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Abstract

Cycle-to-cycle variations (CCV), defined by the inconsistency of combustion events across successive en-
gine cycles despite identical nominal operating conditions, pose a significant challenge to stable operations,
thereby limiting potential enhancements in engine efficiency and emissions reduction. Advancements in en-
gine diagnostics have improved the ability to conduct detailed experimental studies on in-cylinder processes’
CCV. These investigations have identified key sources of CCV, such as the kinetic energy of the flow field
under stoichiometric operating conditions, the interaction between flow and spray in direct-injection spark-
ignition (DISI) engines, and specific flow features in particular regions. Quantifying differences in vector
fields is required to capture cyclic variations and confirm a successful mitigation in sources of CCV. However,
the comparison of vector fields for quantifying cycle-to-cycle variation (CCV) remains a challenge. Vector
field comparison, often conducted using metrics like the Relevance Index (RI) and Magnitude Similarity
Index (MSI), allows for the quantification of differences between flow fields obtained from experimental
measurements and numerical simulations. However, these metrics can yield misleading results in compari-
son of vector fields having relatively high varying velocity magnitude areas, such as areas near the vortex
centers of in-cylinder turbulent flows. In addition, their high dependency on velocity magnitude can also
result in a misleading focus on low-velocity magnitude areas. Previous works have introduced normalized
metrics such as the Weighted Relevance Index (WRI) and the Weighted Magnitude Index (WMI), and their
combination as the Combined Magnitude and Relevance Index (CMRI) with less sensitivity to such areas.
However, CMRI, as a method for combining WRI and WMI, does not consider their significance equally,
which can lead to errors in comparison of vector fields. In this paper, a comparison of advanced metrics
used for comparing vector fields is detailed using the PIV experimental data from the Darmstadt engine.
Furthermore, an improved version of the CMRI as modified CMRI is introduced, and its applicability and
preference for quantifying cyclic variation have been investigated. Overall, the improved combined metric
is found to provide a more robust quantification of the differences between flow fields, making it a suitable
candidate for the quantification of CCV in engine flow fields.

1 Introduction

Comparison between different experimentally and numerically generated data has many applications for both
validating new numerical models and measurement techniques [1][2][3][4]. Research in fields such as internal com-
bustion engines (ICEs), oceanography, and biomedical engineering devices requires an accurate understanding
of flow fields. In these applications, vector fields obtained from particle image velocimetry (PIV) measurements
are often used to validate simulations from computational fluid dynamics (CFD) [1, 5]. As comparing vector
fields is often needed, quantitative metrics to robustly compute the differences between flow fields have been
investigated.

Among others, the Relevance Index (RI) has been widely used in various applications for vector alignment
comparison, serving as a valuable tool in the investigation of LES simulations’ convergence for engine studies.
It is dependent on the vector elements’ values and, thus, on the magnitudes of the compared vector fields.
Consequently, changes in vector field magnitude will alter RI’s value unless all vectors in a vector field are
multiplied by a real number. The RI index has been employed to quantify differences in spray characteristics
[6][7] and proper orthogonal decomposition (POD) modes derived from PIV measurements [8][9].
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For vector fields’ magnitude comparison, the Magnitude Similarity Index (MSI) has been applied to explore
the alignment of simulated OH mass proportion and particulate matter mass proportion distributions in an
n-dodecane spray flame [10] and to assess discrepancies in the flow field between simulations and experimental
results [11][12]. In a study of valve vibration effects on intake air flow in an IC engine, the Local Magnitude
Index (LMI) and Local Structural Index (LSI), the local versions of MSI and RI, have been applied to measure
the difference between PIV-measured velocity fields at three different valve lifts [13]. Notably, LSI does not
have a dependency on the magnitude of two local vectors being compared and has the same range as RI. The
spatially averaged value of the LSI field is not equal to the RI unless two vector fields are strictly proportional
[14]. Despite LSI and LMI benefits, they can still result in errors when implementing them to make comparisons
in some low-velocity magnitude areas, such as tumble motion in internal combustion engines. To improve LSI,
the LSI equation is multiplied by a normalization factor with dependency on magnitude so that it increases
and decreases the magnitude of LSI in high and low velocity regions, respectively [1]. In the case of LMI, the
issue of sensitivity to extremum velocity magnitudes is mitigated by using global median velocity magnitude
instead of local velocity magnitude in the denominator of the LMI equation. Improved versions of LMI and LSI,
specifically for engine research, are Weighted Magnitude Index (WMI) and Weighted Relevance Index (WRI),
respectively [1]. In engine research, they have been used to qualitatively compare the similarity of reconstructed
flow fields using kernel principal component analysis (KPCA) with Reynolds Average Navier-Stokes (RANS)
simulations [14].

Combined metrics, which integrate WRI and WMI, demonstrate differences in flow fields through alignment
and magnitude disparities. These metrics, useful for comprehensive comparisons, provide a scalar average to
highlight the significance of differences between two flow fields. When used alongside a benchmark, they assess
the accuracy of data from simulations or experiments. The robustness of these methods, crucial for their efficacy,
depends on the scaling technique used to merge WMI and WRI. Unlike the traditional Combined Magnitude
and Relevance Index (CMRI), which may bias towards one metric, the proposed modified CMRI treats WRI
and WMI equally, thus, establishing a foundation for developing various scaling methods.

In this study, the accuracy and robustness of comparison indexes for quantifying the vector differences for the
Damstart engine PIV flow fields are detailed. First, the details of each above-mentioned metric are introduced,
and their accuracy is studied on the experimental data. Both the shortcomings and advantages of each method
are discussed. Finally, a new scaling method resulting in a modified CMRI is introduced, and the merit of this
approach is highlighted.

2 Experimental Data

This study utilizes PIV measurements from the Darmstadt engine, a single-cylinder engine with optical access
as detailed in [15]. The dataset comprises 250 snapshots of consecutive engine cycles taken on the valve plane,
offset from the cylinder center to align with the intake valves. Measurements were captured every five crank
angle degrees (CAD) from 360 to 720 CAD after firing the top dead center (aTDCf), with a focus on phases
at 470 and 700 CAD aTDCf. These phases were chosen to observe critical engine phenomena, such as intake
valve behavior and fuel-air mixing before combustion. The time interval between consecutive images was 0.15
seconds, providing insights into the intricate flow dynamics within the combustion chamber under specific
operating conditions. The subset of measurements done at 470 CAD has been used in the current study.

3 Quantitative metrics

In this section, a brief description of each quantitative metric to be tested is given, starting with the metrics
for vector alignment difference, followed by the vector magnitude difference, and the overall vector field differ-
ences. The discrete two-dimensional velocity field data sets usually obtained from PIV measurements or CFD
simulations consist of ordered pairs of the form (u, v) for each velocity vector q associated with a data point
(xi, zj) in the discrete flow field, where u and v are velocity components along two perpendicular axes. The
vector magnitude is defined as the L2 norm ∥q∥2, and angle θ is defined by the definition of the dot product
between vectors, having set a reference direction.

3.1 Vector Fields’ Alignment Difference

Standard RI, using the definition of the angle between two high-dimensional vectors, is capable of showing an
overall alignment agreement between two vector fields with the same number of elements. Using RI, defined as



[16],

RI =
qA · qB

∥qA∥2∥qB∥2
= cos (θAB), (1)

for the alignment comparison of two dimensional vector fields, the cos (θAB), where θAB = |θA − θB|, is being
calculated. The vector qA included in the dot product, qA ·qB, is of dimensions 2×N , with N representing the
number of vectors in the vector field A, and the number 2 denoting the two elements of each vector in a two
dimensional vector field. RI assigns values in the range [−1, 1], with higher values associated with the better
alignment agreement between two compared vectors.

To have local comparison between alignment of vector fields, local structural index (LSI) defined as,

LSI (xi, zj) =
qA(xi, zj) · qB(xi, zj)

∥qA(xi, zj)∥2∥qB(xi, zj)∥2
= cos (θAB(xi, zj)), (2)

is used. The location (xi, zj) is associated with the same point in the two compared vector fields. In the LSI
equation, the cos (θAB(xi, zj)), where θAB(xi, zj) = |θA(xi, zj) − θB(xi, zj)| is being computed, and the results
are usually shown as contour plots providing information about the local alignment difference between the two
vector fields being compared.

Improving LSI to avoid velocity magnitude sensitivity, a new metric named weighted relevance index (WRI)
has been introduced as [1],

WRI (xi, zj) = (
1− LSI (xi, zj)

2
)(
∥qA(xi, zj)∥2 ∥qB(xi, zj)∥2
median(QA) median(QB)

), (3)

where the QA is the magnitude field of the vector field A. Making comparisons using WRI results in a zero value
for vectors with the same alignment and a value of 0.5 for two perpendicular vectors, with their magnitudes, in
both vectors, equal to the median magnitude of their own flow field [1].

3.2 Vector Fields’ Magnitude Difference

Quantifying differences in magnitude is also essential when comparing two flow fields [1]. magnitude similarity
index (MSI) (also called global magnitude index (GMI)[17]) and its local version, local magnitude index (LMI),
are the first metrics dependent on the magnitude of vectors in the literature [16].

MSI = 1− ∥qA − qB∥2
∥qA∥2 + ∥qB∥2

(4)

LMI =
|QA(xi, zj)−QB(xi, zj)|
QA(xi, zj) +QB(xi, zj)

(5)

The MSI and LMI produce values from 0 to 1, with lower values correlated to better magnitude agreement in
MSI and the reverse for LMI [1]. The MSI , through the vector subtraction in its nominator, is dependent on
both magnitude and direction [1].

Weighted magnitude index (WMI) defined as [1],

WMI(xi, zj) =
|QA(xi, zj)−QB(xi, zj)|

median(QA, QB)
(6)

was introduced as an alternative for LMI by changing its normalization factor from summation of vector mag-
nitudes to median vector magnitude of both compared flow fields [1].

3.3 Vector Fields’ Overall Difference

Comparing the magnitude and alignment of flow fields solely through the use of WRI and WMI is not desirable,
as low WRI and WMI are not related to each other, and an overall comparison based on using only one of them
is not valid [1]. Therefore, the combined magnitude and relevance index (CMRI) has been introduced as [1],

CMRI(xi, zj) =
WMI(norm)(xi, zj) +WRI(norm)(xi, zj)

2
(7)



to ease a valid comparison between two vector fields [1]. Trying to define the CMRI, a trivial average of WRI
and WMI, (WRI + WMI)/2, failed to capture the differences, simultaneously, in magnitude and alignment
through the difference in distribution of WMI and WRI, which can be addressed by their normalization [1].
Normalization is done so that the majority of WRI and WMI values lie between 0 and 1, so the top and bottom
2% percentile of values in both WRI and WMI results are used for the scaling [1].

WRI(norm)(xi, zj) =
WRI(xi, zj)−WRI(2%)

WRI(98%) −WRI(2%)
(8)

The CMRI index captures dissimilarities in both magnitude and alignment and, therefore, has given a reasonable
meaning for spatially averaged CMRI as a number indicating the overall agreement of two vector fields [1].
However, the proposed scaling method for CMRI does not consider the significance of the two metrics the same.
In order to fulfill this requirement, a new scaling method is introduced as,

modifiedCMRI(xi, zj) =

WMI(xi,zj)
max(WMI) +

WRI(xi,zj)
max(WRI)

2
, (9)

which is capable of capturing the maximum values of both metrics. Unlike CMRI, with its upper bound
dependent on the vector magnitudes of compared vector fields, modified CMRI has a fixed upper bound.
Modified CMRI gives values in the range [0, 1], the 0 value for comparing two identical vectors, and the value
1 for the case in which a vector is being compared to a zero magnitude vector.

4 Results

Non-reacting flow studies are essential for the study of in-cylinder air/fuel mixing behaviors. The main source
of kinetic energy in these flow fields is typically the high-speed intake jet entering from the top section of the
cylinder. Fluctuations in the intake jet’s main-stream direction are the core factor that governs the variation
between different engine cycles’ flow fields. The first step towards understanding the effects of cyclic variation
on the in-cylinder flow field and, hence, on engine performance is developing methods to quantify the variations
between the flow fields. These methods enable determining the range of the variation from the ensemble mean
for a data set and can also be applied to validate the simulated flow fields with experimental measurements.
Generally, the methods for comparison of vector fields are divided into three categories, as discussed in Section
3. In what follows, the application of these methods for comparing two single flow fields will be discussed.

The first point-wise alignment comparison method used is LSI, which computes the cosine of the angle between
two vectors. Implementing LSI for comparing flow fields’ alignment might lead to wrong conclusions when
comparing flow fields containing regions with vectors with relatively low magnitudes. This is usually the case
when analyzing turbulent flows through their vortices, which contain the lowest velocity magnitudes in the
vicinity of their centers. In the case of ICEs, tumble motion created by the intake jet and intensified by piston
motion results in vortices with low velocity magnitudes near their centers [18]. Due to cycle-to-cycle variation
in internal combustion (IC) engines, the vortex center in different cycles varies with each other. It has been
shown that using LSI to compare two 150 cycle-averaged flow fields from the same crank angle (CA) leads to
the observation of large differences around their vortex centers, which originated from the higher relative change
in alignment of velocities towards vortex centers [1]. Comparing the two different 10-cycle averaged flow fields
from our dataset in Figs. 1(a) and 1(b) shows how vortex center displacement and low velocity magnitude
areas result in large differences between two similar vector fields when compared by LSI (the white dashed
circles in Fig. 1(c)). As suggested by previous studies, in cases where there are a large number of snapshots to
be analyzed, comparing the spatially averaged LSI of two flow fields is preferable to a one-by-one comparison
between LSI contour plots. In these cases, the large unwanted differences will control the spatially averaged LSI
and hide the relatively low alignment differences in high-velocity regions of the flow [1].

As discussed in the previous section, a simple way to address the LSI issue with low-velocity regions is to include
local velocity magnitudes in its equation to weight the cosine of the angles between two vectors with the vectors’
magnitudes. Comparison between WRI (Fig. 1(d)) and LSI (Fig. 1(c)) contour plots has shown that unlike
the LSI, WRI can capture misalignments in the higher velocity magnitude regions of the flow field, as well as
misalignments in the lower velocity magnitude regions near the vortex centers [1]. The implementation of WRI
has resulted in reducing focus on the low velocity magnitude areas (white dashed circles in Fig. 1(d)) and
highlighting a region with higher velocity magnitude (green dashed circle in Fig. 1(d)). WRI highlights the
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Fig. 1: Comparison of two different 10-cycle PIV dataset averaged flow fields (a) and (b), using (c) LSI, (d)
WRI, (e) LMI, and (f) WMI methods.

areas with different alignments that contain more kinetic energy in the two compared flow fields. Therefore,
spatially averaged WRI, unlike spatially averaged LSI, is a more reliable characterization of the alignment
variation between the two compared flow fields. The same improvement in the maximum regions assigned by
WMI in comparison to LMI is recognized by comparing their contour plots in Figs. 1(e) and 1(f), respectively.
Using WMI has led to capturing a high-speed region along the main stream of the intake jet (the green dashed
circle in Fig. 1(f)) that cannot be seen by using LMI.

To see the differences captured by both WRI and WMI, combined metrics are used. The combined metrics show
the difference between flow fields as a combination of alignment and magnitude difference. Since these metrics
are capable of making an overall comparison, their spatially averaged value can be used as a scalar showing the
significance of the difference between two flow fields. Comparing with a benchmark case, combined metrics can
evaluate the accuracy of a dataset obtained from simulations or experiments. As these methods are capable
of performing evaluation, their robustness is of great importance, which is related to the scaling method they
use to combine WMI and WRI. To show how modified CMRI improves CMRI by changing the scaling method
for combining WRI and WMI, cycles 17 and 28 of our dataset have been chosen. When implementing WRI



and WMI to compare cycles 17 and 28, the regions with the maximum value in the WRI and WMI contour
plots have different locations (Fig. 2(a) and 2(b)). This makes it possible to see the difference between our
proposed scaling method and the previous one for combining WRI and WMI. Since the CMRI contour plot
itself is not intuitive enough as it is a combination of magnitude and alignment difference, showing the WRI
and WMI contour plots would also give a clearer view of the vector fields [1]. CMRI and modified CMRI have
been used, respectively, to combine WRI and WMI metrics (Figs. 2(c) and 2(d)). The maximum values of the
WMI and WRI fields are the maximum values captured by the modified CMRI field. In comparison to CMRI,
which does not consider the significance of WRI and WMI equally, modified CMRI treats both metrics the
same. As this approach defines how we can combine two metrics equally, it results in a baseline that enables
further development of different scaling methods. In future work, spatially averaged modified CMRI will be
used to capture the cyclic variation throughout a dataset with respect to its ensemble mean.

-20 -10 0 10 20

-40

-30

-20

-10

0

x (mm)

z
(m

m
)

-20 -10 0 10 20

-40

-30

-20

-10

0

x (mm)

z
(m

m
)

-20 -10 0 10 20

-40

-30

-20

-10

0

x (mm)

z
(m

m
)

-20 -10 0 10 20

-40

-30

-20

-10

0

x (mm)

z
(m

m
)

(a) (b)

(c) (d)

0

0.4

0.8

1.2

1.6

2

2.4

2.8

W
R
I

0

0.45

0.9

1.35

1.8

2.25

2.7

3.15

W
M
I

0

0.2

0.4

0.6

0.8

1

1.2

1.4

C
M
R
I

0

0.1

0.2

0.3

0.4

0.5

m
o
d
ifi
ed

C
M
R
I

Fig. 2: Comparison of cycles 17 and 28 using (a) WMI, (b) WRI, (c) CMRI and (d) modified CMRI.

5 Conclusion

The CMRI, WRI, WMI, LSI, and LMI metrics each offer distinct advantages and are recommended for appli-
cation based on their properties, preferably in conjunction with complementary flow characterization methods
like vortex tracking [1][19]. The WRI, WMI, and CMRI demonstrate sensitivity to differences in both high
and low velocity regions within a flow field. In cases where relative changes in low velocity regions hold critical
significance or when any type of velocity weighting is undesirable, the LSI and LMI metrics are more suitable
alternatives. Discussing the scaling issue in the original CMRI index, a new method for more robustly capturing
the overall differences among two vector fields is proposed and used to capture variation between two different
cycles. Further work can be done to relate the quantitative metrics to the scales of the motion in specific flow
conditions, such as slender flows, in order to reach a threshold under which the significance of similarity between
two vector fields can be defined and used for validation of simulation data with experimental measurements.
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