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1. INTRODUCTION

In 1965 Thompson gave the first example of a finitely presented infinite
simple group (see [16] for a description). This group will be the group G, ,
in this work. Higman later generalized this construction to give a count-
able family of such groups [7] and Brown [3] discovered another family of
finitely presented simple groups which are all subgroups of the groups
given by Higman. In [8] Higman proved that a finitely generated group is
recursively presented if and only if it can be embedded in a finitely
presented group. To say that a finitely generated group is recursively
presented means precisely that there is a recursively enumerable set of
defining relations. The set of all relations (words representing the identity)
is recursive if and only if the group has a solvable word problem; thus it
seems reasonable to ask if there is an analogue of Higman’s theorem
which characterizes finitely generated groups with a solvable word prob-
lems. Noting that Kuznetsov showed in [9] that any finitely generated
subgroup of a finitely presented simple group has a solvable word problem,
one might pose the following conjecture (see [2]).
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Higman's Conjecture. A finitely generated group has a solvable word
problem if and only if it can be embedded in a finitely presented simple
group.

The most comprehensive result in this direction at the moment is a
theorem of Thompson [16] saying that a finitely generated group has a
solvable word problem if and only if it can be embedded in a finitely
generated simple subgroup of a finitely presented group.

With this conjecture in mind, we wish to find new examples of finitely
presented simple groups and to enlarge the knowledge of finitely gener-
ated subgroups of such groups. Higman [7] showed that the groups he
constructed do not have subgroups isomorphic to Z" X GL,(Z). In [13]
Scott described a method for constructing finitely presented simple groups
and used it to embed Z" X GL,(Z) in such groups, for each n € N [14].
Here we generalize her construction to show that any Grigorchuk group
(as defined in [6]) which is defined by an almost f-periodic sequence can
be embedded in a finitely presented simple group (Theorem 2). Besides
yielding new finitely presented simple groups, this also gives a new proof of
the solvability of the word problem for these specific Grigorchuk groups.

This work is organized as follows. In Section 2 we give a brief review of
the groups G, , and &, ,, following [13], and define the Grigorchuk groups
in this language. Section 3 provides the tools that are used in Section 4 to
prove the main result. In Section 5 we establish a result which shows that
the groups constructed in this work are very likely to be the first finitely
presented simple groups that have infinite finitely generated torsion sub-
groups (cf. Theorem 3).

2. PRELIMINARIES

In Section 2.1 we will give a brief introduction to the groups G, , and
%, .. The former were introduced by Higman [7] as generalizations of a
finitely presented simple group invented by Thompson in [16]. Our interest
in these groups comes from the following fact (Lemma 20 in [13]). Each
subgroup K of &, . which contains G, , has a simple commutator sub-
group. The simple groups that are constructed in this work arise exactly in
this way. We will describe two different ways of representing elements of
the groups G, , and £, ,: one more precise way, the symbols (Section 2.2);
and a more visualizable way, tree-diagrams (Section 2.3). In Section 2.4
we will define the Grigorchuk groups as subgroups of &, . for suitable r
and n.
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2.1. Inescapable Isomorphisms

For more details of the following we refer the reader to [13]; we mostly
use notation from there. In particular, we write all maps on the right.

Let n,r € N, n > 2, let W, be the set of all finite words in the alphabet
&, ={a;, a,,...,a,}, and let X, be a set of distinct symbols {x,,..., x,}
(a; # x;). If Uand V are sets of words we define UV = {uvlu € U,v € V},
where uv denotes the concatenation of u and v.

The binary relation u is a prefix of v (written u < v) equips X, W, with a
partial order. A subset U C X, W, is called independent if its elements are
pairwise < -incomparable and is said to be a basis if it is maximal among
independent subsets. If U is a basis then § = UW, is an inescapable
subspace of X,W,, meaning that SW, c S and for any v € X,W, there
exists w € W, such that vw € S. Note that any inescapable subspace S has
the form § = BgW, for a unique basis Bs. If By is finite then one says that
S is finitely based. We also mention that the intersection of two in-
escapable (finitely based) subspaces is again an inescapable (finitely based)
subspace.

If U is a finite basis, u € U, then V defined as (U\{u}) U {ua,, ua,,
...,ua,} is also a finite basis. We call V' a simple expansion of U.
Furthermore, the finite basis Z is called an expansion of the finite basis U
if there exist m € N and finite bases U,,...,U, such that U = U,
Z =U,, and U_, is a simple expansion of U; for 0 <i <m — 1. It is not
difficult to see that any finite basis is an expansion of the basis X,.

An inescapable isomorphism of X,W, is a bijective map ¢ between
inescapable subspaces S and T such that (sw)? =s%w for all s € S,
w € W,. The inescapable isomorphism : Q — R is an extension of ¢ if
S C Q and the restriction of ¢ to S is equal to ¢. Note that if S’ is an
inescapable subspace contained in S, then S’ is an inescapable subspace
contained in T. Furthermore, any inescapable isomorphism has a unique
maximal extension; see [13].

Let us call S the domain of ¢ (dom ¢) and T the range of ¢ (rg ¢) and
let s be another inescapable isomorphism. As the map ¢ is defined on
the inescapable subspace (rg ¢ N dom ¢)¢ ' and behaves like an in-
escapable isomorphism, we can define a group structure on the set &, , of
maximal inescapable isomorphisms of X, W, by defining ¢y to be the
maximal extension of this map. This is the definition of the group &, ,, and
G, . is defined to be the subgroup of maximal inescapable isomorphisms
between finitely based inescapable subspaces (these are called maximal
cofinite isomorphisms in [13]). Any element ¢: S — T in &, , is com-
pletely determined by its restriction to the basis Bg (note that B = B;).
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2.2. The Symbol Language

We are now going to describe a way of representing inescapable isomor-
phisms. Another way is described in Section 2.3. Throughout this work we
shall implicitly identify X, W, with W, via x,w — w.

Let us define a symbol to be a scheme of the form

u, u, o,
F=lg & - &/ (1)

Uy Uy 7 U
where the g; are elements of &, ; and {uy, u,,...,u} and {vy,v,,...,0}

are finite bases, called the fop row and bottom row of T, respectively; we
write top(I") = {u, u,,...,u,} and bot(I') = {v,v,,...,v}. Note that, al-
though rows usually have an order, here they are defined as sets only. This
symbol I' defines the inescapable isomorphism

n - n
uw = v, (w)*,  whenever w# is defined, w € W,,

the maximalization of which we define to be the element ¢ € 5, , with
symbol T'. Observe that there may well be different symbols for the same
element; e.g., each permutation of the columns of the symbol T" from (1) is
a symbol which defines the same element. Also, if the element g, in I’
from (1) has the symbol

Yi Y2 W
hy h, - h
21 Z %
then I" and the symbol
Uy o Uiy Uy o WYy Uyttt U
A=1lg - g hy he &1 &
Uy 0 Um0zt Uiz Uiy U

define the same inescapable isomorphism. We call A an expansion of T'; if
t = n then A is called a simple expansion of T.

A more precise notion is that of an E-symbol, where E is a subgroup of
%, ie, all the g; in (1) are elements of E. Note that G, , consists
precisely of those elements that have a 1-symbol, where 1 denotes the
trivial group. We also remark that &, . embeds in &, , for all n,r € N,

showing that g, € £, , in (1) is no serious restriction.
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The next lemma is Lemma 5 in [13].

LeEmma 1. If
w,  ou, v, oo,
r=\g - g| and A=|h, - h
Ut U Wy W

are symbols for the inescapable isomorphisms ¢ and s, respectively, then

u, u,
glh'l gshs
wy ;

is a symbol for ¢is.

For symbols T" and A we say that the combination TA exists if bot(I') =
top(A). In this case T'A is the symbol for ¢y given in Lemma 1. Similarly,
we say that the combination I', --- I’, of the symbols I';,..., T, exists if
bot(I',) = top(T,, ;) for 1 < k <m — 1 and we identify this combination
with the symbol given by repeated application of Lemma 1. Observe that
this definition ignores the order of the columns of the involved symbols as
they appear on this paper. This suggests thinking of symbols as collections
of columns.

2.3. Tree-Diagrams

Here we will describe the group G, in a different way, namely, in
terms of tree-diagrams. It will be clear that all the groups G, , can be
described in this fashion but the diagrams get a little more complex. This
should encourage readers to draw tree-diagrams whenever they fear get-
ting lost in the symbol notation. The precise development of this approach
can be found in [5].

It is not difficult to see that the set of finite bases of W, is in bijection
with the set of finite rooted binary trees. Figure 1, for example, shows the
tree corresponding to the basis {a,a,a,, a,a,a,, a,a,, a,a,, a,a,}.

Since a finitely based inescapable isomorphism ¢: S — T is uniquely
determined by its restriction to B, and, what is more, B¢ = B;, we can

AN

FIGURE 1
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describe ¢ using the two trees corresponding to By and By, this time with
the leaves labelled in such a way that b € By and ¢ € B; have the same
label if b® = c. The element defined by the symbol

a; a,a; 4a,a,

1 1 1
a,a; a4, a,

A

can be regarded as the tree-diagram in Fig. 2.

If Bg=B; then ¢ induces a permutation of Bg. In this case we
sometimes use a tree-diagram with only one tree and arrows indicating the
action of ¢. Figure 3 gives such an example for the element defined by the
symbol

a,a, a4, 4,

1 1
aa;, a4, 4,

A

[
[y

2.4. Grigorchuk Groups

Since from now on we are only concerned with the case r = 1, we use
the set W, instead of X ,I,, identifying w with x,w. We shall also use the
inductively defined notation w"*! = w"w, where w! = w and n € N.

For our purpose it is sufficient to know that any Grigorchuk group is
defined in the following way by two infinite sequences @ and @ with
values in {0,1,..., p — 1}, where p is a fixed prime. Given an infinite

sequence o = w(0)w(1) -+ with values in {0,1,..., p — 1}, we define the

I A

2 3 2 1
FIGURE 2

e NN
SO

FIGURE 3
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inescapable isomorphism b, of W, by its action on the basis

{a;alalp..,a;alap,a;az,n.,a;ap_lh'2 OL
the action is
ayara; = ayay(am "),  1<i<p,
a,a; = a,a;, 2<j<p-—1,

where 7 denotes the cyclic permutation (a,a, - ap). See Fig. 4 for an
example.

Now given a sequence « with values in {0, 1,..., p} define the two maps
“and :{0,...,p} = {0,...,p — 1} asin[6] ie.,

1, ifx=p
x, ifx#p.

0, ifx=p
1, ifx#p

X =

and 5c‘={

The Grigorchuk group G,, is isomorphic to the subgroup of &, ; generated
by b_, b, and the inescapable isomorphism y with symbol

! w!

a, a, a,, a,
A 1 1 - (2)
a, as - a, a;

FIG. 4. The element b, with @ = 120120120--- and p = 3.
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The curious reader will find that in [6] the groups G, are described by
their action on the set & of all open intervals in the real line of the form
(t/p*,(t + 1)/p*) with 0 <t <p*—1 and 1 < k € N. Later it became
popular to describe the groups G, as subgroups of the automorphism
group of a rooted p-regular tree (see, for example, [1, 12]). The isomor-
phism between G, as described above and G, as described in [6] is
induced by the bijection between I, and the set # that lets a; a; - a;
€ QW, correspond to (¢/p",(t + 1)/p*), where ¢ = Zj-‘:l(&- - D/pl Itis
also worth noting that the nature of the maps and s absolutely
irrelevant to the arguments in this work. They were used enormously in [6]
to deduce that G, is a finitely generated infinite torsion group of interme-
diate growth in case each of the letters 0,1,..., p occurs infinitely many
times in w.

3. THE FUNDAMENTALS

In [13] Scott introduced the notion of E-expansibility to show that
certain subgroups of &, , are finitely presented. Let us state an equivalent
definition of E-expansibility.

Let E and H be subgroups of &, , with E C H. Then H is E-expansible
if there exists a generating system Y for H such that, if 4 is in H and
h=y, -y, with y,€ Y*! for 1 <i <m, then there are E-symbols
r,...,r, fory,...,y,, respectively, such that the combination I'; --- ',
exists.

In Section 3.1 we introduce fake-E-symbols and the notion of fake-E-ex-
pansibility which we then relate to E-expansibility (Propositions 1 and 2).
We then give an example of a fake-E-expansible group E (Section 3.2)
which will be used in Section 4 to construct the finitely presented simple
groups we are looking for.

3.1. Fake Symbols and Fake Expansibility

Let S, be the subgroup of G, ; consisting of the elements which have a
symbol of the form

a, a, - a,
1 1 1 (3)
aT a,T o a,T

where 7 is some permutation of the set {a,,...,a,}. Let E and H be
subgroups of £, , with E c H. Then a fake-E-symbol for h € H is a
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symbol for & of the form

Uy U s
xl X2 s |!?
v, U, oD,

where x; € E U §, for 1 <i <. Furthermore we call H fake-E-expansible
if there exists a set of generators Y for H such that, if 4 is in H and
h=y, -y, with y,€ Y*! for 1 <i < m, then h has a symbol which is
the combination I'; --- I, of fake-E-symbols I},...,T,, for y,,...,y,,
respectively. Note that this combination is rather a {E, S, )-symbol than a
fake-E-symbol.

ProprosITION 1. Let E and H be subgroups of &, , and E C H. If H is
fake-E-expansible and every e € E has a fake-E-symbol of the form

a, a, - a,
Xy X2 Xy, (4)
a,m ay,T v a,T

for some permutation w (possibly depending on e) of the set {a, ..., a,}, then

H is E-expansible.

Proof. We must show that there is a generating system Y for H such
that, if y, -+ y, is any word in Y **, then there are E-symbols T';,..., T,
for y,,...,y,, respectively, such that their combination I'; --- T, exists. By
(Section 2.2, Lemma 1), this combination is then an E-symbol for y, --- y
€ H.

To this end let Y be a generating system for H such that H is
fake-E-expansible with respect to Y. Let y, --- y,  be any word in Y ** and
choose fake-E-symbols Iy, ..., T, for y,,..., y,,, respectively, such that the
combination I'; --- I’ exists. Observe that all of the I, have the same
number of columns, C say, and that we can assume (by reordering if
necessary) that the bottom row of T, is the same as the top row of T}, ; as
ordered sets, for 1 < k < m — 1. Now enumerate the columns of each I,
1 <j < m, from left to right by 1,...,C and apply the following proce-
dure.

Start with Step 1 and stop when you reach Step m + 1, where for
1 <i € N Step i is defined as follows.

m

Step i. Let X be the set of all numbers of columns whose middle row
entry in I is a non-trivial element of S,.
(@) If X is empty then go to Step i + 1.

(b) If X is not empty then do the following. For 1 <j < m simply
expand all the columns numbered by some x € X in I’; and denote the
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resulting symbol by I’ again. Now reorder the columns in I',..., I}, so
that the bottom row of I', is equal to the top row of I',,; as ordered sets,
forl <k <m — 1. Replace C by C + |X|(n — 1) and go to Step 1.

Note that (3) and (4) ensure we can execute part (b) and that C will
again be the number of columns of each of the I,. To prove that the
algorithm gives the required result we will show, by inductiononi <m + 1,
that

(a) Step i will be reached and

(B) at the time of reaching Step i all the symbols T';,...,T;_; are
E-symbols.

Part ( 8) holds because the only way to reach Step i is via Step i — 1 part
@), i>2.

As Step 1 is reached by definition, to prove («) it suffices to show that
Step i will finally lead to Step i + 1, 1 < i < m. First let i = 1. As part (a)
of Step 1 leads immediately to Step 2, we only need to check part (b). By
the definition of X and (3) it is clear that at the end of Step 1 part (b) T, is
an E-symbol, and the procedure continues with Step 1 part (a), which
leads to Step 2.

Now consider i with m > i > 1. Again Step i part (a) leads to Step
i + 1. If, on the other hand, we have to execute Step i part (b) then the
definition of X and (3) show that, at the end of this, I’ is an E-symbol.
Furthermore, using (B), if 1 < ¢ < C and for some j with 1 <j <i—1
the cth column of I’ has a now non-trivial middle row entry in S,, then
the cth column of I has trivial middle row entry. Thus, while going from
Step 1 up to Step i again, only columns with trivial middle row entry in T;
are affected. Hence, using the induction hypothesis, we will come to Step i
part (a), which leads to Step i + 1. This completes the proof of the
proposition.

The next result is to show that with a little more care we can even
deduce the E-expansibility of 7= (H,G, ;).

PROPOSITION 2. Let E and H be subgroups of &, | with E C H and let H
be fake-E-expansible. Assume that there is a generating system Y for H such
that E C Y and every y € Y has a fake-E-symbol of the form

a, a, - a
X, X, v X
aT  a,T . a,T
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for some permutation w of the set {ay,...,a,}. Then = H,G, ), the
subgroup of G, , generated by H and G, ,, is E-expansible.

Proof. In the light of Proposition 1, it suffices to prove that 7 is
fake-E-expansible with respect to the generating system Z =Y U G, ;. Let

h=z -z, z;€Z*', 1 <i <m. The proof is by induction on m. If
m = 1 it follows from the assumptions that # = z; has a fake-E-symbol. So
we assume that there are fake-E-symbols I';,...,I,_, for z,,...,z, 4,

respectively, such that the combination I’} --- I, _, exists.

First let z,, € Y. Then z,, has a fake-E-symbol I' of the form (4), and,
as E CY, any middle row entry of T" has such a fake-E-symbol too. An
induction on the number of simple expansions needed to go from
{aj,...,a,} to bot(T, _,) now shows that we can expand T" to a fake-E-
symbol T, for z,, such that the combination I, --- I, exists.

In the case z, € G, ,, let I' be a 1-symbol for z,. Then there is a
common expansion % of the two finite bases top(I") and bot(T’,,_,). The
argument in Proposition 1 also shows that we can expand all the I,
1 <k <m — 1, to obtain fake-E-symbols A, for z, such that the combi-
nation A; --- A, _, exists and bot(A,,_,) = %. There is also an expansion
A,, of T with top(A,,) = #, because 1 has the symbol

a, a,
a, a,

Hence, the combination A; --- A, exists and therefore # is in fact
E-expansible, as required.

3.2. The Example

Here we describe the groups which are used to prove the main result in
the subsequent section. In the following let p be a fixed prime, f a positive
integer, and () the set of all countably infinite sequences with values in
{0,..., p — 1}. We will write w(i) for the (i + 1)st component of w € Q,
i > 0. For n € N define the sequence [n] by

.~ _J1 ifi=0(modn)
(i) = {O otherwise.

The “forget” map « is defined by

k: Q-0
wo=00)ow(l) - o‘=0l)o(2)- .
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Define Q, = {[ pf1<10 <i < pf — 1} and let E, , be the subgroup of &, ,
generated by the set {b |w € Q,}, where b, |s as in Section 2.4. Observe
thatforO <i<pf—-1

<, |1 if j= —i(mod pf)
Lpf 17 () { otherwise.
Note that if we define the sum of the two sequences w, o' by (0 + o' )i)
= (w() + o'(i)) (mod p) then we have b, b, =b,,,. And a glance at
Fig. 4 tells us that b, = 1 for all w € Q. Furthermore, b, has the symbol

a; a, a, »
0
,yw( )1 1 b« | (5)
a, a, v a4, . a,

where 'y is the “‘top spin” as defined in (2) Section 2.4. Since y € §, and

[pf1< = [pf1<”""" for i € N, we have that E, , is fake-E, , expan3|ble
(with respect to the generating system Ef,p) and any element e € E, , has
a fake-E; ,-symbol of the form

a, a, 4, 4,
vy e 1 e (6)
a, a, 4, ; 4,

where 0 <k <p — 1, ¢ € E; ,. Applying Proposition 2 with H =Y = E
= E, , we get the following lemma.

LEMMA 2. The group E; , is an elementary abelian p-group of rank pf and
the group 7; , = (Ef, G, 1) is E; ,-expansible.

4. THE MAIN RESULTS

The goal of this section is to show that the group .7 , from the example
above has a finitely presented simple commutator subgroup which contains
an isomorphic copy of each Grigorchuk group G, if o is periodic of
period f. We first obtain a finite presentation for .7; , (Sections 4.1 and
4.2). In Section 4.3 we then prove the commutator subgroup to have finite
index and to contain the required subgroups.
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4.1. Relations for 7 ,

For g €%, ,, let g, denote the element with symbol

a, a, - a,
g 1 1
a a; -~ a4,

and describe the set {n,,...,n} as of type s if there is a finite basis

{a;,w,,...,w} such that n; has the symbol
ay Wy vt Wi Wi Wiy W
Wi Wy ot Wi G Wiy W

Let E; , and # , be the groups defined in the example (Section 3.2),
define Ef , = {o,le € E; ,}, and let X be a finite generating set for G, ;.
Observe that Ef , = E, ,. All that follows will be with respect to the
generating set Ef , U X for.% ,. That this is a generating set is shown in
Lemma 8 in [13]. We now define four sets 4, B, C, and D of relations.

Relation-Set A.  This consists of a fixed set of defining relations of G, ,
and a fixed set of defining relations of E7 .

Relation-Set B.  Let F denote the subgroup of G, ; that fixes all words
of the form a,w, w € W,. Then B = {ag, = g,ale E; , ac F}.

Relation-Set C. Let & be the element with symbol

a, a, a

p-1 P r pp
1 1 1 1 1 1
a,a; 4 a, 1, a, a,d, a,a,

Then C = {60,80, = 0,80,8le, ¢ € Ef’p}.
Relation-Set D. Let e € Ef’p and let
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be an E, ,-symbol for o,. Let S = {n,,...,n} be a set of type s with

corresponding basis {a;,w,,...,w,} and define 7 and € by the symbols
Uy Uy 0 U a; W, W
1 1 - 1| and |1 1 1|
a, wyp ot W Uy Uy Uy

respectively. Furthermore, let R, |- ¢ denote the relation
g, = 70}17’20-(32 nsa-esns M€

Then D is the set of relations R, - ¢ for all possible choices of subscripts.

Putting Theorem 1 and Lemmas 8 and 13 from [13] together with
Lemma 2 we obtain the following result.

LEMMA 3. Let xy=AUBUCUD, where A, B, C, and D are as
above. Then x is a set of defining relations of the group %; ,. Furthermore,
A U B U Cis finitely based; i.e., there is a finite subset of A U B U C which
implies all the relations in A U B U C.

We need to define two more sets of relations.

Relation-Set D". Let e € E; , and let

ul us
I'=1|e, s
v, v,

be a fake-E, ,-symbol for g,. Let S = {n,,..., n,} be a set of type s with

correspondlng basis {a;,w,,...,w]} and define = and e by the symbols
Uy Uy o U a; Wy ot W
1 1 - 1| and |1 1 1]
a, w, o ow, v, U, oD,

respectively. Furthermore, let R} - ¢ denote the relation
g, = 70}17’20{32 nso-esns Mg €.

Then D" is the set of relations R, - ; for all possible choices of subscripts.

Note that this differs from the definition of the set D only in the use of
“fake-E-symbol” in place of “E-symbol.” But clearly each E-symbol for o,
is also a fake-E; ,-symbol for o, so that we have D c D".
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Relation-Set D'. Let e € E; , and let

P
r=1x - x
am oa,m

be the fake-E, -symbol (6) from Section 3.2 for e. Let § be the same as
for the relation set C and let 6,, 1 < i < p act on the basis

{a),a,,.. .,ap_l,apalal,...,apalap,apaz,...,apap}

as the involution that interchanges a, with a,a,a; and fixes all the other
elements. Let R/, denote the relation

g, = 88,0, 8,0, ++ §,0,8, -+ §,00,. (7)

p“x,%p ™

Then D' ={R|e € Ef,p}.

The rest of this subsection is devoted to the proof of the following
theorem up to a lemma which is proved in Section 4.2.

THEOREM 1. Let ¥ =AUBUCUD' Then x' is a set of defining
relations for %; ,. Hence 7; , is finitely presented.

Recall that 4 U B U C is finitely based (Lemma 3). Since D’ is clearly
finite, Theorem 1 will follow immediately from the next lemma.

LEMMA 4. Let " = A U B U C U D". Then each relation in x' follows
from relations in x and each relation in x" is a consequence of relations
in x'.

Before we prove Lemma 4 in Section 4.2 we need two more facts. The
next result is Lemma 12 in [13].

LEMMA 5. If {m,,...,m} is of type s and w is a permutation of the set
{m,...,r}, 1 <m <r <s, then the relation

O Mn+19, ., " WO = Q0 My 10y o M0, B,

is a consequence of A U B U C, where a,, and B, have symbols

W, Win Xm Xm+1 Xy Wii1 Wy
W, Win a; Win+1 W, Wit1 Wy
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and

W; Wm Win+1 W, a; Wit1 Ws
1 1 1 1 1 1 1
W, Win ym+1 yr yr+l Wit1 Wy

where x,,,+ = ay, x; =w;, (ju#m), andy, ., =w,, ., (ip #r).

LEMMA 6. Any fake-E; ,-symbol for o, is an expansion of

a, a, a,
F=l¢ 1 1
o a - a

Proof. Let % be the fake-E, ,-symbol

for o,. Then {u,,...,u,} is a finite basis and hence an expansion of
{ay,...,a,}. As any expansion of {a,,...,a,} leads to an expansion A of T’
such that A is a fake-E, -symbol for o,, there is a fake-E; -symbol A for
o, of the form

u, oou
Yo 0 Y
z, oz,

which is an expansion of T'. It follows, by Lemma 4 in [13], that x; = y, and
z, =y, for 1 <i <, which implies A = 3. Thus the lemma is proved.

4.2. Proof of Lemma 4

We now turn to the proof of Lemma 4. The second part of the proof is
almost a verbatim copy of the proof of Lemma 19 in [13].

Let us first show that any relation in y’ follows from the relations in y.
To this end let e € E, , have the fake-E, -symbol (6) (see Section 3.2)
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and let 7 denote the permutation of {a,, ..., a,} induced by y*. Then

a,a, a,a, - a,a, a,a,a, a,a,a,
r=(1 1 - 1 1 1

a,a, a,a, - a,a, aa(am) - alal(aprr)

aja, v aa,_; a4, da, v A,

1 e 1 e/ 1 1

aja, v @A,y a4, d, v A,

is an E; ,-symbol for o,. Now consider the relation R, g in D corre-

sponding to the ordered basis {a;, a,a,(=w,),...,a,a,,a,a,a,(a;m),...,
a,a,a(a,m), a,a,a,,...,a,a:a,(=wy,_ 1), a,,...,a,_;} for the set § =

{ny,...,my,_5} OF type 4p — 3, namely,
O = TNz " N3p—10M3p " Nap—3Tap-3 " M2€. (8)

Because n,m,,m, fixes a, for m #r, n,n0,m = n.o,mm, IS a conse-
quence of 4 U B. Since also n2 =1, the relation (8) implies o, =
T™3,—10,M3,-1€. Observe that e=& and n,,_, = §,. Furthermore,
886,0,:86, = 7 is a consequence of A (see the Appendix). Thus o, =
86,0,:6,8,0, 8,8 is a consequence of y. Using that {3,,...,8,} € {n,,
--,774,,73}- we may repeat the above argument to obtain

0, = 88,048, 8, 18,0,8, = 8,

p—1%p%e p

as a consequence of y. But this is exactly the relation in D’ corresponding
to the fake-E, ,-symbol of the form (6) for e. As e was arbitrary, this
proves the first part of the lemma.

To show the second part of the lemma, let

Uy s
A=|x X,
v, v

be a fake-E, ,-symbol for o, e € E, ,. Then, by Lemma 6, A is an
expansion of the symbol in Lemma 6, and by Lemma 5 we can, and will,
assume that the columns of A are in any order which suits us. The proof is



FINITELY PRESENTED SIMPLE GROUPS 301

by induction on the number, m, of columns of the form

in A. The pattern of the induction is as follows. We first prove the cases
m = 1 and m = p and then turn to the induction step.

If m =1, then
a; X2 xs
al x2 xs

and the corresponding relation in x” is o, = 7o,e. But 7e=1 is a
consequence of A, in this case, and 7 fixes a,, so the result is a
consequence of 4 U B.

If m = p, then
a,a, a,a, aa, aa, X, X
A= ,yk 1 1 f 1 e 1
a,(aym) ay(a,m) - al(apflw) al(”pﬂ') Xp+1 7 X

by (6) (f = ¢’ and 7 = 1), and the corresponding relation in D" c x” is
g, = TaMy Mo, TMpE (9)

after the obvious cancellations implied by n? = 1, p <i <'s, which are
consequences of A. Let « be the element with symbol

a; Wy Wp Wp+l Ws—1 Wy
1 1 1 1 1 1 ,
a, a,a,a, v a,a.a, Z,., 0 Zgg A,0:0y
for some z,.,...,z,_;. The relations a 'nja=§;, 2 <i < p, are conse-

quences of 4 and « fixes a,, S0 g, = 581a_10'7k7]2 M, 0pm, My ady oo,
is obtained from R/, (7) as a consequence of x’. The element 7a§,8 fixes
a,, because

5
T o 1 13 . .
aa; = w; = a,a,a; = a,a,a; = d,a;, if2<i<p,

aa, = a; = a; = a,d,a; = a,d,.
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Hence, using B and the consequences 82 = 82 = 1 of A4,

o, = 7a518861a_10'yk1]2 MO, M ad,80, 86, a 17!
is a consequence of y'. Furthermore, the relation ad,60,88,a 771 = €
follows from A (see the Appendix) and hence (9) is a consequence of y'.
We now turn to the inductive step. Consider the simple expansion

Uy Us_1 Usay usap
Xy X 1 Yp
vp o Uy olagm) Us(ap”')

of A. For a given set of type r =s + p — 1 we have to show that the
relation

o

= TG, M, 0, M1 0, M0, 0,7, e
follows from y’. By the inductive hypothesis we can assume that, for any
set {v,,..., v} of type s,

g,

3 ! cee e !
e = TOL V0, OVt V€ (10)

al WZ stl Ws Ws+1 Wr
a, z, v zZyy zgay zaa, vz,
for some z,,...,z, and define », = 87 'n, B, 2 <i <s — 1. Then there
exists v, such that {v,,...,»} is of type s with corresponding basis
{a,, z,,..., z,}. With the symbol
Z, vt Zg aa; a,a,
1 1 yl yp
z, vz a(agm) o ay(a,m)

for o, , the case m = p implies that

O = Ty MO Mg Oy, M€ (11)
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is a consequence of x'. The relations 7'n, - n,_; = v, 871, €'y, - v, €
= ¢, and 78! = 7 are consequences of A4 (see the Appendix) and hence

(10)

!

=3 / coe cee

g, = 70:le2 0}2 Vso-xsvs Vy,€
= 787} !
- TB o-xanO:vz ”’Is—l%klﬁVso'sts Vy€
a -1 ", " ’
=TB oMyt O BYUT N, MOy Mg Oy M, M€Yt Vy€
= 70361772 T OBCY,lnsa-ylns-%—l O-ypnr 7725

is a consequence of x’. Here the equalities follow from (10), the definition
of the v, and B as B fixes a,, (11), and the argument of the preceding
paragraph, respectively. This completes the proof of Lemma 4 and Theo-
rem 1.

4.3. The Commutator Subgroup of 7; ,

Let us call the infinite sequence w almost periodic if there exist k, f € N,
f =1, such that w(i) = w(i + f) for k <i € N. In this case the least such
f is called the period of w. We also say that the sequence w is almost
f-periodic. We can now establish the main theorem.

THEOREM 2. Let %; , be as in Theorem 1. The derived subgroup % , of
#; , is a finitely presented simple group and contains every Grigorchuk group
G,, which is defined by an almost f-periodic sequence w.

Proof.  The simplicity of /', follows from Lemma 20 in [13]. To show
that 7/ , is finitely presented, using Theorem 1, we only need to check
that it has finite index in % , (Corollary 2.8 in [10D. By a theorem of
Higman [7] we have |G, ,: G, ,| < 2s0 x*? €%/, forall x € G, , UE, ,.
As G, UE, , contains a finite generating system for .7 ,, we see that
. ,/%; , is a finitely generated abelian group of exponent at most 2p and
hence finite.

Now it only remains to show that .7/ , contains the required Grigorchuk
groups. First note that if o is any fp-periodic sequence then b, € E; ,.
Thus 7 , contains o, , where @ is fp-periodic and begins with

f f f f
pf
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Let y be the element with symbol

a,a; -t a,a,_, a; d,a, dz 4,
aa; @, a4, 4, az; ooa,

and observe that y~'o, y =0, and hence y’o,'yloy =0, €7,
Furthermore, for any f-periodic sequence o, o, €7/ .

As E* = E for any subgroup £ C &, , (see Section 4.1 for the definition
of E*), to complete the proof it sufflces to exhlblt o, and o, ~as elements
of 7', for every finite sequence v in {0,1,..., p — 1}, where 0 = 000 -
and y is as in (2). Because G, =G, (see [16, 7D and o, €
Alt({a,a,,...,a1a,,ay,...,a,}) € G, , if p is odd, where Alt(Y) denotes
the alternating group on the set Y, we have o, €%/, and similarly
g, ez’; From o, = %, and the last paragraph it follows that o, &

7, for every flnlte sequence v in {0,1,..., p — 1}. This completes the
proof of Theorem 2.

5. TORSION SUBGROUPS OF FINITELY PRESENTED
SIMPLE GROUPS

In this section we show that all the groups G, , and the groups
constructed by Scott in [14] are torsion locally finite (Theorem 3). A group
is called torsion locally finite (t.1.f.) if any torsion subgroup is locally finite.
We believe this result to be of independent interest. Our main interest,
though, comes from the fact that it shows that the groups constructed in
this paper are genuinely new finitely presented simple groups. This is
because the Grigorchuk groups are finitely generated infinite p-groups
provided that each of 0,1,..., p occurs infinitely often in the defining
sequence w (see [6]).

5.1. Generalities about Bases and Columns

Fix n,r € N and let B and C be finite bases of X,I¥,. We write B < C
(C = B) if C is an expansion of B. And if U is a flnltely based subspace of
X, W,, then B, denotes its basis, i.e., U = B, W,. Equivalently, B, is the
set of those elements b € U such that for u € U it never is the case that
u < b. We recall that v < w (v < w) denotes that “v is a (proper) prefix of

w,” v,w e W,

LEMMA 7. Let B;,, 1 < i < m, be a finite family of finite bases of X,W,. If
B=Bnn pw, then BC UL B
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Proof.  First observe that N2, B;WW, is a finitely based subspace. With-
out loss of generality we assume m = 2. To obtain a contradiction, let
d € B and assume d ¢ B, U B,. As B C BJW, n B,W,, there are b € B,,
¢ € B,,and w,v € W,\{J} such that d = bw = cv. It follows that w = xa;
and v = ya; for some 1 <i <n and hence z =bx =cy € BjW, N B,W,.
But z < d contradicts the assumption that B is the basis of B,W, N B,W,.

LEmMMA 8. Let B;,, 1 < i < m, be a finite family of finite bases of X, W,. If
w € B; N (N/Ly BW,) forsome 1 <j <m, thenw € Bpn py .

Proof.  Again we can assume that m = 2, and we lose nothing by setting
j =1 Assume that w € (B,W, N B,W,)\ By rp,w- Then w = bx for
some & #x € W, and b € By y, 5. In particular b € BW, N B,W,.
But b <w € B, implies b & B,WW,, which contradicts our assumption.

Let 7 be an H-expansible subgroup of &, .. We say that k €.# has the

column
u
h ]
v

where h € H, u,v € X,W,, if, whenever w” is defined for w € W,, then

r n’

(uw)* is defined and equal to v(w"). It is shown in [13] that, if

u u
hl and hz
U1 Us

are both columns of k, then h, = A, and v, = v,. Noting that an H-sym-
bol is nothing but a collection of columns, the following lemmas also give
information about columns, which will be used later.

We recall the construction due to Scott [13] of the groups H, defined by
a homomorphism 6: F — F \ Sym, _, from a free group F to the permu-
tational wreath product of F by the symmetric group on n — 1 objects,
i.e., the base group of this wreath product is the direct product of n — 1
copies of F. In fact, all we need here is that H, embeds in &, ;, that
Z,=<G, 1, H,) is Hyexpansible and each » € H, has an Hg -symbol of
the form
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where 7 is a permutation of the set {a,, ..., a,} (Lemmas 14, 15, and 17 in
[13]). This implies that H, acts in a length preserving manner on W,. The
following is now an easy exercise.

LEMMA 9. Let A and T be Hy-symbols for some k € %Z,. Suppose that A
is an expansion of T (write A = T') and let B and C be finite bases in W, with
B = top(A) and C = bot(A). Then the following hold.

(i) top(A) = top(I") and bot(A) = bot(I").

(ii)  There are unique Hy-symbols A, and A, for k such that top(A,) =
B and bot(A,) = C. Furthermore, A < A, and A < A,.

5.2. Finite Subgroups of 7%,
Here we examine the structure of finite subgroups of .7Z,.

ProposITION 3. Let K C %, be a finite subgroup. Then there exists a finite
basis B of W, such that each k € K has an H,symbol A with top(A) =
bot(A) = B.

Proof. It suffices to find a finite basis B such that, for every b € B,
each k € K has a column

b
h
c

To this end let K =1{k,,...,k,} (¢t =|K) and for 1 <i <t let T; be an
H,-symbol for k;. Let C be a finite basis of W, contained in N;_, top(I'))W,.
In particular C > top(I}) for 1 <i <t and hence there are (unique)
H,symbols A; for k, with top(A,) = C, by Lemma 9(ii). Let U =
:_,bot(A)W, and B = B,. We claim that B has the required properties.
First let u € U. Then u € bot(A )W, for 1 <i <t and, by Lemma 9(i),
there are v, € CW, and h; € H, such that k; has the column

with ¢ € B and h € H,.

Choose k € K and note that B = C. By Lemma 9, k has the column

u
(h) with (unique) w € W, and h € H,.
w
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Hence

is a column of k; = k;k, and v; € CW, implies w € bot(A, )W, for 1 <,
<t Thusw e U.
Now let b € B. Then, by Lemma 7, b € bot(A;) for some j, 1 <j <.

Hence
C
h
b

is a column of k;, where ¢ € C, h € H,. For k € K with column
b
n
w

c
hh'

w

we see that

is a column of A, where k, = k;k. Together with the previous paragraph it
follows that w € U N bot(A,). Lemma 8 now implies w € B, as required.

Addendum. The above proof actually establishes a more general result.
Namely, if D is a finite basis contained in N;_, top(T;)),, then

NnK _
D™ =B bousw,

is such that each k € K has an H,-symbol A with top(A) = bot(A) = DX,

where 3, is an H,-symbol for k, with top(3,) = D. We call DX the

K-closure of D and any finite basis with this property is called a K-basis.
In the following we investigate subgroups K of /7, that admit a K-basis.

LemMMA 10. Let K C % have a K-basis B. Then K embeds in the permuta-
tional wreath product Hy \ Sym(B) of H, by the symmetric group on the set B.
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Proof. Let B ={b,,...,b,}. Then each k € K has an H,-symbol of the
form

b, b, b,
hy(k)  hy(k) - hy(k)
by by by

with h,(k) € H, and 7, € Sym(B). We leave it to the reader to check that

¢: K — Hy\ Sym(B)
k= (hy(k), hy(k),...,hy(k))m,

is an embedding.

5.3. Embeddings Which Preserve Torsion Local Finiteness

Recall from the introduction to this section that a group is called forsion
locally finite (t.1.f.) if each torsion subgroup is locally finite.

LEMMA 11. Let G be a group, let N C G be a normal subgroup, and let
7. G = G /N denote the natural projection. If N and G /N are torsion locally
finite, then so is G.

Proof. Let S be a finitely generated torsion subgroup of G. We have to
show that S is finite. Now S™ is a finitely generated torsion subgroup of
G /N and therefore finite. Let K = N N S be the kernel of the restriction
of = to S. Then |S: K| is finite. Thus K is a finitely generated torsion
subgroup of N and hence finite. So S is finite, as an extension of the finite
group K by the finite group S™.

ProposITION 4. Let H, be a t.l.f. group defined by a homomorphism 6:
F —> FxSym, , asin[13]. Then Z; = (G, ;, Hy) is t.Lf.

Proof. By Lemma 11, H,\ Sym(B) is t.I.f. for any finite set B. Thus, it
suffices to show that any finitely generated torsion subgroup K of %
admits a K-basis. The proof is by induction on the minimal number, d, of
generators for K; the case d = 1 follows from Proposition 3.

Let K =<ky,...,k;>,d>1,andlet G = {ky,...,k,_,>and X = {k,).
By the induction hypothesis, G and X are finite and have G- and X-bases
Ay and A, respectively. Let A = B, y 4, and define inductively, for
i >0,

B,=A*,  C,=Bf,

and B,,, =CX.

1
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Note that the B; and C,; are (finite) X-(respectively G-)bases. Further-
more, the proof of Proposition 3 shows that for each b, € B;, i > 1, there
arec; € C,_,, h; € Hy, and x; € X such that

is a column of x;. Similarly, for each ¢; € C,_,, i = 1, there are d, € B,_,
l, € Hy, and g, € G such that

is a column of g,. Repetition of these arguments shows that for all i > 0
and b € B, there are b € By, h, € H,, and an element k, € K = (G, X )
such that

hy,
b

is a column of k,.
Assume now, to obtain a contradiction, that the chain

A<SB,<xCy<B, <(C; < - (12)

does not terminate. Then we can find a not eventually constant sequence
by, by, by, ... of elements of W, with b, € B, and b, < b, , forall i > 0.
Since B, is finite there exist i > j such that b, # b; but b,= b;, showing
that k = k, 'k, has the column

b.

J
htjjlhbi
b.

L

Using b; > b; and the fact that H, acts in a length preserving manner, it is
easy to prove that k has infinite order, which is a contradiction. Thus the
chain (12) terminates and it is obvious that its last element is a K-basis.
This completes the proof of the proposition.

Note that subgroups of t.I.f. groups are also t.I.f. and that all the groups
H, used in [14] are either torsion-free or isomorphic to Z" X GL,(Z) and
therefore t.Lf. (see, for example, [11]). Using also the fact that G, , embeds
in G, , (see [7]), we have the following.
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THEOREM 3. All the groups G, ,, G, . and all the finitely presented simple
groups constructed by Scott in [14] are torsion locally finite.

At this point we should also note that the finitely presented simple
groups recently constructed by Burger and Mozes [4] are t.l.f., indeed
torsion-free. This follows immediately from their presentation as a free
product with amalgamation F =, F, where F and A are finitely generated
free groups. Therefore, Theorem 3 tells us that none of the previously
known finitely presented simple groups can be isomorphic to any of the
groups 7, with one exception: the finitely presented simple group with
unsolvable conjugacy problem from [15]. Unfortunately, neither does the
method of this section apply to this group nor were we able to prove that
each 7/ , has a solvable conjugacy problem.

APPENDIX

Here we present detailed calculations of relations used in the proof of
Lemma 4. Since we are dealing with elements of G, which all have
1-symbols we do not print the ones in the middle rows. Permutations = of
{a),...,a,} are also viewed as permutations of the set {1,..., p} in the
obvious way.

We first show how to obtain the relation 66,08, = 7 in the first part
of the proof of Leema 4. We omit the columns

a,d; a;
1 and 1
a,a; a;

for2<j<pandl1l<i<p—1as they are not altered by the elements
under consideration.

a,a, a,a,a, a,a,a, aa, - a4,
)
a, a,a,a,a a,aa;a, a,a,a, v a,da,
1 8,
a,a,a; a,a, a,a, a,aa, - a,aa, T
l Oy
a,aa;  ay(a;m) o ay(a,m)  a,aa, -oa,aqa,
18,
a, apalal(alw) apalal(apw) a,aa, - a,aa,
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that a,7 = a,, that is, i7 = 1.

a;
ay
a,a,a,

aia;

a;(aym)

a,a,a,

a,a,a,

P

aia;

ay(apm)

ap‘h(“ﬂ'r) “pal(“zﬂ')

apal(alﬂ') apal(azﬂ')

Wy

T

a;(aym)

Wi

T

a(apm)

a,a,a;

a,a,qa;

P

a;a;

a,a,a,

P

ay

ay

a;a;

Computing the relation 7", -

23

23

1
wp Wp+l
a,a;a,  z,.,
a,a,a,  Zpig
alap Zp+1
al(apﬂ-) Zp+1
apal(apﬂ-) zp+1
a,a(a,m) z,.,
Wprr Wp+1
al(apﬂ-) xp+1
_ -1
Ms—1 = V.YB )
a,a,
s
WS
254y
aa,

311

= € in the case m = p, assume

We_ 1 W
l a
Zy_q1 a,a,a,
16
Zg-1 M
16
zZy_q a,ay
| o,
Zy_1 ayay €
16
Zg-1 M
J/ 31
Zy_q a,a,a,
La™?t
Ws—1 W
bt
Xs—1 X
aa,
LT
Wr
\LT)Z M-
Wr
I B
za,
Lyt
aa,
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Computing the relation €'y, -+ v,€, = €,

al W2 ws—Z Ws—l Ws Wr
J{e//
z, zy vtz oz a(agm) o al(apﬂ')
R
z, zz v ozgq o a4y z(em) - Zs(apﬂ') €.
‘J/Vs—l vV,
ay z, vz, zgy z(agm) o Zs(apﬂ')
| €
U Uy ot U, Ugq vfagm) e Us(“pﬂ')
Computing the relation 787! = 7,
up u, o Uy ug@ay  ctoua,
L7
a, z, zZ,_, z,a4 z,a, T
-1
B
al WZ Ws—l Ws Wr

10.

11.

12.
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