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ABSTRACT: We explain how equivariant localization may be applied to AdS/CFT to compute
various BPS observables in gravity, such as central charges and conformal dimensions of
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have not been constructed.
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1 Introduction

The systematic analysis of the geometry that underlies the AdS/CFT correspondence in
the supersymmetric context is an important ongoing investigation in holography. In order
to geometrically characterize general classes of SCFTs that have a holographic dual, one
considers spacetimes of the form AdS x M in either D = 10 or D = 11 supergravity, where
M is a compact manifold, together with a warped product metric and general fluxes, both
of which are preserved by the symmetries of the AdS spacetime. Demanding that some
supersymmetry is preserved then leads to the existence of certain Killing spinors on M which,



possibly combined with the equations of motion and/or the Bianchi identities for the fluxes,
defines the supersymmetric geometry on M. The Killing spinors define a G-structure on
M [1], and the geometry can be effectively studied by analyzing Killing spinor bilinears.

The first such analysis was carried out for the general class of AdS5 x Mg solutions of
D = 11 supergravity in [2]. The geometry on Mg was precisely characterized and, moreover,
was then used to construct infinite classes of explicit AdSs x Mg solutions, dual to N = 1
SCFTs in d = 4. Subsequently, similar analyses have been carried out for many different
cases in various dimensions (some early examples include [3-10]) and various important
insights have been made.

In this paper, which complements our recent papers [11, 12], we reveal an important
general structure that these geometries possess which has been overlooked for nearly twenty
years. Specifically, provided that the preserved supersymmetry includes an R-symmetry,
i.e. the dual SCFT admits an R-symmetry, we show there is a natural equivariant calculus
involving a subset of the Killing spinor bilinears. Furthermore, this calculus can be used
to compute physical quantities of the dual SCFTs without knowing the full supergravity
solution, and thus defines a canonical way to do various computations off-shell.

When the dual SCFT has an R-symmetry the geometry on M has a canonical Killing
vector £ that can be constructed as a bilinear from the Killing spinor. It is then natural to
introduce the equivariant exterior derivative d¢ = d — £4. This derivative acts on polyforms,
i.e. sums of differential forms of different degrees, and satisfies dg = —L¢, where L is the Lie
derivative with respect to £. In the case that the compact manifold M has even dimension, by
explicit computation for several different set-ups, we show that various equivariantly closed
polyforms ®, satisfying d¢® = 0, can be constructed from the subset of the Killing spinor
bilinears which are invariant under the action of L¢. Furthermore, we show that the integrals
of the polyforms compute physical quantities of the dual SCFT, such as the central charge
and flux integrals. The Berline-Vergne-Atiyah-Bott (BVAB) fixed point formula [13, 14]
can then be used to compute these physical quantities as a sum of contributions arising
from the fixed point set of the action of &.

Before discussing the examples that we consider in this paper, we further clarify in
what sense our procedure is off-shell. For a given class of AdS x M geometries we start
with an action for some fields on M (metric, warp factor function and forms for the fluxes),
obtained by dimensional reduction from D = 10, 11 supergravity, and hence, by definition,
AdS x M solutions extremize this action. We are interested in supersymmetric solutions,
and for such AdS x M geometries it is known that supersymmetry, sometimes supplemented
by the equations of motion for the fluxes, actually implies the equations of motion. Thus, if
one imposes all of the supersymmetry equations, plus the equations of motion for the fluxes,
one will also have an on-shell solution. Instead, what we show is that the supersymmetry
equations imply that a certain subset of differential forms that we construct as bilinears
of the Killing spinor are equivariantly closed, and this data thus imposes a subset of the
equations of motion. As we show, and remarkably, these differential forms are then sufficient
to compute various physical quantities of interest, such as fluxes and central charges using
the BVAB fixed point formula, including the action on M itself. In fact in the examples in
this paper the central charge is proportional to the partially on-shell action. Thus, in our
computations we do not impose all of the supersymmetry equations, and our final answers for



the central charge (say) is an off-shell result that requires, generically, extremization over a
finite number of constant parameters in order to obtain the on-shell result. Thus, our results
provide a precise holographic analogue of field theory extremization principles, e.g. [15-17].

There have been previous holographic incarnations of extremization principles that arise
in supersymmetric conformal field theories. For example, substantial progress has been made
for AdS5 x SFE5 solutions with just five-form flux and AdSy x SE7 solutions with just electric
four-form flux, where SFEs,, 11 is a Sasaki-Einstein space [18]. In particular, it has been shown
that various physical quantities of the dual SCF'Ts can be computed by suitably going off-shell
and solving a novel variational problem over Sasaki metrics [19, 20]. More recently, starting
with [21], there has been similar progress for AdSs x G K7 solutions of type IIB with general
five-form flux [5] and AdSy x GKjy solutions of D = 11 with electric four-form flux [8], where
GKapt1 is a GK geometry [22]. For both the SE and the GK geometry the precise class of
geometries that one is extremizing over has been clearly identified and it would be desirable
to have an analogous understanding of this for the more general AdS x M geometries that
we study using equivariant localization, but we leave that for future work.

In this paper we will illustrate our new calculus for three classes of solutions in D = 11
supergravity. We first consider the class of AdSs; x Mg solutions of [2], expanding and
extending the discussion in [11]. We show in detail how the new formalism can be used
to obtain the central charge and scaling dimensions of certain chiral primaries for various
different classes of examples of Mg. In several classes, the explicit solutions are known and
we can compare our results with the known answer, finding exact agreement. This detailed
exercise reveals how the new equivariant calculus can be used and, in particular, we will
see that the details depend on which class of examples of Mg is being considered. We also
carry out similar computations for classes of solutions which are not known in explicit form,
thus providing results for new supergravity solutions, just assuming that they exist. We also
note that we consider examples where the dual d = 4 SCFT has N = 2 supersymmetry and
hence a non-Abelian R-symmetry; however in deriving the central charge we only utilise
an Abelian R-symmetry.

Our next class of examples consist of AdS3 x Mg solutions. A sub-class of geometries were
first analysed in [6] and this was later extended to a general classification in [23]. Here we
will display the equivariant polyforms for the sub-class considered in [6], for which it is known
that there is a rich class of solutions. We certainly expect that our results can be generalized
to the general class of [23], but we shall leave that to future work. We will again deploy the
new calculus to recover some known results, as well as obtain some new results, focusing on
cases where My is an S* fibration over a four-dimensional base By, associated with M5-branes
wrapped on By. In [12] we consider examples where the R-symmetry has isolated fixed points
and show that one can obtain off-shell expressions for the central charge expressed in terms
of ‘gravitational blocks’ [24], while here we consider a complementary class of examples.

Finally, we also consider the AdS; x S* solution, dual to the (2,0) SCFT in d = 6. Of
course, this solution is explicitly known and one can immediately obtain the central charge of
the dual field theory by a straightforward computation. However, it is illuminating to analyse
it from the new point of view as it underscores the universality of the approach.

In this paper we focus on AdS x M solutions, but our new formalism based on equivariant
localization is more general, with wider applications. Indeed in [11] we also discussed
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supersymmetric solutions of various gauged supergravity theories which admit an R-symmetry
where the equivariant calculus can also be deployed to compute quantities of physical interest.
In particular, these results provided a systematic derivation of the result for the on-shell
action in minimal, gauged, Euclidean supergravity in D = 4 that was derived in [25] as
well as generalizing this to D = 6.

Before concluding this introduction we briefly compare our work on AdS x M solutions
with that of [26], which also discussed equivariant localization in holography. A detailed
discussion of the so-called equivariant volume of symplectic toric orbifolds was made in [26]
and, in particular, it was shown that various known off-shell holographic results for Sasaki-
FEinstein geometry and GK geometry could be recast in an elegant way in this language.
Furthermore, by rephrasing certain off-shell field theory results it was suggested that, more
generally, the equivariant volume should play a role in analysing certain classes of supergravity
solutions associated with wrapped Mb5-branes and wrapped D4-branes. However, the crucial
step of how to go off-shell in a supergravity context was not given. By contrast, we emphasize
that our approach does provide a canonical procedure for going off-shell, utilizing the structure
of spinor bilinears, and furthermore this does not rely on the specific setting of symplectic
toric orbifolds considered in [26]. Thus, our approach should be applicable more universally
to all holographic geometries with an R-symmetry, as illustrated here and in various other
examples in [11, 12].

The plan of the rest of the paper is as follows. In section 2 we briefly review the
localization formula of BVAB, as well as discuss some simple examples. In sections 3 and 4
we consider AdSs x Mg and AdSs x Mg solutions, respectively, and we conclude with some
discussion in section 5. We also have three appendices. In appendix A we examine how
spinors with a definite charge under a Killing vector behave near a fixed point, and how
this is correlated with the chirality of the spinor. In appendix B we discuss the AdS; x S*
solution using equivariant localization. Finally, in appendix C we prove some homology
relations for manifolds which are the total space of even-dimensional sphere bundles, focusing
on S? and S* bundles, that we use in the main text.

2 The equivariant localization theorem

The key mathematical result we use in this paper is the equivariant localization formula
of Berline-Vergne-Atiyah-Bott (BVAB) [13, 14]. We begin by introducing some notation,
reviewing the formula' and illustrating how it can be used with some simple examples.
We consider compact Riemannian manifolds (M, g) of dimension 2n, with a U(1) isometric
action generated by a Killing vector £. On the space of polyforms, which are formal sums of
differential forms of various degrees, one introduces the equivariant differential

dgEd—fJ. (21)

This differential squares to minus the Lie derivative along &: dg = —L¢. Thus, on the space
of invariant polyforms {®}, with £;® = 0, the differential above is nilpotent and we can
construct an equivariant cohomology. In the special case that £ generates a (locally) free U(1)

'See [27] for a pedagogical introduction.



action on M, where all the orbits of £ are circles, this cohomology is simply the de Rham
cohomology of the quotient M /U(1). However, we are interested in the case that & does not
act freely, and there is a non-trivial fixed point set F' = {{ = 0} C M.

The integral of a polyform is defined to be the integral of its top component. We also
define the inverse of a polyform via a formal geometric series

- i o, (2.2)
a=0

where ®¢ is understood to be a wedge product of a copies of @, and note this series necessarily
truncates.

The BVAB theorem expresses the integral of an equivariantly closed form ® on M in terms
of contributions from the fixed point set F' of the group action. The connected components
of F have even codimension, so the normal bundle A/ to F' in M is an even-dimensional
orientable bundle. Then the following relation holds

/ / le egf* (23)

Here f : F' < M is the embedding of the fixed point locus, e¢(N) is the equivariant Euler
form of the normal bundle, and dr € N is the order of the orbifold structure group of F' (in
cases where F' and M have orbifold singularities). Thus, if a 2n-form is the top form of an
equivariantly closed polyform, then the integral over Ms,, of the 2n-form is given by a sum
of integrals of lower rank over the components of the fixed point set.

To be more concrete, consider a connected component of F' with codimension 2k. Then,
¢ generates a linear isometric action on the rank-2k normal bundle, so there are local
coordinates in which it has the form

k k
§= Z € (*$2i6362¢71 + x2i*18362¢) = Z €; 8901‘ : (2'4)
i=1

i=1

Here (29;, z2;_1) are Cartesian coordinates on the ith two-plane R? C R?* in a normal space,
with ¢; corresponding polar angles with period Ay; = 2m. For generic? ¢;, A splits into a sum
of complex line bundles N = L; & - -- @ Ly, with L; rotated by 9,,, and we can simplify the
expressions in (2.3). Specifically, since the equivariant Euler class satisfies the Whitney sum
formula, we can reduce it to the product of the equivariant Euler classes of each summand
L;, given by the sum of the Chern class of the bundle (representing the ordinary curvature),
and the infinitesimal action generated by & to obtain

= i:f[leg HPf <+£E|L) li[ {cl } , (2.5)

2While this assumption will be sufficient for the examples studied in this paper, there are certainly cases
where N does not split into a sum of complex line bundles. But in that case one should simply revert to the
general formula (2.3), rather than apply (2.9).



where R denotes a curvature two-form. In the last step we used the restriction of the Lie
derivative to the normal bundle

0 & 0 0
—e1 0+ 0 0
Lelr, = : (2.6)
0 0 0 e
0 0 —€ 0

and the definition of the Pfaffian of a skew-symmetric matrix in the form above is
Pi(Lelr) =€ e (2.7)

The inverse of the equivariant Euler form (2.5) can then be found using the geometric
series (2.2) and we have

(2.8)

1 (2o {1_ 3 2icl(Ll-)+ > (2w)201(Li)/\Cl(Lj)+"'

T 11k . e
65(/\/’) Hi:l € 1<i<k € 1<i<j<k €€

Thus, the integral of an equivariantly closed form on a 2n-dimensional manifold, can receive
contributions from connected components of the fixed point set of various dimensions. Putting
these points together, we can therefore write the BVAB formula in the following form

/M(I):dz 1 @n)" Do+ Y 1 W/[q)?_q)o 3 271-01([/1'):|

im0 Fo €17 €n dimo P> €177 €n—1 1<i<n—1 ©

1 (2m)"2 2

+ > d(ﬂ)/ [¢)4—‘I’2/\ > iCI(Lz’)
dim 4 $Fa €177 €En—2 1<i<n—2 ©

(2m)?

€i€;

+..., (29

+ @y Z

1<i<j<n—2

cl (Lz) N c1 (Lj)

where the normal space to a subspace Fa,_g;, is R?¥/T', where T' C SO(2k) is the finite group
of order dp,, ,, defining the orbifold structure (which is the trivial group in the case of
smooth manifolds). Notice that in writing (2.9) we have suppressed the dependence of both
the weights ¢; and the line bundles L; on the particular connected component of F. If we
fix a particular connected component, and (continuing to abuse the notation) also refer to
that as f : F < M, then a more precise notation would be ¢;(F < M) and L;(F — M),
where both are associated to the normal bundle N' = N (F < M). We shall occasionally
use this notation for clarity.

We remark that entirely analogous formulae to (2.3), (2.9) hold for invariant submanifolds
of M. That is, if M’ C M is an even-dimensional submanifold of M that is invariant under
the action generated by ¢ (so £ is everywhere tangent to M’), then ® pulls back to an
equivariantly closed form ® on M’. The BVAB theorem then immediately applies to the
integral of ® over the manifold M’, with a corresponding fixed point set F' = {{ =0} ¢ M.
Thus, the integral of a 2n’-form over a 2n’-dimensional submanfiold M’ is given by a sum



of lower-dimensional integrals over the fixed point set, provided that the 2n/-form is the
top form of an equivariantly closed polyform.

We now illustrate how to use the BVAB formula by reviewing three simple examples: S2,
S* and CP2. Aspects of the S? and S* examples will appear in the supergravity solutions
considered later.

S2 example. The metric on the round two-sphere with unit radius can be written
ds® = dv¥? + sin? ¥ dy? (2.10)

where ¥ € [0,7] and ¢ is a periodic coordinate with Ay = 27. We consider the Killing
vector § = b0, where b is a non-zero constant, which has isolated fixed points at the north
and south poles ¥ = 0,7, respectively. Here |b| is also the weight of the linearization of
the action on the R? normal to the poles, but the sign at the two poles must be opposite
in order to have a consistent orientation on the entire two-sphere. In particular, £ rotates
the plane tangent to S? at the north pole counter-clockwise, so the weight of the isometric
linear action (2.6) is €V = ¢(N — S2) = +b at the north pole N and ¢ = ¢(S — 5?) = —b
at the south pole S. The integral of %VOI can be computed by first completing the volume
two-form to a equivariantly closed polyform:

1
@ZESinﬂdﬁAd@+COS§E®2+®O, (2.11)

with dg® = 0. We then use the BVAB formula (2.9), which in this case receives contributions
only from the north and south poles, to get

1 _ - (I)0|N <I>0|S - 47I'
/SQEVO].— SQ¢—27T<€N + ES)_b (212)

Notice that we can replace &g — ®g + ¢, for an arbitrary constant ¢, without spoiling the

condition d¢® = 0. However, this constant “gauge” freedom drops out of the final integral.

S4 example. The metric on the round four-sphere with unit radius can be written
ds%s = da® +sin® a (d192 + sin® ¥ dp? + cos? 29d<p%> , (2.13)

where o € [0, 7], ¥ € [0,7/2] and @1, @2 have period 27. The poles of the S* are at o = 0, T,
while there are two embedded copies of S? at 9 = 0, 7/2. There is a U(1) isometry generated
by the Killing vector

5 = blaLpl + anQOQ ) (214)
which, when both b; # 0 (which we henceforth assume), precisely fixes the poles. It is then

straightforward to verify that the polyform ® = &4 4+ & + @, with

1 ol 1
= —V =
b1bs (b1b2)

By = —Lsinda (% sin? ddp1 + é COSQﬁdngQ) Ada,

Dy sin® aesin ¥ cos ¥ da A d A de1 Adpa,

Py = 5;(9cosa — cos 3a) (2.15)



is equivariantly closed, d¢® = 0. Importantly, while ¢1 and ¢ are ill-defined at ¥ = 0 and
¥ = m/2, respectively, notice that ®, and in particular ®o, is globally defined.

One can thus compute the volume of the four-sphere by applying the BVAB formula (2.9).
Since the fixed point set is the two poles, there are two contributions and we obtain

1 Qolny | Pols
— 1:/ d = (2m)? , 2.16
Jeomgyt= J =2 (4@ e (2.16)

and eZS are the weights of the linear isometric action on the normal space to the

N

where €;

north pole N and south pole S, respectively. From (2.14), we find that at the north pole

e{v eév = b1 by, but at the south pole, because of the change of orientation on the normal R*

necessary for the consistency of the orientation of S*, ef'e5 = —bybs. It is worth emphasizing
that it is only the orientation of the entire R* that is fixed, not that of the individual

summands in R* = R? @ R%2. Equation (2.16) then gives the expected result

872
/54 @ = (2.17)

Again, notice if we replace &9 — ®¢ 4+ ¢ with an arbitrary constant ¢, we maintain

d¢® = 0 and ¢ simply drops out of the final integral.

CP? example. Our final example, which displays more structure, is CP?. The standard
Fubini-Study metric is

1 1
ds? = dv? + 1 sin? 9(o? + 03) + 1 sin? 19 cos® 9 o7, (2.18)

where o; are left-invariant one-forms on SU(2) = S3, with do; = —%eijkaj Aok, and ¥ € [0,7/2].
There is an isometry generated by the Reeb vector of the Hopf fibration on S% and using
Euler angle coordinates on S, we can write & = Oy, where 1) € [0,4n]. The square norm
of ¢ is ||€||> = §sin? ¥ cos? ), which vanishes at ¥ = 0,7/2. At ¢ = 0 there is an isolated
fixed point, where the entire S3 collapses and regularity of the metric is guaranteed by the
periodicity of 1 being 47 (as on S%). On the other hand, at 9 = 5 the two-sphere fixed by
1

§, and with volume form proportional to o1 A 02, has finite size and radius 3.

One then proves that the polyform & = &4 + ®5 4 g is equivariantly closed, where
1
®y = vol = ésin319c0519d19/\ o1 Noa Aoy,
1
by = gsin?’ﬁcosﬁdz?/\ o3,
1
Py = ——(sin? ¥ + ¢). (2.19)
32
Here we have explicitly included a real constant ¢ in ®¢; we will see that the integral of ® is
independent of ¢, but in a slightly less trivial way than the previous two examples.
In this case, the BVAB formula (2.9) receives contributions from the isolated fixed

point and the fixed two-sphere, which are a nut and a bolt, in the terminology of [28]. The
contribution from the former is

(27)? n2c
o] =" g -_Tc 2.20
{/(C]P’Q ] nut €1€2 0lo-s0 8€1€2 ( )



where €169 = i. On the other hand, the contribution from the bolt is

27
[/(CIP‘Q @} bot € Jbolt [61)2’19%3 = Polog ?CI(L)
_ 7TQ(HC)/ (L) (2.21)
8¢  Jbolt
where € = % is the weight of the linear action on the normal bundle L to the CP! = S? bolt.
Just as in the previous cases, we have fixed a natural orientation, and in this case it is such that
the first Chern number of the normal bundle to the CP! bolt is +1. Therefore, overall we have

2
/ = % , (2.22)
CP

which matches the volume computed from the metric (2.18), and is independent of ¢, as
it should be.

3 AdSs X Mg solutions

In this section we consider supersymmetric AdSs x Mg solutions of D = 11 supergravity,
generically dual to A/ =1 SCFTs in d = 4, as first analysed in [2]. We begin by constructing
a set of equivariantly closed forms, and examine some general properties of these forms when
restricted to fixed point sets under the R-symmetry Killing vector £. In the subsequent
subsections we then apply this to a wide variety of examples, including the holographic duals
to M5-branes wrapped on Riemann surfaces ¥, [29] (which includes the Maldacena-Ntnez
solutions [30] as special cases) and spindles [31], together with all the explicit families of
solutions found in [2]. As well as recovering results for known supergravity solutions using
this new technology, crucially, without using the explicit forms of those solutions, we also
compute (off-shell) central charges and other observables in cases for which solutions have
not yet been constructed.

3.1 Equivariantly closed forms
The D = 11 metric takes the warped product form
ds?, = e®[ds?(AdSs) + ds*(Ms)], (3.1)

where we take AdSs to have unit radius, and will assume that Mg is compact without boundary.
In order to preserve the symmetries of AdSs the four-form flux G and warp factor function A
are defined on Mg. Note that in this paper we find it convenient to absorb the overall length
scale of the D = 11 metric into the warp factor e**. The flux quantization condition is
1
@i Jo, GeZ, (3.2)
for any four-cycle, Cy4, and ¢, is the D = 11 Planck length.
Supersymmetry requires the existence of a Dirac Killing spinor, €, on Mg. From this

one can construct the following real bilinear forms?
_ . . _ b 1—
1 =c¢e, sin ( = —ieyre, K = éyne, § = 5ev1)77€
Y = —iE’Y(g)E, Y' = €Y(2) V7€ (3.3)
3In the notation of [2], we have ¢ = (e")he K = (K!)there ¢ — é(f(@))there and we have also set

mther® = 1. We also note that in this section we use o2, .10 = +1 as in [2].
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where 7 = 71923456. In particular from the Killing spinor equation one finds that €c is a
constant, which we have normalized to 1, and the vector field £ dual to the one-form bilinear
¢ is Killing. The factor of 1 has been introduced into the definition in (3.3) so that the
R-charge of the Killing spinor under £ is ¢ = %:

i

Lee = € (3.4)

The Killing spinor is globally defined and so too are all of the bilinear forms in (3.3). We can
introduce a local coordinate 1 so that { = 0y, and define the function

Y= %e?’)‘ sinC, where dy = 3K | (3.5)

which was also used as a canonical coordinate in [2].

We emphasize at this point that the differential forms in (3.3) are all invariant under the
action of &, i.e. the Lie derivative acting on the bilinears vanishes, and they comprise a subset
of all the bilinears that can be constructed. As we now show, the differential conditions
satisfied by this subset of bilinears, which follow from the Killing spinor equation, are sufficient
to construct several equivariantly closed polyforms.

Proceeding, from [2] we have the following contractions

adA=0, €£9G=-1d(e*Y"), €Y' =-1K. (3.6)

The first two equations imply that L¢A = 0 = L¢G, showing that { generates a symmetry of
the full solution. Moreover, these equations can be used to establish that the polyform

¢ =G - 1Y + by, (3.7)
is equivariantly closed under d¢. Using the further equations
d(e®Y) =0, (1Y =2ye K, (3.8)
from [2], likewise we have the equivariantly closed form
Y = MY + 12, (3.9)
Both of these will be used later when quantizing the flux G. We also note from [2] that we have
e« G = 3d(eP¢’) — 4Py, (3.10)

where the Hodge star is with respect to the metric ds?(Mg), and there is also an equivariantly
closed from involving *G:

¥ = 5 G — L. (3.11)
Note that ®*¢ and ®Y are related via:

*¢ = 40V 4 3dg (¢, (3.12)

,10,



It is next useful to introduce the local SU(2) structure defined by a Dirac spinor in six
dimensions. This consists of a real two-form J, a complex two-form € (which will play no
role in what follows), and two orthonormal one-forms e> and e%. In terms of the spinor
bilinears already introduced, we have [2]

5 b_ 1 6
K =cos(e’, § =gcosCe’,

Y=J-sinCe®Ae®,  Y'=—sin¢J+e’Anel. (3.13)
The volume form on Mg is vol = %J AJAedAeb, and taking the Hodge dual one finds that
«Y =JANe®Ne® —LsinCTAJ. (3.14)
The further bilinear equation
d (* e‘”y) = 126 ¢ (3.15)
then implies that the following polyform is equivariantly closed:

® = Mol + %eg)‘ xY — %yew‘Y — =y (3.16)

This is particularly significant, since the a central charge for such a solution is [32]*

1

- | @ 1
208 Sy (3.17)

a
and this then localizes, i.e. the integral over Mg can be written as a sum of lower-dimensional
integrals along the fixed point set of { using the BVAB formula (see (3.24) below). The
final bilinear equation we shall need from [32] is

d (e6)‘Y/\£b) = 2yG+ 1Y Ay, (3.18)

which will again be helpful for imposing flux quantization on G. For later use, notice that
since the bilinears are globally defined forms on Mg, the left hand side is globally exact.
The existence of the equivariantly closed polyforms, ®¢, ®*¢ & and ®, has arisen
just by imposing a subset of the supersymmetry conditions. It was shown in [32] that if one
imposes all of the supersymmetry conditions, one automatically imposes the equations of
motion and one is necessarily on-shell. Since we have not done that, the existence of these
equivariantly closed forms is an off-shell result, a point we return to in section 3.6.

3.2 Localization and fixed point sets

Integrals of the equivariantly closed forms ®%, ®Y & defined in (3.7), (3.9), (3.16) will
localize to the fixed point set F' of €. On the other hand, from (3.13) we have

€]l = 3] cos¢ 1, (3.19)

“The a central charge is given by a = 7L /(8G) where L is the radius of the AdSs vacuum and G5 is the

five-dimensional Newton constant [33]. To compute G5 and thus find (3.17), one simply reduces the D = 11
supergravity action using the ansatz (3.1).
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implying that
sin€|p ==+1. (3.20)

Here we have introduced the notation - |, to denote evaluation on (a component of) the
fixed point set F. The sign in (3.20) is correlated with the chirality of the spinor at that fixed
point, since correspondingly —ivyze |, = Fe. Since from (3.13) also K |, = 0, we deduce
from (3.5) that both y and hence e3* are locally constant on F, with e3* ‘F = 42y, and

hence constant on each connected component. Introducing the rescaled two-form?

w=eJ, (3.21)
we conclude from (3.13), (3.14) that
6 3y 1 9X 1
e Y‘ =w, e7Y =——w, e'xY| =——wAw. (3.22)
F F 2y F 4y

From (3.8) it follows that dw|; = 0. Thus w defines a cohomology class on each connected
component of F', which will again be useful in what follows. Finally, notice that the left-hand
side of (3.18) is globally exact, so on a closed four-dimensional fixed point set F; we find

1
G:—/ —wAw, 3.23
/F4 Fy 83/3 ( )

where as noted above y is necessarily constant on Fy, and may thus be taken out of the
integral. The flux integral in (3.23) is then a topological invariant, depending only on the
cohomology class [w] € H?(Fy,R) and the constant y |p, .

Using the above we can now write down a general localization formula for the central
charge. Combining (3.16), (3.17) and applying the BVAB fixed point formula (2.9), we have

or 1 2m\?% y
~ A ) Lwnalk
“T 9 GgQ{ZdF4 /F4[ & 48" W‘*‘(q) 3gw Nel)

2 y3
— | — ) Z=ca(li)ANe(Lly)
( ) c1(L1) N er(Ly) +de2 /le . 36w

€1 162
N (2m)3 y* (01(L1) n 01(L2))] _ZL (27)° yg} (3.24)

€1€2 162 €1 €9 Fo dFO €1€2€3 162

Notice this depends on the weights ¢; and Chern numbers ¢;(L;), which are topological
invariants, but also the constant values of y on each connected component of F', and the
cohomology class [w] € H?(F,R). As remarked in section 2, in writing (3.24) we have
suppressed the dependence of €;, L; (and also y, [w]) on the particular connected component
of the fixed point set, and for clarity we shall sometimes restore that dependence explicitly in
the examples that follow. We shall see, remarkably, that flux quantization may be used to
effectively eliminate all the data entering (3.24) in terms of flux quantum numbers, which
are again global invariants that specify the solution.

This was denoted w = J*™® in [2].
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Using the formula for ®“ in (3.7) we may write a similar formula for the integral of
G over a &-invariant submanifold C4 and hence impose Dirac quantization. It is helpful to
consider two separate cases. The first is when the entire Cy is fixed by the action of the
Killing vector and then from (3.23) we have

1 1 1
—_— = - — = N, 7. 2
(2r,)? /04G @t Jo, s N =N € (3.25)

The second case is when the fixed point set consists of either or both of Cs, Cy and then

1 1 1 o 1 21\ 2 y
6 e [ () o
(2me,)3 /04 (2me,)3 { %2: dey, Joo [61 6yw €1 961( 1)]

1 (2m)?
Ly L emTy =Ng, €Z. (3.26)
% dc, €1€2 9
0

Here (5, Cy C C) are the fixed submanifolds inside Cy, with L; being the normal bundle
of Cy in C4. Note in both cases that the integer N¢, only depends on the homology class
[Cy4] € Hy(Ms,Z), since G is closed.

We can also compute other observables using the same techniques. One example is the
conformal dimension A of chiral primary operators in the dual A/ =1 SCFT, corresponding
to M2-branes wrapping supersymmetric two-cycles 3o C Mg. Such M2-branes are calibrated
by Y, i.e. vol|y, = Y'|s,, and their conformal dimension may be computed in the gravity
dual via [32]

= 7/ Y. (3.27)
p

Since e3*Y” is the top-form of the restriction to ¥y of the four-form flux polyform ®< in (3.7),
this integral can also be evaluated by localization when 35 is &-invariant. We compute

1 1 1 27y
AXY) == |- =w—=-) ——=]. 2
(%2) (2m)263 ( /22 2yw ;}: dy, €1 3) (3:28)

Here ¥y C X9 are the fixed points inside Y5 and, as for the flux integral, the first term is
only present (and by itself) when the entire ¥y is fixed, while the second term is present
(and by itself) when the fixed point set is ¥y C Y.

3.3 Mb5-branes wrapped on X,

As a first example of this new technology we consider the supergravity solutions constructed
in [29]. These describe the near-horizon limits of N' M5-branes wrapped over a Riemann
surface X, inside a local Calabi-Yau three-fold. The latter is the total space of the bundle®
O(—p1) ® O(—p2) — Xg, where this is Calabi-Yau provided

pr+p2=2(1-g). (3.29)

5Comparing to the notation in [29] we have p1 = —Pihere; P2 = —Gohere-
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The near-horizon limit of the wrapped M5-branes is then an S* bundle over 2y
St Mg — %,. (3.30)

More precisely, S* € C; @ Ca ® R = R, where the two copies of C; are twisted using the line
bundles O(—p;), i = 1,2, respectively. There are two special cases: when p; = ps = —(g — 1)
and when p; = 0, po = —2(g — 1) corresponding to the supergravity solutions of [30] when
g > 1 and dual to N =1 and N/ = 2 SCFTs in d = 4, respectively.

We now show how to compute the central charge of such solutions, making just one more
assumption. We first introduce vector fields 0, rotating the C; above, and hence acting on
the S* fibre over the Riemann surface. Our extra assumption is that 0,, are Killing vectors
in the full solution. We then write the R-symmetry vector field as

2
= bid,, . (3.31)
=1

As explained in appendices A and B, with an appropriate choice of sign conventions, regularity
of the spinor at the north pole of the S* requires the sum of the weights there to satisfy
b1 + by = 1, and then by continuity this fixes the sum to be 1 everywhere.” We can thus write

bh=3(1+¢e), bo=3(1—¢). (3.32)

The parameter ¢ may be found for the (on-shell) solutions in [29], but for now we leave
it arbitrary.

Following a similar argument in [11], we begin by choosing an arbitrary point on X,
and consider a linearly embedded S? C C; @ R C R® in the fibre over it. We choose the
submanifold S? to be invariant under the action of £. The homology class of this S? is trivial,
so it follows using localization for ® in (3.9) that

Y 27 l/2 y2
N S

where the N and S subscripts refer to the north and south poles in the fibre sphere S*,
respectively. To obtain (3.33), we used the fact that the weights at these north and south
S

poles are €Y = b;, €

2 = —b; respectively, where here notice that ¢ = 1,2 labels different

submanifolds 57;2 , with the normal spaces at each pole of those two-spheres being R?. Note
also the change of relative orientation of those spaces, as discussed in the S? example in
section 2. Equation (3.33) immediately implies that |yn| = |ys|.

Next consider flux quantization of G through a copy of the fibre S*, again at an arbitrary
point on ¥,. In the notation of section 3.2 we have Cy = 5%, and the fixed points Cy under
¢ are precisely the north and south poles N, S of the S*. Denoting the flux as N = Nga
from (3.26) we have

1 (2m)2 yn B (27)% yg

N = IN s 34
2103 | bibs 9 biby 9 |’ (3:34)

"The dual picture is that imposing the R-charge of the spinor under the isometry to be % fixes the R-charge
of the holomorphic volume form on the original Calabi-Yau three-fold to be 1, and then by continuity the
weights of the isometry in the near horizon geometry should also sum to 1.
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where we have used eNelY = biby, €]e5 = —b1by. This is the same as in the S* example
considered in section 2. For N > 0 we must then have yy = —yg > 0, which allows us
to solve for yn:

YN = —ys = 9Ly bibyN . (3.35)

Notice that a priori the value of yn could have depended on the point chosen on the Riemann
surface. The fact it does not reflects the fact that copies of S* over different points on Y4 are
homologous, and the flux quantization condition (3.34) depends only on the homology class.

There are two other four-cycles of interest, namely the total spaces of the S? bundles
over ¥ 4, with the fibres S? as defined in (3.33). Denoting these four-manifolds by C’ii), as
explained in appendix C we have the following homology relations

cM =py[5Y), C¥ =pi[SY € Hy(Ms,Z), (3.36)

where the factors of ps, p1 arise from the first Chern classes of the normal bundles of C’il)

and C’f) inside Mg, respectively. From (3.26) we have

N 1 / or 1 <2w)2yN
)= T — W=\ 7| =P
o = @rly)? | Jey | b byn b;) 9F

+ g [‘2(36;5“ - (i)Q f(—pn] } (3.37)

Here Eév , 25 are the fixed copies of the base Riemann surface, at the north and south poles

of the fibre sphere SZ. In our conventions for the assignment of north and south pole labels,
these have normal bundles L,(Eév — C’p) = O(p;) and LZ-(E*; — C’iz)) = O(—p;) inside the
four-manifolds Cf) , @ = 1,2, which give the respective factors of p; and —p; in (3.37). The
corresponding weights are efv = b; and ef = —b;, respectively (cf. the discussion for the S>
example in section 2). From (3.36) we also have

Ncin =p2N, NCf) =pN. (3.38)
Finally, notice that [¥)'] = [Efg] € Hy(Ms,Z), and integrating the closed form e®Y over
both cycles (which are also fixed point sets) immediately implies that [;,v w = [xs w. The

g g

above equations are then easily solved to find

/EN w = 1087T3f163 ble(blpz + prl)NZ . (3.39)
g

With all of this in hand, we may simply write down the central charge using (3.24).
This reads

1 @r)?yn | )Py} (a(O(p1)) | ea(O(p2))
“_2(2w)663{/2g [_ bty 36° 1 b 16N2< : by == b 2 )1
2m)Pys  (27)° y& (c(O@p1)  a(O(m))
+/E§[b1b2%w_blb21§2(1 TR )H (340
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Here we have used €€l = bibo, €5 = —b1by for the product of weights on the normal
spaces R* = R? @ R? for each of Ef]\[ , 25 , respectively. As discussed for the simple S*
example in section 2, there is no invariant way to assign orientations to each R? factor.
Correspondingly, the normal bundle to Zév can be taken to be either of the upper or lower
signs in Ny = N(Z) < M) = O(£p1) & O(%ps2), while the normal bundle to ¥ may be
taken to be either of Ng = N(Z5 < M) = O(£p1) & O(Fp2). Moreover, these signs are
then correlated with (e} = #by, €l = +by), and (¢] = by, €5 = Fby), in such a way that
the ratios c1(L;)/b; in (3.40) are (necessarily) independent of the choice.®

Using (3.35), (3.39) and fzg c1(O(p)) = p, the expression in (3.40) immediately sim-
plifies to

@ =~ biba(bips + bpr )N

9 2 3

:33(1—5 g —1+ (1 —p2—g)e]N”. (3.41)
Here in the second equality we have used (3.29), (3.32).

This expression precisely agrees with the off-shell trial a-function in the dual field
theory, as a function of the parameter €. Specifically, compare (3.41) to equation (2.16)
of [29], where zthere = 1 + %. The on-shell central charge is obtained by extremizing over
the undetermined parameter £ and the result agrees with that obtained from the explicit
supergravity solutions in [29].

For example, for the special case when p; = ps, on-shell we find € = 0, so b1 = by = %,
and a central charge

9
= _—(g—1)N3 42
a 32(9 JN”, (3.42)

which agrees with the explicit supergravity solutions dual to N/ =1 SCFTs of [30], which
only exist when g > 1. Similarly, for the special case when p; = 0, on-shell we find ¢ = 1/3,
so by = %, by = %, and a central charge

a= g(g —1)N3, (3.43)

in agreement with the supergravity solutions dual to N' = 2 SCFTs of [30], which again
only exist when g > 1. Note that for this case the dual N' = 2 SCFT has a non-Abelian
R-symmetry, but we have only utilised an Abelian R-symmetry in order to derive the result.

The fact that we obtain the off-shell central charge via localization arises from the
fact that the ingredients entering the localization calculations are only a subset of the
full supersymmetry conditions. If all of the supersymmetry conditions are imposed we
automatically impose the equations of motion [2]. However, if only a subset are imposed
then there are some remaining variations to consider. Remarkably, as we show in section 3.6,
these remaining variations are associated with varying the off-shell central charge.

We now consider M2-branes wrapped on various calibrated cycles and compute the

dimension of the dual chiral primaries using (3.28). We first consider the cycles Zév , 25 .

8This non-uniqueness is an artefact of splitting the normal bundles into a sum of complex line bundles, but
computationally this is still convenient.
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From (3.13) we can infer that these will be calibrated cycles provided that Y'|n.s = FJ s,
g g
which can be argued to be the case for the explicitly known solutions of [29]. Choosing an

appropriate orientation for Zév, using (3.35) and (3.39), (3.28) then gives

1 1 3
A(ZY) = — / = bop1) N
( g) (QW)%% v QyNw 2( 1p2 + bap1)

3

=5lg—1+L=p2—g)elN. (3.44)

Similarly, with an appropriate orientation A(Eév ) = A(Eg ). These results agree with the
off-shell expressions obtained in field theory in equation (5.18) of [29]. Furthermore, after
substituting the value of € that extremizes a in (3.41) we find exact agreement with the result
(4.10) computed in [29] using the explicit supergravity solution.

Another possibility, which has not been previously considered, is to wrap M2-branes on
the invariant, homologically trivial, submanifolds S?, defined just above (3.33). Now since ¢ is
tangent to S2, the S? will be calibrated by Y’ provided that the volume form on S? is, up to
sign, given by e Ae®. To see this we recall (3.13) and that €% 1.J = 0 so that Y’| g2 = e’ Ae®|go.
Choosing a suitable orientation to get a positive result, we can then ComputelA(SiQ) usinzg
localization via (3.28). We have fixed points at the north and south poles of S?, and find

1 2ryny 2T ys 3b1b2
A S2 _ L 22 ) = N 3.45
(57) +(27T)2€§; <er 3 + e 3 ) b; ’ ( )

7

where, as in (3.33), we used €/ = b;, €7 = —b; and also (3.35). It would be interesting to verify
the calibration condition using the results of appendix D of [29] for the explicit supergravity
solutions, and also to identify the operators in the dual field theory proposed in [29].

3.4 Mb5-branes wrapped on a spindle

In this section we consider N Mb-branes wrapped over a spindle. The full supergravity
solutions were constructed in [31], with Mg being the total space of an S* orbibundle fibred
over a spindle > = WCIP’%n+7n7]. The latter is topologically a two-sphere, but with conical
deficit angles 2w(1 — 1/ny) at the poles. The key difference, compared to the previous
subsection, is that here the R-symmetry vector £ generically also mixes with the spindle
direction Y. As a result the fixed point sets are all isolated and consequently the localization
formulae are used rather differently than in the previous subsection. On the other hand, the
final results of the two subsections should coincide after setting ¢ = 0 and np. = n_ =1,
respectively, so that ¥ = S2, and we will see that this is indeed the case.

The physical set-up in this section is very similar to that in the last section: we are
considering the near-horizon limit of N Mb-branes wrapped on a spindle surface ¥ =
WCIP’[1M7M} inside a local Calabi-Yau three-fold. The latter is the total space of the bundle

O(—p1) ® O(—p2) — 3, where in order for the total space to be Calabi-Yau (giving a
topological twist as in the known supergravity solution) we have

p1+p2=ng+n_. (3.46)

The near-horizon limit is then an S* orbibundle over ¥, where again S* € C; ® Cy ® R = R?,
and the two copies of C; are twisted using the complex line orbibundles O(—p;), i = 1,2,
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respectively. One technical difference in this case is that the fibres over the poles of the
spindle base ¥ are in general orbifolds S*/Z,,, , where the action of Z,,, is determined by the
twisting parameters p; € Z. This is discussed in detail in [34] for circle orbibundles (or their
associated complex line orbibundles), and that discussion carries over straightforwardly for
each of O(—p;), with an induced action on the S* fibres. However, we will not need any of
these details in what follows. We write the R-symmetry vector as

2
§= b0y +e0y,, (3.47)
i=1
where 0, rotate the two copies of C;, as before, while J,, is a lift of the vector field that
rotates the spindle, where we use the construction of such a basis in [35]. We assume that
0p; and 0,, are Killing vectors of the full solution.
Consider first fixing one of the poles on X, say the plus pole with orbifold group Z, ,
and consider a linearly embedded S? C C; @ R C R in the covering space of the fibre over
it. The same argument as in (3.33) then gives

oo [ v 2 [(yfv)z (yé)ﬂ 7 (3.48)

~ ot
S? b;

3 3

where the N and S subscripts again refer to the poles in the fibre sphere S*, and we have
used €)Y = b, €7 = —b, where we shall determine the weights b below. This immediately
implies that |y = |yd|. A similar argument using the minus pole of the spindle allows
us to conclude |y%| = |y&].

We next consider flux quantization through the fibres S*/Z, . over the poles of X.

Similar to (3.34), we can use equation (3.26) to obtain

2.+ 2.+
1 / G- 1 1 | @2m)yy (21 yg (3.49)
S )L, (

Ny = —— i IN _ IS8
=T (2n0,)3 2mlp)3ny [biby 9 biby 9 |

and note that the orbifold factors of d = n4 follow since the north and south poles of S* /Lo, .
are both orbifold loci. With Ny > 0, this fixes the signs to be y]i\r, = —ygf > (0. Moreover,
from the homology relation between these cycles we deduce

N=n,N,=n_N_, (3.50)

which can be obtained from [35] and we are assuming that we are preserving supersymmetry
via the twist viz. (3.46), as in the known supergravity solutions [31]. These equations imply

yn = 9T by N . (3.51)

So far this is very similar to the analysis in section 3.3, dressed with some orbifold
factors. However, due to the fixed point set on Mg being isolated for € # 0, the rest of
the computation now proceeds differently. In particular we may already move directly to
the central charge (3.24):

P N I 1 () — (wd)?
0 202m)%0) Ly (—e/ny )b by 162
1 1 ()’ (ys)®
+n7_(5/n,)bfb27 . 162 ’ (3:52)
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Here there are 4 = 2 x 2 isolated fixed points: the two north and south poles IV, S of the
fibre spheres, over the two poles of the spindle. Notice that the weights of J,, on the tangent
spaces to the spindle poles are precisely F1/n., since these are orbifold loci, and we have
again included the factors of d = ni. Using (3.51) this simplifies to

9[(b]b3)* — (by by )]

= N3, 3.53
“ 16¢ ( )

Remarkably this expression takes a “gravitational block” form (see [24]), involving a
difference of M5-brane anomaly polynomials? in the numerator, one associated to each =+
pole of 3. The appearance of gravitational blocks for this case is related!® to the fact that
¢ has isolated fixed points, arising from the mixing with the U(1) symmetry of the spindle
as in (3.47). Indeed, by contrast, the expression (3.41) for the Riemann surface case, ¥,
displays a different structure. For the special case when ¥, = 5?2 one can consider deforming
the expression for the Killing vector (3.31) by allowing a mixing with the azimuthal symmetry
of the sphere. However, this Abelian isometry sits inside the non-Abelian SO(3) isometry,
and for the superconformal R-symmetry one expects, and in fact one finds, trivial mixing.

In order to evaluate (3.53) further we need to describe the fibration structure in more detail.
The normal bundle to the M5-brane wrapped on X is N' = N(X — Mg) = O(—p1) & O(—pa2),
with p1, p2 constrained via (3.46). Compare to (3.29) in the case that g =0 and ny =n_ =1,
so that ¥ = S2. The weights bfc may then be computed using the results in [35]. We have

bErbE=1F—, b —b =P, (3.54)

nt nyn—
the first equation coming from the charge of the holomorphic (3,0)-form on the Calabi-Yau,
and the second equation being (3.24) of [35] (with p; = —piP®™ and ¢ = biP*™®)). We may
then solve these constraints by introducing new variables ¢; via

+ 1 Di
with the constraint
ny —n_
$p1+dr=2+——¢. (3.56)
nyn—
The central charge is then
9 2 2, 2
R [(P1p2 + ¢2p1) (P1p2e” + ninZ d1¢2)] N3 (3.57)

64n3 n?

This derives the conjectured off-shell gravitational block formula in [36], where we have
corrected the overall sign. In that reference it was shown extremizing a over the variables ¢;
(subject to (3.56)) gives the central charge of the explicit supergravity solutions constructed

9¢f. the expression for the central charge for the (2,0) SCFT in d = 6 given in (B.16).

%Tn [12] we show that the central charge for a class of AdS3 x Ms solutions, of the type discussed in
section 4, also leads to an expression for the central charge in terms of gravitational blocks when Mgy is an S*
bundle over a toric base space, again with only isolated fixed points.
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in [31]. Moreover, (3.57) agrees off-shell with the trial a-function in field theory, obtained
by integrating the Mb-brane anomaly polynomial over the spindle. As in the previous
subsection, the reason that we have obtained the off-shell central charge via localization is
because we have only imposed a subset of the supersymmetry conditions, and moreover,
any remaining variations to go on-shell are associated with varying the central charge, as
we explain in section 3.6.

It is instructive to see how (3.57) for the spindle case reduces to (3.41) for the S?
case of the previous subsection in the appropriate limit. In this section we should first set
ny = n_ = 1, so that ¥ = 82, and then in order to relate to the variables to those in
section 3.3, we should identify ¢1 = 1+ ¢, ¢ = 1 — ¢, satisfying (3.56); if one takes ¢ — 0
in (3.55) we obtain (3.32). Taking the equivariant parameter of the spindle ¢ — 0, one easily
verifies that (3.57) agrees with (3.41) with g = 0.

Let us next consider the conformal dimensions of chiral primary operators in the dual
SCFT that are associated with M2-branes wrapped over the copies of the spindle Xy, Xg at
the poles of the S*. Assuming these cycles are calibrated!! by Y’ applying (3.28) gives for Xy,

-1 1 27yt 1 21 yy

A(EN): (271.)2@37 E(_g/n_,_) 3 +E(5/n—) 3 ’

_ 3y —biby) o 3(Gupz + dap)
2e dnin_

N, (3.58)

with the same result for ¥g (up to orientation), A(Xy) = A(Xg). Evaluating this on the
extremal values ¢, €*, one can verify the result agrees with that computed using the explicit
supergravity solutions in [31], which provides strong evidence that the cycles are indeed
calibrated. Notice also that (3.58) agrees with (3.44) in the appropriate limit, even though
it was calculated using localization quite differently.

Finally, notice that in section 3.3 we needed to impose flux quantization of G through
the four-cycles C’y) in order to compute the central charge, while here we did not. On the
other hand, we may compute the fluxes through the analogous cycles in the spindle solutions
also using localization. Thus, let Cy) be the total space of the S? bundles over the spindle,
i = 1,2. Using (3.26) we can write down

~ 1 {1 2m)?  yh—wd 1 (2m)? yfv—y§}’ (3.50)

AT @) \ny (—e/n)bf 9 no(e/n; 9

which using (3.51) gives

by, — bd by — b
NC(1)272 2N = P2 N, Nc(z): L LN = P
4 13 nyn_ 4 e nyn_—

N, (3.60)

where we have used (3.54) in the second equalities. One can check that this reduces to (3.38)
in the case n; = n_ = 1, exactly as it should, and (3.60) is a manifestation of the spindle
generalization of the homology relations (3.36).

" Given that ¢ is tangent to the spindle, from (3.13) we need to check that the volume form on these
submanifolds are given by +e® A €. This could be checked for the explicit supergravity solutions using the
results of [31, 34].
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3.5 S? bundle over By

Our final set of examples use the same technology, but are also rather different in detail. The

ansatz we make for the topology covers all of the supergravity solutions found in the original

reference [2], but also many more cases for which explicit solutions have not been constructed.
We take Mg to be the total space of an S? bundle over a base four-manifold By:

S% < Mg — By. (3.61)

Here By is a priori an arbitrary closed four-manifold, where the R-symmetry Killing vector
¢ is assumed to rotate just the S? fibre and not act on By. In [2] all solutions for which a
certain natural almost complex structure on Mg is integrable were found in closed form, and
all have the structure (3.61), with, moreover, By either Kahler-Einstein or the product of
two Riemann surfaces with constant curvature metrics. In particular, for those cases By is
complex, and the S? bundle is that associated to the anti-canonical line bundle £ over By.
More precisely, here we view S? C C® R = R3, and use L to fibre the copy of C over By
to construct the bundle in (3.61). We shall impose these conditions on the topology of Mg
from the outset in this section, but without assuming any metric on By, and will see that
not only do we reproduce all of the results for the explicit solutions found in [2], but we also
compute closed-form expressions for various BPS quantities for considerable generalizations
of those solutions, assuming the latter exist.

For simplicity, we continue by assuming that & just acts on the S? fibre. The fixed
point set of ¢ then consists of two copies of By at the north and south poles of the S? fibre.
We denote these by F; = By (in contrast to the N and S notation used in the previous
subsections). The normal bundles are then respectively

Lt=c7', L =¢L. (3.62)

Noting the discussion around equation (3.23), we observe that w defines a cohomology class
on each of Bff. First pick representative two-manifolds I',, C By for a basis for the free part
of Hy(By,Z), and denote the copies of these in Bff by I't, respectively. We may then write

i = w, (3.63)

ri

C

with the real constants cf then parametrizing the cohomology classes. The [Fgf] € Hy(Ms,7)
in turn satisfy the homology relation, proved in appendix C (see (C.15)),

T3] — T3] = nalSfie] € Ha(Ms, Z) , (3.64)
where we have defined the Chern numbers

N z/ al(L) €. (3.65)
Ta

These arise since £~! and £ are the normal bundles L* in (3.62), and are part of the topological
data that specifies the solution. Integrating the equivariantly closed form ® in (3.9) over
the two-cycle in (3.64) and using localization on the right-hand side immediately gives

2 2 2
c, —cb = %T <y; — yg) Ney s (3.66)
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where the weight of the R-symmetry vector on the % poles of the fibre S? is +e, where in turn
the R-charge of Killing spinor fixes € = 1.12 Again, we recall that y is necessarily constant on
each copy of Bff, and we have denoted those constants by y+ in (3.66).

Next we turn to flux quantization for G. Equation (3.23) immediately gives

. 1 1 1 + 4 1 1,4 4

Yo = Gt Juz O = P TS g ) 660
where I = (I,g) is the inverse of the intersection form for the four-manifold By, and we
introduced the notation (-,-) for the bilinear form defined by I. The intersection form is a
unimodular integer-valued symmetric matrix, and hence its inverse has the same property.
Further background and discussion of this may be found in appendix C. We also have
four-cycles Cia) that are the total spaces of the S? bundle over I'y, C By in the base.
Using (3.26) gives

1 1 2r 1 2m\ 2yt
No=— [ a= 1oy () A
* = (210,)3 /Ci“) (27L,)? { c oyt ) g

2r 1 /2m\%y_
- = () ). (3.68)

where we have used (3.62) and (3.65). Using also (3.66) this equation may then be solved
for ¢, giving

27y 4 [(y— — y4)*na + 36mle*y_ N,

+
ct = (3.69)
“ 3(y- —yq4)e
Substituting this into Ny in (3.67) gives
(Y- —y+)? s Omlyeyz
+=———">"—(n,n)F —"—(N,n) — ————=(N,N). 3.70
1447362y (n, m) 2y+ < ) Y+ (Y- — y4)? < > (370)

These should be read as simultaneous equations to solve for y., given flux data N and
N,4. On the other hand, the four-cycles [Bi], ia) are not independent in Hy(Msg,Z).
The corresponding homology relation, proved in appendix C, implies the following relation
between the fluxes must hold

N_— Ny = (N,n). (3.71)

This should be regarded as a topological constraint, fixing N_ given a choice of Ny and N,.
Having solved (3.70), one can then compute the central charge using (3.24):

1 o 1 2\ 2 2m\ % 3
0= s~ =g = () et - (T i ()
2(2m)%e) € 48y e/ 36 e/ 162

+ () + (2”)2 Yo m + (%>Sf§2<nn>} (3.72)

12The R-charge of the Killing spinor is ¢ = % under £ = 0y, but this is also precisely the charge of a spinor

on the tangent space C to a pole of S that is regular at the origin, where ¢ = 9y, rotates C with weight one.
This fixes ¥ to have period 27 hence e = +1, and in our conventions € = +1.
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Substituting the equations (3.66), (3.69) for ¢, this simplifies to

(y— — y+)"(n,n) + 38887 () e'y_y, (N, N)
20736m3L5€3(y— — y4) ’

(3.73)

a=—

Turning to conformal dimensions of wrapped M2-branes, first applying (3.28) to ¥ =
S2 i
fbre glVes

1 2ryy  2my_ )
A(S3? =—— (— . 3.74
( ﬁbre) (27_[_)2£g c 3 c 3 ( )
On the other hand, for ¥y = F(f we instead have, with appropriate orientations,'?
1 1
AT =7 = (3.75)

(2m)203 29

We now solve (3.70), subject to the constraint (3.71), and then substitute into (3.73),
(3.74), (3.75) to obtain completely general results. To do so it is convenient to solve the
constraint by writing

1
N_ = Z{N.n) + M,

1
Ny =~ (Nn)+ M, (3.76)

which defines the flux number M. Assuming (N, N) > 0, we then find that there are two
solutions for y4:
9ml3(N, N)

Ve = E TN T 12M2]2{2[<n,n><N, n)(N, N) + 8(N,n)2M

F (n,n) (N, NYM + 12(N,n)M?* ¥ 12M?] (3.77)

+ ({n,n) (N, N) £ 8M(N, n) + 12M?)\/4(N,n)2 — (n, n){N, N) — 12M2}

and

9ml3(N,N)
[(n,n)(N,N) + 12M?]2

yi = {2[n, n){N,n) (N, N) £ 8(N,n)*M

F (n,n) (N, NYM + 12(N,n)M? F 12M3) (3.78)

— ((n,n)(N,N) £ 8M(N,n) + 12M2)\/4<N,n>2 —(n,n){(N,N) — 12M2}.
These then give rise to the following two expressions for the central charge, respectively:

9(N, N)2
8((n,n)(N, N) + 12M2)?

a= [(N,n)(8(N,m)? = 3(n, n)(N, N) — 36M2)
H[4(N,n)? = (n,n)(N, N) — 12M?]*?]. (3.79)

As we will see, the first solution is associated with a positive central charge for known

examples, so we now continue with this branch.

13As we will see, these overall signs give rise to A > 0 in known explicit solutions.
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Turning to conformal dimensions of wrapped M2-branes, (3.74) gives

3(N, N)(2(N,n) + VAN, n)Z = (n, n)(N, N} — 1207

A(Stbre) = = (n,n)(N,N) + 12M?2 (3:80)
Instead, wrapping I'Y, we compute
M) = g ?V> iz [N (VAN ) () (N, N) — 120
+ 2N, 7))o + (= (n,0) (N, N) £ 4N, n) M — 120
+ 2M\/4(N, m)2 — (n,n)(N, N) — 12M2) N, . (3.81)

The expressions for the central charge and conformal dimensions given in (3.79) and (3.80),
(3.81) are new general results that go well beyond known explicit supergravity solutions.
We conclude this subsection by briefly making some checks for some specific cases where
explicit supergravity solutions are known.

3.5.1 B4 = KE: simple class

An interesting family of explicit solutions found in [2] involves taking By to be a positively
curved Kéhler-Einstein four-manifold K FE4. The central charge of these solutions was
computed in [32]. The fluxes N, for these solutions are not arbitrary, but, by assumption,
are constrained to be proportional to the Chern numbers:

Ny = kng, (3.82)
for some constant k. Following the notation of [32], we can then write
Iognang =M € Z, (3.83)

where M is a topological invariant of K E4 (and note that M = M in [32]), and hence we
also have (N,n) = kM as well as (N, N) = k2M. To compare with [32] we further consider

the class with N_ = —N_,, which corresponds to setting the flux number M = 0. In order
to match the notation in [32] we define
2N

where h = ged[M, 21(By)], where I(By) € N is the Fano index of By. Substituting these fluxes
into the general formulae above using (as below) the first branch, we obtain the central charge

a= 9(?’\f’;5)MN3, (3.85)

which agrees with the explicit result in [32]. Furthermore, from (3.80), (3.81) we compute

6(2 —/3) 3(v3-1)

2 —

N, AT = Nng, (3.86)

which again agree with [32].
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352 Bys=8%x7%,

We also consider the case By = S? x >, when the base is a product of a two-sphere with
a Riemann surface of genus g, for which explicit solutions were given in [2]. The (inverse)
intersection matrix and Chern numbers are then given by

01
I—<10>, ny =2, ne=2(1—g2) = x. (3.87)
We can now write
(n,n) =4x, (N,N)=2N1Ny, (N,n)=2Ny+ xN;. (3.88)

The central charge then reads

INENZ
4(2x N1 Ny + 3M2)?
9NZN2(2Ns + xN1)
8(2XN1N2 + 3M2)2

3/2
a= (41\722 +2xN1 Ny + x*Ni — 3M2) /

(8NZ 4 2x N1 No + 2 N7 — 9M?). (3.89)

This result precisely coincides'* with the large N limit of the central charge computed in [37],
who obtained their result by consideration of anomaly inflow. Expressions for A(S3, ) and
A(TE) can similarly be obtained from (3.80), (3.81), and these comprise new results for this
class. Below we will write explicit expressions for these for a further sub-class associated
with explicit supergravity solutions considered in [32].

Specifically, we next further restrict to the By = S? x S? case, correspondingly setting
g2 = 0 and hence x = 2. We also restrict to the sub-class with M = 0. We write

Ni=-gN, Ny=-pN, (3.90)

and find that the central charge can be written as

_ 9.3 2 2\ , I3 (2 2)3/2
a= 1N+ a) (20 +pat2a) + N (0 tpatd’) (3.91)
This precisely coincides with the result computed from the explicit solution in [32]. The con-
formal dimensions of the chiral primaries associated to M2-branes wrapping supersymmetric
cycles take the form

3
A(Sfpre) = 3 (p+q —\/P? +pg+ q2) N,
+ 3 2 2
A(21)=§ —p+\/p*+pe+q¢* | N,
3
A(Zy) = 2 <—q +\/P* +pg+ q2) N, (3.92)

which again match the results of [32] for p,q, N > 0.

14We should identify Ny = —Ng}ﬁere, Ny = —Ng‘e‘e.

,25,



Finally, we connect with the Y class of explicit solutions associated with By = T? x S2.
We now set go = 1 and so x = 0 and write

N1 = —N, N2 = —p, M=q. (393)
The central charge is then given by

2

a= f? [—Sp3 + 9pg® + (4p* — 3q2)3/2} N?, (3.94)
which agrees with the central charge of the explicit supergravity solutions [32]. One can
check that the expressions for the dimensions of the chiral primaries associated to M2-branes
wrapping supersymmetric cycles also agree with those in [32]. This class of explicit solutions
are the M-theory duals of the well-known AdS5 x YP¢ Sasaki-Einstein solutions of type 1IB
string theory [38]. It is amusing to note that in this case the central charge may similarly
be computed in type IIB without knowledge of the explicit supergravity solution, instead
employing volume minimization [19]. This is in the same spirit as the present paper, but
the details in M-theory and type IIB are very different.

3.6 Action calculation

In this section we show that the expression for the off-shell central charge (3.17) is in fact
proportional to an effective action obtained by reducing the eleven-dimensional action using the
ansatz (3.1). This establishes, independently of the analysis of the supersymmetry equations,
that the result obtained by computing the integral (3.17) using equivariant localization is
indeed off-shell, in the sense that it only corresponds to imposing a subset of the equations of
motion. Furthermore, because of the relation to the effective action, extremizing the central
charge integral over any undetermined parameters provides a further necessary condition for
imposing the D = 11 equations of motion, and gives the on-shell result for the central charge.

For the general class of AdS5 x Mg solutions of D = 11 supergravity considered in [2], one
can show that the D = 11 equations of motion, as given in [39], give rise to D = 6 equations
of motion for the metric, the scalar A and the four-form G. These can be written in the form

1
) 2 L a2
0=VA+9(VA)+4 1446 G*,
1
Rupy = OV A — OV AV A+ —e

T G2, — dgu, (3.95)

and can be obtained by extremizing the six-dimensional action

1
S=[ d%z/g {e-‘M[R +90(VA)? —20] — e3’\G2} . (3.96)
Mg 48

If we impose all of the conditions for supersymmetry that were considered in reference [2],
then the D = 6 equations of motion are automatically solved. In the previous subsections we
have only imposed a subset of the supersymmetry conditions and it is interesting to examine,
for certain cases, if there are additional variations to consider in obtaining our results for
the central charge and conformal dimensions of chiral primaries.
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In addition to the supersymmetry conditions we have been using, we now impose, as
additional assumptions,'® that the scalar equation of motion and the trace of the second
equation in (3.95) are also satisfied. We first multiply the scalar equation of motion by e°* and
then integrate over Mg. Then, observing the useful fact that V2(e9) = 9692 [V2\ 4+ 9(V))?]
and discarding the total derivative, we conclude that

1
/ eMvolg = — [ G AxG. (3.97)
Mg 24 J g

In fact we can obtain this result via localization, as we show below. We now take the trace of
the second equation in (3.95) to get an expression for the Ricci scalar, R, and substitute into
the action. Next, we eliminate the e3*G? terms from the resulting expression using the scalar
equation of motion in (3.95). We then find that the remaining scalar terms combine into a
total derivative and we obtain the following simple expression for the on-shell action

S=-8[ Pvolg=-8/) @, (3.98)
M6 MG

where the second equality just uses the definition that the integral of a polyform is the
integral of its top component. Using the definitions (3.7) and (3.12), as well as (3.97), it
is interesting to note that we can also write the on-shell action in terms of equivariant
forms in an alternative way:

S—_1[ a0pgC (3.99)
3 Mg
Now, recall that in some of the examples in the previous sections, we showed that
localization gave an expression for the central charge that still had some undetermined
dependence on some variables. For example, in the case of M5-branes wrapping a Riemann
surface the central charge in (3.41) is off-shell, as it depends on the b;, defining the Killing
vector in (3.31) subject to the constraint (3.32). Similarly, for the case of M5-branes wrapping
a spindle the central charge in (3.57) is off-shell, depending on the choice of Killing vector
in (3.47). Since the partially on-shell action in (3.98) is proportional the central charge, we
see that varying the central charge with respect to these undetermined coefficients, provides
a necessary condition for putting the system on-shell. Thus, this procedure then gives the
on-shell value of the central charge as well as the conformal dimensions of the chiral primaries
dual to wrapped membranes.
To conclude this section, as somewhat of an aside, we show that (3.97) can also be
obtained via localization. We start by recalling (3.10)

e % G = 3d(eP¢’) — 4ePY (3.100)

Since & smoothly goes to zero at a fixed point, the first term is globally exact. Thus, for
closed Mg we have

/ Ak GANG=—4] v aGg=—4] oY ANDY, (3.101)
Me Msg Me

where recall ®¥ = Y + %yQ.

151 is plausible that these are not extra assumptions, but we will not pursue that further here.
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At a fixed point set we have sin¢ = +1, Y/ = —sin (Y = FY and also 2y = e**sin( =
+e3*. Localizing we then get possible contributions from four-forms, two-forms and zero-
forms. Specifically:

Y A 3¢ ’4 = 3G = gAY = gy Y AY - 3 (F2)eN(F)Y AY
= 1yePY AY, (3.102)

where we used the bilinear (3.18). We also have

Y G _ 1,2 1 3y’ 1, 6Ay 1, 06X
RN ‘27F— 3y~ (—5eY") + gyeY = gye Y,
Y A BC ‘OF = Ly(Ly?) = Lo (3.103)

On the other hand

_ 9\ 1,97 1,6\ 1 3
Dl =evol + et x Y — ye Y — 1y

_ 1. 6XA 1. _6X 1.3
= —15ye Y/\Y—%ye Y—ﬁy

Y G
— 1o A \F . (3.104)
Assuming the fixed point set is non-empty, this proves that

/ AxGnag=241 @, (3.105)
M6 M6

where [, ® = [}, e vol computes the central charge. On the other hand, when the fixed
point set is empty, localization says both integrals are just zero (which is a contradiction for the
central charge, which is manifestly positive). This completes our localization proof of (3.97).

4 AdS3 X My solutions

We now consider supersymmetric AdS3 x Mg solutions of D = 11 supergravity that are dual
to M = (0,2) SCFTs in d = 3, also discussed in [12]. These solutions have a canonical Killing
vector that is dual to the R-symmetry of the SCFT. A general class of solutions associated '
with M5-branes wrapping a holomorphic four-cycle inside a Calabi-Yau four-fold were classified
in [6]. Moreover, infinite classes of explicit solutions were also constructed in [6], including
the particular solution found in [40] that generalizes the Maldacena-Nunez construction.
The classification results of [6] were later extended to the most general supersymmetric
AdS3 x Mg solutions in [23].

In this section we will show that there are natural equivariant polyforms, given in [12],
that can be constructed from Killing spinor bilinears. Furthermore, once again they can be
used to compute the central charge of the dual SCFTs, without knowing the explicit solution.
For simplicity we will focus on the general class of AdS3 x Mg solutions considered in [6], and
discussed in section 4.3 of [23], but we strongly suspect that our results will have a simple
generalization to the most general class of [23]. We will illustrate the formalism for a class

16The class may also describe more general kinds of wrapped M5-branes.
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of Mg which are S* fibrations over a four-dimensional base B, associated with M5-branes
wrapping By. Here we will consider cases when the R-symmetry acts just on the S* fibre,
while in [12] we consider cases where By is toric and the R-symmetry acts on both S* and By.

We follow the notation and conventions of [23], with some minimal notational changes
to maintain some cohesion with the previous sections. The ansatz for the D = 11 metric
and four-form are given by

ds? = e [ds2(Ang) + dSQ(Mg)} ,

G = ' F + vol(AdSs) A e3A f (4.1)
where A\, F' and f are a function, a four-form and a one-form on Mg, respectively. In addition
ds?(AdSs) is the metric on a unit radius AdS3 and vol(AdS3) is the corresponding volume
form. The Bianchi identity and the equation of motion for G are then

1
d(eF) =0, e—wd@“*fy+§FA17:o,
de f) =0, e« F) - fFAF =0, (4.2)
where the Hodge star is with respect to the metric ds?(Mg). The flux quantization condition!”
is as in (3.2) and so for any four-cycle, Cy4, we have

1
(2mey)3

/e&FeZ. (4.3)
Cy

Having supersymmetric solutions that are dual to N' = (0,2) SCFTs in d = 3 requires
that Mg admits two Majorana spinors ¢; satisfying Killing spinor equations given in [23].
It is convenient to define the complex spinor € = €; + ies. For the most general class of
solutions, we can construct the following scalar bilinears

ce=1, €e=1, ¢ = éyge, S = €yge, (4.4)
where ( is real and S is complex, and v9 = ;... We also have the following one-form
bilinears'®

_ _ i
K = éye, P = €yq)e, & = —~Eyva)e, €“v971)€ =0, (4.5)

2

where K, £ are real and P is complex. The vector ¢, dual to the one-form &°, is the Killing
vector that is dual to the R-symmetry and it generates a symmetry of the full solution:
Led = LeF = Lef = 0. The action of £ on € is given by

i

Lee = 36 (4.6)

"We are interested in large N results and hence we are neglecting the extra Pontryagin class contribution
of [41]; see also the discussion in section 2.3 of [6].

181 comparing with [23] note that A = Athere mthere — _1/9 ¢, = ythere and ¢ = %Lthere. We have also
written ¥ = ®e® to avoid confusion with our notation for polyforms. We also note that in this section, in
contrast to section 3.1, we use I'o12..10 = —1 as in [23].
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and we notice that L = 0. In addition we recall the following bilinears that are also
invariant under &:

J = —i€ey(g)€, w = —iey97y(2)€,
o = —iey(g)e, ¢ = €9V (3)€
U = ey Y(4)€ * U = €Y97Y(4)€ - (4.7)

Further bilinears are defined in [23], but will not be needed in what follows. As in the
previous section, we are able to construct the key equivariantly closed polyforms only using
a subset of the supersymmetry conditions.

We now restrict our considerations to a sub-class of solutions by demanding that the
complex scalar and one-form bilinears which are charged under the action of £ all vanish,
which means

S=P=0, (4.8)
and, as in [23], we now write
(=sina. (4.9)

In this case, it is possible to write down the bilinears in terms of a local SU(3) structure
on Mg. Introducing an orthonormal frame e’, we define the two-form j = e!? 4 €34 4 &%
and the three-form 6 = (e! + ie?)(e3 + ie?)(e® +ie®). The bilinears we introduced above
can then be written

1
§b:§cosae7, K =cosaed, J=j+sinae®, w=sinaj+ed
1
@ =cosajAe’, ¢=—cosajNe’, \If:—§j/\j—sinaj/\e78. (4.10)

These expressions allow one to easily obtain the expressions for the contraction of £ on
the bilinears.
The bilinears satisfy the differential conditions

1 1 1
§J_EWJF+ZJJ*F7

fAw—2€ 3xF,

) =
) =
() =
—”aého_—%JF,
( ) =20 fsina F — «F,
) =

~KAF. (4.11)

Additional conditions are given in [23].
With this set-up we can now construct the equivariant polyforms, as in [12]. To begin
we impose the condition d(e®*f) = 0 in (4.2) which allows us to introduce a function ay,
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which in general is only locally'® defined, via
M f = dag . (4.12)

Moreover, using £ - f = 0 ((2.49) of [23]) we see that L¢ag = 0 is invariant under the action
of the Killing vector. From (4.11) we can then write

d(e* sina — ag) = 263 K . (4.13)

Since d(e3*K) = 0, as follows from the first line of (4.11), we can introduce a local coordinate
y so that

1
y= 5(63)‘ sina — ap), K =e3My. (4.14)

We can now construct an equivariant form, ®, involving the four-form F:

1
" = MF — JePu - % . (4.15)

We can also construct another equivariant form, ®*¥, involving the four-form *F:

1 1
o = @l — 5 (66)‘J — a0e3)‘w) — ZyQ, (4.16)
where
i = &5 « F — age® ' F . (4.17)

We also find another equivariant form, with the four-form ¥ as the top form, given by

1 1
Y = U 4 e F — §ye3>‘w — égﬂ , (4.18)
which is in fact equivariantly cohomologous to ®*%":
O F = 20% — dg(e%9). (4.19)

Associated with the central charge, we can construct the equivariant polyform
A A A 2 3\ 23X\
P =¢ Volg+ie9 >x<<]—%ye6 \If—%y e F+3—12y e w+ﬁy3. (4.20)

More specifically, by computing the effective three-dimensional Newton constant, one finds
the central charge of the dual d = 2 SCFT can be written?®

3 9 3 /
= — lg = ——— P 4.21
¢ 2577L3 /Mg R G w0 I (21)

9When H'(Ms,R) = 0 by definition there will be a global function ao satisfying (4.12).
20The central charge is given by ¢ = 3L/(2G3) where L is the radius of the AdSs; vacuum and Gj is the
three-dimensional Newton constant [42]. To compute G3 and thus obtain (4.20), one reduces the D = 11

supergravity action using the ansatz (4.1).
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where the second equality just uses the definition that the integral of a polyform is the integral
of its top component, and hence ¢ can be evaluated using the BVAB formula.

|2 = cos? o,

We now consider some properties of the fixed point set. Since || K> = 4/|&°
at fixed points we have o = £7/2 and the Killing spinor is chiral/anti-chiral: yge = =e.

Since dy = €* K, at the fixed points y is constant and

2| = (e sina — ag) = (j:e3/\ — a(]) . (4.22)

Furthermore, from e3*d(e3*w) = —2¢ 1 F we have that e3*w is a closed two-form on the
fixed point set

d(e* w ‘F) =0. (4.23)

It will also be helpful to note from (4.10) we have

e%ﬂ’ :ewﬁ‘F . (4.24)

F

We can also compute the conformal dimension A of chiral primary operators in the
dual N' = (0,2) SCFT, corresponding to M2-branes wrapping supersymmetric two-cycles
Y9 C Ms. By following similar arguments given in [32], we claim that such M2-branes
are calibrated by w, i.e. vol|y, = wl|y,, and their conformal dimension may be computed
in the gravity dual via

A(Xy) = (2771)252/22 Hw. (4.25)

By considering the restriction of the four-form flux polyform ® in (4.15) to Xa, (®F)]s, =
—3[e**w + Y]|5,, we see that when X is {-invariant we can evaluate the integral in (4.25)
by localization:

1 1 2my
A(Yg) = ——— 3A — . 4.2
(32) (2m)203 (/226 w+§d20 . 2) (4.26)

p

Here ¥y C Xy are the fixed points inside 39 and the first term is only present (and by
itself) when the entire ¥ is fixed, while the second term is present (and by itself) when
the fixed point set is g C Xo.

4.1 Mb5-branes wrapped on By

We will consider a class of solutions that were explicitly found in [17] (generalizing those
in [40]). These describe the near-horizon limit of M5-branes wrapping a complex four-manifold
By, inside a Calabi-Yau four-fold. We assume the normal bundle of By is a bundle of the
form V' = L1 & L3 — By. The total space of the bundle is Calabi-Yau if [17]

(L) +c(Le)+t1+ta=0¢€ HQ(B4, Z), (4.27)

where t1,t are the Chern roots?! of the holomorphic tangent bundle T'B4. Equation (4.27)
is simply the condition that the first Chern class of the tangent bundle of the total space

21 A nice summary of the splitting principle and Chern roots may be found in [43].
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of N is zero, i.e. in this sense it is a (local) Calabi-Yau four-fold. Again, the near-horizon
limit becomes the sphere bundle

54 — Mg — By, (4.28)

where S* € C; @ Cy @ R and each C; is twisted by L;.
For simplicity, we assume that the R-symmetry Killing vector £ acts just on the four-sphere
and thus has fixed points at the two poles. We write it as

= by, (4.29)

where we are explicitly assuming that 0, are Killing vectors of the supergravity solution.
Also, we take Ag; = 27 and hence each 0, rotates C; with weight 1. Since the sum of the
weights must be by + by = 1, as may be argued similarly to section 3.3, using appendices A
and B, we can also write

b= (14e), bi—x(l—¢). (4.30)
2 2
The fixed point set consists of two copies of ij over the two poles, denoted in this section by
+, with normal bundles A’* (which are isomorphic to each other, up to orientations). We
denote by I', the two-cycles forming a basis of the free part of Hy(By,Z).

There are several classes of four-cycles in the geometry: (i) The S* fibre at any point
on By, (ii) Ciw), which are the total space of S? C S* bundles over 'y, for i = 1,2, and
(iii) Bff, which are the copies of Bf at the poles of the sphere. These four-cycles are not
independent, and in particular as shown in equations (C.19), (C.20) of appendix C satisfy
the homology relations

C5' ] = n2alSY), (O£ = n1alSY), (4.31)
Njaq = C1 ([,z) 5 (4.32)
Ta
as well as??
b
[Bf1 = [By]= > lapniangsl[S*) = (n1,m2) [S7]. (4.33)
a,B=1

As in section 3.5, here I is the inverse of the intersection matrix for By, and (-,-) is the
bilinear form defined by I.

The integrals of G through the four-cycles should be quantized, and we can evaluate the
integrals using localization. For S* there are fixed points at the poles and we deduce

1 1 (2n)?
Nes — pf = - T — 4.34
5= Gnt)? /54 (@70,)7 4163 (y+ —y-) , (4.34)

22We will shortly provide a consistency check of (4.33) using localization.
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where we used ef e; = b1bo, €] €5 = —b1by for the products of weights on the R* normal spaces
(ic)

to the two poles inside S*. For C, ", which have fixed point sets 't we find associated fluxes

1 T 2m\? 1
Nia = @nt { “ (Ca - Ca> + (bz) 1+ —Y-)nial - (4.35)
Here we have used the weights e;L = b;, ¢, = —b; on the R? spaces normal to the two

poles of the S? fibres inside C’im) (which are the copies I'f of the two-submanifolds T, in
By), and we have also defined

= [ . (4.36)
r

Recall from (4.23) that'c;jf only depend on the homology class of I't, and that the normal

bundles to 'Y inside C’im) have opposite orientations, correlated with the weights eii. Notice

we can solve for ¢} — ¢:

(2mlp)3

cf—cp = —(27:?)3 (01 N1+ b2Ngenia) = === (baNao + b1 Nganaa) - (4.37)
From (4.31) we have
Niq = nogNga, Noo =n1aNga (4.38)
and hence
= (2”:1’)3 (bott1a + binag) Nt - (4.39)

Continuing, we now impose flux quantization through ij. To do so we recall from (4.11),
(4.17) that we have

d(e®p) = 20 + 2y F — @31 (4.40)

Thus,

1 1 1
Ny = / A = — |- 2e5Mp 4 / o
£ (2nt,)? Jpt (2mly)? 2yi< B; B

1 1

_ - + + *F
- (27T£p>3 2y <<C )+ B @ > ) (4.41)

where we used (4.10), (4.24) and also
/ A = (cF Y. (4.42)
B
From the homology relation (4.33) we have
Nt — N~ = (n1,n2) Nga . (4.43)

We now briefly pause to explain how we can obtain (4.43) using localization without
requiring the homology relation (4.33), or equivalently how the homology relation is consistent
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with the orientation choices that we use in the localization formulae. The idea is to trivially
extend the equivariant form ® in (4.15) to have top-form that is the zero six-form. We
then integrate this six-form on the six-cycles S? — By, to trivially get zero, and then also
evaluate it using the BVAB formula (2.9):

1 1 27r _ 11 (27)?
0= |Ny—N_+ - i) T T 7o, \3 — Y- is M
b1b
= lN_i_ —N_ — b, <b2n1 + b1n2,nZ>N54 + ;) 2 (ng, ni>NS4] . (4.44)
Here, in the first line we used
/ A A er(L) = (5, i), (4.45)
By
and
/B (L) Aer(Ly) = (niny), (4.46)
4

and in the second line substituted (4.34) and (4.39). Setting i = 1,2 in (2.9) gives (4.43).
Continuing, we next consider integrals of ®*'. Using localization for the first two, we find

1
@*F — (2 2 2 2
27 5 1

*F v_ 27 + _ - 2 24,
/Cim) o =2 /C,L(lia) " = b; (y+ca yfca) + (277) 4b2 (y —Y_ )nzaa

o — o 4.47
Joo = (.47

In the last line we are simply emphasizing that the integral of ®3F = e8* x F — age®* F over
ij will appear in various places below. The homology relation (4.31) then implies

277 n n
+ oy oo 2 (Dle y 2a
Write the left hand side as 1 (y; +y-)(ct —c3) + 3(y+ — y—)(ct +c;) and substitute (4.39).
Then substituting (4.34) into the right hand side, we deduce that either y4 = y_ or ¢ = —c.
The former possibility is inconsistent with Ng4 # 0 and so we deduce that
n _ (2ml,)3
(0%

= —Cy = T (anla + b1n2a) NS4 (449)

To proceed, we can combine (4.41) and (4.43) to get an expression for the quantity

C

) e @5 = (yo) 7t [5- @5F. We also get an expression for [p+ @5 — [ @3 us-
4 4 4 4
ing (4.33) and the first line in (4.47). These can be solved for [ BE @3 and after using (4.34)
and also (4.49), we deduce

/ ‘I) + (27¢ ) yi<n1,n2>N54

B (2me,)%03

(271')2 <nlb2 + n2bla ’I’leg + n2b1>N§4 . (450)
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If we now substitute this as well as (4.49) into (4.41) we also deduce that
. 1
NT=-N" = §<n1, TL2>NS4 . (451)

Notice that, in contrast to (3.76), in this case it is not possible to add an additional flux
number M = (N4 + N_)/2, which is set to vanish by the geometry.

We now turn to the central charge (4.21). We need to compute the integral st ® using
localization. After some computation, the BVAB formula (2.9) gives

T 2
Mg v= (b21b)2 % {(y+ —y )", ) = @) (Y N+ — y%NJ}
T 3
o (Ejbj)2 313 [(yi + y%)<c+, nibg + n2b1>}
T 4
+ (Ejb;)?, ﬁ [(?ﬁr - y?i) (<n17 n1>b§ -+ (n1,n2>blb2 + <n2,n2>b%)} , (4.52)

where we used (4.45).
If we now make the additional assumption that

Y+ = —y—, (4.53)

things simply further. More physically, from the first equation in (4.47) we see that this is
equivalent to saying that the four-form flux associated with ®*¥'| through the S* fibre, is zero:

/ (e % F —ape®* F) = 0. (4.54)
S4

In contrast, the four-form flux associated with ®f, through the S* fibre, is Ngs, the number
of Mb5-branes, as in (4.34). It would be interesting to know if there are solutions that do not
satisfy (4.53), (4.54) and if so what those describe physically. However, assuming this, we
immediately have [ Bf i = [ By @3 and the central charge simplifies to

3
= — P
©= 257 /MS ’
= —((nl, n1>b% + 4(711, n2>b1b2 + <n2, n2>b%)Ng4 . (4.55)

This is an off-shell expression for the central charge, since it still depends on b; subject to
the constraint by + ba = 1. After substituting (4.30) and extremizing over ¢, we find that
the extremal value is given by

<n17 n1><n27 n2> - 4<nla TL2>2

— B ) 5 |
c= <n17n1> —4<7’I,17n2> + <n2,n2>( NS ) ) (4 56)

and the extremal value of ¢ is

— <7’L1,7’Ll> - <7’L2,7’L2> 7 \ 3
o (n1,n1) — 4(n1,n9) + (nz,m)( Nga)"™- (4.57)
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We now consider M2-branes wrapped on various calibrated cycles and compute the
dimension of the dual chiral primaries using (4.26). We first consider the invariant subman-
ifolds T'F located at the north and south poles of the S* fibre. From (4.10) we can infer
that these will be calibrated cycles provided that w[rg =+ j‘r?;- Choosing an appropriate
orientation, (4.26) then gives the off-shell result

+
A(FI) = — (271’1)252 /Fz 63)‘00 = — Ca 3 = (bgnla + blnga) N54 s (4.58)
where we used (4.36) and (4.49). Similarly, choosing a suitable orientation, we have
A(T;) = A(TE).

Another possibility, is to wrap M2-branes on the invariant, homologically trivial, subman-
ifolds S? in the S* fibre. Now since ¢ is tangent to SZ, from (4.10) the S? will be calibrated
by w provided that the volume form on S? is, up to sign, given by e’ AeS. Choosing a suitable
orientation to get a positive result, we can then compute A(SZZ) using localization. We have

fixed points at the north and south poles of S?, and find

1 27 Y+ 27 Yy— 21)1()2
( i ) (271')263 <6j_ 2 + e 2 ) bi ( 54) ) ( )

p 7

where we used ef = b;, €

= —b; and also (4.34). Note that this result dose not use the
assumption (4.53).

41.1 By=KEj

As an example, we consider By = KFE, , a Kahler-Einstein four-manifold with negative
curvature. We choose a normalization of the K E; metric so that the Kéhler form satisfies
Jxkg = —R = —2mci (L), where L is the anti-canonical bundle. It is also useful to recall
that the first Pontryagin number and the Euler number of the K E, are given, respectively,
in terms of the Chern roots t¢1, t2, by

P, = / t2+td), x= / tity . (4.60)
KE KE
We also have
1
P +2x:/ (t1 +t2)? :/ c1(TKE)? :/ c1(L)? = —2/ T 5
KE KE KE 4m° JKE
1
Now we can solve the Calabi-Yau condition (4.27) for the Chern roots with a twist
by writing
1+=2 1-=2
Cl(ﬁl) = — 9 (t1 + tg), Cl(ﬁg) = — 9 (tl + tg) . (4.62)

Here t1,to are topological invariants of By = K E, , so that the variable z we have introduced
then describes a one-parameter family of associated local Calabi-Yau four-folds, via the
twisting of the normal bundle £1 ® L, over By = KE .
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We compute the formulae

1+ 2)? 1+ z)?
o) = S ey ey = S (P 0y,
KE
1—22 1—2)?
o) == Pr20, ) =By e
Substituting into the central charge (4.55) and using (4.30), we obtain
P +2
c= (1;’0 [3— 2% —dez +£%(32% —1)](—Ngs)?, (4.64)
which agrees with the large N limit of the off-shell expression (6.6) of [17], obtained from
field theory, provided we take N'he'® — —Ng > 0. After extremizing over ¢ we get the
on-shell result
3(1—2%)° 3
=(PL+2x)—/———5(—N. . 4.65
c ( 1+ X)8(1—322)( 54) ( )

Explicit supergravity solutions with z = 0 were constructed in section 4.2 of [40], and
extended to |z| < 1/3 in [17].

It would be interesting to check the predictions for the conformal dimensions of chiral
primaries associated with wrapped M2-branes given in (4.58) and (4.59) with the explicit
supergravity solutions.

4.1.2 By =31 X Yo

We can also consider the class of solutions with By = ¥ x Yo, where X, are Riemann surfaces
with genus g, as considered in [17], extending [44]. The solutions in [17, 44] were constructed
in D = 7 gauged supergravity and then uplifted to D = 11.

For this case we have

Log = (2 é) , / fo = 2(1— ga). (4.66)

Moreover, we denote the degrees of the normal bundles £; and L2 on ¥, as —p, and —qq,
respectively. Thus, the integration of (4.27) on each of the 3, gives

Pa + Qo = 2(1 - gcx) . (4'67>

Using the same parametrization as [17], this can be solved by writing

Do = (1=ga)(1=FKaza) ga#1 o = (1=9a)(1+kaza) Ga#1 (4.68)
o = ) o= > .
_%Za Ja=1 %Za ga=0

where ko, = 0, £1 is the curvature of the Riemann surface X, and z, € Q (consistent with
Pasda € Z). Substituting into (4.55) then gives the off-shell central charge

(g1 — 1)(g2 — 1)[3 — €2 + 2e(k121 + K222)

—rikoz122(1 — 3e%)] (—Nga)®,  gr2 #1,
—(922;1) [2e21 — Koz122(1 — 3¢2)] (—Ngs)3, g=1,g0#1,
—32122(1 = 3¢?)(—Nga)?, g12=1,
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which matches the large N limit of the off-shell formula in [17], obtained from field theory. The
on-shell expression can be obtained by extremizing over ¢ (or directly from (4.56)). Note that
explicit supergravity solutions were constructed in [17], extending [44], when at least one of
the g, > 1. In particular, no solutions for a four-torus, when g1 = go = 1, are known to exist.

Note a special case is when we set z; = zo = 0. In this case we have p, = ¢4 = (1 — ga)
and, with g, > 1, for which explicit supergravity solutions are known [40], this can be viewed
as a special case of the K/, case considered above. Indeed, setting z; = 22 = 0 and ko, = —1
in (4.1.2) we get precise agreement with (4.65) after setting z = 0, x = 8(1 — g1)(1 — g2)
and P, = 0.

It would be interesting to check the predictions for the conformal dimensions of chiral
primaries associated with wrapped M2-branes given in (4.58) and (4.59) with the explicit
supergravity solutions.

4.2 Action calculation

Similar to section in 3.6, we now investigate the action. For the general class of AdSs x Mg
solutions of D = 11 supergravity considered in [23], one can show that the D = 11 equations
of motion, as given in [39], give rise to the following D = 8 equations of motion. From
the Einstein equations we get

1 1
_ o2 2 _ —6A 2 L2
0=V2A+9(VA)? +2 = e™ ™G — o f?,
1 1 1
Rap = VA — IV AV + ﬁer“(;?d, = gfafo + gav (—2 +3 f2> : (4.69)

along with

d(eF) =0, e %d(e « f) + %F ANF =0,

d(e*f) =0, e (e« FY— fAF =0, (4.70)
arising from the Bianchi identity and the equation of motion for G (and already seen in (4.2)).
These can be obtained?® by extremizing the eight-dimensional action

1 1 1
S = / d¥z\/g e (R +90(VA)? -6 — —F? + f2> +/ e agFANF. (4.71)
Ms 48 2 M 2

We now evaluate this action, partially on-shell, by utilizing the supersymmetry conditions
we have been using so far, as well as the scalar equation of motion and the trace of the
second equation in (4.69) together with the equation of motion for ay given in (4.70):
d(ef* « f) = —%ew‘F A F. We can multiply the latter by ag and write

1
§a066)‘F AF =" f Asf —d(age® « f). (4.72)

Substituting this into the action, and then following the same steps as in section 3.6, we find
that the partially on-shell action can be written in the form

S=—4[ Pvolg=—-4[ @, (4.73)
Mg MS

230ne should substitute f = e "3*dag and F = e 3*dCs and then vary over ag, Cs, as well as the metric
and the scalar field.
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with @ given in (4.20). Thus, once again, the partially on-shell action is precisely proportional
to the central charge, and we again see that varying the central charge with respect to
any undetermined coefficients after carrying out localization, is a necessary condition for
putting the system on-shell.

Finally, note that if we multiply the scalar equation of motion in (4.69) by e}, solve for
e’ and then substitute into (4.73) we can write the on-shell action as

1 1
S=—4 (eg)‘F A*F — 2P f A *f) . (4.74)
Mg \ 12 6

Then, after using (4.72) and recalling the equivariant polyforms in (4.15), (4.16), we find
that we can also write the on-shell action in the form

1
S=_-[ o rol. (4.75)
3 J Mg

This is the analogue of the expression that we presented in (3.99).

5 Discussion

Equivariant localization has been extensively utilized both in geometry and supersymmetric
quantum field theory in a wide variety of contexts, with important foundational work
including [13, 14, 45-48]. In this paper, and in [11, 12], we have introduced a new general
calculus, based on spinor bilinears and the BVAB fixed point theorem, that allows one
to compute physical quantities in AdS/CFT without having the full explicit supergravity
solution, just requiring that the solution exists.

We considered general classes of D = 11 supergravity solutions of the form AdSsx1 X
My 5y, for k = 1,2,3, that are dual to SCFTs in d = 2k spacetime dimensions with an
R-symmetry. The R-symmetry is dual to a Killing vector on My(5_y), and can be constructed
as a Killing spinor bilinear. Using various Killing spinor bilinears that are invariant under
the action of the R-symmetry, we constructed equivariantly closed polyforms and, moreover,
showed how the BVAB fixed point formula can be used to compute the central charge of
the dual SCFT as well as the scaling dimension of various chiral primaries dual to wrapped
membranes. For the AdS3 x Mg case, we focused on a general sub-class of geometries but
we expect that it is straightforward to extend to the most general class of solutions that
were analysed in [23].

For the AdS5 x Mg examples, there are precisely the right amount of equivariant forms
allowing one to explicitly evaluate the fixed point contributions arising in the BVAB formula
in terms of the topological data and the quantized flux. This is particularly remarkable since
the details of how the BVAB formula is used to achieve this differs in the various classes of
examples that we considered. It would be interesting to have a better understanding of this.
By contrast, for the specific classes of AdS3 x Mg solutions that we considered we imposed
one additional constraint on the fixed point data (y; = —y— in (4.53) or equivalently the
condition on the four-form flux (4.54)) in order to evaluate the central charge. If one relaxes
this constraint one obtains results that depend on an undetermined quantity, and it will
be interesting to know if there are any such solutions. For both the AdSs; x Mg and the
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AdSs3 x Mg cases we have illustrated our formalism by recovering some results for known
supergravity solutions, as well calculated new results for more general classes of solutions
(providing they exist). There are also other classes of solutions that can be analysed in
a straightforward way; for example, it would be interesting to consider Mg which are 52
bundles over Bg and make contact with the explicit solutions in [6].

A remarkable feature of our formalism is that we derive expressions for BPS quantities,
such as the central charge, which are generically off-shell. This allows one to directly compare
with off-shell field theory results, where analogous expressions are obtained utilizing field
theory extremization techniques. In the examples we considered, the off-shell central charges
are functions of some undetermined weights of the action of the R-symmetry. We also
demonstrated that imposing a subset of the supersymmetry conditions as well as a subset
of the supergravity equations of motion, one obtains a partially on-shell action that is
proportional to our expression for the central charge. Thus, extremizing our expressions
for the off-shell central charge over the undetermined weights is associated with necessary
conditions for putting the whole system on-shell. It would be very interesting to determine
the precise class of geometries that we are extremizing over when we partially go on-shell,
analogous to what has been achieved in a different setting for Sasaki-Einstein geometry
in [19] and GK geometry in [21].

We anticipate some immediate generalizations of this work, some also discussed in [11].
Firstly, we expect there will be straightforward generalizations of all of the calculations in this
paper to AdS x M solutions of type IIA and type IIB supergravity when M has even dimension.
Second, for AdS x M solutions of type IT and D = 11 supergravity where M has odd dimension
we expect that the construction of equivariant polyforms will be similarly straightforward.
However, for this case the details of utilizing localization formulae will be different. There
are known techniques to deal with localization in odd dimensions (for instance [49]), and we
expect that it will be possible to use them to compute physical observables in the dual SCFT.
This odd-dimensional case may overlap with work on Sasaki-Einstein and GK geometry, and
we expect to make contact with the recent work of [26], as well the extensive recent work
on GK geometry starting with [21]. We plan to report on these topics soon.
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A Regularity of spinors

In this appendix we examine how spinors with a definite charge under a Killing vector behave
near a fixed point, and how this is correlated with the chirality of the spinor. The charge ¢ of
the spinor with respect to a Killing vector is defined, as usual, via the Lie derivative:

1
Lee = E9V 6 + é(dgb)mabe =ige. (A1)
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We consider a spinor which satisfies a differential condition of the general form?*

Ve = (M- 7)q€, (A.2)

where M is a sum of forms. At a fixed point, as we make explicit below, we have £%(M-v),e = 0
so that £*V,e = 0 and hence

. 1 a
ige|p = g(dfb)ab’y be . (A.3)

A1 R2

We first consider two-component Dirac spinors on R?. A basis for the Clifford algebra is

3. Chiral spinors are defined

given by v! = o!,7? = ¢2 and we define v, = —iy1ye = o
via y.€+ = Feq.

We use Cartesian coordinates (z,y) and orthonormal frame e = (dz, dy), both of which
are of course globally well-defined on R?. We also have standard polar coordinates (7, ¢),
with Ap = 27. We consider the Killing vector £ = 20, — y0, = 0, which generates an SO(2)
isometry and has a fixed point at the origin. At the fixed point, since £* = &Y = 0, we have

E*(M-v)qe = 0. We also have d¢” = 2dzAdy and hence at the fixed point from (A.3) we deduce

. i
igelp = e (A.4)

We thus conclude that |q| = % and furthermore that the sign of ¢ is correlated with the
chirality of the spinor. This is sensible, since the charge labels the irreducible representation
of U(1) = SO(2) in which the spinor transforms; but here the SO(2) is also the “Lorentz”
group, so the charge labels the irreducible representations of the “Lorentz” group, whose

elements are the chiral spinors.

A2 R4

We may consider spinors on R?* similarly. We use Cartesian coordinates (1, y1, 2,%2) and a

frame e* = (dx1, dy1, dza, dy2). Writing R* = R?2®R?, we can also introduce polar coordinates

(r1,¢1,72,2) with Ap; = 27 in order to avoid conical singularities at the planes r; = 0.
We consider the Killing vector £ to be a linear combination of rotations in the two planes:

2
§ =010y, + b20,, = Zbi (—yiOs, + xi0y,) . (A.5)
i=1

We compute, in the Cartesian frame,

0 by 0 0
b0 0 0
de® =2 . A6
¢ 0 0 0 by (A-6)
0 0 —by 0

240ur arguments also apply if we have Vae = (M - y)ae + (N - 7)a€C.
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The norm squared of the Killing vector is ||€||? = b3 r? + b3 r3. Thus, when both b; # 0 the
norm vanishes at the origin of R*, and the fixed point set is a nut. If one of the b; = 0,
then the fixed point set of £ is a two-plane bolt.

A basis for the Clifford algebra is 7! = 0! ® 15, 72 = 02 ® 12, 72 = 03 @ 0!, 74 = 03 @ 2.

1234

We define the chirality operator v, = = —03 ® 03 so that chiral spinors are given,

in the Cartesian frame, by

0 €1
0
€r = 2 , €. = . (A.7)
€3 0
0 €4

We now compute the Lie derivative along £&. Notice that both for a nut and a bolt we have
E*(M - v)qe = 0. Thus at a fixed point, from (A.3) we deduce

(b1 + b2)eq
) i| (b1 —b2)e
= - . A8
—(b1 + b2)esy

We thus conclude |g| = 3|b1 = bo| and there is a further correlation with the chirality
of the spinor. For example, suppose the spinor has charge ¢ = +1/2, as we assume in
the bulk of the paper, with

i
Lee = 7€ (A.9)
If we have a nut, i.e. both b; # 0, then we see that the spinor must either have by + by = +1
and have negative chirality, or it must have b; — bo = +1 and have positive chirality. For
a bolt, with one of the b; = 0, say by = 0, we must have by = 1 but in this case the spinor

can still have either chirality.

B AdS; X M, solutions

In this appendix we consider the case of AdS7 x My solutions of D = 11 supergravity. There
is a unique solution of this type, which is the Freund-Rubin solution AdS; x S* (up to a
quotient of S%), so it is straightforward to obtain the central charge by direct construction.
Nevertheless, it is interesting to see how the central charge can be obtained using the method
of equivariant localization, without full knowledge of the solution.

B.1 Equivariantly closed forms

The metric is a warped product

ds® = e [ds?(AdSy) 4 ds?(My)], (B.1)

where AdS7 has unit radius, and compatibility with the AdS symmetries implies that A is
a function on M, and the four-form is given by

G = Gvol(My), (B.2)

for some constant G.
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We can decompose the D = 11 Clifford algebra Cliff(10,1) = CIliff(6, 1) ® Cliff(4, 0)
by writing

Fazpa®')’57 'y =18 %m, (B3)

where p, generate Cliff(6,1) with pp123456 = +1, the Hermitian ~,, generate Cliff(4,0) and
Y5 = Y1234 With 72 = 1. We decompose the eleven-dimensional spinor €17 by writing

enn =M e, (B.4)

where € is a spinor on My and v is a Killing spinor on AdS7 satisfying Dy = —%pad). This
ansatz implies that e satisfies the following equations on My:

1
0= {vm + 5(1 - ée”g)%%} €,

0= [0\ = (1= he™G)s]e. (B.5)

We can now construct various bilinears using the spinor e and consider the algebraic
and differential equations that follow from (B.5). It is not difficult to deduce that A must
be constant, so we set e* = L. This then fixes the flux to be

G =63}, (B.6)

The first equation in (B.5) then becomes the Killing spinor equation V,,e = v,,75¢ and hence
we deduce [50] that M, must be S* (or a quotient thereof) and ds*(My) = 1ds?(S*) where
ds?(S%) has unit radius and volume 872/3. Thus, the only supersymmetric AdS7 solution of
D = 11 supergravity is locally the Freund-Rubin solution AdS7 x S4. It is then straightforward
to carry out flux quantization and compute the central charge from the explicit solution.

Here, instead, we want to compute the central charge using Killing spinor bilinears and
localization. Many of the expressions have direct generalizations to the examples considered
in the main text. To proceed we first note that (B.5) implies €e is a constant and we normalize
so that €ée = 1. We define the following differential forms on Mjy:

1

Il
Nl

€, sin ( = €€, K =#&ye,

& = —fevse, = —iey(p)e, Yisieygse,  (B.7)

where v(,) = Y datt A Adat. From (B.5) it follows that the vector ¢, dual to the
one-form £, is a Killing vector and we have chosen a normalization so that e has charge
1

5 under the action of &:

Lee = %6. (B.8)

The square norm of the Killing vector is given by
16]/¢[” = cos? ¢ = || K| (B.9)

Thus, the fixed points of £ correspond to sin( = +1 and we observe that at such a fixed
point the spinor is chiral/anti-chiral, satisfying yse = +e.
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We can also show that

£1G =6e*¢ uvol = —1d(e*Y),
£y =—1K, dsin¢ = 2K, (B.10)

which implies that the polyform, extending the four-form G,
¢ =G - LMY — L e sing, (B.11)

is equivariantly closed: dg@G = (. This allows us to use the equivariant localization formula
to compute the flux quantization of the four-form.
The holographic central charge of the dual field theory is given by [33, 51]

3

I
= — 1(My) . B.12
°= T /M4e vol (M) (B.12)

For this example, the integrand is proportional to the four-form G, since A is constant.
Thus, we can immediately adapt (B.11) to write down the equivariant completion of the
integrand of the central charge:

® = 9 vol(My) — o My — 5 eMsin . (B.13)
Here, we have written Y/ = *Y to be consistent with the results in other dimensions.

B.2 Localization

With these polyforms, we are able to evaluate the central charge of the field theory dual
to any M, using localization formulae after fixing the topology of M,. For this case we
know that My = S*, with a round metric, is the only solution, so we proceed with just the
assumption that topologically My = S* and that ¢ is a Killing vector field of the form

5 = blaapl + anLpQ ) (B14)

where ; are the polar angles on C; if we view S* € C; ® Cy @ R. The weights b; are arbitrary,
and the fixed points of £ are at the two poles, which we label N and S. We observe that
Vel = biby and €7e§ = —bibo, with the change of relative orientation at the poles as in
the example considered in the S* example in section 2.

Quantization of the flux through S* can be imposed by applying the localization formula

to (B.11):

3
1 1 (2n)?21 (L
N=—— G=——= — | = i — si . B.15
(20, /54 (27)3 biby 32 <€p> (sin (i — sin(g) ( )
For N # 0, we must take sin {(y = —sin (g, since |sin(| = 1 at a fixed point. The central

charge (B.12) can be similarly computed using (B.13) and we obtain

9
3 1 @n)? (LY .
-2 | g=—_ - (=
‘T T2, /54 2975 bby (ep> -

256

= 7(5152)2N3- (B.16)
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Now, importantly, we need to consider regularity of the spinor at the two poles. As we
explain in appendix A, there is a relationship between the chirality of the spinor and the
weights at the poles and the charge of the Killing spinor. Suppose?® sin(y = —1; then the
spinor at the north pole has negative chirality and from appendix A, given the normalization
in (B.8), we deduce that (e; + e2)ny = b1 + by = £1. By changing the sign of both b; if
necessary, without changing the orientation on S*, without loss of generality we can assume

At the south pole sin (s = +1, and the spinor has positive chirality.

With the constraint (B.17), the result for the central charge in (B.16) matches the large
N limit of the off-shell trial central charge of the six-dimensional (2,0) theory, with mixing
due to the U(1)? maximal torus in the SO(5) R-symmetry. Carrying out the extremization
over the weights b; subject to (B.17), we deduce that the extremal on-shell weights are
b1 = by = % and the central charge is a = 16/7TN 3. Note?0 also that at the extremal values
biba > 0 and so N > 0. We have thus recovered the results that can alternatively be obtained
from direct evaluation in the Freund-Rubin solution. We emphasize that our new derivation
did not require the explicit metric on S* and, moreover, since we only utilised a subset
of the information contained in the Killing spinors, we obtained an off-shell expression for
the central charge.

C Homology relations from Poincaré duals

In the main text we have used a number of homology relations for manifolds which are the
total spaces of even-dimensional sphere bundles. These may be proven using the explicit
differential form construction of Poincaré duals in [43], together with a simple additional
ingredient. We mainly focus on the total spaces of S? bundles over a four-manifold By, as
in section 3.5, to illustrate the general method. We then briefly indicate the extension to
5S4 bundles that appear in sections 3.3 and 4.1.

Consider a six-manifold Mg which is the total space of an S? bundle over a four-manifold
By, with projection map 7 : Mg — B4. More specifically, we are interested in unit sphere
bundles inside the R? bundle £ @ R — By, where £ is a complex line bundle. Choosing
coordinates (z,x) on the R® = C @ R fibre, the unit sphere is |z|? + 2 = 1, with the north
and south pole sections Biv , B;f at {z = 0,z = F1}, respectively. We choose orientations
such that the normal bundle to the north pole section Biv inside Mg is L, so that the normal
bundle to the south pole section Bj is then £71.27

We may then write down the following explicit representative of the Poincaré dual to
BYY, using the construction in [43]:

Uy =PD [BY| = %d[pN(dw — 7 A)], (C.1)

250One can argue similarly when sin (y = +1.

26Tf we had chosen sin (x = +1 above, we find by — b = 41 and after extremization b;by < 0 and so N < 0,
but still with the extremized central charge a > 0.

2TComparing to section 3.5 we then have B = BY, B, = BY — see (3.62).
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-1

Figure 1. The function py (in blue) and pg (in orange), satisfying pny + ps = —1.

which is closed, but not exact. Here 1 is an azimuthal coordinate for the two-sphere fibre,
with period 27, and A is a local connection form for £, with curvature F' = dA and first
Chern class c¢;(£) = [F/27] € H?(By). The combination (dy — 7*A)/27 is called the global
angular form in [43], and is a global one-form on Mg \ (B U BY), i.e. away from the north
and south pole sections. The function py is taken to depend only on the polar angle “9” on
the two-sphere, which near to the north pole ¥ = 0 is also a radial coordinate away from Biv .
pn has the property that it is —1 near to ¢ = 0, and is 0 near to the south pole ¥y = T — see
figure 1. Similarly 7 — ¢ is a radial coordinate away from By, which has Poincaré dual

1
¥y =PD|[B]| = —5-dlps(dy — 7 4)]. (C.2)
Here the minus sign is due to the fact that d(m — ) = —dd. It will be convenient to
take pg to satisfy

although, as with the choice of py, the cohomology class of Wg in H?(Mg) is independent
of the precise form of pg. Given (C.3), one easily checks that

Uy — g = %W*F S [Wn] - [Us] = T (L) € H2(M). (C.4)

As in section 3.5, we may introduce a basis I, for the free part of Hy(By4,Z), and
furthermore introduce Poincaré duals ¥, = PD[[,] € H?(By). Given a closed two-form w
on B4, we may expand in a basis in two different ways:

ba
caz/ w, wEZéa\Ila, (C.5)
Lo a=1

where by = dim Hy(By,R). Given the defining property of the Poincaré dual ¥, we im-
mediately have

b2
Ca:/ quJQZZQagég, (C.6)
Ba =1
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where we have introduced the intersection form
C%BEA;WQAWBZWJQHM, (C.7)
4

which is an integer-valued unimodular symmetric matrix. For example, we may then compute

bo ba bo
/ WwAw= Z Qop Calp = Z Q;é Calg = Z Iopcacp, (C.8)
B ,f=1 o,f=1 p=1

where we have introduced?®
I=Q . (C.9)

With this notation in hand, we may then expand
b2
al(f) = Z NaWa s (C.10)
a=1

where 71, € Z. Given a closed four-form G on Mjg, using (C.4) we then compute

/ G—/ G:/'@N—WQAG
BY BY Ms
b2 b2
= o TUL NG = e G
2, 5" Je
b
= Z Iogna C(ﬁ)G. (C.11)
a,f=1 4

Here C’ia) represent four-cycles in Mg, and are the total spaces of the S? bundle restricted to
the I'y, C By, again as in section 3.5. The equality (C.11) then precisely proves the homology
relation (3.71), used in the main text.

Next consider the two-cycles in Mg defined by taking copies of I', C By inside the north
and south pole sections BjY, Bf . We denote these by T'Y, Fg , respectively, with homology
classes [T'N],[T'J] € Hy(Mg,Z). These have Poincaré duals

PD [IY| = 7" 0o AUy, PD[I5] =70, AUg € HY(M;), (C.12)
and from (C.4) we compute
PD 1] = PD 5] = 7 [Wa A cr(£)]. (C.13)

On the other hand, by definition

Uy Acr(L) =ng, (C.14)
By
28Notice we can introduce a dual basis \i/a satisfying fB4 \i/a AVWg = dag, so that w = 21;2:1 ca‘ila and
A b .
U, = ﬁ"’:l QL 5Y5.
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and the Poincaré dual of (C.13) gives
L8] = [Ta] = nalSfiee] € Ha(Ms,Z), (C.15)

which is the homology relation (3.64) used in the main text. To see (C.15), we simply
integrate an arbitrary closed two-form on both sides and use the fact that ¥, A ¢1(L£) is
proportional to the volume form of By.

We may similarly analyse other sphere bundles, and in the main text S* bundles appear
in several classes of examples. Consider a total space M with projection map 7 : M — B,
where M is the unit sphere bundle inside the R® bundle £ @ Lo ® R, where £; are two
complex line bundles. Choosing coordinates (z1, z2,7) on the R® = C; @ Co @ R fibre, the
unit sphere is |21]? + |22]? 4 |z|> = 1, with the north and south pole sections BY, B at
{z1 = 20 = 0,x = F1}, respectively.

In section 3.3 we consider the case where B = 3, is a Riemann surface, and defined
four-cycles Cf) as the total spaces of S? bundles over Y4. Specifically, C’il) is defined as the
locus {ze = 0}, whose fibre is then a unit sphere inside C; @ R C R5. Its normal bundle
inside M is L, with Poincaré dual PD [CS)] which may be constructed analogously to (C.1).

But also then PD [Cf)] = 7*¢1(L2), which taking the Poincaré dual immediately gives
1
(€] = pal St - (C.16)
where p; = fzq c1(L;). This proves (3.36) in the main text, with an analogous computation

holding for the cycle 04(12).
Finally, we may construct Poincaré duals to the north and south pole sections analogously
to (C.1). For example, we may write

Uy =PD [BN} =d(pyn), where dn=—71*e(NBY). (C.17)

Here n is a global angular three-form for the normal bundle NBY of BY <« M, and
e(N'BY) is the Euler class. Using a similar construction at the south pole section, and
again taking (C.3), one similarly shows

PN —[Ps]= ﬂ'*e(NBN) =n"e(L1®L2) =7" (c1(L1)Ac1 (L)) € H4(M) . (C.18)
Note that this is not in contradiction with the comment below (3.38), as in that case the
base ¥, is two-dimensional and the right hand side of (C.18) is zero.

In section 4.1 we consider the case where B = By is a four-manifold. The relation (C.18)
paired with a closed four-form G on Mg gives a relation analogous to (C.11)

/G— G:/ (Un —Tg) A G
BY BY Ms

bo
=Y Iagnlan25/4 G, (C.19)
a,f=1 Shibre

where niq, na, are the coefficients of the expansion of ¢1(£12) on I'y, as in (C.14). Fur-

thermore, we consider the four-cycles Cim) obtained as the total spaces of the S? bundles

over I'y. We then have PD [Cila)] = 1*W,4 A c1(L2) (and the analogous relation for Cfa)),

and upon taking the Poincaré dual

[CE ] = noa[Shie] - (C.20)
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