4 are adept at capturing salient features of waters in protein-ligand interactions,

and can form the basis of a water-based scoring function. The aim of this chapter is

to test whether a scoring function using apo and holo water locations prediction by

WaterDock can improve rapid affinity estimates.
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5.2 The model

What type of scoring function is best suited to incorporate water molecules? Scoring

functions classically fall within three main categories: forcefield, knowledge-based and

empirical24,209. Empirical scoring functions, (of which early pioneers include Krystek

et. al.212 and Böhm213) often feature as the most accurate models in independent

tests28,207,214. They form the broadest category of scoring function as they use regression

to relate a predetermined set of structural descriptors to experimentally determined

binding affinities. The addition of water in an empirical scoring function thus requires

the selection of water-based descriptors for both apo and holo waters. To test whether

the addition of explicit water detail improves scoring accuracy, either such terms can

be added to a current, well known scoring function, or a new scoring function can be

created specifically for the analysis. Here, we have opted for an approach between the

two, using descriptors that are based on previous models as well as our own. This allows

for greater flexibility in the descriptors we choose and facilitates the consistent scoring

of protein, ligand and water interactions. Scoring is performed using our own software

written in Python and R179.

In general, the binding free energy of a protein-ligand complex depends not only on

the interactions between the protein and ligand, but also their interactions with the

surrounding solvent. Water is not a passive medium in which binding takes place,

but is an intrinsic part of the complex. In order to include explicit water effects into

a tractable empirical model, some simplifying assumptions are necessary. First, we

assume that the contribution holo waters make to the binding free energy depends only

on their interaction with the ligand and are considered part of the protein. Second, we

assume that the contribution apo waters make to the binding free energy depends on

their interaction with the overlaid ligand and their environment prior to displacement,

which includes both the protein and apo water-water hydrogen bonds. For example, we
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(a) Protein-ligand (b) Ligand-holo water (c) Ligand-apo water

(d) Protein-apo water (e) Apo water-water

Figure 5.1: The interaction pairs that we consider in our empirical scoring function.
The binding site cross-section is shown in grey. The explanatory variables for each pair
are calculated using a subset of the interaction potentials outlined in Section 5.2.1. For
each interaction pair, the sum over a particular interaction potential is used as an input
into the model. For instance, the hydrogen bond potential (Equation 5.6) summed over
all (A) protein-ligand donors and acceptor pairs forms one input, the hydrogen bond
potential summed over all (B) ligand and holo water molecules forms another input,
and so on. The interaction potentials used for pairs (A) to (E) are shown in Table 5.1.

expect that the affinity contribution an apo water bound in a polar environment makes

is dependent on whether it is displaced by a polar ligand group or an apolar group,

and that the contribution would be different if it was bound in an apolar environment.

Third, apo water molecule locations are predicted using protein-ligand complexes after

the ligands have been removed from the structure. This assumes that the binding site of

the protein has not undergone a significant conformational change after ligand binding.

We approximate the binding free energy, denoted ∆G, of a protein-ligand complex as

an arbitrary function of n interaction terms of the protein-ligand and water complex:
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∆G = f(U1, U2, ..., Un), (5.1)

where Ui denotes a particular interaction term. The functional form of the model de-

pends on the method of regression, which is discussed below in Section 5.2.2. To test

whether the inclusion of explicit water detail improves the accuracy of scoring, we use

three sets of interaction potentials: Set 1 uses only the descriptors for protein-ligand

interactions, Set 2 the protein, ligand and holo waters, Set 3 the protein, ligand, holo

and apo waters. For simplicity and consistency, we use only seven interaction types

for the ligand, protein and holo and apo waters, which are described in the following

section.

5.2.1 Interaction terms

Essential to the scoring of non-covalent interactions are terms that capture the Pauli re-

pulsion of atoms that are close together and terms that capture the long range attraction

due to electron dispersion. Together, they are commonly referred to as van der Waals

(vdW) forces. Typical among forcefields for molecular simulations215,216 and forcefield-

based scoring functions217,218 is the Lennard-Jones 12-6 potential, which captures both

of these features. While asymptotically correct for attractive dispersion forces, its hard

core potential is ad hoc, originally introduced for computational efficiency219. Inter-

estingly, the Lennard Jones 9-6 and 8-4 potentials can also be found in popular scoring

functions207, suggesting there is a great deal of freedom in the functional form of the po-

tential as long as the basic repulsion and attractive forces are present. Popular empirical

models have also taken a ‘shape-based’ approach to vdW interactions176,220–222, seeking

to reward high surface area contact between the ligand and protein whilst minimising
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volume overlap. This has been achieved using a sum of Gaussian distribution function

based terms176,220,221, or in the case of X-Score222 with a Lennard Jones 8-4 potential

with the same minimum energy-well depth for each atomic pair. We take a similar

approach to these shape-based interactions, and use the following Morse potential

UM =
∑
i,j

[
1− exp

(
− α(rij −Rij)

)]2
, (5.2)

where rij is the distance between the atoms i and j, Rij is the sum of their van der

Waal radii and α is the parameter that sets the width of the potential. The above

Morse potential contains fewer free parameters than a sum of Gaussian terms, and has

a similar shape to the Lennard-Jones 6-12 potential. To reproduce the scale of the

Lennard-Jones potential, we set α = 6/Rij 223. However, unlike the Lennard-Jones 6-12

potential, UM tends to zero at a faster rate for an increasing r, thereby rewarding larger

atomic distance less, and has a softer hard-core potential. For an atomic pair, the above

potential has a minimum of −1, and we truncated UM at a value of 2 for small r, so that

a ‘bad’ fit is penalised more than a ‘good’ fit is rewarded. The vdW radii of the atoms

were taken from Bondi224, which were derived from small molecule crystal structures.

These radii are consistent with vdW radii derived from statistical atomic contact data

from protein crystal structures180,225 with the benefit of having radii for elements such

as halogens, which are common features of drug molecules but not found in proteins.

As discussed at length in Chapter 1, hydrophobicity is often reported to be one the

major driving factors for molecular association67,78. Indeed, the buried apolar surface

area of a ligand when complexed with a protein has been found to significantly correlate

with binding affinity104,226. In addition, Kellogg and co-workers have made hydrophobic

“interactions” an integral part of their HINT (for hydropathic interactions) model227, by
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using computed atomic logPs to score interaction pairs. We have sought to replicate this

information by employing the lipophilic and hydrophilic interaction terms we originally

developed for our water classifiers. Although described in Chapter 4, they are described

here again for completeness. The lipophilic interaction potential, denoted UL, is simply

a sum of carbon contacts weighted by their distance, so that

UL =
∑
i,j

li exp
(
−rij
d0

)
, (5.3)

where l is equal to one for carbon atoms and equal to zero for all other elements. Thus,

this term is high when an apolar ligand atom is placed in an apolar protein environment.

The d0 is a constant set to equal 1 Å and is included set to scale the interaction and to

ensure to non-dimensionality of the exponent. Similarly, the hydrophilic term, UH , is

given by

UH =
∑
i,j

pi exp
(
−rij
d0

)
, (5.4)

where p is the hydration propensity of the atom. For protein atoms, these were taken

from the study by Kuhn et al205. For ligand atoms, the average values of the protein

hydration propensities for each element were used. For simplicity, halogens were given

the same hydration propensity as the average carbon value; an attempt to capture

halogen bonding would require an escalation of complexity that is unnecessary at this

early stage. The hydrophilic interaction term is high whenever a polar ligand group

or water is placed in a hydrophilic environment, irrespective of the type of interaction

with the protein. In the case of protein-ligand interactions, it is hoped UH acts like an
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implicit apo water field, to be compared to explicit water contributions to affinity. To

account for hydrogen bonds, we use the same function found in X-Score, AutoDock Vina

and others176,222,228. For a particular pair of atoms, the hydrogen bond strength Bij is

given by

Bij =



1 if (rij −RXij ) ≤ −0.7

−10(rij −RXij )/7 if −0.7 < (rij −RXij ) ≤ 0

0 if (rij −RXij ) > 0,

(5.5)

where RXi,j is the sum of the X-Score van der Waals radii of the atoms222. The total

hydrogen bond score is then given by

UB =
∑
i,j

Bij . (5.6)

This hydrogen bond score is chosen among others due to its success in predicting the

calculated binding affinities of water molecules as found in Chapter 4, and the ease of

its implementation. Despite the fact that the orientations of the hydrogen atoms are

ignored, X-Score is often reported as one of the most accurate scoring functions28,207.

The interaction UB is appropriately short ranged, with a maximum of 1 when the X-

Score vdW radii overlap, and is zero for donor-acceptor pair distances greater than 3.4

Å.

In the same manner as many classic empirical and semi-empirical scoring functions213,217,220,

we use a torsional score UT , given by
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UT = N, (5.7)

where N is the number of rotatable bonds in the ligand. The rotatable bonds are first

identified using AutoDockTools (ADT)177 and adapted using our own software written

in Python, so that bonds between aromatic rings and carboxylic acids or imidamide

groups (such as in benzamidine) are not counted as rotatable. Bonds between two

aromatic rings are treated as rotatable, which is the default in ADT.

While the above terms will be applied to score protein, ligand and water interactions,

another term is required to help distinguish whether an apo water overlaps with the

binding mode of the ligand. In Chapter 4, we classified a water molecule as being

“displaced” if it was within 1.5 Å of a ligand atom. Here, we opted for an approach

which accounts for the vdW radii of the ligand and water atoms, and for any uncertainty

as to whether it has been displaced or not by using the following logistic function as a

water displacement/ligand proximity potential:

UD =
∑
i,j

1
1 + exp

(
β(ri,j −Ri,j)

) , (5.8)

where the point of inflection is the distance at which the van der Waals radii overlap

and β is a constant that determines the steepness of the rise. Unlike the numeric value

of UM calculated between the ligand and water, which can also be used determine

overlapping vdW radii, the logistic function is monotonic and therefore more suitable

to determine the likelihood of water displacement. We set β = 10, so that the potential

was approximately zero for distances larger than ∼ 4 Å and one for distances less than
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∼ 3 Å. For each water molecule, we truncate the score to a maximum of 1, to indicate

complete displacement. For a set of apo water molecules, functional displacement by

the ligand is indicated by a high UD and a high UB or UH with the ligand. In the same

manner, water molecules displaced by apolar groups will have a high UD and high UL

with the ligand. Similarly, the interaction of apo water molecules with the protein is

also considered (see Figure 5.1 and Table 5.1).

Like AutoDock Vina’s scoring function, we have only used hydrogen atoms to classify

polar atoms as either donors or acceptors in hydrogen bonds; hydrogen atoms themselves

are ignored when scoring. This was to simplify the set up of complexes for scoring, as

optimising the hydrogen bonding network, for instance, of the apo water molecules is

a non-trivial task, and requires dependency on other software. Despite this simplifica-

tion, Autodock Vina has been shown to compare favourably to AutoDock 4 – which

scores hydrogen atoms explicitly – in virtual screening tests with HIV-1 protease229. In

addition, the water models in Chapter 4 were sufficiently accurate despite ignoring the

orientations of hydrogen atoms.

A notable omission from our descriptors is an electrostatic interaction term for each

of the interaction pairs shown in Figure 5.1. A vital component in all forcefield-based

scoring functions, we expect that the general features of this interaction are already

captured in our hydrogen bonding and hydrophilic interaction terms. Crucially, in an

initial analysis we found that AutoDock 4’s screened Coulomb potential did not correlate

at all (R2 = 0.004) with the experimentally determined binding affinities of the protein-

ligand complexes of the 2009 edition of the CSAR data set. In addition, a recent study

showed that improving the partial charge model of AutoDock 4’s scoring function does

not significantly improve ranking and docking performance230. Results such as these

have lend credence to the argument that while electrostatic interactions are critical
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for specific interactions, Coulombic potential energy has little explanatory power over

protein-ligand binding affinities in a diverse data set231.

Interaction Pairs
Protein- Ligand- Ligand- Protein- Apo

Potential ligand holo water apo water apo water water-water
UM • • • • • • •
UL • • • • • • •
UH • • • • • • •
UB • • • • • • • •
UD • • •
UT • • •

Table 5.1: Bullet points marking the interaction potentials used for each of the ex-
planatory variable sets. In green, variable Set 1; in orange, variable Set 2; in blue,
variable Set 3. Each set includes increasingly more water interaction data, with Set 1
containing only ligand-protein interaction data and ligand rotomer data, Set 2 including

ligand-holo water data and Set 3 adding apo water interactions.

5.2.2 Functional form of the model

Classically, empirical scoring functions, such as X-Score and Chemscore, have been

trained using linear regression, so that f(U1, U2, ..., Un) is linear with respect to each

Ui. In recent years, however, there has been a growing trend to use more advanced

machine learning techniques232–237, facilitated by the ever growing amount of structural

and binding data131,136,171,238. The hope is that such techniques better able at pre-

dicting activity cliffs and capturing cooperative protein-ligand interactions that induce

relative affinities in ligands that are otherwise inexplicable with a linear model15,239.

With regards to our water-based scoring function, a non-linear model is necessitated

if the contribution an apo water makes to a complex’s binding free energy depends on

its environment prior to displacement and whether it is displaced by a polar/non-polar

group or not.

In order to test whether increasing model complexity improves the accuracy of scoring

functions, we experiment with linear and non-linear regression. As the full model will

contain descriptors for protein-ligand as well as water interactions, the regression method
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should be robust to a large number of explanatory variables. For linear regression, we

use elastic net regularisation as our fitting procedure240. This method is a combination

of ridge and lasso methods144, and increases model robustness by limiting the sum of

the absolute magnitudes of the regression coefficients (l1 norm) and sum of the squared

regression coefficients (l2 norm), at the cost of having two free parameters that can

be optimised on a validation data set or by using cross validation. The l1 parameter

promotes model sparsity by forcing some regression coefficients to be zero and thus

provides an automatic variable selection method. The l2 parameter, on the other hand,

reduces model variance by shrinking the size of the coefficients of correlated descriptors.

For non-linear regression, we use gradient boosted trees (GBTs)241. Briefly, GBT regres-

sion is a type of ensemble learning technique that fits a succession of weakly performing

regression trees in a stepwise manner. When fitting, each new tree is fitted to the resid-

uals of the previous trees. GBTs are a type of additive model and their complexity is

primarily controlled by two free parameters. The first is the total number of trees in

the model, which is formally similar to the l1 parameter of the elastic net144, as simpler

models can be selected for by using fewer trees (as opposed to explanatory variables in

the elastic net case). The second is the depth of each tree, which determines the maxi-

mum number of non-linear interactions between the explanatory variables. Finally, like

elastic net regularisation, tree based models are robust when used with a large number

of explanatory variables, as each variable must compete with the others to be used to

create a split in a tree144.

5.2.3 Data sets and preparation of structures

We trained and tested various scoring functions on X-ray crystal structures of protein-

ligand complexes with experimentally measured binding affinities. We used 10 data sets

in total, which were constructed using the 24th September 2010 version of the CSAR
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high quality data set of protein-ligand complexes47 and the 2011 version of the PDBbind

data set28. The CSAR data set was used to construct one training set (207 complexes)

and our validation test set (83 complexes) that both consist of a diverse range of protein-

ligand complexes. The 2010 CSAR data set is provided with a list that contains all of

the complexes assembled into groups of 90% protein sequence identity. One complex

from each group was selected at random to form the training set. The complexes that

did not share 90% sequence identity with any other protein were also selected for the

training set. From the complexes that remained, another random selection was made

to form the diverse validation set, so it too was composed of proteins with less than

90% sequence identity. This validation set is labelled as data set A in Table 1 and in

the Results section. As discussed, both the linear (regularised by the elastic net) and

non-linear (gradient boosted tree) regression methods have two free parameters. These

free parameters were chosen as the pairs that gave the lowest mean absolute error on

data set A.

Data set Label No of Complexes
Diverse training set - 207
Diverse test set A 83
HIV-1 protease B 108
Trypsin C 66
Factor Xa D 43
Carbonic Anhydrase II E 40
PTP* F 38
Thrombin G 36
OppA H 32
Urokinase I 31

Table 5.2: The data sets used for training and testing of the scoring functions in order
of data set size. *PTP protein tyrosine phosphatase.

The PDBbind data set was used to assemble 8 single-protein test sets which are labeled

as B-I. In 2009 Cheng et al. carried out a comparative assessment of thirty-three popular

scoring functions on data sets consisting of HIV-1 protease, trypsin, carbonic anhydrase

II and thrombin, using the 2009 edition of the PDBbind database28. Although our

corresponding data sets have selected from the updated 2011 edition of the PDBbind
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data set, we use complexes from the 2009 edition when comparing the accuracy of our

models to those in Cheng et al.’s assessment. Factor Xa (C) and OppA (H) have been

selected due to the reported importance that apo and holo waters have with respect to

the affinities and binding modes of their corresponding ligands124,242. Thus, one may

expect an explicit water scoring function to have a higher accuracy on these complexes

compared to a “dry” scoring function. Finally, PTP (F) and urokinase (I) have been

selected due to their pharmacological interest and drug-like ligands. No single complex

appeared in more than one data set.

Crystal structures were protonated and prepared for scoring using AutoDockTools177.

Using the WaterDock method, water molecules were predicted in the presence and ab-

sence of the ligand for each protein-ligand complex using the method described in Chap-

ter 3. For large ligands, the docking search volume was extended so that there was at

least 2 Å from the edge of box to the ligand. Each of the interaction terms outlined in

the Section 5.2.1 were applied using specially written software in python. Regression

and analysis was carried out using the statistical software R179. Each of the explanatory

variables were standardised to have a mean of zero and standard deviation of one. This

step is necessary for fitting with elastic net regularisation.

In order to evaluate the performance of our scoring functions in a virtual screening

context, two single-protein data sets were taken from the enhanced dictionary of use-

ful decoys (DUD-E)32: glutamate receptor ionotropic, AMPA 2 (GRIA2) and HIV-1

integrase. DUD-E provides a single crystallographic structure of each protein, which

has been preselected to be most amenable to docking. While DUD-E contains decoy

ligands that have selected to have properties matching active ligands and are presumed

not to bind, we only tested our scoring functions against experimentally verified inactive

compounds. These proteins were chosen for their substantial number of experimentally
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tested compounds and their pharmaceutical interest. The GRIA2 data set had 297 ac-

tive compounds and 201 inactive compounds, each measured to have IC50 less than 100

µM. The HIV-1 integrase had 211 active compounds, and 268 inactive compounds, each

measured to have IC50 less than 50 muM. AutoDock Vina was used to dock each ligand

and the top pose was re-scored with our own scoring functions.

5.3 Results

The linear model with only protein-ligand interactions (explanatory variable Set 1) com-

pares favourably to the state of the art in scoring accuracy. Table 5.3 shows the ranking

ability of this scoring function on the four single-protein data sets used by Cheng et

al. to test the accuracy of thirty-three scoring functions28. Our simple linear model

outperformed all models on the thrombin data set and was amongst the top performing

scoring function for Trypsin and HIV-1 protease, although ranking power on latter data

set is low. Our model has a lower than average ranking power on carbonic anhydrase

II, although on this data set the well established scoring functions GlideScore XP and

GoldScore performed significantly worse than ours, with Spearman rank coefficients of

0.10 and 0.08 respectively. Unfortunately, the study by Cheng et al. did not report

the absolute errors of the scoring functions, only the standard deviation from a linear

fit. To test our model further, we compared its error and ranking power to AutoDock

Vina’s scoring functions on all the data sets. Figure 5.2 shows that out of the eight

single-protein test sets, six have a lower error and five have more ligands correctly rank

ordered compared to AutoDock Vina’s scoring function. It has been observed that the

number of heavy atoms in a ligand correlates with affinity231 and can have a better

ranking ability than more complicated affinity models243. Our simple linear model has

a better ranking ability on all of the data sets, with the exception of PTP (G) and

urokinase (I). These results suggest that our simplest linear model is representative of
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a “good” scoring function, and an adequate control for the addition of water detail and

greater complexity.

HIV-1 protease

Scoring function ρa Rb SDc Better thand

Our model 0.29 0.29 1.6 79%

X-Score::HPScoree 0.34 0.34 1.5

DS::LUDI1f 0.01 0.01 1.6

Trypsin

Scoring function ρa Rb SDc Better thand

Our model 0.76 0.70 1.2 61%

X-Score::HSScoree 0.82 0.82 1.0

GOLD::GoldScoref 0.05 0.15 1.8

Carbonic anhydrase II

Scoring function ρa Rb SDc Better thand

Our model 0.41 0.65 1.0 39%

DS::PLP2e 0.77 0.80 0.8

GOLD::GoldScoref 0.08 0.36 1.3

Thrombin

Scoring function ρa Rb SDc Better thand

Our model 0.76 0.76 1.3 100%

DS::PLP1e 0.67 0.69 1.5

DS::PMF04f 0.02 0.12 1.9

Table 5.3: Comparison of our scoring function to most and least accurate scoring
functions (out of thirty three) tested in the study by Cheng et al.28. a Spearman rank
coefficient. b Pearson correlation coefficient. d Standard deviation in linear correlation
(in logKd units). d The fraction out of thirty three (in percent) that our scoring
function has a higher Spearman rank coefficient than. The scoring functions with the
highest e and lowest f ranking power in Cheng et al.’s study. These results show our

scoring function is representative of a top performing function.
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Figure 5.2: Comparison of our simple linear model (blue) to AutoDock Vina’s scoring
function (green) and number of heavy atoms in the ligand (yellow) on data sets A to
I. Our scoring function has a higher ranking ability and a lower error on average than

AutoDock Vina’s scoring function.

In total, six scoring functions were developed. Three linear models and three non-

linear models, both trained with three sets of explanatory variables which incrementally

increased the amount of explicit water detail. Figure 5.3 shows how the Spearman’s

rank coefficient and mean absolute error of these models compare. Importantly, there

is no overall “best” model. However, the linear models are more robust than the non-

linear models, particularly with respect to ranking power on the carbonic anhydrase II,

PTP and urokinase data sets, where the non-linear model has no ranking power when

all the explanatory variables are used (Set 3). The non-linear model has the largest

improvement from the simplest linear model on HIV-1 protease when using explanatory

variable Set 2, which includes holo-water information. However, in this case, Spearman’s

rank coefficient is only 0.42. To the best of my knowledge, the only comparison between

a linear and non-linear regression techniques using the same explanatory variables was

done by Head et al in 1996244. By comparing a partial least squares (linear) model to a

neural network (non-linear) model, they also found the linear model to be more robust.
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Figure 5.3: Bar graphs showing Spearman’s rank coefficient and mean absolute error
of the different scoring functions when applied to single-protein data sets (B to I) after
being trained on a diverse range of proteins. Data set A was used to calibrate the free
parameters of the fitting procedures. The scoring functions are composed of 2 different
regression methods, linear with elastic net regularization (Elastic Net) and gradient
boosted trees (GBTs), each with 3 different sets of explanatory variables. Explanatory
variable Sets 1 to 3 contain increasingly more explicit water data. Numerical values
of the perfomance measures (including R2) for the linear and non-linear models, with
explanatory variable Set 1, are shown in Tables A.3 and A.4 of the Appendix. Increasing
the complexity and the water content of the models does not significantly improve
accuracy. Scoring function error is highly test set dependent, irrespective of the number

of explanatory variables and regression method.
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Inspection of Figure 5.2 reveals the two models that have consistently the highest Spear-

man’s rank coefficients are the simplest linear model (with variable Set 1), with no ex-

plicit water detail, and the linear model with all the explicit water interactions terms

(variable Set 3). While the linear model with Set 3 performs as well as the linear model

with Set 1, it has a significantly lower ranking ability on PTP (F). On this data set, the

linear model with variable Set 1 has a Spearman’s rank coefficient of 0.62 compared to

0.44 with variable Set 3. The R2 of the fits are also significantly different on this data

set, with values of 0.32 compared to 0.19, using variable Sets 1 and 3 respectively.

As discussed in Section 5.2.3 the training set and validation set (data set A) are com-

posed of protein-ligand complexes with less than 90% sequence similarity. Typically in

regression, the model that performs best on the validation set is the one that is selected

for further validation or used in a predictive context144. If we had chosen our primary

scoring function in this way, one of the GBT models would be selected owing to their

higher ranking ability and lower errors on data set A (see Figure 5.3). Yet these scoring

functions perform significantly worse on data sets D, E, F and I than the linear models.

It seems then, that the accuracy over a diverse range of protein-ligand complexes is not

indicative of the performance on individual proteins. This has also been observed with

the scoring function RF-Score235, which although reported to be the most accurate on a

diverse range of proteins and ligands, was later found to be very inaccurate for individual

proteins245.

Previous studies have found that the enrichment rates of active compounds is highly

test set dependent, and scoring functions with high enrichment rates on some proteins

can be no better than random on others25,26,31,33,194. Inspection of Figure 5.3 reveals

a similar trend, as not one of our models has the lowest error and ranking ability on

all data sets. As a scoring function’s error and ability to rank compounds is correlated

with its ability to select active compounds from a set of inactives214, we would expect a
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Figure 5.4: Receiver-operating characteristic curves for glutamate receptor ionotropic,
AMPA 2 and HIV-1 integrase for selecting compounds with IC50s less than 50µM
(actives) from a library of compounds also containing compounds with affinities greater

than 50µM (inactives).

similar variability of our models on such tests. Nevertheless, is informative to evaluate

our scoring functions in a virtual screening context. Thus, we opted to test and compare

our scoring functions enrichment capabilities on only two proteins, with the proviso that

we do not expect similar performances on other proteins.

Figure 5.4 shows the receiver-operating characteristic (ROC) curves for glutamate re-

ceptor ionotropic, AMPA 2 and HIV-1 integrase when our scoring functions are used to

re-score ligand binding poses predicted by AutoDock Vina. Table 5.4 shows the area

under the curve (AUC) and enrichment factors at 5% and 10% of the top predictions.

The AUC is equal to the probability that a scoring function will correctly differentiate

between a randomly chosen active compound from a randomly chosen inactive com-

pound. The enrichment factor at a given percent of the data set is arguably a more

valuable measure of a virtual screen’s success, as in practice, only a small fraction of a

vast chemical library will be experimentally assayed.

Inspection of Figure 5.4 and Table 5.4 shows that on both data sets, none of the scoring

functions improve on AutoDock Vina’s performance, although the accuracies are simi-

lar. This is despite the fact that our scoring function has a consistently higher ranking
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power on data sets B to I. This discrepancy may simply be due to chance, given the

data set dependance of scoring accuracy, or may be due to the way that our scoring

function is trained. While ranking ability and enrichment are correlated, enrichment

may be improved by specifically training models to distinguish between active and inac-

tive compounds. This was the strategy behind the freely available NNScore, a scoring

function composed of an ensemble of artificial neural networks234. By docking decoy

compounds into proteins and assigning these complexes as having binding energies of

zero, the neural networks were trained to distinguish decoy complexes from crystallo-

graphic complexes with binding free energies that were experimentally measured to be

negative (favourable). The most recent iteration of NNScore claims to be of comparable

accuracy to a commercially available virtual screening package33. One can also envisage

a similar strategy for binding mode prediction, where a classifier is trained to distin-

guish decoy poses from crystallographically derived poses, although to the best of our

knowledge, this has yet to be implemented.

Tellingly, enrichment is not improved by the addition of all the water detail on either

HIV-1 integrase or glutamate receptor ionotropic, AMPA 2. However, given the vari-

ability of our scoring functions on data sets B to I (see Figure 5.3), it may be that by

chance, water detail improves enrichment rates on as yet untested proteins.
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Glutamate receptor ionotropic, AMPA 2

Scoring function AUC EF5 EF10

AutoDock Vina 0.80 1.68 1.58

Elastic Net: Set 1 0.74 1.68 1.61

Elastic Net: Set 3 0.75 1.68 1.61

GBTs: Set 1 0.78 1.47 1.41

GBTs: Set 3 0.62 1.29 1.23

HIV-1 integrase

Scoring function AUC EF5 EF10

AutoDock Vina 0.62 1.02 0.88

Elastic Net: Set 1 0.61 0.99 1.20

Elastic Net: Set 3 0.60 0.89 1.32

GBTs: Set 1 0.60 1.17 1.45

GBTs: Set 3 0.60 1.56 1.36

Table 5.4: Comparison of the area under curves (AUC) and enrichment factors at 5%
(EF5) and 10% ( EF10). In general, the accuracy of our scoring functions are similar
to that of AutoDock Vina’s. Note that all explicit water detail (Set 3) does not reliably
improve the enrichment factors on both data sets compared to only protein-ligand

descriptors (Set 1).

It is interesting to note that the ligands in the OppA data set (H) are poorly ranked

with all of our models, and that all our scoring functions have a better ranking ability

with trypsin (C) and thrombin (G) than factor Xa (D). A motivation for including

both OppA and factor Xa as test sets was to test whether a higher accuracy could

be achieved on these data with explicit water scoring functions given the importance of

water in those systems124,242. However, a high correlation of predicted affinities and high

ranking ability of a scoring function on these data sets will require a very low average

error. Following the definition of a Pearson’s and Spearmans’s correlation coefficients,

the lower the standard deviation of the response variable in a data set, the more accurate
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Figure 5.5: Standard deviation of the experimental binding affinity in data sets A-I,
plotted against Spearman’s rank coefficient (black) and Peason’s correlation coefficient
(grey). This shows that the ability of a scoring function to rank order compounds is
strongly determined by the spread of the affinities in a data set. HIV-1 protease (B) and
carbonic anhydrase II (E) have a lower correlation than expected given the standard

deviation of their affinities.

a model has to be in order to achieve a satisfactory correlation (see Chapter 2, Section

2.3). Figure 5.5 shows the standard deviation of affinities of each data set plotted

against Spearman’s rank coefficient and Pearson’s correlation coefficient. It is clear that

achieving a high correlation with ligands bound to OppA and factor Xa will be very

difficult owing to their respective standard deviations of 1.3 kcal/mol and 1.5 kcal/mol

in the experimentally measured binding affinities.

As a further validation, we compared our linear models with explanatory variables Sets

1 and 3 to results obtained using two early versions of WaterMap124. WaterMap is a

semi-empirical model that uses the computed entropies and enthalpies of apo hydration

sites that are occupied by the ligand. Hydration site locations and thermodynamics

are predicted using short molecular dynamics simulation. While primarily designed to

predict relative binding free energies of congeneric ligands, its ability to predict absolute

binding free energies was also investigated on twenty-eight ligands complexed with factor

Xa (from a different data set to our data set D). They experimented with two models
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that had three and five free parameters each. The root mean squared error (RMSE)

and R2 of these models after leave-one-out cross validation are shown in Table 5.5.

Using the same complexes and the same experimental affinities they reported, both

of our models substantially outperform the WaterMap predictions in both error and

correlation. This comparison, in addition to our own water model analysis, suggests the

addition of explicit water detail is not necessary to improve scoring accuracy. While

there have been further modifications to the WaterMap method since the factor Xa

study130, metrics summarising the quality of the predictions were not reported.

Linear Model WaterMap

Metric Set 1 Set 3 (a) (b)

RMSE (kcal/mol) 1.2 1.6 3.0 1.8

R2 0.40 0.41 0.11 0.31

Table 5.5: Comparison between the linear models with explanatory variable Sets
1 and 3 to early versions of WaterMap124. WaterMap version (a) had three fitting
parameters and version (b) had five, and the errors reported are from leave-one-out
corss validation. The root mean squared error is denoted as RMSE. Both of our linear
models have a lower error and higher correlation than either versions (a) and (b) of

WaterMap.

5.3.1 Water importance in affinity predictions

Why did the full water-based scoring function not improve the accuracy of the sim-

plest protein-ligand interaction model? The largest set of explanatory variables (Set 3)

includes a total of 20 interaction terms that are designed to capture contributions to

protein-ligand binding affinity, such as the shape complementarity between the protein

and ligand and the displacement of apo water molecules. One of the benefits of using

elastic net regularisation and gradient boosted trees (GBTs) for regression is that both

methods can be used to find out which interaction terms are “important” with regards
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to affinity prediction. An importance analysis allows us to gain insight into which of the

explicit water interactions are the most relevant for rapid affinity predictions.

We denote N explanatory variables as X = (X1, X2, ..., XN ) and a scoring function as

f(x). A measure of the relative influence an explanatory variable Xi has on a scoring

function f(x), as proposed by Friedman241 is

Ji = σi

√
E
[
f2
i (x)

]
, (5.9)

where σi is the standard deviation of variable Xi, fi(x) is the partial derivative of the

scoring function with respect to variable Xi, and the expectation, denoted by E, is the

average over all X. Calculating Ji for each variable is equivalent to performing a type

of sensitivity analysis246. Prior to performing regression, we standardised the variables

to have a standard deviation equal to one. Hence, for our linear models, Ji reduces to

the magnitude of the regression coefficient of Xi. For our GBT models, it is not possible

to evaluate Ji directly, as partial derivatives cannot be evaluated over the discrete splits

in the regression trees. Instead, following Breiman and Friedman241, we approximate

Equation 5.9 by the mean reduction in the error of a model that occurs when Xi is used

for a new split in the tree, averaged over all trees. Figure 5.6 shows these importance

measures evaluated on the linear and GBT models when fitting with all the variables

(Set 3). The free parameters of the fits were optimised on the diverse protein-ligand

validation set (data set A) as before.

Figure 5.6 shows that despite the difference in functional forms, the three most important

terms are the same for the elastic net and GBTs models. The interactions with by far

the largest influence on both the linear and non-linear models are the vdW force/shape

complementarity between the ligand and protein and the degree to which lipophilic
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ligand atoms are buried in apolar cavities. As most of the binding affinity information

is contained in these protein-ligand based terms, it is perhaps not surprising that the

accuracy of the linear model with explanatory variable Set 3 is largely the same as the

simplest protein-ligand interaction model. In both models, the third most important

term, with less than 30% of the influence as the protein-ligand lipophilic term, is the

ligand-holo water hydrophilicity interaction. This term operates much like a hydrogen

bonding term, and is high whenever a holo water is near a polar ligand atom. This

suggests the largest explicit water effect most easily captured by an empirical model is

the ability holo waters have to bridge polar interactions with ligand, and not apo water

displacement. It is interesting to note that the number of rotatable bonds in the ligand

has very little influence in the GBTs model and zero influence in the linear model. It was

included to try to capture the entropic penalty of freezing a ligand in a particular binding

mode. Despite being a very popular term in empirical scoring functions217,232,234,244, this

term is unnecessary, and without using a regularisation technique as we have done with

the elastic net, its inclusion is likely to have only added noise to those previous models.

5.3.2 Water placement error

Critical to the preceding work is how trustworthy our results are, and whether we can ex-

pect them to generalise to other rapid affinity methods that use different water placement

and scoring methods. If we had incorporated explicit water differently in our scoring

functions, could we expect to see a similar results? Whilst we have shown in Chapter 3

that the WaterDock method is largely accurate in predicting hydration sites, it is based

on the stochastic docking program AutoDock Vina. Even though three docking runs

are averaged over to produce a prediction, stochasticity still remains in the predictions.

We can understand how this stochasticity will affect the error of a scoring function by

the bias-variance decomposition of an empirical model’s error, which was discussed in
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Figure 5.6: Relative sensitivity of the (a) linear and (b) GBTs models to the ex-
planatory variables in Set 3, which includes all water detail. Even though GBTs are
non-linear, the ordering of the three most important terms is the same as the linear
model. In both models, the protein-ligand lipophilic interaction and vdW interaction
dominate the explicit water-based terms, which explains why the addition of explicit
water detail does not improve scoring function accuracy. In (a): as the linear model
was trained using elastic net regularisation, some of the regression coefficients are au-

tomatically set to zero during the fitting process.
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Chapter 2, Section 2.3. The mean squared error of a model can be decomposed into a

sum of its intrinsic error, its squared bias and the variance of model due to re-sampling

of data. Any stochasticity in the explanatory variables will increase the variance of

the scoring function. In the following equation, the uncertainties in the water molecule

locations are related to the variance, and therefore the error, of a scoring function. To

do this in an easily comprehensible way, it is assumed that the explanatory variables are

normally distributed, although generalisations to other distributions exist. The variance

of the scoring function is denoted var
[
f(x)

]
, and from Cacoullos and Papathanasio247,

we have

N∑
i=1

σ2
iE

2
[
fi(x)

]
≤ var

[
f(x)

] N∑
i=1

≤ σ2
iE
[
f2
i (x)

]
. (5.10)

Equation (5.10) shows that the larger the uncertainty regarding an explanatory water

variable, represented through σ2
i , the larger the variance of the scoring function. A large

variance implies a scoring function has a large error. Comparing Equation 5.9 to 5.10,

one can see that the square of Friedman’s importance measure appears in the upper

bound for the variance of a scoring function. In addition, the appearance of partial

derivatives of the scoring function in the lower and upper bounds of var
[
f(x)

]
highlights

the close relationship between a model’s sensitivity and its variance.

We investigated the impact of the uncertainty in water molecule locations on our scoring

functions and data sets. Using the data sets shown in Table 5.2, the location of the apo

and holo water molecules were predicted twice. The first set of locations were used

for all of the preceding scoring function training and testing. The second set is used

to test the consistency of the predictions. On average, 7.7% of the first set of the

predictions were not found within 1 Å of the second set. When the linear model with
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Figure 5.7: Barplot showing how increasing the non-linearity of a scoring function
amplifies the error due to the uncertainty in the water positions. Gradient boosted trees
(GBTs) were used for regression. The depth of each tree sets the maximum number of
non-linear interactions in the models. Blue bars show the root mean squared deviation
(RMSD) of predictions on the training set when using two sets of apo and holo water
locations. As GBTs have a stochastic fitting element, orange bars show the RMSD of
a second GBT model on the same water positions. The dashed line shows the RMSD
of the linear water model on the two sets of water positions. Above a depth of two,

GBTs have a larger error due to water uncertainty than the linear model.

explanatory variable Set 3 is re-applied to the training set but with the second set of

water locations, the root mean squared deviation (RMSD) of the predictions was found to

be 0.18 kcal/mol. Similarly, the average RMSD of the predictions using the two water

sets on the single-protein data sets (B-I) was 0.29 kcal/mol. From the bias-variance

decomposition of the error, these RMSDs contribute to the error of the water model.

We found that averaging over the two sets of predictions did not lower the mean error or

ranking performance of the scoring functions. The first and second set of predicted water

locations that are within 1 Å were used to test whether using only these “consistent”

sites improved accuracy. Re-training and testing the linear model with variable Set 3

with these consistent sites yielded lower (worse) Spearman’s rank coefficients by at least

0.10 on factor Xa, carbonic anhydrase II and urokinase. The ranking ability on the other

complexes remained largely unaffected. This suggests that removing the less consistent

water molecules lost information relevant to affinity prediction.
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A motivation of using GBTs was to be able capture any non-linear cooperative effects

due to protein, ligand and water interactions. A free parameter of GBTs is the depth of

each tree, which determines the maximum number of non-linear interactions in a model.

Figure 5.7 shows how increasing the depth of each tree in the GBT steadily increases the

RMSD of the predictions on the training set when using the second set of water molecule

locations. Thus, while it may be that non-linear interactions between the explicit water

variables and protein-ligand terms are important for accurate affinity calculations, ac-

counting for such effects is very difficult if there is uncertainty regarding the values of the

explanatory variables. As Figure 5.7 demonstrates, uncertainties regarding explanatory

variables will increase a scoring function’s error as the non-linearity is also increased.

In the case of explicit waters in scoring functions, this suggests a deterministic method,

such as GRID162, may be better suited for scoring with explicit waters. However, it is

important to note that stochasticity and uncertainty form an integral part of modern

ligand docking techniques. Finding the best scored binding mode of a ligand requires a

high dimensional search over conformation space. To speed up this search, most popular

docking programs utilise types of stochastic algorithms248, such that repeated dockings

may yield slightly different ligand poses. Through Equation 5.10, uncertainty in a bind-

ing mode can increase the expected error of a scoring function. As our analysis has

used crystallographic binding modes, our reported errors are likely to be much better

than what can be achieved when using docked poses. Owing to the greater sensitivity of

our models to protein-ligand interactions than to explicit water interactions (see Figure

5.6), we expect the error due to binding mode uncertainty to be much larger than our

reported error due to water position uncertainty.



Chapter 5. Explicit water in empirical scoring functions 100

5.4 Summary

We developed our own scoring function which compares favourably to other popular

scoring functions. Apo and holo water molecules, as predicted by WaterDock, were

used to add terms to our scoring function to account for bridging water interactions and

apo water displacement by a polar and apolar ligand groups. This explicit water detail

did not improve the accuracy of our original scoring model and the protein dependent

nature of scoring accuracy was left unchanged. Through a sensitivity analysis of linear

and non-linear water models, we determined this was because the greatest contributions

to predicted binding affinity are due to protein-ligand interactions and not our explicit

water descriptors – the addition of which, increased the variance and hence the error of

the scoring functions.



Chapter 6

The limits of empirical scoring

functions

6.1 Introduction

Despite the continual development of new scoring functions, comparisons of differ-

ent scoring functions by affinity prediction accuracy28,245 and virtual screening enrich-

ment25,26,30–33 have consistently demonstrated that performance is heavily dependent

on the protein studied. The scoring functions developed in Chapter 5 were similarly

variable, despite that fact that – in contrast to other scoring functions – the models

incorporated explicit water information. While the maximal ranking ability of a scoring

function is limited by the standard deviation of the test set affinities, the reason why

different scoring functions can have wildly different accuracies on the same data set

has not been previously investigated. This difficulty, also being observed with different

paramerisations of GBSA and PBSA models38,249,250, led Page et. al.249 to remark that

“...the fact that no method is consistently better highlights the inherent
Catch-22: it is only possible to determine the method of choice for a given
class of problem if the answer is already known.”

101
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This comment highlights an opinion in the field that there is no “one size fits all” solu-

tion, and that each method should be investigated and applied on a case-by-case basis.

In contrast, the goal for many remains the development of a fast universally applica-

ble model208. This aim is implicitly invoked whenever a scoring function is trained

and tested on a wide varieties of proteins and a ligands. A number of studies have

sought to improve generalised scoring function accuracy by employing advanced ma-

chine learning techniques, many protein-ligand interaction descriptors and large training

sets232–237,251. The hypotheses underlying each of these studies are neatly summarised

by Zilean et.al.251

“Improvements of empirical scoring functions can be envisaged along three
lines: first, by developing new descriptors; second by training on larger high-
quality data sets of protein-ligand structures with experimentally determined
affinities; and third, by using alternative methods for regression analysis.”

Our investigations in Chapter 5 also followed similar lines of enquiry, as we experi-

mented with a non-linear machine learning regression method and increased the number

of descriptors to account for water effects. While non-linearity and larger descriptor

sets improved accuracy in some cases, our results agreed with that of Kramer’s245 and

Durrant’s33, as scoring accuracy remained test set dependent, despite the increase in

complexity of the model. It has also been reported that scoring functions that have been

optimised specifically for one protein are more accurate than generalised models252,253.

The sheer diversity of scoring functions that have little transferability suggests that there

is an underlying cause which is common to all.

Given the potential impact on drug discovery and the substantial effort in scoring func-

tion development, it is vital to understand the fundamental uncertainties in these rapid

affinity models. There remain very few analytical studies on sources of error in affinity

prediction methods. Notably, Faver et. al. investigated the systematic and random
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errors associated with the interaction energies of protein-ligand complexes254. Using a

fragment based approach255, they reasoned that the random error in electrostatic inter-

action calculations rises with the system size. Yet, questions still remain with regards

to the limits of scoring function accuracy. For instance, is it possible for a particular set

of descriptors and functional form of a model to achieve a negligible error? Also, can a

universally applicable scoring function ever be better than a targeted one? Without a

formal analysis of the structure-based modeling process, questions such as these cannot

be answered fully.

In this chapter, we investigate the inherent uncertainties in empirical structure-based

models with a rigorous mathematical analysis. In particular, we focus on the factors

that limit the transferability of empirical models. We utilise statistical learning theory

and information theory to ensure that our analysis is independent of the method of

regression, the size of the training set and the scoring function descriptors. We verify

our theoretical predictions with our own scoring functions from Chapter 5.

6.2 Protein-ligand structures have unique probability dis-

tributions

Chapter 2, Section 2.3 discussed that when performing regression, such as when fitting a

scoring function to experimental data, one implicitly utilises statistical learning theory.

This theory treats a data set – in our case a set of protein-ligand structures and their

corresponding affinities – as though it has been generated by a probabilistic process. A

successfully trained model is one that has captured the true, relevant statistical prop-

erties underlying the data set. For the model to then make accurate predictions, any

future data must be generated by the same probabilistic process as that which generated

the training set.
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We model data sets of protein-ligand complexes and their corresponding affinities as

though they have been sampled from a probability distribution. We denote affinity as Y

and structural descriptors as X. To be as general as possible, we will not state what X

is: it may represent a single variable, such as interaction energy, or a vector of empirical

descriptors. The convention in statistics is that capital letters denote random variables,

while lower case letters denote realisations of the variable and are used in functions.

This convention will not be followed when conflicting with common notation in physics.

As Equation 2.14 in Chapter 2 shows, the function that minimises the mean squared

error (MSE) is given by the conditional mean of Y for a given X. Thus, in this section,

we ascertain the statistical relationship between X and Y to begin to understand some

fundamental causes of scoring function regression error.

In rigorous free energy calculations40,41, a control parameter, denoted λ, is often used

to define a molecular system or set of constraints on that system. In ligand binding free

energy calculations, the control parameter associated with the bound state, denoted λb,

is switched over the course of possibly many simulation windows to the value associated

with the unbound state, denoted λu. As free energy is a state function, binding affinity

Y depends only on λb and λu. Experimental error gives rise to uncertainty in the value

of the “true” free energy difference between the two states. We represent this intrinsic

uncertainty in the free energy between the states via the probability distribution function

(PDF) s(y|λb, λu).

In contrast to rigorous methods, scoring functions use a single snapshot of the protein-

ligand complex to predict affinity. As sampled from the bound state, any such snapshot

is dependent only on λb. In Chapter 2, rN was used to denote the three dimensional

coordinates of an N atom system, which is different for each protein-ligand complex. If

the positions of the N atoms in a complex are sampled from the equilibrium distribution

of the complex in solvent, from statistical mechanics, the PDF of a structure given λb
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is simply the Boltzmann distribution from Equation 2.3 integrated over all momenta,

given by pB(rN |λb). As we are considering many different protein-ligand complexes, we

denote R as the structural phase-space spanning many protein-ligand complexes, so that

the PDF of observing a particular structure given a particular bound state is p(r|λb).

To understand scoring function error, we consider the probabilistic relationship between

structure R and affinity Y . For a given protein-ligand complex, denoted θ, the PDF

of observing r and y is given by p(r, y|θ). The question “what is the binding affinity

of a particular protein-ligand complex θ?” is implicitly asking “what is the free energy

difference between states defined by λb and λu?”. In other words, θ, is really a surrogate

label for λb and λu. From the above discussion, R and Y are dependent on λb and

λu and not on each other. Thus, R and Y are conditionally independent for a given

complex, so that

p(r, y|θ) = p(r, y|λb, λu)

= p(r|λb)s(y|λb, λu), (6.1)

Once a particular structure has been sampled, the coordinates of the complex R are

processed to yield the structural descriptors that will be used in the scoring function.

For universal scoring functions, these descriptors depend only on the structure, which

in turn depends on which complex is selected. The process of measuring affinity and

obtaining descriptors is therefore a Markov chain, and is shown in Figure 6.1. If the

process was not Markovian, the way the structure was sampled would depend on the

affinity, or, the structural descriptors used in the scoring function would depend on the

complex. The latter does not occur for universal scoring functions. Consideration of
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this Markov relationship and Equation 6.1 reveals the PDF for particular structural

descriptors and affinity

p(x, y|θ) =
∫
p(x, r, y|λb, λu) dr

=
∫
p(x|r)p(r|λb)s(y|λb, λu) dr

=
[∫

p(x|r)p(r|λb) dr
]
s(y|λb, λu)

= p(x|λb)s(y|λb, λu). (6.2)

The most important feature of the above is that p(x|λb) depends on the Boltzmann

average of p(x|r) over the position space of the complex θ. By virtue of the fact that

the equilibrium statistics of different complexes are not the same, it evident that each

complex has a unique Boltzmann distribution. This suggests that each p(x|λb) may

be different for every bound state, in which case p(x, y|θ) would be unique for each

complex. In which case, the assumption in statistical learning theory that the training

and test set must be sampled from the same probability distribution would be violated

if one transfers a structure-based model from one protein-ligand complex to another.

In the next section, we discuss our information theoretic approach that quantifies the

error of a missapplied model. This framework shows that using the most accurate set

of descriptors are the structures themselves, implying that p(x|λb) is indeed distinct for

each complex.
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θ

y

x

r

Figure 6.1: A graphical model of the data generating process for universal structure-
based scoring functions. A given selection of a protein-ligand complex (θ) determines
the measured binding energy (y) and observed structure sampled (r). The structure is
then processed to create the structural descriptors (x) used in a scoring function. The

affinity and structure are conditionally independent given θ.

6.3 Information theoretic approach to scoring function

error

Many factors can cloud the reasons for an empirical model’s inaccuracy. In structure-

based affinity models, one has to choose the representation of a complex – a possible

description might be the surface complementarity of a between a drug and a protein

– and the functional form of the model. Both choices may introduce errors that are

difficult to disentangle from the fundamental uncertainties arising from rapid affinity

prediction. We require a method of analysis that is independent of the representation of

the complex, the functional form of the model, as well as the method of regression. In

this section, we describe our information theoretic approach to scoring function error.

This approach is our own, and its construction was a significant undertaking. It has

been influenced by Principe256, who used the entropy of the error distribution as a loss

function, and Burnham and Anderson147, who discuss relative entropy as a measure of

how far a model is from the “true” process.
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Equation 2.14 showed that for a data set sampled from p(x, y), the functional relationship

between structure X and affinity Y which minimises the mean squared error (MSE) is

given by the affinity averaged over the conditional PDF p(y|x). What is the error of a

model with the lowest MSE on data sampled from a another distribution, q(x, y), if it

is applied to data sampled from p(x, y)? We assert, and show below, that the expected

error of such a model is encapsulated by the cross entropy

C(Y |X) = −
∫∫

p(x, y) ln q(y|x) dx dy. (6.3)

In a well known information theoretic result145, cross entropy expands to

C(Y |X) = h(Y |X) +D
(
p(y|x)||q(y|x)

)
, (6.4)

where h(Y |X) is the conditional entropy of p(x, y), and D
(
p(y|x)||q(y|x)

)
is the rela-

tive entropy between the two conditional distributions. Equation 6.4 can be understood

as representing the minimum uncertainty, or error, of the binding affinity given the

structure, plus the uncertainty due to the model; choosing the wrong model only in-

creases the uncertainty of the system. In our information theoretic perspective, h(Y |X)

is the minimum achievable error, which is irreducible for a given set of descriptors, and

D
(
p(y|x)||q(y|x)

)
is the bias for assuming the structure-affinity relationship is encoded

in q(y|x) when in reality it is encoded in p(y|x). This bias is a type of random error, as

opposed to a systematic error. Any bias ensures that the minimum error is not achieved

for the wrong model, and borrowing a term from financial decision theory257 and signal

processing258, we shall refer to the positive deviation from the minimum error as regret.
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Comparison of Equation 6.4 to Equation 2.15 shows that the former is similar to the

bias-variance decomposition of the MSE, with h(Y |X) representing irreducible error

and D
(
p(y|x)||q(y|x)

)
the bias. There is no variance term in Equation 6.4 as we are

considering the probability distributions themselves and not the data that has been

sampled from them.

The cross entropy naturally accommodates the errors which occur when transferring

models between different probability distributions. This is relevant for scoring functions,

as Section 6.2 demonstrated that structure-affinity probability distributions are distinct

for each complex. Chapter 2, Section 2.3 discussed how the aim of regression is to

find the optimal which is encoded in the conditional PDF of Y given X. If one trains

a scoring function on data sampled from q(x, y) and applies it to data sampled from

p(x, y), the deviation the optimal model fitted to q(x, y) has from the minimum error is

given by D
(
p(y|x)||q(y|x)

)
. Focusing on optimal models encoded in conditional PDFs

ensures that our analysis is independent of the method of regression and size of the data

set.

6.3.1 The most accurate descriptors for structure-based scoring func-

tions

What are the structural descriptors for a structure-based scoring function that give the

lowest error? Chapter 2, Section 2.4, discussed how the explanatory variables which

maximise the mutual information with the response variable I(X;Y ), minimise the con-

ditional entropy h(Y |X): the irreducible error for a given set of descriptors. As discussed

and shown in Figure 6.1, selecting a complex; obtaining an affinity measurement and

a structural snapshot; and deriving a set of descriptors, forms a Markov chain. This

allows us to exploit the Data Processing Inequality (proven and discussed in Chapter

1 of Cover and Thomas145). This inequality states that the processing of data, such
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as processing structures into scoring function descriptors, cannot increase information.

Applying the inequality to the Markov chain in Figure 6.1, one finds

I(θ;Y ) ≥ I(R;Y ) ≥ I(X;Y ). (6.5)

Simply put, the unprocessed structures share at least as much information with affinity as

the scoring function descriptors share with affinity. Equation 6.5 implies that h(Y |R) ≤

h(Y |X), so that the choice of descriptors that has the lowest minimum error are the

structures themselves. Thus, we focus on an idealisation of a structure-based model, the

error of which is a lower bound of what can be achieved in practice.

6.3.2 Cross entropy and normally distributed errors

To show more explicitly how C(Y |X) is related to the MSE of a model, consider the case

when the data sampled from q(x, y) is modeled as y = fq(x)+ εq, where εq is white noise

with a mean equal to zero with standard deviation σq. If the white noise is normally

distributed, and X represents a single explanatory variable, then

q(y|x) =

√
1

2πσ2
q

exp
(
−(y − fq(x))2

2σ2
q

)
. (6.6)

Inserting q(y|x) into Equation 6.3 gives:
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C(Y |X) =
1

2σ2
q

∫∫
p(x, y)(y − fq(x))2 dx dy +

1
2

ln 2πσ2
q .

=
1

2σ2
q

MSEq,p +
1
2

ln 2πσ2
q , (6.7)

where MSEq,p is the MSE of the model from q(y|x) applied to data from p(x, y). As

MSEq,p is the only term in the above that depends on the model fq(x), the function that

minimises the MSE also minimises the cross entropy.

If p(y|x) is a normal distribution of the same form as Equation 6.6, and the standard

deviations of both distributions are similar in size, with σq = σp + δ where |δ| � |σp|,

then we can expand the relative entropy (see Appendix B.1) to find that

D
(
p(y|x)||q(y|x)

)
≈ 1

2σ2
p

(MSEq,p −MMSEp), (6.8)

where MMSEp is the minimum MSE that is achievable from data sampled from p(x, y).

Thus, for normally distributed errors, the relative entropy is proportional to the positive

difference between the error achieved and the minimum possible error. This type of

regret ensures that a misapplied model, in this case fq(x), achieves a higher error on

average than the true model, fp(x). A more general expression relating relative entropy

and regret for normally distributed errors has been recently discovered by Verdú258.

We note relationships similar to the above, between mean absolute error and cross

entropy can be found when the random errors have a Laplace distribution about the

true model.
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6.4 The transferability of structure-based models

We have shown that the PDF of structures and affinities for a particular protein-ligand

complex, p(x, y|θ), is different for each molecular pair. Yet, structure-based scoring

functions are fitted and applied to many different protein-ligand complexes. By using

regression to train a model, one implicitly assumes that the complexes in a data set set

have been sampled in a probabilistic manner. We denote the probability for selecting

a complex θ for a particular data set as α(θ). A scoring function is not trained on the

complexes themselves, but on their structures and affinities sampled from the weighted

sum

pα(x, y) =
∑
θ

p(x, y|θ)α(θ), (6.9)

where the sum is over all protein-ligand complexes and we have made the dependency of

pα(x, y) on α(θ) explicit with a subscript. The optimal scoring function for complexes

sampled from α(θ) is encoded in the conditional PDF

pα(y|x) =
pα(x, y)
pα(x)

=
∑

θ p(y, x|θ)α(θ)∑
θ p(x|θ)α(θ)

. (6.10)

By inserting the PDFs defined in Equations 6.1 into the above, it is apparent that

pα(y|x) contains contributions from all the individual Boltzmann distributions of each

complex, so that different protein-ligand sampling probabilities will, in general, result

in distinct optimal models.
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Using the above definitions, we now investigate the error of a scoring function that occurs

when it is applied to a set of complexes sampled from α(θ) but is trained on complexes

sampled from a different distribution, denoted as β(θ). Following from Section 6.3,

the bias incurred by applying the scoring function that is optimal on data sampled

from β(θ), which is encoded in pβ(y|x), to complexes sampled from α(θ), is given by

D
(
pα(y|x)||pβ(y|x)

)
. Our first main result (proven in the Appendix B.2) is that

D
(
pα(y|x)||pβ(y|x)

)
≤ D

(
α(θ)||β(θ)

)
. (6.11)

Thus, the relative entropy between the complex selection probabilities is an upper bound

to the bias of a misapplied scoring function. Scoring function bias is minimised when

α(θ) = β(θ), so that the protein-ligand complexes in the training and test sets of a

scoring function have been sampled from the same probability mass function. However,

if α(θ) and β(θ) do not overlap, then D
(
α(θ)||β(θ)

)
is unbounded, implying that scoring

function error can be arbitrarily large. This can occur when the probability of finding

any complex from the training set in the test set is zero, such as when a protein-specific

QSAR model is applied to another protein.

A universally applicable structure-based model should, by definition, have the lowest

possible error when applied to the widest conceivable range of protein-ligand complexes.

If a training set is composed of a diverse range of proteins and ligands, we know from

Equation 6.11 that for a scoring function’s bias to be zero, the test set should be similarly

diverse. In a typical virtual screen, however, scoring functions that have been trained

on a diverse range of protein-ligand complexes are applied only to ligands binding to a

single protein, implying different complex selection probabilities between the training

and test sets and a potentially large bias.
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6.4.1 The errors of generalised structure-based models

To investigate the error of a universal scoring function, we consider M different proteins

that one can use to construct data sets of protein-ligand structures x and affinities

y. Protein-specific complexes are sampled according to αi(θ), i = 1, 2, 3, ...,M , with

corresponding joint PDFs pi(x, y). Many samples from pi(x, y) results in a data set

of bound structures and affinities of different ligands bound to protein i. To model

the creation of a data set composed of a diverse range of protein-ligand complexes, we

select which pi(x, y) to sample from with probability ωi. Similar to Equation 6.9, the

appropriate joint PDF for this diverse scoring function is given by the weighted sum

pω(x, y) =
∑
i

ωi pi(x, y)

=
∑
i

ωi
∑
θ

p(x, y|θ)αi(θ). (6.12)

The corresponding conditional PDF, pω(y|x), encodes for the optimal diverse scoring

function. If M is sufficiently large and ω suitably broad, then pω(y|x) represents a

‘universally’ applicable structure-based model. However, it is important to note that

this generalised optimality is defined only for its particular sampling probabilities.

From the previous section, we know that a scoring function that has been designed for a

diverse range of protein-ligand complexes will have a non-zero regret when applied to a

protein-specific data set. A relevant question is therefore, how large is the average bias

incurred by applying a scoring function defined from pω(y|x) to complexes sampled from

αi(θ)? Our second main result (see the Appendix B.3), is that for an arbitrary scoring

function encoded by q(y|x),
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M∑
i

ωiD
(
pi(y|x)||q(y|x)

)
≥

M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
, (6.13)

meaning the generalised model has the lowest average bias over all the protein-ligand

complexes sampled by ω. Although the universal model pω(y|x) is optimal over the all M

proteins, we now show, perhaps counter-intuitively, that it is not optimal for each specific

protein. In our information theoretic perspective (see Equation 6.4), the minimum error

of the general model pω(y|x) over the M proteins is given by its conditional Shannon

entropy, denoted hω(Y |X). Also, the minimum achievable error of an optimal protein-

specific model pi(y|x) on protein i is denoted hi(Y |X). Our third main result (see the

Appendix B.4 for the proof) is that

M∑
i

ωi hi(Y |X) < hω(Y |X). (6.14)

Hence, the minimum error of a generalised structure-based model is greater than the

average minimum error for protein-specific models. Thus, on average, a scoring function

targeted for a specific protein will outperform a scoring that has been designed for a

diverse range of protein-ligand complexes. This result explains previously reported stud-

ies252. Equation 6.14 also shows that a universal model has a broader error distribution

than the average single-protein model.

For a given model, there is an unavoidable trade-off between accuracy over a broad

spectrum of complexes and accuracy for certain individual cases. It is important to

highlight that the generalised PDF, pω(y|x) and the PDF for a specific data set pi(y|x)

are, in general, different. As these conditional distributions encode their own optimal
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Figure 6.2: Synthetic data summarising the compromise between the generality and
accuracy of a structure-based scoring function. The left column shows a fictional re-
sponse variable plotted against a fictional explanatory variable for three different data
sets. The data sets represent ligand binding data from three different proteins. The
main plot shows the merged data from the three different sets. Each data set is governed
by a different PDF, which is indicated by the true lines of best fit (black lines) and 95%
confidence intervals (dashed lines). Like a universally applicable scoring function, the
true line of best fit on the merged data has the lowest error on all the three data sets,
yet its 95% confidence region is larger than the confidence regions on the individual
data sets. Thus on average, the error of this general model is larger than the error for

each specific data set. This is explained by Equation 6.14.

functional relationships between structure and affinity, the model that best predicts the

binding affinities for many proteins may be very different from the best model for specific

proteins.

6.4.2 The optimisation of scoring functions

The previous section showed that regret is integral to a generalised empirical scoring

function. There is a similar trade-off in accuracy when optimising a scoring function for

any set of complexes.
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As described, the relative entropy quantifies the cost of misapplying a scoring function to

a data set. This cost is a bias, and as it ensures that the minimum error is not achieved,

it contributes to the regret of a model. The bias can be reduced for a particular sampling

regime of protein-ligand complexes by re-fitting a scoring function for those complexes.

However, when the regret for those complexes decreases, the regret between the scoring

function and another sampling regime may increase. This occurs by virtue of the fact

that different complex sampling probabilities results in distinct structure-affinity PDFs,

and that the relative entropy is a convex function of two distributions. This means that

a structure-based model that achieves the lowest possible error on a group of protein-

ligand complexes will necessarily perform poorly on another group.

In conceptualising the practical implications of this, it is fruitful to consider two protein-

specific conditional PDFs, pα(y|x) and pβ(y|x), as normal distributions with variances

approximately equal to σ2 and corresponding optimal scoring functions fα(x) and fβ(x)

respectively. Following from Equation 6.8 and Heskes259, we show in the Appendix B.1

that

D
(
pα(y|x)||pβ(y|x)

)
≈ 1

2σ2

∫
pα(x)

(
fα(x)− fβ(x)

)2 dx. (6.15)

This Equation implies that we can represent the theoretically optimal scoring functions

fα(x) and fβ(x) as being embedded in a space that preserves the mean squared distances

between them. Optimising a scoring function to a particular protein can then be consid-

ered as moving through this space towards the optimal model, increasing the distance

from another model which is optimal on a different protein. A schematic diagram of

this hypothetical scoring function space is shown in Figure 6.3.
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Figure 6.3: Schematic representation of a hypothetical scoring function space (circle).
Every location in the space corresponds to a scoring function and each coloured protein
represents the optimal model for a particular set of protein-ligand complexes. Beginning
with a fitted model, shown as the lightest grey cross, that performs close to optimally
on the green data set, its large distance from the purple model means that the bias on
this set is also large. Optimising this model for the latter, shown by darkening gray
crosses, increases the distance, and hence the error, from the green data set. Having a
low error on one set of complexes necessarily means a scoring function performs worse
on others. Using this graphical perspective, the scoring function that has the lowest
bias on all five data sets can be represented as the position with the lowest average
distance from all their optimal scoring functions, and would lie near the centre of the
circle. As by definition this “general” scoring function is a finite distance away from

each of the system specific scoring functions, it is not optimal on any of them.

Given that the above discussion and the upper bound in Equation 6.11, it is clear that

transferring a scoring function that has been developed on a data set to new, previously

unseen data can lead to large errors. This raises the following question: “is it possible

to predict the error of a scoring function on new data?”. Using a Bayesian formalism,

Wolpert260,261 proved that without knowing a priori which conditional PDF the test

data obeys, all models had the same average error, so that when comparing two models,

there are just as many test sets for which one model is ‘superior’ to the other as there

test sets for which the same model is ‘inferior’. Our analysis shows that this so called

“no free lunch” theorem applies to structure-based models. While this result has been

arrived at via formal analysis, it is noteworthy that the same conclusion has also been

arrived at by Warren et. al.25 after comparing different scoring functions in virtual
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screening:

“While we have demonstrated that virtual screening is successful, we have
also shown that in the absence of prior knowledge about the protein target
program performance was inconsistent across the target types evaluated.
This inconsistency means that when there is an absence of knowledge about
the target, one cannot predict a priori whether a particular program will be
successful against the given target.”

6.5 Scoring with missing information

The previous sections detailed the fundamental errors incurred when transferring an

empirical scoring function from one data set to another and the errors incurred by

generalised model. Another distinct source of error for structure-based scoring functions

arises from the speed required for virtual screens. Soring functions typically utilise

only a single snapshot of a bound protein-ligand complex to predict affinity, whereas

in actuality, the binding affinity of a pair of molecules depends on both the bound and

unbound ensembles of the protein-ligand pair. Clearly, the predictions are made in the

absence of a great deal of information. In this section, we discuss how this lack of

information impacts scoring function accuracy.

6.5.1 Regret and discarded data

Here, we analyse the regret incurred by discarding relevant information. As before, Y

denotes affinity and X the structural snapshot used in scoring. We denote missing in-

formation as Z, which details the unbound ensemble as well as the bound ensemble not

represented byX. As Y depends on the bound and unbound ensembles, the “true” condi-

tional PDF, which encodes the most accurate scoring function, is p(y|x, z). An arbitrary

scoring function that only uses X to predict Y we denote as being encoded in q(y|x), so
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that the regret of using q(y|x) instead of p(y|x, z) is given by D
(
p(y|x, z)||q(y|z)

)
. We

prove in Appendix B.5 that

D
(
p(y|x, z)||q(y|x)

)
≥ I(Y,X;Z)− I(X;Z), (6.16)

where I(Y,X;Z) is the mutual information between the data we don’t have (Z) and

the available structures (X) with affinities (Y ), and I(X;Z) is the mutual information

between the available structures (without affinities) and the missing data. Mutual infor-

mation quantifies the reduction in uncertainty in one random variable that is achieved by

knowing the other. It can be zero only when the variables are independent and otherwise

is positive. For a data set of rigid body, ‘lock and key’ binders, I(X;Z) will be very high,

as a single structure of the complex is representative of both the bound and unbound

conformation ensembles. In this case, Equation 6.16 implies that the average regret of

a structure-based scoring function applied to such a system can be low. Conversely, if

the dynamics of the bound state differ substantially from those of the unbound state,

and a single structure is not archetypal of the bound conformations, we would expect a

correspondingly large error. In general, Equation 6.16 can be interpreted as quantifying

the penalty for modelling with missing information. Contrary to the famous phrase,

what we don’t know can hurt us, at least where predictive accuracy is concerned.

Equation 6.16 also implies that for a given set of known structures of a single protein

bound to many different ligands, the relative effect the ligands have on the protein’s

activity can be predicted with a lower regret, on average, than can their absolute binding

affinities. This is because the activity is a function of the bound dynamics of the ligand

and protein, while affinity depends on both the bound and unbound ensembles of the

protein and ligand. While the unbound information is missing, the free energy of the
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unbound protein is a constant, and will not affect a rank ordering of the affinities or

activities. The free energy of the unbound ligand, however, is a variable, and hence not

knowing it will hinder the accuracy of the predicted binding affinity, though not the

predicted activity.

6.5.2 Missing information in forcefield-based scoring functions

While empirical scoring functions have been the primary focus of our analysis, forcefield-

based scoring functions provide a clear example where missing information hinders ac-

curacy. Forcefield-based scoring functions approximate the binding free energy of a

complex with an estimate of the interaction energy of the protein-ligand complex. In

techniques such as the relaxed complexed scheme, the calculated interaction energy

is averaged over multiple frames from molecular dynamics simulations of the bound

protein-ligand complex262–265. Multiple crystal structures have also been used to calcu-

late average interaction energy for affinity estimation266,267. The interaction energy is an

approximation of the total change in potential energy when moving from the unbound

ensemble to the bound ensemble, denoted ∆Eu→b. The change in potential energy av-

eraged over the bound state of a protein-ligand complex is denoted as 〈∆Eu→b〉b. By

expanding the relative entropy between the Boltzmann distributions of the bound and

unbound states, it is evident that 〈∆Eu→b〉b is in fact a biased estimator for the bind-

ing free energy of a complex. For simplicity, the change in Helmholtz free energy is

considered, denoted ∆Fu→b, which is valid for a a system of constant volume, tempera-

ture and particle number. The relative entropy of the bound and unbound probability

distributions is given by

kBT D(pB(rN |λb)||pB(rN |λu)) = ∆Fu→b − 〈∆Eu→b〉b, (6.17)
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The above relative entropy quantifies the amount of information pB(rN |λb) does not

contain about pB(rN |λu), and Equation 6.17 states that the bias of an average inter-

action energy estimator is determined by the degree of overlap between the bound and

unbound probability distributions. A high degree of overlap can occur when two bind-

ing partners have very similar conformational flexibilities when they are bound to when

they are unbound. Thus, in a similar manner to Equation 6.16, average interaction en-

ergy methods will have a low bias when applied to rigid body binding. Forcefield-based

scoring functions further assume that 〈∆Eu→b〉b is dominated by single state.

While complimentary to Equation 6.16, Equation 6.17 relates missing information and

error for a single complex, and not over a data set. If 〈∆Eu→b〉b is used to estimate

∆Fu→b for multiple complexes, D
(
pB(rN |λb)||pB(rN |λu)

)
is a source of variance for the

model. This is because the KL divergence does not remain constant for each binding pair,

as each bound complex could contain different amounts of information of the unbound

ensemble. For congeneric ligands, this variance will be small if the dynamics of the

protein and ligands all change similarly upon binding.

While we found Equation 6.17 independently, this relationship has been highlighted in

a study concerning image analysis268. Equation 6.17 is also analogous to a equation in

non-equilibrium fluctuation theory269.

6.6 Verification of analytical results

Chapter 5 described the development and testing our own generalised scoring functions.

The most robust of our models was linear with five explanatory variables which described

only protein-ligand interactions. Here, we re-assess this scoring model in light of our

analytical results regarding universal scoring functions.
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We found that the accuracy of our scoring functions were heavily dependent on the data

set they were applied to. This ultimately follows from the “no free lunch” theorem for

supervised learning260,261; a scoring function that performs well on one sampling regime

of protein-ligand complexes necessarily means it will perform poorly on others. Also,

we know from Equation 6.11 that the regret of a misapplied scoring function can be

arbitrarily large if the complexes in the training and test sets have been sampled in a

significantly different manner. We further illustrate this difficulty in scoring function

optimisation by plotting the mean absolute error of our simplest linear model for each

free parameter pair used in the elastic net regularisation (see Chapter 5 Section 5.2.2).

Changing these parameters can be thought of as moving through a hypothetical scoring

function space as depicted in 6.3 towards the location of the optimal protein-specific

model. The relative mean absolute error of the scoring function for each free parameter

pair on each data set are shown in 6.4. No single choice of parameter pair yields the

minimum error on all of the sets, and 6.4 shows that optimising the scoring function for

a data set can increase the error on others.
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Figure 6.4: Grid of heatmaps showing the mean absolute error for our own scoring
function when applied to data sets A-I (see Table 5.2). Data set A is composed of many
different protein-ligand complexes while data sets B-I are single-protein data sets. Each
heatmap shows the relative error of the model on the data set as the two free parameters
of the scoring function – trained using elastic net regularisation – are varied (x and y-
axis). The color gradation indicates parameter-pair choices that give rise to the lowest
(white) through to the highest (red) error for that data set. Coloring by relative error
highlights that no single parameter-pair choice achieves the lowest error on all nine data
sets, so that a model that has the lowest average error over all data sets will not be the
best on each individual data set. To compare the absolute values of the errors, Figure

A.1 of the Appendix utilises an absolute coloring scale.

Equation 6.13 shows that, for a particular sampling regime, the conditional PDF that

encodes the scoring function with the lowest error over a diverse range of complexes

also has the lowest average bias than any other. Yet Equation 6.14 shows that this

comparatively low bias is compensated by an intrinsic error that is larger than the

average minimum error for specific protein models. This implies that protein-specific

scoring functions will have a lower error when applied to their respective protein than

the general model. Similarly, misapplying a protein-specific model to the wrong protein

will have a higher average error than a generalised scoring function. To approximate

protein-specific scoring functions, our most robust linear scoring function was fitted to

the single protein data sets shown in Table 5.2 in Chapter 5. The elastic net fitting
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procedure was used again, and the free parameters were optimised using leave-one-out

cross validation to create 8 single-protein scoring functions. The average error from

cross validation of each single-protein model is 1.2 kcal/mol compared to an average

error of 1.8 kcal/mol of the diverse scoring function. By applying each single-protein

scoring functions to the other data sets, we found the average misapplied error to be 2.7

kcal/mol. The relative sizes of each of these errors are in complete agreement with our

analytical results. The mean absolute errors of these models on each data set are shown

in 6.5.
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Figure 6.5: The mean absolute errors of our scoring model on our test sets (see Table
5.2) when fitted in three different ways. Yellow bars show the cross validation error
of the model when it is fitted to each specific data set; green bars show the error of
the model when it is fitted to a diverse range of protein-ligand complexes; blue bars
show average errors of the protein-specific scoring functions when misapplied to that
data set. In agreement with our mathematical analysis, the error of a protein-specific
scoring function is on average less than the error of a general scoring function, which
itself is more accurate than the average error of a misapplied protein-specific scoring

function.

By assuming that the cross validation error of the single-protein models is the minimum

error achievable for our scoring function descriptors, we can approximate the regret of

the diverse scoring function on a single-protein data set by the difference between the

error it achieves and the cross validation error. On the carbonic anhydrase II data set
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(E), the diverse scoring function has an exceptional large regret of around 4 kcal/mol.

Removing this data set from the analysis, the diverse-scoring function has an apparently

encouraging average regret of 0.3 kcal/mol. In actuality, a truly protein-specific scoring

function would be have to be designed from the bottom up, and may include descrip-

tors designed especially for the protein, have a particular functional form and have the

method of regression chosen after experimentation. The “protein-specific” scoring func-

tions used above are only recalibrations of the diverse scoring function. Thus, the regret

we report of our diverse model is likely to be larger when truly protein-specific models

are considered.

We attribute the large error on carbonic anhydrase II to the relative infrequency of

complexes with metal-ligand interactions appearing in the diverse training set. Car-

bonic anhydrase II, has a catalytic zinc ion in its binding site that interacts with its

inhibitors. In the diverse training set, only 37 out of the 207 ligands are within a

hydrogen bonding distance to a metal ion. Thus, the data set contains relatively little

information about metallic interactions and a correspondingly large regret for these type

of complexes is to be expected. Metalloproteins are notoriously difficult to account for

in scoring functions, and further optimisation or extra protocols are typically required

for specific systems270–274. The substantially lower error our scoring function attains

when recalibrated for carbonic anhydrase II is indicative of this general trend. As our

analytical results show, the accuracy of an empirical structure-based scoring function

depends on the degree of informational overlap between the training and test sets, such

that specific scoring functions have a lower error on average than generalised models.
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6.7 Summary

By formally analysing the structure-based modeling process, we have conclusively proven

that protein-specific scoring functions will on average achieve a lower error than the very

best universal model. We have shown how training and applying a scoring function on

different sets of protein-ligand complexes can result in an arbitrarily large error, and

that a model which performs optimally on one set of complexes necessarily performs

poorly on another set by virtue of the ‘no free lunch theorem’ for supervised learning.

Our results follow from the fact that data sets of protein-ligand structures and affinities

are, in general, governed by distinct probability distributions, so that there may be a

cost in transferring empirical scoring functions between data sets. This cost is a bias

that contributes to the regret of a model. We employed an information theoretic analysis

to demonstrate that this error is independent of the way protein-ligand interactions are

modeled and is a property of the data itself. Thus, error via bias is fundamental to

the nature of protein-ligand scoring. While previous research into the sources of scoring

function error has focused on errors from energetic calculations254, bias-derived error

has remained unreported and explains the variability of scoring function performance

on different protein data sets. Given that model regret is intrinsic to protein-ligand

scoring, it remains of paramount importance to be able to estimate its magnitude in a

predictive setting. Any further understanding regarding the limits of scoring function

accuracy is vital for a more informed and efficient synergy between theoretical affinity

predictions and experimentally driven drug development.



Chapter 7

Conclusions

7.1 The prediction of protein-ligand binding affinities

Chapter 6 formally proved the existence of errors which occur when transferring em-

pirical models to and from proteins and ligands, and that generalisation comes at the

expense of accuracy. The outlined theory does not, however, tell us the numerical value

of a performance measure, such as MSE, that the very best scoring function could

achieve. Have current models already hit the fundamental limits already? If not, how

much more can we expect accuracy to improve? When addressing these questions, we

must be careful to distinguish between models that are designed to be of a universal

nature, and models that are for specific systems.

Ultimately, the best achievable correlation between predicted and measured affinities

is set by experimental error. In recent years, there has been a growing appreciation

for discrepancies between different methods and researchers, and the impact these can

have on empirical models137,275–278. By analysing over two-thousand samples of affinity

measurements that were repeated by different research groups, Kramer et. al. reported

128
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the mean absolute difference between measurements to be 0.6 kcal/mol278. They calcu-

lated that a perfect scoring function, which predicts “true” affinities, tested on a diverse

protein-ligand data sets, such as CSAR or PDBbind, would have an R2 ≈ 0.8 due to

experimental error. If a scoring function is as accurate as experiment, the correlation

drops, with correlation R2 ≈ 0.7. For comparison, our gradient boosted tree models in

Chapter 5 all achieved R2 = 0.65 on our CSAR diverse validation set. Spearman rank

correlation coefficients were higher, with all models achieving correlations just under

ρ = 0.80. Similar accuracies have also been reported by other scoring functions on the

diverse PDBbind test set235. These findings suggest that universal scoring functions are

already close to their maximum performance.

The focus on universal scoring functions, however, may present somewhat of a distrac-

tion in computer-aided drug design. In virtual screening, for instance, scoring functions

are used to predict the affinities of compounds against a single protein. Chapter 6

demonstrated that with empirical scoring functions, protein-specific models can achieve

a lower error on average than universal ones, indicating that efforts should concentrate

on developing robust specific models from whatever data is available. Problems with

universal scoring functions are not only limited to empirical models. Knowledge-based

scoring functions, for instance, are based on atomic distance frequencies dervived from

diverse ranges of protein-ligand complexes, so are likely to suffer from the same inade-

quacies as universal empirical models, although a formal analysis is required to verify

this. Chapter 6 additionally showed that forcefield-based scoring functions are limited

for use with rigid-body binders and congeneric ligands.

Benchmark test sets for scoring functions have traditionally been composed of a wide

range of protein-ligand complexes207, reflecting the field’s emphasis on universal mod-

els. Yet, the poor performance of universal models on specific proteins, has fuelled a

growing movement to concentrate more on protein-specific test sets28,31,137,245. The
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theory and approaches underlying scoring functions and QSAR models has remained

largely unchanged since the mid 1990s7, with non-linear empirical scoring functions first

appearing in 1996244. One can hope that this evolving mindset will encourage novel

approaches to scoring.

New scoring methods may draw inspiration from the field of ab initio protein folding,

in which the three-dimensional structures of proteins are predicted from sequence alone.

As it is often assumed that folded proteins are in a state of minimum free energy, the

problem shares an interesting duality with structure-based affinity prediction: scoring

functions attempt to predict free energies from estimated structures, while folding models

try to predict structures from estimated free energies. Evolutionary sequence covariance

analysis279, made possible by the large number of protein sequences available, provides

possible contact information between protein residues. The covariance analysis, while

prone to errors, has been coupled with molecular mechanics, fragment-based approaches

and statistical potentials to drive recent improvements in accuracies, particularly with

membrane protein structure prediction280,281. It is the successful combination of inde-

pendent sources of information that protein-ligand scoring has the most to learn from.

As Equation 6.16 shows, the inclusion of extra information reduces the lower bound to a

model’s error. Currently, binding free energy estimates are compartmentalised: ligand-

similarity methods, structure-based scores, and rigorous molecular simulation methods

have not yet been combined into a single protocol. It is likely that combining all such

knowledge will result in improved affinity estimates. Bayesian methods provide an ele-

gant framework in which to combine different sources of information, and therefore, are

likely to be of even greater benefit for affinity prediction than they currently are282,283.

For example, the predictions from a scoring function could be used to form a prior dis-

tribution for a rigorous alchemical method, such as exponential averaging. The prior
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distribution would act to stabilise the rigorous affinity estimate when only a small num-

ber of samples are used, potentially allowing for shorter simulations. To the best of our

knowledge, this has yet to be investigated.

Despite the limitations in universal scoring functions, creating a protein-specific model is

very difficult when there is little experimental data available on the target. The develop-

ment of protein class or family specific models may be a sufficient compromise between

generality and accuracy. When dealing with small data sets, these generalised models

can also provide the prior distributions on the regression coefficients for Bayesian regres-

sion, as it is well established that Bayesian regression greatly stabilises fitted models in

such cases144.

7.2 Scoring water in protein-ligand interactions

This thesis began by hypothesising that a more detailed understanding of water in

protein-ligand complexes can be pursued as a route to improve rapid affinity estimation.

How valid is this hypothesis in light of the preceding chapters? What are the avenues

for future work?

Firstly, it is worth noting that an empirical scoring function which calculates water bind-

ing energies, such as the one developed in Chapter 4, can expect to be more accurate

than a universal scoring function for protein-ligand complexes. This is because a water

scoring functions is an example of a specific model, being designed only for one ligand.

However, experimentally measuring the binding energy for a water binding to a particu-

lar site is extremely difficult, if not impossible, meaning that water scoring functions can

only be trained on binding energies calculated via rigorous simulation methods, which

can be highly sensitive to the water model used284.
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(a) (b)

Figure 7.1: (A) The ligand binding domain of GluR2 is an example where water plays
important roles in ligand binding154,285. The figure shows glutamate bound, PDB code
1FTJ. (B) Radial distribution functions (RDFs) calculated from molecular dynamics
simulations of water around one of glutamate’s carboxylate oxygen atoms. Simulation
details are as in Appendix A.1, with glutamate in water simulated for 100 ns and the
GluR2-glutamate complex for 10 ns. The RDF calculated from the binding site (blue)
retains the same shape up to the second solvation shell as in bulk water (red). As
a result, this atom is likely to pay less of a desolvation penalty when binding to the

protein.

Effects due to water contribute significantly to the affinity of a protein-ligand complex.

In the water-based scoring functions of Chapter 5, the carbon-carbon contact term

was by far the most important for predicting affinity (see Figure 5.6), emphasising

the importance of the hydrophobic effect. Preliminary investigations using molecular

dynamics of glutamate in bulk water and bound to the ligand binding domain of GluR2

indicate that bridging water molecules act to reduce the desolvation cost of transferring

ligand chemical groups from bulk water (see Figure 7.1). The importance of a ligand holo

water hydrogen bond-like term suggests that the water-based scoring function partially

captured this effect. As such, treating explicit water effects from the ligand’s perspective,

such as in the docking method by Forli175, merits further investigation. Yet, exploiting

novel explicit water effects for more accurate predictions was our primary aim, and in

this regard, the water-based scoring function was unsuccessful. Partly, this is because

the water-based scoring function was designed to be universal, and as Section 6.4.1
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demonstrates, a universal model can be considered as an average over protein-specific

models. As a result, any interesting protein-specific water interections may have been

smeared out. Utilising the water models for particular test cases may be more fruitful.

While a more detailed model, such as accounting for binding site and ligand desolva-

tion, may have a higher fidelity to true underlying phenomena, the larger number of

parameters that may be required, and the uncertainty in the input values, conspire to

increase the error above a much simpler model: the hallmark of the bias-variance trade-

off (see Chapter 2, Section 2.3). The binding modes of ligands, the locations of water

molecules and binding site side-chain rotomers are inherently uncertain, owing to their

thermodynamic entropy (see Equation 3.1). These uncertainties propagate via Equation

5.10 to ensure that scoring functions inherently suffer from high variances. Regression

techniques, such as elastic net regularisation used in Chapter 5, are specifically designed

to lower variance at the expense of a higher bias. This explains the comparatively good

performance of our simplest scoring function (see Tables 5.3 and 5.5), and why recent

testing of the AutoDock 4 scoring function saw the greatest improvement with a biased

regression method, rather than with advanced electrostatic charge models230. There-

fore, robust regression techniques – which can often be formulated as types of Bayesian

regression – should always be used when training scoring functions.

7.3 Strategies and future directions for virtual screening

Chapter 6 showed that there does not exist a “true” or universally “best” model to

predict binding affinities at the empirical level, which in itself is sufficient to help inform

a new strategy for high-throughput virtual screening. The typical strategy in virtual

screening is a linear one: a scoring function is chosen, a virtual screen is performed, the

top predictions are experimentally tested, and the verified binders are taken forward
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for hit-to-lead development. Acknowledgement that the starting scoring function is not

optimal suggests that an iterative approach may yield more hits. Instead of one round

of virtual screening, multiple virtual screening rounds could be performed. After each

round, the top hits are experimentally tested and the scoring function is modified to

account for the new data. A virtual screen is performed again, and the new predictions

experimentally tested. The process could be repeated as many times as resources allow.

The scoring function – rather than being a fixed model – is constantly updated to account

for the new data from the experimental assays. In terms of the fitting methodology,

Bayesian regression techniques may be particularly useful. In this case, the regression

coefficients of a universal scoring function could form the centres of prior distributions.

As new experimental data is obtained, the distributions are updated via Bayes’ theorem.

At no point in the iterative process can the scoring function be declared optimal. Instead,

it can be said to capture the current state of knowledge about the target protein and

its interactions with the tested compounds. This procedure, while more costly than

the current linear process, is automatable, and could be made cheaper by virtually

screening and experimentally testing fewer compounds on each iteration than in the

current linear process. Nevertheless, the additional effort can more easily be envisaged

for a pharmaceutical company than in a small biotechnology firm or academic group.

When only a single virtual screen is feasible, as discussed, the use of a protein-specific

scoring function is preferable. However, as there is always a cost to generalisation,

models developed for specific congeneric series will be more accurate still. Clearly, this

requires sufficient experimental data to train the models. When there is no experimental

binding data available, one could construct a scoring function from other protiens that

are homologous, or have structurally similar binding sites that do have experimental

binding data. For instance, if the natural substrate of the protein is adenosine triphos-

phate, then a scoring function could fitted to data from other well studied proteins that
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also bind to adenosine triphosphate. While the predicted hits from such a screen may

not be specific for the target, the generated hits may be adequate for hit-to-lead optimi-

sation. If there is no homology in sequence or structure with other proteins, a universal

model must be used, as it best reflects the lack of target-specific knowledge.

The results presented in Chapter 6 also suggest that the manner in which compounds

from a virtual screen are selected for experimental testing can be improved. Equation

6.14 and Figure 6.2 show that generalised scoring functions have a wide error spread

because they encompass many sub-groups, each with their own optimal model, and

with the minimum error within a subgroup being no larger than that of the generalised

model. Thus, following a virtual screen, rather than testing the top hits from the

whole compound data set, one should test the top hits from within each sub-group of

compounds, as the relative affinities of a sub-group would have been predicted with

greater confidense. Compound sub-groups, which may not be known a priori, can be

estimated by clustering the ligands based on chemical similarity. This strategy provides

a potential way to combine ligand-based and structure-based methods, and may have

the added benefit of experientially testing a wider array of chemical space, which would

better inform future models.

Throughout this thesis, different software and models have been developed to aid computer-

aided drug design and virtual screening. WaterDock was developed to predict the lo-

cations of water molecules in protein binding sites, and classifiers were also developed

to predict the role of water. Both of these tools have been freely disseminated to the

research community. The simplest of the scoring functions that were developed in Chap-

ter 5 may also be of use to the community, particularly because it has been fitted using

a low-variance technique, and as dicussed, scoring functions suffer from high variances.

Our intention is to release this following the publication of the work in Chapter 5. While
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the speed required of scoring functions means that their accuracy will inevitably be com-

promised, it may be most fruitful to develop better strategies, rather than to attempt

to create ever more accurate models, for virtual screens. In particular, the iterative vir-

tual screening strategy and clustered hit selection described directly above merit further

research.

7.4 Closing remarks

In this final chapter, the amalgamation of different affinity prediction methods, incor-

porating all prior knowledge, has been mooted as a route to improve accuracy. Yet, for

the reasons discussed above, the addition of explicit water detail into the traditional

empirical scoring function framework generally suffered from higher errors than sim-

pler models. Thus, it is the way in which new information is incorporated into affinity

models that is of central importance. The framework developed in Chapter 6 could be

used to reappraise affinity prediction from first principals, so that in time, the theory

underpinning future scoring functions can be of equal rigour to the exact methods based

on statistical mechanics. However, unlike rigorous free energy calculations, fast methods

do not have the luxury of sampling many molecular conformations, which would reduce

the variance of estimates. Uncertainty, therefore, is an integral part of scoring, and I

firmly believe that charting this unpredictable landscape will enable us to elevate rapid

affinity calculations for the betterment of drug discovery.
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Details of protocols and

numerical results

A.1 Molecular dynamics simulation details

The unliganded structures of heat shock protein 90, PIM1 kinase and penicillopsin were

selected from Table 3.1 to further validate water docking with Vina against molecular

dynamics (MD) simulations. These structures were prepared and simulated using the

GROMACS version 4.5.3286 with the OPLSAA forcefield215. Bond lengths and angles

were constrained using the LINCS algorithm287 and the forces were integrated using a

timestep of 0.002 ps. The nearest neighbor list was updated every 10 steps. Simulations

were carried out in a cubic box with periodic boundary conditions, whose walls were

initially 10 Å away from the proteins. The boxes were solvated with the TIP4P288 water

model and the systems were neutralized by replacing water molecules with sodium and

chlorine ions up to a concentration of 0.15 M. The temperature was kept constant at 300

K using the Noose-Hoover thermostat289,290 with a time constant of 0.1 ps. Pressure
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was maintained at 1 atm using the Parrinello-Rahman barostat291 with isotropic cou-

pling and a time constant of 1 ps and compressibility of 4.5 × 10-5 bar−1. Long range

electrostatics were treated using the particle mesh Ewald292 method with a cutoff of 10

Å.

The energy of the systems were minimized using the steepest decent algorithm and was

then subject to a 200 ps simulation where the heavy atoms of the protein were restrained

with a spherical harmonic potential with force constant of 1000 kJ/mol/nm2. Finally,

10 ns unrestrained simulations were performed.

A.2 WaterDock OppA test set

PDB code Resolution Ligand
1JET 1.2 KAK
1JEU 1.3 KEK
1JEV 1.3 KWK
1B4Z 1.8 KDK
1B5I 1.9 KNK
1B32 1.8 KMK
1B3F 1.8 KHK
1B46 1.8 KPK
1B51 1.8 KSK
1B58 1.8 KYK
1B5J 1.8 KQK
1B9J 1.8 KLK

1QKA 1.8 KRK
1QKB 1.8 KVK

Table A.1: The X-ray crystal structures of OppA used to test set the water placement
method against AcquaAlta169.
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A.3 Water docking protocols

Method Results
No of Vina Clust. Clust. Mean

docking runs Exhaustiveness method cutoff (Å) TP (%) FP (%) error (Å)
3 20 Complete 1 90 35 0.74
3 20 Complete 1.6 90 28 0.78
3 20 Complete 1.9 86 25 0.79
3 20 Ward 1 91 35 0.74
3 20 Ward 3 89 27 0.77
3 20 Ward 6 80 19 0.79
1 10 S.L.* 1.6 77 25 0.81
1 20 S.L. 1.6 78 22 0.76
3 10 S.L. 1.6 85 27 0.74
3 20 S.L. 1.5 83 26 0.78
3 20 S.L. 1.6 86 23 0.78
3 20 S.L. 1.7 83 23 0.78
3 20 2 × S.L. 0.5 and 1.6 87 19 0.78

Table A.2: Results of different water docking methods on the Table 3.2 structures.
*Single-linkage. The true positive rate (TP) is equal to the number of consensus water
molecules predicted, and FP denotes false positive rate. The last method listed is the

one chosen used for the final WaterDock protocol.

A.4 Scoring function results

Data set MAE* ρ R2

A 1.6 0.76 0.57
B 1.8 0.29 0.08
C 1.1 0.71 0.45
D 1.2 0.50 0.20
E 4.8 0.37 0.41
F 1.7 0.62 0.32
G 1.5 0.76 0.57
H 1.7 0.17 0.20
I 1.4 0.70 0.60

Table A.3: Table showing three performance measures of the simplest linear model
(explanatory variable Set 1) on the validation and test sets (see Table 5.2). *Mean

absolute error in kcal/mol. To be used with reference to Figure 5.2.
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Data set MAE* ρ R2

A 1.5 0.80 0.65
B 1.8 0.25 0.14
C 0.9 0.78 0.59
D 1.3 0.18 0.14
E 4.9 0.34 0.28
F 1.8 0.25 0.10
G 1.6 0.74 0.55
H 1.3 0.14 0.13
I 1.7 0.39 0.27

Table A.4: Table showing three performance measures of the gradient boosted tree
model with explanatory variable Set 1 on the validation and test sets (see Table 5.2).

*Mean absolute error in kcal/mol. To be used with reference to Figure 5.2.
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Figure A.1: Grid of heatmaps showing the mean absolute error for our own scoring
function when applied to data sets A-I (see Table 5.2). Each heatmap shows the absolute
error of the model on the data set as the two free parameters of the scoring functions
are varied (x and y-axis). This figure supplements Figure 6.4 of the main text, which

shows the relative errors on each data set.
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Proofs of main analytical results

B.1 Proof of Equations 6.8 and 6.15

If one applies a scoring function that is optimal for a data set of structures and affinities

sampled from pβ(x, y) to a data set sampled from a different distribution pβ(x, y), then

the bias incurred by this model is given by

D
(
pα(y|x)||pβ(y|x)

)
=
∫∫

pα(x, y) ln
pα(y|x)
pβ(y|x)

dx dy. (B.1)

From Equation 6.6, it follows that

pα(y|x) =

√
1

2πσ2
α

exp
(
−(y − fα(x))2

2σ2
α

)
, (B.2)

where pβ(y|x) is similarly defined. We investigate the case when the variances are similar

in magnitude, and set σβ = σα + ε where |ε| � |σα|, so that the relative entropy
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D
(
pα(y|x)||pα(y|x)

)
=

1
2

ln
(
σ2
α + 2εσα + ε2

σ2
α

)
+

1
2(σ2

α + 2εσα + ε2)

∫∫
pα(x, y)(y − fβ(x))2 dx dy − 1

2σ2
α

∫∫
pα(x, y)(y − fα(x))2 dx dy

≈ 1
2σ2

α

∫∫
pα(x, y) (y − fβ(x))2 dx dy − 1

2σ2
α

∫∫
pα(x, y) (y − fα(x))2 dx dy

=
1

2σ2
α

(MSEβ,α −MMSEα), (B.3)

where the second line follows from the relative size of ε to σα and MMSEα is the minimum

mean squared error achievable on pα(x, y) and MSEβ,α is the mean squared error of fβ(x)

applied to pα(x, y). As well as the regret, the relative entropy is also proportional to the

mean squared distance between the true and estimated scoring functions. To show this,

we start from Equation 6.8 so that we have

D
(
pα(y|x)||pα(y|x)

)
=

1
2σ2

α

(MSEβ,α −MMSEα)

=
1

2σ2
α

∫∫
pα(x, y)

[
(y − fβ(x))2 − (y − fα(x))2

]
dx dy

=
1

2σ2
α

∫∫
pα(x, y)

[
y2 − 2yfβ(x) + fβ(x)2 − y2 + 2yfα(x)− fα(x)2

]
dx dy

=
1

2σ2
α

∫
pα(x)

∫
p(y|x)

[
− 2yfβ(x) + fβ(x)2 + 2yfα(x)− fα(x)2

]
dx dy

=
1

2σ2
α

∫
pα(x)

[
− 2fβ(x)

∫
p(y|x)y dy + fβ(x)2 + 2fα(x)

∫
p(y|x)y dy − fα(x)2

]
dx

=
1

2σ2
α

∫
pα(x)

[
− 2fβ(x)fα(x) + fβ(x)2 + 2fα(x)2 − fα(x)2

]
dx

=
1

2σ2
α

∫
pα(x)

[
fα(x)2 − 2fα(x)fβ(x) + fβ(x)2

]
dx

=
1

2σ2
α

∫
pα(x)

(
fα(x)− fβ(x)

)2 dx. (B.4)
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B.2 Proof of Equation 6.11

Before proving Equation 6.11 from the main text, two inequalities must be stated. First,

for non-negative numbers k1, k2, ..., kn and l1, l2, ..., ln the log-sum inequality is given by

(
n∑
i=1

ki

)
ln
∑n

i=1 ki∑n
i=1 li

≤
n∑
i=1

ki ln
ki
li
, (B.5)

with equality if and only if ki/li is equal to a constant value145.

For the second inequality, we utilise the chain rule for relative entropy145, given by

D
(
pα(x)||pβ(x)

)
+D

(
pα(y|x)||pβ(y|x)

)
= D

(
pα(x, y)||pβ(x, y)

)
(B.6)

The non-negativity of D
(
pα(x)||pβ(x)

)
implies that

D
(
pα(y|x)||pβ(y|x)

)
≤ D

(
pα(x, y)||pβ(x, y)

)
. (B.7)

Using the above inequalities,
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D
(
pα(y|x)||pβ(y|x)

)
≤
∫∫

pα(x, y) ln
pα(x, y)
pβ(x, y)

dx dy

=
∫∫ (∑

θ

p(x, y|θ)α(θ)

)
ln
∑

θ p(x, y|θ)α(θ)∑
θ p(x, y|θ)β(θ)

dx dy

≤
∫∫ ∑

θ

p(x, y|θ)α(θ) ln
p(x, y|θ)α(θ)
p(x, y|θ)β(θ)

dx dy

=
∫∫ ∑

θ

p(x, y|θ)α(θ) ln
α(η)
β(η)

dx dy

=
∑
θ

[∫∫
p(x, y|θ) dx dy

]
α(θ) ln

α(η)
β(η)

=
∑
θ

α(η) ln
α(η)
β(η)

= D
(
α(η)||β(η)

)
, (B.8)

where the last line follows from the discrete definition of relative entropy using natural

logarithms145.

B.3 Proof of Equation 6.13

We define pω(x, y) =
∑M

i ωi pi(x, y): the average over M different complex selection

probabilities. Following this definition, we also have pω(y|x) =
∑M

i ωipi(x, y)/
∑M

i ωipi(x).

To prove Equation 11, we utilize a standard information theoretic manipulation145 in

the second line. Starting from the left hand side of Equation 11 we have:
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M∑
i

ωiD
(
pi(y|x)||q(y|x)

)
=

M∑
i

ωi

∫∫
pi(x, y) ln

pi(y|x)
q(y|x)

dx dy

=
M∑
i

ωi

∫∫
pi(x, y) ln

pi(y|x)
q(y|x)

pω(y|x)
pω(y|x)

dx dy

=
M∑
i

ωi

∫∫
pi(x, y)

[
ln
pi(y|x)
pω(y|x)

+ ln
pω(y|x)
q(y|x)

]
dx dy

=
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
+

M∑
i

ωi

∫∫
pi(x, y) ln

pω(y|x)
q(y|x)

dx dy

=
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
+
∫∫ [ M∑

i

ωi pi(x, y)

]
ln
pω(y|x)
q(y|x)

dx dy

=
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
+
∫∫

pω(x, y) ln
pω(y|x)
q(y|x)

dx dy

=
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
+D

(
pω(y|x)||q(y|x)

)
≥

M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
,

where the last line follows from the fact that D
(
pω(y|x)||q(y|x)

)
≥ 0.

B.4 Proof of Equation 6.14

To prove Equation 12, first we show that the average cross entropy of the average density,

pω(y|x), on each protein specific density, denoted Ci(Y |X), is equal to the conditional

entropy, hω(Y |X), of the average density:
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M∑
i

ωiCi(Y |X) = −
M∑
i

ωi

∫∫
pi(x, y) ln pω(y|x) dx dy

= −
∫∫ [ M∑

i

ωi pi(x, y)

]
ln pω(y|x) dx dy

= −
∫∫

pω(x, y) ln pω(y|x) dx dy

= hω(Y |X). (B.9)

In addition, from Equation 6.4, the average cross entropy

M∑
i

ωiCi(Y |X) =
M∑
i

ωi
[
hi(Y |X) +D

(
pi(y|x)||pω(y|x)

) ]
=

M∑
i

ωi hi(Y |X) +
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
. (B.10)

The inequality stated in Equation 6.14 arises by considering the second term in Equation

B.10: the average relative entropy between a protein-specific density and the generalized

density. As the relative entropy is non-negative, the average can be zero if and only if

D
(
pi(y|x)||pω(y|x)

)
= 0 for all i = 1, 2, ...,M . However, each pi(y|x) is distinct. This

means that at most only one i out of M can have D
(
pi(y|x)||pω(y|x)

)
= 0. The rest

must have relative entropies greater than zero, so

M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
> 0. (B.11)

Combining Equations B.9, B.10 and B.11 we find
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hω(Y |X) =
M∑
i

ωi hi(Y |X) +
M∑
i

ωiD
(
pi(y|x)||pω(y|x)

)
hω(Y |X) >

M∑
i

ωi hi(Y |X),

as stated in the main text.

B.5 Proof of Equation 6.16

The proof of Equation 6.16 has two parts. Firstly, we derive a lower bound forD
(
p(y|x, z)||q(y|x)

)
,

and secondly, re-express that lower bound in terms of mutual information. Using

p(y, x) =
∫
p(y, x, z) dz and p(y|x) = p(y, x)/p(x), we have

D
(
p(y|x, z)||q(y|x)

)
=
∫∫∫

p(y, x, z) ln
p(y|x, z)
q(y|x)

dy dx dz

=
∫∫∫

p(y, x, z) ln
p(y|x, z)
q(y|x)

p(y|x)
p(y|x)

dy dx dz

=
∫∫∫

p(y, x, z)
[
ln
p(y|x, z)
p(y|x)

+ ln
p(y|x)
q(y|x)

]
dy dx dz

= D
(
p(y|x, z)||p(y|x)

)
+
∫∫∫

p(y, x, z) ln
p(y|x)
q(y|x)

dy dx dz

= D
(
p(y|x, z)||p(y|x)

)
z +

∫∫ [∫
p(y, x, z) dz

]
ln
p(y|x)
q(y|x)

dy dx

= D
(
p(y|x, z)||p(y|x)

)
+
∫∫

p(y, x) ln
p(y|x)
q(y|x)

dy dx

= D
(
p(y|x, z)||p(y|x)

)
+D

(
p(y|x)||q(y|x)

)
≥ D

(
p(y|x, z)||p(y|x)

)
, (B.12)
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where the last line follows from the non-negativity of D(p(y|x)||q(y|x)). As the above

is true for all q(y|x), p(y|x) is the scoring model that minimizes the regret in the case

of missing information. The practical implications of this lower bound can be seen by

noting that

D
(
p(y|x, z)||p(y|x)

)
=
∫∫∫

p(y, x, z) ln
p(y|x, z)
p(y|x)

dy dx dz

=
∫∫∫

p(y, x, z) ln
p(y|x, z)
p(y|x)

p(z|x)
p(z|x)

dy dx dz

=
∫∫∫

p(y, x, z) ln
p(y, z|x)

p(y|x)p(z|x)
dy dx dz

= I(Y ;Z|X), (B.13)

which is the mutual information of Y and Z given X. Using the chain rule of mutual

information145, this can be expressed as

I(Y ;Z|X) = I(Y,X;Z)− I(X;Z). (B.14)

The above represents the expected error for an optimal scoring function that has dis-

carded data from Z. Thus, we have established that

D
(
p(y|x, z)||q(y|x)

)
≥ I(Y,X;Z)− I(X;Z). (B.15)
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