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Abstract

In this thesis, we examine the solution to a range of time-dependent Par-

tial Differential Equation (PDE) problems. Throughout, we focus on the

development of preconditioners for the all-at-once system, which solves for

all time-steps in a single coupled computation. The preconditioners de-

veloped are used with existing iterative methods and, due to their specific

block structure, could be applied in parallel over time.

We first develop solvers for the heat equation and the transient convection-

diffusion equation. For both of these forward problems, the all-at-once

system is non-symmetric. Despite this, in certain cases, we are able to

provide rigorous termination bounds for non-symmetric iterative methods,

contrary to what is generally possible for non-symmetric systems.

The ideas developed for evolutionary PDEs are extended to develop pre-

conditioners for time-dependent optimal control problems. By incorpo-

rating the methods designed for the forward problem, we are able to de-

velop block diagonal Schur complement based preconditioners, which also

could be implemented in parallel over time. We provide extensive eigen-

value analysis for each preconditioner and demonstrate their effectiveness

through numerical computations for a variety of problems. We are able

to describe solvers which are robust to various parameters, including the

mesh size and number of time-steps.
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CHAPTER 1

Introduction

The study of partial differential equations (PDEs) is prevalent across a diverse range

of subjects. From engineering and finance to medicine and biology, PDEs are used to

model some of nature’s most interesting phenomena. Often, for these applications,

it is not the state at equilibrium which is of most importance, but rather how the

system changes through time. For this reason, time-dependent PDE problems are of

great importance to the scientific community.

Such problems require further consideration and typically more computational

work than a steady state problem. One such consideration is that in order to discretize

a time-dependent problem, it is possible to use either an explicit or implicit time-

stepping scheme. With an explicit scheme, restrictions are usually placed on the

size of the time-steps that can be taken in order to maintain numerical stability. In

contrast, implicit schemes are typically stable, often unconditionally, and therefore

often are favoured for problems with a long time scale as larger time-steps can be

taken. However, as the solution at each time step of an explicit scheme relies only on

information from a previous step or steps, parallelization across the spatial domain

can be readily achieved. This is not the case for implicit schemes.

Another aspect of evolutionary problems is that they are inherently sequential.
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CHAPTER 1. INTRODUCTION

One must know the solution at a given step before it is possible to compute the

solution at the next point in time. This means that any type of parallelization in

time is typically difficult for both implicit or explicit schemes. This type of system

is non-self-adjoint, regardless of the differential operator. This is due to the fact

that, even for spatially symmetric operators such as diffusion, the system is naturally

progressing forwards in time and is thus non-self-adjoint in the space-time domain.

In this thesis, we will examine only linear time-dependent PDEs. In order to solve

these problems, the simplest approach would be to find the solution at each time-step

sequentially. If there were n degrees of freedom in an appropriate spatial discretiza-

tion and ` time-steps in the temporal discretization, this corresponds to solving `

linear systems of size n × n. Another approach would be to solve for all time-steps

simultaneously in one coupled computation. This is able to be done by construct-

ing the so-called ‘all-at-once’ system, which is a single linear system of size n` × n`
which describes the solution at all time-steps. The coefficient matrix is naturally

block structured and block lower triangular. Importantly, it is not required to con-

struct this matrix explicitly in order to solve the system using an iterative method.

Rather, all that is required is the spatial discretizations and a ‘recipe’ for completing

a matrix-vector multiplication with the all-at-once matrix.

Many solution methods exist for such large, sparse problems [99]. In particular,

iterative methods excel when matrix-vector multiplications are relatively cheap and

this is the case for large, sparse matrices. However, preconditioning is typically of

utmost importance to ensure that convergence is rapid for such methods. Precon-

ditioners are designed so that the preconditioned system will have more favourable

properties for the iterative method than the original system, while the preconditioner

itself must be relatively easy to apply. In particular, we seek methods which have a

total number of iterations independent of the problem parameters so that the cost

of each iteration scales linearly with the total number of degrees of freedom. This

is generally referred to as an optimal solver. Often the most important parameter,

for which iteration counts should be independent, is the number of spatial degrees

of freedom n. However, for time-dependent problems, it may also be highly desir-

able to achieve iteration numbers independent of the number of time-steps `. Thus,

2



CHAPTER 1. INTRODUCTION

both cases should be considered for the development of methods for time-dependent

problems.

As previously stated, the all-at-once system will always be non-symmetric. Typ-

ically it is much harder to prove robust convergence bounds for iterative methods

for non-symmetric problems. This is because, unlike for symmetric problems, the

eigenvalues of the preconditioned system alone will not determine convergence of an

iterative method. In fact as shown by Greenbaum, Ptak, and Strakoš in [44], for a

given set of eigenvalues, any (monotone) convergence curve is possible for Gmres for

termination at the n-th step. However, for non-symmetric systems, we are able to

make some statements about the termination of iterative methods if the structure of

the Jordan form is known or diagonalizability is assumed. This will be the case for

the preconditioners developed in Chapters 3 and 4. However, for practical implemen-

tation, these preconditioners will only be applied approximately through the use of

a multigrid process. While convergence theory based on Jordan structure can be de-

veloped for the exact preconditioner, this will not be the case for the approximation

as it is well known that the Jordan structure of a matrix is unstable to perturba-

tion. However, in numerically testing we see convergence almost equal to what was

predicted for the exactly applied preconditioner. This idea that the Jordan form of

a nearby matrix may somehow influence convergence is an interesting concept. A

similar type of concept is investigated in [102] but this phenomenon, to the best of

our knowledge, remains largely unstudied.

When we think of time-dependent problems in a sequential fashion we tend to

think that any parallelization over time will be limited. This is not to say however that

methods have not been developed for such problems; space-time multigrid methods

[28, 53, 75], the parareal algorithm [65] and domain decomposition methods [36, 48]

are examples of possible approaches. However, when we consider a time-dependent

problem as simply a large, block matrix system, we are in the realm of problems with

which the numerical analysis community is intimately familiar. It is with this concept

in mind that we have developed preconditioners for such problems which also have

the potential to be applied in parallel. These preconditioners can then be used with

existing iterative methods.

3



CHAPTER 1. INTRODUCTION

While constructing an all-at-once system is not typically done for time-dependent

PDEs, which we will refer to as the forward problem, it is often used in time-dependent

optimal control problems [3, 9, 86, 87, 105, 108, 109, 113, 121]. The optimal control, or

PDE-constrained optimization, problems considered here, aim to find a control which

ensures that the state variable is as close to a known desired state as possible, under

the influence of a PDE. There are other types of optimal control problem which do

not have this desired state property but instead aim to minimise a particular aspect

of the problem. A common example is a drag minimisation problem, which aims to

minimise drag on an object while under the influence of fluid flow PDEs such as the

Navier-Stokes equation (see for example [20, 35, 39]). These types of problems will not

be considered in this thesis. For time-dependent problems, the optimization problems

need to visit each time-step and it is, therefore, natural to construct an all-at-once

system in this context. Furthermore, in the optimization context, the adjoint of the

constraint PDE is required. As we discussed, time-dependent problems are always

non-self-adjoint, however, if care is taken, the discretization of adjoint problems can

correspond to the matrix transpose of the all-at-once system for the forward problem.

The adjoint, in this case, can equally be thought of as the backwards problem or a final

value problem. Thus, within a time-dependent optimal control problem, we require

the solution to the all-at-once system for a time-dependent PDE and its transpose.

It is, therefore, advantageous to study the solution of such problems, even though in

the context of simply the forward problem this is typically not done.

When it comes to the solution of optimal control problems, we find that the

overall linear system is of saddle-point form. This is a well-studied area of linear

algebra and many preconditioners have been developed for such problems [8]. Many

of the preconditioners developed use the Schur complement of the system with a

preconditioner. If we let the all-at-once system of the forward problem be given by

the matrix A, then the Schur complement effectively includes a term of the form

ATA. One might assume that if we have developed an effective preconditioner P for

the matrix A, then PTP might be an effective preconditioner for ATA. In general,

however, this is not the case. In fact, it was shown by Braess and Piesker in 1986 [13]

that even for a small symmetric, positive definite example, PTP can be arbitrarily

4
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bad as a preconditioner for ATA when P is effective for A. Thus developing effective

approximations to the Schur complement can often be more challenging than simply

finding an effective approximation to the forward problem. However, this is typically

the starting point. In this thesis, we will examine preconditioners for the forward

problem and then use these ideas to develop analogous preconditioners for the time-

dependent optimal control context.

This thesis is structured as follows. In Chapter 2 we will provide the necessary

background theory required for the study of the time-dependent problems considered.

This includes the formation of the all-at-once linear system through the use of the

finite element method and temporal discretization using implicit schemes. We will

also provide background to the iterative solvers used and details of the relevant con-

vergence bounds, as well as an introduction to circulant preconditioners for Toeplitz

systems which will be used to motivate preconditioners developed in Chapter 4. In

Chapter 3, we will investigate the effectiveness of a simple block diagonal precondi-

tioner for the forward problem through both supporting theory and numerical results.

We continue to investigate the forward problem in Chapter 4 where we use the block

Toeplitz structure of the all-at-once system to motivate block circulant precondition-

ers, which also have the ability to be applied in parallel over time.

In order to discuss time-dependent optimal control problems, we will provide an

overview of such problems in Chapter 5. This will begin by looking at the steady-

state Poisson control problem and then extending the ideas developed to the time-

dependent heat control problem. We will incorporate the ideas developed for the

forward problem in Chapters 3 and 4 to develop preconditioners for the heat control

problem in Chapter 6. Through both eigenvalue analysis and numerical results, we

will examine the effectiveness of each preconditioner for a range of parameter values.

In Chapter 7, we extend these ideas to the time-dependent convection-diffusion control

problem. Many additional considerations have to be made for the convection-diffusion

control problem, due to the need for stabilization methods as well as the spatial non-

self-adjointness of such problems. These considerations will be discussed and both

theoretical convergence bounds and numerical results presented. Concluding remarks

and suggested future work will be provided in Chapter 8.
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CHAPTER 2

Background

In this chapter, we introduce some relevant background concepts crucial to the so-

lution to time-dependent PDE problems. In Section 2.1, we detail the discretization

of time-dependent problems, firstly through the use of the finite element method for

spatial discretizations, and secondly, by using implicit time-stepping schemes for tem-

poral discretization. We also introduce the concept of all-at-once solution for such

problems. These concepts will be introduced for both the heat equation and the

time-dependent convection-diffusion equation.

In Section 2.2 we discuss the solution to linear systems using iterative methods.

The concept of preconditioning is introduced; we also introduce iterative methods,

such as Chebyshev semi-iteration and multigrid, which can be used as preconditioning

techniques. We then discuss iterative solvers for both non-symmetric and symmet-

ric problems. The time-dependent PDE problems discussed in Chapters 3 and 4

will require non-symmetric solvers, while the optimal control problems examined in

Chapters 6 and 7 will use symmetric solvers.

Lastly in Section 2.3, we introduce the theory of circulant preconditioners for

Toeplitz matrices upon which the block circulant preconditioners discussed in Chap-

ter 4 will rely.

6



CHAPTER 2. BACKGROUND

2.1 Solution of Time-Dependent Problems

Perhaps the most fundamental time-dependent PDE problem is the heat equation.

As indicated by the name, one practical application of this equation is to model the

temperature distribution u, in a spatial domain Ω, subject to an external heat source

f . However, it can also describe many other situations where diffusive effects arise

(see for example [80]).

For simplicity of derivation we will restrict ourselves to the problem with Dirichlet

boundary conditions given by

ut −∇2u = f in Ω × (0, T ], Ω ⊂ R2 orR3,

u = g on ∂Ω × (0, T ],

u(x,0) = u0.

(2.1)

In this formulation, u is the state variable while f describes the forcing on the system.

The spatial domain specified can either be two- or three-dimensional and all theory

provided in this thesis will apply to a general d-dimensional system, although we will

only provide numerical results for 2D systems.

2.1.1 Discretization

Throughout this thesis, we will use the finite element method to spatially discretize the

problems considered. We will provide a brief overview of this method here, however,

for a more complete explanation we refer the reader to [14, 25, 92]. The finite element

method requires the weak form of the problem, however, in order to specify this, we

first describe several spaces from which our solution and test functions will be drawn.

We will begin by defining our test space. Let H1(Ω) be the Sobolev space of

functions v such that v ∈ L2(Ω) and the first weak derivative of v is also contained in

L2(Ω). We then define the test space to be,

H1
E0

(Ω) ∶= {v ∈ H1(Ω)∣v = 0 on ∂Ω} . (2.2)

Since we are investigating a time-dependent problem, our solution space must also

7



CHAPTER 2. BACKGROUND

involve a time component. At each time t, we have that u(t) ∈ H1
E where this set is

defined as,

H1
E(Ω) ∶= {u(t) ∈ H1(Ω)∣u(t) = g on ∂Ω} . (2.3)

Thus u ∶ (0, T ] → H1
E(Ω) and the solution will be an element of the Bochner space

L2(0, T ;H1
E(Ω)). Now since ∇2u(t) ∈ H−1(Ω) where H−1(Ω) is the dual space of

H1(Ω), this implies that f(t) and ut(t) must also both be elements of H−1(Ω).
In the usual fashion, we obtain a weak formulation by multiplying by a test func-

tion v and integrating over Ω. This results in a weak formulation of (2.1) given

by:

Find u ∈ L2(0, T ;H1
E(Ω)) for t ∈ (0, T ] such that

∫
Ω
ut(t)v + ∫

Ω
∇u(t) ⋅ ∇v = ∫

Ω
f(t)v, ∀v ∈ H1

E0
(Ω). (2.4)

At this point, we will consider the temporal discretization. Time-stepping schemes

can be generally classified as either explicit or implicit schemes. Explicit schemes use

only the values at the previous time-steps to solve for the current time; implicit

schemes use values from both previous and current time-steps. It is well known that

explicit schemes require restrictions on the size of the time-step size τ to ensure

stability, which will depend on the spatial grid size [55, 56]. Thus for small spatial

grids, only small time-step sizes are able to be taken and consequently, a lot of time-

steps will be needed to reach the final time.

Instead, we will use an implicit method which is stable and thus enables larger

time-steps to be taken. Explicit schemes do have the advantage of easily incorpo-

rating parallelization in the spatial domain, while this is not possible for implicit

schemes. For either scheme, each time-step depends directly on the solution at the

previous time-step and, therefore, it appears that each time-step must be computed

sequentially.

For this description, we will use the general class of time-stepping schemes known

as θ-schemes. The scheme will be implicit when the parameter θ ∈ (0,1] and is

8
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typically unconditionally stable when θ is between 1
2 and 1. The case when θ = 1

2

is equivalent to the trapezoidal rule or Crank-Nicolson scheme and when θ = 1 it is

equivalent to the Backwards Euler scheme. If we consider constant time-steps of size

τ with T = τ` we can define uk to be the solution at time t = kτ .

Thus, using a θ-scheme to discretize in time and for simplicity assuming that the

forcing f is constant in time, we can write the discretized form of (2.4) as

∫
Ω

uk+1 − uk
τ

v+θ∫
Ω
∇uk+1 ⋅ ∇v + (1 − θ)∫

Ω
∇uk ⋅ ∇v

= ∫
Ω
fv, ∀v ∈ H1

E0
(Ω), (2.5)

for k = 0,1, . . . , ` − 1. It is now time to describe a finite dimensional approximation

to this weak form. We assume that V h
0 ⊂ H1

E0
(Ω) is a finite n-dimensional vector

space of test functions for which {φ1, φ2, . . . , φn} is a convenient basis. As we have

assumed Dirichlet boundary conditions, we need to extend the space in order to

describe the boundary data. To do this we define functions φn+1, . . . φn+n∂ and coef-

ficients Un+1, . . . , Un+n∂ such that ∑n+n∂j=n+1Ujφj interpolates the boundary data. Thus

our solutions at each time-step will be from the space

V h
E = span{φ1, φ2, . . . , φn} +

n+n∂
∑
j=n+1

Ujφj, (2.6)

and the finite element approximation at the time-step k is given by ukh ∈ V h
E . This

can be uniquely determined by the vector u = (U1, . . . , Un)T of unknown coefficients

in the expansion

ukh =
n

∑
j=1

Ujφj +
n+n∂
∑
j=n+1

Ujφj. (2.7)

This type of discretization for time-dependent systems is referred to as Faedo-Galerkin

method and a more extended explanation can be found for example in [101, 92]. Using

this approximation, we now have an discrete approximation to the weak formulation:

9
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For k = 0, . . . , ` − 1 find uh ∈ V h
E such that

∫
Ω

uk+1
h − ukh
τ

vh+θ∫
Ω
∇uk+1

h ⋅ ∇vh + (1 − θ)∫
Ω
∇ukh ⋅ ∇vh

= ∫
Ω
fvh, ∀vh ∈ V h

0 . (2.8)

Substituting in the approximation (2.7) and the test functions into (2.8), then for

each time-step k, we find that this is equivalent to solving for Uk+1
j for j = 1, . . . , n

where

n+n∂
∑
j=1

(Uk+1
j −Uk

j )
τ ∫

Ω
φjφi +

n+n∂
∑
j=1

(θUk+1
j + (1 − θ)Uk

j )∫
Ω
∇φj ⋅ ∇φi = ∫

Ω
fφi (2.9)

for i = 1, . . . , n. This is equivalent to solving the following linear system

(M + θτK)uk+1 = (M − (1 − θ)τK)uk + τ f + d, (2.10)

for k = 0, . . . , ` − 1 where

K = [kij] ∈ Rn×n, kij = ∫
Ω
∇φj ⋅ ∇φi (2.11a)

M = [mij] ∈ Rn×n, mij = ∫
Ω
φjφi (2.11b)

f = [fi] ∈ Rn, fi = ∫
Ω
fφi (2.11c)

uk = [uki ] ∈ Rn, uki = Uk
i (2.11d)

d = [bi] ∈ Rn, di = −
n+n∂
∑
j=n+1

Uj∇φj ⋅ ∇φi (2.11e)

It still remains to make a choice of our basis functions φi. For the problems we

will consider numerically, the domain Ω will be square although this is by no means

a requirement of our methods. The natural spatial discretization on a square grid is

to divide the square into a grid of smaller squares such that each one has a height

equal to h. A plot of such a grid is given in Figure 2.1. We note that this type of

discretization could be easily generalized to 3 dimensions by constructing a grid of

cubes as well as to more general quadrilaterals (see [25, Section 1.3] for more detail).

10
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Figure 2.1: Q1 finite element grid on the domain Ω = [−1,1] × [−1,1].

We define our basis functions φi to be the bilinear functions such that at point xj

we have

φi(xj) = δi,j,

where δi,j is the Kronecker delta function. These elements are referred to as Q1 finite

elements. As is also quite common, we also could divide our domain into a series of

triangular (or tetrahedral) elements. If we defined linear elements in a similar way

on such a grid, then we refer to these types of elements as P1 finite elements.

As φi has been chosen such that it has small support, it is evident that many

entries in both the mass matrix M and the stiffness matrix K will be zero. This

sparsity will be particularly useful for our solution with iterative methods. It is

also possible to state information relating to the spread of eigenvalues of each of the

matrices.

Theorem 2.1 [25, Proposition 1.29 and Theorem 1.32]. For a Q1 or P1 finite

element approximation on a shape regular, quasi-uniform subdivision of Rd where

d ∈ [2,3], then for the mass matrix M and the stiffness matrix K as defined in (2.11)

11



CHAPTER 2. BACKGROUND

we have

c1h
d ≤vTMv

vTv
≤ c2h

d, (2.12)

d1h
d ≤vTKv

vTv
≤ d2h

d−2, (2.13)

for all v ∈ Rd, where h is the longest edge of the mesh or grid and c1, c2, d1, and d2

are constants independent of h.

We can see from these bounds that all of the eigenvalues of M will behave like hd

and, therefore, M is spectrally equivalent to the identity matrix scaled by a factor

of hd. This is not the case, however, for the stiffness matrix, as we expect the

minimal and maximal eigenvalues of K to differ by a factor of h2. We will return to

these bounds at several points during this thesis in order to bound the eigenvalues of

matrices made up of mass and stiffness matrices.

2.1.2 All-At-Once Methods

We have seen that we can solve the heat equation by constructing a series of linear

systems which we solve sequentially. We can think of the approach as the classical

or traditional method for solving such a problem. Another alternative however, is to

solve for all time-steps simultaneously by constructing the ‘all-at-once’ system. With

constant time-steps we can easily do this be rewriting the series of equations described

in (2.10) as

Au = b, (2.14)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A

B A

⋱ ⋱
B A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, u =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u1

u2

⋮
u`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τ f + d −Bu0

τ f + d

⋮
τ f + d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.15)

with A = M + θτK, B = −M + (1 − θ)τK and u0 is the discretization of the initial

conditions. We note that this system is now immense; rather than solving ` linear

12
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systems of size n × n, we are solving one system of size n` × n`.
The matrix A is lower block triangular and thus one method for solving such a

system would be to perform block forward substitution. We note that using this

method would correspond exactly to solving the series of equations (2.10) in the

sequential manner described in the previous section.

Alternatively, we can treat the system as a whole and turn to iterative methods

to solve this large, sparse system. This is perhaps an unusual approach for a time-

dependent system, however, we will see in Chapter 5 that it is a common approach for

time-dependent PDE-constrained optimization problems. For these problems, since

the optimization problem needs to visit every time-step of the state, it is somehow

natural to combine all of the time-steps in the one linear system. Indeed, an all-

at-once system for a heat control problem with the same discretization methods as

described here, will contain within it the exact matrix A described in (2.15).

Just as we have for the θ-method, we can also easily describe the all-at-once system

for higher order time-stepping schemes such as the Backward Differentiation Formula

(BDF) methods. For example, using the 2-step BDF method the equations in (2.10)

are instead

(M + 2

3
τK)uk+1 −

4

3
Muk +

1

3
Muk−1 = τ f + d, (2.16)

for k = 0, . . . , ` − 1, noting that in this case we require two initial conditions u0 and

u−1. The all at once system in this case is given by,

ABDF2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0

A1 A0

A2 ⋱ ⋱

⋱ ⋱ ⋱

A2 A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.17)

with A0 =M + 2
3τK, A1 = −4

3M and A2 = 1
3M .

In addition to being block lower triangular, it is evident that these matrices are

also block Toeplitz, i.e. a matrix with blocks repeated along the diagonals. This is
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only the case as we have taken constant time-step sizes τ . It is certainly possible

to construct the system with non-constant time-steps, however, we would lose block

Toeplitz structure in this case. Furthermore, we would require the size of all time-steps

to be known in advance; this is typically not the case with adaptive time-stepping.

These issues are some of the main drawbacks of using the all-at-once method for

time-dependent problems.

Another issue that arises with all-at-once methods is their extensive memory re-

quirements. Although, as previously stated, it is not required to store the entire n`×n`
coefficient matrix A, the solution at all times-steps is stored. For large problems, in

particular the optimal control problems discussed later in this thesis, this can be pro-

hibitive. Several methods have been proposed for this issue including check pointing

[45], multiple-shooting [52], and low-rank approaches [106]. We have not investigated

any of these methods here and will assume throughout that sufficient storage is avail-

able for our methods. We see no reason, however, that methods such as the low-rank

approach of Stoll and Breiten in [106] could not be used combined with our proposed

approaches for the solution of optimal control problems discussed in Chapters 6 and

7.

2.1.3 Convection-Diffusion Equation

An extension of the heat equation, which models simple diffusive effects, is the time-

dependent convection-diffusion problem. This can be stated as

ut − ε∇2u +w ⋅ ∇u = f in Ω × (0, T ], Ω ⊂ R2 orR3,

u = g on ∂Ω × (0, T ],

u(x,0) = u0,

(2.18)

where ε > 0 and w is the velocity with which the state, u, is being convected. As a

simple example, consider u as a pollutant which is being transported by the velocity

of the containing fluid, while simultaneously being subject to diffusive effects. Typi-

cally for practical application, the effect of diffusion is minimal in comparison to the

convection and therefore we typically assume that ε ≪ ∥w∥ [25]. Additionally, we
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assume that the velocity is divergence free so that ∇ ⋅w = 0. For simplicity, we have

assumed Dirichlet boundary conditions, however, other conditions could be applied

and once again we assume that the forcing is constant in time.

As with the heat equation, we require solutions u(t) to be from the space H1
E(Ω).

Thus, the weak formulation of this problem is the following:

Find u ∈ L2(0, T ;H1
E(Ω)) such that for t ∈ (0, T ],

∫
Ω
ut(t)v+ε∫

Ω
∇u(t)⋅∇v+∫

Ω
(w⋅∇u(t))v = ∫

Ω
fv, ∀v ∈ H1

E0
(Ω). (2.19)

To discretize this problem, we will again use Galerkin finite elements and for sim-

plicity, we will restrict ourselves to Backward Euler time-stepping (θ = 1), although

this is by no means required. Using the approximation for uh from (2.7) we obtain

the following linear system

Muk+1 −Muk + τ(εK +N)uk+1 = τ f + d, (2.20)

where M and K are the standard finite element mass and stiffness matrices as defined

in (2.11). The terms f and d describe the forcing f and the boundary conditions as

also defined in (2.11). We also have the effects of the convective term incorporated

in the matrix N ∈ Rn×n defined as

N = [νij] ∈ Rn×n, νij = ∫
Ω
(w ⋅ ∇φj)φi. (2.21)

One property of the convection-diffusion equation is that boundary or internal

layers may be present in the solution. If the grid on which the solution is discretized

is not sufficiently fine, it will not be able to accurately represent this layer and os-

cillations can appear in the numerical solution, typically for small ε. Furthermore,

in some cases these oscillations can be propagated by the velocity field resulting in

oscillations in all areas of the domain and not just limited to the region around the

layer [71].

In order to account for this, various stabilization methods have been proposed

which add an additional term T̃ to the discretization to mitigate potential oscillations.
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This results in solving

Muk+1 −Muk + τK̃uk+1 = τfk + d, (2.22)

where K̃ = εK +N + T̃ and f is often also redefined with additional terms.

One popular stabilization approach is the Streamline Upwind Petrov-Galerkin

(SUPG) method which was introduced by Hughes and Brooks [54]. This method

is widely discussed in the literature, for example, for the forward problem in [25, 34]

and for the control problem in [19, 50, 94]. For this method we define

T̃ = [τ δij] ∈ Rn×n, τ δij = δ∫
Ω
(w ⋅ ∇φi)(w ⋅ ∇φj) − εδ∑

k
∫

∆k

(∇2φi)(w ⋅ ∇φj) (2.23)

f = [fi] ∈ Rn, fi = ∫
Ω
fφi + σ∫

Ω
fw ⋅ ∇φi. (2.24)

The parameter δ is a stabilization parameter and is typically defined for each element

∆k individually. As suggested in [25] we define the parameter as

δ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 if Pe ≤ 1,

h
2∥w∥2 (1 − 1

Pe
) if Pe > 1,

(2.25)

where Pe is the element Peclet number defined as

Pe = h∥w∥
2ε

. (2.26)

As pointed out in [94], the SUPG method is not adjoint consistent and for optimal

control problems, this is typically desired. We will discuss this further in Chapter 7.

Another method which is adjoint-consistent is the Local Projection Scheme (LPS)

discussed in [5, 6, 46, 86]. In LPS, we define

T̃ = [τ δij] ∈ Rn×n, τ δij = δ∫
Ω
(w ⋅ ∇φi − πh(w ⋅ ∇φi)) ((w ⋅ ∇φj) − πh(w ⋅ ∇φj)) (2.27)

f = [fi] ∈ Rn, fi = ∫
Ω
fφi. (2.28)
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where the stabilization parameter is given by

δ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 if Pe < 1,

h
∥w∥ if Pe ≥ 1.

(2.29)

Here πh represents an L2-orthogonal projection operator which we will define on

patches of our domain. If we consider Q1 finite elements on an equally spaced mesh,

then we can divide into patches of two elements in each direction. On each patch we

define πh(v), to be equal to the integral of v over this patch divided by the area of

the patch.

For the diffusion operators considered in the previous chapter, we were able to

provide bounds on the quadratic form of the stiffness matrix K. This is not the

case for K̃. However, it is known that εK + T̃ is positive semi-definite and that N

is skew-symmetric [25]. This leads to the positive semi-definiteness of the symmetric

part of K̃, defined as 1
2(K̃ + K̃T ) and this result will be used to prove certain results

in Chapter 7.

Either method of stabilization results in the series of linear systems described in

(2.22) which, as for the heat equation, could be solved in a sequential manner or in

an all-at-once fashion. In either case, we will require the solution of a linear system,

typically achieved via iterative methods. In the following section, we will describe

in more detail the iterative methods which may be utilized for the solution of the

systems described here.

2.2 Iterative Methods

Suppose we wish to solve the system

Ax = b, (2.30)

where A ∈ Rn×n,b ∈ Rn and, as is often the case when solving PDE problems, A is

large and sparse. Perhaps the most common methodology for solving linear systems

of equations is to use a direct method. A direct method computes the solution by
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Gaussian elimination, typically through the use of an LU -factorization. For a dense

matrix however, the solution requires 2
3n

3 flops (to highest order), which can be

reduced to 2m2n flops for a banded matrix with bandwidth m [43]. For an overview

of such methods see [21].

Importantly, direct methods do not maintain the sparsity of A and instead factor-

ization can fill in many entries. Another approach which is regularly used for large,

sparse matrices is to use iterative methods. These approaches produce a sequence

of iterates {xj} which will, hopefully, converge to the solution. In order to obtain

each iterate, the matrix A is only visited using matrix-vector products and, when A

is sparse, these are relatively cheap to compute. Additionally, often the solution is

only required to be accurate up to a certain tolerance and iterative methods can be

terminated when this tolerance is reached, thereby reducing the total work required.

As the matrices considered in this thesis will typically be large and sparse, we will

utilize only iterative methods for solution of our systems.

However, iterative methods are not always successful in a short amount of time.

Therefore, one of the most important practical aspects of iterative methods is the

use of preconditioning. At a fundamental level, preconditioning aims to transform

the system into one which has characteristics which improve the convergence of the

iterative method.

Let us consider the invertible matrix P as our preconditioner. The left-preconditioned

system would be

P −1Ax = P −1b, (2.31)

or alternatively P could be applied as a right-preconditioner where

AP −1y = b, y = Px. (2.32)

The preconditioned system should now be easier to solve; the process of applying

the preconditioner should also be easy compared with solving with A. In order to

illustrate this point we can consider the two extreme cases:

• P = I: In this case, P is easy to invert but the preconditioned system is un-

changed.
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• P = A: In this case, the system is now solved in one iteration but the precondi-

tioner is just as difficult to invert as A.

Therefore, we hope to find a P that is somehow a compromise between these two al-

ternatives. Preconditioners can also aim to approximate the inverse of A by being the

application of a few steps of certain iterative methods. These methods can typically

be thought of as the application of a linear operator and, therefore, can be thought

of exactly as if they were a matrix P .

We can also frame the role of preconditioners in the context of mappings between

spaces. Suppose that the solution vector x represents an element of the space X and

the matrix A is a mapping from X to its dual space X∗ or A ∶X →X∗. Thus, we also

have that b ∈X∗. If we use an iterative method to solve the original equation (2.30),

our right hand side b and our solution vector x are in different spaces. However, if

we construct a preconditioner P −1, which is a mapping from X∗ to X, then for left

preconditioning we have that P −1A ∶X →X. Alternatively, for right preconditioning

we have that AP −1 ∶ X∗ → X∗. In both of these cases, the iterative method is trying

to obtain a solution vector which is in the same space as the right hand side vector.

An in depth discussion of this approach to the preconditioning of discretizations of

elliptic and parabolic operators can be found in [59] or in more generality see [68].

The role of preconditioning is, therefore, undeniably important and the focus of

this thesis is to introduce effective preconditioners for iterative methods in order to

solve the partial differential equation problems considered. In order to do this, we

first introduce each of the iterative methods which will be used.

Two of the methods, namely Chebyshev semi-iteration and Multigrid, will be used

as preconditioners. For the outer method, we consider Gmres and BiCGStab for

non-symmetric problems while for symmetric problems we utilize Minres. We also

consider LSQR which solves the normal equations of the system. These methods are

introduced in the following sections.
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2.2.1 Simple Iterations

Perhaps the most elementary iterative method is appropriately known as a simple

iteration and is also sometimes referred to as a stationary or fixed point method. This

method is based on a matrix splitting of A such that

A = P −Σ, (2.33)

where P is non-singular. We construct as sequence of iterates {xj}j=1,2,... by the

relation

Pxj = Σxj−1 + b, j = 1,2, . . . (2.34)

with a suitable initial guess x0. By simple manipulation it can be shown that P −1Σ =
I − P −1A and thus we can rewrite (2.34) as

xj = (I − P −1A)xj−1 + P −1b. (2.35)

The matrix I − P −1A is known as the iteration matrix. We define the spectral radius

of a matrix C, denoted by ρ(C), to be

ρ(C) = max{∣λ∣ ∶ λ is an eigenvalue ofC} .

Convergence properties of this iteration can now be described by the following well

known theorem.

Theorem 2.2 [99, Theorem 4.1]. The iteration (2.35) converges for any x0 and b if

and only if ρ(I − P −1A) < 1.

In order for a preconditioner, P , to be effective for a simple iteration, it is crucial

that it reduces the spectral radius of the iteration matrix. This will be determined

by the choice of matrix splitting.

If we let A = D + L + U where D is the diagonal part, L is the strictly lower

triangular part and U is the strictly upper triangular part of A then we can define

the following possible splittings:

• Jacobi iteration (P = D): Here P will be easy to invert as it requires only the
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straightforward inversion of a diagonal matrix.

• Relaxed Jacobi iteration (P = ωD): Here we use a relaxation parameter ω which,

if chosen appropriately, can reduce the spectral radius of I −P −1A or result in a

more effective smoother for a multigrid process as discussed later in this chapter.

• Gauss-Seidel iteration (P = D + L): Here we take the lower triangular part of

the matrix as the preconditioner.

If our matrix A was a block matrix, each of these methods could be converted to

the analogous block version. Then D would refer to the block diagonal matrix and

similarly for L and U . We note for block methods to work, we need that all the

matrices on the diagonal are invertible. For more discussion of these methods see for

example [2, 40].

A simple iteration will converge if ρ(I − P −1A) < 1, however, this does not imply

anything about the rate of convergence. Let ej denote the error at the j-th iteration

given by ej = x − xj. The error at the (j + 1)-th iteration will be given by

ej+1 = (I − P −1A)ej

and taking norms on both sides we obtain the following inequality,

∥ej+1∥ ≤ ∥I − P −1A∥∥ej∥. (2.36)

Therefore at each iteration, the norm of the error will be bounded by at least a factor

of ∥I −P −1A∥ times the error at the previous iteration. If ∥I −P −1A∥ < 1 it naturally

follows that the error will be reduced at each iteration. The norm here could be any

vector induced matrix norm; a common choice is the standard Euclidean norm (or

2-norm). For normal matrices, the 2-norm coincides with the spectral radius and

therefore the error would be reduced by a factor of ρ(I − P −1A) at each iteration.

However, for non-normal matrices we can have the situation that

ρ(I − P −1A) < 1 < ∥I − P −1A∥.
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In this case, the error can grow for a finite number of iterations before ultimately

converging. This means, however, that we have no way of knowing the error after

a fixed number of iterations; as a consequence, the number of iterations required

to achieve a desired accuracy cannot be determined a priori. This is not the case,

however, for the following method which makes it ideally suited as a preconditioner.

2.2.1.1 Chebyshev Semi-Iteration

Suppose we have a series of iterates {xj}j=1,2,... from a simple iteration as described

above with iteration matrix I − P −1A. It is reasonable to believe that by combining

information from all of these iterates we may be able to obtain a better approximation

yj to the real solution x. Thus we define,

yj =
j

∑
i=1

αixi. (2.37)

We can think of the coefficients αi as defining a polynomial pj of degree j. If xj = x

for all j then we should have yj = x so this implies the condition that ∑ji=1αi = 1.

This condition could equally be written as requiring pj(1) = 1.

It can be shown that

∥yj − x∥ ≤ ∥pj(I − P −1A)∥∥x − x0∥, (2.38)

thus for fast convergence we would like to minimize ∥pj(I − P −1A)∥. If we assume

that the iteration matrix is symmetric and has eigenvalues λi contained in the interval

[a, b] where −1 < a and b < 1 then we have

∥pj(T )∥ = max
λi

∣pj(λi)∣ ≤ max
a≤λ≤b

∣pj(λ)∣. (2.39)

Thus, in order to ensure fast convergence we require that the polynomial should be

small in the region between the extremal eigenvalues of the iteration matrix.

The Chebyshev semi-iteration which we will use is based on the relaxed Jacobi

iteration described in the previous section. This method was originally devised by

Flanders and Shortley [32] in 1950 but was more extensively analysed by Golub and
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Varga [41, 42] in 1961. In this method, the relaxation parameter ω is specifically

selected so as to ensure that the eigenvalues of the iteration matrix I − ωD−1A are

symmetric about the origin. If λ(D−1A) ∈ [λmin, λmax] then this is achieved when,

1 − ωλmin = −(1 + ωλmax) ⇒ ω = 2

λmax + λmin
. (2.40)

The eigenvalues will now be bounded within [−ρ, ρ] where ρ = λmax−λmin
λmax+λmin . We note

that in order to calculate these parameters we required information on the extremal

eigenvalues of the preconditioned system.

The polynomial which is minimized over the interval [−ρ, ρ] and also satisfies the

requirement that pj(1) = 1 is the shifted and scaled Chebyshev polynomial given by

pj(t) =
Tj( tρ)
Tj(1

ρ)
, (2.41)

where Tj(t) = cos(jω cos−1 t). Using trigonometric identities, it can be shown that

Chebyshev polynomials can be defined by a three term recurrence formula, namely

Tj+1(t) = 2tTj(t) − Tj−1(t), j = 1,2, . . . , t ∈ [−1,1] , (2.42)

which can be used to provide a fast and efficient ways of calculating each of the

successive iteration vectors yj without explicitly calculating all of the original iterates

xj. Thus we can define the following pseudocode to implement the algorithm.

Algorithm 1 Chebyshev semi-iteration to solve Ax = b, where λ(D−1A) ∈
[λmin, λmax]
w = 2

λmax+λmin , ρ =
λmax−λmin
λmax+λmin

Choose y0, θ0 = 1, (y−1 = 0)
for j = 0,1, . . . do

θj+1 = (1 − ρθ2

4 )
−1

zj = wD−1(b −Ayj)
yj+1 = θj+1(zj + yj − yj−1) + yj−1

end for
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The convergence rate is bounded as follows:

∥x − yj∥2

∥x − x0∥2

≤ 2(
√
κ − 1√
κ + 1

)
j

, (2.43)

where κ is the condition number of D−1A [94]. Thus, the number of iterations to

obtain a desired accuracy can be determined a priori. In order for this method

to be particularly effective we require good estimates of the extremal eigenvalues.

However, as we will see in Chapter 5, there exists bounds for Galerkin finite element

mass matrices and therefore Chebyshev semi-iteration can be employed as an effective

preconditioner in this situation [94, 96, 118]. This method was also shown to be an

effective preconditioner when used within the GeneRank algorithm in [10]. More

detailed discussion of this method can be found in [40, 94].

2.2.2 Multigrid

The simple iterations discussed in the previous section can be applied to a matrix

of any type. However, the matrices we will typically be dealing with in this thesis

are discretizations of differential operators and, therefore, they have a very specific

structure. Multigrid is a method which was specifically developed for problems which

have an underlying mesh structure; it has been shown to be an optimal solver, meaning

that the overall computational work scales linearly with n, so is independent on the

mesh parameter h, for elliptic PDE operators.

We will not provide a thorough description of the method here, but typically use

it in a ‘black box’ fashion and refer the interested reader to [15, 25, 49, 119] for

more complete derivations. We will outline Geometric Multigrid (GMG) methods

in this section and briefly discuss Algebraic Multigrid (AMG) and other variants in

Section 2.2.2.1.

The underlying idea of multigrid methods is that a smooth function can be well

approximated on a coarse grid. Furthermore, simple iterations of the form (2.35)

are shown to quickly reduce the highly oscillatory modes of the error [15, Chapter

2]. Therefore, after a few iterations of a simple iteration, the error is comparatively

smooth and can, therefore, be restricted to a coarser grid, where computational work
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is much cheaper.

The fundamental elements required for the method are the following:

• Smoothing operator S: The first step of the method is to smooth the error

through the application of a simple iteration of the form

xj+1 = (I − S−1A)xj + S−1b.

Here S is a matrix splitting of A such that A = S−Σ as described in (2.33). Post-

smoothing is also employed using ST . Typical examples of the iterations used

are the (relaxed) Jacobi and Gauss-Seidel iterations described in Section 2.2.1.

• Prolongation operator Q: Also known as an interpolation operator, this

transfers the correction term from the coarse grid back onto the fine grid and

is just an interpolation between the coarse grid points.

• Restriction operator R: Conversely, we require an operator which restricts

residuals on the fine grid to the coarse grid. This is typically taken to be R = QT .

Further discussion on the choices of prolongation and restriction operators can be

found for example in [15, Chapter 2] and [25, Chapter 2].

Multigrid is defined as a recursive algorithm; each grid level is restricted to a

coarser level until we reach the critical level, lc, which has sufficiently few points so

that the error can be calculated exactly on this level using a direct method. The

process of consecutively restricting to the finest level before returning to the fine grid

level is referred to as a V-cycle due to its structure. A schematic diagram of a V-cycle

is presented in Figure 2.2. Other cycles are possible such as the W-cycle which will

not be discussed here. Pseudocode for a GMG V-cycle is provided in Algorithm 2.

An important property of multigrid is that the method can be described as a

simple iteration of the form (2.35). If we consider a simple 2-grid algorithm with

s steps of pre- and post-smoothing we find that the error at each iteration can be

written in the form,

ej+1 = (I − S−TA)s(I −QA−1
QTA)(I − S−1A)sej. (2.44)
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Figure 2.2: Schmematic of a single geometric multigrid V-cycle with 5 levels.

Algorithm 2 Geometric Multigrid V-cycle which can be used as a preconditioner on
the system Ax = b.

function GMG vcycle(A,b,x,level)
for j = 1, . . . , s do

x = (I − S−1A)x + S−1b
end for
if level= lc then

Solve Ax = b (using a direct method)
else

r= QT (b −Ax)
A= QTAQ
e= GMG vcycle(A,r,e,level + 1)
x = x +Qe

end if
for j = 1, . . . , s do

x = (I − S−TA)x + S−Tb
end for

end function
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If the iteration matrix has the form I − P −1A this implies that

P −1 = A−1 − (I − S−TA)s(I −QA−1
QTA)(I − S−1A)sA−1, (2.45)

whereA
−1

is the inverse of the operator reduced to the coarse grid level. As described

in the previous section, we can describe the convergence of a simple iteration with

respect to a convergence factor ρ. For multigrid as described here, we can make the

following statement regarding convergence for a Poisson problem.

Theorem 2.3 [25, Theorem 2.5]. Given an H2-regular problem, and a quasi-uniform

subdivision of size h in R2 or R3, when solving Ax = b where A is symmetric and

using a symmetric `-level multigrid V-cycle with a damped Jacobi smoother, there

exists a contraction factor ρ` < 1 such that

∥x − xj+1∥A ≤ ρ`∥x − xj∥A, ρ` ≤ ρ∞ ∶= C/(C + s), (2.46)

where C is a constant independent of ` and h and s is the number of smoothing steps.

This theorem shows that for the typical case of applying multigrid to an elliptic

operator on a Q1 or P1 grid as described in Section 2.1.1, we will have convergence in

the A-norm at a rate independent of h. By thinking of multigrid as a preconditioner

with this property, we can extend this result to provide bounds on the eigenvalues of

a preconditioned system.

Theorem 2.4 [25, Lemma 4.2]. If the error of a simple iteration of the form (2.35)

for the solution of the linear system Ax = b satisfies

∥x − xj+1∥A ≤ ρ∥x − xj∥A (2.47)

with the contraction factor satisfying ρ < 1, then

1 − ρ ≤ ⟨Av,v⟩
⟨Pv,v⟩ ≤ 1 + ρ. (2.48)
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Proof. Since ej+1 = (I − P −1A)ej we can write (2.47) as

⟨A(I − P −1A)ej, (I − P −1A)ej⟩ ≤ ρ2⟨Aej,ej⟩.

Letting v = A1/2ej we have

⟨(I −A1/2P −1A1/2)v, (I −A1/2P −1A1/2)v⟩ ≤ ρ2⟨v,v⟩.

Taking square roots and rearranging we have

−ρ⟨v,v⟩ ≤ ⟨(I −A1/2P −1A1/2)v,v⟩ ≤ ρ⟨v,v⟩

1 − ρ ≤ ⟨(A1/2P −1A1/2)v,v⟩
⟨v,v⟩ ≤ 1 + ρ,

which gives

1 − ρ ≤ ⟨Av,v⟩
⟨Pv,v⟩ ≤ 1 + ρ

for all v.

Thus, we can see that by using multigrid as a preconditioner in this fashion we will

obtain a preconditioned system with eigenvalues bounded about 1. This property will

be particularly useful when combined with the Krylov subspace methods discussed

later in this chapter.

2.2.2.1 Other Multigrid Methods

The scheme outlined above is an implementation of a geometric multigrid method.

There are many other algorithms which use the same basic premise in order to solve

a variety of other problems which require additional considerations.

Ramage multigrid: One example of when method alterations may be required,

is for the solution of more complex differential operators than simple diffusion. For

example a method developed by Ramage in [93] will be used throughout this thesis

as a multigrid preconditioner for the convection-diffusion equation. The key aspects

of this algorithm are:
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• Coarse grid operator: Typically, a coarse grid operator is constructed through

the use of a scaled Galerkin coarse grid operator so that the coarse grid operator

is given byA= RAQ. In this algorithm the operators are constructed explicitly

on each grid level. For solving the convection-diffusion equation as described

in Section 2.1.3, this will require constructing the matrices K̃ and M on each

grid level. Consequently, these matrices must also be stored for each grid level

throughout the algorithm.

• Smoothing: A line Gauss-Seidel splitting will be used to construct the smoother.

This involves taking, as a splitting matrix, the block lower triangular part of the

matrix K̃ ordered in different ways. Details of line Gauss-Seidel methods can be

found for example in [119]. In order to take account of all possible directions of

the wind component, we do this in all possible ways. Thus for two-dimensional

problems this equates to two horizontal sweeps of the domain (left → right and

right → left) and two vertical (top → bottom and bottom → top). For three

dimensional problems this would correspond to 6 smoothing steps.

This method has been used successfully for a variety of problems[25, 86] and will be

used throughout this thesis.

Algebraic Multigrid: We will also frequently use Algebraic Multigrid (AMG)

methods throughout this thesis. These methods are designed to be applied to more

general matrices than ones with an explicit grid structure and therefore can be applied

as a ‘black-box’ solver. Instead of constructing operators for each level based on the

grid structure, the operators are based entirely on the algebraic structure of the

matrix. Since the concept of a mesh is no longer present, we instead can think of

nodes i and j as being ‘neighbouring’ if Aij is non-zero. A smaller set of nodes,

analogous to a coarse grid, can then be determined by looking at strongly influencing

nodes.

AMG methods are typically based on the methods described by Ruge and Stüben

[97] and a more thorough overview can be found in [15, Chapter 8] for example. We

will utilize the code HSL_MI20 within the Harwell Subroutine Library (HSL) as an

implementation of AMG [12].
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For the preconditioners developed in Chapter 4, we will require approximation to a

complex matrix. For this problem, we will use the Aggregation Based Algebraic Multi-

grid (AGMG) method developed by Notay which includes complex matrix capability

[74, 77, 78, 79].

Space-Time Multigrid: While we will not explicitly use such methods in this

thesis, for time-dependent problems there also exist space-time multigrid methods.

The basic concept of these methods is to coarsen, not only in the spatial domain,

but also in the temporal domain. This is an active area of research particularly

due to the parallel-in-time capabilities of such methods. Some key references include

[29, 30, 37, 53, 75].

The parareal algorithm [65] is a parallel in time method which is of broad interest

and is widely researched. As the name suggests, the algorithm aims to solve solve

evolutionary problems in real time using parallelization. The method can be thought

of as a two-level space-time multigrid method or equally as a multiple shooting method

as shown in [30, 38]. The idea of parareal is to construct an initial approximation over

the time interval using a coarse propagator. A fine propagator can then approximate

the solution on each slice of the time domain in parallel by using the coarse level

approximations as the initial conditions. The coarse level approximation is then

improved and the algorithm proceeds iteratively.

These methods typically work well on dissipative systems while problems can

occur, for example, in wave dominated problem. The effectiveness of the method

tends to rely on the choice of coarse solver which needs to both be accurate enough

for convergence of the method while also being computationally inexpensive.

The methods developed in this thesis will use preconditioners which are applied

using standard spatial multigrid and implemented with a standard Krylov subspace

method. Thus, they have the ability to also be used in serial and for some parameters

of the optimal control problems considered, they achieve better performance that

other existing methods even when implemented in serial.
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2.2.3 Non-Symmetric Krylov Subspace Methods

The previous iterative methods discussed, namely Chebyshev semi-iteration and multi-

grid, are used as preconditioners in our setting rather than solvers. In the next two

sections, we discuss the Krylov subspace methods which are used as the outer solver

for the systems we will consider.

In this thesis, we focus on time-dependent problems which, when discretized and

constructed as an all-at-once system, are inherently non-self-adjoint. While effective

methods for non-symmetric problems exist, they typically do not have the rigorous

convergence bounds that can be provided for their symmetric counterparts. In this

section, we examine iterative methods for non-symmetric problems and discuss what,

if anything, we can prove regarding their convergence and termination.

In order to introduce these methods, we first need to discuss some preliminaries

on Krylov methods in general. As already mentioned, iterative methods are often

built on the idea that matrix-vector multiplication is cheap for large sparse matrices.

With this in mind, we define the Krylov subspace of degree j to be

Kj(A, r0) ∶= span{r0,Ar0,A
2r0, . . . ,A

j−1r0} . (2.49)

A Krylov subspace method gives an approximation, xj, to (2.30) at the j-th iteration

of the form,

xj ∈ x0 +Kj(A, r0), j = 1,2, . . . , (2.50)

where x0 is an initial guess and r0 is the initial residual vector. We note that this is

a commonly used abuse of notation and should be thought of as meaning xj − x0 ∈
Kj(A, r0). Due to the structure of the Krylov subspace, we note that we can also

write the approximation as

xj = x0 + pj−1(A)r0, (2.51)

where pj−1 is a polynomial of degree j − 1. This structure forms the basis of all the

Krylov subspace methods which we will discuss in the following sections.
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2.2.3.1 GMRES

One of the most widely used iterative methods for non-symmetric problems is the

Generalized Minimum Residual method (Gmres) developed by Saad and Schultz

[100]. As the name suggests, this method aims to minimize the 2-norm of the residual

at each step.

Gmres is based on the Arnoldi method, an orthogonal projection method for

general non-symmetric matrices. The method uses a modified Gram-Schmidt process

to construct an orthogonal basis

{v1,v2, . . . ,vj}

for Kj. We can write this method in matrix form with the use of upper Hessenberg

matrices (i.e. matrices of zeros except for the subdiagonal and upper triangular

part of the matrix). Letting Vj = [v1,v2, . . . ,vj] ∈ Rn×j, and Hi ∈ Ri×i be an upper

Hessenberg matrix and Hi =
⎡⎢⎢⎢⎢⎢⎢⎣

Hi

hi+1,ieTi

⎤⎥⎥⎥⎥⎥⎥⎦
∈ R(i+1)×i we have

AVi = ViHi + hi+1,i[0, . . . ,0,vi+1] = Vi+1Hi, i = 1,2, . . . , j − 1, (2.52)

where ei is the i-th column of the i × i identity matrix. Choosing v1 = r0
∥r0∥ , the j-th

iterate xj, corresponds to

xj = x0 + Vjyj, (2.53)

for some yj ∈ Rj [25, Section 7.1.1].

We stated that Gmres specifically aims to minimize the 2-norm of the residual

and this corresponds to

min
Kj(A,r0)

∥rj∥2 = min
yj

∥∥r0∥2e1 −Hjyj∥2. (2.54)

The resulting least squares problem can be solved using a QR factorization which

requires only one Givens rotation at each iteration. We note that in polynomial
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notation, (2.54) is equivalent to

min
Kj(A,r0)

∥rj∥2 = min
pj∈Πj ,pj(0)=1

∥pj(A)r0∥2, (2.55)

where Πj is the set of all polynomials of degree at most j. Preconditioning can be

incorporated into the scheme described [98] and for a more detailed derivation of the

algorithm we refer the interested reader to [25, 99]. The pseudocode of the algorithm

as stated in Algorithm 3 is the right preconditioned version of the method.

Algorithm 3 Gmres algorithms to solve Ax = b, with (right) preconditioner P

Choose x0

Compute r0 = b −Ax0, β = ∥r0∥2,v1 = r0
β

for j = 1,2, . . . do
Solve Pzj = vj
Compute w

(1)
j+1 = Azj

for i = 1,2, . . . , j do
hi,j = ⟨w(i)

j+1,vi⟩
w

(i+1)
j+1 = w

(i)
j+1 − hi,jvi

end for
hj+1,j = ∥w(j+1)

j+1 ∥2

vj+1 = w
hj+1,j

Find yj such that yj minimizes ∥βe1 −Hjyj∥2

<test for convergence>
end for
Solve Pzj = Vjyj
xj = x0 + zj

Having described the basics of Gmres implementation, we would like to know

what, if anything, we can say about its convergence. As it turns out, convergence

properties in general remain elusive. Let us first restrict ourselves to determining

what we can say regarding termination, i.e. when will the method find the exact

solution?

Theorem 2.5 [58, Theorem 3.1.2]. Let A ∈ Rn×n be non-singular. Then the Gmres

algorithm will terminate within n iterations with exact arithmetic.

Proof. The characteristic polynomial of A is given by c(z) = Πn
j=1(λj −z) where λj are

the eigenvalues of A for j = 1,2, . . . , n. The Cayley-Hamilton theorem tells us that
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any matrix satisfies its own characteristic polynomial so c(A) = 0 and additionally we

can see that c(0) = det(A) ≠ 0 for non-singular matrices. From (2.55) we have that

∥rj∥2

∥r0∥2

≤ min
pj∈Πj ,pj(0)=1

∥pj(A)∥2. (2.56)

If we let pn(z) = c(z)
c(0) then pn ∈ Πj, pj(0) = 1 and pn(A) = 0 and we have constructed a

polynomial which satisfies the requirements of the method. Therefore, at iteration n

we must have that ∥rn∥2 = 0 and xn = x.

We now have a guarantee that Gmres will converge within a number of iterations

equal to the dimension of the problem, however, we hope that we will be able to

converge much sooner than that. We can improve this termination bound if we have

information regarding the minimal polynomial of the matrix.

Definition 2.1. The minimal polynomial of a matrix A over a field F is the monic

polynomial m(⋅) of minimal degree such that m(A) = 0. The minimal polynomial will

always divide the characteristic polynomial.

Theorem 2.6. If the minimal polynomial of A has degree k then the Gmres algo-

rithm will terminate within k iterations.

Proof. Similar to the proof of Theorem 2.5, let pk(z) = m(z)
m(0) so pk ∈ Πk and pk(0) = 1.

Since, m(A) = 0, we have pk(A) = 0 and due to (2.55) we have that ∥rk∥2 = 0 and

xk = x.

We note that for a non-diagonalizable matrix, the minimal polynomial relates to

the Jordan blocks of the matrix by the relation

m(z) = Πq
i=1(z − λi)mi

where λi, i = 1,2, . . . , q are equal to the q distinct eigenvalues of A and mi is the size

of the largest Jordan block with eigenvalue λi. We also have that k = ∑qi=1mi.

An analogous termination bound for diagonalizable matrices is as follows.

Theorem 2.7. If A is diagonalizable with q distinct eigenvalues, then Gmres with

terminate in at most q iterations.
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Proof. This is a direct consequence of Theorem 2.6 since diagonalizability implies the

minimal polynomial will be given by m(z) = Πq
i=1(z − λi) with degree q.

Thus with knowledge of the multiplicity of the eigenvalues of A, we can determine

termination of the Gmres algorithm. In general, we do not run the algorithm until

we achieve the exact solution, but stop at an iteration when we have converged to

a solution within some tolerance of the actual solution. So what can we say about

when we will achieve convergence? Bounds for this can be determined for the case

when A is diagonalizable.

Theorem 2.8 [25, Theorem 7.1]. If A is diagonalizable, that is A = V ΛV −1 where Λ

is the diagonal matrix of eigenvalues of A, and V is the matrix whose columns are

the eigenvectors, then

∥rj∥2

∥r0∥2

≤ κ(V ) min
pj∈Πj ,pj(0)=1

max
λi

∣pj(λi)∣, (2.57)

where κ(V ) = ∥V ∥2∥V −1∥2 is the condition number of V .

Proof. From (2.56) we have that

∥rj∥2

∥r0∥2

≤ min
pj∈Πj ,pj(0)=1

∥pj(A)∥2 = min
pj∈Πj ,pj(0)=1

∥V pj(Λ)V −1∥2

≤ min
pj∈Πj ,pj(0)=1

∥V ∥2∥V −1∥2∥pj(Λ)∥2 = min
pj∈Πj ,pj(0)=1

κ(V )max
λi

∣pj(λi)∣

which is the result.

Although Theorem 2.8 does provide convergence bounds for diagonalizable matri-

ces, the term κ(V ) is generally hard to bound and therefore this result is not often

practically useful.

Ideally, we would like to be able to make some remarks concerning the convergence

of Gmres based solely on the eigenvalues of the preconditioned matrix. In fact, it

turns out that not only are we not able to do this, but it is shown by Greenbaum,

Ptak, and Strakoš in [44] (and extended in [23]) that given any set of n eigenvalues

and any non-increasing convergence curve terminating at or before the n-th iteration,

then for a b there exists a matrix A ∈ Rn×n with those eigenvalues and an initial guess
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x0 such that Gmres will give that convergence curve. More negative results than this

exist (see for example [22]). Some convergence estimates can be obtained through

field of values analysis for certain PDE problems (see for example [67]), analysis of

other sets such as ε-pseudospectral sets [111], or through transforming the problem

to a symmetric one for which symmetric solvers can be used [91]. In general, it

remains the case that eigenvalues are used merely as heuristics for convergence as it

is certainly often the case that widely spread eigenvalues result in slow convergence

for non-symmetric solvers.

2.2.3.2 BiCGStab

While Gmres has the convenient property that it minimizes the 2-norm of the resid-

ual at each iteration, it inconveniently requires the construction of a Hessenberg

matrix to store the Arnoldi vectors. The number of these vectors will grow in number

at each iteration and thus for a large number of iterations, the storage requirements

can make Gmres impractical. A possible way to deal with this problem is to use a

method called restarted Gmres. This method has an upper bound on the number

of Arnoldi vectors stored and when this is reached it restarts the algorithm from the

current iterate. Convergence of this algorithm can be considerably slower and much

of the theory developed for our preconditioners in future chapters would not apply to

this algorithm and, therefore, it will not be considered in this thesis.

In order to avoid the potential storage issue of Gmres, we would ideally like a

method which has a minimization property but that can be computed using short-

term recurrences. A close compromise, is the Bi-conjugate Gradients method (BiCG).

This method was designed to be analogous to the Conjugate Gradients (CG) method,

but applicable to general matrices where CG is only applicable to symmetric positive

definite matrices. Although this method is not used directly within our methods,

we provide a brief introduction to CG here to enable the introduction of the BiCG

method.

The Conjugate Gradient method is also a Krylov subspace method which produces

iterates of the form

xj+1 = xj + αjpj, j = 1,2, . . . (2.58)
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where pj are search directions which are A-conjugate meaning

pTj Api = 0 for i ≠ j. (2.59)

The parameter αj is chosen such that the A-norm of the error is minimized along the

direction pj. This implies in the symmetric positive definite case that ∥x − xj∥A is

minimal for xj ∈ x0 +Kj(A, r0).
While BiCG does not have this minimization property, the method produces

residuals rj and r̃j and search directions pj and p̃j such that bi-orthogonality holds:

r̃Tj ri = 0, if i ≠ j, (2.60)

and bi-conjugacy also holds by

p̃Tj Api = 0, if i ≠ j. (2.61)

We note that if A is a symmetric positive definite matrix, BiCG will reduce

to exactly the Conjugate Gradient method with r0 = r̃0. However, in its original

form, BiCG has several drawbacks including being prone to breakdown as well as

requiring computation with AT which is not always readily available. Therefore, we

will use the stabilized version BiCGStab developed by van der Vorst [114] which

has improved behaviour and does not require AT . The pseudocode for the (left, right

or symmetrically) preconditioned method is presented in Algorithm 4. We note that

the preconditioned method is equivalent to applying the standard method to the

preconditioned system in exact arithmetic.

As stated previously, Gmres can require prohibitive amounts of storage whereas

BiCGStab does not have this issue. However, BiCGStab requires two applications

of A per iteration while Gmres only required one. Another significant drawback

is that since Gmres has a minimization property, we are able to make some state-

ments about termination and, in certain cases, convergence of the iteration while

for BiCGStab we have none of these properties. Thus, we will present iteration

counts for this method to demonstrate convergence without the storage restrictions

37



CHAPTER 2. BACKGROUND

Algorithm 4 BiCGStab algorithm to solve Ax = b, with preconditioner P = P1P2

Compute r0 = b −Ax0

Choose r̃0 such that ⟨r̃0, r0⟩ ≠ 0 e.g. r̃0 = r0

Set ρ0 = α = ω0 = 1,v0 = p0 = 0
for j = 1,2, . . . do

ρj = ⟨r̃0, rj−1⟩
β = (ρj/ρj−1)(α/ωj−1)
pj = rj−1 + β(pj−1 − ωj−1vj−1)
Solve Py = pj
Compute vj = Ay
α = ρj/⟨r̃0,vj⟩
h = xj−1 + αy
<test for convergence> if accurate xj = h and quit
s = rj−1 − αvj
Solve Pz = s
Compute t = Az
ωj = ⟨P −1

1 t, P −1
1 s⟩/⟨P −1

1 t, P −1
1 t⟩

xj = h + ωjz
<test for convergence> if accurate then quit
rj = s − ωjt

end for

of Gmres, however none of the convergence theory developed for Gmres will apply.

2.2.4 Symmetric Krylov Subspace Methods

We briefly mentioned the Conjugate Gradients (CG) method in the previous section

which solves systems that are symmetric but are also required to be positive definite.

For symmetric indefinite systems, as will be the case for the saddle point systems

arising from PDE-constrained optimization problems, we will use the Minres algo-

rithm.

2.2.4.1 MINRES

The Minimal Residual (Minres) algorithm can be thought of a simplification to

Gmres when the matrix A is symmetric, although it was introduced 11 years prior

to Gmres by Paige and Saunders in 1975 [83]. As for CG, the Lanczos process [62, 63]

is used for symmetric matrices to generate the Krylov subspace but, as is the case
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with Gmres, we are searching for vectors which minimize the residual by solving

min
xj∈x0+Kj(A,r0)

∥b −Axj∥2. (2.62)

The advantage of having symmetric matrices for this minimization problem is that

the matrix Hi is tridiagonal. This enables the use of short term recurrence relations.

The pseudocode for the algorithm is presented for reference in Algorithm 5. For

thorough derivations of this method we refer the reader to [25, 115].

Algorithm 5 Minres algorithm to solve Ax = b where A is symmetric and using
symmetric positive definite preconditioner P .

Set v0 = w0 = w1 = 0
Choose x0

Compute v1 = b −Ax0

Solve Pz1 = v1

Set γ =
√

⟨z1,v1⟩;ν = γ1

Set s0 = s1 = 0; c0 = c1 = 1
for j = 1,2, . . . do

xj = z/γj
δj = ⟨Azj,zj⟩
vj+1 = Azj − (δj/γj)vj − (γ/γj−1)vj−1

Solve Pzj+1 = vj+1

α0 = cjδj − cj−1sjγj

α1 =
√
α2

0 + γ2
j+1

α2 = sjδj + cj−1cjγj
α3 = sj−1γj
cj+1 = α0/α1; sj+1 = γj+1/α1

wj+1 = (zj − α3wj−1 − α2wj)/α1

xj = xj−1 + cj+1νwj+1

ν = −sj+1ν
<test for convergence>

end for

An important property of Minres is that it can be applied to any symmetric ma-

trix which is not the case for CG which requires symmetric positive definite systems.

This will be an important property for the solution of saddle-point systems which

will be generated in the optimal control problems considered in this thesis.

Unlike for non-symmetric systems we can relate convergence of Minres directly
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to the eigenvalues of the system by the relation,

∥rj∥2

∥r0∥2

≤ min
pj∈Πj ,pj(0)=1

max
λi

∣pj(λi)∣ ≤ min
pj∈Πj ,pj(0)=1

max
z∈[a,b]

∣pj(z)∣ (2.63)

where λi are the eigenvalues of A which are contained in the interval [a, b]. For the

preconditioned algorithm, we obtain the relation

∥rj∥P−1
∥r0∥P−1

≤ min
pj∈Πj ,pj(0)=1

max
λi

∣pj(λi)∣, (2.64)

where λi are the eigenvalues of P −1A. We note that for this statement to hold we

require that P −1 must be able to define a norm and thereby be symmetric positive def-

inite. Thus, we will be restricted to using symmetric positive definite preconditioners

for Minres while the matrix A may be indefinite.

We can see from either statement (2.63) or (2.64) that we can obtain robust error

bounds if we know the eigenvalues of A or P −1A respectively. In general, the bounds

imply that we would like tightly clustered eigenvalues neither too close nor too far

from the origin in order to achieve fast convergence. We can, therefore, have this in

mind as we design our preconditioners. This differs from the case of Gmres where

such error bounds do not exist.

2.2.5 Normal Equations

We have seen in the previous two sections that there are typically different approaches

used for the iterative solution of non-symmetric and symmetric matrices. Moreover,

Krylov methods for symmetric matrices such as Minres, have robust convergence es-

timates determined solely by eigenvalues, which is not the case for the non-symmetric

counterpart Gmres.

An obvious solution to the lack of convergence estimates for non-symmetric ma-

trices is to convert the system to a symmetric one and solve this new system using a

symmetric solver.

For the matrix system

Ax = b,
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where A is non-symmetric, we can form the normal equations which are given by

ATAx = ATb. (2.65)

Solving the system (2.65) can equally be thought of as solving the least squares

problem

min
x

∥Ax − b∥2. (2.66)

There are many methods which incorporate these ideas with existing methods

for symmetric matrics such as the Conjugate Gradient (CG) method. These include

Conjugate Gradient Normal Equation Error (CGNE), Conjugate Gradients Normal

Equation Residual (CGNR), LSQR or LSMR. We will examine the LSQR method

in more detail here and discuss the advantages and challenges of successfully using

this method. For more detailed discussion of this method and other normal equation

based methods, we refer the reader to [40, 115].

2.2.5.1 LSQR

If we were to apply the CG method to the least squares problem in (2.66), we would

obtain the so-call CGLS method, however, as pointed out by Paige and Saunders in

[84], this method can be unstable particularly for ill-conditioned matrices. For more

favourable results the LSQR method, also described in [84], is required. Although

mathematically equivalent to CGLS, the LSQR algorithm solves the least squares

problem through a standard QR factorization which provides additional numerical

stability. The LSQR algorithm is presented for reference in Algorithm 6.

As the LSQR method is mathematically equivalent to applying the Conjugate

Gradient method to the normal equations, we need to examine the convergence prop-

erties of CG in order to determine convergence of LSQR.

Theorem 2.9 [25, Theorem 2.4]. After j steps of the Conjugate Gradient method

applied to the normal equation in (2.65), the error ej+1 = x − xj+1 satisfies the bound

∥ej+1∥ATA = ∥rj+1∥2 ≤ 2(
√
κ − 1√
κ + 1

)
j

∥ej∥ATA, (2.67)
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Algorithm 6 LSQR algorithm to solve Ax = b.

Set x0 = 0, β1 = ∥b∥2, u1 = ∥b∥2/β1

Set v = ATu1, α1 = ∥v∥2,w1 = v1 = v/α1

Set φ̃1 = β1, ρ̃1 = α1

for i = 1,2,. . . do
u = Avi − αiui, βi+1 = ∥u∥2, ui+1 = u/βi+1

v = ATui+1 − βi+1vi, αi+1 = ∥v∥2, vi+1 = v/αi+1

ρi =
√
ρ̃i

2 + β2
i+1

ci = ρ̃i/ρi
si = βi+1/ρi
θi+1 = siαi+1

ρ̃i+1 = −ciαi+1

φi = ciρ̃i
φ̃i+1 = siφ̃i
xi = xi−1 + (φi/ρi)wi
wi+1 = vi+1 − (θi+1/ρi)wi
<test for convergence>

end for

where κ is the condition number of ATA.

We can see from Theorem 2.9, that convergence of LSQR will depend not on the

conditioning of A, but of the conditioning of ATA. Now, the condition number of a

matrix A is given by

κ(A) = ∥A∥2∥A−1∥2

and thus the condition number of ATA will be given by

κ(ATA) = ∥ATA∥2∥(ATA)−1∥2.

However ∥ATA∥2 = σmax(ATA) = λmax(ATA) since ATA is clearly symmetric. Fur-

thermore, it is also the case that λmax(ATA) = σ2
max(A) = ∥A∥2

2. Thus by the relation

between eigenvalues and singular values we have that

κ(ATA) = ∥ATA∥2∥(ATA)−1∥2 = ∥A∥2
2∥A−1∥2

2 = (κ(A))2.

Therefore, if our original matrix A is poorly conditioned, the matrix ATA will be

a power of 2 worse! This fact often means that the LSQR method is not often used
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as an iterative solver for poorly conditioned problems unless A is rectangular.

2.2.5.2 Preconditioning the Normal Equations

If the conditioning of the normal equations is preventing the LSQR methods from

being effective, then surely preconditioning may be able to solve our problems? In

fact, it was shown in Braess and Piesker [13] in 1986 that this is not as straightforward

as it might appear.

Consider the matrix

A =
⎡⎢⎢⎢⎢⎢⎢⎣

1 α

α 2α2

⎤⎥⎥⎥⎥⎥⎥⎦
,

where α > 1. A simple choice for a preconditioner of this matrix might be to simply

take the diagonal terms. Thus we define our preconditioner P to be

P =
⎡⎢⎢⎢⎢⎢⎢⎣

1 0

0 2α2

⎤⎥⎥⎥⎥⎥⎥⎦
.

If we calculate the eigenvalues of the preconditioned system P −1A we find that they

are equal to
2 ±

√
2

2

and therefore are bounded and completely independent of the parameter α. Thus,

one might conclude that P is a successful preconditioner for A. Now what about a

preconditioner for ATA? The obvious choice is to choose the matrix P TP . However

if we calculate the eigenvalues of (P TP )−1(ATA) we find that they are equal to

4α4 + 8α2 + 1 ± (2α2 + 1)
√

4α4 + 12α2 + 1

8α2

and therefore completely unbounded in the parameter α as α → ∞. Thus, we find

that P TP can be arbitrarily bad as a preconditioner for ATA even if P is a good

preconditioner for A.

Another approach might be to precondition the matrix first and then apply LSQR
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to the normal equations of the preconditioned system. However, we can see that the

eigenvalues of (P −1A)T (P −1A) will be identical to those of (PP T )−1(AAT ) since

(P −1A)T (P −1A) = ATP −TP −1A

and by a similarity transform we have (PP T )−1(AAT ).
Thus we can see that preconditioning of the normal equations is not as easy as we

might have hoped since it is the singular values which determine convergence instead

of eigenvalues. It perhaps explains why methods such as LSQR are not more readily

used as preconditioning for these methods is simply not well understood. This is

due to the fact that it is typically easier to develop preconditioners which reduce the

spectral radius of the iteration matrix, but a preconditioner which reduces the spread

of the singular values is generally harder to develop. We can make some statements,

however, regarding sufficient conditions for when a preconditioner will be effective for

the normal equations.

Theorem 2.10 [13]. For the linear system Ax = b , if all error vectors ej = x − xj

for the simple iteration

xj+1 = (I − P −1A)xj + P −1b

satisfy

∥ej+1∥2 ≤ ρ∥ej∥2

for some contraction factor ρ < 1, then

(1 − ρ)2 ≤ vTAATv

vTPP Tv
≤ (1 + ρ)2 for all v.

Proof. The contraction condition implies that

∥(I − P −1A)ej∥2 ≤ ρ∥ej∥2.

From the properties of the Euclidean norm we have that the smallest possible value
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of ρ is given by,

ρ = sup
ej≠0

∥(I − P −1A)ej∥2

∥ej∥2

= ∥I − P −1A∥2

= ∥(I − P −1A)T ∥2 = ∥I −ATP −T ∥2

= sup
ej≠0

∥(I −ATP −T )ej∥2

∥ej∥2

.

We can now write the contraction property as

∥(I −ATP −T )ej∥2 ≤ ρ∥ej∥2

which because of the triangle inequality implies

(1 − ρ)∥ej∥2 ≤ ∥ATP −Tej∥2 ≤ (1 + ρ)∥ej∥2.

Dividing by ∥ej∥ and squaring gives

(1 − ρ)2 ≤ ⟨ATP −Tej,ATP −Tej⟩
⟨ej,ej⟩

≤ (1 + ρ)2.

Now setting v = P −Tej yields

(1 − ρ)2 ≤ vTAATv

vPP Tv
≤ (1 + ρ)2

We note that in this proof the contraction factor is defined as ρ = ∥I −P −1A∥2 and

not ρ(I − P −1A). Thus we need the largest singular value of the iteration matrix to

be less that one and not just the largest eigenvalue. This is an occasionally misun-

derstood aspect of this theorem. It was shown in Section 2.2.2 that multigrid can be

seen as a simple iteration, so provided that this iteration is contractive in the 2-norm

for the original system then it can be effectively used in the normal equation case

also.

The concept of preconditioning normal equations also arises in the context of
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preconditioning saddle-point problems. Saddle-point problems will arise in the PDE-

constrained optimization problems considered in Chapters 5, 6 and 7. A common

method for preconditioning these systems is to use preconditioners which contain the

Schur complement of the system. It will be shown in these later chapters that this

effectively requires a good preconditioner for systems of the form ATA, and the theory

detailed above again becomes relevant.

2.3 Solution of Toeplitz Systems

Toeplitz matrices are those whose diagonals have constant entries. Such matrices

arise in a variety of areas across applied mathematics including statistics, signal and

image processing, control theory and itegral equations and as such efficient solvers for

these types of problems have been an active area of research [17]. Toeplitz systems

also frequently arise in the study of partial and ordinary differential equations. The

context in which we will be examining Toeplitz matrices is through time discretization.

This process can be easily demonstrated for the following scalar, linear ordinary

differential equation,

ut = αu + f, u(0) = u0, (2.68)

on the time interval t ∈ [0, T ] with constant forcing through time. If we use the

θ-method described in Section 2.1.1 with ` constant time-steps of size τ , then this

corresponds to solving the system,

uk+1 − uk
τ

= θαuk+1 + (1 − θ)αuk + f, u0 = u0, (2.69)

for k = 0,1, . . . , ` − 1. If we write this sequence of linear equations in a single matrix,

then solution to (2.69) is equivalent to solving,

Au = b, (2.70)
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where

A ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − αθτ

−1 − α(1 − θ)τ 1 − αθτ

⋱ ⋱

−1 − α(1 − θ)τ 1 − αθτ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.71)

where b = [τf + (1 + α(1 − θ)τ)u0, τf, . . . , τf]T and u = [u1, u2, . . . , u`]T . It is evident

that A has constant entries on each of the diagonals and is ,therefore, Toeplitz and

additionally is lower triangular. This will be the case for other implicit time-stepping

schemes just as described for the all-at-once solution to partial differential equations

described in Section 2.1.2, however, in the PDE case the all-at-once matrices are

block Toeplitz. In Chapter 4 we will introduce block circulant preconditioners for

these block Toeplitz systems based on the theory of circulant preconditioning for

Toeplitz systems such as the matrix described in (2.71). We describe some of this

relevant theory here and for more complete description of the solution of Toeplitz

systems we recommend [17, 76].

2.3.1 Circulant Preconditioning

Let T ∈ Rn×n be the non-singular Toeplitz matrix and C ∈ Rn×n be the non-singular

circulant preconditioner given by

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

t0 t−1 ⋯ t−n+2 t−n+1

t1 t0 t−1 t−n+2

⋮ t1 t0 ⋱ ⋮

tn−2 ⋱ ⋱ t−1

tn−1 tn−2 ⋯ t1 t0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c0 cn−1 ⋯ c2 c1

c1 c0 cn−1 c2

⋮ c1 c0 ⋱ ⋮

cn−2 ⋱ ⋱ cn−1

cn−1 cn−2 ⋯ c1 c0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.72)

For Toeplitz systems, circulant matrices have been popular preconditioners, not

least because they can be applied quickly using a fast Fourier transform (FFT). The
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matrix C has the diagonalization

C = UΛU∗, (2.73)

where, if we denote the Fourier matrix F = (fjk) to be fjk = e2(j−1)(k−1)πi/n, then we

have that U = F /√n. Also Λ = diag(F c̄) where c̄ denotes the first column of C. This

relationship to the FFT means that the solution of a linear system with a circulant

matrix can be performed in O(n logn) operations [116].

The idea of preconditioning Toeplitz matrices with a circulant was first introduced

independently by Strang in [110] and Olkin in [81]. They proposed the so-called Strang

circulant which was constructed by taking the central band of T of width n/2 and

wrapping the entries around to form a circulant. Many other circulant preconditioners

have been proposed (see for example [17, 76]). One example is the optimal circulant

[18], which minimizes the Frobenius norm distance to the given Toeplitz matrix over

all possible circulants. However, although the optimal circulant can be computed via

an explicit formula, it does not perform well for certain ill-conditioned matrices. A

unifying approach to selecting the best possible circulant preconditioner was proposed

in [82].

Theoretical convergence bounds for these types of preconditioners have generally

been restricted to symmetric (Hermitian) positive definite Toeplitz matrices. For

many existing preconditioners, including the Strang and optimal preconditioners, and

for wide classes of Toeplitz matrices, the preconditioned system is given by

C−1T = I +R +E,

where R has small rank and E small norm. However, for non-symmetric systems

this is not sufficient to provide descriptive convergence estimates for standard non-

symmetric solvers such as Gmres or BiCGStab. However [91] provides rigorous

convergence bounds for nonsymmetric Toeplitz matrices. This is done by reordering
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the rows or columns of T by pre- or post-multiplying by the Hankel matrix,

Y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1

⋰
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.74)

This results in a symmetric (Hankel) system for any Toeplitz matrix and symmetric it-

erative methods can be applied. We note that it is possible to use LSQR or LSMR [33]

to obtain rigorous convergence bounds for non-symmetric Toeplitz matrices, but for

scalar Toeplitz problems these methods are typically slower than using symmetriza-

tion and Minres. This type of method will be extended to the time-dependent PDE

case in Chapter 4.
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Block Diagonal Preconditioners

In Section 2.1, we introduced the concept of solving all time-steps of a time-dependent

PDE simultaneously through the construction of an all-at-once system. This immense

system consists of a block lower triangular matrix with dimensions n` × n`, where n

is the number of spatial degrees of freedom and ` is the number of time-steps. It

is, however, never constructed explicitly; rather, all that is required is the spatial

operators and a ‘recipe’ for applying the all-at-once operator.

Large block matrices arise in many areas of mathematics, often as an inherent

structure within the problem formulation. For example, in optimal control problems

which will be considered later in this thesis, the state, control, and adjoint variables

are all required to be solved for resulting in a natural block structure to the linear

system. Other block partitioning can be introduced in order to aid in solving the

system, for example through the use of domain decomposition methods. Thus, block

matrices are a well studied class of problems and many preconditioners have been

developed for such systems for a variety of applications.

In this chapter, we investigate the use of a simple block diagonal (or block Jacobi)

preconditioner for the all-at-once solution of time-dependent PDE problems1. The

1A condensed version of the concepts in this chapter can be found in [70].
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use of this type of preconditioner is a classical approach, however, we believe that

analysis in this context provides a new viewpoint and motivates other preconditioners

for PDE-constrained optimization problems which will be discussed in Chapters 6 and

7. We note that this type of preconditioner was used as a smoother within the space-

time multigrid approach proposed in [75]. However, as will be shown in this chapter,

this preconditioner does not exhibit a significant reduction in the residual norm until

the `-th iteration. Thus, a different approach which reduces the error more quickly

at the initial iterations may be more appropriate as a smoother.

This chapter is structured as follows. In Section 3.1, we outline the proposed

preconditioner and an approximated version for this type of problem. In Section 3.2,

we detail convergence analysis for the exact preconditioner and, where convergence

analysis is not available, we examine the eigenvalues of the preconditioned system.

There are several obvious modifications to this method which will be discussed in

more detail in Section 3.3. Further analysis will also be provided for convergence of

iterative solution to the normal equations in Section 3.4. Finally, numerical results

for all methods will be provided in Section 3.5 and concluding remarks provided in

Section 3.6.

3.1 Proposed Approach

The system we are aiming to solve is the all-at-once system for a linear PDE with

implicit time-stepping as introduced in Section 2.1. We will not restrict ourselves to

a particular time-stepping scheme and instead look at the system for a general k-step

method. For example, θ-methods are a one-step method while the BDF2 system in

(2.17) corresponds to k = 2. Other higher order methods could equally be considered.

Thus, we consider solving the system Ax = b where,
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A ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0

A1 A0

⋮ ⋱ ⋱
Ak ⋱ ⋱

⋱ A1 A0

Ak ⋯ A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rn`×n`. (3.1)

In order to solve such an immense system we will use iterative methods and focus

on effective preconditioning to improve performance. The preconditioner that we

study here is the block Jacobi preconditioner given by,

P ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0

A0

⋱
A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rn`×n`. (3.2)

In order to invert P, we need to invert a total of ` matrices of dimension n × n;

however, simply solving A by block forward substitution would also require a total

of ` matrix inversions. These matrix inversions could be completed using a multigrid

process such that if each time-step required a maximum of r V-cycles the total amount

of work would be equivalent to r` V-cycles. In practice, for the heat equation with

constant time-step size τ equal to the grid size h = 2−5, r = 5 V-cycles of an algebraic

multigrid method were observed to be required at each step to obtain a solution with

relative residual less than 10−6 using the solution to the previous time-step as the

starting guess in each case.

Rather than complete the inversion of P exactly, we consider an approximate

preconditioner P̂ which uses a multigrid process to approximately complete each

inversion.

52



CHAPTER 3. BLOCK DIAGONAL PRECONDITIONERS

We define,

P̂−1 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0(MG)

A0(MG)

⋱

A0(MG)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.3)

where A0(MG) denotes the application of one V-cycle of multigrid to the matrix A0.

The total work to apply this approximate preconditioner is now ` V-cycles.

Both the ‘exact’ preconditioner P defined in (3.2) and the approximate precon-

ditioner P̂ in (3.3) have block diagonal structure. This structure is inherently par-

allelizable as each inversion or V-cycle can be completed on ` separate processors.

Thus for P̂, the ` V-cycles could theoretically be completed in the same time as one

V-cycle if access to ` processors was available.

We note an application of the preconditioner P corresponds to solving multiple

systems with the same coefficient matrix but with multiple right-hand sides and

methods have been developed which speed up this process such as that suggested in

[66]. These methods could be included in an implementation of our approach but we

have not considered such effects here.

We have demonstrated that this style of preconditioner can be efficiently applied,

however, it remains to predict the convergence properties of an appropriate precondi-

tioned iterative method. In order to do this, we will examine the convergence of the

exact preconditioner P before looking at the approximated version.

3.2 Convergence Analysis

Due to the non-symmetric nature of the system, eigenvalues alone are not sufficient to

determine convergence of a non-symmetric Krylov subspace method such as Gmres

(as discussed in Section 2.2.3). However, in this particular case, we are able to exactly

determine the maximum number of Gmres iterations required when P is used as the

preconditioner.

Theorem 3.1. For A and P as defined in (3.1) and (3.2), the eigenvalues of the pre-
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conditioned system T = P−1A are all equal to 1. Furthermore, the minimal polynomial

of T is,

ρ(T ) = (T − In`)m, (3.4)

where m ≤ ` and In` is the identity matrix of dimension n`×n`. Therefore an appro-

priate Krylov subspace method will terminate in at most ` iterations.

Proof. As P−1 is simply a block diagonal matrix with A0 on the diagonal, the pre-

conditioned system is therefore equal to,

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

In

J1 In

⋮ ⋱ In

Jk ⋱ ⋱
⋱ J1 In

Jk ⋯ J1 In

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.5)

where Ji = A−1
0 Ai. Thus, T − In` is a strictly block lower triangular matrix and simple

computation shows that (T − In`)` = 0. It is possible, however, for some m ≤ ` that

(T −In`)m = 0 thus we only have that the minimal polynomial has a maximum degree

of `. It therefore follows that a non-symmetric Krylov method such as Gmres will

converge in a maximum of ` iterations as shown in Theorem 2.6.

We note that although a minimal polynomial of degreem < ` is possible, in practice

it is likely that m = ` and thus Gmres would converge in exactly ` iterations in exact

arithmetic.

By comparison, the approximate version of the preconditioner P̂ will not have

this same Jordan structure as these structures are well-known to be unstable to small

perturbations. Therefore, we will not be able to determine such precise convergence

estimates for P̂. Simply as a heuristic, we examine the eigenvalues of the approximate

preconditioned system to show that they are indeed very close to those of the exact

preconditioner. Figure 3.1 shows the eigenvalues of a small system with various time-

stepping methods. It is evident that the eigenvalues are clustered extremely close

around one on the real axis.
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Figure 3.1: Eigenvalues of P̂−1A with n = 289, ` = 10, and τ = 0.1 for different time-
stepping schemes. Figure (a) provides a detailed view of the eigenvalues while (b)
shows the same eigenvalues on a larger axis in order to demonstrate how closely the
eigenvalues are clustered about 1 on the real axis.

Although the eigenvalues remain nicely clustered around one, it was the minimal

polynomial, or equivalently the Jordan structure of the preconditioned system which

was used to predict convergence and this structure is no longer guaranteed using

P̂, however, we hope that similar properties may be observed. Figure 3.2 shows the

relative residual for the Gmres and BiCGStab methods using P̂ as a preconditioner.

For both methods, little convergence is seen until the `-th iteration, at which point

sudden decrease in the residual is seen. This suggests that although P̂−1A does not

have the same Jordan structure as P−1A, this ‘nearby’ eigenvalue degeneracy affects

the convergence of the iterative method. This is perhaps suggested by the work on

Gmres convergence for perturbed systems found in [102].

We have shown that using a block Jacobi preconditioner exactly results in termina-

tion in ` iterations and that the multigrid approximation exhibits a similar behaviour.

We noted that P̂ could be parallelized over time resulting in each application of the

preconditioner being able to be performed in the same amount of time as one V-

cycle. Thus, if termination occurs at approximately the `-th iteration, the total time

to convergence is equivalent to ` V-cycles. If we compare this to a block forward sub-

stitution method which takes r` V-cycles we are theoretically able to obtain overall

speed-up by a factor of r.
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Figure 3.2: Convergence of P̂−1A with n = 289, ` = 40, and τ = 1/40 using Gmres
and BiCGStab methods. Rapid convergence is seen for both problems at the `-th
iteration.

3.3 Method Modifications

This method is very straightforward in its approach, however, there are several rela-

tively simple alterations which could be made to potentially alter performance. These

modifications may be beneficial particularly if the number of processors available is

less than the number of time-steps `.

3.3.1 Block Modification

By dropping all subdiagonals of A to form the preconditioner P, we lose all informa-

tion of how the system propagates through time. One obvious modification to the

proposed method is to retain some of this information so that the preconditioner is

a better approximation to the original system. One way this could be achieved is by

retaining ‘blocks’ of the original system and solving each of these separately. Taking

blocks containing b time-steps we can write our new preconditioner as a block matrix

with `/b blocks of dimension nb×nb. We note that if ` is not divisible by b then there

will be one smaller block.

Thus we define this new ‘block’ preconditioner PB as
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PB ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0

B0

⋱
B0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⌈`/b⌉ blocks of size nb (3.6)

where B0 ∈ Rnb×nb is

B0 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0

A1 A0

⋮ ⋱
Ab ⋯ A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

b blocks of size n, (3.7)

and B0 contains a number of blocks equal to the remainder of `/b if ` is not divisible

by b. We note that if b > k, B will be banded with only k subdiagonals. The

corresponding approximate preconditioner P̂B is defined by,

P̂−1
B ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0(MG)

B0(MG)

⋱

B0(MG)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.8)

where B0(MG) represents approximating the inverse of B0 with one V-cycle for each

matrix inversion. As with the block Jacobi method, we will first examine the conver-

gence behaviour of the exact preconditioner before showing that a multigrid approx-

imation exhibits similar behaviour.

Theorem 3.2. For A and PB as defined in (3.1) and (3.6) respectively with 2b > k, the

eigenvalues of the preconditioned system T = P−1
B A are all equal to one. Furthermore,

the minimal polynomial is given by

ρ(T ) = (T − In`)⌈`/b⌉, (3.9)
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and therefore a Krylov subspace method will terminate in at most ⌈`/b⌉ iterations.

Proof. By dividing A into blocks of the appropriate size also, we have that

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0

B1 B0

⋱ ⋱

B1 B0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and thus P−1
B A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ibn

J Ibn

⋱ ⋱

J Irn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where J = B−1
0 B1 and J = B0

−1
B1. Analogous to Theorem 3.1, (P−1

B A − In`) will be

strictly lower triangular, however we now have that (P−1
B A− In`)⌈`/b⌉ = 0 as there are

only ⌈`/b⌉ blocks.

If 2b < k, the proof follows exactly as before but with an additional subdiagonal

of Bi in A, however, we are not typically thinking of such a large value of k.

Although we have succeeded in reducing the number of Gmres iterations for

convergence, we now have to do more work in a sequential manner at each iteration.

The inversion of each block B0 requires b inversions performed sequentially and we

can only parallelize inversion of the block diagonal matrix PB over ⌈`/b⌉ processors.

Thus the ` inversions required to solve a system with PB can now only be performed

in the same amount of sequential time as b inversions rather than a single inversion

as with P.

We can also compute this modification approximately by replacing every inversion

with the action of a single multigrid V-cycle. Again this could only be calculated in

the same amount of time as b V-cycles when parallelized over time. However, if we

obtain convergence in ⌈`/b⌉ iterations, with parallelization over time we will once

again require a total time essentially equivalent to ` V-cycles.

3.3.2 Subdiagonal Modification

The previous modification attempted to retain more information from A within the

preconditioner and the following modification attempts to do this also. In this

method, however, we retain more information from the inverse of A.
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Since A is block lower triangular and block Toeplitz, simple calculation shows

that A−1 will also be of this form. Knowing this, it is evident that the blocks on the

diagonal of A−1 will be A−1
0 . Thus, P−1 is equal to the block diagonal of A−1. However,

we can also see that for all k ≥ 1, the first subdiagonal of A−1 is equal to −A−1
0 A1A−1

0 .

Thus we can consider a preconditioner which also retains the first subdiagonal of A−1.

We therefore define the exact preconditioner PS and the corresponding multigrid

approximated version P̂S to be

P−1
S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A−1
0

−A−1
0 A1A−1

0 A−1
0

⋱ ⋱

−A−1
0 A1A−1

0 A−1
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.10)

and

P̂−1
S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0(MG)

−A0(MG)A1A0(MG) A0(MG)

⋱ ⋱

−A0(MG)A1A0(MG) A0(MG)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.11)

In order to compute y = P−1
S x, we first calculate wi = A−1

0 xi for i = 1,2, . . . , ` and

store these vectors. We then find zi = −A−1
0 A1wi for i = 1,2, . . . , `−1. Finally, y1 = w1

and yi = wi−1 + zi for i = 2, . . . , `. Therefore, in total we need to perform 2` − 1 ≈ 2`

matrix inversions. Correspondingly, the total work in applying P̂−1
S would correspond

to 2` V-cycles.

Theorem 3.3. For A and P−1
S as defined in (3.1) and (3.10) respectively, the eigen-

values of the preconditioned system T = P−1
S A are all equal to one. Furthermore, the

minimal polynomial is given by

ρ(T ) = (T − In`)⌈`/2⌉, (3.12)
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and therefore a Krylov subspace method will terminate in at most ⌈`/2⌉ iterations.

Proof. The preconditioned system T is given by

P−1
S A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

In

0 In

J1 ⋱ In

⋮ J1 ⋱ In

Jk−1 ⋱ ⋱ ⋱
⋱ J1 0 In

Jk−1 ⋯ J1 0 In

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where Ji = (−1)(A−1
0 A1)2 + A0Ai+1 for i = 1, . . . , k − 1. Therefore P−1

S A − In` will

be strictly lower triangular and the first subdiagonal will also be zero matrices. It is

evident that (T −In`)⌈`/2⌉ = 0 since each power introduces two additional subdiagonals

of zero matrices.

Similarly to the block modification, we see that although each application of PS
takes twice the amount of sequential time as P, the convergence is achieved in half the

number of iterations. Thus with parallelization over time, we again see convergence

in a total time roughly equivalent to ` V-cycles.

3.3.3 Comparison of Methods

Both of these method modifications have retained additional information from the

original system A which results in them being more expensive to apply, however,

they achieve convergence in a smaller number of time-steps. Figure 3.3 presents the

convergence of both the Block and Subdiagonal methods for a small problem. For

the Block method, blocks of size b = 2 were used so that both methods were predicted

to converge at approximately `/b steps which, in this case, is equal to 40. For both

methods, Gmres exhibits rapid convergence within 40 iterations as predicted, while

BiCGStab does show some convergence prior to this, in particular for P̂B.

For a fully parallelized implementation, it is also worth noting that P̂S would have

additional communication costs as information need to be passed between processors
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Figure 3.3: Convergence of P̂−1
S A and P̂−1

B A with n = 289, ` = 80, and τ = 1/80 using
Gmres and BiCGStab methods. Blocks of size 2 were used for the Block method
and as predicted, rapid convergence is seen for both problems at the `/2-th iteration.

while each block of P̂B can be computed completely independently on separate pro-

cessors. Also when parallelized, both of these preconditioners can be applied in the

same amount of time as 2` V-cycles. If we applied two V-cycles rather than one as

proposed for the original block diagonal approximation P̂ in (3.3), we would still only

achieve convergence at approximately the `-th iteration. Thus for the same amount of

time per iteration, it would be much more effective to use these method modifications

than apply more V-cycles and achieve a more accurate approximation. Furthermore,

if less than ` processors were available, then P̂B enables fewer processors to be used

while still achieving convergence in the same time.

3.4 Normal Equations

For non-symmetric systems, construction of the normal equations is one approach

which allows the rigorous convergence theory of symmetric solvers to be applied. As

discussed in Section 2.2.5.1, LSQR is mathematically equivalent to applying Conju-

gate Gradients to the normal equations and thus examining the eigenvalues of the

normal equation provides convergence analysis for this method. The normal equa-

tions also arise in Schur complement based preconditioners for saddle point problems
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which will be discussed in much greater detail in Chapter 5.

The normal equations of the preconditioned system are given by,

T TT = (P−1A)T (P−1A).

We note that the eigenvalues of T TT are equivalent to the square of the singular

values of T . Firstly, we have the structure of T from (3.5) and we can clearly see

that T = In` + J , where

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

J1 0

⋮ ⋱ 0

Jk ⋱ ⋱
⋱ J1 0

Jk ⋯ J1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.13)

Thus, we can think of T as a perturbation to the identity matrix. The following

theorem from Weyl [104, 120] provides bounds for the singular values of additive

matrix perturbations.

Theorem 3.4. If Ã = A +E ∈ Rm×m, then

∣σi(Ã) − σi(A)∣ ≤ ∥E∥2, ∀i = 1, . . . ,m. (3.14)

Corollary 3.1. Let σ be a singular value and λ an eigenvalue of T TT . Then,

max{0,1 − ∥J ∥2} ≤ σ ≤ 1 + ∥J ∥2 (3.15)

max{0, (1 − ∥J ∥2)2} ≤ λ ≤ (1 + ∥J ∥2)2. (3.16)

If ∥J ∥2 ≤ 1, we are able to bound the eigenvalues of the normal equations in

an interval away from zero. For the simple case of Backwards Euler applied to the

heat equation on regular grids, this condition is obtained and can be proved by using

eigenvalue bounds on the Galerkin finite element matrices since in this case we have
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that the mass and stiffness matrices commute, i.e. KM =MK. However, this theory

does not apply to more complex time-stepping schemes or variable time-steps and is

only presented in order to demonstrate that convergence guarantees for the normal

equations can be difficult to obtain.

Theorem 3.5. Let ABE be the all-at-once system for the heat equation on a regular

grid using the Backwards Euler time-stepping as defined in (3.1) with A0 = M + τK
and A1 = −M , and assuming that M and K commute. Let PBE be the associated

preconditioner as defined in (3.2). The preconditioned system TBE = P−1
BEABE = In` +

JBE where TBE and JBE are defined in (3.5) and (3.13) respectively with k = 1. For

the constants c2 and d1 as defined in (2.12) and (2.13) we have

∥JBE∥2 ≤
1

1 + τ d1c2
(3.17)

Proof. We know ∥JBE∥2 = σmax(JBE) =
√
λmax(J T

BEJBE) and

J T
BEJBE =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

JT1 J1

⋱

JT1 J1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where J1 = −(M+τK)−1M = −(In+τM−1K)−1. Now this implies that
√
λmax(J T

BEJBE) =√
λmax(JT1 J1) = σmax(J1). Now, we have assumed that the problem is on a regular

grid and so KM = KM . Therefore J1 = (In + τM−1K)−1 is symmetric and we have

that σmax(J1) = λmax(J1). Thus,

λmax(J1) =
1

λmin(I + τM−1K)

= 1

1 + τλmin(M−1K)
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and from (2.12) and (2.13) we have that

d1

c2

≤ vTKv

vTMv
,

for all v ∈ Rn×n and the result follows.

Corollary 3.2. The eigenvalues of T TBETBE are contained within the interval

⎡⎢⎢⎢⎢⎣
1 − 1

1 + τ d1c2
,1 + 1

1 + τ d1c2

⎤⎥⎥⎥⎥⎦
. (3.18)

Proof. Combining the results from Corollary 3.1 and Theorem 3.5 gives the result.

We have now shown that the eigenvalues of the normal equations for this simple

heat equation example are bounded in a interval around one, independent of both n

and ` and only mildly dependent on the time-step size parameter τ . However, these

results do not apply to more complex time-stepping schemes or variable time-steps

and therefore are limited in their applicability.

3.5 Numerical Results

We present iteration numbers here which are based on an implementation of the

simple block diagonal preconditioning method described in Section 3.1 within the

IFISS [26, 27, 103] framework. Our implementation of Gmres with no restarting

was from the IFISS package. As Gmres can require prohibitive amounts of storage

(and growing work) if many iterations are required, we also completed the calculations

with the built-in Matlab implementation of BiCGStab. Both methods were stopped

with an absolute residual tolerance of 10−6. The finite element discretization used

Q1 finite elements over the domain Ω = [0,1] × [0,1] for the heat equation and

Ω = [−1,1] × [−1,1] for the convection-diffusion problem. A random starting vector

was used for all methods.
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3.5.1 Heat Equation

We firstly present results for the solution of the heat equation as described in (2.1).

For the multigrid preconditioner, we used the Harwell Subroutine Library AMG pre-

conditioner implementation, HSL MI20 [12] employed as a ‘black box’. This is a

standard implementation of Ruge-Stüben algebraic multigrid method [97]. As per

the default settings, a Gauss-Seidel smoother was used with two pre- and two post-

smoothing steps.

We consider two test problems; one with smooth initial data and a second with

random initial conditions. For the first test problem, we consider the Backward Euler

method in time with both constant and variable time-step sizes. For the second

problem, we consider Crank-Nicolson and BDF2 methods. These methods have not

been chosen specifically for each problem but rather just to demonstrate that a variety

of time-stepping methods can be used.

3.5.1.1 Smooth Test Problem

Our first example is defined by the initial conditions,

u0 = x(x − 1)y(y − 1),

with no external forcing (i.e. f = 0). The iteration numbers are summarized in

Table 3.1. For the first part of the table, the solution on the time domain (0,5]

is computed and the final solution has values of order 10−10 at the final time. As

the time-step is reduced along with the grid size, the total number of time-steps `

increases. Thus we expect the total number of iterations to increase also, as is seen

in the results. In the second part of the table we give results where we maintain a

constant number of time-steps, therefore as τ is reduced the final time, T = `τ is also

reduced.

In Table 3.2, we present results with variable time-steps. The time-step sizes were

chosen to double at each time-step. The range of time-step size τi is listed in the

table.
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Table 3.1: Heat Equation, smooth test problem, Backward Euler: Number of
iterations for given grid and step sizes. The first part shows doubling of ` for halving
of h while the second part shows fixed ` for varying h.

h τ ` DoF GMRES BiCGSTAB

2−3 2−3 40 3240 40 37

2−4 2−4 80 23120 80 77

2−5 2−5 160 174240 160 161

2−3 2−3 40 3240 40 37

2−4 2−4 40 11560 40 39

2−5 2−5 40 43560 43 43

2−6 2−6 40 169000 45 45

2−7 2−7 40 665640 47 45

Table 3.2: Heat Equation, smooth test problem, variable step size: Number
of iterations for given grid and step sizes. Computations were all run until a final
time T = 5.

h [τmin,τmax] ` DoF GMRES BiCGSTAB

2−3 [2−6,22] 9 729 9 5

2−4 [2−7,22] 10 2890 10 6

2−5 [2−8,22] 11 11979 12 7

2−6 [2−9,22] 12 50700 13 8

2−7 [2−10,22] 13 216333 14 9

2−8 [2−11,22] 14 924686 15 11

3.5.1.2 Non-Smooth Test Problem

The second example was defined with random initial data taking values from a uni-

form distribution on [0,10]. In order to demonstrate that other implicit time-stepping

schemes are also effective, Crank-Nicolson was used to discretize in time and the re-

sults are summarized in Table 3.3 below. In Table 3.4, the 2-step Backwards Differ-

entiation Formula (BDF2) method is used for the time-stepping. It is again evident

that the iteration numbers are approximately equal to the number of time-steps and

independent of h. However, for both of these time-stepping methods, we see higher

iteration numbers than for the previous smooth test-problem.

66



CHAPTER 3. BLOCK DIAGONAL PRECONDITIONERS

Table 3.3: Heat Equation, non-smooth test problem, Crank-Nicolson: Num-
ber of iterations for given grid and step sizes. The first part shows doubling of ` for
halving of h while the second part shows fixed ` for varying h.

h τ ` DoF GMRES BiCGSTAB

2−3 2−5 40 3240 49 48

2−4 2−6 80 23120 90 95

2−5 2−7 160 174240 175 199

2−3 2−5 40 3240 49 48

2−4 2−6 40 11560 52 50

2−5 2−7 40 43560 53 53

2−6 2−8 40 169000 56 53

2−7 2−9 40 665640 57 54

Table 3.4: Heat Equation, non-smooth test problem, BDF2: Number of iter-
ations for given grid and step sizes. The first part shows doubling of ` for halving of
h while the second part shows fixed ` for varying h.

h τ ` DoF GMRES BiCGSTAB

2−3 2−3 40 3240 45 48

2−4 2−4 80 23120 87 90

2−5 2−5 160 174240 169 190

2−3 2−3 40 3240 45 48

2−4 2−4 40 11560 49 50

2−5 2−5 40 43560 51 52

2−6 2−6 40 169000 53 55

2−7 2−7 40 665640 55 58

67



CHAPTER 3. BLOCK DIAGONAL PRECONDITIONERS

3.5.2 Convection-Diffusion Equation

In this section we solve the convection-diffusion equation as defined in (2.18). For the

multigrid approximation the Ramage modified geometric multigrid [93] described in

Section 2.2.2.1 and implemented in IFISS was used. Two pre- and two post-smoothing

steps were used with four-directional line Gauss-Seidel smoothing.

In each of the problems, ε was set equal to 1/200 so the maximum mesh Peclet

number ranged between approximately 46 for h = 2−3 and 3 for h = 2−7. Streamline-

Upwind Petrov Galerkin (SUPG) stabilization was used throughout.

3.5.2.1 Variable Vertical Wind

The first test problem considered is taken as Example 6.1.2 from [25]. The wind is

vertical and is described by w = (0,1 + (x + 1)2/4) and thus increases from left to

right. Dirichlet boundary conditions apply to the inflow and side boundaries and

u is set equal to 1 on the inflow boundary and decreases quadratically to 0 on the

right wall and cubically on the left wall. The vector u0 is specified as zero except for

the boundary conditions. Again, the first half of the table shows results calculated

for a time domain of (0,5] with τ = h, while the lower half shows results with a

constant number of time-steps. We again see that the number of iterations remains

approximately equal to the number of time-steps and independent of the mesh size.

There is some increase in iteration numbers evident when the BiCGSTAB method

was used.

3.5.2.2 Double Glazing Problem

The second convection-diffusion test problem is given by Example 6.1.4 in [25] and

is known as the double glazing problem. This is because it is a simple model for

temperature in a cavity with recirculating wind and an external wall which is ‘hot’.

The wind is described by w = (2y(1−x2),−2x(1−y2)). Dirichlet boundary conditions

are imposed everywhere on the boundary with u = 1 on the boundary where x = 1

and zero on all other boundaries. The vector u0 was zero everywhere except the

boundaries where is satisfies the boundary conditions. The iteration numbers remain
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Table 3.5: Convection-diffusion, variable vertical wind. Number of iterations
for given grid and step sizes. The first part shows doubling of ` for halving of h while
the second part shows fixed ` for varying h.

h τ ` DoF GMRES BiCGSTAB

2−3 2−3 40 3240 40 38

2−4 2−4 80 23120 80 79

2−5 2−5 160 174240 160 164

2−4 2−4 160 46240 160 142

2−5 2−5 160 174240 160 166

2−6 2−6 160 676000 161 172

2−7 2−7 160 2662560 161 175

Table 3.6: Convection-diffusion, double glazing problem. Number of iterations
for given grid and step sizes. The first part shows doubling of ` for halving of h while
the second part shows fixed ` for varying h.

h τ ` DoF GMRES BiCGSTAB

2−3 2−3 40 3240 40 41

2−4 2−4 80 23120 80 78

2−5 2−5 160 174240 160 167

2−4 2−4 160 46240 160 182

2−5 2−5 160 174240 160 167

2−6 2−6 160 676000 175 176

2−7 2−7 160 2662560 165 174

roughly independent of the mesh size.

3.6 Summary

In this chapter, we considered a simple solver for the solution of the all-at-once sys-

tem for a time-dependent PDE-problem. The simple approach was to use a block

Jacobi preconditioner used within a standard non-symmetric solver. If the precondi-

tioner is applied exactly, it was shown that the preconditioned system has a minimal

polynomial with degree at most equal to the number of time-steps `. Thus, a Krylov

subspace method will terminate in at most ` iterations.

In practice, the preconditioner was not applied exactly but approximated through
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the use of a multigrid process. Our minimal polynomial theory does not apply to this

system, however, we found that the approximate system also exhibited sudden drop-

off at the `-th iteration. Thus, a nearby Jordan form seemed to affect the performance

of the iterative method; this of itself is an interesting numerical observation.

Due to the block diagonal structure of the proposed preconditioner, it is embar-

rassingly parallelizable over time. If we were to parallelize the preconditioner over

` processors, we would theoretically be able to compute the solution in a total time

equivalent to ` V-cycles, a speed-up from a sequential approach which would take

r` V-cycles where r is the average number of V-cycles to solve the system exactly.

Method modifications were also proposed to see the effect of retaining additional in-

formation in the preconditioner, and we see a conservation of the total number of

sequential V-cycles. Some benefits may be achieved, for example, if there were less

than ` processors available, then the block modification may be advantageous.

In Chapters 6 and 7, this preconditioner will form the basis of an approximation

to the Schur complement of a control system. In that formulation, we will want to

approximate a term of the form ATA and therefore it is advantageous to consider

performance for the normal equations. For simple, heat equation systems we are able

to provide eigenvalue bounds for the normal equation which are independent of both

the problem size parameters n and `.

The approach examined in this chapter exhibits convergence completely indepen-

dent of the spatial degrees of freedom n, while it is highly dependent on the number

of time-steps. In the following section we propose a circulant based preconditioner

where convergence is the complete opposite; while there may be mild dependence on

n, iterations are completely independent of `.
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Circulant Based Preconditioners

As described in the previous chapters, we can write a time-dependent problem such

as the heat equation in an all-at-once manner so we solve one large, block system

rather than a sequence of smaller systems. In this chapter, we develop an alternative

preconditioner for this problem which utilizes the block Toeplitz structure of the

matrix1.

4.1 Motivation and Model Problem

We begin by considering the heat equation described in (2.1) with non-constant forc-

ing f , however, for the time being, we will restrict ourselves to considering only the

Backwards Euler method for time-stepping. Using this method, we only have one

block sub-diagonal and the overall system can be described by,

1This chapter is based on the report which is Ref. [69]. In particular, Lemma’s 4.1 and 4.2 and
Theorem 4.7 were completed by Jennifer Pestana as part of that report.
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ABEx ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A

B A

⋱ ⋱
B A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u1

u2

⋮
u`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Mu0 + τ f1

τ f2

⋮
τ f`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶= b, (4.1)

where A = M + τK ∈ Rn×n is symmetric positive definite and B = −M ∈ Rn×n is

symmetric negative definite. We note that ABE is now an immense n` × n` matrix;

the construction of ABE only requires copies of A and B and is never done explicitly.

The matrix ABE is clearly block Toeplitz, however, we note that it does not have

Toeplitz blocks. A summary of preconditioning methods for block Toeplitz matrices

which do have Toeplitz blocks (often referred to as BTTB matrices) can be found

in [17, Chapter 5]. As we saw in Section 2.3, circulant matrices are one effective

method for preconditioning Toeplitz matrices and we want to be able to extend this

concept to the block Toeplitz case considered here. Although there are several types

of circulants which can be used in this manner, we will focus on the Strang circulant

described in Section 2.3.1.

Let us therefore consider the block Strang circulant of ABE as a preconditioner

for the matrix ABE. As ABE is lower triangular with just one subdiagonal, the

corresponding Strang circulant simply consists of wrapping the subdiagonal entry B

around to create the block circulant matrix given by

PBE ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A B

B A

⋱ ⋱
B A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.2)

In order to describe the preconditioned system, we make the observation that PBE
is a rank n perturbation of ABE since PBE = ABE +E1BET

` , where Ei = ei⊗In ∈ Rn`×n

with ei denoting the i-th column of the `× ` identity matrix I`. We can now examine

the eigenvalues of the preconditioned system.
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Theorem 4.1. The preconditioned system is equal to P−1
BEABE = In` −A−1

BEE1Z−1ET
` ,

which is a rank n perturbation to the identity matrix In` ∈ Rn`×n`, where

Z = B−1 + (A−1
BE)`−1 and (A−1

BE)`−1 = ET
` A−1

BEE1. Furthermore, P−1
BEABE has n(` − 1)

eigenvalues equal to 1 and n eigenvalues equal to the eigenvalues of In−(A−1
BE)`−1Z−1.

Proof. Writing PBE = ABE +E1BET
` , then by the Sherman-Morrison-Woodbury for-

mula we have that

P−1
BE = (ABE +E1BE

T
` )−1 = A−1

BE −A−1
BEE1(B−1 +ET

` A−1
BEE1)−1ET

` A−1
BE,

and thus,

P−1
BEABE = In` −A−1

BEE1(B−1 +ET
` A−1

BEE1)−1ET
` . (4.3)

Since A−1
BEE1(B−1 +ET

` A−1
BEE1)−1ET

` is of rank n, this shows that the preconditioned

system is a rank n perturbation of the identity. Noting that the inverse of ABE will

also be block lower triangular and block Toeplitz, and letting Z = B−1 +ET
` A−1

BEE1,

then we have that

P−1
BEABE = In` −A−1

BEE1Z
−1ET

` =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

In −(A−1
BE)0Z−1

In −(A−1
BE)1Z−1

⋱ ⋮
In −(A−1

BE)`−2Z−1

In − (A−1
BE)`−1Z−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

from which we can easily see that the eigenvalues of P−1
BEABE are n(`− 1) copies of 1

as well as the n eigenvalues of In − (A−1
BE)`−1Z−1.

In fact, we can further describe the eigenvalues of In − (A−1
BE)`−1Z−1 in terms of

the matrices A and B.

Theorem 4.2. If µ is an eigenvalue of B−1A then
µ`

µ` + (−1)`−1
is an eigenvalue of

In − (A−1
BE)`−1Z−1.

Proof. Firstly, a simply inductive argument can be used to show that
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Figure 4.1: The eigenvalues of P−1
BEABE with n = 81 and ` = 10. There are 32

eigenvalues with a value approximately 1.445.

(A−1
BE)k−1 = (−1)k−1(A−1B)k−1A−1 for all k = 1, . . . , `. Thus we have that

In − (A−1
BE)`−1Z

−1 = In − (A−1
BE)`−1(B−1 + (A−1

BE)`−1)−1

= In − [B−1(A−1
BE)−1

`−1 + In]
−1

= In − [B−1(−1)`−1A(B−1A)`−1 + In]
−1

= In − [(−1)`−1(B−1A)` + In]
−1
.

Finally if µ is an eigenvalue of B−1A then there exists a nonzero vector x ∈ Rn such

that

B−1Ax = µx

⇔ (−1)`−1(B−1A)`x = (−1)`−1µ`bx

⇔ [(−1)`−1(B−1A)` + In]
−1

x = 1

(−1)`−1µ` + 1
x

⇔ In − [(−1)`−1(B−1A)` + In]−1x = µ`

µ` + (−1)`−1
x,

which completes the proof.

This shows that, although P−1
BEABE has n eigenvalues not equal to one, if µ is

large then these eigenvalues can cluster very close to one. In the case of the heat

equation, we see that the largest eigenvalues of B−1A grow with h−2 where h is the

grid size and therefore we see extremely clustered eigenvalues in practice. Figure 4.1

shows the eigenvalues of P−1
BEABE for a small system.

We will now show that P−1
BEABE is diagonalizable.
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Theorem 4.3. The matrix P−1
BEABE is diagonalizable.

Proof. Now, B−1A = −(In+τM−1K) with M and K both symmetric positive definite.

From the proof of Theorem 4.2 we have that

(A−1
BE)`−1Z

−1 = [(−1)2`−1(In + τM−1K)` + In]−1 = [In − (In + τM−1K)`]−1,

which is diagonalizable and has real, negative eigenvalues. Thus, In − (A−1
BE)`−1Z−1 is

diagonalizable, and has eigenvalues that are real and larger than one.

Let In − (A−1
BE)`−1Z−1 have diagonalization V −1DV . Then P−1

BEABE has the diag-

onalization V−1DV, where

V =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V0 I

V1 0 I

⋮ ⋱ ⋱
V`−2 0 I

V 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and D =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D

I

I

⋱
I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.4)

with Vi = (A−1
BE)iZ−1V (In −D)−1.

Since P−1
BEABE is diagonalizable, then combined with the result from Theorem 4.1,

we know that P−1
BEABE has exactly n + 1 distinct eigenvalues and thus Gmres will

terminate in at most n + 1 iterations. However, for more complex time-stepping

schemes it is not always obvious that the preconditioned system is diagonalizable, as

will be discussed in Section 4.1.3. Furthermore, Theorem 4.3 will not necessarily be

applicable if the preconditioner is applied approximately, such as with a multigrid

method.

Although we have now demonstrated that the preconditioned system has a number

of non-unit eigenvalues independent of the number of time-steps ` (but dependent on

h), the circulant preconditioner we have proposed is, in principle, just as difficult

to invert as the original matrix A. In order to demonstrate an easy, and indeed

parallelizable, method of inverting P we will now consider the matrices in Kronecker

product notation.
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4.1.1 Kronecker Product Form

The block structure of the matrices considered allows us to describe them in Kronecker

product form as

ABE = I` ⊗A +Σ⊗B (4.5)

PBE = I` ⊗A +C ⊗B, (4.6)

where

Σ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

1 0

⋱ ⋱
1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

1 0

⋱ ⋱
1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.7)

and I` is the identity matrix of dimension ` × `. Since C is a circulant matrix, as

described in Section 2.3.1 we can define the diagonalization C = UΛU∗ and easily

apply C or the inverse of C to a vector using the Fast Fourier Transform (FFT).

We let the diagonal entries of Λ be denoted by λi, and note that in general they are

complex. Furthermore, for this very specific circulant, the eigenvalues are in fact the

` roots of unity, so that λi = e2πi/` where i = 0,1, . . . ` − 1.

The Kronecker product has the property that (W ⊗X)(Y ⊗ Z) = (WY ⊗XZ).
Using this, and the fact that U is unitary, we are able to rewrite the preconditioner

PBE as

PBE = I` ⊗A +C ⊗B

= UU∗ ⊗A +UΛU∗ ⊗B

= (U ⊗ In)(U∗ ⊗A +ΛU∗ ⊗B)

= (U ⊗ In)[I` ⊗A +Λ⊗B](U∗ ⊗ In)

and therefore, noting that (U ⊗ In)−1 = (U∗ ⊗ In) we have

P−1
BE = (U ⊗ In)[I` ⊗A +Λ⊗B]−1(U∗ ⊗ In). (4.8)
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A similar formulation was used in [51] for a semi-circulant preconditioner.

Applying the inverse of PBE to a vector requires us to multiply by U ⊗ In and

U∗⊗ In and invert the block diagonal matrix I`⊗A+Λ⊗B. In order to apply U ⊗ In,

we can first apply a column and row permutation that allows us to instead multiply

by the block diagonal matrix In ⊗U , which has n blocks of size ` × `. Following this

multiplication, we must reverse the row and column permutation. Since the required

permutation, which is a simple reordering of the spatial and temporal degrees of

freedom, is known in advance, multiplication by U ⊗ In or U∗ ⊗ In can be applied

easily. Due to the block diagonal structure present here, some parallelization may

also be possible.

The matrix I`⊗A+Λ⊗B is block diagonal and therefore can be inverted in parallel

over ` processors. This matrix is complex symmetric and a method such as a complex

algebraic multigrid, for example, the AGMG method [73, 74, 77, 78], could be used

to approximately perform this step.

4.1.2 Simultaneous Diagonalization

For our formulation of the heat equation, the blocks A and B in (4.1) are symmetric.

Let us assume for the moment that A and B also commute, which would be the

case if a regular grid is used. Then, as a result, the blocks can be simultaneously

diagonalized. The property allows us to further simplify the manner in which we can

apply PBE.

If we let A =XΦXT and B =XΨXT then we have

P−1
BE = (U ⊗ In)(I` ⊗X)[I` ⊗Φ +Λ⊗Ψ]−1(I` ⊗XT )(U∗ ⊗ In).

Now in order to apply the inverse of I`⊗A+Λ⊗B, we first need to apply (I`⊗XT ),
which is a block diagonal matrix and could be applied over ` separate processors. We

then invert I` ⊗ Φ + Λ ⊗ Ψ, which is diagonal and therefore trivial, before applying

(I` ⊗ X), which is again block diagonal. Thus when we have this property, the

application of a circulant preconditioner becomes much cheaper as the only matrix

which requires inversion is diagonal.
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If we use a finite element formulation to discretize (2.1) then M and K are simul-

taneously diagonalizable if we use a uniform square grid. For finite difference meth-

ods, the finite element mass matrix is replaced by the identity matrix and therefore

will always commute with the diffusion operator K. We note that for the Dirichlet

problem discretized by finite elements with uniform grids we are able to compute

the diagonalization using sine transforms as we now describe for the problem in two

dimensions.

For the x and y directions respectively, the i-th element of the j-th normalized

eigenvector is given by vx(i, j) =
√

2
nx+1 sin ( ijπ

nx+1
), vy(i, j) =

√
2

ny+1 sin ( ijπ
ny+1) , where

nx is the number of interior nodes in the x-direction and ny is the number of interior

nodes in the y-direction. We construct Xx ∈ Rnx×nx and Xy ∈ Rny×ny by embedding

each matrix within an identity matrix such that:

Xx = Inx+2, Xx(2 ∶ nx,2 ∶ nx) = vx (4.9)

Xy = Iny+2, Xy(2 ∶ ny,2 ∶ ny) = vy. (4.10)

We now form the two-dimensional eigenvectors X by the simple relation X =Xx⊗Xy.

As a result, we can apply X to a vector using discrete sine transforms.

We will now examine the effect more complex time-stepping schemes have on the

system.

4.1.3 Multi-Step Methods

For simplicity, we discretized the heat equation from (2.1) using a Backward Euler

time-stepping scheme. However other implicit time-stepping schemes could also be

used. In this section, we describe how the ideas in the previous sections can be

extended to a k-step scheme where A has k subdiagonals.

Define A to be the following n`×n` block lower triangular Toeplitz matrix formed

of ` blocks of n × n matrices with k ≤ ` − 1 subdiagonals, and define P to be corre-
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sponding Strang circulant:

A ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0

A1 A0

⋮ ⋱ ⋱
Ak ⋱ ⋱

⋱ A1 A0

Ak ⋯ A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, P ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 Ak ⋯ A2 A1

A1 A0 A2

⋮ ⋱ ⋱ ⋱ ⋮
Ak ⋱ ⋱ Ak

⋱ A1 A0

Ak ⋯ A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.11)

Define Σi ∈ R`×` to be the Toeplitz matrix of zeros except for 1s on the i-th

subdiagonal and Ci to be the corresponding Strang circulant with 1s on the i-th

subdiagonal and the (` − i)-th superdiagonal. Note that C defined in (4.7) would

correspond to C1.

By simple computation we can observe that Ci = (C1)i, and therefore if we diag-

onalize C1 = UΛU∗ then Ci = (C1)i = (UΛU∗)i = UΛiU∗.

Again A and P can be written in Kronecker form as

A =I` ⊗A0 +
k

∑
i=1

Σi ⊗Ai, (4.12)

P =I` ⊗A0 +
k

∑
i=1

Ci ⊗Ai = I` ⊗A0 +
k

∑
i=1

UΛiU∗ ⊗Ai. (4.13)

We can make additional simplifications if all Ai commute with each other and

are therefore simultaneously diagonalizable. This will occur for any time-stepping

method if the spatial operators K and M commute. We thus assume that we have

the diagonalizations Ai =X∆iXT , X orthogonal. We can now write that

P = I`⊗A0+
k

∑
i=1

UΛiU∗⊗Ai = (U⊗In)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G1

G2

⋱
G`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(U∗⊗In) = (U⊗In)G(U∗⊗In),

(4.14)

79



CHAPTER 4. CIRCULANT BASED PRECONDITIONERS

where G = diag(G1, . . . ,G`) and

Gj = A0 +
k

∑
i=1

λijAi =X (∆0 +
k

∑
i=1

λij∆i)XT ∶=XgjX
T . (4.15)

Furthermore, G = (I` ⊗ X)diag(g1, . . . ,g`)(I` ⊗ XT ) where (I` ⊗ X) and (I` ⊗ XT )
are block diagonal and diag(g1, . . . ,g`) is diagonal. The point here is that even for

multi-step methods, with simultaneous diagonalization of the spatial operators we

can apply the inverse of the preconditioner P using only multiplication with block

diagonal matrices and the inversion of a diagonal matrix, which are all extremely

cheap to apply.

We note that the preconditioner P is now a rank nk perturbation to A. Conse-

quently, the preconditioned system P−1A will have at most nk eigenvalues not equal

to one and if it is diagonalizable, then Gmres would converge in at most nk+1 steps.

However, without simultaneous diagonalization of all blocks Ai, this property is not

obvious. If simultaneous diagonalization is not possible then an optimal method,

such as algebraic multigrid, can be used to approximately solve with P in an efficient

manner. However, robust convergence bounds for Gmres would not be able to be

proved in this case.

4.2 Symmetrized System

Although we have been able to describe the eigenvalues of the preconditioned system

and have shown that the number of non-unit eigenvalues is independent of the number

of time-steps, we require diagonalizability of the preconditioned system in order to

determine the convergence of non-symmetric solvers such as Gmres. If we do not

have this diagonalizability, provided our spatial operators are symmetric and using the

ideas developed in [91], we are able to propose a method which rewrites our system

as a symmetric one. This then allows us to use eigenvalue analysis to determine

convergence estimates.

As stated earlier, the matrix A in (4.11) is block Toeplitz with symmetric blocks.

We note that we can symmetrize any matrix of this type by pre- or post-multiplication
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with the following block Hankel matrix,

Y ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

In

⋰
In

In

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Y ⊗ In, where Y ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

⋰
1

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.16)

Pre- or post-multiplication by Y will symmetrize any block Toeplitz matrix with

symmetric blocks, however in general YA does not equal AY; for this we would

additionally require A to be symmetric. If we wish to solve the system of equations

Ax = b then we can solve the equations

(YA)x = Yb or AYy = b, y = Yx. (4.17)

However, unlike for the original system we are able to use iterative methods for

symmetric systems for which much better convergence estimates exist. We also note

that Y and Y are involutory and thus Y−1 = Y and Y −1 = Y .

In order to use a symmetric matrix solver such as Minres we require a symmetric

positive definite preconditioner. Our original block Strang circulant preconditioner

P defined in (4.14) is certainly not symmetric and therefore will not be suitable. In

[91] it was suggested to use the absolute value of the circulant preconditioner and we

extend this idea here. Therefore we define the absolute value preconditioner ∣P∣ to be

∣P∣ = (P∗P)1/2

= [(U ⊗ In)G∗(U∗ ⊗ In)(U ⊗ In)G(U∗ ⊗ In)]1/2

= [(U ⊗ In)G∗G(U∗ ⊗ In)]1/2

= (U ⊗ In)∣G∣(U∗ ⊗ In)

= (U ⊗ In)(I` ⊗X)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∣g1∣

⋱

∣g`∣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(I` ⊗XT )(U∗ ⊗ In), (4.18)

where gj is the diagonal n × n matrix in (4.15) and ∣gj ∣ is its elementwise absolute
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value. We note ∣P∣ is symmetric positive definite and therefore can be used in Minres

with the symmetric form of the equation (4.17).

4.2.1 Eigenvalue Analysis

We have now described a symmetric positive definite preconditioner for the sym-

metrized system (4.17) to be implemented with Minres. Since eigenvalues provide

robust convergence bounds for Minres, unlike for Gmres, we now wish to determine

the eigenvalues of the preconditioned system ∣P∣−1YA. In order to do this, we first

need to show that ∣P∣ is symmetric with symmetric blocks and is also block Toeplitz.

Theorem 4.4. The absolute value preconditioner ∣P∣ as defined in (4.18) is block

Toeplitz and is symmetric with symmetric blocks.

Proof. By definition we have that

∣P∣ = (U ⊗ In)(I` ⊗X)diag(∣g1∣, . . . , ∣g`∣)(I` ⊗XT )(U∗ ⊗ In)

where gi = ∆0 + ∑ki=1 λ
i
j∆i. Since ((U ⊗ In)(I` ⊗ X))∗ = (I` ⊗ XT )(U∗ ⊗ In), the

pre- and post-multiplication by these matrices will preserve the symmetry of the

diagonal matrix in the middle and therefore ∣P∣ is Hermitian. Furthermore, since ∣P∣ =
(PPT )1/2 with P real, then ∣P∣ is also real, and therefore symmetric. To determine

the symmetry of each block we need to look more closely.

Firstly, let

U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u11 u12 ⋯ u1`

u21 u22

⋮ ⋱ ⋮

u`1 ⋯ u``

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and U∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u11 u21 ⋯ u`1

u12 u22

⋮ ⋱ ⋮

u1` ⋯ u``

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

By expanding out the matrices in the definition of ∣P∣ from (4.18), we find that if we
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let ∣P∣jk denote the (j, k) block of ∣P∣ of size n × n, then we have

∣P∣jk =
`

∑
m=1

ujmX ∣g∣mukmXT =
`

∑
m=1

ujmukmX ∣g∣mXT .

Since it is evident that the matrix X ∣g∣mXT will be symmetric for all m then all ∣P∣jk
will be a sum of symmetric matrices and therefore also symmetric.

To prove that ∣P∣ is also block Toeplitz we need to look at the definition of each

ujk. Now, we know that the columns of U are the eigenvectors of a circulant matrix.

Thus, ujk = fjk/
√
` where fjk = e2(j−1)(k−1)πi/`. For ∣P∣ to be block Toeplitz we need

that ∣P∣jk = ∣P∣(j+1)(k+1) for all j, k ∈ {1, . . . , ` − 1} as well as that ∣P∣jj = ∣P∣kk for all

j, k ∈ {1, . . . , `}.
Firstly, ∣P∣jk = ∑`m=1 ujmukmX ∣g∣mXT and

ujmukm = 1

`
e2(j−1)(m−1)πi/`e−2(k−1)(m−1)πi/` = 1

`
e2(j−k)(m−1)πi/`.

Similarly, ∣P∣(j+1)(k+1) = ∑`m=1 u(j+1)mu(k−1)mX ∣g∣mXT , with

u(j+1)mu(k+1)m = 1

`
e2(j−k)(m−1)πi/`.

Thus ∣P∣jk = ∣P∣(j+1)(k+1), so all off diagonals have constant blocks. We finally just

need to prove that the diagonal blocks are also constant. This is easy to see, as

ujmujm = 1 for all j ∈ {1, . . . , `}.

In our eigenvalue analysis, it will prove useful to relate P in (4.11) and ∣P∣ in (4.18)

without using the square root of PTP. To do this we introduce the orthogonal matrix

P̃ where

P̃ = (U ⊗ In)(I` ⊗X)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sgn(g1)

sgn(g2)

⋱

sgn(g`)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(I` ⊗XT )(U∗ ⊗ In), (4.19)
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and sgn(gj) = gj/∣gj ∣ is defined elementwise. Then we have that

∣P∣ = P̃P. (4.20)

We will also use the matrix P̃1/2 defined in the usual fashion as

P̃1/2 = (U⊗In)(I`⊗X)diag ((sgn(g1))1/2, . . . , (sgn(g`))1/2) (I`⊗XT )(U∗⊗In). (4.21)

Theorem 4.5. The matrices P̃ and P̃1/2 as defined in (4.19) and (4.21) are block

Toeplitz and symmetric with symmetric blocks.

Proof. As with ∣P∣, it is evident that left multiplication with (U⊗In)(I`⊗X) and right

multiplication with ((U⊗In)(I`⊗X))∗ maintains the symmetry of the diagonal matrix

and so P̃ and P̃1/2 are clearly symmetric. We see that P̃jk = ∑`m=1 ujmukmXsgn(gm)XT

and once again this shows that since each block is the sum of Hermitian matrices and

is real, then each block is symmetric. Since the coefficients ujm and ukm are exactly

the same as for ∣P∣, the proof of the block Toeplitz structure of P̃ follows exactly as

in the proof of Theorem 4.4. The same logic also applies for P̃1/2.

We will now use these matrices to help us examine the eigenvalues of the precon-

ditioned system ∣P∣−1YA. It is evident that these eigenvalues will be the same as the

eigenvalues of the matrix ∣P∣−1/2YA∣P∣−1/2 by a similarity transform. The matrix Y of

(4.16) comprises of ` blocks, and we denote Yk to be the corresponding matrix with

k blocks.

Theorem 4.6. Define Ei = ei⊗In ∈ Rn`×n with ei denoting the i-th column of the `×`
identity matrix I`. Let Φ = [E1, . . .Ek] ∈ Rn`×nk, Ψ = [E`−k+1, . . .E`] ∈ Rn`×nk and

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ak . . . A2 A1

Ak A2

⋱ ⋮

Ak

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnk×nk.
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Then for ∣P∣ and A as defined as in (4.18) and (4.11) respectively,

∣P∣−1/2YA∣P∣−1/2 = Q −ZΘZT ,

where Q = P̃Y is symmetric and orthogonal, Z = ∣P∣−1/2ΨS ∈ Rn`×nk has full rank and

the symmetric matrix YkW ∈ Rnk×nk has the eigenvalue decomposition YkW = SΘST .

Proof. Firstly we see that since the circulant is a rank nk perturbation of A, we can

write P = A +ΦWΨT . Thus, A = P −ΦWΨT and we have

∣P∣−1/2YA∣P∣−1/2 = ∣P∣−1/2YP∣P∣−1/2 − ∣P∣−1/2YΦWΨT ∣P∣−1/2.

Since both P and P̃ are block Toeplitz with symmetric blocks, pre- or post-multiplication

with Y will result in a symmetric matrix. Furthermore, block circulant matrices will

commute provided that the blocks commute. Since we have assumed that all Ai

commute we have that P and ∣P∣ also commute. Thus,

∣P∣−1/2YP∣P∣−1/2 = Y∣P∣−1/2P∣P∣−1/2 = YP∣P∣−1/2∣P∣−1/2 = YP̃T = P̃Y = Q.

Now YΦ = Y[E1 . . .Ek] = [E` . . .E`−k+1] = ΨYk. Thus,

∣P∣−1/2YΦWΨT ∣P∣−1/2 = ∣P∣−1/2ΨYkWΨT ∣P∣−1/2 = (∣P∣−1/2ΨS)Θ(∣P∣−1/2ΨS)T .

Since ∣P∣, Ψ and S have full rank, Z = ∣P∣−1/2ΨS has rank nk.

Lemma 4.1. The matrix Q has the same eigenvalues as Y, which has n⌊`/2⌋ eigenval-

ues equal to -1 and n⌈`/2⌉ eigenvalues equal to 1. The eigenvectors of Y corresponding

to the -1 eigenvalues are the columns of Ej −E`−j+1 for j = 1, . . . , ⌊`/2⌋. Similarly the

eigenvectors corresponding to the 1 eigenvalues are the columns of Ej + E`−j+1 for

j = 1, . . . , ⌊`/2⌋. If ` is odd the remaining n unit eigenvalues have the eigenvectors

E⌈`/2⌉.

Proof. Firstly we want to show that Q and Y are similar, and therefore have the

same eigenvalues. We have shown that P̃ and P̃1/2 are block Toeplitz with Hermitian
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blocks and thus, Y will symmetrize them. Since P̃ is orthogonal,

Q = P̃Y = P̃1/2P̃1/2Y = P̃1/2Y(P̃1/2)T = P̃1/2YP̃−1/2.

Therefore Q and Y will have the same eigenvalues.

It is left to determine the eigenvalues of Y. Firstly we note that YEj = E`−j+1.

Therefore we have

Y(Ej −E`−j+1) = E`−j+1 −Ej = −(Ej −E`−j+1),

so -1 will be an eigenvalue associated with an eigenvector equal to one of the columns

of (Ej −E`−j+1). Similarly, the columns of

Y(Ej +E`−j+1) = E`−j+1 +Ej

give the form of the eigenvectors corresponding to unit eigenvalues. If ` is odd then

for j = ⌈`/2⌉ we have

Y(E⌈`/2⌉ +E`−⌈`/2⌉+1) = E`−⌈`/2⌉+1 +E⌈`/2⌉,

so that the remaining n eigenvalues are 1.

Lemma 4.2. The eigenvectors of Q are of the form P̃1/2z, where for eigenvalues

equal to 1, z = Yz and for eigenvalues equal to -1, z = −Yz.

Proof. As previously noted, P̃1/2 is orthogonal and symmetrized by Y. Therefore we

have

QP̃1/2z = P̃YP̃1/2z = P̃1/2P̃1/2P̃−1/2Yz = P̃1/2Yz = P̃1/2z.

The negative case follows in a similar way since when z = −Yz, then

QP̃1/2z = P̃1/2Yz = −P̃1/2z,

which concludes the proof.
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Theorem 4.7. Assuming that P̃1/2 ∈ Rn`×n` and ⌈`/2⌉ < ` − k, the geometric multi-

plicity of the eigenvalue 1 of ∣P∣−1/2YA∣P∣−1/2 is at least n(` − k) − n⌊`/2⌋, while the

geometric multiplicity of the eigenvalue -1 is at least n(`− k) −n⌈`/2⌉. This leaves at

most 2nk eigenvalues that are not ±1.

Proof. Define Ψc = [E1, . . . ,E`−k] ∈ Rn`×n(`−k), so that [Ψc,Ψ] = In`. Since Z =
∣P∣−1/2ΨS, the columns of Zc = ∣P∣1/2Ψc will be orthogonal to the columns of Z.

Therefore for any y ∈ Rn`,

∣P∣−1/2YA∣P∣−1/2Zcy = QZcy −ZΘZTZcy = QZcy.

Now if Zcy is an eigenvector of Q, then Q has an eigenvalue equal to ±1 by Lemma 4.1,

and so

∣P∣−1/2YA∣P∣−1/2Zcy = QZcy = ±Zcy.

Thus Zcy is an eigenvector of ∣P∣−1/2YA∣P∣−1/2 with eigenvalue ±1. From Lemma 4.2

we have that the eigenvectors of Q must be of the form P̃1/2z, where z = ±Yz, so we

now need to determine the form of Zcy such that it is an eigenvector of Q.

Looking firstly at the positive eigenvalues of Q, we want to have Zcy = P̃1/2z,

where z = Yz. Thus,

z = P̃−1/2Zcy = P̃−1/2∣P∣1/2Ψcy = P1/2Ψcy,

and since z = Yz,

P1/2Ψcy = YP1/2Ψcy,

which implies that y ∈ null((In` − Y)P1/2Ψc). Therefore, the number of eigenvectors

associated with unit eigenvalues is equal to the dimension d+ of the nullspace of

(In`−Y)P1/2Ψc. Now, d+ = n` − rank((In` − Y)P1/2Ψc). We know that rank(In`−Y) =
n⌊`/2⌋, and since Ψc and P1/2 have full rank, it follows that rank(P1/2Ψc) = n(` − k).
For any matrices A and B we have that

rank(AB) ≤ min(rank(A), rank(B)),
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(a)
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-1 -0.5 0 0.5 1 1.5 2 2.5

n = 1089

(b)

Figure 4.2: Eigenvalues of the preconditioned system ∣P∣−1YA for varying number of
time-steps and varying mesh sizes. In the (a), n = 81, and in the (b) ` = 10. In all
cases τ = 0.1.

so it follows that rank((In` − Y)P1/2Ψc) ≤ min(n⌊`/2⌋, n(` − k)). We have assumed

that ⌈`/2⌉ < ` − k, and so d+ ≥ (` − k)n − ⌊`/2⌋n.

Using an analogous argument for the negative eigenvalues we find that

d− ≥ (` − k)n − ⌈`/2⌉n. Thus we have shown that the eigenvalue 1 has geometric

multiplicity at least n(` − k) − n⌊`/2⌋ and the eigenvalue -1 has multiplicity at least

n(` − k) − n⌈`/2⌉. This means that there are at most 2nk eigenvalues that are not

equal to ±1.

Having shown that the preconditioned system has at most 2nk eigenvalues that

are not ±1, we know that Minres will converge in at most 2nk + 2 steps, which is

independent of the number of time-steps, although we not that it is not independent

of n. In practice, we do not see nearly this many steps, as the eigenvalues that are

not ±1 are also closely clustered in our numerical experiments for the heat equation.

Figure 4.2a shows the eigenvalues of the preconditioned system ∣P∣−1YA for the same

grid sizes with varying numbers of time-steps. We can see that the eigenvalues remain

extremely well clustered for each of the values of `.

In Figure 4.2b we also show the eigenvalues of the preconditioned system for a

fixed number of time-steps and various spatial grid sizes. It is evident that although

the eigenvalues become more spread out as n increases, the eigenvalues remain well
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clustered, with only one cluster of eigenvalues away from ±1.

4.3 Non-Symmetric Systems

Throughout the previous section, we have assumed that all Ai are symmetric, as

without this property Y would not symmetrize the system. This property was used

as a way to obtain rigorous convergence estimates by using a symmetric method.

However, for cases where Ai are not symmetric, we can also form the normal equations

by solving the system using LSQR. We note that we could also use this method when

Ai are symmetric. We now analyse the eigenvalues of the normal equations of the

preconditioned system in order to determine the convergence of LSQR.

Theorem 4.8. The matrix (P−1A)T (P−1A) has n(`− 2k) eigenvalues equal to 1, kn

eigenvalues less than or equal to 1, and nk eigenvalues greater than or equal to 1.

Proof. Let P = A+ΦWΨT where Φ = [E1, . . .Ek] ∈ Rn`×nk, Ψ = [E`−k+1, . . .E`] ∈ Rn`×nk

and

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ak . . . A2 A1

Ak A2

⋱ ⋮

Ak

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnk×nk.

Using the Sherman-Morrison-Woodbury formula, we have

P−1 = A−1 −A−1Φ(W −1 +ΨTA−1Φ)−1ΨTA−1

P−1A = In` −A−1Φ(W −1 +ΨTA−1Φ)−1ΨT

= In` −A−1ΦZ−1ΨT ,

where Z =W −1 +ΨTA−1Φ ∈ Rnk×nk. We can now see that Z−1ΨT = [0 Z−1] ∈ Rnk×n`,

and consequently ΦZ−1ΨT =
⎡⎢⎢⎢⎢⎢⎢⎣

0 Z−1

0 0

⎤⎥⎥⎥⎥⎥⎥⎦
∈ Rn`×n`. If we partition A−1 into blocks we
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have

A−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A−1
0

⋮ ⋱

A−1
k ⋯ A−1

0

A−1
k+1 ⋯ A−1

1 A−1
0

⋮ ⋱ ⋮ ⋮ A−1
0

A−1
` ⋯ A−1

`−k+1 A−1
`−k ⋯ A−1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∶=
⎡⎢⎢⎢⎢⎢⎢⎣

A−1
11 0

A−1
21 A−1

22

⎤⎥⎥⎥⎥⎥⎥⎦
, (4.22)

where A−1
11 ∈ Rnk×nk, A−1

21 ∈ Rn(`−k)×nk, and A−1
22 ∈ Rn(`−k)×n(`−k). We can now write that

P−1A = In` −A−1ΦZ−1ΨT = In` −
⎡⎢⎢⎢⎢⎢⎢⎣

0 A−1
11Z

−1

0 A−1
21Z

−1

⎤⎥⎥⎥⎥⎥⎥⎦
,

and thus

(P−1A)T (P−1A) =
⎡⎢⎢⎢⎢⎢⎢⎣

In(`−k) 0

−Z−TA−T11 Ink −Z−TA−T21

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

In(`−k) −A−1
11Z

−1

0 Ink −A−1
21Z

−1

⎤⎥⎥⎥⎥⎥⎥⎦

=
⎡⎢⎢⎢⎢⎢⎢⎣

In(`−k) −A−1
11Z

−1

−Z−TA−T11 (Ink −Z−TA−T21 )(In(`−k) −A−1
21Z

−1)

⎤⎥⎥⎥⎥⎥⎥⎦
.

From here we can see that the upper n(` − k) principle submatrix is the identity

and we can use the Cauchy Interlacing theorem (see for example Chapter 10 of [85])

to relate the eigenvalues of (P−1A)T (P−1A) to the eigenvalues of the identity. The

theorem tells us that if we let λi be the i-th eigenvalue of (P−1A)T (P−1A) with

λ1 ≤ λ2 ≤ ⋅ ⋅ ⋅ ≤ λn`, then

λi ≤ 1 ≤ λi+nk, (4.23)

which gives that the eigenvalues λ1 to λnk must be less than or equal to 1, the

eigenvalues λnk+1 to λn(`−k) must be equal to 1 and eigenvalues λn(`−k)+1 to λn` must

be greater than or equal to 1.
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Now since ∣P∣2 = PTP = PPT , we have

(P−1A)T (P−1A) = ATP−TP−1A = AT (PPT )−1A

= AT (∣P∣)−2A = (∣P∣−1A)T (∣P∣−1A).

Therefore the eigenvalues of the normal equations when using either P or ∣P∣ as the

preconditioner are the same. We also note that AT (∣P∣)−2A has the same eigen-

values as YA(∣P∣)−2AY, since this is a similarity transform with Y−1 = Y. It fol-

lows that the eigenvalues of (∣P∣−1AY)T (∣P∣−1AY) are the same as the eigenvalues of

(P−1A)T (P−1A), and that the singular values of ∣P∣−1AY are the same as those of

P−1A. However, we specifically looked at the normal equations for non-symmetric

problems which could not be symmetrized in this manner.

Therefore, we have again shown that using a block circulant based preconditioner

results in a number of non-unit eigenvalues independent of the number of time-steps.

However, the values of the non-unit eigenvalues can depend on both the number of

time-steps ` and the number of spatial degrees of freedom n.

4.4 Numerical Results

In this section, we present numerical results for an implementation of the method

described in the previous sections within the IFISS [26, 27, 103] framework. Our im-

plementation of Gmres was the standard Matlab implementation and did not allow

restarting. We also used the standard Matlab implementations of Minres, LSQR

and BiCGSTab. All methods were stopped with a relative residual tolerance of 10−6

and used a random initial guess. The finite element discretization used Q1 finite ele-

ments over the domain Ω = [0,1]×[0,1] for the heat equation and Ω = [−1,1]×[−1,1]
for the convection-diffusion equation. For the algebraic multigrid preconditioner, we

used AGMG [73, 74, 77, 78] with default settings, which can be applied to complex

matrices. Note that for use with Gmres, we employ PMG and not ∣PMG∣ (which

would, in this case, be awkward if not impossible to compute). We have no rate of

convergence guarantees for this approximate non-symmetric solver, but we observe
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rapid convergence as seen in Tables 4.1, 4.2 and 4.3. These observations are perhaps

not a complete surprise given the supporting rigorous theory in the corresponding

symmetric case.

4.4.1 Heat Equation

Our first example is the heat equation as defined in (2.1) with the initial conditions

u0 = x(x − 1)y(y − 1),

with no external forcing (i.e. f = 0). We used both the Backward Euler and the

2-step Backward Differentiation Formula (BDF2) for the time-stepping method, with

time-step size equal to τ = 1/`.
The results presented in Table 4.1 are for the Backward Euler time-stepping

method and show that for all methods, iteration numbers are essentially indepen-

dent of the number of time-steps. Although iteration numbers do increase as the

mesh size is decreased, and therefore n increases, the increase is fairly minimal par-

ticularly for the Gmres iterations. Mesh independent convergence is observed for

Gmres with the approximate preconditioner PMG.

Similar results are observed for the BDF2 method (see Table 4.2), with iteration

counts for Gmres and Minres with ∣P∣ approximately independent of the number

of time-steps. Here there does appear to be a mild dependence on the number of

time-steps when PMG is applied.
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Table 4.1: Iteration numbers for the heat equation using the Backward Euler method
with varying values of grid size and time-step number.

h ` DoF
GMRES GMRES MINRES LSQR

P−1A P−1
MGA ∣P∣−1YA ∣P∣−1A

2−3 20 1620 3 3 14 12

40 3240 3 3 15 16

60 4860 3 3 17 17

80 6480 3 3 17 19

100 8100 3 3 17 21

2−4 20 5780 3 10 14 12

40 11560 3 11 16 16

60 17340 3 11 17 17

80 23120 3 12 17 19

100 28900 3 12 20 22

2−5 20 21780 4 11 19 19

40 43560 4 12 21 26

60 65340 4 12 22 30

80 87120 4 12 24 36

100 108900 4 12 24 41

2−6 20 84500 4 11 19 19

40 169000 4 11 23 26

60 253500 4 11 23 31

80 338000 4 11 25 36

100 422500 4 11 25 41
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Table 4.2: Iteration numbers for the heat equation using the BDF2 method with
varying values of grid size and time-step number.

h ` DoF
GMRES GMRES MINRES LSQR

P−1A P−1
MGA ∣P∣−1YA ∣P∣−1A

2−3 20 1620 3 8 18 16

40 3240 3 8 22 21

60 4860 3 8 22 25

80 6480 3 9 22 28

100 8100 3 11 23 32

2−4 20 5780 3 13 20 17

40 11560 3 15 22 22

60 17340 3 15 23 25

80 23120 3 16 23 29

100 28900 3 18 25 32

2−5 20 21780 4 14 25 27

40 43560 4 16 27 41

60 65340 4 16 28 52

80 87120 4 16 29 60

100 108900 4 20 31 71

2−6 20 84500 4 14 25 28

40 169000 4 15 27 41

60 253500 4 15 28 52

80 338000 4 16 30 62

100 422500 4 21 32 74
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4.4.2 Convection-Diffusion Equation

The convection-diffusion test problem is known as the double glazing problem and

was also used as a test problem in the previous chapter. The wind is described by w =
(2y(1−x2),−2x(1−y2)). Dirichlet boundary conditions are imposed everywhere on the

boundary, with u = 1 on the boundary where x = 1 and zero on all other boundaries.

The initial vector u0 was zero everywhere except the boundaries where it satisfies

the boundary conditions. Streamline-Upwind Petrov Galerkin (SUPG) stabilization

[16] was used to stabilize the system. For this problem, we used Backward Euler

time-stepping and ran to a final time of 5, and so the time-step size was τ = 5/`.
As this is a non-symmetric system and the spatial operators do not commute,

we were not able to use the simultaneous diagonalization method described in Sec-

tion 4.1.2. However, we were still able to apply the absolute value preconditioner,

although this did require computing ` diagonalizations. We therefore also used the

AGMG preconditioner with both the Gmres and BiCGStab methods. BiCGStab

was used as Gmres without restarting can result in the storage of a large number of

Arnoldi vectors which can become problematic for a large number of iterations and

BiCGStab avoids this issue.

In Table 4.3, we can see iteration numbers for the non-symmetric solver, which

are independent of the number of time-steps and essentially also independent of the

grid size. For the LSQR method, although we are able to prove that the number

of non-unit eigenvalues of the normal equations is independent of ` we see that the

values taken by the outlying eigenvalues can become large as ` increases; we therefore

see that the number of LSQR iterations grows quite rapidly. There is essentially no

growth in the number of iterations for the Gmres and BiCGStab methods to which

our analysis does not apply.

4.5 Conclusions

We have presented a method of preconditioning an all-at-once system of evolutionary

equations based on circulant methods for Toeplitz matrices. For symmetric systems,

such as the heat equation, on a regular grid we can use simultaneous diagonalization
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Table 4.3: Iteration numbers for the convection-diffusion equation with varying values
of grid size and time-step number (* indicates iterations above the maximum of 200).

h ` DoF
GMRES GMRES BiCGSTAB LSQR

P−1A P−1
MGA P−1

MGA ∣P∣−1A
2−3 20 1620 12 12 10 86

40 3240 12 12 10 156

60 4860 12 12 10 *

80 6480 13 13 10 *

100 8100 13 13 10 *

2−4 20 5780 14 14 10 106

40 11560 15 15 10 192

60 17340 15 15 10 *

80 23120 15 16 10 *

100 28900 15 16 10 *

2−5 20 21780 16 15 10 107

40 43560 16 16 10 *

60 65340 17 16 11 *

80 87120 17 17 10 *

100 108900 17 17 10 *

2−6 20 84500 16 15 16 106

40 16900 17 16 16 *

60 253500 17 17 14 *

80 338000 18 17 16 *

100 422500 18 18 15 *

to efficiently apply a block circulant or its absolute value as a preconditioner. We can

also rewrite the system as a symmetric one through the use of a block Hankel matrix.

This allows us to use Minres and to provide an eigenvalue analysis, which guarantees

convergence in a maximum number of iterations independent of the number of time-

steps. In practice, we observe much better convergence even than predicted by this

eigenvalue analysis.

For non-symmetric systems, we can also provide eigenvalue analysis for the pre-

conditioned normal equations. Although convergence estimates were able to be de-

termined for LSQR, this method appears to be of little use in practice. Conversely,

while we were not able to provide any theory for the multigrid approximated precon-
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ditioners used with either Gmres or BiCGStab, these performed well practically.

For both symmetric and non-symmetric systems an algebraic multigrid process can

also be employed to approximate the preconditioner; this provides an inexpensive

alternative. Although we cannot prove convergence bounds when AMG is used in

this way, we nevertheless see promising results for both symmetric and non-symmetric

spatial operators with our approach. Conceptually, there seems no barrier to applying

any of these preconditioning approaches in parallel over time.

4.5.1 Comparison of Block Diagonal and Circulant Based

Preconditioners

In the previous two chapters, we have presented approaches to preconditioning the all-

at-once system for the heat and convection-diffusion problems. Both preconditioners

should allow some degree of parallelization over time due to the presence of block diag-

onal structures. In Chapter 3, the preconditioner itself is block diagonal and therefore

a matrix-vector product could theoretically be completed separately on ` processors.

For the circulant based preconditioner presented in this chapter, parallelization is less

straight-forward since the preconditioner needs to be decomposed into a product of

Kronecker products. Furthermore, the multigrid approximation used in this chapter

must be able to be applied to a complex matrix, which is perhaps less desirable than

being able to utilize a straightforward (real) geometric multigrid algorithm.

Iteration counts using the multigrid approximation of the block diagonal precon-

ditioner from Chapter 3 scale approximately linearly with the number of time-steps

`. In contrast, the iteration counts using the circulant based method approximated

using algebraic multigrid, only grow slightly with increases in ` and n. Thus for large

`, the circulant method may be favourable. We also note that with parallelization,

the block diagonal preconditioner only achieves a constant factor speed-up in compar-

ison to a traditional sequential method. Although easily implemented, the amount of

speed-up achieved may not be worthwhile for small systems.

A significant drawback of the circulant based method is that it is only applicable

to linear, constant coefficient problems with constant time-step size. Furthermore,
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only the multigrid approximated methods seemed to provide a practical approach

for solution of the non-symmetric convection-diffusion problem. However, we believe

that the exploitation of the block Toeplitz structure for the types of systems and the

ability to convert these systems to symmetric ones which are solvable with Minres,

is an interesting and novel approach worthy of further investigation. Both of these

methods show a great deal of promise when used within a preconditioner for the much

larger optimal control problems. It is in this context that we will further develop these

methods in the following chapters.

98



CHAPTER 5

Background to Optimal Control

Up to this point, we have studied the solution of linear, time-dependent constant-

coefficient partial differential equations. These types of problems are at the core of

applied mathematics as they can be used to model an array of physical processes in

areas as diverse as biology, engineering, and economics. However, while PDEs can

determine the behaviour of a system under some known forces, what if we instead have

a desired behaviour and are seeking a description of the forces which might cause it?

This can be formulated as an optimization problem whereby we seek to find a forcing

which results in the closest approximation to our desired outcome. However, we are

constrained by the PDE which governs the relation between forcing and state. This

is therefore known as a PDE-constrained optimization or optimal control problem.

Mathematically, the problem that we will consider can be formulated as

min
y,u

1

2
∥y − ŷ∥2

L2(Ω) +
β

2
∥u∥2

L2(Ω) (5.1)
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subject to

Ly = u, in Ω

y = g, on ∂Ω,
(5.2)

and is often referred to as a ‘tracking-type’ problem. In this formulation, y is the

state variable while ŷ is the known desired state. Naturally, the term ∥y − ŷ∥2
L2(Ω) will

be small when y is close to the desired behaviour. The control variable u affects

the state through the application of the differential operator L with appropriate

boundary conditions. The second term in (5.1) is the penalization term β
2 ∥u∥2

L2(Ω),

without which the problem would be in general ill-posed in the sense of Hadamard.

An optimal control problem is well-posed in the sense of Hadamard if it has a unique

solution with continuous dependence on the problem parameters. By including this

term in the functional we ensure that the L2-norm of u remains bounded and u has

better regularity properties.

The parameter β > 0, which is known as the regularization parameter or Tikhonov

parameter determines the extent that the penalization is enforced and therefore has

important physical properties. If β is relatively large, then the amount of energy in

the control variable u will be kept small and therefore the state may differ from that

of the desired state. Conversely, if β is small, more energy is allowed in the control

and therefore the resulting state is likely to be very similar to the desired one. In our

work, the similarity of the state and desired state are measured by the L2-norm, as

is the size of the control variable penalization.

Arising in a variety of industrial applications, these tracking-type optimal control

problems have been the subject of intense research. Some examples of areas of re-

search include but are not limited to: chemical reaction processes [4, 87, 122], data

assimilation for weather forecasting [31, 64], the Monge-Kantorovich mass transfer

problem [7, 9], flow control [47], medical applications [1, 60], pattern formation [107]

and financial applications [24]. An example of another type of optimal control, which

is not of the tracking type, are drag minimizations problems [20, 35, 39]. For a more

thorough overview of these optimal control problems we recommend [11, 25, 112].
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5.1 Poisson Control Problem

The focus of this thesis is time-dependent problems and this includes time-dependent

optimal control problems. However before these can be discussed, we will illustrate

the basic concepts of PDE-constrained optimization through the simpler example of

a time-independent problem. The distributed Poisson control problem can be stated

as follows:

min
y,u

1

2
∥y − ŷ∥2

L2(Ω) +
β

2
∥u∥2

L2(Ω) (5.3)

subject to

−∇2y = u, in Ω

y = g, on ∂Ω.
(5.4)

This is referred to as a distributed control problem as the control is applied over the

whole domain Ω. We note this is not always the case and subdomain problems can be

developed for a range of applications. Additionally, we have assumed fixed Dirichlet

boundary conditions, however, these types of problems can also be formulated as a

Neumann boundary control problem. A description of the problem formulation for

such systems can be found in [86] although throughout this thesis we will focus on

the distributed control problems described in (5.3–5.4).

As with all control problems, we have two options of how to form the linear system

which describes the problem. The first is to discretize the problem spatially and then

to optimize the resulting discrete system; this is known as the discretize-then-optimize

approach. The other alternative, known as the optimize-then-discretize approach, is

to optimize the continuous system first and then discretize the resulting equations.

Importantly, the two methods do not always yield the same result. It is naturally

desirable that the two methods coincide so there is no confusion as to the ‘correct’

solution. To achieve this, care must be taken with certain choices such as stabilization

strategies in convection-diffusion problems and time integration methods for time-

dependent problems discussed later in this chapter.

In the simple example introduced here, the optimize-then-discretize approach will
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yield a symmetric system, however, this is not always the case for more complex

problems. For example, in time-dependent problems discussed later in this chap-

ter the choice of time discretization scheme can break this symmetry. However, the

discretize-then-optimize method guarantees symmetry due to its construction. As

we have seen in Chapter 2, iterative methods for symmetric systems have certain

advantages over methods for general systems and therefore it is often advantageous

to maintain a symmetric system. Furthermore, this seems more natural in the con-

text of optimization which typically yields symmetric systems. For these reasons,

we will follow the discretize-then-optimize method approach, however, we refer the

reader to [86] and [94] for more detailed discussion of the comparison between the

two approaches.

5.1.1 Discretization and Optimization

To discretize the problem we first consider the constraint equation, which in this

case is the Poisson equation. Using the Galerkin finite element method described in

Section 2.1.1, we take the following approximations to the state and control variables,

yh =
n

∑
j=1

Yjφj +
n+n∂
∑
j=n+1

Yjφj, uh =
n

∑
j=1

Ujφj +
n+n∂
∑
j=n+1

Ujφj. (5.5)

The weak formulation of the constraint equation (5.4), is to find y ∈ H1
0(Ω) and

u ∈ L2(Ω) such that

∫
Ω
∇y ⋅ ∇v = ∫

Ω
uv, ∀v ∈ H1

E0
(Ω). (5.6)

The discrete approximation is thus to find yh ∈ V h
E and uh ∈ V h

E such that

∫
Ω
∇yh ⋅ ∇vh = ∫

Ω
uhvh, ∀vh ∈ V h

0 . (5.7)

Finally, substituting in (5.5) we obtain the equations

n

∑
j=1

Yj ∫
Ω
∇φj ⋅ ∇φi +

n+n∂
∑
j=n+1

Yj ∫
Ω
∇φj ⋅ ∇φi =

n

∑
j=1

Uj ∫
Ω
φjφi +

n+n∂
∑
j=n+1

Uj ∫
Ω
φjφi, (5.8)
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for i = 1, . . . , n. Writing in matrix form using the definitions of the mass and stiffness

matrices from (2.11), we obtain

Ky =Mu + g, (5.9)

where g incorporates the boundary conditions. We note that both y and u are

unknowns and therefore there is no single solution to this problem. However, this

equation only represents the constraint within the larger optimization problem.

Using the same finite element approximation we turn to the objective function

(5.3) where, after substituting in (5.5), we obtain

∥yh − ŷ∥2
L2(Ω) = ∫

Ω
(yh − ŷ)2 = ∫

Ω
y2
h − 2yhŷ + ŷ2

=
n

∑
i=1

n

∑
j=1

yiyj∫
Ω
φiφj − 2

n

∑
j=1

yj∫
Ω
φj ŷ + ∫

Ω
ŷ2

= yTMy − 2yTb +C (5.10)

where C is a constant. Combining (5.9) and (5.10), the discrete version of the control

problem can be stated as

min
y,u

1

2
yTMy − yTb + β

2
uTMu

such that Ky =Mu + g,

(5.11)

where, since C is constant, it has been ignored for the optimization problem. Now

that the problem has been discretized, it remains to find the optimality conditions

for the system. We form the Lagrangian which combines the objective function with

the constraint equation and is given by

L(y,u,p) ∶= 1

2
yTMy − yTb + β

2
uTMu + pT (Ky −Mu − g). (5.12)

Here p corresponds to the vector (P1, . . . , Pn)T resulting from the finite element dis-
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cretization of the adjoint variable p given by

ph =
n

∑
j=1

Pjφj +
n+n∂
∑
j=n+1

Pjφj. (5.13)

The conditions for stationarity of L are obtained by differentiating the Lagrangian

with respect to the three variables y,u and p and setting each of the derivatives equal

to zero. Beginning with the state variable y we obtain

∂L
∂Yi

= 0⇒ My − b +KTp = 0 (5.14)

which is referred to as the adjoint equation. Next we have

∂L
∂Ui

= 0⇒ βMu −Mp = 0, (5.15)

known as the gradient equation and finally,

∂L
∂Pi

= 0⇒ Ky −Mu − g = 0, (5.16)

which is called the state equation, and is exactly the discretization of the Poisson

problem.

Writing these equations in block matrix form results in the following system,

Ax ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M 0 KT

0 βM −MT

K −M 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y

u

p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b

0

g

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.17)

which is often referred to as the Karush-Kuhn-Tucker (KKT) system. We note that

the resulting matrix A is in the form of a saddle-point matrix. This type of matrix

occurs in many applications and several methods exist to exploit the structure to

obtain more efficient solves for this specific type of problem. This will be discussed

in more detail in the following section.
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5.1.2 Preconditioning for Saddle Point Problems

A symmetric saddle point system can be written as

Ax ∶=
⎡⎢⎢⎢⎢⎢⎢⎣

Φ ΨT

Ψ 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

b1

b2

⎤⎥⎥⎥⎥⎥⎥⎦
= b, (5.18)

where Φ ∈ Rm×m is symmetric and invertible and Ψ ∈ Rp×m, p ≤ m has full row

rank. Solving saddle-point systems is a large area of research and many methods

have been developed to obtain numerical solutions of these systems. In addition to

the optimal problem introduced here, saddle point problems also arise in mixed finite

element methods (see for example [25]) as well as interior point methods for other

optimization problems. For a comprehensive overview of such methods we recommend

[8].

We will focus on developing preconditioners for iterative methods in order to solve

the linear system. Since the saddle point system described is symmetric but indefinite,

Minres could be used as an iterative solver for this system. However, as discussed

in Section 2.2.4.1, Minres requires that any preconditioner used must be symmetric

and positive definite. Thus, we will restrict our possible preconditioners to those

which satisfy this condition.

A widely used preconditioner for saddle point problems of this form is the follow-

ing:

P ∶=
⎡⎢⎢⎢⎢⎢⎣

Φ 0

0 S

⎤⎥⎥⎥⎥⎥⎦
, (5.19)

where

S ∶= ΨΦ−1ΨT (5.20)

is the (negative) Schur complement of the system. In order to guarantee the non-

singularity of S, we additionally require that Φ is symmetric, positive definite. This

preconditioner is optimal as, under exact arithmetic, a Krylov subspace method will

converge in a constant number of steps. This was proved by Murphy, Golub, and
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Wathen in [72] and Kuznetsov in [61].

Theorem 5.1 [89, Proposition 1]. For a saddle point matrix A as defined in (5.18)

and the preconditioner P as defined in (5.19), then if the preconditioned system T =
P −1A is non-singular, it will be diagonalizable with three distinct eigenvalues equal to

1,
1 +

√
5

2
, and

1 −
√

5

2
. (5.21)

This result is significant as it shows that any appropriate Krylov subspace method

will converge in at most three iterations. However, this is not the only Schur com-

plement based preconditioner which can achieve rapid convergence. Block triangular

preconditioners, which include the Uzawa method, are also widely used and studied,

however, as they are not symmetric these methods cannot be applied with Minres

and use the rigorous convergence theory this provides. Constraint preconditioning

is another possibility in which the preconditioner is also in saddle-point form [57].

However, for the purposes of developing parallelizable methods, block diagonal pre-

conditioners have obvious advantages. Therefore, the preconditioner described in

(5.19) will form the basis of the methods considered here.

The matrix P is called an ideal preconditioner since it achieves convergence in a

constant number of iterations, however, in practice, it would be difficult to apply. If

we consider applying P −1 we need to compute Φ−1 and (ΨΦ−1ΨT )−1, which is com-

parable to the amount of work required to invert A by direct elimination. Therefore,

practically there is no advantage to using P as a preconditioner in its current form.

To achieve practical preconditioners, we will need to approximate. One way this

could be achieved is by replacing the Schur complement S with an expression which

is more easily applied. Additionally, instead of computing the inverses of each of the

matrices exactly, we could approximate the inverse through a few steps of a separate

iterative method, such as multigrid. We will use a combination of both of these

approaches as detailed in the following sections.
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5.1.3 Schur Complement Approximations

As we have stated, the exact Schur complement is infeasible to use exactly, therefore,

we would like to find a suitable replacement which is easier to apply. But how do

we determine if the new preconditioner is still effective? Suppose we have a new

approximate preconditioner formed by replacing the Schur complement in the (2,2)

block of P with S̃. Let us call this P̃ given by

P̃ =
⎡⎢⎢⎢⎢⎢⎣

Φ 0

0 S̃

⎤⎥⎥⎥⎥⎥⎦
. (5.22)

What do the eigenvalues of the preconditioned system T̃ = P̃ −1A look like now? The

eigenvalue problem is of the form,

T̃x = λx

⎡⎢⎢⎢⎢⎢⎢⎣

I Φ−1ΨT

S̃−1Ψ 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎦
= λ

⎡⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎦
,

which gives us

x1 +Φ−1ΨTx2 = λx1

S̃−1Ψx1 = λx2.

One possible solution occurs if S̃−1Ψx1 = 0 and consequently, x2 = 0 and λ = 1. If

λ ≠ 1, then

−(1 − λ)x1 = Φ−1ΨTx2

−(1 − λ)S̃−1Ψx1 = S̃−1ΨΦ−1ΨTx2

−(1 − λ)λx2 = S̃−1Sx2

and we therefore have that x2 is an eigenvalue of S̃−1S. By left multiplying by xT2
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and dividing by xT2 x2 we have,

−λ(1 − λ) = xT2 S̃
−1Sx2

xT2 x2

,

and if we let s = xT2 S̃
−1Sx2

xT2 x2
, then

λ = 1 ±
√

1 + 4s

2
.

Since x2 is an eigenvalue of S̃−1S we can bound the values of s by

smin = λmin(S̃−1S) ≤ xT2 S̃
−1Sx2

xT2 x2

≤ λmax(S̃−1S) = smax

and we have the following result.

Theorem 5.2. Let S̃ be a symmetric positive definite Schur complement approxi-

mation with the eigenvalues of S̃−1S contained in the interval [smin, smax]. For a

saddle-point system of the form (5.18) and a preconditioner of the form (5.22) then

the eigenvalues of T̃ = P̃ −1A satisfy either

λ = 1,

1 +
√

1 + 4smin
2

≤ λ ≤ 1 +
√

1 + 4smax
2

,

or
1 −

√
1 + 4smax
2

≤ λ ≤ 1 −
√

1 + 4smin
2

.

This tells us that, provided that the Schur complement approximation S̃ is spec-

trally close to S, the approximate preconditioner will have bounded eigenvalues.

Let us return to the optimal control system described in (5.18). We can write the

system in saddle point form as

A =
⎡⎢⎢⎢⎢⎢⎢⎣

Φ ΨT

Ψ 0

⎤⎥⎥⎥⎥⎥⎥⎦
, where Φ =

⎡⎢⎢⎢⎢⎢⎢⎣

M 0

0 βM

⎤⎥⎥⎥⎥⎥⎥⎦
, and Ψ = [K −M] . (5.23)
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The Schur complement for this system is

S =KM−1KT + 1

β
M. (5.24)

If we were able to invert this Schur complement exactly, the preconditioner from

(5.19) would achieve convergence in exactly 3 steps of an appropriate Krylov subspace

method. However, due to the additive structure of the Schur complement in (5.24),

there is no simple expression for the inverse of S.

Therefore, suppose we want to form a Schur complement approximation that is

more easily invertible. Since the additive nature of the two terms causes the problems,

a simple solution might be to drop one term altogether. Provided that β is not too

small, the second term in the expression could be considered smaller than the first

term as it is higher order in h. Thus, the simplification introduced in [95] is to replace

S with the approximation given by

S1 ∶=KM−1KT . (5.25)

We will refer to this approach as the ‘dropping’ strategy. The inverse of S1 is equal

to K−TMK−1 and therefore can be applied easily so long as there is a method for

computing or approximating solutions to systems with coefficient matrix K. From

Theorem 5.2, to ensure the effectiveness of a new preconditioner we would like that

S1 is spectrally close to the original Schur complement S. This property is described

by the following eigenvalue problem,

S−1
1 Sx = λx

(KM−1KT )−1(KM−1KT + 1

β
M)x = λx

(KM−1KT )−1Mx = β(λ − 1)x.

For the Poisson control problem we have that K = KT and therefore the left hand

side is equal to (K−1M)2, so if we let ν2 = β(λ − 1) then the above is equivalent to
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the eigenvalue problem

K−1Mx = νx

ν = xTMx

xTKx
.

As discussed in Section 2.1.1 we have bounds for the Galerkin finite element matrices

for a general d dimensional problem, which tell us

c1hd

d2hd−2
≤ xTMx

xTKx
≤ c2hd

d1hd

c1h2

d2

≤ ν ≤ c2

d1

,

thus

(c1h2

d2

)
2

≤ β(λ − 1) ≤ ( c2

d1

)
2

1 + 1

β
(c1h2

d2

)
2

≤ λ ≤ 1 + 1

β
( c2

d1

)
2

.

Although the bounds for the eigenvalues of S−1
1 S are not completely independent of

h, we can see that as h → 0, the eigenvalues remain bounded away from zero. If

S1 was substituted for S̃ in (5.19), we therefore might expect that the performance

of the preconditioner does not deteriorate significantly for small h. However, we do

see that if β is small, the eigenvalues can be no longer clustered about one. This

led to the desire to develop preconditioners which are more robust to changes in the

regularization parameter β, in particular for small values of β.

The so called ‘matching strategy’ introduced by Pearson and Wathen in [89],

attempted to achieve this robustness by balancing the 1
βM term with KM−1KT .

They proposed the following Schur complement approximation

S2 ∶= (K + 1√
β
M)M−1 (K + 1√

β
M)

T

, (5.26)
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which when expanded is equal to

S2 =KM−1KT + 1

β
M + 1√

β
K + 1√

β
KT = S + 1√

β
K + 1√

β
KT . (5.27)

Thus, we see that we have two additional terms from the actual Schur complement,

but these terms behave like 1√
β

which does not tend to infinity as quickly as 1
β when

β → 0. It may be expected that the eigenvalues of S−1
2 S are simply more closely

clustered than S−1
1 S for small β, but we instead find that the eigenvalues of are

bounded completely independently of β.

Theorem 5.3 [89]. Let λ be an eigenvalue of S−1
2 S. Then,

1

2
≤ λ ≤ 1. (5.28)

Proof. The relevant generalized Rayleigh quotient is

vT (KM−1KT + 1
βM)v

vT (K + 1√
β
M)M−1(K + 1√

β
M)Tv

. (5.29)

Noting that M is symmetric positive definite, we can define a =M−1/2KTv and

b = 1√
β
M−1/2Mv = 1√

β
M1/2v. Thus we can write (5.29) as

aTa + bTb

(a + b)T (a + b) .

At this point we introduce a simple quadratic inequality which will be used many

times in the remainder of this thesis. If we consider the term (a −b)T (a −b) we can

see that this is always greater than or equal to zero as the term is quadratic. Thus,

(a − b)T (a − b) ≥ 0 (5.30)

⇔ aTa + bTb ≥ aTb+bTa. (5.31)
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Using the above inequality we have

aTa + bTb

(a + b)T (a + b) = aTa + bTb

aTa + bTb + aTb + bTa
≥ aTa + bTb

2(aTa + bTb) = 1

2
.

Noting that aTa ≥ 0 and bTb ≥ 0 as they are also both quadratic and again using the

inequality (5.31) we find

aTa + bTb

(a + b)T (a + b) ≤ aTa + bTb

aTb + bTa
≤ 1

which gives the result.

Thus, the ‘matching’ strategy provides a Schur complement approximation which

is completely robust to variation in β, making it a particularly strong candidate for

a preconditioner. Furthermore, as we will see throughout this thesis, the quadratic

inequalities introduced here are able to be used to provide theoretical bounds for

several extensions to this preconditioning concept.

5.1.4 Preconditioner Approximations

We previously stated that in order to obtain an effective and practical preconditioner

we could approximate the Schur complement and additionally, we could also only

approximately apply P . Having studied the former by examining the dropping and

matching strategies, we now examine approximate application of the proposed pre-

conditioners. The two Schur complement variants discussed in the previous section

leads to the preconditioners P1 and P2 for the system A in (5.17), defined as

P1 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M

βM

S1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and P2 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M

βM

S2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where S1 and S2 are defined by 5.25 and (5.26) respectively. Let us now consider how

we actually apply these preconditioners. Both are block diagonal so we can consider

each block separately. The (1,1) and (2,2) blocks of both preconditioners consist of (a
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constant times) a mass matrix, therefore, we desire an efficient way to approximate

the inverse of a mass matrix.

One approach might be to take a fixed number of steps of an iterative method

such as one discussed in Section 2.2. A Krylov method such as Conjugate Gradients

may seem appealing, however, this method is necessarily nonlinear and therefore the

theory of linear preconditioning cannot hold. As discussed in [118], a particularly

effective alternative is to apply a fixed number of steps of the (linear) Chebyshev

semi-iteration discussed in Section 2.2.1.1.

There are several advantages to this approach. Firstly, we noted in Section 2.2.1.1

that for the Chebyshev semi-iteration to be effective, we required bounds for the

eigenvalues of the iteration matrix. For finite element mass matrices we have tight

bounds for their eigenvalues [117, 118] and therefore the method can be applied

effectively. Additionally, we are able to determine a priori the number of steps required

to achieve a certain accuracy [96]. Perhaps one of the largest advantages is the

comparative cheapness of this method. At each iteration, the main work is only a

single sparse matrix-vector multiply. For these reasons, we will use a fixed number

of Chebyshev semi-iterations to approximate the action of the inverse of the mass

matrices.

This deals with the first two blocks of P1 and P2 and we now need to consider

the (3,3) block. Both Schur complement approximations contain the stiffness matrix,

which is more of a computational challenge than the mass matrix. However, for elliptic

PDEs, multigrid methods have been shown to be very effective in approximating the

differential operator. Such methods were discussed in Section 2.2.2 and are widely

used for such problems.

For more complex differential operators such as convection-diffusion, we need to

be more careful with our choice of approximation. However, several multigrid meth-

ods have been developed to produce good approximations to these non-symmetric

systems. In particular, the Ramage multigrid [93] described in Section 2.2.2.1, as well

as algebraic multigrid operators such as AGMG [73, 74, 77, 78, 79], can be effectively

be used as ‘black-box’ solvers for such problems.
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5.2 Time-Dependent Optimal Control Problems

While steady-state optimal control problems form an active area of research, the

remainder of this thesis will focus on time-dependent PDE-constrained optimiza-

tion problems. These problems pose a significant computational challenge as we are

now required to solve for the state, control, and adjoint variables at each time-step.

However, much of the theory from the previous sections can be transferred to the

time-dependent case, giving us a solid foundation from which to base our methods.

In Chapters 3 and 4 we saw that all-at-once methods can be used effectively to

solve time-dependent PDE problems. We wish to combine these approaches with the

Schur complement based preconditioners developed in the previous section.

5.2.1 Heat Control Problem

We begin by considering the time-dependent counterpart to the Poisson control prob-

lem, namely the heat control problem which can be stated as follows,

min
y,u
J (y, u) = 1

2 ∫
T

0
∥y − ŷ∥2

L2(Ω) dt +
β

2 ∫
T

0
∥u∥2

L2(Ω) dt

such that yt −∇2y = u, for (x, t) ∈ Ω × [0, T ]

y = f, on ∂Ω,

y = y0, at t = 0.

(5.32)

For this problem, the state is required to be close to the desired state at all times.

It is also possible to construct a problem were the state only needs to be near to

the desired state at the final time-step, in which case the first term of the functional

J (y, u) is only integrated over the spatial domain and not the time-domain as well.

Often the solution to these ‘final-time’ problems, only contain energy in the control

variable near the final time-step and therefore the only interesting behaviour occurs in

the final part of the temporal domain. For this reason, we only focus on the all-times

case but more details of final-time problem formulations can be found in [86, 109].
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5.2.2 Discretization and Optimization

As with the Poisson control problem, we will form the linear system using a discretize-

then-optimize approach. However, we now require both spatial and temporal dis-

cretization schemes. For the spatial domain, we will again use the finite element

method discussed in Section 2.1.1. For the time discretization, we want to use a nu-

merically stable implicit finite difference scheme, therefore, we will use the Backwards

Euler approach throughout. The trapezoidal rule is used to integrate in time.

We note that the constraint is the heat equation, which was discussed in Sec-

tion 2.1. We will use the all-at-once approach as we did for the forward problem.

This results in the constraint equation being given by,

Ky − τMu = d, (5.33)

where

M ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M

M

⋱
M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and K ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK
−M M + τK

⋱ ⋱
−M M + τK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.34)

The vector d = [My0 + g,g, . . . ,g]T incorporates the boundary and initial data where

we have assumed that the boundary data remains constant at all time-steps. The state

and control are represented in the vectors y = [y1,y2, . . . ,y`]T and u = [u1,u2, . . . ,u`]T

respectively, where once again we have divided the time domain into ` time-steps of

constant size τ .

We now turn to the objective function J (y, u). Following a very similar method

to the time-independent case, the objective function can be discretized to form,

τ

2
yTM1/2y − τyTb +C + βτ

2
uTM1/2u, (5.35)
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where

M1/2 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2M

M

⋱
M

1
2M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.36)

and b = [1
2b1,b2, . . . , 1

2b`]T . The 1
2 term in the (1,1) and (`, `) blocks of M1/2 result

from the use of the trapezoidal rule to integrate over time.

The discretized minimization problem can now be written as follows, once again

ignoring the constant C,

min
y,u

τ

2
yTM1/2y − τyTb + βτ

2
uTM1/2u

such that Ky − τMu = d.

The associated Lagrangian is given by

L = τ
2
yTM1/2y − τyTb + βτ

2
uTM1/2u + pT (Ky − τMu − d), (5.37)

where once again p represents the adjoint variable. As with the time-independent

case, the optimality conditions are obtained by differentiating L with respect to each

of the variables and setting these derivatives equal to zero. This results in the fol-

lowing equations which are again known as the state, gradient and adjoint equations

respectively:

τM1/2y +KTp = τb,

βτM1/2u − τMp = 0,

Ky − τMu = d.
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Forming the KKT system results in the saddle point system

Ax ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τM1/2 0 KT

0 βτM1/2 −τM

K −τM 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y

u

p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τb

0

d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.38)

which will be non-singular for all non-zero values of β and τ .

There are several interesting aspects of this system. Firstly, it is of immense

dimension. While the time-independent problems resulted in a linear system with

dimensions 3n× 3n, the matrix A is of dimension 3n`× 3n`. Importantly, however, it

is never constructed explicitly, rather only copies of the mass and stiffness matrices

(or functions which compute their action on a vector) need to be stored when an

iterative method is used. However, vectors of length 3n` are required to be stored

and we therefore make the assumption that this amount of memory is available to us,

which is potentially a restriction to this method.

We also note that the matrix K is exactly the all-at-once discretization of the

heat equation. Therefore, within the larger optimal control problem, we require the

solution to the heat equation and its adjoint. In Chapters 3 and 4 we discussed

possible methods for solving such all-at-once systems and therefore we may be able

to employ such methods within the solution to the time-dependent optimal control

problems.

5.2.3 Preconditioning for Time-Dependent Problems

As with the time-independent case, preconditioning will play an important role for

solving the linear system (5.38) in a reasonable amount of computational time. As

we again have a saddle-point system, we can use the analogous preconditioners for
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the time-dependent case. Thus, we define the preconditioner

P ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τM1/2

βτM1/2

S̃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.39)

where S̃ will be a Schur complement approximation. For this problem we find that

the Schur complement is given by

S = 1

τ
KM−1

1/2KT +
τ

β
MM−1

1/2M. (5.40)

As before, Theorem 5.2 tells us that we require S̃ to be spectrally close to S in order

to obtain clustered eigenvalues of the preconditioned system and consequently rapid

convergence of Minres. Once again, we base our Schur complement approximations

on those developed for the time-independent case. The time-dependent equivalent to

the dropping strategy is given by

S1 =
1

τ
KM−1

1/2KT . (5.41)

Proving eigenvalues bounds for the time-dependent case is slightly more involved than

the steady-state case as, while for the Poisson control problem K =KT , here K ≠ KT .

If we look at the generalized Rayleigh quotient we have

R1 ∶=
vTSv

vTS1v
=

vT ( 1
τKM−1

1/2KT +
τ
βMM−1

1/2M)v

vT 1
τKM−1

1/2KTv
= 1 + τ

2

β

vTMM−1
1/2Mv

vTKM−1
1/2KTv

. (5.42)

Now, looking specifically at the remaining Rayleigh quotient we see that

vTMM−1
1/2Mv

vTKM−1
1/2KTv

= vTM2v

vTKKTv

wTM−1
1/2w

wTw

xTx

xTM−1
1/2x

, (5.43)

by letting w = Mv and x = KTv. Since M1/2 and M2 are both block diagonal,

we are able to determine bounds on these terms based solely on the Galerkin finite
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element bounds for the mass and stiffness matrices. Thus it only remains to determine

eigenvalue bounds for the matrix KKT . We saw in Section 3.4 that we are able to

bound eigenvalues of the normal equations using the Weyl inequalities for the singular

values of perturbed matrices (see [104, 120]). We can bound the eigenvalues of KKT ,

or equivalently the singular values of K, by considering the subdiagonal blocks as a

perturbation. If we let K + Σ̂ = K̂ where

Σ̂ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

M 0

⋱ ⋱
M 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.44)

then

∣σi(K̂) − σi(K)∣ ≤ ∥Σ̂∥.

Since ∥Σ̂∥ = λmax(M) ≤ c2hd and (c1 + τd1)hd ≤ σi(K̂) ≤ c2hd + τd2, then by using

Theorem 3.4 we obtain the following bound,

(c1 + τd1 − c2)2h2d ≤ λ(KKT ) ≤ (2c2h
d + τd2)2, (5.45)

where the constants are defined by the following relations for the Galerkin finite

element matrices:

c1h
d ≤vTMv

vTv
≤ c2h

d, (5.46)

d1h
d ≤vTKv

vTv
≤ d2h

d−2. (5.47)
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Thus, using (5.43) we obtain

λmin(M2)
λmax(KKT )

λmin(M−1
1/2)

λmax(M−1
1/2)

≤
vTMM−1

1/2Mv

vTKM−1
1/2KTv

≤ λmax(M2)
λmin(KKT )

λmax(M−1
1/2)

λmin(M−1
1/2)

(c1hd)2

(2c2hd + τd2)2

c1hd

c2hd
≤

vTMM−1
1/2Mv

vTKM−1
1/2KTv

≤ (c2hd)2
(c1 + τd1 − c2)2h2d

c2hd

c1hd

(c1hd)2

(2c2hd + τd2)2

c1

c2

≤
vTMM−1

1/2Mv

vTKM−1
1/2KTv

≤ c2
2

(c1 + τd1 − c2)2

c2

c1

.

As with the steady-state case, we have that the lower bound is dependent on h,

however, we find that the eigenvalues of S−1
1 S as given in (5.42) remain bounded

away from zero as h approaches zero. Combining these inequalities with the original

Rayleigh quotient definition in (5.42) we obtain the following theorem.

Theorem 5.4. For S and S1 as defined in (5.40) and (5.41) respectively and the

constants c1, c2, d1, and d2 defined in (5.46) and (5.47) then,

1 + τ
2

β

(c1hd)2

(2c2hd + τd2)2

c1

c2

≤ vTSv

vTS1v
≤ 1 + τ

2

β

c2
2

(c1 + τd1 − c2)2

c2

c1

. (5.48)

From here we turn to our second Schur complement approximation, the time-

dependent matching strategy preconditioner given by

S2 =
1

τ
(K + τ√

β
M)M−1

1/2 (K +
τ√
β
M)

T

. (5.49)

Proving eigenvalue bounds for the matching strategy turns out to use exactly the

same strategy as the time-independent case. However, we first need to recall the

positive definiteness of the matrices involved.

Lemma 5.1 [88, Theorem 1]. For a =M−1/2
1/2 KTv and b = τ√

β
M−1/2

1/2 Mv we have,

aTb + bTa > 0. (5.50)

Proof. Since aTb+bTa = vT (KM−1
1/2M+MM−1

1/2K)v, showing that this is positive is

equivalent to showing that KM−1
1/2M+MM−1

1/2KT is positive definite. Now, if we let

∆ = MM−1
1/2 we can see that ∆ will be a block diagonal matrix where the diagonal
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blocks ∆i consist of either 1 or (1/2)−1 times the identity matrix In. Thus,

KM−1
1/2M+MM−1

1/2KT = K∆ +∆KT . (5.51)

If we let L = M + τK, and noting that M and K are symmetric and that each ∆i,

being a scalar multiple of the identity matrix, will commute with any matrix, we have

that

K∆ +∆KT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2L∆1 −∆1M

−∆1M 2L∆2 −∆2M

⋱ ⋱ ⋱

−∆`−2M 2L∆`−1 −M∆`−1

−∆`−1M 2L∆`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.52)

By straightforward manipulation we have,

vT (K∆ +∆KT )v = 2
`

∑
i=1

vTi ∆iMvi + 2τ
`

∑
i=1

vTi ∆iKvi −
`−1

∑
i=1

vTi ∆iMvi+1 −
`−1

∑
i=1

vTi+1∆iMvi

= 2τ
`

∑
i=1

vTi ∆iKvi + 2
`−1

∑
i=1

(vi − vi+1)T∆iM(vi − vi+1)

+ vT1 ∆1Mv1 + vT` ∆`Mv`.

Since this expression is a sum of quadratic forms of positive definite matrices it is

greater than zero which gives the result.

Theorem 5.5. For S and S2 as defined in (5.40) and (5.49) then,

1

2
≤ R2 ≤ 1, (5.53)

where

R2 ∶=
vTSv

vTS2v
. (5.54)
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Proof. The generalized Rayleigh quotient is given by

R2 =
vT (KM−1

1/2KT +
τ2

βMM
−1/2
1/2 M)v

vT (K + τ√
β
M)M−1

1/2(K +
τ√
β
M)Tv

. (5.55)

Noting that M1/2 is symmetric and positive definite and letting a = M−1/2
1/2 KTv and

b = τ√
β
M−1/2

1/2 Mv, we can write (5.55) as

R2 =
aTa + bTb

(a + b)T (a + b) .

Using the quadratic inequality from (5.31) we have,

aTa + bTb

(a + b)T (a + b) ≥ aTa + bTb

2(aTa + bTb) = 1

2
.

Also, from Lemma 5.1 we have that aTb + bTa > 0 and thus

aTa + bTb

(a + b)T (a + b) ≤ aTa + bTb

aTb + bTa
≤ 1

which gives the result.

This theorem shows that S2 will be spectrally close to S for all parameter values

which is a significant result. This will lead to preconditioners with well-clustered

eigenvalues of the preconditioned system. In particular, the matching strategy based

preconditioners can be used for small values of β, a regime in which the dropping

strategy did not perform well. As discussed further in Chapter 7, this preconditioner

has also been shown to be effective for convection-diffusion control problems [90].

5.3 Summary

In this section, we provided an overview of the concept of PDE-constrained optimiza-

tion. The problem arises in a wide range of applications. For a long time, methods

were focussed on steady-state problems as time-dependent problems simply posed

too great of a computational challenge. In the first part of this chapter, we outlined
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methods for solving a time-independent optimal control problem and demonstrated

how Schur complement approximations can be developed to form effective precondi-

tioners for the resulting saddle-point systems. The dropping and matching strategies

were particularly focussed on.

In the latter part of the chapter, it was demonstrated that all of the steady-state

theory can be extended to the time-dependent case. As computational capabilities

have increased, research is increasingly focussed on these types of problems as they

become solvable in a practical amount of time if, crucially, effective preconditioners

and solvers can be developed.

As with any time-dependent PDE problem, parallelization is inherently difficult.

However, with the scale of time-dependent optimal control problems, parallelization is

imperative to achieve speed-up of the existing methods. In the following chapters, we

aim to combine the parallelizable preconditioners for the forward problem developed

in Chapters 3 and 4, with the preconditioners discussed in this chapter for optimal

control problems.
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Heat Control Problem

It was shown in the previous chapter that Schur complement based preconditioners

can form part of an effective solution approach for the all-at-once system of time-

dependent optimal control problems. The two Schur complement based precondi-

tioners we examined in more detail were the dropping strategy [95, 109] and the

matching strategy [86, 88, 89].

Any such solution method requires approximation of the forward problem (and

the backwards problem) which, in the context of the heat control problem, is the all-

at-once formulation of the heat equation. Preconditioners for the forward problem

were developed in Chapters 3 and 4 and we now want to see if these ideas can be

transferred to the control problem context. We also note that for the formulation con-

sidered here, the backwards problem corresponds to the transpose of the discretized

forward problem. The enables us to use the transpose of the block diagonal and

circulant preconditioners to precondition the backwards problem. However, as noted

in Section 2.2.5.1, just because a preconditioner is effective for the forward problem

does not guarantee good performance when used within the normal equations or, as

in this case, the Schur complement.

For the heat control problem, we showed in the previous chapter that by using
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a discretization-then-optimization approach, we can obtain the linear system (5.38),

which we reproduce for convenience here:

Ax ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τM1/2 0 KT

0 βτM1/2 −τM

K −τM 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y

u

p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τb

0

d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.1)

The preconditioners we focussed on were of the form

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

τM1/2

βτM1/2

S̃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6.2)

where S̃ was an approximation to the Schur complement

S = 1

τ
KM−1

1/2KT +
τ

β
MM−1

1/2M. (6.3)

A summary of the two approaches considered is as follows:

• Dropping Strategy: This approach ignores the final term and approximates the

Schur complement with

S1 =
1

τ
KM−1

1/2KT . (6.4)

We note this strategy generally performs well only if the regularization param-

eter β is relatively large.

• Matching Strategy: By attempting to achieve more robustness to the regular-

ization parameter β, this method approximates the Schur complement by

S2 =
1

τ
(K + τ√

β
M)M−1

1/2 (K +
τ√
β
M)

T

, (6.5)

and has the property that the eigenvalues of S−1
2 S are bounded between 1/2

and 1 and, therefore, completely independent of all problem parameters.

While we can approximately apply each of these Schur complement approximations

125



CHAPTER 6. HEAT CONTROL PROBLEM

using multigrid processes, the parallel capabilities of such preconditioners are inher-

ently limited due to the lower diagonal structure of the forward problem K. However,

two parallelizable preconditioners for K were introduced in Chapters 3 and 4. These

can be summarized as follows:

• Block Diagonal Variation: Here we simply preconditioned the forward problem

K with its block diagonal

K̂ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK
M + τK

⋱
M + τK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.6)

Even when approximated with a multigrid process, termination of a Krylov

method applied to K with K̂ as a preconditioner was seen at approximately ` it-

erations, regardless of the grid parameter h. Given the block diagonal structure,

this approach is inherently parallelizable over time.

• Circulant Variation: Here we based preconditioners on the corresponding block

Strang circulant matrix of K given by

K ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK −M

−M M + τK

⋱ ⋱

−M M + τK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.7)

It was shown that only n eigenvalues of K−1K are not equal to 1, and subse-

quently this method was numerically shown to converge in a number of itera-

tions with little dependence on n or `. It is also possible, through the use of

Kronecker products, to apply the preconditioner in a manner which could also

be parallelized over time as shown in Section 4.1.1.

Our goal in this chapter is to combine these approaches to achieve effective pre-
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conditioners for time-dependent optimal control problems, which could also be par-

allelized. This is achieved by replacing K within S1 and S2 with the parallelizable

variation K̂ or K. This chapter will be structured as follows. In Section 6.1 we will

investigate the dropping strategy with the forward problem replaced first by the block

diagonal matrix K̂, and then by the block circulant matrixK. We repeat this process

for the matching strategy in Section 6.2, before providing a summary of all of the

eigenvalue bounds obtained in Section 6.3. Since all problems considered here are

symmetric, these eigenvalue bounds lead directly to convergence estimates for pre-

conditioned iterative methods. Numerical results are presented in Section 6.4 and

concluding remarks given in Section 6.5.

6.1 Dropping Strategy Based Preconditioners

6.1.1 Block Diagonal Variation

By combining the Schur complement approximation S1 with the block diagonal for-

ward problem approximation K̂ we obtain a new Schur complement approximation

Ŝ1 which is given by

Ŝ1 ∶=
1

τ
K̂M−1

1/2K̂T . (6.8)

This approach is cheapest to apply because it will require fewer matrix-vector mul-

tiplications than S as the subdiagonal blocks of K are not used. However more

importantly, Ŝ1 is completely block diagonal and could be computed on ` separate

processors. This parallelism over time could result in a significant speed-up as, theo-

retically, Ŝ1 could be applied ` times faster than S1.

It remains to be shown, however, that this approximation yields an effective pre-

conditioner in the context of the heat control problem. We showed in Theorem 5.2

that the eigenvalues of the preconditioned system will be bounded provided that the

Schur complement approximation is spectrally close to S. In order to demonstrate

this, we wish to bound the eigenvalues of Ŝ−1
1 S. To do this we consider the Rayleigh

quotient
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R̂1 ∶=
vTSv

vT Ŝ1v
=

vT ( 1
τKM−1

1/2KT +
τ
βMM−1

1/2M)v

vT 1
τ K̂M−1

1/2K̂Tv
. (6.9)

If we define,

Σ̂ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

M 0

⋱ ⋱
M 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6.10)

so that K = K̂ − Σ̂ and also let

a ∶= M−1/2
1/2 K

Tv, b ∶= τ√
β
M−1/2

1/2 M
Tv, (6.11)

ĉ ∶= M−1/2
1/2 Σ̂Tv, d̂ ∶= M−1/2

1/2 K̂
Tv,

then we can write (6.9) in two ways as

R̂1 =
aTa + bTb

(a + ĉ)T (a + ĉ) or R̂1 =
(d̂ − ĉ)T (d̂ − ĉ) + bTb

d̂T d̂
. (6.12)

Due to the similarity between M and M1/2 as before we define

∆ ∶= MM−1
1/2 = blkdiag(∆1,∆2, . . . ,∆`), (6.13)

where ∆i = αiIn, with α1 = α` = 2, and αi = 1 for i = 2, . . . , ` − 1.

In order to construct overall bounds for R̂1, we first require several inequalities.

Lemma 6.1. For b and ĉ as defined in (6.11) and the constants c1 and c2 as described

in (5.46), then

ĉT ĉ ≤ C β

τ 2
bTb, (6.14)

where C = 2c2
c1

.

Proof. By definition

ĉT ĉ
β
τ2 b

Tb
=

vT Σ̂M−1
1/2Σ̂Tv

vTMM−1
1/2Mv

,
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and by examining each of these matrices we find that

Σ̂M−1
1/2Σ̂T = blkdiag(0,∆1M, . . . ,∆`−1M)

and

MM−1
1/2M= blkdiag(∆1M,∆2M, . . . ,∆`M).

As both of these matrices are block diagonal, their eigenvalues will consist of the

eigenvalues of each of their diagonal blocks. Using bounds for the eigenvalues of the

Galerkin finite element matrices presented in (5.46), we have

ĉT ĉ
β
τ2 b

Tb
≤
λmax(Σ̂M−1

1/2Σ̂T )
λmin(MM−1

1/2M) ≤ αmaxc2hd

αminc1hd
= 2c2

c1

∶= C, (6.15)

by noting that αmax = 2 and αmin = 1 which proves the result.

Lemma 6.2. For b and d̂ as defined in (6.11) and the constants c1, c2, and d1 as

described in (5.46) and (5.47), then

bTb

d̂T d̂
≤ τ

2

β

C̃

(c1 + τd1)2
, (6.16)

where C̃ = c32
c1

.

Proof. From the definitions, and by letting y =Mv and w = K̂v we have,

bTb

d̂T d̂
= τ

2

β

vTMM−1
1/2Mv

vT K̂M−1
1/2K̂v

= τ
2

β

yTM−1
1/2y

yTM−2y

wT K̂−2w

wTM−1
1/2w

.

Once again, we only have block diagonal matrices to consider, so we obtain

bTb

d̂T d̂
≤ τ

2

β

λmax(M−1
1/2)

λmin(M−2)
λmax(K̂−2)
λmin(M−1

1/2)
= τ

2

β

λmax(M1/2)
λmin(M1/2)

λmax(M2)
λmin(K̂2)

≤ τ
2

β

c2hd

c1hd
(c2hd)2

((c1 + τd1)hd)2
= τ

2

β

C̃

(c1 + τd1)2
,

which gives the result.

We are now in a position to provide full bounds for the Rayleigh quotient R̂1
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from (6.9).

Theorem 6.1. Let R̂1 be as defined in (6.9) and the constants c1, c2, and d1 as

described in (5.46) and (5.47). If C β
τ2 < 1, then

1

2
< R̂1 ≤ 2 + C̃

(c1 + τd1)2
(2C + τ

2

β
) , (6.17)

otherwise,
1

2C

τ 2

β
≤ R̂1 ≤ 2 + C̃

(c1 + τd1)2
(2C + τ

2

β
) . (6.18)

Proof. Firstly, let us consider the upper bound. From the definition of R̂1, the simple

quadratic inequalities described in (5.31), and the bound in Lemma 6.2 we obtain

R̂1 =
(d̂ − ĉ)T (d̂ − ĉ) + bTb

d̂T d̂
≤ 2d̂T d̂ + 2ĉT ĉ

d̂T d̂
+ bTb

d̂T d̂

= 2 + 2ĉT ĉ

d̂T d̂
+ bTb

d̂T d̂
≤ 2 + (2C

β

τ 2
+ 1) bTb

d̂T d̂

≤ 2 + τ
2

β

C̃

(c1 + τd1)2
(2C

β

τ 2
+ 1) ,

which gives the result. For the lower bound, we use the alternative definition of R̂1

in (6.12) and the bound from Lemma 6.1 to obtain,

R̂1 =
aTa + bTb

2(a + ĉ)T (a + ĉ) ≥ aTa + bTb

2(aTa + ĉT ĉ) ≥ aTa + bTb

2aTa + 2C β
τ2 b

Tb
.

Now if C β
τ2 < 1, then

R̂1 >
aTa + bTb

2(aTa + bTb) = 1

2
,

while if C β
τ2 ≥ 1, we have

R̂1 ≥
aTa + bTb

2C β
τ2 (aTa + bTb)

= 1

2C

τ 2

β
,

which gives the final result.

Thus, we have shown that the eigenvalues of Ŝ−1
1 S are bounded independently
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of the mesh size h and consequently independent of the spatial degrees of freedom

n. Additionally, the eigenvalues are independent of the number of time-steps `. The

bounds do depend on the problem parameters β and τ , however, this is to be expected

since the eigenvalues of S−1
1 S were also dependent of these parameters. However, we

note that if τ2

β is close to one, then the eigenvalues will be bounded within constants

of order one.

6.1.2 Circulant Based Variation

Analogous to the previous section, we can replace the forward problem K in the drop-

ping strategy approximation with the block circulant matrixK from (6.7). Using the

Kronecker product method outlined in Section 4.1.1, the main work in applying this

preconditioner can also be performed over ` separate processors, allowing significant

speed-up to be achieved via parallelization.

In order to determine eigenvalue bounds for the preconditioned system using ap-

propriate Rayleigh quotient, we first define

Σ=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6.19)

so that K= K −Σ. Our new Schur complement approximation is given by

S1 ∶=
1

τ
KM−1

1/2K
T
. (6.20)

The eigenvalues of S−1

1 S can be examined by bounding the generalized Rayleigh quo-

tient given by

R1 ∶=
vTSv

vTS1v
=

vT (KM−1
1/2KT +

τ2

βMM−1
1/2M)v

vTKM−1
1/2K

T
v

, (6.21)

and by letting

c=M−1/2
1/2 Σv, (6.22)
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we obtain

R1 ∶=
aTa + bTb

(a −c)T (a −c) . (6.23)

Lemma 6.3. For b and c as defined in (6.11) and (6.22) respectively, then

cTc≤ C β

τ 2
bTb. (6.24)

Proof. Similarly to the proof of Lemma 6.1, we want to look more closely at the

matrices which appear in cTc and bTb. Using the definition of ∆ in (6.13) we again

see that,

MM−1
1/2M= blkdiag(∆1M,∆2M, . . . ,∆`M)

however for the circulant case, we have

ΣM−1
1/2Σ

T = blkdiag(0,0, . . . ,0,∆`M).

Since each of these matrices are block diagonal we can obtain the following bound

cTc
β
τ2 b

Tb
≤
λmax(ΣM−1

1/2Σ
T )

λmin(MM−1
1/2M) ≤ α`c2hd

αminc1hd
= 2c2

c1

= C, (6.25)

which proves the result.

Theorem 6.2. For R1 defined in (6.23), if C β
τ2 < 1 then

1

2
≤R1, (6.26)

and otherwise,
1

2 (C β
τ2

)
≤R1. (6.27)

Proof. Using Lemma 6.3 we have that,

R1 =
aTa + bTb

(a −c)T (a −c) ≥ aTa + bTb

2(aTa +cTc)
≥ aTa + bTb

2(aTa +C β
τ2 b

Tb)
.

132



CHAPTER 6. HEAT CONTROL PROBLEM

Now if C β
τ2 < 1,

R1 >
aTa + bTb

2(aTa + bTb) = 1

2
, (6.28)

while if C β
τ2 ≥ 1, then

R1 ≥
aTa + bTb

2C β
τ2 (aTa + bTb)

= 1

2C β
τ2

, (6.29)

which gives the result.

We have thus obtained a lower bound for R1; it is more challenging to obtain

upper bounds and our arguments here are more heuristic. We first make the following

observations. Since

R̂1 =
vTSv

vTS1v
= vTSv

vTS1v

vTS1v

vTS1v
, (6.30)

and we obtained bounds for
vTSv

vTS1v
in Theorem 5.4, we only need to look specifically

at
vTS1v

vTS1v
. Now,

vTS1v

vTS1v
=

vTKM−1
1/2KTv

vTKM−1
1/2K

T
v

= vTKKTv

vTKKTv

wTM−1
1/2w

wTw

yTy

yTM−1
1/2v

,

where w = KTv and y = KTv. We note that
vTKKTv

vTKKTv
will be bounded by the

extremal eigenvalues of (K−1K)T (K−1K) which were examined in Section 4.3. Although

eigenvalues bounds were not obtained, we did determine that n(`−2) eigenvalues are

equal to 1, n` are less than 1 and `n are greater than 1. This does not imply that the

same eigenvalue distribution holds for S−1S, however it does give us some indication

that there may only be a relatively small number of outlying eigenvalues. This is

confirmed numerically in Figure 6.1.
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Now if we return to the original quotient,

vTS1v

vTS1v
=

vTKM−1
1/2KTv

vTKM−1
1/2K

T
v

=
vTKM−1

1/2KTv

vT (KM−1
1/2KT −ΣM−1

1/2KT −KM−1
1/2Σ

T +ΣM−1
1/2Σ

T)v

= 1

1 +
vT (−ΣM−1

1/2KT −KM−1
1/2Σ

T +ΣM−1
1/2Σ

T)v

vTKM−1
1/2K

T
v

.

We now need to examine the remaining Rayleigh quotient. The numerator contains

three matrices given by

ΣM−1
1/2KT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆`(M + τK)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, KM−1
1/2Σ

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣∆`(M + τK)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and

ΣM−1
1/2Σ

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆`M
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Since each of these matrices only contains one non-zero block, the Rayleigh quotient

can be simplified by writing the numerator as

vT (−ΣM−1
1/2KT −KM−1

1/2Σ
T +ΣM−1

1/2Σ
T)v

= −vT1 ∆`(M + τK)v` − vT` ∆`(M + τK)v1 + vT1 ∆`Mv1

= (v1 − v`)T∆`(M + τK)(v1 − v`) − vT1 ∆`(M + τK)v1

− vT` ∆`(M + τK)v` + vT1 ∆`Mv1, (6.31)

which is the sum of quadratic forms, so each term can be bounded by its eigenvalues.
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Thus, we have

vT (−ΣM−1
1/2KT −KM−1

1/2Σ
T +ΣM−1

1/2Σ
T)v

vTv

≥ λmin(∆`(M + τK)) − 2λmax(∆`(M + τK)) + λmin(∆`M)

≥ 2 ((c1 + τd1)hd − 2(c2h
d + τd2) + c1h

d) , (6.32)

noting that α` = 2. If we now look at the denominator and let w = KTv, we can write

vTKM−1
1/2KTv

vTv
= vTKKTv

vTv

wTM−1
1/2w

wTw
≤ λmax(KKT )λmax(M−1

1/2).

From (5.45) we have upper bounds on λ(KKT ) and since M−1
1/2 is block diagonal we

can use the bounds in (5.46) to bound λmax(M−1
1/2). Thus we have

vTKM−1
1/2KTv

vTv
≤ (2c2hd + τd2)2

c1hd
, (6.33)

and combining (6.32) and (6.33) we have,

vT (−ΣM−1
1/2KT −KM−1

1/2Σ
T +ΣM−1

1/2Σ
T)v

vTKM−1
1/2KTv

≥ 2 ((c1 + τd1)hd − 2(c2hd + τd2) + c1hd) c1hd

(2c2hd + τd2)2
.

We can see that this bound is not h independent, however to highest order both the

numerator and denominator are O(h2d), hence overall this term should balance at

O(1). Indeed this implies that
vTS1v

vTS1v
should be bounded from above by a constant

of order 1. Combining with the result from Theorem 5.4 that

vTSv

vTS1v
≤ 1 + τ

2

β

C̃

(c1 + τd1 − c2)2

we therefore predict that the maximal eigenvalues of S−1

1 S will behave approximately

like τ2

β . This will be numerically verified later in Section 6.3.

In order to achieve eigenvalues clustered about 1, from the lower bound described
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in Theorem 6.2 we know that we would ideally like β
τ2 to be a small value. However,

we predict the upper bound will behave in the opposite way and therefore we ideally

would like β
τ2 to take a large value to ensure that the largest eigenvalue remains close

to 1. These contrasting requirements imply that, regardless of parameter values, we

may not be able to achieve tightly clustered eigenvalues for the circulant variation to

the dropping preconditioner. However, as we previously stated, we predict that only

a small number of eigenvalues may take large values, so we hope that performance

does not greatly deteriorate.

6.2 Matching Strategy Based Preconditioners

6.2.1 Block Diagonal Variation

Just as we did for the dropping strategy, we can define new variations to the matching

strategy preconditioners. For the block diagonal approach we define

Ŝ2 ∶=
1

τ
(K̂ + τ√

β
M)M−1

1/2 (K̂ +
τ√
β
M)

T

. (6.34)

We note that this approximation was suggested as a possible parallelizable approach in

[86] but no analysis or numerical experiments were conducted. Once again the eigen-

values of Ŝ−1
2 S can be bounded by examining the appropriate generalized Rayleigh

quotient. Since clean eigenvalue bounds have already been obtained for S−1
2 S, we find

that it is easiest to represent the Rayleigh quotient in a multiplicative way. Thus we

let,

R̂2 ∶=
vTSv

vT Ŝ2v
= vTSv

vTS2v

vTS2v

vT Ŝ2v
∶= R̂2AR̂2B. (6.35)
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We know that R̂2A is bounded between 1/2 and 1 from Theorem 5.5. Thus it only

remains to determine bounds for R̂2B. Using the values defined in (6.11) we have

R̂2B =
vT (K + τ√

β
M)M−1

1/2(K +
τ√
β
M)Tv

vT (K̂ + τ√
β
M)M−1

1/2(K̂ +
τ√
β
M)Tv

= (a + b)T (a + b)
(a + ĉ + b)T (a + ĉ + b) = (d̂ − ĉ + b)T (d̂ − ĉ + b)

(d̂ + b)T (d̂ + b)
. (6.36)

The manner in which we determine bounds for R̂2B is very similar to the way in which

bounds were obtained for R̂2A. As such, we require the positivity of aTb + bTa as

proved in Lemma 5.1 and additionally we require bounds for terms involving d̂.

Lemma 6.4. For d̂ and b as defined in (6.11), then

d̂T d̂ ≤ β

τ 2
bTb, and d̂Tb + bT d̂ ≤ 2

√
β

τ
bTb.

Proof. Firstly,

d̂T d̂ = vT K̂M−1
1/2K̂Tv =

`

∑
i=1

vTi (M + τK)∆iM
−1(M + τK)Tvi

=
`

∑
i=1

vTi M∆ivi +
`

∑
i=1

vTi (τK∆i + τ∆iK
T + τ 2KM−1KT )vi

= β

τ 2
bTb +

`

∑
i=1

vTi (τK∆i + τ∆iK
T + τ 2KM−1KT )vi ≥

β

τ 2
bTb,

since K∆i,∆iKT , and KM−1KT are all positive definite, so the final summation term

will always be positive. For the second bound we only examine d̂Tb as ∆ and K̂ are

both block diagonal and symmetric, we have that d̂Tb = vT K̂M−1
1/2Mv = vT K̂∆v =

vT∆K̂Tv = bT d̂. Using the positive definiteness of K∆i we have,

d̂Tb = vT K̂∆v =
`

∑
i=1

vTi (M + τK)∆ivi =
`

∑
i=1

vTi M∆ivi +
`

∑
i=1

vTi τK∆ivi

=
√
β

τ
bTb +

`

∑
i=1

vTi τK∆ivi ≥
√
β

τ
bTb,

which gives the result.
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We are now in a position to state complete bounds for the term R̂2B and subse-

quently R̂2 as a whole.

Lemma 6.5. For R̂2B as defined in (6.35), then

1

2 (1 +C β
τ2

)
≤ R2B < 2 + 2C. (6.37)

Proof. Concentrating first on the upper bound and using the simple quadratic in-

equalities described in (5.31) and the results from Lemmas 6.1 and 6.2 we obtain,

R̂2B = (d̂ + b − ĉ)T (d̂ + b − ĉ)
(d̂ + b)T (d̂ + b)

≤ 2(d̂ + b)T (d̂ + b) + 2ĉT ĉ

(d̂ + b)T (d̂ + b)
= 2 + 2ĉT ĉ

d̂T d̂ + bT d̂ + d̂Tb + bTb

≤ 2 +
2C β

τ2 b
Tb

β
τ2 b

Tb + 2
√
β
τ bTb + bTb

= 2 +
2C β

τ2

(
√
β
τ + 1)2

< 2 + 2C,

since
β

τ2

(
√
β

τ
+1)2

< 1. In order to obtain the lower bound, we define the quotient as

R̂2B = (a + b)T (a + b)
(a + ĉ + b)T (a + ĉ + b) ≥ (a + b)T (a + b)

2 ((a + b)T (a + b) + ĉT ĉ)

≥ (a + b)T (a + b)
2 ((a + b)T (a + b) + β

τ2 b
Tb)

= 1

2 (1 + β
τ2

bTb
(a+b)T (a+b))

which gives the result because by Lemma 5.1 we have that aTb+bTa is positive and

therefore bTb
(a+b)T (a+b) ≤ 1.

Theorem 6.3. The Rayleigh quotient R̂2 defined in (6.35) is bounded by,

1

4 (1 +C β
τ2

)
≤ R̂2 < 2 + 2C. (6.38)

Proof. We know that R̂2 = R̂2AR̂2B so if we have that R̂2A(min) ≤ R̂2A ≤ R̂2A(max) and

138



CHAPTER 6. HEAT CONTROL PROBLEM

R̂2B(min) ≤ R̂2B ≤ R̂2B(max) then it follows that

R̂2A(min)R̂2B(min) ≤ R̂2 ≤ R̂2A(max)R̂2B(max).

By using the bounds obtained in Theorem 5.5 and Lemma 6.5, we obtain the extra

factor of 1/2 on the lower bound from the bounds on R̂2A and thus achieve the

result.

We have shown that for the block diagonal variation of the matching strategy

approximation Ŝ2, the eigenvalues of Ŝ−1
2 S have an upper bound independent of all

problem parameters. A lower bound is also proved, which is independent of the mesh

parameter h but does depend on the regularization parameter β and the time-step

size τ .

6.2.2 Circulant Based Variation

Moving to the circulant variation we define the new Schur complement approximation

as

S2 ∶=
1

τ
(K+ τ√

β
M)M−1

1/2 (K+
τ√
β
M)

T

. (6.39)

Throughout our analysis of the matching strategy preconditioner, we have been able

to provide eigenvalue bounds by simply using quadratic inequalities. We can continue

this procedure even for the circulant variation, even though this was not possible for

the dropping strategy. In this case, in addition to requiring the positivity of aTb+bTa

we also require d
T
b + bTd to be positive, where

d=M−1/2
1/2 K

T
v. (6.40)

.

Lemma 6.6. For d=M−1/2
1/2 K

T
v and b = τ√

β
M1/2

1/2MTv, then

d
T
b + bTd> 0. (6.41)
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Proof. As defined in (6.13) we have that ∆ =M−1
1/2M so d

T
b+bTd= vT (K∆+∆KT )v.

Letting L =M + τK we have

K∆ +∆K=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2L∆1 −∆1M −M∆`

−∆1M 2L∆2 −∆2M

⋱ ⋱ ⋱

−∆`−2M 2L∆`−1 −M∆`−1

−∆`M −∆`−1M 2L∆`

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.42)

Noting that ∆1 = ∆` since α1 = α` we can write d
T
b + bTd in the following way,

vT (K∆ +∆KT )v = 2
`

∑
i=1

vTi L∆ivi −
`−1

∑
i=1

vTi+1M∆ivi −
`−1

∑
i=1

vTi ∆iMvi+1

− vT` ∆`Mv1 − vT1 M∆`v`

= 2τ
`

∑
i=1

vTi ∆iKvi +
`−1

∑
i=1

(vi − vi+1)TM∆i(vi − vi+1)

+ vT1 ∆1Mv1 + vT` ∆`Mv` − vT` ∆`Mv1 − vT1 ∆`Mv`

= 2τ
`

∑
i=1

vTi ∆iKvi +
`−1

∑
i=1

(vi − vi+1)TM∆i(vi − vi+1)

+ vT1 ∆1Mv1 + (v1 − v`)T∆`M(v1 − v`).

Since this is the sum of positive definite terms we therefore have the result.

With this additional positive definiteness result, we can provide bounds for the

Rayleigh quotient R2, which is defined as

R2 ∶=
vTSv

vTS2v
= vTSv

vTS2v

vTS2v

vTS2v
∶=R2AR2B. (6.43)

Theorem 6.4. For R2 as defined in (6.43),

1

4(1 + β
τ2 )

≤R2 ≤ 2(1 + β

τ 2
) . (6.44)
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Proof. As in the block diagonal case, we only need to look at the termR2B sinceR2A

is bounded between 1/2 and 1 from Theorem 5.5. We can write R2B in two ways as

R2B = (a + b)T (a + b)
(a + b +c)T (a + b +c) or R2B = (d+c+ b)T (d+c+ b)

(d+ b)T (d+ b)
, (6.45)

with a and b as defined in (6.11), c in (6.22), and d in (6.40). Using the first definition

we obtain,

R2B = (a + b)T (a + b)
(a + b −c)T (a + b −c) ≥ (a + b)T (a + b)

2(a + b)T (a + b) + 2cTc

= 1

2(1 + c
T
c

(a+b)T (a+b))
≥ 1

2(1 +C β
τ2

bTb
(a+b)T (a+b))

,

and from Lemma 5.1 we have that aTb+bTa > 0 and therefore bTb
(a+b)2(a+b) ≤ 1, which

gives the lower bound result. For the upper bound we write,

R2B = (d+ b −c)T (d+ b −c)
(d+ b)T (d+ b)

≤ 2(d+ b)T (d+ b) + 2cTc

(d+ b)T (d+ b)

= 2 + 2cTc

(d+ b)T (d+ b)
≤ 2 +

2C β
τ2 b

Tb

(d+ b)T (d+ b)
≤ 2 +C β

τ 2
,

by using Lemma 6.6 to know that
bTb

(d+ b)T (d+ b)
≤ 1. Finally, multiplying each side

by the bounds for R2A from Theorem 5.5 the extra factor of 1/2 in the lower bound

is obtained.

These bounds tell us that the eigenvalues of S−1

2 S will be tightly clustered about 1

provided that β
τ2 is small. This is precisely the region for which the matching strategy

was designed. Thus, although this variant is no longer completely robust to changes

in β and τ as the approximation S2 was, we do predict good performance in the

regions where S1 and associated variants, perform poorly.
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6.3 Summary of Eigenvalue Bounds

The four preconditioners developed throughout this chapter each have their own

advantages and disadvantages. In order to clarify this, the bounds proved in the

previous sections are summarized in Table 6.1. In brackets, below each bound is

shown the value for β
τ2 which results in eigenvalues tightly clustered around 1. We see

that for the dropping strategy approximation S1, the lower and upper bounds for both

variants have competing requirements for the value of β
τ2 in order to achieve clustered

eigenvalues. Thus, it is likely that the eigenvalues will be most well clustered when

β
τ2 = 1, which is a particularly strict requirement.

We recall that S1 was most effective as an approximation when β
τ2 was large.

However, when β
τ2 is small, and thus τ2

β is large, the second term in the Schur comple-

ment S = 1
τ (KM−1

1/2K +
τ2

βMM−1
1/2M), becomes dominant. Thus in this regime, any

variations we make to K in the first term become less significant overall. Therefore,

we might expect any S̃ with an approximation to K to perform better when β
τ2 is

small. This can perhaps explain the competing constraints for our dropping strategy

variations.

Analogously, while the original matching strategy performed equally well regard-

less of the size of β
τ2 , our variations do introduce a preference for β

τ2 to be small.

However, with their additional parallel capabilities, these variations can perform com-

petitively for all values of β as will be shown in the numerical results section.

To further illustrate how spectrally close the approximations are to the original

Schur complements, the eigenvalues of S̃−1S for each approximation S̃ are shown in

Figures 6.1 and 6.2. In each column of figures, the value of β decreases while the

value of τ remains fixed at 10−2. As predicted by the theoretical bounds, Ŝ1 and S1

are spectrally closest to S when β and τ 2 are relatively well balanced. We can also see

that the upper eigenvalues behave approximately like β
τ2 . Furthermore, as alluded to

in Section 6.1.2, only a relatively small number of eigenvalues of S−1

1 S1 approach the

upper bound while most remain fairly small. We note that these figures are plotted

on a log scale for clarity.

For Ŝ2 and S2, as predicted we see the best behaviour when β ≪ 1. Furthermore,
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for very small β we see that eigenvalues are bounded between 1/2 and 1, just as the

eigenvalues of S−1
2 S were. Therefore, in this regime we expect we may see performance

similar to S2 for both our variants Ŝ2 andS2. However, our variants have the potential

to be parallelized over time which could allow them to gain a significant advantage

over the sequentially applied S2.

These eigenvalue plots illustrate the how spectrally close our proposed precondi-

tioners are to the original preconditioning strategy they are based on and confirm the

theoretically predicted bounds. Additionally, they show clustering of the eigenvalues.

For example, for S1 we see that only a small number of eigenvalues are very large and

therefore may not dramatically reduce the performance of the preconditioner.

Table 6.1: Summary of eigenvalue bounds for S̃−1S for each considered Schur com-
plement approximation S̃.

Block Diagonal (Ŝ) Circulant (S)
Lower Bound Upper Bound Lower Bound Upper Bound

S1

1
2 or 1

2C β

τ2

2 + C̃
(c1+τd1)2 (2C + τ2

β ) 1
2 or 1

2C β

τ2

1 +O( τ2β )

( β
τ2 ≪ 1) ( β

τ2 ≫ 1) ( β
τ2 ≪ 1) ( β

τ2 ≫ 1)

S2

1

4(1+C β

τ2
)

2 + 2C 1

4(1+C β

τ2
)

2 + 2C τ2

β

( β
τ2 ≪ 1) - ( β

τ2 ≪ 1) ( β
τ2 ≪ 1)

6.4 Numerical Results

In this section, we provide numerical results to demonstrate the effectiveness of all of

the considered preconditioners. All the finite element matrices were computed using

the IFISS [26, 27, 103] framework.

All of the preconditioners used are of the form described in (6.2) with each dif-

ferent version of the Schur complement approximations S̃. Thus, all preconditioners

have common (1,1) and (2,2) blocks which are formed solely of mass matrices. These

are approximately inverted by 10 iterations of the linear Chebyshev semi-iteration as

described in Section 2.2.1.1. To compute the multigrid approximations for S1,S2, Ŝ1,
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Figure 6.1: Eigenvalues of Ŝ−1
1 S and S−1

2 S for different β values and τ = 0.1, h = 2−3

and ` = 10 (shown in log scale). 144
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Figure 6.2: Eigenvalues of Ŝ−1
2 S and S−1

2 S for different β and τ values with h = 2−3

and ` = 10. 145
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and Ŝ2 we used 2 V-cycles of the Harwell Subroutine Library AMG code HSL MI20.

For the circulant preconditioner, as the matrix requiring approximation is complex,

we used the algebraic multigrid code AGMG [73, 74, 77, 78]. For the AGMG precon-

ditioner, we found that we required additional V-cycles in order to achieve sufficiently

accurate approximation for our preconditioners to be effective. This is perhaps due

to the matrix which is being solved being complex for which the method was not

designed. Thus, for the circulant variation, the preconditioner was applied in the

manner described in Chapter 4 with 5 V-cycles of AGMG to approximately invert

each block of the matrix G defined in (4.15). We used the standard Matlab imple-

mentation of Minres to solve the linear system and all solutions were solved to a

tolerance of 10−4.

The heat control problem we solved was described by

min
y,u
∫

T

0
∥y − ŷ∥2

L2(Ω) dt +
β

2 ∫
T

0
∥u∥2

L2(Ω) dt

such that yt −∇2y = u, for (x, t) ∈ Ω × [0, T ],

ŷ = 64t sin(2π((x1 − 0.5)2 + (x2 − 0.5)2)),

y = 0, on ∂Ω,

y(x,0) = 0,

with x = [x1, x2]T and Ω = [0,1] × [0,1]. Figure 6.3 shows the state and control

variable at a specific time t.

In Table 6.2, we present iteration counts when using the dropping preconditioner

P1 and our variations P̂1 and P1. In the first part of the table, we examine the

behaviour of the preconditioners as the mesh parameter h decreases. We can see

that both the original preconditioner P1, as well as the block diagonal variant P̂1,

maintain approximately mesh independent iteration counts while the iterations of P1

do increase significantly as h decreases. In the second part of the table, we examine

dependence on the number of time-steps, `. Both P̂1 and P1 require more iterations

as ` increases; we see that both exhibit iteration counts which appear to plateau as

` becomes large. However, at large values of β it appears that P1 is not as affected
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Figure 6.3: Computed solution to the heat control problem using IFISS at time t = 0.2,
with h = 2−5, β = 10−1

by increases in ` compared with P̂1. The opposite appears to occur when β is small,

however, where the iteration counts using P̂1 remain much more stable than those of

P1. While we obtained a similar type of opposing result for the forward problem in

Chapters 3 and 4, we might have predicted P1 to scale better with changes in ` than

P̂1 but this only appears to be the case for large β. It is not immediately clear to us

why this should occur.

Furthermore, as predicted by the theory, all of the preconditioners have signif-

icantly reduced performance for very small values of β. However, it is noted that

P̂1 performed better at the median value β = 10−4 than at either other value of β

considered. This is most likely because since τ = 10−2, when β = 10−6, we have that

β
τ2 = 1. Another surprising result was that for β = 10−6, we find that P̂1 outperforms

the original preconditioner P1. This is an important result as it indicates that P̂1

may be an effective choice of preconditioner for some parameter ranges, even when

parallel computations are not available.

The results for P2, P̂2, and P2 are presented in Table 6.3. We see that P̂2 has

almost no dependence on h and, while the iteration counts do increase with ` when

β = 10−2, at smaller values of β the iteration counts remain relatively constant. The

variant P2 does increase iterations numbers as h is decreased for β = 10−2 but again
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Table 6.2: Iteration counts for Minres for various values of regularization parameter
with τ = 0.01. (* denotes when iterations numbers exceeded 500)

h ` DoF
β = 10−2 β = 10−4 β = 10−6

P1 P̂1 P1 P1 P̂1 P1 P1 P̂1 P1

2−4 20 28,900 12 70 42 34 44 44 213 105 222

2−5 20 65,340 12 72 44 34 44 45 229 114 242

2−6 20 253,500 12 72 54 36 44 67 258 117 *

2−7 20 998,460 12 72 58 36 44 71 242 117 *

2−8 20 3,962,940 12 72 96 36 44 98 244 117 *

2−5 20 65,340 12 72 44 35 44 45 229 114 242

2−5 40 130,680 14 104 45 45 46 56 319 120 328

2−5 60 196,020 15 130 46 52 48 62 388 124 391

2−5 80 261,360 15 148 46 58 48 68 440 126 444

2−5 100 326,700 15 153 46 63 50 74 482 128 486

we see much more stable iteration counts for small values of β. The iteration counts

for P2 remain approximately independent of ` for all values of β.

Examining the behaviour for decreasing β, we see that all our variants perform

better with small β, moreover when β = 10−6 we see almost identical iteration numbers

with the original preconditioner P2. In factP2 outperforms the original preconditioner

P2 when β = 10−6. However, with parallel capabilities included our preconditioners

could be applied more quickly than P2. Thus for small β, even with limited parallel

capability, there is no advantage to using the full preconditioner.

6.5 Conclusions

Throughout this chapter, we have shown that the preconditioning techniques devel-

oped in Chapters 3 and 4 for the forward problem can be successfully extended to

develop preconditioners for the heat control problem. Furthermore, in this context

we were able to obtain rigorous eigenvalue bounds for the preconditioned systems.

We have demonstrated that variations of the dropping strategy preconditioner

have competing requirements on the value of β
τ2 to maintain well clustered eigenvalues

and therefore only perform well when this value is relatively near one. However, while
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Table 6.3: Iteration counts for Minres for various values of regularization parameter
β with τ = 0.01.

h ` DoF
β = 10−2 β = 10−4 β = 10−6

P2 P̂2 P2 P2 P̂2 P2 P2 P̂2 P2

2−4 20 17,340 16 70 40 19 36 26 23 22 18

2−5 20 65,340 17 71 42 20 40 26 24 25 19

2−6 20 253,500 17 72 48 21 40 26 23 23 20

2−7 20 998,460 18 71 54 23 36 28 27 27 20

2−8 20 3,962,940 16 71 74 23 34 28 27 27 20

2−5 20 65,340 17 72 42 20 40 26 24 25 19

2−5 40 130,680 19 102 44 21 36 28 19 19 20

2−5 60 196,020 21 130 46 22 38 28 20 20 20

2−5 80 261,360 21 147 46 22 38 28 20 20 21

2−5 100 326,700 21 152 46 22 38 29 20 21 22

the variations of the matching strategy were predicted to achieve the smallest iteration

numbers for small β
τ2 , even for larger values of β the preconditioner behaves extremely

well. Taking into account the considerable parallel in time capabilities of both the

block diagonal and circulant variations, these matching strategy based approaches

could be highly effective.
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Convection-Diffusion Control Problem

The convection-diffusion equation describes many important physical applications;

one example might be the spread of a contaminant under the influence of flow in the

containing fluid, as well as diffusive effects. Here we focus on the convection-diffusion

control problem rather that just the forward problem. An example where this may

be required, may be finding the most effective way to apply a mitigating substance

so as to achieve desired concentrations of a contaminant.

While this type of problem is of great interest, it also poses a significant com-

putational challenge. One key consideration is that care is required in general for

non-self-adjoint problems such as convection-diffusion, to ensure that the discretize-

then-optimize and optimize-then-discretize approaches obtain the same linear system.

For example, the widely used Streamline Upwind Petrov-Galerkin (SUPG) stabiliza-

tion method [16] does not, in general, satisfy the property that the forward and adjoint

problems commute. However, we are able to utilize the Local Projection Stabilization

(LPS) method [5, 6], which is adjoint consistent in order to solve this problem.

With any such stabilization method, it still remains the case that the differential

operator will be non-self-adjoint. As we used the symmetry of the stiffness matrix

several times to produce eigenvalue bounds for the heat control problem, this may
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present us with further challenges. We note that the overall optimality system re-

mains symmetric with an adjoint consistent approach. Therefore, eigenvalues can

be used to provide convergence estimates for Minres for these control problems.

All of the preconditioners discussed previously, utilize multigrid processes for prac-

tical approximate application. Again for the convection-diffusion case, we need to

take extra care to ensure that the multigrid process used can accurately approximate

convection-diffusion operators.

Before we discuss the numerical solution to these problems, we will first spend

some time illustrating the derivation of the linear systems in Section 7.1. As for the

heat control problems considered in Chapter 6, we will examine block diagonal and

circulant based variations to the dropping and matching preconditioning strategies.

These approaches will be considered in Sections 7.2 and 7.3 respectively. Numerical

results are provided in Section 7.5 before giving concluding remarks in Section 7.6.

7.1 Problem Derivation

In this chapter we consider a time-dependent convection-diffusion control problem of

the form

min
y,u
J (y, u) = 1

2 ∫
T

0
∥y−ŷ∥2

L2(Ω) dt +
β

2 ∫
T

0
∥u∥2

L2(Ω) dt

such that yt − ε∇2y +w ⋅ ∇y = u, for (x, t) ∈ Ω × [0, T ]

y = f, on ∂Ω,

y = y0, at t = 0,

(7.1)

where, as before, y denotes the state variable, ŷ is some known desired state, u is

the control variable, and β > 0 is the regularization parameter. Also present is the

diffusivity parameter ε > 0 and the divergence free wind vector w. We assume that

the convection term is more dominant than the diffusion, as is typically the case for

real world applications, and thus ε ≪ ∥w∥. Problems in which diffusion dominates

can generally be treated as for heat conduction.

We can see that this formulation is identical to that of the heat control problem
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except that the constraint equation is now the time-dependent convection-diffusion

equation rather than the heat equation. We showed in Section 2.1.3 that the convection-

diffusion equation can be discretized using Galerkin finite elements and Backwards

Euler time-stepping to obtain

Ky − τMu = d, (7.2)

where, similar to the heat equation, we have

M ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M

M

⋱
M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and K ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK̃
−M M + τK̃

⋱ ⋱
−M M + τK̃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.3)

however we now have the term

K̃ = εK +N + T̃ . (7.4)

Here K is the standard Galerkin stiffness matrix, N represents the convection term

and T̃ is the stabilization term. As mentioned earlier, we need to use an adjoint

consistent stabilization method in order to ensure that the linear systems obtained

by discretizing first or by optimizing first, will coincide. Therefore, we will use the LPS

stabilization method [5, 6] throughout this chapter to maintain consistency between

the two approaches. Thus, we obtain the KKT system,

Ax ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τM1/2 0 KT

0 βτM1/2 −τM

K −τM 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y

u

p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τb

0

d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.5)

As with the heat control problem, our preconditioning strategies are based on

Schur complement approximations. The Schur complement of the optimality system

in (7.5) is given by

S ∶= 1

τ
KM−1

1/2KT +
τ 2

β
MM−1

1/2M. (7.6)
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As before, the two main approximation strategies upon which we will build our pre-

conditioners are the dropping strategy, given by

S1 ∶=
1

τ
KM−1

1/2KT , (7.7)

and the matching strategy, given by

S2 ∶=
1

τ
(K + τ√

β
M)M−1

1/2 (K +
τ√
β
M)

T

. (7.8)

Each of our Schur complement approximations will be formed by substituting either

the block diagonal or circulant approximations to the forward problem for K in (7.7)

and (7.8). As we saw in Chapter 3 and 4, finding effective preconditioners for the

convection-diffusion problem is often more challenging than for problems with only

self-adjoint elliptic operators. We nonetheless attempt to provide eigenvalue bounds

for the preconditioned optimality system on which Minres convergence bounds are

based.

7.2 Dropping Strategy Based Preconditioners

7.2.1 Block Diagonal Variation

The preconditioners developed in this section will be based on the dropping strategy

Schur complement approximation S1 described in (7.7). The block diagonal variation

will approximate the forward problem K from (7.3) by only the block diagonal terms.

Thus we define

K̂ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK̃

M + τK̃

⋱

M + τK̃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.9)
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and we note that, unlike for the heat control problem, K̂ is no longer symmetric since

K̃ = εK +N + T̃ is not symmetric. We do still maintain the relation K = K̂ − Σ̂ where

Σ̂ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

M 0

⋱ ⋱
M 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.10)

Using this block diagonal approximation instead of K we can form a new Schur

complement approximation given by

Ŝ1 ∶=
1

τ
K̂M1/2K̂T . (7.11)

In order to provide bounds of the generalized Rayleigh quotient of S and Ŝ1 we define

the following terms:

a ∶= M−1/2
1/2 K

Tv, b ∶= τ√
β
M−1/2

1/2 M
Tv, (7.12)

ĉ ∶= M−1/2
1/2 Σ̂Tv, d̂ ∶= M−1/2

1/2 K̂
Tv.

The appropriate Rayleigh quotient R̂1 is defined as

R̂1 ∶=
vTSv

vT Ŝ1v
= aTa + bTb

(a + ĉ)T (a + ĉ) . (7.13)

For the heat control problem, in order to prove eigenvalue bounds for the corre-

sponding preconditioner, we required two results. Firstly, in Lemma 6.1 it was shown

that ĉT ĉ ≤ C β
τ2 b

TbT , and secondly in Lemma 6.2 it was shown that bTb was less than

d̂T d̂ times a constant factor independent of the mesh parameter h. Simply by looking

at the definition of ĉ and b, we can see that these terms only involve mass matrices

and are thus identical to the terms present in the heat control problem. Thus, the

bound proved in Lemma 6.1 continues to hold in the convection-diffusion setting.

Unfortunately, we are not so lucky for the latter bound. For this bound, we

explicitly required bounds for the eigenvalues of K, and as we do not have such
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bounds for K̃, we were not able to prove an analogous result. This is currently a

deficiency in our analysis. However, this result is only required for the upper bound

on R̂1, so we are still able to make the following statement regarding the lower bound.

Theorem 7.1. Let R̂1 be as defined in (7.13). If C β
τ2 < 1, then

1

2
< R̂1, (7.14)

otherwise,
1

2C

τ 2

β
≤ R̂1. (7.15)

Proof. By definition of R̂1 and using the bound from Lemma 6.1 we can obtain

R̂1 =
aTa + bTb

2(a + ĉ)T (a + ĉ) ≥ aTa + bTb

2(aTa + ĉT ĉ) ≥ aTa + bTb

2aTa + 2C β
τ2 b

Tb
. (7.16)

As per the proof of Theorem 6.1, if C β
τ2 < 1, then R̂1 > 1

2 , while if C β
τ2 ≥ 1, we have

R̂1 ≥
aTa + bTb

2C β
τ2 (aTa + bTb)

= 1

2C

τ 2

β
,

which gives the final result.

We can see that provided β
τ2 is sufficiently small, the smallest eigenvalue of Ŝ−1

1 S
will be relatively close to one but we are not able to make any statements regarding

the size of the largest eigenvalues. This will be examined numerically in Section 7.4.

7.2.2 Circulant Based Variation

The circulant based variation is based upon forming the block Strang circulant of the

forward problem K. We denote this by K as defined by

K ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M + τK̃ −M

−M M + τK̃

⋱ ⋱

−M M + τK̃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.17)
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By substituting K in for K in the Schur complement approximation in (7.7) we

obtain our new approximation

S1 ∶=
1

τ
KM−1

1/2K
T
. (7.18)

If we define

c ∶= M−1/2
1/2 Σ

T
v, (7.19)

then the relevant Rayleigh quotient is defined as

R1 ∶=
vTSv

vTS1v
= aTa + bTb

(a −c)T (a −c) . (7.20)

For the analogous preconditioner in the heat control context, we were only able to

obtain rigorous lower eigenvalue bounds. These lower bounds also hold here since,

similar to the block diagonal variant, the lower bounds only required the relation

between cTc and bTb proved in Lemma 6.3. All of these terms are exactly the same

in the convection-diffusion case and therefore Lemma 6.3 still holds.

Theorem 7.2. Let R1 be as defined in (7.20), then if C β
τ2 < 1

1

2
≤R1, (7.21)

otherwise,
1

2 (C β
τ2

)
≤R1. (7.22)

Proof. This proof follows exactly in the same manner as Theorem 6.2 by using

Lemma 6.3 to obtain,

R1 =
aTa + bTb

(a −c)T (a −c) ≥ aTa + bTb

2(aTa +cTc)
≥ aTa + bTb

2(aTa +C β
τ2 b

Tb)
,

where if C β
τ2 < 1, we have that R1 > 1

2 , while if C β
τ2 ≥ 1, then R1 ≥ 1

2C β

τ2

.

Once again we are not able to determine upper bounds on the eigenvalues ofS−1

1 S1,

however, these will be examined numerically in Section 7.4.
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7.3 Matching Strategy Based Preconditioners

7.3.1 Block Diagonal Variation

The matching strategy has been widely used for steady convection-diffusion control

problems as rigorous eigenvalue bounds were obtained in [90]. These lead to robust

convergence estimates unlike for the dropping strategy for which there are no known

bounds in the convection-diffusion context.

By substituting the block diagonal approximation K̂ from (7.9) into S2 in (7.8)

we obtain a new approximation

Ŝ2 ∶=
1

τ
(K̂ + τ√

β
M)M−1

1/2 (K̂ +
τ√
β
M)

T

. (7.23)

We wish to obtain bounds for the generalized Rayleigh quotient R̂2 given by

R̂2 ∶=
vTSv

vT Ŝ2v
. (7.24)

We maintain the positive definiteness of aTb + bTa in the case of the convection-

diffusion control problem as shown in the following Lemma which very much follows

the analogous proof for the heat control problem.

Lemma 7.1. For a =M−1/2
1/2 KTv and b = τ√

β
M−1/2

1/2 Mv we have,

aTb + bTa > 0. (7.25)

Proof. By definition aTb + bTa = vT (KM−1
1/2M+MM−1

1/2KT )v = vT (K∆ + ∆KT )v,
where ∆ is as defined in (6.13). If we let L =M +τK̃ and note that the scaled identity
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∆i will commute with any matrix, we have that

K∆+∆KT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L∆1 +∆1LT −∆1M

−∆1M L∆2 +∆2LT −∆2M

⋱ ⋱ ⋱

−∆`−2M L∆`−1 +∆`−1LT −M∆`−1

−∆`−1M L∆` +∆`LT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(7.26)

By straightforward manipulation we have

vT (K∆ +∆KT )v =
`

∑
i=1

vTi (L∆i +∆iL
T )vi −

`−1

∑
i=1

vTi ∆iMvi+1 −
`−1

∑
i=1

vTi+1∆iMvi

= τ
`

∑
i=1

vTi ∆i(K̃ + K̃T )vi +
`−1

∑
i=1

(vi − vi+1)T∆iM(vi − vi+1) + vT1 ∆1Mv1

+ vT` ∆`Mv`.

We know from Section 2.1.3 that K̃ + K̃T is positive semi-definite, and M is positive

definite so that the resulting sum of quadratic forms is greater than zero. This gives

the result.

In order to prove eigenvalue bounds, we also require an analogous proof to Lemma 6.2

which relates terms involving d̂ and b.

Lemma 7.2. For d̂ and b as defined in (7.12), then

d̂T d̂ ≤ β

τ 2
bTb, and d̂Tb + bT d̂ ≤ 2

√
β

τ
bTb, ∀v ≠ 0.

Proof. As with the proof of Lemma 6.2 we have,

d̂T d̂ = vT K̂M−1
1/2K̂Tv =

`

∑
i=1

vTi (M + τK̃)∆iM
−1(M + τK̃)Tvi

=
`

∑
i=1

vTi M∆ivi +
`

∑
i=1

vTi (τK̃∆i + τ∆iK̃
T + τ 2K̃M−1K̃T )vi

= β

τ 2
bTb + τ

`

∑
i=1

vTi ∆i(K̃ + K̃T )vi + τ 2
`

∑
i=1

vTi K̃M
−1K̃Tvi ≥

β

τ 2
bTb,
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since K̃ + K̃T is positive semi-definite as is K̃M−1K̃T . For the second bound we use

positive semi-definiteness of K̃ + K̃T and the commutativity of ∆i to find

d̂Tb + bT d̂ = vT (K̂∆ +∆K̂T )v

=
`

∑
i=1

vTi (M + τK̃)∆ivi +
`

∑
i=1

vTi ∆i(M + τK̃T )vi

= 2
`

∑
i=1

vTi M∆ivi + τ
`

∑
i=1

vTi (K̃ + K̃)∆ivi

=
√
β

τ
bTb +

`

∑
i=1

vTi τK∆ivi ≥
√
β

τ
bTb,

which gives the result.

Finally we can bound the overall Rayleigh quotient R̂2.

Theorem 7.3. For R̂2 as defined in (7.24),

1

4 (1 +C β
τ2

)
≤ R̂2 < 2 + 2C. (7.27)

Proof. As previously seen, we define R̂2 to be

R̂2 ∶=
vTSv

vTS2v

vTS2v

vT Ŝ2v
∶= R̂2AR̂2B, (7.28)

where R̂2A is bounded between 1/2 and 1 by Theorem 5.5. Using the results from

Lemma 6.1 and 7.2 we see that

R̂2B = (d̂ + b − ĉ)T (d̂ + b − ĉ)
(d̂ + b)T (d̂ + b)

≤ 2(d̂ + b)T (d̂ + b) + 2ĉT ĉ

(d̂ + b)T (d̂ + b)
= 2 + 2ĉT ĉ

d̂T d̂ + bT d̂ + d̂Tb + bTb

≤ 2 +
2C β

τ2 b
Tb

β
τ2 b

Tb + 2
√
β
τ bTb + bTb

= 2 +
2C β

τ2

(
√
β
τ + 1)2

< 2 + 2C,
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since
β

τ2

(
√
β

τ
+1)2

< 1. The lower bound follows exactly as in Lemma 6.5 by

R̂2B = (a + b)T (a + b)
(a + ĉ + b)T (a + ĉ + b) ≥ (a + b)T (a + b)

2 ((a + b)T (a + b) + β
τ2 b

Tb)

≥ 1

2 (1 +C β
τ2

bTb
(a+b)T (a+b))

≥ 1

2 (1 +C β
τ2

)

which, when combined with the extra factor of 1/2 from R̂2A, gives the result.

We have now bounded the eigenvalues of Ŝ−1
2 S in the exact same manner as with

the heat control problem. This is significant as convection-diffusion control problems

tend to be significantly harder to solve than heat control problems, but the eigenvalue

bounds achieved directly lead to convergence estimates for Minres, just as they did

for the heat control problem.

7.3.2 Circulant Based Variation

The final Schur complement approximation considered uses the circulant variant

within the matching strategy and is defined by

S2 ∶=
1

τ
(K+ τ√

β
M)M−1

1/2 (K+
τ√
β
M)

T

, (7.29)

whereK is as defined in (7.17). In order to bound the eigenvalues of S−1

2 S we consider

the Rayleigh quotient,

R2 ∶=
vTSv

vTS2v
= vTSv

vTS2v

vTS2v

vTS2v
∶=R2AR2B. (7.30)

In order to bound this term we need to define

d̂ =M−1/2
1/2 K

T
v, (7.31)

and prove the positivity of d
T
b + bTd. The proof of this result for the convection-

diffusion problem is given in the following Lemma.
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Lemma 7.3. For d=M−1/2
1/2 K

T
v and b = τ√

β
M1/2

1/2MTv, then

d
T
b + bTd> 0. (7.32)

Proof. Letting L =M + τK̃ and noting that ∆1 = ∆` we have

vT (K∆ +∆KT )v = 2
`

∑
i=1

vTi L∆ivi −
`−1

∑
i=1

vTi+1M∆ivi −
`−1

∑
i=1

vTi ∆iMvi+1

− vT` ∆`Mv1 − vT1 M∆`v`

= τ
`

∑
i=1

vTi ∆i(K̃ + K̃T )vi +
`−1

∑
i=1

(vi − vi+1)TM∆i(vi − vi+1)

+ vT1 ∆1Mv1 + vT` ∆`Mv` − vT` ∆`Mv1 − vT1 ∆`Mv`

= τ
`

∑
i=1

vTi ∆i(K̃ + K̃T )vi +
`−1

∑
i=1

(vi − vi+1)TM∆i(vi − vi+1)

+ vT1 ∆1Mv1 + (v1 − v`)T∆`M(v1 − v`).

Since this is the sum of positive definite or semi-definite terms we have the result.

Theorem 7.4. For R2 as defined in (7.30),

1

4(1 + β
τ2 )

≤R2 ≤ 2(1 + β

τ 2
) . (7.33)

Proof. As in the block diagonal case, we only focus on R2B since 1/2 ≤R2A ≤ 1 from

Theorem 5.5. We see that we can write R2B as,

R2B = (a + b)T (a + b)
(a + b −c)T (a + b −c) ≥ (a + b)T (a + b)

2(a + b)T (a + b) + 2cTc

= 1

2(1 + c
T
c

(a+b)T (a+b))
≤ 1

2(1 +C β
τ2

bTb
(a+b)T (a+b))

,

and from Lemma 7.1 we have that aTb + bTa > 0 and therefore bTb
(a+b)T (a+b) ≤ 1 which
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gives the lower bound result. For the upper bound we have,

R2B = (d+ b −c)T (d+ b −c)
(d+ b)T (d+ b)

≤ 2(d+ b)T (d+ b) + 2cTc

(d+ b)T (d+ b)

≤ 2 +
2C β

τ2 b
Tb

(d+ b)T (d+ b)
≤ 2 +C β

τ 2
.

using Lemma 7.3 to know that
bTb

(d+ b)T (d+ b)
≤ 1. Finally, we multiply each side by

the bounds for R2A from Theorem 5.5 to obtain the extra factor of 1/2 in the lower

bound.

7.4 Summary of Eigenvalue Bounds

As with the heat control problem, we have summarized the eigenvalues bounds ob-

tained for the preconditioners developed in the previous sections. For the dropping

strategy based preconditioners, only lower bounds were obtained for the eigenvalues

of the preconditioned system. However, in Figure 7.1 the eigenvalues of Ŝ−1
1 S and

S−1

1 S are presented for various values of β. We can see that for small values of β

the largest eigenvalues of both Ŝ−1
1 S and S−1

1 S grow significantly, in particular for the

circulant variation.

As we were not theoretically able to provide a complete set of bounds for these

eigenvalues, these plots provide additional evidence for the performance of our pre-

conditioners. For example, although an upper bound was not able to be provided for

the eigenvalues of Ŝ−1
1 S or S−1

1 S, we can see clearly from the plots that the largest

eigenvalues appear to grow like τ2

β . In the case of S1, there is only relatively few

extremely large eigenvalues so performance may not deteriorate as much as could be

expected.

For the matching strategy, just as for the heat control problem we are able to

provide eigenvalues bounds for each of the preconditioners. Plots of the eigenvalues

for various values of β for Ŝ−1
2 S and S−1

2 S are presented in Figure 7.2. It is evident

that for small values of β we see extremely well-clustered eigenvalues; for both block

diagonal and circulant variations with β
τ2 = 10−4 we see eigenvalues between 0.8 and
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Table 7.1: Summary of eigenvalue bounds for S̃−1S for each considered Schur com-
plement approximation S̃ for the convection-diffusion control problem.

Block Diagonal (Ŝ) Circulant (S)
Lower Bound Upper Bound Lower Bound Upper Bound

S1

1
2 or 1

2C β

τ2

- 1
2 or 1

2C β

τ2

-

( β
τ2 ≪ 1) - ( β

τ2 ≪ 1) -

S2

1

4(1+C β

τ2
)

2 + 2C 1

4(1+C β

τ2
)

2 + 2C τ2

β

( β
τ2 ≪ 1) - ( β

τ2 ≪ 1) ( β
τ2 ≪ 1)

1 and therefore predict the preconditioners to perform well in this regime.

7.5 Numerical Results

In this section, we provide numerical results for each of the proposed precondition-

ers in order to demonstrate the effectiveness of each method. We will again use the

Incompressible Flow and Iterative Solver Software (IFISS) framework [103] to com-

pute our results and we discretize the variables state variable y, the control variable

u and the adjoint variable p using Q1 finite elements. As we are now considering

convection-diffusion operators, we use 2 V-cycles of the Ramage multigrid [93] to ap-

proximately invert the convection-diffusion operators in S1,S2, Ŝ1, and Ŝ2. We again

use 5 V-cycles of AGMG [73, 74, 77, 78] to approximately invert the circulant based

variants S1 and S2. The mass matrices which form the (1,1) and (2,2) blocks of all

our preconditioners are approximated by 10 iterations of the linear Chebyshev semi-

iteration. For the convection-diffusion control problem, we will consider two different

problems which are described in detail below.
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Figure 7.1: Eigenvalues of Ŝ−1
1 S and S−1

1 S for different β values with τ = 0.1, h = 2−3
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Figure 7.3: Solutions to Problem 1 at time t = 0.2 with ε = 1
200 and β = 0.01

Problem 1

The first problem is defined on the domain Ω = [−1,1] × [−1,1] and is given by,

min
y,u

1

2 ∫
T

0
∥y − ŷ∥2

L2(Ω) dt +
β

2 ∫
T

0
∥u∥2

L2(Ω) dt

such that yt − ε∇2y +w ⋅ ∇y = u, in Ω × [0, T ]

ŷ = 0,

y(x,0) = y0 = tanh (100(x2 + 1)) (1 + tanh (100(x1 − 1)))

+ 1

2
(1 − tanh (100(x2 + 1))) (1 + tanh(100x1))

y = y0, on ∂Ω

where w = [sin π
6 , cos π6 ]T . The initial condition y0 is selected so that y is very close

to 1 on [0,1] × {−1} and exponentially tends to 0 elsewhere in the domain. The

boundary conditions also satisfy this property. This type of constant wind problem

has been considered for the time-independent control problem in [25, 86, 94]. A plot

of the solution for both the state y and control u at a given point in time is presented

in Figure 7.3. The iteration numbers for this problem for each of the preconditioners

is presented in Tables 7.2 and 7.3.
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Figure 7.4: Solutions to Problem 2 at time t = 0.2 with ε = 1
200 and β = 0.01

Problem 2

Also defined on the domain Ω = [−1,1] × [−1,1], the second problem considered is

control version of the double glazing problem considered in Section 3.5.2 and is given

by,

min
y,u

1

2 ∫
T

0
∥y − ŷ∥2

L2(Ω) dt +
β

2 ∫
T

0
∥u∥2

L2(Ω) dt

such that yt − ε∇2y +w ⋅ ∇y = u, in Ω × [0, T ]

y(x,0) = y0 = 1 + tanh (100(x − 1))

y = y0, on ∂Ω

ŷ = 0,

where w = [2x2(1−x2
1),−2x1(1−x2

2)]T . Once again we have the property that y0 is very

close to 1 on {1}×[−1,1] and exponentially tends to 0 elsewhere in the domain. This

problem has been considered for the time-independent control problem in [25, 86, 94]

and for the time-dependent control problem in [106]. A plot of the solution for both

the state y and control u at a given point in time is presented in Figure 7.4. The

iteration numbers for this problem for each of the preconditioners is presented in

Tables 7.4 and 7.5.

For both problems, we can see that the dropping strategy does not perform as
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Table 7.2: Minres iteration counts for Problem 1 with dropping strategy based
preconditioners with various values of regularization parameter β and a constant
τ = 0.01. (* denotes when iterations numbers exceeded 500)

h
2 ` DoF

β = 10−2 β = 10−4 β = 10−6

P1 P̂1 P1 P1 P̂1 P1 P1 P̂1 P1

2−4 20 17,340 13 100 120 69 27 104 295 49 478

2−5 20 65,340 13 102 147 79 27 135 * 81 *

2−6 20 253,500 11 106 * 72 29 313 * 87 *

2−7 20 998,460 15 90 * 111 27 * * 43 *

2−8 20 3,962,940 15 92 * 171 27 * * 47 *

2−5 20 65,340 13 102 120 79 27 104 * 81 *

2−5 40 130,680 17 122 118 121 29 119 * 84 *

2−5 60 196,020 21 131 116 145 29 134 * 87 *

2−5 80 261,360 25 139 118 192 29 148 * 87 *

2−5 100 326,700 27 143 119 212 29 163 * 89 *

well for small values of β as for the heat control problem. Surprisingly, we do see

that P̂1 performs better at small values of β than the original preconditioner P1 and

it is unclear why this should occur. As with the heat control problem, we also see the

best performance of P̂1 when β = 10−4.

For the matching strategy based preconditioners, when β = 10−6 we see very

little difference between iteration numbers for the original preconditioner P2 and the

two parallelizable variants P̂2 and P2. Again for both of these variants we see little

dependence on both the mesh parameter h or the number of time-steps `. For larger

values of β, both variants have an increased number of iterations from the original

preconditioner P2, however, in the presence of parallelism over time, speed-up for this

method could still be achieved by using either P̂2 or P2.

7.6 Conclusion

In this chapter, we considered the time-dependent convection-diffusion optimal con-

trol problem. There are many additional challenges which must be addressed for

solution of this problem when compared with the heat control problem considered in
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Table 7.3: Minres iteration counts for Problem 1 with matching strategy based
preconditioners with various values of regularization parameter β and a constant
τ = 0.01.

h
2 ` DoF

β = 10−2 β = 10−4 β = 10−6

P2 P̂2 P2 P2 P̂2 P2 P2 P̂2 P2

2−4 20 17,340 11 98 78 11 19 15 9 7 9

2−5 20 65,340 11 100 76 11 20 16 9 9 9

2−6 20 253,500 11 103 98 11 21 20 11 10 11

2−7 20 998,460 11 88 95 11 20 15 7 5 7

2−8 20 3,962,940 11 90 94 11 21 15 9 7 9

2−5 20 65,340 11 100 76 11 20 16 9 9 9

2−5 40 130,680 12 120 76 11 21 17 9 9 10

2−5 60 196,020 13 130 77 11 21 17 11 9 11

2−5 80 261,360 13 137 78 11 21 17 11 9 11

2−5 100 326,700 13 140 78 11 21 17 11 9 11

Table 7.4: Minres iteration counts for Problem 2 with dropping strategy based
preconditioners with various values of regularization parameter β and a constant
τ = 0.01 (* denotes when iterations numbers exceeded 500)

h
2 ` DoF

β = 10−2 β = 10−4 β = 10−6

P1 P̂1 P1 P1 P̂1 P1 P1 P̂1 P1

2−4 20 17,340 13 78 248 81 24 277 329 35 *

2−5 20 65,340 13 81 231 93 25 257 * 51 *

2−6 20 253,500 13 82 460 99 25 434 * 54 *

2−7 20 998,460 13 84 * 105 25 * * 53 *

2−8 20 3,962,940 13 86 * 11 27 * * 47 *

2−5 20 65,340 13 81 231 93 25 257 * 51 *

2−5 40 130,680 25 98 211 161 25 268 * 55 *

2−5 60 196,020 31 114 201 225 27 294 * 57 *

2−5 80 261,360 35 118 201 278 27 327 * 57 *

2−5 100 326,700 41 120 200 329 27 347 * 59 *
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Table 7.5: Minres iteration counts for Problem 2 with matching strategy based
preconditioners with various values of regularization parameter β and a constant
τ = 0.01.

h
2 ` DoF

β = 10−2 β = 10−4 β = 10−6

P2 P̂2 P2 P2 P̂2 P2 P2 P̂2 P2

2−4 20 17,340 9 77 72 9 17 13 7 5 7

2−5 20 65,340 9 80 72 10 18 13 7 7 7

2−6 20 253,500 9 80 116 11 19 21 7 7 9

2−7 20 998,460 9 82 102 11 19 29 9 7 9

2−8 20 3,962,940 9 84 94 11 20 15 9 7 9

2−5 20 65,340 9 80 72 10 18 13 7 7 7

2−5 40 130,680 10 96 73 11 19 13 7 7 7

2−5 60 196,020 11 110 74 11 19 15 7 7 7

2−5 80 261,360 11 114 76 11 19 15 7 7 9

2−5 100 326,700 11 116 76 11 19 15 9 7 9

the previous chapter. Firstly, we require an adjoint-consistent stabilization method

in order to obtain an accurate solution for the convection-diffusion forward problem

and ensure that the discretize-then-optimize and optimize-then-discretize systems co-

incide. By using the local projection stabilization methods we are able to achieve

this.

As we do not have eigenvalue bounds for the convection-diffusion operator, we are

unable to use estimates to obtain overall bounds for the preconditioned systems. We

can, however, use the positive-semi-definiteness of the symmetric part of K̃ to obtain

analogous results to the heat control problem. In fact, the eigenvalue bounds obtained

for the matching strategy based preconditioners are identical to those obtained for the

heat control problem. This is perhaps due to the strength of the matching strategy

preconditioner and its applicability to many different problems.

Up until relatively recently, convection-diffusion control problems were consid-

ered a significant numerical challenge for applied mathematicians, while the time-

dependent case was at the limit of numerical capabilities. Here we have presented

four potential preconditioners which all have the ability to be parallelized over time

and thus, for various parameter regimes, all offer potentially significant speed-up over
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sequential methods. In particular, the variations presented here perform best for

small values of β and thus lend themselves to be introduced as part of the matching

strategy based preconditioners. For the case of small β we see little or no difference

between the iteration counts of S2 and our variants Ŝ2 and S2. However our variants

could be completed in parallel over time and theoretically could be computed up to

` times faster.
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Conclusion

In this thesis, we have examined the solution of time-dependent PDE problems

through the use of preconditioned iterative methods. We have focussed on solu-

tion of the all-at-once system, whereby we solve for all time-steps simultaneously in

a large, block matrix system. By using the all-at-once system, we were able to de-

velop preconditioners which have the ability to be parallelized over time. One method

which achieved this was simply using the block diagonal of the system as a precon-

ditioner. Using this block Jacobi style preconditioner is by no means an original

approach, however, the use in this context and the accompanying analysis of minimal

polynomials and achieving termination bounds for an appropriate iterative method,

are new. Furthermore, we were able to show that even when the preconditioner is

applied approximately, we achieve a similar convergence despite our minimal polyno-

mial theory not applying. This phenomenon, whereby the Jordan form of a nearby

matrix is influencing the convergence behaviour is, in our opinion, worthy of further

study.

By taking advantage of the block Toeplitz structure of the all-at-once system, in

Chapter 4 we developed block circulant preconditioners, which also have the potential

to be parallelized over time. Despite being a non-symmetric problem, we were able to
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determine that the total number of distinct eigenvalues of the preconditioned system

was independent of the number of time-steps `. Thus, an appropriate Krylov subspace

method would terminate in at most a number of steps independent of `.

It was the preconditioners developed for the forward problem in these chapters

which motivated the preconditioners for time-dependent optimal control problems.

The proposed preconditioners were based on block diagonal Schur complement based

preconditioners and, as such, were able to be implemented within Minres. By re-

placing the all-at-once system of the forward problem with either the block diagonal

or circulant preconditioner (and the transpose of these matrices for the backward

problem) within the two Schur complement approximations we were able to obtain

four new preconditioning strategies. All of these strategies could be implemented in

parallel over time and, therefore, could theoretically achieve significant speed-up to

the existing preconditioners considered. Approaches based on the matching strategy

were the most robust and, in general, the parallelizable preconditioners performed

best for small values of the regularization parameter β. In fact for small values of

β, there was little or no difference in iteration counts between the existing precon-

ditioners and the parallelizable variations. Thus, in this parameter regime, there is

no advantage to using the original sequential preconditioners even in the absence of

parallel implementation. We note that preconditioners do not always perform well

for the normal equations, even if they are effective for the original system. It is,

therefore, noteworthy that our preconditioners are proven to work well within both

the forward problem and optimal control settings.

As our parallelizable in time preconditioners are simply used within an existing

Krylov subspace method, implementation is relatively straightforward and does not

rely on an understanding of more complex parallel solvers. Thus, we hope that this

allows this type of preconditioner to be appealing to many researchers.

The preconditioners developed in this thesis could easily be extended to other

time-dependent problems which can be formulated in an all-at-once manner. Another

interesting area where this theory may be of use in the solution of non-linear time-

dependent PDEs and this would certainly be an interesting continuation of the themes

developed in this thesis.
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[4] W. Barthel, C. John, and F. Tröltzsch, Optimal Boundary Control of

a System of Reaction Diffusion Equations, ZAMM - Journal of Applied Mathe-

matics and Mechanics / Zeitschrift fr Angewandte Mathematik und Mechanik,

90 (2010), pp. 966–982.

[5] R. Becker and M. Braack, A Finite Element Pressure Gradient Stabi-

lization for the Stokes Equations Based on Local Projections, CALCOLO, 38

(2001), pp. 173–199.

[6] R. Becker and B. Vexler, Optimal Control of the Convection-Diffusion

Equation Using Stabilized Finite Element Methods, Numerische Mathematik,

106 (2007), pp. 349–367.

174



REFERENCES

[7] J.-D. Benamou and Y. Brenier, A Computational Fluid Mechanics So-

lution to the Monge-Kantorovich Mass Transfer Problem, Numerische Mathe-

matik, 84 (2000), pp. 375–393.

[8] M. Benzi, G. H. Golub, and J. Liesen, Numerical Solution of Saddle Point

Problems, Acta Numerica, 14 (2005), pp. 1–137.

[9] M. Benzi, E. Haber, and L. Taralli, A Preconditioning Technique for a

Class of PDE-Constrained Optimization Problems, Advances in Computational

Mathematics, 35 (2011), pp. 149–173.

[10] M. Benzi and V. Kuhlemann, Chebyshev Acceleration of the GeneRank

Algorithm, Electonic Transactions on Numerical Analysis, 40 (2013), pp. 311–

320.

[11] A. Borzi and V. Schulz, Computational Optimization of Systems Governed

by Partial Differential Equations, SIAM, 2012.

[12] J. Boyle, M. D. Mihajlovic, and J. A. Scott, HSL MI20: An Efficient

AMG Preconditioner for Finite Element Problems in 3D, International Journal

for Numerical Methods in Engineering, 82 (2010), pp. 64–98.

[13] D. Braess and P. Peisker, On the Numerical Solution of the Biharmonic

Equation and the Role of Squaring Matrices for Preconditioning, IMA Journal

of Numerical Analysis, 6 (1986), pp. 393–404.

[14] S. Brenner and L. R. Scott, The Mathematical Theory of Finite Element

Methods, vol. 15 of Texts in Applied Mathematics, Springer-Verlag New York,

3rd ed., 2008.

[15] W. Briggs, V. Henson, and S. McCormick, A Multigrid Tutorial: Second

Edition, Society for Industrial and Applied Mathematics, 2000.

[16] A. N. Brooks and T. J. Hughes, Streamline Upwind/Petrov-Galerkin For-

mulation for Convection Dominated Flows with Particular Emphasis on the

175



REFERENCES

Incompressible Navier-Stokes Equations, Computer Methods in Applied Me-

chanics and Engineering, 32 (1982), pp. 199–259.

[17] R. Chan and X. Jin, An Introduction to Iterative Toeplitz Solvers, Society

for Industrial and Applied Mathematics, 2007.

[18] T. Chan, An Optimal Circulant Preconditioner for Toeplitz Systems, SIAM

Journal on Scientific and Statistical Computing, 9 (1988), pp. 766–771.

[19] S. S. Collis and M. Heinkenschloss, Analysis of the Streamline Up-

wind/Petrov Galerkin Method Applied to the Solution of Optimal Control Prob-

lems, CAAM TR02-01, (2002).

[20] M. Desai and K. Ito, Optimal controls of navier–stokes equations, SIAM

Journal on Control and Optimization, 32 (1994), pp. 1428–1446.

[21] I. Duff, A. Erisman, and J. Reid, Direct Methods for Sparse Matrices, Nu-

merical Mathematics and Scientific Computation Series, Oxford Science Publi-

cations, 1989.

[22] J. Duintjer Tebbens and G. Meurant, Any Ritz Value Behavior Is Pos-

sible for Arnoldi and for GMRES, SIAM Journal on Matrix Analysis and Ap-

plications, 33 (2012), pp. 958–978.

[23] , Prescribing the Behavior of Early Terminating GMRES and Arnoldi It-

erations, Numerical Algorithms, 65 (2014), pp. 69–90.

[24] H. Egger and H. W. Engl, Tikhonov Regularization Applied to the Inverse

Problem of Option Pricing: Convergence Analysis and Rates, Inverse Problems,

21 (2005), pp. 1027–1045.

[25] H. Elman, D. J. Silvester, and A. J. Wathen, Finite Elements and

Fast Iterative Solvers: With Applications in Incompressible Fluid Dynamics,

Numerical Mathematics and Scientific Computation, Oxford University Press,

Oxford, 2nd ed., 2014.

176



REFERENCES

[26] H. C. Elman, A. Ramage, and D. J. Silvester, Algorithm 866: IFISS,

a Matlab Toolbox for Modelling Incompressible Flow, ACM Transactions on

Mathematical Software, 33 (2007), pp. 2–14.

[27] H. C. Elman, A. Ramage, and D. J. Silvester, IFISS: A Computational

Laboratory for Investigating Incompressible Flow Problems, SIAM Review, 56

(2014), pp. 261–273.

[28] M. Emmett and M. Minion, Toward an Efficient Parallel in Time Method

for Partial Differential Equations, Communications in Applied Mathematics

and Computational Science, 7 (2012), pp. 105–132.

[29] R. Falgout, S. Friedhoff, T. Kolev, S. MacLachlan, J. Schroder,

and S. Vandewalle, Multigrid Methods with Space-Time Concurrency. Sub-

mitted, 2016.

[30] R. D. Falgout, S. Friedhoff, T. V. Kolev, S. P. MacLachlan, and

J. B. Schroder, Parallel Time Integration with Multigrid, SIAM Journal on

Scientific Computing, 36 (2014), pp. C635–C661.
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mal Control of Diffusion-Convection-Reaction Equations using Discontinuous

Galerkin Methods, in Numerical Mathematics and Advanced Applications 2011,

Springer Berlin Heidelberg, 2013, pp. 389–397.

186


	Introduction
	Background
	Solution of Time-Dependent Problems
	Discretization
	All-At-Once Methods
	Convection-Diffusion Equation

	Iterative Methods
	Simple Iterations
	Chebyshev Semi-Iteration

	Multigrid
	Other Multigrid Methods

	Non-Symmetric Krylov Subspace Methods
	GMRES
	BiCGStab

	Symmetric Krylov Subspace Methods
	MINRES

	Normal Equations
	LSQR
	Preconditioning the Normal Equations


	Solution of Toeplitz Systems
	Circulant Preconditioning


	Block Diagonal Preconditioners
	Proposed Approach
	Convergence Analysis
	Method Modifications
	Block Modification
	Subdiagonal Modification
	Comparison of Methods

	Normal Equations
	Numerical Results
	Heat Equation
	Smooth Test Problem
	Non-Smooth Test Problem

	Convection-Diffusion Equation
	Variable Vertical Wind
	Double Glazing Problem


	Summary

	Circulant Based Preconditioners
	Motivation and Model Problem
	Kronecker Product Form
	Simultaneous Diagonalization
	Multi-Step Methods

	Symmetrized System
	Eigenvalue Analysis

	Non-Symmetric Systems
	Numerical Results
	Heat Equation
	Convection-Diffusion Equation

	Conclusions
	Comparison of Block Diagonal and Circulant Based Preconditioners


	Background to Optimal Control
	Poisson Control Problem
	Discretization and Optimization
	Preconditioning for Saddle Point Problems
	Schur Complement Approximations
	Preconditioner Approximations

	Time-Dependent Optimal Control Problems
	Heat Control Problem
	Discretization and Optimization
	Preconditioning for Time-Dependent Problems

	Summary

	Heat Control Problem
	Dropping Strategy Based Preconditioners
	Block Diagonal Variation
	Circulant Based Variation

	Matching Strategy Based Preconditioners
	Block Diagonal Variation
	Circulant Based Variation

	Summary of Eigenvalue Bounds
	Numerical Results
	Conclusions

	Convection-Diffusion Control Problem
	Problem Derivation
	Dropping Strategy Based Preconditioners
	Block Diagonal Variation
	Circulant Based Variation

	Matching Strategy Based Preconditioners
	Block Diagonal Variation
	Circulant Based Variation

	Summary of Eigenvalue Bounds
	Numerical Results
	Conclusion

	Conclusion

