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Abstract

This thesis is organised into two main parts, which are both preceded by a joint
introduction and a brief chapter on the signature analysis of time-ordered data.

In the first part, we study the classical problem of recovering a multidimensional
source signal from observations of nonlinear mixtures of this signal. We show
that this recovery is possible (up to a permutation and monotone scaling of
the source’s original component signals) if the mixture is due to a sufficiently
differentiable and invertible but otherwise arbitrarily nonlinear function and
the component signals of the source are statistically independent with ‘non-
degenerate’ second-order statistics. The latter assumption requires the source
signal to meet one of three regularity conditions which essentially ensure that
the source is sufficiently far away from the non-recoverable extremes of being
deterministic or constant in time. These assumptions, which cover many
popular time series models and stochastic processes, allow us to reformulate
the initial problem of nonlinear blind source separation as a simple-to-state
problem of optimisation-based function approximation. We propose to solve this
approximation problem by minimizing a novel type of objective function that ef-
ficiently quantifies the mutual statistical dependence between multiple stochastic
processes via cumulant-like statistics. This yields a scalable and direct new
method for nonlinear Independent Component Analysis with widely applicable
theoretical guarantees and for which our experiments indicate good performance.

In the second part, we revisit the problem of blind source separation from the per-
spective of statistical robustness. Blind source separation (BSS) aims to recover
an unobserved signal S from its mixture X = f(S) under the condition that the
effecting transformation f is invertible but unknown. This being a basic prob-
lem with numerous practical applications, a fundamental issue is to understand
how the solutions to this problem behave when their supporting statistical prior
assumptions are violated. In the classical context of linear mixtures, we present
a general framework to analyse such violations and quantify the effect they have
on the blind recovery of S from X. Modelling S as a multidimensional stochastic
process, we introduce an informative topology on the space of possible causes
underlying a mixture X and show that the behaviour of a generic BSS-solution
in response to general deviations from its defining structural assumptions can be
profitably analysed in the form of explicit continuity guarantees with respect to
this topology. This enables a flexible and convenient quantification of general
model uncertainty scenarios and amounts to the first comprehensive robustness
framework for BSS. Our theory is entirely constructive, and we demonstrate its
utility with a number of statistical applications.
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Chapter 1

Introduction

A common problem in science and engineering is that an observed quantity, X, is determined
by an unobserved source, S, which one is interested in. Denoting by f the deterministic

relationship between X and S, one thus arrives at the equation
X = £(5) (L.1)
where X is known but both the relation f and the source S are unknown.

The premise that the data X is determined by its source S reflects in the assumption that
f is a deterministic function, while the premise that S can be completely inferred from X
— i.e. that no information be lost in the process of going from S to X — is reflected in
the assumption that the function f is one-to-one; for simplicity, it is typically also assumed

that f is onto. Any function f of this kind will be referred to as a mixing transformation.

The central challenge, known as the problem of Blind Source Separation (BSS), then be-
comes to infer — or ‘identify’ — the hidden source S from the given data X:
Under which assumptions is it possible to recover the source data S in (1.1) if only

its mizture X is observed? To what extent can such a recovery be achieved (1.2)

and how can it be performed in practice?

It is clear that without additional assumptions, the above problem of inference (1.2) is
severely underdetermined: If X and equation (1.1) is the only information available but
both f and S are unknown, then we may generally find infinitely many possible ‘explana-
tions’ (S, f) for X which all satisfy (1.1) but are not otherwise meaningfully related to the
true explanation (S, f) underlying the data. In many cases, however, this ‘indeterminacy
of S given X with f unknown’ can be controlled by imposing certain statistical conditions

on the source S.

The following simple example illustrates this situation.



Example 1.0.1. Suppose that you are on a video-call and want to follow the simultaneous
speeches of two speakers S' and S2?, modelled as real-valued time series each. As the
propagation of sound adheres to the superposition principle, the acoustic signals X' and
X? that reach your left and right ear, respectively, may be modelled as linear mixtures
X" = a;1S" + a;25? of the individual speech signals S* and S%. Denoting X = (X!, X?)T
and S = (S1,5%)T and A = (a;;) € R**2] the relation between the audio data X and its
underlying sources S can hence be expressed by the model equation X = A - S, which for
A invertible is a special case of (1.1) for the linear map f := A. The above problem (1.2)
then becomes to recover the constituent speeches S! and S? from their observed mixtures
X' X? alone, given that the relationship between X and S is linear.

Without further assumptions, the true explanation (S, A) of the observable X cannot
be distinguished from any of its ‘alternative explanations’ {(S,A) = (B-S,AB™") | B €
R2*2 invertible}. But if the speech signals S' and S? were assumed to be uncorrelated,
say, then the above family of best-approximations of (S, A) reduced to {(S,4) = (BA -
S, AATIBT) | A € R?*2 (invertible) diagonal, B € R?*2 orthogonal};! hence if they are

uncorrelated, S' and S? may be recovered from X uniquely up to scale and a rotation.

This simple observation can be significantly improved by way of the classical Darmois-
Skitovich theorem [130, 43, 145] which implies that for f linear, the original source S may
be identified from X even up to scaling and a permutation of its components if S is mod-
elled as a random vector whose coordinates S° are not only uncorrelated but statistically
independent. This mathematical insight, elaborated in P. Comon’s seminal framework [37],
quickly became the theoretical foundation of Independent Component Analysis (ICA), a
popular statistical method that has since seen far-reaching theoretical investigations and
extensions, e.g. [9, 139], and has been successfully implemented in numerous widely-applied
algorithms, e.g. [14, 27, 69, 79]; see for instance [51, 80, 111] as well as the monographs

[38, 81] for an overview.

Comon’s contribution is arguably the most conceptionally influential answer to the above
inference task (1.2) to date that was both practically relevant and mathematically rigor-
ous. However, Comon’s approach applies to linear relationships (1.1) between X and S
only, because among nonlinear mixing functions on R there are many ‘non-trivial’ trans-

formations that preserve the mutual statistical independence of their input vectors [84].

! Indeed: The assumption of uncorrelatqdlless complements the original model equation (1.1) py~the
additional (statistical) source condition Cov(S, ) = Cov(S, S) = Iz, which implies that BTB = Cov(S, 5) =
I (where the components of S are assumed to be scaled to unit variance).



This is a substantial limitation not only from a theoretical perspective but also in applic-
ations, where real-world data is often assumed to depend nonlinearly on certain nonre-
dundant (independent) explanatory source signals and the instantaneous invertible nonlin-
ear model (1.1) is deemed an adequate description of this dependence. See for instance
[5, 40, 48, 70, 86, 94, 115] and the references therein for a few according example applica-
tions of nonlinear BSS ranging from the analysis of star clusters in interstellar gas clouds
and biomedical tissue monitoring during surgery over electroencephalography and molecular

simulation to statistical process monitoring, vibration analysis and stock market prediction.

Overcoming the traditional confinement to linearity has thus been a long-standing scientific
endeavour, and the past twenty-six years have seen various attempts of establishing altern-
ative identifiability approaches to recover multivariate data from their nonlinear transform-
ations. Prominent ideas in this direction include the optimisation of mutual information
over outputs of (adversarial) neural networks, e.g. [4, 22, 73, 93, 148], or the idea of ‘lin-
earising’ the generative relation (1.1) by mapping the observable X into a high-dimensional

feature space where it is then subjected to a linear ICA-algorithm [68].

More recently, the works of Hyvérinen et al. [82, 83, 85] achieved significant progress re-
garding the recovery of nonlinearly mixed sources with temporal structure (e.g. time series,
instead of random vectors in R?) by first augmenting the observed mixture of these sources
with an auxiliary variable such as time [82] or its history [83], and then training logistic
regression to discriminate (‘contrast’) between the thus-augmented observable and some
additional ‘variation’ of the data. This variation is obtained by augmenting the observable
with a randomized auxiliary variable of the same type as before, thus linking the asymp-
totical recovery of the source S = f~!(X) to a trainable optimisation problem, namely the
convergence of a universal function approximator (e.g. a neural network) learning a classi-
fication task. These identifiability results were recently extended and embedded into the

context of variational autoencoders in [93].

Another basic question of substantial importance to both the theory and statistical practice
of Blind Source Separation is the issue of statistical robustness, that is if and to what extent
the solutions to (1.2) persist when their underlying assumptions on f and S are violated.
This question is of significant interest for the blind inversion of linear mixtures already,
not in the least due to the overwhelming dominance and utility of linear separation meth-
ods in most contemporary BSS applications. Yet despite explicit calls for research on this
topic [80], existing investigations are few and confined to rather specific violation scenarios,

numerical partialities or very restrictive assumptions overall [1, 11, 12, 24, 29, 30, 89, 92,



125, 138, 139, 144]; a comprehensive robustness analysis on the effects of general violations
of the supporting identifiability assumptions for BSS or ICA, let alone for time-dependent

sources, does not seem to have been presented yet.

In this thesis, we revisit the inference problem (1.2) for stochastic processes X = (X;) and
S = (S;) with recent tools from stochastic analysis. Departing from the classical framework
of Comon [37], the focus of this work is on the above-mentioned aspects of nonlinearity and

robustness. The following section summarizes our main contributions to the literature.

1.1 Summary of Main Contributions

This thesis has two main parts. In the first part, consisting of Chapters 3 and 4, we propose
a new approach to the problem of nonlinear blind source separation (1.2) for multidimen-
sional time-dependent signals that leverages modern tools from stochastic analysis: For
an unknown discrete- or continuous-time signal S = (5;) in R and an unknown function
f : R? — RY a new statistical method to recover S from its pointwise transformation

X = f(S) = (f(Sy)) via ‘signature cumulants’ is presented.

In essence, we provide a new algorithm? that performs the inversion, or ‘retransformation,’
X +— S (1.3)

of the generative relation (1.1) in the case that f and S are not explicitly known and f

is sufficiently differentiable and (by necessity) invertible® but otherwise arbitrarily nonlinear.

Finding ways to achieve this ‘blind inversion’ (1.3) has been of long-standing scientific in-
terest, and efforts in this direction gave rise to an established area of specialised statistical
research that has been very active for nearly three decades now. Apart from only a small
number of exceptions, however, related works were predominantly confined to the very
limiting assumption that the hidden relation f be a linear map on R% — the few existing
approaches towards the blind inversion of nonlinear causal relations were either heuristic
or required f to belong to very narrowly defined function classes only, and it was not until
the recent breakthroughs of Hyvérinen et al. that the first mathematically justified ideas
for the blind inversion of general nonlinear relationships between X and S have emerged.

Our work is a contribution to the dawning research on nonlinear blind inversion.

2 That is, an explicitly computable map — or estimator, in the statistical sense — that takes in [a
realisation of] the mixture X and returns an ‘optimal’ approximation of [the corresponding realisation of] S
as an output.

3 Invertible at least on the smallest subset of R? which is actually reached by S, but see Definition 3.2.4
and (3.8).



The material of Chapters 3 and 4 is based on the paper [120], and the content of Chapter
5 is to appear as [119].

The second part of the thesis consists of Chapter 5 and presents the first comprehens-
ive robustness framework for the blind recovery of linearly mixed time-dependent signals.
Here, we provide a general and flexible topological notion of statistical robustness for the
inverse problem (1.2), and demonstrate the theoretical and practical utility of our robust-
ness concept on a generic BSS estimator that performs the inversion (1.3) under ICA-typical

identifiability assumptions. The first part and the second part of this thesis are independent.
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Figure 1.1: A source S with four components St ... S* (orange) is mapped under some
nonlinear transformation f, resulting in the observed mizture X (blue). We present a new
method to recover the original source S from its mixture X up to a minimal deviation: Given
X, this approach returns an estimate S = (gl, e ,S’4) (brown) that approzimates S up to
the original order of its channels and a monotone scaling. In this example, St estimates the
original component S%, and 52 estimates S3, and 53 estimates S*, and S* estimates S*.
(See Example 1.1.1 for details.)

Below is a summarising discussion of our main contributions, listed in order of appearance.



1.1.1 Identifiability of Nonlinear Mixtures (Theorems 3.3.3, 3.3.7)

To achieve a meaningful recovery (1.3) of the source S from X, we need to compensate for
the blindness regarding f and S by imposing some additional assumptions on the latter.
The most established such assumption, and arguably the most relevant one in practice, is
that the component signals of S are statistically independent; we adopt this assumption
throughout. Many of the conceptional issues that arise in the nonlinear blind reconstruction
of an independent-component source S from X can then be anticipated from the classical

i.e. linear case f € R™? already. Similar to the classical case, c¢f. Theorem 3.1.1,

e the blindness? underlying (1.3) makes an exact recovery of S impossible, but statistical
prior information on the source allows to identify S from X up to a minimal ambiguity,
namely up to a permutation and monotone scaling of the source’s original component

signals;

e the estimates S of the original source S that are minimally ambiguous in the above
sense preserve the initial condition of intercomponental independence (IC), but under
some natural assumptions on S the converse is also true: those retransformations of

X which are IC must be minimally ambiguous to S.

These insights into the blind inversion (1.3), which are rigorously discussed in Section 3.3,
are the mathematical heart of our approach. Especially the equivalence stated in the last

point, which is made precise in Theorems 3.3.3 and 3.3.7, is a central new finding:

Under some mild statistical conditions on the source S, we can show that the assumed
IC property of the source is strong enough to trivialise® the action of any spatial diffeo-
morphism which preserves this property; in other words: their property of having minimal
intercomponental statistical dependence distinguishes the minimally ambiguous estimates

S of S from any other invertible nonlinear transformations of X.

This makes ‘minimisation of intercomponent-dependence’ an illuminating optimisation prin-
ciple for the initially blind search for S, which immediately translates into the following

strategy for the desired nonlinear blind inversion (1.3):

A

as an estimate § for S, choose S =6,(X), 0, invertible, s.t. 6,(X)is IC; (1.4)

i.e., the right retransformations of X are those that minimise intercomponental dependence.

4 That is, the fact that the inverse problem (1.3) is inherently underdetermined since the constituents f
and S of the RHS in (1.1) are both unknown.

5 Here, ‘trivialise’ means reduce to the composition of a permutation and a componentwise monotone
scaling.



As mentioned, the sources S for which this strategy works are those that ‘carry their IC
property well enough’ for this property to characterise them, up to minimal ambiguity,
among their (invertible) nonlinear transformations. But not every source is of this kind, as
becomes particularly clear from considering two ‘unrecoverable’ statistical extreme cases:
If the source S is deterministic,® then the IC property is void and a meaningful blind in-
version (1.3) of the source’s mixtures is generally impossible. If S is constant in time, i.e.
S = (Z)4efo,) for some random vector Z in R?, then the IC property on S cannot manifest
cross-componentally over different time-points and is then generally too weak to support

the strategy (1.4) for nonlinear mixtures, see [84] and Example 3.1.4.

These unidentifiable source types can be seen as degenerate extremes that are naturally
interpolated by the mathematical model class of continuous-time stochastic processes, and
said interpolation can be controlled at the level of the second-order finite-dimensional dis-
tributions (fdds) of such processes, see Section 3.2. In fact, we formulate three regularity
assumptions on the family of fdds of a source S which enable the IC-based identifiability
(1.4) of the source by ensuring that it is sufficiently far away from the above degeneracies
(Section 3.3). More specifically, our non-degeneracy assumptions on the source require that
sufficiently many of its fdds admit a probability density which is sufficiently complex in that

it satisfies one of the following conditions:

(a) the density avoids local factorisations and is not of a certain ‘pathological’” Gaussian-

like shape, as is made precise in Definition 3.3.2;

(b) the density has locally non-vanishing mixed log-derivatives that lie outside certain

nullsets, as specified in Definition 3.3.5.

While the non-factorizability and non-vanishing-log-derivative conditions ensure that the
source is ‘stable enough’ to make its IC property unfold” into its component signals in
such a way that the (‘residual’) action inflicted upon S by the composition of the mix-
ing transformation f with an IC-enforcing retransformation [as in (1.4)] does not collapse
when considered jointly at different points in time, the exclusion of Gaussian-like shapes
or algebraically degenerate density configurations ensures that this residual action on S is
‘expressive’ enough (as per implying a non-degenerate eigenspectrum of a Jacobian). All of

this is made precise in Section 3.3.1 and the proofs of Theorems 3.3.3 and 3.3.7.

S That is, if S attains exactly one sample path with probability one.
7 Instead of holding it merely within its fixed-time marginals, as in the generally unidentifiable case of
IC random vectors in RY.



The source conditions (a) and (b) again generalise classical theory in a natural way (cf.
Section 3.1 and the remarks on p. 43 and Remark 3.5.4), and in Section 3.5 we illustrate
their broad applicability by compiling a set of widely used signal classes to which these
conditions apply.

Thus far, our work has established the dependence-minimising approach (1.4) as a success-
ful mathematical strategy to achieve the nonlinear blind source separation task (1.3), see
Theorem 3.3.3 and Theorem 3.3.7: We identified natural probabilistic conditions (a) and
(b) on the source which guarantee that its IC property manifests strongly enough to char-
acterise that source among any invertible (re)transformations of X up to some inevitable

ambiguity®.
1.1.2 Nonlinear Blind Inversion via Optimisation (Theorem 4.2.3)

Building on the above, Chapter 4 proposes a way to turn this theoretical inversion strategy
into a ready-to-use statistical method that can be easily implemented in practice. What we

need to do for this is provide the observer of the mixture X with three things, namely

— aset O of invertible candidate demixing transformations on R? which is ‘large enough’

to include approximations of the original inverse f~! up to permutation and scale;’

— a ‘pair of goggles’ ¢ that allows the observer to gauge the degree of intercomponental
statistical dependence of any given (re)transformation of X: the weaker the statist-
ical dependence between the component signals of a process Y, the smaller shall be
#(Y') € R>o; the desired inversion (1.3) is then performed [via (1.4)] by choosing those
transformations 6(X), 6 € ©, of X for which the value ¢(#(X)) is minimal;

— an automatable optimisation procedure that combines © and ¢ and returns

A

0, € argmin(0(X)) andthen S =06,(X) (1.5)
IS

as the desired [minimally ambiguous| estimate of S, in accordance with (1.4).

The above is formalised in Theorem 4.2.3. A natural choice in practice is to implement © as
the realisation space of an invertible artificial neural network (NN) with d input nodes, cf.
Remark 4.2.4 (ii) and Section 4.8.3. Adding ¢ as a loss function to the NN, the optimisation
(1.5) can then be performed efficiently via backpropagation; for details see Sections 4, 4.4
and 4.8.

8 That is, as we recall, up to a permutation and monotone scaling of the source’s original component
signals.
9 See the hypothesis on © that is formulated in Theorem 4.2.3.



Intuitively speaking, in the course of the optimisation (1.5) the observer gradually performs
the desired inversion (1.3) directly by comparing different transformations of the data and
choosing as most akin to the true inverse those that minimize the ¢-quantified statistical
dependence of X. For nonlinear f the theoretical justification of this procedure is new,
while the underlying idea of source separation via quantified dependence minimisation is a
well-established concept for the recovery of linearly mixed random vectors in R?, see e.g.

Corollary 3.1.3.

Inspired by another classical concept, cf. (3.3) on page 36, in Section 4 we propose as

dependence quantification ¢ a ‘cross-cumulant’-based energy functional of the form

OY) =D kg (V) (1.6)

m=2 qm

where kq(Y) denotes ‘the (standardised) signature cumulant at index @’ of a stochastic
process Y in R see Definition 4.1.2 and Notation 4.2.1, and the inner sums run over
all ‘cross-shuffles’ of word-length m (see (4.21) on page 94). The entirety of all signature
cumulants (kq(Y")), which can be thought of as a carefully chosen ‘coordinate vector’ for
the distribution of the multidimensional stochastic process Y, provides a hierarchical and
parsimous description of the statistical dependence relations within Y, which may occur
simultaneously between coordinates and over different points in time. The functional (1.6)
summarises the aspects of this description that are most central for us, namely ‘how much’
of this dependence there is between the multiple component signals of Y. Since the above ¢
vanishes over exactly those processes that are IC (Proposition 4.2.2), the functional (1.6) is
well suited to operationalise the inversion strategy (1.4) via the optimisation scheme (1.5),

as described in Theorem 4.2.3; further aspects are discussed in Sections 4.4 and 4.8.

1.1.3 Consistency (Theorem 4.4.13)

Up to this point, we discussed the method (1.5) in a setting where the whole distribution
of X is assumed to be known. This idealisation is of course difficult to uphold in practice,
where mixtures are typically not available as continuous-time stochastic processes and only

discrete-time sample trajectories of X, i.e. finite sequences of data points in R%, are observed.

The statistical guarantees of Theorem 4.4.13 ensure that our method remains applicable
under these practical constraints. More specifically, a statistical consistency analysis of the

procedure (1.5) requires to simultaneously deal with



— time-discretization: if S, and hence X, are continuous-time signals, then ‘full’ sample
observations of the underlying model X (i.e. continuous paths in R?) are not available

in real-world applications, where only discrete-time data can be used;'®

— finite samples: typically, one of two situations arise in applications. One is that
n presumably independent [discrete-time] sample trajectories of the observable are
recorded, e.g. medical recordings of n patients. The other situation is that only one
[discrete-time] sample trajectory of X is given and ergodicity or mixing assumptions
are invoked to make inference about the underlying distribution; for example, this

situation is common in finance and economics.

We show that under general conditions, which for example are satisfied by many classical
SDE models, our method (1.5) is (strongly) consistent in a sense that addresses both of
these points: As the grid of observational time-points gets finer and the length of the ob-
served time series increases, our method (1.5) produces a signal S that gets closer to the
unobserved source signal S, even when the model for S is formulated in continuous time;
see Theorem 4.4.13 for the precise statement. Additionally, Theorem 4.4.13 shows that
our method is robust under approximations of the contrast function ¢ (for computational
purposes, the series (1.6) of signature cumulants needs to be truncated in practice). The
key ingredients to establish this result are tools from stochastic analysis, natural assump-
tions on the topology of function approximators (e.g., deep neural networks), and statistical
approaches to the optimality of extremum estimators. Practitioners may find the displayed

algorithm in Section 4.6 a useful summary.

Our exposition is complemented by a number of numerical examples (Section 4.8) which
further illustrate the practical utility of our method by applying it to a series of nonlinear
blind inversion problems (1.3) with multidimensional source signals in discrete and continu-
ous time. As a concrete illustration of our blind inversion method (1.5) and its underlying

procedure, let us draw on one of these examples here (see Section 4.8.3 for details).

Example 1.1.1. Imagine a professional context where you are interested in a set of ‘hid-
den’ quantities S',..., 5% that are related to some observable data X',..., X% via an un-
known invertible function f : R® — R? Assume further that these quantities are time-
dependent, so that S° = (S?) is a real-valued time series (in discrete or continuous time)
and (X}, -, X&) = f(S},---, 8%, and that you may regard S',...,S% as mutually stat-

istically independent. Suppose for example that d = 4 and your application context is the

10 11y spirit, this is similar to the well-developed statistical question of parameter estimation for stochastic
differential equations where also only time-discretized sample trajectories are observed.
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vibration analysis of wind turbines for fault detection. The quantities of interest S? could
then, e.g., be vibration responses excited by cracked gears or other engine faults in the
turbine, which are mixed together during their transmission by an unknown, generally non-
linear [48] mixing process f determined by the gearbox configuration; the resulting mixtures
X are observable vibrations recorded by multi-channel sensors at the outside of the gear-
box.!! Statistically, your recorded data is a time-discretised sample r = (;jl-, e ,;?)T e RN
drawn from the stochastic process X = (X!, --- X%); it might locally look like the blue
signals shown in the middle of Figure 1.1. In your search for the hidden vibrations s that
]1,’ e 5;!
tion of the process S = (S!,---,S%), your ignorance with regards to the actual relation f

‘caused’ your data, with s = (s )T € R**N gseen as a discretised sample observa-
between s and ¢ requires you to perform a blind inversion (1.3). You know that the closest
(“minimally ambiguous”) estimate §, of s that you could then obtain is one that coincides

with the original s up to some permutation and scale, that is where

5, = (Oq(SJT-(l)), ,044(5;-(4))) (1.7)

for 7 some permutation of {1,...,4} and «; : R — R strictly monotone. Based on the
(very likely correct) assumption that the model S = (S',---,5%) of s satisfies one of the
non-degeneracy assumptions (a) or (b), your hope is to arrive at such an optimal estimate
(1.7) of s by subjecting your data to the proposed inversion scheme (1.5). For this, you need
to specify a sufficiently large (see above) set of retransformations © [of r] with a suitable
approximation topology, e.g. a neural network, and cap the series (1.6) at some finite order

12 Next, compute from r and each § € O a consistent estimate é(@) of the (capped)

mo
contrasts ¢(6(X)). This may be done as summarized in the algorithm of Sect. 4.6. By our
method (1.5), an empirical estimate of the best approximation (1.7) of s is then obtained

by finding a minimizer

A

0, € arg min ¢(0) and setting & := 0,(¢). (1.8)
0cO

This inversion scheme comes with (strong) consistency guarantees that ensure the conver-
gence § — §, in the limit of infinite data, see Theorem 4.4.13. Applying this method to the
sensory observations ¢ [« Fig. 1.1, blue column| of our example returns a source estimate
5 € RN as shown in the rightmost (brown) displays of Fig. 1.1. Comparing this with the
o

true vibration signals s',... s* [+~ Figure 1.1, orange column] underlying r, we find that

11 This particular application context is motivated by and adapted from [48, 102] and references therein.

12 For this example, detailed in Section 4.8.3, we used the network © := ©, specified in (4.106) and capped
the contrast (1.6) at mo = 5 (in general, mo may be chosen larger the more complicated the nonlinearity
f is assumed to be). For more information, including on the mixing f and the optimisation (1.8), see also
Rem. 4.8.4 and [140].
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indeed: to a good approximation, the estimate § coincides with s up to permutation and

scale, as desired. *

We emphasize that the above methodology in its entirety, including any of our definitions
or theorems, applies to both continuous-time and discrete-time signals alike'®. The latter
type includes signals that are “genuinely discrete”, i.e. generated from a discrete-time pro-
cess, and signals that are of continuous origin but “discretely observed”, i.e. obtained from
sampling a continuous-time process at a discrete set of time points. These cases are treated
in detail in Sections 3.7, 4.4 and 4.5.0.1, which are referenced accordingly throughout the
text.

In total, Chapters 3 and 4 combine to a general and flexible new statistical method for

the nonlinear blind source separation of multidimensional time-dependent signals.

1.1.4 Robust Blind Source Separation (Definition 5.3.10, Theorem 5.6.14)

In the second part of this thesis (Chapter 5) we return to the classical version of the BSS
problem (1.2) where the idealised relation between source and observable is assumed linear,
and study how the accuracy of the blind inversion (1.3) will then be affected when typical
identifiability assumptions on f and S are violated. The question of how sensitively a
BSS-solution reacts to violations of its underlying statistical assumptions is naturally of
particular significance in applications, where identifiability assumptions are often seen as

mere idealisations and their infringement is the norm, as the following example illustrates.

Example 1.1.2 (A More Realistic Cocktail Party). Suppose that you monitor a crowded
room in which there are d € N people, say (S',...,5%) =: S, each engaged in conversation.
Suppose further that each of their speeches are potentially relevant and informative to you,
and that it is thus your objective to get a (consensual) recording of what each speaker S°
has said. To this end, you have installed d voice recorders at different places in the room.
However, instead of talking directly into your microphones, the speakers are so engaged
that their utterances overlap acoustically so that, instead of a single clear voice per recorder,
each of your microphones records a mixture X* = f;(S',..., 5% of the d different voices.

Will you still be able to recover the speaker’s individual contributions from your recordings?

13 For the case of discrete-time signals, everything basically applies as in the continuous case up to
very minor modifications necessitated by the change from (path-)connected to discrete realisations of the
underlying signals.

1 For overview: Section 3.7.1 explicates our identifiability theory (Chapter 3) for the exact inversion
of genuinely discrete mixtures, while the (asymptotic) recovery of signals from (samples of) their discretely
observed nonlinear mixtures is developed as part of Section 4.4, see Theorem 4.4.13 in particular, and in
Section 4.5.0.1.
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In the first instance at least, it seems plausible (by linearity of sound propagation) to
model each of the recordings as an unknown linear superposition of the speakers’ voices,
i.e. to assume that X = (X!,---, X% = f(9) for some f = (f1,---,fs) : R = RY
linear. In addition, although possibly a bit harder to justify in this context, it surely is
of considerable mathematical convenience to further assume that the sought voices are'®
statistically independent. From these angles, it is then compelling to try and recover the
desired individual speech signals according to (5.1) by applying an ICA algorithm of one’s
choice to the recorded mixtures X.

While intuitively this is certainly a plausible idea, a few limiting considerations regarding

the validity of this approach and its underlying structural assumptions quickly arise:

e due to the interactive nature of human conversation, it is almost certain that some or
all of the speech signals — say those from speakers involved in a joint discussion — will

not actually be statistically independent of each other, at least not entirely;

e owing to the spatial distance between the microphones and various phenomena affect-
ing the transmission and propagation of sound such as acoustic dispersion or attenu-
ation, the actual relation between the recorded mixtures and the speaker’s individual

voices is often only approximately linear but factually nonlinear, at least mildly so;

e the voice signals themselves are typically not iid in time but naturally exhibit a great
deal of intertemporal statistical complexity, and both the physical propagation of
these signals and their recording are rarely perfectly unperturbed but typically sub-
ject to various forms of noise and technical corruptions, such as ambient sounds or
asynchronous recording at non-homogeneous sampling rates between different micro-

phones.

Given these complications that make the true mixing constellation deviate from the simpli-
fying idealisation of linearity and independence, will an ICA of the recorded mixtures still
result in a meaningful reconstruction of the individual vocal expressions that, if probably
not exact, is still ‘good enough’ to at least identify the main message that each speaker has
communicated? Or will the violations of the underlying model assumptions affect the ICA
performance so severely that the returned signals are distorted beyond intelligibility or the
anticipated signal separation breaks down entirely? Is the transition between these out-
comes continuous, and can the accuracy of the returned signals be informatively quantified
against the ‘amount of distortion’ that causes the true scenario to deviate from its idealised

identifiability assumptions? *

15 sampled from some sound-describing stochastic processes S° = (Sf)tzo in R, which in turn are ...
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The points listed in the example each violate the consistency assumptions of most popular
ICA methods, but a comprehensive theory to analyse the impact of such violations has not
yet been proposed. In Chapter 5 we aim to fill this gap with a flexible topological frame-
work built to quantify how the accuracy of a blind inversion method is affected by general
infringements of its prior consistency assumptions. Drawing on general considerations of
Huber [75], we propose a formal notion of robustness for BSS and ICA based on the idea
of having the dependence (1.3) between (estimated) source and observable be pointwise-
continuous at those causes of X (again described as a stochastic process) for which the

underlying identifiability assumptions of the estimator are exactly met (Definition 5.3.10).

Our further approach then consists of an informative quantification of this continuity: Us-
ing a graded family of path-space functionals pertaining to the signature map from rough
path theory (Section 2.2), we derive a coarse premetric topology on the space of laws of
stochastic processes that we then extend to an explicit ICA-tailored topology on the space of
all relevant hidden causes of a BSS-observable (Section 5.5). This topology is convenient to
handle and weak enough to serve as a suitable reference topology for our robustness concept
(Section 5.4) and thus combines to a flexible and model-free device to capture general viola-

tions of the statistical identifiability assumptions that lie at the heart of a given ICA method.

The theoretical considerations of Chapter 5 are brought to fruition in Section 5.6, where
we introduce a generic BSS-estimator that achieves the blind inversion (1.3) under a con-
ventional ICA-assumption (Theorem 5.6.10) and further enjoys general and informative
robustness guarantees in the form of entirely explicit moduli of continuity with regards
to the above ICA-topology (Theorem 5.6.14). The practical utility of our robustness ap-
proach is demonstrated with a number of statistical applications (Section 5.7) which include

(non-asymptotic) robustness bounds for the practical infringements listed in Example 1.1.2.

Both parts of this thesis use as one of their central tools the signature map from rough
paths theory. To account for its relevance to this thesis, the following chapter introduces
the signature and provides a panoptic summary of those of its features that will be most

important to us.
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Chapter 2

Non-Local Analysis of Ordered
Data

Several aspects of this thesis are built with recourse to the signature representation of a
path in R? a central perspective on time-ordered data that originates from rough paths
theory [54, 104, 105]. Essentially, the signature offers an informative discretisation of a path
in terms of an algebraically organised selection of certain non-local (in time) features of the
path that are sufficient to characterise that path up to an inessential equivalence relation.!
Following a definition of what (random) ‘paths’ actually are (Section 2.1), this chapter gives

an essentially self-contained introduction to their non-local signature representation.

The route we take is novel and short: provided that a given path z : I — R? is continuous
enough, say of bounded variation, then elementary functional analysis allows us to naturally
identify this path with a bounded finite-rank operator on the space of continuous functions
over I, see Section 2.2. This identification, which is a trade-off between dimension and
linearity, has the advantage that bounded linear functionals admit powerful compressions
via restriction to smaller subspaces of their domain (cf. Hahn-Banach; such a restriction
is a lossless compression of the functional if the restricted functional admits a unique lin-

ear extension back to the full domain). The signature pertains to this compression principle:

Here, the subspace to which the operator x will be restricted is the span A, of all iterated
integral functions from the path z (Definition 2.2.3) and the signature of z, denoted sig(x),
is then precisely the transformation matrix (cf. linear algebra) of the restriction x|, wrt.

the ‘eigenbasis’ of iterated integral functions of x, see Section 2.2.2.2 Now is when the

! Intuitively, we may liken the signature coefficients of a path to the interior angles of a triangle: Both
characterise a global object (path; triangle) up to some ‘inessential’ equivalence relation (‘tree-like equival-
ence’ [66]; similarity) by exhausting the ‘global geometry’ of that object through an opportune selection of
some of its intrinsic features that are characteristic of this object (‘universal eigenstructure’ of a path when
seen as an operator on the continuous functions (see Section 2.2.2); the interior angles of a triangle).

2 Since the assignment x — x\Am is functional, we may — under a slight abuse of terminology — also refer
to the signature sig(x) as the transformation matrix of the full operator z (instead of just its A,-restriction).
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specific structure of the iterated integrals comes into play: the importance of these integ-
ral functions is that they are not algebraically independent but in fact highly interrelated
(they form an algebra), and this additional level of internal structure on A, implies (quite
intricately [66]) that the transformation matrix sig(x) characterises the underlying operator
x| A, uniquely? and that the restriction* = — x| A, is unique up to tree-like equivalence.
This combines to the initial statement that the signature characterises a path up to tree-like
equivalence [66]. This proposition justifies to interpret the sequence of numbers sig(z) as a

coordinate vector that identifies its path x uniquely (up to tree-like equivalence).

By duality, this signature coordinatisation of paths naturally extends to an analogous rep-
resentation for the laws of stochastic processes, resulting in what is known as the expected
signature of a process (Section 2.2.3). As the signature coordinates of paths and their laws
inherit from A, some internal algebraic structure, it is opportune to account for this fact
by treating the associated representations not as mere sequences in R but as elements of a
suitably constructed coordinate space in which this structure can be better reflected and
exploited. The space of formal power series turns out to be an appropriate choice (Section
2.3.1), and its endowment with natural structure-preserving bijections (Section 2.3.2) and

a suitable topology (Section 2.3.3) will prove useful in later chapters.

2.1 Paths and Stochastic Processes
For a set V and a linearly-ordered set I, we call a data stream in V over I any function
x I =V, tw— ay, (2.1)

writing = (x¢)ter = (z4) for short. In this thesis, we assume V' to be a Euclidean vector
space and x to have distinguished ‘features’, by which we mean the coefficients of (z;) with
respect to some fixed basis in V. We further require any two data points x5 and z; to be

‘close by’ if their indices s,t € I are close wrt. the order topology on I.

These assumptions are specific for the following central data type.

Definition 2.1.1 (Path, Components). A data stream = = (x¢)cr in V over I is called a
path in V over I if V= (V,(-,-)) is a Euclidean vector space, I is a compact interval and

the map (2.1) is continuous. Given V and I, the family of all paths in V' over I is denoted

C(I;V):={z|xisapathin Vover I}, and Cq:=C([0,1;R?) (d:=dim(V))

3

...and hence much more strongly than a generic transformation matrix defined on an (algebraically
independent) basis would; recall that those ‘generic’ matrices characterise their underlying endomorphisms
only up to similarity.

4 .. .defined on the domain of all continuous bounded-variation paths from I to R? ...
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is the canonical representative of C'([0,1]; V) once a fixed basis (e;);c[q of V' is chosen. In
this case, we denote by x° = (2%)ies := ((z4, €;))ter the i-th component of z, where i € [d].

We write # = (2");c[q) = (2) for a path z with components z?,.. ., z?.

Clearly, if z = (2°) € C4 then 2 € C; for each i € [d]. Recall further that the uniform norm
[2]loo := supsepo 1] [(xf,...,2¢)| defines a complete topology 7o, on Cy with associated Borel

o-algebra B(Cy) := 0(7x); under this topology, the Borel space Cy is Cartesian.
Lemma 2.1.2. The Borel spaces Cq and (Cy x - - - x C1, B(C1)®?) are canonically isomorphic.

Proof. The space Cy inherits the Cartesian structure of R = R x - -- x R via the canonical

Borel isometry ¢ : C; X --- x C; — C4 given by

d
Crh o ((@iher,(@ihe) — |13t = Y aj-e| € C (2.2)

i=1
for (ei)ie[d} the standard basis® of R%. Indeed: It is clear that 1) is a linear isometry with
respect to the Banach norms ||(z!,- -, 2o = max;e(qg |2* ]| and ||z s := max;efq ||mi o
]|oo on €% and Cy, respectively (where m; = (-,¢;)). As the norms || - |3 and || - || are
equivalent and hence induce the same Borel-structure on C4, the Banach isometry (2.2)

extends to an isomorphism of Borel spaces

(Cas | lloo) = (Crx -+ xC, - [la)

as claimed. But since the factors C; are separable metric spaces, so is C;%. As || - || induces
the topology of componentwise convergence, this implies that B(C*?) = B(C;)®¢ (see e.g.
[16, Appendix M (p. 244)]), which proves the claim. O

Remark 2.1.3. We call a data stream (2.1) discrete if I is countable. Since a discrete
data stream on V can be continuously injected into Cy via piecewise-linear interpolation
(certainly if |I| < oo; see Section 4.7.3), it will be no loss of generality for us to in the

following focus on paths over the standard interval [0, 1] only.

The parametrisation (2.1) of a generic path x € C; is generally still ‘too irregular’ to allow

for a meaningful global analysis of z. However, by imposing a control on the modulus
(57 t) — |xt - $s| (23)

of a path x, we can specify regularity conditions on (2.1) that allow for a certain ‘Hahn-

Banach-type compression’ of x which is known as the signature of .

5 Or, for the sake of generality, any fixed basis of V.
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More specifically, what we want is a control on the modulus (2.3) which ensures that the
parametrization (2.1) of a path 2 = (z%) is ‘tight enough’ for this path to induce a unique
linear operator (specifically, the vectorial Stieltjes-Lebesgue measure p, = (da?) identified
as a finite-rank operator on Cy; the latter identification is due to the Riesz-Markov-Kakutani
representation theorem, which we recall to establish a one-to-one correspondence between
Borel measures and linear functionals on locally compact spaces) that can then be ‘faithfully

compressed’ to its restriction on a certain ‘eigenspace’ of x; see Section 2.2.

A sufficient condition on (2.3) for such an ‘eigenspace compression’ of a path is as follows.

Definition 2.1.4 (p-Variation). Let p > 1. A data stream = in (V,|-|) over I is said to be
of finite p-variation if I is a compact interval and
1/p
[l = [sup 3 foo, =20, P| < oo (2.9
D (tv)eD

where the supremum is over the set D of all (finite) dissections (¢,) of I; set BV, := {z €
Ca | ||]|p-var < 0o} for the space of all such paths. We call of bounded variation a path with
finite 1-variation, and denote by BY := BV; the space of all such bounded-variation paths.

Remark 2.1.5. For each p > 1, the space BY, can be endowed with the p-variation
topology, T, which is the topology that the p-variation seminorm (2.4) defines on BV,
Moreover, as p — ||z||p-var is decreasing we have that BV, C BV, for any ¢ > p, whence it
makes sense to also consider BVy),, := clgy, (BV; 1), the topological closure of BY in BV,

with respect to 7,; see e.g. [104, Sect. 1.2] for details. .

As is typical in probability and statistics, we may regard a given path x € C,4 as a realisation
or sample of some C4-valued random variable X, that is consider the lift x = X (w) for some
w € Q, where (Q,.%,P) is some fixed probability space supporting X : Q — Cy4 (‘random
path’). This ‘data model’ for (2.1) is naturally formalised by the following central notion.

Definition 2.1.6 (Stochastic Process). A continuous stochastic process in R? is a map
X : Q—C4 suchthat wr— X(w) = (Xy(w))er is (F,B(Cq))-measurable,  (2.5)

where B(Cy) = o(m | t € I) denotes the Borel o-algebra on the Banach space (Cq, || - ||loo)-
Writing X;(w) = (X} (w), -+, X (w))T € R? for each w € €, the scalar processes X' =
(X))ter (i € [d]) are called the coordinate processes or the components of X = (X!, --- , X%),
and the pushforward measure Py :=Po X! : B(Cy) — [0, 1] is called the law of X.
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Remark 2.1.7. (i) From a more local perspective, Definition 3.2.1 is equivalent to the
description of a continuous stochastic process X as an I-indexed family X = (X)) s
of random vectors® X; in R? such that the map X(w) : I >t — X;(w) € R?is
continuous for each w € 2, see e.g. [134, Sect. 11.27].

(ii) In stricter terminology, a stochastic process X = (X¢(w))ter : I x Q — R as defined
by (2.5) is called jointly measurable. If the underlying probability space (2, %, P) is
filtered then it can carry measurability notions stronger than (3.4) such as progressive
measurability or predictability, see e.g. [157, Proposition 2.23]. For our purposes, the

weak notion of measurability given by (2.5) will suffice.

Unless mentioned otherwise, any given stochastic processes is assumed continuous.

2.2 The Signature Representation of Paths and Their Laws
We now formally introduce the signature representation of a path as outlined on page 2.

2.2.1 Stieltjes-Embeddings of Paths and Iterated Integrals

Let  : [0,1] — R? be a path of bounded variation, and recall that paths of this regularity

can be embedded into the space of signed measures via their Stieltjes measures.

Lemma 2.2.1 (Bounded-Variation Paths < Signed Measures). For each path x € C; of
bounded variation, there exists a unique signed measure g : B([0,1]) — R, the Stieltjes
measure of x, such that p, = u} — p, for measures pt : B([0,1]) — Ry given by the
identities puj ((s,t]) = 3 [||:E|(s,t}”1—var + a:s,t} and p; ((s,t]) = 3 {||x|(s7ﬂ\|1_var — 1'574 for each
0<s<t<1, where xs; := 2 — 5. In particular, for each ¢ € C; we have that

1 1
/O oo pia(dt) = /0 o, (2.6)

where the RHS is the classical Riemann-Stieltjes integral of ¢ with respect to x.

Although this one-to-one (cf. Rem. 2.2.2) correspondence between BV paths and (signed)

measures is very well-known, let us account for its importance by including a brief proof.

Proof. Fix any = € C1 with ||z 1.var < 00, and abbreviate vi(z) := ||z - 1jg 4[1-var, t € [0,1].
Note that v(z) < vi(z) < oo and Hxl(&t]Hl_wr = v(z) —vs(x) forany 0 < s < ¢ <1, in
direct consequence of (2.4). Given the elementary measure-theoretical fact that the family
R :={(s,t] | 0 < s <t <1} C 201 of left-open subintervals of [0,1] is a set-theoretic

semiring generating the Borel-o-algebra on [0, 1], i.e. that o(R) = B(]0, 1]), Carathédory’s

6 For us every random vector in R? is Borel, i.e. an (%, B(R?))-measurable function.
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classical extension theorem guarantees that the set-functions pf : R — R, defined via
o-additive extension of the assignments (s, t] — % [Hazl (5.] ||1—var + xs’t], respectively, can be
uniquely extended to measures = on B([0,1]). Setting y, := puf — pu; then yields a signed
measure on B([0, 1]), and for any other measures i* on B([0, 1]) with u, = i+ — i~ it holds
that g% = pt as the Jordan decomposition of j, is unique (e.g. [64, Sect. 29 (p. 122)]).
To prove (2.6), let ¢ : [0,1] — R be a continuous function and take any sequence
(Z2m.={0= t(()n) < t(n) . < t(n) =1} | n € N) of partitions of [0, 1] with vanishing mesh
size |2"| .= max{]t§- t(n 117=1,...,mp} — 0asn— oco. Then the RHS of (2.6) exists
and we have (cf. [154, Satz 6.2])
1 . 0
o o n
/0 prdr; = nlggo; Py (o0 =y ) = Lim | o pa(ds) (2.7)

n—oo [071]

with (™ : Zgot(n) G t(m}(s) + o - ]1{0}(3).7 As limy, o0 |2 = 0 and ¢ is right-
ot

continuous, hmn_>oo (™ = ¢ holds pz-almost everywhere; moreover, (w(")) is L'-dominated
due to o™ < @ := M, - Ljo,1) with M, := max¢o 1) |¢s| for all n € N and f[O,l]gB dlpz| <
My (13 ((0,1]) + p ((0,1])) < oo, where |uy| = pf + p; denotes the total variation of .
The identity (2.6) hence follows from (2.7) and dominated convergence. O

Remark 2.2.2. (i) Denoting Mg(I) := {u : B([0,1]) — R | u is o-additive} for the
space of (finite) signed Borel-measures on the interval I := [0, 1], notice that it is
justified to call the assignment C; N BV 3 = — pu, € Mg(I) of Lemma 2.2.1 an
‘embedding’ because it is almost injective in the sense that: if pu, = p,, then zo¢ (=

pz([0,t])) = you for each 0 < ¢ < 1 and hence z =y + ¢ for some ¢ € R.

(ii) While any BV-path in C; induces a Lebesgue-Stieltjes measure in Mg (I), the converse
association is also true in that for every u € Mg(I) there exists a unique (up to
constant intercept) bounded-variation path x € C; such that u = py; see e.g. [53,
Thm. 1.16] together with [64, Sect. 29 (p. 122)].

(iii) A pathz = (z',--- 2% isin BV iff 2',... 2¢ € C; "BV, and we have the embedding
BY 52= (') < pig= (g1, piga) € Mg(D)*% (2.8)

If a,  are continuous bounded-variation paths from [0,1] to R then so is their Stieltjes

product .
axf = (/ Qs dﬂs> . (2.9)
0 0<t<1
" Notice that pe (157, 85"]) = wa((0,57]) = o ((0,524)) = (s ((0,85]) — pud ((0,6574])) +
( ((O’t<n) ) Mo ((0 t;m])) = %[2%(") - 2xt(."i>l] =Ty — xt,(.jl
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Let us now introduce a countable family of C;-nonlinearities (the ‘iterated integrals’ of x)
that is ‘characteristic of #’ in the sense that their dual pairings (Riesz-Markov) with the
Stieltjes measure iz = (jg1, .. ., figa) € Mgr(I)*? characterise the path  up to a constant

intercept at best and up to a minor ambiguity (‘tree-like equivalence’ [66]) at worst.
Definition 2.2.3 (Interpaths). For a path z = (2¢) € C4 of bounded variation, we define
the interpaths (z* | w € [d]*) C Ci N BV of x recursively via
=1 and B = 3V x (2" — x0) (2.10)
for each letter ¢ € [d] and every multiindex w € [d]*. We call eigenspan of x the subspace
Ay = spanp{Z"¥|w € [d]*} of Ci. (2.11)
The following is well-known, see e.g. [66, Lemma 5.15] (or Proposition 5.9.3 (ii)).
Lemma 2.2.4. The eigenspan A, of a path x € BY is a subalgebra of C;.

Notice that the product (2.9) defines a noncommutative and associative binary operation
on the path space CP¥ := C; "BV, turning this space into an associative algebra. This allows
us to identify the algebra of functions (2.11) with the ring of non-commutative polynomials

in the formal (path) variables z', ... 2%, cf. also Definition 2.3.1.

Remark 2.2.5. Written out, the mterpaths (2.10) of z = ,2%) read

=gl —ah, V= xosdx NZ]k ///daz dadda®,

for each i,j,k € [d] and 0 < ¢t < 1, and are thus precisely the iterated integrals from [31].

2.2.2 The Signature — A Non-Local Characterisation of Paths

The unique® representation (2.8) of a continuous bounded-variation path x : [0,1] — RY
as a tuple p, of signed Borel measures on [0, 1] allows us to view the infinite-dimensional

object x from the convenient angle of functional analysis, namely as the finite-rank operator

z:C =R, o x(p) = /Olgod,ux = </Olgod,ux1, .. .,/Olgpd,uxd> = (z'(p)). (2.12)
This is a potent ‘change-of-variables’ for z, namely from its time-local default parametrisa-
tion (2.1) to the ‘time-global’ parametrisation (2.12) in which = now appears as a bounded
linear map over the much richer domain C; instead of a generally nonlinear function over

[0,1]. This trade-off (2.12) between dimension and linearity brings an advantage:

While the time-domain [0, 1] in the (2.1)-parametrization of = has no distinguished

subsets that allow for a particularly informative compression® of z in general, the vastly

8. . up to a constant intercept ...
® For instance, while the discretization Cqy 3 = — (2¢)reing € RN is an injection of Cq into a lower-
dimensional domain (thus a compression in our general understanding of the term) it is usually not very

insightful.
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larger size of C; in combination with the linearity of x in (2.12) opens up new possibilities to
achieve such an ‘informatively compressed’ representation of x, namely in the spirit of the

extension theory of Hahn-Banach: can we find a ‘convenient’ subspace A of C; for which
(a) the restriction z|, admits a unique linear extension to L(Ci,R?) 2 (C})*4, and
(b) x| is ‘well-structured’ and allows for an efficient and insightful analysis of z ?

Since the ‘path-operator’ z in (2.12) is bounded-linear'® and hence in L(Cy, R%), point (a) is
equivalent to the requirement that (BV/R? =) L(C1,R?) > x — x| 4 be an injective assign-
ment and, thus, a lossless compression. Point (b) asks for the compressed representation
x| 4 of x to be more efficient to analyse than the full path and to provide insights that its

default time-local representation (2.1) does not readily reveal.
By choosing A as the span A, of its iterated integrals, the signature of a path z offers such
a compressed representation of (2.12) for which the above, and much more, is satisfied.

Definition 2.2.6 (Signature). For z = (2*) € BV with interpaths (Z"),,c(q)+, the sequence!!

sig(z) = (sig,(z) | w € [d]*), with sigy(z) =1 and sig,,;(z) = z'(z") (2.13)

*

for each letter i € [d] and every multiindex w € [d]*, is called the signature of x. The

associated map sig : BY — RA4" 2 — sig(x), is called the signature transform.

Remark 2.2.7. From the definition of A, and the linearity of (2.12), we clearly have

sig(r) = (2(0) | p € Ar)  (see (2.24)), (2.14)
and by the definition (2.10) of the interpaths (Z*) of x (cf. Rem. 2.2.5) we also have

sig;,..i, (T) = /0<t ey <1dx2 - dxéz for any d1,...,4m, € [d], m € N, (2.15)
1> Stm>

whence it is clear that Definition 2.2.6 coincides with [104, Definition 2.6], cf. also Sect.
2.3.3.

The signature owes its significance to the finer structural properties of its underlying

algebra A, as these give that [66]

9 Tndeed, since for each ¢ € Ci we have z(p) = Z‘;lwzi,gp) ey with |[(pgi, 0)| < ||pgillTv]elles and

i . _ 1
tzi [TV = [|2°[[1-var, it follows that ||z = sup, =1 [2(9)] < dl|z|[1var < co. (Here, (u, p) := fo @du and
| - |lTv is the total variation norm on Mg(T).

1 Note that (2.13) may be referred to as a sequence upon lexicographical ordering of the multiindices w.
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(a’) the map (L(Ci,R?) =) BY/R? 5 x +— x|, s injective up to tree-like equivalence;'?

(b') the restriction x|, is uniquely determined by sig(x) € R

(iow., the difference between the tuple (z(¢) | ¢ € A;) and the map x|, is not essential).

The above combines to the faithfulness of the signature transform, see [66, Theorem 4]:
(¢) For any x,y € BV, if sig(x) =sig(y) then x =gy up to tree-like equivalence.
Point (c) suggest to interpret sig(z) as a (basis-free!) non-local coordinate vector of .

Remark 2.2.8 (Rough Paths). Definition 2.2.6 can also be generalised to paths beyond BV .
For paths rougher than bounded p-variation for p > 2, the essential ‘iteration algebra’ (2.9)
underlying the representation (2.13), which for bounded variation paths holds by necessity,
needs to be imposed up to a certain finite ‘germ level’ (the rougher the path, the higher
up this imposition needs to go) from which the full signature representation can then be
uniquely extended. This (mainly technical) extension is at the centre of the theory of rough
paths, and we refer the interested reader to the monographs [54, 104, 105] for instructive

accounts on this topic. *

This signature representation of a path enjoys a number of useful algebraic properties

and invariances, see for instance [54, 104, 105] or Section 2.3.3 and Section 5.9.2.

2.2.3 The Expected Signature — Coordinates for Stochastic Processes

The signature transform compresses a bounded-variation path in Cy to an element in Rl

(Section 2.2.2). We will now extend this compression to the laws of random paths in R?.
This extension can be motivated by an analogous relation between the classical moments

for laws in B(RY) and the ‘moment coordinates’ of vectors in R?, see Remark 2.2.10 below.

Definition 2.2.9 (Expected Signature). For X = (X}, - an)te[o,l} a stochastic process
in R? with sample-paths of bounded variation, the collection of real numbers (if it exists)

S(X) = (0§(X));e[qq defined by the expected iterated Stieltjes integrals

o:(X) ::EU X dX2---dXym | for d= (i, ..., im) (2.16)
0<t1<to<--<tm<1

and with oy(X) := 1, is called the expected signature of X.

2 Note that for the stronger assertion (a)\A:Am to hold as stated, it is sufficient that the algebra A,
separates points (which holds, e.g., when one of the path components is strictly monotone). Indeed: If A,
separates points, then Lemma 2.2.4 implies via the Stone-Weierstrass theorem that A, lies dense Ci. As
any bounded linear operator with norm-complete range admits a unique linear extension to the closure of
its domain, (a)|A:AI follows. (If the component x of x = (z¢) is strictly monotone, then the interpath
o =gl — xéo € A, and thus A,, separates points.)

13 More accurately, a coordinate vector wrt. the canonical ‘eigenbasis’ of = that is given by (2.10).
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By the next remark, the expected signature (2.16) of a random path in Cy4 can be regarded
as a natural ‘noncommutative’ extension to B(Cy) of the classical moment-based coordinates
(2.17) on B(RY); this justifies calling &(X) a ‘coordinate vector’ for (the law of) X.

Remark 2.2.10 (Motivation). Many results in statistics are based on the well-known fact
that the distribution of a random vector Z = (Z',---, Z%) in RY can be characterised by a
set of coordinates with respect to a basis of nonlinear functionals on R?. More specifically,
any such vector Z can be assigned its ‘moment coordinates’ (m;(Z ))ie[d]* C R defined by

Wi, (Z) = IE[Z“--.Z%} _ /R

dl’il Ty, Pz(dZE). (2.17)
As the linear span of the monomials {x; = x;, --- i, | © = (i1,...,%m) € [d]*} is uniformly
dense in the spaces of continuous functions over compact subsets of R?, the coordinatisation
(2.17) is faithful in the sense that, under certain conditions [96], the (coefficients of) the

moment vector m(Z) = (m;(Z))ejq+ determine the distribution of Z uniquely.

Now, if instead of a random vector in R one seeks to find a convenient coordinatisation
for the distribution of a stochastic process X in R? i.e. a random path in C4, then one
can — perhaps surprisingly — resort to a natural generalisation of (2.17), which will be the
expected signature (2.16) of X: Analogous to how the monomials {z; | ¢ € [d]*} are a
basis!? of nonlinear functionals on R? that provides coordinates (m;,..;,, | (2.17)) C R for a
random vector in R%, the signature coordinates sig(x) = (sig;(z) | as in (2.13), i € [d]*) of

(regular enough, say of bounded variation) paths 2 € C4 induce nonlinear functionals

sigi .., ¢ T sig; . (1) = dxgdxg . -dxiz (2.18)

‘/Ogtl <t2<...<tm<1

on applicable subspaces of C; which define a dual basis'® for the vector z € C4 (‘noncom-
mutative moments’). Thus, these moments yield ‘dual coordinates’ (0;);eqp+ C R for (the

law of) a random path X in C4 via
G (X) = /5igi1,,,im(x) Py (dx) (ity- .. im € [d], m > 0)
Ca

o | (2.19)
= E[/ dX; dxgz .- dxjm| .
0<t1<ta<--<tm <1

Similarly still to the monomial dual basis {z;, - - - x;, } on RY the linear span of the above
functionals {sig,,..; | (2.18)} is closed under pointwise multiplication and hence forms an

algebra over the space of applicable paths in C4, from which one obtains that their linear span

1 Cf. the trivial fact the monomials 1 = (-,e1),...,2q = (-, eq) determine each vector in R? uniquely.
'® In the sense that the coefficients (sig,,..; (z) | (2.18)) = sig(z) determine the path z (essentially)
uniquely, as detailed in Section 2.2.2.
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is uniformly dense in the space of continuous functions over (certain) compact subsets of C4
(Stone-Weierstrass), see e.g. [104, Thm. 2.15] (and Lemma 2.3.5 (iv)). Consequently,'® one
can infer in analogy to (2.17) that the dual coefficients (2.19) define a complete (i.e. ‘charac-
teristic’) set of coordinates for the distribution of a stochastic process X = (X}, -, X)ier

in R? that has compact support (and sample paths of bounded variation). *

Remark 2.2.11. (i) The above-mentioned assumption of compact support for Py is
of course much too restrictive on a non-locally compact space like C4, but under
additional decay conditions [33] or by using a normalization [34, Theorem 5.6] it can be
shown that the coefficients (0;,...;, (X) | (2.19)) indeed characterize the distribution of
X uniquely even if the compactness assumption is dropped. Extending the definition
of (2.13) to paths less regular (‘rougher’) than of bounded variation is at the centre
of the Theory of Rough Paths ([54, 104, 105]).

(ii) The first application of the coordinates (2.19) in statistics was given in [123] for SDE
parameter estimation, with more recent applications including the development of

non-commutative cumulants [19] and Hurst parameter estimation [47].

2.3 A Coordinate Space for the Laws of Stochastic Processes

To make the sequences sig(x) and &(X) more convenient to work with, we will embed them

into an appropriate space where their information can be analysed more efficiently.

Note for this that in contrast to the elements of an actual vector space basis, the family
of interpaths (2.10) is not algebraically independent in the sense that there are nontrivial
polynomial relations among the elements % of the algebra C;, see Lemma 2.2.4. This
complexity of (2.11) is accounted for by, instead of treating it as a mere vector in R
embedding the sequences sig(x) and &(X) as elements of (the closure of) the following

algebra.

2.3.1 The Space of Formal Power Series

Let [d]* be the free monoid on the alphabet [d] = {1,...,d}, denoting by * the monoid
operation (word concatenation), and identify each multiindex (i1, - ,4y) € [d]* with the

word iy -ip (= i1 %+ *1y,) € [d]* it defines, with € (+» () the empty word.

16 Recall that by Riesz representation theorem, a (signed) Borel measure on a compact metric space
K acts as a continuous linear functional over the space C(K) of continuous functions on K and is hence
uniquely determined by its (dual) functional action on a dense subset of C'(K).
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Definition 2.3.1 (Coordinate Space). For [d]* as above, define R[d]* as the free associative
R-algebra on [d]*, that is

Rld]:= € Ruw (2.20)
weld]*

with multiplication the R-bilinear extension of *, for & the external direct sum and Rw the

free R-module over {w}. Denote further by R[[d]] the [d]-adic completion'” of R[d], that is

R[[d]] ={t:[d* =R | tisamap} = {Z t(w) - w ’ te R[[d]]} ; (2.21)

weld]*

i.e., R[[d]] is the ring of formal power series in the variables 1,...,d over R.
A few basic remarks about the spaces R[d] and its closure R[[d]] are in order.

Remark 2.3.2. (i) Clearly, every infinite [d]*-indexed sequence a = (aw)ye[q» With real

entries, such as sig(z) or &(X), can be embedded into R[[d]] via
a = Zwe[d]* to(w) -w €R[[d]] with t,(i1---im) = Qijerip,-
(ii) Grouping the (free) summands in (2.20) and (2.21) by their wordlength, we have

R[d] = évm and R[[d]= [ Vm for Vimi= & Rw, (222)

m=0 m=0 wed]*: |w|=m

where the length |w| € Ny of a word w € [d]* is defined as the number of its letters.
Since the words in [d]* are a basis of R[d]|, any element a = (a,) of R[d] can be

uniquely written in the form

0 )
a = Zwe[d}* Ay W = ZO Z Qjq ey, ig i =: ZO Qy,, (223)

1, im€[d]
where all but finitely many of the coefficients a,, € R are zero; the elements of R[[d]] are
of the same form except that for these we may have a,, # 0 for infinitely many words
w € [d]*. This defines projections m, : R[[d]] = Vi, mm(@) = a@m = X jypmm Gw - @
for each m > 0; we call (ap,)m>0 the graded representation of an element a € R[[d]]

and refer to a,, as its homogeneous component of degree m.

(iii) The space R[[d]] is the topological (wrt. the [d]-adic topology, cf. Section 2.3.4) dual
of R[d], in symbols: R[[d]] = R[d]’, and the space R][d] is the algebraic dual of R[[d]],
in symbols: R[d] = R[[d]]*. The dual pairing between these spaces is given by

(o) Rl xR[d] > (a,b) — (a,b) =Zwe[d}*<a7w> (b,w) € R,

with (-,-) : R[[d]]*? — R the (infinite) bilinear extension of (u,v) := 8y, u,v € [d]*.

7 See for instance [132, p. 17].
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Remark 2.3.3. The coordinate space R[d]* is not just an R-vector space but a twofold
bialgebra (in fact: a Hopf algebra with antipode given by the signed order-reversion of
words), namely wrt. the two multiplications given by (a) the concatenation product * (the
R-bilinear extension of the word-concatenation on [d]*), and (b) the shuffle product w from
(4.6), see [132, pp. 29 and 31] for details. The bi-algebra structures associated to these two
products are an algebraic reflection of the duality between (2.17) and (2.18), cf. also (4.5)
and Proposition 4.2.2. *

By Remark 2.3.2 (i), we may now organise the information contained in the signature

sig(x) = (sig,(z) | w € [d]*) of a path = = (2%) € BV in form of the formal power series

d d
519(%) = Zwe[d]* Elgw(iv) w=e€e+ Z |:Zw6[d]* 519101(]") ’ U):| = et Zﬁtg(l)(x) "l
i=1

=1

where we call sig? () := Pweld §18wi(z)w € R[d]] the i-th partial signature of x. By
(2.13),
:E’(go) = <5ig(i) (x),£¢> for every ¢ € A,, (2.24)

where £, 1= 3", ¢+ Cw - w € R[d] for any fixed tuple!® (c,,) C R with ¢ = Dweld) Cw - T
It will likewise be mathematically convenient to also embed the expected signature, i.e.
the coordinate sequence &(X) = (0, (X)) with entries (2.16), as a formal power series in
1,....4,

S(X) = Zwe[d}*aw(X) ~w € R[[d]]. (2.25)
It turns out that the expected signature (2.25) is somewhat ‘bloated’ in that it exhibits a
certain level of internal algebraic redundancy. In fact, as we will see next, it turns out that

the coordinate vector (2.25) is ‘close to an exponential’, which allows for the information it

contains to be efficiently compressed by a logarithmic ‘change of coordinates’.

2.3.2 Group-Like Elements, Exponentials, and the Logarithm

Following (2.25), the expected signature &(X) of a process X in R? can be seen as a coordin-
ate vector of X wrt. the monomial standard basis B := {iy--- i | i1,...,i € [d], kK > 0}
of R[d]. The vector &(X) itself, however, is contained in a nonlinear subspace of R[[d]];

more specifically, it is in fact ‘close to an exponential’ in the following sense:
Algebraically, &(X) lies in the convex hull of the set

Ra = sig(BY) = { e sigu(r) -w | x € BV} €V Gy (2.26)

18 Recall that while not necessarily unique, such a tuple exists by definition (2.11) of the eigenspan.
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where G, is the subgroup?® of (Ry[[d]], *) of group-like elements, or characters, defined by

G = {t € Ry[[d] ]vnq €R[d : (t,pwaq) = (t.p) - (t,q)}. (2.27)

The above definition features the shuffle product w : R[[d]]*? — R[[d]] which is given by

infinite bilinear extension (from ([d]*)*? to R[[d]]*?) of the assignment

woe (A dg dpgr o dpge) Y ira) - ir(ere), (2.28)

TESk,¢

where the above sum is taken over the family?! of (k, £)-shuffle permutations
Sk ={7€ Spqe | T(1) <--- < 7(k) and 7(k+1) <--- <7(k+1)}.

As exemplified by (2.27), the (commutative) product (2.28) captures and accounts for the
noncommutativity that stems from (products of) the iterated integrals (2.10). In fact, Gy
is a Lie group with Lie algebra?? (e.g. [132, Thm. 3.2]; cf. (2.23) for notation)

Lo={t=Tpzotm € Rold] | tm € £}, ¥n >0},

where EEI] denotes the free Lie algebra on 1,...,d, i.e. the smallest R-submodule of R[d]
that is closed under the Lie bracket R[d]*? > (p,q) — [p,q] := p * ¢ — q * p;> the space

R[d] is then precisely the envelopping algebra of Lg. This relationship implies the identity

1
g (2.29)

m)!

Ga = exp(Lq) with exp(t) = e = >

m>0
for t € Ry|[[d]], where the series converges in the [d]-adic topology on R[[d]] (cf. Sect. 2.3.4).
Now from the inclusion &(X) C G4 and (2.29), it is reasonable to expect a ‘more parsimoni-

ous’ (than &(X)) coordinatisation of a process X wrt. B to be given by the B-coordinates
of the faithful linearisation ®(S(X)) of (2.25) which is effected by ®(t) := log(t) with

log(t) := Z

m>1

(_l)m_l (t _ 6)*m (230)

for t € Ry[[d]], since we have ®oexp = idp,[iq) (cf. Remark 2.3.4). This linearised coordinate

description ®(&(X)) of Px underlies the concept of signature cumulants, see Section 4.1.

9 For this inclusion, see e.g. [132, Thm. 3.2 ((i) ¢ (iii)) and Cor. 3.5].

20 See e.g. [132, Cor. 3.5, with us denoting R [[d]] := {t € R[[d]] | (t,€) = a} fora =0,1.

21 Note that in general, Sk,e is not a subgroup of Sk, as for instance both o := (3 2) and 7 := (2 4 3)
are elements of Sz 2, but their composition p := 700 = (3 4) is not (due to p(3) =4 > 3 = p(4)).

22 The elements of L4 are called Lie series, while the elements of Ll[i] are called Lie polynomials.

3 For a definition of ‘free Lie algebra’ see e.g. [132, Sect. 0.2 (p. 4)], and note that the given minimality-
characterisation of L([j] holds by [132, Thm. 0.5 and Thm. 0.4].
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2.3.3 A Locally Convex Topology

As of yet, the space R[[d]] has been regarded simply as an ‘algebraic container’ for the
coordinate sequences (2.13) and (2.25). In order to make the information provided by these
vectors amenable to some further mathematical analysis, including considerations of conver-

gence, it will be convenient to endow their coordinate space R[[d]] with a suitable topology.

Recalling the product structure (2.22) of V*° := R][d]], convenient topologies on this space
can be defined as follows: We identify V°° with the tensor algebra [[;7>o Vi (canonically
isomorphic?* to (2.22)) where Vo = R and V,,, = V¥ for V; = (R%,| - |2), and endow this
space with its natural tensor algebra structure with 1.25 Denote by |- ||, the Euclidean (i.e.,
| - |2-induced) tensor norm on V,,, and (as in Rem. 2.3.2 (ii)) write 7, : V° =V, (— V),
7m((vj)j>0) = Um, for the canonical projection of V*° onto its m'" factor. Let further

Vim) = I[;L0 Vo be the truncated tensor algebra, and 7, := > )" 7, the truncation map.

Remark 2.3.4 (Truncation). Notice that Vim) comes equipped with a natural algebra

structure, namely the one realised as the quotient of V°° by the ideal [],-,, V,; the map
T[m] 18 then the canonical quotient epimorphism. Note in particular that
m 1 k— 1
Tm) IOg Z Tim) (t - 6)] =: log[m] (t) ) (231)

defining a (bijective) polynomial map logp, : V1) — Vi (= V™ the space Vj, is
embedded as a (closed) linear subspace of V*° but not as a subalgebra). In the above, *
denotes the multiplication in the algebra Vi), i.e.: mpp(t1) % 7y (t2) def ) ($1 * t2), for
any t1,t, € V°.

Our topological coordinate space for (random) paths and their laws is then the space
Vi={tev= ' £l := Lzollmm @) m - A™ < 00, YA >0} (2.32)

equipped with the locally convex topology induced by the (fundamental) family of norms
(IIlly T A > 0). (Note that the subspace topology on V;, C V coincides with the (Euclidean)
topology on (Vin, || - |lm).) Compare with [33, Section 2], where the locally m-convex algebra

(2.32) was first established for the analysis of signatures and their expectation.

The fact that sig(x) = (sig,,(x))m>0 (recall (2.23)) decays factorially in the degree of its

homogeneous components sig,, (x), namely (see e.g. [104, Theorem 3.7] for a reference)

m
[sig,, (z)]],, < Hxﬂl"h’;r for each m >0 (2.33)

24 Via [d*2i1-im & ei; ® - e, €V and € < 1 €R, with (e:);¢[q) the standard basis of RY.
%5 See e.g. [104, Sect. 2.2.1, Rem. 1.24 f.] for details.
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with ¢ := 14 72 5(:25)?, implies that sig(z),S(Y) € V, see also Lemma 2.3.5 below.

For convenience, we will also employ the dilation maps
5)\ V= V, (Um)mzo — ()\m . Um)mZO; ()\ > O)

as well as the subspaces V(o) := {t € V | mo(t) = ¢} and Ve (defined analogously), and
recall that the space BY = C4NBV of continuous R?%valued paths of bounded variation can

be endowed with the p-variation topology (any p > 1) defined via the seminorm (2.4).

The next lemma collects basic facts on V', (2.13) and (2.30) that are useful for Section 4.4.
Lemma 2.3.5. Let V' and sig and log be as above, and p > 1. Then the following holds:
(i) the space V is a separable and metrizable Hausdor(f space;

(ii) the signature transform x — sig(x) defines a map sig : BY — V which for any

1 < p < 2 is continuous wrt. the p-variation topology on BYV;

(iii) the signature is invariant under order-preserving time-domain reparametrisations of
its arguments, i.e. sig(x) = sig(zy) for v, = (@) )es with ¢ € C(J;1) strictly

monotone;

(iv) for each p € C(K) with /T C BY compact, there is a sequence of index-polynomials
(£j)jen in V° = D10 Vi C V™ such that ¢ = lim; o0 (sig(:), £;) wrt. || - ||oos

(v) the capped logarithm log,,) : V(1) = V from (2.31) satisfies logf,,) = 10g[,,) © M) and is
continuous for each m > 0, and log from (2.30) maps subsets of {t € V(1) | [t — 1], <
1} to subsets of {€ € V> | [[£]|, < Xopz0(20/A)™} for any A > 2p;

(vi) for eachm >0, it holds that on ||-|| ,-bounded subsets the projections Ty, : V> — V>

converge uniformly wrt. ||-||; to the identity operator on V°°;
(vii) for each A > 0, we have that 0y olog = logody and dy[sig(x)] = sig(A-z), any z € BY.

Proof. Statements (i), (ii) and (iii) are well-known, see e.g. [33, Cor. 2.4 and Cor. 5.5]
and [66, Thm. 4] (or simply apply the change of variables theorem for direct verification).
The approximation property (iv), which is sometimes referred to as the universality of the
signature, is an immediate consequence of the Stone-Weierstrass theorem and the fact that
the set {(sig(-),£) | £ € V°} is a subalgebra of C'(K) which contains the constants and
separates points (the latter due to [66, Thm. 4] which implies that sig : BY/T — V is
injective), see e.g. [34, Thm. 5.6. (2)].
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(v): As is immediate from (2.31), the map log(, is a polynomial and hence V-valued
and continuous, the latter by the fact that (both m,,,) and) the multiplication * (= tensor
multiplication ®; cf. footnote 24) on V' is continuous (e.g. [33, Section 3]). The commutativ-
ity of logy,,; and [, is clear again from (2.31). As to the boundedness assertion, let A > 2p
and denote By := {t € V(1) | [[t — 1|, < 1}. Then in particular sup;cp, |7m()[lm < A7
for every m > 0, whence for each t € By and £ := log(t) we have that, for all m > k > 1,

" m—1 —m
|mmle=0")| < X @ s T @), < (k_ 1) A
mi+..+mr=m
my>1
(as the tensor norms || - ||, are each submultiplicative), and hence find from (2.30) that
Z1(m-1\ _ _
17 ()|l < Z( ))\ oL 2mATT for each m > 1,

k:lk k—1

implying that supseiog(,) €I, < >op>1(20/A)™ < 00, as desired.
(vi): Let B C V> be bounded wrt. |[|-[|,, i.e. suppose that 8, := supep|[t]|, < oo
Then there will be some 0 < ¢ < 1 together with an index mg > 1 such that

m

sup ||mm (&) |lm < ¢ for each m > my. (2.34)

teB

Indeed: Assuming otherwise that the above does not hold, we for any given g € (0, 1) obtain

the existence of a sequence (t),cy C B with the property that
7, ™ I, > g™ for each neN
for some strictly increasing sequence (my,)nen C N. But choosing ¢ > p~! then implies that
Bo = supllt™]] = sup(p-g)™ = oo
neN neN

in contradiction to the [[-[| ,-boundedness of B. Thus (2.34) holds, and with it (by conver-
gence of the geometric series) the claimed uniform [|-|;-convergence of (7(,,))men-

(vii): This is clear by inspection of (2.30) and (2.18), respectively. O

2.3.4 Complementary Remarks
2.3.4.1 On the Series exp and log

The [d]-adic topology on R[[d]] is induced by any of the ultrametric distances
dg(a,b) := 0% for 9 € (0,1) and o(c) := min{|w| | w € [d]* : (c,w) #0}  (2.35)
and ¢(0) := +oo (with 0 := 0-¢€). This topology admits the neighbourhood system

Ua = (Ur(a) \ L C [d] finite), Up(a) := {b € R[[d] | (b,w) = (a,w), Yw € L},
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and it is the coarsest topology wrt. which the linear functionals R[[d]] 5 a — (a,w) € R
are continuous for each w € [d]*. See [132, p. 17] for details. As shown next, it is wrt. this

topology that the series (2.29) and (2.30) converge.

Let (@;)ien be a sequence in R[[d]]. The fact that the distance function in (2.35) satisfies
the ultrametric inequality directly implies that the series }°;-a; converges (in R[[d]]) if
and only if a; — 0 as ¢ — oco. Given the above neighbourhood system, this in particular
implies that, for any a € R[[d]], the series ;5 ¢;-a* (any (¢;)i>0 C R, and a* := ax---*a
(i-many times)) converges if o(a) > 1 (as then o(c; - a**) > 7).

Thus for any a € Ry][[d]] (i.e. whose scalar intercept is one) we have convergence in R[[d]]

for all of the following power series: 3~ a** as well as, recall (2.29) and (2.30),

expla—1)=e* ! = Z i(a —1)"" and log(a)= Z

|
m207n' m>1

EV" a1 (236

a—l)

with 1 :=1-¢, where exp(log(a)) = a and log(e = a — 1 by direct calculation.

In particular, an element a € R][d]] is invertible iff ag := (a, €) # 0, and then

7\ —1 7\ *k *k
a 1 a
o) e g )] 25 02
ao k>0 ao ao k>0 ao
for a’ := ap-1— a. Also, if s := >i>0 @i converges then, by the continuity of (-,w),

(s,w) = >7;5p(a;, w) € R for each w € [d]*. This together with (2.36) yields that exp :
Ro[[d]] — Ry[[d]] and log : Ry[[d]] — Rg[[d]] are bijections with exp~! = log.

2.3.4.2 The Geometry of Ry

While the log transform (2.30) yields an efficient compression of the somewhat redundant
‘exponential’ coordinatisation (2.25) of Px, we do not currently know if x(X) € Ly in
general. Certainly this would hold if the signature space R4 was convex, which seems to be
an open question; clearly, at least, the space R4 is not generally an affine space. Indeed: If
the space Ry C R[[d]] was affine, then (due to € € Ry) its translation R}, := R4 — € would
be linear and so would be its m-projections R, := m,(R}) for each m > 0 (cf. Remark
2.3.2 (ii)). While this holds for m = 0, 1, the case m = 2 already fails in dimension two: in
this case, Ry = {q(2) = >0, j=12510;;(2) -ij | 2 = (z,9)T € BVa} with q11(2) = sigy(2) =
xal > 0 for each z € BVy; hence for any Z € BVs with ¢11(2) > 0 we have X\ - ¢(Z) ¢ Rs for
all A < 0, showing that Ry cannot be a vector space. In fact:?® since gg2(2) = sigyy(2) =
Y51 and qi2(z) = sigyy(z) = Jowosdys and go1(z) = sige;(2) = fyyorday, we find that

(12 + q21)2 = q11¢22 (via partial integration) with no interdependencies among qi2, q11, g22,

26 We thank Terry Lyons for contributing this observation.
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and hence that Ry = {(q11(2),22(2),q12(2), @21(2)) | z € BVa} C {(X,Y, A1, A) € R?* |
(A1 4+ A2)? — XY =0}, implying that Ry is a non-affine three-dimensional algebraic surface

locally parametrized by the first three components (qi11, g22, q12) of its constituent vectors.
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Chapter 3

Nonlinear Independent Component
Analysis

Motivated by recent breakthroughs of Hyvérinen and Morioka [82, 83], we revisit the infer-
ence problem (1.2) for stochastic processes! X = (X;) and S = (S;) with recent tools from
stochastic analysis. We lay some theoretical foundations for the blind inversion (1.3) and
provide general identifiability results that generalise Comon’s classical independence-based
inversion criterion from linear mixtures of random vectors to nonlinear mixtures of discrete-
and continuous-time stochastic processes, see Theorems 3.1.1,3.3.3, and 3.3.7. On a the-
oretical level, working with infinite-dimensional (i.e. path-valued) random variables poses
new challenges that we will address by using rough path theory. From an applied perspect-
ive, many models are naturally formulated in continuous time rather than in discrete time
(e.g. in biology, physics, medicine or finance), which our approach accounts for by naturally
covering both discrete-time and continuous-time models alike, including Stochastic Differ-

ential Equations (SDEs) in particular.

This chapter is organised as follows. Our formal exposition towards the recovery of nonlin-
early mixed independent sources begins by recalling the main results of [37] as conceptional
points of reference (Section 3.1). The core of our identifiability theory is developed in the
subsequent three sections: advocating for the incorporation of time as an integral dimen-
sion of our source model (Section 3.2), we show how sources admitting a non-degenerate
‘temporal structure’ harbour sufficient mathematical richness to encode any nonlinear ac-
tion performed upon them as a sort of ‘intrinsic statistical fingerprint’, based on which the
constituent relation (1.1) may then be inverted up to a minimal deviation by maximizing
an independence criterion (Section 3.3). Our approach covers sources of various types of

statistical regularity, including popular time series models, various Gaussian processes and

! Throughout, “stochastic process” means “continuous stochastic proces” unless mentioned otherwise.
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Geometric Brownian Motion (Section 3.5). The chapter concludes with an outlook on non-
linear identifiability via control on marginal distributions (Section 3.6) and an explication
of how, as promised in the introduction, all results and methods in this chapter are directly

applicable to the separation of discrete-time signals as well (Section 3.7).

3.1 Comon’s Framework of Linear Independent Component
Analysis

Our approach to the problem of nonlinear Blind Source Separation (1.2) for stochastic
processes can be regarded as a natural extension of Comon’s identifiability framework [37].
This section briefly recalls the main results of this classical framework as conceptional points

of reference.

Theorem 3.1.1 (Comon [37, Theorem 11]). Let S = (S',---, ST be a random vector in
R? with mutually independent, non-deterministic components S*,..., 8% of which at most
one is Gaussian. Let further X = C - S for an orthogonal matriz C € R¥™ 4. Then, for any

orthogonal matriz @ € R4 we have the following characterisation:

(8,89 :=0.-X = AP-S for some (A, P)eAyxPy 3.1)
~ - 3.1
if and only if S',...,S¢ are mutually independent.

The significance of Theorem 3.1.1 is that it characterises — up to some minimal deviation,

namely their scaling and re-ordering — the independent sources S',..., 8% underlying an
observable linear mixture X = A-(S',..., S%)T as precisely those transformations 6, - X =:
(Xgl*7 .. ,Xg*) of the data whose components Xé* are mutually independent.

Remark 3.1.2. (i) The orthogonality constraint of Theorem 3.1.1 imposes no loss of
generality with regards to general linear mixtures since any invertible linear relation
X =A-5, A € GLy, between X and S can be reduced to an orthogonal one by

performing a principal component analysis on X.

(ii) The proof of Theorem 3.1.1 is based on the remarkable probabilistic fact that any
two linear combinations of a family of statistically independent random variables can
themselves be statistically independent only if each random variable of this family
which has a non-zero coefficient in both of the linear combinations is Gaussian. (A
result which is known as the Darmois-Skitovich theorem, see [43, 145].) This accounts

for the theorem’s somewhat curious ‘non-Gaussianity’ condition.

(iii) On a historical note, we thank Samuel Cohen for making us aware that the above
works are in fact all predated by the earlier identifiability considerations [130] of

Reiersal.
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Theorem 3.1.1 enables the recovery of S from X by way of solving an optimisation problem.

Corollary 3.1.3 ([37]). Let X and S be as in Theorem 8.1.1. Then for any function?
¢ M1(RY) — Ry such that ¢(u) =0 iff p = p' @ -~ @ p?, it holds that?

[arg min ¢(f- X)| - X C My-S (3.2)

0cO

where Mg := {A-P | (A, P) € Ay x Py} is the subgroup of monomial matrices and © C GLg4

is the subgroup of orthogonal matrices.

In other words: For f linear and S = (S',---, ST a random vector with mutually inde-
pendent, non-Gaussian components, the constituent relationship (1.1) between the observ-
able X and its source S can be inverted (up to a minimal deviation) by optimizing some

independence criterion ¢ over a set of candidate transformations © applied to X.

Partially driven by their applicability (3.2) to ICA, a variety of such criteria ¢, referred

to in [37] as contrast functions, have been developed.

The ‘original’ independence criterion ¢, proposed in [37] quantifies the statistical de-
pendence between the components Y of a random vector Y = (Y!,--- V%) in R? via the

sum of the squares of all standardized cross-cumulants ) . of Y up to r*P-order (see [37,

111

Sect. 3.2] and cf. (4.5)), i.e. via the quantity

Z Z Khei)? (r>2) (3.3)

.7 2117 7]

where the inner sum runs over the indices i1, ...,i; € [d] corresponding to (4.5).
Initially proposed in [37], the statistic (3.3) originates from a truncated Edgeworth-expansion
of mutual information in terms of the standardized cumulants of its argument.

A variety of alternatives to (3.3) soon followed, including kernel-based independence
measures [9, 60], a variety of (quasi-) maximum-likelihood objectives, e.g. [13, 112, 126], as

well as mutual information and approximations thereof, e.g. [26, 37, 77, 78|.

While successfully achieving the separability of linear mixtures, Theorem 3.1.1 has its lim-
itations: Being based on somewhat of a probabilistic curiosity (Rem. 3.1.2 (ii)), it might

not be surprising that the characterisation (3.1) cannot be generalised to guarantee the

% Here and in the following, M1 (V) := {u: B(V) — [0,1] | u1 is a (Borel) probability measure} denotes
the space of probablhty measures over the Borel o-algebra B( ) :=o(T) of a topological space (V,T).

3 We write p! :=po m ! for the i*" marginal of a (Borel) measure p on R?. We further abuse notation
by writing ¢(Z) := QS(IF’Z) for any random vector Z : (Q,.7,P) — (R%, B(R%)).
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recovery of independent scalar sources from substantially more general nonlinear mixtures
of them [84]. Roughly speaking, the reason for this is that for a single random vector in R%,
the statistical property of componental independence is too weak to characterise the non-
linear mixing transformations preserving this property as ‘trivial’ in a sense made precise

by Definition 3.3.1 below. The following example illustrates this.

Example 3.1.4 (Comon’s Criterion (3.1) Does Not Apply to Nonlinearly Mixed Vectors
in R%). Let S' and S? be independent with S' Rayleigh-distributed* of scale 1 and S*
uniformly distributed over (—m,7), and consider the nonlinear mixing transformation f
given by f(u,v) := (ucos(v),usin(v)) (transformation from polar to Cartesian coordinates).
Then even though their functional relation f to S*, 2 is ‘non-trivial’ (i.e. f is not monomial
in the sense of Definition 3.3.1), the mixed variables X' and X? defined by (X!, X?) :=
f(St,5?) are [normally distributed and] statistically independent.’ .

Example 3.1.4 is based on the ‘Box-Muller transform’, a well-known subroutine from
computational statistics. A systematic procedure of constructing ‘unidentifiable’ nonlinear

mixtures of IC random vectors in R? is given in [84].

3.2 Modelling Sources as Stochastic Processes

A central direction along which the blind recovery of the source S from its nonlinear mixture
X can be controlled is the amount of statistical structure that S carries: If the source S is
deterministic, then no additional information is given and a meaningful recovery of S from
X is generally impossible, cf. Example 1.0.1. If, on the other hand, the source S were to be
described merely as a random vector in R?, then a recovery of S from X is possible but in
general only if X is a linear function of S, cf. [37, 84] and Example 3.1.4. A key insight from
[83] is to go for the middle ground (see Remark 3.2.3): if we demand the source S to have a
‘non-degenerate temporal structure’ and exploit this in a suitable manner, then the recovery
of S from even its nonlinear mixtures is possible. To formalize such temporal statistical
dependencies requires us to model the source S as a stochastic process. To this end, we use
this section to briefly recall foundational notions from stochastic analysis (Section 3.2.1) and
provide some basic notions and lemmas (Section 3.2.2) that we will use for our subsequent

identifiability results in Section 3.3.

4 Recall that a real random variable Z is said to be Rayleigh-distributed of scale A > 0 if Z has a
2

probability density of the form pz(u; A) = ud™2e” 237 110,00 (1).
® Note that since the density ps of (S, S?) reads ps(s1,s2) = isw*sg/?, the (joint) density px =
(ps o f) - |det J;|~' of (X', X?) factorizes, implying the independence of X' and X? as claimed.
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3.2.1 Stochastic Processes Interpolate Statistical Extremes

Here and throughout, let I be a compact interval, d € N be some fixed integer, write
Cqg=C(L;RY) := {z : T — R? | the map I > t — x(t) =: 2, is continuous} for the space of
continuous paths in R?, and let (Q,.%,P) denote a fixed probability space.

Definition 3.2.1 (Source Model). We call a continuous stochastic process in R? any map
S:Q—=Cq st. w— Sw)=(Se(w))er is (F,B(Cq))-measurable, (3.4)

where B(Cq) = o(m | t € I) denotes the Borel o-algebra on the Banach space (Cg, || - ||oo)-
Writing Sy (w) = (S}(w), -+, SH(w))T € RY for each w € €, the scalar processes S* = (S})se1
(i € [d]) are called the component processes or the components of S = (S1,---,5%). We say
that a stochastic process S = (S, ---,S%) has independent components, or that S is IC, if
its distribution Pg := P o S~! satisfies the factor-identity®

P(sl,..-,sd) = Ps1 ® - ®Pga. (3.5)

Remark 3.2.2. From a more local perspective, Definition 3.2.1 is equivalent to the de-
scription of a continuous stochastic process S as an I-indexed family S = (S;).er of random
vectors” S in R? such that the map S(w) : I > t — Sy(w) € R? is continuous for
each w € Q; e.g. [134, Sect. 11.27]. Consequently (cf. also Section 2.1.2), the independence

condition (3.5) is equivalent to

(5’;(1), E ,Stlm), (53(2), e ,Sf(g)), N (Sg(d), e ,Sj(d)) mutually P-independent
1 k1 1 ko 1 kg
for any finite selection of time-points tgl), ce ,t,(i,ll), .. ,tgd), e ,t,(;i) el, ki,...,kg € Np.

Stochastic processes can be given a prominent role in the BSS-context, namely as natural
interpolants between deterministic signals and random vectors. While the first type of signal
is the unidentifiable default model for the source in (1.1), the latter is the predominant

source model in classical ICA-approaches. More specifically, the following is easy to see.

Proposition 3.2.3 (Stochastic Processes Interpolate Between Extremal Source Models).

Let S = (St)ier be a continuous stochastic process in RY such that either

(a) Sy and Sy are independent for each s,t € I with s #t, or

(b) Sy = S; almost surely for each s,t € I with s # t,

6 Strictly speaking, (3.5) reads Pst, ... say = (IP’S1 R - ®IP’5d) o1~!, an identity of measures on B(Cy),
where 1 : C1Xd — Cq4 is a canonical isometry defining the Cartesian identification Cq4 = Clx‘i (Lemma 2.1.2).
7 For us every random vector in R? is Borel, i.e. (%, B(R%))-measurable.
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for some 1 C I dense. Then S is either a single path in Cq almost surely (i.e. S is determ-
inistic; ‘statistically trivial’) namely iff (a) holds, or the sample-paths of S are constant

almost surely (i.e. S is a random vector; ‘temporally trivial’) namely iff (b) holds.

Proof. Let S be defined on (2, .%#,P) and fix typ € [. As the realisations of S are continuous,
we have Sy (w) = limy_y4, S¢(w) for each w € €, whence there is a sequence t = (¢;)jen C I
with lim;_ St]. = S, pointwise on 2. By assumption we can choose t C ﬁ, i.e. such that
the elements of (Sy; ) en are (a) pairwise independent, or (b) equal almost surely.

Suppose first that (a) holds, and let (gj)jeN be a sequence of independent random
variables s.t. S; 4 Sy, for each j € N. Clearly then (S;, Sk 4 (St;,St,) for each j, k €
N, whence both (S;;) and (S;) converge to Sy, in probability (recall that Si; — Sgy in
probability since S;; — Sy, a.s.). Consequently, there is a subsequence (j,), C N such
that lim,_, Sjy = S;, almost surely, whence the limit S, is constant a.s. by Kolmogorov’s
zero-one law. In other words, there exists a P-full set Qy, (€ .#, assuming .# is P-complete)
together with a constant ¢, € R? such that Sy, (w) = ¢4, for each w € Q. As to € I was

arbitrary, we hence find that
Vsel:=1NnQ : H(CS,QS) eERYx F . Ss(w) = ¢ for each w € Q..

which implies that (Si(w)),c; = 7 for all w € Q= Nyci Q, € .F, where 7 = (¥s) gei =
(€s)4ei- But since I C T dense and since the sample paths of S are continuous by assumption,
we must have S(w) = v for all w € Q, where v € C(I; R?) denotes the (unique) continuous
extension of the path 4 from [ to I As  has full measure, the claim follows.

Combining the sample-continuity of S with the fact that the countable intersection of

P-full sets has probability one, the claimed consequent of (b) follows immediately. O

Proposition 3.2.3 asserts that both deterministic signals (a) as well as random vectors
(b) can be seen as degenerate stochastic processes, and that for a given stochastic pro-

2nd

cess S = (S¢)ter this degeneracy manifests on the level of its 2"“-order finite-dimensional

distributions, i.e. on
the distributions of  {(Ss,St) | (s,t) € As(I)} (3.6)

where the index set Aq(I) := {(s,t) € I*? | s < t} is the (relatively) open 2-simplex on
I x I. In the following, we refer to (3.6) as the temporal structure of a stochastic process

S = (St)te]l-

The following is essential: As mentioned above and illustrated in the next section, if the

temporal structure of the IC source S in (1.1) is ‘degenerate’ in the sense of Proposition

39



3.2.3 (a), (b), then S is unidentifiable from X unless f is of a very specific form, e.g. linear
(cf. Theorem 3.1.1). Conversely, we will argue that if the source S has a temporal structure
which is ‘non-degenerate’ (in some specified sense) and satisfies some additional regularity
assumptions, then S = (S%,--- , %) will be identifiable from even its nonlinear mixtures up

to a permutation and monotone scaling of its components S° (Theorems 3.3.3, 3.3.7, 4.2.3).

3.2.2 Stochastic Processes as Sources: Basic Notions and Assumptions

Recall that the BSS problem (1.2) concerns the recovery of the source S from its image X
under some mixing transformation f on R?. It is thus clear that given X, the map f can
be analysed only on that part of its domain that is actually reached by S during the time
X is observed. With this in mind, we introduce the ‘spatial support’ of a stochastic process

as the smallest closed subset of R which contains (the trace of) P-almost each sample path

of the process.®

Definition 3.2.4 (Spatial Support). For Y = (Y;)er a (continuous) stochastic process in
R?, the spatial support of Y is defined as the set

Dy = |Jsupp(¥?) (3.7)
tel

with supp(Y;) = supp(Py,) =: Dy, denoting the support of the distribution of Y;, and where

the closure is taken wrt. the Euclidean topology on R

(Readers uncomfortable with (3.7) may for simplicity assume that Dg = R? throughout.)

The following elementary properties of the set (3.7) will be useful to us.

Lemma 3.2.5. Let Y = (Yi)ier be a stochastic process in R? which is continuous with

spatial support Dy . Then the following holds:

(i) if f: Dy — R? is a homeomorphism onto f(Dy), then Dyyy = f(Dy);

(i) the traces tr(Y (w)) := {Yi(w) | t € I} are contained in Dy for P-almost each w € Q;
(iii) for each open subset U of Dy there is some t* € 1 with P(Y» € U) > 0;

iv) if each random vector Yz, t € I, admits a continuous Lebesque density on R%, then Dy
(Y Y

is the closure of its interior;

8 Analogous to how the support Dz := supp(Z) of a random vector Z in R is the smallest closed subset
of R? within which Z is contained with probability one.
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(v) if each random vector Yy, t € I, admits a continuous Lebesque density vy such that
v¥ I3t v(x) is continuous for each x € Dy, we for D, = {v¢ > 0} have that
the set

U DsﬁDt is dense in Dy.
(s,t)eA2(T)

Proof. (i): Recalling the support supp(u) of a Borel-measure u : B(R?) — [0,1] to be
defined as the smallest closed subset C' C R? having total mass u(C) = 1, it is easy to
see that supp(uo f71) = m for any continuous f whose domain includes C,.
(Indeed: Denoting C,, := supp(v) for brevity, we find p(f~'(C\0p-1)) = 1 and hence C,, C
f _1(0#0 s-1) and thus TC’“) C C)o-1 (since both f and the closure operation preserve set
inclusion); conversely, for C' := f(C,) we have f~1(C) 2 O, and hence po f~1(C) = 1
and thus C),op-1 C C as desired.) This implies that Dy, = supp(Py, o f71) = f(Dy,)
for each t € I, from which the assertion Dyy) = W is readily obtained via (3.7) and
the continuity of f. (Indeed: On the one hand, f(Dy) C f(Uier Dvi) € User Dyivi) =

Dy(yy where the first inclusion holds by the fact that the continuous image of a closure

is contained in the closure of the continuous image and the second inclusion holds by the
above-established identity of fixed-time supports; on the other hand, the latter identity
also implies that Dy = User f(Dy;) = Uier f(Dy;) = f(Uier Dy;) € f(Dy), where once

more the last inclusion holds since the map f and the closure operator both preserve set

inclusions. )

(ii) : By definition of Dy;, the event ; := Y, !(Dy,) has probability one for each ¢ € I,
and hence so does the countable intersection Q := Mterno Q. Now taking any @ € , we find
by construction that the sample path v~ = Y (@) satisfies im(’y“]ﬁ) C Dy forI:=INQ. But
since I is dense and the sample path 4* is continuous, we obtain tr(Y (@)) = im(7%) C Dy
by the fact that Dy is closed.

(iii) : We proceed by contradiction: If P(Y; € U) = 0 for each t € [, then P(Y; € U¢) =1
and thus (as U¢ is closed) supp(Py,) C U® for each t € I, yielding Dy = U, supp(Py;) C U®
in contradiction to U C Dy.

(iv): Recall that in our notation, Dy = m%l for Dy, := supp(Y:). Since Y;
admits a continuous Lebesgue density x; € C(R?) (vanishing identically outside of Dy,)
by assumption, each of the sets Dy, & X;I({O}C)H, t € 1, is the closure of an open set.
Denote Dy := U,y Dy,. Then for each v € Dy there is a sequence (uy), C Dy with
lim,, 400 un = u, and for each n € N there is a sequence (Upm)n C int(Dy, ) C int(Dy)
(some t, € I) with limy,, o0 Unm = u, by the fact that each element of (Dy;)ser is the

closure of its interior. With this, it is easy to see that there is a subsequence (m,), C N
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such that lim,_,oc Upm, = u, proving u € int(Dy) as claimed. The remaining inclusion
int(Dy) C Dy is clear as int(Dy) C Dy and Dy is closed.

(v): Suppose that the set D := Us.)ensm Dy N Dy is not dense in Dg. Then by (iv)

s,t

the set D is not dense in the interior of Dg, whence there exists zg € Dg and ¢ > 0
such that B.(xg) C Dg\ D. Hence by (iii), there must then be some t* € I such that
O := Dy=NB.(z0) # 0. Now since O C D¢, we for each z € O C Dy« have that z € Dy-N(DS)
for all s # t*, the latter implying that © € Dix \ Uy Ds) and hence ve(z) > 0 and
vs(xz) = 0 for all s # t*, contradicting the continuity of s — vs(z). O

Given the above, we can describe the transformation f that maps S to X via? (1.1) as
a homeomorphism!'® f : Dg — Dy, (3.8)

with the action of f outside of Dg and Dy being irrelevant (and inaccessible) to us.

We now introduce smoothness conditions on the density which we require later on.

Definition 3.2.6. A random vector Z in R™ will be called C*-distributed, k € Ny, if its
distribution admits a Lebesgue density ¢ € C*(Q) for G := int(supp(s)); if ¢ is C* on some
open neighbourhood of 2y € R”, then Z will be called C*-distributed around x.

Remark 3.2.7. We recall that for ¥ : R” — R” a C‘-diffeomorphism, ¢ > 1, the classical
transformation formula for densities asserts that the image Z := 9¥(Z) of a C*-distributed

random vector Z with density < is itself C*¢~1_distributed with density ¢ given by
¢ = (cov™1) . |det Jy-1]. (3.9)

The action of the mixing map (3.8) on the source can be profitably captured by imposing

the temporal structure (3.6) of S to meet the following analytical regularity condition:

In the following, a stochastic process Y = (Y;)er in R? will be called
C*-regular at (s,t) € Ao(I) if  the random vector (Yi,Y;) is CF-distributed;

the process Y will be called C*-regular at ((s,t),y0) € Aa(I) x R?? if the random vector
(Y,,Y}) is Ck-distributed around yo € R?? and its density at yo is positive.

% Recall that X = f(S) means: X; = f(S;) for each t € I.

10 Note that while the assumption of invertibility of f is canonical, the additionally imposed bi-continuity
of the mixing transformation f is a technical condition to ensure that the sample-continuity of the considered
processes is preserved under any of the operations that follow.
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Remark 3.2.8. Note that if Y is C*-regular at (s,t), then the boundary of the support of

the joint density of (Yj,Y;) is a Lebesgue nullset. (A direct consequence of Sard’s theorem.)

Remark 3.2.9. Given a C*-distributed random vector Z = (Z1,--- |, Z") in R” with density
¢ and some fixed subset I C [n], say I = {i1,...,i;} with k := |I|, denote by Z; := 7;(Z) =
(Z%, ..., Z%) the random vector in R¥ which is given by the projection of Z to its I-indexed
subcoordinates. Then Z; is C*-distributed with Lebesgue density ¢; given by

S = / kgdxl-ud/x\ilu-d/:ézcu‘dxn. (3.10)
R7—
As an immediate consequence, we have the inclusion
supp(s) € supp(Six)) X supp(Sn)\(x]) for each k€ [n]. (3.11)

Indeed, setting Cy := supp(spy) and C}, := supp(spu)\[r]), we note that P(Z € Cy x C}) =
]P’(ZW e Cy, Z[n}\[k] S C;C) > ]P’(Z[k] S Ck) + ]P)(Z[n}\[k] € C',/C) — 1 =1 and hence C}, x C;c
supp(Pz) = supp(s), as claimed.

U

The theory of ICA knows two prominent ‘exceptional cases’ for which the recovery of an
IC random vector S in R¢ from even its linear mixtures X cannot be guaranteed without

further assumptions, namely the cases in which
(i) more than one of the components of S is Gaussian (cf. Theorem 3.1.1), or
(ii) the source S is ‘statistically trivial’ in the sense of Proposition 3.2.3 (a).

As it turns out, a generalised version of these pathologies carries over to the first and more
‘static’ of our separation principles (Theorem 3.3.3), owing to the fact that certain ana-
lytical forms of the joint distributions constituting (3.6) will be ‘too simple’ to guarantee
nonlinear identifiability even for sources whose temporal structure (3.6) is not otherwise

degenerate.

Generalising (i) and (ii) from ‘spatial’ to ‘inter-temporal statistics’, these exceptional

types of joint distributions' will be named ‘pseudo-Gaussian’ and ‘separable’, respectively:

Definition 3.2.10 (Non-Gaussian, (Regularly) Non-Separable). A function ¢ : G — R,

G C R? open, is called pseudo-Gaussian if there are functions <1, <2, s3 : R — R for which

s(z,y) = () c(y) - exp(£s(z) - 3(y))

" Distributional pathologies similar to Definition 3.2.10 have been first described in [83]. More specifically,
the above notions of (strict) non-separability and pseudo-Gaussianity generalise the notions [83, Def. 1 and
Def. 2], respectively, see Section 3.3.4.
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holds on all of G; the function ¢ will be called separable if the above holds for ¢3 = 0. The

function ¢ : G — R will be called strictly non-Gaussian if it is such that
¢lo is not pseudo-Gaussian, for every open subset O of G; (3.12)

the property of ¢ being strictly non-separable is declared mutatis mutandis. Furthermore,

the function ¢ : G — R will be called almost everywhere non-Gaussian if
there is a closed nullset N C G s.t. g|(G\ ) is strictly non-Gaussian ;

the notion of ¢ being a.e. non-separable is defined analogously.
Finally, a twice continuously differentiable function ¢ [= ¢(z, )] : UxU — Rsg, with U C R

open, will be called regularly non-separable if
¢ is a.c. non-separable and (0.0, logc)|, #0 a.e. on Ay (3.13)
U

where A := {(z,) | # € U} denotes the diagonal over U.

(Clearly, if ¢ is [strictly/a.e.] non-Gaussian then it is also [strictly/a.e.] non-separable.)

It will be convenient for us to have an analytical characterisation of these ‘pathological’

types of densities at hand. Such a characterisation is provided by Lemma 3.2.12 below.

Remark 3.2.11. (i) Inlight of Lemma 3.2.12 (ii), the assumption of regular non-separability
can be regarded as a minimal extension of the above notion of strict non-separability.

The necessity for this extension will become clear in Section 3.3.2.

(ii) The log-derivative condition of (3.13) is non-vacuous as there are (strictly) non-
separable functions whose mixed log-derivatives vanish on the diagonal. As an ex-
ample of such a function which is strictly non-separable but not regularly non-separable,

consider g = po(x,y) given by

exp(—1/(z —y)?), <y
vo(z,y) = 0, x=y and define ¢ 1= e¥°.

exp(—1/(x—y)?), y<u,

Then clearly ¢ € CQ(ﬁXQ;R>O) for U := (0,1), and as the mixed-log-derivatives
0,0y log(yp) = 0,0,p0 vanish nowhere on the dense subset U2\ Ay C U*2 the func-
tion ¢ is also strictly non-separable on U? by Lemma 3.2.12 (ii). However, since
(020y0)| Ay = 0 everywhere on U, the function ¢ is clearly not regularly non-

separable. .
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Let us prepare for the following lemma by declaring what we mean by a symmetric set:

~

Writing (u,v) = (u1,--- ,ug,v1,--- ,vq) for the coordinates on R?*¢ = RY x R?, a given
subset A C R?? will be called symmetric if

A = 1(4) for the transposition  7(u,v) := (v, u).
A function ¢ : G — R, G C R??, will be called symmetric if p o1 = .

(Since 72 = id, it is clear that A is symmetric iff 7(4) C A. Also, if A C R?? is
symmetric then A C 7q(A) X 7q(A).)

Lemma 3.2.12. Let ¢ : G — Rsg, with G C R? open, be twice continuously differentiable.
Then the following holds.

(i) Provided that G is convex, we have that:

0,0ylog¢ = 0 if and only if ¢ 1is separable;

(ii) ¢ s strictly non-separable if and only if the open set

G :={z € G |0,0,1log((z) # 0} is a dense subset of G;

(iii) provided that O C G’ is symmetric, open and convez, we have that:

[0,0y log (HO is separable and symmetric  iff C|O is pseudo-Gaussian.

Proof. We use the global abbreviations { := 0,0, log ¢ and ¢ :=log(.

(i):  The ‘if’-direction is clear, so suppose that 9,0y¢ = 0. Then, as G is convex,
b= $(z,y) = 61(x) + da(y) and hence ¢ = exp(@) = (1(z) - Go(y) for G i= exp(dy), as
claimed.

(ii): Since ¢ is continuous, the set {£ = 0} is closed, whence the set G’ = GN{{ = 0}°
is open. To see that G’ is dense in G, take any z € G and note that, as G is open, there is
some z-centered open ball B, C G. Since ( is strictly non-separable, (| py, 1s not separable
for any open z-centered sub-ball B, C B,, whence by (i) there must be some 2’ € B/, with
&(2") # 0, implying B, N G" # (.

The (contrapositive of the) converse implication in (ii) follows via (i).

(iii): Let O C G’ be symmetric, open and convex. (<) is clear by Def. 3.2.10.

(=): Suppose that €= £|O is separable and symmetric, i.e. assume that

E=E(z,y)=f(z) gly) and Eor=¢
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for some f,g: O; — R, with Oy := m(O). Then & = £(z,y) = sgn(€) - n(z) - n(y) for some
function 1 : O] — R, where ¢ := sgn(€) denotes the sign of ¢ (i.e., sgn(€) = 11(0700)(5) -
1(70070)(5)). Indeed, the symmetry of & implies that &2 = &(z,y) - £(y, ) = 7(x) - 7(y)
for the map 7(z) = f(2) - g(2); consequently, £ = ¢ - \/ZQ = e-n(x) - n(y) for the map
n =n(z) := /[7(2)]. Now since O is a connected subset of G’, the sign of £ is constant, i.e.
e = *1. Integrating { = 0,0,¢ thus implies that

¢

Jowwdy+ fia) = [[Edw+ pw)dy+ hi@)
= e f3(z) f3(y) + fo(y) + fil2)

for fs = f3(2) :== [Zn(s)ds (some priorly fixed 20 € O1) and some additional continuous

(3.14)

functions f;, f; : ©1 — R. Note that since O is convex, the integrated identity of functions

(3.14) holds pointwise on all of O. Exponentiating (3.14) now yields the claim. O

3.3 An Identifiability Theorem for Nonlinearly Mixed Inde-
pendent Sources

We are now ready to present the mathematical core behind our identifiability results for
nonlinearly mixed time-dependent sources. Following an overview of our strategy (Section
3.3.1), we state and prove our main results (Sections 3.3.2 and 3.3.3); a comparison with

related work (Section 3.3.4) concludes this section.

Throughout, let S and X be two continuous stochastic processes in R¢ that are related via
X = f(9) (3.15)

for a mixing transformation f which is C2-invertible on some open superset of Dg.

(Recall that (3.15) reads as the pointwise identity: X; = f(S;) for each ¢ € I.)

Here, we say that f : R? — R? is C*-invertible on an open set G of R? in symbols:
f € CF(@), if the restriction flgisa C*-diffeomorphism (with C*-inverse f~1 : f(G) — G).

Throughout the rest of this thesis, we operate under the convenience assumption that every
connected component of Dg is convex. This assumption can be dropped immediately at
the price of having the last identity in (3.20) hold almost surely with the permutation P
depending on the connected component of Dg that a given realisation s = S(w) of S is
[almost surely| contained in and, and this is the price, with the scales h; = h;(s) varying

with each maximally convex subset of Dg that the trace of s passes through; cf. Sect. 3.4.1.
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3.3.1 Main Idea and Overview

Starting from (3.15) with the coordinates (S} )ser, . . . , (S¢)¢er of the source S = (S}, - - -, S)ser
assumed mutually independent, we seek to identify S from X by exploiting the main di-
mensions of our model, space and time, via their statistical synthesis (3.6), the temporal

structure of S. This will be done along the following lines (see Section 3.3.2 for details).

Given (s,t) € Ag(I) we first double the available spatial degrees of freedom by lifting the

mixing identity (3.15) to an associated identity in the factor-space R? x R, namely

(Xs,Xt) = (f X f)(Ssast) (3'16)

(recall page vii for the Cartesian product notation). The lifted mixing identity (3.16), which
directly involves the temporal structure (3.6) of the source, now allows for the following stat-

istical comparison in the spirit of [83]:

For X/ an independent copy of X;, consider the intertemporal features ¥ := (X, X;) and
Y* 1= (Xs, X7) of the observable X at a fixed (s, t) together with their random combination

Y:=C-Y+(1-0)-Y*

for an equiprobable {0, 1}-valued random variable C' independent of Y,Y*. Combining
(3.16) with the fact that S is IC, we obtain for the (deterministic) functional L(Y,Y™) := top
with p(y) := E[C | Y = y] and ¢(p) := log(p/(1 — p)) a contrast identity of the form

L(Y,Y™) = R(f, (S5, St)) (3.17)

for a function R = R(f,(Ss,S:)) which depends exclusively on f and the distribution of
(Ss,St). In other words, (3.17) relates X to S via the source’s temporal structure (3.6).

Since the LHS L = L(Y,Y™) in (3.17) is a function of the (joint) distribution of (Y,Y™) —
and thus of the mixture X — only, we for any alternative pair ( 1 5') with f (5‘) = X and
f € C? and S IC analogously obtain that L(Y,Y*) = R(f, (S, S;)) and hence

R(f,(Ss,5) = R(f.(Ss, St)) (3.18)

by (3.17), where again R = R(f, (S, S;)) is some function which depends only on f and the
distribution of (Sy,S;). Using the C%-invertibility of f, the IC-properties of both S and §

allow us to derive from (3.18) via (3.9) a (deterministic) system of functional equations

T'(0,(Ss,S%),(Ss,S:)) =0 for 0:= (ffl o f) (3.19)

Dg
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which involves the partial derivatives of the ‘mixing residual’ ¢ and is otherwise completely
determined by the distributions of (S, S;) and (S, S;).

The assumed distributional properties of (Ss, S;), i.e. the temporal structure of S as spe-
cified by Definition 3.3.2, together with the required IC-property of S are then sufficient to

infer from (3.19) that the residual ¢ must be ‘monomial’ in the sense of Definition 3.3.1.

In other words, we obtained the following: Given a C2-invertible map f, we have that:

(84, 8N =8=fYX) = [Po(h1 x - x hg)](S) (3.20)
for some P € P; and monotone hi,...,hqg  if and only if (3.21)
the component processes S',..., 8%  are mutually independent.

The characterisation (3.21), formulated as Theorem 3.3.3, can thus be read as a natural
extension of Comon’s classical independence criterion (3.1) to nonlinear mixtures of IC

stochastic processes whose temporal structure is sufficiently regular.

Additional source conditions that qualify S for the characterisation (3.21) are obtained by
‘unfreezing’ the above time pair (s,t) € Ay(I), see Theorem 3.3.7 in Section 3.3.3.

Analogous to how Comon’s criterion (3.1) became practically applicable by way of (3.2),
our extended criterion (3.21) is clearly equivalent to the optimisation-based procedure

arg min ¢(g(X))|-X C DPyq-S forany ¢: M;i(Cq) — Ry
5 (3.22)

such that:  ¢(u) =0 if p=p'® - @ ud,

for © some ‘large enough’ family of C?-invertible candidate transformations, and DP; a
nonlinear analogon of the family of monomial matrices My (Def. 3.3.1), see Theorem 4.2.3.
Based on a ‘moment-like’ coordinate description for (the laws of) stochastic processes, we
propose an efficiently computable such objective ¢ that generalises Comon’s original contrast

(3.3) from random vectors to stochastic processes (Section 4.2).

3.3.2 Main Theorem

This section forms the heart of our identifiability theory.

We seek to recover the source S = (S!,---,S9) from its nonlinear mixture X in (3.15)
up to a minimal deviation, namely a permutation and monotone scaling of its components
S1, ..., 8% The following nonlinear analogue of the family of monomial matrices makes this

precise.
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Definition 3.3.1 (Monomial Transformations). Given a subset G of R, a map o : RY — R?

will be called monomial on G if for each connected component G of G we have that

olg = Po(hix---xhg) for PcPy and h; € Dift! (7;(@)). (3.23)

(The above differentiability condition is considered void at isolated points of m;(G).) We
write DP4(G) for the family of all functions on R¢ which are monomial on G.

Accordingly, we say that any two paths Z and z in C4 coincide up to a permutation and

monotone scaling of their coordinates, in symbols:
i € DP;-x, (3.24)
if (Z¢)ter = (0(1))ier for some o € DPy(tr(x)), where tr(z) = Uep 2 is the trace of x.

Definition 3.2.10 describes analytical forms that need to be avoided by ‘sufficiently many’ of
the distributions constituting its temporal structure (3.6) if the source S is to be identifiable
from X up to a monomial transformation. Sources for which this is the case will be given

the following label of regularity (or ‘non-degeneracy’).

Definition 3.3.2 (a-Contrastive). A stochastic process S = (S}, -, Sf)].; in R? with
spatial support Dg will be called a-contrastive if S is IC and there is a collection of time-

pairs P in Aq(I) and an associated collection (Dj)pep of open subsets of R? such that
(i) the union U, 4ep Dys,r) is dense in Dg, and

(i) for each (i, (s,t)) € [d] x P it holds that S*is C?-regular at (s,t) with density (!,

and
is regularly non-separable for all i € [d], and

%
s,t

Cot

X2
Doy

o is almost everywhere non-Gaussian for all but at most one i € [d],
(s5t)

where the above restrictions of the densities are understood wrt. the abuse of notation
CLi(@) ==l y(@, wiqq) for = (2) € R2?. (For notational convenience, this abuse of

notation is kept throughout the following.)

Notice that the conditions in Definition 3.3.2 (ii) reflect the classical pathologies (ii) and
(i) from p. 43. Further below we will see how the assumptions of Definition 3.3.2 are
linked to related works (Section 3.3.4) and that they are satisfied for a number of popular

copula-based time series models (Section 3.5.1).
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Theorem 3.3.3. Let the process S in (3.15) be a-contrastive. Then, for any transformation

h which is C?-invertible on some open superset of Dx, we have with probability one that:
hX) € DP;-S if and only if h(X) has independent components. (3.25)

Proof. The ‘only-if’-direction in (3.25) is clear, so we only need to show the converse im-

plication. To this end, we in total prove the slightly stronger assertion that

If h(X)isIC and D = Dy asin Def. 3.3.2, then  {Jpof(u)|u € D} CMy.
(3.26)
Given (3.26) (and Definition 3.3.2 (i)), the assertion (3.25) follows by way of Lemma 3.4.1
(ii) and the fact that the trace of almost every realisation of S is contained in a connected
component of Dg (Lemma 3.2.5 (ii)) which is convex by assumption.

Let now (s,t) € Aa(I) (fixed) be as in Definition 3.3.2 (ii), i.e. suppose that (Ss, S¢) =
(s, (S) admits a (joint) C*-density ¢ = (- (g (where §; = () with a support D =
supp(¢) € R?? whose boundary dD is a Lebesgue nullset (cf. Remark 3.2.8).

Moreover, let X; be a copy of X; which is independent of (X, X;), and denote

Y = (X5, Xy) and Y™ = (X, X7). (3.27)
For C' ~ Ber(1/2) and independent of ¥ and Y™*, consider further
Y:i=C-Y+(1-C)-Y*
(so that Py = %Py + %Py*) together with the associated regression function
p: R 5 10,1] given by p(y) =E[C|Y =y]. (3.28)

The function p then satisfies the following central equation.

Lemma 3.3.4. For p the probability density of Y, and p* the probability density of Y™,

op = logu—logu* ae on D :=supp(p) (3.29)

for the logit-function ¥ (p) := log(p/(1 — p)).

Lemma 3.3.4 is proved in Section 3.4.2. Recalling now that the components of S are
mutually independent, we obtain from the transformation formula for densities (3.9) that

for the inverse g = (g1, -+ ,94) := f~! and the density ¢} of S¢, resp. the density (4 of S},

d
logp—logp* = Y [log¢; o (gi x gi) —log (o gi(u) — log ¢ o gi(v)] (3.30)

i=1
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almost everywhere on D (= (f x f)(D)). Using (3.29), it follows that

d
Yop = ZB» o(gi x g;) for Pj:=log¢ — Z log ¢}, omy. (3.31)
i=1 v=1,2
Let now h = (hy,--- , hy) € Diff?(Ox), for some Ox O Dy open, be such that the process

S = h(X) has independent components. Using that the above function ¢ o p depends on
the observable X only, we due to (S, S;) = (h x h)(Xs, X;) and (3.9) obtain that

Yop = ZQl (h; x h;) a.e. on D (3.32)

analogous to (3.31), where the functions'? Q; € C?(D’), i € [d], are given as

. - . dIP’(S i 5,0
Qi ==log ¢ — log(,om, with (:=—""—"+
Vzl:ﬁ d(U,U)

P, .
— v (3.33)

and (= T

for r1 := s and ro := ¢, and where D’ C R?? denotes the support of { = (3 -+ (g
Note that the @; are indeed twice continuously differentiable: By (3.9) we have
dP(gs,gt)
d(u,v)
for the C?-density ¢ and for ¢ := ((ho f) x (ho f))~! € Diff*(0%? 0F?), with Og := h(Os);
reading off the marginal densities (;, f‘f,, cf. (3.10), we see that the Jacobians appearing in
(3.33) cancel out as they did in (3.30), giving us Q; € C%(D’) as desired.
Combining the identities (3.31) and (3.32) yields that

¢= = |det(Jy)| - [Co 9] € CY(D")

d
ZQz (hi x hi) = > Pro(gi % g5) (3.34)
=1

everywhere on the dense open subset D,, := {{ > 0} of D.
Therefore, the desired implication (3.26) — and hence the assertion of the theorem (see

the initial remarks of this proof) — holds if (3.34) implies that for g := h o f we have
{Jo(u) |ue D} C My for each open D C Dg as in Def. 3.3.2 (ii), (3.35)

i.e. for any (non-empty) open subset D of R for which Ci‘ pxe is regularly non-separable for
all i € [d], and a.e. non-Gaussian for all but at most one i € [d]. Let any such D be fixed.
The remainder of this proof is aimed at deriving (3.35) from (3.34). To this end, notice

that since (3.34) can be equivalently written as

Qo(hxh) = Po(gxg)

!2 Note that here, we employ the abuse of notation Q;(z) = Q:(x:, xirq) for x = (z,) € D'.
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for Q :=co(Q1 x---xQg)orand P:=¢co (P, x---x Pg)or with ¢(y1,...,y4) = 2%, ui
and 7(z1,...,%2q) := (T1,Tgs1, T2, Tgs2, - - -, Td, Taq), We obtain that (3.34) is equivalent to
Qo (0 x o) = P, ie. to the (D := {¢ > 0}-everywhere) identity!?

d d
> Qioloix o) = Y P (3.36)
=1 i=1

The above is an identity between two twice-continuously-differentiable functions in the
arguments (ui,...,uq,v1,...,0q) € D¢ C R2?, so we can apply the cross-derivatives (9uj O,

to both sides of (3.36) to arrive at the identities

)

d d

[qi o (05 % 0i)] - Ou;0i - Ovoi = D &0 (4, k € [d]) (3.37)
—1 i=1
where the g; are the components of (3.35) and the functions ¢; and §; are given as

¢i = 0y, 0,,Qi and & 1= Oy, 0y, P; = 0y, 0,108 G, (3.38)
respectively. (Note that 0y,0,, R; = 7 - dijr (R,7) € {(Q,q),(P,§)}) by the Cartesian
product-form of the functions (3.31) and (3.33).) Observe now that the system of equations
(3.37) can be equivalently expressed as the congruence relation
TD A dy = Ae (s TI(w) - Aglu,0) - Jp(v) = Ac(u, )

for J, the Jacobian of ¢ and for Ay, A¢ defined as the matrix-valued functions
Ag:=diagi—y _g4lgio (i x 0)] and  Ag¢:=diag;—; _4[&]-
Since o is a diffeomorphism over D, its Jacobian J, is invertible and hence
Ay = Bl-A¢-B, on D¢, for By:=J," (3.39)

Since B, = J,-10¢ by the inverse function theorem, the matrix-valued function B, is clearly

14

continuous. Hence'* we can apply Lemma 3.4.2 below to from (3.39) and the assumptions

of Definition 3.3.2 (ii) obtain as desired that
{Jo(u) |ue D} C My. (3.40)

Indeed, since the above open set D C Dg has been chosen such that the (positive) functions
Ci‘ px2 are regularly non-separable for each i € [d] and a.e. non-Gaussian for all but at
most one i € [d] (Definition 3.3.2 (ii)), Lemma 3.4.2 is clearly applicable to the system
(3.39), providing (3.40) as required. But since the above set D was chosen without further

restrictions, (3.40) amounts to (3.35) and hence proves Theorem 3.3.3 as desired. O

The following section extends the above line of argument to additional types of sources.

3 Once more, we abuse notation by writing P;(z) = P;(2i, Zi+a) (z € D) for the RHS of (3.36).
1 Notice that D*? € D = supp(¢) (and hence D*? C D¢, as D is open) since (’ > 0 a.e. by the fact
that (|

DX2

px2 I8 a.e. non-separable (and hence a.e. non-zero in particular).
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3.3.3 An Extension to Sources of Alternative Temporal Structures

We can generalise the strategy behind Theorem 3.3.3 by ‘unfreezing’ its usage of the tem-
poral structure (3.6), that is by allowing the considered time-pairs (s,t) to ‘vary more
freely’ across As(I); see Lemma 3.4.3. This qualifies additional source classes for nonlin-
ear identification via the characterisation (3.25). As before, the technical key for this is
to make the Jacobian J, of the mixing residual (cf. (3.39)) serve as change of basis for a
source-dependent matrix function with non-degenerate eigenspectrum. The next definition

formulates two sufficient conditions for this.

Define ¢ (z,y, 2) := 2~ ?yz, and denote by V* := {(\,) € R? | Ji,j € [d], i #j : N\ = \;}

the set of all vectors in R? whose coordinates are not pairwise distinct.

Definition 3.3.5 ({3, 7}-Contrastive). A continuous stochastic process S = (S}, ..., S8)scr

in R? with independent components and spatial support Dg will be called
e [(-contrastive if Dg is the closure of its interior and for any open subset U of Dg there
is
an open subset U of U and p = (s,t), p’ € Ay(I) such that, for all i € [d],
the density C;t of (5%,5}), likewise C;/, exists with Cg, C;/ € C%(U*?) and

;"ltU = (01,05, log C;t] oy # 0 and §;JU #0 (a.e.), and (3.41)
6" ¢ (&' Ne=1e-g!"|ceRr) (3.42)

with ¢ : Usuw— (u,u) € A and both U, U non-empty;'®

e v-contrastive if there is a dense open subset U of Dg for which the following holds:

for each uw € U  there exists (v, po, p1,p2) € RY x Ao(I)*3  such that

S is C%-regular around (po, (u,v)), (p1, (u,u)) and (p2, (v,v)), and
(¢(£$0 (u> U)a 5;1 (uv U), 5;;2 (Ua U)))ie[d] € (Rd \ VX)? (343)

where fg := 0y, 00, , log (, is the mixed log-derivatives of the C?-density C; of (S¢,S%).

i Titd

We will see that the assumptions of y-contrastivity are satisfied for a number of popular

stochastic processes (Section 3.5.2).

Remark 3.3.6 (Relation Between a-, - and y-Contrastive Sources). Notice that every a-
contrastive process is also y-contrastive (for pg = p1 = po, as the proof of Thm. 3.3.3 shows),

while §-contrastivity does not imply, nor is it implied by, either a- or y-contrastivity.

! Here as before, we abuse notation by writing ¢! ;(z) = ¢!, (i, Ti+a) for z = (z,) € R*.
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Theorem 3.3.7. Let the source S in (3.15) be - or vy-contrastive. Then for any map h

which is C?-invertible on an open superset of Dx, we have with probab. one that:
h(X) € DPy4-S if and only if h(X) has independent components. (3.44)

Proof. Let h be C%invertible on some open superset of Dx and such that h(X) has inde-
pendent coordinates; the proof of (3.44) is an extension of the proof of Theorem 3.3.3, so
let us adopt the set-up and notation of the latter (as done in Lemma 3.4.3). Recall from

there (cf. (3.35)) that (3.44) follows if we can find a dense open subset D of Dg such that
Bo(u) € My for each u e D. (3.45)
Let us first suppose that S is S-contrastive. In this case, we consider the set
Do :={u € int(Dg) | F(4,p) € Ruo x Ag(l) satisfying (3.47) and (3.48)} (3.46)
with properties (3.47), (3.48) that for a given (J,p) € Rsg x Ag(I) are defined as

Bs(u) C Dg  with A§p|B(5 C GL4(R), and (3.47)

(u)x B (u)
there is p’ € Ay(I) s.t. for U := Bs(u) and each i € [d], the diagonal restriction

' ; ; (3.48)
{;,lu vanishes nowhere and is such that §;,|u ¢ <§;W>R,

Let us show first that Dy is dense in the interior Dg := int(Dg). Indeed: Since Dg is open,
assuming that Dy is not dense in Dg implies that there exists (u.,r) € Dg x Ry with
B, (uy) € D\ Dy. Now since S is f-contrastive, there will be some (7, r1) € By (us) x (0,7)
with B,, (i) C By (us) such that both (3.41) and (3.42) hold everywhere on U := B,, (i)
for some p, p’ € Ao(I); thus also (3.48) holds for 4 = U and (p,p’) := (p,p’). And since the
functions fg are continuous at (i, ), there (due to (3.41)) will further be some ry > 0
such that f% vanishes nowhere on B,,(ii.)*? C D%? for each i € [d]; hence also (3.47)
holds for (6,p) := (r2,p). But this yields that both (3.47) and (3.48) hold for u := @, and
§ :=min(ry,re) and (p,p’) := (p,p’), which implies that @, € DZ \ Dy is an element of Dy.

As this is obviously a contradiction, the set (3.46) must be dense in Dg.

Now since the interior Dg is dense in Dg by assumption, the theorem’s assertion follows
if we can show that (3.45) holds for D := Dg. But since in turn Dy is dense in D%, we
obtain that (3.45) holds for D := D¢ if we can show that (3.45) holds for D := Dy.1

Let to this end u € Dy be fixed with p,p’ € Ay(I) and U = Bs(u) C Dg as in (3.47) and
(3.48). Then by Lemma 3.4.3 we have that

B,(@)~' - Ay (@, 0) - By(a) = A,(a,d) for each (@,0) €U x U (3.49)

16 Cf. (3.69) and the argument around (3.64) for details.
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with v = 1,2 and diagonal matrices Ay, Ao, A1, Ay € GL4(R) given by
Ari=Appp, A= [\pm,p and Ag = /_\pmypﬂ Ag = *’N\p,p,p’

with matrices Apg g, p, and Ay p,p, as defined in (3.80). Combining the cases v = 1 and
v =2 of (3.49), we for any C' € R obtain that

By(@)™" - [Aa(@,8) + C - Ao(@,0)| - By(@)) = Aa(@,7) + C - Ao, D) (3.50)

for each (u,v) € U x U. Hence (and since u € Dy was chosen arbitrarily), the identity
(3.50) implies (3.45) if there is a pair (C,0) € R x U for which the diagonal entries of
[A1(u, D)+ C - Ag(u, D)) =: diag[)\tj, e ’)‘g,ﬁ] are pairwise distinct. We now prove this, i.e.

we show that

there is C'€ R for which we can find some o € U s.t. the diagonal entries
: Sluu) G oy -
Mo = m (& (9,0) + C - &,(,0)), i € [d], are pw. distinct. (3.51)
p 9
Notice that, as detailed in the proof of Lemma 3.4.2; the fact that by construction each of
the functions ¢; : U X U 3 (@, D) — N 5 (i € [d]) are continuous implies that (3.51) holds if

3C € R such that ¥; : U 50 — ¢;(u,?) is non-constant for each ¢ € [d]. (3.52)

To prove (3.52), notice that since for each i € [d] we have the decomposition

& (u, u)&(9,7)
V=0, +C -0, with  6;(¢9) = 2P 7 7
TR
and 0] : U x U — R defined likewise but with the right factor in the above enumerator
replaced by fé, (0,7), we find that if, for each i € [d], the functions

0; or 6, are non-constant, then (3.52) holds. (3.53)

Indeed: If either 6; or 0] is non-constant in 0, then clearly their linear combination ¥J; will
be non-constant in v for each C' # 0. If §; or 6} are both non-constant in o, then there might
be some C; € R such that 6; + C; - 6} is constant in ¥ (define C; := 1 otherwise); in this
case, setting C':= max;c[g C; + 1 implies that ©; = 0; + C - 0 = (0; + C; - 0;) + (C = C;) - 0;
is non-constant in ¥ for each i € [d], as desired.

To see that the premise of (3.53) holds, assume otherwise that there is i € [d] for which

the function 6; : Y — R is constant in ¥, say

0;(0) =:¢; forall veld.
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Then, as #; vanishes nowhere in consequence of (3.47), we find that

i A
[Eﬁ(u,-)FZW:q-n on U (3.54)

for the constant ¢; := fg(u, u) - ;" and the function 1 : U — R given by 7(?) := fg(f},ﬁ).
Now if the function 6, were constant as well, say 0, = ¢/ (# 0), then we would likewise
obtain that [} (u, )]2 = ¢;-n on U, for the non-zero constant ¢} := &} (u,u) - (¢;)~" and the
function 7’ : U — R given by 7/ (0) := 5;, (0,0). Combined with (3.54), we find that

¢i-n' =c;-n and hence 5;'” = const. - €;W,

the latter contradicting (3.48). This proves the premise of (3.53) and hence (3.45) for
D = int(Dg).

Suppose next that S is «-contrastive. In this case, we claim that (3.45) holds for the
dense subset D = U of Dg postulated by Def. 3.3.5. To see that this is true, fix any u € & and
recall that, by Lemma 3.4.3 and the previous discussions, the Jacobian B,(u) of p = ho f at
u is monomial if there is v € R? and po, p1,p2 € A(T) with (u,v) € {&, #0, ... ,§g0 # 0} for
which the diagonal matrix Ay, = Apgpy ps (4, v) given by (3.80) has pairwise distinct eigen-
values. (Note that (u,v) € {&, #0,... ,fgo # 0} if {¢(&), (u,v), , B) | i € [d]} C R for some
a, B € R.) Since the diagonal of /7\u7v equals the vector (1/)(5’230 (u,v), 5;1(11, u), 5;2 (v,v))ie[a;
choosing (v, po, p1,p2) as in (3.3.5), (3.43) thus yields B,(u) € My as claimed. As u € U was
arbitrary, we obtain By|,, C My as desired in (3.45). This shows (3.44) for y-contrastive

sources. O

3.3.4 Related Work

We remark that the above assumption of a-contrastivity is strictly weaker than the earlier
identifiability conditions given in [83] which served us as motivation. Indeed: the latter are
defined for densities on G = R? only, and if such a density < is “uniformly dependent” in
the sense of [83, Def. 1] then < is also strictly (and regularly) non-separable on G = R?
by Lemma 3.2.12 (ii); as to [83]’s complementary notion of ¢ being “quasi-Gaussian” [83,
Def. 2], we thank one of our referees for drawing our attention to the fact!” that, as stated
in loc. cit., the corresponding non-separability condition [83, Thm. 1, Assmpt. 3.] fails
to ensure the validity of [83, Thm. 1], see Remark 3.3.8; this deficiency can be remedied,
however, if one weakens the excluding notion of quasi-Gaussianity [83, Def. 2] by imposing
its defining factorisation condition [83, Def. 2 eq. (4)] to hold merely on some open subset

of R? instead of globally on all of R? (cf. Remark 3.3.8), as is done — upon logical negation

17 The insufficiency of [83, Thm. 1, Assmpt. 3.] (for [83, Def. 2 eq. (4)] as stated) was also conjectured
in [65, (end of) Section 4.3]; we prove this conjecture true in Remark 3.3.8below.
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— in Definition 3.2.10, eq. (3.12), and also in the later work [65, Theorem 2]. With [83, Def.
2] thus weakened, the (thus strengthened) identifiability condition [83, Thm. 1, Assmpt. 3.]
then becomes a special case of our assumption of pseudo-Gaussianity (Definition 3.2.10) by
Lemma 3.2.12 (iii). Consequently, if a source S = (S*) satisfies [83, Hypotheses 1., 2. & 3. of
Theorem 1] — that is if S is stationary and C?-regular at some point (sg,to) = (t—1,t) with
Dy

(hence all regularly non-separable) and none quasi-Gaussian in the above, corrected sense

sorto) = R2?? (= Dg) such that the densities ¢! = Gt 4 of S* are all uniformly dependent
(cf. also [65, Assmpt. B2]) — then S is clearly a-contrastive in particular, and the converse

is clearly not true in general.

When contrasted with the few prior works in the area that allow for a theoretical com-
parison, most notably [82, 83|, we see that our approach provides a strict generalisation of
previously attained results, see above, or yields stronger conclusions while operating under
assumptions which are much less restrictive; for example, we do not require the source to

belong to a predefined distributional family as, e.g., in [82].

With regards to methodology, we recall that [83] propose to estimate the demixing nonlinear-
ity by training a universal approximator (typically a neural network) to distinguish between
vectors excerpting originally-ordered data and vectors excerpting data whose initial sequen-
tial order has undergone a random permutation. By implementing this classification task
via logistic regression, an approximation of the demixing transformation is then obtained as
an optimally trained configuration of the classifying universal approximator provided that
the employed regression function is of a certain composite functional form.

In contrast, our approach approximates the demixing nonlinearity more directly via a
dependence minimisation task in the classical spirit of Comon [37], which we propose to
perform by optimising an explicitly defined, universally applicable contrast function derived
from novel signature-based statistics for multidimensional stochastic processes (Chapter 4).
Not only is our method thus guaranteed to work under much weaker assumptions than [83]
— see the above discussion and the facts that our method is fully applicable to the (non-
stationary) discrete- and continuous-time case and free of assumptions on (the functional
form of) any approximating auxiliary nonlinearities; its equivalence to a simple-to-formulate
optimisation problem also makes our method straightforward to implement and more dir-

ectly accessible to a theoretical analysis of its statistical properties, cf. Sections 4.4 and 4.8.

We also note that a slightly weaker technical modification of our assumptions (i) & (ii) from
Definition 3.3.2 is given and used in the later work [65, Theorem 2], where the problem of

nonlinear blind source separation is studied in the presence of independent additive noise.
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To the best of our knowledge, our notions of /- or vy-constrastivity (Definition 3.3.5 (and

3.7.1)) bear no evident resemblance to the conditions proposed in this or other works.

Remark 3.3.8 (An Error in the Proof of [83, Theorem 1]). The (fixable) error occurs in
the proof of [83, Lemma 2 (Supplement)] (we use their notation for the following): Lemma
2 in [83] requires that for each a! € R? there exists an @2 € R such that the diagonal
entries v;(1},1?) = ¥;(a,b) (i = 1,...,d; cf. [83, Eq. (42) (Supplement)]) of the matrix
DD Dy (', u?) are pairwise distinct. For this, [83] rely on (the continuity of the v
and) an indirect proof — via contradiction to the exclusion of [83, Def. 2 eq. (4)] — of the
assertion that (A) : “The function 1);(a, -) is non-constant for [almost] every given a € R
Yet instead of leading the negation of (A) —i.e., (—A): “The function v;(a, -) is constant for
some a € R” — to a contradiction, their proof by contradiction departs from the stronger
assumption that (B) : “The function v;(a, ) is constant for each a € R” (which implies,
but is not generally implied by, (=A4)). The reductio ad absurdum of (B) provided in [83]
is therefore insufficient to prove (A). The (negation [83, Thm. 1 Assmpt. 3.] of the) given
factorisation property [83, Def. 2 eq. (4)], on the other hand, is too weak to contradict (—A)
as would be required for the (indirect) proof of (A). To see this, it suffices to note the
existence of functions ¢ : R? — Ry which are not of the (excluded) global product form [83,
Def. 2 eq. (4)] but factorize locally on a given ‘strip’ R := I x R, for some I C R. Indeed:
Given such a function!® g, the assumption of (=A) (in the indirect proof of (A)), with 1;
and ¢ related by [83, eq. (42)] and v¥;(a, ) constant iff a € I (with I # R in general), leads
to the R-local identity

q(a,b) = ca(a)a(b) for (a,b) e I XR=R (cf. [83, derivation of (45)]).  (3.55)

Now since (=A) does not imply R # R? in general, the identity (3.55) does generally not
contradict the (global) non-factorizability assumption [83, Thm. 1 Assumption 3.], leaving
(A) — thus [83, Lemma 2] and hence [83, Theorem 1] — unproved. Clearly however, as men-
tioned in Remark 3.3.4, the desired contradiction can be re-obtained by allowing for only

such ¢ for which the factorisation property (3.55) does not hold on any open subset R in R2.

Suitable functions ¢ as required above can be easily constructed via cut-off functions.
Indeed: Assuming for simplicity that I is compact, take any (continuous) « : R — Ry and
let x : R? — (0, 1] be a smooth function with x| =1 for R the (closure of) some bounded
non-rectangular open superset of R. Then ¢ = ¢q(z,y) := a(z)a(y) - x(z,y) satisfies (3.55)
but not [83, Def. 2 eq. (4)]. .

18 And assuming q = ¢z, to be of the form [83, Def. 1 eq. (3)] for a probability density p., on R?, which
can be established by normalisation and straightforward decay modifications.
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3.4 Some Lemmas for Section 3.3
This section contains some of the more technical proofs for Section 3.3.

3.4.1 A Lemma on Monomial Transformations

The following lemma helps us to infer the desired recovery of a source from the existence

of a ‘well-behaved’ subset of its spatial support.
Lemma 3.4.1. Let o € CY(G) for some G C R% open. Then the following holds.

(i) Let G also be connected and such that G N w; 1({n}) is connected for each n € T (G)
and all i € [d]. Then o € DPy(G) if and only if the Jacobian J, of o is monomial on
G, i.e. such that {J,(u) | u € G} C My.

(7i) Let D be a convex subset of G an such that D is the closure of some dense subset O

of D. If J, is invertible on D and monomial on O, then o is monomial on D.

Proof. (i): The ‘only-if” direction is clear, so let us prove that ¢ € DPy(G) if

Jo(u) = (Bu(u)- 5V7gu(u))“’ye[d] € My, Vu=(u,) € G, (3.56)
for some 3, : G — Ry and {o" | u € G} C Sy. To this end, we first note that

i u’

o' =0 for any wu,u’ € G. (3.57)

Indeed: Fix any ug € G and note that since the Jacobian J, = (J¥);; : G — GLg of o

is continuous, we for each &y, > 0 can find a dy, > 0 such that (Bs, (uo) € G and)
[Jo(uo) — Jo(u)|| <eu, forall e Bs, (uo).

Taking || - || as the infinity-norm [|A|| = ||A||ec := maxi<i<q Z;l:l la;;| and choosing e, :=

minj<i<q4 Z;l:l \Jéj(uo)] > 0, the fact that J,(up), Jo(u) € My then readily implies that

ot = gl

for all u € By, (uo). (3.58)

Let now u,u’ € G be arbitrary. Since, as a connected subset of R?, the domain G is also
path-connected, the points u and «’ can be joined by a continuous path v with v = ~(0)

and v’ = (1) and trace 7 := v([0,1]) € G. We claim that

uy ug

o' =o for any  wup,us €7, (3.59)

yielding (3.57) in particular. And indeed: Since ¥ C Uyes Bs, (u) for {6,} as in (3.58), the

compactness of v yields that, for an m € N,

v C U Bguj(uj) for some wui,...,umy, € 7. (3.60)
j€lm]
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But since the trace ¥ is connected, the {u;} from (3.60) can be renumerated such that
By, (ui) N B, (uit1) # () for each 1 <4 < m, which implies (3.59) (and hence (3.57)) by
way of (3.58).

Hence on G, the Jacobian (3.56) of g is in fact of the form

JQ|G = (By- 51,70,(“))%”6[& for some S, € C(G;Rx) and o € Sy. (3.61)

The assertion that ¢ = (9;) € DP;(G) now follows from (3.61) and the mean value
theorem (MVT): Given any up = (ud,...,ud) € G, the MVT implies’? that for each
u = (ui,...,uq) € G which is connected to ug via the line segment ug, u = {ug+t-(u—uo) |

t €10,1]} € G and any v € RY, there exists a point & € g, @ such that

v (o(u) = o(uo)) = v-J,(€) - (u— uo). (3.62)

Hence if for any fixed i € [d] we take u with u,(;) = ug(i) and choose v = ¢; (for (e;);e[q) the

standard basis of R?), then by way of (3.62) and (3.61) we find that

0i(u) — 0i(uo) = [Jo(&) - (w—uo)], =0 (i €[d]).

d

This implies that for any given uy = (uf,...,ul) € G we have g;(u) = Qz’(ug(i))

for all
u € Gyy; == {u € G | 3 polygonal path in w;(li)({ug(i)}) connecting u and up}. But since

by assumption the slices G% = Gﬂwj_l({n}) are each (polygonally-)connected for any n € R

and j € [d], we have that G |; = G”f,?i). As ug € G was arbitrary, we thus find that
Uo
0i(u) = 0i(uy(y) for each w=(u1,...,uq) €G (1 € [d]), (3.63)
hence the diffeomorphism?” o = (p1,--- , 04) is monomial on G as claimed.

(ii) : This is a corollary to the above proof of (i). Indeed, let © C D be dense with
Jo(u) € My for each w e O.

Then for any fixed z € D, the fact that O is dense in D ensures that there will be a sequence
(u(k))keN C O with limg_,o uk) = z, implying that

To(2) = Jlim J,(u®)) (3.64)

due to p being continuously differentiable on G. Hence and because J,(z) € GL4, we obtain
that in fact J,(z) € My by (3.64) and the fact that the subset My is closed in GL4. The
claim now follows from (the proof of) (i) [for G := D] upon noting that, due to its convexity,

the set D is polygonally-connected and satisfies the slice requirements of statement (i). [

19 Indeed: For u, uo,v as above, define ¢(t) := v - o(uo +t-n) for t € Is = (=4,1+§) and 1 := u —uo and
§>0s.t. {ug+t-n|te€ls} CG (such a§ exists as G is open). Then ¢ € C*(Is), whence (3.62) follows
from the (classical) MVT applied to the difference ¢(1) — ¢(0).

%0 Note that since by (3.61) and (3.63) each g; is a continuously differentiable map from ,(;)(G)(C R) to
R with nowhere-vanishing derivative, each g; is a univariate local diffeomorphism and thus in fact a global
diffeomorphism on 7,;)(G) (cf. e.g. [62, Ex. 1.3.3]).
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3.4.2 Proof of Lemma 3.3.4
Recall that Y, Y™* are defined by (3.27) and p is given by (3.28).

Lemma 3.3.4. For p the probability density of Y, and p* the probability density of Y™,

Yop = logu—logu* ae on D :=supp(u) (3.29)

for the logit-function ¥ (p) := log(p/(1 — p)).

Proof. We note first that since the support supp(v) of a (Borel) probability measure v :
B(E) — [0,1] is defined as the smallest closed set C' C E having total mass v(C) = 1, it is
easy to see that supp(fyv) = m for any f continuous (cf. the proof of Lem. 3.2.5
(i)). For the above case, this implies supp(u) = (f x f)(supp(¢)) = m, whence
d(supp(u)) is a Lebesgue-nullset (as is D, by assumption, and hence also the boundary
of its C%-image (f x f)(D); the latter boundary in turn contains am (as the

boundary of the closure of a set is always contained in the boundary of that set) and hence
@ > 0 a.e. on supp(p). Since also supp(p*) = supp(Px,) x supp(Px,), we further obtain
supp(p) = supp(P(x, x,)) € supp(u*) by (3.11), which implies that the RHS of (3.29) is
defined a.e. on supp(u) indeed.

Note now that since by definition the function p equals the conditional probability of

the event {C = 1} given Y, we have

APy or 9. Py _ APy (- [C=1) B
o =P(C=1|Y) e T P(C = 1) (3.65)

almost everywhere, where the first factor on the RHS of (3.65) denotes (a regular version

of) the conditional density of Y given C' = 1.2! Next we observe that
aPy(-]C = 1)
dy
Indeed, denote by 7 the LHS of (3.66) and let A € B(R??) be arbitrary. Then, since by
construction P 3y = Po ® ]P’g and ]P’g:1 =Py(-|C=1)=Py and P(C =1) = ,

P(C=1) = iu (a.e.). (3.66)

/an-ﬂAdy — PY€A|C=1)-P(C=1)=P({ c 4, C=1)
R

= Piog) ({1} x A) = B(C = 1) - Py (4) = /de%“' 14 dy

21 C . o dPs . dP( -]
Indeed, abbreviating £ := p - d—;’ and r = r

LECLC=D  p(C = 1), we for any A € B(R?*?) find

Y

/ r-1ady :IP’(C:l)/]P’g,(dy|C:1):]P’((C,17) € {1} x A)
R2d A

=P((Y,C) € Ax {1}) = /

P(Czl\?:ymﬂdy):/ (- 1ady
A

RrR2d

which implies » = ¢ (a.e.) by the fundamental lemma of calculus of variations. (Note that the second and
the fourth of the above equations hold by definition of conditional distributions.)
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from which (3.66) follows by the fundamental lemma of calculus of variations. Combining

(3.65) with the fact that % = 1+ $p* and (3.66) now yields the identity (u+p*)-p=p
(a.e.), from which equation (3.29) follows immediately. O

3.4.3 A Separation Lemma

The following is a core lemma for the proof of Theorem 3.3.3.

Lemma 3.4.2. Let U C R? be open and p; € C?*(U*%Rsy), i € [d], with gi(z) =
0i(Ti, Tivaq), be a family of regularly non-separable, positive functions of which all but at

most one are a.e. non-Gaussian. Set & = 03,05, ,logp; for each i € [d]. Then for any

i+d

continuous B : U — GLg(R) for which the composition A : U*? — R¥*? given by
A(u,v) = B(u)T - diag;e g [&i(ui, vi)] - B(v) (3.67)

(in the coordinates (u,v) = (u1,...,ug,v1,...,vq) € UX?) has identically-vanishing off-

diagonal elements, it holds that the function B is monomial on U, i.e. that
B(u) € My for each u e U. (3.68)

Proof. Set U := U x U, and for a given (u,v) € U, denote Aum 1= diag;e(q [&i(ui, vi)] and
Ay = A(u,v) and B, := B(u), and assume (wlog, upon re-enumeration) that ¢; is a.e.
non-Gaussian for each i € [d — 1].

Note that by the fact that B is GLg4-valued and continuous, the identity (3.68) holds if
30U CU dense such that B, e My forallueU (3.69)

(cf. the argument around (3.64) for details). Our proof consists of constructing a set U

for which (3.69) holds. Let to this end i € [d] be fixed, and recall that ¢; being regularly

non-separable implies that there is a closed nullset?? N C U s.t. for the open and dense?3

subset U, := U \ WV of U, cach restriction ;|- is such that

Us

- is strictly non-Gaussian for i # d, and for each i € [d] : (3.70)

Pilg,

goi{[v]o is strictly non-separable  with §i|( ) # (0 everywhere. (3.71)

AUQUO

22 Notice that if ; is regularly non-separable and a.e. non-Gaussian, there (by Definition 3.2.10) will
be a closed nullset N; C m(; i4.a)(U) € R? (s.t. N; N {(z,z) | = € R} has Hausdorff-measure zero on the
diagonal Ag := {(z,z) | « € R}) on whose complement ¢; is strictly non-Gaussian and non-separable and

s.t. %’AR\N,; vanishes nowhere. Hence for the (relatively) closed nullsets A; := W&}Hd) (M) nNU C R??, the

(relatively) closed union N := |, cld] N; works as desired.

5 23 Recall that fvor (any) U CR™ open avnd N c R™ a Lebesgue nullset, tI}e complement (2\/\/’ is Siense in
U. Indeed: If for Us := U\N we had clos(Us,) C U, then there would be v € U with Bs(u) C U\clos(Us) C N
for some § > 0, contradicting that the Lebesgue measure of N is zero.
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Given (3.71), Lemma 3.2.12 (ii) (together with the elementary topological facts that (a) :
a subset which lies densely inside a dense subspace is itself dense again, and (b) : the
intersection of two open dense subsets is again an open dense subset) implies that the
intersection

U, = ﬂ {z €U, | &(2) #0}  is an open dense subset of U.
i€(d]

Consequently, the coordinate-projections U’ := W[d](f]*) and V' := 7r(d+1,_._,2d)(lvf*) are open

and dense subsets of U (= 7jq(U)). We now claim that the sets

Ui= {ue U' | 3(0#)Vu SV open® : ¢, V.
&iu, u) - &(v,v) (3.72)
€i<u7 1))2 ’

are dense in U’ — and hence (cf. fact (a)) are also dense in U — for each i € [d — 1].

is non—constant},

defined by the function ¢t (v) =

To see that this holds, we proceed via proof by contradiction and assume that U; is
not dense in U’. In this case, there exists (4,7) € U’ x Rsg with B,.(u) C U\ U; (recall
that U’ is open). Moreover: Since we have Ay NU, C U, (by (3.71)) and U, is open, we
can even find a convex open neighbourhood V; C B, (u) of u such that the whole square

z = Vg X Vg is contained in U* Now by construction, we for each slice {u} x Vi C Qg,

u € Vg, must have that ¢’ |,, is a constant function, say qqi|v_ = ¢, for some ¢, € R, so that

Vs
in particular (for p: Vg 3 u+— ¢, € R)

gz(uvu) 'éi(vvv) = Q(u) : gz(ua U)Q’ V(u,v) € Qu. (3'73)

But since the square Qg contains its diagonal, i.e.: Qg D {(u,u) | u € Vg} =: Ay,, we can

evaluate the relation (3.73) for the points in Ay, yielding that ¢ = 1. Consequently,
€i|Qﬁ(u7U) =€ g(u) : g(’u), V(u,v) € Qu,

for ¢ : Vg 3z +— ¢(x) := /|&i(z, x)| and with e denoting the sign of &;| , . Notice that since

‘Qa
&; is continuous and Qy is connected, € will be constant (i.e. ¢ = £1). But since Qg C U.

is symmetric, open and convex, Lemma 3.2.12 (iii) then implies that
Lpi] o, is pseudo-Gaussian,  in contradiction to (3.70).

This proves that each of the above sets U;, i € [d — 1], must be dense in U.
But since each of the dense subsets Uj is also open by the fact that the quotients in (3.72)

are continuous in (u,v), we (once more by the above fact (b)) find that their intersection

U:= ﬂ U; is a dense subset of U.
i€[d—1]

24 Note that for U; to be well-defined, we in addition require each V, to be s.t. {u} x V., C U*.
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We claim that the above set U satisfies (3.69).
To see this, note first that (3.67) yields?® the system of matrix equations

B;l; : Au,u By = Au,u
B] - /AXW) ‘By = Ayp for each (u,v) € U*?; (3.74)
B;l; : ]\v,v : Bv == Av,v

we prove (3.69) by defining a map 7 : U — V' with the property that (3.74) when evaluated
at (u,v) := (u,n(u)) yields B, € Mg by necessity. Let to this end u € U be arbitrary. Then
by the definition of U (recalling (3.72)), we for each i € [d] can find some open V! C V'

such that the intersection V, := ﬂie[d] Vi is non-empty and the continuous map

Gui=qx--xqt VY, - R? (¢\ as in (3.72)) (3.75)
is non-constant in its first (d — 1) components. Hence by the intermediate-value theorem,
the set mg_1)(qu(Vu)) C R?~! has non-empty interior, which implies that for V* := {(v;) €
RY | 34,5 € [d],i # 7 : |vil = |v;]} (the closed nullset of all vectors in R? having two

components differing at most up to a sign), the preimage
V= q; ' (RE\ V) C V), (3.76)

will be non-empty. This observation gives rise to maps of the form

n:U—=V', ue—nu) eV,
and as we will now see, any such map is of the desired type that we announced above.

Indeed: Taking any (u,v) € Ugegla} x Vi C U,, we obtain from (3.74) that?

B;l . ]\u’v B, = A for Ay, = diagciq (A

A

Z,v] = j\u,u : ]\;% Ay (3.77)

and the diagonal matrix A := Ayt Auw - Ay - Ayy. Observing now (recalling (3.72)) that

(AL, ,)\27”) = qu(v) for the function ¢, defined in (3.75),

we immediately obtain by the definition (3.76) of V, that

the eigenvalues )\}w, e 7)‘?“) of Ay, are pairwise distinct. (3.78)

Hence by the elementary fact that diagonal matrices with pairwise distinct eigenvalues are
stabilised by monomial matrices only, observation (3.78) by way of the similarity equation
(3.77) finally implies B, € My — and hence (3.69) — as desired. O

25 Cf. the proof of Lemma 3.4.3 for details.
26 Note that the invertibility of Ay, is obtained from the choice of (u,v).
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3.4.4 A Second Separation Lemma

The following lemma underlies the proof of Theorem 3.3.7.

Lemma 3.4.3. Suppose that in addition to (3.15) there are po, p1,p2 € Ao(I) and (u,v) €
R4 such that S is C?-regular at (po, (u,v)), (p1, (u,u)) and (p2, (v,v)) with density Cpy, Cpy
and Cp,, respectively. Then for any map h which is C?-invertible on some open superset of

Dx and such that h(X) has independent components, we have that
Bg(u)_l ' APOJ’LPQ (u’ U) : BQ(U) = Ap07p17p2 (u7 /U) (3'79)

for B, the inverse Jacobian of o := h o f and the diagonal matrices

‘/:Xpovpl,lﬁz (u,v) = A£p1 (u,u) - A£p0 (u, U)_Q ) AEpQ (v,v) and

_ (3.80)
Apoprpa(u,v) = A u) - Ay, (u,v)72- Ag,, (v,v),

gpy (s dpg

where Ag, (x) = diag[ﬁ&y(m),--- ,fgy(x)] for §;D(x) = 01,0z, ,10g ¢ (2) and Ay, (z) =
diag[gp, (), - -- ,qu(il?)] given by the LHS of (3.38) (in dependence of p, ).

Proof. Copying the argumentation that led to (3.39), we obtain the congruence relations
Ay, (0,0) = B;(ﬂ) - Ag, (@,0) - By(v)  for each (a,0) € {¢p, > 0}

and v = 0,1,2. Evaluating these at the points (u,v), (u,u) and (v,v), we arrive at the

system

Bo(u)" - Agy, (u,v) - Bp(v) = Ag, (u,v) (3.81)

Bo(u)T - Mg, (u,u) - Bo(u) = Mgy, (u,u) (3.82)

By(v)T - Ag,, (v,0) - Bo(v) = Ag,, (v,0). (3.83)
From (3.81) we then find that

_ -1
BQ(U) = Agpi(u,v) : (BQ<U‘)T) 'AQpO (u,v),
which, when plugged into (3.83), yields
_ _ -1 _
By(u)™" -Ag,, (v,0) 'Agpi (u,v) - (Bo(w)T) = Ag,, (v,v) - Agy, (u,0) ? (3.84)

and hence, upon left-multiplying both sides of (3.82) by the matrix product (3.84),

By(u) ™" - Ag,, (v, 0)AG (1, v) Ag, (u,u) - By(u) = A

o (u7 u)quz(v, ’U)quo(u, U)_2'

qu

This last equation is identical to (3.79), as desired. O
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3.5 Examples of Applicable Sources

The statistical non-degeneracy assumptions of a-, 5- or «-contrastivity hold for a number
of well-established models for stochastic signals, among them most popular copula-based
time series models (Section 3.5.1) as well as a variety of Gaussian processes and Geometric

Brownian Motion (Section 3.5.2).

3.5.1 Popular Copula-Based Source Models Are a-Contrastive

It is well-known (e.g. [114, Sect. 2.10], [44]) that the temporal structure (3.6) of a scalar

stochastic process S = (S;)ter can be given an analytical representation of the form

Cot(,y) = G@)G(y) - ese(FD(2), B2 () ((s,0) € Ax(D)), (3.85)

where (s is the probability density of (Ss,S;), F¥ is the cdf of the vector S, with ¢, its
density, and cs4 : [0,1]*? — R is the uniquely determined copula density of (S, St).

Proposition 3.5.1. Let S = (S;)ier = (S, -+, 8% be an IC stochastic process in R such
that S; admits a C*-density (; for each t € T with the property that t — (i(x) is continuous
for each x € R, Suppose further that for some P C Ag(1) with Us,yepiCs - G > 0} dense
in Dg,*" it holds that the copula densities {c., | (s,t) € P} of S* (cf. (3.85)) are such that

cé’t are positive and strictly non-Gaussian  and 0,0, log c;t vanishes nowhere,
(3.86)

for each i € [d]. Then the process S is a-contrastive.

Proof. We verify that S satisfies the conditions of Definition 3.3.2. Take any i € [d] and
(s,t) € P. By assumption the density c;"t of (S%,S}) exists and satisfies (3.85), hence

fé,t i= 0,0y log Cé,t = Qi : Cf : [(axay loge;) o ¢i,t] on {C;,t >0} 2 D?f (3.87)

for Dyy := Dy N Dy and the map ¢l , == s¢ x st : DX7 — [0,1]*? with s := F*".2® Notice

that ¢!, is a differentiable injection since the function s’ = s.(x) o i (u)du (r € 1)

r
has positive derivative on D,. Hence and since (¢’ - ] D2 > (0 by construction, the a-
contrastivity of S follows by way of (3.85) and (3.87) and assumption (3.86). Indeed: Setting
D5y = Dg; for (s,t) € P, we see that Definition 3.3.2 (i) holds by the assumption on
P, while Definition 3.3.2 (ii) is immediate by (3.85), (3.87) and (3.86) and the above-noted

fact that ¢, : DJ7 — ¢ ,(D}7) is a diffeomorphism. O

2T Lemma 3.2.5 (v) guarantees that such a set P exists.
28 Recall that, by convention, we write ¢ ,(z) = Cot(@i, Tiya) for o = (x1,--- ,x24) € R??,
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A popular approach in finance, insurance economy and other fields is to read (3.85) as a
semi-parametric stationary model for S = (S;):cr by assuming the existence of some Z C I
discrete (‘set of observations’) such that ¢, = ¢ with cdf Fy for each r € Z, and Dg = supp(¢)
and cs¢ = ¢y uniformly parametrized for all (s,t) € P :=Z*2NAy(1), e.g. [32, Sect. 2], [50]:

Gz y) = C(@)C(Y) - co(Fe(@), Fe(y),  (s,0) €P. (3.88)

We verify exemplarily that a source S = (S, --- ,Sd) in R? whose components S° are

modelled according to (3.88) is a-contrastive for a number of popular copula densities cy.

Corollary 3.5.2. Let S = (S',---, 8% be a stochastic process whose independent compon-
ents S are modelled according to (3.88) for each i € [d] with copula-density c; belonging to

one of the following popular classes:

(i) (Clayton) cile,y) = (1+0)(zy) D (<1 4 270 4 4~ 0)(-2-10)

where 0 € (—1,00) \ {0, —%};

(ii) (Gumbel) ci(z,y) =1+6(1 —2x)(1 — 2y), 0 e [—1,1]\ {0};

9@ +v) (ef — 1)

e — bz — by 4 ef(zty))2’ 0 € R\ {0}

(iii) (Frank) ci(z,y) = (
Then S is «-contrastive.

Proof. This is a direct consequence of Proposition 3.5.1 upon checking that each of the
copula densities (i), (ii) and (iii) satisfies (3.86). This, however, follows from inspection and

a straightforward computational verification. O

3.5.2 Popular Gaussian Processes and Geometric Brownian Motion are
v-Contrastive

Given an interval T and functions p : T — R and s : 1¥? — GLg(R), we write S ~ GP1(u, k)
to denote that S = (S;)er is a Gaussian Process in R? with mean p = (y1;) and covariance
k = (k). We assume that any pair (u, k) we consider in the following is such that each

process S ~ GP(u, k) admits a version with continuous sample paths.

Lemma 3.5.3. Let S ~ GPy(p, k) be a (continuous) Gaussian process in R? with diagonal
covariance function k = (k) = (k¥ 8;;). Then S is y-contrastive if and only if there exist
pairs po, p1,p2 € Ao(l) such that
( . Klil" Kfﬂz ) [k‘:go — <"?li30)2]2 ‘
kb, — (k5,7 - [Kp, — (53,)%] - ()2

) e (RT\VX) (3.89)
i€[d]
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for the auxiliary functions
/@Qt = k¥(s,t)  and kgt = ks, 5) - KU(t,1). (3.90)
Proof. Let i € [d] be fixed, and (s,t) € Ag(I) be arbitrary. Since S ~ GP(u;, k%), we find
that® (8%, S7) ~ N (i B4,) with il == (pi(s), pi(t)) and 3%, := (5% (ty, t5))u,5=1,2 for
t; := s and ty :=t, so the density ngt of (S%,S}) exists, is smooth on R? and reads
gt(;v,y) = ci(s,t) - exp(pi(s,t,z,y)) with

cpi(s,t,x,y) = ( Pt

STy + " s,t,x) + ﬁ satay
= 2o T ) Ay

for ¢;(s,t) = (472‘73%2(1_@,1&))71/2 and _%((xa y)_ﬂé,t)T'[Eg7t]7l'(($a y)_ﬂi,t) 5

o (1*PE’,§)0501& ’

xy =: n;i(s,t,x) + 7;(s, t,y) and with the (auto-)correlations

. i t K,i
H“(Sa S)H“ (ta t) ké,t

Consequently, the mixed log-derivatives fé,t = 0,0y log(@’t) are given as

. /{i
L (x,y) = 0,0,0i(s, b3, y) = ———L 3.91
gs,t(x Y) Oy pi(s, 1,2, y) ki, — (”é,t)z ( )
Since by Definition 3.3.5 the process S is y-contrastive iff there are pg, p1,p2 € Ag(I) with

i i gi _ (&%
(¢(§p0,gm,§p2))ie[d] = < (géogg)ie[d} € (R%\ V*), the lemma now follows from (3.91). O

Remark 3.5.4. The above lemma asserts that IC Gaussian processes are ‘generically iden-
tifiable’, namely if the function (3.89) of their autocovariances avoids the nullset V* for
some time pairs po, p1, p2. Compare this to the well-known result [14] that an IC Gaussian
process S is identifiable from its linear mixtures — via joint diagonalisation of the covariance
matrices of such mixtures at one or several time lags — if the (vector whose components are

the) autocovariances of S themselves avoids the nullset V> at one of these time lags.
We verify the above contrastivity condition for a number of popular Gaussian processes.

Proposition 3.5.5. Let S = (S}, -+ ,S%)e1 be an IC stochastic process in R? with S* ~

GP(ui, k;) for each i € [d]. Then S is y-contrastive in each of these four classical cases.

(i) For each i € [d], the componental autocovariance functions (3.90) of S are of the form

oo -en(- [

with v = (Vi)ielq € 0,2]7 and a = (@i)iela) € (Ry)*4\ Ny, where Ny, € R? is a
Lebesque nullset defined in the proof below.3°

2 We write Z ~ N(u,X) to say that Z is normally distributed with mean pu € R? and covariance
T e R4
30 This includes the family of y-exponential processes, cf. [128, Sect. 4.2 (pp. 84 ff.)].
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(ii) Each component process S* of S is an Ornstein-Uhlenbeck process
dSi = 6; - (u; — S})dt + o;dB!, S} = a;, (i € [d]) (3.92)

with a;, p1; € R and 0 = (07)ie[q) € R, and 0 = (0i)iclq € R, \ N, where N C R? is
a Lebesgue nullset defined in the proof below.

(iii) The component processes of S are fractional Brownian motions with pairwise distinct

Hurst indices, that is their autocovariance functions (3.90) take the form
; 1 , . , .
K (s,t) = SO + s — [t = s) (i€ [d])
for some (H;)ie(q € (0,1)%\ V*.

(iv) Denoting s At := min(s,t), the autocovariance functions (3.90) of the S* are of the

form N
K'(s,t) = / ni(r)dr for each i € [d],
0

with functions n1,...,nq : I = R for which there are rqo,r1 € I such that the products
{ni(ro) - mj(r1) | i,j € [d]} are pairwise distinct. This includes deterministic signals
perturbed by white noise, i.e. signals S = (S}, ,S8)er which, for (Bi)go some

standard Brownian motion in R, are given by

dS; = p;(t)dt + o4(t) dB} for each i€ [d]
with p;,0; : 1 — R integrable and continuous such that the entries of (o2(ro) -
03(r1))ijel ore pairwise distinct for some ro,r1 € L.

Proof. We apply Lemma 3.5.3 by showing that for each case there are pg, p1,p2 € Aq(I) for
which (3.89) holds. Write Z; for the i*" component of (3.89) and let |(s, )| := |t — s].

(i) : Fix any po,p1 € Aa(I) with |po| # |p1]| and take pg := po. Then for each i € [d] we
=), 2O

have Z;, = = for the factors

i i -1
S e (it i Y 1 (g [pol]”
S =1 (ﬂ}ﬁ.,)z = ([Rpu] /ipy) =3 (smh([ o )

Hence we have the parametrisation «; — Z; = Z;(«;) given by

= —an([2]") o [21])]

which for |p1| # |po| and 7, fixed is differentiable and strictly monotone in «; > 0. Denoting

by ¢; the associated (differentiable) inverse of a; — E;(a;) (for v and pg, p; fixed), we find
that (Zi(a:))iclq € (R4\ V*) for any (ti)ic[q) not contained in N 1= (o1 x -+ X ¢g)(V*).
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(ii) : It is well-known that the covariance function x* of (3.92) reads
, 52

K'(s,t) = (e_gi“s_t| — e_ai(SH)) for ;= L.

20,

Suppose I = [0,1] wlog. Then for p, = (t,,2t,) € Ag(]l) (v = 0,1) with tp # t1 and
po = po, we obtain £, = (e —Oitv _ ¢=30itv) and ki, = Kb, i elitv . (1 — e~ %itv) and, thus,

== Hi =, O for each i € [d], with the factors

» -1
= K/’LU ) _p. . —1 0',2 .
:Z(_z/) - _ P = (,Yie(%tu (1—e 4017&1,) _ ﬁ;) = (0’ smh(@ity)> .

)

We hence have the parametrisation 0; — =Z; = E;(6;) = :ﬁgg:i?g, which due to tg # t1 is
strictly monotone and differentiable in 6; > 0. Denoting by ¢; the associated (differentiable)
inverse of 6; — Z;(6;), we obtain that (Z;(6;));e(q) € (R*\V*) provided the parameter vector
(0i)iclq € RZ, is not contained in the nullset N := (¢1 x - -+ x ¢q)(V>).

(iii) : Choosing again p, = (t,,, 2t v) € Ao(I) (v =10,1) with tg # t1 and pa := po, we for
each i € [d] find that Z; = : / =5 ) for the factors

4Hi*% t2H‘
© T gH;  gAH _ goH -1 4AH: :(2(1_

whence it holds that

B = <t> for each i € [d].
1

But since due to ty # t; the assignment h — ( )2" is clearly injective, we clearly obtain
that (Z;)¢q is not in V> whenever (H;);c[q) is not in V>, as claimed.

(iv): As the numbers 6;; := n;(ro) - n;(r1), (4,7) € [d] x [d], are pairwise distinct and
(thus) non-zero, the continuity of the functions 9;; : 1*2 3 (s, ) = n;(s) - n;(¢) allows us to
find pairs (so,0), (s1,t1) € Aa(I) such that for the rectangle R := [sq,to] X [s1,t1] C 1*2

the associated integrals
/R ¥;;dsdt, (i,7) € [d]*?,  are pairwise distinct and non-zero. (3.93)
Clearly then, (3.93) implies that for ¢;(s,t) := [‘n;(r) dr, the numbers
ti(s0,t0) - tj(s1,t1), (4,7) € [d] x [d], are pairwise dinstinct (3.94)

(Note further that by (3.93), sp and s; may be chosen such that in addition to (3.94) it
holds ¢;(0, s,) # 0 for each i € [d].) Now by setting ps := pg with p, := (s, t,) for v = 0,1
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(notice that pg # p1 by (3.94)), we once more find that E; = égl)/ EEO) for each i € [d], this

time for the factors

[1]:

(v) Kp, 1i(0,5,) .
N = - B = - ) Uy tV N
CT R R nl0m) a(0.4,) (0.5, s t))

ti(s0,to) )
ti(s1,t1) ) jed)
otherwise that =; = Z; for some 7 # j, we find that

Consequently, the entries of (Z;);¢[q = ( are pairwise distinct. Indeed, assuming

Li(So, to) . Lj(Sl, tl) = Lj(So, to) . Li(Sl, tl), contradicting (394)
Hence (Z;);e(q € (R?\ V*) as desired. O
The proposition below concludes our short compilation of applicable source models.

Proposition 3.5.6. Let S = (S;)i>0 = (S, ---,5%) be an IC geometric Brownian motion
in R, i.e. suppose that there is a standard Brownian motion B = (B, ,Bf)tzo such
that

ds; = Si- (w(t)dt + oi(t)dBy), Si=sy  (i€[d])

for some s}y > 0 and continuous functions p; : 1 — R and o; : 1 — Rsq. Then S has spatial
support Dg = R, and S is y-contrastive if there are ro,m1 € 1 for which the numbers

{o7(ro) - 03(r1) | (i,4) € [d] x [d]} are pairwise distinct.

Proof. A straightforward application of Itd’s lemma yields that for any (s,t) € Ay(I), the
density ¢!, of (S%,S}) is given by

Coala,y) = i (log(x),log(y)) - (wy) ™" = cils, b, y) - exp(pils, b, y))
for the functions ¢; : Aa(I) x RZ; — R and ¢; : Ay(I) x R2; — R defined by
(472 - det(s ,))~1/2

Ty
L i 9T (ei =1 [4—1 i
pils,tay) = =3 (67 (ry) — w7 (sL) 7 - (07 () —mi])
= ,8;15 IOg(LL’) 10g(y) + 77i(3a t, l‘) + ’Fli(sv t, y)

and

Ci(S,t,l’,y) =

with n;, 7; given by ni(s, t, @) + (s, t,y) = @i(s, t,z,y) — B, and

Ki(s,t) _ 00 (r)dr
wi(s,s)Ri(t,t) — K3(s,1)  ([So?(r)dr) ([yo?(r)dr) — (Jo?(r)dr)?

ﬂ;,t =
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Consequently, the spatial support of S is Dg = R% = 7[q) (SUpp [R2 > (u,v) CLy(ug,v7)])
(any i € [d]), and the mixed log-derivatives of (}; read

_ P

58,15 = axay log(Cs,t) = 8x8y<p (87 t,-, ) Ty

Hence by Definition 3.3.5, the process S is y-contrastive iff

BB
(B

3po, p1,p2 € Ag(l)  with  (Ei)igiq) = ( ) € (R*\ VX).
1€[d]

Having p, = (sy,t,) € As(I) (v = 0,1) arbitrary and ps := po hence yields that

— By Jaoir)dr
B Je(r)dr

s1 %

for each i € [d].

Thus by choosing pp and p; as done in the proof of Proposition 3.5.5 (iv), we obtain
(Zi)icq € (R%\ V*) as desired. O

3.6 Nonlinear ICA via Marginal Distributions

One of the main insights behind our approach to Nonlinear ICA is that C4-valued random
variables carry enough structure to allow for the disentanglement of their d nonlinearly
mixed independent Ci-valued components by applying to such a mixture those transforma-
tions of R? for which the component processes of the transformed mixture are independent

again (Theorems 3.3.3 and 3.3.7).

Roughly speaking, the reason for this is that by being stochastic objects in (R%)! instead
of just in R¢, random processes have an additional degree of structure (‘inter-temporality’)
that allows them to carry an infinitude of sequentially ordered, statistically encoded [as
probability distributions] spatial information which, via inter-temporal comparisons (‘relat-
ing joint distributions at different points in time’, cf. Section 3.3.1), can then be unlocked

to infer about the structure of a given transformation of R? that acts on this process.

A single random vector in R%, on the other hand,3' carries spatial information only,
which turns out to be enough to infer about linear maps on R¢ but is in general insufficient

for the inversion of nonlinear transformations of R¢ (cf. Example 3.1.4).

31 Similar to how a moving picture (~ stochastic process in Rd) contains more information than each of
its frames (~ random vectors in R?).
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However: By asserting that a given map3? h : R — R? can be identified as a monomial

transformation (Definition 3.3.1) if its induced pushforward map hy : M;(R?) — My (R9),
po— ho(p) = poh™t, (3.95)

preserves the product structure of its arguments, the following proposition shows that spa-
tial information (i.e. laws on R%, as opposed to (3.6)) alone can be sufficient to invert a given
transformation on R, namely if a vast amount of this information — specifically, the valid-

ity of the implication “y is product = h.(p) is product” for every p € My (R?) — is available.

This opens up another perspective on the conceptional significance of stochastic processes
in the context of ICA, relating this time to their marginal distributions (i.e. their 1%*-order
fdds, cf. Section 3.2.1): While a single law on R? (~ random vector in R%) is generally not
enough to ensure the independence-based inversion of a nonlinear transformation (3.95) of
this law (up to monomial ambiguity), the totality M;(R?) of all laws on R? is sufficient
for this purpose (Proposition 3.6.1); as a parametrised family of infinitely many laws on
R? (its marginal distributions), a stochastic process may bridge this ‘transition from just
a single law on R? to all the laws on R% by providing a family of marginals that is “suffi-
ciently rich/varied” to imply an (3.96)-based blind inversion of its nonlinear diffeomorphic

transformations.

Similar to how our identifiability conditions of a-, 8- or v-contrastivity are specifications
on the 2"%-order fdds (3.6) of a process to be ‘sufficiently non-degenerate’, we expect that
according specifications on what it means for the marginals of the process to be ‘sufficiently
varied’ (so as to weaken the sufficient identifiability condition (3.96)) may yield alternative
conditions for an independence-based recovery of this process from its nonlinear mixtures
(implementable still via Theorem 4.2.3). We leave the concrete specification of such condi-
tions for future research, with the following proof offered as a source of potentially relevant

ideas.

Denote by S| the set of all random vectors in R¢ with mutually independent components.

Proposition 3.6.1. Let h € CYY(R% R?) be a map with the property that
hU)e S, foreach Ue€S,. (3.96)

Then h is necessarily a monomial transformation.

32 The assumption of the map h being defined on all of R? is for convenience only; generalising the proof
of Proposition 3.6.1 to maps defined on open subdomains of R? is straightforward.
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Proof. Let h = (hy,--- ,hq) € C*(R% R?) be a C'-diffeomorphism satisfying (3.96). Noting

that the premise (3.96) is equivalent to the identity of Borel measures on R?
Ph(U) :Ph1(U)®"'®Phd(U) YU e S, (3.97)

our proof of the asserted inclusion A € DPy, i.e. that A be monomial, is based on an
algebraic comparison of the (inverse) Fourier transforms (i.e. the characteristic functions)
of both sides of the identity (3.97). More precisely: Using that for each random vector
U = (Uy,---,U) in R whose components U; = (U, ej)2 are independent we by way of
(3.97) obtain the following product identity (of functions in & = (£1,...,&;) € RY),

E[eifT-h(U)] — E[eiérhl(U)] .. .E[eifd'hd(U)]’ (3.98)
we show that for each k € [d] and arbitrary n = (91,..., 7%, ...14) € R¥! it holds that

Vo, B € Rwith a # 8 ¢ 3o = jo(k) € [d] : hjy(na) # hijo(ns) (3.99)

with ns [= ngk)] = (N, M1, 0, Mo 15 - -5 Ma) € RY, 6 € {a, B}, which directly implies

that h is monomial. Indeed, given (3.99) we for any fixed k € [d] obtain by the uniqueness
of jx := jo(k) (and its independence of the choice of «, 3) that

Vi# gk hi(n®) = hi(n)) for all a, 8 € R,

which (as 7 is arbitrary) implies that h; (for j # ji) does not depend on the k'I'-coordinate
of its argument, i.e. that for each j € [d] and any k € [d] with jo(k) # j it holds

Vu=(u,...,uq) €ERY : aw hj(ur,...,up_1,0, U1, .. ,uq) is constant. (3.100)

This, together with (3.99) and h being onto, implies that the map oy, : [d] 5 k — ji € [d] is
a bijection, yielding that Vj € [d] : 31k = k; ;= 0}, (j)] € [d] : j = jo(k;) and hence (by
(3.100))

Vield : hj(u)= ﬁj(ua(j)) for ij Rz hj(nf(f(j))) and o :=o0; " €Sy

k — —
(Where, as above, 773(3) = ("717---»77k—171‘>77k+17--->77d) for n = (771>~--777k,---77d) € R 1;

note that in consequence of (3.100), h; does not depend on the choice of 7 € R*~!). This
shows that if (3.99) holds then h is monomial (in the sense of (3.23)), as claimed.

3% Indeed: Assume Jk,£ € [d] such that k # £ (say k < £) and ji = j¢ =: 5'. Then (3.100) implies that
for each j € [d] with j # j' it holds h;(u) = hj(u1,- - , Uk, - ,Ue, -+ ,ua), Whence by the surjectivity of
h (and the pigeonhole principle) there must be two distinct ji,j2 € [d] \ {j'} and ko € [d] such that the
maps R 3 o — hjl(ngk(’)) and R 3 a — hy, (n&k(’)) are non-constant (otherwise there would be an index
j € [d] with h; = const., contradicting that h is onto). But (3.99) then implies that j1 = jo(ko) = j2 in
contradiction to j; # j2. This shows that oy, : [d] — [d] is injective and thus an element of Sq (the symmetric
group of degree d).
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Let us now prove (3.99). Choose any k € [d] and o, € R with a # (. Since by
the injectivity of h there clearly exists an index jo = jo(k,a, 8,m) € [d] with hjy(n (k)) +
hj, (nék)), assertion (3.99) follows if we can show that (for each k& € [d]) such an index
is uniquely determined and does not depend on the choice of o, and 7. To this end,
take a Bernoulli-distributed random variable C' ~ Ber( ) together with an arbitrary n =
M1y -+, mq) € R and define

UM =(a-C+B-(1-C))-ex+ > nj-ej. (3.101)
Jj#k

The random variable Uék) then has independent components, whence by (3.98) it holds that

1r. . . (k) 1 . .

iETh(na i€Th _ iETh(U, _ i&ihi(Na i&ih;

5 {e (1a) 4 ¢ (ms)] —E[e Uy )] = H [e ihi(na) 4 i€ ](nﬁ)]‘ (3.102)
Jj€ld]

The uniqueness of the above index jo = jo(k, «, 3,n) will be derived by comparing both sides

of (3.102). For a closer inspection of the right-hand side of (3.102), consider the number

= v(a, 5,n) € [d] of those components of h whose values at 7, and 7g coincide,

= D Ly (hy(1a))-
jeld]
For the functions a; = a;(&;) := €M) and b; = b;(¢;) := €7 8) it holds a; = b; iff
hj(na) = hj(ng), and thus

Vv=(v,...,1v9) € {0,1}%% : ¢, := 11 o5 1- Y=k 1] af b (3.103)

JE€ld] J€ld]y
for [d}y := {j € [d] | a; # b;} and K := [[;¢(g\[}, bj- Since #[d], = d — v by construction,
and because for any two of the above multivariate functions (3.103) it holds ¢, = ¢, if and

only if** a b} “=c¢, (Og )) = cl,/(O(i )) = ajy.j b;iyj for all j € [d], we clearly have that

n(a, 8,n) := H Hje[d] a;jb;_uj as in (3.103) ‘ (v1,...,vq) € {0, 1}Xd}’ = olldh] = 9=,
Y

Note that since the family of functions {¢€ — €™ | 4 € R%} are linearly independent over
R (which is immediate by the injectivity of the Fourier transform (over tempered distribu-
tions)), the number n(«, 5,7n) counts the number of additively irreducible summands in the
linear combination 3, g 1yxa ¢, Hence and since (in light of the multinomial theorem and
(3.103)) the identity (3.102) can be written as

L7 iething i€Th K pLVi
5 [es (a) 4 i€ (Tm)} =5 > I &Fe 7, (3.104)
ve{0,1}xd jeld],

34 In accordance with the above notation, we denote 08,) = ﬁg) for j=0e R
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a comparison of the number of (additively irreducible) terms (i.e. functions of £) on both
sides of (3.104) is permissible and (due to o # 3 and h injective) yields that 2 = n(«, 8,7) =
29=7 and hence v = d — 1. Recalling the definition of +, this implies that

Iljo = jo(k,a, B,m) € [d] = hjo(na) # hjo(np)- (3.105)

In order to from (3.105) derive assertion (3.99) and thus conclude the proof, it remains to

show that jo is independent of the choice of «, 5 and 7, i.e. that for any k, ¢ € [d] it holds

7 (0 B),m). (0, ), 1) € REA xR+ ok, o B,m) # oL, B',) =k # £ (3.106)

where we denoted R%A = R?\ {(z,z)|x € R}. We show (3.106) in two steps, first by
establishing that the index jo from (3.105) is independent of «, 5 € R and then proving its
independence of n € R?~!. To this end, let k € [d] and € R?"! be fixed and choose any
o/, a, B8 € R with a # 8 and o # . Assume now that jo := jo(k, o, 8,71) # jo(k, o/, B,n) =:
Jo- Then by (3.105) it holds

Rjo(1a) # hjo(ng) and  hj (na) = hj (ng),  as well as
hji(Nar) # hjy(ng) and  hjo(nar) = hj(ng),

which implies that
Rjo (1ar) 7 hjo (1) and by (1) # by (1a)- (3.107)

But since jo # j, by assumption, statement (3.107) (due to o # «) contradicts the
uniqueness of jo(k,a’,a,n) asserted by (3.105), whence we must have jo(k,«,,n) =
jo(k,a/, 3,m). Hence and since clearly jo(k,«,3,1n) = jo(k,B,a,n) for all o, € R, we
for any («, 8), (¢, 8') € R%AR find

jo(k7 a7 /67 ,,7) = ]0(k7 al?/B’ 77) = jo(k7 ﬁ’ al? n) = ]O(k? 5/’ a/’ n) = ]O(k:7 a/’ 5/’ 77)’

which shows that jo(k, o, 8,m) = jo(k,n). In particular, (3.105) now reads as follows: for
each k € [d] and any n € R*1

Iljo = jo(k,n) € [d] : the function h§lg,n) : R332 — hj(n™) is non-constant, (3.108)
(k)
jo
To now prove that the index jo = jo(k,n) in (3.108) does not depend on 7, suppose that

and (3.105) clearly implies that any such non-constant function h is also injective.

I, me € R with 7y = jo(k, 1) # jo(k,m2) =: Jo. (3.109)
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Then with (3.108) and since h is assumed to be a C!-diffeomorphism, it holds for each
z,y € Rand 7 := (m)é’“), n= (ng);k) that

i/LL(k’m)(ac) #0 and ihy;m)(y) #0, and

dz 7t da (3.110)
3 kla k2 € [d] : ak’l hj2 (ﬁg(;kl)) 7& 0 and 6k2hjl (ﬁg(/kQ)) 7& 07
where we denoted u?(f) = (UL, Up1, Yy Uy, - - - Uq) for u € {7, 7} and £ € [d].

Indeed, since h is a C'-diffeomorphism its Jacobian .Jj, = (Vhi)ie[d] is globally invertible,
whence the k*"-column of Jh((n,,)(xk)) (v =1,2) — which by (3.108) is equal to d;h;, ((n,,)ék))-
ej, — must be non-zero, implying the first part of (3.110). (The second part of (3.110)
follows similarly by noting that otherwise the j{-row of Jh(ﬁl(,kl) ) (that is, the gradient vector
Vhj, (ﬁg(ﬁl))) would be zero (likewise for ji), again contradicting the global invertibility of
Jn.) Note further that by (3.108) and j; # j2 we have k, # k. Let now =z € R be
fixed and denote 7, := sgn(%hg-’:’n”)(x)) as well as ] := sgn(d, th((m)&’“))) and v, :=
sgn(ﬁthjl((ng)gc))) (all of these signs are independent of z € R due to (3.110) and the

continuity of the partial derivatives of h) as well as 7 := (nl)g(ck) and 7 := (nQ)(wk), and for

Pjq - R> B = hjl(ﬁla cee 777/@—1)635]62%-17 ceey ﬁd) and
Pia - Roaw hj2(7717 oo 777]61*17 «, ﬁk1+17 cee 777d)
define the function

R vl-hg-'f’m)(a)—’vé-%(ﬁ)) . ({n(a,m>
s o (30 0 TEG) = ()

Then h is continuously differentiable, and since for the functional determinant of & we have

det()(as ) = [ oS @)] - b S0 0)] + g6 [ )] O

(with 903',, = %gojy, v = 1,2) for each (a,3) € R?, the inverse function theorem implies
that h is a local diffcomorphism. Moreover, it is clear by construction (and (3.108)) that
h inherits from h the property (3.96) of preserving the componental independence of any
R2-valued random variable. This implies that (upon for any fixed (g, 3o) € R? restricting h
to the open set U(q, g,) C R? on which it is diffeomorphic and adapting (in the obvious way)
the definition of the random variables {Uék) | (3.101)} w.r.t. this restriction) the derivation
of (3.105) also applies to h, whence for any (ag, f9) € R?, each k = 1,2 and any o, 8,7 € R

with ﬁék), ﬁr(gk) € U(ap,8,) We must have

3150 = jolk, o, B,77) € {1,2} + b~ (7P # 7~ (). (3.111)
By definition of h, however, we for each (o, ) € R? find that (cf. (3.110))
ohi(a,B) #0 and dyha(a, B) # 0,
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which (for (k,7) := (1, 8p) and some «,  close to ag) clearly contradicts the uniqueness
assertion of (3.111). Thus assumption (3.109) is overruled, proving (3.106) and hence (3.99).
The proposition thus follows by the arguments given in the beginning of this proof. O

3.7 Nonlinear ICA for Discrete-Time Signals

As detailed here, our approach towards the identifiability of nonlinearly mixed stochastic

processes also covers the case of discrete-time signals with almost no further modifications.

Assume throughout that X, = (X;);ez is some discrete time-series in R? such that

Xo = f(52) = ((S))jez (3.112)

for some IC discrete time-series S, = (S;);ez in R? and f € C??%(Dg,;RY). Here, a time
series Yy = (Y;)jez in R, with YV; = (le, e ,de) for each j € Z, is called IC if its com-

ponental time-series (Y]l) GETy s (de) jez are mutually independent.

Denote further Dy, = Uj¢z supp(Yj)"|2 for the spatial support of Yy, and write Ay(Z) :=
{(j1,72) € Z? | j1 < jo } for the set of all strictly ordered pairs of integers.

Definition 3.7.1 (@, 3,7-Contrastive). A discrete time-series S, = (S;)jez in R? with
spatial support Dg, will be called a-contrastive if S, is IC and there exists P C Ay(Z)
together with a collection (Dj)pep of open subsets in R? such that

(i) the union Uyep Dy is dense in Dy, , and

ii) for each (i, (j1,52)) € [d] x P, the vector (S ,S% ) is C?-distributed with density (!
J

Ji = J2 1,J2
such that
C}l Ja| 2 is regularly non-separable for all i € [d], and
) (41.32)
Cir jo D2 is almost everywhere non-Gaussian for all but at most one i € [d]

(J1,32)

(cf. Definition 3.3.2). The notions of - and -contrastive time series are defined in analogous

adaptation of Definition 3.3.5.

Theorem 3.7.2. For X, and S, as in (3.112) with spatial supports Dx, and Dg, respect-
wely, let the time-series Sy in be a-, 5- or y-contrastive. Then, for any transformation h

which is C?-invertible on some open superset of Dx., we have with probability one that:
(ho f)|; € DPy(Z), ¥V Z C Dx, connected if and only if  h(X.) s IC, (3.113)

where for any connected subset Z of D, we denoted Z := f~42).
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Proof. Let S, be a-contrastive, and h € C*2?(Dx,;RY) be such that h(X,) is IC. Then
(h x h)(Xj,,Xj,) is IC for any fixed (j1,72) € P,
which in consequence of Def. 3.7.1 (ii) implies that, as derived in the proof of Thm. 3.3.3,

the Jacobian of ¢ := ho f is monomial on Dj ;).

The equivalence (3.113) thus follows from Definition 3.7.1 (i) and Lemma 3.4.1. The case

of S, being (- or A-contrastive follows similarly via Theorem 3.3.7. O

Since a discrete time-series Y, in R? is IC if and only if its piecewise-linear interpolation®®
Y, is IC in Cy, the assertion of Theorem 4.2.3 remains valid as stated3® if (S, o, 8,7, X) is
replaced by (S,,a, 5,7, X,) and the argument h(X) in (4.9) is replaced by the piecewise-
linear interpolation of h(X,). This shows that the identifiability theory of Sects. 3.3 and
4.2 directly applies to the discrete-time setting (3.112), as detailed in the following section.

3.7.1 Identifiability in the Discrete-Time Case

From Lemma 3.4.1 and Theorems 3.3.3, 3.3.7, we saw that the inversion (up to monomial
ambiguity) of the transformation f : Dg — Dx given (nothing but) X is possible if there

is a dense open subset D in Dg which is ‘identifiability enforcing’ in the sense that
Jhof(u) € Mg for each u € D (3.114)

for any h € C%2(Dx) such that h(X) is IC; see e.g. the proof of Theorem 3.3.3. As shown

in the proofs of these theorems, such a set D can be induced by a subset of C?-regular
distributions of  {(Ss, S¢) | (s,t) € Ag(D)} (3.115)

if the source process S is a-, 8- or y-contrastive in the sense of Defs. 3.3.2 and 3.3.5. (The
associated examples for D in these cases are yep Dy (Def. 3.3.2), and int(Dg) or U (Def.
3.3.5).) Now importantly, this approach towards identifiability makes no essential use of S
being time-continuous: Both Definitions 3.3.2, 3.3.5 and their consequential derivations of

(3.114) only use that
S = (S¢)ter is a family of random variables S; = (S!) in R?

with I a totally ordered subset of R and such that (3.116)
the families  (S})ser, - .., (S¥)ier  are statistically independent,

35 .. along any (countable) dissection of, say, [0, 1].

36 With the addition that in (4.9), the monomial transformations o with h(X) = a(S) then depend on
(j,w) via the connected component that the given realisation of S; = S;(w) is contained in (details below)
— respectively (if the connected components of Dg are not assumed convex): via each convex component
of Dg, that the given realisation of S; intersects with positive probability, see the beginning of Section 3.3
and Section 3.4.1.
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as a quick inspection of the proofs of Theorems 3.3.3, 3.3.7 shows. For the special case
where I is countable —i.e. S = (Si)te1 = (S;)jey (J € Z) is a discrete time-series — we may
thus ‘abstract (3.6) from the topology on I’ without losing the power of our approach, as
emphasised below. This means that we may simply consider the discrete ‘lattice’ of joint
laws given by

the distributions of  {(S},,5;,) | (j1,72) € A2(Z)} (3.115%)

in lieu of the uncountable collection (3.115). In this case then still, regular dense subsets D
of Dg with the desired property (3.114) can be induced from a C?-distributed subselection®”
of (3.115’) by the exact same argumentation that we have used in the proofs of Theorems
3.3.3 and 3.3.7, as it is evident that these proofs do not involve the topology on I but only
its order. The associated (by direct analogy to the continuous-time case) premises for the
existence of such a subselection of (3.115’) are formulated as Definition 3.7.1, which thus

appears as the natural ‘discretization’ of Definitions 3.3.2 and 3.3.5.

There are three points in our theory where the assumed continuity of the sample paths of

S does make a subtle but not entirely trivial difference:

(i) From the ‘pre-identifiability’ property (3.114) for a (discrete- or continuous-time)
stochastic process S of the general form (3.116), we obtain by Lemma 3.4.1 (ii) (recall-
ing Definition 3.3.1) that the residual ho f is monomial on every connected component

of Dg. Consequently:

(a) If the source S is time-continuous, then its sample path S(w) = (S¢(w))¢er is a
connected subset of Dg with probability one (cf. Lemma 3.2.5 (ii)). The identi-
fiability equations (3.25) and (3.44) of Theorems 3.3.3 and 3.3.7 then state that,
almost surely, the components of (the sample paths of) the estimated source
S(w) := h(X(w)) and those of the original source S(w) coincide up to a pathwise-
fixed permutation 7 and some monotone scaling (aq,--- ,aq). That is, it states

that with probability one there are 7 and («;) such that
Si = ai(SZ(i)) for each t €1 (i € [d]) (3.117)

where both 7 and («;) are uniquely determined by (X and) h and w via the

connected component of Dg that the source realisation S(w) is contained in.

37 That is, a set of (the distributions of) vectors {(Sk, Se) | (k,£) € P}, for some P C Ax(Z), such that
(S}, St) is C*-distributed (cf. Definition 3.2.6) for each (k,£) € P and each i € [d]. (As the components
of (S;) are mutually independent, (Sg,S;) is C2-distributed for each i € [d] iff the full vector (Sk,Se) is
C?-distributed.)
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b) If the source S is time-discrete, then its realisations S(w) = (5;(w)) ez are gen-

( J IS g
erally not connected in R? and might thus be spread over different connected
components of Dg, again almost surely. Hence in this case we have with prob-

ability one that
Si= agt)(S?(i)) foreacht €I (i € [d]) (3.118)

where the permutations 7; and scalings (az(»t)) are no longer pathwise-fixed but do
now depend on (X and) h and w and t via the connected component of Dg that
each fixed-time realisation Sy(w) is contained in;*® this can be read off Theorem

3.7.2.

Clearly the ‘minimal deviations’ (3.117) and (3.118) between S and S coincide if Dg

is connected, but if it is not connected they are generally different.?”

So throughout the identifiability sections of this chapter (Sections 3.2 to 3.5), the assumption
of sample continuity of S is merely a convenience assumption which we included because
of its sufficiency for the pathwise (t-independent) identification (3.117). Except for this
distinction between the ‘connected case’ (3.117) and the ‘disconnected case’ (3.118) our
identifiability results (Theorems 3.3.3 and 3.3.7) apply without further changes, as sum-

marised in Theorem 3.7.2.

Another modification for the discrete-time case, this time of a purely technical nature,

concerns the optimisation in Theorem 4.2.3, specifically the usability of the contrast Kic:

(ii) By its definition the function Kic can only take time-continuous processes as its ar-
guments, but for those it is only the order of their time-indexed values that matters

(cf. Lemma 2.3.5 (iii)). Consequently:

(a) If the source S is time-continuous then so is the candidate transformation h(X),

making Krc(h(X)) well-defined and Theorem 4.2.3 readily applicable as stated.

(b) If the source S is time-discrete, say S = (5}) ez, then we may perform the injec-
tion S — S where S is the piecewise-linear interpolation of S along any (fixed)

strictly ordered bounded subset Z = {t;} C R, see Section 4.7.3.40 Likewise, let

(3

38 That is, (Tt, (a<t))) = (Tr, (ai”)) [ = (Tr (w), aﬁ” (W), .ny af;') (w))} if S¢(w) and Sr(w) are in the same
connected component of Dg, and possibly (Tt, (agt))) #* (Tr, (aﬁ”)) if not.

39 Notice that, as specified in Prop. 4.8.2, the test statistic (4.102) from Definition 4.8.1 is originally
tailored to the connected case (3.117), but upon straightforward modification it may of course be used for
the case (3.118) as well.

40 Remember that the choice of T is arbitrary up to order and cardinality (Lemma 2.3.5 (iii)), that is the
interpolation Y only needs to preserve the time order of the data points (Y;) = Y individual values Y, for
t ¢ T are irrelevant. This also ensures (3.119) is well-defined, i.e. independent of the choice of interpolant of
its arguments.
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us for any Y = (Y}) ez denote by Y the piecewise-linear interpolation of Y along
Z, and define by

kic(Y) == Rie(Y) (3.119)
an extension of kKic to discrete-time processes. Note that Y is a time-continuous
process with Y; =Y, for each j € Z, and further that Y is IC iff Y is IC. Thus
if X; = f(S;) on Z then also Xy, = f(S;;) on Z, and if S = (S;)] is a-, -, or
~-contrastive then by Theorem 3.7.2,

hi(X;) = o (STY) (viez)| if Frc((h(X;);) =0 (3.120)

(2

for any h = (hy,...,hq) € C*%(Dx), where the boxed equation holds in the

sense of (3.118). This is the discrete-time version of Theorem 4.2.3.

In summary, we emphasize that if the source S is time-discrete with its spatial support
admitting a dense open subset D as in (3.114) — which, for instance, will be induced by
the countably indexed reservoir of joint distributions (3.115%) if S is a-, 3- or 4-contrastive
— then our ICA approach [Theorems 3.3.3, 3.3.7 and 4.2.3] is directly applicable [in the
form of Theorem 3.7.2 and (3.120)] with no additional subtleties other than points (i) and

(i) above.*!

Finally, let us explicate the practically important identifiability situation where the given
data is a discrete-time approximation (“observation”) of a continuous-time process X =

f(89), for S some -, B- or y-contrastive source in R

(iii) In this last setting, the given data is of the form X7 := (X});ez for Z discrete. For
the general case that the corresponding discrete time-series Sz := (St)se7 is not itself
a-, B- or A-contrastive, we may not be able to exactly (i.e. up to minimal ambiguity)
recover St from X7 as we did above. However, we are still guaranteed the asymptotic

identification
Ve>0: 36>0 st super|0z(Xy) —a(Sy)| <e if |Z] <6 (3.121)

for some monomial & € DPy(Dg) depending on Z and on the realisation of S (via the
connected component of Dg that this realisation is contained in), cf. point (i), with
f7 € argmingeg R1c(0(X7)) [in the sense of (3.119) and (4.40)] and © as in Theorem
4.4.13, and where (3.121) holds on some (Z-dependent) P-full set. (If © admits a
unique minimizer of K¢, then the above @ is independent of Z.) This is a special case

of Theorem 4.4.13 for (mg, k,T) = (o0, k, 00), see also its proof in Section 4.4.6.

4! Tn particular, the interpolation Y+ Y (‘discrete to continuous’) used in (3.119) only serves to find
dependence-minimising transformations h via miny, fic(h(Y')). This interpolation is thus merely ‘operational’
(for the use of Kic) and not related to the identifiability of S itself; in particular, it does not add any
geometrical or topological intricacies or complications to the latter.
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Chapter 4

Nonlinear ICA via Signature
Cumulants

The identifiability theory from the previous chapter allows us to reformulate the prob-
lem of nonlinear blind source separation as an easy-to-state optimisation problem that
involves the minimisation of statistical dependence between multiple stochastic processes,
see Theorem 4.2.3. Unlike for vector-valued data, statistical dependence between stochastic
processes can manifest itself inter-temporally, in the sense that different coordinates of
the processes may exhibit statistical dependencies both instantaneously and over different
points in time. In this chapter, we propose to quantify such complex dependency rela-
tions by using so-called signature cumulants [19] as objective functions. These signature
cumulants can be seen as generalising the concept of cumulants from vector-valued data to
path-valued data. Analogous to classical cumulants, signature cumulants then provide a
graded, parsimonious, and efficiently computable quantification of the degree of statistical
(in)dependence between stochastic processes. Joined with our optimisation approach, this
combines to a widely applicable new and robust statistical method for the nonlinear blind

source separation of time-dependent signals, see Theorem 4.2.3 and Section 4.6.

As this chapter will show further, this method is consistent with respect to time discret-
ization and sample size (Section 4.4). When applying our methodology in practice, the
following issues arise: firstly, although the underlying stochastic model is often formulated
in continuous time, in practice one usually has access to time-discretized samples only,
often taken over non-equally spaced time grids. Secondly, oftentimes only a single (time-
discretized) sample path of the process is available rather than many independent realisa-
tions, for example in the classical cocktail party problem. We address both of these issues
and show that our method is statistically consistent even if only a single, time-discretized
and finite sample of the observable is given, see Theorem 4.4.13. This is also the setting in

which our numerical experiments are carried out in Section 4.8.
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This chapter is structured as follows. Following the introduction of signature cumulants
as the log-compressed signature representation for the laws of stochastic processes (Section
4.1), we enable the practical applicability of our ICA-approach by proposing a novel in-
dependence criterion for time-dependent data (Section 4.2) that leads to a practical and
statistically consistent separation algorithm (Sections 4.4—4.7) whose practical utility we
demonstrate in a series of numerical experiments (Section 4.8). The chapter ends with a

brief conclusion and an outlook on future directions (Section 4.9).

Remark 4.0.1. In this chapter, we restrict our exposition to stochastic processes whose
sample paths are smooth [i.e., of bounded variation!], and further assume that the expected
signature of these processes exists and characterizes their law. These assumptions can
be avoided by using rough integration and tensor normalization, but since this requires
background in rough path theory and is not central to our methodology, we simply refer

the interested reader to [54, 104] and [33, 34], respectively. Let further I = [0, 1] wlog.

4.1 Signature Cumulants

Many results in statistics, including Corollary 3.1.3 via (3.3), are based on the well-known
facts that laws of R%valued random variables are often characterised by their moments,
and that statistical independence turns into simple algebraic relations when expressed in
terms of cumulants. Our main object of interest are C4-valued random variables (stochastic
processes), for which the so-called expected signature [33] provides a natural generalisation
of the classical moment sequence, see Section 2.2.3. Similar to classical moments, these sig-
nature moments form multi-indexed collections of numbers that can characterize the laws of
stochastic processes. Similar still, upon their ‘logarithmic compression’ (Sect. 2.3.2) these
number collections give rise to signature cumulants that quantify the statistical dependen-
cies within multidimensional stochastic processes (that is, between their coordinates and

over time).

Denote by [d]* := U,,>0[d]*™ the set of all multi-indices? with entries in [d] = {1,...,d}.

We restate Definition 2.2.9 for convenience.

Definition 4.1.1 (Expected Signature). For Y = (V}},--- ,Ytd)te[o’l] a stochastic process

in R? with sample-paths of bounded variation, the collection of real numbers (if it exists)

1A path z = (2t)tep,) € Ca is called of bounded variation if its variation norm |z|l1-var = |zo| +
sup Y |2t;,, — @;| is finite, where the supremum is taken over all finite partitions {0 < ¢ <--- <t, <1}
(n € N) of [0, 1]; cf. also Definition 2.1.4 and Section 4.7.3.

2 We define [d]*° := {@} with §) the empty set, and let {k}* := Umzo{k}xm ( =10, k, kk, kkk, .. })
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S(Y) := (04(Y));e[qp defined by the expected iterated Stieltjes integrals

oiY) = EU Ay - dvim | for d= (..., im), (4.1)
0<t1 <tp < <tm <1
with oy(Y) := 1, is called the expected signature of Y.

The expected signature is to a stochastic process roughly what the sequence of moments
is to a vector-valued random variable (Sect. 2.2.3), and analogous to the case of classical
moments, for many statistical purposes the concept of cumulants is better suited (Sect.

2.3.2). This leads to the notion of signature cumulants [19] below.

We recall the definition (2.30) of the log transform on formal power series (and refer to

Sections 2.3.2 and 4.1.3 for further motivation of the following definition.)

Definition 4.1.2 (Signature Cumulants). For Y a stochastic process in R? with sample-

paths of bounded variation, the collection of real numbers?

(ri(Y))sefa = log[S(Y)] (4.2)

is called the signature cumulant of Y. We further define

_ o ki(Y) . . N
Ri(Y) = O (V)12 for 4= (i1,...,im) € [d]", (4.3)

where 7, (%) denotes the number of times the index-value v appears in i. We refer to

(Ri(Y))igja as the standardized signature cumulant of Y.

Remark 4.1.3. The signature cumulant of a process Y gives an efficiently computable
[95], informationally condensed and hierarchically graded [cf. (2.22), (2.33)] compression of
the statistical information contained in (the distribution of) Y [cf. Sects. 2.2.3 and 2.3.2],
which enjoys a broad variety of excellent practical and theoretical features [34]. Note that

the (classical) cumulants of a random vector Z in R? read

Ky iy = (Tsym(log[m(Z)]), i1+ im) (4.4)

(for msym(i1---im) = Yres,, ir(1) - ir(m) the projection onto the ([d]-adic closure of) the
subspace spanned by all symmetric polynomials in R[d]*, and for m(Z) the moment series
defined in (2.17)) and hence are identical to the signature cumulant of the linear process
Y = (Z t)cp,1)- Just as for standardized classical cumulants, the normalisation (4.3)
contributes the additional benefit of scale invariance which facilitates our below usage of

signature cumulants as a contrast function.

3 The log in (4.2) denotes the logarithm (2.30) on the space of formal power series.
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4.1.1 On the Significance of Signature Cumulants

Let us further illuminate the concept of the signature cumulant from Definition 4.1.2 as es-
sentially that of a natural (‘moment-like’) multi-indexed log-compressed coordinate vector

for the law of a stochastic process.

As further detailed in Section 2.2.3, the idea behind the classical concept of ‘moments’ of
a random variable — both for random vectors in R? and stochastic processes alike — is that
they provide a set of deterministic coordinates for the law of that random variable.

For the simplest case of a scalar random variable, i.e. a random vector in R!, the most
established such coordinates are the sequence of its central moments, that is an ordered
list of expectations over increasingly nonlinear functionals [specifically: (centered) monomi-
als] of that random variable. Analogous coordinates for a random vector in R?, namely
its multivariate (central) moments, are obtained if one considers the expectation over the
multivariate (centered) monomials of that random vector.*

The expected signature is yet a further generalisation of this classical concept of coordin-
atisation, this time from random elements in R% to random elements in Cy, i.e. continuous-
time stochastic processes: As before one considers a multiindexed family of numbers (4.1)
given as expectations over increasingly nonlinear functionals of the process, but this time
the functionals in question are no longer (multivariate) monomials on R? but rather iterated
integrals on (elements of) C4. Owing to the more complex (time-ordered) global structure
that is innate to the realisations of a stochastic process (its sample paths), these path-space
functionals are better suited [than classical multivariate monomials] to capture the (geo-
metrical) complexity of the open sets (wrt. the uniform topology) of C; whose numerical
valuation constitutes the law of the process. The family of expectations (4.1) over these
functionals of the process, also referred to as noncommutative moments due to their non-
invariance under index-permutations, does hence form a more informative global statistic of
the stochastic process than can be provided by the classical moments of the process at any
fixed time-point of its evolution. In fact, these expected signature coefficients do provide
a high-resolution description of the stochastic process which is so fine-grained that in total
they are able to characterise the law [34] of the process. Another of their main advantages,
leveraged below, is that these coefficients are interrelated by way of a rich algebraic and

combinatorial global structure, which (akin to classical moments for the case of random

4 The only difficulty with this multidimensional generalisation is that the resulting ‘coordinate vector’ is
no longer a linearly ordered list (isomorphic to (the coefficients of) a formal power series in a single variable)
but rather a multiindexed family of numbers (isomorphic to a formal power series in several variables); cf.
Section 2.3.1.
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vectors) makes core aspects of stochastic process statistics amenable to a lucid algebraic
description.

These relations reveal, however, that considered in isolation the family of coefficients
(4.1), that is the expected signature of the stochastic process, appears somewhat ‘bloated’
in that it exhibits a certain level of internal algebraic redundancy. In fact, we have seen
in Section 2.3.2 that the expected signature is ‘close to an exponential’, see (2.26) and
(2.29), which allows for the information it contains to be efficiently compressed by a logar-
ithmic ‘change of coordinates’. What results is the multi-indexed coordinate vector (4.2),
an algebraically accessible reservoir of conveniently organised statistical information that

characterises the law of a stochastic process.

4.2 Signature Contrasts for Nonlinear ICA

Similar to how classical cumulants are traditional in linear ICA, cf. page 36, the usage of
signature cumulants in our present ICA-context is due to the following observation: Recall
that a random vector Y in R¢ has independent components if and only if all of its cross-

cumulants vanish, that is iff, in the notation of (4.4) and for * the concatenation of indices,

d

ke =0 forall qe||{ixj |ic[k—1"\{0}, je{k}*\{0}}. (45

k=2
Now in the same way that the expected signature generalises the classical concept of mo-
ments, cf. Sections 2.2.3 and 4.1.1, it was shown in [19] that signature cumulants general-
ise this classical relation (4.5) to an algebraic characterisation of statistical independence
between [the components of] stochastic processes. This is particularly useful in our context
as it yields a natural and explicitly computable contrast function for path-valued random

variables (Proposition 4.2.2) as desired for nonlinear ICA.

Algebraically, cf. Remark 2.3.3, the (4.2)-based extension of the characterisation (4.5)
to stochastic processes requires us to replace the simple operation * of index concatenation

by a slightly more involved combinatorial operation on [d]*. This operation is defined next.

Notation 4.2.1. For convenience, we denote by [d]} the family of all finite sums of indices

in [d]*, and for any such sum ¢ =41 + ...+ 4¢ € [d]% define k; 1= K4, + ... + Ky,

Recalling (2.28) for convenience, the shuffle product of two multi-indices © = (i1,...,0m)
and § = (im+1,---,im4n) in [d]* is defined as the element of [d]% which is given by
iwg =Y (ir1)s-- s irimen)) € A} (4.6)

T
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where the sum is taken over the family of permutations
{re€Smin|T(1) < -~ <7(m) and 7(m+1) < -- <71(m+n)}.
This enables us to formulate the following central observation.

Proposition 4.2.2. For any stochastic process Y = (Y1, ... Y% in R? whose expected

signature exists, the components Y, .... Y are mutually independent if and only if
d
Fie(Y) == > > R(Y)? = 0 (4.7)
k=2 qeWy,
where Wy, = {iwj | i€ [k—1*\{0}, j e {k}*™, m>1} C [dJ}.
Proof. Observe that the coordinate processes Y1, ..., Y? are mutually independent iff:

for each 2 <k <d, the process Y* isindependent of (Y1, ... Y*=1) (4.8)

Indeed: Denoting by Cj = C’fk the co-domain of the process Y} = (Y1, ... Y*)and writing
By, = B(Cy) = BP* for the Borel o-algebra on C; (Lemma 2.1.2), the characterisation (4.8)

is immediate by the definition of mutual independence and the fact that
]P)Y[k] (A1 X oo X Ak) = P(Y[k,l],Yk)((Al X oo X Akfl) X Ak) (k > 2)

for any Aq,..., A € By. The asserted characterisation (4.7) now follows from (4.8) and
[19, Theorem 1.2 (iii)]. O

We may now combine Proposition 4.2.2 with Theorems 3.3.3 and 3.3.7 to obtain the follow-
ing instance of (3.22) for the inversion ‘X +— S’ that is desired in (1.2) (cf. Corollary 3.1.3).
(Recall Remark 4.0.1 for well-definedness of the signature statistics featured in (4.9).)

Theorem 4.2.3. Let the process S in (3.15) be a-, - or ~y-contrastive with sample-paths
of bounded variation. Then it holds with probability one that

arg min Kic (h(X)) -X C DP;-S (4.9)
he®©

for any family of transformations © C C%2(Dx) with @]Dxﬂ (DPy(Dg) - ffl)‘DX # 0.

This theorem states that the initial problem (1.2) of nonlinear blind source separation
can be reformulated as a problem of optimisation-based function approximation. More
specifically, statement (4.9) says that the desired demixing transformations of the data can
be found as minimizers of the energy-like functional (4.7). We conclude with a few practical

remarks.
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Remark 4.2.4. (i) For © C GL; and under the temporally degenerate hypothesis of

(i)

(iii)

Theorem 3.1.1, the procedure (4.9) reduces to Comon’s method (3.2) for ¢ = ¢, since

Fie((Y - thep,1) = ¢(Y) if Y is a random vector in R?  (cf. Remark 4.1.3).

Regarding implementations of (4.9), one may choose to realise the above domain
© by way of an Artificial Neural Network, see e.g. Section 4.8.3. This choice is
mathematically justified by the fact that neural networks can be designed as universal
approximators to C??(Dx) [149] with a favourable convergence topology [124] (cf. also
Remarks 4.4.2, 4.8.3).

In practice, only discrete-time observations (X;)iez of X for a finite Z C I are avail-
able. Our framework covers these discretised observations as well, as we can natur-
ally identify the data (X;);cz with a continuous bounded variation process in R via
piecewise-linear interpolation of the points {X; | t € Z}. The identifiability procedure
of Theorem 4.2.3 is robust under this discretisation, see Theorem 4.4.13 and Section
3.7.1 (iii) in particular. A quick inspection of Theorems 3.3.3 & 3.3.7 further reveals
that the identifiability approach of the preceding sections can be immediately exten-
ded to discrete time-series that are not necessarily generated from continuous-time

processes, see Section 3.7 for details.

The contrast function kic can be efficiently approximated by restricting the summa-
tion in (4.7) to multindices (i1,...,%,) up to a maximal order m < mg and estim-
ating these remaining summands using the unbiased minimum-variance estimators
for signature cumulants introduced in [19, Section 4]. For the latter, a more naive
but straightforward approach that is sufficient for our experiments is to just use the

Monte-Carlo estimator, see Sections 4.4.3 & 4.4.5 for details.

For a fixed and finite data set, lower-order summands in the above (capped) approx-
imation of the contrast Ki¢ are typically estimated more accurately than higher-order
summands. In practical applications this may be accounted for by applying weights
to the estimated summands of the contrast, leading one to estimate the alternative

objective
Yoo Ygce,, Wq - Kq(Y)?  for 0 <wg=wg(Y) decreasing in the order of q,

where we used the notation of (4.22) for convenience. Appropriate choices of weights
(wq) will generally depend on mg and the respective domain of Kic, but may otherwise
be arbitrary provided that the arg min of the thus-weighted objective coincides with
the arg min of the default case wg =1 (as, e.g., is guaranteed by the final assumption

of Theorem 4.2.3).
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4.3 ‘Classical’ Contrast Functions on Time-Series

On a theoretical note, let us remark how alternative contrast functions for multivariate time-

series may be obtained by an extension of classical independence criteria for random vectors:

In principle, every classical contrast function ¢ : M;(R?) — R, (cf. Cor. 3.1.3) naturally

induces an independence criterion ¢ : My (R¥™) — R for R%valued time-series

Y= Y e = (e (Fiem) (4.10)

over a finite time-horizon n € N, namely by composing ¢ with (the d-fold Cartesian product

of) a measurable injection from R"™ to R.

Proposition 4.3.1. If ¢ : M1(RY) = R, is a classical contrast function and 1) : R* — R
1s a measurable injection mapping measurable sets to measurable sets, then the composition

bi=¢ao(hx---x1): M(R>*") = R, given by (for arguments Y as in (4.10))

oY) = ¢a(W((Y iem)s (V) iemm))
is a contrast function on the product space R4*™ =2 (R”)Xd, i.e. such that

A(Y) =0 if and only if (Yti)te[n], i € [d], are mutually independent. (4.11)

Proof. Let Y be as in (4.10) with spatial components }; = (Y}');c[n)- The ‘if’-direction in
(4.11) is clear as independence is preserved under measurable transformations. Suppose

hence that the random variables Z; := ¥(V1),..., Z4 := ¥();) are mutually independent.
As 1) is injective we have that A = )~ 1(1)(A)) for each A C R", where by assumption 1/(A)

is measurable if A is measurable. Thus for any measurable Aq,..., Ay C R™ we find that
P( N yz-_l(Ai)) = IP’( NYite w-1><w<A¢>>)
i€[d] i€[d]
= [T p(z7 @A) = T P(v"(40)
i€[d) i€[d]
which shows that the vectors ), ..., Y  are independent, as desired. ]

We call an injection 1 as in Proposition 4.3.1 a link function, and introduce Cantor’s

interlacing map as a particular example of such a function.

Definition 4.3.2 (Cantor’s n-Link). Consider the map ¢ : (0,1)? — (0, 1) which takes the

decimal digits of its arguments and interleaves them, i.e.
(IL’, y) = (O.a1a2a3 . ,O.blbgbg .. ) — c(:c, y) = (0, a1b1a2b2a3b3 .. ) (4.12)
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for z = 322, a; - 107% the (terminating®) decimal representation of z (likewise for y), and

for n € N>3 define ¢, : (0,1)" — (0, 1) recursively via ¢z := ¢ and

cn(x1, s xn) = c(en—1(21,. -, Tno1), Tn)- (4.13)

For 71 : R" — RZ, (z;) + (€%), and 72 : R%; — (0,1)", (y;) — (y;’il), the map

Yo =cpo(mpom) : R" — (0,1) (4.14)
will be referred to as Cantor’s n-link.
Lemma 4.3.3. Cantor’s n-link is a link function in the sense of Proposition 4.3.1.

Proof. We need to show that for any n € N>, fixed, the function (4.14) is a Borel-measurable
injection which maps Borel-sets to Borel-sets; note that since both 7 and 79 are diffeomorph-
isms, it remains to verify these properties for (4.13).

We do this via induction on n. Let n = 2 first. The fact that ¢ is injective is clear from

(4.12), so let us next prove that ¢ is Borel-measurable. For this it suffices to show that
¢ 1(B) C B((0,1)?) for B any (topological) base of (0, 1). (4.15)

To this end, we consider the particular base of (0,1) which is given by

B = {Ia,2k = (o, a+107%) | o = iai 107" for (a;) € dop and k € N} (4.16)
i=1

where for k € N we denote by 0, the space of all decimal representations (a;)ieny C ([9]0)Y
with sup;~,a; = 0 and a; < 9. (The fact that (4.16) defines a base of the Euclidean
topology on (0,1) is then clear by definition.) To for this base prove (4.15), take any
Iookr = (0,a + 1072%) = 0.a1 ... ag, + (0,107%%) for a = 3°2°, a; - 10~% with (a;) € doz, and
note that then

Cil(Ia’Qk) = Cfl [(0.(11(12@3 ... A2k, 0.a1a2a3 .o .(a2k + 1))]

= (0.&1&3 ...0a2k—1, O.aias... (agk_l + 1)) X (0.a2a4 ...a9, O.asay... (agk + 1))

[o.¢] o0
=Ty i X Ion for o = Za%—l 2107 and o' = Zagi -107°.
i=1 i=1

To see that ¢ maps Borel sets to Borel sets, note that by the injectivity of ¢ (and the resulting
fact that ¢(AN B) = ¢(A) N¢(B) for any A, B C (0,1)?, implying that ¢ is compatible with

any countable set-theoretic operation on (0,1)?) this holds if

o(I x (0,1)), ¢((0,1) x I) € B(0,1) for each I € B,

® Whence, e.g., 2 = 0.500000... instead of 3 = 0.499999.. ..
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and by symmetry it suffices to check that ¢(I x (0,1)) € B(0,1) for any given I = I, j, € B,
say a = Zle a; - 107", And indeed, the definition (4.12) yields

¢(Ior x (0,1)) = {Z b - 107" ‘ (b2v—1)ver) = (av)velr), bj € [9]o else }
=1

k
= U (Z(ai 107D 45,1072 + (0, 1o2k)>

B=(Bv)€([9)0)*F Ni=1
= U Iogk € B(0,1) as desired,
Be((9]0)**
where ag = ag,) = Sk (a; 10730 4, 1072,
With (4.12) hence being a Borel-measurable injection which maps Borel sets to Borel
sets, it is clear that the composition (4.13) inherits this property for each n € N>g, which
concludes the proof. O

4.4 Statistical Consistency

In practice, the mixture X is usually not observed as a whole stochastic process with fully
known distribution but rather as a time-discretized sample consisting of finitely many data
points in R%, often taken over non-equally spaced time grids. Further, often only a single
such (time-discretized) sample path of the process is available rather than many independ-
ent sample realisations,® for example in the classical cocktail party problem. In this section
we demonstrate that our proposed nonlinear ICA method is stable under such discretisa-
tions. More precisely, we formalise the usual observation schemes (Section 4.4.1) and prove
that if these sampling discretisations of X get ‘finer’ in some natural sense, then our ICA
method produces a signal that gets uniformly closer to the unobserved source .S underlying

X (Section 4.4.6). The main steps towards this are outlined in Section 4.4.2.

We assume throughout this section that the mixture X is a continuous-time signal. As
before, the (simpler) case where the underlying mixture X is discrete in time is covered

analogously up to some minor modifications, as we explain in detail in Section 4.5.0.1.

4.4.1 Sampling

In practical applications, observations of the mixture X are typically not available as con-
tinuous paths, i.e. elements of C4, but rather as discrete, sequentially ordered collections of

data points in R%. Formally, such data can be modelled as a discrete time series

r = (Xt(w))tg with 7 := {0 =<t <...<tlp_1= 1} (4.17)

6 Note, however, that the latter can be regarded as a special case of the former by concatenating the
available (independent) sample observations into a single long observation.
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for w € Q any fixed elementary event in the probability space (Q2,.%,P) underlying X. (In
empirical language, the above dissection Z of [0,1] can then be regarded as a ‘protocol’

describing a sequence of measurements of X carried out per unit time with frequency n.)

The time series data (4.17) is then typically collected over not just one but several (v € N)
time intervals (per observation), and different observations of X (k € N) may vary in the
frequency at which their fixed-time measurements are made. This gives rise to the data

scheme

v

E(k) = (ng)alék), o ) = (Xt(w))téjka for jk = Ifk) U Iék) U...= LlyeNI(k) (418)

a dissection” of [0, 00) such that I§k> < Iék) < ... and 7y 1= sup,cy |Il(,k)] < 00,® with IYC)

a dissection of [0, 1] and ) = (Xt(w)), 70 for each v € N. Any such family (Jj)ren will

be called a protocol, where the index k € N enumerates the different observations of X.

Adopting the ergodicity perspective common in time-series analysis and signal processing,
the relevant statistical information of X (in our case: the signature-cumulant coordinates
(4.2)) may be averaged from the discretely-sampled observation ™) of a single, sufficiently
long realisation of X. For this, we may generalise established observation schemes® by
assuming that the data r®) in (4.18) be obtained according to nothing else but the assump-
tions

X = (X0 and lim |Z7] =0, (4.19)
- k—o0

that is, the requirements that the continuous observable X be ‘infinitely long’ (i.e., defined

over [0,00)) and the frequency |I£k)\ of observations per initial interval be going to infinity.

A protocol (Ji)ken as in (4.18) & (4.19) will be called ezhaustive with base lengths ny :=

|I{k)| and mazimal (observation) length fy; we called it balanced if |I£k)] =ny, forall v € N.

Remark 4.4.1. Note that the sampling scheme (4.18) allows for the units ) = {t(()k|y) <

e < tgz"':_l} to span observation intervals [t(()kly), tgjf:)_

1] of different lengths and dissect
them at different, non-constant frequencies. Notice further that while the mesh J in (4.18)

is infinite, this does not restrict us to considering observations ¢*) that contain an infinitude

“ We call Jr = {to < t1 < ...} a dissection of [0,00) if to = 0 and t; /o0 as j — co. Also, we then
assume X to be defined over the full positive time-axis [0, c0), see (4.19).

8 Notice that |Z| denotes the cardinality of a set Z C R (i.e. the number of its elements) while the
mesh-size of T is denoted ||Z||, cf. (4.29). (Consequently |Z| > (maxZ — minZ)/|Z|| + 1.)

9 Observations schemes are typically required to be equispaced, see e.g. [52, Sect. 3] and [159] for an
overview.
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,(,k)). In fact, everything presented in this section works as stated if we relax

of information (r

the above definition of a protocol by replacing the observable X in (4.18) with the cutoff
X -1y for some finite observation horizon Ty > 0 with klim Ty, = oo,
—00
thus extending the permissible data (x*)) in (4.18) to finite (eventually zero) sequences.

4.4.2 Section Overview

Let (t®)) be data associated to an exhaustive observation (X, (J;)) via the sampling scheme
(4.18). This section aims to establish conditions under which the optimisation procedure
of Theorem 4.2.3, when applied to (x(k)) in lieu of X, yields a sequence of approximations

(ék) of the true demixing inverse f~! which is statistically consistent in the sense that
lim dist(fz(X), DPy-S) = 0 (4.20)
k—o0

almost surely or in probability, where the distance is taken with respect to the uniform norm
on C4.'% Since the original optimisation (4.9) is composed of three (‘limiting’) operations
that each involve an ‘infinite amount of information’, namely the infinite series Kic from
(4.7) whose summands (4.3) are each defined by taking ezpectations of nonlinear functionals
(4.1) of the continuous-time stochastic processes Y = §(X), one may expect the consistency

(4.20) to result as a combination of the following three sublimits:

e Capping Limit (Section 4.4.3). In practice, only finitely many summands of the infinite

statistics k1o from (4.7) can be computed from the data. This is to say that the series

o
Fic(Y) = D > Rq(Y)?, (4.21)
m=2qec,,
with €,, C [d]% denoting the set of all cross-shuffles ¢ := | [{_, W), of word-length
m € N (see Prop. 4.2.2), needs to be capped at some index m = mg. Denoting this
capped series by

Rl) = 3 Y R(v)? (422

m=2qel,,

we show that in the capping limit mo — oo the minimizers of 6 R%O](H(X )) ap-
proach those of (4.21) with respect to a naturally chosen topology on ©; this provides
the first ingredient for the consistency limit (4.20).

1 The trivial case dist(f(X), DPg - 8) < [181(X) — ar(S)] < [16(CO] + lar(S)| = 0 (k — oo) is
automatically excluded if (X is non-trivial and) (dx) C © is bounded away from zero. This is guaranteed by
the below assumption, in Theorem 4.4.13, of © being a compact subset of C**(Dx).
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e Interpolation Limit (Section 4.4.4). The mixture X is usually observed along a dis-
crete set of time-points Z rather than continuously over time (Sect. 4.4.1). Via their
piecewise-linear interpolation XI, these discrete observations (X;);ez can be reinter-

preted as Cy4-valued data, allowing us to approximate the summands in (4.22) via

Rq(0(X)) ~ Rg(XY), for XY the linear interpolant of (6(X;)) (4.23)

tel”

Showing that (4.23) defines a ©-uniform approximation as ||Z|| — 0, we obtain that
the minimizers of 6 — R%O](X%) converge to those of (4.22); our second ingredient

for (4.20).

e FErgodicity Limit (Section 4.4.5). Finally, as the available data (4.18) is but a single
realisation of the discrete time-series (X¢):c7,, we propose to compute the approxim-

ations (4.23) by estimating their constituent signature moments (4.1) via

T

5 1
ai(X%M) ol Zsigi(ﬁ‘k), for %% the linear interpolant of 6(x*))  (4.24)

v=1
and where sig;(Y') denotes the iterated integrals inside the expectation (4.1) (cf. Sect.
2.2.2, egs. (2.18) and (2.15)). Showing that for many popular time-series models
and stochastic signals the above estimation scheme (4.24) for 7q(X%) is ©-uniformly

consistent as T'— 0o, we obtain our third and final ingredient for (4.20).

In Section 4.4.6, these three sublimits are then combined to prove that our nonlinear ICA
method (Theorem 4.2.3) gives rise to statistically consistent estimators of the sources un-
derlying the data, see Theorem 4.4.13 which also includes the consistency limit (4.20) as
a special case. The resulting approach is condensed into a readily implementable source

estimator in Section 4.6.

The majority of the proofs for this section are deferred to Section 4.7 as they are mostly

technical and independent of the argumentation developed in the main body of this work.

4.4.3 The Capping Limit

Let the subset &, of [d], denote the set of all cross-shuffles € := LI¢_, Wy of fixed word-
length m,'t for Wh, ..., W, as in Proposition 4.2.2 and m € N.

' The word-length of an element 4 € [d]% is defined as the maximal order of the (finitely many) indices

in [d]} whose formal sum is ¢ (cf. Notation 4.2.1). Thus &,, = Vi N |_|Z:2 Wi in the language of Section
2.3.3.
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Let further © be a given set of nonlinearities (as specified below), and for (kq(Y) | ¢ € [d]*)

as in (4.2) and 0 € O, consider the (in)finite cumulant series

Q) ==Y 3 it k0(X)?  and Q) = Y ¢t kg0(X))?  (4.25)
v=2qec, v=2q€eg,

for m > 2, where ¢4 denotes the number of monomials in g (cf. Remark 4.7.1).

We make following technical compatibility assumptions on © and X. (For notation, 2.3.3.)

Assumption 1. Let © C C(Dx;R?) be equipped with the topology of compact conver-
gence and suppose that © is compact, satisfies © - X C BY and is such that it holds with

probability one that for every convergent sequence (6;);>1 in © there is some p € [1,2) with
Sup;>1 HHJ’(X)HP-Var < o0 (4.26)

where || - |[pvar is the p-variation seminorm (2.4). On side of the signature moments (4.1),
suppose that the expected signatures §(0(X)) = E[sig(0(X))], 0 € O, exist and characterize
the law of their arguments, that their collection {&(6(X)) | # € ©} is ||-||,-bounded'? for
some A > 2, and that for each m > 1 (with sig,, := 7, o sig, sig as in (2.13)),1

E[sug”sigm(ﬂ(X))Hm < 0. (4.27)

fe

(To avoid potential measurability problems, we may as well replace (4.27) by the (weaker)

requirement that [E [supeef ||sig,,(0(X ))Hm} < 00, V countable F C O] if desired.)

Remark 4.4.2. Notice that the above conditions on © and X are quite natural and well-
established in the contexts of Artificial Neural Networks (ANNs) and Stochastic Analysis.
Indeed: The topological requirement of compact convergence is typically met if © is given
as the realisation space of an ANN] see e.g. [15, 124], while the assumptions © - X C BV
resp. (4.26) hold for instance if © C C!(Dx;R?) resp. if the elements of © are continuously
differentiable with uniformly bounded Jacobians. The growth assumptions on the signature
coordinates (including (4.27)), on the other hand, have been extensively studied, established

and applied in the context of rough path analysis and statistics, see e.g. [33] and [19, 34].

Lemma 4.4.3. Let X and © be as described in Assumption 1, and Q, Q. : © — R as given
in (4.25). Then the following holds:

12 A5 the source S can be recovered up to (a componental permutation and) a monotone scaling only, we
can and will assume wlog (cf. Lemma 2.3.5 (vii)) that the set {&(§-X)—1|60 € ©} C V) is ||-[|[,-bounded
by 1.

13 Some of the sup,-related (or dist(-,DPg4 - S)-related) expressions in the following sections may be
non-measurable, in which case any probability statements involving these expressions are to be understood
in terms of outer measure (cf. [152, 155]).
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(i) the functions Q,Qm : © — R are continuous ;

(ii) the capped objectives Q. approximate Q uniformly as m goes to infinity, in symbols:
Jim |Q—Qmlle =0 for lqlle = Sup 19(0)];

(iii) if Q is uniquely minimized at 0, € ©, i.e. such that Q(0) > Q(6y) if 0 # 0, then any
(‘minimising’) sequence (0%,) in © such that Qum(0F,) < infgpce Qm(0) + nm for some

Nm > 0 with limy, oo N = 0 a.s., converges to 0, almost surely as m — co.
Proof. See Section 4.7.2. O

The following is but a reformulation of Lemma 4.4.3 in terms of the standardized signa-

ture cumulants (4.7). It also anticipates the consistency assertion in Theorem 4.4.13 below.

Proposition 4.4.4 (Capping Limit). Let X and © C C*?(Dx) fulfil Assumption 1, and
suppose that there is a unique 0, € © such that 0,(X) is IC. Let R’%’él] be as in (4.22). Then

for any sequence of minimizers (07,) in © such that

FC (O () < min KEO(X) +

for some (ny,) in Ry with limy, 0o Nm = 0 a.s., it holds with probability one that
W%iinoo diSt||.||oo(9;1(X), DP, - S) = 0. (4.28)

Proof. Since for any g € € we have that rq(Y) = 0 iff kK¢(Y) = 0 (recall (4.3) and Nota-
tion 4.2.1), it holds that argming.g @ (0) = argmingg R%}(H(X)) for each m > 2. The
convergence (4.28) is thus immediate by Lemma 4.4.3 (iii) and Prop. 4.2.2/ Thm. 4.2.3. O

4.4.4 The Interpolation Limit

Let I be a compact interval; say I = [0, 1] wlog as above. A finite subset Z of I is called a
dissection of I if it contains the boundary points of I, and a sequence (Z,),>1 of dissections
7, = {t(()“),...,tifi)_l | t(()“) < tg”’) < .. < tifi)_l} of I is called refined if the maximal
distance ||Z,|| between two successive points in Z,, the so-called mesh-size of Z,,, goes to

zero as u — 00; in symbols:

| Z,. | := jel[%axu |t§-#) - t§@1| — 0 as [ — oo. (4.29)
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Writing X¢ for the piecewise linear interpolant'4 of the transformed data X¢ := (0(X1)), o1
0 € ©, the next lemma shows that, as ||Z|| — 0, the statistic (cf. (4.25))

Qum(Y) = i Z cgl kg(Y)?  with YV :i=XY (m >2) (4.30)
v=2qec,

yields a ©-uniform approximation of the contrast @, from (4.25).

Lemma 4.4.5 (Interpolation Limit). Let © and X be as in Assumption 1, Qp as in (4.30)
and Qm, as in (4.25). Then for (I,)nen any refined sequence of dissections of I and any

m e NZQ,
Qm(d) = g&@m(}?ﬁn) uniformly on ©. (4.31)

Proof. See Section 4.7.4. O

4.4.5 The Ergodicity Limit

We formalise the estimation scheme (4.24) and show that it holds uniformly on © for a

large class of time-series models and stochastic processes.

Notation 4.4.6. Let Z := R%. Given z = (2j)jen and J C N, we write 2 := (2;)jes and
Z(01:05) = (20,415 20,425 - - -5 20,) for £1,0o € Ny with ¢; < ¢3, and denote by 2¢, = ig, (2)
the piecewise-linear interpolation of z = (2j);¢n) € 2" along the equidistant dissection
Eni={(v—=1)/(n—=1)| v € [n]} of [0,1] (cf. Section 4.7.3). For X, = (X;)jen a discrete
|

time-series in R%, we denote by Dy, = UjeN supp(X;) ' its spatial support.

Set further sigy,, := [y, o sig for the signature capped at level m > 2, cf. Section 2.3.3.

The signature transform (2.14), and thereby its cumulants (4.2), (4.3), are invariant under
time-domain reparametrisations of X, see Lemma 2.3.5 (iii). Hence, the statistics (4.22) of
an interpolant Y = Xz depend only on the time series X7 — i.e. on the random variables
Zy = Xy, ..., 4y = X¢, , and their sequential order — and not on the dissection along

which X7 = (Z;) e[y is interpolated. In symbols, see Section 4.7.3 (4.64) for notation,

A

sig(Xz) = sig(ig(Z1,...,%n)) for any dissection J (4.32)

with cardinality |7| = |Z|. This justifies to abstract from the topology of the time-indices
t € T in (4.18), as done in the formulation of Definition 4.4.7 below.

All expectations in the following definition are assumed to exist.

14 For a formal definition of this operation see Section 4.7.3, where a unified notation for the projection
of continuous-time data to discrete time series — and, conversely, the embedding (via interpolation) of the
latter type of data into C/(I; R?) — is provided.
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Definition 4.4.7 (Signature Ergodicity). Let X, = (X;);en be a discrete time-series in R?

and n,m € N. We call X, m'-order signature ergodic to length n if, almost surely,

T
E[(b(X[n])] = Thjgo T! Z ¢(X(n(j—1):nj]) for ¢(Z) = 5lg[m]<25n) ) (433)
j=1
and X, will be called weakly m*-order signature ergodic to length n if (4.33) holds in
probability. We call the process X, [weakly] signature ergodic to length n if X is [weakly]
mt-order signature ergodic to length n for every m > 1.
Given © C C(Dx,;R%), we call X, [weakly/ mt-order] signature ergodic to length n on

© if the respective property holds for each 6(X,) := (H(Xj))jeN, 0eco.

We refer to the LHS of (4.33) as the [m]*™"-signature moment of the batch (X1, ..., X,).

Remark 4.4.8. (i) In other words, the time-series X = (X;)jen is [weakly] m'-order

signature ergodic to length n iff the sequence of empirical measures (on B(Cy))

A

A 1 ¢ A
HT = T Z 5)2} for Xj =lg, (Xn(j—l)—I—la PN ,an)
j=1

yields a consistent estimator for the expected signature &y, (X 1) of X 1, that is iff

Sk(X1) = lim [ sigg(z)iir(dz) a.s. [in probab.] (4.34)

T—oo Je,

for each 1 < k < m. Notice that due to (4.32), the equidistant dissection &, in (4.33)

may be replaced by any other [0, 1]-dissection of the same cardinality.

(ii) A time-series (X;)ie 7, for Ji as in (4.18), is called m*™™-order signature ergodic if a.s.
T
709 _ “1N\" 0% P
E[¢(X;w)] = Jlim T ;MXISM) for ¢ = sig,(-), (4.35)

for X7 := i7(Xz) the piecewise-linear interpolation of X7 = (X;)iez along Z C R.
The remaining notions of Definition 4.4.7 carry over analogously. Notice that in
consequence of Lemma 2.3.5 (iii), the above notions (4.35) of signature ergodicity for
protocol-indexed time-series are in fact a special case of Definition 4.4.7: see Lemma
4.7.3. Hence also for time-series of this protocol-indexed kind, the results of this
section all apply as stated upon replacing their respective ergodicity assumptions by

their (4.35)-type counterparts.
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Let as before the space C(Dyx,; R?) be endowed with the compact-open topology. Using the
universality of the signature transform (Lemma 2.3.5 (iv)), we find that the [weak] signature

ergodicity of X, = (Xj),en is passed onto 0(X,) = (H(Xj))jeN for any 6 € C(Dx,;R?).15

Proposition 4.4.9. Let © C C(Dx,;R?) and X, = (X;);en be a discrete time-series in
R® with compact spatial support and such that for each 6 € © the expectations

Elsig,, (X9 exist for allm > 1, with X! the interpolant of 0(X1),...,0(Xn).

It then holds that: if X, is [weakly] signature ergodic to length n, then X, is [weakly]

signature ergodic to length n on ©.

Using a Glivenko-Cantelli type result yields the following observation of uniform convergence.

For the lemma below, let © be as in Assumption 1 and ﬁ%] as in (4.22), and for n € N

denote by (Z,;);jen any fixed sequence of [0, 1]-dissections with |Z, ;| = n for all j € N.

Lemma 4.4.10 (Ergodicity Limit). Let X, = (X;);jen be a discrete time-series which for

some m is [weakly] m™-order signature ergodic to some length n € N on ©, and denote

~mln [lmin 1 d 1 X
T6) = logy(SF@)  Jor E(8) = 13 sigyy (X))
j=1

i Arnig)
and*® ﬁmn‘T(H) = ! —,
? (§ﬁ|”|T(9))771( )2 o (ﬁZ?iMT(Q))nd( )/2

i€ [d,

for each 0 € ©, where Xf is the interpolant of 0(X,(j—1)+1), - - -, 0(Xn;) along T,
For anym >2,n,T € N and 0 € ©, denote further (recalling Notation 4.2.1)

ls-

- f: S /)2, (4.36)

v=2qeC,

Provided that E[supyece H519k<X19)Hk] < o0 for each k € [m], it then holds that

fzg’g]()?f) = lim /%;b'n(ﬁ) uniformly on ©  a.s. [in probability]. (4.37)

T—o00
A detailed study of the class of (weakly) signature-ergodic stochastic processes is beyond

the scope of this thesis, but Section 4.7.7 and the examples below show that the ergodicity

assumption (4.34) is met for many popular time series models and stochastic processes.

Definition 4.4.11 (Ergodic Observations). For X = (Xt)tzo a continuous stochastic pro-

cess in R? and J = (T3 )ren C 2[%°) an exhaustive protocol with base lengths (1 )ren,

15 Proposition 4.4.9 and Lemma 4.4.10 are proved in the Sections 4.7.5 and 4.7.6, respectively.
16 Where 7, (1) denotes the number of times the index-entry v appears in 4; cf. (4.3).
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(i) the pair (X, J) will be called an ergodic observation if for almost all k € N,

(Xt)teg, Is signature ergodic to length ny, (4.38)

and (X, J) will be called ergodic* if in addition the spatial support of X is compact;

(ii) the pair (X, J) will be called a weakly ergodic observation if for almost all k € N,

(Xt)teg, 1s weakly signature ergodic to length ny (4.39)

and the running maximum of | X| has finite expectation,'7 i.e. E[supsejo 1 | X¢]] < o0.

Given a finite-horizon process X = (X;)ser, we call a pair (X,J) a [weakly] ergodicl*

observation of X if it is a [weakly] ergodicl*! observation and X = (X)te1 almost surely,
and we call (X, J) a [weakly] ergodicl* observation of X on © C C (Dg;RY) if in addition
the pair (6(X),J) is a [weakly] ergodicl* observation for each 6 € © individually.

Examples 4.4.12. Lemma 4.7.7 implies that the [strong resp. weak]| ergodicity assumptions

(4.33) resp. (4.35) are satisfied by a large number of time series and continuous stochastic

processes X (and with it by 6(X) for 6 € ©), for the latter by way of (4.38) resp. (4.39) and

Lemma 4.7.3 via any protocol J chosen such that X 7 is appropriately stationary. These

include, adequate stationarity provided (cf. e.g. Definition 4.7.6),

1.

(trivially) all g-dependent time series (e.g. all moving-average processes of finite de-

gree);

. various linear and related processes such as certain [MC]ARMA, ARCH and GARCH

models (see, e.g., [55, 108, 127, 141]);

. many Markov processes, diffusions and stochastic dynamical systems (e.g. [46, 109, 135, 156]);

see e.g. [21] for an overview. In practice however, infringements of the above (sufficient)

conditions for signature ergodicity may typically be innocuous, cf. Section 4.8.

4.4.6 The Consistency Limit

The considerations of Subsections 4.4.2 to 4.4.5 combine to the following consistency result
for our ICA-method (Theorem 4.2.3).

Theorem 4.4.13 (Consistency). Let X, S and © be as in Theorem 4.2.3 and Assumption

1, and let (X, (Tx)ren) be an ergodic* [resp. weakly ergodic on ©)] observation of X with
base lengths (nk)ken. Suppose that there is 0, € O such that 0,(X) is IC. Then for any

17 The integrability of the running maximum of | X| is discussed in, e.g., [20, Chapter 13] and [107]
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error bound € > 0 there exists a capping threshold mg > 2 such that for any fired m > my
the following holds: There is a mesh-index kg = ko(m) € N such that for any k > ko and
any sequence (é}) in © with the property that, for /%?lnk as in (4.36) but computed from
X = Xjk7

REM0F) < min A7O) + o (TEN) (4.40)

for some (np) C Ry with limp_,oo nr = 0 almost surely [resp. in probability|, it holds that
lim max {sup [distH_Hoo(é}(X), DP, - S)], E} = ¢ (4.41)
T—00 TZ’T

almost surely [resp. in probability]. If (X, (Ji)ken) is ergodic on © and the spatial support
of X is not necessarily compact, then (4.41) holds almost surely with the above threshold myg

depending on the realisation of X.

The above theorem shows that the optimality-based inversion scheme (4.9) is provably

robust under a variety of approximations arising in statistical practice.

Remark 4.4.14. In particular,'® Theorem 4.4.13 gives the following guarantee: Provided
that the hyperparameters m (capping threshold) and k (observation frequency) are chosen
large enough, the minimizers (4.40) of the empirical signature contrasts A, " from (4.36)
will, in the infinite-data limit 7" — oo, recover each component of the source to an arbit-
rarily high I-uniform precision (up to order and monotone scaling). In other words, as the
grid of observational time-points gets finer (k — oo) and the length of the observed time
series increases (T° — 00), our method produces a signal that gets uniformly closer to the

unobserved source. *

Proof of Theorem 4.4.13. For brevity, only the statement for (X, (J;)) ergodic* is proved

here; a proof of the remaining non-compact [weakly] ergodic case is given in Section 4.7.8.
So let (X, (Jk)) be an ergodic observation with Dx compact.

Making the (m, k,T)-dependence of each minimizer é} in (4.40) explicit by writing é} =:

O lk, fix any 0, € © with 6,(X) IC and observe that assertion (4.41) follows from the claim:

Vé>0:3Img>2: for each m > myg there is kg = ko(m) such that:
(4.42)

mlk . 7

mkye=¢ as. with o* .= SUPp>, d(@;n‘k, ©,), for each k > ko;

lim o
T—00

here: a Vb :=max{a,b} and d denotes the topology-inducing metric (4.89) on ©, and

O, = {Bob. | BEMo} for Mo :=DPy(Dy,(x)) N [O00,"].

18 Since the maximum norm and the Euclidean norm on R? are equivalent.
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Indeed: Note first that for each 6 € ©, we have that 0(X) is IC iff 6 € Mg - ,. (For this,
recall that if 6(X) = (0 o f)(S) is IC then 3 := o f € DPy(Dg) by [the respective proofs
of] Theorems 3.3.3 and 3.3.7; thus also the residual 8, := 6,0 f : Dg — Dy, (x) (cf. Lemma
3.2.5 (i) is in DPy(Dg), whence the map 8 := 0o 8;' = 3o ;! is both monomial and in
Oof ! ie B € Mg, as claimed.) In other words (recall Proposition 4.2.2), we have that

O, = argmingcg Kic(6(X)). (4.43)

(In the following, we import the setting and notation of Remark 4.7.8 for usage below.)
Provided now that (4.42) holds, we find that for every ¢ > 0 there is mo > 2 with the

property that each capping index m > mg comes with a mesh-threshold kg = ko(m) € N

which is such that for each observation at mesh-level k > ky we have with probability one

that there is a sequence of transformations (07)pcy in ©, such that almost surely:
Hﬁgflk(X) —0r(X)||, < e foralmostall T €N, where (§7(X)) CDPq-S (4.44)

with probability one due to (4.43) and Theorem 4.2.3. This readily implies (4.41) as desired.

To derive (4.44) from (4.42), let € > 0 be arbitrary, assuming ¢ < 1 wlog, and note
that Dx C K,, for some vy € N as Dx is compact. Observe then that (4.90) provides the
inclusion B (6) D BZJS(6) for each 6 € ©, while the definition of d yields Bz(6) C BL/S (6)
for £ :=27%¢/2, cf. (4.89). Given (4.42), this & comes with associated mg, m, ko, k € N and

a P-full set Q' = Q’mk € 9.Z such that

o™ (w) = Tli_)ngo supys, d(0r " (w),04) < &/2 for each w €

F exists as (a;n‘k)TeN is monotone and bounded). Thus, for each w € Q' NQ" (for

(note: a™

" € Z the P-full set on which the traces of X are all contained in Dx; Lemma 3.2.5 (ii))

there is 79 (= 10(w)) € N together with a sequence (07)7ren (= (07 (w))ren) C O such that:
dyy

Hglk(w) C B:(0r) ( C Bg’g (67) C B:"(67)) for each T > 79, and hence

m|k m|k m|k
107" (@) (X (@) = 02(X (@)l < 167" @) = 02l = dun (67 (@), 02) < ¢ (445)
for each T' > 79, which gives (4.44) as desired. To prove (4.42) next, let & > 0 be arbitrary.

Then for K, (0) = @m(X%m) as in (4.30) with J =: (J; = ugozlzﬁ’“) | k € N) the

given protocol under consideration, there is mg > 2 such that for each m > myg it holds that

Tko (S ho(m) €N+ axgmin wn(0) € O i=J, o Bepa(0). Wz ko (4.46)

19 For convenience, we may assume the underlying probability space (2, #,P) to be complete.
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Indeed: The identity (4.43) (together with the fact that kic(6x(X)) = 0) implies that
(e := mingeg\c. Q(A) > 0 for® C: := 07/?N O and @ as in (4.25), while Lemma 4.4.3 (ii)
provides an mg > 2 with sup,,>,,, |Q — Qmlle < (z/2. Fixing any m > mq and using that
(Jk)ken is exhaustive (whence the sequence (ka))keN is refined), Lemma 4.4.5 yields some
ko = ko(m) € N with supy>g, [|Qm — Kmklle < (z/2. Hence for any fixed & > ko and each
0 € © with Ky, 1(0) = mingeg km 1 (0), it holds that

Q) = Hmk(é) +(Q — mmk)(é) < (/24 ¢:/2=¢ and hence 6 ¢ G)f/z,

where we used the fact that 0 < mingeg fm i (0) < kmk(6x) = 0 (i.e., the argmins of kp,
on O coincide with its roots), where this last property follows from Proposition 4.2.2 and
the obvious fact that if 6,(X) is IC then so is X%k). Together with (4.46) the identity
argming (km k) = {0 € O | kpmi(d) = 0} = N(Kpm k) now implies that, for Ky, ,x(6) :=
/%%] (X%m) as in (4.22),

1

M :=argmin K, ;(0) C 0% for each k> ko, (4.47)
0co

because arg ming Ky, = N (K k) (as above) and the zero sets N (R, ) and N (K, k) coin-
cide (by Definition 4.1.2). Next we claim that, for m and k as above,

. k
lim supy, d(ﬁ;?‘ , M) =0  almost surely, (4.48)

which by way of (4.47) implies (4.42) as desired. To see (4.48), observe first that

lim i (05) = 0 almost surely, with (6%) = (05") (4.49)

T—o0

as in (4.48), which due to (4.37)]X*5Xjk follows by the same arguments that led to (4.60).
Using proof by contradiction, assume now that (4.48) does not hold. Then, pointwise on an
event of positive probability, there will be dp > 0 together with a subsequence (7})jen € N
such that d(ﬁ}j,./\/l) > §p for each j € N. But as © is compact, we (upon passing to a
convergent subsequence) may assume that (H}j )jen converges to some 6y € ©. Then by
continuity K, x(6p) = lim;_o Rm,k(gﬁ)’ whence K, 1 (6p) = 0 by (4.49) and thus 6y € M.
Yet the latter contradicts that (9}3_ )jen is bounded away from M (by dg), proving (4.48). [

4.5 Consistency in the Discrete-Time Case

Throughout Section 4.4 we assumed the data-generating signal X from (4.19) to be continuous-
time on [0, 1]. If this is not the case, then the ‘refinement assumption’ limg_,«, HI£M|] =0

in (4.19) can be dropped and naturally replaced by the compensating assumption that

thereis ky s.t. the observation (Xt)tez(ko) is @-, B- or 4-contrastive.
1

20 Provided that € is small enough such that Cz C ©, which can be assumed without loss of generality.
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This renders Sect. 4.4.4 void and removes the necessity to, as in Sect. 4.4.1, consider k-
dependent protocols J with ever growing base lengths |I§k) |. Sections 4.4.3, 4.4.5, however,
stay applicable as stated and Theorem 4.4.13 remains valid — by the same proof — up to the

following straightforward modifications?'.

4.5.0.1 Consistency in the Discrete-Time Case

In Section 4.4 we assumed that the data-generating signal X from (4.19) is continuous-time
on [0,1]. If this is not the case, then the ‘refinement assumption’ limy_, s HI{MH =0 in

(4.19) can be dropped and naturally replaced by the compensating assumption that
there is ky s.t.  the observation (Xt)tez(ko) is a-, 3- or y-contrastive.
1

This renders Section 4.4.4 void and removes the necessity to consider k-dependent protocols
Ji with ever growing base lengths |I§k)| (Section 4.4.1), while Sections 4.4.3 and 4.4.5 stay
applicable as stated and Theorem 4.4.13 remains valid — by the same proof — up to the fol-
lowing straightforward modifications. (In essence, we only need to remove the k-dependence

from Section 4.4.)

Let X, and S, be as in (3.112) with X, = (X;) ez for some J C Z such that

J = |—|ueN T, with Iy <y <... st. (Xj)jer, =: (Xj)jeIl is a-, B- or 4-contrastive.

Let further © be as in Theorem 4.2.3 and such that Assumption 1 holds?? for (X;) ez, We
then call the discrete process X, an ergodic observation of X, if X, is signature ergodic to
length |Z;| =: n; the remaining notions of Definition 4.4.11 are adopted analogously.

Let finally || - [|[,,; denote the uniform norm on R4 (so that [(25)[|fn) = maxepn |;1)-

Theorem 4.5.1. Let X,,S, and ©, X, be as above, and suppose that there is 0, € ©
such that 0,(X.) is IC. Suppose further that X, is an ergodic* [resp. weakly ergodic on ©)]
observation of X.. Then for any error bound € > O there exists a capping threshold mg > 2

such that for any fired m > mg the following holds: For every sequence (é}) i © such that

FEOR) < min #7O) +ogr (TEN), for & asin (436) x5, and 0= ||

0cO

and some (nr) C Ry with limp_,oo np = 0 almost surely [resp. in probability], it holds that

lim max {sup {distH,H[n](é}(X*), DP, - S*)}, 5} = ¢

T—00 T>7r

2! In essence, we only need to remove the k-dependence from Section 4.4.
22 Following the piecewise-linear interpolation of (X;);ez, as in point (ii) (b) above.
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almost surely [resp. in probability|. If X, is ergodic on © and the spatial support of X, is not
necessarily compact, then (4.41) holds almost surely with the above threshold mg depending

on the realisation of X..

4.6 Algorithm

The computational procedures of Section 4.4 (and Section 4.5.0.1) can be summarized into

the following practical algorithm whose consistency is established by Theorem 4.4.13.

Algorithm: Nonlinear ICA via Signature Cumulants

Goal: For X = f(S) with a contin.-/discrete-time process S in R?, invert X for S.
Hyperparameters: candidate nonlinearities O, capping order my (as in (4.22)),
base length n (:= |I£k)|7 as in (4.18)), observation horizon T (as
in (4.36), or T = max{j > 1| Z\") < T;} for T, as in Rem. 4.4.1).
1. Input: sample observation ¢ = (xr;) of X (as in (4.18), with index (k) omitted).

2. Compute the estimated contrast ngS = /%?O‘n as in (4.36), that is compute

2 .- _ . _ i(0
WO = 7®F with® ge)=—— A0
v=2qce, p11(0) 2 - paa(0) 2
where wi(0) == <‘f(9),z> (2 € [d]") (4.50a)
T
and €(0) = 10811 7! Zsig[mo] (fcf) , (4.50b)
j=1

for §9 the piecewise-linear interpolation of the data 0(x;) = (0(X(w)) | t € Z;).
3. Compute a minimiser 6, of ngS over O, that is find

0, € arg min ¢(0). (4.51)
9co

4. Compute the estimated source realisation & := 6,(r) = (6.(Xy(w)) | t € I1).

5. Output: § and 6,.

® Optional: weights (wq) as in Remark 4.2.4 (v).

The above algorithm involves two independent subroutines, namely the computation of
the free logarithm of averages of signatures of piecewise-linearly interpolated data batches

(4.50b) followed by the subsequent extracion of its relevant [cross-shuffle-indexed] coeffi-

23 Recall Notation 4.2.1 and that 7, (2) equals Athe number of times the index-value v appears in i,Afor
example 73(123433235) = 4. Recall further that (£(0),) denotes the i*® entry of the multiindexed list €()
(cf. (2.3.2)).

106



cients (4.50a), and the optimisation (4.51) of the contrast ¢ over a given set © of candidate
demixing transformations. The first of these routines can be conveniently implemented by
use of the functionality provided with specialised signature libraries such as [95], while the
second task can be performed with great flexibility by choosing © as an artificial neural
network that has <Z> as its loss function. The minimiser 8, can then be learnt as an optimal

network configuration reached by training (0, ¢) via backpropagation, cf. e.g. Remark 4.2.4
(ii) and Section 4.8.3.

Several example applications of the above method are detailed in Section 4.8 and on
the public repository [140] where the above algorithm is also implemented, including a

differentiable (i.e. backpropagatable) implementation of the contrast function .

4.7 Lemmas and Proofs for Section 4.4

The following contains auxiliary considerations and proofs for Section 4.7. We make tacit

use of the notation from Section 2.3.3.

4.7.1 Basic Cross-Shuffle Combinatorics

Using the notation of Sections 4, 4.4.3 and 2.3.3 throughout, this subsection considers the
family of cross-shuffles € = |_|g:2 Wi =112,¢,.

By definition (4.6) of the shuffle product, each element g € €, (seen as an element of
(2.3.2)) is a homogeneous polynomial of degree v whose monomial coefficients are all 1, i.e.

there is ¢4 € N such that ¢ = q1 + - - + g, with g; € [d]* for each j € [cq]. Partitioning
d
= for &= NN,
k=2

the definition of W, yields that for any given g € €, the pair Vg = (kq, p1q) € [d]>2 x [m —1],
with kg := max{i € [d] | i € g1} being the largest letter contained in q and g := 37;c,, dik,
denoting the number of times this largest letter appears in one (and hence any) of the
monomials of g, determines g uniquely (in €,) up to a w-left-factor of word length v — pq.
(Indeed: Given q € €,, the number k; € N is the (unique) index s.t. ¢ € €, C W,

whence g = w w (kq)*"e for some w € [kq — 1]* with |w| =v — pq.)

Since the shuffle product (4.6) of two words %, 5 € [d]* is precisely the sum over the c;,;
(= (ESFDE

= W) ways of interleaving ¢ and j, any two monomials in 2wy are composed of exactly

the same letters and differ only in the order in which their letters appear. Consequently,
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(a) any two q,q’ € €, have a monomial in common iff ¢ = ¢’;

(b) given any g € €, with its unique (up to the order of summands) decomposition
q = q1+...+qc, into monic monomials qy, ..., g, € [d]*, these monomials q1, ..., qc,

are pairwise distinct.

(Note that point (b) follows inductively: Let ¢ = ww (kq)*e € €, with (kq, ptq) = U4¢. The
assertion clearly holds if ;1 = 1 or (by symmetry) |w| = 1. Fixing any q as above, assume

that (b) holds for any r = w' w (kq)*** € € with p, = g — 1 or |w’| = |w| — 1. Note that
g = (w * i)W (k)" Ma™) =g x i+ 1 xkg (w=:w'*1i, i€ [kg—1]\{e})

for the polynomials 7o := w'w(ky)*e and r; := ww(ky)*#a~1) (by the recursive formulation
of the shuffle product, e.g. [132, p. 25f.]). Now since the monomials of r¢p and r; are all
monic and pairwise distinct by induction hypothesis, the same applies to 7o * i and 71 * kg

and, hence (as i # kq), to g. Thus by induction, assertion (b) holds for g as desired.)

4.7.2 Proof of Lemma 4.4.3

Proof of Lemma 4.4.3. (i): For v > 2 fixed, consider the function ¢, : © — V,, given by

q(0) = Z rq(0(X))

. (4.52)
qec, \/@

with ¢4 the number of monomials in g (cf. Remark 4.7.1). As the sets {031/2 ‘qlqged,}
are each finite and orthonormal wrt. the Euclidean structure on V, (cf. Sect. 2.3.3), we
have that Q,, = S0, ||q.||? for each m > 2 and thus obtain the continuity of Q,, from
the continuity of (4.52). To convince ourselves of the latter, fix any index q € €, and let
(0j)jen be an arbitrary convergent sequence in ©, with limit lim; . 6; =: 6. By a classical

interpolation inequality (see e.g. [54, Proposition 5.5. (i)]) we for any 2 > p’ > p have that

16(X) = 05 (X) v < C-1IO(X) = G(X) PP — 0 as. (as j—o00) (4.53)

for the a.s. finite (by (4.26)) random variable C':= 21=2/7' sup ., [16(X) = 6;(X) | pvar] "/,
where the convergence in (4.53) then follows by the compact convergence 6; — 6 and the
fact that almost every realisation of X has a compact trace in Dx (Lemma 3.2.5 (ii)).
Hence by the p’-variation continuity of sig (Lemma 2.3.5 (ii)) followed by dominated
convergence (cf. (4.27)) and the fact that log,) = m,j o log = logy, o, is continuous

(Lemma 2.3.5 (v)), we see that the convergence (4.53) implies that, for any g € €,,

kal05(X)) = (log[Elsig(0;(X))]], a) = (logy,[El(m,) o sigh9;(X)]], @)

~ | (4.54)
— <log[,j] [E[(’/T[V] 0sig)(0(X))]], @) = rg(0(X)) as j— oo.
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Since our topology on © is metrizable, the sequential convergence (4.54) characterizes the
continuity of © 3 6 — kg(0(X)), which yields that (4.52) (hence @p,) is continuous as
desired. The continuity of @) thus follows from assertion (ii) of this lemma, i.e. from the
claim

Qm — @ uniformly on © as m — 0o. (4.55)

(ii): To see that (4.55) holds, observe that since supycg [|S(6(X)) —1||, < 1 for some
A > 2 by assumption, Lemma 2.3.5 (v) yields that the set £ :=log({&(6(X)) | 0 € ©}) =
{£(0) | 0 € ©} is ||-[|| ,-bounded for some p > 1. Hence by Lemma 2.3.5 (vi),

Gm = Sup Z |m (€)]|l, — 0 as m — 0. (4.56)
el y>m

Writing now q = wi(q) + ... + we,(q) for the decomposition of a polynomial g € €, into
its (monic) monomials w;(q) € [d]} (cf. Remark 4.7.1 (b)), we have that for each q € ¢,
the monomials wi(q),...,w.,(q) are pairwise distinct (Rem. 4.7.1 (b)), and further that
the union Uyee, {wi(q), ..., we,(q)} C [d]} is disjoint (Rem. 4.7.1 (a)). Hence and since®*

2
Kgq = (K,wl(q) +...+ Iﬁ;wcq(q)> < ¢q- Z m?ﬂj(q) (4.57)

by the Cauchy-Schwarz inequality, we for each m > 2 obtain the estimate

1Q = Qumllo < sup 3= 3 e k(8(X))°

0€0 ,~m qee,

< sup Yo D Ru(0(X))T = Sup > lIm (O3

0O V>mw6[d}:§ 1/>m

(4.58)

Hence, and since lim,_, ||7,(£)||, = 0 uniformly on £ by (4.56), there will be an mg > 2
such that supger ,>m, [T (€)|l, < 1 and therefore, by (4.58), [|Q — Qmlle < ¢n for all
m > my, implying (4.55) as claimed.

(iii) : Let 6, € O be as above, and £ > 0 be arbitrary. Since O is compact so is its closed
subset?® C. := O \ B.(6,), and for (. := infacc. Q(0) = Q(0:) > Q(6;) (for some 6. € C¢;

recall that @ is continuous) and any 6 € © we have the obvious implication that:
it Q) < ¢, then 6 € B.(0,). (4.59)

Let now (0%,) C © be a minimising sequence of the required kind. As then Q(6,) < Q(6},)
and Qum (0%,) < Qm(0y) + nm for each m > 2, we find that Q(0x) < Qum(6},) + (Q(6%,) —

24 To ease notation, we in (4.57) drop the argument of the cumulants, i.e. denote k, = £q(0(X)).
25 The topology (of compact convergence) on © is metrizable (cf. Remark 4.7.8), and B.(f) denotes the
open ball of radius € defined wrt. any applicable metric on ©.
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Qm(e:n)) < Qm(g*) + (Q(Q;%) - Qm(ezl) + nm) = Q(Q*) + ryy, for vy, = (Qm(e*) - Q(H*) +
Q) — Qm(0r,) + nm). Hence Q(6x) < Q(6F,) < Q(04) + ry, and therefore

lim |Q(6,) —Q(6) < lim r, = 0 (a.s.), (4.60)

m—00 m—00

where the last identity is due to the uniform convergence (ii) (and our assumption on (7,,)).
Consequently Q(6F,) < (. for almost all m, which in light of (4.59) implies that 6%, € B.(6,)

for almost all m (a.s.), as desired. O

4.7.3 Linear Interpolation of Discrete-Time Data

Let I be a compact interval; say I = [0, 1] wlog. Any dissection Z = {tg,...,tn—1 |to < ... <
tn—1} of I can be uniquely assigned the family of Z-centered hat functions 1g,...,Th—1 €
C(I;R) characterised by:

7; is Z-piecewise affine and 7j(ty) = d;, for each v € [n—1]p (4.61)
for all j € [n —1]g. A path in C = C(I; R?) will be called Z-piecewise linear if it lies in
Crz = {vo cTo+ ...+ Up—1 - Tp—1 ’ VO, -+ ,Un—1 € Rd} (4.62)

(the ‘vectorial span’ of (4.61)). Clearly, the set (4.62) is a closed linear subspace of (C, |||/~),

in fact of (B, ||||ll,.var) (cf. below), and each element & = (Z;) € Cz is of the form

p-var

t—tj 1
tj — tj_l

A

Ty = Tty 4 +

A

(B, — ;) for  t ety ty] (j €[n—1]).

The space Cz is the co-domain of two natural operators, namely the linear projection

77 + C = Cz, 7r(x)=x 10+ ...+ Xt, | Tn1 =31 (4.63)
as well as the (continuous wrt. both || - [[oc and [[-[|,; set Z := R?) linear injection
it + 27" = Cr, iz(voy. . Up—1) =00 T0+ .-+ Upe1 - Tn1- (4.64)
It is clear that the linear operator 77 is bounded on C with operator norm ||7z| = 1.

Remark 4.7.1. (i) As any two points in R? uniquely determine the affine path-segment
that joins them, the Z-piecewise linear projection Z7 of a path x can be seen as the

‘unbiased continuous-time approximation’ of z given the observations (x; | t € Z).26

26 Likewise, the injection (4.64) can be seen as the ‘unbiased Z-centered continuous-time localisation’ of
a sequence (vi,...,v,) € Z*".
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(ii) For any (2;);e[n € Z*" and any I-dissection of cardinality |Z| = n,

ez (21, s 20y = Z|ZJ+1 zl < 20l(z1,-- -5zl

Denote by BV, := {x € C | (2.4) is finite} the space of all continuous paths of bounded
p-variation (p > 1), and remark that each BV, is a Banach space wrt. the norm [|z||,,,, =
pvar + |[2(0)| (e.g. [54, Thm. 5.25 (i)]).

]

Lemma 4.7.2. For (Z,)nen a refined sequence of dissections of a compact interval I,

nh_}m 77, = ide  pointwise on C(I;RY) (4.65)
where for each argument the above convergence is understood to take place in (C, || - |loc). In

addition, the family of operators (7z, | n € N) is equicontinuous, whence in particular the
convergence (4.65) is uniform on compact subsets of C. The family of operators (&7, | n € N)

remains equicontinuous if (C,| - ||«) s replaced by (BV,, |||l for any p > 1.

p-var )

Proof. The pointwise convergence (4.65) is an easy consequence of definition (4.63) and the
fact that every element of C is uniformly continuous on I. The equicontinuity of the family of
linear operators (77, | n € N) is immediate by the fact that this family is uniformly bounded
(by 1) in the operator norm. That a pointwise convergent sequence of equicontinuous
functions on a metric space (with values in a complete metric space) converges uniformly
on compact subsets of its domain is a well-known fact from real analysis (e.g. [137, Exercise
7.16]). As shown in [54, Prop. 5.20], the operator family (77 : BV, — BV, | n € N)
remains uniformly bounded in the operator norm (and hence is equicontinuous) if the latter

is defined wrt. the p-variation norm |||-|| on the Banach space BV),. O

p-var

This subsection concludes with a proof that for protocol-indexed discrete time-series

(4.18), the ergodicity notions of Remark 4.4.8 (ii) and Definition 4.4.7 coincide.

Note to this end that for n < 7, any Z = {tg < - -+ < t,—1} embeds monotonically into &,

tjo bi=qf/(A—1) €& for g5i= |55 (A - 1)), (4.66)

tn—1—to

where [-] is the ceiling function; lifting (4.66) to a map ¢ : [to,t,—1] — [0, 1] via piecewise-
linear extension defines a strictly monotonous continuous injection of intervals. The em-
bedding (4.66) of Z will be denoted Zg, (= {t; | j € [n — 1]o} = ¥2(T)).
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Given (X, Ji) as in (4.18) with maximal observation length 7, define the equidistant aug-

mentation of (X, Jy) as the time-series X}k = (Xt*)te?k given by (for some fixed ¢ > 1)

= 7Y with IV =g —1) + &, = (i < <],
veN
k. — (k)y .
and X Vz:lbq(y—l)+[25k)]g£;}(s | S € IV ) [ (Ic|u)7 7(1];‘“)1]

where © o (Xs | s € Il(,k) is the piecewise-linear interpolation (4.64) of the ob-
q(v—1)+ [Il(, )}5’
Tk

servation (Xy), ;o along the T,(/k)—embedded (via (4.66)) equidistant dissection ¢(v — 1) +

[ng)]& of [LTO(HV), ET(L]Z‘_V)I]) Then the following holds.
Nk

Lemma 4.7.3. A time-series (X;)ic7, for Ji as in (4.18), is [weakly] m*™-order signature

ergodic in the sense of (4.35) iff its equidistant augmentation )_(}k is [weakly] mt"-order

signature ergodic to length Ny in the sense of Definition 4.4.7.

Proof. This follows from Lemma 2.3.5 (111) Indeed: Fix any v. Denoting J := q(v — 1) +
[I’Ek)]gﬁk (= () for o = q(v — 1) + " (k), with @Z’gk) defined as in (4.66) above), note
that J C f,(jk) =: 7 and hence 7t 7 = fiz o 7t 7 (directly by (4.63)). Consequently,

A A

X =

*

[F{H0, 60 ] = = i7(Xs | s € TF) = 7 7(X 1) = 72(X(,) (4.67)

’nkl

and therefore, for ¢ and ¢ as in (4.33) and (4.35) respectively, and Y := )_(}k and A := fy,

¢(Y(ﬁ(’/_1)vﬁ’/]> = sig[m] (Ai’(f(zku))) = é(X(*V)) (4'68)
. S (4.67) (4 63) J T
Now since X(V) = j(X ) Ztep I)X () Tt[ ] = ZSGIch*l(cp(s)) . g[o(s]) =

>eer Xs - (TS[I] op ) =#z(X)op ! =#7z(X1)op for T := ¥ and @ = ¢!, we have

$(X(,) = o(7z(X1)) = $(X X)) (4.69)

where the first of these equalities is due to Lemma 2.3.5 (iii). As the above the choice of v
was arbitrary, we by combination of (4.68) and (4.69) obtain that the identities (4.33) and
(4.35) are equivalent. This concludes the proof. O

4.7.4 Proof of Lemma 4.4.5

Proof of Lemma 4.4.5. Recalling that tr(X) C Dx almost surely (Lemma 3.2.5 (ii)), notice

lim supHXZ —-0(X )’ =0 almost surely (4.70)

p-var
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for any p > p with p > 1 as in (4.26). Indeed: Denoting by x := (X;(w))ter € Dx (inclusion

a.s.) a given realisation of X, we remark first that (cf. Section 4.7.3 for notation)

0, = {2’ = (0(2t)),o; | 0 € ©} s a compact subset of (BVj, ||| (4.71)

p-var )

for any p > p. To see that (4.71) holds, observe that [54, Lemma 5.27 (i)] (together with
(4.26)) implies that, for any p > p, each of the functions

Qn, @ @ O = BV;,  a,(8) :=177,(0(x)) and «(f) :=0(z) (n e N) (4.72)

are continuous. Hence ©, = «(0) is compact (as continuous image of a compact set).

In addition, [54, Lemma 5.27 (i)] (by virtue of Lemma 4.7.2 (4.65) and [54, Proposition
5.20 (5.13)]) implies that lim, .o o, = « pointwise on ©. Hence by (4.71) and the last
assertion of Lemma 4.7.2 (which implies that (7z,) converges uniformly on ©,; see the proof
of Lemma 4.7.2 for details), we obtain that lim,,_, ay, = o uniformly on ©, which in turn
yields (4.70) by the fact that )A(gn =77,(0(X)) for each 6 € ©.

Given (4.70) for any fixed p € (p, 2), the p-variation continuity of sig (Lemma 2.3.5 (ii))
together with the equicontinuity of (77, : BVy — BV; | n € N) (Lemma 4.7.2) yields that

lim sup Hsigm(f(%l) — sig,,(0(X)) H = 0 almost surely (m e N).

Indeed, the above holds path-wise, with probability one, by Lemma 4.7.4 (applied to © as
above, B = BV, V =V}, ¥ = sig,,,, @ and v, as in (4.72) and 7 = «).
Thus for &,,,(0) := E[sig,, (X )] and &,,(0) := E[sig,,(6(X))] we have that

lim &,,,(0) = &,,(0) uniformly on © (4.73)

n=350
due to [58, Theorem 22 (p. 241)] (note that the hypothesis in loc.cit. of (&,,),)n to be
“absolutely continuous uniformly” is met in light of [58, Thm. 11 (p. 192)] and assumption
(4.27)).

Finally, the fact that logy,,) = m,, o log is continuous (Lemma 2.3.5 (v)) together with
the uniform convergence (4.73) of &y = Y7o G, towards &y, := 3201 6y, yields
that

RZ”] = 10g[m] © Smyin e 10g[m) © Sppy) = K™ uniformly on ©.
In particular, /@q()z%n) = </£7[1m](9), q) — (s™(0), @) = kq(0(X)) uniformly on © for each
q € V), which by definitions (4.30) (of Qm) and (4.25) (of Q,,) yields (4.31) as desired. [

Lemma 4.7.4. Let © be a compact metric space, B and V be Banach spaces, ¥ : B — V

be a continuous map, and o, oy, T : © — B, n € N, be continuous functions such that
an=ppotT, neN, with (p,:7(0)— B|neN) equicontinuous

and limy,, . o, = « pointwise on ©. Then limy, oo ¥ 0o o, = W 0 a0 uniformly on ©.

113



Proof of Lemma 4.7.4. Let (0,)nen be any convergent sequence in ©, say 6,, — 6 for some
0 € ©. Then

lim ®,(0,) = ®(0) for ®,:=Voa, and ®:=Voa, (4.74)

since [|®(0) — @ (bh)[lv < [[2(0) — @n(0)]lv + [[Pn(0) — Pn(bn)]lv with limy, o0 [[(0) —
®,(0)|ly = 0 and limy, o0 ||®r(0) — @ (6r)][v = 0. For the latter convergence, take any
¢ > 0 and let §; > 0 be such that SUDbe B, (a(6)) |¥(a(f)) — U (b)|lv <e,and d2 > 0 be such
that pn := Suppep; (-(0))nr(0) lpn(7(0)) — pn(b)||B < 01 for all n € N. Taking ng > 1 such
that sup,,>,, [|7(6) — 7(0,)|| 3 < d2 then implies that
sup [l (6) = an(6n)llB = sup [P (7(0)) = Pu(T(00) B < SUp pn <&
and therefore sup,,>,,, [|®n(0) — ®n(6,)]|v < €, as required.
Conclude by observing that (4.74) implies ®,, — ® uniformly on O, as desired.
Indeed, assume otherwise that ®,, - ® uniformly, i.e. that there is £ > 0 such that
VkeN : 3ng € N5, with Sug |®(0) — Dy, (0)]v > E. (4.75)
€

Then (4.75) informs the choice of a subsequence (6, )r € ©, with (ny), C N increasing, s.t.
|®(0n,) — P, (On,)|lvy > & foreach keN. (4.76)

As O is compact, we may assume, by passing to a further subsequence if necessary, that this
subsequence converges, say to 6 € ©. The continuity of ® then implies limy_,o ®(6,,) =
®(#), while property (4.74) combined with a doubling argument (as in [131, Sect. 3.5*:

remark on p. 98]) yields limy_,oo Pp, (0r,) = ®(0). Hence limy_,o0 ||P(0p, ) — Py (0n),) ||V = 0,
in contradiction to (4.76). O

4.7.5 Proof of Proposition 4.4.9

Proof of Proposition 4.4.9. Form > 1and 0§ € © and w € Vj;, all arbitrary but fixed, let ¢ =
¢m be as in (4.33) and set & := (pof*™, w). Set further p(z) := + Z;‘.le E(Zn(ji—1)415 -+ » Znj)
for any given sequence z = (2,),en in R%. The lemma then asserts that, under the given

integrability and ergodicity conditions,
E[¢(X,...,Xn)] = Tlim ér(X,) as. [resp.?” in probab.]. (4.77)
— 00
To see that (4.77) holds, note first that for X1 := ig, (X1, ..., X,) (cf. Def. 4.4.7 and (4.64)),

X)) = 9()  for  p(w) = (sig(Ae.0(2)), w) (4.78)

2T For simplicity of exposition, we present the case of almost sure convergence first and give the changes
necessary for the case of convergence in probability at the end of this proof.
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where 0 is any fixed continuous extension of 6 to D := conv(Dy, ), the convex hull of Dx,.
(Recall that such a 6 exists by Tietze’s extension theorem.) Since the function ¢ : BV, —» R
defined by (4.78) on the compact?® subset

ET/TL = {x € Cg,

2 €D for each te 5n} c BY (cf. (4.62))

is continuous (by [54, Prop. 5.20] and Lemma 2.3.5 (ii)), the universality property of the

signature (e.g. Lemma 2.3.5 (iv)) implies that there is a sequence (€;);en in V° such that

p = lim(sig(-), &) in (C(BVa), ||~ [loo)- (4.79)

j*)OO

For (I@gﬂm)(X*))TeN = (% ST 5ig[m}()A(,,))T€N with X, = Len (Xn@w—1)41s -+ Xnv), our

assumption on X, gives that, for each m € N,
E[sigp, (X1)] = Tlim IAEgrm) (Xi) as. in conv(sigpy, (BV,)). (4.80)
—00

Hence upon combining (4.78) and (4.79), and using that dominated convergence applies as

both sides of (4.79) are bounded (cf. Lemma 2.3.5 (ii)), we find that with probability one,

. LD . . ~ (de;)
E[¢(X1,..., Xn)] = lim (E[sig(X1)], &) = lim lim_ (B 7 (X.), £))
1 & .
= fm Jim o ;ﬁ‘g[d@](*xv)’ 4) (4.81)
T
_ 1 ACHO N 2
- 3 i (%) ) ) i 336

where we denoted dy for the degree of the index-polynomial £ € V°. Notice that the
interchange of limits in the second line of (4.81) is permissible as the convergence in (4.79)
is uniform (see, e.g., [136, Theorem 7.11]). This shows the almost-sure case of (4.77).

To prove that (4.77) holds in probability if (4.80) holds in probability for each m € N
(which is true by assumption if X, is weakly signature ergodic), we resort to a subsequence
argument, recalling that (as the topology of weak convergence is metrizable) a sequence
converges in probability iff each of its subsequences admits yet another subsequence that

converges almost surely. To this end, abbreviate fi,, 7 := IAEgpm) (X,) and assume that
fin = E[sigpn, (X1)] = Tlim fm, in probability for each m e N. (4.82)
—00

Then for any fixed subsequence (Tk)ren C N, there is a subsequence T,gl) < T ,g_IF)I of (Ty)

such that limp_ s Iy p) = K1 almost surely. But since, by (4.82), limg_, [y (1) = p2 in
ke Tk

28 By [104, Prop. 1.7] and the facts that: (a) the convex hull operator on R? preserves compactness, and
(b) the Cartesian product of compact sets is compact (noting that BV, =~ DX")
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probability, there will be a subsequence T,g J T Igr)l of (T,g )) such that limg_, . M21T152> =
po almost surely (thus limg_, s IU;LTIEQ) = pp a.s. in particular). Iterating this procedure,
Cantor’s diagonal trick (e.g. [129, Proof of Theorem 1.24]) thus allows for the choice of a
subsequence T,g )< Tk(oo) of (T}) such that limg_, o 'umvT;EOO) = iy almost surely for each
m € N.

Repeating the above calculation (4.81) then shows that the subsequence (éTISO@ (X)) keN

of (éTk (X4))ken converges almost surely to E[£(X,))], as desired. O
4.7.6 Proof of Lemma 4.4.10

Proof of Lemma 4.4.10. Let Z := R% and &, be as in Def. 4.4.7, and for every § € © denote
&y = 5ig[m] olg, o o*" . 27" — V[m] N V(l) (4.83)

The parametrisation-invariance of sig (Lemma 2.3.5 (iii)) gives that

T

MmN 1 v 7 v
&71"0) = TZ§9(XJ') =: Er[{o(X,)] for  Xj = (Xpgo1)41s-- -2 Xnj)s
j=1

and the continuity of logj,,,) (Lemma 2.3.5 (v)) yields that (4.37) follows from the convergence

hm sup |E[¢o(X1)] — Er[¢o(X ||[m] a.s. [in probab.] (4.84)
T—o0 9
for the norm || - ||,y :== 3204, || - ||, followed by an application of the continuous mapping

theorem (e.g. [152, Theorem 2.3]). As (4.84) is equivalent to the coordinatewise convergences

Jim - sup sup E[(¢(X1), >]—(ET[59(X*)Lw>‘ =0 for ke [m] (4.85)
=00 weld); 9€0

almost surely (resp. in prob.), we can see that (4.85) holds by fixing any w € [d]; and

showing

Thm sup‘IE £0(X1)] — I@T[gg(X*)]’ = 0 [as./inprob.] for & := (&5, w) (4.86)
— ge0

and Br[é5(X,)] := (Bp[€(X,)],w) = T~ Z _1&9(X;). To this end, note that the function
£:72""x0 —R, (20) — &(2),

is continuous in @ for every z € Z*", as is seen directly from (4.83) (recalling the continuity
of ig, : Z*™ — BY (Rem. 4.7.1 (ii)) and Lemma 2.3.5 (ii)). Also, by assumption, ©
is compact with E[supgeg |€9(X1)|] < oo and Er[ép(X.)] — E[¢(X1)] pointwise, which
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altogether implies that F := {£(-,6) | 8 € ©} is Glivenko-Cantelli via [155, Lem. 6.1, Thm.
6.1], i.e. that

. - 1
lim sup [Efp(¥1)] -

o(X;)| = 0, 4.87
Jim_ sup > o) (487

T
=1

where the mode of the convergence in (4.87) (almost surely or in probability) coincides with
the mode of the pointwise convergence Er[¢y(X.)] — E[¢(X1)] on © (cf. [155, (Proof of)
Theorem 6.1]). As (4.87) is identical to (4.86), the proof is finished. O

4.7.7 Sufficent Conditions for Signature-Ergodicity

Let X, = (Xj);en be a sequence of R9-valued random variables.

Definition 4.7.5. The sequence X, is called a-mizing if for the sub-o-algebras X,f =
o(X, | k <v <?) it holds that lim, o a, (X,) = 0 for the sequence

a,(X,) = ~sup P(AN B) —P(A)P(B)|,
Ae%{,BeﬁZ’j"ju,jeN

and X, is called ¢-mizing if it holds that lim,_,+ ¢, (Xx) = 0 for the sequence

by (Xy) = sup |P(B|A) — P(B)|.

A2}, BeZ %, P(A)>0, jeN

Note that ¢-mixing implies c-mixing, and see e.g. [21] for further information.

Definition 4.7.6. The sequence X, will be said to have n-seasonal increments, n € N, if

the sequence A(X,) := (Xj41 — Xj)jen of its increments is suff. integrable and such that
d .
A(X*)[n] = A(X*)(n(jfl),nj] for each jeN.

We further say that a time series (X;);en has (m,n)-stationary sigmoments if the [m]th-
signature moments of the batches (Xi,...,Xy), (Xnt1,...,X2n),... exist and are equal,
i.e. if for ¢ = ¢y, as in (4.33) we have: E[pm(X(y))] = E[pm(X(n(j—1)m;))] for each j € N.

Lemma 4.7.7. For X, = (Xj),en uniformly integrable and n € N, the following holds.

(i) If X, is a-mizing and has (m,n)-stationary sigmoments (m € N), then X, is m'™-

order weakly signature-ergodic to length n;

(ii) if X« is ¢o-mizing with Y o2 gb}f(y_l)n(X*)bf” < 00 and has n-seasonal increments,

then X, is signature-ergodic to length n.

The assertions (i) and (i) persist if X, is replaced by 0(Xy) = (0(X;))jen for any measur-
able § : Dx, — R<.
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Proof. Starting from definition (2.14), a direct calculation yields that for any ¢; < /2,

sig,, (ie(Xey, ..., Xpy)) = > Ciyerim = Diy @ -+ © Ay, (4.88)
(’i1,...,im)€(€1:£2} xXm
for certain ¢;;...;,, € R and increments A; := X; — X;_;, where £ = &, 4, is the equidistant
(or any other) I-dissection of cardinality f2 —¢; +1. Let now n € N be fixed. If we introduce
the shift-map 9(i) := i + n (with ¥° := id and ¥/ := 9 0 ¥/~ !) for convenience and denote

ij = Sigm(sz(e'xn(jfl)Jrla-"79'X71j)> (.7 EN)

for brevity, then the above shows that each Y} is a measurable function of the arguments

X9i-1(1)s - - -» Xg9i-1()- This in turn implies the inclusion of o-algebras
ARE O'(Y;,, PN ,Y;J) - O'(Xﬁp—l(l), PN ,Xﬁp—l(n), NN ,Xﬁq—l(l), ce ,Xﬁq—l(n))

for any p < ¢, whence in particular %j - 3&”119].71(”) and @ﬁfy - ,%”ﬁy 1(1) for all v € N.
Since ¥/ ~1(n) = jn and ¥/FV"1(1) = jn + 9’ ~1(1), we can use Definition 4.7.5 to for

Yi := (Yj)jen and v € {o, ¢} conclude that
(V) € Api)(X) = Nsoyn(X.)  for each v €N,

which shows that if X, is a-mixing (¢-mixing) then so is Y.

The proof of statement (i) is finished by a coordinatewise application of the weak law
of large numbers for non-stationary a-mixing time series given in [153, Theorem 7.15].

As to (ii), we note similarly that if X, has n-seasonal increments and is ¢-mixing at the

assumed rate, then Y, is stationary (by (4.88)) and ¢-mixing with

logu 1/2 log v
Z¢1/2 Z¢1+(1/ l)n Xs) y < 00,

whence assertion (ii) follows from a coordinatewise application of [97, Corollary 1].
This proof of the statements (i) and (ii) goes through without changes if the sequence
(X;)jen is replaced by (6 - X;)jen for any (Borel-)measurable map 6 : Dy, — R% O

4.7.8 Complementary Proofs for Theorem 4.4.13

Throughout this subsection, the setting and notation from the proof of Theorem 4.4.13 (pp
102) applies.

Remark 4.7.8 (The Compact-Open Topology on © is Metrizable). Since Dx is a closed
subset of R?, there are {K,} C Dx compact with K, C K, and Dx = Uven, Kv, and the

topology of compact convergence on C(Dx; ]Rd) coincides with the compact-open topology
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on C(Dx;RY), e.g. [113, Theorem 46.8]. Defining 0| x := sup,cj |0(u)], this topology is
induced by the metric (see, e.g., [39, Proposition VII.1.6])

16 — 0|,

0 —Olk, . (4.89)
L+ 10— 0|k,

= 22*”,0,,(9,67) with  p,(6,0) :=

we choose K, := B, (0) for any r, T oo monotonously with ry := 0 for convenience.

Note that the metrics (on C(K,;R?)) p, and d,,

(6,0) := |0 — 0|, are equivalent for all
v € Ny. Specifically, for each v € Ny we have d, (6, 0,0

0,6
) < dy1(0,0) for any 0,0 € ©, and

d,(0,0) < 2p,(0,0) if p,(6,0) < (4.90)

w\»—‘

For 1 = d,,, p,, d, denote B?(6.) := {6 € C(Dx;R%) | (0,6,) < r} and B,(.) := B(6.).

Below are the proofs of Theorem 4.4.13 for the cases (X, J) ergodic resp. weakly ergodic.

4.7.8.1 Proof of Theorem 4.4.13 for Ergodic Observations

Let (X, 7) be an ergodic observation such that Dy is not necessarily compact. In this case,
Theorem 4.4.13 asserts that each € > 0 comes with a P-full set Q. € .% such that for each
w € Q. the following holds:

dmg =mp(w) >2 : Vm >mg thereis ko =ko(m) €N sit. Yk > ko:

lim max {;1;8 [dlst” o ( T(X(w)), DPg - S(w))}, 5} = ¢ (4.91)

T—00

mlk

for any (07)ren = (07(m, k,w))ren = (07" (W))1en C O as in (4.40).

The above proof of (4.42), which did not involve any compactness assumption on Dy,
remains valid without any changes, so that (4.91) holds if it can be derived from (4.42).

To this end, let Q" € .7 be the P-full set on which the traces of X are all contained in
Dx and (4.9) holds, and for each n € N denote by €, the P-full set on which (4.42) holds
for & = % Set Q:=Q"nN MNpen 2n (another P-full set) and let € > 0 be arbitrary. Take any
w € Q. Then tr(X(w)) C K,, for some vy € N, whence for any ng € N with ny* < 270¢/4
we have that

Imo =mo(ng) >2 : Vm > mg thereis ko =ko(m) €N s.t. Vk>ko:

o™ (w) < ng!  and hence SUDPT> ., ||0?|k(w)(X(w)) — (X)), < e

(for some 79 (= 79(w)) € N and some (07)7en (= (07 (w))7en) C O4) by the exact same
argumentation that led us to (4.45). O
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4.7.8.2 Proof of Theorem 4.4.13 for Weakly Ergodic Observations

Let (X , J ) be a weakly ergodic observation. Adopting the setting and notation from pp. 101,

suppose now that

V&>0:3Imy>2: for each m > my there is ky = ko(m) such that:
(4.92)

Tli_g)lo aT'k VE=¢ in probability,?? for each k > k.
Spelled out, (4.92) implies that for any given (¢',48") € (0,00)? and (m, k) (= (m, k)z as in
(4.92) for € :=£'/2)

there is 7. = 7(¢,0') € N such that sup s, P(a™F > ¢y < §'. (4.93)

(Indeed: for any m, k as in (4.92) with £ := ¢’/2, it holds P(a:n'k >e) < ]P’((aT'k v %l) >
g) = P(\(a?‘k v %/) - %/| > %/) — 0 as 7 — o00.) In particular, for any given p = (¢,9) €
(0,00)? there will be my, € N such that for every m’ > m, there is k, = ky(m’) with the
property that: for any k" > k, there is 7y = 7, (k') € N with

. 'K
Op = SUP;> P(suprs, dlst”.Hoo(H;nl (X),0,-X)>¢e) <4, (4.94)

m' |k’

which due to sup.>. P(supps, disty. (07 " (X),DPq - S) > €) < g, implies that the
asserted convergence (4.41) holds in probability. To see that (4.94) holds, fix €, > 0 and
note

{ suprs, disty ) (0r(X),0,-X) >N < |J A% A B, (4.95)
for any given sequence § = (67) of O-valued random variables, 7 € N, and for the events®
Agf = {supp>, d,(07,04) > €} and B, := {supy |X¢| > 7,1}, where r, denotes the
radius of the O-centered closed ball K,. Noting that A,e;f - Agjrl and B,y1 C B, for all
v € N, we from (4.95) obtain that

P(SupTZT diSt”.HOO(QT(X), @* . X) > 6) < P(Ae;g) + P(BV0+1) (4.96)

for any fixed vy € N. Denoting px := E[sup;cy | X¢|], Markov’s inequality implies that

P(By.1) < XX — 0 (1 — o0), (4.97)

o

while (4.90) implies B (8) D B§72(9) for each 6 € © (if € < 1, assumable wlog) and hence

]P)(Alo;g) < ]P)(SupTZ’T Pro (QT, 6*) > 5/2) < IP)(SupTZT CZ(QT, @*) > 2_’/06/2)' (498)

29 Remark that the (usual) notion of convergence in probability is well-defined for ©-valued random
variables since the topology of compact convergence on © is metrizable, second-countable (e.g. [110]) and,
hence, separable.

30 As the functions @p : § — d,,(9,6) are continuous, their infimum ¢(f) := infsco, wo(d) = d. (6, O0.)

is upper semicontinuous and hence Borel-measurable, whence the sets A% = {supr>, p(0r) > €} are
measurable. As X has continuous realisations, we have sup,c; | Xt| = sup;¢jng | X¢| so that B?Y is measurable.
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Given (4.97) and (4.98), we may now fix an vy € N large enough such that P(B,,11) < /2,
and for this choice of vy obtain an m, € N, as guaranteed by (4.92) for £ = &, with
€, 1= 27"¢/4, such that for every m > my there is ky (= ky(m)) with the property that:
for any k > ky there is 7, = 7.(2¢,,6/2) € N, as guaranteed by (4.93), such that

6,y 499 mlk < = 5 mlk
sup, >, P(A)7) < sup.>, P(a" > &) < §/2 for 6= (67").

14

Taken altogether, the estimate (4.96) then allows us to conclude that
SUP, >, P(supps, dist. (07(X), 0, - X) >¢) < §/2+6/2 < 9,

which (via (4.43) and Thm. 4.2.3) yields the desired conclusion (4.41) for the weakly ergodic
case.

It hence remains to prove (4.92), for which we may follow the previous lines of pp. 103
with only slight adaptations. Indeed: Since in the weakly ergodic case the ©-uniform
estimator convergence (4.37) holds in probability, we obtain — by way of the very same

argumentation as for (4.49) — that
lim Ry x(03) = 0 in probability, with (65) = (omFy (4.99)
—00

as in (4.40) for m, k as in (4.46) for some (arbitrary but) fixed £ > 0. From this we obtain
that in the present context, the convergence (4.48) holds in probability. Indeed: Assuming

otherwise implies the existence of g, dg > 0 such that
P(dist(07,, M) > e9) > do  for each j € N, (4.100)

for some sequence (Tj)jeny C N. As a subsequence of (K, 1 (07))Ten, we by way of (4.99) find
that (Rmk(ﬁ}j)) jen converges to 0 in probability, whence there is yet another subsequence
(Tj,)een of (T})jen such that limy o Rm’k(ﬁ}jz) = 0 almost surely. Applying the (essen-
tially) same argument which brought ‘(4.49) = (4.48)’ now yields that limy_,~ dist(@{‘pj‘Z M) =
0 almost surely and hence in probability, contradicting (4.100).

As this proves lim,_ supys., dist(67" |k, M) = 0 in probability, we for any ¢ > 0 obtain

Pl ve—g>e) < P(a*>&) < P(supps, dist(65", M) >2/2) = 0

as T — 00, where the last inequality is due to (4.47). This shows (4.92) as required. ]

4.8 Numerical Experiments

We present a series of numerical examples to illustrate the practical applicability of our
ICA method on discrete- and continuous-time signals. A complete account of the following
experiments and results, including their full parameter settings and all relevant implement-

ations and estimates, is provided on the public repository [140].
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4.8.1 A Performance Index for Nonlinear ICA
As before, we consider processes X and S in continuous or discrete3! time such that
X = f(S) forsome f e C?**(Dg). (4.101)

In order to assess how close an estimate S = S(X) of S is to the true source S in (4.101), we
propose to quantify the distance between S and the orbit32 DP; - S by way of the following
intuitive®® performance statistic (cf. Remark 4.2.4 (iii) for applicability).

Definition 4.8.1 (Monomial Discordance).Given two time series X' := (X}, , X)ier

and Y := (Y3}, -+, Y%z in R? for 7 finite, define the concordance matriz of (X,)) as

C(x,y) <|I,Z|m< XY/ ) € [0,
(i.)€ld]?

tel

where pr is the Kendall®* rank correlation coefficient. Furthermore, we define
1
X, ‘= ————= min ||C(X P2 € 0,1 4.102
oX.Y) 1= s pin |O(X,9) ~ Pl € 0.1 (1.102)

and call this quantity the monomial discordance of X and ).
Proposition 4.8.2. Let X and S be as in (4.101) with S IC, and h be C'-invertible on
some open superset of Dx. Then for T C 1 finite and o as in (4.102), we have that:

(MXt),er € DPa-(Sthiez  iff  o((h(Xi))tez, (St)ez) = 0. (4.103)

Proof. This is a direct consequence of the fact that Kendall’s (and Spearman’s) rank cor-
relation coeflicient pk attains its extreme values +1 iff one of its arguments is a monotone
transformation of the other (cf. e.g. [49, Theorem 3 (7.), (8.)]), combined with the fact that
px(U, V) =01if U and V are independent (cf. e.g. [49, Theorem 3 (2.)]).

Indeed, note for the ‘if’-direction in (4.103) that o((h(X¢))tez, (St)tez) = 0 implies
that there is 0 € Sy with |pi(hi(X3), S7)| = 6,
by the above-mentioned property of px yields that (h; o f)(S;) = a;(S7 (i)), and hence
(hio f)L.upp (S0) = it supp(St)

To() = Qi(Tq()) = oy () monotone. But since for each i € [d] we have h; o f € C'(Og)

(i) for each t € 7 and i € [d], which

, for some function a;j; : supp(S;) — R with Supp(StU(i)) 5

for some Og D Dg open, the classical pasting lemma (see, for instance, [98, Corollary
2.8]) guarantees that the functions (g, | ¢ € Z) can be ‘glued together’ to an injective
C'-map «; : Uyer supp(S;) — R with oy

supp(5) = Qg supp(S) for each ¢t € Z, implying that

(M Xt))ter = (P (ag-1(1) X =+ X ag-1(q))(St)) ;o7 for P = (85(s),5)ij € Pa, as claimed. [

31 See Section 3.7 and 4.5.0.1 for an explicated treatment of the latter.

32 See (3.24) for notation, and recall that the elements of DP; - S are in a minimal distance from S.

33 Recall the classical facts (e.g. [49]) that Kendall’s (and Spearman’s) rank correlation coefficient px
attains its extreme values +1 iff one of its arguments is a monotone transformation of the other, with
px (U, V) = 0 if its arguments U and V are independent.

34 If preferred, px might alternatively be chosen as Spearman’s rank correlation coefficient.
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Figure 4.1: The image of the square [—1,1]® (leftmost) under three increasingly nonlinear
mixing transformations f1, fa, f3, namely conjugates of the Hénon map (f1 and fa; panels
(a) and (b), respectively) and of the Mébius transformation (fs; panel (c)).

Hence the smaller the monomial discordance between S and a transformation h(X) of

its observable, the closer to optimal will be the deviation between h(X) and S.

Below we provide a brief synopsis of our experiments and the results that we obtained. For

brevity, the truncated approximations (4.22) of the above contrast kic will be denoted ¢,

4.8.2 Nonlinear Mixings With Explicitly Parametrized Inverses

First we consider three families of C?-diffeomorphisms on the plane whose inverses are ex-

plicitly parametrized.

More specifically: We sample two types of source processes in R?, namely: an IC Ornstein-
Uhlenbeck process Sou = (Say: Say), and an IC copula-based time-series Sey = (Sgy, S2,)
that follows the dependence model (3.85).3° Both S,, and Sy, are contrastive by Prop.
3.5.5 (ii) and Cor. 3.5.2 (i), respectively.3® These sources are first mapped to the square
[—1,1]? upon centering and scaling them to unit amplitude, and then transformed by one
of three mixing maps f; : R? — R? (j = 1,2,3) with increasing degree of ‘nonlinearity’,
see Figure 4.1. (For an explicit definition of the f;, see [140].) Figure 4.2 shows the spatial
trace of a sample realisation of S,, and Scy (panels (a) and (b)) next to an excerpt of the
time-parametrised components of these realisations, together with their nonlinear mixtures

X := f;(S,) for j =1,2,3 and 5 = ‘ou’ (panels (c), (e), (2)) and 5 = ‘cy’ (panels (d), (f),
(h)).

35 With Ftscy chosen as the cdf of N'(0,1) and ¢ chosen as the Clayton-density (cf. Proposition 3.5.1 (i)).

36 Note further that the Ornstein-Uhlenbeck processes Sou, while continuous-time by nature, are processed
as discrete-time observations according to their classical Euler-Maruyama approximation. The copula-based
time-series Scy, on the other hand, are simulated at their observation frequency and thus showcase the
applicability of our method to discrete-time signals (in accordance with Sections 3.7) and 4.5.0.1.
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Each of the ‘true’ inverses ¢/ := fj_1 (j = 1,2,3) are contained in an (injectively para-
metrized) family ©; = {gg € C%(R?) | § € ©;} of candidate de-mixing transformations
gé, where (:)j C RR? is some open parameter set. On these parameter sets, we consider the

data-based objective functions
)0, 4R, 0 b, (gh(XP)), (4.104)
with ¢, = Ryg} as in (4.22) and capped at the cumulant orders m; = mg = mg = 6, and

compare the topography of the functions (4.104) to that of the monotone discordances
50, R, 0 o(gh(XY),S,)  (cf. (4.102)). (4.105)

Recall that the latter are ‘distance functions’ that quantify how much a candidate source
estimate S’z = gg(X,gj )) deviates [from the monomial orbit DPy - S, of Sy, that is| from the

true source S, up to order and monotone scaling of its components.

The results are displayed in the first three columns of Figure 4.3, with the ‘estimator’s view’
@é‘f 13 of the demixing performance shown in the top-row panels and the ‘true view’ 5&'3‘3
of the demixing performance shown in the bottom-row panels.?” This shows clearly that
within the given families ©; of candidate transformations, those candidate nonlinearities
which map the data X,(]j ) to a best-approximation of its source S, are precisely those that

minimise the contrast (4.104), as asserted by Theorem 4.2.3.

An analogous experiment (j = 4) is performed for a mixing transformation f; : R — R3,
see Figures 4.4, 4.5. The results, obtained for a contrast capped at cumulant order m4 =7

and shown as the rightmost column of Figure 4.3, are again affirmative of Theorem 4.2.3.

4.8.3 Nonlinear Mixings With Inverses Approximated By Neural Net-
works

The practical applicability of our ICA-method is illustrated by running the optimisation
(4.9) over (approximate) demixing-transformations which are modelled by an artificial

neural network.

More specifically: We subject two Ornstein-Uhlenbeck sources S and S with two resp.

four independent components to a two- resp. four-dimensional nonlinear mixing transform

37 For brevity, Figure 4.3 shows the case 7 = ou only; the results for the case 7 = cy can be found in
[140].
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Figure 4.2: Spatial traces and sampled components of three nonlinear mixtures of the sources
Sou and Sey (panels (a) and (b), respectively). Depicted are the miztures x5 and XC(;) ((c)
and (d)), X2 and Xg) ((e) and (f)), and X8 and Xé}?:) ((g) and (h)). The components
of the miztures, excerpted over 1000 data points each, are shown to the right of each panel.
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Figure 4.3: Contour plot (leftmost column) and heatmaps of the log-transformed contrast
functions (4.104) (top row) and of the associated discordance functions (4.105) (bottom

row) for the mimngs Xc(,u) = fj(Sou), 5 = 1,...,4. The parameters 99 = (03 () 0(] ) of
the true inverses f 9(]) € O, are o) = 0.5,38 ¢ ) = = (-0.35,1), 9> — (1,-2), and

oY = (0.2, -5).

(see [140] for details). The resulting mixtures X (1) and X(?) are then passed on to candidate

demixing-nonlinearities gy € ©, which are given as elements of the parametrized families

0, = {gf : R* - R

gf is an ANN with weights 0 € ©,}  (v=1,2). (4.106)

Here, the families of transformations ©, are spanned by the various configurations of some
artificial neural network (ANN) instantiated over weight-vectors § which are chosen from a
given parameter set ©, in R™, where the number of weights m,, is part of the pre-defined

architecture of the ANN. Given these candidate-inverses, the optimisations (4.9) are run by

minimizing 0, 3 0 > ¢ (g5(XW)), (4.107)
i.e. by training each constituent ANN (4.106) with the truncated contrast ¢,,, = fsyg"} (ct.
(4.22)) as its loss function, where the optimization steps are computed via backpropagation
along the weights of the ANN. Technical details for the respective setups of (4.106) and
(4.107) are reported in ([140] and) Remark 4.8.4.

For the case v = 1 we applied the mixing transformation depicted in Figure 4.6 (leftmost
panel), and for the case v = 2 we followed the simulations of [82, 83] in using as a mix-

ing transformation an invertible feedforward-neural network with four-nodal in- and output
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Figure 4.4: Illustration of the three-dimensional mizing transform fi : R3 — R3 wvia its
action f1(S?) (right panel) on the 2-sphere S? = {x € R3 | |x| = 1} (left panel).
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Figure 4.5: Spatial trace and sampled components of a three-dimensional IC Ornstein-
Uhlenbeck process Sou (top left) and an IC copula-based time-series model Scy (top right)

and their respective nonlinear miztures f4(Sou) (bottom left) and f4(Scy) (bottom right).
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layers and two four-nodal hidden layers with tanh activation each.

Denoting by 6% € O, the (local) optimum obtained by the minimisation of the objective

(4.107) and setting ™) := g¥. (X®)) for the associated estimate of the source S®) (cf.

(4.9)), we as results to these experiments obtained the concordance matrices (cf. Def. 4.8.1)
S1) o)y - [(0.853  0.065

C(S\,8%W) (0.079 0.930 and (4.108)

0.834 0.003 0.037 0.016

42) o), . | 0148 0725 0109 0.069
C(5™, 5) 0.037  0.034  0.803  0.265 |’ (4.109)

0.077 0.131 0.072 0.787

where we corrected for the permutation ambiguity between S and S to simplify comparison.

Both (4.108) and (4.109) indicate a good fit between S®) and S*) in the sense that, to a
good approximation, S®) and S®) differ only up to (an inevitable permutation and) mono-
tone scaling of their components,? as stated by Theorem 4.2.3. A visual comparison of the

2)

original samples S, S and their estimates S(l), S , see Figures 4.6 and 4.7, confirms

these results.

To reaffirm that the above results of finding good approximations to the source are not
simply due to chance, we ran our experiments repeatedly with randomly chosen realisations
and initial configurations for the data and the learning process (4.106) & (4.107), see [140]
and Figure 4.8. The obtained discordances have mean 0.21 and standard deviation 45-1073
for the Ornstein-Uhlenbeck mixture (Fig. 4.8 (a)), and mean 0.18 and standard deviation
55 - 1073 for the copula-based time series mixture (Fig. 4.8 (b)). The associated average
concordance matrix for this first (Ornstein-Uhlenbeck) type of mixtures is (75 -49), and
for the latter (copula) type of mixtures it is (33 9-41). The average discordance between

the respective sources and their initial guesses gg,(X) prior to applying (4.107) are at 0.59
(a) and 0.56 (b), respectively.

These experiments underline the practical applicability of our proposed ICA-method.

To conclude, we note the following empirical findings.

3% Notice that: (a) by definition of ©;, the function ®., depends on the one-dimensional parameter
05 only; (b) as the concordance matrix of S_o.5 := ¢} (X)) and Sou is (5:053 0-829) (indicating a close
proximity between S_g.5 and DPy- Sy, cf. Prop. 4.8.2), the observation of ®!, attaining a low local minimum
at —0.5 is in accordance with Theorem 4.2.3.

39 Recall that the optimal deviation $@) € DP; - S between $™ and S is achieved iff (4.108) and

(4.109) are permutation matrices (Proposition 4.8.2).
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Figure 4.6: Nonlinear mizture X (sampled trace (a) and components (f), (g)) of an IC
Ornstein-Uhlenbeck source S ((b) and (d), (e)). Further shown is the residual g o f}[—1,1]2
((c); cf (4.110)) for an estimate g of f_1|DX. The function g is found by optimising
an articifial neural network (gg) via the loss function (4.107), and the resulting estimate
S = g(X) of S is shown in brown ((c) and (h), (i)). To a good approzimation, the
source S and its estimate coincide up to (a transposition and) a monotone scaling of their
components, as quantified by (4.108).
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Figure 4.7: Component processes, excerpted over 1000 data points each, of an IC Ornstein-
Uhlenbeck process S = (S, 82,53,5%) (orange), a nonlinear mizture X = (X1, X%, X3, X*)
(blue) of S, and an estimate S = (S*,52,83,8%) of S (brown). The estimate S is obtained
as S = gg, (X) where (gg) is an ANN and 0, is a (local) minimum of the associated objective
(4.107). To a good approxzimation, the processes S and S coincide up to (a permutation and)
a monotone scaling of their components. This is in accordance with Theorem 4.2.3 and as
quantified by (4.109).
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Remark 4.8.3 (Empirical Comments). (i) Given an observable X = f(5) together with
a family © of candidate transformations on R?, the technical compatibility condition
(DPy(Dg) - f_1)|DX N @\DX # () of Theorem 4.2.3 can in practice typically not be
guaranteed a priori. However, as indicated by the above findings (4.108) and (4.109),
infringements of this (sufficient) technical condition might typically be innocuous,

provided that at least

(DPd'g)‘DX ﬁ®|DX # () for some g with g]DX ‘close enough’ to f_l‘DX,

(4.110)
which will be satisfied if © is chosen large enough, say as a suitable ANN or another
universal approximator. In a similar vein, our experiments indicate that the regularity
condition ® C C?(Dyx) may in practice be softened by merely requiring that the
‘approximate inverse’ g in (4.110) be ‘C2-invertible on most of Dx’ (cf. e.g. Figure
4.6, panel (c)) and the parametrization of © be ‘continuous’ at (some) point g € ©
with §|DX € DP; - g‘DX, though this a priori reduces the optimisation (4.9) to the

search for a (low) local minimum.

(ii) We emphasize that the configurations of the neural networks and their backpropaga-
tion that we used in our experiments were ad hoc and not tuned for approximational
optimality. Since the loss functions (4.107) are typically non-convex with their topo-
graphy crucially depending on the choice of (4.106) (cf. e.g. Figure 4.3), we expect
that the accuracy and efficiency of our estimates may be significantly improved by ap-
plying our ICA-method to ANN-based approximation schemes (4.106), (4.107) which

are more carefully designed.

Remark 4.8.4 (Implementation Details). (The following enumeration (v = 1,2) refers
to the mixtures X = £,(S®) considered in Section 4.8.3.) For the case v = 1, we
applied as f1 the mixing transformation depicted in Figure 4.6 (leftmost panel), and as the
parametrising ANN ©; we chose a feedforward neural network with a two-nodal in- and
output layer and two hidden layers consisting of 4 resp. 32 neurons with tanh activation
each; the cumulant series (4.7) was capped at maximal cumulant order m; = 6. For the
case v = 2, we followed the simulations of [82, 83] in using as a mixing transformation
fo an invertible feedforward-neural network with four-nodal in- and output layers and two
four-nodal hidden layers with tanh activation each, and as the parametrising ANN chose
a feedforward network with a four-nodal in- and output layer and one hidden layer of
1024 neurons and uniformly-weighted Leaky ReLU activations; the contrast function (4.7)

was capped at the maximal cumulant order mga = 5. For both v = 1,2, the resulting
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Figure 4.8: Discrepancies (quantified by (4.102), boxplotted) between the true source S and
its (4.107)-based estimates S. The latter are computed from the nonlinear mizture X shown
in Figure 4.6. Displayed are the cases where: (a) the source S an IC Ornstein-Uhlenbeck
process, and (b) the source S is a copula-based IC time-series (b), respectively. Shown
in addition (red crosses) is the average discordance between S and its initial estimates
at the start of the optimisation (4.107). (The optimised discordances and their averages
pre-learning are computed by applying our method to ten realisations of S and ten initial
configurations gg, of the ANNs (4.106) respectively, all drawn independently at random.)

loss functions (4.107) were optimised using stochastic gradient descent (Adam) with non-

vanishing fs-penalty.

4.9 Conclusion

Chapters 3 and 4 have addressed the problem of Blind Source Separation via the classical
approach of Independent Component Analysis. As our main contribution, we have formu-
lated and proved a statistical method to recover multidimensional stochastic processes (in
both continuous- as well as discrete-time) from observations of their nonlinear mixtures.
Conceptually, our method assumes a source process with independent component processes
and, by exploiting the temporal structure of this source, characterises its nonlinear trans-
formations by the degree of intercomponental statistical dependence that they inflict on
the source. Quantifying the latter by way of an efficiently computable contrast function
derived from the signature cumulants of a stochastic process, the initial source separation
problem may then be reformulated as a provably robust problem of optimisation-based
function approximation which in practice can be conveniently implemented by, e.g., con-
temporary neural network-based learning schemes. A comprehensive consistency analysis

ensures that the resulting method is usable in real-world situations (discretized time, one
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sample trajectory), which is further illustrated by a number of theoretical and numerical
examples.

The mathematics of the identifiability theory established in this work appears flexible
enough to allow for extensions in various further directions. For instance, by considering
third-order in place of second-order finite-dimensional distributions it may be adapted to
infer the identifiability of stochastic processes from their time-dependent nonlinear mix-
ing transformations (‘invertible flows’). By adapting the ideas of our approach further, it
does now also seem within reach to prove the identifiability of stochastic sources from more
general nonlinear relations, such as for instance in the setting of controlled differential equa-
tions where one may be interested to recover an (independent-component) stochastic control
from its nonlinear response. As with most methods involving an optimisation over flexibly
parametrisable nonlinearities, however, a significant practical caveat of our approach is the
occurence of spurious local minima in the approximation of the demixing transformation.
This leaves room for improvement that future research might explore: In addition to prac-
tical deliberations such as spanning the optimisation domain by more carefully designed
learning architectures, or amplifying the contrast function by the addition of tunable hy-
perparameters such as weights attached to its summands, one may attempt to tame the
critical optimisation task by adjusting it to (localised) polynomial approximations of the
mixing nonlinearity and harvesting the additional algebraic structure that then results from
the fact (Proposition 5.9.9) that the signature transform ‘dualises’ the action of polynomial

transformations on its arguments.
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Chapter 5

Robust Blind Source Separation

5.1 Introduction

The Problem of Blind Source Separation concerns the (local) inversion of an unknown

function given only the image under this function of some likewise unobserved argument:
Provided only X = f(S) for f and S unknown, invert X for S. (5.1)

This problem is central to a great variety of applications ranging from uses in medical
imaging, neuroscience and biology [8, 45, 99, 106] over finance and astronomy [10, 118] to
physics and engineering [3, 41, 147] to name but a few, witness also the large number of
practical and theoretical approaches that have been proposed to address it; see Chapter 1
and the references therein for an overview. With the generic formulation (5.1) of the BSS-
problem being highly underdetermined, all of these methods have to operate under some
additional assumptions on f and .S, so-called ‘identifiability assumptions’, to guarantee that

a meaningful blind inversion X — S is possible at all.

The by far most successful ansatz to date to interpret and solve (5.1) assumes the hidden
relation f to be linear and models the source S as a multidimensional random variable with
statistically independent components. Commonly referred to as Independent Component
Analysis (ICA), this framework is based on probabilistic insights obtained independently
by Reiersgl, Skitovich, and Darmois [130, 145, 43] and was influentially formulated as an
optimisation problem by Comon [37], see Section 3.1. Since its (surprisingly recent [81])
conception, ICA has seen various adaptations and extensions, the majority of those con-
cerning modifications and analyses of its underling optimisation procedures or variations of
the source model in terms of different (identifiability-sufficient) ‘non-degeneracy’ assump-

tions on its component distributions, cf. Chapter 1 or [38, 81, 111] and the references therein.
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A comparatively under-explored yet both obvious and fundamental question, especially in
light of how extensively ICA-methods are used across their considerable spectrum of ap-
plications, is if and to what extent the solutions to (5.1) persist when their underlying
identifiability assumptions on f and S are violated. The scope and relevance of this ques-

tion and its implications are illustrated by the classic Example 1.1.2 on p. 12.

Formally speaking, each of the infringements listed in Example 1.1.2 constitutes a potential
violation of the structural prior assumptions on source and mixing that underlie the vast
majority of ICA procedures, including all of the most popular such methods to date, cf.
[38, 81, 111]. Referring to the pair (S, f) in (5.1) as ‘the cause’ of X, the central question
then becomes how and to what degree such infringements of the prior assumptions on the
cause of an observation affect the algorithmic consistency of an ICA procedure, and whether
this consistency can be meaningfully quantified against general distortions of its supporting

identifiability assumptions.

Although according investigations into the robustness of BSS and ICA solutions have been
repeatedly called for [80], questions of this sort have received surprisingly little rigorous
attention in the literature. To the best of our knowledge, there currently is no robustness
theory for BSS or ICA to analyse the above questions comprehensively, and available results
are limited to either proofs of statistical consistency?, e.g. [29, 30, 138], or partial sensitivity
analyses of numerical subroutines [1, 24, 144] or are asymptotical [29] or confined to highly
specific BSS-models [11, 92] or to very particular or (semi-)parametric noise or dependence
models only [12, 89, 125, 139], and even those few results are mostly restricted to the ‘time-

independent’ special case of X being modelled as an iid sequence of random vectors.

In this chapter, we aim to close these gaps by providing a flexible and comprehensive
robustness theory for the Blind Source Separation of (iid and) time-dependent observables.
Modelling the source S in (5.1) as a discrete- or continuous-time stochastic process in R?

and working under the general paradigm of ICA, the following are our main contributions.

Formalised Robustness for BSS. Based on a concise analysis of the abstract BSS prob-
lem (5.1), we propose a general and flexible topological notion of statistical robustness?
for Blind Source Separation and Independent Component Analysis that covers a broad

range of relevant infringement scenarios (Section 5.3).

! Consistency results could be seen as ‘asymptotic (partial) robustness with respect to empirical ap-
proximation’ as these establish convergence of solutions along certain sequences of sample-based estimators
(but not necessarily along all convergent sequences, which would characterize robustness under a sequential

topology).
2 Our usage of the word ‘robust’ is in the sense of Huber [75], as is made precise in Section 5.3.
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ICA-Tailored Topology on Causes. We obtain a natural and coarse premetric topology
on the space of laws of stochastic processes by considering a standardized difference
between elements of a graded family of path-space functionals pertaining to the sig-
nature map from rough paths theory, and extend this to an informative ICA-tailored
topology on the space of hidden causes underlying a BSS-observable. In conjunction
with our formalisation of robustness, this topology provides a general and model-free
way to capture violations of idealised identifiability assumptions and relate them, in
a finite (i.e. ‘non-asymptotic’) and conveniently quantifiable manner, to the resulting

effect that they have on the accuracy of an ICA-procedure (Sections 5.4 and 5.5).

General Stability for Blind Inversion. As a first vehicle on which to demonstrate our
robustness theory, we present a generic blind-inversion map that performs (5.1) un-
der ICA-typical identifiability assumptions but is the first to achieve this with unified
stability guarantees for very general deviations from its underlying structural assump-
tions. Conceptionally, this inversion map has the property of being continuous with
respect to the aforementioned ICA-topology on the space of causes, and its robustness
guarantees are due to informative and entirely explicit moduli of continuity with re-
gards to this topology (Section 5.6). The significance for applications of our approach
is illustrated in a series of statistical use cases (Section 5.7), including the demonstra-

tion of provable robustness for the practical infringements listed in Example 1.1.2.

In the interest of a compact exposition, most proofs and auxiliary results are relegated to
the end of the chapter. This chapter further assumes familiarity with Section 5.2.1 and its

notation, and we also adopt the following convention.

Convention 5.1.1 (Identifying Signals With Their Laws). From Section 5.3.1 onwards,
we will tacitly identify a given signal Y in R? (a random variable on C;) with its law
Py :=PoY ! (a probability measure on C4). This justifies the prevalent abuse of notation
Y = Py] € Mi(Cy).

(Notice that the identification in Convention 5.1.1 is equivalent to the perspective of

considering two [Cg4-valued] random variables ‘equal’ if they are equal in distribution.)

Notice finally that unlike in the rest of this thesis (cf. Definition 2.1.4), in this chapter

the symbol || - ||p-var denotes the p-variation norm (5.32).
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5.2 Preliminaries
5.2.1 Discrete-Time and Continuous-Time Signals

Throughout this chapter, the term signal refers to a stochastic processes in R? (Definition

3.2.1), that is to an ordered family
Y = (Y;|tel) of (Borel) random vectors Y; = (V;},---,Y%) in RY, (5.2)

with I C R, typically either I = N (‘discrete-time’) or I = [0,1] (‘continuous-time’). The
scalar processes Y = (Y} | t € ) = (Y}}), i € [d], are called the components of Y.

By rescaling I and due to Rem. 5.2.1, we may assume I = [0, 1] and that the vectors of any

signal (5.2) are ordered continuously without loss of generality (cf. Rem. 5.4.4), i.e. that
I>¢t+— Y; iscontinuous (5.3)

with probability one. This continuity assumption (5.3) allows us to

e use the term ‘stochastic process’ synonymously to ‘continuous-time stochastic process’,

as we will do unless stated otherwise, and to

e view a signal (5.2) as a random path, that is as a Cg-valued (Borel) random variable

over some probability space (2,.7,P).
Remark 5.2.1. Any signal Y = (Y}):cp with I discrete can be viewed as a continuous-time
signal Y via piecewise-linear interpolation of its points (Y; | ¢ € I) = (Y, | j € N), namely

Y = (Y/;f = Kfj + t_itj(Y;fjJﬂ - Y;ﬁ]) for ¢ € [tj7tj+1))‘

ti+1—t;

(Note that this interpolation commutes with linear transformations: A-Y = (AY;) = (AY3))

for each A € R?*?)) Upon scaling I, we may further assume Y to be Cg-valued. .

By identifying a signal with its law (Convention 5.1.1) we can embed? the class of all signals
into M; = M;(Cy), the space of all (Borel) probability measures on C4. This is of significant
mathematical convenience as it allows us to describe the BSS-problem (5.1) in terms of maps
on a single pre-structured domain (M), from where the notion of robustness can then be
flexibly formulated and analysed from the angle of general topology (see Section 5.3).

We will at times make use of the spatial support (3.7) of a signal (Definition 3.2.4), and

call a signal Y ‘degenerate’ if its spatial support Dy is contained in a hyperplane of R%.

The support (3.7) and other notions and operations on signals (5.2) can be readily

generalised to measures in M, as per the following subsection.

3 ... up to equality in distribution, which for our purposes here is entirely sufficient . ..
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5.2.2 Operations on Measures

The Problem of Blind Source Separation naturally involves a range of (non)linear trans-
formations ¢ applied to a signal. Since the space M;(Cqy) = M;j of (Borel) probability
measures on Cq is convex but not a vector space, these transformations need to be ‘induced’

on M;(C4) in order to be well-defined.
Given some target vector space V', a canonical way to do this is via the pushforward
et My pu(p)=poet € Mi(V)  of a (Borel) map ¢:Cq— V. (5.4)
Owing to their ubiquity, a few special signal actions (5.4) will be given their own name:
For z = (xf,--+ ,2{)se0,1] € Ca any fixed path, consider the maps (for i € [d], ¢ € [0,1])
T = (xi)te[o,l] and m :x—ax; and 7o ox el (5.5)

and denote their respectively induced pushforward measures from a signal u € M; by

% 1

1
and p = () to denote that u has the spatial marginals u¢ and the fixed-time marginals y;.

i= pom; * and py := pom; t and pi == po () ~!; we may then also write pu = (u',- -+, u%)

In accordance with (3.7), the spatial support of i € M is defined as D,, := U,y supp(fie)-

Any g : R? — R? induces a map § : Cg — Cq via §(z) := (9(x¢))1e[0,1], and we set

9(1) = gupp = pog . (5.6)

Extending (5.5), we may further declare in-time increments jis+ = pr — fs := (7 — m5)« (1)

and products ,ui’t'/,bg’t = [mo(xl, x7. )], (1) for the maps 7%, := nf —7F and m(a,b) := a-b
and s,t € I. Further, Ev := [p,uv(du) is the expectation of a (possibly signed) Borel meas-
ure v on R”, and a measure p = (u) € M; is called mean-stationary if E[u] = E[uo] for

each t € I.

Finally, a signal p € M is said to have (mutually) independent components, or to be
IC if p=p' @ --- @ pu? (up to the identification M1 (Cq) = M1(C;?); Lemma 2.1.2). The
set of all IC signals in M; is denoted .¥ .

Example 5.2.2. To illustrate, suppose that u = Py € M for a some signal Y = (Y?) =
(Y;) in RY. Then p' = Y? and py = Y; and g(p) = g(Y) = Pyy) for any measurable
g : R? — R4 Further E s, = EY; — EY; and E[Mi,t#i,t] = E[)@Ztstjt] for any i,j € [d]
and s,t € I, and p is mean-stationary iff the process Y is mean-stationary, and p is IC
iff the components Y!,...,Y? of Y are mutually statistically independent (as stochastic

processes).

137



5.3 The Problem of Blind Source Separation

A well-founded stability analysis of Blind Source Separation requires a conceptionally pre-
cise formulation of the general problem statement (5.1) that we gave initially. Taking
S = (St)ter as a stochastic process in R? T C R compact, this section provides an according
such formulation: Following a rigorous definition of the inverse problem (5.1) and its associ-
ated concept of solution (Section 5.3.1), a general notion for the stability of blind inversion
is informally anticipated and turned into a natural and exact definition of robustness in the

context of ICA (Section 5.3.2).

The terminology of this section, which at first reading may seem somewhat abstract to

the general reader, is illustrated in Figure 5.1 and further motivated in Section 5.3.3.

5.3.1 Blind Source Separation

The problem of blind source separation is an inverse problem with the objective to recover
an unobserved signal S from its mixture X = f(.5) under the condition that the effecting
transformation f is invertible but unknown. The underlying relation between X and S is
expressed by the identity

X; = f(Sy) forall tel, (5.7)

which is well-defined iff the domain of f includes the spatial support Dg of S. Assuming

that f and its inverse are both continuous, we have f(Dg) = Dx and call such
(X, S, f) a BSS-triple (5.8)

with observable X, source S, and mizing transformation f. In partial summary of the

above, note that the ‘causal part’ (S, f) of any such triple is an element of the space
¢ = {(5, HeMixz?|fe CO’O(DS)} (5.9)

where we set Z := R% and employed Convention 5.1.1.* A few more definitions will be

useful.

5.3.1.1 The Problem of Blind Source Separation

Our blindness to the right-hand side of (5.7) imposes an asymmetry between the observable
X and its cause (S, f): If we are only given X, bar any information on S or f, then we

cannot distinguish the ‘original’ cause (S, f) underlying X from any other pair in the set

4 Recall that by this convention we identify a signal S with its law P5 € M. Note further that in (5.9)
we made the slight abuse of notation: f € C*%(Dg) :& f’Dﬁ C"°(Dg3), to not clutter our exposition.
S
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{(S,f) | (X,S, f) BSS-triple} C € of alternative causes. In this case, the original S cannot

be recovered from X any better than finding an element of
Sy ={Se My |3feC®Dg) : (X,8,f) is BSS-triple} = evx (C*°(Dx)).
The BSS paradigm ameliorates this by upgrading our information from (nothing but) X to:

!
X and # and the inclusion (S,f)€ I (5.10)

for some a-priori given non-empty subset & of €, called an identifiability assumption (IA),
which describes our prior knowledge on the original cause (S, f) of X. (The larger .#, the
less we know about (S, f): if & = {(S, f)} then we know the original cause exactly, if
# = € then we are ‘completely blind’ about it.)

The upgrade of the data from X to (X,.#) reduces the asymmetry between X and (S, f):
Under (5.10), the source of a triple (X, .S, f) can now be recovered up to within the smaller

class
(X)s={S=g(X)| ge C®Dx) and (5(X),5 ') € ¥} C [9)x. (5.11)

In other words, each element in (X)) s is a best-approximation of S under (5.10), and any two

elements in (X), are ‘indistinguishable’® from S given (X, .#). Let us agree on terminology.

Definition 5.3.1 (BSS-triple on .#). Let .# C €. A BSS-triple (X, S, f) with (S, f) € .
is called a BSS-triple on .#, in symbols: (X, S, f)». The associated class (X)s in (5.11) is

the maximal solution from X given . its elements are the quasi sources of X given 7.

A schematic illustration of these and the following definitions is given in Figure 5.1,
while in Example 5.3.12 the notions of this section are fleshed out in the cocktail party

context of p. 12.

Remark 5.3.2. (i) The maximal solution of a BSS-triple (X, S, f) » is maximal wrt. set

inclusion and (hence) unique by construction.

(ii) If the identifiability assumption .# in (5.10) is given as a product set in My x C%0(R%),
say . = . x T, then the maximal solution (X) = (X) o «x from X given .# reads

(X) = evy(T) .7 (5.12)

where evx (T) is the image of the evaluation map evy : ¥ 3 g — ¢(X), cf. (5.6).

5 More precisely, this is captured by the equivalence relation [5’ ~X, ) S:e 88 ¢ <X>y] on [S]x.
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(iii) The [size of the] set (X), depends on .#. In particular: the weaker its identifiability
assumption (i.e. the larger the set .#), the larger is the class (X), and hence the
‘further away’ the set of all quasi sources will be from the original source S = {S}.
Accordingly, any S-containing subset [S], C (X)s [C [S]°, resp.] defines an upper

[resp. lower| bound to the ‘accuracy’ to which S can be recovered from X.

Central to the blind inversion task X — S is the accuracy to which it shall be achieved —
that is, which deviations [of the attained quasi sources] from the original source S are con-
sidered optimal or most tolerable? The answer is typically defined by the BSS-practitioner
or their application context, and it translates to the constraint® (X), C [S] for some a-
priori given ‘optimal’ superset [S| of S (the ‘accuracy bound’). The primary difficulty,
then, is to identify an IA .# for which this inclusion holds, i.e. for which the set (X),
is identical to the optimum superset [S]o := [S] N (X)), of S. In case of non-optimality,
the deviation between (X), and [S], may be controlled by deriving a lower bound [S]° a

posteriori to the choice of ..

The above immediately suggests the following notions.
Definition 5.3.3 (Blind Inversion). Given a map [-]: M; — 2M1 an IA .# C € is called
[ - ]-sufficient if (X)y C[S] for each BSS-triple (X, S, f)s. (5.13)
Further, for any .# C € we call inversion map on .# any function ® : M; — 21 such that:
0 # ®(X) C (X)y, foreach BSS-triple (X,S, f)s. (5.14)
Finally, a map ¢ : M; — 21 shall be called faithful if S € p(S) for each S € M;.

The task of blind inversion now seeks to accomplish the following: For a given accuracy
bound [ -], can we find an identifiability assumption .# (the weaker the better) which is
strong enough to guarantee that for each cause (S, f) € # the source S can be recovered
from its mixture (5.7) up to an accuracy of | -], i.e. up to within an element of [S]? And

if so, is there an explicitly computable algorithm that performs this inversion?

In formal terms, the (general) Problem of Blind Source Separation reads as follows:

Given a faithful map [ -] : M; — 2™ determine:
(%) (a) a [weak] IA .# C € that is [ - |-sufficient;

(b) an explicit inversion map ¢ on .#.

Any pair (&, ®) that satisfies (a) & (b) is called a solution to the BSS-problem for [ -].

% So that each element S € [S] N (X).# is an optimal solution to the such-constrained BSS problem.
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Figure 5.1: Schematic illustration of two BSS-triples (Xu, Sk, fx)s,, (X, S, f)s and their
respective mazimal solution. FEach point in the plane represents a signal, i.e. an element
of My, and the coloured areas visualise subsets of M1 that relate to the observables X,, X
or their sources Sy,S. Depicted in this way are, for some accuracy-bound [ -], the sets
of accurate quasi sources [Sy|o = (Xy)z, N [Si] and [S]o := (X)y N [S] (dashed black
circles), the mazximal solution (X) s (striped annulus with pointed boundary), as well as the
outputs ®(X,) and ®(X) of some inversion map ® = @4, on F (grey annuluses). The
IA 7, supporting X, is |- |-sufficient, which implies that the sets (X.)qs = ®(X,) (i.e.,
the set of all i-informed best guesses on S, given X, ) and [S]o coincide, see panel a. In
particular, each quasi source Sy = §(X,) in (X,)s. is an ‘accurate’ guess for Sy insofar as
the residual h = go f« that relates Sy to g* is in ‘minimal distance to the identity’ in a sense
determined by [ -]. In panel b., the IA .# underlying X is too weak to be [ -]-sufficient and
so the mazximal solution (X)y is a proper superset of the optimum [S],. The robustness
of (H«, ®) asserts that the inversion property of ® is resilient to deviations from 7. of
the causes (in €) underlying its input signal. This amounts to a ‘continuous transition
from a. to b.’, as captured by (5.15): if, in some general sense, the causes (S, f) € & and
(S, fx) € Fi are ‘not too different’, can we provide quantitative guarantees that ®(X) and

[S] are also not too far apart?
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Remark 5.3.4. As it stands, the above problem (%) does in fact comprise a whole family
of inverse problems, even for a fixed [ -], since the .#-qualifying adjective ‘weak’ in (%) (a)
is not explicitly specified.® This ambiguity can be avoided by demanding .# to be the
‘weakest’ (i.e. globally maximal wrt. set inclusion) [ - |-sufficient IA in €, which would turn
(*)(a) into the stronger task of characterising [ - |-accurate invertibility. We refrain from
this stronger formulation here to better capture the BSS-problem in the form in which it is
currently discussed and approached in the literature, cf. e.g. [38, 81, 111] and the reference

therein. *

Remark 5.3.5. The BSS-problem (%) consists of an abstract part, (a), which theoretically
ensures the [sufficiently accurate] blind invertibility of an observable back for its cause, and
a more procedural part, (b), which asks for an algorithm to perform this inversion in (both)
theory and statistical practice. The documented solutions to (x) usually address the tasks
(a) and (b) simultaneously, typically by first proving the [-]-sufficiency (5.13) of an IA
constructively and then deriving an explicit inversion map (5.14) in direct consequence to
the employed strategy of proof, cf. [37, 38, 81, 111]. We also follow this general scheme in
Section 5.6. .

In addition to the classical formulation (x), we propose to (provisionally) say that a solution

(Z,®) is robust if, in some appropriate sense, the maps
. (5.15)

(S, f) — ®(f(S)) and (S, f) — distg(fb(f(g)), [S’D are continuous’ on .#.
(See [75] for the general notion of robustness that we follow.) Above uses the ‘asymmetric
distance’
disto(A, B) :=sup,c 4 do(a, B) with dy(a,B) := infyep o(a, b) (5.16)

where o : ./\/llX2 — R+, with go (id x id) = 0, is some appropriate distance function between

the outputs of ® and the desired signals in [ - |; specific choices of g will depend on [ -].

Remark 5.3.6. From a purely conceptional angle, the (anticipated) notion of robustness
(5.15) adds to the conventional analysis of problem (x) the classical aspects of (numerical
and analytical) well-conditionedness and stability, which play a central role throughout
many areas of pure and applied mathematics, see e.g. [63, 71, 75|, [6, p. 139], or [57, Sect.
1V.12.3).

7 For instance, the popular choice (5.26) of [S] as the monomial orbit M, -S mandates k € M.

8 E.g., while ([S],.#) = ({S},{(S, f)}) is trivial, the choice ([S],.#) = ([S]X,(’Z) is meaningless;
solutions to (*)(a) that are of practical relevance or theoretical interest will lie strictly between these two
extremes.

® As usual, a map @ is called continuous on & (or .#-continuous) if ® is pointwise continuous on .#.
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5.3.2 Independent Component Analysis

As indicated above, the preliminary description of BSS-robustness (5.15) is only still an
informal desideratum rather than an exact definition; for the latter, both ¢ and a suitable
topology (‘.#-continuity’) need to be specified further. This gap is closed in the present
subsection which provides an according completion of (5.15) for the most widely received

special instance of (x) known as Independent Component Analysis (ICA).

To prepare, denote by [-]m : My — 21 the function that sends a signal S to its orbit
[STm = My - S under the monomial group (action) My := {AP | A € Ay, P € P4} on
My (cf. (5.26)). Let similarly My := {h : u — Mu+b | M € Mg, b € R%} be the sub-
group [of C11(RY)] of affinely monomial transformations, with [S]g := My - S. Write also

R:={g:R? = R?| g is Borel} for the set of Borel measurable transformations on RY.

Below gives a refinement of (5.14), see (5.19). Note for this that if #C€ is [ - |n-sufficient,
then for any inversion map ® on .# there is ® : M; — 2%, X —» {BeR | B- X € &(X)},
with

®(X) = ®(X)- X, for each BSS-triple (X, S, f)s. (5.17)
Among the inverse problems subsumed under (x), the following variant is by far most

established one to date, cf. e.g. [38, 80, 81, 111]; the reference set S| is defined in (5.27).

Definition 5.3.7 (Independent Component Analysis). A set .# C € is called an ICA-

condition if
I =.9xGLy forsome . 2.7 and & is [-|w-sufficient; (5.18)

a BSS-triple (X, S, f)s is called an ICA-triple (on .#) if .# is an ICA-condition, and in this

case we call an ICA-inversion on % any function
$: M; — 2% such that: 0 # ®(f(S))of C Mg, foreach (S,f)e.#.  (5.19)

The Problem of Independent Component Analysis (ICA) is (x) for [-] = |- |s and with .&
and ® of the form (5.18) and (5.19); call an according pair (., ®) a solution to the ICA

problem.

Remark 5.3.8. In other words, an ICA-triple (X, S, f), is a BSS-triple where the source
S is to be recovered up to some permutation and scaling (and perhaps a constant offset)
of its original components and where the prior information . > (S, f) for this consists of
a condition on the source (.: regularity of each source component and their statistical

independence) and a linearity condition on the mixing (GLg) which are imposed separately
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via (5.10). Note further that if & is an ICA-inversion of the form (5.19) then X — &®(X)- X
is an inversion map on .# in the sense of Definition 5.3.3, as is clear from (5.14) and (5.12)
and provided that My - . C .7. .

The specificity (5.18) and (5.19) of ICA enables a natural analytical interpretation of the
generic robustness notion (5.15). For this, let (., ®) be any fixed ICA-solution, set ® :
X — &(X) - X, and let us quantify the (deviations from) the accuracy condition (5.19) via

the ‘deviance function’

Oy : € Ry given by  04(S, f) == suppcgr1s)) M (arwyem, xra 08((S, f), (M, v))
for op((S,f),(M,v)) = SuPuEDé”WRX(MU)’
(5.20)

with Ty 1= Iga (o3 and ng) := v+ Dg. For inequality (5.21) below, recall notation (5.16).

Lemma 5.3.9. The map 04 vanishes on .7, i.e. 04| , = 0, and for any function f and

|
every stochastic process S = (Sy) with (S, f) € € we have that, with probability one,

dist(B(£(5)). [Sla) < 0(S.f) for 8(X,Y)=supe K000, (5.21)

Proof. That 0;(#) = 0 is clear from (5.19). Write ¢(S, f) for the left-hand side of the
inequality (5.21) and notice our slight abuse of notation, cf. Convention 5.1.1: here, ¢(S, f)
is a function of the process S = (S;) in R?, while 04(S, f) is a function of the law, Pg € M,
of S. By (5.16),

o(S, f) = SUD ¢ e x) infheMd @(X',h(S)) for X = f(9), (5.22)

where ®(X) = (®(X) o f)(S) = {(Bo f)(S) | B € ®(X)} by definition. Hence for any
X e®(X)andall h = M 4+ v € My (some M € My, v € R?) there is B = B(X) € ®(X)
with

8(X, 1(S)) = supyer LELUTISHOND, (151)) = supyep LEDEIME T, (13,

where S = (5}) is given by S; := Sy + © with © := M ~'v. Hence and since the trace of
a process is almost surely contained in its spatial support, we have that, with probability

one,

B(X,A(S)) < sup,ep L DMUY (y0) = pp((S, £), (M, 7)) (5.23)

where Dg = Déﬁ). Statement (5.21) now follows from (5.23) and the definitions (5.22) and
(5.20). O
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With the relative error between the output of ® and the desired accuracy [ - |# controlled
by 0;, we can now deliver the anticipated formalisation of (5.15) for the special case of ICA.
Notice that the following is a natural combination of the BSS-specific stability requirements

(5.15) with the classical notion of statistical robustness as set out in [75, Sects. 1.2-1.4, 2.6].

Definition 5.3.10 (Robust ICA). A solution (., ®) to the ICA-problem is robust if
0 : € — Ry is continuous on .¥ (5.24)
with respect to a sufficiently coarse topology on the causal space €.

In addition to the qualitative assertion (5.24) it is often desirable to also arrive at an
explicit quantitative analysis of this robustness (cf. e.g. [75, Sect. 1.3f.]). Provided the
underlying topology on € is sufficiently informative, this can be achieved by complementing

(5.24) with a modulus of continuity of 94 at .#, as done in Section 5.6 below.

Remark 5.3.11 (‘Sufficiently Coarse’). What do we mean by the definiens ‘sufficiently
coarse’? Just as for other uses of the robustness concept [67, 75], the answer to ‘how
coarse is coarse enough’ (cf. Rem. 5.3.3.2) typically depends on the specific (application)
context in which the ‘stability of ® under violations of .#’ is of interest; a one-size-fits-all
topology — or universal level of coarseness — to optimally capture all thinkable violations
is generally difficult to pinpoint. However, taking classical theory as a rough guide, see
e.g. [75, Sects. 1.3, 2.6], we can hope to capture ‘most’ relevant violations by, for reference,

calling a topology 7¢ on €

sufficiently coarse if the (7¢,71)-induced final topology on M is coarser than 7%,

(5.25)
where 71 : € — My, (S, f) — S, is the canonical projection from a cause to its signal
and 7* is the topology of weak convergence on M;(Cy) (e.g. [18, Def. 8.1.1] and [16, Sect.
7]). Again, we emphasize that the specification (5.25) is merely a reference point to provide
orientation and should not be read as a necessary or strictly binding constraint on (5.24); we
do not restrict Definition 5.3.10 to topologies of only this kind. In fact, the following sections
will establish (5.24) for a topology 7¢ on € which, while conforming to (5.25) in the setting
of most applications, is generally slightly finer than (5.25) but nonetheless still sufficiently
coarse to informatively capture (the ‘convergence to exactness’ of) many infringements of

an TA that are of relevance in theory and practice, cf. e.g. Example 1.1.2 and Section 5.7.
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5.3.3 Complementary Motivation

Let us illustrate the notions and definitions of the previous sections by an appeal to Example
1.1.2.

Example 5.3.12 (Cocktail Party Revisited). The original speech signals pertaining to
the speakers in Example 1.1.2 can be modelled as [drawn from] the components S’ of
a stochastic process S = (S',...,5%) € M;j. The microphone recordings of these sig-
nals are then mixtures of the form X’ = f;(S',...,5%) that combine to an observable
X = (X1,..., X% = f(S) for some invertible map f = (fi,..., fq) : Dg — R% The in-
verse problem from Example 1.1.2 thus translates into the BSS-problem (%) for the triple
(X, S, f), and is to be solved to an accuracy [ - | not explicitly specified in the example. The
example states, however, that the goal is to “recover from X what each of the d speakers
have said”. Thus, the goal is not necessarily an exact recovery'® of S from X. Instead,
the objective is to recover from X only the messages — that is, the informational content of
their respective speeches — that the speakers communicated: which speaker it was that said

something, or how loudly they originally said it, is irrelevant.

This abstracts from the original source S the order of its components [i.e., the attribution
(via enumeration) of a speech signal to its original speaker| and the scale of its components
[i.e., how loudly such a speech was originally communicated]. Consequently, any two signals
(b1S71, ..., bgS%4) and (5151, ..., bgS*) with b;,b; # 0 and {j;} = {ki} = [d] are both
equally desirable outcomes of the blind inversion. I.o.w., the task in Example 1.1.2 is
‘accurately’ accomplished if from X we arrive at (not necessarily S but instead) any signal

of the form
S e {(aS™™ .. agS™ ) oy, ... ag € Ry, T € Sg} = My- S, (5.26)

where My := {AP | A € Ay, P € Py} is the subgroup [of GL,] of monomial matrices. This
establishes the monomial orbit [S] := M-S as a suitable task-specific accuracy (5.13) for
Ex. 1.1.2.

Since our prior knowledge about the speakers, S, and about ‘the physics’ of their record-
ing situation, f, is very limited, we can generally pinpoint the original constellation (.S, f)
only as an element of some subset .# in € and not as a singleton in said space — this is our
‘blindness’. Consequently, at this prior level, every signal that conforms to .# (that is, every

S :=g(X) s.t. (5,971 € .#) appears to us indistinguishable from the original speeches we

10 . i.e., to obtain from X not only the content of what was said but also which speaker (identified by

their number 7) it was that said it and at which original sound volume they said it; this is usually impossible.
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are looking for. We thus dub signals of this kind ‘quasi sources’ and subsume them into the

set (5.11).

The main question for us at this point is whether our limited knowledge .# of the speakers
and their mixing is sufficient to, at least in principle, recover from X the signal S up to the
desired accuracy (5.26). This translates into the requirement (X), C [S] on ., and if this
requirement is met we want to perform the inversion X — S accordingly. The latter asks for
an explicitly computable inversion procedure ® : M; — 2M1 which, since it should make

optimal use of the data (X, .#), we naturally expect to satisfy ®(X) # 0 and ®(X) C (X),.

Now due to complex interdependencies between the speakers S, ..., S% or since the record-
ing situation f is somewhat complicated or both, we might fail to formulate an assumption
& on (S, f) for which the required accuracy condition (5.13) is met. We may, however,
often find that (S, f) is still more or less ‘well approximated’ by an idealised constellation
(Sk, fx) that conforms to an assumption %, in € for which the accuracy condition is met. In
our example, a viable such approximation of (S, f) might be to choose Sy to have the same
component signals as S but with no statistical dependence between them, and to take f, as
the linearisation of f at some point xg € Dg, in symbols: (S, fx) = (Ps1®- - ®@Pga, Df(x0))
(cf. Section 5.3.2).

This idealisation then pays off as follows. The [ - ]-sufficiency of ., allows for a map ® = @4,
of the form (5.14) that achieves an exact blind inversion on .#,-caused observables. Provided
that the inversion property ®(f(S)) C [S] of this map is stable around the idealisation
(S, f) = (S,, f) € F as per (5.15), the proximity (S, f) ~ (S, f,) will then guarantee that
®(X) is approximately a subset of [S], as desired. More specifically, given an estimate on
the ‘deviation’ A between (.S, f) (the original cause) and (S, fi) (the .#,-idealisation of that
cause), we can provide results asserting, in terms of precise and informative error bounds
with entirely explicit constants, that each element in ®(X) equals an element of [S] up to
a relative error of order O(A). The merits this has for our example application are clear:
While the actual cause (5, f) of X may be too complex to blind-recover S exactly, we may
find a ‘structurally simpler approximation’ to (S, f), say # 3 (S, fx) with inversion ® on
7, as above, and obtain that the estimated speeches S* = ®(X) will still be [ - J-accurate
up to a controlled relative distance to (5.26). Provided that the idealisation error A is small
enough,'! the obtained signal S may show acoustic distortions but still be close enough
to the optimum (5.26) (the clearly audible speeches) so as to recognize from it the original

information that the speakers communicated. *

11 Which one can try to achieve, e.g., by adjusting the microphone positions or attenuating external noise.
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While the above perspectives and ideas on the robustness of BSS are relevant and
intuitive, the current literature does not seem to offer any flexible and informative theoretical
framework to formalise and exploit them. The approach that we develop in this chapter is

intended as a first proposal in this direction.

5.3.3.1 Supplement to Definition 5.3.7

For its brief use in (5.18), we define the set (‘smoothness class’)
S ={pe s | t{ield| E[(u1)*] =0} <1 and #o(Cov(uo, p1)) = d} (5.27)

of all IC signals whose incremental covariance has pairwise distinct eigenvalues and for which
at most one of their third incremental moments vanishes. These signals are of ‘conventional
regularity’ in the sense that they are in particular non-Gaussian, hence (linearly) identifiable
by the classical paradigm [37], and also of a sufficiently rich time-structure to be recoverable
via the methods in [116]. L.o.w., (5.27) is a class of sources which are so regular (‘smooth’)
that a blind inversion procedure should be able to recover them in order to be called an
ICA-method.

5.3.3.2 On Definition 5.3.10

Intuitively speaking, any topology on € for which condition (5.24) holds is a model for how
‘sensitively’ the [ - |g-accuracy of ® reacts to violations of the assumption .#: the coarser
such a topology [i.e., the fewer open sets it contains|, the less sensitively (“the more ro-
bustly”) does ® vary under general perturbations of .#. Since the continuity requirement
(5.24) is redundant if understood wrt. the discrete, i.e. the finest, topology on €, a cer-
tain level of coarseness of the (5.24)-supporting topology on € is clearly necessary. There
is, however, no immediate or canonical choice for such a topology on € so that setting a
threshold on ‘how coarse is coarse enough’ is notoriously a matter of judgement, as further
discussed in Remark 5.3.11. .

With an operable formulation of both the BSS-problem (5.1) — approached via ICA
(5.18) — and its associated notion of robustness (5.15) at hand (see Definitions 5.3.7 and
5.3.10), the overarching goal for the rest of this chapter is to bring the above framework
to life and fruition: Section 5.5 provides a natural, easy-to-handle and informative (pre-
metric) coarse topology on € that supports the stability (5.15) for a generically derived
ICA-solution (.#,®) (Section 5.6) and allows the resulting BSS-robustness (5.24) of this
solution to be thoroughly quantified via explicit moduli of continuity (Theorems 5.6.10
and 5.6.14). A number of application-relevant corollaries to this robustness illustrate the

practical significance of the theory (Section 5.7).
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5.4 Coordinatisable Signals and Their Convergences

Foundational to the announced topology on €, and thus to our above-mentioned robustness
program altogether, is a distinguished set of ‘coordinates’ to describe the signals in M.
This leads to a structured and explicitly computable quantification of M which, along-
side the topologies that this coordinatisation both captures and imposes, is studied in the

present section.

The announced coordinates take the form of moment-like integral statistics and are defined
by iteratively integrating the sample paths of a signal against each other. The latter to be
well-defined requires a certain regularity of the realisations of a signal, which is accounted
for by certain ‘regularity classes’ within C; that the samples of a coordinatisable signal
are assumed to be contained in. An expressive and convenient such class'? is the regular
subspace

cl=cl = {a: :[0,1] — R? ‘ x is absolutely continuousl3} (5.28)

of C4, and the signals whose samples are contained in this class are the elements of the

subspace

D= {pe Mi(Ca) | p(C") = 1} (5.29)

of My, i.e. the set of all Borel probability measures on (Cg, || -||o) supported on C'. Writing
CHHRY) =: C1! for the group of all C'-diffeomorphisms on R?, note that (by the chain
rule, cf. (5.30)) the space ® is left invariant under the C'!-action (5.6) on M;(Cy).

After establishing a few essential structural properties of the space C' and exposing how
it enables the inclusion of discrete-time signals (Sect. 5.4.1), we are ready to introduce the
announced signal coordinates on ® (Sect. 5.4.2) and study how sensitively some natural

topologies on M (Sect. 5.4.3) are captured by these coordinates (Sect. 5.4.4).

5.4.1 Properties of the Sample Space

The path space C! enjoys a few topological regularity properties that make it a convenient
choice to act as the sample space of our signals. We note, however, that the main ideas of
this chapter can also be readily extended to signals with much less regular sample paths,
see Remark 5.4.9 (and the references therein) at the end of this subsection. The contents

of the following lemma are well-known.

12 Though certainly not the largest possible regularity class, see Remark 5.4.9.
13 To recall the definition of absolute continuity, see e.g. [54, Definition 1.17].
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Lemma 5.4.1. The above space C' of absolutely continuous paths in R% can be written as

cl = {z €Cy|3a e LI([0,1;RY) : z = +/g;~s ds}; (5.30)
0
this space is a Borel subset of (Cq, | - ||oo) and a separable Banach space with respect to the
I-variation norm
[2ll1var = [zol + [[&[| 1. (5.31)

Proof. The identity (5.30) holds by [54, Propositions 1.31 & 1.32]. In fact, [54, Prop. 1.31]
asserts that for X := R? x L'([0,1];R%) and ) := C4, the map f : X — Q) given by
f(c,v) :=c+ [yvsds is a Banach space isomorphism (which also proves (5.31)). From this,

[90, Theorem 15.1] implies that the image f(X) = C! is a Borel subset of (C1,]| - ||oc), i-e-

that C' € B(Cyq). That (C!,|| - ||-var) is separable and Banach is stated as [54, Corollary
1.35]. 0
Remark 5.4.2. Recall that |- ||, in fact dominates a whole family (|| - [|p-var)pe[1,00] Of

p-variation norms on C! which, in generalisation of (5.31) (cf. [54, Sect. 5.1]), are given by

1/p
|z || p-var := |zo| + supz |ze, 0 — @, |P for 1<p<oo (5.32)
tl/ v
and || + [covar = || * [|oo, Where the above supremum runs over all (finite) dissections (¢,)
of [0,1]. Since these norms become weaker as p increases, that is || - ||p-var > || - [|g-var for

each 1 <p < ¢ < oo (e.g. [54, Prop. 5.3] and [104, Lem. 1.6.4.]), we have the inclusions of

subspaces
Co(Ch |1+ livar) 2 Co(CHi [l Mlpovar) 2 Co(Ch |- llgvar)  for 1<p<g<oo. (533

It is useful to observe that while the uniform topology on C' is weaker than its 1-variation
topology, both induce the same measurable structure on C!. This follows essentially by defin-
ition (5.31) of the 1-variation norm and the above fact that C* is separable wrt. || - ||;_....-

(Further topological properties of the spaces (5.33) are discussed in [54, Sect. 5.3.3].)

Due to its separability, the space (Cl,]| - ||1-var) Will allow us to compare the classical
(i.e., || - ||co-induced) weak topology of signals to a spectrum of finer (|| - ||-var-induced) signal
topologies that are fine enough to support the continuity of certain convenient coordinates

on M (Section 5.4.3). A cornerstone for this comparison is the following lemma.

Lemma 5.4.3. The spaces (C1,]| - |loo) and (C', || - ||1-var) have the same Borel o-algebra.
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Proof. Note first that since |- |, ., = || - [[cc (which is easy to see) we find that the 1-
variation topology on C! is finer than the uniform topology on C', which of course implies
that Bivar := 0(CL, || |l1var) 2 o(CL, || - lloo) =: Bso. Since the separability of (C, |||} var)
guarantees that the o-algebra Bi_var is generated by the closed |[-|_,.,-balls, the converse

inclusion Bi_yar € B follows if we can show that

T

Blx):={yeC'||ly — |y, <7} € Bs forevery z€C'andanyr>0. (534)
To see that this holds, fix any € C! and r > 0 and recall that, by definition,
1201 -var = sup Vz(z) with Vi,y(2) =20l + > 2041 — 2,

€ v

and where J := {Z = (t,) | Z is a (finite) dissection of [0,1]}. Given any Z € J it is clear
that the function Q7 : C! > y — Vz(y — x) is continuous wrt. || - [|s, whence the level set
Cr:={yeC'|Qz(y) <r}is| - |lw-closed. Combined with this, the immediate identity

Bl(z) = mzej Cz  implies that Bl(z) is closed wrt. || - [|oo ,
which shows that (5.34) holds as desired. O

Remark 5.4.4 (Discrete Signals). Sometimes observables are modelled a priori as random
vectors or discrete time series in RY rather than as continuous-time stochastic processes.
Such discrete-time models are still special cases of our formalism, i.e. can be seen as signals

in ©, as per the identifications (for Z := R? and Co = {z € Cio,1) | zop = 0})

A
~ ~

i1 Risu (t-w)eppa) €Co and &y : 27" — Ce, (n>2), (5.35)
where for a dissection Z = (t, | 0 =tg < ... < t,_1 = 1) of [0, 1] we set the subspace (of C!)

Cr = {x = (Tt)sef0,1] ‘ T = x4, + ty’:i’%_ttu(a:tyﬂ —ay,) fort € [ty,ty41), v € [n— 1]0}

(5.36)
(the space of all Z-piecewise linear paths from [0,1] to RY) and denote by i, the map
that sends a tuple (z,) € Z*™ to its piecewise-linear interpolation (cf. Rem. 5.2.1) along
&= ((v—=1)/(n—1) | v € [n]), the equidistant dissection of [0,1]. (The maps in (5.35)
are indeed identifications as they are (isometric for n = 1) Banach isomorphisms with
inverses 7, := i} given by %1 := 7 and %, = 7, for n > 2.) For any ‘discrete signal’
v € Mi(Z*™), the pushforward & := (i1),v € D1 = {p € M(C) | w(Co) =1} (if n = 1)
or

0= (in)sv € Dg, =={p e M1(C) | u(Ce,) =1} (for n > 2)

is its continuous-time identification; for the (‘timeless’) case n = 1, the signature moments

(5.38) of © coincide with the classical [multivariate] moments of v up to the factor 1/m!. &
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5.4.2 Signature Moments

Let us now define the announced coordinates of a signal y in .

The key idea behind these coordinates is that each sample path = € C! of ;1 admits itself a

concise non-local (in-time) description by way of the iterated-integral'# statistics

d i 'm . 3
v = (o, ’xt)te[o’l] — 0<t1<...<tm<1dgc2 edagn =t osig g, () (5.37)
foriy,..., iy, € [d], m € N, and sigy(z) := 1. These are the so-called signature coefficients of

z, and they combine to a multi-indexed family sig(z) := (sig,,(z) | w € [d]*) which is known
as the signature of = (see Definition 2.2.6). Notice the formal similarity of sig, ..; with
the moment map x 336171 " 1‘67,"1, motivating us to refer to (5.37) as the ‘noncommutative
moments’ of z. See Section 2.2 for further details, and recall Section 2.2.3 for the definition

below.

By duality, the signature-based description (5.37) of a path can be naturally transferred

from C! to the signals in ©. The resulting ‘dual’ coordinates on ® are introduced below.

Lemma 5.4.5. The map (CL,| - ||lx) 2 = ~ sig,(z) € R is Borel-measurable for each
w € [d]*.

Proof. By Lemma 5.4.3 and the fact that sig,, is continuous wrt. | - ||,_,,, (e.g. [105, Theorem
3.1.3). O

Definition 5.4.6 (Signature Moments). Given a signal x4 in ®, the numbers (in R)

hincim = | 8100y, (T) pld2) (i1, 0 € [d], m € N) (5.38)

are called the signature moments of u. We refer to the coredinates of p as the matrices

[u)o = (<:U“>ij)i7je[d] and  [u], = <</i>ijl/)i7je[d] (v=1,...,d), (5.39)

and denote by [u]c := ([¢]o, [1]1, -, [1]q) their ordered collection. We say that [u]. exists,

in symbols: [u]. < oo, if all the signature moments in (5.39) exist in R.
(The word ‘coredinates’ is a portmanteau of ‘core coordinates’.)

Owing to the above-mentioned characteristicness of the signature-based path coordinatisa-
tion (5.37), the signature moments (5.38), if contained in R, characterise a signal uniquely,

see [34]. As a result of the algebraic interrelations!® within {sig,, |w € [d]*}, the moments

1 Since every € C' is of bounded variation, the integrals (5.37) exist in the sense of Lebesgue-Stieltjes.
!> The non-commutative moments {sig,, | w € [d]*} form a point-separating subalgebra of R
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(5.38) also efficiently encode any transformative action f : C! — C! inflicted (via push-
forward, cf. (5.6)) upon ©. In fact, the coredinates (5.39) already sufficiently capture the
linear action

R¥I 5 A A p=Apu:=poAl, (5.40)

flattening the third-order tensors ({u);;r) to the matrices [u], in (5.39) yields a family of
affine equivariant statistics (see below). This equivariance is a simple yet extremely useful
algebraic property of [u]., and when combined with mild statistical assumptions on p can
be used to study the action (5.40) for a wide class of (non-IC) signals and under nonlinear

perturbations.

Lemma 5.4.7 (Affine Equivariance). Let u € ® and define f = f(u) := A-u+b on R?
for some A = (a;;) € R and b = (b;) € R%. Then for any iy,...,im € [d] and m € N,

d

(Pl o = D iy i ()i (5.41)
Jomm=1

Proof. This is clear by the multilinearity of iterated Stieltjes integration. Indeed: Fix any
multiindex (i1, ...,%m) € [d]*". Then by said multilinearity, we find for each x € BV that

sigi, ., (/@) = [ dlf@)" - dlf@)]"

m
4 . ; .
= / d[zjlzl ailjlle] T d[ Jm=1 aimjmxjm]
ATVL
d
= > i G Sigj, ., (2)
Jyedm=1

for the m-simplex A, := {t € [0,1]™ | t; <--- <ty }. So by definitions (5.38) and (5.6),

(Fetldiy = /cﬁigil...im(w) fep(dz) = /B vﬁigil...im( F(a)) p(dz)

d
d

= ) i G e
jlv’"vjmzl

where the second identity is the change-of-variables formula for pushforward measures. [

Of course, the signature statistics (5.39) share their equivariance property (5.41) with
many classical signal statistics of comparable order such as, e.g., covariance matrices or
classical multivariate moments or cumulants, which is what underlies the latter’s utility in
many classical ICA approaches [38, 81, 111]. Hence and if preferred one may also just use
these classical statistics in lieu of (5.38), in which case the topological robustness approach
developed in this chapter remains equally valid, mutatis mutandis, upon replacement of
(5.39) by any of their (affine equivariant) classical counterparts; cf. also Rem. 5.4.4. This

leads us to the following remark.
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Remark 5.4.8 (Why Signatures?). In stark contrast to the classical (‘commutative’) mo-
ment statistics of a stochastic process, the coredinates (5.39) of a signal p are ‘global’ [in
time| statistics of this signal, i.e. functions that exhaust (the law of) the whole signal and
not just, as with classical statistics, the signal’s finite-dimensional distributions probed at
a small number of preselected time-points. This globality of the signal statistics (5.38)
enables them to capture non-local statistical effects (such as, e.g., time-dependent noise
or estimation errors due to asynchronously sampled channel data, cf. Section 5.7) much
more naturally and efficiently than with classical (‘fixed-t") moment statistics (cf. e.g. Sect.
4.2). What is more, the derived statistics (5.39) do in general'® also carry more informa-
tion per matrix than classical statistics of the same dimension, which reflects in the fact
the matrices (5.39) are generally asymmetric and, hence, contain about twice as much in-
formation as same-dimensional matrix statistics obtained from classical (‘commutative’)
moments, which are all symmetric. These aspects in particular, which will be developed
and leveraged throughout the following, make the signal coordinates (5.38) and their de-
rived statistics (5.39) a very natural and informative quantisation of statistical dependencies
within and between multidimensional signals and their (non)linear transformations. Owing
to these qualities, we will see that these coordinates are an excellent basis for constructing

the desired robustness topology in (5.24). L4

Remark 5.4.9 (Extensions to Rougher Paths). While the sample space (5.28) is fairly gen-
eral already and, in particular, covers all signals that one encounters in statistical practice
(cf. Rem. 5.4.4, Prop. 5.4.12), note that the considerations of this chapter can be read-
ily extended to spaces of even more irregular paths by using the theory of rough paths
[54, 104, 105]. As this is mainly a technical exercise, we refrain from implementing these
extensions here and instead refer the interested reader to the above references to not exceed

the scope of this chapter. .

5.4.3 Convergence of Signals

In this section we formalise how different signals can be topologically related to each other
by introducing a natural notion of p-variation-graded weak convergence on ®. The res-
ulting signal topology is at most minimally stronger than the topology of classical weak-

convergence on ® and in fact equal to the latter in the context of many applications.

16 An exception to this are the coredinate matrices of mean-stationary product streams and their linear
transformations (due to (5.85)), which do coincide with classical moment statistics; see Lemma 5.5.9.
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To begin, recall'” that a net of signals (1) in D is said to converge weakly to p € ® if
lim o) = () for cach f & CulChs |- l), where pia(f)i= [ Fdua (542
and Cy(CY; || - [|oo) denotes the space of bounded || - [|oo-continuous functions f : C! — R.

As is apparent from its above definition, the concept of weak convergence is an inherently
topological notion: While different topologies on C! may induce the same Borel o-algebra,
the set of (bounded) continuous functions they provide — and hence the ‘modes of weak

convergence’ that they induce on ® — may well differ.

Lemma 5.4.3 pertains to this, as it implies that the signal spaces M;(Ct) = My ((CL, || -
o)) = @ and Mi((Ch " |l\vae)) coincide. This allows us to integrate each measure
w € My (C') against any element of the space Cp(Ch; || - ||1yay) Of bounded || - -continuous

functions f : ¢! — R.

” 1-var

As before, cf. [18, Def. 8.1.1], this gives rise to a notion of pointwise (“weak”) convergence

po “ = [limpa(H) = alf), VIEGES ] )] (543)

for a net (pa) C M1(C') and u € M1(Ch). Thanks to the inclusions (5.33), this convergence

can be systematically generalised to the following weaker notions of convergence.

Definition 5.4.10 (p-Weak & Weak’ Topology). Let p € [1,00). A net (i) C ®© will be

called p-weakly convergent to a signal p € ®, in symbols: pq LALN , if

liénua(f) =pu(f) foreach feCp(Chl lpvar)- (5.44)
[a]

Given 1 < a < 00, we say that (uq) is [a]-weakly convergent to u, in symbols: pg — p, if

fro T2 0 for some 1< g < a. (5.45)
The convergences of nets (5.44) and (5.45) each canonically'® define topologies on © which
we call the p-weak topology and the [a]-weak topology on D, respectively. We call weak’-
topology the [2]-weak topology, and refer to the [co]-weak topology as the variationally-weak

topology.

In other words, (5.44) is precisely the weak convergence of (1) to o wrt. the p-variation
topology on C! (cf. [18, Section 8.1]). Note further that the convergences (5.44), (5.45) and
(5.42) stand in natural hierarchy to each other: For any 1 < p < ¢ < r < oo, the p-weak

17 See for instance [18, Definition 8.1.1] and [16, Section 7).
18 See for instance [91, Chapter 2 (pp. 73)].
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topology is stronger (due to (5.33)) than the g-weak topology which, in turn, is stronger
than the [r]-weak topology which is stronger than the variationally-weak topology. The
latter, in turn, is stronger than the classical (i.e. (5.42)-induced) weak topology on Mj(C!)
but only minimally so: these last two topologies are fact ‘almost equivalent’ as per the

following remark.

Remark 5.4.11. The norms || - [|p-var (1 < p < 00) and || - || can be related via a classical
interpolation inequality (e.g. [54, Proposition 5.5]) which, for every x € C4, implies that

1 1—1
[2lloc < llllpvar < 2l ([{var 2lloc * for each p € (1,00) (5.46)

and hence that the norms || - [[pvar and || - ||cc are asymptotically equivalent in the limit
p — oo. In particular, the convergence-defining sets of test functions C,(CL;| - || p-var)
and Cp(Cl;|| - |lx) are ‘asymptotically coincidental’ as p — oo, and in this sense we may

regard the convergence topologies defined by (5.45)] resp. (5.42) as ‘essentially

alpha=infty
equivalent’. .

The a priori gap (in strength) between the p-weak topologies and the classical [i.e.
(5.42)-induced] weak topology on ® is mainly a theoretical one with no relevance for many
practical applications. This is because for many practically relevant signal spaces the p-weak

topologies and the classical weak topology coincide, as the following example shows.

Proposition 5.4.12. Forp € [1,00) and K > 0, consider the ‘compactified’ signal spaces

D = {ne Mi(C) | n(Cpi) =1} Jor Cppoi={z€C | [[allpar <K}, (547)

and for any dissection T of [0,1] consider the signals
D7 = {p e My(Ch) | w(Cr) = 1} supported on Cr (see (5.36)). (5.48)

On these spaces the variationally-weak topology and the classical weak topology are equival-
ent, and the classical weak topology is further equivalent to: the q-weak topology on @’I’( for

any q > p, and to the 1-weak topology on 351.

Proof. This essentially follows from a generalisation of (5.46). Indeed: Note first that the
above subspaces are well-defined since C’;’ « and Cz are both Borel-measurable wrt. || - [|so.

Indeed: C; & 38 || [lvar
remain valid also if the ‘b’s are dropped) and B(CY; || - [|1.vur) = B(CY; || “[loo) by Lemma 5.4.3,

and the C'-subspace Cr is || - ||co-closed because it is finite-dimensional.

-closed [as a sublevel set] by (5.33) (these inclusions of course

p

P 1-2
Using next that (5.46) can be generalised to || - |looc < ||+ [[gvar < 2|| - ||p-varl| - [loo * for

any finite ¢ > p, see [54, Prop. 5.5 (i)], we obtain that the norms || - ||s and || - ||g-var [have
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the same convergent sequences on (311)7 x and thus] are equivalent on Cll,’ x- In particular
C’b(C;K; Il 1loo) = C’b(C;K; | - llg-var), whence for any net (u,) C DF = Ml(C;,K) we have:

g-var

pa — p € DF weakly iff g, —— p (cf. (5.43) and (5.44), with C! replaced by C;K).
The latter convergence is equivalent to pq Ioolvar, p in DY because of 1 < ¢ < co and
Co(Cp s ||~ llgvar) = Co(Cp i; || - lloo) and (5.33) [with C' replaced by C} r]. The lemma’s
first two assertions now follow by the fact that two topologies coincide iff they have the
same convergent nets.

The final assertion follows likewise upon noting that C4(Cz; || - |leo) = Co(Cz; | - ||1-var),
which holds by the equivalence of ||-||oe and |- || 1-var on Cz. With |- [|1-var > ||-|lcc known, the

latter follows from ||z||1var = |Zo| + Z’Vt% |z, — 21, 4| < (21Z] — 1)||#]|o (any z € C}) O

The above signal spaces (5.47) and (5.48) owe their practical relevance to the fact
that real-world signal processing systems are always subject to capacity limitations such
as bounded data storage and finite resolution of the registered observables (e.g. [42, Sects.
5, 12]). The former type of constraints gives rise to (5.47), while the latter type mandates
(finite horizon) time-discretizations of the signals as represented by (5.48), cf. e.g. [121].

5.4.4 Convergence of Signature Moments

This section shows that under a natural growth condition, the signature coordinates of a

signal are continuous wrt. the above signal topologies.

To combine the consideration of Sections 5.4.1 and 5.4.3 into an informative topology
for (5.24), we will need to link the convergence (5.45) of signals to the convergence of their

moments (5.38). As usual for integral statistics, this can be done by a growth condition.

Definition 5.4.13. A subset i of ® is called uniformly signature integrable of order m if

inf sup/ |sig,,|duy = 0 for each w € [d],,. (5.49)
@>0 st J{|sig,, |>a} B

We call & uniformly signature integrable if 41 is uniformly signature integrable of order 3.

Put plainly, a set of signals is uniformly signature integrable (of order m) if its elements
attain with uniformly lower probability those sample paths whose signature coefficients (up
to order m) are very large. The growth assumption (5.49) ensures that on such spaces, the

moment coordinates (5.38) are continuous with respect to the weak’ topology (5.45),_,.

Lemma 5.4.14. Let L be uniformly signature integrable of order m, and (puq) C U be any
net such that po — p € 4 in the weak’-topology. Then (pa)w — (1)w for each w € [d]Z,,.
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Proof. Since (fi). = [c1 5ig,, dji and because sig,, is continuous wrt. the p-variation topology
on C! for any p € [1,2), e.g. [105, Thm. 3.1.3], the assertion holds by [18, Lemma 8.4.3]. [

19

As an obvious'” example, uniformly signature integrable spaces (of any order) include

all subsets of ® whose elements have uniformly || - ||,-var-bounded support, cf. Proposition
5.4.12. Drawing on the classical concept of uniform integrability, these bounded-support

examples of uniformly signature integrable spaces can be easily generalised as follows.

Proposition 5.4.15. Let m € N, and let i be a subset of © for which there is ¢ > 1 s.t.

supj/ Jl§, 1(dz) < oo. (5.50)

Then L is uniformly signature integrable of order m.

Proof. Let 4 C M1 (C?) satisfy (5.50) for some ¢ > 1. Then for any p € 4 and with r the

conjugate index of ¢,

/ . |sig,, | du
{|sig,,|>a}

IN

¢ m
j/ qul-var ’ ]l{\sigw|>a} M(d.’L‘) (5.51)

IN

ml (/ 2|1 ar 12(d ))-(u({lsigw|>a}))i ¥ 0 (5.52)

for all w € [d]<™, where the first inequality is due to the classical signature bound [104,
Theorem 3.7] (the constant c is specified there), the second inequality is due to Holder, and

the final convergence to zero follows by Chebyshev’s inequality. The latter in fact implies
: 1 . < 1 m
sup e i({lsig] > a}) < o supey [ loiga (@) u(de) S < supyen [ e u(da) — 0
d d

as a — oo, where the last inequality is again due to the cited signature bound and the last
supremum is finite by assumption (5.50) (recalling L9(u) C L'(u), as the measures p are all

finite). Both (5.52) and the above Y-uniformity of this convergence combine to (5.49). [

5.4.4.1 Integrability

An analysis of the robustness (5.24) requires to capture how nonlinear transformations of
RY (via (5.6)) affect close-by source signals. For this — and only for this, see Rems. 5.5.15,
5.8.10 (ii) — it will be opportune to sharpen the notion of locality in © by enforcing the com-

parability of (coredinates of) signals via uniform integrability (5.50) of their strong moments:

19 Upon recalling that |sig,, (z)| < ||z||2%., for any = € C* and p € [1,2), e.g. [104, Thm. 3.7 & Sect. 1.2.2];
notice that said inequality also (and for all ;1 € M) implies that: fcd |2 var (dx) < 00 = []c < 0.
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Notation. A set i in ® is called core integrable if it is uniformly signature integrable and
Ky = sup/ Ha:”f_var u(dz) < oo for some f € (5/2,3). (5.53)
nel JCyq
For any fixed 3 as in (5.53), denote pg := (8 —2) "' and a = ag := 1 — 1/pg [€ (0, 3)].

We say that a subset 4 C D is core-integrable as per (Kyg, 3,p, a) if (5.53) holds for some
fixed 8 € (5/2,3) and associated constants p = pg and o = ag as above, and for any such

tuple we further define ¢, := (1 — 2'72/7)~1 and C,, := 2°*+1¢, (1 + Kyp)- .

As a trivial example, a subspace {4 C @ is core integrable if it satisfies (5.50) for m = 3.
We conclude with a bit of context on the condition (5.50) and how it relates to the usual

integrability conditions for classical moments of random vectors in R,

Remark 5.4.16. The sets 4l in © that satisfy (5.50) are precisely the bounded subsets of
the mg-Wasserstein space on (Cl,|| - ||1-var); for a discussion of those, see e.g. [122, Sects.
2.1, 2.2]. Other than that, signals satisfying (5.50) are also known as Radon measures
of order mgq, and they are central to the theory of Radonifying mappings developed by
Laurent Schwartz [142, 143] and others. Such signals and their uniformly bounded families
are described in many sources, see e.g. [17, 56, 103, 122, 146] and associated references. For
the special case = 7 € Dy of random vectors in R? (cf. Remark 5.4.4), the integrals in
(5.49) and (5.53) reduce to the classical statistics
oo P10 and [ e o) = [ i),

respectively, with u/~im := uﬁ“'ij:l} . ~u§l{j‘ij:d} for u = (u;) € R% Both (5.49) and (5.53)
thus appear as natural generalisations from R? to Cy of classical integrability conditions for

multivariate moments, cf. e.g. [16, pp. 30]. 1 4

Our approach towards ICA-robustness ((5.15), (5.24)) will make use of the coredinates

(5.39) of a signal, which is why for the following we focus on the ‘coredinatisable’ space
D= {pe®| [y <oo, (wiy#0 fori=1,...,d}. (5.54)

Note that this is a very large subspace of ®: The required existence of a signal’s coredinates
includes (e.g.) the full 3-Wasserstein space on (C1, | - [|1-var) (Footnote 19; cf. [122, Sect.

2nd

2.1]), while the condition (1) # 0 of non-vanishing 2"“-order diagonal moments is merely a

mild non-degeneracy assumption that can be imposed with essentially?” no loss of generality.

* Indeed: Since for each p = (p',...,p%) € D we have (u)i; = SE[(1u6,1)?], the condition (u)s; # 0 asks
for the increments pfm := u}t — ud to have non-zero variance (see Sect. 5.2.2 for notation). Practically this
is no restriction since one can simply cut-off any (‘non-degenerate’, cf. Sect. 5.2.1) signal in D to a (regular)
interval over whose end-points its increment has positive variance and then rescale this cut-off signal back
to [0, 1].
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We are now in the position to endow the signal space © with an explicit and well-
structured topology that will help us to arrive at an insightful quantification of the robust-

ness (5.24).

5.5 An ICA-Tailored Topology on Causal Space

We describe an informative and explicitly computable premetric topology on the causal
space € that relates to the coarseness requirement (5.25) while still being strong enough
to, in a conveniently quantifiable manner, support the robustness (5.24) for a generic ICA-
solution (., ®) such as the one derived in Section 5.6. As the first of three main steps
to this end, Section 5.5.1 shows how the signature moments from Definition 5.4.6 enable a
systematic, divergence-like quantisation of the (statistical) ‘distance’ between two signals
in ©, and that the information thus encoded amounts to a topological profile of statist-
ical dependence within and between signals that is algebraically and analytically flexible
and sensitive to both spatial (non)linear transformations and more intrinsic statistical vari-
ations, including those of Sect. 5.4.3. This topological landscape is then connected to the
ICA-specific identifiability structure (5.18) in Section 5.5.2, where the subset of accurately
identifiable source signals is charted as (belonging to) the minimizing set of this landscape.
Finally, Section 5.5.3 makes good on the final announcement of Sect. 5.3.2 by extending
the premetric signal topology to a coarse topology on the whole causal space €, for which

robustness (5.24) will then be established in Section 5.6.

5.5.1 A Premetric Topology on Signal Space

Out of the countable infinitude (5.38) of coordinates that the signature moments provide,
the lower-order arrangement (5.39) captures those aspects of a signal which are most ex-
pressive of any linear action (5.40) inflicted upon it. In addition, and similar still to cov-
ariance matrices or cumulants for random vectors, the coredinate matrices (5.39) describe
the (second- and third-order) statistical dependence between the components of a signal
by how ‘pronounced’ their off-diagonal structure is relative to their diagonal, cf. Lemma
5.5.9. This, combined with the inversion theory of Section 5.6.1, will allow for an explicit
topological coordinatisation of ICA-identifiable causes (Fig. 5.1 a.) and the causes close to

them (Fig. 5.1 b.). Let ® be the signal space from (5.54).

We propose to implement this charting by way of the following distance function. (Recall

that p = (u) € My is called mean-stationary if Eu, = Epug for each ¢ € [0,1] (Sect. 5.2.2).)
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Definition 5.5.1 (ICA-Premetric). For any signals j, fi € ® with coredinates (5.39), define

) = Jors s o -
d (W)i; — (i 2 d d i — ()31 2
Q= Z (’MUM) and 5,[1,,[], — Z Z ( H)iju H)ijy ) ‘

=1 \ \/ (i) 5 v=tij=1 \\/{1)ai (1) 5 (1) v
For a mean-stationary p = (u', ..., u%) € © we refer to the IC-defect of yu as the number
0u(p) =o' @ @p pu); (5.56)
for a non mean-stationary signal, this defect is defined?! by equation (5.62) below.

For signals u, i € © with coredinates [u]c, [fi]c as in (5.39) and the standardisation matrix
N, = ddiag({u)11,- -+, <M>dd)1/2, notice that (5.55) can be written more compactly as

5(”7&) — HN#I . ([/1]0 _ [:U’] [/]]1 - [:u]l ' [ﬂ]d - [M]d) . N;l

O V)

where ||(Co,---,Ca)l,, == d_,1C |12 is the £y-norm on the space V = (RdXd)@(dH)
Rdxd.

(5.57)

1%

derived from the Frobenius norm || - || on
The map (, i) — 6(p, i) defines a premetric on ® (cf. [7, Def. 2.4.4]), which is to say that
6(p, 1) =0 and - 0(p, p) =0 (5.58)

for any two g, /i € ®. This premetric canonically (e.g. [23, Section 2]) induces a topology

75 on the signal space ®, of which we note the following basic facts.
Lemma 5.5.2. For the premetric topology 75 on ® induced by (5.55), the following holds.

(i) For each subset O in®, we have O € 75 iff for each p € O there is an v > 0 such that

Bs(p,r) = {p€® | 6(n, ) <r}, (5.59)
the p-centred 0-ball of radius r, is contained in O.
(ii) The topological space (D, 7s) is sequential.
(iit) For any metric space (W, dw), a map ¢ : (D,75) — W is continuous at p € D iff:

VE>0:36>0:Vae® : 6(up)<d = dw(o(n),d(R)) <Eé. (5.60)

2! Lemma 5.5.9 guarantees that the two definitions (5.56) and (5.62) are consistent (Remark 5.5.6).
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Proof. The first two points follow directly from (5.58) — for reference, item (i) is reported
in [7, p. 23] while statement (ii) is [7, Prop. 2.4.9]. Item (iii) follows from the statements
(i) and (ii) and [7, Prop. 3.1.3]; or alternatively from [23, Lemma 2.2 and Cor. 2.3]. O

Remark 5.5.3. The -6 characterisation (5.60) of (topological) continuity holds more gen-
erally if ¢ is a metric-space-valued map on any premetric space, see e.g. [23, Lem. 2.2 &
Cor. 2.3].

Proposition 5.5.4. For any uniformly signature integrable subset © of ®, the (subspace)

topology 75 on ® is coarser than the weak’ topology on D.

Proof. Let ® C (@,7‘5) be uniformly signature integrable, and recall that the 7s-subspace
topology on ® is induced by the restricted premetric | 5«2+ Lhe assertion then holds if for
any net (1) in ® we have that (recalling Definition 5.4.10 for notation):

o B, pe® implies  (u, o) — 0, (5.61)
see also [23, Lemma 2.1]. By the definition (5.55) of §, the desired implication (5.61) clearly
holds if, for any (us) and p as above and any iy, ..., i, € [d] for m < 3, we have that:

Mo — Weakly, implies <,U/oc>i1~~-im - <M>i1~--im;

this last implication, however, is guaranteed by Lemma 5.4.14, which concludes the proof.
O

The idea behind the (5.57)-induced topologization of M is closely related to the
natural idea of maximum mean discrepancy (MMD) over the finite set of test functions
H := {sig,,(-) | Jlw| < 3} and combined with an appropriate standardization that absorbs
the My-inflicted (‘redundant’) degrees of freedom which are due to the [ - ]g-controlled in-

distinguishability of the true source (Definition 5.3.7).

While not required here, note that the premetric (5.57) can be extended to a full metric

via the systematic addition of higher-order signature moments.

Remark 5.5.5. The premetric (5.57) does not satisfy the identity of indiscernibles (“6(u, i) =
0 iff u = 1) as would be required of (a quasisemimetric or) a statistical divergence on D.
This ‘missing’ identity can be restored, however (see for instance [34, Section 5.4] for a
proof), if instead of only its 2*! and 3"4-order moments one takes into account all the signa-
ture moments (5.38) of a signal and computes their fo-distance in the associated (Hilbert)

Xm

coordinate space V> := @,,~1(R?)®™ which is an isometric extension of the above co-

ordinate space V = (R%)®2 @ (R%)®3 that houses the coredinates (5.39). While higher-order
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extensions of this and other kinds are possible (cf. Section 5.9.4), the following sections
show that for the present case of classical [i.e. linear] BSS/ICA, the premetric topology 7s
associated [via (5.55)] to the third-order cap (5.39) is already sufficient. .

Let us include the following addition to Definition 5.5.1.

Remark 5.5.6. By Lemma 5.5.9, the IC-defect of a mean-stationary signal u € © reads

0u(p) = HNu_l (Mo — (0ij (i), i~ Guit b B Eles (5ijd<u>ijd)>N;1
()11 (1) dd

9

%
(5.62)

for a signal p € © that is not mean-stationary, we declare its IC-defect 8, () to be defined
by the right-hand side of (5.62). Clearly u € © is orthogonal iff 6, (1) = 0, and & is

invariant under the Mg-action on © as follows directly from (5.62) and Lemma 5.4.7. &

The IC-defect 8, defined by (5.55) and (5.62), is an auxiliary function on © with which
the blind identifiability (5.13) of a (non)linearly transformed signal can be quantitatively
controlled: Source signals at which this defect vanishes (Sect. 5.5.2) will be exactly identifi-
able, while the blind inversion for a source becomes increasingly inaccurate — or impossible

altogether — as its IC-defect increases, see Section 5.6.

In anticipation of this, the next lemma paves the way for an informative robustness
analysis (5.24) by establishing moduli of continuity for §; that relate to, respectively, the
above premetric topology on ® and the uniform topology on the space of spatial mixing

transformations.

Here and in the sequel, the Jacobian Dp of a map R € C'(R%;RY) is normed via | Dp|o :=
sup,egd | Dr()|]2 where || - ||2 is the Euclidean operator norm (‘spectral norm’) on R%*,

Further, the notation from Subsection 5.4.4.1 is in use.

Lemma 5.5.7. Let i € © and B, = Bs(fi,r) be the fi-centered §-ball of radius r > 0. (See
(5.59)). Suppose that v < 7 := pg A(po/p1), with py := min;c(g ()i and p1 := max;c(q (L)
(i) There are constants my, = my,.(f,7), Ky, = Ky (f1,7) > 0, growing monotonously

in 1, such that for each p € B, we have max, =3 |(1)w — (i)w| < My, -7 and

lr
100 (1) — 60 ()] < KooV +12; (5.63)

(ii) if Bs(f1, po) is core-integrable as per (Ko, 3,p, ), then for each R € CY(R%RY) there
exrists a constant f(mr = f(mr(ﬂ, r, Ko, R) > 0, growing monotonously in r, such that:

for each u € B, we have, for the auxiliary functions ¢i(-) from Lemma 5.8.1 (iv),

o
2

60 (T + R)upt) — 62 ()] < Ko - 83(1Dslloe) 2 (1 Drlool Rlloo) (5.64)
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provided that pr = Cya(| Drlloo) (1 Drllool Blloc)® < po — pur-

For any given ¢,C > 0 with ¢ < pg, the constant f(mr in (5.64) can be chosen to apply
uniformly — that is, dependent only on i, Ky and c¢,C but independent of R, i and r — on

the set
R == {(u, R) € D x C'R%ERY) [ p16(ft, 1) + pr < ¢ and pr V |Dgllse < C}. (5.65)
All of the above constants are explicit.

Proof. Note that any functional ¢ which acts on signals in D via their coredinates (5.39)
(such as @y, m, etc. in Lemma 5.8.1), factorizes as ¢ = ¢, 0 [- ¥ with [-][¥F : D*k — Yxk
and ¢, : V¥ = R (for (V, || - ||v) as in (5.57) and k the number of arguments of ), where
[-]:p— ([uly) €V is the coredinate map (see (5.38)) and ¢, is the coredinate action of .

Note further that by definition (5.59) of the J-balls and the restriction r < #, the image

[B,] = [-](B) is contained in B := By, ([llo) X Bqpoypr([ilv=1) = Bo x By (5.66)

for some g = ¢, € (0, 1), where we defined B, = Bypo ([]0) = {C € R4 | |C~[alo]l < gpo}

and By = By, pr ([u1) = {C" € RN [[(0,C") — (0, [@]1,.. -, [Ala)llv < gpoy/pr}-
Clearly B C V compact, so that (by the extreme value theorem) we have

K= sup |o(u, )] < sup  [¢y(q,q)] < oo if  ¢ygwo is continuous.  (5.67)
HREBr (9,§)€B*2

This allows us to derive the asserted inequalities from Lemma 5.8.1, as done below.

(i): Take any fi € By, for which then (5.143) and (5.144) (for p := 1 and n := r). Hence

,feugr[hﬁf%fs [t = (ol | < mpppr and ;eugr[léi(u) — 00 ()] < Ko7+ 12

for my, == sup,ecp, m, and Ky, = Ky), := sup,ep, [P(1, )], with m,, and ¢ as in Lemma
5.8.1 (iii). Now since — as noted at the beginning of this proof — both m, and ¢ factor
through the map [-] resp. [-]*? with coredinate actions ¢y resp. ¢y, the finiteness of m,
and K, holds by (5.67), which is applicable as the restricted actions ¢,

Bx2 and ¢m

are both continuous; the latter follows from?? (5.66) resp. the definition of m,,.

Bx2

> Indeed: Clearly 65 = \ /max{369. dm, 0%} 3, . ; @ With @ 0 [-1° = i, (cf: (5.131)), and the

inclusion (5.66), specifically {[u]o | u € Br} C Bo, implies that the functions Beiin |%X2
since their denominators are bounded away from zero. (To be explicit, the latter is seen from

are each continuous

(Wi = Qs — (@i — (Wil = (@i — o — [ploll = ()i —gpo > (1 —q)po > 0

which holds for each € B, and all ¢ € [d].) The continuity of the remaining constituents of ¢, i.e. ¢y and
¢m, is clear by definition of ¥ and m, respectively (see Lemma 5.8.1, where said definitions are given).
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(ii): This assertion follows similarly from Lemma 5.8.1 (iv). Indeed: Let p € B, be
arbitrary. Then [|[1]o — [Aol| < p17, thus (u)i > (@) — [()i — ()il = po— p17r and, hence,

(i > ()i — ()i — (Wil = po—p1ir —pr >0 for  fi:= (I + R)sp (5.68)

and any ¢ € [d] (recall that the penultimate inequality holds by (5.133)). The lower bounds
on the (1) and (fi);; prevents the functional pp : g — @z (i, (I 4 R)wp)dp(R) (with ¢, and
¢r as in (5.134) but for & := 20F ¢ (1 + Ko) > K, 3), resp. its coredinate action @y, from
blowing up on the domain B, resp. on B = B,,.([{1]o) X B, D [B,]. As for point (i) this

ensures that the action ¢, ,|s is continuous, whence from (5.134) we obtain as desired that

|
- 1 o]
sup,ep, [0 (T4 R)p) — 01 ()] < Kpjr - 03(I[Drlloo) 2 ([ Drllool| Rlloo) 2

for the finite — by (5.67) — constant f(mr = ~[L\r,R 1= SUp,ep, |Pr(1)| < 0o

For any C,c > 0 with ¢ < pp and RS as in (5.65), the lemma’s last point follows by
replacing the above f(mr with chg i= sup(,, p)er¢ |Pr(1)|, Which is clearly finite as is
seen from the definition of ¢g, the (lower and upper) bounds (5.68) [and its preceding line]
and (5.133). O

The following section describes the signals whose IC-defect §; is minimal. These will
then constitute a (large) class .Z, of ICA-identifiable (cf. (5.10) and (5.19)) causes in €, see
Section 5.6.

5.5.2 Orthogonal Signals

It is well-known that general signals are not identifiable from their blind linear mixtures
but that this recovery becomes possible if the components of the source are mutually inde-
pendent or, in the time-dependent case, at least pairwise uncorrelated. Here we show that

the coredinates of such signals take a specially simple algebraic form.

Definition 5.5.8 (Product Signal). An element pu = (u',---,p?) € ® is called is called a
product signal if it is the product of its marginals, that is if p = p! @ - -+ ® p.

d

Clearly, a process Y in R is a product signal iff its components Y1, ... Y are mutually

independent. The coredinates (5.39) of a product signal, if mean-stationary, are all diagonal.

Lemma 5.5.9. For p € ® a mean-stationary product signal, we have
(hij = 0ij - (i and  (w)ijk = Oijk - (1)ijk (5.69)

where 6;; and ;5 are the Kronecker deltas in dimension two and three, respectively.
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Definition 5.5.10. A signal y € © for which (5.69) holds will be called (3"4-order) ortho-

gonal.

Proof of Lemma 5.5.9. Let p = p' ® --- ® u? € D be a mean stationary (signed) measure
on the path space BY. The assertion (5.69) then follows from the more general statement
that:

(1)iy.i, = 0 (m€N) (5.70)

for every multiindex (i1,...,%,) € [d]*™ of such kind that at least one of its entries i,

appears exactly once, i.e. for every multiindex contained in the set

J = {(i1, ... im) € [d]*™ | Jvg € [m] : 4y, # iy for each v # vy}
To prove (5.70), recall from Lemma 5.4.1 that each path z = (z},...,2%)c1 € C' admits

an integrable derivative & = (i) almost everywhere (set 4 to zero everywhere else) with
. . t
x;:x;+/¢;dr O<s<t<l) (5.71)
S
for all ¢ € [d]. Now by the mean-stationarity of yu we for all i € [d] have

0=Elpi, ) = [ woeri(de) = [ (o}~ 2i) (da)

Cd C’d
for each 0 < s <t <1 (see Sect. 5.2.2 for notation), whence from (5.71) and Fubini we find
that

t ) )
0= / Sy dr  for ¢i(r) = / # p(dz),
s Cd
Since s,t € [0, 1], s < t, have been arbitrary, it follows

¢L =0 a.. on I for all i € [d]. (5.72)

Now as ¢!,(r) = Jo, % p'(dz), observe that for every & = (i1,...,im) € J we have

Wirein = [ Grin(@ plde) = [ [ i pa) ane
Cy A JCy

=/ /c:'vii-"ii’ﬁiul®-~-®ud(d($i))dmt
m d

— ZVO 741/0 dxluo / th dmt
/Am |:~/Cl H Cy ]

d\{ivg }
_/gm% L(t)dt,
where the integral in the last line can be written as, for ¢ := (t2,...,tm),
/ ¢ZV0 tzuo Qz ( dmt = / /(ﬁ tl QZ ) ]lAm (t) dtldm_lt/

Ugb ) La () db|d™ T =0 (by (5.72)),

Hdl
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where for convenience we assumed 4,, = 1 without loss of generality, otherwise permuting
Ay = {1, ytm) | 0 < tg < tg < ... < t,, < 1} accordingly. For each i € [d], the
product QfL(t) = Liciap (i, } fclzqi(t) pi(dz) involves the factors

Q1(t) P ciy
‘ o Hue[m} Ciy=i (z€()
where 29(®) := 1 if the product is empty. This proves (5.70) and hence Lemma 5.5.9. [

Remark 5.5.11. Given the fact (verifiable by a direct computation) that the signature
moments (5.38) of a mean-stationary product signal p coincide with its signature cumulants
[19] up to order m = 3, the assertion of Lemma 5.5.9 can also be derived from [19, Theorem
1.2].

In the following subsection we introduce an identifiability space E, as outlined in Section

5.3.2, that is endowed with a (coarse) extension of the above signature topology on ©.

5.5.3 A Coarse Topology on the Space of Causes

This section extends the signal topology of Section 5.5.1 to an ‘identifiability’ topology on
the causal space €, based on which the robustness property (5.24) can then be appropriately

analysed.

Exploiting the premetric structure 75 from Sect. 5.5.1 and for technical convenience, said

topology will be supported on ‘regular’ subspaces E of € of the product form
E =6 xCVY(RY)  with & C 9D core-integrable (5.73)
as per (Kg, f,p,a) =: cg, see Subsection 5.4.4.1 for notation.

The factor & is endowed with the 75-induced subspace topology 75 on &, i.e. 75 = {ONGS |
O € 75},23 while CV1(RY) =: O is assigned the premetric d : C1! x Cb1 — R, given by

d(0y,605) := min ((He;l 00y —id|| 4+ 1)-|D(0;" 0 02 —id)| _, 1) (5.74)
which measures the residual deviation between two transformations, in adaptation of the
classical (pseudo)norm min(|| - [|eo + | D(+)|l00, 1) on C*(R%;R?). Both ¢ and d combine to
a premetric d : E*? — R, on the subspace (5.73), which we define by

d((pu1,61), (12, 02)) == (p1, p2) + d(61,062). (5.75)

23 Clearly then, 7§ is the topology induced by the restriction of § to the subset & x &, which is again
a premetric on &. (We use the same symbol for this restriction and the original premetric (5.55), for
convenience.)
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Being the sum of the premetrics (5.55) and (5.74), the premetric?* d combines the marginal
toplogies (&,6) and (CYH(R?),d) to a coarse joint topology 7q on E. The lemma below
shows how this topology relates to the ‘identifiability controlling’ defect §; of a signal.

The premetric space (E,d) is the domain on which we will show and analyse the ro-
bustness (5.24). (Accordingly, our corresponding IA .# will then be a subset of E.) To stay
consistent with the setup of Sect. 5.3.2, we may (trivially) complement 74 into a topology

on € as follows.

Definition 5.5.12 (Causal Topology). Given E as in (5.73) and E° := €\ E, we call
the disjoint union topology 7¢ on (F,7q) U (ES, 1) (5.76)
the ICA-supporting causal topology on €. (Here, 7y = {0, E°} is the trivial topology on E°.)

Remark 5.5.13. By definition, the topology 7¢ on € is simply the disjoint union 7¢ =
Tqa U 7p. Hence and by construction of (5.75), the topology 7¢ relates to the referential
coarseness (5.25) via Proposition 5.5.4. Consequently still and by Remark 5.5.3, a map
¢ : (€,7¢) — (W,dw) [the latter a metric space] is seen to be continuous at a point
¢. € E C ¢ if for every ¢ > 0 there is a & > 0 such that dy (¢(c),(c,)) < e for each
ce{te F|d(c,) < b} .

Lemma 5.5.14. For a fixed orthogonal signal p. € E and A € GLy, consider the d-ball
By =B, (s, A) :={p € E | d((ps, 4),p) <7} (5.77)

for v > 0. Let further py := mingeq(us)ii and p1 = maXeq{f«)iz- Provided r <
ro = (po/(p1 + QCp))l/a, there are then explicit constants K = K(u*,Cp) > 1 and
K, = K, (p,7,Cp), increasing in r, such that for any given (u, f) € B} there exists a

unique fi € D such that:
fo= A with 6y (3) < K- and [ — [mel],, < K7 (5.78)

Proof. Fix any (u, f) € B%. Then 6(jus, 1) +d(A, f) < r by defs. (5.77) and (5.75). Further,
d(A, f) > || Dgllso||Rl|sc for R := A~1 o f —id, by (5.74) (note that ro < (po/p1)"/* < 1).
Abbreviating 75 = §(ix, 1) and pgr = Cpé2(||Drllso) (IDrlool| Rlleo)”; We thus find that

rs + || DRlloo||Rllcc <7 < 1o and hence p1rs + pr < cor® < po

4 Since (E,d) is a premetric space, Lemma 5.5.2 (i) - (iii) hold as stated upon replacing (9, d) with
(E,d).
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for ¢o := p1 +2C, (note that ||Dg|ls < 1 implies ¢a2(||Drlloc) < 2 and ¢3(||Drlloc) < 4).
Thus (u, R) € RY, cf. (5.65), for ¢ := cor® and C := max{2C), 1}. Hence by Lemma 5.5.7

c

(ii) there is a constant K, = K, (i, 7, Kp) > 0, independent of x and r5 and R, such that
[6L((T + R)apr) — ()] < Ko ryl? (5.79)
for rr := || DRl|co||R||cc- Denoting fi := (I+ R).pu, we also find that
farr =[A(I + R)]pp = Al (by definition of R)
and, by combination of (5.79) with Lemma 5.5.7 (i), using 0y (p) = 0 (cf. Lemma 5.5.9),
52D < 100 (@) — ()] +102(0) — 8 (ua)| < KL (\frh+ vis) < Kro1%2 (5.80)

for the constants K/ := max{K,, V2K, }, for K, |, as in (5.63), and for K, := 2K].
As to the distance between [fi]. and [p.]c, note that by (5.133) and (5.132),

H[ﬂ]c - [:U*]CHV < H[la]c - [N]cHV + H[:U']c - [M*]c”v
= \/Z|w|=2,3 Ay (fi, ) + \/Z|w|=2,3 A, px)? < ca[5Cpr +my, 5] < Kr®

(5.81)

where we denoted Ay, (1), @) = |(uM), — (1P| (so that the identity holds by defini-
tion of || - [ly) as well as ¢g := (32|23 Y2 =dy/d+1 and K = ¢q(5C, + m,, ). O

Inherent to the definition (5.76) of the causal topology 7¢ is an element of choice pertaining
to the selection of & in (5.73): That we resort to an integrable subset & of ® is to ensure
uniform comparability of different nonlinearly transformed signals under the residual metric
(5.74), cf. Section 5.4.4.1 and (5.79),(5.80); the larger the enclosed threshold (5.53), the
more ‘fine grained’ will be the 7¢-supported variation of (5.24) on €. The ‘necessity of
choice’ behind (5.73) can be avoided by replacing (5.74) with a ‘non-incremental’ (e.g.,
quotient) [preJmetric on C! or by restricting the latter space to a ‘tamed’ subspace of
transformations (so as to arrive at a p-uniformly integrable bound on the RHS of (5.148)).
No integrability is needed (i.e., & = © works out) if only variations in the source (and not

in its transformation) are considered.
Remark 5.5.15. Taking & = ®, the proof of Lemma 5.5.14 shows that on the A-sections
Eay = (D x {A}) N By (s, A) = Bs(pa, 1) x {A},

i.e. when the hidden relation A between source and observable is linear and the same for all
signals so that any inexactness in the observable-to-source inversion (5.24) is due to source
deviations (from ) only, then no integrability assumptions on & of the form (5.53) are

required and the estimates (5.78) improve to:

169



Lemma. Let p, € ® be orthogonal and A € GLg, and let 0 < r < po/p1- Then
there are constants L = L(py) and L, = L, (uy,r), the latter increasing in r, with

ou(p) < Lev/r  and  ||[ple — [y, < Lr for each pu € Bs(py,r). (5.82)

Proof. Revisiting the proof of Lemma 5.5.14 on E4,, we have R = 0 and hence

note (5.82) for the constants L, := \@K,Mr via (5.80), and L :=m,,, via (5.81). O
The above simplification is useful in many applications, as the relation between source and
observable can often be modelled as exactly linear but with the underlying source signal

deviating from orthogonality; see for instance Section 5.7 for a few examples. .

5.6 Robust Independent Component Analysis

We introduce a quantifiably robust statistical procedure to recover (the inverse of) a matrix
from its action on an unobserved [non]orthogonal source signal. The general strategy for
this is based on the classical idea of jointly diagonalising a set of derived equivariant matrix
statistics, given in our case by the coredinates (5.39) of the source signal (Section 5.6.1).
By linking our inversion procedure to the causal topology from Definition 5.5.12, we obtain
both an identifiability theorem which provides explicit stability bounds for the recovery of
signals that may deviate from orthogonality in any way (Theorem 5.6.10), and, as our main
result, a readily implementable new ICA-solution which is provably robust in the sense of
Definition 5.3.10 with strong and general robustness guarantees that can be expressed as

explicitly computable and naturally interpretable moduli of continuity (Theorem 5.6.14).

5.6.1 ICA-Inversion from Coredinates

Throughout this section, we follow the classical ICA-paradigm (5.18) and consider two

linearly related signals ¢ and y in D, that is
x=A-¢C with A= (ay)=(a1] -|ag) € R>? (5.83)
some fixed invertible d x d matrix with columns a;. For instance, we can always think of
(=Pg and x =Px for a BSS-triple (X,S,A) asin (5.8) (5.84)
with S = (S;) and X = (X;) two stochastic processes in R?.

The Problem of ICA (Def. 5.3.7) is then to recover the inverse A~! from the input ¥, that
is: to find a map ® on © such that ®(y) = A~! up to some minimal ambiguity, see (5.19).

In principle, one may expect such a map ® to operate on certain ‘pieces of information’ on

x that efficiently relate the action of A to some relevant statistical properties of ¢, cf. (5.10).
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The following ensures that the coredinates [x]o, - - ., [x]qs of x can be used to this effect.

Proposition 5.6.1. Let x and ¢ be as in (5.83) with coredinates [x|. and [(]c, respectively.

Provided that [(]o is invertible, we have for the inverse § :== A~! that
d
0-xlo-0"=1[Clo and 60-[x], 0T =" aullle (5.85)
(=1

for each v € [d], and for each ¢ = (co,c) € R with ¢ = (&1, ...,¢q) find that

01 [xS -0 = [C]élc for the matrices (5.86)
d d
XS = colxlo - Y el and [CA° = colClgt - Y (ar, )alCe-
v=1 (=1

If ¢ is 3%-order orthogonal, then [dé'c is diagonal.

Proof. This is a consequence of Lemmas 5.4.7 and Lemma 5.5.9. Indeed: Applied to the
identity x = A-( and written out at order m = 2, 3, the above equivariance of the signature

moments reads
(X)ij = Ziﬁ:l Aia@js * (Qap ((i,4) € [dI?) and

o= N\d o . i 3 (5:87)
<X>’ij‘ Za,5,7:1 Qi @530 ky <C>a6v ((Z,],kﬁ) € [d] )

which, recalling (5.39), is a system of equations equivalent to the matrix congruences

(o = A[CoAT and [k = A[ 29 apy[c],| AT (5.88)

for each k € [d]. The identities (5.85) follow. As to the conjugacy (5.86), this holds by

(5.88) upon noting that [x]$ = co[x]g* - [X]c for the linear combination

e = Tialdy = Al (S ana)Ch|AT = A[X2 (0, 0ld,|AT
as this implies that
NS = ATl AT Al DY (0 - 0)[cly | AT = AT 2 AT
The asserted diagonality of [¢]2/° is clear by Lemma 5.5.9. 0

Remark 5.6.2. The main takeaway from Proposition 5.6.1 is how the congruences (5.85)
between the ‘input’ and the ‘target’ statistics [x], and [¢], combine to the A-carried con-
jugacy (5.86) between the (c-parametrized families of) contracted statistics [x]& and [C]élc.
This contraction of the coredinates [x]¢, [(]c opens up additional degrees of freedom, para-

metrised by ¢, that can be conveniently exploited to, via (5.86), characterise A~! up to
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monomial ambiguity if the eigenspectrum of [(]" is non-degenerate. Said spectrum, in

turn, can be controlled by the amount of statistical dependence between the components of
¢, cf. Lem. 5.5.9 and (5.56), provided that these components satisfy some mild statistical
non-degeneracy condition, cf. e.g. (5.103). *

The strategy of Rem. 5.6.2 underlies the proof of Theorem 5.6.10 below. Its implement-

ation, i.e. the construction of an ICA-inversion (5.19) from Proposition 5.6.1, is next.

5.6.1.1 Auxiliary and Core Statistics

For a given 1 € ® we define C, := 1([u]o + [u]f)) € R¥?, which is symmetric and positive
semidefinite. In the context of (5.83), suppose that

Cy€GLy and R=R(,):= 0;1/2 is the square root of the inverse C’;l. (5.89)

The matrix R exists and is unique, e.g. [87, Korollar 1.10], and, by its definition, R? = Ccy 1
and hence Cg., = RCRT = 1. This latter identity is the central purpose of R, and its
choice as an inverse square root (5.89) is also known in the literature as Mahalanobis (or
ZCA) whitening.

Remark 5.6.3. From the spectral theorem we know that
Ry =R(Cy) = QAY2QT (5.90)

for some Q = Q(Cy) € O4(R) and A, := ddiag(A},...,\}), where AY > ... > A} > 0 are

the eigenvalues of C (enumerated in descending order, counting multiplicities). Further
Cy = A[5([clo + [C5)]AT = ACAT, (5.91)

so that C is invertible iff C¢ is invertible; the latter is violated only for the degenerate case

that the increment (o is supported on a hyperplane of R? (Lemma 5.8.2). *
For usage below, consider the pre-transformed matrices Ag := RA and
Br = (by]---|bg)T := (AR)’l, and Bp := ddiag(|b1],-- -, ‘bd’)ilBR (5.92)
for the matrix Bp rescaled to unit rows.

The central components for our inversion procedure are the normalised statistics

[9 i X]l/ .

10(0) == Nyl [0-xJo- Nyl and  1,(0) := Ny} - T

Ne—; (veld) (5.93)

for 6 € GLq =: © and with N, = ddiag({(p)11,- - » (1)dd) Y2 for each 1€ D, as before.
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Remark 5.6.4. The statistics in (5.93) are all well-defined. Indeed, since Cy is invertible
by assumption and hence Cy € Sym}, we have Cy.,, = 0C,07 € Sym} and thus (6 - x)i =
e/ Cyye; > 0 for each i € [d] and all § € ©.

Lemma 5.6.5. The statistics 1,(0) in (5.93) are each scale-invariant for any x € D, i.e.
w(A-0) = 1,(0) forall 0,A € GLy with A positive diagonal. (5.94)

Proof. This is a direct consequence of Lemma 5.4.7. Indeed: As x is arbitrary and the
GLg-action (5.6) leaves © invariant, it suffices to show (5.94) for 6 := id and any A =
ddiag[A1, ..., Ag] with A; > 0. Then by Lemma 5.4.7, cf. (5.87),

(A x)y; = XA 4 =1 9iadis(X)as = A (X)ij
(A3 = MNAA 8 5021 055 (asy = XA A (X) ik

for 4, j, k € [d]. In particular, Ny, = A - N, as well as
[A-x], = AlxJoA and [A-x] = MA[x],A for each v € [d],

which implies (5.94) by way of the definitions (5.93). O

5.6.1.2 Blind Inversion via Contrast Optimization

Similar in spirit to classical ICA-approaches, cf. [38, 81] and Section 5.6.2.1, we aim to re-
cover the inverse of the hidden mixing transformation as minimizer of a specially constructed
cost function: Quantifying the ‘off-diagonality’ of a matrix 6 via ||0]|x := |6 — ddiag(0)||,

Rdxd

for || - || the Frobenius norm on , we combine the statistics (5.93) to the objective (or

‘contrast’) function
d
030 — ¢,0) = |n@-R)|> (5.95)
v=0

which is minimal over the ‘(approximate) joint diagonalisers’ of the matrices (5.93), see

below. The objective function ¢, is monomially invariant, which means that

Oy (MO) = ¢y (0) for each M € My, 6 € ©. (5.96)

Indeed, since each M € My is of the form M = PA for P € P§ and some diagonal
A > 0, the asserted invariance follows directly from Lemmas 5.4.7, 5.6.5 (cf. (5.88)) and
the definition of the Frobenius norm. Since the desired demixing matrices will be identified
as minimisers of (5.95), a suitable restriction (‘compactification’) of the original domain ©

will be opportune.??

%5 In classical ICA, where the components of the source ¢ are assumed (at least pairwise) independent,
such a compactification of the domain is usually reached via ‘whitening’ of x; indeed, this reduces the original
domain © to the compact subdomain O4 of orthogonal matrices. This whitening step, however, requires
the intercomponental covariance structure of ¢ to diagonalise, which we do not assume of our (potentially
non-orthogonal) source.
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We propose to consider for this the set
0= {0 = (61] - 102)T € R [6;]]2 = 1, Vi € [d]} (5.97)

of all matrices in R%*? whose rows constitute a unit basis of R?, and define as our parameter

domain for the optimisation of ¢, the superset of Oy which is given by

9N 1{60 € GLy | k2(0) < Ko} (5.98)

—_
=1

for any fixed condition bound kg > ko(Bg) (imposed as an a priori assumption?®). We note

that condition-restricted sets of the form (5.98) are compact.

Lemma 5.6.6. For = as in (5.97) and v > 1, the set
=) =2N{0cO|ra(0) <7} is compact in R

Proof. The set =] € R4 is bounded (by definition of =), so it remains to show that it
is also closed. For this, let (6,) C Z] and 6 € R?*? be such that 6, — 6 in R?*?. Then
necessarily also § € =9 and lim,, s ||0p|l2 = [|0]|2 # 0. The latter implies that |6, 2 > ¢ for
some ¢ > 0 and almost all n € N (say for all n > ng, with some ny € N). Suppose now that
0 is singular, i.e. § ¢ ©. Then and by the fact that || - [|2 is submultiplicative (from which
we obtain the last inequality below, see e.g. [74, Problem 5.6.P47 (p. 369)]), we must have

v 2 w2(0n) = [10nll2107 M ll2 = el ]2 = ¢/[16n — 6]l for all n > no,

which is clearly a contradiction. This implies § € © and hence, since k2(+) is continuous on

0, also ko(0) = limy, 00 £2(6,) < and thus 6 € =7, as desired. O

Since =; is compact and ¢, is continuous in 6 (even continuously differentiable, cf.

Lemma 5.4.7), we have

Jy = [argmin qﬁx(@)l Ry €F (5.99)

0=y

for the subset § := {M C GLy4 | M is non-empty and compact} of 2GLd . Recall here that

(§,0) is a metric space  wrt. (A, B) := max { sup,c 4 d(a, B), sup,cp d(A,b)},
(5.100)

the classical Hausdorff distance on §, where d(a, B) := infpeg ||b — al|. We set
d:DF, p— I, (5.101)

and claim that ® is not only an ICA-inversion (5.19) on a yet to be specified IA .%,, but in
fact a robust such inversion in the sense of (5.15) and Def. 5.3.10. The next two sections

show this.

26 That is, the assumption that the observer does not underestimate the condition number KQ(AR).
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Remark 5.6.7 (On the Optimization (5.99)). As further detailed in Section 5.6.2.1, the
optimization of contrasts of the form (5.95) over constrained subsets of © such as (5.98), is an
established research topic of its own with a strong and active research activity. In addition
to row constraints (5.97) (e.g. [144]), the additional imposition of condition constraints
(5.98) in the optimization of (5.95) (as formulated in (5.99)) is studied and free of any

subtleties of its own, see e.g. [158]. .

Remark 5.6.8. Since the identifiability map (5.101) returns invertible transformations of
its input observables, it might also appear natural to use as an alternative topology on § the

‘residual’ semimetric which is given by (5.100) but for the alternative point-set distances
d(a,B) := infyepd(a,b) with d(a,b):=|aob ! —id|| V [[pboa™" —id|| (5.102)

for id the identity matrix in GLg4. Continuity wrt. the multiplicative setting (5.102) is
implied by [continuity wrt.] (5.100), however, as the metric topology (5.100) is finer than
the one induced by (5.102) as can be seen upon recalling that matrix inversion is Lipschitz

at each point.

5.6.2 Blind Inversion for (Non-)Orthogonal Sources

The main goal of this section is to prove that the blind inversion of signals can be robust —
or stable — under general perturbations of the source, including violations of its orthogonal-
ity (‘IC’) assumption. Recalling that infringements of the latter type are quantified by the
defect 0,(¢) from (5.62), the following stability analysis of the relation between ®(x) and
the true inverse A~! (up to prefactors in My) is an important step towards a quantitative
understanding of the desired general robustness (5.24). It involves a few constants and

auxiliary functions which we introduce next.

The following considerations are about source signals in M that lie within the set

yo = {/J, € CD ’ CMG GLd and ﬂ{l S [d] ‘ </QL>ZZZ = O} < 1} (5103)

of measures y such that C), is invertible (Lem. 5.8.2) and {(u1);;; = 0 for at most one i € [d].2”

Notation 5.6.9. For a BSS-triple (x, (, A).# xcL,, let v := 1++v5and kg := %(dfl)d(Qdfl)
and R = R(,) as in (5.90), and consider the (¢, A)-dependent &g := qo/(1 + qo) > 0 with
|5l

qo = ("ykdro)*l and 0 ‘= KQS1 W(l + Ko + (1 + fd)/iolig(BR)) -+ HQ(BR)(}s.].OZ]:)

" Note that (i) = E[(u6.1)"]. Further, we may (wlog — upon re-enumeration of components) assume
for convenience that it is (p)111 which may vanish; note that this assumption underlies the definition of ¢;.
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let further ¢ := 2dkgro and cg := \/8/@'2(BR)01, and note that (5.104) involves the terms

d

d ;- 3 d
<1 :kJZ(«l@@ 5:=JZ|HAR-<]VH% and <=\ | SR/ O
117 v=1

i=1 =1
cf. (5.38), (5.89). In the following, these constants should not be taken all too seriously with

regards to optimality as we did not attempt to optimize the sharpness of our inequalities.

The following theorem is a cornerstone for our main robustness result (Theorem 5.6.14).

Theorem 5.6.10 (Blind Inversion). Let (x,¢, A) be a BSS-triple on %y x GLgq and d as
in (5.101). If 6 := 6, (C) < eo, then for each 0, € ®(x) there is M € My and E € R4
such that

0. =MI+E)A™" with |B| < erfls and LG <oy 0 (5.105)

Moreover, the deviance (5.20) satisfies 04 (¢, A) SCQ%, and (S, ®) is an ICA-solution for
S =Sx GLy  with S :={p€ S | p is orthogonal }. (5.106)

Proof. The proof of (5.105) combines standard arguments from matrix analysis with recent
perturbation bounds for eigenspaces of (nonsymmetric) matrices; it is rather lengthy and
hence deferred to Section 5.8.3. The remaining claims are corollaries of this proof and
(5.105):

Statement (5.105) implies that for each B € ®(y) there is M € My and E € R4 with

Bt = ‘M'E'f‘@(M“)' < |IM-E-M7Yy < eagls, for each ue R\ {0}, (5.107)

where the last inequality holds by the same argument as for (5.204). This together with the
definition (5.20) of the deviance function Jg then implies the asserted 04 (¢, A)-inequality.

The [ - |m-sufficiency of (5.106) follows from (5.105) and the fact that 6, (%) = 0, cf.
(5.62). Indeed: For any BSS-triple (x,(, A) s we have, in the notation of (5.161), that
(x,¢, A) s, and hence I = RC, RT = (R/NI)C@(RA)T = ArAJ, and thus B := ARt € 04 C
=1 (cf. (5.98)) for each (Z;-defining choice of) kg > 1. Statement (5.105) thus applies to (the
triple (x,C, A) s, and) the given map & in particular, implying ®(y) C Mg-A~1 = My -A~?
as desired. O

As is to be expected, the deviation (5.105) between My - A~ and the recovered in-
verses A, € ®(x) computed from x — and likewise the deviation distz(®(X) - X, [STm),

via (5.21), between the accurate quasi sources and their estimates — are expressed on a
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multiplicative scale [resp. in terms of relative error] rather than on an additive scale [resp.

in absolute error], owing to the multiplicative nature of the group GL4 and its action on M;.

We note further that the proof of (5.105) (Section 5.8) allows to also quantify the
breakdown point of the blind inversion procedure (5.101) as being reached at precisely
those causes (¢, A) in € for which one of the eigenvalues (};) in (5.196) attains an algebraic
multiplicity of strictly above one. (We may interpret these causes as the ‘singularities’ of o

in the causal space €.)

Remark 5.6.11. Let us reconsider the usual case (5.84) where ¢ and x are (the laws of)
some R?-valued stochastic processes S = (S¢)ser and X = (X;)ser (vesp.) defined on some
probability space (2,.%#,P). Denoting S:=0,- X for any 6, € @(X), Theorem 5.6.10 and
(5.21) then yield?s

5(5. M) = supye; SAMS < )5 for some M = M(0,) € My (5.108)
and with § := % and co = (S, A) as above, provided that ¢ (S) < g9 = €¢(S, A).

If in addition to the ‘global’ deviation (5.108) one is also interested in the reconstruction
error for an individual component S* = (Si)ie of the source (i € [d]), then one may
consider the proportionality factor pi := |Sy] /|57 - 1,(5?) and note that by (5.108), with
M =: (Bi - 65(i)j)ij>

pi- 0

< for each ¢t €1 with (pi-d8')Vvé <1,
1—p}-d

S'Zfﬂisfm
gisy

where 1 := 1, ( Az)]lX(Sf(i)) and & := /(1 —6) and & := ¢20; see e.g. [59, Prop. 1.12]. &

5.6.2.1 Related Work

As mentioned earlier, the general strategy to perform a blind inversion of linearly mixed
stochastic sources via a joint diagonalisation of suitably chosen equivariant tensor statistics
of the observed signal — as done in (5.99) — is a well-established part of the current the-
ory of blind source separation, see e.g. [25, 28, 151] or [38, 111, 117, 125, 150, 151] for an
overview. Its relevance in the BSS-context has brought this joint diagonalisation problem
(JDP) — which underlies the minimisation (5.99) of the contrast (5.95) over the manifold ©
and over certain subsets such as (5.98) — significant popularity and much research attention
in numerical analysis and optimization communities, cf. the referenced literature and the

references therein.

28 Notice that if |M - S¢| = 0 then S = 0,AS; = 0, and for such ¢ € I the quotient in (5.108) is set to
0/0:=0.

177



Yet despite the manifest relevance of this actively researched problem, the perturbation
analysis of JDP, just as related sensitivity analyses for tensor decompositions in general, has
been notoriously underexplored, cf. [24, Sect. 1.4]. Among the very few available perturb-
ation results, approaches that anticipate our own bound (5.105) most closely are [1], who
obtained first-order perturbation bounds for joint diagonalizers of symmetrically perturbed
symmetric matrices, and [144], who under the same row-normalisation constraints as ours,
but once again in an entirely symmetric setting only, obtained bounds between symmetric-
ally perturbed and exact joint diagonalizers, and finally [24], who obtained upper bounds
related to ours in the more general context of perturbed joint block diagonalization. For
completeness, we also mention the recent but not directly related work [100], where again
under the symmetry constraint some numerical stability properties of joint approximate

diagonalizers are studied.

We emphasize that while of a similar nature, none of the above works renders our bound
(5.105) or its underlying perturbation analysis (Section 5.8.3) redundant: The perturbation
results of Theorem 5.6.10 are a cornerstone for our proof of Theorem 5.6.14 where the
robustness of (5.101) is established via the continuity of maps between premetric spaces, and
the latter requires an understanding of how general and thus also asymmetric perturbations
of the statistics (5.93) affect the minimizers (5.99) (which leaves only [24] applicable). Based
on recently obtained second-order bounds [88] for the eigenspaces of generically perturbed
matrices, the tailor-made perturbation analysis in Section 5.8.3 is methodically independent
from all prior approaches and provides this understanding in an informative, concise and
essentially self-contained way. As remarked above, however, the resulting bound (5.105)
has not been optimized so that a combination of Sect. 5.8.3 with some of the referenced

approaches is likely to give improvements.

5.6.3 A Robust ICA-Inversion

In this section, we ‘globalise’ the identifiability result of Section 5.6.1 by embedding it into
the robustness framework of Sections 5.3.2 and 5.5.1. More specifically, we show that the
inversion map ® from (5.101) can be readily extended to an ICA-solution (., ®) that is
robust in the general sense of both (5.15) and Definition 5.3.10.

Definition 5.6.12 ((.%,,®)). Let ., be as in (5.106) and consider the set-valued inversion

map

d:D—F p bp) = largrpinqﬁu(ﬁ)] Ry (5.109)

0e=q
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defined as in (5.101) and (5.99) but with Z; generalised to compact domains Z; of the form
(5.111). (Since the difference between (5.101) and (5.109) is minor, we give both maps the

same symbol.)

Recall from Theorem 5.6.10 that the above pair (.7, ®) is an ICA-solution, that is
$(A-f)-AC My foreach (ii,A)€ .7,

and recall from Lemma 5.5.9, cf. also Remark 5.4.4, that the family .%, of exactly identifi-

able causes is far from empty and in fact very large.

In accordance with its abstract blueprint (5.14), the inversion map (5.17) associated to
the M-estimator (5.109) essentially parametrises (a subset of) the maximal solution (5.12).
To ensure an informative robustness analysis & la (5.15) of this map,?® we follow (5.98) and
exhaust the set .7, of identifiable causes by regular sublevel sets (5.110) related to condition

numbers of the cause.

Remark 5.6.13 (Condition Bounds). Recall that the optimisation domains =1 = Z1 (ko)
in (5.98) are defined in dependence of a prior condition bound kg < co. To ‘globalise’ this
definition for use in (5.109), note that the ‘identifiability superset’ G := ® x GL4 can be

exhausted via
G=,., G  for Gy={(n,A) €C|ra(Bay) <b} (5.110)

where for any given (u, A) € G the matrix B(Au) is defined analogous to (5.92), that is:
By = ddiag(|b1], ..., |ba]) ' Ba,y € EY with By, = (bi]---[bg)T := (R,A)7! for
R, = R4, the square root of the inverted (half) covariance C’Zﬁ, cf. (5.89). For any b > 1
and Ax > 0, we set

Z1:=E0N{0 € GLy | k2(0) < b+ A, =: R} (5.111)

For any priorly chosen regularity parameter b and tolerance A, > 0, the compact (see Lem.
5.6.6) sets (5.111) are the domains we use in (5.109). Note that since for each (u, A) € Gy
the condition number HQ(B( A is continuous® in [u]o, there is an (explicitly computable)

re = 1o((1, A), Ag) > 0 such that sup{ra(Biag) | €D : [[ilo— [l < 7.} < b+ A, #

29 For formal consistency with Section 5.3.2, Theorem 5.6.14 below considers a ‘full-domain’ extension
b : My — F of (5.109), where & : © — F is as in (5.109) and & : M1\ D — F is defined arbitrarily. More
meaningful extensions of (5.109) can, for instance, be defined as per Remark 5.4.9.

30 More precisely, we have k2(B(a,.)) = @a([u]o) for the continuous (at the point [u]o € GL4; see Lemma
5.8.8) function @4 (a) := ka(R(Ca)A-ddiag;(|(A"R(Ca)™")T -€i])) € R; here we set r2(b) = 400 if b ¢ GLg.
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Let us fix any E as in (5.73) and denote by ¢ its associated causal topology (5.76). Let fur-
ther .% := #,NG, for any fixed b > 1 which then defines Z; via (5.111), and set .# := .# NE.

The next result asserts that the ICA-solution (.#,®) is robust in the sense of (5.15)
and (5.24); it also quantifies this robustness by providing explicit moduli for the underlying

continuities.

Theorem 5.6.14 (Robustness). The ICA-solution (.7, ®) is robust in the sense of (5.15) & (5.24).
Specifically: Both the map 3 : (€, 7¢) — (§,0) given by (1, f) — ®(fup), as well as the de-
viance function 0z : (€, 7¢) — Ry of ®, are continuous on Z. In fact, for any point
(g, A) € I there are explicit constants & = ¢;(ux, A, cs, ko) > 0, i = 0,1,2,3,4, with the
following property: Given ¢ > 0 define 6 := ¢y A [Ef/a (e/(c2 + 8))2/a], then for each point

¢ € € the inclusion ¢ € Bz (1., A) implies the following:

for every 0 € J(c) thereis M = M(0) € My with | M| < ¢ and

(5.112)
E = E(9) € R with |E|| <& such that § = M(I+ E)A™;

further, 04(c) < éue+d(A, f(1+e)). (5.113)

If in fact uw € ® and f = A, then the above holds as stated but for o = 1 and simpler

constants o, . .., ¢4 that can each be chosen independent of cg.

Proof. The proof of the .#-continuity of J is rather technical and hence delegated to Section
5.8.4, whose notation we adopt here. As we will see next, the asserted constants ¢, ..., ¢
can be distilled from said proof. Indeed: Going through Section 5.8.4 for any fixed p, =
(s, A) € F, let first ¢y := r3 for r3 = r3(ps,cs, ko) > 0 as defined in (5.215). Set
further ¢; := 1/K’ and é& = K,, for K' (= K’|r:r3) = K,,(+, Kg) and K, = f(l(r;;)
both as defined right after display (5.215). The 6-related (first) assertion in (5.112) then
follows from (5.216). Indeed, (5.216) gives the f-identity in (5.112) with || E| < €., while
the monotonicity of [0,Cy V 7] > 7 +— € implies that ||E| < ¢ < €. = ¢ for 7. =
&% /(22 +£))¥*. The bound [|M|| < Vd||Ag,_,|l2 < VdLy, | Alls =: & holds by ((5.202)
and) (5.199) and (5.210).

We now prove (5.113), from which the .#-continuity of d4 follows immediately. For this,
fix any ¢ = (u, f) € Bs(p,) as before and let B € &(f.p) be arbitrary. Then by (5.112)
there is M € My, in fact with ka(M) < \/C?(}goLp*/{g(A) =: ¢4 (see (5.200), followed by
(5.90),(5.210)), s.t.

BAu—M _
1 i= SUDyerd\ {0} % < Gy-e (5.114)

which follows by the same argument as in (5.107). Recalling (5.77), (5.75), (5.74), we have
f=A(I+ R) for R € CY(R%RY) with || Dg|le < d(A, f) <0, and since f is a bijection we
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can choose v := —f~1(0) € R% Further (I4+R)(u—v) = (I+ R)(u) for R(u) := R(u—v)—v,
so that

|Bof(u—v)—Mu| _ |BAI+R)(u—v)—Mu| _ |BAu—Mu+BAR(u)| < |BAR(u)|
374l = Ml = 3] S NF T

for each u € R?\ {0}. As to the last summand, note BA = M(I + E) (by (5.112)) and
R(0) = R(f~1(0)) + f~1(0) = A~ (f(—v)) = 0, so that for R := Ro M~ and each u € R,

[BAR(u)| < | M1+ E)2| R(Mu)| - and  |[R(Mu)| < |[M ||| Dr ool Ml
where the last inequality uses (the chain rule and) the mean-value theorem. All combined,

SUp, (Bl My, (u) < @y e + ma(M)(1+2)d(A, f) < (e +d(A, f)(1+¢))

from which the asserted 9z-inequality (5.113) follows via (5.20). The theorem’s last assertion
is a direct consequence of Remark 5.8.10 (ii) applied to (5.112) and (5.113). O

We emphasize that the proof of Theorem 5.6.14 is entirely constructive, and that each of
the above constants ¢; and ¢&;, while not fine-tuned for optimality, can be read off in explicit

form; see Section 5.8.4.

5.7 Applications

The robustness of an ICA inversion map, as formulated in Definition 5.3.10 and established
in Theorem 5.6.14, is clearly of central importance in any situation where the exact struc-
tural assumptions (5.18) of the ICA-model are violated or other sources of (non)systematic
error, including approximations of the involved signals and their statistics, are unavoidable.
This naturally includes virtually all practical applications, as for these the (exact) law of
a signal is typically not available and its associated statistics can only be estimated from
empirical data which, in turn, is frequently corrupted by noise or subject to other forms of
uncertainty. In this section, we present a selection of three essentially independent exem-
plary use cases, cf. Example 1.1.2, to illustrate how our theory helps to conveniently attain

a meaningful quantification of various practice-relevant robustness scenarios.

Throughout this section, let (X, S, A) #, be any fixed BSS-triple on (5.106) with S = (.S;)
some stochastic process in R? (defined on a probability space (Q,.%,P)), and consider & as
in (5.109) but with =; given by (5.111) for b := k2(B(a,s)) and any fixed A, > 0.

181



5.7.1 Statistical Estimation

In practice we usually have access to neither the law ux = Px of the observable (which is
needed to compute the statistics (5.38)) nor to its continuous-time realisations, but instead
only to time-discretized sample trajectories of X. The issue of time-discretisation is easily
resolved, since a sequence of (random) vectors Xy, ..., X;, in R? can be immediately iden-
tified with a (random) element of C; via piecewise-linear interpolation, see Remark 5.4.4.
The inaccessibility of the law, however, is more subtle and must be addressed by estimating
px from the available data. While pux is generally an infinite-dimensional object, our inver-
sion procedure (5.109) only requires information on its low-dimensional projection (5.39) so

that any viable estimate [i of px needs to be accurate enough only at the low-order levels
()w =~ (ux)w = Elsig,,(X)] for |w|=2,3. (5.115)

What all reasonable estimators i = (fi,) C © of pux will have in common is the property

of statistical consistency, i.e. that in the ‘infinite data limit’ n — oo (cf. Section 4.4)
(e = / sigy (2) fn(dz) 222 (ux)w for each |w| = 2,3, (5.116)
Caq

almost surely or in probability; this convergence is but a topological specification of the

informal accuracy requirement (5.115).

Remark 5.7.1. To understand (5.116), note that strictly speaking any sample-based ap-
proximation (fi,) of px is in fact naturally a sequence of random measures, i.e. a sequence
of ®-valued random variables. This also pertains to the example estimators in Remark
5.7.2 below; for instance, its last example can be written more precisely as i = fi(X,n) :
Q35w fin(X(w)) € . We suppress this additional complexity in our notation to avoid

cluttering our exposition.

Remark 5.7.2 (Signature Estimators). An ‘optimal’ choice of [i generally depends on the
data that is given, but for many applications useful estimates can be straightforward. For
example, if X describes the temporal evolution of some d-dimensional health trajectory

of a prototypical patient and our data consists of n independently sampled path-valued3!

observations x1,...,x, € Cq, corresponding to the trajectories of n different real patients,
then the empirical measure fi = fi,(21,...,2,) = % ;-‘:1 dz; € ® can be sufficient when

n is large. For other applications a good choice of i may be more involved and require
additional statistical assumptions on X in order for a feasible approximation of its law

from its samples to be possible. A very common such case is when the data consists of a

31 Upon piecewise-linear interpolation of discretely-measured data points, say.
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single trajectory = (x4) of X only; in this case, common mixing or ergodicity assumptions
on X [or, equivalently, on S] often suffice to qualify the usual ergodic plug-in estimators
= fin(x) = %Z?ﬂ 0 I—— (7 > 0 large enough) as suitable approximators for px; see
Section 4.4 for details. .

Our continuity results in Section 5.6 provide explicit bounds to relate the convergence
(5.116) to a controllable approximation of the inverse A~!. This allows us to conveniently

derive finite-sample results of the following type.

Notation 5.7.3 (Convergence Rate). In line with classical theory, an estimator ji = fi,, of
wx is said to have convergence rate &, — for (&,) some strictly decreasing null sequence —
if v, 1= max|y|—o,3 [{fin)w — (X )w| = Op(an), which is to say that for any € > 0 there exist
numbers 0 < m, M < oo such that sup,,,, P(y, > Ma,) <€, see e.g. [152, Sect. 2.2].

Proposition 5.7.4. Let i = (fi,) C ® be a consistent estimator of jx with mMax|,|—2,3 | {fin)w—
(ux)w| = Op(ay) for some convergence rate & = (&y,). Then for any € > 0 and any

0 < q < 1, there exists an explicitly computable — as per the below proof — threshold
no = no(e, ¢, &, fi, A, us) € N such that for each n > ng the following holds with a probability
of at least q:

for every 0 € &(ji,) thereis M € Mg  such that sup;q %L(&) < e (5.117)
Proof. Let B := A~ and v, := B - fin. Lemma 5.4.7 then asserts the identities of 2-
and 3-tensors [02]?) 1= ((n)) = BE((fn)ig) and [0 = ((a)ign) = BZ({fin)i),
where B®2 = B® B and B®? = B® B ® B are Kronecker powers of B (see also [54,
Prop. 7.52]). Since the action of B®™ on (RY)®™ is continuous, we obtain by way of the
continuous mapping theorem that the [in probability] convergence (5.116) implies that also
[Ua]™ = BE™[1,]™) —, oo B¥™[ux]™ = [u5]™ [in probability] for m = 2,3. In fact,
it is easy to see that 7y, = max|,|—2 3 [{Un)w — (us)w| = Op(Brn) with B, = C - &, for an
explicit constant C' = C(B) > 0.

Take now & > 0, and set ¢ := £/¢4 for ¢4 = é4(us, A) > 0 as in Theorem 5.6.14. This
theorem then provides an explicit radius § = 0(e, uus, A, &g) > 0 such that (5.113) holds for
Ly = [Lg, i.e. such that

SUP(v,4) B (s, 4) O3 (U, A) < €. (5.118)
To connect this with (5.116) note that by definition (5.55) of 6(-,-) and continuity,3? there

is an 7 > 0 such that 6(ug,v) < 6 for each v € ® with max|,|—2,3 [{V)w — {ts)w| < 7. Now
fix any 0 < ¢ < 1 and let ¢’ := 1 — ¢q. Since v, = Op(f,), we can find my, M, > 0 with

32 More precisely, by the fact that §(us,v) = @s([v]c) for ps : V — R4 continuous with pg([us]c) = 0.
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SUPy>m, P(yn, > CMy-&) < ¢'. Dueto &, | 0, we can choose a (smallest) ng > m, such that
an < n/(CM,) for each n > ng. For this ng we have sup,,>,, P(vn > 1) < sup,,>,, P(vn >
CMyGn) < SUPp>p, P(yn = CMyay) < ' and thus inf,>p, P(y, <) > 1—¢ = g. Hence
for each n > ny, it holds with probability at least g that d((vy, A), (s, A)) = 6(us, v,) < 9,
i.e. that (v,, A) € Bs(us, A). Assertion (5.117) now follows by (5.118) and Lemma 5.3.9
upon noting that here, by (5.114), the spatial support in (5.23) can be replaced by the
entirety of R%. O

5.7.2 Asynchronous Observations

Other than statistical estimation (5.116), another source of systematic error in the blind
inversion of time-dependent signals are deviations from the instantaneity assumption (5.7)
that are caused by an asynchronous time-discretizations of the components X!, ..., X% of
X, cf. e.g. [2] for the classical context of covariance estimation:

In practice, often the channel signals X are each observed by different sensors which
take their measurements at some discrete sets of time-points that may be different from
sensor to sensor. Empirical observation, e.g. [101, 133], demonstrates that this asynchron-
icity perturbs BSS-performances up to the point of dysfunctionality. As the following pro-
position shows, the causal topology (5.76) is coarse enough to capture this ‘perturbation

by asynchronicity’ so that its effect can then be quantified and analysed via Theorem 5.6.14.

To this end, we may formalize the synchronicity infringement of (5.7) as follows: Write
X\iﬁ =(X{|teJi={0< t(()i) < tgi) <...< tgi)_l < 1}) for the sensor data of channel X¢,
denoting Xf,n for the piecewise-linear interpolation of this data. Formally, )A(f,]z = ZnL(Xf]i)

for i, as in (5.35) for d = 1, see Rem. 5.4.4. We then say that the channels X are observed

synchronously if J; = Jo = ... = Jy, and otherwise say that the X', ..., X? are observed
asynchronously.

Writing || 7;|| := max,¢[n, 1] |t,(j) —t(yill| for the mesh-size of \7;, we can handle asynchronicity
via Theorem 5.6.14 by noting that the interpolated observations X (*\71') = ()A(}jl, e ,)A(%d)

of X over the channel-dependent sample times (J;) = (J1, ..., Jg) converge to X in (5.76)
as [[(Ji)] := max; || J;|]| — 0. The symbol g below denotes the relative error from (5.21).

Proposition 5.7.5. For each i € [d], let (J]")nen be a sequence of dissections of [0, 1] whose
mesh-size || J;"|| converges to zero. Further, suppose E|| X |3 ... < co and let i, :=Py. € D
be the law of X := X'(*J_n). Then for each € > 0 there is an explicit ng = no(e, A, ps, (fin)) €

A

N such that for all n > ng, the error bound dists(P(fin) - X, [S]m) < € holds almost surely.
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Proof. This follows from Theorem 5.6.14 and a few standard convergence arguments. In-
deed: Denoting by 4% : C{ — Ci (cf. (5.28)) the linear operator that sends a Ci-path
y : [0,1] = R to its J-piecewise-linear interpolation gi = g (m7:(y)) (cf. Remark
5.4.4), note that |75 (y)|l1-var < [|Yl/1-var for all y € C{ and each n € N, and further that
lim,, o 74, = id pointwise [on C{] wrt. || - ||oo, see [54, Thm. 5.23]. Consequently, for each
r €Cland n €N,
d*l/ZHx — I o < ?é?j]( Hxl —_ WZ(HA?:L)HOO = széz[i;}( Hxl _ frfl(xz)Hoo — 0 (asn — 00)

and |25 || 1var < 25 175 (29 l1ovar < 2% (|27 || 1var (recall (5.32) for the first inequality).
By [54, Lemma 5.27 (i)], the above implies that lim, e || — £;||p-var = O for each z € C},

for any p > 1. Hence by the p-variation continuity of sig(-) (for p € [1,2)) we have
Jim sig, (5) = sig, () (each [u] <3)

for each x € C}. Due to this and the Ly (Px)-domination |sig,, ()| < (125 13var < 2|3 var
(which holds by the signature estimate underlying (5.51)), we can apply dominated conver-
gence to obtain (5.116), i.e. that [i,]c — [px]. and hence §(fin, px) — 0 as n — oco. The
claimed conclusion, which is equivalent to (5.117), now follows as in the proof of Proposition

5.7.4. O

5.7.3 Additive and Multiplicative Noise

Despite ever-increasing efforts towards more sophisticated measuring instruments and data-
processing procedures, empirical observations such as experimental measurements or eco-
nometric records are never exact. Instead, any type of empirically rooted data is prone to
unwanted deviations and corruptions whose effect needs to be understood as it may oth-
erwise invalidate the (algorithmic) consistency of a given statistical method. One way to
account for this are mathematical ‘noise models’, of which the two most established ones

are additive and multiplicative noise affecting a signal Y = (Y})er,
Y, =Y+ o® Y, =n-Y, (tel (5.119)

for some stochastic process 1 = (1;)er in R? referred to as the “noise”. For noisy BSS models

[112], the noise 7 is typically subject to additional, often (semi)parametric and sometimes

quite involved structural assumptions, see e.g. [12, 38, 89, 92] and the references therein.?*

33 The multiplication 7; - Y; is understood componentwise, i.e. 7: - Yz = (i Y4, - -+, niY,?)T for each t € I

34 In order to avoid dealing with any identifiability issues at all, some authors impose rather restrictive
(‘contrasting’) structural assumptions on S or 7 to ensure that the additive noise model (5.120) remains
exactly invertible. Notable such assumptions include: time-dependence (S) vs time-independence (1) [35],
non-Gaussianity (of S) vs Gaussianity (of 1) [76], or time-variability of [auto]covariances (S) vs group-wise
stationary confounding (n) [125]. Of course, these cases are all hand-picked exceptions and treatment of the
general, model-free case (5.120) requires a more comprehensive analytical framework, see Proposition 5.7.6.
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The generality of our premetric framework allows us to keep such assumptions to a min-

imum.

In the classical BSS-context (5.7) where f is linear, it is essentially irrelevant whether the

additive noise (5.119) applies to Y = X or Y = S (or both) because
X+n=A(S+7) for 7' = A"1y; (5.120)
for the corruption with multiplicative noise, we may distinguish®’ the cases
X =n-Xy or Sl=mn-S (t el). (5.121)

We can apply Theorem 5.6.14 to quantify how these corruptions affect the accuracy of
(S, ).

Proposition 5.7.6. Let n € ® be a noise process and consider the corruptions
XM= AS+n) and XP:=48" and XO) .= X" (5.122)

with p9) = P ¢y their respective laws. There are then explicit constants c; = ¢;(S, A, Ay) >
0(j=0,...,3) with the following property: Given ¢ > 0 define Bz := co N(c1(e/(c2 +€))?),
then

for each 0 € ®(uV) there is M e My with % <e and  (5.123)

max {0 (S + 1, A),04(5", A),04(S,nA)"} < ¢ (5.124)
provided that S and the noise process n meet the following case-dependent assumptions:

o for the case i = 1, suppose that n and S are independent and both mean-stationary

and that n satisfies the growth condition Zg:0(5>;,}HN§1[n]VN§1H2 < pZ;

o for the case i = 2, suppose that S is mean-stationary and centered and that n is

independent of S and satisfies the growth condition B2(S,n) < 5%;

e for the case i = 3, suppose that n is independent from S, mean-stationary with E[n] =1
and IC and satisfies the growth condition B3(X,n) < 7. with fs from (5.230) and
Ye = Ve(Be, A) > 0 as introduced directly thereafter;

35 Since A is a homoeomorphism these cases, too, are essentially equivalent, but see the proof of Prop.
5.7.6.

*

Denoting nA : [0,1] x R? — RY (t,u) — mAu = ddiag(nt,---,n¢) - Au (a random time-

dependent transformation), the last inequality in (5.124) (‘04(S,nA) < €’) is to be read as: J4(S,nA) =
. inf |Bo(neA)(u—v)—Mu| ¢ < ith bab

SUP e ((n 45, | te(0,1))) (M) ey xR SUPre (0,17 SUP, ¢ o) Tral x(Mu) < € with probab. one.

t

186



here, (S)o0 == 1 and B2(S,n) == 2L 1(S);2(a? + (S);;'a2) with &; := (5.227) and &; =
(5.228).

Proof. Thm. 5.6.14 provides constants ¢; = ¢;(S, A) > 0(j =0,1,2) and ¢4 = ¢4(S, 4, A,) >
0 such that for any € > 0 and rz := & A [¢3(£/(é2 + é))Q} with & := e/¢4, we have that

if 6(S,fi) <rs: then: for every § € ®(Af) thereis M € My with 16— MA1”1H <e,

[|MA
where the above implication applies to all ji € 9. To see that this holds, simply combine
(5.112) with the argument behind (5.203) = (5.204) and the definition of é4. Setting ¢; := ¢;
for j = 0,1 and ¢y := ¢2¢4 yields rz = B¢, for . as defined above. Hence (5.123) follow if
we have

5(S, A7 My < B, for each of the corruptions in (5.122). (5.125)

Moreover, from Theorem 5.6.14 (5.113) we further obtain that (5.125) also implies 95 (v(®, A) <
e for v := A~ and each i = 1,2, 3, which proves (5.124) for the cases i = 1,2. To see
that it also implies the case J4(5,nA) < € and hence (5.124) altogether, notice that (cf.

footnote *)

v)— |BA(u—v)—Mu| ILX

|Bo(ntA) (u—
\

( Mul
] 1, < sup, D(q(g) almost surely

SUPte[0,1] SUP, e p()
t

(for any B € ®(X®)) and each (M,v) € My xR%) and hence 95(8,nA) < 95(v®), A) as.
Let us first establish (5.125) for the additive-noise case i = 1, which the triple (X A, ),
with S := S + 7, represents in full generality (cf. (5.120)). For any ijk € [d]% and by

multilinearity,

~ Let o . o o
(S)ij = E{//dSé ng] = (S)ij + (S 1)+ (0", 87) + (n)sj, and similarly(5.126)
0Jo
+ (', 87, 0") + ('’ %) + (n) i,
with (Y7, V7) = E[[} [ dYZdY/] and (Y, V7, V%) := E[[}[Lfs dYidVIVF] for V,V,V €
{S,n}. Since n,S € C}, we can use Fubini to evaluate the above statistics (5.126) and
(5.127) to

//E Jldsdt  and (%, 57,0 ///E 0t S drdsdt  etc. (5.128)

From the assumptions that n and S are independent and both mean-stationary, we obtain
E[Sil] = E[SUE[#] = 0 and E[£597F] = E[SI]E[#i7¥] = 0 etc. For this we used that
E[Si] = 0 = E[§!] for each 4, j € [d] and ¢ € [0, 1], which follows by interchanging expectation

and differentiation (as is permitted by the assumption that the derivatives S and 7 are
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L (P)-dominated). This implies that the mixed statistics (5.128) vanish, so that we are left
with

[S], = [S]w + [n]v foreach v =0,1,...,d.

Hence and from (5.57), we obtain that

d
5(8,5)2 = S ()N Il NP < 82,
v=0

which proves (5.125) for the additive-noise case i = 1. The proof of (5.125) for the

multiplicative-noise cases ¢ = 2, 3 is similar but slightly more technical, see Section 5.8.5. [

Remark 5.7.7. The proposition shows that both the additive and the multiplicative noise
case extend the noiseless idealisations n = 0 and n = I (resp.) continuously. Notice how
the deviance bounds (5.124) provide a concise quantification of the inversion stability of o

against the respective ICA-violations (5.122). .

5.8 Proof of Theorems 5.6.10 and 5.6.14

This section contains some technical auxiliary results to complete the proofs of Theorem

5.6.10 and Theorem 5.6.14; the latter is done in Sections 5.8.3 and 5.8.4, respectively.
5.8.1 Some Technical Estimates
Lemma 5.8.1. For any p € (1,2) and n > 0, denote a :=1—1/p and v:=1/p — «.

(i) Let {Y,Y} C Cap ND be core-integrable and such that |Y = Y||loo < 1 with probability
one. Then for each w € [d]* with 2 < |w| < 3 we have

(V) — (V)| < Kl - 1® (5.129)

with Ky = (2 + k)ep(2% K, + 1), for the constants f, := 2+ 1/p and ¢, = (1 —
21—2/17)_1 and with Kp = maxve{f/y} E[HVH%)VM] :

(i) For any fi,pn € ® such that max,|—o3 |(@)w — ()w| < k7 for some k > 0, we have

00 () = du ()| < enln, ﬂ)\/nTn? (5.130)

for the auxiliary function p.(p, i) = \/(31911711 +r)E Y, 22'1,3:1 ©iji (e, ft) with

2((hij VS (@Yl 5 (1) wk)
(O i ) i i () o)

and ¥y, 5 = max{ ()i (1), (1)iilfi)j; | 4,7 € [d]}-

Pijk (1, 1) = (5.131)
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(iii) For any p, i € ® with §(p, i) < n, we have

max|y|=2,3 [ {)w — (thw| < mun (5.132)

for wy, :=max{y/ ()i ) ;;{ek | 4,7 € [d], k € [d]o}; if further u is orthogonal, then
01 (i) < @ @)v/n+n? for ¢(u, i) := max{30,, zm,, m2} S50 S0y @i, 1)

(iv) Let R € CY(R%RY) with® |Dg|le < oo, and let p € D be core-integrable with
f = I+ R)sp. Then, for each w € [d]* with |w| = 2,3:

IN

[{@)w = (o] < Kpjul - Dl (IDRlls) (1 Dllc | Rl )", and (5.133)

00 (7) = ()] < @ (1) Bp(R) - 63| Dilloc)? (I Dilloc IR )2 (5.134)

for Kpp = 2%c,(1 4+ k/2)(1 + B [||z]|7...]) and ¢p(u) = (1 + uw)* 107 and with

1-var

i, (1 1) as in (ii) but for k := K3, and ¢p(R) := /T + $3([[Drlloo) (1Dl [[Rl0)*-

Proof. (i): Let {Y,Y} C ® be square-integrable with ||Y — Y |ls < 7 almost surely, and let
w € [d]S™ be an arbitrary multiindex of length |w| < m. Take any p € (1,2). The classical
interpolation inequality [54, Prop. 5.5 (i)] then implies that for Z := Y — Y we have

1Zlpvar < 21 ZINEN 21 < 20 2|/ < 22VP g0 (5.135)

where a := 1 —1/p and E := max {||Y[|_._.||Y||....}- The local Lipschitz continuity of
the signature transform (cf. [54, Proposition 7.63]) then implies that, for each 2 < |w| < m,

(V) — (V)w| < Elsig, (¥V) — sig, (V)| < (24 [w])e EEPITHP] o (5.136)

for ¢, := (1 — 2172/P)=1  as follows from the proof of [54, Prop. 7.63] but with the Young-
Loeve estimates |Y/SJ‘_1/S,7"| = |ZS,7"| < HZHp-var;[s,t} and | fst Y/SJ’ dZT" < CpHY”p-var;[s,t] HZHp-var;[s,t}-

Indeed: For each |w| > 2 we have

|sig,, (V) — sig, (V)| = [(mu[5ig0,1 (V) — sigo1 (V)] w)| < [|mw [sig0,1 (V) — sige 1 (YV)]]]

1 _ ~ 1
/0 Tw|—1 [sigo,r(Y) - 5190,7’(Y)]d}/7” + /0 Tw|—1 [sigﬂ,r(y)} dZ, (5137)

where || - || := | - |1 is the projective tensor norm on the tensor powers of R?, cf. [105, Sect.
5.6]. Using that for any = € C'([0,1];R?) and y € C'([0, 1]; R**?) we have

. t
/ys’rdxr € Cl([s,t];Re) and ‘/ Ys,r Ay

< CPHZ/Hp—var;[s,t]”'pr—V&r;[sJ]

36 Here and in the following, we norm the Jacobian Dg of a map R € C’l(Rd;Rd) via ||Dg|le =
Sup,erd || Dr(2)||2 where || - ||2 is the Euclidean operator norm on R,
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for each 0 < s <t <1, see e.g. [104, Sect. 1.3] and [54, Prop. 6.4], we find from (5.137) that

< CP(HYHP-VM + ”Y/HP-V&Y)HZHP-V&T < QCpEHZHp-\far if |w|=2, and

—_ Cp i —_ .
< (QCPEHYHl-varJFQ*I:HYH%-var)HZHp-var < %CPZQHZH;D-VM if |w| =3,

where for the penultimate inequality we used the standard estimate | 72 [5igs7t(f/)”|1—var <

Y |12 var (see e.g. [104, Prop. 2.2]). Combined with (5.135), we obtain that for [w| = 2,3,

(V) = (V)| < (14 [w]/2)E[E | Zllpvar| < (24 [w])e B [ZITHP] e,

as claimed in (5.136). To finally arrive at (5.129), notice that Zl*I=1+1/P < 1 4 =2+1/p <
14 (1Y | 1-var + ||Y\|1_Var)’8 for each |w| = 2,3 and 3 := 2 + 1/p and hence, by Minkowski,

E[gll-1+1/r] — 1 < [E[((NJJFU)/B}l/Bf < [B[07)%+ E[Uﬁ]”ﬁf < 2K

for U := ||Y||1-var and U := ||Y||1-var, as asserted.
(ii): Let p, 1 € © and suppose, as required, that there is k > 0 and 7 > 0 such that

mnax, {iyw — (W w| < K. (5.138)

The bound (5.130) then follows from (5.138) and the definitions (5.55) and (5.56), as shown

next.

We use the representation (5.57) of ¢ for convenience. As is conventional for direct sums,

we thereby write C' = Cy 4+ ... 4+ Cy for any C = (Cp,--- ,Cy) € V (boldfaced ‘+’), and

accordingly set N1 -C - Ny = Zgzo N1C, Ny = (N1C,N2)4_, € V for any Ny, No € R¥¥4,

Then

vv

ou, i) = HNﬁl(CoJrEgﬂCk)Nﬁle with - Gy = (W)
ij

where (1)ijo := (1)ij, (#)oo := 1 and N, as in (5.57); we further set C,,; := Cp + Y, Cr.
The assumed core-integrability of {u, i} C © ensures that all of these quantities exist.

The bound (5.130) is based on the simple triangle inequality

00 (7) = 61 ()| = [INZ CraNZ = 1N s, |

(5.139)
< [ nat N,

where for a stream p = (1) € ® we denote by i, = p' ®---@pu its associated product sig-
nal. By definition the matrices R = (R;;) are diagonal with R;; = /()i /(ft)ii- Moreover,

if fi, 4 are both mean-stationary, then so are their respective product signals fi4, i1+, whence

Lemma 5.5.9 gives that the (flattened) tensors Cy,,, =: (Cyjx) and Cj,; =: (Cyj) read

Cijo = (1 —dij)(w)i; and  Cijp =
(1) ek

(3, 4,k € [d]), (5.140)
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and likewise for (Cj;x). If i or 1 are not mean-stationary, then all of the above remains
valid as stated but with (5.140) holding by definition of 0 (-), see Remark 5.5.6. The
flattened [along its 3'¢ dimension, i.e. embedded in V] tensor M = (myjp,) := Nﬁ_l(Cg*ﬂR -
R™C,,, )N, thus reads

- CijoRjj — CijoRy' _ - (i W)y }(1 ). and
()i (1) L isliis /il
ik — CijxRjj — Ciji Ry _ (1) ijk B (1) iji ] (1— 6i)
(iclin)is i /bt (e
Writing (u)oo = 1 and (u)ijo := (u)ij, as well as Biji = /()i (u)j; (@) and Bijp =

i () 55 () ek and ip = min{ Bk, Bijr } and gijx = max{|(w)ijxl, |Bijx|}, we find that

mage| = <M>ijkﬂig'c'l:3<'/z>ijk5ijk < ’Gygz (lﬁzjk — Bijil + iabie — (ﬂ)ijk\)- (5.141)
ijkPij ij

Writing vj := (i) and 7 := (fi) j;, for the first of the above bounding summands we find®’

|Bijk — Bijk|2 < |wiviog — vivjug| < vivi|og — vi| + vi|vivy — i
< Z/Z'Vj’ljk — Vk’ + Vk(Ui|Vj — 17]" + ﬂj|l/i — 171’)

Hence after denoting ¥ := max{v;v;,v;7; | 1,7 € [d]} and by (5.138), we obtain that
~ 1
|Biji — Bijk| < V39k-n2. (5.142)

Defining &1, := ﬂgijk/'y%k, we can now combine (5.142) and (5.138) with (5.141) to arrive

at

mie < & (1Bijk — Bigrl” + Kwhije — (iel®) < K1i&y - (n+ 1)
for K := (39 + k)k. Using (5.139), this allows us to conclude
9 d d
00 () —ou(w)]|” < D> mz?jk: < K- (n+n?
k=01i,j=1

for Ky := K, ZZ:O Zgjzl ffjk, which gives (5.130) as claimed.
(iii) : Given 6(u, ft) < n, we know from Def. 5.5.1 that for each w = ijk € [d]‘*.|2273 we

have

() w — ()| < A/ (i ()i (re - < mun (5.143)

37 Recall that |/a — Vb | < y/|a — b| for any a,b > 0.
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for m,, = max{\/ ()i (1) ;{1 kk | i, J € [d],k € [d]o}. Hence by the very same computations

as in point (ii) (upon replacing assumption (5.138) by (5.143)) we find

d d
[00(8) =0 ()]’ < max{30,amu,mi} Y- D - (477 (5.144)
k=01,j=1

with ¥, 5 and &;;, as defined previously. If 64 (u) = 0 (cf. Lemma 5.5.9), this gives the
claim.
(iv): Let w € [d]* be an arbitrary multiindex. Then by the change-of-variables formula,

(o — (] = ] / sig, (¢ + () pldr) ~ | sig @) u(aa)

d

(5.145)
<[ Jsig, (¢ + () = sig, (2| n(do).

Now by definition of || - ||1-var We find (with the sup taken over all dissections (¢,) of [0, 1])

[R(2)1ovar = sup Y [R(zt,,,) — R(2t,)| < [ Drllsoll21-var (5.146)

v

and hence — again by [54, Proposition 5.5 (i)], just as for (5.135) — that

1 1
| B (@) lpvar < 2°DRI LIl 5 RIS = 222l 2 | Dl - (DRl | Rlloo)™. (5.147)

— -var

for v := 1/p — a > 0. From the estimates of point (i) — with Y (w) and Y (w) replaced by
x + R(z) and z, respectively — combined with (5.146), we obtain for |w| = 2,3 that

w|—1
L HIR@) povar- (5.148)

1-var

[sig,, (« + R(x)) — sig,(z)] < (1+[wl/2)ep(1 + | Drlloo) " 2|

Together with (5.145) and (5.147), the above combines to

() — (o] < Bl 7] - Gy (I DRNso) (I DRlIso | Rl )

for &, = 2%c,(1 + [w]/2) and ¢g(u) = (1 +u)* w7, Since E,[||z|{%y 77 < 1+

1-var

E,[[|#]5 n] = 14 K, for 8 =2+ 1/p, we thus find for each w € [d]* with |w| = 2,3 that

{0 = (0wl < Epjut(L+ Kp) - Gl (IDRllc) (I DRl [ Rl )" (5.149)

as claimed. Given (5.149), the last inequality (5.134) then holds by (ii) for k := ¢, 3(1+ K))
and 1 := ¢3(|| Dlloo) (1 Drllol| Bllo0)*- -

5.8.2 Some Technical Lemmas

5.8.2.1 The Matrix C, is Generically Invertible

Lemma 5.8.2. Let Cy, := 1([u]o + [u]}) for a signal p € D with 0"-coredinate [u)o. Then
C, & GLg only if po1(H) =1 for some hyperplane H in R,

192



Proof. Suppose that C,, ¢ GL,4, which implies that there is v = (v;) € R?\{0} with C,v = 0.
By recalling the definition (5.39) of [u]p and from a quick computation of the C,-defining
sums of integrals (5.38), we see that C), = %(E[Hé,l : 'u%,l])ij' Therefore 0 = vTC,v =
i1 viCv; = E[Z]] for Zy i= YLy phyvi = ply - v (= @a(p) for ¢ = (m01(),v)2,
see (5.4) and (5.5)). This implies Z, = dp and hence po1(H) = 1 for the hyperplane
H:={ucR?|uTv =0} O

5.8.2.2 Hyperplanes, Inverses, and Contracted Tensors

The following auxiliary observations facilitate the analysis that underlies the proof of The-

orem 5.6.10.

Lemma 5.8.3. Let ¥ € R¥9 be invertible and (€i)icja) the standard basis of Re. Then the
set
{ueRY | Ji,jeld],i#7: (0Tu,e) = kij(0Tu,e;)} (5.150)

has Lebesgue measure zero for any k = (ki;) € R4,
Proof. For any fixed k = (ki;) € R4 consider the sets
Hij = {u=(u) € R? | w; = kij - uj}

fori,j € [d] with ¢ # j. As H;j = ker(y;;) for the non-zero linear map ¢;; : u — u; — Kij-uj,
each set H;; has codimension one (by the rank-nullity theorem) and hence is a Lebesgue
nullset in R%. The union H := Ui, jela,iz; Hij 18 thus also a Lebesgue nullset in R, and
hence so is its diffeomorphic image (97)~'(H). The latter equals (5.150), which proves the

claim. O
The following two lemmas apply for || - || any submultiplicative matrix norm.

Lemma 5.8.4. Let A € GLy(R) and A € R with ¢ := ||[AT'A| < 1. Then A+ A is
invertible with ||(A 4+ A)~F — A7 < [|ATH] =

Proof. Abbreviating p :== —A~'A, notice that the invertibility of A + A is due to A + A =
A(I — p) and the convergence of the Neumann series (e.g. [74, Ex. 5.6.P26]). In fact

(A+A)" =T—-p) A = I+ 302 p)A !

so that, by € < 1 and for 1 := |[A7!||, we have [[(A+A) "' =AY <> 02 [lol" < 7. O
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Lemma 5.8.5. Let C = (Cy,...,Cy) € V and denote A, := ddiag[C, ]| and C := (0,C4,...,Cy)
as well as A := (0,Aq,...,Ay). If Ag € GLy(R) and &; = HAal- (Co — Ao)|| < 1, then Cy

is invertible and the contraction
CS = cpCyt -3 e, Cy,
with ¢ = (co, ¢) € R*? arbitrary, is of the form
GG = colg ' Ac+ Ac with [|Ac]| < (01, 62)

for the diagonal matriz A, == %_, ¢, A, the number 6y = ||C — Ally, and the bounding
function Be(a,b) = |coln {HACH +1+ ’yag’b} 7§,b with 1 = ||Ay!|| and %%b := max {12, b|c|}.

Proof. Fix any ¢ = (cp,¢) € R'T Then by definition, c§ = coDg - Dy for the factors
Dy = Co_l and Dq := fo:l ¢, Cy, where D1 = A, + Ay with ||Aq]] < |¢|d2 by construction.
Since §1 < 1, Lemma 5.8.4 implies that DO = Aal + Ao with HAOH < 7751 for 8, := 1251'
From this we obtain that the ‘off-diagonal’ A, := 6—00[\61[\8 =g (AOAC—i—AalAl —i—AoAl)

can be bounded by

lcol A < (| Aol Al + mllAx]l + | Aol | Ax
< 0o Acll +nds + ndrdy < nf|[Ac]+1+3] -8
for §y := |c|d2 and § = max{gl, 52}, as desired. O

5.8.2.3 Eigengaps

Given a vector w = (w1, ..., wg) € C?, we call the gap of w the number
w| =  min |w; —w; d>2
el = min =] (@22
and refer to £(w) := [[w—(wiy, . . ., Wi, )||2, with i = min [arg min;c(y |w;l], as the spreadlength
of w.

Lemma 5.8.6. Over all vectors in R? of fized spreadlength £ > 0, the gap is mazimised

by any spreadlength-¢ vector w* = (w}

i,7 € [d—1]. In particular: for kq := \/%(d —1)d(2d — 1),

) € R? such that lwi , —wi| = |w;f+1 - wﬂ for

= 0/ky. 5.151
weRg{%):ﬂ[w] /ka ( )

Proof. Let w = (w1, ...,wq) € R? be any fixed vector of spreadlength £(w) =: £ > 0.
Since the gap « is invariant under permutations and constant offsets (i.e., y[w] = v[7(w) +

(¢,...,c)] for any ¢ € R and 7 € Sy), we may assume that w; = 0 and w, < w,4; for all
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v € [d— 1] wlog. Suppose now that w41 — w;| = |wj41 — wj| =: 6 for each i,j € [d —1].
Then wy = |wy — wi| = ¢ and likewise w, = Z;-’;ll(wjﬂ —w;) = (v —1)6 for each v € [d],
implying that

£ = t(w)? =l = 2SI = 2K

and thus 6 = 7=. Also, since by the above assumption |lw; —wj| > |wjy1 —wj| =6 for any

i,7 € [d] with i # j, we find that y[w] = §. Assuming now that there is w = (wl) € R?
(with 0 = w; < wp < ... < Wy (wlog) as above) of spreadlength ¢(w) = ¢ such that
y[w] > § = ¢/kq, we deduce that
d d [i-1 24 ,
=) =D w7 = | | — ]| > [(i—1)8]7 = 6%k] = £
i=1 i=1[j=1 i=1
As this is a contradiction, (5.151) holds as claimed. O

In the next two subsections, all eigenvalues are counted with their respective multiplicity,
and x(B) := ||BJ|||B~!|| denotes the condition number (for || - || a given norm) of a matrix
B.

5.8.2.4 Perturbation Bounds on Non-Degenerate Eigenspaces

As an important ingredient to our robustness analysis, we cite the following bounds for

simple eigenvalues and -vectors of perturbed (not necessarily symmetric) matrices.

Lemma 5.8.7. Let C, E € C™? qnd C := C + E. Suppose that the eigenvalues Ay, ..., A\g
of C are pairwise distinct, let vy,...,vq be their associated unit-norm eigenvectors (i.e.,
lvilla = 1 for all i € [d]) and (u1,A1),...,(uq, Ag) be the associated ‘relatively-normed’
left-eigenpairs of C (i.e., u] - C = \ul with u]v; = 1, i € [d]).3® Provided
IE[p < imin2t  with
icld] Ki (5.152)

$i = 04-1([Ia —viv] | (Nila — C))  and ki == [Juil]2 + 1/ lui|3 — 1,

where o4_1(+) denotes the 2"-smallest singular value of its argument, it holds that

Vield : 3EV 0, of C  such that

2HZ (5.153)
1Bl

ujlo() =1 and “%m—“i”? =

for o : [d] — [d] some assignment, where each associated eigenpair (\j,;) of C satisfies

2||ugl| 25

Aoy = Ail < |ulEvi + 05 with |0 < | E|2. (5.154)

)

Proof. This is immediate from — and in fact basically a quote of — [88, Theorem 4.1 (ii)]. O

With the above, we can formulate and prove the main result of Section 5.6.

38 In the context of Lemma 5.8.7, vT := 47 denotes the complex conjugate of a vector v € CY.
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5.8.2.5 Continuity and Bounds of Some Matrix Functions

Lemma 5.8.8. The map X : Sym, — R, a — (A\i(a),---,Ag(a)) which assigns a sym-

metric d X d-matriz to the vector of its eigenvalues (listed in descending order, counting
—1/2

multiplicities) and the ‘inverse square root” function R : Sym:ir — Sym:{, a—a are
both continuous. Furthermore, for ||-|| any unitarily-invariant and submultiplicative matriz
norm,

R = Reaa) | < 3@+ 2 (0)] o = (5.155)

for each a1, a9 € Sym?. In particular, for any fived A € GLy and S(a) := %(a—i— a’), both of

the maps R*? 5 a — A(A-S(a)- AT) € R? and (5.156)

Posg > a — 7'x1(A-S(CL)-AT)71 e R are continuous. (5.157)

Moreover, for every a = (a;;) € R with min;e (g |aii| > 0 and Cq := AS(a)AT € Sym;;

and Ny = ddiag(|a11|,- - - , |aqq)"/?, and AR(c,) and AR(CC() defined analogous to above, we
have
1A%t e < A7 lp maxiei A2 (Ca) =t Ba(a; A), (5.158)
2 det(ddiag[\(Cq)]/?) || Al|¢
RQ(A’R,(CG)) < ( g[ ( a)] )H ||Fd —- IBQ(G,A) (5159)

det(A)(Vd min;e(q) A (Ca))

i

Proof. These are simple consequences of classical facts and inequalities from matrix analysis.

Indeed: The continuity of the map A (which is well-defined as the elements of its (closed)
domain Sym, are all diagonalisable with real eigenvalues) is simply a [specialised] restate-
ment of the well-known fact that the spectrum of a matrix depends continuously on its coef-
ficients, see e.g. [74, Appendix D]. The (continuity-implying; recall that matrix inversion is
(locally Lipschitz) continuous) inequality (5.155) is precisely the Ando-Hemmen inequality
[72, Theorem 6.2]. As to the remaining assertions: Note that (5.158) is immediate from the
definition of Ag, the representation (5.90) and the standard inequality: ||ab|g < ||al/¢|b]|2
for each a,b € R¥9, The latter combined with the bound in [61] gives (5.159). O

5.8.2.6 Continuity of Extremal Functions

Lemma 5.8.9. Let ||| be any norm on R™, and ¢ : R™ — R be a continuous function. Let

further B, := {x € R | ||z|| < r} be the zero-centered closed | - ||-ball of radius r > 0. Then
the functions ¢,¢ : [0,00) = R given by ¢(r) := min 5 ¢(y) and P(r) := max, 5 ¢(y),

respectively, are both continuous.
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Proof. Since ¢(r) = —min, 5 (—¢(y)) for each r > 0, it suffices to show continuity of ¢.

Because the open rays are a subbase of the Euclidean (i.e., order) topology on R, the
continuity of ¢ follows if, for each a € R, the sets £, := {r | ¢(r) < a} and p, := {r | ¢(r) >
a} are both open in [0,00). To see this for £,, fix any s € £,. Then m, :=min 5 ¢(y) <a
and, since ¢ is continuous, ¢(xzs) = mg for some zs € Bs. Denoting by By,(z) the open
z-centered || - ||-ball of radius u, the continuity of ¢ further implies that there is ds > 0 such
that ¢(y) < a for each y € By, (xs), and hence ¢(s’) < a for all " € (||lzs|| —ds/2, s] N[0, c0).
Since trivially ¢(s') < a for all s > s, we thus found ¢[; < a for the open (in [0, 00)) set
Js := (||xs]| — 0s/2,00) N [0,00) 3 s. Hence Js C £, which shows that ¢, is open.

The openness of p, follows similarly: Fix any s € p,. Then ¢(s) > a and, hence,
clearly also ¢(s’) > a for each s’ < s. Moreover: minyepp, ¢(y) > ¢(s) > a, from which
the continuity of ¢ implies that for each z € 9B; there is §, > 0 such that: ¢(y) > a
for each y € B;_(z). Hence <p|GS > a for the open superset Gs := ,cop, Bs.(2) U Bs of
B;. Now since B; is compact and G¢ (i.e. the complement of Gy) is closed, the distance
b5 = d(Bs,GS) = inf,c 5, yege |lw — v|| is positive, which implies that Bsys C Gy for any
0 <& < 5. Hence gzbe; > a for the open (in [0, 00)) superset J! := (—o0, s + d5) N [0, 00) of

s, which shows that p, is open, as desired. ]

5.8.3 Proof of Theorem 5.6.10
This subsection shows assertion (5.105) and thus completes the proof of Theorem 5.6.10.

For A = (a1]|---|aq) € GLg and ¢ = (¢Y,...,¢%) € D, suppose
x=A-¢ and e=d;3(¢) <eo (5.160)

for €¢ as in (5.104), as required. Upon rescaling ¢ by NC_1 and noting that for ¢ := N1 .¢

r
we have Nz =T and 6, (¢) = 01 (¢), whence (5.160) still holds for (¢, A) and (¢, A= AN;)
replaced, we obtain for each v € [d], see Lemma 5.6.5 and (5.93), that

fo = 5oA7) ~ A7) = NN < [,

s = n(A7) =0 (A7) =[],/ (Ow =

Moreover, for the whitening matrix R = R, from (5.89) and the preprocessed observable

(5.161)

|
—
o~
I
t-

X := R - x, we find that for each v € [d]p and every 0 € =,

Ny =1 andhence ,(0R)=[0R"x] (5.162)

v

Indeed: A direct computation of the iterated integrals (5.38) yields that for each p € ®,

the matrix C), = 2 ([u]o + [u]f) is identical to the classical moment matrix (%E[ué’lu&l]).
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Hence and since Cy = I by choice of Ry, we have for any 6 = (61]---|04)T € =1 that

_ i \2 _q i _
(0-X)ii = %E (Ele gin{) 1) ] = %Zeng[(X%,l)Q] + Z HijeikE[X{),leg,ﬂ

d Jj=1 j<k
= > 65 =163 =1  for each i€ [d],

whence Ng.y, = I and hence 1, (AR), = [0 - x|, for all v € [d]o, as claimed. From (5.160) we
find
s, = AS+ A with AS diagonal and [|AS|| < e (5.163)

for each v € [d]op. Indeed: By definition (5.57) and Lemma 5.5.9 resp. Remark 5.5.6, we
have

d
e2 > 2=61(02=680(0? = [so—A§|*+ > [l — S| (5.164)

v=1

for the diagonal matrices

A§ = ddiag([C]o) = N: =1 and A; = ((Quww - Gijn)y; (5.165)

setting AS := s, — AS then gives (5.163) as asserted. Now from (5.160), the relations

(A7) =, from (5.161) and the definition (5.95) of the contrast ¢, and its scale invariance
(5.96), we obtain

d d
: 5 2
min 60(0) < 64(Br) = 6r(Br) = 3 sl < D [AG]° < <. (5.166)
- v=0 v=0
where Bg 1= (RA)™! =: (b1]|---|bg)T and Bp := ddiag(|b1],. .., |bd|)_1- Bp € Z; scales the

rows of Bg to unit length. Let now 0, € =1be arbitrary with
Oy (05) < e, andset 60,:=6,R (5.167)

(note that 6, exists by (5.166) and the compactness of Z1). By construction, cf. (5.162), we

have

t,(0,) = [0 - x], forall v e [d], (5.168)

and from (5.167) and the definition of ¢, we obtain for each v € [d]y that
A% < e with A* :=1,(0,) — A} and A% := ddiag(x,(6,)).

Hence by (5.168) and the affine equivariance (5.88) of the signature coredinates, we have

that - -
0, [xlo-0] = Aj+A; and

b [S0 u005] 01 = Ay + &) forall ve [d], (5.169)
as well as [[(A5)"A3| = |A5] (since AF = N2 =1T).
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Next we connect the relations (5.169) to the source statistics (5.161) via the coredinate
identities (5.88) which hold by (5.160): Using (5.88) to substitute the matrices [x], in
(5.169), we obtain

90807 = OF (veldo) with ¥:=0,A (5.170)
and where the S, {* are defined as the coredinate-based statistics

O5:=1Clo and S =39, 0,,[¢), (veld), and OF:=AL+ A5 (v e [d).

For an arbitrary vector ¢ = (cg,c) € Ry x R? denoting ¢ = (é1,...,¢q), the congruences

(5.170) can then be contracted to the ‘condensed’ relations

9 co0f 9T = co0f  and 9 O80T = OF (5.171)
which involve the c-weighted linear combinations

OSi=30_16,05 and  OF =20, 6,07

As a consequence (upon ‘left-multiplying the inverse of the first identity in (5.171) with the

second identity in (5.171)’) we obtain the c-weighted conjugate relation

9T B YT = b Ve e Ry x RY, (5.172)

cH

for the composite statistics ¢ := & [Og} -1 <>é and &% := & [(}6]_1' OF, with ¢ 1= ¢t By
Lemma 5.8.5 (cf. (5.163), (5.169) and that e9 < 1), these composite statistics take the form

$S = AS + AS and  OF = AX 4+ AX

for the diagonal matrices, notationally distinguished via n € {¢, *},

'yl &Ay  with  Afi=Ap and  AS =27 9,,AS,  (5.173)

c v=1 v

A7 = & Al
and off-diagonals AQ = <A>’c7 - AZ which are bounded by

IAY]

IN

Gol |[|AS], + 1475 }-C and
|| [H CH2 765,65 Veé,ef (5.174)

A *
A%l

IN

|Col [||A§||2 +1+ %23,6;} Verer
for AS == 30, ¢, AS (= coAS) and A% := ¢oA% and fyib = max{ 1%, [c| - b}, and the scalars
= [agl and € =(0,A7,..., A,
Note that by (5.164) and (5.167) we have
(68)2 + ()2 < &* for both n=¢ and 7=~ (5.175)

199



Let us now distinguish two cases.

First suppose that ¢ = 0, i.e. that 0, ({) = 0, meaning that the coredinates ([(],),¢[q), of the
source ¢ = (¢1,...,¢%) coincide with the coredinates of the product stream ¢! ®---® (% In
this case (cf. (5.173),(5.174),(5.175)) the matrices & and &S are both diagonal, the latter

reading
d
$S =R =2 0,,6,AS = ddiag(XS, A5, -+, A9) (5.176)
v,v=1
for c-dependent eigenvalues A{, ..., \; given by
X = aile) - (Qaas/ (Q)f) for aule) = eov] - (5.177)

with ¥ =: (¢1] - -|94). Now since 9 is invertible, Lemma 5.8.3 implies that the set
N = {ceR" | Jijeld,i#j: A =X} (5.178)
has Lebesgue measure zero, as follows from applying said lemma for the coefficient matrix

()32
(kij) = (% (11— 51’1'0)) (5.179)
77 k222

with ip € [d] being the unique index at which (;yiyi, = 0. (By assumption on (, the index
()33 2) )
(3% Ciia )
Since the complement of (5.178) is thus certainly non-empty, we can find a ¢, € Ry x R?

ip is unique if it exists; otherwise, i.e. if none of the (();;; vanish, set (k;;) 1= (

such that the eigenvalues A{*,..., A" of &S in (5.176) — which, by matrix conjugation
(5.172), coincide with those of <A>z* — are pairwise distinct and hence all simple. As {¢ and

<A>§* are both diagonal matrices, this allows us to conclude 9¥7 € My, whence

9 € My; and hence 6, € My-A~"

as claimed in the theorem.

Next we consider the case € > 0, i.e. the case where the components ¢? of the source signal

¢ =(¢',...,¢% are allowed to be statistically dependent. The identity (5.172) then reads
I ASH B0 = AL for =T, (5.180)
with AS and A* as in (5.173) and for the off-diagonal matrix
Ee. = AS —9A% 71, (5.181)
Using (5.174), we observe that the ‘perturbation’ E. can be controlled by
|Bell < AL + mo@) AL < ol [ke - @e(e) + (14 ro)pele)?] (5.182)
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for the bounding function
Pc(a) = max {12, [c| - a} (5.183)

and the c-dependent constant

ke = ||9|slc] + 1 + ra(D) [€dlc] + 1] < || ARllsVd|c] + 1 + roka(AR) [€dlc| + 1]

for & := [/(0, [X]1,- - -, [X]a),, and ¢ := \/Z (0)2,/(¢)3 and AR := RA. Indeed: Writing
¥; for the i column of 19, Cauchy-Schwarz applied to (5.173), combined with (5.165), yields
that

IAS] < 1l (0, AS)_) = lely/ Sy 119:113¢)2 < lel]1B]ls,

while the inclusion 6, = (67;) € Z; (unit rows) implies >4, =1 (07,0750% ) =1 and hence

’LOCZ

HA:H < |Q|H(O’ (ddlag[;V(e*R)])izl)Hv = |C|\/Zg,zl[ a,B,y= lezaezﬁeu'y< >Oé/37}2

< /23 51 (02, = dlcl.

The (second) inequality in (5.182) hence follows from (5.174) and max,e¢ .} 'Yfg,egi < @ele),
where the latter holds by (5.175) and monotonicity. With the perturbation (5.181) of the
matrix AS (cf. (5.176)) under control, we can now apply Lemma 5.8.7 to find contraction
parameters ¢ = (g, ¢) which via (5.180) imply that 9 is close to an element of My. To this
end, recall from (5.176) and (5.177) (and N; = I) that the diagonal entries A= (X,..,09)
of f\g read

N = LHy-c for Hy:=ddiag(({)111, .-, (()ada) - ¥,

where, upon permuting ¢, ..., (% if necessary, we may assume that the ‘vanishing’ index i

from (5.179) reads i9p = 1. Now for a given a > 0, which will be specified below, define
Ao = (0,a/kg,2a/kq,....(d—1)a/ky) = ()\O‘) (5.184)
for the constant kg defined in Lemma 5.8.6, and set further ¢, := (1, ¢,) with

o 1= 0 ddiag(0, (O)agns - -5 (O)7iy) * Aare (5.185)

Clearly |\,| = aand A, = A? , and by Lemma 5.8.6 the matrix f\ga is such that the minimal
distance between any two of its eigenvalues (the latter are the entries of \,) is maximal
among any matrix in {AS | ¢ € Ry x R% : |diag(AS)| = «}. To simplify the following
estimates, we choose o such that ¢, (¢) from (5.183) is dominated by its second argument,
i.e. such that ¢, (¢) = |c,|e. Clearly this holds for

1
1—¢

a >0 suchthat |¢,)| = (5.186)
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Note that an according choice of « is certainly possible since, cf. (5.185),
lcal = a kY for k=07 DAl >0, (5.187)

where D¢ := ddiag[(0, (()a99, - -, () z4y)] and the positivity of Ii? follows from the invert-
ibility of 9~ (as thus ker(97!) = {0} # D¢ - A;). In respect of (5.182) and (5.186), we may
bound F, = E,_, by

|Eall < Feolcal - €+ (1+ Ko)lcal? - €
— ﬁ [1 + |95 + w2 (D) [€d + (1 — €)] + /@05}
< [14 k0 + [[Blls + (1 + Ed)ra(D)] - i _55)2. (5.188)

Recalling Ag = RA and ||| = ||9]| < Vd||Ar| (as ¥ = 0, Ag with 6, € Z1), we find that

Ky = 1+ ko + ||9]|¢ + (1 + &d)ra () (5.189)
< 14 Vd||Ag|ls + (1 + (1 + &d)ra(AR)) ko =: Ko (5.190)

since also ka(¥) < kok2(ARr) by the assumed condition number bound on 6,. Next we
tie in Lemma 5.8.7. Using the terminology of said lemma, note that by the above choice
(5.185) of ¢, the eigenvalues \; := A\j*, i € [d], of the diagonal matrix C' := Aga are pairwise
distinct with associated unit-norm eigenvectors given by (vi)ie[d] = (ei)ie[d], the standard
basis of R%. Accordingly we have (in the notation of Lem. 5.8.7) (ui)iclg) = (€])ic[a) and,
thus, xk; = 1 and

$i = 04-1((Opw — Oipw) - (C' = NI)) = jEI[Ic}]i\I}{i} INj — Xi| = a/kq (5.191)
for each i € [d] (cf. (5.184)). We observe that E, (= E) thus meets the hypothesis (5.152)
of Lemma 5.8.7. Indeed: Notice first that the stronger (than (5.152)) inequality

IBa|l < v 'min 2 = & =145, (5.192)
icld] Ki vkq

follows — due to (5.187), (5.188) and (5.189) — from the (yet to be proved) inequality

€
1—¢

-1
< (vkdm?Kﬂ) =:qy, (5.193)

which in turn is equivalent to € < ¢y/(1 + gg). But since by definition, cf. (5.187) and
(5.190),
KKy < k(14 ko) + ka(D)ss1 + (14 €d)RY ra(9)

for the source-dependent constant ¢ := ||D¢ - \|| = k' /S0, (2’522 and with

woll 471

Vd

k() < koka(AR) as well as Iig < ||1§71||§1 <
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(since 97| = |97 = AR 61| and |05 < wo/16x]| = wo/V/d), we find that

A*l
m?Kﬁ < 1o 1= KoS1 H\;%H(l + Ko + (1 + &d)koka(AR)) + k2(AR)s (5.194)

and hence ¢y > (Pykdm)fl =: qp and thus

qy > q0
1+qs — 1+qo

(5.195)

But since € < g9 = qo/(1 4 qo) by assumption, we conclude that (5.195), and hence (5.193)
and thus (5.192) and with it (5.152) in particular, hold as desired. This guarantees that
Lemma 5.8.7 applies to the above matrix C' = Aga and its perturbation C' := C + E, (cf.
(5.180)). Denote by Aj,...,\q the eigenvalues of C' enumerated in the order (from left
to right) in which they appear on the diagonal matrix Aza in (5.180). Since, in further
consequence of (5.191) and (5.192),

2”“;12/‘%HEQH2 - (2;;];)04 _ 2%1

Lemma 5.8.7 (cf. (5.154)) then implies that there is an assignment o : [d] — [d] such that

[ Eall +

Aoy — Al < 2%1 for each i € [d]. (5.196)
It follows that o is in fact a permutation and the eigenvalues Ap, ..., Ay of C (all real) are

pairwise distinct. Indeed: assuming otherwise that there are i,j € [d] with i # j such that

5\0( ) = )\U(]) implies, due to (5.196), that

A= Nl < = Aol + [ Ae) — A < a/ka,

contradicting min; je(q, i [N — Aj| = a/kq (recall (5.184)). Hence for each i € [d], the
eigenspace V; of C associated to 5\1 is of real dimension one, namely V; = <1§i)R for 5‘@ the
th column of 9. Thus by Lemma 5.8.7 (5.153) we obtain that,?? for each i € [d] and o € Sy
as above,

167 Bogey — el < 2%
Using (5.187) and (5.188), the right-hand side in (5.197) can be estimated to

de 9
A

Bl for 5= Uy (i (5.197)

for 7y = 2kqrlKy, (5.198)

whence in partic. de |Eall < 2/v <1 by (5.193). As for an estimate of the 3;, notice first
that

Bi = max [y = [|¥i]leo for all 7 € [d],
ve(d]
39 Since for every eigenpair ()\J,wj) of C we must have w; =q- 19], qg € Ry, as )\ is simple, the eigenvector
o = (9),...,97) to X; which has been singled out in (5.153) via (05 =)u]v; = 1 reads 0; = 19 L9,
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as otherwise max, ., ;) ‘Bi_l -191,1-‘ > 1 and thus HBZ»_I . 790.@) — 62-H2 > 1 in contradiction to

%HEQH < 1. Hence for each i € [d],

| ARl

Bi = dVP|ills > —— =
Il 2 —

where the first inequality is due to the equivalence of maximum and Euclidean norm and
the last inequality follows from ||J;]|s = || AL - 0ill2 > 0a(Ar) = | Arll2/r2(AR), where we

used that 6;, which denotes the i*" row of 6,, has Euclidean norm 1. Further,
Bi < ||1§z|’2 = |AL - 0ill2 < [|AR]2 (5.199)
for each i € [d]. Thus, the condition number of A := ddiag[f;?,... ,ﬁ;l] is bounded by
ko(A) < Vdra(AR). (5.200)

Combining (5.197) and (5.198), we obtain

15
1—=¢

|98 ~1| < 7 for 7ro:=d-r1, (5.201)

where M := PI-A € M, for A as above and P, = (0o(i);) the permutation matrix associated
to o. Hence for M := M~T € My and E := (OM —I)T we get
9= MI+FE) with |E| < (5.202)

l1—e

and with ro < 2dkgro, for 7o as in (5.194); this proves (5.105). To see the last inequality
in (5.105), we note first that since 9 = 6, A by definition, equation (5.202) yields

0, =M-A'+ ME- AL (5.203)

In particular, we thus have obtained the relative-error bound

16, — MA7Y| _ |MEM~V[|o| MA~Y| (G200 ¢ ,

< < = 204

IMA-Y — [MA]| S Ty TE (5.204)

where 73 := V/dko(AR)ry (recall (5.200) and (5.201)). This concludes proof. 0

5.8.4 Proof of Theorem 5.6.14: The Continuity of J

Proof. By Remark 5.5.13 and because (E,d) is a premetric space and (F,0) is a metric
space, the map J is continuous on .# if (and only if; see Remark 5.5.3) for each p, € . we

have that:

Ve>0:3r>0:VpeE: if d(p.p)<r then 3(T(p,),T(p)) <e. (5.205)
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To prove (5.205), fix any px = (ux, A) € £ and let € > 0 be arbitrary.

Let further 0 < r < rg, for ry as in Lemma 5.5.14, and take any p = (u, f) in E with
d(ps,p) < r. By Lemma 5.5.14, this p can then be assigned a unique signal p¢ in ® such
that

A

fy = fupr = Apc  with 6y (ue) < K'r?  and  [|[ucle — [mell, < K7 (5.206)

for (explicit) constants K’ = K, := K, (jix, Kg) > 0, increasing in v, and K = K (i, Kg) >
0.

By Section 5.6.1, the triple (i, p¢, A) can be associated the identifiability-related para-
meters

q(pe)

T+ q(u0) with  q(uc) == (vkap(pc)) ™ (5.207)

e(ue) =

for y =1+ /5, kg = \/f(d —1)(2d — 1) and the function p(v) = p(v;ps) (v € D) given by

p(v) = Fosa(v) [” )1 4 5+ 1+ e roma(an, ) + @(ARV)c(u)]

for Agr, := R,A and the whitening matrix R, := R(C,) as in Lemma 5.8.8, writing
Cq := AS(a)AT for the A fixed above, and with the auxiliary functions

\/z ’*jmm) and  s(v) = /XL, (1)2,/ (5.208)

and £(v) = /S0, [|[AR, - v];|® and &o == b+ A, cf. (5.111). Recall further from Remark
5.6.13 that there is a radius 7. = 7«(px, Ax) > 0 such that, for B(A,V) as defined in that
remark,

By € Z1 if [|Wo = [moll < 7. (5.209)

Using the bound in (5.206) on the distance between [u¢]. and [u,]c, we see that the coef-
ficients (5‘208)‘1/:#( are well-defined — i.e. that (u¢)i > 0 and (u¢)i > 0 for all 4 € [d] -
if
Al .
r < [(po A 00)/K] fo . r1, where o = min;>g (i )i ;

note that g9 = go(+) > 0 by definition of .#. As the denominators in (5.208) are bounded
away from zero on {v € © | ||[V]c — [wlelly < q} =t By for any q < po A go, we see
that the coefficient bounds R;(q) := ~supl/EBEI c1(v) and Ra(q) = SUD,,c 3, ¢(v) are both
finite. Further, since the eigenvalues (A;(a; A)) := A(AS(a)AT) of the symmetrized matrix
Ca = AS(a)AT depend continuously on a € R¥“ (Lemma 5.8.8), so does their minimum

(a) 1= min¢[q) Ai(a; A). Hence and since o, = 5([it4]o) > 0 [recall that Clu.)o 18 congruent

o
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to S([p«Jo) € Posg (the Posg-inclusion holds as C), is invertible), cf. (5.91)], we have
po == sup{s > 0 | mingcpaxa; ja_[u,]o|<s} 2(@) = 0x/2} > 0. This implies, via (5.90), that

sup [|R(Ca)|| < \/2d/0n = Ly, for B, =B (o) = {a € R™|[la — [uJoll < po}
0

ac

(notice that {Cq | @ € B;,} C Sym] by definition of py). Hence it is clear that &3 =
sup{((v) | v € D : ||[¥]e — [xlellv < po} is finite, and combined with (5.78) we find

sup(; frems IR(Clagly)|| < Ly, provided that r < rg Ary A (Po/ KM =: v, (5.210)
Here, the functional assignment [as used in (5.206) and (5.210)]
By 3 (fi, f) — fic € Bya (5.211)
is the one asserted by Lemma 5.5.14, cf. (5.206). Assuming from now on that
r < ry = rhA(reJK)Y,
we just saw that, for each v € By, with g, := Kr®, we have both (5.209) and the domination

Ip(v)| < F&oﬁl(%)lﬁl([\/go)(l + Ro + (1 + R3d)RoS2([v]o)) + 52([1/]0)5%2(%)]

where 3; = Bj(-;A) (j = 1,2) are the bounding functions from Lemma 5.8.8 (5.158)—
(5.159). The above is equivalent (cf. the proof of Lemma 5.5.7) to the inequality

B

p() <Vro[-lo for 0, :=Froki(qr) Nz

(1 o + (1 + Sad)ofa) + Pafia(a)|

which holds pointwise on B,, and where [-]o : ® — R%*? is the map that sends a signal
to its ground-level coredinate (cf. (5.39)). Note that while ; is continuous, the function
35 is a fraction of the form B2 = 3 /z, with /3 the enumerator and z the denominator in its
definition (5.159), where /3 and z are each continuous on R%? (Lemma, 5.8.8). Note further
that by definition of ra, see (5.210) [and recall (5.90)], the denominator z is bounded away
from zero on [By,Jo = {[V]o | ¥ € By, } =: A, that is 3(r) := inf{z(a) | a € A} > 0. Hence

19,,]%_ < 197]%, and for 3, := 3(r)7t 3 we consequently have the qu—pointwise domination

Bi(r)
Vid

The majorant D, is continuous and strictly positive on the ball B;, D 2, defined above.

p(-) <Vpol-]o for U, :=RoRi(gr) (1+ Fo + (14 Rsd)Roby) + BrRa(qr)|. (5.212)

In particular [recall q, < po], for the function ¥, (a,a1,...,aq) := @r(a) we have
Ur € C(By;Rs0) on By =By ([udo) :={a e V| [a— [udellv <},
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and by the above p(-)-domination (5.212), recalling (5.211) (see also (5.206)), we obtain

p(ic) < wr(licl) for each (i, f) € B (5.213)

Setting ¢ := 1, for 79 := 0.95 - 9 and introducing the function 7 : [0, 2] — (0, 00) defined
by

w(r) = min {Q((vka @) ) |G € BY ()} for  Qu) i= ——

we find for any p; € B, as in (5.213) [recall (5.211)] that, in consequence of (5.207) and
(5.213),

e(ue) = Qq(ue)) > Q((vhav([ucle))™t) > 7(r), for each r € [0, 7). (5.214)

Now since 7 is continuous (Lemma 5.8.9) with 7(0) = Q((vkat>([1x]c)) ™) > 0, there will
be a positive radius up to which 7 is greater than the continuous majorant v : [0,rg] > r —
K'r/2 of 5 (p1¢) (cf. (5.206)). This implies, cf. again (5.206), that we must have

ry 1= inf {0 <7 <7y | 7(r) — sup(,, pepx 01 (p¢) < 0} (5.215)

>inf {0 <r <7 |7(r)—v(r) <0} > 0.

Let now 0 < r < 73, and set K; = 2dkqmax{t(a) | @ € B‘}g} and fix K' = K,, (=
K.,
O (pe) <7(r) <e(pe) <1 [by (5.215) and (5.214)] and hence, by Theorem 5.6.10 (5.105)
[which by (5.209) is fully applicable], obtain that

). Then for any (p, f) € B, (s, A) with (5.211)-associated signal ps € leg, we have

V0, € ®(fou) : thereis M = M(6,) € My and E = E(6,) € R™? such that

i (5.216)
Op = M(I+ E)A™" with ||E|| <e, for e := K205

(see also (5.202) in the proof of Theorem 5.6.10 for reference). Clearly, the error bound e,

is strictly increasing in r (recall that v(r) < 1) with lim, 04 € = 0.

Next, denote the constants Kz := ra(A)Ly, and 7, = mingg) le] - A_1C[1P{*2]0| and
consider the auxiliary function 7 : [0, 73] — R4 given by
n(r) == max {7, AT (R(Ca) ™' = R|| | (a, a1, ,aq) € BY } (5.217)

for R, :=R(C|,,),)- By (5.157) and Lemma 5.8.9, the function 7 is continuous with 7;(0) =
0. Let further Aq := ddiag;—; _4(|e] - A7'R(Ca)7"|) and set A, gy := Ay, via (5.211) (cf.
(5.206)).

For the (arbitrary) e > 0 fixed in the beginning of this proof, cf. (5.205), choose the
largest

0<ry <rg such that maxre[o,m)(ﬁn(r) + (JJA 26, + Der) < e/Ka2,  (5.218)
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where 6* : [0,73] 3 r = 67 1= maxgem, v/ max A\(Cq) € Ry (which is [monotonically increas-
ing and| continuous by (5.156) and Lemma 5.8.9). The proof concludes (recall (5.205)) if
we can show

0(J(ps),TI(p)) <e, foreach peB,,(pi). (5.219)

And indeed: Writing 2 := Z; - R, we know from Theorem 5.6.10 (applicable by def. of .#)
that
I(ps) =Mg-A"'NEg, = {PAAT | P ePE} = A,

where the second identity can be easily verified from the above definitions (recalling (5.98)
and the unit-row conditions (5.97)). To see that (5.219) holds, take any p = (fi, f) € By, (px)
and let us first fix any a, = Py, A,'A™" € A,, denoting Riup = R(Cly) (cf. (5.211))
for convenience. Since J(p) is non-empty (5.99), there exists some 6, € Zg, such that
0p = My(I+ Ey)A~! for M, = P,A () € My (with B, € P5 and Ay, = ddiag(m}, ..., mg) >
0) and ||Ey| < €, see (5.216). By the Pi-invariance of ¢5,, and Er, (cf. (5.96) and
(5.111)) we find that also 6F = (Py,P,1)0, € J(p). Hence (and since PdjE C 04 and
[A1Az]| < [[A1]l[|Azll2, ¥ A1, Ay € RP*Y)

A0 30) < o — 63| < A7 ol Ay2 — Ry (T + Ep)]| (5.220)
Since 67 € ERP and hence 6;7%;1 = Pu*]\(p)(l + Ey)B, € 21 for By := (RpyA)~!, we have

1=|el- 9;72;1] = mg(i)

el iy (By+ ByBy)|  for each i € [d] (5.221)

by the unit-rows requirement (5.97); here, o is the permutation underlying P,. Con-

sequently,

2
+ [ All2Lyp.er,

d

A5 = AT+ Ep)|| < JZ :

[ —— Y
i=1 leiT'Bp*‘ i

(5.221) 4 Tmilel (B, — By,)
< 2 p & p Px

_ V2l ALy, |13, - B,
- minerq €] - By

2
~ 2
+ (mi|e] By Byl)” + | All2Lp €4

+ 1Al (A7 2 6%, + 1) Lp.ers

.|

the first inequality is due to H/NX(p)EpH < H[X(p)ngT and H[\(p)Hg < ||A||2/|Rp|| (recall (5.199)),
and for the last inequality we further used || By|2 < ||A_1||2||T\’,p_1|]2 < || A7 |26 (cf. (5.90)).
Combined with (5.220) and (5.218) (also recalling (5.211)), the above implies that

d(0.,3(p)) < Ka(V2(ra) + (1A 287, + Ver) <

and hence, since a, € A, was arbitrary, sup d(a,3(p)) < e. That, for any p € B,, (p«),

a€d(py)
also supbeﬁ(p)d(j(p*),b) < ¢ follows similarly. Indeed: Take an arbitrary b € J(p), say
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b= my(I+Ey) A" € Zr, (cf. (5.216)) with || Ey|| < €, and my = P,Agy) € My for P, € P

d

and A(b) = ddiag[m{,...,md > 0. As above, unit-rows again implies (5.221) (but with
(65, Ep) replaced by (b, Ep)) so that for a := PUAp_*lA_1 € J(p«) we obtain as above that

d(3(p.),b) < [|a—bf < A 2] AL — Ay T+ Bp)|| < e

Hence suppey(p) d(I(ps),b) < e (asb € J(p) was arbitrary), implying (5.219) as desired. [J

Remark 5.8.10. (i) For simplicity of constants, we can use (5.155) to majorize (5.217)

via

Alla .
n0r) < WALy L2 supen [l o] < Kur®
YxO %
for the (p,-dependent) constant K := x3(A)Ly, l’iﬂf K; let also Ky := ||A™ Y267, + 1.

Accordingly, for any given € > 0 we may then instead of (5.218) choose 7 = 7(g; px) as
# = sup {0 <r <rg] maxse[om)(\@f(lsa + Kae) < e/(ka(A)Ly,)} € (0,74
to ensure that the continuity-relation (5.205)|,_. holds.

If for any fixed A € GL, one is interested in the continuity at .# of the map
Ja: (D,8) 3 — (A p) e (F)0), (5.222)

i.e. the (partial) continuity of the solution map J(-,A) on the sectionalised identi-
fiability conditions .4 := .7 N (D x {A}) of E' = ® x GLg, then the above proof
of Theorem 5.6.14 shows that this continuity holds without imposing any additional
integrability assumptions on ® (cf. (5.50)). More precisely, the continuity of (5.222)
admits a simplified quantification via Remark 5.5.15: Operating on the identifiability
domain F4 := 9 x {A} allows us to replace the above rg by po/p1 and then copy the

argumentation for the proof of Theorem 5.6.14 but from the adapted premise

iy = Aspp - with 0y (p) < Lev/r and  |[[p]e — [y, < Lr, (5.206")

which for any (p, A) € E4 with 6(us, 1) < 7 < po/p1 holds by Remark 5.5.15 (5.82).
Working from (5.206’), the above proof of Thm. 5.6.14 goes through verbatim but
with

the (global®®) replacements: K’ ¢ L,, K< L aol,

which results in eased moduli of continuity build from (5.53)-independent constants.

40 86 that 71 = r1(po, 0o, K, «) is replaced by 71 (po, 0o, L, 1) etc.
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5.8.5 Proof of Proposition 5.7.6 (Cases i = 2, 3)

Let us now prove the assertion (5.125) for the cases i = 2,3 of multiplicative noise.

Proof of Proposition 5.7.6. We first consider the case i = 2, that is the triple (X X@ A ,S™)
for X® as in (5.122) and S" as in (5.121).
Then, since Lebesgue-Stieltjes integration obeys the product rule [ f ed(g192) = . ; wg1 dga+
f;gogg dg; for any ¢, g1,92 € Cll and every 0 < a < b <1, we have
(SMij = (0’0’ | SL87) + (ST [0, §7) + (0, 87| S%, ) + (%, 87 [, o) and
(STije = (n'07 0" [ 8,87, 8%) + (o, S* | S%, 87, ) + (ST, 0 [, 57, SF)
+ (ST S8 ' ST ) ', ST | ST SF) + (', 87,8 (8T )
+ (%87 0" [, S*) + (ST, 87, 8 [ ' )

(5.223)

where for Y,Y,Y,Y, Z,Z € {S,n} we denote (Y?, Y7 | Vi Yi) = ]E[folfg Kiﬁjdﬁidfftj] and
(YOI, 28| Vi vi ZF) = E {/Ol/ot/oyw zZk dYﬁdY/deZt’“} . (5.224)
Evaluating the statistics (5.223) sumand-wise in a similar way as before, we find
(n',n? | S 87) / E[nin/|E[S1S/]d*t  and Lot | S7) / E[nin/|E[S:87]d%t  etc.,
whence and by the fact that S is a mean-stationarity IC-source with E[S] = 0, which implies
that E[S1$/] = E[SIE[S!] = 0 = E[S%S7] whenever i # j, we obtain
(S = UA Glsin(® d2t] .5 for each ij € [d)5, (5.225)

where ¢l (5,) = Elnini|E[S1]] + Eliini]E[S1]) + Epif]E[SiS]) + Elifaf] B[SiSi)
The third-order statistics (5.224) behave analogously, which leads to

(SM)isk = [ Gis (®) d3t} Sye for each ijk € [d]}, (5.226)
As ’
where this time the integrand is the function
Dl (r 5,1) = Eminint|E[SLSLSH + Elninlnt | E[SLSLS] + Elninini E[S}.9257)
+ B[ ELS;.S2S]] + ElniinELS;S2S7] + Elnii i ELS;S.S])
+ B[ ELS;S257] + B[S, 257,

Enumerating the sumands gb; = qﬁz = ;‘n] which constitute ¢%S m — resp. the sumands

1/15- = %, ;i fn ; which constitute w% Sm) in the order in which they are displayed above (so
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that e.g. 6 = B[] E[SiSH] and (6},0%s) = (Bliinf], BISSH]), ete.), we from (5.225)
and by Hoélder’s inequality obtain that, for each i € [d],

(87 = ()al = | [ 2<¢z,1<t>—1> 10+ a0 (1) &2t

UAQ(%J( ) - ] Gi1 + Z U (0,;(t) T%,j (5.227)

for the source-dependent constants ¢; ; := ( Ay ; ~(t)2 d?t) vz Likewise, for each i € [d],

IN

‘ 1/2
(5~ (8l < [ (hato) - 170 cmz[/ CHOR  [ETRCE
3
for the source-dependent constants ¢ ; = ([a, ¥} ;(t)? d3t)1/ ®. For convenience, let us

abbreviate the expression in line (5.227) by <Bl, Gi) = Z?:l Em"éi,j for b; := (Bm, 61’2, l;i,3, 131-74)
and & = (&1,...,¢.4) and by = ([, (@} (t) — 617)2d%)""?
right-hand-side in (5.228) by (l;z,éZ) = ng‘:l lv)” - ¢ 5 for bi = (Iv)i,l,...,lv)@g) and & =
(€1 v Es) and by = ([a, (8),(8) — 617)2d3%)"%. Then by (5.225), (5.226), (5.227),
(5.228) and recalling (5.57),

, and likewise abbreviate the

5(5,5M2 = ||[Ng' ([S"o — [S)o) Ng || +Z SHING (1S, — 181N )P
d
= Z zz1| 5'77 ”D2 + Z<S>;u1(<s>;ul <S77>WV - <S>VWD2
v=1

d
<D 2 (i @) 4y b)) =2 Ba(Som), for i = (S)a

Since 3(S,n) < B2 by assumption on 7, we obtain (5.125) for the noise case i = 2 as desired.
The case i = 3 follows (almost) analogously: As a consequence of the product rule, the
statistics (X");; and (X7);; are also of the form (5.223) but with S replaced by X. Hence
by the same arguments as above we can conclude that for each ijk € [d]3,
(XM = (0,0’ | X X7) + (X7, X o) and (5.229)
(XMige = (0’ | X0, X7, XP) (X!, XR Lt X )+ (nf, X, X8| X )
(XL Xt [t o, XF) (X X X )
where we used that 7 is IC, independent from X and mean-stationary. Further, using
El] =1,
d
170 = [XTol* = D 1m0’ [ X4 X) = (X +(X*, X ) [* =

=1

n o _ 2 _ 2 3
|HX ]V [X]VH VVV+Z,L€ [d\{v }( ZVI/—I_AV’LV ‘/A d

d2

i

—1— Z(égly) + =

£y
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for v = 1,...,d and Aijk = [(XM)ijk — (X)ijk| and with the (5.229)-derived auxiliary
quantities
&i(s,1) := (E[nen) — DE[XIX]] + E[jen) E[X(X;]  and
B (r,5,t) == (Elyyniny] — VE[Xy XY X))+ B[y i} |B[XY XY XY+ R,
for R, := Efintny \EIXY X XY +Elnyi iy |ELXY X7 XY+ Elyayny E[XY XY XY] and £{)) 1=
o . .. 2 ~
o Elrn] = DE[Xi X2 XY] + [y |E[X] X X}] d* ] , with Z2) defined likewise.

. 2 . 2
Abbreviating &; := ‘ng ((t)d*t| and 5, = ‘fABE,,(t) d3t| , we thus have the control

d d
A 2 2 = =
X7 = [XTC? = 306 +2)% + - SED +20) = ss(X,m). (5.230)
i=1 v=11i#v
Now by continuity of the A~!-induced tensor action on V, cf. the proof of Prop. 5.7.4 [first
half], there is an explicitly computable threshold 7. = ~-(8:, A) > 0 small enough such that

B3(X,n) < 4. implies §(S,A71X") < B..

This shows (5.125) for the case i = 3, as desired. O

5.9 Extensions and Outlook

Let us briefly comment on how the robustness analysis of this chapter may be extended
to accommodate the alternative base assumption that the hidden mixing relation between
source and observable may be nonlinear. The central update for this would concern the
property (5.41) of linear equivariance, which was one of the core properties of the signature
on which our blind inversion algorithm was based (Section 5.6.1): Is there a similarly
structured way in which also nonlinear transformations of a signal are encoded within
the signature representation of the signal itself? For polynomial nonlinearities the answer
is positive and in fact a direct generalisation of (5.41), as we show in Proposition 5.9.9.
This ‘nonlinear equivariance’ of the signature allows for a straightforward extension of
the low-order robustness topology from Section 5.5 to higher-order signature moments,
where the order grows with the (polynomial) ‘degree of nonlinearity’ of the assumed mixing
relation between source and observable. Using that the identities (5.70) persist up to any
order (at least for stationary IC sources), we may derive appropriately diagonalising tensor
contractions (similar to (5.39)) of higher-order signature moments of the source, see Section
5.9.4, that we could then attempt to arrange in such a way as to explicitly characterise (up to
monomial ambiguities, cf. Def. 3.23) accurately inverting nonlinear retransformations of the

observable by way of the (expected) signature relation (5.245) (in generalisation of its linear

212



reference relation (5.239), for which this blueprint was first conceived and implemented in
Section 5.6). This would then result in an explicitly computable procedure for the exact
blind inversion of polynomial mixtures that admits explicit robustness guarantees similarly
to Theorems 5.6.10 and 5.6.14. Potential applications could include the stability analysis
of invariant measures for random dynamical systems that are obtained from polynomial

function iterations. Further explorations of this are left for future research.

5.9.1 Signature Representation of Nonlinear Functions on Paths

In this section, we use Lemma 2.2.4 to infer a duality-based embedding into R[[d]] (‘coordin-
atisation’) of polynomial, and potentially more general continuous functions on paths. This
embedding will help to locate the information contained in (the signature of) a nonlinearly
transformed path within the signature of the (untransformed) path itself, and it provides a
new graded discretisation of a given transformation on R? which, in particular, gives new
and precise ways to study and quantify the action that even extremely subtle nonlinearities

have on any given path.

5.9.2 Elementary Signature-Calculus

The nonlinear constitution of the signature vector (2.13) and the coordinate space (2.21)
housing it, mandates to complement the basic vector space operations of addition and scalar

multiplication by some elementary nonlinear extensions.

Recall to this end that the real vector space U := R[d] of all word-polynomials over the
alphabet [d] = {1,...,d} is graded (2.22) with the closed*! subspaces

Vk:{qEQ]’q:Z|w|:kcw~w} and V[k]:évj,

Jj=0

that is, Vj is the set of all homogeneous word-polynomials of length k € Ny (with V) = R)
and V) is the set of all word-polynomials of degree less than k, cf. Section 2.3.3. Recall
further that 20*, the algebraic dual of 9, can be identified with R[[d]] =: T, the space of
formal power series over [d], with (-,-) : U* x U — R their dual pairing (Rem. 2.3.2 (iii)).
For simplicity of notation, we find it convenient to express the nonlinear interrelations

between the signature moments (2.18) in the classical language of differential forms.

Notation 5.9.1 (Iterated Integration via Differential Forms). For U C R™ open, recall that

any absolutely continuous function h : U — R induces an (a.e.-defined) differential 1-form

dh:=01h-duy + -+ + Oph - du, € Coo(U;TU),

41 Wrt. the [d]-adic topology, cf. Section 2.3.4.

213



and any collection hy,...,hx € C(U) of such functions yields a differential k-form

At F = dhg A Adhe = > Oy ha e Ok dug, A Adug, € Cae (U AMT*U)
i1y =1
where A\*T*U = @,_o AP T*U denotes the exterior algebra over TU with wedge product
Cy - dhY for each ¢ = >
For the particular case U = (0,1) and = € C([0,1];R?) absolutely continuous with

A. By linear extension, we set dh?:=3%" . weg Cw * W € .42

(absolutely continuous) components x!, ... ,z% € C1, we have dz* = & - dt and hence
(sig(x), iy --ig) = [ da" = [ @@k dsy A Adsy (5.231)
Ay Ag ——
= 'l

for each iy - - - ij, € [d]}, where the integral domain reads Ay, = A’g,l for the simplices
Ag,t = {(u1>"'7un) €R" ’ s<wuy Sug <---<wu, < t} (5232)

defined for n € N and s, € R. For U C R* an open superset of int(Afil) and n: U —
N T*U a measurable k-form, define (on the space of all measurable k-forms, by linear

extension) the (s,t)-iterated integral of n as

ost(n) = N n (0<s<t<1),
s,t

so that in particular sig, () = 0¢,1(dz") and

sig, () := 5ig(yc||87t]) =€ + Zwe[d]* os(dz") - w. (5.233)
Finally, for any collection (4;);e; C R of measurable sets, I some index set, we write
U A =: |9| A, = [Vi#j : A;NA; isa Lebesgue nullset]
i€l el

if the sets A; which form the union are disjoint up to a Lebesgue nullset.

The characteristic relations between the signature functionals (2.13) are based on the
defining properties of the total order (<) on R which in turn manifest in elementary relations
between the simplices (5.232). Although the following two results are well-known, we include

our own proofs to fix notation.

Lemma 5.9.2 (Product and Iteration of Simplices). Given k,{ € N, split each u

(U, ..., uppe) € [0,1]%+ according to u = (uM,u®) with vV := (uy, ..., uz) and u® =

42 For each q € U, we write u € ¢ if u is a monomial of ¢ (i.e., u € ¢ & [u € [d]* and (g, u) # 0]).
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(uk+1, PN ,ukJrg). Then

At = ] AL, x WP} and (5.234)
u(2)€A£,t

ALy x Ay = o] (Al (s,t € [0,1)). (5.235)
TES}CJ

In particular, for each integrable function p = cp(u(l), u(2)) : A];’J[g — R it holds that

du = / / ) dr du®. 5.236
Jyr@an = [ [ etru®ard (5.236)

SUk+1

Proof. Equation (5.234) is clear by (5.232), and the identity (5.236) follows from (5.234) by
way of Fubini’s theorem. Indeed, Fubini yields that

= (2)y. (2) 2)
/A’;tegp(u)du_ [0,1]‘[/[0,1]klﬁﬁif(r’u ) plru )drld“

2 2 2
= /Ait [/[OJwIlAﬁz(r,u( - o(r,u®) dr] du®

= @ )
= ; |

:/ go(r,u@)) dr du®

Aﬁ,t Alg,uk+1

as claimed. Since Alsf’t X Aﬁ’t ={(S1,. 0y Skyt1y--sty) | (<81 <--- < s <t)and (s <
ty <. <te<t)}and T(AETY) = {(wr, ..., uke) | s < urry < o0 < gy <t} for each

T € Sk, the identity (5.235) is immediate by the fact that the order (<) on R is total. [

Although the following properties of the signature coordinates are well-known, let us

include a proof for completeness.

Proposition 5.9.3 (Calculus of Iterated Path-Integrals). For x = (2');clq € Cq a path
whose components x* € Cy are absolutely continuous, let dz® = da't A --- Ad2™ (w =

i1-- -1 € [d]}) be the measurable k-form introduced in Remark 5.9.1. Then for any s,t €
[0,1] and u,v € [d]* it holds:*

(1) Us,t (0'57.((133“) . d{pv) — 0-57t(d$u*v) :
(ii) Us,t(dxu) “Ost (dxv) — O-s’t(dmuuw) :
) Z osr(dz") - ora(dz*’) = ogu(de"), Vr € (s,t).

43 Explaining an abuse of notation, note that the argument differential on the LHS of statement (i) is
understood as o, (dz®) - dz® : [0,1]1* 57 = (- \Tlwl) > Osrp (dz™) - dz7. Unless mentioned otherwise,
this abuse of notation is used throughout.
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Proof. (i): This is an immediate consequence of (5.236). Indeed, using that the absolute
continuity of the component paths z' allows us to rewrite each os:(dz®) according to
(5.231), we obtain

ost(0s.(dz") - da¥) = / / Thdq| -z d7§5£’6y oty d(g,r) = 05,4 (da™™)
’ ’ AL’UL A‘;',l'l q ALut*v\ q,7 ’
as claimed (where the outer integration is over r = (r1,...,7y|))-
(ii) : The second statement follows directly from (5.235). Indeed, for any words u =

IRER Z|u‘ and v = ’i|u|+1 .. 'L|u|+|v\ with |u] =: k and |v] =: ¢, it holds

'f%sl,--- ,Sk) . .i'q(]th__ 7tl) dSldSQ s dskdtl e dtg

os¢(dz") - o5 (da”) = /
A’;thAf\,t

(5.235) (1) e (k) (k1) b (B0)
- Z AR+ x(TTu)w' Tr(k)) x(TT(k-H),'" JT(H[))drT(l) dTT(k'M)
TESk}g s,t

= Z Azt (1) (R ¥ (k1) (R 0)
kte
ALY

as desired. (The second of the above equations is due to (5.235) combined with Fubini-

Tonelli and the fact that ]lT(Ag}t)(Sla ooy sm) = 1104, Ls s, in)(sr0y) With T(m+1):=t.)
(iii): The third statement is a direct consequence of Chen’s identity. Indeed, since

ost(dz") = (5ig(:c|[s t])’ u) for each u € [d]*, the fact that the path |, , is a concatenation

of 5U|[577~] and 5L’|[T7t], any s < r < t, implies

as(dz") = (sig(z], ) *sig(ely ), w)y = D () - {g2,u”)

u'sxu' =u

for g1 := sig, .(x) and g2 := sig, ,(x), as stated. O

5.9.3 The Co-Signature of Functions on Paths

Building on ideas and results that were first published in [36], we use Proposition 5.9.3 to

introduce a signature-based ‘dual coordinatisation’ of continuous transformations of BV .

We define this coordinatisation for polynomial transforms first, and then widen it to the

space of continuous transformations on BY by continuous extension via Stone-Weierstrass.

Set R := R[uq,...,uq| for the ring of real polynomials in d variables, and let
P:=Rx---xR (d-fold direct product)

be the set of all polynomial transforms over R%. Notice that 9 is a free R-module of rank

d and a monoid wrt. the composition o : (p,q) —pog:=(p1ogq,...,pa°q).
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Remark 5.9.4. Each ¢ = (g1,...,94) € B can be identified with the transformation
g= le gi - : RT — R?, for (€i)ic[q) the standard basis of R%, and each component g; of

g is of the form
gi = Zae[mi}; Cafi - U €

for [m;]; == ({0,1,...,m;}, *), m; € N, and coefficients (c,j;)a C R; the number n; :=
max{|al = a1 + ...+ aq | a € [m]}] s.t. cy); # 0} is called the degree of g;, and deg(g) :=
max;e(g n; is called the (total) degree of g.

Notation 5.9.5. Let ¢ : (R,+, ) <= (U, +,w) be the unital ring-monomorphism defined
by ¢(u;) := 4, and notice that the group (U, +) becomes a (right- and left-) R-module wrt.

the scalar multiplication ©: U xR — U, (¢,7) — qOr:=quw(r).

The first observation of this section states that the signature transform is polynomially
equivariant in a sense made precise below. To this end, note that for p € R a polynomial,

x = (2%) € Cy absolutely continuous and q € RI%U integrable, it holds a.e. on T that

d d
= Z Oyp(x) - ¥dt and hence /qdp(:c) = Z /q - Oyp(z) dz”
v=1 v=1

by the chain rule. This motivates the following concept.**

Definition 5.9.6 (Co-Signature). For polynomials q € U and p,q € R, define as

d
74 qdp = [q © Oyp] * and # qdpdq := % [74 q dp] dq (5.237)

the (iterated) polynomial integral of q along p (and q). For g = (gi)ic(a) € B, we set

S(g) == (, >e+ Z <,7é #dglldgm- dgzk>11 r 08 — T

dJ*\{e}

g)w (wfll lk)

and call this operator the co-signature of g.

Example 5.9.7 (Linear Equivariance of the Signature). As an illustration, consider the
linear polynomial transformation A = A -z € P given by A(u) = (Z?:l aij - uj)ielq) for
A = (aij) € GLg(R). Then, for q = (qu)wefg € D and S(A) = (S(A)w)we[a+ as above,

d
S(A)w(@) = Y. iy Qi - Qoo - 1% - (w =iy - -ig). (5.238)

Vi, V=1

44 In the following, we may think of the symbol % as a ‘discrete integral’.
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Notice that S(A) generalises the transformation matrix A of the linear map A. Indeed: for

words j € [d]* of length one we obtain that S(A)(j) encodes the j*"-column of A,

d
, L (5.239) .
S(A)(J) = Zwe[d]* S(A)w(i) - w =" ai-i = (arj,--- aq)T,

=1

whence for any vector v = Zgzl v; -1 € V1 we have

d d
= v -S(A)(H) =Y (Ziiagvy) i = A,
j=1 i=1
Analogously one can read off that for any vy,...,vx € Vi, kK € N,
S(A)(vy % xvp) =(A-v) @@ (A-vp) = A%% .0, @ -+~ @,

whence the affine equivariance of sig (Lemma 5.4.7) can be succinctly expressed as

sig(A-x) = e+ f: A®F . sig, (x) = S(A) - sig(x) (5.239)
k=1

for each x € BY. As we will see next, the above factorisation property (5.239) of the

signature generalises from linear to polynomial transformations.
The ‘discrete integral’ (5.237) of an element q € U has the following basic properties.

Lemma 5.9.8. The operator U x R > (q,p) H% qdp € U is R-bilinear, and it holds

%dp — u(p) (5.240)
for each p € R with p(0) = 0.
Proof. The bilinearity is clear from Definition 5.9.6. For the remaining assertion, let p € R
be arbitrary. By the asserted bilinearity together with the R-linearity of « : R — V,

it is no loss of generality to assume that p is a monomial, i.e. that p = u® for some
a = (a,) € (Ng)*?. Note that then,

Oyp = oy -u*"®  and hence Z Op-uy, =laf-p (5.241)

for the exponent length || = a3 + ... 4+ a4. In this case, (ii) follows by induction on |af.
Indeed, with the base case |a| = 1 being clear (recall that ¢ is unital), suppose that (ii)

holds if |a| = k (k € N fixed). Thus if |a| = k + 1, the identity (5.241) implies

Z Vpuwg

d
|12 L(0y0up) wv) * 4 (L(8u0up) * ) * V]

d
Z 1(0,0up) * p] Wy

Q‘H

1
"l

d d
(lal =1) > «(up) *M+Z ] > udwp) *V—%dp
p=1

v=1
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as desired, where the third of the above identities holds by definition of the shuffle product,
while the fourth identity uses the decomposition (5.241) and the induction hypothesis. [J

An equivalent version of the following observation was first published as [36, Thm 2].

Proposition 5.9.9 (Polynomial Equivariance). For every g € B with g(0) = 0, it holds

sig(g(x)) = S(g) - sig(z) (5.242)
for each x € Cyq absolutely continuous with o = 0.

Proof. Let g = (¢;) € P and x = () € Cy absolutely continuous with derivative & (defined

a.e.). We prove the stronger assertion

(sig0.(9(2)). w) = (sigo,(x)  0y(w)) with gy(w) = f - ff dgi dgiy -+ dgy, (5:243)

for each w =iy ---1, € [d]}, k € N, and t € [0, 1]. We proceed by induction.
For k =1, take any ¢ € [d] and notice that then, for each t € [0, 1],

(sigo(9(x)), i) = (g(w1))i = gilai, -, 2f) = (sigo(2), (i) = (sigo(2), eg(D)),

where the penultimate equation is due to Proposition 5.9.3 (ii), i.e. the well-known fact that
the map (U, w) > u +— (sigy(x), u) € (R,-) is a homomorphism, and the last identity holds
by Lemma 5.9.8, eq. (5.241).

Abbreviating q; := sigg (), let us next suppose that (5.243) holds for some fixed k € N.
Let w € [d]},; be arbitrary, whence w = w’ x4 for some w’ =iy - - iy € [d]}, and i € [d]. By

induction hypothesis, it holds for all s € [0, 1] that

©(s) == 00,s(dg(x)") = Uo,s(dxé’g(w/)) (5.244)

for the differential forms dg(z)®" = dg;, (z) A --- A dg;, (x) € Cae.(Up; NET*Uy) and
dz* € Ca,e.(U|u‘;/\|“| Uy for Uy = int(A€71), cf. Notation 5.9.1. Now by definition
and Proposition 5.9.3 (i),

(sig0,(9(2)), w) = 00.4(dg(2)") = 0000, (dg(x)") - dg(2)’) = ool () - dgs(w)),

where, by the chain rule, the differential dg;(z) can be written as

d d
dgi(z) = Z Ovgi(x) - 2"ds = Z 007.(d$‘(6”gi)) ~dz”
v=1 v=1
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(the identity 0,gi(zs) = 00, (dxb(augi)) is again due to the fact that d,g; is a polynomial and
U > q— 0ps(dz?) € R is a shufle-homomorphism). We thus have

d d
(sig0.(9(2)), w) = 3 004(p() - 00, (A2 @) - da¥) = 37 o0 (00, (daes @I wP9)) - da)
v=1 v=1

= ooy (dl-Zi_l[gg(w’)UJL(al/gi)]*V) _ <5igo,t($)a %Q‘g(w/) dgi>
= (sigo(@), og(w' 1))

as desired. Note that the second and third of the above identities hold by Proposition 5.9.3
(ii) (via (5.244)) and (i), respectively, and for the penultimate identity recall (5.233). O

For g4(-) as in (5.243) we have S(g) = X ,c[q (s 09(w)) - w, so that coefficient-wise the
identity (5.245) reads

(sig(g(x)),w) = (sig(x), 04(w)), for each w € [d]* (5.245)
and for each absolutely continuous x € BY.

5.9.4 Higher-Order Coredinates

We have limited our exposition to the (sufficient) case of second- and third-order signature
moments (5.39) for simplicity, but it is of course also possible to aim for the joint diagon-
alizastion of (contracted) signature moments of order four or higher. As an example, let us

derive a corresponding set of signature-based matrix statistics of order four.

Note that for any B = (b;;) € R%*¢ and each i, j, k € [d] we by (5.41) have

d d d
(B i = D brabisbjsbew - (agyy = Y bigbiy Y bkabiw - (H)apyw-
alﬁ:’%lj:l ﬂ,'yzl a,u:l

Now for (8,v) € [d]? fixed define the matrix ()57 := (()apyv),, and note that

5 bt =[5 -1

a,v=1

kk

Consequently, we obtain for the contracted tensor C’fj = Zgﬂ(u) kiji that

d d d
Cl = 521 k; (B ()" - BT| - bighy, = 5%;1 bighj Tr (BT ()" B) (5.246)

where Tr(-) denotes the trace of a d x d-matrix. Now if A is orthogonal, as may always be

assumed in classical (i.e. unperturbed) ICA applications, then
1
Tr (BT ()" B) = Tr((1)™) =: C) ().
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Hence for C(M(p) := (C/é}y)) we have with (5.246) that

C,Zj — {B oW () - BTLJ

for all i,j € [d], hence (C¥)=DB-CY(u)-BT.
Denoting A := B~ we found C(M(p) = A- (Czj) - AT, hence for y := A - (, some { € D,

(Tr (00™) = A [({Qrin) +++ + (Qaiga)| - AT

By

Note that if the fourth-order tensor ((¢)ijx) is of the form (5.70), then the matrix (Céj) =

(Ei:l@ Vkijk) is diagonal as desired. Likewise, we obtain the equivariant statistics

(T (™))
(Te ((0)™)) =

4 [(@H”) Tt (<C>ddij)} AT,
' [(mmj) Tt (<C>dz‘dj)] AT

and so on.
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