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Abstract

Current imaging algorithms in Atom Probe Tomography (APT)
assume a simple geometric model for the trajectories of evaporated ions
between the emitter and detector. Such point-projection approaches
fail to incorporate changes in sample geometry due to different phase
evaporation behaviour, leading to severe distortions in reconstructed
APT data. Here we propose a new approach to APT reconstruction
where a continuum model is used to account for changes in sample
geometry. A 2D model is demonstrated, readily extendable to 3D, capable
of simulating the complete evaporation of sample within minutes, while
accounting for dielectric and crystallographic behaviour. Ion trajectories
are calculated from the sample surface onto a simulated detector, allowing
for the accurate mapping of detector positions onto the sample surface
throughout time. Such an approach could drive a new reconstruction
algorithm applicable to full size experimental datasets that can correct
for the distortions currently present within APT reconstructions.

1 Introduction

Atom probe tomography (APT) is a destructive materials characterisation
technique that combines a two-dimensional (2D) spatial detector with a mass
spectrometer to analyse the atomic-level chemistry of tip shaped materials
specimen. APT analyses rely on the physical phenomenon of field evaporation,
where sample surface atoms, subjected to an intense electric field, are ionised
and accelerated away from the tip onto a detector. Their exact trajectories
depends on the sample geometry. As a result, traditional properties associated
with imaging systems, such as the image magnification and Field-Of-View
(FOV), begin to lose their applicability to describing such systems, as such
properties can vary during the experiment.



Subsequent to the experiment, a process known as reconstruction is
performed whereby detected atoms’ initial three-dimensional (3D) positions
within the sample are estimated based off a number of assumptions.
Current reconstruction algorithms are geometrically based, approximating ion
trajectories via a simple mathematical projection from a spherical cap onto
the detector, modelled as a plane [1]. During the reconstruction procedure
experimentally detected ions are placed back onto this spherical cap based
upon their detector coordinates, e.g. according to a stereographic or pseudo-
stereographic projection [1, 2, 3, 4]. By systematically shifting back the
spherical cap after each sequential ion placement, a 3D point cloud is produced
representing the initial sample positions of detected atomic species.

Atom probe’s unique advantage is its ability to provide direct chemical
information on a variety of different microstructures within complex material
systems including quantum devices, transistors, and biomaterials [5, 6, 7].
However, the technique is not without its limitations, as complex physical
effects occurring over various length scales introduce significant distortions of
various origins into the reconstructions [8, 9, 10]. Without prior knowledge
of the sample geometry, these distortions can be difficult to distinguish from
true material microstructure. While point-projection reconstructions work well
for homogeneous materials, its simplistic geometric projection assumptions
break down within more complex material systems, where varying evaporation
rates and dielectric behaviour across the sample can significantly impact the
surface geometry and resultant ion trajectories. This is particularly true of
semiconductor samples which typically exhibit multiple phases with varying
evaporation fields and dielectric properties, introducing significant uncertainty
into the parameter tuning of traditional projection-based reconstructions.

Alternative reconstruction protocols to the point-projection method have
been proposed. One such approach by Beinke et. al. [11] proposes building up
the sample atom-by-atom according to electrostatic simulation directly from
the experimental hit-map data. However, such a method has stability issues
arising from the current instruments’ limited detection efficiency, the unstable
nature of time-reversed growth problems [11], and the propogation of atom
site displacement errors throughout the reconstruction arising from trajectory
overlap. Such atomic-scale models are also restricted by the high computational
and memory requirements of simulating full size experimental datasets, which
can contain up to billions of atoms.

Another approach by Rolland et. al. [12, 13] proposes using an analytic
geometric model, decoupled from the experimental data, that relaxes the
hemispherical constraint to include multilayer samples by modelling the sample
geometry as a stack of zero curvature surfaces. However, such a method remains
constrained by geometric assumptions and approximates the field evaporation as
a curvature driven effect. This greatly limits the range of cases to which it can be
applied, and thus greatly limits its practical use. Additional modifications to the
current point-projection method, where changes in the projection parameters
are dynamically estimated throughout the reconstruction are highly empirical,
and fail to correct for the local distortions arising at interfaces between phases



of differing evaporation fields [14].

In this study we have developed a continuum model based off the level set
method [15] for capturing changes in sample geometry due to electrostatically
driven field evaporation. Such a model expands on previous work where the
evaporation rate was approximated as mean curvature flow [16, 17], which
we now move away from. A more detailed explanation on the relationship
between mean curvature and electrostatics is given in [16]. The model has
been implemented in Python, with program bottlenecks compiled through
Cython (see Section 9 for source code). This extension retains the ability
to simulate complete sample evaporation in only several minutes, while
successfully capturing changes in phase evaporation field and surface faceting
arising from underlying crystallographic anisotropy, previously not correctly
modelled. Dielectric behaviour has also been incorporated through internal
electrostatic simulation. By accurately modelling the evaporation of metals
and semiconductors, this work provides a clear framework to drive new
reconstruction algorithms capable of correcting many of the distortions seen
in current reconstructions. Such a decoupled approach would also avoid the
numerical stability issues typically arising in curvature driven time-reversed or
growth problems [11, 18], relax the geometrical constraints of simple projection
and specific curvature driven models, and maintain the computational efficiency
required to perform reconstruction of full-size experimental datasets.

2 The Atom Probe Reconstruction Problem

During an experiment, surface atoms are ionised and removed from the
sample under an applied electric field by a physical process known as field
evaporation [19]. These surface ions are then accelerated away from the sample
under the electric field and captured on a position-sensitive detector. Due to
the electric field depending on the sample shape, the trajectories taken by
evaporated ions will also be geometry dependent (see Figure 1). When the
experiment is run in voltage mode, the electric field is applied in regular pulses,
causing the sample to disintegrate and its geometry to change with time. The
atom probe reconstruction problem is to estimate the spatial origins of detected
atoms within the sample from the time-sequenced 2D detection data.

The critical component required to perform reconstruction is some sample
specific function or mapping that describes how an ion at some particular
detector coordinate and place in the sequence of detection events should be
positioned within the constructed atom map (i.e. in 3D space) [20]. The exact
trajectory taken by ions from sample to detector is unimportant in the context
of performing the reconstruction, although these trajectories typically need to
be estimated in order to obtain the start and end points.

The current point-projection based reconstruction algorithms avoid
explicitly calculating trajectories by assuming they obey a pseudo-stereographic
projection [1, 3, 4]. However, this approach makes an overly simplistic
assumption about the sample geometry, which is known to govern the exact form



of the external electric field and therefore ion trajectories. Tip shapes deviating
from this hemispherical apex approximation have been observed experimentally
via electron microscopy [21, 22].

Assuming an electrostatic approximation during each pulse, changes in
sample geometry can be more accurately modelled through electrostatically-
driven simulation. As evaporated ion trajectories and the reconstruction
function depend directly on the sample geometry evolution, such a modelling
approach, when properly calibrated with experiment, would allow for an
improved representation of the problem through reconstruction mappings
correctly accounting for changes in sample geometry.

Our approach makes use of the boundary element method (BEM) [23] in
order to solve the electrostatic field for a particular surface geometry. By
coupling this electrostatic solver to the level set method for surface tracking, the
evaporation of specific sample geometries can be modelled. In order to model
dielectrics, the BEM is coupled to the finite element method (FEM-BEM) which
solves the electric field over an internal mesh. Such an approach avoids having
to construct an external mesh all the way from the specimen up to the detector.
The BEM solves the electric field outside the sample via a boundary integral
equation, allowing accurate calculation of ion trajectories onto the detector and
the subsequent calculation of the reconstruction mapping.
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Figure 1: The setup for the atom probe reconstruction problem. Surface atoms
are ionised by an applied electrostatic field and follow trajectories towards a 2D
detector under this field. Note such a diagram is not to scale with a typical tip
radius being 50 nm while trajectory flightpaths are approximately 200 mm.



3 Theory

3.1 The Physics of Field Evaporation

Within this work the local evaporation rate is taken to be an Arrhenius’ law
depending on the local electric field strength [24]. However, the framework
proposed is highly flexible and allows for very general sample evaporation
functions, not explored in the context of this work. The isotropic form of the
assumed law is given by Eq. (1).

Re(s) = AeP0- "R (1)
_ ||E(s)||
Fr = max ( Fo(s) ) @

Here A is a global constant relating the field evaporation emission
equation [24, 25] to the continuum theory, 8 is a temperature dependent
parameter, Fy(s) is the local material evaporation field, ||E(s)|| is the local
electric field strength, and s is a point on the sample surface S. Whilst this law is
of a simplified form to what is typically described within the literature [24], more
complex formulations can be used without alterations to the model framework.
Typical experimental values for 8 approximately range from 40 (laser mode)
to 400 (voltage mode). In this study B has been assumed to be material
independent. Throughout this study 5 = 40 and field reduction Fr = 1.03

(Eq. (2))-

3.2 Level Set Interface Tracking

The level set method is an approach to tracking the evolution of an N
dimensional closed surface I' by embedding it within an scalar field ¢ in an
N+1 dimensional space © (Eq. (3)).

I'={o(x) | ¢(x) = 0} (3)

+d(x,T) xe€QF
P(x) =4 —dx,T) xeQ~ (4)
0 xeTl

n(x) = ~Vo(x) (5)

where x € Q, I' C Q, QT C Q is the subdomain inside the tracked
surface, Q= C Q is the subdomain outside the tracked surface, and d(x,T")
is the Euclidean distance between point x and the closest point on the tracked
surface. As is typical for level set implementations [15], the initial form of ¢(x)
over € has been taken to be the signed distance field (Eq. (4)). If ¢(x) is
given by Eq. (4), the outer surface normal n(s) at a surface point s € T can



then be obtained from Eq. (5), where ||...|| is the Euclidean norm. By evolving
this scalar field according to the level set equation [15], the surface motion is
implicitly tracked within the field. The equation of motion takes the form
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where v(x) is the velocity extension field [26], parallel to n(x) over Q.
This velocity extension must be defined on each iteration of the level set field
and must converge to the correct physical value for the local velocity on the
embedded surface as described by Eq. (7). In earlier studies, initial approaches
for extension velocity construction simply extended the physics [26] such that
the physical definition of the outer normal surface velocity (Eq. (1)) would be
applied at each grid point using the locally calculated field value. However, with
an electric field strength of zero inside any conducting material such a definition
would be poorly suited to the sample evaporation problem. Recalculating the
electric field for every grid point on each iteration would also be computationally
expensive. A number of alternative methods exist for constructing such an
extension velocity over every grid point [27, 28, 29]. For our current model we
adopt the closest-point approach [27], largely due to its simplicity, where a grid
point is assigned the velocity value of the closest point on the front. However,
such a choice requires occasional reinitialization of ¢(x) to restore its signed
distance form. Future models could make use of a fast marching based velocity
extension construction which could potentially avoid reinitialization [28, 29].

+v(x)|Ve| =0 (6)

lim v(x) = R.(s) (7
|x—s|—0

where R.(s) is given by Eq. (1). The extension velocity construction allows
for the physics of the tracked surface, in this case given by Eq. (1), to be coupled
to the level set field. However, in order to calculate the evaporation rate the
electrostatic solution over the sample surface must be calculated. Previous
methods have involved finite elements [20, 30] and finite differences [31, 32, 33].
However, such approaches require solving over some external mesh spanning
the entire space over which ion trajectories will be integrated. Through BEM
techniques, construction and calculation over external meshes can be avoided
(see Section 3.3). The implicit representation of the tracked surface I in the level
set method avoids surface parameterisation issues arising in explicit contour

tracking methods at corners [15] (critical when modelling faceted samples in
APT).



3.3 The Electric Field Solution
3.3.1 The Atom Probe Electrostatic Problem

The problem of calculating the sample surface electrostatic field in APT is
described by Poisson’s equation with zero free charges

—V(e(x)Vu(x)) =0 Vr e Q (8)

where €(x) is the local relative permittivity and u(x)) is the electric potential
such that E(x)) = —Vu(x). Inside the sample €(x) can vary depending on the
local material properties whereas outside the sample e(x) takes the vacuum
permittivity value - simplifying to the Laplace Eq. (9). For purely conductive
systems, the entire sample surface can be considered at the same potential as
the base.

-V(Vu(x)) =0 Vo e Q~ (9)

Previous atom probe simulation approaches using level sets either employed
a curvature approximation [16, 17] or a finite difference solution for the electric
field [33]. The curvature approximation is a well understood problem and it is
straightforward to define an extension velocity as a function of ¢. This velocity
definition correctly converges at the tracked surface to its surface curvature,
and is known to approximate the local electric field solution [16]. However,
this approximation results in highly unphysical phenomena such as evaporation
along the sample base and shank, the inability to form negative curvature
(dimples) on surfaces, and requires decoupled electric field calculations in order
to perform ion trajectory integration.

The finite difference solution of Xu et. al [33] represents a significant
improvement through a direct coupling of the electric field solution to the
level set model. However, it assumes the extension velocity to be a function
of the local electric field. While strictly such a definition obeys Eq. (7), this
choice causes ¢ to rapidly diverge from a signed distance form, particularly
inside the sample where for conductors the electric field tends to zero. This
causes the different level sets of ¢ to rapidly start “bunching up” at the
sample surface, degrading the accuracy of the simulation [34]. To resolve this,
frequent reinitialization of the level set field would be required, introducing
further numerical drift in the sample surface [34]. A further computational
issue with this approach, shared with other finite element approaches [30], is
the requirement for a mesh that spans the entire simulation domain. This is
particularly problematic when it comes to performing ion trajectory integration,
where the sample size and detector distance differ by ~ 10, greatly increasing
the computational demands. While adaptive meshes help to reduce this
computational load [30], such an approach is not well suited to the level set
framework where the mesh would have to be frequently rebuilt or modified
as the sample geometry changes. Furthermore, it is possible to use alternate
formulations to simplify and accelerate these electrostatic calculations, as
described below.



3.3.2 The Boundary Element Method

The Boundary element method (BEM) is a method for solving particular
differential equations that can be arranged into an integral form around some
boundary of known boundary conditions. Unlike alternative domain based
methods, BEM does not require a solution at every point within the domain.
An advantage of this integral form is its ability to determine the solution at
specific locations within infinitely sized domains. This is particularly suitable
to the atom probe problem, where the electric field only needs to be solved over
the tip surface and at particular sites within a near infinite domain: along ion
trajectories within the FOV.

Boundary integral based approaches have previously been used in APT.
An atomic model by Rolland et. al. [35] solved the electrostatic field via a
surface atom charge density through a discretization of the indirect boundary
integral formulation [23]. BEM methods have also been used to investigate the
dependence of the conventional point-projection reconstruction parameters with
sample and instrument geometry [36]. However, this is the first time the method
has been applied to fast continuum modelling of sample evaporation, while also
accounting for sample dielectric behaviour.

The Laplace equation (9) is one such equation that can be reformulated
into a boundary integral form for an infinite exterior domain [23]. By dividing
the boundary into k£ panels or boundary elements, the boundary integral can
be represented as a sum of integrals over each boundary element. Discretising
the boundary integral via a collocation method [23], whereby the equation is
enforced at particular nodes on the boundary, allows analytical solutions for the
boundary integrals to be obtained.

The simplest collocation BEM assumes a constant potential and normal flux
on each panel. By imposing the discretized boundary integral equation at the
central node on each panel, the collocation step, a system of k linear equations
can be constructed relating the boundary node potentials to normal fluxes. It is
then straightforward to express this linear system as a matrix equation (10) [23].

F. ubem —G- qbem (10)

where F and G are k x k problem matrices relating the k surface potentials
ub®™ to the k surface normal fluxes g™ at boundary nodes. The problem
matrices arise from discretisation of the boundary integral formulation [23],
with the matrix elements of F defined in Eq. (19) and G defined in Eq. (20).

Finally, once the linear system given in Eq. (10) has been solved on the
boundary, the electric field can be calculated at any point within the exterior
domain via the discretized hypersingular boundary integral equation (11).

k

where z € Q~, H(z,x;) is defined in Eq. (14), K(z,x;) is defined in
Eq. (15), u; € ub*™, and q; € q%*™. In two dimensions the electric potential



solution drops away to negative infinity with increasing distance from the
sample. However, in three dimensions the BEM framework offers the additional
advantage in that the local electrode can be captured by fixing the system
potential at infinity. The BEM framework also allows for the direct modelling
of this local electrode through additional panels.

Vacuum (BEM)
fem

1
bem » ¥ hem

u
i i

+ & fem
Q 7?4 \U

i+1
Sample (FEM) fem

i+1

(b)

Figure 2: (a) Diagram showing the calculation of the matrix elements from
the boundary coordinates. (a) Diagram showing the conformity of FEM and
BEM nodes at the boundary. Note that nodes placed at element corners have
ill-defined surface normals. Not to scale.
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3.3.3 BEM Discretization

Constant BEM matrix elements are constructed by calculating integral
expressions associated with coordinate z and the boundary element j [37] (see
Figure 2(a)).

F(z,x;) = —%(arctan(%) - arctan(%a)) (12)

G(z,x;) = —% (sb (In(n? + s7) — 2) +2n arctan(%) (13)

—5q (In(n? + %) —2) — Qnarctan(%a))

1( sa sb n n )

H(z,x;) = —— — —
(2,%;) 2n\n?2 4+ sa?2 n? 4 sb? +n2—|—3b2 n? 4 sa?

(14)

1 sp Say Lo oy 1o 9 )
K(z,x;) = o (arctan( n) arctan( " ) 2111(71 +s3)+ 2111(71 +s37)) (15)
Here the scalars n,s,,s, define a local coordinate dependent on the
coordinate z and the boundary element j, on which the node x; is centred.
These local transformations are defined in Eq. (16), Eq. (17), and Eq. (18).

1 (z — xf) (z — xf)

n = N J Y 16

I — ] |cF =), (b — ), 16)

B (z—XjL) . (xf —Xf) 17

R[] (7
j j

_(z—xf)-(x?—x?) 18

[ "
j j

where XJL and Xf define the coordinate vectors of the left-hand and right-
hand corners of boundary element j, and ||...|| is the Euclidean norm. Finally,
the matrix elements for the constructed BEM system on the boundary (Eq. (10))
are given by Eq. (19) and Eq. (20).

o F(xi,x;) i F ]
Fij = {Z;;iF(XJi,Xj) +1 i=j (19)

Gij = G(xi,x;) (20)

where the coordinates x; are the centre nodes of boundary elements. The
relation for the diagonal terms of F is derived in [23].
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3.3.4 FEM-BEM Coupling

While implementing a BEM model is sufficient for problems where the sample
surface can be assumed to be equipotential (i.e. conductors), dielectric samples
require the entire electric field to be solved both inside and outside the sample.
In order to maintain the computational advantages of using the BEM to simulate
the infinite exterior domain, a coupled scheme can be employed where the
FEM solves the internal tip electrostatics while BEM solves the external electric
field. Through this approach only an internal mesh needs to be rebuilt, which
is limited in size, retaining the computational efficiencies for the much larger
vacuum domain outside the sample.

Unlike the collocation BEM considered in Section 3.3.2, the finite element
method is typically discretised from the weak form of the Poisson equation via
a Galerkin method [38]. To obtain this formulation, the Eq. (8) is rearranged
into the weak form by multipling by some arbitrary function and integrating
over the domain giving

/ €(x) Vr(x) - Vu(x) dQt = / v(x) e(x)Vu(x) - dT (21)
Q+ r

where v(x) is some arbitrary test function, Q7 is the FEM problem domain
(inside the sample), and T is the FEM problem domain boundary (the sample
surface). Proceeding with the Galerkin discretization [38], the domain is divided
into triangle elements such that M nodes are located at the FEM element
corners. This triangle mesh is constructed such that the BEM elements conform
with FEM element edges on the boundary (see Figure 2(b)). Using triangle basis
functions centred on these FEM nodes, i.e. where basis function 1;(x) is centred
on x;, a linear system can be obtained

A -u/m =b4+N.qlm (22)

where A is the problem’s M x M stiffness matrix, b is the loading vector
enforcing any Dirichlet boundary conditions (defined at a small patch of internal
FEM nodes close to the sample base), uf®™ is the FEM potential vector, g/*™
is the expanded surface FEM normal flux vector (with zeros for internal FEM
nodes not on the boundary), and N is some matrix capturing the Neumann
boundary conditions contained in the right-hand side (RHS) of Eq. (21). The
stiffness matrix construction for the potential problem is given in [38].

In order to solve the Poisson equation both inside and outside of the sample,
the exterior BEM solution must be coupled to the FEM solution. The nodes of
the constant BEM are located at the centre of the FEM element edges lying on
the boundary. Therefore, in order to resolve this discrepancy an interpolating
transfer matrix is required to express the BEM node values in terms of the
FEM node values. This is achieved via averaging the potentials of the two
FEM nodes located at each corner of the BEM element on the boundary. This
potential averaging can be expressed as a matrix T/. The critical assumptions
made in relating the BEM and FEM problems is given in Eq. (23), and the

bem

formulation of the FEM boundary integral in terms of ¢;™ is given in Eq. (24).
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ubem =1/ . uéem (23)

fem

Here ui ™" is the reduced FEM potential vector consisting of FEM potential
node values only on the boundary. Here B is used to denote FEM nodes on the
boundary while B denotes nodes not on the boundary. Starting with the FEM
system, the elements of the coupling matrix N are obtained via Eq. (24) from
the RHS of Eq. (21)

M
v(x) e(x)Vu(x) - — bem i (x
/Fm () Vu(x) - dT - Zq /F%D()df (24)

The minus sign arises due to the boundary normals of the FEM problem
being oriented inwards into its interior domain, compared to the boundary
normals of the BEM problem, which are oriented outwards into its exterior
domain. This allows for a coupled FEM-BEM system to be obtained

(B 21 [9 wa Crn ) [] -] e

A

Unlike A, the effective stiffness matrix A’ cannot be rearranged into a
symmetric form. Here G and F are the k x k BEM matrices from Eq. (10).
The elements of the k x k coupling matrix N are given below

= (26)

N — %Hxﬁ — X]LH, if x; and x; are adjacent boundary nodes
1, .
/ 0, otherwise

Inverting the system matrix A’, the coupled FEM-BEM system given in
Eq. (25) can be solved to give u/®™. Following this the surface normal flux,
centred on each mesh edge, can be obtained via Eq. (27)

" =G F.- T ufm (27)

Finally, it should be noted that previous APT studies have found that
relative permittivity under the electrostatic approximation fails to correctly
model dielectric behaviour in APT due to high apex voltages and the laser
[39, 40, 41, 42]. However, the wide applicability of FEM methods implies
that with discretisation of the correct physics, fast and accurate modelling of
dielectrics in APT could be possible via such a coupling framework.
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3.4 Capturing Crystallographic Anisotropy

While crystal anisotropy naturally arises in Voronoi cell-based atomic models
for field evaporation through the mesh structure coinciding with the underlying
physical Wigner-Seitz cells of the sample lattice [30, 43], incorporating this
crystallographic structure into continuum models is not naturally inherent,
and must be separately accounted for. While the level set model is at too
low a resolution to account for surface atomic terracing, the model should
be able to reproduce the faceting effects arising from the underlying sample
lattice structure. Note that the exact resolution at which this continuum
approximation breaksdown is beyond the scope of this study. Due to
limitations in the current understanding of the basic physics involved behind
field evaporation, the physically ‘correct’ way to incorporate this anisotropy
into the model remains unclear. Even the approximate anisotropic curvature
flow of the problem remains an active research area in the mathematics and
crystal growth communities [44, 45, 46].

However, faceting behaviour can be reproduced by generalising the material-
specific evaporation fields to be a chosen anisotropic function. By specifying
a set of parameters for particular material grains F = {~,fo,f1,...,fn},
where f; are oriented vectors corresponding to evaporation fields of particular
fundamental facets (i.e. orientations related to the Miller indices), N is the
number of fundamental planes, and - is some isotropic constant, anisotropic
evaporation can be included by generalising the material evaporation field

(Eq. (28))

Fo(s,0) = [[fminl| + [tan(0min)| (28)
. [|n(s) x £
tan 6,,;,(s) = min Hi 29
(®) F/{y} 11 n(s) - f; (29)
. n(s) x f;
fmin(s) = argmin H L ’ (30)
F/{ry || 0(s) -
———
tan (o)

where n(s) is the local surface outer normal given by Eq. (5), and F the
set of parameters associated with the local material grain. Note that the exact
form of the anisotropy function only effects the transition behaviour of the
sample geometry and not its final faceted equilibrium form [47] (that being
determined by the magnitude and angular positions of the anisotropy function
minima). These anisotropy functions can be visualised as a function of angle «
for particular crystal grains (an example will be shown later in Figure 15(a)).
Currently this anisotropy has been incorporated into the model by generalising
the evaporation field parameter Fj.

This physical parameter is known to play at least some role in facet formation
due to its dependence on the work function and surface bond configuration, both
of which vary with surface crystallography [24]. However, atomic models have
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shown that sample faceting also arises from electrostatics on a crystallographic
specimen regardless of evaporation fields, implying that perhaps Fj is not the
only cause [48].

Anisotropic effects could also be included through alternative parameters
within the evaporation law (1), i.e. by making A material dependent. The
exact form of the anisotropic function used in this study, defined in Eq. (28),
has largely been assumed, although its form has been guessed at by assuming
an approximate linear relation between the evaporation field and the surface
free energy [49]. A more physical form for the faceting function, capturing the
true transient behaviour between steady states of the emitter, would have to be
derived via more fundamental simulation or experiment.
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4 Simulation Method

The basic algorithm for modelling sample evaporation consists of a level
set method for tracking the sample surface combined with an electrostatic
simulation, either BEM or FEM-BEM, for calculating the surface electric field
strength and ion trajectories. The surface field strength gives the sample surface
evaporation rate through the assumed evaporation law (1) which is used to
construct an extension velocity for coupling to the level set field via a closest-
point approach [27]. The major steps in this algorithm are outlined in Figure 3.
The outlined framework could be readily extended to 3D without significant
modification.

4.1 Model Initialisation

The sample geometry is initialised via an input image, with different phases or
grains represented by different colours. By using an image resolution greater
than that of the level set grid resolution, a subgrid positioning of the sample
surface can be achieved on initialisation. The evaporation parameters associated
with the different phases are looked up within a database according to a unique
identifier. The initialisation also consists of a rotation parameter associated
with each grain (defined by a single angle in 2D), performed on the oriented
facet vectors f;, in order to capture misorientation. Through this initialisation
procedure evaporation parameters are associated with all level set grid cells,
and from this the evaporation parameters of each surface panel are determined
by which cell panel centres fall.

In this study a level set grid resolution of 128 x 128 has been used, which
for the sample geometries simulated results in boundary elements of around
0.5 nm, roughly in line with the lateral resolution of homogeneous samples
within APT [50]. APT simulations define 1 grid cell to be 1.0 nm in this study.
A virtual detector was positioned 0.2 m from the sample.

4.2 Integrating the Level Set Field

The level set equation of motion (6) has been discretized via a finite difference
method on a fixed Cartesian grid. During each iteration of the level set field, the
extension velocity v(x) is constructed from the sample surface calculated values
according to Eq. (1) via a closest point approach [27] and a dynamic timestep
determined according to the Courant-Friedrichs-Lewy (CFL) condition. Time
integration is performed via either Euler’s method or Heun’s method using a
first-order upwind scheme. The sample surface contour is extracted from the
level set field via the Marching Squares algorithm [51].

16
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Figure 3: Flowchart showing major components of the simulation algorithm
presented in this study.
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4.3 Solving the Electric Field

In order to calculate the sample surface evaporation rate, the electric field
strength over the surface must be calculated via BEM or FEM-BEM, depending
on whether dielectric effects are to be included. The matrix elements of the BEM
and FEM-BEM were calculated analytically via compiled Cython, according
to the methods outlined in Sections 3.3.3 and 3.3.4. During each calculation
of the electric field, a user-defined fraction of the simulated tip is used to
estimate a shank angle (see Figure 4(a)). The tip is then extended by an
additional number of user-defined boundary elements outside of the level set
grid domain, as shown in Figures 4(b). Such an approach requires only the
evaporating apex of the sample to be tracked via the level set method, with
the shank geometry being appended separately during field calculations. For
the FEM-BEM coupling, the internal FEM mesh was constructed using the
mesh generation program Triangle [52]. The FEM mesh was constructed with
element edges being enforced on the sample surface and on internal interfaces
between different material phases. Currently both the BEM and the coupled
FEM-BEM linear system are solved directly via LU decomposition (in this
implementation the FEM-BEM linear system is solved using the SciPy sparse
matrix package). The model setup for the BEM and FEM-BEM approaches are
shown in Figures 4(b) and 4(c). Further information regarding implementation
can be found through the source code comments and repository documentation
(see Section 9).

tip apex Detector } P ! ! Detector | I H T
(tracked) P A
lonfigtt 4 1 i ton flight |
path | 4 [ i / path | [ i
Sample shank K Ty
(extension) T VA
Level-set - < Level-set ; ’?f; <
field grid (ol field grid PR Varying potential
L Grain 1 |——T surface KDAZVRYAN 1 over surface
(conductor) NSO T
L] || / | dielectric” | \
Shank Shank { i

extension extension [\

Tum X (Y
(a) (b) (c)
Figure 4: (a) An example SEM image of a typical steel sample used in APT.
(b) BEM simulation setup for simulating conducting materials. (¢) Simulation

setup for FEM-BEM extension to dielectrics. The irregular FEM mesh allows
the FEM and BEM problem boundaries to coincide. Schematics not to scale.
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4.4 Reconstruction Mappings

In order to perform atom probe reconstruction, some time-dependent function
determined by the sample geometry is required that estimates the initial
positions of detected ions prior to evaporation. Currently this function must
be a bijection, providing a coordinate in 3D space for each detector position. It
must also span the entire FOV, such that any detected ion can be uniquely
positioned. It is this reconstruction mapping that contains the positioning
information required to perform atom probe reconstruction.

In order to build up the reconstruction mapping, ion projection can be
performed at distributed points over the sample surface using an adaptive-step
fifth-order Runge-Kutta (RK5) integrator [53]. In this study ion trajectories
were launched at the corners of each boundary element above a certain fraction
of the tracked sample apex height (taken as the top 15% of the sample apex), a
trajectory sampling in line with APT lateral resolution [50]. Ions were launched
at boundary element corners some set initial distance normal to the sample
surface (taken to be 0.1 nm). This projection step can be performed at different
times throughout the simulated tip evaporation after a sufficient fraction of
sample area had been evaporated. Trajectory integration is performed up to
the simulated detector, located 0.2 m from the sample, where the final detector
positions of these sampled ions are recorded. Using these sampled trajectories,
the corresponding position on the sample surface for an arbitrary point on
the detector can then be estimated through linear interpolation (see Figure
5). Currently this method for constructing the mapping fails to account for
bijective breakdown arising from trajectory overlap [54].

Local detector space

Sampled trajectory end points

Desired detector position

Sampled trajectory start point:

Interpolated surface position

b A B &

interpolation
— !

—~——
~—!
1

Local sample space

Figure 5: Diagram showing the procedure behind the construction of the
reconstruction mapping. Note that while a linear interpolation scheme has been
shown, higher order surface interpolation schemes are also possible.
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5 Results and Discussion

5.1 Numerical Stability

In order to check the correctness and numerical accuracy of the level set method,
a simple collapse test can be performed in which a sphere is collapsed according
to a particular velocity function. An analyical solution can be obtained for the
collapse time due to the problem’s symmetry. Initially, this collapse test was
performed using a linear velocity law (31).

_dR _ _ E(s)

v(s) = o —-B i (31)

where R is the circle radius as a function of time, s is a point on the surface,
B is a global constant, F is the electric field calculated via BEM, and Fj is
an isotropic material evaporation field. The expression for the surface electric
field of a sphere with constant charge @ is given by E = %. This is similar
in principle to the mean curvature flow case [17], but not identical, as here the
tip is being held at a constant voltage u., where u, = % In(R), rather than
at a constant charge (equivalent to the curvature collapse case). Therefore,
substituting out ), the actual differential equation governing the change in
radius is given by

dR B u, 1
Gh__ DU - (32)
dt Fy RIn(R)
A similar expression can be constructed for the collapse of a fixed potential
circle geometry under an Arrhenius law (1). This is given by

& 4t dwnom) (33)

Finally, by plotting the level set solutions for collapse under these two laws
against the numerical solutions obtained from Eq. (32) and Eq. (33), the
accuracy of the level set solver can be gauged. The test shows a slightly faster
collapse for the level set obtained solution in the Arrhenius case (Figure 6).
However the shape is generally well preserved, and the simulation resolution
is low. While this divergence was present for both Euler’s and Heun’s time
integration, it reduced with decreasing timestep.
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Figure 6: Level set solution in comparison to the true solution for circle collapse
problem using an Euler integrator. (a) Linear law collapse, as in Eq. (32). (b)
Arrhenius law collapse, as in Eq. (33). Collapse was defined to have occured at
5% of the initial sample area.

When using the Arrhenius’ law the major source of error arises from the
constant BEM approximation, where even small errors in the calculated surface
flux value are amplified under the exponential law. This error was present for
both Euler’s and Heun’s time integrators, and could only be reduced by using a
sufficiently small timestep. In this study the timestep is chosen dynamically as a
fraction ¢ of the Courant—Friedrichs—Lewy (CFL) condition dt = § m,

x€Q

where h = 1 nm and |v(x)| is the absolute value of the velocity extension field.
The result of this error is a ‘chipping effect’ into the surface that becomes
present at sufficiently large time intervals, resulting in divergence of the tracked
geometry from a circle (Figure 7). Such errors could be reduced by implementing
higher-order BEM methods [55, 56] or switching over to a Galerkin based
method [57, 58]. For the purposes of this work however, the results show
that the implementation is correctly following the analytical model, and that
the accuracy can be improved with a higher computational cost during the
level set integration. This is sufficient to model tip evaporation with higher
accuracy and correctness than our prior APT level set works [16, 17]. All
following simulations use a CFL fraction of § = 0.1 and reinitialize the level
set field every 50 iterations. This was found to prevent significant drift from the
problem solution (see Figure 6) and minimise detector isoline instabilities (see
Figure 8(c)).

21



—94 CFL fraction Kk

— 0.75 var=2 L
— 0.50
— 0.25

1% — Xc|| —R(t) | 2
; E(—R(t} )

log variance from a circle

0.0 0.2 0.4 0.6 0.8 1.0
collapse time (normalised)

Figure 7: Log variance from perfect circle against different CFL timestep
fractions for Arrhenius’ driven collapse. Some numerical issues still exist (spikes
in variance), although these are small enough not to be of concern in this study.
In the variance formula x; are the boundary element centres, x. is the circle
centre, and R(t) is the circle radius calculated from its instantaneous area.
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5.2 Multilayers and Precipitates

First the simpler pure BEM configuration is considered (see Figure 4(a)) with
anisotropy disabled. This corresponds to a model for isotropic conductors where
each phase has an individual evaporation field Fy. The surface electric field can
be calculated via constant BEM (10), assuming the boundary elements to be
equipotential.

Figure 8 shows a simulation for a sample geometry containing a lower
evaporation field multilayer (coloured red with an evaporation fields of 30Vnm ™!
and 20Vnm~!). The Figures 8(a) and 8(b) show a frame of the simulated sample
evaporation, along with ion projection from the surface and the corresponding
one-dimensional (1D) simulated hitmap. Note that prior to evaporation the
initial geometry of the sample apex was hemispherical. The lower evaporation
field of the multilayer results in a local reduction in positive surface curvature,
causing a focusing of ion trajectories and a subsequent increase in the projected
hitmap density.

Following a period of evaporation, the reconstruction mapping can
be constructed and visualised through the plotting of detector isolines
corresponding to how the origins of evaporated surface ions arriving at fixed
detector positions change throughout the experiment (Figure 8(c)). The initial
increase in isoline density corresponds to a period of trajectory magnification
just prior to reaching the multilayer. On evaporation into the multilayer
the isoline density decreases and spacing increases, corresponding to reduced
magnification resulting from a blunting of the apex. The mapping also directly
reveals the narrowing and subsequent widening of the FOV on passing through
the multilayer.

{ Bins: 120
175 Total ions: 571

45 S0 S5 60 65 70 75 80 85
02 04 06 08 10 S

detector coordinates (normalised)

(a) (b) (c)

Figure 8: Simulation of a lower evaporation field multilayer (Fy values of
30Vnm~! and 20Vnm~1!). (a) Partial evaporation of multilayer with ion
projection.  (b) Corresponding simulated 1D hitmap. (c) Reconstruction
mapping for multilayer structure where blue lines represent the sample surface
at different times while red lines are the detector isolines described above. Note
that electrostatics were solved in 2D and so predicted lensing behaviour cannot
be directly compared to 3D models or experiment.
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Another specimen geometry of interest is that of precipitates, as shown in
Figure 9(a). The Figures 9(b) and 9(c) contain the reconstruction mappings
for a high-field (Fy values of 30Vnm~! and 35Vnm~!) and low-field (30Vnm™*
and 20Vnm~!) precipitate. In both cases the changing geometry during the
precipitate’s evaporation results in a temporary change in magnification. The
high-field precipitate reveals an increase in magnification over the precipitate
followed by a region of demagnification over the rest of the sample surface in
the FOV. This trajectory focusing is greatest at the material interface between
the precipitate and bulk, as seen by where the isoline spacing is at its greatest.
The low-field precipitate reveals a decrease in magnification over the precipitate,
as seen by the increased isoline spacing. Sites of extreme focusing and overlap
of trajectories are observed as spatial instabilities in individual isolines. Note
that in both cases the local microstructure of the precipitate influences ion
trajectories over the entire FOV. This analysis reveals that such structures
cannot be assumed to introduce only local distortions into reconstructions.

20 40 60
nm

(a) (b) (c)

45 50 55 60 65 70 75 80 85
nm

Figure 9: (a) Initial simulated geometry containing an off-axis precipitate. (b)
Reconstruction mapping for a high-field precipitate (Fy values of 30Vnm~! and
35Vnm~1!). (c) Reconstruction mapping for a low-field precipitate (Fy values of
30Vnm~—! and 20Vnm~!). Blue lines represent the tip surface at different times
while red lines represent the detector isolines. Note that electrostatics were
solved in 2D and so predicted lensing behaviour cannot be directly compared
to 3D models or experiment.
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5.3 The FinFET Geometry

An active area of research in APT where reconstruction distortions are
particularly problematic is that of imaging and analysing semiconductor
devices [59, 60, 6, 61]. Such materials systems typically consist of phases of
varying evaporation fields and dielectric properties which can result in the
trajectory mapping significantly diverging from that assumed by the traditional
point-projection method.

While previous studies have modeled the evaporation of typical
semiconductor geometries [62, 10], it is still beneficial to compare with the
results produced by the continuum model. In the study by Melkonyan et. al. [6],
a sample representing a finFET-like structure was analysed and distortions
compared to those produced by a finite difference model [31]. Reconstructing the
same dataset via point-projection (Figure 10(a)) for a constant shank angle [3]
reproduces the same ‘narrowing’ distortion of the central fin as observed in the
original analysis.

This narrowing artifact of the central fin can be explained purely in terms
of a changing sample geometry due to a different evaporation behaviour of
the central fin compared to the surrounding material . By assuming a lower
evaporation field for the central fin of 20Vnm~! compared to the surrounding
material’s 30Vnm~! , the resulting change in apex geometry brings about an
increased focusing of ion trajectories originating from this central fin phase.
This trajectory focusing shows up as an increased hit density region on the
simulated 1D hitmap (Figure 10(c)) which narrows and increases in density
with further evaporation of the sample (Figure 10(e)). Under the simple
geometric assumptions of the point-projection algorithm this trajectory focusing
and increased hit density remains uncorrected for, resulting in the narrowing of
the central fin within the reconstruction.

Once again the reconstruction mapping provides a useful method for
comparing the local magnification effects during sample evaporation (see
Figure 10(f)). The increasing trajectory focusing arising from the central fin
can be understood by the increasing spacing between detector isolines within
the centre of the mapping. At the interface between the central fin phase
and surrounding material there is a region of enhanced trajectory focusing
and overlap, characterized by spatial instabilities in the isolines, followed by
a region of high magnification where the density of detector isolines increases.
Interestingly, the mapping predicts there to be a sudden increase in the FOV
roughly half way into the simulated evaporation.
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Figure 10: Simulation of the inFET-like geometry via the conductor continuum
model assuming a lower evaporation field (F values of 30Vnm~! and 20Vnm 1)
for the central phase like in [6]. (a) Point-projection reconstruction of a finFET-
like structure. (b) Partial simulated evaporation of the finFET-like structure
and ion projection. (¢) Corresponding 1D hitmap from ion projection at 9(b).
(d) A later time in the same simulated evaporation and ion projection. (e)
Corresponding 1D hitmap from ion projection at 9(d).

mapping for the simulated finFET-like evaporation.
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5.4 Modelling Dielectrics

When modelling dielectrics it is no longer valid to assume an equipotential
sample surface. Instead the coupled FEM-BEM approach is required to correctly
model the system electrostatics. In order to achieve this, the FEM-BEM scheme
described in Section 3.3.4 was implemented.

5.4.1 The Cylindrical Capacitor Test Geometry

In order to verify the accuracy of the constant FEM-BEM coupling, the method
was applied to a cylindrical capacitor test geometry. The test system consists of
a FEM region, given by a central cylinder of fixed potential surrounded by an
outer shell of floating potential, coupled to an exterior BEM region of infinite
size (see Figure 11(a)). The exact value of the floating potential shell should
depend on both the value of the fixed potential cylinder and the BEM boundary
conditions at infinity. Due to the radial symmetry of the problem, it is possible
to obtain an analytical solution and compare this with the numerical result. A
visualisation of the potential field solution is shown in Figure 11(b) revealing
the radial symmetry of the solution.

A cross-section of the numerical solution for particular mesh parameters (240
inputted boundary elements and 0.04 maximum element area) is compared to
the analytical solution in Figure 11(c). Three individual factors govern the
mesh construction performed by Triangle [52]: the input boundary mesh (both
the external sample surface and internal phase boundaries via a 2D piecewise
linear complex), the maximum triangle area, and the minimum internal angle
allowed for triangle elements. Note that the mesh generated via Triangle can
have additional boundary elements to that of the inputted boundary mesh.
However, any additional boundary elements will only be generated through the
subdivision of the inputted elements. Therefore any corners between elements
present in the inputted boundary will remain within the constructed mesh.

By manual tuning it was found that the solution was largely insensitive to
the minimum internal angle of elements, as long as its value was not to close
to 0° or 33°. A fixed minimum internal angle for mesh triangles of (21°) was
imposed. The normalised error in the cross-sectional solution was then explored
across a parameter subspace (see Figure 11(d)). As expected the parameter
sweep revealed that the field converges to the analytical solution as the inputted
boundary edge resolution increases and the maximum element size decreases.
For the range of parameters explored, the parameter of particular importance in
ensuring solution convergence is the input boundary. This is to be expected as
increasing the inputted boundary mesh resolution (number of elements), reduces
the angles between boundary element corners, such that the geometry converges
towards the assumed ’smooth’ form of the analytical solution.

In the implemented simulation framework, the input boundary mesh is set
by the resolution of the level set grid and the contour extraction algorithm.
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Figure 11: The cylindrical capacitor FEM-BEM test problem. (a) Setup for
test problem. FEM mesh shown in red. Color indicates relative dielectric value.
(b) Field solution for cylindrical capacitor test geometry. (c) Cross section of
solution (numerical vs analytical) for 240 boundary elements. (d) Sweep across
mesh generation parameter space (for fixed min internal element angle of 21°).
The error formula sums over k = 120 cross-sectional domain positions y, where
u(y) is the FEM-calculated potential at y and wu,(y) is the analytical potential.
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5.4.2 Dielectric Effects and Trajectory Lensing

The implemented FEM-BEM coupling scheme successfully reproduced similar
field lensing and trajectory focusing effects for both a surface precipitate-type
geometry (Figure 12) and a vertical layer geometry (Figure 13) to that produced
by the finite difference model of Oberdorfer et. al. [32].

(a) (b) (c)

Figure 12: Simulation of a dielectric precipitate of relative permittivity €, = 5
surrounded by conducting material. Note that the lensing effect cannot be
directly compared to that in three dimensions due to a missing dimension. (a)
Generated FEM mesh for the surface precipitate geometry. (b) Lensing of field
lines surrounding dielectric surface precipitate. (c) Resulting trajectory focusing
due to field lensing.

(a) (b) (c)

Figure 13: Simulation of a central dielectric vertical multilayer of relative
permittivity €, = 10 surrounded by conducting material. Note that the lensing
effect cannot be directly compared to that in three dimensions due to a missing
dimension. (a) Generated FEM mesh for the finFET geometry. (b) Lensing of
field lines surrounding dielectric precipitate. (c) Resulting trajectory focusing
due to field lensing.
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Figure 14: Plot of electric field surface normal component (blue), calculated via
Eq. (10), and electric field strength (orange), calculated via Eq. (11), over the
surface of the dielectric precipitate geometry (see Figure 12).

The finite difference model [32] showed that the potential lensing resulted in
an enhancement of the sample surface electric field strength for both dielectric
precipitates and layer geometries. This field enhancement contributed to an
increased evaporation rate of dielectric material independent from the phase’s
evaporation field parameters. However, unlike Oberdorfer’s model, the coupling
scheme employed in this study failed to reproduce the same degree of field
strength enhancement at the surface, with dielectric surface material instead
resulting in a local reduction in the field strength. This failure can be seen
in Figure 14, which plots the electric field surface normal component (blue)
and field strength (orange) over the surface of the off-axis dielectric precipitate
geometry shown in Figure 12. One possible explanation for this discrepancy
is the reduced lensing effect present in two dimensions compared with three
dimensions. Another issue could be the fixed potential panels of the constant
BEM approximation failing to capture tangential field components close to the
sample surface. Further testing is required to confirm the exact cause of this
discrepancy.
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5.5 Crystal Anisotropy

A common artifact that appears erroneously within current reconstructions is
the pole structure: low density regions arising due to sample faceting as a result
of its underlying crystallographic structure. The level set method is capable of
simulating such faceting behaviour by generalising the evaporation rate equation
(1) to some anisotropic function. In this study this was achieved by generalising
the evaporation field parameter Fy in (1) to become some function of angle to
the closest facet (see Section 3.4 for further details). The different phases in
the simulation now have a set of associated facets associated, each with a given
direction and magnitude. While numerous possibilities exist for simulating the
evaporation of crystallographic materials systems, three case studies have been
selected that we believe demonstrate its potential for simulating anisotropic
systems while remaining simple to interpret.

The first case study considers the simulation of a homogeneous sample under
an anisotropy function generated via Eq. (28). This anisotropy function, a
radial plot of Fy(a) (see Section 3.4), is visualised in Figure 15(a). Simulated
evaporation under this anisotropy function produced the faceted equilibrium
form in Figure 15(c). The 2D analogue of the crystallographic Miller indices
are labelled and compared between the faceted end-form and the visualised
anisotropy function. Finally, the resulting 1D simulated hitmap is shown
following ion projection off Figure 15(c). Two low density regions analogous
to the pole structure seen on experimental detector hitmaps are produced
corresponding to the facet corners between the (10), (11), and (—11) planes.
While Figure 15(c¢) implies that two other low density regions should be present
between both (11) and (—11), and the tip shank, these poles lie outside of the
detector FOV.
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Figure 15: (a) Visualisation of an anisotropy function, generated via Eq. (28),
with vertical, horizontal, and diagonal facets defined. Fy values are 26Vnm !
for (10)-type facets and 30Vnm~1! for (11)-type facets. (b) Initial unfaceted
form prior to simulated evaporation. (c) Equilibrium form of homogeneous
sample after simulated evaporation under the defined anisotropy function (see
Figure 15(a)). (d) 1D hitmap following ion projection showing low density poles
corresponding to facet corners.

The next case study considers the simulation of a vertical grain boundary
(Figure 16). The two simulated crystal grains either side of the boundary have
the same crystallographic structure but are misorientated at an angle of 22.5°.
Such misorientation corresponds to a rotation in the anisotropy function. The
anisotropy function for grain 2 is shown in Figure 16(a), while grain 1 is shown
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in Figure 16(b). Figure 16(c) contains a snapshot of the system after partial
evaporation. Again the Miller indices corresponding to particular facets have
been labelled and can be compared with the corresponding grain anisotropy
functions.
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Figure 16: Simulated evaporation of vertical grain boundary with grain 2 at
22.5° clockwise rotation to grain 1. (a) Anisotropy function for grain 1. (b)
Anisotropy function for grain 2. (¢) Simulated evaporation of a vertical grain
boundary. Fy values for all facets are 35Vnm™!.

The final case study considers the evaporation of a high evaporation field
precipitate within an amorphous bulk. Frames of the simulation at different
stages of evaporation are shown within Figure 17. Here the precipitate had a
defined anisotropy function matching Figure 16(a). The precipitate faceting is
most clear in Figure 17(c). Here a large flat top is clearly visible, corresponding
to the (10) facet. Near the interface with the bulk the diagonal facets
corresponding to (11) and (—11) can also be observed. Following evaporation of
the precipitate, the remaining amorphous phase returns to its near hemispherical
equilibrium form (see Figure 17(d)).
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Figure 17: Simulated evaporation of a high evaporation field faceted precipitate
(see Figure 16(a)) within an amorphous bulk of Fyy value 30Vnm~1!. (a) Sample
with precipitate prior to evaporation. (b) Partially evaporated precipitate.
(¢) Further evaporation of precipitate. (d) Equilibrium form after complete
evaporation.
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5.6 Computational performance

To demonstrate that the problem here remains highly tractable, which is critical
to supporting a readily deployable reconstruction algorithm, we have undertaken
several simple benchmarks. The current implementation features no explicit
parallelism, and all simulations performed on a i7-4770 CPU 3.40GHz x 8
system. Until now all simulations included in this study have been run for a
level set field grid of size 128 x 128. However, this grid resolution can be adjusted
to any N x N system, assuming the input image for geometry initialisation has
sufficient resolution for a smooth surface initialisation.

The time per iteration for the major algorithms are given in Figure 18(a)
for increasing system size, with polynomials of the order of each component’s
theoretical asymptotic complexities being fitted. ~The naive closest-point
extension velocity construction calculates the closest distance of each grid cell
to the sample surface (where N is the level set grid width and & is the number of
surface boundary elements), giving a time complexity in 2D of O(N?k) ~ O(N?)
and O(N?) memory complexity. The matrix inversion is performed via Gauss-
Jordan elimination with O(k3) ~ O(N?) time complexity and O(k3) ~ O(N?)
memory complexity, while the BEM matrix construction has a time complexity
in 2D of O(k?) ~ O(N?) and O(N?) memory complexity.

This data reveals that the current bottleneck is the extension velocity
construction. However, multiple options exist for accelerating this component
including a narrowband grid implementation [63, 64, 17] and a fast marching
based extension velocity construction [28, 29]. Combining both of these methods
would reduce the theoretical time complexity to O(Nlog(N)) and memory
complexity to O(N?) in 2D. However, it remains unclear whether using such
methods would improve the performance at the grid resolution used in this
study.

The remaining two major components are the BEM matrix construction
and inversion. While at the resolutions shown the matrix construction times
appear to be increasing faster than the inversion step, extrapolating the
fitted complexity plots reveals that the matrix inversion surpasses the matrix
construction in the current implementation for spatial system sizes around
2000 x 2000 (not shown). Such a result implies that with further optimisation
and parallelisation of the matrix construction, the matrix inversion step would
be the theoretical bottleneck of the current algorithm. Note that on extension
of the algorithm to three dimensions, these component complexities would scale
differently (partially due to k ~ N?2).

The Figure 18(b) contains a normalised breakdown of the same components
at grid sizes surrounding the resolution used within this study. At the study
resolution of 128 x 128, the three components are of comparable fractions, with
no particular component dominating.
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Figure 18: Performance metrics for the conductor BEM tip simulation
algorithm. (a) Complexity plot for log time per algorithm iteration against
system spatial resolution (level set grid). Theoretical complexity curves have
also been fitted and their coefficient of determinations (strength of fit) given.
(b) Breakdown of normalised algorithm major component times surrounding
the grid resolution of 128 x 128 used within throughout this study.

The performance analysis above has only dealt with the surface modeling
component of the algorithm, and has ignored the ion projection step. While
currently this is the slowest component of the algorithm, this step is also highly
parallelisable [65]. Theoretically, assuming a constant number of elements per
panel, the theoretical time complexity should go as O(k?) ~ O(N?) (assuming
a collocation BEM) and memory complexity O(N), as the sample-detector
distance is independent from the level set grid dimension N.

Finally, it is worth briefly considering FEM-BEM coupling extension for
handling dielectrics. Due to the internal mesh, the time complexity of solving the
system via LU decomposition is O(k®) ~ O(N®) and memory complexity O(N*)
(when storing as a dense matrix). However, at the grid resolution of 128 x 128
the time for total sample evaporation remains significantly faster than atomic
models. The Figure 19 shows a particular simulation for a low evaporation field
dielectric precipitate of Fy = 20Vnm~! and a dielectric constant of €, = 30,
embedded within a conductor bulk of Fy = 30Vnm™".
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Figure 19: Geometry setup for dielectric simulation test. Simulated geometry
consists of an on-axis precipitate (Fy values of 30Vnm~! and 20Vnm~!, and a
dielectric constant of €, = 30). (a) Initial geometry for dielectric simulation (on-
axis precipitate). (b) Final geomery of sample at end of collapse. (c) Typical
internal mesh constructed throughout collapse (dependent on mesh parameters).

Three different running modes were compared for this geometry: a complete
FEM-BEM simulation throughout the entire collapse, a pure BEM conductor
simulation ignoring dielectric behaviour, and a hybrid mode whereby the FEM-
BEM coupling mode was only executed on the dielectric precipitate intersecting
the sample surface. The evaporation times for each mode are summarised in
Table 1. It is worth noting that these evaporation times are geometry dependent
and that changing various parameters (e.g. FEM mesh resolution, CFL time
fraction) can significantly modify collapse times. Ion projection and graphical
outputs were disabled throughout these simulations.

H Method Simulation times (seconds) H
FEM-BEM 670
Pure BEM 100
hybrid 470

Table 1: Results for collapse of test dielectric geometry (see Figure 19) under
three different modes. Results averaged over 3 runs (with 3 runs prior discarded
to maximise disk caching) to average out operating system jitter. Reported
times rounded to nearest 10 seconds due to precision of Python’s time.time()
method.
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6 Limitations and Improvements

The major limitation of this current model for predicting experimental field
evaporation behaviour is the fact that it is two dimensional. The electric field
behaves differently in three dimensions, limiting the direct applicability of the
model to making predictions regarding experimental evaporation phenomena.
This limitation can be clearly seen by the discrepancy in the predicted
evaporation behaviour for dielectrics compared with previous electrostatic
simulation work [32]. Nevertheless, extending the current model to three
dimensions is mainly an implementation exercise. Thus we believe that despite
our results here being presented in two dimensions, this approach will be readily
extendable to three dimensions. However, the additional dimension will cause a
significant increase in computational overhead. Further optimization techniques
will be required in order to maintain the computational performance.

Currently some of the slowest components are the BEM and FEM-BEM
matrix inversion, and the ion projection step, which is also restricted by the
efficiency of the BEM field calculations. Existing methods for accelerating the
BEM boundary calculation step include the fast multipole method [37, 66],
adaptive cross-approximation [66], and pre-corrected fast fourier transform
methods [66]. The fast multipole BEM could also be used to potentially
accelerate ion trajectory calculations via calculation of external domain field
points, although an octree structure would have to be constructed over this
space [67]. Iterative methods to solving the FEM-BEM system could further
accelerate the computation [68] by allowing the use of specialised solvers for the
separate FEM and BEM components such as the conjugate gradient method
and GMRES.

The number of required ion trajectory integrations for constructing the
reconstruction mapping could be further reduced through a more intelligent
trajectory sampling: adapting the ion projection density and frequency
depending on local changes in surface geometry. Ion trajectories could also
be extrapolated by analytical functions after a sufficient distance from the
sample surface, eliminating the need for complete projection up to the detector.
The best course of optimisation remains unclear at this time, although should
become clearer on extension to 3D and with implementation of a prototype
reconstruction algorithm.

It is noted that numerical issues exist with the FEM-BEM coupling. The
constant BEM approximates elements as being of constant potential. This
approximation fails to reproduce tangential fluxes close to the surface and
complicates the coupling procedure with the linear FEM where nodes lie at
element corners. This breakdown in the representation of the tangental field
close to surface could be partially responsible for the discrepancy in dielectric
evaporation behaviour from alternative electrostatic models [32]. However, it
is difficult to draw conclusions due to the discrepancy in the dimensionality. A
multidomain BEM implementation would likely prove more efficient than the
FEM-BEM coupling [69, 70]. However, such a method would be unable to
account for spatially non-linear parameters, which will likely become relevant
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when attempting to model the effect of the laser on sample evaporation.

The accuracy of the pure BEM and FEM-BEM calculations could be further
increased by using a Galerkin BEM [71, 72, 58], which can also naturally handle
issues arising from boundary mesh corners. However, using such Galerkin BEM
formulations comes with an increased computational overhead.

Multiple approaches exist for potentially accelerating the level set component
of the algorithm. Currently this grid employs a full-band method, unnecessarily
simulating grid points far away from the interface. Previously we have
demonstrated a narrowband implementation where only grid points sufficiently
close to the interface are tracked [63, 17]. This narrowband of active field points
is then updated as the embedded sample surface propagates. Finally, further
acceleration could be achieved via parallelisation of the level set algorithm, either
by distribution of the level set grid nodes across multiple cores [73] or through
a parallel-in-time integration scheme [74].

While the effect of the laser on sample evaporation has been omitted from
this study, it is known to have a major effect on sample evaporation [9].
A simplified model could be implemented by generalising the temperature
parameter in equation (1) such that it varies with lateral position over the
sample surface corresponding to the laser flux asymmetry [75, 76].

7 Conclusion

The current projection approach to APT reconstruction introduces major
distortions into multiphase material systems by approximating the sample apex
geometry as a hemispherical cap. There is numerous experimental evidence
that such simple geometric approximations breakdown for more complicated
sample structures [8, 21, 9, 10]. In order to correct for these distortions a
new reconstruction protocol is required that accounts for the changing sample
geometry during field evaporation.

Unlike the traditional atomic model approach, the developed level set model
presented here considers the sample as a continuum. The model accurately
solves the electric field at the sample surface through the Boundary Element
Method (BEM) and a FEM-BEM coupling without having to extend a mesh
into the vacuum. This framework also allows for the inclusion of crystallographic
anisotropy. Such an approach builds upon previous work using a curvature
flow approximation for the electric field [16, 17] and grid-based finite difference
electric field solvers [33]. By modelling the sample as a continuum and ignoring
the underlying crystallographic structure, sample evaporation is simulated in
minutes (see Table 1) as opposed to the hours-to-days required by atomic-
resolution electrostatic models.

While the current implementation is only two-dimensional, nothing
immediately obvious is preventing the outlined method from being extended to
three-dimensions. When calibrated with experiment, such a three-dimensional
model could be harnessed to obtain an ion trajectory mapping between the
detector and sample surface which could be applied to driving a new distortion
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correcting APT reconstruction algorithm.
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9 Source Code

The source code for the 2D simulation tool CASRA (Continuum APT
Simulation and Reconstruction Aid) used throughout this study can be accessed
and downloaded from https://gitlab.com/fletchie/casra. All simulations in this
study were performed on Ubuntu 18.04, with Python libraries installed via pip3
and linked against OpenBLAS. Specific parameter configurations for simulations
can be found in the repository examples.
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