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Abstract

We study correlated two-level quantum impurity models coupled to a metallic con-
duction band in the hope of gaining insight into the physics of nanoscale quantum dot
systems. We focus on the possibility of formation of a spin-1 impurity local moment
which, on coupling to the band, generates an underscreened (USC) singular Fermi lig-
uid state. By employing physical arguments and the numerical renormalization group
(NRG) technique, we analyse such systems in detail examining in particular both the
thermodynamic and dynamic properties, including the differential conductance.

The quantum phase transitions occurring between the USC phase and a more
ordinary Fermi liquid (FL) phase are analysed in detail. They are generically found
to be of Kosterlitz-Thouless type; exceptions occur along lines of high symmetry
where first-order transitions are found. A ‘Friedel-Luttinger sum rule’ is derived and,
together with a generalization of Luttinger’s theorem to the USC phase, is used to
obtain general results for the T" = 0 zero-bias conductance — it is expressed solely
in terms of the number of electrons present on the impurity and applicable in both
the USC and FL phases. Relatedly, dynamical signatures of the quantum phase
transition show two broad classes of behaviour corresponding to the collapse of either
a resonance or antiresonance in the single-particle density of states. Evidence of both
of these behaviours is seen in experimental devices.

We study also the effect of a local magnetic field on both single- and two-level
quantum impurities. In the former case we attempt to resolve some points of con-
tention that remain in the literature. Specifically we show that the position of the
maximum in the spin resolved density of states (and related peaks in the differen-
tial conductance) is not linear in the applied field, showing a more complicated form
than a simple ‘Zeeman splitting’. The analytic result for the low-field asymptote is
recovered. For two-level impurities we illustrate the manner in which the USC state is
destroyed: due to two cancelling effects an abrupt change in the zero-bias conductance
does not occur as one might expect. Comparison with experiment is made in both
cases and used to interpret experimental findings in a manner contrary to previous
suggestions. We find that experiments are very rarely in the limit of strong impurity-
host coupling. Further, features in the differential conductance as a function of bias
voltage should not be simply interpreted in terms of isolated quantum dot states. The
many-body nature of such systems is crucially important to their observed properties.
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CHAPTER 1

Introduction

Recent experimental advances have led to a diverse range of mesoscopic electronic
devices including so-called quantum dots [1]. These devices typically contain an
‘island’ of localised electrons coupled to a larger bath such as the conduction band
of a metal. Their small size results in quantization of the electronic energy levels,
whilst their relative isolation means that in general the number of resident electrons
is a well-defined quantity [1, 2]. The island may take various forms, the smallest of
which might be a transition metal ion deposited on a metallic surface [3, 4]. A larger
island can be constructed from a single small organic molecule such as a fullerene
[5—7], or a more extended molecule such as a carbon nanotube or graphene sheet
8, 9].

In all of the above examples the inherent properties of the island such as its
classical charging energy (or capacitance), electronic level spacings, spin, and vi-
brational modes, are all predetermined and cannot, to a large extent, be controlled
by the experimentalist. Rather more tunable devices are semiconductor quantum
dots formed, for example, in GaAs heterostructures [1]. A schematic illustration of
such a device is shown in fig. 1.1. The device consists of a modulation doped layer
of Ga,Al;_,As sandwiched between two layers of undoped GaAs. The resulting
structure of the conduction band, as drawn in fig. 1.1¢), permits the formation of
a so-called two-dimensional electron gas (2DEG) underneath the Ga,Al;_,As layer
[10]. Within the 2DEG electrons are strongly confined in the perpendicular direc-
tion due to extreme quantization — electrons are thereby restricted to movement
parallel to the interface of the two semiconductor layers and do so as free parti-
cles. The second crucial feature of the device is the electrodes placed on top of
the heterostructure. A voltage applied to these electrodes electrostatically depletes
the 2DEG in the region directly beneath, thus sculpting the 2DEG into any desired
form. Positioning the electrodes as shown in the fig. 1.1a) leads to an arrangement
of the 2DEG as depicted in fig. 1.1b). Two extended regions of the 2DEG, the
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Figure 1.1: Schematic diagram of the basic quantum dot device. a) The complete device
with Au electrodes on a semiconductor heterostructure. b) The 2DEG formed at the inter-
face between the Ga,Al;_,As and GaAs layers. ¢) Formation of a 2DEG. Donors in the
GagAl;_,As layer are ionized when their electrons fall into the triangular potential below
the Fermi level, €.

‘leads’, are connected via narrow channels to a smaller region, the quantum dot.
This is precisely analogous to the systems outlined above. However the size of the
tunneling channels and of the dot itself can be controlled with exquisite precision by
varying the voltages applied to the surface electrodes. The most significant of these
electrodes is the gate electrode supplying the voltage V;. In the simplest models the
effect of Vj is to shift the energy levels of the dot to higher or lower energy. When
an energy level moves below the Fermi level of the leads, an electron can in principle
move from the lead to the dot. The gate thereby controls the number of electrons

present on the quantum dot.

Once the 2DEG is prepared the transport properties of the dot, i.e. its electrical
conductance, can be measured by connecting an external circuit and applying a
voltage across the two leads [11]. Adding an electron with charge e costs a classical
Coulomb charging energy Ec = e?/2C, where C is capacitance of the dot to the
rest of the system. Due to the small size of the devices, the capacitance is often
very small indeed leading to charging energies well above the thermal energy kpT.

The resulting Coulomb blockade effect, whereby the charge on the dot increases in
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Figure 1.2: Schematic energy level diagram of a quantum dot illustrating the Coulomb block-
ade effect. Current flows by electrons tunneling from the left electrode through the barrier
to the dot and subsequently to the right electrode. a) A low conductance configuration:
Coulombic repulsion with the electron already present on the dot hinders the electron on
the left electrode from tunneling to the dot. b) Application of a gate voltage lowers the
energy levels of the dot, overcoming the Coulombic repulsion allowing the electron to tunnel
to the dot.

essentially integer steps, is a well-studied phenomenon [12-18]. The essential physics
is illustrated in fig. 1.2 where we show a set of quantum dot levels between a left
and a right conduction band filled to their respective Fermi levels €7 7, and €7 g. We
denote the energy of the highest dot level e. In a blocking state [fig. 1.2a)], the
electron residing at the Fermi level of the left lead cannot move onto the dot due to
the additional Coulomb repulsion U that would result. This is despite the dot level
lying below the Fermi level of the left lead, that is to say € < ey but 2e+U > s 1.
Movement of electrons from the left to the right lead is therefore hampered and the
dot will display a low conductance. On altering the gate voltage V, the dot energy
levels are lowered in energy, fig. 1.2b). In this transmitting state 2¢ 4+ U is now lower
in energy than the left Fermi level such that the electron may tunnel to the dot. If
in addition 2¢ + U > €y r the electron will subsequently move through the dot to
the right lead — the conductance of the quantum dot will be high.

Measurements of the conductance of a graphene quantum dot [19] are shown
in fig. 1.3 as a function of both the gate voltage V, and the source-drain bias Viq
(the bias placed across the quantum dot), which has the effect of shifting the Fermi
levels of the leads. Along the line of zero source-drain bias (€7, = €7 p = €5) the
conductance is low, and essentially constant except for at discrete points. In our
simple model above these points correspond to the situation in which € = 2e+U = ¢
(or € = €7)! such that on crossing one of these points of high conductance the dot

charge increases by one. Away from V4 the peaks in conductance shift essentially

L As we will see in the next section the interactions between electrons on the impurity are more
complicated. However the simple model used here suffices to illustrate the point.



4 - Introduction

G/ 2e?h™t
000 002 004 006 008 010

3.0 3.5 4.0 4.5 5.0
Vg!V

Figure 1.3: Coulomb blockade diamonds in a graphene quantum dot [19]. White areas are
those of high conductance. Strong electron repulsion, quantified by the Coulomb integral
U, hinders conductance of electrons from the source to drain electrodes when an electron is
already present on the dot. When the gate voltage Vj is swept, and the quantum dot level
energies are altered, a doubly occupied state may become degenerate with a singly occupied
state thereby increasing the conductance.

linearly in Vj reflecting the second point alluded to above: not only do the energy
levels of the dot have to be such to allow an electron to tunnel from the source
to the dot, but also that the Fermi levels of the leads must be such as to allow
subsequent tunneling to the drain. Characteristic Coulomb blockade diamonds are

thereby observed.

The Coulomb blockade effect and sequential tunneling transport are therefore,
in a sense, quite trivial. Of more interest theoretically are situations in which the
conductance of quantum dots is enhanced by other means. One such mechanism is
the Kondo effect [20], long known in the context of the electrical properties of bulk
metals but now well established in quantum dots being first observed in a GaAs
quantum dot [1]. The Kondo effect will be central to this thesis and so a little

historical overview of the effect and its physical explanation is appropriate.

In the middle of the twentieth century physicists struggled to explain two obser-
vations regarding the physical properties of dilute magnetic alloys (e.g. samples of
very pure gold with trace amounts of a magnetic impurity such as copper) at low
temperatures. Firstly, experiments indicated the existence of magnetic moments
within the alloys. It was not immediately obvious how such moments could survive
within an itinerant electron host. Further, the alloys displayed a curious resistance
minimum at low temperatures. This observation directly contradicted contemporary

theories of resistive scattering involving static impurities.



It was suggested by Anderson [21] that these two observations might be related
and that the local magnetic moments might arise due to local correlations at the
impurity sites. Anderson proposed a model — now known as the Anderson impurity
model (AIM) — which describes a single impurity with an on-site Coulomb interac-
tion U and which is coupled to a metallic host, via a matrix element V', such that
electrons may ‘hop’ from the host to the impurity and back. We will discuss the
AIM more fully in section 2.1 and here consider only the difficulties that arise in

considering how to calculate relevant physical properties of the simple model.

In essence it is the combination of the local Coulombic interaction U and the
large number of conduction band electrons which renders the AIM difficult to man-
age. Such a large number of particles obviously means that ab initio methods of
the sort employed in electronic structure calculations of molecules are inapplica-
ble. Mean-field approaches are also unable to describe the detailed electron-electron
correlations — Anderson originally took this approach with his analysis suggesting
a phase transition in the AIM between a magnetic and a non-magnetic state as a
function of the interaction strength U. In fact, this conclusion is now known to be

incorrect [22-24] and the ground state of the AIM is always non-magnetic.

A second method to tackle the AIM might be to use finite-order perturbation the-
ory in the interaction U [25-27]. Such an approach is naturally limited to the regime
of small U; otherwise the perturbative series is meaningless. However it turns out
that it is precisely the strongly-correlated regime of large U which leads to the most
interesting physics, notably the Kondo effect. Perturbation theory in the hopping
V is also troublesome as the initial Hamiltonian then contains the Coulomb interac-
tion and thereby has a correlated ground state. Wick’s theorem cannot be employed
therefore and standard diagrammatic techniques are inappropriate. More elaborate
perturbative techniques have been tried including the 1/N expansion (which replaces
the impurity level with a spin-N variable) the non-crossing approximation (NCA),
and slave-boson mean-field (SBMF) theories [20]. All of these techniques ultimately
fail to capture the behaviour of the AIM and the properties of dilute magnetic alloys

across the full temperature range of interest.

The first successes in describing magnetic alloys came from the study of a second
model Hamiltonian, the spin—% Kondo Hamiltonian which can be derived as a limit
of the AIM.? (Again, we will illustrate this Hamiltonian more fully in the following
chapter). Kondo was able to explain [28] the resistance minimum by considering
the coupling of the spin—% impurity to the free conduction band Hamiltonian as

a perturbation. To third order in the coupling host-impurity coupling J, Kondo

2The converse is not true as the AIM encompasses a larger array of physical behaviours than
the Kondo model.
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obtained T
R(T) = a+bT° + cln <%> (1.1)

for the resistance of the host. The first term here, a constant, arises from simple
scattering processes occurring at the impurity sites whilst the second term is the
phonon contribution, it naturally decays rapidly as the temperature is lowered. The
final term is that arising from the exchange coupling of the impurity to the conduc-
tion band and increases as T' approaches zero. The form of (1.1) was found to agree
very well with the available experimental data and hence Kondo had essentially ex-
plained the resistance minimum. However, in solving one issue Kondo had created
another. This third-order result for the resistance does not explain the behaviour
of the Kondo model as T — 0, the logarithmic term diverging in this limit. This
problem became known as the ‘Kondo Problem’. A full solution of the Kondo model
on all temperature scales remained elusive throughout the 1960s. Whilst it was clear
that magnetic impurities had a crucial role in determining the resistance of dilute

magnetic alloys, their full effect could not be explained rigorously.

A key breakthrough came in the 1970s with the advent of renormalization group
(RG) approaches. These techniques access the properties of a system at a given
energy (or length) scale from knowledge of the properties of the system at a larger
scale. By successive application of such a RG transform the full evolution of physical
properties can be found. Anderson developed an approximate RG scheme for the
Kondo model which he called a ‘poor man’s scaling’ approach [29]. We will see
this approach in action in section 2.2.1. This technique highlighted the so-called
‘scaling’ physics of quantum impurity models and indicated the existence of an
exponentially-small energy scale (the Kondo scale). However, as poor man’s scaling

remained inherently perturbative, it still failed to obtain the correct T — 0 limit.

Only when Wilson proposed the non-perturbative numerical renormalization
group (NRG) was a full solution of the Kondo model found [22]. The NRG dis-
cretizes the host conduction band into logarithmic intervals thereby including all
energy scales whilst also reducing the complexity of the problem. A full account will
be given in chapter 3. Wilson showed conclusively that as T"— 0, the impurity spin
becomes locked into a macroscopic many-body singlet state with the electrons of the
conduction band. This solution of the Kondo Problem did not kill research work on
the Kondo effect. Soon after Wilson’s work, Nozieres [30] showed that the NRG re-
sults were entirely consistent with Landau’s Fermi liquid theory — the ground state
of the Kondo model being a classic Fermi liquid state. Later Krishnamurthy [23, 24]
extended the NRG to the AIM, obtaining results which solidified the relationship
between the two models. Subsequently analytic solutions for both the Kondo [31]
and AIM [32] were found by using the Bethe ansatz technique. However the NRG

remains an important tool for it is applicable to a wider range of impurity models



than the Bethe ansatz and can be used to calculate accurately dynamic properties.?

Both the AIM and Kondo model receive considerable theoretical attention even
today, particularly since the advent of quantum dot devices displaying the Kondo ef-
fect. Exotic quantum impurity models have now been proposed and studied with the
NRG including: the gapped [34] and pseudogapped [35] Anderson impurity models,
multichannel [36, 37] variants, and systems with bosonic rather than fermionic baths
[38, 39]. The focus is now naturally on the enhanced conductance of the impurity
(quantum dot) rather than the increased resistance of the host.

A classic variant on the ordinary spin—% Kondo model is formed by taking spin-
N impurities. Such systems were studied via the NRG first by Cragg [40] who
showed that, contrary to prevailing opinion, these systems possessed a magnetic
‘underscreened’ ground state — on coupling to the lead the spin-1 impurity is only
partially screened, leaving a state with a residual spin % and a ground state which
is not a Fermi liquid. High spin states may be generated in a quantum dot device
if multiple dot energy levels are ‘active’, i.e. the levels do not fill sequentially. For
example a two-electron triplet state might be stabilized by an interlevel Hund’s
rule exchange coupling [41, 42]. This state has been observed experimentally in
quantum dots containing an even number of electrons in a variety of semiconductor
devices [43-47] as well as in a single-molecule quantum dots [5, 7, 48]. The spin-1
Kondo effect leads, as does the spin—% effect, to an enhancement of the zero-bias
conductance of the device [49, 50] — the ‘zero-bias anomaly’.

Much important theoretical work on multilevel Anderson models and spin-1
Kondo models has ensued, both in the one-channel case [49, 51-58] where only a
single conduction band channel couples to the impurity leading to an underscreened
(USC) state as described above, and the two-channel case [49, 50, 55, 59-62] where
the spin-1 moment is screened successively by the two channels leading to a non-
magnetic state. In a two-level Anderson model both the spin-1 and spin—% Kondo
effects can be observed. In the single-channel case therefore, a phase transition nat-
urally occurs between the USC state and the Fermi liquid state associated with the
spin—% Kondo effect, as a function of the level energies. This too has been studied
quite extensively [51-54, 56, 57, 59-62]. However the large majority of previous work
on this ‘singlet-triplet’ transition has focused on a somewhat particular case — the
middle of the two-electron Coulomb-blockade valley, where throughout both phases
the impurity charge remains close to two. This is not a generic condition under
which experiments on quantum dots are performed. Several efforts [56, 61, 63] have
been made to understand systems with two impurity levels away from this limit but
a complete understanding is still missing. Similarly, ambiguities in the explanation

of experimental results are apparent; experiments have been explained in terms of

3The spinon approximation [33] allows only approximate correlation functions to be calculated
within the Bethe ansatz.
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simple models entirely inappropriate to the many-body nature of the systems in
question.

Our aim in this thesis is to develop a deeper understanding of experimental
results regarding the properties of quantum dots which appear to have more than
a single active dot energy level. In chapter 2 we review more thoroughly both the
AIM and Kondo models; examining the relationship between the two models and
Anderson’s poor man’s scaling approach. Strong on-site Coulomb repulsion is seen
to be key to observing the Kondo effect. This background material is important to
understanding our later work. We then move to create realistic quantum impurity
models appropriate to both single-molecule and semiconductor quantum dot devices,
uncovering the most relevant, most important, interactions required in such models.
We define the model used throughout this thesis: a simple two-level model (2LM).

In chapter 3 we outline in some detail Wilson’s numerical renormalization group.
We explain the single approximation made within the approach and the logarith-
mic discretization upon which the technique is founded. We expound the NRG in
terms of both a numerical technique for diagonalizing large Hamiltonians and as a
framework for explaining the underlying physics of impurity models. As the NRG
essentially obtains a solution to the eigenvalue problem, both the thermodynamic
and dynamic properties of the systems of interest can be calculated by application
of basic results in statistical physics and thermodynamics. Towards the end of the
chapter we present in some detail the necessary machinery for the accurate calcula-
tion of dynamic properties and how results from the NRG may be further used to
calculate the zero-bias conductance of quantum dot devices. We introduce also a
simple, pragmatic approximation for calculating the non-equilibrium conductance.

Chapter 4 surveys the thermodynamic properties of the 2LM for arbitrary im-
purity occupation. We start by examining the so-called renormalization group fixed
points of the AIM and the 2LM. We go on to derive an effective low-energy model
for the 2LM in order to rationalise intuitively the physics observed. Our focus is
naturally on the spin-1 Kondo effect arising in the model and, the associated USC
phase and transition to it from the normal FL phase. We examine how various
on-site interactions affect the stability of the USC phase, elucidating under what
conditions it is expected to arise in experimental setups.

In chapter 5 we go on to study the dynamic properties of the 2LM through the
impurity Green functions and associated spectral densities. The aim is not only
to reach an understanding of the observed electrical conductivity of quantum dot
devices but also to examine theoretically various aspects of the impurity dynamics
when a transition to the USC state is made. We introduce a ‘Friedel-Luttinger sum
rule’ relating the static impurity phase shift to the impurity occupation and the
so-called Luttinger integral. Some interesting insights and hypotheses are made in

this area.



Finally in chapter 6 we present and examine critically a number of results falling
under the umbrella of magnetic field effects in both single and two-level quantum
dots. In the latter, the magnetic USC phase is naturally destroyed on application
of a field and no phase transition is observed; the ground state becomes a Fermi
liquid regardless of the interaction parameters or level energies. To illustrate the
improved numerical techniques used in this thesis, we show that in both models
the NRG recovers exact Bethe Ansatz results for the impurity magnetization as a
function of field. Following this we focus primarily on the magnitude of the Kondo
peak splitting in the equilibrium spectra density, which has been studied previously
by a number of techniques, yielding contradictory results. We try to address this
issue with very accurate NRG calculations.

We finish with a short summary in chapter 7. We mention that much of the
work of chapters 4 and 5 has appeared in ref. [64], whilst the work of chapter 6 has
been submitted for publication [65].
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CHAPTER 2

Quantum Impurity Models

In this chapter we introduce briefly the models used to describe simple quantum
impurities, for a review see ref. [20]. We illustrate their low-energy behaviour
and introduce the ideas of scaling and universality in such systems. We then work
towards more realistic models for describing more complex systems such as molecular
junctions and semiconductor devices with more than one ‘active’ level, ultimately
arriving at the model we use throughout the rest of this thesis: the two-level model
(2LM).

Simple metals, i.e. those with broad conduction bands derived from atomic s and
p states, contain electrons which move in a periodic potential and can be assumed to
behave essentially independently. The long-range Coulomb interaction is screened
such that the electrons can be replaced by non-interacting quasi-particles: electrons
‘dressed’ by their screening cloud. This can of course be shown formally by the
hugely successful Fermi liquid theory of Landau [20, 66]. The resulting one-particle

Hamiltonian used to describe such a system is simply:

H= Zekc;[{ockm (2.1)
ko

where the operators cLo and ¢, create and destroy particles in Bloch states with
wavevector k, energy €y, and spin o. These fermion operators obey the standard

anticommutation relations:

[CLU, ko' ]+ = Ok oo [Crs Cklo? ]+ = 0. (2.2)

The conduction band can be characterised solely by a density of states p(e) =
> 1 0(e —ex). A free conduction band is then, on its own, a rather simple ob-
ject. When an impurity is placed in the bulk, such as a heteroatom in a silicon

lattice, the situation can quickly become rather more complex, as we now show.

11
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2.1 The Anderson impurity model

Introducing an impurity into the bulk metal has the effect of introducing an effective
potential Vimp(r) from which the conduction electrons will scatter. The correct
Hamiltonian will then be [20]

H =yt + Y Vide Ol i (2.3)
ko kk’o

with Vi = (k|Vimp|k’). Such a potential, if relatively weak, has only the simple
consequence of leading to characteristic Friedel oscillations [67] in the conduction
band density of states. However if the potential is rather more strong it will lead
to the formation of virtual bound states: states where conduction electrons tend to

localize around the impurity for an extended period of time.

In his seminal work [21], Anderson outlined the case for considering a solute atom
in a bulk metal as an isolated local impurity. He gave a rather simple rationale for
this claim. The conduction band states of the bulk metal are largely of s and p
symmetry whilst for a transition metal impurity atom the valence electrons will be
in the d-shell. These valence electrons therefore have little overlap with conduction

band states and do not mix with them.

With these insights, one can write down a Hamiltonian for the full system. The

Anderson impurity model (AIM) is given by [21]:
HAM = I:IL +le +ﬁT

. A 2.4
= Z ekc;rwcko + Z [eignig + %Un”nu] + Z Vik [d;racko + c;rwdw] . (2.4)
ko o ko

Here the operators d;ro and d,_ create and destroy o-spin electrons on the impurity
level 7; Ny = d;radi . is the electron counting operator. The first term H;, is the same
free electron (or lead) Hamiltonian as before. It is often assumed that the conduction
band has a constant density of states p and is symmetric about the Fermi level ey
with sharp cutoffs at e = +D, see fig. 2.1. Hp describes the impurity (or dot) with
a single level i. Electrons occupying this level gain a spin-dependent energy ¢;. At
most two electrons can occupy the impurity, with a Coulomb repulsion energy U
associated with double occupancy. The final term Hry describes the coupling of the
impurity to the host with matrix element Vjy, and renders the Hamiltonian rather
difficult to solve.

We can make some progress in solving the AIM by considering the case Vi = 0,
the ‘atomic limit’. The impurity is now isolated from the conduction band. There
are a total of four impurity states as depicted in fig. 2.1b)-d). The first state is the

empty state and has no electrons present on the impurity. It has an energy Fy = 0.
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Figure 2.1: a) The Anderson impurity model (AIM). A local impurity level couples to a
free electron conduction band via matrix elements V. b)-d) The atomic limit states of
the impurity are represented by two levels at energy ¢; and €; + U, each of which can hold
a single electron. Circles show the filling of the levels in the three possible cases. Case d)
indicates the possibility of local moment formation.

The impurity can be singly occupied with either a ¢ =T or ¢ =| electron. These
states are degenerate for €;; = ¢;) = ¢; and have energy E = ¢;. Finally the doubly
occupied state with both a ¢ =7 and a ¢ =| electron has energy Fy = 2¢; + U.

It is clear that if ¢; and U are such that the singly-occupied states form a doubly-
degenerate ground state, corresponding to a spin %, the impurity will behave as a
local magnetic moment giving rise to a Curie Law susceptibility. What are the
conditions for this to occur? The level energy ¢; must be below the Fermi level e
of the conduction band (which we take to be our zero of energy) such that it is
favourable to add an electron to the impurity. It must also be the case that ¢; + U
is above the Fermi level, so that it is unfavourable to add a second electron.

This local moment will undoubtedly be affected for the case Vjx # 0 when the
impurity states are mixed. However as we now show the local moment remains

provided the Vi are ‘sufficiently small’.

2.2 Schrieffer-Wolff transformation and the Kondo model

As we have seen the AIM admits the possibility of forming a local moment ground
state in the atomic limit [20, 21]. The so-called Kondo model assumes the impurity
to be a pure spin from the outset; coupling to the conduction band is modelled as
a Heisenberg exchange interaction. The relation between the AIM and the Kondo
model can be obtained by second order perturbation theory (in Vi) about the atomic
limit: a Schrieffer-Wolff transformation [20, 68]. After sketching this transformation
below we outline several key results for the Kondo model, which can also be ascribed
to the AIM at low energies.

We suppose that the full Hamiltonian for a system can be decomposed as
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where the eigenvectors and eigenvalues of Hy are known. By assuming that these
states can be assigned to several manifolds at different characteristic energy scales
i.e. that

|Bia — Ejo| < |Eig — Eio|  if B# a, (2.6)

where Fj, is the ith level of the lowest energy manifold «, one can show [69] that

the effective Hamiltonian Heg projected into the lowest manifold is given by:
ﬁeff = Paﬁopa + Apaﬁlpa

e N 1 1
+ 3N iy a) (i, o Hulk, 3) (kv [ Hilj, o) (j, o <Em " B Em) - (2.7)

i7j7k
yF#o
The projection operator P, = 37, |i,a)(i,a| projects to the states of manifold .
For the AIM we assign the singly-occupied impurity states (together with the dis-
connected conduction band) to the ground state manifold, while the empty and full

states form the excited states. The unperturbed Hamiltonian is thereby

Hy = Z EkCL,Ck(, + Z [€iotio + UM, ], (2.8)
ko g

whilst the peturbing Hamiltonian is Hrp with A = Vi

ﬁl = Z |:d;'rack0 + CLUdiU] . (29)
ko
We set Vix = V and neglect the contributions to Ej., arising from the conduction

band electrons. This approximation is valid provided [20] |ex| < |e; — €.

The zeroth-order term in (2.7) simply gives the singly-occupied ground state
manifold, a constant factor which we can neglect. The first-order term is also unin-
teresting. The Hamiltonian H creates excitations from the ground state manifold to
the excited states, it does not connect states within the ground state manifold: the
projection operators therefore render this term zero. The second-order term how-
ever is interesting. By calculating the appropriate matrix elements, it is relatively
straightforward to show that [20]:

A 1 1 . . .
2 z -
Her =1 (61‘ +U 5) > 5 (gt — o)) + 5 e by + 5 dgag)
k,k’
17,2 1 1 T T
-5V p—— + - Z CroCrro + Zekckacko,
! " kK, ko

(2.10)
where S7 = L (| T)(T [ = 1)(L ), St =] 1)l | and S~ = | [)(T | define a spin-

% operator S for the impurity. Thus the first term couples the impurity spin to

the conduction band whilst the second term accounts for potential scattering. If
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¢; = —U/2, then the AIM Hamiltonian is particle-hole symmetric and the potential
scattering term becomes zero. Equation (2.10) can be written in a more compact

way by defining the conduction band spin density at the impurity:

8= fog000' four (2.11a)

o,0’

1
= T >, (2.11b)
k

with o4, the vector of Pauli matrices and N the total number of band states. The
operator fgo then describes a conduction orbital which contains the total band-to-
impurity coupling (this orbital will reappear in chapter 3). By further defining Jx =
2NV? < - 5_11) and K = —%NV2 < L4 e—i), a particularly simple recasting of

&+U €+U
(2.10) is:

ﬁeﬁ‘ = ﬁL—i-JKS-éo—l-ngafoa. (212)

This is the Kondo model with potential scattering [20, 28]. An important result
is that the Kondo coupling Jg is antiferromagnetic such that the impurity and fga
orbital will tend to form a singlet at low energies. It is usual to write the parameters

Ji and K in terms of the asymmetry n = 1 + 2¢/U, viz:

8NVZ 1
= 2.1
JK T (2.13a)
2NV? p
K = . 2.13b
U 1—n? (2.13b)

At the particle-hole symmetric point (n = 0) the potential scattering strength is zero.
Away from particle-hole symmetry the potential scattering is non-zero but, from
(2.13) it follows that K/Jx = n/4 and hence for fixed n the model is characterised
by the single parameter Ji. Finally by defining the hybridization strength I' =
7poNV?2, with po the density of states per conduction band orbital (p = pgN being
the total density of states), the relationship between the AIM and Kondo model can
be characterised by the dimensionless parameter U/T". At particle-hole symmetry it
is therefore usual to write
8T

J = —. 2.14
POJK U ( )

The Kondo model is thus a low-energy effective model of the full AIM. For large
U/T, the empty and full impurity states can be neglected. The resulting ground state
can be thought of as a spin % coupled to the conduction band via antiferromagnetic
Heisenberg exchange. The low-energy behaviour of the Kondo model cannot however
be accessed by straightforward perturbation theory in the exchange coupling. In the
next section we examine the Kondo model in more detail to obtain some fundamental

results which guide the study of quantum impurities.
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Figure 2.2: Division of the conduction band states used to perform poor man’s scaling
[20, 29]. Virtual excitations from the central bulk region to the band edges are treated as
a perturbation. One can shrink progressively the conduction band; the Kondo Hamiltonian
is self-similar under such a transformation.

2.2.1 Poor man’s scaling: the scaling invariant

In the previous section we have used second-order perturbation theory to eliminate
excitations from the singly occupied ground state manifold of the AIM. The result
was the Kondo model where these excitations are encompassed within the exchange
coupling of the impurity to the conduction band. As Anderson showed [29], this idea
can be taken further by eliminating virtual excitations of particles to conduction
band states far from the Fermi surface. It is this ‘poor man’s scaling’ which we
now pursue. Again our focus is to elucidate general concepts which we use in later
chapters rather than fully derive the specific results. Our focus here is the emergence
of a universal low-energy scale, the Kondo scale, which fully characterises seemingly
distinct physical systems.

To start we assume a flat symmetric density of states in the conduction band as
in fig. 2.1. Anderson’s key idea was then to impose a cutoff energy on the density
of states at the upper band edge of E. = D — §D and at the lower band edge of
—FE. = —D + D, thereby shrinking the conduction band (fig. 2.2). States near E.
are not highly occupied in the ground state and so with 6D arbitrarily small it is
rigorous to study states with few or no excited electrons in the regions D > |ex| > E..

The above division of the conduction band allows one to recast the Kondo Hamil-
tonian with bandwidth 2D by considering scattering to the band edges as a pertur-
bation to a new Hamiltonian with a reduced bandwidth 2(D — D). As with the
Schrieffer-Wolff transformation of the previous section, (2.7) can be used to calcu-
late the new effective Hamiltonian: Hgy and H; will both be Kondo Hamiltonians
of the form of (2.10) but with conduction bands as described above. The second
order terms are again the most interesting: they scatter electrons from the bulk
to the band edges and back into the bulk. The terms which arise are illustrated

diagrammatically in fig. 2.3. In each case the horizontal line represents the state
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g1 %

Figure 2.3: Second order diagrams for poor man’s scaling. a) A particle scatters from the
bulk to the band edge and back. b) Spin flip scattering of a particle. ¢) and d) Analogous
diagrams for hole scattering.

of the impurity whilst the incoming lines illustrate band states. The dashed lines
correspond to the virtual excitations which are being eliminated in the perturbative

process.

Rather interestingly, evaluating these diagrams [29] one finds an effective Hamil-
tonian with precisely the form of the original Kondo Hamiltonian but with not only
the reduced bandwidth we have imposed but also a renormalized coupling. We have

achieved the transformation:
Hy(Jg;2D) — Hy(Jg + 0Jk;2(D — 6D)), (2.15)
with the change in the coupling given explicitly by [20, 29]:

0D
6JK = poJ o —. (2.16)
D
Clearly one can repeat the procedure: reduce the bandwidth, eliminate virtual ex-
citations to the band edges and obtain a new effective Hamiltonian with a further
reduced bandwidth and modified coupling. A differential equation can thereby be

formed describing a ‘scaling trajectory’:

dJK 2

dnD —poJ K (2.17)

which can be integrated from an initial bandwidth D and coupling Jx to a final

bandwidth D and coupling Jx. The resulting ‘scaling invariant’
Dexp(—1/poJi) = Dexp(—1/poJx) = Tx (2.18)

is the Kondo scale or temperature. It is possible to extend the above calculation to
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third order to obtain a better estimate of the scaling invariant. The scaling equation
becomes:

dJk 2 ;1273
D —poJx + 5007k, (2.19)

which can again be integrated to give

T
K VooTicexp(=1/po i), (2.20)

An immediate consequence of the above is that two systems with different initial,
or bare, bandwidth and couplings, D and Jg, can lie on the same scaling trajectory
and therefore possess the same Kondo temperature.

There is a second, although related, consequence of the Kondo temperature [20].
Decreasing the bandwidth can be seen as decreasing the temperature: excitations
of particles to the band edge are curtailed. On lowering the temperature, the ef-
fect of such processes on the low-energy physics is incorporated into a renormalized
coupling. Thus all properties of a system, e.g. the spin susceptibility, depend univer-
sally on a single parameter, Tk, at low energies. Systems with different Kondo scales
also behave identically when their temperature-dependent properties are rescaled in
terms of their individual scales.

Finally, from e.g. (2.16) it is seen that as the (effective) bandwidth is reduced, the
coupling increases. There are then only two possibilities in the D — 0 limit.! Either,
the bare coupling is precisely zero and the effective coupling remains so under scaling.
Or, the bare coupling is non-zero in which case Jx — oo under renormalization.
These two possibilities constitute so-called ‘fixed points’ of the Kondo Hamiltonian.

The Jx = 0 ‘local moment’ fixed point describes a system where the impurity
is decoupled from the conduction band. The impurity spin remains free as in the
atomic limit of the AIM. By contrast the ‘strong coupling’ fixed point, arising for
any finite bare Jg, describes a system where the impurity forms a singlet state with
the lead electrons at low energies. The impurity spin is said to be screened by the
itinerant electrons.

The results above have been obtained perturbatively assuming poJx to be a small
parameter. As Jg increases the analysis naturally breaks down and we cannot say
anything about the properties of the system for T' < Tx. We can only postulate that
the strong coupling fixed point correctly describes system with finite Jx as T — 0.
Whilst this approach illustrates important results, namely that the Kondo Hamil-
tonian gives rise to scaling between energy scales, an inherently non-perturbative
method is required to correctly access the T" = 0 properties of the system. Such an
approach is discussed in the next chapter, but first we seek to obtain a more realistic

model suitable for describing quantum dot devices.

'"We discount the possibility of Jx < 0 as (2.14) shows us that Jx > 0.
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2.3 Kondo effects in quantum dots

Thus far we have considered only quantum impurities with a single active level.
In this section we aim to develop and rationalise the model which we will study

throughout the course of this thesis.

We take initially a different starting point than the previous section. Rather than
considering the problem of a metal impurity ion in bulk metal, we shall consider a
molecule attached to two non-interacting metallic leads — a molecular quantum dot.
Not only is such a situation experimentally realisable [70-72], but a suitable model
for it can be shown to be analogous to a model one might write down to describe
gate-defined semi-conductor quantum dots. The interesting low-energy physics of

the two systems are universal: we can study the problems simultaneously.

2.3.1 Toward a realistic model for quantum dot devices

A molecular quantum dot might conceivably be formed by ‘attaching’ metallic leads
to two atoms or chemical groups of the molecule. We will not concern ourselves
with how this attachment is made. For simplicity we will assume that a single

/ R. Further we

atom couples to each lead with k-dependent matrix elements Vli
will assume each atom in the molecule provides one active atomic orbital (AO) to
the molecular electronic structure. This assumption is not necessary, although it
makes the following notationally simpler. Figure 2.4a) depicts this situation and the

Hamiltonian is given explicitly by:

ﬁ[:ﬁL—Fﬁf\]/I—l—ﬁI—l—ﬁT (221&)
HL - Z eﬁcLLockLo + Z EECLRJCI{RU (221b)
kel keR
o o
N
Yy = edl,dy, + > tijdl,d;, (2.21¢)
=1 (i
o o
HI — % Z V’Z?gloo d‘j‘o—/dzadkc/dl(?' (221d)
i7j7k7l
oo’
Ht = Z %47 <dJ{UckLo + CLL0d10> + Z VB <d1T\IUckRJ + CLRodNa) . (2.21e)
kel keR

with Ay, describing the leads coupled via Hr to the atomic sites 1 and N. We have
decomposed the molecular term into two parts. The non-interacting ﬁl(\]/[ contains
the bare level energies and a nearest-neighbour hopping ¢;; of the orthonormal AOs,

the remainder being the interaction term Hy. The complexity of the latter is hidden
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Figure 2.4: a) A molecular quantum dot. The molecule couples to a left (L) and right
(R) metallic lead at two single atomic sites i = 1 and i = N via couplings V% and V%
respectively. b) an equivalent representation in a molecular orbital (MO) basis: in general
all MOs couple to both leads.

in the matrix elements z?lgll 79" given in general by:
oo’ oo’ / /
ijkl //ww' 1/}]0 )47'('60’1‘ ’1/%0 )wlo’(r )dI‘dI‘ ) (222)

where the v, (r) are the one-particle atomic wavefunctions. Naturally one might re-

VO'O' O'O'

tain only some of these terms such as the on-site Hubbard interaction U; = V.77

We will later identify which of these interactions are important for successfully de-

scribing quantum dots with a minimal model i.e. which Ugl 79" can be discarded

without qualitatively altering the basic physics of the model.

The non-interacting molecular Hamiltonian of (2.21c) can be trivially diagonal-
ized into a molecular orbital (MO) basis by taking appropriate linear combinations
of the AOs viz.:

= Z aind] (2.23a)
Zam ' (2.23b)
The non-interacting Hamiltonian (2.21c) is then:

ZE Aaa Qoo (2'24)

where we have set the Fermi level €; to be the zero of energy. The lead-molecule

coupling becomes

Hp = Z Z vE <ALUckLU + h.c.> + Z VR <ALUckRJ + h.c.)] (2.25)
ao  Lkel keR

with the new couplings given by:

Vi ak — alaVu( = <a|VL|kL>

(2.26)
VA = ako Vil = (a|Vr|kg)
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We have thereby achieved a transformation to the new Hamiltonian represented
in fig. 2.4b): a set of MOs coupled in parallel to the two metallic leads. This is what
we might naturally write down for a gate-defined semiconductor quantum dot: a
spectrum of particle-in-a-box-like states all of which have some non-zero coupling to
the lead states. In dealing with molecular quantum dots, the details of the molecular
structure are largely irrelevant. The couplings of (2.26) depend on the expansion
coefficients in (2.23), however the general calculation of these is the realm of quantum
chemistry and will not concern us here; the VaLk/ B will enter as parameters in our
final model. It is nevertheless important to determine how the interaction term H;

transforms under the change of basis, we consider this now.

2.3.2 Interactions in the molecular basis

The aim of this section is to identify which of the interactions in (2.21d) play an
important role in determining the physical behaviour of quantum dots. Having done
so we will be able to construct a minimal model applicable to the study of both single
molecule and semiconductor quantum dots.

By using the operators defined in (2.23) the interaction Hamiltonian of (2.21d)

can be rewritten as:

H =1 UapysAl, AL, A A, (2.27)
afvyd
with
Uaprs = Y 01 05,015ViGR " (2.28)
ijkl

a pure number. There are various classes of term which arise in (2.27) depending

on the choice of the labels «, §, v and § which can be summarised as:

e o= (3 = =4, the interaction involves only a single MO. This is the on-site
Coulomb term:

ﬁl - % Z Uaaaaﬁaaﬁa—a (229)

aoc

e 7 =q, 6 = (3, the interaction involves ‘two pairs’ of indices for two distinct

levels, an intersite Coulomb term:

Hyo =35> Uapagiaiip (2.30)
a#f

e 7=/, 0 = «, again two pairs of indices, an intersite Coulomb term with spin
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exchange (particle-hole pairing):

Hoyp = 3> Uappa(—afis — 28 - 85) (2.31)
B

e J=a,0=r, the final possibility of two pairs/two levels, a charge pairing
interaction:

Hye =3 " UnappAl oAl Ay Ay, (2.32)
a#p,0

e o=y =0 # [ elc., involving 2 distinct levels, giving rise to a correlated hop-

ping term:

Hy = > Uspaa(Al_ A, o+ Al A5 oo (2.33)
a#pB,o

e a#£ (3#v=4§ elc., involving three distinct levels:

~ /
Hy =33 Usapy (Al AL Az A, +hoc)

apfy o
/
+ 30 (Uapary = 3Uapra) AL, A i1 (2.34)
apy o
/
23 Y Ul e
afBy oo’

o o # 3 # v # 4, involving four levels:

~ !
Hy = %Z Z Uam(;ATﬁU/ALOAWAM (2.35)

afBvyd oo’

The full Hamiltonian Hj is therefore a formidable beast! We can quickly make
some progress however. The coefficients U,gs are given by (2.28) and (2.22). For
the final two terms in the above we expect the integrals of (2.22) to be very small
indeed, the three or four distinct AOs having little mutual overlap. We will therefore
neglect these final two terms in our minimal model. The hierarchy of the remaining
interactions follows from similar arguments. Of the remaining terms it is interesting
to note that U,gys > 0 except in the cases of Uygaa and Ugaaa, Which can be
negative. The exchange interaction of (2.31) is therefore ferromagnetic: aligned spins
have a lower energy than antiparallel spins, this is Hund’s (first) rule of maximum
multiplicity.

Even by forming a hierarchy of the interaction strengths the Hamiltonians above
are not trivial, containing sums over the MOs. We now look for a way to restrict

these sums in a controlled manner. A natural way to do so is to consider only the
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Figure 2.5: Valence shell projection of a quantum dot connected to two metallic leads. We
neglect the low lying filled ‘core’ states and the higher lying valence states (shown in grey),
retaining only two valence levels near the Fermi energy ;. Each valence level couples to

both the left (L) and right (R) leads via matrix elements Vzﬁ/ ® Interactions are present
between electrons occupying the valence levels as indicate by the dashed oval.

‘valence states’ arising from considering only a few electrons populating a restricted
set of orbitals {|®y/)} above a closed shell |®g), a projection of Hy = HY; + H:

Hiy = | @)1y Hyly (9o (2.36)

When « is a valence state and 3 a core state, (2.29)—(2.35) have very little effect:
only (2.30) and (2.31) leave the core states untouched. [A change in occupation of
the core is precluded by (2.36)]. A simple Hartree renormalization of the MO levels
results:

E, — FE,+ Z 2Wapas — Unppa- (2.37)
OéG{FPV)%

Be{|®v)

An obvious question now arises: when is this valence shell projection valid?
Clearly if the energy separation §F = Ey — Ejs between the lowest valence orbital
(the LUMO) and the highest core orbital (the HOMO) is larger than the interactions
between the highest few core levels, then the core will be filled singlet state and
excitations out of this state will be irrelevant. As an example consider the case where
we have only Hy, the on-level repulsion. The filled HOMO has energy 2FEy + Uy
while by contrast the configuration with one electron in each of the HOMO and
LUMO has energy Ey + Eg. If 2Ey + Uy < Eyp + Ep, (ie. if E > Uyy), then

the closed shell has a lower energy.

The physical picture is therefore as follows. We have a (small) set of ‘active’
interacting MOs above or near the Fermi level of two identical metallic leads. The
inactive core levels are far below the Fermi level and filled. The interactions of elec-
trons on the active levels are governed, in order of importance, by (2.29)—(2.35). We
choose to retain only two impurity levels labelled i = 1, 2 and simply neglect the

core levels. The effective model we choose to study is the two-level model (2LM):
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APM _ f g M (2.389)
flL = Z Ekc;r(aackaa (238b)
a=L/R
ko
Fr2LM U ~ ~ A A ~ N
Hp™ = Z <6i‘7 + gni—0> Nig + Uiy — Jysy - 82 (2.38¢)
(1o
ﬁT = Z ii(dgackaa + C;r(aodia)' (238(1)
a=L/R
iko

We have kept the on-level Coulomb repulsion term (2.29) and in practice take the

same matrix element for each of the levels 1 and 2, specifically we choose:
U= U1111 = UQQQQ. (239)

We have also included the intersite Coulomb repulsion and Hund’s rule exchange,
(2.30) and (2.31), and defined the interaction parameters

Ju = 2U1221 (2.40a)
U =Ui2 — 3Ju. (2.40Db)

We have discarded (2.34) and (2.35) as mentioned above, the correlated hopping
term (2.32), and the charge pairing term (2.33). (The latter is in fact straightfor-
ward to retain but its inclusion does not materially alter the underlying physics
as we have checked explicitely both in the case of the atomic limit and numerical
calculations with the full 2LM).

2.3.3 Reduction to a single channel

Thus far we have been guided by experimental setups. Our model consists of an
impurity set of levels coupled to a left and a right metallic lead. The couplings V!
in (2.38) can of course be completely independent: in fact (2.26) suggests no reason
for the couplings to be equal. It will however prove to be a great utility to assume
some symmetry in these couplings as we now show.

We will assume that the couplings to the left and right leads are proportional
and that the same proportionality constant holds for all levels i. We choose:

ViE = Viccosf and VE = Vicsiné. (2.41)

(2

By performing a canonical transformation of the lead operators in (2.38) via

c;r(w = -+ cos HCI(LJ + sin HCLRU

.I.

(2.42)
Chop = — SiN HCI(LJ + cos HCI(RU,
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it is straightforward to show that the ‘0’ orbitals do not couple to the impurity levels

and that the tunneling Hamiltonian (2.38d) is now given by:

Hr = Vildl ey + e dyy)- (2.43)
iko

We can therefore neglect the second lead and consider a single effective conduction
band. The impurity term AI%LM is obviously not affected by this transformation
while for the lead part we obtain Hy, = 37, ek(cLeockeo + cﬂoockm).

This symmetric coupling scheme is obviously not the most general case, which
would by contrast lead to an irreducibly two-lead description [49, 50]. It has more-
over been argued [52, 54] that such a one-channel description is appropriate for

lateral semiconductor quantum dots. The final 2LM? used throughout this thesis is

therefore:

A2M — fr +f{}2)LM Ty (2.44)
Hy =) ety g (2.44b)

ko

r2LM U . . A . A
D = Z (Eia + 5”2‘0) Nig + U'nyng — JgSy - 82 (2.44c)
i

Hy = Vaddle, + clody,). (2.44d)

iko

which is identical to (2.38) except the lead index a has been dropped. In future
sections we will consider the standard case [20, 23] of a symmetric, flat conduction
band with Vi, = V;.

Whilst we have significantly reduced the complexity of the interactions between
valence electrons the model still displays a wide variety of physical behaviour, as we
shall see in chapters 4-6. The valence levels can contain 0-2 electrons each so there
are 16 possible configurations (including spin). These atomic-limit configurations
will be explored more fully in section 4.1.

In this chapter with have outlined perturbative approaches for solving impurity
models such as the AIM and Kondo models. These could readily be extended to
the 2LM. However in the next chapter we pursue a non-perturbative approach: the
numerical renormalization group (NRG). This will build on the ideas of scaling
introduced in this chapter via the idea of RG flows and fixed points. The NRG
is essentially exact and will allow a better understanding of the low-temperature

properties of quantum dot devices.

2In later sections references to the 2LM will invariably be to the single lead version i.e. (2.44)
and not (2.38).
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CHAPTER 3

The Numerical Renormalization Group

The Numerical Renormalization Group (NRG) [22-24, 73] is a method for calculat-
ing thermodynamic properties of impurity models. It can also yield results for the
equilibrium dynamic properties of such systems. Whilst building on the scaling ideas
of the late 1960s [74, 75], the inherently non-perturbative nature of the technique

trades concrete analytical formulae for accurate and efficient numerical calculation.

As discussed in the previous chapter the theoretical study of quantum impurity
models is hampered by the combination of many itinerant electrons in the conduction
band and strong electron correlations on the impurity itself. A wide range of energies,
from the bandwidth of the conduction band to small excitations near the Fermi
energy, are important. We saw in the previous chapter how perturbative techniques

ultimately fail to capture the complete range of behaviour of these systems.

The NRG by contrast is non-perturbative, treating all energy scales of the prob-
lem on an equal footing and is in principle essentially exact, obtaining the full
eigensystem of a quantum impurity Hamiltonian to arbitrary resolution. However
the numerical nature of the technique means that in practice, with finite computa-
tional resources, the Hilbert space of the Hamiltonian must be truncated. As we
shall see the NRG therefore trades some knowledge of the higher energy excitations

of a system to obtain the ultimate goal of capturing the correct 7" — 0 behaviour.

In chapters 4-6 we will make extensive use of the NRG in our analysis of the
2LM, and so it is important to give some background to the original formulation
of the technique and some of its recent extensions. We will focus on providing
details of the technique which elucidate some of the important physics of quantum
impurity models rather than giving a complete, technical description. Much of the
underlying mathematics can be found in the original papers by Wilson [22] and
Krishnamurthy, Wilkins, and Wilson [23, 24]. An recent review by Bulla [73] is
also available. In this chapter we show specifically how the NRG can be applied to

the 2LM and introduce the relevant conceptual framework necessary to understand

27
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the results presented throughout the rest of this thesis. With regard to conductance
experiments performed with real quantum dot devices, recent extensions to the NRG
discussed towards the end of this chapter have put the calculation of such properties

on a more mathematically sound footing.

3.1 Transformation of the Hamiltonian
The initial step of the NRG approach is to transform the 2LM Hamiltonian (2.44):

HPM = Ay AEM g

_ § T
- kCyoCror
ko

U. . . . 3.1
+ Z <€io + 5”@'0) fio + U'fiiig — Jgsy - 89 (3:1)
i

+ Z V;‘k(d;'racka + CI(adia)
iko
into a one-dimensional continuum form suitable for further manipulation. The full
procedure is rather simple but lengthy and is given in Appendix A of [23].

The basic transformation is achieved by assuming that the single conduction
band is isotropic, extending from energy —D to +D, and further that the Vi de-
pend only on |k|. With these simplifications, when the conduction band states are
expanded in terms of spherical harmonics, the impurity couples solely to the s-wave
states. By further assuming the conduction band density of states to be constant
p(€) = p and also that Vi = V; it follows that [23] the Hamiltonian H?™ can be

rewritten as

F2LM +1
= / kal_a, dk
1

D _
U . . u . . Ju . .
+ ZZ: <€z‘a + Ema:) Njg + N2 = 5S1 82 (3.2)

[Ty [T
+ ; 7T—D /_1 (d;[aakg + aLodiJ)dk?

with an implicit sum over the spin index ¢. Here we have rescaled the Hamilto-
nian such that the conduction band states span an energy range [—1,+1] and the
remaining energies scales appear in the form of dimensionless parameters €;,/D,
U/D, U'/D and Jg/D. The conduction band is now described in terms of a set
of continuum operators {a, }, which satisfy the usual anticommutation relations

[a;; o Qpror]+ = 050/ gy . These couple to the impurity via the hybridisation term with

Lii = mpViZ. (3.3)
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3.2 Logarithmic discretization

The next step of the NRG procedure is key to its success. Equation (3.2) cannot
be diagonalized directly due to the coupling of the continuum states to the local
states of the impurity. The NRG reduces the complexity of the problem by forming
a suitable approximation to the continuum states. The approximate states resemble
Wannier states localised around the impurity [23]. As a result of the following, a

clear separation of energy scales emerges making a solution of (3.1) tractable.

The Kondo physics that we wish to investigate in chapters 4—6 is dominated by
exponentially low-energy excitations. Wilson’s solution for the Kondo model [22]
was to split the conduction band into a number of logarithmically spaced intervals
centred on k = 0. These intervals are controlled by the parameter A with the nth
interval for k > 0 lying between A~(™*1) and A=" (see fig. 3.1). A complete set of
orthonormal states spanning the k space can be constructed by setting up a Fourier

series in each of these intervals:

A—"/2 tiwnpk  if A—(n+1) —n
— e i <tk <A
T,Z)rjfp(k) — (1-A-1)1/2 (3‘4)

0 otherwise,

where w,, = 27A" /(1 — A~1) is the fundamental frequency within each interval and

the p € Z. The host destruction operators may be expanded using the wﬁp(k) as

Uy = D poiy(K) + Dy by (F)]. (3.5)

np

The new operators anp, and bnps themselves form a complete set, satisfying the

usual anticommutation rules and are given explicitly by:

+1 . +1 .
g = /_ 0 gl by, = / o, [ (®)] dk.  (3.6)

-1

The Hamiltonian (3.2) can now be expressed in terms of these discrete operators.

For example, it is straightforward to show that

+1
/1 akUdk = (1 B A71)1/2 Z Ain/Q(anOO + bnOa)? (37)
and that
+1 .
/1 a’kaa’kadk - 5 1 + A ZA npa Appo — b;rzpobnpo)"i_

_1_A1 AT 2mi(p’ —p
; Z /_p(a;rlpaanp’o bILPUbnp o)eXP [ﬁ} . (3.8)
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Figure 3.1: Schematic representation of the logarithmic discretization of conduction band
states use in the NRG.

From (3.7) [in combination with the Hamiltonian (3.2)] it is clear that the im-

purity couples only to the orbitals a,,,, and b,,,. Those orbitals with p > 0 only

o
enter the conduction band part of the Hamiltonian, Hy,, where they appear with a
prefactor (1—A~1). Clearly if A is chosen to be close to 1 this coupling will be small.
It is here that we make the fundamental approxzimation of the NRG, to neglect those
orbitals with p > 0. At first, this may appear a rather crude approximation but
calculations for the Kondo model [22] show that numerical results are robust for
values of A rather larger than unity; in fact A ~ 3 is a common choice [73].

The above procedure and approximation to ignore higher Fourier harmonics
leads to a Hamiltonian which is certainly simpler than (3.1) but it will be expressed

in term of the set of operators {a,, }. The operators with p > 0 do not

o2 Onoo
enter anymore and so we drop the ‘0’ index in the following. We can make one
further transformation to simplify the interactions between these orbitals. A unitary
transformation is chosen to transform the set {ans, bno} into a new orthonormal set
{fns}. There are infinitely many such transformations but since the conduction
band energy in (3.8) is already diagonal in the operators an, and by, the best that
can be achieved is to choose a transformation such that the f,, exhibit only nearest-
neighbour couplings. The details of the transformation are rather lengthy [22] and

we only state the following result for the 2LM:

2L . . © P ; '
D = 5(1 + A ) Z A En (fnaf(n+1)o— + f(n+1)gfn0'>
n=0
U . . uv. . Ja. .
+ Z (QU + ﬁni‘T) Nig + N2 T S S2 (3.9)

[2ANT;
+ Z D (fgadio + d30f00)7

& = (1 - A_n_l)(l - A—2n—1)—1/2(1 - A—2n—3)—1/2 _ 0(1) (310)

InA /1+A7!

where
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Figure 3.2: Pictorial representation of (3.9). The impurity couples solely to the ‘zeroth’
orbital of a one-dimensional linear chain. The chain couplings decrease exponentially, ulti-
mately allowing solution of the Hamiltonian.

Here the factor Ajp renormalizes the coupling to correct for the logarithmic dis-
cretization. Inclusion of this factor recovers the exact continuum limit (A — 1) for
non-interacting systems [23] and also seemingly achieves more accurate results for
interacting systems.!

Equation (3.9) describes a linear chain with the impurity positioned at one end
as illustrated in fig. 3.2. The impurity orbitals couple only to the ‘zeroth’ orbital
via the matrix elements \/m, and successive sites of the chain are coupled
by €, o< A~"/2¢,. With increasing n, the value of &, approaches unity and so the
chain couplings decrease exponentially. This suggests that a suitable approximation
to the solution of (3.9) could be sought by truncating the chain at some suitably
large n, as only states of low n couple strongly to the impurity or their neighbours.
However, what is less obvious is that orbitals further along the chain are constructed
from the conduction band states which, while being spatially far from the impurity,
have energies close to the Fermi level [23]. Tt is therefore necessary to include states
of rather large n in order to capture the excitations close to the Fermi level. Since
each orbital may contain 0, 1 or 2 electrons the Hilbert space grows by a factor 4 for
each additional site in the chain; direct diagonalization of the resulting Hilbert space
for a long chain is computationally impossible. The need to include states of both
high and low n is equivalent to the statement that the low-energy excitations of the

system are influenced by conduction band states of both high and low energies.

3.3 lterative diagonalization

The previous section has outlined how quantum impurity Hamiltonians such as (3.1)
can be recast in terms of a linear chain Hamiltonian (3.9). Naturally one cannot ob-
tain the full eigensystem of an infinite chain by direct diagonalization. Wilson’s inge-
nious solution [22] was to realise that with the exponential decrease of the couplings
along the chain one can set up an iterative procedure. One begins by diagonalizing
a Hamiltonian consisting of the impurity and the ‘0’ site of the chain, and adding

subsequent sites of the chain one-by-one, diagonalizing the Hamiltonian after each

! A more satisfactory approach than this rather ad hoc renormalization of the coupling constant
is given in [76] where a modified discretization scheme is used. Section 3.5 gives details of a modified
discretization scheme used in this work.



32 - The Numerical Renormalization Group

site is added. Wilson was able to show that even by truncating the Hilbert space at
each iteration (by keeping only the lowest eigenstates), one can nevertheless obtain
accurate thermodynamics on all energy scales — the approximate Hamiltonian at
each iteration corresponding to the full system at some effective finite temperature.
The truncation procedure ensures the Hilbert space remains at a fixed, manageable
size and so, in principle, arbitrarily many iterations can be performed. To begin
we consider a series of finite chains of length N =0, 1, 2, 3... from which we can
recover the infinite chain of (3.9). We define a dimensionless Hamiltonian containing
the first N sites in the chain by:

FM _ A(N-1)/2

N-1
ZO Ain/2£n <fr];(7f(n+1)0' + f(Jrn+1)UfnU>

U. . A a4
+ Z (Q'a + Enio> o + Uiy — Jg81 - 82 (3.12)
i

)

+ > Vil iy + dl foo)

with the dimensionless parameters

Fii = <1 + A1> 7TD €ig = m €io (313)

(2 (2 L (2
0= (m)o 0= (=) e ()

such that (3.9) is recovered by taking the limit

ﬁQLM:]\}im %(1+A_1)DA_(N_1)/2]€I]2VLM. (314)

A factor of AV=1/2 has been introduced in (3.12) and (3.14); its purpose is to make
the coupling between the N — 1 and N sites of order unity, thereby ensuring the
numerical diagonalization is numerically stable. It follows from (3.12) that Hyy1

may be obtained recursively from Hy using

gJQVL% — VAHEZM ¢ (f]t/of(zvﬂ)o + f(TNH)UfNU) — Eg N1 (3.15)

(measuring energies relative to the ground state Eq n41) which yields an iterative
approach to calculating fIJQVLM starting from the initial Hamiltonian fIgLM. The

initial Hamiltonian itself follows from (3.12) as

HEM = A1/

U. R e a7 a4
Z <Eia + Eni0> Nig + Uiy — Jgsy - 2
' (3.16)

+ Z \/f_ii(f(;rodia + d;[JfOo)] :
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At this point it is worth mentioning that to reduce the computational time
required to diagonalize each successive fIJQ\,LM, the symmetries of the Hamiltonians
can be exploited. From (3.1) it can be shown that the Hilbert space can be divided
into subspaces according to the total charge () n and spin z-projection S%;. Further
if the impurity level energies are spin independent (as is the case in the absence of a
magnetic field) a further computational speed-up can be achieved by using the total

spin Sxy. We define operators for these quantities via

N
On=> (Flofoo =1 +> (dlyd, —1) (3.17a)
n=0 7
R N
SN =33 Hotoo g + 1D dl000d,,, (3.17b)
n=0 i
N
Si =S 2t p = A f) + S by —dfdy), (3.17¢)
n=0 i

with o the vector of Pauli Matrices. The Hamiltonian Hx can now be diagonalized
in each subspace independently: full details of this process, for the case of (Qn, Sn)
subspaces, are given in Appendix B of [23].

As mentioned in section 3.2 it is necessary to perform the above iterative process
to rather large IV in order to capture low-energy excitations. The size of the Hilbert
of Hy space grows exponentially with N, such that even for modest IV this process
soon becomes intractable. It is therefore necessary to truncate the Hilbert space
from one iteration to the next so that it does not become unmanageably large. We
are ultimately interested in the low-energy properties of the system, so it seems
reasonable to keep only the lowest Ny states of Hy in order that the computational

time to diagonalize Hy remains fixed when N is large.?

Several questions arise at this point. First, how can one calculate H using (3.14):
even with a suitable truncation procedure, how large must N be to approach the
N — oo limit? By truncating the Hilbert space, how good is the approximation to
the states of H ~ when all but the lowest few states of H ~n—1 are discarded? And

finally what useful information, if any, can be gained from the iterative procedure?

As it turns out the answers to these questions are very much related. It is the
exponential decrease in the chain couplings which leads to a separation of the energy
scales from one iteration to the next [22]. Provided that A is suitably greater than 1,
the coupling of a further chain orbital can be viewed as causing a small splitting in
the eigenstates of the system. This splitting will be smaller than the characteristic

spacing of the states (bar any accidental degeneracies), as illustrated in fig. 3.3.

2We drop the 2LM from ISTJQVLM for the remainder of this chapter as the concepts discussed are
all rather general.
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Figure 3.3: NRG eigenstates for successive Hy. High-energy states of one iteration do not
become low-energy states in further iterations. To calculate low-energy properties, only the
lowest Ny states need be kept without detrimental effect. E.x and Fp,i, indicate the maxi-
mum and minimum temperature scales at which H is useful for calculating thermodynamics
of the system.

Consequently it does not matter if one discards the high-lying states as the states
created from them in subsequent iterations will never interfere with the lower-lying

states. The lowest eigenstates are then calculated to high accuracy.

From the above, it may seem that all that is achieved is an approximate cal-
culation of the ground state and lowest-lying excitations of the system, since the
states required to calculate higher energy excitations have been discarded. In fact
this is not correct. Each Hy can be used to calculate thermodynamic properties of
the system at some effective temperature: if one is interested in the properties of a
system at a temperature 7', one only needs to know the eigenstates of the system
to within the thermal energy Ep = kgT. Any further accuracy is useless due to
thermal broadening, the thermal excitation of particles from one state to another
of higher energy. Further, one does not need to know anything of the states lying
at energies E > kpT. Hence useful information can be gathered from each itera-
tion and thermodynamic properties can be calculated for all energy scales up to the
bandwidth D simply by piecing together results calculated for each Hy. As the en-
ergy scale associated with Hy decreases with increasing IV, the effective temperature

connected with each Hpy also decreases.

Having obtained the set of Hamiltonians Hy, the starting point for calculation
of thermodynamic properties is the usual expression for the thermal average of an
operator O: . X
Tr O exp[—[H]

0) = -
) Trexp[—[H]

: (3.18)
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where Tr denotes a trace over the states of the system and 8 = 1/kT. As we
are usually interested in the properties of the impurity rather than the system as a

whole, it is usual to define ‘impurity’ properties:

(Ohimp = (0) = (0°) (3.192)
_ Tréexp[—ﬂf[] B Tr O° exp[—BAI:IO]’ (3.19b)
Trexp[—(H] Trexp[—[HY]

where H® denotes the Hamiltonian of the system with the impurity removed, and
O0° an operator acting on this system. Clearly the Boltzmann factor in the above
exponentially suppresses states of energy Fi,. > kT and so these forms, together
with the truncation procedure, immediately provide an upper bound on the temper-
ature T at which a Hamiltonian Hy may be used to calculate properties of the full
system, the N — oo limit. A lower bound for T may also be established by con-
sidering the energy splittings in the iteration N 4+ 1. As the temperature is reduced
the required energy resolution of states naturally increases, as discussed above. The
minimum energy scale, Fyy,, for T is thereby given by the splittings induced in
the levels on going from iteration N to N + 1; that is to say, at this energy scale one
would do better to use the Hamiltonian H ~N+1- In reality one can pick a range of
overlapping temperature ranges to calculate thermodynamics at each iteration [23];
the differences in results from each iteration give an indication of the accuracy of

the NRG calculation. We define [23] the effective temperature for each iteration by:

kTN

S = 3L+ ARG, (3.20)

where multiple values of the scale 3 can be chosen per iteration. Ref. [23] gives
details of how 3 may be chosen and analyses the error in the procedure, which turns
out to be rather small provided 3 < A. The other A-dependent factors are simply
those which follow from (3.14).

An NRG calculation can be summarised as follows (see also fig. 3.4). One begins
with an initial Hamiltonian (Hp) as prescribed in (3.16) and uses (3.15) to grow the

linear chain. In each iteration the steps taken are:
1. Take the lowest N}, states from the previous iteration.

2. Rescale the energies of the states by v/A.

3. Couple an extra site to the chain with coupling strength &x. Rediagonalize

the Hamiltonian.

4. Subtract the ground state energy.
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Figure 3.4: Pictorial summary of the NRG procedure as outlined in the text.

Here steps 2. and 4. merely serve to ensure that the range of energies spanned
by each Hy stays approximately constant. This will prove useful in the following

section.

3.4 Renormalization group flows

The previous section has expounded the NRG in terms of a clever mathematical
prescription which can calculate an accurate approximation to the ground state and
low-lying states of an impurity Hamiltonian, and generate effective Hamiltonians
appropriate for the calculation of finite-temperature properties. One could now in
principle set up the calculation and analyse the 2LM in quite some detail for ar-
bitrary parameters. However, the NRG is somewhat richer than a computational
engine when one realises that the recursion relation of (3.15) is an example of a
renormalization group (RG) transformation. In this section we illustrate the under-
pinning ideas of RG ‘flows’ between ‘fixed points’ and the universality which this
implies for seemingly distinct Hamiltonians. We will not attempt a full account of
RG principles or indeed how these ideas work in practice for the NRG; the inten-
tion is rather to prepare the reader with the concepts necessary to understand the
language used in the discussion of results in chapters 4—6. Renormalization Group
concepts are discussed more thoroughly in the text of Binney et al.[77], while a de-
tailed discussion of the classification of the fixed point Hamiltonians relevant here
can be found in ref. [23].

Until now we have regarded the iterative procedure to generate successive Hamil-
tonians as solely a means to an end: to diagonalize accurately and efficiently a linear

chain Hamiltonian. We may rewrite (3.15) as
Hyi1=T[Hy], (3.21)

where the operator 7 is seen to take a Hamiltonian Hy and transform it into the new
H ~N+1- In our case 7 is given by a simple mathematical prescription, however there

are many examples where 7 cannot be so easily written down [77]. The salient point
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in either case is that this ‘RG transformation’ takes existing knowledge of the system

at one energy or length scale to glean information at another (usually reduced) scale.

It is often the case that one chooses the operator 7 to operate on the Hamiltonian
Hy in such a way to produce a new Hamiltonian with precisely the same functional
form but with a different set of parameters. In this simplifying situation it is helpful
to think of a space of Hamiltonians, each Hamiltonian having co-ordinates given by
its parameters. Successive use of the operator 7 then forms a trajectory in this
space, whereby it can be seen that there is nothing in particular special about the
initial Hamiltonian Hy — a second Hy could easily lead to a trajectory which would

include the former.

There are however some points in parameter space which are special. Equation
(3.21) allows for the possibility of so-called fixed points where the action of 7 is to

produce precisely the same Hamiltonian:
H* = T[H"], (3.22)

with H* the Hamiltonian at the fixed point. The effect of such points on the RG
trajectory, or flow, is shown in fig. 3.5, a schematic illustration for a two-parameter
Hamiltonian Hy(a,b). Three fixed points are shown. The first, HY, is a so-called
unstable fixed point. Exactly at the fixed point, 7 has no effect but in the vicinity
of this point, the action of 7 is to take the flow away from the fixed point; the
fixed point is said to ‘repel’ the flow. In this case Hy becomes less like ]:If; under
renormalization. The second fixed point, H'S*, by contrast is stable and attracts
nearby flows. The effect is to cause Hpy to become progressively more similar to
ﬁ[: . Finally, ﬁ[r’;, has a mixed character. Depending on the direction of approach
the action of 7 is either to move the flow closer to or further from the fixed point.
As we shall see shortly, such fixed points are important in understanding critical

phenomena.

To expand on these ideas and to illustrate one method of determining the stabil-
ities of fixed points, we now put these concepts in a more mathematical framework.
Consider the situation where the two Hamiltonians H N and H ~N+1 are both ‘near’ a
fixed point Hamiltonian H*, in the sense that their parameters are similar to those
of the fixed point. Using (3.21) we can write the effect of 7 on Hy:

Hyi = H* +6H = T[Hy]
— T|H* + 6H|
— H* + T[6H] (3.23)
= H* + MJH + O(6H?)
6H' ~ MJH,
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Figure 3.5: A schematic RG flow for a set of Hamiltonians parametrised as H (a,b) showing
a stable, unstable and mixed fixed point (ﬁ:, I:If; and ﬁ; respectfully). A stable fixed point
attracts nearby RG flows, the Hamiltonian Hy becomes progressively more similar to I:IS*
An unstable fixed points repels nearby flow such that Hy becomes less like ﬁ: Flows near
a mixed fixed point can do either of these possibilities depending on the relative position of
the flow to the fixed point in co-ordinate space.

where we have expanded 7 in a Taylor series about H*. The object M is then a
matrix describing the transformation to first order. As the RG flow approaches the
fixed point, its behaviour is governed by the eigenvalues and vectors of the matrix

M. There are three possibilities for each eigenvalue, A:

1. A > 1. Here 6H increases with each RG iteration and the Hamiltonian H N
moves away from the fixed point. This is then an unstable, repulsive fixed

point. The corresponding eigenvector is said to be ‘relevant’.

2. A < 1. The converse is true, §H decreases with each iteration and Hy becomes
more like the fixed point. The fixed point is then attracting the RG flow. If
this is the sole eigenvector of M the fixed point is stable. The eigenvector

itself is named ‘irrelevant’.?

3. A = 1. In this case dH remains fixed under renormalization, and the eigen-
vector is said to be ‘marginal’. This does not imply anything about the fixed
point itself; only that the approximate linearised transformation does not flow
towards or away from the fixed point. One would have to expand 7 to higher

orders, which in practice leads the analysis to become more complicated.

The existence of fixed point Hamiltonians and RG flows has several immediate

consequences. Above we alluded to the fact that one initial Hamiltonian may lead to

3These otherwise peculiar names have an obvious meaning: a vector has a relevance in deter-
mining whether a fixed point is unstable. One relevant vector is sufficient to deem a fixed point
unstable whereas the same cannot be said of irrelevant eigenvectors and stable fixed points.
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Figure 3.6: NRG results for the energies of the lowest levels of the (Qnx = 0,5, = 1) subspace
of Hy for the 2LM, calculated with A = 3 and bare parameters U = 20T", U’ = 10T,
Jir =51, € = €3 = —20I' and ' = 1072D. The levels converge to constant values for large
N indicative of the RG flow reaching a stable fixed point.

a trajectory which flows to another choice of initial Hamiltonian. Alternatively one
can think of sets of Hamiltonians which all lie on the same flow line [fig. 3.5]. Two
systems with different initial, or ‘bare’, parameters ultimately behave in a similar,
even identical, manner after many applications of the transformation. Naturally
as the two flows have started on different points on the flow line, this ‘universal-
ity’ occurs at a different energy or temperature scale in the two systems. Here we
have simplified the discussion by thinking about Hamiltonians which keep an iden-
tical form under renormalization albeit it with changed (renormalized) parameters.
However, the same ideas of universality extend to the case where the Hamiltonian
changes functional form under renormalization. In this case very different initial
Hamiltonians can lead to the same emergent physics with only the characteristic
energy scale being changed. A very simple example of this might be a rather com-
plicated Hamiltonian that at a particular energy scale can be projected into one of its
subspaces, the neglected eigenvectors and values being unimportant. The projected
Hamiltonian is an effective Hamiltonian associated with the particular energy scale.
A more concrete example was given in section 2.2. The Schrieffer-Wolff transfor-
mation of the Anderson Impurity Model to the Kondo model shows how the former
behaves identically to the latter at low energies. One of the main strengths of the
NRG is the ability to represent arbitrary Hamiltonians, and not to restrict the form
of the Hamiltonian from iteration to iteration. It is for this reason the NRG has

been so successful in describing a wide range of quantum impurity Hamiltonians.

From the discussion above it is apparent that a stable fixed point represents

a possible N — oo solution of the RG procedure, the RG flow will ultimately be
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Figure 3.7: Left: A system with a single stable fixed point. All systems are ultimately
described by the same Hamiltonian under renormalization. Right: A system with two stable
fixed points. The system possesses a phase transition with the dashed line indicating the
phase boundary. RG flows precisely on the dashed line lead to the fixed point H o

attracted to it. In the NRG, as the iterations proceed and the effective temperature
lowers [(3.20)], the Hamiltonians Hy and Hy,; become increasingly similar. An
examples of this is shown in fig. 3.6 where we plot the lowest few energy levels of
the (Qn = 0,5, = 1) subspace of the 2LM Hamiltonian. (This subspace contains
the ground state). It is clear from the figure that there are three distinct regimes
of behaviour: a short initial region where all the levels are roughly degenerate,
followed by a crossing to a region which lasts until N ~ 30. Finally an extended
region occurs where groups of levels appear to be converging. It is this last region
which represents the approach to a stable fixed point. This convergence to the zero-
temperature stable fixed point allows an NRG calculation to be stopped at finite
N (corresponding to a small yet finite temperature T ) whilst still allowing useful

information about the true T, = 0 ground state to be extracted.

The two earlier regions are indicative of unstable fixed points and it is interesting
to see that although these fixed point are ultimately unstable they do attract the RG
flow for quite a number of iterations. The unstable fixed points therefore represent
effective Hamiltonians suitable for describing a system over a range of temperatures.

This will be evidenced in chapters 4—6.

An interesting question arises when one considers the possibility of having more
than one stable fixed point, as shown in the right panel of fig. 3.7 for two stable
fixed points ]:I;kl and H 35. The RG flow may terminate at either of these giving
rise to two distinct ground states at zero temperature; a quantum phase transition
can therefore occur between systems with different initial parameters. Each of ]:I;kl
and H % has a ‘basin of attraction’ for RG flows. A system, or flow, which starts
off inside these basins necessarily terminates at the stable fixed point. There is

also a dividing surface between these basins; illustrated by a dashed line in the
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figure. Hamiltonians along this flow line tread a fine path between the two stable
fixed points. A slight change in parameters would lead the system to one of the
stable fixed points. A system precisely on this flow, and therefore precisely at the
transition, moves towards the third fixed point H i

The fixed point structure of a Hamiltonian determines the RG flows, and hence
determines the phase diagram of a physical system. The question arising now is how
one determines the fixed points of a given Hamiltonian. It turns out not to be easy
to explain this analysis in general terms. Indeed, in some cases [78] fixed points have
only been identified by results of numerical procedures: the NRG is particularly well
suited to this purpose. We postpone the discussion of the fixed points which arise
for the 2LM until section 4.2 in order to separate the more general ideas of this

chapter from specific results.

3.5 Calculation of dynamic properties

The previous sections have been concerned with solving the Hamiltonian in (3.9) to
obtain its eigensystem and temperature-dependent thermodynamic properties. Of
course, having a solution to a Hamiltonian can lead to some very powerful results.
In this section we detail how the Hamiltonians acquired from the NRG (the H N)
may be used to calculate dynamic properties of the system.

We focus on the single-particle spectrum Do (w) = —2 Im Gyj.» (w), with Gij,0(w)
an impurity Green function itself given by Gjj.p(w) = (<dz o d;r Dwt An equivalent
and more useful representation of D;j.,(w) arises via its Lehmann representation
[20]:

Do) = 3 bl all, Iy 2L

a,b

S(w + Eo — Ep). (3.24)

Here Z = ) exp(BE;) is the system partition function and E, the energy of the
many body state |x). It is seen that the spectral density is just the Boltzmann
weighted sum of transition amplitudes between all states of the Hamiltonian. The
matrix elements in (3.24) are readily calculable from the NRG Hamiltonians Hy.
A problem immediately arises when one tries to implement (3.24) with the NRG.
In section 3.3 we explained how each Hy is only valid for a particular energy scale
and so one cannot obtain D;j.,(w) from one Hy alone. Instead one must piece
together information from across all iterations. The simplest method would be
to take poles calculated from every iteration. Indeed this method has been used

previously to quite some success [79, 80]. However there are some unsatisfactory

“The notation ((A; B)), denotes the Fourier transform of the retarded correlator G55 (t) =
—i0(t)([A(t), B(t = 0)]+). An advanced correlator is equally defined as +i60(—t){[A(t), (t =0)]+ )
The two components are related by ReG*(w) = ReGF(w) and ImG*(w) = —ImGF(w). W
choose to work largely with retarded Green functions and drop the R superscript.
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consequences of doing this, not least the conceptual problems which arise. Clearly,
there are overcounting ambiguities if one calculates matrix elements between the
states of H N, retains those states to calculate H ~N+1 and then recalculates matrix
elements. A simple resolution of this would be to only calculate matrix elements
between states which are discarded between iterations. This idea forms part of the

method now used, as we will see in due course.

After deciding on an appropriate scheme to form D;j.,(w) there is a final step
which must be made to realise useful results. The NRG deals with a discretized
version of the full system Hamiltonian. The resulting single-particle spectrum is
also therefore discrete [as implied by (3.24)]. In reality we expect a continuum form
for D;j.c(w) and so we broaden the NRG results to obtain a continuous spectra.
In the simplest schemes, each pole is replaced with a smooth Gaussian peak of the

same weight [81]:

—b%/4 (1 -1 )2
e nw n Wy,

The index n runs over all the poles with g,, and w,, the corresponding poles weights
and frequencies.® The parameter b governs the widths of the Gaussians and is chosen
to produce smooth spectra.

The logarithmic discretization of the Hamiltonian and the necessity of broaden-
ing the NRG poles are somewhat problematic. Since high-energy scales correspond
to low N, the NRG does not capture high-energy features well: one has only a
few states from which to calculate poles. This is to be expected since the NRG
is designed to access the low-energy properties. At low energies, the NRG poles
tend to be clustered around certain energies. This stems naturally from logarithmic
discretization and has the consequence that at low frequencies the spectra oscillate
periodically on a logarithmic scale (evidenced in fig. 3.8). The choice of b in (3.25)
is therefore somewhat delicate. Wide Gaussians will suppress the low frequency
oscillations but also potentially ‘wash out’ narrow spectra features.

As the spectral oscillations result from the logarithmic discretization, it seems
sensible to try modifying the discretization procedure. One such way [83-85] is
the so-called ‘interleaved-NRG’ approached (often referred to as the ‘z’-trick). This
procedure modifies the discretization using a twist parameter z lying in the interval
0 < z < 1. The n'" logarithmic interval is now chosen to be A=+ <« | <
A~GF1): the effect being to slide (or twist) the intervals away from their usual
positions. This also has the effect of sliding the oscillations observed in spectra. By
performing several NRG calculations with appropriate values of z, and averaging

results, the oscillations can be made to cancel (see fig. 3.8). The limit of choosing

5The rather more complicated kernel used in this work can be found in the ref. [82].



Calculation of dynamic properties - 43

0.25 B/ A/ A A A

0.20

0.15

1D 4(w)

0.10

Figure 3.8: Single-particle spectral density Dj;(w) for the 2LM with U/T" = 20, U’/T =
10, Jg/T' = 5 and €, = —20. Results from three NRG calculations are shown both on
a logarithmic scale and linear scale (inset). ) Solid line: A standard NRG calculation.
i) Dashed line: A calculation using the interleaved method with five choices of the twist
parameter and also a narrower broadening kernel. i) Dotted line: As ii) but with an
intermediate calculation of the impurity self-energy (section 3.5.1). The oscillations in i) are
not present in i) despite the choice of a smaller broadening parameter b. The self-energy
calculation corrects an undershoot in the zero-frequency value, which should correctly be
0.25, and further sharpens the high-energy features.

infinitely many zs recovers a continuum limit (although it is not precisely the same
continuum limit as taking A — 1 [73]). Use of the z-trick has a secondary advantage:
as the oscillations are reduced the broadening parameter can be reduced to improve

simultaneously higher energy spectral features.

3.5.1 Green functions and the self-energy

The spectral density is not the only dynamic quantity for understanding the low-
energy physics of quantum impurities. A second useful probe is the impurity self-

energy Y;j.»(w) as embodied in the Dyson equation:
Go(w) = GY(w) + G (W) E4(w) Gy (W), (3.26)

where all the quantities appearing are, in general, matrices and the G%;U(w) are
the non-interacting impurity Green functions i.e. those found when the interaction
terms in the impurity Hamiltonian (such as U) are set to zero.

To obtain expressions for the Green functions appearing in (3.26) we can use an
equation of motion approach, in which the following naturally arises when consider-

ing time-dependent (fermion) operators in the Heisenberg picture [20, 86]:

W ((A; B))o = ([A, Bly) + (A, H]; B))o, (3.27)
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with w™ = w +i0". For the impurity and conduction band electrons of the 2LM
this gives directly:

(WF = €i0) Gl (w) = i + Z VG (w) (3.28a)
(W — ex Gk] Z Vlel] o (3.28b)
1=1,2
By defining;: VAV
ik Vik .
Tj(w) = Z — —]ek =TI w) — il (w), (3.29)
k

[where Pin (w) = T8k VikVjké(w — ex)] and combining (3.28a) and (3.28b) one arrives
at

Go(w) = go(w) + go(W)T(w)Go (W), (3.30)
with ggj; »(w) =6ij/(wt — €;») and the non-interacting Green functions given explic-
itly by:

Q) = (e ) “Ta) . (3.31)
7 —F22(w) w+ — €95 — F22(w)

The similarity of (3.30) to the Dyson equation of (3.26) informs us of the relation be-
tween the non-interacting and fully-interacting cases: G, (w) has the same algebraic
structure as GY(w) except with I'(w) replaced by I'(w) = I'(w) — Xy (w).6

As one can calculate the spectral densities D;j,r(w) = —1 Im G0 (), it is possi-
ble to calculate the self-energy matrix directly using the Dyson equation and (3.31),
the corresponding real parts of the Gjj.o(w)s can be calculated via Hilbert trans-
forms. However there is a rather more elegant approach [81] which we now show. By
taking the fully-interacting Hamiltonian and placing it in (3.27) a simple, if lengthy,

calculation yields

> " = €i0)dit — Ta(w)] Gljio (@) = 655 + ([d;, Hpls diy ) (3.32)
l
This is a generalisation of equation (6) of [81] and can be expressed more succinctly

in the matrix form

[G(W)] 'Gy(w) =1+ F,y(w). (3.33)

Finally using the Dyson equation in the form [GY(w)]™! = [G,(w)]™! + 2, (w),
equation (3.33) gives:
Yo (w) = Folw)[Gy(w)] 71, (3.34)

which is the equation we use to calculate self energies from NRG data.

[ ;To ]sele th[isomor]e flearly rearrange (3.26) and (3.30) as [G,(w)]™' = [GY(w)]™" — B, (w) and
G, (w)]7" = [gs(w)]”" — I'(w) respectively.
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In the case of the 2LM, H'D is given by the separable sum H'D = UX;nphg) +
U'nyng — Jg81-81. The elements of the matrix F are thus linearly separable as Fi; =
Fg—i—FZ[]J/ —i—Fi‘]]-H (in obvious notation). Since each such term is a retarded correlation
function, they are Lehmann resolvable [87]. By writing Fj ., (w) = Filﬁa(w)—iFl-Ij;o(w)

the general result is:

+o0o 1 .
| ol do = - Sl FinL )] ) (635)

where ¥ is the N* state of the N,-degenerate ground state manifold of the system.
Specifically for the present problem, a lengthy calculation yields, for the diagonal

components of the F,(w) matrix:

+oo 1 R
/ Flp(w) dw = N D W Uhi—g + Uit — 57 (001 — 051)S2|00Y)  (3.36a)

= Ulhi—g) +U'(f5) = §J(5) (3.36D)
"= U ) + U i), (8-36¢)

(with ¢ = 2 if i = 1, and vice versa) where (3.36¢) results only in the absence of a

magnetic field (h = 0). For the off-diagonal elements we have similarly:

+o0 1
/ Pl de = 5= S0 = Ul + 5T (001 ld) 4+ 3] (3370

i i N
+ 501 [dde@'T + %djldu]) |¢a >

"= (U 1 3l dy,). (3.37b)
We will make use of these results in chapter 5.

The utility of (3.34) becomes apparent when it is realised that the calculation
of the self-energy involves taking quotients of correlation functions calculated via
the NRG. As discussed previously the NRG data are prone to oscillations at low
frequencies. These oscillations effectively cancel when the division is performed,
giving a much smoother representation of the self-energy. A fortunate side effect
of the method is that also any systematic constant scaling error in the functions is
cancelled. Furthermore, by incorporating the exact non-interacting Green functions
the high energy features are more well resolved (see fig. 3.8).

The more elaborate way of calculating the impurity self-energy is therefore su-
perior to the naive use of the Dyson equation; it is at the expense of calculating
twice the number of correlation functions however. Once the self-energy has been
calculated in this way, improved spectral functions can be obtained by reuse of the
Dyson equation. It is the reliable initial calculation of the single-particle densities

which we turn to now.
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3.5.2 The full density matrix

The methods for calculating dynamical quantities from the NRG have developed
considerably since the early 1990s. As outlined previously the earliest methods
[80, 88] calculated matrix elements between all the NRG states of each iteration to
compile results for the Lehmann resolved spectral density (3.24) — each iteration
giving results for frequencies around its characteristic energy scale. An improve-
ment to this method [79] is to find an appropriate weighting function for the poles
calculated at each iteration, the weighting function used to increase (decrease) the
influence of those poles thought to be most (least) accurately calculated.

As is evident from the preceding paragraph, these methods are conceptually
‘standing on thin ice’. The ambiguities in how to combine overlapping results from
different iterations are obvious. As already mentioned, the phenomenological patch-
ing schemes above neglect the fact (or at best correct for it in an ad hoc manner)
the completeness of the basis states. This can lead to the total spectral weight being
less than or greater than unity. More fundamentally, the states of an NRG iteration
N are those of an effective Hamiltonian Hpy, valid at a temperature Ty; it is not
obvious that these states can be used to calculate dynamic properties of the system
at any other temperature. This is particularly true for the case of T = 0, where
only excitations from the ground state should be considered. The true ground state
is only recovered in the limit N — oo, with the NRG Hamiltonian Hy being a
close approximation only when the iterative process has come close to the correct
T = 0 stable fixed point. A more satisfactory approach would be therefore to work
from the correct ground state (or at least the best approximation to it which is
available).

There are then two issues to be resolved: the completeness of the basis states
used to construct the Lehmann sum and, the determination of a correct, well-defined,
prescription for obtaining results across the full energy range. It turns out that the
first issue is remarkably easy to resolve [89-91].7 The states of the initial NRG
Hamiltonian Hj are complete. It is only at iterations N > Ny after the truncation
procedure has begun that this property is lost. The states at iteration N = n which
are discarded (the ‘D’ states) are necessarily orthogonal to those states which are
kept (‘K states). It follows that the D states of iteration n are also orthogonal to all
of the states (both K and D) of all iterations m > n, since these are formed from the
K states of iteration n. The states of iterations m > n, eigenstates of H,,, form a
better approximation to the low-energy states of the full Hamiltonian H than those
of H,,. Tt is not difficult to see that the set of states formed by all D states across all

"These original papers discuss the reformulation of the Wilson chain as a system and environment
— language which stems from the comparison of NRG with DMRG. We will avoid this language
here.
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Figure 3.9: Illustration of the Anders-Schiller basis used in the accurate calculation of
dynamic quantities from the NRG Hamiltonians. States of each iteration are classified as
discarded ‘D’ or kept ‘K’ according to whether they are used in the calculation of the next
iteration of the NRG. The set of D states across all iterations (the rightmost column) is
complete and is the most accurate approximation to the exact Hamiltonian.

iterations, with the states of the final iteration N = L being considered as discarded,
forms the best approximation available to the exact Hamiltonian H whilst also being
complete — inclusion of the K states would lead to overcounting. A mathematically
rigorous formulation of the ideas above can be found in [91]. This basis has become
known as the Anders-Schiller basis (AS) and is illustrated in fig. 3.9.

The complete AS basis allows one to accurately represent arbitrary local impu-
rity operators, and hence calculate correlation functions between pairs of operators.
From the discussion above the unity operator in the AS basis can be constructed as

the sum of all states labelled D, wviz.:

s

L
i=>" > ls)unsl (3.38)
N>Ng

and is used to construct an operator A given by [82]:

L #KK
A= AR N (1= >0 > ANy (3.39)
ss’ N>Nog XX’

Here XX’ = {KK, KD, DK, DD} with the restricted sum excluding the K K terms
which are refined in later iterations where a better approximation to the true states
of the Hamiltonian is found. The left equality represents the operator A = A%OK in

the last complete NRG basis. The right-hand side by contrast expresses an iterative
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construction of A in the AS basis, the KK part at iteration N being discarded in

favour of the X X’ terms of the next iteration:

AN =" AN =D TN AN x e v (5. (3.40)

XX’ ss’ XX’

A second important feature of operators constructed in this way is that their
time-dependent forms, A(t) = etHt fe=iHt contain energy differences between states
of the same iteration i.e. calculated to the same level of accuracy [82]. Thus, the

issues outlined above have largely been resolved.

To obtain thermal averages of operators required in the calculation of correlation

8

functions,® we construct the density matrix of the system [82]:

S

N (sl

Y sRE

N>Ng s

L
N
E WNPDD>

N>Ng

(3.41)

where in the second line we have split the sum into a sum of density matrices, one for
the discarded states at each iteration. The weighting factor wy = 4(L=N) 7 ]l\? /Z with
Z ]E,) = ZSD e~ BEY performs the task of selecting the appropriate iterations for a given
temperature; it is smooth and contains a peak spanning 5-10 iterations around the
iteration with kgTy = 1/3. By expressing correlation functions in terms of similar
sums Fijo = N F; ” »» We are now in a position to calculate such functions via

analogous relations to (3.24) [82]:

~

Flio = {Aijios Bijio))u

1750
L 7HK (3.42)
Z MN
- Z Z BX’XIO[ ]]S’S[AJ)‘?X’]SS"S(W_ES+Es’)a

M>Ngy ss’ XX’

the structure of which is simply a sum of delta function poles with weights given by
the elements of the matrix product (Bp)f o A.”

Equation (3.42) contains one feature which deserves further explanation: the
appearance of the p[X X N] density matrices. These ultimately allow determination of
excitations between not only the D states of each iteration, but also between the
low-energy K states and the high energy D states. Creating such matrices in the

AS basis is non-trivial. As shown in ref. [82] one must iterate backwards from the

8Recall that the NRG is inherently a finite temperature technique and so thermal averaging is
required conceptually for the calculation of any quantity, static or dynamic.
9The Hadamard (or Schur) product is an element wise product [A o B]i; = A;; By
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Figure 3.10: Iterative calculation of the full density matrix utilising the Anders-Schiller
basis. One starts at the last NRG iteration L, and perform a unitary transforms to acquire
the density matrix in the original NRG basis of interation L — 1. The unrefined discarded
(DD) part of the matrix is added and the process iterated until the first iteration where no
states were discarded.

final NRG iteration performing similarity transforms. Figure 3.10 illustrates this
process. One starts with p%BL , the (diagonal) density matrix for all states of the
last iteration. The unitary eigenvector matrix of iteration L is used to transform

this into p[;é';(l’L]; the matrix now being in the NRG basis of iteration L — 1 and

L—1

non-diagonal. The total p is then formed by adding pgbl. The general form for

the full density matrix at iteration M is thereby:

L
M,L
pM = wnphp + D wnpi- (3.43)

N>M

The iterative calculation stops at iteration Ny, at which point there is no DD con-
tribution. These density matrices are often termed ‘reduced’ as they relate to the
‘system’ comprised of the impurity and the first M sites of the Wilson chain, as
distinct from the ‘environment’ comprising the as yet uncoupled sites of the chain;
the reduced matrix represents a ‘partial trace’ of the density matrix of the whole
system [89]. (In fact, without the approximation H; = H, the final density matrix
calculated is also a partial trace over the infinite Wilson chain).

This concludes our outline of how reliable dynamic properties may be calcu-
lated from the NRG. Whilst being important theoretically, single-particle densities
are rarely measured directly in experimental quantum dot systems. A far more

important quantity is the differential conductance, to which we now turn.

3.5.3 Differential conductance

The starting point for the calculation of the differential conductance (‘the conduc-
tance’ henceforth) is the Landauer formula for the steady-state current J through

an interacting electron region, as derived by Meir and Wingreen [92]. The result is
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given generally by [92]:

2ie [T " “
7=5 | T — TR @ -Gl

+ Tr {[I‘i(u)) — I‘é(u))]G<(w)} dw.

Here the Fermi functions f,(w) = [¢®@~#) +1)71 (with v = L, R) describe two non-
interacting electron regions (leads) positioned to the left (L) and to the right (R) of
the interacting region of interest (i.e. quantum dot), with p, their respective chem-
ical potentials. The couplings to these regions are given by [T (w)];; = 7Vi, Viup(w)
(where i, j denote the dot levels).!® Finally G"(w), G%w) and G<(w) are the re-
tarded, advanced and non-equilibrium Keldysh ‘lesser’ Green functions, the latter
defined as G5z (t) = i(B(t = 0)A(t)).

We now derive a simplified version of this fundamental equation appropriate for
the 2LM. Equation (3.44) is simply a sum of two terms: J = 1(J, — Jg) where the
current to the left is Jr, and from the right is —Jg. At steady state these are both

equal to the total current J and so we can write:

L 2 ) (3.45)

J:
1+ A T+A

for an arbitrary parameter A. Equation (3.44) then becomes:

die [T 1 ; "
=% | e TR S ARETRIE @ -Gl

+ I} (w) = AT{(W)]G<(w) }dw.

J

In section 2.3.3 we considered the 2LM for the case where the couplings to the left

and right leads were proportional i.e. that
I (w) = ATh(w). (3.47)

Hence only the first term of (3.46) remains giving:

e Feo
1= Frsm [ 1)~ @) B @D, (349

where we have used G"(w) — G%(w) = —2miD(w), the spectral density. Equivalently,

using (3.47), we can write

2¢ +oo
J = gGo/ [fL(w) = fr(w)] Tr[aT! (w)D (w)]dw, (3.49)

'9The original paper defines [T}, (w)]i; as double the quantity defined here, we choose our definition
to maintain consistency with (3.3).
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Figure 3.11: The current through an interacting electron region coupled to two non inter-
acting reservoirs is composed of two terms: Jy, and Jr. At steady state J = J, = —Jg

where Gy = 4)\/(1 + A\)? and I'(w) = Tl (w) 4+ I'L(w) [as given by (3.29)]. The
prefactor Gy € [0, 1] reflects the relative asymmetry in the tunnel coupling to the
leads and reaches a maximum for symmetric coupling. It is most easily expressed in
terms of the angle appearing in (2.41) viz.: Go = sin? 20 with 6 € [0, 7/2]. Now the
current through the 2LM system is known it is straightforward to find the differential
conductance. One simply differentiates (3.49) with respect to a bias voltage Viq
applied across the left (source) and right (drain) leads, with uy, — ur = eVyq. In the
limit that this voltage tends to zero (zero-bias) the conductance is readily shown to
be:

22 [ 0f(w)
Go(T, Vaa = 0) = =—Go /_ e izjﬂfij(w)Dji(w;T)dw, (3.50)
expressed in terms of a single Fermi function f(w) = (e 4 1)~! with chemical

potential g = 0. The non-trivial quantities appearing in (3.50) are the equilibrium
spectral densities D;;(w;T') (with their temperature dependence now explicit) which,

as we have seen in the previous section, can be reliably calculated using the NRG.

Whilst this is an important result, experiments are not confined to measuring
systems at equilibrium, 7.e. under the condition that the chemical potentials of the
two leads are equal u; = pugr. It is now becoming possible to use the NRG to
calculate non-equilibrium and time-dependent quantities [90, 91, 93-95], however,
the calculations are extremely demanding and as yet not very accurate: essentially
one performs NRG calculations for multiple discrete time intervals. Here we use the
common approximation of neglecting the explicit bias dependence of the impurity
self-energies. It is easily shown from (3.49) that the finite-bias conductance is given

by:

2¢? teor_9 -0
Go(T, Vaa) = TGO/ [ Bu{L + &fﬂ Y Tii(w)mDji(w)dw. (3.51)
]

— 00

The bias voltage enters only via the Fermi functions f,(w): ur # pr. This approxi-
mation becomes exact for Vyq — 0, where (3.50) is recovered (so we might reasonably

expect it to work well in practice for relatively low bias voltages); and it is also exact
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in the non-interacting limit. Care must be taken however when analysing fine details
of experiment, as even at low voltages Hewson has shown [96] that including the
effect of the bias voltage on D;;(w) can alter the appearance of spectral features of

interest.

Having discussed the NRG is some detail, both as a numerical tool for solving
complex many-body Hamiltonians and as a framework for understanding the phys-
ical properties of such systems, we now turn to applying it to study the behaviour

of model quantum dot systems via the 2LM.



CHAPTER 4

Two-Level Quantum Dots

In chapter 2 we introduced the Anderson impurity model and the Kondo model
as prototypical quantum impurity models. We outlined a few early advances in
obtaining solutions to these models, illustrating the fundamental ideas of universality
and scaling. In the T" — 0 limit the effective Kondo coupling between the impurity
and itinerant electrons runs to infinity, and so perturbative techniques ultimately
failed to successfully describe the correct behaviour of these models in this limit.

Towards the end of chapter 2 we introduced also the two-level model (2LM) for
describing more accurately the physics of semiconductor and molecular quantum
dot devices, whilst in chapter 3 we developed the machinery necessary to calculate
physical properties of this model.

In this chapter we survey the basic thermodynamic properties of the 2LM. We
begin by examining the atomic limit (AL) of the model. We will examine the
symmetries of the model which will later assist in the understanding of some subtle
physical points. The experimentally relevant RG fixed points of the model will be
explored: most importantly we will identify two stable fixed points — indicating
the possibility of a quantum phase transition (QPT) between two non-equivalent
ground states. Indeed a QPT is found to arise for physically reasonable parameters
of the model, and so a large proportion of this chapter will focus on the detailed

study of this phase transition.

4.1 The atomic limit

The atomic limit (AL) describes the isolated impurity, detached from the conduc-
tion band, and is of course exactly soluble. An equation for it is given by (2.44c),
repeated below. By analysing its properties in detail we will gain some headway in

understanding the full 2LM with V; # 0.
By ignoring the disconnected conduction band parts of (2.44) the AL Hamilto-

53
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nian is simply:!

- U
Hp = Z <€io + 5ﬁ¢o> fie + U'fnfe — Jusy - So. (4.1)
10
Equation (4.1) contains two symmetries which we now examine. The particle-hole
transformation (p-ht)
d;ro A dia’ (42)

exchanges particles for holes and vice-versa? and transforms (4.1) into the Hamilto-

nian

. U
th = Z |:(_Eia — U — 2UI) —|— E’fl/i—g ’fl/io' —|' Ul’lefL2 — JHél . ég
io (43)
+2U +4U"+) €.
10
The above has the same form as (4.1) (modulo the constant terms on the second
line) but with
€ic — —(€ie + U +2U"). (4.4)

For zero magnetic field, as considered throughout this chapter, it is therefore useful

to define rescaled parameters

r=e+3U+U (4.5a)
y=e+iU+U, (4.5b)

such that the ph-t performs © — —x and y — —y and

~ h-t

The AL Hamiltonian is thereby invariant under the ph-t for x = 0 = y, or equiva-
lently € = €5 = —%U — U’, which is the p-h symmetric point. The consequences of
the ph-t are intuitively quite simple: it is a canonical transform and as such is just
a different way of representing the particles in the system. The expectation value of

any operator O(m, y) is identical to its transformed counterpart:

v O exp[—3H (z r O exp|—BHP (z
<O(:c,y)>=TO p[-fH(z,y)] _ TrOexp| Bflh (z,y)]
Trexp[—3H (z,y)] Trexp[—BHP! (z,y)]

(4.7a)

!The 2LM label will be dropped from ﬁ%LM for the remainder of the thesis, and we will make
it clear when Hp does not refer to the 2LM.

2f1 is not in general invariant under this transformation; the transformation changes the sign of
the total spin projection S,. This fact is important when considering the case of an applied magnetic
field. The ph-t then requires incorporating spin flips into (4.2): d}; < d;—o, or equivalently we might
require h — —h in addition to (4.2) to maintain €;, = €¢; — oh constant under the transformation.
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(O(z,y)) = (O (—z, —y)), (4.7b)

where (4.7b) results from using (4.6), the constant term cancelling. Expressions for

the partition function and free energy follow similarly:

Z(x,y) = Z(—z, —y)e 2Pty (4.8a)

There is also a second obvious “1-2” symmetry expressed formally by the canon-

ical transformation

(dlo'? d20’) - (dQU’ dla)? (49)

and application of which gives 1:11132(36,3/) = H’%l (y,x). Naturally the Hamiltonian,
and the physical properties above, are invariant under the simultaneous exchange
1+ 2 and ¢ < y. The line y = x thereby bisects, with regards to the physical
properties of the system, the x — ¢ plane into two equivalent regions. Coupled with
the ph-t (which corresponds to inversion through the origin), this second symmetry
implies a third: the plane can be further bisected by the line y = —z. Thus in
general we can confine our interests to only one quadrant of the x — y plane.

We briefly note that to maintain the symmetries above in the full 2LM two
further considerations must be made. Equation (4.2) must be supplemented by
c;rw — ¢_y- This requires a symmetric conduction band, as we use within the NRG
framework for the 2LM [24]. The full model also requires V; = V3 to maintain the
1-2 symmetry. We take this second condition for much of our work but will briefly
examine the case V| # V5 in section 4.3.3.

Having discussed the underlying symmetries of (4.1) we now move to outline
the AL eigenstates and ground state phase diagram. Each of the dot levels may
in principle be empty, singly- or doubly-occupied. There are therefore 16 possible
states with the ground state containing between zero and four electrons. The impu-
rity parameters (€1, €2, U, U’, and Jy) form, in general, a five dimensional space.
However in studying the 2LLM it is most useful to consider the effect of changing the
level energies €; and e whilst holding the other parameters fixed. To this end we
will consider phase diagrams in the €; — €5 plane (equivalently the x — y plane).

The possible impurity states are listed in table 4.1. In the case of J = 0 all the
states of Hp are simultaneous eigenstates of the impurity level charges n; = (n;) since
the n; clearly commute with the remaining terms of the Hamiltonian. It is therefore
convenient to label the states by these occupations. For finite Jy ambiguity only
arises in the (n; = 1,n9 = 1) sector where the four states are no longer eigenstates of
the n; with spin-singlet and triplet combinations arising. However, as is obvious from
the energies given in table 4.1, it is not possible for both the singlet and triplet states

to simultaneously exist as the ground state: the energy of one of these combinations
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ny no Energy

0 0 0
1 0 €
0 1 €9
1 1 Singlet: 61+€2+Ul+%JH

Triplet: €1 + e + U’ — iJH
2¢1 +U

262—|—U

2¢1 + e + U +2U'
61—|—262—|—U—|—2U’

2€1 + 2¢e9 +2U+4Ul

N = N O N
NN =N O

Table 4.1: Energy levels of the atomic limit Hamiltonian.

will be lower than the other throughout the ¢; — €2 plane. We will largely consider
Jr > 0 [see section 2.3.2] and so the ground state will be the triplet combination.

In fig. 4.1 we show the AL phase diagram for the generic (and physically relevant)
case U > U’ > Jy. The dotted lines indicate the boundaries between the various
phases, labelled by their charges as above. The boundaries correspond to degeneracy
points between the states of table 4.1 and can be obtained simply by equating the
energy of the states.

There are several observations to make about the phase diagram. First an obvi-
ous point: as x and y are lowered the impurity levels progressively fill, being empty
in the top right of the diagram and completely full in the bottom left. More inter-
esting is the interplay between U’ and Jy. As drawn in fig. 4.1 there is a direct
transition between the (1,0) and (0,1) states, a consequence of U’ > %J g. In fact
for $Ji < U’ this boundary is removed and the (1, 1) and (0,0) have a direct bound-
ary instead. For .Jy = U’ precisely the states (1,1), (1,0), (0,1), and (0,0) are
quadruply degenerate at the point x =y =U/2+ U'.

A related effect is that of U’ on the shape of the (1,1) in the transverse direction;
that is the stability of the (1,1) phase with respect to the (2,0) and (0,2) phases.
This is illustrated in fig. 4.2. In fig. 4.2a) we show the effect of increasing U’ to the
point that U’ = U. This naturally has the effect of destabilising the (1,1) phase
with respect to the (2,0) and (0, 2) phases. Under this regime it is only the influence
of Jg which stabilises the (1,1) phase; the phase collapses completely, to a line, for
Jir = 0 where the energies of all three states are equal along the line y = z.

Conversely the case of U’ = 0 is shown in fig. 4.2b) where the (1, 1) phase forms a
more symmetrical squared shape. In this extreme limit the phase diagram becomes
four-fold rotationally symmetric due to the additional symmetry lines along = = 0
and y = 0 resulting from individual p-h transforms the two levels. The effect of

Jy is to truncate the corners of this square, indeed for Jy = 0 the phase becomes
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Figure 4.1:  Atomic limit phase diagram in the x — y plane (a simple translation of the
€1 — €2 plane). Parameters are chosen as U = 20, U’ = 7.5, and Jy = 2. All boundaries are
inversion symmetric through the origin.

precisely square with the (1, 1), (1,0), (0,1), and (0,0) phases (for example) meeting
at the point (z,y) = (U/2,U/2).

The AL and the isolated impurity states which result from it are therefore some-
what trivial. In later sections we will consider the phase diagram for the full 2LM
with non-zero impurity-lead couplings. In this case only two phases will result. To
understand why this should be so, we now consider the RG fixed points of the AIM
and of the 2LM.

4.2 RG fixed points of the AIM and 2LM

In this section we survey the possible fixed point Hamiltonians which arise in the
2LM. We give a short summary of each and explain why and when they might be
expected to occur. References will be given to sources where a fuller treatment can
be found.

As discussed in [23] many of the fixed points of an impurity Hamiltonian can
be identified by setting the parameters of the bare model to the special values of

zero or infinity. In the section 3.4 it was shown how the RG transformation can
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Figure 4.2: Atomic limit diagrams for the case a) U = U’ and b) U’ = 0. All other parameters
are the same as in fig. 4.1. The effect of U’ is to stretch the phase diagram along the y = x
line.

be thought of as taking a Hamiltonian and ‘renormalizing’ its parameters into new
effective parameters. By setting the bare parameters to either zero or infinity we
are really saying that the fixed point has these effective parameters.

The 2LM of (2.44) is a direct extension of the more simple single impurity An-
derson model (AIM). In fact if one of the impurity levels is removed to well above
or well below the Fermi level of the conduction band, it follows that the remaining
level acts in effect as the single level of an AIM. (We will see this explicitely in
section 4.3). It is worth therefore repeating some of the arguments of [23] to obtain
the fixed points of the AIM before discussing the more complex 2L.M.

The equation equivalent to (3.12) appropriate for the AIM is:

HAM — A(V-1)/2

N-1

—n/2 f
Z A / &n (frtaf(nJrl)U + f(nJrl)UfnU)
o (4.10)

U _
+ <Ew + Eﬁio> Nio + Fu(fgodw + d,TJfOJ)] ;

where i takes a single value and the full Hamiltonian HA™ is recovered by taking
the N — oo limit as in (3.14). If we suppose that Iy, U, and €, are set to zero, the
resulting Hamiltonian H N, FoO is split into an isolated impurity orbital at zero energy
and the free-electron conduction band. As shown in [23] the initial Hamiltonian
H’QCB = fga foo» i-e. the Hamiltonian corresponding to a free conduction band,
leads to energy levels of H ~,cB which converge as N — oo. It follows that the free
conduction band Hamiltonian is a stable fixed point of the NRG transformation.
We denote this fixed point I:IéB.?’ In the limit N — oo it is clear then that H N,FO

3Actually there is an asymmetry between odd and even N iterations which gives rise to two
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also corresponds to a fixed point Hamiltonian: one can construct the states of free
orbital fixed point, fI{SO, by combining the states of ]:IS with the four degenerate
states of the impurity orbital. As we will see in section 4.3 such free orbital fixed
points are high temperature unstable fixed points of the NRG transformation when
[y #0 [23].

Now consider the case where I';; and €, are still zero but U is allowed to become
infinite. As above in the free orbital case the Hamiltonian can be decomposed into
the free-electron conduction band and an effective impurity site comprised of only
the empty and singly occupied states, the doubly occupied state is excluded since its
energy depends on U. Since this decomposition can again be made we can identify
this Hamiltonian as a fixed point: the valence fluctuation fixed point FI{*,F Like
fI{;O it is ultimately unstable for I';; # 0 and occurs at intermediate temperatures,
specifically kT < U as one might imagine.

We can also imagine the case of T';; and U being zero but letting €, — co. The
singly and doubly occupied states of the dot are now removed from our consideration.
The resulting frozen impurity fixed point fI{;I is essentially the free-electron fixed
point I:[(’EB with a modified charge due to the unoccupied impurity site. The H'I’?I
fixed point is stable. In essence, as the impurity level is placed increasingly higher in
energy, it does not provide a potential for the conduction band electrons to become
trapped. The itinerant electrons therefore behave as if the impurity were absent.

A rather more interesting fixed point arises when one considers fixing I';; = 0
and &, = —oo but varying U. The lowest energy impurity states are the two singly
occupied configurations, the empty and doubly occupied states being U higher in
energy. Suppose that we let U run off to infinity, the impurity will be strictly singly
occupied. As in section 2.2 the two impurity states can be used to define a spin—%
variable uncoupled from the conduction band. This is the local moment fixed point
Hiy; and is also unstable [23].

Finally consider the case when I';; — oo at fixed U. Here the impurity is not
isolated from the conduction band but binds strongly to the first conduction band
orbital to form a singlet state (the coupling is antiferromagnetic). This is just as we
saw from poor man’s scaling with the Kondo model in section 2.2.1. We can therefore
strike out the second two terms in (4.10), as these give excited states ~ f;/ 2 higher
than the ground state, and reduce the sum in the first term to exclude the n = 0
orbital. The remaining (N — 1) orbitals constitute a free conduction band, albeit
with a phase shift [20], and so a fixed point: the strong coupling fixed point H’gc.

It would seem from the discussion above that we have five fixed points in the full
AIM Hamiltonian: H’f;o, H’{}F, I:Iij, I:I}’?I, and ﬁgc, with the final two being stable.

However from the discussion above one might deduce that in fact the final two are

distinct fixed points, both fixed points of the RG transform acting twice.
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identical as they are both take the form of free-electron Hamiltonians. Indeed, in
the above we have neglected the fact that the fixed point Hamiltonians are not
in general particle-hole symmetric and so there exists the added complication of
potential scattering. As discussed in [24] when this factor is included lines of fixed
points are generated: one line each for the five fixed points outlined above. The lines
arising in the frozen impurity and strong coupling cases turn out to be identical, this
is shown formally in Appendix A of [24]. There is then only one stable fixed point
and no phase transition possible in the AIM. A phase transition does however arise

in the 2LM which we turn to now.

4.2.1 Low-energy model for the 2LM

Deep in the one-electron (1,0) regime of the 2LM (fig. 4.1), the appropriate low-
energy model is obviously the spin—% Kondo model, a normal Fermi liquid with a
fully screened spin and the same strong coupling fixed point derived above for the
AIM. But what of the other isolated impurity states, encircling the (1,1) triplet
sector as illustrated in fig. 4.1 (and all of which are either singlets or doublets)?
The salient point here is that, on coupling to the leads, all give rise to Fermi liquid
states with a local singlet ground state: as for the asymmetric AIM, their stable
low-energy fixed points form a continuous line connecting the strong coupling fixed
point arising for the spin—% Kondo model to the generic case of the frozen impurity
fixed point. These regions of the phase diagram form a single phase in the full 2L M.

We now ask, what of the (1,1) triplet sector? Deep in this sector the effective
low-energy model is naturally a spin-1 Kondo model [49, 50], obtained formally by a
Schrieffer-Wolff transformation retaining only the (1, 1) triplet states of the isolated

two-level impurity. In section 4.3.2ff we obtain
Hy=l = J3= 15 - 80 + K, (4.11)

with § representing the total impurity spin, from a rather more specific case. The
Kondo coupling J 1*5;:1 and potential scattering K are given explicitly in terms of the

impurity parameters as:

_ AN 1% V3

T @ y) = T [ e 2 2} (4.12a)

U+ 5Jg [1—n@)?*  1-ny)

IN 2 2

K(z,y) = —— [ Vintn) - Vs "(yq, (4.12b)

U+ 5Ju[1=n(x)>  1-n(y)

where we have introduced the asymmetry function
2z

n(z) (4.13)

T U+ e
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In direct analogy to the case of the AIM (section 2.2.1), the ratio of K to J&— ' is

solely a function of the asymmetry:

2K (v,y)
o=

n(z) +n(y)

T o _ @)’
L=n(z)n(y)

n(w,y) =

(4.14)

thus the physical properties of the spin-1 Kondo model are wholly specified by
J2=1 and n(z,y). Moreover, systems with fixed n(z,y) [which is satisfied, but does
not necessitate, fixed n(z) and fixed n(y)] will lie on the same RG flow and their
properties will show universal scaling as a function of J [Sfl. Further, since 7(z)
in (4.13) is an odd function of z, it follows from (4.12b) that K vanishes for all
points along the line y = —x. The effective spin-1 Kondo model therefore displays
an effective particle-hole symmetry along this line, not only at the p-h symmetric
point x =0 =y.

The implications made above are that the physics of the 2LM in the (1, 1) sector
are that of a spin-1 Kondo model and are somewhat similar to that of the spin—%
Kondo model we have seen previously. There are crucially some notable differences,

particularly the nature of the T'= 0 ground state as we now elucidate.

4.2.2 The underscreened fixed point

Nozieres and Blandin [97] surveyed the possible Kondo effects that could occur in
‘real metals’. They considered transition metal impurities within bulk metals, in-
cluding effects of crystal field splittings and various occupancies of the impurity
d-orbitals. To this end they studied spin-S Kondo impurities connected to n con-
duction band channels. For the case S = % and n = 1, the ordinary spin—% Kondo
model, we have seen that the ground state forms from the antiferromagnetic coupling
of the impurity local moment with the zero orbital of the Wilson chain resulting in a
state with S” = S — & = 0. At this strong coupling fixed point the conduction band
electrons fully screen the impurity moment. However for S > 7, as is the case for the
spin-1 Kondo model of (4.11), the impurity is not fully screened by the same process
leaving a residual non-zero spin at the impurity [97]. The obvious question now is
how does this state couple to the remaining sites of the Wilson chain? We consider
this question in fig. 4.3. The impurity ‘traps’ a single electron with an antiparallel
spin to give a S’ = % Kondo doublet state, fig. 4.3. By considering virtual second or-
der hopping between the zero and first Wilson sites we can generate a second Kondo
effect with weak ferromagnetic coupling. However, only up spin electrons on the
fl site have their energy lowered by such processes due to the exclusion principle:

the coupling between the Kondo doublet and remaining conduction band states is
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Figure 4.3: Representation of the spin-1 Kondo strong coupling fixed point. The impurity
traps a single electron in the zero orbital of the Wilson chain forming a net S' = % residual
moment. To second order, only down spin electrons on the second Wilson site have their
energy lowered by hopping the zero orbital: the coupling to the Kondo state is thereby
ferromagnetic.

thereby ferromagnetic and no further screening of the impurity spin takes place.

For reasons that will become apparent later, the stability of the underscreened
(USC) fixed point described above is most easily determined by numerical calcu-
lations using the NRG. The first NRG calculations for spin-1 Kondo models [40],
showed the USC fixed point to be stable: the energy levels of the system converging
with iteration number to those expected for a doubly degenerate state. In fig. 3.6
we showed similar results for the 2LM. Parameters were chosen such that the sys-
tem was deep in the (1,1) triplet sector and at the particle-hole symmetric point,
1.e. precisely where the spin-1 Kondo model is expected to be the correct low-energy
model. In that case, the energy levels were also seen to converge. We can therefore
be confident that the USC fixed point is a stable fixed point of the 2LM. The ther-
modynamic calculations of section 4.3 will further confirm the identity of the stable

fixed point in fig. 3.6.

The 2LM therefore contains two distinct stable fixed points. The first of these
points is the strong coupling (SC) fixed point,* which also arises in the AIM, de-
scribes a regular Fermi liquid (FL) state. The USC fixed point described in this
section, and particular to the 2LM, describes a more exotic so-called singular Fermi
liquid [54, 98, 99]. The quantum phase transition between two T' = 0 states de-
scribed by these distinct stable points is now studied throughout the rest of this
chapter. The general structure of the phase diagram in the x — y plane is expected
to consist of a closed continuous line of quantum phase transitions separating an
underscreened spin-1 phase from a continuously connected Fermi liquid phase. We
begin in section 4.3 by examining various thermodynamic properties and studying
the evolution of the phase boundaries from the atomic limit to the V' # 0 case.
In section 4.3.1 we will investigate how the symmetries of the 2LM Hamiltonian
identified earlier affect the nature of the transition from the FL to the USC state.

4We include here the generic, equivalent case of the frozen impurity (FI) fixed point when the
impurity charge is non-integral.
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4.3 Phase transitions and thermodynamics
In this section we focus on the impurity contribution to thermodynamic properties
as defined in (3.19). We will use the impurity free energy

Z
F=kgTh <ﬁ> (4.15)

(with Z and Z° the system partition function with and without the impurity present)
to calculate the impurity entropy Simp(T) = kg((BH )imp — F). We will also calcu-
late the temperature scaled magnetic spin susceptibility: Tximp(T) = ((S%)%)imp —
((§Z>imp)2. The temperature dependence of these quantities provides clear signa-
tures of the fixed points reached during the RG procedure on progressive reduction
of the characteristic energy scale [22, 23, 73]. We also consider the 7" = 0 ‘excess
impurity charge’ niymp: the difference in the charge of the entire system with and

without the impurity present, i.e. from (3.19):

Nimp = <Q>imp (416&)
= (Q) - (Q%), (4.16b)

with Q the total charge operator (for the impurity and conduction band combined),
and QU the charge operator in the absence of the impurity. In practice Nimp COTTE-
sponds closely to the overall impurity charge: nimp >~ (21 + f2), but is not identical
to it.> Under the particle-hole and 1 — 2 transformations of section 4.1 (and for

Vi = V3) nimp transforms, respectively, as:

nimp(x7 y) =4 - nimp(_x7 _y)7 (417&)
= Nimp (Y ), (4.17b)

which we will use later.

The numerical calculations presented in this chapter were typically performed
using an NRG discretization parameter A = 3 and retaining the lowest N, = 2000
states at each iteration. The results are not affected by decreasing A or increasing
Ni. We assume Vi = Vo = V such that I';; = 7TpV“2~ =TI'. It is thereby convenient to
express the remaining parameters of the 2LM in terms of I, viz.:

- U ~ U’ ~ JH
=T U:f’ U':?, JH:?.

Figure 4.4 shows the temperature dependence of the impurity entropy (left) and
susceptibility (right) for fixed U = 20, U’ = 7, and Jy = 2, taking a vertical cut

(4.18)

SWhen evaluating (4.16a) the expectation value of the band charge operator > ko cfmckg, which
contributes to both (Q) and (Q°), remains approximately equal when the impurity is removed. A
formal definition of nimp in terms of the impurity Green functions will be given in chapter 5.
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Figure 4.4: Temperature dependence of the impurity entropy Simp(7') (left) and spin sus-
ceptibility T'Ximp(T) (right) for fixed level energy & = %U — U’ with U =20, U’ = 7, and
Ji = 2. The energy of level 2 is progressively decreased: a) & = +5, b) —5, ¢) —6, d) —6.3,
e) —6.43, f) éo = =7, g) —10 and h) —17. Inset: the corresponding impurity charge nimp
vs. €2 is seen to change smoothly as the nature of the ground state changes.

through the x — y plane: we have fixed €, = —%U — U =17 (i.e., x = 0) and
varied €. Let us first examine the results in the T' — 0 limit in order to illustrate
that a quantum phase transition does indeed exist in the 2LM. Two distinct T' = 0
behaviours are seen depending on the value of €; chosen. For curves a) €, = +5, b)
—5,¢) —6,d) —6.3, and e) -6.43 in the figure, the impurity contribution to the system
entropy ultimately falls to zero as T' = 0 is approached. On the lowest temperature
scales T'Ximp(T') is likewise seen to approach zero. We conclude that the ground state
for these parameters is therefore a non-magnetic singlet state. From the analysis of
the previous section we can deduce that these results correspond to RG flows which
terminate at fixed points along the continuous line connecting the strong coupling
(SC) fixed points to the more generic frozen impurity (FI) fixed point.

In contrast to the behaviour above the curves f)-h) corresponding to é; = —7,
—10, and —17 respectively, show that Simp(7") very definitely approaches a value of
In 2 whilst T'ximp(7") approaches 1/ 4.5 These are precisely the results that one would
predict for the USC fixed point being indicative of an asymptotically free spin—% —
a magnetic, degenerate doublet ground state.

The NRG data therefore confirm the assertions of the previous section: the 2LM
supports a quantum phase transition (QPT) between two fundamentally distinct
states. On one side of the QPT the stable low-energy fixed point is a FI fixed point
which gives rise to a Fermi liquid (FL) ground state. We will label this side of the

51t is implied that Simp(7") is given in units of the Boltzmann constant kg.
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transition the FL phase. By contrast on the other side of the transition, systems are
described by different physics: the physics of the USC fixed point, which as we will
see throughout the course of this chapter displays some very interesting and subtle
characteristics. It has been described previously as a singular Fermi liquid state
[54, 98, 99]. We will refer to this side of the transition as the USC phase. This is not
to say that the underlying low-energy model is ubiquitously a pure underscreened
spin-1 Kondo model [as in (4.11)] throughout the phase, indeed we shall see shortly
that such a model is not always entirely appropriate. We could equally well label
this phase the singular Fermi liquid (SFL) phase, but we see the USC label as more
distinctive.

Before analysing the particulars of the transition further, we can further inspect
the finite temperature results presented in fig. 4.4. In all cases a)-h) the high temper-
ature behaviour is governed by the free orbital fixed point, which corresponds to all
16 states of the isolated dot being thermally accessible and hence Simp(71") = In 16.
On the FL side of the QPT and in the extreme case a), €&, = +5 is sufficiently large
that level 2 is in essence irrelevant: population of the level incurs a large energy
cost and does not occur for T/T" < é; — €. The 2LM thus reduces to an effective
single-level AIM in this limit, the physics of which we have explored in sections 2.2
and 4.2. Hence, on decreasing T', Simp(T") first flows toward the spin—% local moment
(LM) fixed point with Simp(7") = In2. In this case we see a weak plateau at T/I" < 1,
reflecting the modest thermal excitation between the (2,0) and (1,0) states of the
isolated dot at energy € + U = 3T (see table 4.1). On further decreasing the tem-
perature the Kondo effect takes place whence the system arrives at the stable SC/FI
fixed point. A Kondo scale Tk may be identified from this final crossover, and is in
practice defined via Simp(Tx) = 0.1. For the cases b)-e) in fig. 4.4 the same essential
pattern of fixed points is seen; the only difference being that the Sim, (7)) = In2 LM
plateau is progressively lengthened and the associated Tk diminishes and wvanishes
at the QPT itself. We will return to the precise behaviour of Tk vs. é; later.

The behaviour on the USC side of the transition [cases f)-h)] is distinct from
that shown above in the FL phase. At intermediate temperatures, T/T" ~ 1 x 1072,
an Simp(T") = In3 plateau is observed whilst T'ximp(7") increases from its FI value
towards values approaching 0.6. It therefore seems the case that the system reaches a
spin-1 LM fixed point associated with an effective spin-1 impurity detached from the
conduction band. For a completely free spin-1 we would of course expect T'Ximp(T") =
S(S+1)/3 = 2/3, the fact that this limit is not reached in any of the examples shown
is indicative of a residual coupling of the impurity to the conduction band, that the
spin-1 LM fixed point is unstable and consequently that the RG flow does not
precisely reach this fixed point. On decreasing the temperature further the impurity
entropy and susceptibility fall to Simp(7’) = In2 and 1/4 respectively indicative of
the USC spin-1 fixed point, or equivalently the spin—% LM fixed point, there being

no distinction between them as fixed point Hamiltonians. As in the FL phase we can
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Figure 4.5: a) Universal scaling displayed in the impurity entropy for a system with U = 60,
U =30, Jy = 15, & = —30, and & = —60, —40, —34, —30, —27.85, —27.8, —27.6, and
—27.3, the transition occurring here at és . ~ —27.9. Main: In the USC phase (solid lines)
and FL phase (dashed lines), the Kondo scales, T%~' and Ty respectively, vary widely for
different &. Inset: When results are scaled in terms of Tg=! (or Tx) a single universal form
results. b) Relation between the Kondo coupling J3=! [from (4.12a)] and T5~', shown for
systems with U = 20, 25...55, 60, and U = 2U’ = 4Jg at particle symmetry.

define the USC Kondo scale via the crossover: Siyp(Ti—') = 0.8, a value suitably
between In3 and In2 (the values at the two relevant fixed points).

Earlier in sections 2.2.1 and 3.4 we saw how the Kondo scale Ty (or T~"), arises
as a scaling invariant. As such Tk fully characterises the system at low energies
and systems with different Kondo scales behave identically when their temperature
dependent properties are rescaled. Figure 4.5a) gives a specific example of this
universality. Again we show Sipy,(T) for a system with U = 60, U’ = 30, Jy = 15,
and é; = —30 and for various values of é straddling the QPT. As found previously
the low temperature results flow toward either the FI or USC fixed point, shown by
dashed and solid lines respectively. Which fixed point, and on which temperature
scale is determined by the value of é&;. When the results are scaled in terms of Tk (or
T2=1), as in the inset, the results scale onto functional forms indicative of the two
phases. We can see that this scaling is lost for 7 2 T, i.e. the lowest non universal
scale, at which point the lines naturally diverge. Finally we note one further point.
The results throughout the USC phase scale onto a single universal form indicating
that the asymmetry n(x,y) plays little role in scaling — there is no discernible
difference in the scaling forms found for different values of the asymmetry.

What of the Kondo scale itself? In the USC phase (4.12a) gives a simple rela-
tion between the Kondo coupling J IS(ZI and the impurity parameters. Let us focus

specifically on the case of particle-hole symmetry such that we can be certain that
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Figure 4.6: a) The Kondo scale Tx on approaching the QPT on the FL side for the same
parameters as fig. 4.4. b) The transition occurs in a mixed valent regime of non-integral
impurity charge nimp.

the correct underlying low-energy model is a pure spin-1 Kondo model as in (4.11)
with no potential scattering. In section 2.2.1 we found that in the case of the spin—%
Kondo model perturbative scaling gave Tx ~ D exp(—1/poJg). Perturbative scal-
ing for the spin-1 Kondo model yields a similar result [20], with the exponential
dependence as usual of the essence, and the prefactor immaterial. Thus, a plot of
In TIS(ZI/F VS. 1/p0Jf;:1 yields a straight line, fig. 4.5b). Results for U = 20, 25...55,
and 60 with U = 20U’ = 4.Jy are shown, although arbitrarily chosen values of these

parameters lie on the same straight line.

Above it was noted that Tk rapidly diminishes as the transition is approached
on the FL side. We now examine this more closely in fig. 4.6a) which plots Tk
against the ‘distance’ from the transition €; — €3, with € . = —6.536... the value of
€ at the transition. As is clear from the main figure, Tk vanishes in an exponential
fashion as €3 — € . decreases rather than as a power law. The form of the exponent
is elucidated in the inset to fig. 4.6a) where a plot of In Tk vs. (€3 — €27c)_1 results
in a straight line: Tk o exp(—a/|és — €z¢|) with a ~ O(1). In contrast to these
observations the low-energy scale of the USC phase, T;g:l, plays no role in the
QPT and nothing remarkable happens to it on approaching the transition. We can
draw an analogy to the phase transition of the classical XY-model, which displays
similar traits in its critical phenomena, and label the transition in the 2LM as being
of Kosterlitz-Thouless (KT) type. The phase transition is continuous and there is
no separate unstable critical fixed point distinct from the two stable fixed points

mentioned above (as characteristic of KT transitions) [52, 53].

The KT behaviour is not confined to the particular trajectory in the x — y plane
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chosen above. Almost all trajectories lead to the same observation of a vanishing Tk
on approaching the QPT on the FL side. (We will examine the exception to this rule
in section 4.3.1.) Hofstetter and Schoeller [52] have previously considered the 2LM
with U = U’ along the line y = —z. A KT transition is found in this case also. Along
this line nimp = 2 results from (4.17a). It is therefore possible [52] to construct an
effective spin model via a Schrieffer-Wolff transformation by forming a low-energy
manifold composed of the (1,1) and (2,0) atomic limit states. The result is a two-
spin spin—% Kondo model, as illustrated in fig. 4.11, known [53] to exhibit a KT
transition. In the present (general) case however the transition occurs in a mixed-
valent regime of nonintegral niyyp, illustrated in fig. 4.6b). Here it is shown that nimp
varies continuously as the transition is crossed, with niy,, ~ 1.4 at the transition
itself. It is therefore not in general possible to construct via a Schrieffer-Wolff trans-
formation an effective low-energy spin model applicable in the vicinity of the QPT.

Phase boundaries for the full 2LM are shown in fig. 4.7. In a) we compare NRG
results (solid) to those of the atomic limit (dashed) — we show only the boundary
of the (1,1) sector of the AL, the other boundaries being replaced by continuous
crossovers in the full model as explained previously. The AL is indeed a good
indicator of the stability of the USC phase in the full model. The transition is of KT
form throughout the plane except at the two special points denoted by filled circles.
We examine these points more closely in the next section. The result of varying U’
is shown in fig. 4.7b). As in the AL the phase boundary shows four-fold symmetry
for the case of U’ = 0 (solid). On progressively increasing U’ the USC phase is
‘stretched’ along the line y = z becoming a narrow strip for U’ = U (short dash),
again easily understood in terms of the AL states. Finally fig. 4.7¢) depicts the effect
of decreasing Jy; from positive values (outside) through zero (short dash) and one
example of antiferromagnetic Jg (dotted). The important point here is that even
for weakly antiferromagnetic Jg the USC persists throughout a large proportion of
the x — y plane. This phenomena will be explored further in section 4.3.2.

The results presented above reflect those found for most choices of the impurity
parameters. In the following sections we will examine more unusual behaviours found

along specific lines of symmetry and less generic choices of the impurity parameters.

4.3.1 First-order transitions

In the proceeding section the QPT between the USC and FL phases was found
generally to be of KT form with an associated vanishing of the low-energy Kondo
scale Tk as the transition is approached on the FL side. However, as noted in
section 4.1 the 2LM Hamiltonian transforms under the 1 — 2 transformation as
H(z,y) — H(y,z) and is hence invariant on the line y = z (or equivalently €; = €3).

Along this line all states of the entire system therefore have a definite parity under
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Figure 4.7: Phase boundaries as derived from NRG calculations of the impurity entropy. a)
Comparison to atomic limit (dashed) for U = 20, Jg = 5, and U’ = 7.5. The QPT in
the full model mirrors the AL and is of KT form except at special points denoted by filled
circles. b) The effect of varying U’ = 0, 7.5, and 20, outside to inside respectively. ¢) Now
for U = 10 and U’ = 5.25 and varying Jg =5, 1,0, and —0.5, outside to inside. The USC
phase persists even for antiferromagnetic J .

the 1 — 2 transformation. The Hilbert space of the Hamiltonian is then separable
into disjoint parity sectors. As we now investigate, a first-order transition must thus

occur when the global many-body ground state changes parity.

The temperature dependence of Simp(7") and T'Ximp(7") are shown in fig. 4.8 for
fixed U = 20, U' = 7, and Jyg = 2 along the line y = x such that €, = €, = €.
Results are given for é = €.+ 107" with b) n =4, ¢) 6, d) 8, and e) 10 as well as at
the transition f) € = €, ~ —4.7. For comparison we also show results for a) deep in
the FL phase € = +5 where the impurity is essentially unoccupied (nimp =~ 0.25 in

the left inset) and g) at particle-hole symmetry é = —17.

The stable low-temperature fixed points remain as before: for € > é. the FI fixed
point gives a singlet ground state whilst for € < €. the ground state is a doublet
as governed by the USC fixed point. Close to the transition however the energy
separation of these two states T is tending to zero such that the singlet and doublet
states appear effectively degenerate for 7' 2 T. An entropy plateau of Simp (7)) = In3
is then clearly visible in fig. 4.8. A similarly new plateau is observed in the magnetic
susceptibility with T'Ximp(T') = %. This value can be readily understood in terms of
the mean value ((S,)?) = %(1 x 042 x 1) over the quasidegenerate states. These are
signatures of the ‘transition fixed point’ TFP characteristic of systems exhibiting a
level crossing transition [100]. On further reducing 7" below T}, the system is seen
to cross from the TEFP to one or other of the stable fixed points — this crossover
in effect defines T, specifically we choose Simp(T%) = 0.8. As the transition is
approached T, vanishes linearly in € — €. as is evident from the equally spaced
entropy and susceptibility curves and shown explicitly in the right inset. Precisely
at the transition, T, = 0, the ground state consists of the precisely degenerate singlet

and doublet states, as evident in case f) of fig. 4.8.
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Figure 4.8: Temperature dependence of the impurity entropy and susceptibility as the firs-
order transition on the line é; = é; = € is approached and crossed; for fixed U= 20, U =1 ,
and jH = 2, the transition here occurring at €, = —4.738 648 563 029 29. Solid lines refer
to the USC phase (€ < é.) and dashed lines to the FL phase. Shown for a) € = +5 deep in
the FL phase; b)-e) € = €. £ 10" with n = 4, 6, 8, and 10, respectively, f) € = €., as well as
for g) € = —17 at the particle-hole symmetric point deep in the USC phase. The transition
fixed point has a characteristic Simp(7") = In3 and T'ximp(T) = ¢, as indicated, and persists
down to T' = 0 precisely at the transition. Left inset: impurity charge niyp, vs. €. It changes
discontinuously at the transition (dashed vertical line). Right inset The low-energy scale T
associated with the transition fixed point vanishes linearly as the transition is approached,
symptomatic of the level-crossing nature of the transition.

The behaviour of the excess impurity charge nim,, as the first-order transition
is crossed is shown in the left inset to fig. 4.8. In contrast to the KT transitions
seen previously, nimp is seen to change discontinuously when the phase boundary is
crossed. A progenitor of this behaviour can in fact be found in the noninteracting
limit, U = 0 = U’ = Jy. On taking even (e) and odd (o) combinations of the
impurity levels, viz., dex = (dy, + dy,)/V2 and doy = (d,, — dy,)/v/2, only the
e-orbital tunnel couples directly to the conduction band and the noninteracting
Hamiltonian H° [(2.38) with U, U’, and Jy set to zero] reduces to

H =" el 0, + 361 + €2) (e +10)
ko

+ Z ﬁV(CLJdeJ + dlacko) + Z %(61 - 62)(d20d00 + dladea) (419)
ko o

In general, the e and o orbitals are coupled by the final term in the above. For
the case of €1 = €9, however, the final term clearly vanishes and the Hamiltonian is

separable, HO = H 04 H 0 with H 0 a free orbital with energy e. A transition in this
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limit thus trivially occurs for e = 0. This is the particle-hole symmetric point of the
noninteracting limit. For all € > 0 the o-orbital is unoccupied while for € < 0 it is
doubly occupied; only at precisely ¢ = 0 is it singly occupied. The total impurity
occupation nipyp thus changes discontinuously from 1 to 3 as the transition is crossed.

With interactions present the situation is of course much less simple. The o-
orbital remains uncoupled from the conduction band for ¢; = e5 but it now becomes
coupled to the e-orbital via the nontrivial interactions terms of (4.1), which acquire
a rather complex, unenlightening, form when expressed in terms of the e and o
operators.

This concludes our analysis of the thermodynamics of first-order transitions along
the line y = x. We will return to this case when we consider the single-particle
dynamics of the 2LM and analyse the renormalized e and o levels in section 5.3.1.
The important result is that when the Hamiltonian can be separated into distinct

sectors, a level crossing must result at some point in the x — y plane.

4.3.2 Weakly Antiferromagnetic Jy

As we saw in fig. 4.7 the USC phase survives even for weak antiferromagnetic cou-
pling J < 0. Clearly this behaviour cannot persist for large, negative J when one
expects that only the singlet state of the impurity in the (1, 1) sector to be relevant.
On coupling to the leads a singlet ground state should result with a stable FI fixed
point which is continuously connected to that of the normal FL phase: the USC
phase will be destroyed and the QPT eliminated.

To begin fig. 4.9 shows phase boundaries in the = — y plane for fixed U = 10
and U’ = 5.25 for antiferromagnetic Jg = —0.55, —0.558, —0.56, and —0.6. For
Jg = —0.55 (long dash) the phase boundary has a familiar form: consisting of
the USC phase centred on (z,y) = (0,0), separated from the FL phase by a single
boundary line of KT transitions (except on the line y = = where a first order QPT
arises).

On decreasing Jyy slightly to —0.558 (solid) however, the USC phase is seen to
split into four distinct domains. Naturally these domains remain symmetric under
both inversion through (x,y) = (0,0) and reflection about y = . Perhaps surpris-
ingly the particle-hole symmetric point is now part of the FL phase. Decreasing Jg
further sees the two domains straddling the line y = x disappear leaving only those
straddling y = —z. The latter domains are diminished in extent until they finally
disappear entirely by Jg = —1, leaving a single FL phase and no QPT. As indicated
in the figure, first-order level-crossing transitions occur not only along the line y = x
as discussed in the previous section but also along y = —x on the inner surfaces of
the phase boundaries, near the particle-hole symmetric point.

To understand the above observations note that the difference in energy between



72 - Two-Level Quantum Dots

ylT

T
A
1

A O N A 0 R, N W BN
T

1 1 1 1 1 1 1
4 -3 -2 -1 0 1 2 3 4
/T

Figure 4.9: Evolution of the phase boundaries in the = — y plane for antiferromagnetic
Ju < 0. shown for fixed U = 10 and U’ = 5.25 with Jy = —0.55 (long dash), —0.558
(solid), —0.56 (short dash), and —0.6 (dotted). Interior regions in each case are the USC
phase and exterior regions the FL phase. First Order transitions are indicated by dots and
occur along the lines y = +x and y = —x.

the (1,1) singlet and triplet states of the isolated dot is |Eg — Er| = |Jg|. So for
|Jg| = —Jg < O(T), and at least close enough to particle-hole symmetry (where
Nimp = 2), one expects it necessary to include both the (1, 1) triplet and singlet states
in the low-energy manifold [higher dot states, such as (2,0), lie considerably higher
in energy provided U’ in not within O(Jg) of U]. We therefore now construct, via a
Schrieffer-Wolff transformation as in section 2.2 for the AIM, an effective low-energy

spin model within this subspace.

The projection operator for the ground state manifold [the four (1,1) impurity

states| is simply:

P=Ps+Pr (4.20)
with
Ps=8=0,5,=0)(S=0,9, =0 (4.21a)
Pr=>Y|S=1,8.)(S =185 (4.21D)
S-

An entirely equivalent, and useful form, is the uncoupled representation

P=>"|o1,09){01,00], (4.22)

0109

and the following identities can be noted:

+1p (4.23a)
Pr=+48 -8+ 3P. (4.23D)
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Finally the perturbing Hamiltonian is the one electron tunneling Hamiltonian of
(2.44d):
ﬁl = Z Wk(dzocka + c;r(adio) (424)
tko
We now have everything required to evaluate the effective low-energy Hamilto-

nian (2.7). The zeroth order term is simple to calculate:

HYP = EsPs + ErPr
= EsP + (Er — Es)Pr
= (Es + 3Br)P + (Br — Eg)$1 - $2
= (e1+ e+ UP — Jys; - 89, (4.25)

the first term of which is a constant which we will drop. As for the AIM transforma-
tion, the first order term in the perturbative expansion is zero: a single application
of the tunneling Hamiltonian does not return the system to the ground state man-
ifold. Again it is the second order term which is important, it can be decomposed
into three terms:

HY) = A%+ 8% + A5 (4.26)
The first term is that for excitations from the singlet (S) subspace of the ground state
manifold with subsequent return to this subspace. The second term is the analogue
of the first but for the triplet (T) subspace. Finally the third term captures the
processes which mix the singlet and triplet states under the perturbation. Naturally,
to return to the ground state manifold electron addition to the impurity under
the first application of H; must be followed by electron removal, and vice versa.
Furthermore, these processes must involve the same impurity level, as illustrated in

fig. 4.10. It is useful to define the following energy differences which appear in (2.7):

Removal Processes: Addition Processes:
AET = E(0,1) - Er AET = E(2,1) - By
=—e—U'+31Jg  (4.27a) =a+U+U +1Jy (4.27¢)
AEl = E(1,0) - Er AEl = E(1,2) - By
=—e—U+31Jg (4.270) =e+U+U + 1y (4.27f)
AEY = E(0,1) — Eg AEY = E(2,1) — Eg
=—ea—-U —-2Jg (4.27¢) =ea+U+U —3Jy (4.27g)
AES = E(1,0) — Eg AES = E(1,2) — Eg
=—e—U' —2Jg (4.27d) =e+U+U —3Jy (4.27h)

With these energies defined it is simple to evaluate H, S and ﬁg& using (2.7) and
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Figure 4.10: Schematic representations of the second order contributions to the effective
Hamiltonian. a) Initially the impurity has a well defined total spin (singlet or triplet). An
electron hops from one of the levels to a conduction band state near the Fermi level. A
second electron then hops in the reverse direction to the same level leaving the impurity a
spin state uncorrelated with the initial state. b) An electron first hops onto the impurity
before return to the singly occupied manifold. Again the total impurity spin can change.

(4.24). As discussed above, only two terms each arise for a = S, T":

S =Hy + HY (4.28a)
2
Hgf; Z Z AEOé P dZO'/ Ck/ /Cko'dzo'P (428b)
i kk/
Hgg - Z d dzo'cko-PCl’ (428C)
i kk/

where Ijlg‘f; describes the situation where an electron hops off of the impurity before
a second hops on and I:[§H+ is the opposite process. The above can be reorgan-
ised using the usual fermion anticommutation relations, together with the fact that

(zo il J)]Sa — P, when the levels are singly occupied, to give

eff_ ZAEa Q+ZAEQZCkJCk’ A

? kk’

1 1
2
+ EZ kgk/ Vi <AEO‘ + N >ckock,U,P dw,d P,. (4.29)

oo’
(where N is the number of conduction band states). Finally we must evaluate
ﬁgg It too can be broken down into a sum of two terms as in (4.28). Unlike
the equations above where the same energy denominator appears twice, the mixing
of the singlet and triplet states gives two distinct energy denominators. Using the
results Pr(Y, dl d; )Ps = 0 and Pr(d,, dl ,)Ps = —Pr(d! ,d,, )Ps, a slightly more

o ZO’ ZO’) o o’
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lengthy calculation yields:

1 1 1 1
AT = 2
off Z %; (AET i AET AES AES )

e o (Prdl d, Ps+ Psdl d, Pr). (4.30)

o’ io o’ io

Equations (4.25), (4.29) and (4.30) form the basic result for the low-energy ef-
fective Hamiltonian. In this form however, they do not form a useful physical de-
scription. We now attempt to rewrite these expressions in terms of impurity and
conduction band spin operators. By constructing the fully symmetric combination
of conduction band orbitals (the first site of the Wilson chain — the zero orbital),

1
fOO’ = \/—N ;CI(O—’ (431)

and defining the couplings

1 1
a_ N2 - 4.32
Jg XQ(AE?JFAE?), (4.32)

the second order term becomes:

- ZAEO‘ Q_ZAEO‘ ZfOJfOJ

+ Z JS fOUfOJ [PTdia/diUPT - psd;ro’diaps] (433)

ioo’

+ 3 LI+ T oo oo [(Pr + Ps)dl,dy, (Pr + Ps)]

ioo’

This still requires some simplification. Let’s begin by examining the first line of

(4.33). By using ng = fgafoa, the occupation of the zero orbital, we have:

ZAEO‘ o ZAEO{ Z o
:ZNW(A{EQ+ﬁ>zﬁa+mo_1>zgjm
-k +(ﬁ0_1)ZN‘§2ﬁa

at 7

. . NV2 .
_Z JT+JSP+Z — J)(Pr— Ps) + (g — 1) ~—=- P, (4.34)
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Now for the second line of (4.33). For o = ¢’ we have

Prdl_d, Pr — Psdl_d,, Ps = Pp(3n; + 082)Pr — Ps(3ii + 087) Ps

10 o 10 o
- %(PT - pS) + O'(pTgpr — Pgéfps)
= L(Pr — Ps) + LaP(5; + 3)P, (4.35)

whilst for ¢ =1 and ¢’/ =| we find

pTd;'ra/ding — pgdjo,diapg = pTé;pT — pgg;PS

1
2
=1P(5 + 8P (4.36)

The result for 0 =| and ¢’ =7 follows by replacing §; with 3:‘ in the above and so

overall the second line of (4.33) becomes:

507 =9 [P = P T oo + 55851+ 59

1

+ 355 P(st +55)P + Lsg P(sT + g;)p} (4.37)
= %(JzT_Jz‘S) %(pT—PS)Zﬁoa-i-ém(él—i-ég)]
i a

We thereby begin to see an effective spin model forming with a scalar coupling
between the conduction band spin density at the impurity, Sp, and impurity moments
on the individual levels. It is straightforward to simplify the third line of (4.33) by

using flj, = 3 + 087 and (4.20) to give:

Y ST+ IS fog Pdlydi P = ST+ TF) (% 3o + 280 - s> (4.38)

ioo’!

Combining (4.34), (4.37) and (4.38) we can rewrite (4.33):

R R R R . NV2 .
A = =S 40F + 9P = 3 40T = I3 (Pr = Ps) = (o — 1) 3~ P

+ Z %(JZT — JZS) |:%(]5T - Ps) ZﬁOU +80- (81 + é2):| )
‘ 7 (4.39a)
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and continue with
A =+ Y407+ (4 A0+ 2505,
’i g

= J1§1'§0+J2§2'éo—(PT—pS)Z%(JiT_JiS)

+ [(PT —Ps)Y T -If)+ Z AR AR N‘?gﬁa} (fg — 1)

: AE?
=Sl + P

ai i

(4.39b)
The above result is now expressed in terms of the individual exchange couplings for

the two impurity levels:

J1 =
Jo =

BJL + I+ 7 — J5) (4.40a)

1
2
L3I+ I+ 5 — Jp). (4.40b)

Equation (4.39b) can be further simplified by noting from (4.23) that Pr — Ps =
281 -89+ %P, this combination of projection operators can thereby be removed from
(4.39b) to give, after association with (4.25):

Heg = J1S1 - 8¢ + J989 - 8¢ — 181 - 89

| AT = s+ T AEI 409 - T

1

~

NV2 )
NG 0‘} (0 —1) (4.41)

7

— 3y e+ ap

(2

with the inter-impurity exchange coupling
[=Jg+30F +J7 705 —J35). (4.42)

The factor Jp appearing here is that which arises in the initial Hamiltonian Hy.
The third line of (4.41) is simply a constant, which we ignore, whilst the second
line describes scattering of the zero orbital electrons off of the impurity levels. By

defining the constants

1 1
K& = NV? - 4.4
F= (5 37 (1.43

[cf. (4.32) for J?] the final result for the effective low-energy model in the (1,1)
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Jx

Figure 4.11: The effective low-energy spin model. The two impurity spins each couple
separately to the conduction band spin density at the impurity in an antiferromagnetic
fashion. A ferromagnetic coupling, I > Jy also exists between the impurity spins.

sector of the 2LM is:

A~

Heg = J181 - 80 + J282 - 89 — IS - 82

R (4.44)
n [Z%(3Kf+Kf)+%(KiT—Kf)S1-S2 (o — 1).

i
This Hamiltonian is represented schematically in fig. 4.11, it consist of two mutually
coupled impurity spins (corresponding to the local moments formed on the original
levels) each of which is also independently coupled to the conduction band spin
density at the impurity. The model is of the same form as the model derived by
Hofstetter and Schoeller [52] appropriate for the situation when the (1,1) triplet
and (2,0) singlet states of the atomic limit are near degenerate. The only difference
between this model and the current case is the form of the couplings. In the current
case the impurity spins §; and §s are real impurity spins, whereas in the Hofstetter-
Schoeller case these spins are composite, fictitious spins. Both formulations are

useful in understanding the properties of the 2L.M.
The spin only model consisting of solely the first line of (4.44) has been studied

previously [53] as a quantum impurity model in its own right and so the physics
of it are understood. A QPT transition is naturally driven by the direct exchange
1. For ferromagnetic AI = I — I. > 0, the spins 1 and 2 form a spin 1 which is
underscreened on coupling to the lead spin density, resulting in a residual spin % For
antiferromagnetic AI = I — I, < 0 by contrast, the local-singlet Fermi liquid phase
arises. The QPT transition is in general of KT form. This spin model therefore
captures the essence of the full 2LM in this regime. Furthermore, (4.42) admits the
possibility that the effective direct exchange coupling I remains ferromagnetic for
even when the bare Jy is antiferromagnetic. It is therefore not surprising that the
USC phase persists for weak Jg < 0. Naturally as Jp is decreased further to the
point at which |Jg| > $(JT + JI — J7 — J¥) a local impurity singlet state is to be
expected.

Before moving on to discuss examples of thermodynamic properties for weakly
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antiferromagnetic Jp, we note the symmetries of the couplings arising in (4.44).
From (4.27) and (4.32) it is clear that J{* is solely a function of €; (or =) whilst J§
depends only on ey (or y). Further both quantities are odd in their arguments, for

example:

I () = NVf( = JP(~x) (4.45)

1 1
+ =
sU+~Jg —x %U—F’YJH-FHU)
with v = 3 or —2 for a = T or S. It follows from (4.40) and (4.42) that the three

exchange couplings appearing in (4.44) are inversion symmetric:

Ji(xa y) = Ji(_xa _y) (446&)
I(z,y) = I(—x,—y). (4.46D)

Similar comments can be made of the potential scattering couplings and so the effec-
tive Hamiltonian is therefore also inversion symmetric: ﬁeg(az,y) = ﬁeg(—x, —y).
These conclusions are general and conform to the symmetries we know exist in the
full 2LM from examination of the atomic limit. By setting Vi = Vo = V a 1-2

symmetry also arises. A single function now characterises both J*, specifically:

JY = J¥(x), J5 = J%(y). (4.47)

In this limit we find
Ji(z,y) = Ja(y, ), (4.48a)
I(z,y) = 1(y, z), (4.48D)

and so I:Ieg(x,y) — Aeff(y,l') under the 1-2 transformation. The potential scat-
tering terms however are not similarly invariant under such a transformation and
so whilst the spin part of Heg [the first line of (4.44)] is invariant the full effective
Hamiltonian is not. This of course echoes the symmetries of the atomic limit in the
case of U’ # 0.

It is worth noting a final point concerning the symmetry of the couplings. Along
the lines y = +x in the  — y plane, and again for V; = V5, it follows from (4.48)
that Ji(z, £x) = Jo(x, £x) and hence from (4.40), (4.45) and (4.47) that

Jo(z, +2) = Ji (2, +2) = 2J7 (), (4.49)

with I(z,4+z) = Jg + [JT (z) — J¥(x)] following similarly from (4.42). It is therefore
only the impurity triplet spin combination which couples to the conduction band, the
singlet combination completely decoupling. This decoupling can be shown explicitly

by projecting (4.44) with P = Pr+Ps. Defining the total impurity spin § and using
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S1-82 = %(5‘2 — 3) together with §Ps = 0 for all components of § we find:

Heg = Pr(Ji8 -89 — 1) Pr + 21Ps, (4.50)

which contains no term mixing the singlet and triplet sectors. As in the case of the
line y = x where the Hilbert space of the 2LM can be separated into disjoint even and
odd parity sectors, the effective spin model derived here is separable into a triplet
sector and a singlet sector; thus explaining the remaining first order transitions in
fig. 4.9. Why, however, are similar first-order transitions not found on the exterior
sides of the domains straddling the line y = —x? The effective model is simply not
applicable in this region. The correct model in this case is formed by retaining also
the (2,0) [or (0,2)] states of the isolated impurity. Whilst the resulting low-energy
model takes the same form as that used here [52], the couplings do not display the

same symmetries and the transition is of KT form.

Finally we comment on the observation that the USC survives away from the
particle hole symmetric point after it has been destroyed at this point. This is
consistent with the couplings in the low-energy model derived above. Considering
the lines y = +x for simplicity, for a given Jg both J7(x) and I(x,4x) grow on
increasing |x| to favour a local impurity triplet state.

Figure 4.12 shows results for the impurity thermodynamics at particle hole sym-
metry as Jy is switched from ferromagnetic to antiferromagnetic for the same U = 10
and U’ = 5.25 as fig. 4.9. In case a) Jy = 5 a weak intermeadiate Siyp(7) = In3
plateau is seen indicative of the spin-1 LM fixed point. For b) Jr =0 and c) —0.55
this plateau rises such that Siy,p(7") approaches values nearer In4, corresponding to
the approximate degeneracy of the four (n1,n2) = (1,1) states, an SU(2) x SU(2)
fixed point. In all three cases the stable zero temperature behaviour is governed by
the USC fixed point with Sipp(7') = In2 and T'ximp(T) — §. Cases d) Ji = —0.558,
e) —0.56, and f) —0.6 by contrast show a stable FI fixed point with Sim,(7") = 0 and
TXimp(T') = 0 at zero temperature. The crossover to the stable fixed point occurs
from the same SU(2) x SU(2) fixed point as arises on the USC side of the transi-
tion. The transition itself is first order, the parameters here putting the system on
the y = +x lines, with the crossover scale being a linear function of Jy near the
transition, inset to fig. 4.12.

We have not attempted a thorough comparison of the numerical results with
the functional form of I(z,y). In the full 2LM we expect additional higher order
processes to supplement I, modifying both its magnitude and sign. Specifically an
effective RKKY interaction can be generated [53, 101] by considering fourth-order
V' processes, resulting in I.g = I + IRkKY-

The sign of Igrkky is generally expected [101-104] to be ferromagnetic. It has

recently been suggested however, that for a double quantum dot coupled in parallel
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Figure 4.12: Evolution of thermodynamic properties as Ju changes sign. a) The USC phase
with ferromagnetic Jy = +5, the S = 1 LM fixed point is observed. b) Jg = 0and ¢) —0.55,
development of the SU(2) x SU(2) fixed point. d)-f) The FL phase with J; = —0.588, —0.56,
and —0.6 respectively. Inset: The associated low-energy scale T, is linear in Jy.

the RKKY interaction is in fact antiferromagnetic [105-107]. Further, it has been
argued due to the antiferromagnetic nature of Igkky, that the ground state of the
The
authors suggest that the fundamental approximation of the NRG [to neglect the

2LM presented here should in fact be a Fermi liquid, with no USC phase.

second line of (3.8)] is the cause of the NRG’s deficiencies, and that removing this
approximation will introduce a second conduction band that will fully screen the
impurity local moment. However such a supposition, if true, would put the NRG at
odds with exact Bethe-Ansatz results for the spin-1 Kondo model, found to possess
an underscreened ground state. The extra ‘conduction band’ generated by including
higher terms in the NRG approximation does not in fact constitute a second inde-
pendent screening channel: as in section 2.3.3 the two bands can be combined into

a single conduction band.

As a by product of (4.44), we can derive the pure spin-1 Kondo model appropriate
for the case that Jy is large and positive. In this case only the triplet impurity state
is energetically relevant and we may discard the singlet states. We can rework the
calculation using only the triplet states or more simply project (4.44) with Pr. By
writing J18; - 8o + Jo82 - 89 = 2 (J1 + J2)(81 + 82) - 80 + 2(J1 — J2)(81 — 82) - §o and
recognising that PT(él — ég)PT = 0 we arrive at a spin-1 Kondo model:

Hi7' = PrHegPr

(4.51)
= [S(‘:lé : éO + K’fLO)
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(as given in section 4.2.1) with § representing the total impurity spin, JISé:l =
%(Jl + J3) the Kondo coupling and K = EZQKZ-T the potential scattering matrix

element

In this section we have explored how the USC phase is robust to moderate anti-
ferromagnetic Jy. The low-energy spin model derived previously concurs with the
NRG results — the separability of the model leading to first-order transitions, and
the functional forms of the exchange couplings dictating how the USC fractionates

and eventually disappears.

4.3.3 Unequal dot-lead couplings

So far, and throughout the rest of this thesis, we have simplified the numerical study
of the 2LM by examining the limit V; = V5. So called side-coupled quantum dots,
systems where only one of the two impurity levels is tunnel coupled to the host
(i.e. one of the V; is set to zero), have attracted previous research [108-112]. For
completeness we now briefly examine the evolution of the phase boundary in the
2LM on varying the impurity-conduction band couplings V; and V5 between these
two limits.

In considering the case of unequal coupling we consider only the relative values
of the couplings; we define the ratio 7 = I'92/T'1; and maintain I';; constant. We
continue to specify the remaining impurity parameters in units of I' = I'y5.

Phase boundaries for diminishing v are shown in fig. 4.13 for systems with com-
mon U = 10, U’ = 7.5, and Jyz = 5. In all cases we show also the atomic limit
boundaries (dotted). Figure 4.13a) displays the results for symmetric couplings
v = 1 — the phase boundary displays both inversion symmetry and reflection sym-
metry in the line y = 2. This latter symmetry is lost on moving to b) v = 0.6.
Two lobes (related by inversion) develop with the phase boundary growing into the
(n1,n2) = (2,1) and (0, 1) regions of the atomic limit. These lobes extend and widen
for ¢) v = 0.5. Finally the case of v = 0 is depicted in d) where it is seen that the
entire phase boundary follows closely the AL.

It is clear then that as 7y is lowered (and the coupling of level 2 decreases), level
2 progressively behaves increasingly as it does in the atomic limit. The effect is to
stabilise the USC phase for regimes where ny = 1; level 2 is responsible for carrying
the impurity local moment, being coupled to the conduction band only via level 1.
This is most strongly seen of course for Vo = 0 where an impurity local moment
is always found in regions of the x — y plane corresponding to the (2,1) and (0,1)
sectors of the AL. For |z|/T" > 0 the low-energy physics of the USC phase are not
now well described by a spin-1 Kondo model, rather one must view the system as
a two-spin spin—% Kondo model with one spin strongly coupled to the conduction

band and with the second essentially decoupled. The system still possesses a local
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Figure 4.13: Phase boundaries (solid) in the z — y plane for U = 10, U’ = 7.5, Jg = 5, and
a)y=Va/Vi =1,b) 0.6, c) 0.5, and d) 0. Dotted lines indicate the atomic limit boundaries
and dashed lines give niymp = 2. On decreasing y the USC phase evolves into the atomic
limit regions with no = 1, with the phase boundaries being coincident with the niy,, = 2
lines for V5 = 0.

moment ground state, however the physical origin of this state is somewhat different.

The main conclusion of this brief section is therefore that a lack of symmetry
in the tunnel couplings Vi and V5 does not crucially affect the physics of the 2LM.
The major effect is to deform the shape of the phase boundary; the underlying fixed
point structure of the model remains identical. We shall say no more about the

asymmetric case and we shall continue studying the case of V) = V5 with impunity

This concludes our results for the thermodynamic properties of the 2LM. The NRG
is well suited to detecting the phase boundary between the usual FL. phase and the
more exotic USC phase. We have illustrated the stability of the USC fixed point
to various changes in the parameters of the model. The nature of the transition
has been investigated. It is generally of KT form with an associated exponential
vanishing of the low-energy Kondo scale Tk on approaching the transition in the
FL phase. However, along special lines of symmetry first-order transitions are found
due to the separability of the Hamiltonian into distinct sectors. The next chapter

will be devoted to the study of the dynamic properties of the 2LM.



84 - Two-Level Quantum Dots



CHAPTER 5

Dynamics and Transport in Two-Level
Quantum Dots

In the previous chapter the NRG was shown to be a useful tool for calculating
temperature-dependent thermodynamic properties of quantum impurity models and
specifically the 2LM studied in this thesis. In this chapter we will study the dynamic
properties of the 2LLM starting with simple properties of the impurity Green functions
and spectral densities, before in section 5.2 introducing some new ideas about the
so-called Luttinger integral. We will examine in detail the evolution of the single-
particle densities across the phase transition before finally comparing our results
(favourably) with those of experiments with real quantum dot devices.

With regard to the dynamics of quantum impurity systems the fundamental
quantities of interest are the impurity single-particle propagators introduced briefly
in section 3.5. We will now embark on a more fulsome treatment of these central
quantities, after reiterating some of the basic results. In section 3.5.1 we outlined
the link between the non-interacting limit, where all parameters U, U’, and Jg are
set to zero, and the fully interacting case. This relation is embodied by the impurity

self-energy and the Dyson equation:
Go(w) = Go(w) + G (W) Zo ()G (W) (5.1)

By using equations of motion methods [20, 86] one can find expressions for the
single-particle propagators describing the behaviour of the electrons as they move

between the impurity levels, and from the impurity to the conduction band:

(W = €i0) G0 (@) = 05 + > VG (w) (5.2a)
k
(@h = ko) Ghjip (@) = Y ViaG, (). (5.2b)
1=1,2

85
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The host-impurity hybridization function is given generally by (3.29):

VikVik .
Tyj(w) = Z F—Jek =i w) — il (w), (5.3)
k

In practice (as in sections sections 2.3.3 and 3.1), we consider explicitely the standard
case [20, 23] of a symmetric flat-band conduction band/lead with Vj = V;. In this
case, (5.3) yields

Ijj(w) =Tij = 7pViV; (5.4)

(for |w| < D, and zero otherwise) with p the total density of states of the lead,
I’f}(w = 0) =0 at the Fermi level, and:

Iy (w) = T (w)Taa(w) (5.5)
By combining (5.1) and (5.2) and defining

IN'w)=T(w) + 3(w) (5.6)

one obtains the fully interacting propagators as:

Gil0(w) = [wT — €25 — Ton(w)] det Gy (w) (5.7a)
GQQ;O—(C{)) = [er — €1 — fn(u))] det Gg(u)) (5.7b)
Glg;g(u)) = Ggl;g(u)) = flg(u)) det Gg(u)), (5.7C)

with the determinant given explicitly by:

det G, (w) = {[w+ — €lg — f‘ll(w)][w+ — €25 — f‘22(w)] - [f12(w)]2}_1

(5.8)
It is convenient at this point to note a formal expression for the ‘excess impurity
charge’ n;y,, introduced in section 4.3 as the difference in charge of the entire system

with and without the impurity present. This quantity is then, by definition, given
by:

~1 0 1
My = — T 3 / S [Giaeo (@) + Gr1o (@) + G (@)] = 3 ———— b,
Q0 > J—00 K K W' — €ko
(5.9)
To simplify the above we write the final term here, the number of electrons in an

isolated conduction band, in terms of the impurity propagators of (5.2a). In the

non-interacting limit, an equations of motion approach then gives

(w+ - ekU)Gak’;U(w) - 5kk/ + Z VkiGloci;o(w)' (510)
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Now by inserting (5.2b) into the above one finds:

Yol = L - S e e

In the fully interacting case Gk,r(w) will be the same functional of {Gj.x(w)}
as Gﬂk;o(u)) is of {GY

therefore have

io (W )}, since interactions occur solely on the impurity. We

> Gual) = = X i) () (51
k ij

such that (5.9) becomes

r
- 2G12;U(w)8(}972w(w) }dw

(5.13)

The structure of the above is very natural — it contains two ‘one-level’ contributions
and a cross term. For the present case of a flat band, if we assume that the bandwidth
is much larger than any other energy scale (as we use within the NRG in practice)
then the derivatives in the above are all equal to zero, and the expression for njmp

reduces to:
-1 0
Mimp ~ — Im) /_ OO[GH;(,(W) + Ga2.p (W)]dw (5.14a)

0
= Z/ [Dll;a(w) + DQQ;U(W)]dwv (514b)

now given in terms of the spectral densities D;j(w) = =% Im G;;(w). Equation (5.14b)
is the result stated previously, namely that ni,, is approximately related to the

charge on the impurity, the sum to the Fermi level of the spectral densities.!

5.1 The even-even spectral density

The previous section has introduced some basic results for the impurity propagators

and spectral densities of the 2LM. Before showing FDM-NRG results for these func-

tions we will further develop our understanding of the 2LM via analytic methods.
We will be ultimately interested in the differential conductance of the 2LM,

as given in (3.50). To this end we note that (3.50) contains the symmetric linear

'"Equation (5.14) is often taken in the NRG literature to be an equality. It is not, only (5.13) is
exact. Formally (5.14) requires an infinitely flat band. In practice nimp and (21 + f2) very nearly
coincide but are not identical.
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combination of impurity spectral densities:
Zﬂr ZTI‘PUDW (5.15)

as discussed above for a flat conduction band. We therefore define even and odd

combinations of the impurity orbitals, viz.:

.- 1

e ‘/12 + ‘/22
1

b = (Vad_ —Vid}) (5.16b)

d

from which follow the ‘even-even’, ‘odd-odd’ and ‘even-odd’ impurity propagators:

(Vadl,, + Vad},) (5.16a)

1
Gee(w) =5 75 [V12G11(w) + V22G22(w) + 2V1V2G12(w)] (5.17&)
Vi +V;
1
Goo(w) = 53 [V22G11(w) + V12G22(w) — 2V1V2G12(w)] (5.17b)
Vi + V3
1
Geo(w) = Goe(w) = VIR [ViVaGii(w) — ViVaGaz(w) + (V5 — Vi) Gra(w)].
(5.17¢c)
By using I';; = mpV;V; [(5.4)], (5.15) can be rewritten:
Z Wriiji(w) = 7T(F11 + FQQ)Dee(u)). (518)

Thus the conductance through the 2LM system is governed solely by the even-even
spectral density. The immediate question of why might this be so is quickly answered
by transforming the impurity-lead tunneling Hamiltonian (2.44d) into the basis of

the even and odd operators. To achieve this we employ

1
‘/'12+‘/22
1

S VER

(Vidl, + Vad},) (5.19a)
(Vadl, — Vid],), (5.19b)

to give:

I:IT = Z V%(d;racka + C;r(adia)
tko

—Z\/Vl + V3 (dl, ey + ey, (5.20)

which shows a complete detachment of the odd impurity channel from the lead,

as seen previously in section 4.3.1. This is not to say the odd channel is not now
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Figure 5.1: Low frequency asymptotics of the even-even impurity self-energy ¥..(w) =
Y2 (w) — %! (w) for a system with U = 20, U’ = 10, and Jy = 5 at particle-hole symmetry
(and thus in the USC phase). Solid lines are results from the FDM-NRG, dashed lines are
functional forms as given by (5.23). a) The imaginary part logarithmically approaches zero
for w — 0 whilst b) the real part approaches a non-vanishing value. The characteristic
oscillations present in the FDM-NRG results can be suppressed by utilising the ‘z-trick’
[83-85].

important, for the impurity Hamiltonian Hp contains interactions between even and
odd channels as embodied in the self-energy ¥,,(w). We will see later in section 5.3
that the odd impurity orbital plays a particularly important role in describing the
first order transitions along the line y = .

To proceed further we might wish to obtain an analytic expression for the spec-
tral densities as an entire function of w. Of course, if this were possible the NRG
would be somewhat redundant! However, we can make progress by considering the
zero-temperature conductance, for which one only need know the zero frequency
properties of the impurity spectral functions: from (3.50) and (5.18),

2

2
Go(T =0,V = 0) = %Gow(l“n + T2) Dee(w = 0). (5.21)

We will make use of a fundamental, underpinning result of Fermi liquid theory: that

the imaginary part of the impurity self-energy vanishes at the Fermi level [20]
51w =0)=0. (5.22)

For the 2L M this relation certainly holds in the normal FL phase. In the USC phase
we also expect (5.22) to hold precisely at the Fermi level w = 0, since a singular
Fermi liquid also has purely elastic scattering at the Fermi level [99]. There are
however important differences in the w-dependence of Efj(w) for a normal and a

singular Fermi liquid: for a normal FL, ij(w) o w? as w — 0 [20] whereas in the
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USC phase a rather slower logarithmic approach to zero occurs [54], with the form

s (w) = “ + @2 +.. 5.23a

ce() logQu)/Tﬁ:1 10g4w/T;3:1 ( )
b1 bo

»2(w) =220 (5.23b)

+ + + ...
log? w/TE="  log® w/T="

where the real part of the self-energy at the Fermi level, ¥ (w = 0), is in general
non-vanishing. The validity of (5.23) is illustrated in fig. 5.22, where the FDM-
NRG has been used to calculate both the real and imaginary parts of the even-even
self-energy in the USC phase.

As in (5.21), the T = 0 zero-bias conductance is determined solely by 7(I'1; +
I'99)Dec(0) at the Fermi level. This in turn follows from simple algebra. We define
the renormalized levels [20]

e = ¢ + 220 (5.24)

and by using (5.3) and (5.6) to give T'(0) = —iI"' + £(0), the even-even spectra is
obtained by combining (5.7) and (5.8). This simple if lengthy calculation yields (for

convenience we drop the spin label o from now on)

1

(11 + T22) Dee(0) = 5 5 (5.25)
T BEC 0]
€iTo2+e3T11—2I1255,(0)
or equivalently

(D11 + T92) Dee(0) = sin® §(0) (5.26)

with ¢ given explicitly by

HA 5711 — 2T 2150
6(0) = alrctam{61 2t - 122 il )} (5.27)
€165 — [212(0)]

The zero frequency even-even spectral density, and so the T" = 0 zero-bias conduc-
tance, is thus wholly characterised by a single number, an angle . The quantity ¢ is
thus central to calculating the zero-bias conductance, in both the FL. and USC phase
of the 2LM [since (5.26) and (5.27) are entirely general, applying to both phases].
In the next section we consider an alternative but entirely equivalent definition of &

that will lead us to a rather profound result.

5.2 Friedel-Luttinger sum rule

The quantity 0 which has emerged in the previous section to characterise the zero
frequency value of the even-even spectral density is simply the static (w = 0) scat-

tering phase shift. The phase shift arises naturally when considering the scattering
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of plane-wave electron states from an impurity [113], and is given alternatively by

0(w) = ImIn[det G(w)]. (5.28)

Before continuing we will show the equivalence of (5.27) and (5.28) (with w = 0).
From (5.3), (5.6) and (5.8), and taking I';; = I" (merely for algebraic simplicity), we

have:

1

detGlw) {W —a = I )’ - e - )W) - [Ehe) + (S )]

T8l w) - oh(w) - z£2<w>]}
n z'{[r F el @t — e - SBW)] + [+ Sh)lv - SR W)

+ 2SI + S},
(5.29)
where we have separated the real and imaginary parts. Now by taking w = 0, and

using Ei]j(u) = 0) = 0, we obtain:

1 L - * * * *
It Gw) {{6162 — [ZRO)P) -7 - QWF} + Z{ — (e} + 63) + T[2575(0) — € — 62]}-
(5.30)
Finally by considering the general case in which €} + €5 —2%1%(0) and efel — [215(0))?
are not simultaneously zero,? such that we can neglect the n = 0% factors in the

above, we arrive at:

{eies — [R50} +il{e] + €5 — 255(0)}

0(0) =ImIndet G(0) = ImIn 5.31

0 0 {6 EROPRE + e+ _2xi) O
I'{ef + e — 2508

= arctan lei+e 12(0)}. (5.32)

{efes — [Z1(0)]%}

Thus the quantity 6(0) appearing in (5.26) and (5.27) is the same as that which
follows from the definition (5.28).

In the above we have considered only the static phase shift §(w = 0). We will
now examine the value of the phase shift in the limit |w| — oo. In this limit all

the Ei[j(w) vanish whilst the corresponding real parts tend towards finite constants.

*The simultaneous equations €} + ¢5 — 2515(0) = 0 and €je3 — [215(0)]* = 0 have solution
e =65 =2k (0). In section 5.3.1 we will see that this condition is fulfilled solely at the phase
boundary between the FL and USC phases along the line y = x. In that case an alternative
formulation of the analysis here will however avoid this complication.
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Equation (5.8) then gives:

\w\—»oo 1
det G(w) e (5.33a)
By defining the principal range of ¢ to be [0,27] we thus obtain:
d(—o0) =0, (5.34a)
d(+o0) = 2. (5.34b)

Having established the value of the phase shift d(w) in the limits of w = 0 and
w = —oo we will now use the definition given in (5.28) to derive a general result for
the static phase shift. From (5.7) and (5.8) it follows that

% Indet G(w) = — [1— aréi)(w)} G (w)— [1—%1(@] Gri(w)+2 8F(192u§ )G1 (w).
(5.35)

By integrating from w = —oo to 0 and using (5.6) we naturally obtain a relation for

the phase shifts in terms of the impurity Green functions and self-energies, viz.:

Im/ — Indet G(w) dw = §(0) — d(—00) = §(0) (5.36a)
] fon [ ] s~ 2] o N,
i [ {0920+ G 2D i 2D
(5.36b)

The first line of (5.36b) can be recognised from (5.13) as being proportional to the
excess impurity charge nimp, whilst the second line is the Luttinger integral [114]

defined generally to be

Q:Mﬂ/oﬁfbwmu (5.37)

—00

By using (5.34a) we thus arrive at the very simple result

z7”Limp + 1z, (5.38)

50) = 5

relating the static phase shift to the excess impurity charge and the Luttinger inte-
gral. Equation (5.38) is entirely general: applicable to both the FL and USC phases
of the 2LM.

For a normal Fermi liquid, Luttinger’s integral theorem gives I, = 0 [20, 114];

reflecting adiabatic continuity to the non-interacting limit — the fact that pertur-
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bation theory in the interactions about this limit converges order by order. In this
case (5.38) reduces to the usual Friedel sum rule [20, 113], §(0) = Fnjmp, relating
the phase shift to the excess impurity charge (with nim, € [0, 4] for the 2LM, hence
our definition of the principal range of §). More generally however the phase shift
and impurity charge are related by (5.38), which we refer to as a Friedel-Luttinger
sum rule.

The Luttinger integral is then a characteristic of a Fermi liquid state in any
system: provided only the system is a (normal) Fermi liquid, I, = 0 holds indepen-
dently of the underlying bare model parameters and indeed structure of the model
Hamiltonian. The Luttinger integral is thus a hallmark of a Fermi liquid state in a

rather deep sense.

The USC phase of the 2LM is not a regular Fermi liquid. There is no reason
to suspect that Iy, = 0 here and indeed it can be shown that the USC phase is
not perturbatively connected to the noninteracting limit of the model. An obvious
question arises however: as for a normal Fermi liquid, does an analogous situation
arise for a singular Fermi liquid whereby the Luttinger integral has a characteristic,
constant value for this type of state?

This question can be most easily answered by appealing to results from the
FDM-NRG. The Luttinger integral can be calculated numerically in several ways.
As the self-energies 3 (w) and Green functions G(w) can be calculated within in the
FDM-NRG framework, we can calculate I, directly from (5.37) by performing the
integration. Alternatively we may obtain niy,p from a thermodynamic calculation as
in section 4.3 and §(0) from the ee-spectral density at the Fermi level [or via (5.31)];

the difference of these quantities then gives the Luttinger integral, I, = §(0) — 5 mp.
These two methods naturally give essentially identical answers, illustrating the self-

consistency of the FDM-NRG numerics.

Figure 5.2 displays typical results for the Luttinger integral calculated using
(5.37) We have taken a system with fixed U = 20, U’ = 10, and J;y = 5. We have
varied €; and maintained Ae = e — ¢; = 2I" for simplicity, such that we take a
trajectory parallel to the y = x line in the phase diagram. Four distinct regions are
seen. For x < 0 we expect the system to be in the FL phase. Indeed this is found
and I;, = 0 results, as expected. The FDM-NRG recovers the Luttinger theorem
result really rather well: the calculated Iy, /7 being equal to zero to within £0.001.
On crossing into the USC phase (the transition occurring here at x ~ —12.6I") the
Luttinger integral takes a new constant value Iy, = —m/2. The quantity remains
at this value until the y = —x line is crossed, at which point we find I, = +7/2,
and again constant. Finally on crossing the transition back into the FL phase the

FDM-NRG results correctly show I, = 0 once again.

3We find this method to be slightly superior in practice.
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Figure 5.2: The Luttinger integral I;, calculated via the FDM-NRG method for the 2LM for a
system with U = 20, U’ = 10, and Jg = 5 and fixed level spacing Ae = eg—e; =y—a = 2.
Throughout the FL phase I, = 0 as prescribed by Luttinger’s theorem. In the USC phase
|I,| = w/2 and I, changes sign discontinuously across the line y = —zx.

In summary, the FDM-NRG recovers correctly I;, = 0 in the Fermi liquid phase
of the 2LM. In the USC by contrast we find that |I7| is a non-zero constant that

likewise characterises this phase:

1] = g (5.39)
This result is found for many different values of the bare interaction parameters
U, U’, and Jy. Whilst the numerical results cannot amount to a proof, we are
confident of the general validity of (5.39). That the sign of the Luttinger integral
should change across the line y = —z is a natural consequence of symmetry, as we
now show.

In appendix A we explore the symmetries of the Green functions and self-energies

under the particle-hole transformation (z,y) — (—z, —y). The key results are:

G(—w;—z,—y) = -G (w; z,y) (5.40a)
S(~w;—x,—y) = =X (w;x,y) + (U + 2U")1. (5.40Db)

Using (5.40) directly in (5.37) gives:

0
In(—z,—y) = ImTr/ gZ(w; —z,—y)G(w; —z, —y) dw (5.41a)
0o Ow
0 9
=1Im Tr/ a—ET(w;x,y)GT(w; z,y) dw (5.41b)
oo Ow

= ImTr/ iE(u);gc,y)(;‘r(w;gn,y) dw, (5.41c)
0 ow
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where on the third line we have made the substitution w — —w. From (5.37) we

have then
0
In(z,y) + In(—x,—y) = ImTr a—Z(w; z,y)G(w;z,y) dw. (5.42)
oo Ow

In precise parallel to the calculation of the static phase shift 6(0) from (5.36a) we
may calculate the right hand side of (5.42):

+oo
Im/ % Indet G(w) dw = §(4+00) — d(—00) (5.43a)
+o0o
=27+ Im Tr / 8?5:")(;@) dw, (5.43b)

and from using (5.34) we find

0 9% (w) B
Im Tr/ P G(w) dw = 0. (5.44)

—00

Using this result in (5.42) then gives
IL(_'%'7 _y) - _IL('%.7 y)7 (545)

showing that the Luttinger integral changes sign under the particle-hole transform
(inversion through the origin). A further symmetry can be deduced for the Luttinger
integral by considering the 1 < 2 transformation (applicable to the case V; = V;

considered explicitely in practice). This yields the rather obvious result that

In(y, =) = I(z,y) (5.46)

such that by combining the two symmetries || can take only a single value through-

out the z — y plane, in the USC phase. In summary, and from fig. 5.2, we have:

+I ify>—u

In(x,y) = (USC). (5.47)

ISERNIE

ify<—zx

We conclude this section by examining the important consequences of the above
for the even-even spectral density. By combining (5.26) and (5.38) for a system with
V1 = V5 we have simply that:

27 Dee(w = 0) = sin? <gnimp + IL>, (5.48)

relating the zero-frequency spectral density to the two ‘simple’ quantities niyp and

I1,. The situation is simplified further by noting that in each of the two phases, |17 |
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takes on a characteristic value. As sin[27(nimp £ 1)] = cos?(3mnimp) it follows that:

=sin? (T422)  FL,

27TFD@6(0) - _ C082 (Wnimp) USC
2 .

(5.49)

On crossing the Kosterlitz-Thouless transitions from the FL to the USC, we saw
in section 4.3 how njyp varied continuously. Hence from (5.49), the zero-frequency
spectral density must vary discontinuously on crossing the transition, the disconti-
nuity being cos(mnimp). Equation (5.49) is of course equally well satisfied at the first
order transitions occurring along the lines y = £x, however here nin,, does not vary
continuously (fig. 4.8). The veracity of (5.49) will be tested explicitely in the next
section where we turn to examine numerical results for the single-particle dynamics
of the 2LM.

5.3 Single-particle dynamics

The preceding sections have focused on establishing analytic properties of the Green
functions of the 2LM. We have established the importance of the even-even spectral
density in determining the differential conductance of the system. Further we have
derived a Friedel-Luttinger sum rule relating the static phase shift to the impurity
charge and the Luttinger integral, a number characteristic of the thermodynamic
phase of the impurity model.

In this section we present representative numerical results for the single-particle
dynamics, focussing largely on the even-even spectral density and principally the
USC phase. In section 5.3.1 we will examine in some detail the dynamics of the
2LM along the line y = x. Whilst not being of generic interest with regard to
experimental results, this peculiar line more than warrants theoretical study, as we
will see.

Throughout this section we again take V3 = V5 such that I';; = I'. This is
unlikely to occur in experiment but serves to simplify the parameter regime to be
studied; from section 4.3.3 we know that tolerable deviations from V; = V5 do not
critically effect the physical behaviour of the system.

Figure 5.3 shows an overview of 27T D,.(w) on all scales for U = 20, U’ = 7,
and Jg = 2 at zero-temperature.! We take a vertical cut through the 2 — y plane
above the particle-hole symmetric point €; = %U U = -17 (i.e., x = 0) and
€9 is progressively decreased through the FL phase toward the QPT — the same
trajectory as figs. 4.4 and 4.6. The transition itself occurs here at €5 ~ —6.536.

4Remembering that the FDM-NRG is inherently a finite temperature technique, by zero-
temperature we really mean a temperature significantly below all energy scales of the 2LM including
the Kondo scale.
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The most important spectral feature is of course the Kondo resonance strad-
dling the Fermi level at w = 0. We will consider this later and first comment
on the origin of the higher energy features. For é = +1 fig. 4.6b) indicates that
Nimp = 1.2, suitably close to unity that we may interpret the high-energy spectral
features as removal or addition excitations from the singly occupied (n1,n2) = (1,0)
atomic limit state. The removal excitation from level 1, contributing to Dee(w)
via its Djj(w) component, thus corresponds to the difference between the ener-
gies of the (1,0) and (0,0) states: E(1,0) — E(0,0) = €;. The excitation there-
fore lies at negative frequencies and is clearly seen in fig. 5.3 as the lower ‘Hub-
bard satellite’ (arrowed). The position of this peak is dependent solely on €; in
this level of description explaining why the peak position varies little on lowering
€.

Two addition excitations lying above the Fermi level are also seen in fig. 5.3 for
€9 = +1. The lowest corresponds to electron addition to level 1 and hence shows it-
self, via D11 (w), at an energy E(2,0)— E(1,0) = ¢;+U = +3I, as clearly seen in the
figure. The second excitation corresponds to addition to level 2 and contributes to
D (w) via the latter’s Dgg(w) component, and occurs at an energy E(1,1)—E(1,0).
As there are two distinct (1,1) impurity states — singlet and triplet — two such
excitations exist in principle separated by an energy Jg. However, as is evident
from the figure, coupling to the conduction band in practice blurs these excitations
so that only a single spectral feature is seen. This feature moves towards the Fermi
level on decreasing € from +1 to —3 (long dash) and —6 (short dash), its charac-
teristic energy being a function of €;. For € = —6 the high energy features merge
into a single intense band.

As commented above, the single-particle spectrum in the vicinity of the Fermi
level is dominated by the Kondo resonance — the sharp distinctive feature in
fig. 5.3. The evolution of the Kondo resonance as the transition is approached
is displayed in fig. 5.4. For é& — e{ . the Kondo resonance progressively nar-
rows reflecting the vanishing of the Kondo scale Tk found in section 4.3. Pre-
cisely at the transition T vanishes and the Kondo resonance collapses ‘on the
spot’ into the background spectral density arising from the high energy features.
Just on the other side of the transition, in the USC phase, the Kondo resonance
is simply absent, as seen in fig. 5.4 where for éo = —6.54 the USC spectrum
(short dash) is constant throughout the range shown. The inset to fig. 5.3 also
shows this USC spectrum on an expanded scale. Whilst the Kondo resonance
is absent here, the high-energy features discussed previously evolve in a contin-
uous manner on crossing the transition. The resonance above the Fermi level
whose width O(T') reflects the mixed valent nature of the USC phase at this point.

In section 4.3 we saw that thermodynamic properties in the FL phase show uni-
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Figure 5.3: Single-particle spectrum 27T D..(w) vs. w/T in the FL phase for fixed level
energy €, = 7%07 U’ (i.e. x = 0) on progressively decreasing & toward the QPT occurring
at €, ~ —6.536. Shown for U = 20, U’ = 7, and Jy = 2, as in fig. 4.4, with & = +1
(solid), —3 (long dash), and —6 (short dash). In all three cases a narrow Kondo resonance
is present, straddling the Fermi level w = 0. Vertical arrows mark excitations interpretable
in terms of the atomic limit states, as discussed in text. Inset: spectrum at é; = —6.6 on
just entering the USC phase showing the absence of a Kondo resonance.
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Figure 5.4: A close up view of the Kondo resonance straddling the Fermi level for the
same parameters as fig. 5.3 excepting éa = —6.1 (solid) and —6.2 (long dash). The Kondo
resonance collapses on the spot as the QPT is approached and the Kondo scale Tk vanishes.
Just on entering the USC phase at éa = —6.54 (short dash) the spectrum is featureless on
these scales with no Kondo resonance. Inset: Scaling of the Kondo resonance on approaching
the QPT from the FL side. Both FL spectra of the main figure collapse to the same universal
scaling resonance as a function of w/Tk.
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versal scaling in terms of the Kondo scale Tx. That the dynamic properties exhibit
scaling is shown in the inset to fig. 5.4. When scaled in terms of T the results of
the main figure give the same universal form as a function of w/Tk despite their
individual Tk’s differing by more than an order of magnitude. We note here that
we have scaled the results by the Kondo temperature obtained from the thermody-
namic results. We could equally have used a spectral definition for the Kondo scale
— e.g. via the width of the Kondo resonance — to obtain a universal form. The
salient point is that there is only a single universal scale and that different practical
definitions of it are fundamentally equivalent, being related by simple multiplicative
factors.

The subsequent evolution of the even-even spectrum in the USC phase is shown
in fig. 5.5. For é = —T7 (short dashed line), not far into the USC phase, the
spectrum lacks a Kondo resonance, as in the example near the transition shown
above. However, on further decreasing éo, a second Kondo resonance straddling the
Fermi level arises. It is well developed by €2 = —10 and fully developed at particle-
hole symmetry éo = é = —17 (solid line). Further, the width of the resonance
progressively narrows on approaching particle-hole symmetry. This behaviour can be
explained in terms of the increasing nimy,, [fig. 4.6b)] and decreasing T2~" [fig. 4.5a)]
on approach to particle-hole symmetry. While the QPT occurs in the mixed valent
regime with ninp ~ 1.4, the impurity charge rapidly increases on entering the USC
phase such that by é; = —10 it is very close to 2. The 2LM is then expected to
be described asymptotically at low energies by a spin-1 Kondo model as derived
in section 4.2.1. This second Kondo resonance is then distinct from that found in
fig. 5.4: we will discuss it further in the context of fig. 5.8ff. The higher energy
features occurring in the USC phase spectra are naturally interpretable in terms
of the atomic limit states. At particle-hole symmetry all addition, and removal,
excitations to, and from, both levels 1 and 2 have the same magnitude |€1+U’— %j |-
The spectra is therefore an even function of energy with Hubbard satellites occurring,
in this case, at @ ~ 10.5.

Finally, and importantly, in this general section we verify numerically the Friedel-
Luttinger sum rule derived in section 5.2. Figure 5.6 tracks the behaviour of the zero-
frequency spectral density from the particle-hole symmetric point in the USC phase,
across the QPT and into the FL phase. The solid line is the result of application of
(5.49) with njy,p obtained from an independent thermodynamic NRG calculation,
whilst crosses display direct results for 27T’ Dee(w = 0). The agreement between
the two sets of data is clearly excellent. We note that on entering the USC phase
the spectral density decreases discontinuously as a result of niy, being in the range
% < Nimp < % [see (5.49))]. We will now examine a case where a discontinuous

increase in D¢.(0) occurs on entering the FL phase.
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Figure 5.5: Spectra in the USC phase for the same parameters as figs. 5.3 and 5.4 for é; = —7
(short dash), —10 (long dash), and the centre of the USC phase é; = —17 (solid line, the
particle-hole symmetric point). The Kondo resonance that develops here is that for a spin-1
Kondo model.
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Figure 5.6: The zero-frequency spectral density 27T D..(w = 0) in both phases either side of
the Kosterlitz-Thouless transition (the transition indicated by a dashed vertical line), with
the same parameters as figs. 5.3-5.5. Crosses show the direct result from the FDM-NRG
calculation of the spectral density whilst solid lines indicate the result of (5.49) with nimp
obtained from a thermodynamic NRG calculation. The agreement is excellent. At the QPT
Nimp = 1.43 and hence the spectrum decreases discontinuously on entering the USC phase
from the FL phase; nin,; itself evolves continuously [fig. 4.5b)].
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Figure 5.7: The even-even spectral density along the line y = —x for the same interaction
parameters as studied figs. 5.3-5.6, decreasing g through the QPT (at §. ~ 6.36) from
the FL side y > y.. Shown for § = 6.55 (short dash) and 6.40 (long dash) in the FL
phase, and g = 6.30 (solid) just into the USC phase. A clear Kondo antiresonance is seen
with 27T D,.(0) = 0. It collapses on the spot as Tk — 0 as the QPT is approached. a)
An expanded frequency scale illustrating the symmetry of the higher energy features. b)
Scaling of the antiresonance as a function of w/Tk. Quadratic behaviour is observed at low
frequencies.

The line y = —x and Kondo antiresonances

The generic example considered above sees a collapsing Kondo resonance in the FL
phase and hence a natural decrease in D,.(0) on crossing into the USC phase. If njny,
lies not in the range % < Nimp < % but instead between % and % then (5.49) predicts
an increase in the spectral density on crossing from the FL to the USC phase. In
this case one might expect such behaviour to be associated with a vanishing Kondo
antiresonance as the transition is approached from the FL side.

This behaviour does indeed arise [52] and is particularly evident along the line
y = —x for which nj,, = 2 is guaranteed by symmetry, regardless of the phase
[(4.17a)]. The spectra are likewise symmetric in w along this line due to the effec-
tive particle-hole symmetry discussed in section 4.2.1. Figure 5.7 shows results for
27 Dee(w) again for bare interaction parameters U=20,U =17,and Jy = 2. We
decrease y/I' = g across the transition occurring at the critical value g, ~ 6.36 from
the FL side (y > y.) to the USC phase.

As shown in the main figure, D..(w) does indeed contain a characteristic Kondo
antiresonance in the FL phase with 27T D..(0) equal to precisely zero along the
line y = —x [as indeed follows from (5.49) with niy,p, = 2]. The antiresonance

vanishes on the spot as the transition is approached from the FL side and the Kondo
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scale T diminishes — the antiresonance ‘closes up’ and the two maxima positioned
symmetrically about w = 0 move toward each other. Figure 5.7b) exhibits the scaling
nature of the spectral density in the FL phase: a characteristic De.(w) o< (w/Tk)?

form symptomatic of a normal Fermi liquid.

The general predictions of (5.49) are again confirmed by these results, and in a
rather clear fashion. As njny, = 2 for all systems along the line y = —z, (5.49) gives
27T D¢ (0) = 1 in the USC phase and 0 in the FL phase.

Figure 5.8 continues fig. 5.7 into the USC, phase showing the even-even spectral
density for g = 5, 3, and 0. The striking resonance found to straddle zero frequency
is of course the same spin-1 Kondo resonance as found in fig. 5.5. The width of this
resonance again decreases toward its smallest (but nonzero) value as the particle-hole
symmetric point is approached, due to the decreasing Kondo scale T° ;?:1. Particu-
larly evident from the main figure is also the convergence of the Hubbard satellites
as the bare level energies become equal at the particle-hole symmetric point.

The inset to fig. 5.8 shows the clear scaling behaviour of 2rD,.(w) in terms of
w/ T;?Zl. All the spectra of the main figure scale beautifully onto the same universal
form for many multiples of the Kondo scale. Also apparent is the sharp cusp-like
form of the Kondo resonance known from the study of a pure spin-1 Kondo model
[54].° This behaviour is symptomatic of the singular Fermi liquid [99] nature of
the underscreened spin-1 phase; the weak ferromagnetic coupling of the spin % to
the metallic lead resulting in logarithmic corrections to Fermi liquid behaviour as in
(5.23).

In fig. 5.9 we consider the precise low-frequency form of the spectral density.
From the low-frequency forms of the impurity self-energies [(5.23)] and the Dyson

equation we expect to find:

a

27TD, oy~ 1l — —
T T /T

(5.50)
as is indeed the case shown in the figure and is in agreement with the results found
for the spin-1 Kondo model [99]. We note one final aspect of the scaling form of
De¢e(w) in the inset to fig. 5.9 where we compare the results at the particle-hole
symmetric point to those at €, = —17 and é; = —12, i.e. a point above particle-hole
symmetry (as in the previous section) and where njy,p, = 1.95. The salient point here
is that, as found for the thermodynamic results in fig. 4.5, the scaling form found
varies little with the asymmetry [which here takes the values 7(x,y) = 0 and ~ 0.25,

see (4.14)]. Of course the form of the spectra does alter further from particle-hole

5Single-particle spectra do not exists as such for the Kondo model, the impurity being described
strictly by spin operators. However one may define an impurity Green function in terms of the
scattering t-matrix; the latter being well defined in an analogous Anderson model from which a
correspondence can be drawn and a spectral density examined.
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Figure 5.8: The even-even spectra density in the USC phase along the line y = —z for
U=20,U =7, and Jy =2 and for y = 0 (solid), 5 (long dash), and 3 (short dash). The

spin-1 Kondo resonance is much sharper in form than the spin—% resonance seen in the FL

phase. Inset: Rescaled spectra showing only the universal, cusp-like Kondo resonance.

symmetry when nin, deviates significantly from the value 2, under which conditions
the USC phase is no longer adequately described by the same spin-1 Kondo model.
This section has considered the properties and behaviour of the single-particle
dynamics along a generic trajectory (above the particle-hole symmetric point) and
along the simplifying y = —xz line. We have seen that the high energy features are
largely interpretable in terms of the atomic limit states: broad Hubbard satellites
result in the fully interacting 2LLM with the coupled conduction band. On low-energy
scales the spectra is dominated by the Kondo resonance. The form of this resonance
is distinct for each of the two phases. In the USC phase the resonance takes a sharp
cusp-like form, indicative of the singular nature of the USC fixed point. In the FL
phase, a more rounded resonance is seen which narrows significantly as the QPT
is approached. Further throughout the USC the same scaling form is observed for
the Kondo resonance regardless of the value of the asymmetry n(z,y). In the next
section we focus specifically along the line y = x, which contains the particle-hole
symmetric point and along which a first-order transition between the FL and USC

phases is observed.

53.1 Theliney ==z

In section 4.3.1 in regard to thermodynamics, the transition occurring along the line
€1 = €9, i.e. the line y = x, was seen to be first-order level-crossing transition. The

special nature of the QPT along this line occurs only for Vi = V5. We now consider
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Figure 5.9: Low frequency asymptotics of the spectral density 27T D..(w) (solid) for U =20,
U’ =7, and Jg = 2 at the particle hole symmetric point & = é; = —17. A logarithmically
slow approach to unity is seen a w = 0, as governed by (5.50) (dashed). Inset: Comparison
between the spectra at (solid) and away from (dashed, n(x,y) ~ 0.25) particle-hole symme-
try. The same low frequency form is found throughout the USC phase in the region where
Nimp ~ 2 and where the full 2LM is consequently described well by the spin-1 Kondo model.

this line from the perspective of single-particle dynamics and the separability arising

in the even-odd representation of the 2LM.

In the previous section the elements of the Green function matrix G(w) have
been considered to be the propagators for the two impurity levels, i.e. Gj;(w) with
i,7 € {1,2}. Along the line y = x it is in fact more convenient, and enlightening,
to work with G(w) in the basis of the even and odd impurity level combinations,
as defined in (5.16). Away from this line, where €; # ey, there is no particular
advantage to working in this basis. However along the line €; = e the two impurity
levels are equivalent as a natural consequence of symmetry and so the diagonal
components of the (symmetric) G(w) matrix are equal in the 1-2 basis. Therefore
from (5.17c) the off-diagonal elements in the e-o basis, Geo(w) and Goe(w), are not
only equal to each other but also vanish identically. The matrix G(w) is then purely

diagonal for all frequencies and from (5.17a) and (5.17b) has elements:®
G(e)g(w) = Gn(u)) + Glg(u)). (5.51)

The analytic forms of the propagators in this basis have similarly simple forms. By

5 Away from y =  one can of course diagonalise the matrix G(w), however a different transfor-
mation is in general required for each value of w.



Single-particle dynamics - 105

using (5.7) and (5.6) in (5.51) one obtains:

Gee(w) = [wh — € = 2T (w) — Bee(w)] - (5.52a)

Goo(w) = [wh — e = Tpo(w)] (5.52b)
where the hybridisation function I'(w) = I'jj(w) appears only in Gee(w) (and we
have defined € = €; = €2 the common level energy); and the even-even and odd-odd

self-energies are given explicitly by:
Eee(w) = Ell(w) + Elg(w). (553)
00

That the hybridisation I'(w) does not appear in Gy, (w) is a reflection of the fact that
the odd orbital is not directly coupled to the lead (see section 5.1); its only coupling
is to the even orbital. In the non-interacting limit the odd level thus becomes entirely
free: GY,(w) = [wt — €] ~' In the interacting case, the coupling to the even orbital
is of course embodied in ¥,,(w) # 0.

It is useful to note further that the calculation of the impurity self-energies can
be simplified along the line y = z. From section 3.5.1 we have (generally) that
Y(w) = F(w)G Hw), i.e. :

_ Fi(w)Gaa(w) — Fia(w)Gar(w) .
Ell(w) - Gn(w)GQQ(w) — Glg(w)Ggl(w) (5.54 )
_ Fio(w)Gri(w) — Fi1(w)Gria(w)
212((4}) = Gll(w)G22(w) — G12(w)G21 (w) . (554b)

Noting that G11(w) = Gaa(w) [and Gra2(w) = Ga1(w)] along y = x, and defining the

diagonal elements of the F(w) matrix in the even-odd basis, viz.:

Fee(w) = F11(w) + Fia(w) (5.55a)
Foo(w) = Fn(w) - Fm(&)), (555b)

the calculation of the self-energies reduces from (5.53) to a simple ‘scalar’ problem:

_ Fee(w)
Yeelw) = Coo(@) (5.56a)
EOO(W) = gzz(((:)), (556b)

as occurs in a simple single-level Anderson Model [81].
In section 5.2 we developed the Friedel-Luttinger sum rule relating the static
phase shift, the excess impurity occupation and the Luttinger integral. We now

show that by separating each of these quantities into even and odd components,
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useful results can be established. We begin by examining the Luttinger integral as
given in (5.37). By the virtue of the trace appearing in (5.37) and that G(w) is

diagonal in the even-odd basis, the Luttinger integral trivially becomes:

Ow

I, = Im/ [({“)Eee Gee(w) + MGOO(w) dw (5.57a)

which defines separate Luttinger integrals in each channel. Consider first just I7 in
the above. From (5.52a) we have:

Yee(w) =w™ — € — 2T (w) — GH(w) (5.58a)
0%ee(w) Ol (w) _9, O0Gee(w)
ow == oo Gee'(w) ow 7 (5.58b)

which gives on substitution into (5.57):

I :Im/ {{1_2 Ej’)]eee(w) +%j@(‘“)} dos. (5.59)

As in the case of the total Luttinger integral, there are two distinct terms under the

integral. By rewriting (5.13) for nimp in terms of the even and odd Green functions,

VIZ.

Nimp — ——Im / {[1_2 E:))]Gee(w) +G00(w)} dw (5.600)

Nimp + Mimps (5.60b)

the first term in (5.59) is simply equal to —5n Also by analogy to the previous

2 1mp
results we expect the second term in (5.59) to be proportional to a phase shift. Indeed

this is the case. From the definition of the phase shift [(5.28)] and again that the
G(w) matrix is diagonal in the even-odd basis such that det G(w) = Gee(w)Goo(w),

the phase shift is likewise separable into even and odd components:
dw) = de(w) + do(w), (5.61)

with
do(w) =ImIn Gaa(w) = arg Goo(w). (5.62)

The even channel Luttinger integral is then given by:

e =— ;T NGy + 0e(0) — 6.(—00). (5.63)

Our final task is to calculate the phase shifts appearing in the above. To this end
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return to (5.52a) for Gec(w). Note again that as |w| — 0, the imaginary parts
I'(w) and X!, (w) both vanish [as too does T'¥(w)], while X% (w) tends to a finite
constant. Hence (5.52a) yields Gee(w) = 1/w™ as |w| — oo; from which de(—o00) =
arg Gee(—o0) follows as

de(—00) = —7 (5.64)

We need also the static phase shift 6.(0). For this we use ¥, (w = 0) = 0, and define

the renormalized even and odd levels:
& =e+ 28 (w=0) a € {e,0}. (5.65)

With these results (5.52a) becomes:

—er — 2l
Gee(0) = —5—— 5.66
and hence the phase shift is given by
2r
0¢(0) = ImIn Ge(0) = arctan — € [-m,0]. (5.67)

e

It is useful to note than as € changes sign, the phase shift d.(0) evolves continuously
reflecting the fact I' # 0. Finally by combining (5.64) and (5.67) we write

8o = 00(0) — 8o(—00) (5.68a)

2r
= arctan — € [0, 7] (5.68b)
e
(since adding 7 to an angle is equivalent to inversion through the origin) such that
(5.59) becomes:
T
I; = —Enfmp + e- (5.69)

A similar result for the odd channel may be derived in a parallel fashion to that
above, with the natural result that:
I9=-Zpo 46 (5.70)
L — 9 nimp o .
However the phase shift §, = 9,(0) — do(—00) contains some subtle behaviour. In

the limit w = —oo we have J,(—o0) = —7 by analogy to the calculation for d.(—0o0).
At w = 0 by contrast we have (with n = 07):

E*

~ %o Z'77

o i 5.71a
@ e
= arctan ﬁ* € [-m,0] (5.71b)

o

30(0) = ImIn
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such that J, changes discontinuously as €}, changes sign viz.:

0 if € >0
0o = 8o(0) — Go(—00) =4 Z if e =0 (5.72)
T if e <0

and the Luttinger integral is then given from (5.70) by

[1—sgn(e;)]. (5.73)

We have therefore established the Friedel-Luttinger sum rules in the even and
odd channels separately. Before analysing numerical results from the FDM-NRG
we comment on the symmetries of the quantities derived above. By an entirely

analogous process as that leading to (5.45) it is possible to show that
Ig(—l') = —Ig(.%') Q€ {670}7 (574)

so the Luttinger integrals in the even and odd channels are separately odd functions
of z. Similarly from (5.40) both the self-energies, and so renormalized levels in the
even-odd basis, are odd functions, specifically:

Eee(u) =0;—x)=U+ 2U" — Eee(u) =0; —i—.%') (5.75&)

00

et(—2) =AU+ U) -2+ 3&(w=0;-2)

o

= —65(4—1-) (575b)

That these renormalized levels are odd in z implies either that they must be equal to
zero at x = 0 or diverge at this point. The FDM-NRG results in the next section will
indeed show this to be the case. Next, the symmetry of the excess impurity charges.
Under the particle-hole transformation given by dn, < d:rm and c_g, < c;rm (see

} : e 0 .
section 4.1), ng, and nf,  obey:

Nimp(—T) = 2 — iy, () a € {e,o0} (5.76)

(arising because we take a symmetric conduction band density of states) with Nimp =

1 at the particle-hole symmetric point x = 0. Finally, it follows from (5.69) and
(5.70), using (5.74) and (5.76), that the phase shifts have the property that:
0o () + 0a(—2) = a € {e, o} (5.77)

so we only need consider x > 0 in the following.
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Numerical results

We begin by examining the even and odd excess impurity charges, which may be
calculated as above from FDM-NRG for the associated spectral densities [see (5.60)]:

. 2 0 Il (w)
nimp = —; Im /Oo |:1 — 8&) :|Gee(w) dw (5.78&)
) 0
Mimp = ——Tm /_ N Goo(w) dw (5.78b)

e o . . .
fmp and nf o on increasing z (or equivalently

€) for the representative case U=20,U =7 and Jy = 2 as in fig. 4.8 for the

thermodynamic results. The results of this section are general, applying to arbitrary

Figure 5.10 shows the evolution of n

choices of these parameters. The first-order level-crossing transition occurs here at
xe ~ 12.26I" (€, = —4.73). Throughout the USC phase we find n{_ = 1 precisely. It

imp
decreases discontinuously to a value close to (but not equal to) zero on crossing the

e
imp

the USC phase and decreases steadily as the QPT is approached from the USC side.

e
imp

decreases. This behaviour is physically natural. On crossing

transition into the FL phase.” For the even channel by contrast, n¢.__ is not fixed in

In common with the odd channel, n{__ jumps discontinuously on crossing the QPT,

o
imp

the transition from the FL phase, the sudden piling of charge in the odd orbital

increasing as n

increases the Coulomb repulsions with electrons in the even orbital — a reduction
In ng, serves to mitigate this effect. The two effects do not cancel however and
Nimp = Niyp T Mimp (as shown in fig. 4.8) decreases discontinuously as the system
crosses from the USC to FL phase.

The above behaviour is qualitatively reminiscent of that found in the noninter-
acting limit discussed in section 4.3.1. On decreasing € through zero in this limit,

e

N{yp Jumps discontinuously from 0 to 2 but with no concomitant change in nf

since there are no interactions present. Moreover in the interacting case, since the
transition is generically accompanied by an increased occupancy of the odd orbital,
one might intuitively expect that the transition occurs at € < 0, in order to offset
the increased interactions, as indeed found above.

We consider now the static renormalized levels given by (5.65). Results are
presented in fig. 5.11 where we have used the FDM-NRG results for the self-energies
appearing in (5.65). First we comment briefly on the results for the even channel
[inset to fig. 5.11]. At the particle-hole symmetric point (x = 0) the renormalized
even level sits precisely at zero, indicating that %% (0) = —e. This is precisely as

occurs for single impurity level in the AIM at particle-hole symmetry [20]. As z

"This is a different result to that presented in ref. [64] and is in agreement with the results of
ref. [63].
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Figure 5.10: Excess impurity charges in the odd (solid) and even (dashed) channels for
U =20,U =7, and Jg = 2 along the line y = x. Throughout the USC phase n?

imp
remains fixed at unity and decreases discontinuously as the first-order QPT is crossed at

. ~ 12.261", indicated by the vertical dashed line. The even impurity orbital is gradually
depopulated as the level energy is increased, but increases discontinuously on crossing the
transition when the sudden change in nf),, reduces Coulombic interactions between the two
levels.

is increased away from the particle-hole symmetric point, the renormalized level
increases also. At the transition into the FL phase however a discontinuous jump
downwards is seen in €} before the level rises in energy once more. For ¢ > 0 (or
equivalently x > U/2 + U’ = 17) the impurity levels are in practice empty and
interaction effects embodied in ¥..(w) are thus irrelevant, such that € — e [the
‘bare’ level energy, see (5.65)]. We will defer the explanation of the discontinuous

jump in € until the end of this section.

With regards to rationalising the level-crossing transition occurring along the
y = x line, it is the odd renormalized level which is more important, as will now be
demonstrated. Results for it are shown in the main panel of fig. 5.11. In the vicinity
of the particle-hole symmetric point (x = 0), € diverges: it is positive for x < 0 and
negative for x > 0, consistent with the symmetry (5.75b). This divergence in € can
be related to the behaviour of F,,(w = 0) [as given by (5.55b)] as x is varied. To
this end, substitute (5.52b) for G,,(w) into (5.56b) to obtain:

(Wt — €)Fpo(w)

2oo(“‘j) = 1 +Foo(w)

(5.79)

The function F,(w) = FE(w)—iFL (w) may be calculated via the FDM-NRG; results
for the zero frequency values of both F (w) and F£(w) are shown in fig. 5.12. The
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Figure 5.11: The renormalized odd impurity level € for the same parameters as fig. 5.10.
It is an odd function of x and diverges at the particle-hole symmetric point x = 0. At the
QPT, indicated by a vertical arrow, €} vanishes linearly in = reflecting the first-order nature
of the transition. Inset: The renormalized even impurity level €}. It too is an odd function
of x and is positive for x > 0. On crossing the QPT €} decreases discontinuously as dictated
by (5.85).

former is ubiquitously zero along the line y = x. Equations (5.79) and (5.65) then

yield
. €

= 11 FE(0)

(5.80)

for the renormalized odd level. The divergent behaviour of €(z) at = 0 is now
seen to reflect the fact that F2(0) — —1 as  — 0%, as shown in fig. 5.12b).

As x increases away from the particle-hole symmetric point (z = 0), so too does
es (fig. 5.11). At the quantum phase transition we find €} = 0 precisely, with the

level vanishing linearly as the QPT is crossed:

*x T—7Tc

e~ — X (5.81)

o

As in the even channel we find €} ~ € for x > U/2 4 U’ = 17. This is reflected in
the fact that F(0) — 0 in this limit [fig. 5.12 and (5.80)].

Now a brief aside. In deriving (5.31), the general result for the total impurity
phase shift throughout the x — y plane, we implicitely removed the case of €, =
0 from consideration. The separation into even and odd channels in this section

automatically handles this case.

The results above for the renormalized level energies and level charges allow the

behaviour of the Luttinger integrals to be deduced. From the result that ) < 0 in
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Figure 5.12: a) Imaginary and b) real parts of the function F,,(w) = FE(w) —iF! (w) along
the y = x line for the same parameters as fig. 5.11. The imaginary part is ubiquitously zero
along this trajectory. For the real part we find F(0) — —1 as z — 0%,

the USC phase for x > 0, (5.72) informs that the odd phase shift is given by §, = =
throughout this phase. Further from (5.73) (together with n? = 1 in the USC

imp

phase, see fig. 5.10) we have that the odd Luttinger integral is simply:

+ if x>0

(5.82)

r
I
ISTERNIE

if £ <0,

the result for z < 0 arising by symmetry, or from direct substitution into (5.73).
Direct calculation of I7 via the FDM-NRG confirms these results, as demonstrated
in fig. 5.13. Knowledge of I{ allows the value of the even Luttinger integral in the
USC phase to be deduced, since I, = I{ + If = £7/2 (fig. 5.2):

I =0, (5.83)

holding throughout the USC phase.
What of the Luttinger integrals in the FL phase for x > 07 Here n?__ does not

imp
take a single characteristic value throughout the phase and so nothing can be said
about the value of I¢ in general. However we can deduce its sign. Again from (5.73)

and now that € > 0 in the FL phase we have:

T
Iz = _Enfmpv (584)

which is always negative. Hence, since I, = I§ + I7 = 0 in the FL phase (fig. 5.2),
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Figure 5.13: The Luttinger integral in the even (+) and odd (x) channels for the same
parameters as fig. 5.10, as calculated directly from (5.69) and (5.70). In the USC phase we
find [I?| = 7n/2 and I§ = 0 in agreement with the general result |Ir| = I¢ + I¢ = 7/2.
As discussed in the text, the situation in the FL phase is more complicated; the numerical
results show I§ = —I7, also in agreement with the general result for a FL phase.

the even Luttinger integral must always be positive. As illustrated in fig. 5.13, these
results are confirmed by the FDM-NRG calculations. This result brings us full circle,
and we can now analyse the behaviour of the renormalized even level. From (5.68b)

and (5.69) the renormalized even level can be expressed as:

- 21‘[%(1 —nfnp) — I5]. (5.85)
In the USC phase we have I = 0 such that €/ is solely a function of nf , and

increases as the level becomes depopulated. In the FL phase we cannot say anything
in general since I cannot be assigned a single value. However we typically find that
the discontinuity in I§ on crossing the phase boundary is small (for all choices of the
impurity parameters), and certainly much smaller than the discontinuity in n

imp

(fig. 5.10). The behaviour of €} is thus controlled by nf _ and thus from (5.85)

im
decreases discontinuously on passing into the FL phase frorrli the USC phase.

As a brief illustration of the single-particle dynamics along the line y = «, fig. 5.14
shows the o-orbital spectrum on decreasing & through the FL phase (main), across
the transition, and into the USC phase [b)]. In the FL phase and in the vicinity of
the transition, a strong low-frequency spectral resonance is seen to develop above the
Fermi level [whilst little spectral density is observed below the Fermi level, indicative
of ng,, being close to zero, fig. 5.10]. The feature becomes a pole at w = 0 precisely at
the transition, and crosses smoothly to w < 0 in the USC phase. The position of the
spectral maximum closely tracks the vanishing renormalized level €}: the w = 0 pole

at x = x, reflecting € = 0 at this point. From (5.52b) and using ¥,,(0) = %% (0)
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Figure 5.14: The odd orbital spectrum 7" D,,(w) vs. w/T for the same parameters as fig. 5.10
on decreasing x through the FL phase towards the QPT at x, ~ 12.26. Shown for & = 18,
17,16, 15, 14, 13, and 12.5 (from right to left). a) As main figure but in the USC phase for
Z = 12 (dotted), 7 (dashed), and at the particle-hole symmetric point # = 0 (solid). The
o-spectrum evolves continuously as the transition is crossed, a pole occurring at the Fermi
level precisely at the transition where € vanishes. b) The D..(w) spectral density just on
either side of the QPT for & = 12.261 351 440 in the FL phase (solid) and & = 12.261 351
420 in the USC phase (dashed). Here the entire spectrum changes abruptly on crossing the
transition.

the Fermi level spectrum is given generally by D,,(0) = d(e}). In the vicinity of the
transition, the renormalized level €} is the counterpart of the low energy scale T
introduced in section 4.3.1 in respect of thermodynamics (see e.g. fig. 4.8); T, and
€; both vanish linearly as the transition is approached, and control the low-energy

behaviour of appropriate thermodynamics or single-particle dynamics.

In contrast to the above behaviour of the D,,(w), the even channel spectrum
D.c(w) illustrated in fig. 5.14a) naturally shows no sign of the vanishing renor-
malized odd level. Equally naturally it changes in a wholly discontinuous fashion,

commensurate with the first-order nature of the transition.

This concludes our discussion of the single-particle dynamics along the line y = x
and indeed throughout the z — y plane as a whole. In the next section we aim to
make contact with experiments in real quantum dot devices. The findings of this
chapter will be used along with the tools developed in chapter 3 to calculate the

finite-bias differential conductance of such devices.
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5.4 Conductance of real devices

Thus far we have concerned ourselves with model quantum dot systems. In this
section we now attempt to rationalise, explain and guide experiment by comparison
of such models to real laboratory systems. We will focus on the experiments of Kogan
et al.[45] measuring the conductance of a GaAs-based single-electron transistor at
low temperature. Before embarking on a study of the experimental results we will
first highlight briefly the rather general effects that both the temperature and bias-
voltage applied across a quantum dot may have. A more substantial examination of
the behaviour of the conductance will be undertaken in section 6.2.2, where we also
analyse the effect of a magnetic field on the conductance.

Our central equation for calculating the equilibrium (i.e. zero source-drain bias,
Via = 0) differential conductance in the 2LM is (3.50), which together with (5.4)

gives:

) 2 +D _
Go(T, Vg = 0) = <Gy / Z01W) s 1Dy (w0 T, (5.86)
h D Oow

with D the conduction-band band width, and where 27" Dee (w; T') = 4wl Dji(w; T')

(see section 5.1, we consider explicitely V3 = V5 and hence I'y; = T'9g = T'). The

most significant quantity appearing in (5.86) is of course the even-even spectral den-
sity Dee(w;T). The temperature dependence of this spectrum can be determined
within the FDM-NRG framework in a well defined manner, something not accu-
rately possible before the advent of the FDM-NRG method [82, 89-91, 115]. Hence
the full temperature dependence of the conductance can also be calculated, not only
the T" = 0 result. Figure 5.15 illustrates the effect of increasing temperature T on
the conductance, shown for the 2LM at particle-hole symmetry for simplicity, and
for three values of the impurity parameters with U = 20U’ = 4Jy. We have de-
fined the Kondo scale wffl in terms of the HWHM of the Kondo resonance in the
Dee(w; T = 0) spectral density.

In this particle-hole symmetric example, the conductance approaches its maximal
value 2¢2Go/h in the T — 0 limit (for all values of the impurity parameters). This
is a natural consequence of the Friedel-Luttinger sum rule, section 5.2. For T" — 0
the derivative of the Fermi function appearing in (5.86) approaches a delta function
centred on w = 0. The integral therefore ‘picks out’ only the zero frequency (Fermi
level) value of the spectral density. At particle-hole symmetry we have iy, = 2
such that in the USC phase 27I'D.(0) = 1 [from (5.49)], hence the conductance
maximum. This maximum is reached only logarithmically slowly, symptomatic of
the singular nature of the USC fixed point and the form of D..(w) discussed in
section 5.3, hence this maximum is not recovered exactly for the temperatures shown
in fig. 5.15.

For the parameters chosen, the 2LM is in a strong coupling, spin-1 Kondo, regime



116 - Dynamics and Transport in Two-Level Quantum Dots

1.0

o
©

o
o

I
N

Go(TVey=0) / 2*h ™G,

o
[N

0.0 1 R 1 R 1 R 1 . .“"""»n»::f,* ~~~~~
10° 10° 10° o1 10
T/wg

Figure 5.15: The zero-bias differential conductance for the 2LM at particle-hole symmetry
(and hence in the USC phase) for U = 20U’ = 4.y with U = 30 (solid), 20 (long dash), and
15 (short dash). The temperature T is scaled by w3~ ' defined as the HWHM of the Kondo
resonance occurring in the 7' = 0 spectral density D..(w), and given by w*?{:l =2.06 x 1077,
1.64 x 1073, and 1.47 x 1072 in the three cases respectively. A universal scaling form is
found for T' <« I'" with the maximal conductance at 7" = 0. Incoherent tunneling peaks
occur on the scale T ~ |¢] = U + U’ and can be understood in terms of a contribution
to the conductance arising from the Hubbard satellites of the spectra. Inset: comparison
of Go(T; Vea = 0)/2¢2h~ Gy vs. T/wy=" and the T = 0 spectral density 27T De.(w) vs.
w/wy=1. The functions have similar but not identical forms: most notably the incoherent
tunneling peak in the conductance is broader than the Hubbard satellite appearing in the
spectra.

entirely characterised by the low-energy scale w*;;:l. We therefore expect [20, 23] the
temperature dependent conductance to be a universal function of 7'/ wffl. Indeed
this is found in fig. 5.15: results for different impurity parameters obey the same
universal form for temperatures T" < I', the lowest non-universal energy scale. Above
this non-universal temperature scale, the results naturally deviate from the scaling
form. Most noticeable are the conductance peaks occurring on a scale T ~ |e1]
(= lea]), and therefore at distinct values of T/w3~! for the different parameter
sets. These incoherent tunneling peaks must clearly arise from the spectral Hubbard
satellites. We note however that the features in the conductance as a function of
T are broader than those appearing in the (T = 0) spectra as a function of w, as
illustrated inset to fig. 5.15; the incoherent tunneling peak in the conductance (solid
line) is reduced in height compared to the spectral Hubbard satellite (dashed line).
The thermal broadening of G¢(T'; Vaqg = 0) has two components. The first is that
arising from the inclusion of the Fermi function in (5.86) whilst the second is that
occurring due to the explicit temperature dependence of the spectral density. This

second effect is illustrated in fig. 5.16, showing 27T D (w; T') vs. w/T" for the case
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Figure 5.16: Effect of temperature on the spectral density D (w;T) for U = 2U" = 4.J = 15
at particle-hole symmetry and with 7' = 0 (short dash), 10w="! (solid), and 5" (long dash),
where w1 = 1.47 x 10~2. Temperature plays no role for frequencies |w| > T. The Kondo
resonance is eroded on a scale T' ~ w7~ ! and is completely destroyed in the case T = 5T

U =2U"=4Jy = 15 with T = 0, 10w3=", and 50" (=~ 350w3="). As is clear from
the figure the spectrum is only strongly affected by temperature on scales |w| < T
the results for 7= 0 and T = 10w?~! are coincident for much of the range shown,
differing appreciably only for |w/T"| < 1, where in the later case the Kondo resonance
has been noticeably eroded. For T' = 5I" the Kondo resonance is simply absent, and
the maxima of the Hubbard satellites have shifted toward w = 0.

The two thermal broadening effects outline above, combine to ‘smooth out’ the
conductance when compared to the spectrum, inset to fig. 5.15. We note that it is
largely through use of the self-energy method [81], leading to an enhanced resolution
of the Hubbard satellites, that the incoherent tunneling peaks can be observed in
the conductance. Without this method the features form merely a shoulder to the

larger Kondo peak or are simply absent [52, 57].

This concludes our brief analysis of the effect of temperature on the zero-bias
conductance G¢(T;Vsq = 0). The basic results are that for strongly correlated
systems the conductance is a universal function of T'//w?=" (or equivalently T/Tg~")
for temperature scales less than all non-universal scale (i.e. I, U, etc.), and that
its features can be largely interpreted in terms of those arising in the single-particle
spectra De.(w), as evident from the inset to fig. 5.15. We will examine these effects
in more detail when comparing FDM-NRG results for the conductance of the 2LM

to those of experiments.

We now turn to examine the effect of the bias voltage on the conductance
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Gc(T; Vsq), given approximately from (3.51) and (5.4) by:

262 tDr_gf, -0
Gc<T;vsd>:iGo/ [ fs | Z0fa
-D

- N R ] 27 Dee(w; T')dw. (5.87)

with the Fermi functions f,(w) = [e?“~#) 4+ 1]71. We consider a bias voltage Vig
asymmetrically partitioned across the impurity such that the Fermi levels of the

source and drain leads are positioned respectively at

ts = +AeVyq (5.88a)
pa = —(1 = A)Vaa. (5.88b)

The case of a symmetric voltage drop is encompassed by setting A\ = %, whilst A =1
corresponds to the maximal asymmetry. To understand how spectra features give
rise to features in the finite-bias conductance we now examine the specific case of
T = 0 such that (5.87) reduces to a sum of the spectral densities evaluated at the

chemical potentials of the two leads:

Ge(T'=0;Va) = 2—22Go [A27T Dee(w = AeVia) + (1 = A)27T Dee (w = —([1 = AeVaa) .

(5.89)
Figure 5.17 displays results for a system with U = 20’ = 4Jy = 30 at the particle-
hole symmetric point (€; = é; = —30) for A = 0.5, 0.8, and 1 (solid, long dash,
and short dash). The left inset shows 27" D.e(w) vs. w/I' as a guide to the fea-
tures appearing in the main figure. For all values of A the conductance is an even
function of the bias, reflecting the fact that the spectrum at particle-hole symmetry
is also an even function of its argument: Go(T = 0;—Vy) = Go(T = 0;Vyq) for
Dee(—w) = Dee(w), as can be seen from (5.89). In the particle-hole symmetric limit
illustrated, and in the extreme symmetric (A = %) and asymmetric (A = 1) cases,
the conductance takes a particularly simple form mirroring that of the spectrum,

specifically:

Go(T = 0;¢eVia)
(2¢2/h)Go

= 27T Dee(w = AeViq) tA=2orl (5.90)

Between these two limits the conductance develops extra features over the spec-
trum. On decreasing A from 1 (dotted) to the A = 0.8 (dashed) intermediate case in
fig. 5.17, the incoherent tunneling peaks develop weak shoulders, also readily inter-
pretable by examination of (5.89). For example the shoulder at eV,q/I" = 475 arises

due a contribution to the conductance from the lower spectral satellite (occurring
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Figure 5.17: Dependence of the T' = 0 finite-bias conductance on the bias asymmetry A for
U = 2U' = 4Jy = 30 at the particle-hole symmetric point (¢, = & = —30), shown for
A = 0.5 (solid), 0.8 (long dash), and 1 (short dash). As discussed in the text, the T = 0
conductance can be understood in terms of the feature appearing in the spectral density
D..(w), as shown in the inset. Between the extreme limits A = 0.5 and A = 1, additional
weak high-energy shoulders (indicated by an arrow) are seen on the incoherent tunneling
peaks of the conductance.

at w/T' ~ —15, inset to fig. 5.17), as is clear from (5.89) which gives:

Go(T = 0;eVyy = 750)
(262/h)G0

= 1.67T Dee(w = 60T) + 047 Dee(w = —15T).  (5.91)

That this shoulder is weak reflects the small prefactor in the second term of the

above.

The form of the conductance at particle-hole symmetry is therefore quite pre-
dictable once one has knowledge of the spectral density De.(w). A more complicated
example away from particle-hole symmetry is depicted in fig. 5.18 for the same bias
asymmetries as fig. 5.17. We choose €, = —30 and €2 = —10, in the FL phase of the
2LM. For the asymmetric case A = 1 (short dash) the conductance G (T = 0; Viq)
is given equivalently by the spectra 271" De¢.(w), (5.90). It contains a large central
peak at eVq/T' ~ —0.5 and a smaller band at eVq/T" ~ 5. For a symmetrical bias
split A = 0.5 (solid) the conductance is a symmetrised version of the spectral den-
sity, resulting from the fact that 0fs(w)/0w + 0 f4(w)/Ow is an even function of w in
this limit.® We therefore observe a split central peak in the conductance with weak
shoulders at eVq/ = +10T". The situation between these two limits can become

quite complicated as shown in the case A = 0.8. Thus it is not, in the general case,

8This holds for all temperatures, not only T = 0.
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Figure 5.18: The finite-bias conductance for the same interaction parameters as fig. 5.17,
and again with A = 0.5 (solid), 0.8 (long dash), and 1 (short dash), but away from particle-
hole symmetry. We take €, = —30 and é; = —10. At this point the system is in the FL
phase of the 2LM. The conductance has a much more complicated dependence on the bias
asymmetry than at particle-hole symmetry.

appropriate to naively associate features of the finite-bias conductance with features
appearing in De(w).

Both the temperature and bias asymmetry therefore have a profound effect on
the calculated differential conductance of quantum impurity models. The major
effect of temperature is to thermally smear features of the conductance over and
above those arising spectrally, as above in the inset to fig. 5.15. This can ultimately
lead to either an enhancement or reduction in the zero-bias conductance, as we shall
see shortly in the experimental results. The bias voltage has a yet more complicated
effect. In general the asymmetry parameter A\ is as important as the other impurity
parameters (U LU, etc) in determining the full bias dependence of the conductance.
One must therefore be careful in naively taking either of the limits A = % or A\=1

when comparing numerical results to those of experiments, as we move to do now.

5.4.1 Phase transition in a GaAs quantum dot

We now consider the experiments of Kogan et al.[45] on a GaAs-based single-electron
transistor at low temperatures, embodied in the differential conductance as a func-
tion of gate voltage AV, (measured relative to a reference voltage) and also the bias
voltage Viq, considered briefly in the previous section. We will begin by describing
the experimental results, before moving to detail how comparison between theoret-
ical results for the 2LM and experiment can be made. Finally we show numerical

results and provide a rationale for the experimental findings.
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Figure 5.19: Experimental results [45] for the differential conductance (in units of 2¢2/h) of a
quantum dot device in the (AVj, Viq) plane. Results are black/white shaded (as indicated) in
units of 22 /h, darker shading indicating higher conductance. Dotted white lines are a guide
indicating the Coulomb-blockade diamonds. Two clear zero-bias peaks are seen in adjacent
Coulomb blockade valleys — one must therefore correspond to odd impurity occupation
(right) whilst the other to even occupation (left). Finite bias peaks symmetrically disposed
about Viq = 0 emanate from the even valley zero-bias peak and are interpreted, by the
authors, as an excited-state triplet Kondo effect.

The experimental results are shown in fig. 5.19. On varying the gate voltage clear
zero-bias Kondo peaks are seen in the centres of adjacent Coulomb blockade valleys,
one valley thus being associated with an odd number of quantum dot electrons and
the other with an even number. The former valley, in the relatively wide range
5 S AV,/mV < 40, is interpreted [45] as that occurring for odd occupation and thus
a usual spin—% Kondo effect: the normal FL, or ‘singlet phase’. The second valley,
extending over the much narrower range —20 < AV,/mV < 5, is then interpreted
[45] as the even occupation valley. In this second valley a zero-bias peak occurs in the
range —15 S AV,/mV < —5 concomitant with the expectation of Kondo screening
of a triplet quantum dot state; the ‘triplet phase’ (i.e. the USC phase). It was
suggested [45] that a transition to a singlet ground state occurs (within this second
valley) at AV, = —5 mV, and speculated that the peaks displaced symmetrically
about Viq = 0 in the range —5 < AV,/mV < 0 arise from ‘Kondo screening of the
excited triplet state’. In comparing these findings with numerical results we will

provide a coherent explanation of the experiment.

In order to compare our theoretical results with those of experiment we must first
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Figure 5.20: Phase boundary for the 2LM with parameters as fitting to experiment: U =12,
U =6, Aé¢ = 4.5, and Jg = —0.5. The experimental trajectory (dashed arrow) begins in
the singlet (FL) phase at (z/T,y/T") = (—6.3, —1.8) runs parallel to the y = z line cutting
through the triplet (USC) phase before returning to the singlet phase and finishing outside
of the area shown at (z/I',y/T") = (14.6,19.1).

make a correspondence between the parameters of the 2LM and those of experiment.
As before, and for simplicity, we assume that all the quantum dot levels are equally
coupled to the metallic leads so we have V; = V5 in the 2LM. Under application of
a gate voltage, we expect the energy levels (e; and €2) of the quantum dot device
to be shifted in energy relative to the Fermi energy of the leads. Further we make
the assumption that each level is equally affected and so the level spacing remains
essentially fixed. For the 2LM model we have then that Ae = €3 —¢; is constant. One
can of course relax this restriction but we do not find it necessary to do so in order
to explain the experimental results.” The experimental trajectory in the (ej,€s) [or
(x,y)] plane upon varying AV; is then one which runs parallel to the y = x line
(y = x + A€), as depicted in fig. 5.20 which shows also the phase boundary for the
dot parameters determined below.

A distinctive feature of the experimental results is the approximate symmetry
with respect to the bias voltage V,q. This is particularly noticeable in the vicinity of
Visa = 0, for example the symmetrically disposed peaks in the regions AV, = =5 mV
and AV, = —15 mV. From the previous discussion this symmetry can only occur for
all values of the gate voltage AV, for a symmetric bias drop. We therefore take A = %
This symmetry implies a second: under the particle-hole and 1 — 2 transformations
we have, from (5.40a), that De.(—w; —z, —y) = Dee(w; 2z, y). Coupled with the even
symmetry of 0fs(w)/0w + 0f4(w)/dw for A = & the conductance [(5.87)] must then
obey:

Go(T, Vaa; —y, —2) = Ge (T, Vaas 2, ), (5.92)

9The modification of the excitation spectra on changing AV, is generally considered [45] to be
a much weaker effect than the shifting of the energy levels.
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that is the conductance is symmetric under reflection about the line y = —z. Now,
the trajectory y = x + Ae discussed above is perpendicular to the line y = —x
and intersects it for z = —%Ae, i.e. for €; = —%Ae — %U —-U' = €1,m- Since the

phase boundaries in the 2LM are also symmetric under reflection about the line
y = —x (see fig. 5.20) this value €; = €; 4, is the midpoint of the triplet phase, such
that the conductance is an even function of €; — €y ,,, or equivalently AVy — AV ..
This symmetry is quite well satisfied in the experimental results of fig. 5.19, with
AVym = —10 mV.

To compare results for the 2LM directly to experiment we must also specify the
dimensionless interactions U = U/T, U’, and Jy, Aé = Ae /T, the relation between
€1 and AV} and finally the hybridisation strength I in terms of physical units (i.e. in
units of meV). This is clearly a large parameter space and so our intent here is simply
to employ a reasonable set of parameters. As discussed in section 2.3.2 we expect
the relative hierarchy of energies to satisfy [116] |j | < Aé < U. Here we employ
|Ji| = 0.5, Aé = 4.5, and U = 12 such that (since U > I') charge quantization occurs
toward the centres of the Coulomb blockade valleys. Further, single occupation of
two distinct quantum dot levels is promoted over double occupation of a single level
by Aé < U - U + %JH. In determining U’ no attempt to explain experiment on
the assumption that U’ = U was found to be successful. The main reason for this is
evident in fig. 4.7b) where for U’ = U the resultant width of the triplet phase (in &
or AV,) is much too large compared to that of the singlet phase. This assumption
is therefore not qualitatively consistent with experiment. For the results shown here
we have used U’ = 6 although tolerable variations from this value give comparable
agreement with experiment.

Figure 5.21 shows our comparison with experiment for both b) the zero-bias and
c¢) the finite-bias conductance along with the variation of the Kondo scale Tk [a)]
as AV, is varied. From the discussion above, the relation between AV, and €; is
of the form AV, = c(€ — & ,n) + AVj,, where the constant of proportionality is
to be determined. For a chosen set of U, U’, Jy and A€ the theoretical zero-bias
conductance is calculated as a function of €. It is then scaled onto the experimental
results shown in fig. 5.21b) over the range 35 < AV,/mV < 40. This range is chosen
because not only is it a relatively simple feature of the overall curve but also be-
cause here the system is beginning the approach to the ‘empty orbital’ regime [20] of
Nimp < 1 where we do not expect the conductance to have any appreciable temper-
ature dependence. With this procedure the constant ¢ = 14.25 can be determined
and is then fixed for all values of AV, and T". The final parameter which must be
specified to fully determine the zero-bias conductance is the prefactor Gy, reflecting
the relative coupling asymmetry of the quantum dot levels to the source and drain
leads, which serves to scale the vertical axis in fig. 5.21b). A value of Gy ~ 0.8 can

be seen from even a cursory examination of the experimental data in fig. 5.21b).
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Figure 5.21: a) Theoretical results for the Kondo scale Ty [= Tg~! in the USC triplet (T)
phase] as the relative gate voltage AV} is varied in a quantum dot device. b) Experimental
results (+) [45] for the zero-bias conductance compared with theory for T'/T" = 0 (solid),
5 x 1072 (long dash), and 1 x 10~2 (short dash) corressponding to T' = 0, 30, and 60 mK.
Positions of the " = 0 phase boundaries between the USC triplet (T) and FL singlet (S)
state are indicated. ¢) Theoretical counterpart to fig. 5.19 shown for 7' = 30 mK. The same
conductance scale is used as fig. 5.19.
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In comparing to experiment an obvious key element is the relative widths (in
AVj) of the singlet and triplet phases [labelled S and T respectively in fig. 5.21b)],
the former being considerably wider than the latter in experiment. This is natu-
rally influenced by the exchange interaction Jg as well as the interlevel Coulomb
repulsion U’ and the level spacing Aé. These parameters are therefore optimised ac-
cordingly. For the results shown here we choose Jy = —0.5. The magnitude of this
coupling is therefore small as expected, although its sign is antiferromagnetic. This
is not however unreasonable as on coupling to the leads the effective interimpurity
exchange coupling can be ferromagnetic [see e.g. (4.42)] such that the triplet phase
may still arise as in section 4.3.2; and indeed the USC phase does arise as seen in
fig. 5.20.

With the parameters derived above we calculate the T = 0 zero-bias conduc-
tance [solid line in fig. 5.21b)]. The two triplet/singlet (USC/FL) phase boundaries
are indicated in the figure. The triplet (T) phase is, as discussed above, symmet-
rically disposed about the midpoint AV, ,, = —10 mV. It occurs in the interval
—13.45 < AV,/mV < —6.55, corresponding to —3.2 < z/I' < —1.3 as seen in
fig. 5.20. At the upper phase boundary we find niyp = 1.87 while by symmetry at
the lower boundary we find niy,p = 4 — 1.87 = 2.13 such that from (5.49) the zero-
bias conductance increases on crossing from the singlet to the triplet phase. At this
stage the agreement between theory and experiment is good but not remarkable,

particularly in the region of the transition.

In determining the effect of temperature on the zero-bias conductance it is useful
to consider the Kondo scale Ty (with Ty = T=! for the triplet phase) as a func-
tion of AVj, shown in fig. 5.21a). Since Tk vanishes as the QPT is approached from
the singlet (FL) side, finite temperature effects are naturally most significant in the
vicinity of the transition. Figure 5.21b) thus shows the zero-bias conductance at two
nonzero temperatures, 7/T' =5 x 1073 and 1 x 1072, Whilst there is not much net
difference between the two, each has the effect of significantly increasing the conduc-
tance in the vicinity of the transition. This effect arises not only from the vanishing
Kondo scale but also from the asymmetry of the Kondo antiresonance, shown ex-
plicitely in fig. 5.22 below. At finite temperatures the Fermi functions appearing
in (5.86) thereby increase the conductance by including a larger proportion of this
important spectral feature in the integral. The end result is rather good overall
agreement with experiment. Over the temperature range shown the conductance in
the triplet phase does not erode as rapidly as we might like, reflecting the fact that
Tk = T;?Zl is in excess of the temperatures shown. The situation could be improved
by varying the bare impurity parameters to reduce T;g:l below the temperatures
used. The experimental temperature is not known with certainty, for although the

experiments were performed at the refrigerator temperature of ~ 12 mK, the effec-
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tive electron temperature was not determined but believed to be > 40 mK.1® With
I' = 0.5 meV (as we use below) the temperatures shown here correspond to 7' = 30

and 60 mK, in agreement with the expected experimental value.

Using (5.87) we now calculate the finite-bias conductance [cf. fig. 5.19]. To do
this we must make correspondence between the energy scales used in the theoretical
model and those of experiment, i.e. we must find the energy unit I'. This can be
done in a variety of ways, some more quantitative than others, depending on the
experimental data available. Often, as in the current case, the charging energies
(U) and level spacings (Ae) of quantum dots are not known with certainty and
only broad, often conflicting [45] estimates can be made of the parameters. The
Coulomb-blockade charging peaks, such as those highlighted in fig. 5.19, are often a
good indicator of the dot-lead hybridization, having width 1—2T" [117, 118]. Here we
choose the typical value I' = 0.5 meV [1, 45, 119] but note that comparison between
theory and experiment is not critically dependent on this choice, with values in the
range of 0.3—0.6 meV being quite acceptable. The resultant theoretical conductance
map is shown in fig. 5.21c) for 7' = 30 mK and is in rather good overall agreement

with the experimental results.

In addition to the clear zero-bias Kondo ridges discussed above associated with
both the triplet and singlet phases, the theoretical conductance map shows some of
the other features noted in experiment. In particular, the symmetrically disposed
peaks attached to the triplet Kondo peak separated by an area of low conductance,
the bright white region in fig. 5.21c). We now provide an explanation of the oc-
currence of these peaks based on our study of the single-particle dynamics of the
2LM.

As seen in fig. 5.21b) the T' = 0 zero-bias conductance increases on passing from
the singlet (FL) to the triplet (USC) phase. In section 5.3 we showed that such
behaviour was indicative of a vanishing Kondo antiresonance in the single-particle
spectrum, as the transition is approached from the singlet side. This is the origin of
the ridges seen in the conductance maps, as shown by considering cuts through the
conductance map of fig. 5.21b) for a sequence of different gate voltages. Figure 5.22a)
accordingly shows the conductance vs. the bias voltage Viq for five different values
of AVy,: —10 mV (at the midpoint of the triplet phase), and AV, = —6, =5, —3,
and +2 mV (in the singlet phase). The transition into the singlet phase occurs for
AVy = —6.5 mV. For AV, = —10 mV the conductance naturally peaks for Vyq = 0.
On entering the singlet phase a clear antiresonance in the conductance is seen to
develop, just setting in by AV, = —6 mV. The antiresonance widens and deepens
as AV, increases, indicative of the associated Kondo scale Tx increasing above

the temperature 7. Further into the singlet phase the antiresonance disappears,

From private communication with A. Kogan and D. Goldhaber-Gordon.
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Figure 5.22: a) V4 dependence of the conductance, taking cuts through the conductance map
of fig. 5.21c¢) for a sequence of different fixed gate voltages: AV,/mV = —10 (solid), —6 (long
dash), —5 (short dash), —3 (point dash), and +2 (dotted) on moving into and through the
singlet phase. A clear antiresonance develops in the singlet phase, as discussed in the text.
The peaks in the conductance, symmetrical about Vyq = 0, lie at the centre of the ridges seen
in the conductance map. b) Focus on the AV, /mV = —3 case. Solid: conductance as in a).
Long dash: corresponding 7' = 0 conductance proportional to D.(w = —l—%eVsd) + Dee(w =
f%eVSd). Short dash: contribution from D..(w = +%eVsd) alone, showing a clear Kondo
antiresonance in the single-particle spectrum.

as illustrated by the AV, = 42 mV example. The peaks in these conductance
profiles, symmetrically disposed about Viq = 0, lie at the centre of the ridges in the

conductance map.

To show that the above behaviour indeed reflects a Kondo antiresonance in the
single-particle spectra itself, fig. 5.22b) focuses on the AV, = —3 mV example. The
solid line again gives the conductance shown in fig. 5.22a), while the long dashed
line shows the corresponding 7' = 0 conductance obtained from (5.89) with A = %
(a symmetric bias voltage split), and thus proportional to the symmetrised spectra
[Dee(w = 4+3€Via) + Dee(w = —3eViq)]. The later clearly captures well the former,
only a small amount of thermal smearing of the kind discussed in the previous section
is apparent. Because the conductance is proportional to the symmetrised spectra
(for A = 0.5), it is not a priori clear that the single-particle spectrum itself contains
a Kondo antiresonance — D..(w) may contain only a single peak displaced slightly
from w = 0. That an antiresonance does occur in the spectra is seen from the short
dashed line, which shows the contribution from D..(w = —|—%6V5d) itself, seen to
contain a clear Kondo antiresonance centred on the Fermi level. This antiresonance
is naturally asymmetric, unlike those studied previously along the y = —x line of the

2LM. We emphasise that since the ridges in the conductance stem from the peaks
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inherent to the Kondo antiresonance in De.(w), they are not interpretable naively
in terms of the isolated dot states, contrary to the original paper [45].

The zero-bias Kondo ridge in the conductance map — formed as described above
from the merging of the V4 # 0 conductance ridges and concomitant vanishing of
the conductance antiresonance — reflects of course the existence of the triplet phase
and transition to it from the Fermi liquid phase commonly observed in experiments.
However, one can readily envisage a situation where the underlying parameters of the
quantum dot device are such that on varying the gate voltage the transition is not
seen. For example, fig. 5.20 indicates that by taking the same parameters as above
but making a small change in the level separation (from Ae = 4.5T" to say 5.5I") the
resultant trajectory would come close to but ‘miss’ the singlet/triplet phase bound-
ary; the system would remain in the singlet phase. In this case no zero-bias Kondo
ridge associated with the triplet phase can arise. Instead, from the discussion above,
we expect that the Kondo antiresonance persists on decreasing AV, with attendant
finite-bias conductance ridges that never quite merge together. That this indeed
occurs is shown in fig. 5.23 where the conductance map for 7' = 30 mK is shown for
the same parameters as fig. 5.21 except for a slight change in Jy to —0.6. This more
antiferromagnetic Jy has the effect of ‘shrinking’ the triplet phase, as in fig. 4.9, such
that for the same Ae a transition to the triplet phase is not made. The qualitative
behaviour seen here is similar to that observed in a second device shown in fig. 3

of ref. [45], although in this case we have not attempted a quantitative comparison.

This chapter has shown the single-particle dynamics to be very rich. Our fo-
cus has been on the even-even spectral density D..(w) due to its intimate relation
to the differential conductance. In the USC phase the associated self-energy Y. (w)
displays properties symptomatic of a singular Fermi liquid: its imaginary part van-
ishing at the Fermi level only logarithmically slowly rather than being quadratic in
frequency. We have introduced the Friedel-Luttinger sum rule relating the static
phase shift 6(0) to the excess impurity charge and the Luttinger integral. We have
shown also that the latter takes a value characteristic to the quantum phase of the
2LM. In the FL phase the well known result I;, = 0 is found whilst in the USC
phase by contrast we find |I7| = %71. The sum rule has immediate consequences for
the spectral density on crossing the Kosterlitz-Thouless phase transitions: it must
jump discontinuously except in the very rare cases of nimp, = n/2 with n an odd
integer. We have illustrated representative results for D..(w) on crossing both the
generic second-order QPTs and along the lines y = —x and y = x. The spectral
density shows universal scaling independent of the asymmetry n(z,y) in the region
of the USC phase where the low-energy effective model is the spin-1 Kondo model.
Along the line y = —x a Kondo antiresonance, which appears to be experimentally
relevant, develops in the FL phase on approaching the transition. It too shows uni-

versal scaling. On the line y = = where a first-order QPT arises, the Hilbert space



Conductance of real devices - 129

-20 -10 0 10 20 30 40 50
AVg / mV

Figure 5.23: As discussed in the test, conductance map in the (Viq, AV;) plane shown for
T = 30 mK and the same parameters as fig. 5.21 except for a slight change in Jg to —0.6. In
this case no singlet/triplet transition arises, the system remaining throughout in the singlet
phase. The zero-bias Kondo ridge associated with the triplet phase is therefore absent and
replaced by a persistent Kondo antiresonance.

of the Hamiltonian is entirely separable into even and odd sectors. The spectral
densities, self-energies, phase shifts and Luttinger integrals may therefore be sepa-
rated into even and odd components. In doing so the first-order transition can be
interpreted as the crossing through the Fermi level of the odd renormalized level
€ = e+ XE(w = 0). Numerical results from the FDM-NRG have been shown to
be consistent with analytical results. Finally we have examined results for the dif-
ferential conductance both at zero and finite bias. In the USC phase the zero-bias
conductance as a function of temperature shows universal scaling in 7'/ T[*S;:l up to
temperatures of the order I" where non-universal effects begin to have an effect. Use
of the self-energy in calculating the single-particle densities allows better resolution
of these non-universal peaks in the conductance. The effects of temperature and the
bias asymmetry A on the finite-bias conductance have been examined. The latter
can lead to non-trivial results for the conductance if the bias-dependence of the con-
ductance is interpreted in terms of the spectral density, as is often performed when
rationalising experimental results. Care must therefore be taken with this approach.
A comparison of numerical results for the 2LM with those of experiment has been
performed with a favourable outcome and has led to a better understanding of the
experimental findings. The next chapter departs slightly from the work thus far and
examines the effect of a local magnetic field applied to the impurity in the 2LM.
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CHAPTER 6

The Role of Local Magnetic Fields

Thus far in this thesis we have examined the physics of quantum dot systems in the
absence of an applied magnetic field. Many interesting experiments [44, 46, 47, 112,
120-124] are however performed by varying an applied field, and so it is appropriate

that we should address theoretically this issue.

We start by examining the field dependent magnetization of both the AIM and
2LM under an applied field. This property is quite well understood for the AIM
[20] and hence we do not cover it so extensively in this thesis. We will however
use these results to illustrate the accuracy and reliability of current NRG methods
when a magnetic field is present in the system. Our focus in section 6.2 will be
on the dynamic properties of both the AIM and 2LM in a magnetic field. We will
examine the magnitude of the shift in the spectral maximum away from zero as a
function of the field strength. In this area we hope to clarify the existing literature
[115, 125-131]. We will also extend the Friedel-Luttinger sum rule of section 5.2
to the case of broken spin symmetry. Experimental results [46, 123] are analysed

towards the end of the chapter.

In considering a magnetic field applied to a quantum dot system, we assume that
only the impurity couples to the field — specifically we ignore the effect of the field
on the conduction band states. This simplification is valid provided the band width
D is well in excess of all energy scales; the field then simply shifts all conduction
band levels by some small, essentially imperceptible amount such that the gross
structure of the band is little altered. For simplicity we assume a field directed in
the 42z direction, B = B,, such that a scalar coupling of the impurity spin to the
field yields impurity levels at:

€ig = €; — oh. (6.1)

Here 2h = gup B is the Zeeman splitting and o = + (—) for 1-spin (|-spin) electrons.
Throughout this chapter we will invariably refer to h as ‘the field’.

131
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6.1 The impurity magnetization

The magnetization of a quantum impurity level ¢ may be defined through the differ-

ence in the spin-dependent expectation values of the level occupation number, viz.:

mi(h) = () = (ha)) (6.22)
0
:/ [Dsist (w) — Dy (w)] dw. (6.2b)

For the 2LM, ¢ = 1 or 2, while for the single-level AIM, ¢ = 1 only. This quantity can
be determined accurately using the FDM-NRG [73, 82, 89], the complete Fock space
approach circumventing known problems arising in the original NRG [115, 127].

Figure 6.1 shows the total dot magnetization m(h) = mq(h) vs. h/Tk for the
symmetric single-level AIM with U = 50 and ¢ = —%U As in section 4.3 we
define T via Simp(Tk) = 0.1, in the case h = 0. The accuracy of the FDM-NRG is
confirmed by the clear agreement with the exact result known from the Bethe ansatz
for the Kondo model [31, 132]. At a field h ~ Tk the magnetization rises rapidly
from its zero-field (Kondo screened) value m(0) = 0, before turning over to a slow
asymptotic approach to saturation of the form [31, 132] m(h) ~ 1 — [2In(h/Tk)]~ .
The inset to fig. 6.1 gives results for U = 30, 20, and 10, showing the inevitable
deviation from the universal Kondo magnetization curve at sufficiently high fields
h z O().

In comparison to the above, fig. 6.2 shows results for the 2LM with U = 40,
U’ =0, and Jy = 10 at particle-hole symmetry, such that the model is in the USC
phase at h = 0. Strikingly m(h) = my(h) + ma(h) is greater than unity for any
non-zero field, with m(h) — 1 as h — 0. This is a natural consequence of the USC
fixed point containing a free spin—% local moment [97]. Upon application of any field
h # 0, complete polarization of this spin occurs. This is in contrast to the h = 0
case where the magnetization vanishes by symmetry. The magnetization rises above
unity for h ~ T%~! [again with T2~ defined as in section 4.3 via Sipp (T 1) = 0.8]
and turns to a slow asymptotic form m(h) ~ 2—[In(h/Tx )]~ [31, 132]. We compare
again to the exact Bethe ansatz result for the spin-1 Kondo model [31, 132]' with
excellent agreement (non-universal effects are not encountered for the field strengths
shown).

In the case of the 2LM the quantum phase transition studied throughout chap-
ters 4 and 5 between the USC and FL phase is destroyed for any finite field — it

is replaced by a smooth crossover, as we demonstrate shortly. In terms of the fixed

1We have only compared to the exact results for h/Tj ' > 1. Equations given in refs. [31, 132]
for the case h/T;EZl < 1 are contradictory, and each appears to be wrong.
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Figure 6.1: Magnetization of the AIM vs. h/Tk for U = —2¢ = 50. Comparison between
FDM-NRG results (crosses) calculated via (6.2), and the Bethe ansatz result for the Kondo
model (line) [31, 132]. Inset: U = —2¢ = 30 (solid), 20 (long dash), and 10 (short dash)
corresponding to Tk /T = 1.8x1076,8.0x 1075, and 3.1 x 10~3. Deviations from universality
occur for h 2 O(T).
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Figure 6.2: The universal magnetization m(h) = my(h) + mz(h) scaling curve for the 2LM
at particle-hole symmetry. Numerical FDM-NRG results (crosses) are shown for U = 40,
U’ =0, and Jg = 10. We are only able to compare with the high field Bethe ansatz results
(line) [31, 132]. A form distinct from that for the single-level AIM is found. In the limit
h — 0 a non-zero magnetization results from full polarization of the spin—% local moment

associated with the underscreened impurity.
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point structure of the renormalization group, the breaking of spin symmetry asso-
ciated with a non-zero magnetic field renders the USC fixed point unstable for all
h # 0. All NRG flows therefore tend toward a Fermi liquid, strong coupling fixed
point, with spin-dependent potential scattering. We study now this crossover.

The total impurity magnetization m(h) in the 2LM as the h = 0 quantum
phase transition is crossed in the €; — e plane is shown in fig. 6.3a). We choose
U =20 = 4Jy = 20 and fix ¢ = —%U — U’ (i.e. its value at the particle-hole
symmetric point, = €1 + %U + U’ =0) and increase €3 (or y = €3 + %U +U') away
from its particle-hole symmetric value. Along this trajectory the zero-field transition
from the USC phase to the FL phase occurs at a critical é; . ~ —9.94. Curves i) to
iii) correspond to €3 < €. and hence the USC phase at h = 0. As in fig. 6.2, the
magnetization rises monotonically from the zero field limit m(h — 0) = 1 on the scale
h~T ;g:l, crossing over towards m(h) = 2 as the field destroys the underscreened
Kondo effect and singles out the S, = +1 component of the dot triplet state. On
moving away from the particle-hole symmetric point, section 4.3 showed how the
spin-1 Kondo scale increases (see e.g. fig. 4.5), explaining the higher field required
to destroy the underscreened Kondo effect for iii) compared to i).

For larger level separations, €2 > €3 [lines iv)-viii)], the system possesses a Fermi
liquid ground state at zero field. Here the low-field behaviour more closely resembles
that of fig. 6.1. At zero-field the impurity is fully screened by the conduction band,
and remains essentially so until h ~ Tx. Above this field strength the spin—% Kondo
effect is progressively destroyed and m(h) crosses over to m(h) ~ 1 associated with
a spin-polarized S = % impurity state. As in the cases i)-iii), further increasing the
field causes a second marked increase in m(h) when the S, = +1 components of the
two-electron triplet state is favoured.

Figure 6.3b) shows the magnetization at various fixed values of the field as a
function of € in the vicinity of the zero field transition at ey, (indicated by the
dotted vertical line). At any finite field the magnetization decreases monotonically
with increasing €s. In the limit A~ — 0 the curve approaches the step function
m(ez) — O(ezc — €2) [56]. Again we stress that in the absence of a field the magne-
tization vanishes, and hence the limit h — 0 and the specific case of h = 0 are quite
distinct.

In sections 4.3 and 5.3 we showed that the universal scaling forms of the impurity
entropy (as a function of temperature) and single-particle spectra (as a function of
frequency) are in pratice essentially independent of the system asymmetry n(z,y),
defined in (4.14), the ratio of the potential scattering K to the Kondo coupling
J I‘S;:l. We now show that a similar situation arises for the form of the magnetization
as a function of the field strength. Figure 6.4 examines the scaling form of the
magnetization in the 2LM away from particle-hole symmetry. In the inset to fig. 6.4

we consider the line y = —z, for all points on which n(z,y) = 0 [(4.13) and (4.14)]
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Figure 6.3: a) Total magnetization m(h) = my(h) + ma(h) of the 2LM with U = 20U’ =

4]y =20,& = —1U~U' = —20, and i) & = —20, i) —12, iii) —10.5, iv) —9.9, v) —9.8, vi)

—9.5, vii) —8, and viii) —2. At zero-field i)-iii) correspond to the USC phase of the model.
A clear distinction is seen between these three curves and the cases iv)-viii) in which at
zero-field the system is in the FL phase. The results mirror those found for Sim, (1) found
in section 4.3. b) Magnetization near the crossover for h/I" = 10710 (solid), 10~* (long
dash), 1072 (short dash), and 10~ ! (dotted). The h = 0 transition is marked by a vertical
line at €z ~ —9.94. For h — 0 the magnetization jumps discontinuously at €, ., while for
finite fields this step is smeared.

and hence there is no potential scattering. We show universal results for © = 0 =
—y (line), compared to that obtained some distance away from the particle-hole

symmetric point at x = —6I' = —y. The two scaling curves clearly coincide.

The main panel of figure fig. 6.4 illustrates universality for non-vanishing asym-
metry, showing m(h) vs. h/Tg=" for U = 2U’ = 4Jy = 30 (solid), 20 (long dash),
and 15 (short dash), and for n(x) = 0 and n(y) = 0.5 in all cases [i.e. n(z,y) ~ 0.29].
The three curves scale perfectly in the universal regime, beginning to deviate only
at high fields h ~ O(I"). Moreover the resultant universal m(h) is found numerically
to be identical to that arising for n(z,y) = 0 (crosses), and as such thus appears to
be independent of the asymmetry n(z,y); a result we have further confirmed for a

wide range of n-values.

Before moving to consider field dependent dynamic properties, we present one
final result for the impurity magnetization. Previously in section 5.3.1 we saw how
it was useful to think it terms of even and odd combinations of the impurity orbitals.
To that end, fig. 6.5 compares results for the even and odd channel magnetizations
me(h) and me(h) [such that m(h) = me(h)+me(h)] in the case U = 2U" = 4.Jy = 20.

The odd orbital is clearly polarized to a greater extent than the even orbital by an



136 - The Role of Local Magnetic Fields

20 T T T T T T T T

m(h)

101 _10° 10
h/TR

Figure 6.4: Magnetization away from the particle-hole symmetric point, deep in the USC
phase, for U = 2U" = 4.Jy = 30 (solid), 20 (long dash), and 15 (short dash), corresponding
to T=1/T =1.0x 1075, 7.7 x 1077, and 6.8 x 10~* respectively. We maintain 7(x) = 0 and
n(y) = 0.5. The results show the same scaling form as at particle-hole symmetry (crosses).
Inset: Results along the line y = —z in the U = 30 for 2 = 0 (line) and —6T (crosses).
Universal results are again found, i.e. the universal scaling form is independent of n(x, y).

infinitesimal field, and m,(h) reaches saturation more quickly that either me(h) or
mq(h). This reflects the fact that the odd orbital does not couple directly to the
conduction band, only interacting with it via the even orbital (section 5.1). The odd
orbital as such contributes more to the local moment of the underscreened impurity
than the even orbital.

This concludes our brief survey of the static field-dependent properties of the
AIM and 2LM. In the latter case a magnetic field renders the USC fixed point
unstable. Systems which would otherwise have an underscreened local moment
ground state described by the USC fixed point, flow to a Fermi liquid strong coupling
fixed point on an energy scale O(h).

6.2 Field dependent dynamics

We turn now to the field dependence of the single-particle dynamics for the AIM and
the 2LM. Much is already known [115, 125-131] about the former case, but it serves
as a useful comparison to the 2LM and both are experimentally relevant, as we shall
see in section 6.3. The spin-resolved impurity spectrum is first considered, with a
two-fold focus: the field-induced redistribution of weight in the Hubbard satellites,
and the shift of the spectral maximum from zero.

Figure 6.6 shows results for the spectral density De.|(w) of the 2LM (main
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Figure 6.5: Comparison of the magnetization in the even and odd impurity channels at
particle-hole symemtry for U = 20U’ = 4.Jg = 20. The odd orbital (short dash) contributes
more to the impurity local moment than does the even orbital (long dash). Consequently
m(h) reaches saturation more quickly than m.(h) or indeed mq(h) (solid).

figure) and Dy, (w) for the AIM (inset), for a range of fields strengths. In both
cases we show results deep in the Kondo regime, and at particle-hole symmetry
such that Dy(w;h) = Dj(—w;h). In each case the familiar three peak structure is
evident: upper and lower Hubbard satellites due to local charge excitations on the
impurity, and a central low energy Kondo resonance. As in section 5.4 we denote
the half-width at half-maximum of the h = 0 Kondo resonance by wy (= w3~ ! for
the 2LM in the USC phase).

In both cases, increasing the applied field causes spectral weight to be redis-
tributed from the lower to the upper Hubbard satellite, corresponding to a desta-
bilisation of |-spin electrons on the dot. The striking difference between the two is
that for the 2LM (main figure), a significant redistribution occurs upon introducing
an infinitesimal field (e.g. h/w3—' ~ 1 x 107%), whereas for the AIM this occurs only
when h/wg ~ O(1) (inset). This reflects directly the behaviour of the magnetiza-
tion in fig. 6.3 [see (6.2)]: the free spin associated with the USC fixed point is fully
polarized by an infinitesimal field, while a finite h ~ wg is required to disrupt the

Kondo singlet associated with the strong coupling fixed point of the AIM.

6.2.1 The Kondo peak: universality and the ‘Zeeman’ splitting

The high-frequency behaviour is then relatively easy to understand and is readily
interpretable in terms of the total magnetization. We consider now the more complex

behaviour arising on lower energy scales w ~ wg. The low-frequency behaviour of
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Figure 6.6: Redistribution of spectral weight in the Hubbard bands for the 2LM with U=
2U" = 4.Jy = 20 at particle-hole symmetry with h/w?=" = 0 (dotted), 1 x 10~¢ (dashed)
and 1 (solid). Even at the smallest field strength significant redistribution occurs. Inset:
Analogous results for the AIM with U = 20. The result for h/wyx = 1 x 107% is coincident
with that for h = 0.

the AIM spectrum in a magnetic field has received significant attention using various
techniques [115, 125-131], yet there is still some disagreement in the literature. Here
we present results from accurate FDM-NRG calculations, with the aim of clarifying
the issue.

At zero field the Kondo resonance at particle-hole symmetry is centered on w = 0
and is symmetric upon reflection about this point. The zero-frequency value obeys
the Friedel sum rule [20, 113]: 7T'Dj;.,(w = 0) = 1. Introduction of a finite field h
is well known to shift the resonance in Di1,,(w;h) away from the Fermi level and
diminish its height [127]. We define A, as the magnitude of this shift as illustrated
in the inset to fig. 6.7.

The spin-summed spectra D1 (w; h) = %EoDll;U(w; h) is distinct from the indi-
vidual spin resolved spectra, since the o =7 and | Kondo resonances are shifted in
opposite directions by the field. At sufficiently high fields, the two resonances are far
apart and D11 (w;h) contains two peaks separated by 2A (defined also in the inset
to fig. 6.7). As h is reduced these peaks approach each other and are known [127] to
coalesce at a field we denote h.. Our FDM-NRG calculations yield a universal value
he ~ 0.27wg in the Kondo scaling regime (U/T" > 1). In terms of the quasiparticle
weight Z = [1 — 0211 (w = 0)/0w] ™! [20], easily extracted from FDM-NRG results
for the self-energy Y11 (w), we obtain h. ~ 0.40ZT. This is in good agreement with
the exact result h./ZT = 0.39... [96].

Accurate FDM-NRG calculations for both A, /h and A/h in the Kondo regime
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Figure 6.7: Kondo resonance splitting in the spin-summed spectrum D11 (w; k) for the AIM
at particle-hole symmetry with U =20 on application of a magnetic field h/h. =0, 1/2, 1,
4/3, 2, and 3 (top to bottom respectively), with h. = 0.27wk the peak coalescence point.
Inset: Kondo peaks in D1 (w;h) (solid) and Dyy,| (w; h) (dashed).

of the AIM are presented in fig. 6.8, as a function of h/wk. Before discussing these
results it is worth explaining the procedure used to obtain results over the full range
of hjwg. We find that to calculate A, and A over the large range of h/wg shown,
it is necessary to combine results for different values of U (and so wg). For a given
U one cannot obtain universal results for arbitrarily high h /wk because universality
arises only when h is much smaller than the other non-universal scales I' and U.
Since wg is small but finite for a given U, there will always be a value of h/wg for
which A itself becomes comparable to the non-universal scales and then the results
deviate from universality.

Since wg decreases exponentially with increasing U, this might suggest working
with a very large U, for then one can reach very high values of h/wg before h itself
becomes non-universal. However this is subject to a second problem, at the opposite
end of the field scale. The energies that enter the Hamiltonian involve combinations
of h, U, and I'. The double precision arithmetic used in the NRG thus places a lower
limit on the size of h relative to U and I'. If wk is too small, then low values of h/wg
shift the dot energy levels by so little that they cannot be accurately represented in
double precision.?

For a given U there is therefore a range of fields encompassing in practice around
4-5 orders of magnitude, over which universal scaling behaviour can be observed by

the NRG. By combining results for different values of U the full scaling curve can be

2The accumulation of numerical errors during the iterative NRG procedure can further limit the
practical range of h.
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Figure 6.8: Universality in the field-dependence of the spectral maximum A, in Dy, (w; h)
for the particle-hole symmetric AIM. Horizontal arrow indicates the exact low-field asymp-
tote A, /h = 4/3. The dashed line shows the high field form alog(h/wk)-+c. The position of
the maxima in the spin-summed spectra D11 (w; h) (A, solid) approaches h. (vertical arrow)
at low field strength. At high fields we find A — A,.

built up, and by choosing Us appropriately results of the calculations may overlap
such that one can obtain a measure of the accuracy of the calculation.

The points in fig. 6.8 show results for A, (h)/h obtained from a series of FDM-
NRG calculations with U = 20, 40, 60, and 100. Results for different values of U
indeed overlap when plotted as a function of h/wg, indicating universal scaling be-
haviour. At low field we recover the exact result, A,/h — 4/3 as h — 0, known from
Fermi liquid theory [129, 133]. The splitting A, /h increases with h/wg, undergoing
a rapid crossing around h/wg ~ 1 and tending asymptotically to the limiting form
Ay /h ~ alog(h/wk) + c. This latter behaviour agrees with results obtained from
the local moment approach [129].

The low-h/wg behaviour of the points in fig. 6.8 appears to be numerically
exact. Repeating the calculations more accurately does not affect the basic result.?
However, as the field (and hence location of the spectral maximum) increases further,
we find it increasingly difficult to obtain accurate results for A,. This is a direct
consequence of the logarithmic discretization used within the NRG: sharp spectral
features away from the Fermi level (w = 0) cannot be accurately resolved. The
problem can be resolved to some extent by using the ‘z-trick’ [84] (section 3.5), and
calculating the impurity self-energy [81] (section 3.5.1). In fig. 6.8 the points were

obtained by averaging results over 10 separate logarithmic discretizations (10 values

3Clearly some scatter is observed in the data: this is to be expected, broadening of the discrete
FDM-NRG spectra results naturally in a finite uncertainty in the peak position.
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Figure 6.9: a) Field induced shift of the underscreened Kondo resonance in the particle-hole
symmetric 2LM, with U = U’ = Jy. Results appear to converge to A, /h = 2 for all h/wi=t
as the NRG spectral broadening parameter is reduced: b = 0.7 (points), 0.4 (short dash),
0.2 (long dash), and 0.1 (solid). b) Representative example of the spectrum Dee,| (w; h) for
h = 0 (short dash) and h/w3~' = 0.366 with two different broadening parameters b = 0.2
(solid red) and 0.7 (dashed blue). The point w = 2h is marked by a vertical line.

of the parameter z, section 3.5), with a broadening parameter b = 0.1 [see (3.25)].
Increasing the number of zs to 20 and working with b = 0.07 and 0.05 (i.e. narrower
broadening of the discrete spectra) gives the dot-dashed and dot-dot-dashed lines.
One might speculate that a high-field limit A, /h = 2 is reached, although we believe
the available data do not support this: in each case the qualitative form is the same
slow logarithmic increase. An adaptive grid of the kind proposed in ref. [134] could

in principle aid further clarification of this issue.

Figure 6.9a) shows analogous results for the spectral shift in D, (w; h) for the
2LM at particle-hole symmetry, and hence USC phase for h = 0. In this case we
find the results to be even more sensitive to the broadening procedure — likely due
to the sharp, cusp-like nature of the spin-1 Kondo resonance (see e.g. the h = 0 case
(short dash) in fig. 6.9b)]. The points show the splitting obtained from averaging 10
zs with b = 0.7, using four different values of U/T" as before. Also shown are results
for 20 zs and b = 0.4 (short dash), 0.2 (long dash), and 0.1 (solid). As the accuracy
of the calculation increases the splitting appears to be approaching A,/h = 2 for
all h, in marked contrast to the behavior of the AIM in fig. 6.8.

As an example of this apparent behaviour, fig. 6.9b) shows De..|(w;h) for a
representative low-field case h/wffl ~ 0.0366. We compare results obtained for
b = 0.7 (dashed blue) and 0.2 (solid red). The figure clearly illustrates the sensitivity

of the finite-h spectrum to the value of b employed. In line with the conjecture above
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Figure 6.10: The spin-summed spectral density De.(w;h) in the 2LM for U = 2U’ = 4.Jy =
30 at particle-hole symmetry and for h/w?=! =0, 0.1, 0.5, and 1 (w3=!/T = 2.06 x 107°).
The finite frequency peaks are well resolved, having a form reminiscent of De..| (w; h). Inset:
Zero-frequency minima can be observed for all finite fields, here we show h = wlsfl /1000,
as well as h = 0.

it appears that in the limit b — 0 the peak position would lie at 2h (marked by a
vertical line in the figure). The shape of these finite-h peaks is reminiscent of the
h = 0 case (as shown by the short dashed line in fig. 6.9b)) studied in chapter 5. It
is reasonable to believe that the h # 0 spectrum should have a qualitatively similar
form to the h = 0 case, albeit shifted in frequency such that its peak occurs at
w = 2h. Due to the logarithmic discretization used in the NRG, centered on the
Fermi level (w = 0), it is not possible to confirm or refute this using the techniques

employed here.

As a corollary to the above behaviour we examine the spin-summed spectrum
Dee(w;h) = %EoDeep(w;h) in fig. 6.10, analogous to the AIM results in fig. 6.7.
From the previous analysis of A, in the two models above, one might expect that
A should be larger for the 2LM at comparable fields, and indeed this is the case.
Further, it appears that the peaks do not coalesce for any finite h: an example
is shown in the inset to fig. 6.10 where a minimum is observed at w = 0 for h =
wf(zl /1000. We again take this to be a remnant of the sharp cusp-like nature of the
h = 0 spectrum discussed previously in section 5.3, and the similarly sharp peaks
observed for finite fields [fig. 6.9b)]

In ref. [129] the low field-limit for A, in the AIM, was found through the
Dyson equation by using low frequency Fermi liquid results [20] for the impurity
self-energy 11,0 (w;h) = Eﬁ;o(w;h) - iE{l;U(w;h). To understand the results of
fig. 6.9 we might wish to try a similar approach for the 2LM. Figure 6.11 indicates
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Figure 6.11: Representative examples of the a) imaginary and b) real parts of the impurity
self-energy Yee;| (w) = B8, (w) — il (w). The rather complicated form of the self-energy

ee;l
around w = h makes it exceedingly difficult to find a low-frequency expansion that captures
correctly A, in the spectra, c).

that finding the required expansion would be a difficult task. We show results
for the self-energy .| (w) = Efe;l(w) - iEge;l(w) at particle-hole symmetry in
the case U = 20U’ = 4Jy = 20 for h/T = 1 x 1075, For this system we find
wf(zl/I’ = 1.64 x 10™2, much larger than the energy range shown. However, the self-
energy clearly has a complicated form on energy scales O(h). Finding analytically
the required expansion would therefore appear to be a formidable task.*

In this section we have been concerned purely with the question: how does the
equilibrium spectrum evolve with magnetic field in single and two-level impurities?
Here we have deliberately not related the equilibrium spectrum to the finite-bias con-
ductance, because (5.87) is approximate and (as shown explicitely later in relation

to experiments) can give quantitatively wrong results for field strengths in excess of

4In fact in attempting to fit numerically determined power law forms to the self-energies, we find
it necessary to use terms up to (w/h)® to replicate successfully the observed peak in Dee,| (w).
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a few multiples of the Kondo scale [128]. The figures shown here should not there-
fore be translated naively into quantitative predictions of conductance splittings.
The only predictions for experiment that we can make with real certainty are those

involving the zero-bias conductance, which we discuss now.

6.2.2 Conductance scaling

The temperature and field dependence of the zero bias conductance of a quantum dot
system can be calculated exactly within the FDM-NRG, for example via (5.86) for
the 2LM. We have seen in section 5.4 a universal scaling form results for Go(7T'; Vyg =
0,h = 0) vs. T/wp=1, in the 2LM, that is not dissimilar from that of the single-
particle spectrum as a function of frequency. We now undertake a brief survey of
the field-dependent scaling conductance in both the single-level AIM and the 2LM.
The main purpose of this section is to highlight how meaningful comparison with
experimental results and exact theoretical results can be made.

We begin in fig. 6.12 with results for the zero-bias conductance of the AIM,
as functions of h/wg and T /wg. We consider specifically the case of particle-hole
symmetry for U = 30 (red), 20 (blue), and 15 (green). These values of U give
wi /T = 481 x 107°, 2.1 x 1073, and 1.3 x 1072 respectively. For fixed h/wg
(the values 0, 0.1, 0.3, 1, and 10 are shown explicitely) the zero-bias conductance
Gc(T;Vsg = 0,h) is seen to be universal in T'/wg, as evident from the clear scaling
collapse of the different U curves. The scaling behaviour naturally breaks down at
non-universal scales T ~ min(I",U), and for T' ~ U the curves show clear peaks
associated with incoherent sequential tunneling (as seen previously for the 2LM in
section 5.4).

We will discuss the zero-temperature limit of these curves shortly. First we note
that at finite temperature, for h/wg 2 0.3 there is a universal peak in the zero-bias
conductance at a temperature 7" ~ h [127]. This is analogous to the peak at finite
frequency in the 7' = 0 equilibrium spectrum, discussed in the section 6.2.1. Of
further interest is that here the peak exists in a quantity that is directly measurable
by experiment — measuring the zero-bias conductance of a quantum dot device at
the centre of a Coulomb blockade valley (such that particle-hole symmetry results),
as a function of temperature and magnetic field, should yield results similar to those
of fig. 6.12.

The inset to fig. 6.12 shows an alternative way of viewing the universal conduc-
tance curves. We now fix T//wk (at the same values of h/wk used above) and vary
the magnetic field over many orders of magnitude. Notice there is no incoherent
peak at large h, in contrast to the T-dependence for fixed h. This is to be expected:
for large fields the impurity is completely spin polarized — addition of a |-spin elec-

tron to the impurity (which contains already an T-spin electron) does not occur due
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Figure 6.12: Scaling of the zero-bias conductance for the particle-hole symmetric AIM at
finite temperature and field shown for h/wx = 0, 0.1, 0.3, 1, and 10 (top to bottom) with

U = 30 (red), 20 (blue), and 15 (green); the zero-field Kondo scale for these parameters being
wi /T = 4.81 x 107°, 2.06 x 1073, and 1.32 x 1072, A peak occurs on a scale T ~ O(h)
for h 2 0.3wg. Inset: The zero-bias conductance now as a function of h/wy for U = 20
and T'/wgk =0, 0.1, 0.3, 1, and 10. The zero-field result as a function of T'/wy (dashed) is
shown for comparison.

to the prohibitively high energy ;). The conductance is therefore weak.
Figure 6.13 shows analogous results for the 2LM, again at particle-hole sym-
metry and for three sets of the impurity interactions U = 20U’ = 4.Jy. Universal

3=l and should be seen in

finite-temperature peaks are seen in this case for h ~ w
experiments displaying an underscreened Kondo effect. However, the peaks appear
less pronouced than in the case of the AIM, indicating that they may be more diffi-
cult to detect in spin-1 quantum dots than Spin—% dots. The inset to fig. 6.13 shows
that in parallel to the AIM, again no incoherent tunneling peak is seen when the

field dependence of the zero-bias conductance is examined.

Zero-bias, zero-temperature conductance

Before moving to examine experimental results, we consider now the zero-temperature
limit of the conductance as shown in figs. 6.12 and 6.13. At zero temperature
the zero-bias conductance is, from (5.86), entirely equivalent to the zero-frequency
value of the appropriate single particle density: 7I'Dii(w = 0) for the AIM and
27T Dee(w = 0) for the 2LM. We now generalize the analysis of section 5.2 to the
case of broken spin symmetry in the 2LM.

To start we define the spin-dependent static impurity phase shift [113] via

27T Dee.r (0; h) = sin? 6, (6.3)
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Figure 6.13: Analogous to fig. 6.12, zero-bias conductance scaling in the 2LM at particle-hole
symmetry for h/wg = 0, 0.1, 1, and 10 (top to bottom) with U = 2U" = 4.Jy and U = 30
(red), 20 (blue), and 15 (green) corresponding to w7 1/I' = 2.06 x 1077, 1.64 x 1073, and
1.47 x 10~2.Inset: The zero-bias conductance now as a function of h/w$=" for the U = 20
case and T/w3=! = 0, 0.1, 1, and 10; the zero-field result as a function of T'/wx (dashed)
again shown for comparison.

with separate phase shifts for o =7,| of the form [cf. (5.38)]:
50(0) = TNimp,oc + I, (6.4)

where

0
Iy = ImTr / a%wga(w) dw (6.5)
o w

is the now spin-dependent Luttinger integral. Now, the result of (5.26) holds in each

spin channel separately and so we can write [via (5.86)]:

Go(T =0;Vsa = 0)
(262/h)G0

= 27T Do (w = 0; h)
= % sin? §1(0) + sin? 6, (0) (6.6)

As mentioned in section 6.1 the USC fixed point is unstable for any finite field, A # 0,
such that all renormalization group flows terminate at the Fermi liquid, strong cou-
pling fixed point. Since the strong coupling fixed point is characteristic of adiabatic
continuity to the non-interacting limit, for any finite h one would expect the two
Luttinger integrals I, to vanish. We have confirmed this by direct calculation via
(6.5), with FDM-NRG results for the self-energies and Green functions.

The Luttinger integrals thus change discontinuously (from |I7,| = § to Iz, =0,
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section 5.2) on introducing an arbitrarily small magnetic field at any point within
the zero-field USC phase. The natural question is what effect does this have on the
zero-bias conductance? To answer this we write the phase shifts in terms of the

excess impurity charge and the magnetization [56] defined by

Nimp = Nimp,T + Nimp, | (67&)
Mimp = Nimp,T — Nimp,| (67b)
(with nimp = (71 +n2) and mimp = my + me in the infinite bandwidth limit).

Equations (6.4) and (6.6) then give

Go(T=0:Vig=0) 1] . .
el (262/h)20 ) =3 [st TNimp,1 + sin? 7T’I’Limp7l:| (6.8a)
=3 [1 — COS TNimyp COS wmimp} , (6.8b)

for any point in the z — y plane of the 2LM when A > 0. But from fig. 6.3 we know
that the magnetization is finite for even an infintesimal field, m(h = 07) = 1, for all
points in the x —y plane corresponding to the zero-field USC phase. In common with
the Luttinger integral, the magnetization therefore jumps discontinuously (from 0
to 1) on introducing even an infinitesimal field. Substituting this result into (6.8)

therefore gives the conductance in this limit:

Go(T'=0;Vq =0 TNimp
C(<262/h>c§0 ! = oo’ (T) (=07 o

This is precisely the result obtained in section 5.2 for the USC phase at zero field
[(5.49)]. In other words, although both the Luttinger integrals and magnetization
change discontinuously in the USC phase on applying a field — and hence the cases
h = 0 and h — 0 are very different — the conductance contains no signature of

these abrupt changes. A verification of (6.8) is shown later in fig. 6.17.

6.3 Experimental results

In this final section we consider experimental results for the conductance of quantum
dot devices at low temperatures and in the presence of a magnetic field. Experimen-
tal work has unfortunately not focused on the form of the zero-bias conductance as
a function of both temperature and field, as in figs. 6.12 and 6.13.% Instead work has
focused largely [46, 47, 120-123] on the position of field induced finite-bias Kondo
peaks in the conductance, analogous to those arising in the single-particle spec-

tra. With the current methods we cannot strictly say anything exact about these

5 A very recent work, ref. [124], does attempt such a charaterisation of the zero-bias conductance.
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features; in the following we are mindful that (5.87) is approximate, and examine
the range of parameters for which the approximation appears valid. We begin by
attempting quantitative analysis of an experiment performed with a spin—% semicon-
ductor device before looking qualitatively at a carbon nanotube device exhibiting

both spin—% and spin-1 Kondo effects.

6.3.1 Semiconductor quantum dots

The experiments of Liu et al. [123] measured the field dependence of the spin—%
Kondo effect in a GaAs device. The experiment compared two realizations of a
quantum dot, referred to as configurations I and II, generated in a single device.
The configurations differed only in the magnitude of the dot-lead tunnel couplings.

The simplest possible model able to describe the physics occurring in a quantum
dot with spin % is of course the AIM. At T' = 0 the equilibrium model is characterised
by the two dimensionless parameters U/I" and €;/I", with the experimental U =
1.4 meV [123]. As in section 5.4.1 we take the level energy to depend linearly on
the applied gate voltage and so write €; + U/2 = aedV,, with §V; the gate voltage
measured relative to its value at the centre of the Coulomb blockade valley (the
particle-hole symmetric point of the AIM). The parameter « is a dimensionless
constant. Comparison of finite-bias features requires also the specification of the
dimensionless parameter A controlling the partitioning of the source-drain bias Vg4
(section 5.4).

The values of U/T' and « appropriate to experiment can in principle be ob-
tained by comparing experimental curves for Tk as a function of 6V, as plotted in
fig. 6.14a), to results gathered from the NRG for different values of U/T". However,
the range of experimental data available is insufficient to pin down the value of U/T’
with the required accuracy — the experimental data can be fit with various combi-
nations of U/T" and . We have therefore used all the available experimental data to
parameterize the model, choosing the best values of U/T", a, and \ to agree with the
data set. The resultant parameters derived, from FDM-NRG calculations, are [with
T = Tk (5V, = 0), the Kondo scale for ¢, = —2U in the centre of the Coulomb
blockade valley]:

Configuration U/T « A Y /K
I 8.0 0.020 0.7 0.2
II 72 0.017 065 0.3

To fit the data we have first found the values of U/I' and A by simple optimal
fitting to the finite-field data at the centre of the Coulomb blockade valley [shown
in fig. 6.14b)], using the approximation (5.87) for the finite-bias conductance [with
7w D11 (w; T') substituted for 27T D (w; T'), as appropriate for the AIM]. To obtain «
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we have then compared the experimental results for the Kondo scale Tk [fig. 6.14b)]
to NRG results as described above. In order to perform this fit one can normal-
ize both the experimental and theoretical data by the value of the Kondo scale
at the centre of the valley, i.e. one fits the function Txk /TIO(. The values so ob-
tained are in line with the experimental estimate o ~ 0.024 [123]. The values of
U/T quoted in ref. [123] are 5.3 and 4.0 for configurations I and II respectively.®
The values we employ are larger than these experimentally estimated values, how-
ever there are at least two reasons why this is natural. In determining I' from the
widths of the charging peaks in a conductance map (e.g. a plot such as fig. 5.19)
one must bear in mind that many-body broadening gives them a typical half-width
at half-maximum of around 1.5 — 2T" (as in section 5.4.1) [117, 118, 135], rather
than simply I" as arises in the non-interacting limit. Secondly the Haldane formula,
used in ref. [123] to obtain U/I" from the data in fig. 6.14a), applies asymptotically
in the limit U/T" > 1. Consequently U/T" is underestimated somewhat when using
this approach. Given the correct ratio U/T" the experimental value U = 1.4 meV
is then used to obtain I' in these units, from which all other parameters of the
model can be converted into units of meV. The resulting Kondo scales T, defined
by Go(TY;Vaa = 0;h = 0)/Go = €%/h, in the table above are in good agreement
with the experimental values [123], 0.3 K and 0.6 K, given the sensitivity of absolute

Kondo scales to the bare parameters.

A second, independent, determination of A can be obtained from the experimen-
tal conductance map, fig. la) of ref. [123]. The slopes of the sequential tunneling
peaks, when plotted with V4 as the horizontal axis, are readily shown [136] to be
proportional to 1/A and 1/(1 — A) such that their ratio yields A/(1 — A). From the
experimental data [123] the value A\ ~ 0.7 can be readily extracted and is in good

agreement with the value derived above from fitting to the finite-field data.

With the parameters thus chosen, fig. 6.14b) compares the size of the peak split-
ting Ag (defined as half the peak-to-peak splitting in the finite-bias conductance)
from theory (lines) and experiment (points). We have plotted the data in the form of
ref. [123], subtracting the Zeeman level splitting gup B = 2h from Ag to emphasize
the deviation of the two. The open squares and filled circles are the experimental
data for dots I and II respectively (as in fig. 4 of ref. [123]), while the blue (solid) and
red (dot-dashed) lines are the corresponding theoretical predictions. The theoretical
results have been gathered for T' = 0; the experimental splittings are generally some-
what in excess of T' [shown as a dotted line in fig. 6.14b)], and hence temperature
does not play an important role in the analysis for points above this line. For fields
close to the coalescence point where A¢ vanishes [i.e. when the splittings approach
the dashed curve in fig. 6.14b)] it is difficult to extract the precise value of the split-

5The quantity denoted T' in ref. [123] is 2T here.
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Figure 6.14: a) Experimental results [123] for the variation of the Kondo scale within a
Coulomb blockade valley as the gate voltage V, (equivalently the dot level energy) is varied.
The two dot configurations, I (bottom) and IT (top), show marginally different behaviours.
b) Splitting of the Kondo conductance peak on application of a magnetic field, at the centre
of the Coulomb blockade valley. Points represent the experimental results [123] for the two
device configurations I and II, whilst lines give the FDM-NRG results for U/T" = 8 and
A = 0.7 (blue solid), and for U/T' = 7.2 and A = 0.65 (red dot-dash). Lines corresponding
to zero splitting (dash) and the experimental temperature (7' = 55 mK, dot) are shown for
reference.

tings, and hence we show only the sections of the curves for which the splitting can

be determined reliably.

The agreement between theory and experiment is very good. In both cases
theory reproduces well the experimental results up to fields of around 5 T, corre-
sponding to Kondo peak splittings of around Ag = 1 — 2TIO(. At higher fields the
theoretical curves certainly deviate from experiment, which we take to be a sign
of the breakdown of the equilibrium approximation in (5.87), as known to occur
from renormalized perturbation theory results for the AIM in a magnetic field [96].
Recently non-equilibrium and scattering states NRG methods [93, 95] have been
developed with the latter being applied to the AIM in a magnetic field [137]. These
approaches offer a promising means of determining peak splittings out of equilib-
rium, and further work comparing its predictions with those of (5.87) should help to
establish the regimes of the model where non-equilibrium effects play a large role.

The final point to note here is that the FDM-NRG results reproduce the crossing
of the two curves identified in the experiment. We find this to be entirely a con-
sequence of the slightly different values of the parameters U/I" and A, as fig. 6.15

illustrates. If A is maintained constant, results for different values of U/T" do not
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Figure 6.15: Conductance splittings obtained for a) fixed A = 0.5 with U/T" = 10, 8, 7.2, and

6 (top to bottom), and b) fixed U/T" = 8 with A = 0.5, 0.6, 0.7, and 0.8 (top to bottom). In
each case the lines do not cross.

show a similar crossing: the lines of fig. 6.15a) maintaining a finite separation for
all values of the field. Similarly, holding U/T" fixed and increasing A above 0.5 has
the effect of reducing the splitting for all values of the field, with a larger reduction
at high field strengths, fig. 6.15b). The crossing observed in the experimental data
should not therefore be taken [123] to indicate a breakdown of universal scaling in
one or other (or both) of the two configurations per se. Therefore, whilst the authors
of ref. [123] go out of their way somewhat to point out this apparent breakdown of
universality, we do not believe this to be the correct explanation of the crossing of
the data sets in fig. 6.14.

This section has attempted a quantitative comparison with finite-bias conduc-
tance features by using the equilibrium approximation. As expected, the approxima-
tion appears to break down progressively as a system moves away from the equilib-
rium situation. The next section therefore focuses on more qualitative comparison

with illustration of the basic physical phenomena occurring in a carbon nanotube

quantum dot.

6.3.2 Carbon nanotube quantum dots

The experiments of Quay et al. [46] measured the conductance in two Coulomb
blockade valleys of a carbon nanotube quantum dot. In the first valley a spin—%
Kondo effect was observed whilst in the second a spin-1 effect. We examine both

set of results in turn.

Spin—% Kondo Valley

In the spin—% valley, conductance maps were obtained at zero and finite fields as

a function of gate and source-drain biases [46]. The evolution of the finite-bias
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conductance was also measured as a function of field. The splitting of the Kondo
conductance at finite bias was compared to various theoretical predictions in the
literature (refs. [127, 129, 130]). The level of agreement was rather poor. We now
explain why the experiment did not recover the expected behaviour.

As in the previous section, the spin—% Kondo effect in experiment is captured
well by the AIM. By comparing with the available experimental data in ref. [46]
we find U/T" = 8.5 gives optimal agreement between theory and experiment. The
coupling asymmetry can be found as described in the previous section (from the
slopes of the sequential tunneling peaks [136]) to have a value A ~ 0.58. Finally
the experimental Coulomb repulsion U can be determined from the Coulomb peak
in fig. 2d) of ref. [46]. It is readily seen to take a value U ~ 2 meV such that
we obtain I' >~ 0.24 meV. From FDM-NRG calculations at 7' = 0 we then find
T[O( = 0.094I" ~ 0.25 K. This value is lower than the experimental estimate of 2 K.
This means that the temperature of the device (T' = 352 mK) is then on the order
of the Kondo scale, rather than begin somewhat less than it. However we believe
this to be more consistent with the measured conductance, as now explained.

The magnitude of the experimental Kondo scale can be gauged by inspection of
fig. 2d) of ref. [46] [see also fig. 6.16d) for the FDM-NRG results]. If these results
were obtained at a temperature somewhat below T, the Kondo peak would hardly
be eroded by temperature, and instead one would naturally attribute the diminution
of the zero-bias conductance from the unitary limit of 2e2/h to the asymmetry of
the couplings to the source and drain leads, i.e. the factor Go. This was done in ref.
[46]. But it is then difficult to explain the height of the Kondo peak relative to that
of the Coulomb peaks as we expect the latter to be roughly a quarter of the height
of the former for T < T% [117]. A much more likely explanation is that the Kondo
scale is close to the temperature of the device, eroding the Kondo peak (but not the
Coulomb peaks) and thus reducing its relative height.

Figure 6.16 shows theoretical results obtained via the FDM-NRG to be compared
with that of fig. 2 of ref. [46]. The general agreement is good; the theory reproduces
the intense sequential tunneling peaks in the conductance maps when the dot level
is resonant with one of the lead chemical potentials, the somewhat weaker Coulomb
diamond, and the narrower Kondo peak at zero-bias at the centre of the Coulomb
blockade valley. The effect of switching on a field h/T" = 0.5, shown in Figure 6.16b),
is to transform the Kondo ridge into an ellipsoidal ring, resulting from the splitting
of the Kondo conductance into two peaks symmetrically disposed about Vi = 0.
Again, the overall agreement with experiment [46] is qualitatively very good.

The field dependence of the conductance is shown in more detail in fig. 6.16¢)
and d), which both show the conductance at the centre of the Coulomb blockade
valley. We again recover the key features of the experiment (figs. 2¢) and 2d) of ref.
[46]). For fields sufficiently small compared to the zero-field Kondo scale (h/I" < 0.2)
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Figure 6.16: Spin—% conductance maps at zero and finite magnetic field: to compare with fig.
2 of ref. [46]. An AIM is used with U = 8.5 (giving wg /T’ ~ 0.15), T = wx and G = 1. a)
Zero field conductance: a clear Kondo ridge is seen at zero-bias, Vsq = 0. b) A finite field,
h = h/T = 0.5, splits this ridge into twin peaks away from zero bias. c¢) Evolution of the
Kondo peaks with field at the middle of the Coulomb valley (particle-hole symmetry). d)
Vertical slices through ¢) with at h=0,0.1,0.2,...,0.9 (top to bottom), offset by 0.02 2¢2/h
per slice.

the Kondo peak remains intact, while for larger fields it is progressively split and
ultimately destroyed with increasing h, eventually leading to a region of almost zero
conductance around Vi = 0. Comparing slices of fig. 6.16¢) along lines of constant
h, fig. 6.16d), we again observe good qualitative agreement with the experimental

results.

We should point out at this stage that the value of h/T" = 0.5 chosen in fig. 6.16b)
corresponds, in physical units, to a field of about 2 T, around half the experimental
field. This discrepancy can be attributed primarily to the breakdown of the equi-
librium approximation (5.87) at fields larger than a couple of Tk . As seen earlier in

fig. 6.14b) the approximation tends to overestimate the splitting at these high fields,
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and hence a smaller /T must be used in the calculation to obtain the same absolute
splitting as the experiment. Based on the comparison of the previous section, not-
ing the theoretical value here of T9. = 0.094, we can estimate that the equilibrium
approximation begins to break down for this experiment at fields B 2 1T.

While the above means we cannot compare quantitatively our NRG predictions
at finite field to those of the experiment over the whole range of fields measured,
we nonetheless believe the parameterization of the experiment to be reliable at
low magnetic fields. This allows us to make order-of-magnitude predictions that
explain the significance of the experimental results and the reason for the apparent
disagreement with theory [46], as now explained.

The analysis of ref. [46] can be summarised as follows: first the splitting of the
Kondo peak with field was extracted from the experimental data and plotted versus
B. It was found that half the splitting tends to the form Ag = gupB at high field
(with the experimentally measured g-factor being g ~ 2.07). Direct comparison was
then made between the full field-dependence of the conductance splitting obtained
from several theories and experiment.

We point out that there are two basic problems with making this comparison.
First and foremost, if one is interested in the universal form of the Kondo splitting,
the experimental parameters need to satisfy both U/T" > 1 and h < min(T",U).
The former condition is necessary to ensure that the experiment is well-described
by an effective Kondo model at low energies, and arises because the Schrieffer-Wolff
transformation that maps the full Anderson model onto the Kondo model is formally
valid only in the asymptotic limit U/T" > 1. The latter condition defines what is
meant here by ‘low energies’: even if U/I" is large, the effective Kondo description
will always break down at energies of the order of the non-universal scale I'; and the
results on such an energy scale will simply not show universal Kondo form.

One could argue that the U/T" ~ 8.5 here is sufficiently large for the experiment
to be well described by a Kondo model at zero field, although we believe this to be a
somewhat more borderline case. The main problem however is that the experimental
U and T' are too small for the high-field results to be universal. This can in fact be
seen directly from fig. 2d) of ref. [46] [see also fig. 6.16d)]: even for moderate fields
of 2 — 3 T the Kondo peaks overlap significantly the non-universal Coulomb peaks.
More formally, for some given h/Ty universality requires h/I" < 1. In terms of the
experimental parameters this implies the condition gupB < I' which in turn means
universality can only arise for B <« 2T.

The second problem is that the predictions for the theoretical conductance
[127, 129, 130] have all been made using (either explicitly or implicitly) the approx-
imation of (5.87), rather than from a full-blown non-equilibrium approach. Even
when we use the appropriate non-universal parameters in our NRG calculations, the

comparison to both the present experiment and that of the previous section suggests
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that (5.87) is quantitatively reliable only for fields smaller than a few multiples of
the Kondo scale [128], and even then is strongly dependent on the value of \. Until
non-equilibrium approaches such as the scattering-states NRG [137] become more
feasible, the quantitative, universal form of the conductance splitting for h > TI()(
is an open question; one should certainly not expect a priori to obtain quantitative

agreement between experiment and (5.87).

Spin-1 Kondo valley

Finally we consider the effect of magnetic field on the conductance of the 2LM,
to make comparison with the spin-1 Kondo valley experiments of ref. [46]. Since
there are more interactions in the 2LM than the AIM, it is obviously harder to
parameterize the model from the available data in a fully systematic manner. We
have thus used parameters similar to those found for the zero-field experiments
analysed in section 5.4.1. We use the values U=12, U =6, Jgy = —0.5 and
(€2 — €1) = Aé = 4.5. For simplicity we take T'=0, A = % and Gy = 1. Choosing a
reasonable value of I' ~ 0.25 meV [1, 45, 119] gives e.g. a charging energy U ~ 3 meV
and level spacing Ae ~ 1 meV, both typical of experimental estimates [45, 119].

Figure 6.17a) shows the resultant splitting of the ‘USC Kondo’ conductance peak
at a point in the USC phase near the zero-field phase transition [as indicated by the
tail of the arrow in the phase diagram fig. 6.17¢)]. The figure is qualitatively similar
to that for the spin—% Kondo peak in a magnetic field [fig. 6.17¢)] but, as noted in
the case of a stretched spin-1 molecule [7], the field at which the zero-bias peak is
destroyed is a somewhat smaller fraction of the Kondo scale. This naturally reflects
the sharper USC Kondo resonance [see fig. 6.9b)] compared to the spin—% Kondo
case.

The Kondo scale for the chosen parameters is wls(:l ~ 0.66I" ~ 2 K, which again
appears roughly in line with the widths of the Kondo peaks in the experimental
conductance maps [46]. This means it is perhaps misleading to refer to the basic
phenomenology here as ‘underscreened Kondo’ physics, since resonance widths on
the order of I" imply the model is far from being well described by a effective spin-1
Kondo model per se. As for the semiconducting quantum dot analyzed previously
[64] it also appears that the experimental trajectory as a function of gate voltage
(€1 ¢ Vgate) passes through the USC phase quite some distance away from particle-

2=1 is relatively high (see e.g. fig. 5.20).

hole symmetry where w

Just across the phase boundary into the FL phase, we obtain the conductance
map shown in fig. 6.17b). Here we have kept the interactions and Ae fixed, but
increased €; by 3.5I" from its value in fig. 6.17a) [the head of the arrow in fig. 6.17c)
gives the precise location relative to the phase boundary|. The qualitative agreement
between theory and experiment, fig. 5b) of ref. [46], is again very good. We recover

all basic features seen in experiment: at zero field the conductance peaks at around
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Figure 6.17: Conductance maps for the 2LM close to the h = 0 phase transition; for U = 12,
U =6, Jg = —0.5 and Aé = 4.5, to be compared with figs. 5a) and b) of ref. [46]. a)
USC phase for y = —x = 2.25T" (z = €1 + %U + U’ and y = = + Ae¢, with €1 x V). The
conductance peak splits on applying a field. b) FL phase for (z,y) = (1.25I",5.75I"). The
h = 0 Kondo anti-resonance is ‘filled-in’ for h > 0; full discussion in text. ¢) h = 0 phase
diagram for the above parameters as a function of 2:/T" and y/T" (equivalent to fig. 5.20), with
the arrow showing the ‘trajectory’ taken in going from a) to b). d) Zero-bias cut through
b) (crosses), along with the excess dot charge nimp (dashed), excess magnetization Mimp
(dotted) and conductance as given by (6.8b) (solid).

+2I" >~ +0.5 meV, reflecting the zero-bias antiresonance in the equilibrium spectrum
just inside the FL phase as found in section 5.3. These peaks move toward each
other, cross and ultimately move apart with increasing field, which can be loosely
associated with a crossing of the isolated dot singlet and lowest triplet states, with
a finite-field Kondo effect taking place at the crossing point. Again, the ‘Kondo’
scale here is rather large and as such one cannot describe the low-energy behavior in
terms of a pure spin—% Kondo model. We note that in our calculations the crossing
takes place at h ~ 0.7' ~ 0.2 meV and hence B ~ 3 T, again in good agreement
with experiment. One can also make out various weaker features in the conductance,

parallel to the main features and again seen experimentally, which mirror transitions
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from the isolated dot singlet to the higher energy triplet states [46].

The zero-bias conductance is analyzed further in fig. 6.17d), which is a cut
through fig. 6.17b) at Vig = 0. With increasing field, the conductance increases
from its zero-field value of ~ %, passes through a maximum at h/T" ~ 0.7 [as evident
from fig. 6.17b)], and decreases monotonically thereafter. Also shown are the total
excess dot charge niy,p and magnetization min,, [defined in (6.7)], both of which in-
crease smoothly and monotonically as the ground state evolves with increasing field.
At zero field the dot is in a mixed-valent regime, with niy, ~ 1.5 [and mjpp, = 0
by symmetry]. But with increasing field the dot ground state becomes progressively
more like the simple S, = 1 component of the isolated-dot triplet, with both total
charge and magnetization tending to 2 for h/T" > 1 (i.e. Nimp 1 = 2 and Nipyp,| = 0).

While the zero-bias conductance shown above is calculated using (5.86), and as
such probes single-particle spectra, its field-dependence shown in fig. 6.17d) should
equally be explicable from (6.8b), expressed solely in terms of the dot charge and
magnetization. That this is indeed so is shown directly in fig. 6.17d): the solid line
is calculated from (6.8b), and seen to be in very good agreement with the direct
FDM-NRG calculations.

We have shown in this chapter that recent developments in NRG techniques have
enabled quantitative analysis of the effect of a magnetic field in quantum impurity
systems. With regards to the dynamic properties of the AIM we have elucidated
the full universal scaling form of the position of the spectral maximum as a function
of the field strength, recovering the known exact result at low field. Our analysis is
limited only by the logarithmic broadening inherent in the NRG. For the 2LM our
results suggest a constant spectral shift A, = 2h.

We have also made direct comparison between NRG calculations and two recent
sets of conductance experiments on quantum dots in a magnetic field. Agreement
between theory and experiment is found to be very good qualitatively for both spin—%
[46, 123] and spin-1 [46] quantum dots. Further quantitative agreement can be found
provided the system is not too far from equilibrium. The equilibrium approximation
of (5.87) appears to give good results for fields up to a few multiples of the zero-field
Kondo scale.

We have argued that neither experiment considered has measured the true uni-
versal conductance splitting of the spin—% Kondo effect and have emphasised the
sensitivity of the field-dependence of the conductance peak to the bias voltage asym-
metry. In view of this we have suggested that more experimental attention should
be given to the equilibrium, zero-bias conductance. Given exactly by (5.86) and in-
dependent of ), its field dependence shows interesting features (figs. 6.12 and 6.13)
that can be calculated exactly by theory. We believe also that it presents a better
prospect for ascertaining the universality in the magnetic field dependence of spin—%

and spin-1 Kondo effects in real quantum dots.
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CHAPTER 7

Summary

In this thesis we have studied systems of interacting two-level quantum dots. We
have formed a model appropriate to the study of both molecular and semiconductor
quantum dots displaying underscreened Kondo physics. In particular we have out-
lined the hierarchy of interactions present in these systems, and studied the effect

of an applied gate voltage.

Quantum dots with multiple ‘active’ levels display fascinating physics including
the competition between orbital and spin degrees of freedom: the formation of high
spin states occurring only when it is energetically favourable to do so. The classic
spin—% Kondo effect, with its attendant Fermi liquid ground state, was until recently

the rule in experimental systems.

On coupling to a single metallic conduction band channel, a quantum dot with a
local spin S > % is only partially screened giving rise to interesting non-trivial low-
energy excitations. Specifically whilst scattering of conduction band electrons off of
the impurity occurs elastically at the Fermi level (as for a regular Fermi liquid), the
scattering matrix is non-analytic around ey. Systems have now been observed with
properties which indicate the formation of such novel singular Fermi liquid ground

states.

In chapter 2 we gave a brief introduction to the field of quantum impurity models
focussing on the universal physics of the Kondo effect. We also motivated the model
studied throughout this thesis, the two-level model (2LM), from the starting point
of a molecule attached at two points to separate ‘left’ and ‘right’ metallic leads.
We showed that in the case of proportional couplings to the left and right leads,
an effective one-channel model can be derived. We have no doubt that such chan-
nel isotropy is not generally present in experiments, but the rich array of physics

displayed in the current case more that justified this study.

To a large extent our work can be partitioned into two sections. In chapters 4 and

5 we studied the 2LM in the absence of an external magnetic field. We have made
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use of perturbative techniques to obtain analytical results and low-energy effective
models, which have in turn allowed simple interpretations of the physical behaviour
of the full model to be made. We have used numerical renormalization group (NRG)
techniques, which we introduced in chapter 3, to obtain accurate results for both the
thermodynamic and dynamic properties of the 2LM. The dynamic results have been
used to interpret experimental results for the conductance of real devices and guide
future experiments. In chapter 6 we have focused on the effect an applied magnetic
field in systems displaying the spin-1 Kondo effect and also in systems displaying the
spin—% effect. In the latter case we have attempted to clarify the current theoretical
literature whilst also attempting a better understanding of experimental results.

We now summarise our key results. We started our study of the 2LM in sec-
tion 4.1 by considering the atomic limit, the case of an isolated impurity. The shape
of the phase boundary in the €; — e, plane was examined as a function of the impurity
interactions U, U’, and Jy (the intra- and interlevel Coulomb repulsions and the
ferromagnetic interlevel spin exchange coupling). Increasing the exchange coupling
favours the (n1,mn2) = (1,1) state of the impurity. Conversely, an increase in U’
destabilises the (1, 1) state with respect to the (2,0) and (0,2) states.

Following an examination of the atomic limit we have moved to consider the
renormalization group fixed points of the Anderson model (AIM) and the 2LM.
We have illustrated the importance of the strong coupling fixed point flé‘c in the
AIM and the flow to it from the spin—% local moment fixed point I:IEM The strong
coupling fixed point is the only stable fixed point in the AIM and so ultimately all
RG flows terminate at it regardless of the bare parameters of the initial Hamiltonian.
In the 2LM by contrast a second stable fixed point arises: the underscreened spin-
1 fixed point associated with partial screening of a local impurity spin. Following
the arguments of Nozieres we have illustrated why the impurity spin is not fully
screened.

Section 4.3 has examined the phase transition occurring in the 2LM which arises
as a natural consequence of there being two stable renormalization group fixed points
(more precisely, two lines of related fixed points). In the vicinity of particle-hole
symmetry the underscreened spin-1 (USC) fixed point is found to occur; the system
possessing a degenerate spin—% ground state. On moving away from particle-hole
symmetry the system eventually switches to a Fermi liquid (FL) groundstate. The
transition is generically of the Kosterlitz-Thouless type with the Kondo scale on the
FL side vanishing in an exponential fashion as the transition is approached. Excep-
tions to this are made along special lines of symmetry. At these points separability
of the Hilbert space of the Hamiltonian leads to first-order level crossing transitions.
The low-energy model derived in section 4.2.1 can be used to identify the location
of these special points. We have concluded by very briefly examining the crossover

from equally coupled impurity levels to a so-called side coupled dot in which one
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impurity level is completely detached from the conduction band. The salient point
here is that the physics in these cases precisely parallels the symmetric coupling case
(the underlying fixed point structure is identical) although one’s physical description
of the ground state may alter.

In chapter 5 we have surveyed the dynamic properties of the 2LM largely through
examining the single-particle spectrum in the even channel D,.(w). As an illustration
of the singular nature of the USC fixed point we have shown the asymptotic form
of the impurity self-energy ¥..(w). We have defined and used the impurity phase
shift to relate the impurity excess charge to the Luttinger integral I; in our so-
called Friedel-Luttinger sum rule. Through direct calculation we have demonstrated
that Luttinger’s theorem, I;, = 0, holds in the FL phase of the 2LM. We have
shown further that |I;| = 7/2 in the USC phase. These results had an immediate
consequence for the zero-frequency spectral density D..(w = 0) in both of the phases:
as the excess impurity charge varies continuously on crossing the Kosterlitz-Thouless
transitions, D..(0) must vary discontinuously as a result of the Luttinger integral
changing.

We have systematically studied also the finite frequency features of De(w); it
contains not only features which can be interpreted in terms of the isolated impurity
states but also features relating to the Kondo effect. In the USC phase a sharp
cusp-like Kondo resonance occurs. We have illustrated the universal scaling form
of this resonance — it changes little with the system asymmetry 7, measuring the
departure from the particle-hole symmetric point. The Kondo resonance in the FL
phase displays universal scaling also as a function of the system parameters. Along
the special line y = —x (e2 + €3 = —U — 2U’) a pristine Kondo antiresonance is seen
in the FL. phase, which also has a universal form.

In section 5.3.1 we studied in detail the case of y = x (€; = €2). Here is it useful
to examine the odd impurity channel. We have derived analytic results for the even
and odd renormalized impurity levels in terms of phase shifts and Luttinger inte-
grals separate to each channel. Results from the NRG conform to these predictions.
Interesting features corresponding to the odd renormalized level develop in the spec-
tral density D,,(w) as the first-order transition is crossed. A sharp resonance above
the Fermi level appears in the FL phase and moves closer to the Fermi level as the
transition is approached; precisely at the transition a pole occurs at w = 0. The
even spectral density by contrast changes discontinuously on crossing the transition
and shows no sign of the odd renormalized level.

We examined both the zero and finite bias conductance of quantum dot systems,
and its relation to the spectral density De.(w), in section 5.4. The temperature
dependence of the zero-bias conductance shows similar features to the frequency de-
pendent form of the spectral. A Kondo conductance peak is observed which shows

universal scaling in terms of the Kondo scale. We have shown how thermal broad-
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ening of the finite-bias conductance has two components: first direct broadening
occurs via the inclusion of higher frequency spectral components by the smooth
Fermi functions of the leads whilst secondly, the spectral density is itself smeared.
The overall effect can be to either increase or decrease the zero-bias conductance.
We have illustrated also the complicating effect of the bias voltage asymmetry which
can play an important role in interpreting experimental results.

Finally in chapter 5 we have analysed conductance experiments performed on
a GaAs quantum dot displaying signs of Kondo effects in neighbouring Coulomb
blockade diamonds. We have shown that features in the conductance profile orig-
inally explained in terms of the isolated dot states, can in fact be attributed to a
many-body Kondo antiresonance. Theoretical results have been presented for two
trajectories through the parameter space of the 2LM, giving favourable agreement
with the experimental results.

Chapter 6 has examined the effect that a local magnetic field has on both single
and two-level quantum dots. We started by showing that NRG results for the
impurity magnetization as a function of the field are consistent with exact results
known from the Bethe ansatz. We illustrated the dramatic effect that even an
infinitesimal field has on high frequency components of the single particle density
D.c(w) in the 2LM. This is in marked contrast to the AIM and is due to the 2LM
possessing a polarizable local moment ground state. The zero frequency value of the
spectra, and so the T" = 0 zero-bias conductance, does not similarly show a sudden
change when the field is turned on due to the cancelling effects of the magnetization
and Luttinger integral in the Friedel-Luttinger sum rule.

Following this we focused almost exclusively on the splitting of the Kondo res-
onance on application of a field. We reviewed the case of the AIM where in the
limit of low field strength, the magnitude of the splitting is known analytically to be
A, = 4h/3. Results from the FDM-NRG have been shown to be in agreement with
this prediction. Numerical results for the high-field limit are less definitive and we
cannot be entirely certain of our suppositions. We have however calculated a uni-
versal scaling form for the Kondo peak splitting over a large range of field strengths.
In the underscreened spin-1 case our results are even less precise, although it seems
that our results converge to the result that A, = 2h for all field strengths. Whilst
we cannot give a firm analytic proof of this result, it seems plausible. Care should be
taken however: it is the same intuition that might lead one to believe the splitting
in the AIM is a simple linear Zeeman-like phenomenon.

In relation to experimental results we have shown that with currently feasible
numerical methods, experimentalists and theorists should seek to make contact by
comparing results for the temperature dependence of the zero-bias conductance. The
approximation used currently to calculate the bias dependence of the conductance

can be unreliable and is not suitable for the task of making quantitative comparison.
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With the approximation we have nevertheless attempted some form of experimental
rationalisation. We have concluded that the bias asymmetry plays an important role
in determining whether experiments are performed in the universal Kondo scaling
regime. In particular, the suggested breakdown of universality in one experiment can
in fact be attributed to changes in the bias asymmetry between devices. We have
finished by examining experiments carried out with a carbon nanotube quantum
dot. Again this experiment was not performed in a strict scaling regime in which
one would expect adherence to universal scaling forms for the Kondo conductance
peak splitting. As in the case of the zero-field experiments analysed in chapter 5,
we have shown that when one applies a magnetic field one should not attempt an
explanation of conductance features solely in terms of the isolated impurity states.

In this thesis we have therefore studied the experimentally relevant physics of
quantum dot devices containing one or two active levels. The formation of a sin-
gular, underscreened state has been examined along with the transition to a more
usual Fermi liquid state. Further work remains, not least a full analytical under-
standing of the effect a magnetic field has on the single particle spectral density in

the underscreened phase.
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APPENDIX A

Symmetries of G(w) and 3 (w)

In this appendix we explore the symmetries of the retarded Green functions under
the particle-hole transformation of the 2LM. We start however by examining the

symmetries of the time ordered impurity Green functions:

Gij(t) = =i(Tld;, (1)}, (t = 0))) (A.1a)
él-j(w) = Gf}(w) —isgn(w)mDjj(w), (A.1b)

where 7' is the Wick time ordering operator. From time reversal symmetry we can

write also that:

Gij(t) = —i(T[d;, (0)d], (~1))) (A.22)

= +i(T[d}, (~1)d;, (0)]) (A.2b)
In section 4.1 we discussed how the particle-hole transformation, dja « d,_, achieves
the relabelling of operators with (z,y) < (—z, —y), i.e. it corresponds to inversion
through the origin. The Green function él-j(t) is equal to its particle-hole counter-

part and so we can write:

Gij(tw,y) = —i(T1d;, (0)d, () (@) (A.3a)
= |-l O)d}, (] (A3)
= —i(T[d}, (0)d;, (£)])(—a,—y) (A.3¢)
= —Gi(—t; —z,—y) (A.3d)

The Fourier transform of él-j(t) and the spectral density then obey:

Gij(w;z,y) = —Gji(—w; —z, —y) (A.4a)
Dij(w;@,y) = Dji(—w; =z, —y). (A.4b)
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Using the results above that G(w; x,y) = —GT(—w; —x, —y), where T denotes trans-
pose, and G = G7T it follows straight forwardly that the retarded propagators
Gij(w) = Gf}(w) —inD;j(w) have the following symmetry under the particle-hole
transform:

G(w;z,y) = Gl (~w; —z, —y) (A.5)

We now find a similar result for the retarded self-energy defined by

S(wiz,y) = [G(wiz,y)] " — [Gwiz,y)] ! (A.6)
in terms of the non-interacting propagators [see (3.31)], with I'(w) = —il’,
T2+ U+ U +il T
@zt =TT T | A
+il’ whr —y+3U0+U 44T
On application of the particle-hole transform we find:
; 1 ! . .
— sU+U r T
(GO(—wj—a,—y) Tt = YT AR _— |
+il' —w+in+y+ 53U+ U 440
(A.8a)
— (U +20")1 — {[G"(w; 2, )] '} (A.8b)

Finally by inserting (A.8b) and (A.8b) into (A.6) the required result for the self-

energy is found:

S(—w;—z,—y) = (U 4201 — B (—w; —z, —y). (A.9)
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