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Abstract

We apply twistor theory to a variety of problems in quantum field theory
in the presence of strong backgrounds, i.e. field configurations solving the
classical equations of motions that are treated non-perturbatively. We
give all-multiplicity formulae for any tree-level, colour-ordered MHV form
factor around self-dual radiative gauge fields. We construct Killing spinors
around a self-dual dyon background and use them to construct plane wave-
like linear fields of arbitrary helicity propagating on the background. The
twistor description of these fields allows to derive a compact formula for
the tree-level, colour-ordered gluon MHV amplitude at all multiplicity. In
the spirit of the (classical) double-copy, we use these results and a novel
twistor sigma model to construct the n-point tree-level graviton MHV
amplitude on the self-dual Taub-NUT space-time. As an application, we
show that these amplitudes imply that the celestial chiral algebras are un-
deformed by the backgrounds, both in the gauge theory and gravitational
sectors. We conclude by giving a twistorial derivation of the celestial chi-
ral algebra on AdS,; and propose an extension of this algebra around the

unique self-dual metric in the AdS-Taub-NUT family.
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Chapter 1

Introduction

Over the past two decades, our understanding of quantum field theory and scattering
amplitudes has improved dramatically. Sparked by Witten’s seminal work [7], the
study of scattering amplitudes has developed into a fully fledged and varied research
field at the frontier of modern theoretical physics. This has led to the development
of cutting edge computational tools [8-15] applications in collider physics [16], the
discovery of geometric structures underlying amplitudes [17-19], and, perhaps surpris-
ingly, insights into classical general relativity [20-22]. Although scattering amplitudes
are just one class of observables in quantum field theory, they remain invaluable tools
for advancing our understanding of quantum field and string theories — see [23-25]
and references therein for recent reviews.

An important part of these important development stemmed from twistor the-
ory [26-30]. Penrose initiated the twistor programme in the hope of unifying quan-
tum theory and general relativity in a single, common framework, essentially replacing
the role of space-time as the fundamental entity with twistor space — that is, roughly
speaking, the space of null self-dual planes. Despite some initial success, it is fair
to say that soon enough twistor theory branched out into pure mathematics, where

it was the backbone of several important results, mainly in geometry [31-33] and



integrable systems [34]. In a surprising turn of the events, with the advent of Witten
and Berkovits’ twistor strings [7,35], twistor theory also saw a revival in its applica-
tions to physics. Among other things, twistor methods lead to the development of
the MHV formalism [36,37], to the amplitude/Wilson loop duality [38], and from the
most compact known expressions for the tree-level graviton amplitudes [39-41], to the
development of formulae to all multiplicity and all loops for the (integrand of) the
amplitudes in planar N' = 4 super Yang-Mills [42-44], as well as to all-multiplicity
formulae for form factors [45-47]. Most known techniques developed for the construc-
tion of amplitudes have a direct twistorial counterpart — see for example [48] for a
formulation of BCEW recursion [13] in twistor space, or [49] for the interplay between
the CHY formulae and scattering equations of [15] and the ambitwistor strings.

In view of these successes in the amplitudes program, it is natural to ask whether
it’s possible to construct scattering amplitudes in the presence of non-trivial back-
ground fields, i.e. solutions to the classical equations of motion which are treated
non-perturbatively. In gauge theory, such ‘strong-field’ scattering amplitudes play a
key role in the study of non-linear regimes of QED due to intense electromagnetic
fields [50-52] and in the high-energy, high-density regime of QCD describing heavy
ion collisions [53-55]. We are still far away from having a complete understand-
ing and a reasonable computational control on scattering amplitudes around generic
backgrounds, as the traditional approach to this problem is the background field for-
malism [56-59], which requires establishing the background-coupled Feynman rules
first; this preliminary task is rife with technical difficulties, even for highly-symmetric
backgrounds where closed-form solutions for the background-coupled free fields are
available, such as electromagnetic plane waves in QED [60,61] or gluonic shockwaves
in QCD [62,63]. The resulting amplitudes are no longer rational functions and typ-
ically involve position space integrals which cannot be evaluated analytically and

whose number grows with the number of external particles. These features dramati-



cally change around self-dual backgrounds. The self-dual sector of gauge theory has
been long known to be classically integrable [30,34], integrability being manifest in the
twistor description of these backgrounds via the Ward correspondence [64]. Twistor
methods have recently been successfully applied in this setting and lead to the com-
putation of all-multiplicity formulae for gluon scattering around self-dual radiative
background fields [65,66]," that is self dual fields that are additionally required to be
source-free and completely determined by their radiative data at null infinity. After
providing a necessary introduction to twistor theory in Chapter 2, we extend this
framework to the construction of tree-level MHV form factors in Chapter 3. Remark-
ably, we show that, much like the MHV gluon amplitude in this class of backgrounds,
any tree-level MHV form factor can be obtained by dressing the corresponding expres-
sion for the form factor around the vacuum with a single space-time integral. This
integral encodes both the kinematical data of the external gluons and the radiative
data of the background field. Physically, it replaces the momentum-conserving ¢ func-
tion that is implicitly present around the vacuum, reflecting the explicit breaking of
translation invariance by the background. While one might naively expect more com-
plicated modifications involving multiple space-time integrals, it is striking that such
a simple structure persists beyond the trivial background. This simplicity hints at the
possibility of developing a background-coupled version of the MHV formalism [68].
The next logical step is to study background fields with sources: these were of
course excluded from the radiative family by construction, but they are equally - if
not more - relevant. The simplest background in this class is the self-dual dyon, which
we investigate in Chapter 4. This is a solution of the Maxwell equations given by the
superposition of a Coulomb field and a magnetic monopole, with equal electric and

magnetic charges?, thus it is the self-dual prototype of more realistic Coulomb profiles.

! And, correspondingly, for graviton scattering on self-dual radiative space-times [67].
2In Euclidean signature, where the self-dual dyon is a real field. In the Lorentzian slice, the field
is complex-valued.



Scattering on Coulombic backgrounds has been studied extensively in the past and
suffers the standard difficulties of scattering on curved backgrounds: the background-
coupled linearized equations of motion can only be solved using separation of variables
and a partial wave expansion, resulting in rather involved expressions for the resulting
scattering amplitudes, already for 2-point tree-level amplitudes [69-73]. On the other
hand, it is possible to derive ezact expressions for the gluon wavefunctions around
the self-dual dyon and, using a novel twistorial description of the self-dual dyon, these
lead to a remarkably compact formula for the n-point, tree-level, colour-ordered MHV

amplitude

(12)*

A, (17,2735 ... nt) ~ g”’2<12><2 3. D) /d%jl;[lgoj(x), (1.1)

where ¢; is a scalar wavefunction around the self-dual dyon, with the same quantum
numbers as the j® gluon. The amplitude mirrors the Parke-Taylor formula around
the vacuum, again modified only by a single spacetime integral capturing the effect
of the defect.

We then turn to investigate graviton amplitudes in the presence of black holes,
where graviton scattering allows to study important properties both in classical and
quantum gravity: in the classical context, the computation of probe or wave scatter-
ing off a black hole encodes classical observables including scattering angle, waveform
and power emitted [69,74-80]. Indeed, the computation of scattering amplitudes with
emission in curved background space-times provides the on-shell building blocks of
the self-force expansion [70,81-84], which systematizes corrections to geodesic mo-
tion due to radiation reaction [85,86]. In the quantum context, scattering near black
hole event horizons is a playground where emergent features of quantum gravity in
strongly curved space-times can potentially be studied [87-94]. In addition to the

usual technical issues already present in gauge theory, graviton scattering on curved



space-times poses additional conceptual challenges, since the S-matrix does not ex-
ist as a unitary operator in the background QFT, due to the presence of the event
horizon. This problem can be circumvented, at least perturbatively, by providing a
purely variational definition of tree-level ‘scattering amplitudes’ as multi-linear pieces
of the classical background field action, evaluated on recursively constructed solutions
to the background-coupled equations of motion, via the so-called ‘perturbiner’ ap-
proach [95-101]. Even within the perturbiner formalism, an analytic approach which
treats the black hole background non-perturbatively is currently out of reach for as-
trophysical black holes such as the Schwarzschild and Kerr metrics. Consequently,
we will focus on self-dual analogues of black hole space-times. The simplest metric in
this class is the self-dual Taub-NUT (SDTN) metric, that is the unique metric in the
Taub-NUT family that has a vanishing anti-self-dual Weyl tensor [102-104]. In split
signature, the metric is known to have a genuine event horizon, so it represents an
integrable toy model of a black hole metric [105]; moreover, the SDTN metric can be
constructed as the classical double-copy of the self-dual dyon [106], leading to remark-
able simplifications in setting up the scattering problem. Being a self-dual Ricci-flat
metric in four dimensions, the metric is also automatically hyperkahler, so we can
describe it on twistor space using Penrose’s non-linear graviton [29,30]. Using this
ingredients, in Chapter 5 we derive the n-point tree-level MHV graviton scattering

amplitude on the SDTN space-time, which schematically reads

M,(17,27,3%,...,n") Nm”_2%2/d‘1x lg]

t>0

< [, TLoumi [T o). (12

In this formula, ¢; is again a scalar wavefunction sharing the same quantum numbers
of the 7™ graviton — this time, propagating on the SDTN metric. The sum over the

parameter t is a finite sum that, from a physical point of view, encodes tail effects that



are expected for scattering processes on curved space-times, as a consequence of the
failure of Huygens’ principle beyond flat space [99,107-110]. Each tail contribution
contains t integrals over the 2-sphere, with round metric given by d?(2, and is described
by a differential operator D[t] acting on the once-reduced determinant of an (n-+t—2) x
(n 4+t — 2) matrix H[t], whose entries depend on the kinematics and the underlying
SDTN metric. In particular, |H[t]¢| is the determinant of the matrix obtained by
removing the i*" row and column from H[t], but the overall expression is independent
of the choice of i. Equation (1.2) generalizes Hodges’ formula [39], to which it reduces
in the flat-space limit.

Parallel to these developments, recent years also have seen a reinvigorated inter-
est in understanding quantum gravity in asymptotically flat space-times: the celestial
holography programme [111-113] posits that quantum gravity in an asymptotically
flat space-time is holographically dual to a 2d CF'T living on the celestial sphere at
null infinity, aptly named celestial CE'T (CCFT). One of the greatest successes of the
programme has been the description of collinear singularities of scattering amplitudes
in the bulk by the celestial OPE of the dual CCFT [114,115]: this led to the discovery
of new infinite-dimensional symmetry algebras of tree-level amplitudes in flat space,
respectively the S-algebra for gluons and Lham(C?) for gravitons [116-118]3. These
symmetry algebras are generated by operators associated to soft positive-helicity glu-
ons and gravitons and have since then been understood as symmetries of the self-
dual sector of the respective theories. The symmetry action becomes transparent
on twistor space [119], where one can realize the celestial symmetries as gauge and
diffeomorphism symmetries, and have been known for quite some time [120, 121].
Most of celestial holography has been developed from bottom-up approaches starting

from amplitudes around flat space, so it is important to understand whether these

3This algebra was also referred to as Lw; 4 in the literature. The notation Lham(C?) is perhaps
more correct, as the symmetry algebra is the loop algebra of the wedge algebra of wi i, and
emphasises its geometric origin from twistor space. Lw, is another notation that occasionally pops
up in the literature.



structures acquire non-trivial deformations on curved backgrounds. Several works
exist in this direction, for example it is known that the Lham(C?) is deformed on the
Eguchi-Hanson space [122] or on the AdS, [123,124], as well as on non-commutative
space-times [125], while both the graviton and gluon symmetry algebras are unde-
formed by self-dual radiative backgrounds [126]. In the case of Burns space, a fully-
fledged holographically dual chiral algebra was identified [127,128] using methods
from twisted holography [129,130], but the gravitational part of the algebra is much
larger than the previously discussed symmetry algebra [117], since the gravitational
bulk theory is given by Mabuchi gravity, a self-dual subsector of conformal gravity,
rather than Einstein gravity. In any case, Burns holography represents the best and
most understood example of flat-space holography. On the gauge theory side, there
is now a good understanding about (self-dual) monopoles and line defects [131,132]
and, more generally, on how to compute amplitudes and form factors from suitable
chiral algebras [133,134]*.

In this spirit, in Chapter 6, we investigate whether the gluon and graviton scat-
tering amplitudes found in Chapters 4 and 5 allow for non-trivial deformations of
the holographic symmetry algebras by studying their holomorphic collinear limits.
Remarkably, the holomorphic splitting functions coincide with their flat-space coun-
terpart, so the S- and Lham(C?) algebras are not deformed by the self-dual dyon
and SDTN metric, essentially in analogy with similar findings for the celestial chi-
ral algebra around self-dual radiative backgrounds [126]. We conclude by describing
non-trivial deformations to Lham(C?) around some specific space-times with a non-
vanishing cosmological constant, namely AdS,; and the Pedersen metric, which can
be thought of as the self-dual point inside the Taub-NUT-AdS family. This suggests
that a notion of the celestial chiral algebra persists beyond asymptotically flat spaces,

at least at tree level and in the self-dual sector.

4See also [135-144] for related works studying other relevant aspects of celestial holography in
curved backgrounds.



Finally, in Chapter 7, we give some concluding remarks and discuss several possible
extensions of this work.

The Appendices contain further technical material: Appendix A relates the twisto-
rial descriptions of the self-dual dyon and SDTN metric developed in Chapters 4 and
5 to presentations of these backgrounds that appeared previously in the literature.
Appendix B shows how it’s possible to extend the construction of the SDTN to other
gravitational instantons in the Gibbons-Hawking family. Finally, Appendix C con-
tains some details on the computation of the space-time integrals that appear in the

2- and 3-point amplitudes.



Chapter 2

Background material

In this Chapter, we give an essential introduction to twistor theory. We begin by
setting the conventions for spinor variables, then introduce twistor space and dis-
cuss several foundational theorems relating physics on space-time with geometry on
twistor space, namely the Ward correspondence for gauge theory and the non-linear
graviton for gravity. We conclude by reviewing the Penrose transform on flat space
and its generalisation to non-trivial backgrounds, with an emphasis on gluon states
propagating on self-dual gauge field backgrounds and on graviton states in self-dual

space-times. For more comprehensive reviews, see [34,145-150].

2.1 Spinor-helicity formalism

Let 2 = (2% 2!, 2%, 23) be coordinates on complexified Minkowski space Mc = C*,
equipped with the standard Lorentzian metric with signature (+, —, —, —). The dou-
ble cover of the complexified Lorentz group SO(4,C) is SL(2, C) x SL(2, C), in partic-
ular the tangent bundle decomposes as TC* =S ® S, where S and S are the bundles
of undotted and dotted spinors, transforming under the fundamental representation
of the left and right SL(2, C) factors, respectively. These are commonly referred to

as negative- and positive-helicity spinors. The decomposition of the tangent bundle



further allows us to decompose the space-time coordinates in spinor form as

Lok _ 1 20+ 23 2t —ia? 21)
V2 iz 20— a3 ’ .
and similarly for any vector field on M.
The bundles S and S are naturally equipped with symplectic forms €,5 and €,
that can be used to identify the spinor bundles of a given chirality with their duals,
and whose tensor product is identified with the flat metric on C*. In more practical

terms, this means that we can trade any vector index for a pair of one dotted and one

undotted spinor indices [23]. Spinor indices are raised and lowered according to [147]

Mo =MNega, X =ePhg, Aa=MNeg,, A=A, (2.2)
where the symplectic forms are given by
iy 0 1
e’ =5 =¥ = €ap = . (2.3)
-1 0

The Levi-Civita symbols satisfy €*7eg, = 0% and €*7eg, = 0%5. With these forms,

we can define skew-symmetric brackets between spinors of the same chirality, namely
A =X, [N =A¢. (24)

The metric then decomposes as ds* = €,z€ d/@dxaddxﬁg, so the square of an arbitrary
4-vector v® satisfies

Vg = V" ag = 2det(vY). (2.5)

In particular, a 4-vector is null if and only if the corresponding matrix is the outer

product of two 2-spinors. We will always consider scattering states for massless fields,

10



so their momentum vector will be null. We decompose any massless 4-momentum

«

ke as k*k%, where we adopt the following affine parametrization of K and &

& V2w
i _

K= (1,2), 1422

(1,2), (2.6)

so that the pair (z, 2) € CP* x CP" represents the (complexified) direction at which the
massless state reaches null infinity on the (complexified) celestial sphere. Conversely,
w = k% is simply the energy of the state. Note the asymmetry between x® and &%:
while amplitude literature often uses conventions that treat positive- and negative-
helicity spinors more symmetrically [23], we adopt this convention because it aligns

naturally with the chiral nature of twistor space.

2.1.1 Reality conditions

Throughout this thesis, we primarily work in the complexified setting and remain
agnostic about the signature of the space-time metric. This is a natural choice from
the perspective of twistor theory, which is inherently holomorphic. Nonetheless, it is
useful, and sometimes desirable, to consider real slices — such as Lorentzian, Euclidean,
or split signature — and these can all be obtained via appropriate reality conditions on
the spinors, which in turn induce corresponding conditions on space-time coordinates.

The Lorentzian slice Ml C M corresponds to z* € R, a = 0,...,3, i.e. to Her-
mitian *¢. This reality condition amounts to requiring that the space-time point is
fixed under the conjugation induced by the standard chirality-changing spinor conju-

gations

V= (W0, = Pt = (0,00, =000 — = (0 (27)

Conversely, the Euclidean slice E C M is given by 2° € R, 2 € iR, i = 1,2, 3,

so it is defined by the condition 2% = %% where we introduced the quaternionic

11



conjugation
W= (000 = 0 = (=L, =00 = = (dd) (28)

The conjugation is quaternionic in the sense that it squares to —1.
Finally, consider the Kleinian slice K C Mg defined by 2%, 2,23 € R, 2? € iR.
This slice is the fixed locus of the conjugation generated by the component-wise

complex conjugation

Y= (W0 e = (@0, P1),  x¥ =00 — = (0 xd)  (2.9)

2.2 Twistor theory

The twistor space of M is a suitable open subset of CP?. Introduce homogeneous
coordinates Z4, A =1,...,4 on CP?: the complexified conformal group SL(4, C) of
M acts linearly on the homogeneous coordinates, in particular we can split them
as Z4 = (u% \,), where a = 0,1, & = 0,1 are spinor indices of opposite chirality.

Twistor space is the subset obtained from CP? by removing a sphere
PT = CP*\CP' = {Z* € CP*| A\, # 0} . (2.10)

Denoting the holomorphic line bundles over the Riemann sphere whose sections are
homogeneous functions of homogeneity degree n in A\, by O(n) — CP', we can
identify PT with the total space of the rank-2 bundle O(1) @ O(1) — CP', where ),
are coordinates on the CP' base and u® are coordinates up the fibres. The pull-back
of O(n) to PT by the holomorphic projection PT — CP' will still be denoted by
O(n), as its sections are homogeneous functions of degree n in Z4, and we will also

use the notation O(0) = O.

12



The relationship between space-time and twistor space is encoded in the incidence

relations

pt =N, . (2.11)

Points x € M correspond to linearly and holomorphically embedded Riemann spheres
X C PT. We will refer to these spheres as twistor lines. Conversely, it’s easy to show
that any holomorphic and linear embedding of a Riemann sphere in PT can be put
in the form of the incidence relations [147]. In particular, the definition (2.11) can be
viewed as the excision of the twistor line I C CP? corresponding to spatial infinity
i°.

On the other hand, points in PT correspond to a-planes in M [26], that is, to
totally null 2-planes with self-dual tangent bivectors. Equivalently, two twistor lines
X', X" intersect in a twistor Z4 = (u®, \,) if and only if the corresponding space-time
points satisfy (z/ — 2”)** = w*\?, for some arbitrary spinor w®; in particular, they
are null separated. Thus, the incidence relations give a non-local relation between
space-time and twistor space, realising M¢ as the moduli space of linearly and holo-
morphically embedded Riemann spheres in PT, and realising PT as the moduli space
of a-planes of M.

We can summarise these properties in terms of a double fibration

PS

T C
TPT

PT Me¢

where the correspondence space PS = Mg x CP' is the projectivised undotted spinor
bundle over Mc. my,. is the trivial projection to Mg, my.: (2%, \,) — 2%, while

mpr imposes the incidence relations, mpr: (299 \y) = (275, Aa).

13



2.2.1 Euclidean twistor space

The holomorphic properties of twistor space are best understood in the FEuclidean
setting [147,149, 151], which we now describe. In terms of the spinor conjugation
(2.8), a point ¢ lies in the Euclidean slice E C Mg if and only if 2% = %%, so it
follows that for any twistor Z4 = (u%, \,) lying on the line X, the conjugate twistor
ZA = (% X,) lies on the same line too. Any twistor line can be reconstructed by
knowing any two of its points, and indeed, the incidence relations can be readily
inverted in Euclidean signature

7Y = M : (2.12)

(AN)

This map defines a (non-holomorphic) diffeomorphism PTg = PSg 22 Ex CP' between
Euclidean twistor space PTg and the bundle of projectivised undotted spinors of E.
and endows twistor space with a holomorphic fibration PTg — E.! The existence of
this fibration is rather intuitive since in Euclidean signature there are no null vectors,
i.e. two twistor lines never intersect.

In (%%, \,) coordinates, a basis of (0,1)-forms on PTg is given by

~ ~

DA A daoe
=2 g e (2.13)
(AA)? (AN)

where DX = (Ad\). The dual basis of (0, 1)-vectors is

0 _ 0
_ ’ = A 2.14
o (A)\))\ama, 0o = N5 (2.14)

Similarly, a basis of (1,0)-forms and the corresponding dual basis of (1, 0)-vectors are

LOf course, this fibration exists for the twistor space of complexified Minkowski space too, but
Euclidean signature allows for a more explicit discussion.

14



e = D), €% = N\ da®® (2.15a)

Ao O A
g = —o . gy=-" 2 2.15h
O\ O (\)) Ozod (2.15b)

with DA = (Ad\). This complex structure is compatible with the Euclidean spinor
conjugation, as it can be checked straightforwardly that the Dolbeault operator 0

defined by (2.13) and (2.14) coincides with the one computed in (u%, \,) coordinates

0=2e"0y+ %0, = dZAagA . (2.16)

2.2.2 Gauge theory on twistor space

In the following Chapters, we will study aspects of gauge theory around non-trivial,
self-dual backgrounds. Recall that, in the spinor-helicity formalism, we can represent
the curvature of a gauge connection as a field F, ;55 = —Fjs,4. Skewness of the
curvature implies the decomposition

F aBB = GaBFaﬁ' + Edﬁ'Fa,B . (2.17)

o

F.3and F, ; represent the anti-self-dual (ASD) and self-dual (SD) components of the
curvature, respectively. The self-dual sector corresponds to fields satisfying Fi,5 = 0.

It is possible to impose this condition as the equation of motion of the Chalmers-Siegel

action for self-dual Yang-Mills [152,153]
SSDYM == /d4l’ tr (BQBFQB) . (218)

Here, B,s is a Lagrange multiplier imposing the self-duality condition. The full, non-

self-dual theory admits a perturbative expansion around the self-dual sector, as the
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ordinary Yang-Mills action can be written as
Sy = / Az tr (BagFoP) — %gQ / A’z tr (BasB*?), (2.19)
up to a 6 term. The equations of motion
F.5 = ¢*Bags, DB, =0, (2.20)

now identify B,z with the ASD component of the field strength.
Self-dual gauge theory admits an elegant description on twistor space, via the

classical result of Ward [64]>
Theorem 1 (Ward [64,154]). There exists a one-to-one correspondence between
o self-dual gauge fields on Mg,

e holomorphic vector bundles E — PT such that the restriction E| to any twistor

line 1s trivial.

To see how the correspondence arises, given a self-dual field on M and a twistor
Z € PT, the restriction of the curvature of the gauge field to the corresponding
a-plane 71z vanishes, so we can define the fibre E|, at Z to be the space of C’-
valued functions that are covariantly constant on 7. This space is well-defined and
has the structure of an r-dimensional complex vector space, so it naturally defines
a holomorphic bundle £ — PT. Given z € M¢ and an a-plane Z € PT through x,
the restriction of the bundle to the twistor line X is trivial because for any so € C”

we can locally solve for an element s; € E|, satisfying sz(x) = so. Varying among

2The theorem was originally formulated for gauge fields with gauge group GL(r, C), but additional
constraints allow to consider other gauge groups; for example, we can equip E with a positive real
form to restrict the gauge group to U(r). If det F is trivial, then the gauge group is further restricted
to SU(r). Similarly, the correspondence can be adapted to gauge fields on suitably chosen regions
R C M¢ and holomorphic vector bundles over the subset of PT swept out by lines corresponding to
points in R [34,148].
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all possible a-planes through z and among a basis of C", we can construct r global
sections of E|.

If instead we consider a bundle £ — PT with gauge group G and associated Lie
algebra g, we can think of £ as a complex vector bundle equipped with a d-operator
D = 0+ a, where a € Q%' (PT, O ® g). Holomorphicity of the bundle is equivalent to

the integrability condition
F?=D*=0a+aAa=0. (2.21)

If X C PT is any twistor line, it follows that E|, is a holomorphic bundle with
0 operator D‘ «- In perturbation theory, we can assume that E | is holomorphi-
cally trivial, in particular there exists a frame H: E|,, — C” satisfying the Sparling
equation [155]

D| H(z,\) =0. (2.22)

The holomorphic frame is defined up to right multiplication by a matrix-valued func-
tion on spacetime, H(xz, \) — H(z, \)g(z). Assuming that the twistor connection a
only depends on (u%, A\, 5\a), one quickly finds that the restriction aly is annihilated
by the (0,1)-vector field 9, in (2.14), as a consequence of the incidence relations (2.11),
therefore

9] (H'X*0,3H) = 0. (2.23)

This means that H='1\*9,4H is a holomorphic function on the sphere with weight +1
in the homogeneous coordinate A\,. An extension of Liouville’s theorem then ensures

the existence of a gauge field A, on M such that
H™ (2, A OaqH(z, \) = —iX* Ay () . (2.24)

The freedom of multiplying the frame by g is now understood as the usual gauge
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freedom on M. Introducing the covariant derivative D = d — iA on Mg, we can

recast the equation defining A, as
A*DogH =0, (2.25)

so that

AN, 55H = [N Dag, A’ Dys]H = 0. (2.26)

(67

Since this equation holds for any \“, we conclude that A, is self-dual as desired.
We will see in Chapter 3 and Chapter 4 how to explicitly reconstruct the space-time
gauge field directly from the twistor connection a, for radiative gauge fields and for

the self-dual dyon, respectively.

Twistor action for the self-dual sector

The integrability condition (2.21) can be understood as the equation of motion for

the action of holomorphic BF theory on twistor space
Spr = / D*Z A tr (bA(Da+ana)). (2.27)
PT
In this action, D3Z € QY9(PT, O(4)) is the weight-4 holomorphic top form

1
D37 = ZEABCDZAdZB ANdZY NdZP, (2.28)

where €4pcp is the 4-dimensional Levi-Civita symbol, and b € Q%! (PT, O(—4) ® g)
in order to have a well-defined integral. The action can also be understood as the
N = 0 truncation of the action for holomorphic Chern-Simons theory on supertwistor
space CP3 [7,156]. The equation of motion for a simply states that b is closed with

respect to D. Gauge transformations are generated by y € Q% (PT,0 ® g) and
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P € QVPT,O(—4) ® g) as
da=0x +[a,x], 6b = [x,b] + O + [a, 7] . (2.29)

In particular, the field b is an element of the cohomology group H%’I(PT, O(—4)®9)
when put on-shell, where the cohomology is with respect to the background d-operator
D.

In Euclidean signature, we can dimensionally reduce the twistor action along the
fibres of the fibration PTr — E. In Woodhouse gauge [149], we require the fields
to be holomorphic up the fibres of the fibration. This allows to reduce the gauge
freedom on twistor space to the smaller subset of gauge transformations that only
depend on the space-time coordinates. After integrating along the fibres, one finds
the Chalmers-Siegel action for the self-dual sector (2.18) [157]. We will see in Chapter
3 that the non-self-dual term in the full action (2.19) is non-local when lifted to twistor
space, and generates the gluon MHV amplitude. This is a common feature: self-dual
interactions are described by local theories on twistor space and deformations away

from self-duality are captured by non-local terms.

2.2.3 Gravity on twistor space

The previous discussion readily extends to (self-dual) gravity. Consider a space-time
A with vanishing cosmological constant and equipped with a Riemannian metric g.
Fix a tetrad 6%, a = 0, ..., 3 and define?

1 0° +i6® 19! + 62

gad:_

, (2.30)
V2 it — 2 g0 —ig?

3Note the slightly different convention from the spinor-helicity variables in (2.1). The definition
of %% is best adapted to Euclidean signature and will also be used in Chapter 5 instead of (2.1).
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so that the metric is ¢ = 0°% ® 0,4. We can use this definition to exchange vector
indices for pairs of spinor indices of opposite chirality, exactly in the same way as we
did in flat space. In particular, the Weyl tensor C.q associated to the metric admits

a decomposition akin to (2.17) into its SD and ASD components 7;@5#5 and Yagys

Coappriss = €apErs¥apis + €ap€s5Papys - (2.31)

The space-time (., g) is self-dual if 9,3, = 0. In four dimensions, if the metric is
also Ricci-flat, then it is also automatically hyperkahler. To see this, first construct

bases for the SD and ASD 2-forms on .4
S8 = 5360 — god p g B wef = w(eB) = gad A gf, (2.32)

The curvature of . is encoded in the SD and ASD spin connection 1-forms I'® 5 and
I'“s and, in particular, the curvature R of the ASD spin connection decomposes as

1

RY.5, 2.33
15 1t¥as (2.33)

Rap = dlap + Loy AT = apys2" + @555 +

where @54 is the spinor equivalent of the trace-free component of the Ricci ten-
sor and R is the scalar curvature. From (2.33), it’s clear that a self-dual, Ricci-flat
4-dimensional manifold has a flat connection on the undotted spinor bundle; in par-
ticular, it has holonomy SU(2) and the metric is hyperkéhler. In this case, we can
perform a diffeomorphism so that the ASD spin connection vanishes. As a result,
the ASD 2-forms are closed. Again, we can formulate general relativity as an expan-
sion around the self-dual sector: introducing the gravitational coupling x? = 167G,

consider the Plebanski action [158]

Sarl0,T] = / YA (AT + 67T ATs,), (2.34)
M
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where the fundamental fields are the tetrad and the ASD spin connection. The

equations of motion for this action are thus
dx*? = 22T ALY g AR5 =0, (2.35)

and are known to be equivalent to the Einstein equations [159]. In the limit x* — 0,

the action reduces to the action for self-dual gravity

Sspanlf.T) = | £ AdLas, (2.36)
M

where I' ceases to be interpreted as the ASD spin connection, but it’s rather a La-
grange multiplier imposing the closure of the ASD 2-forms. It is also possible to derive
actions where the fundamental fields are the ASD 2-forms and the spin connection
and with a non-vanishing cosmological constant [160].

On twistor space, there’s an analogous construction to Ward’s correspondence:

Theorem 2 (Non-linear graviton [29,30,161]). There ezists a one-to-one correspon-

dence between
o (suitably convex regions of ) self-dual, Ricci-flat Riemannian 4-manifolds (M, g),

e complex 3-folds P.7 that are a complex deformations of the neighbourhood of a
line in PT and are equipped with

— a holomorphic fibration P.7 — CP',

— a 4-complex parameter family of holomorphic sections with normal bundle

o) ® 0(1),
— an O(2)-valued symplectic form on each fibre,

— an anti-holomorphic involution j: P — P that induces the antipodal

map on CP' and picks a 4-real parameter family of sections invariant under
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1t.

The proof of this theorem is more involved than the proof for Ward’s correspon-
dence, so we will limit ourselves to describe briefly the reconstruction of the space-time
and the metric from the holomorphic data on twistor space.

Locally, the deformation of the complex structure is described by a (0, 1)-form
valued in the holomorphic tangent bundle V' € QUY(PT, T*°PT) and satisfying the

integrability condition

- 1
oV + Q[V’ V=0, (2.37)
where [—, —]| is the Lie bracket. Modelling the deformation on the flat twistor space

with coordinates Z4 = (u®, \,), we will assume that A, are still holomorphic, hence
providing the desired fibration P.7 — CP'. The O(2)-valued symplectic form for flat
space X can be dually defined in terms of an O(—2)-valued Poisson bracket {—, —}

acting on arbitrary forms wy, wy
Y =[duANdyl, {wi,wr} = Lawr A L%y (2.38)

Here, L, is the Lie derivative with respect to the vector field 9/9u®. The symplectic
form is holomorphic in the deformed complex structure if we assume V = {h, —} to

be Hamiltonian with respect to a Hamiltonian h € Q%! (PT, O(2)) satisfying
- 1
Oh -+ S{h.h} =0. (2.39)

In the flat case, the family of holomorphic sections were simply given by the twistor
line defined by (2.11), as they provided a holomorphic embedding of the Riemann
sphere after the identification of the coordinate on the sphere with A\,. The remaining
coordinates p are then fixed to be linear functions of A\, and we parametrised the

moduli with points in space-time. In the curved case, the construction is fairly similar:
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first, we define the (complexified) space-time .#Zc as the moduli space of twistor
lines, that is as the space of holomorphic sections with normal bundle O(1) ® O(1).
Kodaira’s theory ensures that .#¢ is four-dimensional [162,163]. Since A, is still
holomorphic in the deformed complex structure, we will fix the gauge freedom in
the twistor lines to have A\, = o, — equivalently, we are identifying the base of the
fibration P.7 — CP' with the Riemann sphere of the projectivised undotted spinor
bundle .#: x CP'. Conversely, the coordinates u® are no longer holomorphic, and
the twistor lines are thus described by a pair of maps F¢: Mg x CP' — P.Z on the

undotted spinor bundle of .Z¢ satisfying the curved incidence relation
0] F& = ¢ Lsh], . (2.40)

This means that a double fibration is also available in the case of a curved space-time

%(C X (CIPI

Tt
P M

where 7 4. is the trivial projection and mps imposes the incidence relations. In order
to equip ¢ with a self-dual metric, start by pulling back the O(2)-valued symplectic

form by the curved incidence relation (2.40)
O AmrsY =¥ AdFY A d,Fg, (2.41)

where d, denotes the exterior derivative on .#¢. This 3-form is holomorphic, since

using the incidence relations

Ol (e A7hsY) =2DAAAF* A D|, d.Fs
x : |X. (2.42)
=2DAAAFY AdFP A (Lalsh)| =0,

because Ed/lﬁ-h = E(dﬁg)h. The holomorphicity and the weight 4+1 in A\, ensure the
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existence of a triplet of 2—forms $%¥ on .#¢ satisfying

TrrS = A2 (2)  mod €°. (2.43)
It is easily checked that by construction

AR =0,  dn*f =0 (2.44)

The first equation is known as simplicity constraint [160] and is equivalent to the
existence of a tetrad % on .#¢ such that X% = ¢ A 98, If X8 is indeed derived
from a tetrad, then we already know that the second equation in (2.44) ensures that
the metric on .#¢ is hyperkéhler.

Finally, the involution j can be used to recover a real slice # C .#¢ with a
genuine Riemannian metric in the complexified space-time. In the rest of this work,
we will mostly stick to the complexified setting, as all the main results we will derive

will be rational functions, so the reality conditions can be safely imposed at the end,
if needed.
Twistor action for gravity

We conclude this lighting Section on gravity with a review of the relevant actions.
Much like in the gauge theory case, the integrability for h is the EOM for the first-

order Poisson-BF action

= 1
SPBF = / DBZ VAN g VAN <8h + §{h, h}> s (245)
PT

where g € QUY(PT, O(—6)). Again, we can think of this action as the non-supersymmetric
truncation of the holomorphic Chern-Simons theory on CP?®, which reduces to self-

dual A = 8 supergravity on space-time [164]. However, there’s an important differ-
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ence with the gauge theory case: choosing PT as a background ”reference” twistor
space, we're implicitly breaking full covariance. The symmetries of the action are

generated by fields x € Q%9(PT,O(2)) and v € Q"°(PT, O(—6)) as

oh=0ax+{h,x}, dg={x.g}+0¢+{hy}. (2.46)

This means that when we put the fields on-shell, V = 9+ {h, —} defines an integrable
complex structure deformation of PT and the field g is an element of the cohomology
group H%’l(IP’T, O(—6)), where the cohomology is computed with respect to V.

In Euclidean signature, after partially fixing the diffeomorphism gauge symmetry,
the action (2.45) reduces to the Plebanski action for the self-dual sector (2.36). Away

from self-duality, the full action (2.34) admits a non-local uplift to twistor space [165].

2.2.4 Massless states and the Penrose transform

The final ingredient that will appear diffusely in the following Chapters is the Penrose
transform. This is a useful tool to describe massless fields on space-time in terms of
certain cohomology groups on twistor space. We begin by reviewing the transform on
flat space, and then we suitably extend it to non-trivial backgrounds, both in gauge
theory and gravity. In the following chapters, we will show its power in deriving exact
solutions to the relevant linearised equations of motion.

Recall that helicity-h massless fields on flat space can be described in terms of

totally symmetric spinors satisfying the zero-rest-mass (ZRM) equations [26, 28]
aald¢a1...a2\h| — 07 D(b — 0’ aadl ¢d1...d2h — (), (2.47)

respectively for negative, zero, and positive helicity. For example, for h = £1 the ZRM
equations govern the SD/ASD components of the linearised field strength fa,@" and fug.

Similarly, the fields corresponding to h = +2 are the SD and ASD components of
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the Weyl tensor, and on the support of the Einstein vacuum equations, the Bianchi
identity for the Riemann tensor reduces precisely to the ZRM equations for h = +2.
The Penrose transform allows to describe on-shell massless fields in terms of certain

(twisted) cohomology groups on twistor space:
Theorem 3 (Penrose transform [28,166]). There ezists an isomorphism between
e the solution space of the zero-rest-mass equations (2.47)

e the cohomology group
HYY(PT, O(2h — 2)) . (2.48)

The relevant integral formula is

1
b oy (2) = /X DA Aay - Aayy @y (2.49)

= om

for negative-helicity and scalar fields, and

27

1
¢d1...d2h = _/ D)\ /\ Ldl “ . £a2hw|X 9 (250)
X

for positive-helicity fields. It is straightforward to show that these fields satisfy the
appropriate ZRM equation, noting that, in Euclidean signature, a (0, 1)-form with

components w = woe + wae® is O-closed if and only if

50wd — 5@&)0 = 0, 8[0,%1 =0. (2.51)
For example, in the negative-helicity case, the derivative of the space-time field is

. 1 _ .
O oy o = 5 /X DAAE 0(Aay - - - Aagm@™) 5 (2.52)

2mi

and thus vanishes by Stokes’ theorem. A similar computation holds for a scalar field.

26



For positive-helicity fields, we find instead

. 1 e
ady L . - D) ~0 _ le %31 . Oy
a gba’l---th 27T1 /}; /\ € ( <)\)\> a a 1 a 2hw0

~

[0}

. Y .
+)\°‘(?O“3d2 e (3d2hwdl + 2h = 8"1(?(@1 c. 8d2h_lwd2h) . (253)
(AA)

Using O-closedness of w and applying repeatedly [0y, 9] = 04, We can rewrite the first

term in (2.53) as

~ ~ ~

<j\\5\> _dladl - Oy, Wo = <ij\> 50((%1 Ce 8d2hwd1)+2h<j\\—5\>5(d18d2 Ce @d%)wdl . (254)

The third term in (2.53) and the second term in (2.54) cancel each other so that the
remaining terms can be rearranged as

. 1 A .
8aa1¢dlmd2h = — / DAA 6080 —Aadlaal e Gd%wal =0. (255)
X (AN)

27

Twistor representatives can be reconstructed from the fields on space-time as
follows: for negative-helicity and scalar fields, we can directly construct the (0,1)-
form

A e A% Ne2k

<)\3\>2\h\ o 8a1d¢a2---a2\h|+1—é , (2.56)

W = (2|h| + 1)¢a1...a2‘h‘ <)\5\>2‘h‘+1

where the € component reproduces the space-time field via (2.62) and the &% compo-
nent ensures that w is O-closed on the support of the ZRM equations. For positive-
helicity fields, we introduce a potential ©4q,..a,,_, totally symmetric in its undotted

indices and satisfying

¢d1---d02h - 8(021 e '8322::11¢d2h)011m0¢2h—1 ) ad(alwdtm--.azh) =0, (257)

27



and set

W= wdal...agh_l)\al e >\a2h_léd . (258)

Note that we can think of the Ward’s correspondence and non-linear graviton
above as non-linear extensions to the Penrose transform, as the fields b and a in the
gauge theory action (2.27) are naturally identified with negative- and positive-helicity
spin-1 fields, and similarly the fields g and h in the gravitational action (2.45) are the

negative- and positive-helicity components of a spin-2 field.

Massless states on curved backgrounds

When dealing with non-trivial backgrounds, the Penrose transform should be suitably
modified. We consider the gauge theory and gravity cases separately. Recall that the
two on-shell degrees of freedom of gluons in vacuum are classified by the helicity:
the helicity of a gluon corresponds to whether its linearised field strength is self-
dual (positive helicity) or anti-self-dual (negative helicity). On a general self-dual
background, linear gluon fields still split into positive and negative helicity, but these
no longer correspond to SD and ASD perturbations. Suppose we are given a linear
perturbation a.g to a background gauge field A,q, with linearised field strength f,, =

fap€ss + fd/geag. The linearised equations of motion for the perturbation are
Daaf*” =0, Daaf* +ilaaa, F*] =0, (2.59)

where I w5 1s the SD field strength of the background field Ans and D = d —i4 is
the gauge covariant derivative. Positive helicity gluons are then defined by f*? = 0;
that is, they are SD perturbations to the background gauge field. Conversely, it is
inconsistent to set de = ( for a negative-helicity gluon, the obstruction being exactly

the non-vanishing SD background field strength F &b Thus, negative-helicity gluons
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are asymmetrically described by the background-coupled zero-rest-mass equation
D fo5 =10, (2.60)

and will generally acquire a SD component of linearised field strength when traversing
the SD background. The Penrose transform for background-coupled, negative-helicity

gluons is

HY'(PT,0(—4) ® EndE) 2 {aa; on M| D f,5 = 0}, (2.61)

where H%l denotes the Dolbeault cohomology defined with respect to D. Given a
twistor representative b € H%’l(]P’]I‘, O(—4) ® EndFE), the spacetime field f,z can be

reconstructed via the integral formula

fop(z) = /XD)\ AXadg H (2, A) bl H(z, A, (2.62)

The insertions of the holomorphic frame ensure that the integrand is trivialised in the
E component, while the weights of b and of DA A\, A3 give a weight-zero integrand.
The Penrose transform for background-coupled, positive-helicity gluons is given
by
HE'(PT,0 ® EndE) & {aqs on M| D4, = 0}, (2.63)

and in this case the linear gauge field a, itself can be constructed via an argument
due to Sparling [155]: given a twistor representative a € HY!(PT,O ® EndFE), its
restriction to a twistor line X is 5‘ -exact, after a suitable dressing with the holo-

morphic frame, since H™! a|, H € H*'(CP', O) = ). Thus, we can write
H™Y (2, MalxH(z, ) = 8] j(x, A, (2.64)
for a suitable current j. Noticing that A*D,J is a holomorphic function of A, of
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weight +1, Liouville’s theorem gives the space-time perturbation a,s as
A 0na] = —IAY tpq - (2.65)

Similarly, on a self-dual space-time, positive-helicity gravitons can still be char-
acterised by metric perturbations g,, — g + hap such that hg,, solves the linearised
Einstein equations around the background metric g, and has purely self-dual lin-
earised Weyl tensor. However, it is not possible to define negative-helicity gravitons
in a similar fashion, as a generic infinitesimal diffeomorphism on the self-dual back-
ground will give rise to a non-vanishing piece of self-dual linear Weyl curvature. Thus,
we define positive- and negative-helicity gravitons to be those metric perturbations
hap satisfying

wag,y(s = 0, or Vadd)ag,y(; = O, (2.66)

respectively. Here V is the covariant derivative. For negative-helicity gravitons, the

Penrose transform is
HI'(PT,0(—6)) = {hay on M| V**ag,5 = 0}, (2.67)

and it’s thus the Dolbeault cohomology of the d-operator V of the deformed complex
structure of the curved twistor space P.7. The integral formula is essentially the

same as in flat space, namely

77/}04/375(1') :/ D)\/\ )\a )\5 )\7 /\5 g|X y (268)
X

where g € H%’l(]P’f ,O(—6)) is the twistor representative. The only difference is that
now X refers to the curved twistor line associated to the space-time point x via the
curved incidence relations (2.40).

In contrast to the negative helicity case, positive-helicity gravitons can be de-

30



scribed directly at the level of a metric perturbation. The Penrose transform is now
HI'(PT,0(2)) 2 {hay on M |tag,s = 0}, (2.69)

Given a twistor representative h € H* (P.7, 0(2)), the field on space-time is recov-

ered by restriction to twistor curves:
hlx = dlxj(x, \), (2.70)

for some function j of homogeneity +2 on P!, as H%!(P!, O(2)) is trivial. Holomor-
phicity of h on P.7 then implies that A*V .4 is holomorphic on P!, which in turn
means that

X Vaad (@, 2) = XN A Gaapy (@), (2.71)

for ¢aap () a field on .# which is totally symmetric in its undotted spinor indices.

This acts as a potential for a metric perturbation

hoass = V7 (@Pa)asy - (2.72)

which is easily seen to be self-dual, and hence positive helicity.

For all the backgrounds we consider in the following Chapters, we will consider
scattering states that are plane waves dressed with background-dependent functions,
reducing to familiar momentum eigenstates in the limit in which the background is
turned off. For this reason, we refer to these solutions as quasi-momentum eigenstates,

as there is no actual translation invariance in the background.
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Chapter 3

Form factors on radiative

backgrounds

The first application of twistor theory, as presented in Chapter 2, is quantum field
theory around radiative backgrounds. The study of these backgrounds has by now a
long history [99,167-170] and led to the construction of all-multiplicity formulae for
the tree-level MHV amplitudes of both gluons and gravitons, as well as to conjectural
formulae for tree-level amplitudes at higher MHV degree [65-67]. In this Chapter,
we show that it is possible to extend this analysis beyond on-shell observables and
start to address the construction of off-shell observables on gauge theory radiative
backgrounds. We thus consider the computation of form factors, that is of matrix
elements of local operators between the vacuum and an on-shell state, around this
class of backgrounds. Form factors represent partially off-shell observables, so their
construction is a first step towards a proper understanding of off-shell QFT around
these curved backgrounds.

We begin by reviewing the homogeneous description of null infinity and its relation
to twistor space. This will lead to remarkably compact integral representations for the

background fields in terms of their radiative data and for the linear fields propagating
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around these backgrounds. These are then used to lift local operators on space-time
to twistor space; the uplifted operators then yield all-multiplicity expressions for the
tree-level MHV form factors. Remarkably, any MHV form factor can be obtained as
a simple dressing of the corresponding form factor around the vacuum. See [1] for an

extension of this construction to super form factors in N/ = 4 super Yang-Mills.

3.1 The homogeneous formalism of null infinity

Recall that, in the Lorentzian slice M, null infinity .# arises as the boundary of the
conformal compactification of Ml and can be understood as the inversion of the light-
cone of the origin of M. Null infinity decomposes into future and past null infinity,
S = T U .#~, where the two components both have the topology R x S2. On
the complexified space-time, the conformal compactification gives rise to a partial
complexification ¢ = £F U .5, where future and past null infinity .75 = C x CP*
are obtained by complexifying the R factor while keeping the S? base.! In order to
connect with homogeneous coordinates on twistor space, we will use a homogeneous
version of the Bondi coordinates. Focussing on future null infinity, we will coordinatize

F& with coordinates (u, A\s, Ag) subject to the equivalence relation
(U, )\, /_\d) ~ (bl_)u, b)\a, l_);\d) y (31)

for any b € C*. u is a complexification of the standard Bondi retarded time, while

(Aa, Ag) are homogeneous coordinates on the celestial sphere thought of as the com-

plex projective line. The (degenerate) Carrollian metric on Z is

ds?]g =0 x du® + DADA, (3.2)

IThis will guarantee that each a-plane will intersect fg in a unique point.
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The homogeneous coordinates allow us to encode spin and conformal weights in terms
of homogeneous line bundles O(p, q) — Z, where a section of O(p, q) is represented
as a function f,,(u, A\, \) with weights (p,q) under rescaling of the homogeneous

coordinates

Foq(bbte, A, BX) = BPBOf, o (1, A, N . (3.3)

The conformal and spin weights (h, s) are related to (p, q) by

The vector fields dual to DA and DX are the edth operators d: O(p, q) — O(p — 2, q)
and 9: O(p,q) — O(p,q—2) [166,171] — see also [172] for a more modern perspective.
Using the projective formalism, we can construct a fibration p: PT — .7 where

the projection is given by
p: (1% A) — (u= uﬁ;\g,)\a,)\d). (3.5)

In the gravitational setting, this construction is known as asymptotic twistor space
as it allows to encode the complex-structure deformation of twistor space in terms of
the asymptotic data of the gravitational radiation at null infinity, e.g. the asymptotic
shear [67,145,173-175]. In the same spirit, we will leverage the fibration PT — .7 to

pull-back asymptotic data for radiative gauge fields to twistor space in the following.

3.2 Twistors for radiative fields

A source-free gauge field is radiative if it extends to null infinity inside the conformal
compactification of complexified space-time M and is completely determined by its
free characteristic data at either past or future null infinity. Within the projective

formalism, the restriction of a gauge field A on M¢ to .7 in temporal gauge A, = 0
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is [154, 176-178]
Al ;o = A_(u, A, \) DA+ A, (u, A, A) DX, (3.6)

The restriction of the leading components of the SD and ASD parts of the curvature
are

FY =09,A; duADA, F° =0,A_du DM, (3.7)

respectively, so A, A_ are the free data for the SD and ASD components of the field
strength. In terms of the line bundles above, A, is a section of O(—2,0) ® g, while
A_ is a section of O(0,—2) ® g, where g is the Lie algebra of the gauge group. A
self-dual, radiative gauge field is a gauge field completely characterised by the free
data A]jg = A, DA, while A_ = 0.

For radiative fields, introducing another description in terms of scalar second
potentials will prove to be extremely useful. There are two possible scalar potentials
available for a self-dual field, known as the J and K matrices, that can be obtained
by partially solving the self-duality equation. Given a dyad {4, 04} on the undotted
spinor bundle normalized such that (t0) = 1,2 the vanishing of the ASD curvature
implies flatness in the 2-plane tangent to (4% for an arbitrary dotted spinor 3%, so

we can put the gauge connection in the gauge
Aad = LaAd . (38)

In particular, the gauge field is in light-cone gauge with respect to any null vector of
the form n®® = (*4%. The pair of equations *F,5 = 0 then implies the existence of

a matrix-valued scalar potential K, the K-matrix, such that

Aps = LabﬁagdK. (3.9)

2A common choice is 1* = (1,0) and 0o* = (0, —1).
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The gauge field is automatically in Lorenz gauge as well. If we solve the equation
0“0’ F,5 = 0 instead, we can deduce the existence of the scalar potential J, the

J-matrix, such that

Aps = —itaJ 10054 . (3.10)

The remaining self-duality equations are
OK +i[106a K, P05 K] =0, 1%0°0,a(J105%J) = 0, (3.11)

respectively, whilst the SD component of the curvature is

Fa' = 1%, 170, K
’ 7 (3.12)
- _1 Laga(d‘ (J_loﬁaﬁ‘ﬂ) J) ;
in terms of the two scalar potentials, respectively.

In order to give a twistorial description of radiative fields, we first use the asymp-

totic gauge field at Z7 to construct the (0,1)-form
a=p (A D)) = A (u*Xa, A\, \)DA, (3.13)

valued in Q%Y (PT, O ®g) on twistor space. Since a points only along the DX direction
and is holomorphic in p, the 0 operator D = 0 + a trivially satisfies D> = 0, so
it defines a Ward bundle £ — PT on twistor space and we can use the Ward’s
correspondence to reconstruct the gauge field in the bulk of space-time. To do so,
we first introduce Green’s functions for the operator 0 on the sphere. If A, is a
homogeneous coordinate on CP' and 0 is the standard d-operator on the Riemann

sphere, we can invert the equation dg, = f, for any f, € Q%' (CP', O(n) to find a
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solution g, € Q% (CP', O(n)), provided n > —1. The integral formula for g,, is

B DX 1 [\ ,
gn()\)—/ vy (<Lx>) A (V). (3.14)

(C]P’l 27T1

The integral is over CP', on which Aa, A, are homogeneous coordinates, and the
reference spinor ¢, is used to fix the freedom in adding polynomials of degree n in A, to
g» by making it vanish to n'® order at ¢,; note that for n = —1 the solution is unique,
while for n > 0 the ambiguity in g, is a consequence of H°(CP', O(n)) = C"'. The
integral formula (3.14) can be proven straightforwardly by recalling the definition of

the holomorphic d-function
(3.15)

so that, taking a derivative, we find

Bg,, = /C } ]23%5((”)) (éf;é) A Fa(N) . (3.16)

The integral has support on the locus where A/, and A, are proportional to each other,
but since the holomorphic ¢ function has weight —1 in its argument, the integrand
has overall weight zero in A, and we can simply set X, = A,.

Now let H be the holomorphic frame satisfying the Sparling equation (2.22) and
suppose that we fix the gauge on space-time by requiring H(z,¢) = 1. Differentiating

the Sparling equation, we find

5‘){ (OaaH (@, Y H(z, \)) = AgH (2, ) aa—; . H(z, \), (3.17)
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and using the Green’s function (3.14)

DucH (2, \) H(z, \) = — /<D_X<L_A>A

, Oa
omri AN) (L)@

Hil(ﬂf, )\/) a_,ua H(I’, /\/> . (318)
X

The possible ambiguity in adding a constant to the right-hand side at homogeneity
degree zero is fixed by the vanishing of both sides of the equation at A\, = ¢, given
the gauge condition H(z,t) = 1. We can now contract this last equation with A,,

apply Equation (2.24) and find

Lo DX Oa
Aad<x) - o /X <L)\>H (LC, >‘) a,U/é‘ .

H(x, \). (3.19)

Equation (2.24) also gives the form of the J and K matrices in terms of the

holomorphic frame as

oH

J =H(z,0), K =io® e

(3.20)

A=t

In particular, we can identify the integral in Equation (3.19) with the derivative
1YOne X of the K-matrix.
The associated field strength can be straightforwardly checked to be self-dual,

with SD component

/ D/\1 ) 623
N o

H(I, /\1)
X

D)\1D)\2 _1 8a _1 83
_ A2 Ay | H( M) H T e ) | H(z M)
/. (2m)2<A1A2>[ A G| Mo AP ) A

(3.21)

The expression for F s has the advantage of being now both Lorentz and gauge

invariant; the linear Penrose transform would lead to the first term in (3.21) only,
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but for the fully non-linear field we need also the second, double integral over X in
order to ensure gauge invariance.

For the most part, we restrict ourselves further to backgrounds valued in a Cartan
subalgebra fh C g. Although our methods naturally yield concrete formulae for more
general backgrounds, this restriction leads to simpler formulae in which the back-
ground is encoded into abelian factors obtainable by quadratures, i.e., direct integral
formulae. In this case, we can express the holomorphic frame H = ™8 explicitly in

terms of the Cartan-valued function [64, 66]

1 DX (t\)
g(r,\) = %/X ON) (N aly (3.22)

and further use it to provide integral formulae for the background coupled fields. For

example, the J- and K-matrices are given by

| DA
logJ — —— [ DA P
ogJ 27ri/X(L)\)(o)\) - (3:23)
and
I [ DA

=5 XWa]X. (3.24)

Finally, in the following, it will be important to know the Green’s function Ky
for D « acting on sections of O(—1). The propagator can be immediately found
by noticing that, on each twistor line, we can trivialise the restriction a|, of the
twistor connection using the holomorphic frame and recalling the definition (3.15) of

the holomorphic §-function, so

Kx(\,\) = 2% Hi, Ag;';,;x’ ) (3.25)
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3.3 Scattering states

Around the trivial background, the ordinary momentum eigenstates are completely

characterised by a null momentum k°¢ = k% and a colour T¢ € g and are given by

fop = /fa/ngeeik'x, — —fg:; Teelk (3.26)

for negative and positive helicity, respectively. The spinor &, entering the linearised
gauge field for a positive-helicity gluon reflects the residual linearised gauge invariance
and should drop out of gauge invariant quantities, such as the linearised field strength,
and of physical observables, such as amplitudes and form factors. These states can

be obtained from twistor space by choosing the twistor representatives

] o ds < »
p=Te [ s Plem st a=Te [ SR e @)
* (C

« S

and performing the appropriate Penrose transform.

On a radiative background, we should construct momentum eigenstates akin to
(3.26) by solving the linearised equations of motion. This task turns out to be ex-
tremely hard, even for simple backgrounds. Instead, we use the background-dressed
Penrose transform described in Chapter 2. Remarkably, the twistor representatives
in Equation (3.27) satisfy

Db=0, Da =0, (3.28)

for any twistor connection a pulled back from radiative data as in (3.13), because
both the background a and the linear fields b, a point along the D direction, so the
action of the J-operators 0 and D coincide.

With these, we can apply the background-dressed Penrose transform (2.62) with

the first twistor representative in (3.26) and immediately find the negative-helicity
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linear field

fop = KakgH ™ (2, ) TH (2, k)™ ™. (3.29)

For positive-helicity perturbations, consider a perturbation a +— a + ca to the
background twistor connection, where a is given by the second of (3.26). Using the
Green’s function (3.14) and integrating against the delta function, we find that the
perturbation H to the holomorphic frame to first order in € is

Rl ) ) = s é; ?; P ) TR e, (3.30)

so the variations 6J and 6K of the J- and K-matrices are

-1 _ 1 -1 T. K e T. K eik-m
Je = —<L&><OH>H (z, %) TH(z, K)eF (3.31)
5K = — <L;>2H1(x, K)TeH(x, k)el" | (3.32)

Either of these can be used to reconstruct the linearised gauge field on space-time

ot = 7, H ) (R T+ (g, ), TPH(, ) (3.33)

where the function g, is defined using (2.24)
DoH H(m,N) = AH 2, Nga(a, \) . (3.34)

Note that the gauge-dependent undotted spinor present in the vector polarisation of
a spin-1 momentum eigenstate is taken to be ¢q.
When the background is taken to be Cartan-valued, we can simplify (3.29) and

(3.33) further. First, note that we can encode the commutators of any element T¢ € g
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with the background in terms of Abelian charges ¢, defined by

[t T¢) = €' Te, (3.35)

where {t'} is a basis of the Cartan subalgebra h. The negative- and positive-helicity

states then reduce to

bog = Kok Toelbotea@n) (g = 2 (Fg + ega(x, k) Teelkoteel@n) (3 36)

(k)

In particular, there is a factorisation between the colour and kinematical degrees of

freedom, as the background ‘dresses’ the dotted component of the momentum as
Kol s(x) = Ko(Re + €8a(T,K)), (3.37)

while leaving the undotted component invariant. This is expected as a consequence

of self-duality. For Cartan-valued backgrounds, the function g is given by

1 DX  Oa
& 7A - T . - .
8(, ) 27T1/X (AN) O™ |« (3:38)
3.4 MHYV form factors
Given a local operator €(z), its form factor Fy = Fgs(1™, ..., n;q) in presence of

n external gluons is defined as the Fourier transform of the matrix element of &'(x)

between the vacuum and the n-gluon multi-particle state
R / A e 0T (1M | 6(2)|0) | (3.39)
Mc

where we implicitly assumed our gluons to be outgoing plane waves and where h;

denotes the helicity of the i*" gluon. Since we focus on MHV form factors, the
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helicities are almost all positive, the number of negative-helicity gluons being equal
to the number of B fields appearing in &. To compute F,, we will resort to the
perturbiner approach [95-98]: in this framework, tree-level amplitudes are computed
as multi-linear pieces of the classical action, evaluated on recursively constructed
solutions of the non-linear equations of motion with appropriate boundary conditions.
Similarly, if &' is a composite operator, it’s straightforward to show that its tree-level
MHYV form factor can be readily computed in self-dual Yang-Mills by simply putting
it on-shell [179]: the generating functional for such a form factor is the path integral

with action

SSDYM +/ d437 /ﬁ, (340)
M¢

Sspym being the action for self-dual Yang-Mills (2.18) and _# being a source for
O. At tree-level and in the MHV sector, the generating functional reduces to (the
exponential of) the on-shell action in the presence of the source.

Suppose now that we are given a self-dual background A,, and a collection of
n gluons propagating on this background. Let {aﬁfé}ie ; be the set of the linearised
gauge fields associated to the positive-helicity gluons. Since positive-helicity gluons
represent self-dual perturbations to the background, they can be viewed as defining
a coherent state and, together with the background A, itself, they define a new
self-dual field A,4, which in general depends non-linearly on each of the agi. The
negative-helicity gluons then correspond to negative-helicity states {bgg}je J propa-
gating in this background. The data for the self-dual field A, are nevertheless fairly
simple to understand, as at .#J the gauge field reduces to the sum of the asymptotic
gauge field (3.6) for A_ = 0 and a collection of plane waves, thus the on-shell expres-

sion of & around a general self-dual radiative background is the generating functional

for the MHV form factor of O. In practice, s can be computed by considering the
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bulk gauge field that reduces to

Alygs + ) ead?, (3.41)
iel
at Z, where {&;};c; are formal parameters, and extracting the term in & propor-

tional to [[,.; & — see also [180,181] for a related approach.

3.4.1 Form factor of tr B2

The computation of such a linear piece of the generating functional using spacetime
methods is still rather difficult. However, this computation becomes straightforward
when translated to twistor space. Let us show the construction of the operator tr B2
as an example.

Suppose that A, is described on twistor space via the Ward correspondence in
terms of the partial connection D = 0+ a on the holomorphic vector bundle £ — PT.
Suppose further that the j'™ negative-helicity gluon and i*" positive-helicity gluon
are described by the twistor representatives b¥) € H%l(PT,O(—4) ® EndFE) and
al ¢ H%I(IP"]I', O ® EndFE), respectively. Without loss of generality, we can assume
that all of the forms a, {bye) s}, and {az@]} point along the DA direction. A deformed

partial connection on E can now be defined by D = D + a, where

a= Z g a¥ (3.42)
iel
for {g;} formal parameters. Under our assumptions, D? = 0, so the deformed partial
connection also defines a holomorphic structure on E. Thus, {b(j)}je J are also repre-
sentatives of classes in H%l(IP’T, O(—4)®EndE). Let H and H denote the holomorphic
frames associated with the partial connections D and D, respectively.

The uplift to twistor space of the generating functional of the form factor of tr B2
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is now readily obtained via the Penrose transform (2.62) for negative-helicity fields
G(r,s) = / dig ooz / DAMDAs (A1 Ao)? tr (H;l o) Ay Ayt o) Hz) . (3.43)
M X2

where we supposed that the two negative-helicity gluons are the r*® and s*". The
integrals here are over two copies of the twistor line X, with homogeneous coordinates
Ao and A9, respectively, and there is an additional integration over the moduli of
such lines, namely an integral over spacetime. We use the notation H, and bgT) for
H(z, \;) and b (x, A1), and similarly for Hy and 6. The ¢ — 0 limit of the
generating functional (3.43) is interpreted as the amplitude for the helicity flip of a
single negative-helicity gluon traversing an SD background [182], in particular it is the
generating functional of the MHV gluon amplitude around the self-dual background
generated by a [66]. In terms of the propagator (3.25), the generating functional can

be rewritten as

G(r,s) = 4x° / diz DA DAg e 7% (A Ao tr (b@ Kx (A1, A2) b5 K (Do, m) .
MCxX2
(3.44)
Crucially, this representation for the MHV generating functional can now be straight-
forwardly expanded in a by obtaining a relation between the Green’s functions Ky

and Kx. The defining equation for K x IS
D|, Kx(\N) + aly Kx(A,X) = 8((A X)), (3.45)

which can be integrated to

Kx (A N) = Ky (A, X) — / DA Ky (A, X) aly (A)K(A", XY, (3.46)
X

in terms of the Green’s function Kx for D| x. This integral formula can be iterated
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to obtain the Born series

) = /o1\" H(z, )H{ 'aiH: - - H aHH - (2, V)
Kx(WN) =3 (= DAy - DA — VPRI
x (A X) 2 (zm) / 1 DAL Od A0~ Ot A) O V)

(3.47)

Here we denote H; = H(z, \;) and a; = aly (z, \;). Moreover, the n = 0 term in this
series is understood to be Kx (A, \').
The MHV form factor is now given as the coefficient of €; - - - €, in the generating

functional (3.44), expanded using (3.47):

Fip: = / d*z DAy - DA, e (N N
Mg x X™

tr (H ol Hy - H 0 H, - HU T, - H el H, )

- (A1 A2) (A2 Az) - (A1 An) (A A1)

. (3.48)

where we have written only one of the colour-orderings arising from the perturbative
expansion, namely the (123---n — 1n) ordering. The full form factor is given by a
sum over all non-cyclic permutations of this expression, but knowledge of a single
colour ordering suffices.

Inserting the twistor representatives (3.27) and the background holomorphic (log)
frame (3.22) in (3.48) and localising the integrals over X™ against the holomorphic
delta functions present in the twistor representatives, we obtain the form factor for

tr B?:

(rs)*

Fun = 4oy

/ Az Q0w+, eie(@ns) (3.49)
Mc

where Q) = k1 + ... + k, is the sum of the external gluon momenta. As expected, in
the limit ¢ — 0 we recover the known expression for the Parke-Taylor formula around

a self-dual radiative background [66].
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3.4.2 Form factors of tr B¥, tr F? and tr F?

The generalization to the form factor of an arbitrary power tr B* := tr B, **...B, ™

is straightforward

. . . . 2
fter _ (<Zl Z2> R <Zk Zl)) / d4r ei(Q_Q)'aH_Zj e;g(x,kj) ’ (350)
(12)...(n1)  Ju.
where we assumed that the ", i8", ... it" gluons have negative helicity and the other

gluons are positive-helicity.

For generic operators containing F s as well, the resulting formulae can still be
considerably involved, so in the present section, we first consider the form factor
for tr F aBF 8 Around the flat background, the tree-level colour-ordered MHV form

factor is [183]

Ftrﬁ2|A+:0 (1+7 s 7n+;Q) = < (q ) 54(@ - Q), (351)

12)...(n1)

If one interprets the form factor as the amplitude for a massive complex scalar chirally
coupled to the SD field strength, this beautiful formula can be proved by Berends-
Giele recursion [183]; alternatively, one can compute the parity-conjugate form factor
Fup2(17,...,n7;q) as the ‘maximally-non-MHV’ form factor using the MHV formal-
ism [184]. It’s remarkable that such a compact formula exists at all for a maximally
googly form factor. We now show that the simplicity of this form factor is a conse-
quence of the existence of the K-matrix and, as a result, that the MHV form factor
for tr F2 around any Cartan-valued self-dual radiative background admits an equally

simple expression:

Proposition 3.4.1. The MHV form factor of the operator tr F2 around any self-dual,
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Cartan-valued radiative background field at arbitrary multiplicity is
. 0O)2 _
Ftrﬁ2(1+, ont q) = (q—Q> / d4y & (@—a)z+3; ¢j8(zk)) (3.52)
.. MC

Proof. We begin by expressing the SD field strength in terms of the K-matrix and in-
tegrating by parts twice, so that it is straightforward to rewrite the Fourier transform
of tr F? as

/ diz e’iq'xbaqa%ﬁqﬁ'g tr 70,6 K L‘;%K- (3.53)
Mc

Using (3.19) to extract the integral representation of 1“0, K, the lifting of this ex-

pression to twistor space reads

L . ; DDA <>\1)\2>2 631
diz e 197, "% 5q58 / 1772 tr | —
/M T e T () ous

832

12 75
X Oy

K21> . (3.54)

so that the Born series (3.47) gives the expression

! (@- wlom), goa, HHN) G007 o
For | qipe@ ot es@n), gob, 88 P
12).. (nl) /Mc ve J ol 1ot ZJ: (Ci){og) s
X}

_2/ D) <Z'—1,Z'><)\j>2/%j6' Oa
X
for the MHV form factor of tr F2. In principle, the background twistor connection

(3.55)

2mi (i = LAY N) () O |

/ DADN (i —1,0)(j — 1,5)(AN)? da
xz (2m1)* (@ = LA = LA ) A N) ops

Oa
X 3#’6

can give derivative contributions to the form factor, namely the second and third line

in (3.55). However, one can use the integral

/ E )\a)\ﬁ Oa — Re—1ake-18 (x . )
x 2m (LA (0 — TN (N E) Ops | <€—1,L>(€—1,£)g°‘ s K1
Keakep

DTS (3.56)

S ooz
LA )> !
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to realise that the terms containing derivatives of the background actually give a
vanishing contribution to the form factor. For generic momenta, this integral can be
computed straightforwardly by expanding A, in the basis {k{ |, k3 } and recalling the
definition (3.38). Using this relation, the sums over 7 in the second and third line of

(3.55) give the contribution

Z (Hgd(ﬂ?,lii_ﬂ _ () gal(z, ki) + %gd(w, L)) . (3.57)

The first two terms obviously cancel in the sum over ¢. The third one is telescopic
in i as well, once we complete ¢, to a basis {i4, 0.} of undotted spinors and expand

each momentum ¢ in this basis. The third term then reduces to

(i—1,1) _ (o) (0i—1)Y _
Z<L,z’—1><n> ;(m <L,Z~_1>) 0. (3.58)

%

Overall, the form factor reads

= 1 (ig)*(elali]{tlqls] 4, Q=) a+3; esg(w ;)
F = M 2= i) /Md S (359)

([/7.7
Let S denote the sum over i, j

2

=y @%i

~Llal "%ic’v’%" . 360
]) B 7B ( )

Using the Schouten identity and performing one of the sums, S reduces to

o LgR, sKiak, I
_ ,a&, B8 ) Brvighialvi _ LgRigKiak;
s (0 P g M) e

)

Finally, noticing the identity

. 1, . 1
" Qe = 5(¢" Qe — Q™) + 5070 @, (3.62)
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we can further simplify § down to

S=-(a-Q), (3.63)

and the form factor is finally (3.52), up to an overall numerical factor. O

As previously anticipated, the dependence on the gauge spinor ¢, dropped out and
the result is fully gauge-invariant. Around a non-trivial background, we expect trans-
lations to be broken, and therefore the momentum-conserving é-function in (3.51) is
replaced by the residual integral over space-time in (3.49)-(3.50)-(3.52). This integral
cannot be performed analytically for a generic background, but for specific, highly
symmetric examples, it is possible to further simplify it. Furthermore, we note that
for the form factor around the trivial background, ¢> = ¢ - Q on the support of the
momentum conserving ¢ function.

A similar analysis can be set up for form factors of other polynomials in ﬁ’d 5 and

its derivatives. Let us now consider the cubic operator
3 . o BE A G
trF = e R (3.64)

Note that this is the unique cubic operator not involving derivatives of the SD field
strength, up to a sign. The lifting of this operator to twistor space cannot be simplified
using the K-matrix anymore but can be straightforwardly obtained using (3.21) and
again the generating functional is the Fourier transform of such lifting. Nevertheless,
the perturbative expansion proceeds as before: at arbitrary multiplicity, the tree-

level, colour-ordered MHV form factor around a self-dual, Cartan-valued, radiative
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background is [1]

Fops = (12). 1 (n1) /MC et
x (z;m<jk><m'>[z'mjknki]
+ 3ijzw(jk)(k£) (Ci) [RL) (€3] [K] + [ik][€4])
+3 Z (k) (emd mi) (Tmid) (K] [m] + [ bm]) + (6 > j) )
" M;ﬂnwwmxnw (LiKI (el (6] + [ma] [£n]) + (K < )

+(i<—>j)+(i<—>j,ke>€)>>.

In particular, the colour-ordered formulae obtained with our generating functional
match the first few expressions around the trivial background, namely the minimal
form factor

Fopa(17,27,3%q) = [12)[23][31] 6(Q — q), (3.65)

and the 4-point form factor [47,185]

P12, 415q) < LIS (409

(12)[21] m) 3*(Q — q) + cyclic.

(3.66)

3.4.3 Generic MHYV form factors

The most remarkable feature of the expressions (3.49)-(3.52) and (3.65) is that the
form factor around a non-trivial background is obtained by a simple dressing of the
form factor around the trivial background, namely one only has to replace the §
function with the space-time integral in the last line of (3.65), while keeping intact

the kinematical prefactor. This property is generic of any form factor of a composite
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operator, as the lifting of any polynomial in s and its derivatives® will be a sum of
products of integrals over X of terms of the form A" ... )‘?Saufl . 8H?S a, intertwined
by propagators Kx (\;, A;) between adjacent positions on the sphere X and with some
contraction of the spinor indices. Once we expand such an expression in terms of
momentum eigenstates, the background connection can contribute to the form factor
in two distinct ways: it can either be present only in the holomorphic frames H(zx, \;),
or it can potentially give a contribution when present in a u® derivative. The first
type of contribution gives a factor of exp(e;g(z, k;)) when the background acts by
conjugation on the jth external gluon. Conversely, the second type of contribution is

proportional to (possibly a spacetime derivative of)

1 DM\ Oa
2t Sy G LG 9 (3.67)

when we consider a colour-ordered form factor. Such a term must be inserted in any
possible position inside the perturbative expansion, and for a colour-ordered form
factor, this means that we must sum over j. Moreover, any of these contributions
comes together with a partial Parke-Taylor denominator 1/((12) ... j/—-rj ) ... (nl))
from which the factor 1/(j — 1, ) is removed. The integral (3.67) can be evaluated

for generic external momenta by considering k;_1, and k;j, as a basis of undotted

spinors, and it’s equal to

1 / < D) Oa - ilﬁj—l,agd(xa '%j—l) — Hjo‘g‘j‘(m’ Faj) . (3.68)
X

omi Sy (G — LAY apd | (j—1,7)

3The possible presence of B,g fields does not bring in any additional issue, as we are working in
the MHV sector.
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The denominator (j — 1, 7) is precisely the missing factor needed to reconstruct the

Parke-Taylor denominator, so that the residual sum over j is telescopic

n

DY (Fj-108a(@, Kjo1) = KjaBa(z, K;)) = 0. (3.69)

J=1

Then the only non-vanishing contribution to the form factor around a non-trivial
background comes from terms where the background is present only in the holo-
morphic frames, and this means that the desired form factor coincides with the one

around the trivial background, once we replace the ¢ function with the integral

/ Qi (@045 es8(m;) (3.70)
M

93



Chapter 4

Gluon amplitudes around the

self-dual dyon

Having discussed radiative fields, the next step is to include background sources. In
this Chapter, we study gluon amplitudes around point-like sources whose wordlines
are supported on line defects in four dimensions. The simplest source is the self-dual
dyon: this is a solution of the Maxwell equations composed of the superposition of
the electric field of a point charge and of the magnetic field sourced by a magnetic
monopole, where the electric and magnetic charges are assumed to be equal in order
to satisfy the self-duality equation. On the Minkowski slice, the self-dual dyon is a
complex-valued gauge field, but on the Euclidean and Kleinian slices it is real-valued.

Scattering on Coulombic sources is a well-known problem and presents remarkable
complications already at the level of the scattering states: the Coulomb wave equa-
tion can only be solved using separation of variables and a partial wave expansion,
with radial modes given by confluent hypergeometric functions. Even the 2-point am-
plitude (which is only sensitive to the asymptotics of the Coulomb wavefunction) is
given by an infinite sum of terms controlled by the radial action [69-73], both for the

purely Coulombic background and for generic (non-self-dual) dyonic backgrounds.

o4



However, when the underlying background is self-dual, remarkably simplifications
occur: the linearized equations of motion can be solved exactly in a closed, compact
form in terms of charged Killing spinors. After introducing them, we show how they
can be used to give a novel twistorial description of the self-dual dyon using Dolbeault
cohomology. As in Chapter 3, the twistor description of the self-dual dyon will allow a
compact representation of tr B? as the generating functional for the MHV amplitude,

for which we derive a compact formula at all multiplicity.

4.1 Spinor-helicity variables for R’

In this Chapter and in Chapter 5, it will be useful to work with spinor-helicity vari-
ables adapted to the Euclidean slice
1 20 +iz3 izt + 22

T = — : (4.1)
V2 izt — 22 29 —ig?

and to set up spinor coordinates on the R? slices at constant 2°. In terms of the

time-like vector T

qaa_ L[ 10 (4.2)
V2| o1
we introduce
1 2 .3
. . 1 I +x —lz
298 — 60,é/[J.)]7(04|6‘4\x5)f5’ _ 5 . (4.3)
—iz® —izx! 4 22

Let now (7,0, ¢) be standard spherical coordinates on R? — 0 = R, x S%. We will

need stereographic coordinates on the sphere at constant r
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In terms of the stereographic coordinates, we define the Killing spinors

Yo = _ : Y& = _ ) (4.5)
* 1+¢C | L+ ¢
We will study the properties of these spinors extensively below. For the moment, we

note that they satisfy

=i, exe) = (4.6)

4.2 The self-dual dyon

The self-dual dyon (SDD) arises, in the first instance, as a classical solution of Maxwell
theory. On the Lorentzian slice, it can be viewed as the gauge field sourced by a point
particle carrying electric and magnetic charges of equal magnitude but related by an
overall factor of the imaginary unit. This ensures the field strength is self-dual as a
2-form on M. As such, the SDD is a complex gauge field in M, although it can also
be viewed as a real gauge field on either E or K. On the Euclidean slice, the self-dual
profile has equal electric and magnetic charges and is captured by the gauge field
da? _.¢dC- ¢

A=—+a, a=(1—cosf)d¢

- e (4.7)

The first term in (4.7) is the Coulomb part of the potential sourced by the electric
charge of the dyon, whereas the second term a is the Dirac monopole sourced by
the magnetic charge. This has a wire singularity at # = 7 which can be moved to
6 = 0 by a suitable gauge transformation. In order to construct non-trivial amplitudes
on this background, we can embed the SDD into the Cartan subalgebra of the gauge

algebra of a generic non-abelian Yang-Mills theory. Let ¢ be an element of the Cartan
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subalgebra and simply set

A:c(%%—a) . (4.8)

The condition that it is embedded in a Cartan subalgebra ensures that the self-
duality condition of the abelian case is preserved in the full non-abelian theory, as
the corresponding field strength reduces to

dt A dr
)

1
F:dA+§[A,A]:c< +Sin@d9/\d¢> . (4.9)
This is essentially the same as the abelian field strength, and satisfies the non-abelian
self-duality equations. In particular, in 2-spinor variables the field strength is mani-
festly self-dual
22 4€08

F

acBB =cC ’ (410)

3
where 7% = eaﬁTa(‘j‘x‘mB).

Other gauges for the SDD gauge potential can be found which manifest other
useful features of the field. For instance, in the Kerr-Schild gauge the gauge potential

is

1 ¢
ARS = coq, =, = dz°® + idr — 2ir _d¢ . 4.11
bq 0= q T ¢ (4.11)

Here ¢ is a harmonic function, whilst ¢ = ¢, dz® is a 1-form satisfying
"% =0, q"0uqp=0, (4.12)

so that the dual vector field ¢ is the tangent vector of a null geodesic in M. Note
that this implies that the Kerr-Schild gauge is also a light-cone gauge. This choice
of gauge can be used to relate the SDD to the self-dual Taub-NUT metric by the
classical double copy [106, 186].

Another natural light-cone gauge can be defined in terms of the Killing spinors
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(4.5)

7 _
Agg _ La [e% ( X+’Y _|_ X Y ) ’ (413)
oo \lex) o (ex=)

where * = (1,0) is a constant spinor. The gauge field is in the light-cone gauge
n - AY® = 0 with respect to the null vector n®® = 1°7%. Note that both the Kerr-
Schild and light-cone gauges also happen to be Lorenz gauges.

Finally, the Dirac monopole a can be used to compute the exterior derivatives of

the Killing spinors. A direct computation shows

o rg,dz? i | o

dx§ = (774—2 - §a> X+ — §X+5X+wd$67><_ ’ (4.14)
o rg,dxfr i o 1 o

dy® = <57T—2 + §a) X — ﬁX—BX—dem)@ : (4.15)

4.3 The twistor quadrille

In Maxwell theory, the self-dual dyon arises from a line bundle £ — PT over twistor
space known as the twistor quadrille [187,188]. The original description of the SDD
in twistor theory was based on a Cech formulation [187,188], briefly discussed in
Appendix A; here we develop a new Dolbeault description which is more suited to
our later calculations. The two descriptions are, of course, equivalent thanks to the
Cech-Dolbeault isomorphism.

Consider the Ward bundle £ — PT defined by the partial connection

<>\ X+>
(Ax-)’

a=—ce’Jylog (4.16)

where x§ are the charged Killing spinors of the SDD defined by (4.5). The connection
is naturally defined in Euclidean signature, where we can employ the space-time
coordinates directly on twistor space, whilst it would require a more careful analysis

in Lorentzian and split signature. The local nature of a on PT is clear as the twistor
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connection it is ill-defined where (A y+) = 0, so must be understood as defined on
the open patch away from these locii. It is also clear that this partial connection is
holomorphic, as it is given by a function on the sphere proportional to &°, so da = 0
by virtue of € A & = 0. The defining equation (2.22) for the holomorphic frame

associated to F with this partial connection implies that a possible choice of H is

H(z,\) = (82&;) . (4.17)

It is easily checked that this holomorphic frame reproduces the SDD field in the gauge
(4.8): using (2.24), one obtains

(4.18)

_i)\aAad — )\ (8aa<>\X+> . aoao'c<>\ X—>)
(Ax+) (Ax-)
Using the exterior derivatives (4.14)-(4.15) and the identity 2x nX_5 = T€as, We

recover

Aad =cC (aw + %) . (419)
r

Note that, as required, dependence on the open patch {{Ax4) # 0} C PT drops out
in the transform to the spacetime gauge field.
Similar computations show that the holomorphic frames associated to the SDD

in Kerr-Schild gauge (4.11) and light-cone gauge (4.13) are given by

respectively. For instance, the field in light-cone gauge can be obtained by a procedure
akin to the construction of the radiative gauge fields of Chapter 3: assuming that the
holomorphic frame satisfies the boundary condition H*C(z, 1) = 1, for some arbitrary
L, one can make the ansatz HYC(z, \) = exp(—g~“(x, \)) for the holomorphic frame.

Using the Green’s function (3.14) with the appropriate weight, the function gt“ is
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given by

g™z, \) = QLm/X <];i:> A <<LL))\\/>> aly(z, XN). (4.21)

This integral formula precisely reproduces the frame HC:
¢ [ DX (N N xs)
2mi Jx OOV (0v) )

_i / 57 <L>‘> o <>‘/X+>
=51 Sy PX N <w><w>)lg<~x>

:C/XD)\'/\ (<A1X>5(<Lx>)+ <L1X>5((>\X>)) (1) log S X

(Nx-)
(Ax)(ex-)
Ax-)(exs)

log H*“ (2, \) =

A 5"Xlog

(4.22)

= clog

The second line follows from Stokes’ theorem.

It is also possible to understand these data — in particular, the singularities in
the background twistor connection a — as the local data defining a line bundle on a
non-Hausdorft twistor space PTq, obtained by glueing two copies of PT over the zero
locus of the quadric

Q = p T A, (4.23)

see [189] for the original construction by Bailey and [132] for a more modern discus-
sion. Note in particular that the singularities of the twistor connection a lie exactly

on the zero locus of the quadric, as () intersects the twistor line X on

Qlx = A x+)(Ax-), (4.24)

as it follows from the incidence relations (2.11) and the first equation in (4.6).
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4.4 Scattering states

We now construct the scattering states propagating on the SDD background. Since
the background is particularly simple, we can address this problem in a variety of
ways and it is instructive not to resort to the Penrose transform immediately. We
first discuss how the Killing spinors (4.5) can be used to construct charged fields of
different helicities and charge. This construction will be extremely valuable in the
Chapter 5 as well. We first construct scalar and negative helicity states, and then
describe a spin-raising procedure to construct positive helicity states. We then recover

the same states from twistor space with the Penrose transform.

4.4.1 Killing spinors for the self-dual dyon

A valence-p ASD Killing spinor on a general curved background is a solution y®®»

to the equation

D@\ PrBr) = (4.25)

Any Killing spinor can be used to raise the helicity of a solution to the helicity

—(n + p)/2 massless free field equations
D**Yaay..an,, =0 (4.26)

to generate a solution

Pai...on = wal...canw XanJrl...can, (427)

of the helicity —n/2 field equations, as it follows from the Leibnitz rule and (4.25).

The main result that we will need is:

Proposition 4.4.1. For the Abelian self-dual dyon in the gauge (4.7), the spinors
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X$ satisfy the charged Killing spinor equations
0 £ 5 A =0, (4.28)

Thus, X% are Killing spinors with charges +1/2.

Proof. This is proved by direct calculation using the exterior derivatives (4.14)-(4.15).

Focussing on x¢, we have

1 Toy 74 i 1
OacX] + 5 Aaax] = =55 — XX cax 2 Ta + 5= Taax 2, (4.29)
2 r r 2r
so the first of (4.6) implies
o 1 o 1 « (07 «
0“ax + 514( X = 2,2 e <—X+X'§r><v_ s M T o 65)7) : (4.30)

[

The RHS is identically vanishing, once one uses the identity x Xﬁ }

= re®? and after

expanding all symmetrized products. A similar computation holds for y¢. 0
The main consequence that we will use is the following:

Corollary 4.4.1. Gwen n,p,q € Zsg, let the totally symmetric spinor Va,..anspiq

satisfy the ZRM equation of helicity —(n + p+ q)/2 in flat space. Then the field

_ Qn+1 Qn+p . n+p+l n+p+q
()0041---0671 - ¢a1---an+p+qx+n A XJr X* A X* ) (4'31)

satisfies the ZRM equation coupled to SDD background of helicity —n/2 and charge

(p—aq)/2.
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Proof. For n > 0, we have

aid _ lo31e] Qn41 Qn+4p . Ontp+1 Qn+4p+q
D Pay...om = (a wa1~~~an+p+q)x+ cee X+ X-— s X

+ pwa o (D(alld|xi"+1))xin+2 Xjf_vz+pxan+p+1 Xan+p+q
1+-Qniptq _ SoaXZ

Qn+1 Xinﬂ? (D(a1 |&| Xan-‘rm—l) ) Qn+p+2 Qn+p+q

+ qWay . prg X+ X— - ;
(4.32)

from the Leibnitz rule and the symmetry of ¥q, . a,.,.,- Each line in (4.32) vanishes
independently.

For n = 0, suppose without loss of generality p > 0 and decompose the field as

0 = Yo B X XA X = X s (4.33)
so that
D*¢ = D*X% @a + 2D X5 Dyspa + X7 D*pa - (4.34)

Since @, satisfies the ZRM equation for helicity h = —1/2, the second term vanishes
in virtue of D(adxﬁ) = 0 and D[a(i(pﬁ] = (0. The third term vanishes because the

background is self-dual, as

DQSOa = DﬁﬁDﬁB@a
— D’B’BDQBSOﬁ (4.35)

= [D?, D,glps + Doy D5 =0
Finally, the first term vanishes because D2X?r = 0 by direct computation, using
ad i «Q &
D\ = e ANLT,Y (4.36)

O

Charged quasi-momentum eigenstates of non-positive helicity on the SDD back-
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ground can now be generated by beginning with uncharged negative-helicity mo-
mentum eigenstates on flat space. Using Corollary 4.4.1, we can construct quasi-

momentum eigenstates of the form

(X)) X2)T° b

(B,q) = K/al e ffanTe </{ O>2q

()Oal...an

(4.37)

These states are defined by a pair of charges (e, q) chosen such that they are simul-
taneously integer or half-integer, so that the wavefunction is single-valued. T¢ is a
generator in the Lie algebra of the gauge group such that [c, T¢] = eT¢. The states
have charge e with respect to the background SDD gauge field and are everywhere
non-singular on the celestial sphere, provided g > |e|. The factor of (k 0) 727 has been
inserted to give the state the appropriate weight under little-group scaling.

With the parametrization (2.6)-(4.5), the general quasi-momentum eigenstate of

helicity —n/2 is given explicitly by?

q
(67Q) — HO{ . /{a Te ( r ) 72 + 1 q+e —z q—e elk‘x 438
900[1...04” 1 n 1 +CC (C ) (C ) ? ( )

A particular feature here is that for smooth solutions on the sphere and non-trivial
charge, we see that the (kx,) factors generate spin-weighted spherical harmonics.
These are, in turn, accompanied by powers of r that, for global solutions on the
sphere, are higher than those expected for uncharged fields on a flat background.
There are distinguished solutions that are nowhere singular on the celestial sphere

and grow with the lowest possible power of r as r — co. These are given by

+ — lee) T r _ ‘s +1 2e ik 4.39
90041...0171 90041...04” K/al Han (1+CC) (CZ ) € ) ( )

Note in particular that, with the parametrization (2.6), we have (ko) = 1.

64



for positive quantized charge 2e € Zx(, and

- =) =g Kk, Te( T )_ — z) 2 ik 4.40
gpoq...an Soal...an 1 n 1 +CC (C ) ) ( )

for negative quantized charge 2e € Z<,. The n = 0 case corresponds to scalar
solutions. We refer to these solutions as minimal fields, or minimal states. The
other, non-singular solutions can be obtained as derivatives of the minimal states

with respect to the external data, since using (2.6) we either have

. 1422 \7° . 1422\ _
(= (50) e o = (0 o

2w 2w
(4.41)

depending on the sign of the charge e. Observe that the gradient Dagp©? of
the scalar quasi-momentum eigenstate defines background-dressed null 4-momenta
Kézq) () = f{af(((f’q) (z) via Dygel®? = i

€,q e,q
LW ped) | where

. T . Yo T
Kée,q) ) = Rd + q +e X+~ a e ¥ & :
(@) = ot (g P28 — (o) dm

rlrx) (4.42)

Thus, ¢©? satisfies the charged Hamilton-Jacobi equation on the SDD background.

To describe positive-helicity states, we can use the scalar states and an appropriate
helicity-raising operator: consider a positive-helicity state with linear gauge field a,q4
and introduce the ansatz

o = VoV’ Dgap (4.43)

in terms of a scalar potential ¢ and a reference spinor v,. The linearised ASD field
strength is
1

bas = 3 WD (4.44)

so we can take ¢ to be a scalar quasi-momentum eigenstate and treat the operator

Val? Dgg as a helicity-raising operator. In terms of the dressed momenta, we find the
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positive-helicity states

o) _ L ea ea) 4.45
Ao <V /€> Vallg @ ’ ( ' )

where factors of (v k) have been introduced for normalization. This construction is
analogous to the K-matrix formalism of Chapter 3, suitably linearised around the
SDD background.

Note that 2% = ixsf‘xé ) is a valence-2 Killing spinor. However, it has zero charge,

so it can only be used to lower the helicity of a state, but it doesn’t produce new

charged states.

4.4.2 Scattering states from the Penrose transform

Let us now derive the spin-1 quasi-momentum eigenstates (4.37)-(4.45) from the Pen-
rose transform. As it is often the case, constructing scattering states first on twistor
space is usually easier and faster than solving directly the background-coupled equa-
tions of motion on space-time. Consider the negative-helicity representative

ped) = Te / dss* 6% (k — s \) (—w)q els LAl (4.46)

. (K 0)?

The representative is in the cohomology group HgJ’l)(IP’T, O(—4)) of the background
d-operator D because, as in Chapter 3, both a and b(¢9 point along the &° direction.
Note also that the parameter ¢ governs the number of insertions of the quadric (4.23)
in the twistor representative. Applying the standard Penrose transform (2.62) to the

representative (4.46) gives back the negative-helicity state (4.37) for n = 2, as in the

gauge where the holomorphic frame is (4.17) and using (4.24) we have

ds 5% 6%(k — s)) (8 )’t; ) e (‘92“ ?SZQ X-) ) ! sl

—1 3(e, __Te€
H oD | H=T /

*

(4.47)

Similarly, the twistor representative for a positive helicity quasi-momentum eigen-
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state is

ds - is?p® Tad )\a ° R
ale?) — Te/ _852(,% _ S)\) (_L) els [HA] (4.48)
cr S (k0)?

The restriction of such a representative to a twistor line X is 5} -exact, after a

suitable dressing with the holomorphic frame, leading to the current

Av)  (Ex)T (s Xx)T° e

(€9) (o — Te e
@A) =T (k) (A K) (ko) 7

(4.49)

satisfying (2.64). The associated space-time field from (2.65) is exactly (4.45).

4.5 Gluon MHYV scattering

As explained in Chapter 3, the generating functional of the gluon MHV amplitude
around a self-dual background A,s is the 2-point function of the linearized field
strength of the two negative-helicity gluons propagating around the deformed self-
dual background defined by A, and the (non-linear) superposition of the positive-
helicity gluons. Following the derivation of Chapter 3, the n-point colour-ordered

MHYV amplitude around the SDD background is given by

A, = gH/ d*z DAy --- DA, (A M)
MxX™n

tr (H 0l Hy - H 0, HU T, - H el H, )

- n Aa) o Xg) - Ot M) O A

. (4.50)

where g is the gauge coupling.
We now evaluate this formula explicitly on the SDD background — that is, for a
given by (4.16) — with each external gluon represented by a quasi-momentum eigen-

state. Denote the quantum numbers of the i® gluon as {k?% = k2R, e;, ¢;}, recall-
ing that e; is the charge of the gluon with respect to the SDD background while

¢; controls the radial growth of the quasi-momentum eigenstate wavefunction. The
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colour-ordered, tree-level, n-point MHV amplitude reads

wzzn:wi, ]g:ZEm e:Zei, (4.52)
i=1 ; =

respectively. The ¢ function in the energy arises from the time integral and from the
fact that quasi-momentum eigenstates depend on the time coordinate purely through

—iw;x

the factor e °. as a consequence of the time-translation symmetry of the underlying
background. The ¢ function in the charge arises from the trace over the gauge algebra
indices, and ensures that the amplitude is invariant under gauge transformations of
the SDD background. The presence of the background leads to the integral over
the single spatial slice appearing in the second line, which replaces the three spatial
momentum conserving delta functions familiar from scattering in trivial backgrounds.
Finally, notice that (4.51) apparently violates little group scaling. The little group
symmetry just describes the ambiguity in splitting the external null momenta into
spinor-helicity variables, so it continues to survive in our background: the violation
can be traced back to the fact that the external states now display a somewhat
‘anomalous’ transformation law. We can make the gluon amplitude have standard
little group transformations with weights —2 for positive-helicity gluons and +2 for
negative-helicity helicity gluons by introducing a reference spinor o as in equation (6.5)
in Chapter 6. This is convenient for some purposes, but introduces something akin to

a ‘gauge choice’. A better alternative is to remove the factors of (a0) in the product

in equation (6.5). In this case, the little group weights becomes —2 + 2¢, for positive-
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helicity gluons and 2 + 2q, for negative-helicity gluons. The 2¢, contributions may be
thought of as phase anomalies, though we leave their precise physical interpretation
to future work. In any case, the amplitude is written in terms of spinor-helicity
variables, so it is gauge-invariant by construction.

While the formula (4.51) is already remarkably simple, for special configurations
of the quantum numbers of the external gluons, it is possible to further simplify the
formula by carrying out the spatial integrals explicitly. For clarity, some technical de-
tails of the computation are collected in Appendix C. We will restrict our attention to
the scattering of minimal quasi-momentum eigenstates, recalling that the amplitude
for more general states can be obtained by acting with simple differential operators

in the external momenta.

4.5.1 2-point amplitude

First, let us consider the 2-point amplitude, with no positive helicity external gluons.
This amplitude can be derived directly from the Chalmers-Siegel action without using
twistor theory, as done in [2]. Without loss of generality, suppose gluon 2 has positive

charge e; > 0, so that on the support of charge conservation

¢ —21)(Ca+ 1)1
1+¢C '

Ay = =271 §(w) 6 (e) <12>2/d3fei’5'f V( (4.53)

The integral can be done with the help of a master Gaussian integral and the inte-

grated form of the amplitude reads

5 212 (—iwy 219)%e271

= —167% ey (2e9)! (12 A
A2 8 62( 62) < > ‘k1+k2‘2+4e2

(4.54)

where z15 = 2z; — z5. This is the unique, non-vanishing 2-point amplitude around
the SDD background: the Chalmers-Siegel action is built perturbatively around the

integrable self-dual sector described by a BF theory. In particular, the scattering
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amplitudes in the SD sector vanish identically. As an important consequence, the
2-point amplitudes are zero for the (++) and (4 —) helicity configurations. This is
because such amplitudes do not receive contributions from non-self-dual interactions.
On the other hand, since the deformation away from self-duality is quadratic in the
negative-helicity field, there is scope for non-vanishing (— —) 2-point amplitude, as

confirmed by (4.54).

4.5.2 3-point amplitude

The 3-point amplitude in the case where e; < 0 < es, e3 is

Ay = 27 g.3(w >6<><1 irs 3> o

{ — 21) CZ2+1)}282[ (¢ — 21)(Czs + 1)1
1+¢C 1+¢C

. (4.55)

Using the integral in Appendix C, the integrated amplitude reads

As = 8%0(6) 8(6) g7 s (1% e

: _ 2leal (3 ) 2|es| 2 )
% (10421,3) (10431,3) ( |€2|221 4 ’€3|Z31

|]€1 + kg + k3’2+4|61| Q21 Q31

) . (4.56)

where
Q91 = W1i9219 + <1|T|3]<3 2) + <2|T|3]<3 1> ,
(4.57)
agr = wizzis + (1T[2)(23) + (3[T'|2](21) ,
for w;j = w; —w;. A similar computation can be done for the 3-point amplitude in

other charge configurations and for n-point amplitude in the case where there’s a

single negative-charge gluon, whilst the rest have positive charge [3].

70



Chapter 5

Graviton amplitudes on the

self-dual Taub-NUT space-time

In the first part of this Chapter, we discuss the twistor description of the self-dual
Taub-NUT (SDTN) metric and use the twistor description to construct scattering
states. Interestingly, quasi-momentum eigenstates can also be obtained from up-
lifting the quasi-momentum eigenstates on the self-dual dyon, after identifying the
charge e with 2Mw, where M is the mass parameter of the SDTN metric and w is
the energy of the state. These states can be used directly to compute 2-point am-
plitudes around the SDTN metric: we show that the scalar and photon amplitudes
are exactly vanishing at tree level, whilst there is a non-zero 2-point amplitude for
two negative-helicity gravitons. We then extend this ‘MHV’ 2-point amplitude to
arbitrary multiplicity using the hyperkahler structure of the underlying SDTN met-
ric. The MHV generating functional is the Fourier transform of a deformed Kahler
potential describing the superposition of the SDTN metric and the set of positive-
helicity gravitons propagating on top of the SDTN background. On twistor space,
the deformed Kahler potential is controlled by a twistor sigma model, i.e. a chiral

2d CFT living on a twistor line. In particular, the n-point graviton MHV amplitude
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can be constructed as the (n — 2)-point connected, tree-level correlation function of
positive-helicity vertex operators in the twistor sigma model. The computation of
this correlator can be operationalised using methods from algebraic combinatorics,
leading to a remarkably compact formula for the MHV amplitude. We then explore

the amplitudes at low-points and discuss the flat-space limit.

5.1 The self-dual Taub-NUT metric

The general Taub-NUT metric depends on two parameters: the ADM mass M and
NUT parameter N [103,104]. The Lorentzian-real Taub-NUT metric is

ds* = f(r)(dt — 2Na)* — d_7“2

Foy U N, (5.1)

where a is the Dirac monopole already introduced in (4.7), dQ2 = d6? + sin® 8 d¢? is

the metric on the round 2-sphere parametrized by (0, ¢), and

M+iN M —iN
=1- — : 5.2
/() r+iN r—iN (5:2)

Gauge transformations of the monopole a — a + dg, for some function g, are ac-
companied by coordinate transformations ¢ — ¢t + 2Ng. Globally, this requires the

identification t ~ t 4+ 8milN. Setting N = —iM produces the complex metric

r—M r+ M
dt + 2iMa)* —
7‘+M< +2iMa) r—M

ds® = dr? — (r* — M*)dQ3, (5.3)

which is vacuum and self-dual (in the holomorphic, complexified category). The

metric becomes real in either Euclidean or split signature.
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Euclidean self-dual Taub-NUT space

When N — 0, the metric (5.1) reduces to the Schwarzschild black hole, but for
N # 0 the metric generically has wire singularities on the celestial sphere at infinity.
However, when the mass and NUT parameter are related by N = —i M, the metric
becomes a complete, Ricci-flat and self-dual metric [102, 190, 191]. The self-dual
Taub-NUT (SDTN) space .# is the 4-manifold equipped with the metric

oM\ ! oM
ds? = (1 + 7) (dt — 2Ma)? + (1 + T) (dr? + r2dQ3), (5.4)

which can be obtained from (5.3) with the replacement of ¢ by it and r — M by r. We
will refer to this metric as the self-dual Taub-NUT (SDTN) metric. The coordinate
ranges are r € (0,00),(0,¢) € S? and t ~ t + 87M, thus .# is topologically R%.
To verify this, first combine the spherical coordinates (6, ¢) € S? with the periodic
coordinate t € S* to find the total space of the Hopf fibration S* — S? with fibre S*.
Together with r € R, these make up coordinates on R* — 0 = R, x S3. Since the
3-spheres at constant r approach spheres of radius v2Mr as r — 0, we can complete
the spacetime into R* by adding back the origin [192]. The locus r = 0 is a Euclidean
analogue of the black hole horizon; however, in Euclidean signature this is not an
actual horizon, but only a single point. The metric has an apparent singularity at
r = 0, but can be extended across it by a standard change of coordinates. The

Kretschmann scalar

96M?
Rapeg R = ————=, 5.5
bed (7' + 2M)6 ( )
reveals a true curvature singularity at r = —2M but for M > 0, this point is outside

of R*. Equivalently, it can be thought of as being hidden behind the ‘horizon’. This
intuition becomes precise in split signature, as we briefly mention below. The metric
(5.4) is easily verified to be Ricci-flat. For the orientation in which the volume form is

V]gldtAdx! Adz? Ada?, (5.4) is also self-dual. This can be verified in many equivalent
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ways, but perhaps the cleanest is to compute the Newman-Penrose scalars [193] of

the metric, finding [194]

~ 2M
\Ijz - —m, \112 - O, (56)

with \Tlg the only non-vanishing component of the Riemann curvature tensor. This
immediately shows that the metric is vacuum, type D (as only U, # 0) and self-dual
(as Uy = 0).

Note that the metric (5.4) is manifestly in Gibbons-Hawking form. Recall that
Gibbons-Hawking metrics [102,190, 191] are defined by a pair (V, A), where V is a

scalar function and A is a 1-form, related by the abelian monopole equation
dV = x3dA, (5.7)

for x3 the Hodge star on R3. For the SDTN metric, this pair is given by

2M
V=14+—, A=2Ma, (5.8)
r
The metric (5.4) is then equal to
dt — A)?
ds? = de—AF +Vda?, (5.9)
Vv
which is precisely of Gibbons-Hawking form.
The standard tetrad for the metric is
o\ L2 ' oM\ V2
0° = (1 + —) (dt —2Ma), 0" = (1 + —) dz’, (5.10)
r r
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for i = 1,2, 3. In the 2-spinor variables, the tetrad is

. oM\ VP 20\ " -
god — (1 4 _> T°%(dt — 2Ma) — 2 <1 + —) Az’ T . (5.11)

T r

From this tetrad, a basis of ASD 2-forms on . is given by
Y% =2(dt —2Ma) ANdz®” +2( 1+ — | dz™ Adx”,, (5.12)
r
which will prove useful in later computations.

Kleinian self-dual Taub-NUT space

As the ‘true’ singularity at » = —2M is not on the Euclidean manifold, one might
worry that the SDTN metric is a poor model for a black hole. However, in split
signature, the SDTN metric has an event horizon, where the signs of the metric
encoding the Kleinian ‘causal structure’ are interchanged, behind which the metric
can be continued up to a true singularity [2,105,195].

The Wick rotation that takes (5.4) from Euclidean to split signature is given by

(!, 2%) — (iz!, —iz?), or equivalently 6 — if, ¢ — —¢. The resulting metric reads’
oM\ 2M
ds? = (1 + —) [dt + 2M (1 — cosh ) dqbf + (1 + —) dz?, (5.13)
r r

where now dz? = (dz?)? — (dz!')? — (dz?)?. In this signature, the coordinates range
over 7,0 >0, ¢ ~ ¢+ 2m, t ~t+ 8rM. Once again, the spacetime has a coordinate
singularity at » = 0. This happens to be a genuine horizon instead of a single point
as in Euclidean signature, and the metric can be extended beyond this horizon into
the interior of this black hole by continuing r to the negative reals. The maximal

extension encounters a curvature singularity at » = —2M, where the spacetime ends.

!The metric employed in [195] is found by a further change of coordinates t + t—2M, r — r— M.

5



This justifies the use of the terminology self-dual black hole and viewing the SDTN
metric as an integrable toy model of a black hole.

Another important distinction between the geometries is that in Euclidean sig-
nature, surfaces of constant t,r are spatial 2-spheres parametrized by @, ¢. In split
signature, a surface of constant ¢ and constant r* = (2%)? — (z!)? — (2%)? is a two-
dimensional hyperbolic space Hs, also known as the Poincaré disk. So, for » > 0, the

metric can be thought of as a metric on a circle bundle over R, x Hj.

5.1.1 Hyperkahler structure of self~-dual Taub-NUT metric

The hyperkéahler structure of the metric (5.4) can be manifested very cleanly following
LeBrun’s construction [192]. Let (y, z) be complex coordinates on C* and consider
the Kahler potential

Q = 8M (u® +v?) + 2(u* + ), (5.14)

where u, v are two real-valued, positive functions defined implicitly by

ly| = e —v)/AMy, |z| = uv. (5.15)

The associated Kéhler metric (obtained by implicit differentiation of the Kéhler po-

tential) is

2M oM\ '
ds? =41+ |dz|* + 16M% [ 1+
u? + v? u? + v?

2 2

% v dz

(5.16)

y  uw?+? z

Introducing Cartesian coordinates & on R? and performing the diffeomorphism

3 1
y =1/ ! —;x e’l(t+1‘”3)/4M, z = 5(1'1 +iz?), (5.17)
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one finds that

r+ a3 r—a3
u =1/ 5 v =1/ 5 (5.18)

In these new coordinates, the Kéhler metric (5.16) becomes

oM\ IM 2'da? — 22dat\ 2 oM

r r+ a3

(5.19)
which is precisely the SDTN metric (5.4) upon passing to spherical coordinates.
Remarkably, the Kéhler potential (5.14) itself is extremely simple when written

in the Gibbons-Hawking coordinates:

Q=r*+(2*)* + 8Mr. (5.20)

However, observe that these coordinates are not holomorphic/anti-holomorphic with
respect the the associated complex structure. So although the potential (5.20) is
simple, taking the appropriate derivatives to arrive at the metric is not.

At this stage, one may note that by working with a single Kéahler potential, we have
chosen a single complex structure, rather than the 2-sphere’s worth associated with a
hyperkahler structure. The existence of this S? of complex structures is guaranteed by
checking that 2 satisfies Plebaniski’s ‘first heavenly equation’ [158], and in fact the
choice of complex structure is generic. Indeed, orientation- and metric-compatible
complex structures on SDTN are in one-to-one correspondence with points on the
unit sphere, parametrized by 7 € R, 72 = 1 [192]. To see this, let z be a complex
coordinate on the plane 7 - & = 0, and y = we H7H/AM  Any such coordinates
are related to the coordinates (y, z) defined in (5.17) by SO(3) rotations of #, which

rotate the Kahler potential (5.20) into

Q=r*+ ([ -8)°+8Mr, 7eS. (5.21)
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As the SDTN metric is invariant under SO(3) rotations of Z, it follows that the SDTN

metric will be recovered from any member of this family of Kéahler potentials.

5.2 The Taub-NUT twistor space

The SDTN metric (5.4) is hyperkéhler, so it admits a description on twistor space
via the non-linear graviton. As reviewed in Chapter 2, if the deformed twistor space
P.7 is modelled on the flat twistor space IPT, the holomorphic data of the non-linear
graviton is represented by an integrable Hamiltonian h € Q%1(PT, O(2)). In the past,
the twistor description of the SDTN was mainly discussed in Cech cohomology. For
our scope, it will prove more useful to develop a Dolbeault description of the twistor
space, which we now describe. In Appendix A, we will also give some details of its
equivalence with the original presentation in Cech cohomology.

Introduce the two-set open cover of PT = Uy U U; given by
Uy={Z2€PT |\ #0}, U ={Z*€PT|\ #0}, (5.22)
induced by the natural open covering of CP! and introduce the notation
po=pd,  pt=[pol, m=ptp, (5.23)

where p* are the decomposition of u% with respect to the spinor dyad {04, ig}. Now

define the O(2)-valued Hamiltonian

(5.24)

M is a parameter that will be identified with the ‘mass’ of the SDTN metric.
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The complex deformation associated with this Hamiltonian is

=0

e
Vi=th }= o A (L —pL) (5.25)

where L4 denotes the Lie derivative along 9/9u*. The obstruction to integrability

(2.39) of the complex structure V in CP? is then

oh + %{h,h} =T 5. (5.26)

Since we're modelling the complex deformation on the flat-space fibration PT — CP!,
Ao # 0 on P.7. Therefore, V2 = 0 as required?.

In the complex structure (5.25), A, are still holomorphic coordinates (as the fibra-
tion over CP' is undeformed by the complex deformation (5.25)), but the u® are no
longer holomorphic. Nevertheless, one can construct local holomorphic coordinates
on Uy and U, straightforwardly: first, observe that

Tyt = 4t e (5.27)
oM’

so that although Vu* # 0, the combination = pu* p~ is still holomorphic: Vn = 0.

Then holomorphic coordinates on the fibres of P.7 — CP! are given by

pt =t exp (:t%f—]f/?)) , (5.28)

2Tt is interesting to contrast this with the analogous twistor space for the Eguchi-Hanson met-
ric [122], where the complex structure is induced by a source on the pu® = 0 locus, which is in the
twistor space.
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where f is defined in the two patches by

1 5\0/)\0 ; )\a E UO
A/A, A €U

In particular, it can be checked that 0f = —&° globally, i.e. on both U, and U, from
which the holomorphicity of p* follows.
The holomorphic coordinates p* can be understood as valued in O(1)® L*!, where

L is a line bundle over the total space of O(2) — CP' with transition function

_ Ui
$10 = exp <—2M N /\1) , (5.30)

over Uy N U;. Then P.J is the sub-bundle of O(1) ® (L & L) defined by
ptpT=1. (5.31)

5.2.1 Reconstructing the space-time metric

The holomorphic symplectic form on the fibres of P.7 — CP' is now
Y =2dp” AdpT. (5.32)

It can be checked that ¥ is a global section of the exterior square of the conormal bun-
dle: that is, it changes from U, to U; only by terms proportional to d\,. Furthermore,
¥ coincides with the symplectic form on PT (2.38), again up to terms proportional
to d\,. Thus, one can continue to work with the homogeneous coordinates (u®, \,)
at the level of the symplectic form.

To reconstruct the space-time metric, one must first solve for the holomorphic

rational curves in twistor space. Recall that these curves are given by O(1)-valued
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maps satisfying (2.40). The Killing spinors (4.5) can be used to construct an explicit

solution for the twistor lines as

Fo(, A) = 1 (xy A) e 80N — 5%y A) e8| (5.33)
where
i ZBaﬁAaS\g
) = — [t+2—22 ) 5.34
gz, A) 4M< oA ) (5.34)

To see this, decompose the twistor line as F = FTi* — F~6%, so that Equation (2.40)

becomes
g Ft—+rtF o (5.35)
X oM ’

and make the ansatz F¥ = (x. A) e¥&. Next, note that 0|, Ao = ANNE, s0 g

satisfies
1

| 8(x,\) = 57

(X+ A {X=A), (5.36)

where we used Equation (4.6). It follows that
F = (xa e, (5.37)

is a solution to (5.35).

The solution (5.33) for the twistor lines is not unique, as we are free to add to
g any function that depends on the space-time coordinates and is independent of
(Aas 5\04) However, with this choice of g, it is straightforward to check that the curves
(5.33) are invariant under the anti-holomorphic involution j: (u®, Aa) — (A%, As)
when 2% = 2% and t € R, as required for Euclidean reality conditions. That is, a
point (u%, \,) lies on a twistor line if and only if the conjugate point (%, 5\0) lies on
the same line as well. This happens because i* = —6% and {§ = —x°.

Let .# be the moduli space of the twistor lines. For 2% # 0, (2%°,t) provide
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coordinates on a circle bundle over R? — 0, the fibre coordinate being t € S! of radius
87 M. When 2%° = 0, there is a unique twistor curve F&(¢, 2%% = 0, \) = 0, which just
corresponds to adding a single point as the fibre over the origin of R®. This means
that the 4-manifold topology is still R*, as required. To reconstruct the SDTN metric,
we pull back the symplectic 2-form ¥ by the projection p: .# x CP' — P.7 from the

projectivised undotted spin bundle of .# to twistor space [159].

Lemma 5.2.1. The pullback of the symplectic 2-form satisfies

Py = %zaﬂ mod dy, (5.38)

where ¥ are the ASD 2-forms of the SDTN metric given in (5.12).

Proof. Up to terms proportional to differential forms pointing along the CP' direc-

tions of .#Z x CP!, we can write
p*Y =2d,F- Ad,FT mod d),, (5.39)

d, being the exterior derivative along .#. Using the twistor lines (5.33), we find

dz*? dz\ 5\5
= 2 ) |dy® AdYE + Al dt 2222220 )| 5.40
p 8 [ AX+ X AM ( </\ )\> )] ( )

Now, using the identity

1 1
dz®? A da? = —§ea7dx5’7 Ada®, — §eﬁédx°‘" Ndx7,, (5.41)
we can write the pullback in the form (5.38), with
207 = —8Mdx" A dy? 4+ 2dt A da®? + 2z A da? . (5.42)
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Finally, the exterior derivatives (4.14)-(4.15) of the Killing spinors imply the identity

o 1 1
dy'® A dy? = S Ao ooda® A da, (5.43)

upon which the 2-forms in (5.42) reduce immediately to the desired ASD 2-forms
(5.12). O

This lemma also implies that the exterior derivative d,F® is proportional to %% )\,

for a tetrad 6% on .#, up to a frame rotation:
doF% = HY3(z,A) 07 A, (5.44)

where H%;(z, A) is valued in SL(2,C) . The matrix H%;(x,\) is the gravitational
analogue of the holomorphic frame for the Ward’s bundle, as it acts as a holomorphic
frame for the bundle NV ® O(—1) over the twistor line X, where N = O(1) @ O(1) is
the normal bundle of the curve X in P.7.

For the SDTN tetrad (5.11) in our chosen coordinate system, one finds

iT50" (</\X+> o 2M ﬂ)eg(m)

HY T,A) = = - —
AU M 549
1T5560‘ <)\XA_> . 2M B eg(L/\).
IMVV \ (AN T

It is a straightforward (albeit somewhat tedious) calculation to verify that this frame
obeys (5.44) as well as the unimodularity condition Hyq (2, \) HY 5(z, A) = €,44-

It is worth noting that in addition to the special case of the SDTN metric, this
basic twistor construction can be easily generalised to describe any Gibbons-Hawking

gravitational instanton [190,191]. See Appendix B for the details.
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5.3 Scattering states

As in the case for the self-dual dyon, we first discuss how to solve the linearised
equations of motion directly on space-time, using the scattering states constructed
on the self-dual dyon in Chapter 4. This relation is perhaps not surprising, since the
two backgrounds are related by the classical double copy [106]. We then construct
suitable twistor representatives and show that their Penrose transform reduces to the

desired quasi-momentum eigenstates on space-time.

5.3.1 Uplifting states from the self-dual dyon

As in Chapter 4, a valence-p (ASD) Killing spinor on a general curved spacetime is a

solution xy“'*» to the equation
V(@ Prfr) = (5.46)

where now V® denotes the covariant derivative. Let e, = (eg, €;) be the vector fields

dual to the tetrad (5.10), which can be written as
eq = V12510, + 2M ASPPY,) (5.47)

where ASPP are the spacetime components of the Abelian self-dual dyon (4.7) in
the Cartesian coordinates z# = (¢, ). In this co-frame, the background ASD spin
connection can be checked to vanish exactly. The form of the co-tetrad (5.47) directly

implies

Proposition 5.3.1. Given n € Zs, let the totally symmetric V,, o, be a solution

of the ZRM equation propagating on the self-dual Taub-NUT metric (5.4) and whose
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dependence on the time coordinates is factorised as

wal.“an (t7 f) = ethQSaL..an (f) . (548>

Then a,. o, 1S also a solution to the ZRM equations around the Abelian self-dual

dyon (4.7) with charge e = 2Mw.

Proof. For n > 0, the proof is trivial as the action of the covariant derivative is?

VV Vb an = 080, + 2wMASP )by, 0 (5.49)
directly implying the ZRM equation
(041% + 2AMwASPP %Yy =0, (5.50)
For n = 0, start from the expression of the Laplacian

Dy = OV lgl 9" 0b) (5.51)

1
Vgl
where |g| = V? is the metric determinant. Introducing the flat-space metric 74, and

using g"” = net ey, we can decompose the Laplacian as
1 1
) = Vnab\/Vea(\/Vebw) + vnabﬁﬂ(ﬁeg) VVey) . (5.52)
The components of the tetrad (5.47) are

1
el = —— (6" + 2M ASPPs¥ 51 | (5.53)

VvV

3Note that we’re using self-duality of the background metric, in particular the vanishing of the
ASD spin connection, to compute the covariant derivative.
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so that

d,(VVe!) =0, (5.54)

ASDD

as the components of the self-dual dyon are time-independent. Inserting the

time dependence of 1, we conclude
1
Oy = Vaﬂ”(au + 2AMwASPP) (9, + 2iMw A PPy (5.55)

and hence 1 is a solution to the scalar ZRM equation around the self-dual dyon with
charge 2Mw.
O

We can therefore lift the solutions (4.37) from Chapter 4 via the simple replace-
ment e — 2Mw, leading to the negative-helicity and scalar quasi-momentum eigen-

states

+2M. —oM
W9 =k, .. K (kX)) (k x- ) weim ,
aq...0m 1 n </€0>2q

(5.56)

with minimal states now corresponding to the choice ¢ = 2M|w| for q. The quantiza-
tion condition 4Mw € Z follows from either from charge quantization 2e € Z around
the self-dual dyon, or from the periodicity of the time coordinate in the SDTN metric;
more precisely, 2Mw and ¢ must be simultaneously integers or half-integers, as it was
the case for the self-dual dyon. The background-dressed dotted momentum can be

defined in the gravitational setting too; in this case, the definition is given by
dp@ = i/ﬂaf(éq)w(q)ﬁm , (5.57)

and the expression for the dotted momentum is very similar to the one found around

the self-dual dyon

- T T
K9 = (/%d F (g + 2Mw) X (g — aMw) ) . (5.58)

7{KX+)

1
vV
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In the following, it will be convenient to express the dressed momentum in terms of

a dressing matrix acting on the bare momentum

[0}

K = 736G 4w, k,q) (5.59)

where

KXt sTT7

wr (K X+)

. 1 .
GY(z, K, q) = —= (5“5 + (¢ +2Mw) — (¢ —2Mw)

VvV

KaX—pT*T"
()
(5.60)

It is straightforward to show that the dressing matrix is unimodular and satisfies
GdB(x, K, Q)eas G5 (z, Kk, q) = €46 d(ﬂaGdB(x, K, q)0°) = 0. (5.61)

Note that in proving Proposition 5.3.1, we did not use the explicit form of the
Bogomolny pair (V, A) defining the SDTN metric, so this construction can be applied
to any Gibbons-Hawking metric to obtain background-coupled massless fields from

charged fields with respect to the static SD Maxwell field A, = (V — 1, A).

Positive-helicity states

Given our choice of co-frame (5.47), the ASD spin connection vanishes identically,
so any constant spinor v, on R* is also covariantly constant. Hence, the operator
VoV 54 can still be used as a helicity-raising operator [196], essentially in the same
way as in Chapter 4. Positive-helicity photons propagating on the SDTN metric are

thus described by

(@) _

a RVAVINCACS (5.62)

and similarly positive-helicity gravitons are given by the metric perturbations

h;qiﬁB = Val//glﬂuévwvwgo(q) : (5.63)

87



On the support of the Klein-Gordon equation for ¢(@, the linearised ASD field
strength of (5.62) and linearised ASD Weyl tensor of (5.63) vanish. For the positive-
helicity graviton, this is a linearization of the formulation of hyperkéahler metrics in

terms of Plebanski’s second heavenly potential [158].

5.3.2 Scattering states from the Penrose transform

The Penrose transform on the SDTN background presents some additional subtleties.
We begin by reviewing the transform for scalar states to elucidate these points. The

twistor representative for the quasi-momentum eigenstate (5.56) for n = 0 is
o (7) = / dss6°(sA — k) (s u+)q+2Mw (s ,u_)q_zMw e & (5.64)

where

£ = : (5.65)

and &%, K are the Euclidean and Lorentzian conjugates of k. It follows immediately
that ®@ is a cohomology class of the appropriate weight, since both Vu* and the
holomorphic ¢ function 4?(s A— r) are proportional to €°, so that ®@ = 0 is V-closed.
To see that (5.64) does indeed give rise to the quasi-momentum eigenstate (5.56), one
first pulls the representative back to the holomorphic rational curve in twistor space
corresponding to the point © € .#. Using the formulae (5.33) for the twistor lines,

one finds

B9 = (P () B )

CYA 2 R R «
iwt 4 ia%8 (m“ R | V2[RA] K ”5>] . (5.66)

X exp

N

(k&)




Here, we have used the definition of £ from (5.65), the support of the remaining
holomorphic delta function 6((\)), and v, appears as part of a Jacobian upon per-
forming the s-integral. The exponential can be further simplified by using (2.6) to

deduce that

w={(T|&], 2wk +V2[R&] K = =2(ki) KO TR, (5.67)
so that
o A 2 R R o
wt + 28 2w’€ If6+\/_[ K]Aﬁ i =k-x. (5.68)
(K R) (K R)

With this identity, the quasi-momentum eigenstate scalar field on SDTN is recovered
by the usual integral formula. The Penrose transform implies an important relation-
ship between the holomorphic frame (5.45) arising on twistor space and the dressing

frame (5.60) for the dotted momentum spinor. Observe that, by (5.44)

. , oD@
dp @ (z) = §°F / DAAHY; (2, M) da 1 (5.69)
X 3#“ X
but upon comparison with (5.57) this implies that
B 02 20 @)
H® (2, A) Aa e . = iha K} (x) ® |X : (5.70)

In particular, this means that derivatives of the twistor quasi-momentum eigenstate
representatives, contracted with the frame H® 5 can be replaced by contractions of the
4-momentum with the dressing matrix G - In other words, these frame-contracted
derivatives are effectively exponential in nature. This will have important conse-

quences in our later calculations of scattering amplitudes.
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Negative helicity gravitons

Let Qﬂ;qgw be the quasi-momentum eigenstate (5.56) for n = 4, that is the quasi-
momentum eigenstate associated to a negative-helicity graviton. The suitable twistor
representative is obtained by simply modifying the projective weight of the scalar

representative:

g 9(Z) = / ds s’ 0%(s A — k) (3 u+)q+2MW (3 p_)qﬁMw exp(—ﬁ s2 77) , (5.71)

with £ given by (5.65) as before. The wavefunction in (5.56) can be recovered with
the standard integral formula (2.68). However, in the following we will also need the
perturbation to the ASD spin connection corresponding to such a negative helicity
graviton. Let the triplet of 1-forms 'yc(fﬁ) denote linear perturbation to the (vanishing)
ASD spin connection of SDTN. This perturbation is related to the ZRM field ¢é(16)76
by the linearization of the equation of motions (2.34) around the SDTN metric

dyl) =) ;300 (5.72)

The spin connection perturbation is given by

@ _ 2 - b .
Yo = 7] Mo 98 1 7 G4 K, ) D67, (5.73)

for 7 a fixed reference spinor amounting to a gauge choice for the spin connection. It
follows that this satisfies (5.72) upon using the identities (5.61) for the dressing matrix.
There exists a suitable version of the Penrose transform adapted to the linearised ASD
spin connection [197]: the linearised ASD spin connection~y,gs is represented by a field

fe H%I(Pﬂ, O 2 O(—4))/ ~, where ~ is the equivalence relation

frf+oca+eehe, (5.74)
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for c_j, € QUYP.T,O(—k)). This additional freedom can be used to fix the gauge

& 0
= fadp®, me =0, (5.75)

where f; is a pair of (0, 1)-forms valued in O(—5). In this gauge, the Penrose integral

for the components of Vo5 = Va0 is

o (0) = [ DAA XA A HES (0 A) il (5.76)

For the quasi-momentum eigenstates, consider the twistor representative

1 _
fo@ = —m/ ds 5402 (sA — k) (spt)aT2Me ()0 2Mwe=E5%
w (C*

oM _oM
x <‘]+—°"5d+uzd) . (5.77)

spt S

Note that this representative is related to the twistor representative (5.71) for the
ASD Weyl spinor by
Y0
(@) — (4B f a_

_ 5.78
g o (5.78)

Upon inserting the representative féq) in (5.76), the integral formula reduces to

1 & q+2Mw . . q—2Mw_ ..
Yapyy = _MSOSB)VH 5 (7, K) (WOQGQ( R Wbae 9(=, )) , (5.79)

where QD,()%,Y is a spin-3/2 negative-helicity ZRM field. Finally, inserting the holomor-

phic frame (5.45) further simplifies this expression to

2iTpa i 4
Yapvy = <5—%>G 7(37, R, Q>S0((xqﬁ)'y : (580)

This formula agrees with the space-time field (5.73), upon choosing the reference

spinor g = K7 4.
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Positive-helicity gravitons

As in the case of positive-helicity gluons around the self-dual dyon background, we
can use Sparling’s argument to recover the metric perturbation (5.63) from a first
potential. Consider the twistor representative

ds < 2
h(q) _ / —8(52(8)\ _ H)(S ’qu)qu?Mw(S M*)Q*2Mwef£8 n (581)

g3

Upon restriction to the curved twistor lines (5.33) and following the procedure given
by (2.70)-(2.71), we find the potential
(@) _ VaVBVy = (q) (q)
¢adﬂ'y =1 <V K)g Kd 2 1 ) (582)
whose relation with the metric perturbation (5.63) is exactly captured by (2.72) as

required.

5.4 2-point amplitudes

The previous Section already gives us the tools to compute 2-point amplitudes around
the SDTN metric. We first compute the scalar, photon and graviton 2-point ampli-
tudes using space-time methods exclusively, before introducing the last necessary tools
from twistor theory to extend the graviton amplitude to arbitrary multiplicity in the
MHYV sector. As in Chapters 3 and 4, we work in the perturbiner framework, which
posits that the tree-level 2-point amplitude is captured by the on-shell kinetic term
evaluated on a linear combination of external states. In all cases, energy conservation
require the two particles to have equal and opposite energies, so we will assume that
particle 2 has energy ws = w > 0 and particle 1 has energy w; = —w. Moreover,
for spinning particles, the 2-point amplitude can be non-vanishing only in the (—, —)

helicity configuration, i.e. at MHV degree, as a consequence of the integrability of
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the underlying SDTN metric. We focus on minimal states, as the amplitudes for non-
minimal states can be computed using (4.41). Throughout this and the next Sections,
we denote the quantum numbers of the i*® particle as {K;a, Fi4, ¢} and introduce the

notation

[i 7] = K% (@)K}% (), (5.83)

for contractions of background-dressed momenta.

5.4.1 Scalar amplitude

The free scalar action is

Sscalar = / d4$ ‘g‘ gl“/v“gp vl/(p . (584>
M

Using (5.58), the scalar 2-point amplitude is
Sy = —2m(12)8(w; + wy) / BTV (1 y_ )M (2, Mo 9elFith)E (5 .85)

and, as we show in appendix C, the integral can be evaluated explicitly and vanishes
on the support of energy conservation. This is consistent with a variety of obser-
vations: vanishing of S; turns out to be closely related to gauge invariance of the
2-graviton (— —) amplitude. It is also expected from the fact that the free scalar ac-
tion uplifts to a local holomorphic action on twistor space, and the spacetime states
lift to twistor space states that do not scatter. The latter is essentially a consequence
of the geometric fact that twistor space contains multiple copies of spacetime, and the
two scalar states live on disjoint copies which do not interact [130]. A similar compu-
tation shows that the scalar 2-point amplitude around the self-dual dyon background

vanishes as well [2].
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5.4.2 Photon amplitude

The standard QED action on a general curved spacetime can be used to compute the
2-point (— —) photon amplitude on SDTN. In terms of the states (5.56), the on-shell

QED action reads

Sawo = | AoV granst”, (5.86)
M
Upon inserting the expressions for the quasi-momentum eigenstates and performing
the integral along the time direction, the 2-point amplitude reads

f@h:=2w<12faau-+a@{/?va%1x;y““%2X+VWM@“%+@)f' (5.87)

This integral can be evaluated by means of the techniques developed in appendix C

and it vanishes.

5.4.3 Graviton amplitude

The Plebaiiski action (2.34) can be used to derive the 2-point amplitude: the on-shell

action is compactly given by

MQ = / Eaﬂ A 715,7 A ’)/257 s (588)
M

in terms of the linearised ASD spin connections 7 o3 and 2,3 associated to the two
negative-helicity gravitons. Inserting the fields (5.73), the 2-point amplitude reads

27T<1 2>3171 dDQB(S

Mo = =5,

(o + ) [ STVCHEH (L)) MsehR e
(5.89)

We suppressed the dependence of the various parameters of the dressing matrices,

G¢ 5= G B(ZB, Ki,q;).- The 2-point amplitude should be independent of the choice of

the spinors ;4 and, as previously anticipated, this gauge invariance is closely related
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to the vanishing of the scalar amplitude around SDTN. Recalling the first equation
(5.59) relating the background-dressed momenta and the dressing matrices, we can

express the scalar and graviton amplitudes as

Sz o Ryafy / BFVEE G (1Y Mo (2, )Mo iFrto) 7 (5.90)
ﬂld%ﬂ / 3 & B 4Mw AMw i(k1+ke)-Z

My x ————— [ &’ZVGETG5 (1 x— 2 el\Frmiz) e 5.91

2 [I/]_ 1][V2 2] 172 < X > < X+> ( )

up to kinematical prefactors. Gauge invariance of the graviton 2-point amplitude
requires the integral to be proportional to &?&5 , and this in turn implies the vanishing
of the scalar 2-point amplitude.

Finally, the evaluation of the integral in (5.89) leads to the following expression

for the 2-point amplitude

(_2w)4Mw72<1 2>4+4Mw

|]g1 + E2|2+8MW(H?H8)4MW

My = 47* M (4Mw)! 0o s - (5.92)

Again the factor of (k9 x9)™M“2 comes from the original wave functions and can be
dropped to manifest rotational invariance at the price of introducing an anomalous

little-group weight.

5.5 Graviton MHYV scattering

We now derive the tree-level, MHV amplitude for an arbitrary number of gravitons
propagating on the SDTN metric. As in the case of the form factors and gluon
MHYV amplitude generating functionals, we can view the positive-helicity gravitons
as self-dual perturbations to the background metric, so we can understand the 2-
point tree-level amplitude of two negative-helicity gravitons around a generic self-dual
background as the generating functional of the graviton MHV amplitude [67,175,197].

Thus, given the self-dual background space-time .# with metric g 4, consider the
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space-time M with metric

n
IMaaps = 9 acss T Z €ili aapp (5.93)
i=3
where h; .54 1s the metric perturbation associated to the ith graviton, es,...,¢, are

formal parameters, and we supposed that graviton 1 and 2 have negative helicity. The
MHYV generating functional is the 2-point function calculated around the background

g, so (5.88) immediately gives

012 = [ A%, A (5.94)
M

The n-point MHV amplitude around the background space-time . is then given by

)

Mn Oes...0e,

: (5.95)

e3=...=ep=0

that is, the piece of the generating functional which is multi-linear in the positive-
helicity gravitons on the scattering background. Note that because both M and .#
are vacuum SD, ’yﬁ § represent negative-helicity gravitons on both. For the rest of this
Section, we will specialize the discussion to the case where g 4 is the SDTN metric.
While the generating functional (5.94) gives a beautiful geometric interpretation
of MHV scattering on any SD background, it is practically difficult to work with.
For starters, the generating functional is not manifestly gauge invariant: the negative
helicity particles enter at the level of their corresponding spin connection perturba-
tions (i.e., as a potential rather than as zero-rest-mass fields), whereas any resulting
amplitude must be gauge invariant. How this gauge invariance for the amplitude
emerges from the expansion of the generating functional is not obvious. Secondly —
and perhaps more importantly — it is not at all clear how to operationalise the per-

turbative expansion of (5.94) to obtain the MHV amplitude in practice. Remarkably,
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these two problems can be solved simultaneously. As we are interested in extracting
scattering amplitudes, let us consider the negative-helicity gravitons in (5.94) to be
quasi-momentum eigenstates of the form (5.73) with on-shell (undressed) 4-momenta
and charges k¢ = k(RS ¢ and kSY = kSRS, go, respectively. Now, introduce a new
set of coordinates y*® = (y&,y%) on M adapted to the spinor dyad (k¢, kg), defined
by

_ai2M L redgg i,y — i 8T 2 pediogtin )L (5.96)

Wi Wi

o 6764
Yi = Kial

for i = 1,2. By construction, these coordinates satisfy
Pl = el (5.97)

and one can show that

dyd = G 4(x, ki, gi) ki g0 (5.98)

so these coordinates have the two-fold advantage of locally solving for the closure of
the dressing matrix and rendering the scalar quasi-momentum eigenstates of the two
negative-helicity fields as a pure phase. In particular, this means that the negative-
helicity perturbations to the ASD spin connection can be written in these new coor-

dinates as

. Ui dy; iy
fyi(i% = —2i 17 dy FiahipelViil (5.99)

[ ]
The projections of the ASD 2-forms %% onto the spinor dyad {x¢, x5} also assume
a particularly simple and helpful form. First, (5.98) and the unimodularity of the

dressing matrix imply that

dys' A dyig = Kiakigh® (5.100)
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for each of ¢« = 1,2. The third projection is instead governed by the first Plebanski
scalar for the hyperkéhler structure
0?Q

K1akosn® = (12)dyd A dyga vl (5.101)
Yoy

Implementing these details at the level of the generating functional (5.94) and inte-

grating by parts twice (once with respect to y¢ and once with respect to y<) gives

. 2
/ d2y1 A d2y2 Df“ 1726 002 _ ol (fy1 1+[y22))

& 9,5
N 91 9> (5.102)

= (12)* | dPy; A A%y, Qelllon 22D
M

G(1,2) = ———+~7"—

This expression (5.102) for the generating functional is now manifestly gauge in-
variant: all dependence on the spinors Dﬁz has dropped out. This resolves the first
difficulty associated with extracting a (gauge-invariant) scattering amplitude from the
MHYV generating functional, but does not make the actual perturbative expansion in
terms of positive helicity gravitons on .# appear any easier. The last ingredient to
resolve this issue is, once again, coming from twistor theory, in the form of a twistor

sigma model.

5.5.1 The Taub-NUT twistor sigma model

As M is simply a deformation of the SDTN space .# by self-dual radiative data (i.e.,
by a collection of positive helicity gravitons), it also has a twistor description via the
non-linear graviton theorem. Consequently, the twistor space of M is described by a

weighted Hamiltonian of the form

h+> ehi=h+h, (5.103)

1=3
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where h is the SDTN Hamiltonian (5.24) and each h; is a class in H%’l(Pﬂ,O@))
of the form (5.81), where we suppressed for brevity the dependence on the quantum
numbers {¢;}. Holomorphic curves corresponding to points in M are then described
by maps

Fx, \) = F¥(z, \) +m®(z, \) . (5.104)

Continuing to denote holomorphic curves in the SDTN twistor space P.7 by X, let
X denote holomorphic curves in the twistor space of M. The deformed holomorphic

curves, defined by (5.104), must then satisfy

~ &  Oh
om = o

n oh
x  Oua

_ oh
x  Oue

(5.105)

X )
where the J-operator is understood to be the one along the curve* and we have used
the equation (2.40) for the holomorphic curves in the twistor space of SDTN. To
ensure that the deformation m®(x, \) does not introduce any new moduli (i.e., that

the curves A still form a 4-dimensional family), one must impose boundary conditions

on F*. We do this in a way which is compatible with the coordinates (5.96), setting

Fd(%/ﬁ) = Fd(% fﬁ) = ?J?> Fd(% Kz) = Fd(% /fz) = yg‘. (5-106)

This is equivalent to saying that the deformation m®(x, \) has zeros at \, = K120
which removes any additional moduli associated with the deformation.
Now, the differential equation (5.105) defining the holomorphic curves in the de-

formed twistor space can be obtained as the Euler-Lagrange equations of the ac-

“More precisely, 0 is the standard d-operator on the copy CP* at fixed # € M inside the projec-
tivised undotted spinor bundle.
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tion [67,175]

1 DA = oh

)

(5.107)
where A is a formal parameter. Note that this action functional constitutes a well-
posed variational problem thanks to the boundary conditions (5.106). Similarly,

the term h|y in the action ensures that the on-shell action is well-defined and non-

mdl...mdp .
X

(5.108)

singular, as we can expand the action as

1 DA A ~ 2 0h
1= [ o (o 2 25

This action defines a classical, chiral 2d conformal field theory (CFT) on the Riemann
sphere governing holomorphic rational maps to twistor space, and as such is referred
to as a twistor sigma model. The key fact about this twistor sigma model is that its on-
shell value encodes the Plebanski scalar € of the hyperkahler manifold M [67,175,198].
More precisely,

h
Q= QSDTN — E S[m] y (5109)

on—shell

where Qgpry is the Plebariski scalar of the SDTN metric and S[m]|on_shen denotes the
twistor sigma model action (5.108) evaluated on solutions of its equations of motion
(5.105). This means that the generating functional (5.102) is governed by the on-
shell action of the twistor sigma model, therefore the perturbative expansion of M
in positive-helicity gravitons on .# is equivalent to classical expansion of the on-
shell twistor sigma model action in the twistor representatives of the positive-helicity
gravitons. Finally, the piece of the on-shell sigma model action that is multi-linear in

each of the formal parameters {¢;} is given by

n conn., tree
_ <H V¢> 7 (5.110)
eg3=+=£,=0 =3 SDTN
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where the quantity on the right-hand-side of this equation is the connected, tree-level

(i.e., O(R?) in this case) correlation function of vertex operators

DM\
= N hF ), 5.111
v /CPI e e M ) (5.111)

in the 2d CFT

DA 4 _ 0°h 5
ssorsinl = [ oty [ (0 e 0

éO

24M

+ ([om)* [im] [T F] + [m]?* [om] [6F] + 3 [im]? [6m]2)] , (5.112)

on the Riemann sphere. The terms in the second line of (5.112), which can be thought
of as explicit ‘background’ terms associated with SDTN, mean that this 2d CFT is
not free. However, as we are only interested in computing tree-level (or semi-classical)

correlation functions (5.110), these terms can be treated with perturbation theory:

n conn., tree 00 n r conn., tree
<Hm> => > <Hm- f[U; f[Ub‘ U£> . (5.113)
=3 =1 b=1 =

SDTN t=0 pt+q+r=t \i=3 =1 free

where the correlator is evaluated in the free 2d CFT

DA . _ 92%h .
_ & . . B )
R L O ) K B

and the effect of the ‘non-free’ background terms from Sspry is encapsulated by the

insertion of the background vertex operators

1 Wa + 211 712
U, =i CplmF (Aa) [mo] [m1]”, (5.115)

1 Waq, - ~ ~12
U, = SIM Jop TINIZ @A F~(Xa) [m 1] [mal]”, (5.116)
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and

1 w
0 — 2 o)% [m 7)? 11
Ve = 507 Jo (1Xa)% (2 A0)? el il (5:117)
where
DA A DA
w=—— " (5.118)
(AA)?

is the Kihler form on CP'.

5.5.2 Computing the twistor sigma model correlator

The computation of (5.113) can be approached using fairly standard methods in 2d
CFT and graph theory. To begin, we decompose the correlator depending on the

number of insertions of background operators by defining

n p q r conn., tree
Culp, q,7] = <HV ITv. 11vr HU3> . (5.119)

free

Let us first consider the correlator C,[0, 0, 0], which receives no contributions from the
background operators. The only quantum mechanical in the 2d CFT (5.114) field is
m®(\), whose propagator is immediately constructed as

He (VR (X)

(m (m’ (V) = =555

(LAY A (LN 2N (5.120)

where H*;(z, A) is the holomorphic frame (5.45) and where all dependence on  has
been suppressed. Indeed, Equations (2.40) and (5.44) imply that the holomorphic

frame satisfies
9%h
Outop | x

0| H s, \) = HYs(2,0) (5.121)

on any twistor curve, thus diagonalising the kinetic operator of the free action (5.114).

In particular, the propagator (5.120) directly implies that the Wick contraction be-
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tween two of the positive-helicity vertex operators (5.111) is

B DX DA He (M)H () Oh
(ViVj) = /(@Pﬂ)2 (IAN2N) (T A2 N) (N Aj) op

() 2
X ouP

() -
be
(5.122)
We can now insert the twistor representatives (5.81), apply the identity (5.70) con-

necting the holomorphic frame and the dressing matrix to finally find

_ DADY  sislig]
(ViVj) = —/(Wl)2 (LA AL A2 A7) (Ai )

Bl Q) byl (). (5.123)

We have abused notation by writing explicit powers of the scaling parameters s;, s;,
which are integrated over inside of the twistor representatives. What is meant by this
is that one multiplies the measure inside h; by s; prior to integration over C*; this
definition is unambiguous and saves having to rewrite all powers of s; and its measure
in h; every time a Wick contraction is taken.

Now, all of the Feynman diagrams contributing to C,[0,0,0] are spanning tree
graphs on n — 2 vertices, where the edge between the i*" and j* vertex is weighted
precisely by the Wick contraction (5.123). The weighted matrix-tree theorem of alge-
braic combinatorics (cf., [199-201] for textbook treatments) computes this weighted
sum over spanning tree graphs as the determinant of a matrix. Let W be the weighted
Laplacian matrix associated to the totally connected graph on all of the positive-

helicity graviton vertex operators: this is the (n —2) x (n — 2) matrix with entries

~seliienawen. ize
- (5.124)

siselgt .
S =y eanaanery. =k
= A
J
By definition, this matrix has co-rank 1, and the matrix-tree theorem states that the

weighted sum over all spanning tree graphs on the set of graviton vertex operators is

given by taking the determinant of the one-reduced minor |W}|, where W} denotes the
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weighted Laplacian matrix with row and column ¢ removed. The matrix-tree theorem
also ensures that the value of the determinant |V} is independent of the choice of i.

We thus conclude

DA A Ryl (V)
@mam:/ X
(P2 5 (LA;)2(LA)?

Wi (5.125)

Inserting the twistor representatives (5.81) and performing all the scale and CP!

integrals against the holomorphic delta functions, we are finally left with

C,[0,0,0] = % H (), (5.126)

where the matrix H is the matrix with entries

[j |
H,, = Gk 7 (5.127)
sy Lanoes |
2o T

This matrix can be constructed from the weighted Laplacian matrix by removing a
factor of (1A;)(2 ;) from the j™ row and column, after performing all the scale and
sphere integrals.

To compute C,[p, q,r| for generic values of p, q,r, we adopt a similar strategy and
reduce the correlator to the problem of summing over weighted spanning tree graphs,
now on an enhanced set of vertices which includes not only the n — 2 graviton vertex
operators, but also p of the background vertex operators U™, ¢ of the U™, and r of
the U°. However, as it stands, the matrix-tree theorem will produce an overcounting
of the Feynman diagrams. Indeed, each of the background vertex operators is a
polynomial in m® and must have a precise number of edges attached to it in any given
Feynman diagram — otherwise, the diagram’s contribution to the correlator is zero

because m is a field with no zero modes. Simply applying the matrix-tree theorem
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sums all of the spanning tree graphs on the n+t— 2 vertices, though, including those
whose contribution to the correlator must be zero. Fortunately, it’s easy to pick out
those graphs with the correct number of edges by weighted each Wick contraction
involving a background vertex operator with a further formal parameter a. The
determinant arising from the matrix-tree theorem will be a polynomial in «, with
the order k terms corresponding to those trees in which the vertex corresponding
to the background vertex operator has valence k. By isolating those terms of the
appropriate order in «, one then ensures that only the correct graphs are included in
the counting. Actually, since the two components m*™ = [m o] and m~ = [m 1] enter
the background vertex operators asymmetrically, we need a pair of formal parameters

a® for each of the background vertex operators. We thus write the correlator as

P q _
F-‘r a 0 02 F ()\b) 0? 0
paQa /(CIP’I H 1)\ 2)\ 2(}_[1 2UM 8043{60%22 24 M aOz;)"QaOél;X
r 1 n t o = L
fImd+ar (m ]
XHSM@@”EM 2<31_[Vj}_[1€ > o (5.128)
o =..0p =

where t = p+q+r. The correlator in the second line can now be computed using the
standard matrix-tree theorem and, after performing as many scale and CP' integrals

against the holomorphic ¢ functions as possible, one arrives at

A) O P (N) 0° 0
paQa /(C[Pl H 1)\ 2)\ 2H 24M aa-‘r 80‘;25:1 24 M a&:QaQ;X

52 [H[E]|

| .
><1_[81\43(1”5@ 2 Ti2(21)2 [T¢\" ). (5.120)

+ +
ap =...a; =0 j=3

Here, t = (p,q,r) such that p+ g+ r =t and H]t] is the (n +¢ —2) X (n +t — 2)
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matrix which has a block decomposition
H[t] = , (5.130)

with HJ[t], [t], and T[t] being (n — 2) x (n — 2), (n — 2) x t, and ¢ X t matrices,

respectively. Introducing the notation
s = Ha(Am)(05h05+anis) [jm] = K§ o, [mn] = ol ons, (5.131)

their entries are given by

[j 4] |
) a
DT S D000 S Dl (5132)
GRNED T Gamanen T
bmlt] = i [ m] <<1]):\r?n>><2 Am) ’ (5.133)
[mn] (1 Am) (2 M) (1 A0)(2 An) m £
" L I ) (@A) s Dl )
ot O ) L (m(1)25)
(5.134)

for j,k=3,...nand myn=1,... ¢

A few further comments about the structure of the result (5.129) are in order.
Firstly, there remain ¢ integrals over the Riemann sphere — one corresponding to each
background vertex operator — which have not been performed analytically due to
the complicated dependence on the vertex operator insertion points in the reduced
determinant |H[t]}|. Unlike the graviton vertex operator insertions, these are not

localised against delta functions. One can confirm that these integrals are projectively

+

well-defined on each copy of CP': effectively, each formal parameter o

carries scaling
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weight —1 with respect to the homogeneous coordinate A\, so that the entries of the

matrix H[t] are weightless in A,,. The integral measure

Wm

(1 Am)? (2 Am)?”

(5.135)

is weight —4, which is then balanced by the weight +4 differential operator in the for-
mal parameters which extracts the appropriate terms from the reduced determinant.
Equivalently, it is easy to see that once the formal parameters have been removed,
the remaining terms from the determinant are weight +4.

The correlator (5.113) that underpins the gravitational MHV amplitude on SDTN
is given by a sum — in principle, an infinite sum — over the building blocks (5.129),
graded by the number of background vertex operator insertions. However, this sum
is actually finite for any given n. Each background vertex operator must absorb a
minimum of three Wick contractions, with the resulting Feynman graph restricted to
be a spanning tree on the set of all vertices. An inductive argument easily shows that
the maximum number of background insertions ¢ for which this is possible for fixed
n is given by n — 4.

So we have finally established an explicit formula for the full correlation function

of interest:

n conn., tree n—4 n P
B Om Fr(A\,) 0 &2
() -5 5 [ Moo 150 o

SDTN t=0 p
q - , ‘ .
F-(\v) 02 0 1 & |HIt (@)
X g 24 M 8@2‘2 804; 01_11: 8Maac+2 aag2 <1 i>2 <2i>2 o jl:[ggoj (33),

(5.136)

which encapsulate the perturbative expansion of the MHV generating functional on

the SDTN metric.
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5.5.3 The MHYV amplitude

At this point, the result (5.136) for the twistor sigma model correlator can be fed back
into (5.102) to obtain a final expression for the graviton MHV amplitude on SDTN.
After re-writing the generating functional in the Gibbons-Hawking coordinates, we

are left with:

M, = —7

(12)6 / A / ! w

Tzt ), 4Vl Z 2 11 1) (2 A2
t= 0p+q+r t m:l

FH(A 0? F-(\) 02 0 {4 1 0% 0?

<11 24M 8a+ Do 2Hl 24 M da; 2 Doy ESM&@jQ B 2

a=1

. [T @). (5.137)
e

where |g| is the determinant of the SDTN metric and the gravitons 1 and 2 have
negative helicity, while 3, ... n have positive helicity. By inserting the scalar quasi-
momentum eigenstates (5.56) and the metric determinant, this formula can be made

more explicit as

)

1
SFEN) 0 92 B Ab #? 0 4 1 * & ;
% H 24 M Oar 804‘21—[ 24M Oa;f? 0oy, 118]\430#2 da; 2 ‘H[t]z‘ a=0

a=1 a a b=1 c=1

(5.138)

where we have reinstated the appropriate powers of the gravitational coupling con-

stant & and abbreviated

w=> w;, E:iﬁj. (5.139)

108



As the sum over t in this formula corresponds to the number of background vertex
operator insertions in the twistor sigma model, it is clear that these contributions to
the amplitude encode the external gravitons scattering off the non-trivial geometry
of the SDTN metric itself. This is a ubiquitous feature of gravitational scattering in
curved spacetimes, known as tails, resulting from the violation of Huygens’ principle.
Indeed, for scalar scattering it was established long ago that the only metrics which
do not lead to tails are Minkowski space and vacuum plane waves [107], while for
gravitons only flat space scattering does not produce tails [99, 108-110]. However, it
should be emphasized that while the ¢ > 1 terms in the amplitude are unambiguously
tail effects, tails are present even in the ¢ = 0 contributions, through the dressed

momentum spinors and quasi-momentum eigenstate wavefunctions.

5.5.4 Properties of the amplitude
At this stage, we can comment on some general features of the MHV amplitude

formula (5.138), including its explicit expansion for small n and flat space limit.

Low-point examples: for the number of external gravitons n < 4, the sum over

explicit tail terms is absent, and the formula for the MHV amplitude simplifies to

= n—2 <1—2>6/ 372 kT &
My<y =21 K" 0(w) T2 (23)2 R3d Te 1+ .

< s I (15cz) (€ mpm e oy 1 1a0)

where H is the (n — 2) x (n — 2) matrix with entries (5.127).

To further simplify matters, we can restrict our attention to the scattering of min-
imal quasi-momentum eigenstates, for which ¢; = 2M|w;|; as usual, the amplitudes
for more general configurations will follow by acting with differential operators in

momentum space. Let ny be the set of positive- and negative-energy gravitons: the
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amplitude becomes
_ 12)6 Y TR 2M
i T e 4AMuw; T M —4Muwy,

Jeny

(5.141)

Clearly, overall energy conservation implies that there must be at least one external
graviton of both positive and negative frequency in order to obtain a non-vanishing
amplitude.

For n = 3, one can assume without loss of generality that graviton 1 has negative

frequency, so that

6 7o
Ms :27r/§(5(w)L/ d*7 el T (1—1—%)
R3

(13)*(23)? r
r(¢—2) €+ D)™™ [r(C—=) €+ D™
: { 1+¢¢ } [ 1+CC } , (5.142)

It is possible to carry out all the integrals, as explained in Appendix C. The integrated

amplitude reads

<1 2>6 (_1)4Mw1 (1 @21)4Mw2 (1 a31)4Mu}3
(13)%2(23)2 || 2+8M wn]

AM AM
X 2M+(4M]w1])!( Y2t w?’z?’l)] . (5.143)
Q21 Q31

Mz =41k 6(w)

Already at n = 4, the structure of the amplitude becomes more complicated; in
some sense, this is inherited from flat space: unlike its gauge theory cousin, the MHV
graviton amplitude depends on both angle and square bracket kinematic invariants
beyond 3-point. However, in SDTN the square brackets are themselves dressed by

the background, leading to more terms which contribute to the integral over R3.
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For the 4-point scattering of minimal quasi-momentum eigenstates and graviton

1 the only negative-frequency state, the MHV amplitude is given by

(12)°
(13) (14) (23) (24) (43)
X /d?’fe“?-f <1+ﬂ> [43] ﬁ (’“(C—zl) (CzﬁU)Ww . (5.144)

2
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The last integral can be evaluated using the same methods as at 3-points, although
the resulting expressions are not particularly enlightening.

It is also illustrative to consider the case n = 5, where the first explicit tail
contributions appear in the amplitude thanks to the insertion of background vertex
operators in the twistor sigma model. In this case, only the (p,q,7) = (1,0,0) and
(p,q,7) = (0,1,0) terms contribute to the amplitude beyond ¢ = 0. For instance, the

former is given by

™ K3 5() (12)6 / d32 DA A DA
w =
12M (13)2(23)2 ) (AN2 (1A)2 (2 \)2
]R3>< 2
o 0 ”? 0
+ = — T 3
X (F (\) 5ot 5=z +F (A) e a@_) | H3[1]| e (5.145)

with the minor given by
|H3[1]| = Has (THss — b3) — Hys (Has T — babs) + ba (Has bs — Hss by) , - (5.146)

the tail index on matrix entries being suppressed as it is irrelevant in this case.
The matrix entries Hy5 contain no powers of the formal parameters, while all other

+

entries appearing in (5.146) are at most linear in o™, making it clear that only

Hy4 Hss T — Hss b3 (5.147)
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can give non-vanishing contributions to (5.145). Introducing the notation
[iH] = KEHE(N),  HYO) =Ha(N) a5, H a(h) = Ha(\) i, (5.148)
the coefficient of a™ (a™)? can be extracted from (5.147) to give

B (1A)3(2\)3
ot (BX) (4X) (5A) (13) (23) (14) (24) (15) (25)

|H3[1]]

x (BHY[AHT][BH ]+ [BHT][4HT][5H ]+ [3HT][4H ] [5HT]) . (5.149)

As expected, this corresponds precisely to the sum of tree diagrams in the twistor
sigma model including three external graviton vertex operators and a single insertion
of the background vertex operator UT. Extracting the coefficient of (a™)?a™ from

(5.147) gives a similar result with a single insertion of U~.

Flat-space limit: of course, a basic consistency check on the amplitude (5.138) is
that it should be equal to the MHV graviton scattering amplitude on flat space when
the curvature of the background metric is turned off. Naively, one might assume that
the flat limit of SDTN corresponds to M — 0; indeed, the metric (5.4) certainly
becomes flat in this limit. However, the resulting flat manifold has topology S! x R3,
rather than R*: this is because the Euclidean time coordinate is compactified (recall
that ¢t ~ t 4+ 87 M) to a circle with radius 4M, so in the M — 0 limit this circle
becomes infinitesimally small.

To compare with flat space scattering amplitudes, one requires a flat limit with
trivial topology — that is, resulting in R*. This requires de-compactifying the Eu-
clidean time coordinate, which (somewhat non-intuitively) actually corresponds to
taking the M — oo limit of SDTN. From the perspective of its twistor description,
this is clearly the correct limit, as h — 0 when M — oo and thus the complex struc-

ture reduces to that of the flat twistor space PT. To see that this is indeed the correct
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limit from the metric perspective, consider the rescaling

r

t— Mt — 1
— : r= (5.150)
under which the SDTN metric goes to
ds? = = + 2 B (dt — 2(1 — cos0)dg)® + L + 2 (dr® +77dQ3) . (5.151)
M2 r M2 r 20T

In these rescaled coordinates, it follows that

. r 2
lim ds® = 5 (At —2(1 - cos 0)de)” + - (dr® +r2dQ3) , (5.152)

M —oc0

which is precisely the flat hyperkihler metric on R* in Gibbons-Hawking coordi-
nates [102,190]. This highlights the fact that although M resembles the ADM mass
parameter of a black hole metric, at the self-dual point it is also conflated with the
topological NUT charge, making the flat space limit somewhat non-intuitive.

This flat limit can now be implemented at the level of the MHV amplitude (5.138).
Under the scaling (5.150), it follows that

w— —, k —

P
— 1
- =, (5.153)

to ensure that the quantity k - x remains finite. Under this scaling, the important

scalings of the MHV amplitude are captured by the collection:

oM\ r % _
5(@) d?’f (1 + _) ( _) (C _ Zj)qj—zij (C zj + 1)(]j+2MUJj
r };[1 1+¢¢

1 2N TT v & s (F it 20
7 i) &'z (W*F)HM J (11@4) (¢ = 2)57 (25 + 1)+

(5.154)
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Now, in the M — oo limit the topology of the metric becomes trivial, so all topo-
logical charges vanish, meaning that (after the rescaling) ¢; +2w; — 0 and . q; —
+23;w; = 0 in the flat limit.

Thus, one finds that

12)6 Br .
li = 4T K20 < / 1 e 5.155
MgrlooM K (CL)) <1 Z>2 <2 Z>2 RS r € | ’L‘ Y ( )

with all £ > 0 terms suppressed as powers of 1/M. After performing the diffeo-
morphism from the flat Gibbons-Hawking coordinates to standard spherical polar
coordinates on R?, the remaining integrals can be performed trivially to give

lim M, = (2r)* k"2 0(w) 6 (k) 27 |HL| (5.156)

Moo~ " (14)2 (24)2 "7 '
which is precisely Hodges’ formula for n-graviton MHV scattering in Minkowski space-
time [39]. One might worry that we have seemingly obtained a formula for scattering
in Lorentzian Minkowski space from scattering on Euclidean R*. In flat space there

is, in fact, no distinction, as the amplitude is a rational function whose analytic

continuation to the complex momenta of the Euclidean setting is trivial.
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Chapter 6

Deformations of celestial chiral

algebras

In this final Chapter, we apply the results of the previous Chapter to study defor-
mations of celestial symmetry algebras induced by curved backgrounds. We begin by
studying the holomorphic collinear limits of the gluon MHV amplitude (4.51) and of
the graviton MHV amplitude (5.138). We find that the holomorphic splitting func-
tions coincide with the holomorphic splitting functions around the vacuum; these are
related, via a Mellin transform, to the celestial OPE in the dual celestial CFT, so
the celestial OPE is similarly undeformed by the presence of the self-dual dyon or
on the self-dual Taub-NUT space-time. We then briefly review how to introduce a
cosmological constant on twistor space and give a twistorial derivation of the celestial
chiral algebra on AdS,, which was recently constructed by Taylor and Zhu [123]. We
conclude by discussing a further deformation of the chiral algebra on the Pedersen

metric, that is a self-dual metric in the AdS-Taub-NUT family.

115



6.1 Symmetries in celestial holography

The basic correspondence in the celestial holographic dictionary! is between scatter-
ing amplitudes in the bulk and correlators of the CCF'T: to any massless state with
helicity h and with momentum £** decomposed as in (2.6), we can associate an op-
erator O 5(%, Z) on the celestial sphere [202,203]. Scattering amplitudes in the bulk
can then be computed as the Mellin transform of correlators of the corresponding
dual operators in the CCFT. This is equivalent to computing the S-matrix elements
in a basis of eigenstates of the Lorentz group, rather than the standard momentum
eigenstates that diagonalize the translation operators [204-206]. It is then fairly nat-
ural to connect the holomorphic collinear limits of the scattering amplitudes and the
celestial OPE of the dual CFT [114,115]. This correspondence has been made precise
for tree-level scattering amplitudes and unveiled a rich symmetry structure: there
are infinite towers of symmetries associated to soft positive-helicity gluons and gravi-
ton operators [115-117,207], corresponding to the residuals of the operators Oa 1
for A =1,0,—1,... and of the operators Oa ;o for A = 2,1,0,—1, ..., respectively.
These soft operators act as currents on the celestial sphere and their modes can be
organized into holographic symmetry algebras. Introducing the modes ¢, ., where
a is a colour index, p+m — 1 € Z>p and r € Z + p, the symmetry algebra arising
from the gluon celestial OPE is the S-algebra

(B> O] = 1B tmim s (6.1)
Geometrically, the S-algebra can be understood as the loop algebra of the Lie algebra
of holomorphic maps C? — g, with r being the loop parameter. Similarly, introducing

the modes w}, , for the soft graviton operators, subject to p =m — 1 € Z>o and

1See [111-113] for more comprehensive reviews on celestial holography.
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a € Z + p, the gravitational symmetry algebra is the Lham(C?) algebra

[wh, s wh ] = (mg = 1) = n(p — 1)w} 22 (6.2)

m,a’ n, m-+n,a+b *

This is the loop algebra of Poisson diffeomorphisms of the plane.
On twistor space, the celestial chiral algebras arise as gauge symmetries and
diffeomorphism symmetries of the Ward’s bundle and non-linear graviton, respec-

tively [119]. In particular, the modes can be identified with

0\p+m—1¢,,1\p—m—1
;,m,n = (/’L ) p_n_1</“’Lp—~)_n_1 Ta’ (63)
AL\
and
0\p+m—17,,1\p—m—1
p W) (1) . (6.4)

m,a —a—2 —2
2NPTATE T

These generators form bases of gauge connections a € H*}(PT, O ® g) and Hamilto-
nians h € H%(PT, O(2)) that are regular near u* = 0, but can be singular in the ),
directions, which are interpreted as (homogeneous) loop parameters. More precisely,
(6.3)-(6.4) represent Cech cohomology classes, and are related to the usual twistor
representatives by the Cech-Dolbeault isomorphism. The S-algebra (6.1) is recov-
ered simply by taking the Lie algebra bracket between two generators from (6.3).
The Lham(C?) algebra is instead constructed as the Poisson bracket (2.38) of two

generators of (6.4).

6.2 Holomorphic collinear limits on the self-dual

dyon and self-dual Taub-NUT

In this Section, we show that the celestial chiral algebras are undeformed by the

presence of the self-dual dyon and around the self-dual Taub-NUT metric. In the
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gauge theory case, this seems to be due primarily to the fact that the background
is Cartan-valued [132]. We show this by explicitly computing the splitting functions
arising from the amplitudes (4.51) and (5.138) and by showing that they coincide with
their counterparts around the trivial backgrounds — see [126] for a similar analysis of

amplitudes around radiative backgrounds.

6.2.1 Gluon holomorphic collinear limit

To calculate the holomorphic collinear limits around the self-dual dyon, it is useful to
express the holomorphic frames in terms of spinor variables and to not integrate over

the time direction, so that the appropriate presentation of the MHV amplitude is

(rs)*

A

fr (Ter ... To)

n . qa+tea da—€a
X /d% I_Iel’““'m ax+) lax-) + perms., (6.5)
a=1

(a 0)%4a

where +perms denotes the sum over all non-cyclic permutations of the external glu-
ons. In particular, this is the full, non-colour-ordered amplitude. Now, consider
the case where the ™" and j** gluons become holomorphically collinear; this limit is
implemented by writing

ki+kj:P+52y, (66)

where P** = k$£% is the on-shell collinear momentum, y** = v % is a reference
null vector, and the holomorphic limit corresponds (i j) ~ ¢ — 0 whilst [ j] is held
fixed. This means that we take

{v7)

KO = KpHOE), =t OE), (6.7)

and the holomorphic splitting functions in the SDD background are extracted as the

coefficients of the (i j)~! singularity in the MHV amplitude. The calculation entails
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considering two cases: where the collinear gluons have the same or opposite helicities.

We now consider each case in turn.

Same helicity: the only colour orderings that can give a singular contribution in

the holomorphic collinear limit are those where the i*" and ;' gluons are adjacent,

so that
- rs)t .
A, =g"? N i fr (e TS - Ton) 4
0o G LG+ Dy )
4
I (rs) fr (TS -+ TTS ... Ten)

<12>"‘<i—1j><ji><ij+1>“'< 1)
/ d'z He‘ka XX ey (68)

(a 0)?da

The leading order singularity is then simply

__swp) g (rs)! C(Te TS T Ten
A= T i) 02 G 1P P+ 1) (o) T T T T
4 apa (Px)irter (Py_yr—er Lo o {ayg )t (ax_ )i e
x/d xe (P o)zir L[e a0y , (6.9)
aFi,j

where ep = e; + ¢; and ¢p = ¢; + ¢;. Note that [T%, T%] has precisely charge ep, as

implied by the Jacobi identity. The holomorphic collinear limit is thus

A (1, it gt nT) — Splis(eheed jhent — pherar)x

X Ap1(17,...,PT ....,nT), (6.10)
with splitting function

P 2
Spht( ~+.€e;,qi j+,€j7Qj — P+76p7QP) — & 5(]P7Qi+Qj 66p7ei+ej . (611)

()] ()
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This is the holomorphic splitting function that arises for the same-helicity collinear
limit in a trivial background [208-210], so we see that the SDD leaves the splitting
function invariant. After a Mellin transform, this implies that the associated celestial

OPE coefficient and chiral algebra are similarly un-altered.

Opposite helicity: in the case where the two collinear gluons have opposite helic-
ity, the computation proceeds along the same lines as before. Suppose we take the
collinear limit between the 7™ and i*" gluon, so that the leading singularity in the

n-point amplitude is

_ g(vr)?® g" 3 (Ps)? (T [Ter Te. L Ten
A N PR 02— 1P (Pt 1)) T T T

, P aptep (P4 \ap—ep datea ~ Vda—€a
X/d4xelp.z< X+> < X > Helka~z<aX+> <CLX > : (612)

<P 0>2‘IP ot <a 0>QQa
ai,r
so that the splitting function is now
(e e dr —epP,qpP g<1/7“>3
Split (i, p 7 — Prerar) = (riY{(vi) (v P)? Oqp,gr+a; Ocp,er-te; - (6.13)

Again, the splitting function is un-deformed by the presence of the SDD background [208—
210].

6.2.2 Graviton holomorphic collinear limit

A similar computation can be done starting from the graviton MHV amplitude
(5.138). There are however some new features due to the non-trivial topology of

the SDTN metric: introduce the longitudinal momentum fraction ¢ € [0, 1] as

wi:twp, wj:(l—t)u)p, (614)
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for wp the frequence of the collinear momentum P*%. In order to preserve the topo-
logical quantization condition qp £2Mwp, it follows that the topological charges must

follow the same parametrization

¢ =taqp, g =01-1)gp, (6.15)

in the collinear limit where ¢; + ¢; = gp.

Let us focus on the holomorphic collinear limit between two positive-helicity gravi-
tons. The central ingredient in each term of (5.138) is the once-reduced determinant
of the matrix #[t], with the row and column removed to create the minor being
arbitrarily chosen. As such, we can freely choose to remove the row and column cor-
responding to one of the two holomorphically collinear gravitons, say j. By expanding
the resulting minor along the i*" row and exploiting the properties of the holomorphic

collinear limit, it follows that
. ij p
| HA[t]| = g | HAt]| 4+ O(E°) (6.16)

exposes the leading holomorphic collinear singularity of the amplitude; all other in-
gredients of M, are regular as (i j) — 0.

Now, recall that
[[Z]]] = ’%zﬁ ’%j"y Gﬁa(ﬂi,kz,qz) GA/O'[(‘T; kijj)v (617)

for the dressing matrix G¢ 5 given by (5.60). The dressing matrix is a homogeneous
function of the undotted momentum spinor, so in the holomorphic collinear limit, it
follows that

G (w5 ki, q;) = GP(w; Pogp) + O(e) | (6.18)

121



and hence that

|Hj[t]] = % | Hij[t]] + O ("), (6.19)

in the holomorphic collinear limit.

In the minor |HZ [t]|, the only remaining dependence on the collinear momenta is
through the diagonal entries of the matrix H, since the rows and columns correspond-
ing to the collinear momenta have been removed. This dependence is controlled in

the diagonal entries Hy[t] through linear combinations of the form

B0 20 [l (1) (2)
) 8 28 k) (1K) (2h)
A ([ i) + Dl ) +06), (620)

with a similar formula controlling the dependence of the diagonal entries of the block
T[t].

In order to further simplify such expressions, one must account for the fact that
the dressed momentum spinors f(f‘] depend on both the frequencies and topological

charges of the dressed momenta. In particular,

K (P|T]a (x+|T'|4] (v i)

[k (vi)+[k ] (v 5) = —= | (Vi) Ria + (v ) Ry + (@ + 2Mw)

A i (P x4
gy LPITle O T (v )
—(g; — 2Mwy) o Py ) +0(), (6.21)

having abbreviated (P|T|s = £$Tas and (x+|T)i] = X% Ta® Rig, etc. Using the
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collinear parametrizations (6.14), (6.15), this simplifies to
Ko, L PIT|a (X4 IT]d] (v i) + (x4 |T]5] (v j
Ky <w>m+<uy>mjd+(qP+2wa)< | Tla (O |T1] (v d) + x| T15] (v )
wpr (P x4)

(PIT]a (T vi) + - AT5] (v 5))
wpr (Px_)

—(qgp — 2Mwp) +0(e). (6.22)
Observing that in the collinear limit (6.6) — (6.7),
(i) RS + (vj) kY = (v P) k%, (6.23)

J

it then follows that

[k (vi) + [k j] (vj) = [k P] (v P) + O(¢e), (6.24)

so that (6.20) simplifies to

—~

[ki] (13) 24) | [kj)(15)(24) _ [kPI(1P)(2P)
R (LR 2R T (k) (LR 2Ry~ Py (R 2k O (625)

to leading order in the holomorphic collinear limit. A similar simplification occurs in
the diagonal entries of T|t].
Consequently, in the holomorphic collinear limit it follows that the two collinear

gravitons are effectively replaced by the single collinear graviton:

[#2[t])| = [Z—ﬁ (ﬁ;’m\ 4O, (6.26)

where ?:Z[t] is the matrix defined for the set of external positive helicity gravitons in
which ¢, 7 have been removed and replaced by P with its associated collinear quantum
numbers. The other ingredients in the n-point MHV amplitude (5.138) can likewise

be evaluated in the strict collinear limit, in essentially the same way as we treated
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the gluon amplitude around the self-dual dyon. The only possible subtlety lies in the
range of sum over tails in the amplitude (5.138). However, it can be seen that the
t = n — 4 terms in the MHV amplitude cannot contain the holomorphic collinear
singularity (6.26), using an identical argument to the self-dual radiative case [126].
Thus, only terms with ¢ running from zero to n — 5 actually contribute to the leading
holomorphic collinear limit.

Pulling all of these pieces together, one obtains that
M, — Split(i ™% j5% — PHIPIM,, | (6.27)

where the holomorphic collinear splitting function is

ij] _(vP)*

Split LY R ] _>P+,qp — O )
pl (7/ 7] ) K <Z]> <I/Z>2 <I/j>2 qz“l’Q]:qP'

(6.28)

Again, this holomorphic collinear splitting function matches the tree-level holomor-
phic collinear splitting function of positive helicity gravitons in flat space [211-213].
It is far from obvious that this should be the case from background field theory in
the SDTN metric, but the twistor theory of SDTN in fact hints that this should be
the case. In [126], it was shown that holomorphic collinear splitting functions on any
self-dual radiative metric are un-deformed from flat space. While the interpretation
of SDTN as a self-dual black hole makes it apparently non-radiative, the complex
structure defined by the Hamiltonian (5.24) takes the same functional form as that

of a self-dual radiative metric.

6.3 Twistors with a cosmological constant

From the results of the previous Section, it appears that both the gauge and grav-

itational sources are not able to deform the celestial chiral algebras. Interestingly,
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there’s a simple ingredient to add to our construction that results in non-trivial de-
formations: the cosmological constant. Taylor and Zhu [123] derived a A-deformed
version of the Lham(C?) algebra starting from the AdS graviton amplitudes con-
structed in [214-217]. Their derivation is however a bit artificial, as they have to
introduce additional terms in the graviton OPE in order to satisfy the Jacobi iden-
tity. Moreover, their approach is perturbative in the cosmological constant and they
only derive the first-order correction in A to the chiral algebra. Instead, we start from
the twistorial description of self-dual Einstein manifolds — i.e., of self-dual manifolds
satisfying Einstein’s equations with a cosmological constant — and show how to derive
the deformed Lham(C?) from a suitably modified Poisson bracket on twistor space.
By construction, our result satisfies the Jacobi identity and is exact at all orders in
A. We begin with an elementary review of the necessary twistorial ingredients.

As mentioned in Chapter 2, CP® naturally carries an action of the conformal
group of M, so the construction of flat twistor space PT is conformally invariant. A
conformal scale is encoded by a choice of skew bitwistor I3Z known as the infinity
twistor. As our notation emphasises, this bitwistor depends on the cosmological

constant A, and is normalized to obey

IBIA, = A2, (6.29)

where I; = seapcpIf” is the dual of I{#. A common choice for the infinity twistor

is

0 Ae,; O
1" = C =] (6.30)
0 Aeyp 0 e
The infinity twistor defines an O(—2)-valued deformed Poisson bracket as
{wl, WQ}A = ]fB/jAwl A L:ng y (631)
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where L, is the Lie derivative along 0/ 074 and wy, wo are arbitrary forms. Given
an (O(2)-valued Hamiltonian h, we can construct the deformed complex structure
Va = 0+{h,-}a asin the A = 0 case; the integrability condition is formally identical
to (2.39), after the replacement of {-, -} with {-,-}5. Let P.7 be the deformed twistor

space, as usual. A basis of (1,0)-forms in the deformed complex structure is given by

et =dzZ + 1B Lph. (6.32)

We can define the holomorphic contact structure 7 € QM°(P.7, O(2)) and its exterior

derivative ¥ € QM"(P.7,0(2)) as

T =—I,57%", Y =dr = —I pe NP, (6.33)

where the second equality in the expression for the 2-form follows from the integra-
bility condition for V. Using these ingredients, Theorem 2 was extended by Ward

as follows?

Theorem 4 (Ward’s non-linear graviton [220]). There is a 1-to-1 correspondence

between
o (suitably convex regions of ) complex, self-dual Einstein 4-manifolds (M, g)

e complex 3-folds PT that are a complex deformation of the neighbourhood of a

line in PT and preserve the contact 1-form 1o and the volume 3-form T A X.

Here by Einstein manifold we mean a manifold (M, g) whose metric g satisfies Ein-
stein’s equations with a cosmological constant. The normalization that is commonly
used in the twistor literature is R = 24A for the scalar curvature.

In the simple case of AdS,, the complex structure is the trivial one, h = 0,

and the rank-4 infinity twistor is the only new element. As in the case of the non-

2See also [33,218,219] for extensions and variations of this construction.
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linear graviton for A = 0, space-time arises as the moduli space of holomorphic
rational curves sitting inside PT. To recover the metric, consider the projection

p: AdS, x CP' — PT given by the modified incidence relations
. 1
FA(z,0) = Q7 V2(2%%5, 04), Qz)=1+ §Ax2 . (6.34)

The space-time function 2 allows to normalize the incidence relations (6.34), so that
they satisfy I45F40oFP = —1. With this normalization, the contact and 2-forms on

twistor space pull back to the forms
p'r = (odo) + FO"BJQUB , P T AP = Ap*T A Eo‘ﬁaaag , (6.35)
on the projectivised undotted spinor bundle, where
ref = Q7 1glelelqyd, | 2 = Q7242 A daP, . (6.36)
' and %% are precisely the ASD spin connection and ASD 2-forms for the ball

model of (Euclidean) AdS,, where the metric is given by

dx**dz g

ds? = — @
ST U TR

(6.37)

and AdS, is the interior of the ball z? < —2/A. We can characterize the space-time

boundary as the locus .#y where the holomorphic contact form is singular.

6.4 The celestial chiral algebra on AdS,

The infinitesimal symmetries of AdS, are naturally defined by holomorphic functions
of homogeneity degree 2 on twistor space, given as h = %h 4 ZAZPB for a constant,

symmetric hap. The associated Hamiltonian vector fields X, = {h, -} generate the
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corresponding motions of twistor space. By construction, flows along such Hamil-
tonian vector fields preserves the Poisson bracket and its dual contact 1-form. In
space-time, this motion induces the standard isometries of AdS,, arising as the spin
group Sp(2) of the more usual SO(3,2). These isometries provide the starting-point
for the full celestial chiral algebra of AdS,. Using the A-deformed Poisson bracket
{-, -}a and the generators (6.4), the flat space celestial chiral algebra (6.2) is deformed

to

{wh o whha = (m(g=1)=n(p—=1))up 8 21— Malg—2)=b(p—2))wp oy, (6.38)

by the presence of a cosmological constant. As above, for 2 —p < a < p—2 the v}, ,
are the quadratic Hamiltonians generating the standard AdS, isometries. We denote
this algebra as ham, (C? x C*).

The algebra (6.38) agrees with that found by Taylor and Zhu [123], who considered
the holomorphic collinear limit of the Mellin transform of the leading order in A
correction to the 4-point tree-level graviton amplitude in AdS,. This Mellin amplitude
was computed in [214-217]. Interestingly, [123] found that the true 4-point amplitude
does not quite exhibit this algebra; the form of the O(A) correction needs to be
modified in order to ensure the Jacobi identity holds. For us, the fact that the algebra
arises from a Poisson bracket immediately ensures that the Jacobi identity is satisfied.
The twistor construction suggests that the algebra (6.38) is a true celestial symmetry
of self-dual gravity on AdSy, at least at the classical level. Note that ham,(C? x C*)
does not arise as the loop algebra of a deformation of ham(C?) itself. Indeed, the
unique Lie algebra deformation of the latter is the Weyl algebra corresponding to a

non-commutative self-dual gravity [125].
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6.4.1 Celestial chiral algebras as vertex algebras

Lie algebras of local symmetries on twistor space are closely associated with vertex
algebras supported on twistor lines [119,130]. We can understand the vertex algebra
corresponding to (6.38) in the following way. Suppose we couple the twistor uplift
of self-dual gravity on AdSs to a 2d holomorphic theory living on a twistor line. In

general such a coupling will take the form

2
P p+m—1gp—m—1
pﬂ;eN (p+m—1)lp—m—1) /X<A dX) A wh, (N &8O ] (6.39)

for 2d operators w? (\) depending meromorphically on A and labelled by p, m with
the same ranges as above. Here H € Q%! (PT,O(2)) is a Dolbeault representative
corresponding to the Cech cocycle [h]. In order for the integrand to have vanishing
homogeneity the operators w® (\) must take values in O(2p — 6).

Our notation for the operators w? (A) can be justified by choosing H corresponding
to the basis (6.4). Explicitly, we fix H = w?, , OB for B a bump function on CP}
taking the value 1 in a neighbourhood of A\g = 0, 0 in a neighbourhood of A\; = 1 and
non-constant on an annulus disconnecting Ao, A\;. Introducing an affine coordinate z
on X, in the limit of an arbitrarily narrow annulus we may take B = ©(|z]*> < 1) for

© the Heaviside step function. Substituting into (6.39) gives

Ovd\) Y
jf S ) = §a Fopyp (2. (6.40)

In this way the Hamiltonians w}, , are naturally identified with the modes of the

operators wP (z).

Invariance of the coupling (6.39) under the local holomorphic diffeomorphism
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symmetry on twistor space necessitates the following OPE

) —nfp—1
ut (2 (zg) ~ PO DR )
12

A _ _
- ZT((P +q — Dl (20) + z12(p — 2)0.whH . H(2)) . (6.41)
12

This is the (tree-level) celestial chiral algebra of SD gravity on AdS, represented as
a vertex algebra. We remark that the field T'(z) = w}(z)/A plays the role of a stress

tensor, with OPEs

T ()l (25) ~ Z%((:s P (20) + madt (22) (6.42)

The corresponding central charge vanishes. Furthermore, T'(2) is the field of conformal
spin 2 in a vertex subalgebra generated by wf(z)/A for p € Z>;. This resembles the
Ws vertex algebra which has the same defining operator products, but for labels
taking values in the range p € Z<;. wo is generated by fields of all integer conformal
spins s > 2 rather than s < 2.

The fields w? (z) can be conveniently organised into hard generating functions
depending on an auxiliary right-handed spinor A4, defined by

oyt j

whz) = ) (p+m_1>‘(p_m_1)!wg(z). (6.43)

pimEZZl ’

In terms of these hard generators the vertex algebra (6.41) reads

. . 12] . .
w(A, z1)w(Ag, 22) ~ uw()\l + Ao, 20)—

<12
A \ 3 T ~
- ((Adﬁxd — Aw(A, 22) + 212(Mads, — 2)0w(A, z2)> ’xlem . (6.44)

We recognise the coefficient [12]/z15 as the tree graviton splitting function on flat
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space [221]. On the other hand, the A dependent coefficients are not simply functions
of the spinor-helicity variables, instead taking the form of differential operators. This

results from the loss of supertranslation invariance on AdS,.

6.4.2 Variations and extensions

The choice (6.30) for the infinity twisor is not unique. Introduce the constant vector

. 1 . .
700 = —(0°6% — 127%), 6.45
\/5( ) (6.45)

and define the coordinate p® = Z%u® on PT. It can be checked straightforwardly

that the infinity twistor

0 €8
Yy =VA , (6.46)

—€ap 0
gives rise via Theorem 4 to the AdS,; metric in the Poincaré patch

Aoz,
2 ad

where z = 2°“Z,4. The Poisson bracket is modified accordingly and gives the algebra

. . ~p+q—3/2
{@h, ., wi,b}i =((p+m-1)(q-b-2)—(g+n—-1)(p—a-— 2))wfn—fn—{/2,a+b—l/2

~pHq—3/2
+((p-m-=1)(g+b-2)—(¢g—n—-1)(p+a-— 2))wfnTn+{/2,a+b+1/2 ;
(6.48)
where the generators of the algebra have been redefined to
. 2
wh = —uw? (6.49)
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Although these again provide an extension of the AdS, symmetries, they are not
suitable for expansion around A = 0. They are however well adapted to soft limits
for momentum eigenstates based on translations of the Poincaré patch. We emphasise
that the Lie algebra (6.48) is not isomorphic to (6.38). The difference is essentially
the choice of the location of the line A, = 0: up to AdS, isometries there are two
such choices, the first where the line is in the complement of the unit ball, and the
second here where the line corresponds to a point of .#,. These two choices provide
the two algebras (6.38) and (6.48), respectively. On the other hand, the choices of the
sets Up and U, used to define our basis {w?, , } are more associated to the choice of
cohomology representation. Indeed, these can be made canonically in split signature.

Both the Lie algebra adapted to the ball (6.38) and the Poincaré patch (6.48) can
easily be extended to incorporate free fields propagating on the gravitational back-
ground using the Penrose transform. Representing such fields in the Cech language
by holomorphic functions on UyNU;, with homogeneity 2s — 2, regularity near u® = 0

allows us to decompose a helicity-s field into modes

p — (M())p—&-m—l(’ui)p—m—l (650)

m,a 2)\]037a75>\]10+a75

where as above p +m — 1 € Zsy. For s = 1 and s = 2 we recover (6.3) and
(6.4), respectively. The Hamiltonians w?, , naturally act on these modes via the

Poisson bracket, furnishing us with modules for the Lie algebras (6.38) and (6.48).

For example, in the case of the ball model this action reads

{wh o @ yta = (mlg=1) —n(p—1)ah 7 21— Malg—s) —b(p—2))a} [ oy - (6.51)

Extending by these modules gives symmetry algebras for the coupled systems. As
we can see in equation (6.51), for A # 0 the structure constants of such extended

algebras depend explicitly on s. This reflects the fact that for general fluctuations
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h the resulting curved twistor space does not holomorphically fibre over CP'. The
complex structure of the line bundles O(2s — 2) is deformed to K(=)/2 for K the
canonical bundle of the curved twistor space. The s-dependent term in (6.51) is
generated by this shift. To incorporate self-dual Yang-Mills is no more difficult.
Conformal invariance ensures that the S-algebra is undeformed on AdS,, and the
natural action of (6.38) and (6.48) outlined above distributes over its commutators.

Finally, we mention that it is possible to understand these algebras as Noether
charges for the gauge symmetries of the Poisson-BF action (2.45), after the replace-
ment of the Poisson bracket by {-,-}x — see also [172,222] for related discussion —

and to find supersymmetrical extensions of (6.38)-(6.48).

6.5 The Pedersen metric

We conclude this thesis by describing a further deformation to the celestial chiral
algebra (6.2) that contains both a cosmological constant and a mass parameter. The
deformation is conjectural, in that we don’t have yet a complete understanding of
the underlying twistor space, but passes several consistency checks and satisfies the
Jacobi identity.

Among the Plebanski-Demiariski solutions of Einstein’s equations [223], consider
the 3-parameter family of Taub-NUT-AdS black holes with vanishing electromagnetic
charges, acceleration and rotation parameters given by the Lorentzian metrics [224,

225]
r? 4+ N2

ds? (dt — 2Na)? — dr? — (r* + N?)dQ3 , (6.52)

:T2+N2

where
r* + 6N?r?2 — 3N*

A=7r>—2mr— N*+ 7 ,

(6.53)

and a is the usual Dirac monopole (4.7). The metric (6.52) solves Einstein’s equations
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with a cosmological constant A = —1/(2¢?). The remaining parameters m and N are
related to the mass and NUT charge of the black hole. In the Newman-Penrose

formalism, the only non-vanishing components of the Weyl tensor are [224]

v AN® 4 P*(im+ N) _ANP 4+ P(=im + N)

= = 6.54
2 2(N +ir)? V2 (N —ir)® (6:54)
We can set either of them to zero by imposing the condition?
4M*
N = +£iM , m:M(l— ) : (6.56)
2
which gives an (anti-)self-dual metric. The Euclidean version of the metric
dr? AM
ds? = %(dt —2Ma)* +V (jL + rzdﬁg) . fi=1+ W+2) . (6.57)
¢

can be obtained via t — it and r — r + M and was first constructed by Pedersen
[226,227], so we will refer to it as the Pedersen metric. The range of the coordinates
is r € (0,00),(0,¢) € S?, and t ~ t + 8w M, while V is the scalar potential (5.8)

already appearing in the SDTN metric.

Other forms of the Pedersen metric

The Pedersen metric was studied in various contexts [228-231] and in different co-

ordinate systems, so it’s useful to derive different presentations of it. Consider the

QM 02y t
P=\eran Yoo ¢ (6.58)

3Note that, in contrast with the Kerr-Taub-NUT solution, the self-duality condition is modified
for spinning black holes with a non-zero spinning parameter a, as the self-dual point is given by

diffeomorphism

(6.55)

2 4M2
N = +iM, m:MO—aiz)
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and introduce the parameter

1 1
V= 0E & (6.59)

The coordinate transformation (6.58) brings the metric (6.57) into the triaxial form

4 1+ v2p? 1+ v2pt/0?
ds® — do? + 21 4+ 202 (62 + o2 2 2
S (1_p2/£2)2 <1+V2p4/‘€2 P +10 ( +Vp)<01+02)+p 1+V2p2 3
(6.60)
where o; are the standard SU(2) left-invariant 1-forms
: g . 1
o1 £ioe = 3¢ (df £isinfd¢), o3= §(d¢ —cosfdo) . (6.61)

This is actually the form of the metric that was investigated by Pedersen. From (6.60),
we can see that the conformal boundary is a biaxially squashed 3-sphere, known as

Berger’s sphere, with boundary metric

dsj =07 + 05 + (6.62)

9
1+ 202 T3 -

Since (1 + v2¢?) > 1, the boundary metric is an oblate squashing of the 3-sphere and
we will also refer to the metric (6.60) as the oblate Pedersen metric. 1t is also possible
to analytically continue the metric by v — iv. Provided that v¢ < 1, the metric is
still complete on the open ball p < ¢. For obvious reasons, we will refer to this metric
as the prolate Pedersen metric.

The Pedersen metric can be also put in generalized Gibbons-Hawking form. Con-

l
p=1/—tany. (6.63)
v

This brings the metric (6.60) into the form

sider the diffeomorphism

vl

ds* =
° (sin x — vl cos x)?

(V= Hdy — A)? +Vd3), (6.64)
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where dQ2 = dy? + sin? x dQ? is the round metric on the 3-sphere and
V =—vl+ cotx, A= —cosfdo. (6.65)

It’s straightforward to check that (V, A) is a Bogomolny pair with respect to the
Hodge operator xgs induced by the round metric on the 3-sphere. For the prolate
metric, the diffecomorphism (6.63) is obtained by the analytical continuation v +— iv
and requires x — iy, so that the metric dQ22 on the base space is replaced by the

standard metric on hyperbolic 3-space dsgs = dx? + sinh? y dQ2.

Limits of the Pedersen metric

The Pedersen metric is particularly attractive because it encompasses most of the
curved backgrounds studied in recent years in celestial holography: it’s clear that the
metric is an interpolating metric between the self-dual Taub-NUT metric, which is
recovered from (6.57) in the limit £ — oo, and the AdS, metric, which can be reached
from (6.60) in the limit v — 0.4

If we instead consider the limit v — 0, £ — 0 of the prolate Pedersen metric, with
c* = (/v held constant, we obtain the metric

do?

ds? = ———
T I

4
+ 0*(0? + 03) + 0 (1 — %) 0§ , (6.66)

after the inversion

2
C

o= —. 6.67
p (6.67)

The space-time metric can be extended to the region ¢ > ¢ and coincides with the
Eguchi-Hanson metric. More precisely, the singularity at o = ¢ is not removable

without taking a Z, quotient, so the space-time is actually a singular double cover of

4In particular, this ‘flat-space’ limit corresponds to M — 0o, as expected from Chapter 5.
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Eguchi-Hanson space [232].
Instead, setting ¢ = 1 in the prolate Pedersen metric, we recover the Burns space

metric [128] up to a conformal prefactor. In fact, performing the change of coordinates

R2
2
P =9 R (6.68)
in the triaxial form of the metric, we find
2 2 2 2 92 2 9 9
= m(‘m + Roy) + 1_—32%2(01 +03), (6.69)

which is the Fubini-Study metric on a non-compact version of CP? commonly referred

to as Bergmann space and denoted by CP?. As a homogeneous space, it is described by
CP? = SU(2,1)/U(2) and it is the non-compact dual of CP? = SU(3)/U(2) Both CP?
and CP? with a point removed are conformally equivalent to Burns space [128]. Note
that the oblate Pedersen metric is generically a complete metric on a 4-dimensional
ball. This changes as we approach v¢ = 1. (aP/Q does not have the same topology
as the 4-dimensional ball, by having a non-trivial 2-cycle. In fact, we only find the
Fubini-Study metric an open subset of (/ZTPQ which then can then be extended to all

of @ including this 2-cycle.

6.6 The celestial chiral algebra of the Pedersen
metric

The twistor space of the metric (6.57) was first constructed by Pedersen in [226,227].
Since the metric admits a (generalized) Gibbons-Hawking form, the twistor space
necessarily fibres over the minitwistor space CP' x CP' of S3. Pedersen leveraged

this property to construct the twistor space as the total space of the line bundle
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O(1,-1)" ® L — CP* x CP', where L has transition function

IRY:
bo1 = “C—C“ (6.70)

in terms of affine coordinates (¢, (s) on the two factors of CP' x CP'.
Consider again the Hamiltonian (5.24) that gives rise to the SDTN metric, with
a minor modification in the overall coefficient

1
h= ZI/277260. (6.71)

This Hamiltonian is still integrable on PT, since it is holomorphic away from the locus

Ao = 0 and {h,h}, = 0. The associated complex structure deformation is

1 1 A
=1{h.. :—2_0 + —u L _A22—(3‘—0 e 79
Vi ={h, }a SV e N u£)+2vn<)\)\>ze ALY (6.72)
where £ is the Lie derivative along 9/0\,. Now neither u® nor \, are holomorphic,

while 7 still is.

Lemma 6.6.1. Holomorphic coordinates with respect to the deformed complex struc-

ture Vy = 0+ Vy are

1 AN
Y = NN — AR (6.73)
2 (AN)?
and
L2
) 8A
ez T f(A)
Av?
pt =t - , (6.74)
\/ A2 T nf(A)
where f is the function (5.29).
Proof. Holomorphicity of Y*# follows immediately from
Vada = lAnQVQ;%éO Va X‘i = Ao’ (6.75)
2 AN AN



and from holomorphicity of 7. Holomorphicity of p* follows from the identity

~

/\a
(AX)

LOf = f*, (6.76)

which holds globally on both Uy and Uy . U

Some of these coordinates are redundant, as they satisfy the identities
pTpT =n, YY,5 = —AvPn*. (6.77)
We can view (Y% n) as homogeneous coordinates on CP?, where the quadric
Qrne = {(Y* ) € CP? : Y**Y, 5+ Av’n® = 0} — CP?, (6.78)

can be identified with CP! x CP'. p* define bundles over the quadric with transition

01 Av? i\/gji
vz . (6.79)

yor 4 /\Tﬂn

functions

This is essentially the same transition function found by Pedersen [227]. We thus

arrive at the following conjecture

Conjecture 1. The defining data of the Dolbeault description of the twistor space of

the Pedersen metric (6.57) are the Hamiltonian (6.71) and the infinity twistor (6.30).

Further evidence for this conjecture is given by the fact that the Beltrami dif-
ferential (6.72) has the correct limits, as it is clear that the limit £ — oo gives the
SDTN Beltrami differential, whilst the v — 0 simply turns off the complex structure
deformation and recovers the AdS; case. In the Eguchi-Hanson limit, we recover
the correct differential after the exchange \, +— u®, which is expected given the

inversion (6.67). In this limit, (6.73) also reduce to the correct triplet of holomorphic
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coordinates on the Eguchi-Hanson twistor space, see [122].

Celestial symmetries from twistor space

As before, the celestial chiral algebra arises as the Poisson bracket on twistor space
of a basis of O(2)-valued Hamiltonians. Here we follow a strategy similar to [122] to

construct such a basis in terms of the holomorphic coordinates p* and

X =Y% Yy =Y, Z =Y. (6.80)

Let us first derive the Poisson bracket of the holomorphic coordinates. It’s straight-

forward to derive

(XY a=4AZ, {X,Z}r=20X, {V,Z},=—2AY. (6.81)

It is also straightforward to derive the relations

{p=nta=+p",  Yopnta=0, {p,p Ia=1. (6.82)

Demanding now that the subspace generated by the second constraint in (6.77) is
a Poisson ideal, that the bracket obeys the Jacobi identity and that the remaining

brackets are symmetric in X and Y yields the remaining commutators

Av?p*y

2y

Av? pin

2y

(" Xhh=7F Y=+ {p",Z}x=0.  (6.83)

We hope to give a more direct derivation of (6.83) in the near future. This discussion

leads to

Conjecture 2. The Poisson bracket in the holomorphic coordinates (Yop,n, p*) is
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gien by

{w1 ,wg}A = 20X Lxw N Lywy —2AY Lywy N Lyws +4ANZ L xwi A Lyws

+ £p+w1 N LP—CL)Q + p+£p+w1 A EnWQ — pfﬁp—wl A EnWQ

Av2np~ Av2np~
2)7Z,p ﬁp—wl A ﬁsz + 2—}7‘/)'6”7(*)1 N ﬁxwg
Avnp* Avinpt
— Z)Zp £p+w1 A ﬁsz — 2;2,/) £p+(JJ1 VAN EXCUQ + (wl — CL)Q) .

(6.84)

We can now use the Poisson bracket to derive the deformed celestial chiral algebra
of the Pedersen metric. Given the first constraint in (6.77), a basis of O(2)-valued
Hamiltonians is given by

we = (") (p7)X Y2, (6.85)

w®
c,d,e

where a,b € Z>( and c,d, e € Z and where the generators are subject to the second

constraint in (6.77) and to the homogeneity condition
a+b+2+2d+2=2. (6.86)

The second constraint in (6.77) allows to restrict e € {0, 1}, whilst the homogeneity
condition could be used to reduce the number of free indices down to three, as in
(6.4). However, keeping the generators in the form (6.85) allows a cleaner derivation
of the algebra. Inserting two generators in the Poisson bracket (6.84), we find the

algebra

D, q TS _ . p+r—1,q+s—1 SR p+7, g+s
{wi,j,k7wl,m,n}/\ = (ps qr)wi+z,j+m, ftn T 4A(im jl)wi+l—1,j+m—1,k+n+1

+20((i — f)n — (L= m)k)wliats (6.87)

1 L r 5
= SV — q)(+m) — (= )i + DT
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This is the unique algebra that respects the expected symmetries, obeys the Jacobi
identity and reduces to the expected algebras in the known limits of the Pedersen
metric. Indeed, it can be seen to be a further deformation of the A-deformed algebra
(6.38). In fact, we obtain a Zs-quotient of the AdS, algebra in the limit v — 0,
which is an expected feature due to the quadratic nature of the coordinates (6.73).

After rescaling the generators by A and sending A — oo and M — oo, keeping

2:AI/2

- constant, the algebra becomes the expected algebra of Eguchi-Hanson space

c
considered in equation (4.8) of [233]. The role of ;% and A, is exchanged as expected
from the conformal inversion in equation (6.67). In the self-dual Taub-NUT limit, ¢ —

oo, we find an undeformed Lham(C?), in agreement with the holomorphic collinear

limit (6.27)-(6.28).

142



Chapter 7

Outlook

Throughout this thesis, we have been able to apply classical methods from twistor the-
ory to various problems in QFT and celestial holography around strong backgrounds.
We have extended the formalism developed for amplitudes around radiative back-
grounds of [66] to the construction of form factors by exploiting the representation of
the Ward correspondence at null infinity [154,155] to obtain formulae on such non-
trivial self-dual radiative backgrounds. We have then developed novel descriptions in
Dolbeault cohomology of the self-dual dyon and self-dual Taub-NUT metric and used
them to derive compact all-multiplicity formulae for the tree-level MHV scattering
amplitudes of gluons and gravitons around these backgrounds. We further showed
that the celestial chiral algebras are undeformed around both the self-dual dyon and
self-dual Taub-NUT metric, and concluded by discussing deformations to the gravi-
ton celestial chiral algebra induced by a non-vanishing cosmological constant, proving
that the algebra is deformed in AdS, and providing strong evidence for a conjectural
deformed algebra around the Pedersen metric. There are several possible extensions

of this work.

N*MHYV observables: the main restriction of this thesis was the focus on MHV

amplitudes and form factors. In order to construct higher MHV degree observables
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on non-trivial backgrounds, the first step is the construction of the twistor space
propagator on such curved backgrounds. Around the vacuum, it is possible to find
compact expressions [38, 234, 235] for the propagator in CSW gauge, forming the
backbone of the MHV formalism in momentum space [36,68]. It might be possible to
construct a similar expression in Euclidean signature, starting from the holomorphic
frame on twistor space, perhaps inspired by the construction of space-time Green’s
functions done by Page [236] for the SDTN and by Zoubos [229] for the Pedersen
metric. The appearance of a single residual space-time integral at all multiplicity in
any of the MHV form factors and MHV amplitudes could signal that a background-
couple version of the MHV formalism is indeed possible, at least in the case of gluon
amplitudes.

Even without a proper understanding of the background-coupled MHV rules on
twistor space, we can still make an educated guess based on similar formulae around
the trivial background [7,46,47,65,237,238]. Focussing on the gluon amplitudes
around the self-dual dyon, let 0* = (¢%0!) be homogeneous holomorphic coordinates
on CP', so that a holomorphic map Z: CP' — PT of degree k+1 can be parametrized
as a degree-(k+1) polynomial in the homogeneous coordinates depending on 4(k + 2)
moduli UA

ar...ag41

Z4o) = U2 o g%t (7.1)

ar...ag41

Letting g and g be the sets of positive- and negative-helicity gluons, respectively, we

can make the following conjecture for the colour-ordered N¥MHYV partial amplitude

dAk+2g7 oty Do,
Ans _/VOIGL(Q,(C) g(”) S IGENV
1,JEE

x ] a;(Z(0;))e2 ) T] ba(Z(ow))ee@) . (7.2)

Jj€g keg

In this formula, the volume factor fixes the residual GL(2,C) redundancy in the
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a beba7 Do =

holomorphic map Z in the standard Faddeev-Popov fashion, (ij) =
(0do), a; and by are the twistor representatives (4.48)-(4.46) of the j™ positive-
helicity gluon and k'™ negative-helicity gluon, respectively, and g is related to the

twistor connection (4.16) by

glo) = o /C ) Do’ 19) (2(o')), (7.3)

27i (oo’ (Lo)

so that it’s the generalization of (3.22) at higher degree. While the formula (7.2) is
mathematically well-defined and has the correct ‘flat-space’ limit, we have not yet
been able to compute any of the moduli integrals for £ > 0. Furthermore, there is no
first-principles derivation of (7.2). It would thus be very interesting to try to simplify
this formula and further test (or prove) its veracity.

Similarly, it’s possible to conjecture a formula for the graviton S-matrix around
SDTN in all MHV sectors starting from the Cachazo-Skinner formula [239,240]. We
can introduce a higher-degree analogue of the curved twistor lines (5.33) as the solu-

tion to
oh

OF*(U,0) = o

(F(U,0),0). (7.4)

Perturbations to this equation induced by a perturbation h of the Hamiltonian can
be interpreted as solutions to the equations of motion of the higher-degree twistor

sigma model

1
(k) - 2h(
S [m] . H]Eh ) (mam + 2h(F(U,0) + m,0)

22 o (F(U,0), 0y m) (7.5)

17 Opdr... Ousr

where h C {1,...,n} is the subset of negative-helicity gravitons. The connected,
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tree-level correlation function of the positive-helicity vertex operators

Do
v, :/mhma o) +m, ), (7.6)

then computes the desired amplitude. As in the case of the MHV amplitude, we can
instead construct the correlator in a free theory in the presence of suitable background

vertex operators and use the matrix-tree theorem, leading to the formula

n—k—4 Jak+2) 17

Mg = Z Z /VOIGL 2.C) / H Doy, A DA(0y,) det’(HY)

t=0 ptq+t=
y H U0, 0 0 o F (Uam) 9> 0
24M  Oaf 0o 2 pale 24 M 804;2 Oay,

o2 [t

7

1
X .
H SM 8a+2 oo Hj<kef1u{i}(j k)

aj :...:a?:zo

Daz dSz : w; — - wi —&:S2FH (U.oc:)F~(U.o;
T 55 s M) (5 (0,020 (U, o e ),
=1 v

(7.7)

for the N*MHYV tree-level graviton scattering amplitude around the SDTN metric. In
this formula, det’(H") is the resultant of the map components \,(c) [240]. The H[t]

is a matrix with the same block decomposition as in (5.130) and entries

Hjelt] = Gl (0 .~ [im]qy (im) (7.8)
g Goll@ 2wl =
boult] = 5,220 T i), (79)
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Tt ““ﬁ? A0 17 (D) o~ [iAow)] 1y (04) o
mni® e _ Om) A(0p 1p i . 7 AMom 1] .
2y How 2o G Ly

(7.10)

The same caveats apply as in the case of higher MHV degree gluon amplitudes:
Equation (7.7) has the correct flat-space limit, but proving it from first principles will

probably be fairly difficult.

Loops: in the same spirit, another obvious avenue of further exploration would be
the construction of loop amplitudes and form factors around non-trivial backgrounds.
If a background-coupled version of the MHV formalism can be constructed, then it
should be possible to apply it to construct loop observables too. Alternatively, one
could also try to find ad hoc generating functionals for loop amplitudes in a given
helicity sector. In both gauge theory and gravity, the simplest loop amplitude would
be the 1-loop all-plus amplitude, which is known to be a rational function around the
vacuum, as a consequence of the vanishing of the all-plus and single-minus tree-level
amplitudes. A generating functional for the gluon all-plus one-loop amplitude was

proposed in [241]: it would be interesting to test it on non-trivial backgrounds.

Other gravitational backgrounds: in principle, the techniques discussed in Chap-
ter 5 can be applied to other gravitational instantons in the Gibbons-Hawking family,
in view of the generalisation of the Taub-NUT twistor space discussed in Appendix B.
It should be possible to derive a formula akin to (5.138) describing the MHV scatter-
ing of gravitons around any gravitational instanton; namely, one should only replace
the twistor holomorphic frame and dressing matrices with the appropriate ones, as
well as modify the structure of the background vertex operators appropriately. For

generic gravitational instantons, these will probably resemble the background vertex
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operators that appear in the gravitational S-matrix on a radiative space-time [67].
In [4], we also derived formulae for scattering amplitudes around spinning black
holes: recall that is possible to obtain the Kerr metric from the Schwarzschild metric
using the Newman-Janis shift [242], that is via a complex coordinate transformation
which is essentially a complex shift by the spin vector a@. The metric is real in
Lorentzian signature only if it is superimposed with the metric obtained with the
complex conjugate shift in a specific, non-linear way. However, in the self-dual sector
the non-linearity disappears and the self-dual Kerr-Taub-NUT metric [243-245] can
actually be constructed by a complex linear translation of the SDTN metric. This
means that the simple shift © — # —ia in the SDTN metric leads to the real-valued
Euclidean self-dual Kerr-Taub-NUT metric. By the same argument, we can compute
quantities such as wavefunctions and amplitudes first in the SDTN metric, and the
shift ¥ — ¥ — id to obtain the corresponding quantities around the SDKTN metric.
It would be an extremely interesting problem to study whether our results on
SDTN and SDKTN can be extended away from self-duality. While astrophysical
black holes are definitely not self-dual, they do possess a Hermitian structure which
is a Lorentzian version of the conformal Kéhler condition [246,247]. The hermitian
structure endows the black hole metrics with a 2-dimensional twistor space [248,249]
and allows the construction of a Penrose transform for the Teukolsky system [250,251].
Apart from an initial attempt at solving the wave equation on Kerr perturbatively
around the self-dual point [252], it appears that none of these facts have been used

so far to investigate amplitudes on these more realistic metrics.

Other directions: while we studied the leading holomorphic collinear limits of the
gluon and graviton MHV amplitudes (4.51)-(5.138), it should also be possible to ob-
tain an all-order holomorphic collinear expansion of the amplitudes using methods

similar to flat space [253,254]. In contrast to the undeformed leading splitting func-
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tions, one expects that such an all-orders collinear expansion would be sensitive to
the SDD and SDTN backgrounds through the sub-leading terms, as shown for MHV
scattering on SD radiative backgrounds [126].

The twistor sigma models of [175] can be extended to Einstein manifolds, es-
sentially by promoting the square bracket on twistor space to a generalised skew-
symmetric product constructed with the infinity twistor. Correlation functions of the
vertex operators of the sigma model then give rise to correlators with a non-vanishing
cosmological constant: their interpretation as genuine graviton amplitudes is not
clear, so it would be interesting to study the relation between these correlators and
AdS ‘amplitudes’, especially in view of graviton amplitudes constructed in [214-217]
and used to derive the A-deformed chiral algebra in [123]. It would be interesting
to generalise these correlators to correlators around the Pedersen metric, and ide-
ally match these results in the Burns space limit with the computations performed
in [127,128]. A related, but distinct, question is how to incorporate spin when A # 0:
we already know that the self-duality condition of the spinning Kerr-Taub-NUT met-
ric is actually slightly modified in the presence of both a cosmological constant and a
spinning parameter, so it would be nice to explore whether and how the correlators
get modified in this setting.

Finally, the Poisson-BF theory on twistor space is anomalous for A = 0 [255],
and one should expect a similar anomaly to be present for A # 0. Identifying this
anomaly and ways to successfully cancel it could lead to quantum counterparts of the

tree level celestial chiral algebras of Chapter 6 along the lines of [255,256].
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Appendix A

Alternative descriptions of the
twistor quadrille and of the

Taub-NUT twistor space

The self-dual dyon and self-dual Taub-NUT metric are some of the oldest examples
of the Ward’s correspondence and non-linear graviton construction, and as such they
have been treated many times in the twistor literature. While all descriptions must
be equivalent up to gauge transformations and diffeomorphisms, respectively, they
are not all equally easy to work with from a computational point of view. In this
Appendix, we review the Cech description of the twistor quadrille and two possible

presentations of the Taub-NUT twistor space which have appeared in the literature.

A.1 The twistor quadrille

Given a twistor line X C PT, we can construct two possible open covers of X: the

first one is given by the restriction

U;E:{ZAEPT‘/Ld:Iad)‘a>/\i7é0}7 i:O’l’ (Al)
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of {Up, U1} to the line, while the second one is given by the sets

Ut ={Z* € PT | p® = 2™\, (A xs) # 0}. (A.2)

Let us define a refined open cover by U, = U NU{. As we continuously vary z
in space-time, this open cover uplifts to an open cover of PT, which we denote as
{Ui+,i = 0,1}. Consider now the functions c,’fj? defined on U;; N Uy, for i,k € {0,1}

and j,l € {£}, by

A
K=L A= e
i A Ao
(A.3)
0+ Q ’ 0+ )\0 ) 1— )\(2) )
and by cf} = (cz)_1 for the remaining combinations of indices. @ is the quadric

(4.23): since its restriction (4.24) to any line X vanishes if and only if (A x+) = 0,
each one of the cz is holomorphic on U;; NUy,. It’s also straightforward to check that
they satisfy

kil mn _ mn
cicm = ¢t (A.4)

so these functions are the transition function of a holomorphic bundle L. — PT. Using

again the restriction (4.24), we also find that on X the transition functions decompose

as
Z)| ¢ = Hi(z, WH (2, 1), (A.5)
where
Ax-) Ao (Ax-) A
Ho- = Hoy = Hi = Hiy = . (A6
i Ao ) ' oo T ) (4.6)

Every H;; is holomorphic over U,;, so the restriction L|y to any twistor line is trivial

and L is a Ward bundle. H;; are the Cech analogous of the holomorphic frame. Any
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of them can be used to restruct the space-time gauge field via
H;leaﬁadHij - —i)\aAad, (A?)

as holomorphicity of the transition functions ensures that this relation is independent
of the open set U;; and thus produces a well-defined space-time field. The resulting

gauge field is the Abelian self-dual dyon in Kerr-Schild gauge.

A.2 Hitchin’s constrained twistor space

Let us now consider the SDTN metric. Hitchin [257] described its twistors space
using the fact that the SDTN metric is a complete hyperkihler metric on R* = C?
of Gibbons-Hawking form. Since such a metric is specified by a solution of the Bo-
gomolny monopole equations on R3, it follows that the associated twistor space P.7
must be a bundle over the minitwistor space MT of R3. This minitwistor space is
the space of oriented geodesics in R3, which can be parametrized as the total space
of O(2) — P! [258]. The twistor description used throughout Chapter 5 clearly fits
into this framework, with n = u* u~ acting as a coordinate on the fibres of MT.

Hitchin’s construction instead takes the coordinate @) given in Equation (4.23) as
coordinate on the O(2) fibres. One can then consider a line bundle L — MT with
partial connection

. Q
DL—aMT+2M6, (A8)

and the corresponding patching function on U; N Uj is easily seen to be

$10 = exp (WL)\OM) ; (A.9)

in agreement with (5.30). The twistor space is the sub-bundle of (L & L™!) ® O(1)
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defined by

ptu=Q, (A.10)

where p* are elements of the fibres of L*! @ O(1), respectively. The Euclidean
structure in this presentation of twistor space corresponds to the anti-holomorphic

involution
(W, 175 Q M) = (17, =17, =@, Aa) (A1)
This is a global, albeit constrained thanks to (A.10), description of the twistor space.
The fibration P.7 — P! is found by composing P.7 — MT with MT — P!. To

write a holomorphic symplectic form on the fibers of P.7 — P!, one introduces local

trivializations p*, p~ of L, L™! on the patch Uy, and T, o~ on the patch U;:

= pr eXp(?MX?;A) o 70 :
A o
by = r eXp(QMgo/\O/\A)) Ao # 0 ’
<2Mci1/\1,\,\ ) M #0

where p*, p* are O(1)-valued. These coordinates are related by the transition func-

tions

N Q N —Q
ot exp — _ A A3
po=r eXp(2M)\O)\1 G WA (A.13)

on the overlap Uy N U;.

The holomorphic symplectic form on Uy is given by

p A" = g, (A.14)

1 pt 1
S =—dlog (=) AdQ ==
2 Og(ﬂ‘) ©=3 prpT

which appears to be non-singular only when p* p~ # 0. However, upon using the
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constraint Q = u™ u~ = pt p~, it follows that
Y=dp" Adp~, (A.15)

which extends across p* p~ = 0. Using the transition functions (A.13) along with the
relation pt p~ = @Q, it is easily checked that this takes the same form on the other
patch:

Y =dpt Adp” =dpt Adp~  mod d),. (A.16)

Thus, ¥ is global on the fibres of P.7 — P! and p*, 5* both provide Darboux coordi-
nates on their respective domains of definition. To reconstruct the metric, one follows

the usual method [159] of solving for the holomorphic rational curves in twistor space,

then pulling ¥ back to .# x P! and reading off a basis of ASD 2-forms.

A.3 Sparling’s non-linear graviton

In fact, the earliest description of the SDTN metric was by Sparling [259] (see also
Section 3.4 of [188]), in terms of a Cech description of twistor space built on a four-set
open cover. This is closely related to Hitchin’s construction. For i = 0,1, let p;t be

local coordinates for p*, defined by setting

;

A
IO+ = <5\ > ’ ) <A17)
pi exp —Q—} , Ao € Uy
\ 2M (A M)A
( A
R rvivs el RRRECRAL
p- = < . 0 (A.18)
_ QN
prexp | ——— |, Ao € Uy
2M (A A\

\
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Now define the four sets

Ust = {ho # 0,p5 # 0}, Ure = {\ #0,p7 #0}, (A.19)

so that U,y UU;,_ = U; for i = 0,1. On each open set, one of the ,0;-IE coordinates
can be eliminated using the constraint p; p; = Q. For instance, local holomorphic
coordinates on Uy, are given by (pd, @, A\o) With p; = Q/pg fixed by the constraint.

Now, defined the local coordinates

Q 0y

o _opla W oy Po
m \U(H =2T " 4M T )\, log N (A.20)
d o @ gared 1og 20 (A.21)

T ” o log 3, :

pe| = =21 Q _ypr7eey, 1og L (A.22)
Uit M @ A )

pt|, = —2r® @ L ared a, log P (A.23)
Ui A1 A1

It can be checked that u®T“s;\, = @ holds globally. Moreover, the six transition

functions are

Q

Uos N Uy : pfj“UH — pfj“Uo_ = —4AMT*)\, log e (A.24)
Uor NUL4 : ,ﬁ\UH — ,ﬂ\UH = —AMT\, logi—(l), (A.25)
Uy NUL- - 1 g, = KOy, = —4MT N\ log % , (A.26)
Up-NUis oy, =l = —4MT* A, log Agl : (A.27)
Up— NU; - ; ”d‘Uo, - /‘d‘Ul, = —4MT**)\, log ;—(1) : (A.28)
Ui NU - : uﬂUH — l‘d‘Ul, = —4MT** )\, log)% : (A.29)

These are precisely the patching functions prescribed by Sparling [259]. This con-

struction should be viewed as a gravitational analogue of the twistor quadrille.
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Appendix B

Twistor theory for

Gibbons-Hawking instantons

In this appendix, we demonstrate how our presentation of the SDTN twistor space
can easily be generalised to give any Gibbons-Hawking gravitational instanton [102,
190, 191] in Euclidean signature. See [67] for an analogous construction for radiative
Gibbons-Hawking metrics in the complexified setting or for split signature.
Consider a complex deformation of PT of the form V = 9+ {h, -} for O(2)-valued

Hamiltonian

h=f(nAe, (B.1)

where f is any function that has total homogeneity 4 in (u%, o) but depends on u®
only through 7. Denoting 9, f as f, holomorphic rational curves (u® = F¥(z, \), \a)

in the complex structure of (B.1) are defined by

ol FE = +F+ f| &°. B.2
9 x fl, @ (B.2)
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These equations are solved by

i
FE(2,\) = (v \) exp <:F2 r+g(z, /\)) , (B.3)

p
where 7 ~ T+ p is a coordinate on a circle of radius p/27 and g is a weight-0 function

which can be constructed via the Green’s function (3.14) as

gz, \) = /XdQ)\' % f o d’\ = %. (B.4)

In this integral formula, f|lx = f({(x+N)(x_\),\) is the restriction of f to the
holomorphic rational curve X, where n = —iz®’\,\s.

Let .# denote the real, 4-dimensional moduli space of these holomorphic curves.
The pullback of the weighted symplectic form ¥ to .# x P! given by the holomorphic

curves is
2
PY = =2, \g (dxi Ady? = Zdr Ada®® —idg A dxaﬂ> mod d)\,, (B.5)
p

where d,g is the differential of g with A held constant. At this stage, it is not
immediately possible to identify a triplet of ASD 2-forms on .#, as d,g depends on

Ao To proceed, note the identity
AaAg A NG dz®? A dz?® = (A N) AN dz®? A da”, (B.6)

so that we can write

Ao Agdz® A dg = Ay Ag ™ (), (B.7)

where @ is the 2-form on .# defined by

w?(x) = —1°dz? A da? / d2)\ f‘X : (B.8)
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The 2-form @’ can be decomposed further as

@ =1V da® AdF, +ida*? A, (B.9)

for the scalar V and 1-form &

W@——;AﬁAﬂX, & = dz® /ﬁ?%Mf] (B.10)

In terms of these data, we can now write

2
PE= T 5%%()  mod dh,, (B.11)
D
for
1
»d =2 |:d7'— % (a— 5)] Adz? + 2 (V—i— o >dxo‘7/\dx67. (B.12)

a triplet of ASD 2-forms on .Z .
Identifying a tetrad from X% = §°¥ A08;, one sees that these are the ASD 2-forms

associated to the Gibbons-Hawking metric

(dr + A)?

ds® =
° v

+Vdi?, (B.13)

with
p 1 po[(a
a=2(5-4a). B.14
V= %<V+%) or\2 (B-14)
It can be checked immediately that the pair (V, A) satisfies the Bogomolny equation

dV = %3 dA thanks to the identity

x3 dz®? = dz* Ada”, (B.15)
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so the metric is vacuum and self-dual (i.e., hyperkéhler) as required.

Note that the entire construction can be run in reverse: given a Gibbons-Hawking
metric defined by (V, A), we can reconstruct the associated f(n, A) and hence the
complex structure on twistor space. The SDTN case studied throughout the paper is
obtained as the special case where p = 87 M and f = 5?/(4M), for which V = 1/(4M)
is a constant and a is pure gauge, hence it can be reabsorbed and set to zero by a

shift in 7.
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Appendix C

Integration of the 2- and 3-point

amplitudes

In this Appendix, we give some details on the integration of the low-point amplitudes
presented in Chapters 4 and 5. Given a positive integer n € Z>(, a 3-momentum k

and a pair of points 21, 2o on CP', consider the six basis integrals

%(E,zl,zz):/d?’feuz-f [NC—fﬁ(gzzH) " (C.1)

ikz T _ * qn-l

ik T _ = qn—1

] FFE (6 — 2 )(F 1
= [arfCE oG] e
Aoy 2, 2) = /d%*eiif [T(C_fﬁ(g? + 1)]n1 . (C.6)
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These integrals will decompose the 2-point amplitudes. Similarly, for the 3-point

amplitudes we will need the integrals

’7/n2,ng<]g’ 21, 22, 23) _ /deeiE.f {T(C - Zl)<522 + 1):|n2 |:7«(C — Zl)(C_Z?, + 1):|n3 |

14¢C 14¢C
(C.7)
7/”2,”3(12, 21, 29, 23) = /d3f ei:f {r(( —fll(gzz + 1)]%2 |:T(< _fll(gz:a + 1)]713 ;
(C.8)

where z3 is a third point on CP' and we assume ny, ns € Z>o. We will compute
such integrals assuming k to be real and analytically continue the final results to
complex k. This is equivalent to Wick rotating ¢ + it to turn the SDTN metric into
a complex metric on a real slice on which the scattering particles have Lorentzian
momenta. This follows the computation of scattering amplitudes on instantons via
Wick rotation, first developed in [260,261]. The integrals (C.1)-(C.8) are oscillatory
integrals so we need to use an ie prescription to make the integrals convergent. Thus
we introduce a Gaussian factor of e==(¢"+7) into the integrand, and take the limit
e — 0. We will ignore the distributional terms supported on |lg| = 0 that will also
be present which correspond to forward scattering contributions. We discard these

taking merely the naive ¢ — 0 limit.

Decomposition of the amplitudes

The gluon amplitude (4.53) is simply given by

Ay = =78 (w1 + w2)0_e, 0y (12)25, (K, 21, 22) . (C.9)
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In terms of the dyad (* = (1,0), 0* = (0,—1), the scalar amplitude (5.85) can be

expressed as

. 1 .
So =270y o (12) | —[12] 1w, (K, 21, 22) — 5(4Mw2)2<%/4MwQ(k, 21, %2)

— 4MWQ(LaTadI~€2d + 210aTadI%1 d)/waQ(E, 21, ZQ)
+ (06T Ry 6 + OaTad/%2d)/4<]\/[w2(E7 21, 22)
— (21La TR 4 + ZQLaTadRQ(i)/AwaQ(Ev 21, 22)

(2200 TR e + taTF18) F s (B 21, zg)} . (C.10)
Similarly, the photon amplitude (5.87) is
.Agh = 27T<1 2>25—w1,w2 (%ng(la 21, ZQ) + 2M%1+4MWQ<E7 21, 22)) . (Cll)

The graviton amplitude (5.89) decomposes as

(12)%m ally g o5
(71 1][n2 2]

+ 4MT“‘5‘T56(/£1QL5 — zloaﬁw)/waQ(E, 21, 29)

My = —

d' —
w1,w2 (6 IB%M@Q (ka 21, Z2)

+ AMT T (— 1y 405 + 0aki2 ) I fases, (Fr 21, 22)
+ 4MT°‘6‘T55(22/<:1&L5 — ZlLaK,Qﬁ)/fjwa(E, 21, 29)
+ 4MT°“5‘T55(—22/£M05 + Lamw)/fj\iw(E, 21, 22)

—|—8M2Tadl€1 aTIBBHQ’[—}e%{lMWQ (E, 21, ZQ)) s <C12)

The 3-point gluon amplitudes (4.55) is

(rs)*

T3 333} V2entes (B 21,72, 20) (C.13)

Az = 4mig d(w) d(e)
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Finally, the 3-point graviton amplitude (5.142) admits the decomposition

. 12)6 - -
M = 4rmik 5(w) 5(6)%(%Mw2,4MW3(/€, 21, 22, 23>+2M%Mw2,4Mw3<k7 21, 22, 23) .
(C.14)

In all cases, k denotes the total 3-momentum, that is El+E2 for the 2-point amplitudes

and /;1 + /;2 + Eg for the 3-point amplitudes.

Computation of 77,

We will now give a detailed derivation of

: n—1
Ak, 21, 22) = 4mn n!% , (C.15)

(kQ)n+1
where 215 = 21 — 25 and we introduced the quantity

kt + ik? k' —ik?
= w =

k3 k37

(C.16)

Q=K (w— 2 — 20— Wz129), w

in terms of the components of k. We can parameterize the 3-vectors ¥ and k as

T = 1:@(“5’1@_0’1 -¢Q), k= %k3<w+w,i(w—w),2)’ (C.17)
so that
k7= 1]f2<_@w+§w+ 1-¢O), k=)0 +ww). (C.18)

Upon performing the rescaling 7 ~ (1 + (¢), the integral (C.1) reduces to

Aok, 21, 22) = 2 / T arr? / dCdC (14 CO)[r(¢ — 21)(Cg + 1)t rico+ut1=CO)
0 C
(C.19)
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so that introducing a formal parameter ¢, we can write

Aok, 21, 2) = (—i0)" Ak, 21, 20:8)| (C.20)

t=0

in terms of the ‘master integral’
TR 21, 20 t) = 2 / dr r? / AC dC (14 ¢O)ekr@mtut1=Cin-=)CtD) (21
0 o

The advantage in computing A instead of evaluating .77, directly is manifest, as the
former is a simple Gaussian integral over the stereographic coordinates: introducing

the parameters
A=tn -k, B=ko+t, C=kw—tnzn, D=k —tz, (C.22)
we can express the master integral as
Ak, 2, 200 t) = 2 /000 dr rz/(cdg dC (1 + (C)eln(ACHBLHCCHD) (C.23)

As we will set t = 0 at the end of the calculation, we are free to think of ¢ to be
small enough so that the imaginary part of ¢z, does not dominate over the (implicit)
ie regulator.

Performing the Gaussian integral leaves us with a Mellin integral over the radial

variable

47

%?(;;, 21, 223 t) = el

/ dr (r(A% + BC) + iA)elrAP-BO/A (C.24)
0

Since we are interested in taking derivatives of the master integral at ¢ = 0 and since
the function (AD — BC)/A has an imaginary part at least linear in ¢, the implied

ie prescription allows us to make this residual Mellin integral convergent as well. In
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this way, we finally find

4mi(A + D)
(AD — BO)?
B 4mitz1o
Rz Q)

%(Ea 21, 295 t) = —
(C.25)

where in the second line we plugged in the values (C.22). Upon taking n derivatives,
we recover (C.15).
Other basis integrals

The remaining integrals (C.2)-(C.8) can be obtained exactly with the same methods,

— see the Appendices of [2,3] for the full details. Here, we will simply state the results

IO, 21, ) = —dn(n — 1) ((C]%)) <"ZZQ +(n— 1)22> , (C.26)
I, 21, ) = —dn(n — 1)) ((C?) <”k;“Q +(n— 1)212’2) , (C.27)
IR 21, 2) = —dm(n — 1)! (%) <”k;”Q —(n— 1)) , (C.28)
k21, 29) = dm(n — 1) (%) ( ZZQ +(n— 1)21) , (C.29)

Ay (k, 21, 20) = Am(n — 1)! (<Q/§)) , (C.30)
Dy (ks 21, 29, 23) = —d(ny + ) (‘z‘%;))z(jffl)n (”;:1 + ”;jfl) . (C31)
Wiy s (R 21, 2, 23) = —Aie{g + my)1 U220 (C.32)

( )n2+n3+1

n (C.31)-(C.32), the coefficients ay; and ag; are precisely the ones given in (4.57).

Feeding these integrals back into (C.9)-(C.14) and, in the case of the 2-point ampli-
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tudes, using the on-shell expressions

7o _ 4212212&)5
(1 + 2121)(1 + 2252) ’
2121 — 2222

k3 = —2iw,

(1 + 2121)(1 + 2252> ’

—Z12 + 2122122

k3w = —2iws

(1 + 2121)(1 + 2252) ’

—Z12 + 2122122

k3w = —2iws

(1 + 2121)(1 + 2252) ’

Q = —2iW12’12 .

(C.33)
(C.34)
(C.35)
(C.36)

(C.37)

valid on the support of w; + wy = 0, we finally recover the vanishing of the scalar

and photon amplitudes around SDTN;, as well as the expressions (4.53)-(4.55)-(5.89)-

(5.142).
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