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Abstract

In this thesis, we examine the solution to a range of time-dependent Par-
tial Differential Equation (PDE) problems. Throughout, we focus on the
development of preconditioners for the all-at-once system, which solves for
all time-steps in a single coupled computation. The preconditioners de-
veloped are used with existing iterative methods and, due to their specific

block structure, could be applied in parallel over time.

We first develop solvers for the heat equation and the transient convection-
diffusion equation. For both of these forward problems, the all-at-once
system is non-symmetric. Despite this, in certain cases, we are able to
provide rigorous termination bounds for non-symmetric iterative methods,

contrary to what is generally possible for non-symmetric systems.

The ideas developed for evolutionary PDEs are extended to develop pre-
conditioners for time-dependent optimal control problems. By incorpo-
rating the methods designed for the forward problem, we are able to de-
velop block diagonal Schur complement based preconditioners, which also
could be implemented in parallel over time. We provide extensive eigen-
value analysis for each preconditioner and demonstrate their effectiveness
through numerical computations for a variety of problems. We are able
to describe solvers which are robust to various parameters, including the

mesh size and number of time-steps.
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CHAPTER 1

Introduction

The study of partial differential equations (PDEs) is prevalent across a diverse range
of subjects. From engineering and finance to medicine and biology, PDEs are used to
model some of nature’s most interesting phenomena. Often, for these applications,
it is not the state at equilibrium which is of most importance, but rather how the
system changes through time. For this reason, time-dependent PDE problems are of
great importance to the scientific community.

Such problems require further consideration and typically more computational
work than a steady state problem. One such consideration is that in order to discretize
a time-dependent problem, it is possible to use either an explicit or implicit time-
stepping scheme. With an explicit scheme, restrictions are usually placed on the
size of the time-steps that can be taken in order to maintain numerical stability. In
contrast, implicit schemes are typically stable, often unconditionally, and therefore
often are favoured for problems with a long time scale as larger time-steps can be
taken. However, as the solution at each time step of an explicit scheme relies only on
information from a previous step or steps, parallelization across the spatial domain
can be readily achieved. This is not the case for implicit schemes.

Another aspect of evolutionary problems is that they are inherently sequential.
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One must know the solution at a given step before it is possible to compute the
solution at the next point in time. This means that any type of parallelization in
time is typically difficult for both implicit or explicit schemes. This type of system
is non-self-adjoint, regardless of the differential operator. This is due to the fact
that, even for spatially symmetric operators such as diffusion, the system is naturally
progressing forwards in time and is thus non-self-adjoint in the space-time domain.

In this thesis, we will examine only linear time-dependent PDEs. In order to solve
these problems, the simplest approach would be to find the solution at each time-step
sequentially. If there were n degrees of freedom in an appropriate spatial discretiza-
tion and ¢ time-steps in the temporal discretization, this corresponds to solving /¢
linear systems of size n x n. Another approach would be to solve for all time-steps
simultaneously in one coupled computation. This is able to be done by construct-
ing the so-called ‘all-at-once’ system, which is a single linear system of size nf x n/
which describes the solution at all time-steps. The coefficient matrix is naturally
block structured and block lower triangular. Importantly, it is not required to con-
struct this matrix explicitly in order to solve the system using an iterative method.
Rather, all that is required is the spatial discretizations and a ‘recipe’ for completing
a matrix-vector multiplication with the all-at-once matrix.

Many solution methods exist for such large, sparse problems [99]. In particular,
iterative methods excel when matrix-vector multiplications are relatively cheap and
this is the case for large, sparse matrices. However, preconditioning is typically of
utmost importance to ensure that convergence is rapid for such methods. Precon-
ditioners are designed so that the preconditioned system will have more favourable
properties for the iterative method than the original system, while the preconditioner
itself must be relatively easy to apply. In particular, we seek methods which have a
total number of iterations independent of the problem parameters so that the cost
of each iteration scales linearly with the total number of degrees of freedom. This
is generally referred to as an optimal solver. Often the most important parameter,
for which iteration counts should be independent, is the number of spatial degrees
of freedom n. However, for time-dependent problems, it may also be highly desir-

able to achieve iteration numbers independent of the number of time-steps ¢. Thus,
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both cases should be considered for the development of methods for time-dependent
problems.

As previously stated, the all-at-once system will always be non-symmetric. Typ-
ically it is much harder to prove robust convergence bounds for iterative methods
for non-symmetric problems. This is because, unlike for symmetric problems, the
eigenvalues of the preconditioned system alone will not determine convergence of an
iterative method. In fact as shown by Greenbaum, Ptak, and Strakos in [44], for a
given set of eigenvalues, any (monotone) convergence curve is possible for GMRES for
termination at the n-th step. However, for non-symmetric systems, we are able to
make some statements about the termination of iterative methods if the structure of
the Jordan form is known or diagonalizability is assumed. This will be the case for
the preconditioners developed in Chapters [3]and [d] However, for practical implemen-
tation, these preconditioners will only be applied approximately through the use of
a multigrid process. While convergence theory based on Jordan structure can be de-
veloped for the exact preconditioner, this will not be the case for the approximation
as it is well known that the Jordan structure of a matrix is unstable to perturba-
tion. However, in numerically testing we see convergence almost equal to what was
predicted for the exactly applied preconditioner. This idea that the Jordan form of
a nearby matrix may somehow influence convergence is an interesting concept. A
similar type of concept is investigated in [102] but this phenomenon, to the best of
our knowledge, remains largely unstudied.

When we think of time-dependent problems in a sequential fashion we tend to
think that any parallelization over time will be limited. This is not to say however that
methods have not been developed for such problems; space-time multigrid methods
[28, 53, [75], the parareal algorithm [65] and domain decomposition methods [36, 48]
are examples of possible approaches. However, when we consider a time-dependent
problem as simply a large, block matrix system, we are in the realm of problems with
which the numerical analysis community is intimately familiar. It is with this concept
in mind that we have developed preconditioners for such problems which also have
the potential to be applied in parallel. These preconditioners can then be used with

existing iterative methods.
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While constructing an all-at-once system is not typically done for time-dependent
PDESs, which we will refer to as the forward problem, it is often used in time-dependent
optimal control problems [3, 9} 86}, 87, [105] 108, 109, 113], T21]. The optimal control, or
PDE-constrained optimization, problems considered here, aim to find a control which
ensures that the state variable is as close to a known desired state as possible, under
the influence of a PDE. There are other types of optimal control problem which do
not have this desired state property but instead aim to minimise a particular aspect
of the problem. A common example is a drag minimisation problem, which aims to
minimise drag on an object while under the influence of fluid flow PDEs such as the
Navier-Stokes equation (see for example [20, [35,39]). These types of problems will not
be considered in this thesis. For time-dependent problems, the optimization problems
need to visit each time-step and it is, therefore, natural to construct an all-at-once
system in this context. Furthermore, in the optimization context, the adjoint of the
constraint PDE is required. As we discussed, time-dependent problems are always
non-self-adjoint, however, if care is taken, the discretization of adjoint problems can
correspond to the matrix transpose of the all-at-once system for the forward problem.
The adjoint, in this case, can equally be thought of as the backwards problem or a final
value problem. Thus, within a time-dependent optimal control problem, we require
the solution to the all-at-once system for a time-dependent PDE and its transpose.
It is, therefore, advantageous to study the solution of such problems, even though in
the context of simply the forward problem this is typically not done.

When it comes to the solution of optimal control problems, we find that the
overall linear system is of saddle-point form. This is a well-studied area of linear
algebra and many preconditioners have been developed for such problems [8]. Many
of the preconditioners developed use the Schur complement of the system with a
preconditioner. If we let the all-at-once system of the forward problem be given by
the matrix A, then the Schur complement effectively includes a term of the form
AT A. One might assume that if we have developed an effective preconditioner P for
the matrix A, then PTP might be an effective preconditioner for AT A. In general,
however, this is not the case. In fact, it was shown by Braess and Piesker in 1986 [13]

that even for a small symmetric, positive definite example, PTP can be arbitrarily
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bad as a preconditioner for AT A when P is effective for A. Thus developing effective
approximations to the Schur complement can often be more challenging than simply
finding an effective approximation to the forward problem. However, this is typically
the starting point. In this thesis, we will examine preconditioners for the forward
problem and then use these ideas to develop analogous preconditioners for the time-
dependent optimal control context.

This thesis is structured as follows. In Chapter [2| we will provide the necessary
background theory required for the study of the time-dependent problems considered.
This includes the formation of the all-at-once linear system through the use of the
finite element method and temporal discretization using implicit schemes. We will
also provide background to the iterative solvers used and details of the relevant con-
vergence bounds, as well as an introduction to circulant preconditioners for Toeplitz
systems which will be used to motivate preconditioners developed in Chapter [l In
Chapter [3, we will investigate the effectiveness of a simple block diagonal precondi-
tioner for the forward problem through both supporting theory and numerical results.
We continue to investigate the forward problem in Chapter 4] where we use the block
Toeplitz structure of the all-at-once system to motivate block circulant precondition-
ers, which also have the ability to be applied in parallel over time.

In order to discuss time-dependent optimal control problems, we will provide an
overview of such problems in Chapter This will begin by looking at the steady-
state Poisson control problem and then extending the ideas developed to the time-
dependent heat control problem. We will incorporate the ideas developed for the
forward problem in Chapters |3 and [4] to develop preconditioners for the heat control
problem in Chapter [6, Through both eigenvalue analysis and numerical results, we
will examine the effectiveness of each preconditioner for a range of parameter values.
In Chapter[7] we extend these ideas to the time-dependent convection-diffusion control
problem. Many additional considerations have to be made for the convection-diffusion
control problem, due to the need for stabilization methods as well as the spatial non-
self-adjointness of such problems. These considerations will be discussed and both
theoretical convergence bounds and numerical results presented. Concluding remarks

and suggested future work will be provided in Chapter



CHAPTER 2

Background

In this chapter, we introduce some relevant background concepts crucial to the so-
lution to time-dependent PDE problems. In Section [2.1, we detail the discretization
of time-dependent problems, firstly through the use of the finite element method for
spatial discretizations, and secondly, by using implicit time-stepping schemes for tem-
poral discretization. We also introduce the concept of all-at-once solution for such
problems. These concepts will be introduced for both the heat equation and the
time-dependent convection-diffusion equation.

In Section we discuss the solution to linear systems using iterative methods.
The concept of preconditioning is introduced; we also introduce iterative methods,
such as Chebyshev semi-iteration and multigrid, which can be used as preconditioning
techniques. We then discuss iterative solvers for both non-symmetric and symmet-
ric problems. The time-dependent PDE problems discussed in Chapters [3| and
will require non-symmetric solvers, while the optimal control problems examined in
Chapters [6] and [7] will use symmetric solvers.

Lastly in Section [2.3] we introduce the theory of circulant preconditioners for
Toeplitz matrices upon which the block circulant preconditioners discussed in Chap-

ter [4] will rely.
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2.1 Solution of Time-Dependent Problems

Perhaps the most fundamental time-dependent PDE problem is the heat equation.
As indicated by the name, one practical application of this equation is to model the
temperature distribution u, in a spatial domain 2, subject to an external heat source
f. However, it can also describe many other situations where diffusive effects arise
(see for example [80]).

For simplicity of derivation we will restrict ourselves to the problem with Dirichlet

boundary conditions given by

u-Vu=f inQx(0,T], QcR?orR?
u=g ondx(0,T], (2.1)

u(z,0) = ug.

In this formulation, u is the state variable while f describes the forcing on the system.
The spatial domain specified can either be two- or three-dimensional and all theory
provided in this thesis will apply to a general d-dimensional system, although we will

only provide numerical results for 2D systems.

2.1.1 Discretization

Throughout this thesis, we will use the finite element method to spatially discretize the
problems considered. We will provide a brief overview of this method here, however,
for a more complete explanation we refer the reader to [14], 25, 02]. The finite element
method requires the weak form of the problem, however, in order to specify this, we
first describe several spaces from which our solution and test functions will be drawn.

We will begin by defining our test space. Let H!(2) be the Sobolev space of
functions v such that v € Ly(€2) and the first weak derivative of v is also contained in

Ly(€2). We then define the test space to be,
Hy, () :={v e H (Q)|v=00n00}. (2.2)

Since we are investigating a time-dependent problem, our solution space must also
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involve a time component. At each time ¢, we have that u(t) € H}, where this set is

defined as,
HE(Q) = {u(t) e H (Q)|u(t) =g on 89}. (2.3)

Thus u : (0,7] - H;(2) and the solution will be an element of the Bochner space
Ly(0,T; Hi(2)). Now since V2u(t) € H™1(2) where H~1(Q) is the dual space of
H1(€2), this implies that f(¢) and wu;(t) must also both be elements of H=1().

In the usual fashion, we obtain a weak formulation by multiplying by a test func-
tion v and integrating over ). This results in a weak formulation of given
by:

Find u e Ly(0,T; HL(Q?)) for ¢ € (0,7] such that
fQut(t)v n fgw(t) Y= fo(t)v, voeHL (). (2.4)

At this point, we will consider the temporal discretization. Time-stepping schemes
can be generally classified as either explicit or implicit schemes. Explicit schemes use
only the values at the previous time-steps to solve for the current time; implicit
schemes use values from both previous and current time-steps. It is well known that
explicit schemes require restrictions on the size of the time-step size 7 to ensure
stability, which will depend on the spatial grid size [55] [56]. Thus for small spatial
grids, only small time-step sizes are able to be taken and consequently, a lot of time-
steps will be needed to reach the final time.

Instead, we will use an implicit method which is stable and thus enables larger
time-steps to be taken. Explicit schemes do have the advantage of easily incorpo-
rating parallelization in the spatial domain, while this is not possible for implicit
schemes. For either scheme, each time-step depends directly on the solution at the
previous time-step and, therefore, it appears that each time-step must be computed
sequentially.

For this description, we will use the general class of time-stepping schemes known

as @-schemes. The scheme will be implicit when the parameter 6 € (0,1] and is
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typically unconditionally stable when 6 is between % and 1. The case when 6 = %
is equivalent to the trapezoidal rule or Crank-Nicolson scheme and when 6 =1 it is
equivalent to the Backwards Fuler scheme. If we consider constant time-steps of size
7 with T' = 7¢ we can define u* to be the solution at time ¢ = k7.

Thus, using a #-scheme to discretize in time and for simplicity assuming that the

forcing f is constant in time, we can write the discretized form of (2.4]) as

uk+l —qk
f—v+€fVuk+1~VU+(1—9)[VU’“-VU
Q T Q Q

=/qu, Vo ety (Q), (2.5)

for k=0,1,...,¢—1. It is now time to describe a finite dimensional approximation
to this weak form. We assume that V' ¢ Hp, () is a finite n-dimensional vector
space of test functions for which {41, ¢s,...,¢,} is a convenient basis. As we have
assumed Dirichlet boundary conditions, we need to extend the space in order to
describe the boundary data. To do this we define functions @1, ... ¢p+n, and coef-
ficients U1, ..., Upan, such that Z;l:s 9, U,¢; interpolates the boundary data. Thus

our solutions at each time-step will be from the space

n+ngy

Vi =span{¢1,¢o,....0n} + . U;o;, (2.6)

j=n+1
and the finite element approximation at the time-step k is given by uf € V2. This
can be uniquely determined by the vector u = (Uy,...,U,)" of unknown coefficients

in the expansion

n n+ng
uﬁ = z;lj;¢y + 4}:1ljj¢ﬁ- (2.7)
j= j=n+

This type of discretization for time-dependent systems is referred to as Faedo-Galerkin
method and a more extended explanation can be found for example in [101,92]. Using

this approximation, we now have an discrete approximation to the weak formulation:
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For k=0,...,£-1 find u, € V}* such that

b

k+1

vh+9fVuk+1 Vvh+(1—9)/QVuZ~Vvh

=[vah, Vop € V. (2.8)

Substituting in the approximation (2.7) and the test functions into ({2.8]), then for
each time-step k, we find that this is equivalent to solving for U f*l forj=1,...,n

where

n+ng ( k+1

2, ————

j=1

k) n+ng
= [0+ 3 (Ut (-0 [ vor-veis [ fo (29)
j=1
for 2+ =1,...,n. This is equivalent to solving the following linear system
(M +0rK)ugy =(M - (1-0)7K)uy +7f +d, (2.10)

for k=0,...,/—1 where

K = [ki;] e Rv™, kij = fQ Vo,V (2.11a)

M =[mi;] e R™, mij = [Q¢j¢i (2.11b)

f=[f]eR", fi= [ 1o (2.11¢)

uy, = [uF] e R, b=U (2.11d)

d=[b]eR", d; = - nznal U,ve; Vo (2.11¢)
Pt

It still remains to make a choice of our basis functions ¢;. For the problems we
will consider numerically, the domain 2 will be square although this is by no means
a requirement of our methods. The natural spatial discretization on a square grid is
to divide the square into a grid of smaller squares such that each one has a height
equal to h. A plot of such a grid is given in Figure We note that this type of
discretization could be easily generalized to 3 dimensions by constructing a grid of

cubes as well as to more general quadrilaterals (see [25, Section 1.3] for more detail).

10
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Figure 2.1: Q1 finite element grid on the domain Q= [-1,1] x [-1,1].

We define our basis functions ¢; to be the bilinear functions such that at point x;

we have
¢i(x;) = dij,

where §; ; is the Kronecker delta function. These elements are referred to as Q1 finite
elements. As is also quite common, we also could divide our domain into a series of
triangular (or tetrahedral) elements. If we defined linear elements in a similar way
on such a grid, then we refer to these types of elements as P1 finite elements.

As ¢; has been chosen such that it has small support, it is evident that many
entries in both the mass matrix M and the stiffness matrix K will be zero. This
sparsity will be particularly useful for our solution with iterative methods. It is
also possible to state information relating to the spread of eigenvalues of each of the

matrices.

Theorem 2.1 [25] Proposition 1.29 and Theorem 1.32]. For a Q1 or P1 finite
element approzimation on a shape reqular, quasi-uniform subdivision of R% where

d € [2,3], then for the mass matriz M and the stiffness matriz K as defined in (2.11))

11
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we have

TN

1 he <VVTVV < coh? (2.12)
TK

dy he VVTVV < dyht?, (2.13)

for all v € R%, where h is the longest edge of the mesh or grid and ci,co,dy, and dy

are constants independent of h.

We can see from these bounds that all of the eigenvalues of M will behave like h¢
and, therefore, M is spectrally equivalent to the identity matrix scaled by a factor
of hd. This is not the case, however, for the stiffness matrix, as we expect the
minimal and maximal eigenvalues of K to differ by a factor of h2. We will return to
these bounds at several points during this thesis in order to bound the eigenvalues of

matrices made up of mass and stiffness matrices.

2.1.2 All-At-Once Methods

We have seen that we can solve the heat equation by constructing a series of linear
systems which we solve sequentially. We can think of the approach as the classical
or traditional method for solving such a problem. Another alternative however, is to
solve for all time-steps simultaneously by constructing the ‘all-at-once’ system. With

constant time-steps we can easily do this be rewriting the series of equations described

in [210) as

Au = b, (2.14)
where
[ A ] [y, | [ 7f +d - Bug
B A Uy f+d
A — , u= , b = s (215)
i B A_ [ u | | f+d |

with A= M +607K, B=-M+ (1-6)7K and ug is the discretization of the initial

conditions. We note that this system is now immense; rather than solving ¢ linear

12
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systems of size n x n, we are solving one system of size nf x nf.

The matrix A is lower block triangular and thus one method for solving such a
system would be to perform block forward substitution. We note that using this
method would correspond exactly to solving the series of equations in the
sequential manner described in the previous section.

Alternatively, we can treat the system as a whole and turn to iterative methods
to solve this large, sparse system. This is perhaps an unusual approach for a time-
dependent system, however, we will see in Chapter [5|that it is a common approach for
time-dependent PDE-constrained optimization problems. For these problems, since
the optimization problem needs to visit every time-step of the state, it is somehow
natural to combine all of the time-steps in the one linear system. Indeed, an all-
at-once system for a heat control problem with the same discretization methods as
described here, will contain within it the exact matrix A described in ([2.15).

Just as we have for the 8-method, we can also easily describe the all-at-once system
for higher order time-stepping schemes such as the Backward Differentiation Formula
(BDF) methods. For example, using the 2-step BDF method the equations in (2.10))

are instead

2 4 1
(M+§TK)uk+1—§Muk+§Muk,1 =Tf+d, (216)
for £ =0,...,£ -1, noting that in this case we require two initial conditions uy and

u_;. The all at once system in this case is given by,

Ao
Ay A
Appra =4y . - ) (2.17)

Ay Ay A

with AO = M+%7'K, Al = —%M and A2 = %M
In addition to being block lower triangular, it is evident that these matrices are

also block Toeplitz, i.e. a matrix with blocks repeated along the diagonals. This is
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only the case as we have taken constant time-step sizes 7. It is certainly possible
to construct the system with non-constant time-steps, however, we would lose block
Toeplitz structure in this case. Furthermore, we would require the size of all time-steps
to be known in advance; this is typically not the case with adaptive time-stepping.
These issues are some of the main drawbacks of using the all-at-once method for
time-dependent problems.

Another issue that arises with all-at-once methods is their extensive memory re-
quirements. Although, as previously stated, it is not required to store the entire nfxnf
coefficient matrix A, the solution at all times-steps is stored. For large problems, in
particular the optimal control problems discussed later in this thesis, this can be pro-
hibitive. Several methods have been proposed for this issue including check pointing
[45], multiple-shooting [52], and low-rank approaches [106]. We have not investigated
any of these methods here and will assume throughout that sufficient storage is avail-
able for our methods. We see no reason, however, that methods such as the low-rank
approach of Stoll and Breiten in [I06] could not be used combined with our proposed

approaches for the solution of optimal control problems discussed in Chapters [6] and

[

2.1.3 Convection-Diffusion Equation

An extension of the heat equation, which models simple diffusive effects, is the time-

dependent convection-diffusion problem. This can be stated as

uy - eVu+w-vVu=f inQx(0,7], QcR*orR?
u=g  omox(0,T) (2.15)

u(x,0) = uy,

where € > 0 and w is the velocity with which the state, u, is being convected. As a
simple example, consider u as a pollutant which is being transported by the velocity
of the containing fluid, while simultaneously being subject to diffusive effects. Typi-
cally for practical application, the effect of diffusion is minimal in comparison to the

convection and therefore we typically assume that e < ||w]| [25]. Additionally, we
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assume that the velocity is divergence free so that V-w = 0. For simplicity, we have
assumed Dirichlet boundary conditions, however, other conditions could be applied
and once again we assume that the forcing is constant in time.

As with the heat equation, we require solutions u(t) to be from the space H}, ().

Thus, the weak formulation of this problem is the following:

Find u € Ly(0,T;H1,(£2)) such that for ¢ € (0,77,
[)ut(t)%ev/;l Vu(t)~Vv+'/Q(w-Vu(t))v = fov, Vo eHp (Q). (2.19)

To discretize this problem, we will again use Galerkin finite elements and for sim-
plicity, we will restrict ourselves to Backward Euler time-stepping (6 = 1), although
this is by no means required. Using the approximation for u, from (2.7) we obtain

the following linear system
Muy,1 — Mug +7(e K + N)ug,, = 7f +d, (2.20)

where M and K are the standard finite element mass and stiffness matrices as defined
in (2.11). The terms f and d describe the forcing f and the boundary conditions as
also defined in ([2.11)). We also have the effects of the convective term incorporated

in the matrix N € R™" defined as

One property of the convection-diffusion equation is that boundary or internal
layers may be present in the solution. If the grid on which the solution is discretized
is not sufficiently fine, it will not be able to accurately represent this layer and os-
cillations can appear in the numerical solution, typically for small e. Furthermore,
in some cases these oscillations can be propagated by the velocity field resulting in
oscillations in all areas of the domain and not just limited to the region around the
layer [71].

In order to account for this, various stabilization methods have been proposed

which add an additional term T to the discretization to mitigate potential oscillations.
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This results in solving
Muk+1 —Muk+7'f("uk+1 27’Ek+d, (222)

where K = eK + N + T and f is often also redefined with additional terms.

One popular stabilization approach is the Streamline Upwind Petrov-Galerkin
(SUPG) method which was introduced by Hughes and Brooks [54]. This method
is widely discussed in the literature, for example, for the forward problem in [25] [34]

and for the control problem in [19, 50, 94]. For this method we define

T:[Tz%]ERnxnv Tz%:6L(W'v¢i)(w'v¢j)_Gézk:Ak(v2¢i)(w'v¢j) (2'23>
£=[fi]eR", fi=[ﬂf¢i+o—f9fw.v¢i. (2.24)

The parameter ¢ is a stabilization parameter and is typically defined for each element

Ay individually. As suggested in [25] we define the parameter as

0 if Pe<1,
5= (2.25)

ﬁm@—ﬁ)ﬁ%>L

where Pe is the element Peclet number defined as

_hlwl

P
¢ 2¢

(2.26)

As pointed out in [94], the SUPG method is not adjoint consistent and for optimal
control problems, this is typically desired. We will discuss this further in Chapter [7]
Another method which is adjoint-consistent is the Local Projection Scheme (LPS)
discussed in [5, [6, 46, 86]. In LPS, we define

T=[r]eR™, =6 [ (w-Voi-m(w-96:) (w- V) - m(w-Vey) (227)

E=[f]eR  fi= [ fou (2.28)
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where the stabilization parameter is given by

0 if Pe<1,
5= (2.29)
ﬁ if Pe > 1.

Here 7, represents an Lo-orthogonal projection operator which we will define on
patches of our domain. If we consider Q1 finite elements on an equally spaced mesh,
then we can divide into patches of two elements in each direction. On each patch we
define 7, (v), to be equal to the integral of v over this patch divided by the area of
the patch.

For the diffusion operators considered in the previous chapter, we were able to
provide bounds on the quadratic form of the stiffness matrix K. This is not the
case for K. However, it is known that eX + T is positive semi-definite and that N
is skew-symmetric [25]. This leads to the positive semi-definiteness of the symmetric
part of K, defined as %(I? + K 7) and this result will be used to prove certain results
in Chapter

Either method of stabilization results in the series of linear systems described in
(2.22]) which, as for the heat equation, could be solved in a sequential manner or in
an all-at-once fashion. In either case, we will require the solution of a linear system,
typically achieved via iterative methods. In the following section, we will describe
in more detail the iterative methods which may be utilized for the solution of the

systems described here.

2.2 Iterative Methods

Suppose we wish to solve the system
Ax =D, (2.30)

where A € R"*" b € R” and, as is often the case when solving PDE problems, A is
large and sparse. Perhaps the most common methodology for solving linear systems

of equations is to use a direct method. A direct method computes the solution by
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Gaussian elimination, typically through the use of an LU-factorization. For a dense
matrix however, the solution requires §n3 flops (to highest order), which can be
reduced to 2m?n flops for a banded matrix with bandwidth m [43]. For an overview
of such methods see [21].

Importantly, direct methods do not maintain the sparsity of A and instead factor-
ization can fill in many entries. Another approach which is regularly used for large,
sparse matrices is to use iterative methods. These approaches produce a sequence
of iterates {x;} which will, hopefully, converge to the solution. In order to obtain
each iterate, the matrix A is only visited using matrix-vector products and, when A
is sparse, these are relatively cheap to compute. Additionally, often the solution is
only required to be accurate up to a certain tolerance and iterative methods can be
terminated when this tolerance is reached, thereby reducing the total work required.
As the matrices considered in this thesis will typically be large and sparse, we will
utilize only iterative methods for solution of our systems.

However, iterative methods are not always successful in a short amount of time.
Therefore, one of the most important practical aspects of iterative methods is the
use of preconditioning. At a fundamental level, preconditioning aims to transform
the system into one which has characteristics which improve the convergence of the
iterative method.

Let us consider the invertible matrix P as our preconditioner. The left-preconditioned

system would be

P Ax = P'b, (2.31)

or alternatively P could be applied as a right-preconditioner where
APy =b, y=Px (2.32)

The preconditioned system should now be easier to solve; the process of applying
the preconditioner should also be easy compared with solving with A. In order to

illustrate this point we can consider the two extreme cases:

e P =1: In this case, P is easy to invert but the preconditioned system is un-

changed.
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e P = A: In this case, the system is now solved in one iteration but the precondi-

tioner is just as difficult to invert as A.

Therefore, we hope to find a P that is somehow a compromise between these two al-
ternatives. Preconditioners can also aim to approximate the inverse of A by being the
application of a few steps of certain iterative methods. These methods can typically
be thought of as the application of a linear operator and, therefore, can be thought
of exactly as if they were a matrix P.

We can also frame the role of preconditioners in the context of mappings between
spaces. Suppose that the solution vector x represents an element of the space X and
the matrix A is a mapping from X to its dual space X* or A: X — X*. Thus, we also
have that b € X*. If we use an iterative method to solve the original equation ([2.30)),
our right hand side b and our solution vector x are in different spaces. However, if
we construct a preconditioner P!, which is a mapping from X* to X, then for left
preconditioning we have that P~1A: X — X. Alternatively, for right preconditioning
we have that AP~!': X* - X*. In both of these cases, the iterative method is trying
to obtain a solution vector which is in the same space as the right hand side vector.
An in depth discussion of this approach to the preconditioning of discretizations of
elliptic and parabolic operators can be found in [59] or in more generality see [68].

The role of preconditioning is, therefore, undeniably important and the focus of
this thesis is to introduce effective preconditioners for iterative methods in order to
solve the partial differential equation problems considered. In order to do this, we
first introduce each of the iterative methods which will be used.

Two of the methods, namely Chebyshev semi-iteration and Multigrid, will be used
as preconditioners. For the outer method, we consider GMRES and BICGSTAB for
non-symmetric problems while for symmetric problems we utilize MINRES. We also
consider LSQR which solves the normal equations of the system. These methods are

introduced in the following sections.
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2.2.1 Simple Iterations

Perhaps the most elementary iterative method is appropriately known as a simple
iteration and is also sometimes referred to as a stationary or fixed point method. This

method is based on a matrix splitting of A such that
A=P-3%, (2.33)

where P is non-singular. We construct as sequence of iterates {Xj}j:12m by the
relation

PXJ = EXj,l + b, j = 1, 2, c. (234)

with a suitable initial guess xq. By simple manipulation it can be shown that P~13 =

I - P~'A and thus we can rewrite (2.34]) as
X; = (I - P_IA)Xj_l + P_lb. (235)

The matrix I — P~'A is known as the iteration matriz. We define the spectral radius

of a matrix C', denoted by p(C'), to be
p(C) =max {|\|: \is an eigenvalue ofC'} .

Convergence properties of this iteration can now be described by the following well

known theorem.

Theorem 2.2 [99, Theorem 4.1]. The iteration converges for any xo and b if
and only if p(I - P~1A) < 1.

In order for a preconditioner, P, to be effective for a simple iteration, it is crucial
that it reduces the spectral radius of the iteration matrix. This will be determined
by the choice of matrix splitting.

If we let A =D+ L+ U where D is the diagonal part, L is the strictly lower
triangular part and U is the strictly upper triangular part of A then we can define

the following possible splittings:

e Jacobi iteration (P = D): Here P will be easy to invert as it requires only the
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straightforward inversion of a diagonal matrix.

e Relazed Jacobi iteration (P = wD): Here we use a relaxation parameter w which,
if chosen appropriately, can reduce the spectral radius of I — P~'A or result in a

more effective smoother for a multigrid process as discussed later in this chapter.

o Gauss-Seidel iteration (P = D + L): Here we take the lower triangular part of

the matrix as the preconditioner.

If our matrix A was a block matrix, each of these methods could be converted to
the analogous block version. Then D would refer to the block diagonal matrix and
similarly for L and U. We note for block methods to work, we need that all the
matrices on the diagonal are invertible. For more discussion of these methods see for
example [2], 40].

A simple iteration will converge if p(I - P~1A) < 1, however, this does not imply
anything about the rate of convergence. Let e; denote the error at the j-th iteration

given by e; = x — x;. The error at the (j + 1)-th iteration will be given by
ej;1=(I-P1'A)e;
and taking norms on both sides we obtain the following inequality,
lejarl < |17 - P~ Allley]. (2.36)

Therefore at each iteration, the norm of the error will be bounded by at least a factor
of |I - P~1A| times the error at the previous iteration. If |/ — P=1A| <1 it naturally
follows that the error will be reduced at each iteration. The norm here could be any
vector induced matrix norm; a common choice is the standard Euclidean norm (or
2-norm). For normal matrices, the 2-norm coincides with the spectral radius and
therefore the error would be reduced by a factor of p(I — P~'A) at each iteration.

However, for non-normal matrices we can have the situation that

p(I-P1A) <1< |I-P1A|.
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In this case, the error can grow for a finite number of iterations before ultimately
converging. This means, however, that we have no way of knowing the error after
a fixed number of iterations; as a consequence, the number of iterations required
to achieve a desired accuracy cannot be determined a priori. This is not the case,

however, for the following method which makes it ideally suited as a preconditioner.

2.2.1.1 Chebyshev Semi-Iteration

Suppose we have a series of iterates {Xj}j:1 , from a simple iteration as described
above with iteration matrix I — P~1A. It is reasonable to believe that by combining
information from all of these iterates we may be able to obtain a better approximation

y; to the real solution x. Thus we define,

J
Yj = ) iX;. (2.37)
i=1

We can think of the coefficients «; as defining a polynomial p; of degree j. If x; = x
for all j then we should have y; = x so this implies the condition that 23:1 a; = 1.
This condition could equally be written as requiring p;(1) = 1.

It can be shown that
ly; = x| < [p;(I = P~ A) | x = %0, (2.38)

thus for fast convergence we would like to minimize |p;(/ - P~tA)|. If we assume
that the iteration matrix is symmetric and has eigenvalues \; contained in the interval

[a,b] where —1 <a and b < 1 then we have

Ips ()] = e s (0] < max [, (V) (2:39)

Thus, in order to ensure fast convergence we require that the polynomial should be
small in the region between the extremal eigenvalues of the iteration matrix.

The Chebyshev semi-iteration which we will use is based on the relaxed Jacobi
iteration described in the previous section. This method was originally devised by

Flanders and Shortley [32] in 1950 but was more extensively analysed by Golub and
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Varga [41, [42] in 1961. In this method, the relaxation parameter w is specifically
selected so as to ensure that the eigenvalues of the iteration matrix I —wD A are

symmetric about the origin. If A(D71A) € [Apnin, Amaz| then this is achieved when,

2
1—whn = —(1 Amaa = 2.40
v ( T ) - “ )\max + )\m'm ( )

The eigenvalues will now be bounded within [-p, p] where p = % We note
that in order to calculate these parameters we required information on the extremal
eigenvalues of the preconditioned system.

The polynomial which is minimized over the interval [-p, p] and also satisfies the

requirement that p;(1) =1 is the shifted and scaled Chebyshev polynomial given by

~

o e+

)
y

i(
T;(

p;(t) = (2.41)

D =

where Tj(t) = cos(jwcos™t). Using trigonometric identities, it can be shown that

Chebyshev polynomials can be defined by a three term recurrence formula, namely

T (t) = 2T5(t) - Tio(t), j=1,2,..., te[-1,1], (2.42)

which can be used to provide a fast and efficient ways of calculating each of the
successive iteration vectors y; without explicitly calculating all of the original iterates

x;. Thus we can define the following pseudocode to implement the algorithm.

Algorithm 1 Chebyshev semi-iteration to solve Ax = b, where A(D71A) €
[)\minaAmax]

2 p - )\nLa,z_Amin
Amaz+Amin’ Amaz+Amin

Choose yo, By = 1, (y 1 = 0)
for =0,1,... do
-1
8j+1 =|1- #)
z;=wD (b~ Ay,)

Yi+1 = 9j+1(Zj ty;— Yj—l) TYj-1
end for

w =
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The convergence rate is bounded as follows:

J
||X_XOH2 \/E-Fl

where k is the condition number of D='A [94]. Thus, the number of iterations to
obtain a desired accuracy can be determined a priori. In order for this method
to be particularly effective we require good estimates of the extremal eigenvalues.
However, as we will see in Chapter 5, there exists bounds for Galerkin finite element
mass matrices and therefore Chebyshev semi-iteration can be employed as an effective
preconditioner in this situation [94) 06, 11§]. This method was also shown to be an
effective preconditioner when used within the GeneRank algorithm in [10]. More

detailed discussion of this method can be found in [40, [94].

2.2.2 Multigrid

The simple iterations discussed in the previous section can be applied to a matrix
of any type. However, the matrices we will typically be dealing with in this thesis
are discretizations of differential operators and, therefore, they have a very specific
structure. Multigrid is a method which was specifically developed for problems which
have an underlying mesh structure; it has been shown to be an optimal solver, meaning
that the overall computational work scales linearly with n, so is independent on the
mesh parameter h, for elliptic PDE operators.

We will not provide a thorough description of the method here, but typically use
it in a ‘black box’ fashion and refer the interested reader to [I5], 25, 49, 119 for
more complete derivations. We will outline Geometric Multigrid (GMG) methods
in this section and briefly discuss Algebraic Multigrid (AMG) and other variants in
Section 2.2.2.7]

The underlying idea of multigrid methods is that a smooth function can be well
approximated on a coarse grid. Furthermore, simple iterations of the form (2.35))
are shown to quickly reduce the highly oscillatory modes of the error [15, Chapter
2]. Therefore, after a few iterations of a simple iteration, the error is comparatively

smooth and can, therefore, be restricted to a coarser grid, where computational work
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is much cheaper.

The fundamental elements required for the method are the following:

e Smoothing operator S: The first step of the method is to smooth the error

through the application of a simple iteration of the form
Xj+1 = (I - S_lA)Xj + S_lb.

Here S is a matrix splitting of A such that A = S-¥ as described in (2.33)). Post-
smoothing is also employed using S”. Typical examples of the iterations used

are the (relaxed) Jacobi and Gauss-Seidel iterations described in Section [2.2.1]

e Prolongation operator (): Also known as an interpolation operator, this
transfers the correction term from the coarse grid back onto the fine grid and

is just an interpolation between the coarse grid points.

e Restriction operator R: Conversely, we require an operator which restricts

residuals on the fine grid to the coarse grid. This is typically taken to be R = Q7.

Further discussion on the choices of prolongation and restriction operators can be
found for example in [15, Chapter 2] and [25, Chapter 2].

Multigrid is defined as a recursive algorithm; each grid level is restricted to a
coarser level until we reach the critical level, [., which has sufficiently few points so
that the error can be calculated exactly on this level using a direct method. The
process of consecutively restricting to the finest level before returning to the fine grid
level is referred to as a V-cycle due to its structure. A schematic diagram of a V-cycle
is presented in Figure Other cycles are possible such as the W-cycle which will
not be discussed here. Pseudocode for a GMG V-cycle is provided in Algorithm [2|

An important property of multigrid is that the method can be described as a
simple iteration of the form (2.35)). If we consider a simple 2-grid algorithm with
s steps of pre- and post-smoothing we find that the error at each iteration can be

written in the form,

e = (I-STAPI - QA QTAY(I - S 1A)e;. (2.44)
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Figure 2.2: Schmematic of a single geometric multigrid V-cycle with 5 levels.

Algorithm 2 Geometric Multigrid V-cycle which can be used as a preconditioner on
the system Ax =Db.

function GMG_vcycLE(A, b, x, level)
for j=1,...,sdo
x=([-S1A)x+Sb
end for
if level=1[. then
Solve Ax = b (using a direct method)
else
i= Q7(b - Ax)
A=QTAQ _
e=GMG vcycle(Ar,e level +1)
X=X+ Qe
end if
for j=1,...,sdo
x=(I-STA)x+STb
end for
end function
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If the iteration matrix has the form I — P~'A this implies that
Pl=A'—(I-STAP(I-QA QTA)(I-S1APA, (2.45)

—1
where A is the inverse of the operator reduced to the coarse grid level. As described
in the previous section, we can describe the convergence of a simple iteration with
respect to a convergence factor p. For multigrid as described here, we can make the

following statement regarding convergence for a Poisson problem.

Theorem 2.3 [25] Theorem 2.5]. Given an H2-regular problem, and a quasi-uniform
subdivision of size h in R? or R3, when solving Ax = b where A is symmetric and
using a symmetric (-level multigrid V-cycle with a damped Jacobi smoother, there

exists a contraction factor p, <1 such that
x= X514 € pelx =5, e € poe = CH(C + 5), (2.46)

where C' is a constant independent of £ and h and s is the number of smoothing steps.

This theorem shows that for the typical case of applying multigrid to an elliptic
operator on a Q1 or P1 grid as described in Section [2.1.1], we will have convergence in
the A-norm at a rate independent of h. By thinking of multigrid as a preconditioner
with this property, we can extend this result to provide bounds on the eigenvalues of

a preconditioned system.

Theorem 2.4 [25 Lemma 4.2]. If the error of a simple iteration of the form ([2.35))

for the solution of the linear system Ax =b satisfies
[x = %je1]la < plx - xj]a (2.47)

with the contraction factor satisfying p <1, then

(Av,v)
1-p< <1 . 2.4
p= Pv,v) ™ P (2.48)
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Proof. Since ej.1 = (I — P71 A)e; we can write as
(A(I-P'A)e;, (I - P 1A)e;) < p*(Aej,e;).
Letting v = A'/2e; we have
(I -AYV2P LAYy (I - AVPPTAYV?)) < p(v, V).
Taking square roots and rearranging we have

~p(v,v) < (I = AV2PTTA)y V) < p(v,v)
((AV2P-1AY2)v,v)

<1
- (v,v) SEEA
which gives
(Av,v)
1-p< <1
p= (Pv,v) ~ TP
for all v. n

Thus, we can see that by using multigrid as a preconditioner in this fashion we will
obtain a preconditioned system with eigenvalues bounded about 1. This property will
be particularly useful when combined with the Krylov subspace methods discussed

later in this chapter.

2.2.2.1 Other Multigrid Methods

The scheme outlined above is an implementation of a geometric multigrid method.
There are many other algorithms which use the same basic premise in order to solve
a variety of other problems which require additional considerations.

Ramage multigrid: One example of when method alterations may be required,
is for the solution of more complex differential operators than simple diffusion. For
example a method developed by Ramage in [03] will be used throughout this thesis
as a multigrid preconditioner for the convection-diffusion equation. The key aspects

of this algorithm are:
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e Coarse grid operator: Typically, a coarse grid operator is constructed through
the use of a scaled Galerkin coarse grid operator so that the coarse grid operator
is given by A= RAQ. In this algorithm the operators are constructed explicitly
on each grid level. For solving the convection-diffusion equation as described
in Section m, this will require constructing the matrices K and M on each
grid level. Consequently, these matrices must also be stored for each grid level

throughout the algorithm.

e Smoothing: A line Gauss-Seidel splitting will be used to construct the smoother.
This involves taking, as a splitting matrix, the block lower triangular part of the
matrix K ordered in different ways. Details of line Gauss-Seidel methods can be
found for example in [119]. In order to take account of all possible directions of
the wind component, we do this in all possible ways. Thus for two-dimensional
problems this equates to two horizontal sweeps of the domain (left - right and
right — left) and two vertical (top — bottom and bottom — top). For three

dimensional problems this would correspond to 6 smoothing steps.

This method has been used successfully for a variety of problems|25] 86] and will be
used throughout this thesis.

Algebraic Multigrid: We will also frequently use Algebraic Multigrid (AMG)
methods throughout this thesis. These methods are designed to be applied to more
general matrices than ones with an explicit grid structure and therefore can be applied
as a ‘black-box’ solver. Instead of constructing operators for each level based on the
grid structure, the operators are based entirely on the algebraic structure of the
matrix. Since the concept of a mesh is no longer present, we instead can think of
nodes ¢ and j as being ‘neighbouring’ if A;; is non-zero. A smaller set of nodes,
analogous to a coarse grid, can then be determined by looking at strongly influencing
nodes.

AMG methods are typically based on the methods described by Ruge and Stiiben
[97] and a more thorough overview can be found in [I5, Chapter 8] for example. We
will utilize the code HSL_MI20 within the Harwell Subroutine Library (HSL) as an
implementation of AMG [12].
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For the preconditioners developed in Chapter [4] we will require approximation to a
complex matrix. For this problem, we will use the Aggregation Based Algebraic Multi-
grid (AGMG) method developed by Notay which includes complex matrix capability
[r4l, 177, [78), [79).

Space-Time Multigrid: While we will not explicitly use such methods in this
thesis, for time-dependent problems there also exist space-time multigrid methods.
The basic concept of these methods is to coarsen, not only in the spatial domain,
but also in the temporal domain. This is an active area of research particularly
due to the parallel-in-time capabilities of such methods. Some key references include
[29, B0, 37, B3, [75].

The parareal algorithm [65] is a parallel in time method which is of broad interest
and is widely researched. As the name suggests, the algorithm aims to solve solve
evolutionary problems in real time using parallelization. The method can be thought
of as a two-level space-time multigrid method or equally as a multiple shooting method
as shown in [30} 38]. The idea of parareal is to construct an initial approximation over
the time interval using a coarse propagator. A fine propagator can then approximate
the solution on each slice of the time domain in parallel by using the coarse level
approximations as the initial conditions. The coarse level approximation is then
improved and the algorithm proceeds iteratively.

These methods typically work well on dissipative systems while problems can
occur, for example, in wave dominated problem. The effectiveness of the method
tends to rely on the choice of coarse solver which needs to both be accurate enough
for convergence of the method while also being computationally inexpensive.

The methods developed in this thesis will use preconditioners which are applied
using standard spatial multigrid and implemented with a standard Krylov subspace
method. Thus, they have the ability to also be used in serial and for some parameters
of the optimal control problems considered, they achieve better performance that

other existing methods even when implemented in serial.
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2.2.3 Non-Symmetric Krylov Subspace Methods

The previous iterative methods discussed, namely Chebyshev semi-iteration and multi-
grid, are used as preconditioners in our setting rather than solvers. In the next two
sections, we discuss the Krylov subspace methods which are used as the outer solver
for the systems we will consider.

In this thesis, we focus on time-dependent problems which, when discretized and
constructed as an all-at-once system, are inherently non-self-adjoint. While effective
methods for non-symmetric problems exist, they typically do not have the rigorous
convergence bounds that can be provided for their symmetric counterparts. In this
section, we examine iterative methods for non-symmetric problems and discuss what,
if anything, we can prove regarding their convergence and termination.

In order to introduce these methods, we first need to discuss some preliminaries
on Krylov methods in general. As already mentioned, iterative methods are often
built on the idea that matrix-vector multiplication is cheap for large sparse matrices.

With this in mind, we define the Krylov subspace of degree j to be
IC;(A,rp) := span {ro, Arg, A%rg, . .. ,Aj’lro} : (2.49)

A Krylov subspace method gives an approximation, x;, to (2.30) at the j-th iteration

of the form,

Xj€X0+ICj(A,I'0), j:1,2,..., (250)

where X is an initial guess and ry is the initial residual vector. We note that this is
a commonly used abuse of notation and should be thought of as meaning x; — x( €
IC;(A,rp). Due to the structure of the Krylov subspace, we note that we can also

write the approximation as

x; = Xo + pj-1(A)ro, (2.51)

where p;_; is a polynomial of degree j — 1. This structure forms the basis of all the

Krylov subspace methods which we will discuss in the following sections.
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2.2.3.1 GMRES

One of the most widely used iterative methods for non-symmetric problems is the
Generalized Minimum Residual method (GMRES) developed by Saad and Schultz
[TO0]. As the name suggests, this method aims to minimize the 2-norm of the residual
at each step.

GMRES is based on the Arnoldi method, an orthogonal projection method for
general non-symmetric matrices. The method uses a modified Gram-Schmidt process

to construct an orthogonal basis

{V17V2, Ce ,Vj}

for ;. We can write this method in matrix form with the use of upper Hessenberg
matrices (i.e. matrices of zeros except for the subdiagonal and upper triangular

part of the matrix). Letting V; = [vy,vo,...,v;] e R™J, and H; € R* be an upper

Hessenberg matrix and H; = e RG*Dxi we have
T
hi+1,iei

AV; = ViH; + his1[0,...,0,vi] = ViaH;,  i=1,2,...,5-1, (2.52)

where e; is the i-th column of the i x ¢ identity matrix. Choosing vy = H:_g\l’ the j-th
iterate x;, corresponds to

X; = Xo + Vjy;, (2.53)

for some y; € RJ [25, Section 7.1.1].
We stated that GMRES specifically aims to minimize the 2-norm of the residual

and this corresponds to

in ;] = mi ~ Hy;l2. 2.54
min ez = min rof.er — Hy;. (2.54)

The resulting least squares problem can be solved using a QR factorization which

requires only one Givens rotation at each iteration. We note that in polynomial
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notation, (2.54) is equivalent to

min rsle = i 1P (A)rollz, 2.55

where II; is the set of all polynomials of degree at most j. Preconditioning can be
incorporated into the scheme described [98] and for a more detailed derivation of the
algorithm we refer the interested reader to |25, [99]. The pseudocode of the algorithm
as stated in Algorithm [3|is the right preconditioned version of the method.

Algorithm 3 GMRES algorithms to solve Ax = b, with (right) preconditioner P

Choose xq
Compute rg =b — Axq, 5 = |ro]2, v1 = %0
for j=1,2,... do

Solve Pz; = v;

Compute Wj(i)l =Az;

fori=1,2,...,7 do
hij = (W]('i-)l?vi>

Wi

end for

hjsrg = W5
Find y; such that y; minimizes |Se; —?[jyjHQ
<test for convergence>

end for

Solve Pz; =Vy;

Xj:X0+Zj

hiﬂ'Vl’

Having described the basics of GMRES implementation, we would like to know
what, if anything, we can say about its convergence. As it turns out, convergence
properties in general remain elusive. Let us first restrict ourselves to determining
what we can say regarding termination, i.e. when will the method find the exact

solution?

Theorem 2.5 [58, Theorem 3.1.2]. Let A € R be non-singular. Then the GMRES

algorithm will terminate within n iterations with evact arithmetic.

Proof. The characteristic polynomial of A is given by c(z) = II%_, (\; - z) where A; are

the eigenvalues of A for j =1,2,...,n. The Cayley-Hamilton theorem tells us that
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any matrix satisfies its own characteristic polynomial so ¢(A) = 0 and additionally we

can see that ¢(0) = det(A) # 0 for non-singular matrices. From (22.55) we have that

T )
Irilz i gAY, (2.56)

||I“0 ||2  pyell;p;(0)=1

If we let p,(z) = EES; then p,, € I1;,p;(0) = 1 and p,(A) = 0 and we have constructed a

polynomial which satisfies the requirements of the method. Therefore, at iteration n

we must have that |r,|s =0 and x, = x. O

We now have a guarantee that GMRES will converge within a number of iterations
equal to the dimension of the problem, however, we hope that we will be able to
converge much sooner than that. We can improve this termination bound if we have

information regarding the minimal polynomial of the matrix.

Definition 2.1. The minimal polynomial of a matrix A over a field F is the monic
polynomial m(-) of minimal degree such that m(A) =0. The minimal polynomial will

always divide the characteristic polynomial.

Theorem 2.6. If the minimal polynomial of A has degree k then the GMRES algo-

rithm will terminate within k iterations.

Proof. Similar to the proof of Theorem , let pr(2) = % so py € Il and pr(0) = 1.
Since, m(A) = 0, we have py(A) = 0 and due to (2.55) we have that ||ry[, = 0 and

X = X. ]

We note that for a non-diagonalizable matrix, the minimal polynomial relates to

the Jordan blocks of the matrix by the relation
m(z) =11 (z = A)™

where \;,i =1,2,...,q are equal to the ¢ distinct eigenvalues of A and m; is the size
of the largest Jordan block with eigenvalue \;. We also have that k = Y7_ m;.

An analogous termination bound for diagonalizable matrices is as follows.

Theorem 2.7. If A is diagonalizable with q distinct eigenvalues, then GMRES with

terminate 1n at most q iterations.
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Proof. This is a direct consequence of Theorem since diagonalizability implies the
minimal polynomial will be given by m(z) = II, (z - ;) with degree ¢. O

Thus with knowledge of the multiplicity of the eigenvalues of A, we can determine
termination of the GMRES algorithm. In general, we do not run the algorithm until
we achieve the exact solution, but stop at an iteration when we have converged to
a solution within some tolerance of the actual solution. So what can we say about
when we will achieve convergence? Bounds for this can be determined for the case
when A is diagonalizable.

Theorem 2.8 [25, Theorem 7.1]. If A is diagonalizable, that is A=V AV~! where A

1s the diagonal matrix of eigenvalues of A, and V' is the matriz whose columns are

the eigenvectors, then

Izl ]
<k(V min  max|p;(\;)], 5 57
o2 ( )PjEHj,pj(0)=1 i [p; (A:)] ( )

where (V') = |V 2|V 1|2 is the condition number of V.

Proof. From (|2.56|) we have that

r; . i -
S i (A= min VAV

||1‘0H2 ~ pyell;p; (0)=1 pj€ll;,p;(0)=1

< min Vo[V alpi (A= min - k(V) max|[p; (M)

p;€ll;,p;(0)=1 p;€ll;,p;(0)=1

which is the result. O

Although Theorem does provide convergence bounds for diagonalizable matri-
ces, the term k(1) is generally hard to bound and therefore this result is not often
practically useful.

Ideally, we would like to be able to make some remarks concerning the convergence
of GMRES based solely on the eigenvalues of the preconditioned matrix. In fact, it
turns out that not only are we not able to do this, but it is shown by Greenbaum,
Ptak, and Strakos in [44] (and extended in [23]) that given any set of n eigenvalues
and any non-increasing convergence curve terminating at or before the n-th iteration,

then for a b there exists a matrix A € R™" with those eigenvalues and an initial guess
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X( such that GMRES will give that convergence curve. More negative results than this
exist (see for example [22]). Some convergence estimates can be obtained through
field of values analysis for certain PDE problems (see for example [67]), analysis of
other sets such as e-pseudospectral sets [I11], or through transforming the problem
to a symmetric one for which symmetric solvers can be used [91]. In general, it
remains the case that eigenvalues are used merely as heuristics for convergence as it
is certainly often the case that widely spread eigenvalues result in slow convergence

for non-symmetric solvers.

2.2.3.2 BiCGStab

While GMRES has the convenient property that it minimizes the 2-norm of the resid-
ual at each iteration, it inconveniently requires the construction of a Hessenberg
matrix to store the Arnoldi vectors. The number of these vectors will grow in number
at each iteration and thus for a large number of iterations, the storage requirements
can make GMRES impractical. A possible way to deal with this problem is to use a
method called restarted GMRES. This method has an upper bound on the number
of Arnoldi vectors stored and when this is reached it restarts the algorithm from the
current iterate. Convergence of this algorithm can be considerably slower and much
of the theory developed for our preconditioners in future chapters would not apply to
this algorithm and, therefore, it will not be considered in this thesis.

In order to avoid the potential storage issue of GMRES, we would ideally like a
method which has a minimization property but that can be computed using short-
term recurrences. A close compromise, is the Bi-conjugate Gradients method (BICG).
This method was designed to be analogous to the Conjugate Gradients (CG) method,
but applicable to general matrices where CG is only applicable to symmetric positive
definite matrices. Although this method is not used directly within our methods,
we provide a brief introduction to CG here to enable the introduction of the BICG
method.

The Conjugate Gradient method is also a Krylov subspace method which produces
iterates of the form

Xj+1 = X5 t Q;Pj, j =1,2,... (258)
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where p; are search directions which are A-conjugate meaning
pjTApi =0 fori+j. (2.59)

The parameter o is chosen such that the A-norm of the error is minimized along the
direction p;. This implies in the symmetric positive definite case that |x —x;[4 is
minimal for x; € x + IC; (A, o).

While BICG does not have this minimization property, the method produces

residuals r; and r; and search directions p; and p; such that bi-orthogonality holds:
f']Tri =0, ifi # 7, (2.60)

and bi-conjugacy also holds by
ISJTApi =0, if1 # 7. (2.61)

We note that if A is a symmetric positive definite matrix, BICG will reduce
to exactly the Conjugate Gradient method with rq = rq. However, in its original
form, BICG has several drawbacks including being prone to breakdown as well as
requiring computation with A7 which is not always readily available. Therefore, we
will use the stabilized version BICGSTAB developed by van der Vorst [I14] which
has improved behaviour and does not require A”. The pseudocode for the (left, right
or symmetrically) preconditioned method is presented in Algorithm . We note that
the preconditioned method is equivalent to applying the standard method to the
preconditioned system in exact arithmetic.

As stated previously, GMRES can require prohibitive amounts of storage whereas
B1CGSTAB does not have this issue. However, BICGSTAB requires two applications
of A per iteration while GMRES only required one. Another significant drawback
is that since GMRES has a minimization property, we are able to make some state-
ments about termination and, in certain cases, convergence of the iteration while
for BICGSTAB we have none of these properties. Thus, we will present iteration

counts for this method to demonstrate convergence without the storage restrictions
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Algorithm 4 BiICGSTAB algorithm to solve Ax = b, with preconditioner P = P, P,
Compute rg = b — Axq
Choose T such that (fy,ro) # 0 e.g. To =19
Set pp=a=wp=1,vg=pp=0
for j=1,2,... do
pj = (Fo,1j1)
B = (pilpj-1)(afwj-1)
pj=rj1+ 5(pj—1 - wj—le—1)
Solve Py =p;
Compute v, = Ay
a = p;[(Fo, ;)
h=x,+ay
<test for convergence> if accurate x; = h and quit
S=T;_1 —QV;
Solve Pz =s
Compute t = Az
wj = (Pr't, Pris)/(Pr't, Prit)
x;=h+w;z
<test for convergence> if accurate then quit
ri=s- (,th
end for

of GMRES, however none of the convergence theory developed for GMRES will apply.

2.2.4 Symmetric Krylov Subspace Methods

We briefly mentioned the Conjugate Gradients (CG) method in the previous section
which solves systems that are symmetric but are also required to be positive definite.
For symmetric indefinite systems, as will be the case for the saddle point systems
arising from PDE-constrained optimization problems, we will use the MINRES algo-

rithm.

2.2.4.1 MINRES

The Minimal Residual (MINRES) algorithm can be thought of a simplification to
GMRES when the matrix A is symmetric, although it was introduced 11 years prior
to GMRES by Paige and Saunders in 1975 [83]. As for CG, the Lanczos process [62, [63]

is used for symmetric matrices to generate the Krylov subspace but, as is the case
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with GMRES, we are searching for vectors which minimize the residual by solving

min b — Ax;|>. (2.62)

x;jex0+IC; (A,ro)

The advantage of having symmetric matrices for this minimization problem is that
the matrix H; is tridiagonal. This enables the use of short term recurrence relations.
The pseudocode for the algorithm is presented for reference in Algorithm [5 For
thorough derivations of this method we refer the reader to [25] [115].

Algorithm 5 MINRES algorithm to solve Ax = b where A is symmetric and using
symmetric positive definite preconditioner P.

Set vo=wg=w; =0
Choose xq
Compute v; = b - Axg
Solve Pz, = v
Set v =+/(z1,v1);v ="
Set sp=51=0;¢c9=c1 =1
for j=1,2,... do
X; =2/
0; = (Az;, z;)
Vi1 = Az = (0;/75)vi = (V1) v
Solve Pzj,1 =V
g = ¢j0; ~ 1557
Q1 =4/ Oé% + 7]2+1
Qg =50 + Cj_1C;7;
a3 = 8j-17;
Cj+1 = ao/al; Sj1 = %’+1/041
Wi = (2 — 3w — aaw;)[an
X =Xj5-1 + Cj+1VWii1
V==8j1V
<test for convergence>
end for

An important property of MINRES is that it can be applied to any symmetric ma-
trix which is not the case for CG which requires symmetric positive definite systems.
This will be an important property for the solution of saddle-point systems which
will be generated in the optimal control problems considered in this thesis.

Unlike for non-symmetric systems we can relate convergence of MINRES directly
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to the eigenvalues of the system by the relation,

;2 . '
——<  min max|p;(\;)|]< min  max |p;(z 2.63
||I'0 HQ p;€ll;,p;(0)=1  Ag |pj( )| p;j€ll;,p;(0)=1 ze[a,b] |pj( )‘ ( )

where \; are the eigenvalues of A which are contained in the interval [a,b]. For the

preconditioned algorithm, we obtain the relation

[ |
Folps < pyertityy [P ()l (2.64)

where ); are the eigenvalues of P~1A. We note that for this statement to hold we
require that P~ must be able to define a norm and thereby be symmetric positive def-
inite. Thus, we will be restricted to using symmetric positive definite preconditioners
for MINRES while the matrix A may be indefinite.

We can see from either statement or that we can obtain robust error
bounds if we know the eigenvalues of A or P! A respectively. In general, the bounds
imply that we would like tightly clustered eigenvalues neither too close nor too far
from the origin in order to achieve fast convergence. We can, therefore, have this in
mind as we design our preconditioners. This differs from the case of GMRES where

such error bounds do not exist.

2.2.5 Normal Equations

We have seen in the previous two sections that there are typically different approaches
used for the iterative solution of non-symmetric and symmetric matrices. Moreover,
Krylov methods for symmetric matrices such as MINRES, have robust convergence es-
timates determined solely by eigenvalues, which is not the case for the non-symmetric
counterpart GMRES.

An obvious solution to the lack of convergence estimates for non-symmetric ma-
trices is to convert the system to a symmetric one and solve this new system using a
symmetric solver.

For the matrix system
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where A is non-symmetric, we can form the normal equations which are given by
AT Ax = ATh. (2.65)

Solving the system (2.65)) can equally be thought of as solving the least squares
problem

min |Ax - b|». (2.66)

There are many methods which incorporate these ideas with existing methods
for symmetric matrics such as the Conjugate Gradient (CG) method. These include
Conjugate Gradient Normal Equation Error (CGNE), Conjugate Gradients Normal
Equation Residual (CGNR), LSQR or LSMR. We will examine the LSQR method
in more detail here and discuss the advantages and challenges of successfully using
this method. For more detailed discussion of this method and other normal equation

based methods, we refer the reader to [40, 115].

2.2.5.1 LSQR

If we were to apply the CG method to the least squares problem in (2.66)), we would
obtain the so-call CGLS method, however, as pointed out by Paige and Saunders in
[84], this method can be unstable particularly for ill-conditioned matrices. For more
favourable results the LSQR method, also described in [84], is required. Although
mathematically equivalent to CGLS, the LSQR algorithm solves the least squares
problem through a standard QR factorization which provides additional numerical
stability. The LSQR algorithm is presented for reference in Algorithm [6]

As the LSQR method is mathematically equivalent to applying the Conjugate
Gradient method to the normal equations, we need to examine the convergence prop-

erties of CG in order to determine convergence of LSQR.

Theorem 2.9 [25] Theorem 2.4]. After j steps of the Conjugate Gradient method
applied to the normal equation in (2.65)), the error ej.1 = x — X;41 satisfies the bound

VE-1Y
lejiillara = [t < 2(\/@ 7] leslara, (2.67)
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Algorithm 6 LSQR algorithm to solve Ax =b.
Set 29 =0, 61 = b2, ur = [b]2/5

Set v = ATuy, a1 = vz, w1 =v1 = v/
Set ¢1 = B1,p1 =y
fori=1.2,... do
u = Av; — au;, Biv1 = HU||2, U1 = U/ﬁnl
v=ATu; - Bis1Vi, Qi1 = ”U”m Vit1 = U/Oéz‘+1
Pi = \/m
ci = Pif ps
Si = ﬁHl/pi
Oiv1 = 8iQtis1
Pis1 = —CiQlit1
@ = Cifi _
Gis1 = 8i0;
v = i1+ (i pi)w;
Wiyl = Vg1 — (92'+1/p¢)wz‘
<test for convergence>
end for

where k is the condition number of AT A.

We can see from Theorem [2.9 that convergence of LSQR will depend not on the
conditioning of A, but of the conditioning of AT A. Now, the condition number of a
matrix A is given by

K(A) = [ Al2] A7

and thus the condition number of AT A will be given by
k(ATA) = [ATA] (AT A) o

However |ATA|s = 0ppar(ATA) = A\pan (AT A) since AT A is clearly symmetric. Fur-
thermore, it is also the case that A\ (ATA) = 02,,,(A) = |A||3. Thus by the relation

between eigenvalues and singular values we have that
K(ATA) = |ATA[ (AT A) 2 = AR AT = (s(A))*.

Therefore, if our original matrix A is poorly conditioned, the matrix AT A will be

a power of 2 worse! This fact often means that the LSQR method is not often used
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as an iterative solver for poorly conditioned problems unless A is rectangular.

2.2.5.2 Preconditioning the Normal Equations

If the conditioning of the normal equations is preventing the LSQR methods from
being effective, then surely preconditioning may be able to solve our problems? In
fact, it was shown in Braess and Piesker [I3] in 1986 that this is not as straightforward
as it might appear.

Consider the matrix

1 «

A= ,
a 202
where a > 1. A simple choice for a preconditioner of this matrix might be to simply

take the diagonal terms. Thus we define our preconditioner P to be

1 0
P:

0 2a?

If we calculate the eigenvalues of the preconditioned system P~!'A we find that they

are equal to

2+/2
2

and therefore are bounded and completely independent of the parameter a. Thus,
one might conclude that P is a successful preconditioner for A. Now what about a
preconditioner for AT A? The obvious choice is to choose the matrix PTP. However

if we calculate the eigenvalues of (PTP)~1(AT A) we find that they are equal to

4ot +8a% +1+ (202 +1)Vdat+12a2 + 1

Sav?

and therefore completely unbounded in the parameter o as v - oo. Thus, we find
that PTP can be arbitrarily bad as a preconditioner for AT A even if P is a good
preconditioner for A.

Another approach might be to precondition the matrix first and then apply LSQR
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to the normal equations of the preconditioned system. However, we can see that the

eigenvalues of (P~1A)T(P~'A) will be identical to those of (PPT)"1(AAT) since
(PTA)T(PTA)=ATPTPA

and by a similarity transform we have (PPT)~1(AAT).

Thus we can see that preconditioning of the normal equations is not as easy as we
might have hoped since it is the singular values which determine convergence instead
of eigenvalues. It perhaps explains why methods such as LSQR are not more readily
used as preconditioning for these methods is simply not well understood. This is
due to the fact that it is typically easier to develop preconditioners which reduce the
spectral radius of the iteration matrix, but a preconditioner which reduces the spread
of the singular values is generally harder to develop. We can make some statements,
however, regarding sufficient conditions for when a preconditioner will be effective for

the normal equations.

Theorem 2.10 [I3]. For the linear system Ax =b , if all error vectors e; = x — x;

for the simple iteration

Xj+1 = (I — P_lA)Xj + P_lb

satisfy

lejall2 < plel2
for some contraction factor p <1, then

vIiAATy

2
mﬁ(l—i—p) for allv.

(1-p)*<
Proof. The contraction condition implies that
[(I - P A)ej|la < plle;z-

From the properties of the Euclidean norm we have that the smallest possible value
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of p is given by,

I-P1Ae;
R (Y SVl
b el
= (1= P43 = [T - ATPT,
- ATP e,

;%0 le;l2

=|1- P Al

We can now write the contraction property as
[(Z - ATP™)ej]2 < ple;l
which because of the triangle inequality implies
(L=p)lejllz < [ATPTejla < (1+p)eyo:

Dividing by |e;| and squaring gives

(ATP-Te, ATP-Te))

(1-p)*< <(L+p)%
{ej,€))
Now setting v = P~Te; yields
vIAATv

O

We note that in this proof the contraction factor is defined as p = | — P=1Al|5 and
not p(I — P~1A). Thus we need the largest singular value of the iteration matrix to
be less that one and not just the largest eigenvalue. This is an occasionally misun-
derstood aspect of this theorem. It was shown in Section that multigrid can be
seen as a simple iteration, so provided that this iteration is contractive in the 2-norm
for the original system then it can be effectively used in the normal equation case
also.

The concept of preconditioning normal equations also arises in the context of
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preconditioning saddle-point problems. Saddle-point problems will arise in the PDE-
constrained optimization problems considered in Chapters [3], [6] and [7] A common
method for preconditioning these systems is to use preconditioners which contain the
Schur complement of the system. It will be shown in these later chapters that this
effectively requires a good preconditioner for systems of the form AT A, and the theory

detailed above again becomes relevant.

2.3 Solution of Toeplitz Systems

Toeplitz matrices are those whose diagonals have constant entries. Such matrices
arise in a variety of areas across applied mathematics including statistics, signal and
image processing, control theory and itegral equations and as such efficient solvers for
these types of problems have been an active area of research [17]. Toeplitz systems
also frequently arise in the study of partial and ordinary differential equations. The
context in which we will be examining Toeplitz matrices is through time discretization.
This process can be easily demonstrated for the following scalar, linear ordinary
differential equation,

w=au+ f, u(0)=u, (2.68)

on the time interval ¢ € [0,7] with constant forcing through time. If we use the
f-method described in Section with ¢ constant time-steps of size 7, then this

corresponds to solving the system,

uk+1 _ uk
— =0t + (1 -0)au® + f,  u® =y, (2.69)
-
for k=0,1,...,¢ - 1. If we write this sequence of linear equations in a single matrix,

then solution to ([2.69) is equivalent to solving,

Au=b, (2.70)
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where i .
1-aft
-1-a(1-6)7 1-af7
A= : (2.71)
-1-a(1-0)7 1-ab7
where b= [7f+(1+a(l1-0)T)ug,7f,...,7f]" and u = [u',u?,... u’]". Tt is evident

that A has constant entries on each of the diagonals and is ,therefore, Toeplitz and
additionally is lower triangular. This will be the case for other implicit time-stepping
schemes just as described for the all-at-once solution to partial differential equations
described in Section [2.1.2] however, in the PDE case the all-at-once matrices are
block Toeplitz. In Chapter [4] we will introduce block circulant preconditioners for
these block Toeplitz systems based on the theory of circulant preconditioning for
Toeplitz systems such as the matrix described in . We describe some of this
relevant theory here and for more complete description of the solution of Toeplitz

systems we recommend [17, [76].

2.3.1 Circulant Preconditioning

Let T' € R™" be the non-singular Toeplitz matrix and C' € R be the non-singular

circulant preconditioner given by

to 1t tpi2 Tonet o Cp-1 2
131 o t lon+2 €1 Co  Cp-1 Co
T = ti to , and C= < . (2.72)
th_o t1 Cp-2 Cn-1
_tn—1 th-o 11 to ] Cn-1 Cp-2 c1 C

For Toeplitz systems, circulant matrices have been popular preconditioners, not

least because they can be applied quickly using a fast Fourier transform (FFT). The
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matrix C' has the diagonalization
C=UANU", (2.73)

where, if we denote the Fourier matrix F' = (fj) to be fjx = e20-DE=D7i/n then we
have that U = F'/\/n. Also A = diag(F¢) where ¢ denotes the first column of C. This
relationship to the FFT means that the solution of a linear system with a circulant
matrix can be performed in O(nlogn) operations [116].

The idea of preconditioning Toeplitz matrices with a circulant was first introduced
independently by Strang in [110] and Olkin in [81]. They proposed the so-called Strang
circulant which was constructed by taking the central band of T' of width n/2 and
wrapping the entries around to form a circulant. Many other circulant preconditioners
have been proposed (see for example [17, [76]). One example is the optimal circulant
[18], which minimizes the Frobenius norm distance to the given Toeplitz matrix over
all possible circulants. However, although the optimal circulant can be computed via
an explicit formula, it does not perform well for certain ill-conditioned matrices. A
unifying approach to selecting the best possible circulant preconditioner was proposed
in [82].

Theoretical convergence bounds for these types of preconditioners have generally
been restricted to symmetric (Hermitian) positive definite Toeplitz matrices. For
many existing preconditioners, including the Strang and optimal preconditioners, and

for wide classes of Toeplitz matrices, the preconditioned system is given by
C'T=I+R+E,

where R has small rank and F small norm. However, for non-symmetric systems
this is not sufficient to provide descriptive convergence estimates for standard non-
symmetric solvers such as GMRES or BICGSTAB. However [91] provides rigorous

convergence bounds for nonsymmetric Toeplitz matrices. This is done by reordering
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the rows or columns of T" by pre- or post-multiplying by the Hankel matrix,

1

Y = | . (2.74)

This results in a symmetric (Hankel) system for any Toeplitz matrix and symmetric it-
erative methods can be applied. We note that it is possible to use LSQR or LSMR [33]
to obtain rigorous convergence bounds for non-symmetric Toeplitz matrices, but for
scalar Toeplitz problems these methods are typically slower than using symmetriza-
tion and MINRES. This type of method will be extended to the time-dependent PDE
case in Chapter [4
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Block Diagonal Preconditioners

In Section 2.1} we introduced the concept of solving all time-steps of a time-dependent
PDE simultaneously through the construction of an all-at-once system. This immense
system consists of a block lower triangular matrix with dimensions nf x nf, where n
is the number of spatial degrees of freedom and ¢ is the number of time-steps. It
is, however, never constructed explicitly; rather, all that is required is the spatial
operators and a ‘recipe’ for applying the all-at-once operator.

Large block matrices arise in many areas of mathematics, often as an inherent
structure within the problem formulation. For example, in optimal control problems
which will be considered later in this thesis, the state, control, and adjoint variables
are all required to be solved for resulting in a natural block structure to the linear
system. Other block partitioning can be introduced in order to aid in solving the
system, for example through the use of domain decomposition methods. Thus, block
matrices are a well studied class of problems and many preconditioners have been
developed for such systems for a variety of applications.

In this chapter, we investigate the use of a simple block diagonal (or block Jacobi)

preconditioner for the all-at-once solution of time-dependent PDE problemd] The

LA condensed version of the concepts in this chapter can be found in [70].
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use of this type of preconditioner is a classical approach, however, we believe that
analysis in this context provides a new viewpoint and motivates other preconditioners
for PDE-constrained optimization problems which will be discussed in Chapters|[6and
[l We note that this type of preconditioner was used as a smoother within the space-
time multigrid approach proposed in [75]. However, as will be shown in this chapter,
this preconditioner does not exhibit a significant reduction in the residual norm until
the (-th iteration. Thus, a different approach which reduces the error more quickly
at the initial iterations may be more appropriate as a smoother.

This chapter is structured as follows. In Section [3.I} we outline the proposed
preconditioner and an approximated version for this type of problem. In Section [3.2]
we detail convergence analysis for the exact preconditioner and, where convergence
analysis is not available, we examine the eigenvalues of the preconditioned system.
There are several obvious modifications to this method which will be discussed in
more detail in Section [3.3] Further analysis will also be provided for convergence of
iterative solution to the normal equations in Section [3.4] Finally, numerical results
for all methods will be provided in Section [3.5| and concluding remarks provided in

Section

3.1 Proposed Approach

The system we are aiming to solve is the all-at-once system for a linear PDE with
implicit time-stepping as introduced in Section We will not restrict ourselves to
a particular time-stepping scheme and instead look at the system for a general k-step
method. For example, -methods are a one-step method while the BDF2 system in
(2.17) corresponds to k = 2. Other higher order methods could equally be considered.

Thus, we consider solving the system Ax = b where,
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Ao
A A
A T e Rront, (3.1)
Ay
Al A
Ap o Al Ao

In order to solve such an immense system we will use iterative methods and focus
on effective preconditioning to improve performance. The preconditioner that we

study here is the block Jacobi preconditioner given by,

P = e Ront, (3.2)

In order to invert P, we need to invert a total of ¢ matrices of dimension n x n;
however, simply solving A by block forward substitution would also require a total
of ¢ matrix inversions. These matrix inversions could be completed using a multigrid
process such that if each time-step required a maximum of r V-cycles the total amount
of work would be equivalent to ¢ V-cycles. In practice, for the heat equation with
constant time-step size 7 equal to the grid size h =275, r =5 V-cycles of an algebraic
multigrid method were observed to be required at each step to obtain a solution with
relative residual less than 1076 using the solution to the previous time-step as the
starting guess in each case.

Rather than complete the inversion of P exactly, we consider an approximate
preconditioner P which uses a multigrid process to approximately complete each

inversion.
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We define,
Aoma)

R A
Plm o) , (3.3)

Aome) |

where Aoy denotes the application of one V-cycle of multigrid to the matrix A,.
The total work to apply this approximate preconditioner is now ¢ V-cycles.

Both the ‘exact’ preconditioner P defined in and the approximate precon-
ditioner P in have block diagonal structure. This structure is inherently par-
allelizable as each inversion or V-cycle can be completed on ¢ separate processors.
Thus for P, the ¢ V-cycles could theoretically be completed in the same time as one
V-cycle if access to ¢ processors was available.

We note an application of the preconditioner P corresponds to solving multiple
systems with the same coefficient matrix but with multiple right-hand sides and
methods have been developed which speed up this process such as that suggested in
[66]. These methods could be included in an implementation of our approach but we
have not considered such effects here.

We have demonstrated that this style of preconditioner can be efficiently applied,
however, it remains to predict the convergence properties of an appropriate precondi-
tioned iterative method. In order to do this, we will examine the convergence of the

exact preconditioner P before looking at the approximated version.

3.2 Convergence Analysis

Due to the non-symmetric nature of the system, eigenvalues alone are not sufficient to
determine convergence of a non-symmetric Krylov subspace method such as GMRES
(as discussed in Section. However, in this particular case, we are able to exactly
determine the maximum number of GMRES iterations required when P is used as the

preconditioner.

Theorem 3.1. For A and P as defined in (3.1) and (3.2)), the eigenvalues of the pre-
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conditioned system T = P~YA are all equal to 1. Furthermore, the minimal polynomial
of T is,
p(T) = (T = Lne)™, (3.4)

where m < £ and I,y is the identity matriz of dimension né x nt. Therefore an appro-

priate Krylov subspace method will terminate in at most £ iterations.

Proof. As P~1 is simply a block diagonal matrix with Ay on the diagonal, the pre-

conditioned system is therefore equal to,

B ]
J 1,
I,
T = , (3.5)
i
J1 1,
I J. - Jy ]n‘

where J; = Ag'4;. Thus, T - I, is a strictly block lower triangular matrix and simple
computation shows that (7 — ;)¢ = 0. It is possible, however, for some m < ¢ that
(T =I0)™ = 0 thus we only have that the minimal polynomial has a maximum degree
of ¢. Tt therefore follows that a non-symmetric Krylov method such as GMRES will

converge in a maximum of ¢ iterations as shown in Theorem [2.6] O

We note that although a minimal polynomial of degree m < £ is possible, in practice
it is likely that m = ¢ and thus GMRES would converge in exactly ¢ iterations in exact
arithmetic.

By comparison, the approximate version of the preconditioner P will not have
this same Jordan structure as these structures are well-known to be unstable to small
perturbations. Therefore, we will not be able to determine such precise convergence
estimates for P. Simply as a heuristic, we examine the eigenvalues of the approximate
preconditioned system to show that they are indeed very close to those of the exact
preconditioner. Figure|3.1|shows the eigenvalues of a small system with various time-
stepping methods. It is evident that the eigenvalues are clustered extremely close

around one on the real axis.
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Figure 3.1: Eigenvalues of P~1A with n = 289, ¢ = 10, and 7 = 0.1 for different time-
stepping schemes. Figure (a) provides a detailed view of the eigenvalues while (b)
shows the same eigenvalues on a larger axis in order to demonstrate how closely the
eigenvalues are clustered about 1 on the real axis.

Although the eigenvalues remain nicely clustered around one, it was the minimal
polynomial, or equivalently the Jordan structure of the preconditioned system which
was used to predict convergence and this structure is no longer guaranteed using
P, however, we hope that similar properties may be observed. Figure shows the
relative residual for the GMRES and BICGSTAB methods using P as a preconditioner.
For both methods, little convergence is seen until the ¢-th iteration, at which point
sudden decrease in the residual is seen. This suggests that although P-4 does not
have the same Jordan structure as P~1A, this ‘nearby’ eigenvalue degeneracy affects
the convergence of the iterative method. This is perhaps suggested by the work on
GMRES convergence for perturbed systems found in [102].

We have shown that using a block Jacobi preconditioner exactly results in termina-
tion in /¢ iterations and that the multigrid approximation exhibits a similar behaviour.
We noted that P could be parallelized over time resulting in each application of the
preconditioner being able to be performed in the same amount of time as one V-
cycle. Thus, if termination occurs at approximately the /-th iteration, the total time
to convergence is equivalent to ¢ V-cycles. If we compare this to a block forward sub-
stitution method which takes r¢ V-cycles we are theoretically able to obtain overall

speed-up by a factor of r.
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10-4 L

Relative Residual
Relative Residual

0 10 20 30 40 50 0 10 20 30 40 50
Iteration Number Iteration Number

(a) Heat Equation (b) Convection-Diffusion Equation

Figure 3.2: Convergence of P-1A with n = 289, ¢ = 40, and 7 = 1/40 using GMRES
and BICGSTAB methods. Rapid convergence is seen for both problems at the ¢-th
iteration.

3.3 Method Modifications

This method is very straightforward in its approach, however, there are several rela-
tively simple alterations which could be made to potentially alter performance. These
modifications may be beneficial particularly if the number of processors available is

less than the number of time-steps £.

3.3.1 Block Modification

By dropping all subdiagonals of A to form the preconditioner P, we lose all informa-
tion of how the system propagates through time. One obvious modification to the
proposed method is to retain some of this information so that the preconditioner is
a better approximation to the original system. One way this could be achieved is by
retaining ‘blocks’ of the original system and solving each of these separately. Taking
blocks containing b time-steps we can write our new preconditioner as a block matrix
with £/b blocks of dimension nbxnb. We note that if ¢ is not divisible by b then there
will be one smaller block.

Thus we define this new ‘block’ preconditioner Py as
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5, ;
By
Pp = [£/b] blocks of size nb (3.6)
! Bo]
where B, € R»nb ig
4 .
A Ao ,
By = b blocks of size n, (3.7)
(A, A Ay

and By contains a number of blocks equal to the remainder of £/b if £ is not divisible
by b. We note that if b > k, B will be banded with only k£ subdiagonals. The

corresponding approximate preconditioner Pg is defined by,

Boma)

By
Pg' = e : (3.8)

EO(MG)_

where By(y¢) represents approximating the inverse of By with one V-cycle for each
matrix inversion. As with the block Jacobi method, we will first examine the conver-
gence behaviour of the exact preconditioner before showing that a multigrid approx-

imation exhibits similar behaviour.

Theorem 3.2. For A and Pp as defined in (3.1)) and (3.6|) respectively with 2b > k, the
eigenvalues of the preconditioned system T = Pg' A are all equal to one. Furthermore,

the minimal polynomial is given by

p(T) = (T = L)', (3.9)
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and therefore a Krylov subspace method will terminate in at most [£/b] iterations.

Proof. By dividing A into blocks of the appropriate size also, we have that

A= , and thus Pz'A= ;

By By J L

— _—]— .
where J = By'B; and J = By Bj. Analogous to Theorem , (P5'A - I,,,) will be
strictly lower triangular, however we now have that (PzlA - I,0)[*/*1 = 0 as there are

only [£/b] blocks. O

If 2b < k, the proof follows exactly as before but with an additional subdiagonal
of B; in A, however, we are not typically thinking of such a large value of k.

Although we have succeeded in reducing the number of GMRES iterations for
convergence, we now have to do more work in a sequential manner at each iteration.
The inversion of each block By requires b inversions performed sequentially and we
can only parallelize inversion of the block diagonal matrix P over [£/b] processors.
Thus the ¢ inversions required to solve a system with Pg can now only be performed
in the same amount of sequential time as b inversions rather than a single inversion
as with P.

We can also compute this modification approximately by replacing every inversion
with the action of a single multigrid V-cycle. Again this could only be calculated in
the same amount of time as b V-cycles when parallelized over time. However, if we
obtain convergence in [£/b] iterations, with parallelization over time we will once

again require a total time essentially equivalent to ¢ V-cycles.

3.3.2 Subdiagonal Modification

The previous modification attempted to retain more information from A within the
preconditioner and the following modification attempts to do this also. In this

method, however, we retain more information from the inverse of A.
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Since A is block lower triangular and block Toeplitz, simple calculation shows
that A~ will also be of this form. Knowing this, it is evident that the blocks on the
diagonal of A~ will be Ag'. Thus, P~ is equal to the block diagonal of A~. However,
we can also see that for all k> 1, the first subdiagonal of A1 is equal to —Agt Ay Ag'.
Thus we can consider a preconditioner which also retains the first subdiagonal of A-!.

We therefore define the exact preconditioner Pg and the corresponding multigrid

approximated version Pg to be

At

CATAAT AT
pi=| 00T (3.10)

—AGTALAGY A

and
Aoma)
_ —AomayArAore)  Aoma
B - | o A | (3.11)
I — Aoy A1 Aorey  Aoue |
In order to compute y = Pg'x, we first calculate w; = Ay'x; for ¢ =1,2,...,¢ and

store these vectors. We then find z; = —Aj'Ayw; for i = 1,2,...,0-1. Finally, y1 = wy
and y; = wi_1 +z; for ¢ = 2,...,¢. Therefore, in total we need to perform 2¢ -1 ~ 2/
matrix inversions. Correspondingly, the total work in applying ’ﬁ;l would correspond

to 2¢ V-cycles.

Theorem 3.3. For A and Pg' as defined in (3.1) and (3.10) respectively, the eigen-
values of the preconditioned system T = Pg' A are all equal to one. Furthermore, the

mainimal polynomial is given by

p(T) = (T = L), (3.12)
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and therefore a Krylov subspace method will terminate in at most [£/2] iterations.

Proof. The preconditioned system 7T is given by

I,
0 I,
Ji I,
PstA=| + g -, ,
Jk-1
J 0 I,
I Jea o 0T,

where J; = (-1)(Ag*A41)% + AgA;yq for @ = 1,...,k = 1. Therefore Pg'A - I, will
be strictly lower triangular and the first subdiagonal will also be zero matrices. It is
evident that (7 —1I,,0)[%/?] = 0 since each power introduces two additional subdiagonals

of zero matrices. O

Similarly to the block modification, we see that although each application of Pg
takes twice the amount of sequential time as P, the convergence is achieved in half the
number of iterations. Thus with parallelization over time, we again see convergence

in a total time roughly equivalent to ¢ V-cycles.

3.3.3 Comparison of Methods

Both of these method modifications have retained additional information from the
original system A which results in them being more expensive to apply, however,
they achieve convergence in a smaller number of time-steps. Figure presents the
convergence of both the Block and Subdiagonal methods for a small problem. For
the Block method, blocks of size b = 2 were used so that both methods were predicted
to converge at approximately ¢/b steps which, in this case, is equal to 40. For both
methods, GMRES exhibits rapid convergence within 40 iterations as predicted, while
B1CGSTAB does show some convergence prior to this, in particular for Ps.

For a fully parallelized implementation, it is also worth noting that Ps would have

additional communication costs as information need to be passed between processors
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Figure 3.3: Convergence of ﬁglA and P3! A with n = 289, ¢ = 80, and 7 = 1/80 using
GMRES and BICGSTAB methods. Blocks of size 2 were used for the Block method
and as predicted, rapid convergence is seen for both problems at the ¢/2-th iteration.

while each block of Pg can be computed completely independently on separate pro-
cessors. Also when parallelized, both of these preconditioners can be applied in the
same amount of time as 2¢ V-cycles. If we applied two V-cycles rather than one as
proposed for the original block diagonal approximation P in (3.3]), we would still only
achieve convergence at approximately the ¢-th iteration. Thus for the same amount of
time per iteration, it would be much more effective to use these method modifications
than apply more V-cycles and achieve a more accurate approximation. Furthermore,
if less than ¢ processors were available, then Pg enables fewer processors to be used

while still achieving convergence in the same time.

3.4 Normal Equations

For non-symmetric systems, construction of the normal equations is one approach
which allows the rigorous convergence theory of symmetric solvers to be applied. As
discussed in Section [2.2.5.1 LSQR is mathematically equivalent to applying Conju-
gate Gradients to the normal equations and thus examining the eigenvalues of the
normal equation provides convergence analysis for this method. The normal equa-

tions also arise in Schur complement based preconditioners for saddle point problems
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which will be discussed in much greater detail in Chapter

The normal equations of the preconditioned system are given by,
TET = (PrAT(PA).

We note that the eigenvalues of 71T are equivalent to the square of the singular
values of T. Firstly, we have the structure of T from ({3.5) and we can clearly see
that T = 1,0+ J, where

- 0 .
Ji 0
o 0
J = . (3.13)
Ji 0
i Jo o S0

Thus, we can think of 7 as a perturbation to the identity matrix. The following
theorem from Weyl [104), 120] provides bounds for the singular values of additive

matrix perturbations.

Theorem 3.4. If A= A+ E ¢ R™™ then
l0;(A) - 0:(A)| < | E]2, Vi=1,...,m. (3.14)
Corollary 3.1. Let o be a singular value and X an eigenvalue of TTT. Then,

max{0,1- T2} < o <1+|J|e (3.15)
max {0, (1 - [ T[2)?} < A <(1+]T[2)> (3.16)

If |J|2 <1, we are able to bound the eigenvalues of the normal equations in
an interval away from zero. For the simple case of Backwards Euler applied to the
heat equation on regular grids, this condition is obtained and can be proved by using

eigenvalue bounds on the Galerkin finite element matrices since in this case we have
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that the mass and stiffness matrices commute, i.e. KM = M K. However, this theory
does not apply to more complex time-stepping schemes or variable time-steps and is
only presented in order to demonstrate that convergence guarantees for the normal

equations can be difficult to obtain.

Theorem 3.5. Let Agp be the all-at-once system for the heat equation on a reqular
grid using the Backwards Euler time-stepping as defined in (3.1) with Ag = M + 7K
and Ay = =M, and assuming that M and K commute. Let Pgg be the associated
preconditioner as defined in . The preconditioned system Tgpg = P,;E.ABE =1+
Jse where Tgg and Jgg are defined in and respectively with k =1. For
the constants co and dy as defined in and we have

1
1+74

Cc2

| T2 < (3.17)

Proof. We know || JsEl2 = 0mae(T5E) = / Amae (T pTpr) and

JTJ,

TIL Tsp = ' :
JTJ,

where J; = —=(M+7K)'M = =(I,+7M~'K)~'. Now this implies that \/Apa: (T Lz TBE) =
\/m = Omaz(J1). Now, we have assumed that the problem is on a regular
grid and so KM = KM. Therefore J; = (I, + TM~1K)~! is symmetric and we have
that 0,m4:(J1) = Anaz(J1). Thus,

1
Amin (I + TM-LK)
B 1

T 1+ TAmin(M1K)

/\ma:c(Jl) =
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and from (2.12)) and (2.13)) we have that

d; c vIKv
co = VMV’

for all v e R™” and the result follows. O

Corollary 3.2. The eigenvalues of T2, Tpr are contained within the interval

1 1
1- 1+ . (3.18)
’ d
1+ Té

Proof. Combining the results from Corollary [3.1]and Theorem [3.5 gives the result. [

We have now shown that the eigenvalues of the normal equations for this simple
heat equation example are bounded in a interval around one, independent of both n
and ¢ and only mildly dependent on the time-step size parameter 7. However, these
results do not apply to more complex time-stepping schemes or variable time-steps

and therefore are limited in their applicability.

3.5 Numerical Results

We present iteration numbers here which are based on an implementation of the
simple block diagonal preconditioning method described in Section within the
IFISS [26, 27, [103] framework. Our implementation of GMRES with no restarting
was from the IFISS package. As GMRES can require prohibitive amounts of storage
(and growing work) if many iterations are required, we also completed the calculations
with the built-in Matlab implementation of BICGSTAB. Both methods were stopped
with an absolute residual tolerance of 1076. The finite element discretization used
Q1 finite elements over the domain Q = [0,1] x [0,1] for the heat equation and
Q2 =[-1,1] x [-1,1] for the convection-diffusion problem. A random starting vector

was used for all methods.
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3.5.1 Heat Equation

We firstly present results for the solution of the heat equation as described in ([2.1]).
For the multigrid preconditioner, we used the Harwell Subroutine Library AMG pre-
conditioner implementation, HSL_MI20 [12] employed as a ‘black box’. This is a
standard implementation of Ruge-Stiiben algebraic multigrid method [97]. As per
the default settings, a Gauss-Seidel smoother was used with two pre- and two post-
smoothing steps.

We consider two test problems; one with smooth initial data and a second with
random initial conditions. For the first test problem, we consider the Backward Euler
method in time with both constant and variable time-step sizes. For the second
problem, we consider Crank-Nicolson and BDF2 methods. These methods have not
been chosen specifically for each problem but rather just to demonstrate that a variety

of time-stepping methods can be used.

3.5.1.1 Smooth Test Problem

Our first example is defined by the initial conditions,

up = z(r - 1)y(y - 1),

with no external forcing (i.e. f = 0). The iteration numbers are summarized in
Table . For the first part of the table, the solution on the time domain (0,5]
is computed and the final solution has values of order 10710 at the final time. As
the time-step is reduced along with the grid size, the total number of time-steps /¢
increases. Thus we expect the total number of iterations to increase also, as is seen
in the results. In the second part of the table we give results where we maintain a
constant number of time-steps, therefore as 7 is reduced the final time, T" = /7 is also
reduced.

In Table we present results with variable time-steps. The time-step sizes were
chosen to double at each time-step. The range of time-step size 7; is listed in the

table.
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Table 3.1: Heat Equation, smooth test problem, Backward Euler: Number of
iterations for given grid and step sizes. The first part shows doubling of ¢ for halving
of h while the second part shows fixed ¢ for varying h.

h | 7 14 DoF | GMRES | BiCGSTAB
273 | 273 ] 40 | 3240 40 37
27412741 80 | 23120 80 7
2751275 | 160 | 174240 160 161
2731273 | 40 | 3240 40 37
2741274 | 40 | 11560 40 39
275 | 275 | 40 | 43560 43 43
276 1 276 1 40 | 169000 45 45
277 [ 277 | 40 | 665640 47 45

Table 3.2: Heat Equation, smooth test problem, variable step size: Number

of iterations for given grid and step sizes. Computations were all run until a final
time 7" = 5.

h | [FminsTmas] | € | DoF | GMRES | BiCGSTAB
23| 2622 | 9] 729 9 5
24| [2722] | 10| 2890 10 6
2-5 | [2%22] | 11| 11979 12 7
2-6 | [279.22] | 12| 50700 13 8
2-7 | [27102?] | 13216333 | 14 9
2-8 | [27112?] | 14| 924686 | 15 11

3.5.1.2 Non-Smooth Test Problem

The second example was defined with random initial data taking values from a uni-
form distribution on [0, 10]. In order to demonstrate that other implicit time-stepping
schemes are also effective, Crank-Nicolson was used to discretize in time and the re-
sults are summarized in Table below. In Table [3.4] the 2-step Backwards Differ-
entiation Formula (BDF2) method is used for the time-stepping. It is again evident
that the iteration numbers are approximately equal to the number of time-steps and
independent of h. However, for both of these time-stepping methods, we see higher

iteration numbers than for the previous smooth test-problem.
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Table 3.3: Heat Equation, non-smooth test problem, Crank-Nicolson: Num-
ber of iterations for given grid and step sizes. The first part shows doubling of ¢ for
halving of A while the second part shows fixed ¢ for varying h.

h | 1 14 DoF | GMRES | BiICGSTAB
273 | 275 | 40 | 3240 49 48
274126 ] 80 | 23120 90 95
2751 277 | 160 | 174240 175 199
2731275 | 40 | 3240 49 48
2741276 40 | 11560 92 20
2751 277 | 40 | 43560 93 23
276 | 278 1 40 | 169000 56 23
2°7 1 279 | 40 | 665640 57 54

Table 3.4: Heat Equation, non-smooth test problem, BDF2: Number of iter-
ations for given grid and step sizes. The first part shows doubling of ¢ for halving of
h while the second part shows fixed ¢ for varying h.

h | 7 14 DoF | GMRES | BiCGSTAB
273 [ 273 ] 40 | 3240 45 48
27412741 80 | 23120 87 90
2751272 | 160 | 174240 169 190
2731273 | 40 | 3240 45 48
2741 274 | 40 | 11560 49 20
275 | 275 | 40 | 43560 ol 92
276 1 276 1 40 | 169000 93 95
277 [ 277 | 40 | 665640 95 o8
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3.5.2 Convection-Diffusion Equation

In this section we solve the convection-diffusion equation as defined in . For the
multigrid approximation the Ramage modified geometric multigrid [93] described in
Section and implemented in IFISS was used. Two pre- and two post-smoothing
steps were used with four-directional line Gauss-Seidel smoothing.

In each of the problems, € was set equal to 1/200 so the maximum mesh Peclet
number ranged between approximately 46 for h =272 and 3 for h = 277. Streamline-

Upwind Petrov Galerkin (SUPG) stabilization was used throughout.

3.5.2.1 Variable Vertical Wind

The first test problem considered is taken as Example 6.1.2 from [25]. The wind is
vertical and is described by w = (0,1 + (x + 1)?/4) and thus increases from left to
right. Dirichlet boundary conditions apply to the inflow and side boundaries and
u is set equal to 1 on the inflow boundary and decreases quadratically to 0 on the
right wall and cubically on the left wall. The vector uy is specified as zero except for
the boundary conditions. Again, the first half of the table shows results calculated
for a time domain of (0,5] with 7 = h, while the lower half shows results with a
constant number of time-steps. We again see that the number of iterations remains
approximately equal to the number of time-steps and independent of the mesh size.
There is some increase in iteration numbers evident when the BICGSTAB method

was used.

3.5.2.2 Double Glazing Problem

The second convection-diffusion test problem is given by Example 6.1.4 in [25] and
is known as the double glazing problem. This is because it is a simple model for
temperature in a cavity with recirculating wind and an external wall which is ‘hot’.
The wind is described by w = (2y(1-22),-2x(1-y?)). Dirichlet boundary conditions
are imposed everywhere on the boundary with u = 1 on the boundary where x = 1
and zero on all other boundaries. The vector uy was zero everywhere except the

boundaries where is satisfies the boundary conditions. The iteration numbers remain
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Table 3.5: Convection-diffusion, variable vertical wind. Number of iterations
for given grid and step sizes. The first part shows doubling of ¢ for halving of h while
the second part shows fixed ¢ for varying h.

h | 7 14 DoF GMRES | BiCGSTAB
273 | 273 | 40 3240 40 38
27412741 80 | 23120 80 79
2751275 | 160 | 174240 160 164
27412741160 | 46240 160 142
275 | 275 1 160 | 174240 160 166
27612761160 | 676000 161 172
2771 277 | 160 | 2662560 161 175

Table 3.6: Convection-diffusion, double glazing problem. Number of iterations
for given grid and step sizes. The first part shows doubling of ¢ for halving of h while
the second part shows fixed ¢ for varying h.

h | 7 14 DoF GMRES | BiCGSTAB
2731273 ] 40 3240 40 41
2741274 | 80 | 23120 30 78
275 | 275 1160 | 174240 160 167
2741274 | 160 | 46240 160 182
275 | 275 1 160 | 174240 160 167
276 12761160 | 676000 175 176
2771277 | 160 | 2662560 165 174

roughly independent of the mesh size.

3.6 Summary

In this chapter, we considered a simple solver for the solution of the all-at-once sys-
tem for a time-dependent PDE-problem. The simple approach was to use a block
Jacobi preconditioner used within a standard non-symmetric solver. If the precondi-
tioner is applied exactly, it was shown that the preconditioned system has a minimal
polynomial with degree at most equal to the number of time-steps . Thus, a Krylov
subspace method will terminate in at most ¢ iterations.

In practice, the preconditioner was not applied exactly but approximated through

69



CHAPTER 3. BLOCK DIAGONAL PRECONDITIONERS

the use of a multigrid process. Our minimal polynomial theory does not apply to this
system, however, we found that the approximate system also exhibited sudden drop-
off at the ¢-th iteration. Thus, a nearby Jordan form seemed to affect the performance
of the iterative method; this of itself is an interesting numerical observation.

Due to the block diagonal structure of the proposed preconditioner, it is embar-
rassingly parallelizable over time. If we were to parallelize the preconditioner over
¢ processors, we would theoretically be able to compute the solution in a total time
equivalent to ¢ V-cycles, a speed-up from a sequential approach which would take
rf V-cycles where r is the average number of V-cycles to solve the system exactly.
Method modifications were also proposed to see the effect of retaining additional in-
formation in the preconditioner, and we see a conservation of the total number of
sequential V-cycles. Some benefits may be achieved, for example, if there were less
than ¢ processors available, then the block modification may be advantageous.

In Chapters [6] and [7] this preconditioner will form the basis of an approximation
to the Schur complement of a control system. In that formulation, we will want to
approximate a term of the form A”A and therefore it is advantageous to consider
performance for the normal equations. For simple, heat equation systems we are able
to provide eigenvalue bounds for the normal equation which are independent of both
the problem size parameters n and £.

The approach examined in this chapter exhibits convergence completely indepen-
dent of the spatial degrees of freedom n, while it is highly dependent on the number
of time-steps. In the following section we propose a circulant based preconditioner
where convergence is the complete opposite; while there may be mild dependence on

n, iterations are completely independent of /.
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Circulant Based Preconditioners

As described in the previous chapters, we can write a time-dependent problem such
as the heat equation in an all-at-once manner so we solve one large, block system
rather than a sequence of smaller systems. In this chapter, we develop an alternative

preconditioner for this problem which utilizes the block Toeplitz structure of the

matrixl]

4.1 Motivation and Model Problem

We begin by considering the heat equation described in ({2.1]) with non-constant forc-
ing f, however, for the time being, we will restrict ourselves to considering only the
Backwards Euler method for time-stepping. Using this method, we only have one

block sub-diagonal and the overall system can be described by,

IThis chapter is based on the report which is Ref. [69]. In particular, Lemma’s and and
Theorem were completed by Jennifer Pestana as part of that report.

71



CHAPTER 4. CIRCULANT BASED PRECONDITIONERS

[ A Mu ] [Mug+ £,
B A u Tf
Appx = ?| = ? (4.1)
| B A_ (| [ £, |

where A = M + 7K € R™™ is symmetric positive definite and B = —-M € R™" is
symmetric negative definite. We note that Agg is now an immense nf x nf matrix;
the construction of Agg only requires copies of A and B and is never done explicitly.

The matrix Agg is clearly block Toeplitz, however, we note that it does not have
Toeplitz blocks. A summary of preconditioning methods for block Toeplitz matrices
which do have Toeplitz blocks (often referred to as BTTB matrices) can be found
in [I7, Chapter 5]. As we saw in Section [2.3| circulant matrices are one effective
method for preconditioning Toeplitz matrices and we want to be able to extend this
concept to the block Toeplitz case considered here. Although there are several types
of circulants which can be used in this manner, we will focus on the Strang circulant
described in Section 2.3.1]

Let us therefore consider the block Strang circulant of Agp as a preconditioner
for the matrix Agg. As Apg is lower triangular with just one subdiagonal, the
corresponding Strang circulant simply consists of wrapping the subdiagonal entry B

around to create the block circulant matrix given by

A
B

A

B

B

A

(4.2)

In order to describe the preconditioned system, we make the observation that Pgg
is a rank n perturbation of Apg since Ppg = Apg + E1BE], where E; = ¢;® I, ¢ Rn*»
with e; denoting the i-th column of the ¢ x ¢ identity matrix I,. We can now examine

the eigenvalues of the preconditioned system.
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Theorem 4.1. The preconditioned system is equal to PgApp = Iy — Agy E1Z7 E],
which is a rank n perturbation to the identity matriz I,,, € R™>"  where
Z = BY + (Agy)e1 and (Agy)e1 = EF AL Ey. Furthermore, Pl Agp has n({ - 1)

eigenvalues equal to 1 and n eigenvalues equal to the eigenvalues of I, — (Agy)e-1Z71.

Proof. Writing Pgr = Agg + ElBEZT, then by the Sherman-Morrison-Woodbury for-

mula we have that
Poi = (Ape + E\BE])™ = Ay - AgpEr(B™' + Ef A 1) Ef Ay,

and thus,
PruApe = Ly — AgsE1 (B + Ef AL E)) P EY. (4.3)

Since AL E1 (B~ + Ef A E1) "L E] is of rank n, this shows that the preconditioned
system is a rank n perturbation of the identity. Noting that the inverse of Agg will
also be block lower triangular and block Toeplitz, and letting Z = B~ + Ef A7 Ey,

then we have that

In ~(AgploZ™!
I ~(AgphZ™

PrhApe = Ly - AgyE1Z'El = : ,

L —(Agp)eaZ™
L= (Agg)e1 27|

from which we can easily see that the eigenvalues of Pzl Apg are n(¢—-1) copies of 1

as well as the n eigenvalues of I, — (Agy) 1271 O

In fact, we can further describe the eigenvalues of I, — (AZy)e-1Z71 in terms of
the matrices A and B.

14

Theorem 4.2. If 1 is an eigenvalue of B~'A then —N“‘ &u_l)z—l

I~ ()i 271,

15 an eigenvalue of

Proof. Firstly, a simply inductive argument can be used to show that
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15 J
14 + :
13t

<12
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Figure 4.1: The eigenvalues of Pzl App with n = 81 and ¢ = 10. There are 32
eigenvalues with a value approximately 1.445.

(A ) k-1 = (1)F 1 (A B)* 1A for all k=1,...,¢. Thus we have that

L= (App)e1 Z7' = I = (ABp) e (B + (Agp)er) ™
= I, - [B (Age)iy + L]
=1, - [B(-1)TA(BT' A + 1]
- I, -[(-D)"Y(BAY + 1] .

-1

Finally if p is an eigenvalue of B~1A then there exists a nonzero vector x € R™ such

that

B 'Ax = ux
< (-1)Y BT A) % = (-1)"u'br
0-1( p-1 A \¢ -1 1
¢
0-1( p-1 4 \¢ 1y _ I
= ]n_ [(—1) (B A) +In] X = WX,
which completes the proof. O]

This shows that, although Pzl Agp has n eigenvalues not equal to one, if p is
large then these eigenvalues can cluster very close to one. In the case of the heat
equation, we see that the largest eigenvalues of B~'A grow with h=2 where h is the
grid size and therefore we see extremely clustered eigenvalues in practice. Figure
shows the eigenvalues of P]‘SlEAB g for a small system.

We will now show that Pzl Agg is diagonalizable.
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Theorem 4.3. The matriz PgLApg is diagonalizable.

Proof. Now, B'A=—-(I,+7M~'K) with M and K both symmetric positive definite.
From the proof of Theorem [4.2] we have that

(AZ) e 27 = [(-1)* YL+ M K + L) = [1, - (I, + TM K],

which is diagonalizable and has real, negative eigenvalues. Thus, I, — (Az5)e-1Z71 is
diagonalizable, and has eigenvalues that are real and larger than one.
Let I, — (AZ%)e-1Z7! have diagonalization V-'DV. Then Pzl App has the diag-

onalization V-'DV, where

_ v - -D ;
Vi 0 I I
V=] : , and D= I (4.4)
Voo 0 7
I % 0_ I I_
with V; = (A3},):Z7'V (I, - D). O

Since Pgl App is diagonalizable, then combined with the result from Theorem ,
we know that PZ;EABE has exactly n + 1 distinct eigenvalues and thus GMRES will
terminate in at most n + 1 iterations. However, for more complex time-stepping
schemes it is not always obvious that the preconditioned system is diagonalizable, as
will be discussed in Section [£.1.3] Furthermore, Theorem will not necessarily be
applicable if the preconditioner is applied approximately, such as with a multigrid
method.

Although we have now demonstrated that the preconditioned system has a number
of non-unit eigenvalues independent of the number of time-steps ¢ (but dependent on
h), the circulant preconditioner we have proposed is, in principle, just as difficult
to invert as the original matrix 4. In order to demonstrate an easy, and indeed
parallelizable, method of inverting P we will now consider the matrices in Kronecker

product notation.
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4.1.1 Kronecker Product Form

The block structure of the matrices considered allows us to describe them in Kronecker

product form as

ABE:]Z®A+Z®B (45)
PBE=Ig®A+C®B, (46)
where
[0 ] [0 1]
1 0 1 0
Y= , C= , (4.7)
| L 0] i L 0]

and I, is the identity matrix of dimension ¢ x £. Since C' is a circulant matrix, as
described in Section we can define the diagonalization C' = UAU* and easily
apply C or the inverse of C' to a vector using the Fast Fourier Transform (FFT).
We let the diagonal entries of A be denoted by \;, and note that in general they are
complex. Furthermore, for this very specific circulant, the eigenvalues are in fact the
¢ roots of unity, so that \; = e2™/¢ where i =0,1,...¢ 1.

The Kronecker product has the property that (W @ X)(Y ® Z) = (WY ® X 7).
Using this, and the fact that U is unitary, we are able to rewrite the preconditioner

PgE as

PrE I A+C®B

UU"® A+UAU"® B

(UeIL)U*®A+AU" ® B)

(U L) Ii® A+Ae® Bl(U*®I,)
and therefore, noting that (U ® [,,)~! = (U* ® I,,) we have
Prh=(UeL) e A+ A B ' (U*®1,). (4.8)
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A similar formulation was used in [51] for a semi-circulant preconditioner.

Applying the inverse of Pgg to a vector requires us to multiply by U ® I,, and
U*® I, and invert the block diagonal matrix I,® A+ A® B. In order to apply U ® I,,,
we can first apply a column and row permutation that allows us to instead multiply
by the block diagonal matrix I,, ® U, which has n blocks of size ¢ x £. Following this
multiplication, we must reverse the row and column permutation. Since the required
permutation, which is a simple reordering of the spatial and temporal degrees of
freedom, is known in advance, multiplication by U ® I,, or U* ® I,, can be applied
easily. Due to the block diagonal structure present here, some parallelization may
also be possible.

The matrix [,® A+ A® B is block diagonal and therefore can be inverted in parallel
over ¢ processors. This matrix is complex symmetric and a method such as a complex
algebraic multigrid, for example, the AGMG method [73, [74], [77, 78], could be used

to approximately perform this step.

4.1.2 Simultaneous Diagonalization

For our formulation of the heat equation, the blocks A and B in (4.1]) are symmetric.
Let us assume for the moment that A and B also commute, which would be the
case if a regular grid is used. Then, as a result, the blocks can be simultaneously
diagonalized. The property allows us to further simplify the manner in which we can
apply Ppg.

If welet A=X®XT and B=XVXT then we have

Prh=U L)@ X) [P +A0 V] (I, XT)(U*®1I,).

Now in order to apply the inverse of I, ® A+ A ® B, we first need to apply (I, ® XT),
which is a block diagonal matrix and could be applied over ¢ separate processors. We
then invert I, ® ® + A ® ¥, which is diagonal and therefore trivial, before applying
(I, ® X), which is again block diagonal. Thus when we have this property, the
application of a circulant preconditioner becomes much cheaper as the only matrix

which requires inversion is diagonal.
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If we use a finite element formulation to discretize then M and K are simul-
taneously diagonalizable if we use a uniform square grid. For finite difference meth-
ods, the finite element mass matrix is replaced by the identity matrix and therefore
will always commute with the diffusion operator K. We note that for the Dirichlet
problem discretized by finite elements with uniform grids we are able to compute
the diagonalization using sine transforms as we now describe for the problem in two
dimensions.

For the x and y directions respectively, the i-th element of the j-th normalized

eigenvector is given by v,(,7) =/ nfﬂ Sin(n’jfl), vy (1,7) = 4 /nfﬂ sin(nljfl) , where

ng is the number of interior nodes in the z-direction and n, is the number of interior

nodes in the y-direction. We construct X, € R"*"= and X, € R">*"™ by embedding

each matrix within an identity matrix such that:

Xm:[nz+2, Xx(Q:nx,Z:nx) = Uy (49)
Xy = Any+2s Xy(2:ny72:ny) = Uy. (410)

We now form the two-dimensional eigenvectors X by the simple relation X = X, ® X,.
As a result, we can apply X to a vector using discrete sine transforms.
We will now examine the effect more complex time-stepping schemes have on the

system.

4.1.3 Multi-Step Methods

For simplicity, we discretized the heat equation from ({2.1)) using a Backward Euler
time-stepping scheme. However other implicit time-stepping schemes could also be
used. In this section, we describe how the ideas in the previous sections can be
extended to a k-step scheme where A has k subdiagonals.

Define A to be the following nf xnf block lower triangular Toeplitz matrix formed

of ¢ blocks of n x n matrices with k < ¢ -1 subdiagonals, and define P to be corre-
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sponding Strang circulant:

Ay Ay Ap - Ay A
Ay Ay A A A,
A= , P:= S R . (4.11)
Ap Ap Ap
Ay Ag Ay Ag
i Ay e A A i Ay o A A

Define X; € R to be the Toeplitz matrix of zeros except for 1s on the i-th
subdiagonal and C; to be the corresponding Strang circulant with 1s on the i-th
subdiagonal and the (¢ - i)-th superdiagonal. Note that C' defined in (4.7) would
correspond to Cf.

By simple computation we can observe that C; = (C1)?, and therefore if we diag-
onalize C; = UAU* then C; = (C1) = (UAU*)! = UANU"~.

Again A and P can be written in Kronecker form as

k
AZIE®AQ+ZZ7;®A7;, (412)
=1
k k )
PZIE®AU+ZCZ‘®AZ‘:[@®A0+ZUA’LU*®A,L'. (413)
i=1 =1

We can make additional simplifications if all A; commute with each other and
are therefore simultaneously diagonalizable. This will occur for any time-stepping
method if the spatial operators K and M commute. We thus assume that we have

the diagonalizations A; = XA; X7, X orthogonal. We can now write that

G

k . G
P=18A+Y UNU*®A; = (U®l,) 2 (Uel,)=Uel,)G(U®1,),
i=1

Gy
(4.14)
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where G = diag(Gy,...,Gy) and
k . k .
Gj=Ag+ ) NA; =X(A0+ Z)\;Ai)XT = Xg; X7T. (4.15)
i=1 i=1

Furthermore, G = (I, ® X)diag(gi,...,8¢) ([, ® XT) where (I, ® X) and ([, ® X7T)
are block diagonal and diag(gi,...,g¢) is diagonal. The point here is that even for
multi-step methods, with simultaneous diagonalization of the spatial operators we
can apply the inverse of the preconditioner P using only multiplication with block
diagonal matrices and the inversion of a diagonal matrix, which are all extremely
cheap to apply.

We note that the preconditioner P is now a rank nk perturbation to A. Conse-
quently, the preconditioned system P~1A will have at most nk eigenvalues not equal
to one and if it is diagonalizable, then GMRES would converge in at most nk+1 steps.
However, without simultaneous diagonalization of all blocks A;, this property is not
obvious. If simultaneous diagonalization is not possible then an optimal method,
such as algebraic multigrid, can be used to approximately solve with P in an efficient
manner. However, robust convergence bounds for GMRES would not be able to be

proved in this case.

4.2 Symmetrized System

Although we have been able to describe the eigenvalues of the preconditioned system
and have shown that the number of non-unit eigenvalues is independent of the number
of time-steps, we require diagonalizability of the preconditioned system in order to
determine the convergence of non-symmetric solvers such as GMRES. If we do not
have this diagonalizability, provided our spatial operators are symmetric and using the
ideas developed in [91], we are able to propose a method which rewrites our system
as a symmetric one. This then allows us to use eigenvalue analysis to determine
convergence estimates.

As stated earlier, the matrix A in is block Toeplitz with symmetric blocks.

We note that we can symmetrize any matrix of this type by pre- or post-multiplication
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with the following block Hankel matrix,

V= " =Y ®I, where Y := . (4.16)

Pre- or post-multiplication by ) will symmetrize any block Toeplitz matrix with
symmetric blocks, however in general YA does not equal A)Y; for this we would
additionally require A to be symmetric. If we wish to solve the system of equations

Ax =b then we can solve the equations
(YA)x=)Yb or AYy=b, y=Yx. (4.17)

However, unlike for the original system we are able to use iterative methods for
symmetric systems for which much better convergence estimates exist. We also note
that Y and ) are involutory and thus Y=' =Y and Y1 =Y.

In order to use a symmetric matrix solver such as MINRES we require a symmetric
positive definite preconditioner. Our original block Strang circulant preconditioner
P defined in (4.14]) is certainly not symmetric and therefore will not be suitable. In
[91] it was suggested to use the absolute value of the circulant preconditioner and we

extend this idea here. Therefore we define the absolute value preconditioner |P| to be

Pl = (P*P)?
[(U®1,)G"(U* ® L,)(U ® I,)G(U* ® I,)]"*
(UeL,)g°¢(U" ®1,)]"

(Ve 1,)GI(U" 8 1,)

&1
= (Uel,)(l;®X) (Lo X1 (U*e1,), (4.18)

|gz|_
where g; is the diagonal n x n matrix in (4.15) and |g;| is its elementwise absolute
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value. We note |P| is symmetric positive definite and therefore can be used in MINRES

with the symmetric form of the equation (4.17)).

4.2.1 Eigenvalue Analysis

We have now described a symmetric positive definite preconditioner for the sym-
metrized system to be implemented with MINRES. Since eigenvalues provide
robust convergence bounds for MINRES, unlike for GMRES, we now wish to determine
the eigenvalues of the preconditioned system |[P|"'VA. In order to do this, we first

need to show that |P| is symmetric with symmetric blocks and is also block Toeplitz.

Theorem 4.4. The absolute value preconditioner |P| as defined in (4.18]) is block

Toeplitz and is symmetric with symmetric blocks.

Proof. By definition we have that
Pl=(UeL)(LeX)diag(lgl, - .. lg) (I ® XT)(U* @ I,,)

where g = Ag + Xy AiA;. Since (U @ L,)(I; @ X))* = (I, ® XT)(U* ® 1), the
pre- and post-multiplication by these matrices will preserve the symmetry of the
diagonal matrix in the middle and therefore |P| is Hermitian. Furthermore, since |P| =
(PPT)/2 with P real, then |P| is also real, and therefore symmetric. To determine
the symmetry of each block we need to look more closely.

Firstly, let

Uyp Uiz -+ U Uyp U21 -+ Upn
U1 U2 . U1z U2

U= and U* =
Uy e U Uy e U

By expanding out the matrices in the definition of |P| from (4.18)), we find that if we
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let [P|;r denote the (4, k) block of |P| of size n x n, then we have
¢ ¢
|P|jk = Z uij|g|mmXT = Z ujmmX|g|mXT-
m=1 m=1

Since it is evident that the matrix X|g|,, X7 will be symmetric for all m then all [P|;
will be a sum of symmetric matrices and therefore also symmetric.

To prove that |P| is also block Toeplitz we need to look at the definition of each
ujz. Now, we know that the columns of U are the eigenvectors of a circulant matrix.
Thus, ujr = fjrx/VE where fj, = e20-D¢=Dmi/t - For |P| to be block Toeplitz we need
that |Pljx = [P|g+iyk+1y for all 4,k e {1,...,£ -1} as well as that |P|;; = [P for all
g kef{l,... 0}

Firstly, [Pk = Xouet UjmUem X |glm X T and

m

ujm% — %62(]'—1)(m—l)ﬂ'i/ﬂe—Q(k—l)(m—l)wi/é — 162(j—k)(m—1)7ri/€.

Similarly, |P|(j+1)(k+1) = Zﬁmzl u(j+1)mu(k—1)mX|g|mXT7 with

1 .. ,
U(j+1)mm = zeZ(J_k)(m_l)ﬂ-l/é-
Thus |Plji = |P|¢j+1)(k+1), s0 all off diagonals have constant blocks. We finally just
need to prove that the diagonal blocks are also constant. This is easy to see, as

UjmUym =1 for all je{1,...,¢}. [

In our eigenvalue analysis, it will prove useful to relate P in (4.11]) and [P| in (4.18))
without using the square root of PTP. To do this we introduce the orthogonal matrix

P where

sgn(gr)

P=(U®L)I;®X) n(e2) (Lo XT)(U*®1I,), (4.19)

sgn(gg)_
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and sgn(g;) = g;/|g;| is defined elementwise. Then we have that
P|=PP. (4.20)

We will also use the matrix P12 defined in the usual fashion as
P2 = (Uel,) (1@ X)diag ((sgn(gi))"?, ..., (sen(g))?) (L@ XT)(U*®1,). (4.21)

Theorem 4.5. The matrices P and PY? as defined in [(£19) and [E21)) are block

Toeplitz and symmetric with symmetric blocks.

Proof. As with |P|, it is evident that left multiplication with (U®1,,)(,®X) and right
multiplication with ((U®1,,)([,® X ))* maintains the symmetry of the diagonal matrix
and so P and P12 are clearly symmetric. We see that P = 3, tjm T X sgn (g ) X 7
and once again this shows that since each block is the sum of Hermitian matrices and
is real, then each block is symmetric. Since the coefficients u;,,, and Uy, are exactly
the same as for |P|, the proof of the block Toeplitz structure of P follows exactly as

in the proof of Theorem [4.4] The same logic also applies for P1/2. ]

We will now use these matrices to help us examine the eigenvalues of the precon-
ditioned system |P|"1YA. It is evident that these eigenvalues will be the same as the
eigenvalues of the matrix |P|"1/2Y A|P|"Y/2 by a similarity transform. The matrix ) of

(4.16) comprises of ¢ blocks, and we denote ) to be the corresponding matrix with

k blocks.

Theorem 4.6. Define E; = e;® I,, € R"™>™ with e; denoting the i-th column of the £ x /¢
identity matriz I,. Let ® = [Ey, ... Ey] e Rk W = [Ey 4.1, ... Ey] e R qnd

A ... Ay A

W = Ak A2 € Rnkxnk'

Ak
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Then for |P| and A as defined as in (4.18)) and (4.11)) respectively,
[PIRYAPI=Q - 2027,
where Q = PY is symmetric and orthogonal, Z = |P|~Y2WS € Rk has full rank and

the symmetric matriz Y, W € Rk has the eigenvalue decomposition Y, W = SOST.

Proof. Firstly we see that since the circulant is a rank nk perturbation of A, we can

write P = A+ ®WWT, Thus, A=P - PWUYT and we have
|P|—1/2yA|P|—1/2 — |7)|—1/2y7)|7)|—1/2 _ |73|_1/2y(I>W\I/T|73|_1/2.

Since both P and P are block Toeplitz with symmetric blocks, pre- or post-multiplication
with Y will result in a symmetric matrix. Furthermore, block circulant matrices will
commute provided that the blocks commute. Since we have assumed that all A;

commute we have that P and |P| also commute. Thus,
[PIY2YPIPI2 = YIP[YAPIP|2 = YPIP AP = YPT =PY = Q.
Now Y& = Y[E; ... Ey] =[Es. .. Ep1] = UY,. Thus,
P 2Yyew vt P2 = [P 2u YWt | P2 = (P 2w S)O ([P 2us)T.

Since [P|, ¥ and S have full rank, Z = |P|-1/2¥S has rank nk. O

Lemma 4.1. The matriz Q has the same eigenvalues as Y, which has n|/2] eigenval-
ues equal to -1 and n[l]2] eigenvalues equal to 1. The eigenvectors of Y corresponding
to the -1 eigenvalues are the columns of Ej — Eo_jy for j=1,...,[¢/2]. Similarly the
etgenvectors corresponding to the 1 eigenvalues are the columns of E; + Eo_j.q for

j=1,...,1¢/2]. If { is odd the remaining n unit eigenvalues have the eigenvectors

Ejopa-

Proof. Firstly we want to show that () and ) are similar, and therefore have the

same eigenvalues. We have shown that P and P42 are block Toeplitz with Hermitian
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blocks and thus, Y will symmetrize them. Since P is orthogonal,
Q = Py = PU2PU2Y = PUY(PY)T = PU2Yp-1/2,

Therefore () and Y will have the same eigenvalues.
It is left to determine the eigenvalues of V. Firstly we note that VE; = Ey_j,q.

Therefore we have
V(Ej - Erji)=Erju - Ej=~(Ej - Ep_ja),

so -1 will be an eigenvalue associated with an eigenvector equal to one of the columns

of (Ej — Ey_j+1). Similarly, the columns of
y(Ej + Ez-y+1) =Fpjn+E;

give the form of the eigenvectors corresponding to unit eigenvalues. If ¢ is odd then

for j = [¢/2] we have

V(Ery21 + Eopop2141) = Eopoga1a + Epesas

so that the remaining n eigenvalues are 1. O

Lemma 4.2. The eigenvectors of Q are of the form P2z, where for eigenvalues

equal to 1, z = Yz and for eigenvalues equal to -1, z = -)z.

Proof. As previously noted, P42 is orthogonal and symmetrized by ). Therefore we
have

QP22 = PYPPg = P\RPRP-12Y g = P2Yg = P27,

The negative case follows in a similar way since when z = =)z, then
QP22 =PPyz = P/,

which concludes the proof. O
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Theorem 4.7. Assuming that P2 ¢ Rt and [(/2] < £ -k, the geometric multi-
plicity of the eigenvalue 1 of [P|\PYA|P|Y? is at least n(¢ — k) — n|€/2], while the
geometric multiplicity of the eigenvalue -1 is at least n({ —k) —n[l/2]. This leaves at

most 2nk eigenvalues that are not +1.

Proof. Define W, = [Ey,...,Ep ;] € Rn(Ek) g0 that [V, W] = I, Since Z =
|P|-1/2¥S, the columns of Z, = |P|'/2¥, will be orthogonal to the columns of Z.

Therefore for any y € R,
[Pl PYAPI P 2y = QZy - 202" Zey = QZey.

Now if Z.y is an eigenvector of @), then @) has an eigenvalue equal to £1 by Lemma[4.1]
and so

[PIEYAPI 2y = Q2ey = +Zey.

Thus Z.y is an eigenvector of |P|"\2Y A|P|1/? with eigenvalue +1. From Lemma
we have that the eigenvectors of Q must be of the form P2z, where z = +)z, so we
now need to determine the form of Z.y such that it is an eigenvector of Q.

Looking firstly at the positive eigenvalues of @, we want to have Z.y = P'/2z,

where z = Yz. Thus,
z=P 7y =P PIP[P0y = P/ V.y,
and since z = )z,
731/2‘11(:}’ = ypl/2qjcy7

which implies that y € null((1,, — Y)PY/?¥.). Therefore, the number of eigenvectors
associated with unit eigenvalues is equal to the dimension d, of the nullspace of
(Ie=Y)PY2W.. Now, d, = nl — rank((I,, - Y)P2¥,). We know that rank(l,,-)) =
n|¢/2], and since ¥, and P2 have full rank, it follows that rank(P'/2¥.) = n(¢ - k).

For any matrices A and B we have that

rank(AB) < min(rank(A),rank(B)),
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£=10 n =281
T T T T T T T

ek % - * * ek % - * *
. . . . . . . . . . . .
-1 05 0 0.5 1 1.5 2 25 -1 05 0 05 1 15 2 25
=20 n = 289
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. . . . . . . . . . . .
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T T
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Figure 4.2: Eigenvalues of the preconditioned system |[P["1YA for varying number of
time-steps and varying mesh sizes. In the (a), n = 81, and in the (b) ¢ = 10. In all
cases 7 =0.1.

so it follows that rank((Z,, — Y)PY?¥.) < min(n|l/2],n(f - k)). We have assumed
that [¢/2] < ¢ -k, and so d, > (£ - k)n - |¢/2]n.

Using an analogous argument for the negative eigenvalues we find that
d- > ({-k)n—[£/2]n. Thus we have shown that the eigenvalue 1 has geometric
multiplicity at least n(¢ - k) —n|¢/2] and the eigenvalue -1 has multiplicity at least
n(f{ — k) —n[f/2]. This means that there are at most 2nk eigenvalues that are not

equal to +1. O

Having shown that the preconditioned system has at most 2nk eigenvalues that
are not +1, we know that MINRES will converge in at most 2nk + 2 steps, which is
independent of the number of time-steps, although we not that it is not independent
of n. In practice, we do not see nearly this many steps, as the eigenvalues that are
not +1 are also closely clustered in our numerical experiments for the heat equation.
Figure shows the eigenvalues of the preconditioned system |P|"1 YA for the same
grid sizes with varying numbers of time-steps. We can see that the eigenvalues remain
extremely well clustered for each of the values of ¢.

In Figure [4.2b| we also show the eigenvalues of the preconditioned system for a
fixed number of time-steps and various spatial grid sizes. It is evident that although

the eigenvalues become more spread out as n increases, the eigenvalues remain well
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clustered, with only one cluster of eigenvalues away from +1.

4.3 Non-Symmetric Systems

Throughout the previous section, we have assumed that all A; are symmetric, as
without this property ) would not symmetrize the system. This property was used
as a way to obtain rigorous convergence estimates by using a symmetric method.
However, for cases where A; are not symmetric, we can also form the normal equations
by solving the system using LSQR. We note that we could also use this method when
A; are symmetric. We now analyse the eigenvalues of the normal equations of the

preconditioned system in order to determine the convergence of LSQR.

Theorem 4.8. The matriz (P~*A)T(P-1A) has n({ -2k) eigenvalues equal to 1, kn

eigenvalues less than or equal to 1, and nk eigenvalues greater than or equal to 1.

Proof. Let P = A+®WVUT where ® = [Ey,... E] e Rk W = [Ey_ky1, ... Ey] € Rronk

and

A ... Ay A

W = Ak A2 € Rnkxnk‘

Ak

Using the Sherman-Morrison-Woodbury formula, we have
rP—l — A—l _A—l@(w—l + qJTA—l(I))—quTA—l

PlA=IL,- AW+ 0T A ) 0T
=Iy- Aoz

where Z = W1 + UT A-1® ¢ R*" "k We can now see that Z- 10T = [0 Z—l] € Rnkxnt

0 71
and consequently ®Z-1UT = € Rnéxnl If we partition A-! into blocks we

0 O

89



CHAPTER 4. CIRCULANT BASED PRECONDITIONERS

have ) .
At
AL A AL 0
Ve G R e = , (4.22)
Ay - AT LAY Ayt A
A
A A A A

where A7} € Rrbxnk AZL e Rr(ER>nk and A1 € Rr(ER)>xn(=k)  We can now write that

0 A7lz-1
PIA=T,- A7 0T =], - H ,
0 Azt
and thus
Lo-i 0 Ly  —AjZ™1

(PTAT(PA) =
~ZTAT Ly -2 TAT 0 Lig— A1 Z71

Ln(e-k) ~AZ

2T (L~ 27T AT ) (Lngeory - At 271)

From here we can see that the upper n(¢ - k) principle submatrix is the identity
and we can use the Cauchy Interlacing theorem (see for example Chapter 10 of [85])
to relate the eigenvalues of (P~1A)T(P-1A) to the eigenvalues of the identity. The
theorem tells us that if we let )\; be the i-th eigenvalue of (P1A)T(P-1A) with
AL <Ay <o < Ay, then

Ai 1< Xk, (4.23)

which gives that the eigenvalues Ay to \,; must be less than or equal to 1, the
eigenvalues A\,y1 to A, —r) must be equal to 1 and eigenvalues A, —xy+1 to Ane must

be greater than or equal to 1. O

90



CHAPTER 4. CIRCULANT BASED PRECONDITIONERS

Now since |P[?> = PTP = PPT, we have

(PA)T(PA) = ATPTP A= AT(PPT) A
= AT(IPD A= (P[P A (P A).

Therefore the eigenvalues of the normal equations when using either P or |P| as the
preconditioner are the same. We also note that AT(|P|)"2A has the same eigen-
values as YA([P|)~2AY, since this is a similarity transform with Y= = Y. It fol-
lows that the eigenvalues of (|P|"LAY)T(|P|"LAY) are the same as the eigenvalues of
(PTA)T(P-1A), and that the singular values of [P|"1.AY are the same as those of
P-1A. However, we specifically looked at the normal equations for non-symmetric
problems which could not be symmetrized in this manner.

Therefore, we have again shown that using a block circulant based preconditioner
results in a number of non-unit eigenvalues independent of the number of time-steps.
However, the values of the non-unit eigenvalues can depend on both the number of

time-steps ¢ and the number of spatial degrees of freedom n.

4.4 Numerical Results

In this section, we present numerical results for an implementation of the method
described in the previous sections within the IFISS [26, 27, 03] framework. Our im-
plementation of GMRES was the standard Matlab implementation and did not allow
restarting. We also used the standard Matlab implementations of MINRES, LSQR
and BICGSTAB. All methods were stopped with a relative residual tolerance of 106
and used a random initial guess. The finite element discretization used Q1 finite ele-
ments over the domain = [0,1]x [0, 1] for the heat equation and = [-1,1]x[-1,1]
for the convection-diffusion equation. For the algebraic multigrid preconditioner, we
used AGMG [73, [74], [77, [78] with default settings, which can be applied to complex
matrices. Note that for use with GMRES, we employ Py and not |Pyg| (which
would, in this case, be awkward if not impossible to compute). We have no rate of

convergence guarantees for this approximate non-symmetric solver, but we observe
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rapid convergence as seen in Tables [£.1] [£.2) and [4.3] These observations are perhaps
not a complete surprise given the supporting rigorous theory in the corresponding

symmetric case.

4.4.1 Heat Equation

Our first example is the heat equation as defined in (2.1) with the initial conditions

ug = z(r - 1)y(y - 1),

with no external forcing (i.e. f = 0). We used both the Backward Euler and the
2-step Backward Differentiation Formula (BDF2) for the time-stepping method, with
time-step size equal to 7= 1//.

The results presented in Table are for the Backward Euler time-stepping
method and show that for all methods, iteration numbers are essentially indepen-
dent of the number of time-steps. Although iteration numbers do increase as the
mesh size is decreased, and therefore n increases, the increase is fairly minimal par-
ticularly for the GMRES iterations. Mesh independent convergence is observed for
GMRES with the approximate preconditioner Py;q.

Similar results are observed for the BDF2 method (see Table [£.2)), with iteration
counts for GMRES and MINRES with |P| approximately independent of the number
of time-steps. Here there does appear to be a mild dependence on the number of

time-steps when Py is applied.
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Table 4.1: Iteration numbers for the heat equation using the Backward Euler method
with varying values of grid size and time-step number.

C ], bop | GMRES [ GMRES | MINRES | LSQR
P14 PilA | [PIVA | |PA
273 20 1620 3 3 14 12
40 3240 3 3 15 16
60 4860 3 3 17 17
80 | 6480 3 3 17 19
100 8100 3 3 17 21
o4 | 20 | 5780 3 10 14 12
40 11560 3 11 16 16
60 17340 3 11 17 17
80 23120 3 12 17 19
100 28900 3 12 20 22
275 20 21780 4 11 19 19
40 43560 4 12 21 26
60 65340 4 12 22 30
80 87120 4 12 24 36
100 108900 4 12 24 41
26 20 84500 4 11 19 19
40 169000 4 11 23 26
60 253500 4 11 23 31
80 338000 4 11 25 36
100 422500 4 11 25 41
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Table 4.2: Iteration numbers for the heat equation using the BDF2 method with
varying values of grid size and time-step number.

. , bop | CMRES | GMRES | MINRES | LSQR
P1A PilLA | [PFIYVA | [PIA

23 | 20 | 1620 3 8 18 16
40 | 3240 3 8 29 21

60 | 4860 3 8 29 25

80 | 6480 3 9 22 28
100 | 8100 3 11 23 32
24 | 20 | 5780 3 13 20 17
40 | 11560 3 15 29 29

60 | 17340 3 15 23 25

80 | 23120 3 16 23 29
100 | 28900 3 18 25 32
2-5 | 20 | 21780 4 14 25 97
40 | 43560 4 16 27 A1

60 | 65340 4 16 28 52

80 | 87120 4 16 29 60
100 | 108900 4 20 31 71
26 | 20 | 84500 4 14 25 28
40 | 169000 4 15 27 41

60 | 253500 4 15 28 52

80 | 338000 4 16 30 62
100 | 422500 4 21 32 74
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4.4.2 Convection-Diffusion Equation

The convection-diffusion test problem is known as the double glazing problem and
was also used as a test problem in the previous chapter. The wind is described by w =
(2y(1-22),-22(1-y?)). Dirichlet boundary conditions are imposed everywhere on the
boundary, with =1 on the boundary where = 1 and zero on all other boundaries.
The initial vector ug was zero everywhere except the boundaries where it satisfies
the boundary conditions. Streamline-Upwind Petrov Galerkin (SUPG) stabilization
[T6] was used to stabilize the system. For this problem, we used Backward Euler
time-stepping and ran to a final time of 5, and so the time-step size was 7 = 5/¢.

As this is a non-symmetric system and the spatial operators do not commute,
we were not able to use the simultaneous diagonalization method described in Sec-
tion [.1.2l However, we were still able to apply the absolute value preconditioner,
although this did require computing ¢ diagonalizations. We therefore also used the
AGMG preconditioner with both the GMRES and BICGSTAB methods. BICGSTAB
was used as GMRES without restarting can result in the storage of a large number of
Arnoldi vectors which can become problematic for a large number of iterations and
BICGSTAB avoids this issue.

In Table |4.3] we can see iteration numbers for the non-symmetric solver, which
are independent of the number of time-steps and essentially also independent of the
grid size. For the LSQR method, although we are able to prove that the number
of non-unit eigenvalues of the normal equations is independent of ¢ we see that the
values taken by the outlying eigenvalues can become large as ¢ increases; we therefore
see that the number of LSQR iterations grows quite rapidly. There is essentially no
growth in the number of iterations for the GMRES and BICGSTAB methods to which

our analysis does not apply.

4.5 Conclusions

We have presented a method of preconditioning an all-at-once system of evolutionary
equations based on circulant methods for Toeplitz matrices. For symmetric systems,

such as the heat equation, on a regular grid we can use simultaneous diagonalization
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Table 4.3: Iteration numbers for the convection-diffusion equation with varying values
of grid size and time-step number (* indicates iterations above the maximum of 200).

b / DoF GMRES GMRES BiCGSTAB LSQR
PIA | PylA Pi.A | [P[A
273 20 1620 12 12 10 86
40 3240 12 12 10 156
60 4860 12 12 10 *
80 6480 13 13 10 *
100 8100 13 13 10 *
274 20 5780 14 14 10 106
40 11560 15 15 10 192
60 17340 15 15 10 *
80 23120 15 16 10 *
100 28900 15 16 10 *
275 20 21780 16 15 10 107
40 43560 16 16 10 *
60 65340 17 16 11 *
80 87120 17 17 10 *
100 108900 17 17 10 *
2-6 20 84500 16 15 16 106
40 16900 17 16 16 *
60 253500 17 17 14 *
80 338000 18 17 16 *
100 422500 18 18 15 *

to efficiently apply a block circulant or its absolute value as a preconditioner. We can
also rewrite the system as a symmetric one through the use of a block Hankel matrix.
This allows us to use MINRES and to provide an eigenvalue analysis, which guarantees
convergence in a maximum number of iterations independent of the number of time-
steps. In practice, we observe much better convergence even than predicted by this
eigenvalue analysis.

For non-symmetric systems, we can also provide eigenvalue analysis for the pre-
conditioned normal equations. Although convergence estimates were able to be de-
termined for LSQR, this method appears to be of little use in practice. Conversely,

while we were not able to provide any theory for the multigrid approximated precon-
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ditioners used with either GMRES or BICGSTAB, these performed well practically.
For both symmetric and non-symmetric systems an algebraic multigrid process can
also be employed to approximate the preconditioner; this provides an inexpensive
alternative. Although we cannot prove convergence bounds when AMG is used in
this way, we nevertheless see promising results for both symmetric and non-symmetric
spatial operators with our approach. Conceptually, there seems no barrier to applying

any of these preconditioning approaches in parallel over time.

4.5.1 Comparison of Block Diagonal and Circulant Based

Preconditioners

In the previous two chapters, we have presented approaches to preconditioning the all-
at-once system for the heat and convection-diffusion problems. Both preconditioners
should allow some degree of parallelization over time due to the presence of block diag-
onal structures. In Chapter [3] the preconditioner itself is block diagonal and therefore
a matrix-vector product could theoretically be completed separately on ¢ processors.
For the circulant based preconditioner presented in this chapter, parallelization is less
straight-forward since the preconditioner needs to be decomposed into a product of
Kronecker products. Furthermore, the multigrid approximation used in this chapter
must be able to be applied to a complex matrix, which is perhaps less desirable than
being able to utilize a straightforward (real) geometric multigrid algorithm.

Iteration counts using the multigrid approximation of the block diagonal precon-
ditioner from Chapter |3| scale approximately linearly with the number of time-steps
¢. In contrast, the iteration counts using the circulant based method approximated
using algebraic multigrid, only grow slightly with increases in ¢ and n. Thus for large
¢, the circulant method may be favourable. We also note that with parallelization,
the block diagonal preconditioner only achieves a constant factor speed-up in compar-
ison to a traditional sequential method. Although easily implemented, the amount of
speed-up achieved may not be worthwhile for small systems.

A significant drawback of the circulant based method is that it is only applicable

to linear, constant coefficient problems with constant time-step size. Furthermore,
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only the multigrid approximated methods seemed to provide a practical approach
for solution of the non-symmetric convection-diffusion problem. However, we believe
that the exploitation of the block Toeplitz structure for the types of systems and the
ability to convert these systems to symmetric ones which are solvable with MINRES,
is an interesting and novel approach worthy of further investigation. Both of these
methods show a great deal of promise when used within a preconditioner for the much
larger optimal control problems. It is in this context that we will further develop these

methods in the following chapters.
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Background to Optimal Control

Up to this point, we have studied the solution of linear, time-dependent constant-
coefficient partial differential equations. These types of problems are at the core of
applied mathematics as they can be used to model an array of physical processes in
areas as diverse as biology, engineering, and economics. However, while PDEs can
determine the behaviour of a system under some known forces, what if we instead have
a desired behaviour and are seeking a description of the forces which might cause it?
This can be formulated as an optimization problem whereby we seek to find a forcing
which results in the closest approximation to our desired outcome. However, we are
constrained by the PDE which governs the relation between forcing and state. This
is therefore known as a PDFE-constrained optimization or optimal control problem.

Mathematically, the problem that we will consider can be formulated as

: 1 ~|2 /8 2
min =1y = T 0y + 5 10l 0 (51)
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subject to

Ly=u, in{
(5.2)
y=g, ondk,

and is often referred to as a ‘tracking-type’ problem. In this formulation, y is the
state variable while 7 is the known desired state. Naturally, the term [y -7]7 (o Will
be small when y is close to the desired behaviour. The control variable u affects
the state through the application of the differential operator £ with appropriate
boundary conditions. The second term in is the penalization term §||u|\%2 @
without which the problem would be in general ill-posed in the sense of Hadamard.
An optimal control problem is well-posed in the sense of Hadamard if it has a unique
solution with continuous dependence on the problem parameters. By including this
term in the functional we ensure that the Ly-norm of u remains bounded and u has
better regularity properties.

The parameter § > 0, which is known as the reqularization parameter or Tikhonov
parameter determines the extent that the penalization is enforced and therefore has
important physical properties. If 3 is relatively large, then the amount of energy in
the control variable u will be kept small and therefore the state may differ from that
of the desired state. Conversely, if 3 is small, more energy is allowed in the control
and therefore the resulting state is likely to be very similar to the desired one. In our
work, the similarity of the state and desired state are measured by the Lo-norm, as
is the size of the control variable penalization.

Arising in a variety of industrial applications, these tracking-type optimal control
problems have been the subject of intense research. Some examples of areas of re-
search include but are not limited to: chemical reaction processes [4], 87, 122], data
assimilation for weather forecasting [31], [64], the Monge-Kantorovich mass transfer
problem [7, 9], flow control [47], medical applications [I], 60], pattern formation [T07]
and financial applications [24]. An example of another type of optimal control, which
is not of the tracking type, are drag minimizations problems [20] 35, 89]. For a more

thorough overview of these optimal control problems we recommend [T, 25 112].
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5.1 Poisson Control Problem

The focus of this thesis is time-dependent problems and this includes time-dependent
optimal control problems. However before these can be discussed, we will illustrate
the basic concepts of PDE-constrained optimization through the simpler example of

a time-independent problem. The distributed Poisson control problem can be stated

as follows:
min = [y = T2, 0y + 2 Jul? (53)
v oY T YLy T 5 1%Ly '
subject to
-V =u, inQ
(5.4)
y=g, ond.

This is referred to as a distributed control problem as the control is applied over the
whole domain 2. We note this is not always the case and subdomain problems can be
developed for a range of applications. Additionally, we have assumed fixed Dirichlet
boundary conditions, however, these types of problems can also be formulated as a
Neumann boundary control problem. A description of the problem formulation for
such systems can be found in [86] although throughout this thesis we will focus on
the distributed control problems described in (5.3H5.4)).

As with all control problems, we have two options of how to form the linear system
which describes the problem. The first is to discretize the problem spatially and then
to optimize the resulting discrete system; this is known as the discretize-then-optimize
approach. The other alternative, known as the optimize-then-discretize approach, is
to optimize the continuous system first and then discretize the resulting equations.

Importantly, the two methods do not always yield the same result. It is naturally
desirable that the two methods coincide so there is no confusion as to the ‘correct’
solution. To achieve this, care must be taken with certain choices such as stabilization
strategies in convection-diffusion problems and time integration methods for time-
dependent problems discussed later in this chapter.

In the simple example introduced here, the optimize-then-discretize approach will
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yield a symmetric system, however, this is not always the case for more complex
problems. For example, in time-dependent problems discussed later in this chap-
ter the choice of time discretization scheme can break this symmetry. However, the
discretize-then-optimize method guarantees symmetry due to its construction. As
we have seen in Chapter [2 iterative methods for symmetric systems have certain
advantages over methods for general systems and therefore it is often advantageous
to maintain a symmetric system. Furthermore, this seems more natural in the con-
text of optimization which typically yields symmetric systems. For these reasons,
we will follow the discretize-then-optimize method approach, however, we refer the
reader to [86] and [94] for more detailed discussion of the comparison between the

two approaches.

5.1.1 Discretization and Optimization

To discretize the problem we first consider the constraint equation, which in this
case is the Poisson equation. Using the Galerkin finite element method described in

Section we take the following approximations to the state and control variables,

n n+ng n n+ng
yh =Y Yibi+ D Yidy, un=Y Ui+ Y. Ujo;. (5.5)
j=1 jen+l = jem+l

The weak formulation of the constraint equation (5.4)), is to find y € H}(2) and
u € Ly(€2) such that

U — 1
[vyvo= [un, voent, (@) (5.6)

The discrete approximation is thus to find yj, € V} and uy, € V} such that

‘/vah'vvhzlluhvha Yo, € Vg (5.7)

Finally, substituting in (5.5)) we obtain the equations

;YJ fgv@- Ve f,ZlYf fgv@- Rbi :éUj fg%‘b" +:21 U /QW“ o
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for i =1,...,n. Writing in matrix form using the definitions of the mass and stiffness

matrices from (2.11)), we obtain
Ky =Mu+g, (5.9)

where g incorporates the boundary conditions. We note that both y and u are

unknowns and therefore there is no single solution to this problem. However, this

equation only represents the constraint within the larger optimization problem.
Using the same finite element approximation we turn to the objective function

(5.3) where, after substituting in (5.5)), we obtain

o =Ty = [ -0 = [ 2 -207+ 7
= 1V i -9 [ .A+fA2
;;yyjfgcb% j;yj LOT+ )T

=yI'My-2y'b+C (5.10)

where C'is a constant. Combining (5.9)) and ([5.10)), the discrete version of the control
problem can be stated as
1
min -y My -y'b + EuT]Mu
v 2 2 (5.11)
such that Ky = Mu+g,

where, since C' is constant, it has been ignored for the optimization problem. Now
that the problem has been discretized, it remains to find the optimality conditions
for the system. We form the Lagrangian which combines the objective function with

the constraint equation and is given by

1
L(y,u,p):= éyTMy -y'b+ guTMu +pl(Ky-Mu-g). (5.12)
Here p corresponds to the vector (Py,..., P,)" resulting from the finite element dis-
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cretization of the adjoint variable p given by

n n+ng
ph=), Pioj+ Y. Pio;. (5.13)
7=1 j=n+1

The conditions for stationarity of £ are obtained by differentiating the Lagrangian
with respect to the three variables y,u and p and setting each of the derivatives equal

to zero. Beginning with the state variable y we obtain

oL
9Y;

=0=> My-b+K'p=0 (5.14)

which is referred to as the adjoint equation. Next we have

oL
oU;

=0= pfMu-Mp=0, (5.15)

known as the gradient equation and finally,

oL
3B_OZ> Ky-Mu-g=0, (5.16)

which is called the state equation, and is exactly the discretization of the Poisson
problem.

Writing these equations in block matrix form results in the following system,

M 0 KT ||yl |b
Ax:=|0 BM -MT||lul=|0], (5.17)

K -M 0o ||p| le

which is often referred to as the Karush-Kuhn-Tucker (KKT) system. We note that
the resulting matrix A is in the form of a saddle-point matrix. This type of matrix
occurs in many applications and several methods exist to exploit the structure to
obtain more efficient solves for this specific type of problem. This will be discussed

in more detail in the following section.
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5.1.2 Preconditioning for Saddle Point Problems

A symmetric saddle point system can be written as

0] \I/T X1 b1
Ax = = =b, (5.18)

\ 0 X9 bQ

where ® € R™™ is symmetric and invertible and ¥ € RP*™ p < m has full row
rank. Solving saddle-point systems is a large area of research and many methods
have been developed to obtain numerical solutions of these systems. In addition to
the optimal problem introduced here, saddle point problems also arise in mixed finite
element methods (see for example [25]) as well as interior point methods for other
optimization problems. For a comprehensive overview of such methods we recommend
[8].

We will focus on developing preconditioners for iterative methods in order to solve
the linear system. Since the saddle point system described is symmetric but indefinite,
MINRES could be used as an iterative solver for this system. However, as discussed
in Section [2.2.4.1] MINRES requires that any preconditioner used must be symmetric
and positive definite. Thus, we will restrict our possible preconditioners to those
which satisfy this condition.

A widely used preconditioner for saddle point problems of this form is the follow-

ing:
o 0
P = , (5.19)
0 S
where
S :=votyT (5.20)

is the (negative) Schur complement of the system. In order to guarantee the non-
singularity of S, we additionally require that ® is symmetric, positive definite. This
preconditioner is optimal as, under exact arithmetic, a Krylov subspace method will

converge in a constant number of steps. This was proved by Murphy, Golub, and

105



CHAPTER 5. BACKGROUND TO OPTIMAL CONTROL

Wathen in [72] and Kuznetsov in [61].

Theorem 5.1 [89, Proposition 1]. For a saddle point matriz A as defined in ((5.18))
and the preconditioner P as defined in (5.19)), then if the preconditioned system T =

P~1tA is non-singular, it will be diagonalizable with three distinct eigenvalues equal to

1+/5 1-5
b 2 b

1 and 5 (5.21)

This result is significant as it shows that any appropriate Krylov subspace method
will converge in at most three iterations. However, this is not the only Schur com-
plement based preconditioner which can achieve rapid convergence. Block triangular
preconditioners, which include the Uzawa method, are also widely used and studied,
however, as they are not symmetric these methods cannot be applied with MINRES
and use the rigorous convergence theory this provides. Constraint preconditioning
is another possibility in which the preconditioner is also in saddle-point form [57].
However, for the purposes of developing parallelizable methods, block diagonal pre-
conditioners have obvious advantages. Therefore, the preconditioner described in
(5.19) will form the basis of the methods considered here.

The matrix P is called an ideal preconditioner since it achieves convergence in a
constant number of iterations, however, in practice, it would be difficult to apply. If
we consider applying P~! we need to compute @1 and (V®-1WT)-1  which is com-
parable to the amount of work required to invert A by direct elimination. Therefore,
practically there is no advantage to using P as a preconditioner in its current form.

To achieve practical preconditioners, we will need to approximate. One way this
could be achieved is by replacing the Schur complement S with an expression which
is more easily applied. Additionally, instead of computing the inverses of each of the
matrices exactly, we could approximate the inverse through a few steps of a separate
iterative method, such as multigrid. We will use a combination of both of these

approaches as detailed in the following sections.
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5.1.3 Schur Complement Approximations

As we have stated, the exact Schur complement is infeasible to use exactly, therefore,
we would like to find a suitable replacement which is easier to apply. But how do
we determine if the new preconditioner is still effective? Suppose we have a new
approximate preconditioner formed by replacing the Schur complement in the (2,2)

block of P with S. Let us call this P given by

P= . (5.22)

What do the eigenvalues of the preconditioned system T = P-1A look like now? The

eigenvalue problem is of the form,

Tx = \x
I @_I\I]T X1 Xq
=\ ,
Sfl\p 0 X9 X9

which gives us

Xq + (I)_lllfTXQ = /\X1

§_1\11X1 = )\Xg.

One possible solution occurs if S1¥x; = 0 and consequently, x5 = 0 and A = 1. If

A# 1, then

—(]_ - )\)Xl = (I)_llpTXQ
—(1-0)51x, = 510wy,
—(1 - )\))\Xg = §_ISX2

and we therefore have that x, is an eigenvalue of S~1S. By left multiplying by xJ
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and dividing by xI'x, we have,

T3-1
_)\(1_)\):}(25 SX2

xTxy

. xI'5-15x%
and if we let s = 22=—=2 then
X3 %2

Since x; is an eigenvalue of S—1S we can bound the values of s by

- TG-1 _
i = Ain(§718) < X0 L (598) = s
2

X3
and we have the following result.

Theorem 5.2. Let S be a symmetric positive definite Schur complement approzi-
mation with the eigenvalues of S-1S contained in the interval [Smins Smaz]- For a

saddle-point system of the form (5.18) and a preconditioner of the form (5.22)) then
the eigenvalues of T = P~'A satisfy either

>
Il
—_

1+\/1+4Smin< 1++/1+4S0x

2 2 ’

>
IN

or

1-1+4sn
5 .

1-+/1+454z
2

<AL

This tells us that, provided that the Schur complement approximation S is spec-
trally close to S, the approximate preconditioner will have bounded eigenvalues.
Let us return to the optimal control system described in ((5.18). We can write the

system in saddle point form as

o uT M 0
A= ,  where &= , and V= [K _M]. (5.23)
v 0 0 pM
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The Schur complement for this system is
1
S=KM'K"+ BM. (5.24)

If we were able to invert this Schur complement exactly, the preconditioner from
(5.19) would achieve convergence in exactly 3 steps of an appropriate Krylov subspace
method. However, due to the additive structure of the Schur complement in ,
there is no simple expression for the inverse of S.

Therefore, suppose we want to form a Schur complement approximation that is
more easily invertible. Since the additive nature of the two terms causes the problems,
a simple solution might be to drop one term altogether. Provided that § is not too
small, the second term in the expression could be considered smaller than the first
term as it is higher order in h. Thus, the simplification introduced in [95] is to replace

S with the approximation given by
Sy = KM KT, (5.25)

We will refer to this approach as the ‘dropping’ strategy. The inverse of S is equal
to K-"TM K~ and therefore can be applied easily so long as there is a method for
computing or approximating solutions to systems with coefficient matrix K. From
Theorem [5.2] to ensure the effectiveness of a new preconditioner we would like that
S is spectrally close to the original Schur complement S. This property is described

by the following eigenvalue problem,

SitSx = Ax
(KMKT)Y  (KMKT + %M)x -

(KM7'KT)y 'Mx=3(A-1)x.

For the Poisson control problem we have that K = K7 and therefore the left hand
side is equal to (K~1M)2, so if we let v2 = 3(\ = 1) then the above is equivalent to
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the eigenvalue problem

K 'Mx =vx
~ xT Mx
xTKx'

As discussed in Section [2.1.1] we have bounds for the Galerkin finite element matrices

for a general d dimensional problem, which tell us

c1h xT Mx cohd

dohd2 - xTKx =~ dihd
al’ o, 2
dy “d’

thus

h2\2 2
() = o-n ()
1+l(01—h2)2$ A §1+l(2)2.
B\ do p\d,
Although the bounds for the eigenvalues of S;1S are not completely independent of
h, we can see that as h — 0, the eigenvalues remain bounded away from zero. If
S; was substituted for S in (5.19), we therefore might expect that the performance
of the preconditioner does not deteriorate significantly for small h. However, we do
see that if g is small, the eigenvalues can be no longer clustered about one. This
led to the desire to develop preconditioners which are more robust to changes in the
regularization parameter 3, in particular for small values of (.
The so called ‘matching strategy’ introduced by Pearson and Wathen in [89],

attempted to achieve this robustness by balancing the %M term with KM-1KT.

They proposed the following Schur complement approximation

Sy i= (K+ %M) M (K+ %M)T, (5.26)
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which when expanded is equal to

1 1 1 1 1
So=KM'KT+ -M+—K+—K"'=S+—K+—KT. (5.27)
B VB VB VB VB
Thus, we see that we have two additional terms from the actual Schur complement,
but these terms behave like ﬁ which does not tend to infinity as quickly as % when
f — 0. It may be expected that the eigenvalues of S;1S are simply more closely

clustered than S71S for small 8, but we instead find that the eigenvalues of are

bounded completely independently of .

Theorem 5.3 [89]. Let A be an eigenvalue of S3'S. Then,

1
3 <A< (5.28)
Proof. The relevant generalized Rayleigh quotient is
vI(KMKT + %M)V
(5.29)

VI(K + MM (K + SM)Tv

Noting that M is symmetric positive definite, we can define a = M~-1/2KTv and

b= ﬁM‘l/QMV = ﬁMlpv. Thus we can write (5.29)) as

al’a+bTb
(a+b)(a+b)

At this point we introduce a simple quadratic inequality which will be used many
times in the remainder of this thesis. If we consider the term (a-b)7(a-b) we can

see that this is always greater than or equal to zero as the term is quadratic. Thus,

(a-b)’(a-b) >0 (5.30)

< a’a+b’b>a’b+b’a. (5.31)
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Using the above inequality we have

ala+b’b a’a+b’b S a’a+b™b 1
(a+b)’(a+b) alTa+b’b+a’b+bTa 2(ala+blb) 2

Noting that a’a > 0 and b”b > 0 as they are also both quadratic and again using the

inequality (5.31)) we find

a’a+b’b < aTa+bTb <1
(a+b)T(a+b) ~ a’b+bTa

which gives the result. O

Thus, the ‘matching’ strategy provides a Schur complement approximation which
is completely robust to variation in [, making it a particularly strong candidate for
a preconditioner. Furthermore, as we will see throughout this thesis, the quadratic
inequalities introduced here are able to be used to provide theoretical bounds for

several extensions to this preconditioning concept.

5.1.4 Preconditioner Approximations

We previously stated that in order to obtain an effective and practical preconditioner
we could approximate the Schur complement and additionally, we could also only
approximately apply P. Having studied the former by examining the dropping and
matching strategies, we now examine approximate application of the proposed pre-
conditioners. The two Schur complement variants discussed in the previous section

leads to the preconditioners Py and P, for the system A in (5.17)), defined as

M

M

S1

Y

and P, :=

M

BM

So

where Sy and S5 are defined by [5.25| and (5.26)) respectively. Let us now consider how

we actually apply these preconditioners. Both are block diagonal so we can consider

each block separately. The (1,1) and (2,2) blocks of both preconditioners consist of (a
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constant times) a mass matrix, therefore, we desire an efficient way to approximate
the inverse of a mass matrix.

One approach might be to take a fixed number of steps of an iterative method
such as one discussed in Section [2.2] A Krylov method such as Conjugate Gradients
may seem appealing, however, this method is necessarily nonlinear and therefore the
theory of linear preconditioning cannot hold. As discussed in [I1§], a particularly
effective alternative is to apply a fixed number of steps of the (linear) Chebyshev
semi-iteration discussed in Section 2.2.1.7]

There are several advantages to this approach. Firstly, we noted in Section [2.2.1.1
that for the Chebyshev semi-iteration to be effective, we required bounds for the
eigenvalues of the iteration matrix. For finite element mass matrices we have tight
bounds for their eigenvalues [I17, [I18] and therefore the method can be applied
effectively. Additionally, we are able to determine a priori the number of steps required
to achieve a certain accuracy [06]. Perhaps one of the largest advantages is the
comparative cheapness of this method. At each iteration, the main work is only a
single sparse matrix-vector multiply. For these reasons, we will use a fixed number
of Chebyshev semi-iterations to approximate the action of the inverse of the mass
matrices.

This deals with the first two blocks of P; and P, and we now need to consider
the (3,3) block. Both Schur complement approximations contain the stiffness matrix,
which is more of a computational challenge than the mass matrix. However, for elliptic
PDEs, multigrid methods have been shown to be very effective in approximating the
differential operator. Such methods were discussed in Section and are widely
used for such problems.

For more complex differential operators such as convection-diffusion, we need to
be more careful with our choice of approximation. However, several multigrid meth-
ods have been developed to produce good approximations to these non-symmetric
systems. In particular, the Ramage multigrid [93] described in Section , as well
as algebraic multigrid operators such as AGMG [73], [74], [77, [78] [79], can be effectively

be used as ‘black-box’ solvers for such problems.
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5.2 Time-Dependent Optimal Control Problems

While steady-state optimal control problems form an active area of research, the
remainder of this thesis will focus on time-dependent PDE-constrained optimiza-
tion problems. These problems pose a significant computational challenge as we are
now required to solve for the state, control, and adjoint variables at each time-step.
However, much of the theory from the previous sections can be transferred to the
time-dependent case, giving us a solid foundation from which to base our methods.
In Chapters |3| and [4f we saw that all-at-once methods can be used effectively to
solve time-dependent PDE problems. We wish to combine these approaches with the

Schur complement based preconditioners developed in the previous section.

5.2.1 Heat Control Problem

We begin by considering the time-dependent counterpart to the Poisson control prob-

lem, namely the heat control problem which can be stated as follows,

. _ 1 T —~I12 d B T 2 d
min () =5 [y =T dt+ 5 [ Tl dt

such that 1y, - V2y=u, for (x,t) € 2= [0,T] (5.32)

y=[f, ondQ,

y=1v0, att=0.

For this problem, the state is required to be close to the desired state at all times.
It is also possible to construct a problem were the state only needs to be near to
the desired state at the final time-step, in which case the first term of the functional
J(y,u) is only integrated over the spatial domain and not the time-domain as well.
Often the solution to these ‘final-time’ problems, only contain energy in the control
variable near the final time-step and therefore the only interesting behaviour occurs in
the final part of the temporal domain. For this reason, we only focus on the all-times

case but more details of final-time problem formulations can be found in [86] [109].
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5.2.2 Discretization and Optimization

As with the Poisson control problem, we will form the linear system using a discretize-
then-optimize approach. However, we now require both spatial and temporal dis-
cretization schemes. For the spatial domain, we will again use the finite element
method discussed in Section 2.1.1] For the time discretization, we want to use a nu-
merically stable implicit finite difference scheme, therefore, we will use the Backwards
Euler approach throughout. The trapezoidal rule is used to integrate in time.

We note that the constraint is the heat equation, which was discussed in Sec-
tion 2.1 We will use the all-at-once approach as we did for the forward problem.

This results in the constraint equation being given by,

Ky - tMu=d, (5.33)
where
[\ ] M+ 7K ]
M -M M+1K
M= , and K:= . (5.34)
| M_ | -M M+ TK_

The vectord = [Myo +g,8, ..., g]T incorporates the boundary and initial data where
we have assumed that the boundary data remains constant at all time-steps. The state
and control are represented in the vectorsy = [y!,y?, ..., yf]T and u = [ul,u?,..., ug]T
respectively, where once again we have divided the time domain into ¢ time-steps of
constant size 7.
We now turn to the objective function J(y,u). Following a very similar method
to the time-independent case, the objective function can be discretized to form,
T

-
2yT/\/ll/gy —7y'b+C+ %uTMl/Qu, (5.35)
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where

N[

My = : (5.36)

M

N =

and b = [%bl,b27 e %bf]T. The 1 term in the (1,1) and (¢,¢) blocks of Mj, result
from the use of the trapezoidal rule to integrate over time.

The discretized minimization problem can now be written as follows, once again
ignoring the constant C,

T T
min §yT/\/l1/2y -7y'b + %uTMl/gu

y?u

such that Ky -7Mu=d.

The associated Lagrangian is given by

L= gyTMmy -7y"b+ %“TMl/zu +p’ (Ky -t Mu-d), (5.37)

where once again p represents the adjoint variable. As with the time-independent
case, the optimality conditions are obtained by differentiating £ with respect to each
of the variables and setting these derivatives equal to zero. This results in the fol-
lowing equations which are again known as the state, gradient and adjoint equations

respectively:

TM 2y + K'p =1b,
BTMl/Qu - TMp = 0,
Ky -tMu=d.
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Forming the KKT system results in the saddle point system

TMl/Q 0 ICT Yy 7b
Ax = 0 BT My —TM|lua|=]0 | (5.38)
K -TM 0 P d

which will be non-singular for all non-zero values of g and 7.

There are several interesting aspects of this system. Firstly, it is of immense
dimension. While the time-independent problems resulted in a linear system with
dimensions 3n x 3n, the matrix A is of dimension 3nf x 3nf. Importantly, however, it
is never constructed explicitly, rather only copies of the mass and stiffness matrices
(or functions which compute their action on a vector) need to be stored when an
iterative method is used. However, vectors of length 3nf are required to be stored
and we therefore make the assumption that this amount of memory is available to us,
which is potentially a restriction to this method.

We also note that the matrix K is exactly the all-at-once discretization of the
heat equation. Therefore, within the larger optimal control problem, we require the
solution to the heat equation and its adjoint. In Chapters |3 and |4] we discussed
possible methods for solving such all-at-once systems and therefore we may be able
to employ such methods within the solution to the time-dependent optimal control

problems.

5.2.3 Preconditioning for Time-Dependent Problems

As with the time-independent case, preconditioning will play an important role for
solving the linear system ([5.38)) in a reasonable amount of computational time. As

we again have a saddle-point system, we can use the analogous preconditioners for
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the time-dependent case. Thus, we define the preconditioner

TM1/2

P = BT M (5.39)

S

where S will be a Schur complement approximation. For this problem we find that
the Schur complement is given by

T

1 _
S = ;ICMl/lQICT + ﬁ

MM M. (5.40)
As before, Theorem tells us that we require S to be spectrally close to S in order
to obtain clustered eigenvalues of the preconditioned system and consequently rapid
convergence of MINRES. Once again, we base our Schur complement approximations
on those developed for the time-independent case. The time-dependent equivalent to

the dropping strategy is given by
1
Sy = ;ICM;}ZICT. (5.41)

Proving eigenvalues bounds for the time-dependent case is slightly more involved than
the steady-state case as, while for the Poisson control problem K = K7, here K # KT
If we look at the generalized Rayleigh quotient we have

WISy VT (AEMILET + SMMILM) Y VT MM, My

1/2

R = — = 1 + — . 542
PTVIS )y VILEM LK v B VTEM; KTV (5.42)
Now, looking specifically at the remaining Rayleigh quotient we see that
vIMMTLMv T M2y WIMTLw T
1/2 Vv M?2v 1/2 XX (5‘43)

VTICMI/IQICTV VIKKTv  wlw XTJ\/lI}QX7

by letting w = Mv and x = K?v. Since M, and M? are both block diagonal,

we are able to determine bounds on these terms based solely on the Galerkin finite
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element bounds for the mass and stiffness matrices. Thus it only remains to determine
eigenvalue bounds for the matrix K. We saw in Section that we are able to
bound eigenvalues of the normal equations using the Weyl inequalities for the singular
values of perturbed matrices (see [104], [120]). We can bound the eigenvalues of KT,
or equivalently the singular values of K, by considering the subdiagonal blocks as a

perturbation. If we let K + ¥ = K where

)
if

(5.44)

then
lo3(K) = o ()| < [ Z]]-

Since |Z] = Apaz(M) < eohd and (¢1 + 7d1)hd < 04(K) < csh? + 7dy, then by using
Theorem [3.4] we obtain the following bound,

(c1 +7dy — ¢2)*h* < M(KKT) < (200 + 7dy)?, (5.45)

where the constants are defined by the following relations for the Galerkin finite

element matrices:

vIMv

ClhdS vIv SCth, (546)
TK
dy e gVVTVV < dyh?2, (5.47)
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Thus, using ((5.43)) we obtain

/\mzn(MQ) Amm(MI/IQ) < VTMMI/I2MV < /\mam(Mz) )\max(MI/IQ)
Noman KT Amaz(/\/l;}g) T VIKMILKTV = A (KKT) Amm(M;}Q)

1/2
(c1hd)?  c1h? < VTMMI}QMV < (coh)2 coh?
(2C2hd + Td2)2 Cghd B VT’CMI}QICTV - (Cl + Td1 - 02)2h2d Clhd
(chd)? ¢ ) vEMM, My . 2 ¢

(2c2hd + Td3)2 ¢y VT/CMI/IQICTV (e +7di—c)2er

As with the steady-state case, we have that the lower bound is dependent on h,
however, we find that the eigenvalues of S{'S as given in (5.42)) remain bounded
away from zero as h approaches zero. Combining these inequalities with the original

Rayleigh quotient definition in ([5.42) we obtain the following theorem.

Theorem 5.4. For § and S; as defined in (5.40) and (5.41) respectively and the
constants cy,co,dy, and dy defined in ((5.46) and (5.47)) then,

1+7’_2 (cth®)? o vISv < +T_2 2 c
B (2coh? + 7do)2cy ~ VISV T B (e +7di—c3)2cr

(5.48)

From here we turn to our second Schur complement approximation, the time-

dependent matching strategy preconditioner given by

T

1 T T

Sy = —(IC+—M)M_1 (IC+—M) . (5.49)
T\ VB EANRVE]

Proving eigenvalue bounds for the matching strategy turns out to use exactly the

same strategy as the time-independent case. However, we first need to recall the

positive definiteness of the matrices involved.

Lemma 5.1 [88, Theorem 1|. For a = MI}Q/QICTV and b = ﬁMI}Q/QMV we have,

a’b+bla>0. (5.50)

Proof. Since a’b+bTa = v (KM M+ MM

1/2 1/2
equivalent to showing that ML M + MM}

1/2 1/2

KC)v, showing that this is positive is
KT is positive definite. Now, if we let

A= ./\/lj\/li/l2 we can see that A will be a block diagonal matrix where the diagonal
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blocks A; consist of either 1 or (1/2)7! times the identity matrix I,,. Thus,
KM oM+ MM KT = KA + AKT. (5.51)

If we let L = M + 7K, and noting that M and K are symmetric and that each A;,
being a scalar multiple of the identity matrix, will commute with any matrix, we have

that

LA, -AM
MM 20D, -AsM
KA+ AKT = . (5.52)

-Ap oM  2LA,y -MAy,

Ay M 2LA,

By straightforward manipulation we have,

¢ ¢ -1 -1
vI(KA+AKT)v =2 Z vIAMv; + 21 ZV;TFAZ»KVZ- - ZV?AZ»MVZ»H - Z v AMv;
i=1 i=1 i=1 i=1

¢ /-1
=27 ZVZTAZKVl +2 Z(VZ - Vi+1)TAZ'M(VZ‘ — Vi+l)

i=1 i=1

+ VlTAlel + VgAgMVg.

Since this expression is a sum of quadratic forms of positive definite matrices it is

greater than zero which gives the result. O

Theorem 5.5. For S and Sy as defined in (5.40) and (5.49) then,

1
3 <Ry <1, (5.53)
where
vISv
Ry := 5.54
2 vISyv ( )
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Proof. The generalized Rayleigh quotient is given by

VI(KM{LKT + 2 MM M)v

1/2 1/2

“VI(K + ZSMIM K+ ZM)Tv

(5.55)

2

Noting that M, is symmetric and positive definite and letting a = M PKTv and

1/2
b= ﬁ/\/l;/lf/\/lv, we can write ((5.55)) as
aTa+bTb
Ry = .
(a+b)T(a+b)
Using the quadratic inequality from (5.31]) we have,
aTa+b’b S a’a+b’™b 1
(a+b)’(a+b) ~ 2(aTa+bTb) 2
Also, from Lemma [5.1) we have that a’b + b”a > 0 and thus
aTa+bTb < aTa+b’b <1
(a+b)T(a+b)  a’b+bTa
which gives the result. O

This theorem shows that S; will be spectrally close to S for all parameter values
which is a significant result. This will lead to preconditioners with well-clustered
eigenvalues of the preconditioned system. In particular, the matching strategy based
preconditioners can be used for small values of [, a regime in which the dropping
strategy did not perform well. As discussed further in Chapter [7] this preconditioner

has also been shown to be effective for convection-diffusion control problems [90].

5.3 Summary

In this section, we provided an overview of the concept of PDE-constrained optimiza-
tion. The problem arises in a wide range of applications. For a long time, methods
were focussed on steady-state problems as time-dependent problems simply posed

too great of a computational challenge. In the first part of this chapter, we outlined
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methods for solving a time-independent optimal control problem and demonstrated
how Schur complement approximations can be developed to form effective precondi-
tioners for the resulting saddle-point systems. The dropping and matching strategies
were particularly focussed on.

In the latter part of the chapter, it was demonstrated that all of the steady-state
theory can be extended to the time-dependent case. As computational capabilities
have increased, research is increasingly focussed on these types of problems as they
become solvable in a practical amount of time if, crucially, effective preconditioners
and solvers can be developed.

As with any time-dependent PDE problem, parallelization is inherently difficult.
However, with the scale of time-dependent optimal control problems, parallelization is
imperative to achieve speed-up of the existing methods. In the following chapters, we
aim to combine the parallelizable preconditioners for the forward problem developed
in Chapters [3] and [4, with the preconditioners discussed in this chapter for optimal

control problems.
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Heat Control Problem

It was shown in the previous chapter that Schur complement based preconditioners
can form part of an effective solution approach for the all-at-once system of time-
dependent optimal control problems. The two Schur complement based precondi-
tioners we examined in more detail were the dropping strategy [95, [109] and the
matching strategy [80], 88 [89].

Any such solution method requires approximation of the forward problem (and
the backwards problem) which, in the context of the heat control problem, is the all-
at-once formulation of the heat equation. Preconditioners for the forward problem
were developed in Chapters [3] and 4] and we now want to see if these ideas can be
transferred to the control problem context. We also note that for the formulation con-
sidered here, the backwards problem corresponds to the transpose of the discretized
forward problem. The enables us to use the transpose of the block diagonal and
circulant preconditioners to precondition the backwards problem. However, as noted
in Section [2.2.5.T] just because a preconditioner is effective for the forward problem
does not guarantee good performance when used within the normal equations or, as
in this case, the Schur complement.

For the heat control problem, we showed in the previous chapter that by using
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a discretization-then-optimization approach, we can obtain the linear system ([5.38]),

which we reproduce for convenience here:

TMl/Q
Ax:=] 0

K

0 KT |y b
ﬁTMl/Q -TM|lul=]10 |- (61)
-TM 0 p d

The preconditioners we focussed on were of the form

P =

TMl/Q

57'/\/11/2 ) (6-2)
S

where S was an approximation to the Schur complement

R YEN
S—TICMI/QIC +

T

BMM;}QM. (6.3)

A summary of the two approaches considered is as follows:

e Dropping Strategy: This approach ignores the final term and approximates the

Schur complement with

S - %/CM;/g/cT. (6.4)

We note this strategy generally performs well only if the regularization param-

eter 3 is relatively large.

e Matching Strategy: By attempting to achieve more robustness to the regular-

ization parameter (3, this method approximates the Schur complement by

T
Sy = % (/c ¥ LM) M}, (/c " LM) , (6.5)

VB VB

and has the property that the eigenvalues of S;'S are bounded between 1/2

and 1 and, therefore, completely independent of all problem parameters.

While we can approximately apply each of these Schur complement approximations
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using multigrid processes, the parallel capabilities of such preconditioners are inher-
ently limited due to the lower diagonal structure of the forward problem K. However,
two parallelizable preconditioners for I were introduced in Chapters [3|and 4l These

can be summarized as follows:

e Block Diagonal Variation: Here we simply preconditioned the forward problem

IC with its block diagonal

M+ 7K
M+1K

)
ii

(6.6)

M+TK_

Even when approximated with a multigrid process, termination of a Krylov
method applied to K with K as a preconditioner was seen at approximately / it-
erations, regardless of the grid parameter h. Given the block diagonal structure,

this approach is inherently parallelizable over time.

e Circulant Variation: Here we based preconditioners on the corresponding block

Strang circulant matrix of I given by

M+1K -M

-M M+1K

el
i

(6.7)

-M M+1K

—1
It was shown that only n eigenvalues of L K are not equal to 1, and subse-
quently this method was numerically shown to converge in a number of itera-
tions with little dependence on n or ¢. It is also possible, through the use of

Kronecker products, to apply the preconditioner in a manner which could also

be parallelized over time as shown in Section [4.1.1]

Our goal in this chapter is to combine these approaches to achieve effective pre-
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conditioners for time-dependent optimal control problems, which could also be par-
allelized. This is achieved by replacing K within §; and S with the parallelizable
variation K or K. This chapter will be structured as follows. In Section we will
investigate the dropping strategy with the forward problem replaced first by the block
diagonal matrix K, and then by the block circulant matrix K. We repeat this process
for the matching strategy in Section [6.2], before providing a summary of all of the
eigenvalue bounds obtained in Section [6.3] Since all problems considered here are
symmetric, these eigenvalue bounds lead directly to convergence estimates for pre-
conditioned iterative methods. Numerical results are presented in Section and

concluding remarks given in Section

6.1 Dropping Strategy Based Preconditioners

6.1.1 Block Diagonal Variation

By combining the Schur complement approximation &; with the block diagonal for-
ward problem approximation K we obtain a new Schur complement approximation
S, which is given by

S, = %IEM;/;/ET. (6.8)
This approach is cheapest to apply because it will require fewer matrix-vector mul-
tiplications than S as the subdiagonal blocks of K are not used. However more
importantly, S is completely block diagonal and could be computed on ¢ separate
processors. This parallelism over time could result in a significant speed-up as, theo-
retically, §; could be applied ¢ times faster than .

It remains to be shown, however, that this approximation yields an effective pre-
conditioner in the context of the heat control problem. We showed in Theorem
that the eigenvalues of the preconditioned system will be bounded provided that the
Schur complement approximation is spectrally close to §. In order to demonstrate

this, we wish to bound the eigenvalues of :9\1‘ LS. To do this we consider the Rayleigh

quotient
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= vISv (IKM1/12ICT TMM1/12M)
vISv VTllCM 1 KTy

1/2

If we define,

\g)
i

so that K = K -3 and also let

1/2 L -1/2
a = M1/2 ICT b:= ﬁMl/Q MT
e= M5y, d:= MKV,

then we can write in two ways as

aTa+bTb 5 (d-©7(d-©) +b’b

- (a+¢€)T(a+7¢) or e drd

Due to the similarity between M and M, , as before we define

A= MMI}Q = blkd’l(lg(Al, AQ, . ,Ag),

where A; = o1, with oy =, =2, and a; =1 for1=2,...,0-1.

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

In order to construct overall bounds for R;, we first require several inequalities.

Lemma 6.1. Forb and<€ as defined in (6.11)) and the constants c; and ¢y as described

in (5.46), then
cle< C’ P bTb

where C = 202

Proof. By definition

P T 137
T % EMl/ZE %

%bTb vIMML MV’

1/2
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and by examining each of these matrices we find that
SMLET = blkdiag(0, A\ M, ..., Ay M)
and
MM ), M = blkdiag(Ay M, AgM, ..., AgM).

As both of these matrices are block diagonal, their eigenvalues will consist of the
eigenvalues of each of their diagonal blocks. Using bounds for the eigenvalues of the

Galerkin finite element matrices presented in ([5.46[), we have

ETG < )‘maw(iMI/lziT) < OzmaxCth _ @
T—ﬁQbTb B Amzn(MMI/le) B aminclhd - &

= C, (6.15)

by noting that au,q. =2 and a;,;, = 1 which proves the result. O

Lemma 6.2. For b and d as defined in (6.11]) and the constants ci,co, and dy as

described in (5.46|) and (5.47)), then

b'b 7
drd = B (c+7dy)?

(6.16)

~ CS
where C' = f

Proof. From the definitions, and by letting y = Mv and w = Kv we have,

bT’b 72 VTMMI/IQMV T2 yTMI/lgy WTI/C\_QW
drd B8 vIKM:lKkv B yTM2y WTMI/lQW‘

1/2

Once again, we only have block diagonal matrices to consider, so we obtain

b’b . T_Zx\magc(/\/lI}Q) Amaz(£2) 7 M (Mi2) A (M2)
aTa N 5 Amzn(M_g) )\mzn(MI/l2 ﬁ )‘mzn(Ml/2) /\mzn(l/@2)
72 cohd  (coh?)? 72 C

S B ahd ((cr +7d)hd)? B (e +7dp)?

which gives the result. O

We are now in a position to provide full bounds for the Rayleigh quotient R,
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from (/6.9)).

Theorem 6.1. Let Rl be as defined in and the constants cq1,ce, and di as
described in (5.46|) and (5.47). If CT% <1, then

1 = C 72
— <R <24 ———= |20+ — 6.17
2< ! +(Cl+7’d1)2( +6)’ ( )
otherwise, _
1 2 = C 72
— — <R <24 ———— |20+ —]. 6.18
208~ 17 +(61+Td1)2( +ﬁ) (6.18)

Proof. Firstly, let us consider the upper bound. From the definition of R;, the simple
quadratic inequalities described in (5.31)), and the bound in Lemma we obtain

~ (d-9©)7(d-¢)+b’b 2d7d+2¢’¢ b’b
R <
1:

P ——~ < P ——~ + ==
drd drd drd
T= T T
= +2AEAC+E—E§2+(20£+1)E—E
d’d d7d 72

i
2T (ol ),

- +E(cl+7d1)2 T

which gives the result. For the lower bound, we use the alternative definition of El

in (6.12)) and the bound from Lemma 6.1 to obtain,

al’a+b’b al’a+b’b al’a+b’b

' 2(a+0)7(a+0) ~ 2(ala+lT)  2aTa+205bTH’

Now if C’T% <1, then

~ a’a+b’b 1
Bi> ot 2 2 o
2(aT’a+bTb) 2

while if C' T’% > 1, we have

= a’a+b"b 1 72

1 -

" 205 (aTa+bTh) 20 f

Y

which gives the final result. O
Thus, we have shown that the eigenvalues of 3\1* 1S are bounded independently

130



CHAPTER 6. HEAT CONTROL PROBLEM

of the mesh size h and consequently independent of the spatial degrees of freedom
n. Additionally, the eigenvalues are independent of the number of time-steps ¢. The
bounds do depend on the problem parameters $ and 7, however, this is to be expected
since the eigenvalues of S;'S were also dependent of these parameters. However, we
note that if % is close to one, then the eigenvalues will be bounded within constants

of order one.

6.1.2 Circulant Based Variation

Analogous to the previous section, we can replace the forward problem K in the drop-
ping strategy approximation with the block circulant matrix K from . Using the
Kronecker product method outlined in Section [4.1.1] the main work in applying this
preconditioner can also be performed over ¢ separate processors, allowing significant
speed-up to be achieved via parallelization.

In order to determine eigenvalue bounds for the preconditioned system using ap-

propriate Rayleigh quotient, we first define

M
DE : (6.19)
so that = £ =% Our new Schur complement approximation is given by
- 1= _
S, = ;ICMI}QICT . (6.20)

The eigenvalues of 3’;18 can be examined by bounding the generalized Rayleigh quo-

tient given by
VISV VI(KMLKT + Z MM, M)v 621)
1= VTglv - VT,EMI/I _TV ) .

and by letting

c= M5, (6.22)

1/2
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we obtain
Ta+b"b
1= L (623)
(a-¢)T(a-c)
Lemma 6.3. For b andc as defined in (6.11) and (6.22)) respectively, then
cc< C%bTb. (6.24)
T

Proof. Similarly to the proof of Lemma [6.1] we want to look more closely at the
matrices which appear in ¢’¢ and b”b. Using the definition of A in (6.13)) we again

see that,

MM}, M = blkdiag(A, M, Ay M, . .., AgM)

however for the circulant case, we have
SMLE = blkdiag(0,0, ..., 0, A.M).

Since each of these matrices are block diagonal we can obtain the following bound

= =T
E:T(_Z )\max(wi}gz) < Ongth _ 262

ZbTh : i (MM M) = inerhd ey~ ¢ (6.25)
which proves the result. O
Theorem 6.2. For R, defined in , if CT% <1 then
% <R, (6.26)
and otherwise,
@ <R (6.27)
Proof. Using Lemma |6.3| we have that,
— a’a+b’b a’a+b"b a’a+b’b

= = — 2 2 .
' (a-9)T(a-0) 2(aTa +c'c) 2(aTa+CT%bTb)
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Now if C’T% <1,

T T
> 2&%&% - % (6.28)
while if C’T% > 1, then . .
2 QCT’:(:;; :))Tb) ) 2017%’ (6.29)
which gives the result. O

We have thus obtained a lower bound for }_%1; it is more challenging to obtain
upper bounds and our arguments here are more heuristic. We first make the following

observations. Since
. T T T
B = v iS‘v _ VTSV v §1V7 (6.30)
vIiSiv VISV TS v

T
and we obtained bounds for VT— in Theorem 5.4, we only need to look specifically
v 1V
vIiSv
at ———. Now,
vIS, v

VISV vIEM KT VTKKTy wIM,w Ty

vISv VTIEMI} v viKCvy W'w yT/\/lI}QV7

vIKKTv
p—

vIKIC v
extremal eigenvalues of (ICfllC)T(lellC ) which were examined in Section . Although

where w = KTv and y = I_CT v. We note that will be bounded by the

eigenvalues bounds were not obtained, we did determine that n(¢-2) eigenvalues are
equal to 1, nf are less than 1 and ¢n are greater than 1. This does not imply that the
same eigenvalue distribution holds for 3'_18 , however it does give us some indication
that there may only be a relatively small number of outlying eigenvalues. This is

confirmed numerically in Figure [6.1]
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Now if we return to the original quotient,
VISV VKM, KTy ) VKM, KTV
Cv TP =T = =T = =T
VIS VTKMI/lzKTV \a (ICMI/I2’CT = XM KT = KM S +5M )V
1

vT (—f]/\/l‘1 KT - KMAS 1M1 E_]T) v

1/2 1/2 1/2

1+

vIIM:L ETV

1/2

We now need to examine the remaining Rayleigh quotient. The numerator contains

three matrices given by

AZ(M + TK)
SM; KT = L KME =

Ag(M+TK)

and
AyM

= =T
XLM;/EE =

Since each of these matrices only contains one non-zero block, the Rayleigh quotient

can be simplified by writing the numerator as

VI (EMBET - EMLS +SMLS ) v
= v A(M +7K)vy = v A(M +7K) vy +vi AdMv,y
=(vi=v)TA(M +7K)(vi = vy) = VvIA(M + 7K)v,
~VIA(M+7K)v,+vIAMvy, (6.31)

which is the sum of quadratic forms, so each term can be bounded by its eigenvalues.
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Thus, we have

VT (SIMET - KMLS +5M; S ) v

1/2 1/2

vlv
> Anin(Ae(M + TK)) = 2X a0 (Ad(M + 7K)) + Mpin (A M)

> 2((01 +Td1)hd—2(02hd+7'd2) +Clhd), (632)

noting that oy = 2. If we now look at the denominator and let w = KXTv, we can write

1/2
viv viv wlw

VIKM KTV ey whMyj,w

< )\max(KICT))\max(MI/l2)'

From ([5.45)) we have upper bounds on A(XKX) and since MI}Z is block diagonal we

can use the bounds in ({5.46) to bound )\max(MI}Q). Thus we have

vTIC/\/lI/IQICTv . (2e5hd + 7dy)? (633

vy c h? '

and combining (6.32)) and (|6.33) we have,

VT (-EMELET M +SME )y

1/2
VTK:MI}QICTV

2 ((Cl + le)hd - 2(02hd + ng) + Clhd) Clhd
a (2C2hd + Td2)2 ‘

We can see that this bound is not h independent, however to highest order both the

numerator and denominator are O(h??), hence overall this term should balance at

vIS,v

O(1). Indeed this implies that TSI should be bounded from above by a constant
Vo1V
of order 1. Combining with the result from Theorem [5.4] that

vIiSv T2 C
— < 1 + —
vIiS,v B (c1+7dy —c2)?

we therefore predict that the maximal eigenvalues of 3’;18 will behave approximately
like %2 This will be numerically verified later in Section .

In order to achieve eigenvalues clustered about 1, from the lower bound described
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in Theorem we know that we would ideally like T% to be a small value. However,
we predict the upper bound will behave in the opposite way and therefore we ideally
would like T—ﬁz to take a large value to ensure that the largest eigenvalue remains close
to 1. These contrasting requirements imply that, regardless of parameter values, we
may not be able to achieve tightly clustered eigenvalues for the circulant variation to
the dropping preconditioner. However, as we previously stated, we predict that only

a small number of eigenvalues may take large values, so we hope that performance

does not greatly deteriorate.

6.2 Matching Strategy Based Preconditioners

6.2.1 Block Diagonal Variation

Just as we did for the dropping strategy, we can define new variations to the matching

strategy preconditioners. For the block diagonal approach we define

T
51 (;6 ; ﬁm) Mi (;6 R %M) | (6.34)
We note that this approximation was suggested as a possible parallelizable approach in
[86] but no analysis or numerical experiments were conducted. Once again the eigen-
values of 3\2‘ 1S can be bounded by examining the appropriate generalized Rayleigh
quotient. Since clean eigenvalue bounds have already been obtained for S;1S, we find
that it is easiest to represent the Rayleigh quotient in a multiplicative way. Thus we
let,
vISv  vISv vIiS,v =

EQ = = = RQAEQB. (635)

vIiSyv VISV vIS,v
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We know that ﬁg 4 is bounded between 1/2 and 1 from Theorem . Thus it only
remains to determine bounds for Ryp. Using the values defined in (6.11)) we have

vI(K + MM, (K+ M)y

—

fap = V(K + SM)M; LR+ ZM)Tv
__ (a+b)T(a+b) (d—c+b)T(a—€+b)
“(a+C€+b)T(a+C+b) (d+b)T(d+b) (6:36)

The manner in which we determine bounds for Rop is very similar to the way in which
bounds were obtained for Rs4. As such, we require the positivity of a’b + b7a as

proved in Lemma and additionally we require bounds for terms involving d.

Lemma 6.4. For d and b as defined in (6.11), then

i ﬁ

d’d<5b’b, and d"b+b"d <2 =b"b.
T

Proof. Firstly,
¢
d'd =vIEM K v =Y v (M +7K)AM (M +7K)"v;
i=1

¢
vIMAwv; + ZVZT(TKAZ' +TAKT + TP KM KT )v,

i=1

M-

S
Il
—_

wlm

bTb+ZVT(7'KA + 7K+ P KMTKT) iZ%bTb,
T

since KA;, \; KT, and KM-1KT are all positive definite, so the final summation term
will always be positive. For the second bound we only examine d”b as A and K are
both block diagonal and symmetric, we have that d”b = VTIC/\/l1 /2MV = vIKAv =
vIAKTv = bTd. Using the positive definiteness of KA; we have,

¢ ¢ ¢
d’b=vIKAv = ZV?(M +TK)Av; = ZV;TFMAiVi + Z vITKAv;
' ' i=1

\/BbTb ¥ Z VITKAv, > ﬂbTb

i=1

which gives the result. O]
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We are now in a position to state complete bounds for the term Rop and subse-

quently R, as a whole.

Lemma 6.5. For Ry as defined in (6.35)), then

1

— < Ryp<2+2C. 6.37
2(1+C5) "7 (6:37)

Proof. Concentrating first on the upper bound and using the simple quadratic in-

equalities described in ([5.31)) and the results from Lemmas and we obtain,

B o (d+b-¢)T(d+b-7)

T @+b)T(d+b)
. 2(d +Ab)T(a +Ab) +%&’e_, _ EETE
(d+b)T(d+b) d’d +b"d +d"b + b"b
o, 205 bTb . 205
"~ LT +2¥8pTh +bTb (L 4 1)?
<2+2C,

B
since ( \/572 )2 < 1. In order to obtain the lower bound, we define the quotient as
~—+1

(a+b)T(a+b) S (a+b)"(a+b)
(a+C€+b)’(a+T+b) 2((a+b)T(a+b)+clc)
(a+b)T(a+b) ~ 1

“2((a+b)T(a+b)+ 5bTb) 2(1+ 5 bTb )

72 (a+b)7 (a+b)

RQB =

which gives the result because by Lemma [5.1] we have that a’b + b”a is positive and

therefore wlﬁﬁ < 1. O

Theorem 6.3. The Rayleigh quotient Ry defined in (6.35)) is bounded by,

< Ry<2+20C. 6.38
4(1+C%) 2 ( )

Proof. We know that Ry = RysRop so if we have that EQA(min) <Rou < EQA(max) and
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Egg(mm) <Ryp < RQB(mam) then it follows that

EQA(min)E2B(min) < EQ < R?A(maa:)EQB(maa:)'

By using the bounds obtained in Theorem [5.5 and Lemma [6.5] we obtain the extra
factor of 1/2 on the lower bound from the bounds on RZ 4 and thus achieve the

result. O

We have shown that for the block diagonal variation of the matching strategy
approximation 3\2, the eigenvalues of 3\2‘ 1S have an upper bound independent of all
problem parameters. A lower bound is also proved, which is independent of the mesh
parameter h but does depend on the regularization parameter S and the time-step

size T.

6.2.2 Circulant Based Variation

Moving to the circulant variation we define the new Schur complement approximation

as

= (- 7 -1 (e, T g
5o ._;(IC+WM)M1/2(IC \/BM) : (6.39)

Throughout our analysis of the matching strategy preconditioner, we have been able
to provide eigenvalue bounds by simply using quadratic inequalities. We can continue
this procedure even for the circulant variation, even though this was not possible for
the dropping strategy. In this case, in addition to requiring the positivity of a’b+b”a
we also require c_lTb +b7d to be positive, where

d= MK v. (6.40)

1/2

Lemma 6.6. Ford= MI/lz/QIETV and b = ﬁM%;MTV, then

d b +bTd> 0. (6.41)
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Proof. As defined in (6.13) we have that A = MI}QM sod b+bTd= v (KA + AIET)V
Letting L = M + 7K we have

9LA, -AM ~MA,
“AM  2LA,  —AM
KA + AK = . (6.42)

-ANp oM 2LA,; -MA,,4

—AgM _Aﬁ—lM QLAK

_T p—
Noting that A; = A, since a; = ay we can writed b + b’d in the following way,

_ _ ¢ -1 -1
v (KA + AICT)V =2 Z vILAv; - Z vi MAwv; - Z vIAMvi,
i=1 i=1 i=1
- VZTAngl - VlTMAgW
¢ -1
=27 Z VzTAlKVZ + Z(V'L - VZ'+1)TMAZ'(VZ‘ - Vi+1)
i=1 i=1

+ V{Alel + V{AgMVg - VZTAngl - VITAZMW
¢ /-1
=27 ZVzTAzKVZ + Z(VZ - VHl)TMAi(VZ‘ - Vi+1)

i=1 =1

+VIAIMvy+ (v =v)TAM (v - vy).

Since this is the sum of positive definite terms we therefore have the result. O

With this additional positive definiteness result, we can provide bounds for the

Rayleigh quotient }_%2, which is defined as

— viSv  vISv vIS,v = —
= = — = . 4
o vIS,v VISV vIS,y foatbs (6.43)

Theorem 6.4. For R, as defined in (6.43),

1 —
mSR232(1+g). (644)
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Proof. As in the block diagonal case, we only need to look at the term }_%2 B since RQ A
is bounded between 1/2 and 1 from Theorem . We can write ]_%2 B in two ways as
(a+b)T(a+b) —  (d+c+Db)T(d+c+b)

Rop = — - Rop = —— = 6.45
°p (a+b+c)’(a+b+c) or tes d+b)Td+b) (6.45)

with a and b as defined in (6.11)), ¢in (6.22)), and d in (6.40). Using the first definition

we obtain,

(a+b)T(a+b) S (a+b)T(a+b)
(a+b-c)f(a+b-c) 2(a+b)T(a+b)+2k'c
1 1

b7
2(1 + 072 (a+b)T (a+b) )

Rop =

2(1+ (a+b)T(a+b))

and from Lemma we have that aZ’b +b%a > 0 and therefore m < 1, which

gives the lower bound result. For the upper bound we write,

0 (d+b-0)7(d+b-c) 2(a+b)T(a+b)+2aTa

¥ (@d+b)T@d+b)  (d+b)T(d+b)
c'c 205bTb
=24+ —= x < <2+ <2+ %,
(d+b)T(d+b) (d+b)T(d+Db) T
: b”b
by using Lemma to know that < 1. Finally, multiplying each side

(d+b)T(d+Db)
by the bounds for Ry, from Theorem the extra factor of 1/2 in the lower bound
is obtained. O

These bounds tell us that the eigenvalues of 3’_15 will be tightly clustered about 1
provided that is small. This is precisely the region for which the matching strategy
was designed. Thus, although this variant is no longer completely robust to changes
in § and 7 as the approximation S, was, we do predict good performance in the

regions where §; and associated variants, perform poorly.
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6.3 Summary of Eigenvalue Bounds

The four preconditioners developed throughout this chapter each have their own
advantages and disadvantages. In order to clarify this, the bounds proved in the
previous sections are summarized in Table In brackets, below each bound is
shown the value for T% which results in eigenvalues tightly clustered around 1. We see
that for the dropping strategy approximation Sy, the lower and upper bounds for both
variants have competing requirements for the value of T% in order to achieve clustered
eigenvalues. Thus, it is likely that the eigenvalues will be most well clustered when
T—ﬁz =1, which is a particularly strict requirement.

We recall that S; was most effective as an approximation when T% was large.

However, when T—% is small, and thus TT; is large, the second term in the Schur comple-
ment S = %(/CMI}QIC + %QMMI/IQM), becomes dominant. Thus in this regime, any
variations we make to K in the first term become less significant overall. Therefore,
we might expect any S with an approximation to K to perform better when 7—62 is
small. This can perhaps explain the competing constraints for our dropping strategy
variations.

Analogously, while the original matching strategy performed equally well regard-
less of the size of 7%, our variations do introduce a preference for T’% to be small.
However, with their additional parallel capabilities, these variations can perform com-
petitively for all values of [ as will be shown in the numerical results section.

To further illustrate how spectrally close the approximations are to the original
Schur complements, the eigenvalues of S1S for each approximation S are shown in
Figures and [6.2] In each column of figures, the value of § decreases while the
value of 7 remains fixed at 1072. As predicted by the theoretical bounds, S and S
are spectrally closest to S when [ and 72 are relatively well balanced. We can also see
that the upper eigenvalues behave approximately like 7_% Furthermore, as alluded to
in Section only a relatively small number of eigenvalues of 3’1181 approach the
upper bound while most remain fairly small. We note that these figures are plotted

on a log scale for clarity.

For 8, and 3‘2, as predicted we see the best behaviour when § <« 1. Furthermore,
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for very small 8 we see that eigenvalues are bounded between 1/2 and 1, just as the
eigenvalues of S;1S were. Therefore, in this regime we expect we may see performance
similar to Sy for both our variants S and Ss. However, our variants have the potential
to be parallelized over time which could allow them to gain a significant advantage
over the sequentially applied Ss.

These eigenvalue plots illustrate the how spectrally close our proposed precondi-
tioners are to the original preconditioning strategy they are based on and confirm the
theoretically predicted bounds. Additionally, they show clustering of the eigenvalues.
For example, for S; we see that only a small number of eigenvalues are very large and
therefore may not dramatically reduce the performance of the preconditioner.

Table 6.1: Summary of eigenvalue bounds for S-18 for each considered Schur com-
plement approximation S.

Block Diagonal (S) Circulant (S)
Lower Bound Upper Bound Lower Bound | Upper Bound
s |tz |2resar(20+5) | sorgy | 1+0(F)
(4 «1) (4 1) (b<1) | (h»1)
1 1 2
s, (=03 2+2C i(C3) 2+20%
(5 <1) : (G<t) | (h<)

6.4 Numerical Results

In this section, we provide numerical results to demonstrate the effectiveness of all of
the considered preconditioners. All the finite element matrices were computed using
the IFISS [26], 27, 103] framework.

All of the preconditioners used are of the form described in (6.2) with each dif-
ferent version of the Schur complement approximations S. Thus, all preconditioners
have common (1,1) and (2,2) blocks which are formed solely of mass matrices. These
are approximately inverted by 10 iterations of the linear Chebyshev semi-iteration as

described in Section [2.2.1.1l To compute the multigrid approximations for S;,S,, S,
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Figure 6.2: Eigenvalues of S;* 1S and 3’; 18 for different 5 and 7 values with h = 273

and ¢ = 10.

25
-
-
2
-
15 ‘g.
X

D o

1

0.5

g

0

0

200 400

i

(a) Mi(8518), =107, 2 =10

600 800

14

E 3
3

P

*
A
F
-
*
-
X
-
-

12

1

0.8

0.6

0.4

0.2

600 800

400
i

() Mi(85'8),8=1072, 5 =1

0 200

0.9

0.8 r

0.7 r

0.6

0.5

0.4

400 600 800
i

() \i(518), =107, 5 =102

0 200

! P g

*
0.9 -
*
0.8 -
-
-
07 2
-

0.6

Ve
[

0

0.5

0.4

200 400

i

(2) Mi(S551S),8=1079, % - 104

600 800

25

2+

15

"+

1t

W

051"

-

0

0 200 400

i

(b) M(5,'8).8=107, & =10

600 800

11

0.9

0.8

ot

e

+

0.6
0.5

0.4

03 ‘ ‘ ‘
0 400 600 800
i

(d) )\i(g;S),ﬁ =1072, Tﬁz -1

200

1

09 r

0.8 r

0.7 r

0.6

0.5 #

0.4

° 200 400 800

i

(f) /\1(3518)7B = 10_43 :% = 10_2

600

1
0.9 r
0.8

0.7 r

06t ﬁf’¢*
mmmmmmMﬂﬂ*'”m*

0

0.5

0.4

200 400 600 800

i

(0) NS, ), 8=106, 5 =10

145



CHAPTER 6. HEAT CONTROL PROBLEM

and S, we used 2 V-cycles of the Harwell Subroutine Library AMG code HSL_MI20.
For the circulant preconditioner, as the matrix requiring approximation is complex,
we used the algebraic multigrid code AGMG [73}, [74], [77,, [7§]. For the AGMG precon-
ditioner, we found that we required additional V-cycles in order to achieve sufficiently
accurate approximation for our preconditioners to be effective. This is perhaps due
to the matrix which is being solved being complex for which the method was not
designed. Thus, for the circulant variation, the preconditioner was applied in the
manner described in Chapter {4 with 5 V-cycles of AGMG to approximately invert
each block of the matrix G defined in (4.15). We used the standard Matlab imple-
mentation of MINRES to solve the linear system and all solutions were solved to a
tolerance of 1074,

The heat control problem we solved was described by

. T 12 5 T 9
min [y =il dt+ 5 [l d
such that y; - V?y=u, for (x,t)eQx[0,7T],
7= 64tsin(27((z; - 0.5)% + (22 - 0.5)?)),
y=0, on ),

y(x,0) =0,

with x = [z1,22]7 and Q = [0,1] x [0,1]. Figure shows the state and control
variable at a specific time .

In Table [6.2, we present iteration counts when using the dropping preconditioner
P, and our variations ’ﬁl and 7_31. In the first part of the table, we examine the
behaviour of the preconditioners as the mesh parameter A decreases. We can see
that both the original preconditioner P, as well as the block diagonal variant P,
maintain approximately mesh independent iteration counts while the iterations of P,
do increase significantly as h decreases. In the second part of the table, we examine
dependence on the number of time-steps, ¢. Both P; and P require more iterations
as ¢ increases; we see that both exhibit iteration counts which appear to plateau as

¢ becomes large. However, at large values of 3 it appears that P, is not as affected
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Figure 6.3: Computed solution to the heat control problem using IFISS at time ¢ = 0.2,
with h =275, =101

by increases in ¢ compared with P;. The opposite appears to occur when £ is small,
however, where the iteration counts using P; remain much more stable than those of
Pi. While we obtained a similar type of opposing result for the forward problem in
Chapters |3| and 4] we might have predicted P; to scale better with changes in ¢ than
P; but this only appears to be the case for large . It is not immediately clear to us
why this should occur.

Furthermore, as predicted by the theory, all of the preconditioners have signif-
icantly reduced performance for very small values of 5. However, it is noted that
P, performed better at the median value 8 = 104 than at either other value of /3
considered. This is most likely because since 7 = 1072, when § = 1075, we have that
7—’82 = 1. Another surprising result was that for 8 = 10-6, we find that P; outperforms
the original preconditioner P;. This is an important result as it indicates that P,
may be an effective choice of preconditioner for some parameter ranges, even when
parallel computations are not available.

The results for 732,732, and ﬁg are presented in Table We see that 7/52 has
almost no dependence on h and, while the iteration counts do increase with ¢ when

B =1072, at smaller values of 8 the iteration counts remain relatively constant. The

variant P, does increase iterations numbers as h is decreased for § = 1072 but again
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Table 6.2: Iteration counts for MINRES for various values of regularization parameter
with 7 =0.01. (* denotes when iterations numbers exceeded 500)

=102 f=104 =106
Pl P PP PP | P P | Py
2741 20 28,900 12 | 70 | 42| 34 | 44 | 44 || 213 | 105 | 222
2751 20 65,340 12 72 | 44 || 34 | 44 | 45 || 229 | 114 | 242
2-6 1 20 253,500 12 | 72 |54 || 36 | 44 | 67 || 258 | 117 | *
2-7 1 20 998,460 12 72 | B8 || 36 | 44 | 71 || 242 | 117 *

278120 |3,962,940 | 12 | 72 |96 | 36 | 44 | 98 || 244 | 117 | *

2751 20 65,340 12 | 72 |44 | 35 | 44 | 45 || 229 | 114 | 242
275 | 40 | 130,680 14 | 104 | 45 || 45 | 46 | 56 || 319 | 120 | 328
2751 60 | 196,020 15 | 130 | 46 || 52 | 48 | 62 || 388 | 124 | 391
275 | 80 | 261,360 15 | 148 | 46 || 58 | 48 | 68 || 440 | 126 | 444
2751100 | 326,700 15 | 153 | 46 || 63 | 50 | 74 || 482 | 128 | 486

h 14 DoF

we see much more stable iteration counts for small values of 3. The iteration counts
for P, remain approximately independent of ¢ for all values of j3.

Examining the behaviour for decreasing 3, we see that all our variants perform
better with small 3, moreover when 3 = 1076 we see almost identical iteration numbers
with the original preconditioner Ps. In fact Py outperforms the original preconditioner
P, when 3 = 1076, However, with parallel capabilities included our preconditioners
could be applied more quickly than Py. Thus for small 3, even with limited parallel

capability, there is no advantage to using the full preconditioner.

6.5 Conclusions

Throughout this chapter, we have shown that the preconditioning techniques devel-
oped in Chapters 3 and 4 for the forward problem can be successfully extended to
develop preconditioners for the heat control problem. Furthermore, in this context
we were able to obtain rigorous eigenvalue bounds for the preconditioned systems.
We have demonstrated that variations of the dropping strategy preconditioner
have competing requirements on the value of % to maintain well clustered eigenvalues

and therefore only perform well when this value is relatively near one. However, while
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Table 6.3: Iteration counts for MINRES for various values of regularization parameter
£ with 7=0.01.

h 14 DoF
Py| Po [Py || Po| Py |Pa| Pal|Po|Po

2741 20 17,340 16 | 70 |40 | 19 | 36 | 26 | 23 | 22 | 18
2751 20 65,340 17 | 71 |42 (20 | 40 | 26 || 24 | 25 | 19
2761 20 | 253,500 17 | 72 |48 | 21 | 40 | 26 || 23 | 23 | 20
2771 20 | 998,460 18 | 71 |54 | 23 | 36 | 28 || 27 | 27 | 20
278120 |3,962,940 | 16 | 71 | 74| 23|34 |28 | 27 |27 |20

2751 20 65,340 17 72 |42 20 | 40 [ 26 | 24 | 25 | 19
2751 40 | 130,680 19 1102 |44 ] 21 |36 |28 || 19|19 |20
2751 60 | 196,020 21 | 130 [ 46 || 22 | 38 | 28 || 20 | 20 | 20
275 | 80 | 261,360 21 | 147 [ 46 || 22 | 38 | 28 || 20 | 20 | 21
2751100 | 326,700 21 [ 152 |46 | 22 | 38 |29 || 20 | 21 | 22

the variations of the matching strategy were predicted to achieve the smallest iteration
numbers for small %, even for larger values of § the preconditioner behaves extremely
well. Taking into account the considerable parallel in time capabilities of both the
block diagonal and circulant variations, these matching strategy based approaches

could be highly effective.
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Convection-Diffusion Control Problem

The convection-diffusion equation describes many important physical applications;
one example might be the spread of a contaminant under the influence of flow in the
containing fluid, as well as diffusive effects. Here we focus on the convection-diffusion
control problem rather that just the forward problem. An example where this may
be required, may be finding the most effective way to apply a mitigating substance
so as to achieve desired concentrations of a contaminant.

While this type of problem is of great interest, it also poses a significant com-
putational challenge. One key consideration is that care is required in general for
non-self-adjoint problems such as convection-diffusion, to ensure that the discretize-
then-optimize and optimize-then-discretize approaches obtain the same linear system.
For example, the widely used Streamline Upwind Petrov-Galerkin (SUPG) stabiliza-
tion method [I6] does not, in general, satisfy the property that the forward and adjoint
problems commute. However, we are able to utilize the Local Projection Stabilization
(LPS) method [5] 6], which is adjoint consistent in order to solve this problem.

With any such stabilization method, it still remains the case that the differential
operator will be non-self-adjoint. As we used the symmetry of the stiffness matrix

several times to produce eigenvalue bounds for the heat control problem, this may
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present us with further challenges. We note that the overall optimality system re-
mains symmetric with an adjoint consistent approach. Therefore, eigenvalues can
be used to provide convergence estimates for MINRES for these control problems.
All of the preconditioners discussed previously, utilize multigrid processes for prac-
tical approximate application. Again for the convection-diffusion case, we need to
take extra care to ensure that the multigrid process used can accurately approximate
convection-diffusion operators.

Before we discuss the numerical solution to these problems, we will first spend
some time illustrating the derivation of the linear systems in Section [7.I] As for the
heat control problems considered in Chapter [0, we will examine block diagonal and
circulant based variations to the dropping and matching preconditioning strategies.
These approaches will be considered in Sections and respectively. Numerical
results are provided in Section before giving concluding remarks in Section

7.1 Problem Derivation

In this chapter we consider a time-dependent convection-diffusion control problem of
the form
i L e d B 12 d
ming ()= 5 [ ly-Tlhmdt+ 5 [ Tul,q d

such that y, — eV?y+w-Vy=u, for (x,t)eQx[0,T]
y=f, ondQ,

Y = Yo, att=07

where, as before, y denotes the state variable, 7 is some known desired state, u is
the control variable, and § > 0 is the regularization parameter. Also present is the
diffusivity parameter € > 0 and the divergence free wind vector w. We assume that
the convection term is more dominant than the diffusion, as is typically the case for
real world applications, and thus € <« |w|. Problems in which diffusion dominates
can generally be treated as for heat conduction.

We can see that this formulation is identical to that of the heat control problem
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except that the constraint equation is now the time-dependent convection-diffusion
equation rather than the heat equation. We showed in Section [2.1.3]that the convection-
diffusion equation can be discretized using Galerkin finite elements and Backwards
Euler time-stepping to obtain

Ky - tMu =d, (7.2)
where, similar to the heat equation, we have

M —M+Tf?

M -M  M+7K
M= , and K := . (7.3)

M -M M+7K|

however we now have the term
K=eK+N+T. (7.4)

Here K is the standard Galerkin stiffness matrix, N represents the convection term
and T is the stabilization term. As mentioned earlier, we need to use an adjoint
consistent stabilization method in order to ensure that the linear systems obtained
by discretizing first or by optimizing first, will coincide. Therefore, we will use the LPS
stabilization method [5], [6] throughout this chapter to maintain consistency between

the two approaches. Thus, we obtain the KKT system,

TMijs 0 KT |y 7b
Ax:=] 0 BrMyp —TMllul[=]0 | (7.5)
K -TM 0 p d

As with the heat control problem, our preconditioning strategies are based on

Schur complement approximations. The Schur complement of the optimality system
in (7.5)) is given by
2
-

I
8= IMKT + 2

MM}, M. (7.6)
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As before, the two main approximation strategies upon which we will build our pre-

conditioners are the dropping strategy, given by
1 -1 4T
S1i= KM ,,K7, (7.7)
T
and the matching strategy, given by

T
Sy = % (/c + ﬁM) My (/c + ﬁM) . (7.8)
Each of our Schur complement approximations will be formed by substituting either
the block diagonal or circulant approximations to the forward problem for K in
and (7.8). As we saw in Chapter 3] and [4] finding effective preconditioners for the
convection-diffusion problem is often more challenging than for problems with only
self-adjoint elliptic operators. We nonetheless attempt to provide eigenvalue bounds
for the preconditioned optimality system on which MINRES convergence bounds are

based.

7.2 Dropping Strategy Based Preconditioners

7.2.1 Block Diagonal Variation

The preconditioners developed in this section will be based on the dropping strategy
Schur complement approximation S; described in . The block diagonal variation
will approximate the forward problem K from by only the block diagonal terms.
Thus we define

M+71K

M+1K

M+71K
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and we note that, unlike for the heat control problem, K is no longer symmetric since

K =€eK + N +T is not symmetric. We do still maintain the relation K = K - & where

)
if

(7.10)

Using this block diagonal approximation instead of K we can form a new Schur

complement approximation given by
—~ 1~ =7
81 = ;ICMUQ]C . (711)

In order to provide bounds of the generalized Rayleigh quotient of S and S; we define

the following terms:

a:= M °KTv, b= % MMy, (7.12)
€= M STy, di= MKV,
The appropriate Rayleigh quotient R, is defined as
. T Ta+blb
B = viSv ala+ (7.13)

" viSv (a+e)(a+g)

For the heat control problem, in order to prove eigenvalue bounds for the corre-
sponding preconditioner, we required two results. Firstly, in Lemma it was shown
thate’c< C T%bTbT, and secondly in Lemma it was shown that b”b was less than
d”d times a constant factor independent of the mesh parameter k. Simply by looking
at the definition of € and b, we can see that these terms only involve mass matrices
and are thus identical to the terms present in the heat control problem. Thus, the
bound proved in Lemma [6.1] continues to hold in the convection-diffusion setting.

Unfortunately, we are not so lucky for the latter bound. For this bound, we

explicitly required bounds for the eigenvalues of K, and as we do not have such
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bounds for K, we were not able to prove an analogous result. This is currently a
deficiency in our analysis. However, this result is only required for the upper bound

on Ry, so we are still able to make the following statement regarding the lower bound.

Theorem 7.1. Let Ry be as defined in (7.13)). If C’T% <1, then
1 =
= < R17 (714)
2
otherwise,
— <R, (7.15)
Proof. By definition of R; and using the bound from Lemma we can obtain

a’a+b’b a’a+b’b a’a+bTb

> > .
2(a+¢)"(a+e) ~ 2(a’a+¢’c) ~ 2aTa+203b7b

Ry = (7.16)

As per the proof of Theorem , if CT’% <1, then R; > %, while if CT% > 1, we have

. T T 2
B> ala+blb 17

" 205 (aTa+bTb) 20 B

which gives the final result. O

We can see that provided T% is sufficiently small, the smallest eigenvalue of 3\1‘ 1S
will be relatively close to one but we are not able to make any statements regarding

the size of the largest eigenvalues. This will be examined numerically in Section [7.4]

7.2.2 Circulant Based Variation

The circulant based variation is based upon forming the block Strang circulant of the

forward problem K. We denote this by K as defined by

M+1K -M

M  M+7K

il
I

(7.17)

-M M+7K
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By substituting K in for K in the Schur complement approximation in ((7.7) we

obtain our new approximation

_ 1— _
Sy = ~KM7LKC . 7.18
1 - M1/2 ( )

If we define
e= M v, (7.19)

then the relevant Rayleigh quotient is defined as

_ T T bTb
R=YOV._ aatbh (7.20)
viSv (a-c)T(a-c)

For the analogous preconditioner in the heat control context, we were only able to
obtain rigorous lower eigenvalue bounds. These lower bounds also hold here since,
similar to the block diagonal variant, the lower bounds only required the relation
between ¢’c and b”b proved in Lemma All of these terms are exactly the same

in the convection-diffusion case and therefore Lemma [6.3] still holds.

Theorem 7.2. Let R, be as defined in (7.20), then if C’T’% <1

1 -
—<h, (7.21)
2
otherwise,
1 _
<R. 7.22
semy <R (7.22)

Proof. This proof follows exactly in the same manner as Theorem by using
Lemma [6.3] to obtain,

— al’a+b’b a’a+b’b a’a+b’b

'"(@a-97(a-0) " 2(aTa+dc)  2(a’a+CLbTb)’

where if C’T% <1, we have that Ry > %, while if C’% > 1, then Ry > 2015 . O
=z

—1
Once again we are not able to determine upper bounds on the eigenvalues of §; &y,

however, these will be examined numerically in Section [7.4]
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7.3 Matching Strategy Based Preconditioners

7.3.1 Block Diagonal Variation

The matching strategy has been widely used for steady convection-diffusion control
problems as rigorous eigenvalue bounds were obtained in [90]. These lead to robust
convergence estimates unlike for the dropping strategy for which there are no known
bounds in the convection-diffusion context.

By substituting the block diagonal approximation K from into Sy in ([7.8))
we obtain a new approximation

1= _ ’
S, :=;(K+ﬁM)M[}2(IC+%M) . (7.23)

We wish to obtain bounds for the generalized Rayleigh quotient Ry given by

=~ viSv

RQ = .
vISyv

(7.24)

We maintain the positive definiteness of a’b + bTa in the case of the convection-
diffusion control problem as shown in the following Lemma which very much follows

the analogous proof for the heat control problem.
Lemma 7.1. Fora= M. ?KTv and b = ﬁMI}Q/QMV we have,

1/2

a’b+bla>0. (7.25)

Proof. By definition a’b + bTa = VT(]CMI}QM + MMI}QICT)V = vI(KA + AKT)v,
where A is as defined in (6.13). If we let L = M +7K and note that the scaled identity
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A; will commute with any matrix, we have that

—LAl + A LT -\ M

-A M LAy + AT —AsM
KA+AKT =
“Ng oM LAy + A LT -MA,

—Ag_lM LAg + AgLT
(7.26)

By straightforward manipulation we have

¢ -1 -1
VT(ICA + AICT)V = Z VZT(LAZ + AiLT)VZ‘ - Z V;IAZ'MVZ'_H - Z V;{_lAiMVi
i=1 i=1 i=1
4 ~~ -1
=T Z VZTAZ(K + KT)Vi + Z(VZ - Vi+1)TAZ'M(V7; - Vi+1) + V’{Alel
i=1 =1

+ VEAEMV@

We know from Section m that K + K7 is positive semi-definite, and M is positive
definite so that the resulting sum of quadratic forms is greater than zero. This gives

the result. O

In order to prove eigenvalue bounds, we also require an analogous proof to Lemma|6.2

which relates terms involving d and b.

Lemma 7.2. Ford and b as defined in (7.12), then

drd< b™b, and d7b+b7d < 2\/BbTb, Vv # 0.

= -
Proof. As with the proof of Lemma [6.2| we have,
¢
d’d = VT/CMI}QICTV =3 VI(M+7K)AM N (M +7K)"v;
i=1

4 4 . . . .
=Y VIMA; + Y VvE(TKA +TAKT + TP KM KT,
i=1

i=1
g

72

V4 V4
T VAR + BT v+ 72 Y VT RM R v, > D,
=1

2
T i=1
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since K + KT is positive semi-definite as is K M~1KT. For the second bound we use
positive semi-definiteness of K + KT and the commutativity of A; to find
d"b+b"d =vT(KA + AKT)v

¢
vI(M+7K)Av; + ZViTAZ-(M +7KT)v;

'MN

<
Il
—_

Mr\

vIMA; V1+TZV K+K)A v;

4
b+ Y VITKAv, > VB,
i=1 T

Il
—_

7

ﬂ%

which gives the result. O
Finally we can bound the overall Rayleigh quotient R».

Theorem 7.3. For Ry as defined in (7.24),

— < Ry<2+2C. 7.27
4(1+CT‘%) ? ( )

Proof. As previously seen, we define R, to be

= vISv vIS,v

R2 = —
vISvvTS,v

i= RyaRyp, (7.28)

where Ry, is bounded between 1/2 and 1 by Theorem (5.5, Using the results from
Lemma [6.7] and [7.2 we see that

5~ (d+b-©)7(d+b-¢)

(d+b)T(d+Db)
2(d+b)T(d+b) r2e’e 2¢Te
" (d+b)T(d+b) d”d +b7d +d”b + bTb
2C L bTh 205
<2+ T =2+
SbTb +28bTh + bTh (L 4 1)
<2+2C,
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8

since ( @le)Q < 1. The lower bound follows exactly as in Lemma by
(a+b)T(a+b) S (a+b)(a+Db)

(a+€+b)(a+€+b) ~2((a+b)’(a+b)+5bTb)

> ! > !

21+ Chpry) 2(1+0%)

72 (a+b)T (a+b)

Rop =

which, when combined with the extra factor of 1/2 from Roa, gives the result. O

We have now bounded the eigenvalues of S;'S in the exact same manner as with
the heat control problem. This is significant as convection-diffusion control problems
tend to be significantly harder to solve than heat control problems, but the eigenvalue
bounds achieved directly lead to convergence estimates for MINRES, just as they did

for the heat control problem.

7.3.2 Circulant Based Variation

The final Schur complement approximation considered uses the circulant variant

within the matching strategy and is defined by

S, = % (IE+ ﬁ/\/l) M, (IE+ ﬁ/\/l) , (7.29)

where K is as defined in (7.17). In order to bound the eigenvalues of 3’; 18 we consider
the Rayleigh quotient,

= vISv  vISv vIiS,v = =
Ha = VT32V VTS,V VTSQV = foaltn. (7.30)

In order to bound this term we need to define

d=MK v, (7.31)

1/2

_T —
and prove the positivity of d b + b’d. The proof of this result for the convection-

diffusion problem is given in the following Lemma.
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Lemma 7.3. Ford= M, /QICTV and b = = M1/2MTV then

1/2 1/2

d b+bd> 0. (7.32)
Proof. Letting L = M + 7K and noting that A; = A, we have

_ _ ¢ 01 -1
v (KA + AICT)V =2 ZviTLAivi - Z vl MA;v; - Z vIAMv;,

i=1 i=1 i=1

- VgTAngl ~vIMAwv,

¢
Z (K +KTYv; + Z:(VZ ~Vie1) TMA(vi = Vi)

[y

VIAMvy +VEAMv,—vEAMvy —viAMv,

VvIA(K + KT, + Z(Vz Vi) T MA(vi = Vi)

=1

VvIAIMvy+ (vi—=v)TAM (v —vy).

'MN

S
I
—

Since this is the sum of positive definite or semi-definite terms we have the result. [J

Theorem 7.4. For Ry as defined in (7.30)),

4(1—+%)§_2§2(1+_)‘ (7.33)

Proof. As in the block diagonal case, we only focus on Ryp since 1/2 < Rya < 1 from

Theorem . We see that we can write _RQ B as,

(a+b)T(a+b) S (a+b)T(a+b)
(a+b-c)T(a+b-c)  2(a+b)T(a+b)+2'c
1 1

b7
2(1 + 072 (a+b)T (a+b) )

}_%QB =

2(1 + (a+b)T(a+b))

and from Lemma we have that a’b + bTa > 0 and therefore W&:ﬁ < 1 which
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gives the lower bound result. For the upper bound we have,

5o d+b-0)T(d+b-c) g 2(d+b)7(d+b) + 2%'¢
T @+b)’(d+b)  (d+b)Td+b)
2C%bTh B
+ — L <2+ (C—.
(d+b)T(d+b) 72

T
(d+b)T(d+b)
the bounds for R4 from Theorem to obtain the extra factor of 1/2 in the lower
bound. =

using Lemma to know that < 1. Finally, we multiply each side by

7.4 Summary of Eigenvalue Bounds

As with the heat control problem, we have summarized the eigenvalues bounds ob-
tained for the preconditioners developed in the previous sections. For the dropping
strategy based preconditioners, only lower bounds were obtained for the eigenvalues
of the preconditioned system. However, in Figure the eigenvalues of 3\1‘ 1S and
3’;18 are presented for various values of . We can see that for small values of 3
the largest eigenvalues of both 3\1‘ 1S and 3;18 grow significantly, in particular for the
circulant variation.

As we were not theoretically able to provide a complete set of bounds for these
eigenvalues, these plots provide additional evidence for the performance of our pre-
conditioners. For example, although an upper bound was not able to be provided for
the eigenvalues of 3\1‘ 1S or 3‘;18 , we can see clearly from the plots that the largest
eigenvalues appear to grow like % In the case of 3‘1, there is only relatively few
extremely large eigenvalues so performance may not deteriorate as much as could be
expected.

For the matching strategy, just as for the heat control problem we are able to
provide eigenvalues bounds for each of the preconditioners. Plots of the eigenvalues
for various values of ( for 3\2* 1S and 3’; 18 are presented in Figure . It is evident
that for small values of § we see extremely well-clustered eigenvalues; for both block

diagonal and circulant variations with T% =104 we see eigenvalues between 0.8 and
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Table 7.1: Summary of eigenvalue bounds for S-18 for each considered Schur com-
plement approximation S for the convection-diffusion control problem.

Block Diagonal (S) Circulant (S)
Lower Bound | Upper Bound || Lower Bound | Upper Bound
S % o 201% ) % o 2017% )
Get) || (Een) |
1 1 7__2
s, (03 2+2C i(eC3) 2+205
Gen |- | gy | (2=

1 and therefore predict the preconditioners to perform well in this regime.

7.5 Numerical Results

In this section, we provide numerical results for each of the proposed precondition-
ers in order to demonstrate the effectiveness of each method. We will again use the
Incompressible Flow and Iterative Solver Software (IFISS) framework [103] to com-
pute our results and we discretize the variables state variable y, the control variable
u and the adjoint variable p using Q1 finite elements. As we are now considering
convection-diffusion operators, we use 2 V-cycles of the Ramage multigrid [93] to ap-
proximately invert the convection-diffusion operators in 81,8, 81, and S,. We again
use 5 V-cycles of AGMG [73], [74] [77, [78] to approximately invert the circulant based
variants S; and S,. The mass matrices which form the (1,1) and (2,2) blocks of all
our preconditioners are approximated by 10 iterations of the linear Chebyshev semi-
iteration. For the convection-diffusion control problem, we will consider two different

problems which are described in detail below.
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Ty

(a) State y (b) Control u

Figure 7.3: Solutions to Problem 1 at time ¢ = 0.2 with € = ﬁ and =0.01

Problem 1

The first problem is defined on the domain 2 = [-1,1] x [-1,1] and is given by,

min = [yl dt+ 5 [ ul?,
2 Jo L2(Q) 2 Jo La(2)

e
such that v, —eV2y+w-Vy=u, inQx[0,T]
y=0,
y(x,0) = yo = tanh (100(xz2 + 1)) (1 + tanh (100(z1 - 1)))
. % (1 - tanh (100(z5 + 1))) (1 + tanh(100zy))

Yy =1, ondf2

where w = [sin &, cos §]7. The initial condition ¥, is selected so that y is very close
to 1 on [0,1] x {-1} and exponentially tends to 0 elsewhere in the domain. The
boundary conditions also satisfy this property. This type of constant wind problem
has been considered for the time-independent control problem in [25], 86l 94]. A plot
of the solution for both the state y and control u at a given point in time is presented

in Figure The iteration numbers for this problem for each of the preconditioners
is presented in Tables [7.2] and [7.3]

166



CHAPTER 7. CONVECTION-DIFFUSION CONTROL PROBLEM
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s 05 \

(b) Control u

Figure 7.4: Solutions to Problem 2 at time ¢ = 0.2 with € = ﬁ and =0.01

Problem 2

Also defined on the domain 2 = [-1,1] x [=1, 1], the second problem considered is
control version of the double glazing problem considered in Section and is given

by,

win = [yl dt+ 5 [ ul?,
2 Jo L2(02) 2 Jo Ly(2)

you
such that v, —eV2y+w-Vy=u, inQx[0,T]
y(x,0) =yo = 1 + tanh (100(z - 1))
Y=y, ond

y=0,

where w = [222(1-22), -221(1-23)]”. Once again we have the property that y, is very
close to 1 on {1} x[-1,1] and exponentially tends to 0 elsewhere in the domain. This
problem has been considered for the time-independent control problem in [25] 86|, [94]
and for the time-dependent control problem in [106]. A plot of the solution for both
the state y and control u at a given point in time is presented in Figure [7.4. The
iteration numbers for this problem for each of the preconditioners is presented in

Tables [T.4] and [T.5]

For both problems, we can see that the dropping strategy does not perform as
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Table 7.2: MINRES iteration counts for Problem 1 with dropping strategy based
preconditioners with various values of regularization parameter § and a constant
7=0.01. (* denotes when iterations numbers exceeded 500)

|
[

DoF

2741 20 17,340 13 | 100 | 120 || 69 | 27 | 104 | 295 | 49 | 478
2751 20 65,340 13 [ 102 | 147 | 79 |27 | 135 * |81 | *
2761 20 | 253,500 11 | 106 | * 72 129|313 || * |87 | *
2771 20 | 998,460 15190 | * | 111 |27 | * o143 ] *
28120 |3,962,940 | 15 | 92 | * | 171 |27 | * *opd4r | o*

2751 20 65,340 13 [102 {120 | 79 |27 | 104 | * |81 | *
275 | 40 | 130,680 17 [122 | 118 || 121 [ 29 | 119 | * |84 | *
2751 60 | 196,020 21 | 131|116 | 145 [ 29 | 134 | * |87 | *
2751 80 | 261,360 25 | 139 | 118 || 192 | 29 | 148 | * |87 | *
2751100 | 326,700 | 27 | 143|119 21229 | 163 | * |8 | *

well for small values of § as for the heat control problem. Surprisingly, we do see
that P, performs better at small values of 8 than the original preconditioner P; and
it is unclear why this should occur. As with the heat control problem, we also see the
best performance of P; when § = 104,

For the matching strategy based preconditioners, when S = 1076 we see very
little difference between iteration numbers for the original preconditioner Py and the
two parallelizable variants ’ﬁg and 7_32. Again for both of these variants we see little
dependence on both the mesh parameter h or the number of time-steps ¢. For larger
values of 3, both variants have an increased number of iterations from the original
preconditioner Py, however, in the presence of parallelism over time, speed-up for this

method could still be achieved by using either 7/52 or 7_72.

7.6 Conclusion

In this chapter, we considered the time-dependent convection-diffusion optimal con-
trol problem. There are many additional challenges which must be addressed for

solution of this problem when compared with the heat control problem considered in
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Table 7.3: MINRES iteration counts for Problem 1 with matching strategy based
preconditioners with various values of regularization parameter § and a constant
7 =0.01.

3=10"? 5=10" =10
Po| P |Po||Pe| Po|Po | Po|Pa| P2
241 20 | 17340 | 11| 98 [ 78] 11[19]15] 9| 7 |9
25| 20 | 65340 | 11 | 100 |76 | 11|20 16| 9 | 9 | 9
2°6 | 20 | 253,500 | 11 | 103 |98 | 11|21 |20 |11 |10 |11
27| 20 | 998,460 | 11 | 88 | 95| 11|20 | 15| 7

2-8 120 3,962,940 || 11 | 90 |94 | 11|21 15| 9

5

7

2751 20 65,340 11 | 100 |76 || 11 | 20 | 16| 9 | 9
275 | 40 | 130,680 12 1120 |76 || 11 (21 |17 9 | 9 | 10

9

9

9

DoF

NIy
~

2751 60 | 196,020 13 1130 | 77| 11 |21 | 17 | 11 11
2751 80 | 261,360 13 | 137 |78 || 11 | 21 | 17| 11 11
2751100 | 326,700 13 1140 | 78 | 11 | 21 | 17 || 11 11

Table 7.4: MINRES iteration counts for Problem 2 with dropping strategy based
preconditioners with various values of regularization parameter § and a constant
7=0.01 (* denotes when iterations numbers exceeded 500)

=102 B=10"" B=10"
PolPo | P | PP P | P | PPy
2741 20 | 17,340 || 13 | 78 [ 248 | 81 | 24 | 277 329 |35 | *
25| 20 | 65340 || 13 | 81 [ 231 93 |25 | 257 | * |51 | *
276 | 20 | 253,500 | 13 | 82 | 460 | 99 | 25 | 434 | * |54 | *
27| 20 | 998,460 | 13 | 84 | * | 105|25 | * | * |53 | *
28| 20 3,962,940 | 13 | 86 | * | 11 |27 | * | * |47 | *

2751 20 65,340 13 | 81 | 231 93 | 25| 257 || * |51 | *
2751 40 | 130,680 | 25 | 98 | 211 | 161 |25 |268 || * |55 | *
2751 60 | 196,020 | 31 | 114 | 201 | 225 |27 |294 | * |57 | *
2751 80 | 261,360 | 35 | 118 | 201 || 278 | 27 | 327 | * |57 | *
2751100 | 326,700 | 41 | 120 | 200 || 329 | 27 | 347 | * |59 | *

DoF

IS
N
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Table 7.5: MINRES iteration counts for Problem 2 with matching strategy based
preconditioners with various values of regularization parameter § and a constant

7=0.01.

™
|
—_
S
v
=
Il
—
)
IS
=
Il
—_
e}
&

|
o~

DoF

3
3
3
3
3
3
3
Rl
3

2741 20 17,340 9

275 20 65,340 9

2761 20 | 253,500 9 | 80 | 116 || 11 | 19 | 21

2771 20 | 998,460 9 | 82 | 102 11|19 |29

278120 [3,962940 || 9 | 84 | 94 | 11|20 | 15
9

271 20 65,340 80 | 72 || 10 | 18 | 13
2751 40 | 130,680 10 | 96 | 73 || 11 | 19 | 13
2751 60 | 196,020 11 110 74 || 11 | 19 | 15
2751 80 | 261,360 11 114 | 76 || 11 | 19 | 15
2751100 | 326,700 11 116 | 76 || 11 | 19 | 15

© N NN o o N
N BN N R N RN N
© © g N o © ©

the previous chapter. Firstly, we require an adjoint-consistent stabilization method
in order to obtain an accurate solution for the convection-diffusion forward problem
and ensure that the discretize-then-optimize and optimize-then-discretize systems co-
incide. By using the local projection stabilization methods we are able to achieve
this.

As we do not have eigenvalue bounds for the convection-diffusion operator, we are
unable to use estimates to obtain overall bounds for the preconditioned systems. We
can, however, use the positive-semi-definiteness of the symmetric part of X to obtain
analogous results to the heat control problem. In fact, the eigenvalue bounds obtained
for the matching strategy based preconditioners are identical to those obtained for the
heat control problem. This is perhaps due to the strength of the matching strategy
preconditioner and its applicability to many different problems.

Up until relatively recently, convection-diffusion control problems were consid-
ered a significant numerical challenge for applied mathematicians, while the time-
dependent case was at the limit of numerical capabilities. Here we have presented
four potential preconditioners which all have the ability to be parallelized over time

and thus, for various parameter regimes, all offer potentially significant speed-up over
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sequential methods. In particular, the variations presented here perform best for
small values of 8 and thus lend themselves to be introduced as part of the matching
strategy based preconditioners. For the case of small g we see little or no difference
between the iteration counts of Sy and our variants :9; and 32. However our variants
could be completed in parallel over time and theoretically could be computed up to

{ times faster.
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Conclusion

In this thesis, we have examined the solution of time-dependent PDE problems
through the use of preconditioned iterative methods. We have focussed on solu-
tion of the all-at-once system, whereby we solve for all time-steps simultaneously in
a large, block matrix system. By using the all-at-once system, we were able to de-
velop preconditioners which have the ability to be parallelized over time. One method
which achieved this was simply using the block diagonal of the system as a precon-
ditioner. Using this block Jacobi style preconditioner is by no means an original
approach, however, the use in this context and the accompanying analysis of minimal
polynomials and achieving termination bounds for an appropriate iterative method,
are new. Furthermore, we were able to show that even when the preconditioner is
applied approximately, we achieve a similar convergence despite our minimal polyno-
mial theory not applying. This phenomenon, whereby the Jordan form of a nearby
matrix is influencing the convergence behaviour is, in our opinion, worthy of further
study.

By taking advantage of the block Toeplitz structure of the all-at-once system, in
Chapter 4| we developed block circulant preconditioners, which also have the potential

to be parallelized over time. Despite being a non-symmetric problem, we were able to
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determine that the total number of distinct eigenvalues of the preconditioned system
was independent of the number of time-steps £. Thus, an appropriate Krylov subspace
method would terminate in at most a number of steps independent of /.

It was the preconditioners developed for the forward problem in these chapters
which motivated the preconditioners for time-dependent optimal control problems.
The proposed preconditioners were based on block diagonal Schur complement based
preconditioners and, as such, were able to be implemented within MINRES. By re-
placing the all-at-once system of the forward problem with either the block diagonal
or circulant preconditioner (and the transpose of these matrices for the backward
problem) within the two Schur complement approximations we were able to obtain
four new preconditioning strategies. All of these strategies could be implemented in
parallel over time and, therefore, could theoretically achieve significant speed-up to
the existing preconditioners considered. Approaches based on the matching strategy
were the most robust and, in general, the parallelizable preconditioners performed
best for small values of the regularization parameter 5. In fact for small values of
B, there was little or no difference in iteration counts between the existing precon-
ditioners and the parallelizable variations. Thus, in this parameter regime, there is
no advantage to using the original sequential preconditioners even in the absence of
parallel implementation. We note that preconditioners do not always perform well
for the normal equations, even if they are effective for the original system. It is,
therefore, noteworthy that our preconditioners are proven to work well within both
the forward problem and optimal control settings.

As our parallelizable in time preconditioners are simply used within an existing
Krylov subspace method, implementation is relatively straightforward and does not
rely on an understanding of more complex parallel solvers. Thus, we hope that this
allows this type of preconditioner to be appealing to many researchers.

The preconditioners developed in this thesis could easily be extended to other
time-dependent problems which can be formulated in an all-at-once manner. Another
interesting area where this theory may be of use in the solution of non-linear time-
dependent PDEs and this would certainly be an interesting continuation of the themes

developed in this thesis.
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