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Abstract

In this thesis, we analyse three different quantum systems via operator and
path integral techniques: ‘two-dimensional Causal-Dynamical-Triangulations
(CDT) coupled to hard-dimers’, ‘scalar solitons’ and ‘Quantum Random Walks
(QRW) on the Cayley tree’

In our first project, we extend previous work on CDT coupled to hard dimers
— which is a discretized model of two-dimensional quantum gravity coupled to
matter — and solve this model exactly with all dimer types present subject to a
single restriction. We find that, depending on the dimer fugacities, there are, in
addition to the usual gravity phase of CDT, two tri-critical and two dense-dimer
phases. We establish the properties of these phases, computing their cylinder and
disk amplitudes, their scaling limits and their associated continuum Hamiltonians.

In our second project, we investigate scalar solitons in the framework of
quantum field theory. We construct general soliton creation operators and
compare these with like operators found by Mandelstam in the sine-Gordon
model. We find evidence for the fact that the sine-Gordon soliton is the Thirring
fermion only at coupling 3% = 47. We then go on to compute the first quantum
corrections to the radius of the kink in the ¢* model in two dimensions.

In our third project, we analyse QRWs on the Cayley tree via the generating
function method and derive a set of polynomial equations which determine this
model exactly. We establish properties of the spectrum of the time-evolution
operator U and solve the ‘perturbed’ eigenvalue equation in U.
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Abstract

In this thesis, we analyse three different quantum systems via operator and path
integral techniques: ‘two-dimensional Causal-Dynamical-Triangulations (CDT)
coupled to hard-dimers’, ‘scalar solitons’ and ‘Quantum Random Walks (QRW)
on the Cayley tree’

In our first project, we extend previous work on CDT coupled to hard dimers —
which is a discretized model of two-dimensional quantum gravity coupled to matter
— and solve this model exactly with all dimer types present subject to a single
restriction. We find that, depending on the dimer fugacities, there are, in addition
to the usual gravity phase of CDT, two tri-critical and two dense-dimer phases.
We establish the properties of these phases, computing their cylinder and disk
amplitudes, their scaling limits and their associated continuum Hamiltonians.

In our second project, we investigate scalar solitons in the framework of quantum
field theory. We construct general soliton creation operators and compare these with
like operators found by Mandelstam in the sine-Gordon model. We find evidence
for the fact that the sine-Gordon soliton is the Thirring fermion only at coupling
(% = 4m. We then go on to compute the first quantum corrections to the radius
of the kink in the ¢* model in two dimensions.

In our third project, we analyse QRWs on the Cayley tree via the generating
function method and derive a set of polynomial equations which determine this
model exactly. We establish properties of the spectrum of the time-evolution

operator U and solve the ‘perturbed’ eigenvalue equation in U.
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Everything not forbidden is compulsory.
— Murray Gell-Mann

Introduction

Contents
1.1 Quantum Gravity . ... ..... ... ... 000, 2
1.2 The Bound States Conjecture . ... .......... 7

In the broadest of terms, this thesis contains the study of different quantum sys-
tems.

The first of the systems that we analyse in this thesis (in §2.1 and Chapter
3) is a lattice discretization of Quantum Gravity (QG) in two dimensions known
as Causal Dynamical Triangulations (CDT) [2]. With standard QG, the trouble
is either that the Hilbert space is incomplete and needs extra degrees of freedom
(e.g. string theory), a different Hamiltonian must be found (e.g. Hofava-Lifshitz
QG [3]), or that new-variables must be found (e.g. Loop QG). CDT is yet another
approach to the problem of QG.

CDT is a lattice version of QG defined in any number of dimensions, usually with
no matter fields. It defines QG via a lattice discretization of the path integral over
metrics on a manifold of fixed topology, admitting a time foliation. Since CDT is a
lattice version of QG, using simulations or analytic techniques (analytic techniques

only work in two dimensions so far) one can investigate the non-perturbative aspects



1. Introduction 2

of QG. It is hoped that this will in turn give evidence to the conjecture that QG
in 341 dimensions is renormalizable in the deep ultraviolet regime.

The second of the systems that we analyse is solitons in two dimensions (in §2.2
and Chapter 4). These arise in standard quantum field theories, but one must make
contact with classical aspects to best understand them, which is simplest to do
from a Hilbert-space perspective. In particular, one has to make a rather intricate
change of variables at the level of the Hilbert space to study solitons. This project
was motivated by the “bound states conjecture” [1] which itself originated from
black hole thought experiments and the Weak Gravity Conjecture.

The third of the systems that we analyse is the quantum random walk on a
Cayley tree (in §2.3 and Chapter 5). In this system, a spin-one particle moves on
the Cayley tree in discrete time. The dynamics is governed by a unitary operator,
U, which evolves the system forward by one time step. U couples only neighbouring
sites of the tree; so, when one studies matrix elements of U* (for ¢ an integer) via
the path integral, the paths which contribute will involve the particle (also called
the ‘walker’) hopping between neighbouring sites in discrete time. Therefore, the
system is usually called a quantum-random-walk. Quantum random walks have
applications in quantum search algorithms [5].

To orient the reader through this text, we state the following: §2.1, §2.2 and
§2.3 are the prerequisites for Chapters 3, 4 and 5 respectively. Chapter 6 contains a
detailed summary of Chapters 2-5. §A, §B and §C are the appendices to Chapters
3, 4 and 5 respectively. Chapters 3, 4 and 5 are our works on CDT, Solitons and
QRWs respectively. Consult the ‘conventions’ and ‘abbreviations’ pages above for

the conventions and abbreviations that we adopt.

1.1 Quantum Gravity

It is often said that there is no theory, yet, of quantum gravity. Classical gravity
on the other hand, also known as general relativity (GR), is described by a metric
satisfying Einstein’s equations. Einstein’s equations can be derived from variations

of an action known as the Einstein-Hilbert (EH) action. Quantization of gravity is
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then straightforward: define a path integral over metrics (modulo diffeomorphisms),
weighted by the EH action. To actually calculate with this model, expand the metric
around the Minkowski metric, ¢ = 1 + h, and perform perturbation theory in h.
What results is a set of rules for calculating Feynman diagrams. The new ingredients
are: a graviton propagator and graviton interaction vertices. So what goes wrong
with this model? It is actually non-renormalizable!. A non-renormalizable theory
is one which can’t make predictions?

The non-renormalizability of gravity is indicating that the theory is missing
some ultraviolet degrees of freedom (d.o.f.). These d.o.f., when included, should
restore renormalizability. In the non-renormalizable model described above, the
only d.o.f. are the metric and matter fields.

GR is in fact a theory of metric and matter fields on a manifold M (by manifold
we will mean smooth manifold). The modern definition of a manifold is a set (of
the points in the manifold), equipped with a topology (these two together make a
topological manifold) and a smooth structure. A smooth structure is an equivalence
class of atlases, and an atlas is a collection of charts (i.e. coordinates) with smooth
transition functions. (Let us recall that homeomorphisms are an equivalence relation
between topological manifolds and that diffeomorphisms are an equivalence relation
between smooth manifolds. ) What kind of d.o.f. does a smooth manifold have?
First, there is the choice of which underlying topological manifold, and then the
choice of which smooth structure to equip the topological manifold with: in short,
we have to choose the topology and the smooth structure — these are the d.o.f.
associated with a smooth manifold. In regard to the question of smooth structure,

in low dimensions (three and less), according to Moise’s theorem, there is only

!'However, there is the possibility that this model is non-perturbatively renormalizable. We
will take up this possibility in §2.1 as the motivation for CDT after first exploring a different idea
in this section.

In a non-renormalizable theory, we must add a counter-term for every operator consistent
with the symmetries of the theory [6] (p. 504), of which there are an infinite number. With each
of these terms is associated a coupling constant; therefore there are an infinite number of coupling
constants. Each of these couplings has to be measured in an experiment. The measured values
can be used, then, to predict the amplitude of other scattering processes. Unless the infinite set of
couplings are related by a infinite set of relations, (leaving behind a finite number of independant
couplings), it is impossible to determine all couplings from a finite number of measurements, and
therefore impossible to make any predictions.
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one smooth structure (modulo diffeomorphism) that a given compact topological
manifold can be equipped with?; in dimensions greater than three, there can be more
than one (or even uncountably many) smooth structures that a given topological
manifold can equipped with [7]. As we will discuss below, the d.o.f. associated
with the smooth manifold should play a role in the quantum theory; while one is
potentially familiar with topological d.o.f. playing a role in QG [3], it appears that
the d.o.f. associated with the choice of smooth structure, when present, should also
play a role; and whether these are present depends on the spacetime dimension
under consideration, as highlighted above.

What does it mean to quantize a theory? The first step is to construct the
Hilbert space H. The Hilbert space of a quantum theory is the set of normalizable
functions on configuration space C*. Now, configuration space is the space of ‘all
possibilities’ It is in deciding ‘all possibilities’ that one defines the d.o.f. of the
system. (C is basically the basis states of H, and a function on C is a general
state in ‘H decomposed in the basis.) For example, the configuration space of
quantum mechanics in d + 1 dimensions is the space of all points in R?, and the
Hilbert space is the set of normalizable functions on R?. The configuration space
of quantum field theory in R4 is the set of field configurations on R? (an entire
field configuration is one point in C).

Given the Hilbert space, one defines a Hamiltonian H, governing dynamics, as

some diffusion operator on C, i.e. H = H(Z,0z), where T are some coordinates

3 Another way of saying this is that there are no exotic compact three-manifolds.

4Every Hilbert space has an orthonormal basis (or basis for short). Given the basis, Hilbert
space can be recovered by ‘completing’ the basis, i.e. H consists of the set of all normalizable linear
superpositions of states in the basis [9] (pp. 58-59). The set of coefficients in the aforementioned
superposition is a complex number associated with each element of the basis; i.e. it is a complex
function on the basis (a map from the basis to C). A state in the Hilbert space is specified entirely
by this set of coefficients. Therefore, a state in the Hilbert space is equivalent to a function on the
basis.

Now, in a given theory, the basis can be inferred from the completeness relation, which, in
general, takes the form 1 =3"__. |z) (x|, where C will be called as ‘configuration space’ The basis
in that case is simply {|x) : € C}. From the discussion above, it follows that Hilbert space is the
set of all normalizable complex functions on C.

In quantum field theory, the basis consists of the states |p(x)), where ¢(x) is any field
configuration on a spatial hypersurface — that this is true follows from the well-known fact
that the completeness relation in QFT is 1 = [[d¢(zx)] |¢(x)) (p(x)| (see for e.g. [0], Sec. 9.1).
(This then implies that, in QFT, C is the set of all field configurations on a spatial hypersurface.)
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(usually infinitely many) on C. The goal is then to determine the eigenvalues and
eigenstates of H. Some of the states are single-particle states, and their eigenvalues
are their measured masses. The hadron masses for example are, in principle,
contained in the spectrum of the QCD Hamiltonian, though no-one has managed
to extract them. Other states are multi-particle states, and their relative overlap
is what we would call a scattering amplitude.

Notice that the elements of the Hilbert space are essentially defined in one
dimension less than the spacetime dimension. However, relativistic covariance is
guaranteed because the Hamiltonian satisfies the Poincaré algebra.

If one coordinatizes C with coordinates 7/, instead of Z, then the dual Hamiltonian
of the theory is H (Z(¢), J - 05) where Z(y) is the change of variables and J is the
Jacobian matrix. This means that there isn’t a preferred coordinatization of C. (The
Jacobians for the transformations of ¥ and 0z cancel out in the path integral [10].)

So what might the configuration space of 3+1 dimensional gravity be? It might
be the set of all three-manifolds (including the empty manifold (), which serves as a
proxy vacuum-state [11]), modulo diffeomorphism, with all admissible metric and
matter fields on them. We could write this as C = { | [¥], ®(X) ) } where [X] stands
for the equivalence class (under diffeomorphism) of an arbitrary three-manifold
¥, and ®(X) stands collectively for the metric and matter fields on ¥. The new
d.o.f. in this Hilbert space, compared to the standard theory of QG, is that [¥] is
allowed to vary arbitrarily. The rationale for this choice of C is that gravity should
be a theory not just of the metric on spacetime, but also of the spacetime itself.
What one must note about C is that it is not the tensor product of the space of
all manifolds with the space of all fields, because, to define the fields, one needs to
specify the manifold. Therefore the two degrees of freedom are actually entangled.

Note that three-dimensional diffeomorphism is built into C as a gauge sym-
metry because the physical states depend only on the equivalence class under
diffeomorphism. We expect to recover four-dimensional diffeomorphism symmetry

by enforcing an extra constraint on H (namely the Hamiltonian constraint). This
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is not unlike gauge theories, where four-dimensional gauge invariance arises from
three-dimensional gauge invariance®.

In contrast to the situation described above, in which [¥] can vary arbitrarily,
the standard theory of QG is built on a globally hyperbolic spacetime M. This
means that M is foliated by slices ¥y C M, with t € R, i.e. M = UR >, and the
slices ¥; are diffeomorphic to each other for all ¢ [13]. That means thtaGt all the slices
lie in the same class [%;]. Therefore, the non-renormalizable model is a special case
of the general model, where the class [¥;] is fixed from the outset.

Do we expect the new degrees of freedom to restore renormalizability to gravity?
That is a difficult question to answer without a calculational scheme, but there
is no reason to rule it out. Clearly what one has to do is calculate previously
divergent quantities and check if the extra d.o.f. cause the appropriate cancellations.
How might we calculate in this theory?

Let us recall how one proceeds from the Hamiltonian formalism to the path
integral formalism. We start with a matrix element (¢;| e 7257 |¢hy) and evaluate
it by saturating with a complete set of states® 1 = 3 zcc |Z) (7], repeatedly, from
t = =T tot = +T. The underlying degrees of freedom then acquire a time-
dependence, i.e. the coordinates ¥ of C now become Z(t). In this sense, time is
emergent. The path integral is then a sum over paths Z(t), weighted appropriately.
The path integral for our model in which [X] is allowed to be arbitrary, will include
a sum over histories of manifolds [¥(¢)]. (Note that an entire history of three-
manifolds is equivalent to a four-manifold.) At each time, the three-manifold might
have a different topology. There are topologies of two kinds: disconnected and

multiply-connected. Consider the disconnected topologies for a moment. If there

5In the canonical quantization of gauge theories, the zeroth component of the gauge field is

not physical and the Gauss law, . Ik dgmifg((;’)) IT;(x) = 0 (where ®; are all the physical field

components, IT; stands for their conjugate momenta and <I>f‘ stands for the fields after a gauge
transformation with gauge-transformation parameters A, (x)), enforces the invariance of the theory
under three dimensional gauge transformations [12] (p. 232). However, once the path integral
has been constructed, one finds that the zeroth component of the gauge field — which enters as a
Lagrange multiplier — is on the same footing as the spatial components and that the path integral
is actually invariant under the group of four-dimensional gauge transformations.

6Tn this informal discussion, we have glossed over the fact that we actually also need to saturate
by 1 =32 5ec- D) (pl, where C* is the dual ‘momentum basis’
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was only one connected topological three-manifold >, the disconnected topologies
are just '61 Y, for any positive integer n. A particular history of manifolds [3(t)]
might thze_n, very well, involve a transition between different n, i.e. the creation and
annihilation of copies of ¥j. Thus we are led to a many-body theory of spacetime,
in which each connected copy of spacetime, >y, can be created or destroyed like
an elementary particle. Obviously an amplitude has to be associated with such
events. From the past we know that this can, at least, be partially achieved by
introducing certain auxiliary fields, which when integrated out, give a contribution
that depends only on the topology of the four-manifold (we are referring to the work
of E. Witten on Topological-QFT [11]). Also, as pointed out by said paper (in the
final section), the scenario we are describing is really a three-brane scattering process.
The open question is if the additional effect we've described is enough to restore
renormalizability to gravitational amplitudes. We will not address this question

here; instead we will pursue a different avenue and investigate a non-perturbative

lattice formulation of the so-called non-renormalizable theory in Chapters 2.1 and 3.

1.2 The Bound States Conjecture

There was a suggestion in [1], motivated by the weak-gravity conjecture and black
hole constructions, that bound states in quantum field theory (QFT) must have
a minimum radius. Consider a bound state of radius R. Then A = mR (where
m is the mass of heaviest elementary particle) is a dimensionless quantity and a
function of the parameters, {\}, in the theory, like the couplings and particle masses:
A = A({)\}). The proposal of [1] is that A({\}) is bounded below by some positive
constant, i.e. A({\}) > > 0. The conjecture is non-trivial because, in a theory
with scalars, say, one can imagine turning-up the scalar coupling indefinitely and
squeezing any bound state to an arbitrarily small size. However, as this happens,
the constituents become more energetic (momentum p ~ R~!) and the process may
become unstable when there is enough kinetic energy for particle production (this

is like the mechanism involved in the Hagedorn limit [15]).
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Solitons are known to possess a particle-like interpretation in QFT [106]. A
soliton is an extended particle for which the question of its radius seems well posed.
It can also be viewed as a bound state of the fundamental particles. Therefore, we
found it natural to investigate the radius of solitons in the hope of answering the
more general question of whether there indeed is a lower bound on the radius
of a generic bound state.

Solitons are finite energy, non-dissipative solutions to the classical field equations
— non-dissipative means that lim;_, ., max, H(t, ) # 0 [17] (Sec. 6.1), where H is the
energy density. Intuitively, this means that the field stays lumped-up for all time.

Classically, the radius of a soliton, R, is easy to define and compute: in
line with [18], we will define it as the width of the energy density, normalized

by the total energy:

R% = /d?’x \a:|27—L(:c)//d3x7—L(w) (1.1)

The interesting contribution to the radius is the quantum correction. To derive
this, one needs a quantum theory of solitons and a method to compute matrix
elements involving solitons in the initial and final states. The method of computing
processes in which there is a single soliton, at rest, in the initial and final states,
was well developed by several groups in the 70’s, and generally, goes by the name
of collective-coordinate-quantization [10] (reviewed in §2.2.3).

In the second project of this thesis, Chapter 4, we will develop the theory of
quantum solitons and show how to calculate the quantum-corrected radius in the
¢3 model (we review classical ¢3 theory in §2.2.1), employing these old methods.
Along the way we will give evidence that the sine-Gordon soliton is the Thirring
fermion only at coupling 32 = 4r.

Let us go through the main arguments of our second project. We recall that
the configuration space of QFT in R%*! is the set of field configurations on RY.
(Let = denote positions in R%.) An elementary particle state of the QFT is a
plane-wave impulse of the field. This can be made precise. For example, take

the initial data ¢u(x) = €e®® and my(x) = eip’e®. Define an operator O =
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expi [ d%x (¢, — ¢me). This operator has the property that O~ 10 = ¢ + ¢y
and O~ '7O = 7w + 7. Therefore it causes a shift by the classical configurations
®cl, Te- In the limit that € becomes infinitesimal, 0.0|.—o = aL. Therefore, aL
creates a plane wave impulse.

Some QFTs contain more than just elementary particle states: solitons can
also be cast as particle states. This is a simple generalization of the argument
given before. Given initial data ¢, and 7. defining the soliton, define the operator
O =expi [dix(rpq — ¢Ta). O is simply the soliton creation operator [19]. Recall
that single-particle states are classified by Wigner’s method [6] (Sec. 2.5). In
particular, massive states are classified according to their eigenvalues under spatial
rotations SO(d). A single-particle soliton state is no different — it can also be
classified by Wigner’s method. In the special case that the soliton is rotationally
invariant, O is a scalar under rotations, so spin zero.

The states we obtain by application of O or a' onto the vacuum (let us call
these proxy-states) are not eigenstates of the Hamiltonian. Let us call eigenstates of
the Hamiltonian ‘exact-states’. The idea is that the proxy state is designed to have
non-zero overlap with the exact state. Therefore, the exact state can be extracted
by a limiting procedure: |exact) = limg_,o, ePTe™ T |proxy) / (exact|proxy) where
E is the energy of the state. With this procedure in hand, one can study matrix
elements between exact states. For example, given an exact single-particle state [p#),
consider (p'| H |p). Using the limiting procedure, this can be written as a matrix
element between proxy states: ~ (0| aye™#" H e #Tal |0). In the case of solitons,
a and a' will be replaced by Of and O resp., but everything else is the same.

Since the classical radius is defined as the second moment of the energy density
(see (1.1)), to define a quantum analogue, we will need to consider the form factor
(p'| H(0) |p). Taking derivatives of this w.r.t. to the momentum transfer p’ — p
should give us moments of energy density, defined in a quantum way. In particular,
taking two derivatives should give us the second moment, so we define the quantum

radius, R, as R? = M 20,2 (k| H(0) |k + ¢) ‘(70 which we will show (in §4.5.1) gives

us R? = 57 (k| H(0)K? k) in two dimensions, where K is the boost generator and



1. Introduction 10

k* is the rest momentum. This is a matrix element between an initial and final
soliton at rest. Therefore it can be directly evaluated by the method of collective-
coordinate-quantization. The result can be organised in powers of A; the leading
term of order h°, we will find, recovers the classical definition (1.1). We then go on to

calculate the term at O(h). The details are presented in the latter half of Chapter 4.
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2.1 Causal Dynamical Triangulations
In this section we will review the model of CDT, mainly following [2].

11
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CDT is a discretization of the gravitational path integral in quantum-gravity.
Quantum-gravity in 3+1 dimensions, without any matter, is defined by the fol-

lowing path integral:

(hsioolhui =00) = f-maromey TTdouult )] expliSeulel), (2.
+<>O%)Hh2 u<v

in which the integral over metrics is modulo diffeomorphisms (i.e. two configurations
related by a diffeomorphism z# — x#+4&"(x) are considered equivalent!). We assume
that the underlying spacetime is globally hyperbolic: M = UR ¥ and fixed. In (2.1),
the induced metric on the past and future boundaries (at ¢ t:€ Foo) has been fixed to
the 3-metrics hy(x) = hyj(x) and ho(x) = ho,;(x) respectively (where i, j = 1,2, 3).
The Einstein-Hilbert action is Sgy = j5=g [ d*z \/| det g[(R — 2A), where R is the
Ricci scalar, A is the cosmological constant and G is Newton’s constant. (2.1) is
the amplitude for a 3-metric hi(x) to propagate to a 3-metric ha(x).

CDT was proposed as an alternative to the earlier Dynamical Triangulations
(DT) [20, 21] which is another way of discretizing the gravitational path integral
— the main difference is that DT doesn’t presuppose a time foliation. In CDT
one integrates over all configurations (sometimes numerically and sometimes an-
alytically). Therefore, calculations in CDT are supposed to give gravitational
amplitudes non-perturbatively.

By numerically simulating CDT, one hopes to obtain non-perturbative informa-
tion about QG, for example, whether 341 dimensional QG is non-perturbatively
renormalizable: a possibility known as asymptotic safety [22]. The idea behind this
proposal is that QG may have a fixed point (a point where all beta-functions vanish)
at some non-zero coupling strength. Such a fixed point will be non-perturbative

(because it is at non-zero coupling). Consider the number of operators whose

One way of ensuring this is to insert four gauge-fixing delta-functions and the appropriate
Jacobian factor associated with restricting the integral to this subspace, i.e. (2.1) is equivalent to

: S5F,(¢5(z
Loy TT st i (1) gt ")
g(+oo,a)=ha(z) MV v,y y

where, for notational convenience, g = g, («). F.(g) are the appropriate gauge-fixing functions,
and ¢¢ is the result of acting on g with the diffeomorphism generated by &.
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couplings have non-negative mass dimension in the vicinity of this fixed point. If
this number is finite and non-zero, then one obtains a renormalizable theory by
setting all renormalized negative-mass-dimension couplings to zero. You might
wonder why the same thing cannot be done around the ‘free-fixed-point’ (FFP)
(the point with all renormalized couplings equal to zero); the reason is that, in the
vicinity of the FFP, setting all couplings with negative mass dimension to zero, will
result in a theory with only the cosmological constant term, which has no dynamics.

Briefly, we describe how the CDT discretization of (2.1) is constructed. First,
one puts upper and lower bounds on time: —7 < ¢ < T (eventually we will let
T — oo to recover the original expression). Next, time is discretized so that
one considers only discrete values ¢ = an (n € Z), where ‘a’ will play the role
of the lattice spacing (we will eventually let @ — 0). So the spatial slices are
discretely spaced in time: X_p, X_7i4, ..., 274, 2. 2r Will be called the past
and future boundary respectively.

Construct the 3-metric on each ¥; in an invariant way — i.e. without coordinates
— using ‘triangulations’, i.e. construct ¥, by gluing together equilateral 3-simplices?
(with edge length a) along common faces; and take the metric on the interior of each
3-simplex to be flat. This induces a metric on ¥; since the length of any curve in
> can be calculated as the sum of the lengths of the segments going through each
simplex, calculated in the flat metric of each simplex. The curvature is concentrated
on the edges of the simplices. To approximate a smooth 3-metric, take the limit
a — 0 — but, presently, hold off on this step, we will take a — 0 later.

Then construct M and the 4-metric by gluing together neighbouring 3J; using
equilateral 4-simplices (with edge length a) and taking the interior of each 4-simplex
to be flat. This is a CDT configuration. By considering all ways of triangulating
the ¥;’s and all ways of connecting them together with 4-simplices, one obtains
the CDT ensemble. Each element of the ensemble corresponds to a physically

distinct metric configuration. The EH action can be discretized and written in

2A d-simplex is a triangle generalized to d dimensions. An equilateral 3-simplex is just a regular
tetrahedron.
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terms of the triangulation data, 7T, using Regge calculus ([23], Sec. 2.2), giving
Sen (7). Then the discretized version of (2.1) is

Z eiSEH(T), (22)

T: 6pastT:T3
afutureT:Tgl,

where the sum is over the CDT ensemble and the triangulations on the past and
future boundaries are fixed to T3 and T3 respectively. Taking the limit a — 0,
while adjusting 73 and T3 to approximate the 3-metrics hy and hy respectively,
and then taking the limit 7" — oo should give the value of (2.1). Fortunately, the
sum in (2.2) can be evaluated analytically for two-dimensional spacetimes. It is
the 2-dimensional case that will concern us in this work. The 4-dimensional case

requires numerical studies and it is still an active area of research (see [23], Sec. 7).

2.1.1 Two Dimensions

In 2 dimensions, the spatial slices are 1-dimensional. (We will continue to call
spatial slices ; and spacetime M.) We fix the topology of all ¥; to be S. Therefore
M has the topology of a cylinder. There is only one geometric invariant of a metric
configuration, h(z), in one-dimension: the volume: L = [dxz\/h(z). Therefore
1-metric configurations, modulo diffeomorphism, are equivalent to a length L > 0;
and so, Hilbert space is the set of wavefunctions ¢(L). In the discretized setup, this
is reflected in the fact that a 1-manifold, X, constructed out of equal 1-simplices
(which is just a line segment of length a) is specified entirely by the number of
1-simplices (and its total length is then: a x # of 1-simplices). Now, a 2-simplex

is a triangle. So CDT configurations are formally defined as follows:

i. A sequence of concentric circles .S;, where the index 7 takes on integer values
i =1,...,t+ 1. S; is the spatial slice at time . It is constructed out of
equal 1-simplices, so each S; consists of vertices v € S; such that the distance

between neighbouring vertices is a.
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ii. Edges connecting all vertices v € S;, for i € [1,t], to at least one vertex
w € S;y1 such that all faces are triangles. Each of these triangles is flat on

the interior and has equal edge lengths a.

iii. A marked vertex in Sy and Sy — this is purely for combinatoric convenience.
What this means is that two graphs, which are the same otherwise, are

considered distinct if their marks are at different locations.

This definition is illustrated in Fig. 2.1. The set of causal triangulations constructed

Figure 2.1: An element of 7;. The marked vertices in S; and Sy41 are highlighted in
bold.

according to (i)-(iii) will be called 7, and this is the CDT ensemble. We also
define 7 := U 7.
teZ+
Consider the following definitions. An edge connecting a vertex v € S; to an
adjacent vertex w € Sy is said to be horizontal. An edge is said to be forward (resp.
backward) directed with respect to a vertex v € Sy if it connects v to a vertex in
Ski1(resp. Sk_1). A vertex w € Sy is said to be clockwise (resp. anti-clockwise)

-adjacent to a vertex v € Sy if one meets w first as one travels from v clockwise

(resp. anti-clockwise) along Si. For a given T' € T, define (see Fig. 2.2):
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i. e(v) as the horizontal edge connecting v to the vertex that is clockwise-adjacent

to v. The map e is one to one and defined for all vertices in T.

ii. f(v) as the forward directed edge w.r.t v which also bounds the same triangle

bounded by e(v). The map f is one to one and defined for all vertices in

U S.

1€[1,t]
ili. of(v) to be the number of forward-directed edges w.r.t. v, defined for all

vertices in |J S;.
i€[1,t]

iv. op(v) to be the number of backward-directed edges w.r.t. v, defined for all
verticesin J S;.

i€[2,t4+1]

Sti1

\J

St

\J

Figure 2.2: Definitions of f(v) and e(v). The arrows point in the clockwise direction.

The initial and final boundaries of a triangulation 7' € 7; are defined as 0,7 = S
and 0,T = S;,1 respectively; they are referred to as the incoming and outgoing

loops respectively.

2.1.2 The Cylinder Amplitude

So, what is (2.2) in two dimensions? To keep the 1-metric fixed on the boundaries
we fix the length of the incoming and outgoing loop. The discretized EH action
is Sgu = A a? x # of triangles. We've dropped the Ricci scalar term because it is
a topological invariant (according to the Gauss-Bonnet theorem), and since the
topology of M is fixed (to a cylinder) it only contributes an overall factor. The
cosmological term equals A a? x # of triangles because each triangle has area ~ a?.

We’ve used \ for the cosmological constant, instead of A, because, later, we will



2. Overview 17

see that A gets renormalized as a — 0 — so we reserve A for the bare coupling
and A for the renormalized coupling.

We define g = exp(iAa?). Therefore (2.2) in 2-dimensions is

G(g, ll,lg;t) = Z g‘TI (23)
TeT:: ‘81T‘=ll
|82T|=l2

In this expression, |T'| is the number of triangles in 7', and |0,T'| and |0,T| are
the number of vertices on the incoming and outgoing loops respectively. This is

called the cylinder-amplitude. We assume that it is analytic in a neighbourhood

of g = 0. (2.3) gives the transition amplitude from an initial spatial universe of
lattice length [; to a final spatial universe of lattice length Iy in ¢ time-steps. Taking
the limit @ — 0 while keeping the physical lengths Ly = aly, Ly = aly and T = at
fixed, we will get an amplitude G*(A, Ly, Ly; T'). Taking the limit 7' — oo should
then give the value of (2.1) in 2-dimensions.
We define the following generating function
Glg,yit) = 3 3 ayf Glg b, lit) = 3 20Ty TlgT!
11=01=0 TET:

We assume that G is analytic in a neighbourhood of g =2 =y = 0. z and y will
be referred to as the ‘boundary cosmological constants’ since they couple to volume

of the boundaries. We can recover G from G as follows:

. dx dy
G(g, 1y, ;1) = : ]{ | el Gy, i t), 2.4
(9.1, 1231)  omiz Lanig T Y (g,2,y;t) (2.4)

where the contour v encloses the neighbourhood of the origin in which G is analytic.

2.1.3 Bijection to Trees

It was shown in [24] that there is a bijection between T; and P;,; which is the
space of planar rooted trees (‘trees’ from now on) of height ¢t + 1 with a marked
vertex at height ¢ + 1. The height of a tree is the distance between the root and
the furthest vertex, and the height of a vertex is its distance to the root. We
use the terminology for neighbouring sites on trees as defined in Fig. 2.3. The

bijection § maps T; 3 T — 7 € Py as follows:
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r

Figure 2.3: Tree terminology: r is the root; the vertex to the left of b is a; the vertex to
the right of b is f; the last child of d is b; the first child of d is ¢; and e is a leaf.

I Introduce a root vertex r, of 7, in the centre of S; and add edges connecting

it to each vertex in S;.
IT Delete e(v) and f(v) for all vertices v € T
ITT Assign the marked vertex in S as the first child of the root vertex of 7.

IV Assign the marked vertex in S;,; as the marked vertex in 7 at height ¢ + 1.

Aside from the root vertex, 7 shares all its vertices with T. Bar the root vertex,

we may therefore refer interchangeably to the vertices of 7 and T.

2.1.4 Generating Functions

By mapping 7; to P;y1 with the bijection 3, we find that
Glg.w,yst) = Y ¢ 2(x/g) ™ (y/g) ",
TEPt11
where |7 is the number of vertices in 7 and |7|; is the number of vertices at height

t. We define P<, = (U P; and the partition function of P<; as
1€[0,t]

Wiyt = 3 — (/g

&, 107]
where |07| is the number of vertices at the height of the tree. As Fig. 2.4 shows,
a tree in Pyyq can be decomposed into sub-trees [25, 26] which lie in P<;. The
number of sub-trees can be anywhere between one and infinity, and each contributes

a factor of §W(g,y;t). Therefore,

0 X ([« " 1

(2.5)
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Zal as as ay

r

Figure 2.4: Decomposing a tree into sub-trees: a1 234 are the roots of the sub-trees.

The operation yd, marks a vertex at height ¢t + 1, or, equivalently, marks the
outgoing loop and removes the set of trees which are of height less than ¢ + 1. The
model can be solved by finding recursion relations for W, to which we now turn.

The initial conditions are given by trees of height zero. So W(g,y;0) = yg.
Following similar arguments as those that gave us (2.5), we obtain the following
recursion W(g,y;t + 1) = ¢*(1 — W(g,y,t))~ for ¢ > 0. It is convenient to
define fi(g,y) = g *W (g,y;t). f: satisfies the initial condition fo(g,y) = y/g

and the recursion relation

R(fi1, i) = il = ¢*fia) =1 =0, (2.6)

where the argument (g,y) has been suppressed. From (2.5) we find that

1
G(g,z,y;t) = yaym- (2.7)

The solution to (2.6) with the initial condition is

pit+epyt
pr T epyt

fi(g,y) = (2.8)

1»

with

where {p;}?_, are the two roots of R(p,p) = 0.
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2.1.5 Scaling Limit and the Pure Gravity Phase

The grand-canonical partition function is determined by the fixed point of (2.6):
fi-1 = fi = fs- The fixed point is obviously independent of the initial condition.
So we will write f(g) = fx(g). From (2.6), the fixed point f(g) satisfies

P(f)=f(l-g’f)—1=0. (2.9)
Close to some critical value g = g., we expect f(g) to exhibit the critical behaviour

f(9) = fe—clge — 9)" + hot.,

where ¢ is a constant and « is fractional. For example, we can get a double-root
of (2.9) at ¢ = g. by requiring P(f.) = P'(f.) = 0. This gives us o = 1/2 and
fe = 2, g = 1/2. The critical value g, is actually the radius of convergence
of f(g) at ¢ = 0. The critical point we’ve just identified lies in what is called
the pure-gravity (PG) phase.

In any given phase, we expect to be able to take the scaling limit of observables.
Consider G(g, z,y;t). At the critical point, the radius of convergence in the = plane
is z. = 1 since the denominator of (2.7) vanishes: 1 — g.z.f. = 0, and the radius of
convergence in the y plane is (¢t + 1)/t, which in the limit ¢ — oo becomes y, = 1.
This follows because fi(g.,y) = 2(ty —y —t)(ty —t — 1)~! from (2.6). Therefore,

around the PG critical point, we expand the couplings as so:
g=9.(1—Aa*/2), z=1-aX, y=1-aY, (2.10)

and we take T' = at fixed. Substituting these into observables and taking the
limit @ — 0 will be how we take the scaling-limit — and what results is the
‘continuum-observable’. These continuum observables are functions of A, X, YV
and T', which are the continuum versions of the bulk, boundary cosmological
constants and time respectively.

Substituting (2.10) in (2.8) and expanding in powers of a gives

frialg,y) =2+ 2F(T,Y) a + O(a®), (2.11)
LA A%62A%T i YezA%T Ly

F(T.Y) = —A i i
( ) A2 + A2e2A2T 4 Y 20T Yy
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Putting this in (2.7) and expanding in powers of a gives

G (gc(l —Aa*/2),1 —aX,1— aY;T/a) _ ! G*(A, X,Y;T) + O(a™1),

T a?
AN 6QA%T

G, X,)Y;T) = -
(70X + A + A3) — (X = AB)(Y - AD))

S, (2.12)

G*(A, X,Y;T) is the continuum cylinder-amplitude. Similarly, we define the

scaling limit of G(-) as
G*(A L, I T) = lim & (9e(1 — Aa®/2), L/a, L' fa; T/a).

From (2.4), this can be expressed as

~ dX r dy /

Go(A, L, I/;T) :/ 7/ X XLYL'Gs(A, X, Y T), (2.13)
~/ 271 ¥ 271

where ' is a path from —ico to +ioco running to the right of all singularities

of the integrand. Inverting this,
(A X,Y5T) = [ TdL | TAL XYY GS(N L LLT). (2,14
0 0

Using (2.12) in (2.13) finally gives

- A
GS(A, L1>L2§T) :A

sinh(v/AT)

x exp (=VA(Ly + Ly) coth(VAT)) I (2 VAL Ly

— (2.1
sinh(VAT) >( %)
2.1.6 The Hamiltonian

In the continuum limit, we expect that the Hilbert space is the set of wavefunc-
tions ¢(L) where L is the length of the spatial slices. So we expect that there
exists a Hamiltonian H such that G®(A, Ly, Ly;T) = (Ly|e "7 |L,), in which
case Or GS(A7 Ly, Ly;T) = —H éS(A, Ly, Lo;T). We will now find that there is
indeed such a Hamiltonian.

Using (2.10), (2.11) in (2.7), we find

G(A X, Y:T) = 0y (X—;(lTY)> | (2.16)
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Differentiating (2.16)

0rG* (A, X, Y, T) = y ( —OrF(T.,Y) ) _a, <8TF(T, Y)

(X~ F(T,Y))? o F(Ty) " XY T)> |

It can be shown that F(T,Y) satisfies the following differential equation
OrF — F* 4+ A =0,
with initial condition F'(0,Y) = =Y, and the following composition rule
F(T,—F(T)Y))=F(T+T.,Y);

from which it follows that

OrF(Y,T)

orf\r, L) A V2
Sy D)~ P o= A=Y

From (2.17), we then get
oG (A, X,Y,T) = Oy ((A - YQ) GS(A, X, Y T)) . (2.18)

Substituting (2.14) into (2.18) and integrating by parts shows that
92
Hepr = —L s + LA, (2.19)
In [27], the authors showed that the Hamiltonian in Horava-Lifshitz gravity is the
same as Hopr. Therefore, the scaling limit of CDT is H-L gravity.
The appropriate measure on the Hilbert space is L™'dL, in which case (2.19)

is self-adjoint. Consider now the large T limit of G*(-), (2.15):
G*(A, Ly, Lo; T — 0) = 4ALy Ly exp(—2TA?) exp(—A? (Ly + Ly)) + h.ot.. (2.20)

Since G* can be expressed as (L,|e HerrT | L), we expect that in the large T
limit, it projects onto the lowest energy eigenstate Hopriho(L) =0 = ¢o(L) =
exp(—A%L). However, this doesn’t happen because 1)y is not normalizable with
the measure L™1dL and so doesn’t contribute. Instead, G* projects onto the
first excited state Hepripy (L) = 20240y (L) = (L) = Le*A%L, giving (2.20).
The significance of 1)y, however, is that it is the solution to the ‘Wheeler-DeWitt

equation’: Ht = 0, which determines the space of physical states in gravity.
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2.1.7 Matter and the Hard-Dimer Model

CDT, as discussed so far, has been a discretization of QG with no matter fields.
Discrete degrees of freedom can be coupled to CDT to imitate the coupling to matter
— for instance, the Ising model on CDT [28], which is an unsolved problem. In
contrast, the Hard-Dimer model on CDT (aka CDT+HD) is solvable and non-trivial.

The ensemble in CDT+HD consists of the set of hard-dimer configurations on
causal triangulations. As shown in Fig. 2.5, a hard-dimer configuration consists
of short rods (aka dimers), each lying across an edge of the triangulation (such an
edge is said to be dual to a dimer), such that no two dimers are dual to edges of

the same triangle. This last condition is called the ‘hard-dimer rule’ This condition

Figure 2.5: An allowed configuration of dimers is shown in orange. The red dimer
is forbidden by the hard-dimer rule, and the blue dimer is forbidden by the boundary
condition.

causes the dimers to interact with each other and the underlying geometry. The
dimer configurations are subject to the boundary condition that there are no dimers
dual to boundary edges (i.e. edges that lie in 01T or 0oT). A list of all instances

of occurrence of a dimer on a causal triangulation is shown in Fig. 2.6. Each

AVAVAY N
V4 Vo

Figure 2.6: The types of dimers. The clockwise direction is indicated by the arrow.
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dimer of type 7 is assigned a fugacity &;. The partition function is defined as the
sum over all triangulations, and dimer configurations, weighted by the triangle
and dimer fugacities. We will define the relevant observables and solve this model
in Chapter 3. We expect that the scaling limit of such a model gives a theory
of some CFT coupled to Horava-Lifshitz gravity.
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2.2 Solitons

In this section, we will review solitons and the method of collective coordinate
quantization. In a theory with some set of scalar fields gz;(:p) and their conjugate
momenta 7(x), a soliton is initial data Q;(.’I}) and 7(x) such that the energy H (7, 5)
is finite, and the fields are non-dissipative [17] (Sec. 6.1): limy_,o, max, H(t, ) # 0,
where H is the energy density. Since they have finite energy, solitons are interpreted
as particles. Scalar solitons in 4 dimensions were found by [29]. Solitons in
2 dimensions are well known: there is the kink in the ¢* model [30] and the

sine-Gordon soliton [17].

2.2.1 ¢3; model

We will deal in this section with the purely classical aspects of the ¢3 model. It is a

theory of one real scalar field ¢ in 141 dimensions. The Lagrangian is [31]

1
4\?

mA\2

1
4, L 2,2
¢+ gmi? — T

1
L= 5(@@)2 -

with m? > 0, the potential is a Mexican hat with two absolute minima of zero
at ¢ = +£Am. However, what we will do is to set m = 1 and work instead
with the Lagrangian [3(0)]

)\2
Z.

1

P AAC NS SRS SCa
L=500u9) = 59 + 39

At any point it will be easy to restore factors of m using the fact that the mass
dimensions of ¢ and A are 0 and —1 resp.. The equation of motion (EOM)

which follows is
O¢p + A 2¢° — ¢ =0. (2.21)
This admits a static soliton solution:
¢a(x) = Atanh(z/V2).

The solution interpolates from one vacuum value —\ at * = —oo to the other

A at © = oco. The energy of a static solution is [dz (¢?/2 + V(¢)) (where
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V = ¢?/(42%) — ¢*/2 + X\1/4). However, there is a virial relation®[32] that ensures
that [dox V = [dx ¢?/2. Therefore the energy is [dr ¢?. This gives us the

classical mass of the soliton:
My = 2v/2)\%/3. (2.22)

We also have

[e.9]

| dedu@)dae) = 03" =0, (223)

To establish the spectrum of perturbations, we expand around ¢g: ¢ = ¢y + V.
Using this in the EOM (2.21), the perturbation satisfies

OW + (3tanh® (2/v2) — 1) ¥ =0, (2.24)

to linear order. The time dependence of U is easy to solve for: W(t,z) =

exp(iwt)y(x). Then (2.24) becomes the Schrodinger equation
Y’ + (w2 + 1 — 3tanh? (9(:/\/5)) Y = 0.

If w? is the ‘energy’ of this Schrodinger equation, then the potential is

3tanh?(2/v/2) — 1, which is plotted in Fig. 2.7. There exist two discrete eigenvalues

-4 -2

Figure 2.7: A plot of (3 tanh?(z/v/2) —1). Above the orange line there exist a continuum
of scattering states. At the green and red line there exist bound states.

w? = 0 and w? = 3/2. Then there exist a continuum of eigenvalues w? > 2

3This follows from considering the dilatation x — Az and using the fact that the energy is an
extremum against variations in ¢ (in this case ¢(z) — ¢(Az)).
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corresponding to modes which behave as free waves at x = +00. The normalized

eigenfunctions are

/
cl
pr— p— O
¥o v My o ’

[ 3 sinh(z/Vv?2) B
Yo = 2v/2 cosh?(x/+/2) ceT \/%7
Y = Nyt exp(ikz) (3 tanh?(z/v/2) — 3v/2ik tanh(z/v2) — 1 — 2k2> ,
W =V k2 + 2,

where £ € R and Nj is a normalization factor. Note that ¢} = 1_;. The

asymptotic behaviour of 1 is

k
Y = ¢ exp (zkm + 7 arctan (M)) , T — Foo,

where c is a constant. We will now put the system in a large box of size L and
require periodicity of the wavefunction ¢ (—L/2) = 1(L/2). ¢, and 1, are periodic
ik L+id(

as they stand. The condition of periodicity on ¥y (x) requires e k) = 1, where

5(k) == —2 (arctan (V2k) + arctan (\2)) .

This means that the allowed momenta k are discrete:
km = Gm — 6(km) /L
= qm — 0(qm)/ L+ O(L?), (2.25)
where ¢,, = 2rm/L and m € Z. We will denote vy, as ¥, henceforth. Let us
define the set S = {b,a,Z}. The set {1, }nes is complete and orthonormal and

we will denote their eigenvalues as wyes.

We record a useful fact: for m € Z we have

oy el Yo b Ai(, 2)
¢m($)¢m($) - T ( + 2(k3n + 2)(2k72n + 1)

) +O(L7?), (2.26)

where
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with 7 = tanh(x/v/2) and 7/ = tanh(z2'/V/2).

2.2.2 A Change of Variables in Quantum Mechanics

Let there be a quantum system with (an infinite number of) coordinates ¢ =
(g1, q2, ...). Let us consider a bijection ¢ — C_j(q_') to new variables Q = (Q1,Q2,...).
We will define the Jacobian of this transformation as J,,, = 0Q,/0¢,. Note that
the Jacobian is just a function of the coordinates so it commutes with ¢ or Cj

The inner product transforms as

(Waln) = [ 47 v3(@) va(@) = [ @ T 03(@ @) v @), (2:31)

where J = det J,,,, d¢ = [1,, dq, and d@ = I1,, dQ,. Therefore states represented in
terms of @ have an additional factor in the inner product. The would-be momentum
operator —id/0@Q,, is not Hermitian with this inner product. The fix for this is to
define the momentum operator as P, := 1]1/2(—2')%11_1/2 [10]. This is Hermitian:

82, (Q)
0Qn

, 120D\ <
~ [ag (fﬂ(—z’)a‘] - @)) 01(0),

[ 4@ 7 u3(Q) (=)

Note that the standard commutation relations i[P,, Q] = 0, hold as a result
of i[pn, Gm] = dnm because Q commutes with J.

It is easy to show that J = (det g,,)~'/? where

_ dq Oq
9om =2 50, 90

l

(2.32)

We will use this later in computing J for a specific theory.
The wavefunction in the @ basis is defined, as usual, as ¢(Q) = (Q[y). (2.31)
then implies that the completeness relation is 1 = [ dg J1 |@> (Cj|, which in

turn implies that
(@11Q2) = T6(Q1 — Qo).

Also, since the momentum eigenstates satisfy (@|ﬁ> = J/? exp(iﬁ . Q), the

completeness relation for the momentum eigenstates is 1 = [ dP |P) (P).
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2.2.3 Collective-Coordinate Quantization

This section concerns the quantum aspects of solitons in the ¢35 model. The method
we will discuss can be applied more generally however. The method goes by the
name of collective coordinate quantization [10]. It consists of a change of variables
from the usual field variables, to a soliton position variable and a perturbation field
around the soliton. It is intended as a means to calculate transition amplitudes
in which there is one soliton in the initial and final states.

We will refer to spatial positions as = and the position two-vector as x*. Recall
that the configuration space of the theory is coordinatized by ¢(z). We will now
change variables 3 : ¢(z) — (X, d), where @ = (ay, ag, ...) stands for an infinite set
of numbers. The domain of these variables is a,, € R and X € R.

In the last section, we had the orthonormal set of functions {¢,},cs. In
this section we will need their real counterparts. So we will form the set
{4, a, V2 Re(¥m), vV2Im(1,,)} (where m > 0) and define this as the set {¥,, }>°.
We will let ¥y = 1),. The wavefunctions {V, } are complete, orthonormal and real.
Their eigenvalues under —9? 4 3 tanh?(x/v/2) — 1 will be called Q2.

Let us define the projection of ¢ onto the modes as follows
Q) = [ My Pi(a)o(x) da.
Qi) = [ wa(@)ow)dz,  for n>1.

Let ¢y(x) := ¢(z +y). Now, X(¢) is defined as the zero of Q[¢,] in the y domain:

| du@)éla+ X(9) dw =0, (2.33)

This is designed to extract the soliton position. For example, let ¢(z) = ¢u(r — 20)
(this is the configuration of a soliton at zo) then Qo] = [ ¢.(x)da(z +y — xo)dx
has a zero at y = x¢ because of (2.23). There is no proof that Q[¢,| only has one
such zero for each ¢, but this is a global issue which will not be important when

we work in perturbation theory [33] (pp. 36). We will define a,, by

Ap = Qn[(bX(d)) - (bcl]-
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This establishes the map . We will now define

= 3" 0,0, (2) = b9 (0) = (o). (234)

where the second equality follows because Q[¢x (4 —¢a] = Qdx(4)] = 0 by definition.
Recall that a change of variables should be a bijection. To show that [ is injective,

we just have to note that the inverse (from (2.34)) is

¢(x) = ¢a(r — X) + x(z — X). (2.35)

It is easy to see that the map is surjective. This completes the change of variables
¢ — (X,ad).

We will now express the Hamiltonian H (¢, ) in the new variables. First, ¢ can
be straightforwardly substituted using (2.35). To re-express 7(z) we will have to
use the chain rule. Recall that m(z) = —i0/0¢(z). Now

0 0X 0 < da, O
03] ~ 00(x) OX T 2 80(x) Dan (236)
Following the discussion in §2.2.2 we define P = —iJY20xJ /% and p =
—iJY20,J7Y2. Let us also define
= Z U, (2)pn.- (2.37)
n=1
Then
-~ aan Y g y 1/2
ZZ / Ay T (2.38)
From (2.34),
Ix(y) ox -, :
IXW) _ 5y + X — ) + (' (y) + ¢4(»)). 2.39
96() (v ) o) (X' (v) + ¢u(y)) (2.39)

To compute 0X/0¢(x), we take the functional derivative of (2.33) w.r.t. ¢(z):

Gl = X)+ o [ o+ X) dy =0

ox el —X)
= 3@~ T W)+ dam)dy (2:40)
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Then putting (2.40), (2.39), (2.38) in (2.36) we have

“1/2 = alr — X) 1/2
mle) =7 (“‘”‘X)‘M;l(y)(l( o (P [ wr )dy>>(‘2];1')

Note that 7 and y (defined by (2.37) and (2.34)) satisfy constraints

Q] = Qx] =0. (2.42)

We also note that because [p,,a,] = —i, that

if7(2), x(y)] = 6z —y) — w

This follows from the completeness relation Mo ()0 (y) + X0 Un(2)Wn(y) =
d(z —y). Note also that [P, X] = —

To compute the Jacobian in (2.41), we use (2.32). First we define the matrix g.. as

aX aX = [ do (¢la(a) + X (@),

/ﬂ U, ( n>1,

gno = Jon =

8X aan

(z)
= = > 1.
/ dz 8an aam = Opnm, n,m>1

The determinant is detg = goo — S0, g2,. This gives

VM,
Jdx(dl, 4+ Xx)dly

Using this result in (2.41), and by a series of commutations, we finally arrive at*

J = (det g)71/? =

/

= 1 cl(m_X>
w@%:ﬂx—X)—Q{f¢cx+¢/rP+/xﬂ} (2.43)

where {, } denotes the anti-commutator. The dual Hamiltonian is simply gotten
by substituting 7 and ¢ from (2.43) and (2.35) respectively, into H (¢, 7). We
will abuse notation by denoting the dual Hamiltonian H (X, x, P, 7) with the same
symbol. Abusing notation again, we will also write H (X, a@, P, p) for the Hamiltonian

expressed in the variables P,p, X, a.

41t should be noted that [ x'm = [7x, and hence that the following formula matches that
from [34].
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2.2.4 The Path Integral

Ordering Convention

The transition from the operator formalism to the path integral involves some
convention for the ordering of operators. For example, there is the convention of
‘Weyl-ordering’, which results in the so-called midpoint path-integral [10]. There
is also the simpler ‘left-right’” ordering used by [0] (Sec. 9.1). We will utilise the
latter convention. Let us briefly describe what it is. Recall from §2.2.2 that our
theory has coordinate operators Cj, momentum operators ]3, and the inner product
(2.31). Consider a matrix element (1y,¢| €77 Oe T |1);,). Our convention will be
that H (Cj, 13) is ordered (by appropriate commutations) such that Q is to the left
of P. The operator O = 0(13, @) (where P, O live at time zero) is to be ordered
such that P is to the left of . Now by a series of insertions of 1 = [ J1d0Q \@) (Cj\
and 1 = [dP|P) (P|, and by using (Q|P) = J*/2exp(iP - Q), we obtain

<wout’ eiHTOeiHT |wzn>
k=N . N-1 . . .
m [ 1 dGy T1 dFe 63(Qx) 6l )
k=—N k=—N

= 1li
N—oo

N
x O(Fo, Qo) exp Y (Z(Qk — Q1) - Poor — H(@y, Py T/N) :

k=—N+1

where Qp = Q(KT/N), P, = P(KT/N) and ¥ )out(Q) = (Qtinjout) /.
Soliton Path Integral

In what follows, we will assume that operators are ordered as described above. Now
| X, @) and |P, p) are each a complete set of states for the Hilbert space. Following
the steps from before, the matrix element M = (¢o¢| e T O(X, @, P, p)e 7T |1);)

(where the arguments of O all live at time zero) becomes

M = [ DX(0)Da0)DP() D) bin (X (~T),G(~T)) v (X(T),(T))

out

0 (P(0),510), X(0),(0)) exp | i at (iPX + i G — H(X,d, P,7)) (2.44)
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It will be more useful to use the variables x(t, z), 7(t,x). So (2.44) becomes

M = [ DXDXDPDF i (X,3) i (X,3) 8 (Q1) 6 (QIF))
T .
O(P 7, X, x)exp [ (z’PX—i—z’/d:c(fr)'() ~H(X,\, P, 7‘7)), (2.45)
-7
where we’ve left all the time arguments implicit. The delta-functions arise due to

(2.42). We will in fact leave the delta-functions implicit from now on — they are

always implied because x and 7 are defined by (2.34) and (2.37) anyway.



2. Overview 34
2.3 Quantum Random Walks

A discrete-time Quantum Random Walk (QRW) on L is a model of the unitary
dynamics of a particle, in discrete time (¢ € {0,1,2,...}), on a spatial lattice L.
There is a fixed unitary operator U generating time translations: ¢t — ¢t + 1. U is
chosen to make the particle transition between neighbouring sites of the lattice.
Therefore matrix elements of U™ can be expressed, in the path integral formulation,
as a sum over paths, in discrete time, in which each step connects neighbouring
sites. Therefore, these models are referred to as QRWs. The difference with the
classical random walk (CRW) is that the CRW has a transition matrix with strictly
positive entries and which isn’t necessarily unitary.

In the theory of QRWs, the main object of study are matrix elements of U".
There are several methods to compute U™: the Fourier method [35], generating
functions method [36], CMV method [37] and path counting [38] are some of these.
See [39, 40] for work on the asymptotics of U™ for n large. The study of U™ is closely
related to the spectrum of U; see [11] for a discussion of the relation between the
spectral properties of U and the so called ‘recurrence criterion’ for walks and [12] for
the connection with the phenomenon of ‘localization’; see [13] for a mathematical
discussion of the spectrum of U without any specific construction of U from a
physical model. There have also been studies of QRWs on different lattices like
Z? [14] and the uniformly branching tree [15, 40].

QRWs exhibit ballistic spreading, i.e. the probability density |(¢)|? spreads-
out at a rate linear in time, as opposed to CRWs which have diffusive spreading;:
~ +/t. Therefore, quantum search algorithms using QRWs offer a quadratic speed-
up with respect to their classical counterparts [5, 17]. The 1D QRW has also
been engineered in the lab [13].

The QRW on Z™" is a simple, solvable example which we will now review. Many

of the statements we will make though are true for any unitary evolution operator U.
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2.3.1 QRW on the half-line

(For a complex number z, the conjugate will be denoted by either z* or z.) As
shown in Fig 2.8, the discrete half-line is defined as H = {root} U Z*T (where

Zt ={1,2,3,...}). We will write v/ > v if lattice site v’ is further from the root

. . .
r 1 2 3

Figure 2.8: H.

than site v. Also let d(v',v) measure the shortest lattice distance between sites
v and v’. The root will be called r henceforth.

The particle is allowed to sit at sites in H. If the particle sits at any site but the
root, then it has a spin ¢ € {1,2}; if the particle sits at the root however, it has
no spin. We define the configuration space as the collection of these possibilities:

C =|r) U |n,i). We define these states to be orthonormal: (¢[¢)') = 0 if
nezt
ie{1,2}

|Y) # |¢') and (Y|yp) = 1 for o), |¢') € C. The Hilbert space is defined as the
L? completion of C over C, i.e. the set of all normalizable superpositions (with
complex coefficients) of states in C. On this Hilbert space, we define a unitary
operator U := SC. S and C are called the coin and shift operators respectively.

We define them by their action on C:

Clry=1r),
Cn, i) :iciﬂmﬁs
Sy = L),
S1L,2) =|r),

Sin,1) = |n+1,1) VneZ",

S|n,2) =1|n—1,2) VneZ"\ {1},
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where ¢;; is a unitary 2 x 2 matrix called the ‘coin-matrix’. A simple computation
shows that S and C are unitary. Observe that U connects only neighbouring

sites in one time step.

2.3.2 Generating Functions

As stated earlier, U is the time translation operator: [¢(t)) = U'|¢). To study
the dynamics of the particle, consider the matrix element p, = (r|U"|r). It is

convenient to define a generating function

Zzut rl(1—2U0)"r).
This is called the return generating function. pu; can be recovered from pu(z) via
e = (2mi) =" [ pu(2)2~" " dz where 7 is a small loop circling z = 0.
There is a related quantity called the first return generating function (for

reasons we will explain shortly) ((z) which is defined as
Q(z) = (r| 2U(1 — 2U) 71 |r) Zz rl U0 ey =3 21Q,, (2.46)
t=1

where U := (1 — |r) (r|)U. U evolves the system according to U and then subtracts
the projection onto the root state. There is a simple relation between the two:

w(z) = (1 — Q(z))~! which can be proved as follows [/1]:

HAQE) = (= I (r] U —— I
= (= (= OU U —— 1)
1 1 1 1
:<T|(1—ZU_1> 1—20 1-2U0 <l—zﬁ_1> )
= p(z) — 1,

where we've used the fact that (r|(1 — 2U)|r) = 1.
We can write Q; = (r|/UU*"|r) as a sum over walks by inserting 1 =

Suec [¥0) (¥] repeatedly between the U’s. For example

Qu={(r|UT|r) = > (r|U|vs) (3| U [ta) (tho] U [tb1) (4| U |r)

|1h1,2,3)€C
= (r|U|1,2) (1,2|U[2,1) (2,1] U |1,1) (1, 1| U |r)

= C22C12C11.-
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In general we have

I’l,b() ..... n)EC i=1
s.t.|vo)=[vn)=|r)
Now, {|¢;)}i, can be thought of as the particle history. The histories contributing
in (2.47) are such that [1)y) = [¢,) = |r) and |¢;) # |r) for 0 < i < n since
(r|U |¢)) = 0 for any [¢)) € C. In these histories, the particle starts at the root
and doesn’t return to the root till its last step. Hence these are referred to as
first return walks. Therefore (2.47) can be written as

S Pw), (2.48)

weLy(r)
where L£,(r) is the set of first-return walks of length ¢, and P(w) is the amplitude
of walk w, both of which we will shortly define. Formally, a walk of length ¢
is defined as a function w(7) mapping integer times 7 € [0,¢] to points on the
lattice such that d(w(7),w(r + 1)) = 1 for all 7. We will write |w| as shorthand
for the length of a walk w.

We define T', the ‘translation operator’, that maps a walk w to a walk w’ = T'(w)
defined as w'(17) = w(r) + 1 for all 0 < 7 < |w|, where w(7) 4+ 1 is the unique
vertex at distance d(r,w(7)) + 1 from the root.

L:(r) is defined as those paths, w, s.t. w(0) = w(t) = root and w(7) # root
when 0 < 7 < t. Clearly £;(r) only exists for ¢t even. P(w) is the product of the
amplitudes of each step of the walk except the first:

ol -1

=TI plw(t) = w(t+ 1)),

where p(w(t) — w(t+1)) = 1if w(t) = r, otherwise p(w(t) — w(t+1)) = ¢um where

1 w(t—1) < w(t),
" 2 wit-1)>w)
1 w(t+1) > w(t),
T2 wt+1) <w().
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So, what we have is the original matrix element expressed as a sum over paths
with an appropriate weighting P(w). We will use this representation to write
down an algebraic equation in Q(z).

Define £;(v) as the set of walks, w, of length ¢, s.t. w(0) = w(t) = v € H and
w(7) > v for 0 < 7 < t. These will be referred to as ‘loops based at v. Also define
L(v) = :Lj; L;(v). Now, the set L£(r) can be decomposed as follows:

L(r) = Ls(r) | B, (2.49)
n>1
where B, is the set of loops, based at r, in which the particle walks from r to
1, performs n loops based at 1, and then finally walks back to r. Let us define
the partition function of B, as
Bu.(2) = Y ZP(w).
weBy
Similarly, due to (2.46), (2.48),
Qz)= Y "Pp(w).
weL(r)
(2.49) implies that
Q(2) = 102 + i B,,. (2.50)
n=1
For n > 2, consider a walk in B,. In this walk, the first loop based at 1 is followed
by n — 1 loops based at 1. The contribution that the first loop based at 1 makes
to B, is equal to Q(z) because the translation operator provides an isomorphism
T : L(r) — L£(1) and because P(w € L) = P(T(w)). The contribution of the

remaining n — 1 loops equals B,_;1(z) so we have

Bn(z) = c21Q(2)B,-1(2) n>2,

Bi(z) = 2%c11000Q(2).

From (2.50) it follows that

22011022Q(Z)

A= T e

(2.51)
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So, we get a quadratic equation
c1Q% + Q(2°TI — 1) + 2%¢1, = 0, (2.52)

where II is the determinant of ¢;;. This equation has the property that if Q(z) is
a solution, then 1/(Q(1/2z*))* is also a solution. This follows from Il¢}, = ¢9; and
IT* = II"! which in turn follow by unitarity of ¢;;. Therefore, when z is a phase, the
two roots of (2.52) are either both phases, or they both have the same phase with
reciprocal magnitudes. Due to (2.46) and Qy = cj, we have Q(z) = c1222 + O(z%)
near z = 0. This condition singles out one of the roots to (2.52) as the ‘physical root’.

Recall that p = (r| (1 — 2U)"'|r). u(z) therefore has singularities for those
values of z for which 1 — zU is non-invertible. In other words, p(z) has singularities
when 27! lies in the spectrum of U. Since U is unitary, the spectrum is a part of
the complex unit circle. What kind of singularities does p(z) have? The answer
is that it has both poles and branch cuts on the unit circle. Since p = (1 — Q)™ ?,
1 and @ have the same branch cuts, and poles of y occur when Q = 1. So,

from (2.52), p(z) has poles when

o1 + (2211 — 1) + 2%cyp = 0. (2.53)

When z is not a phase, we can show that u(z) + u(z7') = 1: since z is not a
phase, u(z) is well-defined, so we can manipulate (1 — 2U)~! as a convergent

geometric series Yo% ((zU)", so

=1\ 1 *
wu(z1) = (root]| 1 5= [root)

[root)

(root| ——
= (root| —m—m—
1—2z71U-1

—7 lroot) = 1 — u(2),

= t
(root| .

where we’ve used that fact that A™™! = A~'f. For this reason, when z is not a

phase Q(Z*l)fl = Q(z). We also have that Re(u(z)) > 1/2 for |z| < 1, implying
that |Q(z)] < 1 for |z| < 1. The fact that Re(u(z)) > 1/2 for |z| < 1 follows from

(1= [z[)I[(1 = 2U)~" [root) ||* = 2Re(u(2)) — 1
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(where ||a|| is the Hilbert space norm). This can be shown as follows:

2Re(pu(z)) — 1 = (root| ] —1ZU + . ;Ul — 1|root)
9 1
= (L= =) oot =5y
= (1= [z)[I(1 = 2U)~" root) |*.

lroot)

On this basis, when does (z) have branch cuts? From the fact that |Q(2)| < 1
when |z| < 1 and Wfl = Q(z) for |z] # 1, we have that |Q(z)| > 1 for
|z| > 1. Therefore, at those points zy € T (T is shorthand for the complex unit
circle) s.t |Q(20)| # 1, Q(zor) behaves discontinuously as r (a positive real) passes
through » = 1: as r — 17, |Q(zor)| tends to some number smaller than 1 and
as 1 — 17, |Q(zor)| tends to the reciprocal value. Therefore (z) has branch
cuts in those segments of the unit circle that |Q(z)| # 1. The behaviour of the

roots of (2.52) near a branch point is shown in Fig 2.9. Taking the discriminant

9

Figure 2.9: The complex ) plane. The dotted circle is the unit circle. The arrows
indicate the flow of roots as z varies on the unit circle and passes through a branch point.

of (2.52) gives the location of the branch points:
1-— 2(611022 + 612021)22 + H2Z4 = 0. (254)

For a randomly generated coin matrix C4, the situation is shown in Fig 2.10.
We extend the functions p(z) and Q(z) onto the branch cuts by setting Q(z) =

lim, ,1- Q(rz) and u(z) = lim, ;- pu(rz) when |z| = 1.
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Figure 2.10: In blue and orange are the cuts and poles of p(z) respectively.

In §2.3.4 we show that the poles originate from the bound state (aka pure-
point) spectrum of U and the branch cuts from the scattering (aka absolutely-

continuous (a.c.)) spectrum.

2.3.3 Condensation of Eigenvalues

To get a feeling for how the spectrum arises, we impose an infrared cut-off L on the
spatial lattice and study the limit L — oo [39]. On the boundary of the lattice we
impose reflecting boundary conditions. To be specific, consider the following lattice:
Hy, = root U{1,2,...,L}. We define this model so that the particle has no spin
when it lies at the root or at L. The truncated configuration space is then C; =

) U |n,i) U |L). The time-evolution operator is defined as Uy = S;Cp:
ne{l,..,L—1}
1€{1,2}

2
Crln,i) => cjln, j),
=

=In+1,1) for 1<n<L-2,

Spn,2) =|n—1,2) for 2<n<L-—1,
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SL|L>:|L_L2>7

Uy is a unitary operator of dimension 2L. As L — oo, Uy, — U in the ‘strong
operator topology’ (i.e. limy_,o |[(U—Uyp)z|| = 0, for all x in the Hilbert space [19]).
Now consider py(2) := (r|(1 — 2U)"'|r) and Qr(2) := 1 — u;'(z). Following
the same argument that leads to (2.51), it can be shown that
22011022QL(Z)

- QL(Z)C21 ’
Q =2~ (2.56)

QL+1 (Z) = 22612 + (255)

In particular, the fixed point of this relation, Q11 = Q = @, satisfies (2.51). ur(z)
has poles when 27! lies in the spectrum of Uy. Tterating (2.55) for py starting from
(2.56) shows that it is a meromorphic function with poles at 2L locations on the
unit circle. As L — oo the poles begin condensing on the circle. Figs. 2.11 and 2.12
show the eigenvalues of Uy and Ugy with the same coin matrix C; used to generate

Fig. 2.10. In the strict limit, the poles condense to form the two branch cuts of p(z),

, 1.6+
1.0 I
I 0.5
0.5 I
e =10 -0.5 I 0.5 1,0
-1.0 -0.5 [ 0.5 1,0
I -0.5¢
-0.5¢ I
, =+:0+-
=10 7
’ Figure 2.12: L = 80. Note the isolated
Figure 2.11: L = 40. eigenvalues slightly above and below the real

axis.

while two poles remain isolated. These isolated poles of 11, do not however converge

to the poles of u(z) as a comparison of Fig. 2.10 and 2.12 shows — the reason
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for this is not clear, but we should point out that for two operators converging
in the strong operator topology (as described above) there is no guarantee that
the spectra coincide: Take for example the matrix A, which is defined as zero
everywhere except the (n,n) entry which is equal to 1. A, converges, in the strong
operator topology, to the zero matrix, as n — co. However, the eigenvalues of the

zero matrix are zero while the eigenvalues of A, are {0,1}.

2.3.4 Spectrum of the QRW on H

In this section we explicitly solve the eigenvalue equation U |A) = A|\) on the
half-line H. We first define eigenfunctions a,, = (n,1|\) and b, = (n,2|\). We
rescale |\) so that (r|\) = 1. The eigenvalue equation written in terms of {a,}>

and {b,}°°, reads

1= )\CLl,

c12a1 + Ca2by = A,

c11ay, + 210y, = Ap+1,

} forn>1
C120n+1 + C22bp1 = Aby,.

The solution to this set is unique and given by

n—1
an ) Cll/)\ Cgl/)\ 1/)\ )
b — | _cecir A cieen A a2 |
n Acaz co2 Acaz c22 Acaz

= a, = a1 p} + az py, (2.57)
II — 622]92)\ + 021>\2

022]91(171 - p2))\2
11 — 622p1>\ -+ C21)\2

C22P2 (pz - pl))\2

] =

Qg =
where p; o are the roots of

IT
C29 p2 - (A + /\> P +ci1 = 0. (258)

1
This equation has the property that if p(\) is a solution, then p(A ) is too,

following from the fact that c¢3,I1 = ¢1;. As A varies on the unit circle, there are

regions for which both p; » are phases, and regions for which one root is inside the
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unit circle and the other is outside; the behaviour of the roots as A moves between
these regions is qualitatively the same as in Fig. 2.9. When both p; » are phases,
the eigenstate (2.57) oscillates like a wave at large n. In the theory of Schrédinger
equations, this would be called a scattering state (those states that behave as plane
waves at large distances), but in this field they are usually called the absolutely
continuous (a.c.) spectrum. As for Schrédinger equations, note that the scattering
states are not normalizable (so strictly do not lie in the Hilbert space).

For all other A, we have [p;| > 1 and |ps| < 1. This results in an eigenstate
that grows exponentially at large n. These states do not have any interpretation
and are not eigenfunctions of U. As A varies in this region, however, it is possible
that ay = 0, leaving behind a state that is exponentially damped at large n. Such
a state in Schrodinger equations is called a bound state. In this field, however,
they are usually called the ‘pure-point’ (p.p.) or ‘mass-point’ spectrum. Setting

a1 = 0 gives the condition for mass points:
IT — coa pa A + o1 A* = 0.
Rearranging for p, and substituting in (2.58) gives
11692 + (ca1 — 1)(car A2 +11) = 0.

This is the same as (2.53) if 27! is identified with A, so we conclude that pu(z)
has a pole when 27! lies in the p.p. spectrum.

As Fig 2.13 shows, the regions in which there do and don’t exist scattering states
are separated by points at which p; o collide (i.e. a double root). The condition

for a double root is that the discriminant of (2.58) w.r.t p is zero:
/\4 — 2(611022 + 012621>)\2 + H2 = 0.

If we identify z=! with A, then we notice that this is the same as equation (2.54).

To complete the argument, we must show that when |p(z71)| # 1, that |Q(2)] =1
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and conversely when |p(z~!)| = 1, that |Q(z)| # 1. We leave this as an exercise

to the reader given that the exact relationship between Q and p is®

Coop(27 1)z — 2211

Q(z) =

C21

This finally shows that Q(z) has branch cuts when z7! lies in the a.c. spectrum.

id

Figure 2.13: In the complex p plane, the flow of roots as A varies on the unit circle and
passes through a branch point is indicated by the arrows. In grey is the unit circle.

The collection of p.p. eigenvalues and a.c. eigenvalues is written as o,, and o,
respectively. The a.c. spectrum is said to be composed of ‘bands’ (where the
support of o, lies) separated by ‘gaps. Mass points can only occur in these
gaps because mass points A € o, are characterized by Q(A\™') = 1 and gaps

are characterized by [Q(A\71)| = 1.

2.3.5 Induced Measure

We will show how (r| U™ |r) can be written as an integral w.r.t. a measure supported

on the unit circle. Now

i = (| U™ [r) = (2m0) ™" / 2 L(2)dz,

where ~ is a small loop around the origin (see Fig 2.14). Due to the analytic

structure of u(z), v can be deformed to the contour " shown in Fig. 2.15. We've

This follows from solving U |u) = A |u) + |r) for |u) and setting (r|u) = —A"tu(A~1).
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™ C}v
. ]

Figure 2.15: «/. The blue bands are cuts of
p(z) and the orange points are poles of p(z).

Figure 2.14: ~.

assumed here that the integral around the circle at infinity is zero since z="~1

provides a large damping factor. Therefore

f = (2m3) /z_"_ldisc(,u(z))dz — > 27" Res(u(z)),

c
z=leopy

where ¢ is the union of branch cuts oriented in the clockwise direction, disc(u(z)) is
the discontinuity across the cut: lim, 1+ p(rz) — lim, ;- pu(rz) and o, is the p.p.

spectrum. Now since p(z) + u(z71) = 1 when |z| # 1, the value of u(z) on one side

of the cut is 1 — u(z) if its value on the other side of the cut is u(z). Therefore

disc(u(2)) =1 — p(2) — p(z) =1 — 2Re(u(2))

(recall that we defined yu(z) = lim,_,;- p(rz) for |z| = 1). Now let 271 = ¢¥ € g,

and define

/(0) = —Res(u(2)/2) = lim(1 = r)p(r).

One then defines a measure (see [13] Sec. 1.1)

]
dv(0) = (2Re(u(e™™)) — 1) L S v(60)5(8 — bo)dd (2.59)

T -
0o: e?0cop,

=dvgc(0
ecl®) =dupp(0)

such that

2T
oy = / e du(6). (2.60)
0
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2.3.6 Verblunsky Coefficients

One usually also defines the ‘Schur function’:

The Schur function admits a continued fraction expansion [11]:

I = Jo,

2
() =55+ |

1— |y
v+ 1/2f41(2)

{7j}320 are called Verblunsky coefficients, satisfying |y;| < 1 for all j. Given the

i=0,1,2, .. (2.61)

Verblunsky coefficients, one knows the Schur function exactly. Any sequence of
Verblunsky coefficients s.t. |y;| < 1 gives a Schur function and, as shown in §2.3.5,
a unique measure dv(6). In the mathematics literature, one usually imposes some
condition on the sequence of Verblunsky coefficients and computes the effect this
has on the corresponding measure dv(6). For example, there is the following result:
if the Verblunsky coefficient sequence is p-periodic then the associated measure has
at most p bands ([13] Chap. 11). This is easy to prove. The p-periodicity of
the Verblunsky coefficients means that v, = v;4, for all j > 0. Iterating (2.61)

and expanding in a Taylor series, we have

fo=2+m1 =0z =1 =0l — 12+ 2nl?)z + 0%,

Jo =+ Ypr1(1 - |7p|2)z —(1- |’7p|2>(7p7§+1 — Yp+2 T ’Yp+2|7p+1|2)2’2 + 0(23)-

Because of the periodicity of the Verblunsky coefficients, however, these two
expansions are the same term by term, so fy(z) = f,(z). Now iterating (2.61)
p times allows f, to be written in terms of f,. Then using f, = fo, one arrives at

a quadratic equation for fy = f, which takes the general form

pol,(2) f* + pol,(2) f + pol,_;(z) =0, (2.62)

where polp(z) represents any polynomial of order p in z. The endpoints of the bands
of the measure occur when the discriminant of (2.62) is zero, which gives poly,(2) = 0.

This has at most 2p solutions which means that there are at most p bands. There is
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another theorem that states that given two Verblunsky coefficient sequences {«; };’io
and {3; }?io st. o — B, J_}—OO> 0, then the a.c. spectrum corresponding to the two
sequences is the same ([13] Sec. 4.3). This combined with the previous result, tells
us that for asymptotically p-periodic Verblunsky coefficients, the number of bands

is at most p. Later, in our model, §5.4, we will find an example of this.

2.3.7 Asymptotic return probabilities and localization

Consider u, for n large. Recall the integral representation (2.60) and the
decomposition (2.59) dv = dv,. + dv,,. For large n, the dominant contribution to
[ €™ dv,.(0) comes from the regions near the edgepoints of the bands; let {e®}¥,
be the collection of edgepoints of the bands. At an edgepoint, Re(u(e%)) = 1/2,
since |Q(e~")| = 1. An edgepoint is also a branch point of u(z7!), so around
an edgepoint we can expand u as 2Re(u(e™™)) = 1+ Cy(0 — 6;)*/? + h.o.t. for

some constants C;. Therefore

, N , do
/6meduac(9) = Z Cie™ (0 — Hi)1/22— +h.o.t
T

i=1

N , o dA
= / Cie™ AT ot
=1

™

N
=n"%2Y e + O(n7?).
i=1

In the second line we’ve defined A = 6 — 6, and in the last line we’ve rescaled
A — A/n. The ¢; are some unknown constants. Let {eiéi}f\il be the set of mass
points. Then, together with the contribution from [ e™du,,(0)

) N
v(6;)em0 4732 > e 4+ O0(n?). (2.63)

=1

M=

Il
i

Hn =

The root is said to be a localized state if limsup,, . | (r| U™ |r) | # 0, because then
the particle always has a non-zero probability of being found at root. From (2.63),

we see that this only happens when the p.p. spectrum is non-empty [42].
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As we discussed in §2.1.7, CDT+HD is a model of discretized QG coupled
to matter. In this chapter we will define and solve for various observables in

CDT+HD and study their scaling limits.

49
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3.1 Introduction

Models in which extra degrees of freedom (often called ‘matter’) are coupled to
Dynamical Triangulations (DT) have been solved for many cases, showing that
their scaling limit is equivalent to the corresponding flat-lattice CFT coupled
to Liouville gravity.

Coupling matter to CDT is more difficult and only limited progress has been
made. Numerical work [50-53] has established that the interaction between matter
and geometry is weaker than for DT, and that CDT with gauge fields is a solvable,
but topological, system [51]. The Ising model on CDT has been shown not to be
magnetised at high enough temperature [28] but has otherwise resisted solution. Tt
is known that the addition of curvature-squared [55] or extrinsic curvature terms

[50] to the action does not change the universality class, and recently loop models

have been investigated [57]. However by exploiting the bijection of the CDT with
a tree ensemble [21], it is possible to make progress when the matter consists of
hard-dimers [25, 58, 59]. It was shown that a restricted form of the hard-dimer

model on CDT can be solved using a bijection with labelled trees; the model
displays a transition away from the pure gravity phase of CDT, driven by the dimer
interactions. A slightly less restricted HD model was analysed in [20] where a richer
phase diagram was found. In this paper we show how to include all possible dimer
types present on CDT in the bijection and lift all the restrictions bar one which is
required to render the tree system local. We find that there are two tri-critical and
two dense-dimer phases in addition to the pure gravity phase; the richness of the
CDT+HD phase diagram arises from the ability to assign different dimer types.

The tree bijection enables us to calculate the disk and cylinder amplitudes
by reducing the problem to one of solving a non-linear second order recurrence
relation. In contrast to the earlier work, with more restrictive dimer ensembles,
these relations appear not always to be linearizable by a judicious mapping of
the problem; they are inherently non-linear and cannot be solved analytically in
closed form. In the continuum limit however, the recurrence relations become a

non-linear first or second order ordinary differential equation (ODE), which takes
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a characteristic form in each phase of the model. The ODEs are vastly easier to
solve than the recurrence relations and their solutions enable us to determine the
continuum amplitudes and, in phases where it exists, a simple time translation
operator (or Hamiltonian) acting on states labelled by the boundary length — in
some phases, the Hamiltonian doesn’t exist, but that is to be expected since the
Hamiltonian should depend on the dimer degrees of freedom too.

The layout of this chapter is as follows. We define the restricted CDT+HD
model in §3.2. We prove the bijection of CDT+HD with a labelled tree model
in §3.3. We construct the cylinder amplitudes and their recurrence relations in
§3.4. We map-out the phase diagram in §3.5. We take the scaling limit of the
cylinder amplitudes and show that they satisfy various ODEs in §3.6. We derive

the associated Hamiltonians in §3.7.

3.2 The restricted CDT-+HD model

In this paper we generalise and extend the work of [26] by including dimers of type
4 (see Fig. 2.6). We will solve the CDT+HD model subject to a single restriction

which renders the model solvable and is a relaxation of that imposed in [20]:

I. Restriction: If, for v € T', o3(v) > 1 and of(v) = 1, then f(v) is not dual to

a dimer.

Fig. 3.1 shows a dimer configuration which violates this restriction. We call a dimer

> 5k+1

> S5,

» Sk

Figure 3.1: The dimer in red violates (I) since o, = 2 and oy = 1. S; are spatial slices.

configuration satisfying the ‘hard-dimer rule’ (see §2.1.7), the boundary condition

(see §2.1.7) and restriction (I) as admissible.
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Let D; denote the set of all triangulations in 7; decorated by all admissible
dimer configurations. An element of D; can be written as a pair (T, D), where
T € T; and D is an admissible dimer configuration on 7. Define D = |J D;.

tezZ+t

The partition function of the set D;, which we call the cylinder-amplitude, is

defined by

G(g7xvy;€17€27§2’7§37§4;t) - Z ‘T‘alT‘y|a2T|g|T‘€|1Dll5‘2D|2£|2’D|2/€Z|3D|3§4‘1D|47 (31)

(T,D)eDy
where |D|; counts the number of dimers of type i in D. Each dimer of type i is
weighted by a fugacity &;, each triangle by a factor g > 0, each initial boundary edge
by a factor x > 0, and each final boundary edge by a factor y > 0; if g < g., = < x,
y < Y, and the & are not too negative, then the series in (3.1) is convergent.
As pointed out in [25], the move in Fig. 3.2 converts a dimer of type 2’ to one

of type 2, without affecting the dimer configuration otherwise. Using the move, all

2/ 2

Figure 3.2: The move.

type 2’ dimers can be converted to type 2, but we have to remember that those
that have been converted have fugacity &». Now, given a configuration D, with
no type 2’ dimers and n type 2 dimers, obtained in this way, it could have arisen
from (Z) configurations with n — k type 2 dimers and & type 2’ dimers, which have
weight €57%¢5 each. Since this can happen for any 0 < k < n, the total weight of

D is Y}, (Z) nkek — (& + &)™, Applying this to (3.1), we get
G(Qa T,Y; 517 527 52’7 537 547 t) = G(gv z,Y, 517 <€2 + 52’)7 07 537 §47 t)

So without loss of generality we set £ = 0 and hereafter work with G(g, z,y,&;t)
where £ stands for the set of dimer weights {1, &2, &3, &4} Similarly to (2.4), we define

~ du dv
G(g, 1,1, &) = —— "2 G(g, 2. /u, Yo v, 1), (3.2)

v 2Tl Jy 2TV
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where the contour 7 encloses the neighbourhood of the point at infinity in which
G is analytic. z. and y, are the radius of convergence of G(g,z,y,§;t) and appear

to remove an overall divergent factor in the scaling limit.

3.3 Bijection to labelled trees

We define a labelled-tree as a pair (7,1), of a tree, 7, in which each vertex, v,

has a label ¢(v) taking values
() = (p(v),q(v)) € §={0,1,2,3} ® {0,4} \ {(1,4)}
= {(0,0),(0,4),(1,0),(2,0),(2,4),(3,0), (3,4)},

ie. p(v) € {0,1,2,3} and ¢(v) € {0,4} with the possibility (p = 1,q = 4)
excluded (see (viiia) later).

Consider an element (7, D) € D,;. Recall that T may be mapped to a tree
7 = B(T) of height t + 1 (see §2.1.3). We denote by RL;;1, the set of labelled
trees of height ¢ + 1 obtained from D, by applying # and then assigning the

labelling to the tree as follows:
i. the root vertex is unlabelled;

ii. if op(v) = 1 and this backward edge is dual to a dimer, ¢(v) = 4; otherwise

q(v) = 0;
iii. if e(v) is dual to a dimer, p(v) = 1;
iv. if f(v) is dual to a dimer and o¢(v) > 1, p(v) = 2;
v. if f(v) is dual to a dimer and o;(v) = 1, p(v) = 3;
vi. if neither f(v) nor e(v) is dual to a dimer, p(v) = 0.

We denote this map by v : Dy — RL;;. The trees in RL;1; do not have
arbitrary labelling; the labelling is constrained by (see §A.1 for the derivation

of these constraints)
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vii. Boundary conditions: dimers dual to a boundary edge are not allowed:

(a) if v € 0T, then p(v) € {0,2,3} and ¢(v) = 0;

(b) if v € 0T, then p(v) = 0.
viii. Hard dimer rule:

(a) no vertex can have label (1,4);

(b) if a vertex v has label p(v) = 3, then the vertex on its left, w, satisfies
p(w) = 0;

(c) if a vertex v has label p(v) = 2, then its first child w satisfies p(w) # 1
and g(w) 7 4;

(d) if a vertex v has label g(v) = 4, then the vertex on its left, w, satisfies

p(w) # 1 and g(w) # 4.
ix. Restriction (I): if vertex v is a last child then p(v) # 3.
x. Geometry:

(a) any vertex v with label p(v) = 3 is necessarily a leaf;
(b) any vertex v with label p(v) = 2 has at least one child,;

(c) any vertex v with label ¢(v) = 4 is not a last child.

The proof that v is a bijection is given in §A.1.

We define L} to be the set of all labelled trees of height ¢, with the root labelled
by n = {(r) € § and satisfying all the above constraints (vii)-(x) except the initial
boundary condition (viia). We also define the set £Z, = U L.

All conditions on the labelling of a tree in RL;, except ::Eh[g,t]restriction (ix), are
consequences of the full hard dimer model; they arise either from the hard dimer rule,
or from the geometry of 7' € 7T; and its associated tree. The restriction (ix) ensures
that interactions in the labelled tree model are local (i.e. interactions are only

between sibling vertices); otherwise, if v is a last child with p(v) = 3, then by the

hard dimer rule (viiib), the label of the vertex on its left — which is not a sibling of v
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— is constrained, thus generating a non-local interaction in the tree. The model can’t
be solved by the usual techniques if there are non-local interactions. Note that the
model with no dimers of type 3, i.e. {3 = 0, is not changed at all by the restriction.

Now consider the inversion operation I : T; — T; defined as Sp(I(T)) =
R(So+t—k(T)) with the connectivity of vertices unchanged, and where the R
operation reverses the orientation of the circle S;. Under I, the dimer types
are mapped 1 — 1, 2 — 2 and 3 < 4, while the boundary fugacities are swapped
x <> y. Under I, the restriction (ix) on (7)) becomes the restriction that a vertex
with label ¢ = 4 in B(I(T)) is necessarily a leaf. Conversely, a vertex in (7))
with label ¢ = 4 that is not a leaf gets mapped to a vertex, in B(I(T)), that is a
last child with label p = 3. It follows that while the full dimer model is invariant
under 7, this symmetry is broken by the restriction; this fact will be important
later. A further corollary is that the unrestricted model with £, = 0 can in fact
be solved by the methods of this paper, since it maps under I to our model with

& = 0, for which the restriction is empty.

3.4 Generating Functions

By mapping D, to RL;;; with the bijection v we find that

Glg.zy. &)= > ¢ 22/g) M (y/9) ™ 1T &wéaw

(T)ERL41 veT\r

where |7| is the number of vertices in 7, |7]; is the number of vertices at height i,
and for convenience we define {, = 1. We define the partition function of L2, as

1
Wn(ga Y, 6; t) = Z 792‘7—' (y/g)|82T| H gp(v)gq(v)-

(rheLr, 07| ver

As discussed in §2.1.4, any tree can be decomposed into sub-trees. By the dimer
rule (viia), only labels (0,0), (2,0), (3,0) are allowed for vertices on S;. It follows
that the subtrees of a tree in RL,,; are elements of U 2,. To the left

ne{(0,0),(2,0),(3,0)}
of a sub-tree with root label (3,0), there must be a sub-tree with root label (0, 0)
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due to (viiib). This includes the possibility of a sub-tree with root label (3,0) being
the left-most sub-tree and a sub-tree with root label (0,0) being the right-most.

By standard combinatoric arguments, it follows that

9 14 (x)z WEOT 0.0

g

:y@ 21170,0) 1 2T720) 1 (2 )2 T (3.0)T17(0,0)
1—<9W7 + e +(9)W7W7)

Glg,z,y,61) ;o (33)
where all W™ on the right-hand-side are evaluated at (g,y,&;t). The operation y0,
marks the exit loop and removes the set of trees which are of height less than ¢. The
model can be solved by finding recursion relations for the W™ to which we now turn.

The initial conditions are given by trees of height zero. By the dimer rule (viib),

only labels (0,0) and (0,4) are allowed on the final boundary, so

WD (g y, &0) = ygé,, (3.4)

W0 (g, y,6:0) = 0. (35)
A vertex with label (3,0) is necessarily a leaf (see (xa)). Therefore,
WeO g,y &t +1) = g%, 120, (3.6)

The W™ are not all independent. Since there are no restrictions on the children

of a vertex with label (1,0),
W g,y &t +1) =W (g &t +1),  t>0. (3.7)

Since the label ¢(v) = 4 does not place any restrictions on the children of the

vertex v, we have
W®D (g y &t +1) = EWPO (g y, &t +1), t>0. (3.8)

A tree in L%,,, can be decomposed into sub-trees in nLEJS L%, for t > 0. The
restrictions do not allow the subtrees to appear in any order, as we will discuss now.
To the left of a subtree with root label (3, 4) there must be another subtree — because
of (ix) — and it must have root label (0,0) due to (viiib), (viiid). Similarly, to the

left of a subtree with root label (3,0) there must be a subtree with root label (0, 0)
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or (0,4), due to (viiib). To the left of a subtree with root label (0, 4) there must be a
subtree with root label (0, 0), (2,0) or (3,0) due to (xc), (viiid). To the left of subtree
with root label (2,4) there must be a subtree with root label (0,0), (2,0) or (3,0)
due to (viiid). The label on the root of the subtrees to the left or right of a subtree
with root label (0,0), (1,0) or (2,0) are not constrained in contrast. This leads to

WO (g, y, &t +1) =

g2

(W(O,O)W(s,o)+W(0,0)+W(2,0))(1+W(0,4)+W(2,4))> )

(3.9)

1—w (0,4 11/ (3,0)

1— <W(170) + WO G 4+
for ¢ > 0 and where all W" on the right-hand-side are evaluated at (g,y,&;t). When

decomposing £(§2t’9r)1 into subtrees, the restriction (viiic) requires that the rightmost

subtree must have root label (0,0), (2,0) or (3,0). This leads to

W (g y &t +1) =
2 W (0,0) 4 p17(2,0) 17 (0,0) 17 (3,0)
g 52 ( 1—w 0,91 (3,0) )
(W(OvU)W(370)+W(0«0)+W(270))(1+W<0a4)+W(274)))
1—-W 3,001/ (0,4)

. (3.10)

- (W(LO) L WOOWE 4

for t > 0 and where all W™ on the right-hand-side are evaluated at (g,vy,&;t).
Recursions for all other W" follow from these two by using the relationships

(3.6)-(3.8). It is convenient to define

1
fHg,y,8) = ?W(O’O) (9,9,&:1) t>1,

1
2 —_
ft (gayag) &-292

Then applying (3.4)-(3.8), to (3.9), (3.10), we find that f/(g,y, &) satisfies the initial

W0 (g,y,&1) t>1.

conditions (with the argument (g,y,&) suppressed for brevity)

]' .;y
f'l f’2
, 5 3.11

and the recursion relations,

1
ftl = fl(ftlflaftzfpg) = 1_714#17 (3.12)
2 2 1 2 — 1 ngtl—l + g2§2ft2_1 + 9463][151_1)
fi=F s i 9) = 5 T ( e : (3.13)
At — gzélftl T g4£4£3ft1 + 92(92£3ft1 + ftl + §2ft2>(1 + g2§4ft1 + g2§4§2ft2) (314)

11— 94§3£4ft1
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Finally, from (3.3) we find that

N 1+ 92513253ft1
Glg,2,y,61) = y0y7— gr(& R+ (L +gas&)fl)

where the f} on the r.h.s. are evaluated at (g,v,¢&).

(3.15)

3.5 Phases and Critical Exponents

The grand-canonical partition function is the fixed point of the sequence generated
by (3.11)-(3.14) ie. ff = fio, = fi, Vi. Define f'(g,&) = fi(g,y,&) (which is
independent of the initial condition y). Eliminating f? from the coupled equations
we find that P(f!,g,&) = 0 where P(f!,g,€) is quartic in f!. Provided the dimer
fugacities lie in the physical region above a limit surface (also called the critical
surface), §(§) = 0, the dimer dynamics is not critical and does not significantly
affect the geometry which remains that of pure gravity; so all points above the
limit surface are in the PG phase. For fugacities below the limit surface, the model
does not exist in the statistical mechanical sense. On the limit surface itself, the
dimers can be critical and, as in [20], can then interact with the geometry strongly
enough to drive it away from the pure gravity behaviour. In the rest of this section

we discuss these properties in more detail.

3.5.1 Dimer phases

For a fixed set of fugacity values ¢ in the physical region, the expansion (3.1)
converges and f%(g, ) are analytic functions for 0 < g < ¢.(£). At g = g.(§),
the physical root f'(g., &) = fi(§) is either a double root of P (if 9pP = 0)
or a triple root of P (if dpP = 9% P = 0) in which case the system is ‘tri-
critical’ (a physical quadruple root never occurs). Close to g = g.(§) we expect

fi(g,€) to exhibit the behaviour

Af = f1(9,6) — (&) = =€) (Ag)" + hoo.t.,

where Ag = g.(§) — g. In the bulk of the physical region — which contains the pure
gravity model & = 0, Vi — there is a double root at g = g.(&); the dimers do not
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interact strongly with the geometry and o = % On the boundary of the physical
region (i.e. on the surface S(¢) = 0) the dimers interact strongly with the geometry
and there is a triple root at g = g.(§) (tri-critical) which gives o = § generically.

The free energy of the system is given by [60]

(&) = —log gc(§).

In the bulk of the physical region, g.(£) is a single real root of the discriminant of
P(fY), so the dimer density is an analytic function of the fugacities. However g.()

is a multiple root on the surface S(&.) = 0 where it is a non-analytic function of &:

9e(€) = ge(&e) + C (AL + h.ott,

where A¢ is defined by {&; = & + A, Vi}, C is a constant depending on &, and
‘h.o.t” suppresses higher order terms in A¢. The dimer system is critical on the

surface and we define o, the dimer density exponent, through

Pdimer = 5(95“ ~ (A’S)U

In this model o can take values % or —%.

By considering the flow of roots we can see why &. forms part of the limit
surface S. First consider the double root case. As a given fugacity &; is decreased
to & while £, are held fixed at their £ values, the physical root g.(§) meets
another real root; then as & is decreased further, the two roots flow out into
the complex plane and the statistical mechanical interpretation is lost. A similar

argument applies for the triple-root case.

3.5.2 Phase conditions

To establish in detail the behaviour of f*(g,¢) close to the critical surface, it is
more convenient to study the relations (3.12), (3.13) directly. Differentiating we
find that (from now on, we will usually suppress the ¢ arguments)

op_or
dg  0Og’

(1-T7)
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where
B OF"
— of;

plays a special role in what follows. At the critical surface, T has at least one

TV

F;

eigenvalue \;y = A\, = 1 and furthermore, by definition, no eigenvalue can reach

1 for g < ¢.(¢). Defining
CA) =det(\l = T) = FIF; — P Fy — M(F} + F3) + N2, (3.16)

the criticality condition 941 P(f}, gc, &) = 0 is equivalent to C(1) = 0 at g = g.(¢),

C

from which it follows that the second eigenvalue is

Provided F] # 1, Fi # 0 the corresponding eigenvectors are

(R (R
and vectors orthogonal to uy. and us., which we denote ;. and s, respectively, are
_ 1—-F! _ Fi—1
ulc — < _f211> , UZC et < if% ) . (318)

Note that if Ay, = 1 then us. = uy.. In this case T is not diagonalizable but takes a
Jordan normal form at g = g.(§); there is one regular eigenvector u. with eigenvalue

A1 = 1, and a linearly independent vector usy. satisfying
Tuge = uge + €U,

where € is a function of the dimer fugacities &.

Now we expand (3.12) and (3.13) about the critical point by setting

J'=r+
g9 =g. — Ag,

which gives

OF  OTW . 1. .

o ij — - {1k
Y A e X
1
31

+ o Fhm®' 6 0™ + 0 ((Ag)?, '), (3.19)
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and then decompose ¢ in the u,, us. basis. Various phases occur as some coefficients
in (3.19) vanish which in turn causes different behaviour for ¢*. There are three

cases (here ¢, > 0, v}, are constants that depend on the dimer fugacities):

i. Generic
— OF' — i
uQc ag 7é 07 UQC(uic Zkulfc) 7& O?
which leads to
¢' = —6e(Ag)ul, + v Ag + O((Ag)*?). (3.20)
ii. Tri-critical
; OF" s ,
UQCTQ 7& 07 u2c(u€c‘/—-2kullcc) = 07 (321)
which leads to
¢ = —6e(Ag)iul, + vi.(Ag)i + O(Ag). (3.22)

It can be shown that b, (uf . Fiuk.) = 0 is equivalent to 0% P(f!, g.,&) = 0.

iii. Dense Dimer (so-called because it turns out that this phase has o < 0)

_; OF" ; -
u2c ag = 07 uQC(uic"T’Zkulfc) = 07
which leads to
' = —e(Ag)2us, + v Ag + O((Ag)*?). (3.23)

It can be shown that agcf’a—fj = 0 is equivalent to 9, P(f2, g.,€) = 0 and that

9c(&) is a triple root of the discriminant at these points.

3.5.3 The Hausdorff dimensions

The exponents o and o are not alone sufficient to characterise the phase diagram —
we also need measures of the geometry. The global and local Hausdorff dimensions,
dy and dj, are the simplest characterisation of the geometrical properties of these
discretized systems. They measure the growth with height ¢ of the spatial size

of the triangulations.
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The global Hausdorff dimension is determined through the large ¢ behaviour

of the two point function defined as (see [21] for details)
~ 1 i
Gyj9,&:1) = #:(1)g" 1 & (3.24)
: Wilg, g.€ 00) gﬁﬂgﬁ:ﬁ/“ ) L &

where #; (1) is the number of vertices with label j, at height ¢, in 7. It is easy
to show that this satisfies the composition law: Y ,cs éik(g,ﬁ;tl)ékj(g,g;tg) =
éij (g9,&;t1 + t2). Using the same arguments which gave us the recursion relations
for the generating functions in §3.4, we have éij(g, &1) = T'ij, where

Vs OWi(g,9,6,t)

This implies that G;;(g,&;t) = (T!);;. The eigenvalues of T determine the large ¢
behaviour. Due to the simple proportionality relations (3.6)-(3.8), T has five zero
eigenvalues and two non-trivial eigenvalues which coincide with those of T. In other

words, it is sufficient to consider the reduced two-point function defined as
Gij(g,&:t) = (T
Ast — oo and g T ¢., this takes the form
Gij(g,&t) = Gyj e MO,
where G;; is a constant, and the global Hausdorff dimension dp is defined by
m(g) = C(Ag)i + h.o.t..

On the other hand, the large ¢ behaviour of G;; is determined by the eigenvalues, A,
that take the value 1 at g = g. because G;; = G;;\* for large t, i.e. m(g) ~ 1 — A(g).

Defining the correlation exponent v through
AN =1—-X=0b(Ag)" + h.o.t.,

(where b > 0 is a constant) we see that dy = v~! [21]. The correlation function
has a scaling limit for large times; letting ¢t = Ta™!, Ag = Aav = Aa® and

taking @ — 0 we have

Gy (A, & T) = lim Gyj(ge — Aa™, & T/a) = Gy e ™7 (3.25)
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For g < g., AX\; =1 — A1 # 0. Substituting in (3.16) shows that A\, satisfies

0=AN+AX e —1+F,Af)+0,C(1) Af' + ;&-@C(I)AfiAfj +0(Ag, (Af)?),

(3.26)
where 9,C(1) = 9C(1)/0f*. On the critical surface (i.e. when C(1) = 0) it is
straightforward, using (3.17), (3.18), to show that

0;C(1) = (F2) ™ upe(ui Fiy).

so if the tri-critical condition (3.21) is satisfied, the term linear in AfJ in (3.26) is
actually the same order in Ag as the quadratic term. There are then four possible

cases for A\ (in each case b > 0 is a different ¢-dependent constant):

i. Generic: the system is not tri-critical, and Ay, < 1. In this case the dimers
do not interact strongly enough with the geometry to affect its large scale
properties and

AN = b(Ag)? + h.o.t..
ii. Degenerate: the system is not tri-critical, but Ao = 1. We find

AXys = £ib(Ag)2® + h.o.t.. (3.27)

iii. Tri-critical I: the system is tri-critical, and Ao = 1. We find

ol

A)\LQ = (,LJLQ(Ag) + h.O.t.,
where wy o satisfy
o 1 L .
0= w2 - w(‘/__‘ilju{c C) + 581036(1) d)gullcu]lc + 816(1)?)%07

and direct calculation shows that

3 .
Wiy = 27&(1 +i/v/3). (3.28)
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iv. Tri-critical II: the system is again tri-critical, but Ao, < 1 which gives

AN =b(Ag)F + hoot..

Next, we turn to the local Hausdorff dimension d;, which is yet another measure
of the geometry and is defined as follows. First define the measures {y;y}?_; on
the space of labelled trees: p;n(T,1) := % [Toerr $pw)€qcv), Where

. d .
N6 = § 5g ™ (0.0),

in which v is a small loop around the origin. The following limit exists u; :=
limpy o0 iy (see [26]). Only trees with N + 1 vertices contribute to f*(N,¢).
Therefore p;(7,1) is only supported on infinite trees; in fact it is only trees with a
single infinite-spine' (as opposed to two or more) which contribute to ju;(7,1) as
shown in [24] — the other infinite trees contribute to the subleading terms in p;n
as N — 0o. So let A denote the set of trees with a single infinite-spine and let
TH = {(r,) € LOY . 7 € A} and 7% := {(7,1) € LEO : 7 € A}.

For a given tree, 7, let Bgr(7) be the set of vertices in 7 at or within radius
R from the root; and let |Bg(7)| denote the size of this set. Then define the

expectation value of the number of vertices in a ball of radius R as

(IBrlu = > mi(m.)Br(7).

(r,l)ez?

Expanding in powers of R7!, dj, is then defined as
<|BR’>M =G Rdh(l + O(Ril))a

where ¢; is some constant. The value of dp, in practice, is determined by the
structure of T and the second derivatives ]-";k at ¢ = ¢g. and can be computed

using the methods of the appendix of [20].
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Dimer state Mo || o |v|dy|dy
Tri-critical I 1 % % % 3|3
Dense-dimer 1 1 5 —% % 2 3
Tri-critical 11 <1 % % % % 1
Dense-dimer II | < 1 % —% 1] 1 1
Pure-gravity <1l|3|nfa|3| 2|2

Table 3.1: Exponents and Hausdorff dimensions for the possible phases of the model.

Tricritical 1
1
70 du=3d,=3

o
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Dense Dimer 11

1
=—0c=——,dy=1,d, =1
a ) (o2 3 'H n

Figure 3.3: The space {¢}, restricted to § = & = &, showing all the non pure-gravity
phases of the model. Note that the shaded regions are not distinct phases.

3.5.4 The Phase Diagram

The full form of the limit surface S and the phase diagram for general £ is complicated
and not very informative. The regimes that occur in the model and the corresponding
values of exponents and Hausdorff dimensions are listed in Table 3.1. Above the limit
surface S, the dimers are not critical and the system is in the regular Pure-Gravity
phase. Restricting to £ = & = &, the limit surface is two dimensional and is shown
schematically in Fig 3.3. The relative richness of the phase diagram is a consequence
of the structure of the CDT graphs enabling us to keep track of different orientations
of dimers and assign different fugacities to them — something which cannot be done

in the planar random graph case for example. We note the following:

'T.e. those trees with only one infinite self-avoiding path starting at the root.
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a)

The Tri-critical I (TCI) line lies in the plane § = 0. The degenerate eigenvalues
of T lead to the oscillatory behaviour superimposed on exponential decay
of Gi;(g,&;t) (see (3.28)), and to dy = 3 which violates the naive scaling
prediction dy = 2. This phase was first identified in [25, 58] and the

unexpected Hausdorff dimension in [20].

The Tri-critical IT (TCII) phase occurs when & < 0, and represents the
generic tri-critical behaviour of the model with Hausdorff dimension dy = %
It contains the point with all dimer fugacities equal & ~ —0.1646 and also
the point & 235 =0, § = —% for which the restriction (ix) has no effect; we

will exploit this in the next section.

The Dense-dimer I (DDI) point terminates the TCI line (at & ~ —0.2267, &3 ~
—0.2781, & = 0) and the Dense-dimer II (DDII) line which emerges in the

&4 < 0 direction.

The dimer density exponent for the TC phases, 0 = 1/2, is the same as that
found in the model of dimers coupled to planar random graphs [60], and in
earlier studies of dimers coupled to CDTs or trees [25, 26, 58]. The planar
random graph result was a puzzle because it appears to contradict the KPZ
formula [61]; inserting the value for the regular square lattice dimer model,
o= —% [62], into the KPZ formula gives o = —%. This phenomenon has been
explained in terms of operator mixing between geometric and matter degrees
of freedom by [63]. On the other hand, the DD phases do have o0 = —4. Tt
appears that with extra dimer fugacities available we can fine-tune so that

the coefficient in the mixing vanishes thus revealing the o = —% behaviour.

In region A, both eigenvalues A\; 5, =1 at g = g. but AX is imaginary so the
leading behaviour of G;; is pure oscillatory (due to (3.27)) and dy does not
exist. We can understand why the surface, £p, on which this occurs forms
part of S by considering the flow of A\, as g 1 g.. Holding dimer fugacities
&; fixed while varying g through g. gives the flows shown in Fig. 3.4. For
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& < &b, |A2| exceeds 1 when g < g, resulting in exponential growth of
correlation functions. As observed in [26] this phenomenon indicates failure

of absolute convergence of the series (3.24).

Red Rel Rel

ImA ImA ImA
&>&p &=%n &<ép

Figure 3.4: Flow of A1 2 as g T g.. The arrows denote the direction of flow as g increases.

f) In region B small graphs dominate so there is no thermodynamic limit and

the statistical mechanical interpretation fails.

3.6 Scaling limit of the Cylinder Amplitude
3.6.1 Introduction

We now return to the micro-canonical ensemble of surfaces with fixed temporal
extent t. When g, x, y lie inside the joint region of convergence, I', of the series
(3.1) for G(g,z,y,&;t), graphs with large area (number of triangles) and long
boundaries are exponentially suppressed. Only when the parameters lie on the
boundary of I' do large graphs contribute to the sum; so the continuum cylinder-
amplitude is constructed by generalising the scaling limit (3.25) for the two point
function G as follows. The scaling limit of G(-) is defined as (from now on we will
suppress the ¢ dependence in the amplitudes, but it remains implicitly through

the values of z.,v., f’, g. etc)

GS(A, L, L;T) = ligr(l)é(gc —Aa%  L/a® L' /a*;T/a),
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where the power w > 0 is determined as follows. Note that, by (3.2),

G*(A,L,L;T) = lim

a—0Jy 2miu J~ 2miv

Changing variables to X,Y defined by

Uy bla b e G(ge — Na™  x./u, y./v;T/a).

u=14a"X,

v=1+4a"y,
we obtain?

dX r dY

GS(A, L, L;T) = /

oXLYL (s
G° (A, X,Y; T
! 2mi 2772 ( )

where ' is a path from —ioo to +ioco running to the right of all singularities

of the integrand, and
G*(A, X, Y;T) = lim a**G(ge — Aa™  x.(1 — a® X)), ye(1 — a®Y); T /a).
a—
For this limit to be non-zero, the denominator in (3.15) must satisfy

1 — go(&f? 4+ (1 + go&s) fl) = O(a®), (3.30)

when expanded about a = 0 (we have assumed that the numerator in (3.15) is
O(1) which turns out to be the case). At infinite time f; will converge to the

fixed point of the evolution equations:
P [19,€) = fi6) — a® A peus, + M0, 4+ ¥, + hot.,  (3.31)

where the last equality follows from (3.20), (3.22), (3.23). However at large times
f{ will retain memory of the initial conditions (3.11), so we generalize (3.31)
away from t = oo as

Fija = FI(E) + 0¥ Apoul, p(A, Y5 T) +a™ Ui (A, Y5 T) + a*¥eui(A, V3 T)

=:Fi(A\,Y;T)

(3.32)
+ h.o.t.

= fi(&) + (A Y3 T). (3.33)

2The inverse of this relation is given by the double Laplace transform:

GS(A,X,Y;T):/ dL/ dL' e XFe YV GS(A, L, L;T). (3.29)
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Substituting (3.32) in (3.30), vanishing of the O(1) coefficient in (3.30) determines
z.; and requiring that the O(a“) coefficient include p(A,Y;T) fixes w = dya.
Consider F*(A,Y;T) as defined in (3.32); using this in (3.15) we see that

0 Co

A XY T) = —— .
G XYT) = =g

(3.34)

where ¢y > 0, ¢; 2 are constants. If we define the CDT graphs such that the outgoing

loop is not marked, the cylinder amplitude, G, (A, L, L'; T), we get is
Gs(N L, L T) = GS(A, L, L;T) /L. (3.35)
Its Laplace transform then gives
G (A, X, Y T) = /0 “aL /0 TAL e Xbe Y G (A, L, L5 T)
_ /YOO G*(A, X, Z;T) dZ

. Co _ Co
X —-F(ANY;T) X —F(A o0;T)

(3.36)

where we've defined F(-) = ¢ F(-) and used (3.35) to get the second line and
(3.34) for the last line. In the pure CDT model, where & = 0,Vi and ¢g = 1,

G3, satisfies the composition law
Gy (N, L, L;T+T :/ G3 (N, L, I;T) Gy (A I, L, T dl, (3.37)
0

or, after a Laplace transform,

A
CHAXYTT) = [ 52 GHA X, 2T Gy(A, ~ 2,V T)
v 4T
1 1

T X —F(A—F(\Y;T)T) X — F(A, —Foo(N;T); T)

where we’ve used (3.36) in the last line and defined Fio(A;T) = F(A,00;T). It
follows that

F(A,—F(A,Y;T),T)=F(A\,Y; T+ T, (3.38)

and, taking 7" — 0, that F'(A,Y;0) = —Y. When type 1 dimers are present, the

composition law, (3.37), does not have to be satisfied because the dimer configuration
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on the intermediate boundary at 7" must be summed over as well. However, as we

will see below, in some phases, the property (3.38) is still satisfied and then
s / —1 dZ s S /
G5 X, YT+ T') = ¢ / S Go(A X Z:T) Gy(A, =2, Y3 T'). (339)
,\//

In these phases, the intermediate dimer configuration sum simply generates the
¢! prefactor.

We will also compute

e 9F(MY,T)
W(A,Y)_/O g T,

which is the CDT analogue of the disk amplitude for planar random graph

models [58].

3.6.2 The differential equations

Now we show how differential equations satisfied by p(7) can be obtained in the
different phases. Substituting (3.33) into (3.12) and (3.13) and expanding in powers
of a, we find (suppressing the argument of ¢'(A,Y;T))

g de A (OF OT N
_T\U A — _ _ v 27 J il
=T “ar ¢ 24r? Aa dg T 0g¢ +2]:£k¢¢
1 _.
+ gfzizmﬂﬁ%%m +0 (aeradH7 qdn+2edn a4adH) _ (3.40)

Substituting (3.32) for ¢* and expanding in powers of a, the terms of O(a®%+1)
and O(a®+?) lead to a differential equation for p(T), vi(T) and vi(T). Actually,
in phases where Ay, # 1, it is sufficient just to consider the terms at O(a®#+1!) —
leading to a first-order ODE as (3.40) shows — but in phases where Ay, = 1, the
terms at O(a®*1) and O(a®¥*2) are both needed, leading to a second-order
ODE. Eliminating v}(T) and v4(T) leads to a differential equation for p(T). The
constants of integration are fixed using the initial conditions (3.11), and provide
the Y dependence of p. The conditions for the various phases (i)-(iii) and (iii), (iv)
cause some coefficients in (3.40) to vanish, which in turn yields different behaviour

for p. We find (in each case b > 0 is a different -dependent constant)
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a) Pure-gravity

Mlég; —p*+1=0. (3.41)
b) Tri-critical 11

Mlgg; +p°+1=0. (3.42)
¢) Dense Dimer I1

blAg; +p°—p=0. (3.43)

d) Tri-critical I
1 9% 3 dp

— L+ 14+p"=0.
B2A3 OT? bA%p8T+ Tt

e) Dense-dimer |
1 9% 3 dp

PAIT?  ppailoT

—p+p°=0.

3.6.3 PG, TCII and DDII phases

In these phases, only one eigenvalue of T reaches 1 at the critical point so p(7)
is determined by a first order differential equation, and the two initial conditions
(3.11) are in fact equivalent.
In the PG phase, solving (3.41), we find
1COA2 —Y — (CA2 +Y) exp 2bA2T
CAZ —Y + (CA2 +Y) exp20AsT’

F(A,Y;T) = CAzp(T) = CA (3.44)

where C' = ¢.ciu},. Re-defining C*A — A, bC~' — b, this leads to the disk

amplitude
1
W(A, Y) = 1 >
Az 4+Y
and the cylinder amplitude
CoA

G (N X,Y;T) =

1 1 ——,  (3.45)
((XY + A)sinh bAST + (X + Y)A% cosh bAZT))

which are the well known amplitudes for the pure CDT model with no other degrees
of freedom [2] and apply throughout the pure-gravity phase of the present model (we

derived this formula by solving the discrete recurrence relations directly in §2.1.5,



3. Dimers coupled to Causal Dynamical Triangulations 72

which gave us (3.45) with ¢y = 1, see (2.12)). It is straightforward to check that
F(A,Y;T) implies the composition property (3.38) and therefore that Gy, satisfies
the composition law (3.39). This reflects the fact that the dimers, although present
unless & = 0,Vi (where the discrete model can be solved exactly), are non-critical
and generate no long distance correlations in the theory.

In the TCII phase, integrating (3.42), applying the initial conditions and re-
defining C3A — A, bC~! — b, gives

exp —3bA3T = II Y+ B

i=1

where 8 = (1,¢'%, 7% are the cube roots of 1. While this relation cannot be

solved in terms of elementary functions, it is easy to compute the disk amplitude
1 203 +Y

W(A,Y) = 1 2 1 )
3A3 A3 +YAs +Y2

and to check that F'(A,Y;T) still satisfies the composition property. Small and
large T" expansions are given in §A.2.

In this phase w = dya = % so a typical boundary length L scales as T* and the
effect of the dimers is to compress the spatial direction rather than induce long
range correlations in the temporal direction. An alternative way of seeing this is to
observe that the model &, 23 = 0, {4 = —1/3, lies in this phase — in which case there
is no dimer configuration to take account of on the intermediate boundary in the
composition law; however, the type 4 dimers correlate spatially adjacent vertices
leading to the change in scaling behaviour from pure gravity. The tri-critical point
of the ‘natural’ model, with all &; equal, also lies in the TCII phase which, because of
the form of F', cannot have G* invariant under the inversion I; this cylinder function
therefore cannot be representative of the tri-critical phase of the full unrestricted
CDT+HD model for which G* with all §; equal must be [ invariant.

In the DDII phase, integrating (3.43), applying the initial conditions and re-
defining C?A — A, bC~' — b, gives

-Y
Y2+ (A = Y2)exp —bAT

=

F(AY:T)=A (3.47)
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from which

W(A,Y) = Y(AQH/)
It is again straightforward to check that F'(A,Y’; T') satisfies the composition property
(3.38) and therefore that Gf; satisfies the composition law. In common with TCII
this phase has w = dga = % so a typical boundary length L scales as T2 but the

dimer density is large and again the effect of the dimers is to compress the spatial

direction rather than induce long range correlations in the temporal direction.

3.6.4 The TCI and DDI phases

In these phases, both eigenvalues of T reach 1 at the critical point so p(7T') is
determined by a second order differential equation, and there are two constants

of integration to be determined from the initial conditions (3.11).
The TCI Phase

The solution for TCI takes the form

3 1
F(AY:T) = OASp(T) = A Zimt PP BAST.
>3 ciexp BibAsT

where, to ensure that F' is real and has the correct behaviour as T' — oo, we
must have ¢; # 0 and ¢; = ¢§. Imposing the boundary conditions shows that F'
must diverge at T = 0, which implies that }°; ¢; = 0, and that the O(T°) term is
proportional to Y. After rescaling A and T by constants we obtain

33 (ABY + B2A5)B; exp BiAsT
?:I(AC@'Y + 512/\%) exp BZA%T ’

F(AY:T) = —A3 (3.48)

and

1
AZIAS +Y)

where A. is a ¢&-dependent constant encoding the asymmetry under the inversion

W(A,Y) =

operation /. We can also solve the discrete recurrence relations (3.11)-(3.14) in the
TCI phase exactly, leading to the same conclusion — see §A.3. Note that F/(A,Y;T)
does not have the composition property, and that the same result for W(A,Y') has

also been obtained using the classical limit of a multicritical matrix model [58].



3. Dimers coupled to Causal Dynamical Triangulations 74

Using (3.34), we find the cylinder function

oA FL (A T)
(X = Foo(A; 7)) (ALY — Fuo(A;T)) — F(A;T))

GH(A, X, Y;T) = (3.49)

where prime is differentiation w.r.t T'. Performing the inverse Laplace transform

GS(A7 Lla ACLQ; T) =

coexp((Ly + Lo) Foo(A; T)) /Ly Lo FL (A T) 1 (2\/L1L2F;O(A; T)) (3.50)

where [ (z) is the modified Bessel function of the first kind. The r.h.s. is symmetric
between L; and Lo; so G® is invariant under the inversion operator I for dimer

fugacities such that A. = 1.

Asymptotic Behaviour

Although the form of (3.50) applies to both PG and TCI phases, the physical
behaviour is quite different. Taking T" — 0 for PG gives

GS(A, Ll,LQ; 0) = L15<L1 — Lg),

which is a consequence of the composition law. For TCI, the pole in F, leads

to the small T behaviour

és ~ exXp (—2T_1(L1 + L2 —\/ 2L1L2)> . (351)

With L, fixed, the argument of the exponential above is maximum at Ly = L;/2 so,
for small 7', the length of the final boundary is forced to be half the length of the
initial boundary. This slightly non-intuitive behaviour is driven by the negative dimer
weights and demonstrates how the TCI phase does not satisfy the composition law.

Conversely, at large T

Gs ~ 3A2/3L1L2€73A1/3T/2 exXp <—A1/3(L1 + LQ))
x (= cos(VBAYAT/2) + v/3sin(VBAT/2)) .
This has the same functional form of dependence on Ly, Ly as PG, but oscillates

at large T, whereas for PG it decays exponentially without oscillation and is

always positive [2].
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The average length of the final boundary of universes of temporal extent T
with initial boundary length L; can be defined as [2]

J*G*(N, Ly, L, T) LdL

L - ~ .
(La)uia Jo* Gs(A, Ly, L,T)dL

For small 7', in the TCI phase
<L2>L1,T = L1/2 + T + h.O.t.,
which is consistent with the discussion above. For large T,

3
(Lo) 1 =§A_1/3+

ALBT AL/
i€—3A1/3T/2 <(3L1 . 4A—1/3) \/§Sln<\/§2) _ 3L1 COS(\/§2)>

+ h.o.t..

So for late times it oscillates as it approaches %A’I/ 3 exponentially, whereas the

pure gravity case approaches a constant value exponentially without oscillations.
The DDI phase

The solution for DDI takes the form

AT — ¢ _bAET
F(A’Y;T)ECA%D(T):—CA% ¢y exp bA2 1 c_exp —bAz -
1+ cqpexpbA2T + c_exp —bA2T

and similar considerations to TCI lead to the disk amplitude

1
W(A, Y) = 1 s
Az +Y

and the cylinder amplitude

G*(A, Ly, Ly; T) =\/AL, Ly /2 csch(VAT)
x exp (—VA(L1 + Ly) coth(VAT)) I (\/QALlLQ csch(\/KT)) .
(3.52)
These are almost the same as in the PG phase — the only difference is that the
argument of [; is v/2 times smaller (see (2.15)). So the small T behaviour is the
same as TCI (3.51) and no amount of rescaling in (3.52) can bring it into PG form.

This in particular means that, again, the composition law does not hold.
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Note that the DDI point lies at & = 0; therefore the discrete recurrence
relations in the DDI phase can be solved exactly, using the methods in §A.3,
which, in the scaling limit, gives the same results as calculated above for the

disk and cylinder functions.

3.7 Time evolution operators

We showed in §2.1.6 that there exists a Hamiltonian H, in the PG phase, such
that 9pG*(A, Ly, Ly; T) = —HG*(A, Ly, Ly; T). Tt turns out that this continues to
be true in the TCII, DDII phases but not in the TCI, DDI phases. In the TCI,
DDI phases, the lack of a Hamiltonian depending only on the length, L, is because
the dimers cause strong correlations in the temporal direction, so the states in the
continuum Hilbert space depend, not just on the length of the spatial universes,
but also on some appropriate continuum dimer degree of freedom.

From (3.34) it follows that

or G*(A, X,Y;T) =— 0y ( o OrF (A Y T) )

(X = F(A,Y3T))?

<8TF(A, Y; T)

6YF(A,Y;T)G (A,X,Y;T)) .

Assuming the composition property of F' (3.38), (which holds in PG, TC2 and
DD2), we obtain

8TF(A, Y; T)

W = —8TF(A, Y;T)‘Tz()- (3-53)

Evaluating this using (3.44)-(3.47) gives

Or G*(A, X, Y3 T) = 0y (b(A = Y?) G*(A, X, Y;T),
Or G*(A, X,Y;T) = 0y (b(A — Y3 G (A, X, Y; T)) :

oG (A, X,Y:T) = 0y (b(AY —Y3) G (A, X,Y; T)) :
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for pure-gravity [2], TCII, and DDII respectively. Substituting this in (3.29) and

integrating by parts shows that

Hpg = — LO? + LA,
Hrerr = — LOY + LA,

Hppir = — L9} + LAOy.

Only the PG operator is self-adjoint (with the measure L='dL), the non-self-adjoint
nature of the operators for TCII and DDII reflecting the negative dimer weights in
the partition sum. For TCI and DDI the right hand side of (3.53) diverges which
reflects the fact that the composition property does not hold and the sum over the
intermediate dimer configuration must be taken fully into account. In fact one could
take the converse point of view; namely that, because we expect the critical dimers
to induce correlations in the T direction, OrF must diverge at T' = 0. Of course
the left hand side of (3.53) exists and is finite for 7" > 0 but it is 7" dependent so

there is no time-independent evolution operator for these phases.

3.8 Discussion

In this work we have extended previous solutions of the hard dimer model on causal
triangulations to allow all types of dimer on the graphs, and by removing all but
one of the constraints imposed. The only constraint remaining in our work is — in
the language of labelled trees — that it is forbidden for a last child to take label
p =3 (see (ix) in §3.3). This constraint is sufficient to render the tree model local,
in the sense that there are no correlations between vertices at the same height that
are not siblings, and hence exactly solvable. The model has a number of phases,
depending upon the dimer weights &, which are all controlled by the quadratic
and cubic critical points of a polynomial. The remaining question is whether our
calculation is sufficiently general that, even if the last constraint were removed, no
further critical point with distinct properties would appear.

The TCII and DDII phases obey the naive composition law because the dimers

are correlated in the spatial direction but not strongly so in the T' direction. As
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the constraint affects spatially neighbouring dimers only, it seems unlikely that
its removal will cause the correlations in the 7' direction to change; indeed our
solution is exact for the & 23 = 0,& = —1/3, TCII model which is unaffected by
the constraint. So we expect that the TCII phase will survive for some &, but that
its boundaries will move; the same applies to the DDII phase as it appears on
the boundary of TCII. However, G*(A, X,Y;T') can never be inversion symmetric
because of (3.46) and (3.47); if the & = &, tri-critical points lie in TCII in the
unconstrained model, then G*(A, X,Y;T) must be modified.

The TCI and DDI phases have strong dimer-induced correlations in both
temporal and spatial directions. This is reflected in the appearance of the second
unit eigenvalue at criticality, isotropic scaling, and a cylinder function that does not
obey the naive composition law. The appearance of the second eigenvalue should
be robust against removal of the constraint. When &5 = &4, the full unconstrained
model satisfies the inversion symmetry so G*(A, X,Y;T) = G*(A,Y, X;T) which
is satisfied by (3.49) whenever the asymmetry parameter A. = 1. Provided a
completely new phase does not appear, we expect that TCI does characterize the
tri-critical physics of the full unconstrained but inversion-symmetric model.

On a fixed space-time lattice, the critical point of the hard dimer model
corresponds to a conformal field theory with central charge ¢ = —% which also
describes the Yang-Lee edge singularity [02]. On the other hand, the scaling limit of
pure CDT is two-dimensional projectable Horava-Lifshitz gravity as shown in [27].
We therefore expect that each scaling limit found here corresponds somehow to a
CFT coupled to Hotava-Lifshitz gravity, and in particular that one of them is the
Yang-Lee singularity. Now, when a lattice model whose critical dynamics is described
by a CFT is coupled to DT, the matter exponents are shifted according to the
KPZ formula [61], and the geometry of the gravity sector is changed. For ¢ > 1 the
interaction between matter and geometry is so strong that the space degenerates into
a branched polymer structure. As c is decreased from one, the interaction becomes
steadily weaker until at ¢ = —oo matter exponents are unchanged from fixed lattice

values and the space is smooth and flat and two-dimensional. Numerical evidence
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suggests that the behaviour of CDT is rather different, with weaker interaction
between matter and geometry, and in particular that dg = 2 when 0 < ¢ < 1; at
¢ = —oo we again expect to find that space is smooth flat and two-dimensional. The
phase with the least back-reaction from the dimers onto the geometry is DDI. It has
dy = 2 as the pure gravity phase; the fact that the local Hausdorff dimension dj;, = 3,
rather than dj, = 2, is not observable in the scaling limit (but it is a signature that
there is local interaction between dimers and geometry). The disk amplitude is
the same as for pure gravity, and the cylinder amplitude alone, of the geometrical
observables, betrays the presence of the dimers. As discussed in §3.5.4, the dimer
exponent is shifted from its fixed lattice value, o = —%, to o = —% as predicted by
the KPZ formula. The fine tuning needed to get this rather than ¢ = %, as seen in
TCI, precisely decouples the dimer degrees of freedom from the geometry and turns
off the operator mixing discussed by [(3]. These arguments all point to the scaling

limit of the DDI phase being the Yang-Lee edge singularity coupled to CDT.
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4.1 Introduction

Given a particle state |p), a form factor is given by (p'| O |p) for some operator
O. A form factor, when expanded in powers of the momentum transfer, p’ — p,
reveals information about the internal structure of the particle in question. With
different operators O, one can probe different aspects of the internal structure.
This work arose from the question of whether there exists a lower bound on the
radius of a generic bound-state in QFT [4].

As discussed in the introduction, §1.2, our goal will be to calculate the radius of

the ¢35 kink by computing (p’| T% |p), where [p) is the soliton state.

80
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The layout of this chapter is as follows. In §4.2, §4.3, we discuss shift operators,
soliton operators and soliton states. In §4.4 we comment on the similarity of these
soliton operators with an old result of Mandelstam [64] in sine-Gordon theory. In
§4.5, we calculate (p/| T% |p) through to 1-loop order and extract the first quantum

correction to the kink radius.

4.2 Shift Operators

Consider a QFT of one real scalar ¢ in d + 1 dimensions; let  denote spacetime
positions (¢, ). The orthonormal basis states of the Hilbert space are |f),, which
are eigenstates of ¢: ¢(x) |f), = f(x)|f),. Similarly, there is a dual orthonormal
basis |g).. of eigenstates of m: 7w(x)l|g), = g(x)|g)..

Let B = exp(—i [ w(x)g(x)d?x); from the canonical commutation relations,
B~'¢(x)B = ¢(x) + g(x),
from which it follows that B|f), = c[f + g),; this in turn implies that
(exp(=i [ w(@)g(@)d'e) |F) = ¢ FIf ~ g,

where |F') is a some state and F'[f] := ,(f|F) (a functional). Taylor expanding the
LHS and RHS in powers of g shows that 7(x) acts on functionals as —id/d f(x)

and that ¢ = 1. Therefore

exp (=i [ wl@)g@)d'z) 1), = |f +49),- (4.1)

Similarly, one can show that

exp (i [ ol@)g(@d’@) ), = 11 + ).

These are the so-called ‘shift operators’. We will use them to define soliton operators.
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4.3 Soliton States and Operators

Let spacetime be d + 1 dimensional Minkowksi; let & denote spatial positions and x
denote spacetime positions. Consider a real, interacting scalar field ¢(x).

Let the classical equations of motion possess a soliton solution. This means
that there exist initial data ¢ (x) and 7% (x) such that the energy density doesn’t
dissipate under classical time evolution, where p here is the classical momentum of

the soliton. The soliton creation operator (first written down by Cahill [19]) is

O,(x) = exp (—z [r@+aydhadiati[ o+ a>7rg,(a)dda) (42

and the destruction operator is O,(x)". Note that the Baker-Campbell-Hausdorff
formula allows (4.2) to be written as the product of exponentials times a constant.

If p =0, we will drop the label p for ease. Now consider how O(x) transforms
under a rotation R. Let’s assume that ¢, (x) and 74(x) are centered on & = 0

and are spherically symmetric. Then
UR)O(x)U ' (R) = O(Rzx), (4.3)

where U(A, a") is the unitary operator acting on states, when there is a Poincaré

transformation (A, a*). Similarly, for a translation a,
U(a)O(x)U a) = O(z + a). (4.4)

As we said in the introduction, §1.2, an eigenstate of the Hamiltonian can be
constructed by preparing a state at ¢ = 0 and time translating it to past Euclidean
infinity. The state at ¢ = 0 can be thought of as a proxy to the exact state. Because
time translation commutes with P, and J;; (the spatial-momentum and angular-
momentum generators), the proxy state must already have good spatial-momentum
and angular-momentum quantum numbers. Further, the exact state (if it contains
several particles) inherits the exchange statistics of the proxy state. In conventional

field theory (where one is interested in elementary particles), proxy states are Fock
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states. Given a suitable proxy |n,~), the exact state |n) is!

n) = Jim e"e T |, ~) / (nln, ~) (45)

where E is the energy H|n) = E|n). (4.5) projects the proxy state onto the
lowest-energy exact-state (with non-vanishing overlap with the proxy-state) with
the spatial-momentum and angular-momentum quantum numbers of the proxy-
state. We should note that (4.5) avoids Haags theorem [05]. Haags theorem asserts

that the proxy state cannot be unitarily related to the exact state; but because

e~ T is not unitary, this need not trouble us. The factor (n|n,~)"" ensures |n) is

ET

normalized to unity. The factor e¥7 amputates external legs.? Though (4.5) looks

like it is in Euclidean signature, it is actually physical.?

Here, we are trying to construct a 1-particle soliton state. It is enough to
construct the rest-state, from which the moving states can be obtained by a
boost. Let k#* = (M,0,...,0) be the rest momentum and let |k, ~) be the proxy
to the rest-state. It is [19]

Ik, ~) = /dd:c Oz) |0, ~), (4.6)

with
€2, ~) = |p(x) = do)y (4.7)

IThis follows from inserting a complete set of energy eigenstates and picking out the state with
lowest energy and non-vanishing overlap with |n, ~).

2For a simple demonstration of this, imagine |n,~) was a Fock state. Then e£7 is equivalent
to eHoT since Hy is assumed to have the same spectrum as H ([6] Sec 3.1). Then the difference
between H and Hy will contain the difference between the bare mass (contained in H) and the
exact mass (contained in Hy). These interaction vertices will then completely remove radiative
corrections.

3As an example, consider ¢* theory in 3+1 dimensions. Let (m|n) be a scattering amplitude,
with |n,~) = [T'_, af, |0) and |m,~) =[]/, a}, |0). Using (4.5), we get

j=1%p;

ET

<m‘n> _ C/[d¢]6_S[¢] /Hd4l‘i6ikiwi_EkiI?Dziqs(.%'i) / H d4yje—ipjyj+Ep_,-y?Dyj¢(yj)7
i=1 j=1

where C' = (n|n,~)"" (m,~ |m)"", O, = (0% + V2 —m?), Ex, = VK2 + m? and S = [ d*x(¢? +
(V)2 +m2¢?)/2 + A¢*. Upto the factor C, you will recognise this as the amputated, Euclidean
Greens function Gg(ki, ..., kn; —p1, ..., =Pm) With k; = (iEg,, k;) and p; = (iEp,,p;). The net
result is that the external momenta are in Lorentz signature and that the loop-momenta (i.e.
unfixed momenta) are in Euclidean signature, which is exactly the prescription used to calculate
physical amplitudes. Further, the missing factors of ¢ in the Feynman rules only affect the
amplitude by an overall factor of ¢ ([12] Sec. 4.8).
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(in the notation of the previous section) where ¢ is the minimum of the classical
potential. |2, ~) is a proxy state to the true vacuum state, |Q2), since it has zero
spatial-momentum and angular-momentum quantum numbers.

From (4.3), (4.4), it follows that |k, ~) has zero spatial and angular momentum.
The exact state |k) is then

limy €

(klk, ~) ’

MT ,~HT |J.
|k) = const. ‘ [k )

(4.8)

where M is the pole-mass of the particle (i.e. renormalized and quantum corrected)
and ‘const.” allows for the possibility of adopting some different convention for
the normalization of the particle state.

The moving state [p) is

p) = U) [k)

where A : £ — p. Note that this definition is self-consistent: if we choose a
different boost A’ : k — p, it will be related to A by a rotation and rotations
leave |k) unchanged. It seems likely, though we can’t prove it, that the moving

state, |p), has the state
p.~) = [ d'e PO @) [0, ~) (49)

as its proxy; i.e. that |p) can be obtained by applying the limiting procedure to
(4.9). A similar phenomenon happens for elementary particle states — there one has
to prove that U(A) limg_,o e Te™Taf |0) = const. x limpo eParTeTa] |0)
where E, = /p>+ m?.

We note, as a consequence of the canonical commutation relations that the

solitons operators cause a shift by the classical configurations:

Op(x) ' d(y)Op(x) = $(y) + da(y — @),

Op(x)'7(y)Op(x) = 7(y) + 7 (y — ).
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The reason why the soliton operators take the form (4.2) is as follows. Consider
the matrix element (V.| e 2#TO(x) |1)s,). Transforming to the path integral,

this is equal to

[1doldnlszalé] vials] 197, (4.10)

where
S'=5- i/ﬂ(—T, xo + a)du(a)d’a + i/¢(_T, xo + a)ry(a)da

and S = [T, dt [ dia (ird — H(r,¢)).

If we try evaluating (4.10) perturbatively, we will end up summing an infinite
number of tree diagrams because the ‘free’ part of S’ contains terms linear in the
fields. These tree diagrams actually sum up to the classical background [66—(8]

which is determined by the equations of motion of S" (0.5"/d¢ = 65’ /o7 = 0):

im(x) =i6(t+ T)my(x — xo) — 622)’ (4.11)

Note that the usual background ¢ = m = 0 is not a solution. To build a solution,
consider initial data ¢(x) = 7(x) = 0 at a very early time slice. Then at t = =T
there is an abrupt jump to values ¢u(x — xg) and 74(x — @) respectively and
then there is standard evolution (i.e. governed by S). In other words, let ¢ (t, )
and 7, (t, ) be the solutions to the unsourced EOM (i.e. the EOM derived from
S) such that ¢u(—T,x) = ¢q(x) and 7y(—T,x) = 7y(x) is an initial condition.

Then the solution to (4.11), (4.12) is

o(x) =0(t+T)pa(t,x — xp),

w(x) =0(t + T)mu(t,x — xp).

The step function here is the analogue of the sudden gauge jumps in t’Hooft’s

model [09] and indicate the creation of a soliton at t = —T.
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4.4 Mandelstam’s Operators

In this section, we will show that O,(x), (4.2), written in the infinite-momentum-
frame (p — oo) for sine-Gordon (SG) solitons is almost the same as Mandelstam’s
soliton creation operators [64]. In this section and the next, x is the spatial position
and z# = (t,x) is the 2-vector.

sine-Gordon theory is a real scalar in 1+1 dimensions with Lagrangian

2

= (mb) +*COS(5¢) 52

82
The basic soliton solution is time-independant and centered on z = 0:

( ) 2 4 )
g(x) = — — — arctan exp ux.
BB

This is a kink that interpolates from 27/8 at © = —oo to 0 at z = co. Now

consider the boosted solution
g (t, x) = g(ya + yot),
where v = (1 — v?)~"2. Correspondingly
gVt x) = yog (v + yot).

Therefore the initial data for the moving soliton is ¢$)) (x) = g(yz) and 7TS))<$) =
yvg'(vx). We will now pass to the infinite momentum frame. Consider the

limits v — =£1:

(1) . _2m,

ba (v) = Jim, g(yz) = Z-0(-2),
73 (2) = lim yvg' (y2) = $2—7T(5(:L’)
cl v—>:i:1ﬁy Y ﬁ )

where 6 is the step function. Now use this in (4.2) to get the soliton creation

operator in this frame:

Oi(z) = expi/_O:o da <$2g5(a)¢(x +a)— ?0(—@)%@ + a)) .
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Mandelstam’s operators [64] on the other hand are

$1(z) = expi (q{m) =I5 daq‘s<a>) . (4.13)

Mandelstam proved that ¥ (z) = (14 (x),1v_(z))T is equivalent to the Thirring
field for all g.

The only difference between Oy and v, is the factor of 27 /5 with /2 in front
of ¢. At 3? = 4m, however, 27/3 = /2, so O1 = 4. By construction, Oy is
the soliton operator for all 3, so using Mandelstam’s result, it follows that only
at 3% = 4 is the SG soliton the same as the Thirring fermion. Our result is in
agreement with Skyrme [70] (see eq. 31) who constructs a soliton operator that
is identical to our O4, and that leads him to the same conclusion that the SG
soliton is the Thirring fermion only when (5% = 4.

The classic result of Coleman [71] (and later others [72]) is that e in
the SG model is equivalent to (1 + v5)¢ in the Thirring model for all f3
(which actually follows from Mandelstam’s (4.13) after some algebra). What the
Coleman/Mandelstam results show is that there is a duality between the SG and
Thirring models for all §, specifically between the operator ¢+ in (4.13) and the
Thirring field; what our result shows, however, is that ¢, doesn’t describe the

SG soliton, except at 3% = 4m.

4.5 ¢

The Hamiltonian of the 1 + 1 dimensional ¢* model is
2 4

Hrv) = [ 5 (462 = (0 46,0 + 4 6 4 5 ) o

(note the unusual coupling A~? instead of A). A has mass dimension —1. m stands

for the renormalized mass parameter. We now set m = 1 and work instead with

1 )\2 4
H(m,¢) = /5 <7r2 + ¢ — (14 6,p2)9° + ?(1 4 02 )? + 2>\2> dr +C; (4.14)
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at the end it will be quite easy to restore factors of m on the basis of dimension
counting. The reason we set m = 1 is so that we can import the ‘Feynman rules’

that [30] calculated with m = 1. The mass counterterm is

5 (4.15)

3 / dk
™ a2
C' is a constant that has to be adjusted so that H|2) = 0, where [Q2) is the

vacuum. Therefore

1 2 2 s AN 2 ¢
O == @l [t (707 (L6 + (14807 + ) 1)
Its value will be calculated in §B.3. We should note that

Dl X A, My < N2, Sz X N2,

where My = 21/2)?/3 is the classical mass of the kink (see (2.22)). The pole-mass
of the kink will be denoted by M.

4.5.1 Form Factors

The one-particle normalization conditions that we adopt are ([73] Sec. 2.4.1)
(k|K') = 47k’ 5(k — k), (4.16)
U(A) |k) = |AE) . (4.17)

This means that the mass dimension of |k) is 0. Consider
(kK" == (k| T*(0,0) |K),

where T"(t,x) is the energy-momentum tensor. The mass dimension of I' is +2.

By a standard set of manipulations? [6] (Sec. 10.6), one can show that

I (k, K) = ; (FL(®)(k + Kk + K+ Fs(2) (v = 1721M7)) - (4.18)

4The covariance of T implies that T*¥(k, k') can be constructed from the tensor structures
ErEY ) KRE™, K'PEY KMEY and nt5 0,TH = 0, TH = 0 implies [,I* = [, T* = 0; THT = Tvr
implies T'** (k, k')* = T"#(k’, k) which in turn implies Fy, Fs are real; the momentum operator is
Pr = [dzT%(t,z), so k* = 2aT% (k, k), which implies F}(0) = 1, F5(0) = 0.
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where [* = (k—FK')*. Fy and F5 are undetermined, real functions of [? and M, but the
M dependence is rarely displayed. At [2 = 0, they satisfy F(0) = 1 and F5(0) = 0.
They are the so-called form factors and they encode everything non-trivial about I'*”.

The radius of the particle is related to the first derivatives of the form factors,
FJ(0) and F.(0). The form factors depend only on the momentum difference, so we
can conveniently choose k* = (M, 0), k'* = (v/M? + ¢2,q) and expand in powers of

q. The momentum transfer satisfies 1> = —¢? + O(q*). We define the radius, R, as

1
R? = Wa_qzroo(k, )

(4.19)

q=0
The rationale for this choice is that to leading order in # (i.e. classically), it gives
R?* = [dxx*Hq(x)/ [dxHa(z) (see (4.38) later) which, as discussed in §1.2, is
reasonable. Let A be the Lorentz transformation that takes k — k&’ and expand

the corresponding operator U(A) in powers® of ¢:

. 2
1Y 4 2 3
UA) =1 MK 2M2K + O(q°), (4.20)
where K is the boost generator:
K= /dx 2 T(0, ). (4.21)
Using (4.17), (4.20) in (4.19) shows that
1
? = k K? |k 4.22
R = s (I H(0,0)K2 R (122)

where the energy density H(t,z) = T%(¢,z). Expanding (4.18) also shows that
R? = (FL(0) — 2+ 4M?F}(0))/(2M?) in terms of the form factors.

4.5.2 Evaluation

We will compute R? in powers of A™! and our goal will be to determine the sub-

leading term. We should note that the expansion in powers of A\~! is equivalent

This follows from U = exp(iw1oK) where w,, = n,,w- and w¥ is determined from A =
§H 4+ wh + O(w?) — which gives wig = —q/M.
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to the expansion in powers of i ([71] Sec. 1.1), so what we are working out is the

first quantum correction to R. Using (4.21) in (4.22) gives

R? /xx’ (k| H(0,0)H (0, 2)H(0, ") |k) dz dz’. (4.23)

~ oMt
Let

0= /xx’H(0,0)H(O,x)’H(O,I’)dx dx’;

2M4
applying (4.6), (4.8) to (4.23), we then have®
o limpo MT [(Q, ~| O (y)e HT O HTO(2) |Q, ~) dz dy
(klk) ™ iy oo €M7 [(Q, ~| OF(y)e2HTO(2) [, ~) d2 dy

(4.24)

To evaluate this, we will work in a spatial box of size L and then let L — oo. The
factor of (k|k) in (4.24) is fixed since (4.16) reads (k|k) = 2M L in a box of size L.
Now, since 7, = 0, the soliton operator is O(z) = exp(—i [ da ¢q(a)m(x+a)); using
(4.1), (4.7), we then have O(z) [0, ~) = [¢a(- — z)), (Which is the configuration
of a soliton centered on x). When we make the change of variables from ¢ to X
and x, the state |¢u(- — )), is easily seen to correspond to | X =z, x = 0) (which
we will denote as |z,0)). Therefore, we have

22 limy_oo €M7 [ (y,0] e HTOe ™ T |2,0) dz dy (4.25)
- ﬁ limy_,o €2MT [ (y, 0] e=2HT |2,0) dzdy ’

In §B.1, we present the intermediate steps that allow (4.25) to be written as

R* = (/[dx] [d7]elmX] /dx do' da" (x — ") (2 — ") H(z") H(z) 7:1(56’))(4.26)

x <M3 / [dx][dﬁ]es[w)l, (4.27)
where
H(z) = a(z) 4 b(z) + c(z) + ON™Y); (4.28)
ax A, b,  cx M\ (4.29)
ola) o= (o8-t g+ ).
b(x) = (dux)’, (4.30)

1/ 3
@) 1= 5 (74X = X+ 5088 = G0 = W) ) + Co(a)

6The denominator of (4.24) follows from applying (4.6), (4.8) to (k|k) and eliminating the
common factor of | (k|k,~) |? between this and R2.
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(Co(z) is defined in §B.1), and

S = Stree + Simt + O(N7?); (4.31)
Sfree X )\07 Sint X )‘_1; (432)
1 1 1 3

) . -2 2 2 2.2
Stree = /d x (WTX — 5T T §X/ + X T 5 PaX ) ) (4.33)
3

To calculate (4.26)-(4.27), we expand in powers of S;,;, which leaves us with
moments of the free action: (\"7™) = [[dx][dr]x 7" e rr<[™X] The moments can
in turn be built from the propagators (7x), (xx) and (77). These propagators
are given explicitly in §B.2. Expanding (4.26)-(4.27) in powers of \~! using
(4.28)-(4.34), we find

RP=M73n+v+00N)); nocAb,  yoc A (4.35)
n = /a1a2a3 du, (4.36)
v = /d,u(alag(Smt bs) + a1({babs) + (c1)azas + cyclic permutations of 1,2,3).

(4.37)

a1 2,3 here stands for a(z”), a(x), a(x’) respectively and the same goes for by 5 3 and
¢123. The measure stands for dy = do dx’ da”(x — 2”) (2" — 2”).
a(x) is actually the classical energy density, so My = [ a(z)dr = 21/2)?/3 and

Jxa(x)dx = 0. Therefore the contribution from 7 gives the classical term
R =2 L on, (4.38)

where

We note that (4.38) agrees with (1.1).

The quantum correction v evaluates to

v = cyM§ + 2ci0)Mo ag) — 2M; /(Smt x(z)) ¢, (z) x dx, (4.39)
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where c() = [(c(x))dx and ¢y = [(c(x))z?dz. In deriving this we've integrated by
parts and used the fact that ¢,(x) is exponentially damped at large |z|, and
used the fact that

/d,u (a1 (b2bs) + cyclic permutations of 1,2,3) =0
because
a) [b= [(¢,,x) = 0 since ¢/, is exponentially damped at large |z|,

b) [zb= [z(¢),x) = [xd, x| + [ &L x = 0 because of the constraint on x
(see (2.42)).

In evaluating (c(z)), we notice that c(z) contains the product of two fields
at the same point. To regulate the divergences associated with this, we need

to ‘point-split’ the arguments:

c(z) = lim cps(x, 2),
' —x

where (with all operators at time zero)
/ L/ — (! - /
s (. 7') = 5 (R(@)T () + (00 + X2 05(x) — 1) X(@)x(a') + Gz (W — ()

+ Cops(z,2").

Cops(z, ") is the point split version of Cy(x) and it is defined and calculated in

§B.3. Using the propagators defined in §B.2, and (B.8), we get
1 1
(epol@,a)) = 5 (07 + 0,00 + 3N 00 (a) = 1) G*(0; 2,2') + SA(0;, @)

L7 G4 0)) (b — BXPC(0: ) (4.40)

where G*(t;z,2') = G(t;z,2') — G(t;x,2'), A*(t;z,2') = At z,2) — A(t;x,x’)
(these subtracted propagators are worked out in §B.4) and §? is two derivatives
w.r.t. to the first argument of G®. It can be checked using (4.15), (B.9), that
Sm2 = 3A"2G(0;z,2), so that the last term in (4.40) can be dropped. Using

(B.11)-(B.13), and isolating the discrete mode, we get

(eps(w,2)) = ' (,2) + ¢ (2,2"),
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where

P (,a') = jﬁ (8002 + 3N 26 (2) + 3 ) b)),

93

o) = [T 3N 20(a) + 1+ k) (M) T, KA (a, o)
T 167 (k2 + 2)32(2k2 + 1)

(with Aj(z,2') defined in (2.27)-(2.30)). ¢” is finite when 2/ —

cF(z,x) = \3/5 (—9 cosh (\/5:6) + 2 cosh (2\/51’) + 9) sech® <5§> :

¢® can be written as

where
B k' dk eik(z—x’)
~J 16w (k2 +2)32(2k2 + 1)

Ki(z, 2"
and, using (2.27)-(2.30),
Bs(z,x") = 12i sech® (%) (x—2')+ 0O ((x _ x’)2> 7
Bufe.a!) = O — ),

Bs(z,2') = O(x — 2'),

By(z,2') = 3sech? <5§> (1 — 9tanh? (\%)) 4O — '),
Bi(z,2') = Oz — o),

Bo(z, 1) = —3sech? (\%) (1 + 15 tanh* (\%)) +O(z — ).

For | = 0,1,2,3, K, is finite when 2/ — x:

Kg(l’,l') = K1($,I’) = 07

9 — 371
ICQ(xwr): 2167 )
Koz, ) = @

4321

(4.41)
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For | = 4,5, we have’
Ka(z,2') = _loglz — 2| 1+ 0@z — 1))
4\ - 167T )
, 0
=— 4+ 0(1).

Putting this all together,

(c()) =P (z,2) + > Bilz,2)Ki(z,z) + im > Bz, 2" )Ki(z,2)

' —x

1=0,2 =45
sechG(%)
T ((—72 — 9v/37) cosh(v2z) + (2v/37 — 9) cosh(2v/2x) 4 27 + 9\/§7r) :
T
This gives

1 3 7 (14V3+ 7 (VBr — 18)) — 18
©TRE A T 3070 -

The exact mass of the kink is given by®
M= / dr(a(z) + (c(x))) + O™ = My + cio) + O(A™H).

Restoring factors of m, this gives M = 2v/2m3X?/3+m/(2v/6) —3m/(mv/2)+O(X\71)

in agreement with the canonical result [31, 75, 70].

"To show this, we expand (2k% +1)~!, in (4.41), in powers of (k? +2)~!, and induce powers of
k using —i0,:

(72.8%)[ ik(z—x' 1 1
]CI(I,:E/) — o /dke ( ) (k2+2)5/2 + 0 (k‘2+2)7/2 .

For | = 4,5, the sub-leading terms give a finite contribution when z’ — z, so we will not be
interested in these; the leading term, on the other hand, is divergent when ' — x and can be
evaluated using [ dk e?*® (k% 4 2)7%/2 = %—QKQ(\/EM), where K, is the modified Bessel function
of the second kind.

8This follows from M = (k|k) " (k| H |k) and using all the steps that led from (4.22) to
(4.35)-(4.37).




4. ¢35 Kink radius 95

The final term in (4.39) is evaluated as follows

20 [ (S x(2)) () v

= 6M02A_2/l’dt dy dx ¢y (x)0a(y)G* (0, y)G (L y, @)

s [ , Gay)? | dk SR A(yy)

= 3MZ\ 2[mxdydx¢cl(x)¢cl(y) ( NG + S (2 —|—20)3/2(2k2+ 1)>

Ya(y)alz) [ dk et Yo K Ay, )
X( 32 ) w12 <1+2(k21422)(2k;2+1)>)
_ MG(=9 —8V3r ++/37%)

1827 '

We should note that point splitting the arguments in the correlation function (S;,;x)

above does not change the result because all the momentum integrals are convergent.
The loop-corrected radius

Putting this all together and restoring factors of m, we finally get

1 24 7%) — 72 f
mR = /= (72— 6) + (m\)~? Vin(2+n) — 7 +O(m\) .
6 8m,/6 (72 — 6)
~—0.06
If A = (mA\)~!, we expect that the two terms above are the first of a series,

mR =37, ca A", with radius of convergence \.. The supposed bound mR > § > 0
can now be checked. As Fig. 4.1 shows, as the force increases (i.e. when A reduces,
or \ increases), the radius decreases because of the negative quantum correction.
So it appears that, to this order in A, the soliton can be made smaller by increasing
the scalar force. The question of whether this persists for larger A depends on

the higher order coefficients, ¢;, for ¢ > 2.

4.6 Outlook

Further work is required to assess the ‘bounds states conjecture’ as proposed by
[1]. Our calculation shows that the first quantum correction to the radius of the
¢4 kink is negative. We leave to future work the question of what the higher
order quantum corrections are, and how they modify the behaviour of the radius

as a function of the coupling constant.
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mR
10

0.8
06¢
04r
0.2¢

0.0 : : : : A
0 1 2 3 4 5

Figure 4.1: mR as a function of X\. This behaviour holds in a vicinity of A = 0.

We wonder if it is possible to recast the theory in terms of the soliton operators,
resulting in a dual theory in which the soliton field is the ‘fundamental field’.
Deriving the duality would require techniques similar to those reviewed in §2.2.3 —
the difference is that the transformations won’t be ‘point-canonical’ (i.e. purely a
transformation of field variables)®. If this can be done, multi-soliton matrix elements
will become calculationally accessible and even pair creation of solitons (an effect
that is known to be hard to calculate ([77] Sec. 1.4)). What we are after is similar
to what Mandelstam achieved for sine-Gordon theory [6].

‘Dualities’” have been a hot topic since Maldacena’s discovery of AdS/CFT. The
typical scenario in a ‘duality’ is that the amplitudes in theory A are the same as
some amplitude in theory B — knowing which usually proceeds via a ‘dictionary’
which relates variables in A to those in B. It is obviously desirable, where possible,
to prove a duality from first principles. What this means is to, either, assume or
motivate the dictionary, and then to show that the Hamiltonian of B can be derived

by a change of variables from the Hamiltonian of A. In this sense, Mandelstam’s

proof of the duality between SG and Thirring models is the first of such proofs.

9Because the soliton operator is a mix of ¢ and 7.
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In §2.3, we discussed the model of a QRW on the half-line. In this chapter,
we consider a QRW on a lattice known as the 3-Cayley tree. A ¢-Cayley tree
is a uniformly branching tree, of branching degree ¢, with a distinguished root
vertex. Figs. 5.1 and 5.2 show the 3-Cayley and 4-Cayley trees for example. In
this sense, the half-line is a 2-Cayley tree. In this chapter we will focus on the
3-Cayley tree, calling it tree for short.

The layout of this chapter is as follows. In §5.1 we define the model; in §5.2
we derive equations for the generating functions; in §5.3 we solve these equations
numerically to establish properties of the spectrum; in §5.4 we introduce a simple
coin matrix that allows tractable computations; in §5.5 we invert U — A which leads

us to solve the ‘perturbed eigenvalue equation’ U |u) = A|u) + |r).

97



5. Quantum Random Walk on a Cayley Tree 98

root root

Figure 5.1: The 3-Cayley tree. The ellipses Figure 5.2: The 4-Cayley tree.
suppress the infinitely repeating pattern.

5.1 Setup

To be concrete, our tree is an infinite, rooted tree such that the root has degree 1 and

all other vertices have degree 3, and we make the following definitions (see Fig. 5.3):
o Let T be the collection of the vertices of the tree.
o ris the root vertex and r’ is the unique vertex neighbouring r.

 For vertices v and v/, d(v,v’) measures the shortest lattice distance between

them. A vertex v will be said to be at radius R if d(r,v) = R.
o For vertices v and v/, v > ¢ will mean that v is further from the root than v’

« Given a vertex v, we define L(v), (R(v) and D(v) resp.) as the vertex
branching left (right and down resp.). Note that these are defined only for
veT\r

The allowed states of the particle are as follows: when the particle sits at any
site but the root, it has a spin ¢ € {1,2,3}. When the particle sits at the root,
however, it has no spin. Therefore configuration space (i.e. the set of basis states)

isC=1r) U |v,i). The states in C are defined to be orthonormal. Hilbert space
vET\r
1€{1,2,3}
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L(v) * R() v .

r

Figure 5.3: Tree Terminology: for an arbitrary vertex v, we have displayed the definitions
of L(v), R(v) and D(v).
is the set of all normalizable superpositions of states in C. To define the unitary

time evolution operator we first define the coin operator C:
Clr)y=Ir),

3
C|U7i> = ch] |U7j>7
7=1

where ¢;; is a 3 X 3 unitary matrix referred to as the coin matrix. Next we define
‘shift operators’ To do this we introduce different ‘labellings’ of the tree. There are
in fact six different ways of labelling 7 that we will be interested in. The different
ways of labelling 7 will be called 12, 13, 21, 23, 31 and 32 which together make
the set L = {12,13,21,23,31,32}. The labelling of type ij is defined as follows:
we introduce a function [(r) that assigns a label from the set S = {1,2,3} to the
root r and functions {7 (v), [g(v) and {p(v) that assign to a vertex v € T\r, a label

from the set S. The labelling of type ¢j satisfies
o IU(r)=1.
o 1(r') =i, lr(r') = S\{i, j} and Ip(r') = j.

o I (L(v)) =11(v), lg(L(v)) =lp(v) and Ip(L(v)) = lg(v), Vv € T\r.
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e I(R(v)) =Igr(v), Ig(R(v)) =lr(v) and Ip(R(v)) = Ip(v), Yv € T\r.

It is convenient to represent this like in Fig. 5.4.

Y3

root

Figure 5.4: Labelling of type 13. This diagram is to be read as follows: for a vertex
ve T\r, lp(v) (resp. lr(v) and Ip(v)) is given by the label of the arrow pointing out of
v towards L(v) (resp. R(v) and D(v)); I(r) on the other hand is the label of the arrow
pointing out of the root. For example, for the vertex v shown in orange, I1(v') = 1,
Ir(v) =3 and Ip(v') = 2.

We will say that (ijk) is the local labelling around a vertex v € T\r iff {1 (v) = 1,
Ir(v) = j and Ip(v) = k. Vertices of local labelling (123) (resp. (132), (213), (231),
(312) and (321)) will be called vertices of type 1 (resp. 2, 3, 4, 5 and 6), see Fig 5.5.

2 3 1 3 1 2
1 1 2 2 3 3
3 2 3 1 2 1
type 1 type 2 type 3 type 4 type 5 type 6

Figure 5.5: The orange vertex is said to be of type i € {1,2,3,4,5,6} if it falls into one
of the categories above.

Any vertex v € T\r can be uniquely written as a sequence of L and R acting
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on r’. Let S, denote that sequence. For example, the vertex v' in Fig. 5.3 can be
written as v/ = Lo Lo R(r'), so S,y = LLR. For the vertex ', we have S, = id.

For each type of labelling o € L, we have a different shift operator S,. The
time evolution operators are defined as U, = S,C. To specify S;;, we define its
action on all basis states: S;; |r) = |1/, ), Si; [T, j) = |r); and for all other states
|v,i) # |1, j), we have S;; |v,i) = |v/,7) where v' = L(v) if [, (v) =i, v = R(v) if
lr(v) =1 or v = D(v) if Ip(v) = i (see [10] for a different set of shift operators
that one can define on the Cayley tree).

We define return and first-return generating functions

(:ua)tzta

M]3

pa(z) = (| (1= 2Ua) " Ir) =

-+
Il
o

Qa(2) = (r| 2U4(1 — 2U,) ) = i

t=2

respectively, where U, := (1 — |r) (r|)U,. Like before, they are related by pq(2) =

(1 —Qq(2))"t. We will now show that Q,(z) satisfy a set of polynomial equations.

5.2 Generating functions

As in §2.3.2, Q,(2) can be written as a sum over walks:

Qa(z) = 3 #"Pa(w), (5.1)

weL(r)

where L£(r) is the set of walks s.t. w(0) = w(Jw|) = r and w(r) > r when
0 <7 < |w|. Py(w) is the amplitude of walk w. It is product of the amplitudes

of each step except the first:

lw|—1

Po(w) = H Pa (w(t) = w(t +1)),

t=1
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where p, (w(t) - w(t +1)) =1 if w(t) = r, otherwise p (w(t) = w(t + 1)) = cpm,

where

1), if Lu(t)) = vt +
1), if R(u(t)) = v(t +
Ip(u(t)), if D(v(t)) = v(t+1)

Clearly, the assignment of amplitudes depends on the labelling scheme «.

Let L£:(v) denote the set of walks w of length ¢ such that w(0) = w(t) = v and
w(r) > v for 0 < 7 < t. These will be refereed to as ‘loops based at v’. Also define
L(v) = U Li(v). The set of all loops based at r can be decomposed as follows

t>2
L(r) = Ls(r) U (BXUBY). (5.2)
n>1
BL (resp. BE) is the set of loops based at r in which the particle walks from r
to r’, performs a loop based at ' — with the condition that the first step is to
L(r") (resp. R(r')) — then performs a further n — 1 loops based at " and then
finally walks back to r. Define

Bim) = Y MPu(w),

weBL

BEm) = Y P, (w).

weBR

We will now write down relations for Bf;(n) and Bf(n). Consider a walk in BE.
In this walk, the first loop based at 7’ lies in the set W = {w : w € L(r'), w(1) =
L(r")}. However W is isomorphic to £(r) via w'(t) = Sy (L(r")) where w € L(r)
and w' € W; furthermore Py3(w’) = Pio(w). Therefore the contribution of the first
loop to Bi(n) is equal to Q2(2). Now, the second loop can have a first step to
either L(r") or R(r’). If the second loop has a first step to L(r’) then the total
contribution of all steps but those of the first loop is Biy(n — 1). Conversely if
the second loop has first step to R(r’) then the total contribution of all steps but
those of the first loop is Bf(n — 1). Therefore we have

Bly(n) = Qu(z)en (B0 - 1)+ 2 B0 - 1) (53)

12 C11



5. Quantum Random Walk on a Cayley Tree 103

A similar argument leads to

C C

BI () = Qus(2)re (2 Blin — 1)+ B0~ 1)) (54)
C12 C11

Bng(l) = 220110236212(2)7

Bg(l) = 22012033Q23(Z).

Due to (5.2), (5.1), @13(2) can be constructed from these generating functions

straightforwardly

Qu(z) = e + Y (Bl + Bim). 55)

n=1

Solving the recursion relations (5.3), (5.4) and substituting in (5.5) finally gives

(—Q121lch, — Qaosllch, + c13 + Q12Q2311)
Q23Q121lcis — c21Q12 — c32Q23 + 1 ’

2
Qi3 = A(Q12,Q23) = (5.6)

where IT = det ¢;; and we've used the fact that Ilc};(—)"/ = det(M(c;;)) where
M(c;5) is the minor of ¢ obtained by omitting ¢;;. Repeating the procedure for

the other generating functions we get

22 (—Q1311cs; — Q32Ilch; + 12 + Q13Q3011)

=B ) = , 5.7
Q2 Q3. @s2) Q320Q1311cTy — 31013 — c23Q32 + 1 (5.7)
2( H * H * H
Qa3 = C(Qar, Qi) = 2% (—Qusllc, i Qaullcyy + co3 + Q13Q21 )7 (5.8)
Q21Q13llcsy — c31Q13 — c12Q21 + 1
2(_ H * H * H
Q32 = D(Q31,Q12) = 2% (—Q121lcty i Qa1llcs; + c32 + Q12Q31 ), (5.9)
Q31 Q12llcsy — c21Q12 — c13Q31 + 1
2 (=Qqsllct, — ek 11
Qg1 = E(st, le) = < ( Q23 Ci3 i Q31 C39 + Co1 + Q23Q3 )7 (5.10)
Q31Q23llcs; — c32Q23 — c13Q31 + 1
2 (—QoqIlck, — Ict II
Q31 = F(Q32,Q2) = 2" (=Wl — Qullci, + c31 + Qs ) (5.11)

Q32Q211lc3; — c12Q21 — c23Q32 + 1

(5.6)-(5.11) have the property that if {Q,(z)}acL is a solution then {Qa(éfl)_l}a@_
is too. For any given z there are several solutions for @),. The ‘physical root’ (or
‘physical branch’; or even ‘physical sheet’) of these equations is that which behaves

around z = 0 as Q,(2) = ca2? + O(2*) since (Qn)2 = cq-
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(5.6)-(5.11) can be reduced to a single equation as follows. First eliminate

Qi3 and Qs;:

= B(A(Q12, Q23), Q32) — Q23 = G(Q12,Q32),

( )
Q23 = C(Q21, A(Q12, Qa3)) —> Q12 = H(Qa3,Q21),
D(F(Q327 Q21)7 le) — Q21 = ](Q32, Q12),
Q21 = E(Qa23, F(Q32,Q21)) — Q32 = J(Qa1, Q23).

Then eliminate Q)53 and o1:

Q12 = H(G(Q12, Q32), 1(Q32, Q12)),
Qs2 = J(1(Q32, Q12), G(Q12, Q32))-

Each of the equations above can be rearranged as a polynomial and we find that
they both factorize. One of the factors in each equation contains the physical
branch — we can check which by substituting Q. = co2% + O(2*) and computing if
it becomes identically zero to O(z*). We find that each of these surviving factors
are of order 3,Q3,. Eliminating these for Q3 results in an eight-order polynomial
equation, too large to display — we will refer to this as the master polynomial.
Using numerical techniques, we are able to solve this polynomial and establish

the behaviour of the generating functions.

5.3 Spectrum

As discussed in §2.3, z lies on a branch cut of Q,(z) when 27! lies in the a.c.
spectrum of U,; and Q,(2) = 1 when 2! lies in the p.p. spectrum of U,.

Our first observation is that Q,(z) has the same branch cuts for all a. For a
typical coin matrix (generated randomly), Fig. 5.6 is a schematic of the analytic
structure of Q32(z). It is a curious fact that for all the random coin matrices that we
studied numerically, we never observed a spectrum with more than six bands. This
apparent upper bound may be related to the branching ratio of the tree, though

we have no result in this direction. We attempted to conjecture a relationship by
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numerically computing the number of bands of the 4-Cayley tree, but this was not
possible because the master polynomial is harder to come by here.

There has been work in the past on determining regions of U(3) (unitary 3x3
matrices) such that coin matrices in these regions give rise to spectra that are
purely absolutely continuous or pure point only and in understanding the transition
between such regions [16]. In this vein, see [15] for a fairly general condition on

the coin matrix that guarantees the absence of mass points.

1N

g

N

Figure 5.6: In blue are the cuts of ()32, and in orange are points where ()33 = 1.

5.4 Symmetric coin matrix

In this section we introduce a coin matrix simple enough to allow tractable

computations. Let

11 G113 (13
C=]C3 Ci1 (13
C13 C13 C11-

Then Q = Q13 = Q12 = Q21 = Q23 = Q31 = (32 satisfies

_ 22 Q2H — 2QHC>{3 + C13
Q2HCT3 — 2@013 +1 '

Q (5.12)

An example of such a coin matrix is
-1/3 2/3  2/3

c=1|2/3 -1/3 2/3 |, detc =1, (5.13)
2/3  2/3 —1/3
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which we will adopt henceforth for explicit calculations. (5.12) describes a three-
sheeted Riemann surface. The physical sheet has no points where ) = 1 (so the
p.p. spectrum is empty) and it has four branch points 4z, and £z, on the circle

(with the understanding that zj lies in the first quadrant) that are the roots of

—72 + 8827 — 2325 + 8825 — 7225 = 0. (5.14)

The situation is depicted in Fig 5.7.

Zg

0.6

0.4

=1

0.9 zZ,

Figure 5.7: The cuts of Q(z) and their edgepoints.

This model is also interesting because it has asymptotically periodic Verblunsky
coefficients. A numerical computation shows that the Verblunsky coefficients {~,}
approach {v,0,—7,0,...} as n — oo, where the ellipses suppress the repeating
pattern, with v = 0.5427.... Substituting this sequence in (2.62) and setting the
discriminant to zero gives (1 + 2%)? — 42272 = 0. This must have solutions +z,
+2;! since the a.c. spectra must agree (as discussed in §2.3.5). This requires

Zo+ 2y !
5

which agrees with the numerical result.
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5.5 The spectrum a different way

For convenience we define Q) = Q13, 4 = p13, U = Uyz and U = Up;. In this

section we will compute the state
lu) = (U - X)"tr). (5.15)

We will vary A on the unit circle and enquire when (5.15) breaks down. When A
lies in the spectrum, |u) will be non-normalizable. This will allow us, in principle,
to compute the spectrum a different way.

Now, we can rewrite (5.15) as
Ulu) = X|u) +|r). (5.16)

Therefore this is almost the same as the eigenvalue equation except for a ‘source
term’ |r) which will contribute only at the root. Define the wavefunctions
u, = (rlu), a, = (v, 1lu), b, = (v,2|u) and ¢, = (v,3|u) for v € T\r. Notice
that (rlu) = —A"'u(A1), though we will not use this relation. In terms of

the wavefunctions, (5.16) reads

Up = Ay, (5.17)

€130y + Cozby + c33¢ = Au, + 1, (5.18)

c110y + Co1by + c3160 = Aagy, (5.19)
Ciaar(ry + Co2br oy + C32Cr(y = Ay, (5.20)

for the vertices closest to the root. What we notice is that there don’t seem to be
enough equations to propagate the wavefunction out from the origin uniquely. For
example, even if u, is given, (5.17) and (5.18) are not enough to determine a,, b,» and
¢, Similarly, even if a,/, b and ¢,» are given, (5.19) and (5.20) are not enough to
determine ar, (1, by and cp (. The general phenomenon is that there are only two

equations on the wavefunction at a point at radius r+1 in terms of the wavefunctions
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at radius r: given a vertex v at radius r of type 1, and the neighbouring vertex

v/ = L(v) at radius r + 1 of type 2 for example, those two equations are

C11Qy + Cglbv + C31C, = /\CLv/, (521)

C120y + Co2by + C39C = Ab,.

However there is a way out: there are extra equations so that given the wavefunction
at radius r, the wavefunction at radius r + 1 can be uniquely determined. For

example let v be a vertex of type 2. Then we have

bv/ - (613&0/ + CQSbv/ + ngcv/)Q{gQ()\il), (522)
Co = (C1100 + by + c3100)Qua(A7). (5.23)
There are similar equations that can be written for vertices of other types. We

prove (5.22) and (5.23) in App. C. Since v’ in (5.21) is of type 2, we combine (5.22),

(5.23) with (5.21), allowing us to determine {a,, b,/, ¢} in terms of {a,, by, ¢, }:

Qyy C11 C21 C31 Ay

by | =X euBy 1By ¢51Bs by |, (5.24)
Cor criiy Ay ey Co

=Ty
A, = c11Q13(A71) + e Q32 (A1) Qus(A71)

1= e3Qis(A ) — c23Q3 (A1) 4 HlIQ3 (A1) Q13 (A 1)
B, — c13Q52 (A7) 4 B, T1Q13(A 1) Qa2 (A7)
? 1— C31Q13()\71) - 023Q32( ) + 012HQ32()\ 1)@13()\71)'

We will call the matrix T3, in (5.24) a transfer matrix. Notice that v was any type

1 vertex. Therefore for any type 1 vertex v, we have

ar(v) Ay
bL(v) =T bv
CL(v) Cy

Similarly, it can be shown that their exist transfer matrices T\g, Tor, Tor, 151,
Tsr, Tur, Tir, T51, Tsr, Tsr, Ter such that

(aL(U) br(v) CL(U)>T =T (av by CU>T,

(aR(v) bR(v) CR(U))T = ZR( b, c,,)T.

V type @ vertices v
v i€{1,2,3,4,5,6} (525)
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It turns out that Tsgr = Ty, Ty, = Tig, T3r = Tor, T = Tor, Ter = 131
and Ts;, = Tyg, so that there are only six independent transfer matrices. Notice
that T7; has only one non-zero eigenvalue. Similarly, all transfer matrices have
only one non-zero eigenvalue.

Now (5.25) is still not satisfactory because they depend on @,. However @,
can be eliminated. Consider two vertices v and v', both of type 2. Because

of (5.22), (5.23), we have

= (C13a, + C23by + €33¢,) @32,

= (cn1ay + ca1by + €31¢,)Qus,
by = (1300 + Cazby + C33¢)Q32,

= (

C110y + Co1by + €310 ) Q13-
Eliminating (32 and Q)13

( Ay Ay ) + (Cv’ Cy ) 0
c - — 3| ——— ) =
13 b'u/ bv 33 bv/ bv )

v’ v bv’ bv
Ci1 (a — a) +c21 ( - ) = 0. (5.26)

Cyt Cy Cy/ Cy

Solving this for a, and a, assuming b, /c, — b,/c, # 0 gives

- Cz1b C33
Ay = ——0y — —Cy,
C11 C13
C21 C33
Ay = ———by — —Cyr.
C11 C13

However these simple relations cannot be true. Therefore the correct solution is

by /Cyr — by/cy = 0, which also implies a, /¢, = a,/c, via (5.26). Therefore
{ay, by, ey} = scale factor x {a,, by, ¢, },

which holds for any two vertices v,v" € T\r of type 2 (though not with the
same scale factor each time). Similarly, we can show that for any two vertices

v,v" € T\r of the same type,

{ay, by, ¢y} = scale factor x {a,, b,, ¢, }. (5.27)
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This simple fact along with the existence of transfer matrices allows us to solve
for the wavefunctions. Let t = {vy, va,v1/, U5, Vor, Vg, Usr, Vs, Vg7, U3, Vg, V11, U } be

a sublattice of 7 defined as

v =1, ve = L(vy), vy = L(vg),
vs = R(vg), vy = R(vs),

ve = L(vs), vy = L(vg),

vy = R(vg), ve = R(vy),

v3 = L(vy), vy = L(v3),

vy = R(v3), vy = R(vyn),

Figure 5.8: The sublattice t.

site be written as {aq,ba, Co}- Now define Y and {X;}¢_, as

{ai/,bi/,ci/} = Xi{ai,bi,ci} for i = 1,...,6, (528)

{al"7 b1//7 Cl//} = Y{ah bl, Cl}-

That such scale factors exist is because of (5.27). Analogous to (5.22) and (5.23)

we can write two equations for the wavefunctions between any two vertices. On
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our lattice t U {r} this lets us write down 26 equations:

Uy = Aaq,
between r and 1’ = vy (5.29)
Cc13a1 + Cngl + 331 = )\UT + 1;

ajciy + as(—A) + bicog + cre31 =0,
between v; and v (5.30)
asCia + bacog + b1(—A) + cacza = 0;

ascry — g AXq + bacoy +cac31 =0,
between vy and vy/ (5.31)
aici3 + bicaz — % + c1¢33 =0;
a2C13 -+ b2023 -+ C5(—)\) + CoC33 — O,
between vy and v; (5.32)
a5C12 + b5022 + bg(—)\) + c5c32 = O;
ascip — aeAXg + bscor +csc3; =0,
between vs and vy (5.33)
asCi2 + bacay — % + o032 = 0;
as5C13 + b5623 + 06(—>\) + C5C33 = 0,
between v; and vg (5.34)
agcry + as(—A) + bgcar + ccz1 = 0;
agCi3 + becaz — csAX3 + cecz3 = 0,
between vg and vs (5.35)
asci2 + bsco — % + C5C32 = 0;
agC12 + b6022 + b4<—>\) + CgC32 = 0,
between vg and vy (5.36)
ayCc11 + a6(—)\) + b4021 + CyC31 = O;
a4C13 + bacoz — ceAXy + cacz3 =0,
R between vy and vg (5.37)
agC11 — % + beca1 + coC31 = 0;
a4C19 + b4622 + bg(—)\) + CyC32 — O,
between vy and v (5.38)
ascis + bscaz + c4(—A) + czez3 = 0;
ascia + bgcog — baA X5 + czcza =0,
R between v3 and vy (5.39)
a4C11 — % + byca1 + cyc3 = 0;
asCi1 + al)\(—Y) + b3021 + C3C31 — 0,
between vz and vy~ (5.40)
aici3 + bicas — % + CiC33 =0;
aicia + bicgy — 8358 + ez =0,
between vy» and vy (5.41)
asciz + b3023 - CE?GY + c3C33 =0.

These are written in variables Y, {X;}9_,, {(a;,b;,¢;)}%; and u, — a total of
26 complex d.o.f.. Therefore all variables can in principle be determined from

(5.29)-(5.41). How does one then determine the wavefunction at an arbitrary site
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in 7 that isn’t necessarily in t U {r}? First one notices that (5.28) actually

holds more generally:

\4 e i vertices v

{ar2), br2(y, cr2w) } = Xi{aw, by, o} t}\;pz‘e{l,?:S} ) (5.42)
\4 e i vertices v

{aR2(v), bRQ(v)v CRz(v)} = Xi{av, bva Cv} tﬂpi€{2,4‘fﬁ} s (543)

{arr)3w), brL)3 ), CRL)Y3 )} = Y {aw, by, o}V type 1 vertices v, (5.44)
where L?(v) = LoL(v), R?*(v) = RoR(v) and (RL)*(v) = RoLoRoLoRoL(v). This
follows because of the existence of transfer matrices. For example let v be of type 1.
Then L*(v) is also of type 1, so {arz2(y), br2(), crzw) }' = scale factor x {a,, by, ¢, }* =
TorTiz{ay, by, co}T. So {ay, by, c,} must be an eigenvector of Ty, Ty, and the scale
factor must an eigenvalue. However T3, T} has only one non-zero eigenvalue and its
value is X1, since (5.28) with i = 1 reads {ar2(u,), br2(uy)s Cr2(0) } = X1{aw,, boy, €, }
for v; € t. Therefore, X7 is a universal scale factor and so (5.42) with ¢ = 1 follows;
similarly the other scale factors are universal and so (5.42)-(5.44) follow. Now,
from the relations (5.42)-(5.44) it’s not hard to show that the wavefunction at
any site v € T of type ¢ (for any i) can be related to {a;, b;, ¢;} by a scale factor
that is a function of only {X;}¢ ; and Y.

Now we can address the question of when (U — A)™! doesn’t exist. For A
s.t. (U — A)7! doesn’t exist, |u) is non-normalizable. First, let’s compute the

norm-squared of |u):

P = (uu) — [u [ = Y (|aol? + [bo]* + |eo). (5.45)
veET\r

Now we define sub-trees of 7:

To = {v:v=0(w)},
Ts = {v: v = O(u;)},
To = {v: v = Oug)},
Ti={v:v=0(w)},
To = {v: v = O(uy)},
Tor = {v:v = O(R(M)},
To = {v:v=0(u)},
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where O consists of all powers of L and R (for e.g. LRL?*R) including O = id.
The roots of T3, Ts, Ts, Ta, T3, Ts» and Ty are vy, vs, vg, vg, v3, R(r") and vy in that
order. Now, define the norm-squared on these sub-trees:

Pi=> " (|au]® + |bo]* + |co?) fori=2,3,4,5,6,3",1.
veET;

Note that 7\r can be decomposed as {r'} U To U Tz». Therefore Py = |a1|* + |b1]* +
lc1|? + Py + P3r. However Py = |Xg/Y|?Ps since {a,, by, ¢} = XeY Has, bs, c3}
where z is the root of T3+. Similarly 75 can be decomposed as {vo} U Tys U T, so
Py = |ag|* + |ba|* + |e2|* + P + Ps. However Py, = | X |? P, because {ay, by, ¢y} =

Xi{ai1,b1,c1}. Using similar arguments, one finally arrives at a matrix equation:

1 -1 —|X6/Y|2 0 0 0 P1 |a1,b1,01|2
—|X1‘2 1 0 0 -1 0 Pg \ag,b2,62|2
—’Y|2 0 1 —’X5|2 0 0 P3 . ‘a37b3763|2

O 0 —1 1 0 —|)(4|2 P4 o ‘(I4,b4,04|2 ’

0 —|X5)? 0 0 1 —1 Ps |as, b, cs)?

0 0 0 -1 =X 1 P |as, be, cg|?

=M
(5.46)
where |a;, b;, ¢;|* = |ai|* + |bi])* + |e;]*>. This allows P, and therefore (ulu)to be

computed. The radius of convergence of (5.45) is reached when det M = 0. Outside
of this surface, |u) is non-normalizable. Notice that this convergence criterion
only depends on the scale factors.

Let us demonstrate this for the maximally symmetric coin (5.13). First the
symmetry tells us that X; = X3 = X5, Xy = Xy = Xg and Y2 = (X1 X,)3.
Then we write (5.30)-(5.36), (5.38), (5.40) as a matrix equation for the vector
U ={ay1,b1,¢1,a9,ba, 09, ..., a6, b6, }: My = 0. This implies that that det M; =0
which turns out to be a polynomial equation in just X; and X5. Similarly, (5.30),
(5.32)-(5.38), (5.40) can be written as matrix equation Myt = 0, and det My = 0

gives another equation for X; and X,. Eliminating X, between these equations leaves

4 (V1) A ONXP 2 (1N 4 20 - T) XX

+ (B6A® — 400° + 32)" — 28)2 4+ 9) X; = 0. (5.47)



5. Quantum Random Walk on a Cayley Tree 114

Because the coin matrix is real, it turns out that |X;| = |Xs|. Using this fact
to simplify det M = 0 (M defined in (5.46)) gives (1 — |X1]*)(1 — 4|X1]*) = 0.
This has a zero closest to the origin when |X;| = 1/2. Therefore the criterion for

normalizability of |u) is |X;| < 1/2. Solving (5.47) with | X;| = 1/2 gives
—72 4 88)% — 23" +83)° — 72\° = 0.

This has four roots on the circle and they coincide with the endpoints of the bands
of the a.c. spectrum as computed in §5.4 (see (5.14)) because, around these values,

A changes from being in the spectrum to out of the spectrum.

5.6 Conclusions

As discussed in §2.3.1 and §5.3, the 2-Cayley tree has a maximum of two bands in
the spectrum while the 3-Cayley tree appears to have a maximum of six bands. It is
reasonable to conjecture that for the ¢-Cayley tree, the maximum number of bands in
the spectrum is a function of ¢ only; can we determine what this function is? If this is
false, we wonder which property of the walk controls the maximum number of bands.

As shown in §5.4, the Verblunsky coefficients of the QRW on the 3-Cayley
tree with symmetric coin matrix is asymptotically four-periodic. It is worthwhile
determining if this model with general coin matrix also has asymptotically periodic
Verblunsky coefficients — by the theorem at the end of §2.3.6 this would immediately
provide an upper bound on the number of bands in the spectrum.

An open question is how to solve the eigenvalue equation U |\) = A|A). The
obvious obstruction is that the number of equations aren’t enough to fix the
wavefunction, as discussed at the start of §5.5. In §5.5, we overcame this problem
(to solve U |u) = A |u) + |r)) by taking advantage of properties of walks which start
at the root; however, this same method can’t be directly adapted to the eigenvalue

equation so it remains open how to do this.



Summary

In this thesis, we aimed to solve three rather different problems.

In Chapter 3, we analysed Causal Dynamical Triangulations (CDT) coupled to
hard-dimers in two dimensions (aka CDT+HD). CDT is a model of pure quantum
gravity and it is a discretization of the path integral over metrics in quantum
gravity. It is formulated as a sum over geometries constructed by the gluing of
simplicial blocks in all possible ways subject to the constraint that the geometry
admits a discrete time slicing. These geometries are discretized analogues of globally
hyperbolic geometries. We reviewed pure CDT in §2.1.

Dimers on the other hand are a set of additional degrees of freedom that
inhabit the triangulation. They are similar to Ising spins on the triangulation —
the difference is that dimers are extended objects. The dimers interact with each
other via the hard dimer rule which requires that no two dimers can inhabit the
same triangle. This causes the dimers to interact with the underlying geometry in
an interesting way. CDT+HD is then defined as the sum over all triangulations
and dimer configurations with each triangle and dimer carrying an associated
fugacity (or weight). Models of CDT coupled to extra d.o.f. are meant to imitate
quantum gravity coupled to matter.

In the past, the partition function of a restricted version of CDT+HD (in which

not all dimer types was allowed) was calculated. In this work, we included all
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dimers types, subject to a single restriction and solved for the cylinder-amplitude
(see §3.4) (which is the amplitude of transition of an initial spatial loop of fixed
size at time zero to a final spatial loop of fixed size, at fixed time after zero, such
that the topology of the 2-manifold is a cylinder), employing a bijection to labelled
trees (§3.3). This also allows one to work out the grand-canonical partition function
(which is the amplitude for a point (the zero spatial universe) to transition to
a spatial loop of any size in any time). We found that the partition function is
actually the root of a fourth-order polynomial whose coefficients are functions of
the dimer and triangle fugacities (§3.5). We then worked out the phase diagram
of this model (§3.5.4) in the space of coupling constants (aka the fugacities) by
taking the scaling limit (the process in which the size of the triangles goes to zero
while the total size of the triangulation is kept fixed) and computing the critical
exponents. Critical points occur when the coupling constants are tuned such that
this polynomial has either a double or triple-root (aka a tri-critical point). In the
absence of dimers, the triangle fugacity can be tuned such that this polynomial
has a double root, and this gives rise to the pure gravity (PG) phase of CDT.
When the dimer weights are non-zero, in addition to the PG phase, the dimers
interact strongly with the geometry and new phases appear: two tri-critical phases
and two dense dimer phases, phases in which the dimer density diverges in the
scaling limit. We analysed these phases in detail (§3.5.2, §3.5.1) and worked out
the local and global Hausdorff dimensions (§3.5.3).

We found that the cylinder amplitude is constructed from the solutions to certain
second or first order recurrence relations (§3.4). With certain dimer weights we
managed to solve these relations but in general they are non-linear and not easily
solved. However, by taking the scaling limit, these relations turn into differential
equations of second or first order and are characteristic of each phase (§3.6.2). We
managed to write down solutions to these differential equations and verified these
solutions using the exact solutions of the recurrence relations, where they existed
(§3.6.3, §3.6.4). This allowed us to construct the continuum cylinder amplitudes

(and disk amplitudes which are gotten by taking the length of the initial loop to
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zero, and are supposed to give the amplitude for a big-bang creation event [11]) in
each of the phases. By studying the small-time expansion of these functions, we also
determined the continuum Hamiltonian (or time-evolution operator) in some phases
in which they exist (§3.7). We concluded with an argument for why unrestricted
CDT+HD (i.e. with the last remaining constraint lifted) might not have any new
phases beyond those that we determined (§3.8). Even then, it is still interesting
from a combinatoric viewpoint to find a solution to unrestricted CDT+HD and
to overcome the problem of non-local interactions on the tree model.

In Chapter 4, we calculated the soliton radius in the ¢* model in two dimensions
(we reviewed the classical aspects of this model in §2.2.1). As we discussed in the
introduction, §1.2, this problem began from the ‘bound states conjecture’: we wanted
to find a quantum field theoretic reason for why the radius of a generic stable bound
state might be bounded below, by arguing along the lines of an instability caused by
particle creation. However we were eventually led to attempt a rigorous calculation
of the radius of a well-understood bound state. We settled on the ¢* soliton in two
dimensions and attempted to calculate its radius via quantum field theory techniques.
Similarly to how the radius of the proton is determined from its electromagnetic
form factors [78], the radius of the soliton must follow from an appropriate form
factor (this point was suggested to us by F. Caola). The soliton has an extended
energy distribution so we found it natural to study the form factor (p/| H(x) [p).
We were then faced with the problem of determining the one-particle soliton state
|p). If the soliton was an elementary excitation of the theory, then aL acting on the
vacuum |0) would create the incoming (or outgoing) state. One of our contributions
was to motivate soliton creation operators, fairly generally, so that acting with these
on the vacuum gives an incoming one-particle soliton state, see §4.2, §4.3.

We then compared our results with a famous set of results by S. Mandelstam
(§4.4). What he managed to do was derive soliton creation operators in the sine-
Gordon (SG) model and show that the Heisenberg equations of motion satisfied by
these operators are the same as those satisfied by the Thirring field in the Thirring

model. Therefore, he derived, from first principles, the now well-known duality
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between sine-Gordon and Thirring models. However, Mandelstam’s justification
why these operators describe the soliton is slightly heuristic; and his operators
do not transform covariantly under Lorentz transformations, which suggests that
they are actually being formulated in a particular frame of reference. We find that
when our general soliton operators are adapted to the sine-Gordon model, that we
can partially match onto Mandelstam’s result by formulating our operator in the
infinite-momentum frame. More precisely, we find that our operators match onto his
only when 3% = 47 (where 3 is the coupling constant in the SG model). Therefore,
while there is a duality between Mandelstam’s operators and the Thirring field for
all 3, his operators describe the SG soliton only at 3% = 4.

To calculate the soliton form factor, we make a change of variables on the
configuration space that maps a field configuration ¢ to a position variable X of
the soliton and a leftover field configuration y that is subject to constraints, as
reviewed in §2.2.3. The incoming and outgoing soliton states assume a convenient
form in these new variables. Moreover, the Hamiltonian can be re-expressed in
these new variables. One then expresses the matrix element as a path integral
over these new variables. We find that the integral over X and its dual P can be
performed easily, leaving us with the integral over x and its dual 7 (§B.1). As usual,
we split the action into a free and interacting part and deduce the propagators
and Feynman rules from this. We find that we have three propagators (xx), (x7)
and (77) and an infinite set of interaction vertices (§B.2). Using these rules, we
then explicitly computed (p'| H(x) |p) and expressed it as the sum of a classical
contribution fo(z) (of order A°) and a first-quantum contribution f(z), of order A!
(§4.5). The zeroth moment of fo(x) + fi(z) gave us the mass of the kink to order
h' — corroborating the accepted result — and the second moment of fo(z) + fi(x)
gave us the radius of the kink to order A'.

In Chapter 5, we investigated a quantum random walk on the Cayley tree.
The Cayley tree is an infinite, uniformly branching tree of branching order three
with a distinguished root vertex. There is a spin-one particle with three internal

spin states (the number of spin states is chosen to be equal to the branching
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order of the tree) and it is allowed to occupy sites on the tree. The configuration
space of this theory consists of all spin states and positions of the particle. We
defined a unitary time-evolution operator U, (time in this system is discrete and
takes on non-negative integer values) as the product of coin and shift operators
(§5.1). The coin operator simply causes a unitary rotation on the spin states
according to a 3 X 3 unitary ‘coin’ matrix, while the shift operator moves the
particle from any site to one of its three neighbours depending on the spin state
of the particle — this assignment of spins to neighbours all throughout the tree is
called a ‘labelling scheme’ and we introduced six different such labelling schemes
a € L =1{12,13,21,23,31,32}. The entries of the coin matrix are considered as
variables, and the model is considered a function of these.

An introduction to QRWs can be found in our review of the QRW on the
2-Cayley tree in §2.3 — in which we introduce generating functions, integration
measures on the unit circle and solution of the spectrum, among other things.

We showed how matrix elements of U™ can be written as a sum over walks or
paths of the particle. We investigated the return generating function (or Stieltjes
function) p,(z) and the closely related first return generating function @, (z) via
the representation as a sum over walks (§5.2). We showed that p,(z) has cuts
when z lies in the absolutely continuous (a.c.) spectrum of U, and p,(z) has
poles when z lies in the pure-point spectrum (§2.3.4). The a.c. spectrum typically
decomposes into disconnected pieces called bands. We showed how one can derive
six coupled polynomial equations for {Q,(z)}acL and outlined a procedure by
which these equations can be reduced to a single eighth-order polynomial equation
(§5.2). By simulating the solutions to this polynomial on a computer, we derived
the analytic structure of Q,(z) (§5.3). This showed that the number of bands
of the spectrum is typically six. We commented that it is interesting to find a
reason for this in terms of the properties of the walk. We also analysed a simple
example in which the coin matrix was taken to be of a maximally symmetry form in

§5.4. In this example we found that the Verblunsky coefficients are asymptotically
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four-periodic. We commented that it is interesting to determine if this persists
for more general coin matrices.

We then went on to solve for |u) = (U —\)~!|r) (where |r) is the root state and
U = Uy3) in §5.5. This provides an independent way to determine the spectrum
of U because when \ lies in the spectrum of U, (U — A)~!|r) has infinite norm
(the technical statement for this is that (U — \)~! is unbounded when A lies in the
spectrum). We found that the equation for |u) appears to be under-determined.
This problem was overcome by using an identity satisfied by walks starting at
the root (see §C.1) to derive a closed set of equations for |u). We found that the
appropriate ansatz for |u) is that of a function that decays exponentially along
‘straight lines’ through the tree, controlled by six different decay factors, one for each
of the six types of ‘straight lines’ that can be defined. These decay factors satisfy
a known set of coupled polynomial equations. The norm of |u) can be calculated,
and the boundary of the region in which the norm is finite can be parametrized
solely in terms of the decay factors. By studying the flow of the decay factors
as a function of A and their positions with respect to the boundary surface, one
can work out the spectrum. In practice, for general coin matrices this is not easy
to do because of the complexity of the polynomial equations. However, for the
symmetric coin matrix we introduced in §5.4, the equations are tractable and we
showed how this method can be carried through and matched onto the results for
the spectrum as determined from the analytic structure of u(z). We pointed out at
the end that it is interesting to find out how the eigenvalue equation U |A) = A |\)
can be solved since it suffers from the same problem of being under-determined and
a work-around using properties of the walk cannot be directly applied.

We hope that the reader has enjoyed the direction we have taken through this
work and that some of the techniques we have discussed can be used to solve more
modern problems like the determination of the mass of the hadronic particles from
first principles (through a change of QCD field-variables possibly). In recent times,
through the work of Almheiri et. al. and Marolf et. al. [79, 80] (starting with

an idea of S. Hawking [3]), it has become clear that topology change can provide
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deep insights into the information paradox and the quantum dynamics of black
holes. Can we employ this idea to fully resolve the ultraviolet nature of gravity,
or will there still be some missing ingredients? We hope that the reader, like us,

is inclined to believe that the answer to such questions is near.
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A.1 Proof that v is a bijection

Proof. Injectivity follows from checking that the map v~ exists. This is constructed

by combining 57! : Py1 — T; with the labelling rules (i)-(vi) followed backwards.

To check surjectivity we show that RL;.; is indeed the image of D; under the map

7, by verifying constraints (vii)-(x):

o (viia) and (viib) follow from the boundary conditions that there are no dimers

dual to edges on 0,1 and 0,1 respectively.

o (viii) follows from the hard dimer rule. To deduce the rules, consider the
local occurrence of any dimer type from Fig. 2.6 corresponding to the label
{(v) of vertex v. Then add a ‘probe’ dimer to the vacant edges in turn, thus
violating the hard-dimer rule. Each time, attach a new triangle to that edge

in all allowed ways and apply v to map this segment of the triangulation to a
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segment of a labelled tree; if the probe dimer corresponds to the labelling of
a vertex w which is v itself or to the left or right of v, or a child of v, then
there is a new constraint on ¢(w), otherwise not. Figs. A.1, A.2 and A.3 show
how the constraints (viiib), (viiic) and (viiid) respectively arise. (viiia) follows

from applying the same procedure, starting with dimer type 1.

S —

L1 N5

Add triangles l

: % Sk+1
| S

p=2 p=3 p=3 p=3 p=1 p=3

Figure A.1: We start with the definition of a specific dimer type and study the segment
of the triangulation under the map . The dashed lines are the edges of the triangulation
while the solid lines are those of the tree. The horizontal arrows indicate the clockwise

direction of the circles.

o (ix) follows from restriction (I) — see Fig. A 4.

Figure A.4: We apply v to a triangulation with f(v) dual to a dimer, o¢(v) =1 and
op(v) = 2 to obtain (ix).

e (xa), (xb) and (xc) follow from the geometry of the dimer types — see Fig.

ALS.
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Figure A.2: Constraint (viiic).
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Xﬂ- .
Ty T

9=4 g=4 p=1q=4

Figure A.3: Constraint (viiid).
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Figure A.5: Constraints (xa), (xb) and (xc).
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A.2 Cylinder Amplitude Series for TCII

For TCII, the cylinder amplitude cannot be calculated in closed form so we record

the series expansion at high and low T for completeness. The couplings

§1=6=6=0, &=-1/3,

lie in TCIL. Adopting these couplings and defining g = g. — Aa®/18, y = v/3 — aY’,
the small T" expansion of F' takes the form

F(T,A,Y) = y 4L (V3 - A) Dy (A -V T (V¥ = A) (57" = 24Y)
T 3 6 54

T 6i8T4 (A - Y3) (2/\2 +35Y° — 28AY3) + h.ot..

For large T, F can be expanded as a Taylor series in exp(—A%3T):
F(TAY) = =AY a4y (ag(Y)" e,
n=0
where

¢(V) = [1(=Y + i)™,

i

@ = —(~1+a2) (=1 +a5)

the first few coefficients are ag = 1,47 = 1l,a3 = 1,a3 = 7/6,a4 = 13/9,a5 =

133/72,a¢ = 217/90.

A.3 Discrete solution for TCI Cylinder Ampli-
tude

On TCI, & = 0, so eliminating f? from (3.12) and (3.13), f;} can be seen to satisfy

R(ftflaft>ft+1> =

g & ficrfifier — 6 fufen (9253 +& + &+ 1) + fir1 (9252 + 1) —1=0.



A. Appendices to Chapter 3 127

The solution to this is

= cprt + copyt + espy’t (A1)
CaprT epy T epy Y '

where ¢; are unfixed constants and {p;}?_, are the three roots of R(p,p,p) = 0.
There is a simple set of critical couplings lying in TCI which we adopt: & =
0, = &/4 = —1/8 for which f! = f2 = 4 and g. = 1/v/2; and we take g =
ge.(1 — Aa®/4). First we impose the boundary conditions (3.11) to determine
the constants ¢; in terms of the fugacity y. Expanding p; in powers of a gives
pi = 4(1 — a;AY3a) + O(a?), where {;}2_, are the three roots of unity. Then the
numerator and denominator of (A.1) at leading order read 47*Y C; exp(o; AY/3T)
and 4711 Ci exp(a; A3 (T + a)) resp., where C; is the leading term of ¢;. With
u(T) = ¥, Ciexp(aAY3T), (A.1) then becomes

Frja = 4u(T)/u(T + a) = 4(1 — av'(T) /u(T)) + O(a?).

Comparing this with (3.32) we see that F' = —4v//u. Calculating ¢; using the
boundary conditions, one finds that ¢; = «; + aycfrlljt\‘/i + O(a?). This indicates that
the non-trivial scaling occurs at y, = 1/v/2. So setting y = (1 — aY)/V/2, we get

ci = a;(2Y + AY3q;) 4+ O(a), i.e C = o;(2Y + AY3q;). Therefore

1 48 Xi(adY + VA/2) exp(oi VAT)
P A ) = A VT a2 VA 2) exples VAT)

Expanding (3.12) also shows that F? = 3F!/2; together with (A.2), we then

(A.2)

have agreement with (3.48).
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B.1 Matrix Elements to Path Integrals

We begin by deriving expressions for the Hamiltonian and Hamiltonian density in a

perturbative expansion in powers of A™1. For that purpose, we expand® (2.43):
1
7(w) = 7z - X) = oo {ol(e = X, P+ [X7h+ 007,

The Hamiltonian density of the theory is (see (4.14)) (where all operators in

the following are at time zero)

M) = 5 (w0 + 0107 = 0+ 8,m)ot + S+ 514 800) 4 OG0
where
Clz) = —; (| (79(9;) 4 ¢%(2) — (1 + 6p2) () + iif) 4 2(1 + 5m2)2> ).
(B.1)

'The order of A can be counted by recalling ¢.; oc A\, My o< A2, and ,,2 oc A7 2.
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Expanding this, we have H(z) = H(z — X), where

H(z) == a(x) + b(z) + c(x) + d(z) + O\ 72);
ax A, bx ) cx N\, doc ATl
1 / chl /\2
a(x) = 5 <¢02l - zl + 2)\2 + 2) )
b(ﬂf) = (gb/ch)/?
1/_ , 3
() i= 5 (74X = X+ i = G (0% = W) + Cola),

d(z) = — 4;40{ ,{¢CZ,P+/X )dy}} — Om2dax + X;f + C_y(x).

Co(z) and C_;(z) are defined as C'(z) = Cy(z) + C_1(z) + O(A7?) s.t. Co(z) ox \°

and C_1(z) o< A~'. Integrating H(z — X) w.r.t. z, we get the Hamiltonian
H = Mo+ Hjree + Hing + O(M7?) (where Hppee x A° and Hypy o A1) with [30]

1/_
Hfree = /dl’ 5 (W2 + X,Q ¢ch ( gl - )‘2)) + 007

Hint = /dl’ < m2¢clx + X)\¢01> + G—la

where C; = [dx C;i(x) for i = 0,—1. To derive H;,; we've used the constraint
(2.42) and the fact that integration variables can be shifted by X provided that
every factor under the integral commutes with X. We've also used the fact that
¢, ~ e V2l at large ||, meaning that [b(z)dz = 0.

Our goal is to calculate the first correction to the radius. A consistent truncation
scheme is as follows: the highest term we will keep in H(z) is ¢(z) and the highest
term in H will be Hy,,. One can easily verify that H(z1)H (22)H (x3) when expanded
to this order can be “left-right ordered” (see §2.2.4) without generating additional
terms. Applying (2.45) we thus have?

/ {y, 0l e HTH (21 )H (22)H (23)e T |2, 0) dx dy
- / DXDxDPD7 H(x1 — X)H (s — X)H (w5 — X)

T .
xexp [ di (z’PX +i [ dn(mx) - H> |
-7

2In this formula we have dropped the §(x(t = +00)) factors because it can be shown that it
contributes only an overall factor. We have also dropped the Jacobian factor J'/? arising from
Yin/out Which again contributes only an overall constant due to the constraint x(t = £o0) = 0.
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To the order of our calculation, H or H doesn’t depend on X or P; so the integral
over P gives §(X). The integral over X is then restricted to constant paths

X(t) = =z, giving

/DXDﬁ'/dIO H(xy — xo)H(xy — 20)H(z3 — 20) exp /_i dt (z/dx(wx) — H) :

Similarly we can show that

T
/(y,O\ e 2T |2, 0) do dy = L/DfoT exp/ dt (z/dx(frx) — H) ,
-7

where the factor of L arises from the xy integral.

B.2 Propagators

Using the decomposition (2.34), (2.37), in (4.33), we have
- 1 . 2
Sree = 3 [ dt {ipa(t)in(t) = Spa()? = ~Fan(t)? .
n=1

Consider Z[f, ff] = [d®d d¥p exp(Stree + Yoney [ dt(Jn(t)an(t) + K (£)pa(t))).

Integrating p out, and then integrating @ out gives

Z|J, K| = const. exp i /O:O dt dt’(;(iJn(t) K, (t)Op;, (t, 1) (i, (1)) + K, (1))

SURO t’)),

where Op,, = 92 — Q2. Taking derivatives of Z[J, K] w.r.t. to K and J gives

the following propagators:

(x(t, 2)x(t',2')) = G(t =t z,a"),
(x(t,x)m(t',a")) = i0pG(t — t';z,2),
(7w(t,x)mw(t',2")) = —=0,0pG(t — t';2,2") + A(t — t';x,2"),

where

Gt —tx,2):=— Z 2")Op;, (L, 1),

Alt =tz a’) = 6(t —t) Z‘I’
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Writing ¥ in terms of ¢ — see §2.2.3 — gives [30]

dw Un ()Y ()
zw(t ')
Gt -tz ) ne%:Z}/ Tl (B.2)
At =tz o)y =6t —1t) > u(a))(a)). (B.3)
nef{a,Z}

In the large L limit, for m € Z, ¢, (x)yk (2') is given by (2.26), and k,, = 2mm/L +
O(L™") (see (2.25)). This allows us to convert the sums in (B.2), (B.3), into

integrals, which leads, in the L. — oo limit, to

dw zw(t ') wa( )¢ (‘1',)

27T w2—|—§

Gt —tx,2) = /

dw dk eiw (t—t") ezk(xfx’) Z?:O k! AI(ZE I/) B 4)
42 w24 k242 2(k2+2)(2k2+1)
/ Zl Ok Al l‘ Q?)
At —t2,2) = o(t - )t [ e -
(t—tz,2")=6(t t)( )+ o (—l— 20k + 2)( 2k2+1
B.5)

B.3 The Vacuum Subtraction

Recall that C(x) = Cy(z) + O(A™!) s.t. Co(z) o< A%, From (B.1), we have?

1 /[dgl[dr] (x*(x) + 6"(x) + 26%(x)) free
2 [[dg][dn]eSrree

Y

Co([[’) = —

with S}, = [ (mgb —m2/2 — /2 — ng) The equation above contains the product
of two fields at the same point. To regularize the divergences associated with this,

we need to ‘point-split’ the arguments:

Co(x) = hII; Cops(z,2"),

Copa(,27) = 1 f[dg][dr] (m(z)m(z") + (0.0 +2) p(x)d(a’)) 5Free
0,ps\&» 2 f[dgb] [dﬂ]es}me .

To work this out, we need the propagators, for which we need to solve the following

Schrodinger equation in a spatial box of size L with periodic boundary conditions:

(—83 + 2) &m(x) = (Dfnl/}m(x)

3To obtain this we have used |Q) = (Q\A)(;l limp_, o e HT |A) in (B.1), converted the result
into a path integral, employed the shift ¢(¢,z) — A+ ¢(¢, x) in the path integral and expanded
out the result to O(\°).
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This gives the following normalized eigenfunctions

Um(T) = \/lz exp(i2rmz /L) : m € Z,

This gives the following propagators
(ot 2)o(t', 2")) = G(t — t'y,2"),
(p(t,2)m(t', 2")) = i0pG(t — 'z, 2"),
(n(t,x)w(t',2)) = —0,0pG(t —t';x,2") + A(t —t';z,2),

where
~ iw(t—t") wm )¢ ( )
Gt —t';2,2) mgejz/ S (B.6)
At —tsz,2") =6t 1) . (@) (7). (B.7)
meZ
Therefore

Cops(,27) = —; (% + 0.0. +2) G(0,2 — ) + A0,z =), (BS)

where 02 is two derivatives w.r.t. the first argument of G. In the L — oo limit,
the sums in (B.6), (B.7) can be written as integrals, giving

B dw dk eiw(t—t’)eik(a:—x’)

/ /
—_— . p— B.
Gt —t';a,2') TR (B.9)
- dk /
At —t:z,2') = 5(t—t’)/—e’k($_x). (B.10)
2m
B.4 Subtracted Propagators
Using (B.4), (B.5), (B.9), (B.10), we have, for the subtracted propagators,
s dw tw(t—t’ ¢a(I>¢2<I/)
iw(t—t") jik(z—z) 3 I A /
dwdk e e Yok A (z,2) (B.12)

it Wt k2+2 22+ 2)(2k2 1 1)

+/dk ezkx x’ 23 k! Al(l’,l'/)

AS(t -t 2, 2) zé(t—t)< S oo + 1 )(3.13)
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C.1 An identity for walks

We define W, as the set of walks that start at the root and end at v. We define
W, as the set of walks, w, s.t. w(0) = r, w(jw|) = v and w(|jw| — 1) =v'. To

prove (5.22) and (5.23), we first note that

by = (V2 (U —=N)"tr) = -1 ST, 21U )
n=0

=2t S APw). : (C.1)

wEWv/,R(U/)

However, any path in W,/ () must pass through v’ at least once before reaching
v’ at the final time. So, for a path w € Wy g let us refer to the second-to-last
time that the particle is at v" as 7,. Then decompose w as two paths: w; and
wy; wy will be the path from time zero to 7,; and ws will be the path from 7,

to |w| i.e. wo(t) = w(ry, + t), defined for 0 < t < |w| — 7,. Now note that
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w; € Wy and wy € L,. So we have
Wv’,Rv’ = Wv’ o ‘Cv’a (CQ)

where A o B is meant to be the set of walks obtained by following any walk in A by
any walk in B. But Wv/ = Wv’,L(U’) U Wv’,R(U’) U Wv’,D(v’)- Combining this with (C2),

Wv’,Rv’ = (Wv’,L(U’) © Ev’) U (qu’,R(v’) © ﬁv’) U (Wv’,D(v’) o E’U’) . (C3)

Similar to (C.1) we have

cov == > ATP(w), (C.4)
wGWv/YL@/)

ay =-X"1 > AMP(w). (C.5)
wEWv’,D(u’)

Note also that, by definition (see (5.1)),

QAN = > AP w). (C.6)
wWEL
Combining the decomposition (C.3) with (C.4), (C.5), (C.6) we finally get
by = (C13ay + Casby + 33y )Qsa (A1),

which proves (5.22). (5.23) can be proved in a similar way.
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