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ARTICLE INFO ABSTRACT
Keywords: Strain gradients have been used to link various microscale deformation phenomena to the mechanical response
Finite element method of a polycrystalline material, revealing sub-crystal deformation structures. The strain gradients are computed
Ge_"me'“_lcauy‘ne_cessary dislocations in terms of the orientation gradients and then converted to geometrically necessary dislocation densities, a
Sriemanto;‘ gradients quantity considered important to explain flow stress and strain hardening behaviour. In this study, a unique
oycrystals method has been developed to compute the orientation gradients by finite element method while enforcing
orientation continuity inside the grains and allowing sharp gradients at the grain boundaries by a global
minimization approach. The method is showcased on an exemplar electron backscatter diffraction datasets
of a stainless type of steel. The energy minimization method (Demir et al., 2009) reveals geometrically
necessary dislocation densities that are an order of magnitude lower than those calculated using the widely
accepted Least-Squares minimization approach (Arsenlis et al., 1999). The proposed approach successfully
eliminates sharp orientation gradients at grain boundaries, removing the artificially high dislocation densities
near orientation discontinuities that is characteristic to the finite difference-based approaches.
1. Introduction polarized dislocation structures [9]. Given the perceived role of strain
gradients in explaining microscale behaviour that governs the macro-
Strain gradients have been used to correlate the mechanical be- scopic response, obtaining accurate measurements of GND densities at
haviour of a wide-range of single crystal and polycrystals materials, for appropriate length scales is highly desirable.

both single and multi-phases [1]. A few example applications include
the size dependence of flow stress in single crystals [2], the mechanical
behaviour of multi-phase materials [3,4], and grain size dependence for
polycrystals [5].

The strain gradients are correlated to mechanical strength using

GNDs can be computed from either the elastic or the plastic incom-
patibility. Most of the current computational studies use the plastic
incompatibility as the measure for GNDs since the slip rates are nu-
merically available [10-12]. The curl of the vector field mapped by

Taylor’s equation (z, = aGby/0). According to Taylor, an increase the plastic deformation gradient (V x F,) remains a widely-accepted
in the dislocation density or decrease in the mean spacing between method for the calculation of the lattice curvature [13] and strain
dislocations, leads to a decrease the critical bow out radius as the gradients, based on the original studies of Dai and Parks [14]. In
physical source of the corresponding increase in the critical strength some computational studies, slip gradients were used as a more direct
o[6]. The strain gradients can be expressed in terms of the density measure for lattice incompatibility [15,16]. The elastic part of the
of geometrically necessary dislocations (GNDs); these are defined, as deformation gradient has also been used as the measure for strain

the name suggests, as the dislocations that are geometrically needed
to accommodate the lattice curvature [7]. As a first order effect, the
GNDs increase both the flow stress and strain hardening as disloca-
tions become more closely spaced [8]. Backstress is a second order
effect arising from the inhomogeneous distribution of GNDs, causing

gradients [17]. The dislocation flux, that is defined as the convective
part of the lattice incompatibility [18], was also used to compute as a
measure for GND density in a deforming polycrystal [19,20]. A further
detailed overview of the calculation procedures for incompatibility
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and GND density in numerical crystal plasticity simulations can be
found [21].

Common experimental measurements of local strain can be dis-
tinguished into two categories: i. real space methods such as Digital
Image Correlation (DIC) where the total strain is obtained from surface
displacements [22-24] and ii. reciprocal space measurements such as
electron-backscatter diffraction (EBSD) to obtain the local crystal orien-
tation and distortion (elastic strain) [25,26]. For such experiments, the
elastic part of the deformation consisting of both lattice rotation and
elastic strain components are used to compute the lattice incompatibil-
ity [27]. Utilizing this property, intragranular crystal orientations [28,
29] and residual elastic strains with spatial resolution better than
100 nm [25,30] have been performed with EBSD. The orientation
gradients have been widely used as the sole measure for incompatibility
[31]. In this particular approach, the elastic distortions were neglected
allowing determination of incompatibility from the lattice rotations,
which is reasonable for metals having small elastic strains. Thus, the
GND density can be obtained from the local crystal orientation mea-
surements and their gradients. Equivalent detail can also be obtained
in three-dimensions using other crystal orientation measurement tech-
niques such as X-ray Diffraction Contrast Tomography (DCT) [32],
Differential Aperture X-ray Laue Micro-diffraction (DAXM) [33] and
Dark Field X-ray Microscopy (DFXM) [34]. Although experimental
techniques have evolved significantly over the last decade, the method
to compute the orientation gradients have not changed significantly.
The orientation gradients have been computed using finite difference
approaches in almost all of the recent studies [35-43].

In this method, the gradients are computed using the difference
between data points. Calculation of gradients with a higher degree
of accuracy was achieved by utilizing different neighbourhood rela-
tionships including data points that are not simply the nearest neigh-
bours [44,45]. More recently, a finite element method has been used
to compute the orientation gradients [46], where the divergence of the
crystal orientation field was used as the measure for incompatibility,
similar to the studies of Field et al. [29].

Errors or large fluctuations in any orientation measurements can
lead to incorrect conclusions, hence, these must be minimized by
adopting a consistent framework. For a polycrystalline material, the
orientations are generally (1) continuous within grains, even when
plasticity is high, and (2) possess a sharp orientation discontinuity at a
grain boundary. As an artefact of the latter, a sharp local misorientation
gives rise to artificially steep gradients that falsely predict high GND
densities. Whilst they are not physically present, their inclusion is a
consequence of the mathematics of a finite difference approach. A
new approach is developed in this study which aims to addresses the
shortcomings of the finite difference approach and is referred to as
Orientation GRadiEnts by Finite Element Method (OGRE-FEM). Here,
a finite element method is adopted with the crystal orientation being
the field variable. The proposed method employs a global minimization
between the field quantity and the measured orientations; it further
enforces orientation continuity within grains, and accounts for sharp
orientation changes at grain boundaries. This calculation procedure has
significant relevance to practical applications such as the prediction of
failure of structurally critical engineering materials.

2. Method (OGRE-FEM)
2.1. Crystal orientation and its gradient

Local crystal orientations can be expressed with angle-axis form
with an angle, 6, and a rotation axis {r}, in Eq. (1):

{r}={u v w}T. (€8}

where u, v and w are the indices of a direction vector in the crystal. The
field variable in this analysis is the angle-axis pair which is indicated
with {d} in four degrees of freedom in Eq. (2):

W={u v w o). @
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The axis vector shall satisfy the inequality constrains in Eq. (3) to
remain within the unit stereographic triangle:

0O<w<v<u<l 3

The orientation matrix in the crystal frame, [g], is computed using the
angle and axis pair in Eq. (4):

le] =

cos 6 + u*(1 — cos 9)
uv(l —cos @) — wsin O
uw(l —cos @) + vsin 6

uw(l —cos @) —vsinf
vw(l —cos @) +usinb |.
cos @ + w*(1 —cos 9)

uv(l — cos @) + wsin 6
cos @ + v*(1 — cos 6)
vw(l — cos @) — usin b

4

The variation of the vectorized crystal orientation components,
{g}, with respect to field variables, angle-axis pair, is obtained by
differentiation,' as given in Eq. (5):
8g11 = (W — 1)sin 0560 + 2(1 — cos Oudu,
681, = (uvsin® + wcos 0)660 + (1 — cos O)véu + (1 — cos O)udv + sin Oéw,
6813 = (uwsin@ — vcos 0)660 + (1 — cos O)wdu — sin O6v + u(l — cos §)ow,
68y1 = (vusin® — wcos 0)660 + (1 — cos O)véu + (1 — cos O)udv — sin Béw,
08y = (0> = 1)sin 656 + 2(1 — cos O)vév,
68y3 = (vwsinO + ucos 0)660 + sin O6u + w(1 — cos §)6v + v(1 — cos H)dw,
6831 = (wusin@ + vcos0)660 + (1 — cos O)wdu + sin O6v + u(1 — cos §)éw,
683 = (vwsin® —ucos )60 — sin O6u + w(l — cos §)6v + v(1 — cos H)dw,
0833 = (w2 —1)sin 060 + 2(1 — cos O)wow. (5)

Eq. (5) can be simplified and expressed via gradient mapping, [G],
given in Eq. (6):

0811
0812
0813
0821
Y %&»
0823
0831
083
0833

ou
L_ ¢4 % L ®)

ow
560

where [G] is the gradient mapping in terms of the angle-axis pair,
Eq. (7):

[G] =

[ 201 = cos O)u 0 0 @? - 1)sin@
(1 —cosO)v (1 —cosO)u sin 6 uvsind + wcos O
(1 —cosOw —sinf u(l —cosf) uwsinf —vcosb
(1 — cosO)v (1 —cosO)u —siné vusin — wcos O

0 2(1 = cos v 0 (v* — 1)sin@
sin 6 w(l —cos 0) v(l —cosf) vwsinf + ucos
(1 = cos OHw sin 0 u(l —cos 0) wusin @ + vcos O
—sin6 w(l — cos 0) v(l —cosf) vwsinf —ucosb

0 0 2(1—cos®)w  (w?—1)sin@

@)
2.2. Local form of orientation field

The objective in this study is to minimize the difference between the
measured and computed orientation fields, as described by the spatially
local orientation residual in Eq. (8). The brackets are not used in this
section for clarity. d denotes the experimentally measured, or known

1 The partial differential operator & represents the variation while V
represents the gradient operator.
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values of orientations, and d(x) represents the field variable vector to
be identified:

dx) —d = 0. ®

An additional constraint on the gradient of orientations is used to
ensure the continuity of the lattice by using the local form in Eq. (9).
This helps to reduce the experimental errors or uncertainties. The
orientation gradients are computed using the field variable, d(x), and
the gradient mapping for all three directions, I', to give Eq. (9).

Vg(x) = I'(x)Vd(x) = 0. 9

I'(x) is coefficient for the independent gradients that is constructed
using the gradient mapping, [G], as in Eq. (10). Note that the I'(x)
applies to the orientation gradients in three principal directions:

[G] 0 0
Irx)=10 [G] 0 10$)
0 0 [G].

Finally, both constraints in Egs. (8) and (9) are added and rear-
ranged to obtain the local form of the overall expression that is solved,
as given in Eq. (11):

I+ Ar®V]idx) = d. an

where A represents the penalty factor for the orientation continuity
constraint and I is the 2nd rank identity tensor.

2.3. Discrete form of orientation field

Eq. (12) shows the discretization of the angle-axis pair with in-
dependent degrees of freedom from each other using finite elements
that are prescribed by the interpolation functions, {N(x)}”. The inter-
polation functions are shown in Appendix A. The symbols %, 7, and w
represent values of the axis vector components along the nodes, in the
x, y, and z directions, respectively:

u(x) = {Nw} {1},
vx) = (N} {¥},
wx) = (N} {W},
0x) = (N} {6}. (12)

Similarly, the orientation gradients are calculated in terms of the
discrete angle-axis components using the derivatives of the interpola-
tion functions, VN(x), shown in Eq. (13):

{(Vux)} = [VN)] {u},

{(Vvx)} = [VN®] {¥},
(Vwx)} = [VN®)] {#},
{VO(x)} = [VN)] (). (13)

The angle-axis pair is a unit vector which reveals a constraint on its
components, u, v, and w. However, this does not limit the interpolation
between individual components of the axis vector among unit vector
fields. This ‘unit vector’ requirement is ensured by normalizing the
angle-axis pairs after the interpolation.

Eq. (14) is used to calculate the gradient of the field variables.
Only gradient computation along the x-direction is shown to avoid
complexity. The subscript m indicates the number of nodes per finite
element. The V,N, represents the mapping for the calculation of the
gradient along the x direction, corresponding to the 1% node:

V, u(x)
V., u(x)
V., w(x)
V.0(x)
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V.N, 0 0 0 V.N, O 0 0
0 VN, 0 0 0 VN, 0 0
0 0 V.N, 0 0 0 VN, 0
0 0 0 VN, 0 0 0 V.N,
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w
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Multiplication of the local form in Eq. (11) with the weight functions
followed by the integration over the domain reveals the global con-
straint relation in Eq. (15). This contains three terms; i. a least-squares
term, M, also referred as the mass matrix, ii. a gradient term, C, for
the field variable, {d} through a Lagrangian constraint with a penalty
factor, and 4, iii. a weighted vector of given quantities, q, on the right
hand-side of Eq. (15):

(M] + A[CD) {d} = {q}. (15)

The mass matrix is computed using the interpolation functions,
as in Eq. (16), which is also referred to as ‘least-squares FEM’ in
the literature [47]. A simple derivation of the approach is shown in
Appendix B.

M] = / NI” [N] de. 16)
Q

The gradient mapping helps to obtain a smooth orientation field by
weakly penalizing the gradients over the domain using Eq. (17):

[C] = / [VN]" (1" [][VN] d. an
Q

The measured orientations in the form of the field variables, (T, are used
to construct a pseudo-force vector, as in Eq. (18):

la) = / IN] () d2. 1s)
Q

After solving Eq. (15) for the field variable {d}, the orientation gradi-
ents can be obtained using the field variable, Eq. (19):

[Ve] = (] [VN] {d}. 19)

The least-squares finite element approach was applied in different
prior studies; details of the method are given elsewhere [48-50].

Linear quadrilateral type elements were used in the analysis. Higher
order quadrilateral type elements could also be used but not pre-
ferred since they increase the computational time. Similarly, triangular
elements can be adopted for grids in hexagonal shape of EBSD mea-
surements. The number of elements were the same as in the EBSD
data points. The coarsening of the mesh size can be done outside this
analysis using the any available EBSD data analysis software.

2.4. GND density calculation

The GND tensor is defined as the sum of the dislocation lines over a
volume, V as in Eq. (20) [7,51]. b’ represents the slip direction having a
magnitude of the Burgers vector. £ is the unit dislocation line direction
for the ith system, Table Table 1:

18
1 ) N
a = — b' ® / t'dL. (20)

The total dislocation line length divided by the volume of the
domain defines the density of GNDs, oiG ND® of each dislocation system
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Table 1
Dislocation configurations defined by slip direction, b/, and line direction, #, for FCC materials.
Type Edge Screw
No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
t 112 121 211 112 121 211 112 121 211 112 121 211 110 101 011 110 101 011
b 110 101 011 110 101 011 110 101 011 110 101 011 110 101 011 110 101 011
i, Eq. (21): obtained via the least-squares method (L2):
18 { _
) X . (JGND} = [B] {a}. 27)
o = ognpP ® t. 21

i=1

The line of dislocations; that pierce through an arbitrary area nor-
mal, r, and surface S over which the Burgers circuit is constructed,
will contribute with their projected value of Burgers vector giving the
net Burgers vector, b"¢'. This property of the dislocation tensor can be
concluded from the projection in Eq. (22):

18
bl = /sa rds = /Szg"GNDb" ® i - rds.
i=1

The same orientation gradients as in Eq. (21) is computed in terms
of the incompatibility of the elastic deformation using Eq. (23) after
the application of Stokes theorem to convert the line integral for
Burgers circuit to an area integral. Ignoring elastic strains, €,, the lattice
incompatibility is calculated using the rotation gradients only:

(22)

b"‘"=/Vx(g+ee)-rdSz/(ng)-rdS. (23)
s s

Setting two Egs. (22) and (23) equal to each other and cancelling
out the integrals, gives the linear relation in Eq. (24):
18
a = ZoiGNDbi ®t =Vxg.

i=1

(24)

To compute the curl, first the orientation gradients, [a], are recal-
culated at the element centres using the field variables to give the
vector {a}. Second, the dislocation tensor, «, is computed using the
orientation gradients. Finally, the GND densities are obtained by two
different methods: Least Squares (L2) [51] and Energy Minimization
(L1) methods [52] (see Table 1).

2.4.1. GND density calculation by energy minimization (L1) method [52]

In the energy minimization method (L1 method), a solution for
Eq. (24) is obtained by direct minimization of total length of disloca-
tions [51]. The dislocation tensor has nine known quantities, allowing
a unique solution for nine unknown GND configurations. Therefore,
the solution for nine GND densities are searched for among all of
the possible unique dislocation configurations, very similar to the
work minimization theory by Taylor [53]. The redundant solutions are
eliminated by considering the coefficient matrix (Z?:] b’ ® t') of all
configurations with a non-zero determinant. As a result, Eq. (24) is
slightly modified to give Eq. (25):

9
b @y, = (25)
i=1

Once the dislocation densities, Q’GND,are computed, the overall
length of the dislocation is obtained by summing the dislocation seg-
ments. The solution with the minimum length is assumed to be the
dislocation configuration with minimum energy, Eq. (26):

9
min(|| Y, b’ of;x - (26)
i=1

2.4.2. GND density calculated by the least-squares (L2) method [51]
Eq. (27) is used to compute the GND density, {¢gnp}, from the
orientation gradients. The [B] matrix for the solution of Eq. (17) is

Solving with the L2 method provides a B-matrix [51]; its compo-
nents that are given by Eq. (C.1) in Appendix C.

2.5. Summary of the numerical method

The proposed method, Orientation GRadiEnts using Finite Element
Method (OGRE-FEM), is implemented via an in-house code using
MATLAB®. The application of the analysis involves several steps that
are explained below. The analysis is described for an EBSD dataset, for
orientation measurements collected on a square grid.

Step-1 Clean-up the data: Before starting the FE analysis, every data
point shall have a proper crystal orientation® assigned to perform
the integration of {q} in Eq. (18) in every element. Therefore a
clean-up algorithm is employed for points without a crystal ori-
entation. The nearest neighbours of those points without crystal
orientation are searched and the nearest value is assigned. This
procedure is schematically illustrated in Fig. 1. More advanced
data clean-up procedures are readily available in other commer-
cial software (AZtecHKL, TSL) or freeware (MTEX [54]), but is
considered unnecessary for the analysis method proposed here.
Without the data cleanup operation, missing crystal orientation
data will yield incorrect results. Therefore, it is an essential
to ensure a complete grid of orientations is assigned, with an
acceptable error, before proceeding with the analysis.

Map all of the axis vectors from the angle-axis pair into the
unit stereographic triangle using symmetry, to satisfy the In-
equality (3). There are 24 symmetry operators, O,, for cubic
materials which are used in conjunction with Eq. (28) to map
the corresponding orientations, g’:

Step-2

g =0,g0" (k=1,....,24; |

1,...,24)). (28)

Step-3 Create additional degrees of freedom of the field variable for
the nodes at the grain boundaries. This is done for each grain
boundary to deal with sharp orientation changes. Fig. 2 shows
a schematic illustration with the addition of extra nodes at the
grain boundaries. Grains are defined by grain identifier numbers
(grainID) in the map readily after the cleanup.

Apply FE analysis to solve for the orientation field for all of the
degrees of freedom, {d}, using Eq. (15).

Recalculate the orientation gradients at the element centres
using interpolation functions through Eq. (19).

Calculate GND densities from the orientation gradients at the
centre of each element using both (1) L1 and (2) L2 methods.
Step-7 Output the results.

Step-4
Step-5

Step-6

The norm of the GNDs are computed in the post-processing from all
the slip systems using Eq. (29):

lol = Il ). b ol pll- (29)
i

2 Conventional orientation matrix is a passive rotational mapping, that
transforms vectors in sample (also referred as laboratory or spatial frame)
reference to the crystal (material) reference frame.
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Fig. 1. Schematic illustration of EBSD measurements with experimental artefacts.
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m

Fig. 2. Schematic of a grain boundary between two differently orientated neighbouring
crystals, with additional degrees of freedom assigned to the nodes at the location of
the boundary itself.

The MATLAB® scripts are available to public in GitHub® (https:
//github.com/EralpDemir/OGRE-FEM) together with an example.

3. Experimental

A grade AISI 316L (SS316L) stainless steel sample was polished to
a finish with 0.04 pm colloidal silica. The sample was analysed using
a Zeiss Merlin field emission gun scanning electron microscope (FEG-
SEM) equipped with a Bruker eFlash"® EBSD detector, using Esprit
2.0 software. The microscope was operated with a 10 nA probe current
and 20kV accelerating voltage and high resolution EBSD (HR-EBSD)
scans of approximate area of 440 x 240 pm” with a step size of 0.5 pm
were employed. Diffraction patterns were saved at 800 x 600 pixel®
resolution in 16 bits.

EBSD maps of the SS316L material were obtained in an undeformed
state, and an unloaded state after deformation to 0.37% plastic strain.
The same region was acquired for each of these maps, using an identical
microscope setup and data collection strategy. Fig. 3 shows an example
inverse pole figure (IPF-X) map of the undeformed sample. Tensile
testing was conducted using a Deben Microtest 5 kN load frame on a
dogbone shape specimen with a gauge volume of 1 mm (width) x 1 mm
(length) x 1 mm (thickness). The sample was deformed up to a strain
of 3.7 x 10-3 at a strain rate of 6 x 10-5 s-1. This corresponded to a
maximum stress of 245 MPa, which was just beyond the yield stress
of the material. Optical images of the sample surface were acquired
during the test using a Hamamatsu ORCA-Spark camera equipped with
a Questar QM-100 lens at an acquisition rate of 1 Hz. Using the digital
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image correlation (DIC) software Ncorr, the macroscopic strain was
calculated in the tensile direction [55].

To compare our analysis, GND density maps were computed us-
ing cross correlation method described in [56]. This analysis uses
a finite difference-based formulation of the L2 method described in
Section 2.4.2. The Geometrically Necessary dislocation density is cal-
culated based on the Ref. [51] and its application as performed with
HR-EBSD which is outlined in the Ref. [57]. We used this least energy
(L2) solution to compare our finite element-based method.

4. Results and discussion

Preliminary analysis was first undertaken to identify the penalty
factor, 4, on the orientation gradients using the undeformed EBSD map.
For this, a random small region was selected. Fig. 3 shows an IPF-X
map for the undeformed SS316L and the selected region within a small
window. A mesh is constructed around each EBSD data point as shown
in Fig. 4. The grain boundary nodes with multiple degrees of freedom
are indicated with red circles in Fig. 4.

A case study is performed to compare the GNDs at the grain bound-
aries. The example is shown in Fig. 5(a); the presence of steep orien-
tation gradients predict very high GND densities (>10'°m~2) in the
vicinity of grain boundaries. Given that this result is obtained from
an undeformed specimen, which had been solution annealed, the GND
density would be expected to be low (<10'? m~2). It is considered that
the high GND density is therefore an artefact of the method without any
consideration for the grain boundaries, and is not real. The proposed
finite element method accounts for this problem by the inclusion of
additional degrees of freedom for the nodes at the grain boundaries. A
similar implementation of this was previously demonstrated by Carson
and Dawson [46]. The number of degrees of freedom per node, which
is the angle-axis pair, was a multiple of the number of grains that
connect to that node. This approach allowed for a grain boundary to
take multiple values of crystal orientations only at the grain boundaries,
thereby avoiding large artificial gradients in those regions. As shown
in Fig. 5(b), high GND regions are now eliminated close to grain
boundaries when grain boundary nodes are included.

Fig. 6 shows the effect of the penalty parameter, 4, on the continuity
of the orientations. As the penalty factor increases, the orientation
distribution becomes continuous. The orientation gradients decrease as
the penalty on the gradients is raised. This is expected which supports
the approach since penalizing the orientation gradients reveals a more
continuous orientation field with a lower GND density. In case an
excessively high value penalty factor is used, the orientation gradients
are lost, resulting in a GND distribution with magnitudes that fall
below the measurement floor or noise level. Therefore, the value of
the penalty parameter is selected as 10 for the remaining analyses.

The proposed approach is employed to the EBSD dataset from
the deformed SS316L sample. A subset region of the map, shown
in Fig. 7(a) and Fig. 7(b). The proposed method constructs elements
around data points and identifies the grain boundary nodes, Fig. 7(c).

GND distributions using both L1 and L2 methods are computed for
the EBSD map of the undeformed SS316L sample, as shown in Fig. 8(a)-
(b). The L1 method reveals GND distributions, on average, which are
an order magnitude less than the L2 method. The distribution of GNDs
of both approach are quite similar though. Because both methods is
the linear solution of Eq. (21) which is dependent on the magnitude
of @. The L1 and L2 giving similar distributions, but there is not a
straight linear correlation between the L1 and L2 solutions. The average
ratio of norm of the GNDs for L2 to L1 method over the whole map is
13.075 + 11.603, which has a large variation. Therefore, we cannot
conclude a linear correlation between L1 and L2 methods. To further
understand the validity of the L1 method, it will be appropriate, in
the future, to independently quantify the deformation using alternative
methods, such as transmission electron microscopy, where dislocations
can be directly measured.
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Fig. 3. IPF-X map from EBSD data of undeformed SS316L material. The cropped region indicated with the small window is used for the penalty factor identification.

=F [001] [011]

Fig. 4. Mesh constructed for a sub-region from an example EBSD dataset (underformed
§S316L). Grain boundary nodes are denoted with red circles. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

For the sample following deformation, Fig. 9 shows the GND den-
sity calculations using OGRE-FEM together with a finite difference
approach obtained using the L2 method as described in [58]. The
proposed method does not possess high GND densities at the grain
boundaries, Fig. 9(a). To the contrary, the finite difference approach
method does predict high GND densities at the grain and twin bound-
aries, as shown in Fig. 9(b). Replicating this observation from the
undeformed case, these features are believed to be false. The L1 method
predicts GND densities over a comparatively narrower range of magni-
tudes thereby making deformation structures and their distribution at
the grain interiors visible. Assuming a GND density of ~10'>m~2 [57]
is close to the noise floor of the measurement (with a 200 nm step
size), any values below this can be considered as noise. In order to
better visualize the grain interiors for the finite difference approach,
the dislocation densities above 1.4 x 10'3> m~2 are set to zero as shown
in Fig. 9(c). The same scale as the OGRE-FEM results for better com-
parison. On average the densities have higher magnitudes in the finite

difference result. This shows the effective reduction of noise with the
application of OGRE-FEM.

The GND density distributions within the two deformed grains, that
are indicated as grain-A and grain-B, is significantly different when
the finite element method is used, Fig. 10(a)-(b), compared to the
finite element difference method, Fig. 10(c)-(d) and Fig. 10(e)-(f). The
maximum GND density is approximately an order of magnitude smaller
than that of the finite difference method. The boundary regions of the
finite element method are free of the localized, artificially high GND
density regions that are present in the finite difference solution. Apart
from that, the GND density distributions inside the grains are clearly
visible in the finite element method for both grains in Fig. 10(a)-
(b). Considering the low tensile strain accumulated in this sample
(3.7 x 1073), a low GND density (10'> m~2) is observed, as may be
expected. Detail within this GND density range is not obtained by
the finite difference method, and thus the apparent GND structures
within the grains are quite different. Therefore, the proposed finite
element method helps to visualize the fine dislocation structures with
low densities, particularly at low strains. For example, the maxima in
grain-B, away from grain boundary, are located at different positions
when the two methods are used, Fig. 10(b) and (d). Not withstanding,
the proposed approach allows one to visualization the gradients clearly.
Note that in Fig. 10(e)—(f) the high GND densities are eliminated by
selecting 1.4 x 10'> m~2 as the upper limiting value for the dislocation
densities. This value is found by the overall that ensures removal of
artificial densities at the grain boundaries. The results are plotted using
the same scale as the OGRE-FEM findings for easy comparison. The
use of upper threshold for the finite difference approach, reduced the
maximum densities that are in the grain boundaries, however still the
mean density values for the finite difference approach is greater than
that the OGRE-FEM reveals.

The grain-average GND density values are processed from the over-
all GND map and plotted for the misorientation angle (which is com-
puted with respect to the sample reference frame.) in Fig. 11(a) and for
the normalized area of the grains (which is the ratio of the area of a
grain divided by the area of the largest grain in the map) in Fig. 11(b).
The application of finite element and finite difference methods re-
veal an order of magnitude difference in the average values of GNDs
although the general trend is the same for both cases leading to the fol-
lowing common conclusions: The GND density does not correlate with
the misorientation angle, Fig. 11(a). Similarly, the distribution scatter
homogeneously distributed among the small grains in the finite element
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Fig. 8. Norm of GNDs in SS316L before loading obtained by (a) L2 and (b) L1 methods using the proposed finite element framework (OGRE-FEM). Colour bar is in decadic
logarithm scale. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Norm of GNDs in SS316L after deformation; (a) OGRE-FEM that uses L1 method, (b) a finite difference approach that uses the L2 method, and (c) finite difference results
below 1.4 x 10" m~2 density threshold. Colour bar is in decadic logarithm scale. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)

method (blue dots) than that of the finite difference approach (red
dots), Fig. 11(b). Neither of the method does not show a correlation
between GNDs and grain size.

The FE method, showcased here on surface measurements of GND
density using EBSD, could be directly applied to measurements of
crystal orientation obtained by other diffraction-based methods. Ex-
amples include diffraction contrast tomography at lab scale [59], at a
synchrotron beamline [60] or dark-field X-ray microscopy [61]. Such
future studies would be particularly exciting as they will offer an
opportunity to extent the current method to 3D predictions of GND
densities.

5. Conclusions

A new method for calculating the GND density for experimental
measurements of spatially resolved crystal orientations, here applied

to EBSD measurements, has been devised. Testing the methodology on
an exemplar polycrystalline sample of SS316L steel, both before and
after plastic deformation, the following conclusions can be drawn:

+ A finite element (FE) framework was used to calculate the GND
density, with additional degrees of freedom assigned to nodes that
lie along grain boundaries. This provides accurate intragranular
orientation fields which accounts for orientation discontinuities
in locations that approach the boundaries. Quantification of GNDs
and stresses near the grain boundaries have particular importance
in understanding failure mechanisms because the stress build-
up and consequent shear banding and/or potential failure occurs
near grain boundaries.

+ Using an energy minimization (L1) method to calculate the GND
densities [52], the maximum per-grain density is predicted to
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be an order of magnitude lower than the commonly used least-
squares (L2) method [51] and a linear correlation between the
solution of the two methods does not exist.

The proposed finite element (FE) method is superior to finite
difference method since the errors are minimized globally in a
consistent framework.

Very high GND densities are predicted at grain boundaries us-
ing the finite difference approach; the artefact arising from the
methodology is eliminated when the proposed FE-based method
is used. The resulting GND density maps enable the deformation
structures to be more easily observed, which will serve as an
invaluable tool to characterize features of the plasticity accu-
mulation near grain boundaries or interfaces that controls the
macroscopic behaviour of structural materials.

OGRE-FEM is applicable to any polycrystalline material (single or
multi phase) or single crystal applications, independent of the measure-
ment technique. The method can be applied to any datasets of spatially
resolved orientations, here demonstrated with a surface-based EBSD
study, but could be extended to 3D EBSD or XRD measurements in the
future.
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Appendix A. Shape functions

Linear quadrilateral elements with isoparametric coordinates of &
and # are used with the shape functions shown in Eq. (A.1):

Ny =2 - 90 -,
Ny = 2+ 00 -,
Ny = 1+ O+,
Ny= =90+, 1)

Appendix B. Proof of least squares FEM

Suppose there is a field variable ¢(x) defined over a domain. The
discrete form of field variable is governed by Eq. (B.1) in which {y}
and {(7:} represent the weight function and nodal values of the field
variable, respectively:

900 = (w) {9}

Suppose we are given the values of the field variable at certain
positions as experimental data within the domain as ¢,,,. Then the
problem of becomes minimization of the residual in Eq. (B.2):

¢(x) - ¢cxp. =0.

Multiplying the residual in Eq. (B.2) with the weight function, which
is the same as the interpolation function, gives Eq. (B.3). Note that
the interpolation function is position dependent but not shown here
for simplicity (y = y(x)):

W} ¢x) = (W) b,y = 0.

(B.1)

(B.2)

(B.3)
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Integrating over the domain @ and rearranging the terms, the
residual becomes as in Eq. (B.4):

/ )’ px)dQ = / W17 $ony de2. (B.4)
Q Q

Substituting the expression for discretized field variable in Eq. (B.1),
the residual takes the form in Eq. (B.5):

[ (3} ae = [ w7 6.,
Q Q

Eq. (B.5) is analogous to Eq. (15) without the gradient constraint.
Similarly, [Y] and {z} represent the mass-like matrix and pseudo-force
vector revealing the linear problem in Eq. (B.6):

(B.5)

[Y] {«7:} = {z}. (B.6)
Field solution is obtained via Eq. (B.7):
(@} = Y (z}. (B.7)

The weak form of the gradient of the field is obtained similarly.
Appendix C. B-matrix in the reference [51]

Eq. (C.1) shows the B-matrix used to compute the GNDs.

A misprint in the expression of [B] in the original Ref. [51] is noted
for the element indicated here with an asterisk (see row 11, column
9). The value is necessarily positive, however, a negative premultiplier
was used for the same element in the Ref. [45].

[ a Te —13¢ -7¢ -a 13¢ c —c 0]
—a 13¢ —Tc —c 0 c e —13¢ a
c —c —13¢ Te 13¢ —Tc  —a
a —Tc 13¢ Te —a 13¢ —c —c 0
—a —13¢ Te c 0 c —7¢  —13¢ a
—c c 13¢ a Te —13¢  -T7¢ =-a
a —7c¢  —13¢ e —a —13¢ c c 0
—a —13¢ -Tc c 0 —c Tc 13¢ a
(B] = —c —c 13¢ a —Tc 13¢ e —a
a Tc 13¢ —7¢c  —a —13c —c c 0
—a 13¢ Te —c 0 —c —Tc 13¢ a*
0 c c —13¢ a —7¢  —13¢ e —a
5d e 0 e 5d 0 0 0 —d
5d 0 e 0 —d 0 e 0 5d
—d 0 0 0 5d e 0 e 5d
5d —e 0 —e 5d 0 0 0 —d
5d 0 —e 0 —d 0 —e 0 5d
—d 0 0 0 5d —e 0 —e 5d
(C.1)

where a = V/3/9, ¢ = /3/84, d = 1/18, e = 3/14 as in the Ref. [51].
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