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Abstract
In this thesis, we analyse three different quantum systems via operator and
path integral techniques: ‘two-dimensional Causal-Dynamical-Triangulations
(CDT) coupled to hard-dimers’, ‘scalar solitons’ and ‘Quantum Random Walks
(QRW) on the Cayley tree’.

In our first project, we extend previous work on CDT coupled to hard dimers
– which is a discretized model of two-dimensional quantum gravity coupled to
matter – and solve this model exactly with all dimer types present subject to a
single restriction. We find that, depending on the dimer fugacities, there are, in
addition to the usual gravity phase of CDT, two tri-critical and two dense-dimer
phases. We establish the properties of these phases, computing their cylinder and
disk amplitudes, their scaling limits and their associated continuum Hamiltonians.

In our second project, we investigate scalar solitons in the framework of
quantum field theory. We construct general soliton creation operators and
compare these with like operators found by Mandelstam in the sine-Gordon
model. We find evidence for the fact that the sine-Gordon soliton is the Thirring
fermion only at coupling β2 = 4π. We then go on to compute the first quantum
corrections to the radius of the kink in the ϕ4 model in two dimensions.

In our third project, we analyse QRWs on the Cayley tree via the generating
function method and derive a set of polynomial equations which determine this
model exactly. We establish properties of the spectrum of the time-evolution
operator U and solve the ‘perturbed’ eigenvalue equation in U .
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Abstract

In this thesis, we analyse three different quantum systems via operator and path
integral techniques: ‘two-dimensional Causal-Dynamical-Triangulations (CDT)
coupled to hard-dimers’, ‘scalar solitons’ and ‘Quantum Random Walks (QRW)
on the Cayley tree’.

In our first project, we extend previous work on CDT coupled to hard dimers –
which is a discretized model of two-dimensional quantum gravity coupled to matter
– and solve this model exactly with all dimer types present subject to a single
restriction. We find that, depending on the dimer fugacities, there are, in addition
to the usual gravity phase of CDT, two tri-critical and two dense-dimer phases.
We establish the properties of these phases, computing their cylinder and disk
amplitudes, their scaling limits and their associated continuum Hamiltonians.

In our second project, we investigate scalar solitons in the framework of quantum
field theory. We construct general soliton creation operators and compare these with
like operators found by Mandelstam in the sine-Gordon model. We find evidence
for the fact that the sine-Gordon soliton is the Thirring fermion only at coupling
β2 = 4π. We then go on to compute the first quantum corrections to the radius
of the kink in the ϕ4 model in two dimensions.

In our third project, we analyse QRWs on the Cayley tree via the generating
function method and derive a set of polynomial equations which determine this
model exactly. We establish properties of the spectrum of the time-evolution
operator U and solve the ‘perturbed’ eigenvalue equation in U .
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— Murray Gell-Mann

1
Introduction

Contents
1.1 Quantum Gravity . . . . . . . . . . . . . . . . . . . . . . 2
1.2 The Bound States Conjecture . . . . . . . . . . . . . . 7

In the broadest of terms, this thesis contains the study of different quantum sys-

tems.

The first of the systems that we analyse in this thesis (in §2.1 and Chapter

3) is a lattice discretization of Quantum Gravity (QG) in two dimensions known

as Causal Dynamical Triangulations (CDT) [2]. With standard QG, the trouble

is either that the Hilbert space is incomplete and needs extra degrees of freedom

(e.g. string theory), a different Hamiltonian must be found (e.g. Hořava-Lifshitz

QG [3]), or that new-variables must be found (e.g. Loop QG). CDT is yet another

approach to the problem of QG.

CDT is a lattice version of QG defined in any number of dimensions, usually with

no matter fields. It defines QG via a lattice discretization of the path integral over

metrics on a manifold of fixed topology, admitting a time foliation. Since CDT is a

lattice version of QG, using simulations or analytic techniques (analytic techniques

only work in two dimensions so far) one can investigate the non-perturbative aspects

1



1. Introduction 2

of QG. It is hoped that this will in turn give evidence to the conjecture that QG

in 3+1 dimensions is renormalizable in the deep ultraviolet regime.

The second of the systems that we analyse is solitons in two dimensions (in §2.2

and Chapter 4). These arise in standard quantum field theories, but one must make

contact with classical aspects to best understand them, which is simplest to do

from a Hilbert-space perspective. In particular, one has to make a rather intricate

change of variables at the level of the Hilbert space to study solitons. This project

was motivated by the “bound states conjecture” [4] which itself originated from

black hole thought experiments and the Weak Gravity Conjecture.

The third of the systems that we analyse is the quantum random walk on a

Cayley tree (in §2.3 and Chapter 5). In this system, a spin-one particle moves on

the Cayley tree in discrete time. The dynamics is governed by a unitary operator,

U , which evolves the system forward by one time step. U couples only neighbouring

sites of the tree; so, when one studies matrix elements of U t (for t an integer) via

the path integral, the paths which contribute will involve the particle (also called

the ‘walker’) hopping between neighbouring sites in discrete time. Therefore, the

system is usually called a quantum-random-walk. Quantum random walks have

applications in quantum search algorithms [5].

To orient the reader through this text, we state the following: §2.1, §2.2 and

§2.3 are the prerequisites for Chapters 3, 4 and 5 respectively. Chapter 6 contains a

detailed summary of Chapters 2–5. §A, §B and §C are the appendices to Chapters

3, 4 and 5 respectively. Chapters 3, 4 and 5 are our works on CDT, Solitons and

QRWs respectively. Consult the ‘conventions’ and ‘abbreviations’ pages above for

the conventions and abbreviations that we adopt.

1.1 Quantum Gravity

It is often said that there is no theory, yet, of quantum gravity. Classical gravity

on the other hand, also known as general relativity (GR), is described by a metric

satisfying Einstein’s equations. Einstein’s equations can be derived from variations

of an action known as the Einstein-Hilbert (EH) action. Quantization of gravity is
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then straightforward: define a path integral over metrics (modulo diffeomorphisms),

weighted by the EH action. To actually calculate with this model, expand the metric

around the Minkowski metric, g = η + h, and perform perturbation theory in h.

What results is a set of rules for calculating Feynman diagrams. The new ingredients

are: a graviton propagator and graviton interaction vertices. So what goes wrong

with this model? It is actually non-renormalizable1. A non-renormalizable theory

is one which can’t make predictions2

The non-renormalizability of gravity is indicating that the theory is missing

some ultraviolet degrees of freedom (d.o.f.). These d.o.f., when included, should

restore renormalizability. In the non-renormalizable model described above, the

only d.o.f. are the metric and matter fields.

GR is in fact a theory of metric and matter fields on a manifold M (by manifold

we will mean smooth manifold). The modern definition of a manifold is a set (of

the points in the manifold), equipped with a topology (these two together make a

topological manifold) and a smooth structure. A smooth structure is an equivalence

class of atlases, and an atlas is a collection of charts (i.e. coordinates) with smooth

transition functions. (Let us recall that homeomorphisms are an equivalence relation

between topological manifolds and that diffeomorphisms are an equivalence relation

between smooth manifolds. ) What kind of d.o.f. does a smooth manifold have?

First, there is the choice of which underlying topological manifold, and then the

choice of which smooth structure to equip the topological manifold with: in short,

we have to choose the topology and the smooth structure – these are the d.o.f.

associated with a smooth manifold. In regard to the question of smooth structure,

in low dimensions (three and less), according to Moise’s theorem, there is only
1However, there is the possibility that this model is non-perturbatively renormalizable. We

will take up this possibility in §2.1 as the motivation for CDT after first exploring a different idea
in this section.

2In a non-renormalizable theory, we must add a counter-term for every operator consistent
with the symmetries of the theory [6] (p. 504), of which there are an infinite number. With each
of these terms is associated a coupling constant; therefore there are an infinite number of coupling
constants. Each of these couplings has to be measured in an experiment. The measured values
can be used, then, to predict the amplitude of other scattering processes. Unless the infinite set of
couplings are related by a infinite set of relations, (leaving behind a finite number of independant
couplings), it is impossible to determine all couplings from a finite number of measurements, and
therefore impossible to make any predictions.
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one smooth structure (modulo diffeomorphism) that a given compact topological

manifold can be equipped with3; in dimensions greater than three, there can be more

than one (or even uncountably many) smooth structures that a given topological

manifold can equipped with [7]. As we will discuss below, the d.o.f. associated

with the smooth manifold should play a role in the quantum theory; while one is

potentially familiar with topological d.o.f. playing a role in QG [8], it appears that

the d.o.f. associated with the choice of smooth structure, when present, should also

play a role; and whether these are present depends on the spacetime dimension

under consideration, as highlighted above.

What does it mean to quantize a theory? The first step is to construct the

Hilbert space H. The Hilbert space of a quantum theory is the set of normalizable

functions on configuration space C4. Now, configuration space is the space of ‘all

possibilities’. It is in deciding ‘all possibilities’ that one defines the d.o.f. of the

system. (C is basically the basis states of H, and a function on C is a general

state in H decomposed in the basis.) For example, the configuration space of

quantum mechanics in d + 1 dimensions is the space of all points in Rd, and the

Hilbert space is the set of normalizable functions on Rd. The configuration space

of quantum field theory in Rd+1 is the set of field configurations on Rd (an entire

field configuration is one point in C).

Given the Hilbert space, one defines a Hamiltonian H, governing dynamics, as

some diffusion operator on C, i.e. H ≡ H(x⃗, ∂x⃗), where x⃗ are some coordinates
3Another way of saying this is that there are no exotic compact three-manifolds.
4Every Hilbert space has an orthonormal basis (or basis for short). Given the basis, Hilbert

space can be recovered by ‘completing’ the basis, i.e. H consists of the set of all normalizable linear
superpositions of states in the basis [9] (pp. 58-59). The set of coefficients in the aforementioned
superposition is a complex number associated with each element of the basis; i.e. it is a complex
function on the basis (a map from the basis to C). A state in the Hilbert space is specified entirely
by this set of coefficients. Therefore, a state in the Hilbert space is equivalent to a function on the
basis.

Now, in a given theory, the basis can be inferred from the completeness relation, which, in
general, takes the form 1 =

∑
x∈C |x⟩ ⟨x|, where C will be called as ‘configuration space’. The basis

in that case is simply {|x⟩ : x ∈ C}. From the discussion above, it follows that Hilbert space is the
set of all normalizable complex functions on C.

In quantum field theory, the basis consists of the states |ϕ(x)⟩, where ϕ(x) is any field
configuration on a spatial hypersurface – that this is true follows from the well-known fact
that the completeness relation in QFT is 1 =

∫
[dϕ(x)] |ϕ(x)⟩ ⟨ϕ(x)| (see for e.g. [6], Sec. 9.1).

(This then implies that, in QFT, C is the set of all field configurations on a spatial hypersurface.)
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(usually infinitely many) on C. The goal is then to determine the eigenvalues and

eigenstates of H. Some of the states are single-particle states, and their eigenvalues

are their measured masses. The hadron masses for example are, in principle,

contained in the spectrum of the QCD Hamiltonian, though no-one has managed

to extract them. Other states are multi-particle states, and their relative overlap

is what we would call a scattering amplitude.

Notice that the elements of the Hilbert space are essentially defined in one

dimension less than the spacetime dimension. However, relativistic covariance is

guaranteed because the Hamiltonian satisfies the Poincaré algebra.

If one coordinatizes C with coordinates y⃗, instead of x⃗, then the dual Hamiltonian

of the theory is H (x⃗(y⃗), J · ∂y⃗) where x⃗(y⃗) is the change of variables and J is the

Jacobian matrix. This means that there isn’t a preferred coordinatization of C. (The

Jacobians for the transformations of x⃗ and ∂x⃗ cancel out in the path integral [10].)

So what might the configuration space of 3+1 dimensional gravity be? It might

be the set of all three-manifolds (including the empty manifold ∅, which serves as a

proxy vacuum-state [11]), modulo diffeomorphism, with all admissible metric and

matter fields on them. We could write this as C = { | [Σ],Φ(Σ) ⟩ } where [Σ] stands

for the equivalence class (under diffeomorphism) of an arbitrary three-manifold

Σ, and Φ(Σ) stands collectively for the metric and matter fields on Σ. The new

d.o.f. in this Hilbert space, compared to the standard theory of QG, is that [Σ] is

allowed to vary arbitrarily. The rationale for this choice of C is that gravity should

be a theory not just of the metric on spacetime, but also of the spacetime itself.

What one must note about C is that it is not the tensor product of the space of

all manifolds with the space of all fields, because, to define the fields, one needs to

specify the manifold. Therefore the two degrees of freedom are actually entangled.

Note that three-dimensional diffeomorphism is built into C as a gauge sym-

metry because the physical states depend only on the equivalence class under

diffeomorphism. We expect to recover four-dimensional diffeomorphism symmetry

by enforcing an extra constraint on H (namely the Hamiltonian constraint). This
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is not unlike gauge theories, where four-dimensional gauge invariance arises from

three-dimensional gauge invariance5.

In contrast to the situation described above, in which [Σ] can vary arbitrarily,

the standard theory of QG is built on a globally hyperbolic spacetime M . This

means that M is foliated by slices Σt ⊂ M , with t ∈ R, i.e. M = ⋃
t∈R

Σt, and the

slices Σt are diffeomorphic to each other for all t [13]. That means that all the slices

lie in the same class [Σt]. Therefore, the non-renormalizable model is a special case

of the general model, where the class [Σt] is fixed from the outset.

Do we expect the new degrees of freedom to restore renormalizability to gravity?

That is a difficult question to answer without a calculational scheme, but there

is no reason to rule it out. Clearly what one has to do is calculate previously

divergent quantities and check if the extra d.o.f. cause the appropriate cancellations.

How might we calculate in this theory?

Let us recall how one proceeds from the Hamiltonian formalism to the path

integral formalism. We start with a matrix element ⟨ψ1| e−2HT |ψ2⟩ and evaluate

it by saturating with a complete set of states6 1 = ∑
|x⃗⟩∈C |x⃗⟩ ⟨x⃗|, repeatedly, from

t = −T to t = +T . The underlying degrees of freedom then acquire a time-

dependence, i.e. the coordinates x⃗ of C now become x⃗(t). In this sense, time is

emergent. The path integral is then a sum over paths x⃗(t), weighted appropriately.

The path integral for our model in which [Σ] is allowed to be arbitrary, will include

a sum over histories of manifolds [Σ(t)]. (Note that an entire history of three-

manifolds is equivalent to a four-manifold.) At each time, the three-manifold might

have a different topology. There are topologies of two kinds: disconnected and

multiply-connected. Consider the disconnected topologies for a moment. If there
5In the canonical quantization of gauge theories, the zeroth component of the gauge field is

not physical and the Gauss law,
∑

i

∫
d3x

dΦλ
i (x)

dλa(y) Πi(x) = 0 (where Φi are all the physical field
components, Πi stands for their conjugate momenta and Φλ

i stands for the fields after a gauge
transformation with gauge-transformation parameters λa(x)), enforces the invariance of the theory
under three dimensional gauge transformations [12] (p. 232). However, once the path integral
has been constructed, one finds that the zeroth component of the gauge field – which enters as a
Lagrange multiplier – is on the same footing as the spatial components and that the path integral
is actually invariant under the group of four-dimensional gauge transformations.

6In this informal discussion, we have glossed over the fact that we actually also need to saturate
by 1 =

∑
|p⃗⟩∈C⋆ |p⃗⟩ ⟨p⃗|, where C⋆ is the dual ‘momentum basis’.
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was only one connected topological three-manifold Σ0, the disconnected topologies

are just
n⋃
i=1

Σ0, for any positive integer n. A particular history of manifolds [Σ(t)]

might then, very well, involve a transition between different n, i.e. the creation and

annihilation of copies of Σ0. Thus we are led to a many-body theory of spacetime,

in which each connected copy of spacetime, Σ0, can be created or destroyed like

an elementary particle. Obviously an amplitude has to be associated with such

events. From the past we know that this can, at least, be partially achieved by

introducing certain auxiliary fields, which when integrated out, give a contribution

that depends only on the topology of the four-manifold (we are referring to the work

of E. Witten on Topological-QFT [14]). Also, as pointed out by said paper (in the

final section), the scenario we are describing is really a three-brane scattering process.

The open question is if the additional effect we’ve described is enough to restore

renormalizability to gravitational amplitudes. We will not address this question

here; instead we will pursue a different avenue and investigate a non-perturbative

lattice formulation of the so-called non-renormalizable theory in Chapters 2.1 and 3.

1.2 The Bound States Conjecture

There was a suggestion in [4], motivated by the weak-gravity conjecture and black

hole constructions, that bound states in quantum field theory (QFT) must have

a minimum radius. Consider a bound state of radius R. Then ∆ = mR (where

m is the mass of heaviest elementary particle) is a dimensionless quantity and a

function of the parameters, {λ}, in the theory, like the couplings and particle masses:

∆ ≡ ∆({λ}). The proposal of [4] is that ∆({λ}) is bounded below by some positive

constant, i.e. ∆({λ}) ≥ δ > 0. The conjecture is non-trivial because, in a theory

with scalars, say, one can imagine turning-up the scalar coupling indefinitely and

squeezing any bound state to an arbitrarily small size. However, as this happens,

the constituents become more energetic (momentum p ∼ R−1) and the process may

become unstable when there is enough kinetic energy for particle production (this

is like the mechanism involved in the Hagedorn limit [15]).
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Solitons are known to possess a particle-like interpretation in QFT [16]. A

soliton is an extended particle for which the question of its radius seems well posed.

It can also be viewed as a bound state of the fundamental particles. Therefore, we

found it natural to investigate the radius of solitons in the hope of answering the

more general question of whether there indeed is a lower bound on the radius

of a generic bound state.

Solitons are finite energy, non-dissipative solutions to the classical field equations

– non-dissipative means that limt→∞ maxx H(t,x) ̸= 0 [17] (Sec. 6.1), where H is the

energy density. Intuitively, this means that the field stays lumped-up for all time.

Classically, the radius of a soliton, Rcl, is easy to define and compute: in

line with [18], we will define it as the width of the energy density, normalized

by the total energy:

R2
cl =

∫
d3x |x|2H(x)/

∫
d3xH(x). (1.1)

The interesting contribution to the radius is the quantum correction. To derive

this, one needs a quantum theory of solitons and a method to compute matrix

elements involving solitons in the initial and final states. The method of computing

processes in which there is a single soliton, at rest, in the initial and final states,

was well developed by several groups in the 70’s, and generally, goes by the name

of collective-coordinate-quantization [10] (reviewed in §2.2.3).

In the second project of this thesis, Chapter 4, we will develop the theory of

quantum solitons and show how to calculate the quantum-corrected radius in the

ϕ4
2 model (we review classical ϕ4

2 theory in §2.2.1), employing these old methods.

Along the way we will give evidence that the sine-Gordon soliton is the Thirring

fermion only at coupling β2 = 4π.

Let us go through the main arguments of our second project. We recall that

the configuration space of QFT in Rd+1 is the set of field configurations on Rd.

(Let x denote positions in Rd.) An elementary particle state of the QFT is a

plane-wave impulse of the field. This can be made precise. For example, take

the initial data ϕcl(x) = ε eip.x and πcl(x) = ε ip0eip.x. Define an operator O =
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exp i
∫
ddx (πϕcl − ϕπcl). This operator has the property that O−1ϕO = ϕ + ϕcl

and O−1πO = π + πcl. Therefore it causes a shift by the classical configurations

ϕcl, πcl. In the limit that ε becomes infinitesimal, ∂εO|ε=0 = a†
p. Therefore, a†

p

creates a plane wave impulse.

Some QFTs contain more than just elementary particle states: solitons can

also be cast as particle states. This is a simple generalization of the argument

given before. Given initial data ϕcl and πcl defining the soliton, define the operator

O = exp i
∫
ddx(πϕcl − ϕπcl). O is simply the soliton creation operator [19]. Recall

that single-particle states are classified by Wigner’s method [6] (Sec. 2.5). In

particular, massive states are classified according to their eigenvalues under spatial

rotations SO(d). A single-particle soliton state is no different – it can also be

classified by Wigner’s method. In the special case that the soliton is rotationally

invariant, O is a scalar under rotations, so spin zero.

The states we obtain by application of O or a† onto the vacuum (let us call

these proxy-states) are not eigenstates of the Hamiltonian. Let us call eigenstates of

the Hamiltonian ‘exact-states’. The idea is that the proxy state is designed to have

non-zero overlap with the exact state. Therefore, the exact state can be extracted

by a limiting procedure: |exact⟩ = limT→∞ eET e−HT |proxy⟩ / ⟨exact|proxy⟩ where

E is the energy of the state. With this procedure in hand, one can study matrix

elements between exact states. For example, given an exact single-particle state |pµ⟩,

consider ⟨p′| H |p⟩. Using the limiting procedure, this can be written as a matrix

element between proxy states: ∼ ⟨0| ap′e−HT H e−HTa†
p |0⟩. In the case of solitons,

a and a† will be replaced by O† and O resp., but everything else is the same.

Since the classical radius is defined as the second moment of the energy density

(see (1.1)), to define a quantum analogue, we will need to consider the form factor

⟨p′| H(0) |p⟩. Taking derivatives of this w.r.t. to the momentum transfer p′ − p

should give us moments of energy density, defined in a quantum way. In particular,

taking two derivatives should give us the second moment, so we define the quantum

radius, R, as R2 = M−2∂ℓ2 ⟨k| H(0) |k + ℓ⟩
∣∣∣
ℓ=0

which we will show (in §4.5.1) gives

us R2 = 1
2M4 ⟨k| H(0)K2 |k⟩ in two dimensions, where K is the boost generator and
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kµ is the rest momentum. This is a matrix element between an initial and final

soliton at rest. Therefore it can be directly evaluated by the method of collective-

coordinate-quantization. The result can be organised in powers of ℏ; the leading

term of order ℏ0, we will find, recovers the classical definition (1.1). We then go on to

calculate the term at O(ℏ). The details are presented in the latter half of Chapter 4.
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2.1 Causal Dynamical Triangulations

In this section we will review the model of CDT, mainly following [2].

11



2. Overview 12

CDT is a discretization of the gravitational path integral in quantum-gravity.

Quantum-gravity in 3+1 dimensions, without any matter, is defined by the fol-

lowing path integral:

⟨h2; ∞|h1; −∞⟩ =
∫
g(−∞,x)=h1(x)
g(+∞,x)=h2(x)

∼Diff

∏
µ≤ν

[dgµν(t,x)] exp(i SEH[g]), (2.1)

in which the integral over metrics is modulo diffeomorphisms (i.e. two configurations

related by a diffeomorphism xµ → xµ+ξµ(x) are considered equivalent1). We assume

that the underlying spacetime is globally hyperbolic: M = ⋃
t∈R

Σt and fixed. In (2.1),

the induced metric on the past and future boundaries (at t = ∓∞) has been fixed to

the 3-metrics h1(x) ≡ h1,ij(x) and h2(x) ≡ h2,ij(x) respectively (where i, j = 1, 2, 3).

The Einstein-Hilbert action is SEH = 1
16πG

∫
d4x

√
| det g|(R − 2Λ), where R is the

Ricci scalar, Λ is the cosmological constant and G is Newton’s constant. (2.1) is

the amplitude for a 3-metric h1(x) to propagate to a 3-metric h2(x).

CDT was proposed as an alternative to the earlier Dynamical Triangulations

(DT) [20, 21] which is another way of discretizing the gravitational path integral

– the main difference is that DT doesn’t presuppose a time foliation. In CDT

one integrates over all configurations (sometimes numerically and sometimes an-

alytically). Therefore, calculations in CDT are supposed to give gravitational

amplitudes non-perturbatively.

By numerically simulating CDT, one hopes to obtain non-perturbative informa-

tion about QG, for example, whether 3+1 dimensional QG is non-perturbatively

renormalizable: a possibility known as asymptotic safety [22]. The idea behind this

proposal is that QG may have a fixed point (a point where all beta-functions vanish)

at some non-zero coupling strength. Such a fixed point will be non-perturbative

(because it is at non-zero coupling). Consider the number of operators whose
1One way of ensuring this is to insert four gauge-fixing delta-functions and the appropriate

Jacobian factor associated with restricting the integral to this subspace, i.e. (2.1) is equivalent to∫
g(−∞,x)=h1(x)
g(+∞,x)=h2(x)

∏
µ≤ν

[dgµν(t,x)] exp(i SEH[g]) δ(Fµ(g)) det
µν,xy

δFµ(gξ(x))
δξν(y) ,

where, for notational convenience, g ≡ gµν(x). Fµ(g) are the appropriate gauge-fixing functions,
and gξ is the result of acting on g with the diffeomorphism generated by ξ.
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couplings have non-negative mass dimension in the vicinity of this fixed point. If

this number is finite and non-zero, then one obtains a renormalizable theory by

setting all renormalized negative-mass-dimension couplings to zero. You might

wonder why the same thing cannot be done around the ‘free-fixed-point’ (FFP)

(the point with all renormalized couplings equal to zero); the reason is that, in the

vicinity of the FFP, setting all couplings with negative mass dimension to zero, will

result in a theory with only the cosmological constant term, which has no dynamics.

Briefly, we describe how the CDT discretization of (2.1) is constructed. First,

one puts upper and lower bounds on time: −T ≤ t ≤ T (eventually we will let

T → ∞ to recover the original expression). Next, time is discretized so that

one considers only discrete values t = a n (n ∈ Z), where ‘a’ will play the role

of the lattice spacing (we will eventually let a → 0). So the spatial slices are

discretely spaced in time: Σ−T , Σ−T+a, ...,ΣT−a,ΣT . Σ∓T will be called the past

and future boundary respectively.

Construct the 3-metric on each Σt in an invariant way – i.e. without coordinates

– using ‘triangulations’, i.e. construct Σt by gluing together equilateral 3-simplices2

(with edge length a) along common faces; and take the metric on the interior of each

3-simplex to be flat. This induces a metric on Σt since the length of any curve in

Σt can be calculated as the sum of the lengths of the segments going through each

simplex, calculated in the flat metric of each simplex. The curvature is concentrated

on the edges of the simplices. To approximate a smooth 3-metric, take the limit

a → 0 – but, presently, hold off on this step, we will take a → 0 later.

Then construct M and the 4-metric by gluing together neighbouring Σt using

equilateral 4-simplices (with edge length a) and taking the interior of each 4-simplex

to be flat. This is a CDT configuration. By considering all ways of triangulating

the Σt’s and all ways of connecting them together with 4-simplices, one obtains

the CDT ensemble. Each element of the ensemble corresponds to a physically

distinct metric configuration. The EH action can be discretized and written in
2A d-simplex is a triangle generalized to d dimensions. An equilateral 3-simplex is just a regular

tetrahedron.
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terms of the triangulation data, T , using Regge calculus ([23], Sec. 2.2), giving

SEH(T ). Then the discretized version of (2.1) is

∑
T : ∂pastT =T3
∂futureT =T ′

3

eiSEH(T ), (2.2)

where the sum is over the CDT ensemble and the triangulations on the past and

future boundaries are fixed to T3 and T ′
3 respectively. Taking the limit a → 0,

while adjusting T3 and T ′
3 to approximate the 3-metrics h1 and h2 respectively,

and then taking the limit T → ∞ should give the value of (2.1). Fortunately, the

sum in (2.2) can be evaluated analytically for two-dimensional spacetimes. It is

the 2-dimensional case that will concern us in this work. The 4-dimensional case

requires numerical studies and it is still an active area of research (see [23], Sec. 7).

2.1.1 Two Dimensions

In 2 dimensions, the spatial slices are 1-dimensional. (We will continue to call

spatial slices Σt and spacetime M .) We fix the topology of all Σt to be S1. Therefore

M has the topology of a cylinder. There is only one geometric invariant of a metric

configuration, h(x), in one-dimension: the volume: L =
∫
dx
√
h(x). Therefore

1-metric configurations, modulo diffeomorphism, are equivalent to a length L > 0;

and so, Hilbert space is the set of wavefunctions ψ(L). In the discretized setup, this

is reflected in the fact that a 1-manifold, Σ, constructed out of equal 1-simplices

(which is just a line segment of length a) is specified entirely by the number of

1-simplices (and its total length is then: a × # of 1-simplices). Now, a 2-simplex

is a triangle. So CDT configurations are formally defined as follows:

i. A sequence of concentric circles Si, where the index i takes on integer values

i = 1, ..., t + 1. Si is the spatial slice at time i. It is constructed out of

equal 1-simplices, so each Si consists of vertices v ∈ Si such that the distance

between neighbouring vertices is a.
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ii. Edges connecting all vertices v ∈ Si, for i ∈ [1, t], to at least one vertex

w ∈ Si+1 such that all faces are triangles. Each of these triangles is flat on

the interior and has equal edge lengths a.

iii. A marked vertex in S1 and St+1 – this is purely for combinatoric convenience.

What this means is that two graphs, which are the same otherwise, are

considered distinct if their marks are at different locations.

This definition is illustrated in Fig. 2.1. The set of causal triangulations constructed

S1

S3

St

St+1

S2

Figure 2.1: An element of Tt. The marked vertices in S1 and St+1 are highlighted in
bold.

according to (i)-(iii) will be called Tt, and this is the CDT ensemble. We also

define T := ⋃
t∈Z+

Tt.

Consider the following definitions. An edge connecting a vertex v ∈ Sk to an

adjacent vertex w ∈ Sk is said to be horizontal. An edge is said to be forward (resp.

backward) directed with respect to a vertex v ∈ Sk if it connects v to a vertex in

Sk+1(resp. Sk−1). A vertex w ∈ Sk is said to be clockwise (resp. anti-clockwise)

-adjacent to a vertex v ∈ Sk if one meets w first as one travels from v clockwise

(resp. anti-clockwise) along Sk. For a given T ∈ Tt, define (see Fig. 2.2):
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i. e(v) as the horizontal edge connecting v to the vertex that is clockwise-adjacent

to v. The map e is one to one and defined for all vertices in T .

ii. f(v) as the forward directed edge w.r.t v which also bounds the same triangle

bounded by e(v). The map f is one to one and defined for all vertices in⋃
i∈[1,t]

Si.

iii. σf(v) to be the number of forward-directed edges w.r.t. v, defined for all

vertices in ⋃
i∈[1,t]

Si.

iv. σb(v) to be the number of backward-directed edges w.r.t. v, defined for all

vertices in ⋃
i∈[2,t+1]

Si.

f (v)

e(v)v
St

St+1

Figure 2.2: Definitions of f(v) and e(v). The arrows point in the clockwise direction.

The initial and final boundaries of a triangulation T ∈ Tt are defined as ∂1T = S1

and ∂2T = St+1 respectively; they are referred to as the incoming and outgoing

loops respectively.

2.1.2 The Cylinder Amplitude

So, what is (2.2) in two dimensions? To keep the 1-metric fixed on the boundaries

we fix the length of the incoming and outgoing loop. The discretized EH action

is SEH = λ a2 × # of triangles. We’ve dropped the Ricci scalar term because it is

a topological invariant (according to the Gauss-Bonnet theorem), and since the

topology of M is fixed (to a cylinder) it only contributes an overall factor. The

cosmological term equals λ a2 × # of triangles because each triangle has area ∼ a2.

We’ve used λ for the cosmological constant, instead of Λ, because, later, we will
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see that λ gets renormalized as a → 0 – so we reserve λ for the bare coupling

and Λ for the renormalized coupling.

We define g = exp(iλa2). Therefore (2.2) in 2-dimensions is

G̃(g, l1, l2; t) =
∑

T∈Tt: |∂1T |=l1
|∂2T |=l2

g|T |. (2.3)

In this expression, |T | is the number of triangles in T , and |∂1T | and |∂2T | are

the number of vertices on the incoming and outgoing loops respectively. This is

called the cylinder-amplitude. We assume that it is analytic in a neighbourhood

of g = 0. (2.3) gives the transition amplitude from an initial spatial universe of

lattice length l1 to a final spatial universe of lattice length l2 in t time-steps. Taking

the limit a → 0 while keeping the physical lengths L1 = a l1, L2 = a l2 and T = a t

fixed, we will get an amplitude G̃s(Λ, L1, L2;T ). Taking the limit T → ∞ should

then give the value of (2.1) in 2-dimensions.

We define the following generating function

G(g, x, y; t) :=
∞∑
l1=0

∞∑
l2=0

xl1 yl2 G̃(g, l1, l2; t) =
∑
T∈Tt

x|∂1T |y|∂2T |g|T |.

We assume that G is analytic in a neighbourhood of g = x = y = 0. x and y will

be referred to as the ‘boundary cosmological constants’ since they couple to volume

of the boundaries. We can recover G̃ from G as follows:

G̃(g, l1, l2; t) =
∮
γ

dx

2πix

∮
γ

dy

2πiy x
−l1 y−l2 G(g, x, y; t), (2.4)

where the contour γ encloses the neighbourhood of the origin in which G is analytic.

2.1.3 Bijection to Trees

It was shown in [24] that there is a bijection between Tt and Pt+1 which is the

space of planar rooted trees (‘trees’ from now on) of height t + 1 with a marked

vertex at height t+ 1. The height of a tree is the distance between the root and

the furthest vertex, and the height of a vertex is its distance to the root. We

use the terminology for neighbouring sites on trees as defined in Fig. 2.3. The

bijection β maps Tt ∋ T → τ ∈ Pt+1 as follows:
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Figure 2.3: Tree terminology: r is the root; the vertex to the left of b is a; the vertex to
the right of b is f ; the last child of d is b; the first child of d is c; and e is a leaf.

I Introduce a root vertex r, of τ , in the centre of S1 and add edges connecting

it to each vertex in S1.

II Delete e(v) and f(v) for all vertices v ∈ T .

III Assign the marked vertex in S1 as the first child of the root vertex of τ .

IV Assign the marked vertex in St+1 as the marked vertex in τ at height t+ 1.

Aside from the root vertex, τ shares all its vertices with T . Bar the root vertex,

we may therefore refer interchangeably to the vertices of τ and T .

2.1.4 Generating Functions

By mapping Tt to Pt+1 with the bijection β, we find that

G(g, x, y; t) =
∑

τ∈Pt+1

g2|τ |−2(x/g)|τ |1(y/g)|τ |t+1 ,

where |τ | is the number of vertices in τ and |τ |i is the number of vertices at height

i. We define P≤t = ⋃
i∈[0,t]

Pi and the partition function of P≤t as

W (g, y; t) =
∑
τ∈P≤t

1
|∂τ |

g2|τ |(y/g)|τ |t ,

where |∂τ | is the number of vertices at the height of the tree. As Fig. 2.4 shows,

a tree in Pt+1 can be decomposed into sub-trees [25, 26] which lie in P≤t. The

number of sub-trees can be anywhere between one and infinity, and each contributes

a factor of x
g
W (g, y; t). Therefore,

G(g, x, y, ξ; t) = y
∂

∂y

∞∑
n=1

(
x

g
W (g, y; t)

)n
= y∂y

1
1 − x

g
W (g, y; t) . (2.5)
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a4a2a1

r

a3

Figure 2.4: Decomposing a tree into sub-trees: a1,2,3,4 are the roots of the sub-trees.

The operation y∂y marks a vertex at height t + 1, or, equivalently, marks the

outgoing loop and removes the set of trees which are of height less than t+ 1. The

model can be solved by finding recursion relations for W , to which we now turn.

The initial conditions are given by trees of height zero. So W (g, y; 0) = yg.

Following similar arguments as those that gave us (2.5), we obtain the following

recursion W (g, y; t + 1) = g2(1 − W (g, y, t))−1 for t ≥ 0. It is convenient to

define ft(g, y) = g−2W (g, y; t). ft satisfies the initial condition f0(g, y) = y/g

and the recursion relation

R(ft−1, ft) ≡ ft(1 − g2ft−1) − 1 = 0, (2.6)

where the argument (g, y) has been suppressed. From (2.5) we find that

G(g, x, y; t) = y∂y
1

1 − gxft(g, y) . (2.7)

The solution to (2.6) with the initial condition is

ft(g, y) = p−t
1 + c p−t

2

p−t−1
1 + c p−t−1

2
, (2.8)

with

c = −p2(y − gp1)
p1(y − gp2)

,

where {pi}2
i=1 are the two roots of R(p, p) = 0.
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2.1.5 Scaling Limit and the Pure Gravity Phase

The grand-canonical partition function is determined by the fixed point of (2.6):

ft−1 = ft = f∞. The fixed point is obviously independent of the initial condition.

So we will write f(g) ≡ f∞(g). From (2.6), the fixed point f(g) satisfies

P (f) ≡ f (1 − g2f) − 1 = 0. (2.9)

Close to some critical value g = gc, we expect f(g) to exhibit the critical behaviour

f(g) = fc − c(gc − g)α + h.o.t.,

where c is a constant and α is fractional. For example, we can get a double-root

of (2.9) at g = gc by requiring P (fc) = P ′(fc) = 0. This gives us α = 1/2 and

fc = 2, gc = 1/2. The critical value gc is actually the radius of convergence

of f(g) at g = 0. The critical point we’ve just identified lies in what is called

the pure-gravity (PG) phase.

In any given phase, we expect to be able to take the scaling limit of observables.

Consider G(g, x, y; t). At the critical point, the radius of convergence in the x plane

is xc = 1 since the denominator of (2.7) vanishes: 1 − gcxcfc = 0, and the radius of

convergence in the y plane is (t+ 1)/t, which in the limit t → ∞ becomes yc = 1.

This follows because ft(gc, y) = 2(ty − y − t)(ty − t− 1)−1 from (2.6). Therefore,

around the PG critical point, we expand the couplings as so:

g = gc(1 − Λa2/2), x = 1 − aX, y = 1 − aY, (2.10)

and we take T = a t fixed. Substituting these into observables and taking the

limit a → 0 will be how we take the scaling-limit – and what results is the

‘continuum-observable’. These continuum observables are functions of Λ, X, Y

and T , which are the continuum versions of the bulk, boundary cosmological

constants and time respectively.

Substituting (2.10) in (2.8) and expanding in powers of a gives

fT/a(g, y) = 2 + 2F (T, Y ) a+ O(a2), (2.11)

F (T, Y ) := −Λ 1
2
−Λ 1

2 + Λ 1
2 e2Λ

1
2 T + Y e2Λ

1
2 T + Y

Λ 1
2 + Λ 1

2 e2Λ
1
2 T + Y e2Λ

1
2 T − Y

.
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Putting this in (2.7) and expanding in powers of a gives

G
(
gc(1 − Λa2/2), 1 − aX, 1 − aY ;T/a

)
= 1
a2G

s(Λ, X, Y ;T ) +O(a−1),

Gs(Λ, X, Y ;T ) := 4Λ e2Λ
1
2 T(

e2Λ
1
2 T (X + Λ 1

2 )(Y + Λ 1
2 ) − (X − Λ 1

2 )(Y − Λ 1
2 )
)2 . (2.12)

Gs(Λ, X, Y ;T ) is the continuum cylinder-amplitude. Similarly, we define the

scaling limit of G̃(·) as

G̃s(Λ, L, L′;T ) = lim
a→0

G̃
(
gc(1 − Λa2/2), L/a, L′/a;T/a

)
.

From (2.4), this can be expressed as

G̃s(Λ, L, L′;T ) =
∫
γ′

dX

2πi

∫
γ′

dY

2πi e
XLeY L

′
Gs(Λ, X, Y ;T ), (2.13)

where γ′ is a path from −i∞ to +i∞ running to the right of all singularities

of the integrand. Inverting this,

Gs(Λ, X, Y ;T ) =
∫ ∞

0
dL

∫ ∞

0
dL′ e−XLe−Y L′

G̃s(Λ, L, L′;T ). (2.14)

Using (2.12) in (2.13) finally gives

G̃s(Λ, L1, L2;T ) =
√

ΛL1L2

sinh(
√

ΛT )

× exp
(
−

√
Λ(L1 + L2) coth(

√
ΛT )

)
I1

(
2

√
ΛL1L2

sinh(
√

ΛT )

)
.(2.15)

2.1.6 The Hamiltonian

In the continuum limit, we expect that the Hilbert space is the set of wavefunc-

tions ψ(L) where L is the length of the spatial slices. So we expect that there

exists a Hamiltonian H such that G̃s(Λ, L1, L2;T ) = ⟨L2| e−HT |L1⟩, in which

case ∂T G̃
s(Λ, L1, L2;T ) = −H G̃s(Λ, L1, L2;T ). We will now find that there is

indeed such a Hamiltonian.

Using (2.10), (2.11) in (2.7), we find

Gs(Λ, X, Y ;T ) = ∂Y

(
−1

X − F (T, Y )

)
. (2.16)
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Differentiating (2.16)

∂TG
s(Λ, X, Y, T ) = ∂Y

(
−∂TF (T, Y )

(X − F (T, Y ))2

)
= ∂Y

(
∂TF (T, Y )
∂Y F (T, Y )G

s(Λ, X, Y ;T )
)
.

(2.17)

It can be shown that F (T, Y ) satisfies the following differential equation

∂TF − F 2 + Λ = 0,

with initial condition F (0, Y ) = −Y , and the following composition rule

F (T,−F (T ′, Y )) = F (T + T ′, Y );

from which it follows that

∂TF (Y, T )
∂Y F (Y ;T ) = −∂TF (Y, T )|T=0 = Λ − Y 2.

From (2.17), we then get

∂TG
s(Λ, X, Y, T ) = ∂Y

((
Λ − Y 2

)
Gs(Λ, X, Y ;T )

)
. (2.18)

Substituting (2.14) into (2.18) and integrating by parts shows that

HCDT = −L ∂2

∂L2 + LΛ. (2.19)

In [27], the authors showed that the Hamiltonian in Hořava-Lifshitz gravity is the

same as HCDT . Therefore, the scaling limit of CDT is H-L gravity.

The appropriate measure on the Hilbert space is L−1dL, in which case (2.19)

is self-adjoint. Consider now the large T limit of G̃s(·), (2.15):

G̃s(Λ, L1, L2;T → ∞) = 4ΛL1L2 exp(−2TΛ 1
2 ) exp(−Λ 1

2 (L1 +L2)) +h.o.t.. (2.20)

Since G̃s can be expressed as ⟨L2| e−HCDTT |L1⟩, we expect that in the large T

limit, it projects onto the lowest energy eigenstate HCDTψ0(L) = 0 =⇒ ψ0(L) =

exp(−Λ 1
2L). However, this doesn’t happen because ψ0 is not normalizable with

the measure L−1dL and so doesn’t contribute. Instead, G̃s projects onto the

first excited state HCDTψ1(L) = 2Λ 1
2ψ1(L) =⇒ ψ1(L) = Le−Λ

1
2L, giving (2.20).

The significance of ψ0, however, is that it is the solution to the ‘Wheeler-DeWitt

equation’: Hψ = 0, which determines the space of physical states in gravity.
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2.1.7 Matter and the Hard-Dimer Model

CDT, as discussed so far, has been a discretization of QG with no matter fields.

Discrete degrees of freedom can be coupled to CDT to imitate the coupling to matter

– for instance, the Ising model on CDT [28], which is an unsolved problem. In

contrast, the Hard-Dimer model on CDT (aka CDT+HD) is solvable and non-trivial.

The ensemble in CDT+HD consists of the set of hard-dimer configurations on

causal triangulations. As shown in Fig. 2.5, a hard-dimer configuration consists

of short rods (aka dimers), each lying across an edge of the triangulation (such an

edge is said to be dual to a dimer), such that no two dimers are dual to edges of

the same triangle. This last condition is called the ‘hard-dimer rule’. This condition

Figure 2.5: An allowed configuration of dimers is shown in orange. The red dimer
is forbidden by the hard-dimer rule, and the blue dimer is forbidden by the boundary
condition.

causes the dimers to interact with each other and the underlying geometry. The

dimer configurations are subject to the boundary condition that there are no dimers

dual to boundary edges (i.e. edges that lie in ∂1T or ∂2T ). A list of all instances

of occurrence of a dimer on a causal triangulation is shown in Fig. 2.6. Each

Sk+1

Sk

1 2 2′ 3 4

Figure 2.6: The types of dimers. The clockwise direction is indicated by the arrow.
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dimer of type i is assigned a fugacity ξi. The partition function is defined as the

sum over all triangulations, and dimer configurations, weighted by the triangle

and dimer fugacities. We will define the relevant observables and solve this model

in Chapter 3. We expect that the scaling limit of such a model gives a theory

of some CFT coupled to Hořava-Lifshitz gravity.
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2.2 Solitons

In this section, we will review solitons and the method of collective coordinate

quantization. In a theory with some set of scalar fields ϕ⃗(x) and their conjugate

momenta π⃗(x), a soliton is initial data ϕ⃗(x) and π⃗(x) such that the energy H(π⃗, ϕ⃗)

is finite, and the fields are non-dissipative [17] (Sec. 6.1): limt→∞ maxx H(t,x) ̸= 0,

where H is the energy density. Since they have finite energy, solitons are interpreted

as particles. Scalar solitons in 4 dimensions were found by [29]. Solitons in

2 dimensions are well known: there is the kink in the ϕ4 model [30] and the

sine-Gordon soliton [17].

2.2.1 ϕ4
2 model

We will deal in this section with the purely classical aspects of the ϕ4
2 model. It is a

theory of one real scalar field ϕ in 1+1 dimensions. The Lagrangian is [31]

L = 1
2(∂µϕ)2 − 1

4λ2ϕ
4 + 1

2m
2ϕ2 − m4λ2

4 ;

with m2 > 0, the potential is a Mexican hat with two absolute minima of zero

at ϕ = ±λm. However, what we will do is to set m = 1 and work instead

with the Lagrangian [30]

L = 1
2(∂µϕ)2 − 1

4λ2ϕ
4 + 1

2ϕ
2 − λ2

4 .

At any point it will be easy to restore factors of m using the fact that the mass

dimensions of ϕ and λ are 0 and −1 resp.. The equation of motion (EOM)

which follows is

□ϕ+ λ−2ϕ3 − ϕ = 0. (2.21)

This admits a static soliton solution:

ϕcl(x) = λ tanh(x/
√

2).

The solution interpolates from one vacuum value −λ at x = −∞ to the other

λ at x = ∞. The energy of a static solution is
∫
dx (ϕ′2/2 + V (ϕ)) (where
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V = ϕ4/(4λ2) − ϕ2/2 + λ4/4). However, there is a virial relation3[32] that ensures

that
∫
dx V =

∫
dx ϕ′2/2. Therefore the energy is

∫
dx ϕ′2. This gives us the

classical mass of the soliton:

M0 = 2
√

2λ2/3. (2.22)

We also have
∫ ∞

∞
dx ϕ′

cl(x)ϕcl(x) = ϕ2
cl

∣∣∣∞
−∞

= 0. (2.23)

To establish the spectrum of perturbations, we expand around ϕcl: ϕ = ϕcl + Ψ.

Using this in the EOM (2.21), the perturbation satisfies

□Ψ +
(
3 tanh2

(
x/

√
2
)

− 1
)

Ψ = 0, (2.24)

to linear order. The time dependence of Ψ is easy to solve for: Ψ(t, x) =

exp(iωt)ψ(x). Then (2.24) becomes the Schrödinger equation

ψ′′ +
(
ω2 + 1 − 3 tanh2

(
x/

√
2
))
ψ = 0.

If ω2 is the ‘energy’ of this Schrödinger equation, then the potential is

3 tanh2(x/
√

2) − 1, which is plotted in Fig. 2.7. There exist two discrete eigenvalues

-4 -2 2 4

-1.0

-0.5

0.5

1.0

1.5

2.0

Figure 2.7: A plot of (3 tanh2(x/
√

2)−1). Above the orange line there exist a continuum
of scattering states. At the green and red line there exist bound states.

ω2 = 0 and ω2 = 3/2. Then there exist a continuum of eigenvalues ω2 > 2
3This follows from considering the dilatation x → λx and using the fact that the energy is an

extremum against variations in ϕ (in this case ϕ(x) → ϕ(λx)).
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corresponding to modes which behave as free waves at x = ±∞. The normalized

eigenfunctions are

ψb = ϕ′
cl√
M0

ωb = 0,

ψa =
√

3
2
√

2
sinh(x/

√
2)

cosh2(x/
√

2)
ωa =

√
3/2,

ψk = N−1
k exp(ikx)

(
3 tanh2(x/

√
2) − 3

√
2ik tanh(x/

√
2) − 1 − 2k2

)
,

ωk =
√
k2 + 2,

where k ∈ R and Nk is a normalization factor. Note that ψ∗
k = ψ−k. The

asymptotic behaviour of ψk is

ψk = c exp
(
ikx± i arctan

(
3k√

2 −
√

2k2

))
, x → ∓∞,

where c is a constant. We will now put the system in a large box of size L and

require periodicity of the wavefunction ψ(−L/2) = ψ(L/2). ψa and ψb are periodic

as they stand. The condition of periodicity on ψk(x) requires eikL+iδ(k) = 1, where

δ(k) := −2
(

arctan
(√

2k
)

+ arctan
(
k√
2

))
.

This means that the allowed momenta k are discrete:

km = qm − δ(km)/L

= qm − δ(qm)/L+ O(L−2), (2.25)

where qm = 2πm/L and m ∈ Z. We will denote ψkm as ψm henceforth. Let us

define the set S = {b, a,Z}. The set {ψn}n∈S is complete and orthonormal and

we will denote their eigenvalues as ωn∈S .

We record a useful fact: for m ∈ Z we have

ψm(x)ψ∗
m(x′) = eikm(x−x′)

L

(
1 +

∑3
l=0 k

l
mAl(x, x′)

2(k2
m + 2)(2k2

m + 1)

)
+ O(L−2), (2.26)

where

A3(x, x′) = 6i
√

2(τ − τ ′), (2.27)

A2(x, x′) = −6τ 2 − 6τ ′2 + 18ττ ′ − 6, (2.28)

A1(x, x′) = 3i
√

2(τ − τ ′)(3ττ ′ + 1), (2.29)

A0(x, x′) = (3τ 2 − 1)(3τ ′2 − 1) − 4, (2.30)
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with τ ≡ tanh(x/
√

2) and τ ′ ≡ tanh(x′/
√

2).

2.2.2 A Change of Variables in Quantum Mechanics

Let there be a quantum system with (an infinite number of) coordinates q⃗ =

(q1, q2, ...). Let us consider a bijection q⃗ → Q⃗(q⃗) to new variables Q⃗ = (Q1, Q2, ...).

We will define the Jacobian of this transformation as Jnm = ∂Qn/∂qm. Note that

the Jacobian is just a function of the coordinates so it commutes with q⃗ or Q⃗.

The inner product transforms as

⟨ψ2|ψ1⟩ =
∫
dq⃗ ψ∗

2(q⃗)ψ1(q⃗) =
∫
dQ⃗ J−1 ψ∗

2(q⃗(Q⃗))ψ1(q⃗(Q⃗)), (2.31)

where J = det Jnm, dq⃗ ≡ ∏
n dqn and dQ⃗ ≡ ∏

n dQn. Therefore states represented in

terms of Q⃗ have an additional factor in the inner product. The would-be momentum

operator −i∂/∂Qn is not Hermitian with this inner product. The fix for this is to

define the momentum operator as Pn := J1/2(−i) ∂
∂Qn

J−1/2 [10]. This is Hermitian:

∫
dQ⃗ J−1 ψ∗

2(Q⃗) J1/2(−i)∂J
−1/2ψ1(Q⃗)
∂Qn

=
∫
dQ⃗ J−1

J1/2(−i)∂J
−1/2 ψ2(Q⃗)
∂Qn

∗

ψ1(Q⃗).

Note that the standard commutation relations i[Pn, Qm] = δnm hold as a result

of i[pn, qm] = δnm because Q⃗ commutes with J .

It is easy to show that J = (det gnm)−1/2 where

gnm =
∑
l

∂ql
∂Qn

∂ql
∂Qm

. (2.32)

We will use this later in computing J for a specific theory.

The wavefunction in the Q⃗ basis is defined, as usual, as ψ(Q⃗) = ⟨Q⃗|ψ⟩. (2.31)

then implies that the completeness relation is 1 =
∫
dQ⃗ J−1 |Q⃗⟩ ⟨Q⃗|, which in

turn implies that

⟨Q⃗1|Q⃗2⟩ = J δ(Q⃗1 − Q⃗2).

Also, since the momentum eigenstates satisfy ⟨Q⃗|P⃗ ⟩ = J1/2 exp(iP⃗ · Q⃗), the

completeness relation for the momentum eigenstates is 1 =
∫
dP⃗ |P⃗ ⟩ ⟨P⃗ |.
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2.2.3 Collective-Coordinate Quantization

This section concerns the quantum aspects of solitons in the ϕ4
2 model. The method

we will discuss can be applied more generally however. The method goes by the

name of collective coordinate quantization [10]. It consists of a change of variables

from the usual field variables, to a soliton position variable and a perturbation field

around the soliton. It is intended as a means to calculate transition amplitudes

in which there is one soliton in the initial and final states.

We will refer to spatial positions as x and the position two-vector as xµ. Recall

that the configuration space of the theory is coordinatized by ϕ(x). We will now

change variables β : ϕ(x) → (X, a⃗), where a⃗ ≡ (a1, a2, ...) stands for an infinite set

of numbers. The domain of these variables is an ∈ R and X ∈ R.

In the last section, we had the orthonormal set of functions {ψn}n∈S . In

this section we will need their real counterparts. So we will form the set

{ψb, ψa,
√

2 Re(ψm),
√

2 Im(ψm)} (where m ≥ 0) and define this as the set {Ψn}∞
n=0.

We will let Ψ0 = ψb. The wavefunctions {Ψn} are complete, orthonormal and real.

Their eigenvalues under −∂2
x + 3 tanh2(x/

√
2) − 1 will be called Ω2

n.

Let us define the projection of ϕ onto the modes as follows

Q[ϕ] :=
∫ ∞

−∞
M

−1/2
0 ϕ′

cl(x)ϕ(x) dx,

Qn[ϕ] :=
∫ ∞

−∞
Ψn(x)ϕ(x) dx, for n ≥ 1.

Let ϕy(x) := ϕ(x+ y). Now, X(ϕ) is defined as the zero of Q[ϕy] in the y domain:
∫ ∞

−∞
ϕ′
cl(x)ϕ(x+X(ϕ)) dx = 0. (2.33)

This is designed to extract the soliton position. For example, let ϕ(x) = ϕcl(x− x0)

(this is the configuration of a soliton at x0) then Q[ϕy] =
∫
ϕ′
cl(x)ϕcl(x+ y − x0)dx

has a zero at y = x0 because of (2.23). There is no proof that Q[ϕy] only has one

such zero for each ϕ, but this is a global issue which will not be important when

we work in perturbation theory [33] (pp. 36). We will define an by

an = Qn[ϕX(ϕ) − ϕcl].
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This establishes the map β. We will now define

χ(x) ≡
∞∑
n=1

anΨn(x) = ϕX(ϕ)(x) − ϕcl(x), (2.34)

where the second equality follows because Q[ϕX(ϕ)−ϕcl] = Q[ϕX(ϕ)] = 0 by definition.

Recall that a change of variables should be a bijection. To show that β is injective,

we just have to note that the inverse (from (2.34)) is

ϕ(x) = ϕcl(x−X) + χ(x−X). (2.35)

It is easy to see that the map is surjective. This completes the change of variables

ϕ → (X, a⃗).

We will now express the Hamiltonian H(ϕ, π) in the new variables. First, ϕ can

be straightforwardly substituted using (2.35). To re-express π(x) we will have to

use the chain rule. Recall that π(x) ≡ −i∂/∂ϕ(x). Now

∂

∂ϕ(x) = ∂X

∂ϕ(x)
∂

∂X
+

∞∑
n=1

∂an
∂ϕ(x)

∂

∂an
. (2.36)

Following the discussion in §2.2.2 we define P = −iJ1/2∂XJ
−1/2 and p⃗ =

−iJ1/2∂a⃗J
−1/2. Let us also define

π̄(x) =
∞∑
n=1

Ψn(x)pn. (2.37)

Then

−i
∞∑
n=1

∂an
∂ϕ(x)

∂

∂an
= J−1/2

∫
dy
∂χ(y)
∂ϕ(x) π̄(y)J1/2. (2.38)

From (2.34),

∂χ(y)
∂ϕ(x) = δ(y +X − x) + ∂X

∂ϕ(x)(χ′(y) + ϕ′
cl(y)). (2.39)

To compute ∂X/∂ϕ(x), we take the functional derivative of (2.33) w.r.t. ϕ(x):

ϕ′
cl(x−X) + ∂X

∂ϕ(x)

∫ ∞

−∞
ϕ′
cl(y)ϕ′(y +X) dy = 0

=⇒ ∂X

∂ϕ(x) = − ϕ′
cl(x−X)∫

ϕ′
cl(y)(χ′(y) + ϕ′

cl(y))dy . (2.40)



2. Overview 31

Then putting (2.40), (2.39), (2.38) in (2.36) we have

π(x) = J−1/2
(
π̄(x−X) − ϕ′

cl(x−X)∫
ϕ′
cl(y)(χ′(y) + ϕ′

cl(y))dy

(
P +

∫
χ′(y)π̄(y)dy

))
J1/2.

(2.41)

Note that π̄ and χ (defined by (2.37) and (2.34)) satisfy constraints

Q[π̄] = Q[χ] = 0. (2.42)

We also note that because [pn, an] = −i, that

i[π̄(x), χ(y)] = δ(x− y) − ϕ′
cl(x)ϕ′

cl(y)
M0

.

This follows from the completeness relation M−1
0 ϕ′

cl(x)ϕ′
cl(y) +∑∞

n=1 Ψn(x)Ψn(y) =

δ(x − y). Note also that [P,X] = −i.

To compute the Jacobian in (2.41), we use (2.32). First we define the matrix g·· as

g00 =
∫
dx
∂ϕ(x)
∂X

∂ϕ(x)
∂X

=
∫
dx (ϕ′

cl(x) + χ′(x))2
,

gn0 = g0n =
∫
dx
∂ϕ(x)
∂X

∂ϕ(x)
∂an

= −
∫
dx Ψn(x)χ′(x) n ≥ 1,

gnm =
∫
dx
∂ϕ(x)
∂an

∂ϕ(x)
∂am

= δnm n,m ≥ 1.

The determinant is det g = g00 − ∑∞
n=1 g

2
0n. This gives

J = (det g)−1/2 =
√
M0∫

dx(ϕ′
cl + χ′)ϕ′

cl

.

Using this result in (2.41), and by a series of commutations, we finally arrive at4

π(x) = π̄(x−X) − 1
2

{
ϕ′
cl(x−X)∫
ϕ′
cl(χ′ + ϕ′

cl)
, P +

∫
χ′π̄

}
, (2.43)

where {, } denotes the anti-commutator. The dual Hamiltonian is simply gotten

by substituting π and ϕ from (2.43) and (2.35) respectively, into H(ϕ, π). We

will abuse notation by denoting the dual Hamiltonian H(X,χ, P, π̄) with the same

symbol. Abusing notation again, we will also write H(X, a⃗, P, p⃗) for the Hamiltonian

expressed in the variables P, p⃗,X, a⃗.
4It should be noted that

∫
χ′π̄ =

∫
π̄χ′, and hence that the following formula matches that

from [34].



2. Overview 32

2.2.4 The Path Integral
Ordering Convention

The transition from the operator formalism to the path integral involves some

convention for the ordering of operators. For example, there is the convention of

‘Weyl-ordering’, which results in the so-called midpoint path-integral [10]. There

is also the simpler ‘left-right’ ordering used by [6] (Sec. 9.1). We will utilise the

latter convention. Let us briefly describe what it is. Recall from §2.2.2 that our

theory has coordinate operators Q⃗, momentum operators P⃗ , and the inner product

(2.31). Consider a matrix element ⟨ψout| e−HTOe−HT |ψin⟩. Our convention will be

that H(Q⃗, P⃗ ) is ordered (by appropriate commutations) such that Q⃗ is to the left

of P⃗ . The operator O ≡ O(P⃗ , Q⃗) (where P⃗ , Q⃗ live at time zero) is to be ordered

such that P⃗ is to the left of Q⃗. Now by a series of insertions of 1 =
∫
J−1dQ⃗ |Q⃗⟩ ⟨Q⃗|

and 1 =
∫
dP⃗ |P⃗ ⟩ ⟨P⃗ |, and by using ⟨Q⃗|P⃗ ⟩ = J1/2 exp(iP⃗ · Q⃗), we obtain

⟨ψout| e−HTOe−HT |ψin⟩

= lim
N→∞

∫ k=N∏
k=−N

dQ⃗k

N−1∏
k=−N

dP⃗k ψ∗
out(Q⃗N) ψin(Q⃗−N)

×O(P⃗0, Q⃗0) exp
N∑

k=−N+1

(
i(Q⃗k − Q⃗k−1) · P⃗k−1 −H(Q⃗k, P⃗k−1) T/N

)
,

where Q⃗k ≡ Q⃗(kT/N), P⃗k ≡ P⃗ (kT/N) and ψin/out(Q⃗) = ⟨Q⃗|ψin/out⟩ /
√
J .

Soliton Path Integral

In what follows, we will assume that operators are ordered as described above. Now

|X, a⃗⟩ and |P, p⃗⟩ are each a complete set of states for the Hilbert space. Following

the steps from before, the matrix element M = ⟨ψout| e−HTO(X, a⃗, P, p⃗)e−HT |ψin⟩

(where the arguments of O all live at time zero) becomes

M =
∫
DX(t)Da⃗(t)DP (t)Dp⃗(t) ψin (X(−T ), a⃗(−T ))ψ∗

out (X(T ), a⃗(T ))

O (P (0), p⃗(0), X(0), a⃗(0)) exp
∫ T

−T
dt
(
iP Ẋ + ip⃗ · ˙⃗a−H(X, a⃗, P, p⃗)

)
.(2.44)
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It will be more useful to use the variables χ(t, x), π̄(t, x). So (2.44) becomes

M =
∫
DXDχDPDπ̄ ψin (X,χ)ψ∗

out (X,χ) δ (Q[χ]) δ (Q[π̄])

O(P, π̄,X, χ) exp
∫ T

−T
dt
(
iP Ẋ + i

∫
dx(π̄χ̇) −H(X,χ, P, π̄)

)
, (2.45)

where we’ve left all the time arguments implicit. The delta-functions arise due to

(2.42). We will in fact leave the delta-functions implicit from now on – they are

always implied because χ and π̄ are defined by (2.34) and (2.37) anyway.
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2.3 Quantum Random Walks

A discrete-time Quantum Random Walk (QRW) on L is a model of the unitary

dynamics of a particle, in discrete time (t ∈ {0, 1, 2, ...}), on a spatial lattice L.

There is a fixed unitary operator U generating time translations: t → t+ 1. U is

chosen to make the particle transition between neighbouring sites of the lattice.

Therefore matrix elements of Un can be expressed, in the path integral formulation,

as a sum over paths, in discrete time, in which each step connects neighbouring

sites. Therefore, these models are referred to as QRWs. The difference with the

classical random walk (CRW) is that the CRW has a transition matrix with strictly

positive entries and which isn’t necessarily unitary.

In the theory of QRWs, the main object of study are matrix elements of Un.

There are several methods to compute Un: the Fourier method [35], generating

functions method [36], CMV method [37] and path counting [38] are some of these.

See [39, 40] for work on the asymptotics of Un for n large. The study of Un is closely

related to the spectrum of U ; see [41] for a discussion of the relation between the

spectral properties of U and the so called ‘recurrence criterion’ for walks and [42] for

the connection with the phenomenon of ‘localization’; see [43] for a mathematical

discussion of the spectrum of U without any specific construction of U from a

physical model. There have also been studies of QRWs on different lattices like

Zd [44] and the uniformly branching tree [45, 46].

QRWs exhibit ballistic spreading, i.e. the probability density |ψ(t)|2 spreads-

out at a rate linear in time, as opposed to CRWs which have diffusive spreading:

∼
√
t. Therefore, quantum search algorithms using QRWs offer a quadratic speed-

up with respect to their classical counterparts [5, 47]. The 1D QRW has also

been engineered in the lab [48].

The QRW on Z+ is a simple, solvable example which we will now review. Many

of the statements we will make though are true for any unitary evolution operator U .
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2.3.1 QRW on the half-line

(For a complex number z, the conjugate will be denoted by either z∗ or z̄.) As

shown in Fig 2.8, the discrete half-line is defined as H = {root} ∪ Z+ (where

Z+ = {1, 2, 3, ...}). We will write v′ > v if lattice site v′ is further from the root

Figure 2.8: H.

than site v. Also let d(v′, v) measure the shortest lattice distance between sites

v and v′. The root will be called r henceforth.

The particle is allowed to sit at sites in H. If the particle sits at any site but the

root, then it has a spin i ∈ {1, 2}; if the particle sits at the root however, it has

no spin. We define the configuration space as the collection of these possibilities:

C = |r⟩ ⋃
n∈Z+

i∈{1,2}

|n, i⟩. We define these states to be orthonormal: ⟨ψ|ψ′⟩ = 0 if

|ψ⟩ ̸= |ψ′⟩ and ⟨ψ|ψ⟩ = 1 for |ψ⟩ , |ψ′⟩ ∈ C. The Hilbert space is defined as the

L2 completion of C over C, i.e. the set of all normalizable superpositions (with

complex coefficients) of states in C. On this Hilbert space, we define a unitary

operator U := SC. S and C are called the coin and shift operators respectively.

We define them by their action on C:

C |r⟩ = |r⟩ ,

C |n, i⟩ =
2∑
j=1

cij |n, j⟩ ;

S |r⟩ = |1, 1⟩ ,

S |1, 2⟩ = |r⟩ ,

S |n, 1⟩ = |n+ 1, 1⟩ ∀n ∈ Z+,

S |n, 2⟩ = |n− 1, 2⟩ ∀n ∈ Z+ \ {1},
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where cij is a unitary 2 × 2 matrix called the ‘coin-matrix’. A simple computation

shows that S and C are unitary. Observe that U connects only neighbouring

sites in one time step.

2.3.2 Generating Functions

As stated earlier, U is the time translation operator: |ψ(t)⟩ = U t |ψ⟩. To study

the dynamics of the particle, consider the matrix element µt = ⟨r|U t |r⟩. It is

convenient to define a generating function

µ(z) =
∞∑
t=0

ztµt = ⟨r| (1 − zU)−1 |r⟩ .

This is called the return generating function. µt can be recovered from µ(z) via

µt = (2πi)−1 ∫
γ µ(z)z−t−1dz where γ is a small loop circling z = 0.

There is a related quantity called the first return generating function (for

reasons we will explain shortly) Q(z) which is defined as

Q(z) = ⟨r| zU(1 − zŨ)−1 |r⟩ =
∞∑
t=1

zt ⟨r|UŨ t−1 |r⟩ ≡
∞∑
t=1

ztQt, (2.46)

where Ũ := (1 − |r⟩ ⟨r|)U . Ũ evolves the system according to U and then subtracts

the projection onto the root state. There is a simple relation between the two:

µ(z) = (1 − Q(z))−1 which can be proved as follows [41]:

µ(z)Q(z) = ⟨r| 1
1 − zU

|r⟩ ⟨r| zU 1
1 − zŨ

|r⟩

= ⟨r| 1
1 − zU

(1 − ŨU−1)zU 1
1 − zŨ

|r⟩

= ⟨r|
( 1

1 − zU
− 1

) 1
1 − zŨ

− 1
1 − zU

( 1
1 − zŨ

− 1
)

|r⟩

= µ(z) − 1,

where we’ve used the fact that ⟨r| (1 − zŨ) |r⟩ = 1.

We can write Qt = ⟨r|UŨ t−1 |r⟩ as a sum over walks by inserting 1 =∑
ψ∈C |ψ⟩ ⟨ψ| repeatedly between the Ũ ’s. For example

Q4 = ⟨r|UŨ3 |r⟩ =
∑

|ψ1,2,3⟩∈C
⟨r|U |ψ3⟩ ⟨ψ3| Ũ |ψ2⟩ ⟨ψ2| Ũ |ψ1⟩ ⟨ψ1| Ũ |r⟩

= ⟨r|U |1, 2⟩ ⟨1, 2| Ũ |2, 1⟩ ⟨2, 1| Ũ |1, 1⟩ ⟨1, 1| Ũ |r⟩

= c22c12c11.
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In general we have

Qn =
∑

|ψ0,...,n⟩∈C
s.t.|ψ0⟩=|ψn⟩=|r⟩

⟨ψn|U |ψn−1⟩
n−1∏
i=1

⟨ψi| Ũ |ψi−1⟩ . (2.47)

Now, {|ψi⟩}ni=0 can be thought of as the particle history. The histories contributing

in (2.47) are such that |ψ0⟩ = |ψn⟩ = |r⟩ and |ψi⟩ ≠ |r⟩ for 0 < i < n since

⟨r| Ũ |ψ⟩ = 0 for any |ψ⟩ ∈ C. In these histories, the particle starts at the root

and doesn’t return to the root till its last step. Hence these are referred to as

first return walks. Therefore (2.47) can be written as

Qt =
∑

w∈Lt(r)
P (w), (2.48)

where Lt(r) is the set of first-return walks of length t, and P (w) is the amplitude

of walk w, both of which we will shortly define. Formally, a walk of length t

is defined as a function w(τ) mapping integer times τ ∈ [0, t] to points on the

lattice such that d(w(τ), w(τ + 1)) = 1 for all τ . We will write |w| as shorthand

for the length of a walk w.

We define T , the ‘translation operator’, that maps a walk w to a walk w′ = T (w)

defined as w′(τ) = w(τ) + 1 for all 0 ≤ τ ≤ |w|, where w(τ) + 1 is the unique

vertex at distance d(r, w(τ)) + 1 from the root.

Lt(r) is defined as those paths, w, s.t. w(0) = w(t) = root and w(τ) ̸= root

when 0 < τ < t. Clearly Lt(r) only exists for t even. P (w) is the product of the

amplitudes of each step of the walk except the first:

P (w) =
|w|−1∏
t=1

p(w(t) → w(t+ 1)),

where p(w(t) → w(t+1)) = 1 if w(t) = r, otherwise p(w(t) → w(t+1)) = cnm where

n =
1 w(t− 1) < w(t),

2 w(t− 1) > w(t),

m =
1 w(t+ 1) > w(t),

2 w(t+ 1) < w(t).
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So, what we have is the original matrix element expressed as a sum over paths

with an appropriate weighting P (w). We will use this representation to write

down an algebraic equation in Q(z).

Define Lt(v) as the set of walks, w, of length t, s.t. w(0) = w(t) = v ∈ H and

w(τ) > v for 0 < τ < t. These will be referred to as ‘loops based at v’. Also define

L(v) =
∞⋃
t=2

Lt(v). Now, the set L(r) can be decomposed as follows:

L(r) = L2(r)
⋃
n≥1

Bn, (2.49)

where Bn is the set of loops, based at r, in which the particle walks from r to

1, performs n loops based at 1, and then finally walks back to r. Let us define

the partition function of Bn as

Bn(z) =
∑
w∈Bn

z|w|P (w).

Similarly, due to (2.46), (2.48),

Q(z) =
∑

w∈L(r)
z|w|P (w).

(2.49) implies that

Q(z) = c12z
2 +

∞∑
n=1

Bn. (2.50)

For n ≥ 2, consider a walk in Bn. In this walk, the first loop based at 1 is followed

by n− 1 loops based at 1. The contribution that the first loop based at 1 makes

to Bn is equal to Q(z) because the translation operator provides an isomorphism

T : L(r) → L(1) and because P (w ∈ L) = P (T (w)). The contribution of the

remaining n − 1 loops equals Bn−1(z) so we have

Bn(z) = c21Q(z)Bn−1(z) n ≥ 2,

B1(z) = z2c11c22Q(z).

From (2.50) it follows that

Q(z) = z2c12 + z2c11c22Q(z)
1 −Q(z)c21

. (2.51)
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So, we get a quadratic equation

c21Q
2 +Q(z2Π − 1) + z2c12 = 0, (2.52)

where Π is the determinant of cij. This equation has the property that if Q(z) is

a solution, then 1/(Q(1/z∗))∗ is also a solution. This follows from Πc∗
12 = c21 and

Π∗ = Π−1 which in turn follow by unitarity of cij . Therefore, when z is a phase, the

two roots of (2.52) are either both phases, or they both have the same phase with

reciprocal magnitudes. Due to (2.46) and Q2 = c12, we have Q(z) = c12z
2 +O(z4)

near z = 0. This condition singles out one of the roots to (2.52) as the ‘physical root’.

Recall that µ = ⟨r| (1 − zU)−1 |r⟩. µ(z) therefore has singularities for those

values of z for which 1 − zU is non-invertible. In other words, µ(z) has singularities

when z−1 lies in the spectrum of U . Since U is unitary, the spectrum is a part of

the complex unit circle. What kind of singularities does µ(z) have? The answer

is that it has both poles and branch cuts on the unit circle. Since µ = (1 −Q)−1,

µ and Q have the same branch cuts, and poles of µ occur when Q = 1. So,

from (2.52), µ(z) has poles when

c21 + (z2Π − 1) + z2c12 = 0. (2.53)

When z is not a phase, we can show that µ(z) + µ(z−1) = 1: since z is not a

phase, µ(z) is well-defined, so we can manipulate (1 − zU)−1 as a convergent

geometric series ∑∞
n=0(zU)n, so

µ(z−1) = ⟨root| 1
1 − z̄−1U

|root⟩∗

= ⟨root| 1
1 − z−1U−1 |root⟩

= ⟨root| −zU
1 − zU

|root⟩ = 1 − µ(z),

where we’ve used that fact that A†−1 = A−1†. For this reason, when z is not a

phase Q(z̄−1)−1 = Q(z). We also have that Re(µ(z)) > 1/2 for |z| < 1, implying

that |Q(z)| < 1 for |z| < 1. The fact that Re(µ(z)) > 1/2 for |z| < 1 follows from

(1 − |z|2)||(1 − zU)−1 |root⟩ ||2 = 2Re(µ(z)) − 1
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(where ||a|| is the Hilbert space norm). This can be shown as follows:

2Re(µ(z)) − 1 = ⟨root| 1
1 − zU

+ 1
1 − z̄U−1 − 1 |root⟩

= (1 − |z|2) ⟨root| 1
(1 − zU)(1 − z̄U−1) |root⟩

= (1 − |z|2)||(1 − zU)−1 |root⟩ ||2.

On this basis, when does Q(z) have branch cuts? From the fact that |Q(z)| < 1

when |z| < 1 and Q(z̄−1)−1 = Q(z) for |z| ̸= 1, we have that |Q(z)| > 1 for

|z| > 1. Therefore, at those points z0 ∈ T (T is shorthand for the complex unit

circle) s.t |Q(z0)| ̸= 1, Q(z0r) behaves discontinuously as r (a positive real) passes

through r = 1: as r → 1−, |Q(z0r)| tends to some number smaller than 1 and

as r → 1+, |Q(z0r)| tends to the reciprocal value. Therefore Q(z) has branch

cuts in those segments of the unit circle that |Q(z)| ̸= 1. The behaviour of the

roots of (2.52) near a branch point is shown in Fig 2.9. Taking the discriminant

Figure 2.9: The complex Q plane. The dotted circle is the unit circle. The arrows
indicate the flow of roots as z varies on the unit circle and passes through a branch point.

of (2.52) gives the location of the branch points:

1 − 2(c11c22 + c12c21)z2 + Π2z4 = 0. (2.54)

For a randomly generated coin matrix C1, the situation is shown in Fig 2.10.

We extend the functions µ(z) and Q(z) onto the branch cuts by setting Q(z) =

limr→1− Q(rz) and µ(z) = limr→1− µ(rz) when |z| = 1.
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Figure 2.10: In blue and orange are the cuts and poles of µ(z) respectively.

In §2.3.4 we show that the poles originate from the bound state (aka pure-

point) spectrum of U and the branch cuts from the scattering (aka absolutely-

continuous (a.c.)) spectrum.

2.3.3 Condensation of Eigenvalues

To get a feeling for how the spectrum arises, we impose an infrared cut-off L on the

spatial lattice and study the limit L → ∞ [39]. On the boundary of the lattice we

impose reflecting boundary conditions. To be specific, consider the following lattice:

HL = root ∪ {1, 2, ..., L}. We define this model so that the particle has no spin

when it lies at the root or at L. The truncated configuration space is then CL =

|r⟩ ⋃
n∈{1,..,L−1}
i∈{1,2}

|n, i⟩⋃ |L⟩. The time-evolution operator is defined as UL = SLCL:

CL |n, i⟩ =
2∑
j=1

cij |n, j⟩ ,

CL |r⟩ = |r⟩ ,

CL |L⟩ = |L⟩ ;

SL |n, 1⟩ = |n+ 1, 1⟩ for 1 ≤ n ≤ L− 2,

SL |n, 2⟩ = |n− 1, 2⟩ for 2 ≤ n ≤ L− 1,

SL |1, 2⟩ = |r⟩ ,

SL |r⟩ = |1, 1⟩ ,
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SL |L⟩ = |L− 1, 2⟩ ,

SL |L− 1, 1⟩ = |L⟩ .

UL is a unitary operator of dimension 2L. As L → ∞, UL → U in the ‘strong

operator topology’ (i.e. limL→∞ ||(U−UL)x|| = 0, for all x in the Hilbert space [49]).

Now consider µL(z) := ⟨r| (1 − zUL)−1 |r⟩ and QL(z) := 1 − µ−1
L (z). Following

the same argument that leads to (2.51), it can be shown that

QL+1(z) = z2c12 + z2c11c22QL(z)
1 −QL(z)c21

, (2.55)

Q1 = z2. (2.56)

In particular, the fixed point of this relation, QL+1 = QL = Q, satisfies (2.51). µL(z)

has poles when z−1 lies in the spectrum of UL. Iterating (2.55) for µL starting from

(2.56) shows that it is a meromorphic function with poles at 2L locations on the

unit circle. As L → ∞ the poles begin condensing on the circle. Figs. 2.11 and 2.12

show the eigenvalues of U40 and U80 with the same coin matrix C1 used to generate

Fig. 2.10. In the strict limit, the poles condense to form the two branch cuts of µ(z),
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Figure 2.11: L = 40.
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Figure 2.12: L = 80. Note the isolated
eigenvalues slightly above and below the real
axis.

while two poles remain isolated. These isolated poles of µL do not however converge

to the poles of µ(z) as a comparison of Fig. 2.10 and 2.12 shows – the reason
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for this is not clear, but we should point out that for two operators converging

in the strong operator topology (as described above) there is no guarantee that

the spectra coincide: Take for example the matrix An which is defined as zero

everywhere except the (n, n) entry which is equal to 1. An converges, in the strong

operator topology, to the zero matrix, as n → ∞. However, the eigenvalues of the

zero matrix are zero while the eigenvalues of An are {0, 1}.

2.3.4 Spectrum of the QRW on H

In this section we explicitly solve the eigenvalue equation U |λ⟩ = λ |λ⟩ on the

half-line H. We first define eigenfunctions an = ⟨n, 1|λ⟩ and bn = ⟨n, 2|λ⟩. We

rescale |λ⟩ so that ⟨r|λ⟩ = 1. The eigenvalue equation written in terms of {an}∞
n=1

and {bn}∞
n=1 reads

1 = λa1,

c12a1 + c22b1 = λ,

c11an + c21bn = λan+1,

c12an+1 + c22bn+1 = λbn.

 for n ≥ 1

The solution to this set is unique and given by(
an
bn

)
=
(
c11/λ c21/λ

− c12c11
λc22

λ
c22

− c12c21
λc22

)n−1 ( 1/λ
λ
c22

− c12
λc22

)
;

=⇒ an = α1 p
n
1 + α2 p

n
2 , (2.57)

α1 = Π − c22p2λ+ c21λ
2

c22p1(p1 − p2)λ2 ,

α2 = Π − c22p1λ+ c21λ
2

c22p2(p2 − p1)λ2 ,

where p1,2 are the roots of

c22 p
2 −

(
Π
λ

+ λ

)
p+ c11 = 0. (2.58)

This equation has the property that if p(λ) is a solution, then p(λ−1)
−1

is too,

following from the fact that c∗
22Π = c11. As λ varies on the unit circle, there are

regions for which both p1,2 are phases, and regions for which one root is inside the
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unit circle and the other is outside; the behaviour of the roots as λ moves between

these regions is qualitatively the same as in Fig. 2.9. When both p1,2 are phases,

the eigenstate (2.57) oscillates like a wave at large n. In the theory of Schrödinger

equations, this would be called a scattering state (those states that behave as plane

waves at large distances), but in this field they are usually called the absolutely

continuous (a.c.) spectrum. As for Schrödinger equations, note that the scattering

states are not normalizable (so strictly do not lie in the Hilbert space).

For all other λ, we have |p1| > 1 and |p2| < 1. This results in an eigenstate

that grows exponentially at large n. These states do not have any interpretation

and are not eigenfunctions of U . As λ varies in this region, however, it is possible

that α1 = 0, leaving behind a state that is exponentially damped at large n. Such

a state in Schrödinger equations is called a bound state. In this field, however,

they are usually called the ‘pure-point’ (p.p.) or ‘mass-point’ spectrum. Setting

α1 = 0 gives the condition for mass points:

Π − c22 p2 λ+ c21λ
2 = 0.

Rearranging for p2 and substituting in (2.58) gives

c11c22 + (c21 − 1)(c21λ
2 + Π) = 0.

This is the same as (2.53) if z−1 is identified with λ, so we conclude that µ(z)

has a pole when z−1 lies in the p.p. spectrum.

As Fig 2.13 shows, the regions in which there do and don’t exist scattering states

are separated by points at which p1,2 collide (i.e. a double root). The condition

for a double root is that the discriminant of (2.58) w.r.t p is zero:

λ4 − 2(c11c22 + c12c21)λ2 + Π2 = 0.

If we identify z−1 with λ, then we notice that this is the same as equation (2.54).

To complete the argument, we must show that when |p(z−1)| ≠ 1, that |Q(z)| = 1
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and conversely when |p(z−1)| = 1, that |Q(z)| ≠ 1. We leave this as an exercise

to the reader given that the exact relationship between Q and p is5

Q(z) = c22p(z−1)z − z2Π
c21

.

This finally shows that Q(z) has branch cuts when z−1 lies in the a.c. spectrum.

Figure 2.13: In the complex p plane, the flow of roots as λ varies on the unit circle and
passes through a branch point is indicated by the arrows. In grey is the unit circle.

The collection of p.p. eigenvalues and a.c. eigenvalues is written as σpp and σac

respectively. The a.c. spectrum is said to be composed of ‘bands’ (where the

support of σac lies) separated by ‘gaps’. Mass points can only occur in these

gaps because mass points λ ∈ σpp are characterized by Q(λ−1) = 1 and gaps

are characterized by |Q(λ−1)| = 1.

2.3.5 Induced Measure

We will show how ⟨r|Un |r⟩ can be written as an integral w.r.t. a measure supported

on the unit circle. Now

µn = ⟨r|Un |r⟩ = (2πi)−1
∫
γ
z−n−1µ(z)dz,

where γ is a small loop around the origin (see Fig 2.14). Due to the analytic

structure of µ(z), γ can be deformed to the contour γ′ shown in Fig. 2.15. We’ve
5This follows from solving U |u⟩ = λ |u⟩ + |r⟩ for |u⟩ and setting ⟨r|u⟩ = −λ−1µ(λ−1).
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Figure 2.14: γ.
Figure 2.15: γ′. The blue bands are cuts of
µ(z) and the orange points are poles of µ(z).

assumed here that the integral around the circle at infinity is zero since z−n−1

provides a large damping factor. Therefore

µn = (2πi)−1
∫
c
z−n−1disc(µ(z))dz −

∑
z−1∈σpp

z−n−1Res(µ(z)),

where c is the union of branch cuts oriented in the clockwise direction, disc(µ(z)) is

the discontinuity across the cut: limr→1+ µ(rz) − limr→1− µ(rz) and σpp is the p.p.

spectrum. Now since µ(z) + µ(z̄−1) = 1 when |z| ≠ 1, the value of µ(z) on one side

of the cut is 1 − µ(z) if its value on the other side of the cut is µ(z). Therefore

disc(µ(z)) = 1 − µ(z) − µ(z) = 1 − 2Re(µ(z))

(recall that we defined µ(z) = limr→1− µ(rz) for |z| = 1). Now let z−1 = eiθ ∈ σpp,

and define

ν(θ) ≡ −Res(µ(z)/z) = lim
r→1

(1 − r)µ(rz).

One then defines a measure (see [43] Sec. 1.1)

dν(θ) =
(
2Re(µ(e−iθ)) − 1

) dθ
2π︸ ︷︷ ︸

≡dvac(θ)

+
∑

θ0: eiθ0 ∈σpp

ν(θ0)δ(θ − θ0)dθ

︸ ︷︷ ︸
≡dvpp(θ)

(2.59)

such that

µn =
∫ 2π

0
einθdν(θ). (2.60)
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2.3.6 Verblunsky Coefficients

One usually also defines the ‘Schur function’:

f(z) = Q(z̄)
z

.

The Schur function admits a continued fraction expansion [41]:

f ≡ f0,

fj(z) = γj + 1 − |γj|2

γ∗
j + 1/zfj+1(z)

j = 0, 1, 2, .... (2.61)

{γj}∞
j=0 are called Verblunsky coefficients, satisfying |γj| < 1 for all j. Given the

Verblunsky coefficients, one knows the Schur function exactly. Any sequence of

Verblunsky coefficients s.t. |γj| < 1 gives a Schur function and, as shown in §2.3.5,

a unique measure dν(θ). In the mathematics literature, one usually imposes some

condition on the sequence of Verblunsky coefficients and computes the effect this

has on the corresponding measure dν(θ). For example, there is the following result:

if the Verblunsky coefficient sequence is p-periodic then the associated measure has

at most p bands ([43] Chap. 11). This is easy to prove. The p-periodicity of

the Verblunsky coefficients means that γj = γj+p for all j ≥ 0. Iterating (2.61)

and expanding in a Taylor series, we have

f0 = γ0 + γ1(1 − |γ0|2)z − (1 − |γ0|2)(γ0γ
2
1 − γ2 + γ2|γ1|2)z2 +O(z3),

fp = γp + γp+1(1 − |γp|2)z − (1 − |γp|2)(γpγ2
p+1 − γp+2 + γp+2|γp+1|2)z2 +O(z3).

Because of the periodicity of the Verblunsky coefficients, however, these two

expansions are the same term by term, so f0(z) = fp(z). Now iterating (2.61)

p times allows f0 to be written in terms of fp. Then using fp = f0, one arrives at

a quadratic equation for f0 ≡ f , which takes the general form

polp(z)f 2 + polp(z)f + polp−1(z) = 0, (2.62)

where polp(z) represents any polynomial of order p in z. The endpoints of the bands

of the measure occur when the discriminant of (2.62) is zero, which gives pol2p(z) = 0.

This has at most 2p solutions which means that there are at most p bands. There is
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another theorem that states that given two Verblunsky coefficient sequences {αj}∞
j=0

and {βj}∞
j=0 s.t. αj − βj −−−→

j→∞
0, then the a.c. spectrum corresponding to the two

sequences is the same ([43] Sec. 4.3). This combined with the previous result, tells

us that for asymptotically p-periodic Verblunsky coefficients, the number of bands

is at most p. Later, in our model, §5.4, we will find an example of this.

2.3.7 Asymptotic return probabilities and localization

Consider µn for n large. Recall the integral representation (2.60) and the

decomposition (2.59) dν = dνac + dνpp. For large n, the dominant contribution to∫
einθdνac(θ) comes from the regions near the edgepoints of the bands; let {eiθi}Ni=1

be the collection of edgepoints of the bands. At an edgepoint, Re(µ(e−iθi)) = 1/2,

since |Q(e−iθi)| = 1. An edgepoint is also a branch point of µ(z−1), so around

an edgepoint we can expand µ as 2 Re(µ(e−iθ)) = 1 + Ci(θ − θi)1/2 + h.o.t. for

some constants Ci. Therefore
∫
einθdνac(θ) =

N∑
i=1

Cie
inθ(θ − θi)1/2 dθ

2π + h.o.t

=
N∑
i=1

∫
Cie

inθi∆1/2ein∆d∆
2π + h.o.t

= n−3/2
N∑
i=1

cie
inθi + O(n−2).

In the second line we’ve defined ∆ = θ − θi and in the last line we’ve rescaled

∆ → ∆/n. The ci are some unknown constants. Let {eiθ̃i}Mi=1 be the set of mass

points. Then, together with the contribution from
∫
einθdνpp(θ)

µn =
M∑
i=1

ν(θ̃i)einθ̃i + n−3/2
N∑
i=1

cie
inθi + O(n−2). (2.63)

The root is said to be a localized state if lim supn→∞ | ⟨r|Un |r⟩ | ̸= 0, because then

the particle always has a non-zero probability of being found at root. From (2.63),

we see that this only happens when the p.p. spectrum is non-empty [42].
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As we discussed in §2.1.7, CDT+HD is a model of discretized QG coupled

to matter. In this chapter we will define and solve for various observables in

CDT+HD and study their scaling limits.

49
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3.1 Introduction

Models in which extra degrees of freedom (often called ‘matter’) are coupled to

Dynamical Triangulations (DT) have been solved for many cases, showing that

their scaling limit is equivalent to the corresponding flat-lattice CFT coupled

to Liouville gravity.

Coupling matter to CDT is more difficult and only limited progress has been

made. Numerical work [50–53] has established that the interaction between matter

and geometry is weaker than for DT, and that CDT with gauge fields is a solvable,

but topological, system [54]. The Ising model on CDT has been shown not to be

magnetised at high enough temperature [28] but has otherwise resisted solution. It

is known that the addition of curvature-squared [55] or extrinsic curvature terms

[56] to the action does not change the universality class, and recently loop models

have been investigated [57]. However by exploiting the bijection of the CDT with

a tree ensemble [24], it is possible to make progress when the matter consists of

hard-dimers [25, 58, 59]. It was shown that a restricted form of the hard-dimer

model on CDT can be solved using a bijection with labelled trees; the model

displays a transition away from the pure gravity phase of CDT, driven by the dimer

interactions. A slightly less restricted HD model was analysed in [26] where a richer

phase diagram was found. In this paper we show how to include all possible dimer

types present on CDT in the bijection and lift all the restrictions bar one which is

required to render the tree system local. We find that there are two tri-critical and

two dense-dimer phases in addition to the pure gravity phase; the richness of the

CDT+HD phase diagram arises from the ability to assign different dimer types.

The tree bijection enables us to calculate the disk and cylinder amplitudes

by reducing the problem to one of solving a non-linear second order recurrence

relation. In contrast to the earlier work, with more restrictive dimer ensembles,

these relations appear not always to be linearizable by a judicious mapping of

the problem; they are inherently non-linear and cannot be solved analytically in

closed form. In the continuum limit however, the recurrence relations become a

non-linear first or second order ordinary differential equation (ODE), which takes
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a characteristic form in each phase of the model. The ODEs are vastly easier to

solve than the recurrence relations and their solutions enable us to determine the

continuum amplitudes and, in phases where it exists, a simple time translation

operator (or Hamiltonian) acting on states labelled by the boundary length – in

some phases, the Hamiltonian doesn’t exist, but that is to be expected since the

Hamiltonian should depend on the dimer degrees of freedom too.

The layout of this chapter is as follows. We define the restricted CDT+HD

model in §3.2. We prove the bijection of CDT+HD with a labelled tree model

in §3.3. We construct the cylinder amplitudes and their recurrence relations in

§3.4. We map-out the phase diagram in §3.5. We take the scaling limit of the

cylinder amplitudes and show that they satisfy various ODEs in §3.6. We derive

the associated Hamiltonians in §3.7.

3.2 The restricted CDT+HD model

In this paper we generalise and extend the work of [26] by including dimers of type

4 (see Fig. 2.6). We will solve the CDT+HD model subject to a single restriction

which renders the model solvable and is a relaxation of that imposed in [26]:

I. Restriction: If, for v ∈ T , σb(v) > 1 and σf (v) = 1, then f(v) is not dual to

a dimer.

Fig. 3.1 shows a dimer configuration which violates this restriction. We call a dimer

Figure 3.1: The dimer in red violates (I) since σb = 2 and σf = 1. Si are spatial slices.

configuration satisfying the ‘hard-dimer rule’ (see §2.1.7), the boundary condition

(see §2.1.7) and restriction (I) as admissible.
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Let Dt denote the set of all triangulations in Tt decorated by all admissible

dimer configurations. An element of Dt can be written as a pair (T,D), where

T ∈ Tt and D is an admissible dimer configuration on T . Define D = ⋃
t∈Z+

Dt.

The partition function of the set Dt, which we call the cylinder-amplitude, is

defined by

G(g, x, y; ξ1, ξ2, ξ2′ , ξ3, ξ4; t) =
∑

(T,D)∈Dt

x|∂1T |y|∂2T |g|T |ξ
|D|1
1 ξ

|D|2
2 ξ

|D|2′
2′ ξ

|D|3
3 ξ

|D|4
4 , (3.1)

where |D|i counts the number of dimers of type i in D. Each dimer of type i is

weighted by a fugacity ξi, each triangle by a factor g > 0, each initial boundary edge

by a factor x > 0, and each final boundary edge by a factor y > 0; if g < gc, x < xc,

y < yc, and the ξi are not too negative, then the series in (3.1) is convergent.

As pointed out in [25], the move in Fig. 3.2 converts a dimer of type 2′ to one

of type 2, without affecting the dimer configuration otherwise. Using the move, all

2′ 2

Figure 3.2: The move.

type 2′ dimers can be converted to type 2, but we have to remember that those

that have been converted have fugacity ξ2′ . Now, given a configuration D, with

no type 2′ dimers and n type 2 dimers, obtained in this way, it could have arisen

from
(
n
k

)
configurations with n− k type 2 dimers and k type 2′ dimers, which have

weight ξn−k
2 ξk2′ each. Since this can happen for any 0 ≤ k ≤ n, the total weight of

D is ∑n
k=0

(
n
k

)
ξn−k

2 ξk2′ = (ξ2 + ξ2′)n. Applying this to (3.1), we get

G(g, x, y; ξ1, ξ2, ξ2′ , ξ3, ξ4; t) = G(g, x, y; ξ1, (ξ2 + ξ2′), 0, ξ3, ξ4; t).

So without loss of generality we set ξ2′ = 0 and hereafter work with G(g, x, y, ξ; t)

where ξ stands for the set of dimer weights {ξ1, ξ2, ξ3, ξ4}. Similarly to (2.4), we define

G̃(g, l1, l2, ξ; t) =
∮
γ

du

2πiu

∮
γ

dv

2πiv u
l1 vl2 G(g, xc/u, yc/v, ξ; t), (3.2)
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where the contour γ encloses the neighbourhood of the point at infinity in which

G is analytic. xc and yc are the radius of convergence of G(g, x, y, ξ; t) and appear

to remove an overall divergent factor in the scaling limit.

3.3 Bijection to labelled trees

We define a labelled-tree as a pair (τ, l), of a tree, τ , in which each vertex, v,

has a label ℓ(v) taking values

ℓ(v) ≡ (p(v), q(v)) ∈ S = {0, 1, 2, 3} ⊗ {0, 4} \ {(1, 4)}

= {(0, 0), (0, 4), (1, 0), (2, 0), (2, 4), (3, 0), (3, 4)},

i.e. p(v) ∈ {0, 1, 2, 3} and q(v) ∈ {0, 4} with the possibility (p = 1, q = 4)

excluded (see (viiia) later).

Consider an element (T,D) ∈ Dt. Recall that T may be mapped to a tree

τ = β(T ) of height t + 1 (see §2.1.3). We denote by RLt+1, the set of labelled

trees of height t + 1 obtained from Dt by applying β and then assigning the

labelling to the tree as follows:

i. the root vertex is unlabelled;

ii. if σb(v) = 1 and this backward edge is dual to a dimer, q(v) = 4; otherwise

q(v) = 0;

iii. if e(v) is dual to a dimer, p(v) = 1;

iv. if f(v) is dual to a dimer and σf (v) > 1, p(v) = 2;

v. if f(v) is dual to a dimer and σf (v) = 1, p(v) = 3;

vi. if neither f(v) nor e(v) is dual to a dimer, p(v) = 0.

We denote this map by γ : Dt → RLt+1. The trees in RLt+1 do not have

arbitrary labelling; the labelling is constrained by (see §A.1 for the derivation

of these constraints)
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vii. Boundary conditions: dimers dual to a boundary edge are not allowed:

(a) if v ∈ ∂1T , then p(v) ∈ {0, 2, 3} and q(v) = 0;

(b) if v ∈ ∂2T , then p(v) = 0.

viii. Hard dimer rule:

(a) no vertex can have label (1, 4);

(b) if a vertex v has label p(v) = 3, then the vertex on its left, w, satisfies

p(w) = 0;

(c) if a vertex v has label p(v) = 2, then its first child w satisfies p(w) ̸= 1

and q(w) ̸= 4;

(d) if a vertex v has label q(v) = 4, then the vertex on its left, w, satisfies

p(w) ̸= 1 and q(w) ̸= 4.

ix. Restriction (I): if vertex v is a last child then p(v) ̸= 3.

x. Geometry:

(a) any vertex v with label p(v) = 3 is necessarily a leaf;

(b) any vertex v with label p(v) = 2 has at least one child;

(c) any vertex v with label q(v) = 4 is not a last child.

The proof that γ is a bijection is given in §A.1.

We define Ln
t to be the set of all labelled trees of height t, with the root labelled

by n = ℓ(r) ∈ S and satisfying all the above constraints (vii)-(x) except the initial

boundary condition (viia). We also define the set Ln
≤t = ⋃

i∈[0,t]
Ln
i .

All conditions on the labelling of a tree in RLt, except the restriction (ix), are

consequences of the full hard dimer model; they arise either from the hard dimer rule,

or from the geometry of T ∈ Tt and its associated tree. The restriction (ix) ensures

that interactions in the labelled tree model are local (i.e. interactions are only

between sibling vertices); otherwise, if v is a last child with p(v) = 3, then by the

hard dimer rule (viiib), the label of the vertex on its left – which is not a sibling of v
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– is constrained, thus generating a non-local interaction in the tree. The model can’t

be solved by the usual techniques if there are non-local interactions. Note that the

model with no dimers of type 3, i.e. ξ3 = 0, is not changed at all by the restriction.

Now consider the inversion operation I : Tt → Tt defined as Sk(I(T )) :=

R(S2+t−k(T )) with the connectivity of vertices unchanged, and where the R

operation reverses the orientation of the circle Sk. Under I, the dimer types

are mapped 1 → 1, 2 → 2 and 3 ↔ 4, while the boundary fugacities are swapped

x ↔ y. Under I, the restriction (ix) on β(T ) becomes the restriction that a vertex

with label q = 4 in β(I(T )) is necessarily a leaf. Conversely, a vertex in β(T )

with label q = 4 that is not a leaf gets mapped to a vertex, in β(I(T )), that is a

last child with label p = 3. It follows that while the full dimer model is invariant

under I, this symmetry is broken by the restriction; this fact will be important

later. A further corollary is that the unrestricted model with ξ4 = 0 can in fact

be solved by the methods of this paper, since it maps under I to our model with

ξ3 = 0, for which the restriction is empty.

3.4 Generating Functions

By mapping Dt to RLt+1 with the bijection γ we find that

G(g, x, y, ξ; t) =
∑

(τ,l)∈RLt+1

g2|τ |−2(x/g)|τ |1(y/g)|τ |t+1
∏
v∈τ\r

ξp(v)ξq(v),

where |τ | is the number of vertices in τ , |τ |i is the number of vertices at height i,

and for convenience we define ξ0 ≡ 1. We define the partition function of Ln
≤t as

W n(g, y, ξ; t) =
∑

(τ,l)∈Ln
≤t

1
|∂τ |

g2|τ |(y/g)|∂2τ | ∏
v∈τ

ξp(v)ξq(v).

As discussed in §2.1.4, any tree can be decomposed into sub-trees. By the dimer

rule (viia), only labels (0, 0), (2, 0), (3, 0) are allowed for vertices on S1. It follows

that the subtrees of a tree in RLt+1 are elements of ⋃
n∈{(0,0),(2,0),(3,0)}

Ln
≤t. To the left

of a sub-tree with root label (3, 0), there must be a sub-tree with root label (0, 0)
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due to (viiib). This includes the possibility of a sub-tree with root label (3, 0) being

the left-most sub-tree and a sub-tree with root label (0, 0) being the right-most.

By standard combinatoric arguments, it follows that

G(g, x, y, ξ; t) = y
∂

∂y

1 +
(
x
g

)2
W (3,0)W (0,0)

1 −
(
x
g
W (0,0) + x

g
W (2,0) +

(
x
g

)2
W (3,0)W (0,0)

) , (3.3)

where all W n on the right-hand-side are evaluated at (g, y, ξ; t). The operation y∂y
marks the exit loop and removes the set of trees which are of height less than t. The

model can be solved by finding recursion relations for the W n to which we now turn.

The initial conditions are given by trees of height zero. By the dimer rule (viib),

only labels (0, 0) and (0, 4) are allowed on the final boundary, so

W (0,q)(g, y, ξ; 0) = ygξq, (3.4)

W (p ̸=0,q)(g, y, ξ; 0) = 0. (3.5)

A vertex with label (3, 0) is necessarily a leaf (see (xa)). Therefore,

W (3,0)(g, y, ξ; t+ 1) = g2ξ3, t ≥ 0. (3.6)

The W n are not all independent. Since there are no restrictions on the children

of a vertex with label (1, 0),

W (1,0)(g, y, ξ; t+ 1) = ξ1W
(0,0)(g, y, ξ; t+ 1), t ≥ 0. (3.7)

Since the label q(v) = 4 does not place any restrictions on the children of the

vertex v, we have

W (p,4)(g, y, ξ; t+ 1) = ξ4W
(p,0)(g, y, ξ; t+ 1), t ≥ 0. (3.8)

A tree in Ln
≤t+1 can be decomposed into sub-trees in ⋃

n∈S
Ln

≤t for t ≥ 0. The

restrictions do not allow the subtrees to appear in any order, as we will discuss now.

To the left of a subtree with root label (3, 4) there must be another subtree – because

of (ix) – and it must have root label (0, 0) due to (viiib), (viiid). Similarly, to the

left of a subtree with root label (3, 0) there must be a subtree with root label (0, 0)
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or (0, 4), due to (viiib). To the left of a subtree with root label (0, 4) there must be a

subtree with root label (0, 0), (2, 0) or (3, 0) due to (xc), (viiid). To the left of subtree

with root label (2, 4) there must be a subtree with root label (0, 0), (2, 0) or (3, 0)

due to (viiid). The label on the root of the subtrees to the left or right of a subtree

with root label (0, 0), (1, 0) or (2, 0) are not constrained in contrast. This leads to

W (0,0)(g, y, ξ; t+ 1) =
g2

1 −
(
W (1,0) +W (0,0)W (3,4) + (W (0,0)W (3,0)+W (0,0)+W (2,0))(1+W (0,4)+W (2,4))

1−W (0,4)W (3,0)

) , (3.9)

for t ≥ 0 and where all W n on the right-hand-side are evaluated at (g, y, ξ; t). When

decomposing L(2,0)
≤t+1 into subtrees, the restriction (viiic) requires that the rightmost

subtree must have root label (0, 0), (2, 0) or (3, 0). This leads to

W (2,0)(g, y, ξ; t+ 1) =
g2ξ2

(
W (0,0)+W (2,0)+W (0,0)W (3,0)

1−W (0,4)W (3,0)

)
1 −

(
W (1,0) +W (0,0)W (3,4) + (W (0,0)W (3,0)+W (0,0)+W (2,0))(1+W (0,4)+W (2,4))

1−W (3,0)W (0,4)

) , (3.10)

for t ≥ 0 and where all W n on the right-hand-side are evaluated at (g, y, ξ; t).

Recursions for all other W n follow from these two by using the relationships

(3.6)-(3.8). It is convenient to define

f 1
t (g, y, ξ) = 1

g2W
(0,0) (g, y, ξ; t) t ≥ 1,

f 2
t (g, y, ξ) = 1

ξ2g2W
(2,0) (g, y, ξ; t) t ≥ 1.

Then applying (3.4)-(3.8), to (3.9), (3.10), we find that f it (g, y, ξ) satisfies the initial

conditions (with the argument (g, y, ξ) suppressed for brevity)

f 1
1 = 1

1 − gy − g2y2ξ4
, f 2

1 = gy

1 − gy − g2y2ξ4
, (3.11)

and the recursion relations,

f 1
t = F1(f 1

t−1, f
2
t−1, g) ≡ 1

1 − At−1
, (3.12)

f 2
t = F2(f 1

t−1, f
2
t−1, g) ≡ 1

1 − At−1

(
g2f 1

t−1 + g2ξ2f
2
t−1 + g4ξ3f

1
t−1

1 − g4ξ3ξ4f 1
t−1

)
, (3.13)

At = g2ξ1f
1
t + g4ξ4ξ3f

1
t + g2(g2ξ3f

1
t + f 1

t + ξ2f
2
t )(1 + g2ξ4f

1
t + g2ξ4ξ2f

2
t )

1 − g4ξ3ξ4f 1
t

.(3.14)
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Finally, from (3.3) we find that

G(g, x, y, ξ; t) = y∂y
1 + g2x2ξ3f

1
t

1 − g x(ξ2 f 2
t + (1 + g x ξ3)f 1

t ) , (3.15)

where the f it on the r.h.s. are evaluated at (g, y, ξ).

3.5 Phases and Critical Exponents

The grand-canonical partition function is the fixed point of the sequence generated

by (3.11)-(3.14) i.e. f it = f it+1 = f i∞, ∀i. Define f i(g, ξ) ≡ f i∞(g, y, ξ) (which is

independent of the initial condition y). Eliminating f 2 from the coupled equations

we find that P (f 1, g, ξ) = 0 where P (f 1, g, ξ) is quartic in f 1. Provided the dimer

fugacities lie in the physical region above a limit surface (also called the critical

surface), S(ξ) = 0, the dimer dynamics is not critical and does not significantly

affect the geometry which remains that of pure gravity; so all points above the

limit surface are in the PG phase. For fugacities below the limit surface, the model

does not exist in the statistical mechanical sense. On the limit surface itself, the

dimers can be critical and, as in [26], can then interact with the geometry strongly

enough to drive it away from the pure gravity behaviour. In the rest of this section

we discuss these properties in more detail.

3.5.1 Dimer phases

For a fixed set of fugacity values ξ in the physical region, the expansion (3.1)

converges and f i(g, ξ) are analytic functions for 0 < g < gc(ξ). At g = gc(ξ),

the physical root f i(gc, ξ) ≡ f ic(ξ) is either a double root of P (if ∂f1P = 0)

or a triple root of P (if ∂f1P = ∂2
f1P = 0) in which case the system is ‘tri-

critical’ (a physical quadruple root never occurs). Close to g = gc(ξ) we expect

f i(g, ξ) to exhibit the behaviour

∆f i ≡ f i(g, ξ) − f ic(ξ) = −ϕic(ξ)(∆g)α + h.o.t.,

where ∆g = gc(ξ) − g. In the bulk of the physical region – which contains the pure

gravity model ξi = 0, ∀i – there is a double root at g = gc(ξ); the dimers do not
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interact strongly with the geometry and α = 1
2 . On the boundary of the physical

region (i.e. on the surface S(ξ) = 0) the dimers interact strongly with the geometry

and there is a triple root at g = gc(ξ) (tri-critical) which gives α = 1
3 generically.

The free energy of the system is given by [60]

µ(ξ) = − log gc(ξ).

In the bulk of the physical region, gc(ξ) is a single real root of the discriminant of

P (f 1), so the dimer density is an analytic function of the fugacities. However gc(ξ)

is a multiple root on the surface S(ξc) = 0 where it is a non-analytic function of ξ:

gc(ξ) = gc(ξc) + C (∆ξ)1+σ + h.o.t,

where ∆ξ is defined by {ξi = ξic + ∆ξ, ∀i}, C is a constant depending on ξc and

‘h.o.t.’ suppresses higher order terms in ∆ξ. The dimer system is critical on the

surface and we define σ, the dimer density exponent, through

ρdimer = ξ ∂ξµ ∼ (∆ξ)σ.

In this model σ can take values 1
2 or −1

3 .

By considering the flow of roots we can see why ξc forms part of the limit

surface S. First consider the double root case. As a given fugacity ξi is decreased

to ξic while ξj ̸=i are held fixed at their ξc values, the physical root gc(ξ) meets

another real root; then as ξi is decreased further, the two roots flow out into

the complex plane and the statistical mechanical interpretation is lost. A similar

argument applies for the triple-root case.

3.5.2 Phase conditions

To establish in detail the behaviour of f i(g, ξ) close to the critical surface, it is

more convenient to study the relations (3.12), (3.13) directly. Differentiating we

find that (from now on, we will usually suppress the ξ arguments)

(1 − Tij)∂f
j

∂g
= ∂F i

∂g
,
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where

Tij = ∂F i

∂f j
≡ F i

j

plays a special role in what follows. At the critical surface, T has at least one

eigenvalue λ1 = λ1c = 1 and furthermore, by definition, no eigenvalue can reach

1 for g < gc(ξ). Defining

C(λ) = det(λI − T) = F1
1 F2

2 − F1
2 F2

1 − λ(F1
1 + F2

2 ) + λ2, (3.16)

the criticality condition ∂f1P (f 1
c , gc, ξ) = 0 is equivalent to C(1) = 0 at g = gc(ξ),

from which it follows that the second eigenvalue is

λ2c = F1
1 + F2

2 − 1.

Provided F1
1 ̸= 1, F1

2 ̸= 0 the corresponding eigenvectors are

u1c =
(

F1
2

1 − F1
1

)
, u2c =

(
F1

2
F2

2 − 1

)
, (3.17)

and vectors orthogonal to u1c and u2c, which we denote ū1c and ū2c respectively, are

ū1c =
(

1 − F1
1

−F1
2

)
, ū2c =

(
F2

2 − 1
−F1

2

)
. (3.18)

Note that if λ2c = 1 then u2c = u1c. In this case T is not diagonalizable but takes a

Jordan normal form at g = gc(ξ); there is one regular eigenvector u1c with eigenvalue

λ1 = 1, and a linearly independent vector u2c satisfying

Tu2c = u2c + ϵ u1c,

where ϵ is a function of the dimer fugacities ξ.

Now we expand (3.12) and (3.13) about the critical point by setting

f i =f ic + ϕi,

g =gc − ∆g,

which gives

(1 − T)ijϕj = −∆g
(
∂F i

∂g
+ ∂Tij

∂g
ϕj
)

+ 1
2F i

ℓk ϕ
ℓϕk

+ 1
3!F

i
kℓmϕ

kϕℓϕm +O
(
(∆g)2, ϕ4

)
, (3.19)
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and then decompose ϕi in the u1c, u2c basis. Various phases occur as some coefficients

in (3.19) vanish which in turn causes different behaviour for ϕi. There are three

cases (here ϕc > 0, vi1c are constants that depend on the dimer fugacities):

i. Generic

ūi2c
∂F i

∂g
̸= 0, ūi2c(uℓ1cF i

ℓku
k
1c) ̸= 0,

which leads to

ϕi = −ϕc(∆g)
1
2ui1c + vi1c∆g +O((∆g)3/2). (3.20)

ii. Tri-critical

ūi2c
∂F i

∂g
̸= 0, ūi2c(uℓ1cF i

ℓku
k
1c) = 0, (3.21)

which leads to

ϕi = −ϕc(∆g)
1
3ui1c + vi1c(∆g)

2
3 +O(∆g). (3.22)

It can be shown that ūi2c(uℓ1cF i
ℓku

k
1c) = 0 is equivalent to ∂2

f1P (f 1
c , gc, ξ) = 0.

iii. Dense Dimer (so-called because it turns out that this phase has σ < 0)

ūi2c
∂F i

∂g
= 0, ūi2c(uℓ1cF i

ℓku
k
1c) = 0,

which leads to

ϕi = −ϕc(∆g)
1
2ui1c + vi1c∆g +O((∆g)3/2). (3.23)

It can be shown that ūi2c ∂Fi

∂g
= 0 is equivalent to ∂gP (f 1

c , gc, ξ) = 0 and that

gc(ξ) is a triple root of the discriminant at these points.

3.5.3 The Hausdorff dimensions

The exponents α and σ are not alone sufficient to characterise the phase diagram –

we also need measures of the geometry. The global and local Hausdorff dimensions,

dH and dh, are the simplest characterisation of the geometrical properties of these

discretized systems. They measure the growth with height t of the spatial size

of the triangulations.
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The global Hausdorff dimension is determined through the large t behaviour

of the two point function defined as (see [21] for details)

G̃ij(g, ξ; t) = 1
W j(g, g, ξ; ∞)

∞∑
t′=t

∑
(τ,l)∈Li

t′+1

#t
j(τ)g2|τ | ∏

v∈τ
ξp(v)ξq(v), (3.24)

where #t
j(τ) is the number of vertices with label j, at height t, in τ . It is easy

to show that this satisfies the composition law: ∑
k∈S G̃ik(g, ξ; t1)G̃kj(g, ξ; t2) =

G̃ij(g, ξ; t1 + t2). Using the same arguments which gave us the recursion relations

for the generating functions in §3.4, we have G̃ij(g, ξ; 1) = T̃ij, where

T̃ij := lim
t→∞

∂W i(g, g, ξ, t+ 1)
∂W j(g, g, ξ, t) .

This implies that G̃ij(g, ξ; t) = (T̃t)ij. The eigenvalues of T̃ determine the large t

behaviour. Due to the simple proportionality relations (3.6)-(3.8), T̃ has five zero

eigenvalues and two non-trivial eigenvalues which coincide with those of T. In other

words, it is sufficient to consider the reduced two-point function defined as

Gij(g, ξ; t) = (Tt)ij.

As t → ∞ and g ↑ gc, this takes the form

Gij(g, ξ; t) = Gij e
−m(g)t+O(t2),

where Gij is a constant, and the global Hausdorff dimension dH is defined by

m(g) = c (∆g)
1

dH + h.o.t..

On the other hand, the large t behaviour of Gij is determined by the eigenvalues, λ,

that take the value 1 at g = gc because Gij = Gijλ
t for large t, i.e. m(g) ∼ 1 − λ(g).

Defining the correlation exponent ν through

∆λ = 1 − λ = b(∆g)ν + h.o.t.,

(where b > 0 is a constant) we see that dH = ν−1 [21]. The correlation function

has a scaling limit for large times; letting t = Ta−1, ∆g = Λa 1
ν = ΛadH and

taking a → 0 we have

Gs
ij(Λ, ξ;T ) := lim

a→0
Gij(gc − ΛadH , ξ;T/a) = Gij e

−bΛνT . (3.25)
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For g < gc, ∆λ1 = 1 − λ1 ≠ 0. Substituting in (3.16) shows that ∆λ1 satisfies

0 = ∆λ2 +∆λ (λ2c−1+F i
ij∆f j)+∂iC(1) ∆f i+ 1

2∂i∂jC(1)∆f i∆f j +O(∆g, (∆f)3),

(3.26)

where ∂iC(1) ≡ ∂ C(1)/∂f i. On the critical surface (i.e. when C(1) = 0) it is

straightforward, using (3.17), (3.18), to show that

∂jC(1) = (F1
2 )−1ūi2c(uℓ1cF i

ℓj),

so if the tri-critical condition (3.21) is satisfied, the term linear in ∆f j in (3.26) is

actually the same order in ∆g as the quadratic term. There are then four possible

cases for ∆λ (in each case b > 0 is a different ξ-dependent constant):

i. Generic: the system is not tri-critical, and λ2c < 1. In this case the dimers

do not interact strongly enough with the geometry to affect its large scale

properties and

∆λ = b(∆g) 1
2 + h.o.t..

ii. Degenerate: the system is not tri-critical, but λ2c = 1. We find

∆λ1,2 = ±i b(∆g) 1
2α + h.o.t.. (3.27)

iii. Tri-critical I: the system is tri-critical, and λ2c = 1. We find

∆λ1,2 = ω1,2(∆g)
1
3 + h.o.t.,

where ω1,2 satisfy

0 = ω2 − ω(F i
iju

j
1cϕc) + 1

2∂i∂jC(1)ϕ2
cu

i
1cu

j
1c + ∂iC(1)vi2c,

and direct calculation shows that

ω1,2 = 3
2f 1

c

(1 ± i/
√

3). (3.28)
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iv. Tri-critical II: the system is again tri-critical, but λ2c < 1 which gives

∆λ = b (∆g) 2
3 + h.o.t..

Next, we turn to the local Hausdorff dimension dh which is yet another measure

of the geometry and is defined as follows. First define the measures {µiN}2
i=1 on

the space of labelled trees: µiN(τ, l) := 1
f i(N,ξ)

∏
v∈τ\r ξp(v)ξq(v), where

f i(N, ξ) :=
∮
γ

dg

2πi gg
−2Nf i(g, ξ),

in which γ is a small loop around the origin. The following limit exists µi :=

limN→∞ µiN (see [26]). Only trees with N + 1 vertices contribute to f i(N, ξ).

Therefore µi(τ, l) is only supported on infinite trees; in fact it is only trees with a

single infinite-spine1 (as opposed to two or more) which contribute to µi(τ, l) as

shown in [24] – the other infinite trees contribute to the subleading terms in µiN

as N → ∞. So let A denote the set of trees with a single infinite-spine and let

I1 := {(τ, l) ∈ L(0,0)
∞ : τ ∈ A} and I2 := {(τ, l) ∈ L(2,0)

∞ : τ ∈ A}.

For a given tree, τ , let BR(τ) be the set of vertices in τ at or within radius

R from the root; and let |BR(τ)| denote the size of this set. Then define the

expectation value of the number of vertices in a ball of radius R as

⟨|BR|⟩µi
=

∑
(τ,l)∈Ii

µi(τ, l)BR(τ).

Expanding in powers of R−1, dh is then defined as

⟨|BR|⟩µi
= ciR

dh(1 +O(R−1)),

where ci is some constant. The value of dh, in practice, is determined by the

structure of T and the second derivatives F i
jk at g = gc and can be computed

using the methods of the appendix of [26].
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Dimer state λ2c α σ ν dH dh
Tri-critical I 1 1

3
1
2

1
3 3 3

Dense-dimer I 1 1
2 −1

3
1
2 2 3

Tri-critical II < 1 1
3

1
2

2
3

3
2 1

Dense-dimer II < 1 1
2 −1

3 1 1 1
Pure-gravity < 1 1

2 n/a 1
2 2 2

Table 3.1: Exponents and Hausdorff dimensions for the possible phases of the model.

Tricritical I

Tricritical II

Dense Dimer II

A

α = 1
3 , σ = 1

2 , dH = 3, dh = 3

α = 1
3 , σ = 1

2 , dH = 3
2 , dh = 1

α = 1
2 , σ = − 1

3 , dH = 1, dh = 1

α = 1
2 , σ = − 1

3 , dH = 2, dh = 3
Dense Dimer I

B

Figure 3.3: The space {ξ}, restricted to ξ1 = ξ2 = ξ, showing all the non pure-gravity
phases of the model. Note that the shaded regions are not distinct phases.

3.5.4 The Phase Diagram

The full form of the limit surface S and the phase diagram for general ξ is complicated

and not very informative. The regimes that occur in the model and the corresponding

values of exponents and Hausdorff dimensions are listed in Table 3.1. Above the limit

surface S, the dimers are not critical and the system is in the regular Pure-Gravity

phase. Restricting to ξ1 = ξ2 = ξ, the limit surface is two dimensional and is shown

schematically in Fig 3.3. The relative richness of the phase diagram is a consequence

of the structure of the CDT graphs enabling us to keep track of different orientations

of dimers and assign different fugacities to them – something which cannot be done

in the planar random graph case for example. We note the following:
1I.e. those trees with only one infinite self-avoiding path starting at the root.
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a) The Tri-critical I (TCI) line lies in the plane ξ4 = 0. The degenerate eigenvalues

of T lead to the oscillatory behaviour superimposed on exponential decay

of Gij(g, ξ; t) (see (3.28)), and to dH = 3 which violates the naive scaling

prediction dH = 3
2 . This phase was first identified in [25, 58] and the

unexpected Hausdorff dimension in [26].

b) The Tri-critical II (TCII) phase occurs when ξ4 < 0, and represents the

generic tri-critical behaviour of the model with Hausdorff dimension dH = 3
2 .

It contains the point with all dimer fugacities equal ξi ≃ −0.1646 and also

the point ξ1,2,3 = 0, ξ4 = −1
3 for which the restriction (ix) has no effect; we

will exploit this in the next section.

c) The Dense-dimer I (DDI) point terminates the TCI line (at ξ ≃ −0.2267, ξ3 ≃

−0.2781, ξ4 = 0) and the Dense-dimer II (DDII) line which emerges in the

ξ4 < 0 direction.

d) The dimer density exponent for the TC phases, σ = 1/2, is the same as that

found in the model of dimers coupled to planar random graphs [60], and in

earlier studies of dimers coupled to CDTs or trees [25, 26, 58]. The planar

random graph result was a puzzle because it appears to contradict the KPZ

formula [61]; inserting the value for the regular square lattice dimer model,

σ = −1
6 [62], into the KPZ formula gives σ = −1

3 . This phenomenon has been

explained in terms of operator mixing between geometric and matter degrees

of freedom by [63]. On the other hand, the DD phases do have σ = −1
3 . It

appears that with extra dimer fugacities available we can fine-tune so that

the coefficient in the mixing vanishes thus revealing the σ = −1
3 behaviour.

e) In region A, both eigenvalues λ1,2 = 1 at g = gc but ∆λ is imaginary so the

leading behaviour of Gij is pure oscillatory (due to (3.27)) and dH does not

exist. We can understand why the surface, ξD, on which this occurs forms

part of S by considering the flow of λ1,2 as g ↑ gc. Holding dimer fugacities

ξi fixed while varying g through gc gives the flows shown in Fig. 3.4. For
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ξi < ξiD, |λ1,2| exceeds 1 when g < gc, resulting in exponential growth of

correlation functions. As observed in [26] this phenomenon indicates failure

of absolute convergence of the series (3.24).

Reλ

Imλ

1
1

1

ξi > ξiD ξi = ξiD ξi < ξiD

ReλReλ

ImλImλ

Figure 3.4: Flow of λ1,2 as g ↑ gc. The arrows denote the direction of flow as g increases.

f) In region B small graphs dominate so there is no thermodynamic limit and

the statistical mechanical interpretation fails.

3.6 Scaling limit of the Cylinder Amplitude

3.6.1 Introduction

We now return to the micro-canonical ensemble of surfaces with fixed temporal

extent t. When g, x, y lie inside the joint region of convergence, Γ, of the series

(3.1) for G(g, x, y, ξ; t), graphs with large area (number of triangles) and long

boundaries are exponentially suppressed. Only when the parameters lie on the

boundary of Γ do large graphs contribute to the sum; so the continuum cylinder-

amplitude is constructed by generalising the scaling limit (3.25) for the two point

function G as follows. The scaling limit of G̃(·) is defined as (from now on we will

suppress the ξ dependence in the amplitudes, but it remains implicitly through

the values of xc, yc, f ic , gc etc)

G̃s(Λ, L, L′;T ) = lim
a→0

G̃(gc − ΛadH , L/aω, L′/aω;T/a),
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where the power ω > 0 is determined as follows. Note that, by (3.2),

G̃s(Λ, L, L′;T ) = lim
a→0

∮
γ

du

2πiu

∮
γ

dv

2πiv u
L/aω

vL
′/aω

G(gc − ΛadH , xc/u, yc/v;T/a).

Changing variables to X, Y defined by

u =1 + aωX,

v =1 + aωY,

we obtain2

G̃s(Λ, L, L′;T ) =
∫
γ′

dX

2πi

∫
γ′

dY

2πi e
XLeY L

′
Gs(Λ, X, Y ;T ),

where γ′ is a path from −i∞ to +i∞ running to the right of all singularities

of the integrand, and

Gs(Λ, X, Y ;T ) = lim
a→0

a2ωG(gc − ΛadH , xc(1 − aωX), yc(1 − aωY );T/a).

For this limit to be non-zero, the denominator in (3.15) must satisfy

1 − gx(ξ2f
2
t + (1 + gxξ3)f 1

t ) = O(aω), (3.30)

when expanded about a = 0 (we have assumed that the numerator in (3.15) is

O(1) which turns out to be the case). At infinite time f it will converge to the

fixed point of the evolution equations:

f it
t→∞−−−→ f i(g, ξ) = f ic(ξ) − aαdH Λαϕcu

i
1c + a2dHαvi1c + a3dHαvi2c + h.o.t., (3.31)

where the last equality follows from (3.20), (3.22), (3.23). However at large times

f it will retain memory of the initial conditions (3.11), so we generalize (3.31)

away from t = ∞ as

f iT/a = f ic(ξ) + aαdH Λαϕcu
i
1c ρ(Λ, Y ;T )︸ ︷︷ ︸

=:F i(Λ,Y ;T )

+a2αdHvi1(Λ, Y ;T ) + a3dHαvi2(Λ, Y ;T )

(3.32)
+ h.o.t.

≡ f ic(ξ) + ϕi(Λ, Y ;T ). (3.33)
2The inverse of this relation is given by the double Laplace transform:

Gs(Λ, X, Y ;T ) =
∫ ∞

0
dL

∫ ∞

0
dL′ e−XLe−Y L′

G̃s(Λ, L, L′;T ). (3.29)
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Substituting (3.32) in (3.30), vanishing of the O(1) coefficient in (3.30) determines

xc; and requiring that the O(aω) coefficient include ρ(Λ, Y ;T ) fixes ω = dHα.

Consider F i(Λ, Y ;T ) as defined in (3.32); using this in (3.15) we see that

Gs(Λ, X, Y ;T ) = − ∂

∂Y

c0

X − ciF i(Λ, Y ;T ) , (3.34)

where c0 > 0, c1,2 are constants. If we define the CDT graphs such that the outgoing

loop is not marked, the cylinder amplitude, G̃s
U(Λ, L, L′;T ), we get is

G̃s
U(Λ, L, L′;T ) = G̃s(Λ, L, L′;T )/L′. (3.35)

Its Laplace transform then gives

Gs
U(Λ, X, Y ;T ) :=

∫ ∞

0
dL

∫ ∞

0
dL′ e−XLe−Y L′

G̃s
U(Λ, L, L′;T )

=
∫ ∞

Y
Gs(Λ, X, Z;T ) dZ

= c0

X − F (Λ, Y ;T ) − c0

X − F (Λ,∞;T ) , (3.36)

where we’ve defined F (·) ≡ ciF
i(·) and used (3.35) to get the second line and

(3.34) for the last line. In the pure CDT model, where ξi = 0,∀i and c0 = 1,

G̃s
U satisfies the composition law

G̃s
U(Λ, L, L′;T + T ′) =

∫ ∞

0
G̃s
U(Λ, L, I;T ) G̃s

U(Λ, I, L′;T ′) dI, (3.37)

or, after a Laplace transform,

Gs
U(Λ, X, Y ;T + T ′) =

∫
γ′

dZ

2πi G
s
U(Λ, X, Z;T )Gs

U(Λ,−Z, Y ;T ′)

= 1
X − F (Λ,−F (Λ, Y ;T ′);T ) − 1

X − F (Λ,−F∞(Λ;T ′);T ) ,

where we’ve used (3.36) in the last line and defined F∞(Λ;T ) ≡ F (Λ,∞;T ). It

follows that

F (Λ,−F (Λ, Y ;T ′);T ) = F (Λ, Y ;T + T ′), (3.38)

and, taking T ′ → 0, that F (Λ, Y ; 0) = −Y . When type 1 dimers are present, the

composition law, (3.37), does not have to be satisfied because the dimer configuration
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on the intermediate boundary at T must be summed over as well. However, as we

will see below, in some phases, the property (3.38) is still satisfied and then

Gs
U(Λ, X, Y ;T + T ′) = c−1

0

∫
γ′

dZ

2πi G
s
U(Λ, X, Z;T )Gs

U(Λ,−Z, Y ;T ′). (3.39)

In these phases, the intermediate dimer configuration sum simply generates the

c−1
0 prefactor.

We will also compute

W (Λ, Y ) =
∫ ∞

0
−∂F (Λ, Y, T )

∂Y
dT,

which is the CDT analogue of the disk amplitude for planar random graph

models [58].

3.6.2 The differential equations

Now we show how differential equations satisfied by ρ(T ) can be obtained in the

different phases. Substituting (3.33) into (3.12) and (3.13) and expanding in powers

of a, we find (suppressing the argument of ϕi(Λ, Y ;T ))

(1 − T)ijϕj = − a
dϕi

dT
− a2 d

2ϕi

2 dT 2 − ΛadH

(
∂F i

∂g
+ ∂Tij

∂g
ϕj
)

+ 1
2F i

ℓk ϕ
ℓϕk

+ 1
3!F

i
kℓmϕ

kϕℓϕm +O
(
a2+αdH , adH+2αdH , a4αdH

)
. (3.40)

Substituting (3.32) for ϕi and expanding in powers of a, the terms of O(aαdH+1)

and O(aαdH+2) lead to a differential equation for ρ(T ), vi1(T ) and vi2(T ). Actually,

in phases where λ2c ̸= 1, it is sufficient just to consider the terms at O(aαdH+1) –

leading to a first-order ODE as (3.40) shows – but in phases where λ2c = 1, the

terms at O(aαdH+1) and O(aαdH+2) are both needed, leading to a second-order

ODE. Eliminating vi1(T ) and vi2(T ) leads to a differential equation for ρ(T ). The

constants of integration are fixed using the initial conditions (3.11), and provide

the Y dependence of ρ. The conditions for the various phases (i)-(iii) and (iii), (iv)

cause some coefficients in (3.40) to vanish, which in turn yields different behaviour

for ρ. We find (in each case b > 0 is a different ξ-dependent constant)
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a) Pure-gravity
1
bΛ 1

2

∂ρ

∂T
− ρ2 + 1 = 0. (3.41)

b) Tri-critical II
1
bΛ 2

3

∂ρ

∂T
+ ρ3 + 1 = 0. (3.42)

c) Dense Dimer II
1
bΛ

∂ρ

∂T
+ ρ3 − ρ = 0. (3.43)

d) Tri-critical I
1

b2Λ 2
3

∂2ρ

∂T 2 − 3
bΛ 1

3
ρ
∂ρ

∂T
+ 1 + ρ3 = 0.

e) Dense-dimer I
1
b2Λ

∂2ρ

∂T 2 − 3
bΛ 1

2
ρ
∂ρ

∂T
− ρ+ ρ3 = 0.

3.6.3 PG, TCII and DDII phases

In these phases, only one eigenvalue of T reaches 1 at the critical point so ρ(T )

is determined by a first order differential equation, and the two initial conditions

(3.11) are in fact equivalent.

In the PG phase, solving (3.41), we find

F (Λ, Y ;T ) ≡ CΛ 1
2ρ(T ) = CΛ 1

2
CΛ 1

2 − Y − (CΛ 1
2 + Y ) exp 2bΛ 1

2T

CΛ 1
2 − Y + (CΛ 1

2 + Y ) exp 2bΛ 1
2T
, (3.44)

where C = ϕcciu
i
1c. Re-defining C2Λ → Λ, bC−1 → b, this leads to the disk

amplitude

W (Λ, Y ) = 1
Λ 1

2 + Y
,

and the cylinder amplitude

Gs(Λ, X, Y ;T ) = c0Λ(
(XY + Λ) sinh bΛ 1

2T + (X + Y )Λ 1
2 cosh bΛ 1

2T
)2 , (3.45)

which are the well known amplitudes for the pure CDT model with no other degrees

of freedom [2] and apply throughout the pure-gravity phase of the present model (we

derived this formula by solving the discrete recurrence relations directly in §2.1.5,
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which gave us (3.45) with c0 = 1, see (2.12)). It is straightforward to check that

F (Λ, Y ;T ) implies the composition property (3.38) and therefore that Gs
U satisfies

the composition law (3.39). This reflects the fact that the dimers, although present

unless ξi = 0,∀i (where the discrete model can be solved exactly), are non-critical

and generate no long distance correlations in the theory.

In the TCII phase, integrating (3.42), applying the initial conditions and re-

defining C3Λ → Λ, bC−1 → b, gives

exp −3bΛ 2
3T =

3∏
i=1

F (Λ, Y ;T ) + βiΛ
1
3

−Y + βiΛ
1
3

βi

, (3.46)

where β = (1, ei 2π
3 , e−i 2π

3 ) are the cube roots of 1. While this relation cannot be

solved in terms of elementary functions, it is easy to compute the disk amplitude

W (Λ, Y ) = 1
3Λ 1

3

2Λ 1
3 + Y

Λ 2
3 + Y Λ 1

3 + Y 2
,

and to check that F (Λ, Y ;T ) still satisfies the composition property. Small and

large T expansions are given in §A.2.

In this phase ω = dHα = 1
2 so a typical boundary length L scales as T 1

2 and the

effect of the dimers is to compress the spatial direction rather than induce long

range correlations in the temporal direction. An alternative way of seeing this is to

observe that the model ξ1,2,3 = 0, ξ4 = −1/3, lies in this phase – in which case there

is no dimer configuration to take account of on the intermediate boundary in the

composition law; however, the type 4 dimers correlate spatially adjacent vertices

leading to the change in scaling behaviour from pure gravity. The tri-critical point

of the ‘natural’ model, with all ξi equal, also lies in the TCII phase which, because of

the form of F , cannot have Gs invariant under the inversion I; this cylinder function

therefore cannot be representative of the tri-critical phase of the full unrestricted

CDT+HD model for which Gs with all ξi equal must be I invariant.

In the DDII phase, integrating (3.43), applying the initial conditions and re-

defining C2Λ → Λ, bC−1 → b, gives

F (Λ, Y ;T ) = Λ 1
2

−Y√
Y 2 + (Λ − Y 2) exp −bΛT

, (3.47)
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from which

W (Λ, Y ) = 2
Y (Λ 1

2 + Y )
.

It is again straightforward to check that F (Λ, Y ;T ) satisfies the composition property

(3.38) and therefore that Gs
U satisfies the composition law. In common with TCII

this phase has ω = dHα = 1
2 so a typical boundary length L scales as T 1

2 but the

dimer density is large and again the effect of the dimers is to compress the spatial

direction rather than induce long range correlations in the temporal direction.

3.6.4 The TCI and DDI phases

In these phases, both eigenvalues of T reach 1 at the critical point so ρ(T ) is

determined by a second order differential equation, and there are two constants

of integration to be determined from the initial conditions (3.11).

The TCI Phase

The solution for TCI takes the form

F (Λ, Y ;T ) ≡ CΛ 1
3ρ(T ) = −CΛ 1

3

∑3
i=1 ciβi exp βibΛ

1
3T∑3

i=1 ci exp βibΛ
1
3T

,

where, to ensure that F is real and has the correct behaviour as T → ∞, we

must have ci ̸= 0 and c2 = c∗
3. Imposing the boundary conditions shows that F

must diverge at T = 0, which implies that ∑i ci = 0, and that the O(T 0) term is

proportional to Y . After rescaling Λ and T by constants we obtain

F (Λ, Y ;T ) = −Λ 1
3

∑3
i=1(AcβiY + β2

i Λ
1
3 )βi exp βiΛ

1
3T∑3

i=1(AcβiY + β2
i Λ

1
3 ) exp βiΛ

1
3T

, (3.48)

and

W (Λ, Y ) = 1
A−1
c Λ 1

3 + Y
,

where Ac is a ξ-dependent constant encoding the asymmetry under the inversion

operation I. We can also solve the discrete recurrence relations (3.11)-(3.14) in the

TCI phase exactly, leading to the same conclusion – see §A.3. Note that F (Λ, Y ;T )

does not have the composition property, and that the same result for W (Λ, Y ) has

also been obtained using the classical limit of a multicritical matrix model [58].
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Using (3.34), we find the cylinder function

Gs(Λ, X, Y ;T ) = c0AcF
′
∞(Λ;T )

((X − F∞(Λ;T )) (AcY − F∞(Λ;T )) − F ′
∞(Λ;T ))2 , (3.49)

where prime is differentiation w.r.t T . Performing the inverse Laplace transform

G̃s(Λ, L1, AcL2;T ) =

c0 exp((L1 + L2)F∞(Λ;T ))
√
L1L2F ′

∞(Λ;T ) I1

(
2
√
L1L2F ′

∞(Λ;T )
)
,(3.50)

where I1(x) is the modified Bessel function of the first kind. The r.h.s. is symmetric

between L1 and L2; so G̃s is invariant under the inversion operator I for dimer

fugacities such that Ac = 1.

Asymptotic Behaviour

Although the form of (3.50) applies to both PG and TCI phases, the physical

behaviour is quite different. Taking T → 0 for PG gives

G̃s(Λ, L1, L2; 0) = L1δ(L1 − L2),

which is a consequence of the composition law. For TCI, the pole in F∞ leads

to the small T behaviour

G̃s ∼ exp
(

−2T−1(L1 + L2 −
√

2L1L2)
)
. (3.51)

With L1 fixed, the argument of the exponential above is maximum at L2 = L1/2 so,

for small T , the length of the final boundary is forced to be half the length of the

initial boundary. This slightly non-intuitive behaviour is driven by the negative dimer

weights and demonstrates how the TCI phase does not satisfy the composition law.

Conversely, at large T

G̃s ∼ 3Λ2/3L1L2e
−3Λ1/3T/2 exp

(
−Λ1/3(L1 + L2)

)
×
(
− cos(

√
3Λ1/3T/2) +

√
3 sin(

√
3Λ1/3T/2)

)
.

This has the same functional form of dependence on L1, L2 as PG, but oscillates

at large T , whereas for PG it decays exponentially without oscillation and is

always positive [2].
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The average length of the final boundary of universes of temporal extent T

with initial boundary length L1 can be defined as [2]

⟨L2⟩L1,T =
∫∞

0 G̃s(Λ, L1, L, T )LdL∫∞
0 G̃s(Λ, L1, L, T ) dL

.

For small T , in the TCI phase

⟨L2⟩L1,T = L1/2 + T + h.o.t.,

which is consistent with the discussion above. For large T ,

⟨L2⟩L1,T =3
2Λ−1/3+

3
4e

−3Λ1/3T/2
((

3L1 − 4Λ−1/3
)√

3 sin(
√

3Λ1/3T

2 ) − 3L1 cos(
√

3Λ1/3T

2 )
)

+ h.o.t..

So for late times it oscillates as it approaches 3
2Λ−1/3 exponentially, whereas the

pure gravity case approaches a constant value exponentially without oscillations.

The DDI phase

The solution for DDI takes the form

F (Λ, Y ;T ) ≡ CΛ 1
2ρ(T ) = −CΛ 1

2
c+ exp bΛ 1

2T − c− exp −bΛ 1
2T

1 + c+ exp bΛ 1
2T + c− exp −bΛ 1

2T
;

and similar considerations to TCI lead to the disk amplitude

W (Λ, Y ) = 1
Λ 1

2 + Y
,

and the cylinder amplitude

G̃s(Λ, L1, L2;T ) =
√

ΛL1L2/2 csch(
√

ΛT )

× exp
(
−

√
Λ(L1 + L2) coth(

√
ΛT )

)
I1

(√
2ΛL1L2 csch(

√
ΛT )

)
.

(3.52)

These are almost the same as in the PG phase – the only difference is that the

argument of I1 is
√

2 times smaller (see (2.15)). So the small T behaviour is the

same as TCI (3.51) and no amount of rescaling in (3.52) can bring it into PG form.

This in particular means that, again, the composition law does not hold.
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Note that the DDI point lies at ξ4 = 0; therefore the discrete recurrence

relations in the DDI phase can be solved exactly, using the methods in §A.3,

which, in the scaling limit, gives the same results as calculated above for the

disk and cylinder functions.

3.7 Time evolution operators

We showed in §2.1.6 that there exists a Hamiltonian H, in the PG phase, such

that ∂T G̃s(Λ, L1, L2;T ) = −HG̃s(Λ, L1, L2;T ). It turns out that this continues to

be true in the TCII, DDII phases but not in the TCI, DDI phases. In the TCI,

DDI phases, the lack of a Hamiltonian depending only on the length, L, is because

the dimers cause strong correlations in the temporal direction, so the states in the

continuum Hilbert space depend, not just on the length of the spatial universes,

but also on some appropriate continuum dimer degree of freedom.

From (3.34) it follows that

∂T G
s(Λ, X, Y ;T ) = − ∂Y

(
c0 ∂TF (Λ, Y ;T )

(X − F (Λ, Y ;T ))2

)

= ∂Y

(
∂TF (Λ, Y ;T )
∂Y F (Λ, Y ;T )G

s(Λ, X, Y ;T )
)
.

Assuming the composition property of F (3.38), (which holds in PG,TC2 and

DD2), we obtain

∂TF (Λ, Y ;T )
∂Y F (Λ, Y ;T ) = −∂TF (Λ, Y ;T )|T=0. (3.53)

Evaluating this using (3.44)-(3.47) gives

∂T G
s(Λ, X, Y ;T ) = ∂Y

(
b(Λ − Y 2)Gs(Λ, X, Y ;T

)
,

∂T G
s(Λ, X, Y ;T ) = ∂Y

(
b(Λ − Y 3)Gs(Λ, X, Y ;T )

)
,

∂TG
s(Λ, X, Y ;T ) = ∂Y

(
b(ΛY − Y 3)Gs(Λ, X, Y ;T )

)
,
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for pure-gravity [2], TCII, and DDII respectively. Substituting this in (3.29) and

integrating by parts shows that

HPG = − L∂2
L + LΛ,

HTCII = − L∂3
L + LΛ,

HDDII = − L∂3
L + LΛ∂L.

Only the PG operator is self-adjoint (with the measure L−1dL), the non-self-adjoint

nature of the operators for TCII and DDII reflecting the negative dimer weights in

the partition sum. For TCI and DDI the right hand side of (3.53) diverges which

reflects the fact that the composition property does not hold and the sum over the

intermediate dimer configuration must be taken fully into account. In fact one could

take the converse point of view; namely that, because we expect the critical dimers

to induce correlations in the T direction, ∂TF must diverge at T = 0. Of course

the left hand side of (3.53) exists and is finite for T > 0 but it is T dependent so

there is no time-independent evolution operator for these phases.

3.8 Discussion

In this work we have extended previous solutions of the hard dimer model on causal

triangulations to allow all types of dimer on the graphs, and by removing all but

one of the constraints imposed. The only constraint remaining in our work is – in

the language of labelled trees – that it is forbidden for a last child to take label

p = 3 (see (ix) in §3.3). This constraint is sufficient to render the tree model local,

in the sense that there are no correlations between vertices at the same height that

are not siblings, and hence exactly solvable. The model has a number of phases,

depending upon the dimer weights ξ, which are all controlled by the quadratic

and cubic critical points of a polynomial. The remaining question is whether our

calculation is sufficiently general that, even if the last constraint were removed, no

further critical point with distinct properties would appear.

The TCII and DDII phases obey the naive composition law because the dimers

are correlated in the spatial direction but not strongly so in the T direction. As
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the constraint affects spatially neighbouring dimers only, it seems unlikely that

its removal will cause the correlations in the T direction to change; indeed our

solution is exact for the ξ1,2,3 = 0, ξ4 = −1/3, TCII model which is unaffected by

the constraint. So we expect that the TCII phase will survive for some ξ, but that

its boundaries will move; the same applies to the DDII phase as it appears on

the boundary of TCII. However, Gs(Λ, X, Y ;T ) can never be inversion symmetric

because of (3.46) and (3.47); if the ξ3 = ξ4 tri-critical points lie in TCII in the

unconstrained model, then Gs(Λ, X, Y ;T ) must be modified.

The TCI and DDI phases have strong dimer-induced correlations in both

temporal and spatial directions. This is reflected in the appearance of the second

unit eigenvalue at criticality, isotropic scaling, and a cylinder function that does not

obey the naive composition law. The appearance of the second eigenvalue should

be robust against removal of the constraint. When ξ3 = ξ4, the full unconstrained

model satisfies the inversion symmetry so Gs(Λ, X, Y ;T ) = Gs(Λ, Y,X;T ) which

is satisfied by (3.49) whenever the asymmetry parameter Ac = 1. Provided a

completely new phase does not appear, we expect that TCI does characterize the

tri-critical physics of the full unconstrained but inversion-symmetric model.

On a fixed space-time lattice, the critical point of the hard dimer model

corresponds to a conformal field theory with central charge c = −22
5 which also

describes the Yang-Lee edge singularity [62]. On the other hand, the scaling limit of

pure CDT is two-dimensional projectable Hor̆ava-Lifshitz gravity as shown in [27].

We therefore expect that each scaling limit found here corresponds somehow to a

CFT coupled to Hor̆ava-Lifshitz gravity, and in particular that one of them is the

Yang-Lee singularity. Now, when a lattice model whose critical dynamics is described

by a CFT is coupled to DT, the matter exponents are shifted according to the

KPZ formula [61], and the geometry of the gravity sector is changed. For c > 1 the

interaction between matter and geometry is so strong that the space degenerates into

a branched polymer structure. As c is decreased from one, the interaction becomes

steadily weaker until at c = −∞ matter exponents are unchanged from fixed lattice

values and the space is smooth and flat and two-dimensional. Numerical evidence
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suggests that the behaviour of CDT is rather different, with weaker interaction

between matter and geometry, and in particular that dH = 2 when 0 ≤ c < 1; at

c = −∞ we again expect to find that space is smooth flat and two-dimensional. The

phase with the least back-reaction from the dimers onto the geometry is DDI. It has

dH = 2 as the pure gravity phase; the fact that the local Hausdorff dimension dh = 3,

rather than dh = 2, is not observable in the scaling limit (but it is a signature that

there is local interaction between dimers and geometry). The disk amplitude is

the same as for pure gravity, and the cylinder amplitude alone, of the geometrical

observables, betrays the presence of the dimers. As discussed in §3.5.4, the dimer

exponent is shifted from its fixed lattice value, σ = −1
6 , to σ = −1

3 as predicted by

the KPZ formula. The fine tuning needed to get this rather than σ = 1
2 , as seen in

TCI, precisely decouples the dimer degrees of freedom from the geometry and turns

off the operator mixing discussed by [63]. These arguments all point to the scaling

limit of the DDI phase being the Yang-Lee edge singularity coupled to CDT.
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4.1 Introduction

Given a particle state |pµ⟩, a form factor is given by ⟨p′| O |p⟩ for some operator

O. A form factor, when expanded in powers of the momentum transfer, p′ − p,

reveals information about the internal structure of the particle in question. With

different operators O, one can probe different aspects of the internal structure.

This work arose from the question of whether there exists a lower bound on the

radius of a generic bound-state in QFT [4].

As discussed in the introduction, §1.2, our goal will be to calculate the radius of

the ϕ4
2 kink by computing ⟨p′|T 00 |p⟩, where |p⟩ is the soliton state.

80
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The layout of this chapter is as follows. In §4.2, §4.3, we discuss shift operators,

soliton operators and soliton states. In §4.4 we comment on the similarity of these

soliton operators with an old result of Mandelstam [64] in sine-Gordon theory. In

§4.5, we calculate ⟨p′|T 00 |p⟩ through to 1-loop order and extract the first quantum

correction to the kink radius.

4.2 Shift Operators

Consider a QFT of one real scalar ϕ in d+ 1 dimensions; let x denote spacetime

positions (t,x). The orthonormal basis states of the Hilbert space are |f⟩ϕ, which

are eigenstates of ϕ: ϕ(x) |f⟩ϕ = f(x) |f⟩ϕ. Similarly, there is a dual orthonormal

basis |g⟩π of eigenstates of π: π(x) |g⟩π = g(x) |g⟩π.

Let B = exp(−i
∫
π(x)g(x)ddx); from the canonical commutation relations,

B−1ϕ(x)B = ϕ(x) + g(x),

from which it follows that B |f⟩ϕ = c |f + g⟩ϕ; this in turn implies that

ϕ
⟨f | exp(−i

∫
π(x)g(x)ddx) |F ⟩ = c∗ F [f − g],

where |F ⟩ is a some state and F [f ] := ϕ⟨f |F ⟩ (a functional). Taylor expanding the

LHS and RHS in powers of g shows that π(x) acts on functionals as −iδ/δf(x)

and that c = 1. Therefore

exp
(

−i
∫
π(x)g(x)ddx

)
|f⟩ϕ = |f + g⟩ϕ . (4.1)

Similarly, one can show that

exp
(
i
∫
ϕ(x)g(x)ddx

)
|f⟩π = |f + g⟩π .

These are the so-called ‘shift operators’. We will use them to define soliton operators.



4. ϕ4
2 Kink radius 82

4.3 Soliton States and Operators

Let spacetime be d+ 1 dimensional Minkowksi; let x denote spatial positions and x

denote spacetime positions. Consider a real, interacting scalar field ϕ(x).

Let the classical equations of motion possess a soliton solution. This means

that there exist initial data ϕp
cl(x) and πp

cl(x) such that the energy density doesn’t

dissipate under classical time evolution, where p here is the classical momentum of

the soliton. The soliton creation operator (first written down by Cahill [19]) is

Op(x) = exp
(

−i
∫
π(x + a)ϕp

cl(a)dda + i
∫
ϕ(x + a)πp

cl(a)dda
)
, (4.2)

and the destruction operator is Op(x)†. Note that the Baker-Campbell-Hausdorff

formula allows (4.2) to be written as the product of exponentials times a constant.

If p = 0, we will drop the label p for ease. Now consider how O(x) transforms

under a rotation R. Let’s assume that ϕcl(x) and πcl(x) are centered on x = 0

and are spherically symmetric. Then

U(R)O(x)U−1(R) = O(Rx), (4.3)

where U(Λ, aµ) is the unitary operator acting on states, when there is a Poincaré

transformation (Λ, aµ). Similarly, for a translation a,

U(a)O(x)U−1(a) = O(x + a). (4.4)

As we said in the introduction, §1.2, an eigenstate of the Hamiltonian can be

constructed by preparing a state at t = 0 and time translating it to past Euclidean

infinity. The state at t = 0 can be thought of as a proxy to the exact state. Because

time translation commutes with Pi and Jij (the spatial-momentum and angular-

momentum generators), the proxy state must already have good spatial-momentum

and angular-momentum quantum numbers. Further, the exact state (if it contains

several particles) inherits the exchange statistics of the proxy state. In conventional

field theory (where one is interested in elementary particles), proxy states are Fock
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states. Given a suitable proxy |n,∼⟩, the exact state |n⟩ is1

|n⟩ = lim
T→∞

eET e−HT |n,∼⟩ / ⟨n|n,∼⟩ , (4.5)

where E is the energy H |n⟩ = E |n⟩. (4.5) projects the proxy state onto the

lowest-energy exact-state (with non-vanishing overlap with the proxy-state) with

the spatial-momentum and angular-momentum quantum numbers of the proxy-

state. We should note that (4.5) avoids Haags theorem [65]. Haags theorem asserts

that the proxy state cannot be unitarily related to the exact state; but because

e−HT is not unitary, this need not trouble us. The factor ⟨n|n,∼⟩−1 ensures |n⟩ is

normalized to unity. The factor eET amputates external legs.2 Though (4.5) looks

like it is in Euclidean signature, it is actually physical.3

Here, we are trying to construct a 1-particle soliton state. It is enough to

construct the rest-state, from which the moving states can be obtained by a

boost. Let kµ = (M, 0, ..., 0) be the rest momentum and let |k,∼⟩ be the proxy

to the rest-state. It is [19]

|k,∼⟩ =
∫
ddx O(x) |Ω,∼⟩ , (4.6)

with

|Ω,∼⟩ = |ϕ(x) = ϕ0⟩ϕ , (4.7)
1This follows from inserting a complete set of energy eigenstates and picking out the state with

lowest energy and non-vanishing overlap with |n,∼⟩.
2For a simple demonstration of this, imagine |n,∼⟩ was a Fock state. Then eET is equivalent

to eH0T since H0 is assumed to have the same spectrum as H ([6] Sec 3.1). Then the difference
between H and H0 will contain the difference between the bare mass (contained in H) and the
exact mass (contained in H0). These interaction vertices will then completely remove radiative
corrections.

3As an example, consider ϕ4 theory in 3+1 dimensions. Let ⟨m|n⟩ be a scattering amplitude,
with |n,∼⟩ =

∏n
i=1 a

†
ki

|0⟩ and |m,∼⟩ =
∏m

j=1 a
†
pj

|0⟩. Using (4.5), we get

⟨m|n⟩ = C

∫
[dϕ]e−S[ϕ]

∫ n∏
i=1

d4xie
ikixi−Eki

x0
i □xi

ϕ(xi)
∫ m∏

j=1
d4yje

−ipjyj+Epj
y0

j □yj
ϕ(yj),

where C = ⟨n|n,∼⟩−1 ⟨m,∼ |m⟩−1, □x ≡ (∂2
x0 + ∇2

x −m2), Ek =
√

k2 +m2 and S =
∫
d4x(ϕ̇2 +

(∇ϕ)2 +m2ϕ2)/2 + λϕ4. Upto the factor C, you will recognise this as the amputated, Euclidean
Greens function GE(k1, ..., kn; −p1, ...,−pm) with ki = (iEki ,ki) and pj = (iEpj ,pj). The net
result is that the external momenta are in Lorentz signature and that the loop-momenta (i.e.
unfixed momenta) are in Euclidean signature, which is exactly the prescription used to calculate
physical amplitudes. Further, the missing factors of i in the Feynman rules only affect the
amplitude by an overall factor of i ([12] Sec. 4.8).
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(in the notation of the previous section) where ϕ0 is the minimum of the classical

potential. |Ω,∼⟩ is a proxy state to the true vacuum state, |Ω⟩, since it has zero

spatial-momentum and angular-momentum quantum numbers.

From (4.3), (4.4), it follows that |k,∼⟩ has zero spatial and angular momentum.

The exact state |k⟩ is then

|k⟩ = const. limT→∞ eMT e−HT |k,∼⟩
⟨k|k,∼⟩

, (4.8)

where M is the pole-mass of the particle (i.e. renormalized and quantum corrected)

and ‘const.’ allows for the possibility of adopting some different convention for

the normalization of the particle state.

The moving state |p⟩ is

|p⟩ = U(Λ) |k⟩ ,

where Λ : k → p. Note that this definition is self-consistent: if we choose a

different boost Λ′ : k → p, it will be related to Λ by a rotation and rotations

leave |k⟩ unchanged. It seems likely, though we can’t prove it, that the moving

state, |p⟩, has the state

|p,∼⟩ =
∫
ddx eip.xOp(x) |Ω,∼⟩ (4.9)

as its proxy; i.e. that |p⟩ can be obtained by applying the limiting procedure to

(4.9). A similar phenomenon happens for elementary particle states – there one has

to prove that U(Λ) limT→∞ eEpT e−HTa†
p |0⟩ = const. × limT→∞ eEΛpT e−HTa†

Λp |0⟩

where Ep =
√

p2 +m2.

We note, as a consequence of the canonical commutation relations that the

solitons operators cause a shift by the classical configurations:

Op(x)−1ϕ(y)Op(x) = ϕ(y) + ϕp
cl(y − x),

Op(x)−1π(y)Op(x) = π(y) + πp
cl(y − x).
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The reason why the soliton operators take the form (4.2) is as follows. Consider

the matrix element ⟨ψout| e−2HTO(x0) |ψin⟩. Transforming to the path integral,

this is equal to

∫
[dϕ][dπ]ψ∗

out[ϕ]ψin[ϕ] eS′[ϕ,π], (4.10)

where

S ′ = S − i
∫
π(−T,x0 + a)ϕcl(a)dda + i

∫
ϕ(−T,x0 + a)πcl(a)dda

and S =
∫ T

−T dt
∫
ddx

(
iπϕ̇− H(π, ϕ)

)
.

If we try evaluating (4.10) perturbatively, we will end up summing an infinite

number of tree diagrams because the ‘free’ part of S ′ contains terms linear in the

fields. These tree diagrams actually sum up to the classical background [66–68]

which is determined by the equations of motion of S ′ (δS ′/δϕ = δS ′/δπ = 0):

i π̇(x) = i δ(t+ T )πcl(x − x0) − ∂H
∂ϕ(x) , (4.11)

i ϕ̇(x) = i δ(t+ T )ϕcl(x − x0) + ∂H
∂π(x) . (4.12)

Note that the usual background ϕ = π = 0 is not a solution. To build a solution,

consider initial data ϕ(x) = π(x) = 0 at a very early time slice. Then at t = −T

there is an abrupt jump to values ϕcl(x − x0) and πcl(x − x0) respectively and

then there is standard evolution (i.e. governed by S). In other words, let ϕcl(t,x)

and πcl(t,x) be the solutions to the unsourced EOM (i.e. the EOM derived from

S) such that ϕcl(−T,x) = ϕcl(x) and πcl(−T,x) = πcl(x) is an initial condition.

Then the solution to (4.11), (4.12) is

ϕ(x) = θ(t+ T )ϕcl(t,x − x0),

π(x) = θ(t+ T )πcl(t,x − x0).

The step function here is the analogue of the sudden gauge jumps in t’Hooft’s

model [69] and indicate the creation of a soliton at t = −T .
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4.4 Mandelstam’s Operators

In this section, we will show that Op(x), (4.2), written in the infinite-momentum-

frame (p → ∞) for sine-Gordon (SG) solitons is almost the same as Mandelstam’s

soliton creation operators [64]. In this section and the next, x is the spatial position

and xµ = (t, x) is the 2-vector.

sine-Gordon theory is a real scalar in 1+1 dimensions with Lagrangian

L = 1
2(∂µϕ)2 + µ2

β2 cos(βϕ) − µ2

β2 .

The basic soliton solution is time-independant and centered on x = 0:

g(x) = 2π
β

− 4
β

arctan expµx.

This is a kink that interpolates from 2π/β at x = −∞ to 0 at x = ∞. Now

consider the boosted solution

g(v)(t, x) := g(γx+ γvt),

where γ = (1 − v2)−1/2. Correspondingly

ġ(v)(t, x) = γvg′(γx+ γvt).

Therefore the initial data for the moving soliton is ϕ(v)
cl (x) = g(γx) and π

(v)
cl (x) =

γvg′(γx). We will now pass to the infinite momentum frame. Consider the

limits v → ±1:

ϕ
(±1)
cl (x) = lim

v→±1
g(γx) = 2π

β
θ(−x),

π
(±1)
cl (x) = lim

v→±1
γvg′(γx) = ∓2π

β
δ(x),

where θ is the step function. Now use this in (4.2) to get the soliton creation

operator in this frame:

O±(x) = exp i
∫ ∞

−∞
da

(
∓2π
β
δ(a)ϕ(x+ a) − 2π

β
θ(−a)π(x+ a)

)
.
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Mandelstam’s operators [64] on the other hand are

ψ±(x) = exp i
(

∓β

2ϕ(x) − 2π
β

∫ x

−∞
da ϕ̇(a)

)
. (4.13)

Mandelstam proved that ψ(x) = (ψ+(x), ψ−(x))T is equivalent to the Thirring

field for all β.

The only difference between O± and ψ± is the factor of 2π/β with β/2 in front

of ϕ. At β2 = 4π, however, 2π/β = β/2, so O± = ψ±. By construction, O± is

the soliton operator for all β, so using Mandelstam’s result, it follows that only

at β2 = 4π is the SG soliton the same as the Thirring fermion. Our result is in

agreement with Skyrme [70] (see eq. 31) who constructs a soliton operator that

is identical to our O±, and that leads him to the same conclusion that the SG

soliton is the Thirring fermion only when β2 = 4π.

The classic result of Coleman [71] (and later others [72]) is that e±iβϕ in

the SG model is equivalent to ψ̄(1 ± γ5)ψ in the Thirring model for all β

(which actually follows from Mandelstam’s (4.13) after some algebra). What the

Coleman/Mandelstam results show is that there is a duality between the SG and

Thirring models for all β, specifically between the operator ψ± in (4.13) and the

Thirring field; what our result shows, however, is that ψ± doesn’t describe the

SG soliton, except at β2 = 4π.

4.5 ϕ4
2

The Hamiltonian of the 1 + 1 dimensional ϕ4 model is

H(π, ϕ) =
∫ 1

2

(
π2 + ϕ′2 − (m2 + δm2)ϕ2 + λ2

2 (m2 + δm2)2 + ϕ4

2λ2

)
dx+ C

(note the unusual coupling λ−2 instead of λ). λ has mass dimension −1. m stands

for the renormalized mass parameter. We now set m = 1 and work instead with

H(π, ϕ) =
∫ 1

2

(
π2 + ϕ′2 − (1 + δm2)ϕ2 + λ2

2 (1 + δm2)2 + ϕ4

2λ2

)
dx+ C; (4.14)
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at the end it will be quite easy to restore factors of m on the basis of dimension

counting. The reason we set m = 1 is so that we can import the ‘Feynman rules’

that [30] calculated with m = 1. The mass counterterm is

δm2 = 3
4πλ2

∫ dk√
k2 + 2

. (4.15)

C is a constant that has to be adjusted so that H |Ω⟩ = 0, where |Ω⟩ is the

vacuum. Therefore

C = − ⟨Ω| 1
2

∫
dx

(
π2 + ϕ′2 − (1 + δm2)ϕ2 + λ2

2 (1 + δm2)2 + ϕ4

2λ2

)
|Ω⟩ .

Its value will be calculated in §B.3. We should note that

ϕcl ∝ λ, M0 ∝ λ2, δm2 ∝ λ−2,

where M0 = 2
√

2λ2/3 is the classical mass of the kink (see (2.22)). The pole-mass

of the kink will be denoted by M .

4.5.1 Form Factors

The one-particle normalization conditions that we adopt are ([73] Sec. 2.4.1)

⟨k|k′⟩ = 4πk0 δ(k − k′), (4.16)

U(Λ) |k⟩ = |Λk⟩ . (4.17)

This means that the mass dimension of |k⟩ is 0. Consider

Γµν(k, k′) := ⟨k|T µν(0, 0) |k′⟩ ,

where T µν(t, x) is the energy-momentum tensor. The mass dimension of Γ is +2.

By a standard set of manipulations4 [6] (Sec. 10.6), one can show that

Γµν(k, k′) = 1
2
(
F1(l2)(k + k′)µ(k + k′)ν + F5(l2)

(
ηµν − l−2lµlν

))
, (4.18)

4The covariance of Tµν implies that Γµν(k, k′) can be constructed from the tensor structures
kµkν , kµk′ν , k′µkν , k′µk′ν and ηµν ; ∂µT

µν = ∂νT
µν = 0 implies lµΓµν = lνΓµν = 0; Tµν† = T νµ

implies Γµν(k, k′)∗ = Γνµ(k′, k) which in turn implies F1, F5 are real; the momentum operator is
P̂µ =

∫
dxT 0µ(t, x), so kµ = 2πΓ0µ(k, k), which implies F1(0) = 1, F5(0) = 0.
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where lµ ≡ (k−k′)µ. F1 and F5 are undetermined, real functions of l2 and M , but the

M dependence is rarely displayed. At l2 = 0, they satisfy F1(0) = 1 and F5(0) = 0.

They are the so-called form factors and they encode everything non-trivial about Γµν .

The radius of the particle is related to the first derivatives of the form factors,

F ′
1(0) and F ′

5(0). The form factors depend only on the momentum difference, so we

can conveniently choose kµ = (M, 0), k′µ = (
√
M2 + q2, q) and expand in powers of

q. The momentum transfer satisfies l2 = −q2 + O(q4). We define the radius, R, as

R2 = 1
M2∂−q2Γ00(k, k′)

∣∣∣
q=0

. (4.19)

The rationale for this choice is that to leading order in ℏ (i.e. classically), it gives

R2 =
∫
dx x2Hcl(x)/

∫
dxHcl(x) (see (4.38) later) which, as discussed in §1.2, is

reasonable. Let Λ be the Lorentz transformation that takes k → k′ and expand

the corresponding operator U(Λ) in powers5 of q:

U(Λ) = 1 − iq

M
K − q2

2M2K
2 + O(q3), (4.20)

where K is the boost generator:

K =
∫
dx xT 00(0, x). (4.21)

Using (4.17), (4.20) in (4.19) shows that

R2 = 1
2M4 ⟨k| H(0, 0)K2 |k⟩ , (4.22)

where the energy density H(t, x) = T 00(t, x). Expanding (4.18) also shows that

R2 = (F ′
5(0) − 2 + 4M2F ′

1(0))/(2M2) in terms of the form factors.

4.5.2 Evaluation

We will compute R2 in powers of λ−1 and our goal will be to determine the sub-

leading term. We should note that the expansion in powers of λ−1 is equivalent
5This follows from U = exp(iω10K) where ωµν = ηµρω

ρ
ν and ωµ

ν is determined from Λµ
ν =

δµ
ν + ωµ

ν +O(ω2) – which gives ω10 = −q/M .
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to the expansion in powers of ℏ ([74] Sec. 1.1), so what we are working out is the

first quantum correction to R. Using (4.21) in (4.22) gives

R2 = 1
2M4

∫
x x′ ⟨k| H(0, 0)H(0, x)H(0, x′) |k⟩ dx dx′. (4.23)

Let

O ≡ 1
2M4

∫
x x′ H(0, 0)H(0, x)H(0, x′)dx dx′;

applying (4.6), (4.8) to (4.23), we then have6

R2 = limT→∞ e2MT
∫

⟨Ω,∼| O†(y)e−HTOe−HTO(z) |Ω,∼⟩ dz dy
⟨k|k⟩−1 limT→∞ e2MT

∫
⟨Ω,∼| O†(y)e−2HTO(z) |Ω,∼⟩ dz dy

. (4.24)

To evaluate this, we will work in a spatial box of size L and then let L → ∞. The

factor of ⟨k|k⟩ in (4.24) is fixed since (4.16) reads ⟨k|k⟩ = 2ML in a box of size L.

Now, since πcl = 0, the soliton operator is O(x) = exp(−i
∫
da ϕcl(a)π(x+a)); using

(4.1), (4.7), we then have O(x) |Ω,∼⟩ = |ϕcl(· − x)⟩ϕ (which is the configuration

of a soliton centered on x). When we make the change of variables from ϕ to X

and χ, the state |ϕcl(· − x)⟩ϕ is easily seen to correspond to |X = x, χ = 0⟩ (which

we will denote as |x, 0⟩). Therefore, we have

R2 = limT→∞ e2MT
∫

⟨y, 0| e−HTOe−HT |z, 0⟩ dz dy
1

2ML
limT→∞ e2MT

∫
⟨y, 0| e−2HT |z, 0⟩ dz dy

. (4.25)

In §B.1, we present the intermediate steps that allow (4.25) to be written as

R2 =
(∫

[dχ][dπ̄]eS[π̄,χ]
∫
dx dx′ dx′′ (x− x′′) (x′ − x′′) H̃(x′′) H̃(x) H̃(x′)

)
(4.26)

×
(
M3

∫
[dχ][dπ̄]eS[π̄,χ]

)−1
, (4.27)

where

H̃(x) := a(x) + b(x) + c(x) + O(λ−1); (4.28)

a ∝ λ2, b ∝ λ, c ∝ λ0; (4.29)

a(x) := 1
2

(
ϕ′2
cl − ϕ2

cl + ϕ4
cl

2λ2 + λ2

2

)
,

b(x) := (ϕ′
clχ)′, (4.30)

c(x) := 1
2

(
π̄2 + χ′2 − χ2 + 3

λ2ϕ
2
clχ

2 − δm2(ϕ2
cl − λ2)

)
+ C0(x)

6The denominator of (4.24) follows from applying (4.6), (4.8) to ⟨k|k⟩ and eliminating the
common factor of | ⟨k|k,∼⟩ |2 between this and R2.
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(C0(x) is defined in §B.1), and

S = Sfree + Sint + O(λ−2); (4.31)

Sfree ∝ λ0, Sint ∝ λ−1; (4.32)

Sfree =
∫
d2x

(
iπ̄χ̇− 1

2 π̄
2 − 1

2χ
′2 + 1

2χ
2 − 3

2λ2ϕ
2
clχ

2
)
, (4.33)

Sint =
∫
d2x

(
−ϕclχ

3

λ2 + δm2ϕclχ

)
. (4.34)

To calculate (4.26)-(4.27), we expand in powers of Sint, which leaves us with

moments of the free action: ⟨χnπ̄m⟩ ≡
∫
[dχ][dπ̄]χnπ̄meSfree[π̄,χ]. The moments can

in turn be built from the propagators ⟨π̄χ⟩, ⟨χχ⟩ and ⟨π̄π̄⟩. These propagators

are given explicitly in §B.2. Expanding (4.26)-(4.27) in powers of λ−1 using

(4.28)-(4.34), we find

R2 = M−3(η + γ + O(λ3)); η ∝ λ6, γ ∝ λ4; (4.35)

η :=
∫
a1a2a3 dµ, (4.36)

γ :=
∫
dµ
(
a1a2⟨Sint b3⟩ + a1⟨b2b3⟩ + ⟨c1⟩a2a3 + cyclic permutations of 1,2,3

)
.

(4.37)

a1,2,3 here stands for a(x′′), a(x), a(x′) respectively and the same goes for b1,2,3 and

c1,2,3. The measure stands for dµ ≡ dx dx′ dx′′(x − x′′)(x′ − x′′).

a(x) is actually the classical energy density, so M0 =
∫
a(x)dx = 2

√
2λ2/3 and∫

x a(x)dx = 0. Therefore the contribution from η gives the classical term

R2 = a(2)

M0
+O(λ−1), (4.38)

where

a(2) ≡
∫
x2a(x) =

√
2mλ2

9
(
π2 − 6

)
.

We note that (4.38) agrees with (1.1).

The quantum correction γ evaluates to

γ = c(2)M
2
0 + 2c(0)M0 a(2) − 2M2

0

∫
⟨Sint χ(x)⟩ϕ′

cl(x)x dx, (4.39)
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where c(0) ≡
∫
⟨c(x)⟩dx and c(2) ≡

∫
⟨c(x)⟩x2dx. In deriving this we’ve integrated by

parts and used the fact that ϕ′
cl(x) is exponentially damped at large |x|, and

used the fact that∫
dµ (a1⟨b2b3⟩ + cyclic permutations of 1,2,3) = 0

because

a)
∫
b =

∫
(ϕ′

clχ)′ = 0 since ϕ′
cl is exponentially damped at large |x|,

b)
∫
x b =

∫
x(ϕ′

clχ)′ = [xϕ′
clχ]∞−∞ +

∫
ϕ′
clχ = 0 because of the constraint on χ

(see (2.42)).

In evaluating ⟨c(x)⟩, we notice that c(x) contains the product of two fields

at the same point. To regulate the divergences associated with this, we need

to ‘point-split’ the arguments:

c(x) = lim
x′→x

cps(x, x′),

where (with all operators at time zero)

cps(x, x′) = 1
2
(
π̄(x)π̄(x′) +

(
∂x∂x′ + 3λ−2ϕ2

cl(x) − 1
)
χ(x)χ(x′) + δm2

(
λ2 − ϕ2

cl(x)
))

+ C0,ps(x, x′).

C0,ps(x, x′) is the point split version of C0(x) and it is defined and calculated in

§B.3. Using the propagators defined in §B.2, and (B.8), we get

⟨cps(x, x′)⟩ = 1
2
(
∂2 + ∂x∂x′ + 3λ−2ϕ2

cl(x) − 1
)
Gs(0;x, x′) + 1

2∆s(0;x, x′)

+ 1
2(λ2 − ϕ2

cl(x))
(
δm2 − 3λ−2G̃(0;x, x′)

)
, (4.40)

where Gs(t;x, x′) ≡ G(t;x, x′) − G̃(t;x, x′), ∆s(t;x, x′) ≡ ∆(t;x, x′) − ∆̃(t;x, x′)

(these subtracted propagators are worked out in §B.4) and ∂2 is two derivatives

w.r.t. to the first argument of Gs. It can be checked using (4.15), (B.9), that

δm2 = 3λ−2G̃(0;x, x), so that the last term in (4.40) can be dropped. Using

(B.11)-(B.13), and isolating the discrete mode, we get

⟨cps(x, x′)⟩ = cP (x, x′) + cC(x, x′),
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where

cP (x, x′) = 1
4

√
2
3

(
∂x∂x′ + 3λ−2ϕ2

cl(x) + 1
2

)
ψa(x)ψa(x′),

cC(x, x′) =
∫
dk

(∂x∂x′ + 3λ−2ϕ2
cl(x) + 1 + k2)

(
eik(x−x′)∑3

l=0 k
lAl(x, x′)

)
16π(k2 + 2)3/2(2k2 + 1)

(with Al(x, x′) defined in (2.27)-(2.30)). cP is finite when x′ → x:

cP (x, x) =
√

3
32

(
−9 cosh

(√
2x
)

+ 2 cosh
(
2
√

2x
)

+ 9
)

sech6
(
x√
2

)
.

cC can be written as

cC(x, x′) =
5∑
l=0

Bl(x, x′)Kl(x, x′),

where

Kl(x, x′) ≡
∫ kl dk

16π
eik(x−x′)

(k2 + 2)3/2(2k2 + 1) , (4.41)

and, using (2.27)-(2.30),

B5(x, x′) = 12i sech2
(
x√
2

)
(x− x′) + O

(
(x− x′)2

)
,

B4(x, x′) = O(x− x′),

B3(x, x′) = O(x− x′),

B2(x, x′) = 3 sech2
(
x√
2

)(
1 − 9 tanh2

(
x√
2

))
+ O(x− x′),

B1(x, x′) = O(x− x′),

B0(x, x′) = −3 sech2
(
x√
2

)(
1 + 15 tanh4

(
x√
2

))
+ O(x− x′).

For l = 0, 1, 2, 3, Kl is finite when x′ → x:

K3(x, x) = K1(x, x) = 0,

K2(x, x) = 9 −
√

3π
216π ,

K0(x, x) = 4
√

3π − 9
432π .
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For l = 4, 5, we have7

K4(x, x′) = − log |x− x′|
16π (1 + O(x− x′)) ,

K5(x, x′) = i

16π(x− x′) + O(1).

Putting this all together,

⟨c(x)⟩ = cP (x, x) +
∑
l=0,2

Bl(x, x)Kl(x, x) + lim
x′→x

∑
l=4,5

Bl(x, x′)Kl(x, x′)

=
sech6( x√

2)
96π

(
(−72 − 9

√
3π) cosh(

√
2x) + (2

√
3π − 9) cosh(2

√
2x) + 27 + 9

√
3π
)
.

This gives

c(0) = 1
2
√

6
− 3
π

√
2
, c(2) =

π
(
14

√
3 + π

(√
3π − 18

))
− 18

36
√

2π
.

The exact mass of the kink is given by8

M =
∫ ∞

−∞
dx(a(x) + ⟨c(x)⟩) + O(λ−1) = M0 + c(0) + O(λ−1).

Restoring factors of m, this gives M = 2
√

2m3λ2/3+m/(2
√

6)−3m/(π
√

2)+O(λ−1)

in agreement with the canonical result [31, 75, 76].

7To show this, we expand (2k2 + 1)−1, in (4.41), in powers of (k2 + 2)−1, and induce powers of
k using −i∂x:

Kl(x, x′) = (−i∂x)l

32π

∫
dk eik(x−x′)

{
1

(k2 + 2)5/2 + O
(

1
(k2 + 2)7/2

)}
.

For l = 4, 5, the sub-leading terms give a finite contribution when x′ → x, so we will not be
interested in these; the leading term, on the other hand, is divergent when x′ → x and can be
evaluated using

∫
dk eikx(k2 + 2)−5/2 = x2

3 K2(
√

2|x|), where Kn is the modified Bessel function
of the second kind.

8This follows from M = ⟨k|k⟩−1 ⟨k|H |k⟩ and using all the steps that led from (4.22) to
(4.35)-(4.37).
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The final term in (4.39) is evaluated as follows

− 2M2
0

∫
⟨Sint χ(x)⟩ϕ′

cl(x)x dx

= 6M2
0λ

−2
∫
x dt dy dx ϕ′

cl(x)ϕcl(y)Gs(0; y, y)G(t; y, x)

= 3M2
0λ

−2
∫ ∞

−∞
x dy dx ϕ′

cl(x)ϕcl(y)
(
ψa(y)2

√
6

+
∫ dk

8π

∑3
l=0 k

lAl(y, y)
(k2 + 2)3/2(2k2 + 1)

)

×
(
ψa(y)ψa(x)

3/2 +
∫ dk

2π
eik(y−x)

k2 + 2

(
1 +

∑3
l=0 k

lAl(y, x)
2(k2 + 2)(2k2 + 1)

))

= M2
0 (−9 − 8

√
3π +

√
3π3)

18
√

2π
.

We should note that point splitting the arguments in the correlation function ⟨Sintχ⟩

above does not change the result because all the momentum integrals are convergent.

The loop-corrected radius

Putting this all together and restoring factors of m, we finally get

mR =
√

1
6 (π2 − 6) + (mλ)−2

√
3π (2 + π2) − 72
8π
√

6 (π2 − 6)︸ ︷︷ ︸
≈−0.06

+O(mλ)−3.

If λ̄ ≡ (mλ)−1, we expect that the two terms above are the first of a series,

mR = ∑∞
n=0 cnλ̄

n, with radius of convergence λ̄c. The supposed bound mR ≥ δ > 0

can now be checked. As Fig. 4.1 shows, as the force increases (i.e. when λ reduces,

or λ̄ increases), the radius decreases because of the negative quantum correction.

So it appears that, to this order in λ̄, the soliton can be made smaller by increasing

the scalar force. The question of whether this persists for larger λ̄ depends on

the higher order coefficients, ci, for i > 2.

4.6 Outlook

Further work is required to assess the ‘bounds states conjecture’ as proposed by

[4]. Our calculation shows that the first quantum correction to the radius of the

ϕ4
2 kink is negative. We leave to future work the question of what the higher

order quantum corrections are, and how they modify the behaviour of the radius

as a function of the coupling constant.
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Figure 4.1: mR as a function of λ̄. This behaviour holds in a vicinity of λ̄ = 0.

We wonder if it is possible to recast the theory in terms of the soliton operators,

resulting in a dual theory in which the soliton field is the ‘fundamental field’.

Deriving the duality would require techniques similar to those reviewed in §2.2.3 –

the difference is that the transformations won’t be ‘point-canonical’ (i.e. purely a

transformation of field variables)9. If this can be done, multi-soliton matrix elements

will become calculationally accessible and even pair creation of solitons (an effect

that is known to be hard to calculate ([77] Sec. 1.4)). What we are after is similar

to what Mandelstam achieved for sine-Gordon theory [64].

‘Dualities’ have been a hot topic since Maldacena’s discovery of AdS/CFT. The

typical scenario in a ‘duality’ is that the amplitudes in theory A are the same as

some amplitude in theory B – knowing which usually proceeds via a ‘dictionary’

which relates variables in A to those in B. It is obviously desirable, where possible,

to prove a duality from first principles. What this means is to, either, assume or

motivate the dictionary, and then to show that the Hamiltonian of B can be derived

by a change of variables from the Hamiltonian of A. In this sense, Mandelstam’s

proof of the duality between SG and Thirring models is the first of such proofs.

9Because the soliton operator is a mix of ϕ and π.
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In §2.3, we discussed the model of a QRW on the half-line. In this chapter,

we consider a QRW on a lattice known as the 3-Cayley tree. A q-Cayley tree

is a uniformly branching tree, of branching degree q, with a distinguished root

vertex. Figs. 5.1 and 5.2 show the 3-Cayley and 4-Cayley trees for example. In

this sense, the half-line is a 2-Cayley tree. In this chapter we will focus on the

3-Cayley tree, calling it tree for short.

The layout of this chapter is as follows. In §5.1 we define the model; in §5.2

we derive equations for the generating functions; in §5.3 we solve these equations

numerically to establish properties of the spectrum; in §5.4 we introduce a simple

coin matrix that allows tractable computations; in §5.5 we invert U − λ which leads

us to solve the ‘perturbed eigenvalue equation’: U |u⟩ = λ |u⟩ + |r⟩.

97
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Figure 5.1: The 3-Cayley tree. The ellipses
suppress the infinitely repeating pattern.

Figure 5.2: The 4-Cayley tree.

5.1 Setup

To be concrete, our tree is an infinite, rooted tree such that the root has degree 1 and

all other vertices have degree 3, and we make the following definitions (see Fig. 5.3):

• Let T be the collection of the vertices of the tree.

• r is the root vertex and r′ is the unique vertex neighbouring r.

• For vertices v and v′, d(v, v′) measures the shortest lattice distance between

them. A vertex v will be said to be at radius R if d(r, v) = R.

• For vertices v and v′, v > v′ will mean that v is further from the root than v′.

• Given a vertex v, we define L(v), (R(v) and D(v) resp.) as the vertex

branching left (right and down resp.). Note that these are defined only for

v ∈ T \r.

The allowed states of the particle are as follows: when the particle sits at any

site but the root, it has a spin i ∈ {1, 2, 3}. When the particle sits at the root,

however, it has no spin. Therefore configuration space (i.e. the set of basis states)

is C = |r⟩ ⋃
v∈T \r
i∈{1,2,3}

|v, i⟩. The states in C are defined to be orthonormal. Hilbert space



5. Quantum Random Walk on a Cayley Tree 99

Figure 5.3: Tree Terminology: for an arbitrary vertex v, we have displayed the definitions
of L(v), R(v) and D(v).

is the set of all normalizable superpositions of states in C. To define the unitary

time evolution operator we first define the coin operator C:

C |r⟩ = |r⟩ ,

C |v, i⟩ =
3∑
j=1

cij |v, j⟩ ,

where cij is a 3 × 3 unitary matrix referred to as the coin matrix. Next we define

‘shift operators’. To do this we introduce different ‘labellings’ of the tree. There are

in fact six different ways of labelling T that we will be interested in. The different

ways of labelling T will be called 12, 13, 21, 23, 31 and 32 which together make

the set L = {12, 13, 21, 23, 31, 32}. The labelling of type ij is defined as follows:

we introduce a function l(r) that assigns a label from the set S = {1, 2, 3} to the

root r and functions lL(v), lR(v) and lD(v) that assign to a vertex v ∈ T \r, a label

from the set S. The labelling of type ij satisfies

• l(r) = i.

• lL(r′) = i, lR(r′) = S\{i, j} and lD(r′) = j.

• lL(L(v)) = lL(v), lR(L(v)) = lD(v) and lD(L(v)) = lR(v), ∀v ∈ T \r.
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• lL(R(v)) = lR(v), lR(R(v)) = lL(v) and lD(R(v)) = lD(v), ∀v ∈ T \r.

It is convenient to represent this like in Fig. 5.4.

Figure 5.4: Labelling of type 13. This diagram is to be read as follows: for a vertex
v ∈ T \r, lL(v) (resp. lR(v) and lD(v)) is given by the label of the arrow pointing out of
v towards L(v) (resp. R(v) and D(v)); l(r) on the other hand is the label of the arrow
pointing out of the root. For example, for the vertex v′ shown in orange, lL(v′) = 1,
lR(v′) = 3 and lD(v′) = 2.

We will say that (ijk) is the local labelling around a vertex v ∈ T \r iff lL(v) = i,

lR(v) = j and lD(v) = k. Vertices of local labelling (123) (resp. (132), (213), (231),

(312) and (321)) will be called vertices of type 1 (resp. 2, 3, 4, 5 and 6), see Fig 5.5.

Figure 5.5: The orange vertex is said to be of type i ∈ {1, 2, 3, 4, 5, 6} if it falls into one
of the categories above.

Any vertex v ∈ T \r can be uniquely written as a sequence of L and R acting
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on r′. Let Sv denote that sequence. For example, the vertex v′ in Fig. 5.3 can be

written as v′ = L ◦ L ◦ R(r′), so Sv′ = LLR. For the vertex r′, we have Sr′ = id.

For each type of labelling α ∈ L, we have a different shift operator Sα. The

time evolution operators are defined as Uα = SαC. To specify Sij, we define its

action on all basis states: Sij |r⟩ = |r′, i⟩, Sij |r′, j⟩ = |r⟩; and for all other states

|v, i⟩ ̸= |r′, j⟩, we have Sij |v, i⟩ = |v′, i⟩ where v′ = L(v) if lL(v) = i, v′ = R(v) if

lR(v) = i or v′ = D(v) if lD(v) = i (see [46] for a different set of shift operators

that one can define on the Cayley tree).

We define return and first-return generating functions

µα(z) = ⟨r| (1 − zUα)−1 |r⟩ =
∞∑
t=0

(µα)tzt,

Qα(z) = ⟨r| zUα(1 − zŨα)−1 |r⟩ =
∞∑
t=2

(Qα)tzt,

respectively, where Ũα := (1 − |r⟩ ⟨r|)Uα. Like before, they are related by µα(z) =

(1 −Qα(z))−1. We will now show that Qα(z) satisfy a set of polynomial equations.

5.2 Generating functions

As in §2.3.2, Qα(z) can be written as a sum over walks:

Qα(z) =
∑

w∈L(r)
z|w|Pα(w), (5.1)

where L(r) is the set of walks s.t. w(0) = w(|w|) = r and w(τ) > r when

0 < τ < |w|. Pα(w) is the amplitude of walk w. It is product of the amplitudes

of each step except the first:

Pα(w) =
|w|−1∏
t=1

pα (w(t) → w(t+ 1)) ,
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where pα (w(t) → w(t+ 1)) = 1 if w(t) = r, otherwise p (w(t) → w(t+ 1)) = cnm,

where

n =


lL(v(t− 1)), if L(v(t− 1)) = v(t)
lR(v(t− 1)), if R(v(t− 1)) = v(t)
lD(v(t− 1)), if D(v(t− 1)) = v(t)

m =


lL(v(t)), if L(v(t)) = v(t+ 1)
lR(v(t)), if R(v(t)) = v(t+ 1)
lD(v(t)), if D(v(t)) = v(t+ 1)

Clearly, the assignment of amplitudes depends on the labelling scheme α.

Let Lt(v) denote the set of walks w of length t such that w(0) = w(t) = v and

w(τ) > v for 0 < τ < t. These will be refereed to as ‘loops based at v’. Also define

L(v) = ⋃
t≥2

Lt(v). The set of all loops based at r can be decomposed as follows

L(r) = L2(r)
⋃
n≥1

(
BL
n

⋃
BR
n

)
. (5.2)

BL
n (resp. BR

n ) is the set of loops based at r in which the particle walks from r

to r′, performs a loop based at r′ – with the condition that the first step is to

L(r′) (resp. R(r′)) – then performs a further n − 1 loops based at r′ and then

finally walks back to r. Define

BL
α (n) =

∑
w∈BL

n

z|w|Pα(w),

BR
α (n) =

∑
w∈BR

n

z|w|Pα(w).

We will now write down relations for BL
13(n) and BR

13(n). Consider a walk in BL
n .

In this walk, the first loop based at r′ lies in the set W ≡ {w : w ∈ L(r′), w(1) =

L(r′)}. However W is isomorphic to L(r) via w′(t) = Sw(t)(L(r′)) where w ∈ L(r)

and w′ ∈ W ; furthermore P13(w′) = P12(w). Therefore the contribution of the first

loop to BL
13(n) is equal to Q12(z). Now, the second loop can have a first step to

either L(r′) or R(r′). If the second loop has a first step to L(r′) then the total

contribution of all steps but those of the first loop is BL
13(n − 1). Conversely if

the second loop has first step to R(r′) then the total contribution of all steps but

those of the first loop is BR
13(n − 1). Therefore we have

BL
13(n) = Q12(z)c11

(
c22

c12
BR

13(n− 1) + c21

c11
BL

13(n− 1)
)
. (5.3)
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A similar argument leads to

BR
13(n) = Q23(z)c12

(
c32

c12
BR

13(n− 1) + c31

c11
BL

13(n− 1)
)
, (5.4)

BL
13(1) = z2c11c23Q12(z),

BR
13(1) = z2c12c33Q23(z).

Due to (5.2), (5.1), Q13(z) can be constructed from these generating functions

straightforwardly

Q13(z) = z2c13 +
∞∑
n=1

(
BL

13(n) +BR
13(n)

)
. (5.5)

Solving the recursion relations (5.3), (5.4) and substituting in (5.5) finally gives

Q13 = A(Q12, Q23) ≡ z2 (−Q12Πc∗
32 −Q23Πc∗

21 + c13 +Q12Q23Π)
Q23Q12Πc∗

13 − c21Q12 − c32Q23 + 1 , (5.6)

where Π ≡ det cij and we’ve used the fact that Πc∗
ij(−)i+j = det(M(cij)) where

M(cij) is the minor of c obtained by omitting cij. Repeating the procedure for

the other generating functions we get

Q12 = B(Q13, Q32) ≡ z2 (−Q13Πc∗
23 −Q32Πc∗

31 + c12 +Q13Q32Π)
Q32Q13Πc∗

12 − c31Q13 − c23Q32 + 1 , (5.7)

Q23 = C(Q21, Q13) ≡ z2 (−Q13Πc∗
12 −Q21Πc∗

31 + c23 +Q13Q21Π)
Q21Q13Πc∗

23 − c31Q13 − c12Q21 + 1 , (5.8)

Q32 = D(Q31, Q12) ≡ z2 (−Q12Πc∗
13 −Q31Πc∗

21 + c32 +Q12Q31Π)
Q31Q12Πc∗

32 − c21Q12 − c13Q31 + 1 , (5.9)

Q21 = E(Q23, Q31) ≡ z2 (−Q23Πc∗
13 −Q31Πc∗

32 + c21 +Q23Q31Π)
Q31Q23Πc∗

21 − c32Q23 − c13Q31 + 1 , (5.10)

Q31 = F (Q32, Q21) ≡ z2 (−Q21Πc∗
23 −Q32Πc∗

12 + c31 +Q21Q32Π)
Q32Q21Πc∗

31 − c12Q21 − c23Q32 + 1 . (5.11)

(5.6)-(5.11) have the property that if {Qα(z)}α∈L is a solution then {Qα(z̄−1)−1}α∈L

is too. For any given z there are several solutions for Qα. The ‘physical root’ (or

‘physical branch’, or even ‘physical sheet’) of these equations is that which behaves

around z = 0 as Qα(z) = cαz
2 + O(z4) since (Qα)2 = cα.
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(5.6)-(5.11) can be reduced to a single equation as follows. First eliminate

Q13 and Q31:

Q12 = B(A(Q12, Q23), Q32) −→ Q23 = G(Q12, Q32),

Q23 = C(Q21, A(Q12, Q23)) −→ Q12 = H(Q23, Q21),

Q32 = D(F (Q32, Q21), Q12) −→ Q21 = I(Q32, Q12),

Q21 = E(Q23, F (Q32, Q21)) −→ Q32 = J(Q21, Q23).

Then eliminate Q23 and Q21:

Q12 = H(G(Q12, Q32), I(Q32, Q12)),

Q32 = J(I(Q32, Q12), G(Q12, Q32)).

Each of the equations above can be rearranged as a polynomial and we find that

they both factorize. One of the factors in each equation contains the physical

branch – we can check which by substituting Qα = cαz
2 +O(z4) and computing if

it becomes identically zero to O(z4). We find that each of these surviving factors

are of order Q2
12Q

2
32. Eliminating these for Q32 results in an eight-order polynomial

equation, too large to display – we will refer to this as the master polynomial.

Using numerical techniques, we are able to solve this polynomial and establish

the behaviour of the generating functions.

5.3 Spectrum

As discussed in §2.3, z lies on a branch cut of Qα(z) when z−1 lies in the a.c.

spectrum of Uα; and Qα(z) = 1 when z−1 lies in the p.p. spectrum of Uα.

Our first observation is that Qα(z) has the same branch cuts for all α. For a

typical coin matrix (generated randomly), Fig. 5.6 is a schematic of the analytic

structure of Q32(z). It is a curious fact that for all the random coin matrices that we

studied numerically, we never observed a spectrum with more than six bands. This

apparent upper bound may be related to the branching ratio of the tree, though

we have no result in this direction. We attempted to conjecture a relationship by
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numerically computing the number of bands of the 4-Cayley tree, but this was not

possible because the master polynomial is harder to come by here.

There has been work in the past on determining regions of U(3) (unitary 3×3

matrices) such that coin matrices in these regions give rise to spectra that are

purely absolutely continuous or pure point only and in understanding the transition

between such regions [46]. In this vein, see [45] for a fairly general condition on

the coin matrix that guarantees the absence of mass points.

Figure 5.6: In blue are the cuts of Q32, and in orange are points where Q32 = 1.

5.4 Symmetric coin matrix

In this section we introduce a coin matrix simple enough to allow tractable

computations. Let

c =

c11 c13 c13
c13 c11 c13
c13 c13 c11.


Then Q = Q13 = Q12 = Q21 = Q23 = Q31 = Q32 satisfies

Q = z2Q
2Π − 2QΠc∗

13 + c13

Q2Πc∗
13 − 2Qc13 + 1 . (5.12)

An example of such a coin matrix is

c =

−1/3 2/3 2/3
2/3 −1/3 2/3
2/3 2/3 −1/3

 , det c = 1, (5.13)
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which we will adopt henceforth for explicit calculations. (5.12) describes a three-

sheeted Riemann surface. The physical sheet has no points where Q = 1 (so the

p.p. spectrum is empty) and it has four branch points ±z0 and ±z−1
0 on the circle

(with the understanding that z0 lies in the first quadrant) that are the roots of

−72 + 88z2
0 − 23z4

0 + 88z6
0 − 72z8

0 = 0. (5.14)

The situation is depicted in Fig 5.7.

Figure 5.7: The cuts of Q(z) and their edgepoints.

This model is also interesting because it has asymptotically periodic Verblunsky

coefficients. A numerical computation shows that the Verblunsky coefficients {γn}

approach {γ, 0,−γ, 0, ...} as n → ∞, where the ellipses suppress the repeating

pattern, with γ = 0.5427.... Substituting this sequence in (2.62) and setting the

discriminant to zero gives (1 + z2)2 − 4z2γ2 = 0. This must have solutions ±z0,

±z−1
0 since the a.c. spectra must agree (as discussed in §2.3.5). This requires

γ = z0 + z−1
0

2 ,

which agrees with the numerical result.
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5.5 The spectrum a different way

For convenience we define Q ≡ Q13, µ ≡ µ13, U ≡ U13 and Ũ ≡ Ũ13. In this

section we will compute the state

|u⟩ = (U − λ)−1 |r⟩ . (5.15)

We will vary λ on the unit circle and enquire when (5.15) breaks down. When λ

lies in the spectrum, |u⟩ will be non-normalizable. This will allow us, in principle,

to compute the spectrum a different way.

Now, we can rewrite (5.15) as

U |u⟩ = λ |u⟩ + |r⟩ . (5.16)

Therefore this is almost the same as the eigenvalue equation except for a ‘source

term’ |r⟩ which will contribute only at the root. Define the wavefunctions

ur = ⟨r|u⟩, av = ⟨v, 1|u⟩, bv = ⟨v, 2|u⟩ and cv = ⟨v, 3|u⟩ for v ∈ T \r. Notice

that ⟨r|u⟩ = −λ−1µ(λ−1), though we will not use this relation. In terms of

the wavefunctions, (5.16) reads

ur = λar′ , (5.17)

c13ar′ + c23br′ + c33cr′ = λur + 1, (5.18)

c11ar′ + c21br′ + c31cr′ = λaL(r′), (5.19)

c12aL(r′) + c22bL(r′) + c32cL(r′) = λbr′ , (5.20)

for the vertices closest to the root. What we notice is that there don’t seem to be

enough equations to propagate the wavefunction out from the origin uniquely. For

example, even if ur is given, (5.17) and (5.18) are not enough to determine ar′ , br′ and

cr′ . Similarly, even if ar′ , br′ and cr′ are given, (5.19) and (5.20) are not enough to

determine aL(r′), bL(r′) and cL(r′). The general phenomenon is that there are only two

equations on the wavefunction at a point at radius r+1 in terms of the wavefunctions
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at radius r: given a vertex v at radius r of type 1, and the neighbouring vertex

v′ = L(v) at radius r + 1 of type 2 for example, those two equations are

c11av + c21bv + c31cv = λav′ , (5.21)

c12av′ + c22bv′ + c32cv′ = λbv.

However there is a way out: there are extra equations so that given the wavefunction

at radius r, the wavefunction at radius r + 1 can be uniquely determined. For

example let v′ be a vertex of type 2. Then we have

bv′ = (c13av′ + c23bv′ + c33cv′)Q32(λ−1), (5.22)

cv′ = (c11av′ + c21bv′ + c31cv′)Q13(λ−1). (5.23)

There are similar equations that can be written for vertices of other types. We

prove (5.22) and (5.23) in App. C. Since v′ in (5.21) is of type 2, we combine (5.22),

(5.23) with (5.21), allowing us to determine {av′ , bv′ , cv′} in terms of {av, bv, cv}:av′

bv′

cv′

 = λ−1

 c11 c21 c31
c11B2 c21B2 c31B2
c11A2 c21A2 c31A2


︸ ︷︷ ︸

≡T1L

avbv
cv

 , (5.24)

A2 = c11Q13(λ−1) + Πc∗
32Q32(λ−1)Q13(λ−1)

1 − c31Q13(λ−1) − c23Q32(λ−1) + c∗
12ΠQ32(λ−1)Q13(λ−1) ,

B2 = c13Q32(λ−1) + c∗
22ΠQ13(λ−1)Q32(λ−1)

1 − c31Q13(λ−1) − c23Q32(λ−1) + c∗
12ΠQ32(λ−1)Q13(λ−1) .

We will call the matrix T1L in (5.24) a transfer matrix. Notice that v was any type

1 vertex. Therefore for any type 1 vertex v, we haveaL(v)
bL(v)
cL(v)

 = T1L

avbv
cv

 .
Similarly, it can be shown that their exist transfer matrices T1R, T2L, T2R, T3L,

T3R, T4L, T4R, T5L, T5R, T6L, T6R such that(
aL(v) bL(v) cL(v)

)T
= TiL

(
av bv cv

)T
,(

aR(v) bR(v) cR(v)
)T

= TiR
(
av bv cv

)T
.

 ∀ type i vertices v
∀ i∈{1,2,3,4,5,6} (5.25)
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It turns out that T5R = T1L, T4L = T1R, T3R = T2L, T6L = T2R, T6R = T3L

and T5L = T4R, so that there are only six independent transfer matrices. Notice

that T1L has only one non-zero eigenvalue. Similarly, all transfer matrices have

only one non-zero eigenvalue.

Now (5.25) is still not satisfactory because they depend on Qα. However Qα

can be eliminated. Consider two vertices v and v′, both of type 2. Because

of (5.22), (5.23), we have

bv = (c13av + c23bv + c33cv)Q32,

cv = (c11av + c21bv + c31cv)Q13,

bv′ = (c13av′ + c23bv′ + c33cv′)Q32,

cv′ = (c11av′ + c21bv′ + c31cv′)Q13.

Eliminating Q32 and Q13

c13

(
av′

bv′
− av
bv

)
+ c33

(
cv′

bv′
− cv
bv

)
= 0,

c11

(
av′

cv′
− av
cv

)
+ c21

(
bv′

cv′
− bv
cv

)
= 0. (5.26)

Solving this for av and av′ assuming bv′/cv′ − bv/cv ̸= 0 gives

av = −c21

c11
bv − c33

c13
cv,

av′ = −c21

c11
bv′ − c33

c13
cv′ .

However these simple relations cannot be true. Therefore the correct solution is

bv′/cv′ − bv/cv = 0, which also implies av′/cv′ = av/cv via (5.26). Therefore

{av′ , bv′ , cv′} = scale factor × {av, bv, cv},

which holds for any two vertices v, v′ ∈ T \r of type 2 (though not with the

same scale factor each time). Similarly, we can show that for any two vertices

v, v′ ∈ T \r of the same type,

{av′ , bv′ , cv′} = scale factor × {av, bv, cv}. (5.27)
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This simple fact along with the existence of transfer matrices allows us to solve

for the wavefunctions. Let t = {v1, v2, v1′ , v5, v2′ , v6, v5′ , v4, v6′ , v3, v4′ , v1′′ , v3′} be

a sublattice of T defined as

v1 = r′, v2 = L(v1), v1′ = L(v2),

v5 = R(v2), v2′ = R(v5),

v6 = L(v5), v5′ = L(v6),

v4 = R(v6), v6′ = R(v4),

v3 = L(v4), v4′ = L(v3),

v1′′ = R(v3), v3′ = R(v1′′),

as shown in Fig. 5.8. For any vertex vα in this set, let the wavefunction at that

Figure 5.8: The sublattice t.

site be written as {aα, bα, cα}. Now define Y and {Xi}6
i=1 as

{ai′ , bi′ , ci′} = Xi{ai, bi, ci} for i = 1, ..., 6, (5.28)

{a1′′ , b1′′ , c1′′} = Y {a1, b1, c1}.

That such scale factors exist is because of (5.27). Analogous to (5.22) and (5.23)

we can write two equations for the wavefunctions between any two vertices. On
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our lattice t ∪ {r} this lets us write down 26 equations:

ur = λa1,

c13a1 + c23b1 + c33c1 = λur + 1;

 between r and r′ ≡ v1 (5.29)

a1c11 + a2(−λ) + b1c21 + c1c31 = 0,

a2c12 + b2c22 + b1(−λ) + c2c32 = 0;

 between v1 and v2 (5.30)

a2c11 − a1λX1 + b2c21 + c2c31 = 0,

a1c13 + b1c23 − c2λ
X1

+ c1c33 = 0;

 between v2 and v1′ (5.31)

a2c13 + b2c23 + c5(−λ) + c2c33 = 0,

a5c12 + b5c22 + b2(−λ) + c5c32 = 0;

 between v2 and v5 (5.32)

a5c11 − a2λX2 + b5c21 + c5c31 = 0,

a2c12 + b2c22 − b5λ
X2

+ c2c32 = 0;

 between v5 and v2′ (5.33)

a5c13 + b5c23 + c6(−λ) + c5c33 = 0,

a6c11 + a5(−λ) + b6c21 + c6c31 = 0;

 between v5 and v6 (5.34)

a6c13 + b6c23 − c5λX3 + c6c33 = 0,

a5c12 + b5c22 − b6λ
X3

+ c5c32 = 0;

 between v6 and v5′ (5.35)

a6c12 + b6c22 + b4(−λ) + c6c32 = 0,

a4c11 + a6(−λ) + b4c21 + c4c31 = 0;

 between v6 and v4 (5.36)

a4c13 + b4c23 − c6λX4 + c4c33 = 0,

a6c11 − a4λ
X4

+ b6c21 + c6c31 = 0;

 between v4 and v6′ (5.37)

a4c12 + b4c22 + b3(−λ) + c4c32 = 0,

a3c13 + b3c23 + c4(−λ) + c3c33 = 0;

 between v4 and v3 (5.38)

a3c12 + b3c22 − b4λX5 + c3c32 = 0,

a4c11 − a3λ
X5

+ b4c21 + c4c31 = 0;

 between v3 and v4′ (5.39)

a3c11 + a1λ(−Y ) + b3c21 + c3c31 = 0,

a1c13 + b1c23 − c3λ
Y

+ c1c33 = 0;

 between v3 and v1′′ (5.40)

a1c12 + b1c22 − b3λX6
Y

+ c1c32 = 0,

a3c13 + b3c23 − c1λY
X6

+ c3c33 = 0.

 between v1′′ and v3′ (5.41)

These are written in variables Y , {Xi}6
i=1, {(ai, bi, ci)}6

i=1 and ur – a total of

26 complex d.o.f.. Therefore all variables can in principle be determined from

(5.29)-(5.41). How does one then determine the wavefunction at an arbitrary site
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in T that isn’t necessarily in t ∪ {r}? First one notices that (5.28) actually

holds more generally:

{aL2(v), bL2(v), cL2(v)} = Xi{av, bv, cv} ∀ type i vertices v
∀ i∈{1,3,5} , (5.42)

{aR2(v), bR2(v), cR2(v)} = Xi{av, bv, cv} ∀ type i vertices v
∀ i∈{2,4,6} , (5.43)

{a(RL)3(v), b(RL)3(v), c(RL)3(v)} = Y {av, bv, cv} ∀ type 1 vertices v, (5.44)

where L2(v) ≡ L◦L(v), R2(v) ≡ R◦R(v) and (RL)3(v) = R◦L◦R◦L◦R◦L(v). This

follows because of the existence of transfer matrices. For example let v be of type 1.

Then L2(v) is also of type 1, so {aL2(v), bL2(v), cL2(v)}T = scale factor×{av, bv, cv}T =

T2LT1L{av, bv, cv}T . So {av, bv, cv} must be an eigenvector of T2LT1L and the scale

factor must an eigenvalue. However T2LT1L has only one non-zero eigenvalue and its

value is X1, since (5.28) with i = 1 reads {aL2(v1), bL2(v1), cL2(v1)} = X1{av1 , bv1 , cv1}

for v1 ∈ t. Therefore, X1 is a universal scale factor and so (5.42) with i = 1 follows;

similarly the other scale factors are universal and so (5.42)-(5.44) follow. Now,

from the relations (5.42)-(5.44) it’s not hard to show that the wavefunction at

any site v ∈ T of type i (for any i) can be related to {ai, bi, ci} by a scale factor

that is a function of only {Xi}6
i=1 and Y .

Now we can address the question of when (U − λ)−1 doesn’t exist. For λ

s.t. (U − λ)−1 doesn’t exist, |u⟩ is non-normalizable. First, let’s compute the

norm-squared of |u⟩:

P1 ≡ ⟨u|u⟩ − |ur|2 =
∑
v∈T \r

(|av|2 + |bv|2 + |cv|2). (5.45)

Now we define sub-trees of T :

T2 = {v : v = O(v2)},

T5 = {v : v = O(v5)},

T6 = {v : v = O(v6)},

T4 = {v : v = O(v4)},

T3 = {v : v = O(v3)},

T3′′ = {v : v = O(R(r′))},

T1′ = {v : v = O(v1′)},
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where O consists of all powers of L and R (for e.g. LRL2R) including O = id.

The roots of T2, T5, T6, T4, T3, T3′′ and T1′ are v2, v5, v6, v4, v3, R(r′) and v1′ in that

order. Now, define the norm-squared on these sub-trees:

Pi :=
∑
v∈Ti

(|av|2 + |bv|2 + |cv|2) for i = 2, 3, 4, 5, 6, 3′′, 1′.

Note that T \r can be decomposed as {r′} ∪ T2 ∪ T3′′ . Therefore P1 = |a1|2 + |b1|2 +

|c1|2 + P2 + P3′′ . However P3′′ = |X6/Y |2P3 since {ax, bx, cx} = X6Y
−1{a3, b3, c3}

where x is the root of T3′′ . Similarly T2 can be decomposed as {v2} ∪ T1′ ∪ T5, so

P2 = |a2|2 + |b2|2 + |c2|2 + P1′ + P5. However P1′ = |X1|2P1 because {a1′ , b1′ , c1′} =

X1{a1, b1, c1}. Using similar arguments, one finally arrives at a matrix equation:

1 −1 −|X6/Y |2 0 0 0
−|X1|2 1 0 0 −1 0
−|Y |2 0 1 −|X5|2 0 0

0 0 −1 1 0 −|X4|2
0 −|X2|2 0 0 1 −1
0 0 0 −1 −|X3|2 1


︸ ︷︷ ︸

≡M



P1
P2
P3
P4
P5
P6


=



|a1, b1, c1|2
|a2, b2, c2|2
|a3, b3, c3|2
|a4, b4, c4|2
|a5, b5, c5|2
|a6, b6, c6|2


,

(5.46)

where |ai, bi, ci|2 ≡ |ai|2 + |bi|2 + |ci|2. This allows P1 and therefore ⟨u|u⟩to be

computed. The radius of convergence of (5.45) is reached when detM = 0. Outside

of this surface, |u⟩ is non-normalizable. Notice that this convergence criterion

only depends on the scale factors.

Let us demonstrate this for the maximally symmetric coin (5.13). First the

symmetry tells us that X1 = X3 = X5, X2 = X4 = X6 and Y 2 = (X1X2)3.

Then we write (5.30)-(5.36), (5.38), (5.40) as a matrix equation for the vector

v⃗ ≡ {a1, b1, c1, a2, b2, c2, ..., a6, b6, c6}: M1v⃗ = 0. This implies that that detM1 = 0

which turns out to be a polynomial equation in just X1 and X2. Similarly, (5.30),

(5.32)-(5.38), (5.40) can be written as matrix equation M2v⃗ = 0, and detM2 = 0

gives another equation forX1 andX2. EliminatingX2 between these equations leaves

− 4
(
λ2 − 1

)2
λ2 + 9λ4X3

1 − 2
(
14λ4 + 2λ2 − 7

)
λ2X2

1

+
(
36λ8 − 40λ6 + 32λ4 − 28λ2 + 9

)
X1 = 0. (5.47)
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Because the coin matrix is real, it turns out that |X1| = |X2|. Using this fact

to simplify detM = 0 (M defined in (5.46)) gives (1 − |X1|2)(1 − 4|X1|2) = 0.

This has a zero closest to the origin when |X1| = 1/2. Therefore the criterion for

normalizability of |u⟩ is |X1| < 1/2. Solving (5.47) with |X1| = 1/2 gives

−72 + 88λ2 − 23λ4 + 88λ6 − 72λ8 = 0.

This has four roots on the circle and they coincide with the endpoints of the bands

of the a.c. spectrum as computed in §5.4 (see (5.14)) because, around these values,

λ changes from being in the spectrum to out of the spectrum.

5.6 Conclusions

As discussed in §2.3.1 and §5.3, the 2-Cayley tree has a maximum of two bands in

the spectrum while the 3-Cayley tree appears to have a maximum of six bands. It is

reasonable to conjecture that for the q-Cayley tree, the maximum number of bands in

the spectrum is a function of q only; can we determine what this function is? If this is

false, we wonder which property of the walk controls the maximum number of bands.

As shown in §5.4, the Verblunsky coefficients of the QRW on the 3-Cayley

tree with symmetric coin matrix is asymptotically four-periodic. It is worthwhile

determining if this model with general coin matrix also has asymptotically periodic

Verblunsky coefficients – by the theorem at the end of §2.3.6 this would immediately

provide an upper bound on the number of bands in the spectrum.

An open question is how to solve the eigenvalue equation U |λ⟩ = λ |λ⟩. The

obvious obstruction is that the number of equations aren’t enough to fix the

wavefunction, as discussed at the start of §5.5. In §5.5, we overcame this problem

(to solve U |u⟩ = λ |u⟩ + |r⟩) by taking advantage of properties of walks which start

at the root; however, this same method can’t be directly adapted to the eigenvalue

equation so it remains open how to do this.



6
Summary

In this thesis, we aimed to solve three rather different problems.

In Chapter 3, we analysed Causal Dynamical Triangulations (CDT) coupled to

hard-dimers in two dimensions (aka CDT+HD). CDT is a model of pure quantum

gravity and it is a discretization of the path integral over metrics in quantum

gravity. It is formulated as a sum over geometries constructed by the gluing of

simplicial blocks in all possible ways subject to the constraint that the geometry

admits a discrete time slicing. These geometries are discretized analogues of globally

hyperbolic geometries. We reviewed pure CDT in §2.1.

Dimers on the other hand are a set of additional degrees of freedom that

inhabit the triangulation. They are similar to Ising spins on the triangulation –

the difference is that dimers are extended objects. The dimers interact with each

other via the hard dimer rule which requires that no two dimers can inhabit the

same triangle. This causes the dimers to interact with the underlying geometry in

an interesting way. CDT+HD is then defined as the sum over all triangulations

and dimer configurations with each triangle and dimer carrying an associated

fugacity (or weight). Models of CDT coupled to extra d.o.f. are meant to imitate

quantum gravity coupled to matter.

In the past, the partition function of a restricted version of CDT+HD (in which

not all dimer types was allowed) was calculated. In this work, we included all

115
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dimers types, subject to a single restriction and solved for the cylinder-amplitude

(see §3.4) (which is the amplitude of transition of an initial spatial loop of fixed

size at time zero to a final spatial loop of fixed size, at fixed time after zero, such

that the topology of the 2-manifold is a cylinder), employing a bijection to labelled

trees (§3.3). This also allows one to work out the grand-canonical partition function

(which is the amplitude for a point (the zero spatial universe) to transition to

a spatial loop of any size in any time). We found that the partition function is

actually the root of a fourth-order polynomial whose coefficients are functions of

the dimer and triangle fugacities (§3.5). We then worked out the phase diagram

of this model (§3.5.4) in the space of coupling constants (aka the fugacities) by

taking the scaling limit (the process in which the size of the triangles goes to zero

while the total size of the triangulation is kept fixed) and computing the critical

exponents. Critical points occur when the coupling constants are tuned such that

this polynomial has either a double or triple-root (aka a tri-critical point). In the

absence of dimers, the triangle fugacity can be tuned such that this polynomial

has a double root, and this gives rise to the pure gravity (PG) phase of CDT.

When the dimer weights are non-zero, in addition to the PG phase, the dimers

interact strongly with the geometry and new phases appear: two tri-critical phases

and two dense dimer phases, phases in which the dimer density diverges in the

scaling limit. We analysed these phases in detail (§3.5.2, §3.5.1) and worked out

the local and global Hausdorff dimensions (§3.5.3).

We found that the cylinder amplitude is constructed from the solutions to certain

second or first order recurrence relations (§3.4). With certain dimer weights we

managed to solve these relations but in general they are non-linear and not easily

solved. However, by taking the scaling limit, these relations turn into differential

equations of second or first order and are characteristic of each phase (§3.6.2). We

managed to write down solutions to these differential equations and verified these

solutions using the exact solutions of the recurrence relations, where they existed

(§3.6.3, §3.6.4). This allowed us to construct the continuum cylinder amplitudes

(and disk amplitudes which are gotten by taking the length of the initial loop to
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zero, and are supposed to give the amplitude for a big-bang creation event [11]) in

each of the phases. By studying the small-time expansion of these functions, we also

determined the continuum Hamiltonian (or time-evolution operator) in some phases

in which they exist (§3.7). We concluded with an argument for why unrestricted

CDT+HD (i.e. with the last remaining constraint lifted) might not have any new

phases beyond those that we determined (§3.8). Even then, it is still interesting

from a combinatoric viewpoint to find a solution to unrestricted CDT+HD and

to overcome the problem of non-local interactions on the tree model.

In Chapter 4, we calculated the soliton radius in the ϕ4 model in two dimensions

(we reviewed the classical aspects of this model in §2.2.1). As we discussed in the

introduction, §1.2, this problem began from the ‘bound states conjecture’: we wanted

to find a quantum field theoretic reason for why the radius of a generic stable bound

state might be bounded below, by arguing along the lines of an instability caused by

particle creation. However we were eventually led to attempt a rigorous calculation

of the radius of a well-understood bound state. We settled on the ϕ4 soliton in two

dimensions and attempted to calculate its radius via quantum field theory techniques.

Similarly to how the radius of the proton is determined from its electromagnetic

form factors [78], the radius of the soliton must follow from an appropriate form

factor (this point was suggested to us by F. Caola). The soliton has an extended

energy distribution so we found it natural to study the form factor ⟨p′| H(x) |p⟩.

We were then faced with the problem of determining the one-particle soliton state

|p⟩. If the soliton was an elementary excitation of the theory, then a†
p acting on the

vacuum |0⟩ would create the incoming (or outgoing) state. One of our contributions

was to motivate soliton creation operators, fairly generally, so that acting with these

on the vacuum gives an incoming one-particle soliton state, see §4.2, §4.3.

We then compared our results with a famous set of results by S. Mandelstam

(§4.4). What he managed to do was derive soliton creation operators in the sine-

Gordon (SG) model and show that the Heisenberg equations of motion satisfied by

these operators are the same as those satisfied by the Thirring field in the Thirring

model. Therefore, he derived, from first principles, the now well-known duality
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between sine-Gordon and Thirring models. However, Mandelstam’s justification

why these operators describe the soliton is slightly heuristic; and his operators

do not transform covariantly under Lorentz transformations, which suggests that

they are actually being formulated in a particular frame of reference. We find that

when our general soliton operators are adapted to the sine-Gordon model, that we

can partially match onto Mandelstam’s result by formulating our operator in the

infinite-momentum frame. More precisely, we find that our operators match onto his

only when β2 = 4π (where β is the coupling constant in the SG model). Therefore,

while there is a duality between Mandelstam’s operators and the Thirring field for

all β, his operators describe the SG soliton only at β2 = 4π.

To calculate the soliton form factor, we make a change of variables on the

configuration space that maps a field configuration ϕ to a position variable X of

the soliton and a leftover field configuration χ that is subject to constraints, as

reviewed in §2.2.3. The incoming and outgoing soliton states assume a convenient

form in these new variables. Moreover, the Hamiltonian can be re-expressed in

these new variables. One then expresses the matrix element as a path integral

over these new variables. We find that the integral over X and its dual P can be

performed easily, leaving us with the integral over χ and its dual π̄ (§B.1). As usual,

we split the action into a free and interacting part and deduce the propagators

and Feynman rules from this. We find that we have three propagators ⟨χχ⟩, ⟨χπ̄⟩

and ⟨π̄π̄⟩ and an infinite set of interaction vertices (§B.2). Using these rules, we

then explicitly computed ⟨p′| H(x) |p⟩ and expressed it as the sum of a classical

contribution f0(x) (of order ℏ0) and a first-quantum contribution f1(x), of order ℏ1

(§4.5). The zeroth moment of f0(x) + f1(x) gave us the mass of the kink to order

ℏ1 – corroborating the accepted result – and the second moment of f0(x) + f1(x)

gave us the radius of the kink to order ℏ1.

In Chapter 5, we investigated a quantum random walk on the Cayley tree.

The Cayley tree is an infinite, uniformly branching tree of branching order three

with a distinguished root vertex. There is a spin-one particle with three internal

spin states (the number of spin states is chosen to be equal to the branching
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order of the tree) and it is allowed to occupy sites on the tree. The configuration

space of this theory consists of all spin states and positions of the particle. We

defined a unitary time-evolution operator Uα (time in this system is discrete and

takes on non-negative integer values) as the product of coin and shift operators

(§5.1). The coin operator simply causes a unitary rotation on the spin states

according to a 3 × 3 unitary ‘coin’ matrix, while the shift operator moves the

particle from any site to one of its three neighbours depending on the spin state

of the particle – this assignment of spins to neighbours all throughout the tree is

called a ‘labelling scheme’ and we introduced six different such labelling schemes

α ∈ L = {12, 13, 21, 23, 31, 32}. The entries of the coin matrix are considered as

variables, and the model is considered a function of these.

An introduction to QRWs can be found in our review of the QRW on the

2-Cayley tree in §2.3 – in which we introduce generating functions, integration

measures on the unit circle and solution of the spectrum, among other things.

We showed how matrix elements of Un can be written as a sum over walks or

paths of the particle. We investigated the return generating function (or Stieltjes

function) µα(z) and the closely related first return generating function Qα(z) via

the representation as a sum over walks (§5.2). We showed that µα(z) has cuts

when z lies in the absolutely continuous (a.c.) spectrum of Uα and µα(z) has

poles when z lies in the pure-point spectrum (§2.3.4). The a.c. spectrum typically

decomposes into disconnected pieces called bands. We showed how one can derive

six coupled polynomial equations for {Qα(z)}α∈L and outlined a procedure by

which these equations can be reduced to a single eighth-order polynomial equation

(§5.2). By simulating the solutions to this polynomial on a computer, we derived

the analytic structure of Qα(z) (§5.3). This showed that the number of bands

of the spectrum is typically six. We commented that it is interesting to find a

reason for this in terms of the properties of the walk. We also analysed a simple

example in which the coin matrix was taken to be of a maximally symmetry form in

§5.4. In this example we found that the Verblunsky coefficients are asymptotically
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four-periodic. We commented that it is interesting to determine if this persists

for more general coin matrices.

We then went on to solve for |u⟩ = (U −λ)−1 |r⟩ (where |r⟩ is the root state and

U ≡ U13) in §5.5. This provides an independent way to determine the spectrum

of U because when λ lies in the spectrum of U , (U − λ)−1 |r⟩ has infinite norm

(the technical statement for this is that (U − λ)−1 is unbounded when λ lies in the

spectrum). We found that the equation for |u⟩ appears to be under-determined.

This problem was overcome by using an identity satisfied by walks starting at

the root (see §C.1) to derive a closed set of equations for |u⟩. We found that the

appropriate ansatz for |u⟩ is that of a function that decays exponentially along

‘straight lines’ through the tree, controlled by six different decay factors, one for each

of the six types of ‘straight lines’ that can be defined. These decay factors satisfy

a known set of coupled polynomial equations. The norm of |u⟩ can be calculated,

and the boundary of the region in which the norm is finite can be parametrized

solely in terms of the decay factors. By studying the flow of the decay factors

as a function of λ and their positions with respect to the boundary surface, one

can work out the spectrum. In practice, for general coin matrices this is not easy

to do because of the complexity of the polynomial equations. However, for the

symmetric coin matrix we introduced in §5.4, the equations are tractable and we

showed how this method can be carried through and matched onto the results for

the spectrum as determined from the analytic structure of µ(z). We pointed out at

the end that it is interesting to find out how the eigenvalue equation U |λ⟩ = λ |λ⟩

can be solved since it suffers from the same problem of being under-determined and

a work-around using properties of the walk cannot be directly applied.

We hope that the reader has enjoyed the direction we have taken through this

work and that some of the techniques we have discussed can be used to solve more

modern problems like the determination of the mass of the hadronic particles from

first principles (through a change of QCD field-variables possibly). In recent times,

through the work of Almheiri et. al. and Marolf et. al. [79, 80] (starting with

an idea of S. Hawking [8]), it has become clear that topology change can provide
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deep insights into the information paradox and the quantum dynamics of black

holes. Can we employ this idea to fully resolve the ultraviolet nature of gravity,

or will there still be some missing ingredients? We hope that the reader, like us,

is inclined to believe that the answer to such questions is near.
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A.1 Proof that γ is a bijection

Proof. Injectivity follows from checking that the map γ−1 exists. This is constructed

by combining β−1 : Pt+1 → Tt with the labelling rules (i)-(vi) followed backwards.

To check surjectivity we show that RLt+1 is indeed the image of Dt under the map

γ, by verifying constraints (vii)-(x):

• (viia) and (viib) follow from the boundary conditions that there are no dimers

dual to edges on ∂1T and ∂2T respectively.

• (viii) follows from the hard dimer rule. To deduce the rules, consider the

local occurrence of any dimer type from Fig. 2.6 corresponding to the label

ℓ(v) of vertex v. Then add a ‘probe’ dimer to the vacant edges in turn, thus

violating the hard-dimer rule. Each time, attach a new triangle to that edge

in all allowed ways and apply γ to map this segment of the triangulation to a
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segment of a labelled tree; if the probe dimer corresponds to the labelling of

a vertex w which is v itself or to the left or right of v, or a child of v, then

there is a new constraint on ℓ(w), otherwise not. Figs. A.1, A.2 and A.3 show

how the constraints (viiib), (viiic) and (viiid) respectively arise. (viiia) follows

from applying the same procedure, starting with dimer type 1.

Figure A.1: We start with the definition of a specific dimer type and study the segment
of the triangulation under the map γ. The dashed lines are the edges of the triangulation
while the solid lines are those of the tree. The horizontal arrows indicate the clockwise
direction of the circles.

• (ix) follows from restriction (I) – see Fig. A.4.

Figure A.4: We apply γ to a triangulation with f(v) dual to a dimer, σf (v) = 1 and
σb(v) = 2 to obtain (ix).

• (xa), (xb) and (xc) follow from the geometry of the dimer types – see Fig.

A.5.
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Figure A.2: Constraint (viiic).

Figure A.3: Constraint (viiid).

Figure A.5: Constraints (xa), (xb) and (xc).
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A.2 Cylinder Amplitude Series for TCII

For TCII, the cylinder amplitude cannot be calculated in closed form so we record

the series expansion at high and low T for completeness. The couplings

ξ1 = ξ2 = ξ3 = 0, ξ4 = −1/3,

lie in TCII. Adopting these couplings and defining g = gc − Λa3/18, y =
√

3 − aY ,

the small T expansion of F takes the form

F (T,Λ, Y ) = −Y + T

3
(
Y 3 − Λ

)
+ T 2

6 Y 2
(
Λ − Y 3

)
+ T 3

54
(
Y 3 − Λ

) (
5Y 4 − 2ΛY

)
+ 1

648T
4
(
Λ − Y 3

) (
2Λ2 + 35Y 6 − 28ΛY 3

)
+ h.o.t..

For large T , F can be expanded as a Taylor series in exp(−Λ2/3T ):

F (T,Λ, Y ) = −Λ1/3 ∑
n=0

an (αϕ(Y ))n e−nΛ2/3T ,

where

ϕ(Y ) =
∏
i

(−Y + αi)αi ,

α = −(−1 + α2)−α2(−1 + α3)−α3 ;

the first few coefficients are a0 = 1, a1 = 1, a2 = 1, a3 = 7/6, a4 = 13/9, a5 =

133/72, a6 = 217/90.

A.3 Discrete solution for TCI Cylinder Ampli-
tude

On TCI, ξ4 = 0, so eliminating f 2
t from (3.12) and (3.13), f 1

t can be seen to satisfy

R(ft−1, ft, ft+1) ≡

g4ξ1ξ2ft−1ftft+1 − g2ftft+1
(
g2ξ3 + ξ1 + ξ2 + 1

)
+ ft+1

(
g2ξ2 + 1

)
− 1 = 0.
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The solution to this is

f 1
t = c1p

−t
1 + c2p

−t
2 + c3p

−t
3

c1p
−t−1
1 + c2p

−t−1
2 + c3p

−t−1
3

, (A.1)

where ci are unfixed constants and {pi}3
i=1 are the three roots of R(p, p, p) = 0.

There is a simple set of critical couplings lying in TCI which we adopt: ξ3 =

0, ξ1 = ξ2/4 = −1/8 for which f 1
c = f 2

c = 4 and gc = 1/
√

2; and we take g =

gc(1 − Λa3/4). First we impose the boundary conditions (3.11) to determine

the constants ci in terms of the fugacity y. Expanding pi in powers of a gives

pi = 4(1 − αiΛ1/3a) +O(a2), where {αi}3
i=1 are the three roots of unity. Then the

numerator and denominator of (A.1) at leading order read 4−t∑Ci exp(αiΛ1/3T )

and 4−t−1∑Ci exp(αiΛ1/3(T + a)) resp., where Ci is the leading term of ci. With

u(T ) := ∑
iCi exp(αiΛ1/3T ), (A.1) then becomes

f 1
T/a = 4u(T )/u(T + a) = 4(1 − a u′(T )/u(T )) +O(a2).

Comparing this with (3.32) we see that F 1 = −4u′/u. Calculating ci using the

boundary conditions, one finds that ci = αi + a const.
yc−1/

√
2 +O(a2). This indicates that

the non-trivial scaling occurs at yc = 1/
√

2. So setting y = (1 − aY )/
√

2, we get

ci = αi(2Y + Λ1/3αi) + O(a), i.e C = αi(2Y + Λ1/3αi). Therefore

F 1(T,Λ, Y ) = −4 3
√

Λ
∑
i(α2

iY + 3
√

Λ/2) exp(αi 3
√

ΛT )∑
i(αiY + α2

i
3
√

Λ/2) exp(αi 3
√

ΛT )
. (A.2)

Expanding (3.12) also shows that F 2 = 3F 1/2; together with (A.2), we then

have agreement with (3.48).
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B.1 Matrix Elements to Path Integrals

We begin by deriving expressions for the Hamiltonian and Hamiltonian density in a

perturbative expansion in powers of λ−1. For that purpose, we expand1 (2.43):

π(x) = π̄(x−X) − 1
2M0

{
ϕ′
cl(x−X), P +

∫
χ′π̄

}
+O(λ−2).

The Hamiltonian density of the theory is (see (4.14)) (where all operators in

the following are at time zero)

H(x) = 1
2

(
π(x)2 + ϕ′(x)2 − (1 + δm2)ϕ(x)2 + ϕ4(x)

2λ2 + λ2

2 (1 + δm2)2
)

+ C(x),

where

C(x) = −1
2 ⟨Ω|

(
π2(x) + ϕ′2(x) − (1 + δm2)ϕ2(x) + ϕ4(x)

2λ2 + λ2

2 (1 + δm2)2
)

|Ω⟩ .

(B.1)
1The order of λ can be counted by recalling ϕcl ∝ λ, M0 ∝ λ2, and δm2 ∝ λ−2.
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Expanding this, we have H(x) = H̃(x − X), where

H̃(x) := a(x) + b(x) + c(x) + d(x) + O(λ−2);

a ∝ λ2, b ∝ λ, c ∝ λ0, d ∝ λ−1;

a(x) := 1
2

(
ϕ′2
cl − ϕ2

cl + ϕ4
cl

2λ2 + λ2

2

)
,

b(x) := (ϕ′
clχ)′,

c(x) := 1
2

(
π̄2 + χ′2 − χ2 + 3

λ2ϕ
2
clχ

2 − δm2(ϕ2
cl − λ2)

)
+ C0(x),

d(x) := − 1
4M0

{
π̄,
{
ϕ′
cl, P +

∫
χ′(y)π̄(y) dy

}}
− δm2ϕclχ+ χ3ϕcl

λ2 + C−1(x).

C0(x) and C−1(x) are defined as C(x) = C0(x) + C−1(x) + O(λ−2) s.t. C0(x) ∝ λ0

and C−1(x) ∝ λ−1. Integrating H̃(x − X) w.r.t. x, we get the Hamiltonian

H = M0 +Hfree +Hint + O(λ−2) (where Hfree ∝ λ0 and Hint ∝ λ−1) with [30]

Hfree =
∫
dx

1
2

(
π̄2 + χ′2 − χ2 + 3

λ2ϕ
2
clχ

2 − δm2(ϕ2
cl − λ2)

)
+ C0,

Hint =
∫
dx

(
−δm2ϕclχ+ χ3ϕcl

λ2

)
+ C−1,

where Ci ≡
∫
dxCi(x) for i = 0,−1. To derive Hint we’ve used the constraint

(2.42) and the fact that integration variables can be shifted by X provided that

every factor under the integral commutes with X. We’ve also used the fact that

ϕ′
cl ∼ e−

√
2|x| at large |x|, meaning that

∫
b(x) dx = 0.

Our goal is to calculate the first correction to the radius. A consistent truncation

scheme is as follows: the highest term we will keep in H̃(x) is c(x) and the highest

term in H will be Hint. One can easily verify that H(x1)H(x2)H(x3) when expanded

to this order can be “left-right ordered” (see §2.2.4) without generating additional

terms. Applying (2.45) we thus have2

∫
⟨y, 0| e−HTH(x1)H(x2)H(x3)e−HT |x, 0⟩ dx dy

=
∫
DXDχDPDπ̄ H̃(x1 −X)H̃(x2 −X)H̃(x3 −X)

× exp
∫ T

−T
dt
(
iP Ẋ + i

∫
dx(π̄χ̇) −H

)
.

2In this formula we have dropped the δ(χ(t = ±∞)) factors because it can be shown that it
contributes only an overall factor. We have also dropped the Jacobian factor J1/2 arising from
ψin/out which again contributes only an overall constant due to the constraint χ(t = ±∞) = 0.
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To the order of our calculation, H or H̃ doesn’t depend on X or P ; so the integral

over P gives δ(Ẋ). The integral over X is then restricted to constant paths

X(t) = x0, giving∫
DχDπ̄

∫
dx0 H̃(x1 − x0)H̃(x2 − x0)H̃(x3 − x0) exp

∫ T

−T
dt
(
i
∫
dx(π̄χ̇) −H

)
.

Similarly we can show that∫
⟨y, 0| e−2HT |x, 0⟩ dx dy = L

∫
DχDπ̄ exp

∫ T

−T
dt
(
i
∫
dx(π̄χ̇) −H

)
,

where the factor of L arises from the x0 integral.

B.2 Propagators

Using the decomposition (2.34), (2.37), in (4.33), we have

Sfree =
∞∑
n=1

∫ ∞

∞
dt

(
ipn(t)ȧn(t) − 1

2pn(t)2 − Ω2
n

2 an(t)2
)
.

Consider Z[J⃗ , K⃗] =
∫
d∞a⃗ d∞p⃗ exp(Sfree + ∑∞

n=1
∫
dt(Jn(t)an(t) + Kn(t)pn(t))).

Integrating p⃗ out, and then integrating a⃗ out gives

Z[J,K] = const. exp
∞∑
n=1

∫ ∞

−∞
dt dt′

(
1
2(iJn(t) + K̇n(t))Op−1

n (t, t′)(iJn(t′) + K̇n(t′))

+ K2
n(t)
2 δ(t− t′)

)
,

where Opn ≡ ∂2
t − Ω2

n. Taking derivatives of Z[J,K] w.r.t. to K and J gives

the following propagators:

⟨χ(t, x)χ(t′, x′)⟩ = G(t− t′;x, x′),

⟨χ(t, x)π̄(t′, x′)⟩ = i∂t′G(t− t′;x, x′),

⟨π̄(t, x)π̄(t′, x′)⟩ = −∂t∂t′G(t− t′;x, x′) + ∆(t− t′;x, x′),

where

G(t− t′;x, x′) := −
∞∑
n=1

Ψn(x)Ψn(x′)Op−1
n (t, t′),

∆(t− t′;x, x′) := δ(t− t′)
∞∑
n=1

Ψn(x)Ψn(x′).
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Writing Ψ in terms of ψ – see §2.2.3 – gives [30]

G(t− t′;x, x′) =
∑

n∈{a,Z}

∫ dω

2π e
iω(t−t′)ψn(x)ψ∗

n(x′)
ω2 + ω2

n

, (B.2)

∆(t− t′;x, x′) = δ(t− t′)
∑

n∈{a,Z}
ψn(x)ψ∗

n(x′). (B.3)

In the large L limit, for m ∈ Z, ψm(x)ψ∗
m(x′) is given by (2.26), and km = 2πm/L+

O(L−1) (see (2.25)). This allows us to convert the sums in (B.2), (B.3), into

integrals, which leads, in the L → ∞ limit, to

G(t− t′;x, x′) =
∫ dω

2π e
iω(t−t′)ψa(x)ψ∗

a(x′)
ω2 + 3

2

+
∫ dω dk

4π2
eiω(t−t′)eik(x−x′)

ω2 + k2 + 2

(
1 +

∑3
l=0 k

lAl(x, x′)
2(k2 + 2)(2k2 + 1)

)
, (B.4)

∆(t− t′;x, x′) = δ(t− t′)
(
ψa(x)ψ∗

a(x′) +
∫ dk

2πe
ik(x−x′)

(
1 +

∑3
l=0 k

lAl(x, x′)
2(k2 + 2)(2k2 + 1)

))
.

(B.5)

B.3 The Vacuum Subtraction

Recall that C(x) = C0(x) + O(λ−1) s.t. C0(x) ∝ λ0. From (B.1), we have3

C0(x) = −1
2

∫
[dϕ][dπ] (π2(x) + ϕ′2(x) + 2ϕ2(x)) eS′

free∫
[dϕ][dπ]eS′

free
,

with S ′
free =

∫ (
iπϕ̇− π2/2 − ϕ′2/2 − ϕ2

)
. The equation above contains the product

of two fields at the same point. To regularize the divergences associated with this,

we need to ‘point-split’ the arguments:

C0(x) = lim
x′→x

C0,ps(x, x′),

C0,ps(x, x′) = −1
2

∫
[dϕ][dπ] (π(x)π(x′) + (∂x∂x′ + 2)ϕ(x)ϕ(x′)) eS′

free∫
[dϕ][dπ]eS′

free
.

To work this out, we need the propagators, for which we need to solve the following

Schrödinger equation in a spatial box of size L with periodic boundary conditions:
(
−∂2

x + 2
)
ψ̃m(x) = ω̃2

mψ̃m(x).

3To obtain this we have used |Ω⟩ = ⟨Ω|λ⟩−1
ϕ limT →∞ e−HT |λ⟩ϕ in (B.1), converted the result

into a path integral, employed the shift ϕ(t, x) → λ+ ϕ(t, x) in the path integral and expanded
out the result to O(λ0).
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This gives the following normalized eigenfunctions

ψ̃m(x) = 1√
L

exp(i2πmx/L) : m ∈ Z,

ω̃m =
√(2πm

L

)2
+ 2.

This gives the following propagators

⟨ϕ(t, x)ϕ(t′, x′)⟩ = G̃(t− t′;x, x′),

⟨ϕ(t, x)π(t′, x′)⟩ = i∂t′G̃(t− t′;x, x′),

⟨π(t, x)π(t′, x′)⟩ = −∂t∂t′G̃(t− t′;x, x′) + ∆̃(t− t′;x, x′),

where

G̃(t− t′;x, x′) =
∑
m∈Z

∫ dω

2π e
iω(t−t′) ψ̃m(x)ψ̃∗

m(x′)
ω2 + ω̃2

m

, (B.6)

∆̃(t− t′;x, x′) = δ(t− t′)
∑
m∈Z

ψ̃m(x)ψ̃∗
m(x′). (B.7)

Therefore

C0,ps(x, x′) = −1
2
((
∂2 + ∂x∂x′ + 2

)
G̃(0, x− x′) + ∆̃(0, x− x′)

)
, (B.8)

where ∂2 is two derivatives w.r.t. the first argument of G̃. In the L → ∞ limit,

the sums in (B.6), (B.7) can be written as integrals, giving

G̃(t− t′;x, x′) =
∫ dω dk

4π2
eiω(t−t′)eik(x−x′)

ω2 + k2 + 2 , (B.9)

∆̃(t− t′;x, x′) = δ(t− t′)
∫ dk

2πe
ik(x−x′). (B.10)

B.4 Subtracted Propagators

Using (B.4), (B.5), (B.9), (B.10), we have, for the subtracted propagators,

Gs(t− t′;x, x′) =
∫ dω

2π e
iω(t−t′)ψa(x)ψ∗

a(x′)
ω2 + 3

2
(B.11)

+
∫ dω dk

4π2
eiω(t−t′)eik(x−x′)

ω2 + k2 + 2

∑3
l=0 k

lAl(x, x′)
2(k2 + 2)(2k2 + 1) , (B.12)

∆s(t− t′;x, x′) = δ(t− t′)
(
ψa(x)ψ∗

a(x′) +
∫ dk

2π
eik(x−x′)∑3

l=0 k
lAl(x, x′)

2(k2 + 2)(2k2 + 1)

)
.(B.13)
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C.1 An identity for walks

We define Wv as the set of walks that start at the root and end at v. We define

Wv,v′ as the set of walks, w, s.t. w(0) = r, w(|w|) = v and w(|w| − 1) = v′. To

prove (5.22) and (5.23), we first note that

bv′ = ⟨v′, 2| (U − λ)−1 |r⟩ = −λ−1
∞∑
n=0

λ−n ⟨v′, 2|Un |r⟩

= −λ−1 ∑
w∈Wv′,R(v′)

λ−|w|P (w). (C.1)

However, any path in Wv′,R(v′) must pass through v′ at least once before reaching

v′ at the final time. So, for a path w ∈ Wv′,R(v′) let us refer to the second-to-last

time that the particle is at v′ as τw. Then decompose w as two paths: w1 and

w2; w1 will be the path from time zero to τw; and w2 will be the path from τw

to |w| i.e. w2(t) = w(τw + t), defined for 0 ≤ t ≤ |w| − τw. Now note that

133
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w1 ∈ Wv′ and w2 ∈ Lv′ . So we have

Wv′,Rv′ = Wv′ ◦ Lv′ , (C.2)

where A ◦ B is meant to be the set of walks obtained by following any walk in A by

any walk in B. But Wv′ = Wv′,L(v′) ∪Wv′,R(v′) ∪Wv′,D(v′). Combining this with (C.2),

Wv′,Rv′ =
(
Wv′,L(v′) ◦ Lv′

)⋃(
Wv′,R(v′) ◦ Lv′

)⋃(
Wv′,D(v′) ◦ Lv′

)
. (C.3)

Similar to (C.1) we have

cv′ = −λ−1 ∑
w∈Wv′,L(v′)

λ−|w|P (w), (C.4)

av′ = −λ−1 ∑
w∈Wv′,D(v′)

λ−|w|P (w). (C.5)

Note also that, by definition (see (5.1)),

Q32(λ−1) =
∑
w∈Lv′

λ−|w|P (w). (C.6)

Combining the decomposition (C.3) with (C.4), (C.5), (C.6) we finally get

bv′ = (c13av′ + c23bv′ + c33cv′)Q32(λ−1),

which proves (5.22). (5.23) can be proved in a similar way.
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