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Abstract

This thesis is organised into two main parts, which are both preceded by a joint
introduction and a brief chapter on the signature analysis of time-ordered data.

In the first part, we study the classical problem of recovering a multidimensional
source signal from observations of nonlinear mixtures of this signal. We show
that this recovery is possible (up to a permutation and monotone scaling of
the source’s original component signals) if the mixture is due to a sufficiently
differentiable and invertible but otherwise arbitrarily nonlinear function and
the component signals of the source are statistically independent with ‘non-
degenerate’ second-order statistics. The latter assumption requires the source
signal to meet one of three regularity conditions which essentially ensure that
the source is sufficiently far away from the non-recoverable extremes of being
deterministic or constant in time. These assumptions, which cover many
popular time series models and stochastic processes, allow us to reformulate
the initial problem of nonlinear blind source separation as a simple-to-state
problem of optimisation-based function approximation. We propose to solve this
approximation problem by minimizing a novel type of objective function that ef-
ficiently quantifies the mutual statistical dependence between multiple stochastic
processes via cumulant-like statistics. This yields a scalable and direct new
method for nonlinear Independent Component Analysis with widely applicable
theoretical guarantees and for which our experiments indicate good performance.

In the second part, we revisit the problem of blind source separation from the per-
spective of statistical robustness. Blind source separation (BSS) aims to recover
an unobserved signal S from its mixture X = f(S) under the condition that the
effecting transformation f is invertible but unknown. This being a basic prob-
lem with numerous practical applications, a fundamental issue is to understand
how the solutions to this problem behave when their supporting statistical prior
assumptions are violated. In the classical context of linear mixtures, we present
a general framework to analyse such violations and quantify the effect they have
on the blind recovery of S from X. Modelling S as a multidimensional stochastic
process, we introduce an informative topology on the space of possible causes
underlying a mixture X and show that the behaviour of a generic BSS-solution
in response to general deviations from its defining structural assumptions can be
profitably analysed in the form of explicit continuity guarantees with respect to
this topology. This enables a flexible and convenient quantification of general
model uncertainty scenarios and amounts to the first comprehensive robustness
framework for BSS. Our theory is entirely constructive, and we demonstrate its
utility with a number of statistical applications.
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Chapter 1

Introduction

A common problem in science and engineering is that an observed quantity, X, is determined
by an unobserved source, S, which one is interested in. Denoting by f the deterministic
relationship between X and S, one thus arrives at the equation

X = f(S) (1.1)

where X is known but both the relation f and the source S are unknown.

The premise that the data X is determined by its source S reflects in the assumption that
f is a deterministic function, while the premise that S can be completely inferred from X

— i.e. that no information be lost in the process of going from S to X — is reflected in
the assumption that the function f is one-to-one; for simplicity, it is typically also assumed
that f is onto. Any function f of this kind will be referred to as a mixing transformation.

The central challenge, known as the problem of Blind Source Separation (BSS), then be-
comes to infer — or ‘identify’ — the hidden source S from the given data X:

Under which assumptions is it possible to recover the source data S in (1.1) if only
its mixture X is observed? To what extent can such a recovery be achieved

and how can it be performed in practice?
(1.2)

It is clear that without additional assumptions, the above problem of inference (1.2) is
severely underdetermined: If X and equation (1.1) is the only information available but
both f and S are unknown, then we may generally find infinitely many possible ‘explana-
tions’ (S̃, f̃) for X which all satisfy (1.1) but are not otherwise meaningfully related to the
true explanation (S, f) underlying the data. In many cases, however, this ‘indeterminacy
of S given X with f unknown’ can be controlled by imposing certain statistical conditions
on the source S.

The following simple example illustrates this situation.

1



Example 1.0.1. Suppose that you are on a video-call and want to follow the simultaneous
speeches of two speakers S1 and S2, modelled as real-valued time series each. As the
propagation of sound adheres to the superposition principle, the acoustic signals X1 and
X2 that reach your left and right ear, respectively, may be modelled as linear mixtures
Xi = ai1S

1 + ai2S
2 of the individual speech signals S1 and S2. Denoting X ≡ (X1, X2)ᵀ

and S ≡ (S1, S2)ᵀ and A ≡ (aij) ∈ R2×2, the relation between the audio data X and its
underlying sources S can hence be expressed by the model equation X = A · S, which for
A invertible is a special case of (1.1) for the linear map f := A. The above problem (1.2)
then becomes to recover the constituent speeches S1 and S2 from their observed mixtures
X1, X2 alone, given that the relationship between X and S is linear.

Without further assumptions, the true explanation (S,A) of the observable X cannot
be distinguished from any of its ‘alternative explanations’ {(S̃, Ã) ≡ (B · S,AB−1) | B ∈
R2×2 invertible}. But if the speech signals S1 and S2 were assumed to be uncorrelated,
say, then the above family of best-approximations of (S,A) reduced to {(S̃, Ã) ≡ (BΛ ·
S,AΛ−1Bᵀ) | Λ ∈ R2×2 (invertible) diagonal, B ∈ R2×2 orthogonal};1 hence if they are
uncorrelated, S1 and S2 may be recovered from X uniquely up to scale and a rotation.

This simple observation can be significantly improved by way of the classical Darmois-
Skitovich theorem [130, 43, 145] which implies that for f linear, the original source S may
be identified from X even up to scaling and a permutation of its components if S is mod-
elled as a random vector whose coordinates Si are not only uncorrelated but statistically
independent. This mathematical insight, elaborated in P. Comon’s seminal framework [37],
quickly became the theoretical foundation of Independent Component Analysis (ICA), a
popular statistical method that has since seen far-reaching theoretical investigations and
extensions, e.g. [9, 139], and has been successfully implemented in numerous widely-applied
algorithms, e.g. [14, 27, 69, 79]; see for instance [51, 80, 111] as well as the monographs
[38, 81] for an overview.

Comon’s contribution is arguably the most conceptionally influential answer to the above
inference task (1.2) to date that was both practically relevant and mathematically rigor-
ous. However, Comon’s approach applies to linear relationships (1.1) between X and S

only, because among nonlinear mixing functions on Rd there are many ‘non-trivial’ trans-
formations that preserve the mutual statistical independence of their input vectors [84].

1 Indeed: The assumption of uncorrelatedness complements the original model equation (1.1) by the
additional (statistical) source condition Cov(S̃, S̃) = Cov(S, S) = I2, which implies that BᵀB = Cov(S̃, S̃) =
I2 (where the components of S̃ are assumed to be scaled to unit variance).
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This is a substantial limitation not only from a theoretical perspective but also in applic-
ations, where real-world data is often assumed to depend nonlinearly on certain nonre-
dundant (independent) explanatory source signals and the instantaneous invertible nonlin-
ear model (1.1) is deemed an adequate description of this dependence. See for instance
[5, 40, 48, 70, 86, 94, 115] and the references therein for a few according example applica-
tions of nonlinear BSS ranging from the analysis of star clusters in interstellar gas clouds
and biomedical tissue monitoring during surgery over electroencephalography and molecular
simulation to statistical process monitoring, vibration analysis and stock market prediction.

Overcoming the traditional confinement to linearity has thus been a long-standing scientific
endeavour, and the past twenty-six years have seen various attempts of establishing altern-
ative identifiability approaches to recover multivariate data from their nonlinear transform-
ations. Prominent ideas in this direction include the optimisation of mutual information
over outputs of (adversarial) neural networks, e.g. [4, 22, 73, 93, 148], or the idea of ‘lin-
earising’ the generative relation (1.1) by mapping the observable X into a high-dimensional
feature space where it is then subjected to a linear ICA-algorithm [68].

More recently, the works of Hyvärinen et al. [82, 83, 85] achieved significant progress re-
garding the recovery of nonlinearly mixed sources with temporal structure (e.g. time series,
instead of random vectors in Rd) by first augmenting the observed mixture of these sources
with an auxiliary variable such as time [82] or its history [83], and then training logistic
regression to discriminate (‘contrast’) between the thus-augmented observable and some
additional ‘variation’ of the data. This variation is obtained by augmenting the observable
with a randomized auxiliary variable of the same type as before, thus linking the asymp-
totical recovery of the source S = f−1(X) to a trainable optimisation problem, namely the
convergence of a universal function approximator (e.g. a neural network) learning a classi-
fication task. These identifiability results were recently extended and embedded into the
context of variational autoencoders in [93].

Another basic question of substantial importance to both the theory and statistical practice
of Blind Source Separation is the issue of statistical robustness, that is if and to what extent
the solutions to (1.2) persist when their underlying assumptions on f and S are violated.
This question is of significant interest for the blind inversion of linear mixtures already,
not in the least due to the overwhelming dominance and utility of linear separation meth-
ods in most contemporary BSS applications. Yet despite explicit calls for research on this
topic [80], existing investigations are few and confined to rather specific violation scenarios,
numerical partialities or very restrictive assumptions overall [1, 11, 12, 24, 29, 30, 89, 92,
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125, 138, 139, 144]; a comprehensive robustness analysis on the effects of general violations
of the supporting identifiability assumptions for BSS or ICA, let alone for time-dependent
sources, does not seem to have been presented yet.

In this thesis, we revisit the inference problem (1.2) for stochastic processes X = (Xt) and
S = (St) with recent tools from stochastic analysis. Departing from the classical framework
of Comon [37], the focus of this work is on the above-mentioned aspects of nonlinearity and
robustness. The following section summarizes our main contributions to the literature.

1.1 Summary of Main Contributions

This thesis has two main parts. In the first part, consisting of Chapters 3 and 4, we propose
a new approach to the problem of nonlinear blind source separation (1.2) for multidimen-
sional time-dependent signals that leverages modern tools from stochastic analysis: For
an unknown discrete- or continuous-time signal S = (St) in Rd and an unknown function
f : Rd → Rd, a new statistical method to recover S from its pointwise transformation
X = f(S) ≡ (f(St)) via ‘signature cumulants’ is presented.

In essence, we provide a new algorithm2 that performs the inversion, or ‘retransformation,’

X 7−→ S (1.3)

of the generative relation (1.1) in the case that f and S are not explicitly known and f

is sufficiently differentiable and (by necessity) invertible3 but otherwise arbitrarily nonlinear.

Finding ways to achieve this ‘blind inversion’ (1.3) has been of long-standing scientific in-
terest, and efforts in this direction gave rise to an established area of specialised statistical
research that has been very active for nearly three decades now. Apart from only a small
number of exceptions, however, related works were predominantly confined to the very
limiting assumption that the hidden relation f be a linear map on Rd – the few existing
approaches towards the blind inversion of nonlinear causal relations were either heuristic
or required f to belong to very narrowly defined function classes only, and it was not until
the recent breakthroughs of Hyvärinen et al. that the first mathematically justified ideas
for the blind inversion of general nonlinear relationships between X and S have emerged.
Our work is a contribution to the dawning research on nonlinear blind inversion.

2 That is, an explicitly computable map – or estimator, in the statistical sense – that takes in [a
realisation of] the mixture X and returns an ‘optimal’ approximation of [the corresponding realisation of] S
as an output.

3 Invertible at least on the smallest subset of Rd which is actually reached by S, but see Definition 3.2.4
and (3.8).
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The material of Chapters 3 and 4 is based on the paper [120], and the content of Chapter
5 is to appear as [119].

The second part of the thesis consists of Chapter 5 and presents the first comprehens-
ive robustness framework for the blind recovery of linearly mixed time-dependent signals.
Here, we provide a general and flexible topological notion of statistical robustness for the
inverse problem (1.2), and demonstrate the theoretical and practical utility of our robust-
ness concept on a generic BSS estimator that performs the inversion (1.3) under ICA-typical
identifiability assumptions. The first part and the second part of this thesis are independent.
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Figure 1.1: A source S with four components S1, . . . , S4 (orange) is mapped under some
nonlinear transformation f , resulting in the observed mixture X (blue). We present a new
method to recover the original source S from its mixture X up to a minimal deviation: Given
X, this approach returns an estimate Ŝ = (Ŝ1, · · · , Ŝ4) (brown) that approximates S up to
the original order of its channels and a monotone scaling. In this example, Ŝ1 estimates the
original component S2, and Ŝ2 estimates S3, and Ŝ3 estimates S1, and Ŝ4 estimates S4.

(See Example 1.1.1 for details.)

Below is a summarising discussion of our main contributions, listed in order of appearance.
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1.1.1 Identifiability of Nonlinear Mixtures (Theorems 3.3.3, 3.3.7)

To achieve a meaningful recovery (1.3) of the source S from X, we need to compensate for
the blindness regarding f and S by imposing some additional assumptions on the latter.
The most established such assumption, and arguably the most relevant one in practice, is
that the component signals of S are statistically independent; we adopt this assumption
throughout. Many of the conceptional issues that arise in the nonlinear blind reconstruction
of an independent-component source S from X can then be anticipated from the classical
i.e. linear case f ∈ Rd×d already. Similar to the classical case, cf. Theorem 3.1.1,

• the blindness4 underlying (1.3) makes an exact recovery of S impossible, but statistical
prior information on the source allows to identify S fromX up to a minimal ambiguity,
namely up to a permutation and monotone scaling of the source’s original component
signals;

• the estimates Ŝ of the original source S that are minimally ambiguous in the above
sense preserve the initial condition of intercomponental independence (IC), but under
some natural assumptions on S the converse is also true: those retransformations of
X which are IC must be minimally ambiguous to S.

These insights into the blind inversion (1.3), which are rigorously discussed in Section 3.3,
are the mathematical heart of our approach. Especially the equivalence stated in the last
point, which is made precise in Theorems 3.3.3 and 3.3.7, is a central new finding:

Under some mild statistical conditions on the source S, we can show that the assumed
IC property of the source is strong enough to trivialise5 the action of any spatial diffeo-
morphism which preserves this property; in other words: their property of having minimal
intercomponental statistical dependence distinguishes the minimally ambiguous estimates
Ŝ of S from any other invertible nonlinear transformations of X.

This makes ‘minimisation of intercomponent-dependence’ an illuminating optimisation prin-
ciple for the initially blind search for S, which immediately translates into the following
strategy for the desired nonlinear blind inversion (1.3):

as an estimate Ŝ for S, choose Ŝ = θ?(X), θ? invertible, s.t. θ?(X) is IC ; (1.4)

i.e., the right retransformations of X are those that minimise intercomponental dependence.
4 That is, the fact that the inverse problem (1.3) is inherently underdetermined since the constituents f

and S of the RHS in (1.1) are both unknown.
5 Here, ‘trivialise’ means reduce to the composition of a permutation and a componentwise monotone

scaling.
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As mentioned, the sources S for which this strategy works are those that ‘carry their IC
property well enough’ for this property to characterise them, up to minimal ambiguity,
among their (invertible) nonlinear transformations. But not every source is of this kind, as
becomes particularly clear from considering two ‘unrecoverable’ statistical extreme cases:
If the source S is deterministic,6 then the IC property is void and a meaningful blind in-
version (1.3) of the source’s mixtures is generally impossible. If S is constant in time, i.e.
S = (Z)t∈[0,1] for some random vector Z in Rd, then the IC property on S cannot manifest
cross-componentally over different time-points and is then generally too weak to support
the strategy (1.4) for nonlinear mixtures, see [84] and Example 3.1.4.

These unidentifiable source types can be seen as degenerate extremes that are naturally
interpolated by the mathematical model class of continuous-time stochastic processes, and
said interpolation can be controlled at the level of the second-order finite-dimensional dis-
tributions (fdds) of such processes, see Section 3.2. In fact, we formulate three regularity
assumptions on the family of fdds of a source S which enable the IC-based identifiability
(1.4) of the source by ensuring that it is sufficiently far away from the above degeneracies
(Section 3.3). More specifically, our non-degeneracy assumptions on the source require that
sufficiently many of its fdds admit a probability density which is sufficiently complex in that
it satisfies one of the following conditions:

(a) the density avoids local factorisations and is not of a certain ‘pathological’ Gaussian-
like shape, as is made precise in Definition 3.3.2;

(b) the density has locally non-vanishing mixed log-derivatives that lie outside certain
nullsets, as specified in Definition 3.3.5.

While the non-factorizability and non-vanishing-log-derivative conditions ensure that the
source is ‘stable enough’ to make its IC property unfold7 into its component signals in
such a way that the (‘residual’) action inflicted upon S by the composition of the mix-
ing transformation f with an IC-enforcing retransformation [as in (1.4)] does not collapse
when considered jointly at different points in time, the exclusion of Gaussian-like shapes
or algebraically degenerate density configurations ensures that this residual action on S is
‘expressive’ enough (as per implying a non-degenerate eigenspectrum of a Jacobian). All of
this is made precise in Section 3.3.1 and the proofs of Theorems 3.3.3 and 3.3.7.

6 That is, if S attains exactly one sample path with probability one.
7 Instead of holding it merely within its fixed-time marginals, as in the generally unidentifiable case of

IC random vectors in Rd.
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The source conditions (a) and (b) again generalise classical theory in a natural way (cf.
Section 3.1 and the remarks on p. 43 and Remark 3.5.4), and in Section 3.5 we illustrate
their broad applicability by compiling a set of widely used signal classes to which these
conditions apply.

Thus far, our work has established the dependence-minimising approach (1.4) as a success-
ful mathematical strategy to achieve the nonlinear blind source separation task (1.3), see
Theorem 3.3.3 and Theorem 3.3.7: We identified natural probabilistic conditions (a) and
(b) on the source which guarantee that its IC property manifests strongly enough to char-
acterise that source among any invertible (re)transformations of X up to some inevitable
ambiguity8.

1.1.2 Nonlinear Blind Inversion via Optimisation (Theorem 4.2.3)

Building on the above, Chapter 4 proposes a way to turn this theoretical inversion strategy
into a ready-to-use statistical method that can be easily implemented in practice. What we
need to do for this is provide the observer of the mixture X with three things, namely

– a set Θ of invertible candidate demixing transformations on Rd which is ‘large enough’
to include approximations of the original inverse f−1 up to permutation and scale;9

– a ‘pair of goggles’ φ that allows the observer to gauge the degree of intercomponental
statistical dependence of any given (re)transformation of X: the weaker the statist-
ical dependence between the component signals of a process Y , the smaller shall be
φ(Y ) ∈ R≥0; the desired inversion (1.3) is then performed [via (1.4)] by choosing those
transformations θ(X), θ ∈ Θ, of X for which the value φ(θ(X)) is minimal;

– an automatable optimisation procedure that combines Θ and φ and returns

θ? ∈ arg min
θ∈Θ

φ
(
θ(X)

)
and then Ŝ = θ?(X) (1.5)

as the desired [minimally ambiguous] estimate of S, in accordance with (1.4).

The above is formalised in Theorem 4.2.3. A natural choice in practice is to implement Θ as
the realisation space of an invertible artificial neural network (NN) with d input nodes, cf.
Remark 4.2.4 (ii) and Section 4.8.3. Adding φ as a loss function to the NN, the optimisation
(1.5) can then be performed efficiently via backpropagation; for details see Sections 4, 4.4
and 4.8.

8 That is, as we recall, up to a permutation and monotone scaling of the source’s original component
signals.

9 See the hypothesis on Θ that is formulated in Theorem 4.2.3.
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Intuitively speaking, in the course of the optimisation (1.5) the observer gradually performs
the desired inversion (1.3) directly by comparing different transformations of the data and
choosing as most akin to the true inverse those that minimize the φ-quantified statistical
dependence of X. For nonlinear f the theoretical justification of this procedure is new,
while the underlying idea of source separation via quantified dependence minimisation is a
well-established concept for the recovery of linearly mixed random vectors in Rd, see e.g.
Corollary 3.1.3.

Inspired by another classical concept, cf. (3.3) on page 36, in Section 4 we propose as
dependence quantification φ a ‘cross-cumulant’-based energy functional of the form

φ(Y ) =
∞∑
m=2

∑
qm

κ̄qm(Y )2 (1.6)

where κ̄q(Y ) denotes ‘the (standardised) signature cumulant at index q’ of a stochastic
process Y in Rd, see Definition 4.1.2 and Notation 4.2.1, and the inner sums run over
all ‘cross-shuffles’ of word-length m (see (4.21) on page 94). The entirety of all signature
cumulants (κ̄q(Y )), which can be thought of as a carefully chosen ‘coordinate vector’ for
the distribution of the multidimensional stochastic process Y , provides a hierarchical and
parsimous description of the statistical dependence relations within Y , which may occur
simultaneously between coordinates and over different points in time. The functional (1.6)
summarises the aspects of this description that are most central for us, namely ‘how much’
of this dependence there is between the multiple component signals of Y . Since the above φ
vanishes over exactly those processes that are IC (Proposition 4.2.2), the functional (1.6) is
well suited to operationalise the inversion strategy (1.4) via the optimisation scheme (1.5),
as described in Theorem 4.2.3; further aspects are discussed in Sections 4.4 and 4.8.

1.1.3 Consistency (Theorem 4.4.13)

Up to this point, we discussed the method (1.5) in a setting where the whole distribution
of X is assumed to be known. This idealisation is of course difficult to uphold in practice,
where mixtures are typically not available as continuous-time stochastic processes and only
discrete-time sample trajectories ofX, i.e. finite sequences of data points in Rd, are observed.

The statistical guarantees of Theorem 4.4.13 ensure that our method remains applicable
under these practical constraints. More specifically, a statistical consistency analysis of the
procedure (1.5) requires to simultaneously deal with
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– time-discretization: if S, and hence X, are continuous-time signals, then ‘full’ sample
observations of the underlying model X (i.e. continuous paths in Rd) are not available
in real-world applications, where only discrete-time data can be used;10

– finite samples: typically, one of two situations arise in applications. One is that
n presumably independent [discrete-time] sample trajectories of the observable are
recorded, e.g. medical recordings of n patients. The other situation is that only one
[discrete-time] sample trajectory of X is given and ergodicity or mixing assumptions
are invoked to make inference about the underlying distribution; for example, this
situation is common in finance and economics.

We show that under general conditions, which for example are satisfied by many classical
SDE models, our method (1.5) is (strongly) consistent in a sense that addresses both of
these points: As the grid of observational time-points gets finer and the length of the ob-
served time series increases, our method (1.5) produces a signal Ŝ that gets closer to the
unobserved source signal S, even when the model for S is formulated in continuous time;
see Theorem 4.4.13 for the precise statement. Additionally, Theorem 4.4.13 shows that
our method is robust under approximations of the contrast function φ (for computational
purposes, the series (1.6) of signature cumulants needs to be truncated in practice). The
key ingredients to establish this result are tools from stochastic analysis, natural assump-
tions on the topology of function approximators (e.g., deep neural networks), and statistical
approaches to the optimality of extremum estimators. Practitioners may find the displayed
algorithm in Section 4.6 a useful summary.

Our exposition is complemented by a number of numerical examples (Section 4.8) which
further illustrate the practical utility of our method by applying it to a series of nonlinear
blind inversion problems (1.3) with multidimensional source signals in discrete and continu-
ous time. As a concrete illustration of our blind inversion method (1.5) and its underlying
procedure, let us draw on one of these examples here (see Section 4.8.3 for details).

Example 1.1.1. Imagine a professional context where you are interested in a set of ‘hid-
den’ quantities S1, . . . , Sd that are related to some observable data X1, . . . , Xd via an un-
known invertible function f : Rd → Rd. Assume further that these quantities are time-
dependent, so that Si = (Sit) is a real-valued time series (in discrete or continuous time)
and (X1

t , · · · , Xd
t ) = f(S1

t , · · · , Sdt ), and that you may regard S1, . . . , Sd as mutually stat-
istically independent. Suppose for example that d = 4 and your application context is the

10 In spirit, this is similar to the well-developed statistical question of parameter estimation for stochastic
differential equations where also only time-discretized sample trajectories are observed.
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vibration analysis of wind turbines for fault detection. The quantities of interest Si could
then, e.g., be vibration responses excited by cracked gears or other engine faults in the
turbine, which are mixed together during their transmission by an unknown, generally non-
linear [48] mixing process f determined by the gearbox configuration; the resulting mixtures
Xi are observable vibrations recorded by multi-channel sensors at the outside of the gear-
box.11 Statistically, your recorded data is a time-discretised sample x ≡ (x1j , · · · , x4j )ᵀ ∈ R4×N

drawn from the stochastic process X = (X1, · · · , X4); it might locally look like the blue
signals shown in the middle of Figure 1.1. In your search for the hidden vibrations s that
‘caused’ your data, with s ≡ (s1

j , · · · , s4
j )ᵀ ∈ R4×N seen as a discretised sample observa-

tion of the process S = (S1, · · · , S4), your ignorance with regards to the actual relation f
between s and x requires you to perform a blind inversion (1.3). You know that the closest
(“minimally ambiguous”) estimate ŝ? of s that you could then obtain is one that coincides
with the original s up to some permutation and scale, that is where

ŝ? =
(
α1
(
s
τ(1)
j

)
, · · · , α4

(
s
τ(4)
j

))
(1.7)

for τ some permutation of {1, . . . , 4} and αi : R → R strictly monotone. Based on the
(very likely correct) assumption that the model S = (S1, · · · , S4) of s satisfies one of the
non-degeneracy assumptions (a) or (b), your hope is to arrive at such an optimal estimate
(1.7) of s by subjecting your data to the proposed inversion scheme (1.5). For this, you need
to specify a sufficiently large (see above) set of retransformations Θ [of x] with a suitable
approximation topology, e.g. a neural network, and cap the series (1.6) at some finite order
m0.12 Next, compute from x and each θ ∈ Θ a consistent estimate φ̂(θ) of the (capped)
contrasts φ(θ(X)). This may be done as summarized in the algorithm of Sect. 4.6. By our
method (1.5), an empirical estimate of the best approximation (1.7) of s is then obtained
by finding a minimizer

θ̂? ∈ arg min
θ∈Θ

φ̂(θ) and setting ŝ := θ̂?(x). (1.8)

This inversion scheme comes with (strong) consistency guarantees that ensure the conver-
gence ŝ→ ŝ? in the limit of infinite data, see Theorem 4.4.13. Applying this method to the
sensory observations x [← Fig. 1.1, blue column] of our example returns a source estimate
ŝ ∈ R4×N as shown in the rightmost (brown) displays of Fig. 1.1. Comparing this with the
true vibration signals s1, . . . , s4 [← Figure 1.1, orange column] underlying x, we find that

11 This particular application context is motivated by and adapted from [48, 102] and references therein.
12 For this example, detailed in Section 4.8.3, we used the network Θ := Θ2 specified in (4.106) and capped

the contrast (1.6) at m0 = 5 (in general, m0 may be chosen larger the more complicated the nonlinearity
f is assumed to be). For more information, including on the mixing f and the optimisation (1.8), see also
Rem. 4.8.4 and [140].
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indeed: to a good approximation, the estimate ŝ coincides with s up to permutation and
scale, as desired.

We emphasize that the above methodology in its entirety, including any of our definitions
or theorems, applies to both continuous-time and discrete-time signals alike13. The latter
type includes signals that are “genuinely discrete”, i.e. generated from a discrete-time pro-
cess, and signals that are of continuous origin but “discretely observed”, i.e. obtained from
sampling a continuous-time process at a discrete set of time points. These cases are treated
in detail in Sections 3.7, 4.4 and 4.5.0.1, which are referenced accordingly throughout the
text.14

In total, Chapters 3 and 4 combine to a general and flexible new statistical method for
the nonlinear blind source separation of multidimensional time-dependent signals.

1.1.4 Robust Blind Source Separation (Definition 5.3.10, Theorem 5.6.14)

In the second part of this thesis (Chapter 5) we return to the classical version of the BSS
problem (1.2) where the idealised relation between source and observable is assumed linear,
and study how the accuracy of the blind inversion (1.3) will then be affected when typical
identifiability assumptions on f and S are violated. The question of how sensitively a
BSS-solution reacts to violations of its underlying statistical assumptions is naturally of
particular significance in applications, where identifiability assumptions are often seen as
mere idealisations and their infringement is the norm, as the following example illustrates.

Example 1.1.2 (A More Realistic Cocktail Party). Suppose that you monitor a crowded
room in which there are d ∈ N people, say (S1, . . . , Sd) =: S, each engaged in conversation.
Suppose further that each of their speeches are potentially relevant and informative to you,
and that it is thus your objective to get a (consensual) recording of what each speaker Si

has said. To this end, you have installed d voice recorders at different places in the room.
However, instead of talking directly into your microphones, the speakers are so engaged

that their utterances overlap acoustically so that, instead of a single clear voice per recorder,
each of your microphones records a mixture Xi = fi(S1, . . . , Sd) of the d different voices.
Will you still be able to recover the speaker’s individual contributions from your recordings?

13 For the case of discrete-time signals, everything basically applies as in the continuous case up to
very minor modifications necessitated by the change from (path-)connected to discrete realisations of the
underlying signals.

14 For overview: Section 3.7.1 explicates our identifiability theory (Chapter 3) for the exact inversion
of genuinely discrete mixtures, while the (asymptotic) recovery of signals from (samples of) their discretely
observed nonlinear mixtures is developed as part of Section 4.4, see Theorem 4.4.13 in particular, and in
Section 4.5.0.1.
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In the first instance at least, it seems plausible (by linearity of sound propagation) to
model each of the recordings as an unknown linear superposition of the speakers’ voices,
i.e. to assume that X ≡ (X1, · · · , Xd) = f(S) for some f = (f1, · · · , fd) : Rd → Rd

linear. In addition, although possibly a bit harder to justify in this context, it surely is
of considerable mathematical convenience to further assume that the sought voices are15

statistically independent. From these angles, it is then compelling to try and recover the
desired individual speech signals according to (5.1) by applying an ICA algorithm of one’s
choice to the recorded mixtures X.

While intuitively this is certainly a plausible idea, a few limiting considerations regarding
the validity of this approach and its underlying structural assumptions quickly arise:

• due to the interactive nature of human conversation, it is almost certain that some or
all of the speech signals – say those from speakers involved in a joint discussion – will
not actually be statistically independent of each other, at least not entirely;

• owing to the spatial distance between the microphones and various phenomena affect-
ing the transmission and propagation of sound such as acoustic dispersion or attenu-
ation, the actual relation between the recorded mixtures and the speaker’s individual
voices is often only approximately linear but factually nonlinear, at least mildly so;

• the voice signals themselves are typically not iid in time but naturally exhibit a great
deal of intertemporal statistical complexity, and both the physical propagation of
these signals and their recording are rarely perfectly unperturbed but typically sub-
ject to various forms of noise and technical corruptions, such as ambient sounds or
asynchronous recording at non-homogeneous sampling rates between different micro-
phones.

Given these complications that make the true mixing constellation deviate from the simpli-
fying idealisation of linearity and independence, will an ICA of the recorded mixtures still
result in a meaningful reconstruction of the individual vocal expressions that, if probably
not exact, is still ‘good enough’ to at least identify the main message that each speaker has
communicated? Or will the violations of the underlying model assumptions affect the ICA
performance so severely that the returned signals are distorted beyond intelligibility or the
anticipated signal separation breaks down entirely? Is the transition between these out-
comes continuous, and can the accuracy of the returned signals be informatively quantified
against the ‘amount of distortion’ that causes the true scenario to deviate from its idealised
identifiability assumptions?

15 . . . sampled from some sound-describing stochastic processes Si = (Sit)t≥0 in R, which in turn are . . .

13



The points listed in the example each violate the consistency assumptions of most popular
ICA methods, but a comprehensive theory to analyse the impact of such violations has not
yet been proposed. In Chapter 5 we aim to fill this gap with a flexible topological frame-
work built to quantify how the accuracy of a blind inversion method is affected by general
infringements of its prior consistency assumptions. Drawing on general considerations of
Huber [75], we propose a formal notion of robustness for BSS and ICA based on the idea
of having the dependence (1.3) between (estimated) source and observable be pointwise-
continuous at those causes of X (again described as a stochastic process) for which the
underlying identifiability assumptions of the estimator are exactly met (Definition 5.3.10).

Our further approach then consists of an informative quantification of this continuity: Us-
ing a graded family of path-space functionals pertaining to the signature map from rough
path theory (Section 2.2), we derive a coarse premetric topology on the space of laws of
stochastic processes that we then extend to an explicit ICA-tailored topology on the space of
all relevant hidden causes of a BSS-observable (Section 5.5). This topology is convenient to
handle and weak enough to serve as a suitable reference topology for our robustness concept
(Section 5.4) and thus combines to a flexible and model-free device to capture general viola-
tions of the statistical identifiability assumptions that lie at the heart of a given ICA method.

The theoretical considerations of Chapter 5 are brought to fruition in Section 5.6, where
we introduce a generic BSS-estimator that achieves the blind inversion (1.3) under a con-
ventional ICA-assumption (Theorem 5.6.10) and further enjoys general and informative
robustness guarantees in the form of entirely explicit moduli of continuity with regards
to the above ICA-topology (Theorem 5.6.14). The practical utility of our robustness ap-
proach is demonstrated with a number of statistical applications (Section 5.7) which include
(non-asymptotic) robustness bounds for the practical infringements listed in Example 1.1.2.

Both parts of this thesis use as one of their central tools the signature map from rough
paths theory. To account for its relevance to this thesis, the following chapter introduces
the signature and provides a panoptic summary of those of its features that will be most
important to us.
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Chapter 2

Non-Local Analysis of Ordered
Data

Several aspects of this thesis are built with recourse to the signature representation of a
path in Rd, a central perspective on time-ordered data that originates from rough paths
theory [54, 104, 105]. Essentially, the signature offers an informative discretisation of a path
in terms of an algebraically organised selection of certain non-local (in time) features of the
path that are sufficient to characterise that path up to an inessential equivalence relation.1

Following a definition of what (random) ‘paths’ actually are (Section 2.1), this chapter gives
an essentially self-contained introduction to their non-local signature representation.

The route we take is novel and short: provided that a given path x : I → Rd is continuous
enough, say of bounded variation, then elementary functional analysis allows us to naturally
identify this path with a bounded finite-rank operator on the space of continuous functions
over I, see Section 2.2. This identification, which is a trade-off between dimension and
linearity, has the advantage that bounded linear functionals admit powerful compressions
via restriction to smaller subspaces of their domain (cf. Hahn-Banach; such a restriction
is a lossless compression of the functional if the restricted functional admits a unique lin-
ear extension back to the full domain). The signature pertains to this compression principle:

Here, the subspace to which the operator x will be restricted is the span Ax of all iterated
integral functions from the path x (Definition 2.2.3) and the signature of x, denoted sig(x),
is then precisely the transformation matrix (cf. linear algebra) of the restriction x|Ax wrt.
the ‘eigenbasis’ of iterated integral functions of x, see Section 2.2.2.2 Now is when the

1 Intuitively, we may liken the signature coefficients of a path to the interior angles of a triangle: Both
characterise a global object (path; triangle) up to some ‘inessential’ equivalence relation (‘tree-like equival-
ence’ [66]; similarity) by exhausting the ‘global geometry’ of that object through an opportune selection of
some of its intrinsic features that are characteristic of this object (‘universal eigenstructure’ of a path when
seen as an operator on the continuous functions (see Section 2.2.2); the interior angles of a triangle).

2 Since the assignment x 7→ x|Ax is functional, we may – under a slight abuse of terminology – also refer
to the signature sig(x) as the transformation matrix of the full operator x (instead of just its Ax-restriction).
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specific structure of the iterated integrals comes into play: the importance of these integ-
ral functions is that they are not algebraically independent but in fact highly interrelated
(they form an algebra), and this additional level of internal structure on Ax implies (quite
intricately [66]) that the transformation matrix sig(x) characterises the underlying operator
x|Ax uniquely3 and that the restriction4 x 7→ x|Ax is unique up to tree-like equivalence.
This combines to the initial statement that the signature characterises a path up to tree-like
equivalence [66]. This proposition justifies to interpret the sequence of numbers sig(x) as a
coordinate vector that identifies its path x uniquely (up to tree-like equivalence).

By duality, this signature coordinatisation of paths naturally extends to an analogous rep-
resentation for the laws of stochastic processes, resulting in what is known as the expected
signature of a process (Section 2.2.3). As the signature coordinates of paths and their laws
inherit from Ax some internal algebraic structure, it is opportune to account for this fact
by treating the associated representations not as mere sequences in R but as elements of a
suitably constructed coordinate space in which this structure can be better reflected and
exploited. The space of formal power series turns out to be an appropriate choice (Section
2.3.1), and its endowment with natural structure-preserving bijections (Section 2.3.2) and
a suitable topology (Section 2.3.3) will prove useful in later chapters.

2.1 Paths and Stochastic Processes

For a set V and a linearly-ordered set I, we call a data stream in V over I any function

x : I → V, t 7→ xt, (2.1)

writing x ≡ (xt)t∈I ≡ (xt) for short. In this thesis, we assume V to be a Euclidean vector
space and x to have distinguished ‘features’, by which we mean the coefficients of (xt) with
respect to some fixed basis in V . We further require any two data points xs and xt to be
‘close by’ if their indices s, t ∈ I are close wrt. the order topology on I.

These assumptions are specific for the following central data type.

Definition 2.1.1 (Path, Components). A data stream x ≡ (xt)t∈I in V over I is called a
path in V over I if V ≡ (V, 〈·, ·〉) is a Euclidean vector space, I is a compact interval and
the map (2.1) is continuous. Given V and I, the family of all paths in V over I is denoted

C(I;V ) :=
{
x
∣∣x is a path in V over I

}
, and Cd := C([0, 1];Rd)

(
d := dim(V )

)
3 . . . and hence much more strongly than a generic transformation matrix defined on an (algebraically

independent) basis would; recall that those ‘generic’ matrices characterise their underlying endomorphisms
only up to similarity.

4 . . . defined on the domain of all continuous bounded-variation paths from I to Rd . . .
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is the canonical representative of C([0, 1];V ) once a fixed basis (ei)i∈[d] of V is chosen. In
this case, we denote by xi ≡ (xit)t∈I := (〈xt, ei〉)t∈I the i-th component of x, where i ∈ [d].
We write x ≡ (xi)i∈[d] ≡ (xi) for a path x with components x1, . . . , xd.

Clearly, if x ≡ (xi) ∈ Cd then xi ∈ C1 for each i ∈ [d]. Recall further that the uniform norm
‖x‖∞ := supt∈[0,1] |(x1

t , . . . , x
d
t )| defines a complete topology τ∞ on Cd with associated Borel

σ-algebra B(Cd) := σ(τ∞); under this topology, the Borel space Cd is Cartesian.

Lemma 2.1.2. The Borel spaces Cd and
(
C1×· · ·×C1,B(C1)⊗d

)
are canonically isomorphic.

Proof. The space Cd inherits the Cartesian structure of Rd = R× · · · ×R via the canonical
Borel isometry ψ : C1 × · · · × C1 → Cd given by

C×d1 3
(
(x1
t )t∈I, · · · , (xdt )t∈I

)
7−→

[
I 3 t 7→

d∑
i=1

xit · ei

]
∈ Cd (2.2)

for (ei)i∈[d] the standard basis5 of Rd. Indeed: It is clear that ψ is a linear isometry with
respect to the Banach norms ‖(x1, · · · , xd)‖α := maxi∈[d] ‖xi‖∞ and ‖x‖β := maxi∈[d] ‖πi ◦
x‖∞ on C×d1 and Cd, respectively (where πi := 〈·, ei〉). As the norms ‖ · ‖β and ‖ · ‖∞ are
equivalent and hence induce the same Borel-structure on Cd, the Banach isometry (2.2)
extends to an isomorphism of Borel spaces

(
Cd, ‖ · ‖∞

) ∼= (
C1 × · · · × C1, ‖ · ‖α

)
as claimed. But since the factors C1 are separable metric spaces, so is C×d1 . As ‖ · ‖α induces
the topology of componentwise convergence, this implies that B(C×d1 ) = B(C1)⊗d (see e.g.
[16, Appendix M (p. 244)]), which proves the claim.

Remark 2.1.3. We call a data stream (2.1) discrete if I is countable. Since a discrete
data stream on V can be continuously injected into Cd via piecewise-linear interpolation
(certainly if |I| < ∞; see Section 4.7.3), it will be no loss of generality for us to in the
following focus on paths over the standard interval [0, 1] only.

The parametrisation (2.1) of a generic path x ∈ Cd is generally still ‘too irregular’ to allow
for a meaningful global analysis of x. However, by imposing a control on the modulus

(s, t) 7→ |xt − xs| (2.3)

of a path x, we can specify regularity conditions on (2.1) that allow for a certain ‘Hahn-
Banach-type compression’ of x which is known as the signature of x.

5 Or, for the sake of generality, any fixed basis of V .
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More specifically, what we want is a control on the modulus (2.3) which ensures that the
parametrization (2.1) of a path x = (xi) is ‘tight enough’ for this path to induce a unique
linear operator (specifically, the vectorial Stieltjes-Lebesgue measure µx = (dxi) identified
as a finite-rank operator on C1; the latter identification is due to the Riesz-Markov-Kakutani
representation theorem, which we recall to establish a one-to-one correspondence between
Borel measures and linear functionals on locally compact spaces) that can then be ‘faithfully
compressed’ to its restriction on a certain ‘eigenspace’ of x; see Section 2.2.

A sufficient condition on (2.3) for such an ‘eigenspace compression’ of a path is as follows.

Definition 2.1.4 (p-Variation). Let p ≥ 1. A data stream x in (V, | · |) over I is said to be
of finite p-variation if I is a compact interval and

‖x‖p-var :=
[

sup
D

∑
(tν)∈D

∣∣xtν − xtν−1

∣∣p]1/p < ∞ (2.4)

where the supremum is over the set D of all (finite) dissections (tν) of I; set BVp := {x ∈
Cd | ‖x‖p-var <∞} for the space of all such paths. We call of bounded variation a path with
finite 1-variation, and denote by BV := BV1 the space of all such bounded-variation paths.

Remark 2.1.5. For each p ≥ 1, the space BVp can be endowed with the p-variation
topology, τp, which is the topology that the p-variation seminorm (2.4) defines on BVp.
Moreover, as p 7→ ‖x‖p-var is decreasing we have that BVp ⊂ BVq for any q > p, whence it
makes sense to also consider BV1|p := clBVp

(
BV; τp

)
, the topological closure of BV in BVp

with respect to τp; see e.g. [104, Sect. 1.2] for details.

As is typical in probability and statistics, we may regard a given path x ∈ Cd as a realisation
or sample of some Cd-valued random variable X, that is consider the lift x = X(ω) for some
ω ∈ Ω, where (Ω,F ,P) is some fixed probability space supporting X : Ω → Cd (‘random
path’). This ‘data model’ for (2.1) is naturally formalised by the following central notion.

Definition 2.1.6 (Stochastic Process). A continuous stochastic process in Rd is a map

X : Ω→ Cd such that ω 7→ X(ω) ≡ (Xt(ω))t∈I is (F ,B(Cd))-measurable, (2.5)

where B(Cd) = σ(πt | t ∈ I) denotes the Borel σ-algebra on the Banach space (Cd, ‖ · ‖∞).
Writing Xt(ω) ≡ (X1

t (ω), · · · , Xd
t (ω))ᵀ ∈ Rd for each ω ∈ Ω, the scalar processes Xi =

(Xi
t)t∈I (i ∈ [d]) are called the coordinate processes or the components of X ≡ (X1, · · · , Xd),

and the pushforward measure PX := P ◦X−1 : B(Cd)→ [0, 1] is called the law of X.
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Remark 2.1.7. (i) From a more local perspective, Definition 3.2.1 is equivalent to the
description of a continuous stochastic process X as an I-indexed family X = (Xt)t∈I
of random vectors6 Xt in Rd such that the map X(ω) : I 3 t 7→ Xt(ω) ∈ Rd is
continuous for each ω ∈ Ω, see e.g. [134, Sect. II.27].

(ii) In stricter terminology, a stochastic process X ≡ (Xt(ω))t∈I : I × Ω→ Rd as defined
by (2.5) is called jointly measurable. If the underlying probability space (Ω,F ,P) is
filtered then it can carry measurability notions stronger than (3.4) such as progressive
measurability or predictability, see e.g. [157, Proposition 2.23]. For our purposes, the
weak notion of measurability given by (2.5) will suffice.

Unless mentioned otherwise, any given stochastic processes is assumed continuous.

2.2 The Signature Representation of Paths and Their Laws

We now formally introduce the signature representation of a path as outlined on page 2.

2.2.1 Stieltjes-Embeddings of Paths and Iterated Integrals

Let x : [0, 1] → Rd be a path of bounded variation, and recall that paths of this regularity
can be embedded into the space of signed measures via their Stieltjes measures.

Lemma 2.2.1 (Bounded-Variation Paths ↪→ Signed Measures). For each path x ∈ C1 of
bounded variation, there exists a unique signed measure µx : B([0, 1]) → R, the Stieltjes
measure of x, such that µx = µ+

x − µ−x for measures µ±x : B([0, 1]) → R+ given by the
identities µ+

x

(
(s, t]

)
= 1

2

[∥∥x∣∣(s,t]∥∥1-var + xs,t
]
and µ−x

(
(s, t]

)
= 1

2

[∥∥x∣∣(s,t]∥∥1-var − xs,t
]
for each

0 ≤ s ≤ t ≤ 1, where xs,t := xt − xs. In particular, for each ϕ ∈ C1 we have that∫ 1

0
ϕt µx(dt) =

∫ 1

0
ϕt dxt, (2.6)

where the RHS is the classical Riemann-Stieltjes integral of ϕ with respect to x.

Although this one-to-one (cf. Rem. 2.2.2) correspondence between BV paths and (signed)
measures is very well-known, let us account for its importance by including a brief proof.

Proof. Fix any x ∈ C1 with ‖x‖1-var <∞, and abbreviate vt(x) := ‖x · 1[0,t]‖1-var, t ∈ [0, 1].
Note that vt(x) ≤ v1(x) < ∞ and ‖x

∣∣
(s,t]
∥∥

1-var = vt(x) − vs(x) for any 0 ≤ s ≤ t ≤ 1, in
direct consequence of (2.4). Given the elementary measure-theoretical fact that the family
R := {(s, t] | 0 ≤ s ≤ t ≤ 1} ⊆ 2[0,1] of left-open subintervals of [0, 1] is a set-theoretic
semiring generating the Borel-σ-algebra on [0, 1], i.e. that σ(R) = B([0, 1]), Carathédory’s

6 For us every random vector in Rd is Borel, i.e. an (F ,B(Rd))-measurable function.
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classical extension theorem guarantees that the set-functions µ±x : R → R+ defined via
σ-additive extension of the assignments (s, t] 7→ 1

2

[∥∥x∣∣(s,t]∥∥1-var ± xs,t
]
, respectively, can be

uniquely extended to measures µ±x on B([0, 1]). Setting µx := µ+
x − µ−x then yields a signed

measure on B([0, 1]), and for any other measures µ̃± on B([0, 1]) with µx = µ̃+− µ̃− it holds
that µ̃± = µ±x as the Jordan decomposition of µx is unique (e.g. [64, Sect. 29 (p. 122)]).

To prove (2.6), let ϕ : [0, 1] → R be a continuous function and take any sequence
(Zn := {0 = t

(n)
0 < t

(n)
1 < . . . < t

(n)
mn = 1} | n ∈ N) of partitions of [0, 1] with vanishing mesh

size |Zn| := max{|t(n)
j − t

(n)
j−1 | j = 1, . . . ,mn} → 0 as n→∞. Then the RHS of (2.6) exists

and we have (cf. [154, Satz 6.2])∫ 1

0
ϕt dxt = lim

n→∞

mn∑
j=1

ϕ
t
(n)
j−1

(
x
t
(n)
j

− x
t
(n)
j−1

)
= lim

n→∞

∫
[0,1]

ϕ(n)
s µx(ds) (2.7)

with ϕ(n)
s :=

mn∑
j=1

ϕ
t
(n)
j−1
· 1(t(n)

j−1,t
(n)
j ](s) + ϕ0 · 1{0}(s).7 As limn→∞ |Zn| = 0 and ϕ is right-

continuous, limn→∞ ϕ
(n) = ϕ holds µx-almost everywhere; moreover, (ϕ(n)) is L1-dominated

due to ϕ(n) ≤ ϕ̄ := Mϕ · 1[0,1] with Mϕ := maxs∈[0,1] |ϕs| for all n ∈ N and
∫

[0,1]ϕ̄ d|µx| ≤
Mϕ(µ+

x ((0, 1]) + µ−x ((0, 1])) < ∞, where |µx| = µ+
x + µ−x denotes the total variation of µx.

The identity (2.6) hence follows from (2.7) and dominated convergence.

Remark 2.2.2. (i) Denoting MR(I) := {µ : B([0, 1]) → R | µ is σ-additive} for the
space of (finite) signed Borel-measures on the interval I := [0, 1], notice that it is
justified to call the assignment C1 ∩ BV 3 x 7→ µx ∈ MR(I) of Lemma 2.2.1 an
‘embedding’ because it is almost injective in the sense that: if µx = µy, then x0,t

(
=

µx([0, t])
)

= y0,t for each 0 ≤ t ≤ 1 and hence x = y + c for some c ∈ R.

(ii) While any BV-path in C1 induces a Lebesgue-Stieltjes measure inMR(I), the converse
association is also true in that for every µ ∈ MR(I) there exists a unique (up to
constant intercept) bounded-variation path x ∈ C1 such that µ = µx; see e.g. [53,
Thm. 1.16] together with [64, Sect. 29 (p. 122)].

(iii) A path x = (x1, · · · , xd) is in BV iff x1, . . . , xd ∈ C1∩BV, and we have the embedding

BV 3 x ≡ (xi) ↪→ µx ≡ (µx1 , · · · , µxd) ∈MR(I)×d. (2.8)

If α, β are continuous bounded-variation paths from [0, 1] to R then so is their Stieltjes
product

αo β :=
(∫ t

0
αs dβs

)
0≤t≤1

. (2.9)

7 Notice that µx
(
(t(n)
j−1, t

(n)
j ]
)

= µx
(
(0, t(n)

j ]
)
− µx

(
(0, t(n)

j−1]
)

=
(
µ+
x

(
(0, t(n)

j ]
)
− µ+

x

(
(0, t(n)

j−1]
))

+(
µ−x
(
(0, t(n)

j−1]
)
− µ−x

(
(0, t(n)

j ]
))

= 1
2

[
2x

t
(n)
j

− 2x
t
(n)
j−1

]
= x

t
(n)
j

− x
t
(n)
j−1

.
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Let us now introduce a countable family of C1-nonlinearities (the ‘iterated integrals’ of x)
that is ‘characteristic of x’ in the sense that their dual pairings (Riesz-Markov) with the
Stieltjes measure µx ≡ (µx1 , . . . , µxd) ∈ MR(I)×d characterise the path x up to a constant
intercept at best and up to a minor ambiguity (‘tree-like equivalence’ [66]) at worst.

Definition 2.2.3 (Interpaths). For a path x = (xi) ∈ Cd of bounded variation, we define
the interpaths

(
x̃w | w ∈ [d]?

)
⊂ C1 ∩ BV of x recursively via

x̃∅ := 1 and x̃wi := x̃w o (xi − x0) (2.10)

for each letter i ∈ [d] and every multiindex w ∈ [d]?. We call eigenspan of x the subspace

Ax := spanR
{
x̃w
∣∣w ∈ [d]?

}
of C1. (2.11)

The following is well-known, see e.g. [66, Lemma 5.15] (or Proposition 5.9.3 (ii)).

Lemma 2.2.4. The eigenspan Ax of a path x ∈ BV is a subalgebra of C1.

Notice that the product (2.9) defines a noncommutative and associative binary operation
on the path space Cbv

1 := C1∩BV, turning this space into an associative algebra. This allows
us to identify the algebra of functions (2.11) with the ring of non-commutative polynomials
in the formal (path) variables x1, . . . , xd, cf. also Definition 2.3.1.

Remark 2.2.5. Written out, the interpaths (2.10) of x = (x1, · · · , xd) read

x̃it = xit − xi0, x̃ijt =
∫ t

0
xi0,s dxjs, x̃ijkt =

∫ t

0

∫ s

0

∫ r

0
dxiqdxjrdxks , . . .

for each i, j, k ∈ [d] and 0 ≤ t ≤ 1, and are thus precisely the iterated integrals from [31].

2.2.2 The Signature – A Non-Local Characterisation of Paths

The unique8 representation (2.8) of a continuous bounded-variation path x : [0, 1] → Rd

as a tuple µx of signed Borel measures on [0, 1] allows us to view the infinite-dimensional
object x from the convenient angle of functional analysis, namely as the finite-rank operator

x : C1 → Rd, ϕ 7→ x(ϕ) ≡
∫ 1

0
ϕdµx :=

(∫ 1

0
ϕdµx1 , . . . ,

∫ 1

0
ϕ dµxd

)
=:
(
xi(ϕ)

)
. (2.12)

This is a potent ‘change-of-variables’ for x, namely from its time-local default parametrisa-
tion (2.1) to the ‘time-global’ parametrisation (2.12) in which x now appears as a bounded
linear map over the much richer domain C1 instead of a generally nonlinear function over
[0, 1]. This trade-off (2.12) between dimension and linearity brings an advantage:

While the time-domain [0, 1] in the (2.1)-parametrization of x has no distinguished
subsets that allow for a particularly informative compression9 of x in general, the vastly

8 . . . up to a constant intercept . . .
9 For instance, while the discretization Cd 3 x 7→ (xt)t∈I∩Q ∈ Rd×N is an injection of Cd into a lower-

dimensional domain (thus a compression in our general understanding of the term) it is usually not very
insightful.
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larger size of C1 in combination with the linearity of x in (2.12) opens up new possibilities to
achieve such an ‘informatively compressed’ representation of x, namely in the spirit of the
extension theory of Hahn-Banach: can we find a ‘convenient’ subspace A of C1 for which

(a) the restriction x|A admits a unique linear extension to L(C1,Rd) ∼= (C′1)×d, and

(b) x|A is ‘well-structured’ and allows for an efficient and insightful analysis of x ?

Since the ‘path-operator’ x in (2.12) is bounded-linear10 and hence in L(C1,Rd), point (a) is
equivalent to the requirement that (BV/Rd ∼=)L(C1,Rd) 3 x 7→ x|A be an injective assign-
ment and, thus, a lossless compression. Point (b) asks for the compressed representation
x|A of x to be more efficient to analyse than the full path and to provide insights that its
default time-local representation (2.1) does not readily reveal.

By choosing A as the span Ax of its iterated integrals, the signature of a path x offers such
a compressed representation of (2.12) for which the above, and much more, is satisfied.

Definition 2.2.6 (Signature). For x ≡ (xi) ∈ BV with interpaths (x̃w)w∈[d]? , the sequence11

sig(x) ≡ (sigw(x) | w ∈ [d]?), with sig∅(x) := 1 and sigwi(x) := xi(x̃w) (2.13)

for each letter i ∈ [d] and every multiindex w ∈ [d]?, is called the signature of x. The
associated map sig : BV → R[d]? , x 7→ sig(x), is called the signature transform.

Remark 2.2.7. From the definition of Ax and the linearity of (2.12), we clearly have

sig(x) ∼=
(
x(ϕ) | ϕ ∈ Ax

)
(see (2.24)), (2.14)

and by the definition (2.10) of the interpaths (x̃w) of x (cf. Rem. 2.2.5) we also have

sigi1···im(x) =
∫

0≤t1≤···≤tm≤1
dxi1t1 · · · dx

im
tm for any i1, . . . , im ∈ [d], m ∈ N, (2.15)

whence it is clear that Definition 2.2.6 coincides with [104, Definition 2.6], cf. also Sect.
2.3.3.

The signature owes its significance to the finer structural properties of its underlying
algebra Ax, as these give that [66]

10 Indeed, since for each ϕ ∈ C1 we have x(ϕ) =
∑d

i=1〈µxi , ϕ〉 · ei with |〈µxi , ϕ〉| ≤ ‖µxi‖TV‖ϕ‖∞ and
‖µxi‖TV = ‖xi‖1-var, it follows that ‖x‖ ≡ sup‖ϕ‖∞=1 |x(ϕ)| ≤ d‖x‖1-var <∞. (Here, 〈µ, ϕ〉 :=

∫ 1
0 ϕ dµ and

‖ · ‖TV is the total variation norm onMR(I).)
11 Note that (2.13) may be referred to as a sequence upon lexicographical ordering of the multiindices w.
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(a′) the map (L(C1,Rd) ∼=)BV/Rd 3 x 7→ x|Ax is injective up to tree-like equivalence;12

(b′) the restriction x|Ax is uniquely determined by sig(x) ∈ R[d]?

(iow., the difference between the tuple
(
x(ϕ) | ϕ ∈ Ax

)
and the map x|Ax is not essential).

The above combines to the faithfulness of the signature transform, see [66, Theorem 4]:

(c) For any x, y ∈ BV, if sig(x) = sig(y) then x
.= y up to tree-like equivalence.

Point (c) suggest to interpret sig(x) as a (basis-free13) non-local coordinate vector of x.

Remark 2.2.8 (Rough Paths). Definition 2.2.6 can also be generalised to paths beyond BV.
For paths rougher than bounded p-variation for p ≥ 2, the essential ‘iteration algebra’ (2.9)
underlying the representation (2.13), which for bounded variation paths holds by necessity,
needs to be imposed up to a certain finite ‘germ level’ (the rougher the path, the higher
up this imposition needs to go) from which the full signature representation can then be
uniquely extended. This (mainly technical) extension is at the centre of the theory of rough
paths, and we refer the interested reader to the monographs [54, 104, 105] for instructive
accounts on this topic.

This signature representation of a path enjoys a number of useful algebraic properties
and invariances, see for instance [54, 104, 105] or Section 2.3.3 and Section 5.9.2.

2.2.3 The Expected Signature – Coordinates for Stochastic Processes

The signature transform compresses a bounded-variation path in Cd to an element in R[d]?

(Section 2.2.2). We will now extend this compression to the laws of random paths in Rd.
This extension can be motivated by an analogous relation between the classical moments
for laws in B(Rd) and the ‘moment coordinates’ of vectors in Rd, see Remark 2.2.10 below.

Definition 2.2.9 (Expected Signature). For X = (X1
t , · · · , Xd

t )t∈[0,1] a stochastic process
in Rd with sample-paths of bounded variation, the collection of real numbers (if it exists)
S(X) := (σi(X))i∈[d]? defined by the expected iterated Stieltjes integrals

σi(X) := E
[∫

0≤t1≤t2≤···≤tm≤1
dXi1

t1 dXi2
t2 · · · dX

im
tm

]
for i = (i1, . . . , im) (2.16)

and with σ∅(X) := 1, is called the expected signature of X.
12 Note that for the stronger assertion (a)|A=Ax to hold as stated, it is sufficient that the algebra Ax

separates points (which holds, e.g., when one of the path components is strictly monotone). Indeed: If Ax
separates points, then Lemma 2.2.4 implies via the Stone-Weierstrass theorem that Ax lies dense C1. As
any bounded linear operator with norm-complete range admits a unique linear extension to the closure of
its domain, (a)|A=Ax follows. (If the component xi0 of x = (xi) is strictly monotone, then the interpath
x̃i0 ≡ xi0 − xi00 ∈ Ax, and thus Ax, separates points.)

13 More accurately, a coordinate vector wrt. the canonical ‘eigenbasis’ of x that is given by (2.10).
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By the next remark, the expected signature (2.16) of a random path in Cd can be regarded
as a natural ‘noncommutative’ extension to B(Cd) of the classical moment-based coordinates
(2.17) on B(Rd); this justifies calling S(X) a ‘coordinate vector’ for (the law of) X.

Remark 2.2.10 (Motivation). Many results in statistics are based on the well-known fact
that the distribution of a random vector Z = (Z1, · · · , Zd) in Rd can be characterised by a
set of coordinates with respect to a basis of nonlinear functionals on Rd. More specifically,
any such vector Z can be assigned its ‘moment coordinates’ (mi(Z))i∈[d]? ⊂ R̄ defined by

mi1···im(Z) := E
[
Zi1 · · ·Zim

]
=
∫
Rd
xi1 · · ·xim PZ(dx). (2.17)

As the linear span of the monomials {xi ≡ xi1 · · ·xim | i ≡ (i1, . . . , im) ∈ [d]?} is uniformly
dense in the spaces of continuous functions over compact subsets of Rd, the coordinatisation
(2.17) is faithful in the sense that, under certain conditions [96], the (coefficients of) the
moment vector m(Z) ≡ (mi(Z))i∈[d]? determine the distribution of Z uniquely.

Now, if instead of a random vector in Rd one seeks to find a convenient coordinatisation
for the distribution of a stochastic process X in Rd, i.e. a random path in Cd, then one
can – perhaps surprisingly – resort to a natural generalisation of (2.17), which will be the
expected signature (2.16) of X: Analogous to how the monomials {xi | i ∈ [d]?} are a
basis14 of nonlinear functionals on Rd that provides coordinates (mi1···im | (2.17)) ⊂ R̄ for a
random vector in Rd, the signature coordinates sig(x) ≡ (sigi(x) | as in (2.13), i ∈ [d]?) of
(regular enough, say of bounded variation) paths x ∈ Cd induce nonlinear functionals

sigi1···im : x 7−→ sigi1···im(x) =
∫

0≤t1≤t2≤...≤tm≤1
dxi1t1dxi2t2 · · · dx

im
tm (2.18)

on applicable subspaces of Cd which define a dual basis15 for the vector x ∈ Cd (‘noncom-
mutative moments’). Thus, these moments yield ‘dual coordinates’ (σi)i∈[d]? ⊂ R for (the
law of) a random path X in Cd via

σi1···im(X) :=
∫
Cd
sigi1···im(x)PX(dx) (i1, . . . , im ∈ [d], m ≥ 0)

= E
[∫

0≤t1≤t2≤···≤tm≤1
dXi1

t1 dXi2
t2 · · · dX

im
tm

]
.

(2.19)

Similarly still to the monomial dual basis {xi1 · · ·xim} on Rd, the linear span of the above
functionals {sigi1···im | (2.18)} is closed under pointwise multiplication and hence forms an
algebra over the space of applicable paths in Cd, from which one obtains that their linear span

14 Cf. the trivial fact the monomials x1 = 〈· , e1〉, . . . , xd = 〈· , ed〉 determine each vector in Rd uniquely.
15 In the sense that the coefficients (sigi1···im(x) | (2.18)) ≡ sig(x) determine the path x (essentially)

uniquely, as detailed in Section 2.2.2.
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is uniformly dense in the space of continuous functions over (certain) compact subsets of Cd
(Stone-Weierstrass), see e.g. [104, Thm. 2.15] (and Lemma 2.3.5 (iv)). Consequently,16 one
can infer in analogy to (2.17) that the dual coefficients (2.19) define a complete (i.e. ‘charac-
teristic’) set of coordinates for the distribution of a stochastic process X = (X1

t , · · · , Xd
t )t∈I

in Rd that has compact support (and sample paths of bounded variation). ♦

Remark 2.2.11. (i) The above-mentioned assumption of compact support for PX is
of course much too restrictive on a non-locally compact space like Cd, but under
additional decay conditions [33] or by using a normalization [34, Theorem 5.6] it can be
shown that the coefficients (σi1···ik(X) | (2.19)) indeed characterize the distribution of
X uniquely even if the compactness assumption is dropped. Extending the definition
of (2.13) to paths less regular (‘rougher’) than of bounded variation is at the centre
of the Theory of Rough Paths ([54, 104, 105]).

(ii) The first application of the coordinates (2.19) in statistics was given in [123] for SDE
parameter estimation, with more recent applications including the development of
non-commutative cumulants [19] and Hurst parameter estimation [47].

2.3 A Coordinate Space for the Laws of Stochastic Processes

To make the sequences sig(x) and S(X) more convenient to work with, we will embed them
into an appropriate space where their information can be analysed more efficiently.

Note for this that in contrast to the elements of an actual vector space basis, the family
of interpaths (2.10) is not algebraically independent in the sense that there are nontrivial
polynomial relations among the elements x̃w of the algebra C1, see Lemma 2.2.4. This
complexity of (2.11) is accounted for by, instead of treating it as a mere vector in R[d]? ,
embedding the sequences sig(x) and S(X) as elements of (the closure of) the following
algebra.

2.3.1 The Space of Formal Power Series

Let [d]∗ be the free monoid on the alphabet [d] = {1, . . . , d}, denoting by ∗ the monoid
operation (word concatenation), and identify each multiindex (i1, · · · , im) ∈ [d]∗ with the
word i1 · · · im (≡ i1 ∗ · · · ∗ im) ∈ [d]∗ it defines, with ε (↔ ∅) the empty word.

16 Recall that by Riesz representation theorem, a (signed) Borel measure on a compact metric space
K acts as a continuous linear functional over the space C(K) of continuous functions on K and is hence
uniquely determined by its (dual) functional action on a dense subset of C(K).
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Definition 2.3.1 (Coordinate Space). For [d]∗ as above, define R[d]∗ as the free associative
R-algebra on [d]∗, that is

R[d] :=
⊕
w∈[d]∗

Rw (2.20)

with multiplication the R-bilinear extension of ∗, for ⊕ the external direct sum and Rw the
free R-module over {w}. Denote further by R[[d]] the [d]-adic completion17 of R[d], that is

R[[d]] =
{
t : [d]∗ → R

∣∣ t is a map
}
≡
{∑

w∈[d]∗
t(w) · w

∣∣∣∣ t ∈ R[[d]]
}

; (2.21)

i.e., R[[d]] is the ring of formal power series in the variables 1, . . . , d over R.

A few basic remarks about the spaces R[d] and its closure R[[d]] are in order.

Remark 2.3.2. (i) Clearly, every infinite [d]?-indexed sequence a ≡ (aw)w∈[d]? with real
entries, such as sig(x) or S(X), can be embedded into R[[d]] via

a =
∑

w∈[d]∗
ta(w) · w ∈ R[[d]] with ta(i1 · · · im) := ai1···im .

(ii) Grouping the (free) summands in (2.20) and (2.21) by their wordlength, we have

R[d] =
∞⊕
m=0

Vm and R[[d]] =
∞∏
m=0

Vm for Vm :=
⊕

w∈[d]∗: |w|=m
Rw, (2.22)

where the length |w| ∈ N0 of a word w ∈ [d]∗ is defined as the number of its letters.
Since the words in [d]∗ are a basis of R[d], any element a = (aw) of R[d] can be
uniquely written in the form

a =
∑

w∈[d]∗
aw · w =

∞∑
m=0

∑
i1,··· ,im∈[d]

ai1···ik · i1 · · · ik =:
∞∑
m=0

am, (2.23)

where all but finitely many of the coefficients aw ∈ R are zero; the elements of R[[d]] are
of the same form except that for these we may have aw 6= 0 for infinitely many words
w ∈ [d]∗. This defines projections πm : R[[d]] → Vm, πm(a) := am ≡

∑
|w|=m aw · w

for each m ≥ 0; we call (am)m≥0 the graded representation of an element a ∈ R[[d]]
and refer to am as its homogeneous component of degree m.

(iii) The space R[[d]] is the topological (wrt. the [d]-adic topology, cf. Section 2.3.4) dual
of R[d], in symbols: R[[d]] = R[d]′, and the space R[d] is the algebraic dual of R[[d]],
in symbols: R[d] = R[[d]]?. The dual pairing between these spaces is given by

〈·, ·〉 : R[[d]]× R[d] 3 (a, b) 7→ 〈a, b〉 =
∑

w∈[d]∗
〈a, w〉 · 〈b, w〉 ∈ R,

with 〈·, ·〉 : R[[d]]×2 → R̄ the (infinite) bilinear extension of 〈u, v〉 := δuv, u, v ∈ [d]∗.
17 See for instance [132, p. 17].
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Remark 2.3.3. The coordinate space R[d]∗ is not just an R-vector space but a twofold
bialgebra (in fact: a Hopf algebra with antipode given by the signed order-reversion of
words), namely wrt. the two multiplications given by (a) the concatenation product ∗ (the
R-bilinear extension of the word-concatenation on [d]∗), and (b) the shuffle product from
(4.6), see [132, pp. 29 and 31] for details. The bi-algebra structures associated to these two
products are an algebraic reflection of the duality between (2.17) and (2.18), cf. also (4.5)
and Proposition 4.2.2.

By Remark 2.3.2 (i), we may now organise the information contained in the signature
sig(x) = (sigw(x) | w ∈ [d]?) of a path x = (xi) ∈ BV in form of the formal power series

sig(x) =
∑

w∈[d]?
sigw(x) · w = ε+

d∑
i=1

[∑
w∈[d]∗

sigwi(x) · w
]
· i = ε+

d∑
i=1

sig(i)(x) · i

where we call sig(i)(x) :=
∑
w∈[d]∗ sigwi(x)w ∈ R[[d]] the i-th partial signature of x. By

(2.13),
xi(ϕ) =

〈
sig(i)(x), `ϕ

〉
for every ϕ ∈ Ax, (2.24)

where `ϕ :=
∑
w∈[d]∗ cw · w ∈ R[d] for any fixed tuple18 (cw) ⊂ R with ϕ =

∑
w∈[d]∗ cw · x̃w.

It will likewise be mathematically convenient to also embed the expected signature, i.e.
the coordinate sequence S(X) = (σw(X)) with entries (2.16), as a formal power series in
1, . . . , d,

S(X) =
∑

w∈[d]∗
σw(X) · w ∈ R[[d]]. (2.25)

It turns out that the expected signature (2.25) is somewhat ‘bloated’ in that it exhibits a
certain level of internal algebraic redundancy. In fact, as we will see next, it turns out that
the coordinate vector (2.25) is ‘close to an exponential’, which allows for the information it
contains to be efficiently compressed by a logarithmic ‘change of coordinates’.

2.3.2 Group-Like Elements, Exponentials, and the Logarithm

Following (2.25), the expected signatureS(X) of a processX in Rd can be seen as a coordin-
ate vector of X wrt. the monomial standard basis B := {i1 · · · ik | i1, . . . , ik ∈ [d], k ≥ 0}
of R[d]. The vector S(X) itself, however, is contained in a nonlinear subspace of R[[d]];
more specifically, it is in fact ‘close to an exponential’ in the following sense:

Algebraically, S(X) lies in the convex hull of the set

Rd := sig
(
BV
)

=
{∑

w∈[d]∗ sigw(x) · w
∣∣ x ∈ BV} ⊆19 Gd (2.26)

18 Recall that while not necessarily unique, such a tuple exists by definition (2.11) of the eigenspan.

27



where Gd is the subgroup20 of (R1[[d]], ∗) of group-like elements, or characters, defined by

Gd :=
{

t ∈ R1[[d]]
∣∣∣ ∀p, q ∈ R[d] : 〈t,p q〉 = 〈t,p〉 · 〈t, q〉

}
. (2.27)

The above definition features the shuffle product : R[[d]]×2 → R[[d]] which is given by
infinite bilinear extension (from ([d]∗)×2 to R[[d]]×2) of the assignment

:
(
i1 · · · ik, ik+1 · · · ik+`

)
7−→

∑
τ∈Sk,`

iτ(1) · · · iτ(k+`), (2.28)

where the above sum is taken over the family21 of (k, `)-shuffle permutations

Sk,` := {τ ∈ Sk+` | τ(1) < · · · < τ(k) and τ(k + 1) < · · · < τ(k + `)}.

As exemplified by (2.27), the (commutative) product (2.28) captures and accounts for the
noncommutativity that stems from (products of) the iterated integrals (2.10). In fact, Gd
is a Lie group with Lie algebra22 (e.g. [132, Thm. 3.2]; cf. (2.23) for notation)

Ld :=
{

t ≡
∑
m≥0 tm ∈ R0[[d]]

∣∣∣ tm ∈ L[ ]
d , ∀n ≥ 0

}
,

where L[ ]
d denotes the free Lie algebra on 1, . . . , d, i.e. the smallest R-submodule of R[d]

that is closed under the Lie bracket R[d]×2 3 (p, q) 7→ [p, q] := p ∗ q − q ∗ p;23 the space
R[d] is then precisely the envelopping algebra of L[ ]

d . This relationship implies the identity

Gd = exp
(
Ld
)

with exp(t) ≡ et :=
∑
m≥0

1
m!t

∗m (2.29)

for t ∈ R0[[d]], where the series converges in the [d]-adic topology on R[[d]] (cf. Sect. 2.3.4).

Now from the inclusion S(X) ⊂ Gd and (2.29), it is reasonable to expect a ‘more parsimoni-
ous’ (than S(X)) coordinatisation of a process X wrt. B to be given by the B-coordinates
of the faithful linearisation Φ(S(X)) of (2.25) which is effected by Φ(t) := log(t) with

log(t) :=
∑
m≥1

(−1)m−1

m
(t− ε)∗m (2.30)

for t ∈ R1[[d]], since we have Φ◦exp = idR0[[d]] (cf. Remark 2.3.4). This linearised coordinate
description Φ(S(X)) of PX underlies the concept of signature cumulants, see Section 4.1.

19 For this inclusion, see e.g. [132, Thm. 3.2 ((i) ↔ (iii)) and Cor. 3.5].
20 See e.g. [132, Cor. 3.5], with us denoting Rα[[d]] :=

{
t ∈ R[[d]]

∣∣ 〈t, ε〉 = α
}
for α = 0, 1.

21 Note that in general, Sk,` is not a subgroup of Sk+`, as for instance both σ := (3 2) and τ := (2 4 3)
are elements of S2,2, but their composition ρ := τ ◦ σ = (3 4) is not (due to ρ(3) = 4 > 3 = ρ(4)).

22 The elements of Ld are called Lie series, while the elements of L[ ]
d are called Lie polynomials.

23 For a definition of ‘free Lie algebra’ see e.g. [132, Sect. 0.2 (p. 4)], and note that the given minimality-
characterisation of L[ ]

d holds by [132, Thm. 0.5 and Thm. 0.4].
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2.3.3 A Locally Convex Topology

As of yet, the space R[[d]] has been regarded simply as an ‘algebraic container’ for the
coordinate sequences (2.13) and (2.25). In order to make the information provided by these
vectors amenable to some further mathematical analysis, including considerations of conver-
gence, it will be convenient to endow their coordinate space R[[d]] with a suitable topology.

Recalling the product structure (2.22) of V∞ := R[[d]], convenient topologies on this space
can be defined as follows: We identify V∞ with the tensor algebra

∏∞
m≥0 Vm (canonically

isomorphic24 to (2.22)) where V0 = R and Vm = V ⊗m1 for V1 ≡ (Rd, | · |2), and endow this
space with its natural tensor algebra structure with 1.25 Denote by ‖·‖m the Euclidean (i.e.,
| · |2-induced) tensor norm on Vm, and (as in Rem. 2.3.2 (ii)) write πm : V∞ → Vm (↪→ V ),
πm((vj)j≥0) = vm, for the canonical projection of V∞ onto its mth factor. Let further
V[m] :=

∏m
ν=0 Vν be the truncated tensor algebra, and π[m] :=

∑m
ν=0 πν the truncation map.

Remark 2.3.4 (Truncation). Notice that V[m] comes equipped with a natural algebra
structure, namely the one realised as the quotient of V∞ by the ideal

∏
ν>m Vν ; the map

π[m] is then the canonical quotient epimorphism. Note in particular that

π[m]
(
log(t)

)
=

m∑
k=1

(−1)k−1

k

[
π[m](t− ε)

]∗k =: log[m](t) , (2.31)

defining a (bijective) polynomial map log[m] : V(1) → V[m] (↪→ V∞; the space V[m] is
embedded as a (closed) linear subspace of V∞ but not as a subalgebra). In the above, ∗
denotes the multiplication in the algebra V[m], i.e.: π[m](t1) ∗π[m](t2) def= π[m](t1 ∗ t2), for
any t1, t2 ∈ V∞.

Our topological coordinate space for (random) paths and their laws is then the space

V :=
{

t ∈ V∞
∣∣∣ |||t|||λ :=

∑
m≥0‖πm(t)‖m · λm < ∞, ∀λ > 0

}
(2.32)

equipped with the locally convex topology induced by the (fundamental) family of norms
(|||·|||λ | λ > 0). (Note that the subspace topology on Vm ⊂ V coincides with the (Euclidean)
topology on (Vm, ‖ ·‖m).) Compare with [33, Section 2], where the locally m-convex algebra
(2.32) was first established for the analysis of signatures and their expectation.

The fact that sig(x) ≡ (sigm(x))m≥0 (recall (2.23)) decays factorially in the degree of its
homogeneous components sigm(x), namely (see e.g. [104, Theorem 3.7] for a reference)

∥∥sigm(x)
∥∥
m
≤ ‖x‖

m
1-var

m! · c for each m ≥ 0 (2.33)

24 Via [d]∗ 3 i1 · · · im ↔ ei1 ⊗ · · · ⊗ eim ∈ Vm and ε ↔ 1 ∈ R, with (ei)i∈[d] the standard basis of Rd.
25 See e.g. [104, Sect. 2.2.1, Rem. 1.24 f.] for details.
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with c := 1 +
∑∞
k=3( 2

k−2)2, implies that sig(x),S(Y ) ∈ V , see also Lemma 2.3.5 below.

For convenience, we will also employ the dilation maps

δλ : V → V, (vm)m≥0 7→ (λm · vm)m≥0, (λ > 0)

as well as the subspaces V(c) := {t ∈ V | π0(t) = c} and V∞(c) (defined analogously), and
recall that the space BV = Cd∩BV of continuous Rd-valued paths of bounded variation can
be endowed with the p-variation topology (any p ≥ 1) defined via the seminorm (2.4).

The next lemma collects basic facts on V , (2.13) and (2.30) that are useful for Section 4.4.

Lemma 2.3.5. Let V and sig and log be as above, and ρ > 1. Then the following holds:

(i) the space V is a separable and metrizable Hausdorff space;

(ii) the signature transform x 7→ sig(x) defines a map sig : BV → V which for any
1 ≤ p < 2 is continuous wrt. the p-variation topology on BV;

(iii) the signature is invariant under order-preserving time-domain reparametrisations of
its arguments, i.e. sig(x) = sig(xϕ) for xϕ ≡ (xϕ(t))t∈J with ϕ ∈ C(J; I) strictly
monotone;

(iv) for each ϕ ∈ C(K) with K/T ⊂ BV compact, there is a sequence of index-polynomials
(`j)j∈N in V ◦ :=

⊕
m≥0 Vm ⊂ V∞ such that ϕ = limj→∞〈sig(·), `j〉 wrt. ‖ · ‖∞;

(v) the capped logarithm log[m] : V(1) → V from (2.31) satisfies log[m] = log[m] ◦π[m] and is
continuous for each m ≥ 0, and log from (2.30) maps subsets of {t ∈ V(1) | |||t− 1|||λ ≤
1} to subsets of {` ∈ V∞ | |||`|||ρ ≤

∑
m≥0(2ρ/λ)m} for any λ > 2ρ;

(vi) for each m ≥ 0, it holds that on |||·|||ρ-bounded subsets the projections π[m] : V∞ → V∞

converge uniformly wrt. |||·|||1 to the identity operator on V∞;

(vii) for each λ > 0, we have that δλ ◦ log = log ◦ δλ and δλ[sig(x)] = sig(λ ·x), any x ∈ BV.

Proof. Statements (i), (ii) and (iii) are well-known, see e.g. [33, Cor. 2.4 and Cor. 5.5]
and [66, Thm. 4] (or simply apply the change of variables theorem for direct verification).
The approximation property (iv), which is sometimes referred to as the universality of the
signature, is an immediate consequence of the Stone-Weierstrass theorem and the fact that
the set {〈sig(·), `〉 | ` ∈ V ◦} is a subalgebra of C(K) which contains the constants and
separates points (the latter due to [66, Thm. 4] which implies that sig : BV/T → V is
injective), see e.g. [34, Thm. 5.6. (2)].
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(v) : As is immediate from (2.31), the map log[m] is a polynomial and hence V -valued
and continuous, the latter by the fact that (both π[m] and) the multiplication ∗ (∼= tensor
multiplication ⊗; cf. footnote 24) on V is continuous (e.g. [33, Section 3]). The commutativ-
ity of log[m] and π[m] is clear again from (2.31). As to the boundedness assertion, let λ > 2ρ
and denote Bλ := {t ∈ V(1) | |||t− 1|||λ ≤ 1}. Then in particular supt∈Bλ ‖πm(t)‖m ≤ λ−m

for every m ≥ 0, whence for each t ∈ Bλ and ` := log(t) we have that, for all m ≥ k ≥ 1,

∥∥∥πm[(t− 1)∗k
]∥∥∥
m
≤

∑
m1+...+mk=m

mν≥1

‖πm1(t) ∗ · · · ∗ πmk(t)‖m ≤
(
m− 1
k − 1

)
· λ−m

(as the tensor norms ‖ · ‖m are each submultiplicative), and hence find from (2.30) that

‖πm(`)‖m ≤
m∑
k=1

1
k

(
m− 1
k − 1

)
λ−m ≤ 2mλ−m for each m ≥ 1,

implying that sup`∈log(Bλ) |||`|||ρ ≤
∑
m≥1(2ρ/λ)m <∞, as desired.

(vi) : Let B ⊂ V∞ be bounded wrt. |||·|||ρ, i.e. suppose that βρ := supt∈B |||t|||ρ < ∞.
Then there will be some 0 < q < 1 together with an index m0 ≥ 1 such that

sup
t∈B
‖πm(t)‖m ≤ qm for each m ≥ m0. (2.34)

Indeed: Assuming otherwise that the above does not hold, we for any given q ∈ (0, 1) obtain
the existence of a sequence (t(n))n∈N ⊂ B with the property that

‖πmn(t(n))‖mn > qmn for each n ∈ N

for some strictly increasing sequence (mn)n∈N ⊂ N. But choosing q > ρ−1 then implies that

βρ ≥ sup
n∈N

∣∣∣∣∣∣t(n)∣∣∣∣∣∣
ρ
≥ sup

n∈N
(ρ · q)mn = ∞

in contradiction to the |||·|||ρ-boundedness of B. Thus (2.34) holds, and with it (by conver-
gence of the geometric series) the claimed uniform |||·|||1-convergence of (π[m])m∈N.

(vii) : This is clear by inspection of (2.30) and (2.18), respectively.

2.3.4 Complementary Remarks

2.3.4.1 On the Series exp and log

The [d]-adic topology on R[[d]] is induced by any of the ultrametric distances

dθ(a, b) := θ%(a−b) for θ ∈ (0, 1) and %(c) := min{|w| | w ∈ [d]∗ : 〈c, w〉 6= 0} (2.35)

and %(0) := +∞ (with 0 := 0 · ε). This topology admits the neighbourhood system

Ua ≡
(
UL(a)

∣∣∣ L ⊂ [d]∗ finite
)
, UL(a) :=

{
b ∈ R[[d]]

∣∣ 〈b, w〉 = 〈a, w〉, ∀w ∈ L
}
,
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and it is the coarsest topology wrt. which the linear functionals R[[d]] 3 a 7→ 〈a, w〉 ∈ R
are continuous for each w ∈ [d]∗. See [132, p. 17] for details. As shown next, it is wrt. this
topology that the series (2.29) and (2.30) converge.

Let (ai)i∈N be a sequence in R[[d]]. The fact that the distance function in (2.35) satisfies
the ultrametric inequality directly implies that the series

∑
i≥0 ai converges (in R[[d]]) if

and only if ai → 0 as i → ∞. Given the above neighbourhood system, this in particular
implies that, for any a ∈ R[[d]], the series

∑
i≥0 ci ·a∗i (any (ci)i≥0 ⊂ R, and a∗i := a∗· · ·∗a

(i-many times)) converges if %(a) ≥ 1 (as then %(ci · a∗i) ≥ i).
Thus for any a ∈ R1[[d]] (i.e. whose scalar intercept is one) we have convergence in R[[d]]

for all of the following power series:
∑
k≥0 a∗k as well as, recall (2.29) and (2.30),

exp(a− 1) ≡ ea−1 =
∑
m≥0

1
m! (a− 1)∗m and log(a) =

∑
m≥1

(−1)m−1

m
(a− 1)∗m (2.36)

with 1 := 1 · ε, where exp(log(a)) = a and log(ea−1) = a− 1 by direct calculation.

In particular, an element a ∈ R[[d]] is invertible iff a0 := 〈a, ε〉 6= 0, and then

a−1

= a−1
0 ·
(

1− a′

a0

)−1
= a−1

0 ·
∑
k≥0

(
a′

a0

)∗k = 1
a0

∑
k≥0

(
1− a

a0

)∗k

for a′ := a0 · 1 − a. Also, if s :=
∑
i≥0 ai converges then, by the continuity of 〈·, w〉,

〈s, w〉 =
∑
i≥0〈ai, w〉 ∈ R for each w ∈ [d]∗. This together with (2.36) yields that exp :

R0[[d]]→ R1[[d]] and log : R1[[d]]→ R0[[d]] are bijections with exp−1 = log.

2.3.4.2 The Geometry of Rd

While the log transform (2.30) yields an efficient compression of the somewhat redundant
‘exponential’ coordinatisation (2.25) of PX , we do not currently know if κ(X) ∈ Ld in
general. Certainly this would hold if the signature space Rd was convex, which seems to be
an open question; clearly, at least, the space Rd is not generally an affine space. Indeed: If
the space Rd ⊂ R[[d]] was affine, then (due to ε ∈ Rd) its translation R′d := Rd − ε would
be linear and so would be its m-projections Rm := πm(R′d) for each m ≥ 0 (cf. Remark
2.3.2 (ii)). While this holds for m = 0, 1, the case m = 2 already fails in dimension two: in
this case, R2 = {q(z) ≡

∑
i,j=1,2 sigij(z) · ij | z ≡ (x, y)ᵀ ∈ BV2} with q11(z) ≡ sig11(z) =

x2
0,1 ≥ 0 for each z ∈ BV2; hence for any z̃ ∈ BV2 with q11(z̃) > 0 we have λ · q(z̃) /∈ R2 for

all λ < 0, showing that R2 cannot be a vector space. In fact:26 since q22(z) ≡ sig22(z) =
y2

0,1 and q12(z) ≡ sig12(z) =
∫ 1

0 x0,t dyt and q21(z) ≡ sig21(z) =
∫ 1

0 y0,t dxt, we find that
(q12 + q21)2 = q11q22 (via partial integration) with no interdependencies among q12, q11, q22,

26 We thank Terry Lyons for contributing this observation.
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and hence that R2 ≡ {(q11(z), q22(z), q12(z), q21(z)) | z ∈ BV2} ⊆ {(X,Y,A1, A2) ∈ R4 |
(A1 +A2)2−XY = 0}, implying that R2 is a non-affine three-dimensional algebraic surface
locally parametrized by the first three components (q11, q22, q12) of its constituent vectors.
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Chapter 3

Nonlinear Independent Component
Analysis

Motivated by recent breakthroughs of Hyvärinen and Morioka [82, 83], we revisit the infer-
ence problem (1.2) for stochastic processes1 X = (Xt) and S = (St) with recent tools from
stochastic analysis. We lay some theoretical foundations for the blind inversion (1.3) and
provide general identifiability results that generalise Comon’s classical independence-based
inversion criterion from linear mixtures of random vectors to nonlinear mixtures of discrete-
and continuous-time stochastic processes, see Theorems 3.1.1, 3.3.3, and 3.3.7. On a the-
oretical level, working with infinite-dimensional (i.e. path-valued) random variables poses
new challenges that we will address by using rough path theory. From an applied perspect-
ive, many models are naturally formulated in continuous time rather than in discrete time
(e.g. in biology, physics, medicine or finance), which our approach accounts for by naturally
covering both discrete-time and continuous-time models alike, including Stochastic Differ-
ential Equations (SDEs) in particular.

This chapter is organised as follows. Our formal exposition towards the recovery of nonlin-
early mixed independent sources begins by recalling the main results of [37] as conceptional
points of reference (Section 3.1). The core of our identifiability theory is developed in the
subsequent three sections: advocating for the incorporation of time as an integral dimen-
sion of our source model (Section 3.2), we show how sources admitting a non-degenerate
‘temporal structure’ harbour sufficient mathematical richness to encode any nonlinear ac-
tion performed upon them as a sort of ‘intrinsic statistical fingerprint’, based on which the
constituent relation (1.1) may then be inverted up to a minimal deviation by maximizing
an independence criterion (Section 3.3). Our approach covers sources of various types of
statistical regularity, including popular time series models, various Gaussian processes and

1 Throughout, “stochastic process” means “continuous stochastic proces” unless mentioned otherwise.
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Geometric Brownian Motion (Section 3.5). The chapter concludes with an outlook on non-
linear identifiability via control on marginal distributions (Section 3.6) and an explication
of how, as promised in the introduction, all results and methods in this chapter are directly
applicable to the separation of discrete-time signals as well (Section 3.7).

3.1 Comon’s Framework of Linear Independent Component
Analysis

Our approach to the problem of nonlinear Blind Source Separation (1.2) for stochastic
processes can be regarded as a natural extension of Comon’s identifiability framework [37].
This section briefly recalls the main results of this classical framework as conceptional points
of reference.

Theorem 3.1.1 (Comon [37, Theorem 11]). Let S = (S1, · · · , Sd)ᵀ be a random vector in
Rd with mutually independent, non-deterministic components S1, . . . , Sd of which at most
one is Gaussian. Let further X = C · S for an orthogonal matrix C ∈ Rd×d. Then, for any
orthogonal matrix θ ∈ Rd×d, we have the following characterisation:

(S̃1, · · · , S̃d) := θ ·X = ΛP · S for some (Λ, P ) ∈ ∆d × Pd

if and only if S̃1, . . . , S̃d are mutually independent.
(3.1)

The significance of Theorem 3.1.1 is that it characterises — up to some minimal deviation,
namely their scaling and re-ordering — the independent sources S1, . . . , Sd underlying an
observable linear mixture X = A · (S1, . . . , Sd)ᵀ as precisely those transformations θ? ·X =:
(X1

θ?
, . . . , Xd

θ?
) of the data whose components Xi

θ?
are mutually independent.

Remark 3.1.2. (i) The orthogonality constraint of Theorem 3.1.1 imposes no loss of
generality with regards to general linear mixtures since any invertible linear relation
X = A · S, A ∈ GLd, between X and S can be reduced to an orthogonal one by
performing a principal component analysis on X.

(ii) The proof of Theorem 3.1.1 is based on the remarkable probabilistic fact that any
two linear combinations of a family of statistically independent random variables can
themselves be statistically independent only if each random variable of this family
which has a non-zero coefficient in both of the linear combinations is Gaussian. (A
result which is known as the Darmois-Skitovich theorem, see [43, 145].) This accounts
for the theorem’s somewhat curious ‘non-Gaussianity’ condition.

(iii) On a historical note, we thank Samuel Cohen for making us aware that the above
works are in fact all predated by the earlier identifiability considerations [130] of
Reiersøl.
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Theorem 3.1.1 enables the recovery of S from X by way of solving an optimisation problem.

Corollary 3.1.3 ([37]). Let X and S be as in Theorem 3.1.1. Then for any function2

φ :M1(Rd)→ R+ such that φ(µ) = 0 iff µ = µ1 ⊗ · · · ⊗ µd, it holds that3[
arg min
θ∈Θ

φ(θ ·X)
]
·X ⊆ Md · S (3.2)

where Md := {Λ ·P | (Λ, P ) ∈ ∆d×Pd} is the subgroup of monomial matrices and Θ ⊂ GLd
is the subgroup of orthogonal matrices.

In other words: For f linear and S = (S1, · · · , Sd)ᵀ a random vector with mutually inde-
pendent, non-Gaussian components, the constituent relationship (1.1) between the observ-
able X and its source S can be inverted (up to a minimal deviation) by optimizing some
independence criterion φ over a set of candidate transformations Θ applied to X.

Partially driven by their applicability (3.2) to ICA, a variety of such criteria φ, referred
to in [37] as contrast functions, have been developed.

The ‘original’ independence criterion φc proposed in [37] quantifies the statistical de-
pendence between the components Y i of a random vector Y = (Y 1, · · · , Y d) in Rd via the
sum of the squares of all standardized cross-cumulants κYi1···ij of Y up to rth-order (see [37,
Sect. 3.2] and cf. (4.5)), i.e. via the quantity

φc(Y ) :=
r∑
j=2

∑
i1,...,ij

×
(κYi1···ij )

2 (r ≥ 2) (3.3)

where the inner sum runs over the indices i1, . . . , ij ∈ [d] corresponding to (4.5).
Initially proposed in [37], the statistic (3.3) originates from a truncated Edgeworth-expansion
of mutual information in terms of the standardized cumulants of its argument.

A variety of alternatives to (3.3) soon followed, including kernel-based independence
measures [9, 60], a variety of (quasi-) maximum-likelihood objectives, e.g. [13, 112, 126], as
well as mutual information and approximations thereof, e.g. [26, 37, 77, 78].

While successfully achieving the separability of linear mixtures, Theorem 3.1.1 has its lim-
itations: Being based on somewhat of a probabilistic curiosity (Rem. 3.1.2 (ii)), it might
not be surprising that the characterisation (3.1) cannot be generalised to guarantee the

2 Here and in the following,M1(V ) := {µ : B(V ) → [0, 1] | µ is a (Borel) probability measure} denotes
the space of probability measures over the Borel σ-algebra B(V ) := σ(T ) of a topological space (V, T ).

3 We write µi := µ ◦ π−1
i for the ith marginal of a (Borel) measure µ on Rd. We further abuse notation

by writing φ(Z) := φ(PZ) for any random vector Z : (Ω,F ,P)→ (Rd,B(Rd)).
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recovery of independent scalar sources from substantially more general nonlinear mixtures
of them [84]. Roughly speaking, the reason for this is that for a single random vector in Rd,
the statistical property of componental independence is too weak to characterise the non-
linear mixing transformations preserving this property as ‘trivial’ in a sense made precise
by Definition 3.3.1 below. The following example illustrates this.

Example 3.1.4 (Comon’s Criterion (3.1) Does Not Apply to Nonlinearly Mixed Vectors
in Rd). Let S1 and S2 be independent with S1 Rayleigh-distributed4 of scale 1 and S1

uniformly distributed over (−π, π), and consider the nonlinear mixing transformation f

given by f(u, v) := (u cos(v), u sin(v)) (transformation from polar to Cartesian coordinates).
Then even though their functional relation f to S1, S2 is ‘non-trivial’ (i.e. f is not monomial
in the sense of Definition 3.3.1), the mixed variables X1 and X2 defined by (X1, X2) :=
f(S1, S2) are [normally distributed and] statistically independent.5

Example 3.1.4 is based on the ‘Box-Muller transform’, a well-known subroutine from
computational statistics. A systematic procedure of constructing ‘unidentifiable’ nonlinear
mixtures of IC random vectors in Rd is given in [84].

3.2 Modelling Sources as Stochastic Processes

A central direction along which the blind recovery of the source S from its nonlinear mixture
X can be controlled is the amount of statistical structure that S carries: If the source S is
deterministic, then no additional information is given and a meaningful recovery of S from
X is generally impossible, cf. Example 1.0.1. If, on the other hand, the source S were to be
described merely as a random vector in Rd, then a recovery of S from X is possible but in
general only if X is a linear function of S, cf. [37, 84] and Example 3.1.4. A key insight from
[83] is to go for the middle ground (see Remark 3.2.3): if we demand the source S to have a
‘non-degenerate temporal structure’ and exploit this in a suitable manner, then the recovery
of S from even its nonlinear mixtures is possible. To formalize such temporal statistical
dependencies requires us to model the source S as a stochastic process. To this end, we use
this section to briefly recall foundational notions from stochastic analysis (Section 3.2.1) and
provide some basic notions and lemmas (Section 3.2.2) that we will use for our subsequent
identifiability results in Section 3.3.

4 Recall that a real random variable Z is said to be Rayleigh-distributed of scale λ > 0 if Z has a

probability density of the form pZ(u;λ) = uλ−2e−
u2

2λ2 1[0,∞)(u).
5 Note that since the density pS of (S1, S2) reads pS(s1, s2) = 1

2π s2e
−s22/2, the (joint) density pX =

(pS ◦ f) · |det Jf |−1 of (X1, X2) factorizes, implying the independence of X1 and X2 as claimed.
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3.2.1 Stochastic Processes Interpolate Statistical Extremes

Here and throughout, let I be a compact interval, d ∈ N be some fixed integer, write
Cd ≡ C(I;Rd) := {x : I → Rd | the map I 3 t 7→ x(t) =: xt is continuous} for the space of
continuous paths in Rd, and let (Ω,F ,P) denote a fixed probability space.

Definition 3.2.1 (Source Model). We call a continuous stochastic process in Rd any map

S : Ω→ Cd s.t. ω 7→ S(ω) ≡ (St(ω))t∈I is (F ,B(Cd))-measurable, (3.4)

where B(Cd) = σ(πt | t ∈ I) denotes the Borel σ-algebra on the Banach space (Cd, ‖ · ‖∞).
Writing St(ω) ≡ (S1

t (ω), · · · , Sdt (ω))ᵀ ∈ Rd for each ω ∈ Ω, the scalar processes Si ≡ (Sit)t∈I
(i ∈ [d]) are called the component processes or the components of S ≡ (S1, · · · , Sd). We say
that a stochastic process S = (S1, · · · , Sd) has independent components, or that S is IC, if
its distribution PS := P ◦ S−1 satisfies the factor-identity6

P(S1, ··· , Sd) = PS1 ⊗ · · · ⊗ PSd . (3.5)

Remark 3.2.2. From a more local perspective, Definition 3.2.1 is equivalent to the de-
scription of a continuous stochastic process S as an I-indexed family S = (St)t∈I of random
vectors7 St in Rd such that the map S(ω) : I 3 t 7→ St(ω) ∈ Rd is continuous for
each ω ∈ Ω; e.g. [134, Sect. II.27]. Consequently (cf. also Section 2.1.2), the independence
condition (3.5) is equivalent to

(
S1
t
(1)
1
, · · · , S1

t
(1)
k1

)
,
(
S2
t
(2)
1
, · · · , S2

t
(2)
k2

)
, · · · ,

(
Sd
t
(d)
1
, · · · , Sd

t
(d)
kd

)
mutually P-independent

for any finite selection of time-points t(1)
1 , . . . , t

(1)
k1
, . . . , t

(d)
1 , . . . , t

(d)
kd
∈ I, k1, . . . , kd ∈ N0.

Stochastic processes can be given a prominent role in the BSS-context, namely as natural
interpolants between deterministic signals and random vectors. While the first type of signal
is the unidentifiable default model for the source in (1.1), the latter is the predominant
source model in classical ICA-approaches. More specifically, the following is easy to see.

Proposition 3.2.3 (Stochastic Processes Interpolate Between Extremal Source Models).
Let S = (St)t∈I be a continuous stochastic process in Rd such that either

(a) Ss and St are independent for each s, t ∈ Ĩ with s 6= t, or

(b) Ss = St almost surely for each s, t ∈ Ĩ with s 6= t,
6 Strictly speaking, (3.5) reads P(S1, ··· , Sd) =

(
PS1 ⊗· · ·⊗PSd

)
◦ψ−1, an identity of measures on B(Cd),

where ψ : C×d1 → Cd is a canonical isometry defining the Cartesian identification Cd ∼= C×d1 (Lemma 2.1.2).
7 For us every random vector in Rd is Borel, i.e. (F ,B(Rd))-measurable.
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for some Ĩ ⊂ I dense. Then S is either a single path in Cd almost surely (i.e. S is determ-
inistic; ‘statistically trivial’) namely iff (a) holds, or the sample-paths of S are constant
almost surely (i.e. S is a random vector; ‘temporally trivial’) namely iff (b) holds.

Proof. Let S be defined on (Ω,F ,P) and fix t0 ∈ I. As the realisations of S are continuous,
we have St0(ω) = limt→t0 St(ω) for each ω ∈ Ω, whence there is a sequence t ≡ (tj)j∈N ⊂ I
with limj→∞ Stj = St0 pointwise on Ω. By assumption we can choose t ⊂ Ĩ, i.e. such that
the elements of (Stj )j∈N are (a) pairwise independent, or (b) equal almost surely.

Suppose first that (a) holds, and let (S̃j)j∈N be a sequence of independent random
variables s.t. S̃j

d= Stj for each j ∈ N. Clearly then (S̃j , S̃k)
d= (Stj , Stk) for each j, k ∈

N, whence both (Stj ) and (S̃j) converge to St0 in probability (recall that Stj → St0 in
probability since Stj → St0 a.s.). Consequently, there is a subsequence (jν)ν ⊂ N such
that limν→∞ S̃jν = St0 almost surely, whence the limit St0 is constant a.s. by Kolmogorov’s
zero-one law. In other words, there exists a P-full set Ω̃t0(∈ F , assuming F is P-complete)
together with a constant ct0 ∈ Rd such that St0(ω) = ct0 for each ω ∈ Ω̃t0 . As t0 ∈ I was
arbitrary, we hence find that

∀ s ∈ Î := I ∩Q : ∃ (cs, Ω̃s) ∈ Rd ×F : Ss(ω) = cs for each ω ∈ Ω̃s,

which implies that (St(ω))t∈Î = γ̃ for all ω ∈ Ω̃ :=
⋂
r∈Î Ω̃r ∈ F , where γ̃ ≡ (γ̃s)s∈Î :=

(cs)s∈Î. But since Î ⊂ I dense and since the sample paths of S are continuous by assumption,
we must have S(ω) = γ for all ω ∈ Ω̃, where γ ∈ C(I;Rd) denotes the (unique) continuous
extension of the path γ̃ from Î to I. As Ω̃ has full measure, the claim follows.

Combining the sample-continuity of S with the fact that the countable intersection of
P-full sets has probability one, the claimed consequent of (b) follows immediately.

Proposition 3.2.3 asserts that both deterministic signals (a) as well as random vectors
(b) can be seen as degenerate stochastic processes, and that for a given stochastic pro-
cess S = (St)t∈I this degeneracy manifests on the level of its 2nd-order finite-dimensional
distributions, i.e. on

the distributions of
{
(Ss, St)

∣∣ (s, t) ∈ ∆2(I)
}

(3.6)

where the index set ∆2(I) := {(s, t) ∈ I×2 | s < t} is the (relatively) open 2-simplex on
I × I. In the following, we refer to (3.6) as the temporal structure of a stochastic process
S = (St)t∈I.

The following is essential: As mentioned above and illustrated in the next section, if the
temporal structure of the IC source S in (1.1) is ‘degenerate’ in the sense of Proposition
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3.2.3 (a), (b), then S is unidentifiable from X unless f is of a very specific form, e.g. linear
(cf. Theorem 3.1.1). Conversely, we will argue that if the source S has a temporal structure
which is ‘non-degenerate’ (in some specified sense) and satisfies some additional regularity
assumptions, then S = (S1, · · · , Sd) will be identifiable from even its nonlinear mixtures up
to a permutation and monotone scaling of its components Si (Theorems 3.3.3, 3.3.7, 4.2.3).

3.2.2 Stochastic Processes as Sources: Basic Notions and Assumptions

Recall that the BSS problem (1.2) concerns the recovery of the source S from its image X
under some mixing transformation f on Rd. It is thus clear that given X, the map f can
be analysed only on that part of its domain that is actually reached by S during the time
X is observed. With this in mind, we introduce the ‘spatial support’ of a stochastic process
as the smallest closed subset of Rd which contains (the trace of) P-almost each sample path
of the process.8

Definition 3.2.4 (Spatial Support). For Y = (Yt)t∈I a (continuous) stochastic process in
Rd, the spatial support of Y is defined as the set

DY =
⋃
t∈I

supp(Yt) (3.7)

with supp(Yt) ≡ supp(PYt) =: DYt denoting the support of the distribution of Yt, and where
the closure is taken wrt. the Euclidean topology on Rd.

(Readers uncomfortable with (3.7) may for simplicity assume thatDS = Rd throughout.)

The following elementary properties of the set (3.7) will be useful to us.

Lemma 3.2.5. Let Y = (Yt)t∈I be a stochastic process in Rd which is continuous with
spatial support DY . Then the following holds:

(i) if f : DY → Rd is a homeomorphism onto f(DY ), then Df(Y ) = f(DY );

(ii) the traces tr(Y (ω)) := {Yt(ω) | t ∈ I} are contained in DY for P-almost each ω ∈ Ω;

(iii) for each open subset U of DY there is some t? ∈ I with P(Yt? ∈ U) > 0;

(iv) if each random vector Yt, t ∈ I, admits a continuous Lebesgue density on Rd, then DY

is the closure of its interior;
8 Analogous to how the support DZ := supp(Z) of a random vector Z in Rd is the smallest closed subset

of Rd within which Z is contained with probability one.
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(v) if each random vector Yt, t ∈ I, admits a continuous Lebesgue density υt such that
υx : I 3 t 7→ υt(x) is continuous for each x ∈ DY , we for Ḋt := {υt > 0} have that
the set ⋃

(s,t)∈∆2(I)
Ḋs ∩ Ḋt is dense in DY .

Proof. (i) : Recalling the support supp(µ) of a Borel-measure µ : B(Rd) → [0, 1] to be
defined as the smallest closed subset C ⊆ Rd having total mass µ(C) = 1, it is easy to
see that supp(µ ◦ f−1) = f(supp(µ)) for any continuous f whose domain includes Cµ.
(Indeed: Denoting Cν := supp(ν) for brevity, we find µ(f−1(Cµ◦f−1)) = 1 and hence Cµ ⊆
f−1(Cµ◦f−1) and thus f(Cµ) ⊆ Cµ◦f−1 (since both f and the closure operation preserve set
inclusion); conversely, for C̃ := f(Cµ) we have f−1(C̃) ⊇ Cµ and hence µ ◦ f−1(C̃) = 1
and thus Cµ◦f−1 ⊆ C̃ as desired.) This implies that Df(Yt) = supp(PYt ◦ f−1) = f(DYt)
for each t ∈ I, from which the assertion Df(Y ) = f(DY ) is readily obtained via (3.7) and
the continuity of f . (Indeed: On the one hand, f(DY ) ⊆ f(

⋃
t∈IDYt) ⊆

⋃
t∈IDf(Yt) =

Df(Y ) where the first inclusion holds by the fact that the continuous image of a closure
is contained in the closure of the continuous image and the second inclusion holds by the
above-established identity of fixed-time supports; on the other hand, the latter identity
also implies that Df(Y ) =

⋃
t∈I f(DYt) =

⋃
t∈I f(DYt) = f(

⋃
t∈IDYt) ⊆ f(DY ), where once

more the last inclusion holds since the map f and the closure operator both preserve set
inclusions.)

(ii) : By definition of DYt , the event Ω̃t := Y −1
t (DYt) has probability one for each t ∈ I,

and hence so does the countable intersection Ω̃ :=
⋂
t∈I∩Q Ω̃t. Now taking any ω̃ ∈ Ω̃, we find

by construction that the sample path γω̃ = Y (ω̃) satisfies im
(
γω̃
∣∣̃
I
)
⊂ DY for Ĩ := I∩Q. But

since Ĩ is dense and the sample path γω̃ is continuous, we obtain tr(Y (ω̃)) = im
(
γω̃
)
⊆ DY

by the fact that DY is closed.
(iii) : We proceed by contradiction: If P(Yt ∈ U) = 0 for each t ∈ I, then P(Yt ∈ U c) = 1

and thus (as U c is closed) supp(PYt) ⊆ U c for each t ∈ I, yielding DY ≡
⋃
t∈I supp(PYt) ⊆ U c

in contradiction to U ⊂ DY .
(iv) : Recall that in our notation, DY =

⋃
t∈IDYt

|·| for DYt := supp(Yt). Since Yt
admits a continuous Lebesgue density χt ∈ C(Rd) (vanishing identically outside of DYt)
by assumption, each of the sets DYt

def= χ−1
t ({0}c)

|·|
, t ∈ I, is the closure of an open set.

Denote D′Y :=
⋃
t∈IDYt . Then for each u ∈ DY there is a sequence (un)n ⊂ D′Y with

limn→∞ un = u, and for each n ∈ N there is a sequence (un,m)m ⊂ int(DYtn ) ⊆ int(DY )
(some tn ∈ I) with limm→∞ un,m = un by the fact that each element of 〈DYt〉t∈I is the
closure of its interior. With this, it is easy to see that there is a subsequence (mn)n ⊂ N
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such that limn→∞ un,mn = u, proving u ∈ int(DY ) as claimed. The remaining inclusion
int(DY ) ⊆ DY is clear as int(DY ) ⊂ DY and DY is closed.

(v) : Suppose that the set D̃ :=
⋃

(s,t)∈∆2(I) Ḋs ∩ Ḋt is not dense in DS . Then by (iv)
the set D̃ is not dense in the interior of DS , whence there exists x0 ∈ DS and ε > 0
such that Bε(x0) ⊂ DS \ D̃. Hence by (iii), there must then be some t? ∈ I such that
O := Ḋt?∩Bε(x0) 6= ∅. Now sinceO ⊂ D̃c, we for each x ∈ O ⊆ Ḋt? have that x ∈ Ḋt?∩(Ḋc

s)
for all s 6= t?, the latter implying that x ∈ Ḋt? \

(⋃
s6=t? Ḋs

)
and hence υt?(x) > 0 and

υs(x) = 0 for all s 6= t?, contradicting the continuity of s 7→ υs(x).

Given the above, we can describe the transformation f that maps S to X via9 (1.1) as

a homeomorphism10 f : DS → DX , (3.8)

with the action of f outside of DS and DX being irrelevant (and inaccessible) to us.

We now introduce smoothness conditions on the density which we require later on.

Definition 3.2.6. A random vector Z in Rn will be called Ck-distributed, k ∈ N0, if its
distribution admits a Lebesgue density ς ∈ Ck(G) for G := int(supp(ς)); if ς is Ck on some
open neighbourhood of x0 ∈ Rn, then Z will be called Ck-distributed around x0.

Remark 3.2.7. We recall that for ϑ : Rn → Rn a C`-diffeomorphism, ` ≥ 1, the classical
transformation formula for densities asserts that the image Z̃ := ϑ(Z) of a Ck-distributed
random vector Z with density ς is itself Ck∧(`−1)-distributed with density ς̃ given by

ς̃ = (ς ◦ ϑ−1) · | det Jϑ−1 |. (3.9)

The action of the mixing map (3.8) on the source can be profitably captured by imposing
the temporal structure (3.6) of S to meet the following analytical regularity condition:

In the following, a stochastic process Y = (Yt)t∈I in Rd will be called

Ck-regular at (s, t) ∈ ∆2(I) if the random vector (Ys, Yt) is Ck-distributed;

the process Y will be called Ck-regular at ((s, t), y0) ∈ ∆2(I) × R2d if the random vector
(Ys, Yt) is Ck-distributed around y0 ∈ R2d and its density at y0 is positive.

9 Recall that X = f(S) means: Xt = f(St) for each t ∈ I.
10 Note that while the assumption of invertibility of f is canonical, the additionally imposed bi-continuity

of the mixing transformation f is a technical condition to ensure that the sample-continuity of the considered
processes is preserved under any of the operations that follow.
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Remark 3.2.8. Note that if Y is Ck-regular at (s, t), then the boundary of the support of
the joint density of (Ys, Yt) is a Lebesgue nullset. (A direct consequence of Sard’s theorem.)

Remark 3.2.9. Given a Ck-distributed random vector Z = (Z1, · · · , Zn) in Rn with density
ς and some fixed subset I ⊆ [n], say I = {i1, . . . , ik} with k := |I|, denote by ZI := πI(Z) =
(Zi1 , · · · , Zik) the random vector in Rk which is given by the projection of Z to its I-indexed
subcoordinates. Then ZI is Ck-distributed with Lebesgue density ςI given by

ςI =
∫
Rn−k

ς dx1 · · · d̂xi1 · · · d̂xik · · · dxn. (3.10)

As an immediate consequence, we have the inclusion

supp(ς) ⊆ supp(ς [k])× supp(ς [n]\[k]) for each k ∈ [n]. (3.11)

Indeed, setting Ck := supp(ς [k]) and C ′k := supp(ς [n]\[k]), we note that P(Z ∈ Ck × C ′k) =
P(Z[k] ∈ Ck, Z[n]\[k] ∈ C ′k) ≥ P(Z[k] ∈ Ck) + P(Z[n]\[k] ∈ C ′k)− 1 = 1 and hence Ck × C ′k ⊇
supp(PZ) = supp(ς), as claimed.

The theory of ICA knows two prominent ‘exceptional cases’ for which the recovery of an
IC random vector S in Rd from even its linear mixtures X cannot be guaranteed without
further assumptions, namely the cases in which

(i) more than one of the components of S is Gaussian (cf. Theorem 3.1.1), or

(ii) the source S is ‘statistically trivial’ in the sense of Proposition 3.2.3 (a).

As it turns out, a generalised version of these pathologies carries over to the first and more
‘static’ of our separation principles (Theorem 3.3.3), owing to the fact that certain ana-
lytical forms of the joint distributions constituting (3.6) will be ‘too simple’ to guarantee
nonlinear identifiability even for sources whose temporal structure (3.6) is not otherwise
degenerate.

Generalising (i) and (ii) from ‘spatial’ to ‘inter-temporal statistics’, these exceptional
types of joint distributions11 will be named ‘pseudo-Gaussian’ and ‘separable’, respectively:

Definition 3.2.10 (Non-Gaussian, (Regularly) Non-Separable). A function ς : G → R,
G ⊆ R2 open, is called pseudo-Gaussian if there are functions ς1, ς2, ς3 : R→ R for which

ς(x, y) = ς1(x) · ς2(y) · exp(± ς3(x) · ς3(y))

11 Distributional pathologies similar to Definition 3.2.10 have been first described in [83]. More specifically,
the above notions of (strict) non-separability and pseudo-Gaussianity generalise the notions [83, Def. 1 and
Def. 2], respectively, see Section 3.3.4.

43



holds on all of G; the function ς will be called separable if the above holds for ς3 ≡ 0. The
function ς : G→ R will be called strictly non-Gaussian if it is such that

ς|O is not pseudo-Gaussian, for every open subset O of G ; (3.12)

the property of ς being strictly non-separable is declared mutatis mutandis. Furthermore,
the function ς : G→ R will be called almost everywhere non-Gaussian if

there is a closed nullset N ⊂ G s.t. ς|(G\N ) is strictly non-Gaussian ;

the notion of ς being a.e. non-separable is defined analogously.
Finally, a twice continuously differentiable function ς [= ς(x, y)] : Ũ×Ũ → R>0, with Ũ ⊆ R
open, will be called regularly non-separable if

ς is a.e. non-separable and
(
∂x∂y log ς

)∣∣
∆Ũ
6= 0 a.e. on ∆Ũ (3.13)

where ∆Ũ := {(x, x) | x ∈ Ũ} denotes the diagonal over Ũ .

(Clearly, if ς is [strictly/a.e.] non-Gaussian then it is also [strictly/a.e.] non-separable.)

It will be convenient for us to have an analytical characterisation of these ‘pathological’
types of densities at hand. Such a characterisation is provided by Lemma 3.2.12 below.

Remark 3.2.11. (i) In light of Lemma 3.2.12 (ii), the assumption of regular non-separability
can be regarded as a minimal extension of the above notion of strict non-separability.
The necessity for this extension will become clear in Section 3.3.2.

(ii) The log-derivative condition of (3.13) is non-vacuous as there are (strictly) non-
separable functions whose mixed log-derivatives vanish on the diagonal. As an ex-
ample of such a function which is strictly non-separable but not regularly non-separable,
consider ϕ0 ≡ ϕ0(x, y) given by

ϕ0(x, y) =


exp

(
− 1/(x− y)2), x < y

0, x = y

exp
(
− 1/(x− y)2), y < x,

and define ϕ := eϕ0 .

Then clearly ϕ ∈ C2(Ũ×2;R>0) for Ũ := (0, 1), and as the mixed-log-derivatives
∂x∂y log(ϕ) = ∂x∂yϕ0 vanish nowhere on the dense subset Ũ2 \∆Ũ ⊂ Ũ×2 the func-
tion ϕ is also strictly non-separable on Ũ2 by Lemma 3.2.12 (ii). However, since
(∂x∂yϕ0)|∆Ũ

= 0 everywhere on Ũ , the function ϕ is clearly not regularly non-
separable.
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Let us prepare for the following lemma by declaring what we mean by a symmetric set:

Writing (u, v) ≡ (u1, · · · , ud, v1, · · · , vd) for the coordinates on R2d ∼= Rd × Rd, a given
subset A ⊆ R2d will be called symmetric if

A = τ(A) for the transposition τ(u, v) := (v, u).

A function ϕ : G→ R, G ⊆ R2d, will be called symmetric if ϕ ◦ τ = ϕ.

(Since τ2 = id, it is clear that A is symmetric iff τ(A) ⊆ A. Also, if A ⊆ R2d is
symmetric then A ⊆ π[d](A)× π[d](A).)

Lemma 3.2.12. Let ζ : G→ R>0, with G ⊆ R2 open, be twice continuously differentiable.
Then the following holds.

(i) Provided that G is convex, we have that:

∂x∂y log ζ ≡ 0 if and only if ζ is separable ;

(ii) ζ is strictly non-separable if and only if the open set

G′ := {z ∈ G | ∂x∂y log ζ(z) 6= 0} is a dense subset of G;

(iii) provided that O ⊆ G′ is symmetric, open and convex, we have that:

[∂x∂y log ζ]
∣∣
O is separable and symmetric iff ζ

∣∣
O is pseudo-Gaussian.

Proof. We use the global abbreviations ξ := ∂x∂y log ζ and φ := log ζ.
(i) : The ‘if’-direction is clear, so suppose that ∂x∂yφ = 0. Then, as G is convex,

φ ≡ φ(x, y) = φ1(x) + φ2(y) and hence ζ = exp(φ) = ζ1(x) · ζ2(y) for ζi := exp(φi), as
claimed.

(ii) : Since ξ is continuous, the set {ξ = 0} is closed, whence the set G′ = G∩{ξ = 0}c

is open. To see that G′ is dense in G, take any z ∈ G and note that, as G is open, there is
some z-centered open ball Bz ⊆ G. Since ζ is strictly non-separable, ζ|B′z is not separable
for any open z-centered sub-ball B′z ⊆ Bz, whence by (i) there must be some z′ ∈ B′z with
ξ(z′) 6= 0, implying B′z ∩G′ 6= ∅.

The (contrapositive of the) converse implication in (ii) follows via (i).
(iii) : Let O ⊆ G′ be symmetric, open and convex. (⇐) is clear by Def. 3.2.10.
(⇒) : Suppose that ξ̃ := ξ

∣∣
O is separable and symmetric, i.e. assume that

ξ̃ ≡ ξ̃(x, y) = f(x) · g(y) and ξ̃ ◦ τ = ξ̃
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for some f, g : O1 → R, with O1 := π1(O). Then ξ̃ ≡ ξ̃(x, y) = sgn(ξ̃) · η(x) · η(y) for some
function η : O1 → R, where ε := sgn(ξ̃) denotes the sign of ξ̃ (i.e., sgn(ξ̃) = 1(0,∞)(ξ̃) −
1(−∞,0)(ξ̃)). Indeed, the symmetry of ξ̃ implies that ξ̃2 = ξ̃(x, y) · ξ̃(y, x) = η̃(x) · η̃(y)
for the map η̃(z) := f(z) · g(z); consequently, ξ̃ = ε ·

√
ξ̃2 = ε · η(x) · η(y) for the map

η ≡ η(z) :=
√
|η̃(z)|. Now since O is a connected subset of G′, the sign of ξ̃ is constant, i.e.

ε = ±1. Integrating ξ = ∂x∂yφ thus implies that

φ =
∫
∂yφ dy + f1(x) =

∫∫
ξ̃ dx+ f2(y) dy + f1(x)

= ε · f3(x) · f3(y) + f̃2(y) + f̃1(x)
(3.14)

for f3 ≡ f3(z) :=
∫ z
z0
η(s) ds (some priorly fixed z0 ∈ O1) and some additional continuous

functions fi, f̃i : O1 → R. Note that since O is convex, the integrated identity of functions
(3.14) holds pointwise on all of O. Exponentiating (3.14) now yields the claim.

3.3 An Identifiability Theorem for Nonlinearly Mixed Inde-
pendent Sources

We are now ready to present the mathematical core behind our identifiability results for
nonlinearly mixed time-dependent sources. Following an overview of our strategy (Section
3.3.1), we state and prove our main results (Sections 3.3.2 and 3.3.3); a comparison with
related work (Section 3.3.4) concludes this section.

Throughout, let S and X be two continuous stochastic processes in Rd that are related via

X = f(S) (3.15)

for a mixing transformation f which is C2-invertible on some open superset of DS .
(Recall that (3.15) reads as the pointwise identity: Xt = f(St) for each t ∈ I.)

Here, we say that f : Rd → Rd is Ck-invertible on an open set G of Rd, in symbols:
f ∈ Ck(G), if the restriction f

∣∣
G
is a Ck-diffeomorphism (with Ck-inverse f−1 : f(G)→ G).

Throughout the rest of this thesis, we operate under the convenience assumption that every
connected component of DS is convex. This assumption can be dropped immediately at
the price of having the last identity in (3.20) hold almost surely with the permutation P

depending on the connected component of DS that a given realisation s ≡ S(ω) of S is
[almost surely] contained in and, and this is the price, with the scales hi ≡ hi(s) varying
with each maximally convex subset of DS that the trace of s passes through; cf. Sect. 3.4.1.

46



3.3.1 Main Idea and Overview

Starting from (3.15) with the coordinates (S1
t )t∈I, . . . , (Sdt )t∈I of the source S = (S1

t , · · · , Sdt )t∈I
assumed mutually independent, we seek to identify S from X by exploiting the main di-
mensions of our model, space and time, via their statistical synthesis (3.6), the temporal
structure of S. This will be done along the following lines (see Section 3.3.2 for details).

Given (s, t) ∈ ∆2(I) we first double the available spatial degrees of freedom by lifting the
mixing identity (3.15) to an associated identity in the factor-space Rd × Rd, namely

(Xs, Xt) = (f × f)(Ss, St) (3.16)

(recall page vii for the Cartesian product notation). The lifted mixing identity (3.16), which
directly involves the temporal structure (3.6) of the source, now allows for the following stat-
istical comparison in the spirit of [83]:

For X∗t an independent copy of Xt, consider the intertemporal features Y := (Xs, Xt) and
Y ∗ := (Xs, X

∗
t ) of the observable X at a fixed (s, t) together with their random combination

Ȳ := C · Y + (1− C) · Y ∗

for an equiprobable {0, 1}-valued random variable C independent of Y, Y ∗. Combining
(3.16) with the fact that S is IC, we obtain for the (deterministic) functional L(Y, Y ∗) := ψ◦ρ
with ρ(y) := E[C | Ȳ = y] and ψ(p) := log(p/(1− p)) a contrast identity of the form

L(Y, Y ∗) = R(f, (Ss, St)) (3.17)

for a function R ≡ R(f, (Ss, St)) which depends exclusively on f and the distribution of
(Ss, St). In other words, (3.17) relates X to S via the source’s temporal structure (3.6).

Since the LHS L ≡ L(Y, Y ∗) in (3.17) is a function of the (joint) distribution of (Y, Y ∗) –
and thus of the mixture X – only, we for any alternative pair (f̃, S̃) with f̃(S̃) = X and
f̃ ∈ C2 and S̃ IC analogously obtain that L(Y, Y ∗) = R̃(f̃, (S̃s, S̃t)) and hence

R̃(f̃, (S̃s, S̃t)) = R(f, (Ss, St)) (3.18)

by (3.17), where again R̃ ≡ R̃(f̃, (S̃s, S̃t)) is some function which depends only on f̃ and the
distribution of (S̃s, S̃t). Using the C2-invertibility of f̃ , the IC-properties of both S̃ and S
allow us to derive from (3.18) via (3.9) a (deterministic) system of functional equations

Γ(%, (S̃s, S̃t), (Ss, St)) = 0 for % := (f̃−1 ◦ f)
∣∣∣
DS

(3.19)
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which involves the partial derivatives of the ‘mixing residual’ % and is otherwise completely
determined by the distributions of (S̃s, S̃t) and (Ss, St).

The assumed distributional properties of (Ss, St), i.e. the temporal structure of S as spe-
cified by Definition 3.3.2, together with the required IC-property of S̃ are then sufficient to
infer from (3.19) that the residual % must be ‘monomial’ in the sense of Definition 3.3.1.

In other words, we obtained the following: Given a C2-invertible map f̃ , we have that:

(S̃1, · · · , S̃d) ≡ S̃ = f̃−1(X) =
[
P ◦ (h1 × · · · × hd)

]
(S) (3.20)

for some P ∈ Pd and monotone h1, . . . , hd if and only if (3.21)

the component processes S̃1, . . . , S̃d are mutually independent.

The characterisation (3.21), formulated as Theorem 3.3.3, can thus be read as a natural
extension of Comon’s classical independence criterion (3.1) to nonlinear mixtures of IC
stochastic processes whose temporal structure is sufficiently regular.

Additional source conditions that qualify S for the characterisation (3.21) are obtained by
‘unfreezing’ the above time pair (s, t) ∈ ∆2(I), see Theorem 3.3.7 in Section 3.3.3.

Analogous to how Comon’s criterion (3.1) became practically applicable by way of (3.2),
our extended criterion (3.21) is clearly equivalent to the optimisation-based procedure[

arg min
g̃∈Θ

φ
(
g̃(X)

)]
·X ⊆ DPd · S for any φ :M1(Cd)→ R+

such that: φ(µ) = 0 iff µ = µ1 ⊗ · · · ⊗ µd,
(3.22)

for Θ some ‘large enough’ family of C2-invertible candidate transformations, and DPd a
nonlinear analogon of the family of monomial matrices Md (Def. 3.3.1), see Theorem 4.2.3.
Based on a ‘moment-like’ coordinate description for (the laws of) stochastic processes, we
propose an efficiently computable such objective φ that generalises Comon’s original contrast
(3.3) from random vectors to stochastic processes (Section 4.2).

3.3.2 Main Theorem

This section forms the heart of our identifiability theory.

We seek to recover the source S = (S1, · · · , Sd) from its nonlinear mixture X in (3.15)
up to a minimal deviation, namely a permutation and monotone scaling of its components
S1, . . . , Sd. The following nonlinear analogue of the family of monomial matrices makes this
precise.
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Definition 3.3.1 (Monomial Transformations). Given a subset G of Rd, a map % : Rd → Rd

will be called monomial on G if for each connected component G̃ of G we have that

%
∣∣
G̃

= P ◦ (h1 × · · · × hd) for P ∈ Pd and hi ∈ Diff1(πi(G̃)). (3.23)

(The above differentiability condition is considered void at isolated points of πi(G̃).) We
write DPd(G) for the family of all functions on Rd which are monomial on G.

Accordingly, we say that any two paths x̃ and x in Cd coincide up to a permutation and
monotone scaling of their coordinates, in symbols:

x̃ ∈ DPd · x, (3.24)

if (x̃t)t∈I = (%(xt))t∈I for some % ∈ DPd(tr(x)), where tr(x) ≡
⋃
t∈I xt is the trace of x.

Definition 3.2.10 describes analytical forms that need to be avoided by ‘sufficiently many’ of
the distributions constituting its temporal structure (3.6) if the source S is to be identifiable
from X up to a monomial transformation. Sources for which this is the case will be given
the following label of regularity (or ‘non-degeneracy’).

Definition 3.3.2 (α-Contrastive). A stochastic process S ≡ (S1
t , · · · , Sdt )ᵀt∈I in Rd with

spatial support DS will be called α-contrastive if S is IC and there is a collection of time-
pairs P in ∆2(I) and an associated collection (Dp)p∈P of open subsets of Rd such that

(i) the union
⋃

(s,t)∈P D(s,t) is dense in DS , and

(ii) for each (i, (s, t)) ∈ [d] × P it holds that Si is C2-regular at (s, t) with density ζis,t,
and

ζis,t

∣∣∣
D×2

(s,t)
is regularly non-separable for all i ∈ [d], and

ζis,t

∣∣∣
D×2

(s,t)
is almost everywhere non-Gaussian for all but at most one i ∈ [d],

where the above restrictions of the densities are understood wrt. the abuse of notation
ζis,t(x) := ζis,t(xi, xi+d) for x = (xν) ∈ R2d. (For notational convenience, this abuse of
notation is kept throughout the following.)

Notice that the conditions in Definition 3.3.2 (ii) reflect the classical pathologies (ii) and
(i) from p. 43. Further below we will see how the assumptions of Definition 3.3.2 are
linked to related works (Section 3.3.4) and that they are satisfied for a number of popular
copula-based time series models (Section 3.5.1).
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Theorem 3.3.3. Let the process S in (3.15) be α-contrastive. Then, for any transformation
h which is C2-invertible on some open superset of DX , we have with probability one that:

h(X) ∈ DPd · S if and only if h(X) has independent components. (3.25)

Proof. The ‘only-if’-direction in (3.25) is clear, so we only need to show the converse im-
plication. To this end, we in total prove the slightly stronger assertion that

If h(X) is IC and D ≡ D(s,t) as in Def. 3.3.2, then {Jh◦f (u) | u ∈ D} ⊆ Md .

(3.26)
Given (3.26) (and Definition 3.3.2 (i)), the assertion (3.25) follows by way of Lemma 3.4.1
(ii) and the fact that the trace of almost every realisation of S is contained in a connected
component of DS (Lemma 3.2.5 (ii)) which is convex by assumption.

Let now (s, t) ∈ ∆2(I) (fixed) be as in Definition 3.3.2 (ii), i.e. suppose that (Ss, St) =
π(s,t)(S) admits a (joint) C2-density ζ = ζ1 · · · ζd (where ζi ≡ ζis,t) with a support D̄ :=
supp(ζ) ⊆ R2d whose boundary ∂D̄ is a Lebesgue nullset (cf. Remark 3.2.8).

Moreover, let X∗t be a copy of Xt which is independent of (Xs, Xt), and denote

Y := (Xs, Xt) and Y ∗ := (Xs, X
∗
t ). (3.27)

For C ∼ Ber(1/2) and independent of Y and Y ∗, consider further

Ȳ := C · Y + (1− C) · Y ∗

(so that PȲ = 1
2PY + 1

2PY ∗) together with the associated regression function

ρ : R2d → [0, 1] given by ρ(y) := E[C | Ȳ = y]. (3.28)

The function ρ then satisfies the following central equation.

Lemma 3.3.4. For µ the probability density of Y , and µ∗ the probability density of Y ∗,

ψ ◦ ρ = logµ− logµ∗ a.e. on D̃ := supp(µ) (3.29)

for the logit-function ψ(p) := log(p/(1− p)).

Lemma 3.3.4 is proved in Section 3.4.2. Recalling now that the components of S are
mutually independent, we obtain from the transformation formula for densities (3.9) that
for the inverse g ≡ (g1, · · · , gd) := f−1 and the density ζi1 of Sis, resp. the density ζi2 of Sit ,

logµ− logµ∗ =
d∑
i=1

[
log ζi ◦ (gi × gi)− log ζi1 ◦ gi(u)− log ζi2 ◦ gi(v)

]
(3.30)
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almost everywhere on D̃ (= (f × f)(D̄)). Using (3.29), it follows that

ψ ◦ ρ =
d∑
i=1

Pi ◦ (gi × gi) for Pi := log ζi −
∑
ν=1,2

log ζiν ◦ πν . (3.31)

Let now h ≡ (h1, · · · , hd) ∈ Diff2(OX), for some OX ⊇ DX open, be such that the process
S̃ := h(X) has independent components. Using that the above function ψ ◦ ρ depends on
the observable X only, we due to (S̃s, S̃t) = (h× h)(Xs, Xt) and (3.9) obtain that

ψ ◦ ρ =
d∑
i=1

Qi ◦ (hi × hi) a.e. on D̃ (3.32)

analogous to (3.31), where the functions12 Qi ∈ C2(D̄′), i ∈ [d], are given as

Qi := log ζ̃i −
∑
ν=1,2

log ζ̃iν ◦ πν with ζ̃i :=
dP(S̃s

i
,S̃t

i)
d(u, v) and ζ̃iν :=

dP
S̃rν
i

du (3.33)

for r1 := s and r2 := t, and where D̄′ ⊆ R2d denotes the support of ζ̃ ≡ ζ̃1 · · · ζ̃d.
Note that the Qi are indeed twice continuously differentiable: By (3.9) we have

ζ̃ =
dP(S̃s,S̃t)
d(u, v) = |det(Jφ)| ·

[
ζ ◦ φ

]
∈ C1(D̄′)

for the C2-density ζ and for φ := ((h◦f)×(h◦f))−1 ∈ Diff2(O×2
S̃

;O×2
S ), with OS̃ := h(OS);

reading off the marginal densities ζ̃i, ζ̃iν , cf. (3.10), we see that the Jacobians appearing in
(3.33) cancel out as they did in (3.30), giving us Qi ∈ C2(D̄′) as desired.

Combining the identities (3.31) and (3.32) yields that

d∑
i=1

Qi ◦ (hi × hi) =
d∑
i=1

Pi ◦ (gi × gi) (3.34)

everywhere on the dense open subset Dµ := {µ > 0} of D̃.
Therefore, the desired implication (3.26) – and hence the assertion of the theorem (see

the initial remarks of this proof) – holds if (3.34) implies that for % := h ◦ f we have

{J%(u) | u ∈ D} ⊆ Md for each open D ⊆ DS as in Def. 3.3.2 (ii), (3.35)

i.e. for any (non-empty) open subset D of Rd for which ζi
∣∣
D×2 is regularly non-separable for

all i ∈ [d], and a.e. non-Gaussian for all but at most one i ∈ [d]. Let any such D be fixed.
The remainder of this proof is aimed at deriving (3.35) from (3.34). To this end, notice

that since (3.34) can be equivalently written as

Q ◦ (h× h) = P ◦ (g × g)
12 Note that here, we employ the abuse of notation Qi(x) ≡ Qi(xi, xi+d) for x = (xν) ∈ D̄′.
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for Q := ς ◦ (Q1× · · · ×Qd) ◦ τ and P := ς ◦ (P1× · · · ×Pd) ◦ τ with ς(y1, . . . , yd) :=
∑d
i=1 yi

and τ(x1, . . . , x2d) := (x1, xd+1, x2, xd+2, . . . , xd, x2d), we obtain that (3.34) is equivalent to
Q ◦ (%× %) = P , i.e. to the (Dζ := {ζ > 0}–everywhere) identity13

d∑
i=1

Qi ◦ (%i × %i) =
d∑
i=1

Pi. (3.36)

The above is an identity between two twice-continuously-differentiable functions in the
arguments (u1, . . . , ud, v1, . . . , vd) ∈ Dζ ⊆ R2d, so we can apply the cross-derivatives ∂uj∂vk
to both sides of (3.36) to arrive at the identities

d∑
i=1

[
qi ◦ (%i × %i)

]
· ∂uj%i · ∂vk%i =

d∑
i=1

ξi · δijk (j, k ∈ [d]) (3.37)

where the %i are the components of (3.35) and the functions qi and ξi are given as

qi := ∂ui∂viQi and ξi := ∂ui∂viPi = ∂ui∂vi log ζi, (3.38)

respectively. (Note that ∂uj∂vkRi = ri · δijk ((R, r) ∈ {(Q, q), (P, ξ)}) by the Cartesian
product-form of the functions (3.31) and (3.33).) Observe now that the system of equations
(3.37) can be equivalently expressed as the congruence relation

Jᵀ% · Λq · J% = Λξ
(
:⇔ Jᵀ% (u) · Λq(u, v) · J%(v) = Λξ(u, v)

)
for J% the Jacobian of % and for Λq,Λξ defined as the matrix-valued functions

Λq := diagi=1,...,d[qi ◦ (%i × %i)] and Λξ := diagi=1,...,d[ξi].

Since % is a diffeomorphism over D̄, its Jacobian J% is invertible and hence

Λq = Bᵀ% · Λξ ·B% on Dζ , for B% := J−1
% . (3.39)

Since B% = J%−1 ◦% by the inverse function theorem, the matrix-valued function B% is clearly
continuous. Hence14 we can apply Lemma 3.4.2 below to from (3.39) and the assumptions
of Definition 3.3.2 (ii) obtain as desired that

{J%(u) | u ∈ D} ⊆ Md . (3.40)

Indeed, since the above open set D ⊆ DS has been chosen such that the (positive) functions
ζi
∣∣
D×2 are regularly non-separable for each i ∈ [d] and a.e. non-Gaussian for all but at

most one i ∈ [d] (Definition 3.3.2 (ii)), Lemma 3.4.2 is clearly applicable to the system
(3.39), providing (3.40) as required. But since the above set D was chosen without further
restrictions, (3.40) amounts to (3.35) and hence proves Theorem 3.3.3 as desired.

The following section extends the above line of argument to additional types of sources.
13 Once more, we abuse notation by writing Pi(x) ≡ Pi(xi, xi+d) (x ∈ D) for the RHS of (3.36).
14 Notice that D×2 ⊂ D̄ ≡ supp(ζ) (and hence D×2 ⊆ Dζ , as D is open) since ζ

∣∣
D×2 > 0 a.e. by the fact

that ζ
∣∣
D×2 is a.e. non-separable (and hence a.e. non-zero in particular).
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3.3.3 An Extension to Sources of Alternative Temporal Structures

We can generalise the strategy behind Theorem 3.3.3 by ‘unfreezing’ its usage of the tem-
poral structure (3.6), that is by allowing the considered time-pairs (s, t) to ‘vary more
freely’ across ∆2(I); see Lemma 3.4.3. This qualifies additional source classes for nonlin-
ear identification via the characterisation (3.25). As before, the technical key for this is
to make the Jacobian J% of the mixing residual (cf. (3.39)) serve as change of basis for a
source-dependent matrix function with non-degenerate eigenspectrum. The next definition
formulates two sufficient conditions for this.

Define ψ(x, y, z) := x−2yz, and denote by ∇× :=
{
(λν) ∈ Rd

∣∣ ∃ i, j ∈ [d], i 6= j : λi = λj
}

the set of all vectors in Rd whose coordinates are not pairwise distinct.

Definition 3.3.5 ({β, γ}-Contrastive). A continuous stochastic process S = (S1
t , . . . , S

d
t )t∈I

in Rd with independent components and spatial support DS will be called

• β-contrastive if DS is the closure of its interior and for any open subset U of DS there
is

an open subset Ũ of U and p ≡ (s, t), p′ ∈ ∆2(I) such that, for all i ∈ [d],

the density ζis,t of (Sis, Sit), likewise ζip′ , exists with ζip, ζ
i
p′ ∈ C2(Ũ×2) and

ξ
i | Ũ
s,t :=

[
∂xi∂xi+d log ζis,t

]
◦ ιŨ 6= 0 and ξ

i | Ũ
p′ 6= 0 (a.e.), and (3.41)

ξ
i | Ũ
p′ /∈

〈
ξ
i | Ũ
p

〉
R :=

{
c · ξi | Ũp

∣∣ c ∈ R
}

(3.42)

with ιŨ : Ũ 3 u 7→ (u, u) ∈ ∆Ũ and both U, Ũ non-empty;15

• γ-contrastive if there is a dense open subset U of DS for which the following holds:

for each u ∈ U there exists (v, p0, p1, p2) ∈ Rd ×∆2(I)×3 such that

S is C2-regular around (p0, (u, v)), (p1, (u, u)) and (p2, (v, v)), and(
ψ(ξip0(u, v), ξip1(u, u), ξip2(v, v))

)
i∈[d] ∈

(
Rd \ ∇×

)
, (3.43)

where ξip := ∂xi∂xi+d log ζp is the mixed log-derivatives of the C2-density ζip of (Sis, Sit).

We will see that the assumptions of γ-contrastivity are satisfied for a number of popular
stochastic processes (Section 3.5.2).

Remark 3.3.6 (Relation Between α-, β- and γ-Contrastive Sources). Notice that every α-
contrastive process is also γ-contrastive (for p0 = p1 = p2, as the proof of Thm. 3.3.3 shows),
while β-contrastivity does not imply, nor is it implied by, either α- or γ-contrastivity.

15 Here as before, we abuse notation by writing ζis,t(x) = ζis,t(xi, xi+d) for x = (xν) ∈ R2d.
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Theorem 3.3.7. Let the source S in (3.15) be β- or γ-contrastive. Then for any map h
which is C2-invertible on an open superset of DX , we have with probab. one that:

h(X) ∈ DPd · S if and only if h(X) has independent components. (3.44)

Proof. Let h be C2-invertible on some open superset of DX and such that h(X) has inde-
pendent coordinates; the proof of (3.44) is an extension of the proof of Theorem 3.3.3, so
let us adopt the set-up and notation of the latter (as done in Lemma 3.4.3). Recall from
there (cf. (3.35)) that (3.44) follows if we can find a dense open subset D of DS such that

B%(u) ∈ Md for each u ∈ D. (3.45)

Let us first suppose that S is β-contrastive. In this case, we consider the set

D0 := {u ∈ int(DS) | ∃ (δ, p) ∈ R>0 ×∆2(I) satisfying (3.47) and (3.48)} (3.46)

with properties (3.47), (3.48) that for a given (δ, p) ∈ R>0 ×∆2(I) are defined as

Bδ(u) ⊂ DS with Λξp
∣∣
Bδ(u)×Bδ(u) ⊂ GLd(R), and (3.47)

there is p′ ∈ ∆2(I) s.t. for U := Bδ(u) and each i ∈ [d], the diagonal restriction

ξ
i | U
p′ vanishes nowhere and is such that ξ

i | U
p′ /∈

〈
ξ
i | U
p

〉
R.

(3.48)

Let us show first that D0 is dense in the interior D◦S := int(DS). Indeed: Since D◦S is open,
assuming that D0 is not dense in D◦S implies that there exists (u∗, r) ∈ D◦S × R>0 with
Br(u∗) ⊆ D◦S \D0. Now since S is β-contrastive, there will be some (ũ∗, r1) ∈ Br(u∗)×(0, r)
with Br1(ũ∗) ⊆ Br(u∗) such that both (3.41) and (3.42) hold everywhere on Ũ := Br1(ũ∗)
for some p, p̃′ ∈ ∆2(I); thus also (3.48) holds for U = Ũ and (p, p′) := (p̃, p̃′). And since the
functions ξip̃ are continuous at (ũ∗, ũ∗), there (due to (3.41)) will further be some r2 > 0
such that ξip̃ vanishes nowhere on Br2(ũ∗)×2 ⊂ D×2

S for each i ∈ [d]; hence also (3.47)
holds for (δ, p) := (r2, p̃). But this yields that both (3.47) and (3.48) hold for u := ũ∗ and
δ := min(r1, r2) and (p, p′) := (p̃, p̃′), which implies that ũ∗ ∈ D◦S \ D0 is an element of D0.

As this is obviously a contradiction, the set (3.46) must be dense in D◦S .
Now since the interior D◦S is dense in DS by assumption, the theorem’s assertion follows

if we can show that (3.45) holds for D := D◦S . But since in turn D0 is dense in D◦S , we
obtain that (3.45) holds for D := D◦S if we can show that (3.45) holds for D := D0.16

Let to this end u ∈ D0 be fixed with p, p′ ∈ ∆2(I) and U ≡ Bδ(u) ⊂ DS as in (3.47) and
(3.48). Then by Lemma 3.4.3 we have that

B%(ũ)−1 · Λ̄ν(ũ, ṽ) ·B%(ũ) = Λ̃ν(ũ, ṽ) for each (ũ, ṽ) ∈ U × U (3.49)
16 Cf. (3.69) and the argument around (3.64) for details.
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with ν = 1, 2 and diagonal matrices Λ̄1, Λ̄2, Λ̃1, Λ̃2 ∈ GLd(R) given by

Λ̄1 := Λ̄p,p,p, Λ̃1 := Λ̃p,p,p and Λ̄2 := Λ̄p,p,p′ , Λ̃2 := Λ̃p,p,p′

with matrices Λ̄p0,p1,p2 and Λ̄p0,p1,p2 as defined in (3.80). Combining the cases ν = 1 and
ν = 2 of (3.49), we for any C ∈ R obtain that

B%(ũ)−1 ·
[
Λ̄1(ũ, ṽ) + C · Λ̄2(ũ, ṽ)

]
·B%(ũ) = Λ̃1(ũ, ṽ) + C · Λ̃2(ũ, ṽ) (3.50)

for each (ũ, ṽ) ∈ U × U . Hence (and since u ∈ D0 was chosen arbitrarily), the identity
(3.50) implies (3.45) if there is a pair (C, ṽ) ∈ R × U for which the diagonal entries of
[Λ̄1(u, ṽ) +C · Λ̄2(u, ṽ)] =: diag[λ1

u,ṽ, · · · , λdu,ṽ] are pairwise distinct. We now prove this, i.e.
we show that

there is C ∈ R for which we can find some ṽ ∈ U s.t. the diagonal entries

λiu,ṽ =
ξip(u, u)
ξip(u, ṽ)2 · (ξ

i
p(ṽ, ṽ) + C · ξip′(ṽ, ṽ)), i ∈ [d], are pw. distinct. (3.51)

Notice that, as detailed in the proof of Lemma 3.4.2, the fact that by construction each of
the functions qi : U × U 3 (ũ, ṽ) 7→ λiũ,ṽ (i ∈ [d]) are continuous implies that (3.51) holds if

∃C ∈ R such that ϑi : U 3 ṽ 7→ qi(u, ṽ) is non-constant for each i ∈ [d]. (3.52)

To prove (3.52), notice that since for each i ∈ [d] we have the decomposition

ϑi = θi + C · θ′i with θi(ṽ) :=
ξip(u, u)ξip(ṽ, ṽ)

ξip(u, ṽ)2

and θ′i : U × U → R defined likewise but with the right factor in the above enumerator
replaced by ξip′(ṽ, ṽ), we find that if, for each i ∈ [d], the functions

θi or θ′i are non-constant, then (3.52) holds. (3.53)

Indeed: If either θi or θ′i is non-constant in ṽ, then clearly their linear combination ϑi will
be non-constant in ṽ for each C 6= 0. If θi or θ′i are both non-constant in ṽ, then there might
be some Ci ∈ R such that θi + Ci · θ′i is constant in ṽ (define Ci := 1 otherwise); in this
case, setting C := maxi∈[d]Ci + 1 implies that ϑi = θi +C · θ′i = (θi +Ci · θ′i) + (C −Ci) · θ′i
is non-constant in ṽ for each i ∈ [d], as desired.

To see that the premise of (3.53) holds, assume otherwise that there is i ∈ [d] for which
the function θi : U → R is constant in ṽ, say

θi(ṽ) =: ςi for all ṽ ∈ U .
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Then, as θi vanishes nowhere in consequence of (3.47), we find that

[
ξip(u, ·)

]2
=
ξip(u, u) · ξi | Up

θi
= ci · η on U (3.54)

for the constant ci := ξip(u, u) · ς−1
i and the function η : U → R given by η(ṽ) := ξip(ṽ, ṽ).

Now if the function θ′i were constant as well, say θ′i ≡ ς ′i (6= 0), then we would likewise
obtain that

[
ξip(u, ·)

]2 = c′i · η′ on U , for the non-zero constant c′i := ξip(u, u) · (ς ′i)−1 and the
function η′ : U → R given by η′(ṽ) := ξip′(ṽ, ṽ). Combined with (3.54), we find that

c′i · η′ = ci · η and hence ξ
i | U
p′ = const. · ξi | Up ,

the latter contradicting (3.48). This proves the premise of (3.53) and hence (3.45) for
D = int(DS).

Suppose next that S is γ-contrastive. In this case, we claim that (3.45) holds for the
dense subsetD ≡ U ofDS postulated by Def. 3.3.5. To see that this is true, fix any u ∈ U and
recall that, by Lemma 3.4.3 and the previous discussions, the Jacobian B%(u) of % ≡ h◦f at
u is monomial if there is v ∈ Rd and p0, p1, p2 ∈ ∆2(I) with (u, v) ∈ {ξ1

p0 6= 0, . . . , ξdp0 6= 0} for
which the diagonal matrix Λ̄u,v ≡ Λ̄p0,p1,p2(u, v) given by (3.80) has pairwise distinct eigen-
values. (Note that (u, v) ∈ {ξ1

p0 6= 0, . . . , ξdp0 6= 0} if {ψ(ξip0(u, v), α, β) | i ∈ [d]} ⊂ R for some
α, β ∈ R.) Since the diagonal of Λ̄u,v equals the vector (ψ(ξip0(u, v), ξip1(u, u), ξip2(v, v))i∈[d],
choosing (v, p0, p1, p2) as in (3.3.5), (3.43) thus yields B%(u) ∈ Md as claimed. As u ∈ U was
arbitrary, we obtain B%

∣∣
U ⊂ Md as desired in (3.45). This shows (3.44) for γ-contrastive

sources.

3.3.4 Related Work

We remark that the above assumption of α-contrastivity is strictly weaker than the earlier
identifiability conditions given in [83] which served us as motivation. Indeed: the latter are
defined for densities on G = R2 only, and if such a density ς is “uniformly dependent” in
the sense of [83, Def. 1] then ς is also strictly (and regularly) non-separable on G = R2

by Lemma 3.2.12 (ii); as to [83]’s complementary notion of ς being “quasi-Gaussian” [83,
Def. 2], we thank one of our referees for drawing our attention to the fact17 that, as stated
in loc. cit., the corresponding non-separability condition [83, Thm. 1, Assmpt. 3.] fails
to ensure the validity of [83, Thm. 1], see Remark 3.3.8; this deficiency can be remedied,
however, if one weakens the excluding notion of quasi-Gaussianity [83, Def. 2] by imposing
its defining factorisation condition [83, Def. 2 eq. (4)] to hold merely on some open subset
of R2 instead of globally on all of R2 (cf. Remark 3.3.8), as is done – upon logical negation

17 The insufficiency of [83, Thm. 1, Assmpt. 3.] (for [83, Def. 2 eq. (4)] as stated) was also conjectured
in [65, (end of) Section 4.3]; we prove this conjecture true in Remark 3.3.8below.
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– in Definition 3.2.10, eq. (3.12), and also in the later work [65, Theorem 2]. With [83, Def.
2] thus weakened, the (thus strengthened) identifiability condition [83, Thm. 1, Assmpt. 3.]
then becomes a special case of our assumption of pseudo-Gaussianity (Definition 3.2.10) by
Lemma 3.2.12 (iii). Consequently, if a source S ≡ (Si) satisfies [83, Hypotheses 1., 2. & 3. of
Theorem 1] – that is if S is stationary and C2-regular at some point (s0, t0) ≡ (t−1, t) with
D(s0,t0) = R2d (= DS) such that the densities ς i ≡ ς is0,t0 of Si are all uniformly dependent
(hence all regularly non-separable) and none quasi-Gaussian in the above, corrected sense
(cf. also [65, Assmpt. B2]) – then S is clearly α-contrastive in particular, and the converse
is clearly not true in general.

When contrasted with the few prior works in the area that allow for a theoretical com-
parison, most notably [82, 83], we see that our approach provides a strict generalisation of
previously attained results, see above, or yields stronger conclusions while operating under
assumptions which are much less restrictive; for example, we do not require the source to
belong to a predefined distributional family as, e.g., in [82].

With regards to methodology, we recall that [83] propose to estimate the demixing nonlinear-
ity by training a universal approximator (typically a neural network) to distinguish between
vectors excerpting originally-ordered data and vectors excerpting data whose initial sequen-
tial order has undergone a random permutation. By implementing this classification task
via logistic regression, an approximation of the demixing transformation is then obtained as
an optimally trained configuration of the classifying universal approximator provided that
the employed regression function is of a certain composite functional form.

In contrast, our approach approximates the demixing nonlinearity more directly via a
dependence minimisation task in the classical spirit of Comon [37], which we propose to
perform by optimising an explicitly defined, universally applicable contrast function derived
from novel signature-based statistics for multidimensional stochastic processes (Chapter 4).
Not only is our method thus guaranteed to work under much weaker assumptions than [83]
— see the above discussion and the facts that our method is fully applicable to the (non-
stationary) discrete- and continuous-time case and free of assumptions on (the functional
form of) any approximating auxiliary nonlinearities; its equivalence to a simple-to-formulate
optimisation problem also makes our method straightforward to implement and more dir-
ectly accessible to a theoretical analysis of its statistical properties, cf. Sections 4.4 and 4.8.

We also note that a slightly weaker technical modification of our assumptions (i) & (ii) from
Definition 3.3.2 is given and used in the later work [65, Theorem 2], where the problem of
nonlinear blind source separation is studied in the presence of independent additive noise.
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To the best of our knowledge, our notions of β- or γ-constrastivity (Definition 3.3.5 (and
3.7.1)) bear no evident resemblance to the conditions proposed in this or other works.

Remark 3.3.8 (An Error in the Proof of [83, Theorem 1]). The (fixable) error occurs in
the proof of [83, Lemma 2 (Supplement)] (we use their notation for the following): Lemma
2 in [83] requires that for each ū1 ∈ Rd there exists an ū2 ∈ Rd such that the diagonal
entries ψi(ū1

i , ū2
i ) ≡ ψi(a, b) (i = 1, . . . , d; cf. [83, Eq. (42) (Supplement)]) of the matrix

D11D−2
12 D22(ū1, ū2) are pairwise distinct. For this, [83] rely on (the continuity of the ψi

and) an indirect proof – via contradiction to the exclusion of [83, Def. 2 eq. (4)] – of the
assertion that (A) : “The function ψi(a, ·) is non-constant for [almost] every given a ∈ R.”
Yet instead of leading the negation of (A) – i.e., (¬A): “The function ψi(a, ·) is constant for
some a ∈ R” – to a contradiction, their proof by contradiction departs from the stronger
assumption that (B) : “The function ψi(a, ·) is constant for each a ∈ R” (which implies,
but is not generally implied by, (¬A)). The reductio ad absurdum of (B) provided in [83]
is therefore insufficient to prove (A). The (negation [83, Thm. 1 Assmpt. 3.] of the) given
factorisation property [83, Def. 2 eq. (4)], on the other hand, is too weak to contradict (¬A)
as would be required for the (indirect) proof of (A). To see this, it suffices to note the
existence of functions q : R2 → R× which are not of the (excluded) global product form [83,
Def. 2 eq. (4)] but factorize locally on a given ‘strip’ R := I × R, for some I ⊂ R. Indeed:
Given such a function18 q, the assumption of (¬A) (in the indirect proof of (A)), with ψi
and q related by [83, eq. (42)] and ψi(a, ·) constant iff a ∈ I (with I 6= R in general), leads
to the R-local identity

q(a, b) = cα(a)α(b) for (a, b) ∈ I × R ≡ R (cf. [83, derivation of (45)]). (3.55)

Now since (¬A) does not imply R 6= R2 in general, the identity (3.55) does generally not
contradict the (global) non-factorizability assumption [83, Thm. 1 Assumption 3.], leaving
(A) – thus [83, Lemma 2] and hence [83, Theorem 1] – unproved. Clearly however, as men-
tioned in Remark 3.3.4, the desired contradiction can be re-obtained by allowing for only
such q for which the factorisation property (3.55) does not hold on any open subset R in R2.

Suitable functions q as required above can be easily constructed via cut-off functions.
Indeed: Assuming for simplicity that I is compact, take any (continuous) α : R→ R× and
let χ : R2 → (0, 1] be a smooth function with χ

∣∣
R̃
≡ 1 for R̃ the (closure of) some bounded

non-rectangular open superset of R. Then q ≡ q(x, y) := α(x)α(y) · χ(x, y) satisfies (3.55)
but not [83, Def. 2 eq. (4)].

18 And assuming q ≡ qx,y to be of the form [83, Def. 1 eq. (3)] for a probability density px,y on R2, which
can be established by normalisation and straightforward decay modifications.
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3.4 Some Lemmas for Section 3.3

This section contains some of the more technical proofs for Section 3.3.

3.4.1 A Lemma on Monomial Transformations

The following lemma helps us to infer the desired recovery of a source from the existence
of a ‘well-behaved’ subset of its spatial support.

Lemma 3.4.1. Let % ∈ C1(G) for some G ⊆ Rd open. Then the following holds.

(i) Let G also be connected and such that G ∩ π−1
i ({η}) is connected for each η ∈ πi(G)

and all i ∈ [d]. Then % ∈ DPd(G) if and only if the Jacobian J% of % is monomial on
G, i.e. such that {J%(u) | u ∈ G} ⊆ Md.

(ii) Let D be a convex subset of G an such that D is the closure of some dense subset O
of D. If J% is invertible on D and monomial on O, then % is monomial on D.

Proof. (i) : The ‘only-if’ direction is clear, so let us prove that % ∈ DPd(G) if

J%(u) =
(
βµ(u) · δν,σu(µ)

)
µ,ν∈[d] ∈ Md, ∀u ≡ (uµ) ∈ G, (3.56)

for some βµ : G→ R× and {σu | u ∈ G} ⊆ Sd. To this end, we first note that

σu = σu
′ for any u, u′ ∈ G. (3.57)

Indeed: Fix any u0 ∈ G and note that since the Jacobian J% ≡ (J ij% )ij : G → GLd of %
is continuous, we for each εu0 > 0 can find a δu0 > 0 such that (Bδu0

(u0) ⊆ G and)

‖J%(u0)− J%(u)‖ < εu0 for all u ∈ Bδu0
(u0).

Taking ‖ · ‖ as the infinity-norm ‖A‖ ≡ ‖A‖∞ := max1≤i≤d
∑d
j=1 |aij | and choosing εu0 :=

min1≤1≤d
∑d
j=1 |J ij% (u0)| > 0, the fact that J%(u0), J%(u) ∈ Md then readily implies that

σu = σu0 for all u ∈ Bδu0
(u0). (3.58)

Let now u, u′ ∈ G be arbitrary. Since, as a connected subset of Rd, the domain G is also
path-connected, the points u and u′ can be joined by a continuous path γ with u = γ(0)
and u′ = γ(1) and trace γ̄ := γ([0, 1]) ⊆ G. We claim that

σu1 = σu2 for any u1, u2 ∈ γ̄, (3.59)

yielding (3.57) in particular. And indeed: Since γ̄ ⊂
⋃
u∈γ̄ Bδu(u) for {δu} as in (3.58), the

compactness of γ̄ yields that, for an m ∈ N,

γ̄ ⊆
⋃
j∈[m]

Bδuj(uj) for some u1, . . . , um ∈ γ̄. (3.60)
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But since the trace γ̄ is connected, the {uj} from (3.60) can be renumerated such that
Bδui(ui) ∩ Bδui+1

(ui+1) 6= ∅ for each 1 ≤ i < m, which implies (3.59) (and hence (3.57)) by
way of (3.58).

Hence on G, the Jacobian (3.56) of % is in fact of the form

J%
∣∣
G

=
(
βµ · δν,σ(µ)

)
µ,ν∈[d] for some βµ ∈ C(G;R×) and σ ∈ Sd. (3.61)

The assertion that % ≡ (%i) ∈ DPd(G) now follows from (3.61) and the mean value
theorem (MVT): Given any u0 = (u1

0, . . . , u
d
0) ∈ G, the MVT implies19 that for each

u = (u1, . . . , ud) ∈ G which is connected to u0 via the line segment u0, u ≡ {u0 + t ·(u−u0) |
t ∈ [0, 1]} ⊂ G and any v ∈ Rd, there exists a point ξ ∈ u0, u such that

v · (%(u)− %(u0)) = v · J%(ξ) · (u− u0). (3.62)

Hence if for any fixed i ∈ [d] we take u with uσ(i) = u
σ(i)
0 and choose v = ei (for (ei)i∈[d] the

standard basis of Rd), then by way of (3.62) and (3.61) we find that

%i(u)− %i(u0) =
[
J%(ξ) · (u− u0)

]
i

= 0 (i ∈ [d]).

This implies that for any given u0 ≡ (u1
0, . . . , u

d
0) ∈ G we have %i(u) = %i(uσ(i)

0 ) for all
u ∈ Gu0|i := {u ∈ G | ∃ polygonal path in π−1

σ(i)({u
σ(i)
0 }) connecting u and u0}. But since

by assumption the slices Gjη := G∩π−1
j ({η}) are each (polygonally-)connected for any η ∈ R

and j ∈ [d], we have that Gu0|i = G
σ(i)
u
σ(i)
0

. As u0 ∈ G was arbitrary, we thus find that

%i(u) = %i(uσ(i)) for each u ≡ (u1, . . . , ud) ∈ G (i ∈ [d]), (3.63)

hence the diffeomorphism20 % ≡ (%1, · · · , %d) is monomial on G as claimed.
(ii) : This is a corollary to the above proof of (i). Indeed, let O ⊆ D be dense with

J%(u) ∈ Md for each u ∈ O.

Then for any fixed z ∈ D, the fact that O is dense in D ensures that there will be a sequence
(u(k))k∈N ⊂ O with limk→∞ u

(k) = z, implying that

J%(z) = lim
k→∞

J%(u(k)) (3.64)

due to % being continuously differentiable on G. Hence and because J%(z) ∈ GLd, we obtain
that in fact J%(z) ∈ Md by (3.64) and the fact that the subset Md is closed in GLd. The
claim now follows from (the proof of) (i) [for G := D] upon noting that, due to its convexity,
the set D is polygonally-connected and satisfies the slice requirements of statement (i).

19 Indeed: For u, u0, v as above, define ϕ(t) := v · %(u0 + t · η) for t ∈ Iδ ≡ (−δ, 1 + δ) and η := u−u0 and
δ > 0 s.t. {u0 + t · η | t ∈ Iδ} ⊂ G (such a δ exists as G is open). Then ϕ ∈ C1(Iδ), whence (3.62) follows
from the (classical) MVT applied to the difference ϕ(1)− ϕ(0).

20 Note that since by (3.61) and (3.63) each %i is a continuously differentiable map from πσ(i)(G)(⊆ R) to
R with nowhere-vanishing derivative, each %i is a univariate local diffeomorphism and thus in fact a global
diffeomorphism on πσ(i)(G) (cf. e.g. [62, Ex. 1.3.3]).
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3.4.2 Proof of Lemma 3.3.4

Recall that Y, Y ∗ are defined by (3.27) and ρ is given by (3.28).

Lemma 3.3.4. For µ the probability density of Y , and µ∗ the probability density of Y ∗,

ψ ◦ ρ = logµ− logµ∗ a.e. on D̃ := supp(µ) (3.29)

for the logit-function ψ(p) := log(p/(1− p)).

Proof. We note first that since the support supp(ν) of a (Borel) probability measure ν :
B(E)→ [0, 1] is defined as the smallest closed set C ⊆ E having total mass ν(C) = 1, it is
easy to see that supp(f̃∗ν) = f̃(supp(ν)) for any f̃ continuous (cf. the proof of Lem. 3.2.5
(i)). For the above case, this implies supp(µ) = (f × f)(supp(ζ)) = (f × f)(D̄), whence
∂(supp(µ)) is a Lebesgue-nullset (as is ∂D̄, by assumption, and hence also the boundary
of its C2-image (f × f)(D̄); the latter boundary in turn contains ∂(f × f)(D̄) (as the
boundary of the closure of a set is always contained in the boundary of that set) and hence
µ > 0 a.e. on supp(µ). Since also supp(µ∗) = supp(PXs) × supp(PXt), we further obtain
supp(µ) = supp(P(Xs,Xt)) ⊆ supp(µ∗) by (3.11), which implies that the RHS of (3.29) is
defined a.e. on supp(µ) indeed.

Note now that since by definition the function ρ equals the conditional probability of
the event {C = 1} given Ȳ , we have

ρ · dPȲ
dy = P(C = 1 | Ȳ ) · dPȲ

dy = dPȲ ( · |C = 1)
dy · P(C = 1) (3.65)

almost everywhere, where the first factor on the RHS of (3.65) denotes (a regular version
of) the conditional density of Ȳ given C = 1.21 Next we observe that

dPȲ ( · |C = 1)
dy · P(C = 1) = 1

2µ (a.e.). (3.66)

Indeed, denote by η the LHS of (3.66) and let A ∈ B(R2d) be arbitrary. Then, since by
construction P(C,Ȳ ) = PC ⊗ PȲC and PȲC=1 ≡ PȲ ( · |C = 1) = PY and P(C = 1) = 1

2 ,∫
R2d

η · 1A dy = P(Ȳ ∈ A |C = 1) · P(C = 1) = P(Ȳ ∈ A, C = 1)

= P(C,Ȳ )({1} ×A) = P(C = 1) · PY (A) =
∫
R2d

1
2µ · 1A dy

21 Indeed, abbreviating ` := ρ · dPȲ
dy and r := dP( · |C=1)

dy · P(C = 1), we for any A ∈ B(R2d) find∫
R2d

r · 1A dy = P(C = 1)
∫
A

PȲ (dy |C = 1) = P((C, Ȳ ) ∈ {1} ×A)

= P((Ȳ, C) ∈ A× {1}) =
∫
A

P(C = 1 | Ȳ = y)PȲ (dy) =
∫
R2d

` · 1A dy

which implies r = ` (a.e.) by the fundamental lemma of calculus of variations. (Note that the second and
the fourth of the above equations hold by definition of conditional distributions.)
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from which (3.66) follows by the fundamental lemma of calculus of variations. Combining
(3.65) with the fact that dPȲ

dy = 1
2µ+ 1

2µ
∗ and (3.66) now yields the identity (µ+µ∗) ·ρ = µ

(a.e.), from which equation (3.29) follows immediately.

3.4.3 A Separation Lemma

The following is a core lemma for the proof of Theorem 3.3.3.

Lemma 3.4.2. Let U ⊆ Rd be open and ϕi ∈ C2(U×2;R>0), i ∈ [d], with ϕi(x) ≡
ϕi(xi, xi+d), be a family of regularly non-separable, positive functions of which all but at
most one are a.e. non-Gaussian. Set ξi := ∂xi∂xi+d logϕi for each i ∈ [d]. Then for any
continuous B : U → GLd(R) for which the composition Λ : U×2 → Rd×d given by

Λ(u, v) := B(u)ᵀ · diagi∈[d]
[
ξi(ui, vi)

]
·B(v) (3.67)

(in the coordinates (u, v) ≡ (u1, . . . , ud, v1, . . . , vd) ∈ U×2) has identically-vanishing off-
diagonal elements, it holds that the function B is monomial on U , i.e. that

B(u) ∈ Md for each u ∈ U. (3.68)

Proof. Set Ǔ := U × U , and for a given (u, v) ∈ Ǔ , denote Λ̂u,v := diagi∈[d]
[
ξi(ui, vi)

]
and

Λu,v := Λ(u, v) and Bu := B(u), and assume (wlog, upon re-enumeration) that ϕi is a.e.
non-Gaussian for each i ∈ [d− 1].

Note that by the fact that B is GLd-valued and continuous, the identity (3.68) holds if

∃ Ũ ⊆ U dense such that Bu ∈ Md for all u ∈ Ũ (3.69)

(cf. the argument around (3.64) for details). Our proof consists of constructing a set Ũ
for which (3.69) holds. Let to this end i ∈ [d] be fixed, and recall that ϕi being regularly
non-separable implies that there is a closed nullset22 N ⊂ Ǔ s.t. for the open and dense23

subset Ǔ◦ := Ǔ \ N of Ǔ , each restriction ϕi
∣∣
Ǔ◦

is such that

ϕi
∣∣
Ǔ◦

is strictly non-Gaussian for i 6= d, and for each i ∈ [d] : (3.70)

ϕi
∣∣
Ǔ◦

is strictly non-separable with ξi
∣∣
(∆U∩Ǔ◦)

6= 0 everywhere. (3.71)

22 Notice that if ϕi is regularly non-separable and a.e. non-Gaussian, there (by Definition 3.2.10) will
be a closed nullset Ñi ⊂ π(i,i+d)(Ǔ) ⊆ R2 (s.t. Ñi ∩ {(x, x) | x ∈ R} has Hausdorff-measure zero on the
diagonal ∆R := {(x, x) | x ∈ R}) on whose complement ϕi is strictly non-Gaussian and non-separable and
s.t. ϕi

∣∣
∆R\Ñi

vanishes nowhere. Hence for the (relatively) closed nullsets Ni := π−1
(i,i+d)(Ñi) ∩ Ǔ ⊂ R2d, the

(relatively) closed union N :=
⋃
i∈[d]Ni works as desired.

23 Recall that for (any) Ǔ ⊆ Rm open and N ⊆ Rm a Lebesgue nullset, the complement Ǔ \N is dense in
Ǔ . Indeed: If for Ǔ◦ := Ǔ\N we had clos(Ǔ◦) ( Ǔ , then there would be u ∈ Ǔ with Bδ(u) ⊆ Ǔ\clos(Ǔ◦) ⊆ N
for some δ > 0, contradicting that the Lebesgue measure of N is zero.
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Given (3.71), Lemma 3.2.12 (ii) (together with the elementary topological facts that (a) :
a subset which lies densely inside a dense subspace is itself dense again, and (b) : the
intersection of two open dense subsets is again an open dense subset) implies that the
intersection

Ǔ∗ :=
⋂
i∈[d]

{
z ∈ Ǔ◦

∣∣ ξi(z) 6= 0
}

is an open dense subset of Ǔ.

Consequently, the coordinate-projections U ′ := π[d](Ǔ∗) and V ′ := π(d+1,...,2d)(Ǔ∗) are open
and dense subsets of U (= π[d](Ǔ)). We now claim that the sets

Ũi :=
{
u ∈ U ′

∣∣ ∃ (∅ 6=)Vu ⊆ V ′ open24 : qiu

∣∣∣
Vu

is non-constant
}
,

defined by the function qiu(v) := ξi(u, u) · ξi(v, v)
ξi(u, v)2 ,

(3.72)

are dense in U ′ — and hence (cf. fact (a)) are also dense in U — for each i ∈ [d− 1].
To see that this holds, we proceed via proof by contradiction and assume that Ũi is

not dense in U ′. In this case, there exists (ū, r) ∈ U ′ × R>0 with Br(ū) ⊂ U ′ \ Ũi (recall
that U ′ is open). Moreover: Since we have ∆U ∩ Ǔ◦ ⊂ Ǔ∗ (by (3.71)) and Ǔ∗ is open, we
can even find a convex open neighbourhood Vū ⊆ Br(ū) of ū such that the whole square
Qū ≡ Vū × Vū is contained in Ǔ∗. Now by construction, we for each slice {u} × Vū ⊂ Qū,
u ∈ Vū, must have that qiu

∣∣
Vū is a constant function, say qiu

∣∣
Vū≡ cu for some cu ∈ R, so that

in particular (for % : Vū 3 u 7→ cu ∈ R)

ξi(u, u) · ξi(v, v) = %(u) · ξi(u, v)2, ∀ (u, v) ∈ Qū. (3.73)

But since the square Qū contains its diagonal, i.e.: Qū ⊃ {(u, u) | u ∈ Vū} =: ∆Vū , we can
evaluate the relation (3.73) for the points in ∆Vū , yielding that % ≡ 1. Consequently,

ξi
∣∣
Qū(u, v) = ε · ς(u) · ς(v), ∀ (u, v) ∈ Qū,

for ς : Vū 3 x 7→ ς(x) :=
√
|ξi(x, x)| and with ε denoting the sign of ξi

∣∣
Qū . Notice that since

ξi is continuous and Qū is connected, ε will be constant (i.e. ε ≡ ±1). But since Qū ⊂ Ǔ∗

is symmetric, open and convex, Lemma 3.2.12 (iii) then implies that

ϕi
∣∣
Qū is pseudo-Gaussian, in contradiction to (3.70).

This proves that each of the above sets Ũi, i ∈ [d− 1], must be dense in U .
But since each of the dense subsets Ũi is also open by the fact that the quotients in (3.72)

are continuous in (u, v), we (once more by the above fact (b)) find that their intersection

Ũ :=
⋂

i∈[d−1]
Ũi is a dense subset of U.

24 Note that for Ũi to be well-defined, we in addition require each Vu to be s.t. {u} × Vu ⊂ Ǔ∗.

63



We claim that the above set Ũ satisfies (3.69).
To see this, note first that (3.67) yields25 the system of matrix equations

Bᵀu · Λ̂u,u ·Bu = Λu,u
Bᵀu · Λ̂u,v ·Bv = Λu,v
Bᵀv · Λ̂v,v ·Bv = Λv,v

for each (u, v) ∈ U×2; (3.74)

we prove (3.69) by defining a map η : Ũ → V ′ with the property that (3.74) when evaluated
at (u, v) := (u, η(u)) yields Bu ∈ Md by necessity. Let to this end u ∈ Ũ be arbitrary. Then
by the definition of Ũ (recalling (3.72)), we for each i ∈ [d] can find some open V iu ⊂ V ′

such that the intersection Vu :=
⋂
i∈[d] V iu is non-empty and the continuous map

qu := q1
u × · · · × qdu : Vu → Rd (qiu as in (3.72)) (3.75)

is non-constant in its first (d − 1) components. Hence by the intermediate-value theorem,
the set π[d−1](qu(Vu)) ⊆ Rd−1 has non-empty interior, which implies that for ∇× := {(vi) ∈
Rd | ∃ i, j ∈ [d], i 6= j : |vi| = |vj |} (the closed nullset of all vectors in Rd having two
components differing at most up to a sign), the preimage

Ṽu := q−1
u (Rd \ ∇×) ⊂ Vu (3.76)

will be non-empty. This observation gives rise to maps of the form

η : Ũ → V ′, u 7→ η(u) ∈ Ṽu,

and as we will now see, any such map is of the desired type that we announced above.
Indeed: Taking any (u, v) ∈

⋃
ũ∈Ũ{ũ} × Ṽũ ⊆ Ǔ∗, we obtain from (3.74) that26

B−1
u · Λ̄u,v ·Bu = Λ̃ for Λ̄u,v ≡ diagi∈[d][λiu,v] := Λ̂u,u · Λ̂−2

u,v · Λ̂v,v (3.77)

and the diagonal matrix Λ̃ := Λ−1
u,v · Λv,v · Λ−1

u,v · Λu,u. Observing now (recalling (3.72)) that

(λ1
u,v, · · · , λdu,v) = qu(v) for the function qu defined in (3.75),

we immediately obtain by the definition (3.76) of Ṽu that

the eigenvalues λ1
u,v, . . . , λ

d
u,v of Λ̄u,v are pairwise distinct. (3.78)

Hence by the elementary fact that diagonal matrices with pairwise distinct eigenvalues are
stabilised by monomial matrices only, observation (3.78) by way of the similarity equation
(3.77) finally implies Bu ∈ Md — and hence (3.69) — as desired.

25 Cf. the proof of Lemma 3.4.3 for details.
26 Note that the invertibility of Λu,v is obtained from the choice of (u, v).
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3.4.4 A Second Separation Lemma

The following lemma underlies the proof of Theorem 3.3.7.

Lemma 3.4.3. Suppose that in addition to (3.15) there are p0, p1, p2 ∈ ∆2(I) and (u, v) ∈
R2d such that S is C2-regular at (p0, (u, v)), (p1, (u, u)) and (p2, (v, v)) with density ζp0, ζp1

and ζp2, respectively. Then for any map h which is C2-invertible on some open superset of
DX and such that h(X) has independent components, we have that

B%(u)−1 · Λ̄p0,p1,p2(u, v) ·B%(u) = Λ̃p0,p1,p2(u, v) (3.79)

for B% the inverse Jacobian of % := h ◦ f and the diagonal matrices

Λ̄p0,p1,p2(u, v) := Λξp1
(u, u) · Λξp0

(u, v)−2 · Λξp2
(v, v) and

Λ̃p0,p1,p2(u, v) := Λqp1
(u, u) · Λqp0

(u, v)−2 · Λqp2
(v, v),

(3.80)

where Λξpν(x) := diag[ξ1
pν(x), · · · , ξdpν(x)] for ξipν(x) := ∂xi∂xi+d log ζpν(x) and Λqpν(x) :=

diag[q1
pν(x), · · · , qdpν(x)] given by the LHS of (3.38) (in dependence of pν).

Proof. Copying the argumentation that led to (3.39), we obtain the congruence relations

Λqpν (ũ, ṽ) = Bᵀ%(ũ) · Λξpν(ũ, ṽ) ·B%(ṽ) for each (ũ, ṽ) ∈ {ζpν > 0}

and ν = 0, 1, 2. Evaluating these at the points (u, v), (u, u) and (v, v), we arrive at the
system

B%(u)ᵀ · Λξp0
(u, v) ·B%(v) = Λqp0

(u, v) (3.81)

B%(u)ᵀ · Λξp1
(u, u) ·B%(u) = Λqp1

(u, u) (3.82)

B%(v)ᵀ · Λξp2
(v, v) ·B%(v) = Λqp2

(v, v). (3.83)

From (3.81) we then find that

B%(v) = Λ−1
ξp0

(u, v) ·
(
B%(u)ᵀ

)−1 · Λqp0
(u, v),

which, when plugged into (3.83), yields

B%(u)−1 · Λξp2
(v, v) · Λ−2

ξp0
(u, v) ·

(
B%(u)ᵀ

)−1 = Λqp2
(v, v) · Λqp0

(u, v)−2 (3.84)

and hence, upon left-multiplying both sides of (3.82) by the matrix product (3.84),

B%(u)−1 · Λξp2
(v, v)Λ−2

ξp0
(u, v)Λξp1

(u, u) ·B%(u) = Λqp2
(u, u)Λqp2

(v, v)Λqp0
(u, v)−2.

This last equation is identical to (3.79), as desired.
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3.5 Examples of Applicable Sources

The statistical non-degeneracy assumptions of α-, β- or γ-contrastivity hold for a number
of well-established models for stochastic signals, among them most popular copula-based
time series models (Section 3.5.1) as well as a variety of Gaussian processes and Geometric
Brownian Motion (Section 3.5.2).

3.5.1 Popular Copula-Based Source Models Are α-Contrastive

It is well-known (e.g. [114, Sect. 2.10], [44]) that the temporal structure (3.6) of a scalar
stochastic process S = (St)t∈I can be given an analytical representation of the form

ζs,t(x, y) = ζs(x)ζt(y) · cs,t(FSs (x), FSt (y))
(
(s, t) ∈ ∆2(I)

)
, (3.85)

where ζs,t is the probability density of (Ss, St), FSr is the cdf of the vector Sr with ζr its
density, and cs,t : [0, 1]×2 → R is the uniquely determined copula density of (Ss, St).

Proposition 3.5.1. Let S ≡ (St)t∈I ≡ (S1, · · · , Sd) be an IC stochastic process in Rd such
that St admits a C2-density ζt for each t ∈ I with the property that t 7→ ζt(x) is continuous
for each x ∈ Rd. Suppose further that for some P ⊆ ∆2(I) with

⋃
(s,t)∈P{ζs · ζt > 0} dense

in DS,27 it holds that the copula densities {cis,t | (s, t) ∈ P} of Si (cf. (3.85)) are such that

cis,t are positive and strictly non-Gaussian and ∂x∂y log cis,t vanishes nowhere,
(3.86)

for each i ∈ [d]. Then the process S is α-contrastive.

Proof. We verify that S satisfies the conditions of Definition 3.3.2. Take any i ∈ [d] and
(s, t) ∈ P. By assumption the density ζis,t of (Sis, Sit) exists and satisfies (3.85), hence

ξis,t := ∂x∂y log ζis,t = ζis · ζit ·
[
(∂x∂y log ci) ◦ φis,t

]
on {ζis,t > 0} ⊇ D̃×2

s,t (3.87)

for D̃s,t := Ḋs ∩ Ḋt and the map φis,t := sis × sit : D̃×2
s,t → [0, 1]×2 with sir := FS

i

r .28 Notice
that φis,t is a differentiable injection since the function sir = sir(x) def=

∫ xi
−∞ζ

i
r(u) du (r ∈ I)

has positive derivative on Ḋr. Hence and since (ζis · ζit)
∣∣
D̃×2
s,t

> 0 by construction, the α-
contrastivity of S follows by way of (3.85) and (3.87) and assumption (3.86). Indeed: Setting
D(s,t) := D̃s,t for (s, t) ∈ P, we see that Definition 3.3.2 (i) holds by the assumption on
P, while Definition 3.3.2 (ii) is immediate by (3.85), (3.87) and (3.86) and the above-noted
fact that φis,t : D̃×2

s,t → φis,t(D̃×2
s,t ) is a diffeomorphism.

27 Lemma 3.2.5 (v) guarantees that such a set P exists.
28 Recall that, by convention, we write ζis,t(x) ≡ ζis,t(xi, xi+d) for x = (x1, · · · , x2d) ∈ R2d.
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A popular approach in finance, insurance economy and other fields is to read (3.85) as a
semi-parametric stationary model for S = (St)t∈I by assuming the existence of some I ⊂ I
discrete (‘set of observations’) such that ζr ≡ ζ with cdf Fζ for each r ∈ I, andDS = supp(ζ)
and cs,t ≡ cθ uniformly parametrized for all (s, t) ∈ P := I×2∩∆2(I), e.g. [32, Sect. 2], [50]:

ζs,t(x, y) = ζ(x)ζ(y) · cθ(Fζ(x), Fζ(y)), (s, t) ∈ P. (3.88)

We verify exemplarily that a source S = (S1, · · · , Sd) in Rd whose components Si are
modelled according to (3.88) is α-contrastive for a number of popular copula densities cθ.

Corollary 3.5.2. Let S = (S1, · · · , Sd) be a stochastic process whose independent compon-
ents Si are modelled according to (3.88) for each i ∈ [d] with copula-density ci belonging to
one of the following popular classes:

(i) (Clayton) ci(x, y) = (1 + θ)(xy)(−1−θ)(−1 + x−θ + y−θ)(−2−1/θ)

where θ ∈ (−1,∞) \ {0,−1
2};

(ii) (Gumbel) ci(x, y) = 1 + θ(1− 2x)(1− 2y), θ ∈ [−1, 1] \ {0};

(iii) (Frank) ci(x, y) = θeθ(x+y)(eθ − 1)
(eθ − eθx − eθy + eθ(x+y))2 , θ ∈ R \ {0}.

Then S is α-contrastive.

Proof. This is a direct consequence of Proposition 3.5.1 upon checking that each of the
copula densities (i), (ii) and (iii) satisfies (3.86). This, however, follows from inspection and
a straightforward computational verification.

3.5.2 Popular Gaussian Processes and Geometric Brownian Motion are
γ-Contrastive

Given an interval I and functions µ : I→ Rd and κ : I×2 → GLd(R), we write S ∼ GPI(µ, κ)
to denote that S = (St)t∈I is a Gaussian Process in Rd with mean µ = (µi) and covariance
κ = (κij). We assume that any pair (µ, κ) we consider in the following is such that each
process S ∼ GP(µ, κ) admits a version with continuous sample paths.

Lemma 3.5.3. Let S ∼ GPI(µ, κ) be a (continuous) Gaussian process in Rd with diagonal
covariance function κ ≡ (κij) = (κijδij). Then S is γ-contrastive if and only if there exist
pairs p0, p1, p2 ∈ ∆2(I) such that(

κip1 · κ
i
p2 · [k

i
p0 − (κip0)2]2

[kip1 − (κip1)2] · [kip2 − (κip2)2] · (κip0)2

)
i∈[d]
∈ (Rd \ ∇×) (3.89)
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for the auxiliary functions

κis,t := κii(s, t) and kis,t := κii(s, s) · κii(t, t). (3.90)

Proof. Let i ∈ [d] be fixed, and (s, t) ∈ ∆2(I) be arbitrary. Since Si ∼ GP(µi, κii), we find
that29 (Sis, Sit) ∼ N (µis,t,Σi

s,t) with µis,t := (µi(s), µi(t)) and Σi
s,t := (κii(tν , tν̃))ν,ν̃=1,2 for

t1 := s and t2 := t, so the density ζis,t of (Sis, Sit) exists, is smooth on R2 and reads

ζis,t(x, y) = ci(s, t) · exp
(
ϕi(s, t, x, y)

)
with

ϕi(s, t, x, y) = ρs,t
(1− ρ2

s,t)σsσt
· xy + ηi(s, t, x) + η̃i(s, t, y)

for ci(s, t) = (4π2σ2
sσ

2
t (1−ρ2

s,t))−1/2 and−1
2((x, y)−µis,t)ᵀ·[Σi

s,t]−1·((x, y)−µis,t)−
ρs,t

(1−ρ2
s,t)σsσt

·
xy =: ηi(s, t, x) + η̃i(s, t, y) and with the (auto-)correlations

σr :=
√
κii(r, r) and ρs,t := κii(s, t)√

κii(s, s)κii(t, t)
=

κis,t√
kis,t

.

Consequently, the mixed log-derivatives ξis,t := ∂x∂y log(ζis,t) are given as

ξis,t(x, y) = ∂x∂yϕi(s, t, x, y) =
κis,t

kis,t − (κis,t)2 . (3.91)

Since by Definition 3.3.5 the process S is γ-contrastive iff there are p0, p1, p2 ∈ ∆2(I) with(
ψ(ξip0 , ξ

i
p1 , ξ

i
p2)
)
i∈[d]

=
(
ξip1ξ

i
p2

(ξip0 )2

)
i∈[d]
∈ (Rd \ ∇×), the lemma now follows from (3.91).

Remark 3.5.4. The above lemma asserts that IC Gaussian processes are ‘generically iden-
tifiable’, namely if the function (3.89) of their autocovariances avoids the nullset ∇× for
some time pairs p0, p1, p2. Compare this to the well-known result [14] that an IC Gaussian
process S is identifiable from its linear mixtures – via joint diagonalisation of the covariance
matrices of such mixtures at one or several time lags – if the (vector whose components are
the) autocovariances of S themselves avoids the nullset ∇× at one of these time lags.

We verify the above contrastivity condition for a number of popular Gaussian processes.

Proposition 3.5.5. Let S = (S1
t , · · · , Sdt )t∈I be an IC stochastic process in Rd with Si ∼

GP(µi, κi) for each i ∈ [d]. Then S is γ-contrastive in each of these four classical cases.

(i) For each i ∈ [d], the componental autocovariance functions (3.90) of S are of the form

κi(s, t) = exp
(
−
[ |t− s|

αi

]γi)

with γ ≡ (γi)i∈[d] ∈ (0, 2]d and α ≡ (αi)i∈[d] ∈ (R×)×d \ Nγ, where Nγ ⊂ Rd is a
Lebesgue nullset defined in the proof below.30

29 We write Z ∼ N (µ,Σ) to say that Z is normally distributed with mean µ ∈ Rd and covariance
Σ ∈ Rd×d.

30 This includes the family of γ-exponential processes, cf. [128, Sect. 4.2 (pp. 84 ff.)].
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(ii) Each component process Si of S is an Ornstein-Uhlenbeck process

dSit = θi · (µi − Sit) dt + σi dBi
t, Si0 = ai, (i ∈ [d]) (3.92)

with ai, µi ∈ R and σ ≡ (σi)i∈[d] ∈ Rd>0 and θ ≡ (θi)i∈[d] ∈ Rd>0 \ Ñ , where Ñ ⊂ Rd is
a Lebesgue nullset defined in the proof below.

(iii) The component processes of S are fractional Brownian motions with pairwise distinct
Hurst indices, that is their autocovariance functions (3.90) take the form

κi(s, t) = 1
2(|t|2Hi + |s|2Hi − |t− s|2Hi) (i ∈ [d])

for some (Hi)i∈[d] ∈ (0, 1)d \ ∇×.

(iv) Denoting s ∧ t := min(s, t), the autocovariance functions (3.90) of the Si are of the
form

κi(s, t) =
∫ s∧t

0
ηi(r) dr for each i ∈ [d],

with functions η1, . . . , ηd : I → R for which there are r0, r1 ∈ I such that the products
{ηi(r0) · ηj(r1) | i, j ∈ [d]} are pairwise distinct. This includes deterministic signals
perturbed by white noise, i.e. signals S = (S1

t , · · · , Sdt )t∈I which, for (Bi
t)t≥0 some

standard Brownian motion in Rd, are given by

dSit = µi(t) dt + σi(t) dBi
t for each i ∈ [d]

with µi, σi : I → R integrable and continuous such that the entries of (σ2
i (r0) ·

σ2
j (r1))i,j∈[d] are pairwise distinct for some r0, r1 ∈ I.

Proof. We apply Lemma 3.5.3 by showing that for each case there are p0, p1, p2 ∈ ∆2(I) for
which (3.89) holds. Write Ξi for the ith component of (3.89) and let |(s, t)| := |t− s|.

(i) : Fix any p0, p1 ∈ ∆2(I) with |p0| 6= |p1| and take p2 := p0. Then for each i ∈ [d] we
have Ξi = Ξ̃(1)

i / Ξ̃(0)
i for the factors

Ξ̃i(ν) =
κipν

1− (κipν )2 =
(
[κipν ]−1 − κipν

)−1
= 1

2

(
sinh

([ |pν |
αi

]γi))−1
.

Hence we have the parametrisation αi 7→ Ξi ≡ Ξi(αi) given by

Ξi = sinh
([ |p0|

αi

]γi)
·
[
sinh

([ |p1|
αi

]γi)]−1
,

which for |p1| 6= |p0| and γi fixed is differentiable and strictly monotone in αi > 0. Denoting
by φi the associated (differentiable) inverse of αi 7→ Ξi(αi) (for γ and p0, p1 fixed), we find
that (Ξi(αi))i∈[d] ∈ (Rd \ ∇×) for any (αi)i∈[d] not contained in Nγ := (φ1 × · · · × φd)(∇×).
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(ii) : It is well-known that the covariance function κi of (3.92) reads

κi(s, t) = γi
(
e−θi|s−t| − e−θi(s+t)

)
for γi := σ2

i

2θi
.

Suppose I = [0, 1] wlog. Then for pν ≡ (tν , 2tν) ∈ ∆2(I) (ν = 0, 1) with t0 6= t1 and
p2 := p0, we obtain κipν = γi(e−θitν − e−3θitν ) and kipν = κipν · γie

θitν · (1− e−4θitν ) and, thus,
Ξi = Ξ̃(1)

i / Ξ̃(0)
i for each i ∈ [d], with the factors

Ξ̃(ν)
i =

κipν
kipν − (κipν )2 =

(
γie

θitν · (1− e−4θitν )− κipν
)−1

=
(
σ2
i

θi
sinh(θitν)

)−1

.

We hence have the parametrisation θi 7→ Ξi ≡ Ξi(θi) = sinh(θit0)
sinh(θit1) , which due to t0 6= t1 is

strictly monotone and differentiable in θi > 0. Denoting by φ̃i the associated (differentiable)
inverse of θi 7→ Ξi(θi), we obtain that (Ξi(θi))i∈[d] ∈ (Rd\∇×) provided the parameter vector
(θi)i∈[d] ∈ Rd>0 is not contained in the nullset Ñ := (φ̃1 × · · · × φ̃d)(∇×).

(iii) : Choosing again pν ≡ (tν , 2tν) ∈ ∆2(I) (ν = 0, 1) with t0 6= t1 and p2 := p0, we for
each i ∈ [d] find that Ξi = Ξ̃(1)

i /Ξ(0)
i for the factors

Ξ̃(ν)
i = 4Hi−

1
2 · t2Hiν

4Hi · t4Hiν − 42Hi−1 · t4Hiν

=
(
2(1− 4Hi−1) · t2Hiν

)−1
,

whence it holds that
Ξi =

(
t0
t1

)2Hi
for each i ∈ [d].

But since due to t0 6= t1 the assignment h 7→ ( t0t1 )2h is clearly injective, we clearly obtain
that (Ξi)∈[d] is not in ∇× whenever (Hi)i∈[d] is not in ∇×, as claimed.

(iv) : As the numbers θij := ηi(r0) · ηj(r1), (i, j) ∈ [d] × [d], are pairwise distinct and
(thus) non-zero, the continuity of the functions ϑij : I×2 3 (s, t) 7→ ηi(s) · ηj(t) allows us to
find pairs (s0, t0), (s1, t1) ∈ ∆2(I) such that for the rectangle R := [s0, t0] × [s1, t1] ⊆ I×2

the associated integrals∫
R
ϑij dsdt, (i, j) ∈ [d]×2, are pairwise distinct and non-zero. (3.93)

Clearly then, (3.93) implies that for ιi(s, t) :=
∫ t
sηi(r) dr, the numbers

ιi(s0, t0) · ιj(s1, t1), (i, j) ∈ [d]× [d], are pairwise dinstinct (3.94)

(Note further that by (3.93), s0 and s1 may be chosen such that in addition to (3.94) it
holds ιi(0, sν) 6= 0 for each i ∈ [d].) Now by setting p2 := p0 with pν := (sν , tν) for ν = 0, 1
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(notice that p0 6= p1 by (3.94)), we once more find that Ξi = Ξ̃(1)
i /Ξ(0)

i for each i ∈ [d], this
time for the factors

Ξ̃(ν)
i =

κipν
kipν − (κipν )2 = ιi(0, sν)

ιi(0, sν) · ιi(0, tν)− ιi(0, sν)2 = (ιi(sν , tν))−1 .

Consequently, the entries of (Ξi)i∈[d] =
(
ιi(s0,t0)
ιi(s1,t1)

)
i∈[d]

are pairwise distinct. Indeed, assuming
otherwise that Ξi = Ξj for some i 6= j, we find that

ιi(s0, t0) · ιj(s1, t1) = ιj(s0, t0) · ιi(s1, t1), contradicting (3.94).

Hence (Ξi)i∈[d] ∈ (Rd \ ∇×) as desired.

The proposition below concludes our short compilation of applicable source models.

Proposition 3.5.6. Let S = (St)t≥0 = (S1, · · · , Sd) be an IC geometric Brownian motion
in Rd, i.e. suppose that there is a standard Brownian motion B = (B1

t , · · · , Bd
t )t≥0 such

that
dSit = Sit ·

(
µi(t) dt + σi(t) dBi

t

)
, Si0 = si0 (i ∈ [d])

for some si0 > 0 and continuous functions µi : I→ R and σi : I→ R>0. Then S has spatial
support DS = Rd+, and S is γ-contrastive if there are r0, r1 ∈ I for which the numbers
{σ2

i (r0) · σ2
j (r1) | (i, j) ∈ [d]× [d]} are pairwise distinct.

Proof. A straightforward application of Itô’s lemma yields that for any (s, t) ∈ ∆2(I), the
density ζis,t of (Sis, Sit) is given by

ζis,t(x, y) = ρis,t(log(x), log(y)) · (xy)−1 = ci(s, t, x, y) · exp
(
ϕi(s, t, x, y)

)
for the functions ci : ∆2(I)× R2

>0 → R and ϕi : ∆2(I)× R2
>0 → R defined by

ci(s, t, x, y) =
(4π2 · det(sis,t))−1/2

xy
and

ϕi(s, t, x, y) = −1
2
(
[φ−1(x, y)−mi

s,t]ᵀ · (sis,t)−1 · [φ−1(x, y)−mi
s,t]
)

= βis,t log(x) log(y) + ηi(s, t, x) + η̃i(s, t, y)

with ηi, η̃i given by ηi(s, t, x) + η̃i(s, t, y) := ϕi(s, t, x, y)− βis,t and

βis,t := κi(s, t)
κi(s, s)κi(t, t)− κ2

i (s, t)
=

∫ s
0 σ

2
i (r) dr(∫ s

0 σ
2
i (r) dr

) ( ∫ t
0σ

2
i (r) dr

)
− (
∫ s

0 σ
2
i (r) dr)2

.
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Consequently, the spatial support of S is DS = Rd+ = π[d]
(
supp

[
R2d 3 (u, v) 7→ ζis,t(ui, vi)

])
(any i ∈ [d]), and the mixed log-derivatives of ζis,t read

ξis,t := ∂x∂y log(ζis,t) = ∂x∂yϕ
i(s, t, ·, ·) =

βis,t
xy

.

Hence by Definition 3.3.5, the process S is γ-contrastive iff

∃ p0, p1, p2 ∈ ∆2(I) with (Ξi)i∈[d] :=
(
βip1β

i
p2

(βip0)2

)
i∈[d]
∈ (Rd \ ∇×).

Having pν ≡ (sν , tν) ∈ ∆2(I) (ν = 0, 1) arbitrary and p2 := p0 hence yields that

Ξi =
βip1

βip0

=
∫ t0
s0
σ2
i (r) dr∫ t1

s1
σ2
i (r) dr

for each i ∈ [d].

Thus by choosing p0 and p1 as done in the proof of Proposition 3.5.5 (iv), we obtain
(Ξi)i∈[d] ∈ (Rd \ ∇×) as desired.

3.6 Nonlinear ICA via Marginal Distributions

One of the main insights behind our approach to Nonlinear ICA is that Cd-valued random
variables carry enough structure to allow for the disentanglement of their d nonlinearly
mixed independent C1-valued components by applying to such a mixture those transforma-
tions of Rd for which the component processes of the transformed mixture are independent
again (Theorems 3.3.3 and 3.3.7).

Roughly speaking, the reason for this is that by being stochastic objects in (Rd)I instead
of just in Rd, random processes have an additional degree of structure (‘inter-temporality’)
that allows them to carry an infinitude of sequentially ordered, statistically encoded [as
probability distributions] spatial information which, via inter-temporal comparisons (‘relat-
ing joint distributions at different points in time’, cf. Section 3.3.1), can then be unlocked
to infer about the structure of a given transformation of Rd that acts on this process.

A single random vector in Rd, on the other hand,31 carries spatial information only,
which turns out to be enough to infer about linear maps on Rd but is in general insufficient
for the inversion of nonlinear transformations of Rd (cf. Example 3.1.4).

31 Similar to how a moving picture (∼ stochastic process in Rd) contains more information than each of
its frames (∼ random vectors in Rd).
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However: By asserting that a given map32 h : Rd → Rd can be identified as a monomial
transformation (Definition 3.3.1) if its induced pushforward map h∗ :M1(Rd)→M1(Rd),

µ 7→ h∗(µ) ≡ µ ◦ h−1, (3.95)

preserves the product structure of its arguments, the following proposition shows that spa-
tial information (i.e. laws on Rd, as opposed to (3.6)) alone can be sufficient to invert a given
transformation on Rd, namely if a vast amount of this information – specifically, the valid-
ity of the implication “µ is product⇒ h∗(µ) is product” for every µ ∈M1(Rd) – is available.

This opens up another perspective on the conceptional significance of stochastic processes
in the context of ICA, relating this time to their marginal distributions (i.e. their 1st-order
fdds, cf. Section 3.2.1): While a single law on Rd (∼ random vector in Rd) is generally not
enough to ensure the independence-based inversion of a nonlinear transformation (3.95) of
this law (up to monomial ambiguity), the totality M1(Rd) of all laws on Rd is sufficient
for this purpose (Proposition 3.6.1); as a parametrised family of infinitely many laws on
Rd (its marginal distributions), a stochastic process may bridge this ‘transition from just
a single law on Rd to all the laws on Rd’ by providing a family of marginals that is “suffi-
ciently rich/varied” to imply an (3.96)-based blind inversion of its nonlinear diffeomorphic
transformations.

Similar to how our identifiability conditions of α-, β- or γ-contrastivity are specifications
on the 2nd-order fdds (3.6) of a process to be ‘sufficiently non-degenerate’, we expect that
according specifications on what it means for the marginals of the process to be ‘sufficiently
varied’ (so as to weaken the sufficient identifiability condition (3.96)) may yield alternative
conditions for an independence-based recovery of this process from its nonlinear mixtures
(implementable still via Theorem 4.2.3). We leave the concrete specification of such condi-
tions for future research, with the following proof offered as a source of potentially relevant
ideas.

Denote by S⊥ the set of all random vectors in Rd with mutually independent components.

Proposition 3.6.1. Let h ∈ C1,1(Rd;Rd) be a map with the property that

h(U) ∈ S⊥ for each U ∈ S⊥. (3.96)

Then h is necessarily a monomial transformation.
32 The assumption of the map h being defined on all of Rd is for convenience only; generalising the proof

of Proposition 3.6.1 to maps defined on open subdomains of Rd is straightforward.
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Proof. Let h ≡ (h1, · · · , hd) ∈ C1(Rd;Rd) be a C1-diffeomorphism satisfying (3.96). Noting
that the premise (3.96) is equivalent to the identity of Borel measures on Rd

Ph(U) = Ph1(U) ⊗ · · · ⊗ Phd(U) ∀U ∈ S⊥, (3.97)

our proof of the asserted inclusion h ∈ DPd, i.e. that h be monomial, is based on an
algebraic comparison of the (inverse) Fourier transforms (i.e. the characteristic functions)
of both sides of the identity (3.97). More precisely: Using that for each random vector
U ≡ (U1, · · · , Ud) in Rd whose components Uj ≡ 〈U, ej〉2 are independent we by way of
(3.97) obtain the following product identity (of functions in ξ ≡ (ξ1, . . . , ξd) ∈ Rd),

E[eiξᵀ·h(U)] = E[eiξ1·h1(U)] · · ·E[eiξd·hd(U)], (3.98)

we show that for each k ∈ [d] and arbitrary η ≡ (η1, . . . , η̂k, . . . ηd) ∈ Rd−1 it holds that

∀α, β ∈ R with α 6= β : ∃ ! j0 ≡ j0(k) ∈ [d] : hj0(ηα) 6= hj0(ηβ) (3.99)

with ηδ [≡ η
(k)
δ ] := (η1, . . . , ηk−1, δ, ηk+1, . . . , ηd) ∈ Rd, δ ∈ {α, β}, which directly implies

that h is monomial. Indeed, given (3.99) we for any fixed k ∈ [d] obtain by the uniqueness
of jk := j0(k) (and its independence of the choice of α, β) that

∀ j 6= jk : hj(η(k)
α ) = hj(η(k)

β ) for all α, β ∈ R,

which (as η is arbitrary) implies that hj (for j 6= jk) does not depend on the kth-coordinate
of its argument, i.e. that for each j ∈ [d] and any k ∈ [d] with j0(k) 6= j it holds

∀u ≡ (u1, . . . , ud) ∈ Rd : α 7→ hj(u1, . . . , uk−1, α, uk+1, . . . , ud) is constant. (3.100)

This, together with (3.99) and h being onto, implies that the map σh : [d] 3 k 7→ jk ∈ [d] is
a bijection,33 yielding that ∀ j ∈ [d] : ∃ ! k ≡ kj [:= σ−1

h (j)] ∈ [d] : j = j0(kj) and hence (by
(3.100))

∀ j ∈ [d] : hj(u) = h̃j(uσ(j)) for h̃j : R 3 x 7→ hj(η(σ(j))
x ) and σ := σ−1

h ∈ Sd

(where, as above, η(k)
x := (η1, . . . , ηk−1, x, ηk+1, . . . , ηd) for η ≡ (η1, . . . , η̂k, . . . ηd) ∈ Rd−1;

note that in consequence of (3.100), h̃j does not depend on the choice of η ∈ Rd−1). This
shows that if (3.99) holds then h is monomial (in the sense of (3.23)), as claimed.

33 Indeed: Assume ∃ k, ` ∈ [d] such that k 6= ` (say k < `) and jk = j` =: j′. Then (3.100) implies that
for each j ∈ [d] with j 6= j′ it holds hj(u) ≡ hj(u1, · · · , ûk, · · · , û`, · · · , ud), whence by the surjectivity of
h (and the pigeonhole principle) there must be two distinct j1, j2 ∈ [d] \ {j′} and k0 ∈ [d] such that the
maps R 3 α 7→ hj1(η(k0)

α ) and R 3 α 7→ hj2(η(k0)
α ) are non-constant (otherwise there would be an index

j̃ ∈ [d] with hj̃ ≡ const., contradicting that h is onto). But (3.99) then implies that j1 = j0(k0) = j2 in
contradiction to j1 6= j2. This shows that σh : [d]→ [d] is injective and thus an element of Sd (the symmetric
group of degree d).
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Let us now prove (3.99). Choose any k ∈ [d] and α, β ∈ R with α 6= β. Since by
the injectivity of h there clearly exists an index j0 ≡ j0(k, α, β, η) ∈ [d] with hj0(η(k)

α ) 6=
hj0(η(k)

β ), assertion (3.99) follows if we can show that (for each k ∈ [d]) such an index
is uniquely determined and does not depend on the choice of α, β and η. To this end,
take a Bernoulli-distributed random variable C ∼ Ber(1

2) together with an arbitrary η ≡
(η1, . . . , η̂k, . . . , ηd) ∈ Rd−1 and define

U (k)
η := (α · C + β · (1− C)) · ek +

∑
j 6=k

ηj · ej . (3.101)

The random variable U (k)
η then has independent components, whence by (3.98) it holds that

1
2
[
eiξᵀh(ηα) + eiξᵀh(ηβ)

]
= E

[
eiξᵀh(U(k)

η )
]

= 1
2d

∏
j∈[d]

[
eiξjhj(ηα) + eiξjhj(ηβ)

]
. (3.102)

The uniqueness of the above index j0 ≡ j0(k, α, β, η) will be derived by comparing both sides
of (3.102). For a closer inspection of the right-hand side of (3.102), consider the number
γ ≡ γ(α, β, η) ∈ [d] of those components of h whose values at ηα and ηβ coincide,

γ :=
∑
j∈[d]

1hj(ηβ)(hj(ηα)).

For the functions aj ≡ aj(ξj) := eiξjhj(ηα) and bj ≡ bj(ξj) := eiξjhj(ηβ) it holds aj = bj iff
hj(ηα) = hj(ηβ), and thus

∀ ν ≡ (ν1, . . . , νd) ∈ {0, 1}×d : cν :=
∏
j∈[d]

a
νj
j b

1−νj
j = κ ·

∏
j∈[d]γ

a
νj
j b

1−νj
j (3.103)

for [d]γ := {j ∈ [d] | aj 6= bj} and κ :=
∏
j∈[d]\[d]γ bj . Since #[d]γ = d − γ by construction,

and because for any two of the above multivariate functions (3.103) it holds cν = cν′ if and
only if34 a

νj
j b

1−νj
j = cν(0(j)

ξj
) = cν′(0

(j)
ξj

) = a
ν′j
j b

1−ν′j
j for all j ∈ [d], we clearly have that

n(α, β, η) :=
∣∣∣{∏

j∈[d]γ
a
νj
j b

1−νj
j as in (3.103)

∣∣∣ (ν1, . . . , νd) ∈ {0, 1}×d
}∣∣∣ = 2|[d]γ | = 2d−γ .

Note that since the family of functions {ξ 7→ eiξᵀu | u ∈ Rd} are linearly independent over
R (which is immediate by the injectivity of the Fourier transform (over tempered distribu-
tions)), the number n(α, β, η) counts the number of additively irreducible summands in the
linear combination

∑
ν∈{0,1}×d cν . Hence and since (in light of the multinomial theorem and

(3.103)) the identity (3.102) can be written as

1
2
[
eiξᵀh(ηα) + eiξᵀh(ηβ)

]
= κ

2d
∑

ν∈{0,1}×d

∏
j∈[d]γ

a
νj
j b

1−νj
j , (3.104)

34 In accordance with the above notation, we denote 0(j)
ξj

:= η̃
(j)
ξj

for η̃ ≡ 0 ∈ Rd−1.
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a comparison of the number of (additively irreducible) terms (i.e. functions of ξ) on both
sides of (3.104) is permissible and (due to α 6= β and h injective) yields that 2 = n(α, β, η) =
2d−γ and hence γ = d− 1. Recalling the definition of γ, this implies that

∃ ! j0 ≡ j0(k, α, β, η) ∈ [d] : hj0(ηα) 6= hj0(ηβ). (3.105)

In order to from (3.105) derive assertion (3.99) and thus conclude the proof, it remains to
show that j0 is independent of the choice of α, β and η, i.e. that for any k, ` ∈ [d] it holds

∀ ((α, β), η), ((α′, β′), η′) ∈ R2
\∆×Rd−1 : j0(k, α, β, η) 6= j0(`, α′, β′, η′) =⇒ k 6= ` (3.106)

where we denoted R2
\∆ := R2 \ {(x, x) |x ∈ R}. We show (3.106) in two steps, first by

establishing that the index j0 from (3.105) is independent of α, β ∈ R and then proving its
independence of η ∈ Rd−1. To this end, let k ∈ [d] and η ∈ Rd−1 be fixed and choose any
α′, α, β ∈ R with α 6= β and α′ 6= α. Assume now that j0 := j0(k, α, β, η) 6= j0(k, α′, β, η) =:
j′0. Then by (3.105) it holds

hj0(ηα) 6= hj0(ηβ) and hj′0(ηα) = hj′0(ηβ), as well as

hj′0(ηα′) 6= hj′0(ηβ) and hj0(ηα′) = hj0(ηβ),

which implies that
hj0(ηα′) 6= hj0(ηα) and hj′0(ηα′) 6= hj′0(ηα). (3.107)

But since j0 6= j′0 by assumption, statement (3.107) (due to α′ 6= α) contradicts the
uniqueness of j0(k, α′, α, η) asserted by (3.105), whence we must have j0(k, α, β, η) =
j0(k, α′, β, η). Hence and since clearly j0(k, α, β, η) = j0(k, β, α, η) for all α, β ∈ R, we
for any (α, β), (α′, β′) ∈ R2

\∆R
find

j0(k, α, β, η) = j0(k, α′, β, η) = j0(k, β, α′, η) = j0(k, β′, α′, η) = j0(k, α′, β′, η),

which shows that j0(k, α, β, η) = j0(k, η). In particular, (3.105) now reads as follows: for
each k ∈ [d] and any η ∈ Rd−1,

∃ ! j0 ≡ j0(k, η) ∈ [d] : the function h
(k,η)
j0

: R 3 x 7→ hj0(η(k)
x ) is non-constant, (3.108)

and (3.105) clearly implies that any such non-constant function h(k,η)
j0

is also injective.
To now prove that the index j0 ≡ j0(k, η) in (3.108) does not depend on η, suppose that

∃ η1, η2 ∈ Rd−1 with j1 := j0(k, η1) 6= j0(k, η2) =: j2. (3.109)
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Then with (3.108) and since h is assumed to be a C1-diffeomorphism, it holds for each
x, y ∈ R and η̃ := (η1)(k)

x , ≈η := (η2)(k)
x that

d
dxh

(k,η1)
j1

(x) 6= 0 and d
dxh

(k,η2)
j2

(y) 6= 0, and

∃ k1, k2 ∈ [d] : ∂k1hj2(η̃(k1)
y ) 6= 0 and ∂k2hj1(≈η(k2)

y ) 6= 0,
(3.110)

where we denoted u(`)
y := (u1, . . . , u`−1, y, u`+1, . . . , ud) for u ∈ {η̃, ≈η} and ` ∈ [d].

Indeed, since h is a C1-diffeomorphism its Jacobian Jh ≡ (∇hi)i∈[d] is globally invertible,
whence the kth-column of Jh((ην)(k)

x ) (ν = 1, 2) — which by (3.108) is equal to ∂khjν ((ην)(k)
x )·

ejν — must be non-zero, implying the first part of (3.110). (The second part of (3.110)
follows similarly by noting that otherwise the jth

2 -row of Jh(η̃(k1)
y ) (that is, the gradient vector

∇hj2(η̃(k1)
y )) would be zero (likewise for j1), again contradicting the global invertibility of

Jh.) Note further that by (3.108) and j1 6= j2 we have kν 6= k. Let now x ∈ R be
fixed and denote γν := sgn( d

dxh
(k,ην)
jν

(x)) as well as γ′1 := sgn(∂k1hj2((η1)(k)
x )) and γ′2 :=

sgn(∂k2hj1((η2)(k)
x )) (all of these signs are independent of x ∈ R due to (3.110) and the

continuity of the partial derivatives of h) as well as η̃ := (η1)(k)
x and ≈η := (η2)(k)

x , and for

ϕj1 : R 3 β 7→ hj1(≈η1, . . . ,
≈
ηk2−1, β,

≈
ηk2+1, . . . ,

≈
ηd) and

ϕj2 : R 3 α 7→ hj2(η̃1, . . . , η̃k1−1, α, η̃k1+1, . . . , η̃d)

define the function

h̃ : R2 3 (α, β) 7→
(
γ1 · h(k,η1)

j1
(α)− γ′2 · ϕj1(β)

γ′1 · ϕj2(α) + γ2 · h(k,η2)
j2

(β)

)
=:
(
h̃1(α, β)
h̃2(α, β)

)
.

Then h̃ is continuously differentiable, and since for the functional determinant of h̃ we have

det(Jh̃)(α, β) =
[
γ1 ·

d
dxh

(k,η1)
j1

(α)
]
·
[
γ2 ·

d
dxh

(k,η2)
j2

(β)
]

+
[
γ′2 · ϕ′j1(β)

]
·
[
γ′1 · ϕ′j2(β)

] (3.110)
> 0

(with ϕ′jν := d
dxϕjν , ν = 1, 2) for each (α, β) ∈ R2, the inverse function theorem implies

that h̃ is a local diffeomorphism. Moreover, it is clear by construction (and (3.108)) that
h̃ inherits from h the property (3.96) of preserving the componental independence of any
R2-valued random variable. This implies that (upon for any fixed (α0, β0) ∈ R2 restricting h̃
to the open set U(α0,β0) ⊂ R2 on which it is diffeomorphic and adapting (in the obvious way)
the definition of the random variables {U (k)

η | (3.101)} w.r.t. this restriction) the derivation
of (3.105) also applies to h̃, whence for any (α0, β0) ∈ R2, each k̃ = 1, 2 and any α, β, η̃ ∈ R
with η̃(k)

α , η̃
(k)
β ∈ U(α0,β0) we must have

∃ ! j̃0 ≡ j̃0(k̃, α, β, η̃) ∈ {1, 2} : h̃
j̃0

(η̃(k̃)
α ) 6= h̃

j̃0
(η̃(k̃)
β ). (3.111)

By definition of h̃, however, we for each (α, β) ∈ R2 find that (cf. (3.110))

∂1h̃1(α, β) 6= 0 and ∂1h̃2(α, β) 6= 0,
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which (for (k̃, η̃) := (1, β0) and some α, β close to α0) clearly contradicts the uniqueness
assertion of (3.111). Thus assumption (3.109) is overruled, proving (3.106) and hence (3.99).
The proposition thus follows by the arguments given in the beginning of this proof.

3.7 Nonlinear ICA for Discrete-Time Signals

As detailed here, our approach towards the identifiability of nonlinearly mixed stochastic
processes also covers the case of discrete-time signals with almost no further modifications.

Assume throughout that X∗ ≡ (Xj)j∈Z is some discrete time-series in Rd such that

X∗ = f(S∗) ≡ (f(Sj))j∈Z (3.112)

for some IC discrete time-series S∗ ≡ (Sj)j∈Z in Rd and f ∈ C2,2(DS∗ ;Rd). Here, a time
series Y∗ ≡ (Yj)j∈Z in Rd, with Yj ≡ (Y 1

j , . . . , Y
d
j ) for each j ∈ Z, is called IC if its com-

ponental time-series (Y 1
j )j∈Z, . . . , (Y d

j )j∈Z are mutually independent.

Denote furtherDY∗ :=
⋃
j∈Z supp(Yj)

|·|2 for the spatial support of Y∗, and write ∆2(Z) :=
{(j1, j2) ∈ Z2 | j1 < j2 } for the set of all strictly ordered pairs of integers.

Definition 3.7.1 (ᾱ, β̄, γ̄-Contrastive). A discrete time-series S∗ ≡ (Sj)j∈Z in Rd with
spatial support DS∗ will be called ᾱ-contrastive if S∗ is IC and there exists P ⊆ ∆2(Z)
together with a collection (Dp)p∈P of open subsets in Rd such that

(i) the union
⋃

p∈P Dp is dense in DS∗ , and

(ii) for each (i, (j1, j2)) ∈ [d]×P, the vector (Sij1 , S
i
j2) is C2-distributed with density ζij1,j2

such that

ζij1,j2

∣∣∣
D×2

(j1,j2)
is regularly non-separable for all i ∈ [d], and

ζij1,j2

∣∣∣
D×2

(j1,j2)
is almost everywhere non-Gaussian for all but at most one i ∈ [d]

(cf. Definition 3.3.2). The notions of β̄- and γ̄-contrastive time series are defined in analogous
adaptation of Definition 3.3.5.

Theorem 3.7.2. For X∗ and S∗ as in (3.112) with spatial supports DX∗ and DS∗ respect-
ively, let the time-series S∗ in be ᾱ-, β̄- or γ̄-contrastive. Then, for any transformation h

which is C2-invertible on some open superset of DX∗, we have with probability one that:

(h ◦ f)
∣∣
Z̃
∈ DPd(Z̃), ∀Z ⊆ DX∗ connected if and only if h(X∗) is IC, (3.113)

where for any connected subset Z of DX∗ we denoted Z̃ := f−1(Z).
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Proof. Let S∗ be ᾱ-contrastive, and h ∈ C2,2(DX∗ ;Rd) be such that h(X∗) is IC. Then

(h× h)(Xj1 , Xj2) is IC for any fixed (j1, j2) ∈ P,

which in consequence of Def. 3.7.1 (ii) implies that, as derived in the proof of Thm. 3.3.3,

the Jacobian of % := h ◦ f is monomial on D(j1,j2).

The equivalence (3.113) thus follows from Definition 3.7.1 (i) and Lemma 3.4.1. The case
of S∗ being β̄- or γ̄-contrastive follows similarly via Theorem 3.3.7.

Since a discrete time-series Y∗ in Rd is IC if and only if its piecewise-linear interpolation35

Ŷ∗ is IC in Cd, the assertion of Theorem 4.2.3 remains valid as stated36 if (S, α, β, γ,X) is
replaced by (S∗, ᾱ, β̄, γ̄, X∗) and the argument h(X) in (4.9) is replaced by the piecewise-
linear interpolation of h(X∗). This shows that the identifiability theory of Sects. 3.3 and
4.2 directly applies to the discrete-time setting (3.112), as detailed in the following section.

3.7.1 Identifiability in the Discrete-Time Case

From Lemma 3.4.1 and Theorems 3.3.3, 3.3.7, we saw that the inversion (up to monomial
ambiguity) of the transformation f : DS → DX given (nothing but) X is possible if there
is a dense open subset D in DS which is ‘identifiability enforcing’ in the sense that

Jh◦f (u) ∈ Md for each u ∈ D (3.114)

for any h ∈ C2,2(DX) such that h(X) is IC; see e.g. the proof of Theorem 3.3.3. As shown
in the proofs of these theorems, such a set D can be induced by a subset of C2-regular

distributions of
{
(Ss, St)

∣∣ (s, t) ∈ ∆2(I)
}

(3.115)

if the source process S is α-, β- or γ-contrastive in the sense of Defs. 3.3.2 and 3.3.5. (The
associated examples for D in these cases are

⋃
p∈P Dp (Def. 3.3.2), and int(DS) or U (Def.

3.3.5).) Now importantly, this approach towards identifiability makes no essential use of S
being time-continuous: Both Definitions 3.3.2, 3.3.5 and their consequential derivations of
(3.114) only use that

S = (St)t∈I is a family of random variables St ≡ (Sit) in Rd

with I a totally ordered subset of R and such that
the families (S1

t )t∈I, . . . , (Sdt )t∈I are statistically independent,
(3.116)

35 . . . along any (countable) dissection of, say, [0, 1].
36 With the addition that in (4.9), the monomial transformations α with h(X) = α(S) then depend on

(j, ω) via the connected component that the given realisation of Sj = Sj(ω) is contained in (details below)
— respectively (if the connected components of DS are not assumed convex): via each convex component
of DS∗ that the given realisation of Sj intersects with positive probability, see the beginning of Section 3.3
and Section 3.4.1.
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as a quick inspection of the proofs of Theorems 3.3.3, 3.3.7 shows. For the special case
where I is countable – i.e. S = (St)t∈I ≡ (Sj)j∈J (J ⊆ Z) is a discrete time-series – we may
thus ‘abstract (3.6) from the topology on I’ without losing the power of our approach, as
emphasised below. This means that we may simply consider the discrete ‘lattice’ of joint
laws given by

the distributions of
{
(Sj1 , Sj2)

∣∣ (j1, j2) ∈ ∆2(Z)
}

(3.115’)

in lieu of the uncountable collection (3.115). In this case then still, regular dense subsets D
of DS with the desired property (3.114) can be induced from a C2-distributed subselection37

of (3.115’) by the exact same argumentation that we have used in the proofs of Theorems
3.3.3 and 3.3.7, as it is evident that these proofs do not involve the topology on I but only
its order. The associated (by direct analogy to the continuous-time case) premises for the
existence of such a subselection of (3.115’) are formulated as Definition 3.7.1, which thus
appears as the natural ‘discretization’ of Definitions 3.3.2 and 3.3.5.

There are three points in our theory where the assumed continuity of the sample paths of
S does make a subtle but not entirely trivial difference:

(i) From the ‘pre-identifiability’ property (3.114) for a (discrete- or continuous-time)
stochastic process S of the general form (3.116), we obtain by Lemma 3.4.1 (ii) (recall-
ing Definition 3.3.1) that the residual h◦f is monomial on every connected component
of DS . Consequently:

(a) If the source S is time-continuous, then its sample path S(ω) ≡ (St(ω))t∈I is a
connected subset of DS with probability one (cf. Lemma 3.2.5 (ii)). The identi-
fiability equations (3.25) and (3.44) of Theorems 3.3.3 and 3.3.7 then state that,
almost surely, the components of (the sample paths of) the estimated source
Ŝ(ω) := h(X(ω)) and those of the original source S(ω) coincide up to a pathwise-
fixed permutation τ and some monotone scaling (α1, · · · , αd). That is, it states
that with probability one there are τ and (αi) such that

Ŝit = αi(Sτ(i)
t ) for each t ∈ I (i ∈ [d]) (3.117)

where both τ and (αi) are uniquely determined by (X and) h and ω via the
connected component of DS that the source realisation S(ω) is contained in.

37 That is, a set of (the distributions of) vectors {(Sk, S`) | (k, `) ∈ P}, for some P ⊆ ∆2(Z), such that
(Sik, Si`) is C2-distributed (cf. Definition 3.2.6) for each (k, `) ∈ P and each i ∈ [d]. (As the components
of (Sj) are mutually independent, (Sik, Si`) is C2-distributed for each i ∈ [d] iff the full vector (Sk, S`) is
C2-distributed.)
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(b) If the source S is time-discrete, then its realisations S(ω) ≡ (Sj(ω))j∈Z are gen-
erally not connected in Rd and might thus be spread over different connected
components of DS , again almost surely. Hence in this case we have with prob-
ability one that

Ŝit = α
(t)
i (Sτt(i)t ) for each t ∈ I (i ∈ [d]) (3.118)

where the permutations τt and scalings (α(t)
i ) are no longer pathwise-fixed but do

now depend on (X and) h and ω and t via the connected component of DS that
each fixed-time realisation St(ω) is contained in;38 this can be read off Theorem
3.7.2.

Clearly the ‘minimal deviations’ (3.117) and (3.118) between Ŝ and S coincide if DS

is connected, but if it is not connected they are generally different.39

So throughout the identifiability sections of this chapter (Sections 3.2 to 3.5), the assumption
of sample continuity of S is merely a convenience assumption which we included because
of its sufficiency for the pathwise (t-independent) identification (3.117). Except for this
distinction between the ‘connected case’ (3.117) and the ‘disconnected case’ (3.118) our
identifiability results (Theorems 3.3.3 and 3.3.7) apply without further changes, as sum-
marised in Theorem 3.7.2.

Another modification for the discrete-time case, this time of a purely technical nature,
concerns the optimisation in Theorem 4.2.3, specifically the usability of the contrast κ̄IC:

(ii) By its definition the function κ̄IC can only take time-continuous processes as its ar-
guments, but for those it is only the order of their time-indexed values that matters
(cf. Lemma 2.3.5 (iii)). Consequently:

(a) If the source S is time-continuous then so is the candidate transformation h(X),
making κ̄IC(h(X)) well-defined and Theorem 4.2.3 readily applicable as stated.

(b) If the source S is time-discrete, say S = (Sj)j∈Z, then we may perform the injec-
tion S 7→ S where S is the piecewise-linear interpolation of S along any (fixed)
strictly ordered bounded subset I ≡ {tj} ⊂ R, see Section 4.7.3.40 Likewise, let

38 That is,
(
τt, (α(t)

i )
)

=
(
τr, (α(r)

i )
) [
≡
(
τr(ω), α(r)

1 (ω), . . . , α(r)
d (ω)

)]
if St(ω) and Sr(ω) are in the same

connected component of DS , and possibly
(
τt, (α(t)

i )
)
6=
(
τr, (α(r)

i )
)
if not.

39 Notice that, as specified in Prop. 4.8.2, the test statistic (4.102) from Definition 4.8.1 is originally
tailored to the connected case (3.117), but upon straightforward modification it may of course be used for
the case (3.118) as well.

40 Remember that the choice of I is arbitrary up to order and cardinality (Lemma 2.3.5 (iii)), that is the
interpolation Y only needs to preserve the time order of the data points (Yj) ≡ Y ; individual values Y t for
t /∈ I are irrelevant. This also ensures (3.119) is well-defined, i.e. independent of the choice of interpolant of
its arguments.
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us for any Y = (Yj)j∈Z denote by Y the piecewise-linear interpolation of Y along
I, and define by

κ̄IC(Y ) := κ̄IC(Y ) (3.119)

an extension of κ̄IC to discrete-time processes. Note that Y is a time-continuous
process with Yj = Y tj for each j ∈ Z, and further that Y is IC iff Y is IC. Thus
if Xj = f(Sj) on Z then also Xtj = f(Stj ) on I, and if S = (Sij)j is ᾱ-, β̄-, or
γ̄-contrastive then by Theorem 3.7.2,

hi(Xj) = α
(j)
i (Sτ(i)

j ) (∀ j ∈ Z) iff κ̄IC
(
(h(Xj))j

)
= 0 (3.120)

for any h = (h1, . . . , hd) ∈ C2,2(DX), where the boxed equation holds in the
sense of (3.118). This is the discrete-time version of Theorem 4.2.3.

In summary, we emphasize that if the source S is time-discrete with its spatial support
admitting a dense open subset D as in (3.114) — which, for instance, will be induced by
the countably indexed reservoir of joint distributions (3.115’) if S is ᾱ-, β̄- or γ̄-contrastive
— then our ICA approach [Theorems 3.3.3, 3.3.7 and 4.2.3] is directly applicable [in the
form of Theorem 3.7.2 and (3.120)] with no additional subtleties other than points (i) and
(ii) above.41

Finally, let us explicate the practically important identifiability situation where the given
data is a discrete-time approximation (“observation”) of a continuous-time process X =
f(S), for S some α-, β- or γ-contrastive source in Rd.

(iii) In this last setting, the given data is of the form XI := (Xt)t∈I for I discrete. For
the general case that the corresponding discrete time-series SI := (St)t∈I is not itself
ᾱ-, β̄- or γ̄-contrastive, we may not be able to exactly (i.e. up to minimal ambiguity)
recover SI from XI as we did above. However, we are still guaranteed the asymptotic
identification

∀ ε > 0 : ∃ δ > 0 s.t. supt∈I
∣∣θ̂I(Xt)− α̃(St)

∣∣ ≤ ε if ‖I‖ ≤ δ (3.121)

for some monomial α̃ ∈ DPd(DS) depending on I and on the realisation of S (via the
connected component of DS that this realisation is contained in), cf. point (i), with
θ̂I ∈ arg minθ∈Θ κ̄IC

(
θ(XI)

)
[in the sense of (3.119) and (4.40)] and Θ as in Theorem

4.4.13, and where (3.121) holds on some (I-dependent) P-full set. (If Θ admits a
unique minimizer of κ̄IC, then the above α̃ is independent of I.) This is a special case
of Theorem 4.4.13 for (m0, k, T ) = (∞, k,∞), see also its proof in Section 4.4.6.

41 In particular, the interpolation Y 7→ Y (‘discrete to continuous’) used in (3.119) only serves to find
dependence-minimising transformations h via minh κ̄IC(h(Y )). This interpolation is thus merely ‘operational’
(for the use of κ̄IC) and not related to the identifiability of S itself; in particular, it does not add any
geometrical or topological intricacies or complications to the latter.
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Chapter 4

Nonlinear ICA via Signature
Cumulants

The identifiability theory from the previous chapter allows us to reformulate the prob-
lem of nonlinear blind source separation as an easy-to-state optimisation problem that
involves the minimisation of statistical dependence between multiple stochastic processes,
see Theorem 4.2.3. Unlike for vector-valued data, statistical dependence between stochastic
processes can manifest itself inter-temporally, in the sense that different coordinates of
the processes may exhibit statistical dependencies both instantaneously and over different
points in time. In this chapter, we propose to quantify such complex dependency rela-
tions by using so-called signature cumulants [19] as objective functions. These signature
cumulants can be seen as generalising the concept of cumulants from vector-valued data to
path-valued data. Analogous to classical cumulants, signature cumulants then provide a
graded, parsimonious, and efficiently computable quantification of the degree of statistical
(in)dependence between stochastic processes. Joined with our optimisation approach, this
combines to a widely applicable new and robust statistical method for the nonlinear blind
source separation of time-dependent signals, see Theorem 4.2.3 and Section 4.6.

As this chapter will show further, this method is consistent with respect to time discret-
ization and sample size (Section 4.4). When applying our methodology in practice, the
following issues arise: firstly, although the underlying stochastic model is often formulated
in continuous time, in practice one usually has access to time-discretized samples only,
often taken over non-equally spaced time grids. Secondly, oftentimes only a single (time-
discretized) sample path of the process is available rather than many independent realisa-
tions, for example in the classical cocktail party problem. We address both of these issues
and show that our method is statistically consistent even if only a single, time-discretized
and finite sample of the observable is given, see Theorem 4.4.13. This is also the setting in
which our numerical experiments are carried out in Section 4.8.

83



This chapter is structured as follows. Following the introduction of signature cumulants
as the log-compressed signature representation for the laws of stochastic processes (Section
4.1), we enable the practical applicability of our ICA-approach by proposing a novel in-
dependence criterion for time-dependent data (Section 4.2) that leads to a practical and
statistically consistent separation algorithm (Sections 4.4 – 4.7) whose practical utility we
demonstrate in a series of numerical experiments (Section 4.8). The chapter ends with a
brief conclusion and an outlook on future directions (Section 4.9).

Remark 4.0.1. In this chapter, we restrict our exposition to stochastic processes whose
sample paths are smooth [i.e., of bounded variation1], and further assume that the expected
signature of these processes exists and characterizes their law. These assumptions can
be avoided by using rough integration and tensor normalization, but since this requires
background in rough path theory and is not central to our methodology, we simply refer
the interested reader to [54, 104] and [33, 34], respectively. Let further I = [0, 1] wlog.

4.1 Signature Cumulants

Many results in statistics, including Corollary 3.1.3 via (3.3), are based on the well-known
facts that laws of Rd-valued random variables are often characterised by their moments,
and that statistical independence turns into simple algebraic relations when expressed in
terms of cumulants. Our main object of interest are Cd-valued random variables (stochastic
processes), for which the so-called expected signature [33] provides a natural generalisation
of the classical moment sequence, see Section 2.2.3. Similar to classical moments, these sig-
nature moments form multi-indexed collections of numbers that can characterize the laws of
stochastic processes. Similar still, upon their ‘logarithmic compression’ (Sect. 2.3.2) these
number collections give rise to signature cumulants that quantify the statistical dependen-
cies within multidimensional stochastic processes (that is, between their coordinates and
over time).

Denote by [d]? :=
⋃
m≥0[d]×m the set of all multi-indices2 with entries in [d] = {1, . . . , d}.

We restate Definition 2.2.9 for convenience.

Definition 4.1.1 (Expected Signature). For Y = (Y 1
t , · · · , Y d

t )t∈[0,1] a stochastic process
in Rd with sample-paths of bounded variation, the collection of real numbers (if it exists)

1A path x = (xt)t∈[0,1] ∈ Cd is called of bounded variation if its variation norm ‖x‖1-var := |x0| +
sup
∑
|xti+1 − xti | is finite, where the supremum is taken over all finite partitions {0 ≤ t1 ≤ · · · ≤ tn ≤ 1}

(n ∈ N) of [0, 1]; cf. also Definition 2.1.4 and Section 4.7.3.
2 We define [d]×0 := {∅} with ∅ the empty set, and let {k}? :=

⋃
m≥0{k}

×m ( = {∅, k, kk, kkk, . . .}
)
.
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S(Y ) := (σi(Y ))i∈[d]? defined by the expected iterated Stieltjes integrals

σi(Y ) := E
[∫

0≤t1≤t2≤···≤tm≤1
dY i1

t1 dY i2
t2 · · · dY

im
tm

]
for i = (i1, . . . , im), (4.1)

with σ∅(Y ) := 1, is called the expected signature of Y .

The expected signature is to a stochastic process roughly what the sequence of moments
is to a vector-valued random variable (Sect. 2.2.3), and analogous to the case of classical
moments, for many statistical purposes the concept of cumulants is better suited (Sect.
2.3.2). This leads to the notion of signature cumulants [19] below.

We recall the definition (2.30) of the log transform on formal power series (and refer to
Sections 2.3.2 and 4.1.3 for further motivation of the following definition.)

Definition 4.1.2 (Signature Cumulants). For Y a stochastic process in Rd with sample-
paths of bounded variation, the collection of real numbers3

(κi(Y ))i∈[d]? := log[S(Y )] (4.2)

is called the signature cumulant of Y . We further define

κ̄i(Y ) := κi(Y )
κ11(Y )η1(i)/2 · . . . · κdd(Y )ηd(i)/2 for i = (i1, . . . , im) ∈ [d]?, (4.3)

where ην(i) denotes the number of times the index-value ν appears in i. We refer to
(κ̄i(Y ))i∈[d]? as the standardized signature cumulant of Y .

Remark 4.1.3. The signature cumulant of a process Y gives an efficiently computable
[95], informationally condensed and hierarchically graded [cf. (2.22), (2.33)] compression of
the statistical information contained in (the distribution of) Y [cf. Sects. 2.2.3 and 2.3.2],
which enjoys a broad variety of excellent practical and theoretical features [34]. Note that
the (classical) cumulants of a random vector Z in Rd read

κZi1···im = 〈πSym(log[m(Z)]), i1 · · · im〉 (4.4)

(for πSym(i1 · · · im) :=
∑
τ∈Sm iτ(1) · · · iτ(m) the projection onto the ([d]-adic closure of) the

subspace spanned by all symmetric polynomials in R[d]∗, and for m(Z) the moment series
defined in (2.17)) and hence are identical to the signature cumulant of the linear process
Y := (Z · t)t∈[0,1]. Just as for standardized classical cumulants, the normalisation (4.3)
contributes the additional benefit of scale invariance which facilitates our below usage of
signature cumulants as a contrast function.

3 The log in (4.2) denotes the logarithm (2.30) on the space of formal power series.
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4.1.1 On the Significance of Signature Cumulants

Let us further illuminate the concept of the signature cumulant from Definition 4.1.2 as es-
sentially that of a natural (‘moment-like’) multi-indexed log-compressed coordinate vector
for the law of a stochastic process.

As further detailed in Section 2.2.3, the idea behind the classical concept of ‘moments’ of
a random variable – both for random vectors in Rd and stochastic processes alike – is that
they provide a set of deterministic coordinates for the law of that random variable.

For the simplest case of a scalar random variable, i.e. a random vector in R1, the most
established such coordinates are the sequence of its central moments, that is an ordered
list of expectations over increasingly nonlinear functionals [specifically: (centered) monomi-
als] of that random variable. Analogous coordinates for a random vector in Rd, namely
its multivariate (central) moments, are obtained if one considers the expectation over the
multivariate (centered) monomials of that random vector.4

The expected signature is yet a further generalisation of this classical concept of coordin-
atisation, this time from random elements in Rd to random elements in Cd, i.e. continuous-
time stochastic processes: As before one considers a multiindexed family of numbers (4.1)
given as expectations over increasingly nonlinear functionals of the process, but this time
the functionals in question are no longer (multivariate) monomials on Rd but rather iterated
integrals on (elements of) Cd. Owing to the more complex (time-ordered) global structure
that is innate to the realisations of a stochastic process (its sample paths), these path-space
functionals are better suited [than classical multivariate monomials] to capture the (geo-
metrical) complexity of the open sets (wrt. the uniform topology) of Cd whose numerical
valuation constitutes the law of the process. The family of expectations (4.1) over these
functionals of the process, also referred to as noncommutative moments due to their non-
invariance under index-permutations, does hence form a more informative global statistic of
the stochastic process than can be provided by the classical moments of the process at any
fixed time-point of its evolution. In fact, these expected signature coefficients do provide
a high-resolution description of the stochastic process which is so fine-grained that in total
they are able to characterise the law [34] of the process. Another of their main advantages,
leveraged below, is that these coefficients are interrelated by way of a rich algebraic and
combinatorial global structure, which (akin to classical moments for the case of random

4 The only difficulty with this multidimensional generalisation is that the resulting ‘coordinate vector’ is
no longer a linearly ordered list (isomorphic to (the coefficients of) a formal power series in a single variable)
but rather a multiindexed family of numbers (isomorphic to a formal power series in several variables); cf.
Section 2.3.1.
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vectors) makes core aspects of stochastic process statistics amenable to a lucid algebraic
description.

These relations reveal, however, that considered in isolation the family of coefficients
(4.1), that is the expected signature of the stochastic process, appears somewhat ‘bloated’
in that it exhibits a certain level of internal algebraic redundancy. In fact, we have seen
in Section 2.3.2 that the expected signature is ‘close to an exponential’, see (2.26) and
(2.29), which allows for the information it contains to be efficiently compressed by a logar-
ithmic ‘change of coordinates’. What results is the multi-indexed coordinate vector (4.2),
an algebraically accessible reservoir of conveniently organised statistical information that
characterises the law of a stochastic process.

4.2 Signature Contrasts for Nonlinear ICA

Similar to how classical cumulants are traditional in linear ICA, cf. page 36, the usage of
signature cumulants in our present ICA-context is due to the following observation: Recall
that a random vector Y in Rd has independent components if and only if all of its cross-
cumulants vanish, that is iff, in the notation of (4.4) and for ∗ the concatenation of indices,

κYq = 0 for all q ∈
d⊔

k=2

{
i ∗ j

∣∣ i ∈ [k − 1]? \ {∅}, j ∈ {k}? \ {∅}
}
. (4.5)

Now in the same way that the expected signature generalises the classical concept of mo-
ments, cf. Sections 2.2.3 and 4.1.1, it was shown in [19] that signature cumulants general-
ise this classical relation (4.5) to an algebraic characterisation of statistical independence
between [the components of] stochastic processes. This is particularly useful in our context
as it yields a natural and explicitly computable contrast function for path-valued random
variables (Proposition 4.2.2) as desired for nonlinear ICA.

Algebraically, cf. Remark 2.3.3, the (4.2)-based extension of the characterisation (4.5)
to stochastic processes requires us to replace the simple operation ∗ of index concatenation
by a slightly more involved combinatorial operation on [d]?. This operation is defined next.

Notation 4.2.1. For convenience, we denote by [d]?+ the family of all finite sums of indices
in [d]?, and for any such sum i ≡ i1 + . . .+ i` ∈ [d]?+ define κi := κi1 + . . .+ κi` .

Recalling (2.28) for convenience, the shuffle product of two multi-indices i = (i1, . . . , im)
and j = (im+1, . . . , im+n) in [d]? is defined as the element of [d]?+ which is given by

i j :=
∑
τ

(iτ(1), . . . , iτ(m+n)) ∈ [d]?+ (4.6)
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where the sum is taken over the family of permutations

{τ ∈ Sm+n | τ(1) < · · · < τ(m) and τ(m+ 1) < · · · < τ(m+ n)}.

This enables us to formulate the following central observation.

Proposition 4.2.2. For any stochastic process Y = (Y 1, · · · , Y d) in Rd whose expected
signature exists, the components Y 1, . . . , Y d are mutually independent if and only if

κ̄IC(Y ) :=
d∑

k=2

∑
q∈Wk

κ̄q(Y )2 = 0 (4.7)

where Wk :=
{
i j | i ∈ [k − 1]? \ {∅}, j ∈ {k}×m, m ≥ 1

}
⊂ [d]?+.

Proof. Observe that the coordinate processes Y 1, . . . , Y d are mutually independent iff:

for each 2 ≤ k ≤ d, the process Y k is independent of (Y 1, · · · , Y k−1). (4.8)

Indeed: Denoting by Ck ∼= C×k1 the co-domain of the process Y[k] ≡ (Y 1, · · · , Y k) and writing
Bk ≡ B(Ck) ∼= B⊗k1 for the Borel σ-algebra on Ck (Lemma 2.1.2), the characterisation (4.8)
is immediate by the definition of mutual independence and the fact that

PY[k](A1 × · · · ×Ak) = P(Y[k−1],Y k)((A1 × · · · ×Ak−1)×Ak) (k ≥ 2)

for any A1, . . . , Ak ∈ B1. The asserted characterisation (4.7) now follows from (4.8) and
[19, Theorem 1.2 (iii)].

We may now combine Proposition 4.2.2 with Theorems 3.3.3 and 3.3.7 to obtain the follow-
ing instance of (3.22) for the inversion ‘X 7→ S’ that is desired in (1.2) (cf. Corollary 3.1.3).

(Recall Remark 4.0.1 for well-definedness of the signature statistics featured in (4.9).)

Theorem 4.2.3. Let the process S in (3.15) be α-, β- or γ-contrastive with sample-paths
of bounded variation. Then it holds with probability one that[

arg min
h∈Θ

κ̄IC
(
h(X)

)]
·X ⊆ DPd · S (4.9)

for any family of transformations Θ ⊆ C2,2(DX) with Θ
∣∣
DX
∩
(
DPd(DS) · f−1)∣∣

DX
6= ∅.

This theorem states that the initial problem (1.2) of nonlinear blind source separation
can be reformulated as a problem of optimisation-based function approximation. More
specifically, statement (4.9) says that the desired demixing transformations of the data can
be found as minimizers of the energy-like functional (4.7). We conclude with a few practical
remarks.
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Remark 4.2.4. (i) For Θ ⊆ GLd and under the temporally degenerate hypothesis of
Theorem 3.1.1, the procedure (4.9) reduces to Comon’s method (3.2) for φ = φc since

κ̄IC
(
(Y · t)t∈[0,1]

)
= φc(Y ) if Y is a random vector in Rd (cf. Remark 4.1.3).

(ii) Regarding implementations of (4.9), one may choose to realise the above domain
Θ by way of an Artificial Neural Network, see e.g. Section 4.8.3. This choice is
mathematically justified by the fact that neural networks can be designed as universal
approximators to C2,2(DX) [149] with a favourable convergence topology [124] (cf. also
Remarks 4.4.2, 4.8.3).

(iii) In practice, only discrete-time observations (Xt)t∈I of X for a finite I ⊂ I are avail-
able. Our framework covers these discretised observations as well, as we can natur-
ally identify the data (Xt)t∈I with a continuous bounded variation process in Rd via
piecewise-linear interpolation of the points {Xt | t ∈ I}. The identifiability procedure
of Theorem 4.2.3 is robust under this discretisation, see Theorem 4.4.13 and Section
3.7.1 (iii) in particular. A quick inspection of Theorems 3.3.3 & 3.3.7 further reveals
that the identifiability approach of the preceding sections can be immediately exten-
ded to discrete time-series that are not necessarily generated from continuous-time
processes, see Section 3.7 for details.

(iv) The contrast function κ̄IC can be efficiently approximated by restricting the summa-
tion in (4.7) to multindices (i1, . . . , im) up to a maximal order m ≤ m0 and estim-
ating these remaining summands using the unbiased minimum-variance estimators
for signature cumulants introduced in [19, Section 4]. For the latter, a more naive
but straightforward approach that is sufficient for our experiments is to just use the
Monte-Carlo estimator, see Sections 4.4.3 & 4.4.5 for details.

(v) For a fixed and finite data set, lower-order summands in the above (capped) approx-
imation of the contrast κ̄IC are typically estimated more accurately than higher-order
summands. In practical applications this may be accounted for by applying weights
to the estimated summands of the contrast, leading one to estimate the alternative
objective∑m0

m=2
∑

q∈Cm wq · κ̄q(Y )2 for 0 < wq ≡ wq(Y ) decreasing in the order of q,

where we used the notation of (4.22) for convenience. Appropriate choices of weights
(wq) will generally depend onm0 and the respective domain of κ̄IC, but may otherwise
be arbitrary provided that the arg min of the thus-weighted objective coincides with
the arg min of the default case wq ≡ 1 (as, e.g., is guaranteed by the final assumption
of Theorem 4.2.3).
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4.3 ‘Classical’ Contrast Functions on Time-Series

On a theoretical note, let us remark how alternative contrast functions for multivariate time-
series may be obtained by an extension of classical independence criteria for random vectors:

In principle, every classical contrast function φ :M1(Rd)→ R+ (cf. Cor. 3.1.3) naturally
induces an independence criterion φ̃ :M1(Rd×n)→ R+ for Rd-valued time-series

Y ≡ (Y 1
t , · · ·, Y d

t )t∈[n] ∼=
(
(Y 1
t )t∈[n], · · · , (Y d

t )t∈[n]
)

(4.10)

over a finite time-horizon n ∈ N, namely by composing φ with (the d-fold Cartesian product
of) a measurable injection from Rn to R.

Proposition 4.3.1. If φcl :M1(Rd)→ R+ is a classical contrast function and ψ : Rn → R
is a measurable injection mapping measurable sets to measurable sets, then the composition
φ̃ := φcl ◦ (ψ × · · · × ψ) :M1(Rd×n)→ R+, given by (for arguments Y as in (4.10))

φ̃(Y) = φcl
(
ψ((Y 1

t )t∈[n]), · · · , ψ((Y d
t )t∈[n])

)
,

is a contrast function on the product space Rd×n ∼= (Rn)×d, i.e. such that

φ̃(Y) = 0 if and only if (Y i
t )t∈[n], i ∈ [d], are mutually independent. (4.11)

Proof. Let Y be as in (4.10) with spatial components Yi ≡ (Y i
t )t∈[n]. The ‘if’-direction in

(4.11) is clear as independence is preserved under measurable transformations. Suppose
hence that the random variables Z1 := ψ(Y1), . . . , Zd := ψ(Yd) are mutually independent.
As ψ is injective we have that A = ψ−1(ψ(A)) for each A ⊆ Rn, where by assumption ψ(A)
is measurable if A is measurable. Thus for any measurable A1, . . . , Ad ⊆ Rn we find that

P

 ⋂
i∈[d]
Y−1
i (Ai)

 = P

 ⋂
i∈[d]

(Y−1
i ◦ ψ

−1)(ψ(Ai))


=
∏
i∈[d]

P
(
Z−1
i (ψ(Ai))

)
=
∏
i∈[d]

P
(
Y−1
i (Ai)

)

which shows that the vectors Y1, . . . ,Yd are independent, as desired.

We call an injection ψ as in Proposition 4.3.1 a link function, and introduce Cantor’s
interlacing map as a particular example of such a function.

Definition 4.3.2 (Cantor’s n-Link). Consider the map c : (0, 1)2 → (0, 1) which takes the
decimal digits of its arguments and interleaves them, i.e.

(x, y) ≡ (0.a1a2a3 . . . , 0.b1b2b3 . . .) 7→ c(x, y) := (0, a1b1a2b2a3b3 . . .) (4.12)
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for x =
∑∞
i=1 ai · 10−i the (terminating5) decimal representation of x (likewise for y), and

for n ∈ N≥3 define cn : (0, 1)n → (0, 1) recursively via c2 := c and

cn(x1, · · · , xn) := c(cn−1(x1, . . . , xn−1), xn). (4.13)

For τ1 : Rn → Rn>0, (xi) 7→ (exi), and τ2 : Rn>0 → (0, 1)n, (yi) 7→ ( yi
yi+1), the map

ψC := cn ◦ (τ2 ◦ τ1) : Rn → (0, 1) (4.14)

will be referred to as Cantor’s n-link.

Lemma 4.3.3. Cantor’s n-link is a link function in the sense of Proposition 4.3.1.

Proof. We need to show that for any n ∈ N≥2 fixed, the function (4.14) is a Borel-measurable
injection which maps Borel-sets to Borel-sets; note that since both τ1 and τ2 are diffeomorph-
isms, it remains to verify these properties for (4.13).

We do this via induction on n. Let n = 2 first. The fact that c is injective is clear from
(4.12), so let us next prove that c is Borel-measurable. For this it suffices to show that

c−1(B) ⊆ B((0, 1)2) for B any (topological) base of (0, 1). (4.15)

To this end, we consider the particular base of (0, 1) which is given by

B :=
{
Iα,2k := (α, α+ 10−2k)

∣∣∣∣∣ α =
∞∑
i=1

ai · 10−i for (ai) ∈ d2k and k ∈ N
}

(4.16)

where for k ∈ N we denote by dk the space of all decimal representations (ai)i∈N ⊂ ([9]0)N

with supi>k ai = 0 and ak < 9. (The fact that (4.16) defines a base of the Euclidean
topology on (0, 1) is then clear by definition.) To for this base prove (4.15), take any
Iα,2k ≡ (α, α+ 10−2k) = 0.a1 . . . a2k + (0, 10−2k) for α =

∑∞
i=1 ai · 10−i with (ai) ∈ d2k, and

note that then

c−1(Iα,2k) = c−1[(0.a1a2a3 . . . a2k, 0.a1a2a3 . . .(a2k + 1)
)]

=
(
0.a1a3 . . . a2k−1, 0.a1a3 . . . (a2k−1 + 1)

)
×
(
0.a2a4 . . . a2k, 0.a2a4 . . . (a2k + 1)

)
= Iα′, k × Iα′′, k for α′ =

∞∑
i=1

a2i−1 · 10−i and α′′ =
∞∑
i=1

a2i · 10−i.

To see that cmaps Borel sets to Borel sets, note that by the injectivity of c (and the resulting
fact that c(A ∩B) = c(A) ∩ c(B) for any A,B ⊆ (0, 1)2, implying that c is compatible with
any countable set-theoretic operation on (0, 1)2) this holds if

c(I × (0, 1)), c((0, 1)× I) ∈ B(0, 1) for each I ∈ B,

5 Whence, e.g., 1
2 = 0.500000 . . . instead of 1

2 = 0.499999 . . ..
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and by symmetry it suffices to check that c(I × (0, 1)) ∈ B(0, 1) for any given I = Iα,k ∈ B,
say α =

∑k
i=1 ai · 10−i. And indeed, the definition (4.12) yields

c(Iα,k × (0, 1)) =
{ ∞∑
i=1

bi · 10−i
∣∣∣∣∣ (b2ν−1)ν∈[k] = (aν)ν∈[k], bj ∈ [9]0 else

}

=
⋃

β≡(βν)∈([9]0)×k

(
k∑
i=1

(ai · 10−(2i−1) + βi · 10−2i) + (0, 10−2k)
)

=
⋃

β∈([9]0)×k
Iαβ ,k ∈ B(0, 1) as desired,

where αβ ≡ α(βν) :=
∑k
i=1(ai · 10−(2i−1) + βi · 10−2i).

With (4.12) hence being a Borel-measurable injection which maps Borel sets to Borel
sets, it is clear that the composition (4.13) inherits this property for each n ∈ N≥2, which
concludes the proof.

4.4 Statistical Consistency

In practice, the mixture X is usually not observed as a whole stochastic process with fully
known distribution but rather as a time-discretized sample consisting of finitely many data
points in Rd, often taken over non-equally spaced time grids. Further, often only a single
such (time-discretized) sample path of the process is available rather than many independ-
ent sample realisations,6 for example in the classical cocktail party problem. In this section
we demonstrate that our proposed nonlinear ICA method is stable under such discretisa-
tions. More precisely, we formalise the usual observation schemes (Section 4.4.1) and prove
that if these sampling discretisations of X get ‘finer’ in some natural sense, then our ICA
method produces a signal that gets uniformly closer to the unobserved source S underlying
X (Section 4.4.6). The main steps towards this are outlined in Section 4.4.2.

We assume throughout this section that the mixture X is a continuous-time signal. As
before, the (simpler) case where the underlying mixture X is discrete in time is covered
analogously up to some minor modifications, as we explain in detail in Section 4.5.0.1.

4.4.1 Sampling

In practical applications, observations of the mixture X are typically not available as con-
tinuous paths, i.e. elements of Cd, but rather as discrete, sequentially ordered collections of
data points in Rd. Formally, such data can be modelled as a discrete time series

x := (Xt(ω))t∈I with I := {0 = t0 < t1 < . . . < tn−1 = 1} (4.17)
6 Note, however, that the latter can be regarded as a special case of the former by concatenating the

available (independent) sample observations into a single long observation.
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for ω ∈ Ω any fixed elementary event in the probability space (Ω,F ,P) underlying X. (In
empirical language, the above dissection I of [0, 1] can then be regarded as a ‘protocol’
describing a sequence of measurements of X carried out per unit time with frequency n.)

The time series data (4.17) is then typically collected over not just one but several (ν ∈ N)
time intervals (per observation), and different observations of X (k ∈ N) may vary in the
frequency at which their fixed-time measurements are made. This gives rise to the data
scheme

x(k) ≡
(
x
(k)
1 , x

(k)
2 , · · ·

)
:= (Xt(ω))t∈Jk , for Jk := I(k)

1 t I(k)
2 t . . . =

⊔
ν∈N
I(k)
ν (4.18)

a dissection7 of [0,∞) such that I(k)
1 < I(k)

2 < . . . and n̂k := supν∈N |I
(k)
ν | <∞,8 with I(k)

1

a dissection of [0, 1] and x
(k)
ν = (Xt(ω))

t∈I(k)
ν

for each ν ∈ N. Any such family (Jk)k∈N will
be called a protocol, where the index k ∈ N enumerates the different observations of X.

Adopting the ergodicity perspective common in time-series analysis and signal processing,
the relevant statistical information of X (in our case: the signature-cumulant coordinates
(4.2)) may be averaged from the discretely-sampled observation x(k) of a single, sufficiently
long realisation of X. For this, we may generalise established observation schemes9 by
assuming that the data x(k) in (4.18) be obtained according to nothing else but the assump-
tions

X = (Xt)t≥0 and lim
k→∞

∥∥I(k)
1
∥∥ = 0 , (4.19)

that is, the requirements that the continuous observable X be ‘infinitely long’ (i.e., defined
over [0,∞)) and the frequency |I(k)

1 | of observations per initial interval be going to infinity.

A protocol (Jk)k∈N as in (4.18) & (4.19) will be called exhaustive with base lengths nk :=
|I(k)

1 | and maximal (observation) length n̂k; we called it balanced if |I(k)
ν | = nk for all ν ∈ N.

Remark 4.4.1. Note that the sampling scheme (4.18) allows for the units I(k)
ν =:

{
t
(k|ν)
0 <

· · · < t
(k|ν)
nk,ν−1

}
to span observation intervals

[
t
(k|ν)
0 , t

(k|ν)
nk,ν−1

]
of different lengths and dissect

them at different, non-constant frequencies. Notice further that while the mesh Jk in (4.18)
is infinite, this does not restrict us to considering observations x(k) that contain an infinitude

7 We call JT := {t0 < t1 < . . .} a dissection of [0,∞) if t0 = 0 and tj ↗ ∞ as j → ∞. Also, we then
assume X to be defined over the full positive time-axis [0,∞), see (4.19).

8 Notice that |I| denotes the cardinality of a set I ⊂ R (i.e. the number of its elements) while the
mesh-size of I is denoted ‖I‖, cf. (4.29). (Consequently |I| ≥ (max I −min I)/‖I‖+ 1.)

9 Observations schemes are typically required to be equispaced, see e.g. [52, Sect. 3] and [159] for an
overview.
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of information (x(k)
ν ). In fact, everything presented in this section works as stated if we relax

the above definition of a protocol by replacing the observable X in (4.18) with the cutoff

X · 1[0,Tk] for some finite observation horizon Tk ≥ 0 with lim
k→∞

Tk =∞,

thus extending the permissible data (x(k)) in (4.18) to finite (eventually zero) sequences.

4.4.2 Section Overview

Let (x(k)) be data associated to an exhaustive observation
(
X, (Jk)

)
via the sampling scheme

(4.18). This section aims to establish conditions under which the optimisation procedure
of Theorem 4.2.3, when applied to (x(k)) in lieu of X, yields a sequence of approximations
(θ̂k) of the true demixing inverse f−1 which is statistically consistent in the sense that

lim
k→∞

dist
(
θ̂k(X), DPd · S

)
= 0 (4.20)

almost surely or in probability, where the distance is taken with respect to the uniform norm
on Cd.10 Since the original optimisation (4.9) is composed of three (‘limiting’) operations
that each involve an ‘infinite amount of information’, namely the infinite series κ̄IC from
(4.7) whose summands (4.3) are each defined by taking expectations of nonlinear functionals
(4.1) of the continuous-time stochastic processes Y = θ(X), one may expect the consistency
(4.20) to result as a combination of the following three sublimits:

• Capping Limit (Section 4.4.3). In practice, only finitely many summands of the infinite
statistics κ̄IC from (4.7) can be computed from the data. This is to say that the series

κ̄IC(Y ) =
∞∑
m=2

∑
q∈Cm

κ̄q(Y )2, (4.21)

with Cm ⊂ [d]?+ denoting the set of all cross-shuffles C :=
⊔d
k=2Wk of word-length

m ∈ N (see Prop. 4.2.2), needs to be capped at some index m = m0. Denoting this
capped series by

κ̄
[m0]
IC (Y ) :=

m0∑
m=2

∑
q∈Cm

κ̄q(Y )2 (4.22)

we show that in the capping limit m0 → ∞ the minimizers of θ 7→ κ̄
[m0]
IC
(
θ(X)

)
ap-

proach those of (4.21) with respect to a naturally chosen topology on Θ; this provides
the first ingredient for the consistency limit (4.20).

10 The trivial case dist
(
θ̂k(X), DPd · S

)
≤ ‖θ̂k(X) − αk(S)‖ ≤ ‖θ̂k(X)‖ + ‖αk(S)‖ !→ 0 (k → ∞) is

automatically excluded if (X is non-trivial and) (θ̂k) ⊆ Θ is bounded away from zero. This is guaranteed by
the below assumption, in Theorem 4.4.13, of Θ being a compact subset of C1,1(DX).
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• Interpolation Limit (Section 4.4.4). The mixture X is usually observed along a dis-
crete set of time-points I rather than continuously over time (Sect. 4.4.1). Via their
piecewise-linear interpolation X̂I , these discrete observations (Xt)t∈I can be reinter-
preted as Cd-valued data, allowing us to approximate the summands in (4.22) via

κ̄q
(
θ(X)

)
≈ κ̄q(X̂θ

I), for X̂θ
I the linear interpolant of

(
θ(Xt)

)
t∈I . (4.23)

Showing that (4.23) defines a Θ-uniform approximation as ‖I‖ → 0, we obtain that
the minimizers of θ 7→ κ̄

[m0]
IC (X̂θ

I) converge to those of (4.22); our second ingredient
for (4.20).

• Ergodicity Limit (Section 4.4.5). Finally, as the available data (4.18) is but a single
realisation of the discrete time-series (Xt)t∈Jk , we propose to compute the approxim-
ations (4.23) by estimating their constituent signature moments (4.1) via

σi

(
X̂θ

I(k)
1

)
≈ 1

T

T∑
ν=1

sigi

(
x̂θ|kν

)
, for x̂θ|kν the linear interpolant of θ(x(k)

ν ) (4.24)

and where sigi(Y ) denotes the iterated integrals inside the expectation (4.1) (cf. Sect.
2.2.2, eqs. (2.18) and (2.15)). Showing that for many popular time-series models
and stochastic signals the above estimation scheme (4.24) for κ̄q(X̂θ

I) is Θ-uniformly
consistent as T →∞, we obtain our third and final ingredient for (4.20).

In Section 4.4.6, these three sublimits are then combined to prove that our nonlinear ICA
method (Theorem 4.2.3) gives rise to statistically consistent estimators of the sources un-
derlying the data, see Theorem 4.4.13 which also includes the consistency limit (4.20) as
a special case. The resulting approach is condensed into a readily implementable source
estimator in Section 4.6.

The majority of the proofs for this section are deferred to Section 4.7 as they are mostly
technical and independent of the argumentation developed in the main body of this work.

4.4.3 The Capping Limit

Let the subset Cm of [d]?+ denote the set of all cross-shuffles C :=
⊔d
k=2Wk of fixed word-

length m,11 for W2, . . . ,Wd as in Proposition 4.2.2 and m ∈ N.

11 The word-length of an element i ∈ [d]?+ is defined as the maximal order of the (finitely many) indices
in [d]?+ whose formal sum is i (cf. Notation 4.2.1). Thus Cm = Vm ∩

⊔d

k=2Wk in the language of Section
2.3.3.
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Let further Θ be a given set of nonlinearities (as specified below), and for (κq(Y ) | q ∈ [d]?)
as in (4.2) and θ ∈ Θ, consider the (in)finite cumulant series

Q(θ) :=
∞∑
ν=2

∑
q∈Cν

c−1
q · κq

(
θ(X)

)2 and Qm(θ) :=
m∑
ν=2

∑
q∈Cν

c−1
q · κq

(
θ(X)

)2 (4.25)

for m ≥ 2, where cq denotes the number of monomials in q (cf. Remark 4.7.1).

We make following technical compatibility assumptions on Θ and X. (For notation, 2.3.3.)

Assumption 1. Let Θ ⊆ C(DX ;Rd) be equipped with the topology of compact conver-
gence and suppose that Θ is compact, satisfies Θ ·X ⊆ BV and is such that it holds with
probability one that for every convergent sequence (θj)j≥1 in Θ there is some p ∈ [1, 2) with

supj≥1 ‖θj(X)‖p-var < ∞ (4.26)

where ‖ · ‖p-var is the p-variation seminorm (2.4). On side of the signature moments (4.1),
suppose that the expected signaturesS

(
θ(X)

)
≡ E

[
sig
(
θ(X)

)]
, θ ∈ Θ, exist and characterize

the law of their arguments, that their collection {S(θ(X)) | θ ∈ Θ} is |||·|||λ-bounded12 for
some λ > 2, and that for each m ≥ 1 (with sigm := πm ◦ sig, sig as in (2.13)),13

E
[
sup
θ∈Θ

∥∥sigm(θ(X)
)∥∥
m

]
< ∞. (4.27)

(To avoid potential measurability problems, we may as well replace (4.27) by the (weaker)
requirement that

[
E
[
supθ∈F

∥∥sigm(θ(X)
)∥∥
m

]
< ∞, ∀ countable F ⊆ Θ

]
if desired.)

Remark 4.4.2. Notice that the above conditions on Θ and X are quite natural and well-
established in the contexts of Artificial Neural Networks (ANNs) and Stochastic Analysis.
Indeed: The topological requirement of compact convergence is typically met if Θ is given
as the realisation space of an ANN, see e.g. [15, 124], while the assumptions Θ · X ⊆ BV
resp. (4.26) hold for instance if Θ ⊆ C1(DX ;Rd) resp. if the elements of Θ are continuously
differentiable with uniformly bounded Jacobians. The growth assumptions on the signature
coordinates (including (4.27)), on the other hand, have been extensively studied, established
and applied in the context of rough path analysis and statistics, see e.g. [33] and [19, 34].

Lemma 4.4.3. Let X and Θ be as described in Assumption 1, and Q,Qm : Θ→ R as given
in (4.25). Then the following holds:

12 As the source S can be recovered up to (a componental permutation and) a monotone scaling only, we
can and will assume wlog (cf. Lemma 2.3.5 (vii)) that the set {S(θ ·X)− 1 | θ ∈ Θ} ⊆ V(0) is |||·|||λ-bounded
by 1.

13 Some of the supθ-related (or dist( · ,DPd · S)-related) expressions in the following sections may be
non-measurable, in which case any probability statements involving these expressions are to be understood
in terms of outer measure (cf. [152, 155]).
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(i) the functions Q,Qm : Θ→ R are continuous ;

(ii) the capped objectives Qm approximate Q uniformly as m goes to infinity, in symbols:

lim
m→∞

‖Q−Qm‖Θ = 0 for ‖q‖Θ := sup
θ∈Θ
|q(θ)| ;

(iii) if Q is uniquely minimized at θ? ∈ Θ, i.e. such that Q(θ) > Q(θ?) if θ 6= θ?, then any
(‘minimising’) sequence (θ?m) in Θ such that Qm(θ?m) ≤ infθ∈ΘQm(θ) + ηm for some
ηm ≥ 0 with limm→∞ ηm = 0 a.s., converges to θ? almost surely as m→∞.

Proof. See Section 4.7.2.

The following is but a reformulation of Lemma 4.4.3 in terms of the standardized signa-
ture cumulants (4.7). It also anticipates the consistency assertion in Theorem 4.4.13 below.

Proposition 4.4.4 (Capping Limit). Let X and Θ ⊆ C2,2(DX) fulfil Assumption 1, and
suppose that there is a unique θ? ∈ Θ such that θ?(X) is IC. Let κ̄[m]

IC be as in (4.22). Then
for any sequence of minimizers (θ?m) in Θ such that

κ̄
[m]
IC
(
θ?m(X)

)
≤ min

θ∈Θ
κ̄

[m]
IC
(
θ(X)

)
+ ηm

for some (ηm) in R+ with limm→∞ ηm = 0 a.s., it holds with probability one that

lim
m→∞

dist‖·‖∞
(
θ?m(X), DPd · S

)
= 0. (4.28)

Proof. Since for any q ∈ C we have that κq(Y ) = 0 iff κ̄q(Y ) = 0 (recall (4.3) and Nota-
tion 4.2.1), it holds that arg minθ∈ΘQm(θ) = arg minθ∈Θ κ̄

[m]
IC
(
θ(X)

)
for each m ≥ 2. The

convergence (4.28) is thus immediate by Lemma 4.4.3 (iii) and Prop. 4.2.2/Thm. 4.2.3.

4.4.4 The Interpolation Limit

Let I be a compact interval; say I = [0, 1] wlog as above. A finite subset I of I is called a
dissection of I if it contains the boundary points of I, and a sequence (Iµ)µ≥1 of dissections
Iµ ≡

{
t
(µ)
0 , . . . , t

(µ)
nµ−1

∣∣ t(µ)
0 < t

(µ)
1 < . . . < t

(µ)
nµ−1

}
of I is called refined if the maximal

distance ‖Iµ‖ between two successive points in Iµ, the so-called mesh-size of Iµ, goes to
zero as µ→∞; in symbols:

‖Iµ‖ := max
j∈[nµ−1]

∣∣t(µ)
j − t

(µ)
j−1
∣∣ −→ 0 as µ→∞. (4.29)
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Writing X̂θ
I for the piecewise linear interpolant14 of the transformed data Xθ

I :=
(
θ(Xt)

)
t∈I ,

θ ∈ Θ, the next lemma shows that, as ‖I‖ → 0, the statistic (cf. (4.25))

Q̂m(Y ) :=
m∑
ν=2

∑
q∈Cν

c−1
q · κq(Y )2 with Y := X̂θ

I (m ≥ 2) (4.30)

yields a Θ-uniform approximation of the contrast Qm from (4.25).

Lemma 4.4.5 (Interpolation Limit). Let Θ and X be as in Assumption 1, Q̂m as in (4.30)
and Qm as in (4.25). Then for (In)n∈N any refined sequence of dissections of I and any
m ∈ N≥2,

Qm(θ) = lim
n→∞

Q̂m(X̂θ
In) uniformly on Θ. (4.31)

Proof. See Section 4.7.4.

4.4.5 The Ergodicity Limit

We formalise the estimation scheme (4.24) and show that it holds uniformly on Θ for a
large class of time-series models and stochastic processes.

Notation 4.4.6. Let Z := Rd. Given z ≡ (zj)j∈N and J ⊂ N, we write zJ := (zj)j∈J and
z(`1: `2] := (z`1+1, z`1+2, . . . , z`2) for `1, `2 ∈ N0 with `1 < `2, and denote by ẑEn ≡ ι̂En(z)
the piecewise-linear interpolation of z ≡ (zj)j∈[n] ∈ Z×n along the equidistant dissection
En := {(ν − 1)/(n − 1) | ν ∈ [n]} of [0, 1] (cf. Section 4.7.3). For X∗ ≡ (Xj)j∈N a discrete
time-series in Rd, we denote by DX∗ :=

⋃
j∈N supp(Xj)

|·| its spatial support.
Set further sig[m] := π[m] ◦ sig for the signature capped at level m ≥ 2, cf. Section 2.3.3.

The signature transform (2.14), and thereby its cumulants (4.2), (4.3), are invariant under
time-domain reparametrisations of X, see Lemma 2.3.5 (iii). Hence, the statistics (4.22) of
an interpolant Y ≡ X̂I depend only on the time series XI — i.e. on the random variables
Z1 := Xt0 , . . . , Zn := Xtn−1 and their sequential order — and not on the dissection along
which XI = (Zj)j∈[n] is interpolated. In symbols, see Section 4.7.3 (4.64) for notation,

sig(X̂I) = sig(ι̂J (Z1, . . . , Zn)) for any dissection J (4.32)

with cardinality |J | = |I|. This justifies to abstract from the topology of the time-indices
t ∈ I in (4.18), as done in the formulation of Definition 4.4.7 below.

All expectations in the following definition are assumed to exist.
14 For a formal definition of this operation see Section 4.7.3, where a unified notation for the projection

of continuous-time data to discrete time series – and, conversely, the embedding (via interpolation) of the
latter type of data into C(I;Rd) – is provided.
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Definition 4.4.7 (Signature Ergodicity). Let X∗ = (Xj)j∈N be a discrete time-series in Rd

and n,m ∈ N. We call X∗ mth-order signature ergodic to length n if, almost surely,

E
[
φ(X[n])

]
= lim

T→∞
T−1

T∑
j=1

φ(X(n(j−1):nj]) for φ(z) := sig[m](ẑEn) , (4.33)

and X∗ will be called weakly mth-order signature ergodic to length n if (4.33) holds in
probability. We call the process X∗ [weakly] signature ergodic to length n if X is [weakly]
mth-order signature ergodic to length n for every m ≥ 1.

Given Θ ⊆ C(DX∗ ;Rd), we call X∗ [weakly/mth-order] signature ergodic to length n on
Θ if the respective property holds for each θ(X∗) :=

(
θ(Xj)

)
j∈N, θ ∈ Θ.

We refer to the LHS of (4.33) as the [m]th-signature moment of the batch (X1, . . . , Xn).

Remark 4.4.8. (i) In other words, the time-series X = (Xj)j∈N is [weakly] mth-order
signature ergodic to length n iff the sequence of empirical measures (on B(Cd))

µ̂T := 1
T

T∑
j=1

δX̂j for X̂j := ι̂En(Xn(j−1)+1, . . . , Xnj)

yields a consistent estimator for the expected signature S[m](X̂1) of X̂1, that is iff

Sk(X̂1) = lim
T→∞

∫
Cd
sigk(x) µ̂T (dx) a.s. [in probab.] (4.34)

for each 1 ≤ k ≤ m. Notice that due to (4.32), the equidistant dissection En in (4.33)
may be replaced by any other [0, 1]-dissection of the same cardinality.

(ii) A time-series (Xt)t∈Jk for Jk as in (4.18), is called mth-order signature ergodic if a.s.

E
[
φ̃(X̂I(k)

1
)
]

= lim
T→∞

T−1
T∑
ν=1

φ̃(X̂I(k)
ν

) for φ̃ := sig[m]( · ) , (4.35)

for X̂I := ι̂I(XI) the piecewise-linear interpolation of XI ≡ (Xt)t∈I along I ⊂ R.
The remaining notions of Definition 4.4.7 carry over analogously. Notice that in
consequence of Lemma 2.3.5 (iii), the above notions (4.35) of signature ergodicity for
protocol-indexed time-series are in fact a special case of Definition 4.4.7: see Lemma
4.7.3. Hence also for time-series of this protocol-indexed kind, the results of this
section all apply as stated upon replacing their respective ergodicity assumptions by
their (4.35)-type counterparts.
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Let as before the space C(DX∗ ;Rd) be endowed with the compact-open topology. Using the
universality of the signature transform (Lemma 2.3.5 (iv)), we find that the [weak] signature
ergodicity of X∗ = (Xj)j∈N is passed onto θ(X∗) =

(
θ(Xj)

)
j∈N for any θ ∈ C(DX∗ ;Rd).15

Proposition 4.4.9. Let Θ ⊆ C(DX∗ ;Rd) and X∗ = (Xj)j∈N be a discrete time-series in
Rd with compact spatial support and such that for each θ ∈ Θ the expectations

E[sigm(X̂θ
1 )] exist for all m ≥ 1, with X̂θ

1 the interpolant of θ(X1), . . . , θ(Xn).

It then holds that: if X∗ is [weakly] signature ergodic to length n, then X∗ is [weakly]
signature ergodic to length n on Θ.

Using a Glivenko-Cantelli type result yields the following observation of uniform convergence.

For the lemma below, let Θ be as in Assumption 1 and κ[m]
IC as in (4.22), and for n ∈ N

denote by (In|j)j∈N any fixed sequence of [0, 1]-dissections with |In|j | = n for all j ∈ N.

Lemma 4.4.10 (Ergodicity Limit). Let X∗ = (Xj)j∈N be a discrete time-series which for
some m is [weakly] mth-order signature ergodic to some length n ∈ N on Θ, and denote

Km|n|T(θ) := log[m](Ŝ
m|n
T (θ)) for Ŝ

m|n
T (θ) := 1

T

T∑
j=1

sig[m](X̂θ
j ),

and16 K̄
m|n|T
i (θ) := K

m|n|T
i (θ)(

K
m|n|T
11 (θ)

)η1(i)/2 · . . . ·
(
K
m|n|T
dd (θ)

)ηd(i)/2 , i ∈ [d]?,

for each θ ∈ Θ, where X̂θ
j is the interpolant of θ(Xn(j−1)+1), . . . , θ(Xnj) along In|j.

For any m ≥ 2, n, T ∈ N and θ ∈ Θ, denote further (recalling Notation 4.2.1)

κ̂
m|n
T (θ) :=

m∑
ν=2

∑
q∈Cν

K̄
m|n|T
q (θ)2. (4.36)

Provided that E
[
supθ∈Θ

∥∥sigk(X̂θ
1 )
∥∥
k

]
<∞ for each k ∈ [m], it then holds that

κ̄
[m]
IC (X̂θ

1 ) = lim
T→∞

κ̂
m|n
T (θ) uniformly on Θ a.s. [in probability]. (4.37)

A detailed study of the class of (weakly) signature-ergodic stochastic processes is beyond
the scope of this thesis, but Section 4.7.7 and the examples below show that the ergodicity
assumption (4.34) is met for many popular time series models and stochastic processes.

Definition 4.4.11 (Ergodic Observations). For X̃ = (X̃t)t≥0 a continuous stochastic pro-
cess in Rd and J = (Jk)k∈N ⊂ 2[0,∞) an exhaustive protocol with base lengths (nk)k∈N,

15 Proposition 4.4.9 and Lemma 4.4.10 are proved in the Sections 4.7.5 and 4.7.6, respectively.
16 Where ην(i) denotes the number of times the index-entry ν appears in i; cf. (4.3).
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(i) the pair (X̃,J ) will be called an ergodic observation if for almost all k ∈ N,

(X̃t)t∈Jk is signature ergodic to length nk, (4.38)

and (X̃,J ) will be called ergodic* if in addition the spatial support of X̃ is compact;

(ii) the pair (X̃,J ) will be called a weakly ergodic observation if for almost all k ∈ N,

(X̃t)t∈Jk is weakly signature ergodic to length nk (4.39)

and the running maximum of |X̃| has finite expectation,17 i.e. E[supt∈[0,1]|X̃t|] <∞.

Given a finite-horizon process X = (Xt)t∈I, we call a pair (X̃,J ) a [weakly] ergodic[∗]

observation of X if it is a [weakly] ergodic[∗] observation and X = (X̃t)t∈I almost surely,
and we call (X̃,J ) a [weakly] ergodic[∗] observation of X on Θ ⊆ C(DX̃ ;Rd) if in addition
the pair

(
θ(X̃),J

)
is a [weakly] ergodic[∗] observation for each θ ∈ Θ individually.

Examples 4.4.12. Lemma 4.7.7 implies that the [strong resp. weak] ergodicity assumptions
(4.33) resp. (4.35) are satisfied by a large number of time series and continuous stochastic
processes X̃ (and with it by θ(X̃) for θ ∈ Θ), for the latter by way of (4.38) resp. (4.39) and
Lemma 4.7.3 via any protocol J chosen such that X̃J is appropriately stationary. These
include, adequate stationarity provided (cf. e.g. Definition 4.7.6),

1. (trivially) all q-dependent time series (e.g. all moving-average processes of finite de-
gree);

2. various linear and related processes such as certain [MC]ARMA, ARCH and GARCH
models (see, e.g., [55, 108, 127, 141]);

3. many Markov processes, diffusions and stochastic dynamical systems (e.g. [46, 109, 135, 156]);

see e.g. [21] for an overview. In practice however, infringements of the above (sufficient)
conditions for signature ergodicity may typically be innocuous, cf. Section 4.8.

4.4.6 The Consistency Limit

The considerations of Subsections 4.4.2 to 4.4.5 combine to the following consistency result
for our ICA-method (Theorem 4.2.3).

Theorem 4.4.13 (Consistency). Let X,S and Θ be as in Theorem 4.2.3 and Assumption
1, and let (X̃, (Jk)k∈N) be an ergodic* [resp. weakly ergodic on Θ] observation of X with
base lengths (nk)k∈N. Suppose that there is θ? ∈ Θ such that θ?(X) is IC. Then for any

17 The integrability of the running maximum of |X̃| is discussed in, e.g., [20, Chapter 13] and [107]
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error bound ε > 0 there exists a capping threshold m0 ≥ 2 such that for any fixed m ≥ m0

the following holds: There is a mesh-index k0 = k0(m) ∈ N such that for any k ≥ k0 and
any sequence (θ̂?T ) in Θ with the property that, for κ̂m|nkT as in (4.36) but computed from
X∗ ≡ X̃Jk ,

κ̂
m|nk
T

(
θ̂?T
)
≤ min

θ∈Θ
κ̂
m|nk
T (θ) + ηT (T ∈ N) (4.40)

for some (ηT ) ⊂ R+ with limT→∞ ηT = 0 almost surely [resp. in probability], it holds that

lim
τ→∞

max
{

sup
T≥τ

[
dist‖·‖∞

(
θ̂?T (X), DPd · S

)]
, ε

}
= ε (4.41)

almost surely [resp. in probability]. If (X̃, (Jk)k∈N) is ergodic on Θ and the spatial support
of X is not necessarily compact, then (4.41) holds almost surely with the above threshold m0

depending on the realisation of X̃.

The above theorem shows that the optimality-based inversion scheme (4.9) is provably
robust under a variety of approximations arising in statistical practice.

Remark 4.4.14. In particular,18 Theorem 4.4.13 gives the following guarantee: Provided
that the hyperparameters m (capping threshold) and k (observation frequency) are chosen
large enough, the minimizers (4.40) of the empirical signature contrasts κ̂m|nT from (4.36)
will, in the infinite-data limit T → ∞, recover each component of the source to an arbit-
rarily high I-uniform precision (up to order and monotone scaling). In other words, as the
grid of observational time-points gets finer (k → ∞) and the length of the observed time
series increases (T → ∞), our method produces a signal that gets uniformly closer to the
unobserved source.

Proof of Theorem 4.4.13. For brevity, only the statement for (X̃, (Jk)) ergodic* is proved
here; a proof of the remaining non-compact [weakly] ergodic case is given in Section 4.7.8.

So let (X̃, (Jk)) be an ergodic observation with DX compact.
Making the (m, k, T )-dependence of each minimizer θ̂?T in (4.40) explicit by writing θ̂?T =:
θ
m|k
T , fix any θ? ∈ Θ with θ?(X) IC and observe that assertion (4.41) follows from the claim:

∀ ε̃ > 0 : ∃m0 ≥ 2 : for each m ≥ m0 there is k0 ≡ k0(m) such that :

lim
τ→∞

αm|kτ ∨ ε̃ = ε̃ a.s. with αm|kτ := supT≥τ d̃(θm|kT ,Θ?), for each k ≥ k0;
(4.42)

here: a ∨ b := max{a, b} and d̃ denotes the topology-inducing metric (4.89) on Θ, and

Θ? := {β ◦ θ? | β ∈MΘ} for MΘ := DPd(Dθ?(X)) ∩
[
Θ ◦ θ−1

?

]
.

18 Since the maximum norm and the Euclidean norm on Rd are equivalent.
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Indeed: Note first that for each θ ∈ Θ, we have that θ(X) is IC iff θ ∈MΘ · θ?. (For this,
recall that if θ(X) ≡ (θ ◦ f)(S) is IC then β̃ := θ ◦ f ∈ DPd(DS) by [the respective proofs
of] Theorems 3.3.3 and 3.3.7; thus also the residual β? := θ? ◦ f : DS → Dθ?(X) (cf. Lemma
3.2.5 (i)) is in DPd(DS), whence the map β := θ ◦ θ−1

? = β̃ ◦ β−1
? is both monomial and in

Θ ◦ θ−1
? , i.e. β ∈MΘ, as claimed.) In other words (recall Proposition 4.2.2), we have that

Θ? = arg minθ∈Θ κ̄IC(θ(X)). (4.43)

(In the following, we import the setting and notation of Remark 4.7.8 for usage below.)
Provided now that (4.42) holds, we find that for every ε > 0 there is m0 ≥ 2 with the

property that each capping index m ≥ m0 comes with a mesh-threshold k0 = k0(m) ∈ N
which is such that for each observation at mesh-level k ≥ k0 we have with probability one
that there is a sequence of transformations (θT )T∈N in Θ? such that almost surely:

∥∥θm|kT (X)− θT (X)
∥∥
∞ ≤ ε for almost all T ∈ N, where

(
θT (X)

)
⊂ DPd · S (4.44)

with probability one due to (4.43) and Theorem 4.2.3. This readily implies (4.41) as desired.
To derive (4.44) from (4.42), let ε > 0 be arbitrary, assuming ε < 1 wlog, and note

that DX ⊆ Kν0 for some ν0 ∈ N as DX is compact. Observe then that (4.90) provides the
inclusion Bdν0

ε (θ) ⊇ Bρν0
ε/2 (θ) for each θ ∈ Θ, while the definition of d̃ yields B̃ε̃(θ) ⊆ B

ρν0
ε/2 (θ)

for ε̃ := 2−ν0ε/2, cf. (4.89). Given (4.42), this ε̃ comes with associated m0,m, k0, k ∈ N and
a P-full set Ω′ ≡ Ω′m,k ∈ 19F such that

αm|k(ω) := lim
τ→∞

supT≥τ d̃(θm|kT (ω),Θ?) ≤ ε̃/2 for each ω ∈ Ω′

(note: αm|k exists as (αm|kτ )τ∈N is monotone and bounded). Thus, for each ω ∈ Ω′ ∩Ω′′ (for
Ω′′ ∈ F the P-full set on which the traces of X are all contained in DX ; Lemma 3.2.5 (ii))
there is τ0 (= τ0(ω)) ∈ N together with a sequence (θT )T∈N (≡ (θT (ω))T∈N) ⊂ Θ? such that:
θ
m|k
T (ω) ⊆ B̃ε̃(θT )

(
⊆ Bρν0

ε/2 (θT ) ⊆ Bdν0
ε (θT )

)
for each T ≥ τ0, and hence

∥∥θm|kT (ω)
(
X(ω)

)
− θT

(
X(ω)

)∥∥
∞ ≤

∥∥θm|kT (ω)− θT
∥∥
Kν0

= dν0(θm|kT (ω), θT ) ≤ ε (4.45)

for each T ≥ τ0, which gives (4.44) as desired. To prove (4.42) next, let ε̃ > 0 be arbitrary.
Then for κm,k(θ) := Q̂m(X̂θ

I(k)
1

) as in (4.30) with J =: (Jk ≡ t∞ν=1I
(k)
ν | k ∈ N) the

given protocol under consideration, there is m0 ≥ 2 such that for each m ≥ m0 it holds that

∃ k0 (≡ k0(m)) ∈ N : arg min
θ∈Θ

κm,k(θ) ⊆ Θε̃/2
? :=

⋃
θ∈Θ?

B̃ε̃/2(θ), ∀ k ≥ k0. (4.46)

19 For convenience, we may assume the underlying probability space (Ω,F ,P) to be complete.
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Indeed: The identity (4.43) (together with the fact that κ̄IC(θ?(X)) = 0) implies that
ζε̃ := minθ∈Θ\Cε̃ Q(θ) > 0 for20 Cε̃ := Θε̃/2

? ∩ Θ and Q as in (4.25), while Lemma 4.4.3 (ii)
provides an m0 ≥ 2 with supm≥m0 ‖Q−Qm‖Θ < ζε̃/2. Fixing any m ≥ m0 and using that
(Jk)k∈N is exhaustive (whence the sequence (I(k)

1 )k∈N is refined), Lemma 4.4.5 yields some
k0 ≡ k0(m) ∈ N with supk≥k0 ‖Qm − κm,k‖Θ < ζε̃/2. Hence for any fixed k ≥ k0 and each
θ̃ ∈ Θ with κm,k(θ̃) = minθ∈Θ κm,k(θ), it holds that

Q(θ̃) = κm,k(θ̃) + (Q− κm,k)(θ̃) < ζε̃/2 + ζε̃/2 = ζε̃ and hence θ̃ ∈ Θε̃/2
? ,

where we used the fact that 0 ≤ minθ∈Θ κm,k(θ) ≤ κm,k(θ?) = 0 (i.e., the argmins of κm,k
on Θ coincide with its roots), where this last property follows from Proposition 4.2.2 and
the obvious fact that if θ?(X) is IC then so is X̂θ?

I(k)
1

. Together with (4.46) the identity
arg minΘ(κm,k) = {θ ∈ Θ | κm,k(θ) = 0} =: N (κm,k) now implies that, for κ̄m,k(θ) :=
κ̄

[m]
IC
(
X̂θ

I(k)
1

)
as in (4.22),

M := arg min
θ∈Θ

κ̄m,k(θ) ⊆ Θε̃/2
? for each k ≥ k0, (4.47)

because arg minΘ κ̄m,k = N (κ̄m,k) (as above) and the zero sets N (κ̄m,k) and N (κm,k) coin-
cide (by Definition 4.1.2). Next we claim that, for m and k as above,

lim
τ→∞

supT≥τ d̃
(
θ
m|k
T ,M

)
= 0 almost surely, (4.48)

which by way of (4.47) implies (4.42) as desired. To see (4.48), observe first that

lim
T→∞

κ̄m,k(θ?T ) = 0 almost surely, with (θ?T ) ≡ (θm|kT ) (4.49)

as in (4.48), which due to (4.37)|X∗≡X̃Jk follows by the same arguments that led to (4.60).
Using proof by contradiction, assume now that (4.48) does not hold. Then, pointwise on an
event of positive probability, there will be δ0 > 0 together with a subsequence (Tj)j∈N ⊆ N
such that d̃(θ?Tj ,M) ≥ δ0 for each j ∈ N. But as Θ is compact, we (upon passing to a
convergent subsequence) may assume that (θ?Tj )j∈N converges to some θ0 ∈ Θ. Then by
continuity κ̄m,k(θ0) = limj→∞ κ̄m,k(θ?Tj ), whence κ̄m,k(θ0) = 0 by (4.49) and thus θ0 ∈ M.
Yet the latter contradicts that (θ?Tj )j∈N is bounded away fromM (by δ0), proving (4.48).

4.5 Consistency in the Discrete-Time Case

Throughout Section 4.4 we assumed the data-generating signalX from (4.19) to be continuous-
time on [0, 1]. If this is not the case, then the ‘refinement assumption’ limk→∞ ‖I

(k)
1 ‖ = 0

in (4.19) can be dropped and naturally replaced by the compensating assumption that

there is k0 s.t. the observation (Xt)t∈I(k0)
1

is ᾱ-, β̄- or γ̄-contrastive.

20 Provided that ε̃ is small enough such that Cε̃ ( Θ, which can be assumed without loss of generality.
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This renders Sect. 4.4.4 void and removes the necessity to, as in Sect. 4.4.1, consider k-
dependent protocols Jk with ever growing base lengths |I(k)

1 |. Sections 4.4.3, 4.4.5, however,
stay applicable as stated and Theorem 4.4.13 remains valid – by the same proof – up to the
following straightforward modifications21.

4.5.0.1 Consistency in the Discrete-Time Case

In Section 4.4 we assumed that the data-generating signal X from (4.19) is continuous-time
on [0, 1]. If this is not the case, then the ‘refinement assumption’ limk→∞ ‖I

(k)
1 ‖ = 0 in

(4.19) can be dropped and naturally replaced by the compensating assumption that

there is k0 s.t. the observation (Xt)t∈I(k0)
1

is ᾱ-, β̄- or γ̄-contrastive.

This renders Section 4.4.4 void and removes the necessity to consider k-dependent protocols
Jk with ever growing base lengths |I(k)

1 | (Section 4.4.1), while Sections 4.4.3 and 4.4.5 stay
applicable as stated and Theorem 4.4.13 remains valid – by the same proof – up to the fol-
lowing straightforward modifications. (In essence, we only need to remove the k-dependence
from Section 4.4.)

Let X∗ and S∗ be as in (3.112) with X̃∗ = (X̃j)j∈J for some J ⊆ Z such that

J =
⊔
ν∈N
Iν with I1 < I2 < . . . s.t. (Xj)j∈I1 =: (X̃j)j∈I1 is ᾱ-, β̄- or γ̄-contrastive.

Let further Θ be as in Theorem 4.2.3 and such that Assumption 1 holds22 for (Xj)j∈I1 . We
then call the discrete process X̃∗ an ergodic observation of X∗ if X̃∗ is signature ergodic to
length |I1| =: n; the remaining notions of Definition 4.4.11 are adopted analogously.

Let finally ‖ · ‖[n] denote the uniform norm on Rd×n (so that ‖(xj)‖[n] = maxj∈[n] |xj |).

Theorem 4.5.1. Let X∗, S∗ and Θ, X̃∗ be as above, and suppose that there is θ? ∈ Θ
such that θ?(X∗) is IC. Suppose further that X̃∗ is an ergodic* [resp. weakly ergodic on Θ]
observation of X∗. Then for any error bound ε > 0 there exists a capping threshold m0 ≥ 2
such that for any fixed m ≥ m0 the following holds: For every sequence (θ̂?T ) in Θ such that

κ̂
m|n
T

(
θ̂?T
)
≤ min

θ∈Θ
κ̂
m|n
T (θ) + ηT (T ∈ N), for κ̂

m|n
T as in (4.36)|X∗:=X̃∗ and n := |I1|

and some (ηT ) ⊂ R+ with limT→∞ ηT = 0 almost surely [resp. in probability], it holds that

lim
τ→∞

max
{

sup
T≥τ

[
dist‖·‖[n]

(
θ̂?T (X∗), DPd · S∗

)]
, ε

}
= ε

21 In essence, we only need to remove the k-dependence from Section 4.4.
22 Following the piecewise-linear interpolation of (Xj)j∈I1 as in point (ii) (b) above.
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almost surely [resp. in probability]. If X̃∗ is ergodic on Θ and the spatial support of X∗ is not
necessarily compact, then (4.41) holds almost surely with the above threshold m0 depending
on the realisation of X̃∗.

4.6 Algorithm

The computational procedures of Section 4.4 (and Section 4.5.0.1) can be summarized into
the following practical algorithm whose consistency is established by Theorem 4.4.13.

Algorithm: Nonlinear ICA via Signature Cumulants

Goal: For X = f(S) with a contin.-/discrete-time process S in Rd, invert X for S.

Hyperparameters: candidate nonlinearities Θ, capping order m0 (as in (4.22)),

base length n (:= |I(k)
1 |, as in (4.18)), observation horizon T (as

in (4.36), or T ≡ max{j ≥ 1 | I(k)
j ≤ Tk} for Tk as in Rem. 4.4.1).a

1. Input: sample observation x ≡ (xj) of X (as in (4.18), with index (k) omitted).

2. Compute the estimated contrast φ̂ := κ̂
m0|n
T as in (4.36), that is compute

φ̂(θ) =
m0∑
ν=2

∑
q∈Cν

ϕ̄q(θ)2 with23 ϕ̄i(θ) := ϕi(θ)

ϕ11(θ)
η1(i)

2 · · · ϕdd(θ)
ηd(i)

2

where ϕi(θ) :=
〈
Ĉ (θ), i

〉
(i ∈ [d]?) (4.50a)

and Ĉ (θ) := log[m0]

T−1
T∑
j=1

sig[m0]
(
x̂θj
), (4.50b)

for x̂θj the piecewise-linear interpolation of the data θ(xj) ≡
(
θ(Xt(ω)) | t ∈ Ij

)
.

3. Compute a minimiser θ? of φ̂ over Θ, that is find

θ? ∈ arg min
θ∈Θ

φ̂(θ). (4.51)

4. Compute the estimated source realisation ŝ := θ?(x) ≡
(
θ?(Xt(ω)) | t ∈ I1

)
.

5. Output: ŝ and θ?.
a Optional: weights (wq) as in Remark 4.2.4 (v).

The above algorithm involves two independent subroutines, namely the computation of
the free logarithm of averages of signatures of piecewise-linearly interpolated data batches
(4.50b) followed by the subsequent extracion of its relevant [cross-shuffle-indexed] coeffi-

23 Recall Notation 4.2.1 and that ην(i) equals the number of times the index-value ν appears in i, for
example η3(123433235) = 4. Recall further that 〈Ĉ (θ), i〉 denotes the ith entry of the multiindexed list Ĉ (θ)
(cf. (2.3.2)).
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cients (4.50a), and the optimisation (4.51) of the contrast φ̂ over a given set Θ of candidate
demixing transformations. The first of these routines can be conveniently implemented by
use of the functionality provided with specialised signature libraries such as [95], while the
second task can be performed with great flexibility by choosing Θ as an artificial neural
network that has φ̂ as its loss function. The minimiser θ? can then be learnt as an optimal
network configuration reached by training (Θ, φ̂) via backpropagation, cf. e.g. Remark 4.2.4
(ii) and Section 4.8.3.

Several example applications of the above method are detailed in Section 4.8 and on
the public repository [140] where the above algorithm is also implemented, including a
differentiable (i.e. backpropagatable) implementation of the contrast function φ̂.

4.7 Lemmas and Proofs for Section 4.4

The following contains auxiliary considerations and proofs for Section 4.7. We make tacit
use of the notation from Section 2.3.3.

4.7.1 Basic Cross-Shuffle Combinatorics

Using the notation of Sections 4, 4.4.3 and 2.3.3 throughout, this subsection considers the
family of cross-shuffles C ≡

⊔d
k=2Wk =

⊔∞
ν=2 Cν .

By definition (4.6) of the shuffle product, each element q ∈ Cν (seen as an element of
(2.3.2)) is a homogeneous polynomial of degree ν whose monomial coefficients are all 1, i.e.
there is cq ∈ N such that q = q1 + · · ·+ qcq with qj ∈ [d]∗ for each j ∈ [cq]. Partitioning

Cν =
d⊔

k=2
Cν|k for Cν|k := Cν ∩Wk,

the definition ofWk yields that for any given q ∈ Cν the pair ϑq ≡ (kq, µq) ∈ [d]≥2× [m−1],
with kq := max{i ∈ [d] | i ∈ q1} being the largest letter contained in q and µq :=

∑
i∈q1 δi,kq

denoting the number of times this largest letter appears in one (and hence any) of the
monomials of q, determines q uniquely (in Cν) up to a -left-factor of word length ν − µq.
(Indeed: Given q ∈ Cν , the number kq ∈ N is the (unique) index s.t. q ∈ Cν|kq

⊂ Wkq ,
whence q = w (kq)∗µq for some w ∈ [kq − 1]∗ with |w| = ν − µq.)

Since the shuffle product (4.6) of two words i, j ∈ [d]∗ is precisely the sum over the ci j(
= (|i|+|j|)!

|i|!|j|!
)
ways of interleaving i and j, any two monomials in i j are composed of exactly

the same letters and differ only in the order in which their letters appear. Consequently,
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(a) any two q, q′ ∈ Cν have a monomial in common iff q = q′ ;

(b) given any q ∈ Cν with its unique (up to the order of summands) decomposition
q = q1 + . . .+qcq into monic monomials q1, . . . , qcq ∈ [d]∗, these monomials q1, . . . , qcq

are pairwise distinct.

(Note that point (b) follows inductively: Let q ≡ w (kq)∗µq ∈ Cν with (kq, µq) = ϑq. The
assertion clearly holds if µq = 1 or (by symmetry) |w| = 1. Fixing any q as above, assume
that (b) holds for any r ≡ w′ (kq)∗µr ∈ C with µr = µq − 1 or |w′| = |w| − 1. Note that

q = (w′ ∗ i) (kq)∗(µ′q+1) = r0 ∗ i + r1 ∗ kq (w =: w′ ∗ i, i ∈ [kq − 1] \ {ε})

for the polynomials r0 := w′ (kq)∗µq and r1 := w (kq)∗(µq−1) (by the recursive formulation
of the shuffle product, e.g. [132, p. 25 f.]). Now since the monomials of r0 and r1 are all
monic and pairwise distinct by induction hypothesis, the same applies to r0 ∗ i and r1 ∗ kq

and, hence (as i 6= kq), to q. Thus by induction, assertion (b) holds for q as desired.)

4.7.2 Proof of Lemma 4.4.3

Proof of Lemma 4.4.3. (i) : For ν ≥ 2 fixed, consider the function qν : Θ→ Vν given by

qν(θ) :=
∑

q∈Cν
κq
(
θ(X)

)
· q
√
cq

(4.52)

with cq the number of monomials in q (cf. Remark 4.7.1). As the sets {c−1/2
q · q | q ∈ Cν}

are each finite and orthonormal wrt. the Euclidean structure on Vν (cf. Sect. 2.3.3), we
have that Qm =

∑m
ν=2 ‖qν‖2ν for each m ≥ 2 and thus obtain the continuity of Qm from

the continuity of (4.52). To convince ourselves of the latter, fix any index q ∈ Cν and let
(θj)j∈N be an arbitrary convergent sequence in Θ, with limit limj→∞ θj =: θ̃. By a classical
interpolation inequality (see e.g. [54, Proposition 5.5. (i)]) we for any 2 > p′ > p have that

‖θ̃(X)− θj(X)‖p′-var ≤ C · ‖θ̃(X)− θj(X)‖1−p/p′∞ −→ 0 a.s. (as j →∞) (4.53)

for the a.s. finite (by (4.26)) random variable C := 21−p/p′ supj≥1
[
‖θ̃(X)− θj(X)‖p-var

]p/p′ ,
where the convergence in (4.53) then follows by the compact convergence θj → θ̃ and the
fact that almost every realisation of X has a compact trace in DX (Lemma 3.2.5 (ii)).

Hence by the p′-variation continuity of sig (Lemma 2.3.5 (ii)) followed by dominated
convergence (cf. (4.27)) and the fact that log[ν] ≡ π[ν] ◦ log = log[ν] ◦π[ν] is continuous
(Lemma 2.3.5 (v)), we see that the convergence (4.53) implies that, for any q ∈ Cν ,

κq
(
θj(X)

) def=
〈

log
[
E[sig(θj(X))]

]
, q
〉

=
〈

log[ν]
[
E
[
(π[ν] ◦ sig)

(
θj(X)

)]]
, q
〉

−→
〈

log[ν]
[
E
[
(π[ν] ◦ sig)

(
θ̃(X)

)]]
, q
〉

= κq
(
θ̃(X)

)
as j →∞.

(4.54)
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Since our topology on Θ is metrizable, the sequential convergence (4.54) characterizes the
continuity of Θ 3 θ 7→ κq(θ(X)), which yields that (4.52) (hence Qm) is continuous as
desired. The continuity of Q thus follows from assertion (ii) of this lemma, i.e. from the
claim

Qm → Q uniformly on Θ as m→∞. (4.55)

(ii) : To see that (4.55) holds, observe that since supθ∈Θ |||S(θ(X))− 1|||λ ≤ 1 for some
λ > 2 by assumption, Lemma 2.3.5 (v) yields that the set L := log

(
{S(θ(X)) | θ ∈ Θ}

)
≡

{`(θ) | θ ∈ Θ} is |||·|||ρ-bounded for some ρ > 1. Hence by Lemma 2.3.5 (vi),

ςm := sup
`∈L

∑
ν>m

‖πν(`)‖ν −→ 0 as m→∞. (4.56)

Writing now q = w1(q) + . . . + wcq (q) for the decomposition of a polynomial q ∈ Cν into
its (monic) monomials wj(q) ∈ [d]?ν (cf. Remark 4.7.1 (b)), we have that for each q ∈ Cν

the monomials w1(q), . . . ,wcq (q) are pairwise distinct (Rem. 4.7.1 (b)), and further that
the union

⋃
q∈Cν{w1(q), . . . ,wcq (q)} ⊂ [d]∗ν is disjoint (Rem. 4.7.1 (a)). Hence and since24

κ2
q

def=
(
κw1(q) + . . .+ κwcq (q)

)2
≤ cq ·

cq∑
j=1

κ2
wj(q) (4.57)

by the Cauchy-Schwarz inequality, we for each m ≥ 2 obtain the estimate

‖Q−Qm‖Θ ≤ sup
θ∈Θ

∑
ν>m

∑
q∈Cν

c−1
q · κq

(
θ(X)

)2
≤ sup

θ∈Θ

∑
ν>m

∑
w∈[d]∗ν

κw
(
θ(X)

)2 = sup
`∈L

∑
ν>m

‖πν(`)‖2ν .
(4.58)

Hence, and since limν→∞ ‖πν(`)‖ν = 0 uniformly on L by (4.56), there will be an m0 ≥ 2
such that sup`∈L, ν≥m0 ‖πν(`)‖ν < 1 and therefore, by (4.58), ‖Q − Qm‖Θ ≤ ςm for all
m ≥ m0, implying (4.55) as claimed.

(iii) : Let θ? ∈ Θ be as above, and ε > 0 be arbitrary. Since Θ is compact so is its closed
subset25 Cε := Θ \ Bε(θ?), and for ζε := infθ∈Cε Q(θ) = Q(θε) > Q(θ?) (for some θε ∈ Cε;
recall that Q is continuous) and any θ ∈ Θ we have the obvious implication that:

if Q(θ) < ζε, then θ ∈ Bε(θ?). (4.59)

Let now (θ?m) ⊂ Θ be a minimising sequence of the required kind. As then Q(θ?) ≤ Q(θ?m)
and Qm(θ?m) ≤ Qm(θ?) + ηm for each m ≥ 2, we find that Q(θ?) ≤ Qm(θ?m) +

(
Q(θ?m) −

24 To ease notation, we in (4.57) drop the argument of the cumulants, i.e. denote κq ≡ κq(θ(X)).
25 The topology (of compact convergence) on Θ is metrizable (cf. Remark 4.7.8), and Bε(θ?) denotes the

open ball of radius ε defined wrt. any applicable metric on Θ.
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Qm(θ?m)
)
≤ Qm(θ?) +

(
Q(θ?m)−Qm(θ?m) + ηm

)
= Q(θ?) + rm for rm :=

(
Qm(θ?)−Q(θ?) +

Q(θ?m)−Qm(θ?m) + ηm
)
. Hence Q(θ?) ≤ Q(θ?m) ≤ Q(θ?) + rm and therefore

lim
m→∞

|Q(θ?)−Q(θ?m)| ≤ lim
m→∞

rm = 0 (a.s.), (4.60)

where the last identity is due to the uniform convergence (ii) (and our assumption on (ηm)).
Consequently Q(θ?m) < ζε for almost all m, which in light of (4.59) implies that θ?m ∈ Bε(θ?)
for almost all m (a.s.), as desired.

4.7.3 Linear Interpolation of Discrete-Time Data

Let I be a compact interval; say I = [0, 1] wlog. Any dissection I ≡ {t0, . . . , tn−1 | t0 < . . . <

tn−1} of I can be uniquely assigned the family of I-centered hat functions τ0, . . . , τn−1 ∈
C(I;R) characterised by:

τj is I-piecewise affine and τj(tν) = δjν for each ν ∈ [n− 1]0 (4.61)

for all j ∈ [n− 1]0. A path in C ≡ C(I;Rd) will be called I-piecewise linear if it lies in

CI :=
{
v0 · τ0 + . . .+ vn−1 · τn−1

∣∣ v0, . . . , vn−1 ∈ Rd
}

(4.62)

(the ‘vectorial span’ of (4.61)). Clearly, the set (4.62) is a closed linear subspace of (C, ‖·‖∞),
in fact of (BV, |||·|||p-var) (cf. below), and each element x̂ = (x̂t) ∈ CI is of the form

x̂t = x̂tj−1 + t− tj−1
tj − tj−1

· (x̂tj − x̂tj−1) for t ∈ [tj−1, tj ] (j ∈ [n− 1]).

The space CI is the co-domain of two natural operators, namely the linear projection

π̂I : C � CI , π̂I(x) := xt0 · τ0 + . . .+ xtn−1 · τn−1 ≡ x̂I (4.63)

as well as the (continuous wrt. both ‖ · ‖∞ and |||·|||p; set Z := Rd) linear injection

ι̂I : Z×n ↪→ CI , ι̂I(v0, . . . , vn−1) := v0 · τ0 + . . .+ vn−1 · τn−1. (4.64)

It is clear that the linear operator π̂I is bounded on C with operator norm ‖π̂I‖ = 1.

Remark 4.7.1. (i) As any two points in Rd uniquely determine the affine path-segment
that joins them, the I-piecewise linear projection x̂I of a path x can be seen as the
‘unbiased continuous-time approximation’ of x given the observations (xt | t ∈ I).26

26 Likewise, the injection (4.64) can be seen as the ‘unbiased I-centered continuous-time localisation’ of
a sequence (v1, . . . , vn) ∈ Z×n.
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(ii) For any (zj)j∈[n] ∈ Z×n and any I-dissection of cardinality |I| = n,

∥∥ι̂I(z1, . . . , zn)
∥∥

1-var =
n−1∑
j=1
|zj+1 − zj | ≤ 2‖(z1, . . . , zn)‖1.

Denote by BVp := {x ∈ C | (2.4) is finite} the space of all continuous paths of bounded
p-variation (p ≥ 1), and remark that each BVp is a Banach space wrt. the norm |||x|||p-var :=
‖x‖p-var + |x(0)| (e.g. [54, Thm. 5.25 (i)]).

Lemma 4.7.2. For (In)n∈N a refined sequence of dissections of a compact interval I,

lim
n→∞

π̂In = idC pointwise on C(I;Rd) (4.65)

where for each argument the above convergence is understood to take place in (C, ‖ · ‖∞). In
addition, the family of operators (π̂In | n ∈ N) is equicontinuous, whence in particular the
convergence (4.65) is uniform on compact subsets of C. The family of operators (π̂In | n ∈ N)
remains equicontinuous if (C, ‖ · ‖∞) is replaced by (BVp, |||·|||p-var) for any p ≥ 1.

Proof. The pointwise convergence (4.65) is an easy consequence of definition (4.63) and the
fact that every element of C is uniformly continuous on I. The equicontinuity of the family of
linear operators

(
π̂In | n ∈ N

)
is immediate by the fact that this family is uniformly bounded

(by 1) in the operator norm. That a pointwise convergent sequence of equicontinuous
functions on a metric space (with values in a complete metric space) converges uniformly
on compact subsets of its domain is a well-known fact from real analysis (e.g. [137, Exercise
7.16]). As shown in [54, Prop. 5.20], the operator family (π̂I : BVp → BVp | n ∈ N)
remains uniformly bounded in the operator norm (and hence is equicontinuous) if the latter
is defined wrt. the p-variation norm |||·|||p-var on the Banach space BVp.

This subsection concludes with a proof that for protocol-indexed discrete time-series
(4.18), the ergodicity notions of Remark 4.4.8 (ii) and Definition 4.4.7 coincide.

Note to this end that for n ≤ n̂, any I ≡ {t0 < · · · < tn−1} embeds monotonically into En̂,

tj 7→ t̂j := qj/(n̂− 1) ∈ En̂ for qj :=
⌈

tj−t0
tn−1−t0 · (n̂− 1)

⌉
, (4.66)

where d·e is the ceiling function; lifting (4.66) to a map ϕn̂I : [t0, tn−1]→ [0, 1] via piecewise-
linear extension defines a strictly monotonous continuous injection of intervals. The em-
bedding (4.66) of I will be denoted IEn̂

(
= {t̂j | j ∈ [n− 1]0} = ϕn̂I(I)

)
.
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Given (X,Jk) as in (4.18) with maximal observation length n̂k, define the equidistant aug-
mentation of (X,Jk) as the time-series X̄∗Jk := (X̂∗t )t∈J k given by (for some fixed q > 1)

J k :=
⊔
ν∈N
I(k)
ν with I(k)

ν := q(ν − 1) + En̂k ≡
{
t̄

(k|ν)
0 < · · · < t̄

(k|ν)
n̂k−1

}
,

and X̂∗ :=
∞∑
ν=1

ι̂
q(ν−1)+

[
I(k)
ν

]
En̂k

(
Xs | s ∈ I(k)

ν

)
· 1[

t̄
(k|ν)
0 , t̄

(k|ν)
n̂k−1

]
(where ι̂

q(ν−1)+
[
I(k)
ν

]
En̂k

(Xs | s ∈ I(k)
ν ) is the piecewise-linear interpolation (4.64) of the ob-

servation (Xt)t∈I(k)
ν

along the I(k)
ν -embedded (via (4.66)) equidistant dissection q(ν − 1) +[

I(k)
ν
]
En̂k

of
[
t̄

(k|ν)
0 , t̄

(k|ν)
n̂k−1

]
). Then the following holds.

Lemma 4.7.3. A time-series (Xt)t∈Jk for Jk as in (4.18), is [weakly] mth-order signature
ergodic in the sense of (4.35) iff its equidistant augmentation X̄∗Jk is [weakly] mth-order
signature ergodic to length n̂k in the sense of Definition 4.4.7.

Proof. This follows from Lemma 2.3.5 (iii). Indeed: Fix any ν. Denoting J̄ := q(ν − 1) +[
I(k)
ν
]
En̂k

(
= ϕ(I(k)

ν ) for ϕ ≡ q(ν − 1) + ϕn̂k
I(k)
ν

, with ϕn̂k
I(k)
ν

defined as in (4.66) above
)
, note

that J̄ ⊆ I(k)
ν =: Ī and hence π̂J̄ = π̂Ī ◦ π̂J̄ (directly by (4.63)). Consequently,

X̂∗(ν) := X̂∗
∣∣∣[
t̄

(k|ν)
0 , t̄

(k|ν)
n̂k−1

] = ι̂J̄ (Xs | s ∈ I(k)
ν ) = π̂J̄

(
Xϕ−1

)
= π̂Ī

(
X̂∗(ν)

)
(4.67)

and therefore, for φ and φ̃ as in (4.33) and (4.35) respectively, and Y := X̄∗Jk and n̂ := n̂k,

φ(Y(n̂(ν−1),n̂ν]) = sig[m]
(
π̂Ī
(
X̂∗(ν)

))
= φ̃

(
X̂∗(ν)

)
. (4.68)

Now since X̂∗(ν)
(4.67)= π̂J̄ (Xϕ−1) (4.63)=

∑
t∈ϕ(I)Xϕ−1(t) · τ

[J̄ ]
t =

∑
s∈I Xϕ−1(ϕ(s)) · τ

[J̄ ]
ϕ(s) =∑

s∈I Xs ·
(
τ

[I]
s ◦ ϕ−1) = π̂I(X) ◦ ϕ−1 = π̂I(X̂I) ◦ ϕ̃ for I := I(k)

ν and ϕ̃ := ϕ−1, we have

φ̃
(
X̂∗(ν)

)
= φ̃

(
π̂I(X̂I)

)
= φ̃

(
X̂I(k)

ν

)
(4.69)

where the first of these equalities is due to Lemma 2.3.5 (iii). As the above the choice of ν
was arbitrary, we by combination of (4.68) and (4.69) obtain that the identities (4.33) and
(4.35) are equivalent. This concludes the proof.

4.7.4 Proof of Lemma 4.4.5

Proof of Lemma 4.4.5. Recalling that tr(X) ⊆ DX almost surely (Lemma 3.2.5 (ii)), notice

lim
n→∞

sup
θ∈Θ

∥∥∥X̂θ
In − θ(X)

∥∥∥
p̃-var

= 0 almost surely (4.70)
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for any p̃ > p with p ≥ 1 as in (4.26). Indeed: Denoting by x := (Xt(ω))t∈I ⊆ DX (inclusion
a.s.) a given realisation of X, we remark first that (cf. Section 4.7.3 for notation)

Θx :=
{
xθ ≡

(
θ(xt)

)
t∈I

∣∣ θ ∈ Θ
}

is a compact subset of (BV p̃, |||·|||p̃-var) (4.71)

for any p̃ > p. To see that (4.71) holds, observe that [54, Lemma 5.27 (i)] (together with
(4.26)) implies that, for any p̃ > p, each of the functions

αn, α : Θ→ BV p̃, αn(θ) := π̂In
(
θ(x)

)
and α(θ) := θ(x) (n ∈ N) (4.72)

are continuous. Hence Θx = α(Θ) is compact (as continuous image of a compact set).
In addition, [54, Lemma 5.27 (i)] (by virtue of Lemma 4.7.2 (4.65) and [54, Proposition

5.20 (5.13)]) implies that limn→∞ αn = α pointwise on Θ. Hence by (4.71) and the last
assertion of Lemma 4.7.2 (which implies that (π̂In) converges uniformly on Θx; see the proof
of Lemma 4.7.2 for details), we obtain that limn→∞ αn = α uniformly on Θ, which in turn
yields (4.70) by the fact that X̂θ

In = π̂In(θ(X)) for each θ ∈ Θ.
Given (4.70) for any fixed p̃ ∈ (p, 2), the p̃-variation continuity of sig (Lemma 2.3.5 (ii))

together with the equicontinuity of (π̂In : BV p̃ → BV p̃ | n ∈ N) (Lemma 4.7.2) yields that

lim
n→∞

sup
θ∈Θ

∥∥∥sigm(X̂θ
In)− sigm

(
θ(X)

)∥∥∥
m

= 0 almost surely (m ∈ N).

Indeed, the above holds path-wise, with probability one, by Lemma 4.7.4 (applied to Θ as
above, B = BV p̃, V = V[m], Ψ = sigm, α and αn as in (4.72) and τ = α).

Thus for Sm|n(θ) := E
[
sigm(X̂θ

In)
]
and Sm(θ) := E

[
sigm

(
θ(X)

)]
we have that

lim
n→∞

Sm|n(θ) = Sm(θ) uniformly on Θ (4.73)

due to [58, Theorem 22 (p. 241)] (note that the hypothesis in loc.cit. of (Sm|n)n to be
“absolutely continuous uniformly” is met in light of [58, Thm. 11 (p. 192)] and assumption
(4.27)).

Finally, the fact that log[m] ≡ π[m] ◦ log is continuous (Lemma 2.3.5 (v)) together with
the uniform convergence (4.73) of S[m]|n :=

∑m
ν=0 Sν|n towards S[m] :=

∑m
ν=0 Sν , yields

that
κ[m]
n := log[m] ◦S[m]|n

n→∞−→ log[m] ◦S[m] =: κ[m] uniformly on Θ.

In particular, κq(X̂θ
In) = 〈κ[m]

n (θ), q〉 → 〈κ[m](θ), q〉 = κq(θ(X)) uniformly on Θ for each
q ∈ V[m], which by definitions (4.30) (of Q̂m) and (4.25) (of Qm) yields (4.31) as desired.

Lemma 4.7.4. Let Θ be a compact metric space, B and V be Banach spaces, Ψ : B → V

be a continuous map, and α, αn, τ : Θ→ B, n ∈ N, be continuous functions such that

αn = pn ◦ τ, n ∈ N, with
(
pn : τ(Θ)→ B

∣∣ n ∈ N
)

equicontinuous

and limn→∞ αn = α pointwise on Θ. Then limn→∞Ψ ◦ αn = Ψ ◦ α uniformly on Θ.
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Proof of Lemma 4.7.4. Let (θn)n∈N be any convergent sequence in Θ, say θn → θ for some
θ ∈ Θ. Then

lim
n→∞

Φn(θn) = Φ(θ) for Φn := Ψ ◦ αn and Φ := Ψ ◦ α, (4.74)

since ‖Φ(θ) − Φn(θn)‖V ≤ ‖Φ(θ) − Φn(θ)‖V + ‖Φn(θ) − Φn(θn)‖V with limn→∞ ‖Φ(θ) −
Φn(θ)‖V = 0 and limn→∞ ‖Φn(θ) − Φn(θn)‖V = 0. For the latter convergence, take any
ε > 0 and let δ1 > 0 be such that supb∈Bδ1 (α(θ)) ‖Ψ(α(θ))−Ψ(b)‖V ≤ ε, and δ2 > 0 be such
that ρn := supb∈Bδ2 (τ(θ))∩τ(Θ) ‖pn(τ(θ)) − pn(b)‖B ≤ δ1 for all n ∈ N. Taking n0 ≥ 1 such
that supn≥n0 ‖τ(θ)− τ(θn)‖B ≤ δ2 then implies that

sup
n≥n0

‖αn(θ)− αn(θn)‖B = sup
n≥n0

‖pn(τ(θ))− pn(τ(θn))‖B ≤ sup
n≥n0

ρn ≤ δ1

and therefore supn≥n0 ‖Φn(θ)− Φn(θn)‖V ≤ ε, as required.
Conclude by observing that (4.74) implies Φn → Φ uniformly on Θ, as desired.
Indeed, assume otherwise that Φn 9 Φ uniformly, i.e. that there is ε̃ > 0 such that

∀ k ∈ N : ∃nk ∈ N≥n with sup
θ∈Θ
‖Φ(θ)− Φnk(θ)‖V > ε̃. (4.75)

Then (4.75) informs the choice of a subsequence (θnk)k ⊆ Θ, with (nk)k ⊆ N increasing, s.t.

‖Φ(θnk)− Φnk(θnk)‖V > ε̃ for each k ∈ N. (4.76)

As Θ is compact, we may assume, by passing to a further subsequence if necessary, that this
subsequence converges, say to θ̃ ∈ Θ. The continuity of Φ then implies limk→∞Φ(θnk) =
Φ(θ̃), while property (4.74) combined with a doubling argument (as in [131, Sect. 3.5*:
remark on p. 98]) yields limk→∞Φnk(θnk) = Φ(θ̃). Hence limk→∞ ‖Φ(θnk)−Φnk(θnk)‖V = 0,
in contradiction to (4.76).

4.7.5 Proof of Proposition 4.4.9

Proof of Proposition 4.4.9. For m̃ ≥ 1 and θ ∈ Θ and w ∈ Vm̃ all arbitrary but fixed, let φ =
φm̃ be as in (4.33) and set ξ := 〈φ◦θ×n, w〉. Set further ξ̂T (z) := 1

T

∑T
j=1 ξ(zn(j−1)+1, . . . , znj)

for any given sequence z = (zν)ν∈N in Rd. The lemma then asserts that, under the given
integrability and ergodicity conditions,

E
[
ξ(X1, . . . , Xn)

]
= lim

T→∞
ξ̂T (X∗) a.s. [resp.27 in probab.]. (4.77)

To see that (4.77) holds, note first that for X̂1 := ι̂En(X1, . . . , Xn) (cf. Def. 4.4.7 and (4.64)),

ξ(X[n]) = ϕ(X̂1) for ϕ(x) :=
〈
sig[m̃]

(
π̂En
(
θ̃(x)

))
, w
〉

(4.78)

27 For simplicity of exposition, we present the case of almost sure convergence first and give the changes
necessary for the case of convergence in probability at the end of this proof.
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where θ̃ is any fixed continuous extension of θ to D̂ := conv(DX∗), the convex hull of DX∗ .
(Recall that such a θ̃ exists by Tietze’s extension theorem.) Since the function ϕ : B̂Vn → R
defined by (4.78) on the compact28 subset

B̂Vn :=
{
x ∈ CEn

∣∣∣ xt ∈ D̂ for each t ∈ En
}
⊂ BV (cf. (4.62))

is continuous (by [54, Prop. 5.20] and Lemma 2.3.5 (ii)), the universality property of the
signature (e.g. Lemma 2.3.5 (iv)) implies that there is a sequence (`j)j∈N in V ◦ such that

ϕ = lim
j→∞
〈sig(·), `j〉 in

(
C(B̂Vn), ‖ · ‖∞

)
. (4.79)

For
(
Ê(m)
T (X∗)

)
T∈N :=

( 1
T

∑T
ν=1 sig[m](X̂ν)

)
T∈N with X̂ν := ι̂En(Xn(ν−1)+1, . . . , Xnν), our

assumption on X∗ gives that, for each m ∈ N,

E
[
sig[m](X̂1)

]
= lim

T→∞
Ê(m)
T (X∗) a.s. in conv(sig[m](B̂Vn)). (4.80)

Hence upon combining (4.78) and (4.79), and using that dominated convergence applies as
both sides of (4.79) are bounded (cf. Lemma 2.3.5 (ii)), we find that with probability one,

E
[
ξ(X1, . . . , Xn)

]
= lim

j→∞

〈
E
[
sig(X̂1)

]
, `j

〉
= lim

j→∞
lim
T→∞

〈
Ê

(d`j )
T (X∗), `j

〉
= lim

T→∞
lim
j→∞

1
T

T∑
ν=1

〈
sig[d`j

](X̂ν), `j
〉

= lim
T→∞

1
T

T∑
ν=1

lim
j→∞

〈
sig(X̂ν), `j

〉 (4.79)= lim
T→∞

1
T

T∑
ν=1

ξ(X̂ν),

(4.81)

where we denoted d` for the degree of the index-polynomial ` ∈ V ◦. Notice that the
interchange of limits in the second line of (4.81) is permissible as the convergence in (4.79)
is uniform (see, e.g., [136, Theorem 7.11]). This shows the almost-sure case of (4.77).

To prove that (4.77) holds in probability if (4.80) holds in probability for each m ∈ N
(which is true by assumption if X∗ is weakly signature ergodic), we resort to a subsequence
argument, recalling that (as the topology of weak convergence is metrizable) a sequence
converges in probability iff each of its subsequences admits yet another subsequence that
converges almost surely. To this end, abbreviate µm,T := Ê(m)

T (X∗) and assume that

µm := E[sig[m](X̂1)] = lim
T→∞

µm,T in probability for each m ∈ N. (4.82)

Then for any fixed subsequence (Tk)k∈N ⊂ N, there is a subsequence T (1)
k < T

(1)
k+1 of (Tk)

such that limk→∞ µ1,T (1)
k

= µ1 almost surely. But since, by (4.82), limk→∞ µ2,T (1)
k

= µ2 in

28 By [104, Prop. 1.7] and the facts that: (a) the convex hull operator on Rd preserves compactness, and
(b) the Cartesian product of compact sets is compact (noting that B̂Vn ∼= D̂×n).
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probability, there will be a subsequence T (2)
k < T

(2)
k+1 of (T (1)

k ) such that limk→∞ µ2,T (2)
k

=
µ2 almost surely (thus limk→∞ µ1,T (2)

k

= µ1 a.s. in particular). Iterating this procedure,
Cantor’s diagonal trick (e.g. [129, Proof of Theorem I.24]) thus allows for the choice of a
subsequence T (∞)

k < T
(∞)
k+1 of (Tk) such that limk→∞ µm,T (∞)

k

= µm almost surely for each
m ∈ N.

Repeating the above calculation (4.81) then shows that the subsequence (ξ̂
T

(∞)
k

(X∗))k∈N
of (ξ̂Tk(X∗))k∈N converges almost surely to E[ξ(X[n])], as desired.

4.7.6 Proof of Lemma 4.4.10

Proof of Lemma 4.4.10. Let Z := Rd and En be as in Def. 4.4.7, and for every θ ∈ Θ denote

ξθ := sig[m] ◦ ι̂En ◦ θ×n : Z×n −→ V[m] ∩ V(1). (4.83)

The parametrisation-invariance of sig (Lemma 2.3.5 (iii)) gives that

Ŝ
m|n
T (θ) = 1

T

T∑
j=1

ξθ(X̄j) =: ÊT [ξθ(X∗)] for X̄j :=
(
Xn(j−1)+1, . . . , Xnj

)
,

and the continuity of log[m] (Lemma 2.3.5 (v)) yields that (4.37) follows from the convergence

lim
T→∞

sup
θ∈Θ

∥∥E[ξθ(X̄1)]− ÊT [ξθ(X∗)]
∥∥

[m] = 0 a.s. [in probab.] (4.84)

for the norm ‖ · ‖[m] :=
∑m
ν=1 ‖ · ‖ν , followed by an application of the continuous mapping

theorem (e.g. [152, Theorem 2.3]). As (4.84) is equivalent to the coordinatewise convergences

lim
T→∞

sup
w∈[d]∗k

sup
θ∈Θ

∣∣∣E[〈ξθ(X̄1), w〉]− 〈ÊT [ξθ(X∗)], w〉
∣∣∣ = 0 for k ∈ [m] (4.85)

almost surely (resp. in prob.), we can see that (4.85) holds by fixing any w ∈ [d]∗k and
showing

lim
T→∞

sup
θ∈Θ

∣∣∣E[ξ̃θ(X̄1)
]
− ÊT

[
ξ̃θ(X∗)

]∣∣∣ = 0 [a.s./in prob.] for ξ̃θ := 〈ξθ, w〉 (4.86)

and ÊT [ξ̃θ(X∗)] := 〈ÊT [ξθ(X∗)], w〉 = T−1∑T
j=1 ξ̃θ(X̄j). To this end, note that the function

ξ̃ : Z×n ×Θ −→ R, (z, θ) 7→ ξ̃θ(z),

is continuous in θ for every z ∈ Z×n, as is seen directly from (4.83) (recalling the continuity
of ι̂En : Z×n → BV (Rem. 4.7.1 (ii)) and Lemma 2.3.5 (ii)). Also, by assumption, Θ
is compact with E[supθ∈Θ |ξ̃θ(X̄1)|] < ∞ and ÊT [ξθ(X∗)] → E[ξθ(X̄1)] pointwise, which
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altogether implies that F := {ξ̃(·, θ) | θ ∈ Θ} is Glivenko-Cantelli via [155, Lem. 6.1, Thm.
6.1], i.e. that

lim
T→∞

sup
ϕ∈F

∣∣∣∣∣E[ϕ(X̄1)]− 1
T

T∑
j=1

ϕ(X̄j)
∣∣∣∣∣ = 0, (4.87)

where the mode of the convergence in (4.87) (almost surely or in probability) coincides with
the mode of the pointwise convergence ÊT [ξθ(X∗)] → E[ξθ(X̄1)] on Θ (cf. [155, (Proof of)
Theorem 6.1]). As (4.87) is identical to (4.86), the proof is finished.

4.7.7 Sufficent Conditions for Signature-Ergodicity

Let X∗ ≡ (Xj)j∈N be a sequence of Rd-valued random variables.

Definition 4.7.5. The sequence X∗ is called α-mixing if for the sub-σ-algebras X `k :=
σ
(
Xν | k ≤ ν ≤ `

)
it holds that limν→∞ αν(X∗) = 0 for the sequence

αν(X∗) := sup
A∈X j

1 , B∈X∞j+ν , j∈N

∣∣P(A ∩B)− P(A)P(B)
∣∣ ,

and X∗ is called φ-mixing if it holds that limν→∞ φν(X∗) = 0 for the sequence

φν(X∗) := sup
A∈X j

1 , B∈X∞j+ν ,P(A)>0, j∈N

∣∣P(B |A)− P(B)
∣∣.

Note that φ-mixing implies α-mixing, and see e.g. [21] for further information.

Definition 4.7.6. The sequence X∗ will be said to have n-seasonal increments, n ∈ N, if
the sequence ∆(X∗) := (Xj+1 −Xj)j∈N of its increments is suff. integrable and such that

∆(X∗)[n]
d= ∆(X∗)(n(j−1), nj] for each j ∈ N.

We further say that a time series (Xj)j∈N has (m,n)-stationary sigmoments if the [m]th-
signature moments of the batches (X1, . . . , Xn), (Xn+1, . . . , X2n), . . . exist and are equal,
i.e. if for φ = φm as in (4.33) we have: E[φm(X[n])] = E[φm(X(n(j−1):nj])] for each j ∈ N.

Lemma 4.7.7. For X∗ ≡ (Xj)j∈N uniformly integrable and n ∈ N, the following holds.

(i) If X∗ is α-mixing and has (m,n)-stationary sigmoments (m ∈ N), then X∗ is mth-
order weakly signature-ergodic to length n;

(ii) if X∗ is φ-mixing with
∑∞
ν=1 φ

1/2
1+(ν−1)n(X∗) log ν

ν <∞ and has n-seasonal increments,
then X∗ is signature-ergodic to length n.

The assertions (i) and (ii) persist if X∗ is replaced by θ(X∗) = (θ(Xj))j∈N for any measur-
able θ : DX∗ → Rd.
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Proof. Starting from definition (2.14), a direct calculation yields that for any `1 < `2,

sigm(ι̂E(X`1 , . . . , X`2)) =
∑

(i1,...,im)∈(`1: `2]×m
ci1···im ·∆i1 ⊗ · · · ⊗∆im (4.88)

for certain ci1···im ∈ R and increments ∆j := Xj −Xj−1, where E ≡ E`1,`2 is the equidistant
(or any other) I-dissection of cardinality `2−`1 +1. Let now n ∈ N be fixed. If we introduce
the shift-map ϑ(i) := i+ n (with ϑ0 := id and ϑj := ϑ ◦ ϑj−1) for convenience and denote

Yj := sigm(ι̂E(θ ·Xn(j−1)+1, . . . , θ ·Xnj)) (j ∈ N)

for brevity, then the above shows that each Yj is a measurable function of the arguments
Xϑj−1(1), . . . , Xϑj−1(n). This in turn implies the inclusion of σ-algebras

Y q
p := σ(Yp, . . . , Yq) ⊆ σ(Xϑp−1(1), . . . , Xϑp−1(n), . . . , Xϑq−1(1), . . . , Xϑq−1(n))

for any p ≤ q, whence in particular Y j
1 ⊆ X

ϑj−1(n)
1 and Y ∞j+ν ⊆ X ∞

ϑj+ν−1(1) for all ν ∈ N.
Since ϑj−1(n) = jn and ϑj+ν−1(1) = jn + ϑν−1(1), we can use Definition 4.7.5 to for
Y∗ := (Yj)j∈N and γ ∈ {α, φ} conclude that

γν(Y∗) ≤ γϑν−1(1)(X∗) = γ1+(ν−1)n(X∗) for each ν ∈ N,

which shows that if X∗ is α-mixing (φ-mixing) then so is Y∗.
The proof of statement (i) is finished by a coordinatewise application of the weak law

of large numbers for non-stationary α-mixing time series given in [153, Theorem 7.15].
As to (ii), we note similarly that if X∗ has n-seasonal increments and is φ-mixing at the

assumed rate, then Y∗ is stationary (by (4.88)) and φ-mixing with

∞∑
ν=1

φ1/2
ν (Y∗)

log ν
ν

≤
∞∑
ν=1

φ
1/2
1+(ν−1)n(X∗)

log ν
ν

< ∞ ,

whence assertion (ii) follows from a coordinatewise application of [97, Corollary 1].
This proof of the statements (i) and (ii) goes through without changes if the sequence

(Xj)j∈N is replaced by (θ ·Xj)j∈N for any (Borel-)measurable map θ : DX∗ → Rd.

4.7.8 Complementary Proofs for Theorem 4.4.13

Throughout this subsection, the setting and notation from the proof of Theorem 4.4.13 (pp.
102) applies.

Remark 4.7.8 (The Compact-Open Topology on Θ is Metrizable). Since DX is a closed
subset of Rd, there are {Kν} ⊆ DX compact with Kν ⊆ Kν+1 and DX =

⋃
ν∈N0 Kν , and the

topology of compact convergence on C(DX ;Rd) coincides with the compact-open topology
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on C(DX ;Rd), e.g. [113, Theorem 46.8]. Defining ‖θ‖K := supu∈K |θ(u)|, this topology is
induced by the metric (see, e.g., [39, Proposition VII.1.6])

d̃(θ, θ̃) :=
∞∑
ν=0

2−νρν(θ, θ̃) with ρν(θ, θ̃) := ‖θ − θ̃‖Kν
1 + ‖θ − θ̃‖Kν

; (4.89)

we choose Kν := Brν (0) for any rν ↑ ∞ monotonously with r0 := 0 for convenience.

Note that the metrics (on C(Kν ;Rd)) ρν and dν(θ, θ̃) := ‖θ− θ̃‖Kν are equivalent for all
ν ∈ N0. Specifically, for each ν ∈ N0 we have dν(θ, θ̃) ≤ dν+1(θ, θ̃) for any θ, θ̃ ∈ Θ, and

dν(θ, θ̃) ≤ 2ρν(θ, θ̃) if ρν(θ, θ̃) ≤ 1
2 . (4.90)

For η = dν , ρν , d̃, denote Bη
r (θ∗) := {θ ∈ C(DX ;Rd) | η(θ, θ∗) < r} and B̃r(θ∗) := Bd̃

r (θ∗).

Below are the proofs of Theorem 4.4.13 for the cases (X,J ) ergodic resp. weakly ergodic.

4.7.8.1 Proof of Theorem 4.4.13 for Ergodic Observations

Let (X̃,J ) be an ergodic observation such that DX is not necessarily compact. In this case,
Theorem 4.4.13 asserts that each ε > 0 comes with a P-full set Ω̃ε ∈ F such that for each
ω ∈ Ω̃ε the following holds:

∃m0 ≡ m0(ω) ≥ 2 : ∀m ≥ m0 there is k0 ≡ k0(m) ∈ N s.t. ∀ k ≥ k0 :

lim
τ→∞

max
{

sup
T≥τ

[
dist‖·‖∞

(
θ̂?T (X(ω)), DPd · S(ω)

)]
, ε

}
= ε

for any (θ?T )T∈N ≡ (θ?T (m, k, ω))T∈N ≡ (θm|kT (ω))T∈N ⊂ Θ as in (4.40).

(4.91)

The above proof of (4.42), which did not involve any compactness assumption on DX ,
remains valid without any changes, so that (4.91) holds if it can be derived from (4.42).

To this end, let Ω′′ ∈ F be the P-full set on which the traces of X are all contained in
DX and (4.9) holds, and for each n ∈ N denote by Ωn the P-full set on which (4.42) holds
for ε̃ = 1

n . Set Ω̃ := Ω′′ ∩
⋂
n∈N Ωn (another P-full set) and let ε > 0 be arbitrary. Take any

ω ∈ Ω̃. Then tr(X(ω)) ⊂ Kν0 for some ν0 ∈ N, whence for any n0 ∈ N with n−1
0 ≤ 2−ν0ε/4

we have that

∃m0 ≡ m0(n0) ≥ 2 : ∀m ≥ m0 there is k0 ≡ k0(m) ∈ N s.t. ∀ k ≥ k0 :

αm|k(ω) ≤ n−1
0 and hence supT≥τ0

∥∥θm|kT (ω)(X(ω))− θT (X(ω))
∥∥
∞ ≤ ε

(for some τ0 (≡ τ0(ω)) ∈ N and some (θT )T∈N (≡ (θT (ω))T∈N) ⊂ Θ?) by the exact same
argumentation that led us to (4.45). �
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4.7.8.2 Proof of Theorem 4.4.13 for Weakly Ergodic Observations

Let (X̃,J ) be a weakly ergodic observation. Adopting the setting and notation from pp. 101,
suppose now that

∀ ε̃ > 0 : ∃m0 ≥ 2 : for each m ≥ m0 there is k0 ≡ k0(m) such that :

lim
τ→∞

αm|kτ ∨ ε̃ = ε̃ in probability,29 for each k ≥ k0.
(4.92)

Spelled out, (4.92) implies that for any given (ε′, δ′) ∈ (0,∞)2 and (m, k) (≡ (m, k)ε̃ as in
(4.92) for ε̃ := ε′/2)

there is τ∗ ≡ τ∗(ε′, δ′) ∈ N such that supτ≥τ∗ P(αm|kτ ≥ ε′) ≤ δ′. (4.93)

(Indeed: for any m, k as in (4.92) with ε̃ := ε′/2, it holds P(αm|kτ ≥ ε′) ≤ P((αm|kτ ∨ ε′

2 ) ≥
ε′) = P(|(αm|kτ ∨ ε′

2 ) − ε′

2 | ≥
ε′

2 ) → 0 as τ → ∞.) In particular, for any given p ≡ (ε, δ) ∈
(0,∞)2 there will be mp ∈ N such that for every m′ ≥ mp there is kp ≡ kp(m′) with the
property that: for any k′ ≥ kp there is τ ′p ≡ τ ′p(k′) ∈ N with

%p := supτ≥τ ′p P
(

supT≥τ dist‖·‖∞
(
θ
m′|k′
T (X),Θ? ·X

)
≥ ε

)
≤ δ, (4.94)

which due to supτ≥τp′ P
(

supT≥τ dist‖·‖∞(θm
′|k′

T (X),DPd · S) ≥ ε
)
≤ %p implies that the

asserted convergence (4.41) holds in probability. To see that (4.94) holds, fix ε, δ > 0 and
note {

supT≥τ dist‖·‖∞
(
θT (X),Θ? ·X

)
≥ ε

}
∩ Ω′ ⊆

⋃
ν∈N

Aθ̂τν ∩Bν (4.95)

for any given sequence θ̂ ≡ (θT ) of Θ-valued random variables, τ ∈ N, and for the events30

Aθ̂τν :=
{

supT≥τ dν(θT ,Θ?) ≥ ε
}
and Bν := {supt∈I |Xt| ≥ rν−1}, where rν denotes the

radius of the 0-centered closed ball Kν . Noting that Aθ̂τν ⊆ Aθ̂τν+1 and Bν+1 ⊆ Bν for all
ν ∈ N, we from (4.95) obtain that

P
(

supT≥τ dist‖·‖∞
(
θT (X),Θ? ·X

)
≥ ε

)
≤ P(Aθ̂τν0 ) + P(Bν0+1) (4.96)

for any fixed ν0 ∈ N. Denoting µX := E[supt∈I |Xt|], Markov’s inequality implies that

P(Bν0+1) ≤ µX
rν0

−→ 0 (ν0 →∞), (4.97)

while (4.90) implies Bdν
ε (θ) ⊇ Bρν

ε/2(θ) for each θ ∈ Θ (if ε < 1, assumable wlog) and hence

P(Aθ̂τν0 ) ≤ P(supT≥τ ρν0(θT ,Θ?) ≥ ε/2) ≤ P(supT≥τ d̃(θT ,Θ∗) ≥ 2−ν0ε/2). (4.98)
29 Remark that the (usual) notion of convergence in probability is well-defined for Θ-valued random

variables since the topology of compact convergence on Θ is metrizable, second-countable (e.g. [110]) and,
hence, separable.

30 As the functions ϕθ : θ̃ 7→ dν(θ̃, θ) are continuous, their infimum ϕ(θ̃) := infθ∈Θ? ϕθ(θ̃) = dν(θ̃,Θ∗)
is upper semicontinuous and hence Borel-measurable, whence the sets Aθ̂τν = {supT≥τ ϕ(θT ) ≥ ε} are
measurable. As X has continuous realisations, we have supt∈I |Xt| = supt∈I∩Q |Xt| so that Bθν is measurable.
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Given (4.97) and (4.98), we may now fix an ν0 ∈ N large enough such that P(Bν0+1) ≤ δ/2,
and for this choice of ν0 obtain an mp ∈ N, as guaranteed by (4.92) for ε̃ = ε̃? with
ε̃? := 2−ν0ε/4, such that for every m ≥ mp there is kp (≡ kp(m)) with the property that:
for any k ≥ kp there is τ∗ ≡ τ∗(2ε̃?, δ/2) ∈ N, as guaranteed by (4.93), such that

supτ≥τ∗P(Aθ̂τν0 )
(4.98)
≤ supτ≥τ∗P(αm|kτ ≥ ε̃?) ≤ δ/2 for θ̂ = (θm|kT ).

Taken altogether, the estimate (4.96) then allows us to conclude that

supτ≥τ∗ P(supT≥τ dist‖·‖∞
(
θT (X),Θ? ·X

)
≥ ε) ≤ δ/2 + δ/2 ≤ δ,

which (via (4.43) and Thm. 4.2.3) yields the desired conclusion (4.41) for the weakly ergodic
case.

It hence remains to prove (4.92), for which we may follow the previous lines of pp. 103
with only slight adaptations. Indeed: Since in the weakly ergodic case the Θ-uniform
estimator convergence (4.37) holds in probability, we obtain – by way of the very same
argumentation as for (4.49) – that

lim
T→∞

κ̄m,k(θ?T ) = 0 in probability, with (θ?T ) ≡ (θm|kT ) (4.99)

as in (4.40) for m, k as in (4.46) for some (arbitrary but) fixed ε̃ > 0. From this we obtain
that in the present context, the convergence (4.48) holds in probability. Indeed: Assuming
otherwise implies the existence of ε0, δ0 > 0 such that

P(dist(θ?Tj ,M) ≥ ε0) ≥ δ0 for each j ∈ N, (4.100)

for some sequence (Tj)j∈N ⊂ N. As a subsequence of (κ̄m,k(θ?T ))T∈N, we by way of (4.99) find
that (κ̄m,k(θ?Tj ))j∈N converges to 0 in probability, whence there is yet another subsequence
(Tj`)`∈N of (Tj)j∈N such that lim`→∞ κ̄m,k(θ?Tj` ) = 0 almost surely. Applying the (essen-
tially) same argument which brought ‘(4.49)⇒ (4.48)’ now yields that lim`→∞ dist(θ?Tj` ,M) =
0 almost surely and hence in probability, contradicting (4.100).
As this proves limτ→∞ supT≥τ dist(θm|kT ,M) = 0 in probability, we for any ε > 0 obtain

P
(
|αm|kτ ∨ ε̃− ε̃| ≥ ε

)
≤ P

(
αm|kτ ≥ ε̃

)
≤ P

(
supT≥τ dist(θm|kT ,M) ≥ ε̃/2

)
→ 0

as τ →∞, where the last inequality is due to (4.47). This shows (4.92) as required. �

4.8 Numerical Experiments

We present a series of numerical examples to illustrate the practical applicability of our
ICA method on discrete- and continuous-time signals. A complete account of the following
experiments and results, including their full parameter settings and all relevant implement-
ations and estimates, is provided on the public repository [140].
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4.8.1 A Performance Index for Nonlinear ICA

As before, we consider processes X and S in continuous or discrete31 time such that

X = f(S) for some f ∈ C2,2(DS). (4.101)

In order to assess how close an estimate Ŝ ≡ Ŝ(X) of S is to the true source S in (4.101), we
propose to quantify the distance between Ŝ and the orbit32 DPd · S by way of the following
intuitive33 performance statistic (cf. Remark 4.2.4 (iii) for applicability).

Definition 4.8.1 (Monomial Discordance).Given two time series X := (X1
t , · · · , Xd

t )t∈I
and Y := (Y 1

t , · · · , Y d
t )t∈I in Rd for I finite, define the concordance matrix of (X ,Y) as

C(X ,Y) :=
(

1
|I|

∑
t∈I
|ρK(Xi

t , Y
j
t )|
)

(i,j)∈[d]2
∈ [0, 1]d×d

where ρK is the Kendall34 rank correlation coefficient. Furthermore, we define

%(X ,Y) := 1√
d(d− 1)

min
P∈Pd

‖C(X ,Y)− P‖2 ∈ [0, 1] (4.102)

and call this quantity the monomial discordance of X and Y.
Proposition 4.8.2. Let X and S be as in (4.101) with S IC, and h be C1-invertible on
some open superset of DX . Then for I ⊂ I finite and % as in (4.102), we have that:(

h(Xt)
)
t∈I ∈ DPd · (St)t∈I iff %

(
(h(Xt))t∈I , (St)t∈I

)
= 0. (4.103)

Proof. This is a direct consequence of the fact that Kendall’s (and Spearman’s) rank cor-
relation coefficient ρK attains its extreme values ±1 iff one of its arguments is a monotone
transformation of the other (cf. e.g. [49, Theorem 3 (7.), (8.)]), combined with the fact that
ρK(U, V ) = 0 if U and V are independent (cf. e.g. [49, Theorem 3 (2.)]).

Indeed, note for the ‘if’-direction in (4.103) that %
(
(h(Xt))t∈I , (St)t∈I

)
= 0 implies

that there is σ ∈ Sd with |ρK(hi(Xt), Sjt )| = δj,σ(i) for each t ∈ I and i ∈ [d], which
by the above-mentioned property of ρK yields that (hi ◦ f)(St) = αi|t(S

σ(i)
t ), and hence

(hi ◦ f)
∣∣
supp(St) = αi|t

∣∣∣
supp(St)

, for some function αi|t : supp(St) → R with supp(Sσ(i)
t ) 3

xσ(i) 7→ αi|t(xσ(i)) ≡ αi|t(x) monotone. But since for each i ∈ [d] we have hi ◦ f ∈ C1(OS)
for some OS ⊃ DS open, the classical pasting lemma (see, for instance, [98, Corollary
2.8]) guarantees that the functions (αi|t | t ∈ I) can be ‘glued together’ to an injective
C1-map αi :

⋃
t∈I supp(Sit)→ R with αi

∣∣
supp(Sit)

= αi|t

∣∣∣
supp(Sit)

for each t ∈ I, implying that

(h(Xt))t∈I =
(
P · (ασ−1(1) × · · · × ασ−1(d))(St)

)
t∈I for P = (δσ(i),j)ij ∈ Pd, as claimed.

31 See Section 3.7 and 4.5.0.1 for an explicated treatment of the latter.
32 See (3.24) for notation, and recall that the elements of DPd · S are in a minimal distance from S.
33 Recall the classical facts (e.g. [49]) that Kendall’s (and Spearman’s) rank correlation coefficient ρK

attains its extreme values ±1 iff one of its arguments is a monotone transformation of the other, with
ρK(U, V ) = 0 if its arguments U and V are independent.

34 If preferred, ρK might alternatively be chosen as Spearman’s rank correlation coefficient.
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Figure 4.1: The image of the square [−1, 1]2 (leftmost) under three increasingly nonlinear
mixing transformations f1, f2, f3, namely conjugates of the Hénon map (f1 and f2; panels
(a) and (b), respectively) and of the Möbius transformation (f3; panel (c)).

Hence the smaller the monomial discordance between S and a transformation h(X) of
its observable, the closer to optimal will be the deviation between h(X) and S.

Below we provide a brief synopsis of our experiments and the results that we obtained. For
brevity, the truncated approximations (4.22) of the above contrast κ̄IC will be denoted φm0 .

4.8.2 Nonlinear Mixings With Explicitly Parametrized Inverses

First we consider three families of C2-diffeomorphisms on the plane whose inverses are ex-
plicitly parametrized.

More specifically: We sample two types of source processes in R2, namely: an IC Ornstein-
Uhlenbeck process Sou = (S1

ou, S
2
ou), and an IC copula-based time-series Scy = (S1

cy, S
2
cy)

that follows the dependence model (3.85).35 Both Sou and Scy are contrastive by Prop.
3.5.5 (ii) and Cor. 3.5.2 (i), respectively.36 These sources are first mapped to the square
[−1, 1]2 upon centering and scaling them to unit amplitude, and then transformed by one
of three mixing maps fj : R2 → R2 (j = 1, 2, 3) with increasing degree of ‘nonlinearity’,
see Figure 4.1. (For an explicit definition of the fj , see [140].) Figure 4.2 shows the spatial
trace of a sample realisation of Sou and Scy (panels (a) and (b)) next to an excerpt of the
time-parametrised components of these realisations, together with their nonlinear mixtures
X

(j)
η := fj(Sη) for j = 1, 2, 3 and η = ‘ou’ (panels (c), (e), (g)) and η = ‘cy’ (panels (d), (f),

(h)).

35 With FS
i
cy

t chosen as the cdf of N (0, 1) and c chosen as the Clayton-density (cf. Proposition 3.5.1 (i)).
36 Note further that the Ornstein-Uhlenbeck processes Sou, while continuous-time by nature, are processed

as discrete-time observations according to their classical Euler-Maruyama approximation. The copula-based
time-series Scy, on the other hand, are simulated at their observation frequency and thus showcase the
applicability of our method to discrete-time signals (in accordance with Sections 3.7) and 4.5.0.1.
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Each of the ‘true’ inverses gj := f−1
j (j = 1, 2, 3) are contained in an (injectively para-

metrized) family Θj ≡ {gjθ ∈ C2(R2) | θ ∈ Θ̃j} of candidate de-mixing transformations
gjθ, where Θ̃j ⊆ R2 is some open parameter set. On these parameter sets, we consider the
data-based objective functions

Φj
η : Θ̃j → R, θ 7→ φmj (g

j
θ(X

(j)
η )), (4.104)

with φm := κ̄
[m]
IC as in (4.22) and capped at the cumulant orders m1 = m2 = m3 = 6, and

compare the topography of the functions (4.104) to that of the monotone discordances

δjη : Θ̃j → R, θ 7→ %(gjθ(X
(j)
η ), Sη) (cf. (4.102)). (4.105)

Recall that the latter are ‘distance functions’ that quantify how much a candidate source
estimate Ŝθη := gjθ(X

(j)
η ) deviates [from the monomial orbit DPd · Sη of Sη, that is] from the

true source Sη up to order and monotone scaling of its components.

The results are displayed in the first three columns of Figure 4.3, with the ‘estimator’s view’
Φ1|2|3

ou of the demixing performance shown in the top-row panels and the ‘true view’ δ1|2|3
ou

of the demixing performance shown in the bottom-row panels.37 This shows clearly that
within the given families Θj of candidate transformations, those candidate nonlinearities
which map the data X(j)

η to a best-approximation of its source Sη are precisely those that
minimise the contrast (4.104), as asserted by Theorem 4.2.3.

An analogous experiment (j = 4) is performed for a mixing transformation f4 : R3 → R3,
see Figures 4.4, 4.5. The results, obtained for a contrast capped at cumulant order m4 = 7
and shown as the rightmost column of Figure 4.3, are again affirmative of Theorem 4.2.3.

4.8.3 Nonlinear Mixings With Inverses Approximated By Neural Net-
works

The practical applicability of our ICA-method is illustrated by running the optimisation
(4.9) over (approximate) demixing-transformations which are modelled by an artificial
neural network.

More specifically: We subject two Ornstein-Uhlenbeck sources S(1) and S(2) with two resp.
four independent components to a two- resp. four-dimensional nonlinear mixing transform

37 For brevity, Figure 4.3 shows the case η = ou only; the results for the case η = cy can be found in
[140].
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Figure 4.2: Spatial traces and sampled components of three nonlinear mixtures of the sources
Sou and Scy (panels (a) and (b), respectively). Depicted are the mixtures X(1)

ou and X(1)
cy ((c)

and (d)), X(2)
ou and X(2)

cy ((e) and (f)), and X(3)
ou and X(3)

cy ((g) and (h)). The components
of the mixtures, excerpted over 1000 data points each, are shown to the right of each panel.
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Figure 4.3: Contour plot (leftmost column) and heatmaps of the log-transformed contrast
functions (4.104) (top row) and of the associated discordance functions (4.105) (bottom
row) for the mixings X(j)

ou = fj(Sou), j = 1, . . . , 4. The parameters θ(j)
? ≡ (θ(j)

1 , θ
(j)
2 ) of

the true inverses f−1
j ≡ gj

θ
(j)
?

∈ Θj are θ(1)
? = 0.5,38 θ

(2)
? = (−0.35, 1), θ(3)

? = (1,−2), and

θ
(4)
? = (0.2,−5).

(see [140] for details). The resulting mixtures X(1) and X(2) are then passed on to candidate
demixing-nonlinearities gνθ ∈ Θν which are given as elements of the parametrized families

Θν :=
{
gνθ : R2ν → R2ν

∣∣∣ gνθ is an ANN with weights θ ∈ Θ̃ν

}
(ν = 1, 2). (4.106)

Here, the families of transformations Θν are spanned by the various configurations of some
artificial neural network (ANN) instantiated over weight-vectors θ which are chosen from a
given parameter set Θ̃ν in Rmν , where the number of weights mν is part of the pre-defined
architecture of the ANN. Given these candidate-inverses, the optimisations (4.9) are run by

minimizing Θ̃ν 3 θ 7−→ φmν
(
gνθ (X(ν))

)
, (4.107)

i.e. by training each constituent ANN (4.106) with the truncated contrast φmν = κ̄
[mν ]
IC (cf.

(4.22)) as its loss function, where the optimization steps are computed via backpropagation
along the weights of the ANN. Technical details for the respective setups of (4.106) and
(4.107) are reported in ([140] and) Remark 4.8.4.

For the case ν = 1 we applied the mixing transformation depicted in Figure 4.6 (leftmost
panel), and for the case ν = 2 we followed the simulations of [82, 83] in using as a mix-
ing transformation an invertible feedforward-neural network with four-nodal in- and output
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Figure 4.4: Illustration of the three-dimensional mixing transform f4 : R3 → R3 via its
action f4(S2) (right panel) on the 2-sphere S2 ≡ {x ∈ R3 | |x| = 1} (left panel).
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Figure 4.5: Spatial trace and sampled components of a three-dimensional IC Ornstein-
Uhlenbeck process S̃ou (top left) and an IC copula-based time-series model S̃cy (top right)
and their respective nonlinear mixtures f4(S̃ou) (bottom left) and f4(S̃cy) (bottom right).
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layers and two four-nodal hidden layers with tanh activation each.

Denoting by θ∗ν ∈ Θ̃ν the (local) optimum obtained by the minimisation of the objective
(4.107) and setting Ŝ(ν) := gνθ∗ν (X(ν)) for the associated estimate of the source S(ν) (cf.
(4.9)), we as results to these experiments obtained the concordance matrices (cf. Def. 4.8.1)

C(Ŝ(1), S(1)) .=
(

0.853 0.065
0.079 0.930

)
and (4.108)

C(Ŝ(2), S(2)) .=


0.834 0.003 0.037 0.016
0.148 0.725 0.109 0.069
0.037 0.034 0.803 0.265
0.077 0.131 0.072 0.787

 , (4.109)

where we corrected for the permutation ambiguity between Ŝ and S to simplify comparison.

Both (4.108) and (4.109) indicate a good fit between Ŝ(ν) and S(ν) in the sense that, to a
good approximation, Ŝ(ν) and S(ν) differ only up to (an inevitable permutation and) mono-
tone scaling of their components,39 as stated by Theorem 4.2.3. A visual comparison of the
original samples S(1), S(2) and their estimates Ŝ(1), Ŝ(2), see Figures 4.6 and 4.7, confirms
these results.

To reaffirm that the above results of finding good approximations to the source are not
simply due to chance, we ran our experiments repeatedly with randomly chosen realisations
and initial configurations for the data and the learning process (4.106)& (4.107), see [140]
and Figure 4.8. The obtained discordances have mean 0.21 and standard deviation 45 ·10−3

for the Ornstein-Uhlenbeck mixture (Fig. 4.8 (a)), and mean 0.18 and standard deviation
55 · 10−3 for the copula-based time series mixture (Fig. 4.8 (b)). The associated average
concordance matrix for this first (Ornstein-Uhlenbeck) type of mixtures is

( 0.78 0.10
0.11 0.89

)
, and

for the latter (copula) type of mixtures it is
( 0.83 0.11

0.11 0.88
)
. The average discordance between

the respective sources and their initial guesses gθ0(X) prior to applying (4.107) are at 0.59
(a) and 0.56 (b), respectively.

These experiments underline the practical applicability of our proposed ICA-method.
To conclude, we note the following empirical findings.

38 Notice that: (a) by definition of Θ1, the function Φ1
ou depends on the one-dimensional parameter

θ2 only; (b) as the concordance matrix of Ŝ−0.5 := g
(1)
−0.5(X(1)

ou ) and Sou is
(

0.053 0.929
0.834 0.099

)
(indicating a close

proximity between Ŝ−0.5 and DPd ·Sou, cf. Prop. 4.8.2), the observation of Φ1
ou attaining a low local minimum

at −0.5 is in accordance with Theorem 4.2.3.
39 Recall that the optimal deviation Ŝ(ν) ∈ DPd · S(ν) between Ŝ(ν) and S(ν) is achieved iff (4.108) and

(4.109) are permutation matrices (Proposition 4.8.2).
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Figure 4.6: Nonlinear mixture X (sampled trace (a) and components (f), (g)) of an IC
Ornstein-Uhlenbeck source S ((b) and (d), (e)). Further shown is the residual g ◦ f

∣∣
[−1,1]2

((c); cf. (4.110)) for an estimate g of f−1∣∣
DX

. The function g is found by optimising
an articifial neural network (gθ) via the loss function (4.107), and the resulting estimate
Ŝ := g(X) of S is shown in brown ((c) and (h), (i)). To a good approximation, the
source S and its estimate coincide up to (a transposition and) a monotone scaling of their
components, as quantified by (4.108).
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Figure 4.7: Component processes, excerpted over 1000 data points each, of an IC Ornstein-
Uhlenbeck process S = (S1, S2, S3, S4) (orange), a nonlinear mixture X = (X1, X2, X3, X4)
(blue) of S, and an estimate Ŝ = (Ŝ1, Ŝ2, Ŝ3, Ŝ4) of S (brown). The estimate Ŝ is obtained
as Ŝ = gθ?(X) where (gθ) is an ANN and θ? is a (local) minimum of the associated objective
(4.107). To a good approximation, the processes Ŝ and S coincide up to (a permutation and)
a monotone scaling of their components. This is in accordance with Theorem 4.2.3 and as
quantified by (4.109).
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Remark 4.8.3 (Empirical Comments). (i) Given an observableX = f(S) together with
a family Θ of candidate transformations on Rd, the technical compatibility condition(
DPd(DS) · f−1)∣∣

DX
∩ Θ

∣∣
DX
6= ∅ of Theorem 4.2.3 can in practice typically not be

guaranteed a priori. However, as indicated by the above findings (4.108) and (4.109),
infringements of this (sufficient) technical condition might typically be innocuous,
provided that at least

(
DPd · g

)∣∣
DX
∩Θ

∣∣
DX
6= ∅ for some g with g

∣∣
DX

‘close enough’ to f−1
∣∣∣
DX

,

(4.110)
which will be satisfied if Θ is chosen large enough, say as a suitable ANN or another
universal approximator. In a similar vein, our experiments indicate that the regularity
condition Θ ⊆ C2(DX) may in practice be softened by merely requiring that the
‘approximate inverse’ g in (4.110) be ‘C2-invertible on most of DX ’ (cf. e.g. Figure
4.6, panel (c)) and the parametrization of Θ be ‘continuous’ at (some) point g̃ ∈ Θ
with g̃

∣∣
DX
∈ DPd · g

∣∣
DX

, though this a priori reduces the optimisation (4.9) to the
search for a (low) local minimum.

(ii) We emphasize that the configurations of the neural networks and their backpropaga-
tion that we used in our experiments were ad hoc and not tuned for approximational
optimality. Since the loss functions (4.107) are typically non-convex with their topo-
graphy crucially depending on the choice of (4.106) (cf. e.g. Figure 4.3), we expect
that the accuracy and efficiency of our estimates may be significantly improved by ap-
plying our ICA-method to ANN-based approximation schemes (4.106), (4.107) which
are more carefully designed.

Remark 4.8.4 (Implementation Details). (The following enumeration (ν = 1, 2) refers
to the mixtures X(2) = fν(S(2)) considered in Section 4.8.3.) For the case ν = 1, we
applied as f1 the mixing transformation depicted in Figure 4.6 (leftmost panel), and as the
parametrising ANN Θ1 we chose a feedforward neural network with a two-nodal in- and
output layer and two hidden layers consisting of 4 resp. 32 neurons with tanh activation
each; the cumulant series (4.7) was capped at maximal cumulant order m1 = 6. For the
case ν = 2, we followed the simulations of [82, 83] in using as a mixing transformation
f2 an invertible feedforward-neural network with four-nodal in- and output layers and two
four-nodal hidden layers with tanh activation each, and as the parametrising ANN chose
a feedforward network with a four-nodal in- and output layer and one hidden layer of
1024 neurons and uniformly-weighted Leaky ReLU activations; the contrast function (4.7)
was capped at the maximal cumulant order m2 = 5. For both ν = 1, 2, the resulting
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Figure 4.8: Discrepancies (quantified by (4.102), boxplotted) between the true source S and
its (4.107)-based estimates Ŝ. The latter are computed from the nonlinear mixture X shown
in Figure 4.6. Displayed are the cases where: (a) the source S an IC Ornstein-Uhlenbeck
process, and (b) the source S is a copula-based IC time-series (b), respectively. Shown
in addition (red crosses) is the average discordance between S and its initial estimates
at the start of the optimisation (4.107). (The optimised discordances and their averages
pre-learning are computed by applying our method to ten realisations of S and ten initial
configurations gθ0 of the ANNs (4.106) respectively, all drawn independently at random.)

loss functions (4.107) were optimised using stochastic gradient descent (Adam) with non-
vanishing `2-penalty.

4.9 Conclusion

Chapters 3 and 4 have addressed the problem of Blind Source Separation via the classical
approach of Independent Component Analysis. As our main contribution, we have formu-
lated and proved a statistical method to recover multidimensional stochastic processes (in
both continuous- as well as discrete-time) from observations of their nonlinear mixtures.
Conceptually, our method assumes a source process with independent component processes
and, by exploiting the temporal structure of this source, characterises its nonlinear trans-
formations by the degree of intercomponental statistical dependence that they inflict on
the source. Quantifying the latter by way of an efficiently computable contrast function
derived from the signature cumulants of a stochastic process, the initial source separation
problem may then be reformulated as a provably robust problem of optimisation-based
function approximation which in practice can be conveniently implemented by, e.g., con-
temporary neural network-based learning schemes. A comprehensive consistency analysis
ensures that the resulting method is usable in real-world situations (discretized time, one
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sample trajectory), which is further illustrated by a number of theoretical and numerical
examples.

The mathematics of the identifiability theory established in this work appears flexible
enough to allow for extensions in various further directions. For instance, by considering
third-order in place of second-order finite-dimensional distributions it may be adapted to
infer the identifiability of stochastic processes from their time-dependent nonlinear mix-
ing transformations (‘invertible flows’). By adapting the ideas of our approach further, it
does now also seem within reach to prove the identifiability of stochastic sources from more
general nonlinear relations, such as for instance in the setting of controlled differential equa-
tions where one may be interested to recover an (independent-component) stochastic control
from its nonlinear response. As with most methods involving an optimisation over flexibly
parametrisable nonlinearities, however, a significant practical caveat of our approach is the
occurence of spurious local minima in the approximation of the demixing transformation.
This leaves room for improvement that future research might explore: In addition to prac-
tical deliberations such as spanning the optimisation domain by more carefully designed
learning architectures, or amplifying the contrast function by the addition of tunable hy-
perparameters such as weights attached to its summands, one may attempt to tame the
critical optimisation task by adjusting it to (localised) polynomial approximations of the
mixing nonlinearity and harvesting the additional algebraic structure that then results from
the fact (Proposition 5.9.9) that the signature transform ‘dualises’ the action of polynomial
transformations on its arguments.
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Chapter 5

Robust Blind Source Separation

5.1 Introduction

The Problem of Blind Source Separation concerns the (local) inversion of an unknown
function given only the image under this function of some likewise unobserved argument:

Provided only X = f(S) for f and S unknown, invert X for S. (5.1)

This problem is central to a great variety of applications ranging from uses in medical
imaging, neuroscience and biology [8, 45, 99, 106] over finance and astronomy [10, 118] to
physics and engineering [3, 41, 147] to name but a few, witness also the large number of
practical and theoretical approaches that have been proposed to address it; see Chapter 1
and the references therein for an overview. With the generic formulation (5.1) of the BSS-
problem being highly underdetermined, all of these methods have to operate under some
additional assumptions on f and S, so-called ‘identifiability assumptions’, to guarantee that
a meaningful blind inversion X 7→ S is possible at all.

The by far most successful ansatz to date to interpret and solve (5.1) assumes the hidden
relation f to be linear and models the source S as a multidimensional random variable with
statistically independent components. Commonly referred to as Independent Component
Analysis (ICA), this framework is based on probabilistic insights obtained independently
by Reiersøl, Skitovich, and Darmois [130, 145, 43] and was influentially formulated as an
optimisation problem by Comon [37], see Section 3.1. Since its (surprisingly recent [81])
conception, ICA has seen various adaptations and extensions, the majority of those con-
cerning modifications and analyses of its underling optimisation procedures or variations of
the source model in terms of different (identifiability-sufficient) ‘non-degeneracy’ assump-
tions on its component distributions, cf. Chapter 1 or [38, 81, 111] and the references therein.
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A comparatively under-explored yet both obvious and fundamental question, especially in
light of how extensively ICA-methods are used across their considerable spectrum of ap-
plications, is if and to what extent the solutions to (5.1) persist when their underlying
identifiability assumptions on f and S are violated. The scope and relevance of this ques-
tion and its implications are illustrated by the classic Example 1.1.2 on p. 12.

Formally speaking, each of the infringements listed in Example 1.1.2 constitutes a potential
violation of the structural prior assumptions on source and mixing that underlie the vast
majority of ICA procedures, including all of the most popular such methods to date, cf.
[38, 81, 111]. Referring to the pair (S, f) in (5.1) as ‘the cause’ of X, the central question
then becomes how and to what degree such infringements of the prior assumptions on the
cause of an observation affect the algorithmic consistency of an ICA procedure, and whether
this consistency can be meaningfully quantified against general distortions of its supporting
identifiability assumptions.

Although according investigations into the robustness of BSS and ICA solutions have been
repeatedly called for [80], questions of this sort have received surprisingly little rigorous
attention in the literature. To the best of our knowledge, there currently is no robustness
theory for BSS or ICA to analyse the above questions comprehensively, and available results
are limited to either proofs of statistical consistency1, e.g. [29, 30, 138], or partial sensitivity
analyses of numerical subroutines [1, 24, 144] or are asymptotical [29] or confined to highly
specific BSS-models [11, 92] or to very particular or (semi-)parametric noise or dependence
models only [12, 89, 125, 139], and even those few results are mostly restricted to the ‘time-
independent’ special case of X being modelled as an iid sequence of random vectors.

In this chapter, we aim to close these gaps by providing a flexible and comprehensive
robustness theory for the Blind Source Separation of (iid and) time-dependent observables.
Modelling the source S in (5.1) as a discrete- or continuous-time stochastic process in Rd

and working under the general paradigm of ICA, the following are our main contributions.

Formalised Robustness for BSS. Based on a concise analysis of the abstract BSS prob-
lem (5.1), we propose a general and flexible topological notion of statistical robustness2

for Blind Source Separation and Independent Component Analysis that covers a broad
range of relevant infringement scenarios (Section 5.3).

1 Consistency results could be seen as ‘asymptotic (partial) robustness with respect to empirical ap-
proximation’ as these establish convergence of solutions along certain sequences of sample-based estimators
(but not necessarily along all convergent sequences, which would characterize robustness under a sequential
topology).

2 Our usage of the word ‘robust’ is in the sense of Huber [75], as is made precise in Section 5.3.
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ICA-Tailored Topology on Causes. We obtain a natural and coarse premetric topology
on the space of laws of stochastic processes by considering a standardized difference
between elements of a graded family of path-space functionals pertaining to the sig-
nature map from rough paths theory, and extend this to an informative ICA-tailored
topology on the space of hidden causes underlying a BSS-observable. In conjunction
with our formalisation of robustness, this topology provides a general and model-free
way to capture violations of idealised identifiability assumptions and relate them, in
a finite (i.e. ‘non-asymptotic’) and conveniently quantifiable manner, to the resulting
effect that they have on the accuracy of an ICA-procedure (Sections 5.4 and 5.5).

General Stability for Blind Inversion. As a first vehicle on which to demonstrate our
robustness theory, we present a generic blind-inversion map that performs (5.1) un-
der ICA-typical identifiability assumptions but is the first to achieve this with unified
stability guarantees for very general deviations from its underlying structural assump-
tions. Conceptionally, this inversion map has the property of being continuous with
respect to the aforementioned ICA-topology on the space of causes, and its robustness
guarantees are due to informative and entirely explicit moduli of continuity with re-
gards to this topology (Section 5.6). The significance for applications of our approach
is illustrated in a series of statistical use cases (Section 5.7), including the demonstra-
tion of provable robustness for the practical infringements listed in Example 1.1.2.

In the interest of a compact exposition, most proofs and auxiliary results are relegated to
the end of the chapter. This chapter further assumes familiarity with Section 5.2.1 and its
notation, and we also adopt the following convention.

Convention 5.1.1 (Identifying Signals With Their Laws). From Section 5.3.1 onwards,
we will tacitly identify a given signal Y in Rd (a random variable on Cd) with its law
PY := P ◦ Y −1 (a probability measure on Cd). This justifies the prevalent abuse of notation
Y [∼= PY ] ∈M1(Cd).

(Notice that the identification in Convention 5.1.1 is equivalent to the perspective of
considering two [Cd-valued] random variables ‘equal’ if they are equal in distribution.)

Notice finally that unlike in the rest of this thesis (cf. Definition 2.1.4), in this chapter
the symbol ‖ · ‖p-var denotes the p-variation norm (5.32).
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5.2 Preliminaries

5.2.1 Discrete-Time and Continuous-Time Signals

Throughout this chapter, the term signal refers to a stochastic processes in Rd (Definition
3.2.1), that is to an ordered family

Y = (Yt | t ∈ I) of (Borel) random vectors Yt = (Y 1
t , · · · , Y d

t ) in Rd, (5.2)

with I ⊂ R, typically either I = N (‘discrete-time’) or I = [0, 1] (‘continuous-time’). The
scalar processes Y i = (Y i

t | t ∈ I) ≡ (Y i
t ), i ∈ [d], are called the components of Y .

By rescaling I and due to Rem. 5.2.1, we may assume I = [0, 1] and that the vectors of any
signal (5.2) are ordered continuously without loss of generality (cf. Rem. 5.4.4), i.e. that

I 3 t 7−→ Yt is continuous (5.3)

with probability one. This continuity assumption (5.3) allows us to

• use the term ‘stochastic process’ synonymously to ‘continuous-time stochastic process’,
as we will do unless stated otherwise, and to

• view a signal (5.2) as a random path, that is as a Cd-valued (Borel) random variable
over some probability space (Ω,F ,P).

Remark 5.2.1. Any signal Y = (Yt)t∈I with I discrete can be viewed as a continuous-time
signal Ŷ via piecewise-linear interpolation of its points (Yt | t ∈ I) ≡ (Ytj | j ∈ N), namely

Ŷ =
(
Ŷt := Ytj + t−tj

tj+1−tj (Ytj+1 − Ytj ) for t ∈ [tj , tj+1)
)
.

(Note that this interpolation commutes with linear transformations: A ·Ŷ ≡ (AŶt) = (̂AYtj )
for each A ∈ Rd×d.) Upon scaling I, we may further assume Ŷ to be Cd-valued.

By identifying a signal with its law (Convention 5.1.1) we can embed3 the class of all signals
intoM1 ≡M1(Cd), the space of all (Borel) probability measures on Cd. This is of significant
mathematical convenience as it allows us to describe the BSS-problem (5.1) in terms of maps
on a single pre-structured domain (M1), from where the notion of robustness can then be
flexibly formulated and analysed from the angle of general topology (see Section 5.3).
We will at times make use of the spatial support (3.7) of a signal (Definition 3.2.4), and
call a signal Y ‘degenerate’ if its spatial support DY is contained in a hyperplane of Rd.

The support (3.7) and other notions and operations on signals (5.2) can be readily
generalised to measures inM1, as per the following subsection.

3 . . . up to equality in distribution, which for our purposes here is entirely sufficient . . .
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5.2.2 Operations on Measures

The Problem of Blind Source Separation naturally involves a range of (non)linear trans-
formations ϕ applied to a signal. Since the space M1(Cd) ≡ M1 of (Borel) probability
measures on Cd is convex but not a vector space, these transformations need to be ‘induced’
onM1(Cd) in order to be well-defined.

Given some target vector space V , a canonical way to do this is via the pushforward

ϕ∗ : M1 3 µ 7−→ ϕ∗(µ) ≡ µ ◦ ϕ−1 ∈M1(V ) of a (Borel) map ϕ : Cd → V. (5.4)

Owing to their ubiquity, a few special signal actions (5.4) will be given their own name:

For x = (x1
t , · · · , xdt )t∈[0,1] ∈ Cd any fixed path, consider the maps (for i ∈ [d], t ∈ [0, 1])

πi : x 7→ xi ≡ (xit)t∈[0,1] and πt : x 7→ xt and πit : x 7→ xit (5.5)

and denote their respectively induced pushforward measures from a signal µ ∈ M1 by
µi := µ◦π−1

i and µt := µ◦π−1
t and µit := µ◦(πit)−1; we may then also write µ = (µ1, · · · , µd)

and µ = (µt) to denote that µ has the spatial marginals µi and the fixed-time marginals µt.

In accordance with (3.7), the spatial support of µ ∈M1 is defined asDµ :=
⋃
t∈I supp(µt).

Any g : Rd → Rd induces a map g̃ : Cd → Cd via g̃(x) := (g(xt))t∈[0,1], and we set

g(µ) ≡ g∗µ := µ ◦ g̃−1. (5.6)

Extending (5.5), we may further declare in-time increments µs,t ≡ µt − µs := (πt − πs)∗(µ)
and products µis,t ·µ

j
s,t :=

[
m◦(πis,t×π

j
s,t)
]
∗(µ) for the maps πks,t := πkt −πks and m(a, b) := a·b

and s, t ∈ I. Further, E ν :=
∫
Rnu ν(du) is the expectation of a (possibly signed) Borel meas-

ure ν on Rn, and a measure µ = (µt) ∈ M1 is called mean-stationary if E[µt] = E[µ0] for
each t ∈ I.

Finally, a signal µ ∈ M1 is said to have (mutually) independent components, or to be
IC, if µ = µ1 ⊗ · · · ⊗ µd (up to the identificationM1(Cd) ∼=M1(C×d1 ); Lemma 2.1.2). The
set of all IC signals inM1 is denoted S⊥.

Example 5.2.2. To illustrate, suppose that µ = PY ∈ M1 for a some signal Y ≡ (Y i) =
(Yt) in Rd. Then µi = Y i and µt = Yt and g(µ) = g(Y ) ≡ Pg(Y ) for any measurable
g : Rd → Rd. Further Eµs,t = EYt − EYs and E[µis,tµ

j
s,t] = E[Y i

s,tY
j
s,t] for any i, j ∈ [d]

and s, t ∈ I, and µ is mean-stationary iff the process Y is mean-stationary, and µ is IC
iff the components Y 1, . . . , Y d of Y are mutually statistically independent (as stochastic
processes).
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5.3 The Problem of Blind Source Separation

A well-founded stability analysis of Blind Source Separation requires a conceptionally pre-
cise formulation of the general problem statement (5.1) that we gave initially. Taking
S = (St)t∈I as a stochastic process in Rd, I ⊂ R compact, this section provides an according
such formulation: Following a rigorous definition of the inverse problem (5.1) and its associ-
ated concept of solution (Section 5.3.1), a general notion for the stability of blind inversion
is informally anticipated and turned into a natural and exact definition of robustness in the
context of ICA (Section 5.3.2).

The terminology of this section, which at first reading may seem somewhat abstract to
the general reader, is illustrated in Figure 5.1 and further motivated in Section 5.3.3.

5.3.1 Blind Source Separation

The problem of blind source separation is an inverse problem with the objective to recover
an unobserved signal S from its mixture X = f(S) under the condition that the effecting
transformation f is invertible but unknown. The underlying relation between X and S is
expressed by the identity

Xt = f(St) for all t ∈ I, (5.7)

which is well-defined iff the domain of f includes the spatial support DS of S. Assuming
that f and its inverse are both continuous, we have f(DS) = DX and call such

(X,S, f) a BSS-triple (5.8)

with observable X, source S, and mixing transformation f . In partial summary of the
above, note that the ‘causal part’ (S, f) of any such triple is an element of the space

C :=
{

(S̃, f̃) ∈M1 × ZZ | f̃ ∈ C0,0(DS̃)
}

(5.9)

where we set Z := Rd and employed Convention 5.1.1.4 A few more definitions will be
useful.

5.3.1.1 The Problem of Blind Source Separation

Our blindness to the right-hand side of (5.7) imposes an asymmetry between the observable
X and its cause (S, f): If we are only given X, bar any information on S or f , then we
cannot distinguish the ‘original’ cause (S, f) underlying X from any other pair in the set

4 Recall that by this convention we identify a signal S̃ with its law PS̃ ∈M1. Note further that in (5.9)
we made the slight abuse of notation: f̃ ∈ C0,0(DS̃) :⇔ f̃

∣∣
DS̃
∈ C0,0(DS̃), to not clutter our exposition.
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{(S̃, f̃) | (X, S̃, f̃) BSS-triple} ⊆ C of alternative causes. In this case, the original S cannot
be recovered from X any better than finding an element of

[S]X :=
{
S̃ ∈M1

∣∣ ∃ f̃ ∈ C0,0(DS̃) : (X, S̃, f̃) is BSS-triple
}

= evX
(
C0,0(DX)

)
.

The BSS paradigm ameliorates this by upgrading our information from (nothing but) X to:

X and I and the inclusion (S, f)
!
∈ I (5.10)

for some a-priori given non-empty subset I of C, called an identifiability assumption (IA),
which describes our prior knowledge on the original cause (S, f) of X. (The larger I , the
less we know about (S, f): if I = {(S, f)} then we know the original cause exactly, if
I = C then we are ‘completely blind’ about it.)

The upgrade of the data from X to (X,I ) reduces the asymmetry between X and (S, f):
Under (5.10), the source of a triple (X,S, f) can now be recovered up to within the smaller
class

〈X〉I :=
{
S̃ ≡ g̃(X)

∣∣ g̃ ∈ C0,0(DX) and
(
g̃(X), g̃−1) ∈ I

}
⊆ [S]X . (5.11)

In other words, each element in 〈X〉I is a best-approximation of S under (5.10), and any two
elements in 〈X〉I are ‘indistinguishable’5 from S given (X,I ). Let us agree on terminology.

Definition 5.3.1 (BSS-triple on I ). Let I ⊆ C. A BSS-triple (X,S, f) with (S, f) ∈ I

is called a BSS-triple on I , in symbols: (X,S, f)I . The associated class 〈X〉I in (5.11) is
the maximal solution from X given I , its elements are the quasi sources of X given I .

A schematic illustration of these and the following definitions is given in Figure 5.1,
while in Example 5.3.12 the notions of this section are fleshed out in the cocktail party
context of p. 12.

Remark 5.3.2. (i) The maximal solution of a BSS-triple (X,S, f)I is maximal wrt. set
inclusion and (hence) unique by construction.

(ii) If the identifiability assumption I in (5.10) is given as a product set inM1×C0,0(Rd),
say I = S × T, then the maximal solution 〈X〉 ≡ 〈X〉S×T from X given I reads

〈X〉 = evX(T) ∩S (5.12)

where evX(T) is the image of the evaluation map evX : T 3 g 7→ g(X), cf. (5.6).
5 More precisely, this is captured by the equivalence relation

[
S̃ ∼(X,I ) Š :⇔ S̃, Š ∈ 〈X〉I

]
on [S]X .
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(iii) The [size of the] set 〈X〉I depends on I . In particular: the weaker its identifiability
assumption (i.e. the larger the set I ), the larger is the class 〈X〉I and hence the
‘further away’ the set of all quasi sources will be from the original source S ∼= {S}.
Accordingly, any S-containing subset [S]◦ ⊆ 〈X〉I [⊆ [S]◦, resp.] defines an upper
[resp. lower] bound to the ‘accuracy’ to which S can be recovered from X.

Central to the blind inversion task X 7→ S is the accuracy to which it shall be achieved —
that is, which deviations [of the attained quasi sources] from the original source S are con-
sidered optimal or most tolerable? The answer is typically defined by the BSS-practitioner
or their application context, and it translates to the constraint6 〈X〉I ⊆ dSe for some a-
priori given ‘optimal’ superset dSe of S (the ‘accuracy bound’). The primary difficulty,
then, is to identify an IA I for which this inclusion holds, i.e. for which the set 〈X〉I
is identical to the optimum superset [S]◦ := dSe ∩ 〈X〉I of S. In case of non-optimality,
the deviation between 〈X〉I and [S]◦ may be controlled by deriving a lower bound [S]◦ a
posteriori to the choice of I .

The above immediately suggests the following notions.

Definition 5.3.3 (Blind Inversion). Given a map d · e :M1 → 2M1 , an IA I ⊆ C is called

d · e-sufficient if 〈X〉I ⊆ dSe for each BSS-triple (X,S, f)I . (5.13)

Further, for any I ⊆ C we call inversion map on I any function Φ :M1 → 2M1 such that:

∅ 6= Φ(X) ⊆ 〈X〉I , for each BSS-triple (X,S, f)I . (5.14)

Finally, a map ϕ :M1 → 2M1 shall be called faithful if S ∈ ϕ(S) for each S ∈M1.

The task of blind inversion now seeks to accomplish the following: For a given accuracy
bound d · e, can we find an identifiability assumption I (the weaker the better) which is
strong enough to guarantee that for each cause (S, f) ∈ I the source S can be recovered
from its mixture (5.7) up to an accuracy of d · e, i.e. up to within an element of dSe? And
if so, is there an explicitly computable algorithm that performs this inversion?

In formal terms, the (general) Problem of Blind Source Separation reads as follows:

(?)
Given a faithful map d · e :M1 → 2M1 , determine:

(a) a [weak] IA I ⊆ C that is d · e-sufficient;
(b) an explicit inversion map Φ on I .

Any pair (I ,Φ) that satisfies (a)& (b) is called a solution to the BSS-problem for d · e.
6 So that each element S̃ ∈ dSe ∩ 〈X〉I is an optimal solution to the such-constrained BSS problem.
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a. [S?]◦ = 〈X?〉I∗= Φ(X?) b. [S]◦ ( 〈X〉I , Φ(X) 6= [S]◦

Figure 5.1: Schematic illustration of two BSS-triples (X?, S?, f?)I∗ , (X,S, f)I and their
respective maximal solution. Each point in the plane represents a signal, i.e. an element
of M1, and the coloured areas visualise subsets of M1 that relate to the observables X?, X
or their sources S?, S. Depicted in this way are, for some accuracy-bound d · e, the sets
of accurate quasi sources [S?]◦ := 〈X?〉I∗ ∩ dS?e and [S]◦ := 〈X〉I ∩ dSe (dashed black
circles), the maximal solution 〈X〉I (striped annulus with pointed boundary), as well as the
outputs Φ(X?) and Φ(X) of some inversion map Φ ≡ ΦI∗ on I∗ (grey annuluses). The
IA I∗ supporting X? is d · e-sufficient, which implies that the sets 〈X?〉I∗ = Φ(X?) (i.e.,
the set of all I∗-informed best guesses on S? given X?) and [S?]◦ coincide, see panel a. In
particular, each quasi source S̃? ≡ g̃(X?) in 〈X?〉I∗ is an ‘accurate’ guess for S? insofar as
the residual h̃ = g̃◦f? that relates S? to S̃? is in ‘minimal distance to the identity’ in a sense
determined7by d · e. In panel b., the IA I underlying X is too weak to be d · e-sufficient and
so the maximal solution 〈X〉I is a proper superset of the optimum [S]◦. The robustness
of (I∗,Φ) asserts that the inversion property of Φ is resilient to deviations from I∗ of
the causes (in C) underlying its input signal. This amounts to a ‘continuous transition
from a. to b.’, as captured by (5.15): if, in some general sense, the causes (S, f) ∈ I and
(S?, f?) ∈ I∗ are ‘not too different’, can we provide quantitative guarantees that Φ(X) and
dSe are also not too far apart?
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Remark 5.3.4. As it stands, the above problem (?) does in fact comprise a whole family
of inverse problems, even for a fixed d · e, since the I -qualifying adjective ‘weak’ in (?)(a)

is not explicitly specified.8 This ambiguity can be avoided by demanding I to be the
‘weakest’ (i.e. globally maximal wrt. set inclusion) d · e-sufficient IA in C, which would turn
(?)(a) into the stronger task of characterising d · e-accurate invertibility. We refrain from
this stronger formulation here to better capture the BSS-problem in the form in which it is
currently discussed and approached in the literature, cf. e.g. [38, 81, 111] and the reference
therein.

Remark 5.3.5. The BSS-problem (?) consists of an abstract part, (a), which theoretically
ensures the [sufficiently accurate] blind invertibility of an observable back for its cause, and
a more procedural part, (b), which asks for an algorithm to perform this inversion in (both)
theory and statistical practice. The documented solutions to (?) usually address the tasks
(a) and (b) simultaneously, typically by first proving the d · e-sufficiency (5.13) of an IA
constructively and then deriving an explicit inversion map (5.14) in direct consequence to
the employed strategy of proof, cf. [37, 38, 81, 111]. We also follow this general scheme in
Section 5.6.

In addition to the classical formulation (?), we propose to (provisionally) say that a solution

(I ,Φ) is robust if, in some appropriate sense, the maps

(S̃, f̃) 7→ Φ(f̃(S̃)) and (S̃, f̃) 7→ dist%
(
Φ(f̃(S̃)),

⌈
S̃
⌉)

are continuous9 on I .
(5.15)

(See [75] for the general notion of robustness that we follow.) Above uses the ‘asymmetric
distance’

dist%(A,B) := supa∈A d%(a,B) with d%(a,B) := infb∈B %(a, b) (5.16)

where % :M×2
1 → R̄+, with % ◦ (id× id) = 0, is some appropriate distance function between

the outputs of Φ and the desired signals in d · e; specific choices of % will depend on d · e.

Remark 5.3.6. From a purely conceptional angle, the (anticipated) notion of robustness
(5.15) adds to the conventional analysis of problem (?) the classical aspects of (numerical
and analytical) well-conditionedness and stability, which play a central role throughout
many areas of pure and applied mathematics, see e.g. [63, 71, 75], [6, p. 139], or [57, Sect.
IV.12.3].

7 For instance, the popular choice (5.26) of dSe as the monomial orbit Md ·S mandates h̃ ∈ Md.
8 E.g., while (dSe,I ) =

(
{S}, {(S, f)}

)
is trivial, the choice (dSe,I ) =

(
[S]X ,C

)
is meaningless;

solutions to (?)(a) that are of practical relevance or theoretical interest will lie strictly between these two
extremes.

9 As usual, a map Φ is called continuous on I (or I -continuous) if Φ is pointwise continuous on I .
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5.3.2 Independent Component Analysis

As indicated above, the preliminary description of BSS-robustness (5.15) is only still an
informal desideratum rather than an exact definition; for the latter, both % and a suitable
topology (‘I -continuity’) need to be specified further. This gap is closed in the present
subsection which provides an according completion of (5.15) for the most widely received
special instance of (?) known as Independent Component Analysis (ICA).

To prepare, denote by d · em : M1 → 2M1 the function that sends a signal S to its orbit
dSem := Md · S under the monomial group (action) Md := {ΛP | Λ ∈ ∆d, P ∈ Pd} on
M1 (cf. (5.26)). Let similarly M̃d := {h : u 7→ Mu + b | M ∈ Md, b ∈ Rd} be the sub-
group [of C1,1(Rd)] of affinely monomial transformations, with dSem̃ := M̃d · S. Write also
R := {g : Rd → Rd | g is Borel} for the set of Borel measurable transformations on Rd.

Below gives a refinement of (5.14), see (5.19). Note for this that if I⊆C is d · em-sufficient,
then for any inversion map Φ on I there is Φ̂ :M1 → 2R, X 7→ {B ∈ R | B ·X ∈ Φ(X)},
with

Φ(X) = Φ̂(X) ·X, for each BSS-triple (X,S, f)I . (5.17)

Among the inverse problems subsumed under (?), the following variant is by far most
established one to date, cf. e.g. [38, 80, 81, 111]; the reference set Ŝ⊥ is defined in (5.27).

Definition 5.3.7 (Independent Component Analysis). A set I ⊆ C is called an ICA-
condition if

I = S ×GLd for some S ⊇ Ŝ⊥ and I is d · em-sufficient; (5.18)

a BSS-triple (X,S, f)I is called an ICA-triple (on I ) if I is an ICA-condition, and in this
case we call an ICA-inversion on I any function

Φ̂ :M1 → 2R such that: ∅ 6= Φ̂(f(S)) ◦ f ⊆ M̃d, for each (S, f) ∈ I . (5.19)

The Problem of Independent Component Analysis (ICA) is (?) for d · e ≡ d · em̃ and with I

and Φ of the form (5.18) and (5.19); call an according pair (I , Φ̂) a solution to the ICA
problem.

Remark 5.3.8. In other words, an ICA-triple (X,S, f)I is a BSS-triple where the source
S is to be recovered up to some permutation and scaling (and perhaps a constant offset)
of its original components and where the prior information I 3 (S, f) for this consists of
a condition on the source (S : regularity of each source component and their statistical
independence) and a linearity condition on the mixing (GLd) which are imposed separately
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via (5.10). Note further that if Φ̂ is an ICA-inversion of the form (5.19) then X 7→ Φ̂(X) ·X
is an inversion map on I in the sense of Definition 5.3.3, as is clear from (5.14) and (5.12)
and provided that M̃d ·S ⊆ S .

The specificity (5.18) and (5.19) of ICA enables a natural analytical interpretation of the
generic robustness notion (5.15). For this, let (I , Φ̂) be any fixed ICA-solution, set Φ :
X 7→ Φ̂(X) ·X, and let us quantify the (deviations from) the accuracy condition (5.19) via
the ‘deviance function’

∂Φ̂ : C→ R+ given by ∂Φ̂(S, f) := supB∈Φ̂(f(S)) inf(M,v)∈Md×Rd %B((S, f), (M, v))

for %B((S, f), (M,v)) := sup
u∈D(v)

S

|B◦f(u−v)−Mu|
|Mu| 1×(Mu),

(5.20)
with 1× := 1Rd\{0} and D

(v)
S := v +DS . For inequality (5.21) below, recall notation (5.16).

Lemma 5.3.9. The map ∂Φ̂ vanishes on I , i.e. ∂Φ̂
∣∣
I

= 0, and for any function f and
every stochastic process S = (St) with (S, f) ∈ C we have that, with probability one,

dist%̃(Φ(f(S)), dSem̃) ≤ ∂Φ̂(S, f) for %̃(X,Y ) := supt∈I
|Xt−Yt|
|Yt| 1×(Yt). (5.21)

Proof. That ∂Φ̂(I ) ≡ 0 is clear from (5.19). Write ϕ(S, f) for the left-hand side of the
inequality (5.21) and notice our slight abuse of notation, cf. Convention 5.1.1: here, ϕ(S, f)
is a function of the process S = (St) in Rd, while ∂Φ̂(S, f) is a function of the law, PS ∈M1,
of S. By (5.16),

ϕ(S, f) = supX̃∈Φ(X) infh∈M̃d
%̃(X̃, h(S)) for X = f(S), (5.22)

where Φ(X) = (Φ̂(X) ◦ f)(S) ≡ {(B ◦ f)(S) | B ∈ Φ̂(X)} by definition. Hence for any
X̃ ∈ Φ(X) and all h ≡ M + v ∈ M̃d (some M ∈ Md, v ∈ Rd) there is B ≡ B(X̃) ∈ Φ̂(X)
with

%̃(X̃, h(S)) = supt∈I
|(B◦f)(St)−(MSt+v)|

|MSt+v| 1×(h(St)) = supt∈I
|(B◦f)(S̃t−ṽ)−MS̃t|

|MS̃t|
1×(MS̃t)

where S̃ = (S̃t) is given by S̃t := St + ṽ with ṽ := M−1v. Hence and since the trace of
a process is almost surely contained in its spatial support, we have that, with probability
one,

%̃(X̃, h(S)) ≤ supu∈DS̃
|(B◦f)(u−ṽ)−Mu|

|Mu| 1×(Mu) = %B((S, f), (M, ṽ)) (5.23)

where DS̃ = D
(ṽ)
S . Statement (5.21) now follows from (5.23) and the definitions (5.22) and

(5.20).
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With the relative error between the output of Φ and the desired accuracy d · em̃ controlled
by ∂Φ̂, we can now deliver the anticipated formalisation of (5.15) for the special case of ICA.
Notice that the following is a natural combination of the BSS-specific stability requirements
(5.15) with the classical notion of statistical robustness as set out in [75, Sects. 1.2–1.4, 2.6].

Definition 5.3.10 (Robust ICA). A solution (I , Φ̂) to the ICA-problem is robust if

∂Φ̂ : C→ R+ is continuous on I (5.24)

with respect to a sufficiently coarse topology on the causal space C.

In addition to the qualitative assertion (5.24) it is often desirable to also arrive at an
explicit quantitative analysis of this robustness (cf. e.g. [75, Sect. 1.3f.]). Provided the
underlying topology on C is sufficiently informative, this can be achieved by complementing
(5.24) with a modulus of continuity of ∂Φ̂ at I , as done in Section 5.6 below.

Remark 5.3.11 (‘Sufficiently Coarse’). What do we mean by the definiens ‘sufficiently
coarse’? Just as for other uses of the robustness concept [67, 75], the answer to ‘how
coarse is coarse enough’ (cf. Rem. 5.3.3.2) typically depends on the specific (application)
context in which the ‘stability of Φ under violations of I ’ is of interest; a one-size-fits-all
topology – or universal level of coarseness – to optimally capture all thinkable violations
is generally difficult to pinpoint. However, taking classical theory as a rough guide, see
e.g. [75, Sects. 1.3, 2.6], we can hope to capture ‘most’ relevant violations by, for reference,
calling a topology τC on C

sufficiently coarse if the (τC, π̃1)-induced final topology onM1 is coarser than τ?,
(5.25)

where π̃1 : C → M1, (S̃, f̃) 7→ S̃, is the canonical projection from a cause to its signal
and τ? is the topology of weak convergence onM1(Cd) (e.g. [18, Def. 8.1.1] and [16, Sect.
7]). Again, we emphasize that the specification (5.25) is merely a reference point to provide
orientation and should not be read as a necessary or strictly binding constraint on (5.24); we
do not restrict Definition 5.3.10 to topologies of only this kind. In fact, the following sections
will establish (5.24) for a topology τC on C which, while conforming to (5.25) in the setting
of most applications, is generally slightly finer than (5.25) but nonetheless still sufficiently
coarse to informatively capture (the ‘convergence to exactness’ of) many infringements of
an IA that are of relevance in theory and practice, cf. e.g. Example 1.1.2 and Section 5.7.
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5.3.3 Complementary Motivation

Let us illustrate the notions and definitions of the previous sections by an appeal to Example
1.1.2.

Example 5.3.12 (Cocktail Party Revisited). The original speech signals pertaining to
the speakers in Example 1.1.2 can be modelled as [drawn from] the components Si of
a stochastic process S = (S1, . . . , Sd) ∈ M1. The microphone recordings of these sig-
nals are then mixtures of the form Xi = fi(S1, . . . , Sd) that combine to an observable
X = (X1, . . . , Xd) = f(S) for some invertible map f = (f1, . . . , fd) : DS → Rd. The in-
verse problem from Example 1.1.2 thus translates into the BSS-problem (?) for the triple
(X,S, f), and is to be solved to an accuracy d · e not explicitly specified in the example. The
example states, however, that the goal is to “recover from X what each of the d speakers
have said”. Thus, the goal is not necessarily an exact recovery10 of S from X. Instead,
the objective is to recover from X only the messages – that is, the informational content of
their respective speeches – that the speakers communicated: which speaker it was that said
something, or how loudly they originally said it, is irrelevant.

This abstracts from the original source S the order of its components [i.e., the attribution
(via enumeration) of a speech signal to its original speaker] and the scale of its components
[i.e., how loudly such a speech was originally communicated]. Consequently, any two signals
(b1Sj1 , . . . , bdSjd) and (b̂1Sk1 , . . . , b̂dS

kd) with bi, b̂i 6= 0 and {ji} = {ki} = [d] are both
equally desirable outcomes of the blind inversion. I.o.w., the task in Example 1.1.2 is
‘accurately’ accomplished if from X we arrive at (not necessarily S but instead) any signal
of the form

S̃ ∈
{(
α1S

τ(1), . . . , αdS
τ(d)) ∣∣α1, . . . , αd ∈ R×, τ ∈ Sd

}
= Md · S, (5.26)

where Md := {ΛP | Λ ∈ ∆d, P ∈ Pd} is the subgroup [of GLd] of monomial matrices. This
establishes the monomial orbit dSe := Md ·S as a suitable task-specific accuracy (5.13) for
Ex. 1.1.2.

Since our prior knowledge about the speakers, S, and about ‘the physics’ of their record-
ing situation, f , is very limited, we can generally pinpoint the original constellation (S, f)
only as an element of some subset I in C and not as a singleton in said space – this is our
‘blindness’. Consequently, at this prior level, every signal that conforms to I (that is, every
Ŝ := g(X) s.t. (Ŝ, g−1) ∈ I ) appears to us indistinguishable from the original speeches we

10 . . . i.e., to obtain from X not only the content of what was said but also which speaker (identified by
their number i) it was that said it and at which original sound volume they said it; this is usually impossible.
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are looking for. We thus dub signals of this kind ‘quasi sources’ and subsume them into the
set (5.11).

The main question for us at this point is whether our limited knowledge I of the speakers
and their mixing is sufficient to, at least in principle, recover from X the signal S up to the
desired accuracy (5.26). This translates into the requirement 〈X〉I ⊆ dSe on I , and if this
requirement is met we want to perform the inversion X 7→ S accordingly. The latter asks for
an explicitly computable inversion procedure Φ : M1 → 2M1 which, since it should make
optimal use of the data (X,I ), we naturally expect to satisfy Φ(X) 6= ∅ and Φ(X) ⊆ 〈X〉I .

Now due to complex interdependencies between the speakers S1, . . . , Sd or since the record-
ing situation f is somewhat complicated or both, we might fail to formulate an assumption
I on (S, f) for which the required accuracy condition (5.13) is met. We may, however,
often find that (S, f) is still more or less ‘well approximated’ by an idealised constellation
(S?, f?) that conforms to an assumption I∗ in C for which the accuracy condition is met. In
our example, a viable such approximation of (S, f) might be to choose S? to have the same
component signals as S but with no statistical dependence between them, and to take f? as
the linearisation of f at some point x0 ∈ DS , in symbols: (S?, f?) ≡ (PS1⊗· · ·⊗PSd , Df (x0))
(cf. Section 5.3.2).

This idealisation then pays off as follows. The d · e-sufficiency of I∗ allows for a map Φ ≡ ΦI∗

of the form (5.14) that achieves an exact blind inversion on I∗-caused observables. Provided
that the inversion property Φ(f̃(S̃)) ⊆ dS̃e of this map is stable around the idealisation
(S̃, f̃) ≡ (S?, f?) ∈ I∗ as per (5.15), the proximity (S, f) ≈ (S?, f?) will then guarantee that
Φ(X) is approximately a subset of dSe, as desired. More specifically, given an estimate on
the ‘deviation’ ∆ between (S, f) (the original cause) and (S?, f?) (the I∗-idealisation of that
cause), we can provide results asserting, in terms of precise and informative error bounds
with entirely explicit constants, that each element in Φ(X) equals an element of dSe up to
a relative error of order O(∆). The merits this has for our example application are clear:
While the actual cause (S, f) of X may be too complex to blind-recover S exactly, we may
find a ‘structurally simpler approximation’ to (S, f), say I∗ 3 (S?, f?) with inversion Φ on
I∗ as above, and obtain that the estimated speeches S̃∆ ≡ Φ(X) will still be d · e-accurate
up to a controlled relative distance to (5.26). Provided that the idealisation error ∆ is small
enough,11 the obtained signal S̃∆ may show acoustic distortions but still be close enough
to the optimum (5.26) (the clearly audible speeches) so as to recognize from it the original
information that the speakers communicated.

11 Which one can try to achieve, e.g., by adjusting the microphone positions or attenuating external noise.
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While the above perspectives and ideas on the robustness of BSS are relevant and
intuitive, the current literature does not seem to offer any flexible and informative theoretical
framework to formalise and exploit them. The approach that we develop in this chapter is
intended as a first proposal in this direction.

5.3.3.1 Supplement to Definition 5.3.7

For its brief use in (5.18), we define the set (‘smoothness class’)

Ŝ⊥ :=
{
µ ∈ S⊥

∣∣ ]{i ∈ [d] | E
[
(µi0,1)3] = 0} ≤ 1 and ] σ(Cov(µ0, µ1)) = d

}
(5.27)

of all IC signals whose incremental covariance has pairwise distinct eigenvalues and for which
at most one of their third incremental moments vanishes. These signals are of ‘conventional
regularity’ in the sense that they are in particular non-Gaussian, hence (linearly) identifiable
by the classical paradigm [37], and also of a sufficiently rich time-structure to be recoverable
via the methods in [116]. I.o.w., (5.27) is a class of sources which are so regular (‘smooth’)
that a blind inversion procedure should be able to recover them in order to be called an
ICA-method.

5.3.3.2 On Definition 5.3.10

Intuitively speaking, any topology on C for which condition (5.24) holds is a model for how
‘sensitively’ the d · em̃-accuracy of Φ reacts to violations of the assumption I : the coarser
such a topology [i.e., the fewer open sets it contains], the less sensitively (“the more ro-
bustly”) does Φ vary under general perturbations of I . Since the continuity requirement
(5.24) is redundant if understood wrt. the discrete, i.e. the finest, topology on C, a cer-
tain level of coarseness of the (5.24)-supporting topology on C is clearly necessary. There
is, however, no immediate or canonical choice for such a topology on C so that setting a
threshold on ‘how coarse is coarse enough’ is notoriously a matter of judgement, as further
discussed in Remark 5.3.11.

With an operable formulation of both the BSS-problem (5.1) – approached via ICA
(5.18) – and its associated notion of robustness (5.15) at hand (see Definitions 5.3.7 and
5.3.10), the overarching goal for the rest of this chapter is to bring the above framework
to life and fruition: Section 5.5 provides a natural, easy-to-handle and informative (pre-
metric) coarse topology on C that supports the stability (5.15) for a generically derived
ICA-solution (I , Φ̂) (Section 5.6) and allows the resulting BSS-robustness (5.24) of this
solution to be thoroughly quantified via explicit moduli of continuity (Theorems 5.6.10
and 5.6.14). A number of application-relevant corollaries to this robustness illustrate the
practical significance of the theory (Section 5.7).
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5.4 Coordinatisable Signals and Their Convergences

Foundational to the announced topology on C, and thus to our above-mentioned robustness
program altogether, is a distinguished set of ‘coordinates’ to describe the signals in M1.
This leads to a structured and explicitly computable quantification of M1 which, along-
side the topologies that this coordinatisation both captures and imposes, is studied in the
present section.

The announced coordinates take the form of moment-like integral statistics and are defined
by iteratively integrating the sample paths of a signal against each other. The latter to be
well-defined requires a certain regularity of the realisations of a signal, which is accounted
for by certain ‘regularity classes’ within Cd that the samples of a coordinatisable signal
are assumed to be contained in. An expressive and convenient such class12 is the regular
subspace

C1 ≡ C1
d :=

{
x : [0, 1]→ Rd

∣∣∣ x is absolutely continuous13
}

(5.28)

of Cd, and the signals whose samples are contained in this class are the elements of the
subspace

D := {µ ∈M1(Cd) | µ(C1) = 1} (5.29)

ofM1, i.e. the set of all Borel probability measures on (Cd, ‖ ·‖∞) supported on C1. Writing
C1,1(Rd) =: C1,1 for the group of all C1-diffeomorphisms on Rd, note that (by the chain
rule, cf. (5.30)) the space D is left invariant under the C1,1-action (5.6) onM1(Cd).

After establishing a few essential structural properties of the space C1 and exposing how
it enables the inclusion of discrete-time signals (Sect. 5.4.1), we are ready to introduce the
announced signal coordinates on D (Sect. 5.4.2) and study how sensitively some natural
topologies onM1 (Sect. 5.4.3) are captured by these coordinates (Sect. 5.4.4).

5.4.1 Properties of the Sample Space

The path space C1 enjoys a few topological regularity properties that make it a convenient
choice to act as the sample space of our signals. We note, however, that the main ideas of
this chapter can also be readily extended to signals with much less regular sample paths,
see Remark 5.4.9 (and the references therein) at the end of this subsection. The contents
of the following lemma are well-known.

12 Though certainly not the largest possible regularity class, see Remark 5.4.9.
13 To recall the definition of absolute continuity, see e.g. [54, Definition 1.17].
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Lemma 5.4.1. The above space C1 of absolutely continuous paths in Rd can be written as

C1 =
{
x ∈ Cd

∣∣∣∣ ∃ ! ẋ ∈ L1([0, 1];Rd) : x = x0 +
∫ ·

0
ẋs ds

}
; (5.30)

this space is a Borel subset of (Cd, ‖ · ‖∞) and a separable Banach space with respect to the
1-variation norm

‖x‖1-var = |x0| + ‖ẋ‖L1 . (5.31)

Proof. The identity (5.30) holds by [54, Propositions 1.31&1.32]. In fact, [54, Prop. 1.31]
asserts that for X := Rd × L1([0, 1];Rd) and Y := Cd, the map f : X → Y given by
f(c, v) := c+

∫ ·
0vs ds is a Banach space isomorphism (which also proves (5.31)). From this,

[90, Theorem 15.1] implies that the image f(X) = C1 is a Borel subset of (C1, ‖ · ‖∞), i.e.
that C1 ∈ B(Cd). That (C1, ‖ · ‖-var) is separable and Banach is stated as [54, Corollary
1.35].

Remark 5.4.2. Recall that || · ||1-var in fact dominates a whole family (‖ · ‖p-var)p∈[1,∞] of
p-variation norms on C1 which, in generalisation of (5.31) (cf. [54, Sect. 5.1]), are given by

‖x‖p-var := |x0|+
[
sup
(tν)

∑
ν

|xtν+1 − xtν |p
]1/p

for 1 ≤ p <∞ (5.32)

and ‖ · ‖∞-var := ‖ · ‖∞, where the above supremum runs over all (finite) dissections (tν)
of [0, 1]. Since these norms become weaker as p increases, that is ‖ · ‖p-var ≥ ‖ · ‖q-var for
each 1 ≤ p ≤ q ≤ ∞ (e.g. [54, Prop. 5.3] and [104, Lem. 1.6.4.]), we have the inclusions of
subspaces

Cb
(
C1; ‖ · ‖1-var

)
⊇ Cb

(
C1; ‖ · ‖p-var

)
⊇ Cb

(
C1; ‖ · ‖q-var

)
for 1 ≤ p ≤ q ≤ ∞. (5.33)

It is useful to observe that while the uniform topology on C1 is weaker than its 1-variation
topology, both induce the same measurable structure on C1. This follows essentially by defin-
ition (5.31) of the 1-variation norm and the above fact that C1 is separable wrt. || · ||1-var.

(Further topological properties of the spaces (5.33) are discussed in [54, Sect. 5.3.3].)

Due to its separability, the space (C1, ‖ · ‖1-var) will allow us to compare the classical
(i.e., ‖·‖∞-induced) weak topology of signals to a spectrum of finer (‖·‖p-var-induced) signal
topologies that are fine enough to support the continuity of certain convenient coordinates
onM1 (Section 5.4.3). A cornerstone for this comparison is the following lemma.

Lemma 5.4.3. The spaces (C1, ‖ · ‖∞) and (C1, ‖ · ‖1-var) have the same Borel σ-algebra.
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Proof. Note first that since || · ||1-var ≥ ‖ · ‖∞ (which is easy to see) we find that the 1-
variation topology on C1 is finer than the uniform topology on C1, which of course implies
that B1-var := σ(C1, || · ||1-var) ⊇ σ(C1, ‖ · ‖∞) =: B∞. Since the separability of (C1, || · ||1-var)
guarantees that the σ-algebra B1-var is generated by the closed ||·||1-var-balls, the converse
inclusion B1-var ⊆ B∞ follows if we can show that

B1
r (x) := {y ∈ C1 | ||y − x||1-var ≤ r} ∈ B∞ for every x ∈ C1 and any r ≥ 0. (5.34)

To see that this holds, fix any x ∈ C1 and r ≥ 0 and recall that, by definition,

||z||1-var = sup
I∈I

VI(z) with V(tν)(z) := |z0|+
∑
ν

∣∣ztν+1 − ztν
∣∣

and where I := {I = (tν) | I is a (finite) dissection of [0, 1]}. Given any I ∈ I it is clear
that the function QI : C1 3 y 7→ VI(y − x) is continuous wrt. ‖ · ‖∞, whence the level set
CI := {y ∈ C1 | QI(y) ≤ r} is ‖ · ‖∞-closed. Combined with this, the immediate identity

B1
r (x) =

⋂
I∈I

CI implies that B1
r (x) is closed wrt. ‖ · ‖∞ ,

which shows that (5.34) holds as desired.

Remark 5.4.4 (Discrete Signals). Sometimes observables are modelled a priori as random
vectors or discrete time series in Rd rather than as continuous-time stochastic processes.
Such discrete-time models are still special cases of our formalism, i.e. can be seen as signals
in D, as per the identifications (for Z := Rd and Ĉ0 := {x ∈ C(0,1) | x0 = 0})

ι̂1 : Rd 3 u ∼7−→ (t · u)t∈[0,1] ∈ Ĉ0 and ι̂n : Z×n ∼−→ ĈEn (n ≥ 2), (5.35)

where for a dissection I = (tν | 0 = t0 < . . . < tn−1 = 1) of [0, 1] we set the subspace (of C1)

ĈI :=
{
x = (xt)t∈[0,1]

∣∣∣ xt = xtν + tν−t
tν+1−tν (xtν+1 − xtν ) for t ∈ [tν , tν+1), ν ∈ [n− 1]0

}
(5.36)

(the space of all I-piecewise linear paths from [0, 1] to Rd) and denote by ι̂n the map
that sends a tuple (zν) ∈ Z×n to its piecewise-linear interpolation (cf. Rem. 5.2.1) along
En :=

(
(ν − 1)/(n − 1) | ν ∈ [n]

)
, the equidistant dissection of [0, 1]. (The maps in (5.35)

are indeed identifications as they are (isometric for n = 1) Banach isomorphisms with
inverses π̂n := ι̂−1

n given by π̂1 := π1 and π̂n = πEn for n ≥ 2.) For any ‘discrete signal’
υ ∈ M1(Z×n), the pushforward υ̂ := (ι̂1)∗υ ∈ D̂1 :∼= {µ ∈ M1(C1) | µ(Ĉ0) = 1} (if n = 1)
or

υ̂ := (ι̂n)∗υ ∈ D̂En :=
{
µ ∈M1(C1)

∣∣ µ(ĈEn) = 1
}

(for n ≥ 2)

is its continuous-time identification; for the (‘timeless’) case n = 1, the signature moments
(5.38) of υ̂ coincide with the classical [multivariate] moments of υ up to the factor 1/m!.
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5.4.2 Signature Moments

Let us now define the announced coordinates of a signal µ in D.

The key idea behind these coordinates is that each sample path x ∈ C1 of µ admits itself a
concise non-local (in-time) description by way of the iterated-integral14 statistics

x =
(
x1
t , · · · , xdt

)
t∈[0,1] 7−→

∫
0≤t1≤···≤tm≤1

dxi1t1 · · · dx
im
tm =: sigi1···im(x) (5.37)

for i1, . . . , im ∈ [d], m ∈ N, and sig∅(x) := 1. These are the so-called signature coefficients of
x, and they combine to a multi-indexed family sig(x) :=

(
sigw(x) | w ∈ [d]?

)
which is known

as the signature of x (see Definition 2.2.6). Notice the formal similarity of sigi1···im with
the moment map x 7→ xi10,1 · · ·x

im
0,1, motivating us to refer to (5.37) as the ‘noncommutative

moments’ of x. See Section 2.2 for further details, and recall Section 2.2.3 for the definition
below.

By duality, the signature-based description (5.37) of a path can be naturally transferred
from C1 to the signals in D. The resulting ‘dual’ coordinates on D are introduced below.

Lemma 5.4.5. The map (C1, ‖ · ‖∞) 3 x 7→ sigw(x) ∈ R is Borel-measurable for each
w ∈ [d]?.

Proof. By Lemma 5.4.3 and the fact that sigw is continuous wrt. || · ||1-var (e.g. [105, Theorem
3.1.3]).

Definition 5.4.6 (Signature Moments). Given a signal µ in D, the numbers (in R̄)

〈µ〉i1...im :=
∫
Cd
sigi1...im(x)µ(dx) (i1, . . . , im ∈ [d], m ∈ N) (5.38)

are called the signature moments of µ. We refer to the coredinates of µ as the matrices

[µ]0 :=
(
〈µ〉ij

)
i,j∈[d] and [µ]ν :=

(
〈µ〉ijν

)
i,j∈[d] (ν = 1, . . . , d), (5.39)

and denote by [µ]c := ([µ]0, [µ]1, · · · , [µ]d) their ordered collection. We say that [µ]c exists,
in symbols: [µ]c <∞, if all the signature moments in (5.39) exist in R.

(The word ‘coredinates’ is a portmanteau of ‘core coordinates’.)

Owing to the above-mentioned characteristicness of the signature-based path coordinatisa-
tion (5.37), the signature moments (5.38), if contained in R, characterise a signal uniquely,
see [34]. As a result of the algebraic interrelations15 within {sigw |w ∈ [d]?}, the moments

14 Since every x ∈ C1 is of bounded variation, the integrals (5.37) exist in the sense of Lebesgue-Stieltjes.
15 The non-commutative moments {sigw | w ∈ [d]?} form a point-separating subalgebra of RC

1
.
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(5.38) also efficiently encode any transformative action f : C1 → C1 inflicted (via push-
forward, cf. (5.6)) upon D. In fact, the coredinates (5.39) already sufficiently capture the
linear action

Rd×d 3 A 7−→ A · µ ≡ A∗µ := µ ◦A−1 ; (5.40)

flattening the third-order tensors
(
〈µ〉ijk

)
to the matrices [µ]ν in (5.39) yields a family of

affine equivariant statistics (see below). This equivariance is a simple yet extremely useful
algebraic property of [µ]c, and when combined with mild statistical assumptions on µ can
be used to study the action (5.40) for a wide class of (non-IC) signals and under nonlinear
perturbations.

Lemma 5.4.7 (Affine Equivariance). Let µ ∈ D and define f ≡ f(u) := A · u + b on Rd

for some A = (aij) ∈ Rd×d and b = (bi) ∈ Rd. Then for any i1, . . . , im ∈ [d] and m ∈ N,

〈
f∗µ

〉
i1...im

=
d∑

j1,...,jm=1
ai1j1 · · · aimjm · 〈µ〉j1...jm . (5.41)

Proof. This is clear by the multilinearity of iterated Stieltjes integration. Indeed: Fix any
multiindex (i1, . . . , im) ∈ [d]×m. Then by said multilinearity, we find for each x ∈ BV that

sigi1···im(f(x)) =
∫

∆m

d
[
f(x)

]i1 · · · d[f(x)
]im

=
∫

∆m

d
[∑d

j1=1 ai1j1x
j1
]
· · · d

[∑d
jm=1 aimjmx

jm
]

=
d∑

j1,...,jm=1
ai1j1 · · · aimjmsigj1···jm(x)

for the m-simplex ∆m := {t ∈ [0, 1]m | t1 ≤ · · · ≤ tm}. So by definitions (5.38) and (5.6),〈
f∗µ

〉
i1...im

=
∫
Cd
sigi1···im(x) f?µ(dx) =

∫
BV

sigi1···im(f(x))µ(dx)

=
d∑

j1,...,jm=1
ai1j1 · · · aimjm · 〈µ〉j1...jm ,

where the second identity is the change-of-variables formula for pushforward measures.

Of course, the signature statistics (5.39) share their equivariance property (5.41) with
many classical signal statistics of comparable order such as, e.g., covariance matrices or
classical multivariate moments or cumulants, which is what underlies the latter’s utility in
many classical ICA approaches [38, 81, 111]. Hence and if preferred one may also just use
these classical statistics in lieu of (5.38), in which case the topological robustness approach
developed in this chapter remains equally valid, mutatis mutandis, upon replacement of
(5.39) by any of their (affine equivariant) classical counterparts; cf. also Rem. 5.4.4. This
leads us to the following remark.
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Remark 5.4.8 (Why Signatures?). In stark contrast to the classical (‘commutative’) mo-
ment statistics of a stochastic process, the coredinates (5.39) of a signal µ are ‘global’ [in
time] statistics of this signal, i.e. functions that exhaust (the law of) the whole signal and
not just, as with classical statistics, the signal’s finite-dimensional distributions probed at
a small number of preselected time-points. This globality of the signal statistics (5.38)
enables them to capture non-local statistical effects (such as, e.g., time-dependent noise
or estimation errors due to asynchronously sampled channel data, cf. Section 5.7) much
more naturally and efficiently than with classical (‘fixed-t’) moment statistics (cf. e.g. Sect.
4.2). What is more, the derived statistics (5.39) do in general16 also carry more informa-
tion per matrix than classical statistics of the same dimension, which reflects in the fact
the matrices (5.39) are generally asymmetric and, hence, contain about twice as much in-
formation as same-dimensional matrix statistics obtained from classical (‘commutative’)
moments, which are all symmetric. These aspects in particular, which will be developed
and leveraged throughout the following, make the signal coordinates (5.38) and their de-
rived statistics (5.39) a very natural and informative quantisation of statistical dependencies
within and between multidimensional signals and their (non)linear transformations. Owing
to these qualities, we will see that these coordinates are an excellent basis for constructing
the desired robustness topology in (5.24).

Remark 5.4.9 (Extensions to Rougher Paths). While the sample space (5.28) is fairly gen-
eral already and, in particular, covers all signals that one encounters in statistical practice
(cf. Rem. 5.4.4, Prop. 5.4.12), note that the considerations of this chapter can be read-
ily extended to spaces of even more irregular paths by using the theory of rough paths
[54, 104, 105]. As this is mainly a technical exercise, we refrain from implementing these
extensions here and instead refer the interested reader to the above references to not exceed
the scope of this chapter.

5.4.3 Convergence of Signals

In this section we formalise how different signals can be topologically related to each other
by introducing a natural notion of p-variation-graded weak convergence on D. The res-
ulting signal topology is at most minimally stronger than the topology of classical weak-
convergence on D and in fact equal to the latter in the context of many applications.

16 An exception to this are the coredinate matrices of mean-stationary product streams and their linear
transformations (due to (5.85)), which do coincide with classical moment statistics; see Lemma 5.5.9.
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To begin, recall17 that a net of signals (µα) in D is said to converge weakly to µ ∈ D if

lim
α
µα(f̃) = µ(f̃) for each f̃ ∈ Cb(C1; ‖ · ‖∞), where µα(f̃) :=

∫
C1
f̃ dµα (5.42)

and Cb
(
C1; ‖ · ‖∞

)
denotes the space of bounded ‖ · ‖∞-continuous functions f̃ : C1 → R.

As is apparent from its above definition, the concept of weak convergence is an inherently
topological notion: While different topologies on C1 may induce the same Borel σ-algebra,
the set of (bounded) continuous functions they provide – and hence the ‘modes of weak
convergence’ that they induce on D – may well differ.

Lemma 5.4.3 pertains to this, as it implies that the signal spaces M1(C1) ≡ M1
(
(C1, ‖ ·

‖∞)
) ∼= D and M1

(
(C1, || · ||1-var)

)
coincide. This allows us to integrate each measure

µ ∈M1
(
C1) against any element of the space Cb

(
C1; || · ||1-var

)
of bounded || · ||1-var-continuous

functions f̃ : C1 → R.

As before, cf. [18, Def. 8.1.1], this gives rise to a notion of pointwise (“weak”) convergence

µα
1-var−−−⇀ µ :⇐⇒

[
lim
α
µα(f̃) = µ(f̃), ∀ f̃ ∈ Cb

(
C1; || · ||1-var

)]
(5.43)

for a net (µα) ⊂M1(C1) and µ ∈M1(C1). Thanks to the inclusions (5.33), this convergence
can be systematically generalised to the following weaker notions of convergence.

Definition 5.4.10 (p-Weak & Weak’ Topology). Let p ∈ [1,∞). A net (µα) ⊂ D will be
called p-weakly convergent to a signal µ ∈ D, in symbols: µα

p-var−−−⇀ µ, if

lim
α
µα(f̃) = µ(f̃) for each f̃ ∈ Cb

(
C1; ‖ · ‖p-var

)
. (5.44)

Given 1 ≤ α ≤ ∞, we say that (µα) is [α]-weakly convergent to µ, in symbols: µα
[α]−⇀ µ, if

µα
q-var−−−⇀ µ for some 1 ≤ q < α. (5.45)

The convergences of nets (5.44) and (5.45) each canonically18 define topologies on D which
we call the p-weak topology and the [α]-weak topology on D, respectively. We call weak’-
topology the [2]-weak topology, and refer to the [∞]-weak topology as the variationally-weak
topology.

In other words, (5.44) is precisely the weak convergence of (µα) to µ wrt. the p-variation
topology on C1 (cf. [18, Section 8.1]). Note further that the convergences (5.44), (5.45) and
(5.42) stand in natural hierarchy to each other: For any 1 ≤ p ≤ q < r < ∞, the p-weak

17 See for instance [18, Definition 8.1.1] and [16, Section 7].
18 See for instance [91, Chapter 2 (pp. 73)].
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topology is stronger (due to (5.33)) than the q-weak topology which, in turn, is stronger
than the [r]-weak topology which is stronger than the variationally-weak topology. The
latter, in turn, is stronger than the classical (i.e. (5.42)-induced) weak topology onM1(C1)
but only minimally so: these last two topologies are fact ‘almost equivalent’ as per the
following remark.

Remark 5.4.11. The norms ‖ · ‖p-var (1 < p <∞) and ‖ · ‖∞ can be related via a classical
interpolation inequality (e.g. [54, Proposition 5.5]) which, for every x ∈ Cd, implies that

‖x‖∞ ≤ ‖x‖p-var ≤ 2‖x‖
1
p

1-var · ‖x‖
1− 1

p
∞ for each p ∈ (1,∞) (5.46)

and hence that the norms ‖ · ‖p-var and ‖ · ‖∞ are asymptotically equivalent in the limit
p → ∞. In particular, the convergence-defining sets of test functions Cb

(
C1; ‖ · ‖p-var

)
and Cb

(
C1; ‖ · ‖∞

)
are ‘asymptotically coincidental’ as p → ∞, and in this sense we may

regard the convergence topologies defined by (5.45)|alpha=infty resp. (5.42) as ‘essentially
equivalent’.

The a priori gap (in strength) between the p-weak topologies and the classical [i.e.
(5.42)-induced] weak topology on D is mainly a theoretical one with no relevance for many
practical applications. This is because for many practically relevant signal spaces the p-weak
topologies and the classical weak topology coincide, as the following example shows.

Proposition 5.4.12. For p ∈ [1,∞) and K > 0, consider the ‘compactified’ signal spaces

Dp
K :=

{
µ ∈M1(C1)

∣∣ µ(C1
p,K) = 1

}
for C1

p,K :=
{
x ∈ C1 ∣∣ ‖x‖p-var ≤ K

}
, (5.47)

and for any dissection I of [0, 1] consider the signals

D̂I :=
{
µ ∈M1(C1)

∣∣ µ(ĈI) = 1
}

supported on ĈI (see (5.36)). (5.48)

On these spaces the variationally-weak topology and the classical weak topology are equival-
ent, and the classical weak topology is further equivalent to: the q-weak topology on Dp

K for
any q > p, and to the 1-weak topology on D̂I .

Proof. This essentially follows from a generalisation of (5.46). Indeed: Note first that the
above subspaces are well-defined since C1

p,K and ĈI are both Borel-measurable wrt. ‖ · ‖∞.
Indeed: C1

p,K is || · ||1-var-closed [as a sublevel set] by (5.33) (these inclusions of course
remain valid also if the ‘b’s are dropped) and B(C1; || · ||1-var) = B(C1; ‖·‖∞) by Lemma 5.4.3,
and the C1-subspace ĈI is ‖ · ‖∞-closed because it is finite-dimensional.

Using next that (5.46) can be generalised to ‖ · ‖∞ ≤ ‖ · ‖q-var ≤ 2‖ · ‖
p
q
p-var‖ · ‖

1− p
q

∞ for
any finite q > p, see [54, Prop. 5.5 (i)], we obtain that the norms ‖ · ‖∞ and ‖ · ‖q-var [have

156



the same convergent sequences on C1
p,K and thus] are equivalent on C1

p,K . In particular
Cb(C1

p,K ; ‖ · ‖∞) = Cb(C1
p,K ; ‖ · ‖q-var), whence for any net (µα) ⊂ Dp

K
∼=M1(C1

p,K) we have:
µα → µ ∈ Dp

K weakly iff µα
q-var−−−⇀ µ (cf. (5.43) and (5.44), with C1 replaced by C1

p,K).

The latter convergence is equivalent to µα
[∞]-var−−−−⇀ µ in Dp

K because of 1 < q < ∞ and
Cb(C1

p,K ; ‖ · ‖q-var) = Cb(C1
p,K ; ‖ · ‖∞) and (5.33) [with C1 replaced by C1

p,K ]. The lemma’s
first two assertions now follow by the fact that two topologies coincide iff they have the
same convergent nets.

The final assertion follows likewise upon noting that Cb(ĈI ; ‖ · ‖∞) = Cb(ĈI ; ‖ · ‖1-var),
which holds by the equivalence of ‖·‖∞ and ‖·‖1-var on ĈI . With ‖·‖1-var ≥ ‖·‖∞ known, the
latter follows from ‖x‖1-var = |x0|+

∑n−1
ν=1 |xtν − xtν−1 | ≤ (2|I| − 1)‖x‖∞ (any x ∈ ĈI).

The above signal spaces (5.47) and (5.48) owe their practical relevance to the fact
that real-world signal processing systems are always subject to capacity limitations such
as bounded data storage and finite resolution of the registered observables (e.g. [42, Sects.
5, 12]). The former type of constraints gives rise to (5.47), while the latter type mandates
(finite horizon) time-discretizations of the signals as represented by (5.48), cf. e.g. [121].

5.4.4 Convergence of Signature Moments

This section shows that under a natural growth condition, the signature coordinates of a
signal are continuous wrt. the above signal topologies.

To combine the consideration of Sections 5.4.1 and 5.4.3 into an informative topology
for (5.24), we will need to link the convergence (5.45) of signals to the convergence of their
moments (5.38). As usual for integral statistics, this can be done by a growth condition.

Definition 5.4.13. A subset U of D is called uniformly signature integrable of order m if

inf
a>0

sup
µ∈U

∫
{|sigw|>a}

|sigw|dµ = 0 for each w ∈ [d]?≤m. (5.49)

We call U uniformly signature integrable if U is uniformly signature integrable of order 3.

Put plainly, a set of signals is uniformly signature integrable (of order m) if its elements
attain with uniformly lower probability those sample paths whose signature coefficients (up
to order m) are very large. The growth assumption (5.49) ensures that on such spaces, the
moment coordinates (5.38) are continuous with respect to the weak’ topology (5.45)|α=2.

Lemma 5.4.14. Let U be uniformly signature integrable of order m, and (µα) ⊂ U be any
net such that µα → µ ∈ U in the weak’-topology. Then 〈µα〉w → 〈µ〉w for each w ∈ [d]?≤m.
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Proof. Since 〈µ̃〉w =
∫
C1 sigw dµ̃ and because sigw is continuous wrt. the p-variation topology

on C1 for any p ∈ [1, 2), e.g. [105, Thm. 3.1.3], the assertion holds by [18, Lemma 8.4.3].

As an obvious19 example, uniformly signature integrable spaces (of any order) include
all subsets of D whose elements have uniformly ‖ · ‖p-var-bounded support, cf. Proposition
5.4.12. Drawing on the classical concept of uniform integrability, these bounded-support
examples of uniformly signature integrable spaces can be easily generalised as follows.

Proposition 5.4.15. Let m ∈ N, and let U be a subset of D for which there is q > 1 s.t.

sup
µ∈U

∫
Cd
‖x‖mq1-var µ(dx) < ∞. (5.50)

Then U is uniformly signature integrable of order m.

Proof. Let U ⊆ M1(C1) satisfy (5.50) for some q > 1. Then for any µ ∈ U and with r the
conjugate index of q,∫

{|sigw|>a}
|sigw| dµ ≤

c

m!

∫
Cd
‖x‖m1-var · 1{|sigw|>a} µ(dx) (5.51)

≤ c

m!

(∫
Cd
‖x‖mq1-var µ(dx)

)1
q

·
(
µ
(
{|sigw| > a}

))1
r a→∞−→ 0 (5.52)

for all w ∈ [d]≤m, where the first inequality is due to the classical signature bound [104,
Theorem 3.7] (the constant c is specified there), the second inequality is due to Hölder, and
the final convergence to zero follows by Chebyshev’s inequality. The latter in fact implies

supµ∈U µ
(
{|sigw| > a}

)
≤ 1

a
supµ∈U

∫
Cd
|sigw(x)|µ(dx) . 1

a
supµ∈U

∫
Cd
‖x‖m1-var µ(dx) → 0

as a→∞, where the last inequality is again due to the cited signature bound and the last
supremum is finite by assumption (5.50) (recalling Lq(µ) ⊆ L1(µ), as the measures µ are all
finite). Both (5.52) and the above U-uniformity of this convergence combine to (5.49).

5.4.4.1 Integrability

An analysis of the robustness (5.24) requires to capture how nonlinear transformations of
Rd (via (5.6)) affect close-by source signals. For this – and only for this, see Rems. 5.5.15,
5.8.10 (ii) – it will be opportune to sharpen the notion of locality in D by enforcing the com-
parability of (coredinates of) signals via uniform integrability (5.50) of their strong moments:

19 Upon recalling that |sigw(x)| . ‖x‖p|w|p-var for any x ∈ C1 and p ∈ [1, 2), e.g. [104, Thm. 3.7 & Sect. 1.2.2];
notice that said inequality also (and for all µ ∈M1) implies that:

∫
Cd
‖x‖3p-var µ(dx) <∞ =⇒ [µ]c <∞.
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Notation. A set U in D is called core integrable if it is uniformly signature integrable and

KU|β := sup
µ∈U

∫
Cd
‖x‖β1-var µ(dx) < ∞ for some β ∈ (5/2, 3). (5.53)

For any fixed β as in (5.53), denote pβ := (β − 2)−1 and α = αβ := 1− 1/pβ [∈ (0, 1
2)].

We say that a subset U ⊆ D is core-integrable as per (KU|β, β, p, α) if (5.53) holds for some
fixed β ∈ (5/2, 3) and associated constants p = pβ and α = αβ as above, and for any such
tuple we further define cp := (1− 21−2/p)−1 and Cp := 2α+1cp(1 +KU|β).

As a trivial example, a subspace U ⊆ D is core integrable if it satisfies (5.50) for m = 3.
We conclude with a bit of context on the condition (5.50) and how it relates to the usual
integrability conditions for classical moments of random vectors in Rd.

Remark 5.4.16. The sets U in D that satisfy (5.50) are precisely the bounded subsets of
the mq-Wasserstein space on (C1, ‖ · ‖1-var); for a discussion of those, see e.g. [122, Sects.
2.1, 2.2]. Other than that, signals satisfying (5.50) are also known as Radon measures
of order mq, and they are central to the theory of Radonifying mappings developed by
Laurent Schwartz [142, 143] and others. Such signals and their uniformly bounded families
are described in many sources, see e.g. [17, 56, 103, 122, 146] and associated references. For
the special case µ ≡ ν̂ ∈ D̂1 of random vectors in Rd (cf. Remark 5.4.4), the integrals in
(5.49) and (5.53) reduce to the classical statistics

1
|w|!

∫
{|uw|>|w|!a}

|uw| ν(du) and
∫
Ĉ0
‖x‖q̃1-var ν̂(dx) =

∫
Rd
|u|q̃ ν(du),

respectively, with ui1···im := u
]{j|ij=1}
1 · · ·u]{j|ij=d}d for u = (ui) ∈ Rd. Both (5.49) and (5.53)

thus appear as natural generalisations from Rd to Cd of classical integrability conditions for
multivariate moments, cf. e.g. [16, pp. 30].

Our approach towards ICA-robustness ((5.15), (5.24)) will make use of the coredinates
(5.39) of a signal, which is why for the following we focus on the ‘coredinatisable’ space

Ḋ := {µ ∈ D | [µ]c <∞, 〈µ〉ii 6= 0 for i = 1, . . . , d} . (5.54)

Note that this is a very large subspace of D: The required existence of a signal’s coredinates
includes (e.g.) the full 3-Wasserstein space on (C1, ‖ · ‖1-var) (Footnote 19; cf. [122, Sect.
2.1]), while the condition 〈µ〉ii 6= 0 of non-vanishing 2nd-order diagonal moments is merely a
mild non-degeneracy assumption that can be imposed with essentially20 no loss of generality.

20 Indeed: Since for each µ = (µ1, . . . , µd) ∈ D we have 〈µ〉ii = 1
2E[(µi0,1)2], the condition 〈µ〉ii 6= 0 asks

for the increments µi0,1 := µi1 − µi0 to have non-zero variance (see Sect. 5.2.2 for notation). Practically this
is no restriction since one can simply cut-off any (‘non-degenerate’, cf. Sect. 5.2.1) signal in D to a (regular)
interval over whose end-points its increment has positive variance and then rescale this cut-off signal back
to [0, 1].
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We are now in the position to endow the signal space Ḋ with an explicit and well-
structured topology that will help us to arrive at an insightful quantification of the robust-
ness (5.24).

5.5 An ICA-Tailored Topology on Causal Space

We describe an informative and explicitly computable premetric topology on the causal
space C that relates to the coarseness requirement (5.25) while still being strong enough
to, in a conveniently quantifiable manner, support the robustness (5.24) for a generic ICA-
solution (I , Φ̂) such as the one derived in Section 5.6. As the first of three main steps
to this end, Section 5.5.1 shows how the signature moments from Definition 5.4.6 enable a
systematic, divergence-like quantisation of the (statistical) ‘distance’ between two signals
in Ḋ, and that the information thus encoded amounts to a topological profile of statist-
ical dependence within and between signals that is algebraically and analytically flexible
and sensitive to both spatial (non)linear transformations and more intrinsic statistical vari-
ations, including those of Sect. 5.4.3. This topological landscape is then connected to the
ICA-specific identifiability structure (5.18) in Section 5.5.2, where the subset of accurately
identifiable source signals is charted as (belonging to) the minimizing set of this landscape.
Finally, Section 5.5.3 makes good on the final announcement of Sect. 5.3.2 by extending
the premetric signal topology to a coarse topology on the whole causal space C, for which
robustness (5.24) will then be established in Section 5.6.

5.5.1 A Premetric Topology on Signal Space

Out of the countable infinitude (5.38) of coordinates that the signature moments provide,
the lower-order arrangement (5.39) captures those aspects of a signal which are most ex-
pressive of any linear action (5.40) inflicted upon it. In addition, and similar still to cov-
ariance matrices or cumulants for random vectors, the coredinate matrices (5.39) describe
the (second- and third-order) statistical dependence between the components of a signal
by how ‘pronounced’ their off-diagonal structure is relative to their diagonal, cf. Lemma
5.5.9. This, combined with the inversion theory of Section 5.6.1, will allow for an explicit
topological coordinatisation of ICA-identifiable causes (Fig. 5.1 a.) and the causes close to
them (Fig. 5.1 b.). Let Ḋ be the signal space from (5.54).

We propose to implement this charting by way of the following distance function. (Recall
that µ ≡ (µt) ∈M1 is called mean-stationary if Eµt = Eµ0 for each t ∈ [0, 1] (Sect. 5.2.2).)
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Definition 5.5.1 (ICA-Premetric). For any signals µ, µ̃ ∈ Ḋ with coredinates (5.39), define

δ(µ, µ̃) :=
√
αµ,µ̃ + βµ,µ̃ for (5.55)

αµ,µ̃ :=
d∑

i,j=1

〈µ̃〉ij − 〈µ〉ij√
〈µ〉ii〈µ〉jj

2

and βµ,µ̃ :=
d∑

ν=1

d∑
i,j=1

 〈µ̃〉ijν − 〈µ〉ijν√
〈µ〉ii〈µ〉jj〈µ〉νν

2

.

For a mean-stationary µ = (µ1, . . . , µd) ∈ Ḋ we refer to the IC-defect of µ as the number

δ⊥⊥(µ) := δ(µ1 ⊗ · · · ⊗ µd, µ) ; (5.56)

for a non mean-stationary signal, this defect is defined21 by equation (5.62) below.

For signals µ, µ̃ ∈ Ḋ with coredinates [µ]c, [µ̃]c as in (5.39) and the standardisation matrix
Nµ := ddiag

(
〈µ〉11, · · · , 〈µ〉dd

)1/2, notice that (5.55) can be written more compactly as

δ(µ, µ̃) =
∥∥∥∥∥N−1

µ ·
(

[µ̃]0 − [µ]0,
[µ̃]1 − [µ]1√
〈µ〉11

, . . . ,
[µ̃]d − [µ]d√
〈µ〉dd

)
·N−1

µ

∥∥∥∥∥
V

(5.57)

where
∥∥(C0, · · · , Cd)

∥∥
V :=

√∑d
ν=0 ‖Cν‖2 is the `2-norm on the space V :=

(
Rd×d

)⊕ (d+1)

derived from the Frobenius norm ‖ · ‖ on Rd×d.

The map (µ, µ̃) 7→ δ(µ, µ̃) defines a premetric on Ḋ (cf. [7, Def. 2.4.4]), which is to say that

δ(µ, µ̃) ≥ 0 and δ(µ, µ) = 0 (5.58)

for any two µ, µ̃ ∈ Ḋ. This premetric canonically (e.g. [23, Section 2]) induces a topology
τδ on the signal space Ḋ, of which we note the following basic facts.

Lemma 5.5.2. For the premetric topology τδ on Ḋ induced by (5.55), the following holds.

(i) For each subset O in Ḋ, we have O ∈ τδ iff for each µ ∈ O there is an r > 0 such that

Bδ(µ, r) :=
{
µ̃ ∈ Ḋ

∣∣ δ(µ, µ̃) < r
}
, (5.59)

the µ-centred δ-ball of radius r, is contained in O.

(ii) The topological space (Ḋ, τδ) is sequential.

(iii) For any metric space (W,dW ), a map φ : (Ḋ, τδ)→W is continuous at µ ∈ Ḋ iff:

∀ ε̃ > 0 : ∃ δ̃ > 0 : ∀ µ̃ ∈ Ḋ : δ(µ, µ̃) < δ̃ =⇒ dW (φ(µ), φ(µ̃)) < ε̃. (5.60)
21 Lemma 5.5.9 guarantees that the two definitions (5.56) and (5.62) are consistent (Remark 5.5.6).
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Proof. The first two points follow directly from (5.58) – for reference, item (i) is reported
in [7, p. 23] while statement (ii) is [7, Prop. 2.4.9]. Item (iii) follows from the statements
(i) and (ii) and [7, Prop. 3.1.3]; or alternatively from [23, Lemma 2.2 and Cor. 2.3].

Remark 5.5.3. The ε-δ characterisation (5.60) of (topological) continuity holds more gen-
erally if φ is a metric-space-valued map on any premetric space, see e.g. [23, Lem. 2.2 &
Cor. 2.3].

Proposition 5.5.4. For any uniformly signature integrable subset D̃ of Ḋ, the (subspace)
topology τδ on D̃ is coarser than the weak’ topology on D̃.

Proof. Let D̃ ⊆ (Ḋ, τδ) be uniformly signature integrable, and recall that the τδ-subspace
topology on D̃ is induced by the restricted premetric δ

∣∣
D̃×2 . The assertion then holds if for

any net (µα) in D̃ we have that (recalling Definition 5.4.10 for notation):

µα
[2]−⇀ µ ∈ D̃ implies δ(µ, µα)→ 0, (5.61)

see also [23, Lemma 2.1]. By the definition (5.55) of δ, the desired implication (5.61) clearly
holds if, for any (µα) and µ as above and any i1, . . . , im ∈ [d] for m ≤ 3, we have that:

µα → µ weakly’ implies 〈µα〉i1···im→ 〈µ〉i1···im ;

this last implication, however, is guaranteed by Lemma 5.4.14, which concludes the proof.

The idea behind the (5.57)-induced topologization of M1 is closely related to the
natural idea of maximum mean discrepancy (MMD) over the finite set of test functions
H := {sigw(·) | |w| ≤ 3} and combined with an appropriate standardization that absorbs
the M̃d-inflicted (‘redundant’) degrees of freedom which are due to the d · em̃-controlled in-
distinguishability of the true source (Definition 5.3.7).

While not required here, note that the premetric (5.57) can be extended to a full metric
via the systematic addition of higher-order signature moments.

Remark 5.5.5. The premetric (5.57) does not satisfy the identity of indiscernibles (“δ(µ, µ̃) =
0 iff µ = µ̃”) as would be required of (a quasisemimetric or) a statistical divergence on D.
This ‘missing’ identity can be restored, however (see for instance [34, Section 5.4] for a
proof), if instead of only its 2nd and 3rd-order moments one takes into account all the signa-
ture moments (5.38) of a signal and computes their `2-distance in the associated (Hilbert)
coordinate space V∞ :=

⊕
m≥1(Rd)⊗m which is an isometric extension of the above co-

ordinate space V ∼= (Rd)⊗2⊕ (Rd)⊗3 that houses the coredinates (5.39). While higher-order
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extensions of this and other kinds are possible (cf. Section 5.9.4), the following sections
show that for the present case of classical [i.e. linear] BSS/ICA, the premetric topology τδ
associated [via (5.55)] to the third-order cap (5.39) is already sufficient.

Let us include the following addition to Definition 5.5.1.

Remark 5.5.6. By Lemma 5.5.9, the IC-defect of a mean-stationary signal µ ∈ Ḋ reads

δ⊥⊥(µ) =
∥∥∥∥∥N−1

µ

(
[µ]0 −

(
δij〈µ〉ij

)
,
[µ]1 −

(
δij1〈µ〉ij1

)√
〈µ〉11

, . . . ,
[µ]d −

(
δijd〈µ〉ijd

)√
〈µ〉dd

)
N−1
µ

∥∥∥∥∥
V

;

(5.62)
for a signal µ ∈ Ḋ that is not mean-stationary, we declare its IC-defect δ⊥⊥(µ) to be defined
by the right-hand side of (5.62). Clearly µ ∈ Ḋ is orthogonal iff δ⊥⊥(µ) = 0, and δ⊥⊥ is
invariant under the Md-action on Ḋ as follows directly from (5.62) and Lemma 5.4.7.

The IC-defect δ⊥⊥ defined by (5.55) and (5.62), is an auxiliary function on Ḋ with which
the blind identifiability (5.13) of a (non)linearly transformed signal can be quantitatively
controlled: Source signals at which this defect vanishes (Sect. 5.5.2) will be exactly identifi-
able, while the blind inversion for a source becomes increasingly inaccurate – or impossible
altogether – as its IC-defect increases, see Section 5.6.

In anticipation of this, the next lemma paves the way for an informative robustness
analysis (5.24) by establishing moduli of continuity for δ⊥⊥ that relate to, respectively, the
above premetric topology on Ḋ and the uniform topology on the space of spatial mixing
transformations.

Here and in the sequel, the Jacobian DR of a map R ∈ C1(Rd;Rd) is normed via ‖DR‖∞ :=
supx∈Rd ‖DR(x)‖2 where ‖ · ‖2 is the Euclidean operator norm (‘spectral norm’) on Rd×d.

Further, the notation from Subsection 5.4.4.1 is in use.

Lemma 5.5.7. Let µ̂ ∈ Ḋ and Br ≡ Bδ(µ̂, r) be the µ̂-centered δ-ball of radius r > 0. (See
(5.59)). Suppose that r < r̂ := ρ0∧ (ρ0/ρ1), with ρ0 := mini∈[d]〈µ̂〉ii and ρ1 := maxi∈[d]〈µ̂〉ii.

(i) There are constants mµ̂|r = mµ̂|r(µ̂, r),Kµ̂|r = Kµ̂|r(µ̂, r) ≥ 0, growing monotonously
in r, such that for each µ ∈ Br we have max|w|=2,3

∣∣〈µ〉w − 〈µ̂〉w∣∣ ≤ mµ̂|r · r and∣∣δ⊥⊥(µ)− δ⊥⊥(µ̂)
∣∣ ≤ Kµ̂|r

√
r + r2 ; (5.63)

(ii) if Bδ(µ̂, ρ0) is core-integrable as per (K0, β, p, α), then for each R ∈ C1(Rd;Rd) there
exists a constant K̃µ̂|r = K̃µ̂|r(µ̂, r,K0, R) ≥ 0, growing monotonously in r, such that:
for each µ ∈ Br we have, for the auxiliary functions φk(·) from Lemma 5.8.1 (iv),∣∣δ⊥⊥((I +R)?µ)− δ⊥⊥(µ)

∣∣ ≤ K̃µ̂|r · φ3(‖DR‖∞)
1
2
(
‖DR‖∞‖R‖∞

)α
2 (5.64)
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provided that ρR := Cpφ2(‖DR‖∞)(‖DR‖∞‖R‖∞)α < ρ0 − ρ1r.

For any given c, C > 0 with c < ρ0, the constant K̃µ̂|r in (5.64) can be chosen to apply
uniformly – that is, dependent only on µ̂,K0 and c, C but independent of R, µ and r – on
the set

RCc := {(µ,R) ∈ Ḋ× C1(Rd;Rd) | ρ1δ(µ̂, µ) + ρR ≤ c and ρR ∨ ‖DR‖∞ ≤ C}. (5.65)

All of the above constants are explicit.

Proof. Note that any functional ϕ which acts on signals in Ḋ via their coredinates (5.39)
(such as ϕκ, mµ etc. in Lemma 5.8.1), factorizes as ϕ = φϕ ◦ [ · ]×k with [ · ]×k : Ḋ×k → V×k

and φϕ : V×k → R (for (V, ‖ · ‖V) as in (5.57) and k the number of arguments of ϕ), where
[ · ] : µ 7→ ([µ]ν) ∈ V is the coredinate map (see (5.38)) and φϕ is the coredinate action of ϕ.

Note further that by definition (5.59) of the δ-balls and the restriction r < r̂, the image

[Br] ≡ [ · ](Br) is contained in B̂ := B̄qρ0([µ̂]0)× B̄qρ0
√
ρ1([µ̂]ν≥1) ≡ B̂0 × B̂1 (5.66)

for some q ≡ qr ∈ (0, 1), where we defined B̂0 ≡ B̄qρ0([µ̂]0) := {C ∈ Rd×d | ‖C−[µ̂]0‖ ≤ qρ0}
and B̂1 ≡ B̄qρ0

√
ρ1([µ̂]ν≥1) := {C ′ ∈ (Rd×d)⊕d | ‖(0, C ′)− (0, [µ̂]1, . . . , [µ̂]d)‖V ≤ qρ0

√
ρ1}.

Clearly B̂ ⊂ V compact, so that (by the extreme value theorem) we have

Kϕ|r := sup
µ,µ̃∈Br

|ϕ(µ, µ̃)| ≤ sup
(q,q̃)∈B̂×2

|φϕ(q, q̃)| <∞ if φϕ
∣∣
B̂×2 is continuous. (5.67)

This allows us to derive the asserted inequalities from Lemma 5.8.1, as done below.
(i) : Take any µ̃ ∈ Br, for which then (5.143) and (5.144) (for µ := µ̂ and η := r). Hence

sup
µ∈Br

[
max
|w|=2,3

∣∣〈µ〉w − 〈µ̂〉w∣∣] ≤ mµ̂|rr and sup
µ∈Br

[∣∣δ⊥⊥(µ)− δ⊥⊥(µ̂)
∣∣] ≤ Kµ̂|r

√
r + r2

for mµ̂|r := supµ∈Br mµ and Kµ̂|r ≡ Kϕ̂|r := supµ∈Br |ϕ̂(µ, µ̂)|, with mµ and ϕ̂ as in Lemma
5.8.1 (iii). Now since – as noted at the beginning of this proof – both mµ and ϕ̂ factor
through the map [ · ] resp. [ · ]×2 with coredinate actions φm resp. φϕ̂, the finiteness of mµ̂|r

and Kµ̂|r holds by (5.67), which is applicable as the restricted actions φϕ̂
∣∣
B̂×2 and φm

∣∣
B̂×2

are both continuous; the latter follows from22 (5.66) resp. the definition of mµ.

22 Indeed: Clearly φϕ̂ =
√

max{3φϑ, φm, φ2
m}
∑

k,i,j
φϕijk with φϕijk ◦ [ · ]×2 = ϕijk, (cf. (5.131)), and the

inclusion (5.66), specifically {[µ]0 | µ ∈ Br} ⊆ B̂0, implies that the functions φϕijk
∣∣
B̂×2 are each continuous

since their denominators are bounded away from zero. (To be explicit, the latter is seen from

〈µ〉ii ≥ 〈µ̂〉ii − |〈µ̂〉ii − 〈µ〉ii| ≥ 〈µ̂〉ii − ‖[µ̂]0 − [µ]0‖ ≥ 〈µ̂〉ii − qρ0 ≥ (1− q)ρ0 > 0

which holds for each µ ∈ Br and all i ∈ [d].) The continuity of the remaining constituents of φϕ̂, i.e. φϑ and
φm, is clear by definition of ϑ and m, respectively (see Lemma 5.8.1, where said definitions are given).
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(ii) : This assertion follows similarly from Lemma 5.8.1 (iv). Indeed: Let µ ∈ Br be
arbitrary. Then ‖[µ]0− [µ̂]0‖ ≤ ρ1r, thus 〈µ〉ii ≥ 〈µ̂〉ii−|〈µ̂〉ii−〈µ〉ii| ≥ ρ0−ρ1r and, hence,

〈µ̃〉ii ≥ 〈µ〉ii − |〈µ̃〉ii − 〈µ〉ii| ≥ ρ0 − ρ1r − ρR > 0 for µ̃ := (I +R)?µ (5.68)

and any i ∈ [d] (recall that the penultimate inequality holds by (5.133)). The lower bounds
on the 〈µ〉ii and 〈µ̃〉ii prevents the functional ϕR : µ 7→ ϕκ̃(µ, (I+R)?µ)φ̂p(R) (with φ̂p and
ϕκ̃ as in (5.134) but for κ̃ := 2α+1cp(1 +K0) ≥ K̃p,3), resp. its coredinate action φϕR , from
blowing up on the domain Br, resp. on B̃ ≡ B̄ρ1r([µ̂]0) × B̂1 ⊇ [Br]. As for point (i) this
ensures that the action φϕR

∣∣
B̃
is continuous, whence from (5.134) we obtain as desired that

supµ∈Br
∣∣δ⊥⊥((I +R)?µ)− δ⊥⊥(µ)

∣∣ ≤ K̃µ̂|r · φ3(‖DR‖∞)
1
2
(
‖DR‖∞‖R‖∞

)α
2

for the finite – by (5.67) – constant K̃µ̂|r ≡ K̃µ̂|r,R := supµ∈Br |ϕR(µ)| <∞.
For any C, c > 0 with c < ρ0 and RCc as in (5.65), the lemma’s last point follows by

replacing the above K̃µ̂|r with K̃µ̂|c,C := sup(µ,R)∈RCc |ϕR(µ)|, which is clearly finite as is
seen from the definition of ϕR, the (lower and upper) bounds (5.68) [and its preceding line]
and (5.133).

The following section describes the signals whose IC-defect δ⊥⊥ is minimal. These will
then constitute a (large) class I∗ of ICA-identifiable (cf. (5.10) and (5.19)) causes in C, see
Section 5.6.

5.5.2 Orthogonal Signals

It is well-known that general signals are not identifiable from their blind linear mixtures
but that this recovery becomes possible if the components of the source are mutually inde-
pendent or, in the time-dependent case, at least pairwise uncorrelated. Here we show that
the coredinates of such signals take a specially simple algebraic form.

Definition 5.5.8 (Product Signal). An element µ ≡ (µ1, · · · , µd) ∈ D is called is called a
product signal if it is the product of its marginals, that is if µ = µ1 ⊗ · · · ⊗ µd.

Clearly, a process Y in Rd is a product signal iff its components Y 1, . . . , Y d are mutually
independent. The coredinates (5.39) of a product signal, if mean-stationary, are all diagonal.

Lemma 5.5.9. For µ ∈ D a mean-stationary product signal, we have

〈µ〉ij = δij · 〈µ〉ij and 〈µ〉ijk = δijk · 〈µ〉ijk (5.69)

where δij and δijk are the Kronecker deltas in dimension two and three, respectively.
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Definition 5.5.10. A signal µ ∈ D for which (5.69) holds will be called (3rd-order) ortho-
gonal.

Proof of Lemma 5.5.9. Let µ = µ1 ⊗ · · · ⊗ µd ∈ D be a mean stationary (signed) measure
on the path space BV. The assertion (5.69) then follows from the more general statement
that:

〈µ〉i1...im = 0 (m ∈ N) (5.70)

for every multiindex (i1, . . . , im) ∈ [d]×m of such kind that at least one of its entries iν
appears exactly once, i.e. for every multiindex contained in the set

J :=
{
(i1, . . . , im) ∈ [d]×m

∣∣ ∃ ν0 ∈ [m] : iν0 6= iν for each ν 6= ν0
}
.

To prove (5.70), recall from Lemma 5.4.1 that each path x ≡ (x1
t , . . . , x

d
t )t∈I ∈ C1 admits

an integrable derivative ẋ ≡ (ẋi) almost everywhere (set ẋ to zero everywhere else) with

xit = xis +
∫ t

s
ẋir dr (0 ≤ s ≤ t ≤ 1) (5.71)

for all i ∈ [d]. Now by the mean-stationarity of µ we for all i ∈ [d] have

0 = E[µis,t] =
∫
Cd
xs,t µ

i(dx) =
∫
Cd

(xit − xis)µ(dx)

for each 0 ≤ s ≤ t ≤ 1 (see Sect. 5.2.2 for notation), whence from (5.71) and Fubini we find
that

0 =
∫ t

s
φiµ(r) dr for φiµ(r) :=

∫
Cd
ẋir µ(dx).

Since s, t ∈ [0, 1], s ≤ t, have been arbitrary, it follows

φiµ = 0 a.e. on I, for all i ∈ [d]. (5.72)

Now as φiµ(r) =
∫
C1 żr µ

i(dz), observe that for every i ≡ (i1, . . . , im) ∈ J we have

〈µ〉i1...im =
∫
Cd
ξi1...im(x)µ(dx) =

∫
∆m

∫
Cd
ẋi1t1 · · · ẋ

im
tm µ(dx) dmt

=
∫

∆m

∫
Cd
ẋi1t1 · · · ẋ

im
tm µ

1 ⊗ · · · ⊗ µd(d(xi)) dmt

=
∫

∆m

∫
C1
ẋ
iν0
tν0
µiν0 (dxiν0 ) ·

∏
i∈[d]\{iν0}

∫
C1
zqi(t) µi(dz)

dmt

=
∫

∆m

φ
iν0
µ (tiν0 ) ·Qi

µ(t) dmt,

where the integral in the last line can be written as, for t′ := (t2, . . . , tm),∫
∆m

φ
iν0
µ (tiν0 ) ·Qi

µ(t) dmt =
∫
Id−1

∫
I
φ1
µ(t1)Qi

µ(t′) · 1∆m(t) dt1dm−1t′

=
∫
Id−1

Qi
µ(t′)

[∫
I
φ1
µ(t1) · 1∆m(t) dt1

]
dm−1t′ = 0 (by (5.72)),
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where for convenience we assumed iν0 = 1 without loss of generality, otherwise permuting
∆m := {(t1, · · · , tm) | 0 ≤ t1 ≤ t2 ≤ . . . ≤ tm ≤ 1} accordingly. For each i ∈ [d], the
product Qi

µ(t) :=
∏
i∈[d]\{iν0}

∫
C1z

qi(t) µi(dz) involves the factors

zqi(t) :=
∏

ν∈[m] : iν=i
żiνtν (z ∈ C1)

where zqi(t) := 1 if the product is empty. This proves (5.70) and hence Lemma 5.5.9.

Remark 5.5.11. Given the fact (verifiable by a direct computation) that the signature
moments (5.38) of a mean-stationary product signal µ coincide with its signature cumulants
[19] up to order m = 3, the assertion of Lemma 5.5.9 can also be derived from [19, Theorem
1.2].

In the following subsection we introduce an identifiability space E, as outlined in Section
5.3.2, that is endowed with a (coarse) extension of the above signature topology on D.

5.5.3 A Coarse Topology on the Space of Causes

This section extends the signal topology of Section 5.5.1 to an ‘identifiability’ topology on
the causal space C, based on which the robustness property (5.24) can then be appropriately
analysed.

Exploiting the premetric structure τδ from Sect. 5.5.1 and for technical convenience, said
topology will be supported on ‘regular’ subspaces E of C of the product form

E = S× C1,1(Rd) with S ⊆ Ḋ core-integrable (5.73)

as per (KS, β, p, α) =: cS, see Subsection 5.4.4.1 for notation.

The factor S is endowed with the τδ-induced subspace topology τ ′δ on S, i.e. τ ′δ = {O ∩S |
O ∈ τδ},23 while C1,1(Rd) =: C1,1 is assigned the premetric d̄ : C1,1 × C1,1 → R+ given by

d̄(θ1, θ2) := min
((∥∥θ−1

1 ◦ θ2 − id
∥∥
∞ + 1

)
·‖D(θ−1

1 ◦ θ2 − id)
∥∥
∞, 1

)
(5.74)

which measures the residual deviation between two transformations, in adaptation of the
classical (pseudo)norm min(‖ · ‖∞ + ‖D( · )‖∞, 1) on C1(Rd;Rd). Both δ and d̄ combine to
a premetric d : E×2 → R+ on the subspace (5.73), which we define by

d
(
(µ1, θ1), (µ2, θ2)

)
:= δ(µ1, µ2) + d̄(θ1, θ2). (5.75)

23 Clearly then, τ ′δ is the topology induced by the restriction of δ to the subset S × S, which is again
a premetric on S. (We use the same symbol for this restriction and the original premetric (5.55), for
convenience.)
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Being the sum of the premetrics (5.55) and (5.74), the premetric24
d combines the marginal

toplogies (S, δ) and (C1,1(Rd), d̄) to a coarse joint topology τd on E. The lemma below
shows how this topology relates to the ‘identifiability controlling’ defect δ⊥⊥ of a signal.

The premetric space (E,d) is the domain on which we will show and analyse the ro-
bustness (5.24). (Accordingly, our corresponding IA I will then be a subset of E.) To stay
consistent with the setup of Sect. 5.3.2, we may (trivially) complement τd into a topology
on C as follows.

Definition 5.5.12 (Causal Topology). Given E as in (5.73) and Ec := C \ E, we call

the disjoint union topology τC on (E, τd) t (Ec, τ∅) (5.76)

the ICA-supporting causal topology on C. (Here, τ∅ = {∅, Ec} is the trivial topology on Ec.)

Remark 5.5.13. By definition, the topology τC on C is simply the disjoint union τC =
τd t τ∅. Hence and by construction of (5.75), the topology τC relates to the referential
coarseness (5.25) via Proposition 5.5.4. Consequently still and by Remark 5.5.3, a map
φ : (C, τC) → (W,dW ) [the latter a metric space] is seen to be continuous at a point
c? ∈ E ⊆ C if for every ε > 0 there is a δ̃ > 0 such that dW (φ(c), φ(c?)) < ε for each
c ∈ {c̃ ∈ E | d(c?, c̃) < δ̃}.

Lemma 5.5.14. For a fixed orthogonal signal µ? ∈ E and A ∈ GLd, consider the d-ball

B?r ≡ Br(µ?, A) :=
{
p ∈ E

∣∣ d((µ?, A), p
)
< r

}
(5.77)

for r > 0. Let further ρ0 := mini∈[d]〈µ?〉ii and ρ1 := maxi∈[d]〈µ?〉ii. Provided r <

r0 :=
(
ρ0/(ρ1 + 2Cp)

)1/α, there are then explicit constants K̂ = K̂(µ?, Cp) ≥ 1 and
Kr = Kr(µ?, r, Cp), increasing in r, such that for any given (µ, f) ∈ B?r there exists a
unique µ̃ ∈ D such that:

f∗µ = A∗µ̃ with δ⊥⊥(µ̃) ≤ Kr · rα/2 and
∥∥[µ̃]c − [µ?]c

∥∥
V ≤ K̂rα. (5.78)

Proof. Fix any (µ, f) ∈ B?r . Then δ(µ?, µ) + d̄(A, f) < r by defs. (5.77) and (5.75). Further,
d̄(A, f) ≥ ‖DR‖∞‖R‖∞ for R := A−1 ◦ f − id, by (5.74) (note that r0 < (ρ0/ρ1)1/α ≤ 1).
Abbreviating rδ ≡ δ(µ?, µ) and ρR := Cpφ2(‖DR‖∞)

(
‖DR‖∞‖R‖∞

)α, we thus find that

rδ + ‖DR‖∞‖R‖∞ < r < r0 and hence ρ1rδ + ρR < c0r
α < ρ0

24 Since (E,d) is a premetric space, Lemma 5.5.2 (i) - (iii) hold as stated upon replacing (Ḋ, δ) with
(E,d).
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for c0 := ρ1 + 2Cp (note that ‖DR‖∞ ≤ 1 implies φ2(‖DR‖∞) ≤ 2 and φ3(‖DR‖∞) ≤ 4).
Thus (µ,R) ∈ RCc , cf. (5.65), for c := c0r

α and C := max{2Cp, 1}. Hence by Lemma 5.5.7
(ii) there is a constant K̃r = K̃r(µ?, r,KD) ≥ 0, independent of µ and rδ and R, such that

∣∣δ⊥⊥((I +R)∗µ)− δ⊥⊥(µ)
∣∣ ≤ K̃r · rα/2R (5.79)

for rR := ‖DR‖∞‖R‖∞. Denoting µ̃ := (I +R)∗µ, we also find that

f∗µ = [A(I +R)]∗µ = A∗µ̃ (by definition of R)

and, by combination of (5.79) with Lemma 5.5.7 (i), using δ⊥⊥(µ?) = 0 (cf. Lemma 5.5.9),

∣∣δ⊥⊥(µ̃)
∣∣ ≤ ∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)

∣∣+ ∣∣δ⊥⊥(µ)− δ⊥⊥(µ?)
∣∣ ≤ K ′r

(√
rαR +√rδ

)
≤ Kr · rα/2 (5.80)

for the constants K ′r := max{K̃r,
√

2Kµ?|r}, for Kµ?|r as in (5.63), and for Kr := 2K ′r.
As to the distance between [µ̃]c and [µ?]c, note that by (5.133) and (5.132),∥∥[µ̃]c − [µ?]c

∥∥
V ≤

∥∥[µ̃]c − [µ]c
∥∥
V +

∥∥[µ]c − [µ?]c
∥∥
V

=
√∑

|w|=2,3 ∆w(µ̃, µ)2 +
√∑

|w|=2,3 ∆w(µ, µ?)2 ≤ cd
[
5CprαR + mµ?rδ

]
≤ K̂rα

(5.81)

where we denoted ∆w(µ(1), µ(2)) := |〈µ(1)〉w − 〈µ(2)〉w| (so that the identity holds by defini-
tion of ‖ · ‖V) as well as cd := (

∑
|w|=2,3 1)1/2 = d

√
d+ 1 and K̂ := cd(5Cp + mµ?).

Inherent to the definition (5.76) of the causal topology τC is an element of choice pertaining
to the selection of S in (5.73): That we resort to an integrable subset S of Ḋ is to ensure
uniform comparability of different nonlinearly transformed signals under the residual metric
(5.74), cf. Section 5.4.4.1 and (5.79),(5.80); the larger the enclosed threshold (5.53), the
more ‘fine grained’ will be the τC-supported variation of (5.24) on C. The ‘necessity of
choice’ behind (5.73) can be avoided by replacing (5.74) with a ‘non-incremental’ (e.g.,
quotient) [pre]metric on C1,1 or by restricting the latter space to a ‘tamed’ subspace of
transformations (so as to arrive at a µ-uniformly integrable bound on the RHS of (5.148)).
No integrability is needed (i.e., S = Ḋ works out) if only variations in the source (and not
in its transformation) are considered.

Remark 5.5.15. Taking S = Ḋ, the proof of Lemma 5.5.14 shows that on the A-sections

EA,r :=
(
Ḋ× {A}

)
∩ Br(µ?, A) = Bδ(µ?, r)× {A},

i.e. when the hidden relation A between source and observable is linear and the same for all
signals so that any inexactness in the observable-to-source inversion (5.24) is due to source
deviations (from µ?) only, then no integrability assumptions on S of the form (5.53) are
required and the estimates (5.78) improve to:
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Lemma. Let µ? ∈ Ḋ be orthogonal and A ∈ GLd, and let 0 < r < ρ0/ρ1. Then
there are constants L̂ = L̂(µ?) and Lr = Lr(µ?, r), the latter increasing in r, with

δ⊥⊥(µ) ≤ Lr
√
r and

∥∥[µ]c − [µ?]c
∥∥
V ≤ L̂r for each µ ∈ Bδ(µ?, r). (5.82)

Proof. Revisiting the proof of Lemma 5.5.14 on EA,r, we have R ≡ 0 and hence
note (5.82) for the constants Lr :=

√
2Kµ?|r via (5.80), and L̂ := mµ? via (5.81).

The above simplification is useful in many applications, as the relation between source and
observable can often be modelled as exactly linear but with the underlying source signal
deviating from orthogonality; see for instance Section 5.7 for a few examples.

5.6 Robust Independent Component Analysis

We introduce a quantifiably robust statistical procedure to recover (the inverse of) a matrix
from its action on an unobserved [non]orthogonal source signal. The general strategy for
this is based on the classical idea of jointly diagonalising a set of derived equivariant matrix
statistics, given in our case by the coredinates (5.39) of the source signal (Section 5.6.1).
By linking our inversion procedure to the causal topology from Definition 5.5.12, we obtain
both an identifiability theorem which provides explicit stability bounds for the recovery of
signals that may deviate from orthogonality in any way (Theorem 5.6.10), and, as our main
result, a readily implementable new ICA-solution which is provably robust in the sense of
Definition 5.3.10 with strong and general robustness guarantees that can be expressed as
explicitly computable and naturally interpretable moduli of continuity (Theorem 5.6.14).

5.6.1 ICA-Inversion from Coredinates

Throughout this section, we follow the classical ICA-paradigm (5.18) and consider two
linearly related signals ζ and χ in Ḋ, that is

χ = A · ζ with A ≡ (aij) ≡ (a1| · · · |ad) ∈ Rd×d (5.83)

some fixed invertible d× d matrix with columns ai. For instance, we can always think of

ζ = PS and χ = PX for a BSS-triple (X,S,A) as in (5.8) (5.84)

with S = (St) and X = (Xt) two stochastic processes in Rd.

The Problem of ICA (Def. 5.3.7) is then to recover the inverse A−1 from the input χ, that
is: to find a map Φ̂ on Ḋ such that Φ̂(χ) .= A−1 up to some minimal ambiguity, see (5.19).

In principle, one may expect such a map Φ̂ to operate on certain ‘pieces of information’ on
χ that efficiently relate the action of A to some relevant statistical properties of ζ, cf. (5.10).
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The following ensures that the coredinates [χ]0, . . . , [χ]d of χ can be used to this effect.

Proposition 5.6.1. Let χ and ζ be as in (5.83) with coredinates [χ]c and [ζ]c, respectively.
Provided that [ζ]0 is invertible, we have for the inverse θ := A−1 that

θ · [χ]0 · θᵀ = [ζ]0 and θ · [χ]ν · θᵀ =
d∑
`=1

aν`[ζ]` (5.85)

for each ν ∈ [d], and for each c ≡ (c0, c) ∈ R1+d with c ≡ (c̃1, . . . , c̃d) find that

θ−1 · [χ]c� · θ = [ζ]A|c� for the matrices (5.86)

[χ]c� := c0[χ]−1
0 ·

d∑
ν=1

c̃ν [χ]ν and [ζ]A|c� := c0[ζ]−1
0 ·

d∑
`=1
〈a`, c〉2[ζ]`.

If ζ is 3rd-order orthogonal, then [ζ]A|c� is diagonal.

Proof. This is a consequence of Lemmas 5.4.7 and Lemma 5.5.9. Indeed: Applied to the
identity χ = A ·ζ and written out at order m = 2, 3, the above equivariance of the signature
moments reads

〈χ〉ij =
∑d
α,β=1 aiαajβ · 〈ζ〉αβ

(
(i, j) ∈ [d]2

)
and

〈χ〉ijk =
∑d
α,β,γ=1 aiαajβakγ · 〈ζ〉αβγ

(
(i, j, k) ∈ [d]3

) (5.87)

which, recalling (5.39), is a system of equations equivalent to the matrix congruences

[χ]0 = A[ζ]0Aᵀ and [χ]k = A
[∑d

γ=1 akγ [ζ]γ
]
Aᵀ (5.88)

for each k ∈ [d]. The identities (5.85) follow. As to the conjugacy (5.86), this holds by
(5.88) upon noting that [χ]c� = c0[χ]−1

0 · [χ]c for the linear combination

[χ]c ≡
∑d
ν=1 c̃ν [χ]ν = A

[∑d
γ=1

(∑d
ν=1 aνγcν

)
[ζ]γ

]
Aᵀ = A

[∑d
γ=1(aγ · c)[ζ]γ

]
Aᵀ

as this implies that

[χ]c� = A−ᵀc0[ζ]−1
0 A−1 ·A

[∑d
γ=1(aγ · c)[ζ]γ

]
Aᵀ = A−ᵀ · [ζ]A|c� ·Aᵀ.

The asserted diagonality of [ζ]A|c� is clear by Lemma 5.5.9.

Remark 5.6.2. The main takeaway from Proposition 5.6.1 is how the congruences (5.85)
between the ‘input’ and the ‘target’ statistics [χ]ν and [ζ]ν combine to the A-carried con-
jugacy (5.86) between the (c-parametrized families of) contracted statistics [χ]c� and [ζ]A|c� .
This contraction of the coredinates [χ]c, [ζ]c opens up additional degrees of freedom, para-
metrised by c, that can be conveniently exploited to, via (5.86), characterise A−1 up to
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monomial ambiguity if the eigenspectrum of [ζ]A|c� is non-degenerate. Said spectrum, in
turn, can be controlled by the amount of statistical dependence between the components of
ζ, cf. Lem. 5.5.9 and (5.56), provided that these components satisfy some mild statistical
non-degeneracy condition, cf. e.g. (5.103).

The strategy of Rem. 5.6.2 underlies the proof of Theorem 5.6.10 below. Its implement-
ation, i.e. the construction of an ICA-inversion (5.19) from Proposition 5.6.1, is next.

5.6.1.1 Auxiliary and Core Statistics

For a given µ ∈ D we define Cµ := 1
2([µ]0 + [µ]ᵀ0) ∈ Rd×d, which is symmetric and positive

semidefinite. In the context of (5.83), suppose that

Cχ ∈ GLd and R ≡ R(χ) := C−1/2
χ is the square root of the inverse C−1

χ . (5.89)

The matrix R exists and is unique, e.g. [87, Korollar 1.10], and, by its definition, R2 = C−1
χ

and hence CR·χ = RCχR
ᵀ = I. This latter identity is the central purpose of R, and its

choice as an inverse square root (5.89) is also known in the literature as Mahalanobis (or
ZCA) whitening.

Remark 5.6.3. From the spectral theorem we know that

R(χ) ≡ R(Cχ) = QΛ−1/2
χ Qᵀ (5.90)

for some Q = Q(Cχ) ∈ Od(R) and Λχ := ddiag(λχ1 , . . . , λ
χ
d ), where λχ1 ≥ . . . ≥ λχd > 0 are

the eigenvalues of Cχ (enumerated in descending order, counting multiplicities). Further

Cχ = A
[1

2
(
[ζ]0 + [ζ]ᵀ0

)]
Aᵀ = ACζA

ᵀ, (5.91)

so that Cχ is invertible iff Cζ is invertible; the latter is violated only for the degenerate case
that the increment ζ0,1 is supported on a hyperplane of Rd (Lemma 5.8.2).

For usage below, consider the pre-transformed matrices AR := RA and

BR ≡ (b1| · · · |bd)ᵀ := (AR)−1, and B̄R := ddiag(|b1|, · · · , |bd|)−1BR (5.92)

for the matrix BR rescaled to unit rows.

The central components for our inversion procedure are the normalised statistics

x0(θ) := N−1
θ·χ · [θ · χ]0 ·N−1

θ·χ and xν(θ) := N−1
θ·χ ·

[θ · χ]ν√
〈θ · χ〉νν

·N−1
θ·χ (ν ∈ [d]) (5.93)

for θ ∈ GLd =: Θ and with Nµ = ddiag
(
〈µ〉11, · · · , 〈µ〉dd

)1/2 for each µ ∈ D, as before.
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Remark 5.6.4. The statistics in (5.93) are all well-defined. Indeed, since Cχ is invertible
by assumption and hence Cχ ∈ Sym+

d , we have Cθ·χ = θCχθ
ᵀ ∈ Sym+

d and thus 〈θ · χ〉ii =
eᵀiCθ·χei > 0 for each i ∈ [d] and all θ ∈ Θ.

Lemma 5.6.5. The statistics xν(θ) in (5.93) are each scale-invariant for any χ ∈ D, i.e.

xν(Λ · θ) = xν(θ) for all θ,Λ ∈ GLd with Λ positive diagonal. (5.94)

Proof. This is a direct consequence of Lemma 5.4.7. Indeed: As χ is arbitrary and the
GLd-action (5.6) leaves D invariant, it suffices to show (5.94) for θ := id and any Λ ≡
ddiag[λ1, . . . , λd] with λi > 0. Then by Lemma 5.4.7, cf. (5.87),〈

Λ · χ
〉
ij

= λiλj
∑d
α,β=1 δiαδjβ〈χ〉αβ = λiλj〈χ〉ij〈

Λ · χ
〉
ijk

= λiλjλk
∑d
α,β,γ=1 δ

ijk
αβγ〈χ〉αβγ = λiλjλk〈χ〉ijk

for i, j, k ∈ [d]. In particular, NΛ·χ = Λ ·Nχ as well as[
Λ · χ

]
0 = Λ[χ]0Λ and

[
Λ · χ

]
ν

= λνΛ[χ]νΛ for each ν ∈ [d],

which implies (5.94) by way of the definitions (5.93).

5.6.1.2 Blind Inversion via Contrast Optimization

Similar in spirit to classical ICA-approaches, cf. [38, 81] and Section 5.6.2.1, we aim to re-
cover the inverse of the hidden mixing transformation as minimizer of a specially constructed
cost function: Quantifying the ‘off-diagonality’ of a matrix θ via ‖θ‖× := ‖θ − ddiag(θ)‖,
for ‖ · ‖ the Frobenius norm on Rd×d, we combine the statistics (5.93) to the objective (or
‘contrast’) function

Θ 3 θ 7−→ φχ(θ) :=
d∑

ν=0

∥∥xν(θ ·R)
∥∥2
× (5.95)

which is minimal over the ‘(approximate) joint diagonalisers’ of the matrices (5.93), see
below. The objective function φχ is monomially invariant, which means that

φχ(Mθ) = φχ(θ) for each M ∈ Md, θ ∈ Θ. (5.96)

Indeed, since each M ∈ Md is of the form M = PΛ for P ∈ P±d and some diagonal
Λ > 0, the asserted invariance follows directly from Lemmas 5.4.7, 5.6.5 (cf. (5.88)) and
the definition of the Frobenius norm. Since the desired demixing matrices will be identified
as minimisers of (5.95), a suitable restriction (‘compactification’) of the original domain Θ
will be opportune.25

25 In classical ICA, where the components of the source ζ are assumed (at least pairwise) independent,
such a compactification of the domain is usually reached via ‘whitening’ of χ; indeed, this reduces the original
domain Θ to the compact subdomain Od of orthogonal matrices. This whitening step, however, requires
the intercomponental covariance structure of ζ to diagonalise, which we do not assume of our (potentially
non-orthogonal) source.
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We propose to consider for this the set

Ξ0
1 :=

{
θ ≡ (θ1| · · · |θd)ᵀ ∈ Rd×d

∣∣ ‖θi‖2 = 1, ∀ i ∈ [d]
}

(5.97)

of all matrices in Rd×d whose rows constitute a unit basis of Rd, and define as our parameter
domain for the optimisation of φχ the superset of Od which is given by

Ξ1 := Ξ0
1 ∩

{
θ ∈ GLd

∣∣κ2(θ) ≤ κ0
}

(5.98)

for any fixed condition bound κ0 ≥ κ2(B̄R) (imposed as an a priori assumption26). We note
that condition-restricted sets of the form (5.98) are compact.

Lemma 5.6.6. For Ξ0
1 as in (5.97) and γ ≥ 1, the set

Ξγ1 := Ξ0
1 ∩ {θ ∈ Θ | κ2(θ) ≤ γ} is compact in Rd×d.

Proof. The set Ξγ1 ⊂ Rd×d is bounded (by definition of Ξ0
1), so it remains to show that it

is also closed. For this, let (θn) ⊂ Ξγ1 and θ ∈ Rd×d be such that θn → θ in Rd×d. Then
necessarily also θ ∈ Ξ0

1 and limn→∞ ‖θn‖2 = ‖θ‖2 6= 0. The latter implies that ‖θn‖2 ≥ c for
some c > 0 and almost all n ∈ N (say for all n ≥ n0, with some n0 ∈ N). Suppose now that
θ is singular, i.e. θ /∈ Θ. Then and by the fact that ‖ · ‖2 is submultiplicative (from which
we obtain the last inequality below, see e.g. [74, Problem 5.6.P47 (p. 369)]), we must have

γ ≥ κ2(θn) = ‖θn‖2‖θ−1
n ‖2 ≥ c‖θ−1

n ‖2 ≥ c/‖θn − θ‖2 for all n ≥ n0,

which is clearly a contradiction. This implies θ ∈ Θ and hence, since κ2(·) is continuous on
Θ, also κ2(θ) = limn→∞ κ2(θn) ≤ γ and thus θ ∈ Ξγ1 , as desired.

Since Ξ1 is compact and φχ is continuous in θ (even continuously differentiable, cf.
Lemma 5.4.7), we have

Iχ :=
[
arg min
θ∈Ξ1

φχ(θ)
]
·R(χ) ∈ F (5.99)

for the subset F :=
{
M⊆ GLd

∣∣M is non-empty and compact
}
of 2GLd . Recall here that

(F, d) is a metric space wrt. d(A,B) := max
{

supa∈A d(a,B), supb∈B d(A, b)
}
,

(5.100)
the classical Hausdorff distance on F, where d(a,B) := infb∈B ‖b− a‖. We set

Φ̂ : Ḋ→ F, µ→ Iµ, (5.101)

and claim that Φ̂ is not only an ICA-inversion (5.19) on a yet to be specified IA I?, but in
fact a robust such inversion in the sense of (5.15) and Def. 5.3.10. The next two sections
show this.

26 That is, the assumption that the observer does not underestimate the condition number κ2(ĀR).
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Remark 5.6.7 (On the Optimization (5.99)). As further detailed in Section 5.6.2.1, the
optimization of contrasts of the form (5.95) over constrained subsets of Θ such as (5.98), is an
established research topic of its own with a strong and active research activity. In addition
to row constraints (5.97) (e.g. [144]), the additional imposition of condition constraints
(5.98) in the optimization of (5.95) (as formulated in (5.99)) is studied and free of any
subtleties of its own, see e.g. [158].

Remark 5.6.8. Since the identifiability map (5.101) returns invertible transformations of
its input observables, it might also appear natural to use as an alternative topology on F the
‘residual’ semimetric which is given by (5.100) but for the alternative point-set distances

d̃(a,B) := infb∈B d̃(a, b) with d̃(a, b) :=
∥∥a ◦ b−1 − id

∥∥ ∨ ∥∥b ◦ a−1 − id
∥∥ (5.102)

for id the identity matrix in GLd. Continuity wrt. the multiplicative setting (5.102) is
implied by [continuity wrt.] (5.100), however, as the metric topology (5.100) is finer than
the one induced by (5.102) as can be seen upon recalling that matrix inversion is Lipschitz
at each point.

5.6.2 Blind Inversion for (Non-)Orthogonal Sources

The main goal of this section is to prove that the blind inversion of signals can be robust –
or stable – under general perturbations of the source, including violations of its orthogonal-
ity (‘IC’) assumption. Recalling that infringements of the latter type are quantified by the
defect δ⊥⊥(ζ) from (5.62), the following stability analysis of the relation between Φ̂(χ) and
the true inverse A−1 (up to prefactors in Md) is an important step towards a quantitative
understanding of the desired general robustness (5.24). It involves a few constants and
auxiliary functions which we introduce next.

The following considerations are about source signals inM1 that lie within the set

S0 :=
{
µ ∈ Ḋ

∣∣ Cµ∈ GLd and ]{i ∈ [d] | 〈µ〉iii = 0} ≤ 1
}

(5.103)

of measures µ such that Cµ is invertible (Lem. 5.8.2) and 〈µ〉iii = 0 for at most one i ∈ [d].27

Notation 5.6.9. For a BSS-triple (χ, ζ, A)S0×GLd , let γ := 1+
√

5 and kd :=
√

1
6 (d−1)d(2d−1)

and R ≡ R(χ) as in (5.90), and consider the (ζ,A)-dependent ε0 := q0/(1 + q0) > 0 with

q0 := (γkdr0)−1 and r0 := κ0ς1

[∥∥BR∥∥√
d

(
1 + κ0 + (1 + ξd)κ0κ2(BR)

)
+ κ2(BR)ς

]
;(5.104)

27 Note that 〈µ〉iii = E[(µi0,1)3]. Further, we may (wlog – upon re-enumeration of components) assume
for convenience that it is 〈µ〉111 which may vanish; note that this assumption underlies the definition of ς1.
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let further c1 := 2dkdr0 and c2 :=
√
dκ2(BR)c1, and note that (5.104) involves the terms

ς1 := k−1
d

√√√√ d∑
i=1

(i− 1)2〈ζ〉3ii
〈ζ〉2iii

, ξ :=

√√√√ d∑
ν=1

∥∥[AR · ζ]ν
∥∥2
, and ς :=

√√√√ d∑
i=1
〈ζ〉2iii/〈ζ〉3ii,

cf. (5.38), (5.89). In the following, these constants should not be taken all too seriously with
regards to optimality as we did not attempt to optimize the sharpness of our inequalities.

The following theorem is a cornerstone for our main robustness result (Theorem 5.6.14).

Theorem 5.6.10 (Blind Inversion). Let (χ, ζ, A) be a BSS-triple on S0 × GLd and Φ̂ as
in (5.101). If δ := δ⊥⊥(ζ) ≤ ε0, then for each θ? ∈ Φ̂(χ) there is M ∈ Md and E ∈ Rd×d

such that

θ? = M(I + E)A−1 with ‖E‖ ≤ c1
δ

1−δ and ‖θ?−MA−1‖
‖MA−1‖ ≤ c2

δ
1−δ . (5.105)

Moreover, the deviance (5.20) satisfies ∂Φ̂(ζ,A)≤c2
δ

1−δ , and (I?, Φ̂) is an ICA-solution for

I? := S? ×GLd with S? :=
{
µ ∈ S0

∣∣ µ is orthogonal
}
. (5.106)

Proof. The proof of (5.105) combines standard arguments from matrix analysis with recent
perturbation bounds for eigenspaces of (nonsymmetric) matrices; it is rather lengthy and
hence deferred to Section 5.8.3. The remaining claims are corollaries of this proof and
(5.105):

Statement (5.105) implies that for each B ∈ Φ̂(χ) there is M ∈ Md and E ∈ Rd×d with

|BAu−Mu|
|Mu| = |M ·E·M−1(Mu)|

|Mu| ≤ ‖M ·E ·M−1‖2 ≤ c2
δ

1−δ , for each u ∈ Rd \ {0}, (5.107)

where the last inequality holds by the same argument as for (5.204). This together with the
definition (5.20) of the deviance function ∂Φ̂ then implies the asserted ∂Φ̂(ζ,A)-inequality.

The d · em-sufficiency of (5.106) follows from (5.105) and the fact that δ⊥⊥(S?) = 0, cf.
(5.62). Indeed: For any BSS-triple (χ, ζ, A)I? we have, in the notation of (5.161), that
(χ, ζ̃, Ã)I? and hence I = RCχR

ᵀ = (RÃ)Cζ̃(RÃ)ᵀ = ÃRÃ
ᵀ
R and thus B̃R := Ã−1

R ∈ Od ⊆
Ξ1 (cf. (5.98)) for each (Ξ1-defining choice of) κ0 ≥ 1. Statement (5.105) thus applies to (the
triple (χ, ζ̃, Ã)I? and) the given map Φ̂ in particular, implying Φ̂(χ) ⊆ Md ·Ã−1 = Md ·A−1

as desired.

As is to be expected, the deviation (5.105) between Md · A−1 and the recovered in-
verses θ? ∈ Φ̂(χ) computed from χ — and likewise the deviation dist%̃(Φ̂(X) · X, dSem),
via (5.21), between the accurate quasi sources and their estimates — are expressed on a
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multiplicative scale [resp. in terms of relative error] rather than on an additive scale [resp.
in absolute error], owing to the multiplicative nature of the group GLd and its action onM1.

We note further that the proof of (5.105) (Section 5.8) allows to also quantify the
breakdown point of the blind inversion procedure (5.101) as being reached at precisely
those causes (ζ,A) in C for which one of the eigenvalues (λ̃i) in (5.196) attains an algebraic
multiplicity of strictly above one. (We may interpret these causes as the ‘singularities’ of Φ̂
in the causal space C.)

Remark 5.6.11. Let us reconsider the usual case (5.84) where ζ and χ are (the laws of)
some Rd-valued stochastic processes S = (St)t∈I and X = (Xt)t∈I (resp.) defined on some
probability space (Ω,F ,P). Denoting Ŝ := θ? ·X for any θ? ∈ Φ̂(X), Theorem 5.6.10 and
(5.21) then yield28

%̃(Ŝ,MS) ≡ supt∈I
|Ŝt−MSt|
|MSt| ≤ c2 δ̂ for some M = M(θ?) ∈ Md (5.108)

and with δ̂ := δ⊥⊥(S)
(1−δ⊥⊥(S)) and c2 ≡ c2(S,A) as above, provided that δ⊥⊥(S) ≤ ε0 ≡ ε0(S,A).

If in addition to the ‘global’ deviation (5.108) one is also interested in the reconstruction
error for an individual component Si = (Sit)t∈I of the source (i ∈ [d]), then one may
consider the proportionality factor pit := |Ŝt|/|Ŝit | · 1×(Ŝit) and note that by (5.108), with
M =: (βi · δσ(i)j)ij ,∣∣Ŝit−βiSσ(i)

t

∣∣∣∣βiSσ(i)
t

∣∣ · ı ≤ pit · δ′

1− pit · δ′
for each t ∈ I with (pit · δ′) ∨ δ̃ < 1,

where ı := 1×(Ŝit)1×(Sσ(i)
t ) and δ′ := δ̃/(1− δ̃) and δ̃ := c2δ̂; see e.g. [59, Prop. 1.12].

5.6.2.1 Related Work

As mentioned earlier, the general strategy to perform a blind inversion of linearly mixed
stochastic sources via a joint diagonalisation of suitably chosen equivariant tensor statistics
of the observed signal – as done in (5.99) – is a well-established part of the current the-
ory of blind source separation, see e.g. [25, 28, 151] or [38, 111, 117, 125, 150, 151] for an
overview. Its relevance in the BSS-context has brought this joint diagonalisation problem
(JDP) – which underlies the minimisation (5.99) of the contrast (5.95) over the manifold Θ
and over certain subsets such as (5.98) – significant popularity and much research attention
in numerical analysis and optimization communities, cf. the referenced literature and the
references therein.

28 Notice that if |M · St| = 0 then Ŝt = θ?ASt = 0, and for such t ∈ I the quotient in (5.108) is set to
0/0 := 0.
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Yet despite the manifest relevance of this actively researched problem, the perturbation
analysis of JDP, just as related sensitivity analyses for tensor decompositions in general, has
been notoriously underexplored, cf. [24, Sect. 1.4]. Among the very few available perturb-
ation results, approaches that anticipate our own bound (5.105) most closely are [1], who
obtained first-order perturbation bounds for joint diagonalizers of symmetrically perturbed
symmetric matrices, and [144], who under the same row-normalisation constraints as ours,
but once again in an entirely symmetric setting only, obtained bounds between symmetric-
ally perturbed and exact joint diagonalizers, and finally [24], who obtained upper bounds
related to ours in the more general context of perturbed joint block diagonalization. For
completeness, we also mention the recent but not directly related work [100], where again
under the symmetry constraint some numerical stability properties of joint approximate
diagonalizers are studied.

We emphasize that while of a similar nature, none of the above works renders our bound
(5.105) or its underlying perturbation analysis (Section 5.8.3) redundant: The perturbation
results of Theorem 5.6.10 are a cornerstone for our proof of Theorem 5.6.14 where the
robustness of (5.101) is established via the continuity of maps between premetric spaces, and
the latter requires an understanding of how general and thus also asymmetric perturbations
of the statistics (5.93) affect the minimizers (5.99) (which leaves only [24] applicable). Based
on recently obtained second-order bounds [88] for the eigenspaces of generically perturbed
matrices, the tailor-made perturbation analysis in Section 5.8.3 is methodically independent
from all prior approaches and provides this understanding in an informative, concise and
essentially self-contained way. As remarked above, however, the resulting bound (5.105)
has not been optimized so that a combination of Sect. 5.8.3 with some of the referenced
approaches is likely to give improvements.

5.6.3 A Robust ICA-Inversion

In this section, we ‘globalise’ the identifiability result of Section 5.6.1 by embedding it into
the robustness framework of Sections 5.3.2 and 5.5.1. More specifically, we show that the
inversion map Φ̂ from (5.101) can be readily extended to an ICA-solution (I , Φ̂) that is
robust in the general sense of both (5.15) and Definition 5.3.10.

Definition 5.6.12 ((I?, Φ̂)). Let I? be as in (5.106) and consider the set-valued inversion
map

Φ̂ : Ḋ −→ F, µ 7→ Φ̂(µ) :=
[
arg min
θ∈ Ξ̃1

φµ(θ)
]
·R(µ) (5.109)
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defined as in (5.101) and (5.99) but with Ξ1 generalised to compact domains Ξ̃1 of the form
(5.111). (Since the difference between (5.101) and (5.109) is minor, we give both maps the
same symbol.)

Recall from Theorem 5.6.10 that the above pair (I?, Φ̂) is an ICA-solution, that is

Φ̂(A · µ̃) ·A ⊆ Md for each (µ̃, A) ∈ I?,

and recall from Lemma 5.5.9, cf. also Remark 5.4.4, that the family I? of exactly identifi-
able causes is far from empty and in fact very large.

In accordance with its abstract blueprint (5.14), the inversion map (5.17) associated to
the M-estimator (5.109) essentially parametrises (a subset of) the maximal solution (5.12).
To ensure an informative robustness analysis à la (5.15) of this map,29 we follow (5.98) and
exhaust the set I? of identifiable causes by regular sublevel sets (5.110) related to condition
numbers of the cause.

Remark 5.6.13 (Condition Bounds). Recall that the optimisation domains Ξ1 = Ξ1(κ0)
in (5.98) are defined in dependence of a prior condition bound κ0 <∞. To ‘globalise’ this
definition for use in (5.109), note that the ‘identifiability superset’ G := D × GLd can be
exhausted via

G =
⋃
b≥1

Gb for Gb :=
{
(µ,A) ∈ G

∣∣ κ2
(
B̄(A,µ)

)
≤ b

}
(5.110)

where for any given (µ,A) ∈ G the matrix B̄(A,µ) is defined analogous to (5.92), that is:
B̄(A,µ) := ddiag(|b1|, . . . , |bd|)−1B(A,µ) ∈ Ξ0

1 with B(A,µ) ≡ (b1| · · · |bd)ᵀ := (RµA)−1 for
Rµ := R(Aµ) the square root of the inverted (half) covariance C−1

Aµ, cf. (5.89). For any b ≥ 1
and ∆κ > 0, we set

Ξ̃1 := Ξ0
1 ∩

{
θ ∈ GLd

∣∣κ2(θ) ≤ b+ ∆κ =: κ̃0
}
. (5.111)

For any priorly chosen regularity parameter b and tolerance ∆κ > 0, the compact (see Lem.
5.6.6) sets (5.111) are the domains we use in (5.109). Note that since for each (µ,A) ∈ Gb
the condition number κ2(B̄(A,µ)) is continuous30 in [µ]0, there is an (explicitly computable)
r∗ = r∗((µ,A),∆κ) > 0 such that sup{κ2(B̄(A,µ̃)) | µ̃ ∈ D : ‖[µ̃]0 − [µ]0‖ ≤ r∗} ≤ b+ ∆κ.

29 For formal consistency with Section 5.3.2, Theorem 5.6.14 below considers a ‘full-domain’ extension
Φ̂ :M1 → F of (5.109), where Φ̂ : Ḋ → F is as in (5.109) and Φ̂ :M1\ Ḋ → F is defined arbitrarily. More
meaningful extensions of (5.109) can, for instance, be defined as per Remark 5.4.9.

30 More precisely, we have κ2(B̄(A,µ)) = ϕ̃A([µ]0) for the continuous (at the point [µ]0 ∈ GLd; see Lemma
5.8.8) function ϕ̃A(a) := κ2(R(Ca)A ·ddiagi(|(A−1R(Ca)−1)ᵀ · ei|)) ∈ R̄; here we set κ2(b) = +∞ if b /∈ GLd.
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Let us fix any E as in (5.73) and denote by τC its associated causal topology (5.76). Let fur-
ther Ĩ := I?∩Gb for any fixed b ≥ 1 which then defines Ξ̃1 via (5.111), and set I := Ĩ ∩E.

The next result asserts that the ICA-solution (I , Φ̂) is robust in the sense of (5.15)
and (5.24); it also quantifies this robustness by providing explicit moduli for the underlying
continuities.

Theorem 5.6.14 (Robustness). The ICA-solution (I , Φ̂) is robust in the sense of (5.15)& (5.24).
Specifically: Both the map I : (C, τC)→ (F, d) given by (µ, f) 7→ Φ̂(f∗µ), as well as the de-
viance function ∂Φ̂ : (C, τC) → R+ of Φ̂, are continuous on I . In fact, for any point
(µ?, A) ∈ I there are explicit constants c̃i = c̃i(µ?, A, cS, κ̃0) > 0, i = 0, 1, 2, 3, 4, with the
following property: Given ε > 0 define δ̃ := c̃0 ∧

[
c̃

2/α
1
(
ε/(c̃2 + ε)

)2/α], then for each point
c ∈ C the inclusion c ∈ Bδ̃(µ?, A) implies the following:

for every θ ∈ I(c) there is M = M(θ) ∈ Md with ‖M‖ ≤ c̃3 and

E = E(θ) ∈ Rd×d with ‖E‖ ≤ ε such that θ = M(I + E)A−1;
(5.112)

further, ∂Φ̂(c) ≤ c̃4
(
ε+ d̄(A, f)(1 + ε)

)
. (5.113)

If in fact µ ∈ D and f ≡ A, then the above holds as stated but for α = 1 and simpler
constants c̃0, . . . , c̃4 that can each be chosen independent of cS.

Proof. The proof of the I -continuity of I is rather technical and hence delegated to Section
5.8.4, whose notation we adopt here. As we will see next, the asserted constants c̃0, . . . , c̃4

can be distilled from said proof. Indeed: Going through Section 5.8.4 for any fixed p? ≡
(µ?, A) ∈ I , let first c̃0 := r3 for r3 = r3(p?, cS, κ̃0) > 0 as defined in (5.215). Set
further c̃1 := 1/K ′ and c̃2 := K̃1, for K ′ (≡ K ′|r=r3) = Kr3(µ?,KS) and K̃1 = K̃1(r3)
both as defined right after display (5.215). The θ-related (first) assertion in (5.112) then
follows from (5.216). Indeed, (5.216) gives the θ-identity in (5.112) with ‖E‖ ≤ εr, while
the monotonicity of [0, C0 ∨ r̂ε] 3 r̃ 7→ εr̃ implies that ‖E‖ ≤ εδ̃ ≤ εr̂ε = ε for r̂ε :=
c̃
α/2
1 (ε/(c̃2 + ε))2/α. The bound ‖M‖ ≤

√
d‖ARf∗µ‖2 ≤

√
dLp?‖A‖2 =: c̃3 holds by ((5.202)

and) (5.199) and (5.210).
We now prove (5.113), from which the I -continuity of ∂Φ̂ follows immediately. For this,

fix any c ≡ (µ, f) ∈ Bδ̃(p?) as before and let B ∈ Φ̂(f∗µ) be arbitrary. Then by (5.112)
there is M ∈ Md, in fact with κ2(M) ≤

√
dσ̂?c̃0Lp?κ2(A) =: c̃4 (see (5.200), followed by

(5.90),(5.210)), s.t.
η := supu∈Rd\{0}

|BAu−Mu|
|Mu| ≤ c̃4 · ε (5.114)

which follows by the same argument as in (5.107). Recalling (5.77), (5.75), (5.74), we have
f = A(I +R) for R ∈ C1(Rd;Rd) with ‖DR‖∞ ≤ d̄(A, f) ≤ δ̃, and since f is a bijection we
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can choose v := −f−1(0) ∈ Rd. Further (I+R)(u−v) = (I+R̃)(u) for R̃(u) := R(u−v)−v,
so that

|B◦f(u−v)−Mu|
|Mu| = |BA(I+R)(u−v)−Mu|

|Mu| = |BAu−Mu+BAR̃(u)|
|Mu| ≤ η + |BAR̃(u)|

|Mu|

for each u ∈ Rd \ {0}. As to the last summand, note BA = M(I + E) (by (5.112)) and
R̃(0) = R(f−1(0)) + f−1(0) = A−1(f(−v)) = 0, so that for R̂ := R̃ ◦M−1 and each u ∈ Rd,

|BAR̃(u)| ≤ ‖M(I + E)‖2
∣∣R̂(Mu)

∣∣ and
∣∣R̂(Mu)

∣∣ ≤ ‖M−1‖‖DR‖∞|Mu|

where the last inequality uses (the chain rule and) the mean-value theorem. All combined,

sup
u∈D(v)

µ

|B◦f(u−v)−Mu|
|Mu| 1×(u) ≤ c̃4 · ε + κ2(M)(1 + ε)d̄(A, f) ≤ c̃4

(
ε+ d̄(A, f)(1 + ε)

)
from which the asserted ∂Φ̂-inequality (5.113) follows via (5.20). The theorem’s last assertion
is a direct consequence of Remark 5.8.10 (ii) applied to (5.112) and (5.113).

We emphasize that the proof of Theorem 5.6.14 is entirely constructive, and that each of
the above constants ci and c̃i, while not fine-tuned for optimality, can be read off in explicit
form; see Section 5.8.4.

5.7 Applications

The robustness of an ICA inversion map, as formulated in Definition 5.3.10 and established
in Theorem 5.6.14, is clearly of central importance in any situation where the exact struc-
tural assumptions (5.18) of the ICA-model are violated or other sources of (non)systematic
error, including approximations of the involved signals and their statistics, are unavoidable.
This naturally includes virtually all practical applications, as for these the (exact) law of
a signal is typically not available and its associated statistics can only be estimated from
empirical data which, in turn, is frequently corrupted by noise or subject to other forms of
uncertainty. In this section, we present a selection of three essentially independent exem-
plary use cases, cf. Example 1.1.2, to illustrate how our theory helps to conveniently attain
a meaningful quantification of various practice-relevant robustness scenarios.

Throughout this section, let (X,S,A)I∗ be any fixed BSS-triple on (5.106) with S = (St)
some stochastic process in Rd (defined on a probability space (Ω,F ,P)), and consider Φ̂ as
in (5.109) but with Ξ̃1 given by (5.111) for b := κ2(B̄(A,S)) and any fixed ∆κ > 0.
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5.7.1 Statistical Estimation

In practice we usually have access to neither the law µX ≡ PX of the observable (which is
needed to compute the statistics (5.38)) nor to its continuous-time realisations, but instead
only to time-discretized sample trajectories of X. The issue of time-discretisation is easily
resolved, since a sequence of (random) vectors Xt1 , . . . , Xtn in Rd can be immediately iden-
tified with a (random) element of Cd via piecewise-linear interpolation, see Remark 5.4.4.
The inaccessibility of the law, however, is more subtle and must be addressed by estimating
µX from the available data. While µX is generally an infinite-dimensional object, our inver-
sion procedure (5.109) only requires information on its low-dimensional projection (5.39) so
that any viable estimate µ̂ of µX needs to be accurate enough only at the low-order levels

〈µ̂〉w ≈ 〈µX〉w = E
[
sigw(X)

]
for |w| = 2, 3. (5.115)

What all reasonable estimators µ̂ = (µ̂n) ⊂ D of µX will have in common is the property
of statistical consistency, i.e. that in the ‘infinite data limit’ n→∞ (cf. Section 4.4)

〈µ̂n〉w =
∫
Cd
sigw(x) µ̂n(dx) n→∞−−−→ 〈µX〉w for each |w| = 2, 3, (5.116)

almost surely or in probability; this convergence is but a topological specification of the
informal accuracy requirement (5.115).

Remark 5.7.1. To understand (5.116), note that strictly speaking any sample-based ap-
proximation (µ̂n) of µX is in fact naturally a sequence of random measures, i.e. a sequence
of D-valued random variables. This also pertains to the example estimators in Remark
5.7.2 below; for instance, its last example can be written more precisely as µ̂ = µ̂(X,n) :
Ω 3 ω 7→ µ̂n(X(ω)) ∈ D. We suppress this additional complexity in our notation to avoid
cluttering our exposition.

Remark 5.7.2 (Signature Estimators). An ‘optimal’ choice of µ̂ generally depends on the
data that is given, but for many applications useful estimates can be straightforward. For
example, if X describes the temporal evolution of some d-dimensional health trajectory
of a prototypical patient and our data consists of n independently sampled path-valued31

observations x1, . . . , xn ∈ Cd, corresponding to the trajectories of n different real patients,
then the empirical measure µ̂ ≡ µ̂n(x1, . . . , xn) = 1

n

∑n
j=1 δxj ∈ D can be sufficient when

n is large. For other applications a good choice of µ̂ may be more involved and require
additional statistical assumptions on X in order for a feasible approximation of its law
from its samples to be possible. A very common such case is when the data consists of a

31 Upon piecewise-linear interpolation of discretely-measured data points, say.
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single trajectory x = (xt) of X only; in this case, common mixing or ergodicity assumptions
on X [or, equivalently, on S] often suffice to qualify the usual ergodic plug-in estimators
µ̂ ≡ µ̂n(x) = 1

n

∑n
j=1 δx|((j−1)τ,jτ ]

(τ > 0 large enough) as suitable approximators for µX ; see
Section 4.4 for details.

Our continuity results in Section 5.6 provide explicit bounds to relate the convergence
(5.116) to a controllable approximation of the inverse A−1. This allows us to conveniently
derive finite-sample results of the following type.

Notation 5.7.3 (Convergence Rate). In line with classical theory, an estimator µ̂ ≡ µ̂n of
µX is said to have convergence rate α̃n – for (α̃n) some strictly decreasing null sequence –
if γn := max|w|=2,3 |〈µ̂n〉w−〈µX〉w| = OP (α̃n), which is to say that for any ε > 0 there exist
numbers 0 < m,M <∞ such that supn≥m P(γn ≥Mα̃n) ≤ ε, see e.g. [152, Sect. 2.2].

Proposition 5.7.4. Let µ̂ ≡ (µ̂n) ⊂ Ḋ be a consistent estimator of µX with max|w|=2,3 |〈µ̂n〉w−
〈µX〉w| = OP (α̃n) for some convergence rate α̃ ≡ (α̃n). Then for any ε > 0 and any
0 ≤ q < 1, there exists an explicitly computable – as per the below proof – threshold
n0 = n0(ε, q, α̃, µ̂, A, µS) ∈ N such that for each n ≥ n0 the following holds with a probability
of at least q:

for every θ̂ ∈ Φ̂(µ̂n) there is M ∈ Md such that supt∈I
|θ̂Xt−MSt|
|MSt| 1×(St) ≤ ε. (5.117)

Proof. Let B := A−1 and υn := B · µ̂n. Lemma 5.4.7 then asserts the identities of 2-
and 3-tensors [υn](2) := (〈υn〉ij) = B⊗2(〈µ̂n〉ij) and [υn](3) := (〈υn〉ijk) = B⊗3(〈µ̂n〉ijk),
where B⊗2 = B ⊗ B and B⊗3 = B ⊗ B ⊗ B are Kronecker powers of B (see also [54,
Prop. 7.52]). Since the action of B⊗m on (Rd)⊗m is continuous, we obtain by way of the
continuous mapping theorem that the [in probability] convergence (5.116) implies that also
[υn](m) = B⊗m[µ̂n](m) −→n→∞ B⊗m[µX ](m) = [µS ](m) [in probability] for m = 2, 3. In fact,
it is easy to see that γn := max|w|=2,3 |〈υn〉w − 〈µS〉w| = OP (βn) with βn = C · α̃n for an
explicit constant C = C(B) > 0.

Take now ε̃ > 0, and set ε := ε̃/c̃4 for c̃4 ≡ c̃4(µS , A) > 0 as in Theorem 5.6.14. This
theorem then provides an explicit radius δ̃ = δ̃(ε, µS , A, κ̃0) > 0 such that (5.113) holds for
µ? = µS , i.e. such that

sup(υ,A)∈Bδ̃(µS ,A) ∂Φ̂(υ,A) ≤ ε. (5.118)

To connect this with (5.116) note that by definition (5.55) of δ(·, ·) and continuity,32 there
is an η > 0 such that δ(µS , υ) < δ̃ for each υ ∈ Ḋ with max|w|=2,3 |〈υ〉w − 〈µS〉w| < η. Now
fix any 0 ≤ q < 1 and let q′ := 1 − q. Since γn = OP (βn), we can find mq,Mq > 0 with

32 More precisely, by the fact that δ(µS , υ) = ϕS([υ]c) for ϕS : V → R+ continuous with ϕS([µS ]c) = 0.
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supn≥mq P(γn ≥ CMq·α̃n) ≤ q′. Due to α̃n ↓ 0, we can choose a (smallest) n0 ≥ mq such that
α̃n ≤ η/(CMq) for each n ≥ n0. For this n0 we have supn≥n0 P(γn ≥ η) ≤ supn≥n0 P(γn ≥
CMqα̃n) ≤ supn≥mq P(γn ≥ CMqα̃n) ≤ q′ and thus infn≥n0 P(γn < η) ≥ 1− q′ = q. Hence
for each n ≥ n0, it holds with probability at least q that d((υn, A), (µS , A)) = δ(µS , υn) < δ̃,
i.e. that (υn, A) ∈ Bδ̃(µS , A). Assertion (5.117) now follows by (5.118) and Lemma 5.3.9
upon noting that here, by (5.114), the spatial support in (5.23) can be replaced by the
entirety of Rd.

5.7.2 Asynchronous Observations

Other than statistical estimation (5.116), another source of systematic error in the blind
inversion of time-dependent signals are deviations from the instantaneity assumption (5.7)
that are caused by an asynchronous time-discretizations of the components X1, . . . , Xd of
X, cf. e.g. [2] for the classical context of covariance estimation:

In practice, often the channel signals Xi are each observed by different sensors which
take their measurements at some discrete sets of time-points that may be different from
sensor to sensor. Empirical observation, e.g. [101, 133], demonstrates that this asynchron-
icity perturbs BSS-performances up to the point of dysfunctionality. As the following pro-
position shows, the causal topology (5.76) is coarse enough to capture this ‘perturbation
by asynchronicity’ so that its effect can then be quantified and analysed via Theorem 5.6.14.

To this end, we may formalize the synchronicity infringement of (5.7) as follows: Write
Xi
Ji :=

(
Xi
t

∣∣ t ∈ Ji := {0 ≤ t(i)0 < t
(i)
1 < . . . < t

(i)
ni−1 ≤ 1}

)
for the sensor data of channel Xi,

denoting X̂i
Ji for the piecewise-linear interpolation of this data. Formally, X̂i

Ji = ι̂ni(Xi
Ji)

for ι̂ni as in (5.35) for d = 1, see Rem. 5.4.4. We then say that the channels Xi are observed
synchronously if J1 = J2 = . . . = Jd, and otherwise say that the X1, . . . , Xd are observed
asynchronously.

Writing ‖Ji‖ := maxν∈[ni−1] |t
(i)
ν −t(i)ν−1| for the mesh-size of Ji, we can handle asynchronicity

via Theorem 5.6.14 by noting that the interpolated observations X̂∗(Ji) :=
(
X̂1
J1
, · · · , X̂d

Jd
)

of X over the channel-dependent sample times (Ji) ≡ (J1, . . . ,Jd) converge to X in (5.76)
as ‖(Ji)‖ := maxi ‖Ji‖ → 0. The symbol %̃ below denotes the relative error from (5.21).

Proposition 5.7.5. For each i ∈ [d], let (J ni )n∈N be a sequence of dissections of [0, 1] whose
mesh-size ‖J ni ‖ converges to zero. Further, suppose E‖X‖31-var <∞ and let µ̂n := PX̂∗n ∈ Ḋ

be the law of X̂∗n := X̂∗(J ni ). Then for each ε > 0 there is an explicit n0 = n0(ε,A, µS , (µ̂n)) ∈
N such that for all n ≥ n0, the error bound dist%̃(Φ̂(µ̂n) ·X, dSem) ≤ ε holds almost surely.
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Proof. This follows from Theorem 5.6.14 and a few standard convergence arguments. In-
deed: Denoting by π̂in : C1

1 → C1
1 (cf. (5.28)) the linear operator that sends a C1

1 -path
y : [0, 1] → R to its Ĵ in-piecewise-linear interpolation ŷJ in := ι̂|J in|(πJ in(y)) (cf. Remark
5.4.4), note that ‖π̂in(y)‖1-var ≤ ‖y‖1-var for all y ∈ C1

1 and each n ∈ N, and further that
limn→∞ π̂

i
n = id pointwise [on C1

1 ] wrt. ‖ · ‖∞, see [54, Thm. 5.23]. Consequently, for each
x ∈ C1

d and n ∈ N,

d−1/2‖x− x̂∗n‖∞ ≤ max
i∈[d]

∥∥xi − πi(x̂∗n)
∥∥
∞ = max

i∈[d]

∥∥xi − π̂in(xi)
∥∥
∞ −→ 0 (as n→∞)

and ‖x̂∗n‖1-var ≤
∑d
i=1 ‖π̂in(xi)‖1-var ≤

∑d
i=1 ‖xi‖1-var (recall (5.32) for the first inequality).

By [54, Lemma 5.27 (i)], the above implies that limn→∞ ‖x− x̂∗n‖p-var = 0 for each x ∈ C1
d ,

for any p > 1. Hence by the p-variation continuity of sig(·) (for p ∈ [1, 2)) we have

lim
n→∞

sigw(x̂∗n) = sigw(x) (each |w| ≤ 3)

for each x ∈ C1
d . Due to this and the L1(PX)-domination |sigw(x̂∗n)| . ‖x̂∗n‖31-var ≤ d3‖x‖31-var

(which holds by the signature estimate underlying (5.51)), we can apply dominated conver-
gence to obtain (5.116), i.e. that [µ̂n]c → [µX ]c and hence δ(µ̂n, µX) → 0 as n → ∞. The
claimed conclusion, which is equivalent to (5.117), now follows as in the proof of Proposition
5.7.4.

5.7.3 Additive and Multiplicative Noise

Despite ever-increasing efforts towards more sophisticated measuring instruments and data-
processing procedures, empirical observations such as experimental measurements or eco-
nometric records are never exact. Instead, any type of empirically rooted data is prone to
unwanted deviations and corruptions whose effect needs to be understood as it may oth-
erwise invalidate the (algorithmic) consistency of a given statistical method. One way to
account for this are mathematical ‘noise models’, of which the two most established ones
are additive and multiplicative noise affecting a signal Y = (Yt)t∈I,

Yt = Yt + ηt or33 Yt = ηt · Yt (t ∈ I) (5.119)

for some stochastic process η = (ηt)t∈I in Rd referred to as the “noise”. For noisy BSS models
[112], the noise η is typically subject to additional, often (semi)parametric and sometimes
quite involved structural assumptions, see e.g. [12, 38, 89, 92] and the references therein.34

33 The multiplication ηt · Yt is understood componentwise, i.e. ηt · Yt ≡ (η1
t Y

1
t , · · · , ηdt Y dt )ᵀ for each t ∈ I.

34 In order to avoid dealing with any identifiability issues at all, some authors impose rather restrictive
(‘contrasting’) structural assumptions on S or η to ensure that the additive noise model (5.120) remains
exactly invertible. Notable such assumptions include: time-dependence (S) vs time-independence (η) [35],
non-Gaussianity (of S) vs Gaussianity (of η) [76], or time-variability of [auto]covariances (S) vs group-wise
stationary confounding (η) [125]. Of course, these cases are all hand-picked exceptions and treatment of the
general, model-free case (5.120) requires a more comprehensive analytical framework, see Proposition 5.7.6.
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The generality of our premetric framework allows us to keep such assumptions to a min-
imum.

In the classical BSS-context (5.7) where f is linear, it is essentially irrelevant whether the
additive noise (5.119) applies to Y = X or Y = S (or both) because

X + η = A(S + η′) for η′ := A−1η ; (5.120)

for the corruption with multiplicative noise, we may distinguish35 the cases

Xη
t := ηt ·Xt or Sηt := ηt · St (t ∈ I). (5.121)

We can apply Theorem 5.6.14 to quantify how these corruptions affect the accuracy of
(I?, Φ̂).

Proposition 5.7.6. Let η ∈ D be a noise process and consider the corruptions

X̃(1) := A(S + η) and X̃(2) := ASη and X̃(3) := Xη (5.122)

with µ(i) := PX̃(i) their respective laws. There are then explicit constants cj = cj(S,A,∆κ) >
0 (j = 0, . . . , 3) with the following property: Given ε > 0 define βε := c0 ∧

(
c1(ε/(c2 + ε))2),

then

for each θ̂ ∈ Φ̂(µ(i)) there is M ∈ Md with ‖θ̂−MA−1‖
‖MA−1‖ ≤ ε and (5.123)

max
{
∂Φ̂(S + η,A), ∂Φ̂(Sη, A), ∂Φ̂(S, ηA)∗

}
≤ ε (5.124)

provided that S and the noise process η meet the following case-dependent assumptions:

• for the case i = 1, suppose that η and S are independent and both mean-stationary
and that η satisfies the growth condition

∑d
ν=0〈S〉−1

νν

∥∥N−1
S [η]νN−1

S

∥∥2 ≤ β2
ε ;

• for the case i = 2, suppose that S is mean-stationary and centered and that η is
independent of S and satisfies the growth condition β2(S, η) ≤ β2

ε ;

• for the case i = 3, suppose that η is independent from S, mean-stationary with E[η] ≡ I
and IC and satisfies the growth condition β3(X, η) ≤ γε with β3 from (5.230) and
γε = γε(βε, A) > 0 as introduced directly thereafter;

35 Since A is a homoeomorphism these cases, too, are essentially equivalent, but see the proof of Prop.
5.7.6.
∗ Denoting ηA : [0, 1] × Rd → Rd, (t, u) 7→ ηtAu := ddiag(η1

t , · · · , ηdt ) · Au (a random time-
dependent transformation), the last inequality in (5.124) (‘∂Φ̂(S, ηA) ≤ ε’) is to be read as: ∂Φ̂(S, ηA) ≡
supB∈Φ̂((ηtASt | t∈[0,1])) inf(M,v)∈Md ×Rd supt∈[0,1] sup

u∈D(v)
St

|B◦(ηtA)(u−v)−Mu|
|Mu| 1×(Mu) ≤ ε with probab. one.
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here, 〈S〉00 := 1 and β2(S, η) :=
∑d
i=1〈S〉−2

ii (α̃2
i + 〈S〉−1

ii α̌
2
i ) with α̃i := (5.227) and α̌i :=

(5.228).

Proof. Thm. 5.6.14 provides constants c̃j = c̃j(S,A) > 0 (j = 0, 1, 2) and c̃4 = c̃4(S,A,∆κ) >
0 such that for any ε > 0 and rε̃ := c̃0 ∧

[
c̃2

1
(
ε̃/(c̃2 + ε̃)

)2] with ε̃ := ε/c̃4, we have that

if δ(S, µ̃) ≤ rε̃ then: for every θ̂ ∈ Φ(Aµ̃) there is M ∈ Md with ‖θ̂−MA−1‖
‖MA−1‖ ≤ ε,

where the above implication applies to all µ̃ ∈ Ḋ. To see that this holds, simply combine
(5.112) with the argument behind (5.203)⇒ (5.204) and the definition of c̃4. Setting cj := c̃j

for j = 0, 1 and c2 := c̃2c̃4 yields rε̃ = βε, for βε as defined above. Hence (5.123) follow if
we have

δ(S,A−1µ(i)) ≤ βε for each of the corruptions in (5.122). (5.125)

Moreover, from Theorem 5.6.14 (5.113) we further obtain that (5.125) also implies ∂Φ̂(υ(i), A) ≤
ε for υ(i) := A−1µ(i) and each i = 1, 2, 3, which proves (5.124) for the cases i = 1, 2. To see
that it also implies the case ∂Φ̂(S, ηA) ≤ ε and hence (5.124) altogether, notice that (cf.
footnote ∗)

supt∈[0,1] sup
u∈D(v)

St

|B◦(ηtA)(u−v)−Mu|
|Mu| 1× ≤ sup

u∈D(v)
υ(3)

|BA(u−v)−Mu|
|Mu| 1× almost surely

(for any B ∈ Φ̂(X̃(3)) and each (M, v) ∈ Md×Rd) and hence ∂Φ̂(S, ηA) ≤ ∂Φ̂(υ(3), A) a.s.
Let us first establish (5.125) for the additive-noise case i = 1, which the triple (X̃(1), A, S̃),
with S̃ := S + η, represents in full generality (cf. (5.120)). For any ijk ∈ [d]?3 and by
multilinearity,

〈S̃〉ij = E
[∫ 1

0

∫ t

0
dS̃is dS̃jt

]
= 〈S〉ij + 〈Si, ηj〉+ 〈ηi, Sj〉+ 〈η〉ij , and similarly(5.126)

〈S̃〉ijk = 〈S〉ijk + 〈Si, Sj , ηk〉+ 〈Si, ηj , Sk〉+ 〈Si, ηj , ηk〉+ 〈ηi, Sj , Sk〉 (5.127)

+ 〈ηi, Sj , ηk〉+ 〈ηi, ηj , Sk〉+ 〈η〉ijk,

with 〈Y i, Ỹ j〉 := E
[∫ 1

0
∫ t

0 dY i
s dỸ j

t

]
and 〈Y i, Ỹ j , Ŷ k〉 := E

[∫ 1
0
∫ t

0
∫ s

0 dY i
r dỸ j

s Ŷ
k
t

]
for Y, Ỹ, Ŷ ∈

{S, η}. Since η, S ∈ C1
d , we can use Fubini to evaluate the above statistics (5.126) and

(5.127) to

〈Si, ηj〉 =
∫ 1

0

∫ t

0
E
[
Ṡisη̇

j
t

]
dsdt and 〈ηi, Sj , ηk〉 =

∫ 1

0

∫ t

0

∫ s

0
E
[
η̇irṠ

j
s η̇
k
t

]
drdsdt etc. (5.128)

From the assumptions that η and S are independent and both mean-stationary, we obtain
E[Ṡisη̇

j
t ] = E[Ṡis]E[η̇jt ] = 0 and E[η̇irṠjs η̇kt ] = E[Ṡjs ]E[η̇irη̇kt ] = 0 etc. For this we used that

E[Ṡit ] = 0 = E[η̇jt ] for each i, j ∈ [d] and t ∈ [0, 1], which follows by interchanging expectation
and differentiation (as is permitted by the assumption that the derivatives Ṡ and η̇ are
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L1(P)-dominated). This implies that the mixed statistics (5.128) vanish, so that we are left
with

[S̃]ν = [S]ν + [η]ν for each ν = 0, 1, . . . , d.

Hence and from (5.57), we obtain that

δ(S, S̃)2 =
d∑

ν=0
〈S〉−1

νν

∥∥N−1
S [η]νN−1

S

∥∥2 ≤ β2
ε ,

which proves (5.125) for the additive-noise case i = 1. The proof of (5.125) for the
multiplicative-noise cases i = 2, 3 is similar but slightly more technical, see Section 5.8.5.

Remark 5.7.7. The proposition shows that both the additive and the multiplicative noise
case extend the noiseless idealisations η ≡ 0 and η ≡ I (resp.) continuously. Notice how
the deviance bounds (5.124) provide a concise quantification of the inversion stability of Φ̂
against the respective ICA-violations (5.122).

5.8 Proof of Theorems 5.6.10 and 5.6.14

This section contains some technical auxiliary results to complete the proofs of Theorem
5.6.10 and Theorem 5.6.14; the latter is done in Sections 5.8.3 and 5.8.4, respectively.

5.8.1 Some Technical Estimates

Lemma 5.8.1. For any p ∈ (1, 2) and η > 0, denote α := 1− 1/p and γ := 1/p− α.

(i) Let {Y, Ỹ } ⊂ Cd|P ∩D be core-integrable and such that ‖Ỹ − Y ‖∞ ≤ η with probability
one. Then for each w ∈ [d]? with 2 ≤ |w| ≤ 3 we have

∣∣〈Ỹ 〉w − 〈Y 〉w∣∣ ≤ κp,|w| · ηα (5.129)

with κp,k := (2 + k)cp(2βpKp + 1), for the constants βp := 2 + 1/p and cp := (1 −
21−2/p)−1 and with Kp := maxV ∈{Ỹ,Y } E

[
‖V ‖βp1-var

]
.

(ii) For any µ̃, µ ∈ D such that max|w|=2,3
∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ κη for some κ ≥ 0, we have

∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)
∣∣ ≤ ϕκ(µ, µ̃)

√
η + η2 (5.130)

for the auxiliary function ϕκ(µ, µ̃) :=
√

(3ϑµ,µ̃ + κ)κ
∑d
k=0

∑d
i,j=1 ϕijk(µ, µ̃) with

ϕijk(µ, µ̃) :=
2
(
〈µ〉ijk ∨

√
〈µ̃〉ii〈µ̃〉jj〈µ〉kk

)2
(√
〈µ〉ii〈µ〉jj〈µ̃〉kk ∧

√
〈µ̃〉ii〈µ̃〉jj〈µ〉kk

)4 (5.131)

and ϑµ,µ̃ := max{〈µ〉ii〈µ〉jj , 〈µ〉ii〈µ̃〉jj | i, j ∈ [d]}.
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(iii) For any µ, µ̃ ∈ D with δ(µ, µ̃) ≤ η, we have

max|w|=2,3
∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ mµη (5.132)

for mµ := max{
√
〈µ〉ii〈µ〉jj〈µ〉kk | i, j ∈ [d], k ∈ [d]0}; if further µ is orthogonal, then

δ⊥⊥(µ̃) ≤ ϕ̂(µ, µ̃)
√
η + η2 for ϕ̂(µ, µ̃)2 := max{3ϑµ,µ̃mµ,m

2
µ}
∑d
k=0

∑d
i,j=1 ϕijk(µ, µ̃).

(iv) Let R ∈ C1(Rd;Rd) with36 ‖DR‖∞ < ∞, and let µ ∈ D be core-integrable with
µ̃ := (I +R)∗µ. Then, for each w ∈ [d]? with |w| = 2, 3:

∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ K̃p,|w| · φ|w|(‖DR‖∞)
(
‖DR‖∞‖R‖∞

)α
, and (5.133)∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)

∣∣ ≤ ϕK̃p,3(µ, µ̃) φ̂p(R) · φ3(‖DR‖∞)
1
2
(
‖DR‖∞‖R‖∞

)α
2 (5.134)

for K̃p,k := 2αcp(1 + k/2)(1 + Eµ
[
‖x‖β1-var

]
) and φk(u) := (1 + u)k−1uγ and with

ϕK̃p,3(µ, µ̃) as in (ii) but for κ := K̃p,3, and φ̂p(R) :=
√

1 + φ3(‖DR‖∞)(‖DR‖∞‖R‖∞)α.

Proof. (i) : Let {Y, Ỹ } ⊂ D be square-integrable with ‖Ỹ −Y ‖∞ ≤ η almost surely, and let
w ∈ [d]≤m be an arbitrary multiindex of length |w| ≤ m. Take any p ∈ (1, 2). The classical
interpolation inequality [54, Prop. 5.5 (i)] then implies that for Z := Ỹ − Y we have

‖Z‖p-var ≤ 2α‖Z‖1/p1-var‖Z‖
(1−1/p)
∞ ≤ 2α‖Z‖1/p1-varη

α ≤ 2 Ξ1/p · ηα (5.135)

where α := 1 − 1/p and Ξ := max
{
‖Y
∥∥

1-var,
∥∥Ỹ ∥∥1-var

}
. The local Lipschitz continuity of

the signature transform (cf. [54, Proposition 7.63]) then implies that, for each 2 ≤ |w| ≤ m,

∣∣〈Ỹ 〉w − 〈Y 〉w∣∣ ≤ E
∣∣sigw(Ỹ )− sigw(Y )

∣∣ ≤ (2 + |w|)cp E
[
Ξ|w|−1+1/p] · ηα (5.136)

for cp := (1 − 21−2/p)−1, as follows from the proof of [54, Prop. 7.63] but with the Young-
Loeve estimates |Ỹs,r−Ys,r| = |Zs,r| ≤ ‖Z‖p-var;[s,t] and

∣∣ ∫ t
s Ỹs,r dZr

∣∣ ≤ cp‖Ỹ ‖p-var;[s,t]‖Z‖p-var;[s,t].
Indeed: For each |w| ≥ 2 we have

∣∣sigw(Ỹ )− sigw(Y )
∣∣ =

∣∣〈π|w|[sig0,1(Ỹ )− sig0,1(Y )
]
, w〉

∣∣ ≤ ∥∥π|w|[sig0,1(Ỹ )− sig0,1(Y )
]∥∥

=
∥∥∥∥∫ 1

0
π|w|−1

[
sig0,r(Ỹ )− sig0,r(Y )

]
dỸr +

∫ 1

0
π|w|−1

[
sig0,r(Y )

]
dZr

∥∥∥∥ (5.137)

where ‖ · ‖ := | · |1 is the projective tensor norm on the tensor powers of Rd, cf. [105, Sect.
5.6]. Using that for any x ∈ C1([0, 1];Rd) and y ∈ C1([0, 1];Re×d) we have∫ ·

s
ys,r dxr ∈ C1([s, t];Re) and

∣∣∣∣∫ t

s
ys,r dxr

∣∣∣∣ ≤ cp‖y‖p-var;[s,t]‖x‖p-var;[s,t]

36 Here and in the following, we norm the Jacobian DR of a map R ∈ C1(Rd;Rd) via ‖DR‖∞ :=
supx∈Rd ‖DR(x)‖2 where ‖ · ‖2 is the Euclidean operator norm on Rd×d.
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for each 0 ≤ s ≤ t ≤ 1, see e.g. [104, Sect. 1.3] and [54, Prop. 6.4], we find from (5.137) that∣∣sigw(Ỹ )− sigw(Y )
∣∣ ≤ cp

(
‖Y ‖p-var + ‖Ỹ ‖p-var

)
‖Z‖p-var ≤ 2cpΞ‖Z‖p-var if |w| = 2, and∣∣sigw(Ỹ )− sigw(Y )

∣∣ ≤ (
2cpΞ‖Y ‖1-var + cp

2! ‖Ỹ ‖
2
1-var

)
‖Z‖p-var ≤ 5

2cpΞ
2‖Z‖p-var if |w| = 3,

where for the penultimate inequality we used the standard estimate ‖π2[sigs,t(Ỹ )]‖1-var ≤
1
2!‖Ỹ ‖

2
1-var (see e.g. [104, Prop. 2.2]). Combined with (5.135), we obtain that for |w| = 2, 3,∣∣〈Ỹ 〉w − 〈Y 〉w∣∣ ≤ (1 + |w|/2)cpE

[
Ξ|w|−1‖Z‖p-var

]
≤ (2 + |w|)cpE

[
Ξ|w|−1+1/p

]
· ηα,

as claimed in (5.136). To finally arrive at (5.129), notice that Ξ|w|−1+1/p ≤ 1 + Ξ2+1/p ≤
1 +

(
‖Ỹ ‖1-var + ‖Y ‖1-var

)β for each |w| = 2, 3 and β := 2 + 1/p and hence, by Minkowski,

E
[
Ξ|w|−1+1/p

]
− 1 ≤

[
E
[
(Ũ + U)β

]1/β]β ≤ [
E
[
Ũβ
]1/β+ E

[
Uβ
]1/β]β ≤ 2βK

for Ũ := ‖Ỹ ‖1-var and U := ‖Y ‖1-var, as asserted.
(ii) : Let µ, µ̃ ∈ D and suppose, as required, that there is κ ≥ 0 and η > 0 such that

max
|w|=2,3

∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ κη. (5.138)

The bound (5.130) then follows from (5.138) and the definitions (5.55) and (5.56), as shown
next.
We use the representation (5.57) of δ for convenience. As is conventional for direct sums,
we thereby write C ≡ C0 + . . . + Cd for any C ≡ (C0, · · · , Cd) ∈ V (boldfaced ‘+’), and
accordingly set N1 · C · N2 ≡

∑∑∑d
ν=0N1CνN2 ≡ (N1CνN2)dν=0 ∈ V for any N1, N2 ∈ Rd×d.

Then

δ(µ, µ̃) =
∥∥∥N−1

µ

(
C0 +

∑∑∑d
k=1Ck

)
N−1
µ

∥∥∥
V

with Cν =
(
〈µ̃〉ijν − 〈µ〉ijν√

〈µ〉νν

)
ij

where 〈µ〉ij0 := 〈µ〉ij , 〈µ〉00 := 1 and Nµ as in (5.57); we further set Cµµ̃ := C0 +
∑∑∑d
k=1Ck.

The assumed core-integrability of {µ, µ̃} ⊂ D ensures that all of these quantities exist.
The bound (5.130) is based on the simple triangle inequality∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)

∣∣ =
∣∣∣∥∥N−1

µ̃ Cµ̃?µ̃N
−1
µ̃

∥∥
V −

∥∥N−1
µ Cµ?µN

−1
µ

∥∥
V

∣∣∣
≤
∥∥∥N−1

µ̃

[
Cµ̃?µ̃R−R−1Cµ?µ

]
N−1
µ

∥∥∥
V

for R := N−1
µ̃ Nµ,

(5.139)

where for a stream µ = (µi) ∈ D we denote by µ? := µ1⊗· · ·⊗µd its associated product sig-
nal. By definition the matrices R ≡ (Rij) are diagonal with Rii =

√
〈µ〉ii/〈µ̃〉ii. Moreover,

if µ̃, µ are both mean-stationary, then so are their respective product signals µ̃?, µ?, whence
Lemma 5.5.9 gives that the (flattened) tensors Cµ?µ =: (Cijk) and Cµ̃?µ̃ =: (C̃ijk) read

Cij0 = (1− δij)〈µ〉ij and Cijk = (1− δijk)〈µ〉ijk√
〈µ〉kk

(i, j, k ∈ [d]), (5.140)
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and likewise for (C̃ijk). If µ̃ or µ are not mean-stationary, then all of the above remains
valid as stated but with (5.140) holding by definition of δ⊥⊥(·), see Remark 5.5.6. The
flattened [along its 3rd dimension, i.e. embedded in V] tensor M ≡ (mijk) := N−1

µ̃ (Cµ̃?µ̃R−
R−1Cµ?µ)N−1

µ thus reads

mij0 = Cij0Rjj − C̃ij0R−1
ii√

〈µ̃〉ii〈µ〉jj
=

 〈µ〉ij√
〈µ̃〉ii〈µ̃〉jj

− 〈µ̃〉ij√
〈µ〉ii〈µ〉jj

(1− δij), and

mijk = CijkRjj − C̃ijkR−1
ii√

〈µ̃〉ii〈µ〉jj
=

 〈µ〉ijk√
〈µ̃〉ii〈µ̃〉jj〈µ〉kk

− 〈µ̃〉ijk√
〈µ〉ii〈µ〉jj〈µ̃〉kk

(1− δijk)

Writing 〈µ〉00 := 1 and 〈µ〉ij0 := 〈µ〉ij , as well as βijk :=
√
〈µ〉ii〈µ〉jj〈µ̃〉kk and β̃ijk :=√

〈µ̃〉ii〈µ̃〉jj〈µ〉kk and γijk := min{βijk, β̃ijk} and ςijk := max{|〈µ〉ijk|, |β̃ijk|}, we find that

|mijk| =
∣∣∣∣∣〈µ〉ijkβijk − 〈µ̃〉ijkβ̃ijkβijkβ̃ijk

∣∣∣∣∣ ≤ ςijk
γ2
ijk

(
|βijk − β̃ijk|+ |〈µ〉ijk − 〈µ̃〉ijk|

)
. (5.141)

Writing νj := 〈µ〉ii and ν̃j := 〈µ̃〉jj , for the first of the above bounding summands we find37

∣∣βijk − β̃ijk∣∣2 ≤ ∣∣νiνj ν̃k − ν̃iν̃jνk∣∣ ≤ νiνj
∣∣ν̃k − νk∣∣+ νk

∣∣νiνj − ν̃iν̃j∣∣
≤ νiνj

∣∣ν̃k − νk∣∣+ νk
(
νi|νj − ν̃j |+ ν̃j |νi − ν̃i|

)
.

Hence after denoting ϑ := max{νiνj , νiν̃j | i, j ∈ [d]} and by (5.138), we obtain that

∣∣βijk − β̃ijk∣∣ ≤ √3ϑκ · η
1
2 . (5.142)

Defining ξijk :=
√

2ςijk/γ2
ijk, we can now combine (5.142) and (5.138) with (5.141) to arrive

at
m2
ijk ≤ ξ2

ijk

(
|βijk − β̃ijk|2 + |〈µ〉ijk − 〈µ̃〉ijk|2

)
≤ K1ξ

2
ijk · (η + η2)

for K1 := (3ϑ+ κ)κ. Using (5.139), this allows us to conclude

∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)
∣∣2 ≤ d∑

k=0

d∑
i,j=1

m2
ijk ≤ K2 · (η + η2)

for K2 := K1
∑d
k=0

∑d
i,j=1 ξ

2
ijk, which gives (5.130) as claimed.

(iii) : Given δ(µ, µ̃) ≤ η, we know from Def. 5.5.1 that for each w ≡ ijk ∈ [d]?|·|=2,3 we
have ∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ √〈µ〉ii〈µ〉jj〈µ〉kk · η ≤ mµη (5.143)

37 Recall that |
√
a−
√
b | ≤

√
|a− b| for any a, b ≥ 0.
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for mµ = max{
√
〈µ〉ii〈µ〉jj〈µ〉kk | i, j ∈ [d], k ∈ [d]0}. Hence by the very same computations

as in point (ii) (upon replacing assumption (5.138) by (5.143)) we find

∣∣δ⊥⊥(µ̃)− δ⊥⊥(µ)
∣∣2 ≤ max{3ϑµ,µ̃mµ,m

2
µ}

d∑
k=0

d∑
i,j=1

ξ2
ijk · (η + η2) (5.144)

with ϑµ,µ̃ and ξijk as defined previously. If δ⊥⊥(µ) = 0 (cf. Lemma 5.5.9), this gives the
claim.

(iv) : Let w ∈ [d]? be an arbitrary multiindex. Then by the change-of-variables formula,

∣∣〈µ̃〉w − 〈µ〉w∣∣ =
∣∣∣∣∫
Cd
sigw

(
x+R(x)

)
µ(dx)−

∫
Cd
sigw(x)µ(dx)

∣∣∣∣
≤
∫
Cd

∣∣sigw(x+R(x)
)
− sigw(x)

∣∣µ(dx).
(5.145)

Now by definition of ‖ · ‖1-var we find (with the sup taken over all dissections (tν) of [0, 1])

‖R(x)‖1-var = sup
(tν)

∑
ν

∣∣R(xtν+1)−R(xtν )
∣∣ ≤ ‖DR‖∞‖x‖1-var (5.146)

and hence – again by [54, Proposition 5.5 (i)], just as for (5.135) – that

‖R(x)‖p-var ≤ 2α‖DR‖1/p∞ ‖x‖
1/p
1-var‖R‖

α
∞ = 2α‖x‖1/p1-var‖DR‖γ∞ ·

(
‖DR‖∞‖R‖∞

)α
. (5.147)

for γ := 1/p − α > 0. From the estimates of point (i) – with Ỹ (ω) and Y (ω) replaced by
x+R(x) and x, respectively – combined with (5.146), we obtain for |w| = 2, 3 that

∣∣sigw(x+R(x)
)
− sigw(x)

∣∣ ≤ (1 + |w|/2)cp(1 + ‖DR‖∞)|w|−1‖x‖|w|−1
1-var ‖R(x)‖p-var. (5.148)

Together with (5.145) and (5.147), the above combines to

∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ c̃p,|w|Eµ
[
‖x‖|w|−1+1/p

1-var
]
· φ|w|(‖DR‖∞)

(
‖DR‖∞‖R‖∞

)α
for c̃p,|w| := 2αcp(1 + |w|/2) and φk(u) := (1 + u)k−1uγ . Since Eµ

[
‖x‖|w|−1+1/p

1-var
]
≤ 1 +

Eµ
[
‖x‖β1-var

]
=: 1 + K̃p for β = 2 + 1/p, we thus find for each w ∈ [d]? with |w| = 2, 3 that

∣∣〈µ̃〉w − 〈µ〉w∣∣ ≤ c̃p,|w|(1 + K̃p) · φ|w|(‖DR‖∞)
(
‖DR‖∞‖R‖∞

)α (5.149)

as claimed. Given (5.149), the last inequality (5.134) then holds by (ii) for κ := c̃p,3(1+K̃p)
and η := φ3(‖DR‖∞)(‖DR‖∞‖R‖∞)α.

5.8.2 Some Technical Lemmas

5.8.2.1 The Matrix Cµ is Generically Invertible

Lemma 5.8.2. Let Cµ := 1
2([µ]0 + [µ]ᵀ0) for a signal µ ∈ D with 0th-coredinate [µ]0. Then

Cµ /∈ GLd only if µ0,1(H) = 1 for some hyperplane H in Rd.
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Proof. Suppose that Cµ /∈ GLd, which implies that there is v = (vi) ∈ Rd\{0} with Cµv = 0.
By recalling the definition (5.39) of [µ]0 and from a quick computation of the Cµ-defining
sums of integrals (5.38), we see that Cµ = 1

2
(
E[µi0,1 · µ

j
0,1]
)
ij
. Therefore 0 = vᵀCµv =∑d

i,j=1 viC
ij
µ vj = E[Z2

v ] for Zv :=
∑d
i=1 µ

i
0,1vi = µᵀ0,1 · v (:= ϕ∗(µ) for ϕ := 〈π0,1(·), v〉2,

see (5.4) and (5.5)). This implies Zv = δ0 and hence µ0,1(H) = 1 for the hyperplane
H := {u ∈ Rd | uᵀv = 0}.

5.8.2.2 Hyperplanes, Inverses, and Contracted Tensors

The following auxiliary observations facilitate the analysis that underlies the proof of The-
orem 5.6.10.

Lemma 5.8.3. Let ϑ ∈ Rd×d be invertible and (ei)i∈[d] the standard basis of Rd. Then the
set {

u ∈ Rd
∣∣ ∃ i, j ∈ [d], i 6= j : 〈ϑᵀu, ei〉 = κij〈ϑᵀu, ej〉

}
(5.150)

has Lebesgue measure zero for any κ ≡ (κij) ∈ Rd×d.

Proof. For any fixed κ ≡ (κij) ∈ Rd×d, consider the sets

Hij :=
{
u = (uν) ∈ Rd

∣∣ ui = κij · uj
}

for i, j ∈ [d] with i 6= j. As Hij = ker(ϕij) for the non-zero linear map ϕij : u 7→ ui−κij ·uj ,
each set Hij has codimension one (by the rank-nullity theorem) and hence is a Lebesgue
nullset in Rd. The union H :=

⋃
i,j∈[d],i 6=j Hij is thus also a Lebesgue nullset in Rd, and

hence so is its diffeomorphic image (ϑᵀ)−1(H). The latter equals (5.150), which proves the
claim.

The following two lemmas apply for ‖ · ‖ any submultiplicative matrix norm.

Lemma 5.8.4. Let Λ ∈ GLd(R) and ∆ ∈ Rd×d with ε := ‖Λ−1∆‖ < 1. Then Λ + ∆ is
invertible with

∥∥(Λ + ∆)−1 − Λ−1∥∥ ≤ ∥∥Λ−1∥∥ ε
1−ε .

Proof. Abbreviating ρ := −Λ−1∆, notice that the invertibility of Λ + ∆ is due to Λ + ∆ =
Λ(I− ρ) and the convergence of the Neumann series (e.g. [74, Ex. 5.6.P26]). In fact

(Λ + ∆)−1 = (I− ρ)−1Λ−1 =
(
I +

∑∞
n=1 ρ

n
)
Λ−1

so that, by ε < 1 and for η := ‖Λ−1‖, we have
∥∥(Λ+∆)−1−Λ−1∥∥ ≤ η∑∞n=1 ‖ρ‖n ≤

ηε
1−ε .
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Lemma 5.8.5. Let C ≡ (C0, . . . , Cd) ∈ V and denote Λν := ddiag[Cν ] and C := (0, C1, . . . , Cd)
as well as Λ := (0,Λ1, . . . ,Λd). If Λ0 ∈ GLd(R) and δ1 :=

∥∥Λ−1
0 · (C0 − Λ0)

∥∥ < 1, then C0

is invertible and the contraction

Cc� := c0C
−1
0 ·

∑d
ν=1 cvCν ,

with c ≡ (c0, c) ∈ R1+d arbitrary, is of the form

Cc� = c0Λ−1
0 Λc + ∆c with ‖∆c‖ ≤ βc(δ1, δ2)

for the diagonal matrix Λc :=
∑d
ν=1 cνΛν , the number δ2 := ‖C − Λ‖V , and the bounding

function βc(a, b) := |c0|η
[
‖Λc‖+ 1 + γ

c
a,b

]
γ
c
a,b with η := ‖Λ−1

0 ‖ and γ
c
a,b := max

{
a

1−a , b|c|
}
.

Proof. Fix any c ≡ (c0, c) ∈ R1+d. Then by definition, Cc� = c0D̃0 · D1 for the factors
D̃0 := C−1

0 and D1 :=
∑d
ν=1 cνCν , where D1 = Λc + ∆1 with ‖∆1‖ ≤ |c|δ2 by construction.

Since δ1 < 1, Lemma 5.8.4 implies that D̃0 = Λ−1
0 + ∆̃0 with

∥∥∆̃0
∥∥ ≤ ηδ̃1 for δ̃1 := δ1

1−δ1 .
From this we obtain that the ‘off-diagonal’ ∆c := Cc�−c0Λ−1

0 Λc = c0
(
∆̃0Λc+Λ−1

0 ∆1+∆̃0∆1
)

can be bounded by

|c0|−1‖∆c‖ ≤ ‖∆̃0‖‖Λc‖+ η‖∆1‖+ ‖∆̃0‖‖∆1‖

≤ ηδ̃1‖Λc‖+ ηδ̃2 + ηδ̃1δ̃2 ≤ η
[
‖Λc‖+ 1 + δ̄

]
· δ̄

for δ̃2 := |c|δ2 and δ̄ := max{δ̃1, δ̃2}, as desired.

5.8.2.3 Eigengaps

Given a vector w ≡ (w1, . . . , wd) ∈ Cd, we call the gap of w the number

γ[w] := min
i,j∈[d] : i 6=j

|wi − wj | (d ≥ 2)

and refer to `(w) := ‖w−(wi0 , . . . , wi0)‖2, with i0 = min
[
arg mini∈[d] |wi|], as the spreadlength

of w.

Lemma 5.8.6. Over all vectors in Rd of fixed spreadlength ` > 0, the gap is maximised
by any spreadlength-` vector w∗ ≡ (w∗i ) ∈ Rd such that |w∗i+1 − w∗i | = |w∗j+1 − w∗j | for
i, j ∈ [d− 1]. In particular: for kd :=

√
1
6(d− 1)d(2d− 1),

max
w∈Rd : `(w)=`

γ[w] = `/kd. (5.151)

Proof. Let w = (w1, . . . , wd) ∈ Rd be any fixed vector of spreadlength `(w) =: ` > 0.
Since the gap γ is invariant under permutations and constant offsets (i.e., γ[w] = γ[τ(w) +
(c, . . . , c)] for any c ∈ R and τ ∈ Sd), we may assume that w1 = 0 and wν ≤ wν+1 for all

194



ν ∈ [d − 1] wlog. Suppose now that |wi+1 − wi| = |wj+1 − wj | =: δ for each i, j ∈ [d − 1].
Then w2 = |w2 − w1| = δ and likewise wν =

∑ν−1
j=1 (wj+1 − wj) = (ν − 1)δ for each ν ∈ [d],

implying that
`2 = `(w)2 = ‖w‖22 = δ2∑d−1

j=0j
2 = δ2k2

d

and thus δ = `
kd
. Also, since by the above assumption |wi − wj | ≥ |wj+1 − wj | = δ for any

i, j ∈ [d] with i 6= j, we find that γ[w] = δ. Assuming now that there is w̃ ≡ (w̃i) ∈ Rd

(with 0 = w̃1 ≤ w̃2 ≤ . . . ≤ w̃d (wlog) as above) of spreadlength `(w̃) = ` such that
γ[w̃] > δ ≡ `/kd, we deduce that

`2 = `(w̃)2 =
d∑
i=1

w̃2
i =

d∑
i=1

i−1∑
j=1

∣∣w̃j+1 − w̃j
∣∣2

>
d∑
i=1

[
(i− 1)δ

]2 = δ2k2
d = `2.

As this is a contradiction, (5.151) holds as claimed.

In the next two subsections, all eigenvalues are counted with their respective multiplicity,
and κ(B) := ‖B‖‖B−1‖ denotes the condition number (for ‖ · ‖ a given norm) of a matrix
B.

5.8.2.4 Perturbation Bounds on Non-Degenerate Eigenspaces

As an important ingredient to our robustness analysis, we cite the following bounds for
simple eigenvalues and -vectors of perturbed (not necessarily symmetric) matrices.

Lemma 5.8.7. Let C,E ∈ Cd×d and C̃ := C +E. Suppose that the eigenvalues λ1, . . . , λd

of C are pairwise distinct, let v1, . . . , vd be their associated unit-norm eigenvectors (i.e.,
‖vi‖2 = 1 for all i ∈ [d]) and (u1, λ1), . . . , (ud, λd) be the associated ‘relatively-normed’
left-eigenpairs of C (i.e., uᵀi · C = λiu

ᵀ
i with uᵀi vi = 1, i ∈ [d]).38 Provided

‖E‖F < 1
2 min
i∈[d]

si
κi

with

si := σd−1([Id − vivᵀi ] (λiId − C)) and κi := ‖ui‖2 +
√
‖ui‖22 − 1,

(5.152)

where σd−1(·) denotes the 2nd-smallest singular value of its argument, it holds that

∀ i ∈ [d] : ∃EV ṽσ(i) of C̃ such that

uᵀi ṽσ(i) = 1 and ‖ṽσ(i) − vi‖2 ≤
2κi
si
‖E‖F

(5.153)

for σ : [d]→ [d] some assignment, where each associated eigenpair (λ̃j , ṽj) of C̃ satisfies

|λ̃σ(i) − λi| ≤ |u
ᵀ
iEvi + `iE | with |`iE | ≤

2‖ui‖2κi
si

‖E‖2F. (5.154)

Proof. This is immediate from – and in fact basically a quote of – [88, Theorem 4.1 (ii)].

With the above, we can formulate and prove the main result of Section 5.6.
38 In the context of Lemma 5.8.7, vᵀ := v̄ᵀ denotes the complex conjugate of a vector v ∈ Cd.
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5.8.2.5 Continuity and Bounds of Some Matrix Functions

Lemma 5.8.8. The map λ : Symd → Rd, a 7→ (λ1(a), · · · , λd(a)) which assigns a sym-
metric d × d-matrix to the vector of its eigenvalues (listed in descending order, counting
multiplicities) and the ‘inverse square root’ function R : Sym+

d → Sym+
d , a 7→ a−1/2, are

both continuous. Furthermore, for ‖ · ‖ any unitarily-invariant and submultiplicative matrix
norm, ∥∥∥R(a1)−1 −R(a2)−1

∥∥∥ ≤ [λ1/2
d (a1) + λ

1/2
d

(
a2)
]−1
· ‖a1 − a2‖ (5.155)

for each a1, a2 ∈ Sym+
d . In particular, for any fixed A ∈ GLd and S(a) := 1

2(a+ aᵀ), both of

the maps Rd×d 3 a 7−→ λ
(
A · S(a) ·Aᵀ

)
∈ Rd and (5.156)

Posd 3 a 7−→ R
(
A · S(a) ·Aᵀ

)−1 ∈ Rd×d are continuous. (5.157)

Moreover, for every a ≡ (ãij) ∈ Rd×d with mini∈[d] |ãii| > 0 and Ca := AS(a)Aᵀ ∈ Sym+
d

and Na := ddiag(|ã11|, · · · , |ãdd|)1/2, and AR(Ca) and ĀR(Ca) defined analogous to above, we
have

∥∥A−1
R(Ca)

∥∥
F ≤ ‖A

−1‖F maxi∈[d] λ
1/2
i (Ca) =: β1(a;A), (5.158)

κ2
(
AR(Ca)

)
≤ 2 det(ddiag[λ(Ca)]1/2)‖A‖dF

det(A)
(√
dmini∈[d] λ

1/2
i (Ca)

)d =: β2(a;A). (5.159)

Proof. These are simple consequences of classical facts and inequalities from matrix analysis.
Indeed: The continuity of the map λ (which is well-defined as the elements of its (closed)

domain Symd are all diagonalisable with real eigenvalues) is simply a [specialised] restate-
ment of the well-known fact that the spectrum of a matrix depends continuously on its coef-
ficients, see e.g. [74, Appendix D]. The (continuity-implying; recall that matrix inversion is
(locally Lipschitz) continuous) inequality (5.155) is precisely the Ando-Hemmen inequality
[72, Theorem 6.2]. As to the remaining assertions: Note that (5.158) is immediate from the
definition of AR, the representation (5.90) and the standard inequality: ‖ab‖F ≤ ‖a‖F‖b‖2
for each a, b ∈ Rd×d. The latter combined with the bound in [61] gives (5.159).

5.8.2.6 Continuity of Extremal Functions

Lemma 5.8.9. Let ‖ · ‖ be any norm on Rn, and ϕ : Rn → R be a continuous function. Let
further B̄r := {x ∈ Rn | ‖x‖ ≤ r} be the zero-centered closed ‖ · ‖-ball of radius r ≥ 0. Then
the functions φ, ψ : [0,∞) → R given by φ(r) := miny∈B̄r ϕ(y) and ψ(r) := maxy∈B̄r ϕ(y),
respectively, are both continuous.
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Proof. Since ψ(r) = −miny∈B̄r(−ϕ(y)) for each r ≥ 0, it suffices to show continuity of φ.
Because the open rays are a subbase of the Euclidean (i.e., order) topology on R, the

continuity of φ follows if, for each a ∈ R, the sets `a := {r | φ(r) < a} and ρa := {r | φ(r) >
a} are both open in [0,∞). To see this for `a, fix any s ∈ `a. Then ms := miny∈B̄s ϕ(y) < a

and, since ϕ is continuous, ϕ(xs) = ms for some xs ∈ B̄s. Denoting by Bu(z) the open
z-centered ‖ · ‖-ball of radius u, the continuity of ϕ further implies that there is δs > 0 such
that ϕ(y) < a for each y ∈ Bδs(xs), and hence φ(s′) < a for all s′ ∈ (‖xs‖− δs/2, s]∩ [0,∞).
Since trivially φ(s′) < a for all s′ ≥ s, we thus found φ|Js < a for the open (in [0,∞)) set
Js := (‖xs‖ − δs/2,∞) ∩ [0,∞) 3 s. Hence Js ⊂ `a, which shows that `a is open.

The openness of ρa follows similarly: Fix any s ∈ ρa. Then φ(s) > a and, hence,
clearly also φ(s′) > a for each s′ ≤ s. Moreover: miny∈∂Bs ϕ(y) ≥ φ(s) > a, from which
the continuity of ϕ implies that for each z ∈ ∂Bs there is δz > 0 such that: ϕ(y) > a

for each y ∈ Bδz(z). Hence ϕ
∣∣
Gs

> a for the open superset Gs :=
⋃
z∈∂Bs Bδz(z) ∪ Bs of

B̄s. Now since B̄s is compact and Gc
s (i.e. the complement of Gs) is closed, the distance

δ̂s := d(B̄s, Gc
s) = infu∈B̄s,v∈Gc

s
‖u − v‖ is positive, which implies that B̄s+δ ⊂ Gs for any

0 ≤ δ < δ̂s. Hence φ
∣∣
J ′s
> a for the open (in [0,∞)) superset J ′s := (−∞, s+ δ̂s) ∩ [0,∞) of

s, which shows that ρa is open, as desired.

5.8.3 Proof of Theorem 5.6.10

This subsection shows assertion (5.105) and thus completes the proof of Theorem 5.6.10.

For A ≡ (a1| · · · |ad) ∈ GLd and ζ ≡ (ζ1, . . . , ζd) ∈ D, suppose

χ = A · ζ and ε ≡ δ⊥⊥(ζ) < ε0 (5.160)

for ε0 as in (5.104), as required. Upon rescaling ζ by N−1
ζ and noting that for ζ̃ := N−1

ζ · ζ
we have Nζ̃ = I and δ⊥⊥(ζ̃) = δ⊥⊥(ζ), whence (5.160) still holds for (ζ,A) and (ζ̃, Ã := ANζ)
replaced, we obtain for each ν ∈ [d], see Lemma 5.6.5 and (5.93), that

s0 := x0(A−1) = x0
(
Ã−1) = N−1

ζ̃

[
ζ̃
]
0N
−1
ζ̃

=
[
ζ̃
]
0 and

sν := xν(A−1) = xν
(
Ã−1) =

[
ζ̃
]
ν
/
√
〈ζ̃〉νν =

[
ζ̃
]
ν
.

(5.161)

Moreover, for the whitening matrix R ≡ R(χ) from (5.89) and the preprocessed observable
χ̄ := R · χ, we find that for each ν ∈ [d]0 and every θ ∈ Ξ1,

Nθ·χ̄ = I and hence xν(θR) =
[
θR · χ

]
ν
. (5.162)

Indeed: A direct computation of the iterated integrals (5.38) yields that for each µ ∈ D,
the matrix Cµ ≡ 1

2([µ]0 + [µ]ᵀ0) is identical to the classical moment matrix
(1

2E[µi0,1µ
j
0,1]
)
.
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Hence and since Cχ̄ = I by choice of R(χ), we have for any θ ≡ (θ1| · · · |θd)ᵀ ∈ Ξ1 that

〈θ · χ̄〉ii = 1
2E
[(∑d

j=1 θijχ̄
j
0,1
)2] = 1

2

d∑
j=1

θ2
ijE
[
(χ̄j0,1)2]+

∑
j<k

θijθikE[χ̄j0,1χ̄k0,1]

=
d∑
j=1

θ2
ij = ‖θi‖22 = 1 for each i ∈ [d],

whence Nθ·χ̄ = I and hence xν(θR)ν = [θ · χ̄]ν for all ν ∈ [d]0, as claimed. From (5.160) we
find

sν = Λζν + ∆ζ
ν with Λζν diagonal and

∥∥∆ζ
ν

∥∥ ≤ ε (5.163)

for each ν ∈ [d]0. Indeed: By definition (5.57) and Lemma 5.5.9 resp. Remark 5.5.6, we
have

ε2
0 > ε2 = δ⊥⊥(ζ)2 = δ⊥⊥(ζ̃)2 =

∥∥s0 − Λζ0
∥∥2 +

d∑
ν=1

∥∥sν − Λζν
∥∥2 (5.164)

for the diagonal matrices

Λζ0 := ddiag
(
[ζ̃]0

)
= N2

ζ̃
= I and Λζν :=

(
〈ζ̃〉ννν · δijν

)
ij

; (5.165)

setting ∆ζ
ν := sν − Λζν then gives (5.163) as asserted. Now from (5.160), the relations

xν(A−1) = sν from (5.161) and the definition (5.95) of the contrast φχ and its scale invariance
(5.96), we obtain

min
θ∈Ξ1

φχ(θ) ≤ φχ(B̄R) = φχ(BR) =
d∑

ν=0
‖sν‖2× ≤

d∑
ν=0

∥∥∆ζ
ν

∥∥2 ≤ ε2 , (5.166)

where BR := (RA)−1 =: (b1| · · · |bd)ᵀ and B̄R := ddiag
(
|b1|, . . . , |bd|

)−1 · BR ∈ Ξ1 scales the
rows of BR to unit length. Let now θ?∈ Ξ1be arbitrary with

φχ(θ?) ≤ ε2 , and set θ̃? := θ?R (5.167)

(note that θ? exists by (5.166) and the compactness of Ξ1). By construction, cf. (5.162), we
have

xν(θ̃?) =
[
θ̃? · χ

]
ν

for all ν ∈ [d]0, (5.168)

and from (5.167) and the definition of φχ we obtain for each ν ∈ [d]0 that

‖∆?
ν‖ ≤ ε with ∆?

ν := xν(θ̃?)− Λ?ν and Λ?ν := ddiag(xν(θ̃?)).

Hence by (5.168) and the affine equivariance (5.88) of the signature coredinates, we have
that

θ̃? · [χ]0 · θ̃ᵀ? = Λ?0 + ∆?
0 and

θ̃? ·
[∑d

j=1 θ̃νj [χ]j
]
· θ̃ᵀ? = Λ?ν + ∆?

ν for all ν ∈ [d],

as well as
∥∥(Λ?0)−1∆?

0
∥∥ = ‖∆?

0‖ (since Λ?0 = N2
θ̃?·χ = I).

(5.169)

198



Next we connect the relations (5.169) to the source statistics (5.161) via the coredinate
identities (5.88) which hold by (5.160): Using (5.88) to substitute the matrices [χ]ν in
(5.169), we obtain

ϑ · ♦ζν · ϑᵀ = ♦?ν (ν ∈ [d]0) with ϑ := θ̃?A (5.170)

and where the ♦ζν , ♦?ν are defined as the coredinate-based statistics

♦ζ0 := [ζ]0 and ♦ζν :=
∑d
γ=1 ϑνγ [ζ]γ (ν ∈ [d]), and ♦?ν := Λ?ν + ∆?

ν (ν ∈ [d]0).

For an arbitrary vector c ≡ (c0, c) ∈ R× × Rd, denoting c ≡ (c̃1, . . . , c̃d), the congruences
(5.170) can then be contracted to the ‘condensed’ relations

ϑ · c0♦ζ0 · ϑ
ᵀ = c0♦?0 and ϑ · ♦ζc · ϑᵀ = ♦?c (5.171)

which involve the c-weighted linear combinations

♦ζc :=
∑d
ν=1 c̃ν♦ζν and ♦?c :=

∑d
ν=1 c̃ν♦?ν .

As a consequence (upon ‘left-multiplying the inverse of the first identity in (5.171) with the
second identity in (5.171)’) we obtain the c-weighted conjugate relation

ϑ−ᵀ · ♦̂ζc · ϑᵀ = ♦̂?c , ∀ c ∈ R×× Rd, (5.172)

for the composite statistics ♦̂ζc := c̃0
[
♦ζ0
]−1· ♦ζc and ♦̂?c := c̃0

[
♦?0
]−1· ♦?c , with c̃0 := c−1

0 . By
Lemma 5.8.5 (cf. (5.163), (5.169) and that ε0 < 1), these composite statistics take the form

♦̂ζc = Λ̂ζc + ∆̂ζ
c and ♦̂?c = Λ̂?c + ∆̂?

c

for the diagonal matrices, notationally distinguished via η ∈ {ζ, ?},

Λ̂ηc := c̃0
[
Λη0
]−1∑d

ν=1 c̃νΛ̄ην with Λ̄?ν := Λ?ν and Λ̄ζν :=
∑d
γ=1 ϑνγΛζγ , (5.173)

and off-diagonals ∆̂η
c ≡ ♦̂ηc − Λ̂ηc which are bounded by

∥∥∆̂ζ
c

∥∥ ≤ |c̃0|
[∥∥Λζc∥∥2 + 1 + γ

c

εζ0,ε
ζ
1

]
· γc

εζ0,ε
ζ
1

and∥∥∆̂?
c

∥∥ ≤ |c̃0|
[∥∥Λ?c∥∥2 + 1 + γ

c
ε?0,ε

?
1

]
· γcε?0,ε?1

(5.174)

for Λζc :=
∑d
ν=1 cνΛ̄ζν

(
= c0Λ̂ζc

)
and Λ?c := c0Λ̂?c and γca,b := max{ a

1−a , |c| · b}, and the scalars

εη0 :=
∥∥∆η

0
∥∥ and εη1 :=

∥∥(0,∆η
1, . . . ,∆

η
d)
∥∥
V .

Note that by (5.164) and (5.167) we have

(εη0)2 + (εη1)2 ≤ ε2 for both η = ζ and η = ?. (5.175)
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Let us now distinguish two cases.

First suppose that ε = 0, i.e. that δ⊥⊥(ζ) = 0, meaning that the coredinates ([ζ]ν)ν∈[d]0 of the
source ζ ≡ (ζ1, . . . , ζd) coincide with the coredinates of the product stream ζ1⊗· · ·⊗ ζd. In
this case (cf. (5.173),(5.174),(5.175)) the matrices ♦̂?c and ♦̂ζc are both diagonal, the latter
reading

♦̂ζc = Λ̂ζc = c̃0

d∑
γ,ν=1

ϑνγ c̃νΛζγ = ddiag
(
λc1, λ

c
2, · · · , λcd

)
(5.176)

for c-dependent eigenvalues λc1, . . . , λcd given by

λci = αi(c) ·
(
〈ζ〉iii/〈ζ〉3/2ii

)
for αi(c) := c̃0ϑ

ᵀ
i · c (5.177)

with ϑ =: (ϑ1| · · · |ϑd). Now since ϑ is invertible, Lemma 5.8.3 implies that the set

N :=
{
c ∈ R1+d ∣∣ ∃ i, j ∈ [d], i 6= j : λci = λcj

}
(5.178)

has Lebesgue measure zero, as follows from applying said lemma for the coefficient matrix

(κij) :=
( 〈ζ〉jjj〈ζ〉3/2ii

〈ζ〉3/2jj 〈ζ〉iii
· (1− δii0)

)
(5.179)

with i0 ∈ [d] being the unique index at which ζi0i0i0 = 0. (By assumption on ζ, the index
i0 is unique if it exists; otherwise, i.e. if none of the 〈ζ〉iii vanish, set (κij) :=

( 〈ζ〉jjj〈ζ〉3/2ii

〈ζ〉3/2jj 〈ζ〉iii

)
.)

Since the complement of (5.178) is thus certainly non-empty, we can find a c? ∈ R×× Rd

such that the eigenvalues λc?1 , . . . , λ
c?
d of ♦̂ζc in (5.176) — which, by matrix conjugation

(5.172), coincide with those of ♦̂?c? — are pairwise distinct and hence all simple. As ♦̂ζc and
♦̂?c? are both diagonal matrices, this allows us to conclude ϑᵀ ∈ Md, whence

ϑ ∈ Md and hence θ̃? ∈ Md ·A−1

as claimed in the theorem.

Next we consider the case ε > 0, i.e. the case where the components ζi of the source signal
ζ = (ζ1, . . . , ζd) are allowed to be statistically dependent. The identity (5.172) then reads

ϑ̃−1 ·
[
Λ̂ζc + Ec

]
· ϑ̃ = Λ̂?c for ϑ̃ := ϑᵀ, (5.180)

with Λ̂ζc and Λ̂?c as in (5.173) and for the off-diagonal matrix

Ec := ∆̂ζ
c − ϑ̃∆̂?

c ϑ̃
−1. (5.181)

Using (5.174), we observe that the ‘perturbation’ Ec can be controlled by

‖Ec‖ ≤
∥∥∆̂ζ

c

∥∥ + κ2(ϑ̃)
∥∥∆̂?

c

∥∥ ≤ |c̃0|
[
κc · ϕ̂c(ε) + (1 + κ0)ϕ̂c(ε)2

]
(5.182)
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for the bounding function
ϕ̂c(a) := max

{
a

1−a , |c| · a
}

(5.183)

and the c-dependent constant

κc :=
∥∥ϑ̃∥∥ς|c|+ 1 + κ2(ϑ̃)

[
ξd|c|+ 1

]
≤ ‖AR‖ς

√
d|c|+ 1 + κ0κ2(AR)

[
ξd|c|+ 1

]
for ξ :=

∥∥(0, [χ̄]1, . . . , [χ̄]d)
∥∥
V and ς :=

√∑d
i=1〈ζ〉2iii/〈ζ〉3ii and AR := RA. Indeed: Writing

ϑi for the ith column of ϑ, Cauchy-Schwarz applied to (5.173), combined with (5.165), yields
that ∥∥Λζc∥∥ ≤ |c|∥∥(0, (Λ̄ζν)dν=1

)∥∥
V = |c|

√∑d
i=1 ‖ϑi‖22〈ζ̃〉2iii ≤ |c|

∥∥ϑ̃∥∥ς,
while the inclusion θ? ≡ (θ?ij) ∈ Ξ1 (unit rows) implies

∑d
α,β,γ=1

(
θ?iαθ

?
iβθ

?
νγ

)2 = 1 and hence

∥∥Λ?c∥∥ ≤ |c|∥∥(0, (ddiag[xν(θ?R)]
)d
ν=1

)∥∥
V = |c|

√∑d
ν,i=1

[∑d
α,β,γ=1 θ

?
iαθ

?
iβθ

?
νγ〈χ̄〉αβγ

]2
≤ |c|

√
d2∑d

α,β,γ=1〈χ̄〉2αβγ = d|c|ξ.

The (second) inequality in (5.182) hence follows from (5.174) and maxη∈{ζ,?} γ
c

εη0 ,ε
η
1
≤ ϕ̂c(ε),

where the latter holds by (5.175) and monotonicity. With the perturbation (5.181) of the
matrix Λ̂ζc (cf. (5.176)) under control, we can now apply Lemma 5.8.7 to find contraction
parameters c = (c0, c) which via (5.180) imply that ϑ̃ is close to an element of Md. To this
end, recall from (5.176) and (5.177) (andNζ̃ = I) that the diagonal entries λϑc := (λc1, . . . , λcd)
of Λ̂ζc read

λϑc = 1
c0
Hϑ · c for Hϑ := ddiag

(
〈ζ̃〉111, . . . , 〈ζ̃〉ddd

)
· ϑ̃,

where, upon permuting ζ̃1, . . . , ζ̃d if necessary, we may assume that the ‘vanishing’ index i0
from (5.179) reads i0 = 1. Now for a given α > 0, which will be specified below, define

λα :=
(
0, α/kd, 2α/kd, . . . , (d− 1)α/kd

)
≡
(
λαi
)d
i=1 (5.184)

for the constant kd defined in Lemma 5.8.6, and set further cα := (1, cα) with

cα := ϑ̃−1ddiag
(
0, 〈ζ̃〉−1

222, . . . , 〈ζ̃〉
−1
ddd

)
· λα. (5.185)

Clearly |λα| = α and λα = λϑcα , and by Lemma 5.8.6 the matrix Λ̂ζcα is such that the minimal
distance between any two of its eigenvalues (the latter are the entries of λα) is maximal
among any matrix in {Λ̂ζc | c ∈ R×× Rd : |diag(Λ̂ζc)| = α}. To simplify the following
estimates, we choose α such that ϕ̂cα(ε) from (5.183) is dominated by its second argument,
i.e. such that ϕ̂cα(ε) = |cα|ε. Clearly this holds for

α > 0 such that |cα| = 1
1− ε. (5.186)
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Note that an according choice of α is certainly possible since, cf. (5.185),

|cα| = α · κϑζ for κϑζ :=
∣∣ϑ̃−1[Dζλ1]

∣∣ > 0, (5.187)

where Dζ := ddiag
[(

0, 〈ζ̃〉−1
222, . . . , 〈ζ̃〉

−1
ddd

)]
and the positivity of κϑζ follows from the invert-

ibility of ϑ̃−1 (as thus ker(ϑ̃−1) = {0} /3 Dζ · λ1). In respect of (5.182) and (5.186), we may
bound Eα := Ecα by

‖Eα‖ ≤ κcα |cα| · ε+ (1 + κ0)|cα|2 · ε2

= ε

(1− ε)2

[
1 +

∥∥ϑ̃∥∥ς + κ2(ϑ̃)
[
ξd+ (1− ε)

]
+ κ0ε

]
<
[
1 + κ0 +

∥∥ϑ̃∥∥ς + (1 + ξd)κ2(ϑ̃)
]
· ε

(1− ε)2 . (5.188)

Recalling AR ≡ RA and ‖ϑ̃‖ = ‖ϑ‖ ≤
√
d‖AR‖ (as ϑ = θ?AR with θ? ∈ Ξ1), we find that

Kϑ := 1 + κ0 +
∥∥ϑ̃∥∥ς + (1 + ξd)κ2(ϑ̃) (5.189)

≤ 1 +
√
d‖AR‖ς +

(
1 + (1 + ξd)κ2(AR)

)
κ0 =: K̄0 (5.190)

since also κ2(ϑ̃) ≤ κ0κ2(AR) by the assumed condition number bound on θ?. Next we
tie in Lemma 5.8.7. Using the terminology of said lemma, note that by the above choice
(5.185) of cα the eigenvalues λi := λcαi , i ∈ [d], of the diagonal matrix C := Λ̂ζcα are pairwise
distinct with associated unit-norm eigenvectors given by (vi)i∈[d] := (ei)i∈[d], the standard
basis of Rd. Accordingly we have (in the notation of Lem. 5.8.7) (ui)i∈[d] = (eᵀi )i∈[d] and,
thus, κi = 1 and

si = σd−1
(
(δµν − δiµν)µν · (C − λiI)

)
= min

j∈[d]\{i}

∣∣λj − λi∣∣ = α/kd (5.191)

for each i ∈ [d] (cf. (5.184)). We observe that Eα (≡ E) thus meets the hypothesis (5.152)
of Lemma 5.8.7. Indeed: Notice first that the stronger (than (5.152)) inequality

‖Eα‖ < γ−1 min
i∈[d]

si
κi

= α

γkd
, γ := 1 +

√
5, (5.192)

follows – due to (5.187), (5.188) and (5.189) – from the (yet to be proved) inequality

ε

1− ε <
(
γkdκ

ϑ
ζKϑ

)−1 =: qϑ , (5.193)

which in turn is equivalent to ε < qϑ/(1 + qϑ). But since by definition, cf. (5.187) and
(5.190),

κϑζ ·Kϑ ≤ κϑζ (1 + κ0) + κ2(ϑ̃)ςς1 + (1 + ξd)κϑζκ2(ϑ̃)

for the source-dependent constant ς1 :=
∥∥Dζ · λ1

∥∥ = k−1
d

√∑d
i=1

(i−1)2

〈ζ̃〉2iii
and with

κ(ϑ̃) ≤ κ0κ2(AR) as well as κϑζ ≤
∥∥ϑ̃−1∥∥ς1 ≤ κ0

∥∥A−1
R

∥∥
√
d

ς1
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(since ‖ϑ̃−1‖ = ‖ϑ−1‖ = ‖A−1
R ‖‖θ−1

? ‖ and ‖θ−1
? ‖ ≤ κ0/‖θ?‖ = κ0/

√
d), we find that

κϑζKϑ ≤ r0 := κ0ς1

[∥∥A−1
R

∥∥
√
d

(
1 + κ0 + (1 + ξd)κ0κ2(AR)

)
+ κ2(AR)ς

]
(5.194)

and hence qϑ ≥
(
γkdr0

)−1 =: q0 and thus

qϑ
1 + qϑ

≥ q0
1 + q0

. (5.195)

But since ε < ε0 = q0/(1 + q0) by assumption, we conclude that (5.195), and hence (5.193)
and thus (5.192) and with it (5.152) in particular, hold as desired. This guarantees that
Lemma 5.8.7 applies to the above matrix C ≡ Λ̂ζcα and its perturbation C̃ := C + Eα (cf.
(5.180)). Denote by λ̃1, . . . , λ̃d the eigenvalues of C̃ enumerated in the order (from left
to right) in which they appear on the diagonal matrix Λ̂?cα in (5.180). Since, in further
consequence of (5.191) and (5.192),

‖Eα‖+ 2‖ui‖2κi
si

‖Eα‖2 <
(2 + γ)α
γ2kd

= α

2kd
,

Lemma 5.8.7 (cf. (5.154)) then implies that there is an assignment σ : [d]→ [d] such that∣∣λ̃σ(i) − λi
∣∣ < α

2kd
for each i ∈ [d]. (5.196)

It follows that σ is in fact a permutation and the eigenvalues λ̃1, . . . , λ̃d of C̃ (all real) are
pairwise distinct. Indeed: assuming otherwise that there are i, j ∈ [d] with i 6= j such that
λ̃σ(i) = λ̃σ(j) implies, due to (5.196), that

|λi − λj | ≤
∣∣λi − λ̃σ(i)

∣∣+ ∣∣λ̃σ(j) − λj
∣∣ < α/kd ,

contradicting mini,j∈[d], i 6=j |λi − λj | = α/kd (recall (5.184)). Hence for each i ∈ [d], the
eigenspace Vi of C̃ associated to λ̃i is of real dimension one, namely Vi = 〈ϑ̃i〉R for ϑ̃i the
ith column of ϑ̃. Thus by Lemma 5.8.7 (5.153) we obtain that,39 for each i ∈ [d] and σ ∈ Sd
as above, ∥∥β−1

i · ϑ̃σ(i) − ei
∥∥

2 ≤
2kd
α
‖Eα‖ for βi := ϑ̃σ(i)i. (5.197)

Using (5.187) and (5.188), the right-hand side in (5.197) can be estimated to

2kd
α
‖Eα‖ ≤ r1

ε

1− ε for r1 := 2kdκϑζKϑ , (5.198)

whence in partic. 2kd
α ‖Eα‖ < 2/γ < 1 by (5.193). As for an estimate of the βi, notice first

that
βi = max

ν∈[d]

∣∣ϑ̃νi∣∣ ≡ ‖ϑ̃i‖∞ for all i ∈ [d],

39 Since for every eigenpair (λ̃j , w̃j) of C̃ we must have w̃j = q · ϑ̃j , q ∈ R×, as λ̃j is simple, the eigenvector
ṽj ≡ (ṽ1

j , . . . , ṽ
d
j ) to λ̃j which has been singled out in (5.153) via (ṽij =)uᵀ

i ṽj = 1 reads ṽj = ϑ̃−1
ij · ϑ̃j .
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as otherwise maxν 6=σ(i)
∣∣β−1
i · ϑ̃νi

∣∣ ≥ 1 and thus
∥∥β−1

i · ϑ̃σ(i) − ei
∥∥

2 ≥ 1 in contradiction to
2kd
α ‖Eα‖ < 1. Hence for each i ∈ [d],

βi ≥ d−1/2‖ϑ̃i‖2 ≥
‖AR‖2

κ2(AR)
√
d

where the first inequality is due to the equivalence of maximum and Euclidean norm and
the last inequality follows from ‖ϑ̃i‖2 = ‖AᵀR · θi‖2 ≥ σd(AR) = ‖AR‖2/κ2(AR), where we
used that θi, which denotes the ith row of θ?, has Euclidean norm 1. Further,

βi ≤ ‖ϑ̃i‖2 = ‖AᵀR · θi‖2 ≤ ‖AR‖2 (5.199)

for each i ∈ [d]. Thus, the condition number of Λ := ddiag[β−1
1 , . . . , β−1

d ] is bounded by

κ2(Λ) ≤
√
dκ2(AR). (5.200)

Combining (5.197) and (5.198), we obtain∥∥∥ϑ̃ · M̃ − I
∥∥∥ ≤ r2

ε

1− ε for r2 := d · r1, (5.201)

where M̃ := P ᵀσ ·Λ ∈ Md for Λ as above and Pσ = (δσ(i)j) the permutation matrix associated
to σ. Hence for M := M̃−ᵀ ∈ Md and E := (ϑ̃M̃ − I)ᵀ we get

ϑ = M(I + E) with ‖E‖ ≤ r2ε
1−ε (5.202)

and with r2 ≤ 2dkdr0, for r0 as in (5.194); this proves (5.105). To see the last inequality
in (5.105), we note first that since ϑ = θ̃?A by definition, equation (5.202) yields

θ̃? = M ·A−1 +ME ·A−1. (5.203)

In particular, we thus have obtained the relative-error bound

‖θ̃? −MA−1‖
‖MA−1‖

≤ ‖MEM−1‖2‖MA−1‖
‖MA−1‖

(5.200)
≤ r3

ε

1− ε =: ε′ (5.204)

where r3 :=
√
dκ2(AR)r2 (recall (5.200) and (5.201)). This concludes proof. �

5.8.4 Proof of Theorem 5.6.14: The Continuity of I

Proof. By Remark 5.5.13 and because (E,d) is a premetric space and (F, d) is a metric
space, the map I is continuous on I if (and only if; see Remark 5.5.3) for each p? ∈ I we
have that:

∀ ε > 0 : ∃ r > 0 : ∀ p ∈ E : if d(p?, p) < r then d(I(p?), I(p)) < ε. (5.205)
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To prove (5.205), fix any p? ≡ (µ?, A) ∈ I and let ε > 0 be arbitrary.
Let further 0 < r < r0, for r0 as in Lemma 5.5.14, and take any p ≡ (µ, f) in E with

d(p?, p) < r. By Lemma 5.5.14, this p can then be assigned a unique signal µζ in D such
that

µχ ≡ f∗µ = Aµζ with δ⊥⊥(µζ) ≤ K ′rα/2 and
∥∥[µζ ]c − [µ?]c

∥∥
V ≤ K̂rα (5.206)

for (explicit) constants K ′ ≡ Kr := Kr(µ?,KS) > 0, increasing in r, and K̂ = K̂(µ?,KS) >
0.

By Section 5.6.1, the triple (µχ, µζ , A) can be associated the identifiability-related para-
meters

ε(µζ) := q(µζ)
1 + q(µζ)

with q(µζ) :=
(
γkdp(µζ)

)−1 (5.207)

for γ = 1 +
√

5, kd =
√

d
6(d− 1)(2d− 1) and the function p(ν) = p(ν; p?) (ν ∈ D) given by

p(ν) = κ̃0ς1(ν)
[∥∥A−1

Rν

∥∥
√
d

(
1 + κ̃0 + (1 + ξ(ν)d)κ̃0κ2(ARν )

)
+ κ2(ARν )ς(ν)

]

for ARν := RνA and the whitening matrix Rν := R(C[ν]0) as in Lemma 5.8.8, writing
Ca := AS(a)Aᵀ for the A fixed above, and with the auxiliary functions

ς1(ν) := k−1
d

√∑d
i=1

( (i−1)〈ν〉3/2ii
〈ν〉iii

)2
and ς(ν) :=

√∑d
i=1〈ν〉2iii/〈ν〉3ii (5.208)

and ξ(ν) :=
√∑d

j=1
∥∥[ARν · ν]j

∥∥2 and κ̃0 := b+∆κ, cf. (5.111). Recall further from Remark
5.6.13 that there is a radius r∗ ≡ r∗(p?,∆κ) > 0 such that, for B̄(A,ν) as defined in that
remark,

B̄(A,ν) ∈ Ξ̃1 if
∥∥[ν]0 − [µ?]0

∥∥ ≤ r∗. (5.209)

Using the bound in (5.206) on the distance between [µζ ]c and [µ?]c, we see that the coef-
ficients (5.208)|ν=µζ are well-defined – i.e. that 〈µζ〉ii > 0 and 〈µζ〉iii > 0 for all i ∈ [d] –
if

r <
[
(ρ0 ∧ %0)/K̂

]1/α =: r1, where %0 := mini≥2 〈µ?〉iii ;

note that %0 = %0(µ?) > 0 by definition of I . As the denominators in (5.208) are bounded
away from zero on {ν ∈ D | ‖[ν]c − [µ?]c‖V ≤ q} =: B̃q for any q < ρ0 ∧ %0, we see
that the coefficient bounds K1(q) := supν∈B̃q

ς1(ν) and K2(q) := supν∈B̃q
ς(ν) are both

finite. Further, since the eigenvalues (λ̃i(a;A)) := λ(AS(a)Aᵀ) of the symmetrized matrix
Ca = AS(a)Aᵀ depend continuously on a ∈ Rd×d (Lemma 5.8.8), so does their minimum
σ̃(a) := mini∈[d] λ̃i(a;A). Hence and since σ? ≡ σ̃([µ?]0) > 0 [recall that C[µ?]0 is congruent
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to S([µ?]0) ∈ Posd (the Posd-inclusion holds as Cµ? is invertible), cf. (5.91)], we have
ρ̃0 := sup{s ≥ 0 | min{a∈Rd×d : ‖a−[µ?]0‖≤s} σ̃(a) ≥ σ?/2} > 0. This implies, via (5.90), that

sup
a∈Bρ̃0

∥∥R(Ca)
∥∥ ≤ √2d/σ? =: Lp? for Bρ̃0 ≡ Bρ̃0([µ?]0) :=

{
a ∈ Rd×d

∣∣ ‖a− [µ?]0‖ ≤ ρ̃0
}

(notice that {Ca | a ∈ Bρ̃0} ⊂ Sym+
d by definition of ρ̃0). Hence it is clear that K3 :=

sup{ξ(ν) | ν ∈ D : ‖[ν]c − [µ?]c‖V ≤ ρ̃0} is finite, and combined with (5.78) we find

sup(µ̃,f̃)∈B?r

∥∥R(C[µ̃ζ ]0)
∥∥ ≤ Lp? provided that r < r0 ∧ r1 ∧ (ρ̃0/K̂)1/α =: r′2. (5.210)

Here, the functional assignment [as used in (5.206) and (5.210)]

B?r 3 (µ̃, f̃) 7−→ µ̃ζ ∈ B̃K̂rα (5.211)

is the one asserted by Lemma 5.5.14, cf. (5.206). Assuming from now on that

r < r2 := r′2 ∧ (r∗/K̂)1/α,

we just saw that, for each ν ∈ B̃qr with qr := K̂rα, we have both (5.209) and the domination

|p(ν)| ≤ κ̃0K1(qr)
[
β1([ν]0)√

d

(
1 + κ̃0 + (1 + K3d)κ̃0β2([ν]0)

)
+ β2([ν]0)K2(qr)

]

where βj ≡ βj( · ;A) (j = 1, 2) are the bounding functions from Lemma 5.8.8 (5.158)–
(5.159). The above is equivalent (cf. the proof of Lemma 5.5.7) to the inequality

p(·) ≤ ϑr ◦ [ · ]0 for ϑr := κ̃0K1(qr)
[
β1√
d

(
1 + κ̃0 + (1 + K3d)κ̃0β2

)
+ β2K2(qr)

]

which holds pointwise on B̃qr and where [ · ]0 : D → Rd×d is the map that sends a signal
to its ground-level coredinate (cf. (5.39)). Note that while β1 is continuous, the function
β2 is a fraction of the form β2 = β̂/z, with β̂ the enumerator and z the denominator in its
definition (5.159), where β̂ and z are each continuous on Rd×d (Lemma 5.8.8). Note further
that by definition of r2, see (5.210) [and recall (5.90)], the denominator z is bounded away
from zero on [B̃qr ]0 ≡ {[ν]0 | ν ∈ B̃qr} =: Ar, that is z(r) := inf{z(a) | a ∈ Ar} > 0. Hence
ϑr
∣∣
Ar
≤ ϑ̂r

∣∣
Ar
, and for β̂r := z(r)−1β̂ we consequently have the B̃qr -pointwise domination

p(·) ≤ ϑ̂r ◦ [ · ]0 for ϑ̂r := κ̃0K1(qr)
[
β1(r)√
d

(
1 + κ̃0 + (1 + K3d)κ̃0β̂r

)
+ β̂rK2(qr)

]
. (5.212)

The majorant ϑ̂r is continuous and strictly positive on the ball Bρ̃0 ⊇ Ar defined above.
In particular [recall qr ≤ ρ̃0], for the function ψr(a, a1, . . . , ad) := ϑ̂r(a) we have

ψr ∈ C
(
B̄Vqr ;R>0

)
on B̄Vqr ≡ B̄

V
qr([µ?]c) := {ã ∈ V | ‖ã− [µ?]c‖V ≤ r},
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and by the above p(·)-domination (5.212), recalling (5.211) (see also (5.206)), we obtain

p(µ̃ζ) ≤ ψr([µ̃ζ ]c) for each (µ̃, f̃) ∈ B?r . (5.213)

Setting ψ := ψr̃2 for r̃2 := 0.95 · r2 and introducing the function τ : [0, r̃2]→ (0,∞) defined
by

τ(r) := min
{
Q
(
(γkdψ(ã))−1) ∣∣ ã ∈ B̄Vqr([µ?]c)} for Q(u) := u

1 + u
,

we find for any µζ ∈ B̃qr as in (5.213) [recall (5.211)] that, in consequence of (5.207) and
(5.213),

ε(µζ) = Q
(
q(µζ)

)
≥ Q

(
(γkdψ([µζ ]c))−1) ≥ τ(r), for each r ∈ [0, r̃2]. (5.214)

Now since τ is continuous (Lemma 5.8.9) with τ(0) = Q
(
(γkdψ([µ?]c))−1) > 0, there will

be a positive radius up to which τ is greater than the continuous majorant υ : [0, r0] 3 r 7→
K ′rα/2 of δ⊥⊥(µζ) (cf. (5.206)). This implies, cf. again (5.206), that we must have

r3 := inf
{
0 ≤ r ≤ r̃2 | τ(r)− sup(µ,f)∈B?r δ⊥⊥(µζ) ≤ 0

}
(5.215)

≥ inf
{
0 ≤ r ≤ r̃2 | τ(r)− υ(r) ≤ 0

}
> 0.

Let now 0 ≤ r ≤ r3, and set K̃1 := 2dkd max{ψ(ã) | ã ∈ B̄Vqr3
} and fix K ′ ≡ Kr3 (=

K ′|r=r3). Then for any (µ, f) ∈ Br(µ?, A) with (5.211)-associated signal µζ ∈ B̄Vqr3 , we have
δ⊥⊥(µζ) ≤ τ(r) ≤ ε(µζ) < 1 [by (5.215) and (5.214)] and hence, by Theorem 5.6.10 (5.105)
[which by (5.209) is fully applicable], obtain that

∀ θp ∈ Φ(f∗µ) : there is M = M(θp) ∈ Md and E = E(θp) ∈ Rd×d such that

θp = M(I + E)A−1 with ‖E‖ ≤ εr for εr := K̃1
υ(r)

1−υ(r)
(5.216)

(see also (5.202) in the proof of Theorem 5.6.10 for reference). Clearly, the error bound εr
is strictly increasing in r (recall that υ(r) < 1) with limr→0+ εr = 0.

Next, denote the constants K2 := κ2(A)Lp? and γ̃? := mini∈[d]
∣∣eᵀi · A−1C1/2

[µ?]0
∣∣ and

consider the auxiliary function η : [0, r3]→ R+ given by

η(r) := max
{
γ̃−1
?

∥∥A−1(R(Ca)−1 −R−1
?

)∥∥ ∣∣ (a, a1, · · · , ad) ∈ B̄Vqr
}

(5.217)

for R? := R(C[µ?]0). By (5.157) and Lemma 5.8.9, the function η is continuous with ηi(0) =
0. Let further Λa := ddiagi=1,...,d

(
|eᵀi ·A−1R(Ca)−1|

)
and set Λ(µ,f) := Λ[µζ ]0 via (5.211) (cf.

(5.206)).
For the (arbitrary) ε > 0 fixed in the beginning of this proof, cf. (5.205), choose the

largest

0 < r4 ≤ r3 such that maxr∈[0,r4)
(√

2η(r) + (‖A−1‖2σ̂r + 1)εr
)
< ε/K2, (5.218)
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where σ̂? : [0, r3] 3 r 7→ σ̂?r := maxa∈Bqr

√
max λ(Ca) ∈ R+ (which is [monotonically increas-

ing and] continuous by (5.156) and Lemma 5.8.9). The proof concludes (recall (5.205)) if
we can show

d
(
I(p?), I(p)

)
≤ ε, for each p ∈ Br4(p?). (5.219)

And indeed: Writing Ξ̃R := Ξ̃1 ·R, we know from Theorem 5.6.10 (applicable by def. of I )
that

I(p?) = Md ·A−1 ∩ Ξ̃R? =
{
PΛ−1

p? A
−1 ∣∣P ∈ P±d

}
=: A?,

where the second identity can be easily verified from the above definitions (recalling (5.98)
and the unit-row conditions (5.97)). To see that (5.219) holds, take any p ≡ (µ̃, f̃) ∈ Br4(p?)
and let us first fix any a? ≡ Pa?Λ−1

p? A
−1 ∈ A?, denoting R(µ̃,f̃) := R(C[µ̃ζ ]0) (cf. (5.211))

for convenience. Since I(p) is non-empty (5.99), there exists some θp ∈ Ξ̃Rp such that
θp = Mp(I +Ep)A−1 for Mp ≡ PpΛ̃(p) ∈ Md (with Pp ∈ P±d and Λ̃(p) ≡ ddiag(m1

p, . . . ,m
d
p) >

0) and ‖Ep‖ ≤ εr4 , see (5.216). By the P±d -invariance of φf̃?µ̃ and Ξ̃Rp (cf. (5.96) and
(5.111)) we find that also θ?p := (Pa?P

−1
p )θp ∈ Î(p). Hence (and since P±d ⊂ Od and

‖A1A2‖ ≤ ‖A1‖‖A2‖2, ∀A1, A2 ∈ Rd×d)

d
(
a?, I(p)

)
≤
∥∥a? − θ?p∥∥ ≤ ‖A−1‖2

∥∥Λ−1
p? − Λ̃(p)(I + Ep)

∥∥. (5.220)

Since θ?p ∈ Ξ̃Rp and hence θ?pR−1
p = Pa?Λ̃(p)(I + Ep)Bp ∈ Ξ̃1 for Bp := (RpA)−1, we have

1 =
∣∣eᵀi · θ?pR−1

p

∣∣ = m
σ(i)
p

∣∣∣eᵀσ(i)·
(
Bp + EpBp

)∣∣∣ for each i ∈ [d] (5.221)

by the unit-rows requirement (5.97); here, σ is the permutation underlying Pa?. Con-
sequently,

∥∥Λ−1
p? − Λ̃(p)(I + Ep)

∥∥ ≤
√√√√ d∑
i=1

∣∣∣∣∣ 1
|eᵀi ·Bp? |

−mi
p

∣∣∣∣∣
2

+ ‖A‖2Lp?εr4

(5.221)
≤
√

2

√√√√ d∑
i=1

[
mi

p

∣∣eᵀi (Bp −Bp?)
∣∣

|eᵀi ·Bp? |

]2

+
(
mi

p|e
ᵀ
iEpBp|

)2 + ‖A‖2Lp?εr4

≤
√

2‖A‖2Lp?

∥∥Bp −Bp?

∥∥
mini∈[d] |e

ᵀ
i ·Bp? |

+ ‖A‖2
(
‖A−1‖2 σ̂?r4 + 1

)
Lp?εr4 ;

the first inequality is due to ‖Λ̃(p)Ep‖ ≤ ‖Λ̃(p)‖2εr and ‖Λ̃(p)‖2 ≤ ‖A‖2‖Rp‖ (recall (5.199)),
and for the last inequality we further used ‖Bp‖2 ≤ ‖A−1‖2‖R−1

p ‖2 ≤ ‖A−1‖2σ̂?r (cf. (5.90)).
Combined with (5.220) and (5.218) (also recalling (5.211)), the above implies that

d
(
a?, I(p)

)
≤ K2

(√
2η(r4) +

(
‖A−1‖2 σ̂?r4 + 1

)
εr4

)
≤ ε

and hence, since a? ∈ A? was arbitrary, supa∈Î(p?)d(a, I(p)) ≤ ε. That, for any p ∈ Br4(p?),
also supb∈Î(p)d(I(p?), b) ≤ ε follows similarly. Indeed: Take an arbitrary b ∈ I(p), say
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b ≡ mb(I+Eb)A−1 ∈ Ξ̃Rp (cf. (5.216)) with ‖Eb‖ ≤ εr4 and mb ≡ PσΛ̃(b) ∈ Md for Pσ ∈ P±d
and Λ̃(b) ≡ ddiag[m1

b, . . . ,m
d
b] > 0. As above, unit-rows again implies (5.221) (but with

(θ?p , Ep) replaced by (b, Eb)) so that for ã := PσΛ−1
p? A

−1 ∈ I(p?) we obtain as above that

d(I(p?), b) ≤ ‖ã− b‖ ≤ ‖A−1‖2
∥∥Λ−1

p? − Λ̃(b)(I + Eb)
∥∥ ≤ ε.

Hence supb∈I(p) d(I(p?), b) ≤ ε (as b ∈ Î(p) was arbitrary), implying (5.219) as desired.

Remark 5.8.10. (i) For simplicity of constants, we can use (5.155) to majorize (5.217)
via

η(r) ≤ κ2
2(A)Lp?

‖A‖2
γ̃?σ?

supa∈Bqr

∥∥a− [µ?]0
∥∥ ≤ Ǩ1r

α

for the (p?-dependent) constant Ǩ1 := κ2
2(A)Lp?

‖A‖2
γ̃?σ?

K̂; let also Ǩ2 := ‖A−1‖2σ̂r3 + 1.
Accordingly, for any given ε > 0 we may then instead of (5.218) choose r̂ = r̂(ε; p?) as

r̂ := sup
{
0 ≤ r ≤ r3

∣∣ maxs∈[0,r)(
√

2Ǩ1s
α + Ǩ2εs) ≤ ε/(κ2(A)Lp?)

}
∈ (0, r4]

to ensure that the continuity-relation (5.205)|r=r̂ holds.

(ii) If for any fixed A ∈ GLd one is interested in the continuity at I of the map

IA :
(
D, δ

)
3 µ 7−→ Φ̂(A · µ) ∈ (F, d), (5.222)

i.e. the (partial) continuity of the solution map I( · , A) on the sectionalised identi-
fiability conditions IA := Ĩ ∩ (D × {A}) of E′ = D × GLd, then the above proof
of Theorem 5.6.14 shows that this continuity holds without imposing any additional
integrability assumptions on D (cf. (5.50)). More precisely, the continuity of (5.222)
admits a simplified quantification via Remark 5.5.15: Operating on the identifiability
domain EA := D×{A} allows us to replace the above r0 by ρ0/ρ1 and then copy the
argumentation for the proof of Theorem 5.6.14 but from the adapted premise

µχ ≡ A∗µ with δ⊥⊥(µ) ≤ Lr
√
r and

∥∥[µ]c − [µ?]c
∥∥
V ≤ L̂r, (5.206’)

which for any (µ,A) ∈ EA with δ(µ?, µ) < r ≤ ρ0/ρ1 holds by Remark 5.5.15 (5.82).
Working from (5.206’), the above proof of Thm. 5.6.14 goes through verbatim but
with

the (global40) replacements: K ′ ↔ Lr, K̂ ↔ L̂, α↔ 1,

which results in eased moduli of continuity build from (5.53)-independent constants.
40 So that r1 = r1(ρ0, %0, K̂, α) is replaced by r1(ρ0, %0, L̂, 1) etc.
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5.8.5 Proof of Proposition 5.7.6 (Cases i = 2, 3)

Let us now prove the assertion (5.125) for the cases i = 2, 3 of multiplicative noise.

Proof of Proposition 5.7.6. We first consider the case i = 2, that is the triple (X̃(2), A, Sη)
for X̃(2) as in (5.122) and Sη as in (5.121).

Then, since Lebesgue-Stieltjes integration obeys the product rule
∫ b
aϕ d(g1g2) =

∫ b
aϕg1 dg2+∫ b

aϕg2 dg1 for any ϕ, g1, g2 ∈ C1
1 and every 0 ≤ a ≤ b ≤ 1, we have

〈Sη〉ij = 〈ηi, ηj
∣∣Si, Sj〉+ 〈Si, ηj

∣∣ ηi, Sj〉+ 〈ηi, Sj
∣∣Si, ηj〉+ 〈Si, Sj

∣∣ ηi, ηj〉 and

〈Sη〉ijk = 〈ηi, ηj , ηk
∣∣Si, Sj , Sk〉+ 〈ηi, ηj , Sk

∣∣Si, Sj , ηk〉+ 〈Si, ηj , ηk
∣∣ ηi, Sj , Sk〉

+ 〈Si, ηj , Sk
∣∣ ηi, Sj , ηk〉+ 〈ηi, Sj , ηk

∣∣Si, ηj , Sk〉+ 〈ηi, Sj , Sk
∣∣Si, ηj , ηk〉

+ 〈Si, Sj , ηk
∣∣ ηi, ηj , Sk〉+ 〈Si, Sj , Sk

∣∣ ηi, ηj , ηk〉
(5.223)

where for Y, Ỹ, Ŷ, Y̌, Z, Z̃ ∈ {S, η} we denote 〈Y i, Ỹ j
∣∣ Ŷ i, Y̌ j〉 := E

[∫ 1
0
∫ t
0 Y

i
s Ỹ

j
t dŶ i

s dY̌ j
t

]
and

〈Y i, Ỹ j , Zk
∣∣ Ŷ i, Y̌ j , Z̃k〉 := E

[∫ 1

0

∫ t

0

∫ s

0
Y i
r Ỹ

j
s Z

k
t dŶ i

r dY̌ j
s dZ̃kt

]
. (5.224)

Evaluating the statistics (5.223) sumand-wise in a similar way as before, we find

〈ηi, ηj
∣∣Si, Sj〉 =

∫
∆2
E[ηisη

j
t ]E[ṠisṠ

j
t ] d2t and 〈Si, ηj

∣∣ ηi, Sj〉 =
∫

∆2
E[η̇isη

j
t ]E[SisṠ

j
t ] d2t etc.,

whence and by the fact that S is a mean-stationarity IC-source with E[S] = 0, which implies
that E[SisṠ

j
t ] = E[Sis]E[Ṡjt ] = 0 = E[SisS

j
t ] whenever i 6= j, we obtain

〈Sη〉ij =
[∫

∆2
φi(S,η)(t) d2t

]
· δij for each ij ∈ [d]?2, (5.225)

where φi(S,η)(s, t) := E
[
ηisη

i
t

]
E
[
ṠisṠ

i
t

]
+ E

[
η̇isη

i
t

]
E
[
SisṠ

i
t

]
+ E

[
ηisη̇

i
t

]
E
[
ṠisS

i
t

]
+ E

[
η̇isη̇

i
t

]
E
[
SisS

i
t

]
.

The third-order statistics (5.224) behave analogously, which leads to

〈Sη〉ijk =
[∫

∆3
ψi(S,η)(t) d3t

]
· δijk for each ijk ∈ [d]?3, (5.226)

where this time the integrand is the function

ψi(S,η)(r, s, t) := E[ηirηisηit]E[ṠirṠisṠit ] + E[ηirηisη̇it]E[ṠirṠisSit ] + E[η̇isηisηit]E[SirṠisṠit ]

+ E[η̇irηisη̇it]E[SirṠisSit ] + E[ηirη̇isηit]E[ṠirSisṠit ] + E[ηirη̇isη̇it]E[ṠirSisSit ]

+ E[η̇irη̇isηit]E[SirSisṠit ] + E[η̇irη̇isη̇it]E[SirSisSit ].

Enumerating the sumands φij ≡ φi`,j · φir,j which constitute φi(S,η) — resp. the sumands
ψij ≡ ψi`,j ·ψir,j which constitute ψi(S,η) — in the order in which they are displayed above (so
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that e.g. φi2 = E
[
η̇isη

i
t

]
E
[
SisṠ

i
t

]
and (φi`,2, φir,2) =

(
E
[
η̇isη

i
t

]
,E
[
SisṠ

i
t

])
, etc.), we from (5.225)

and by Hölder’s inequality obtain that, for each i ∈ [d],∣∣〈Sη〉ii − 〈S〉ii∣∣ =
∣∣∣∣∫

∆2

(
φi`,1(t)− 1

)
φir,1(t) +

∑4
j=2φ

i
j(t) d2t

∣∣∣∣
≤
[∫

∆2

(
φi`,1(t)− 1

)2d2t

]1/2
· c̃i,1 +

4∑
j=2

[∫
∆2

(
φi`,j(t)

)2d2t

]1/2
· c̃i,j (5.227)

for the source-dependent constants c̃i,j :=
(∫

∆2
φir,j(t)2 d2t

)1/2. Likewise, for each i ∈ [d],

∣∣〈Sη〉iii − 〈S〉iii∣∣ ≤ [∫
∆3

(
ψi`,1(t)− 1

)2d3t

]1/2
· či,1 +

8∑
j=2

[∫
∆3

(
ψi`,j(t)

)2d3t

]1/2
· či,j (5.228)

for the source-dependent constants či,j :=
(∫

∆3
ψir,j(t)2 d3t

)1/2. For convenience, let us
abbreviate the expression in line (5.227) by 〈b̃i, c̃i〉 ≡

∑4
j=1 b̃i,j ·c̃i,j for b̃i := (b̃i,1, b̃i,2, b̃i,3, b̃i,4)

and c̃i := (c̃i,1, . . . , c̃i,4) and b̃i,j :=
(∫

∆2
(φi`,j(t) − δ1j)2 d2t

)1/2, and likewise abbreviate the
right-hand-side in (5.228) by 〈b̌i, či〉 ≡

∑8
j=1 b̌i,j · či,j for b̌i := (b̌i,1, . . . , b̌i,8) and či :=

(či,1, . . . , či,8) and b̌i,j :=
(∫

∆3
(ψi`,j(t) − δ1j)2 d3t

)1/2. Then by (5.225), (5.226), (5.227),
(5.228) and recalling (5.57),

δ(S, Sη)2 =
∥∥N−1

S

(
[Sη]0 − [S]0

)
N−1
S

∥∥2 +
d∑

ν=1
〈S〉−1

νν

∥∥N−1
S

(
[Sη]ν − [S]ν

)
N−1
S

∥∥2

=
d∑
i=1

(
〈S〉−1

ii

∣∣〈Sη〉ii − 〈S〉ii∣∣)2 +
d∑

ν=1
〈S〉−1

νν

(
〈S〉−1

νν

∣∣〈Sη〉ννν − 〈S〉ννν ∣∣)2
≤

d∑
i=1

γ−2
i

(
〈b̃i, c̃i〉2 + γ−1

i 〈b̌i, či〉
2) =: β2(S, η), for γi := 〈S〉ii.

Since β(S, η) ≤ β2
ε by assumption on η, we obtain (5.125) for the noise case i = 2 as desired.

The case i = 3 follows (almost) analogously: As a consequence of the product rule, the
statistics 〈Xη〉ij and 〈Xη〉ijk are also of the form (5.223) but with S replaced by X. Hence
by the same arguments as above we can conclude that for each ijk ∈ [d]?3,

〈Xη〉ij = 〈ηi, ηj
∣∣Xi, Xj〉+ 〈Xi, Xj

∣∣ ηi, ηj〉 and (5.229)

〈Xη〉ijk = 〈ηi, ηj , ηk
∣∣Xi, Xj , Xk〉+ 〈Xi, ηj , Xk

∣∣ ηi, Xj , ηk〉+ 〈ηi, Xj , Xk
∣∣Xi, ηj , ηk〉

+ 〈Xi, Xj , ηk
∣∣ ηi, ηj , Xk〉+ 〈Xi, Xj , Xk

∣∣ ηi, ηj , ηk〉
where we used that η is IC, independent from X and mean-stationary. Further, using
E[η] ≡ I,

∥∥[Xη]0 − [X]0
∥∥2 =

d∑
i=1

∣∣〈ηi, ηi ∣∣Xi, Xi〉 − 〈X〉ii + 〈Xi, Xi
∣∣ ηi, ηi〉∣∣2 =

d∑
i=1

∣∣∣∣∫
∆2
ξi(t) d2t

∣∣∣∣2 ,
∥∥[Xη]ν − [X]ν

∥∥2 = ∆̃2
ννν +

∑
i∈[d]\{ν}

(
∆̃2
iνν + ∆̃2

νiν

)
=
∣∣∣∣∫

∆3
Ξν(t) d3t

∣∣∣∣2 +
∑
i 6=ν

(
Ξ̃(1)
i,ν + Ξ̃(2)

i,ν

)
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for ν = 1, . . . , d and ∆̃ijk :=
∣∣〈Xη〉ijk − 〈X〉ijk

∣∣ and with the (5.229)-derived auxiliary
quantities

ξi(s, t) :=
(
E[ηisηit]− 1

)
E[Ẋi

sẊ
i
t ] + E[η̇isη̇it]E[Xi

sX
i
t ] and

Ξν(r, s, t) :=
(
E[ηνr ηνs ηνt ]− 1

)
E[Ẋν

r Ẋ
ν
s Ẋ

ν
t ] + E[η̇νr η̇νs η̇νt ]E[Xν

rX
ν
sX

ν
t ] +Rν

forRν := E[η̇νr ηνs η̇νt ]E[Xν
r Ẋ

ν
sX

ν
t ]+E[ηνr η̇νs η̇νt ]E[Ẋν

rX
ν
sX

ν
t ]+E[η̇νr η̇νs ηνt ]E[Xν

rX
ν
s Ẋ

ν
t ] and Ξ̃(1)

i,ν :=∣∣∣∫∆3
(E[ηνs ηνt ]− 1)E[Ẋi

rẊ
ν
s Ẋ

ν
t ] + E[η̇νs η̇νt ]E[Ẋi

rX
ν
sX

ν
t ] d3t

∣∣∣2, with Ξ̃(2)
i,ν defined likewise.

Abbreviating ξ̂i :=
∣∣∣∫∆2

ξi(t) d2t
∣∣∣2 and Ξ̂ν :=

∣∣∣∫∆3
Ξν(t) d3t

∣∣∣2, we thus have the control

‖[Xη]c − [X]c‖2 =
d∑
i=1

(
ξ̂i + Ξ̂i

)2 +
d∑

ν=1

∑
i 6=ν

(
Ξ̃(1)
i,ν + Ξ̃(2)

i,ν

)
=: β3(X, η). (5.230)

Now by continuity of the A−1-induced tensor action on V, cf. the proof of Prop. 5.7.4 [first
half], there is an explicitly computable threshold γε ≡ γε(βε, A) > 0 small enough such that

β3(X, η) ≤ γε implies δ(S,A−1Xη) ≤ βε.

This shows (5.125) for the case i = 3, as desired.

5.9 Extensions and Outlook

Let us briefly comment on how the robustness analysis of this chapter may be extended
to accommodate the alternative base assumption that the hidden mixing relation between
source and observable may be nonlinear. The central update for this would concern the
property (5.41) of linear equivariance, which was one of the core properties of the signature
on which our blind inversion algorithm was based (Section 5.6.1): Is there a similarly
structured way in which also nonlinear transformations of a signal are encoded within
the signature representation of the signal itself? For polynomial nonlinearities the answer
is positive and in fact a direct generalisation of (5.41), as we show in Proposition 5.9.9.
This ‘nonlinear equivariance’ of the signature allows for a straightforward extension of
the low-order robustness topology from Section 5.5 to higher-order signature moments,
where the order grows with the (polynomial) ‘degree of nonlinearity’ of the assumed mixing
relation between source and observable. Using that the identities (5.70) persist up to any
order (at least for stationary IC sources), we may derive appropriately diagonalising tensor
contractions (similar to (5.39)) of higher-order signature moments of the source, see Section
5.9.4, that we could then attempt to arrange in such a way as to explicitly characterise (up to
monomial ambiguities, cf. Def. 3.23) accurately inverting nonlinear retransformations of the
observable by way of the (expected) signature relation (5.245) (in generalisation of its linear
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reference relation (5.239), for which this blueprint was first conceived and implemented in
Section 5.6). This would then result in an explicitly computable procedure for the exact
blind inversion of polynomial mixtures that admits explicit robustness guarantees similarly
to Theorems 5.6.10 and 5.6.14. Potential applications could include the stability analysis
of invariant measures for random dynamical systems that are obtained from polynomial
function iterations. Further explorations of this are left for future research.

5.9.1 Signature Representation of Nonlinear Functions on Paths

In this section, we use Lemma 2.2.4 to infer a duality-based embedding into R[[d]] (‘coordin-
atisation’) of polynomial, and potentially more general continuous functions on paths. This
embedding will help to locate the information contained in (the signature of) a nonlinearly
transformed path within the signature of the (untransformed) path itself, and it provides a
new graded discretisation of a given transformation on Rd which, in particular, gives new
and precise ways to study and quantify the action that even extremely subtle nonlinearities
have on any given path.

5.9.2 Elementary Signature-Calculus

The nonlinear constitution of the signature vector (2.13) and the coordinate space (2.21)
housing it, mandates to complement the basic vector space operations of addition and scalar
multiplication by some elementary nonlinear extensions.

Recall to this end that the real vector space V := R[d] of all word-polynomials over the
alphabet [d] = {1, . . . , d} is graded (2.22) with the closed41 subspaces

Vk =
{
q ∈ V

∣∣∣ q =
∑
|w|=k

cw · w
}

and V[k] =
k⊕
j=0

Vj ,

that is, Vk is the set of all homogeneous word-polynomials of length k ∈ N0 (with V0 = R)
and V[k] is the set of all word-polynomials of degree less than k, cf. Section 2.3.3. Recall
further that V∗, the algebraic dual of V, can be identified with R[[d]] =: V, the space of
formal power series over [d], with 〈·, ·〉 : V∗ ×V→ R their dual pairing (Rem. 2.3.2 (iii)).

For simplicity of notation, we find it convenient to express the nonlinear interrelations
between the signature moments (2.18) in the classical language of differential forms.

Notation 5.9.1 (Iterated Integration via Differential Forms). For U ⊆ Rn open, recall that
any absolutely continuous function h : U → R induces an (a.e.-defined) differential 1-form

dh := ∂1h · du1 + · · · + ∂nh · dun ∈ Ca.e(U ;TU),
41 Wrt. the [d]-adic topology, cf. Section 2.3.4.
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and any collection h1, . . . , hk ∈ C(U) of such functions yields a differential k-form

dh1···k := dh1 ∧ · · · ∧ dhk =
n∑

i1,...,ik=1
∂i1h1 · · · ∂ikhk · dui1 ∧ · · · ∧ duik ∈ Ca.e.(U ;∧kT ?U)

where
∧• T ?U ≡ ⊕n

p=0
∧
p T ∗U denotes the exterior algebra over TU with wedge product

∧. By linear extension, we set dhq :=
∑
w∈q cw · dhw for each q ≡

∑
w∈q cw · w ∈ V.42

For the particular case U = (0, 1) and x ∈ C([0, 1];Rd) absolutely continuous with
(absolutely continuous) components x1, . . . , xd ∈ C1, we have dxi = ẋi · dt and hence

〈sig(x), i1 · · · ik〉 =
∫

∆k

dxi1···ik =
∫

∆k

ẋi1s1 · · · ẋ
ik
sk︸ ︷︷ ︸

=: ẋi1···ik

·ds1 ∧ · · · ∧ dsk (5.231)

for each i1 · · · ik ∈ [d]∗k, where the integral domain reads ∆k = ∆k
0,1 for the simplices

∆n
s,t := {(u1, . . . , un) ∈ Rn | s ≤ u1 ≤ u2 ≤ · · · ≤ un ≤ t} (5.232)

defined for n ∈ N and s, t ∈ R. For U ⊆ Rk an open superset of int(∆k
0,1) and η : U →∧

k T ∗U a measurable k-form, define (on the space of all measurable k-forms, by linear
extension) the (s, t)-iterated integral of η as

σs,t(η) :=
∫

∆k
s,t

η (0 ≤ s < t ≤ 1),

so that in particular sigw(x) = σ0,1(dxw) and

sigs,t(x) := sig
(
x
∣∣
|s,t]
)

= ε +
∑

w∈[d]∗
σs,t(dxw) · w. (5.233)

Finally, for any collection (Ai)i∈I ⊂ Rk of measurable sets, I some index set, we write

⋃
i∈I

Ai =: �
⊔
i∈I

Ai :⇐⇒ [∀ i 6= j : Ai ∩Aj is a Lebesgue nullset]

if the sets Ai which form the union are disjoint up to a Lebesgue nullset.

The characteristic relations between the signature functionals (2.13) are based on the
defining properties of the total order (≤) on R which in turn manifest in elementary relations
between the simplices (5.232). Although the following two results are well-known, we include
our own proofs to fix notation.

Lemma 5.9.2 (Product and Iteration of Simplices). Given k, ` ∈ N, split each u ≡
(u1, . . . , uk+`) ∈ [0, 1]k+` according to u = (u(1), u(2)) with u(1) := (u1, . . . , uk) and u(2) :=

42 For each q ∈ V, we write u ∈ q if u is a monomial of q (i.e., u ∈ q :⇔ [u ∈ [d]∗ and 〈q, u〉 6= 0]).
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(uk+1, . . . , uk+`). Then

∆k+`
s,t =

⊔
u(2)∈∆`

s,t

∆k
s,uk+1 × {u

(2)} and (5.234)

∆k
s,t ×∆`

s,t = �
⊔

τ∈Sk,`

τ(∆k+`
s,t ) (s, t ∈ [0, 1]). (5.235)

In particular, for each integrable function ϕ ≡ ϕ(u(1), u(2)) : ∆k+`
s,t → R it holds that∫

∆k+`
s,t

ϕ(u) du =
∫

∆`
s,t

∫
∆k
s,uk+1

ϕ(r, u(2)) dr du(2). (5.236)

Proof. Equation (5.234) is clear by (5.232), and the identity (5.236) follows from (5.234) by
way of Fubini’s theorem. Indeed, Fubini yields that∫

∆k+`
s,t

ϕ(u) du =
∫

[0,1]`

[∫
[0,1]k

1∆k+`
s,t

(r, u(2)) · ϕ(r, u(2)) dr
]
du(2)

=
∫

∆`
s,t

[∫
[0,1]k

1∆k+`
s,t

(r, u(2)) · ϕ(r, u(2)) dr
]
du(2)

(5.234)=
∫

∆`
s,t

[∫
[0,1]k

1∆k
s,uk+1

(r) · ϕ(r, u(2)) dr
]
du(2)

=
∫

∆`
s,t

∫
∆k
s,uk+1

ϕ(r, u(2)) dr du(2)

as claimed. Since ∆k
s,t ×∆`

s,t = {(s1, . . . , sk, t1, . . . , t`) | (s ≤ s1 ≤ · · · ≤ sk ≤ t) and (s ≤
t1 ≤ · · · ≤ t` ≤ t)} and τ(∆k+`

s,t ) = {(u1, . . . , uk+`) | s ≤ uτ(1) ≤ · · · ≤ uτ(k+`) ≤ t} for each
τ ∈ Sk+`, the identity (5.235) is immediate by the fact that the order (≤) on R is total.

Although the following properties of the signature coordinates are well-known, let us
include a proof for completeness.

Proposition 5.9.3 (Calculus of Iterated Path-Integrals). For x = (xi)i∈[d] ∈ Cd a path
whose components xi ∈ C1 are absolutely continuous, let dxw := dxi1 ∧ · · · ∧ dxik (w ≡
i1 · · · ik ∈ [d]∗k) be the measurable k-form introduced in Remark 5.9.1. Then for any s, t ∈
[0, 1] and u, v ∈ [d]∗ it holds:43

(i) σs,t
(
σs,·(dxu) · dxv

)
= σs,t(dxu∗v) ;

(ii) σs,t(dxu) · σs,t(dxv) = σs,t(dxu v) ;

(iii)
∑

u′∗u′′=u
σs,r(dxu

′) · σr,t(dxu
′′) = σs,t(dxu), ∀ r ∈ (s, t).

43 Explaining an abuse of notation, note that the argument differential on the LHS of statement (i) is
understood as σs,·(dxu) · dxv : [0, 1]|v| 3 r ≡ (r1, · · · , r|v|) 7→ σs,r1(dxu) · dxvr . Unless mentioned otherwise,
this abuse of notation is used throughout.
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Proof. (i) : This is an immediate consequence of (5.236). Indeed, using that the absolute
continuity of the component paths xi allows us to rewrite each σs,t(dxw) according to
(5.231), we obtain

σs,t
(
σs,·(dxu) · dxv

)
=
∫

∆|v|s,t

[∫
∆|u|s,r1

ẋuq dq
]
· ẋvr dr(5.236)=

∫
∆|u∗v|s,t

ẋu∗v(q,r) d(q, r) = σs,t(dxu∗v)

as claimed (where the outer integration is over r ≡ (r1, . . . , r|v|)).
(ii) : The second statement follows directly from (5.235). Indeed, for any words u ≡

i1 · · · i|u| and v ≡ i|u|+1 · · · i|u|+|v| with |u| =: k and |v| =: `, it holds

σs,t(dxu) · σs,t(dxv) =
∫

∆k
s,t×∆`

s,t

ẋu(s1,··· ,sk) · ẋ
v
(t1,··· ,t`) ds1ds2 · · · dskdt1 · · · dt`

(5.235)=
∑
τ∈Sk,`

∫
∆k+`
s,t

ẋ
iτ(1)···iτ(k)
(rτ(1),··· ,rτ(k))

· ẋiτ(k+1)···iτ(k+`)
(rτ(k+1),··· ,rτ(k+`))

drτ(1) · · · drτ(k+`)

=
∑
τ∈Sk,`

∫
∆k+`
s,t

dxiτ(1)···iτ(k)∗iτ(k+1)···iτ(k+`)

= σs,t
(∑

τ∈Sk,`
dxiτ(1)···iτ(k)∗iτ(k+1)···iτ(k+`)

)
= σs,t(dxu v)

as desired. (The second of the above equations is due to (5.235) combined with Fubini-
Tonelli and the fact that 1τ(∆m

s,t)(s1, . . . , sm) =
∏m
ν=1 1[s,sτ(ν+1)](sτ(ν)) with τ(m+ 1) := t.)

(iii) : The third statement is a direct consequence of Chen’s identity. Indeed, since
σs,t(dxu) = 〈sig(x

∣∣
[s,t]), u〉 for each u ∈ [d]∗, the fact that the path x|[s,t] is a concatenation

of x|[s,r] and x|[r,t], any s < r < t, implies

σs,t(dxu) =
〈
sig(x|[s,r]) ∗ sig(x|[r,t]), u

〉
=

∑
u′∗u′′=u

〈q1, u
′〉 · 〈q2, u

′′〉

for q1 := sigs,r(x) and q2 := sigr,t(x), as stated.

5.9.3 The Co-Signature of Functions on Paths

Building on ideas and results that were first published in [36], we use Proposition 5.9.3 to
introduce a signature-based ‘dual coordinatisation’ of continuous transformations of BV.

We define this coordinatisation for polynomial transforms first, and then widen it to the
space of continuous transformations on BV by continuous extension via Stone-Weierstrass.

Set R := R[u1, . . . , ud] for the ring of real polynomials in d variables, and let

P := R× · · · × R (d-fold direct product)

be the set of all polynomial transforms over Rd. Notice that P is a free R-module of rank
d and a monoid wrt. the composition ◦ : (p, q) 7→ p ◦ q := (p1 ◦ q, . . . , pd ◦ q).
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Remark 5.9.4. Each g = (g1, . . . , gd) ∈ P can be identified with the transformation
g ∼=

∑d
i=1 gi · ei : Rd → Rd, for (ei)i∈[d] the standard basis of Rd, and each component gi of

g is of the form
gi =

∑
α∈[m̄i]∗d

cα|i · uα ∈ R

for [m̄i]∗d := ({0, 1, . . . ,mi}, ∗ ), mi ∈ N, and coefficients (cα|i)α ⊂ R; the number ni :=
max{|α| := α1 + . . . + αd | α ∈ [m̄i]∗d s.t. cα|i 6= 0} is called the degree of gi, and deg(g) :=
maxi∈[d] ni is called the (total) degree of g.

Notation 5.9.5. Let ι : (R,+, ·) ↪→ (V,+, ) be the unital ring-monomorphism defined
by ι(ui) := i, and notice that the group (V,+) becomes a (right- and left-) R-module wrt.

the scalar multiplication � : V×R → V, (q, r) 7→ q � r := q ι(r).

The first observation of this section states that the signature transform is polynomially
equivariant in a sense made precise below. To this end, note that for p ∈ R a polynomial,
x ≡ (xi) ∈ Cd absolutely continuous and q ∈ R[0,1] integrable, it holds a.e. on I that

dp(x) =
d∑

ν=1
∂νp(x) · ẋνdt and hence

∫
q dp(x) =

d∑
ν=1

∫
q · ∂νp(x) dxν

by the chain rule. This motivates the following concept.44

Definition 5.9.6 (Co-Signature). For polynomials q ∈ V and p, q ∈ R, define as

∫
# q dp :=

d∑
ν=1

[
q� ∂νp

]
∗ ν and

∫
#
∫
# q dp dq :=

∫
#
[∫

# q dp
]
dq (5.237)

the (iterated) polynomial integral of q along p (and q). For g = (gi)i∈[d] ∈ P, we set

S(g) := 〈·, ε〉 · ε +
∑

w∈[d]∗\{ε}

〈
· ,
∫
# · · ·

∫
#
∫
# dgi1 dgi2 · · · dgik

〉
︸ ︷︷ ︸

=: S(g)w (w≡ i1···ik)

· i1 · · · ik : V → V

and call this operator the co-signature of g.

Example 5.9.7 (Linear Equivariance of the Signature). As an illustration, consider the
linear polynomial transformation A ≡ A · x ∈ P given by A(u) = (

∑d
j=1 aij · uj)i∈[d] for

A ≡ (aij) ∈ GLd(R). Then, for q ≡ (qw)w∈[d]∗ ∈ V and S(A) ≡ (S(A)w)w∈[d]∗ as above,

S(A)w(q) =
d∑

ν1,...,νk=1
ai1ν1 · · · aikνk · qν1···νk · i1 ∗ · · · ∗ ik (w ≡ i1 · · · ik). (5.238)

44 In the following, we may think of the symbol
∫
# as a ‘discrete integral’.
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Notice that S(A) generalises the transformation matrix A of the linear map A. Indeed: for
words j ∈ [d]∗ of length one we obtain that S(A)(j) encodes the jth-column of A,

S(A)(j) =
∑

w∈[d]∗
S(A)w(j) · w (5.238)=

d∑
i=1

aij · i ∼= (a1j , · · · , adj)ᵀ,

whence for any vector v ≡
∑d
i=1 vi · i ∈ V1 we have

S(A)(v) =
d∑
j=1

vj · S(A)(j) =
d∑
i=1

(
∑d
j=1aijvj) · i ∼= A · v.

Analogously one can read off that for any v1, . . . , vk ∈ V1, k ∈ N,

S(A)(v1 ∗ · · · ∗ vk) = (A · v1)⊗ · · · ⊗ (A · vk) = A⊗k · v1 ⊗ · · · ⊗ vk,

whence the affine equivariance of sig (Lemma 5.4.7) can be succinctly expressed as

sig(A · x) = ε+
∞∑
k=1

A⊗k · sigk(x) = S(A) · sig(x) (5.239)

for each x ∈ BV. As we will see next, the above factorisation property (5.239) of the
signature generalises from linear to polynomial transformations.

The ‘discrete integral’ (5.237) of an element q ∈ V has the following basic properties.

Lemma 5.9.8. The operator V×R 3 (q, p) 7→
∫
# q dp ∈ V is R-bilinear, and it holds∫

# dp = ι(p) (5.240)

for each p ∈ R with p(0) = 0.

Proof. The bilinearity is clear from Definition 5.9.6. For the remaining assertion, let p ∈ R
be arbitrary. By the asserted bilinearity together with the R-linearity of ι : R → V ,
it is no loss of generality to assume that p is a monomial, i.e. that p = uα for some
α = (αν) ∈ (N0)×d. Note that then,

∂νp = αν · uα−eν and hence
d∑

ν=1
∂νp · uν = |α| · p (5.241)

for the exponent length |α| = α1 + . . . + αd. In this case, (ii) follows by induction on |α|.
Indeed, with the base case |α| = 1 being clear (recall that ι is unital), suppose that (ii)
holds if |α| = k (k ∈ N fixed). Thus if |α| = k + 1, the identity (5.241) implies

ι(p) = 1
|α|

d∑
ν=1

ι(∂νp) ν
I.H.= 1
|α|

d∑
ν,µ=1

[
ι(∂µ∂νp) ∗ µ

]
ν

= 1
|α|

d∑
ν,µ=1

[
(ι(∂ν∂µp) ν) ∗ µ+ (ι(∂µ∂νp) ∗ µ) ∗ ν

]

= 1
|α|

(|α| − 1)
d∑

µ=1
ι(∂µp) ∗ µ+

d∑
ν=1

ι(∂νp) ∗ ν

 =
d∑

ν=1
ι(∂νp) ∗ ν =

∫
# dp
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as desired, where the third of the above identities holds by definition of the shuffle product,
while the fourth identity uses the decomposition (5.241) and the induction hypothesis.

An equivalent version of the following observation was first published as [36, Thm 2].

Proposition 5.9.9 (Polynomial Equivariance). For every g ∈ P with g(0) = 0, it holds

sig(g(x)) = S(g) · sig(x) (5.242)

for each x ∈ Cd absolutely continuous with x0 = 0.

Proof. Let g = (gi) ∈ P and x = (xi) ∈ Cd absolutely continuous with derivative ẋ (defined
a.e.). We prove the stronger assertion

〈sig0,t(g(x)), w〉 =
〈
sig0,t(x) , %g(w)

〉
with %g(w) :=

∫
# · · ·

∫
#
∫
# dgi1 dgi2 · · · dgik (5.243)

for each w = i1 · · · ik ∈ [d]∗k, k ∈ N, and t ∈ [0, 1]. We proceed by induction.
For k = 1, take any i ∈ [d] and notice that then, for each t ∈ [0, 1],

〈sig0,t(g(x)), i〉 = (g(xt))i = gi(x1
t , · · · , xdt ) = 〈sig0,t(x), ι(gi)〉 = 〈sig0,t(x), %g(i)〉,

where the penultimate equation is due to Proposition 5.9.3 (ii), i.e. the well-known fact that
the map (V, ) 3 u 7→ 〈sig0,t(x), u〉 ∈ (R, ·) is a homomorphism, and the last identity holds
by Lemma 5.9.8, eq. (5.241).

Abbreviating qt := sig0,t(x), let us next suppose that (5.243) holds for some fixed k ∈ N.
Let w ∈ [d]∗k+1 be arbitrary, whence w = w′ ∗ i for some w′ ≡ i1 · · · ik ∈ [d]∗k and i ∈ [d]. By
induction hypothesis, it holds for all s ∈ [0, 1] that

ϕ(s) := σ0,s
(
dg(x)w′

)
= σ0,s(dx%g(w′)) (5.244)

for the differential forms dg(x)w′ := dgi1(x) ∧ · · · ∧ dgik(x) ∈ Ca.e.(Uk;
∧
k T ∗Uk) and

dxu ∈ Ca.e.(U|u|;
∧|u| T ∗U|u|) for U` := int(∆`

0,1), cf. Notation 5.9.1. Now by definition
and Proposition 5.9.3 (i),

〈sig0,t(g(x)), w〉 = σ0,t(dg(x)w) = σ0,t
(
σ0,·(dg(x)w′) · dg(x)i

)
= σ0,t(ϕ(·) · dgi(x)),

where, by the chain rule, the differential dgi(x) can be written as

dgi(x) =
d∑

ν=1
∂νgi(x) · ẋνds =

d∑
ν=1

σ0,·(dxι(∂νgi)) · dxν
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(the identity ∂νgi(xs) = σ0,s(dxι(∂νgi)) is again due to the fact that ∂νgi is a polynomial and
V 3 q 7→ σ0,s(dxq) ∈ R is a shuffle-homomorphism). We thus have

〈sig0,t(g(x)), w〉 =
d∑

ν=1
σ0,t

(
ϕ(·) · σ0,·(dxι(∂νgi)) · dxν

)
=

d∑
ν=1

σ0,t
(
σ0,·
(
dx%g(w′) ι(∂νgi)

)
· dxν

)
= σ0,t

(
dx
∑d

ν=1[%g(w′) ι(∂νgi)]∗ν
)

=
〈
sig0,t(x),

∫
# %g(w′) dgi

〉
=
〈
sig0,t(x), %g(w′ ∗ i)

〉
as desired. Note that the second and third of the above identities hold by Proposition 5.9.3
(ii) (via (5.244)) and (i), respectively, and for the penultimate identity recall (5.233).

For %g(·) as in (5.243) we have S(g) =
∑
w∈[d]∗〈·, %g(w)〉 · w, so that coefficient-wise the

identity (5.245) reads

〈sig(g(x)), w〉 = 〈sig(x), %g(w)〉, for each w ∈ [d]∗ (5.245)

and for each absolutely continuous x ∈ BV.

5.9.4 Higher-Order Coredinates

We have limited our exposition to the (sufficient) case of second- and third-order signature
moments (5.39) for simplicity, but it is of course also possible to aim for the joint diagon-
alizastion of (contracted) signature moments of order four or higher. As an example, let us
derive a corresponding set of signature-based matrix statistics of order four.

Note that for any B ≡ (bij) ∈ Rd×d and each i, j, k ∈ [d] we by (5.41) have

〈B · µ〉kijk =
d∑

α,β,γ,ν=1
bkαbiβbjγbkν · 〈µ〉αβγν =

d∑
β,γ=1

biβbjγ

d∑
α,ν=1

bkαbkν · 〈µ〉αβγν .

Now for (β, γ) ∈ [d]2 fixed define the matrix 〈µ〉βγ :=
(
〈µ〉αβγν

)
αν

and note that

d∑
α,ν=1

bkαbkν · 〈µ〉αβγν =
[
B · 〈µ〉βγ ·Bᵀ

]
kk
.

Consequently, we obtain for the contracted tensor Cijµ :=
∑d
k=1〈µ〉kijk that

Cijµ =
d∑

β,γ=1

d∑
k=1

[
B · 〈µ〉βγ ·Bᵀ

]
kk
· biβbjγ =

d∑
β,γ=1

biβbjγTr
(
Bᵀ〈µ〉βγB

)
(5.246)

where Tr(·) denotes the trace of a d× d-matrix. Now if A is orthogonal, as may always be
assumed in classical (i.e. unperturbed) ICA applications, then

Tr
(
Bᵀ〈µ〉βγB

)
= Tr

(
〈µ〉βγ

)
=: C(1)

βγ (µ).
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Hence for C(1)(µ) :=
(
C

(1)
βγ

)
we have with (5.246) that

Cijµ =
[
B · C(1)(µ) ·Bᵀ

]
ij

for all i, j ∈ [d], hence
(
Cijµ

)
= B · C(1)(µ) ·Bᵀ.

Denoting A := B−1 we found C(1)(µ) = A ·
(
Cijµ

)
·Aᵀ, hence for χ := A · ζ, some ζ ∈ D,(

Tr
(
〈χ〉βγ

))
βγ

= A ·
[(
〈ζ〉1ij1

)
+ · · ·+

(
〈ζ〉dijd

)]
·Aᵀ.

Note that if the fourth-order tensor
(
〈ζ〉ijkl

)
is of the form (5.70), then the matrix

(
Cijζ

)
=(∑d

k=1〈ζ〉kijk
)
is diagonal as desired. Likewise, we obtain the equivariant statistics

(
Tr
(
〈χ〉γν

))
= A ·

[(
〈ζ〉11ij

)
+ · · ·+

(
〈ζ〉ddij

)]
·Aᵀ,(

Tr
(
〈χ〉βν

))
= A ·

[(
〈ζ〉1i1j

)
+ · · ·+

(
〈ζ〉didj

)]
·Aᵀ

and so on.
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