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Abstract

We develop and study the high-density limit of various new models in mathematical pop-
ulation genetics. These models extend the A-Fleming—Viot process when there are two
genetic types at the locus of study. Given a finite sample from a population undergoing
these dynamics, a key tool for understanding the corresponding genealogy is the method of

duality.

We introduce the reproduction-linked mutation mechanism and consider how this affects

the process of relative allelic frequencies and the genealogy.

The second generalization incorporates two forms of natural selection — differential

killing and differential birth. We contrast the structure of their genealogies.

Several properties of the block size spectra of the Kingman and Beta coalescents are also

investigated, including their behaviour as they come down from infinity.
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CHAPTER

Introduction

The study of mathematical population genetics focuses on understanding the major evolutionary forces
that drive patterns of genetic variation in a set of organisms. It is a challenging subject for two reasons.
Firstly, there is a vast number of variables which one could conceivably think of that might affect the
mating behaviour of the organism(s) being studied. For example, disease is certainly something which
affects the fitness of the carrier — perhaps through inability, the individual cannot reproduce as effec-
tively as if it were not blighted. One need look no further than the catalogue of illnesses which affect
humans, each to a varying degree of prevalence and severity, to see that modelling even this aspect is a
formidable test. Then there are, of course, many other significant factors, such as climate, other organ-

isms (predators, for example), and even evolution itself, which could influence the overall success of the
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population of interest.

In order to have a hope of finding a meaningful model, one must be willing to take on some simpli-
fying assumptions, and concentrate on the most significant features. To that end, the inclusion of some
sort of randomness is a method which is very often employed to deal with the fine details of the model.
Much of the early modelling effort, pioneered by John Haldane, Sewall Wright and Ronald Fisher in the
first half of the twentieth century, assumed that the population is in a state of panmixia — also known as
random mating — whereby each individual is able to mate with any other. This asserts that geographical
structure is non-existent or not important which, whilst an oversimplification in many situations, has
been validated in many others. The point is that much of the unimportant demography is hidden away
inside the randomness. There have, of course, been a number of studies exploring the mathematics of
populations living with geographical structure, such as Wright [1943], Kimura [1953] and Barton et al.
[2010]. For the majority of this thesis, we shall consider models that do not have a spatial component,

though we do briefly explore the works of the latter authors in Chapter 3.

Perhaps the simplest and most familiar model in population genetics that assumes panmixia, named
after two of the aforementioned pioneers of the subject, is that of the Wright—Fisher model. Roughly
speaking, it assumes that the population is of constant size, evolves randomly in discrete generations,
and the gene of an individual in one generation is ‘chosen’ from the entire pool of genes of the parents
in the previous generation. This random process is Markovian, and will be defined more carefully in
Chapter 2. In its most basic form, this model has further simplifying assumptions: firstly, each individual
inherits exactly one gene because the population is haploid — that is, they possess exactly one copy of
each chromosome; secondly, the process is defined only for a single locus, which is a short region of
the genome encoding some sequence of base pairs or a particular gene. Furthermore, it is assumed that
there exist exactly two alleles which can reside at the locus in question — this has the benefit of making

the associated mathematics much simpler, as the resultant processes are one-dimensional.

The outlined assumptions, whilst unrealistic in many cases, will be used in each of the models that we
study in this exposition. We do this in the knowledge that some of them can be easily be adapted to more

general situations, and in the hope that we can study new phenomena without unnecessary complications.



The human population, in which each individual possesses two copies of each chromosome, is diploid,
not haploid. In the Wright-Fisher setting, this can be corrected by simply doubling the population size
in the haploid model, for a hermaphroditic population at least (the effects of gender subdivision are also

rectifiable — see Wakeley [2009], Section 6.1).

Often there exist many alleles that befit the locus of interest. After many decades of research, the
scientific field can now deal with an arbitrary number of allelic types, even infinitely many. This is to
accommodate the fact that a locus may correspond to a region of the genome which is thousands of base
pairs long, and could reasonably receive a large number of mutations, thereby creating a complicated
set of alleles. In fact, the ‘infinitely many alleles assumption’ states that, whenever a mutation occurs, it
creates an allele never before seen in the population. Tracking such a large number of potential genetic
types requires the machinery of measure-valued processes as demonstrated, for example, by Donnelly
and Kurtz [1999]. The idea of using a small number of allelic types emerged before the advent of large-
scale genetic sequencing, at a time when only phenotypical traits were observable. Retrospectively, it
is the case that many of the mutations that do arise yield very few functional differences, thus many
of these synonymous mutations map into the same phenotypical classes. It is with this in mind that
we restrict our attention to biallelic populations for the remainder of this thesis, though it should be a
somewhat straightforward matter to generalize our models to allow for an arbitrary but finite number of
alleles (except, perhaps, for models with selection, the subject of Chapter 5). One further scenario for
which a two-type regime is appropriate is when there is one genetic type that carries an advantage over
all the remaining types; in this case, the beneficial allele can be placed into one class, and the rest can

be amalgamated into the other.

The Wright-Fisher model, with all the simplifying assumptions previously discussed, does highlight
the role of genetic drift, which is the randomness due to reproduction in a finite population. Much
of the demographic, social and geographical structure is captured by this one important and easy-to-
model phenomenon. Just how important it is has been the subject of a long-standing debate between
two schools of thought. The neutral theory, proposed by Kimura [1985], states that, with the help of

mutations, genetic drift is the main driver of observable genetic variation. This theory opposed the much
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earlier ideas of Darwin [1859], who suggested that certain genes provided the carrier with a fitness,
which made it more likely to reproduce than those with lower fitness. This is the famous theory of
natural selection. There has been much opposition to the neutral theory, with perhaps the most famous

retort coming from Gillespie [1984].

The early version of the Wright-Fisher model has since been modified to include other important
evolutionary forces. Of these, perhaps mutation is the most fundamental, as without it, there could be
no adaptation. Genome duplication is not a perfect process and hence, every so often, an offspring will
receive a different copy of an allele to that of its parent(s). This mutation event, which is random in
nature, can be seen as an exploration of the space of possible genomes, an opportunity to improve the
probability of survival of the carrier and its descendants. Of course, there remains the fact that if you
make a random change to a machine, you are very unlikely to improve it. For this reason, the effect of
most mutations may be unnoticeable or worse, disabling. In the latter case, such a mutation is unlikely
to be passed on to subsequent generations. For modelling purposes in a biallelic context, mutation is
incorporated by assuming that an offspring may mutate to the genetic type not of the parent with a very

small probability. That is, mutation is a very slow process. We shall study it further in Chapters 2 and 4.

Selection, the notion that one allele may be more likely to succeed than the other, can also be
incorporated quite easily into models such as that of Wright and Fisher. We shall study the effects of

selection further in Chapter 5, but in the context of a more complicated population process.

The assumption that our genetic locus of study evolves independently of others in the genome is
quite a heavy one, one that cannot be overcome so easily. Whole copies of chromosomes are passed
from one generation to the next, except for the effect of recombination, which jumbles up the genetic
material of the parent(s). Generally speaking, however, there is a positive probability that two adjacent
loci on the genome may continue to be neighbours even after recombination takes place. For this reason,
the independence of our locus to all others in the genome may be questionable. For example, suppose
that there is a mutation which arises in the neighbourhood of our locus which boosts the fitness of the
carrier. It follows that the carrier is more likely to reproduce, and therefore more likely to pass on both

the advantageous gene and its neighbours, one of which we are interested in. Just how likely our gene is



to benefit depends on how tightly linked it is to the advantageous allele, or the strength of recombination
between the two genes. This effect is known as genetic hitchhiking, and is addressed by Gillespie [2000]
and in the ‘hitchhiker’s guide to the genealogy’ of Berestycki [2009]. The effects of recombination

provide a very interesting avenue of research, but this is not the focus of this thesis.

The second reason that mathematical population genetics is a difficult topic is that most of the data is
missing. That is, we only have access to genomic data at the present time. The fact of the matter is that
evolution occurs on such a slow time scale that recent advances in sequencing technology essentially
only capture a snapshot of the evolutionary process as a whole. For example, the generation time of
humans is approximately thirty years, and since whole-genome sequencing has only been around for
fifteen years, we can have access to at most three or four generations. This is a mere drop in the ocean
compared to the number of generations that have elapsed since the speciation of humans, some 200,000
years ago. However, the generation time strongly depends on the organism, and for some species of

bacteria and virus, time effectively runs much faster.

For the analysis of populations of a fixed size, denote the number of individuals by N € N. One
common approach employed by population geneticists is that of approximation by (effective) population
size. The idea is to find some model which approximates the discrete version. Obtaining the limit often
requires a rescaling, but since the population size is typically large, the hope is that the discrepancy
between the two versions is small. By looking at, say, the relative frequencies — relative to N — of a
certain allele in the population, rather than the absolute frequencies, there is a hope that the process will
converge as IV tends to infinity. (We will often use ‘proportion’ as a synonym for ‘relative frequency’.)
To achieve a non-trivial limit, one also has to speed up time by a factor of IV, but this makes intuitive
sense as evolution runs on a slow time scale. We will discuss this rescaling paradigm for the Wright—
Fisher model in more detail in Chapter 2, and state that the limit is given by a continuous diffusion (the
aptly-named Wright—Fisher diffusion). The limit of the individual-based models need not always be
continuous, however, as is the case for the class of A-Fleming—Viot models that we introduce in Chapter

3. The use of the infinite population models will play a central role in this thesis.

For a long time, much of the attention of the field was focused on forward-in-time properties of the
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population models. Despite the early work of Wright [1943] and Malécot [1948] on the probability of
identity by descent, it was not until the seminal paper of Kingman [1982] that coalescent theory really
got going. Suppose that we select £ € N individuals uniformly without replacement from the current
generation of a population of size /N undergoing the dynamics of the Wright-Fisher model. This is a
sample of size k. If we think of the time at which this sample was taken as the present, then we must look
backwards in time to discern if there are any ancestral relationships between the members of the sample.
(The actual process of looking into the past is, for the most part, not possible — it is just a mathematical
abstraction. That the coalescent is random represents the fact that it cannot be known exactly.) It is
certainly true that each sampled individual at the present time has exactly one parent in the preceding
generation, which is in turn true for each of their parents, and so on. This introduces the abstract notion of
a lineage: a path tracing the genetic material of a sampled individual into the past via its ancestors. What
is of interest to population geneticists is how these lineages interact with one another. Each sampled
individual (or ancestor) in a given generation has one parent, and very often, but not always, it will
have siblings living alongside it, parented by the same individual in the previous generation. When that
sibling (or perhaps siblings) is also in the sample, a coalescence of the corresponding lineages occurs
because the genes carried by those individuals were necessarily transmitted by the same parent. One can

envisage this process as a tree of branches, where the branches merge at coalescence events.

Kingman’s k-coalescent serves as very good approximation to the behaviour of the gene genealogy
of this k-sample, provided k is far smaller than [V (otherwise we shall observe the distortion that Bhaskar
et al. [2014] warn of). In fact, as N — oo, the approximation becomes exact. Omitting some details,
the k-coalescent can be stated quite simply in words: it is a continuous-time Markov process on the
partitions of [k], in which two sets in the current partition may merge together at rate 1. If we initiate the
process from the partition of singletons, then each set (or block) represents a lineage in the genealogy,
and its elements represent descendant lineages. The merging of two blocks is a coalescence. Notice that
only pairwise mergers are allowed despite the fact that, for finite /V, three or more sampled individuals
have the same parent with positive probability. However, the consequence of the rescaling is such that

the probabilities of coalescences of this kind are vanishingly small, and pairwise mergers dominate in the



limit. (The exact mathematical details of this phenomenon, and further properties of the k-coalescent, are
explained more carefully by Wakeley [2009].) This happens provided that the variance of the number
of offspring that a parent can produce in the Wright-Fisher model is not too large. Weakening this
assumption leads to coalescent processes in which mergers of size three and higher are possible — the

so-called A-coalescents, and variants thereof, will feature strongly throughout Chapters 3-5.

One important observation is that, provided that time extends far enough back into the past, all
the individuals in any sample will have originated from just one ancestor, the most recent common
ancestor (MRCA). Exactly who this individual was and when they lived will depend both on the size
and composition of the sample, and the realization of the gene genealogy. To emphasize this point,
we shall briefly outline an example. Suppose that you have a sibling, and we concentrate on a specific
region of mitochondrial deoxyribonucleic acid (DNA). The MRCA of a sample consisting of you and
your sibling is your mother. The MRCA of you and your cousin, should you have one, would be your
mother’s mother (as mitochondrial DNA is transmitted by the maternal parent). However, the chance of
taking a random sample of size two from the human population and obtaining two close relatives is very
small. What is much more likely is that you get picked alongside a citizen of China, and in this scenario
you would have to trace the lineages a very long way back, tens of thousands of years, before they are
likely to coalesce. Whether this coalescent is an appropriate model for the entire human population is
another question entirely. Properties of the Kingman coalescent are well-studied, and hence much is

known about its MRCA - see Etheridge [2011], Section 2.6, for a brief survey.

Closely linked to the genealogy is the concept of duality. This notion is a rather general one which
connects two Markov processes together through a set of duality functions. It is quite commonly applied
to problems in population genetics in the hope that properties of complicated forward-in-time processes
can be expressed more simply by its relation to the dual process, if one exists. It is in fact the case that
the Wright—Fisher diffusion is dual to the Kingman coalescent, as we shall demonstrate in Section 2.3.
This is just one example in which the genealogy can be thought of as a dual process. This particular
duality relationship has been exploited by Ethier and Griffiths [1993] where they show that the transition

distribution of the Wright—Fisher diffusion can be expressed as a mixture distribution, where the mixing
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weights are the transition rates of the Kingman coalescent. The context of that paper is much more
general; the statement follows as a corollary. (Results about the transition distribution were known
much earlier, even as early as Malécot [1948], but only in the 1993 paper was the connection to duality
made explicit).

One of the aims of this thesis is to explore the link between duality and the genealogy, which we
address in Chapters 2, 4 and 5. A detailed and technical account of duality can be found in Ethier and
Kurtz [1986].

We would like to understand the behaviour of the genealogy of a typed sample, that is when each of
the allelic types of the sampled individuals is known. The importance of this problem is justified by the
fact that genomic data is naturally presented in this form. Specifying the composition of the sample gives
some information about the how the population must have unfolded forwards in time — for example, if
your sample consists entirely of one type, then you know that this type must have high frequency in the
current population, and in previous generations, to some extent. Therefore, any method that you use
to study the genealogy of a typed sample is going to have some dependence on the forwards-in-time
process.

In order to make sense of this conditioning, it is very commonly assumed that there is a mutation
process operating in the population, which induces a stationary distribution on the frequencies of types.
For the two-type regime of interest to us, it is enough to assume that each individual has a positive prob-
ability to mutate to the type which its parent does not have (which we often refer to as ‘the other type’).
A second simplifying assumption is that the MRCA was alive when the population had reached this
stationarity, and so its type is a random draw from the stationary distribution. If there were no mutation
process then, by the second assumption, there would be no genetic variation during the generation of the
MRCA, and certainly no further mutations could occur between then and the present day. Hence, the
only samples compatible with this model would be those consisting of entirely one type.

We shall now describe in broad terms three simulation paradigms under which one can study the

typed genealogy.



(1) Rejection sampling. Generate a realization of the coalescent process up to the MRCA without

2

3)

knowledge of the types: this step is often quite simple. The mutation process is usually superim-
posed afterwards by running a Poisson point process along each of the lineages in the generated
tree (though this does depend on the model) — see Chapter 2 for details. Choose the allelic type
of the MRCA by drawing once from the stationary distribution of types. Once this is decided,
traverse back down the tree from the root to the leaves, marking the type of each lineage, which
only changes through a mutation event. This procedure will provide a sample configuration which
may or, more often than not, may not match the data. We reject the realization of the genealogy if
there is not a match, but otherwise accept it. This method is deeply inefficient since, if the size of
the sample is quite large, the rejection rate will be very high. In addition, it requires being able to

sample from the stationary distribution, which might not always be known.

Coalescent in a random background. The method of Barton et al. [2004] outlines a coalescent
process which is conditioned on knowing the types in the sample — that is, it is possible to specify
the numbers of both alleles in the sample before running the process, which effectively solves the
rejection problem of (1). The rates of transitions in this coalescent are conditional on a (time-
reversed) path of the forwards-in-time process of allele frequencies. Their result shows that (a)
only lineages of the same type can coalesce together pairwise, (b) such a coalescence will happen
faster when there are fewer individuals of that type in the population and (c) lineages may switch
between backgrounds through mutation events. Unfortunately, obtaining a time-reversed path
may not be that simple in a more general setting, and so it is not desirable to have such a strong
dependence on the allele frequencies. Note, however, that there is no explicit dependence on any

detail of the stationary distribution.

Conditioned genealogy. Stephens and Donnelly [2003] outline an algorithm for simulating the
conditioned genealogy (in which the types in the sample are known) without knowledge of the
forward-in-time allele frequency process. The rates of the transitions in their process only depend

on the moments of the stationary distribution. The order of the moment will depend on the state
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of the coalescent at that time. In fact, since these moments only ever appear as ratios (Bayes
factors), one need only know them up to a constant, provided that constant is independent of the
numbers of lineages. Conditional on having these moments available, this method of simulating
the genealogy is very efficient indeed. We shall use this paradigm (but often in the context of
duality — see Barbour et al. [2000] or Chapter 2) frequently throughout this thesis, for a variety of

models.

Like the Wright—Fisher diffusion, the class of population models known as the A-Fleming—Viot pro-
cesses, introduced by Bertoin and Le Gall [2003], provides high-population limits of the allele frequen-
cies of certain individual-based models. They are, however, discontinuous in nature, being pure-jump
Markov processes. We shall not discuss the details of the model until Chapter 3, but we shall say a little
about their motivation. The random discontinuities in the process represent very large changes in the
population, large enough to affect a significant fraction of the individuals. This could be interpreted in
several ways. For example, it has been observed that some marine species, such as Pacific oysters, ex-
hibit a reproductive behaviour that Hedgecock [1994] refers to as ‘reproduction sweepstakes’, in which
parents either give birth to one individual, or a brood which is on the order of the population size (this
typically happens with low probability). The reproductive patterns of this highly fecund organism could
reasonably be modelled by a particular A-Fleming—Viot process, and this is the subject of Eldon and
Wakeley [2006]. The authors also discuss details of the convergence of an individual-based model to the
limiting process (in a special case).

An alternative scenario is to posit that, every so often, the population experiences natural disasters,
such as disease or drought, which affects a significant portion of the population. Shortly after the dis-
aster, the genetic landscape would change dramatically from its previous state as the population regains
normality. The size of the discontinuity between the allele frequencies before and after the event would
somehow represent its severity or magnitude. Assuming that the frequency of such events is very low,
we can model the extinction and subsequent recolonization as instantaneous.

The Fleming—Viot process, which we shall not discuss here, is a generalization of the Wright—Fisher

diffusion to the space of measures on an arbitrary type space. The infinitely many alleles assumption

10



that we spoke of earlier could be handled in this setting. The A-Fleming—Viot process, or generalized
Fleming—Viot process as it is sometimes known, is a further extension to include discontinuities. The
appendage of A comes as a result of its association to the A-coalescent, which we shall discuss shortly.
Despite the fact that there exists machinery to deal with an arbitrary number of types, we shall again

focus our attention to the more simplistic two-type case.

The A-Fleming—Viot process (Chapter 3), and extensions thereof (Chapters 4 and 5), that we con-
sider in this thesis will all assume panmixia — the lack of significant geographical structure. We shall
note briefly, however, that there is a significant body of work devoted to studying populations which
undergo these dynamics whilst residing on spatial continua. Such models are naturally called spatial

A-Fleming—Viot processes, and are reviewed by Barton et al. [2013].

In contrast to the Kingman coalescent, the A-coalescent was studied before the corresponding forwards-
in-time population model was defined. This general class of coalescent processes was discovered inde-
pendently by Pitman [1999], Sagitov [1999] and Donnelly and Kurtz [1999], and its duality with the
A-Fleming—Viot process was proved by Bertoin and Le Gall [2003]. The prominent feature is that,
whilst pairwise mergers are still possible, now a coalescence of more than two lineages is permissible.
The measure A, as well as being responsible for the name of this process, also dictates the rates of the
multiple merger events. There is a constraint on A that prevents certain pathologies such as simultaneous
multiple mergers (dealt with by the Z-coalescent of Schweinsberg [2000]), namely that it must be a finite
measure; we will discuss this condition further in Chapter 3. The class of A-coalescents is broad and
flexible enough to include other important processes, such as the Kingman coalescent and the family of

Beta coalescents.

From our intuitive explanation of the A-Fleming—Viot process, a coalescent process with multiple
mergers should be a biologically-reasonable candidate for the genealogy: in the extinction-recolonization
scenario, we might expect that a large number of offspring might be parented by a single individual as
strong newborns take advantage of the void left by the disaster. This might apply particularly well to
certain species of tree, for example. Ordinarily, the trees in question would be in fierce competition for

resources — space, light, nutrients — but after a severe storm or forest fire, the damage may significantly
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Chapter 1: Introduction

reduce the struggle, and many seeds from a single parent could conceivably root in the empty patch and

survive.

We should point out that it is possible to superimpose an ordinary reproduction mechanism onto the
rare sequence of extreme events. In the literature, this has come to be known as a ‘Kingman component’
of a population process. Forwards in time, it would add a diffusive component corresponding to genetic
drift; backwards in time, there would be an extra Poisson point process of pairwise mergers, making

them more common than they would otherwise be.

Mutations drive genetic diversity and are necessary for evolution to occur. However, they cannot
appear too fast, otherwise DNA replication would be too unstable. That is why mutation rates are very
small in nature — on the order of 1079 per base pair per replication in humans and other eukaryotic
species. Accordingly, it is modelled as a very weak force: in the Wright-Fisher model, it must be on
the order of N !, proportional to the inverse of the population size, in order to yield a sensible limit
as N — oo. Upon doing so, one can incorporate mutation into the limiting genealogy (the Kingman
coalescent) by superimposing independent Poisson point processes along the lineages, the points of
which correspond to mutation events. Whenever mutation appears in this form, we shall refer to it as

weak mutation. These issues are discussed further in Chapter 2.

In Chapter 4, we shall study a different infinite population model in which mutation occurs during
the large-scale events that lead to the discontinuities in the A-Fleming—Viot process, i.e. mutation is
linked to reproduction. We shall refer to this mechanism as strong mutation. Very roughly speaking,
the class of A-coalescents can be split into two parts — those for which A(du)/u is a finite measure, and
those for which it is not. In the former case, very large mergers are commonplace. We shall show that,
in order for this model to be well-defined, we must restrict the class of A to those for which very large
mergers occur in the A-coalescent. We shall not focus on the details of the individual-based model that
would lead to the limit that we study (except for a brief discussion), but it would be an interesting open
problem to understand these details, to see if a stronger mutation rate is required to obtain such a limit,

and to evaluate the biological implications that follow.

Natural selection has, for a long time, been established as the evolutionary force that drives pop-
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ulations toward their optimal existence given the environment in which they reside. The idea is quite
simple: whilst most mutations will be non-beneficial or even deleterious, every so often there will be
one that arises that provides the carrier with a higher probability of surviving or reproducing. If this
mutation enjoys some early success, then it will quickly spread through the population until most, if not
all, individuals possess the allele. (Quickly, in this context, refers to hundreds of generations.)

From a mathematical standpoint, selection introduces many complications that do not exist in the
neutral theory. For example, genic selection is perhaps the most simple formulation of this concept,
which incorporates selection by superimposing an extra Poisson point process of events onto, say, the
Moran [1958] model, whose points provide events in which individuals with the favoured allele outcom-
pete those without it. Krone and Neuhauser [1997] studied the genealogy of the diffusive limit of the
Moran model with genic selection and called it the ancestral selection graph (ASG). This object, again
a dual process, essentially generalizes the Kingman coalescent, but the presence of selection makes it
somewhat more complicated. For example, not only does coalescence occur, but also branching, at the
behest of the reversed point process of selective events. The ancestry of a k-sample is no longer repre-
sented by the entire ASG, but rather by a tree that is contained within it. The lineages can be classed as
either real or virtual, where those of the former type really do represent the true genealogy, and those
of the latter constitute a mechanism to keep track of unresolved selective events. As a consequence,
the first time that the ASG contains exactly one lineage is not necessarily the MRCA; instead it is the
so-called ultimate ancestor.

Viability and fecundity selection are yet more complicated forms of natural selection. They can be
incorporated quite naturally into the framework of the A-Fleming—Viot process. The former represents
a difference in the probability that individuals would be killed during a natural disaster or the extinction
phase, caused by resistance to a certain disease or plague, for example. The latter represents a difference
in the probability of reproducing during the recolonization phase — for example, some pyrophilic species
of plant would fare better after a forest fire. These selective mechanisms turn out to be closely linked,

and we shall explore this further in Chapter 5.
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Chapter 1: Introduction

The outline of this thesis is as follows. In Chapter 2, we define duality, the machinery that will
help us to study genealogical processes in a variety of situations. Section 2.1 will host these definitions
along with a discussion of how the duality between two processes may be inferred by establishing a
relationship between their infinitesimal generators. Section 2.2 will focus on some important special
cases under assumption (2.11, p.24), a condition on the generators which is often satisfied. Of particular
interest is the normalized duality derived by Barbour et al. [2000], which is the duality argument related
to paradigm (3) above that will be used frequently in the subsequent chapters. We shall take an in-depth
look at how duality can be applied to population genetics in Section 2.3, through the Wright—Fisher
model (with and without weak mutation), its limiting diffusion and genealogy (the Kingman coalescent).

This example will be discussed from both mathematical and biological standpoints.

In Chapter 3, we formally introduce the A-Fleming—Viot process, defining both the measure-valued
and two-type versions in Section 3.1. In order to facilitate the intuition behind the model, we describe
one possible pre-limiting version of this infinite population limit in Section 3.2. We scratch the surface
of a large body of work in Section 3.3 by briefly outlining the spatial A-Fleming—Viot process, and
examples thereof. Section 3.4 provides definitions, properties and examples relating to the aforemen-
tioned A-coalescent. In Section 3.5 we consider various problems associated to the block size spectrum,
which is vector-valued continuous-time process that tracks the number of blocks of any given size in
a A-coalescent. Such an object offers more-refined information than the block-counting process of a
coalescent, which tracks only the total number of blocks. We begin by deriving a formula for the falling
factorial moments of the n-coalescent’s block size spectrum in Section 3.5.1. This novel result is de-
scribed in Theorem 3.10 and Lemma 3.12. The Smoluchowski coagulation equations [Smoluchowski,
1916], with a constant kernel, can be seen as the limiting version of the rescaled block size spectrum of
Kingman’s coalescent at small times and will be discussed in Section 3.5.2. Whilst this deterministic
diffusion limit may be of little interest to population geneticists (it is rare and ill-advised to take a large,
let alone infinite, sample size), it may be of interest to mathematicians. We use this to motivate Section
3.5.3, an investigation into similar small-time behaviour of the (generalized) Beta coalescent. Equation

(3.39, p.74) is a generalization of the Smoluchowski differential equation for this particular multiple-
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merger coalescent; its solution is given by a complete Bell polynomial in Theorem 3.18. This result only
applies to those Beta coalescents which come down from infinity. This is joint research with Helmut

Pitters.

Chapter 4 investigates a new modification of the A-Fleming—Viot process to include a strong form
of mutation. This model, defined in Section 4.1, links the mutation and reproduction mechanisms to-
gether, in contrast to weak mutation models. We have to impose stronger conditions on A — namely that
A(du)/u be a finite measure — in order for the process to be well-defined. Though we shall focus more
on the properties of the infinite population limit, Section 4.2 outlines one potential individual-based
model which may serve as a pre-limit. In Section 4.3, and in particular Proposition 4.3, we show that,
through a certain transformation, the generator of the A-Fleming—Viot process with strong mutation can
be decomposed into two other linear operators, one of which is precisely the generator of the ordinary
A-Fleming—Viot process (the other is not a generator and deals with mutation). It turns out that this result
is key to understanding the stationary distribution of the process when specializing to the Beta coales-
cent. This case is dealt with explicitly in Section 4.4 by adapting the method of Handa [2014]: a linear
second order differential equation can be derived, and solved, for the generalized Stieltjes transform of
the density function of the stationary distribution. Whilst the author has made limited progress on the in-
version problem (Section 4.4.3), the density function in Stieltjes space does allow one to find an explicit
recursion for the moments of the stationary distribution — see Section 4.4.2. Section 4.5 investigates the
unconditioned (paradigm (1)) and conditioned (paradigm (3)) genealogy of the A-Fleming—Viot process
with strong mutation, focusing on the latter. This discussion takes on a probabilistic angle, with intuitive
explanations of the rates in the backwards-in-time jump process, before using the duality arguments of
Barbour ez al. [2000] to fully characterize the genealogy in Theorem 4.7. One interesting property of this
genealogy is that, due to the mutation mechanism, multiple lineages of different types can merge into
one. We remark that, since we have derived a recursion for the moments of the stationary distribution
of the Beta coalescent, this theorem could easily be applied to simulate realizations of the conditioned
genealogy. Some generalizations of the model are suggested in Section 4.6 — it may be possible to obtain

the full range of A-coalescents by allowing the mutation rates to be random rather than fixed.
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Chapter 5 discusses two further modifications of the A-Fleming—Viot process to include two forms
of reproduction-linked selection: the first is a viability selection which we refer to as ‘differential killing’
and define in Section 5.1; the second incorporates fecundity selection which we refer to as ‘differential
birth’ and define in Section 5.2. These models can be defined in some generality, but for most of the
chapter we shall focus on a specialized version of the processes. The first reason for doing so is that the
specialization has a rather intuitive interpretation in terms of a Poisson point process of events which
throws down ‘strong’ and ‘weak’ circles. It brings the model more into align with the ordinary A-
Fleming—Viot process and introduces one important parameter, r € (0, 1], which measures the selective
difference in these differential killing and birth models. As in Chapter 4, we have to restrict the class
of measures for which these models work. In order to study the genealogies under paradigm (3) above
using the methods of Chapter 2, we introduce an additional, independent weak mutation mechanism to
induce a stationary distribution (Section 5.4). In Section 5.3, we prove that the A-Fleming—Viot pro-
cesses with differential killing/birth and weak mutation have the very same process of allele frequencies
and therefore the same generator. We shall study the conditioned genealogies of these models, their
similarities and differences, in some detail in Section 5.5. We define the simple genealogy to be the
backwards-in-time process which describes the number of lineages of each type for a sample in which
the types are known. The simple genealogies of these two selective models (Section 5.5.2) are precisely
the same when they are coupled in the natural way. They are complex branching-coalescing systems
in which multiple mergers are permissible, and are characterized through Theorem 5.3, Proposition 5.5
and Lemma 5.6. In Section 5.5.3, we show that the real genealogies, those which keep track of both
the real and virtual lineages of each type, do in fact differ between the models due to the presence of
‘silent events’, which cannot be detected by the simple genealogy. This has the consequence that, in this
case, duality has failed to truly capture the genealogical process of the sample. (A similar observation
was noted by Taylor [2009], but for a modified Wright-Fisher diffusion model.) Theorems 5.10 and
5.11 provide characterizations of the real genealogies for the two processes. In principle, provided one
could derive the moments of the corresponding stationary distribution, these results would allow one

to simulate properties of the time to most recent common ancestor in the two models, and numerically
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check if they are equal in distribution. This is not possible using the simple genealogy alone. Section
5.6 suggests an alternative model which interpolates between the differential killing and birth models,
and is free of silent events. Finally, we remark that, as a corollary of everything in this chapter, results
concerning the neutral version, that is the A-Fleming—Viot process with weak mutation, are implicitly
available by removing selection (which amounts to setting » = 1).

Appendix A provides a summary of the notational conventions that are used throughout this thesis.
Appendix B gives a brief outline of some of the preliminary topics that will be referred to without proof.
Finally, Appendix C outlines the statements and proofs of the more technical lemmas required by the

arguments that follow, ordered by chapter number.

17



Chapter 1: Introduction

18



CHAPTER

Duality

Duality is a powerful concept which connects two Markov processes through a triple of functions. This
connection can be extremely useful for making statements about one process in terms of the other,
especially if one is easier to analyse, and we will often rely on it throughout this thesis. There are no
hard and fast rules for concocting duality functions. Some well-known examples do exist however, like
those of moment duality functions in population genetics — these will be discussed in Section 2.3.2.
The treatment of duality can be made very formal, and consequently very general. Ethier and Kurtz
[1986] define duality in the context of martingale problems, and this type of thinking allows the method
to be very useful there. In this exposition, we choose a different route: our goal is to be less general, but

recast duality in terms of the infinitesimal generators of the processes in question, via Proposition 2.6.
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The layout of this chapter is as follows. We begin with the definition of the infinitesimal generator
of a time-homogeneous Markov process, the notion(s) of duality, and the link between them in Section
2.1. Proposition 2.6 will be useful for identifying special cases of duality, such as those in Section 2.2.
In fact, the purpose of that section is to recognize how to form a duality should the generator of the
process of interest satisfy condition (2.11, p.24). The method of Section 2.2.1 is rather important in the
context of this thesis, as it will be employed several times. We will show that, for a given process, the
duality functions are not necessarily unique, although they will yield different dual processes. Finally,
in Section 2.3, we take an extensive look at the classical example of duality in population genetics, that
of the Wright—Fisher diffusion and the Kingman coalescent. We will extend it to include weak mutation
in Section 2.3.3, and see how this fits in to the framework of Section 2.2. We complete the chapter with

a biological discussion of these models, interpreting duality as a genealogical relationship.

2.1 Definitions

We begin this chapter with a few necessary definitions associated with Markov processes. Many of these
notions are standard — here we leave out many of the technical details which can be found, for example,

in Ethier and Kurtz [1986].

Definition 2.1 (Generator). Let (X;):>0 be a time-homogeneous Markov process on a state space S.

For a function f : S — R and initial value « € .S, we define the infinitesimal generator of X acting on

f tobe
- Ba[f(Xs) = f(2)]
R =1 d 2.1
f(z) = lim 5 ; 2.1
where E,[ - | = E[ - | X = z]. The domain of the generator, Z(.%), is the set of functions for which

this limit exists.

Such an object often characterizes the nature of a Markov process, and we now present some com-

mon examples which will feature in the sequel.
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Example 2.2 (Diffusion on an interval). Let I C R be an interval on the real line. Let f, : I — R be
continuous functions and o2 : I — R be a positive continuous function (though ¢ may vanish at the

boundaries of I). Then the differential operator

Zf(x) = px) f'(z) + 30%(2) f"(x) 2.2)

corresponds to the diffusion process X on the interval I given by the stochastic differential equation
(SDE)
dXt = ,u(Xt)dt + O’(Xt)th

where W is a one-dimensional Brownian motion. It is not difficult to extend this example to diffusions

on higher-dimensional spaces — see Ethier and Kurtz [1986], p.368, for example.

Example 2.3 (Jump process). Suppose that X is continuous-time Markov jump process on the countable

state space K with rate matrix @ = (¢(k, k’)) e k. Then, the generator for X is given by the operator

Lfk) = qlk, k) (f(K) = f(k)) . (2.3)

k'eK

So far, we have only discussed individual Markov processes; we will now explore a concept that links
two Markov processes together. The notion of duality can be extremely useful in making statements
about one process in terms of the other one. Before demonstrating this, we shall define it in the narrow

and broad senses below.

Definition 2.4. Let (X¢):>0, (Y2):>0 be two independent Markov processes with respect to the probabil-
ity measures PX and P on the state spaces S~ and S¥, respectively. Suppose that there is a measurable

function h(z, ) on the product space S* x S such that

E; [M(X1,y)] = EY [h(z, V7)) (2.4)

Vo e 8%, y e SY andt > 0. Then, X,Y are dual with respect to h.

We will refer to this as an ‘exact’ duality, or duality ‘in the narrow sense’. Whilst this definition is

satisfying and useful in many cases, there is in fact a broader definition that can be utilized.
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Definition 2.5 (Duality). Suppose that, in addition to X,Y and h of Definition 2.4, we have the
measurable functions o : SX¥ — Rand f : S¥ — R which satisfy fota(Xs)ds < o0 a.s. and

fg B(Ys)ds < 0o a.s. Vo € SX, y € S¥ and t > 0. If instead of condition (2.4), we have that

EX [h(Xt,y) exp </Ota(X5) ds)] =E) [h(a;,Yt)exp (/Otﬂ(ys) d5>] , (2.5)

then X, Y are dual with respect to the triple of functions (h, a, ).

It is clear that Definitions 2.4 and 2.5 are the same when @ = [ = 0, in which case we simply
replace the triple (h,0,0) by h. We note that it is important that the expectations in (2.5), and therefore

(2.4), must satisfy some boundedness conditions, namely

EX Hh(Xt,y) exp (/Ota(Xs) d5> H < 00, (2.6)

Ey [ h(z,Y;) exp < /0 t/a’(Ys) ds)

] < 00, 2.7)

We shall briefly recall Theorem 5.1 from Varadhan [2007] which reviews the Feynman—Kac formula
for Brownian motion, W;, with initial value W, = =z. Suppose that V (z) is a real-valued bounded

continuous function. Then,

t
u(t,z) =EY [h(Wt) exp (/ V(W) dsﬂ (2.8)
0
solves the partial differential equation
ou 10%u
= _-Z- 2.
o =30+ V@u(t.a) 29)

with initial condition u(x,0) = h(x). In fact, a more general result holds for diffusions: replace the
Brownian motion by the diffusion, and the Laplacian term in (2.9) by its corresponding generator given
by (2.2). So when either X; or Y; in Definition 2.5 is a diffusion, the left- or right-hand side of (2.5)
satisfies a Feynman—Kac formula. We will often be working with processes that are not diffusions, but
we shall refer to duality in the broader sense (as in Definition 2.5) as Feynman—Kac duality, because of

this close connection.
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Often it is easier to work with the infinitesimal generators of processes rather than conditional ex-
pectations. There is an important connection between generators and duality, which is given by the

following result.

Proposition 2.6 (Ethier and Kurtz [1986], Corollary 4.13). Suppose that for two time-homogeneous

Markov processes X,Y, we have the triple of bounded functions (h, «, 3) satisfying
L¥h(z,y) + a(2)h(z,y) = LV h(z,y) + By)h(z.y) (2.10)

for each z € SX,y € SY, where £ is the generator of X acting on the first coordinate, and £ is

the generator of Y acting on the second coordinate. Then X andY are dual with respect to (h, «, 3).

In summary, this proposition says that if we would like to check if two processes are dual with
respect to (h, «, 3), we need only inspect their generators. We will rely heavily on this result in the

remainder of this exposition.

2.2 Special Cases

There are some important cases of duality that will be useful in later chapters. The two subsets that
we explore here demonstrate methods of how to obtain duality from processes whose generators satisfy
condition (2.11) below. As shown throughout the sequel, this will work for a large class of processes.

We shall utilize the link between generators and duality given by Proposition 2.6.

2.2.1 Normalized Duality

The method that we discuss here was observed by Barbour et al. [2000], Section 2. Here, we shall restate
the procedure in detail, but with the use of slightly different notation (which is more akin to that used by

Etheridge and Griffiths [2009]).

Let S be some countable state space. Suppose that one can find a positive function f : SX x S —
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R such that f(-, k) € 2(£X) for each k € S and, when applied to the generator for X, satisfies
LYl k) = ek, K) [, K) — ek, k) f (2, k), (2.11)
K #k
for all z € SX and k € SX, where the collection {c(k, k') : k, k' € SK} is a set of non-negative
constants. The range of the sum is ¥’ € SX such that ¥’ # k. (We have purposefully replaced y by k
in the second coordinate to emphasize the discrete nature of the ‘Y process’.) Suppose further that X,

admits a stationary distribution, X, for which the generalized moments
my =B [f(X, k)], (2.12)

exist for each k € S%. We can now take the expectation of (2.11) under the stationary distribution to
obtain

EX [LXF(X, k)] = elk, K Ymy — e(k, k)my.
k' #k

It follows from Ethier and Kurtz [1986], Proposition 4.9.2, that, so long as f is in Z(.% X ) for each

k € SE, the left-hand side vanishes. Thus,

ek, k) = elk, k)X (2.13)

k' %k Mk
This equation is the key step which allows us to construct a valid rate matrix for a Markov jump process

using the constants ¢(-, -). For the off-diagonal terms, set

qlk, k) = c(hk’)ﬁ’:, K # k, (2.14)

which are all non-negative (recall that f is positive). For the diagonal terms, we invoke (2.13) to obtain

alk.k) = = 3 alk, ) = = 3 ek, k)=

k' #£k K £k

_ = —c(k, k). (2.15)

This confirms that @ = (q(k, k")) presx is indeed a valid rate matrix for some Markov jump pro-

cess since each row sums to zero, and all entries are non-negative except the diagonal ones, which are
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negative. Define the normalized duality function

flw k)

g(x, k) = o~

(2.16)

We have yet to show that g is indeed a duality function, but applying it to the generator of X, yields

LN g, k) = Wlbkzx Fa k) = nik S e, K) (2, K) — —c(h, k)£ (2, )

k'#k mp
- Z ! Q(k7k,>f($,k/)—|—q(k.’k.)f(x7k)
itk e
= > qlk, k) [g(x, k) — g(x, k)] .
K2k

In the first line we used assumption (2.11) and the fact that my, is a constant with respect to .’ X In the
second, we used the definition of the ¢’s in (2.14) and (2.15), and in the final line we used the zero-row-
sum property of ) and definition (2.16). We now recognize the right-hand side as the generator (in the
second coordinate) of a continuous-time pure-jump Markov process with rate matrix (), as in Example
2.3. We shall call this process K; and its generator 2%, As long as g is bounded on S* x S&, we can
apply Proposition 2.6 to deduce that X; and K; are dual with respect to the normalized duality function

g, since « and 3 are exactly zero. That is, since .~ g(x, k) = LK g(z, k),
EX[g(Xy, k)] = By [g9(z, Ky)], Vo eS¥ kesSK t>o0. (2.17)

This is a special case of (2.4), the definition of exact duality.

Despite the fact that K; must be a jump process, we have made no comment thus far about the
nature of X;. In fact, in Etheridge and Griffiths [2009] and the follow-up paper Etheridge et al. [2010],
the authors give examples where X is either a jump process on a countable or uncountable state space,
or a diffusion. We shall discuss an example of the latter in Section 2.3 through the Wright-Fisher
diffusion.

This method could quite easily have been called ‘duality with a stationary distribution’ as there is a
strong dependence on the existence of one. The form of duality in the next section, however, does not

have such a dependence.
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2.2.2 A Special Feynman-Kac Duality

The algebraic manipulation required to obtain this form of duality is conceptually much simpler than
that of normalized duality, but later in this section we shall demonstrate a link between these two forms.
For now, assume that once again we can find a function f(x, k) such that (2.11) is satisfied. By a simple

addition-subtraction trick,

LXf(w k) =Y ek, K [fla, k) = f@, k)] + | Y elk, &) —c(k, k) | f(z,k). (218

k£ k' #£k

With a view to making this conform to (2.10), let
Gk, k") = c(k, k), K #k (2.19)
be the off-diagonal terms of another rate matrix, Q. It follows that

Gk k) ==Y Gk, k) == ek, k), (2.20)

k' £k k' #k

by the zero-row-sum property of rate matrices. We can then rewrite (2.18) as
LY f(a,k) = L5 fw, ) = @k, k) + ek, k) f(, k), (2.21)

where K is another pure-jump Markov process on the same space S with rate matrix Q. We see that
this is indeed a special case of (2.10), and hence we conclude that X; and K; are dual with respect to
the unnormalized duality function f, along with the auxiliary functions a = 0 and (k) = —(g(k, k) +

c(k, k).

To arrive at (2.21), we made no assumption about the process X; having a stationary distribution,
unlike in the previous section. This method therefore works for a larger class of processes. However, for
those processes which do admit such a stationary measure, we can make a link between the normalized

and unnormalized dualities. In particular, (2.15) holds, transforming (2.21) into

LXf(a,k) = LK f (k) + qa(k) f (2, k), (2.22)
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where g4(k) = q(k,k) — G(k, k) and q(k, k) is the diagonal entry of the rate matrix () belonging to
the process K; from Section 2.2.1. We remark that, whilst (2.22) does depend on the existence of the
stationary distribution X, it does not depend in any way upon the generalized moments given by (2.12).

The interesting observation is that such processes admit two forms of dualities: X; is dual to K; in
the narrow sense with respect to the normalized duality function g, and to K; in the broad sense with
respect to the functions (f,0,¢gg). In fact, as we will show in Section 2.2.3, there is a rich class of
dualities for X;.

In the Section 2.3, we shall give an explicit example of what these dualities look like in relation to

the Wright—Fisher diffusion.

2.2.3 Many Dualities

As mentioned previously, if we can write .2 f(x, k) in the form of (2.11), then duality is not unique.
We will now show the connection between Sections 2.2.1 and 2.2.2, and in the process uncover a rich
class of dualities to the process X;. In addition, we shall demonstrate that the duality function of Section
2.2.1, g(x, k), is a canonical choice.

Once again, assume (2.11). Then, for each & € S, define the strictly positive function a(k) which

is constant in z, but evidently not in k. Using the fact that £ is a linear operator,

LXa(k)f(x, k) = a(k)L~ f(z, k)

a(k)e(k, K" f(x, k') — a(k)c(k, k) f(x, k)

k' #k

_ §<(:f)>c<k, K) [a(k)f (@, k)] = alk)e(k, k) f(z, k)
k' £k

=3 ) ) [k £, ) — alk) £, )]

- a(k) ’ ’
k' #k

_l’_

/
k' £k a(k )

= LR a(k) f(x, k) — (@(k, k) + clk, k))a(k) f(z, k),

(Z o) c(k, k') — c(k, k) | a(k) f(z, k)
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where .Z X is the generator of the jump process K, with state space SX and transition rates

q(k, &)

= D) koK), KAk and Gk k) = > ) ok, ).

a(k’) prn? a(k")

Hence, given any set of strictly positive constants {a(k) : k € S&}, we can construct a duality between
X; and K; in the broad sense (with respect to the functions (af,0,3) where B(k) := —(c(k, k) +
G(k, k))) using this method.

One question we might like to answer is how could we make ﬁ (k) = 0, and consequently find

a duality in the narrow sense? If X; admits a stationary distribution then (2.13) holds. Invoking this

assumption,
Bk = 3 ath k) —c(b. k) = 37 2B e 1) T T g k) = 3 ek, b (4B T
) ’ a(k/) ) mg ) y a(k/) p— A
k'#k k'#k k' +#k k'#k
Then it is clear that we can make this vanish by setting
1
a(k) = (2.23)
mg

for all £ € SX. This is precisely the choice we made in Section 2.2.1. In fact, that section is simply a
special case of this one, but it just happens to be the choice that yields duality in the narrow sense. In

Section 2.2.2, a(k) = 1.

2.3 Example: the Wright-Fisher Diffusion and Kingman Coalescent

This section aims to exemplify the notions of duality previously discussed, particularly those in Section
2.2. We shall discuss at length a canonical example from mathematical population genetics: the Wright—
Fisher diffusion, both with and without weak mutation. We first take a look at the mathematics in

Sections 2.3.1-2.3.3, before bringing it into a biological context in Section 2.3.4.
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2.3.1 Wright-Fisher Model

In this section, we shall define and discuss the classical Wright-Fisher model, along with its infinite
population limit in the absence of mutation. We shall make explicit the duality between the diffusion

limit and the Kingman coalescent.

Definition 2.7. Suppose that we have N € N haploid individuals in our population of interest, and
each of them may carry one of two allelic types, a; or ag, at the locus of study. The Wright—Fisher
model advances in discrete generations, which we index by ¢ € Ny. At generation ¢, define N} to be
the number of individuals carrying allele a1; similarly, define N2 to be those members carrying allele
as. The population size N does not depend on time, so N}! + N? = N, Vt € Ny. The population in
generation ¢ + 1 is constructed from the population at generation ¢ thus: each child ‘chooses’ its parent
independently wirth replacement from the individuals in generation ¢ with probability !/~ (uniformly at
random). Once all N children in generation ¢ 4+ 1 have made their random selections, all the individuals

from the previous generation die and the process begins anew.

The configuration of the population at some time ¢ 4 1 is created only through the state of the
population at the previous generation . As such, the Wright—Fisher model evolves as a Markov process,
and this property is also inherited by the summary processes N and N2. We are interested in the
rescaling that will yield a diffusion limit for the proportion of type-a; individuals as N — oco. Define
this proportion to be X; = ng € [0, 1] with initial condition Xy = x. Supposing that each generation
actually corresponds to a time-step of length -, the generator of the jump chain process converges to
the differential operator

2

1
= el -2) 7. (2.24)

Z,

WF

as N — oo. (The details of this calculation are reviewed by Etheridge [2011].) We can see that this is
in the form of (2.2) with ¢ = 0 and o(x) = /(1 — z), and is therefore the generator of a diffusion

satisfying the SDE
dX: = VX (1 = Xy) dWy, Xo =z, (2.25)

where W, is a standard Brownian motion.

29



Chapter 2: Duality

2.3.2 Moment Duality

The Wright—Fisher diffusion, characterized by (2.24), exhibits a moment duality relationship with a jump

process. This duality is realized through the moment duality function
h(z, k) = fp(z) == 2" (2.26)
in the narrow sense with o = 8 = 0. To see this, a simple calculation reveals that

Lo 1) = () (ha () = fulo)) = Z fulo), )

Vx € [0,1],k € N (with the convention that (;) = 0). The generator on the right-hand side, which
acts on the second coordinate (now expressed as a subscript), is that of a pure-death process starting
with k lineages, which decreases by one at rate (é) when there are [ lineages. In fact, it characterizes
the process that captures the total number of blocks in the k-coalescent (a restriction of the Kingman
coalescent). We shall refer to this as the block-counting process.

Because of this duality relationship, we may conclude, through Proposition 2.6, that
B [X{] = Ei ™), (2.28)

Vz € [0,1],k € N,¢t > 0, where X; is the Wright-Fisher diffusion as above, and K; is the block-
counting process of the k-coalescent. This enables us to make statements about one process from knowl-
edge of the other: the moments of X, are specified by the k-coalescent for various values of k (hence
the name moment duality); the probability generating function of K; is specified by the Wright—Fisher

diffusion with various initial conditions.

2.3.3 Adding Mutation

One feature of the Wright-Fisher diffusion in the absence of mutation is that it will hit one of the
absorbing boundaries in finite time a.s. [Feller, 1951]. The effect of including mutation between the two
types in the model changes this phenomenon radically: provided the mutation rates are strictly positive,

this modification will induce a stationary distribution such that the process will never be absorbed at the
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boundaries.

To incorporate this form of transverse mutation, we simply add another stage to the Wright—Fisher
model of Definition 2.7. Specifically, once the child has chosen its parent, which is of type a;, say, then
it may mutate to the other type with probability p; € (0,1).

In order to model weak mutation, one can let the mutation probabilities depend upon the population
size, N. Setting y; = 7, for some v; > 0, is the correct scaling of the mutation rates in order to
see a non-trivial mutation component in the diffusion limit. Details of this calculation can be found in
Feller [1951] or Karlin and Taylor [1981], Section 15.2.F. Having passed to the limit, the generator of

the Wright—Fisher diffusion with weak mutation is given by

d? d
+ (ro(1 —z) —1nz) e (2.29)

1
Lrm = 521 = :E)dx2

2

We shall also denote this process by X; throughout the chapter with the understanding that we recover
the ordinary Wright-Fisher diffusion upon setting vy = v = 0. In comparison with (2.24), the similarity
between this process and the ordinary Wright—Fisher diffusion is that of the noise term. What is different
is that a linear drift term has been introduced, which is the effect of the mutation. Note that the subscript
‘m’ will always refer to this type of mutation mechanism — in Chapter 4 we shall consider a different
mutation mechanism, for which reserve the capitalized ‘M’.

We now attempt to find a dual process for the Wright-Fisher diffusion with weak mutation. Using

the moment dual function (2.26), we find that

L) = () + 1) (ies(o) = ule) ~ B fulo) = 27 (o) — b fulo). 230

After a small amount of rearranging, we see that this equation is a special case of (2.11) (and also (2.10))
with
k k
clk,k—1) = 0 + kuo, c(k, k)= 5 + k(v1 + 1),
and therefore fits into the framework of Section 2.2. In this instance, whilst the Feynman—Kac duality

procedure of Section 2.2.2 is valid, it does not help us much as this example is rather simple — for a given

k, there is only one state that the dual process, M, can jump to: k£ — 1. In fact, we can see immediately
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from (2.30) that G(k, k) + c(k,k) = kv; = —3(k). (In more complicated situations, the method of
Section 2.2.1 will be far more useful.) The dual process is similar to Kingman’s coalescent, except that
there is an additional kv term in the rate of loss of a single lineage — compare (2.27) and (2.30). Using

Proposition 2.6, we may deduce the duality

- t
EX[X}) =EX |::13Mt exp (—1/1/ M, ds>} , (2.31)
0

Va € [0,1],k € N, ¢t > 0, where X; is the Wright-Fisher diffusion with weak mutation, and M, is the
modified Kingman’s coalescent with mutation. Comparing this expression to (2.28), we see that there is

an extra exponential term inside the expectation on the right-hand side.

That there exists a stationary distribution for X; was originally proved by Wright [1949], along with
the exact form of this distribution. Stated in the following lemma, we offer an alternative proof which

makes use of the method of duality.

Lemma 2.8. Let X; be the Wright—Fisher diffusion with weak mutation, with parameters vy,vo > 0.

Then, X admits a stationary distribution X < Beta (2uv2, 211).

Proof. Our starting point is the duality relationship that we developed in (2.31). We shall remove the
superscripts from the expectations in order to simplify the notation. We would like to take limits in ¢,
and prove that

001 . 1 1] = i )

At this point we make use of the duality relationship to show that

. t
lim Ex[Xf] = lim E; {xMt exp (—1/1/ M, ds>] .
t—o0 t—o0 0
Since = € [0,1], »; > 0, and M, is a.s. non-negative, the expression inside the expectation on the right-
hand side is dominated by the constant 1, so we may apply the Dominated Convergence Theorem with

dominating function g(-) = 1 to justify passing the limit inside the expectation. So long as the resulting

expectation is finite, we may do the same on the left-hand side too. This will follow in the calculation to
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come, and leads to

~ t ~ 0o
E[Xk] = ]Ek |:tli>m ,fL'Mt exp <—y1 / MS d5>:| = ]Ek‘ |:exp (—l/l/ Ms d5>:| .
00 0 0

It remains to show that the moments are finite and coincide with those of the Beta distribution. Define
the stopping times

:%gg{Mt:z}, ie{0,1,...,k}

which satisfy 0 = 75, < 7,1 < ... < 11 < Tp < o a.s. Recalling that Mt = 0Vt > 79, and that

ol [ )]

MtZifOTtE [Ti,Ti_l),iZ 1,...,k,

E[X*] = E}, [exp <—V1 (/OTOMS ds+/:M ds >>} Es

k

_ HE e~ |

=1

=E, Hexp —v1i(T—1 — Ti))

where the F; = 7,1 — 7; are independent Exp((;) + 2'1/2) random variables (this follows from the
Markov jump nature of My). Using simple integration,

(@ +im
(;) +i(v1 + 1/2)’

E [efllliEi] —

from which it follows that
i— 1)+, ’i—[l 2uo + B (2y2)E

k
le[l%zl )+ 11+ 1

1

7.0

21 + 29 4§ (2(1 + Vz))k

where 2F := 2(z + 1) - ...+ (2 + k — 1) is the kth rising factorial power of z. Using Lemma C.2.1, we
recognize these as the moments of the Beta(2v4, 211 ) distribution. That the moments uniquely determine

this distribution completes the proof. O
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Equation (2.30) can be generalized to the bivariate case, as demonstrated in the following. For this,
we need some more notation. Let k := (ky1,ks) € N2 and |k| := ky + ko. Then, as pointed out by

Etheridge and Griffiths [2009], though with slightly different notation,

Lyt (1= ) = <<l€21> t k1V2> R <(k;2> + k2V1> aF (1 — z)ke!
B ((@) + |kl (1 + ”2>> 2M (1 — )k (2.32)

Take ko = 0 and k; = k to see that this generalizes (2.30). One may observe that this is also a special
case of (2.11), and since the Wright-Fisher diffusion with weak mutation has a stationary distribution,
we can form a normalized duality using the methodology of Section 2.2.1. In contrast to the ordinary
Kingman coalescent, the dual is a death process on the space of non-negative two-dimensional vectors,
with fwo possible transitions. Defining v = (v, 2), the constants are given by

L

ok, k—ey) = <k21> + ke clk,k—es) = <’;2> +kovy  c(k, k) = ( ) > +|kl|v]. (2.33)

The unnormalized function is given by
f(z, k) = fr(z) == 2*1 (1 — x)*2 (2.34)

and, for the Beta (29, 211 ) distribution, the moments (2.12) are explicitly given by (Lemma C.2.1)

(202)" (201"

mi = EX [f(X)] = -
k [f(X)] )"

(2.35)

where z* is the rising factorial. It then follows from our general construction that the Wright-Fisher
diffusion with mutation is dual to the process M, in the narrow sense with respect to the normalized

duality function,

gr(@) = 222,
mp
That is,
EX [ge(Xe)] = E&' [9az, (2)], (2.36)

Vz € [0,1],k € N2,¢ > 0. The dual process is a two-dimensional pure-death process which, when in
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state k, has the following rates of transitions,

2v| + k| -1 2|+ k| -1
k. k— =— — ¢k, k— k. k— =— ¢k, k- .
q( ) el) 21/2 + kl _ 1 C( Y el) q( Y 82) 2V1 + k2 _ 1 C( Y 62)

Notice that My, when initialized from (k, 0) with k& € N, is essentially a one-dimensional death process,
M, say, as there is no way for the second coordinate to change. M is the ‘untilded’ counterpart to M;
of the special Feynman—Kac duality, and they are linked together in the same way as remarked upon at

the end of Section 2.2.2.

2.3.4 Biological Discussion

The aim of this chapter is to define the notion of duality and demonstrate its utility. Sections 2.1-2.2
introduced it as quite a general concept, which indeed it is. In this section, however, we have placed
duality in the context of population genetics without, so far at least, mentioning the motivation behind
these models. The purpose of this subsection is to discuss the bridge between the mathematics and the
biological interpretation.

In Definition 2.7, we defined the two-type Wright—Fisher model for a fixed parameter N which
represents the (finite) number of individuals in the population. When it was introduced, the model
supplanted many of its competitors which were deterministic in nature. On the one hand it included
some sophistication which made it more realistic, capturing the important effects of random mating;
on the other hand, such a model is necessarily more complex to analyse. Whilst some results may be
gleaned in the discrete case (such as the probability that the a;-individuals eventually fixate (i.e. N}
reaches IV for some generation ¢ and remains in that state thereafter) which is stated in Feller [1951]),
they are typically harder to derive than for the Wright—Fisher diffusion. Since populations are typically
rather large, one can approximate the discrete model by this diffusion by sending N — oo, provided
the rescaling is done in the right way. This rescaling roughly says that, if we consider the proportion of
one genetic type, it behaves as a continuous, diffusive variable provided we look over long enough time
scales. That is, the change from one generation to the next is relatively unimportant in the context of

evolutionary history.
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The Wright-Fisher diffusion has been identified as a universality class, being the infinite limit of
various individual-based models whose dynamics differ from that of the Wright—Fisher model. The
most notable of these was perhaps given by Moran [1958], who devised a continuous-time model with

overlapping generations.

In order to commence a discussion about the meaning of duality in the context of population genet-
ics, we must first define some terminology. Suppose that we have a finite collection of N individuals
undergoing some dynamics (in discrete or continuous time) in which each child has exactly one parent,
and the parent dies upon giving birth. There may be more than one parent giving birth at any given
time. A sample of size k < N at time ¢ is when one selects & individuals from the population at time ¢
independently without replacement. (One can think of taking a finite sample from an infinite number of
individuals in a similar way, except that there is always an infinite number left over after each choice.)

This will also be referred to as a k-sample.

Once one has a sample, one can ask: how are they related? We call this process the genealogical
relationship, or simply the genealogy. This process has its time indexed in the opposite direction to
that of the model defining the dynamics — we shall refer to this as backwards or genealogical time. It
may be that all the sampled individuals had the same parent, but it may also happen that none of them
have a parent in common, nor do any of their parents. By the time we reach two or more generations
in genealogical time, some or all of the sampled individuals will have died (depending on the model
dynamics), but their ancestry lives on through their parents and parents’ parents, and so on. We refer to
this ancestry (of a single individual) as a lineage or line of descent. We emphasize that a single lineage
is represented by several individuals throughout its history. For simplicity, we shall say that the line of

descent begins at the sampled individual itself.

The point of asking about the genealogy in the first place is that, unless the dynamics of the forwards-
in-time model is trivial, it will undergo its own set of non-trivial dynamics, backwards in time. The
genealogical process is driven by coalescence events which cause lineages to merge together. A coales-
cence happens when, at some point in the past, two or more of the individuals representing the sampled

lineages had the same parent. An interesting event in the genealogy of a sample is its most recent com-
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mon ancestor, which occurs when there is only one lineage remaining. The properties of this event
depend strongly on the dynamics of the process: for example, it may not even exist if your population
resides on two separate islands between which migration is impossible (but whether this makes a sensi-
ble population model is another question). Indeed, it may also not exist if the sample descended from

more than one individual in the initial population.

In Section 2.3.2 we showed that, through (2.27), there exists a moment duality between the Wright—
Fisher diffusion and the block-counting process of the Kingman coalescent (with a finite number of
lineages). We may use this to interpret the k-coalescent as the genealogical relationship between & in-
dividuals independently sampled from the infinite number of individuals undergoing the Wright—Fisher
diffusion dynamics. Actually, we have to be somewhat careful, since it is not exactly clear what is meant
by this. In fact, what we mean is that the k-coalescent serves as a good approximation to the geneal-
ogy of a k-sample from a population undergoing the N-Wright-Fisher model (provided we adhere to
the warning of Bhaskar ef al. [2014] by ensuring the sample size is small enough relative to N). The
approximation becomes exact as N — oo. At first sight, this may seem odd as the Kingman coalescent
admits only pairwise mergers, whereas in the Wright-Fisher model, it is possible that parents give birth
to more than two children. It turns out that mergers of three or more lineages are rare relative to the rate
of pairwise mergers, and hence will not happen with high probability. The details of this approximation

are reviewed on p.6 of Etheridge [2011].

The moment duality that we observe is an example where the temporal interpretation of duality is
very natural: the Wright-Fisher diffusion models the evolution of the population forwards in time, whilst
the Kingman coalescent describes the genealogical relationship of a sample of k individuals backwards
in time.

The left-hand side of the duality equation (2.28), EX [X}], has the following natural interpretation:
assuming that you take a k-sample at time ¢ in which you do not know the allelic types, it is the prob-
ability that all k lineages are of type a; at this time. This is because, given X;, the proportion of type
a1s in the population at time ¢, the probability of picking an individual of type a1, is simply X;. Since

the population is infinite, sampling extra individuals is just like making independent draws from the
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same distribution, and hence we multiply these probabilities together: for a k-sample it is X tk, given X;.
Finally, partition over the law of X} to obtain the desired quantity. Note that, when conditioning on K,
the number of lineages at genealogical time ¢, 2/¢ is the probability that each lineage is of type a; (since
t in genealogical time is the same as ¢ = 0 forwards in time, when Xy = x). Then, partitioning over the

law of K; gives the right-hand side of (2.28).

We could equally have asked what the probability of obtaining k type-as individuals at time ¢ is.
Indeed, the duality function fk (x) := (1 — x)* is also an exact duality function for the Wright—Fisher
diffusion in the narrow sense, and yields the very same dual process. However, f(z) = z¥1(1 —2)*2 is
not an exact dual function so long as both k; and k9 are positive (but can be regarded as a dual function

strictly in the broad sense, along with an auxiliary function).

Perhaps the most striking difference between the Wright-Fisher diffusion models with ((2.29)) and
without ((2.24)) weak mutation is the existence of a stationary distribution. We have already seen that,
for the ordinary Wright-Fisher diffusion, one of the types will die out a.s., whereas when we include
the two-way mutation mechanism of Section 2.3.3, long-term coexistence is guaranteed and distributed
according to a Beta law (Lemma 2.8). In light of DNA sequencing and the discovery of the abundance of
mutations in many organisms, one could question why we would even consider this model of mutation.
Whilst there are potentially millions of mutations at a single locus, many of them are synonymous
and will tend to map into a small number of phenotypical traits. We can consider these as the genetic
types. In particular, this model is appropriate if there are only two observable phenotypes at the locus of
interest. Alternatively, if we are really interested in the mutations at the base level, this model can track
exactly one mutation (a; say), whilst aggregating all the other possible mutations into the as category

(in which case we can think of as as ‘not ay’).

In the following we shall attempt to understand duality equation (2.31). We shall use arguments
similar to those used by Tavaré [1984], whose lucid explanation of one-way mutation models clarifies
many ideas. We should think of the dual process My, starting with k lineages, as a k-coalescent with
coalescences occurring at rate (g) except that, through mutation, each lineage is ‘cut off” from the rest

of the tree at an additional rate v». For this reason, we actually have a forest of trees. Overall, the rate
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Figure 2.1: An example of how to construct a Kingman forest with £ = 8 leaves. (a) Run an ordinary Kingman
coalescent until genealogical time ¢. (b) Run an independent Poisson point process along each branch with muta-
tion intensity vodt (mutations are marked by crosses). (c) Remove the (dashed) lines above the mutations closest
to the leaves until you reach a lineage that has not been lost through mutation, or time ¢

of loss of lineages through mutation when there are k lineages is kv, which highlights the Poissonian
nature of mutation. To emphasize this further, we could construct this forest in an alternative manner:
start by generating an ordinary k-coalescent run until time ¢; run an independent Poisson point process
of intensity v»dt along each branch; finally, for each mutation, remove the branch segment connecting it
to the root or next branch in the direction of the root. This is demonstrated pictorially in Figure 2.1. For
this reason, we could think of this as a ‘Kingman forest’ with rate .

Why is vy the important parameter in the dual process? In this situation we are concerned with
finding the probability that k lineages are each of type a; at the time of sampling (at time ¢ forwards in
time, or time 0 in genealogical time). Therefore, going forwards in time, we only care about mutations
which convert type-ag individuals into those of type a; (provided that that is the final mutation that
occurs to that individual and its offspring), so that we see the relevant type when we sample. This
happens at rate v,. Forwards in time, this final mutation will create a tree in our forest; backwards in
time, the opposite happens: this first mutation that strikes the lineage annihilates it. We will see shortly

that 1 also plays a role in the duality equation.
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On the right-hand side of (2.31), we once again have the term oM which, given M;, corresponds
to the probability that each of the lineages at genealogical time ¢ is of type a;. In addition, we require
that there are no mutations along Mt. Mutations of this type (a; — ag forwards in time) occur at rate
v1 independently for each lineage. Since the total length forest, given the full history (Mu)ogugt, is
simply fg M, du, this gives us the overall factor exp (—ul fg Mudu) as the probability of not seeing
any mutations on M, using the additive nature of Poisson processes. Mutations in the other direction
(a2 — ap forwards in time) along the forest are impossible since the individuals representing those
lineages are all of type a;. As usual, we need to partition over the law of (Mu)ogugt to complete the
argument.

When we consider the more general duality function fi(z) = 2 (1 — x)*2, we take a |k|-sample
and ask what is the probability that there are k; type-a; lineages and ko type-ao lineages? We shall
now apply the methods of Section 2.2.2 in this more general setting. Using the collection of constants
{c(k, k')} defined by (2.33), we can deduce that there is a dual process', M; = (M, (t), Ma(t)), to the

Wright—Fisher diffusion with weak mutation, X}, such that the following duality equation holds

EX [x}(1— Xt)k2:| _ Eﬂ/l [le(t)(l — )2 Jo My(u)du ,—va [ Mz (u)du ,— 3 Ml(u)Mz(u)du] ’

(2.37)
where M, is jump process that performs the transitions k — k — e; at rate (’“21) + k;vy;, where i :=
Tj—py + 2 1) is the complimentary element of i in the two-point set {1, 2}. This process behaves
exactly like M, except that we now have a pair of collections of fyped lineages. Type-ao lineages can
be lost through a mechanism similar to that which removes a1-lineages. Equation (2.37) has all the
factors of (2.31) (think of M; as M (t)), plus some others. The factor (1 — x)]%(t) is the probability
that, given M, the M, (t) lineages at genealogical time t are chosen to be of type as. The factor
exp (—1/2 fot Mg(u)du) is the probability that no unhelpful mutations appear on the entire forest for
type ag (that is, forwards in time, we do not observe any as — a; transitions after the final a; — as

transition for that tree). The final factor, exp (— fg M (u) M, (u)du) , regulates the correlation between

"We once again use the tilde convention to mean that the dual process forms a duality in the broad sense, and in particular
in the sense of Section 2.2.2
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the two forests, and is the probability that no two individuals of different types coalesce at any point in

the typed forest.

Notice that there are a number of differences between the Feynman—Kac duality and the normalized
duality given by (2.36). Firstly, by design, we have an exact duality in the latter but not in the former. In
general, from a practical standpoint, this exactness is quite useful because if you would like to estimate
the moments of the forward process via simulation, say, then you do not need to compute functionals
of the entire Kingman forest, as these moments depend only on M rather than (M, )o<.<;. However,
knowledge of the moments of the stationary distribution of the forwards-in-time process is then required,
which may be difficult to calculate. (For the example we describe here, this is not a problem as they are

given explicitly by (2.35).)

Another key difference is in the dual processes themselves: whilst M; and M, can jump to the same
set of states from k, they do so at different rates. In fact, as we have seen already, these rates are related:
to obtain the rates for M; from a given state k, take the corresponding rate for M, and multiply by
the ratio Tn—’:, where k' is the new state. This ratio, however, is in general a non-trivial function of k,
and therefore difficult to interpret. Stephens and Donnelly [2003] explain why Equation (2.36) must
correspond to conditioning on the types in the sample — that is, for a |k|-sample, the composition into k;
type-a; lineages is known. This is useful for most applications since we often know what the genotypes

of the sequenced individuals are.

Equation (2.36) can be written differently as

mar,
since my is a constant independent of X;. We can now once again observe the left-hand side as the
probability that our |k|-sample contains k; type-a; individuals. The probability of drawing a particular

sample k from the stationary distribution is represented by my,. So, given M, EX [fr(X;)] depends on

the ratio

P(draw the exact sample M, from the initial population (at ¢ = 0))

IP(draw the exact sample M from the stationary distribution X (at ¢ = 00))’
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and then this is multiplied further by P(draw the exact sample k from the stationary distribution X).

The method of renormalization by a stationary distribution may heuristically explain why one cannot
form an exact duality from the function fx(x) when both k; and k5 are positive, and the mutation rates
are zero. Whilst in the absence of mutation the Wright-Fisher diffusion does not have a stationary
distribution, it does have a stationary measure which we can think of as 7(dy) = (1 — x)do(dy) +
x01(dy). We can then integrate against this measure to find my = fol y*1 (1 — y)*27(dy), which is
a non-zero constant, independent of k, if either £y = 0 or k2 = 0, but vanishes if both are positive.
Of course, the probability of drawing at least one individual of each type from a population which has
fixated (or, said another way, has reached its stationary measure) is zero. For this reason, perhaps we
can interpret the familiar duality equation (2.28) as

-l
m(kvo) m(Ktvo)

since the normalizing constants simply cancel out. A similar argument could be made for the function
fom(@) =1~ ), but as soon as both k1, ko > 0, it no longer makes sense to divide by 1y, because
it equals zero.

To end the discussion, we shall observe one last way of forming a duality for X;. Let N; =
(N1(t), Na(t)) be a jump process with transitions k — k — e; at rate (’;‘) (coalescence) and k —
k — e; + ey; at rate k;v; (mutation). Then, X; and Nt are dual in the broad sense with respect to the

functions (fx, 0, (v2 — v1)(k1 — ka) — k1ko). That is to say

E:i( Xfl(l N Xt)k2:| _ Efj |:$N1(t)(1 N :L')NQ(t)e(VQ_Vl)fg N1(u)—N2(u)due— fg Ny (u)Na (u)du . (2.38)

This is somewhat difficult to interpret since (v2 — 1) (k1 — k2) is neither positive nor negative in general.

However, this problem disappears if we set the mutation parameters to be equal.
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The A-Fleming—Viot Process and Its Dual

Just before the turn of the twenty-first century, there was a rapid burst of papers generalizing the King-
man coalescent. Independently, and in the same year, Donnelly and Kurtz [1999], Pitman [1999] and
Sagitov [1999] published descriptions of the coalescent with multiple mergers (or the ‘A-coalescent’ as
it is now known — the naming convention due to Pitman’s notation). The main feature of this model is
that more than two lineages may coalesce together within a single event, unlike the Kingman coalescent

which admits pairwise mergers only.

There are situations in which a A-coalescent may be more suitable for modelling purposes. Firstly,

there is the important phenomenon of the selective sweep: when a beneficial allele arises in the pop-
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ulation it may, depending on the strength of the advantage, quickly! ‘sweep’ through to fixation (or
near-fixation) so that every (or nearly every) individual possesses that mutation. Thinking backwards-
in-time, and because the sweep was so fast (or instantaneous, in fact, in Gillespie’s hitchhiking model
(Gillespie [2000])), it may appear that the original recipient of the mutation mothered many children.
This phenomenon, it is argued, is well-modelled by a multiple merger.

Another scenario in which the A-coalescent might be a suitable model for the genealogy of a pop-
ulation is one which undergoes repeated extinction and subsequent recolonization events. Consider, for
example, a forest of trees which experiences frequent destructive fires. During the event many trees will
die out, and the individual which colonizes the area the quickest will have a large family. This exam-
ple, however, may be better-suited to a spatial extinction-recolonization model such as that described in

Section 3.3.

Finally, there have recently been a number of papers studying the genealogies of marine organisms,
such as Pacific oysters (Eldon and Wakeley [2006]) and Atlantic cod (Steinriicken ef al. [2013]), which
are believed to use a ‘sweepstake reproduction’ mechanism. This means that, from time to time, highly
fecund individuals give birth to large number of offspring, constituting a large fraction of the entire
population. More details can be found in Example 3.7.

Bertoin and Le Gall [2003] formally introduced the corresponding forwards in time process, the
A-Fleming—Viot process. They also proved that it is dual to the A-coalescent and that this is the correct
model for the genealogy of the population undergoing such dynamics forwards-in-time. In this section,
in a somewhat chronologically-flawed way, we shall define this process in Section 3.1, in general and
in the simplified two-type case, before discussing the duality in Section 3.4. Prior to that, we shall
consider a pre-limiting version of this model in Section 3.2, and briefly review the spatial A-Fleming—
Viot process in Section 3.3. We finish the chapter in Section 3.5 by studying the block size spectra of the
Kingman and Beta coalescents, and their scaling limits. There we derive an expression for the falling
factorial moments of the block size spectrum of the Kingman coalescent, and describe how its scaling

limit can be related to the solution of a certain Smoluchowski coagulation equation. In addition, we

IThe use of the word ‘quickly’ here is relative to evolutionary timescales.
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study the manner in which the block size spectrum of the Beta coalescent behaves as it comes down
from infinity. To this end, we derive a system of ordinary differential equations that the hydrodynamic
limit satisfies, generalizing the Smoluchowski coagulation equations in this direction. Our main result,
Theorem 3.18, states that the solution of this system can be written as a complete Bell polynomial. (For

a brief introduction to Bell polynomials, we refer the reader to Appendix B. )

3.1 Definition

The A-Fleming—Viot process is a general model capable of describing populations undergoing poten-
tially large restructuring events. It is most easily defined via a Poissonian construction (Bertoin and Le
Gall [2003]). This section is only intended to be a brief introduction; much more detail can be found in

the review by Berestycki [2009].

Definition 3.1 (A-Fleming—Viot process). Let p;(-) be a time-indexed family of measures on a compact
type space K. Let I be a Poisson point process on Ry x (0, 1] with intensity dt ® u~2A(du), where
A is a finite measure on (0, 1] satisfying A({0}) = 0. Suppose initially that the distribution of types is
given by the measure pg(-). For (¢,u) € IL, if p;_(-) represents the distribution of types at time ¢—, then

after the event we have

pi() = (L= u)pi—(-) + udy, G3.D

where k, a variate from the measure p;_ (), is the chosen parental type.

The measure A parametrizes the process, and is responsible, in part, for the name that p bears. We
shall sometimes refer to A as the driving measure. We can extend it further by allowing it to contain
a point mass at zero, i.e. A({0}) > 0. This would be referred to as the ‘Kingman component’ of the
driving measure, but would require broadening Definition 3.1 to something more subtle, and perhaps less
enlightening. In fact, the A-Fleming—Viot process is an extension of the classical Fleming—Viot process,
and corresponds exactly to the special case A(du) = do(du) where the driving measure is exclusively a

Kingman component. The Fleming—Viot process is studied at length in Etheridge [2000].
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Let the generator of p;(-) be denoted .Z, . Its domain Z(.Z, ) consists of the functions

G(p) = / gl mplar) o),

where n € Nand g : K™ — R is a bounded measurable function. It may be written

A(du)
5

(3.2)
U

2,G(p) = /m [ (G =)o+ i) — Go) pla)

This generator is akin to that of a jump process, though defined on the space of probability measures on

K. Ttis a special case of (3.1), p.376, in Ethier and Kurtz [1986].

The point about defining the process p on K is that it may cope with an arbitrary number of allelic
types, including infinitely many types. This may be an important approximation for DNA sequences,
where the type space is finite but very large. On the other hand, we can also specialize to the more
familiar two-type case — this was the setting for the Wright—Fisher model in Section 2.3. To do this,
simply let K to be the two-point set K = {1, 2}, and associate 1 with allele a; and 2 with as. Let X, be
the proportion of aj-alleles. (This convention will be used throughout the remainder of this thesis, which
focuses on the two-type A-Fleming—Viot process and extensions thereof.) In this case, the generator in

(3.2) has a much simpler form:

A(du)
2 9

1
2, f(z) = /O [2f((1 —w)z +u) + (1 —2)f(1 - uw)z) - f(2)] (3.3)

U

where f is a bounded, measurable function. This time, the process takes its values on the one-dimensional
space [0, 1], as it tracks the proportion of a;-alleles (although the notion of proportion is unclear without
an individual-based model — see Section 3.2). The generator in (3.3) has an intuitive explanation, which

we postpone until Section 3.2.

In the generator .%,, we integrate against the measure v(du) := u~2A(du), which may well be
infinite (which has the consequence that an uncountable number of events may fall on a compact time
interval). We must impose, however, in order for the process to be well-defined, that A be finite. To

begin to see why this is true, take a smooth function f and perform a Taylor expansion about z to obtain
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1 - 1
L f(x) = zx(1—2)f"(x / (du) + Zcz FOr2( / u'A(du). (3.4)
2 0
In particular, the zeroth and first derivatives of f cancel exactly, and consequently the terms correspond-
ing to ¢ = —1, —2 vanish. That fo (du) < oo is equivalent to v having a finite second moment ensures

that the generator remains bounded when acting on smooth functions in its domain.

3.2 Individual-Based Model

The pre-limiting model of the A-Fleming—Viot process described in this section will shed light on the
dynamics of the limiting model. We shall define the extinction-recolonization process for a biallelic
haploid population with allelic types a1 and as. Fixing A > 0, define X;" to be the proportion of a1-
alleles at time ¢ in a population of size N;. Suppose that initially the number of individuals in this

population, NS‘ 4 Po(), is taken to be a Poisson variate with mean A; set Xé\ = n e [NO] =

N* ’
{0,1,..., N§'}. Now, let IT be a Poisson point process on the space Ry x (0, 1] with intensity dt®v/(du),
where v is some measure on (0, 1]. The points (¢, u) € II parametrize the events of the process, which

occur instantaneously and consist of three stages:
(1) Select a parent uniformly at random from the N members of the population.
(2) Every member of the population dies independently probability u (extinction).

(3) A Po(Au) number of children with the same allelic type as the parent are born into the population

(recolonization).

In contrast to the Wright—Fisher model of Section 2.3.1, the population size may vary. In particular,
there is some positive probability that the process dies out. However, Berestycki et al. [2009] show that,
in a spatial context, there exists some g € (0, c0) such that, with probability one, for each A > X, the
population survives forever; for A € [0, \g) the population will eventually die out. Moreover, Etheridge
and Kurtz [2014], Section 4.1.2, prove that this individual-based model converges to the A-Fleming—

A
Viot process of Section 3.1 as A — oo. That is, (X})s>0 N (X¢)t>0 whilst NTt T las ) — o
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The results of that paper, however, are far more general than we have described here — for example,
convergence is shown for the more general type space, K, and when the population is distributed over a
geographical space (for a brief introduction to the spatial A-Fleming—Viot process, see Section 3.3).

In the limiting process, there is no concrete notion of what an individual really is, but it is helpful
to think back to the pre-limiting model to understand how individuals behave. Purely at an intuitive
level, it is also helpful to think of a collection of individuals as a mass: for example, the collection of
a1-individuals has mass x. Indeed, as A — oo, the population ‘size’ stabilizes to a constant, so that there
is no change in total population mass in the limiting model'.

The correspondence between the dynamics of the individual-based model and the components of
(3.3) can now be explained. Firstly, the integral against the measure v is how the event parameter v is
picked, and determines the ‘impact’ of the event; this is the same in both models. We can match the

different terms that compose the generator to the stages outlined in the above definition.

(1) One can think of x as representing the proportion or mass of ‘individuals’ of type a;. Since we
pick the parent uniformly, x is also the limiting probability that the parent is of type a; (and
1 — x is the complimentary probability of picking an as-parent). These prefactors determine the

probabilities of where the process could jump to during an event.

(2) Each individual is killed with probability u, and so the proportion of remaining a;-individuals is
approximately thinned by a factor 1 — u no matter which parent was picked. In the limit, this

fraction stabilizes to exactly (1 — u)z.

(3) The mass of newborns replaces the mass lost through killing, which is exactly u. They each
receive the same allelic type as their parent, and so the mass can be assigned either type a; or ag,
depending on the parental type (the respective probabilities are x and 1 — x). If it is a;, then the

value v is added, otherwise it is not.

"This aspect of the model has further been generalized by Etheridge and Kurtz [2014], Section 4.2. In order to obtain a
limit whose population density varies, one should use an offspring distribution with a stronger variance, replacing the Po(Au)
by a Geom(%/») random variable, say.
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Overall, during a u-event, the process may jump to the new value (1 — u)x + u (with probability z), or
to (1 — w)z (with probability 1 — x). The — f(x) term in the generator follows from the jump nature of

the process.

Remark 3.2. The A-Fleming—Viot process may also be obtained from an individual-based model with a

fixed population size N. This will be discussed in a generalized setting in Section 4.2.

3.3 Spatial A-Fleming-Viot Process

The dynamics of the A-Fleming—Viot process can naturally be extended over a continuous geographical
space in such a way that the large-scale events have a spatial dependence, along with the measures
pt- Such a model was introduced by Etheridge [2008] in order to overcome ‘the pain in the torus’
(Felsenstein [1975] coined this phrase to refer to the problems with the models studied by Wright [1943]
and Malécot [1948] in which reproduction is driven by individuals, a la classical Wright—Fisher model),
her main innovation being that reproduction is now driven by an external source associated with the
space itself, rather than the members of the population residing on it. This mechanism is set up to
regulate the population at a local level, and prevent the clumping phenomenon exhibited by the early
models. The purpose of this section is not to introduce any new results, but to inform the reader of
generalizations that are being studied, and how to visualize them.

The spatial A-Fleming—Viot model provides a way to represent the dynamics of gene flow in a
continuous metric space (E,d), where E C R?. As stated in Barton et al. [2010], the main purpose
of the model is to capture these dynamics over a two-dimensional continuum, such as R?, but there
is no harm in defining it more generally. There is an analogous individual-based model in the spatial
setting, which is described in Berestycki ef al. [2009], and the convergence of this model to the spatial
A-Fleming—Viot process is proved in Etheridge and Kurtz [2014].

Suppose once again that at a particular locus we have a two-point type space, K = {aj,as}, and
we ignore the possibility of mutations within or out of K. Evolution is again driven by extinction-

recolonization events, but this time governed by an extended Poisson point process, IIg, on R, x E X
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Ry x (0, 1] with intensity dt ® dz ® p(dr)v,(du). For the two-type spatial A-Fleming—Viot process, it
is common to denote the proportion of type-a; individuals at time s € R and position y € E by ws(y).

Given some initial configuration, wy(-), each event (¢, u, z,r) € Ilg induces the following changes:

(i) define B, (z) to be a ball of radius  with centre x,

(ii) choose a parental point uniformly at random, z € B, (z),
(iii) choose a type from that position: type a; is chosen with probability w;_(z),
(iv) forally € B,(x), set wi(y) = (1 — w)w—(y) + u Lo, -parent-

As in the non-spatial analogue, we may not use arbitrary measures in the Poisson point processes;

Barton et al. [2013] show that
o] 1
/ rd/ uvy (du)p(dr) < oo
0 0

is a sufficient condition to guarantee the existence of the process (although slightly weaker conditions
have been established in Etheridge and Kurtz [2014]).

In order to visualize the process on a non-abstract metric space, consider the unit sphere. Take
E = Sy := {(y1,y2,y3) € R® : y? + 95 +y3 = 1}. Set u(d¥) = §,(dF) and v,(dit) = 6,(da) so
that we can think of r and u as parameters themselves. Since So is a compact space, we can view the
centre of each event as being a draw from U/ (.S2), the uniform distribution on the sphere. The region of

the event is defined through
Br(z)={yeR*: |jy— x| <r} CRY

put B,.(x) = B,(x) N Sy. With these definitions in place, we can simulate this model using a discrete
version of the sphere. As we do not have enough dimensions, we must use colour in order to represent
wy: black corresponds to zero, white to one, and the shades of grey interpolate between these two
extremes.

Two simulations, spawned from two different initial conditions, have been depicted in Figures 3.1

and 3.2. In the former, the initial condition is the ‘hemisphere’ landscape, where wo(y) = 1, <0}, ¥ €
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) 3

Figure 3.1: A simulation of the spherical A-Fleming—Viot process with the ‘hemisphere’ initial condition and
fixed parameters r = 0.05 and v = 1. We have shown the process after 0 (left), 200,000 (centre) and 400,000
(right) events

Figure 3.2: A simulation of the spherical A-Fleming—Viot process with the ‘homogeneous’ initial condition and
fixed parameters » = 0.01 and u = 0.5. We have shown the process after O (left), 200,000 (centre) and 107 (right)
events

S, and in the latter, the ‘homogeneous’ landscape, wy(y) = 0.5, y € Sy. Note that all events are
shown, even if they do not make an overall difference to the state of the process.

In Figure 3.1, we have a small radius of size » = 0.05 and impact parameter v = 1, which ensures
that every locality will always be homogeneous, i.e. completely white or black. Evidently, it may be
difficult to characterize the behaviour of the process, as some complicated boundary behaviour unfolds.
We can see from the images that after a large number of events, we obtain a strange geography including
many peninsulas and enclaves that have migrated far beyond the obvious borderline.

In Figure 3.2, we observe what happens when every point has the same half-half configuration.
The parameters are » = 0.01 and u = 0.5. After 200,000 events, the process appears to still be quite

homogeneous, but in a different way: small patches of different coloured regions are distributed almost
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uniformly. After a very large number of events, however, we begin to observe extensive regions that are
apparently either white or black in colour. Due to the initial condition, w;(y) € (0, 1) for all time and
so these regions cannot be truly homozygous. However, it seems that the process finds more stability in

very light or very dark shades of grey.

Remark 3.3. An excellent depiction of the A-Fleming—Viot dynamics on the real line (F = R) is pre-

sented in Figure 1 of Saadi [2014].

3.4 Duality: A-Coalescent

In this section we shall define the genealogy of the A-Fleming—Viot process through a duality argument.
This will require some more understanding of the A-coalescent, which was discovered simultaneously
by Donnelly and Kurtz [1999], Pitman [1999] and Sagitov [1999]. First, we need some notation.

A partition of a set A is a set of sets (or ‘blocks’) contained in A whose pairwise complement
is empty, and whose union is A. Let &74 be the set of partitions of the set A, and &2, the set of
partitions of A with exactly b € N blocks. If w1, m2 € |, then we say that my covers m; if each
block in 7; is contained in a block of 9. For example, the complete partition {[n]} covers the singletons
Ay = {{1},{2},...,{n}}. (Note that, in fact, each partition 7 € &, is covered by {[n]}. Also, each
7 covers itself, trivially, and A,,.) On the other hand, if we define 7 = {[n — 3], {n — 2,n — 1}, {n}}
and 7" = {[n — 3],{n — 2},{n — 1,n}} for n > 3, then w does not cover 7', nor vice versa. Finally,

define |7| to be the number of blocks in the partition.

Definition 3.4. Let (I1"(t));>0 be a time-homogeneous Markov process on the space Z[,,, n € N, with
initial condition A,,. Suppose that IT"(¢) has b blocks and 7 is a partition which covers II"(¢) such that

b — |w| + 1 = k. If the process jumps to 7 at rate

1 A(d
Aok = / uF (1 — )" (u2U)’ 2<k<b, (3.5)
0

where A is a finite measure on (0, 1], then I1"(¢) is said to be a A-coalescent. Such a jump is referred to

as a k-merger, indicating that k of the b blocks merged into one.
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So far, we have said nothing about the order in which the blocks are arranged. An important property
of coalescents is that they possess the exchangeability property, meaning that any permutation of the
blocks is as likely as any other. For this reason, the order of the blocks is unimportant, and by default

we list them by their minimum element.

Suppose we take m < n and restrict the A-coalescent (of size n) to the set [m], then this restricted
process has the same law as that of a A-coalescent (of size m). This is called the consistency property.
It turns out that any consistent coalescent must satisfy (3.5). From a biological point of view, this is a
desirable property because any sample that you take is unaffected by adding more points to your sample
(and in particular old samples can be combined with new ones). What we have really defined so far is
the n-A-coalescent, but due to consistency, this is embedded within the (n + k)-A-coalescent for each
k € N. This allows us to define, as a projective limit, the full A-coalescent whose sample space is Py,

the partitions of N.

The A-coalescent on Yy has infinitely many blocks at time zero. However, depending on the mea-
sure A, it is possible that coalescence events happen so fast that it has finitely many blocks for any
positive time. If such a phenomenon occurs, the coalescent is said to come down from infinity. In Sec-
tion 3.5.3, we shall study the manner in which a certain range of Beta coalescents (see Example 3.5)

comes down from infinity.

We remark that )\, is finite Vo € N, k € {2,...,b} due to the restriction placed on A. The process
halts as soon as it reaches the complete partition, which it does so in finite time a.s. for any finite n.
Informally, we can think of the A-coalescent in the following way: whenever there is a u-event, perform
b independent coin tosses, one for each block, with a coin which shows heads with probability u. If the

block received heads, then it will take place in the merger.

The process at the partition level contains fine-grain information; in what follows we will be inter-
ested in something more coarse. Define C(t) := |II"(¢)| to be the block-counting process of II" with

initial value C'(0) = n. Since there are (Z,) subsets of size k, any one of them merging together will
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cause the number of blocks to decrease by k& — 1, and so we may define the transition rates of C'(¢) to be

q(b,b —k+ 1) = (Z) )\b,k’v 2<k<b. 3.6)

In the literature, it is conventional to define

b

b
Ap 1= Z <k> Aok = —q(b, b). (3.7

k=2

What the Kingman coalescent is to the Wright-Fisher diffusion, the A-coalescent is to the A-
Fleming—Viot process. This may be observed using Proposition 2.6 and through a simple moment

duality calculation. Applying the moment duality function f,,(z) = z™, n > 2, to (3.3), we get

Ly Inl(z) = /01 LG: (Z) uF (1 —w)" R @R -2 4 21— 2)(1 — ) Agi“)
=0
i
_ é (Z) (2" FH _ gn) /O "2 )R A ()
- :2 (1)t G = e 68)

In the first equality, we made use of some binomial expansions, including the identity
" /n
Z ( )uk(l —u)" k=1,
k
k=0
In the second, we recognized that shedding the terms corresponding to £ = 0, 1 in the summation would
lead to cancellations. In the third, we simply swapped the sum and the integral; and finally we made use

of definition (3.5) in the last.

Equation (3.8) is a special case of the generator, (2.3), of a pure-jump Markov process in its second
(subscript) coordinate. In fact, it is precisely the generator of the block-counting process, C(t), of the

A-coalescent started with n blocks. Using Proposition 2.6, we conclude that

EX [X7] = ES[z90)], (3.9)

n
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Va € [0,1],n € N,t > 0, where X} is the two-type A-Fleming—Viot process. Similarly to our remark
in Section 2.3.2, questions about X; can now be cast into those concerning the block-counting process

of the A-coalescent.

34.1 Tree Generation

There is a simple recursive algorithm that may be used to generate random trees described by a A-
coalescent law. This algorithm, whilst not at all novel, may be helpful to understand the process in more

detail. It also describes the method by which the images in Figures 3.3 and 3.4 were generated.

Algorithm. Firstly, fix a finite measure A so that N\, i, are specified. Initially, sett <— 0 and b <— n € N,

and label each lineage uniquely with a number in [n]. Repeat the following steps while b > 1.

d . . .
* Generate T = Exp(\y), the random time that has elapsed since the previous event, and set t

t+T.

e For 2 < k < b, the probability that the event is a k-merger is Q(b’b;ifrl). Generate a uniform

random variate U % U (0,1) to decide which value of k is picked. More precisely, defining

Sy 1= Zf:g 'J(I)J)/\;IW, a k-merger happens if U € [Sk_1, Sk).

* Given the value of k, choose k of the b lineages independently and without replacement. Relabel
each of these lineages with the smallest label from those selected, and declare this to be a single

block from now on.

e Setb+—b—k+ 1.

3.4.2 Examples

Example 3.5 (Beta coalescent). One well-known and well-studied family of A-coalescents is that of
the Beta coalescent. Whilst one could legitimately take any Beta measure with two positive parameters

as the driving measure, there is a one-parameter family which arises naturally. For 0 < a < 2, the
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A-coalescent with driving measure

11—«
A%(du) = Ki (1 ke u) du (3.10)

where K, := I'(a)['(2 — a) and I'(2) is the Gamma function, is referred to as the Beta coalescent. 1t
can be viewed as a time change of the genealogy of an a-stable continuous-state branching process, as
outlined in Birkner ef al. [2005]. Moreover, in the parameter range « € (1, 2), this coalescent arises as

the limit of the model defined by Schweinsberg [2003].

Remark 3.6. It is possible to define the generalized Beta coalescent, allowing a two-parameter measure,
as

Agp(dz) := B(a,b) '2* 1 (1 — )" Ydz, a,b>0, (3.11)

where B(a,b) is the Beta function. It contains the one-parameter family given in (3.10) by setting

a=2—oandb = qa.

This family contains other important coalescents. For instance, when «« = 1 and A is simply the
Lebesgue measure on (0, 1], we have the Bolthausen-Sznitman coalescent. A realization of this process
with 50 leaves is depicted in Figure 3.3, along with two higher values of a. One may observe informally
from these images that, as o 1 2, pairwise mergers occur more frequently. This is a corollary of the
fact that the Beta coalescent tends in distribution to the Kingman coalescent under this limit (Theorem
3.4, Berestycki [2009]). Note that the normalization constant K, is important for this convergence
scheme: if it were to be omitted, a time-change would be necessary. At the other extreme, as « | 0, the
Beta coalescent converges to the star-shaped coalescent, in which all n lineages merge together at some

random, exponentially distributed, time.

Example 3.7 (Eldon-Wakeley coalescent). Another one-parameter family arises as a limit of a variant of
a discrete-time Moran model in which the parent of a reproduction event either replaces one individual
from the population (with high probability) or a large fraction, u, of the population with vanishingly
small probability. This type of reproductive behaviour, coined ‘reproduction sweepstakes’ by Hedgecock

[1994], has been observed in some marine species such as Pacific oysters, the organism studied by Eldon
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\
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Figure 3.3: Three realizations of the Beta coalescent with different parameter values. Left: o = 1.0 (Bolthausen-
Sznitman); centre: o = 1.5; right: & = 1.8. They each have the same time scale on the vertical axis

and Wakeley [2006]. The genealogy is described by the driving measure A(da) = d,(du), u € (0,1].
This family has similar limiting behaviour to that of the Beta coalescent in that, as u | 0, the Eldon-
Wakeley coalescent converges weakly to the Kingman coalescent; when « 1 1, it converges to the star-
shaped coalescent. This property may be observed informally in Figure 3.4 in which three realizations

of the process have been depicted for various values of u.

ﬁb

'Y R |

Figure 3.4: Three realizations of the Eldon-Wakeley coalescent with different parameter values. Left: u =
0.0775; centre: u = 0.5; right: v = 0.75. They each have the same time scale on the vertical axis

Eldon and Wakeley [2006] were the first to reject the null hypothesis that Kingman’s coalescent is
appropriate for the genealogy of the sample of Pacific oysters, and proposed o ~ 0.08 as the sweepstake

parameter. Using a different statistical test, Steinriicken et al. [2013] again reject the Kingman coalescent
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for that dataset. They chose to model the genealogy differently, this time using a Beta coalescent, and
concluded that & = 1.15. Their study also extended to several samples of Atlantic cod from various
geographical locations, some of which could reject the Kingman hypothesis, with an average parameter

value of & ~ 1.4.

3.5 Block Size Spectra

We shall study the so-called block size spectrum which records the number of blocks of every possible
size in the coalescent II"(¢). In order to say anything meaningful, we have to consider special cases —
firstly, we shall study Kingman’s n-coalescent in Section 3.5.1 and derive a new formula for the falling
factorial moments for its block size spectrum. Then, in Section 3.5.2, we shall discuss a rescaling
of this spectrum whose limit coincides with the solution of the Smoluchowski coagulation equation
[Smoluchowski, 1916] with an appropriate kernel. We shall refer to this as the hydrodynamic limit of
the spectrum. There is a striking similarity between the expected value of the number of blocks of size
7 in the finite spectrum and the corresponding solution of the Smoluchowski equation.

In Section 3.5.3, we perform a similar exercise but for the generalized Beta coalescent, driven by A, ;,
defined in (3.11), deriving a system of ordinary differential equations which the deterministic hydrody-
namic limit of the block size spectrum satisfies. Naturally, the time-rescaling that is required to obtain
the limiting process depends on the parameters of the underlying coalescent, and is different to that of
the Kingman coalescent. The solution of the system, Theorem 3.18, has a rather succinct form that is a
complete Bell polynomial. It generalizes the solution of the Smoluchowski coagulation equations to the
setting of the Beta coalescent.

All the notation that we use in this section will be defined formally, but it may be useful to understand
the conventions used. The letter ‘c’ will be used to denote the fact that we are dealing with counting
processes. A capital will be used to refer to random processes (which are, ordinarily, pre-limiting ver-
sions), whilst a lower-case letter will be used to denote the corresponding deterministic limits. A process

without an index refers to the block-counting process, but a subscript indicates that the process counts
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blocks of that size. The superscript will be used to specify which coalescent we are working with.
This is joint work with Helmut Pitters. To the best of our knowledge, the results in Sections 3.5.1

and 3.5.3 are novel.

3.5.1 Kingman'’s n-Coalescent

In his seminal paper, Kingman [1982] showed that the jump chain (i.e. the sequence of partitions) of the
n-coalescent and its block-counting process, C'X (t), are independent. (The block-counting process was
defined on p.30, but was denoted K there to be consistent with other notation.) Here, we will show that
certain moments of the block size spectrum depend exclusively on C¥ (¢). Before doing so, we need

some notation.

Definition 3.8. For any partition 7 € &7}, let the operator ¢;7 := [{B € 7 : |B| = i}| count the
number of blocks of size ¢ in . The block size spectrum of 7 is the vector ¢ = (¢ym,. .., ¢,m). Since
the Kingman coalescent I1%(¢) is a partition-valued process, we may further define C (¢) := ¢;IT% ()

along with C¥ (t) := (CK(t),...,CK(t)), the block size spectrum of the n-coalescent.

Remark 3.9. Whilst C¥ (t) summarizes the details of IT%(t), it certainly contains more information
than the block-counting process C'¥ (t). We underline the vector C¥ (¢) to clearly distinguish it from

CE ().
Theorem 3.10. For any vector k = (k1,...,ky,) € N{, the joint falling factorial moments of cII’ ()
are given by

E [ (* (0% (1) — 1) (n — 0K (1) K]
(n — 1)kl

E[Cf (1) R (] = NERT)

where |k| is the L'-norm defined in Appendix A, |k|y, == Y 1, ik; is the weighted norm of k and % is

the kth falling factorial power of z.
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Proof. Firstly, consider the restricted expectation

E[CT (k- CF (0 Ly 1=ty

= Z (1) L (epmr)in P (I (t) = 77| = b)

m:|mw|=b
n—b)b!(b—1)! Jeim
= mlﬂZ:b (C17r>k1 (tnﬁ> P(CH(t) = b)( nl(n —1)! E Z

The final equality essentially makes use of the identities (2.3) and (2.5) in Kingman [1982], but refor-
mulated in terms of the spectrum notation. We see that the summands depend only upon the block size
spectrum, ¢7r. There are of course many partitions with such a spectrum. Referring to Appendix B, the
number of partitions 7 satisfying ¢;m = m;, i € [n], with |m| = b and |m|,, = n, is
n!
[T, (@)mimg!

Recalling the definition of the Lah number (Appendix B),

(3.13)

E[Cf ()2 O (0 1 (1) =]

RCOED) o
= Ln,b Z H?:l(i!)mimi!, 1( z) (')

m120,7mn207 =
[m|=b,|m|w=n

I P(CE(t) =) e
-, >

my>k1,.. 7mn>kmz 1
|m|=b,|m|w=n

n! P(CK(t) = b) A
- Ly Z 1;[1 ;!

M1>0,...7n >0;
| |=b—|k|,|m|w=n—k|w

()M p(CK (1) = b) W—WI
o L,y Z H mlmz' n

’ M1>0,....7m >0;
|m|=b—k|,|m|w=n—|k|w

In the second equality, we recognized some cancellations that could be made and in the third we shifted

the indices of the summation so that m; = m; — k;. In the final equality, we split n! in such a way
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that we can make use of Equation (3.13) once more. The prefactor to the product inside the sum is
the number of partitions 7 in &, |, With b — |k| blocks in which there are 7; of size i € [n]. In
fact, the summation is the partial Bell polynomial B,,_ k|, 5—|x| (¢!). (Bell polynomials are reviewed
in Appendix B.) Such a polynomial is a special Lah number, L, ||, b k- This allows us to perform

some drastic cancellations involving factorials and falling factorials, which overall yield

L
Kk K (1\kn _ w K n—|klw,b—|k|
E[C (#)E- - OF ()t rrp (1y)2y] = (B2 P(CF(8) = b) I
_P(CEt) =0b) K| koK
It only remains to partition over b to obtain the final result. O

Griffiths [2006] derives the formula for the falling factorial moments for C¥(¢). This means, for
example, that E[CK (t)] = (n — 1) E[C*(¢)2] has an immediate explicit form. In the sequel, we will
show that (3.12) can be written in terms of falling factorial moments of C'¥€ (¢) for all k € N7, but before

doing so, we shall derive an explicit result for the first moments of CJK t), j € n].

Corollary 3.11. For j € [n],

-1

ECS®)] =) (-1 (j N 1) E(EfK(W. (3.14)

k — 1)’fi1
k=0

.

Proof. By fixing j and putting k = e;, we obtain

1

E[OK (0] = (0~ 12) B [0X (@ (1)~ 1) (n — 0¥ ()]
_ ((n - 1)Z>_1 E [CK(t)2 (n— CK(t))ﬂ} . (3.15)

Combining (3.15) with an application of Lemma C.3.1 witha = 2, b = j — 1 and ¢ = C* (¢) yields

7j—1
-1\ (n—(k+2))!
E[CK (t) (*7 ),E CF (1)k+2] (3.16)
E[CK (1) n_ljkzo G @
It is then just a matter of manipulating the factorials and falling factorial terms. O
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This result applies to the case |k| = 1. It is possible to go one step further and make Theorem 3.10

explicit in the falling factorial moments of C* (¢) when |k| > 1.
Lemma 3.12. For k € N satisfying |k| > 1,

E[CF0F (R (1)~ 1) (n— CF (1) "] =

|k|—1 |k|w—|k|
D Gk -1t Y (e = R D oK e,
=0 m=0

(3.17)

Remark 3.13. This result can be combined with Theorem 3.10 in order to simplify the expression for the
-1
falling factorial moments of C*¢(t). However, note that the prefactor ((n - 1)&) is not included

in Lemma 3.12.

Proof. We shall make use of Lemma A.2 in Etheridge et al. [2010], which states that

b
et =3 e (7).

1=0
According to that result, we may only use ¢ € Z., but the result also works if we choose a = |k| and
¢ = —1, provided we stipulate that |[k| > 1. This allows us to expand the binomial coefficient in the

sequel. It follows that
Ld

¢ - = 3 (1) ut - e

=0

Note that the [ = |k| term in this sum vanishes due to the first falling factorial in |k|—1. For compactness,
define |k|, := |k|w — |k|. Using this alongside Lemma C.3.1 with @ = 2|k| — [ and b = |k/|, yields the

expression,

CRLC = 1) (n = O =

k-1 LIE

|k|> z (Ik!*) (n = (m+ 2k =)' mroir)—t

k| —1) - = ;
2 (7 72 U )l R D
from which the result easily follows. O
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3.5.2 Rescaling the n-Coalescent

There is a rescaling of Kingman’s coalescent which will allow us to approximate the number of blocks

as a deterministic function as n — oo. Define

K¢, —1
K (t) = lim M, (3.18)

n—00 n

which converges in the uniform topology. The intuition behind the rescaling is that we look at the
relative number of blocks as we slow time down by a factor of n. The limit describes the manner in

which the block-counting process behaves as the Kingman coalescent comes down from infinity.

Remark 3.14. There is a more general rescaling. For any v > 0, we can divide by n” and correspond-
ingly slow time down by a factor n”. This yields the same limit ¢* (¢), which is independent of .

Equation (3.18) is the special case v = 1.

It can be shown (in the review paper of Aldous [1999] for example) that this hydrodynamic limit

satisfies the ordinary differential equation (ODE)

d 1
—cE®)+ K@) =0, K0)=1, (3.19)
dt 2
whose unique solution is
2
K
t) = ——. 3.20
K1) = 75 (320
Correspondingly, define
CE(n=1t)
K\ o 1 J
G = =

These quantities behave according to the system of ODEs

d > 1~ . .
76 ® +c§<<t>;cf(t) =3 ;cf(t)cfii(t), () =1{j=1}, jeN. (32D

One can easily verify that the solution to this system is

j—1 .
Kty =c"E)?A- Kyt => (-1 (J ; 1>cK(t)k+2. (3.22)

k=0

This solution can be found in Theorie der Koagulation of Smoluchowski [1916], along with a hand-
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drawn image that very much resembles Figure 3.5. It is worthwhile comparing the similarities between
the summation form of (3.22) and its pre-limiting analogue (3.14). The ODE system (3.21) is a special
case of what is now known as the Smoluchowski coagulation equation — see Aldous [1999] for an
excellent review of this topic.

One property of these curves that is immediately clear from (3.22) is that they are decreasing in j
for all t > 0. That is, ¢ (t) > ¢ (t) > X (t) > cf(¢) > ..., V¢t > 0. This stems from the fact that
ck(t) € (0,1) and the factor (1 — ¢/ (¢))7=! in the solution. One other question that we may address is
that concerning the maxima of the curves. Using basic differentiation, it is not difficult to show that, for

eachj € N,
-1yt
(7 + 1)+

K . K

where we use the convention 00 = 1 for the case j = 1. These properties are shown pictorially for small
values of j in Figure 3.5. One final property that we shall mention here is that the fraction of blocks of
size at least j is given by

i—2
! c

icf(t) =K@ (1 SO cK(t)>l> — K (1- K@) = [;(t)-

K
J

— (1)
One method of finding the solution to (3.21) is the following. Define the generating function
GE(x,t) := Z cKt)at (3.23)
i=1
which converges at least for |z| < 1 since 0 < ¢X(t) < 1 for all positive times. One can use this to

derive the differential equation

thK(:c,t) _ %GK(x,t)z CEWCE (2,1), GK(2,0) =1, (3.24)

using the fact that G (1,¢) = & (¢) for all + > 0. Whilst at first sight this appears to be a partial
differential equation, there is no derivative in the x-variable, allowing it to be treated as an ordinary

differential equation for each z. In view of this, (3.24) is simply of Ricatti type, and has the solution

ch 2
G (a,1) = 1= o0 Et)cK(t)). (3.25)
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Figure 3.5: The rescaled curves cf (t) for j € [10] (cX(¢) is shown only partially). Each curve may be identified
by using the monotonicity property. The vertical red lines represent the location of a maximum, whilst the hori-
zontal ones represent the corresponding value (to find which value of j they correspond to, simply count from left
to right, or from top to bottom, noting that the horizontal line for 7 = 1 is not depicted)

One can then obtain cX(¢) by differentiating G (z,t) i times in z, dividing by 4!, and then setting
z = 0. Whilst this is a nice application of the generating function methodology, one might ask why this
was necessary if the answer was already known. In fact, this turns out to be just the right way of thinking
to solve the harder problem in Section 3.5.3.

What is even more remarkable about the equation for the generating function G¥ is that, if one
makes the simple transformation H¥ (x,¢) = ¢/ (t) — G* (x,), then we obtain almost the same equa-
tion as (3.19), the only differences being the x-dependence and the in initial condition. In the next
section, we shall observe the same phenomenon that, with a simple transformation, the equation for the

generating function of the spectral elements mimics that of the block-counting process.
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3.5.3 Beta Coalescent Spectra

In this section we shall consider the generalized Beta coalescent, and study its hydrodynamic limit as the
number of leaves tend to infinity in a similar fashion to the case of the Kingman coalescent. Throughout,
we shall take A to be the two-parameter Beta probability measure, A, ;(du), defined in (3.11). Define
its block-counting process to be C*®(t), which implicitly depends on the number of leaves n. It follows

from (3.5) and (3.11) that

! B(k—2+a,n—k+0b) a2k
Mk 1= 2F72(1 — )" FA, (d) = ’ = S— 3.26
& /0 (1—x) b(dx) Bla.b) a0 (3.26)

We shall denote the rescaled block-counting process ¢ (t) = n~1C%"(7,t), where 7,, = n%"!, a

process supported on {%, %, ..., 1} for all n € N. The quantity 7, is the amount by which we have to
slow time down in order to study the way that Beta coalescent comes down from infinity — notice that
it is not as slow as for the Kingman coalescent, in which a = 0. This will only work for the set of Beta
coalescents which do in fact come down from infinity, i.e. those which satisfy @ < 1. We shall enforce

this condition for the remainder of this section.

It follows from (3.6) that ¢™(¢) makes the transition

c—~c———,, 2<Il<nec, (3.27)

at rate 7, (’”f) Ane, - We would like to find a diffusion approximation for this process by rescaling the

generators. Let .£"

., be the generator of ¢ (t). As the following theorem states, the limiting generator

can be seen as that corresponding to a stochastic differential equation — it is of the form (2.2) — with no

noise term.

Theorem 3.15. Leta € (0,1), 7, = n* ' and f € P(L7. ) with continuous second derivative. Then,

n
asn — oo, ‘chp

f(¢c) = ZLyop f(c), where

Lyepfe) ==K f'(o), (3.28)
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and
_ I'(a+10)
(a—1)(a—2)I'(b)

(3.29)

Proof. The generator of ¢"(t) is given by

2, 0@ =73 (1 (= 51) = 10) (%)

=2

=7, i (—l_nlf/(C) + R2($n,z)> (nlc> Ancl

=2
where we used Taylor’s approximation in the second equality. Taylor’s approximation ensures the exis-
tence of a value z,,; € (¢ — (I — 1)/n, c) such that the remainder term Ry(x,,;) is given, for instance,

by its Lagrange form

Rl = 2 (21 2f”(:c ) (3.30)
2\4n,l) — 2 n n,l)- .
For k € N define
A (7)([—1)’“)\7”. (3.31)
=2

First notice that by Lemma C.3.3

_In (”lc) (I = DAnes = — 241 -5 — K2
n —2 n

as n — 00, since 7, is chosen to be of order n®~!, and a < 1 by assumption. (Lemma C.3.3 fails for
a > 1, so this assumption is necessary.) Since f is twice continuously differentiable on [0, 1], f” attains

its supremum || f”|| o := sup,¢(o 1) f”(w)]. Consequently, as n — co we obtain

" /ne Tn " /ne
Tnz < I >/\nc,lR2(xn,l) < WHf”HOOZ < I >)\nc,l(l - 1)2

=2 =2

T, 1
= N loer @ ~ 5nll oo = 0,

where we used Lemma C.3.4 in the third step. Note that f ~ g as n — oo if and only if lim,, % =

O

1, as defined in Appendix A.
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Consequently, for a < 1, the diffusion limit is in fact deterministic and the limiting process c¢*®(t)

solves the ODE (see Example 2.2)

d
— (1) = —Ke®b(t)? e (3.32)
dt

with boundary condition ¢**(0) = 1. This ODE is separable and of Bernoulli type, and consequently

has solution

_1

ey — (1 Dlath) NT= 2-ar@) T
c(t) = (1 (a2)F(b)t> = ((Qa)r(b)+r(a+b)t> . (3.33)

Remark 3.16. To recover the solution for the ordinary Beta coalescent, we justseta =2 —aand b = «

for o € (1,2), for which (3.33) becomes

ATON(t) = <1 + F(at+1)> o :

From here, we can take the limit o 1 2 in order to recover ¢’ (¢) from the Kingman case.

Having established this result, we would now like to understand the behaviour of the block size spec-
trum, denoted C%°(t) := oIy o (t) = (C’f’b(t), C’S’b(t), .., CE(t)), where 17 ,(t) is the partition-
valued generalized Beta coalescent. To do so, choose some fixed positive d < n and, for i € [d], define

A(t) = n"LOM (), (3.34)

(]

where 7, = n%~! as before. In addition, we define an extra dimension,
n
() =0t Y O (), (3.35)
i=d+1
which accounts for all the blocks which have size greater than d. Finally, if we define the (d + 1)-
dimensional vector ¢ (t) = (c{(t),c5(t), ..., cy(t), cj,(t)), then the relationship n|c" (t)| = nc"(t) =
C%*(7,t), naturally follows for all ¢ > 0.
Forl € Ng“ with |I| > 1, we say that an I-merger occurs in 115 , if among the merging blocks there

are [ singletons, /5 blocks of size 2, ..., [; blocks of size d and 41 blocks of size at least d + 1. The
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process ¢"(t) makes the transition

n

l— e n@d+1 d|+|1 nei
c c— M at rate )\H‘CH” < l'l)7
> i—1 (2

where |l|,, is the weighted norm defined in Appendix A. This transition occurs because the size of the
new block resulting from the merger is the weighted norm of I since /; blocks of size ¢ coalesce — if this
total is greater than d, then the new block just goes into the extra dimension d + 1. The division by n
follows from the rescaling of space made in (3.34). To understand the rate, note that ("C’) is the number
of ways that [; blocks of size 7 could be chosen, and the product is the number of ways of choosing 1

from ne — each of these occur at rate Ay|¢) -
Now, let 7" denote the generator of ", acting on (d + 1)-dimensional functions, and let 9; = %

denote the ith partial derivative.

Proposition 3.17. Let a € (0,1),7, = n* ' and f € D(L7", ) with continuous second derivative.

Then, as n — oo, L7 . f(c) = Lyqs f(c), where

BSS

T(a+b) o~ | eilefe = 9—am e
Zassl(€) =~y POl +§:a ] 3 ][lk! d:f(c)
i=1 leNd+! k=1

[l|l=m \l\w—z

_ _ d r d+1 l
I'(a+b c|>*  cqpile/t o
— (F(b) ) | ’ 5 _ d+1| ’1 _|_Z Z m— 2‘ ‘2 a—m Z H "k ad-}—lf(c)-
a- @ r=1m= leNitH! k= !
[y -

(3.36)

Proof. For a function f : R¥! — R and vector k € NgH, let D% f(z) == ' - 9594 f(x). More-

dat
over, let k! = Hd+11 r;! and for any vector y € R*!, define y* Hd+11 y;*. For two vectors
T,y € Ng“, the inequality < y is satisfied if and only if x; < y; for all i € [d + 1]. A Taylor

expansion yields
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l— d+1 ‘
Led = 2 (f (C - W) - f(c)> Aagel o [ (T)
i=1 v

leNgt!
[1]>1, I<nec
l—e r
—n Y (- ) e 53

leNgt! keNGT!

[1]>1 |k|=1

(L — ep,n@in)” L— ey, a1 L Ine;

+ 2 el e nchl\H Z
neNg"'l )

|k|=2

where we have used the Lagrange form of the remainder for some ¥,,; € [0, 1].

Part 1. Let us first consider summands corresponding to || = 2 by focusing on

d+1
2) |l|w d+1) l 1w A(d+1) ne;
SCEECD WDV D (e ot =S )y TT (')

leNd+1 reNdH
U1 Jrl=2

(3.38)

Evidently, in this case, there exist (possibly equal) ¢, j € [d + 1] with K = e; + e;. Notice that

2 ifk=2e;icld+1]

(L= eun+1) <U° =
Ll ifk=-e;+ejije[d+1],i+#j.

Hence, for fixed i € [d + 1] and k = 2e;,

1 e: y2e: L= ejjun@+) T
n Z 277,12([ — elllw/\(d+1))2 1D2 7'f <C - ﬁn,l# n|c| |l| H
leNgT!
[1>1
< HDQe’fHoo Z [ /\nICI 12] H < >
leNd-H
\l|>1
:1 HDZeifHoo Z l2 a_ T f[ <n6k>
2(a—1)(a—2)(a+b) nlcl 2n2l —_ k=1
\l\>1
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In addition to the identity l? = (ll-)2 + 1;, we shall use Lemmas C.3.2 and C.3.5 (with k = 2e; in the
first case and k = e; in the second), in order to deduce that, for each ¢ € [d + 1],

TS (a2 r:[(”’“)

nle|—2,2

[1>1

= (a—i—b)T:C—QTﬂ(a —2)(a — 1)nci(ne; — 1)(a + b)m

~(a—2)(a—1)cn"t =0,

and

S lila— 2)Hprlel |z|H <nck>

lend+!
\l\>1

(a+b) "|C| 2n2

™
(a + b)rlel—2p2

na72 |c|1fanfl
~ (e =2)T(a+be (F(a Yb-1) T > =0

asn — oo, since a € (0,1).

=(a—2)

(nci(a +b—1)nlel=t ncib"‘d*l)

For fixed 7, j € [d + 1] such that i # j and Kk = e; + e; we obtain

e;+e; L- e|l|w Ad+1)
> L;Detef (c—ﬂn, > nlel |l H ( >

leNgt!
[1]>1
) ) d+1
< HDeH-leHoo Z ll |l|bn|c| 1] ﬁ (nck)
~(a=1)(a-2) n2(a + b nlel-2 lengt!
\l\>1
D=t T

(@—1)(a—2) n2(a + b)m(a —2)(a— 1)cicjn2(a + b)m

— || £(eitey) na—1
[ ohg) bl
=||f |loocicin®™ =0

as n — 0o, where we applied Lemma C.3.5 (with k = e; + e;). This proves that T® (n) is bounded

by something which tends to zero as n — oo, and hence vanishes in the limit.
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Part 2. We now focus on |k| = 1. Let

dt1
ne
7MW (n Z > (= epun@rn) DR F(©) M), |z|H< >

leNO‘+1 keNIT

\l|>1 \m|:1
T drl 11—2 1 ncg
=——————= "0if(0) D> (i~ Lopnw@s})a alt=2prlel =1l H < >
n(a + b)n‘c‘ 2 i—1 d+1
v leNg
[1]>1

Now consider the summands in 7" (n) corresponding to a fixed i € [d + 1]. We partition these sum-

mands and analyse their asymptotic behaviour separately. Firstly, by Lemma C.3.5 (setting k = €;), we

have that
Oyfn) i — o —2glel =T <”Ck>
(n) m+bnM2 > II

leNgH!

|l|>1

1 ney
_ li(a — 2T < )
(a—1)(a—2)n(a+ b ”\C\ 2 le%;“ H
|l|>1
(& Tn

— v +bh—1 nle|]—1 _ bn\c|71
a—1m+MMd2«a ) )

Nrm+w%ﬂa1< 1 _Odm“ﬂ)N_ Dlath) . i-a
a—1 " T(a+b-1) r'(b) (a — 1)I'(b) "

as n — 00. Secondly, for any fixed i € [d], the summand corresponding to the indicator 1 {i=|lwA(d+1)}

has asymptotic behaviour

+
Tn ncy
I’L n)———— i=
(n) n(a g D)2 > Mimpon@s+}a 1;[( >

lengt?
[1>1

___ ™ Z 2y lel Tl ﬁ <n0k>

na+ by L

51, U=
Tn &, m—2gnlc|—m . NCk
S = SULULRND VRN | ()
n(a + b)n m=2 lgNg‘H k=1

[L=m, |t =i
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i d+1 l
F(a+b) - m—2 2—a—m k
. 2l > H o
m=2 leNg+l
Illzm,ll\w—l

However, 1;,1(n) must be treated as a special case. Using the set equality
{(LeNI > 1l >d+ 1 =N\ ({12 |1 > 2,1 € [d}U{l:0< 1] <1}),

it follows that

laa(n) = s 1)1(a — T”( S (a—2)pe H <nck)

2)n (a + b)"lel=2

leNd+1
d -
=S Z (a—2 3 H (”Ck)
r=1m=2 leN‘“’l _

[t|l=m, \l\w—r

o d+1 _
SRR LI || <"Ck> B bn|0|>
leNg ™! o\
lt|=1

=~ (1ihm) = 1)~ 1)

where Ic(l 421( ) is defined by the line on which it lies in the above equality. Using Lemma C.3.5 (in the

special case k = 0),

Tn

1 Fla+0b) .o

(1) (N 1
I/ (n)= (a—l)(a—Z)F(a-i-b—Q)n

nc\
d+1 (a=1)(a—2) (g 1 p)rlel-2 (a+b—2)"

vanishes as n — oo, since a < 1. The other two sums, as we shall see, are non-trivial. Firstly, using

Lemma C.3.2,
o a+b d+1 s
Id+1( ~ ZZ " 2|C|2 o Z Hi
r=1m=2 lENd+1 k=1

lt|=m, |l|w—r

Secondly, making use of the equation

d+1 _
3 a2 (1) = St 97 = - 987,
leNgH! m=1
=1
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the final term satisfies

d+1
3 1 Tn W ante =l neg el
19 (n) = 3 (a—z)l”b”H( >+b||
k=1

(a—l)(a—Z)n(a+b)m e Uy
lt|=1
_ T(a+b) le2-a
(a —2)I'(b) '

Since, by definition, 7 (n) = — Zfill(Oz(n) + I;(n))d; f(c), and T (n) — 0 as n — oo (see Part

1), the result follows. (]

Once again, we see that the limit is deterministic. It follows that, for each ¢ € [d], the limiting

fraction of blocks of size i satisfies the ODE

d a,b d m a —a—m i Ca7b(t)lk
e () =K (a—2)7c(t)? > I (3.39)

Ug!
m=1 lENg-H k=1 k

[t)=m, |tw=i
with initial condition ¢*(0) = 1{i = 1}, using |¢®?(t)| = ¢*(¢). This equation holds for all i € N
since we can make d arbitrarily large. It is a recursion in the sense that, for each ¢ € N, the solution
for ¢2*(t) can be found by knowing only c?’b(t),j € [i — 1], and ¢™b(t). However, ¢* depends on
its earlier counterparts in rather complicated ways, meaning that it is difficult to solve the ODE in a
straightforward manner. One can however make progress with the help of generating functions; the
following theorem shows that the solution of this system can be rather simply expressed in terms of a

complete Bell polynomial. (For a review of Bell polynomials, see Appendix B.)

Theorem 3.18. Assume that a € (0,1) and b > 0. For each i € N, the solution of differential equation

(3.39) is given by

a,b —a . s
coteey = 220 B<( =) <—c“vb<t>1-a>'-1,<1—a>'> (.40

2! l1-a
where B;(ve,ws) is the ith complete Bell polynomial and c*°(t) is defined in (3.33).

Proof. We shall proceed in three steps: firstly, we shall rewrite equation (3.39) into one involving a

Bell polynomial; secondly, we shall define a generating function for the spectral elements and find the
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corresponding differential equation; thirdly, we solve this equation and simplify the solution using Faa
di Bruno’s formula. The second step in this scheme closely mimics that of the generating function

approach described at the end of Section 3.5.2 in the Kingman case. Observe that

i

_ il .
%C?’b(t) = % Z (a—2)™ c¥0(t)>em Z Z—'(k')l’“ ]};[l(k" ck’b(t))l’“

— _1 0!
m=1 lGNg Hk—l
[t]=m, |Lw=i

_ E (a N 2)% Ca,b(t)Z—a—mBi’m (’LU.)
=——c (t)2_aBi (Ve, W) | (3.41)

where

o = (a = 2P @) 7F wy = kP,

In order to proceed we shall define the three following generating functions;

b k .a.b o 0" o 1 b
G’ (z,t) Zx (t), wv(0,t):= Z 20k Z Wk = G’ (n,t). (3.42)
k=1 k=1

We can calculate the generating function of the sequence v explicitly using the generalized binomial

o= $ 07 () =)

At this point, we are in a position to fully exploit the properties of Bell polynomials, and in particular

series,

the formula for the composition of their generating functions (see Appendix B) to derive a differential
equation for G, To do so, we make use of (3.41), observing that
0 Ga bz, t) i x = Kc“b(t i x— (Ve, we) = Kc®b (1) %w(w(z, t), 1)
k=1 k=1 Kt o) o
_K ((ca’b(t) — God(, t)>2 - c“’b(t)Q_“> ,

with initial condition G*®(x,0) = x. Since there is no derivative in the x-variable, this differential

equation may be regarded as an ODE for each z in the radius of convergence. By making the simple
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transformation H%?(x,t) = ¢®b(t) — G**(x,t) and using the relation (c*?(t))" = —Kc**(t)>~%, one

may show that H%® solves

0
aHavb(gc,t) = —KH"(z,t)>™%  H*(z,0)=1—uz. (3.43)

What is remarkable is that, besides the x-dependence and the initial condition, this is precisely the same
equation as (3.32) for ¢*?, the limiting function of the block-counting process. In particular, it is again

separable and of Bernoulli type, and may be solved using standard methods to obtain
_1
H*(z,t)= (1 -2)"' — (a = 1)Kt)" . (3.44)

The final step in the proof is to find an explicit formula for c?’b(t) from the generating function. First

observe that, for s > 1,

10

c?b(t) - 1/[ aleCLb( )

z=0

We shall define the the auxiliary functions and their derivatives

k 1
- f('“)(y)=< ! ) (v (a— DEHTT",

a—1

9y) = (1 -y = P =D a-DEa -y

Finally, using (3.33) and the Faa di Bruno formula for the derivatives of compositions (see Appendix B),

and substituting in the above formulas, we deduce that

= LS D (ga)) TT 9020 (@)
-0 Z

’ TI'EQZH Benm

1 ( 1 )W
=—— —(a—1)Kt)e
l _
a 1 B€7r

i (1 i a>mca’b(t)m(1—a)Bi7m <(1 _ a)i>

b ()2 . _
_ (Z,t!) B, <<1la> (=t ey, (1—a)°). 0

(1) =~ i )|

)18l (q — 1)l8L
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CHAPTER

Strong Mutation

In the Wright-Fisher diffusion with weak mutation, the reproduction and mutation mechanisms act
independently by construction. In the generator of this process, (2.29), the mutation term is added
separately in the form of a first order differential operator. Since this form of mutation appears quite
organically in the classical model, it is quite natural to assume it when studying new models, as many
authors have (see, for example, Eldon and Wakeley [2006]).

This chapter will introduce a new mechanism which intrinsically links mutation to reproduction in
the A-Fleming—Viot model (introduced in Chapter 3). We can think of such a process as modelling popu-
lations in which a small number of parents produce a large number of offspring, through the ‘sweepstake’

mechanism for example, such that a large fraction of the brood mutate to the other type. Correspond-
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ingly, throughout this exposition, we shall use the notational convention of letting ‘M’ denote strong
mutation, and ‘m’ for weak mutation. For example, the generator of the A-Fleming—Viot process with
strong mutation will be denoted ., ,,. Such a model may be suitable for modelling marine organisms

which experience mutation during meiosis.

The layout of this chapter is as follows. In Section 4.1, we outline the definition of A-Fleming—
Viot process with strong mutation (AFVM), and give a condition for the existence of this process. An
example of an individual-based model, which can be approximated by the AFVM process, is discussed
in Section 4.2. In Section 4.3 we derive some properties of the process and realize that, by making a
certain transformation, its generator can be decomposed into the sum of the generator corresponding
to the ordinary A-Fleming—Viot process and a non-generator term that accounts for mutation (Lemma
4.3). This alternative representation of the process will be crucial for deriving the stationary distribution
in the special case of the Beta coalescent in Section 4.4, using an adaptation of the method of Handa
[2014]. We are able to characterize the density of this stationary distribution in terms of (a variant of)
its generalized Stieltjes transform, but unfortunately are not able to invert this explicitly. However, we
are able to use this transformed version of the density to obtain an explicit recursion for the moments
(Section 4.4.2). In Section 4.5, we use the duality arguments of Chapter 2 to study the weak genealogy
of the AFVM process, which is fully characterized in Theorem 4.7. Finally, in Section 4.6, we discuss

some possible generalizations of the process that could be studied in the future.

4.1 The A-Fleming-Viot Process with Strong Mutation

We shall consider a version of the ordinary two-type A-Fleming—Viot (hereafter, AFV) process, but with
mutation between the two types. In particular, a certain fraction of the offspring, rather than receiving
the genetic type of their parent (as is usual), will instead mutate to the other type.

We shall say that there are two genetic types, a; and ag, and the process of interest, (X¢):>0, tracks
the proportion of individuals of the former type. Mutation is controlled by two parameters, vy, vo €

(0,1). For convenience, we shall enforce the condition v3 < 1 — v in order to streamline some of the
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The A-Fleming-Viot Process with Strong Mutation

arguments in Section 4.3. There is no loss of generality as vo > 1 — v; would also lead to the same

results, but the case v9 = 1 — v would not.

The model can be described easily through its generator, which is the linear operator

1
L) = /O [2f((1 —w)z +u(l —wv1)) + (1= 2)f((1 - uw)z +uva) — f(z)]v(du), (4.1)

acting on bounded, measurable functions f, where v(du) = u~2A(du) and A is a measure on (0, 1]. As
in Chapter 3, we cannot take any measure A, and the restrictions upon it can be found in Section 4.1.1.
This jump process essentially lives on a subset of (0, 1), which we call the core, the region which the
process will eventually be supported on — see Section 4.3 for more details. The heuristic interpretation of
this model is very similar to that given in Section 3.2, except that we now allow the newborns to mutate

during the reproduction event.

The measure v is the driving measure that determines how the impact parameter v is picked — it
plays the same role as v in the ordinary AFV process, except that it must satisfy a stronger condition,
namely that w be a finite measure — see Section 4.1.1. Given u, a parent is chosen and is of type a;
with probability z, and of type as with the complimentary probability 1 — x. In either case, a fraction
u of the population is uniformly killed (regardless of type). In order to preserve a ‘constant population
size’, we need to reallocate this missing fraction: if the parental type is a;,7 € {1,2}, then the new
offspring will also be of that type, except that a fraction v; mutate to the other type. These dynamics

comprise the high-density version of those of the individual-based model described in Section 4.2. If we

set v; = vy = 0, we get back the usual AFV process.

Note that the capitalized ‘M’ used in the subscript of the generator stands for this form of strong
mutation which is linked to the reproduction mechanism. This is in contrast to the Wright-Fisher diffu-
sion with weak mutation, where the mutation was driven by an independent Poisson point process (see

Sections 2.3.3 and 2.3.4), and the subscript ‘m’ was used instead.
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4.1.1 Conditions on A

It is customary to write the measure v in (4.1) in terms of another measure, A. This drives the rates of
coalescence in the usual A-coalescent, the dual process of the ordinary AFV process (see Section 3.4).
The relationship is written as v(du) = A(Céu), where A is a finite measure on the interval (0, 1]. The
finiteness ensures that the AFV process exists and the rates of coalescence in the A-coalescent are finite.
This topic was discussed in Chapter 3.

Our model deviates from the AFV process in that it includes a mutation mechanism. This, in turn,
forces an extra condition on A, meaning that a smaller class of driving measures can be used by this

model. If we take the Taylor expansion of a smooth function f about x in (4.1), we obtain the expression

L @) = [ (020 = 0) = ona)uf )+ (1= 01 = 2 + (1= )02~ 22 (a) + O] 25

—ca@r@ [ 2w [ A )+ Do) [ o)

To ensure that the process is well-defined, we will enforce the condition

1
/ Aldw) 0, 4.2)
0

U

which is stronger than the condition fol A(du) < oo normally associated to the AFV process. We
will see in Section 4.5.1 that (4.2) has an interpretation in the genealogical context. Through personal
communication with Tom Kurtz, we believe that this condition is actually necessary to guarantee the

existence of the of the process — we shall discuss this further in Section 4.6.

Remark 4.1. Upon setting v1 = v = 0, which eradicates the mutation mechanism, we get back to the
usual AFV process. In addition, we see that c_;(z) = (v2(l — x) — viz) = 0 in this case. Hence,

condition (4.2) becomes unnecessary, and A need only be a finite measure.

4.2 Individual-Based Model

We shall now consider a Moran-type model that provides the underlying individual-based dynamics for

the A-Fleming—Viot process with strong mutation defined in Section 4.1. The model that we shall de-
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scribe here could also serve as an alternative pre-limiting model to the A-Fleming—Viot process without
mutation by setting the mutation parameters to zero (an alternative to that of Section 3.2).

Let N € N be the fixed population size. Let Z}¥ be the number of individuals of type a; at time ¢
(the number of type-az individuals is N — Z}). We shall define X}¥ = Z} /N to be the corresponding
proportion at time ¢. Suppose that, at rate A\, reproduction events occur in which the genetic make-up
of the population is modified. During that event (which takes place at time t), the following actions take

place instantaneously:

(1) A parent is chosen uniformly at random from the entire population — the parent is of type a; with

probability X}V

(2) The number of individuals that will be killed, K, is chosen according to some distribution vV (k) =
P(K = k), supported on [N]. Then, K individuals are selected independently and uniformly with-
out replacement to be removed from the population. Given K, the number of type-a; individuals

that will die, K1, has a hypergeometric distribution, Hyp(N, NX}¥ , K).

(3) There are K offspring which replace the deceased that receive the genetic type of their parent,
unless they mutate. This happens with probability vZN independently for each newborn if the
parent is of type a;. If the parent is of type a1, the number of offspring that do not mutate, given
K, has a binomial distribution, M, 4 Bin(K,1 — U{V ); if the parent is of type ag, the number of

. . e d .
newborns that do mutate, given K, also has a binomial distribution, My = Bin(K, vév ).

The novelty in this model is that the mutation mechanism is incorporated into reproduction, so that
mutations occur at birth. This is in contrast to other models of this nature in which mutation behaves
as an independent Poisson process, allowing mutations to occur between births. Another difference to
be noted is that the extinction part of this model, (2), differs to that of its counterpart in Section 3.2. In
the latter, we specify an impact parameter v € (0, 1] according to a measure v and declare that each
individual dies with that probability. In this model, we select the number of deaths in advance according
to the distribution ', and then select the K individuals that will die. These aspects behave differently

in the pre-limiting models, but they yield the same kind of behaviour in the limit.
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When the frequency of type-a; individuals in the population is x, the rate at which we see events in
which the parent is of type a;, there are k deaths of which k; are of type a; and m; of the offspring do

not mutate is given by
a1 (z, b, k1,my) = o AXNVN (B)P(K) = k| K = k)P(M; = mq|K = k),

in which the transition
— M~
T T — ——
N
is made. Similarly, the rate at which events occur in which the parent is of type as, there are k deaths of

which k; are of type a; and mo of the offspring do mutate is given by
@ (z,k, ki,mg) = (1 — o)AV (B)P(K) = k| K = k)P(My = mg| K = k),

in which the transition
— M~
T—=T— ——
N
is made. With these definitions, the generator of the jump process X;¥ can be written
N k k
>0 X ek kum) (f (o - B ) — 7))
k=1 k1=0m1=0
N

3 3 ke (1 (5572 - 100)

9=

LN f(z) =

i
A
>~
2

|

<)
=

N
=AY S B[S (o i) — )l = K

N
+ 1 =2 MDY VNV RE [f (x - BFM) — f(a)|K = k]

It is possible to approximate the expectations with their means provided a certain condition is met.

Consider

EV(k) =E[a (f (2~ K54 — f(@)) + (1 - 2) (f (2 ~ K542 — f(2)) |K = 4]
—E[z(f (- 55M) — f o b -1 —o)) + f (- b~ 1 o])) - f(@))
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+(1—a)(fz-BFL)— fa—K@—v)) + f(z— 2@—v))) - f(z)) | K = k]
= Gy f(x) + (k)

where

Gy f(a) =af (z— @ —(1—o))) + (1 -2)f (z - §(z—v))) - f(2)

is the part that will eventually form the limiting generator, and

rN(k) ::E[:p(f(x—%) —f(:c—%(:v—(l—v{v))))

+(1 =) (f (o= 5F2) = f (v = (@ —v)) IK = K]

is the remainder term that we hope will vanish as N — co. Making use of Taylor expansions inside the

expectation we find that, for some &, &', n, 7" € [0,1],

PN (k) = /(@) (o — (L= o)) - EEFA K = k)
(1= 2) @) (hla - v8) ~ B2 K = )
+ 5 (I = MK = k] = (k(z = (1= o))
+ 1% (Bl = Mo )K= k)= (k= o))" ()

The first two lines cancel to zero using the properties E[K;|K = k] = kx, E[M;|K = k] = k(1 — v)
and E[M|K = k] = kvd (but this was of course the point of subtracting and adding the mean term).

Now, the remainder term may be bounded by

17"]los
k) < 2N?

<:U (Var(K;|K = k) + Var(M;|K = k))

+ (1 - ) (Var(K;|K = k) + Var(Ma| K = k)))

A1
= 2N200 <kaz(1 — ) ( - —) + kzo) (1 — o) + k(1 — 2)vd (1 — 03 ))
[
<
S ToNT b
uniformly in z, vy, v) € (0,1), where || - || is the supremum norm defined in Appendix A. Hence,
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defining ZN f(x) := AV Zszl GY f(x)vN (k) and RY := AN Z]kvz1 NV (k)v™N (k), it follows that

AM

PN f(x) = 2N f(z)+ RN 25 2, f(x)

AM AM

if we can find sequences AV, v (k), vV and v}’ such that

L f(x) =

AM
N

A faf (L= Bz +EQ o)) + A —2)f (1 — )z + Eo) — f(@)] vV (k)
k=1

1
— /0 [2f(1—wa+u(l —wv1)) + (1= 2)f((1 - u)z + uvz) — f(2)]v(du)

and
AWV X
— E k:yN(k) — 0

N2
k=1

as N — oo for all twice differentiable functions f on (0, 1) satisfying f(z) = O(x?) as x | 0. If this is
the case, then X} — X, weakly as N — oo. From this point onwards, we shall no longer think about

this individual-based model, but rather the limiting process which approximates it.

4.3 Generator Decomposition

With a view to looking for the stationary distribution of the limiting process, we shall take a closer look
at some of its properties. We will show that, whilst Xy may take any value in the closed unit interval, the
state space can be reduced, and the process will always eventually be trapped inside a more fundamental
interval, [vy, 1 — v1], which we will call the core. Recalling that we chose vy < 1 — vy, the width of the

core,

w:=1—1v; — vy, 4.3)

is positive. Define the functions

fl@)=0—-uwz+ul-v) and fi(z)=(1—u)z+ uve,
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which have respective fixed points 1 — v; and ve. These functions appear in the generator (4.1), corre-
spond to the a;-parent and ag-parent events respectively, and determine the boundaries of the core. The
case analysis below describes how the process behaves when it is in (i) [0, v2), the left exterior region,

(ii) (1 — vy, 1], the right exterior region, and (iii) [v2, 1 — v1], the core.
(1) Suppose z < vo. Then,

@) fi(z) =2 —uzx+uvy > z.

®) fi(z) =2 —uxr +u(l —v1) >z + vw.

This means that, no matter which parent is picked, the process, when situated in the left exterior
region, will always make a jump toward the core, since u is almost surely positive and w > 0. In
fact, we can see that

lim(fj(z)—2)=0 and lm(fi(z)—2z)=uw.

zTvg v

That is, if an unusual run of events meant that an ao-parent was chosen again and again, X; would
tend to v2 from below without breaching it. However, with probability 1, an a;-parent must

eventually be picked, which would allow X} to jump into the core.

(i) Suppose z > 1—wvj. A symmetric argument shows that (a) fy(z) <  and (b) f|(z) < x —uw, so
that the process always decreases, making progress towards the core. Similarly, lim 1, (f4(z)—
x) = 0 and limg|;_, (f) () — ) = —uw < 0 a.s.. In words, X started from the right exterior

region will always take steps toward the core, and eventually jump into it.

(iii) Suppose vy < x < 1—wv;. Then, (a) fr(z) € [v2+uw,1—v1] and (b) f|(z) € [v2, (1 —v1) —uw],
which proves that, once X; is in the core, it cannot exit. This follows because w exactly coincides

with the width of the core, and since u € (0, 1) almost surely, 0 < uw < w.

Remark 4.2. Letting v > 1 —v; does not fundamentally change the behaviour just described — the roles
of f+ and f| simply swap, and the core is defined as [1 — vy, v2] instead. However, if vy = 1 — vy, then

the core degenerates to a single point (and the stationary distribution will be a point mass in this case).
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We are now in a position to make the alternative representation of (4.1). Because X, is pulled toward
the irreducible core, we should expect that, if a stationary distribution exists, it will be non-trivial there,

and zero on the exterior. To reflect this fact, we shall make the linear change of variables

Tr — V2

y=y(z)=——, (“4.4)

with y(v2) = 0 and y(1 — v;) = 1, which focuses on the core. We write the inverse as
x = v +wy =: g(y). 4.5

Proposition 4.3 (Generator decomposition). For all f € 2(Z,,,), and defining h(y) = (f o g)(y),

we can write the decomposition
Liuhy) = Z,hy) + £, h(y), (4.6)

where
1
L h(y) = (03— (01 +va)y) / (h((1 — )y + ) — h((1 — w)y))v(du)

and Z, is the generator of the ordinary AFV process (see (3.3) of Section 3.1).

Proof. Observe that
fr(@) = fr(9(y) = w((l —wy +u) +v2 = g((1 — u)y + u)

fi(@) = f1(9(y)) = (1 —w)wy +v2 = g((1 — u)y)

Hence, setting h(y) = (f o g)(y), Equation (4.1) may be rewritten as

1
Lo flaly) = /0 () f(fr(g())) + (1 —gW) f(filgw))) — fg9(y))] v(du)
1
= [+ = @+ v (o= -+ )

+ (1 =y — (v2 — (v1 +v2)y)) f(9((1 = w)y)) — f(g(y))] v(du)

= Z\h(y) + L, h(y). O
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Remark 4.4. Upon removing mutation by setting v; = v9 = 0, we return to the ordinary case of the

A-Fleming—Viot process, since the decomposition is trivial. That is, .Z,, = 0 and h(y) = f(y).

4.4 The Stationary Distribution

In order to find the stationary distribution of a Markov process with generator ., with domain 2, we

need to find a non-trivial measure, v, which solves

/S Lf(a)yi(dz) =0, V€ L),

where S is the support of ¢ (Ethier and Kurtz [1986], Section 4.9). In our case, assuming that the
measure 1) is absolutely continuous, we have
1—v1 N 1
Ly f@)i)iz =0 or [ 2 by =0 @)
v2

where 9 (y) = wi(g(y)), g is defined in (4.5) and w in (4.3). The second form is equivalent to the first

and follows after performing the change of variables (4.4).

4.4.1 Beta Coalescent

It would be ideal if we could solve this problem for the general measure v, but that would be very
challenging. Instead, we shall specialize to the (restricted) class of Beta coalescents, introduced in

Section 3.4.2. That is, for « € (0, 1), set

A%(du)
2 )

v(du) = (4.8)

u
where A® is the measure corresponding to the ordinary Beta coalescent, defined in (3.10). To study
the stationary distribution for this special but important class of measures, we shall adapt the method of
Handa [2014]. The mutation mechanism that he considers in his model is rather different from ours, but
using (a modification of) his transform method allows significant progress to be made here too.

Handa points out that, to prove the identity (4.7), it is enough to check that it holds true for the set of
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functions h,(y) := y™ for n € N (this is a result of Ethier and Kurtz [1986]). Further, he argues that it
is possible then to simply check (4.7) for the functions hy(y) = (1 +ty)~! fort € [0,1/r) where R > 0

is to be determined. Observe that

1 1 ) ') 1
/0 Lors o) (y)dy = /0 L (g-w )my)dy:;(—t) /0 L (") )dy

is valid by Fubini’s theorem if we can, for example, estimate |.Z, ,, (y")| < C' - R" for each n € N and

for some C' > 0. This would imply

/Olnfjor( Lo Ny dy—/Zt"r (G dy<0/ZRt y)dy,

which converges as long as t < 1/R. Indeed, we show that such an estimate can be obtained in Lemma
C.4.1 with R = 2, and hence we can proceed with the method. The next step is to make use of the
generator decomposition (Lemma 4.3) to calculate

Pyl —y) (! A% (du)
Liluly) = 14ty /0 (au +b)(a'u +b)’ 4.9)

1 (du
Zyhi(y) = t(vg(v1+v2)y)/o ( A% (du)

u(au + b)(a’u + b)’ (4.10)

where a = t(1 — y),a’ = —ty and b = 1 + ty. We shall simplify (4.9) and (4.10) by using partial

fractions and then applying Lemmas C.4.2 and C.4.4 (which is possible since |a|, |a'| < |b]).

Remark 4.5. Note that, for Lemma C.4.2, the requirement that « € (0, 1) precisely coincides with (4.2)

in this special case — if « € [1, 2), this condition fails.

After performing these steps, we obtain

B (14+)*1-1
Lih(y) = —ty(1 —y) TS (4.11)
_ a—1
Ly hi(y) = —t(va — (v1 +v2)y) L=y)d+ 7 +y (4.12)

(1—a)(1+ty)t+e

It follows from (4.7), (4.11) and (4.12) that, in order to find the stationary distribution, we must find v
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such that

1 d
t/o MI [y =)@+ = 1)+ (v2 = (0 +v)y) (A= y) A+ 1 +y)] =0.
(4.13)

Equation (4.13) is conducive to an integral transform. In our problem, the appropriate transform is

1 1 2
S(t) = /0 (14 ) vy = [ Oy, (4.14)

o (1+ty)t*te
where S implicitly depends upon «. This is slightly different to the generalized Stieltjes transform used
by Handa [2014]. Differentiating in ¢, we obtain

2

1 1
SO =0-a) [ vy ma 50 = -at-a) [ vy

Recall that 2% is the kth falling factorial power of z, defined in Appendix A. The relations

Ly s, S
|, o =t

S"(t) S'(t)
(1—w)? M

1 o "
[ vy = 1002 e

1 —
/0 M¢(y)dy = —(1+1)

S'(t)

transform (4.13) into the second order differential equation

SEZ +up(141)271S(t) = 0, (4.15)

(1) 5 +q(t)

q(t) 1 aZ i

qit) =t+ (w—vt)(1 — (L+1)%) and §(t) =vy — 14 (w—wva(1+2t))(1+1)27L.  (4.16)

The first initial condition is S(0) = 1 since 1) is a stationary distribution. The second condition takes a
little more work. Using a result of Ethier and Kurtz [1986], v is a stationary distribution associated with

the generator .Z, ,, if and only if

1
/ Lo W )(y)dy =0, V¥neN. (4.17)
0
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Therefore, taking n = 1, we get the second condition

S/(O) V2

l—a v +uvy

Using computer algebra software (Maple), we find that the solution is given by

t 1—
_ - (1—a)I(t) p(2) (a—1)I(2)
St)y=1+(a—1)e /0 ) e dz (4.18)
where
p(z) =1—va(l— (1+2)*) and I(z)= / ) e (4.19)
0 (%)

and q is defined above in (4.16). This solution is not final, as we have yet to invert the transform to

obtain ¢, but it does encode some information, such as the moments.

4472 Moments

Suppose that Y is a random variable with density ¢). We can view S(t) as an alternative to the moment

generating function. Observe that

1 1 00
_ l-«
S(t) = / (1+ty) Y (y)dy = / P(y)dy > < i ) (ty)"
0 0 =0
/1-a ! .tk
- k
=S (V) [ e =Y - ot
k=0 0 k=0
where 2 is the falling factorial defined in Appendix A. By Fubini’s theorem, the interchange of the in-
tegral and the sum is valid since the integrand is non-negative. Hence, the general form for the moments

is controlled by the derivatives of S
k e N. (4.20)

We do in fact get the first moment for free — it is the initial condition of Equation (4.15),

U2

EY[Y] =

U1+U2'
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To calculate the second moment, we need the first two derivatives of S which are

S'(t) = (1—a)(pt)S(t) — 1)’
q(t)
S"(t) = (1—a)(@'(1)S(t) +p(t)S'(t)) — ¢ (t)S'(t)  nalt)

q(t) q(t)

4.21)

It turns out that n2(0) = 0 = ¢(0), meaning that an application of I"Hopital’s rule is necessary. For this,

we need

ny(t) = (1= a)(p"(0)S(t) + 20" ()S'(t) + p(t)S" (1)) — (¢"(1)S'() + ¢' (1) S"(1)).

In the sequel, we use the algebra of limits in the following way: whenever we use one of the rules,
we postulate that the limits on the right-hand side exist, and derive a contradiction later if they do not.

In particular, we shall assert that S”(0) exists, and see that no contradictions surface. So,

1" T n2(t) IH ;. né(t)
SO=E " ~ e
(1 =) (p"(t)S(t) +2p'(t)S' (1)) — ¢"(1)S'(t)

= lim
t10 q'(t)
+ (1= a)8"(0) lim 22— 57(0) lim 7(t)

0 @) o ()

By rearranging for S”(0) and using the definitions of p(t), ¢(t), S(¢) and their derivatives, we obtain

1 (1-0a)(@"(0)5(0) +2p'(0)5(0)) — ¢"(0)5'(0)

SO0 = ¢(0) ’

(4.22)

and we can use this to find an expression for the second moment

EY[y?) — S70) w2 1—a+2av
S (1-—a)? uvtvlta—2ow’

and the variance
1l -« V1V2

Var’(Y) = EY[Y?] — EY[Y]? = ‘
ar”(Y) [Y~] Y] 14+ a— 20w (v1 + v2)?2

Since Y is not in the original space — we made the linear transformation (4.4) in order to reach the

alternative representation — we need to use the inverse (4.5) to return to the original space. For example,
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if X is a random variable with density 1, then

- V9

EY[X] = vy + wE[Y] = = EY[Y] and Var’(X)=w?Var’(Y).  (4.23)
U1 (%]

It is possible to derive explicit expressions for E¥[Y*], k € N. The procedure is very similar to
the above, just in more generality. Firstly, form a recursion for the derivatives of S(¢) (Lemma C.4.5)
evaluated at zero (Lemma C.4.6). Whilst those equations are rather cumbersome, the reader should
bear in mind that the proofs simply generalize the argument above for finding S”(0). Having found
a recursion for S*)(0), Equation (C.3) can be manipulated further to arrive at an expression for the
moments of Y:
S (- () - (£)d* () s90)

(14 a—2aw) (1 - o)k

EY[Y*] = , (4.24)

using the convention ( 1) = 0. With the help of Lemma C.4.7, the moments of Y are explicit, albeit
cumbersome, up to a recursion. Finally, EY [X "], the nth moment of X, can be found by expressing it

as a linear combination of EY[Y*], k € [n]o.

443 Inversion

We have yet to obtain an expression for ). In order to do this, we have to invert the transform S(t).

Recall from (4.14) that our transformation is given by

1
S(t)—/o (1+ ty) " d(y)dy, te(0,1), ac(0,1).

A simple application of integration by parts reveals that we can rewrite S(¢) in terms of the Stieltjes

transform.

R O s

141) /w )dij — /¢ )dij — 1—04)/0%@

=14+t — (1 —a)tS(t),
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where W is the distribution function of v, and S (t) is its generalized Stieltjes transform of order cv. As

S is known explicitly, it follows that we need to apply the inversion formula to

() = (1_1a)t (140 =14 (1= @)l =0 5 (1))

where

_ [ —1(2) (a-11(2)y,
() ._/0 o dz.

Yano [2006] defines the inversion formula through an auxiliary function

1 /-~ -
8(0) = lim o (S(~o0 —in) = S(o +n)) . (4.25)

from which the desired function is obtained via the fractional integral

W(y) = /0 "y - o g6 de. (4.26)

+

In practice, finding ¢ is going to be very difficult, given the complexity of S. We can make some

progress, however. In the case of the Beta coalescent, ¢ reduces to

(0 + )" in)e(1—a)I(—o—in) » -\ (1—a)[(—o+in) ,
9lo) =lm—— " — (o +im)e J(=o —in) + (o +in)e J(=o+in))
i L[ Q_(t)e=ex — Q. (£)e1 i gt
N nd0 211 0 B + ’
where

—o+tin _
Ift1 = / Mdz and  Qi(t):= 1-p() r(z)
' (—oLin)t Q(z) q(Z) z=(—otin)t

and the functions p and ¢ are defined in (4.19) and (4.16) respectively.

4.5 The Genealogy

In this section we aim to examine the genealogical process associated with (4.1), which will turn out to
be a variant of the A-coalescent. Ultimately, we would like to find the genealogy when we condition on

knowing the types in the sample; before doing so we shall briefly motivate this method by contrasting it
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to the unconditioned version. Both of these were discussed in Section 2.3.4 in the context of duality.
Suppose you have a sample of size £ € N. To obtain a genealogical relationship between the lineages

in this sample, perform the following steps.
(i) Generate a A-coalescent with k leaves (using the algorithm in Section 3.4.1, for example).

(i) Assign a type to the root node by sampling from the stationary distribution associated with (4.1).
(More generally, one could sample from the non-stationary distribution of types at some time in

the past.)

(iii) Starting at the root node, run the mutation process down the tree: for each branching event, and
for each lineage in that event, if the parent is of type a;, the newborn will be of the same type with

probability 1 — v; or mutate to the other type with probability v;.

Upon completion, this will yield a fully typed realization of the genealogy for the sample. The
trouble with this method is that, although simple to simulate, it can be rather wasteful. Typically, one
already knows the types in their sample, so if the pattern of types in the generated genealogy does not
match that of the data (which is quite likely to happen), then that tree must be thrown away. For large
sample sizes, this form of rejection sampling could be very expensive indeed. In addition, it may be
difficult to perform step (ii) as, although we studied the stationary distribution in Section 4.4, we didn’t
characterize it enough to be able to draw a sample from it. The conditioned genealogy, on the other
hand, depends only on the stationary distribution through its moments, which were calculated in Section

4.4.2 when A was the Beta measure.

451 Conditioned Genealogy: the Typed A-Coalescent

Another approach to obtain a genealogy is to look for a weak duality for the generator (4.1). In particular,
we look for duality which reflects the fact that we have knowledge of the types in our sample — we assume
that the initial configuration of the sample in question is k = (k1, k2), where k; is the number of lineages
with type a;. We impose that k > 0, by which we mean that both k; and ko are non-negative and that

|k| > 0.
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This method was outlined originally in Barbour et al. [2000], subsequently applied in later papers
such as Etheridge ef al. [2010] and described in full generality in Section 2.2.1. In this section, we will
apply it to the A-Fleming—Viot process with strong mutation. Given the vector k, we seek a duality
function f(x) such that, when substituted into (4.1), we obtain the same expression as if we applied the
generator of a suitable continuous-time discrete state space jump process to the function with x fixed and
k varying. Duality will then follow through Proposition 2.6. We begin by considering the unnormalized
duality of (2.34),

fro(x) = 2*1(1 — z)*2, (4.27)

which, when applied to the generator ., ,,, can be written in the form of (2.11). We will use the methods
of Section 2.2.1 to derive the appropriate (normalized) duality function: one has to correct (4.27) by
dividing by the appropriate moments of the stationary distribution of the forward process (which were

discussed in Section 4.4 for a special case). More precisely, the normalized duality function is

_ Je(@)

me

k() (4.28)

where

i, = E[fu(X)] (4.29)

and X is governed by the stationary distribution of the AFVM process. For example, when we specialize
to the measure A*(du), discussed in Section 4.4.1, the stationary distribution has density v and we can

express identities (4.23) as

b U2 7 V1
m(lvo) = ]Ew [X] = o1 + 05 and m(O,l) = E¢[1 — X] = v+ 09 . (430)

In many cases, the moments mj may be unobtainable or difficult to calculate, but the method of
duality holds nonetheless, provided the stationary distribution exists and has finite moments. The general
result will be given in Theorem 4.7. In what follows, we shall demonstrate how the method works by
example, concentrating on the case when A is the Beta measure A“ of (3.10) and using the moments

that were calculated in Section 4.4.2. The example is intended to provide intuition of how the genealogy
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behaves.

For the first example, we consider the most simple configuration we can think of: k = (1,0). Then,

we observe that

1 ! A% (du
L 9(1,0) (%) = / [2((1 —w)z +u(l —v)) + (1 —2)((1 - w)z + uvz) — 2] (2 )
m(,0) Jo u
m0,1) / b A (du)
=v U xT) — x)), 4.31)
2m(1’0) o w2 (9(0,1)( ) 9(1,0)( ))
where we have used the relationship
Ty _ v (4.32)

Mo 2

which follows from (4.30).

We have shown that, from the configuration (1, 0), the genealogical process will jump to the state

(0,1) at rate
m(gjl) 1 uAa(du) V1

1,0),(0,1)] = vp——=-2 = , 4.33
d(1,0), 0.1 = v % | u= (339

where q(k, k') denotes the rate at which the process jumps from state k to k/, k # k’. This notation
coincides with that used in Section 2.2.1. (Square brackets will be used instead of round ones when

referring to specific vectors in order to aid visual bracket-balancing.)

Whilst ¢[(1,0), (0,1)] in (4.33) has a very slick expression, the clunkier version will help us to
interpret the rate probabilistically, and help us to identify more general rates for this process. In un-
derstanding the rates of changes in state of the backward process, we must consider the configurations
and events that, going forwards, might have led to what we see now. For this reason, we appeal to the

forward process, and the notation thereof, to derive the backward process.

The factor fol w in (4.33) is simply the probability that, in a coalescence event, our single lineage
is picked to be part of the ‘merger’ (we use the term in a loose sense since the merger, from the point
of view of the sample, is trivial). Notice that once again we use condition (4.2), which now has an
interpretation from a coalescence point of view: in the usual A-coalescent, mergers involving one block
are not allowed, but in this model such mergers are permitted since they can result in a change of state.

For this reason we need the more stringent condition.
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The other factor in (4.33) is the mutation probability. That is, in order to see a change in state going
backwards, we need that, in addition to the fact that our lineage was an offspring of the reproduction
event that gave rise to it, that it mutated from the parent’s type (a2) to its current type (a;). Really, it is
an application of Bayes’ Theorem: suppose that L; is the random variable marking the type of our one

lineage, where t is genealogical time (ergo Lo = a1). Then,

P(Litor = az) m(o,1)
=0 ot + o(dt).
]P)(Lt = al) Qm(l’o) ( )

P(Litse = a|Ly = a1) = P(Ly = a1|Liy st = az)

That P(L; = a1|Litst = az) = vedt + o(dt) follows from the fact that reverse genealogical time is in
fact the direction of time in the forward process, and vs is the probability that the as individual mutates

to type a; forwards in time.

Suppose that we want to calculate the probability of sampling a particular configuration (of a given
size) from the stationary distribution X. Let K be a random vector representing this sample. Then,
given X, the probability that the first lineage sampled is of type a; is just X, whilst the probability that
itis of type ag is 1 — X. Since the population size is regarded as infinite, the sampling of each lineage

is independent, implying that P(K = (k1, k2)|X) = X*1 (1 — X)*2. Partitioning over X,
P(K = (ki,ks2)) = E[X"1 (1 — X)*2] = my,.

In particular, sampling just one lineage, P(K = (1,0)) = P(L; = a1) = m(1 0y and P(K = (0,1)) =

P(Li15¢ = a2) = mq,1), using the above notation.

In general, because we are thinking about the rates of events going backwards in terms of forward

probabilities, these Bayes factors will always be a multiplicative factor in the rate ¢(k, k') of the form

P(new configuration)  P(K =k')  my

P(current configuration) P(K =k)  mg

A similar calculation, analogous to (4.31), for the initial configuration k = (0, 1) leads to the gener-

ator

A%(du)

m
- 5— (901.0)(®) = 90,1y (2)) , (4.34)

1
=%AMQ(O,I)(JU) = Ul/o u

m(0,1)

u
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which means that, from state (0, 1), the only possible transition is to (1, 0), and this occurs at rate

m(1,0) ! uAa(du) )

q[(0,1),(1,0)] = v D)

m(0,1) Jo u

which is symmetrical to (4.33).

We shall now explore the cases for which we have two lineages in the initial configuration, arguing
probabilistically for general A, starting with k = (2,0). There are three possible states to which this
process might jump. Firstly, this configuration could have arisen through a mutation on one of the
lineages from the state (1, 1). Since mutation is intrinsically linked to reproduction, the mutating line
had to be involved in a reproduction event for this to have happened. More precisely, one of the lineages
had to be in the event (and mutate) and the other one must not have been. For the same reason, the
transition (2,0) — (0,2) is not possible in a single sampling event — the two lineages cannot mutate
independently as there can only be one coalescence at a time (this is a A-, not a Z-coalescent). In fact, if

they both mutated, they would have to come from the same mother. The rate we seek is

1
i) u(l— u)A(a;u)

q1(2,0),(1,1)] = 2v
(2.0, (1)) = 20702 | >

(4.35)

The factor fol u(l — u) AELdQ“) represents the probability of selecting one lineage but not the other. The
Bayes factor is adjusted to take into account the transition; the factor vy means that the selected lineage
must have made the mutation as — a; going forwards; the factor of 2 is purely combinatorial and

accounts for the fact that the mutation could have happened to either lineage.

We have covered the case when there is a trivial coalescence. There are two other ways that the state
(2,0) could have arisen — in both cases the lineages came from the same mother in that reproduction
event. Firstly, if the mother had type a; then neither child mutated at birth; if the mother had type as,

then both mutated at birth. The corresponding rates are

m0 L A(du
Q[(2, 0)7 (17 0)] = (1 - Ul)zm; 0; /0 U2 EI,Q )7 (436)
1
mo,1 A(du
¢[(2.0), (0,1)] = vémizoi /0 u? 22 ) (437)
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a, a, a, a, a, a,

or

al al a'l a'l al al al al
(@) (b) (©)
Figure 4.1: The possible transitions from the state (2,0) to (1, 1) ((a), at rate (4.35)), (1,0) ((b), at rate (4.36))

and (0, 1) ((c), at rate (4.37)). No other transitions are possible. Crosses signify that there has been a mutation
event from one allelic type to the other

The possible transitions are presented pictorially in Figure 4.1.

For the special case when A is taken to be the Beta coalescent, we obtain the following lemma.

Lemma 4.6. For each oo € (0, 1), in the special case when A is taken to be the Beta measure A®, the
only possible transitions from the initial configuration k = (2,0) are to the states (1,1), (1,0) or (0,1)
which occur at rates given by (4.35), (4.36) and (4.37) respectively. This is summarized by the generator

equation

Z920)/() = al(2,0), (L 1))(g(1,1) () = 92,0 (x)) + al(2,0), (1,0)](g(1,0) (%) — 9(2,0) (%))

+4[(2,0), (0, D](g(0,1) (%) = g2.0)())-

This will also be true for all other A for which condition (4.2) holds. The proof of Theorem 4.7,
which holds in more generality, renders a proof of this result unnecessary. However, one can check it
explicitly, and it is reassuring to see that the moments derived in Section 4.4.2, and the general method-

ology, are in good working order.

The initial configuration k = (0, 2) is purely symmetrical to the case we have just studied; it is just
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or

a, a, a, a, a, a, a, a,
() (b) (©

Figure 4.2: The possible transitions from the state (0,2) to (1, 1) ((a), at rate (4.38)), (0,1) ((b), at rate (4.39))
and (1,0) ((c), at rate (4.40)). No other transitions are possible. Crosses signify that there has been a mutation
event from one allelic type to the other. This figure demonstrates the symmetry between k = (2,0) and (0, 2) —to
get from Figure 4.1 to this one, just switch the labels so that a; becomes as and a2 becomes a;

an exercise in swapping labels. The likeness can be seen from the rates of transitions

ma,y ! A(du)
0,2),(1,1)] = 2v,———= u(l —u , 4.38
q((0,2), (1,1)] mos Jo ( ) .2 (4.38)
m b A(dw)
0,2), (0,1)] = (1 — vy)? (0’1)/ u? , (4.39)
dl0,2),0,] = (1= 00 [
m L, A(du)
0,2), (1,0 202(1’0)/ w228 4.40
I (4.40)

and pictorially from Figure 4.2.
The case of the configuration k = (1, 1) is slightly different since a single mutation will result in a
different state depending on which lineage it falls upon. Therefore, four possible states are available. By

now, the best way to convey the process from this state is through Figure 4.3 and equations (4.41)-(4.44).

ql(1,1),(2,0)] = vlm /01 u(l - u)A(udzu)7 4.41)
ql(1,1),(0,2)] = UQZS:?; /01 u(l - u)Aﬁji“\ (4.42)
ql(1,1), (1,0)] :Ul(l_vl>2§i(i;/01UQAgl2U)7 443)
a1, (0.0] = a1 — )0 | Ll 444
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a, a, a, a, a, a,

al az al az a‘l a‘2 a‘l a‘2
(a) (b) (© (©

Figure 4.3: The possible transitions from the state (1,1) to (2,0) ((a), at rate (4.41)), (0,2) ((b), at rate (4.42)),
(1,0) ((c), at rate (4.43)) and (0, 1) ((d), at rate (4.44)). No other transitions are possible. Crosses signify that
there has been a mutation event from one allelic type to the other

Given the rates of transitions (4.38)-(4.44) for the backwards process, we can state and prove results
analogous to Lemma 4.6 for the initial configurations k = (0, 2) and (1, 1). However, as this will reveal
no new insight, and they are characterized by Figures 4.2 and 4.3, we choose to omit them. Moreover,
they are special cases of Theorem 4.7.

For |k| < 2, we have now given a complete description of the genealogy using probabilistic argu-
ments. We could continue in this manner ad nauseam, but the complexity of each individual case grows
with |k|. Instead, thinking more generally, we can write down the process for any configuration k& > 0.
Before doing so, we need some notation.

For vectors k > 0, define the set Ly := {l € Z?> : 0 < I < k}, where I < k means that
li < ki,i € {1,2}, with no further restrictions, and I > O retains its usual meaning: that [; > 0 and

7| > 0.

Theorem 4.7. Fix k > 0 and let A be a measure satisfying (4.2). For eachl € Ly, i € {1,2}, the
transition k — k — l + e; in the dual of the A-Fleming—Viot process with strong mutation occurs at rate

1
(1) (32 bt —y 2tees [z p-tiagau), o 22,
1 2

me 0
qlk,k—1l+e;) =

1
kjvimkeﬁei]l{#j}/ w1 — w)FIT A (du), l=ej.
0

mp
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Chapter 4: Strong Mutation

Hence, we have the generator equation
Lywgk(@) =YY qlk,k =1+ e:) [gr—1ye;(x) — gr(2)]-
leLy, i=1,2

This theorem can either be understood in terms of the pictorial arguments we gave above, or in terms
of equations. We postpone the rigorous proof until we have given a more intuitive explanation.

The vector I represents the set of lineages eligible to take part in the merger; it can consist of lineages
of both types, reflecting the fact that, going forward, the mother of a reproduction event may give birth to
mutant and non-mutant offspring. The vector I = e; represents the ‘trivial’ merger, where just one of the
lineages mutates to the other type (it is important that there is indeed a mutation — hence the condition
e; # e; —otherwise we would not see a jump in state). At the other extreme, [ = k represents the event
that all of the lineages in the current configuration came from the same mother. Anything between these
two extremes is possible due to the multiple-merger nature of the A-coalescent.

Given [, the sub-configuration of lineages that could merge, jumps to only two states are possible:
k—1+e;i€ {1,2}. Thatis, the |I| lineages will collapse into just one, which will have the type of
the mother. More precisely, for the new state, we subtract [; from k;, but there is a bonus one for the
mother’s type, represented by e;.

Now, given both l € Ly and 7 € {1, 2}, we must calculate the probability that, going forwards, the
configuration k — I 4 e; gave rise to the current configuration of types. Firstly, the combinatorial factor
(’;11) (];22) counts the number of ways that, from the configuration k, we can form subsets of size |l| such
that [; are of type a; and [, are of type as. Then, from a mother of type a;, it must have been that /; of
the |!| offspring that we have sampled did nor mutate (which, individually, has probability 1 — v;), whilst
the remaining |l| — [; did mutate to the other type (with probability v;). Since each mutation event is
independent, we must multiply them all together, resulting in the mutation factor UyHi (1 —v;)b.

is an artefact of how we describe the

As described earlier in this section, the Bayes factor %

genealogy in terms of the forward process, and must always take this form. Finally, the integral factor
emerges from the general theory of A-coalescents and represents the probability that, of our |k| lineages,

|| are selected to be in the merger and the remaining |k| — |I| are not.
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Proof. The strategy is to apply the methods of Section 2.2.1, and in particular to rewrite the generator of
the forwards-in-time model in the form of (2.11) when acting on functions f(x) = 2*1(1 — z)*2. That

18,

1
Ly () = /0 [2((1 = wz +u(l —v1)" (1 = u)(L - ) +uvy)*™

+ (1 —2)((1 —w)z +uv)? (1 —u)(1 — x) + u(l —vp))*2 — 21 (1 — 2)k ] (du)
_ ! kl — v i, .1 k1—1 k1 1+1 & k2 v u] —u ko—j ko—j
/0[;(2)(1 D (1 — ) %(;)1 (1 —u)*7 (1 —x)
k1
ki Vit (] — )ik —i k2 oVl (1 — w2 (] — gyke—i+1
#30 (§ )ubvia ;(ﬂ)u V(1= )21 aped

— gkl — x)kQ] v(du)

where, in the first line we simply plugged fx(x) into the definition of generator (4.1), and in the second
we performed binomial expansions of the first two terms. What we are left with in the first two terms
are products of two sums. To continue, we shall peel off the zeroth term in all sums and multiply out to
produce four terms per product;

k1
Loy Te(x) = /1 [(1 — u)'k‘xkl"‘l(l . x)k?z + Z <k1> (1— Ul)iui(l _ u)|k\—i$k1—i+1(1 _ x)kQ
0 2

=1

+ Z < )v W (1 — w)Fl=i gkt (1 — gk
+ Z Z <k1> <k2> VI (1 — v Yt (1 — ) Wl = () ghr=itd (1 ke

=1 j=1

k1
+ (1 —u)Flghr (1 — gkt 4y ( ,1>v§u’(1 — w)lkl=igh =i (] — ket
2
1=1

+ Z <k2> (1-— Uz)juj(l _ u)\kl—jxm(l _ x)k;g—j+1
=1 N
k1 kl kQ i P it |k\—(z+ N en—i by — it 1
+ZZ v3(1 —v2)!u'™ (1 — u) Dghr=i(1 — g)k—7
=1 j=1

ak(1— w)kQ]V(du).
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Chapter 4: Strong Mutation

The final objective is to separate out all those terms which are a multiple of fx(z), in order to identify
those which actually differ from it. There are precisely five of these: the two with prefactor (1 — u)‘k|,

the final term, and the first summands in the second and seventh terms. Hence,

Ly fe(x) = /01 [i (T) (1 —vy)'ul (1 — w)lFlmighi =i+l — gyke

=2
ko
+)° < ?)v{uf(l )kl gkt (g ke
— \J
J
k1 ko
k k ; S i » »
+ Z Z < Z1> <]2> 7){(1 - ’Ul)luz+](1 — u)‘kl ( +.7)Ik1 +1(1 _ x)kg J
i=1 j=1
k1
k ot —i, k1 —i
+ Z ( Z,1>U§u’(1 — u)'k‘ 11 — gkt (4.45)
i=1
ko
k . .
+ Z < 2) (1 — v’ (1 — U)'k‘ijf[‘kl(]_ x)szj+1
— \J
J
k1 ko
+ Z Z < i1> <]2> Ué(l _ Ug)]uerj(l _ u)\k|7(z+j)xk1fz(1 . x)k273+1
i=1 j=1

- (1 (1= w)® = k(1= v1) + k(1 — v2))u(l — u)l’c\*l) 21— x)’”] v(du)

We have now written this equation in the form of (2.11), which essentially allows us to read off the

jump rates. The positive constants c(k, k') are implicitly defined in this equation, and converting these

My
me

into the rates g(k, k') introduces the Bayes factors . It takes a little work to show that c(k, k) is
indeed positive, but it is nonetheless true.

In (4.45), the single sums are linked to mergers in which all the children are of the same type —
either nobody mutated or everybody did. That the index starts from 2, not 1, in two of these summations

reflects the fact that a single lineage may not ‘mutate to its own type’. The double sums represent all

mergers involving both types. By associating index ¢ with [; and j with [o, the result follows. O

Remark 4.8. There is not a one-to-correspondence between the cardinality of Lg and the number of
possible states reachable from configuration k: if I,1’ € Ly it is possible that the process would jump to

the same state from I and U’ albeit at different rates.
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4.6 Generalizations

Condition (4.2), discussed in Section 4.1.1, is an unfortunate one to have to impose. This is because it
restricts the range of possible driving measures A. For example, if we would like to use a Beta coalescent
for this model, then the parameter range is only o € (0, 1), rather than the full (0, 2) that was possible

in the model without mutation. Recall that A(du) = u?v(du) and that X; denotes the AFVM process.
Here, we shall ask whether this condition is really necessary. The answer, found in the following
calculation received through personal communication with Tom Kurtz, is yes. We shall use this as
motivation to propose more general models which may be studied in the future.
In the following, we shall investigate the stochastic equation of X; constructed via a Poisson point
process. We also allow the mutation mechanism to be generalized, so that it depends randomly on the
fraction of the population replaced: let v;(u, z) be the fraction of individuals that mutate from type a; to

the other type during a reproduction event (z will be replaced by a ¢/[0, 1] random variable).

Let ¢ be a Poisson random measure on [0,00) x (0, 1]* with mean measure dsv(du)dzidzs. In
addition, define 5 to be & — dsv(du)dzidz,, the compensated version. Then, the stochastic integral

equation for X, can be written
t
X=X+ [ /( actoron (G (= Xoo +1=0,2)
0 J(0,1
+ ]lzle{(xs_,l]}(zl)u (—XS_ + Ug(u, @))]f(ds, du, dzq, dZQ).

In order for this stochastic integral to exist, we require that fol uv(du) < oo, which is equivalent to (4.2).

By compensating &, we hope to weaken this condition:

t
Xt = Xo+ / / [Lizeo,x, 3 (z0)u (=X +1—v1(u, 22))
0 J(0,1)3
+ ]lzle{(XS,,l]}(Zl)u (—Xs— + vo(u, za))]é(als7 du,dz1,dzy)

t
+ /0 /(011]3 [uXs (1= X5 — vi(u, 22)) + u(l — X5) (va(u, 22) — X;)|v(du)dz1dzads

t
= Xo+ M; + / / —Xsuvy (u, z2) + (1 — Xg)uve(u, 22)v(du)dzidzods,
0 Jop
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where M; is defined by the first integral against €. Since M is integrated against a centred Poisson point
process, it is a square integrable martingale if fol w?v(du) = fol A(du) < oo is satisfied [Klebaner,
2005], which coincides with the usual criterion for the existence of the A-Fleming—Viot process — see

Section 3.1. The second integral exists if
/ u (v (u, 2) + va(u, 2)) v(du)dz < oo. (4.46)
(0,12

In particular, if v;, v are fixed and do not depend on wu, as is the case in the model of Section 4.1, then it
follows that (4.2) must hold. However, this insight shows how one might generalize the model to obtain
the full range of coalescents that we desire. For example, one could let the mutation parameter v; be a

linear function of u.
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CHAPTER

Selection

This chapter introduces different forms of natural selection into the two-type A-Fleming—Viot process.
We shall define the differential killing mechanism in Section 5.1, and the differential birth model in
Section 5.2. The word ‘differential’ refers to the fact that, during reproductive events, the two allelic
types are not treated equally, leading to one being selectively favoured. We shall call our two alleles
a1 and as, the latter being of the stronger type. The parent will, as in the neutral case, be selected
uniformly at random, but the extinction and recolonization phases will be modified in the differential
killing and birth models respectively. It is possible to define the models with quite general driving
measures v, but ultimately we are interested in a slightly simpler specialization, as it has a rather intuitive

interpretation in terms of strong and weak circles (which will be defined on p.111). This specialized
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model is characterized through (5.4, p.110), and most of the chapter will be set in this context.

Biologically, the two models have different interpretations — the differential killing model represents
a type of viability selection in which the stronger allelic type exhibits some resistance to certain catas-
trophes such as disease or plague; the differential birth model is a form of fecundity selection whereby
the stronger type is able to produce more offspring. In this chapter, our aim is to prove that these models
are governed by the same process of allele frequencies, but have different genealogies, even for small

sample sizes.

In Section 5.3 we shall compare and contrast the reproductive mechanisms through Table 5.1 and
the graphical construction of Figure 5.1. The models behave similarly in some regards — they are gov-
erned by the same of process of allele frequencies, for example. However, Table 5.1 highlights some
differences in the way parents displace individuals of their own type during reproduction. This will turn

out to be of significant importance when comparing their genealogies.

In Section 5.4, we introduce the classical weak mutation mechanism. This is in order to induce
a stationary distribution into the processes, allowing us to employ the normalized duality methods of
Section 2.2.1, without destroying the property that the forward-in-time allele frequencies are consistent

across models.

Section 5.5 studies the genealogies of these processes in detail. We will again be interested in taking
a typed sample, and shall characterize how the sample evolves at various levels of detail. At a coarse
level, we study the simple genealogy in Section 5.5.2. This can be thought of as the dual process to both
models, and has a sleek characterization (Theorem 5.3 and Proposition 5.5). However, as we discuss
the real genealogy in Section 5.5.3, it will emerge that the simple genealogy has some flaws. Firstly, it
cannot detect the differences that plainly exist between the true genealogies of the models (highlighted
in Figure 5.6, and Theorems 5.10 and 5.11). Secondly, it cannot detect some of the coalescence events
that take place, which we shall call silent events. The finer-detailed real genealogy, on the other hand,
can discern all of this. Such observations should be of interest to population geneticists because it
gives a clear example of how algebraic duality may not fully capture the genealogy of the process. Our

work here is similar in spirit to that of Slade [2000] who studies the typed, real genealogy of the Wright—
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Fisher diffusion with genic selection. His work, however, is set in the context of an importance sampling
regime, rather than the more efficient conditioned genealogies paradigm ((3) in Chapter 1) that we utilize
here.

Finally, in Section 5.6, we briefly study a model which interpolates between the two major models
of this chapter. The main property of interest is that, unlike the other two, it suppresses the silent events,
which means that even the simple genealogy is representative of the true genealogical structure of the
sample.

We remark that the neutral case simply follows as a corollary of the results in this chapter (by set-
ting the parameter r, which encodes selection, to equal one — see Sections 5.1 and 5.2). By switching
selection off, many complications that it brings vanish — silent events are no longer present, and the
genealogies of the three models coincide, as do the real and a simple versions of the genealogies. In
addition, a simulation study would be far easier to conduct, since the moments of the stationary distri-
bution are easier to obtain under neutrality. With this in mind, one could perform a comparison of the
genealogies of the A-Fleming—Viot with weak mutation (this chapter with » = 1), and strong mutation

(Chapter 4).

5.1 Differential Killing

The first of our two selective models differentiates between the two genetic types during the extinction
phase of reproduction. To accommodate this, we now think of the driving measure, v, as providing a
pair of impact parameters during a (ug, ug)-event — the first will be used to kill type-a; individuals,
the second for those of type ag. Let (X¢):>0 be the A-Fleming—Viot process with differential killing
(AFVDK) which tracks the proportion of type-a; individuals. The generator for this process, acting on

bounded, measurable functions on [0, 1], is given by

Ly (@) = / [2f((1 —u)z + () + (1 —2) f(1 —w)z) — f(@)]v(dur, duz)  (5.1)
(0,12

— /(0 . [2f((1 —ug)x +up) + (1 — 2) f((1 —u1)z) — f(x)] v(du, dus) (5.2)
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where u(x) := zuj + (1 — z)usg is the fraction of individuals killed during a (u1, us)-event. To ensure

that this process exists, we will enforce the condition

/( }Q(ug —uy)v(duy, dug) < 00 (5.3)
0,1

which arises when one takes a Taylor expansion of smooth functions in the generator, in the same way as
in Section 4.1.1. As mentioned previously, this model has a natural interpretation: during a reproduction
event, the type-a; mass is reduced by a fraction w; (differently for each 7); the killed proportion % is
replaced by the offspring of the parent. This parent, as always, is selected ‘uniformly at random’, which
in this high-density limit means that it is of type a; with probability x (and type as with probability
1 — z), when the process is in state x.

For the remainder of this exposition, we shall predominantly think about a specialized version of
the AFVDK process, which we denote by (X7 );>0, as it allows a rather simple graphical interpretation.
To achieve this, for a fixed parameter » € (0, 1], set v(du1, duz) = v(dui)dry, (duz). Equation (5.2)

becomes

1
L () = /0 [f(1—ru)z+ru)+ (1 —2)f(1 —w)zx) — f(z)]v(du), (5.4)

where v is a o-finite measure on (0, 1] satisfying fol uv(du) < oo, and we have removed the subscript

of u; for clarity. This existence condition was also necessary for the mutation model of Chapter 4.

As for the notation, we have changed the subscript K to a % to emphasize the fact that this model
can be interpreted either as differential killing, or as differential birth (so the * is a placeholder for either
K or B), see Section 5.2 for details. The superscript r denotes the fact we have fixed a parameter. One
could alternatively rewrite this parameter as s = 1 — r € [0, 1), which really measures the selective
difference in this differential killing model. Notice that when » = 1, or s = 0, we recover the usual

AFV process, as this represents the case when selection is absent.

We can interpret the specialized model in the following manner. During u-events, which are driven
by the measure v, the parent is chosen ‘uniformly at random’, which means that it is of type a; with

probability x, where x is the current frequency of aj-alleles. Then, independently for each individual

110



Differential Killing

(of which there are infinitely many), excluding the parent (who survives), throw a three-sided coin, for

which the following outcomes are possible:

e with probability ru, it dies irrespective of its type;

o with probability (1 — r)u, it dies if it is of type a1, but survives if of type as;

| with probability 1 — u, it survives irrespective of its type.

Finally, the offspring replace the dead, and receive the allelic type of the parent.

The symbols by which the outcomes are labelled are related to Figure 5.1. If the first event occurs,
we shall refer to it as a strong circle (e); if the second occurs, we shall call it a weak circle (o); if neither
of these happen, then there is no circle (]). In this selective model, the type as is stronger than aj, as
an individual of this type can only be killed by strong circles, whereas type-a; individuals are killed by
both circles.

We can now see why this interpretation yields (5.4), the generator of the process tracking the pro-
portion of a;-individuals. Firstly, suppose that, during a u-event, the parent is of type a2, which happens
with probability (1 — x). Then, some of the a;-mass is killed, and in particular both strong and weak
circles will kill these individuals, leaving only the thinned fraction (1 — )z after the extinction phase.
In addition, since the offspring will be of type as, there is no re-population of this type. This explains
the second summand under the integral.

Now suppose that the parent is of type aj, which happens with probability z. Once again, after
the killing stage, the mass of type a; will be thinned down to (1 — w)z, but there is also re-population
during the recolonization phase. The contribution from the killed a;-mass is uz =  — (1 — u)z. The
contribution from the killed a-mass is ru(1 — x) as the proportion before the event was (1 — x) and
this was thinned by a factor ru through strong circles only (weak circles had no effect). Hence, after this

event, the proportion of type a; is equal to

(1—-uw)x+uzr+ru(l —z)=(1—ru)r+ru,
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which explains the first term under the integral. (The final term in the generator, — f(x), as before, is a
result of the jump nature of this process.)

A graphical representation of the model can be found in Figure 5.1 (a). In this picture, we focus
on only a small segment of the process. We imagine that the individuals of the population reside on
lines, and time for the process runs down the page. When there is a u-event, the parent is connected to
the circles by arrows. With knowledge of the genetic types, it is possible to say which circles caused a
death and which did not. The arrow is unsuccessful (or dashed in the figure) if the circle did not kill the
individual on that line. However, if it was successful, an offspring of the parent will be laid there. For
example, in the first u-event that we see in the diagram, the parent has three successful offspring in the
visible segment of the population, but the fourth was unsuccessful as the type-as on that line was robust
to the weak circle. Note that the lines may affect or be affected by other lines that are not shown in the

figure. There are also mutations in this picture, which will be formally introduced in Section 5.4.

5.2 Differential Birth

The second selective model, the A-Fleming—Viot process with differential birth (AFVDB), differentiates
between the two types by providing different numbers of offspring depending on the type of the parent.

The reproduction events are driven by the measure v, and its generator is given by

Lyppf(@) = / [f(1—u)x+u)+ (1 —2)f((1 —u)x) — f(x)] o(dur, dug) (5.5)
012
_ /(O (O ) ) (=) (1 w2)2) — @] vl ), (59

where v is a measure satisfying (5.3). Clearly, (5.2) and (5.6) are closely related as one can be reached
from the other simply by swapping the labels around. This already hints at the close connection between
these models, despite the conceptual difference in reproduction mechanisms.

Intuitively, this model works as follows. During a (u1, ug)-event, the parent is chosen uniformly at
random (as usual), but its type determines which of the impact parameters will be used throughout the

event — if the parent is of type a;, then u; is used and the other is simply discarded.
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Figure 5.1: Graphical constructions of the A-Fleming—Viot processes with (a) differential killing and (b) differ-
ential birth, and weak mutation. Time runs forward down the page, as indicated by the arrow on the left, which
also marks when events occur. Reproduction events are indicated by multi-arrows emanating from the parent of
the event (solid arrows are successful, dashed arrows are not). Strong circles are indicated by e, weak circles by o
and mutations by x. The types of the individuals are labelled at the top, and subsequently when there is a change
of type on a line as a consequence of an event. Notice that the labels are exactly the same in both pictures, despite
differences in reproductive success
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Once again, we would like to consider a specialized model by setting &(duy, duz) = dpy, (dui)v(dusg).
Upon doing so, (5.6) becomes (5.4), the generator defined as £ . This specialization also has an in-
terpretation in terms of weak and strong circles, but it is slightly different to that of differential killing.
During a u-event, the parent is again chosen uniformly at random and survives the event. A three-sided
coin is thrown independently for each member of the population, excluding the parent, to determine

which of the following actions takes place.

e With probability ru, that individual dies irrespective of the parent’s type;

o with probability (1 — r)u, it dies if the parent is of type ag, but survives otherwise;

| with probability 1 — u, it survives irrespective of the parent’s type.

Finally, as before, the offspring replace the killed individuals and receive the genetic type of their parent.
This means that parents of type a; can only lay their offspring on strong circles, whilst parents of type
ag can lay their offspring on both weak and strong circles, making them selectively advantageous.

To see that this interpretation does indeed coincide with (5.4), let us evaluate the various scenarios.
If the parent is of type a; (with probability z), only the strong circles are successful. Then, the fraction
of type a; lost to strong circles is both lost (through extinction) and regained (through recolonization,
since the parent is of type a;). In addition, the fraction ru(1 — x) of type ag lost to strong circles is also

gained by the a;-population, which means that the transition
z—=zc+ru(l—z)=(1—-ru)z+ru

occurs in this case. This explains the first summand. For the second, suppose that the parent is of type
as (with probability 1 — x). Then, from the point of view of the a;-proportion, we lose the fraction
z((1 — r)u + ru) = xu through both strong and weak circles (since the parent is of type as). Since the

offspring are not of this type, the transition

=z —zu=(1—u)z
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takes place. The final, negative term under the integral of (5.4) is simply a consequence of the jump

nature of this process.

The interpretation of the specialized AFVDB model is demonstrated in Figure 5.1 (b). For example,
we see that in the final two reproductive events, the parent is of type as, and can lay its offspring on
every circle. On the other hand, the first event has a type-a; parent, and she fails to lay offspring on the

weak circles.

5.3 Comparison of the Two Mechanisms

The specialized A-Fleming—Viot models with differential killing (Section 5.1) and differential birth (Sec-
tion 5.2) clearly have distinct reproduction mechanisms and yet, as previously remarked upon, the pro-
portion of type-a; individuals can be described by the same generator, £ of (5.4). One can also
observe by comparing parts (a) and (b) of Figure 5.1 that, despite the different mechanisms, the label
processes along each line are consistent across both models (when appropriately coupled). One of the
purposes of this section is to formally prove that this is the case, which would in turn explain why the
process X; is described by the same generator in each model. In addition, we shall also point out some

crucial differences.

Table 5.1 outlines all the possibilities that could happen to an individual line when affected by a u-
event; that is, when it is struck by a weak or strong circle. We have to consider both the type of the parent
(parental type), who is trying to displace the individual on the line, and the type of the individual being
targeted (target type). The type of the circle (symbol) is also important in determining the outcome,
which could potentially be different depending on the model. The final two (split-)columns in the table
indicate whether the parent was successful (if so, a v* is placed in the displaced column) and what the
type of the individual on the line is (resultant type), irrespective of whether there is a new offspring there.
The rows iterate this over all eight combinations that could occur in a reproductive event. For the sake
of completeness, we include the effects of mutation at the bottom of the table — this will be introduced

properly in Section 5.4.
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DK | DB DK DB
Parental type | Target type | Symbol | Displaced? | Resultant type

ai ai o v X al ay
ai ap . v v ax ay
ai a2 o X X as a2
a1 as . v v ax ay
as ai ° v v az az
as a1 . v v as as
as as o X v as as
as a . v v az a
N/A ay X N/A a9 az
N/A as X N/A aq ay

Table 5.1: The possible events that may cause a label change in the AFVD+m models. The type of the targeted
individual line after the event is listed (resultant type), along with whether a new offspring was born as a result of
the event (displaced?)

That the two models agree on the resultant type for every possible eventuality (reproduction and
mutation) proves that the label process along each line is consistent, and explains why the generators
" " . . . . .
27, and Z7 - are in fact the same. However, despite this consistency, it does not change the fact
that, at some level, the processes differ at weak circles: this can be seen in the displaced column at rows

one and seven. This will have interesting consequences for the genealogical processes, which we shall

explore in more detail in Section 5.5.

We still have yet to introduce mutation in order to induce a stationary distribution for the process.
It will turn out that this mechanism will not disrupt the observations that we have made in this section
— namely that the label processes along the individual lines do not differ between the differential birth
and killing models (with the consequence that X; has the same generator in both cases), whilst the

placement of offspring does differ.
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5.4 Adding Mutation

In order to study the genealogies of these models in the paradigm of Section 2.2.1, we would like to
introduce a mutation mechanism that will induce a stationary measure for the process. In addition, we
would like this mechanism to preserve the consistency between the two models that was discussed at
the end of the previous section. For these reasons, we shall model with weak mutation (introduced in
Section 2.3.3 for the Wright—Fisher diffusion) as opposed to the strong mutation mechanism of Chapter

4. In the remainder of this section, we shall explain why we have made this choice.

The generator of the A-Fleming—Viot process with differential birth/killing and weak mutation is

given by the operator

L (@) = /0 [2f((1=ruw)z +ru) + (1 - 2)f(1 - w)z) - f(z)]v(du)

+ (r2(1 — ) — 1) % (5.7
=2 flx)+ 2, f(z).

This ensures that mutation acts as a Poisson point process along each of the lines, independently of
reproduction. When a mutation arises in an individual, it will simply change its genetic type to the
other one. In particular, mutation behaves the same way in both the differential birth and differential
killing models. From this and the comments in Section 5.3, we can deduce that it is possible to couple
the processes so that the labels along the lines are a.s. the same no matter which model interpretation
we choose to consider. The mutations are labelled by a x in Figure 5.1, and their effects on the label

processes of the individual lines are given at the bottom of Table 5.1.

We shall also take this opportunity to explain why the inclusion of the strong mutation mechanism of
Chapter 4 would not lead to the same conclusions. Of course, one can define them: let v/, v? € (0, 1),
i € {1,2}, be fixed mutation parameters. Using the form of (5.1) as our starting point, we may define

the A-Fleming—Viot process with differential killing and strong mutation through the generator
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Lot () = / [ f (1= u) + (1 - v5)a(2)

(0,12

+(1—2) f((1 — )z + v a(x) - f2)lv(dur, duz).  (5.8)

This has a similar interpretation to before, except that now a fraction v/< of the offspring % (x) mutate to
the other type. Similarly, the A-Fleming—Viot process with differential birth and strong mutation can be
identified through the generator

Lromf )= [ [eF(O )+ (1=

+ (1= 2)f((1 —ur)z +vPur) — fl@)|v(duy, duy). (5.9)

It is now possible to see that these processes are not the same, since when comparing the first summands

in the integrands of the generators, for example, we find that

(1—u)z+ (1 —oa) = 1 —u)z+ (1 — ) uy + (ug — ur)viz

# (1 —ug)w + (1 — v )uy

in general, even if we set vI* = vB. This is because the processes will in general take on different values
as soon as the first jump of this type occurs. Moreover, this observation still holds even if we specialize
to the circle interpretation of Sections 5.1 and 5.2.

We have shown that these two models do not coincide unless all the mutation parameters vanish.
This is in contrast to the specialized AFVD=*m processes, which we will concentrate on from this point

onwards.

5.5 Genealogies

We would like to understand the genealogy associated with the specialized A-Fleming—Viot processes

with differential birth/killing and weak mutation introduced in the earlier sections of this chapter. For
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the remainder, we shall refer to this process, which is characterized through the generator £ in
(5.7), as (Xtr)tzo.

We shall achieve this goal using a mixture of the duality arguments described in Chapter 2, and in
particular Section 2.2.1, and the graphical construction (see Figure 5.1). When we consider the dual
process of X derived through the generator, we shall refer to this as the weak genealogy — this was our
strategy in Chapter 4, for example. However, we shall also characterize the genealogy obtained through
the graphical construction. We will refer to this as the strong genealogy. The weak genealogy can be
obtained from the strong version by simply removing some of the excess details, and can usually be

derived algebraically, through generator arguments.

In this exposition, we shall always condition upon knowing the types in our sample. The weak mu-
tation mechanism that was introduced in Section 5.4 induces a stationary distribution, allowing us to
study the normalized duality of the process. Our general strategy is to study the reproduction and muta-
tion mechanisms separately, which is possible since they act independently (their generators are simply
added together in (5.7)). The genealogy concerning reproduction alone has an interesting characteriza-
tion in and of itself (Theorem 5.3 and Proposition 5.5), but we shall later combine it with mutation to

obtain a normalized duality (Corollary 5.7).

In the spirit of the ancestral selection graph of Krone and Neuhauser [1997] and Neuhauser and
Krone [1997], the genealogies that we uncover will be a system of branching and coalescing lineages.
However, the situation is somewhat more complex due to the multiple-merger nature of the A-coalescent,
and the selection mechanisms involved. As a first step, we shall study the simple typed genealogy in
Section 5.5.2, which only records the genetic types of the lineages. This is an interesting study in its
own right, but in Section 5.5.3 we will realize that there is more information available. In the real, typed
genealogy, we can track both the genetic type and the reality of each lineage. The latter property encodes
whether the lineage carries any genetic material, i.e. if it is ancestral to the sample. If so, then it is real,
if not, it is virtual. This concept will be defined more carefully in Section 5.5.3. The real genealogy
will in principle allow us to infer information concerning the time to most recent common ancestor, and

other basic properties concerning the shape of the true genealogy, which is ultimately what we would
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like to understand.

Remark 5.1. We would like to stress that the simple and real genealogical processes do in fact branch
as well as coalesce. This is a slight abuse of the word ‘genealogy’, but should emphasize that we are

studying these processes in order to uncover the true genealogy.

The main result of interest in this chapter is that the simple genealogies of the differential birth
and killing interpretations of X coincide, but their real genealogies do not, even when the events are
coupled in the natural way. This is explained more formally through Corollary 5.7, and Theorems 5.10
and 5.11.

Despite the fact that we condition on knowing the types in the sample, one might like to draw
a parallel between the classical ancestral selection graph and the simple genealogy that we study in
Section 5.5.2. However, we stress that one should not do this because of the existence of silent events
(Corollary 5.12). This subtlety means that the simple genealogy that we derive does not represent the true
genealogy of either model, as it cannot detect all the coalescence events that take place. To be explicit,
the true genealogy of the typed sample is not embedded within the branching-coalescing structure of the
simple genealogy. The real genealogy, on the other hand, can detect all the coalescence events, making

it a worthy object to study.

5.5.1 Terminology

We shall use this section to define some of the terminology that will be used frequently in the sequel.
Firstly, we shall recall what we mean by strong and weak circles. During a u-event, each line on
which individuals reside receives one of a strong circle (o) with probability ru, a weak circle (o) with
probability (1 — 7)u, or no circle (|) with the remaining probability 1 — u. No matter which model
interpretation one is using, the individual will always die at the behest of a strong circle and will never
die if a circle is not received. The weak circle is the driver of selection, and all the individuals with these
may die depending on the circumstances. The exact rules concerning the weak circle do depend on the

model and are described in Sections 5.1-5.3. In any case, the rules ensure that as is the stronger genetic

type.
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Adjective Description Adjective Description
Typed Know the types of lineages Untyped Do not know types of lineages
Simple | Reality of lineages not detected Real Differentiate real and virtual lineages
Weak Related to the generator Strong Related to the graphical construction

Table 5.2: Usage of the word ‘genealogy’

When we sample individuals from the population at the current time, we will record their genetic
types. The sample will be a vector k = (k1, ko) where there are k; individuals of type a;. We shall
interchangeably refer to this as the sample configuration, |k|-sample or simply sample. The sample

configuration differs to that of the circle configuration, defined below.

Definition 5.2 (Circle configuration). A k-circle configuration is an unordered set of strong and weak
circles containing at least one and at most |k| symbols. Moreover, it specifies how many of the strong
circles fall onto type-a; and type-as lineages, and similarly for weak circles. We shall refer to the set of

k-circle configurations as Cg.

Typically, the state of the genealogy will change during a u-event backwards in time. In order to
characterize the genealogy through this event when it is in state k, we shall be interested understanding
each of the k-circle configurations at that time. Also, during such an event, and given a circle con-
figuration, we shall study how the circles affect each lineage. Each branching-coalescence event that
takes place will involve a parent that is not in the sample — we will refer to this as the parental lineage.
In addition, weak circles (if there are any) will create extra branches, which we refer to as continuing
lineages. Note that branch is a synonym for lineage in this context. Finally, as we have defined many

different kinds of genealogies, we provide a summary in Table 5.2 to clarify the meanings of each one.

5.5.2 Simple Genealogy

To find the simple genealogy of our finite typed sample k& (which contains k; lineages of type a;), we
shall first consider what happens during each possible type of u-event by considering reproduction in
isolation. As a first step we shall study examples that become increasingly more complex through a

mixture of graphical constructions and duality calculations. The pictures will demonstrate how the
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strong simple genealogy behaves, but we will consider these alongside the weak genealogy (which will
only record the numbers of each type in the sample). This strategy will mean that we can also define
more necessary terminology along the way, before collecting the results in general in Theorem 5.3 and
Proposition 5.5. Once we have done all this, we will investigate what role mutation has to play, and use
the technique of Section 2.2.1 to construct a normalized duality (Corollary 5.7).

To understand the genealogies through graphical constructions, we need to fix an interpretation of
selection, so we arbitrarily choose differential killing for the time being. Any conclusions that we draw
about the weak genealogy for this model must be equivalent to the differential birth analogue, since they
share exactly the same generator, (5.7). Moreover, since the models share the same forwards-in-time
label processes along each line, we can extend statements about the strong simple genealogy of the
AFVDKm model to the differential birth model too.

Suppose that, in genealogical time, the sample is currently in state k. Then, given a circle configura-
tion which affects it during a u-event, the idea is to find the set of possible sample configurations which,
going forwards in time, might have led to the configuration that we see now, under the differential killing
model. This will describe all the possible ways that the lineages were related to each other through such
an event. We then repeat this for all circle configurations in Cy, and finally for each state k. Throughout,
we shall use the functional notation from Chapter 4, namely that fy () := 2*1(1 — x)*2 where k > 0,
defined in Appendix A.

To begin, consider the simple case when the sample consists of a single lineage. Recalling that we

are only dealing with reproduction, not mutation, at this stage, it is simple to show that

1
L o) = /0 (1 = Pyur(du) (foo)(@) — fuo@),
1
L fon () = /0 (1~ ryur(du) (fo (@) — fo(@)
1
" /0 21— ryur(du) (fon (@) — Fon (@)
1
—l—/o 2(1 —r)uu(du)f(o,l)(:z:).

To understand how this information translates pictorially, consult Figure 5.2. All the sample lineages
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are highlighted in bold. There are infinitely many vertical lines which host individuals, but only two
which concern us in this scenario. We imagine all the possible events which might result in a change to
this sample configuration and, in this simple example, only a single circle hitting the lineage causes an

effect.

When that circle is strong (e), there is a change in the strong genealogy as the lineage jumps to the
line where its parent was located, but that information is lost when we track only the numbers of types
in the sample, which has not changed as a result of this event. This is true whether the single lineage
was of type a; or as, since the strong circle would have killed the parent no matter which type it was.

See Figure 5.2 (a), (c).

However, the behaviour differs for a weak circle (o) on the lineage. When it is of type a1, we have to
check two things to ensure that we obtain the current state (1, 0) — firstly, the parent of the event, or the
parental lineage, must have been of type a1; secondly, we have to check that the individual living on the
line inhabited by the current lineage prior to the event (forwards in time), i.e. the continuing lineage, was
indeed killed by the weak circle. For this to have happened it must have been of type a;. (It could not
have been of type as, otherwise it would have persisted through the event, and the type of the individual
on that line would be a9, which is a contradiction.) This gives rise to a branching event since there is
now one more lineage whose type we must keep track of. This scenario is depicted in Figure 5.2 (b).
The information is recorded in the generator when acting on f(; ¢)(x) = z, since it yields a generator of
a jump process which makes the transition (1,0) — (2,0) at rate fol(l — r)uv(du), the rate at which a

weak circle hits a single lineage.

The situation is more complex when our single lineage is of type a9, and is hit by a weak circle
(Figure 5.2 (d)), since there is more than one historical sample configuration compatible with this event.
(We shall refer to this phenomenon as an optional event, in contrast to an ordinary event, such as those
in (a), (b) and (c) of Figure 5.2. It is also a branching event.) For example, if the continuing lineage were
of type aj, then the individual would have been killed in the event and the parent would have to have
been of type ao to give rise to our lineage. On the other hand, if the continuing lineage were of type ao,

then the weak circle would not have killed the individual residing on that line, and the (potential) parent
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a’l a’2
a2 a’l
a’l C1'1 al a’2 a2 a2
a, a, a, a,
(@) (b) (© (d)

Figure 5.2: Possible transitions in the simple genealogy of a single lineage under the specialized differential
killing model (without mutation). The lineage is of type a; in (a) and (b), and of type as in (c) and (d). The
lineage experiences a strong circle in (a) and (c), and a weak circle in (b) and (d). An optional event is exemplified
in (d). The sampled lineages are highlighted in bold

could be of either type. This is interesting because, forwards in time, the potential parent would not have
given birth at all, but it is necessary to track this lineage nonetheless.

This is recorded by the generator acting on f(o 1y(«) = 1 — z, for reasons that we shall describe now.
Firstly, the factor fol (1 — r)ur(du) records the rate at which a single weak circle strikes our lineage, as
before. There is one way that the transition (0, 1) — (0, 2) can occur, but rwo ways that (0,1) — (1,1)
can happen (the fact that these happen in different ways graphically further exemplifies the fact that
the strong genealogy contains more information than the weak one). In addition, there is an extra
additive term proportional to the input function fq 1) () which handles the fact that there are optional
configurations. We will demonstrate later that the prefactor of this extra term can be characterized in
terms of the number of options available. The existence of such an additional term should indicate that
duality in the broad sense will emerge (see Proposition 2.6 and in particular (2.10)).

Having characterized the single-lineage case, we now consider the scenario when there are two
lineages in sample that are both of type a;. Figure 5.3 summarizes all the possible outcomes of all circle

configurations in this case. Notice that branching events are possible (namely when there are no strong
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circles), but also genuine coalescence events (as in (c)). It can be shown that

1
L foo(x) =2 /0 (1= r)u- (1 — wldu) (Fso) (@) — fao (@)
1
" /0 ru- ru(du) (foo)(@) — fao (@)
1
" /0 (1= ryu- (1 ru v(du) (f0)(@) — foo@).-

The right-hand side is a valid generator which describes the possible jumps out of the state (2,0). The
first term corresponds to (b) in the figure, which is a branching event that introduces a third a; lineage.
Its rate consists of the factors (1 —r)u and 1 — w under the integral which respectively correspond to the
probabilities of obtaining a weak circle and no circle on the lineages during a u-event. The factor of two

is combinatorial and accounts for the number of ways you can lay a single weak circle on two lineages.

The second term is a coalescence event, corresponding to (c) in the figure, in which two strong
circles cause the lineages to merge unambiguously into a single type-a; lineage. The probability of
getting two strong circles during a u-event is (ru)2, which is the integrand. There is only one way to lay

this circle configuration onto two lineages (and so the combinatorial factor is equal to one).

The third term corresponds to (d), and is another kind of branching event that happens with a different
rate, namely fol ((1 — r)u)?v(du), where (1 — r)u is the probability of a weak circle striking a lineage
during a u-event. Neither (a) nor (e) from the figure contribute to the generator since they do not affect

a change in state (in the weak genealogy).

There is no extra term on the right-hand side in this case, and correspondingly no optional events are
possible. We will demonstrate later as a corollary of Theorem 5.3 that only ordinary events can occur
whenever the sample consists of solely type-a; lineages. Intuitively, this is a result of the fact that, in
order for a current lineage to be of type a1, both the continuing and parental lineages must be of type a;

when it is struck by a weak circle (but this is not true when a lineage is of the stronger type, as).

In the following calculation, we have evaluated the generator acting on the function f(g2)(z) =
(1 — )2, corresponding to a sample with two type-as lineages. We omit the intermediate steps, as they

are contained in the proof of Theorem 5.3.
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a, a, a, a, a, a, a, a, a, a, a,

- 9 R ="
@R | gl Ko.\o TN o I

a, a, a, a, a, a, a, a, a, a,

(a) (b) () (d) (e)

Figure 5.3: Possible transitions in the simple genealogy of a sample in state (2, 0) under the specialized differen-
tial killing model (without mutation). The two lineages are struck by (a) one strong circle, (b) one weak circle, (c)
two strong circles, (d) two weak circles, (e) one weak and one strong circle. There are two ways to lay the circle
configuration onto the lineages in (a), (b) and (e), but only one way in (c) and (d). Events (a) and (e) cause no
change to the sample (in the weak genealogy). The sampled lineages are highlighted in bold

a, a, Aa,
a, a, a,
a, a, a, a, a, Q,
a, a, a, a, a, a, a, a,
a, a, a, a, a, a, a, a, Qa, a, a,

-~ -~
m R -~( &.\ “:~( ~~( 'A §~(

a, a, a, a, a, a, a, a, a, a,
(a) (b) (© (d) ©)

Figure 5.4: Possible transitions in the simple genealogy of a sample in state (0, 2) under the specialized differen-
tial killing model (without mutation). The two lineages are struck by (a) one strong circle, (b) one weak circle, (c)
two strong circles, (d) two weak circles, (e) one weak and one strong circle. (b), (d) and (e) are optional events.
The sampled lineages are highlighted in bold
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1
(1 —=r)u- (1 —wur(du) (f(0,3) (z) — f(o,z) (95))
1 (b)

iﬂ,rD*f(o,z) ()= 2

= =

+oof 2 (- s (1— wldu) (fas (@) — fo (@)
1

" /0 ru - ruw(du) (Fo.(@) — foz (@) }<c>
1

" /0 (1= r)u- (1= ryu v(du) (fom)(@) — fron) ()
1

+ /0 3 (1= rju- (1—r)uw(d) (fos(@) — fon(@) S
1

" / (1= ) (1= ryu v(du) (fon (@) — fom (@)
1

b2 /0 ru- (1= r)u v(du) (fu (@) — froz(®)) }<e>
1

+ /0Rm)(r,u)u(du>f<o,2>(x> (5.10)

Equation (5.10) is rather long, so we have labelled the parts which correspond to Figure 5.4 in order.
Note that (a) from the figure is absent from the equation since one strong circle does not affect a change
in state. We shall not comment on every single transition, as the ideas are consistent with the earlier
ones. One marginally new concept is that the transition terms from the optional events (in (b), (d) and
(e)) add up in the way one might expect. We remark that the combinatorial factors (arising from the
number of ways to lay the circle configuration onto the sample) are listed to the left of integral, whilst
the factors resulting from multiple options (leading to the same transition) are on the inside. A good
example of this is the second term: the outer 2 is the number of ways one can lay one weak circle on
two lineages, whilst the inner 2 stems from there being two possible transitions to the state (1, 2).

An important feature of (5.10) is that there is a remainder, the final term. It is again a multiple of the
input function, and so the right-hand side may be interpreted as a duality in accordance with Proposition

2.6. We define the remainder constant to be
Rooy(r,u) =2x2-(1-=n)u-(1-u)+4x(1—-r)u-(I-=rjut+1x2-ru-(1—-r)u. (5.11)

This term can be seen as a linear combination of the rates (including combinatorial factors) of all optional

events, where the (positive) constant for each term is equal to the number of options, minus one. In fact,
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this interpretation would extend naturally if we considered ordinary events to be optional with only one

option, and they would all therefore contribute zero to the remainder constant.

Finally for |k| = 2, consider a mixed sample which has the state (1, 1). The corresponding picture
is Figure 5.5. Heuristically, (5.12), the generator acting on f(; 1)(), contains fewer transitions because
it is harder for a sample of mixed type to interact during an event. Indeed, it can happen that some events
are not even possible — for example, Figure 5.5 (c). In this example the two lineages may not coalesce
because mutation is prohibited during birth (and it means the parent would have given birth to a child
not of her type, which is a contradiction). We shall call these incompatible events. In (5.12), these events
do not appear in the generator part of the right-hand side, but do contribute to the remainder term. For

this state, the generator acting on f(; 1)(z) equals

LT fan(@) = /01 3(1 —r)u- (1 —wv(du) (fio) (@) — fa1)(@))
n /01(1 —r)u- (1= uwv(du) (faz)(@) — fu)(2))
+ /01(1 —r)u- (1= r)uv(du) (fo)(®) = fan(@))
- /01 Ry (ry w)v(du) f 1) (), (5.12)

where

Ran(ru)=2x 1 —=r)u-(1—-u)+(=1) xru-ru+ (=1) x (1 =7)u-ru.

This remainder is a linear combination of the rates of both optional events ((b, right)) and incom-
patible events ((c) and (e, right)). If we again allow the combinatorial factors to be part of the rates
(they are all 1 in this particular instance), then the constants corresponding to the incompatible events
are equal to —1 (with the constants for the optional events as before). This is again consistent if we
consider incompatible events to be optional events with zero options. In this case, we have shown that
incompatible events do not feature in the generator part, but do in the remainder. This is true in general

and will be stated formally in Proposition 5.5.

Before stating the general duality result for the reproduction mechanism given any sample k, we
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Figure 5.5: Possible transitions in the simple genealogy of a sample in state (1, 1) under the specialized differen-
tial killing model (without mutation). The two lineages are struck by (a) one strong circle, (b) one weak circle, (c)
two strong circles, (d) two weak circles, (e) one weak and one strong circle. (b, right) is an optional event whilst
(c) and (e, right) are incompatible events. The sampled lineages are highlighted in bold
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need some more notation. Define the integrals
1
IV (51, w1, wy) == / (ru)® (1 — r)u) @tz (1 — y)lkl=si=(itw2) ) (5.13)
0
1
IY (53, w9) = / ()2 (1 — )2 (1 — ) =522 (), (5.14)
0

which represent the rates at which compatible circle configurations strike the sample in a single permu-

tation. The subscript refers to the allelic type of the parent of the event.

Theorem 5.3. For k € N(Q) such that |k| > 0, the generator of the specialized differential killing/birth
model (without mutation) acting on fi(x) = x¥1(1 — x)*2 can be decomposed into a generator (in the

k coordinate) and a remainder term as follows;

1
L, 00(0) = 2 fula) + Lufula) + [ Rurwvld fula) (5.15)
where
. k1N (k1 —s1\ (k2 .
& fr(x) = Z <51> ( wn > <w2>f1 (s1, w1, w2) (fiky—s141, k) (@) — fr(2))

(s1,w1,w2)€C &

k ko — 52\ ., Nn
Ly frlx) = ) <52> < 2w 2>12(52,w2)z ( 1.2) (fekr+4, ka—so—it) (2) — fr(2))
(s2w2)€Ca e 2 2 i=0
Cik = {s1,w1,w2 € Ng: 0 <51 +wy < kp,0 <wa < ko) \ {0},
Cop = {s2,w2 €Ng: 0 < 594+ wy < ko}\ {0}
and
Ri(ru) = (1 —ru)? + (1 — ) (1 4+ (1 —r)u)k2 — (1 — )k — 1. (5.16)

Corollary 5.4. If we condition our sample to contain no lineages of type as (by setting ky = 0), then

" Ky .. .
forky > 1, Z7 ™ forms an exact duality in the first coordinate of k.

Proof. Firstly, note that the set Cy (1, o) is empty, so the transitions represented by the second generator

cannot increase the number of type-as lineages. In the first sum, there are no generator terms which
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increase the second coordinate above zero, as the transitions are of the form (k;,0) — (k1 — s1 + 1,0).

The remainder becomes
Rignp(ry) = 1+ (1 — )" 1 — (1 — w10 1 =0,

That the remainder term vanishes means that, by Proposition 2.6, the forward process forms an exact
duality with respect to the function f(j, o)(z). The second coordinate never changes in the dual process,

and is therefore redundant. O

Proof of Theorem 5.3. The strategy is the following. We posit what all the possible transitions from the
k-sample are by reasoning from the graphical constructions in a similar manner to the above. Then we
add and subtract the corresponding generator, denoted .’ K fx(x) = (& + %) fx(x), from the right-
hand side of £} fr(x), and show that (£} — K ) fr(z) simplifies to give the remainder term in
(5.19).

We shall use s; to index sums that count how many strong circles fall on lineages of type a;, and
similarly w; for weak circles falling on type-a; lineages. It must be the case that 0 < s; + w; < k;,
i € {1,2}. We will have to consider each circle configuration in C, to deduce all the possible transitions
of the genealogy from state k.

In order to find the transitions, we need to break the set of circle configurations down into smaller
cases, and for this we propose the following partition: {s; > 0,s2 > 0}, {s1 > 0,s2 = 0}, {s1 =
0,52 > 0} and {s; = 0,s2 = 0}, where the upper bounds have been omitted. In this way, we shall
count over strong circles first, and weak circles second. The easiest case is the former: there are no
possible transitions when both s; and s» are strictly positive. That is, each circle configuration in this
part of the partition generates an incompatible event. This is the case since we would require the parent
of the event to be of type a; and as simultaneously, which is clearly a contradiction. Said another way,
going forwards in time, the parent would have had to have given birth to at least one child of each type,
which is impossible as mutation during reproduction is not allowed in this model. One instance of this
situation is depicted in Figure 5.5 (c).

Secondly, we shall consider the next simplest case: {s; > 0,s2 = 0}. We observe that the one or
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more strong circles on type-a; lineages forces the parent to be of type a;. A more important observation
to make is that all other (continuing) lineages with either a weak or no circle on them must remain the
same type after the event, but for a variety of reasons. If a lineage has no circle on it, be it type a; or
ag, then it must remain the same since nothing could have happened to it during the event. If a type-a2
lineage has a weak circle on it, then it must continue to be of this type after the event — if the individual
on that line going forwards in time were a, then it would have been killed by the weak circle, and
would be replaced by a type a; individual as a child of the parent, which would contradict the fact that
it is actually an as lineage. If a type-a; lineage has a weak circle on it, then it must also continue to be
that type after the event — an as individual sitting on that line forwards in time would not be killed by
the weak circle, and so would continue to live, causing the sampled lineage to be of type a2, which is a

contradiction.

Conditioning on there being s; strong circles on a;-lineages and w; weak circles on a;-lineages in
the circle configuration, the genealogy can only make the transition k — (k1 — s1 + 1, k2) (the s1
lineages merge into one), so these are ordinary, not optional, events. Notice that when s; = 1, there is
no change in state (as far as the generator is concerned), but it is legitimate to leave that term present as

the corresponding difference in the generator will cancel to zero.

It only remains to work out the rates of these transitions. There are (];i) ways to lay s; strong circles

k1= 81) ways to lay the remaining w; weak circles (for

on k; type a; lineages (for 1 < s; < k1) and (
0 < wy < ky — s1). Similarly, there are (k ) ways to lay wy weak circles on ko type-ag lineages (there
are no strong circles on ag-lineages in this case). The rate of getting a single permutation of this circle
configuration is 17 (s1, w1, ws), defined in (5.13). This is because, during a u-event, the probability of
s1 type-aq lineages being struck by strong circles is (ru)®!; similarly, the probability of w; (respectively
wa) type-a; (resp. type-az) lineages being struck by weak circles is ((1 — r)u)™! (resp. ((1 — r)u)*2),
and the probability of the remaining lineages receiving no circle is (1 — u)|k|_sl_(“’1+“’2). Hence, the

contribution to the expected generator from this part of the partition is

kaZZ( D" (B e (@) - ). G

—1 w1=0 wa—0 1
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Next, we shall consider the case {s1 = 0, so > 0}. That there is a least one strong circle on a type-as
lineage fixes the parent to be of type ao. Given this, there cannot be any weak circles on a; lineages, as
this leads to an incompatibility — if the continuing lineage were of type a9, then it would not have been
killed by the weak circle, and the lineage would be of type as; if it were of type a1, then it would have
been killed by the weak circle, but the as-parent would have given birth to an as-child; both scenarios
lead to a contradiction. Hence, we deduce that w; = 0 in order to avoid incompatibilities. This scenario
is exemplified in Figure 5.5 (e, right).

So, for this part, s; = w; = 0, but the other indices are free to vary provided 1 < s9 + wo <
ko. Those lineages with strong circles on them will merge together, but the ones with weak circles,
if there are any, will continue. Whilst the parental lineage must be of type ag, each of the continuing
lineages may be of either type, causing optional events. Supposing that there are i, 0 < ¢ < wo,
continuing lineages that become type a; (there are (“12) ways that this could happen), then the sample
will experience the transition k — (k; +1i, ko — sy —i+1). In total, there are >_ ;"% (“?) = 22 options.
Overall, the contribution from this part of the partition is

ka k2—s2 B w
Z Z <]:§) <k2w252> 15(527’11)2) Z <uz)2> (f(k1+i, ko—so—i+1) (l‘) — fk(l‘)) s (518)

s2=1 w2=0 i=0
where I3 is defined in (5.14).

Finally, we shall consider the case when there are no strong circles, i.e. when {s; = 0, s9 = 0}. Itis
helpful to further partition this into {w; > 0} and {w; = 0}. In the former case, a similar logic to that
of {s1 > 0, s9 = 0} reasons that all the continuing lineages generated by the weak circles must remain
the same type, and the parent must have been of type a; (to have given birth to the a;-lineages which
were affected by the weak circles). In this scenario, there is only one option, which is a branching event
— see Figure 5.5 (d), for example.

In the other part of the sub-partition, {w; = 0}, there are several options for each circle configu-
ration. If the parent is of type a9, then similarly to the part {s; = 0, sy > 0}, each of the continuing
lineages may be of either type. However, now there are no strong circles to fix the type of the parent,

and it turns out that the parent of the event may have been of type a;, provided each of the continuing
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lineages remain the same type. This adds one to the number of options, which totals 2’2 4-1 in this case.
This scenario is exemplified in Figure 5.5 (b, right). Overall the contribution to the generator from this
part of the partition is

k1 ko

55 () () 5001 00) (L1as Ui () = o)

w1=0wo=0

w2
# Ly (S @) = @)+ 2 () Uterirassn@) = o)) ) 519
: i=0
+ [ =My o).
where the last term accounts for the inclusion of the ‘false’ event (i.e. {w; = w2 = 0}) in the sum, in
which nothing happens. It is not too difficult to see that the sum of the contributions from each part of
the partition (that is, the sum of (5.17), (5.18) and (5.19)) simplifies to £ fx(z) — fol R (r,u)v(du),
which is the the generator part of the right-hand side of (5.15), (%, + .%,) fx(z) = £ K fr(z). Then, it

just remains to show that £ fi(r) — .,Z”ka(x) = fol Ry (r, u)v(du) in order to complete the proof.

In the following calculation, we shall simplify .Z,, but suppressing the integral, mainly through
expressing the sums as binomial series. We also add in the zero vector term (that is, we enhance C; by

including 0), since it helps with the simplification.
L fr@) + (1= ) (fire, (@) = ful))

EY S () (7o) (52 )t = uperena = oo

$1=0 w1=0 ws=0

X (fikr—s111, k) (%) — fr(@))
o k1—s1
= Z <k1> (ru)® (f(k1—s1+1, k2)(l‘) - fk(l‘)) Z <k11;181> (1 — 7)) (1 — u)kl_Sl—’wl

51=0 51 w1 =0
ko
kQ — )2 —u ko—wo
" u;o (U’2)((1 Juy(1 )
k1
= Z (Z) (Tu)sl(l — ru)krm (f(krsﬁrl, kg)(x) _ fk:(x)) % (1 _ ru)k’g

s1=0

134



Genealogies

k1

Z <l<:1> (ru)* (1 — ru)ft=s1gh=se — ght. 11“)
1

s1=0

=(1- ru)’“(l — av)]’“2 (x
= (1 —ru)*2(1 — x)k (:L'(ru + (1 —ru)z)k — :Ek1> .

The second summation, i.e. .Z,, again with the extra zero term and the integral suppressed, simplifies as

follows:

2, fie(@) + (1= )™ (fite (@) — fu(@))

ko ka—s2

-2 2 <k> (k;) (ru)*2 (1 — r)u)2 (1 — u)l¥l=2s 2 (“’)
X (ftkyi, ka—so—it1) () — fr(2))
x ((1 —~ :c)‘”‘”“i (?) (1 - x) — (1 —ax)k 2 (“;2>>
x (1= 2) - (L= a1 ate v

= (1 —u)krzh i <’:> (ru)®?

x (1= ) (1= r)u+ (1= @) (1= w) 72 = (1= 2)2(2(1 = r)ut (1 )+
— (1 —w)kgh ((1 o) (ut (1 —2)(1—w) - (1 -2+ (1 r)u)’fz) .
Putting this all together, we obtain
1
2z fu(x) = /0 [w(z +(1- x)ru)kl((l —z)(1— ru))k2 +(1—2)((1 - u)m)kl(l - (1- u)m)kQ
— M (1= 2)2 v (du) + LK frlx) — LX fu(x)

1

— fkfk(:z:) + / [3:(:1: +(1- a:)ru)kl((l —z)(1— ru))kQI/(du)

0
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1 1
kil — (1 — W) P2u(du) — v(idu €T
+/0<1—x><<1—u>x> (1= (1 — w)z)*=v(du) / (du) fi )
1
— (/0 [:c(ru + (1 —rw)z)* (1 — ru)*2(1 — :c)kﬂ v(du)
1
—x —w)krgki(y, —x —u))*2| v(du
+ [ [0 =20 = wheR s (-2 - )] v
1
- [ [a=rt s 0=t 0= 0] vido )
1
—'UlkIV u X
+ [ =My s >)
- 1
— PR f(2) + / Rio(r, u)v(du) fi (). 0
0

Earlier, we suggested that Rg(r,u) has another representation as a linear combination. This is

expressed formally in the following proposition.

Proposition 5.5. Let Cy, be the set of circle configurations for the simple genealogy in sample state k.
For ¢ € C, define n(c) to be the number of ways to lay c onto the sample and p(c) to be the probability
of seeing ¢ during a u-event (whose r- and u-dependence we suppress). Finally, let o(c) be the number
of options generated by c given the sample k, which is 1 for ordinary events and 0 for incompatible

events. Then,

Ri(r,u) = > nle)p(e) (o(c) — 1). (5.20)

ceCy

Proof. For the partition that we used in the proof of Theorem 5.3, the following list details the type
of event generated by each c in that part, along with the number of options associated to that event (if

appropriate) — the bullet points indicate the strength of the circles relating to that part of the partition:

e {51 =0,s2 =0}: e {s1=0,s2 > 0}:

o {w; = 0,we = 0}: notin Cy, o {w; = 0,we = 0}: ordinary (1),

o {w; = 0,ws > 0}: optional (22 + 1), o {w; = 0,ws > 0}: optional (2"2),

o {w; > 0,we > 0}: ordinary (1), o {w; > 0,we > 0}: incompatible (0),
e {51 >0,s2 = 0}: ordinary (1), e {s1 > 0,s2 > 0}: incompatible (0).
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We shall partition the set of circle configurations into C, = C™¢ U C°"% U C°P!, which respectively
contain the configurations leading to incompatible, ordinary and optional events. For all ¢ € C?"¢, there
are zero options so o(c) — 1 = —1. Similarly, Yc € C°", there is exactly one option, which means the
contribution from these configurations vanishes. For ¢ € C°?, the number of options depends on the
circle configuration, and so no factorization occurs. Hence,

> nlep(e) (o(e) =1) = Y nle)p(e) (o) = 1) = Y n(e)p(c).

cECk ceCopt ceCine
Then, referring to the above list, there are two sources of both optional and incompatible events, which
we must collect together;

> n(e)p(e) (0(c) = 1) = £1 + Eo — [£5 + 2]

ceCy

— f: kSQ (12> <k:21;282> (ra)®2 (1 — r)u) 2 (1 — ) Kl=s2w2 (g2 _ 1)

so=1 wa=1

ko
2 — P2 (1 — ) kw2 (g2 _
3 (B ) - e -

wo=1

_ [ i kZ? k’lz—sl kzz—s2 <k1> (kz) <k1 — 81> (k‘g — 32)
s1=1s9=1 w1=0 wy=0 S1 S2 w1 wa
% (Tu)sl+32((1 _ r)u)unerz(l _ u)|k|*(81+82)7(w1+w2)

ko ko—so ki

F 22 2 )06

so=1 wo=0 wi1=1

X (’I“u)s2((1 — r)u)w1+w2(1 _ u)|k|—82—(w1+w2)] .

With care, the first two terms can be merged, since the second sum somewhat resembles the so = 0 term

of the first. In so doing, the sum is equal to

srma= Y (Pow S (B ) - e - s

SZO 82 w2:1 w2

k»'2 k kQ—SQ ]{ s
_ 2 52 27 2 _ w2 (1 _ o \k1tka—s2—ws
> ()0 X ()i -

so=1 wo=1
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=(1- u)™ i <k2) (ru)®? <(1 +u— 27’11,)’“2_52 —(1— u)kQ_SQ)

S
s2=0 2

— (1= )k i <k2> (ru)> (1= ru)h=2 = (1 = w)ta=2)

S
so=1 2

= (1= w) (1 (1= ) + (1= ru)e = (1= )2 — 1),

Next, we concentrate on simplifying the sums corresponding to incompatibilities separately. Firstly,

k1 ko
= (30 (0 o =) (30 (0 -

$1=0 $20=0

=1 — (1 —ru)k — (1 —ru)* + (1 — ru)krtke,

The final term (triple sum) is equal to

Z= (=t - (1-u) > (k) o S (k;) (1= ryu)2(1 w2

so=1 wa2=0

= ((1 —ru)? — (1 - u)]“) (1 —(1— ru)’”) .
Adding up these terms and making the necessary cancellations yields the promised Rg (7, u). O

We should point out that, with the help of Proposition 2.6, Theorem 5.3 demonstrates that the A-
Fleming—Viot model with differential killing/birth, but without mutation, is dual in the broad sense to a

process K, (implicitly characterized by the generator .’ K ) with respect to the triple of functions

(fk(x),(), /01 Ra(r, u)y(du)> .

However, in order to form a duality in the narrow sense via the method of Section 2.2.1, there must be
some form mutation in order to induce a stationary distribution. This means that we have to slightly
deconstruct the characterization of Theorem 5.3 to accommodate the mutation terms. We model the
mutation as Poisson point processes acting on the lineages, independently of the reproduction events, as

outlined in Section 5.4.
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Lemma 5.6. The generator of the A-Fleming—Viot process with differential killing/birth and weak mu-

tation acting on functions of the form fi(x) = x¥1(1 — 2)*2, k > 0, can be written as

Ll fe@) = ek k) fur(x) — ek, k) fr(z) (5.21)

k'#k

where c(k, k') > 0, Vk, k' > 0. The constants are

1
c(k, k) = kivy + kavo + / [1 — (1 —w)* = kyru(l — ru) 71— k(1 — u)'k‘_l} v(du) (5.22)
0

and

kivo, k/:k—el+62,
k2V17 k/:k+el_627
fol(l —ru)lkl — (1 —w)lkly(du), Kk =Ek+e,

ek, k) =1 (5) Jy w1 (1 — rw) =510 (du), K = (ki — 51+ 1, k2), 2 < 52 < ka,
({:;) (k2u}_282)‘[2y(527w2)’ k/ = (k17 k2 — S — W2 + 1)7

2 < s < kg, 0 <wy < kg — s9,
(14 15w) (2)BO,w), K =(kks—wn+1), 2 <wp < b,
(5.23)

Corollary 5.7. Let X be the stationary distribution of the A-Fleming—Viot process with differential
killing/birth and weak mutation (that is characterized by the generator £ and its domain). Then it

is dual in the narrow sense to a discrete pure-jump process M with respect to the duality function

gi(z) = L(f’:), my = E[X*1 (1 — X)k2], (5.24)

mp
The dual process can be characterized by the generator

mk/

LMh(k) =" c(k,K)
k'#k

(h(K') — h(k)), (5.25)

m

where h(k) € 2(£M) and c(k, k') is defined in (5.23).
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Proof. Using Lemma 5.6, we have written XATDW fx(x) in the form of (2.11) through (5.21), and can

therefore use the machinery of Section 2.2.1 to deduce the result. O

Proof of Lemma 5.6. Recall that the generator of this process is defined by the sum of two others,
XXD* + £, the first of which corresponds to reproduction, the second to mutation. Then, observe

that

2L fr(x) = kia fr—eite, (x) + kot frote, —ey () — (k1v1 + kova) fr(2). (5.26)

We shall now write . e fx(x), given by the sum of (5.15) and (5.26), in the form of (5.21), a special
case of (2.11). We must extract all those terms which are proportional to fx(z). Since the generator
terms in (5.15) are usually of the form fx/(x) — fx(x), we can simply split these in half to obtain many
of them. Upon doing so, major simplifications ensue because fi(x) factorizes out of the sums, and they

can again be realized as binomial series, iterated three times. It follows that

L) = [ Rt = [0 4 (0= 014 (0= i) ol
4 /0 1

+ (52) () ()2 (1= )™ (1 = w)Fmeeee £y k232w2+1><m>] v(du)

(s2,w2)€Ca g

S () w1 =y — kst f ) (@)

(s1,w1,w2)€C &

+ Ek1vo fo—e,te, () + kvt fote,—es () — (K1v1 + ko) fr(x). (5.27)

Some supplementary simplifications have been performed on the second summation to remove the sum
that was indexed by ¢. There are now some cancellations in the first line that simplify the constant in
front of fi(z). However, more work needs to be done to extract further terms that are proportional to
fx(x) that remain in the sums. For example, observe what happens upon setting s; = 1 in the first sum,

and so + w9 = 1 in the second.

With this in mind, the first sum in (5.27) simplifies to
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SYLATY k= | k
> (510 (= ¥ o)+ (= ) = (1= M) e 2)

S
s1=2 1

+ kyru(l — ru)'k‘flfk(a:).

The first line gives some of the constants in (5.23), whilst the second line contributes to c¢(k, k). Evi-
dently,
(1—ru)* — @ —w)k >0, Vk|>1,re(0,1], ue(0,1],

and equality is attained if and only if » = 1. Making the necessary extractions in the second sum and

simplifying yields

35 () (5 ) )

S w
so=2 wa=0 2 2

+‘Z‘ (” : “’2> <k2><<1—r>u>wz<1—u>"“wszl,mﬁn(x)

+ kou(1 — )71 £ (2).

The first two lines provide constants for (5.23), and the last will be incorporated into c(k, k). We have
now listed all the constants in (5.23), and it is not difficult to see that they are non-negative and that the
vectors k' genuinely differ from k. It now only remains to prove that c(k, k) > 0, which is perhaps less

obvious.

Since v, 2 > 0, and we are considering vectors k for which |k| > 1 holds, implying that k14 +

kavo > 0, it is enough to prove the inequality
(1 — ) 4 kpru(l — ra)F= 4 kpu(l — w)R=1 < 1, vr € (0,1], w € (0, 1],

which is achieved in Lemma C.5.1. It follows that ¢(k, k) > 0 and the proof is complete. U
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5.5.3 Real Genealogy

We showed in Section 5.5.2 that the simple genealogies of the differential killing and birth models with
weak mutation coincide, in both the weak and strong senses, when the events are appropriately coupled.
However, the matter cannot be that simple, as we observe disagreements between them in the displaced
column of Table 5.1. This implies that the true genealogical structure relating the lineages behaves
differently under each model. In this section, we shall introduce the real genealogy, which is able to
capture a much finer level of detail than its simple counterpart. The real genealogies of the two models
are genuinely different, even when coupled. The ideas herein are similar in spirit to those of the ancestral
selection graph of Krone and Neuhauser [1997] and Neuhauser and Krone [1997].

The key concept in building a real genealogy is that of the reality of a lineage: each lineage can be
in one of two states — real or virtual. Every lineage starts off as real when it is sampled at the present
time, and, initially, represents an actual individual living in the population. Through a succession of
reproduction events, the lineage may remain real but represent a relative in an earlier generation. On the
other hand, it may become virtual; if it does so, it stays in that state forevermore. Virtual lineages can
be lost through coalescence, however. If we remove the information about the realities of the lineages in
our sample, then we recover the simple genealogy discussed in Section 5.5.2.

The real lineages trace out the true genealogical structure of our sample. Using the very fundamental
observation that each child may have exactly one parent, we deduce that the number of real lineages
cannot increase, but can of course decrease through coalescence events. However, we observed that
pure branching events were possible in the simple genealogy, and so the increase must be accounted for
by the proliferation of virtual lineages. A lineage is virtual whenever the individual that would have been
living on that line is not related to any of the individuals in the original sample. For this reason, it may
seem as though it would not be necessary to keep track of them, but their presence yields some essential
information about the allelic frequencies of the forwards-in-time process. We should note, however, that
there is no notion of reality in the forwards-in-time models, and consequently there is no generator nor
duality to work with in this setting. For this reason, it does not make sense to talk about a weak, real

genealogy, only a strong one.
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We shall say more about the motivation behind this more detailed version of the genealogy. Typ-
ically, one would be interested in tracing back until the ultimate ancestor in this branching-coalescing
structure in order to later infer details about the true genealogy, such as the time to the most recent com-
mon ancestor (MRCA) — this is how the ancestral selection graph may be utilized. However, there are

two reasons why this is not a good idea in our regime.

Firstly, it is quite computationally costly to keep track of the whole structure of the strong, simple
genealogy, especially when iterating the process over many realizations. It would be much easier to track
a smaller amount of information, such as that in the weak, simple genealogy of Theorem 5.3. However,
making such a reduction throws away essential information that would allow us to make statements
about the MRCA. It would be possible to find the time to the ultimate ancestor, but it is not clear how

useful that information is if the graph structure is lost.

Secondly, and perhaps more importantly, there are changes that occur in the real genealogy that
cannot be detected by the simple one. We shall coin these silent events, and discuss them at length in
the sequel. For this reason, it is not obvious exactly what the simple genealogy represents. The real
genealogy, on the other hand, can detect all the changes that affect our sample, and is therefore a worthy
object to study. In addition, we shall show that it is possible to discard most of the branching-coalescing
graph of the real genealogy so that we only keep track of the number of real and virtual lineages of each
type. From this, it is possible to infer the time to MRCA - it is simply the stopping time at which the

process contains exactly one real lineage.

In order to characterize the real genealogy, we need to understand how events affect the distribution
of real (typed) lineages. That is, if we know types and realities of lineages before an event (in genealog-
ical time), what are they after the event? The types are given by the simple genealogy, so we now just
need to consider the realities of lineages. After a reproductive event, there will be one parental lineage,
and possibly some continuing lineages (generated by weak circles). Any lineage struck by a strong
circle will coalesce into the parental lineage. We also need to understand how mutation affects the real
genealogy, but it turns out to be straightforward to describe. Once again we reiterate that all lineages are

real when the sample is taken (at time zero in genealogical time).
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To begin, we shall state what happens during reproduction and mutation events in words. Firstly,
consider the differential killing model. Recall that, after a reproduction event, a strong circle will kill
either allelic type, but a weak circle will only kill type-a; individuals. Hence, if the continuing lineage
is of type ay, it will become virtual if it was not already, since the a;-individual that was residing on that
line would have been killed by the weak circle, and so the parent of that event laid an offspring there.
The individual that was killed in this scenario therefore has no relation to anyone in the sample. On the
other hand, a type-az continuing lineage will retain its reality; that is, if it was real before the event, it
was not affected by the weak circle, since the individual that it represents was of type as. The same is
true if it was virtual before the event, but the individual represented by the lineage lost its connection to
the sample in a previous event. Recall that once a lineage has become virtual, it will stay that way for

the rest of the genealogical process.

The parental lineage will be real if she successfully gave birth to an individual who is currently
represented by a real lineage in the sample (or virtual if she fails to do so). There are two ways in which
this can be achieved: if a strong circle strikes a real lineage of either type, or a weak circle strikes a real
lineage of type a;. In the former case, the strong circle would have killed either allelic type, resulting
in a successful birth for the parent. In the latter, the weak circle can only kill type-a; individuals, so
the parent could have only given birth to an offspring represented by an a;-lineage. It is important that
real lineages, not virtual, are hit by the circles, because the individuals represented by virtual lineages
do not carry any genetic material relating to the original sample. Note that when a set of virtual lineages
coalesce, the resultant parent remains virtual, but a merger containing both real and virtual lineages will

lead to a real parent.
Finally, when a mutation strikes a lineage, it does not affect its reality, but does swap its genetic type.

For the differential birth model, the focus is on the parent: a parent of type a; may only lay offspring
on strong circles, whereas parents of type ag, the stronger type, may lay offspring on either weak or
strong circles. As before, we shall consider the continuing lineages first. If a (potential) parent is of
type a1, then all the continuing lineages retain their reality as the parent cannot lay its offspring on weak

circles (forwards in time, all the individuals struck by weak circles would have survived). If the parent
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is of type ag, all continuing lineages become virtual if they were not before, since the parent would
have had successful offspring on every circle, weak or strong. This type of event would have led to a
coalescence of every lineage struck by a circle, and all the genetic material of those lineages relating to
the sample (if there was any) would be transferred to the parent.

Consider the parental lineage. Firstly, observe that if a strong circle strikes a real lineage then a
parent of either type would have given birth to the individual represented by that real lineage, and so
receives the genetic material. Consequently, the parent is real in this case. The only other way that the
parent could be real is if it is of type a2 and a weak circle struck a real lineage. In any other scenario,
the parent failed to give birth to a real lineage, so must be virtual.

Once again, when a mutation falls upon a lineage, it will not affect the reality of that lineage, just
the type.

This description fully explains each sort of event that can take place in the real genealogies, but
we have to do some more work if we want to derive the rates at which such events occur. Before this,
we shall describe an explicit example of how the real genealogies differ in the two models. It should
be evident from the above characterization that the processes behave in different ways, but Figure 5.6
demonstrates this. It illustrates what may happen to a sample consisting of two real type-a; lineages.
Real lineages are depicted as black, bold lines, and virtual lineages by red, dashed lines. The top layer
((a), (b) and (c)) correspond to the differential killing model, whilst the bottom layer ((d), (e) and (f))
represent the exact same events for the differential birth model. The second and third columns provide
examples of where the models differ — for differential killing, the events both lead to a coalescence of the
lineages, and therefore virtual continuing lineages. This is not the case for differential birth. Note also
that the numbers, not just the positions, of real and virtual lineages are unequal after the event. In (f),
the parent is virtual because, forwards in time, it could not successfully displace the individuals struck

by weak circles, so the real lineages retain their reality.

Remark 5.8. A similar phenomenon has been noted by Taylor [2009]. He considers a diploid version
of the Wright—Fisher diffusion with weak mutation, recombination and fluctuating selection and proves

that multiple coalescent processes exist for a single forwards-in-time process of allele frequencies. In-
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a, a, a, a, a, a

a, a, a, a, a, a,
(@) (b) ©
a, a, a, a, a, a,

A\ "-\‘—-.~“s( ,‘::; .~“s(

(d) (e) ()

Figure 5.6: Examples of the differences between the real genealogies of the differential killing (top row) and
differential birth (bottom row) models. The black bold lines correspond to real lineages, and red dashed lines to
virtual ones. (b) exemplifies a silent event

terestingly, this fails to be the case in the corresponding haploid model. To the best of this author’s

knowledge, this thesis is the first time that such a phenomenon has been discovered in a haploid model.

Figure 5.6 (b) is a particularly interesting example as it is a silent event (defined formally in Def-

inition 5.9). Let’s suppose we summarize the state of the strong, real genealogy by a 2 x 2 matrix

Ky kS
K:< 1 2>, (5.28)
kPR3
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where ki and k7 are respectively the number of real and virtual lineages of type a;. Then it is clear
that the process in this example experiences the transition (23) — (1), a genuine change of state.
However, if we go back to the weak, simple genealogy by forgetting the realities of the lineages (i.e.
by taking column totals), then the state stays at (2,0) before and after the event. This is a significant
observation because it means that there exist coalescence events that are undetected by the simple ge-
nealogy. This phenomenon has the consequence that the simple genealogy does not really represent the
true genealogy, for the differential killing model at least. Later, we will show that silent events also
occur for the differential birth model, but under alternative circumstances. Because of their importance,

we shall define them formally.

Definition 5.9. A silent event is a reproductive event which causes a change of state in the real genealogy,

whilst leaving the weak, simple genealogy unaffected.

We would now like to derive a detailed description of the transitions that the real genealogies make,
and the rates at which they happen. We will in some sense mimic the proof of Theorem 5.3, by carefully
considering the circle configurations that might fall onto our real sample, and the effects they have.
Unfortunately, in this setting, we do not have a duality to use. We need some more notation in order to
handle the more detailed circle configurations under consideration. Let s} and s = s; — s respectively
be the number of strong circles that strike real and virtual lineages of type a;. Similarly, define w; and
w; = w; — w; to be the number of weak circles that strike real and virtual lineages of type a;.

Suppose that our real genealogy is in state K, the 2 x 2 matrix given in (5.28), with the constraint
kT + k% > 0 — there must be at least one real lineage otherwise there is no relevant genetic material. The
rate at which we see a circle configuration striking in any given permutation is independent of the real
and virtual lineages, but does depend on the column totals k1 and ko, as before. They are given by the
integrals I} and I defined in (5.13) and (5.14), depending on whether the parent was of type a; or as
respectively.

However, we need to perform the combinatorics more carefully, as the number of ways of laying

the finer circle configuration does depend on the numbers of real and virtual lineages. Starting with the
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events in which the parent is of type a1, then, for a fixed s1, there are

ETN (k1 — K] _ kTN (kY
sT /) \s1— s8] sT )\ sy
ways of laying s strong circles onto real a;-lineages and sV strong circles onto virtual a;-lineages. As

a convention, we shall let s] € [s1]o be a free variable, forcing s{ = s; — s] to be fixed. Note that,

making use of the Vandermonde identity,

(2) -2 (D)
$1 = st)\s1—st)’

which accounts for the first binomial coefficient of .Z, of Theorem 5.3. Given this placement, there are
ki — s real and kY — sy virtual a;-lineages remaining on which to lay w; weak circles. Hence, the

number of ways of laying w] (respectively w{) weak circles onto real (resp. virtual) a;-lineages is

ki —s1\ (ki —si
wi wy )’

where w] € [wi]o. A similar Vandermonde identity yields
w1 r r r r w1 r r v v
wy o w wy — w] D wl wy )’
which is the second binomial term in .Z,. Completely analogous arguments can be used to explain how

the other binomial coefficients in Theorem 5.3 break down, so those calculations will be omitted.

Each of the rates that we list below will also contain a ratio of moments, a Bayes factor, of the type
that we have seen so often throughout this thesis. This factor corrects the conditioning upon knowing
the fypes in our sample, which gives us some information about how the allelic proportions must have
behaved in the forwards-in-time model. By inspecting the real genealogy instead of the simple one, we
have not gained any more information about the forwards-in-time process, as reality is not a forwards-
in-time concept. For this reason, the Bayes factor must only depend the numbers of types in our sample,

not the realities, and hence must be equal to
%
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as in the simple genealogy. The vectors k, k' represent the matrices K, K’ after taking the column totals,
and the dash represents a new state. Notice that for silent events, for which the transition does not result
in a change of the column totals, the Bayes factor will be equal to one, since k' = k.

The analysis so far has been consistent between the two models, but the following two theorems,

which characterize the real genealogies, will outline how they disagree.

Theorem 5.10. The real genealogy of the A-Fleming—Viot model with differential killing and weak

mutation, when in state K, undergoes the transition (reproduction with a1-parent)

Kk K — 7 —wh + 1{s] +w} >0} kb
<1 >H< = s+ > 0) ) 520
Kk K — 8% +wl 4+ 1{st = w] =0} kY

M —syttka) (KT (R (KT = 8T (B =50 (R2) (RS o)
Mg YA wy wy wy ) \wy L

where (s1, w1, w2) € Cik, ST € [si]o,w] € [wi]o and wh € [wa]o, and the transition (reproduction

at rate

with ag-parent)

Tk K Ky — 85— "+ 1{s} > 0
( 1 2 ) N ( 1 2 2 { 2 } ) (530)
v kY kY 4+t 0 kY — sy —i® + 1{sb = 0}

M (kg +i,kg—s2—i+1) ks k3 ks — 55 kg — s W e IV(SQ wz)
mp st )\ sy wh wy ir ) \av )

where (s2,w3) € Cak, s5 € [s2]0,wh € [walo,i" € [whlo, 1" € [wi]o and i = i" + i". Finally, due to

at rate

mutation, the state K could transition to

( kr—1 ky+1 ) ( kT k5 ) < kP +1 k-1 ) ( kY kb )
kY k3 k) —1 k3 +1 kY ky k) +1 kY —1

at rates

Mk—ei1+es 1 Mk—e1+ez 10 Mktei—ez .r Mk+ei—ez 10
me me mp mp

respectively.
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Theorem 5.11. The real genealogy of the A-Fleming—Viot model with differential birth and weak muta-

tion, when in state K, undergoes the transition (reproduction with a;-parent)

KTk K — st +1{s7 >0} K}
( 1 2 ) _ < 1 1 { 1 } 2 ) (531)
K kY KV — sV +1{st =0} kY

M —sitvha) (KUY (R1) (RF = ST (KD = 8T) (R (K2 e
M Si’ S/:ll_} w{ wi) wg wg 1 ) 9

where (s1,wi,w2) € Cig, S| € [s1]o,w] € [wi]o and wh € [we]o, and the transition (reproduction

at rate

with as-parent)

Kk K K — s — wh + 1{s} + w} > 0
( 1 2)_}( 1 2 2 2 {2 2 } ) (532)
K kY KV 4 iV kY — sy 4 wh — " —i¥ + 1{sh = w} = 0}

M (ki kg —s2—i+1) kg sz) k"g_sg kg_sg wg wg IV(S2 w2)
M st ) \ sy w} w} ir )\ )72 D

where (s2,w3) € Ca, 55 € [s2]o,wh € [walo,i" € [whlo, i € [wi]o and i = i" + i". Finally, due to

at rate

mutation, the state K could transition to

(k{—l k5+1> ( kT kb ) (k{+1 k§—1> ( T kb >
kY kY kY —1 ky+1 kY kY V41 kY —1

at rates

MEg—ei+es r Mg—eites ;v Mk+ei—es ;1 MEk+ei—es 0
Mg Mg Mg Mg

respectively.

Corollary 5.12 (Existence of silent events). The differential killing and birth models both possess silent
events in their genealogies with positive probability. For differential killing, they only occur when the
parent of the reproduction event is of type ay. For differential birth on the other hand, they may only

occur when the parent of the event is of type as.
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Proof. By checking transition (5.29) for differential killing in the special case s; = s] = 1, 1i.e. s] =0,
and w] > 2, we see that this yields a genuine change of state in the real genealogy. However, for the
corresponding term ., of Theorem 5.3, a circle configuration for which s; = 1 does not generate a
change of state. This is an example of a silent event when the parent is of type a;.

We also need to show that they cannot occur when the parent is of type as. In .Z, of Theorem 5.3,
the conditions for no change are 7+ = 0 (which implies that " = ¥ = 0) and sy = 1. We need to show
that when these conditions are met, there are also no changes in the real genealogy (that is, all the entries
in (5.30) remain the same). There are two cases: (a) s, = 1 with s§ = 0, and (b) s}, = 0 with s§ = 1.
In the first case, (a), the parent is real and cancels with s} in the top-right entry; the bottom-right entry
evaluates to k3 since s5 = 0 = 4" and the indicator condition fails. In the second case, (b), s§ = 1
cancels with the successful indicator in the bottom-right entry, and everything besides k7, equals zero in
the top-right. Hence there are no silent events.

For the differential birth model, we essentially have to prove the opposite. We hope to find a genuine
transition in (5.32) subject to the conditions 7 = 0 and s = 1. This can be achieved by letting s}, = 1,
sy = 0 and wj > 0. Hence, silent events exist in the differential birth model where they do not in the
differential killing counterpart.

Finally, we would like to prove that no silent events are possible in (5.31). In £, of Theorem
5.3, we require that s; = 1 for there to be no change. It is not difficult to then check that the s}
or sj cancels the appropriate indicator function in the top-left and top-right entries of (5.31) to leave

everything unchanged. O

Proof of Theorem 5.10. Having already explained the dynamics of the real genealogy using prose (be-
ginning p.144), it just remains to apply it to the details of the transitions. In addition, we have already
outlined where all the factors in the rates of transitions of reproductive events come from, so we shall
not repeat that here.

We shall start with the transition (5.29), supposing that there is an a;-parent. Recall that continuing
lineages retain their reality if of type ao, but become virtual if of the weaker type. Hence there is a

transfer of w] real a;-lineages to the virtual state. The s] real and s virtual a;-lineages that were struck
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by strong circles coalesce into the parental lineage. The parental lineage is real if a strong circle hit a
real lineage of either type, or a weak circle hit a real a;-lineage, i.e. if s] + w] > 0; it is virtual if
s7 +w] = 0. There is no change in the number of real or virtual as-lineages in this scenario, as they are
robust to weak circles and the parent is of type a;.

For transitions of type (5.30), we have that w; = 0, and so weak circles only fall on as-lineages,
which retain their reality. There is a loss of s/, real and s virtual ag-lineages through coalescence.
There may be a transfer of " real and 7" virtual as-lineages to " 47" virtual a;-lineages. Since w; = 0,
the parental lineage can only be real if a strong circle struck a real lineage, which happens if s5 > 0;
otherwise, it is virtual.

If a mutation occurs, it affects exactly one of the lineages, which swaps its type but not its reality. [

Proof of Theorem 5.11. As in the proof of Theorem 5.10, we shall just explain the nature of the transi-
tions that the real genealogy makes, starting with (5.31). As the parent of this kind of event is of type
a1, the continuing lineages all retain their reality. As usual, there is a loss of s] real and s{ virtual
a1-lineages through coalescence. The parent can only be real if a strong circle struck a real lineage, i.e.
if s7 > 0, otherwise it is virtual.

In (5.32), since the parent is of type a9, all the continuing lineages will become virtual if they were
not before. Since w; = 0, only the w, real ao-lineages are transferred to the virtual set, with wj — ¢"
remaining as type as, and " becoming of type a;. There are also ¢¥ lineages which switch to type a;,
meaning that, overall, there is an increase of <" + ¢V virtual a;-lineages. There is a loss of s} real and
sy virtual as-lineages through coalescence. Finally, the parent is real if any circle struck a real lineage.
Hence, it is virtual if s = w3 = 0.

If a mutation occurs, it affects exactly one of the lineages, which swaps its type but not its reality. [

Remark 5.13. In principle, simulation of the real genealogies of these processes, at least up to the matrix
summary, is now possible. This is enough to probe the genealogies for basic shape information, such as
the time to MRCA. It would be very interesting indeed to ask if these times differ in distribution between

the models.
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In order to be able to simulate, one would need to calculate the moments of the stationary distribution

of the AFVDx*m process. Using (4.17), it is not difficult to derive the non-linear difference equation
1 1
(/ [(1 —ru)f — (1 - u)k] u(du)) M (k41,0) = (/ [1 —(1- u)k} v(du) + k(v + I/Q)) M (10)
0 0

_Sz; (i) /01 [(ru)s(l — ru)k’s} V(du)m(kfs+1,0)

— kvamg_1,0)-

which the moments satisfy. This is valid for £ € N with the convention that m ) = 1. However,
this system is not closed, and therefore cannot be used recursively. There may be hope to solve it in
very special cases, or by linearizing when r» =~ 1 (weak selection), but it may be better to simulate the
moments using Monte Carlo methods for cases of interest.

Another practical point to be wary of when attempting to simulate the process is that there are some
‘false’ events in Theorems 5.10 and 5.11 which do not change the state of the process. For completeness,
we shall list them here. For differential killing, they occur in (5.29) when s; = 1 and s] + w] < 1 and,
in (5.30), when s9 = 1 and ¢ = 0. For differential birth, they occur in (5.31) when s; = 1 and, in (5.32),

when sg = 1,¢" =4 = 0 and s;, + w) < 1.

5.6 The Differential Middle

The existence of silent events in the real genealogy of the models we have studied so far has the conse-
quence that the simple genealogy is not representative of the true genealogical structure of the sample,
as there are some coalescence events that go undetected. This prompts the question of whether there
is an adaptation of the selective model whose forward-in-time allelic frequencies are unchanged, and
whose genealogy possesses no silent events. The answer is in fact yes, as we shall demonstrate now.

If we study silent events in more detail, we see that they occur when the parent displaces individuals
of its own type at weak circles. Looking back at Table 5.1, or forward to Table 5.3, we observe that

the differential killing model does this in the first row, and differential birth in the seventh. Since this is
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DK |DM | DB | DK | DM | DB
Parental type | Target type | Symbol Displaced? Resultant type

al al o v X X ay al al
ay a1 ° v v v ay ay 51
a1 as o X X X as as a
ay as ° v v v ay ay ay
as ay o v v v as as as
as a1 o v v v as as as
as as o X X v ao as as
as as . v v v a2 ag az
N/A ay X N/A a2 as az
N/A as X N/A ai aq ay

Table 5.3: The possible events that may cause a label change in the AFVD+m models. The type of the targeted
individual line after the event is listed (resultant type), along with whether a new offspring was born as a result of
the event (displaced?). The differential middle has been included in this extended table

exactly where the models disagree, we can conclude that the silent events drive the differences between
the models.

In order to create a third model, we can introduce the simple but perhaps arbitrary rule that, in
addition to the ordinary rules, a parent may not displace individuals of its own type at weak circles.
This creates a model which interpolates between the two previous ones, and so we call it the differential
middle (DM). Table 5.3 shows the core features of the model and compares it to the others. Clearly,
the new rule will not affect the allelic frequencies, and so these are consistent amongst all three models.
The differential middle has the additional feature that there are no silent events, which means its simple
genealogy encapsulates the true genealogical structure of a sample, even if it does not contain the same
level of detail as the real genealogy.

One property of the genealogy of the differential middle is that its time to MRCA is a.s. at least as
long as that of the genealogies of the differential killing and birth models, when coupled appropriately.
This is because its genealogy omits the silent events that cause coalescences in the other models. How-

ever, the relationship between the time to MRCA of the original two models remains to be established.
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N is the set of natural numbers (Ng with zero included).

Z is the set of integers.

R is the set of real numbers (R for positive real numbers).

IP is a probability measure (sometimes P to emphasize its relation to X).
[E is an expectation (sometimes EX to emphasize its relation to X).

E,[X:] := E[X}|Xo = «] is a conditional expectation for a random process X; with initial value

Xo = z (sometimes Eff ).
1 is the indicator function.
[n] :={1,2,...,n}, [n]o ;== [n]U{0},n € N.

le; := e11{e; = ea} + eal{e; = e1} is the negation operator for a two-point set {e1, e2}. That

is, le; = e9 and leg = €.
Vectors will be denoted in bold face, e.g. k, and sometimes underlined for emphasis, e.g. C.

e; is the unit vector, with zeros in every entry except for a 1 in the ¢th position.
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0 is the zero vector, with zeros in every entry.

|k| = Zle k; is the L'-norm of the d-dimensional vector k = (k1, ka, ..., kq).

|kl = Zle ik; is the weighted norm of the d-dimensional vector k = (k1, ko, ..., kq).
k > 0 means that each vector entry satisfies k; > 0 with the restriction that |k| > 0.

k > l means that each vector entry satisfies k; > [; with no further restrictions.

Ea

z8:=z(z—1)-...- (2 — k+ 1) is the kth falling factorial power of z.

=

28 i=2(z4+1)-...- (2 + k — 1) is the kth rising factorial power of z.
I'(z) is the Gamma function.

B(x,y) is the Beta function.

Aop(dx) = B(a,b)"tz* (1 — x)*~!dz is the two-parameter Beta measure, supported on (0, 1).
AY(dx) = Aa_q o (dx), o € (0,2), is the measure for the Beta coalescent.
w, is shorthand for the sequence {wy, } ke of non-negative integers.

By, (ve, ws) is the nth complete Bell polynomial with sequences ve, We.
By, (ve) is the (n, k)th partial Bell polynomial with sequence w,.

f ~ g isequivalent to lim,,_, f—"g =1

LN equality in distribution.

|| f||oo is the supremum norm of the function f.

U(S) is the uniform distribution on the set S.

Z is a linear operator, often a generator of a Markov process. It will include a subscript or

superscript for more specificity, e.g. .Z,,, . for the generator of the Wright—Fisher diffusion.

& 4 is the set of partitions of the set A (74 4, is the set of partitions of A into k blocks).
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B.1 Bell Polynomials

In this section, we shall give a brief introduction to Bell polynomials. For more details, see Chapter 1 of

Pitman [2006].

Definition B.1.1 (Partial Bell polynomial). Let k,n € N be such that k < n. Further, let m € &7}, ;. be
a partition of [n] into k blocks (that is, || = k). Let B € 7 be a block in this partition, which has size

| B|. For a sequence we = {wy }en of non-negative integers,

Bog(we)i= Y ] ws

TEPn),k BET

is the (n, k)th partial Bell polynomial.

Example B.1.2. The partial Bell polynomial of the sequence of factorials is given explicitly by

n—1\n!
By, i(e!) = <k B 1>k! =:Lp.

These are known as the Lah numbers.
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Remark B.1.3. The coefficient in front of the term [[}_, w;nj in B;, ;,(w,) is the number of partitions
T € P,k such that m; parts equal j € [n]. By Equation (1.8) of Pitman [2006], this number is given

by
n!
Hw B k(we) = W

Definition B.1.4 (Complete Bell polynomial). For n € N and two sequences ve = {Uk}reN, We =

{wp } ken of non-negative integers,

Uuwo : § kanka

is the nth complete Bell polynomial.

Suppose that the sequences of the complete Bell polynomial have generating functions

v(0) = Z Tk Z

k=1 k=1

k

3

l

=

Then, the formula for the composition of their generating functions states that the generating function
for B, is given by

oo ‘/L’k

S T Bi(ve, wa) = v(w()).

This is closely linked to the Faa di Bruno formula for the derivatives of compositions. For n € N,
d” (1=1)( 150)(
K
gl @)= > @) ]
S f["] Bem

Definition B.1.5 (Polynomials of binomial type). Given a sequence of non-negative integers w,, the

sequence of polynomials By, (x) := By, (z®, ws) (With By = 1) is of binomial type if it satisfies

JZ: (?) Bj(2)Bn-j(y) = Bn(z +y).

Example B.1.6. The rising and falling factorials, ™ and 2 defined in Appendix A, are known to be of

binomial type.
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This appendix will record some of the more technical results that are subsidiary to the main themes of

this thesis. The results are partitioned into their relevant chapters.

C.1 Chapter1l

There are no technical lemmas for this chapter.

C.2 Chapter 2

Lemma C.2.1. Let X 2 Beta(a, 3), where au, 5 > 0. Then, for ki, ko > 0,
aHﬁE

E [X’Cl(l ol I
R

Proof. Firstly,

E|x* @1 —X)’@} - /01 oM (1 — 2)*2 Ay 5(dx)

= B<k1+a’k2+ﬁ)< 1 R o \katB—1 )
= B(OZHB) B(kl —|—a7k2 +/8) /0 X (1 1’) dzx s
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where B(a, f3) is the Beta function and A, s is the Beta measure defined in Appendix A. The quantity
within the brackets is precisely fol Ak +aks+8(dz) = 1. Hence, converting the remaining ratio into

gamma functions,

Tk +a)T(he+f)  T+p (@@~
I'(«) LB) Tk +ke+a+pP) (o + B)k1+k2 '

E X" (1 x)"] =

C.3 Chapter3
Lemma C.3.1. Fora, b€ Z, and0 < ( <n,

- wik (B) (0= (a+k))!
=2 C+k<k><n<a+b>>!'

k=0

Proof. We will use a method similar in flavour to that of a result in the appendix of Etheridge et al.

[2010], though a little more work is needed. Firstly, considering the generating functions

1+t<—2<“a,, (1+)" =3 (n=0"5,

we see that the desired expression will be the coefficient of ¢*s° /6! in the product generating function.

We can rewrite this function and perform some binomial expansions to obtain

L+t +8)" = (1+s)" <1 + i_ S>C - zc: (g) (t — ) (1 + )"

S
+ =0

EEEO(C oo

_ z;)z ’;j {jf G) (i) (b _n(l__l a)> (~1)ta a!b!} :

where we have swapped the order of summation and shifted the index b in the last equality. The co-

efficient we require is the sum inside the braces, and after manipulating the binomial coefficients and

shifting the index [, the result follows. O
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Lemma C.3.2. Letn €N, 2,2/ € Zand a,b € R\ {—N}. Then, as n — oo,

a"  T(b)

+z—b—2'
e T

where the meaning of f ~ g is defined in Appendix A.

Proof. Using properties of the rising factorial,

am _ F(a+n+z) F(b) N F(b) n(a+z)7(b+z’)
pr+z I'(a) Fb+n+2) TI(a) ’
using the approximation
I'(n+c)
['(n)n¢
forc € Rasn — oo. O

Before proceeding with the next lemmas, recall equation (3.31), a definition that we shall restate
here, along with another. For k& € Ng,
n n
7 = lz; <7> ) R 2 (?) P

Lemma C.3.3. Leta € (0,1) and b > 0. Then, as n — oo,

NON I'(a+1b) n2—a
" (a—1)(a—2)T(b) '

Proof. Firstly, note the relation

1D =4 =40

Then, using Lemma C.3.5 with d = k£ = 1, we obtain

p_T T
%(}): " at )f - — | = § (Rzeg*Rgom>'
a—1 (a+b)n—2 (a+ b)n—2 a—1

The first ratio will turn out to be negligible, but we have to consider cases to show its asymptotic be-

haviour. Firstly, suppose that @ + b # 1, in which case, using Lemma C.3.2, we see that

Rnes _ (a—i—b—l)mw I'(a+0b)
" (a+b)m2  D(a+b—1)
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as n — 0o. On the other hand, if a + b = 1, then R;,Y = 0 for all n > 2. Then,
bﬁ F(a + b) 1—a

Rdom _ N n ,
(a+0b)n—2 I'(b)

which dominates the other ratio as n — oo, since a < 1. Hence, putting this together, the leading-order

behaviour of this quantity is

N I'(a+0) n2-a
" (1=a)l(b) '

To calculate the asymptotics of %(10)7 we use that the rising factorial is a polynomial of binomial type

(see Appendix B), yielding

(0) _ Zn (”)A _ 1 - <”> [=2pn—1
771 - TL,l - p—1 a
= \! (a+0)m2 5 \!

n

T a-1(a— 1 )(a+ b)" 2Z<>a_2ll

=

2
B 1 (a+b—27" (a—2)nb" 14"
— 3 = -

(a—1)(a - (a+b)n= (a + b)n—2

_. m (Ryes — Riom).

Once again, we have to perform a case analysis on the first, negligible ratio. Firstly, suppose a + b # 2,

then using Lemma C.3.2 once more,

fneg (a+b—2)" T'(a+b)

= ~

(a+b)n—2 T(a+b-2)

asn — o0o. If a + b = 2, then " = 0 for all n € N. The dominant behaviour comes from the other

ratio,
fdom _ (a — 2)nb”7:+ " _(a-1)(a+b) N () B I'(a+b) 20
(a+ )2 I'(b) " (a—2)L(b)
as n — oo. Once we put this all together, the claim will follow. O
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Lemma C.3.4. As n — oo we have that 77(12) ~ n?, where %(Lk) is defined in (3.31).

Proof. We can write 'y,(f) = %(12) - 'y,(Ll), since (I — 1)2 =12 — (I — 1). Applying Lemma C.3.5 (with

d =1 and k = 2), we find that

n l72bm 1 n -
77(12) — Z (?) lg a — — = — <TZL> lZ(a _ 2)lb —1 n(n — 1)
=2 (a+b) (a—=2)*(a+b)"* 3
From this and Lemma C.3.3 we conclude 7,(12) = %(LQ) — %(LI) ~n?asn — co. O

Lemma C.3.5. Letd € Nand k, n € N&. Fora,b € R,

> tkally ‘H (”) = ¥nk (a4 b+ k)"

leNd

where nk := H?:l (nq)ke.

Proof. Firstly, we have to prove the result for the vector kK = 0 separately. To do so, we shall use

induction on d. For k = 0 and d = 1, the statement reads
n n o -
> () = o,
1=0
which is true as the rising factorial is a polynomial of binomial type (see Appendix B). Now suppose
that the statement holds for some d € N. Then,

T dﬁ(ﬂ) [ pin—Tt — ZH(“’) gt Fra=lil

Nd+11 1 lENdz 1 Z

Nnd+1 -
X Z M) (@ ) (b 4 g — 1))
lav

(a—l—b)ZZ 1"(a+b+n+ .. —|—nd)m:(a+b)zz 1”17

where we used the induction hypothesis in the second equality. Now suppose that k has at least one

positive entry, i.e. |k| > 1. In the following calculation, in the third equality, we will utilize the identity
n n—k
L)E —nk
e () =4 (")

163



Chapter : Appendix C: Technical Lemmas

which we state without proof. Although the sum in the statement of the result ranges over vectors 1
in the space N¢, in reality, any vector for which there is an entry satisfying [; < k; will make a zero
contribution to the sum because of the falling factorial term. Hence, in the first equality, we shall make

the substitution m = I — k. Upon doing so,

3 kT f{( ) S (et k) QR mll—[(mzw)

leNg = meNg
— al*l Im| pln|—|k|-|m| A ki ‘
~ S (o B L ()
mGNd i=1

n — ke e

= Z H( ¢ Z> a+ |k|)m™ pini=lkl=im,

meNg =1
The result follows by applying the k = O case to the remaining sum. O

C4 Chapter 4

Lemma C.4.1. For eachn € N, the generator of the AFVM process with the Beta measure A% satisfies
the estimate

V1 + v2
Ly < (1 + 1o

) 2", Vye|[0,1].

Proof. Using the generator decomposition of Lemma 4.3, we observe that

Ly < 120y + 120"

which allows us to consider each part separately. Using (3.8),

k—l—a 1—u n—k+a—1 B
y ’ _ }/ ( ) du(yn k+1 yn>

B2 - a,a)

1
k—a—1/1 _ ,\n—k+a—1 n—k+1/1 _ k-1
—Z() 2_M)/Ou e (|

n 2—a+k—-2,a+n—k
< < o™
g<k> B<2—CE,04 Z< ) N ,

k=2

where we used the triangle inequalities for the first bound, and that ¢y *+1(1 — y*=1) < 1 for all
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y € [0, 1] in the second. In the third inequality, we used the fact that the Beta function is decreasing in
both of its arguments, so that the ratio of Beta functions can be bounded by one. The final inequality

follows from a standard combinatorial identity.

For the mutation part,

A%(du)

1
Ly = |(va = (01 + vz)y)/o (1= w)y +u)" = (1 —uy)"]

(&)
< |vg — (v1 + v2)y| z": (Z) };(2 —a,a)
(&)

k=1
n
n\Bl—a+k—1,a+n—k)
=2 = (v +v2)y] 2 \k) T 1= a)B-a.a)
|v2 = (v1 + v2)y| <~ (0 vl + vy
< < 2",
- 1—a Z k)~ \1—-«
k=1
Combining these two inequalities completes the result. O

Lemma C.4.2. If a € (0,1) and A*(du) is the Beta probability measure defined in Appendix A, then

/1 A%(du) 1
0 v 1l-a’

Moreover, it is not integrable for o ¢ (0, 1).

Proof. Set

€1 Aa d €1
I e, :/ (du) o</ u (1 — u)* Ldu.

0 u €0
Since the behaviour of I, ., near u = 0 is governed by f:ol u~“du, it is clear that Iy, is integrable
for o < 1, but non-integrable for v > 1. Similarly, near u = 1, I, 1 is integrable for « > 0 and

non-integrable otherwise. Putting this together, we find that Iy ; is integrable only for o € (0, 1).
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We now we concentrate on the case o € (0, 1). It remains to show that

! A% (du) _ ['(2) ! =11 e
| - 5, mwmd

v TE=a)
— o, 1

where we have used the fact that I'(z 4+ 1) = 2I'(z). The quantity inside the braces on the second line is

fol A_oo(du) = 1. ]

Lemma C.4.3. Suppose o #~ 1. Then

. > (—2)F L (1+2)*t -1
S= Y G Y = oy

holds with radius of convergence 1.

Proof. We shall make use of the following identity,

(1) () ) ()

which can be proved using various standard results on binomial coefficients. Using this expression,

along with the binomial expansion (1 4 2)*~1 =322 (O‘gl)zk , which has radius of convergence 1,

Zk+1

E+1

(14 z)ot a s 5 = (a—1
= — h -
S T z(l—a)S where S kz_o i

We can differentiate S term-by-term, which yields the differential equation

o0 k
, a—1\(k+1)z o—1
= —— =1 .
re=3 () — ey
k=0
This is readily solved to give S = [* f'(u)du = 1(1+4 2) + C. Using the fact that S =0whenz=0
solves for the constant C' = —é. Finally,
S:(1+z)°‘_1_(1+z)0‘+ 1 :(1+z)a—1—1. -
l—a zl—a)  z(1—-«) z(a—1)
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Lemma C.4.4. Let A* be the Beta probability measure defined in Appendix A. For o € (0,1) U (1,2)

au+b  ab*l(a—1)

/1 A(du) _ (a+b)*t bl
0

Proof. Without loss of generality, we shall set b = 1 for the remainder of this proof. Define the function

kul—a(l o u)a—l
B(2-a,a)

f(u, k) = (=1)*(au) €(0,1), ke Z.

Next, define the integral

_ ' _ - |a’k ! k+1l—« a—
. _/0 Z\f(u,k)]du—z_:B(z_a,a)/o WFHIO(1 — y)o gy

B2+k—oa« 1 ! —a)— a—
—Z| * B —a.a) {B(2+k_a’a)/0u(k+2 71— w) 1du}

< Z la)® < oo.
k=0

In the first line, we made use of Fubini’s theorem, which allows the swapping of the integral and sum-

mation since |f(u, k)| is clearly a non-negative function. In the second line, the quantity in braces is
equal to fol Aj42-q o (du) and therefore cancels to unity. In the third line, we bounded the ratio of Beta
functions term-wise by one since the Beta function is decreasing in its first argument. The remaining
sum clearly converges as it is a geometric series with |a| < 1.

Then, making use of a binomial series expansion (in the denominator of the following integral), we

find that
Ao a(du) > kB2+k: , Q)
I:= § k)d _§j k)du =Y (-a
/0 Cautl / Flu, k) /fu k=0 —a,a) ’

where we have applied Fubini’s theorem once more (using the fact that I™ < co) to swap the integral
and sum, and to deduce that [ is finite. We also used very similar arguments to those above to obtain the

sum on the right-hand side. Finally, making use of identities of Gamma functions, we find that

Bl

S 1 TE2-a+k) <« (2 —a)
I_kzzo(_a)kf(kH) r2-a) _kzz(](_a)k(lerl)!’
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from which we can apply Lemma C.4.3 (with z = a, a € (—1,1)) to close the proof. A completely

analogous argument holds when b # 1. O

Lemma C.4.5. Let S(t) be the integral transform defined in (4.14). For k > 2,

(1 —a)(p(t)S(t))*-1 — Zf:—O? (kzl)q(kflfi) (£)SE+D (¢)
q(t) '

Proof. We proceed is by induction. The base case, k = 2, is satisfied by comparison with (4.21). Now,

SHE)(t) =

(C.1)

supposing (C.1) holds, and suppressing the dependence on ¢,

1—a)(p-9)® 152 /11 o o
gk _ )(qp et ( i )(q(k i) g+ 4 (ki I)S(z+2))

15>
B g/ (1 _ a)(p . S)(k—l) _ Zic;g (k;l)q(k—l—i)s(i+1)
q q
1 k— 1 k—2
_ <(1 —a)(p-S)! Gli+1) _ Z (k'1)q(k—(i+1))5((i+1)+1)>
q z=0 i=0
1 k—1 A A
= p ((1 —a)(p-9)HF — W g — Z ((kzl) + (I::ll)> q(k‘—l)S(Hl))
i=1
1— .Sk —i) g(i+1)
_ ( a)(p ) Zz 0 ( ) ) (C.2)

q

In the first equality we used the quotient rule; in the second we again exploited the inductive assumption;
in the third we adjusted the index of the second sum; finally, in the fourth, we used the recursive identity

of binomial coefficients. O

Following on from the final line of the proof of Lemma C.4.5, we can use the Leibniz rule to expand
(p - S)*). To evaluate the moments, we ultimately need an expression for S(*)(0), and we shall use an
argument similar to the one used to derive S”(0) to find it. Since ¢(0) = 0, and the moment is finite, the
numerator of S+ (t), evaluated at zero, should vanish too. Suppose it does for the time being. Then,

the numerator of the right-hand side of (C.2) satisfies

k k—1
-3 (V)09 - X ()at 05000 ~o

1=0
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if and only if
=1 A A k=2 A A
(K0 = (= p0) 910 = (1 =) 3 ({)000500) - 3 ({)a 015+ 0)
i=0 1=0

This motivates the following lemma.

Lemma C.4.6. Ler S(t) be the integral transform defined in (4.14). For k > 2,

KL= a)p ()% D(0) + 7 (4) (L= a)p® 2 (0)59(0) = ¢ (0)S ) (0)

1

kq'(0) — (1 — a)p(0)

S®)(0) =
(C.3)

Proof. We shall again proceed by induction. The base case, k = 2, was shown in (4.22). For the induc-
tive step, as we showed above, supposing (C.3) to be true is equivalent to the numerator of S (k“)(t),
evaluated at zero, equalling zero. (An expression for S(k+1)(t) can be found in (C.2).) Therefore, on

this supposition, lim; o .S (k+1)(¢) is indeterminate, and we apply 1’Hopital’s rule. That is,

i SO+ (8) — figg @) _ o M ()

t10 t0  q(t) tlo ¢ (t) ’

where

Using the product rule,

e (1) = (1= a)p(t) — k'(6)) SED(0) + ((k + 1)(1 — 0)p'(1) — ka"(1)) SO (1)

k—2
+h(1L =) (ST V() + 3 (k) (1= a1 (1)SD (1) — 1D (1) D (1))
=0

k—2

. (k—(i+1)+1) (i+1) _ (k—(i4+1)+1) ((34+1)+1)
+ () (1= ap (H)SHI (@) — g (t)s (1))

1=0

= (1= a)p(t) — kg () SED @) + (+ V(1 = ) (H)SD ()

3 (<k> + ( ' 1>> (1= ap =910 (1) - gD )T (1))

- 1
=0
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Using the algebra of limits, and the fact that ¢/(0) = 1 — aw # 0 (see Lemma C.4.7), lim; o S+ (¢)

equals

[k DA —a)p 050 + S (1) (L= a)p® (1) 5O (1) — (TS (1)
10 (k+1)q'(t) — (1 — a)p(t)

To prove that we can push the limit inside, it only remains to check that the denominator is non-zero
(to ensure that we do not need I’'Hopital’s rule again). This follows from the fact that p(0) = 1, and

a,vy,vg € (0,1). O]

Lemma C.4.7. For k > 1, the derivatives of p(t) and q(t), evaluated at zero, satisfy p(0) = 1, g(0) = 0,
PP 0) = (@)fvy and ¢*)(0) =k (0)*=* - (a)*w.

The proof of this lemma is omitted as it is a simple exercise in differentiation and induction.

C.5 Chapter5

Lemma C.5.1. For all vectors k € N2 such that |k| > 1, Vr € (0,1] and Vu € (0,1],
(1 —w)* + kyru(l — ru) 71 + kpu(1 — w)*I=1 < 1 (C.4)

Proof. Fix ko € N and proceed using induction on k;. We shall postpone the proof of the base case for
a moment, and begin by assuming that (C.4) holds as the inductive hypothesis. Then, using the fact that

l—u<l—ru<l,

(1 —w)*H 4 (B + Dru(l — ru)® + kou(1 — w)l*!
< (1-—ru) ((1 —u)* 4+ kw1 — ru) P kyu(1 — u)‘k|71> + ru(l — ru)l®

<1—ru+ru(l —ru)kl <1,

where the inductive assumption was invoked in the second step. Returning to the base case (k1 = 0), we
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need to prove that, for ks € N,
kou(l —w)k2=1 4+ (1 —w)k2 <1,
which can itself be proved by induction on k». This base case (kg = 1) is trivial and

(ko + Du(l —u)*2 + (1 —w)k2t = (1 —w) (k’gu(l —u)f2 7l (1 - u)k2> + u(1 — u)k2

gl—u(l—(1—u)k2)§1.

In order to finish the proof, we need to show that it is true when ko = 0 and k; € N. This can again be

done by induction in a very similar manner. O
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