Fluctuation-induced hydrodynamic coupling in an asymmetric, anisotropic dumbbell
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We recently introduced a model of an asymmetric dumbbell made of two hydrodynamically cou-
pled subunits as a minimal model for a macromolecular complex, in order to explain the observation
of enhanced diffusion of catalytically active enzymes. It was shown that internal fluctuations lead to
a negative contribution to the overall diffusion coefficient and that the fluctuation-induced contri-
bution is controlled by the strength of the interactions between the subunits and their asymmetry.
We develop the model by studying the effect of anisotropy on the diffusion properties of a modular
structure. Using a moment expansion method we derive an analytic form for the long-time diffu-
sion coefficient of an asymmetric, anisotropic dumbbell and show systematically its dependence on
internal and external symmetry. The method provides a tractable, analytical route for studying
the stochastic dynamics of dumbbell models. The present work opens the way to more detailed
descriptions of the effect of hydrodynamic interactions on the diffusion and transport properties of

biomolecules with complex structures.

I. INTRODUCTION

Understanding the dynamics of biomolecules is crucial
to fully appreciate and potentially harness their function-
alities in the search for biocompatible micro- and nano-
machines. At the nano-scale, enzymes have been studied
due to their prevalence and efficiency in performing very
specific functions under conditions dominated by thermal
fluctuations and viscous hydrodynamics [I], and a funda-
mental understanding of the effect of catalytic activity on
enzyme dynamics could provide insight into the physical
organisation of intracellular processes. All of this has
promoted recent interest in the effect of the catalytic ac-
tivity of a single enzyme molecule on its dynamics. In
this context, interesting phenomena have been reported,
most notably enhanced diffusion of a single enzyme when
it is in the presence of substrate molecules [2H5].

Most physical explanations of this phenomenon were
dependent on nonequilibrium mechanisms, relying on the
speed and exothermicity of the catalysed chemical pro-
cess [5HR]. There was then evidence to suggest that the
non-equilibrium step of the catalytic cycle is in fact not a
necessary condition for observing enzyme enhanced dif-
fusion [9]. We proposed a model where binding and un-
binding of substrate molecules to the enzyme could affect
its internal fluctuations and therefore its overall diffusion
coefficient, even in the absence of catalytic events. More
precisely, we studied a minimal dumbbell model to in-
vestigate the effect of fluctuations of the internal degrees
of freedom of the enzyme on its overall diffusion, on the
basis that such fluctuations are modified by substrate
binding [10].
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The main theoretical challenges of studying the trans-
port properties of macromolecules are the following,
which are generic to suspensions of flexible objects: a
large number of degrees of freedom in the phase space;
the treatment of hydrodynamic interactions between the
rigid bodies that make up the flexible object; and cou-
pling between translational and rotational motions and
internal and external motions [I1]. The effect of hydro-
dynamic interactions on the dynamics of macromolecu-
lar suspensions is a long-standing problem of polymer
physics, whose study requires approaches from statisti-
cal physics, low Reynolds number hydrodynamics and
rheology. Models of flexible chains or dumbbells have
been extensively studied and successfully used to model
the dynamics of real macromolecules. Equilibrium-like
averaging procedures, pioneered by Zimm [12] and sub-
sequently refined [13], [14], have been proposed to account
for hydrodynamic interactions. Numerical strategies al-
lowing efficient sampling of the configurations of such
model polymers were employed to study, for instance, the
behaviour of chains and dumbbells under shear [15], their
cyclisation dynamics [I6} [I7] or their diffusion properties.
With our asymmetric dumbbell model, we investigated
effects that were overlooked so far, such as the effect of
internal asymmetries, which results in the coupling of
translational and rotational motion and is inherent in real
macromolecules, in particular in enzymes which bear an
active site and therefore a built-in asymmetry, the effect
of orientation fluctuations of the subunits that constitute
the dumbbell and couple to the compressional degrees of
freedom, and the effect of changes between the different
conformational landscapes explored by the enzyme dur-
ing its catalytic cycle [I0]. Furthermore, our approach
provides analytical results in a tractable way.

For the initial version of our model, hydrodynamic
interactions were approximated by their isotropic part,
which amounts to a pre-averaging of their orientation
dependence, a common approximation in polymer dy-
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namics [I8]. However, pre-averaging subunit orientations
compromises knowledge of the effect of local anisotropy.
In this paper, we go one step further in the determination
of the diffusion coefficient of a generalized dumbbell by
including hydrodynamic interactions due to anisotropy.
We incorporate the orientations of the subunits with the
aim of offering a consistent treatment of the orientation
dependence. It is hoped that the analytical approach
that is provided in what follows will inspire descriptions
of the effect of hydrodynamic interactions on the trans-
port properties of modular biomolecules beyond what is
available from classical polymer dynamics theories.

II. THE MODEL

In order to study the effects of fluctuation-induced hy-
drodynamic coupling, we consider the simplest system,
endowed with a minimal number of degrees of freedom,
exhibiting this type of phenomenon. We consider a pair
of rigid, unequal Brownian particles which are of arbi-
trary shape, suspended in a viscous, unbounded and in-
compressible fluid. The particles are coupled through
long-range, solvent-mediated hydrodynamic interactions
and through an interaction potential U(x!,x? !, 0?).
We assume Stokes flow, so that the forces and torques ex-
erted by the subunits on the fluid are linearly related to
the instantaneous linear and angular velocities through
hydrodynamic interactions [I9, [20]. The positions x®
and orientations 1% (with a = 1,2) of the individual
subunits undergo thermal fluctuations around the equi-
librium configuration (see fig. . As such, the system
describes low Reynolds number flow around an asym-
metric dumbbell which accesses different compressional
and orientation modes in a fluctuation-dependent way.

We construct an interaction potential based on some
generic structural observations that have been reported
for enzymes. In [21], fluorescence emission spectropho-
tometry was used to detect conformational changes in
the presence of substrates in the enzyme aldolase, with
the observation of different spectra in the presence of
each of the two different substrates of aldolase, suggest-
ing the occurrence of different conformations and con-
centration dependence of the fluorescence spectra dur-
ing substrate binding. The enzyme urease is known to
have open and closed states, with transition between the
states controlled by substrate binding, which drives the
dynamics of a “flap” [22]. Such substrate-driven fluctua-
tions of the orientations of an enzyme are incorporated in
the coefficients of the interaction potential for the dumb-
bell. The interaction potential U is defined through the
enabled modes of fluctuation: 4! and G2 are taken to
be coplanar and only fluctuations in the plane contain-
ing these vectors are considered. Fluctuations out of the
plane are neglected for simplicity. Hence, for small fluc-
tuations, the interaction potential can be expanded in
the fluctuation angles between the orientation vectors of
the individual subunits @', G2 and the orientation vector

FIG. 1. The generalized dumbbell, which has typical size a
and consists of two nonidentical subunits at positions x* and
orientations 1* which are hydrodynamically coupled and also
interact via some potential U(x',x?, @', G?). The midpoint
between the subunits (com) of the dumbbell is denoted by
R and the elongation (i.e., separation of the subunits) by x.
The subunits fluctuate about the equilibrium configuration

due to thermal fluctuations.

of the axis of the dumbbell A, given by x = x> —x! =

as

rn,
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to lowest order in f - @® and @' - G2. The expansion

takes into account that the interaction fields are gener-
ated by fluctuations. Vj(x) contributes only to the exten-
sion of the dumbbell, while V,,(z) and Vi2(z) in addition
quantify the strength of the constraints on orientation
fluctuations. For the majority of our analysis, the in-
teraction functions are considered to be generic and dis-
tinct, and only in sect. [VII)are specific functions assigned
to illustrate our findings. In application to real macro-
molecules, the specific functional forms will depend on
the macromolecule being modelled and structural mod-
ifications due to substrate binding can be incorporated
into the coefficients of [10). We leave this as a topic
for future work.

III. SMOLUCHOWSKI EQUATION

We begin our analysis with the Smoluchowski equation
for a pair of interacting Brownian particles. The proba-
bility P(x!,x?,a!, 4% ¢) of finding subunit « at position
x* and with orientation 4® at time ¢ satisfies the follow-
ing evolution equation:

0P = LoP + LrP, (2)

with
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where V, and R® = 0% X Oy are the gradient operator
and rotational gradient operator [I5], respectively, with
respeect to the position vector of subunit . The Smolu-
chowski equation f is known in polymer dynamics
as the equation of motion for dilute polymer solutions as
presented in the Zimm model [I5], where it describes the
dynamics of a chain of axisymmetric and equal particles.

The M3% are matrix elements of a generalized field ten-
sor which couples the translational (T) and rotational (R)
motion of the subunits. The tensor should be understood
as the Green’s function for the system, which relates the
velocities of the subunits to the generating forces and
torques through
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where x* and w® are the steady state linear and angular
velocities of the subunits, and F* and T are the driving
forces and torques. The linearity of eq. is the result
of the low Reynolds number approximation. For a # f3,
Mi]@ describe the hydrodynamic coupling of the subunits.
For a@ = 3, they are the response of the subunit to an
external force or torque.

Finding the mobility tensor Map is nontrivial as hy-
drodynamic interactions have a complex nonlinear de-
pendence on the positions and geometries of the inter-
acting particles. FExact expressions exist for interact-
ing spheres [20], and the tensor can be reduced with
simpliflying approximations. For example, in the Os-
een approximation the particles are assumed to be well-
seperated point forces in the fluid. If the interacting par-
ticles are identical, their finite sizes are accounted for in
the Rotne-Prager-Yamakawa approximation, where the
mobility tensor is symmetric positive definite [15, 23].
For nonidentical particles, there are numerical methods
for computing hydrodynamic interactions [24, 25] and
methods for modelling more complex geometries, typ-
ically by extension of the bead models developed by
Kirkwood, Riseman and Bloomfield [26], which have
been used for hydrodynamic calculations of bacterial
viruses [27]. Specific macromolecules may have addi-
tional symmetry properties that may reduce the num-
ber of independent components of the hydrodynamic ten-
sor [19]. For the purpose of our analytical considerations,
at this stage, we do not specify a functional form for the
hydrodynaimc interactions as this would require futher
approximations but leave this as a topic for future work.

We emphasise that the strength of our approach is to
provide analytical results for the effect of internal fluc-
tuations within a tractable and general formalism, and
starting from a minimal model of only two coupled sub-
units. Considering a more realistic structure for an en-
zyme would require us to consider the coupling between

even more subdomains. This would result in a much
more involved calculation, without necessarily providing
any further insight into the fluctuation-induced effects.
Due to its asymmetry and extensibility, it is not a priori
obvious which point on the dumbbell should be chosen for
its position in the bulk. Since physical quantities must
necessarily be independent of this choice in the long-time
limit, we choose to locate the dumbbell position by the
centre-of-mass (com). In the com R = (x! + x?)/2 and
separation x coordinates, eqs. and become
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Using the symmetry property MX]‘; = MgcfA (which
follows from the Lorentz reciprocal theorem [19, 20]),
we have defined new hydrodynamic tensors which are
linear combinations of the old ones, such that: M =
ML + M3 + 2MA2, W = MEL + M3 — 2ME2 and
=M. - M1 7 are composed of the translatlon tensors;
e = M&F the rotation tensors and; A1) = ML —M2% |
A = M2Z — MiZ | o) = ML 4+ M2L and ¢®) =
M3% + M12 consist of the couphng tensors. The new
hydrodynamic tensors are the configuration-dependent
transport coefficients for the asymmetric dumbbell. In
the limit of the orientations of the dumbbell being locked,
its dynamics is described by eq. @, and M, W and I
are respectively the translation, rotation and translation-
rotation coupling tensors. With the inclusion of orienta-
tion dynamics, ®(®) is the tensor coupling rotations of
subunit « to translations of the com, A(® is the tensor
coupling rotations of subunit « to rotations of the vector
n and VP are the rotation tensors for the orientations
of the subunits.

IV. AVERAGING PROCEDURE

The solution of the hydrodynamic equations @
and (7)) gives the full probability density for trajecto-
ries in the phase space, including a description of the
conformational evolution. However, calculating the long-
time effective diffusion coeflicient requires only a coarse-



grained description, where the dependence on micro-
scopic coordinates has been averaged out. The effective
diffusion coefficient of the dumbbell can be determined
from its relation to the mean-square com displacement

1d
Degg = lim —— ’p
off tggOGdt/R/x/ﬁl/ﬁzR : (8)

where subscripts denote integration with respect to the
variable. Naive integration of @ and leads to a hi-
erarchy of equations with increasingly higher—order cor-
relation functions of the external and internal degrees of
freedom, owing to the difference in characteristic time
scales. The hierarchy is closed by eliminating the de-
pendence on internal coordinates. In ref. [IT], the phase
space is divided into two orthogonal subspaces consisiting
of local and global coordinates, which are bounded and
unbounded respectively, the so—called generalized Taylor
dispersion theory. We adopt the method introduced in
ref. [I0], where the hierarchy is closed through the defi-
nition of an averaging procedure which eventually leads
to a closed expression after a suitable truncation approx-
imation.

A well-defined averaging procedure is motivated by
the identification of a separation of the time scales in
the dynamics of the dumbbell. We identify three time
scales: two of which are associated with the relaxation
time of internal degrees of freedom, and the third, the
characteristic time scale of diffusion, the slowest of the
three. Given a potential that can be Taylor expanded
around the minimum, the quadratic term gives the effec-
tive spring constant of the potential (k) and the time
scale for z = |x| to return to its equilibrium value,
7. = &/k, where £ is the friction coefficient of the en-
zyme. The rotational diffusion time of the enzyme 7,
which determines the rate of loss of memory of orien-
tation through(n(¢) - n(0)) = exp(—|t|/7), is of the or-
der £a?/kgT. The ratio of the two times 7,/7 goes as
kpT/ka® ~ éx/a, the relative deformation of the enzyme
due to thermal fluctuations, and is therefore bounded by
unity. The rotational diffusion time of each subunit (i.e.,
the relaxation times associated to the variables @' and
0?) is also of the order of 7, if the size of the subunits is
comparable to that of the dumbbell as a whole. With this
consideration, we can average over the separation of the
subunits assuming n, G1' and G2 to be fixed. The average
is defined as (-) = % [dza? - P, where P = [ dzz?P.

The average over the separation x of the Smoluchowski
equation requires expressions for the gradients of the in-
teraction potential, VU and R*U. Applying Vx =
10, — 10 x R and R® to eq. (1) gives
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introducing the notation 4° = A, Voo = V, and Qs =
(1 —nn). For a hydrodynamic tensor A, Vy - A = V-

4

[An - A + Qg - A], has just one contribution, —(fa x R) -
Qa - A/z, after averaging over the separation. The full
expression for the evolution of the separation-averaged
distribution P(R,f, 0!, G?;t) is given by the sum of the
following
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We have used the relation
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which is valid for any function ¢ of the separation coor-
dinate and after a sufficient amount of time so that the
distribution has reached a Boltzmann-like equilibrium in
the z-dependence, such that P o« e U/¥8T  Note that
there are no terms with the coefficient V5 in the expres-
sion for L1P, as such terms are due to the action of the
rotation gradient operator R® on the interaction poten-
tial.

V. MOMENT EXPANSION

In the next step of the calculation we focus on the
orientations of the dumbbell. Analytic studies of low
Reynolds number dynamics typically involve a descrip-
tion of the continuum equations and following previous
work [28H31], we turn to a macroscopic description of
the system where we consider the evolution of the prob-
ability density, p(R;t) = fﬁ7ﬁ17ﬁ2 P, defined as the ze-
roth moment of the probability distribution. The den-
sity p(R;t) and polarities p(R;t) = 42 AP and
pe“(R;t) = fﬁ,ﬁl,ﬁ2 0P, are constant over time scales
that are large compared to the time scale of fluctuations,
and lengths that are large on the scale of the typical
size of the dumbbell, and are thus appropriate quantities
for describing diffusion of the com [29]. However, the
evolution equation for the density is not closed and in-
volves polarisations p and p®* —inevitably, the equations
satisfied by the polarisations are also not closed and in-
volve higher-order moments, which must be re-expressed
in terms of the density and polarisations.

A discussion on the role of orientation on the dynam-
ics of the dumbbell requires a statement on the func-
tional dependence of the hydrodynamic tensors on orien-
tations. With the orientation-pre-averaging approxima-
tion, where hydrodynamic tensors were approximated as
isotropic, and written A ~ apl, we had previously de-
scribed a coarse-grained dynamics [10]. We now consider
anisotropic hydrodynamic interactions.

As previously stated, the hydrodynamic tensors in egs.
and will be nonlinear functions of the geomet-
ric properties of the dumbbell, such as the subunit sep-
aration, but an explicit form of the dependence is not
required for our analysis so we make no further specu-
lation here. Rather, we approximate the mobility func-
tions, smilarly to , by an expansion in the fluctuation
angles:

Al

)+ Z aq(x
(14)

again to lowest order in the fluctuation angle. In
addition to assuming planar motion, we have also
made the diagonal approximation [I8] so that mo-
tion in different axes is decoupled.  This approxi-
mation has been widely used in polymer dynamics
[12] and is exact for certain geometries [I8, 24]. A

is any of the mobility tensors M, W, I, A o)

and W(Q'B)7 ap = mOaw07707A07 (()a)y (()aﬁ)7¢(()a)a a
mouwm’Ym o Sxa)ﬂbaaﬂ) ¢ and a;z = mi2,wa,
712,)\12#512 ,w(“’”, S), after renaming W1 = w(

and W2 = ¢,

With the inclusion of anisotropy in the hydrody-
namic tensors, the zero— and first—order moments of the
separation—averaged Smoluchowski equation give the fol-
lowing dynamical equations for the density and polarisa-
tions:

(15)
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R AU DL I LI B
w3 o
() + 5 (07 v
+;<¢1§5)V>]
- 3o i) - (75
¥ kp <¢<aﬁ)>} 2kBT< (a>> . (17)

where we have kept terms up to the lowest order in spa-
tial derivatives (V%{P, VRr - p and Vg - p?%), and rewrit-
ten higher-order moments according to the expressions in
appendix A, keeping only the traceless symmetric part
of the corresponding tensors as we expand around an
isotropic geometry [29]. From eq. we see that all
the corrections to the diffusion equation contain the co-
efficient I, hence all corrections to the effective diffusion
coefficient are driven by the hydrodynamic coupling of
translational and rotational motion. As the tensor I is
only nonvanishing for asymmetric bodies, we note that
the hydrodynamic equations are not closed because of
the asymmetry of the dumbbell. However, the hierar-
chy can be truncated by a closure scheme which yields
a closed set of dynamical equations for the density and
polarisations. Finally, we note the absence of the ten-
sors @ and A(®) respectively the coupling tensors of
rotations of subunit to translations of the dumbbell and
rotations of subunit to rotations of the dumbbell. Such
couplings will be produced if the system is given a feature
which breaks the corresponding chiral symmetry such as
a macroscopic constraint [32].



VI. CLOSURE APPROXIMATION AND THE
DIFFUSION EQUATION

A. Closure scheme

By assuming time scales that are large compared to the
relaxation time of fluctuations, we can assume o;p = 0
and 0;p® = 0 in egs. and , and find expressions
for the polarisations that are linear in the density. The
polarisation of the dumbbell is given by

e [So + S5 + S35 + 0(4)] VRp, (18)

where the S; are due to the difference in mobility between
the subunits:
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and for the polarisation of the subunits
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give the scale for polarisation of subunit « at leading
order and next to leading order, respectively. The equiv-
alent quantity for the complex is the ratio of the coupling
and rotation coefficients, (vo/z) / (wo/x?), at leading or-
der. The difficulty in computing g, and gi2 g for non-
spherical geomtries is inherited from the mobility func-
tions, however, numerical evaluations are possible [26]
and will be the subject of future work.

The index of the coefficients .S; and T; gives their order
in the joint expansion of the potential and hydrodynamic
tensors. The effect of anisotropy is seen in the coefficients
Ss and T5, that is, at second order in the polarisation of
a subunit and at third order in the polarisation of the
complex.

gi12,8 =

B. The diffusion equation

Using the results of the previous section, we finally get
the closed diffusion equation d;p = DegVikp, with the
asymptotic effective diffusion coefficient

ksT

D.g = T <m0>
- BT <w‘;/x2 > <6D +6D ") +O4).

a#f
(28)

The first term is the usual thermal average of contribu-
tions from translational modes of the dumbbell. The
leading-order fluctuation-induced correction is due to
coupling of the translational and rotational motion, and
hence the internal asymmetry of the dumbbell. To ob-
tain a physical intuition for the result, consider the force
dipole created by the dumbbell on the fluid. If this fluctu-
ating dipole has a nonvanishing average, the asymmetry
of the dumbbell couples the dipole to a net drift veloc-
ity. Considering, for instance, the force experienced by
the second subunit over the time scale when the sepa-
ration coordinate has equilibrated but the orientation of
the dumbbell is frozen, (F?) = — (U’) i, we notice that
a nonzero average dipole will result provided (U’) # 0.
Assuming that the average at the relevant time scale is
taken with the weight e~U/#87T it is easy to see that (U’)
does not vanish in any dimension other than one (even
though U’|,—s,, = 0, where 24 is the equilibrium sepa-
ration of the subunits) due to the entropic contributions
to sampling of the configuration space when using radial
coordinates. The resulting contribution to the diffusion
coefficient is proportional to — (U’ >2, which highlights a
similarity to dispersion forces [33].

Subsequent corrections, labelled 5Df‘6 , are the
fluctuation-induced corrections of order ¢ in the moment



expansion, the first two of which are
0D = haGa, (29)

o 1
5D35 =3 [912,8ha + gah12,0]
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where g, and gi2 3 are given by and (27), and we
have defined the quantities
o= () e () @
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3kgT x (wo/x2) x2 '
The coefficients h, and hj2  are comparable to the sep-
aration averaged coupling tensor (yo/x) at the first and
second order in the moment expansion. The correction
0D, previously reported in ref. [10], is of order one
and is estimated to be positive for harmonic-like poten-
tials. From eq. we see that the motion of the dumb-
bell is retarded by asymmetry through hydrodynamic in-
teractions between its subunits. The magnitude of the
fluctuation-induced correction depends on the constraint
functions V,, and Vis (see and ): It is at maxi-
mum if there is no constraint from the internal potential,
decreasing as the amount of constraining increases. Cor-
respondingly, the correction is observed at a time scale
governed by the separation relaxation time (a detailed
calculation is given in [I0]). Lastly, anisotropy is first
seen at third order in Deg, signifying that it is a higher-
order effect.

In summary, since reduction in the diffusion coefficient
is driven by asymmetry, any decrease in asymmetry will
lead to a positive contribution to D.g. With our as-
sumption of an unbounded quiescent fluid environment,
the symmetry properties of eq. are intrinsic to the
dumbbell. In the case that the external symmetry is
broken, the effect of symmetry breaking on the diffu-
sion coefficient can be determined by recalculating the
polarisation fields with an appropriate expansion for the
hydrodynamic tensors to replace . The equilibrium
model proposed in ref. [I0] for a catalytically active en-
zyme is an application of the case with changing internal
symimetry.

We emphasise that the regime we have considered
is a first approximation. Although, within the closure
scheme, no new terms are introduced in - if terms
of higher order in the fluctuation angles are included
in and (14). Their contribution would only change
the numerical coefficients of the terms already in —

[T

(30)
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FIG. 2. The effective diffusion coefficient of two axisymmetric
dumbbells with asymmetries ( = 2 and ¢ = 1.5 as a function
of relative fluctuations €, with v; = 0.1, v2 = 0.13, v12 = 0.15
and a1/a = 0.3. Dave is the first term of Deg; Dave + O(2)
is the sum of the first two terms; Dave + O(3) includes 6 D5
and Daye + O(4) includes §D5°.

VII. EXAMPLE: AN AXISYMMETRIC
DUMBBELL

In order to provide a more quantitative analysis of
the role of the internal interaction potential on De.g, we
consider the example of an axisymmetric dumbbell com-
posed of rigid spherical subunits with radii a; and as
with as > a; that interact interact via a potential U
that has harmonic z-dependence so that U = %k(m -
a)?[1+ POIEPEIN B LERUPEi -a?] for z > a; +az and
oo otherwise, where a is the typical size of the dumbbell
and v, and v1o are the constraint parameters such that
Vg, V12 < 1 which are independent of z. The mobility
functions for interacting particles are widely known for
such axisymmetric geometries. We provide some plots of
Dog which were made using the mobility functions from
ref. [34] for widely separated spheres (expressions for the
leading-order contributions are given in appendix C). We
have defined the dimensionless numbers € = \/kgT/ka?,
a measure of fluctuations of the dumbbell around its equi-
librium, ¢ = as/aj, the geometric asymmetry and the
ratio a1 /a.

Figure 2| shows the relation between D.g and relative
fluctuations of the dumbbell. As expected, the diffusion
coefficient of the dumbbell is lowered when its asymmetry
is increased. Furthermore, Deg increases with the stiff-
ness of the potential and its maximum value is attained
in the limit of a rigid potential.

Figure a) shows the dependence of Dqg on the con-
straint parameter vy, with constant v, and v15. There
is a clear reduction in the effective diffusion upon the
inclusion of the fluctuation-induced corrections, partic-
ularly 0D§“— even at small relative deformations. In
the far-field limit where the separation of the subunits
is much greater than the typical size of the dumbbell,
the mobility functions are given by a series expansion
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FIG. 3. In both figures, { = 1.5, v2 = 0.1, v12 = 0.15 and
ai/a = 0.3. (a) The effective diffusion coefficient of an ax-
isymmetric dumbbell as a function of the constant constraint
parameter v, with e = 0.01. (b) Relative decrease in dif-
fusion coefficient for different values of €. See sect. [VIIl for
definitions.

in 1/z so that a small deformation in the dumbbell can
have significant contributions to the diffusion coefficient.
In fig. b) it can be seen that the relative decrease in
the diffusion coefficient due to fluctuation-induced cor-
rections 0Dfyc/Dave increases with the stiffness of the
potential, where

Dave =0 <m0> (33)

and

kpT | (yo/x) B
0Dgye = — | 7—F57 — E 0D + 6 D:
fl 6 (wo/22) = ( o +toDg )

(34)

VIII. CONCLUSION

We have proposed a new theoretical framework for un-
derstanding the effect of internal hydrodynamic interac-
tions on the stochastic translational motion of modular
structures in a fluid environment under low Reynolds
number conditions. In an asymmetric modular structure,
such interactions (here caused by thermal fluctuations)
result in a decrease in the diffusion coefficient of the ob-
ject, hence there is a fluctuation-induced correction to
the diffusion coefficient. We show that this correction
is driven by an interplay between internal and external

asymmetry. Although the full result is presented for a
general dumbbell, where anisotropy is a relevant mea-
sure, we consider the case of an axisymmetric dumbbell
(for which the hydrodynamic functions are well known)
to provide a quantitative example.

We have shown that the hydrodynamic equations
which describe the evolution of moments of the distribu-
tion function of the generalized dumbbell are not closed,
but with a careful consideration of the motion of such an
object, one is able to close these equations at any order.

The present work then gives an insight into the ef-
fect of internal fluctuations and asymmetries on the ef-
fective diffusion coefficient of a model modular macro-
molecule. The ideas presented here are very generic, and
could be specified to different real systems. In particular,
it would be of interest to study more complex structures
that reproduce faithfully the structure of specific enzyme
molecules. This could be achieved using extensive nu-
merical simulations that would include both stochastic
dynamics and hydrodynamic interactions, and could be
the topic of future work.
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Appendix A: Traceless symmetric tensors

The moment expansion is equivalent to a multipole
expansion of the distribution function, where instead of
spherical harmonics, the expansion is in terms of irre-
ducible tensors in three dimensions, which are equivalent
to the spherical harmonics, with components that are
polynomials in the unit vectors @', 42, and f [29]. In the
definitions of the irreducible tensors parentheses denotes
symmetry in the isolated subscripts and the tensors are
traceless on contraction of those indices. The sum over
Greek letters runs over 0, 1 and 2, where we have used
the notation #° = f.

Starting with the second-order nematic tensor

1
af _ B . saB
@y = /ﬁ,ﬁl,fﬂ (uf‘u] - g(swéa >P7 (A
at third-order
a(3) _ a, o, o
Qijk /ﬁ,»l,ﬁz {“z Uj Ug
1
_ 5(5”71% + 5iku? + 6Jkuf‘)} P, (A2a)
“ 1
Q(Zf;k(g) = / {“?“jﬁuz - uzéijfsaﬂ] P, (A2b)
n,al,a2 ’ 3



at order four

1
Q?j(k‘ll) :/ o {u uFugup — 15kal} P, (A3a)

_/ {uo‘uﬂukul 5ij5k15°‘ﬁ(575] P,
o (A3b)

aBys(4)
Q i) (ki)

where we have defined the fourth-rank tensor Tj;n =
030kt + 0i1 041 + 05101 . Finally at order five,

a(s)  _
Qijklm —/ {U U up U U,
A,al,02

1
35 [’LL T2]lk: + Uy T;,jkm + ukTmlm

T U?Tiklm + U Tyt }P, (Ada)
A N L

- 1—15umT kl(saﬁ76:|73, (Adb)
Qe = [ furduda (Ad0)

1
N 7(”%&'3‘ + U’ftsik + u?éik)5l7n5aﬁ756{| P,

15
(Add)
apBvyde(b «
Q(z];(kl( _/ o [“ uﬁukulu
1
- gu:néijékl§a'6§76:| P, (Ade)

the highest order encountered in our moment expansion.

Appendix B: Higher order moments

To illustrate the consistency of the moment expansion
in sect. [V] we consider the translational motion of an ax-
isymmetric dumbbell, for which the hydrodynamic ten-
sors can be decomposed into isotropic and directional
parts as A = Aj(x)l + Ap(x)nn. For this example the
separation-averaged Smoluchowki equation is

=BT 9n (M) Var)

L1P (R, n;t)
—k:BT< - >VR (B x RP) + AP

+ kgT <W > R?p12. (B1)

The first four moments satisfying the following euqtions

oot = oL (<MI> §<MD>) Vi

9

kgT I'1
+ BT (Mp) Or,0r, Qij + kBT< >VR p, (B2

EL () + 3 0o} ) Ve
k‘BT

+ — (Mp) { rR(VR - P) + OR, 8R,CQ”kez]

atP(R§ t)

6R [;pej 2Q’Ljel:| - 2kBT <W >p7
(B3)

inl <MI> V Qz] 6kBT< > Qz]

0:Qij(Rit) =

kT
+ BT (Mp) {31«2;c OR, Q”kl 3Rk ORr, Qr1sj

2
15( V céij—(‘)Ri&ch)]

I't
+ kBT< > |:38Rsz]k + VR Poij

- S (aRi,pj + aiji):| 5 (B4)
and
kgT kT
BQL(R;t) = ]Z (My) VAQS) + BT (Mp)

«{omon. [,
1 3 3 3
- g ( l(nzi(sjk + Ql(m?](slk + Cgl('rrzk(s ) :|
T (Vipi + 20k, (VR - P)) 6k
2
~ 175 (vaj +20r, (VR - D)) ik
2
+ ﬁ (Or,Or, Pk + Or,Or,Dj + Or,0R,Di) }
«{om, 10130 -
— (0r,Qjk + Or, Qir + Or, Qij) }

r
+ kpT <;> — 12kpT < > Q. (B5)

using the following properties of the rotational gradient
operator:

2
5 (Qudjr + Qj1dix + le5ij):|

Rinj =€ip;nk, (B6a)
Ri(ning) =eximn; + ex;mn;, (B6b)

Rl(nmjnk) :qmmmnjnk
+ €lmjNmNing + €mrnmning, (B6c)

R (NiMjNny) =€mniNn M MEN + Empnj T NNy

+ EmnkMnMiN;N + EmniNaNiN; N,

(B6d)



RQni = — Qni,

1
R2(nmj) =—06 <nmj - 352]> 5

(B6e)

(B6f)
Rz(mnjnk) =—12 {nmjnk

1
~5 (ngdi; +njdik + nidjk) ] . (B6g)

It is straightforward to see that none of the terms in

the stationary values of Q@ and Q®) survive the closure
scheme.

Appendix C: Expressions for hydrodynamic tensors

In the Oseen approximation, where the subunits are
spherical with radii a; and as, and their typical sizes are

10

small compared to the distance, x, between them, the
mobility functions can be approximted as

mo z% <a11 + a12> + 473%, (C1)
S TE N S
Yo :% ((112 - a11> ; (C3)
U g ()
Xgﬁ = 167r177:v3’ (C5)

where 7 is the viscosity of the suspending fluid.
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