OPTIMAL ENERGY MANAGEMENT
IN ELECTRIC VEHICLES

CONVEX OPTIMIZATION FOR MODEL PREDICTIVE
CONTROL

A THESIS SUBMITTED FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

SEBASTIAN EAST
ST. JOHN’S COLLEGE, UNIVERSITY OF OXFORD
TRINITY TERM 2020

UNIVERSITY OF

OXFORD







This thesis is dedicated to my parents,
Janet & Bernd.






ACKNOWLEDGEMENTS

Firstly, I would like to extend my deepest gratitude to my supervisor, Professor Mark Can-
non, whose guidance and support has been absolutely phenomenal. Mark’s dedication
to both research and teaching is inspiring, and I am extremely fortunate to have had the
opportunity to work with him for four years. I am particularly grateful for the weekly
meetings, the helpful and unbelievably detailed feedback on my work, the insightful ad-
vice and suggestions, and the rapid completion of countless forms and references. I can’t
possibly thank him enough for all of the time and effort he has invested in me.

More broadly, I would like to thank the Control Group for providing a friendly and
positive research environment throughout my doctoral studies; a particular highlight was
an unforgettable couple of months spent developing a ventilator at the start of the coron-
avirus outbreak. I would also like to thank the engineering fellows at St. John’s College for
my teaching opportunities, Marco Gallieri and the team at NNAISENSE for an incredible
summer in Lugano, and Professor Luigi Del Re and Dr. Philipp Polterauer from Johannes
Kepler University Linz for generously sharing the driver behaviour data used throughout
this thesis.

My time in Oxford wouldn’t have been the same without the MCR community at
St. John’s College; thank you to everyone who has been a part of it for making Oxford
feel like home. I would particularly like to thank the following for their contributions to
the successful completion of my doctoral studies: Ed, Angelica, Kelli, and Cameron for
several years of helpful (and entertaining) discussions over lunch, and Tunrayo for keeping
me motivated whilst writing this thesis during lockdown. I am also very grateful to Abby
for all of the weekends in and out of Oxford, some amazing holidays, and just being great
at taking my mind off of work.

Finally, I am forever grateful to my parents, Janet and Bernd, for the years of loving
support and dedication to my academic development, without whom I would never have
made it to Oxford.






ABSTRACT

Increased electrification of road vehicles has been identified as an important method of
mitigating air pollution and climate change, and the past ten years has seen a paradigm
shift in the automotive market towards hybrid, plug-in hybrid, and all-electric vehicles.
Electric vehicle battery technology currently suffers from several limitations relating to
cost, lifespan, and energy density, so a common approach to electric powertrain design
is a hybrid system in which an additional power or energy source is included to reduce
the battery’s shortcomings. The performance of a hybrid powertrain is strongly dependent
on the control system used to determine the power delivered from each source. There-
fore the design of control systems that can balance the power demand in a way that is
optimal (in the sense of minimizing fuel consumption, for example) is of great interest
to both academia and industry. Model predictive control (MPC) is a strong candidate for
this problem as it explicitly considers predictions of future driver and vehicle behaviour
together with hard constraints on system performance. However MPC requires that a po-
tentially challenging constrained optimization problem is solved repeatedly throughout a
given journey. This introduces a trade off between the closed loop performance of the
controller and the tractability of the associated MPC optimization problem.

This thesis presents an investigation into the use of convex optimization for model
predictive energy management in electric vehicles. The aim is to generate convex for-
mulations that permit more general descriptions of system dynamics than linear quadratic
MPC, whilst still ensuring that the resulting optimization problem can be readily solved
online using limited hardware. A particular contribution relative to previous work in the
area is the development of optimization algorithms that are specifically tailored to the
structure of the resulting convex optimization problem. The major part of the thesis is
focussed on energy management in plug-in hybrid electric vehicles (where the objective is
to minimize fuel consumption over a given journey), although the methods are extended
to all-electric vehicles with hybrid energy storage systems consisting of both conventional
batteries and supercapacitors (in this case the objective is to minimize energy consump-
tion and battery degradation). The MPC optimization problem for plug-in hybrid electric
vehicles is first formulated considering only the terminal constraint on the battery state
of charge, then progressively extended to consider the general state-of-charge constraints,
optimal engine switching, and driver behaviour uncertainty. In each case, the performance
of the MPC formulation and optimization algorithm is demonstrated in numerical studies,
and it is shown the the controllers obtain a highly accurate approximation of the globally
optimal solution, whilst dramatically reducing the computational requirement relative to
the current state-of-the-art.
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NOMENCLATURE

Definitions, Equality, & Inequality

A:=B
A C
A=:B
AeB
AxB
A>(>)B
A<(L)B
A(=)~-B
f:A—B

Number Sets

A is defined as equal to B

A is redefined as equal to C'

B is defined as equal to A

Ais an element of B

A is approximately equal to B

A is element-wise greater than (or equal to) B
A is element-wise less than (or equal to) B
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f is a function that maps A onto B

the integers
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NOMENCLATURE

R™>n the set of m-by-n dimensional real matrices

Set operations
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AUB the union of A and B

A\ B the difference set of A and B
A®B the Minkowski sum of A and B

Vectors & Matrices

0 a vector of zeros

1 a vector of ones

0] a matrix of zeros

I the identity matrix

v a lower triangular matrix of ones

Throughout this thesis, the dimensions of the vectors and matrices defined above can

be inferred from the context in which they are used.

Vector Operations

T; the ith element of vector x

x! the transpose of

||| a vector norm

|2 the vector 2-norm
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NOMENCLATURE

Matrix Operations

Aij the element on the ith row and jth column of A
A the ith row of A

A the jth column of A

A® B the Kronecker product of A and B

vec (A) the columns of A stacked into a vector
Calculus

) the derivative of f

V£Q) the gradient of f

V.f() the ith element of the gradient of f
Vaf(s) the i € A elements of the gradient of f
V2f() the Hessian of f

af(+) the subdifferential of f

Logic
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Algorithms
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NOMENCLATURE

Common Acronyms

ADMM Alternating Direction Method of Multipliers
BSEV Battery/Supercapacitor Electric Vehicle
CDCS Charge-Depleting/Charge-Sustaining

MPC Model Predictive Control

PHEV Plug-in Hybrid Electric Vehicle

PMP Pontryagin’s Minimum Principle

SOC State-of-Charge

Commonly Used Variables (PHEV Model)

e engine output power

m motor output power

d driver’s power demand

b mechanical braking power

D powertrain output power

o engine on/off state

x battery state-of-charge

Wy wheel rotational speed

We engine rotational speed

Win motor rotational speed

1) engine output-input power mapping
h(-) motor output-input power mapping
g(+) battery output-input power mapping
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CHAPTER 1

INTRODUCTION

NTERNAL combustion engines (ICEs) have been a key technology in the development of

modern society and the growth of the global economy for over a century. Innovations

in design and manufacturing have led to lightweight, powerful, and cheap engines, that

are very popular and found in a huge variety of applications and industries. This success

has not been without its drawbacks, however, as ICEs are fuelled almost exclusively with

oil derivatives, and can be directly linked to important environmental and societal issues
including air pollution and climate change [1, §1].

Increased electrification of vehicles has been identified as a short-term solution to these
problems, and improvements in practical and economic viability of electric powertrains
have ensured that both hybrid and fully electric vehicles have surged in popularity in the
past decade. It is expected that electric vehicles will reach a passenger vehicle market share
of 10% by 2024 [2, p. 3]. Whilst all-electric vehicles provide regeneration capabilities,
zero tailpipe emissions, and greater energy efficiency than internal combustion vehicles,
a significant limitation is the driving range available from a full battery charge, due to
the low energy density of the current state-of-the-art in battery technology (lithium-ion,
~360kJ/kg [3, Fig.1]) compared to petrol (~45,000kJ/kg [4, Appendix. D]). This issue is
exacerbated by the additional time required to charge a battery compared to filling a tank
with fuel. A further limitation of all-electric vehicles is the cost of the battery-pack, which
can currently reach 50% of the total cost of the vehicle [5, §3]. A factor contributing to
this is the low cycle-life and power density of lithium-ion batteries (~2000 cycles and
<2000 W/kg [6, Table B1]), which can cause the battery to be sized above its total energy
requirement. That is, a larger battery will reduce the frequency of high and low charge
states that increase the rate of battery ageing [7], and a larger battery may be needed to
meet the power requirement of the vehicle.



1.1. HYBRID TECHNOLOGY

1.1 HYBRID TECHNOLOGY

A method for reducing the limitations of all-electric vehicles is to hybridize the battery and
motor with an additional power source and/or energy store. Many alternative energy/power
sources have been proposed, including hydrogen fuel-cells, flywheels, and supercapacitors
[8], and in a range of configurations. Consequently, a large vocabulary of terms has been
generated for specific hybrid architectures that is not always used consistently. Therefore,
before proceeding, the terminology used throughout this thesis is defined.

Electric vehicle: A vehicle in which the powertrain includes an electric motor sup-
plied at least in part by a battery, but possibly hybridised with other power sources
and/or energy stores. Thus, all of the terms that follow are a subset of electric vehi-
cles.

All-electric vehicle: An electric vehicle with only electric elements in its power-
train, powered by a conventional battery only.

Plug-in hybrid electric vehicle (PHEV): An electric vehicle for which the battery
can be charged from an external source, and is supplemented with a secondary power
source as a range extender. In this thesis, the second power source is always assumed
to be an internal combustion engine.

Battery/supercapacitor electric vehicle (BSEV): An electric vehicle with an elec-
tric motor supplied by a hybrid energy storage system, consisting of a battery and
supercapacitor.

Hybrid electric vehicle: An electric vehicle for which the battery cannot be charged
from an external source, and is primarily powered by a non-electric power source
(also assumed to be an internal combustion engine).

Each category can be further subdivided, but the above terms are sufficient for a con-
crete understanding of the following.

The focus of this thesis is on powertrain control for plug-in hybrid electric vehicles
(PHEVs) and battery/supercapacitor electric vehicles (BSEVs). The principle of a PHEV
is to address the range limitation of the battery by combining an electric system with an
internal combustion engine as a range extender. Although this still relies on an internal
combustion engine, analysis of daily driving statistics has revealed that 50% of daily driv-
ing distance is less that 30 miles [9], so a vehicle with an all-electric range of just 30
miles can displace at least 50% of internal combustion miles (assuming that the battery is
charged from an external source each day). The principle of a BSEV is to address the low
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1.2. ENERGY MANAGEMENT

cycle life and power density of the battery using a hybrid energy storage system consisting
of both a lithium-ion battery pack and a supercapacitor. The idea is that the supercapacitor
provides the high frequency, high magnitude content of the driver’s power demand, whilst
the battery delivers power at a reduced, more constant level. Supercapacitors are ideal
for this application as they have a comparatively high power density (up to 23500 kW/kg,
compared with 2000 W/kg for lithium-ion [6, Table B1]) and effectively infinite cycle life,
but cannot be used for the storage system alone as they they have an energy density even
lower than lithium-ion cells (up to 50 Wh/kg, compared with 350 Wh/kg for lithium-ion
[6, Table B1]). A BSEV can therefore be interpreted as a compromise between the two
technologies.

1.2 ENERGY MANAGEMENT

In both of the cases described above, the inclusion of an additional power source presents a
problem: at each instant during a journey, the driver communicates a single power demand
to the vehicle through the position of the throttle/accelerator pedal, but how much of this
power should the powertrain deliver from each source?

A simple heuristic for the PHEV problem is to run the car in an all-electric mode
until the battery is completely depleted, and then as a hybrid electric vehicle until the
end of the journey (known as a charge-depleting/charge-sustaining (CDCS) strategy). It
has, however, been demonstrated that by providing power from both simultaneously, and
modulating the fraction of power delivered by each throughout the journey (a strategy
known as ‘blended-mode’), the fuel consumption can be significantly reduced without
affecting total battery use [10]. Similarly, a simple method for controlling a BSEV is to
use a low-pass filter to separate the frequencies of the demand power, then deliver the low
frequency content from the battery and the high frequency content from the supercapacitor.
It has also been demonstrated that this approach is sub-optimal (in the sense of minimizing
battery use or maximizing efficiency), and that predictive methods that account for future
driver behaviour can deliver significant performance improvements [11, §4].

Both problems can therefore be considered as optimal control problems, where the
objective is to minimise fuel consumption in the former and minimize battery use in the
latter, and both are achieved by controlling the relative fraction of a total power demand
delivered by two power sources. This class of optimization problems are known as ‘energy
management problems’.
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1.3 MODEL PREDICTIVE CONTROL & CONVEX
OPTIMIZATION

It is possible to construct an optimal open-loop controller for a given journey a priori by
constructing a mathematical model of the vehicle and solving a corresponding optimiza-
tion problem based on a prediction of the driver’s behaviour. A limitation of this approach
is that there will always be a discrepancy between the modelled and physical dynamics of
the vehicles, and between the predicted and ensuing driver behaviour. If a power split that
is calculated this way is implemented during an actual journey, not only will the resulting
performance be sub-optimal compared with that predicted by the optimization, but there is
no guarantee that the vehicle will operate within hardware limits (e.g the upper and lower
limits on state of charge of the battery), which can be dangerous.

A method for addressing these limitations is model predictive control (MPC), where
instead of solving the optimization problem once it is solved repeatedly throughout the
journey and the power split is updated at each instant using the most recently computed
optimal control signal. This creates a feedback mechanism that provides a degree of ro-
bustness to modelling and prediction errors, as discrepancies between the model and the
actual vehicle dynamics and errors in the predictions of driver behaviour and traffic condi-
tions can be compensated for in future computations. A drawback of this approach is that
it introduces challenging computational constraints: the energy management optimization
problem is initially challenging to solve, and it must now be solved faster than the control
variable update frequency using the vehicle’s embedded powertrain control unit.

If the predictive powertrain model used for MPC is linear (or linearised), then the op-
timization problem reduces to a quadratic program that can be solved quickly and reliably
using widely available solvers (e.g. [12]). In reality, the losses in the powertrain are highly
nonlinear, and this approach therefore renders the applied control inputs suboptimal. A
more general class of problems that are considered ‘tractable’ are convex optimization
problems: those in which the objective function and constraint set are both convex. For
these cases a local minimum is also a global minimum, and fast optimization algorithms
exist for broad classes of canonical problem structures [13]. In the context of energy
management, this approach permits more accurate models of powertrain dynamics than
allowed by linear-quadratic MPC, and previous studies have demonstrated that the energy
management problem can be formulated as a convex optimization problem with minor
model approximation [14]. These studies, however, have typically used general purpose
convex optimization software to model and solve the problem (e.g. CVX [15, 16]), which
cannot obtain an accurate solution in real time using desktop hardware in simulation (e.g.
up to 21.4s were required in [17]), and also cannot generally be used with embedded hard-
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ware. To date, there has not been a systematic investigation into optimization algorithms
that are specifically tailored to the structure of convex energy management problems.

1.4 CONTRIBUTIONS & OUTLINE

This thesis presents an investigation into convex formulations and optimization algorithms
for predictive energy management in electric vehicles. The aim is to develop MPC frame-
works that can consider detailed powertrain models and long, descriptive predictions,
whilst also being readily solvable using an embedded powertrain controller. Several for-
mulations are presented, in which varied levels of control authority and hardware con-
straints are considered, and the computational performance of each is demonstrated in
numerical simulations.

The outline of this thesis is as follows: Chapters 2-6 are concerned with energy man-
agement in PHEVs, and propose a set of MPC frameworks in which the complexity of the
model and constraints are incrementally increased. Chapter 7 is a standalone chapter con-
cerned with energy management in BSEVs. The individual contributions of each chapter
are described in more detail below.

CHAPTER 2: THE ENERGY MANAGEMENT PROBLEM

An illustrative formulation of the PHEV energy management problem is introduced, and
common methods for optimization-based powertrain control are then formulated mathe-
matically with a discussion of the relevant literature.

CHAPTER 3: TERMINAL STATE CONSTRAINT

The PHEV powertrain model used for Chapters 3-6 is presented, and a simple MPC con-
troller is proposed where the battery is only subject to a terminal state-of-charge constraint.
It is demonstrated that if the MPC problem is reformulated in terms of battery power it is
convex; a key result used throughout the rest of the PHEV energy management chapters. A
projected Newton method is proposed for the solution of the MPC optimization problem,
and convergence results are presented. The MPC algorithm is simulated in closed-loop
where it is demonstrated that the lack of general state-of-charge constraint is a fundamen-
tal limitation when the road is not flat.

A similar version of the proof of convexity presented in this chapter was published in [18],
and the projected Newton method was previously published in [19].

5
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CHAPTER 4: GENERAL STATE CONSTRAINT

The MPC controller proposed in Chapter 3 is extended to consider upper and lower bounds
on the battery’s state of charge throughout the journey. Two optimization algorithms are
proposed for its solution: a first-order alternating direction method of multipliers (ADMM)
algorithm and a second-order projected interior-point algorithm. The performance of the
two algorithms is investigated in a set of numerical studies where it is demonstrated that
the ADMM algorithm can obtain a sufficiently accurate solution to the MPC optimization
problem in a fraction of a second, even with horizons of up to 1000 samples. The MPC
controller is then simulated in closed loop where it is shown to satisfy the state of charge
constraints at all times, and provide a close approximation of the globally optimal controls
obtained using DP. It is also, however, demonstrated that if the engine switching controller
is sufficiently suboptimal, then the optimization based controller may perform worse than
a CDCS strategy.

The ADMM algorithm presented in this chapter was originally published in [18], and
both the projected interior point algorithm and a subset of the numerical experiments were
published in [20].

CHAPTER 5: ENGINE SWITCHING

The MPC controller proposed in Chapter 4 is extended to consider engine switching to
improve its performance relative to the CDCS strategy. An ADMM algorithm is proposed
as a fast heuristic for the MPC optimization problem, which is necessarily nonconvex
due to the integer decision variable, and is shown to obtain a close approximation of the
globally optimal solution in practice. The MPC controller is then simulated in closed-
loop, where it is shown to provide significant fuel savings relative to CDCS control. A
comprehensive analysis of the convergence properties of the ADMM algorithm is included
in the appendix.

The formulation of the MPC controller and numerical experiments were published in [21],
and a similar proof of convergence for nonconvex problems was published in [22].

CHAPTER 6: DRIVER BEHAVIOUR UNCERTAINTY

The MPC controller proposed in Chapter 4 is extended to consider uncertainty in future
driver behaviour. A scenario-based MPC formulation is proposed where the controller
optimizes over multiple predictions of future driver behaviour, and it is shown that the
ADMM algorithm proposed in Chapter 4 readily extends to the new case. Results from

6
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scenario optimization are used to derive a lower bound on the number of scenarios required
for a given confidence of one-step-ahead feasibility. A data-based prediction method is
proposed where predictions of future driver behaviour are generated from a database of
previous examples of a given route being driven, and it is demonstrated in simulation that
this approach provides an extremely close approximation of the results obtained with a
nominal MPC controller that has full preview of future driver behaviour.

CHAPTER 7: BATTERY/SUPERCAPACITOR ELECTRIC VEHICLES

The approach used in the previous chapters for the PHEV energy management problem
is extended to the case of an all-electric vehicle with a hybrid energy storage system con-
sisting of batteries and supercapacitors. A general framework is proposed, considering
limits on battery, supercapacitor, and motor power, and battery and supercapacity energy,
and is shown to be convex under minor approximation. An ADMM algorithm is proposed
for the solution of the convex optimal control problem. A set of numerical studies is pre-
sented, where the convex formulation is shown to provide significant reductions in battery
degradation relative to a low-pass filtering controller.

This chapter was published in [23].

1.4.1 PUBLISHED WORKS

A significant fraction of the work presented in this thesis has been presented in the follow-
ing peer-reviewed publications:

[18] S.East and M. Cannon, “An ADMM Algorithm for MPC-based Energy Manage-
ment in Hybrid Electric Vehicles with Nonlinear Losses”, 57th IEEE Conference on
Decision and Control, Miami, USA, pp. 2641-2646, 2018.

doi:10.1109/CDC.2018.8619731
[19] J.Buerger, S.East, and M. Cannon, “Fast Dual-Loop Nonlinear Receding Horizon

Control for Energy Management in Hybrid Electric Vehicles”, IEEE Transactions
on Control Systems Technology, Vol. 27, no. 3, pp. 1060-1070, 2019.

doi:10.1109/TCST.2018.2797058
[20] S.East and M. Cannon, “Energy Management in Plug-in Hybrid Electric Vehicles:

Convex Optimization Algorithms for Model Predictive Control”, IEEE Transactions
on Control Systems Technology (Early Access), Vol. -, pp. 1-13, 2019.

doi:10.1109/TCST.2019.2933793
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[21] S.East and M. Cannon, “Fast Optimal Energy Management with Engine On/Off
Decisions for Plug-in Hybrid Electric Vehicles”, IEEE Control Systems Letters and
CDC 2019, Vol. 3, no. 4, pp. 1074-1079, 2019.

doi:10.1109/LCSYS.2019.2920164
[22] S.East and M. Cannon, “ADMM for MPC with State and Input Constraints, and In-

put Nonlinearity”, American Control Conference, Milwaukee, USA, pp. 4514-4519,
2018.

doi:10.23919/ACC.2018.8431655
[23] S.East and M. Cannon, “Optimal Power Allocation in Battery/Supercapacitor Elec-

tric Vehicles using Convex Optimization”, IEEE Transactions on Vehicular Tech-
nology, Vol. 69, no.11, pp. 12751-12762, 2020.

doi: 10.1109/TVT.2020.3023186

The following peer-reviewed publications were also completed during my doctoral studies,
but the results are not included in this thesis.

e Z.Qureshi, S. East, and M. Cannon, ‘“Parallel ADMM for Robust Quadratic Optimal
Resource Allocation Problems”, American Control Conference, Philadelphia, USA,
pp. 3402-3407, 2019.

doi:10.23919/ACC.2019.8814898
e S.East, M. Gallieri, J. Masci, J. Koutnik, and M. Cannon, “Infinite-Horizon Differ-

entiable Model Predictive Control”, International Conference on Learning Repre-
sentations (ICLR), Addis Ababa, Ethiopia, April 2020.

arXiv:2001.02244

COMPUTATIONAL HARDWARE

All of the numerical experiments presented in this thesis were programmed in Matlab and
run on a 2.60GHz Intel 17-9750H CPU.
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CHAPTER 2

THE ENERGY MANAGEMENT PROBLEM

HIS chapter provides an introduction to the PHEV energy management problem, and
T an overview of methods for its solution. Firstly, a simplified version of the energy
management problem is formalized mathematically, then a review of common rule-based
and optimization-based methods for computing exact or approximate solutions is pre-
sented.

2.1 PROBLEM FORMULATION

Figure 2.1 shows a simplified overview of the powerflows in a PHEV powertrain, which
is the architecture considered for the majority of this thesis. The specific architecture
considered here is a parallel, pre-transmission PHEV!, where the output of the engine
is mechanically coupled with the motor to a common drivetrain. In a series PHEV the
engine would be connected to a separate generator that would supply electric power to the
motor and battery, resulting in a mathematical structure that fits within the hybrid energy
storage formulation addressed in Chapter 7. A post-transmission PHEV has the motor(s)
connected directly to the wheels, and can be controlled using the framework proposed in
this chapter with minor modifications.

The high-level power transfers and kinematics considered for PHEV energy manage-
ment are as follows: fuel mass flow is delivered from a fuel tank to the engine, where it
is converted to mechanical power that is delivered through a clutch. Simultaneously, the
battery’s internal charge is converted to electrical power at its terminals, which is then con-
verted to mechanical power by the motor (and this power-flow can be reversed to charge
the battery). When the clutch is closed, the power from the motor and engine is combined
additively to power the drivetrain, otherwise it is driven entirely by the motor. The drive-

'From this point, the preceding terms are dropped, and it can be assumed that every use of PHEV (without
qualifying the type) refers to a parallel pre-transmission PHEV.
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Figure 2.1: Simplified diagram of components and energy transfers that are relevant to the energy
management problem.

train includes a gearbox to modulate the rotational speed of the engine and motor relative
to the wheels, and mechanical brakes are available to remove energy at the wheels.

The principles described above are now formulated mathematically to aid with the
presentation of the control methods that follow. Figure 2.2 shows a diagram of the power
flows and rotational speeds that are relevant to this formalization, where ¢t € [0, 7] is the
time and 7" € R, is the duration of a given journey. Energy management is an inverse
problem: the behaviour of the vehicle is entirely dictated by the driver, and the control
problem is to determine the signals allocated to various components to meet the demand
whilst minimizing a given objective function. An inverse dynamic model is therefore
typically used, where the relevant driver behaviour is defined by the rotational speed of the
wheels, w,, : [0,7] — R, and demand power, d : [0,7] — RVt € [0,7]. The rotational
speed of the motor armature, w,, : [0,7] — R, is subsequently defined by w,,(t) :=
wy(t)/7(t), where r : [0,7] — R is the effective gear ratio of the transmission such that
R is the set of available ratios (only forwards driving is considered in this thesis, but the
approach can be readily applied to reverse driving if R contains a negative element). The
clutch control is defined by ¢ : [0,7] — {0,1}, where o(t) = 1 = clutch closed,
and o(t) = 0 = clutch open. It can be assumed that when the clutch is closed, the
rotational speed of the engine, w, : [0,7] — R, is equal to the rotational speed of the
motor armature, and that when it is open, the rotational speed of the engine is zero (i.e. the
engine is off):

. Vte|0,T].
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Figure 2.2: Diagram of the loss functions and variables that are used in the mathematical formu-
lation of the energy management problem. The directions of the arrows represents the direction
of power transfer (note that the arrow between the engine and clutch is bidirectional to allow the
possibility of engine braking). Symbols are also included to indicate how the powerflows are com-
bined at the summing junctions.

If it is also assumed that the gearbox and torque coupler are 100% efficient, then when
the clutch is open the power delivered by the powertrain, p : [0,7] — R, is equal to
the mechanical power delivered by the motor, m : [0,7] — R (where m(t) € R__
corresponds to regenerative braking). When the clutch is closed, the power delivered by
the powertrain is equal to the sum of the power delivered by the motor and the power
delivered by the engine, e : [0, T] — R. Additionally, the driver demand power is equal to
the power delivered by the powertrain plus the mechanical braking power (which must be
non-positive), given by b : [0, 7] — R_, so

d(t) =: {€<t) T+l o) =1 o 2.1)

m(t) + b(t) o(t)=0

The rate of fuel consumption, r; : [0, 7] — R, can be defined via a map, f : R? — R,
of engine output power and rotational speed, so that ri/(t) := f(e(t),w.(t)). Similarly,
the electrical power delivered to the motor, ¢ : [0,7] — R, can be defined via a map,
h : R? — R, of motor output power and rotational speed, so that c(t) := h(m(t),wn,(t)).
The rate of depletion of the internal energy of the battery, u : [0, 7] — R, is then given by
a time varying function, g : Rx [0, 7] — R, of the battery’s electrical output power, so that
u(t) := g(c(t),t) Vt € [0, T]. Therefore, the internal energy of the battery, x : [0, 7] — R,
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can be given by
t
z(t) := z(0) —/ u(r) dr, Vte (0,71,
0

where z(0) is the battery’s initial internal energy (for the purposes of this presentation it is
assumed that » is Riemann integrable).

An important aspect of the energy management problem is that the system components
are subject to hard constraints. The engine has upper and lower limits on torque, 7', : R >
Rand 7', : R — R, that may be functions of engine speed, so the limits on engine power
can given by

T (we(t))we(t) < e(t) < Telwe(t))we(t) Vit € [0,T].
Similarly, limits on motor power can be given as
L (win () (t) < m(t) < Ton(win(8))wm(t) ¥t € [0, T1,

where T,, : R ++ Rand T,, : R ~ R are upper and lower limits on motor torque.
The engine and motor also have static upper and lower limits on rotational speed given by
Wey We, W, W,, € R, so that

w, we(t) <w, and w,, <wy(t) <w,, Vtel0,T],

and the battery has static limits on internal energy and rate of charge and discharge,
T, x,u,u € R, so that

z<z(t)<T Vte(0,7], and wu<u(t)<u Vtel0,T].

Therefore, the necessary and sufficient set of variables to be chosen so that the operation
of the powertrain is well defined are the engine output power, e(t), clutch/engine state,
o(t), gear selection, r(t), and braking power, b(t) (note that the motor power is implicitly
defined by (2.1) given the listed control variables). It is important to note that the problem
of interest is to determine how the driver’s power demand should be distributed between
the powertrain’s components, and not to control the behaviour of the vehicle in any au-
tonomous sense. The acceleration and deceleration of the vehicle are dictated entirely by
the driver, so d(t) and w,(t) are set at all times and cannot be changed by the powertrain’s
controller.

2.2 OPTIMAL ENERGY MANAGEMENT

A simple PHEV powertrain control method is to determine the engine switching, gear
selection, and braking control inputs with heuristics, and control the relative fraction
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of power delivered by the motor and engine with a charge-depleting/charge-sustaining
(CDCS) strategy [24]. In this case, all of the driver’s demand power is delivered from the
motor until the battery is completely depleted, after which the state-of-charge of the bat-
tery is sustained by either not using the electric system or by controlling the powertrain as
a hybrid electric vehicle (e.g. only using the battery to brake and accelerate from a stand-
still). It has, however, been demonstrated that by delivering power from the motor and
engine simultaneously, and modulating the power fraction delivered from each through-
out the journey in a ‘blended mode’, the total fuel consumption can be reduced without
affecting total electrical energy consumption, as shown in Figure 2.3.
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Figure 2.3: Comparison of blended mode power allocation and CDCS strategy (reproduced from
[25]), illustrating reduction in fuel use (note that bottom figure represents emissions, but the same
principle applies to fuel consumption).

There are two classes of control methods for reducing fuel consumption in this way:
rule-based and optimization-based. Rule-based controllers are a further set of heuristic
methods that decide the power-split based on a pre-determined set of rules, and whilst
they can improve performance relative to CDCS, they are also inherently suboptimal in
general [10, §2]. Conversely, optimization-based controllers attempt to explicitly address
the question ‘what are the control actions that result in the lowest possible fuel consump-
tion?’. This chapter continues with an overview of five common methods for addressing
this question: dynamic programming, Pontryagin’s minimum principle, equivalent con-
sumption minimization strategy, model predictive control, and convex optimization.
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2.2.1 DYNAMIC PROGRAMMING

BACKGROUND

The concept of dynamic programming was introduced and developed by Richard E. Bell-
man during the 1950’s, and is based on the principle of optimality:

“An optimal policy has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision” [26]

Dynamic programming is a fundamental tool of control theory, and a common approach
to energy management problems. The principles of dynamic programming are now de-
veloped mathematically to aid later discussion. Consider a system described by an ODE,
x = f(t,x(t),u(t)), where x(t) € R" is the system state and u(t) € R™ is the control
input. In order to measure the relative optimality of each candidate control input, consider
a running cost function £(¢,x(t), u(t)), and terminal cost function L1 (x(7")), so that the
cost functional for the optimal control problem is given by

J(t,x(t),upm) = /t L(r,x(7),u(r)) dr + Lr(x(T)) Vte[0,T].

The value function associated with this problem is the minimum (assuming that it exists)
of the cost functional at a given time and state:
V(t,x) == min J(¢,x(t), upr) Vte[0,T].

e, 7]
The principle of optimality states that the value function at (¢, x) is equal to the minimum
of the running cost over an interval [¢, t+AT, plus the value function at (t+At, x(t+At)):

t+At
V({t.x) = min { / L x(r),u(r) dr + V(E + At x(t + At))} |
Ut t+At] t

By taking the limit as At — 0, a partial differential equation known as the Hamilton-
Jacobi-Bellman equation is obtained,

—V,V(t,) = min {E(t, x,u) + (Vi V(t,x), £(¢,x, u)>},

and the optimal control input, u*(¢), can be obtained as the minimizing argument of the
right-hand-side.

For a fuller exposition of dynamic programming and the Hamilton-Jacobi-Bellman
equation in the context of optimal control, see [27, §5]. For Bellman’s original paper on
dynamic programming, see [28], and for his later textbook on the subject see [26]. For a
historical overview of the development of dynamic programming, see [26].
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DYNAMIC PROGRAMMING APPLIED TO PHEV ENERGY MANAGEMENT

If the PHEV management problem described in Section 2.1 were to be approached us-
ing Dynamic Programming as presented above, the state could be given by x = =z, the
control input given by u = (u, o, r,b), and dynamics given by f(x) = —u(t). The hard
constraints on system operation could be represented by a time-varying indicator function,
Z(u(t),t), that maps to infinity if any of the constraints are violated and to zero otherwise,
and a terminal constraint on the battery’s state-of-charge could be included with L1 (x(t))
(which could also be an indicator function enforcing a terminal constraint set). The cost
functional would then be

() = /0 (1) + Z(u(t).0)] dt + L1 (x(D)). 2.2)

For the most general powertrain models and constraints, obtaining the optimal controller
for (2.2) using dynamic programming is intractable due to the presence of multiple state
and control constraints, and discontinuous and integer decision variables. The standard
approach in the literature is to instead discretise the time, state, and control spaces, so
that x, € X € R"andu, € U C R™ forall t € T, where T := {0,At,..., T},
X=X XX X,,andU :=Uy X -+ X Uy, (such that |X;| € Z, and |U;| € Z,, for
alli € {1,...,n}and j € {1,...,m}). The value function can then be approximated by a
finite-dimensional array, V : 7 x X +— R, which can be obtained by working backwards
in time from the terminal cost function and constraint set. For a hard terminal constraint
Xr = x(T) (where x(T') € X), the value function array is initialised at time 7" as

0 x=x(T)

Vi) = {oo x, #x(T)’

and then updated sequentially backwards in time using

VIt, x| := mig {L(t,x¢,up) + V[t + At £, x,u)]} VEe {T —At,...,0}, (2.3)
ut€

where f : 7 x X x U — X is is a function representing the discrete system dynamics
and £ : T x X x U — R is the stage cost. Simultaneously, the optimal control law,
U: T x X — U, is generated from

Ult, x;] := argmin {L(¢,x¢, uy) + V[t + At £(t, x4, wy)]} VE e {T — At,...,0}.

urcY

The optimal control actions are then determined for a given initial state by setting xg =
x(0), then sequentially obtaining u; = U[t, x;] and updating the state for the next timestep
as x;1ar = f1(x¢, u;). This approximation converges to the continuous time optimal con-
trol law as |X;|, |U;| — oo foralli € {1,...,n}and j € {1,...,m}, and as At — 0.
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EXAMPLES IN THE LITERATURE

One of the limitations of dynamic programming is that it requires significant computa-
tional and memory resources, as the requirement for both increases exponentially with the
dimension of the state and control spaces. Dynamic programming is therefore not suit-
able for online PHEV energy management control, and is typically only used offline to
tune real-time controllers or as a performance benchmark. In an early paper (2003) [29],
dynamic programming was used to optimize the gear shift strategy and power split of a
parallel hybrid truck offline in order to understand the optimal behaviour, which was then
used to tune a real-time rule-based controller. The same dynamic programming approach
was then later used to determine the effect of varying levels of trip preview information
[30]. In [31], dynamic programming was used as an optimal baseline to investigate the
effect of road gradient information on other optimization-based control methods. The de-
terministic dynamic approach described in this section was extended to the stochastic case
using policy iteration in [32], generating a control law that minimized the expected cost
across a range of drive cycles. Power-split, gear selection, and engine switching control
were considered in [33], where dynamic programming was used as a baseline for other
optimization-based methods and shown to take 4799s to optimize a ~1200s journey. Sim-
ilarly, dynamic programming was also used as a globally optimal baseline in [34, 35, 36].

Steps have also been taken to reduce the computational and memory requirements
of dynamic programming. For example, in [37] the minimization on the RHS of (2.3)
was approximated analytically, reducing the computational time from 490s to 5.1s with
only a 0.07% reduction in optimality (although this was only tested on a single drive-
cycle). A vehicle-to-grid system was proposed in [38] where U is computed offline and
transmitted to the vehicle from a centralised server. Neither approach, however, reduces
the (potentially significant) memory requirements. Conversely, both the computational and
memory requirements can be addressed by approximating the optimal control law obtained
with dynamic programming using a neural network as in [39], although the approximation
necessarily introduces a measure of sub-optimality, and it results in a black-box system
for which it is impossible to interpret control decisions.

2.2.2 PONTRYAGIN’S MINIMUM PRINCIPLE

BACKGROUND

During approximately the same time period that the ideas behind dynamic programming
were being developed, an alternative approach to optimal control based on the calculus of
variations was formulated by Soviet Mathematician Lev Pontryagin, known as the mini-
mum principle. The optimality conditions obtained using Pontryagin’s minimum principle

16



2.2. OPTIMAL ENERGY MANAGEMENT

(PMP) are now presented for the free-time, fixed-endpoint optimal control problem to aid
the following discussion.

Consider a system described by a time invariant ODE, x = f(x, u), with a time in-
variant running cost, £(x,u), and no terminal cost. Fixed-endpoint implies a terminal
target set so that x(¢;) € {x,}, whilst free-time implies that the finite horizon, ¢y, is an
optimization variable. For this problem, the neccesary optimality conditions are given by:

Theorem 2.2.1 (The Minimum Principle for the free-time fixed-endpoint control prob-
lem). Ler u* : [0,ts] — U be an optimal control, and let x* : [0,t¢] — R" be the
corresponding optimal state trajectory. Then there exists a function p* : [0,ts] — R"
satisfying p*(t) # 0Vt € [0, ts] and having the following properties:

1. x* and p* satisfy
x* = V,H(x*,u", p*)
p* = _va(X*7 U*7 p*>

with the boundary conditions x*(ty) = xo and x*(t;) = x1, where the Hamiltonian
H:R" xU x R+ Ris defined as

H<X7 u, p) = pr(X7 u) - E(X7 u)
2. For each fixed t, the function u — H(x*(t),u,p*(t)) has a global minimum at
u = u*(t), i.e., the inequality
H(x*(t),u"(t), p*(t)) < H(X"(t), u,p" (1))
holds for all t € [0,t¢] and all u € U.
3. H(x*(t),u*(t),p*(t)) = 0forallt € [0,tf].
Proof. The proof is presented in [27, §4]. ]
For an English translation of Pontryagin’s results see [40]. For a historical overview of
the development of Pontryagin’s minimum principle, see [41] or [42].
PONTRYAGIN’S MINIMUM PRINCIPLE APPLIED TO PHEV ENERGY
MANAGEMENT

It is not always trivial to translate the conditions for optimality obtained using PMP into
an optimal control solution, and the general problem described in Section 2.1 is still in-
tractable in general. For illustrative purposes, a reduced problem where only the power-
split between the engine and motor is controlled is considered here. In this case, it
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can be assumed that the gear selection, r(t), braking power, b(t), and clutch engage-
ment, o(t), are controlled using an external method, and that the engine is always on
(o(t) = 1Vt € [0,T]). The free-time problem 2.2.1 can be converted to a fixed-time
problem for energy management by augmenting the state vector so that x(¢) = (z(t),t),
and using the terminal constraint x(¢¢) € {(zs,7T")}. Using this definition of the state, the
system is defined by

and  H(x,u,p) := pi(t) - gr(he(d(t) — e(t))) + pa(t) — fe(e(t))-
The necessary condition for optimality given by Theorem 2.2.1 Property 1 states that
p - _va = (Oa VtH>7

which implies that the first element of the costate vector, p;(t), is constant?, i.e. pi(t) =
p3(0) Vt € [0, T]. The optimal control input is then defined implicitly by

Vil =0 = —pi(t) - gi(hu(d(t) — e(t))) - by (d(t) — e(t)) — fi(e(t)) = 0.

Therefore, the PHEV optimal control problem in this case reduces to an initial value prob-
lem to determine pj(0). This can be solved using a shooting method, where for each
estimate of p;(0), the corresponding control input is obtained from

e(t) € {e(t) : =p1(0) - g;(he(d(t) — e(t))) - hi(d(t) — e(t)) — fi(e(t)) =0}, (2.4)

and the estimate of p;(0) is updated until x(t¢) = (zs,T).

EXAMPLES IN THE LITERATURE

The benefit of the minimum principle relative to dynamic programming is that it uses sig-
nificantly less computation and memory, although it only provides a necessary optimality
condition, and is not sufficient (in general) to demonstrate global optimality. Furthermore,
whilst a solution is simple to demonstrate for the case where the terminal state constraint
is considered for power-split control, it is more challenging to address more general con-
straints and other control variables.

2The physical condition for this result to hold is that the electrical losses are independent of the state-of-
charge of the battery, and is a common assumption in PMP approaches to the energy management problem.
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The minimum principle was compared with dynamic programming in [34] for optimiz-
ing both the power split and gear selection variables, and it was found that it resulted in
similar gear-shifting decisions and fuel consumption with significantly less computation.
A hybrid approach was proposed in [33], where an algorithm alternated between optimiz-
ing the gear selection for a fixed power-split using dynamic programming, then optimiz-
ing the power-split for fixed gear selection using the minimum principle. This reduced
the computational time from ~ 4000 s using dynamic programming to ~ 12 s using the
hybrid algorithm (the target time for real-time operation is typically < 1 s). The minimum
principle was also used in [43] to optimize both the power split and gear selection, where
it was found to improve fuel consumption by up to 10% relative to a rule-based baseline,
and used in [44] to optimize the power-split only, where it was shown to reduce fuel con-
sumption by ~ 20% relative to a CDCS baseline. Engine switching was considered in [45]
using both the minimum principle and simulated annealing. The minimum principle was
also used in [46] the generate optimal behaviour used for training a rule-based algorithm.

The PMP formulation presented above has also been extended to consider other con-
straints and objectives. A constraint on the upper and lower state-of-charge of the battery
was enforced at all times in [47] and [48] by introducing a term to the Lagrangian that
penalises a linear cost on state violation. This approach can guarantee hard constraint
satisfaction for a ‘sufficiently’ large constraint penalty, although the ‘sufficient’ threshold
cannot be determined a priori, and an insufficient penalty will allow the constraint to be
violated. An alternative method for enforcing the state-of-charge constraint was proposed
in [49] using a quadratic cost on violations and was compared with dynamic program-
ming in simulation, but was not tested in scenarios for which the constraint was active.
The minimum principle has also been used to minimize CO, emissions [48] and battery
degradation [50, 51] instead of fuel consumption.

2.2.3 EQUIVALENT CONSUMPTION MINIMISATION STRATEGY

BACKGROUND

The equivalent consumption minimisation strategy (ECMS) was originally developed for
charge sustaining hybrid electric vehicles on the principle that the consumption of fuel
energy and electrical energy can be equated using an equivalence factor [52]: the idea is
that when electrical energy is sacrificed to reduce fuel consumption in the present, fuel
consumption will need to be increased in the future to replenish the battery. Therefore, the
equivalent fuel consumption, 17 ¢ cquiv, Can be given by

1M equiv(€(t), A1), 1) = 1y (e(t), ) + At) - g (hu(d(t) — e(t))),
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where A(t) is the equivalence factor used to measure the relative cost of fuel and electrical
energy consumption. The power delivered by the engine is then given by

e(t) = arg(rtr)lin myg(e(t),t) + A(t) - ge(he(d(t) —e(t))) Vte[0,T]. (2.5)

EXAMPLES IN THE LITERATURE

The goal when designing an ECMS-style algorithm for energy management is to deter-
mine A(t) V¢ € [0,7] such that the hardware constraints are not violated. This echoes
the issue of choosing the initial costate p(0) for PMP, and it has in fact been shown that
ECMS and PMP are mathematically equivalent [53] (note that (2.4) is the first-order nec-
essary condition for (2.5) if p(t) = A(¢) and 771 f 4, is differentiable). The emphasis for
ECMS approaches in the literature, however, has been on developing adaptive methods for
controlling the equivalence factor to generate a real-time optimization-based controller,
known as adaptive-ECMS [54, 55], rather than on obtaining globally optimal solutions.

The results of a competition to develop a real-time energy management controller for
PHEYV fuel consumption minimization is detailed in [56], in which each of the candidate
controllers had no predictive information about future driver behaviour. The submissions
consisted of rule-based and ECMS optimization-based algorithms, and it was found that
ECMS generally outperformed the rule-based controllers and was more robust to sys-
tem variations. A common approach for introducing predictive information to adaptive
ECMS is to generate a reference state-of-charge trajectory for a given journey, and then
use the equivalence factor to penalize deviations in the actual state-of-charge trajectory.
The authors of [57] considered hybrid-electric vehicles where a quadratic cost function
penalizing deviations for a constant state-of-charge was added to the running cost to en-
sure that the controller was charge sustaining. In [58] a linearly decreasing state-of-charge
reference was constructed that reached the terminal state-of-charge constraint at the end
of the journey (which was assumed to be known), and a proportional-integral controller
was then introduced to enforce the reference trajectory through the equivalence factor. A
neural network was used in [59] to predict the energy demand of the vehicle, from which a
state-of-charge trajectory was then generated, and in [60] a neural network was combined
with vehicle-to-infrastructure and vehicle-to-vehicle technology to obtain more accurate
predictions. Other predictive information has also been considered: the effect of road
gradient preview was investigated in [31], and in [61] it was assumed that the controller
was aware of both the future road gradient and distance to the next charging station when
updating the equivalence factor. For a more comprehensive overview of ECMS and its
parallels with PMP see [62].
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2.2.4 MODEL PREDICTIVE CONTROL

BACKGROUND

Although the minimum principle has been shown to provide a comparable measure of op-
timality to dynamic programming with significantly reduced computational requirements,
in general it is challenging to account for hard constraints in a systematic way. If con-
straints that are not considered in the optimal control formulation are active in operation,
the performance of the controller may significantly deteriorate with respect to that pre-
dicted by the optimization. A method for extending the ideas from optimal control to
explicitly consider hard constraints on states and control inputs is MPC. This a nonlinear
feedback control method where the input applied to the system is defined implicitly by
the solution of a constrained optimization problem. A general formulation of MPC for
the discrete-time linear-time-invariant case is now presented to illustrate the fundamental
ideas.

Consider a system with a state, x(¢) € R”, and control input, u(t) € R™, where the
state at time ¢ + At is defined by

x(t + At) := Ax(t) + Bu(t) Vte {0,At,...},

such that A € R™*™ is the state transition matrix and B € R™*™ is the input matrix. The
principle of MPC is that at each time sample the control input applied to the system is
obtained from the solution of a finite-horizon optimal control problem, e.g.

N-1
u* € argmin Z Lr(ug, Xpi1),
u k=0
s.t. xo = x(t),

Xp11 = AXp + Buy, (2.6)

X1 € Xpy1s

uy, € Uy,

Vke€{0,...,N —1},

where x = (x1,...,Xy) is the predicted state trajectory, u := (ug,...,uy_1) is the
corresponding control input trajectory, N € Z. is the prediction horizon, £, is a running
cost on control and state, X, is a state constraint set, and {f; is a control constraint set.
The control input applied to the system over each sampling interval is then defined as the
first element of the optimized control vector, i.e. u(t) = ug(x(t)) Vt € {0, At,...}.

One of the main technical challenges associated with MPC is obtaining the solution to
the constrained optimization problem in real time. A solution can be obtained for arbitrary
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cost and constraints using the discrete-time dynamic programming algorithm presented
in Section 2.2.1%, although this is too computationally demanding in general. One of the
advantages of a discrete-time, finite-horizon MPC optimization problem is that it can in-
stead be solved using standard finite dimensional numerical optimization techniques [64].
If the cost function is convex and quadratic and the constraint sets are polytopic, then (2.6)
reduces to a quadratic program that can be reliably and efficiently solved on both desktop
[12, 65, 66] and embedded hardware [67, 68]. Note that it is also possible in some cases
to map the nonlinear feedback law explicitly (e.g. [69]), although the memory required to
store the feedback law for each partition of the state-space may become prohibitive.

For a historical overview of the development of MPC since its inception in 1980 see
[70]. For a review of techniques for ensuring closed-loop stability for MPC using a finite
prediction horizon see [71]. For a textbook providing a more comprehensive treatment of
MPC see [72].

STOCHASTIC MODEL PREDICTIVE CONTROL

The previous section considered the case where it is assumed that the dynamics of the
system being controlled are known with complete precision, a.k.a ‘nominal’ MPC. In re-
ality, the dynamics will not be known exactly and the system will be subject to random
disturbances. The state transition equation can be given in this case by

x(t + At) = A(w(t)x(t) + Bw()u(t) + d(w(t)) Ve {0,At,....},

where w(t) € R is a vector parametrizing the uncertainty, d : R® — R" is the system
disturbance, and A and B are now functions of the uncertainty vector. One approach to
addressing this uncertainty is Robust MPC, where it is assumed that the uncertainty is
restricted to a set, i.e.

w(t)eW, Vte{0,At,.. .}

3This illustrates a separation between MPC and the previously described optimal control approaches.
The principle of optimality and the minimum principle provide optimality conditions for optimal control
problems, and in particular cases these conditions result in a state-feedback control law (e.g. the linear
quadratic regulator [63]). Model predictive control, on the other hand, is fundamentally a nonlinear state-
feedback control law u(t) = ¢(x(t)), where ¢ is defined implicitly by a state parametrized optimization
problem.
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The robust MPC problem associated with this uncertainty can then be given by

N-1
u* € argmin max Z L (ag, Xgr1),
" Y k=0
s.t. xg = x(1),

Xpr1 = A(Wg)xg + B(wg)ug + d(wy), (2.7)
X1 € Xpt1,
u, € Uy,
vk € {0,...,N —1}.

Note that the cost function now represents the worst case across the uncertainty set. A
limitation of the robust approach is that it does not account for the probability of each
possible realisation of the uncertainty set, so the controller will be conservative in practice.
This limitation is addressed using stochastic MPC, where the uncertainty vectors, wy, are
instead modelled as random variables that induce probability measure P on W,. The
stochastic MPC problem associated with this uncertainty can instead be given by

N

Z Ly, (g, Xpt1)

k=0

s.t. xo = x(t),
Xps1 = A(wWi)xp + B(wi)uy, + d(wy), (2.8)
P [Xk—‘,-l € Xk-}—l] > €,
ug € uk>
Wy Wlm
Vk e {0,...,N —1}.

u* € argmin E
u

Y

Note that the objective now considers the expectation of the cost subject to the random
uncertainty (although the worst case as presented in the robust version may also be used),
and that the state is now constrained by a chance constraint. This is included because if
the probability distribution WV, has infinite support, then it may be impossible to guarantee
the state constraints with complete certainty. For a review of robust MPC see [73], and for
a review of stochastic MPC see [74]. For a textbook addressing both see [75].
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EXAMPLES IN THE LITERATURE

The complexity of the powertrain model and constraints that can be used for MPC are
restricted by the specifications of the electronic control unit used for powertrain control®.
As previously described, in the most general case the energy management problem can
take several hours to solve over long prediction horizons using dynamic programming, so
a degree of approximation and simplification is required.> One of the challenging aspects
of using MPC for the energy management problem is that the prediction horizon can be
‘long’: a half hour journey sampled at 1Hz results in a prediction horizon of 1800 samples.
Consequently, the state-of-charge trajectory is typically not explicitly optimized. Instead,
a reference state-of-charge trajectory is generated so as to minimize fuel consumption
(similarly to ECMS), and then ‘short’ horizon MPC (i.e. 10 — 20 samples) is used to track
the reference trajectory. For hybrid-electric vehicles, the reference trajectory can be set
at a constant level so that the control algorithm is charge-sustaining, as demonstrated in
[76], where a constant terminal state-of-charge constraint was used in the MPC optimiza-
tion. Similarly, a quadratic cost on deviations from a constant terminal state-of-charge was
used in [77], and a quadratic cost was used to penalise deviations from a constant state-
of-charge reference across the entire prediction horizon in [78, 79, 80, 81]. For PHEVs,
a charge-depleting state-of-charge trajectory is instead constructed. In [82, 83], a linearly
decreasing trajectory was used (again, similarly to ECMS), although a reference trajec-
tory that adapted to predictions of driver power demand was also investigated in [82]. A
hierarchical framework was presented in [84], where a simplified powertrain model was
optimized over a long horizon to generate the state-of-charge trajectory, then short-horizon
MPC was used with a high fidelity model to track the optimized state-of-charge trajectory.

The real-time requirement of MPC influences the choice of optimization algorithm,
as only short prediction horizons can be used if a computationally expensive method is
selected. PMP was used in [76] as the MPC formulation only included a hard terminal
constraint, whilst dynamic programming was used for optimization in [78, 36, 84, 83]. The
use of dynamic programming places a significant restriction on the prediction horizon (e.g.
a prediction horizon of 10 samples was used in [36], and a maximum of 20 samples was
used in [83]), but this restriction can be reduced using the heirarchical approach of [84],
where the long-horizon prediction is updated at a lower frequency than the high fidelity
model. Another approach is to linearise the vehicle model about the reference state-of-
charge trajectory so that the optimization reduces to a quadratic program [78, 85], although
the linearization may introduce significant sub-optimality if the reference trajectory does

“The specifications of the powertrain controller are challenging to quantify as a modern car typically has
a large range of available processing units.

3 An energy management specific MPC formulation is not presented here as it was for dynamic program-
ming and the minimum principle because several MPC formulations are presented in the following chapters.
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not match the optimized trajectory. This approach was extended in [86], where the model
was repeatedly re-linearized using sequential quadratic programming.

A further aspect of MPC that requires consideration is the methods used to predict
future driver behaviour, which can be generally divided into artificial intelligence-based
methods and methods based on Markov processes [87, §2.2-2.3]. In a Markov model it
is assumed that future states only depend on the current state, and this approach has been
used to model predictions of future velocity [83, 36], acceleration [83, 82], road gradi-
ent [36], speed limit [36], torque [80, 86] and power demand [79]. The minimum fuel
consumption can be obtained for all possible realisations of a Markov model over the
prediction horizon using stochastic dynamic programming [36], although this approach is
even more computationally demanding than the deterministic dynamic programming dis-
cussed previously. Neural networks have also been used to model future driver behaviour
[84, 82, 88], and have been shown to provide more accurate short-term predictions than
Markov models [88]. The aforementioned methods are typically only used for short-term
behaviour predictions, and long-term prediction is still an open problem [87].

2.2.5 CONVEX OPTIMIZATION

BACKGROUND

Convex optimization has its roots in linear programming, a class of optimization problems
developed in the 1940s for solving military logistics problems [89]. The development
of interior-point methods in the 1980s revealed that the principles of these methods for
solving linear programs could be extended to nonlinear optimization problems [90]. In
particular, interior point methods could be used to efficiently obtain a globally optimal so-
lution to the convex optimization problem of minimizing a convex function over a convex
set. To begin this section, some of the core concepts of convex optimization are presented:

Definition 2.2.1 (Convex Set). A set, C C R", is convex if
)\a:1+(1—)\)x2€C, \V/Il,ﬂfg EC, VA e [0,1]

Definition 2.2.2 (Convex Function). Let C C R"™ be a convex set. A function, f : C —
(—o00, 00, is convex if

M(z)+ (1 =N f(x2) > f(Az1 + (1 — M), Va,ze€C, VA€]0,1].
The function is strictly convex if
M (@) + (1 =N f(z2) > fAz1 + (1 = Nzg), Va2 €C, a1 # 12, YAE(0,1).
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Definition 2.2.3 (Convex Optimization Problem). An optimization problem

min f(z)

T

st.ze X

is convex if f : C — (—o0, 00| is a convex function and X’ is a convex set. A vector z* is
a minimum of f over X if

r*eXNC and f(z¥) = in)f(f(x).
re
Proposition 2.2.1. If X C R" is a convex set, and f : R" — (—o00,00| is a convex
function, then a local minimum of f over X is also a global minimum. If in addition f is
strictly convex, then there exists at most one global minimum of f over X.

Proof. The proof is presented in [91, p.118] U

Proposition 2.2.1 implies that if an optimization problem is convex, an algorithm that
converges to a point satisfying the first-order necessary conditions (e.g. V f(z) = 0, if
C = X = R" and f is differentiable) will also converge to the global optimum. Addition-
ally, for many useful forms of convex optimization problem, including linear programs,
quadratic programs, and semidefinite programs (subject to regularity conditions), algo-
rithms exist that can approximate the solution to arbitrary accuracy in polynomial time
[13]. These properties imply that convex optimization is, in a sense, ‘easier’ than noncon-
vex optimization. A further benefit of a convex formulation is that it can often be reliably
solved using general purpose convex optimization software, so it may not be necessary to
develop a dedicated optimization algorithm for a given problem. Consequently, convex
optimization has been applied extensively to problems in optimal control [92, 93, 94, 95].
For a textbook covering the fundamental theory, applications, and algorithms of convex
optimization, see [96].

SCENARIO OPTIMIZATION
Consider the chance constrained optimization problem

min ¢' z

veRn
strxe X 2.9
Plx € X(9)] > e,
AN
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where the constraint sets X and X'(d) are closed and convex V6 € A, and X (0) is a
function of an uncertain parameter 0 € A with an associated probability P. Note that
(2.9) can be used to represent an arbitrary convex cost function, f,if ¢ = (1,0,...,0) and
X C{x:xy > f(xq)}, and is a general form of both the stochastic MPC optimization
problem (2.8) and the robust MPC optimization problem (2.7) (in the case of the latter
e=1).

In the general case, finding a solution to (2.9) with a high probability of constraint
satisfaction is challenging (see [97] for a textbook addressing problems of the form of
(2.9)). An alternative approach is to approximate (2.9) with S € Z,, samples of the
uncertainty as

min ¢'

zeR™

st.x e X (2.10)
re (] X(6)

This is known as the scenario approach [98, 99], and results in a deterministic optimization
problem that can now be approached using standard convex optimization algorithms. This
significantly improves the tractability relative to the original stochastic program, and con-
sequently, the scenario approach has been extensively investigated for designing optimal
and model predictive controllers under stochastic uncertainty [100, 101, 102]. A limitation
is that the solution of (2.10), x*, cannot now be guaranteed to satisfy the original chance
constraint, P[z* € X'(§)] > ¢, as x* is a random variable that depends on the chosen sam-
ples of the uncertainty set A. Theoretical treatments of the scenario approach therefore
instead address issues such the confidence of constraint violation probability. For example,
a seminal result in scenario optimization theory presented in [98] is that if the violation
probability is defined as V' (z*) := P{0 € A, x* ¢ X(0)}, then the confidence of a given
violation probability is upper bounded by

P{V (z* >6}<Z<) (1—e),

and that this bound is tight for fully supported problems (see [98] for further details).
Results such as this provide a basis for selecting the number of scenarios, .S, to provide an
‘adequately’ close approximation of the solution of (2.9).

EXAMPLES IN THE LITERATURE

Convex quadratic programs (in which the Hessian of the objective function is positive
semi-definite) are a subclass of convex optimization problems, so all of the aforementioned
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MPC approaches using quadratic programming are in fact using convex optimization.
However, in order for the energy management problem to be formulated as a quadratic
program, the model of the losses in the battery and motor needs to be linear (or linearized),
rendering the obtained power-split suboptimal. The advantage of using more general con-
vex optimization is that more descriptive models can be used for modelling the powertrain
(for a more comprehensive overview of convex relaxations for hybrid electric powertrain
modelling see [14] or [103]).

The design of a hybrid vehicle is dependent on the controller used for energy man-
agement, as the efficiency of the powertrain influences the required battery size. Con-
sequently, a significant subset of the work on PHEV energy management using convex
optimization has considered the problem of simultaneous component sizing and energy
management. The first investigation using this approach was [17], where it was assumed
that engine switching and gear selection were controlled using heuristics, and convex op-
timization was used to determine the optimal battery size and power-split between the
battery and engine. This approach was extended in [104] and [105] to consider a PHEV
with a battery/supercapacitor hybrid energy storage system. Engine switching was also
optimized in [106] with an algorithm that alternated between using PMP to optimize the
engine control sequence for a given power-split, and convex optimization to optimize the
power split for a given engine control sequence. This approach was then extended to
also optimize gear selection (using dynamic programming instead of PMP) in [107] and
[108]. A continuously variable transmission was considered in [109], and an electric vari-
able transmission was considered in [110]. Simultaneous sizing of the engine, motor,
and battery was considered in [111], and simultaneous sizing, control, and charging was
investigated in [112].

Other studies have approached the energy management problem alone using convex
optimization. In [113], the power-split was controlled using convex optimization and
compared against CDCS to investigate the effect of battery size on powertrain efficiency.
Convex optimization was again combined with PMP to optimize both the power-split and
engine switching in [114], and scenario optimization was used to consider multiple pre-
dictions of future driver behaviour in [80].

One of the limitations of the above approaches is that the convex optimization problem
has typically been parsed with CVX and then solved using general purpose optimization
software such as SDPT3 [115]. This limits the computational performance, and prevents a
real-time solution: up to 13s were required in [114] for a horizon of ~ 1000 samples when
optimizing the power-split alone. The only examples that could be found in the literature
of optimization algorithms used to solve convex formulations of the energy management
problem were the active set method presented in [116], and the interior point method
presented in [117]. In both of these cases the losses in the battery were ignored and the
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losses in the motor were modelled as linear functions, and as will be demonstrated in
Chapter 4, these approximations necessarily render the obtained control inputs suboptimal.

2.3 CONCLUDING REMARKS

This chapter presents an illustrative formulation of the PHEV energy management prob-
lem, and a review of the common optimization-based methods for its solution and their
limitations. It was demonstrated that dynamic programming can be used to solve the
energy management problem for arbitrary models and control variables, but that it is too
computationally demanding for a real-time online solution. This was contrasted with PMP,
which is significantly computationally cheaper, but has limitations when enforcing more
general constraints, and still requires an exact prediction of future driver behaviour. The
ECMS was derived and shown to be a mathematically equivalent to PMP, and methods of
adapting the costate/equivalence factor online using predictions of future driver behaviour
were reviewed. Model-predictive control was introduced as an alternative method of in-
cluding predictions of driver behaviour in a real-time, online framework, but was shown
to be limited by the computation required to solve the associated optimization problem
online. Finally, convex optimization was introduced as a method for forming computa-
tionally tractable energy management problems, and it was highlighted that there is a lack
of studies that have investigated tailored algorithms for efficiently solving the resulting
optimization problem.
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CHAPTER 3

TERMINAL STATE CONSTRAINT

This chapter presents the first MPC formulation in which the state-of-charge of the battery
is subject to a terminal constraint only. The chapter starts with a detailed description of the
PHEYV model used throughout this thesis, after which the MPC optimization is formulated
using an approximate model. It is then demonstrated that the MPC optimization is convex
under negligible further approximation when considered in terms of the battery’s discharge
rate. The MPC algorithm is then compared in simulation against PMP where it is shown to
obtain near-optimal performance, but is also limited by the lack of general state constraints.

3.1 VEHICLE MODEL

This section presents the PHEV model used for simulation, for which the key parameters
are summarized in Table 3.1. Figure 3.1 illustrates the transfers of power in the PHEV
powertrain model used for simulation, which will now be formulated in discrete time.
The velocity of the vehicle, v(t) € R, and road gradient, 6(¢) € R, for a given journey
are sampled discretely for all ¢ € {0,...,7 — 1}, where T" € Z,, is the duration of
the journey in seconds. This implies that the samples are taken at a uniform frequency
of 1Hz, which is a common sampling rate used for energy management problems (e.g.
[79, 82, 78, 84, 80]), although the approach presented here can be readily extended to
arbitrary sampling intervals.

ROTATION

The rotational speed of the wheels, w,,(t) € R, is defined by
)

wy(t) = LG {0,...,7 -1}, 3.1)

Tw
where 1, € R, ; is the effective radius of the wheels. The first control variable considered
is the gear ratio, r(t), and the vehicle is modelled with a discretely variable transmission so
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Table 3.1: Model Parameters for a Typical Passenger Vehicle

Parameter Value
Vehicle mass (m,,) 1900 kg
Drag coefficient (Cp) 0.27
Rolling resistance coefficient (C).) 0.015
Motor power rating 50 kW
Motor torque limits (T,T) 4200 Nm
Engine power rating 100 kW
Engine torque limits (7, T) (400, 0) Nm
Battery capacity 8 kWh
Battery current limits (7, 1) +200 A

ngin e(t
g (t) — Lofsegs ]f(_) D Cluen o(t) a0
1(1)—» Gearbox r(t) 'Zﬂfr :
(e
Battery c(t) Motor b(t)
u(t) 1 Losses g(-) | | Losses h(-)

Figure 3.1: Diagram of the loss functions and variables that are used in the mathematical formu-
lation of the energy management problem (duplicate of Figure 2.2 for convenience).
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that the gear ratio is selected as r(t) € {71,...,7,} Vt € {0,...,T—1}, where g € Z, | is
the number of available gear ratios given by 7; € R, , Vi € {1,...,¢}. The dynamics of
gear selection are ignored as they are assumed to be significantly faster than the 1s sample
period, so the rotational speed of the motor, w,,(t) € R, is defined by

vt e {0,...,T —1}. (3.2)

The second control variable considered is the clutch engagement, o(t) € {0,1} Vt €
{0,...,T — 1}, which is coupled to the engine state so that o(f) = 1 implies that the
clutch is engaged and the engine is on, and o(¢) = 0 implies that the clutch is disengaged
and the engine is off. The engine switching and clutch engagement dynamics are also
ignored as they are assumed to be too fast to be captured by the 1s sampling period. It
is assumed (without loss of generality) that the torque coupling device does not have an
effective gear ratio, so the rotational speed of the engine, w.(t) € R, is defined by

we(t) i= {“m(t) oW=1" o, T-1) (3.3)

POWER

The driver’s power demand (which is externally imposed, and not a decision variable),
d(t) € R, is defined using a longitudinal model (commonly used for energy management,
e.g. [34, 32, 38, 37, 84]) as

d(t) :== [m,o(t) + %paC',;)Avv(t)2 + Cymyg cosB(t) + m,g sin 9(15)] v(t) (3.4)

vt € {0,...,T—1}, where m, € Ry is the vehicle’s mass (assumed constant), v(¢) € R is
the vehicle’s acceleration (which can either be estimated from the velocity using numerical
differentiation, or sampled itself), p, € R is the density of the atmosphere, Cp € R,
is the vehicle’s drag coefficient, A, € R, is the vehicle’s frontal area, C,, € R, is the
vehicle’s rolling resistance coefficient, and g € R, . is the acceleration due to gravity.
The third control variable considered in this framework is the mechanical braking power,
b(t) € R_, which is nonpositive and combined additively with the power delivered by the
powertrain, p(t) € R, to meet the driver demand power:

d(t) == p(t) + b(t), b(t)<0, Vte{o,...,T -1} (3.5)
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The drivetrain components are modelled as 100% efficient!, and the power delivered by
the engine (through the clutch), e(t) € R, is combined additively with the power delivered
by the motor, m(t) € R, and delivered to the drivetrain so that

p(t) i {e(t) +m(t) oft)

m(t) o(t)

1
o VtE{0.. -1} (3.6)

The fourth control variable is therefore the engine power, as the motor output power, m(t),
is then implicitly defined by (3.6).

The rate of fuel consumption, 1 ¢(t) € Ry, is modelled as a static map, f : R x R —
R, of engine speed and power (as used in, for example, [82, 78, 80, 46, 49]) as

my(t) == flwe(t),e(t)) Vte{0,...,T—1}. (3.7)

The motor’s input power, ¢(t) € R, is also modelled as a static map, 2 : R x R — R, of
motor speed and power (as used in, for example, [82, 80, 46, 49]) as

c(t) :== h(wn(t),m(t)) vte{0,...,T —1}. (3.8)

The fuel mass flow and input power maps are illustrated in Figure 3.2, and obtained from
experimental data for a 100 kW internal combustion engine and 50 kW electric motor.

An 8 kWh battery is modelled using an equivalent circuit with internal resistance only
(as used in [37, 38, 32, 34, 51, 82, 78, 80]), where the open circuit voltage and resistance
are functions, V. : R — R and R,. : R — R, of the battery’s internal energy, z(t) € R,
as illustrated in Figure 3.3. The power electronics connecting the battery to the motor are
assumed to be 100% efficient, so the internal power of the battery, u(t) € R, is defined as
a function, g : R — R, of motor output power and speed

vVt € {0,...,T — 1}. The power is modelled as constant between sampling intervals, so
the internal energy of the battery, z(t) € R, is defined by

x(t) :==x(0) = » u(0), Vte{l,..., T}, (3.10)

where 2(0) € R is the battery’s initial internal energy. Note that there is a one-to-one
mapping between the battery’s internal energy (e.g. in megajoules) and state-of-charge (as
a percentage of its total capacity), and these terms are therefore used interchangeably.

IThe drivetrain efficiency can be set arbitrarily using the proposed method, so long as a fixed fraction of
negative power is provided by the mechanical brakes, as proposed in the following section.
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Fuel Mass Flow 7 s Motor Input Power ¢
400 )
£ 300 =
Z Z
o 200 o 0
= =
= 100 =t
S S
= =
0 —200
200 400 600 200 400 600
we (rads™h) Wy (rads™h)

Figure 3.2: Experimental data used as the engine and motor maps for simulation (scale not pro-

vided as the data is proprietary).
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State-of-charge x(t) (%)  State-of-charge x(t) (%)
(b) Equivalent circuit parameters, obtained from experimental data.

(a) Equivalent circuit model.

Figure 3.3: Battery equivalent circuit model
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CONSTRAINTS

The engine is subject to upper and lower torque constraints, 7, : R — Rand T, : R R,
that may be functions of rotational speed, so that

T (we(t))we(t) < e(t) < To(we(t))we(t) Vte{0,....,T—1}.  (3.11)

Similarly, the motor is subject to upper and lower torque constraints, 7,, : R ~ R and
T, : R— R, that may be functions of rotational speed, so that

T, (Wi (8))wm () < m(t) < To(wm(t)wm(t) VEe{0,...., T —1}. (3.12)
The battery has upper and lower current limits, 7 € R and i € R, so that
Voo2(1)) < ult) < Voo(x(t)) VE€{0,..., T —1}. (3.13)

The rotational speed of the engine and motor are constrained by lower and upper limits,
Wy W,y € Rand w,, W (t) € R,

W S win(t) <@y w, <wp(t) <w. Vte{0,...,T—1} (3.14)
Finally, the battery has energy limits, x € R and 7 € R, such that
z<z(t)<zT Vte{l,...,T}. (3.15)

The energy limits are generally not set equal to the battery’s maximum and minimum
capacity, as these charge states are unsafe.

ENERGY MANAGEMENT OPTIMIZATION

The objective is to minimize the total fuel consumed during the journey, so the energy
management optimal control problem is

T—1

min my(t
e(0).6(0)r(0).0(1) ; )
vte{0,...,T} -

s.t.(3.1) — (3.15).

As previously discussed, there are several limitations with approaching the energy man-
agement problem this way, including the fact that the solution at the start of the journey
is dependent on a future prediction of driver behaviour, and that the optimization is chal-
lenging to solve in general, even if the future power demand is known exactly. A model
predictive controller is now proposed where the control inputs, e(t), b(t), r(t), and o(¢),
applied at each interval, ¢, are obtained from the solution of a simplified optimization
problem.
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3.2 MODEL PREDICTIVE CONTROLLER

PREDICTION

It is assumed that a prediction of the vehicle’s velocity and the road gradient is available to
the controller over a shrinking horizon of N timesteps (where N = T" —t and ¢ is the time
when the prediction is made) as v := (v, ...,vy_1) € RN Land § := (6,...,0y_1) €
RN—1. Additionally, it is assumed that the current power demand and wheel speed, d, and
w0, can be accurately measured using the vehicle’s onboard sensors. Note that, for an
example variable v, the notation v(t) used to represent the simulated value of v at time
t, whereas the subscript notation vy is used to represent the value of v(t + k) predicted
at time ¢ within the MPC framework. The future driver power demand, dj, and rotational
speed of the wheels, w,, 1, can then be determined using v and 6 similarly to (3.1) and (3.4)
forall k € {0,...,N — 1}.

HEURISTICS

For the case considered in this chapter, only the relative fraction of power delivered by the
engine and motor is considered by the MPC controller (i.e. the control vector is reduced to
just u), and the other variables are completely determined by heuristics. The gear selection
control, 7, € R, is defined by the heuristic

A

r1 U1 S v < U9
rE =< : , Vke{0,...,N—1} (3.16)

f'g ’l_}g S V¢ S o0

where (01,...,0,) € RY is a vector of threshold velocities. With the gear selection con-
troller chosen, the rotational speed of the motor is defined using (3.16) and a similar form
of (3.2) Vk € {0,..., N — 1}. The intervals, k, within the prediction horizon are then
separated into the sets

P:={ke{0,....N—1}:wpi >w.}, C:={0,...,N—1}\P,

i.e. P is the set of timesteps, k, where the motor speed is greater than or equal to the
minimum engine speed, and C is the set of times where the motor speed is lower than the
minimum engine speed. The clutch and engine control heuristic is then defined by

1 keP
= vk e {0,...,N —1}. 3.17
o {O Lec { } (3.17)
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3.2. MODEL PREDICTIVE CONTROLLER

The predicted rotational speed of the engine, w, j, is now well defined by (3.17) and a
similar form of (3.3) forall & € {0, ..., N —1}. Finally, the braking power is set at a fixed
fraction, k;, € R, of the negative driver demand power,

bk::{o d 2 0 vk e {0,...,N —1}, (3.18)
kyd, di <0

so the power required from the drivetrain, py, can now be defined using (3.18) and a similar
form of (3.5) forall k € {0,..., N —1}.

It is likely that better heuristics exist, and the optimal gear selection, engine switching,
and braking could be estimated using an external optimization routine (such as those used
in [106, 107]), but the purpose of this chapter is to demonstrate that the resulting problem
is convex, so the choice of control for these variables is arbitrary.

LOSSES

The engine and motor input-output maps are approximated by the functions

f (e, er) = ag(wer)er + ar(wWep)er + ao(wer)

AW ges M) & B (Wi o), 4 B1(Wr ) 106 + Bo (Wi, )

where ap(z) > 0 Vz € dom(az) and fy(z) > 0 Vo € dom(fy). This is a common
approach to energy management using convex optimization (e.g. [112, 113, 17, 104, 111,
118, 105, 116, 107]), and typically provides a very close approximation of the experimen-
tal loss maps (see, for example, [116, §2], [17, §7]), [107, §2], or [112, §2]). The fuel
consumption rate and input power to the motor, 7y, € R and ¢, € R, can then be defined
as functions, f; : R — R and h; : R — R, of engine power and motor power as

, g k€2 + Qg per + o keP
myi = frler) == {OM BT TLEER TS0k L e (3.19a)
¢ := hu(my) := Bogmi + Breme + Bop Yk €{0,...,N —1}, (3.19b)

using the coefficients o 1= a;(wer) Vi € {0,1,2} Vk € P and 5, := Bi(wmx) Vi €
{0,1,2} Vk €{0,...,N — 1}.

It is assumed that the battery’s open circuit voltage, V,., € R, and resistance, R, €
R, are constant across the prediction horizon at their current values, i.e.

Vii=V(z(t) Ry :=R(z(t)) Vkel{o,...,N—1}.
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3.2. MODEL PREDICTIVE CONTROLLER

This is also an assumption that is commonly made for convex optimization-based energy
management [17, 114, 106, 104], and Figure 3.3 illustrates that it results in a negligible
approximation for moderate changes in the battery’s internal energy. The predicted rate of
depletion of the battery’s internal energy, u; € R, is then given by

2
e = gulom) = Yo ( . ¢ . M) e, T-1.  (320)

2R,

Note that, under the condition that 855 > 0 for all k£ (which is true as fy(x) > 0 by
definition), the functions gx(my) are all convex (within a suitable domain). This can be
shown using the fact that —,/z is strictly convex and strictly decreasing, and that every
function —hy(my) is strictly concave and even (with respect to its maximizing argument).
This result is not used within this thesis and is therefore not proven in detail.

CONSTRAINTS

The power required from the motor is defined by

e k
o QPTG RSP 0 N, 3.21)
Pk kecC

and subject to constraints m;, < my < My, defined by

{max {Im(wmjk)wmk,minz + 5} keP
my =

keC
P (3.22)

L min {Tm(wm,k)wm,k, max Z — 5} keP
mp ‘= s
Dk kecC

Vk € {0,...,N — 1}, where Z := {mk eR:1-— Mh"j#’“) > O} is the interval in which
areal solution of (3.20) exists, and 6 € R, is an arbitrarily small perturbation (the reason
for including this perturbation is discussed later in Remark 3.2.2, and it is for now assumed
to be equal to zero).

Remark 3.2.1 (Existence of min Z and max Z). The set Z is non-empty and closed if
4R B
1> — ——= . 3.23
= (ﬁo,k 1oy (3.23)

For all operating regions of the motor data shown in Figure 3.2 it was found that (5, ~
1 x 1075, 81 ~ 1 and By =~ 0, so (3.23) is always satisfied.
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3.2. MODEL PREDICTIVE CONTROLLER

As the engine is off V& € C, and the constraints on engine and motor power can be
consolidated into constraints on just engine power using (3.21) Vk € P, the constraints
e, < e < e are defined by

{max {Ie(we,k)w&k, Pk — mk} kePpP
€ =

0 keC
- min {Te(w&k)we,ka Dk — Mk} keP
€ = )

0 kel

VEk € {0,..., N — 1}. Finally, the battery’s internal power is constrained by
iVi <u <iVip Vke{0,...,N—1}

For all of the numerical experiments presented in this thesis, the same sampling fre-
quency is used for both the simulation and MPC predictions (i.e. 1Hz), although this
MPC framework can also be trivially extended to an arbitrary prediction sampling inter-
val, which does not need to be the same as that used for the simulations. It is again assumed
that the power is constant between sampling intervals, so the predicted internal energy of
the battery, x5, € R, for the MPC optimization at time ? is defined by

k-1

vp=a(t) = Y uw Vke{l,... N} (3.24)

=0

For the approach used in this chapter, the general state-of-charge constraint (3.15) is ig-
nored, and only the constraint

N-1

1=0

is considered, where X € [z,7] is the target terminal state-of-charge. The terminal
state of charge is useful for optimal energy management controllers for several reasons:
if the optimal state-of-charge trajectory decreases (near) linearly throughout the journey,
the optimal controller (in terms of minimizing fuel consumption) can be obtained with
only the terminal state-of-charge constraint (it will later be shown that this condition does
not hold in general). It will also be desirable when controlling a HEV powertrain for
the state-of-charge to be the same at the start and end of the journey. More generally, a
terminal state-of-charge constraint allows the relative efficiency of two candidate energy
management strategies to be determined by simply comparing their total fuel consumption.
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3.2. MODEL PREDICTIVE CONTROLLER

OPTIMIZATION

The objective is to minimize fuel consumption subject to the above constraints, and the

model predictive controller is defined by e(t) := e}, where e is the first element of the
vector e := (e, .. ., ey_1) that minimizes
N-1
mein f’ﬂ (ek) )
i=0

my = pp — €
R R A (I A 3 (MPC.1a)
uy, = gr(my)

N-1
x(t) — Z u; = Xr.
i=0

Note that m; and e, are determined implicitly by any given value of wu;, and all other
variables are fixed parameters. Problem (MPC.1a) is nonconvex in general due to the
nonlinear equality constraint u;, = gx(my), defined in (3.20).

3.2.1 CONVEX FORMULATION

A convex reformulation of (MPC.1a) is now presented. This is not the first derivation of
a convex energy management problem, and it has previously been demonstrated that if
the constraint u; = gi(my) is relaxed to the inequality constraint u; > gi(my) the re-
sulting problem is convex, and the constraint will be satisfied with equality at the solution
[14]. The approach presented here is instead to reformulate the problem so that the rate of
change of the battery’s internal energy, u, is the decision variable. This method is compu-
tationally preferable when the MPC problem is extended to the general battery constraint
in Chapter 4, as the previous approach then introduces /N nonlinear inequality constraints
whereas the proposed method introduces N affine inequality constraints.

MATHEMATICAL PRELIMINARIES

Definition 3.2.1 (Increasing Function). A function f : & — ) (where X C R and
Y C R) is increasing iff

X1 > Ty — f(l'l) > f(l'g) V:cl,xg e X.
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3.2. MODEL PREDICTIVE CONTROLLER

A function is strictly increasing iff
x> 19 = f(1) > f(x2) V1,29 € X.

Lemma 3.2.1. The composition of a concave function, g, and a decreasing convex func-
tion, f, is convex.

Proof. The property that g is concave implies that
g Az + (1 = N)xg) > Ag(x1) + (1 — N)g(ze) Vap, 29 € dom(g), VA € [0, 1].
The property that f is decreasing and convex can then be used to show that

Flghar + (1= Naz)) < f(Ag(z1) + (1 — N)g(a2)) (g concave, f decreasing)
< Af(g(z1)) + (1= X)f(g(z2)) (f convex)

Vxy,x9 € dom(g), VA € [0, 1], which concludes the proof. O

Lemma 3.2.2. The composition of a strictly concave function, g, and a strictly decreasing,
strictly convex function, f, is strictly convex.

Proof. Can be shown with minor changes to the proof of Lemma 3.2.1. L

Lemma 3.2.3. The composition of a strictly convex function, g, and a strictly increasing,
strictly convex function, f, is strictly convex.

Proof. Can be shown with minor changes to the proof of Lemma 3.2.1. ]

CONVEX REFORMULATION

Proposition 3.2.1. Redefine the lower limit on engine power as

€, 4 max {gk, —;Lk } Vk € P, (3.25)

Q2

so that ey, is constrained to the domain of fi(ex) in which it is an increasing function.
Additionally, choose an arbitrarily small, but positive value of § in (3.22), then redefine
the limits on motor power as

Bk

52 Pk — Ek} my < min{my, pr —e,} VkeP. (3.26)
252,1@

my, < max {mk, —
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3.2. MODEL PREDICTIVE CONTROLLER

These new constraints ensure that my, is constrained to the domain of hy,(my,) in which it
is an increasing function, and so that the limits on engine power are also satisfied when
ex = pr — mg. Under the above modifications, problem (MPC.la) is equivalent to the
convex optimization problem

N-1
min Z Fk(uk),
“ 1=0

N-1 (MPC.1b)
.t x(t) — Z u; = X,
i=0

where
Fio(ug) := frlpr — g5 (ur)),
and u;, € R and uy, € R are lower and upper limits on the battery power defined by

o max {iV, gx(m;)} keP _— min {ﬂ/,gk(mk)} kLeP
' 9r(P) keC 9r(Pr) kecC

Vke{0,...,N—1}.

The principle of Proposition 3.2.1 is that problem (MPC.1a) becomes convex under the
change of variables e, = p, — g, ' (u), subject to the specified constraint modifications.
The proof of Proposition 3.2.1 is constructed in the three Lemmas and the Theorem that
follow; the eventual result is that the functions Fj(uy) are convex, so (MPC.1b) is convex
as it is only subject to affine equality and inequality constraints.

Lemma 3.2.4. For every k € P, the function fy, : |e;, €] — R defined by (3.19a) is
strictly convex and strictly increasing (Definition 3.2.1).

Proof. fj is quadratic with positive second derivative (a2, > 0 Vk € {0,...,N — 1})
so is strictly convex and has a unique minimizing argument of —;al—;“k. Furthermore, ¢;, >

al,k’ . . . . . —
oy 50 fx is strictly increasing on the interval [e, , €]. [

Lemma 3.2.5. For every k € P, the function gy : [m,m| — [gr(m}.), gx(Thy )| defined by
(3.20) is strictly increasing, strictly convex, twice differentiable, and one-to-one.

Proof. The function fzk(mk) =1 %(ka) is quadratic with negative second derivative
(Bax > 0VE €{0,..., N —1}) sois also concave and has a unique maximising argument

43



3.2. MODEL PREDICTIVE CONTROLLER

B1,k Bk
2B, Note that m > B

strictly decreasing on the interval [m, m]. The function —+/x is strictly convex and strictly

> min Z and m < max Z, so fzk(mt) is positive and

decreasing on the domain R, so the composite function —4/ izk(mk) is strictly increasing
(the composition of two strictly decreasing functions is necessarily strictly increasing) and
strictly convex (Lemma 3.2.2). The additional constant and positive coefficient in the
definition of g preserve this result. The derivatives of g;, are given by

VI (x)

ge(my) = ———=—=—=
4R/ h(my)

and

/
il = ——— (fz',xmk) - M)
AR\ h(my) 2(hy,(my))?
which exist as ﬁk is positive on the interval [m, 7] and is twice differentiable, so g is
twice differentiable.

The property that gy, is continuous (the composition of two continuous functions is nec-
essarily continuous) implies that g maps [m, ] to every element in [gx.(m,), g (T21)], and
the property that g, is strictly increasing therefore implies that g, maps [m, 2] uniquely to
every element in [gx (1), gx (71 )]. Therefore, g, is one-to-one on the domain [m, 77| and

range [gx.(1my,), gr.(Mx)]. .

Lemma 3.2.6. The function g;," : [gx(my.), gx(M1)] = [m, M), defined by

Ru? - !
1) = — Bk 4 Ukz L Bo n ﬁgk
202 Ba iV B,k 455,

is strictly increasing, strictly concave, and twice differentiable.
Proof. The property that g is strictly convex implies that
Age(z1) + (1 = Ngr(z2) > gr(Azy + (1 = Nag) Vi, 2o € [m,m| VA € [0,1]. (3.27)

The inverse map is strictly increasing (this can be trivially shown from the definition of a
strictly increasing function), which implies that

y1> 12 = g (1) > g, (y2) V1,2 € dom(g, ). (3.28)
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If y = gi(x), then

g Ay + (1= Ny2) = g7 Age(@1) 4+ (1 = N)gr(a2))
> g (ge(Azy + (1 — N)xo)) (using (3.27) and (3.28))

= )\gkjl(?ﬂ) + (1 - A)QI;l(yQ)?

Yy, y2 € [gx(my), gx(Mx)] and A € [0, 1], which proves that g '

Finally,

is strictly concave.

dz. 1
dy  gi(@)
and
¢z -1 d )= gy 9T —91 (9, ()
ay? (g @™ (@ dy T (g W)
which both exist on the interval [gy,(1m,;,), gx (7% )], so g, ' is twice differentiable. O

Theorem 3.2.1. For all k € P, the composite function Fy, : [gi(my,), gr(Thy)] — R defined
by
Fio(ur) = fu(pr — g5 (ur))

is strictly decreasing, strictly convex, and twice differentiable.

Proof. Firstly, note that {e, : e;, = pr — myp, mi = g ' (u), wr, € [gr(my), gx(Mx)]} C
[ex, €], 80 fi(:) is strictly increasing and strictly convex (Lemma 3.2.4). Furthermore,
pr — g5 ' (+) is strictly decreasing and strictly convex (immediately follows from Lemma
3.2.6 and the negative sign preceding g, '). Therefore, F} is strictly decreasing (the com-
position of a strictly decreasing function and a strictly increasing function is necessar-
ily strictly decreasing) and strictly convex (Lemma 3.2.3). Twice differentiability can be
demonstrated using the chain rule with the first and second derivatives of f; and gk_l,
which all exist on the specified domain. O]

Theorem 3.2.1 therefore implies that (MPC.1b) is convex, as both the objective func-
tion and constraint set are convex with respect to (uo, ..., uy_1), which therefore com-
pletes the proof of Proposition 3.2.1. This section is now concluded with an analysis of
the solutions of (MPC.1b), and a discussion of the suboptimality introduced by the updated
constraints in Proposition 3.2.1.
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Proposition 3.2.2. If the constraint set of (MPC.1b) is nonempty, then the solution exists
and is unique.

Proof. The objective of (MPC.1b) twice differentiable, so is necessarily continuous, and
the constraint set is closed and bounded, so is compact. On the assumption that the con-
straint set is nonempty?, the solution of (MPC.1b) therefore exists (Weierstrass’ Theorem
for continuous functions [91, p.237]). Additionally, the objective of (MPC.1Db) is strictly
convex, so the solution is unique (Proposition 2.2.1). O]

Remark 3.2.2 (On Conservatism of the Solution of (MPC.1b)). Two additional constraints
are imposed on (MPC.1a) to obtain the convex formulation (MPC.1b): the functions fj
and gy, are constrained to the domain in which they are strictly increasing with the updated
constraints (3.25) and (3.26), and the constraint perturbation ¢ is introduced in (3.22).

The first of these two constraints is reasonable from a physical interpretation of a loss
function: it would be expected that an increase in engine or motor output power would
require an increase in input power, and the domain in which fj and A (and therefore gy)
are decreasing is typically a mathematical artefact of a quadratic function and does not
represent important loss characteristics. It is technically possible for operating points to
exist in which this is not the case (in particular, during low-speed high-power regenera-
tive braking), but these operating points are highly inefficient and unlikely to be optimal
with respect to (MPC.1b) anyway. Additionally, these constraints are also required in the
alternative approach to convexity presented in [14].

The perturbation ¢ is included to ensure that gi(my) is twice differentiable Vmy; €
[m, ] in the proof of Lemma 3.2.5 (which is subsequently used to prove g; ' is twice dif-
ferentiable in Lemma 3.2.6). The only points in Z at which the first and second derivative
of g, does not exist are min Z and max Z, so ¢ can be made arbitrarily small, up to the
finite precision of the processor used to solve (MPC.1b). Furthermore, min Z ¢ [m,,, 7]
as % > min Z, and in practice max Z is typically an order of magnitude larger than the
battery’s power limit, so the conservatism introduced to the solution of (MPC.1b) using o
is negligible, if it exists at all.

Theorem 3.2.1 is therefore one of the central contributions of this chapter: the MPC
optimization (MPC.1a) can be converted, under negligible further approximation, to a
convex optimization problem by using the battery’s internal power as the decision variable
instead of the engine’s output power.

2Feasibility is addressed in more detail in Chapter 4. For now, it is assumed that the predictions of
velocity and road gradient always generate a feasible problem.
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3.3 OPTIMIZATION
At each timestep, ¢, the model predictive control input is now defined by
u(t) :=uy Vte{0,...,T},

where u* is the solution of (MPC.1b). A projected Newton method [119] is now proposed
to obtain this solution.
The Lagrangian equation for (MPC.1b) is

N-1 N-1
L(u, A\, v, 1) == [Fre(ur) + M (up — ) + vi(tr — ug)] + 1 (w(t) - Z U — TN
k=0 k=0
(3.29)
where u := (ug,...,uny_1), and X := (Ng,..., Anv_1) € RY, v = (vg,...,uny_1) € RY,

and o € R are Lagrange multipliers. Note that u, = gx(px) = U Yk ¢ P, so the first
order necessary and sufficient conditions defining the unique solution of (MPC.1b) are

Filug)+ A —v—p=0 VkeP, (3.30a)

up —u, >0 Vk€P, (3.30b)

M >0 VkeP, (3.30¢)

Melug —u) =0 VkeP, (3.30d)

U, —uy >0 VkeP, (3.30e)

v >0 VkeETP, (3.30f)

vp(T —w) =0 VE € P, (3.30g)

A =0 Vke€P, (3.30h)

w—u, =0 VkeC, (3.30i)
N-1

2(t) = Y up — Xy =0, (3.30))
k=0

(note that the values of \; and v, are arbitrary Vk € C).
The elements £ where the inequality constraints are binding at each iteration, ¢ € Z,,
of the algorithm are estimated from

AW = {k‘ eP: <F,;(u§;)) —pn <0 A u,(j) —u, = 0)

v <F,;(u§j)) —p>0 AT - = 0) } (3.31)
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then the Newton step is defined by

VD(I)F( ()) -1 AD(i)y(i) — Vp(i)F( ')) p,(i)]_
17 Apl OEDIE o (l) XN

J(z)

(3.32)

(.

where, D @ =P\ AD, F(u) == 300 Fi(w), V2, F(ul?) is a diagonal matrix of the
ke DW dlagonal elements of the Hessian of I, and V) F(u®) is the k € D elements
of the gradient of F'. Note that the definition of (3.31) corresponds to the elements of
k € P where )\, and v are nonzero, and they are therefore not calculated explicitly.
Remark 3.3.1. Theorem 3.2.1 implies that (3.32) and its solution exist for all u,(;) €
[uy., Uy, for all k, and for all i € {0,...,00}.

The solution to (3.32) is then equivalent to

" —o(t) + sy u) + Xy — D ke AW #
M e FL () o
and () (%) (%)
Aul? = e keAY (3.34)

0 k¢ AD

Remark 3.3.2. The computation of Ax and (Au(()i) ey Au%)_l) scale linearly with N,
with no additional memory requirement.

The projected Newton method iteration is then defined by

(i+1)

0 (3.35)
wy, = min{u, max{u,, v, + Au }} VEk € {0,.. — 1},

and the algorithm is terminated at the first iteration that the criterion
17O < e

is satisfied, where J* is defined in (3.32) and € € R, , is a pre-determined convergence
threshold.
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Proposition 3.3.1. Let u* and i1* denote the optimal argument of (MPC.1b) and optimal
value of the costate in (3.29), and assume that j* # 0. Then (z9, ) is a fixed point
of the iteration (3.35) if and only if (29, uV) = (2*, u*). Furthermore, the iteration
converges superlinearly in a neighbourhood of (x*, i*) if no constraints are weakly active
at the solution.

Proof. The first-order optimality conditions (3.30) that define (u*, ;/*) are equivalent to

Fup)—p =0 VEePn{k:u;e (u,ur)} (3.36a)
Fiup)—p <0 VYeePn{k:u;=u} (3.36b)
Fup)—p >0 VeePn{k:u,="1u} (3.36¢)
up —u, =0 VkeC (3.36d)
N-1
2(t) = S ul = Xy = (3.36¢)
k=0

Let A* denote the active set at the solution (u*, p*), then from the optimality conditions
(3.36) and the definition of the active set in (3.31) it follows that: 1) P \ A* must be
nonempty (since the constraints u;, < u, < Ui cannot be active Vk € P if (3.36e)
holds because of the assumption that no constraint is weakly active at the solution), and 2)
Fl(uf) — p* = 0Vk € P\ A*. Therefore, Ap* = 0 from (3.33), which therefore implies
that Auj = 0 Vk € P from (3.34), so (u*, p*) is a stationary point of the iteration (3.35).
Conversely, if (u”, 1)) is a fixed point of (3.35), then Au,(j) = 0Vk € Pand Ap® =
0. In this case, from (3.34) it follows that —F](u\") — p® = 0 Vk € AD, so z(t) +

SV =0 a:k + 2z n = 0 from (3.33). Therefore, the first- order conditions are satlsﬁed so the
point u(") is optimal w.r.t (MPC.1b) as it is convex.

To complete the proof, note that if there are no weakly active constraints at the solution
of (MPC.1b), then there must exist a neighborhood of (u*, ;1*) within which the active set
is constant, so the iteration (3.35) coincides with Newton’s method applied to a subspace
(namely, {uy : k € P,uy # w, N\ u # Ur}). A superlinear convergence rate can then be
shown using the standard arguments for unconstrained optimization [64, §3.3]. ]

Stronger convergence results may be obtained under less restrictive assumptions if
Au® and Ap® are scaled by a stepsize parameter in (3.35). It is demonstrated for a
similar problem in [119] that the stepsize can be adapted at each iteration to ensure global
convergence to the solution of (MPC.1b) from any initial feasible point. For the purposes
of this chapter this modification is unneccessary as rapid convergence to the solution is
observed for all of the following numerical simulations with the fixed iteration (3.35).
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Figure 3.4: Velocity and road gradient against longitudinal distance for each of the 49 journeys.

3.4 NUMERICAL EXPERIMENTS

DRIVER BEHAVIOUR

It is common in the energy management literature to model the driver using standard gov-
ernment test cycles (e.g. [57, 39, 50, 57, 79, 114]), as these will typically be used to
experimentally validate powertrain (and controller) performance. However, these cycles
do not accurately represent real-world driver behaviour. Therefore, in this thesis the driver
is modelled using real-world sensor data. Figure 3.4 shows the velocity and gradient tra-
jectories used for the numerical simulations here and throughout this thesis. The data was
obtained during a set of vehicle emissions tests conducted at Johannes Kepler University
Linz, Austria, and represents 49 journeys driven by four different drivers. One of the
key features of this dataset is that the same route is used for each journey, and therefore
provides an accurate representation of the uncertainty in driver behaviour across driving
conditions and drivers. This aspect is addressed further in Chapter 6.

CONTROL

For each of the journeys the battery was initialised at 60% state of charge and the terminal
state-of-charge constraint was set at 50%. Two control algorithms were used:

1. PMP. The PMP algorithm described in Section 2.2.2 was used with the engine,
motor, and battery models that were used for simulation, and extended to include
the instantaneous limits on battery power.

2. MPC. The MPC algorithm described in this Chapter was used where it was assumed
that the controller had perfect predictions of the future velocity and road gradients
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(i.e. the only uncertainty in predictions was due to model approximation error), and
the predictions were implemented as a shrinking horizon (i.e the prediction horizon
N reduced as the vehicle progressed through the journey).

EXPERIMENTS WITHOUT ROAD GRADIENT

Firstly, the simulations were conducted with the velocity profiles illustrated in Figure 3.4,
but the road gradient was set to zero for every journey (in both the simulations and the
MPC predictions). The state-of-charge trajectories and cumulative fuel consumption us-
ing both MPC and PMP are presented for all 49 journeys in Figure 3.5, with a single
representative journey (chosen at random) highlighted. It can only be guaranteed that
PMP obtains a stationary point of the energy management problem, and when the model
used for simulation is considered in the optimization (as is the case here) then this may not
be the global minimum as the problem is nonconvex in general. However, the results show
that PMP provides marginally superior performance to MPC, reducing fuel consumption
by 0.78 % on average, and is therefore likely to be a close approximation of the globally
optimal controls in these examples. Additionally, the results also show that the state-of-
charge and fuel consumption trajectories are extremely similar between MPC and PMP,
which implies that MPC obtains a close approximation of the optimal controller, despite
the model approximation used in the convex formulation. It can also be seen in this case
that an assumption of a linearly decreasing state-of-charge trajectory is generally a good
approximation of the true trajectory across all journeys. The average time taken to solve
the MPC optimization was 0.76 ms (maximum 30 ms and minimum 17 us), and therefore
the algorithm is, computationally speaking, a suitable candidate for an online, embedded
MPC controller.

EXPERIMENTS WITH ROAD GRADIENT

Figure 3.6 shows the experiments repeated with the real road gradient data presented in
Figure 3.4. It is again demonstrated that MPC provides a very close approximation of the
controls obtained with PMP, but two significant issues are now encountered. Firstly, it can
now be clearly seen that that the state-of-charge trajectory is not linearly decreasing, and
approaches that use short-horizon MPC to control the battery’s state of charge to track a
linearly decreasing reference trajectory (e.g. [82, 83]) will therefore introduce significant
suboptimality to the controller. Secondly, it can be seen that the battery’s state-of-charge
dips significantly below its terminal constraint. This may not be an issue for the test
cases presented here, but it is therefore possible that either control method could attempt
to discharge the battery past its lower state-of-charge limit (or overcharge past its upper
limit). In this case the controller will be overridden to prevent damage to the battery,
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Figure 3.5: State-of-charge trajectories and cumulative fuel consumption for each of the 49 jour-
neys where the road gradient is set to zero in both the MPC predictions and simulations. The results
for a single journey are highlighted in both figures, and the terminal state-of-charge constraint is
highlighted in red.
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Figure 3.6: The results from the same experiments as depicted in Figure 3.5, except that the true
road gradient is used for both simulation and MPC prediction.
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which will render the control inputs suboptimal. It is therefore critical that the general
state-of-charge constraints are explicitly considered by the MPC formulation.

3.5 CONCLUDING REMARKS

In this chapter a vehicle model was presented with the structure and fidelity similar to
that typically used to investigate energy management problems, and a MPC framework
was proposed where nonlinear models were used to obtain a high accuracy approximation
of the powertrain losses used for simulation. It was subsequently shown that the MPC
optimization problem is convex under negligible further approximation when stated in
terms of the battery’s discharge rate. The MPC controller was compared in simulation
with PMP (for which the exact powertrain losses were considered) in simulation where
it was shown to provide near-optimal control inputs, and the optimization algorithm was
shown to be sufficiently fast for a real-time solution. However, it was also demonstrated
that a linearly decreasing state-of-charge reference is inaccurate in general, and a terminal
state-of-charge constraint is not sufficient to ensure optimal performance in a typical real-
world driving scenario. In the following chapter, an MPC controller is proposed in which
the state-of-charge constraints are explicitly enforced across the entire prediction horizon
to address this limitation.
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CHAPTER 4

GENERAL STATE CONSTRAINT

N this chapter the convex model predictive energy management framework proposed in
the previous is extended to consider upper and lower bounds on the battery’s state-of-
charge across the entire prediction horizon. Previous studies that have approached this
problem using convex optimization have utilized general purpose convex optimization
software (e.g. [17, 104, 106, 118]), and have generally not investigated algorithms that
are tailored to the structure of the problem. Only two examples of convex optimization
algorithms for solving the PHEV energy management problem could be found in the lit-
erature, [116] and [117], although both of these examples completely ignore the losses in
both the battery and motor. The main contribution of this chapter is two algorithms for the
solution of the resulting MPC optimization problem: an alternating direction method of
multipliers (ADMM) algorithm, and a novel projected interior point algorithm. The com-
putational efficiency of the two algorithms is compared on a set of randomly generated
energy management problems, and then the extended MPC framework is implemented in
closed loop in a simulation. It is shown that the ADMM can solve the MPC optimization
in a fraction of a second, even over horizons of up to 1000 samples, and that the MPC
controller provides a close approximation of the globally optimal controls obtained using
dynamic programming. To date, these are the only examples of optimization algorithms
that can solve the PHEV energy management problem in real time when long prediction
horizons and nonlinear electric system dynamics are considered.

4.1 MODEL PREDICTIVE CONTROLLER

Problem (MPC.1b) can be trivially extended to enforce the bounds on state-of-charge

r<uxz,<T Vke{l,...,N} 4.1
From (3.24) it can be shown that x := (x1,...,zy) = 1z(t) — Yu, where VU is a lower
triangular matrix of ones, and define u := (ug,...,uy_;) and @ := (g, ..., un_1). Ad-

55



4.1. MODEL PREDICTIVE CONTROLLER

ditionally, define /' : R" — R as

The MPC optimization including constraint (4.1) is then given by the convex optimization
problem

min F'(u),
s.t.x = 1z(t) — Yu, (MPC.2)
1z < x <17,
u<u<.

Proposition 4.1.1. If the constraint set of (MPC.2) is nonempty, then the solution exists
and is unique.

Proof. The proof can be shown with a minor extension of the proof of Proposition 3.2.2.
[]

4.1.1 FEASIBILITY

Proposition 4.1.2. The constraint set in (MPC.2) is nonempty if and only if F;, # O Vk €
{1,...,N}, where Fy := {z(t)}, Fry1 = {Fr ® U} N X Vk € {0,...,N — 1},
Uy = [uy, Ty, and X = [z, T].
Proof. Before starting the proof, note that

Fir1 = {{Ek—uk e X :xp € Fi,up Euk} Vk € {0,...,N— 1} “4.2)
from the definition of the Minkowski sum, and enumerate the constraints in (MPC.2) as

x = 1x(t) — Yu, (4.3a)
1z <z <17, (4.3b)
<. (4.3¢)

u
Firstly, assume that Fq # 0 Vk € {0,..., N — 1}. If it is also assumed that there
exists x;, € Fj, such that x;, is feasible w.r.t (4.3b), then there exists a value of uy, that is
feasible w.r.t (4.3c) such that x; is feasible w.r.t (4.3a) and (4.3b). z( := z(t) trivially
satisfies (4.3b), so by induction there exists a pair (uy, 25, 1) that satisfies (4.3a)-(4.3c)
Vk € {0,...,N —1}.
Conversely, assume that there exists v and x that satisfy (4.3a)-(4.3c), then Fp,q 2
{zr41} Yk € {0,..., N — 1}, which completes the proof.
]
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The property that Fo, X, and every Uy, Yk € {0,..., N — 1} are closed convex subsets
of R implies that F is a closed convex subset of R V& € {1,..., N}. Consequently, this
implies F}, can be parametrized by F;, = [min Fj, max Fj|, where min Fy = max Fy =
z(t), min Fryq = max{z, min Fy — U}, and max Frr; = min{T, max Fj — u}
Vk € {0,..., N — 1}. Therefore, a feasibility certificate for (MPC.2) can be obtained
using Algorithm 1 (note that max Fj and min JF}, are treated as variables that are used to
parameterize Fj, in Algorithm 1).

Algorithm 1 Feasibility certificate for (MPC.2)
Input: (z(t),u,u, z,T)
Output: (F, Feasible)

1: (min Fy, max Fo) < (z(t), x(t))

2: fork=0,...,N —1do

3:  max Fpy < min{T, max Fy — u}

4: min Fiyq + max{z, min Fy — Uy}

5: if max Fiiq1 < min Fiyq or u;, < uy then
6: return (~, FALSE).

7:  end if

8: end for

9: return (F, TRUE).

Remark 4.1.1. The computational and memory requirements of Algorithm 1 scale linearly
with the prediction horizon, V.

4.2 OPTIMIZATION

Two candidate convex optimization algorithms are proposed for the solution of (MPC.2):
an interior point algorithm and an ADMM algorithm. These algorithms were chosen to
investigate the relative performance benefits of first-order and second-order optimization
algorithms. Additionally, the interior point algorithm was chosen for investigation as it is
a common second-order method for solving MPC optimization problems [120, 121, 122,
123], and a novel approach is proposed that uses a projected Newton step to solve each
successive barrier problem. The ADMM algorithm was chosen because it has recently
received attention for its ability to exploit the structure of MPC problems [124, 125, 126].
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4.2.1 ALTERNATING DIRECTION METHOD OF MULTIPLIERS

In this section an ADMM algorithm is proposed for the solution of (MPC.2). Firstly, the
methods for initializing, iterating, and terminating the algorithm are presented, then the
computational and memory complexity of the algorithm is analysed in detail. Problem
(MPC.2) is the equivalent of the equality constrained optimization problem

N—1
m&n F(u) + [Zo, (ur) + T (wpy1)]
k=0 “4.4)
st.u=(

where ¢ € RY is a vector of dummy variables, and the indicator functions are defined for

a given set S by
0
Ts = se8 ‘
© s¢8
Problem 4.4 is in turn the equivalent of

N-1
muin F(u) + [Zu,, (ug) + Zx(zp41)]  st. @+ BC =, 4.5)
ke

[e=]

where
= (u,z), B:=[J], c:=(0,1z(t)).
The augmented Lagrangian function, £, : R*¥ x RY x R?N — R, for (4.5) is

N—-1
1
L,(a,¢,N) = F(u) + [Tog, (ug) + T (wps1)] + §\|a +B(—c+ AHi (4.6)
k=0

where
||J]||i = Z’TPI, pP = diag(pl:l?p?]-)a P1, P2 € R+, A= ()‘la )‘2>a )\17 )\2 € RN-
The ADMM iteration is defined by

0+ — argmin L(a, ¢®, )\(i)), (4.7a)

¢+ = argmin E(ﬂ(iﬂ)? ¢, /\(i))7 (4.7b)
¢

A = AD 4 AG+ BC — ¢, (4.70)
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4.2. OPTIMIZATION

and in [127] it was demonstrated that this algorithm converges to the solution of (4.5) as
the residuals defined by

Pt — gD B{ —c¢, and st . — pB(C(”l) — C(i))

neccesarily converge to zero (the proof is presented for a scalar value of p, but can be
trivially extended to a fixed positive diagonal matrix as presented here, and is also proven
in Section 5.A.3). The algorithm is initialized with

a0 — 0, C(O) =0, A0 — 0,
and terminated at the first iteration where the criterion
max{|[|rV]] sV} < e (4.8)

is met, where € € R is a pre-determined convergence threshold. The ADMM iteration
(4.7) is a particular case of ‘Generalized ADMM’, for which it was demonstrated in [128]
that O(1/¢) iterations are required to meet criterion (4.8) for a given problem. To the
best of the author’s knowledge there are no theoretical results that demonstrate how the
iteration complexity varies with horizon length (i.e. problem size), but numerical studies
suggest that the number of iterations required to meet a given tolerance € is independent
of horizon length [20, §5-C].

ALGORITHM COMPLEXITY

The Lagrangian function (4.6) is equivalent to

Lp(a, ¢, A) = F(u) + ) [T (un) + T (2h11)]

+ Bllu = ¢+ Ml + Sl + 96 — 1a(6) + 2ol

so update (4.7a) is the equivalent of

oy _ Jargming, [Fy(ug) + T (w) + G — 0 + A 3] vk e P
ul = : . (4.92)
Uy, Vk eC
20D = T [12(t) — w¢0 = ], (4.9)

where XV == {x e RN : 2 < 2, <7, k € {1,..., N}}, and the projection on a set S is
defined by I5(s) := argmin, g ||s — 3||. The u"*1) update is separable w.r.t the elements
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Table 4.1: Summary of the computational complexity of each of the ADMM variable updates.

OFH |u = ¢ r s A
Parallel 1 N N N N 1
Sequential [ N N N N N N

k, so its computation scales linearly with the prediction horizon when these updates are
performed sequentially, and is constant if they are performed in parallel. The individual
update u,(jﬂ) for k£ € P is a one-dimensional constrained convex optimization problem
that can be solved rapidly and reliably using Newton’s method with a backtracking line-
search [64, §3]. Note that if F}(-) are approximated as quadratic functions then the update
u,(fﬂ) has an analytical solution for all £ € P. Multiplication by ¥ is the equivalent
of a cumulative sum (W is a lower triangular matrix of ones), so the computation of the
argument of the projection function in (4.9b) scales linearly with the prediction horizon
and has no memory requirement. The projection I~ can be performed element-wise, so
the computation of (4.9b) scales linearly with /V overall.

Update (4.7b) is equivalent to
¢ = (o] +p2 0 0) Ty () £ AT) = ¥ T (@) — 1a(t) + A | (4.10)

which is in turn the solution of the general system of linear equations (k/ + ¥ ¥)x = b,
and can be solved with O(N) computation and memory requirement (Proposition 4.A.1).
The residual updates are the equivalent of

(i+1) _ ~(i+1) @) _ @+1)
(i+1) u ¢ (i+1) p1(¢ ¢ )
; | , s l. Ll @n
[x(”l) + WD — 1x(t)} {pg\lf(g( ) @) “.1D)

which scale linearly with N and have no additional memory requirement. Finally, (4.7c)
is the equivalent of \(+1) = \() 4 p-(+1),

The computational requirement of each variable update is summarized in Table 4.1,
and the total memory requirement of the algorithm is O(N), as only a bandwidth two
Cholesky factor requires storage (defined in Proposition 4.A.1). The algorithm as a whole
is presented in pseudocode in Algorithm 2, for which the output ' can be made arbitrarily
close to the solution of (MPC.2) by setting € arbitrarily close to zero.
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4.2. OPTIMIZATION

Algorithm 2 ADMM Algorithm for Problem (MPC.2)
Input: (x(t),u,u,z, T, F¢)
Output: v
(~, Feasible) <— Algorithm 1.
if Feasible = False then
return ~
end if
<u(0)’x(0)7 O >\(0)) ~0
(r©® s0) « oo
1+ 0
while max{ ||V ||sFV]|} > e do
W 49a) Vke{0,...,N—1}
2+ (4.9b)
¢+« (4.10)
(r+0 s+« (4.11)
AEFD A6 G+
141+ 1
: end while
. return uf « u®

R A A R A e

— = e e
AN e

—_
[*))
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4.2.2 PROJECTED INTERIOR POINT METHOD

This section presents a novel primal-dual interior point method algorithm where the element-
wise bounds on the control variable are enforced by a projection in the Newton step instead
of a logarithmic barrier function. The section begins with the formulation of the barrier
approximation and optimality conditions, then a computationally efficient initialisation al-
gorithm is presented. The main projected interior-point algorithm is then presented, and
the section is concluded with an analysis of the computational complexity of each iteration,
and a discussion of convergence to the minimizing argument of (MPC.2).

OPTIMALITY CONDITIONS

A slack variable s € R?Y is introduced in (MPC.2) to obtain the equivalent problem

min F(u),
st. A u—c—s=0 (IP.a)
s>0
u<u<mu,
where ((t) )
v 1(x(t) — 7
A= [—\If} , and c:= [_1(3:@) —E)} )
Problem (IP.a) can then be approximated with
min F(u) + B,(s),
st.Au—c—s = (IP.b)

and ;1 € R can be interpreted as the accuracy with which the barrier function approxi-
mates the original inequality constraint s > 0. The Lagrangian function, £, : R™Y — R,
associated with (IP.b) for a given value of y is

L,(u,s,01,09,03) = F(u) + B,(s) — 0] (Au —c — s) — 0 (u —u) — 03 (u — u),
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where §; € R?Y and 0,05 € R" are vectors of Lagrange multipliers. By defining the set
A° =k (u = uy, A F(uy) — ATk >0) V (up = A Fj(uy) — ATk <0)}

where A. ;, is the kth column of A, the necessary and sufficient conditions for the (unique)
values that minimize (IP.b) are

Fi(up) — AlLB; =0 Vk ¢ A°, (4.12a)
seo0 = L, (4.12b)
1
Au® —c— s =0, (4.12¢)
u’ —u >0, (4.124d)
T—u° >0, (4.12€)
s° >0, (4.12f)
0° > 0, 4.12¢)

where S° := diag(s°®).

It can be demonstrated that to obtain the optimality conditions of the original problem,
(IP.a), two changes must be made to the optimality conditions, (4.12): first, (4.12f) must
become a nonstrict inequality condition, and second, a vector of zeros must replace %1 on
the right-hand side of (4.12b). Therefore, it can be concluded that ©.° converges asymptoti-
cally to u* as u — oo (following what is known as the ‘central path’ [96, §11.2]), where u*
is the minimizing argument of (IP.a) (and therefore also the original problem, (MPC.2)).
The principle of the algorithm presented in this section is that conditions (4.12d)-(4.12g)
hold at all iterations, while a projected Newton method similar to that presented in Chap-
ter 3 is used to obtain an approximation of the point satisfying (4.12a)-(4.12c) for a fixed
value of p. This is then repeated for progressively larger values of p, with progressively
higher accuracy, to obtain u*.

INITIALIZATION

The projected interior-point algorithm is initialized using the tube defined by the sequence
{Go,...,Gn}, where Gy = Fy, and G, is defined recursively by

Gx I:fkﬂ{gk+1@uk} Vk € {N—l,...,O}.

If G;. is nonempty, then it is trivially closed and convex, and can be parametrized by
Gr = [min Gy, max G| = [ max{min Gy 1+u,, min F; }, min{max Gy 1 +uy, max F } |.
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The centreline of this tube, ngo) = %(maX Gr+min Gy ), is then used as an initial estimate of
the optimal state-of-charge trajectory, from which an initial feasible estimate of the control
vector, u(), is obtained from u,(co) = x,io) - 351(21 Vk € {N,...,1}. The other decision
variables are then initialized as s© = Au©® — ¢ and 6 = 5 (S©) 711, The initialization
algorithm is summarized in Algorithm 3, where max G, and min G,, are treated as variables
used to parameterize Gy, and FLAG = TRUE is a certificate that the returned values of u©®,

s©, and 67, satisfy (4.12c)-(4.12g).

Algorithm 3 Projected Interior Point Initialization Algorithm
Input: (u,uw,z, 7, F)
Output: (u®, s, 0\” FLAG)

I: (max Gy, minGy) < (max Fy, min Fy)
1

2 2\ 3 (max Gy + min Gy)

3:fork=N—-1,...,0do
4:  max Gy < min{max Gy 1 + Uy, max Fy}

min G < max{min Gy, + u,, min Fy}

x,(ﬂo) — % (max Gy, + min Gy,)

5

6

7. u}(€0) < x](€0) — Ilﬂl
8

9

if max F, = min X V min F, = max X then
return (~,~, ~ FALSE)
10:  end if
11: end for
12: 500 = Ay® — ¢
13: 69 = L(g®)-11
o

14: return (u©, s© ¢{” TRUE)

Proposition 4.2.1. Assume that (MPC.2) is feasible. The values of u®, s©, and \”
obtained using Algorithm 3 will satisfy conditions (4.12c)-(4.12g) iff

max Fp > min X A min F, < maxX Vke{l,...,N}. (4.13)
Proof. Let |S| denote
|S| := maxS — min S

for a given set S. If (MPC.2) is feasible, then | Fy| exists Vk € {0,..., N} (Proposition
(4.1.2) states that Fj, is nonempty if (MPC.2) is feasible, and Fy, is closed).

Equation (4.13) can be used to show that max F;, > minFy (i.e. |Fx| > 0) for
all k¥ where max F, = max X and/or min F;, = min X, and from (4.2) it is clear that
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|Fi| < |Fryq| if neither max Fry; = max X nor min Fry; = minX. Suppose that

max F, = max X and/or min F, = min X for some k € {0,..., N} and let k be the

smallest such value. It can then be shown by induction that | F,| > 0 Vk € {kf,..., N}.
Now, note that

gk = {Ik+1 +up € Fr i x € Qk+1,uk € Uk}
If it is assumed that | Fy| > 0 and |Gy41| > 0, it can then be shown that

‘Fk+1‘ >0 —= ‘fk N {Fk+1 @Z/{k}’ >0 (fk+1 = {Fk D —Z/{k} N X)
= [FN{Gr1 ®@Up}[ >0  (Gry1 C Frpr and |G| > 0)  (4.14)
— |Gk| >0 (Definition of Gy,).

Since kT < N by assumption, it is therefore known that |Fy| > 0, so |Gy| > 0, and
the argument in (4.14) can be made recursively to show that |G| > 0Vk € {N,... k'}.
Therefore, as G, C Fj, C A&, it can be concluded that x,&o) € int(X)Vk € {k',..., N}

If (MPC.2) is feasible then || > O for all k, and similar logic to (4.14) can be used
to show that |G| > 0Vk € {kf —1,...,1}. From the definition of k' it is known that
max Fj, # max X and min F, # min X Vk € {k" —1,...,1},s0as G, C F), C X itcan
be concluded that :1:;0) € int(X) Vk € {k! —1,...,1}. The same result can also be shown
for Vk € {N,..., 1} if (4.13) holds and k' does not exist.

The result that z\" € int(X) Vk € {1,..., N} implies that Au® — b > 0, so s© =
Au® — ¢ ensures (4.12¢) and (4.12f), and 6\”) = }%(S(O))_ll ensures (4.12g).

Finally, it can be shown that

1
max u;o) =3 (max G, — max Gxy1 + min G, — min Gy 1) = Uy,
and it can similarly be shown that min u,(f) = uy,, which therefore demonstrates (4.12c)-

(4.12g) if (4.13) is satisfied. Conversely, a subset of the above results can be shown to be
not true if (4.13) is not satisfied for any k£ € {1,..., N}.
O

Remark 4.2.1. The computational and additional memory requirements of Algorithm 3
scale linearly with V.

Remark 4.2.2. Condition (4.13) holds if problem (MPC.2) satisfies Slater’s condition [96,
§5.2.3] (the converse statement is not necessarily true).
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Figure 4.1: Example of the tubes defined by F and G, and the solutions obtained for x(°) and
u(9) using Algorithm 3 for a nominal system (the values were chosen to illustrate the operation of
the algorithm, and are not necessarily representative of those observed in the energy management
problem).

An example of the values of 2(*) and u(?) obtained by Algorithm 3 for a representative
example is shown in Figure 4.1. In addition to u, s, and 61, there are three further param-
eters that are initialized at the start of the algorithm: po € Ry, 7t € [1g, 0), k,, € (1, 00),
and 7 € (0, 1). These parameters can be assigned any value within the stated ranges, and
their significance is discussed in the following section.

ALGORITHM
At each iteration, ¢, the elements k of ‘P are partitioned into the the sets
A =k eP: (“k —uk/\Fk(uk) Al 0 > 0)
Y ( W= A F(u)) — A0V < 0)},
DO .— P \ AW
then the solution to (4.12a)-(4.12c) is estimated using the Newton step

Vi Fu®) 0 —w' Augm — Vo F(u®) +v76y
0 ol 5 As@ | = 1 ore , (4.15)
w -7 0 A6 —Au® + ¢ + s
where VDU) F is a diagonal matrix of the k € D diagonal elements of the Hessian of F,

Vpw F is the k € D elements of the gradient of F, and ©; = diag(6;). Define A as the
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matrix A withthe {k € {0,...,N —1} 1y, = ug) Vi, = ug)} columns set to zero, then
v is defined as the k& € D@ columns of A, and w is defined as the &k € D® columns of A.
The search directions are then obtained from the reduced equations

. . —1
A@§J>:[w (V20 F(u™)) wT + (00) ls<]

1 A ¢
(;(95)) 1— Au + ¢ —w (Vi F(ul?))

-1

(—=Vpo F(u?) + mgﬂ) : (4.16a)
i Ay — 1L i i i

Auly == (Fao F®) ™ (Voo F®) =0T —wa6),  @.16b)
Auym =0 (4.16¢)
As® = Au® + wAuD( y —C— s, (4.16d)

and step lengths are determined from the ‘fraction to the boundary’ rule [64, §19.2] as
a, = max {a € (0,1]: s? + aAs® > (1 — T)s@}, (4.17a)
Qg = max {a €(0,1]: 09 + a0l > (1— 7)05”} , 4.17b)

where 7 € (0, 1) is fixed and arbitrary within this range. The primal-dual interior point
iteration is then defined by

u}(jﬂ) _ qu [u;(;) + OzsAUS)] Vk € D(li) | (4.182)
u® Yk e A®

sOH) = 50 4 o As, (4.18b)

oit) = 61+ ayAG;. (4.18¢)

Iteration (4.18) is performed repeatedly until the criterion

TI(P) := max { H—VD(Z)F( ) + UTQ H — 5Wg l)

H—Au’)—l—c—l—s H} <%
(4.19)

is met, at which point the value of 4 is updated using
o min{7, k,p}, (4.20)

where 71 € (0, 00) is a predetermined upper limit on the value of y, and &k, € (1,00) is a
predetermined, arbitrary constant. The projected interior point algorithm is terminated at
the first iteration where both of the conditions (4.19) and ¢+ = 1z are met. A pseudocode
implementation of the projected interior point algorithm is presented in Algorithm 4.
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Algorithm 4 Projected Interior Point Algorithm for Problem (MPC.2)

Input: (z(t),w, @, 2,7, F, i, po, ku, T)
Output: v
(F, Feasible) <— Algorithm 1.
if Feasible = False then
return ~
end if
(u@, s 6! FLAG) « Algorithm 3.
if FLAG = False then
return ~
end if
M= Mo
10
. (A©, D)) < (4.15)
. while p <V rl}) > , do
(Au®, As® AG) « (4.16)
(a5, ) < (4.17)
(w6 gy (4.18)
11+ 1
(AV) DU)Y + (4.15)
iy < (4.19)
if ) < 1 then
"
20: <= min{z, k,p}
21:  endif
22: end while
23: return u' « u)
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Table 4.2: Summary of the computational complexity of each of the interior point variable updates.

Equation(s) | M™'v M-M M-v O(2"N")
(4.16a) Yes Yes Yes n<3
(4.16b - 4.164), (4.19), (4.15) No No Yes n <2
(4.17), (4.18) No No No n=1

COMPLEXITY

Lines 13 to 18 in Algorithm 4 constitute the variable updates that are performed during
each iteration of the interior point algorithm. The complexity of the operations required
for each variable update are summarized in Table 4.2, considering dense systems of linear
equations, dense matrix-matrix products, and dense matrix-vector products. The signif-
icance of enforcing the box constraints on w as a projection is highlighted, as the com-
plexity of the projected interior-point operations is a function of the first dimension of A,
which is 2N in this case. If the bounds on u were applied as a log-barrier function [i.e.,
A= (U,—VU, ] —1)and ¢c = (1(z(t) — T), —1(x(t) — z),u,u) in (IPb)], the relevant
dimension would instead be 4N, and the computational complexity of each update would
become O(4"N™). In the case of a system of linear equations, this could result in a reduc-
tion in worst cast computational time of almost an order of magnitude. It can be seen that
(4.16a) is the most computationally demanding update due to the presence of both a dense
matrix-matrix multiplication and a dense system of linear equations (note that diagonal
matrix operations, e.g. (V2 F(u()))~! are omitted from Table 4.2). The computational
complexity of each iteration of the algorithm is therefore O(N"), where n < 3 is de-
termined by the method used for matrix multiplication and to solve the systems of linear
equations. The worst case memory complexity is O(N?), as the matrices A, v, and w must
be stored in memory, although it may be possible to exploit the fact that A is constructed
from W blocks to reduce this requirement.

CONVERGENCE

The iteration (4.18) can be interpreted as as a projected Newton method used to obtain a
stationary point (u°, s°, 67) of the function

L, (u,5,60,) := F(u) + B,(s) — 0] (Au — ¢ — s) 4.21)

subject to the constraint u < u < u. The strict inequality in the definition of .4° implies
that there is a region of (u(®,s®,6\")-space close to (u°, s°,65) where A®) = A°, and
a subset of this region will meet the conditions for the local quadratic convergence of
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Newton’s method for nonlinear equations [64, Theorem 11.2]. This means that the right-
hand-side of (4.15) converges to 0 as ¢ — oo, and the termination criterion (4.19) will be
met in a finite number of steps. Global convergence could be ensured by adapting the Au
step at each iteration with a line-search of an appropriate merit function, although the merit
function from [119] cannot be used in the proposed form as the stationary point (u°, s°, 6)
is not a minimum of the function (4.21) in general. Despite this limitation, convergence
was demonstrated for all problem classes in the simulations that follow.

It was previously demonstrated that u° — «* as p is increased toward oo, and the value
of u(V when criterion (4.19) is met converges to u° as y 1s increased toward oo. Therefore,
the value of ' returned when Algorithm 4 terminates can be made arbitrarily close to the
minimizing argument of (IP.a) (and therefore (MPC.2)) by setting 1z arbitrarily high. The
algorithm could be further optimized to update the value of i possibly at every iteration,
to ensure that the iterate remains in, or at least near to, the superlinearly convergent region
around (u°, s°, 609), although superlinear convergence is demonstrated for a broad class of
problems in the numerical experiments that follow using the update (4.20).

4.3 NUMERICAL EXPERIMENTS

This section presents two sets of numerical experiments. Initially, both of the algorithms
are tested against randomly generated examples of problem (MPC.2) to determine their
relative computational performance without reference to a specific powertrain. Then, a
model predictive controller defined by the solution of (MPC.2) is implemented in closed-
loop on the same driver behaviour data simulated in Section 3.4, in comparison with dy-
namic programming.

4.3.1 ALGORITHM COMPARISON

Using observations from the experiments in Section 3.4, predictions of driver power de-
mand were generated from p;, € [—2.5 x 10,10, and hardware parameters generated
from 0527k,/827]§ € [—5 X 1074,5 X 1074], aLkaBl,k S [0.5,1.5], and aO,k7BO,k € {O}
Vk € {0,...,N — 1}. All values were sampled uniformly within the stated ranges. The
battery parameters were set at V, = 300 and Ry, = 0.1Vk € {0, ..., N —1}, and the limits
on state and input were setat 7 = 10°, 2 = 0,u = —1-15x 103 andu = 1 - 15 x 10°.
An initial state of charge of z(¢) = 0.9 - T was assumed for all experiments. The spec-
ified limits were chosen to approximate those obtained in Section 3.4, and to ensure that
the problems were feasible and that both the state and input constraints were active at the
solution. Finally, the effect of varying 7 was not investigated and was set at 7 = 0.995 for
all projected interior point solutions.
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OPTIMUM

It was previously demonstrated that the

output of Algorithm 4 can be made arbi- 7

trarily close to the solution of (MPC.2) by 10° 10* 10°
using a sufficiently large value of 7z, and it
is therefore necessary to determine a value
of 1z that can be used to obtain a suffi-
ciently accurate approximation of v*. Ten
problems were generated for each hori-
zon length of N € {100,200, 300,400}
for a total of forty problems, and the pro-
jected interior point method was used to
obtain a solution for each with the pa-

rameters (o = [, and 7 iteratively in- é ;L é ;; 1'0 1'2 1'4 1'6 1'8 2'0
creased from 107 to 10° in twenty logarith- j

mically spaced points (%, is not required

as the algorithm is terminated when con- Figure 4.2: Data showing the decrease in the

dition (4.19) is first met). For each i, c.‘hange.of c.ontrol. vector obtained .by.the pro-
Jjected interior-point method as [t is increased

from 10° to 105. The red line is used to high-
light the 10° threshold on the vertical axis.

j € {1,...,20}, the control input vector
at termination, u;r-, was recorded, forming

the sequence (ul, ..., ul,) for each prob-
lem. Figure 4.2 shows that as ©© was in-
creased, the norm of the difference between the value of u" when the algorithm terminated
with successive values of 7, Huj - u}_l ||, decreased within an inverse band for all cases,
and that at 77 = 10°, this metric had reduced to less than 1 for all problem cases. Given that
the decision variable, u, can take a range of values in the order of 10%, it was concluded that
71 = 10° is sufficiently large to provide an accurate solution to problem (MPC.2), and all
future references to u* refer to control inputs found using Algorithm 4 with i = 71 = 10°.

ALGORITHM TUNING

Both algorithms have multiple parameters that must be tuned to provide computationally
efficient solutions. For the ADMM algorithm, p; and p, (which can be loosely interpreted
as the step length in a gradient descent algorithm) must be determined, whilst 1y and
k,, must be determined for the projected interior point method. The energy management
MPC framework is commonly implemented with a shrinking horizon, and it is therefore
important that the same set of parameters provide a similar level of performance for a broad
class of problems over both long and short horizons. This section details the results of
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=100 = 200 = 300 =400
10.0 32
"2 75 28
ff_s 24
= 5.0 20
= 95 16
. 108;10 lOglo 108;10 1Oglo
. 6.0
§ -5
b% 438
3 —6
-7 3.6

-6 -5 4-3 -6 -5 —-4-3-6 -5 —-4-3-6 -5 —4-—
108?10 p1) 1Oglo p1) 1023510 p1) 1Oglo p1)

Figure 4.3: Results of parameter tuning for both the projected interior-point (top row) and ADMM
(bottom row) algorithms. The projected interior-point figures show that average number of iter-
ations required to meet the termination threshold i = 10°, whereas the ADMM figures show the
average error measure by ||u(*%) — *||3,

investigations to determine the most computationally efficient combination of parameters
for each algorithm.

To determine the values of pi, pa, o, and k,, that provide optimal convergence for
the ADMM and projected interior point algorithms, twenty new problems were generated
for each horizon length of of N € {100,200,300,400}. These were solved using the
projected interior point algorithm with z = 10°, 107 < po < 10',and 1 < k,, < 10°/p0
(any value of k, greater than this would ensure that ;. is projected onto i during the first
update step (4.18)). For each problem instance, the number of iterations required for the
algorithm to terminate was recorded, and the average for each combination of parameters
is shown in Figure 4.3. It can be seen that there is a vertically banded region at jio ~ 107!
that requires a minimum number of iterations for all horizon lengths, and that there is a
profile to the search space that varies little with changes in horizon length. The values
o = 107" and k,, = 10* were therefore selected as the optimal parameters.

For the ADMM algorithm a different approach was taken, as the significantly more
iterations were required to achieve the same level of accuracy as the projected interior
point algorithm with 7 = 10°. Instead, a total of 100 ADMM iterations were completed
for each problem (ignoring the stated termination criteria) with 1075 < p; < 1073 and
1077 < py < 107%. The average norm of the difference between the control input at
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the 100th iteration of ADMM, (1%, and the optimum, u*, was recorded for each case.
The results are shown in Figure 4.3, and there is a clear region within approximately two
orders of magnitude of both p; and p, where the control vector has a minimum error
relative to the optimum, and this region does not change significantly with horizon length.
The values of p; = 6 x 107° and p, = 4 x 107 were therefore selected as the optimal
parameters. To the best of the author’s knowledge, there is no widely accepted method for
tuning the p parameters, but note that p; corresponds to a constraint on u, which represents
power, whereas p, corresponds to a constraint on Wu, which represents energy. Typical
magnitudes for the elements of u* are 10> — 10* W, and the limits on energy are set at
10°, which may suggest the tuned p parameters work well because they scale the primal
residuals to approximately the same magnitude. This is only conjecture, however, and
requires further investigation.

COMPUTATIONAL PERFORMANCE

After tuning the parameters of both the projected interior point and ADMM algorithm to
the class of problems being investigated, it was possible to analyse their comparative com-
putational performance. This was achieved in two steps: firstly the termination criterion
for a ‘sufficiently’ accurate solution was determined, then the variation in computational
time with horizon length was investigated.

A further twenty test cases were gener- ADMM
ated consisting of 5 cases for each of N &€
{100, 200, 300, 400}, and using the values
of p1, p2, po and k,, determined during the
tuning phase, each problem was solved us-
ing ADMM for one hundred iterations, and
using the projected interior point algorithm =
with 77 = 10°. The absolute difference | | | | |
between the cost evaluated at iteration ;7 ~— 1 20 40 60 80 100
and the optimal cost, | F'(u\)) — F(u*)|, is Iterations
shown in Figure 4.4. The results clearly
demonstrate sublinear convergence for the
ADMM algorithm, whilst the projected in-
terior point results show superlinear con-

Interior Point

Figure 4.4: Curves showing the normalized error
between the cost evaluated at iteration j and the
optimum, as a percentage, for twenty systems us-

- . . ing both the projected interior-point method and
vergence. Therefore, the projected interior the ADMM. The curves highlighted in red corre-

point algorithm Car_l p‘roduce an extremely spond to the system shown in Figure 4.5, and the
accurate solution within a few tens of itera- o4 circle shows the iteration from which those

tions, whereas significantly more iterations ¢y rves were taken.
are required for ADMM.
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Figure 4.5: Control and state vectors for the systems highlighted with red circles in Figure 4.4,
plotted against the optimum vw* and x*. The feasible tubes U and X are also included, and note
that the additional constraints enforced during the convex formulation specified in Section 3.2.1
have significantly restricted the upper and lower bounds on U from the original £1.5 x 10%.

A threshold of 1% was considered high enough for ‘sufficient’ accuracy, as this is
likely to be lower than the level of uncertainty in state measurements used to formulate
the problem, and the results shown in Figure 4.5 illustrate that the deviation between the
control vectors obtained by both the ADMM and projected interior point algorithms and
the optimum are almost imperceptible at this level of convergence. A slightly larger de-
viation is observed between the state trajectories, particularly that obtained with ADMM.
However, this is because the state trajectory is a function of the integral of the control
input, and as the cost is not a function of state-of-charge this does not necessarily indicate
greater sub-optimality. A key property of the algorithms is also demonstrated in Figure
4.5: the state constraints are only guaranteed for both algorithms when the residuals, r and
s, are precisely zero (this is also why the absolute error is presented in Figure 4.4, as the
cost evaluated for each iteration of can be lower than F'(u*)). Therefore, the termination
criteria do not provide a strict guarantee of enforcing the state constraints, and we can see
that for the final three timesteps the lower state limit is violated by ~ 2.5% of the feasible
state band for the ADMM trajectory. This limitation can be reduced by tightening the al-
gorithms’ convergence thresholds, which makes it more significant for ADMM due to its
sublinear rate of convergence.

Based on residuals for the projected interior point and ADMM trajectories shown in
Figure 4.5, it was assumed that ¢ = 4 x 10® and 7 = 1 enforce a ‘sufficient’ level of
convergence. A further twenty problems were generated for horizons 50 < N < 1000,
and the iterations to completion, mean time taken per iteration, and time to completion
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Figure 4.6: Axes showing the number of iterations required, mean time per iteration, and time to
completion for twenty systems with 50 < N < 1000, with linear, quadratic, and cubic trend lines.

were recorded for each using both ADMM and the projected interior point algorithm. For
comparison, the problems were also solved using CVX with default solver SDPT3 v.4.0
and default error tolerance, for which only the total time was recorded (it is not possible
to separate the total time from the individual iterations or the overhead required to parse
the problem when using CVX). The results are shown in Figure 4.6, where it can be seen
that whilst the uncertainty in the number of ADMM iterations is high (from as low as 50
to as high as 400), the band of uncertainty is near constant as the horizon is increased, so it
can be assumed that the expected number of iterations is effectively constant with horizon
length. The uncertainty for the number of projected interior point iterations is lower, and
fewer iterations are required for all horizon lengths, however the number of iterations also
increases linearly with horizon length from ~ 10 iterations at N = 50 to ~ 16 iterations
at N = 1000.

It was previously shown that as the horizon length is increased the computational bur-
den of the projected interior point algorithm is dominated by the A#; update, so the meth-
ods used to perform this calculation will largely determine the time required per iteration.
The Matlab operations x=A\b and x=A*b were used here, and a quadratic trendline is
shown to have an approximate fit in Figure 4.6. The computation of each iteration of the
ADMM algorithm was previously shown to scale linearly with horizon length, and this is
also illustrated with a linear trendline in Figure 4.6. Additionally, the ADMM iteration
was over two orders of magnitude faster than the interior point iteration as the horizon
length was increased to 1000 samples.

Given the observed scaling properties of the number of iterations required for conver-
gence and the computation of each iteration, it would therefore be expected that the total
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time taken for the ADMM algorithm to terminate would scale linearly with horizon length
whereas the time taken for the projected interior point method would scale cubically with
horizon length, and this is supported by the results shown in the third plot in Figure 4.6.
It is also shown that, with an assumed interval of one second between controller optimiza-
tions, the projected interior point is only suitable up to a horizon of N ~ 500, whereas
even up to the maximum horizon length of N = 1000, the ADMM algorithm required
less than ~ 0.1s, and from the previous scaling properties it can be assumed that ADMM
is real time implementable for horizons significantly in excess of 1000. Therefore, whilst
the projected interior point algorithm has been shown to converge to an extremely accu-
rate solution in fewer iterations than the ADMM algorithm, for the hardware used in these
experiments, less time is required for a moderate level of accuracy using ADMM, and the
ADMM algorithm scales better with horizon length. It is worth noting, however, that if
the accuracy requirement were significantly tightened, it is likely that this performance
relationship could change. Furthermore, it may also be possible to further accelerate the
interior point iteration using efficient factorizations such as those proposed in [120] and
[121].

In comparison with the proposed algorithms, CVX was unable to obtain solutions in
less than 1s for any horizon length, and was at least an order of magnitude slower than both
algorithms over all horizon lengths; compared to ADMM it was a factor of 1000 slower
for N = 1000. Although CVX is solving the problem to a different error tolerance, it
would be expected that ADMM would still be faster were its termination threshold signifi-
cantly tightened. This is the first demonstration of a method capable of solving the energy
management problem in real time, over long horizons (>1000 samples) when nonlinear
system dynamics are considered and hard limits on both power and state of charge are
enforced over the entire horizon.

4.3.2 ENERGY MANAGEMENT

CONTROL ALGORITHMS

The same driver behaviour data as that presented in Section 3.4 was used for simulation,
and for each journey, the state of charge of the battery was initialized at 60% and con-
strained between 40% and 100%. Four control algorithms were used:

1. Dynamic Programming. The gear selection, braking, and engine switching were
controlled using the same heuristics as presented for MPC in Section 3.2, and the
dynamic programming algorithm described in Section 2.2.1 was used with the exact
engine, motor, and battery models to determine the globally optimal power split.
The state space (the battery state ;) was evenly discretized in 1000 intervals and
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the control space (the battery power u;) was evenly discretized in 100 intervals (this
was found through trial-and-error to be sufficient for a highly accurate solution).

2. MPC. The state constrained MPC algorithm described in this chapter was used
where it was assumed that the controller had perfect predictions of the future ve-
locity and road gradients (as in Section 3.4). At each control variable update instant
the power delivered from the battery was implemented as the first element of the so-
lution of (MPC.2), for which the ADMM algorithm was used to obtain the solution.
The p parameters were re-tuned as p; = 2.34 x 10~* and p, = 1078, and the termi-
nation criterion, €, was set at 5 x 10%, which was found to eliminate the constraint
violation issue illustrated in Figure 4.5.

3. MPC (no electrical losses). The same MPC algorithm as described above was
used with the exception that all of the electrical losses in the predictive model were
ignored (i.e. fi.(pr — g5 ' (ux)) = fu(px — ux) Vk € P). The ADMM algorithm was
also used for the MPC optimization.

4. CDCS. In the initial charge-depleting phase the engine was switched off and all
power was delivered from the motor until the lower threshold on the state-of-charge
of the battery was met (the engine was also turned on to meet any power that ex-
ceeded the motor’s power limit, but was then immediately turned off again). Once
the lower limit on the battery’s state of charge was met, the engine was turned on and
kept on until the end of the journey, during which all positive power was delivered
from the motor if the state-of-charge of the battery was above its lower limit, and
from the engine if the lower state-of-charge limit was exceeded. All negative power
was delivered from the battery.

RESULTS

Figure 4.7 shows the results for all forty-nine journeys using dynamic progamming and
MPC both with and without the electrical losses, and it can now be observed that the state-
of-charge of the battery satisfies its upper and lower constraints at all times. The route used
for simulation consists of approximately 7km of uphill followed by 7km of downhill (it is
a return journey), so a useful artefact is that the vehicle is regenerating for the second half
of the route and ends the journey with the same battery state-of-charge across all control
methods. This means that the relative efficiency of each control method can be determined
by comparing the total fuel consumption alone (if this were not the case the terminal state-
of-charge could be constrained by tightening the state-of-charge constraint for the final
timestep with X < zy < Xp). It is shown that the MPC controller that considers the
electrical losses in the system achieves an extremely close approximation of the globally
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Figure 4.7: Closed loop results using dynamic programming, MPC, and MPC with the electrical
losses ignored in the predicted dynamics. The hard lower bound on the state-of-charge of the
battery is shown in the red area.

optimal solution obtained with dynamic programming, and that when the electrical losses
are ignored the fuel consumption increases. On average, the fuel consumption increased
relative to dynamic programming by 3.4% when using MPC without the electrical losses,
but the fuel consumption was equal (to the nearest 0.1%) for both dynamic programming
and MPC when using the full loss model. This provides a clear justification for using non-
linear models of the electric elements of the powertrain in the MPC optimization. Figure
4.8 shows a histogram of the time taken using dynamic programming and the first MPC
optimization (the shrinking horizon implementation means that the computational time re-
duces as the journey progresses) for both powertrain models across all 49 journeys. The
average time taken for dynamic programming is 260 s, which is clearly too slow for a
receding horizon implementation with an update frequency of 1s. Conversely, the time
taken using the ADMM algorithm is significantly less that one second: the average where
the electrical losses is considered is 0.10 s, and is reduced to 0.043 s when the electrical
losses are ignored. This acceleration is achieved because the ADMM update (4.9a) has an
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analytical solution when the electrical losses are ignored, although it comes at the price of
the reduced closed loop performance illustrated in Figure 4.7.

Figure 4.9 shows the results using CDCS compared with the MPC results from Fig-
ure 4.7, and illustrates the potential limitation of using a suboptimal heuristic for engine
switching control. The MPC controller only switches the engine off if the selected gear
results in the engine speed being reduced below a minimum threshold (return to Section
3.2 for the details of the MPC heuristics), whereas the engine is off for a significant portion
of the start of the journey using CDCS. Consequently, CDCS actually reduces fuel con-
sumption by 1.1 % on average. This demonstrates that the engine switching control should
also be considered in the MPC optimization in order for the resulting energy-management
strategy to be optimal in terms of fuel consumption.

4.4 CONCLUDING REMARKS

In this chapter it was demonstrated that the convex MPC formulation presented in the
Chapter 3 can be readily extended to consider the state-of-charge constraints across the
entire prediction horizon. A computationally cheap algorithm was presented for obtain-
ing a feasibility certificate for the problem, and then an ADMM algorithm and a novel
projected interior point algorithm were presented for its solution. It was demonstrated in
a set of numerical studies that the projected interior point method could obtain a highly
accurate solution in fewer iterations, but that a sufficiently accurate solution could be ob-
tained much faster using ADMM. The MPC optimization was implemented in closed-loop
where it was shown to very closely approximate the globally optimal solution obtained us-
ing dynamic program, and that the performance of the MPC controller is reduced when
the nonlinear losses in the battery are ignored. Finally, it was demonstrated that a poor en-
gine control heuristic can render the optimized control inputs as poor as CDCS, so in the
following chapter, the MPC optimization is extended to also consider engine switching.
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4.A. ADMM SYSTEM OF LINEAR EQUATIONS

APPENDICES

4.A ADMM SYSTEM OF LINEAR EQUATIONS

Proposition 4.A.1. The system of linear equations
(kI + ¥ "0)x = b, (4.22)

where k € Ry, x,b € RN, Visa N x N lower triangular matrix of ones, and I is the
identity matrix, can be solved with O(N) computation and O(N) memory storage.

Proof. Firstly, note that

1 -1
-1 2 -1

12 1
212

i
and
KI+0TW)x=b <« KU (UH +Hx=0 (T ).

The matrix (k@~1(U~1)T + ) is diagonally dominant, so is positive definite from the
Gershgorin circle Theorem [129, §6]. This implies that the Cholesky factorization

(kOO + 1) =LLT

exists, where L is a lower diagonal matrix with nonzero entries on the diagonal and first
subdiagonal only. The solution to (4.22) can therfore be obtained from

x = L\L\U (T )b,

where the backslash operator indicates a backwards/forwards substitution. Multiplications
by U1 and (1) T are the equivalent of difference operations, and the backwards/forwards
substitutions involve matrices with only nonzero entries on the diagonal and first subdi-
agonal/superdiagonal, so the total complexity of the operations is O(/N). The only values
that need storing in memory are the diagonal and first subdiagonal entries of L, which
require O(V) storage. O
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CHAPTER 5

ENGINE SWITCHING

N the previous chapter it was demonstrated that if the engine switching control is deter-
mined by a poorly chosen heuristic then it is possible for the optimal power split to per-
form as badly as a CDCS strategy. Therefore, in this chapter, a convex optimization-based
MPC approach to engine switching control is considered. A significant issue with optimiz-
ing the engine switching with convex optimization is that it introduces an integer decision
variable that is necessarily nonconvex, so previous approaches (e.g. [107, 118, 106]) have
considered algorithms that alternate between using PMP or dynamic programming to de-
termine the optimal engine switching control, and convex optimization to determine the
optimal power split. It has been demonstrated that this approach will converge to a point
that satisfies the necessary conditions for optimality [118, §III.D], but globally optimal
convergence cannot be proven in general. A further limitation with this approach is that
it requires multiple solutions of the convex powersplit sub-problem, which may be com-
putationally intractable on limited hardware (up to 155 s were required in [107]). Here,
an ADMM algorithm is instead used to solve the problem directly in two phases: firstly
it is used to obtain a globally optimal solution to a convex relaxation, then this solution
is used to initialize the same algorithm applied to the original nonconvex problem. It is
proven that the ADMM algorithm will return a power-split that is optimal with respect
to the engine switching sequence at termination, and global convergence is encouraged
using the initial convex phase. The performance of the algorithm is demonstrated in a set
of numerical studies, where it is shown that the ADMM algorithm provides a very close
approximation of the globally optimal solution of the mixed-integer MPC optimization,
and that the algorithm provides a reduction in fuel consumption of 32 % relative to CDCS
when used in closed-loop.
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5.1 MODEL PREDICTIVE CONTROLLER

Recall from Section 3.1 that the engine control is defined by o, where o, = 0 implies that
the engine is off and o, = 1 implies that the engine is on at the kth timestep. Assuming
that the transient dynamics of engine switching (and clutch engagement) are negligible, the
switching variable oy, is incorporated in the model by considering two effects: A) all of the
power is delivered by the electric system when the engine is off B) the fuel consumption
when the engine is off is zero. Effect A) is introduced to the model with the constraint

where Ve = U — gk(pk) and (Sk = ﬂk — gk(pk)

Proposition 5.1.1. The constraint set defined by the inequalities in (5.1) is convex in
(Uk,O'k) € R x [0, 1]

Proof. The proof immediately follows from the fact that { (ux, 0%) € R x [0, 1] : gx(px) +
ok < up < gr(pr) + oxdx } is the intersection of the epigraph of an affine function and
the hypograph of an affine function. [

Effect B is introduced by defining the fuel consumption as function, 7y : [u, Ug| X
X [uy_1,Un—_1] % [0,1]Y +— R, of battery power and engine state, given by

ig(u,0) =Y [felor = g () + (0% = Dfe(0)] + Y onfu(0). (5.2)

keP keC
Note that it can be seen from (5.1) that o, = 0 = fi.(pr, — g ' (ur)) = fx(0).
Proposition 5.1.2. Function (5.2) is convex.

Proof. The proof immediately follows from the fact that f;,(p, — g; *(uy,)) is convex on
the domain uy, € [uy, ] for all k& € P, and both (o), — 1) f(0) and oy f1(0) are affine in
Of. ]

A quadratic ‘driveability’ cost, d : [0, 1] — R, defined by

k
d(o) = EdOT(\I/_l)T\IJ_la,

is included in the cost function of the MPC problem, where k; € R, , can be chosen either
to accurately model the fuel consumed when switching the engine on, or chosen arbitrarily
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to prevent the engine switching control from chattering. The MPC problem for optimizing
the engine switching simultaneously with the power-split is therefore

N-1

min mys(u, o)+ d(o),
min 3 0) + ()

s.t.x = 1z(t) — Yu,
1z <z <1z (MPC.3)

<
gk(pk) + ok < uk < gr(pr) + 06 Vk€{0,...,N — 1},
o,€S Vke{0,...,N—1}

From the properties of the cost function and constraints demonstrated above, this problem
is nonconvex when the engine switching variable o}, is an integer decision variable, i.e.
S = {0, 1}. However, if the constraint set for oy, is relaxed to the interval S = [0, 1], then
problem (MPC.3) becomes convex.

Proposition 5.1.3. If the constraint set of (MPC.3) is nonempty, then the solution exists.
Additionally, if S = [0, 1], it is unique.

Proof. The objective of (MPC.3) is continuous, and the constraint set is bounded and
closed (for both S = [0, 1] and S = {0, 1}) and is therefore also compact. The first result
therefore follows from Weierstrass’ Theorem for continuous functions [91, p.237]. For
the second result, observe that 1 ¢(u, o) is separable w.r.t. « and o, strictly convex in u
(this follows from Theorem 3.2.1 for all £ € ‘P, and is trivially true for all £ € C as
w;, = ), and affine in 0. Additionally, ¥~! is nonsingluar and k; > 0, which implies
that k—;(\II_I)T\II_l >~ 0. Therefore, the objective of (MPC.3) is strictly convex, so the
second result follows from Proposition 2.2.1. ]

CONVEX MIXED INTEGER PROGRAMMING

Note that (MPC.3) is of the form of a convex mixed-integer nonlinear program (when
S = {0,1}), a general class of problems for which several optimization algorithms have
been extensively investigated: for a review of algorithms and software see [130] and/or
[131]. A major issue with solving mixed-integer problems is that, even when the objective
and constraints are otherwise convex, they are NP-hard in general, and exact solution
algorithms are therefore often too computationally intensive for an online solution. For
example, in the worst case, a branch-and-bound algorithm would require the solution of
2V convex relaxations to generate a solution for (MPC.3). This issue motivates the use of
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ADMM as a heuristic for solving (MPC.3) as presented in this chapter, and was previously
investigated for PHEV energy management in this way in [132]. That approach, however,
considered a very simple powertrain model and limited hardware constraints (the state-
of-charge constraint, in particular, was ignored) compared to (MPC.3), and neither the
convergence of the algorithm nor the optimality of the returned values were addressed.

5.1.1 FEASIBILITY

This section considers the feasibility of (MPC.3) under the following assumption.
Assumption 5.1.1. gy (px) > uy, forallk € {0,...,N — 1}.

The physical interpretation of the case in which g(py) < wu, is that the vehicle is
braking and the braking power cannot be delivered entirely by the motor. Assumption
5.1.1 implicitly requires that if this case occurs for any & € {0, ..., N — 1}, the magnitude
of the mechanical braking power (b; € R_) is increased until gi(px) = gr(dx — br) >
(where dy, is the demand power) for all k. Note that it is not required that gy (py) < Ty: the
physical interpretation of this case is that both the motor and engine are required to meet
the driver’s power demand, and the intersection of (5.1) and constraint u; < U ensures
that o, = 1 (i.e. the engine is on).

Proposition 5.1.4. For both S = {0,1} and S = [0, 1], the constraint set in (MPC.3)
is nonempty if and only if Fr, # O Vk € {1,...,N}, where Fy = {z(t)}, Frp1 =
{Fr® U NXVEke{0,...,N — 1}, Uy := [uy, Tx), and X = [z, T].

Proof. The projection of the constraint set in (MPC.3) onto (u, z)-space is equivalent to
the constraint set for (MPC.2), so the proof immediately follows from the proof of propo-
sition 4.1.2. [

Proposition 5.1.4 implies that Algorithm 1 can be also be used to generate a feasibility
certificate for (MPC.3). This is because the set of all trajectories for u; and xj for all
possible engine switching sequences lies within the set of trajectories that can be obtained
with o, = 1 for all k, so only the case where ¢ = 1 needs to be checked to determine
feasibility.

5.2 OPTIMIZATION

5.2.1 ALGORITHM

An extension of the ADMM algorithm presented in Chapter 4 is proposed for the solution
of (MPC.3) in two phases: firstly, it is used to find the global solution to the convex
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relaxation of (MPC.3) with S = [0, 1], then this solution is used as the initialization point
for the same algorithm with S = {0, 1}, which is shown to be locally convergent. Three
dummy variables, ¢ € RN, n € RY, and x € RY, are included, so that (MPC.3) is
equivalent to

min - rig(u,0) +d(k) + ) [Ty (ur) + Zx(zs1) + Ls(ow) + Ir, (1 %))

(8,u,,0,m,C)

s.t.x = 1a(t) — Yu, (5.3)

where
Ry := {(we,00) € R? : gi(pr) + onve < we < gi(pr) + 0%k} -

Problem (5.3) is in turn equivalent to

min f() + §(2)
(@) (5.4)
s.t. Au+ BT =c¢

where
o= (k,u,x), T:=(0,1,(),
N-1

)= felpr — g5 (wn) +d(r) + Y [Ta(wpsr) + Tog (ws)]
keP k=0

N-1 (5.5

Z (01 f1(0) + Zs (o) + Zr, (Mk, o%)]
k=0

00 -1 0 0 —-Ww
A= {8% 8}, B:= {8 5 ﬂ, ¢:= (—1x(t),0,0,0).
100 -T0 0
The augmented Lagrangian associated with (5.4) is

o N T .
Ly(,z,N) = f(a)+ g(z) +§\|Au—|—Bx—c—|—)\Hi (5.6)
where

||$||§ =x'pr, p:=diag(pil,pol,p3l,psl), p1,p2,p3. ps € Ryy,
A= ()‘17>\2>>\37>\4>7 )\17)\2,)\3,)\4 € RN.
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The ADMM iteration is then defined by

D . argmin ﬁ(ﬂj(i),)\(i))’ (5.7a)
FHD ¢ argmin E(ﬁ(iﬂ)’j’ )\(i))’ (5.7b)
A= A0 4 AGCHD + B — ¢ (5.7c)

The notation € is used in (5.7b) because the argmin may not be unique; a tie-breaker
criterion is described for the algorithm in the following section. The algorithm is initialized
with the values (4?0, 7 \(?)) = 0 and the set S = [0, 1], and iteration (5.7) is repeated
until the criterion

max{||r(i+1)||, ||S(i+1)||} <e (5.8)

is met, where € € R, | is a fixed convergence threshold and the residuals 1) and s(*+1
are defined by

rD = AgOHD 4 Bz — ¢ and UV = ATpB(20H) — 70, (5.9)

The set S is then updated with {0, 1}, and the iteration (5.7) is continued until the crite-
rion (5.8) is met again. The ADMM algorithm as a whole is presented in pseudocode in
Algorithm (5) (the generation of a feasibility certificate using Algorithm 1 is omitted for
the sake of conciseness).

5.2.2 CONVERGENCE & OPTIMALITY

Problem (5.4) is the form of optimization problem addressed in the appendix to this chap-
ter, in which it is demonstrated that when S = {0, 1}, every point in (u, x, y)-space where
the battery power allocation is globally optimal w.r.t the engine switching sequence is a
stationary point of iteration (5.7), and these points each have a convergent neighbourhood.
Additionally, it is demonstrated that these are the only stationary points of iteration (5.7).
Therefore, the solution returned when Algorithm 5 terminates is the equivalent of the so-
lution of (MPC.2) given the ‘optimized’ engine switching sequence. A limitation of this
approach is that it cannot be guaranteed that the algorithm will converge to a ‘good’ en-
gine switching sequence: for example, the engine switching sequence obtained from the
heuristic in the previous Chapter is an attractor for (5.7). A further limitation is that no
lower bound is provided on the size of the basin of attraction at each point (so convergence
is not guaranteed from an arbitrary point). However, a locally convergent region exists for
every possible engine switching sequence, so (5.7) has 2V attractors. This may explain
why the algorithm reliably converges in the numerical simulations that follow. The prin-
ciple of Algorithm 5 is to encourage both convergence (in the sense that the iterates do
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Algorithm S ADMM Algorithm for Problem (MPC.3)

[N I e e e e e e
SN A A U e

D AN A S oy

Input: (z(t),u,@,~,9, F,€)
Output: (u', o)
(KO, 4 © 20 5O 5O O \O)) 0
(r©® 50) « o0
S« [0,1]
140
while max{ |7 V]|, |sV||} > e do
) « (5.7a) Vke{0,...,N —1}
D« (5.7b)
(T(i+1)7 S(i+1)) « (59)
NGHD A6 4 p(i4D)
1 1+1

: end while
: S« {0,1}
. while max{[|r*V]|, ||s"*V||} > e do

@+ « (5.7a) Vke{0,...,N —1}
0+  (5.7b)

(,r,(i—i-l)’ S(i-i—l)) — (5.9

/\(i+1) — )\(i) +T(i+1)

14+—1+1

: end while
. return (uf, of) < (u@ o)
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converge to a fixed point and will satisfy the criterion (5.8) in a finite number of iterations)
and optimality (in the sense that the iterates also converge to the globally optimal engine
switching sequence) by initializing the algorithm with the globally optimal solution of the
convex relaxation S = [0, 1] (for which the ADMM algorithm is globally convergent).
Convergence can be guaranteed more generally by fixing o+!) after a finite number of
iterations, but this was not found to be necessary in the following simulations.

5.2.3 VARIABLE UPDATES & COMPLEXITY

Firstly, note that the augmented Lagrangian (5.6) is equivalent to

P

L, 3,0) =Y fulpe — g5 () + d(8) + > [Ta(@rsr) + Ty, (w)]
KeP 0

b
Il

N—-1
+ 37 (o0 fu(0 +Ig(ak)+IRk(77k,ak)]—|—%Hlx(t) P T
k=0
+ Bllu— ¢+ nallP + B =+ xal? + Sl — o+ M (5.10)

The update (5.7a) considers the variables x, u, and x, which are completely decoupled in
(5.10). Therefore, the solution of (5.7a) can be obtained by minimizing (5.10) w.r.t each
of k, u, and z separately, and is therefore equivalent to

RO — (o (T 1, 1) pu(o@ — A 5.11a
d P4 P4 4 ( )

ufl ™ = argmin  Fy(ue) + T (ug) + 22 (g = ¢ + 25))?

Uk
+ Blu—n +20)?) WkEP  (5.11b)
' )\(1 + (2) )\( 1)
WD pa(G = M) + pa(m — MG VkeC (5.11¢)
P2+ p3

2D —Tyw |Ta(t) = 9¢9 4+ 20| (114

The x update is the solution of the general linear system of equations Mx = b where
the matrix M is tridiagonal, diagonally dominant, and does not change between iterations.
The proof of Proposition 4.A.1 can be used to demonstrate that the Cholesky factorization
of M exists, has O(N) memory requirement, and that the solution of (5.11a) has O(N)
computational requirement at each iteration. The u; update is equivalent to the u; update
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described for the ADMM algorithm in Section 4.2.1 for all k& € P!, and has an analytical

solution for all £ € C. The = update is exactly equal to the = update described in Section
4.2.1.

The update (5.7b) considers the variables o, 7, and (, of which ¢ and 7 are coupled
in (5.10). Therefore, the solution of (5.7b) is obtained by minimizing (5.10) w.r.t o and 7
together and ( separately, and is therefore equivalent to

(g, o)) € argmin (kak(o) + Zs(ow) + Ir,, (e, ox) + %HU(M) — A0
(o,m)

+ %Hn(”” o+ AEPHQ) VkeP  (5.12a)

(7, 01) Y = (gi(p1),0) VkeC (5.12b)
. -1 , .
¢ = (le + Pl‘I’T\I’) (PQ(U(ZH) +28) + P (La(t) — o + )\1)>
(5.12¢)

The joint (7, o)) update (5.12a) is the solution of a two-dimensional optimization
problem with a quadratic objective function. When S = [0, 1] it is a convex inequality
constrained quadratic program for which there are 7 possible solutions as shown in Figure
5.1: the unconstrained minimum 1, three at the vertices 2-4, and three on the edges 5-7.
Each of these has an analytical solution, so the solution of (5.12a) is obtained by evaluating
each of the seven candidate solutions against the objective function to determine which is
the minimizing argument (when S = [0, 1] this point is unique). When & = {0, 1}, the
constraints become nonconvex, and there are two candidate solutions as shown in Figure
5.1: either (1, 02) ™) = (gi(px), 0) or (1, 03) D = (I, (ul™™ + A3), 1). In the case
that both of these points have the same value when evaluated against the objective function
of (5.12a), (1, o) = (gr(pk),0) is always chosen as the solution. The joint (o, 7;,)
update is separable w.r.t the elements of ¢ and 7 and so its computational requirement
depends linearly on N if each k update is performed sequentially, or is independent of
N if performed in parallel. The ¢! update is equivalent to the update in the previous
ADMM algorithm (4.10), so its computation and memory requirement scales linearly with
prediction horizon. The residual updates (5.9) are equivalent to

1One of the motivations for including both sides of the constraint u < u < win (MPC.3) is to ensure that
(5.11b) is convex, as Fy, is generally nonconvex outside of the domain represented by Zy, (ur).
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o op =1 9 (Dr) Mk op =1 9 (Pr)
—|—0'k(5k / +0'k5k:
9 (P 2 -
k
7\+\ \
4 Ik (Pr) \ gr(Pr)
+0KVk +TOKVk
@) S = [0,1] S ={0,1}

Figure 5.1: Constraint sets defined by Ls (o) + Ir, (K, 0% )

Table 5.1: Summary of the computational complexity of each of the ADMM variable updates.

O |k u x (no) ¢ r s A
Parallel | N 1 N 1 N N N 1
Sequential | N N N N N N N N
[1a(t) — 2+ — (6D
D) G+ C(i+1)

LD 77(i+1)
k(i+1) _ S (i+1)

pa(0) — )
) . — _p3(n(i+1) - (i)) _ p2(<'(i+1) — C(i))
pa® (¢ — )

for which the computational and memory requirements scale linearly with /N, and update
(5.7¢) is equivalent to \*+1) = \@) (1) The computational complexity of the elements
of each instance of iteration (5.7) is summarized in Table 5.1, and the memory requirement
of the iteration is O(XV).
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5.3 NUMERICAL EXPERIMENTS

The experiments were separated into two phases: firstly, only the first instance of the MPC
optimization (MPC.3) was considered for each journey, where the output of the ADMM
algorithm was compared against the globally optimal solution obtained using dynamic
programming to determine the suboptimality caused by local convergence. Secondly,
the MPC controller defined by the approximate solution of (MPC.3) obtained using the
ADMM algorithm was simulated in closed loop in comparison with a CDCS baseline.

5.3.1 OPTIMIZATION PERFORMANCE

Figure 5.2 shows the solution of (MPC.3) obtained for each journey at time ¢ = 0 using
both the ADMM algorithm and dynamic programming. It is demonstrated in the appendix
to this chapter that the ADMM algorithm will terminate with the optimal power split given
the engine switching sequence, so suboptimality is only introduced through adverse engine
switching decisions. It can be seen in Figure 5.2 the the engine switching control ob-
tained using ADMM closely matches the solutions obtained using dynamic programming,
although ADMM does introduce more switching decisions for the highlighted example
(journey 14), particularly around k£ = 400. This is reflected in the bottom right axis, where
it is shown that the ADMM algorithm introduces 43% more engine switches than dynamic
programming across all journeys. Broadly speaking, however, the ADMM algorithm cor-
rectly identifies the periods in which it is optimal for the engine to be switched off, and
consequently the fuel consumption and state-of-charge trajectories closely match those
obtained with dynamic programming. The terminal state-of-charge is closely matched
between the ADMM and dynamic programming solutions (as observed in the previous
section), so the performance can be determined by directly comparing the total fuel con-
sumption: the ADMM algorithm increases the predicted fuel consumption relative to DP
by 5.3 % on average.

Figure 5.3 shows histograms of the time taken to completion using dynamic program-
ming and ADMM for all journeys. The mean time taken was 1600 s for dynamic program-
ming and 0.23 s for ADMM,; a reduction of more than three orders of magnitude. The
ADMM algorithm was implemented in vectorised Matlab code here, and it is therefore
likely that the absolute performance could be increased further with a compiled software
implementation, where a subset of the decision variables are possibly updated in paral-
lel. Overall, the results demonstrate that the ADMM algorithm is suitable for a real-time
implementation.
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Figure 5.2: Solution of (MPC.3) at time t = 0 obtained using ADMM and dynamic programming.
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Figure 5.3: Time taken for each of the solutions in Figure 5.2 using ADMM and dynamic program-
ming.
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5.3.2 CLOSED-LOOP CONTROL

Figure 5.4 shows simulations results using MPC where the control variable update is de-
fined by the approximate solution of (MPC.3) obtained using the ADMM algorithm, in
comparison with the CDCS results previously presented in Figure 5.2. It can now be seen
that MPC provides a clear and consistent reduction in fuel consumption relative to CDCS
across all journeys, with an average reduction of 32 % (recall that the MPC results in sec-
tion 4.3.2 performed worse than CDCS due to a poor engine switching heuristic). It can
also be seen that the closed-loop engine switching sequence for the highlighted example
does not match the predictions of the first optimization highlighted in Figure 5.2, and par-
ticularly that additional switching decisions are introduced between 400 and 700 seconds.
This is reflected in the total number of engine switches across all journeys, where the av-
erage was 47 for the first MPC optimizations shown in Figure 5.2, whereas an average
of 73 is found in Figure 5.4. The increased engine switching is in turn reflected in fuel
consumption, which was predicted to average 0.28 kg in Figure 5.2, but was realized as
an average of 0.36 kg in Figure 5.4. This may be partly due to the modelling errors, but
will also be caused by the engine being switched on for a larger fraction of the journey.
Figure 5.5 shows the battery power trajectories for the highlighted solutions in Figures 5.2
and 5.4, which provide a clearer illustration of the differences each method. Of particular
significance is the period between approximately 200 and 500 seconds, where the CDCS
controller is required to deliver all of the power from the engine, resulting in a significant
increase in fuel consumption.

5.4 CONCLUDING REMARKS

In this section the MPC energy management controller was extended from the form pre-
sented in Chapter 4 to consider engine switching. Problem (MPC.2) was extended to
include the binary switching variable, which resulted in a convex mixed-integer nonlinear
program. An ADMM algorithm was proposed for the solution of the new MPC optimiza-
tion problem, which is neccessarily convex due to the integer decision variable. Local
convergence of the ADMM algorithm was proven, so the algorithm was initialized using
the solution of a convex relaxation of the problem to encourage convergence to the globally
minimizing argument. The ADMM algorithm was compared against dynamic program-
ming on a set of single-shot optimization problems, where it was shown to obtain a close
approximation of the globally minimizing argument, and reduced the computational bur-
den from approximately three hours to a fraction of a second. The MPC framework and
ADMM algorithm were then simulated in closed loop against a CDCS strategy, where they
were shown to reduce fuel consumption by 32 %.
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Figure 5.4: Closed-loop simulation using MPC with an approximate solution obtained using

ADMM, compared against CDCS.
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Figure 5.5: Battery power (u) allocation for the highlighted examples in Figures 5.2 and 5.4 (note
that the results in the left-hand plot correspond to single shot optimizations, where the results in
the right-had plot are the results from closed loop simulations).
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APPENDICES

5.A OPTIMALITY AND CONVERGENCE OF ALGORITHM 5

This appendix addresses the convergence properties of Algorithm 5, and characterizes the
optimality of the stationary point(s) that it may converge to. The appendix is structured as
follows: in Section 5.A.1 the problem is formalized mathematically, and the main result is
stated in Proposition 5.A.1 with a sketch of the proof. The proof is then provided in detail
in the following three sections.

5.A.1 PROBLEM STATEMENT
Recall that problem (5.4) is of the form

min f(u) + g()
(u,) (5.13)
s.t. Au+ Bz = c.

For the sake of readability in the analysis that follows, the ‘tilde” accents used in (5.4) have
not been included in (5.13), and all notation used within this appendix can be considered
separately from the rest of this thesis. The full definitions of each of the terms in (5.13)
is provided in (5.5), but the important properties relevant to the following proof are also
recalled here:

* The function f is the sum of continuous convex functions and indicator functions
for closed and convex polyhedral constraint sets.

* The function g is the sum of a linear function of the first /V elements of x, an in-
dicator function for a closed and convex polyhedral constraint set, and an indicator
function for the set {0, 1} x R?" (i.e. the first NV elements of x are binary decision
variables).

e The matrices A and B have full column rank.

Importantly, problem (5.13) is nonconvex due to the binary decision component of = only.
To construct the following proof, decompositions of z into the vectors z; € RY and x5 €
R and B into the matrices B; € R*>*¥ and B, € RY¥*2N are defined as (71, 73) :=
and [By, By| := B. In other words, x; is the binary decision component of z, and B; and
B, are the blocks of B that correspond to x; and x5 under matrix-vector multiplication.
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The augmented Lagrangian function corresponding to (5.13) is defined by
1
L,(u,z,y) = f(u) +g(z) +y (Au+ Bz —c) + §||Au + Bz — ||’ (5.14)

where yy € R*V is a vector of Lagrange multipliers, and p := diag(py, . . ., pan) such that
pi € Ry Vie{l, ..., 4AN}. Note that (5.14) is the scaled form of (5.6), and is equivalent
using the change of variables pA() = y(®) (see [127, §3.1.1] for more details). The ADMM
iteration for problem (5.13) is

w1 = argmin {f(U) + (YN T (Au + Bx® —¢) + §|]Au + Bz — CH/ZJ} (5.152)
, ‘ . 1,
20 — argmin {g(x) + (y(”)T(Au(”” + Bx —¢) + §|’Au(l+1) + B — CH%}
(5.15b)
gD =y 4 p(Au*D 4 Bz — () (5.15¢)

which is equivalent to the iteration (5.7) for problem (5.4) with y* = pA(®_ It can readily
be shown that the objective functions of (5.15a) and (5.15b) are closed and coercive, and
under the assumption that (5.13) is feasible, they are proper, so at least one minimizing
argument always exists for the objectives in (5.15a) and (5.15a) (Weierstrass’s Theorem
[91, p. 119]).

Proposition 5.A.1. Assume that there exists a stationary point of the ADMM iteration
(5.15), denoted (v, 2", 3) € R such that

(u(j)’x(j),y(a‘)) =, 2, y) = (u(j+1),x(j+1),y(j+1)) = (', ', y).
Also assume that argmin, L£,(u', x,y') is unique. It then follows that

a. There exists a neighbourhood of (u¥), x), y9))-space close to (u',x', ') where the
values of (uU+Y 20+ G+ defined by iteration (5.15) converge to (v, z', 7).

b. Any given (v',2’,y") minimizes (5.13) for fixed binary decision vector x', and any
point (u, x,y) that would minimize (5.13) if the binary decision vector x1 were fixed
is a stationary point of iteration (5.15).
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Proof. A sketch of the proof is presented here; the full proof is provided in following
sections.

1. In Section 5.A.2 it is demonstrated that there exists a neighbourhood of
(u®, 2@ y@))-space close to (v, 2',y’), denoted B,, in which the ADMM algo-
rithm (5.15) is equivalent to another ADMM algorithm applied to a convex problem;
namely problem (MPC.2).

2. In Section 5.A.3 it is demonstrated that the equivalent ADMM algorithm necessar-
ily converges to the minimizing argument of (MPC.2), denoted (u*, z*,y*). Addi-
tionally, it demonstrated that if the algorithm is initialised within a bounded neigh-
bourhood of (u*,z*,y*), denoted Sy, then the iterates always remain within this
neighbourhood as 7 — oo.

3. The results from the previous two sections are combined in Section 5.A.4. It
is demonstrated that points satisfying the criteria to be denoted (u,z’,y’) and
(u*, x*, y*) are equivalent, hence k can be chosen such that S, C B,. Consequently,
it is shown that if (u"), (), y)) € S}, at any iteration, the iterates remain within Sj,
(and therefore also B,) and converge to (u*, z*, y*) as i — oc.

]

5.A.2 EQUIVALENT CONVEX PROBLEM

Lemma 5.A.1. There exists a neighbourhood of (V) y9))-space close to (', y') where
U+ — o/
x =1

Proof. 1Itis assumed in Proposition 5.A.1 that argmin, £,(u/, ,y’) is unique, so it follows
from the definition of the stationary point that

min £,(, (4, 22),9/) < min £,(ef, (al,22), /) Val € {0,1}Y, &l £} (5.16)

x2

Now define o} := argmin,, £,(u/, (z},5),v') for all fixed 2] € {0,1}". Recall that

g(z) is the sum of a linear function of x4, an indicator function enforcing a binary decision
constraint on 1, and an indicator function enforcing a convex closed polyhedral constraint
on x. Consequently, it can be shown that
zh = argmin (W, ', p(Bix} + ¢)) " Fy + lx;ng
2 2 (5.17)
sty € X(xh),
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where
AT
F::[ [p]pBQ, H := B] pBs,

I

and X (xi) is a closed convex polyhedral constraint set dependant on the fixed value of
xi The optimization problem in (5.17) returns a unique minimizing argument as /4 > 0
and the constraint set is closed, so (5.17) is a multiparametric quadratic program in terms
of the vector (v, 3/, p(Biz] + ¢)). A change of variables? can be used to obtain x} from
ah =2 — H'FT(u,y, p(Biz} + ¢)), where z* is the minimizing argument of

min 2 ' Hz
z (5.18)
st.z € Z,

such that Z is also a polyhedral constraint set. It is proven in [69, Theorem 4] that the min-
imizing value of (5.18) varies continuously with v’ and vy (using the fact that H > 0), and
to return to min,, £,(v/, (21, 25),y)’ from this minimizing value, one must only add ad-
ditional terms that also vary continuously with «’ and . Hence min,, £,(u/, (21, z5), /)
is continuous w.r.t v’ and 3/, and the inequality (5.16) also holds within a neighbourhood
of «’ and y'. This concludes the proof for any pair (u/,y’) such that v’ is in the relative
interior of the constraint set enforced by the indicator function in f(u). In the case where
' is a boundary point of this set, there exists a sequence of points {uy } that converge to v’
such that £,(uy, z’, ") = oo for all " and y'. Therefore, the ‘neighbourhood’ proposed in
Lemma 5.A.1 does not exist because (") does not exist for these points. For the analysis
presented in this section we can sidestep this issue by choosing to redefine z(**') such that
it is always equal to 2’ for the values of u("*1) where f(u("*1)) = oo, safe in the knowledge
that the iteration (5.15) can never enter this region. O

It is now possible to define
Bri={(u,z,y) €R™ : Ju—v/[l; < 7 [ly — /|l < 7},

where 7 € R, can be (and is) chosen such that the projection of 3, onto (1), y))-space

is entirely contained with the neighbourhood of (u', y’) where xgj = . It then follows

from Lemma 5.A.1 that, given (v, () 4} € B,, the updates in (5.15) (starting with

2See [69, §4] for more details.
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2U+1) are equivalent to

$§i+1) = 7 (5.19a)

2

xgﬂ) € argmin {g((z’l, xg)) + (y(i))T(Au(i“) + Byxy + By —¢)

1 )
+ §||Au(z+1) + Byxo + By — c||i} (5.19b)

Y+ = @ p(Au(”l) + Bzt 4 Bzt —¢) (5.19¢)

u

u™? € argmin {f(u) + (y N T (Au + Boal™ + Bia, — ¢)

1 i
+ 5llAu+ Byal™ 4 B, — cnz}. (5.19d)

Hence the updates (5.19) are also the equivalent to an ADMM algorithm applied to the
convex problem

min f(u) + go(x2)
(w.72) (5.20)
s.t. Au + BQZ‘Q = Co,

where go(z2) = g((},22)) for fixed 2/, and ¢y := ¢ — Byz}. In the context of the
energy management problem considered in this chapter, problem (5.20) equates to problem
(MPC.3) with the engine switching sequence o fixed, and is therefore also equivalent to
the convex formulation considered in Chapter 4; problem (MPC.2). Consequently, (5.20)
has a unique minimizing argument, denoted (u*, x*, y*), for which the first order necessary
and sufficient conditions are

0 = Au* + Baxl — o, (5.21a)
0 € df(u*)+ ATy, (5.21b)
0 € dgo(x3) + By y*, (5.21c)

5.A.3 OPTIMALITY AND CONVERGENCE OF THE CONVEX ADMM
ITERATION

This section considers ADMM applied to problem (5.20) only; in the following section the
convergence of ADMM for problem (5.20) is then connected back to the original noncon-
vex problem (5.13). It is a well known result that ADMM will converge from an arbitrary
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initial point to a globally minimizing argument of (5.20) for very general classes of convex
functions f and g [127]. The convergence result in [127] relies on the construction of a
quadratic Lyapunov function that bounds "+ and y+") with respect to z* and y* as
1 — o0. In this section a slight variation on this approach is taken: the Lyapunov function
is constructed to also bound u(+?) relative to u* as i — oo. The useful consequence of
this variation is that the level sets of the Lyapunov function can be used to bound the mag-
nitude of the iterate in all directions of (u, x, y)-space; a result that is then exploited in the
following section.

Before continuing, recall that the ADMM iteration for problem (5.20) is given in
(5.19), with the caveat that the iteration starts with the »(*!) update. Additionally, re-
call that the v(“*!) and 2(+" updates are the minimizing arguments of the augmented
Lagrangian function corresponding to problem (5.20), which is defined as ﬁp(u, To,Y)
and is equal to (5.14) with fixed x; = 2.

Lemma 5.A.2. (u(™) 20 440 sarisfies the necessary conditions (5.21) iff 1) =
0 and sV = 0, where

rt) = A D) 4 Bgasgﬂ) — co,
S AT By () — D).

Proof. Firstly consider condition (5.21c¢). Since z3 = xé U g by definition the minimizer

of £,(ul™D 24, 5®), it follows that
0¢e agg(xgﬂ)) + BJyY + B) p(AutY 4 Bgazgﬂ) — ¢9), (5.22)
so the update law y(+1) = y® 4+ p(Au*D + Byl — ¢,) ensures that
0 € 0go (2™ + B yt) V(i+1) € Z,, (5.23)
Next, consider (5.21b). By definition v = u(*tY) minimizes £,(u, 23, y®), so

0 € Of () + AT (5™ 4 p(Au + Boal) — ¢y)).

Hence the update law 30 = y@ + p(Au(+D + BxU™) — ) gives
0 € Of (u™V) + AT (Y'Y + pBy(al? — 2§, (5.24)
which in turn implies
0caf(u™D)+ ATy ) 4 s V(i+1) €z, (5.25)
Therefore, (5.23) and (5.25) imply that (u(+Y 201 4+ satisfies the conditions
(5.21) if and only if 7+1) = 0 and s0+V) = 0. O

102



5.A. OPTIMALITY AND CONVERGENCE OF ALGORITHM 5

Lemma 5.A.3. Define the set

Sp = {(u,w2,y) € ROV ¢y — |50 + || Ba(z — ad) |15 + [lr(w, ) |[F <k}
where 7(u, z3) := Au + Byxy — ca. Choose k € R, then choose (u®, x5 y®) € &,
It then follows that, (u(”l),xgﬂ),u(”l)) € Sy as i — oo, and both 1Y) — 0 and
st 5 0asi — oo.
Proof. Tt is first shown that V® := V(u®, 2{? y®) is a Lyapunov function, where

V(u,22,y) = lly = y*[l5-1 + [ Ba(wa — 23) |5 + [Ir(u, 22)]]5.

This part of the proof is split into three steps:

1. (5.24) demonstrates that the «*) update (5.15a) can be equivalently written as

. i . . T
u*Y € argmin {f(u) + (y(”l) + pB(xS) — a:g““l))) Au} ,

u

which implies that

f(u(i+1))+ <y(i+1) +sz(a:§” _x§i+l)))TAu(i+1)
‘ . . T
< )+ (0 4 pBy(af) — o)) Aw
Similarly, (5.23) implies that

xgﬂ) = argmin {gg(xg) + (y Hl)) Bzxg}

xT

SO
92($g+ )) + (y( +1)) ng( +1) < gz(x§> + (y( +1)) ng;

Therefore, by defining p( ) := f(ul*V) 4 gy(z (Hl)) and p* := f(u*) + ga(x3), it
can be shown that

P =t = F) = f) + (o) = ga(a)
< (y) " (Bl —af ™) + A — D))
+ (&) — 25T BT pA(ur — wlit) (5.26)
— (y(m))T (i+1)

B (0 ¢ Bt )
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2. Since (u*, z*, y*) must satisfy the first order necessary conditions (5.21), it follows
that u = u* is a minimizer of f(u) + (y*)' Au and z, = 2% is a minimizer of
g2(22) + (y*) " Byao. Therefore,

F)+ ()" Aur < f(u) + ()" Au
92(3) + (y") " Boxh < ga(wa) + (y*) " Bawa

for all w and 25, 50 f(u*) + ga(x3) < f(u) + g2(2) + (y*) " (Au + Byxy — ) and
hence

p* _ p(i-i-l) g (y*)T T(i+l) (527)
3. Combining the bounds on p* — p*Y in (5.26) and (5.27) yields

i T G i+1 i i
(y D — ) e — (@D — )T B oY

a
+ (25 — 2T BT pBy(2{) — %) < 0. (5.28)

The first term in (5.28) can be simplified using the update law y(+1) = 4@ 4 pp(+1)
and completing the square:

9 (y(i+1) _ y*)T li+1D)
-9 (y(i) N y*)T P+ + 2||T(z‘+1)||i
= ly® —y" + pr VP — [y =g+ (I
= Iy —y* + y T =y D)2 — Iy — 2+ (Y2
= Iy — 20 = [y — 2+ [V,

The second and third terms in (5.28) can then be simplified as

4 1+1 1 3 1+1 7 1+1 *
P2 — 202y — 2T By pr ) 22§t — 2T B pBy(ay Y — 1)

i i+1 i i+1 * i *
= [[r*D — By(ay ™) — a) |2 + || Ba(asy ™ — a3)|1? — || Ba(ay) — a3)|2.

Therefore, (5.28) is equivalent to

7 * 7 * i 1+1 7
Iy — g2 — [y @ — g2+ (e = By(ad Y — 22
1+1 * 7
+ || Ba(a§ T — a3) |2 — || Ba (2! — 23) |2 < 0,
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which, using the definition of V() = V(1@ 2 y®) is equivalent to
7 7 7 i+1 7 7 3
VIR VO < D = By(ay ™ — ) [ = 5+ e
= —[Ir |2 — | Ba(a§ — 28|12 + 20+ T pBy(af T — 2))
7 i+1 7 i i i+1 7
= —[Jr®|12 — || Bo(25HY — 22 + 2(y) — y ) By(af T — &),

To bound the right hand side of this expression, recall from 1. that x5 = xgi) and

Ty = a:é”l) are minimizers of gy(75) + (y(i))T Byxy and go(15) + (y(i“))T Byxs,

so that
i i i i+1 i i+1
9z + () Byal! < gy (a5 + (y )T Byai Y

and
g((lf(Z—H)) + (y(z+1)>TBx(z+1) < g(x(z))'l' + (y(H_l))TBZE(Z).

Summing these two inequalities yields
(y(z‘+1) — y(i))B(x(iJrl) — x(i)) <0,
and it follows that

VD — VO < @2 — | By(es ™ — 2]

The positive invariance of Sy follows from its definition as a sublevel set of V' (u, z, y) and
from the fact that V) is monotonically non-increasing with 7. Asymptotic convergence of
the residuals r(+1) and s*1) can be established by summing both sides of the inequality
satisfied by VD — V@ over all i > 0:

7 i+1 7
> (012 + 1B = ) 2) < VO

=0

It can be concluded from this bound that, as i — oo, r — 0 and Bg(asgﬂ) — a:gl)) — 0,
and hence also s — 0. O

5.A.4 OPTIMALITY AND CONVERGENCE OF THE NONCONVEX ADMM
ITERATION

The results from Sections 5.A.2 and 5.A.3 are now combined to complete the proof of

Proposition 5.A.1. The principle of the approach is that there is an equivalence between

(v, 2',y') and (u*, (2}, z%),y*), and it can then shown that there must exist a convergent
neighbourhood of (u*, (', x*), y*).
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Lemma 5.A.4. Any stationary point, (u',2',y'), of iteration (5.15), is also a minimizing
argument of (5.20), given x|. Conversely, for any fixed x, the point (u*, (x}, z%),y*) is a
stationary point of iteration (5.15).

Proof. For the first statement, if x(li) = z for all 4, then iteration (5.15) is always equiv-
alent to iteration (5.19), for which the only stationary point is (u*, (', 23),y*). For the
second statement, the point (u*, (2, %), y*) is necessarily a fixed point of iteration (5.19),
which is therefore also a stationary point of iteration (5.15). ]

Lemma 5.A.4 has two significant consequences. Firstly, in the context of the energy
management problem discussed in this chapter, every stationary point of the ADMM it-
eration (5.15) results in the minimum fuel consumption given the engine switching se-
quence. Additionally, it means that (v, 2, y’) and (u*, 2*, u*) (where z* := (z/, x3)) can
be used interchangeably, most importantly in the definitions of B, and S;. The proof is
now completed by showing that there is a locally convergent neighbourhood around every
(u*, x*, u*).

Lemma 5.A.5. Define the set
Sp = {(u,z,y) € R : (u, 29, y) € S}

For every T > 0, there exists k > 0 such that Sy C B,, and for every k > 0 there exists a
neighbourhood of (u, x,y)-space centred on (u*, x*,y*) that is entirely contained within

Sk
Proof. Note that r(u, x) = A(u—u*) + B(x2 — 2%), so the left hand side of the inequality
ly =y M5+ + | Ba(wz — @) 15 + [l (w, )l < & (5.29)

in the definition of Sy, is equivalent to

ly =15+ + [Bf&__@)r {Z Z)Op} {Bégz_—u%)} '

——
M

The eigendecomposition of the matrix M is

il

so M is positive definite. Both A and B; have full column rank, so (5.29) defines an
ellipsoid centred on (u, zo,y) that bounds the magnitude of u — u*, x — z*, and y — y*
in all directions. Therefore, there exists a £ > 0 such that S’k C B, for any 7 > 0.
Additionally, for any k£ > 0 there exists a 2-norm ball centred on (u, x, y) that is a subset
of S, which completes the proof. ]
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Lemma 5.A.6. Choose k > 0 such that S, C B,, and choose arbitrary (u®, 2 y(©),
Define Sy = {(u(*V) 20+D y(+\Y g5 the sequence generated using ADMM update
(5.15) as i — oo, starting from © = 0. Assume that there exists at least one i € 7.
such that (u®,z® y®) ¢ Sk, and let i be the first such value. Now define Sy =
{(utHD) 20D 9N as g second sequence generated using the ADMM update (5.15)
fori € {0,...,i— 1} only, and then using iteration (5.19) (such that the iteration starts
with u*V) as i — oo. It then follows that

* 51 =25
. (u(i), x(i),y(i)) — (u*, 2%, y*) as i — oo.

Proof. To begin, it is clear that the elements of the sequences S; and .S, are equal for
alli € {0,...,i — 1}. Now consider the sequence S,. If (u® z® y®) e S, then
(u®, 2@ @) e S foralli > i when generated using iteration (5.19). If (v, 2, y(®) ¢
Sp and (u(tD) 2D 4 (+D)) € S, then both of these points are also elements of /3,, and
it follows that (u(+1), 2 y®) is also an element of B3,. Therefore, the ADMM iteration
(5.19) is equivalent to iteration (5.15) for all 7 > 4, so Sy = S;. Additionally, the sequence
Ss necessarily converges to (u*, z*, y*), which completes the proof. ]

The immediate consequence of Lemma 5.A.6 is that there is a neighbourhood close
to every (u*,z*,y*) in which the iteration (5.19) necessarily converges to (u*,x*, y*).
Additionally, due to Lemma 5.A.4, iteration (5.19) is only stationary at points that satisfy
the first order conditions 5.21 (i.e. points that satisfy the conditions to be considered
(u*, x*,y*)). As a final comment on the result of this appendix, note from the definitions
of A and B in (5.5) that the residual s“*" used to terminate the algorithm in (5.8) is the
concatenation of p4(a:gi+1) — x&l)) and the residual s(*1) used in Section 5.A.3. Therefore,
a sufficiently small termination threshold e (specifically, e < p4 if the 2-norm is used in
(5.8)) provides a certificate that x%”l) — mg) = 0. Additionally, the residual (+1) used to
terminate the algorithm in (5.8) is equivalent to the residual r(+1) used in Section 5.A.3,

so a small value of ¢ also provides a certificate that (u(+D 20+ 4(+D) is ‘close’ to
(u*, z*, y*).
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CHAPTER 6

DRIVER BEHAVIOUR UNCERTAINTY

HUS far, it has been assumed that the driver’s future behaviour is known to the con-
troller with complete precision, whereas in reality it is subject to considerable un-
certainty. For each of the frameworks presented in the previous chapters, it is possible to
generate predictions that are sufficiently inaccurate for the MPC to perform as badly as
(or worse than) CDCS. For example, if the predictions estimate that the journey will be
shorter than the all-electric range of the vehicle (when in reality the journey is longer than
the all-electric range), then the MPC strategy will behave very similarly to CDCS. In this
chapter the robustness of MPC is increased by considering multiple predictions of future
driver behaviour, possibly (although not necessarily) drawn from a database of previous
journeys on a given route. In particular, it is demonstrated that the ADMM algorithm used
in previous chapters can be readily extended to a new formulation that takes into account
multiple scenarios of future driver behaviour.

6.1 MODEL PREDICTIVE CONTROLLER

The convex formulation presented in Chapter 4 is considered for the basis of the approach,
and the engine switching control action is not considered to be a decision variable in the
MPC optimization. This approach is taken so that the suboptimality in the simulations
that follow is attributable only to the inaccuracies in the predictions, as opposed to the
suboptimality of the predictions and the local convergence of the ADMM algorithm. The
approach presented here can, however, also be extended to the case where engine switching
is also considered in Chapter 5.
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Recall from Chapter 4 that the convex MPC controller is defined at each control vari-
able update instance as the first element of the minimizing argument of (MPC.2):

muin ka(pk - g,;l(uk)),

keP

s.t.z = 1x(t) — Vu,
lz <z <17,
u<u<mu,

where the parameters of the functions fj and gk_l, the horizon length N, the elements of
the set P, and the values of u and w are dependent on a single, deterministic prediction of
the future road gradient, #, and vehicle velocity, v

Now, consider the case where the predictions of v and 6 are drawn from sets VV and
O according to an associated probability distribution. The objective of the optimization
problem may now be to minimize the expected cost across all possible realizations of the
uncertainty, and the MPC could be defined by the minimizing argument of the stochastic
program

min E Z Jor0. (P(Vg, Or) — gvkﬂk( k)|

b kEP(v,0)

s.t.x = 1x(t) — Vu, 6.1)
1z < x <17,
u(v,0) <u <u(v,0),
veV, 0eo.

This approach would increase the robustness of the controller as it is more likely that
the resulting driver behaviour will have been explicitly considered by the MPC optimiza-
tion, but still has two significant issues. Firstly, in order for the controller to minimize
the expected fuel consumption when implemented in closed loop, the probability measure
associated with )V and © must still closely match real driver behaviour, a phenomenon that
is extremely challenging to model explicitly. Secondly, even in the case where an accu-
rate representation of driver behaviour is available and the associated probability density
function is ‘simple’, problem (6.1) is nonconvex and intractable in general.

Therefore, instead consider the case where S € Z. , individual samples of v and 6 are
obtained from the uncertainty sets, where each sampled pair (v,0) € V x O is referred to
as a scenario. It is again assumed that each of the scenarios is sampled at 1 Hz over the
remaining duration of the journey, although as before, this approach can be extended to an
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arbitrary sampling interval. Additionally, it is assumed that each of the predictions are of
the same length, /V, as although the remaining duration of the journey may vary for each
scenario, zeros can be appended to the shorter predictions until they equal the length of
the longest prediction. Therefore, the predictions are given by v € RV*% and § € RV*S,
where v, ; € Vand 6., € ©Vs € {1,...,S}. The approach detailed in Chapter 3 can then
be used to obtain the optimization parameters across all of the predictions, now given by
u € RV*S € RV*S and p € RV*9, Additionally, the set P is defined for each scenario
s € {1,...,5} as Ps, and the functions f s(-) and gk’;() are defined for all elements of
the prediction horizon k£ € {0,..., N — 1}, and scenarios s € {1,...,S}. The stochastic
program (6.1) may then be be approximated with

s
min % Z ( Z Jrs(Drs — g,;i(uk7s))),

1z <z, <17, (MPC4)

Vse{l,...,S}.

From a computational perspective, (MPC.4) has two significant advantages relative to
(6.1). Firstly, (MPC.4) is convex and deterministic, and can therefore be readily solved
using standard convex optimization algorithms. Secondly, (MPC.4) does not require the
driver’s behaviour to be modelled explicitly, and the scenarios can be drawn from a database
obtained from previous examples of a given route (or its constituent parts, assembled from
available data). An additional advantage of (MPC.4) from a control perspective is that it
allows a separate control vector for each scenario (i.e. u € R™*®) rather than a single
control vector that minimizes the objective across all predictions. This is preferable as at
any given instant along the prediction horizon one scenario may predict high speed and/or
acceleration whereas another may predict that the vehicle is moving slowly or is stationary
(this places conflicting requirements on the predicted control input which cannot satisfy
both simultaneously). The predicted control trajectories in (MPC.4) can therefore be inter-
preted as samples of a control probability density function, which is a more general repre-
sentation than that considered in (6.1). The solution of (MPC.4) is then made meaningful
in the context of MPC by constraining the first element of each predicted control sequence
to be equal, so that the feedback law is defined by u(t) := w1 = up2 = --- =ugs = 7.
A limitation of (MPC.4) is that the cost can only be considered equal to the expected
cost in the limit as S — oo (the error term between the expected cost and the solution of
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(MPC4)is O(S -1/ %) [133]). This may become an issue if both a large number of scenarios
and a long prediction horizon is required, as (MPC.4) has O(N.S) decision variables.
An efficient ADMM algorithm for the solution of (MPC.4) is presented in the following
to address this issue. A further limitation is that the solution of (MPC.4) represents S
deterministic, open loop policies, so the optimal value of (MPC.4) does not necessarily
converge to the resulting closed-loop cost as S — oo. Modifications to (MPC.4) that
reduce this optimality gap are an interesting direction for future work.

6.1.1 FEASIBILITY

This section addresses the feasibility of (MPC.4) when implemented in closed loop. In
particular, results from scenario MPC are used to obtain a bound on the number of scenar-
i0s, .S, required to bound the confidence that the one-step-ahead instance of (MPC.4) will
be feasible with a given probability.

Assumption 6.1.1. The first element of the predictions of velocity and road gradient are
accurate measurements of the vehicle’s current velocity and the current road gradient, and
are therefore equal for each scenario, i.e vy s = v(t) and 0y s = 0(t) forall s € {1,...,S}.

Under Assumption 6.1.1, u, , = u(t) and Uy, = u(t) for all s € {1,...,S} (where
u(t) € Rand u(t) € R are the lower and upper limits on battery power at time ¢), so feasi-
bility for a given instance of problem (MPC.4) can be determined by applying Algorithm
1 to each scenario individually.

Assumption 6.1.2. The scenarios are generated so that

o(t) —a(t) - S, <7 6.2)

M-

=1

and

v

k
w(t) —u(t) =) u, > (6.3)
i=1

forallke{l,....N —1}and s € {1,...,S}.

Remark 6.1.1. Assumption 6.1.2 reflects hard constraints on vehicle operation that in turn
also constrain driver behaviour, so every (v,6) € V x © must satisfy (6.2) and (6.3). In
practice, Assumption 6.1.2 can be enforced by rejecting any scenario for which Algorithm
1 returns an infeasibility certificate.
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Using the definition of the feasible tube, {Fy, ..., Fy}, proposed in 4.1.2, problem
(MPC.4) is feasible under Assumption 6.1.2 if and only if

x(t)—u(t) <T and x(t) —u(t) > z.
Hence, (MPC.4) is feasible at time ¢ 4 1 if and only if
x(t)— 7)) —ult+1)<T and z(t)—7(t) —u(t+1) >z, (6.4)

where (u*(t), 7%(¢)) is the solution of (MPC.4) at time ¢. Now, note that problem (MPC.4)
is equivalent to

S
o1 _
o, 5 > ( > frs(prs —gké(uk,s))), (6.5a)

1\ kePs
st.a(t) =7 € [z +u T+ U (6.5b)
Vs e {l,...,S},

where C is a convex constraint set, and is the form of problem considered in [100] and
[99]. To apply the results of these papers, assume that (6.5) is feasible, and define the
violation probability for the one-step-ahead feasibility condition (6.4) as

V(T (1) == Pla(t) —7°(t) ¢ [z +u(t + 1), 7 +u(t + 1]},

where u(t+1) and w(t+ 1) can be interpreted as an unseen sample of the random variables
u; s and Uy  in (6.5). The support rank of constraint (6.5b) is one!, since the constraint
fixes a single degree of freedom of the decision variable (u, 7) (see Definition 10 in [100]).
Therefore, Lemma 13 in [100] implies the confidence bound

P{V (7*(t)) > &} < B(¢; S,0) = (1 — ¢)° (6.6)

on the violation (i.e. one-step-ahead infeasibility) probability. More generally, if 12 sam-
ples are discarded (using any criteria, e.g. a greedy strategy), then the right-hand-side of
(6.6) can be replaced with B(¢; S, R), where B is the beta distribution.

Let the confidence that the violation probability is no greater than ¢ be B, so that

P{V(r*(t) <&} =5>1—(1-¢)7, (6.7)

'Note that, whist the set C depends on the S random samples of V and © and is therefore ‘stochastic’,
the problem of interest here is whether the solution of (MPC.4) is still feasible with respect to an additional
randomly sampled constraint of the form of (6.5b) only, and not every constraint from (MPC.4) (i.e. C
does not change when the new scenario is sampled). Therefore, C can be considered deterministic, and the
relevant support rank is that of constraint (6.5b).
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Figure 6.1: Illlustration of the values of S that satisfy (6.8) for B € {0.9,0.99,0.999} and ¢ €
[0.01,0.99].

then the lower bound on the number of scenarios required to meet a given confidence of
violation probability is A
S log (1 —5)
~ log(1—¢)
This bound is illustrated in Figure 6.1. One-step-ahead feasibility (and by induction, re-
cursive feasibility) is still only guaranteed with complete certainty in the limit as S — oco.
However, note that (6.7) is a lower bound on the confidence of constraint violation prob-
ability, which will only be tight when the state-of-charge of the battery is ‘close’ to its
limits (i.e. one-step-ahead feasibility is guaranteed when the battery’s state-of-charge is
‘far’ from its limits, as it will not be possible to exceed the limits within two sampling
intervals). It is not common for the state-of-charge of the battery to approach its upper or
lower bounds more than once or twice during a given journey (see for example [84, §5],
[47, §5], [113, §5], and the previous experiments in this thesis), so high confidence of fea-
sibility throughout a given journey may be obtained with a modest number of scenarios.
For example, a bound on constraint violation of € = 0.1 can be achieved with confidence
of 5 > 0.9 using just S = 22 scenarios. This can be improved to V (7*(t)) < 0.01 with a
confidence of B > 0.99 by using S' = 459 scenarios.
Note that whilst the energy management problem considered in Section 5 can be ex-
tended, in principle, to consider multiple predictions of future driver behaviour in the same
way as presented in this section, the bound (6.6) would not necessarily hold for the new

(6.8)
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problem as it would not be convex (to apply the results from [100] and [99], it is also
required that 7* is the minimizing argument, which is not guaranteed using the ADMM
algorithm proposed in Section 5).

6.2 OPTIMIZATION

An ADMM algorithm similar to those presented in previous chapters is now proposed for
the solution of (MPC.4).

ALGORITHM

Problem (MPC.4) is equivalent to the equality constrained problem

N-1
mm—Z(Z (fk:spks gks Uk, s) )+Z T, , (Uk,s +Ix(xk+1s)))7
k=0

s=1 \kePs

st.u=( (6.9)
x = dx(t) — V¢,
17 = u&:,

which is in turn equivalent to

min f(@) s.tAd+ BF=c, (6.10)

where

(vec u,vec z), I := (T, vec ()

U=
N-1
(Z(ks Pk,s — gks uks )_I' Iuks uks)"'IX(xk—i—ls)))a

k=0

I 0)
A= [_(1®[1(?0 _____ 0})([)}’ B::[ I®\IJ:| c:=(0,1z(t),0).
Problem (6.10) is the canonical ADMM form (5.4) presented in Chapter 5, and the same
ADMM algorithm is therefore used. As problem (MPC.4) is strictly convex (this result
trivially follows from Theorem 3.2.1), the iteration (5.7) can be made to terminate at a
point that can be made arbitrarily close to the unique minimizing argument of (MPC.4) by
setting the termination threshold, ¢, arbitrarily close to zero.
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6.2.1 VARIABLE UPDATES & COMPLEXITY

The augmented Lagrangian function for (6.10) is

S
- 1 .
‘Cp(uvx7 )‘) = § Z ( Z (fk,s(pk,s - gk;(ulas))) +
(Tt (wns) + T (@) + 5 s = Goo P
P UG, — 1) P B —w + 602 ], (6.11)
2 ’ ’ ’ 2 ’

where the vector of Lagrange multipliers is now defined by A := (vec v, vec ¥, ¢), and
v € RV*S ) € RV*S and ¢ € R¥ (different symbols are used to increase the readability
of subscripts). The v and z variables are completely decoupled in (6.11), so the u« ADMM
update (5.7a) is equivalent to

ufi? = avgmin ( fo. (o = 054 (to.)) + T (o) + 5 (0. = G2+ v2)?

Uuo,s
B0 g 60)) w0 5)

2
uff ) = argmin ( fua(prs = 0k (ues)) + T () + 5 (s = G0+ 1f0)?)
Uk, s

vs e {0,...,S}, ke P,\ {0}
u,gjl) =, Vs€{0,...,S},keC
2 =y [12(t) — U — )]

The update ug’jl) is of the equivalent form to (4.9a) for all s € {0,...,S} and k € P,
(i.e. a 1-dimensional convex inequality constrained optimization problem) which can be
solved using Newton’s method. This update is separable w.r.t both the scenarios and the
prediction horizon, and so the computational requirement is constant as both are increased
if the updates are performed in parallel (so long as Zle |P| threads are available). Oth-
erwise, the computational complexity is O(/NS) if the updates are performed sequentially.
The update for 2+1 is equivalent to the deterministic case (4.9b) for each scenario, so the
complexity is O(N) using parallel processing, and O(N.S) using sequential processing.
No additional memory is required for either the u*+1) or 2+ update.
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The 7 and ( variables are also completely decoupled in (6.11), so the © ADMM update
(5.7b) is equivalent to

S
; 1 i+1 i
it~ LS00 )
s=1

CS(H_I) = (pl] + pQ\PT\P)_l (pl (u:,s + V:,s) - pQ\PT (x:,s - 1(E(t) + 77/}175)> .

The computation of 7(+1) scales linearly with S regardless of whether parallel processing
is available, but is only a scalar sum, so will typically be computationally inexpensive. The
¢+ s equivalent to the deterministic case (4.10) for each scenario, so the computational
complexity is O(N) if the S updates are performed in parallel, or O(NJS) if they are
performed sequentially. The Cholesky factors required for the solution of the linear system
of equations are the same for each scenario so only need storing once. Therefore, the
memory cost of the update is O(N).

The residual updates (5.9) are equivalent to

vec ul™™) — vec (0D
rH) = |vec x — 1z(t) + (‘I’C:(,Zlﬂ)a R \I}CE?U)
170D — (U(()ifrl))T

(i+1) [prvec (€O — ¢HD) — ps(15 @ [1,0,...,0]T) (7@ — 7G+1)
S (3) (i+1) @) (i+1) ’
P2 <\IJ(<:71 B C;,1 )ieoo \IJ(C:,S - C:,s )>

for which the computation scales linearly with N and S (the only non-trivial computa-
tions are multiplication by W, which is equivalent to a cumulative sum, and the Kronecker
product (15 ® [1,0,...,0]"), which does not involve any decision variables and can be
performed offline). O(N'S) memory storage is required to store the variables 7() and ()
for the computation of s¢+1 at the following iteration. The )\ update is then obtained again
from A+ = \@) 4 (41,

The computational complexity of each iteration of the ADMM algorithm is summa-
rized in Table 6.1. A feature of particular note is that the complexity of the v update, which
may be computationally expensive due to the lack of closed-form solution, is reduced from
O(NS) to O(1) when a sufficient number of parallel threads are available.
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Table 6.1: Summary of the computational complexity of each of the ADMM variable updates.

o¢ | u r T ( r s A
Parallel 1 N S N NS NS 1
Sequential | NS NS S NS NS NS NS

6.3 NUMERICAL EXPERIMENTS

6.3.1 CONTROL ALGORITHMS

The driver behaviour data presented in Section 3.4 was used for simulation, however
the start and end of each journey was trimmed so that each represented the exact same
route (each of the journeys depicted in Figure 3.4 start and end at slightly different loca-
tions within the Johannes Kepler University Linz campus, hence the variations of journey
length). For each journey, the state of charge of the battery was initialized at 60% and
constrained between 40% and 100%. Two control algorithms were used:

1. Nominal MPC. The MPC controller defined by (MPC.2) was used where the con-
troller had perfectly accurate predictions of future driver behaviour.

2. Scenario MPC. An MPC controller defined by u(t) := 7 was used where T was
obtained from the solution of (MPC.4) using the ADMM algorithm described in
Section 6.2. The method used for scenario generation is explained in detail in the
following section.

6.3.2 SCENARIO GENERATION

A database was available to the controller where arrays of velocity, road gradient, and time
data, indexed by the longitudinal position within the route, [, and sampled at a resolution
of Im, was available for all of the 49 journeys used for simulation. Before the start of
each simulated journey, the position indexed data for S = 48 journeys (i.e. every journey
except the one representing the actual journey to be simulated) was retrieved. The data
used for simulation was indexed by time (as discussed in Chapter 3), and at each sample
time t € {0,...,T — 1} during a simulated journey, the scenarios were generated using
the following steps:

» The longitudinal position of the vehicle was obtained from I(¢) = S"1_} v(t).
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* For each of the S = 48 journeys that had been retrieved from the database, a scenario
was generated by:

— Re-sampling the position indexed velocity and road gradient data for the re-
maining simulation distance in terms of time at a rate of 1 Hz (given by ¢ and
0).

— Calculating the scenario road gradient and velocity values using the ‘blending’
coefficient e =92 from?

[ek,s} _ [9@)] 025k M (1— e vhe{0,...,N—1}. (6.12)

Uk.s v(t)

* The parameters of problem (MPC.4) were generated, after which Algorithm 1 was
used to determine if any of the scenarios were infeasible, and if so they were dis-
carded.

The principle of this approach is that the predictions are made entirely using other data
‘previously’ recorded from the route, and that the controller has no additional information
about the journey currently being used for simulation. The ‘blending’ process (6.12) was
included as it was found that the near horizon predictions (i.e. & € {0,...,5}) were
otherwise highly inaccurate due to the uncertainty in the velocity at any given point in
the journey, as shown in Figure 3.4. An example of the predictions generated using the
above process is illustrated in Figure 6.2. It can be observed in Figure 3.4 that whilst
there is uncertainty in the velocity at any given point on the route, there is also some
discernible structure: for example, there is a roundabout at the midpoint of the journey,
and the velocity in all examples drops at this point. It is interesting to note that the long-
horizon predictions presented in the top plot of Figure 6.2 do not retain this structure, and
the predictions at the later time steps do not correlate with the simulated velocities at all.
It can, however, also be seen that as the vehicle approaches certain points in the journey
(corresponding to locations at which the data has reduced variability), the mid-horizon
predictions begin to accurately approximate the simulated velocity. For example, it can
be seen in the middle plot that the first ~100s of the predictions accurately match the
simulated profile.

>The acceleration values used in the longitudinal power model (3.4) were obtained from Vk,s 1=
o(t)e 025k 4 4y (1 — e 025%) forall k € {0,..., N — 1}, where 9(t) is the vehicle’s simulated acceleration
at time ¢ and f)k is obtained from numerical differentiation of ©. The values of v. ; were not numerically
differentiated directly as additional acceleration may have been introduced by (6.12), which would therefore
distort the predicted power demand.
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Figure 6.2: An example of the velocity predictions generated at seven instants during an individual
journey.
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Figure 6.3: Closed loop results using nominal and scenario MPC.

6.3.3 RESULTS

Figure 6.3 shows the closed-loop simulation results using both nominal MPC controller
and scenario MPC. The results are remarkable: the scenario MPC state-of-charge trajec-
tories and fuel consumption closely match those obtained using nominal MPC, and the
total fuel consumption is equal to within meaningful precision across all 49 journeys (the
scenario MPC therefore also provides a close approximation of the globally optimal con-
trols, as illustrated in Figure 4.7). This is made more remarkable by the fact that the driver
behaviour is collected from 4 different drivers, which implies that modelling an individual
driver’s behaviour may not be necessary to achieve optimal performance. The explanation
for this performance is that, although the optimal state-of-charge trajectories vary with
respect to time, they match extremely closely with respect to distance. This is illustrated
in Figure 6.4a, where the closed-loop state-of-charge trajectories from Figure 6.3 are re-
sampled with respect to the completed distance of the journey, and can be seen to match
closely during the first half of the journey when the car is driving uphill and drive power
is required from the engine. The trajectories do also, however, diverge in the second half
of the journey, but this is because the vehicle is descending a hill and is either braking
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Figure 6.4: Closed loop results using scenario MPC re-sampled w.r.t completed distance. a) shows
the results for S = 48, and b) shows the results for S = 5.

or coasting, so the energy that can be regenerated depends on losses such as aerodynamic
drag. It is possible that a route that is not as evenly partitioned into an ascending phase and
a descending phase may cause the scenario controller to behave more poorly. A systematic
investigation into performance on different routes is left to future work.

The results in Figure 6.4a also show that the lower state-of-charge constraint is violated
by up to ~ 0.2%. The bound (6.7) provides a confidence of B > 0.92 for a violation
probability of ¢ = 0.05 when using S = 48 scenarios, so a portion of this constraint
violation can be attributed to an insufficient number of predictions. This is supported by
the results in Figure 6.4b, which show the results from 6.4a repeated with only S = 5
scenarios, and for which the constraint violation increases up to a maximum of ~ 0.5%
(more scenarios could not be tested due to a lack of data). It is worth noting, however,
that the bound (6.7) is dependent on the scenarios being sampled from the uncertainty set
YV x ©, and the one-step-ahead predictions obtained using the blending process (6.12) are
not empirical. Therefore, it may also be possible to improve the performance by sampling
the one-step-ahead predictions alone from a separate distribution, possibly conditioned on
the current road gradient, and vehicle velocity and acceleration. Nonetheless, the observed
constraint violation is likely to be lower than the uncertainty in the battery state estimate,
so may not become an issue in practice.

Figure 6.5 shows the time taken for the first MPC optimization (i.e. the longest hori-
zon) of each journey using both nominal and scenario MPC. The averages for nominal and
scenario MPC were 0.098 s and 4.8 s, so the scenario approach does not meet the real-time
requirement for the hardware used for these experiments. However, the ADMM iteration
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Figure 6.5: Histograms of time taken to solve the first MPC optimization for both nominal MPC
and scenario MPC.

can be accelerated using parallel processing (as discussed in Section 6.2.1), and it has been
demonstrated that the computational time of a similar ADMM algorithm can be signifi-
cantly accelerated using a graphical processing unit (GPU) [134] (the algorithm was im-
plemented in vectorized sequential Matlab code here; the Matlab gpuArray data type was
investigated but not found to provide a performance benefit). Therefore, it is possible that
the algorithm could be accelerated to meet the real-time requirement when implemented
on suitable hardware. Additionally, the overall state-of-charge trajectories in Figure 6.4b
closely match those in 6.4a, so it may be possible to accelerate the algorithm and reduce
the occurrence of constraint violations without negatively affecting performance (in terms
of increased fuel consumption) by using fewer scenarios for the long-horizon predictions,
and more for the one-step-ahead predictions. A systematic investigation into these possi-
bilities is left to future work.

6.4 CONCLUDING REMARKS

In this chapter, the MPC energy management framework from Chapter 4 was extended
to consider multiple predictions of future driver behaviour at each control variable update
instant. This allows the MPC to explicitly account for uncertainty by accessing previous
examples of drivers completing a route, thereby removing the need to analytically model
driver behaviour, which can be challenging. Additionally, it allows the use of results from
scenario MPC to provide a confidence bound on a given probability of constraint violation
(which in this case translates to one-step-ahead feasability). It was demonstrated that
the ADMM algorithm considered in Chapter 4 can be extended to this case, and that the
iteration cost scales linearly with the number of scenarios considered (and can, as before,
be accelerated using parallel processing). A scenario generation method was proposed
where predictions of future driver behaviour are generated from a database of previous

123



6.4. CONCLUDING REMARKS

examples of a driver completing a route, and was simulated in comparison with a nominal
MPC controller that had full route and velocity preview. It was found that the scenario
MPC performance was indistinguishable from the nominal MPC, due to the fact that the
optimal state-of-charge trajectories were in close agreement between journeys with respect
to completed distance along the route. It was shown that the proposed ADMM algorithm
required an average of 4 s to solve the optimization when implemented on the CPU used
for these experiments, but that the algorithm may be accelerated to meet the real-time
requirement using parallel processing hardware such as a GPU.
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CHAPTER 7

BATTERY/SUPERCAPACITOR ELECTRIC
VEHICLES

N this chapter the optimization techniques used for the PHEV energy management prob-
lem are extended to all-electric vehicles where the energy storage system consists of
both a conventional battery and a supercapacitor. The issues motivating the use of such a
system were presented earlier in Chapter 1, but are re-stated here for the sake of readability.

A significant challenge facing the large scale adoption of electric vehicles is the high
cost of lithium-ion batteries, which can reach 50% of the total cost of a vehicle [5, §3].
This limitation is exacerbated by the batteries’ low power density and cycle life (<2000
W/kg and ~2000 cycles [6, Table B1]), which imply that the battery may need to be
sized above its total energy requirement in order to meet its power requirement, and also
require replacement at a higher frequency than other powertrain components. A hybrid
energy storage system consisting of a conventional battery and a supercapacitor can be
used to reduce the effect of these limitations. The operational principle is that short term
fluctuations and large spikes in power demand are delivered by the supercapacitor whilst
the battery delivers power at a reduced and more constant level (see [135] for a review
of battery/supercapacitor vehicle architectures). Supercapacitors are appropriate for this
architecture as they have a power density of up to 23,500 W/kg and an effectively infinite
cycle life [6, Table B1]).

One of the factors that determines the effectiveness of the hybrid storage system in re-
ducing battery usage is the control system used to determine the power allocation between
the battery and supercapacitor (see [11, §4] for a comprehensive review of control meth-
ods). A common rule-based approach uses a low pass filter to allocate the low frequency
components of the power demand signal to the battery and the high frequency components
to the supercapacitor [136, 137, 138]. A drawback of this approach is that it does not
account for hardware constraints such as electrical storage capacity, so the vehicle will be
forced to allocate charge/discharge demands to the battery during periods when the super-
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capacitor is completely charged/discharged. Furthermore, it is unlikely that a rule-based
controller is optimal (in the sense of minimizing energy consumption or battery degrada-
tion) even when hardware limits are not active.

Optimization-based control strategies aim to achieve the best possible power alloca-
tion for a given performance criterion. This approach typically has greater computational
requirements than rule-based heuristics and assumes knowledge of the predicted power
demand over a future horizon, but it is potentially much more effective. Dynamic pro-
gramming can be used to determine the globally optimal control inputs for arbitrary cost
functions, system dynamics, and hardware constraints. However, as demonstrated for
the PHEV energy management problem, dynamic programming is computationally ineffi-
cient, and can typically only be used offline as a benchmark [139, 140, 137]. A possible
use case of dynamic programming is to generate target data for tuning real-time control
methods; a rule-based controller was tuned to dynamic programming results in [141], and
an artificial neural network was trained on dynamic programming results in [142]. A
real-time dynamic programming control strategy was obtained in [143], where the opti-
mal state-feedback law obtained using stochastic dynamic programming was saved as a
look-up table, but this approach has a potentially prohibitive memory requirement (12Gb).

Pontryagin’s Minimum Principle was investigated in [137] and [144] to develop a real-
time optimization-based controller, but these problem formulations considered very lim-
ited hardware constraints in the optimal control formulation. Hard constraint satisfaction
can be addressed using MPC, and in [145, 140] and [146] the hybrid energy storage sys-
tem was modelled as a linear system so that the MPC optimization problem reduced to a
quadratic program, although the linear approximation of the system dynamics renders the
obtained control inputs suboptimal in general.

In this chapter, the limitations of the aforementioned optimization-based control ap-
proaches are addressed using convex optimization. This approach allows the use of nonlin-
ear models of powertrain losses and more general system dynamics than linear-quadratic
MPC, whilst guaranteeing constraint satisfaction. Previous studies have also investigated
convex optimization for this application: in [147] a real-time convex optimization based
controller was presented, although constraints on battery power and energy were not con-
sidered, and only a one-step prediction horizon was used. A primal-dual interior point
algorithm for convex optimization was also implemented in [148], but this did not opti-
mize the power split in regenerative mode, the algorithm was only tested on a single drive
cycle, and the computational performance of the algorithm was not reported. Additionally,
combined sizing and control of supercapacitor-based hybrid energy storage systems was
approached using convex optimization in [104] and [105], but the optimization problems
were solved using general purpose optimization software that is not suitable for real-time,
embedded control.
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7.1. PROBLEM FORMULATION

CONTRIBUTIONS

This chapter makes three novel contributions to the electric vehicle energy management
problem using convex optimization.

1. A general convex optimization framework is presented for optimal electric vehicle
power allocation. The framework considers losses in each of the battery, supercapac-
itor, and powertrain, and enforces hard constraints on instantaneous power delivered
by the battery, supercapacitor, and powertrain, and total energy stored in both the
battery and supercapacitor.

2. A computationally efficient ADMM algorithm is presented for the solution of the
convex optimization problem. The algorithm exploits the structure of the problem
in a similar way to the ADMM algorithms presented in previous chapters, so that
the iteration and memory costs are O(T') (where T is the length of the journey). If
parallel processing is available, the computation of a subset of the variable updates
can be reduced to O(1).

3. A set of numerical experiments are presented in which the proposed ADMM al-
gorithm is compared with a low-pass filter against an all-battery baseline on 49
examples of real driver behaviour. It is demonstrated that the convex formulation
significantly reduces several metrics of battery use (Root-mean-square (RMS) bat-
tery power, peak battery power, total power throughput, and energy consumption)
relative to the low-pass filter, and that the ADMM algorithm solves the convex opti-
mization problem in an average of 0.38s (even for prediction horizons of up to 1003
samples), compared to an average of 63s using CVX.

7.1 PROBLEM FORMULATION

ENERGY & POWER

Figure 7.1 shows a simplified diagram of the power flows in the powertrain used to for-
mulate the energy management problem, where it is assumed that the storage system is an
active architecture in which the power delivered by the battery and supercapacitor can be
controlled individually (a discussion of the power electronics required for this is presented
in [135]). The powertrain is modelled in discrete time with an assumed sampling interval
of 1s,sothatt € {0,...,7}, where T' € Z,, is the duration of the journey under con-
sideration (although the methods presented here can be readily extended to an arbitrary
sampling interval). The variable u := (uy,...,ur_;) € RT represents the rate of change
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Batte U+ Powertrain | "¢ f =

U Y O O d;
Losses g; + Losses h; +

v Supercapacitor | Ut b,

t B E—
Losses f;

Figure 7.1: Power flow diagram for electric vehicle with hybrid energy storage system.

of the internal energy of the battery, and by assuming that the power values are constant
between sampling intervals, the energy stored in the battery, z := (z1,...,z7) € R, is
given by

t—1
Ty 1= xO—Zui for te{l,...,T},
i=0

where xy € R is the battery’s internal energy at the start of the journey. Similarly, the

variable v := (vy,...,vp_1) € RT represents the rate of change of internal energy in the
supercapacitor, so the energy stored in the supercapacitor, y := (y1,...,yr) € R7, is
given by

t—1
yt::yg—ZUi for tE{l,...,T},
=0

where yy € R is the supercapacitor’s internal energy at the start of the journey. The vari-
able @ := (g, ...,Ur_1) € RT represents the electrical power delivered by the battery
after losses, ¥ := (¥g,...,Up_1) € RT is the electrical power delivered by the superca-
pacitor after losses, m := (my, ... myr_1) € RT is the mechanical power delivered by the
powertrain to the wheels, b := (bg,...,br_1) € Ri is the mechanical braking power, and
d := (dy, . ..,dr_1) represents the power demanded by the driver throughout the journey.

POWERTRAIN LOSSES

Battery losses are represented by the time-varying function g;, while powertrain losses are
modelled with the time varying function h,;, and the supercapacitor losses are modelled
with the time varying function f;. It is assumed that the losses in the battery and motor are
independent of states such as temperature and state of charge; this assumption is also im-
plicitly made in the predictive model used for the PHEV problem in the previous chapters,
and is extended to the simulation model in this chapter because the same model is used
for both simulation and prediction. Under the above assumptions, the electrical power
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delivered by the battery is given by u; := g;(u;) Vt € {0,...,T — 1} and the electrical
power delivered by the supercapacitor is v; := f;(v;) Vt € {0,...,T — 1}. These are then
combined additively and delivered to the powertrain so that m; := hy(g;(u;) + fi(v)) Vi €
{0,...,T—1}. Finally, the power delivered by the powertrain is combined additively with
the power from the brakes to meet the driver demand power

dt = bt+ht(gt(ut) ‘I’ft(vt)) YVt € {0,,T— 1} (71)

Assumption 7.1.1. Forallt € {0,...,T—1}, f;(-), g:(+), and hy(-) are strictly increasing
functions of their arguments.

Assumption 7.1.2. Forallt € {0,...,T — 1}, fi(-) and g:(-) are concave functions of
their arguments.

Assumptions 7.1.1 and 7.1.2 are justified by a physical interpretation of a loss function:
it would be expected that an increase in output power would require an increase in input
power, which implies Assumption 7.1.1, and it would be expected that the losses would
increase as the magnitude of the input/output power increases, which implies Assumption
7.1.2. In order for the modelled system to be valid, it is also required that f;(z) < =,
gt(x) < z,and hy(x) < x Vz,t (i.e. the system cannot create energy), but this condition is
not explicitly required to obtain a convex formulation.

Assumption 7.1.3. Forallt € {0,...,T — 1}, fi(*), 9:(+), and h;(-) are surjective func-
tions.

Assumption 7.1.3 is a technicality required for Assumption 7.1.1 to imply that f(-),
g:(+), and hy(-) are bijective V¢t € {0,...,T — 1}, which therefore implies that f; *(-),
g; ' (-), and byt (+) exist V¢ € {0,..., T — 1}.

Note that whilst the focus of this chapter is on battery/supercapacitor electric vehicles,
the proposed approach can be used for any hybrid energy storage system in which the loss
functions satisfy Assumptions 7.1.1-7.1.3.

7.1.1 OPTIMAL CONTROL PROBLEM

The power delivered by the battery, power delivered by the supercapacitor, total electrical
power delivered to the powertrain, total battery energy, and total supercapacitor energy
are all subject to upper and lower bounds, and the braking power is constrained to be
nonpositive:
w < <y, v <o <0y, < golug) + fi(v) <&,
T, <x STy, Y, <Y<Y, b <0,
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vt € {0,...,T — 1}. The cost function

T—

,_.

[ur + ve — he(ge(ur) + fi(vr)) — b

represents the total energy loss in the system (although any convex function of u, v, z,
and/or y can be used in the proposed framework). This cost represents the sum over
T steps of the braking energy, —b;, plus the difference between the combined energy
delivered by the battery and supercapacitor, (u; + v;), and the total energy delivered by
the powertrain, h;(g:(u;) + fi(v¢)). Therefore, the optimal control sequences, denoted
(u,v,b)*, are obtained as the minimizing argument of

T—
(Lnirg) Z U + Uy — ht gt(ut) + ft(Ut)) - bt]
7U7 :0

dy = by + hi(ge(ur) + fi(vr)))

by <0

Uy < up < Uy

v S v S Uy (7.2)
st € < gi(w) + fi(v) <@ vt e {0,...,T —1}.

Tyy1 = To — ZLO U;

Lyiq < Tp1 < Ty

Yi+1 = Yo — Zﬁzo Ui

Yoy S Y1t S

Ve

Problem (7.2) is generally nonconvex if any of f;(-), ¢:(), or h.(-) are nonlinear for any
tef{0,..., T —1}.

7.1.2 CONVEX FORMULATION

The constraint b, < 0Vt € {0,...,T — 1} can be combined with (7.1) to obtain d; <
hi(ge(ut) + fi(ve)), which under Assumption 7.1.1 is equivalent to

ht_l(dt) < ge(ug) + ft(Ut)-

This is combined with the constraint e, < g,(u;) + fi(v;) as
et < ge(ur) + fi(vr)
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where &, := max{e,, h; ' (d;)}. The set {(us, v;) € R? : &; < g,(ug) + fi(vy)} is convex
under Assumption 7.1.2. The constraint g;(u;) + fi(v;) < € is in general nonconvex, and
is linearly approximated by

~

ge(ue) + fr(ve) <&, Gi(ue) == ge() + gi () (ue — 0y),

N

fe(we) == fi(0r) + f{(00) (v — Dy),

where g/(-) and f/(-) are the derivatives of g;(-) and f;(-)', and @; € R and ¢; € R are fixed
linearization points® chosen such that g} (1;) # 0 and f;(9;) # 0. The concavity of g; and f;
(Assumption 7.1.2) implies that {(v;, us) € R2 @ G, (ue) + fi(v) < &} C {(ve, us) € R? -
gt(ug) + fi(ve) < €}, so the linear approximation guarantees that the original constraint is
enforced, and the set { (v, u;) € R? @ gy (uy) + ft(vt) < &} is convex. The approximation
does also, however, potentially introduce some conservatism to the solution, but note that
g¢(uw) + fi(v)) < & is the upper bound on powertrain power (typically imposed by the
torque limits of the powertrain components). Assuming that the driver power demand does
not require this upper bound to be exceeded (i.e. that d, is such that h; ' (d,) < &, for all t),
the constraint g;(u;) + fi(v:) < € can only be active if the mechanical brakes are active
(i.e. by < 0) while the battery and supercapacitor deliver power in excess of the demand
power. Given that the cost function penalizes energy loss, it is unlikely that this constraint
is active at the optimal solution of (7.2), although it is in principle possible in particular
operating conditions (the issue is discussed further in Appendix 7.A).
Using (7.1), the objective of (7.2) can be simplified:

w4+ vp — hi(ge(we) + fe(vy)) = by = uy + v, — dy,

where d is independent of the decision variables. Problem (7.2) can therefore be approxi-
mated by the convex optimization problem

fni% 1" (u+v)

st.x=1xrg—VYu z€ X,

y=1y—-Wv yel, (MPC.5)
(ug, vy) € Cy

u € Uy Vie{0,..., T —1},

v € Vy

lif £;() or g¢(-) are nondifferentiable, then any non-zero element from their subdifferentials can be used
in place of f/(-) and g;(-).
The choice of @; and 0y is discussed further in Remark 7.C.1 in Appendix 7.C.
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where U is a 7' x T lower triangular matrix of ones, and

Cr = {(ug,v) € R*: &, < go(wy) + fo(vy),
Gi(u) + fi(ve) <},

Uy = {uy € Ry <y, <7y},

Vi i={v; € R:v, <y, <04},

X ={zeR":z <z, <7 Vte{l,. . T},

Yi={yeR":y <y, <y Vte{l,... T}

The optimal braking power sequence, b*, is then obtained from b} = d; — hy(g;(u}) +
fe(vr)) vVt € {0,...,T — 1}, where u* and v* are the minimizing arguments of (MPC.5).

7.2 OPTIMIZATION ALGORITHM

Problem (MPC.5) can be solved using general purpose convex optimization software (e.g.
CVX), but these tools are typically computationally intensive. In this section an ADMM
algorithm is proposed that is tailored to the structure of (MPC.5).

7.2.1 ALGORITHM

Problem (MPC.5) is equivalent to the equality constrained problem

N

1
min 1" (u+v) + > [Ze, (s, v0) + Tog, () + Iy, (vr)]

(w.0) t

+Zx(2) + Iy(y),

Il
o

s.t.u=(, (7.3)
v =1,
r = 1lxg — VU,
y = lyo — Un,

where ¢ € RT and € RT are vectors of dummy variables. Problem (7.3) is in turn the
equivalent of

argmin f() s.t. Ai+ Bi =, (7.4)
(w) '
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where

u = (U,U,I‘,y), T:= (g’n)’
3 T-1

F@) =1"(u+v) + > [Ze, (wp, v0) + Ty, () + Ty, (v1)]

t=1

+Ix(x) + Iy(y),

I -1
I \'4

The augmented Lagrangian function for (7.4) is
o 777 -
L(a,z,\) = f(u)+ §||Au + Bi—c+ A} (7.5)
where

H'TH/Z) = x—rva p = diag(p117p217p31ap41)7 A= ()‘1a )\Za )\3a )\4)a
pi €RLVi€{1,2,3,4}, N cRTVie{1,23 4}

for which the ADMM iteration is defined by

a9V = argmin £ (@, 77, ), (7.6a)
#UHY) = argmin £(aVTY, #, V), (7.6b)
AGTD =\ AgUtD L Ut (7.6¢)

(note that (7.5) is strongly convex in u and  so the updates (7.6a) and (7.6b) exist and are
unique). The algorithm is initialized with the values

00 — 0, 7(0) — 0, A0 — 0,
and terminated when the criterion
max{[|[rVHV ), sV} < e (1.7
is met, where € € R, is a pre-determined convergence threshold and
PO = AgUHY 4 BU+D — ¢

U+ . — ATpB(f(jH) _ :%(J))l

The convergence results for this algorithm are discussed extensively in Section (5.A), and
global convergence is guaranteed due to the convexity of (MPC.5).
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7.2.2 VARIABLE UPDATES & ALGORITHM COMPLEXITY
Firstly, note that the augmented Lagrangian (7.5) is equivalent to

L(a,&,\) =1 (u+v)+ z_:[fct(ut, vy) + Ty, (ur) + Ty, (vy)]

t=1

P P2
+ Za(0) + Ty(y) + 5 lu— ¢+ Ml3 + 5o =0+ Aall3
+ Bl 4+ W¢ = 1o + 3 + Shlly + 0n = 1y + Al
Therefore, update (7.6a) is equivalent to

(g, vt)(j“) := argmin [Ict(ut, v) + Ty, (ug) + Iy, (ve)+

(ut,ve)
P e — 2 4 MO+ 2w nf? +5)?) (7.8
eSO [lxo _ gl Agﬁ} 7 (7.8b)
Y+ Iy [lyo — gy — )\gj)} . (7.8¢)

The combined (u;,v;) update in (7.8a) is a convex optimization problem subject to in-
equality constraints, and a method is presented in Appendix 7.C for solving this problem
from a finite set of candidate solutions, thereby avoiding the use of a general inequality
constrained convex optimization algorithm (e.g. interior-point algorithm), which could in-
crease the computational complexity of the ADMM algorithm as a whole. The update for
(u,v) is separable w.r.t. each element (u;, v;), and therefore its computational complexity
scales linearly with 7" when each update is performed sequentially for t € {0,...,7 — 1},
or is independent of 7" when they are performed in parallel. The computation of the argu-
ment of the projection in (7.8b) scales linearly with 7" because multiplication by W is the
equivalent to a cumulative sum (and has no memory requirement). The projection IIy can
then be performed element-wise, so (7.8b) scales linearly with 7" overall, and the same is
true for y+b.
Update (7.6b) is equivalent to

CH = (T + ps®T W) | pr (w0 4 AP) = g0 (@) 1o + 0] (7.99)
DD = (pal + g0 T0) a0V 4 AP) = W T (D — 1y + X)) (7.9b)

where equations (7.9a) and (7.9b) are the solutions of the general system of linear equa-
tions (kI + W' ¥)x = b. In Proposition 4.A.1 it is demonstrated that these solutions can
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Table 7.1: Summary of the complexity of each of the ADMM variable updates w.r.t. horizon length
T.

o) |(wv) z y
Parallel 1 T T
Sequential T T T

N N
N NS
NN
NN
N = >

be obtained with O(T") computation and memory requirement. The residual updates are
the equivalent of

u(j+1) — <(J"+1) Pl(C@ — C(J‘ﬂ))

D) | U+ — ?7(]+1) S+ pQ(n(J)' — 77(]'*'1)‘)
x({+1) + \pc(yfl) — 1z pg\If(Q‘(?“) — C(J‘))
yutt 4+ opirh) — 1y, pa¥ (nU+Y — (7))

which scale linearly with 7" and have no additional memory requirement (multiplication
by W is the equivalent of a cumulative sum). Finally, update (7.6¢) is equivalent to

AGHD = 2\O) 4 GHD)

The overall scaling properties w.r.t. horizon 7' of the computation of each iteration are
summarised in Table 1, and the memory requirement of the algorithm is O(T), as only
two bandwidth 2 matrices (defined in Proposition 4.A.1) and the variables themselves
require storage.

7.3 NUMERICAL EXPERIMENTS

The approach to the numerical experiments presented here is a departure from the ap-
proach used in earlier chapters for the PHEV energy management problem. The focus
is on demonstrating that, under similar model approximations to those proposed in the
previous chapters, the energy management problem for electric vehicles with a hybrid en-
ergy storage system can be reduced to a convex optimization problem that can be solved
rapidly. Moreover, the battery degradation mechanisms of interest (e.g. lithium plating)
are not realized in the models used for PHEV simulation, and so are of limited use in terms
of ascertaining controller performance. Therefore, only the approximate model is consid-
ered for both prediction and simulation, and an investigation into higher fidelity simulation
models (in particular, detailed battery ageing models) is left for future work.
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VEHICLE & DRIVER MODEL

The 49 driver velocity and road gradient trajectories used in previous chapters (and pre-
sented in Section 3.4) were used again for simulation here, from which the driver power
demand was also calculated using the longitudinal model (3.4).

POWERTRAIN MODEL

The vehicle was modelled with a single-speed transmission so that the rotational speed of
the motor, w,, € RT, was calculated at each timestep from Wt = T’;}:'d vt e€{0,...,T —
1}, where r,, € R is the effective radius of the wheel and r; € R is the final drive ratio of
the transmission. The losses in the motor were modelled as a quadratic function mapping
the output power, m;, to motor input power, g;(u;) + f;(v;), with parameters dependent on

the motor speed, w,, 4

gi(w) + filwy) = ﬂQ(wm,t>m§ + B (W) me + Bo(wm.e)

where 52(wp, ) > 0 Vw,,, (i.e. the predictive model used for PHEV energy management
detailed in Section 3.2 was used for both simulation and prediction). It was assumed that
all drivetrain components other than the motor were 100% efficient, so that the inverse
powertrain losses were modelled using the sampled coefficients, 3;; = Bi(wm:) Vi €
{0, 1,2}, for each sample of w,; as

hy Y (my) = Baym? + Brymy + Bo, VE€{0,..., T —1},

2
Bk 1,k
262, 4B

which is invertible on the domain [ oo} and range [&)Jg — oo|. As a result

the powertrain loss function,

B —Bre + \/ﬁ%t — 4B2,4(Boy — )

ht<x) : 2621& )

satisfies assumptions 7.1.1 and 7.1.3. The motor was also subject to upper and lower
bounds on power due to its torque limits, so the overall power limits were

B —
€ ‘= max {ﬁo,k — Wazwm,k y €k =1 Wk,
2.k

where T and T are lower and upper torque limits (set at 4250 Nm).
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BATTERY & MODEL

The battery was modelled as an equivalent circuit with fixed internal resistance R (0.1 €2)
and open circuit voltage V' (300 V), so that

V2 (V — w2
gi(uy) = (4R ) vte{0,...,T -1},

V2

which satisfies Assumptions 7.1.1, 7.1.2, and 7.1.3 on the domain [—oo, ﬁ] and range

[—oo, %} . The linearization point was set at 4, = 0Vt € {0,...,T — 1}.
The battery was subject to upper and lower bounds on power, P and P (set at 70

kW), so that

2R

Vt € {0,...,T — 1}, and the battery upper limit was set to 22 kWh (80 MJ) to model a
typical electric vehicle battery capacity (e.g. 2015 Renault Fluence ZE [149, Table 2]).
It was assumed that the battery’s power electronics (e.g. DC-DC converter) were 100%
efficient.

_ V2
u, =P U :=min {P, —}

SUPERCAPACITOR MODEL

It was assumed that the supercapacitor and associated power electronics were 100% effi-
cient so that

fi(v) =vy Vte{0,...,T —1},

which trivially satisfies Assumptions 7.1.1, 7.1.2, and 7.1.3 (and does not require lineariza-
tion, so the choice of 9, is arbitrary). The power limits were infinite so that v, = —oo0
and 7; = oo Vt € {0,...,T — 1}. There are currently no commercially available bat-
tery/supercapacitor electric vehicles, so the supercapacitor energy limit was set at 300 Wh
(1.08 MJ) to reflect the parameters used in similar studies (441.5 Wh was used in [150,
Table 2]; 203 Wh in [142, §11.B.]; and 0.8 MJ in [143, Table IV]).

ADMM PARAMETERS

The p parameters detailed in Section 7.2.1 require tuning; a two-dimensional parameter
search similar to that detailed in Section 4.3.1 was used to optimize the parameters p; and
ps, With po = p; and py, = ps3, as these parameters correspond to constraints of similar
magnitude. The chosen values were p; = 5 x 107° and p3 = 1 x 1078, which were
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used for all simulations (the results in [20] and [22] suggest that the p values are tuned to
hardware characteristics, and fixed values perform well across a diversity of drive cycles).
The termination criterion (7.7) enforces an upper bound on a measure of constraint
violation (||7*1)||) and sub-optimality (||s“*1)||). In the experiments presented here the
termination criterion € = 100 was used, which can be loosely interpreted as a 0.1 % upper
bound on solution error (as u and v took values of the order of magnitude 10°). The
solutions obtained using CVX and ADMM were indistinguishable using this criterion.

CONTROL ALGORITHMS
Each of the 49 journeys were simulated using three alternative power allocation methods:

1. All-battery - all positive (and negative power) was delivered from (to) the battery,
unless the upper bound on the battery energy was active and the power demand was
negative, in which case the excess power was delivered by the brakes.

2. Low-pass Filter - A first-order low-pass filter with a bandwidth of 0.01 Hz was
used to separate the power demand frequencies. The filtered signal was allocated to
the battery, and the remaining power demand was allocated to the supercapacitor,
unless the supercapacitor limits were active, in which case the excess power was
also delivered by the battery.

3. Optimal - The battery and supercapacitor were controlled using the optimal controls
obtained from the solution of (MPC.5) in open-loop (no uncertainty was modelled
in the driver behaviour predictions or vehicle model so the full-horizon open-loop
control exactly matches the shrinking horizon MPC). The solution was obtained for
each journey using both ADMM and CVX to determine the relative computational
performance. The ADMM algorithm was programmed in Matlab, the default solver
and tolerance was used for CVX, and a 2.60GHz Intel Core 17-9750H CPU was used
for both.

7.3.1 RESULTS

Figure 7.2 shows the battery power, supercapacitor power, battery energy, and superca-
pacitor energy obtained using each of the algorithms detailed in Section 7.3 for a single
journey. Qualitatively, it can be seen that the low-pass filter reduces the amplitude and fre-
quency of the peaks in the battery control signal relative to the all-battery controller, whilst
the optimal controls obtained from the solution of (7.3) result in a piecewise constant bat-
tery control signal (this characteristic of the solution is explained further in Appendix 7.B).
The optimal solution suggests that it is challenging to approximate the optimal controls
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Figure 7.2: Trajectories for battery power, supercapacitor power, battery energy, and supercapaci-
tor energy for a single journey using all-battery mode, a low-pass filter, and optimal controls. Hard
constraints are shown in red areas.

using a linear filter, as the presence of both hard discontinuities and periods of constant
output place conflicting requirements on the bandwidth of the filter. The battery power
constraint is violated for the all-battery mode as the battery is the only power source, but
it is also violated using the low pass filter. In particular, it is violated at two large peaks at
~50 s and ~200s, where the supercapacitor is completely empty and the battery is forced
to meet the positive power demand alone. Conversely, the battery power constraint is sat-
isfied at all times using the optimal controller, for which the only hard constraints that are
active are the upper and lower limits on supercapacitor energy. It was found that by tight-
ening the battery power or energy limits to ensure that they were active at the solution, the
problem generally becomes infeasible.

An aim of the energy management optimization was to minimize battery degradation,
a complex phenomenon caused by a multitude of factors (see [151] for a comprehensive
review of lithium-ion battery ageing mechanisms). There is a range of explicit models
of battery degradation (for a review of modelling methods see [152]), but these typically
model the battery at a level that is inconsistent with the resolution of the simulations per-
formed here (e.g. the current distribution on a cellular level would depend on the battery
management system, which is not modelled here). Therefore, three metrics of battery
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Table 7.2: Approximate measures of battery degradation for the trajectories shown in Figure 7.2.
The percentage values are the improvements relative to the all-battery baseline.

All Battery Low-pass Filter Optimal
RMS(u) (kW) 31.8 25.2 (-20.8%) 21.0 (-33.9%)
max |u| (kW) 133.3 132.1 (-0.9%) 36.4 (-72.7%)

> |u] MT) 17.9 159 (-11.3%) 13.6 (-24.2%)
> (u+wv) (MJ) 6.8 6.6 (-3.7%) 6.4 (-5.5%)

power were instead used as approximate measures of battery degradation: the Root-Mean-
Squared (RMS) battery power, RMS(u), the peak battery power, max |u|, and total power
throughput, > |u|. Additionally, the total energy consumption, » _(u + v), was used to de-
termine relative efficiency of each control method (this was the optimization objective in
(MPC.5)). Note that RMS(u), max |u|, and > |u| could also be included as objectives in a
convex optimization problem, but the results show that the proposed objective function is a
good heuristic for minimizing all four quantities. Table 7.2 shows each of these measures
for the trajectories shown in Figure 7.2, and it can be seen that the optimal controller pro-
vides a significant improvement over the low-pass filter for all three degradation metrics
and energy consumption. In particular, the low-pass filter provides almost no reduction
in peak battery power due to the instances where a high positive power is demanded and
the supercapacitor is empty, whereas the optimal controller reduces the peak battery power
from 133.3 kW to 36.4 kW. This clearly demonstrates the benefits of a predictive controller
that can ensure the supercapacitor has sufficient charge available for high power events.
Furthermore, the RMS battery power and total battery throughput are also significantly re-
duced using the optimal controller, and the supercapacitor state constraints are only active
for a small fraction of the journey. This suggests that the filter is inherently suboptimal,
even when detrimental control decisions are not being forced by the state constraints.

Figure 7.3 shows the RMS battery power, peak battery power, battery power through-
put, and energy consumption for each control method on all 49 journeys, and the averages
are summarized in Table 7.3. It can be clearly seen that the optimal controller provides
a significant and consistent improvement over the low-pass filter across all four metrics
and every journey. High temperatures and thermal gradients have been identified as fac-
tors contributing to battery degradation [153, §3], and the optimal controller provides the
greatest overall reduction in peak current, which will have an impact on reducing both bat-
tery temperature (there will be a lag between heat being generated within individual cells
and being sensed by the cooling system) and temperature gradients within each cell (the
increased temperature will initially be localised to the core and/or terminals). Conversely,
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Figure 7.3: Approximate measures of battery degradation for all 49 journeys, using all-battery
control, the low-pass filter, and optimal controls.

for a significant number of journeys the low-pass filter provides no perceptible reduction
in peak battery power, as shown for the journey in Figure 7.2. The optimal controller also
significantly reduces the RMS battery power, which will also reduce thermal degradation,
and total power throughput, which will reduce degradation from battery cycling. Finally,
the optimal controller also increases the efficiency of the powertrain over the low-pass fil-
ter, from a reduction of 3.8% to 5.7% relative to the all battery mode, providing an increase
in the range available to the vehicle from full charge.

Table 7.3: Averages of the approximate measures of battery degradation for all 49 journeys and all
control methods. The stated percentages are the average of the percentage improvements relative
to the all-battery baseline.

All Battery Low-Pass Filter Optimal

RMS () (kW) 31.7 24.6 (-22.5%)  20.0 (-36.8%)

max [u] (kW) 114.1 101.5 (-11.0%)  32.7 (-71.4%)
S Ju] (MD) 18.6 15.7 (-15.6%)  13.7 (-26.4%)

> (u+wv) (MJ) 7.1 6.8 (-3.8%) 6.7 (-5.7%)
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Figure 7.4: Histograms of solution time using ADMM and CVX for all 49 journeys.

Figure 7.4 shows histograms of the solution times using ADMM and CVX. The av-
erage horizon length of 7" was 815, with a maximum of 1003, for which the average and
maximum solution times using CVX were 51 s and 93 s, and the average and maximum
solution times using ADMM were 0.45 s and 0.59 s. The ADMM algorithm was imple-
mented sequentially using vectorized Matlab code in these experiments, so a compiled
implementation where the combined (u, v) updates are performed in parallel will improve
the absolute performance further.

These results have important implications for electric vehicle powertrain control and
design. The speed of computation suggests that the ADMM algorithm is a promising can-
didate for a real-time, online, receding-horizon MPC implementation, which could signif-
icantly reduce the battery degradation and energy consumption characteristics of a given
electric powertrain design. Furthermore, the algorithm could also be used to determine
the optimal size of the powertrain components (a problem considered in [141] and [139]).
In this case, the speed of computation could allow a brute-force approach, where every
possible combination of a discrete set of powertrain parameters is evaluated against a set
of candidate drive-cycles.

One of the limitations of the proposed approach is that it does not address uncertainty in
the predictions of driver behaviour, and it is possible that sufficiently inaccurate predictions
could be generated so that the performance of optimization-based controllers becomes
worse than a low-pass filter. It is, however, worth highlighting that the convex formulation
permits the use of scenario MPC, which could be implemented using a similar method to
the previous chapter. A systematic investigation of the robustness of the proposed method
to prediction errors is left for future work.
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7.4 CONCLUDING REMARKS

In this chapter, the approach from the previous chapters was extended to consider electric
vehicles with a hybrid energy storage system containing both battery and supercapacitor
components. The objective in this case was to minimize energy consumption and battery
degradation, as opposed to minimizing fuel consumption. A general framework for energy
management of hybrid energy storage systems was formulated, and it was demonstrated
that the corresponding optimization problem is convex when the upper limit on the motor’s
power is linearized, and that this approximation guarantees that the original nonlinear con-
straint is also satisfied. The structure of the convex optimization problem is similar to that
considered for PHEV energy management, so the ADMM algorithm that had shown good
performance in the previous chapters was applied to the new problem. The optimization-
based controller was compared in simulation with a low-pass filtering rule-based strategy
against an all-electric baseline, where it was shown to provide significant improvements in
battery degradation, inferred through three metrics of battery use. It was also shown that
the ADMM algorithm solved the optimization problem in a fraction of a second, compared
to approximately 60 seconds using CVX. One of the limitations of the proposed method
is that feasibility has not been addressed. The approach previously used for PHEV energy
management does not translate directly as the BSEV problem has two state variables. In
this case, therefore, it may be preferrable to use known results for infeasability detection in
ADMM (e.g. [154]) rather than developing a dedicated pre-optimization algorithm. This
aspect of the problem is left to future work.
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7.A. ANALYSIS OF PROBLEM (MPC.5)

APPENDICES

7.A  ANALYSIS OF PROBLEM (MPC.)5)

The Lagrangian equation for problem (MPC.5) is

L(u,v) i=u+v—N(u—u) =X\ (T@—u)— A\ (v—70)
_/\I@_U)_/\;(l%—‘lju—z)—)\g(f—lxo+\1!u)
=7 (1yo — Vo —y) = Ag (7 — Lyo + Vo)

= X (9(u) + f(v) =€) = Mp(E = g(u) — f(v)),

where

g(u) := (go(uo), - - -, gr—1(ur—1))
f() = (folvo), ..., fr-1(vr-1)).
The first-order necessary conditions for optimality imply that A > 0Vj € {0,...,10},
and V, L = 0 and V,£ = 0 imply that
T—1
>‘it - )‘g,t + Z[/\;z - /\g,i} + 92(“:)()‘T0,t - )‘g,t) =-1

i=t
T-1

)‘g,t - /\Z,t + Z[)‘;z - )\g,i] + ﬂ(”:)(/\io,t - /\§,t> =-1

i=t
vVt € {0,...,T — 1}. Suppose that the constraint &; — g;(u;) — fi(v;) > 0 is active for
some ¢, then Ajo; > 0and A\g; = 0 so

T-1

QQ(U:)/\To,t =—-1+ )\it - A;,t - Z[/\EZ — /\g,z’]v (7.10a)
1=t
T-1

Fl0) X0, = =1+ X5, = Ap, — D[V — ALl (7.10b)

i=t
Assumption 7.1.1 implies that g;(u*) > 0 and f{(v*) > 0, so g;(u;)\j,; > 0 and
fi(vf)Alo, > 0. In the case where the bounds on battery and supercapacitor energy and
power are not considered (i.e. )\j*- = 0Vj € {1,...,6}), this contradicts (7.10a) and
(7.10b) so the constraint &; — g;(u;) — f;(v;) > 0 cannot be active at the solution. In the
case where these bounds are included in the problem formulation, the same conclusion
cannot be reached as A}, and/or A\ ; for some i € {t,...,T — 1} may be nonzero.
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7.B  PIECEWISE CONSTANT SOLUTION OF (MPC.5)

A similar approach as used in Appendix 7.A can be used to show that, under the assump-
tion that the constraints on battery power are inactive (i.e. A\;; = 0 and Ay, = 0 V?)
and that the upper constraint on powertrain power is inactive (i.e. A\jo; = 0 V%), then the
solution to (MPC.5) satisfies

T-1
—gi (W)X, = — Z A= Aol (7.11a)
— W)X, = —1 ZA%—A&, (7.11b)
Consider a set {¢, ..., ¢} where the upper and lower bounds on z and y are inactive, i.e.

X, =00, =07, =0,and \;, =0Vt € {t,..., T}, then —1— 3 [\, — \5.] =
and —1 — ZiT:;l[)\;i — Ml = 2Vt € {t,... t}. Therefore, uj, v}, and \j, are given by
—QQ(UI)AS,,: =c and — ft/(vt*))‘g,t = C2.

For the system models presented in Section 7.3, f/(v;) = 1 and gj(u;) = 1 — 238 Vi €
{0,...,T =1}, 50 \j, = —co Vt € {t,...,t}, and

V?
1-2) vee{t,.
= zR( 02> € it ot

which implies that the optimal control input is constant on the interval {¢, ..., ¢}.

7.C COMBINED u AND v UPDATE

The optimization problem in (7.8a) is equivalent to

,02(

argmin 2 — 9+ A0+ (0 — P + AP

(ut,vt)

s.t. Uy S Ut S ata Yy S Ut S Et) (712)

e < gi(ug) + fi(vy), gt(ut) + ft(vt) < €,

which is a convex (quadratic) inequality constrained optimization problem, and Figure 7.5
shows the constraint set for an illustrative example. A rigorous treatment of the proposed
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ér = gi(ue) + fe(vy) vy

Vg = Uy

w =, \

ge(ue) + felve) = &

Figure 7.5: Illustration of constraint sets defined by C, (in red) and Uy NV (in green).

approach is provided below, but the principle is that there are three candidate solutions
that can be obtained from simpler optimization problems: (a) problem (7.12) with the
constraints é; < g;(u;) + fi(v;) and gy (u;) + ft(vt) < ¢ discarded, (b) problem (7.12) with
equality constraint g;(u;) + ft(vt) = €, and (c) problem (7.12) with equality constraint
é: = gi(ug) + fi(vy). Problems (a) and (b) have analytical solutions, and (c) reduces to a
one-dimensional problem that can be solved numerically. Each of these cases will now be
considered in detail; it is assumed throughout that (7.12) is feasible.

(a) The constraints é; < g;(u;) + f(v;) and g (u;) + ft(vt) <& (i.e. (uyv) € Cy) are
discarded, and a candidate solution (ul ' vl 1) to (7.12) 1s obtained from

argmin &(ut — ¢+ Aﬁ{?)z + %(vt —n + )\gg)Q
(ut,vt)
Sty < up S U, U S U S

as ul' = min{%,, max{u,, ) _ A@}} and v]' = min{7,, max{u,, nd — )\gz}} If the
discarded constraints are satisfied for the candidate solution, then this is the actual solution
to (7.12). If not, then the solution must be further constrained by é;, = g;(u; )+ f:(v;) and/or
Ge(ug) + ft(vt) = ¢;. Therefore, two further candidate solutions are obtained by tightening
each of é; < g;(us) + fi(vy) and gy (uy) + ft(vt) > ¢; in (7.12) to equality constraints.
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(b) A candidate solution (u]?, v]?) is obtained from

argmin 2 (u, — ¢+ AP + 2w = + AL
(ut,vt)
sitouy, <up <y, v, < v < Ty (7.13)

er < gi(ue) + fe(ve),  Ge(ue) + ft(vt) = €.

In section 7.1.2 it was specified that @ and © were chosen so that ¢’(%) and f/(0) are
nonzero (and under Assumption 7.1.1 must be positive), so g~ and f~! exist and are both
affine and increasing.

Proposition 7.C.1. Define the set

U = {u, € R: f7H @ — gi(w)) > f71E — gi(w)},

and define ui"* := inf Uy and u? := supU,. Then

{(ur,v:) € R? : goluy) + ft(Ut) = e, & < ge(ue) + fe(ve)}
={(ug, ;) € R? - Gy (wy) + fi(vy) = e [u, uf?] NR}.
Proof. The set {(us,v;) € R? : ¢, < gt(ut) + ( ¢)} is convex under Assumption 7.1.2

and is the epigraph of the function v; = f;~ Y(é, — g¢(u;)), which therefore must also be a
convex function. Additionally, §;(u;) + ft(vt) e v = ft Y& — 9:(uy)), so

{(ug, ve) € R*: goluy) + ft(“t) =&, 6 < ge(ug) + fe(ve)}
={(ur,ve) € R?: golwe) + fi(ve) =&,
FotE = aiw)) > f7 (e — giw))}

ml

The set Z;{t therefore defines the values of u; where an affine function is greater than or
equal to a convex function, so is convex.

Consider the illustration of gt(ut) + ft(vt) = ¢, and é; = g;(uy) + fi(v;) in Figure 7.5,
and assume that the function f; ' (&, — g,(u;)) is strongly convex (which is the case for the
models specified in Sections 7.3 and 7.3). This implies that 4, is closed and U4, = [uf, uf?]
(.e. uft € Rand uf"? € R are the ‘lower’ and ‘upper’ intersection points of the functions
Ge(u) + fi(v) =€ and é, = gi(ue) + fi(vy)).

Now assume that f, *(é; — g:(u;)) is not strongly convex. Under the assumptions on
fi(+) and g,(-) it is possible to construct cases in which there are no intersection points, or
only an ‘upper’ or ‘lower’ intersection point (e.g. if f;(-) and ¢;(-) are piecewise affine).
In these cases U, = [u}"", u}'?] where "' € {—co, R} and u™? € {R, oo}. O
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Remark 7.C.1. If ¢, = ¢;(u;) + fi(vy) is strongly convex and twice continuously dif-
ferentiable (which is the case for the models specified in Sections 7.3 and 7.3), then
e =6 — u?l = ut , and Ct has a single element that is trivially the solution to
(7.12). This also implies that "' = wu}, so the linearization points 4, and 0; should be
chosen so that the power consumed by the powertrain is zero when €; = é, as this occurs
when the vehicle is stationary.

Proposition 7.C.2.

{(ue, ve) € R? 2 gu(we) + fo(vr) =80 < vy < b}
= {(us, v) € R : Gi(ug) + fi(ve) =, G (€ — fi(b)) < wp < g ' (@ ft( )}
Proof. In section 7.1.2 it was specified that @ and v were both chosen so that ¢'(u) and

1(0) were non-zero (which under Assumption 7.1.1 implies that they are greater than
zero), so fi(+) and g;(-) are both increasing, and it can then be shown that

v <b=72 - filv) =2 — fi(b)
=, > 67 (@ — fi(b)).

It can similarly be shown that u, < §; (&, — §:(a)). O

Propositions 7.C.1 and 7.C.2 imply that (7.13) is equivalent to
argmin -, — G+ A2 + 2 = o)) — )+ 082
s.t.u > max{ut,u?l,gt_l(_ — fi@)} (7.14)
up < min{a, up®, g7 (@ — filv,)}
which is a one-dimensional constrained quadratic optimization problem for u,;, with the
constraint set illustrated in blue in Figure 7.6. The solution to the unconstrained problem

can be obtained analytically and projected onto the upper and lower bounds on U to obtain
ul?, then the corresponding value of v; can then be returned from v} = f, (&, — gi(ul?)).

3
TT)

(c) The final candidate solution (u;", is obtained from

a(rgml)n By — ¢ + A9+ 2 5 P, —n? +23))?
Ut ,Vt

S.t. u, < up < Uy, (N < vy < Ty,

er = ge(ue) + fe(ve),  ge(uy) + ft(vt) < €,
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Ut

t

\} -
-

Figure 7.6: lllustration of constraint sets for reduced problems (7.14) and (7.15).

which can be shown to be equivalent to
X pl . . p2 R . .
argmin E(Ut - Ct(]) + )\82)2 + E(ft HEr — gi(w)) — 7715]) + Ag],t))z
s.t.uy > max{u,, ult, 5,74 (& — fi(T))}

w, < min{a, uf?, 5716 — fi(v))}

(7.15)

using the same approach as for (b). The constraint set for (7.15) is illustrated in red in
Figure 7.6. The function f; (¢, — ¢,(w;)) is nonlinear, so the cost function in (7.15)
is nonconvex in general, but a stationary point can be obtained without the inequality
constraints using an iterative algorithm (e.g. Newton’s method)® and then projected onto
the bounds on u;.

The stationary point of (7.15) and (u?, UZ 2) are then evaluated against the cost function
of (7.12) to determine which is the minimizing argument. If the constraint é; < g;(u;) +
fi(vy) is strongly active at the solution then the stationary point of (7.15) corresponds to
the global minimum of (7.12). If the constraint é; < g;(u;)+ f:(v;) is not strongly active at
the solution to (7.12) then problem (7.15) may have multiple stationary points that may not
be minimal for (7.12), but in this case the constraint g;(u;) + ft(vt) < &; will be strongly
active at the solution to (7.12), so (u?, UZ 2) will be the minimizing argument of (7.12).

The overall algorithm for update (7.8a) is presented in Algorithm 6.

3For the experiments detailed in Section 7.3, the function f; *(2; — g;(u;)) is quadratic, so the cost
function in (7.15) is quartic, and the stationary points can be found from the roots of a cubic equation.
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Algorithm 6 Update (7.8a)

1wl min{@, max{u,, ¢ — AY)}}
(4)

2: le + min{v;, max{u,,n’ — )\92}}
3: if (uf', v]") € C, then

4 (ug ) = @l ot

5: else

6: uj° + Solution to (7.14)

7ol f @ — ()

8: uI?’ < Stationary point of (7.15)

90 v’ [ (e — gn(uf))

10:  Evaluate (u/*,v?) and (u®, v]*) against cost function of (7.8a)
11:  (ug, v¢)’ ™! < minimizing argument
12: end if
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CHAPTER 8

CONCLUSION

HIS thesis presents an investigation into convex optimization for model predictive en-
T ergy management in plug-in hybrid and battery/supercapacitor electric vehicles. Sev-
eral problem formulations were considered, for which tailored optimization algorithms
were generated, and the closed-loop performance of the model predictive controllers was
presented through numerical studies. Overall, it was shown that convex optimization can
be used to generate model predictive controllers that provide an extremely close approx-
imation of the globally optimal control inputs, even when an exact prediction of future
driver behaviour is not available, and that the associated MPC optimization problems can
be solved reliably in real time. The individual contributions of each of the chapters is now
discussed.

Chapter 2 introduced the PHEV energy management problem and provided an illus-
tration of the common optimization-based approaches for its solution. It was highlighted
that one of the limitations associated with model predictive energy management is that it
requires the repeated on-line solution of a challenging optimization problem, and that this
limitation could be addressed using convex optimization algorithms. In particular, it was
observed that no previous systematic investigation into convex optimization algorithms for
model predictive energy management existed.

Chapter 3 began with a formal presentation of the mathematical PHEV model used for
simulation, and the set of real-world driving data used to evaluate each controller. The first
MPC formulation was presented, which considered nonlinear losses and power constraints
for the engine, motor, and battery, and a terminal state-of-charge constraint for the battery.
It was shown that, under negligible further approximation, the MPC optimization could be
reformulated as a convex optimization problem when considered in terms of the battery
power instead of the engine output power (as commonly used in the energy management
literature). In simulations it was demonstrated that the MPC obtained a very close approx-
imation of the controls obtained using PMP, but that the lack of general state-of-charge
constraints limited the performance of the MPC, for example when the road was not flat.
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In light of the limitations of the MPC proposed in Chapter 3, Chapter 4 extended
the controller to consider upper and lower bounds on the state-of-charge of the battery
across the entire prediction horizon. Two algorithms were proposed for the solution of
the new MPC optimization: an alternating direction method of multipliers algorithm and
a novel projected interior point method. It was demonstrated through numerical exper-
iments that the projected interior point algorithm obtained a highly accurate solution in
a few iterations, but that the ADMM algorithm obtained a sufficiently accurate solution
much faster in general (and that both were significantly faster than CVX). It was then
demonstrated that the closed-loop convex MPC controller provided an accurate approxi-
mation of the globally optimal power-split obtained using dynamic programming, but that
the engine switching heuristic caused the overall performance to be worse than a simple
charge-depleting/charge-sustaining strategy.

Consequently, in Chapter 5 the MPC optimization and ADMM optimization algorithm
were extended to also consider engine switching. The engine switching control is an inte-
ger decision variable, so the associated MPC optimization problem is necessarily noncon-
vex and only local convergence of ADMM could be guaranteed, but it was also demon-
strated that ADMM will always return the optimal power split given the engine switching
control sequence at termination. Global convergence was therefore encouraged by ini-
tializing the nonconvex ADMM with the solution of a convex relaxation. The ADMM
algorithm was compared against dynamic programming where it shown to reduce the com-
putational requirement from ~3 hours to a fraction of a second, with only a 5.3% increase
in predicted fuel consumption. The MPC framework and ADMM algorithm were then im-
plemented in closed loop, where they achieved a 32 % improvement in fuel consumption
relative to the CDCS baseline.

Up to this point, it had been assumed that the MPC could predict the driver’s future be-
haviour with complete accuracy, whereas in reality it is likely to be subject to considerable
uncertainty. Therefore, in Chapter 6 driver behaviour uncertainty was explicitly consid-
ered. In particular, a scenario MPC framework was proposed that allowed the predictions
of future driver behaviour to be drawn from previously recorded examples of a route being
driven, thereby avoiding the challenging process of generating an explicit model of driver
behaviour. This approach also allowed the use of results from scenario MPC to generate
a bound on the required number of scenarios for a given confidence of one-step-ahead
feasibility. The ADMM algorithm proposed in Chapter 4 was extended to the scenario
MPC problem, and it was demonstrated that the iteration cost scaled well with both pre-
diction horizon length and number of scenarios, particularly when parallel processing is
available. The scenario MPC framework was then simulated in closed-loop, where it was
shown to achieve a close approximation of the nominal MPC without perfect knowledge
of the driver’s future behaviour.
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In Chapter 7 a different problem was considered: energy management in all-electric
vehicles with a hybrid energy store consisting of both batteries and supercapacitors. In
this case the control objective is to maximize the efficiency of the powertrain and mini-
mize battery degradation, rather than fuel consumption as in the PHEV problem. A gen-
eral framework for BSEV energy management was proposed, that considered losses and
power limits on the battery, supercapacitor, and motor, and limits on energy stored in the
battery and supercapacitor. It was then shown that this optimal control problem could be
reformulated as a convex optimization problem under minor further approximation, and
an ADMM algorithm was proposed for its solution. The convex formulation was sim-
ulated in open-loop in comparison with a low-pass filter-based controller against an all
electric baseline, and was shown to provide significant improvements in energy efficiency
and battery degradation (inferred through three measures of battery ageing). Additionally,
it was shown that the ADMM algorithm solved the optimization problem in a fraction of
a second in all cases.

Overall, the results have several important implications for electric vehicle control
and design. For the PHEV case it has been demonstrated that the fuel consumption of a
given powertrain can be significantly reduced using the proposed MPC controllers, and the
solution times suggest that real-time embedded implementations are possible. This has the
potential to improve the economic viability of PHEVs, which may increase the adoption
of electrified vehicles in the coming years, and consequently reduce the tailpipe emissions
of global transportation. In particular, the results are the most relevant for heavy-duty
vehicles that repeatedly drive the same route, such as lorries or buses. In these cases all-
electric powertrains have not reached the point of practical or economic viability, and it
is likely that hybrid technology will be required for the foreseeable future. Additionally,
cases in which the vehicle is used repeatedly for the same route would make it feasible
to generate a database of previous driver behaviour to generate predictions as presented in
Chapter 6. The results in Chapter 7 extend the possible impact of convex optimization-
based predictive energy management to all-electric powertrains. The proposed optimal
control framework could be used to increase the life of a given battery design, or could
instead be used to reduce the battery size required to reach a given life-span. This will
then in turn also improve the economic and practical viability of all-electric passenger
vehicles. It is also worth noting that the proposed framework can readily be extended to
applications other than road vehicles: for example, the framework can be readily applied
to energy storage systems used for renewable energy storage (e.g. [155]) by replacing the
motor model with the associated power electronics.

155



FUTURE WORK

The presented research could be extended in the following directions to aid the develop-
ment of optimization-based energy management systems.

Embedded Control: One of the limitations of the experiments presented in this thesis
is that they have been entirely limited to a simulation environment. The necessary next
step is to start transitioning the experiments in to the real world. This may initially take
the form of hardware-in-the-loop experiments where the MPC optimization alone is solved
on a representative electronic control unit, and then transitioned onto experiments in a test
vehicle. One of the reasons that ADMM algorithms have been extensively used in this
thesis is that the iteration cost can be substantially reduced using parallelization. This
makes them ideal for implementation on hardware such as field-programmable gate arrays
(FPGAs), which may be able to exceed the computational performance demonstrated in
the experiments presented here (which were all implemented on a central processing unit
(CPU) using vectorized sequential Matlab code).

Driver Behaviour Prediction: The database approach to driver behaviour prediction
presented in this thesis is particularly suited to vehicles that repeatedly operate on a small
number of individual routes. This approach may not be possible for vehicles that can be
driven to an arbitrary destination, as a database of driving examples for every possible
segment of road would be required (and the driver would need to make the vehicle aware
of their intended route at the start of the journey). A possible solution for vehicles that
are primarily used for commuting is that the controller records each route that the vehicle
is used for, and then a clustering algorithm is used to identify the route that is about to
be driven at the start of each journey. If the correct journey has been identified, then
the previously recorded examples of that journey can be used for prediction within the
framework presented here (a similar approach was previously investigated in [38]). Driver
behaviour prediction is very much still an open problem, and significant further work is
required in this direction.
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