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A new stress-based mixed variational formulation for the stationary Navier-Stokes equations with constant density
and variable viscosity depending on the magnitude of the strain tensor, is proposed and analyzed in this work.
Our approach is a natural extension of a technique applied in a recent paper by some of the authors to the same
boundary value problem but with a viscosity that depends nonlinearly on the gradient of velocity instead of the
strain tensor. In the present case, and besides remarking that the strain-dependence for the viscosity yields a more
physically-relevant model, we notice that in order to handle this nonlinearity we now need to incorporate not only
the strain itself but also the vorticity as auxiliary unknowns. Furthermore, similarly as in that previous work, and
aiming to deal with a suitable space for the velocity, the variational formulation is augmented with Galerkin type
terms arising from the constitutive and equilibrium equations, the relations defining the two additional unknowns,
and the Dirichlet boundary condition. In this way, and since the resulting augmented scheme can be rewritten as
a fixed point operator equation, the classical Schauder and Banach theorems together with monotone operators
theory are applied to derive the well-posedness of the continuous and associated discrete schemes. In particular,
we show that arbitrary finite element subspaces can be utilized for the latter, and then we derive optimal a priori
error estimates along with the corresponding rates of convergence. Next, a reliable and efficient residual-based a
posteriori error estimator on arbitrary polygonal and polyhedral regions is proposed. The main tools employed
include Raviart-Thomas and Clément interpolation operators, inverse and discrete inequalities, and the localization
technique based on triangle-bubble and edge-bubble functions. Finally, several numerical essays illustrating the
good performance of the method, confirming the reliability and efficiency of the a posteriori error estimator, and
showing the desired behaviour of the adaptive algorithm, are reported. © 2017 John Wiley & Sons, Inc.
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[. INTRODUCTION

The development of mixed finite element techniques for quasi-Newtonian fluids whose viscosity is a nonlin-
ear function of the state variables, such as blood, polymers, and molten metals, among others, has gained
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considerable attention in the last few years. For instance, a mixed finite element method for the Navier-
Stokes equations with a viscosity depending nonlinearly on the magnitude of the gradient of velocity, was
introduced and analyzed recently in [5]. The approach there makes use of the same modified pseudostress
tensor employed in [6], which, similarly to the one from [21], involves the diffusive and convective terms,
and the pressure. The latter unknown is then eliminated thanks to an equivalent statement implied by
the incompressibility condition. In addition, in order to handle the nonlinear viscosity, and following [21]
and [16], the gradient of velocity is incorporated as an auxiliary unknown. Furthermore, since the veloc-
ity actually lives in a smaller space than expected, the variational formulation is augmented with suitable
Galerkin type terms arising from the constitutive and equilibrium equations, the relation defining the afore-
mentioned additional unknown, and the Dirichlet boundary condition. Moreover, the resulting augmented
scheme can be rewritten as a fixed point equation, and therefore the well-known Schauder and Banach
theorems, combined with classical results on monotone operators, are applied to prove the well-posedness
of the continuous and discrete systems. In particular, the unique solvability of the Galerkin schemes does
not require any discrete inf-sup conditions, and hence arbitrary finite element subspaces of the respective
continuous spaces can be employed in [5]. For a complete bibliographic discussion on the wide variety
of dual-mixed methods for Newtonian and Non-Newtonian incompressible flows, and particularly for the
Navier-Stokes equations, including pseudostress-based, stress-based, least-squares, augmented, stabilized,
and other related formulations, we refer to [5, Sect. 1].

On the other hand, it is well known that standard Galerkin procedures such as finite element and mixed
finite element methods inevitably lose accuracy when they are applied to nonlinear problems on quasi-
uniform discretizations. This fact is usually due to the lack of previous knowledge on how to mesh the
domains in these cases, and hence adaptive algorithms that are based on a posteriori error estimates are
useful in overcoming such a difficulty. In this regard, a residual-based a posteriori error analysis for the
model and method from [5] has been developed in the recent work [19]. More precisely, the technique
proposed in [18] and [11] for a class of nonlinear problems in fluid mechanics is adapted in [19] to derive
reliable and efficient residual-based a posteriori error estimators for the augmented mixed formulation in-
troduced in [5] of the Navier-Stokes equations with viscosity depending on the gradient of velocity. In fact,
the strategy in [19] begins with a global inf-sup condition for the linearization arising from the use of the
Gateaux derivatives of the nonlinear terms of the formulation. The rest of the analysis includes a suitable
handling of the corresponding convective term of the Navier-Stokes equations, the introduction of continu-
ous and discrete Helmholtz’s decompositions, and the application of the local approximation properties of
the Raviart-Thomas and Clément interpolation operators, inverse inequalities, and the localization tech-
nique based on triangle-bubble and edge-bubble functions. For an extensive list of references on a posteriori
error analysis for linear and nonlinear problems, mainly in fluid mechanics, we refer to [19, Sect. 1]. In
particular, we remark that most of the main ideas and associated techniques can be found in the early
works [2], [25] and the references therein.

In spite of the aforedescribed contributions (cf. [5] and [19]), we find it important to remark that
a physically more meaningful model for the Navier-Stokes equations arises from a viscosity depending
nonlinearly not on the full gradient of the velocity, but only on the symmetric part of it. According to it, the
purpose of the present paper is to additionally contribute in the direction of mixed finite element methods for
nonlinear problems in fluid mechanics, by extending the a priori and a posteriori error analyses developed
in [5] and [19] to the steady state Navier-Stokes equations with constant density and variable viscosity
depending on the magnitude of the strain tensor. In this way, the physical relevance of the underlying
model together with the fact that we now gather both the a priori and a posteriori error analyses in a single
contribution, guarantee a greater visibility of our results. The rest of this work is organized as follows.
Some preliminary notations, the nonlinear model of interest, and the definite unknowns to be considered
in the variational formulation are discussed in Section II.. In Section III. we first derive the augmented
mixed variational formulation, which, differently from [5], and aiming to handle the new nonlinearity,
includes now the strain and vorticity tensors as auxiliary unknowns. Next, we introduce and analyze the
equivalent fixed point setting, and then we consider the particular case of homogeneous Dirichlet boundary
conditions, for which one of the augmented equations is no longer needed. The section ends with the
solvability analysis, mainly via the Schauder and Banach theorems and assuming sufficiently small data, of
the corresponding fixed point operator equations. In turn, in Section IV. we study the associated Galerkin
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scheme by employing a discrete version of the fixed point strategy developed in Section III.. Similarly as
for [5] we remark that no discrete inf-sup conditions are required here for the discrete analysis, and hence
arbitrary finite element subspaces can be employed as well. In addition, the a priori error estimate and the
corresponding rates of convergence for a particular choice of discrete subspaces are also deduced in Section
IV. under a similar assumption on the size of the data. Furthermore, in Section V. we derive a reliable
and efficient residual-based a posteriori error estimator for our augmented mixed formulation on arbitrary
polygonal and polyhedral regions of R? and R3, respectively. We provide most of the details for the 3D
case, whereas the main aspects of the 2D case, being analogous, are simply summarized at the end of
that Section. We remark that Raviart-Thomas and Clément interpolation operators, inverse and discrete
inequalities, and the localization technique based on triangle-bubble and edge-bubble functions constitute
the main tools employed. Finally, in Section VI. we collect several numerical examples illustrating the good
performance of the augmented mixed finite element method, confirming the theoretical rates of convergence,
providing the expected bounded ranges for the effectivity indexes of the a posteriori error estimator in 2D
and 3D, and showing the satisfactory behaviour of the corresponding adaptive refinement strategy.

[I. THE MODEL PROBLEM

A. Preliminaries

Let us denote by Q C R™, n € {2,3}, a given bounded domain with polyhedral boundary I', and denote
by v the outward unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(2)
and Sobolev spaces H*(Q) with norm || - ||s.o and seminorm | - |, o. In particular, H'/2(T") is the space of
traces of functions of H'(Q) and H~/2(T") denotes its dual. By M and M we will denote the corresponding
vectorial and tensorial counterparts of the generic scalar functional space M, and || - ||, with no subscripts,
will stand for the natural norm of either an element or an operator in any product functional space. In
turn, for any vector fields v = (v;)i=1,, and w = (w;)i=1,,, we set the gradient, divergence, and tensor
product operators, as

(91)7' “ ov;
Vv = - , dive := —2 . and v@w = (V;w;)ii=1n-
(896]-)1-,]4_17” iv ; oz, n ® (Vi ;)i j=1,n

In addition, for any tensor fields T = (7y;); j=1,n and ¢ = ()i, j=1,n, We let div T be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product, and
the deviatoric tensor, respectively, as

n n
1
T = (Tji)ij=1n, tr(T) = Zm, T:¢ = Z TiGij , and T4 = 7 — ﬁtr(r)]l,
i=1 i,j=1

where I stands for the identity tensor in R := R™*™. Furthermore, we recall that
H(div; Q) = {T cL2(Q): divre L2(Q)},

equipped with the usual norm
IT1&ivie = I7ll5e + Idiv Tl g,

is a standard Hilbert space. Finally, in what follows , | - | denotes the Euclidean norm in R := R".
We use C', with or without subscripts, bars, tildes or hats, to mean generic positive constants independent
of the discretization parameters, which may take different values at different places.
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B. The steady state Navier-Stokes equations with variable viscosity

We consider the Navier-Stokes equations with constant density and variable viscosity, that is
—div(u(le(w))e(u)) + (Va)u + Vp = f in Q,

u =g on I,

where the unknowns are the velocity w and the pressure p of a fluid occupying the region 2, and e(u) :=
1
2 {Vu + (Vu)t} stands for the strain rate tensor. In turn, the given data are the nonlinear fluid viscosity

p: Rt — R, a volume force f € L?(2), and the boundary velocity g € H/?(T"). Note that, according to
the incompressibility of the fluid, g must satisfy the compatibility condition

/Fg-l/z(), (IL..2)

and that uniqueness of a pressure solution of (II..1) is ensured in the space

L%(ﬂ)—{qeﬂ(m: /Qq—o}.

We remark that the nonlinear function p depends now on the magnitude of e(u) instead of that of Vu
as it was in [5]. Assumptions on the viscosity include y being of class C!, and that there exist constants
1, e > 0, such that

< p(s) <ppoand  pn <pls) +sp'(s) <pp Vs >0, (IL..3)

which, according to [20, Theorem 3.8], imply Lipschitz continuity and strong monotonicity of the nonlinear
operator induced by p. A classical example of viscosity functions is the well-known Carreau law

w(s) = ag+ ai(1+ s2)F=2/2 Vs>0, (II..4)

where ag, a3 > 0 and B € [1,2]. This law satisfies the assumptions (I1..3) with (u1, u2) = (ao, g + al).
Next, proceeding similarly as in [5] (see also [6] and [8]), that is defining now the tensor

o = p(le(u)|)e(uw) — (w®@u) — pl in Q, (I1..5)

using the incompressibility and the foregoing equation to eliminate the pressure, introducing the auxiliary
unknowns

t = e(u) and p = Vu — e(u),

which denote the strain and the vorticity, respectively, and observing from (II..5) that o is now required to
be symmetric, which improves the approach from [5], we arrive at the following system of equations with
unknowns ¢, u, o, and p

Vu =t+p in Q,

p(tht — (wew)?® = ¢ in Q,
—dive = f in Q,

w=— g on T, (IL..6)
o= o° in Q,

0

/Qtr(a + u®u)

We notice here that the fluid incompressibility is implicitly incorporated in the new constitutive equation
relating o and u (second equation of (I..6)). In turn, the fact that the pressure must belong to L3(f2) is
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guaranteed by the equivalent statement given by the last equation of (IL..6). Indeed, it is easy to see (by
taking the trace in (II..5)) that

1
p:—gtr(a'—l—u@u) in Q. (IL..7)

[1l. THE CONTINUOUS FORMULATION

A. The augmented mixed formulation

We now proceed to derive a weak formulation of (IL..6). First we recall (cf. [4], [14]) that
H(div; Q) = Ho(div;Q) & RI, (IIL..1)

where
Hy (div; Q) = {c € H(div: Q) : /Qtr(C) _ 0} .

In particular, decomposing o in (II..6) as & = og + cI, with o¢ € Hy(div;Q), we deduce from (IIL..1)
and the last equation in (II..6) that ¢ is given explicitly in terms of u as

c = fﬁ /Qtr(u@’u,). (III..2)

In this way, since 0% = o§ and dive = div oy, throughout the rest of the paper we rename o as

o € Hy(div; Q) and realize that the second, third, and fifth equations of (II..6) remain unchanged. In
addition, thanks to the incompressibility condition and the first equation of (II..6), the unknown ¢ can be
sought in the space

L2 () = {s cL2(Q): trs = o},
whereas the vorticity p lives in

L2() = {meL2@): n=-n}.

Noticing first that it suffices to test the first equation of (II..6) against T € Hy(div; ), using the Dirichlet
condition for u, realizing that the constitutive equation given by the second equation of (IL..6) needs to
be tested only with s € L2 (Q2), and then imposing weakly the equilibrium equation and the symmetry
of o, we arrive, at first instance, at the following weak formulation of (II..6): Find (t,0,p) € L2,(Q2) x
Hp(div; Q) x L2..(€2), and w in a suitable space, such that

skew
/u(|t|)t:s—/0'd:s—/(u@u)d:s =0 Vs el (Q)),
Q Q Q
/Td:t+/u~divr+/p:7' = (tv,g9) V7€ Hy(div;Q), (III..3)
Q Q Q
—/v'divo'—/n:o' = /f-v V(v,m) € L2(Q) x L2,..(Q),
Q Q Q

where (-, -) denotes the duality pairing between H~'/2(T") and H'/2(I").

We continue our analysis by observing, exactly as we did in [5], that by applying Cauchy-Schwarz and
Hélder inequalities, and then employing the compact (and hence continuous) injection . of H(£2) into
L4() (see Rellich-Kondrachov compactness Theorem in [1, Theorem 6.3] or [24, Theorem 1.3.5]), that the
third term in the first row of the foregoing system suggests to look for the unknown w in H'(Q2) and to
restrict the set of corresponding test functions v to the same space. Consequently, we now augment (III..3)
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through the incorporation of the following redundant Galerkin terms:
K1 /Q{O’d — u(tht + (u®u)d} 14 =0 VT eHy(div;Q),
/{2/Qdiva'-div7' = —/ig/ﬂf-divr V1 € Ho(div; ),
Ka /Q{e(u) - t} e(v) =0 VYoeHY(Q), (II1..4)

(o e o).

55/u~v:,‘$5/g-v Yo e HY(Q),
r r

=0 Vnel.(9),

skew

3

where k1, Ko, K3, K4, and k5 are positive parameters to be specified later. It is important to observe
that, differently from the analysis in [5], here we have a third equation in (III..4) involving the strain
tensor instead of the gradient of velocity, as well as a completely new fourth equation arising from the
introduction of the vorticity p as an auxiliary unknown. As we will see later on, these facts yield a number
of modifications with respect to the solvability analysis carried out in [5].

The two foregoing systems of equations lead to the following augmented mixed formulation: Find
t:= (t,o,u,p) € H := L2(Q) x Hy(div; Q) x H(Q) x L2 (Q) such that

[(A+By){#),8 =[F, 8 V§:=(s,7,0,m)€H, (I11..5)

where [-, ] stands for the duality pairing between H and H, A : H — H’ is the nonlinear operator

[A(f),é’] ::/u(|t|)t:87/O’d:8+/7'd:t+/’u,'div1'7/’0'diV0'
Q Q Q Q Q
+ /p:rf/n:o'+m/{Udfu(|t\)t}:‘rd+52/div0'~div7' (II1..6)
Q Q Q Q

+ Ag/ﬂ{e(u)—t}:e(v)+fe4/§2(p—{Vu—e(u)}):n+n5Au-v,

F : H — R is the bounded linear functional
[F,§] = (tv.g) + / f-{v - IigdiVT} + K5 /g-v, (I11..7)
Q r

and for each z € H'(Q), B, : H — H’ is the bounded linear operator
[B.(F), 5] == /(z@u)d : {m o s}, (II1..8)
Q

for all t := (t,o,u,p), 8§ := (s,7,v,m) € H.
The boundedness of F and B, will be confirmed in the following section, where we introduce our fixed
point approach to study the well-posedness of (I11..5).

B. A fixed point approach
We begin by defining the operator T : HY(2) — H!(Q) by
T(z) = u Vz € H(Q),

where wu is the third component of the unique solution (to be confirmed below) of the nonlinear problem:
Find t := (¢t,0,u,p) € H such that

(A +B.)(t),s] = [F,s] Vs:=(s7,v,n)cH. (I11..9)

It follows that our augmented mixed formulation (IIL..5) can be rewritten, equivalently, as the fixed point
problem: Find w € H'(Q2) such that

T(u) = u.
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The following useful inequalities will be employed below to analyze the well-posedness of (I11..9) and a
particular case of it to be considered in Section C. below.

Lemma 3.1. There exists ¢1(Q) > 0 such that

a@llTolfo < 750 + Idivr|iq V7 = 70 + cl € H(div; ).

Proof. See [4, Proposition 3.1, Chapter IV]. -

Lemma 3.2. There holds
1
le(v)|l§0 > §|v\io Vv € Hy(Q).

Proof. See [22, Theorem 10.1]. -

Lemma 3.3. There exists kg > 0 such that

le@l§q + [vlgr > rollvllfe Vv € HY(Q).

Proof. See [13, Lemma 3.1 and inequality (3.9)]. -

Note that Lemmas 3.0 and 3.0 correspond to the Korn first inequality and a modified Korn inequality,
respectively, which are more elaborated lower bounds than the usual Poincaré one employed in [5]. As
announced before, the application of these estimates is caused by the present dependence on the strain
tensor in the third equation of (III..4). In turn, we also need to recall from [20] that, under the assumptions
given by (IL..3), the nonlinear operator induced by p is Lipschitz continuous and strongly monotone. More
precisely, we have the following result.

Lemma 3.4. Let L, = max{,ug,ng — ul}, where py and po are the bounds of p given in (IL..3).
Then for each r, s € L2(Q) there holds

[u(lr)) r —p(ls)) sloo < Ly llr = slloa, (I11..10)
and
[ e = ntish s} = (r=a) > e = sl o (IIL.11)

Proof. See [20, Theorem 3.8] for details. -
The following lemma provides sufficient conditions under which the operator T is well-defined.

26 ~ L ~
Lemma 3.5. Assume that k1 € <O7 Lﬂl>, K3 € <O726 (,u1 — K125”)>, Kg € (0,2650 B(Q)), and kKo,
iz Z
. 2\ x+ . J .
ks >0, with § € | 0, 7 ) 0,0 €(0,2), and B(Q) = mm{ng (175),/@5}. Then, there exists eg > 0 such
o
that for each € € (0,&0), problem (I11..9) has a unique solution t := (t,o,u,p) € H for each z € H'(Q)
such that ||z|l1,0 < e. Moreover, there exists ct > 0, independent of z and the data f and g, such that

IT@le = lulio < 1 < ex {Ifloa + lglor + llghyr}- (I1T..12)

Proof. We proceed similarly as in the proof of [5, Lemma 3.4]. In fact, given z € H* (), we first
deduce from (I11..6), using the Cauchy-Schwarz inequality, the Lipschitz continuity of the operator induced
by g (cf. (II1..10) in Lemma 3.0), and the trace operator v, : H*(€2) — L2(T'), that there exists a positive
constant La, depending on L, the parameters «;, i € {1,...,5}, and ||7,]|, such that

—,

[A) ~ AP, 5] < LallE— 713 (IIL..13)
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for all £, #, § € H. In turn, recalling that i, denotes the continuous injection of H(Q) into L*(Q), it
readily follows (IIIL..8), by applying Cauchy-Schwarz and Holder inequalities, that

e = . 1/2 - = -
B2, 8] | < liel® (52 + )zl o 818 VEseH, (IT1..14)

which, thanks to the linearity of B, and together with (III..13), proves that the operator A + B, is
Lipschitz continuous with constant La + [|c||* (% + 1) 1/2 |lz|l1,o. Next, it is also clear from (IIL..6) that

for each 7 := (r,{,w, &), § := (s,7,v,n) € H there holds
(AW~ A@. 7 =5 = [ {ulr)r—ulshs} s (r=s) + 1 l¢ =)l

s [ {ullrhr = s s} (€ =) + w2 diviC = ) + s le(w o)
Q

2
0,0

60+ #5lw—vlGr

_,{3/9(7'—3):e(w—'u)+f£4||£—17|
_54/9{V(w—v)—e(w—'v)}:(E—n),

which, using the Cauchy-Schwarz and Young inequalities, the Lipschitz continuity and strong monotonicity
properties of the operator induced by u (cf. (II1..10) and (ITI..11)), and the fact that
IV(w—v) —e(w-v)[§q = lw—-vig — lle(w-2)q,

yields for any 9, 4, 5> 0, the bound

L : L,o
(A - 4673 = { (10 - 25) = 2 e = sl (1= Z2) 6 - MR

26 26
. 5\ K
+  kKeo|ldiv(¢ — T)||SQ + {/13 (1 — 5) + 2%} le(w — v)||379 + ks |Jw — 'U||g71—\ (I11..15)

g KR4
].7 7) - 2 - =X - .
+ K4 ( 5 1€ —nll5.q % lw—v[] g

K
Then, discarding the expression 2—% multiplying |le(w — v) ||8’Q7 and according to the hypotheses on §, k1,

~ o~

0, K3, 0, K4, K2, and k5, and applying Lemmas 3.0 and 3.0, we can define the positive constants

ap(2) = (/ﬂ - m??”) -5 a1 () = min{f@l ( - %6), %}7

20
. K 2 5
a2(Q) := min {ozl(ﬂ) (), ?2} , az(Q) = ko B(Q) — 2—%, and  a4(Q) = Ky (1 — 5),
which allow us to deduce from (III..15) that
[A(F) — A(3), 7—3§] > a(Q) |7 — 3|? V7, §eH, (III..16)

where
a(€) == min {ao(ﬂ), @ (), a3 ()., a4(Q)}

is the strong monotonicity constant of A. We remark that the fourth equation in (III..4) motivates an
additional application of the Young inequality, which implies the need of establishing suitable relation-
ships between the constant § and the remaining parameters appearing in the foregoing proof of strong
monotonicity. Next, a combination of (III..14) and (III..16) implies that

o

[(A+B.)(") - (A+B.)@&), 74 > TQ)HF—gHQ VR, §cH, (II1.17)
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provided ||z|1,0 < eo, with

a(Q)
N pE— , IIL..18
© T e (2 DI (I11..18)

which confirms the strong monotonicity of the nonlinear operator A + B,. On the other hand, it follows
from (IIL..7), by using Cauchy-Schwarz’s inequality and the trace theorems in H(div; Q) and H!(Q), that
F € H' with

1Bl < Mz {0 + llg

or + ||g||1/2,r}7

where Mt := max {(1 + w312 ks H’70||}. Consequently, a straightforward application of [23, Theorem

3.3.23] (which establishes the bijectivity of Lipschitz continuous and strongly monotone operators) implies
that there exists a unique solution ¢ € H of (II1..9). Finally, applying (III..17) and performing simple
M
algebraic manipulations, we derive (II1..12) with the positive constant ¢t := Wl; -
@

We now observe that the constant «(£2) yielding the strong monotonicity of A+B, can be maximized by
taking the parameters 0, k1, 9, k3, §, and k4 as the middle points of their feasible ranges, and by choosing
ke and Ky so that they maximize the minima defining «;(Q) and S(f2), respectively. More precisely, we
simply take

1 Opr ~ ~ k1L M1
§=—, R :5( _ “):f
LM K1 LM Li 3 K3 H1 25 9
L,o H1 J K3 H1 111..19
52:251(1—7):,%1:?%7 n5:/$3<1—§):7:1, (IIL..19)
3:1, and /@'423&06(0)—/@0/{5: Hofl,

which yields

ao(?) = m a1 () = H1 as() = min{cl(ﬂ),l} M1 L as(Q) = au(Q) = Ko ph1 ’

and hence

. H1 Ko M1 . %51
a() mln{4, 3 ’mm{cl(Q)’l}QLi}'

Note that the values of the stabilization parameters x;, ¢ € {1,...,5}, given in (II1..19), are all explicitly
computable in terms of the constants p1 and pe (cf. (ILI..3)), except k4, which depends on the usually
unknown constant kg appearing in the Korn-type inequality given by Lemma 3.0. According to this, the

aforementioned explicit parameters in (I11..19) together with an heuristic choice for k¢ (and hence for
Ro H1

Ky = ) will be employed below in Section VI. for the corresponding numerical experiments.

C. The case of a homogeneous Dirichlet boundary condition

We now address the case of a homogeneous Dirichlet condition for the velocity w on the boundary I'. In
this way, the present section constitutes a significant complement not only of the foregoing discussion, but
also of the results provided in [5], where the specific analysis for this kind of boundary conditions was not
included. In particular, since w lives now in H}(€2), we first realize that the last equation of (III..4) is
not needed anymore, which means that only four stabilization parameters are required. Consequently, our
resulting augmented mixed formulation becomes: Find £ := (t,o,u, p) € Hy := L2, (Q) x Hy(div; Q) x
H}(Q) x L2, (Q) such that

skew

[(A+By){),8 =[F,5 V§:=(s,1,v,1m) €H,, (I11..20)
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where the nonlinear operator A : Hy — Hj, is defined by

(A Z) 5] = /Q (It]) ¢ - sf/QUd:s+/QTd:t+/Qu-diVTf/Q'v~diva'
+ /Qp:‘r—/Qn:Uer/Q{adfu(|t|)t}:rd+ng/gdiva-divr
o [ {etw =t} o) + i [ (o= {vu-ew}) .

the bounded linear functional F : Hy — R corresponds to

[F,§] ::/Qf~{vfn2div1'}

and the operator B, is given, as before, by (III..8). In turn, the associated fixed point operator is given
now by T : H}(Q) — H}(Q), where

To(z) == u Vz € H)(Q),

and w is the third component of the unique solution (to be confirmed below) of the nonlinear problem:
Find t := (¢t,0,u,p) € Hy such that

[(A+B.)®),s] = [F,5] Vs§:=(s,T,v.n)cH,. (IT1..21)

In this way, and similarly as in Section B., our augmented mixed formulation (III..20) can be rewritten,
equivalently, as the fixed point problem: Find w € H}(f2) such that

To(u) = u.

The analogue of Lemma 3.0, which will make use now of the first Korn inequality (cf. Lemma 3.0)
instead of Lemma 3.0, is established as follows.

26 < ~ 5
Lemma 3.6. Assume that k1 € (0, LT), K3 € (0725 (Ml ”126 )), K4 € (0,25%;3 (1 — 2)), and

2 ~ -
ko > 0, with 0 € (O, L>’ and §,0 € (0,2). Then, there exists g > 0 such that for each ¢ € (0,¢p),
o

problem (II1..21) has a unique solution { .= (t,o,u,p) € Hy for each z € H{(Q) such that ||z]10 < e.
Moreover, there holds

2 (14 r3)1/?

a(Q2)
Proof. Since some details are either similar or almost verbatim to those provided in the proof of
Lemma 3.0, we concentrate here on the main difference of the analysis, which has to do with the strong

monotonicity of the nonlinear operator A. In other words, our starting point here is inequality (III..15),
which in the present case, and after applying Lemma 3.0, leads to

L, L6 .
(A - 4673 = { (10 - 55) = 22 e = sl (1= Z52) I - 7R

ITo(2)l0 = lulle < |IEl < [fllo.g-

. K3 ) KR4 g
+ 2 |div(C —T>OQ+{2 (1—2)—45}|w—v|19+'€4<1—>||€ -

~

Then, according to the hypotheses on ¢, k1, 5, K3, 0, Kq, and kKo, and applying Lemma 3.0, we can define
the positive constants

ap(2) = (Ml - H;g”) - %, ai1(Q) = min{m (1 - L“(S) , @},

as(Q) == min{al(Q) (), ”22} L oas(Q) =8 (1 - é) - %, and  @a(Q) == ra (1 - é),
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which, combined with the foregoing inequality, implies
[A(F)—A(&'),F—g} > a(Q) |7 — §)? V7 seH,
where
a(Q) == min {QO(Q), as(Q) , ¢, a3(9) a4(Q)} (I11..22)
and ¢, is the positive constant provided by Poincaré’s inequality. The rest proceeds exactly as in the proof

of Lemma 3.0. In particular, the constant ¢¢ is given by (II1..18) but with «(2) defined now by (III..22).
We omit further details. -

We end this section by remarking, as in Section B., that a(Q) is maximized by taking the parameters

0, Ki, g, k3, 0, and k4 as the midpoints of their feasible ranges, and by choosing ks so that it maximizes
a1(€2). The above means that we simply take

1 dpr = x k1 Ly, H1
I B it A I O
Ls 5 (I11..23)
/@2:2n1(1—%):m:%, 3\:1, and 54:3\,%,(1,5):%:%,
m

which yields

a@ = a@ = 2 an©) = min{cl(Q),l}%, as(Q) = 11 a0 =1

and hence

a(2) = min { min {cl(Q), 1} QMTII% ) Cp /1% , /gl} .
The explicit parameters defined in (II1..23) will be employed below in Section V. for the corresponding
numerical experiments with homogeneous Dirichlet boundary conditions for the velocity w.
D. Solvability analysis of the fixed point equations

We now aim to establish the existence of unique fixed points of the operators T and Ty. Actually, in what
follows we just concentrate in the analysis of T since the one of T is completely analogous. Moreover,
since the approach follows very closely the ideas developed in [5], we simplify the presentation as much
as possible and frequently refer to the results in that work. The same remarks apply for the subsequent
sections.

In order to prove the existence of a unique fixed point of the operator T, it suffices to verify the
hypotheses of the classical Banach fixed point theorem, whose statement is recalled in what follows.
Theorem 3.7. Let W be a closed subset of a Banach space X, and let T : W — W be a contraction
mapping. Then T has a unique fized point.

We begin the analysis with the following straightforward consequence of Lemma 3.0.

Lemma 3.8. Let ¢ € (0,e0), with g9 given by (111..18) (cf. proof of Lemma 3.0), let W, be the closed
ball defined by W, = {z eHY(Q): |z]1a < 5}, and assume that
or {Ifllo.c + liglo.r + llghjar} < e, (I11..24)

with e given at the end of the proof of Lemma 3.0. Then T(W.) C W-..

In turn, the following lemma establishes a key estimate in deriving the continuity of T.
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Lemma 3.9. Let e € (0,e9), with ey given by (111..18), and let W, := {z eHY(Q): |z]ha < 5}.
2 (k] + DY 4|

Then there exists a positive constant Ct = @ , such that
@
IT() = TE)lha < ColT@Elhelz—Fluw Yz zeW.. (I11..25)
Proof. It follows as in the proof of [5, Lemma 3.7]. -

The main result of this section is stated next.

Theorem 3.10. Suppose that the parameters k;, i € {1,...,5}, satisfy the conditions required by Lemma
3.0. In addition, given e € (0,eq), with eg defined by (111..18), we let W, := {z eHY(Q): |z]h1a < 6},

and assume that the data satisfy (I11..24) (c¢f. Lemma 3.0). Then, the augmented mized formulation (I11..5)
has a unique solution t := (t,o,u,p) € H with uw € W, and there holds

12 < ex {Ilf

with ct given at the end of the proof of Lemma 3.0.

Proof. We proceed similarly as in the proof of [5, Theorem 3.9] and make use of the classical Banach
fixed point Theorem to prove that the mapping T has a unique fixed point in W,. In fact, given € € (0, &),
we first notice, using (II1..25) and the continuity of . : H!(2) — L*(Q2), that

IT(2) = T(2)[l1.0 < Cr il |T(Z)|
Next, due to the definitions of the constants eg (cf. (III..18)) and Ct (cf. Lemma 3.0), we obtain

2 (53 + D2 |||
a(Q)

which, according to (III..12) and our assumption (III..24), yields

lo.o + llgllo,r + ||g||1/2,r}7 (I11..26)

1allz—2la Vz,zeW..

~ ~ ~ 1 ~ ~
IT(2) - T(Z)l.0 < ITE)hellz=2le = . ITE)allz - 2lLe;

~ 1 ~
IT(2) = T@ e < — e {IFloa + lalor + gz} =2

9] ~
1o < —lz—2li0
€0

for all z,z € W.. This inequality proves that actually, under the hypothesis (III..24), the operator
T : W, — W, becomes a contraction, and hence it has a unique fixed point. -

IV. THE GALERKIN SCHEME

In this section we introduce and study the Galerkin scheme of the augmented mixed formulation (III..5).
We analyze its solvability by employing a discrete version of the fixed point strategy developed in Section
D.. Finally, we derive the corresponding Céa estimate of our Galerkin scheme. We begin by introducing
arbitrary finite dimensional subspaces Hf, HY, H}, and HY of the continuous spaces LZ,(€2), Ho(div; ),
H'(Q) and L2, (), respectively. As usual, h denotes the size of a regular triangulation 7;, of @ made up

skew

of triangles T' (when n = 2) or tetrahedra T' (when n = 3) of diameter hp, that is h := max { hr: T €
Th } Then, the Galerkin scheme associated with our problem (IT1..5) reads: Find £, := (t,, o, un, pp,) €
H), = H! x HY x H}* x Hf such that
[(A + Buh)(fh), Sy = [F, 8] V3, = (sn,Th,vn,m,) € Hy. (IV..1)
Next, analogously to the continuous case, we introduce the discrete version of T
T, :Hy — H; by Tu(zn) = up Vz, € Hy,

where wuy, is the third component of the unique solution (to be confirmed below) of the discrete nonlinear
problem: Find ¢, := (¢, 0h, un, p,) € Hy such that

[(A + B.,)(th), 8] = [F, 8] V8, := (Sh,Th,vn, M) € Hy . (IvV..2)
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Then, similarly as for the continuous case, we rewrite our Galerkin scheme (IV..1) as the fixed point
equation: Find u;, € Hj such that

Th(uh) = Up -

We continue our analysis by observing, exactly as we did in [5], that the arguments employed in the
proof of Lemma 3.0 can also be applied to the present discrete setting. In particular, for each z, €
H}' the nonlinear operator A + B, : H;, — H) becomes Lipschitz continuous as well with constant

La + || (k1 + 1)1/2 lznll1.0. Moreover, under the same feasible ranges stipulated in Lemma 3.0 for
the stabilization parameters and the given z, € H¥ (instead of z € H'(Q)), one finds that A + B, :

a(92)

H;, — Hj, becomes strongly monotone with the same constant — provided in (III..17). Consequently,

the classical result on the bijectivity of monotone operators given by [23, Theorem 3.3.23] implies now the
following lemma.

20111
L

Lemma 4.1. Assume that k1 € (07
n

), K3 € (0725~<,u1 - ﬁ;?ﬁ)), K4 € (0,23,‘{0 5(9)), and Ko,

2\ ~
ks > 0, with § € (0, L)’ 5,0 €(0,2), and B(Q) = min{mg (1 - g),lﬁg,}. Then, for each ¢ € (0,¢p),

2
o
with €9 given by (II1..18), and for each z, € H} such that ||zpl|1,0 < €, problem (IV..2) has a unique
solution t; = (th,on, un, pp,) € Hy,. Moreover, with the same constant ¢t > 0 from Lemma 3.0, which is

independent of zy, and the data f and g, there holds

ITh(zn)llLe = llunllie < [l < cr {llfllo,ﬂ + llgllor + HgHuz,r}- (IV..3)

Now, analogously to the continuous case, we are able to derive the following main result concerning the
Galerkin scheme (IV..1).

Theorem 4.2. Suppose that the parameters k;, i € {1,...,5}, satisfy the conditions required by Lemma
4.0. In addition, given ¢ € (0,e0), with g9 defined by (I11..18), we let W := {zh eH: |zplho< 5},
and assume that the data satisfy (111..24) (cf. Lemma 3.0), that is

er {IIlo.c + lglor + lgllyjzr | < e, (IV..4)

with et given at the end of the proof of Lemma 3.0. Then, (IV..1) has a unique solution i, = (th,on, up, pp) €
H;, with u;, € Wah, and there holds

1Bl < ez {Ifloa + lglox + lghyzr}- (IV.5)

Proof. We first observe, thanks to (IV..3), that the assumption (IV..4) guarantees that Tj (W) C
Wh. Then, employing exactly the same arguments utilized in the proof of Theorem 3.0, we deduce that
Ty : WE’L — Wsh is also a contraction. Hence, applying the Banach fixed point Theorem we obtain that
there exists a unique fixed point for T}, or equivalently, there exists a unique solution to (IV..1). In turn,
the a priori estimate (IV..5) follows directly from (IV..3). -

Next we establish the corresponding Céa estimate for our Galerkin scheme (IV..1). We remark in
advance that, differently from [5, Lemma 4.3, Theorem 4.4], where a Strang-type lemma was employed for
its proof, we now follow a more straightforward approach, which is based on a suitable decomposition of
the error and the Galerkin orthogonality condition. This alternative argumentation can be utilized for the
error analysis of other nonlinear problems as well (see, e.g. [6]).

The announced result is stated as follows.
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Theorem 4.3. Lett € H and £, € H), be the unique solutions of the continuous and discrete problems
(I11..5) and (IV..1), respectively, and let dist(t,Hy,) be the distance of t to Hy,, that is

dist(E,Hh) = _inf ||Z— Tl
r

n€Hp

In addition, given € € (0,&¢), with e defined by (111..18), we assume that the data f and g satisfy

€
< = IvV..6
< (1v..6)
with ¢t given at the end of the proof of Lemma 3.0. Then, there ezits a positive constant C, depending
only on La and (), such that

ex {Ilfloe + lglor + llgl/r }

|t — ]| < Cdist(f, Hy). (IV..7)
Proof. In order to simplify the subsequent analysis, we define e; := t — t,. As usual, given any
7y = (rp,Cp, wh, &) € Hy, we decompose this error as
=&+ xz= (£ —7) + (Fn — tn). (IV..8)
First, from (II1..5) and (IV..1) we easily get the Galerkin orthogonality property
[A(T) - A(th) Sh] [Bu(f) = By, (1), 8] = 0 V3, € Hy,
and adding and subtracting B.,(£,) and A(7,), we obtain
[A(7h) —A(th),é’h] + [Bu(t —th),81] = —[A(E) = A(71), 1] — [Bu—w, (£1), ).

(t
Hence, proceeding similarly with B, (t,) on the right hand side, and using the decomposition (IV..8), we

find that

— -,

[A(Th) — A(th), 8n] + [Bu(xg), 8n] = — [A(t) — A(71), 8n] — [Bu(&z), 84

- [Buth (Zh)a gh] - [Bzh,*uh, (Zh)v §h] :
In particular, for 5, = xz, using that w € W,, and applying the strong monotonicity of the form on the
left hand side, and the Lipschitz continuity of A and B on the right hand side, we deduce that

() .
Tllxz\l2 < Lall&llxgll + lgcl? (53 + 1)Y2|lully ol €l Xz
il (53 + 1) |u

so that, using that ||z, — upl/1,0 < ||xgl| and ||u

el + llicl* (s + 1)

7|, we arrive at

a(Q) ) . e
Sl < (a+ licl 203 + V2wl o + [icl25F + DY2[E] ) Nl el
+lgel2(52 + 12| e
But, since ||£4]| < et {[|fllo,0 + |&llo,r + [1gll1/2r} < &/2 and |lull1,0 < /2, we conclude that

a(Q €. .
(252 - Sl + 17 ) Il = (2 + el +1)2) Dl

which, together with the fact that € € (0,e¢), with £g defined in (III..18), and the triangle inequality, finish
the proof. -

Now, with the help of the previous theorem, we estimate the error for the postprocessed pressure. In
fact, according to the equation (IL..7), and (I11..2), we define our discrete approximation of the pressure as

1 1
ph o= ——tr{ah + cpll + (Uh®uh)} in @, with ¢ = —— /tr(uh®uh),
which yields

1
b—pn = ﬁtr{ (G'h—O') + (uh®uh_u®u)} + (cn—c),
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and thus, applying the Cauchy-Schwarz inequality, we first deduce that
lp—prllop < C {||0' —oulloa + [[un@up —u®ulon + |c— Ch|} ;

where C > 0 depends on n and |Q2]. Next, bearing in mind the expression for ¢ given by (III..2), decomposing
U, QU —UQU = (uh—u) Rup + U (uh—u)7

and employing the triangle and Holder inequalities, the compact embedding i. : H'(Q) — L*(Q), and
the a priori bounds for ||u||1,o and ||us|1,o (cf. (II1..26) in Theorem 3.0 and (IV..5) in Theorem 4.0), we
conclude from the foregoing equations that there exists a constant C' > 0, independent of h, but depending
onn, |9, ||%.]|, and the data f and g, such that

Ip=pallog < € {llo = anlama + fu—unlio}. (1V..9)

We now specify a concrete example of finite element subspaces for our Galerkin scheme (IV..1). In what
follows, given an integer k > 0 and a set S C R := R", Px(S) denotes the space of polynomial functions on
S of degree < k. In addition, according to the notation described in Section A., we set P (S) := [P(5)]"

and Pp(S) = [Pr(9)]™*". Similarly, C(2) = [C(Q)]"and C(S) := [C(S)]"*"™ . We start defining the
corresponding local Raviart-Thomas spaces of order k as

RTk(T) = Pk(T) (%) Pk(T)ZC vT € Th,

where x is a generic vector in R™. Then, we introduce examples of specific finite element subspaces HE,
HY, HY, and HY approximating the unknowns ¢, o, u and p as follows:

HE = {sh e L2,.(Q) : sh‘T € Pu(T) VT € 7'h}, (IV..10)
HY .= {rh € Hy(div; Q) : ctT‘T € RT,(T), VYeeR" VYT e Th} (IV..11)
HY — {vh e C(Q): vh'T € Pr(T) VT € Th}, (IV..12)
HY = {nh e L2..(0): "h‘T e Py(T) VT e Th}. (IV..13)

The approximation properties of the above finite element subspaces are as follows (cf. [4], [14]):

(APt) There exists C > 0, independent of h, such that for each s € (0,k + 1], and for each r €
H*(2) N L2.(Q), there holds

dist(r,H’;L) = inf ||[r—7rpllo < CRY|7|sq-
"'}LEHz

(APJ) There exists C > 0, independent of h, such that for each s € (0,k + 1], and for each ¢ €
H*(Q) N Ho(div; Q) with div¢ € H?(Q), there holds

i )= i - iv; < s s i s .
aist(¢BY) = inf 6= Collawa < O { el + div oo |

(APY) There exists C' > 0, independent of h, such that for each s € (0, k+1], and for each w € H*(Q),
there holds

ist(w, HY) :=  inf [w —
dist(w, Hy) wnelH;:Hw wp|

h

Lo < Oh¥||lwllsiia-

(AP?) There exists C > 0, independent of h, such that for each s € (0,k + 1], and for each § €
H* () N L2, (Q), there holds

skew

dist(n, Hy) = inf |ln —nylloe < Ch° |nllse.

h h
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In consequence, we can establish the convergence of the Galerkin scheme (IV..1) associated to the spaces
specified in (IV..10)-(IV..13). We notice here that the main assumption (III..24) on the data guaranteeing
the well-posedness of the continuous and discrete problems follows from (IV..6), and hence it suffices to
assume the latter only.

Theorem 4.4. Besides the hypotheses of Lemma 4.0 (or Lemma 3.0) and Theorem 4.0, assume that there
exists s > 0 such that t € H*(Q), o € H*(Q), dive € H*(Q), u € H*TY(Q), and p € H*(Q), and that
the finite element subspaces are defined by (IV..10) — (IV..13). Then, there exists C > 0, independent of
h, such that for each h > 0 there holds

[€—tull + llp — pullog
(IV..14)

< e lm g0 + lolle + [divela + lulio + lolo}-

Proof. It follows from the Céa estimate (IV..7), the upper bound given by (IV..9), and the approxi-
mation properties (AP?), (APY), (AP¥) and (APY) . .

Before moving to the a posteriori error analysis of our Galerkin scheme, we highlight that, while the
gradient of the velocity is not directly approximated here as it was in [5], we can still exploit the present
auxiliary unknowns t and p, as they actually suggest a fairly simple way of obtaining a discrete approxi-
mation of Vu. In fact, instead of performing a numerical differentiation of uy, which usually yields a loss
of accuracy, we follow the first equation of (II..6) and define

(Vu)h =ty + py .
In this way, we readily obtain

IVu — (Va),lloe < It —tuloe + llo = palloa < [l

which, together with (IV..14), certainly gives

I =20l + llp = prllog + [Vu — (Vu),|

0,0

< enmnCE D o + lollue + [divelo + luliio + lola}-

V. A POSTERIORI ERROR ANALYSIS

In this section we derive a reliable and efficient residual-based a posteriori error estimate for (IV..1), with
the discrete spaces introduced in Section IV. for n = 3. After that, we introduce our approach in the
two-dimensional case and point out the differences between the estimator obtained for n = 3 and n = 2.
We first recall that the curl of a three-dimensional vector field v := (v1,v2,v3) is the vector

curlo = V x o (Vs _Ov2 Oui Ovs Ovy 0w
B T 8332 8%‘3’ 6373 8.131 ’ 8.131 83:2 '

Then, given a tensor function 7 := (7;;)3x3, the operator curl denotes the operator curl acting along each
row of 7, that is, curl 7 is the 3 x 3 tensor whose rows are given by

curl(ryy, 712, T13)
curl v := curl(ro1, 22, T23)

curl(rsy, 732, 733)

Having defined curl, we now introduce the Sobolev space

H(curl; Q) := {w € L*(Q) : curlw € L*(Q)}.



STRESS-BASED METHODS FOR THE NAVIER-STOKES EQUATIONS WITH NONLINEAR VISCOSITY 17

In addition, we denote by 7 X v the 3 x 3 tensor whose rows are given by the tangential trace of each row
of 7, that is,

(7'1177'12,7'13) X v

XU = (721,722, T23) X U

(7'3177'32,7'33) xXv

We denote by &, the set of faces e of Ty, subdivided into interior and exterior faces &, = &,(2) U &,(T),
with £,(Q) = {e€ &, : eC N} and E(T) := {e €&, : e CT}. In turn, for each T € Ty, we let E(T)
denote the set of faces of T'. Here h. stands for the diameter of a given e € &, and for each e € &, we fix
a unit normal v, to e. Then, given 7 € H(curl; Q) and e € £,(Q2), we let [T X v ] := (7|1 — T|rv)|e X Ve,
where T and T" are elements of T;, sharing the common face e. If no confusion arises, we will simply write
v instead of v,.

Now, let £ := (t,o,u,p) € H and i, = (th, on, up, p;,) € Hy, be the unique solutions of the continuous
and discrete problems (III..5) and (IV..1), respectively. Then, we introduce the global a posteriori error
estimator

1/2
0 = {Z 9%} : (V.1)

TeTh

where for each T € T}, we set:
07 = hi ||curl(ty, + pp)5 7 + llog — p(tn]) trh + (un @ uwp)?(§ 7

+llon —oafllge + 1f = Pu(HIEr + IIf +divien)ll »

+lle(un) = tallg 7 + lpn — Vun + e(un)g 7

(V..2)
2
+ 0> el +pn) x vl + > g —unl.
e€E(T)NER(Q) e€E(T)NEL(T)
+ > he (Vg = th—py) x Vi,
e€E(T)NEL(T)

where Py, is the L?(2)-orthogonal projector onto H . Note that the above definition requires that Vgxv|. €
L2(e) for each e € &,(T), which is fixed below by assuming that g € H'(T).

The main result of this section is stated as follows.

Theorem 5.1. Let t € H and t,, € Hy, be the unique solutions of the continuous and discrete problems
(II1..5) and (IV..1), respectively, and assume that g € HY(T'). Then, there exist Crey > 0 and Cess > 0,
independent of h, such that

CotsO < ||T — || < CresO. (V..3)

The efficiency of © (lower bound in (V..3)) is proved in Section B., whereas the corresponding reliability
estimate (upper bound in (V..3)) is proved next in Section A..

A. Reliability of the a posteriori error estimator

In order to prove the reliability of our a posteriori error estimator, we follow the strategy proposed originally
in [11], and then used in [19], which is based on a linearization technique that involves the Géteaux
derivatives of the nonlinear terms of the formulation. More precisely, proceeding similarly as in [19], we
begin with the result to be introduced next. However, we notice in advance that, due to the new meaning
of the unknown ¢ and the presence of additional terms in the present augmented formulation, two of the
resulting bounded functionals, whose norms need to be estimated later on, do not coincide with those
in [19] (see R3 and Ry below).
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Lemma 5.2. Lett € H and £, € H), be the unique solutions of the continuous and discrete problems
(I11..5) and (IV..1), respectively. In addition, given € € (0,e9), with ¢ defined by (I111..18) (cf. proof of
Lemma 3.0), we assume that the data f and g satisfy

€

= V.4
= (V.4)
with ct given at the end of the proof of Lemma 3.0. Then, there exists a constant C' > 0, independent of
h, such that

er {Iflo.c + lgllo.x + lgh/zr} <

1€~ 2l < CIIRII,
where
R(S) := Ry(s) + Ra2(T) + R3(v) + Ry(n) VS:=(s,7,v,m) € H,
and R1(s), Ra(T), R3(v), Ri(n) are defined by

Ri(s) = /Q{ag — ulltal) tn + (un @ wn)} o s,
Ry(1) = (tv,g) — /uh~div7' —/th T4 — Ko / {f + divah}~div7'
Q Q Q

- /Qph ST — K1 /Q{o",il — w(|tn]) tr + (uh®uh)d} i, (V..5)

R;(v) := /Q{erdivah}~v — K3 /Q{e(uh)fth}:e(v) + Ks /F{gfuh}ﬂv,
Ry(n) = %/Q{Uh - o‘},} iM — K4 /Q (ph - {Vuhfe(uh)}) in.

Furthermore, there holds
R(gh) =0 Vgh e Hy,. (V..G)
Proof. First, we note that the operator A (cf. (IIL..6)) can be split into linear and nonlinear terms:

[A(E), 8] = [A1(t), 8] — rL[AL(E), 7] + [As(D), 3],

[ uteht:s.

Q

[Ay(t),5] = —/Jd:s+/7d:t—|—/u~divr—/v~diva
Q Q Q Q

+ /p:T—/?]IU+H1/UdZTd
Q Q Q

+ mg/Qdiv0'~diVT—&—/ﬁg/g{e(u)—t}:e(v)

+ /<v4/9(p—{Vu—e(u)}):n—i—f%/rum.

Next, since u is of class C! and satisfies the assumptions (I1..3), minor modifications of the proof of [11,
Lemma 5.1] allow to show that the nonlinear operator A; is Gateaux differentiable. This means that for
each r € L2_(Q) there exists a bounded linear operator DA (r) : L2,(2) — L2_(Q)’ such that
A t)— A
DAL (r)(t) = Jim 21T T = M)

e—0 €

where

>
—
~~
~
S~—
o,

Il

vVt cLZ(Q).

Notice that for each » € L2,(Q2), DA;(r) can be considered as a bilinear form satisfying

DA, (r)(t,8) := DA(r)(t)(s)  Vt,scL2(Q).
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In addition, it is easy to prove, using (II..3), that DA;(r) becomes both uniformly bounded and elliptic
with constants L, and pq, respectively, that is

IDAL(7)(t, s)| < Lulltlo,ellslloe (V..7)
and
DAL (7)(s,8)] > pallsllg o (V..8)

for all r,t, s € L2.(Q) (see, for instance, [11, Lemma 5.1]). Then, given r € L2.(f), we introduce the
linear operator

— -,
)

[A(£),3] := DAL (r)(t,s) — #1 DAL (r)(t,70) + [As(d),5] Vi 8cH,

so that, using (V..7), (V..8), and the same arguments showing the strong monotonicity of [A (), (5)], we
deduce the ellipticity of A
[A(3),3] >a(Q)]3]> VS§cH. (V..9)
It readily follows that
~ o a(), -
(& + Bu)(@).3 > e, (v..10)

for all § € H and for all w € H*(Q) such that ||w|j1.o < e € (0,e0), with gq defined by (IIL..18), which
yields the inf-sup condition

D (A Bu)) ]

— V#e H.
2 sen IE]]
5#0

Hence, taking in particular w = w and # = t — &), we deduce from the foregoing inequality that

Q). - - A+ Bu)(f-t),3
D 1z F) < sup (AT Bu)EZ ). 5]
2 s 18]

§#0

(V..11)

On the other hand, using the Mean Value Theorem, we can assert that there exists a convex combination
ry of t and t;, such that

DAL (rp)(t —tn,s) = [AL(t),s] — [AL(tn),s] Vsecl2(Q), (V..12)
so that using now 7}, in the definition of A, we can write
[;&(E) ,8] = DA (1) (t,8) — ki DAL (1) (¢, T%) + [Ax(E), 5] Vt, §cH.
The foregoing equality and (V..12) imply that

(A + Bu)(E-%),3 = [A®)

- - — —

= [A(?)
= [(A + Bu)(®),8] — [(A + Bu)(#), 3]

= [F7 §] - [(A + B’U‘)(Eh)ag]a
and therefore, the inf-sup condition (V..11) becomes

OL(Q) ||i’7 i’h” < sup [(R(t - th)ﬂ §]

2 sen Il
340

)

where

[R(f—t4),5] :== [F, 5] — [(A + Bu,)(#n), 8] + [Bu,—u(ts),s].
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Next, using that

g — . 1/2 - N
| [Bun-al@n), 3] | < el (3 + 1) = wlluo £ 5]

and having in mind (IV..5) and (V..4), we find that

<a<n> ellie]? (53 + 1)”2>

1F— Bal] < sup [F, 8] — [(A + By,)(tn), 3]

E
s5#0

2 2

This estimate together with the fact that € € (0, &), with ¢ defined in (III..18), allow us to conclude that

Q) > F,3] — [(A + By,)(),5 R(3
04(4 )Ht*th” < sup [ ] [( - uh)( h) ] _ Supﬁ, (V..13)
sen 5] scr |||
§#0 5#0

with
R(8) := Ri(s) + Ra(7) + Rs(v) + Ra(n) ,

where R1, Ra, R3 and Ry are defined in (V..5). Finally, the identity (V..6) is a straightforward consequence
of (IV..1). n

We end this section by remarking that the supremum in (V..13) can be bounded in terms of R,
i=1,...,4 as follows:

a(2)

CNE=ll < {IRalliz o) + IRallng@ivioy + [Rallmoy + [Ralsz

2@ ) 5 (V..14)

and thus, the derivation of the upper bound in (V..3) is completed by providing suitable upper bounds
for each one of the terms on the right hand side of (V..14). To this respect, we first observe that direct
applications of the Cauchy-Schwarz inequality give the corresponding estimates for the functionals R;, R3
and Ry. Finally, the derivation of the upper bound for ||Ral|p,(aiv;0) makes use of a stable Helmholtz
decomposition for Hy(div; Q) which has been recently proved for n = 3 in [15, Lemma 4.3] (see also [12,
Theorem 3.1]), the Raviart—-Thomas interpolation operator (see [4,14]), the classical Clément interpolator
( [7]), and the local approximation properties of them. This estimate follows basically from suitable
modifications of the proofs of [19, Theorem 3.7] and [19, Lemmas 3.8 and 3.9]. In this regard, we just
comment that within the process of bounding ||Razlm,(aiv:0) it also appears the local term hZ [|[Vu;, —
tn — py I 7, which being dominated by [le(un) — tallg 7 + [Py — Vun + e(un)|[§ 1, is then omitted from
the final definition of ©2 (cf. (V..2)). Further details on all the reliability estimates can be found in the
aforementioned bibliography.

B. Efficiency of the a posteriori error estimator

We now aim to prove the efficiency of ©, that is, the lower bound in (V..3). First we deal with the zero
order terms appearing in the definition of O, for which we begin with the local estimates provided by the
following lemma.

Lemma 5.3. There hold

|f +div(os)
lon —aillor < 2|lo—onllor VT €T,

07 < llo—aullavr VT €T,

and there exist positive constants Cy, Ca, independent of h, such that
le(un) = talld r < Ci {lu—willir + It =tallBr} VT €T,

and

lon Vs + e@n)ir < Co{llo — pullr + u — willir} YT €T,
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Proof. These inequalities follow by using the relations f = —div(e), o = o*, e(u) = ¢, and
p = Vu — e(u), respectively. We omit further details. -

We continue with the following non-local estimates.

Lemma 5.4. There exists Cs, Cy > 0, independent of h, such that there hold

S llg—wild, < Collu— w3,
eEEh(F)

and
ot = uital) tn + (un @ wn)* 30 < Cu{llo —anllfo + It = talde + lu—unlia})-

Proof. The first estimate follows from the fact that g = w on I' and the trace inequality, whereas
the second one is a straightforward consequence of the constitutive relation o = u(|t|)t — (v ® u)? in Q,
the Lipschitz continuity of the nonlinear operator induced by p (cf. (II1..10) in Lemma 3.0), a convenient
decomposition of u ® u — u;, ® uy, and the continuity of the injection 4. : H!(2) — L*(Q).

The derivation of the upper bounds of the remaining terms defining the a posteriori error indicator ©%
proceeds similarly to [19], but adapting the results to the three-dimensional case by using some recent
results from [15] and applying inverse inequalities and the localization technique based on element-bubble
and edge-bubble functions. In this regard, we remark that the application of the aforementioned inequalities
requires shape-regularity of the meshes. Nevertheless, the corresponding efficiency estimates should be
easily extensible to more general triangulations by using, for instance, the results from [9] (where inverse
inequalities for piecewise constant and continuous piecewise linear finite elements on locally refined shape-
regular meshes were provided).

The announced estimates are summarized in the following three lemmas.

Lemma 5.5. There exist positive constants Cs, Cg, independent of h, such that
2) W3 lewrl(tn + )3 < Cs {llt — tall3r +lo — plis} YT €T,
b) kel + o) < vDIE, < Co{llt—tule, + o= pullde, ) Vee&n@),

where we == U{T" €T, : e E(T")}.
Proof. We refer to [15, Lemmas 4.9 and 4.10] for the proofs of a) and b). -

Lemma 5.6. Assume that g is piecewise polynomial. Then, there exists C7 > 0, independent of h, such
that

he (Vg = tn = o) x vliy, < Co{llt=tallir, + o= pulir,} Ve € &D),

where T, is the tetrahedron of Tn, having e as a face.
Proof. It follows from a slight modification of the proof of [15, Lemma 4.13]. -

Lemma 5.7. There exists Cs > 0, independent of h, such that
[F =Pr(Hllor < Csllo—onllaive VI ETh.

Proof. It suffices to see that || f —Pu(f)I[§ = |Pr(dive) — dive||§ -, add and subtract Py (divey),
and then apply continuity of the operator Pj. -

We close this section by remarking that the required efficiency of the a posteriori error estimator ©
follows straightforwardly from Lemmas 5.0 — 5.0. In addition, we highlight that, on the contrary to [19],
where the presentation concentrated in providing first the details of the 2D case and then a brief summary
of the respective analysis for the 3D one, here we have privileged the discussion of the latter mainly
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because it involves the utilization of a recently established 3D Helmholtz decomposition. Moreover, the
three-dimensional case is even more interesting from the applicability point of view, which is also taken
into account below in the choice of our numerical results (cf. Section VI.). In turn, some aspects of the
2D version of our a posteriori error analysis are provided next.

C. Two-dimensional case

In what follows we briefly discuss the a posteriori error estimator in the two-dimensional case. We start
by introducing some notations. For each T' € T;, we let £(T) be the set of edges of T and we denote by &y
the set of all edges of Ty, subdivided as in the three-dimensional case:

En = En(Q) U &(T),

where E,(Q) = {e € &, 1 e C O} and E(T) = {e € & : e CT'}. In what follows, h. stands for
the length of a given edge e € &,. Now, let v € L*(Q) such that v|z € C(T) for each T € 7. Then,
given e € &,(Q), we denote by [[v] the jump of v across e, that is [v] := (v|1/)|e — (v|r7)|e, where T”
and T" are the triangles of T, having e as an edge. Also, we fix a unit normal vector v, := (ny,n2)* to
the edge e (its particular orientation is not relevant) and let s, := (—ng,n1)® be the corresponding fixed
unit tangential vector along e. Hence, given v € L2%(Q) and 7 € L%*(Q) such that v|r € C(T) and
T|lr € C(T), respectively, for each T € Ty, we let v - s.] and [T s.] be the tangential jumps of v and T,

across e, that is[[v - s.]] := {(v|1)|e — (V|7 )|e} - Se and [T 8] := {(7|1)|e = (T|17)|e} Se, respectively.
From now on, when no confusion arises, we will simply write s and v instead of s. and v., respectively.
Finally, for sufficiently smooth tensor fields 7 := (7;;)2x2, we let
67‘12 (97'11
8561 8:62
It :=
cusT 0o 0791
(9151 8.%2

Now, let t := (t,o,u, p) € H and &), := (t,, o, un, p,,) € Hy be the unique solutions of the continuous
and discrete problems (III..5) and (IV..1), respectively. Then, we introduce the global a posteriori error
estimator

1/2
O = {Z (?)QT} , (V..15)

TeTh
where for each T' € Tj,:
63 = hi [leurl(ty + pp) |31 + o5 — n(ltal) tr + (wn @ wp)*|I3 1
tlon —oill5r + If = PulHIEr + I1F +divien)ll s
+lle(wn) = tullg - + lon — Vun +e(un) 3 r

2

dg
15 (tn + pp)s

2
+ > kel +en)sllo. + D g —unlg. + he
ec&(T)NEL(Q) ecE(T)NER(T)

0,e

The reliability of O can be proved similarly as in the three-dimensional case, that is, by using a global
inf-sup condition for a linearization of the problem, Helmholtz’s decomposition and local approximation
properties of interpolation operators. Indeed, if we compare the definitions of © (cf. (V..1)) and © we
observe that most of the terms are exactly the same in both cases. In turn, in order to prove the efficiency
of O it suffices to control the new terms, which is the purpose of the following two lemmas.

Lemma 5.8. There exist positive constants C1, Cs, independent of h, such that

a) hilleurl(ty + pp)l3r < CLillt — tul3r + 1o — pull§r} YT € T,

b) he It +pn) slli5. < Co {llt = tulf, + lo—pulfw,} Ve &),
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where we == U{T" €Tp: ec&(T)}.
Proof. For a) we refer to [3, Lemma 4.3] (see also [19, Lemma 3.15] or [17, Lemma 4.9]). Similarly,
for b) we refer to [3, Lemma 4.4] (see also [19, Lemma 3.15] or [17, Lemma 4.10]). -

Lemma 5.9. Assume that g is piecewise polynomial. Then, there exists C3 > 0, independent of h, such
that

dg 2
— = (th +pp)s

he
ds

< G {lt—tald, + llo-pulis} Ve e ),
0,e
where T, is the triangle of T, having e as an edge.
Proof. The proof follows from a slight modifications of the proof of [17, Lemma 4.15]. -

Therefore, the main result in the 2D case is stated as follows.

Theorem 5.10. Let £ € H and &), € Hy, be the unique solutions of the continuous and discrete problems
(I11..5) and (IV..1), respectively, and assume that g € HY(T'). Then, there exist Crey > 0 and Cegs > 0,
independent of h, such that

aeffé S HE— Eh” S aref(:j-

VI. NUMERICAL RESULTS

Test 1. Our first example serves to illustrate the accuracy of the mixed finite element method (as predicted
by Theorem 4.0), and also to assess the practical performance of the method in a 3D computation. We
construct the following analytical solution to (II..1) and (II..6)

sin(may ) cos(mas) cos(mas)
u = | —2cos(mzy)sin(mxs) cos(ras) |, t=-e(u), p=Vu-—e(u),
cos(mxy) cos(me) sin(mwas)

p=ai -y — i, o= p(lt)e(u) - (u®u)—pl

defined on the box 2 = (0,1) x (0,1) x (=1,1), and where the viscosity is specified by (II..4) with g = 2
and a1 = f = 1. The manufactured velocity is divergence free and it is used to apply the Dirichlet datum
on I'. It also satisfies the boundary compatibility condition fr u - v = 0. Moreover, the proposed pressure
has zero mean value in €2, implying that the last equation in (II..6) is fulfilled. The stabilization constants
are chosen according to (II1..19), leading to k1 = ko = 0.0555, k3 = 1, k5 = 0.5, and as k4 depends on the
(unknown) Korn constant, we simply take k4 = k5. An experimental convergence analysis is performed,
focusing on the lowest-order scheme (with & = 0). Six steps of uniform mesh refinement were applied to an
initial structured tetrahedral mesh, and on each nested mesh we denote computed errors and convergence
rates as

e(t) = [t —tnlloo, e(o)=lo—onlloav, e(w)=lu—unle,
e(p) = llp = pullo.a,  7(-) = —2log(e(-)/2(-))log(N/N)] ",

where e, € stand for errors generated by methods on meshes having N, N degrees of freedom, respectively.
These errors are tabulated by number of degrees of freedom and meshsize in Table I. Each individual
error exhibits a clear O(h) rate of convergence, as expected from the a priori error estimates stated in
Theorem 4.0. The values collected in the last column of the table confirm that a maximum of six Picard
iterations are required to achieve a prescribed tolerance of 1E-6. All linear systems arising after fixed point
linearization are solved with the unsymmetric multi-frontal direct solver for sparse matrices UMFPACK.
Computed solutions are shown in Figure 1.

Test 2. Our next example assesses the accuracy of the proposed scheme along with the properties of the
adaptive error estimator (V..15) (specialized for the 2D case). The domain is conformed by a rectangle
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TABLE I. Test 1. Experimental convergence and fixed point iteration count for the approximation of the Navier-
Stokes equations with nonlinear viscosity.

D.o.f. h e(t) r(t) e(o) r(o) e(u) r(u) e(p) r(p) iter

270 1.4142 4.2007 - 42.5310 - 8.1726 - 2.3254 - 6
1887 0.7071 2.6383 0.6710 24.4819 0.7967 5.4160 0.5935 1.8920 0.2975
14211 0.3535 1.4840 0.8300 13.9391 0.8125 3.1370 0.7878 1.1008 0.7813
74322 0.2020 0.8804 0.9330 8.1546 0.9580 1.8845 0.9106 0.6505 0.9398
285090 0.1285 0.5683 0.9682 5.2564 0.9715 1.2177 0.9660 0.4143 0.9983
871875 0.0883 0.3930 0.9845 3.6869 0.9465 0.8416 0.9859 0.2843 1.0046
2741364 0.0524 0.2472 0.9937 2.2198 0.9687 0.5129 0.9803 0.1822 1.0175

SOy Ut Oy O Ut

—Ltr(on + up © up)
-1.86 -0.76 0.35

022 52 10 1506

Ph,23

-3.62 0 2.8 4.66

2.8 4.66
=

FIG. 1. Test 1. Iso-surfaces of Euclidean norm of the approximate strain tensor (top left), Euclidean norm of the
Cauchy stress (top middle), postprocessed pressure (top right), approximate velocity components and computed
streamlines (center row), and vorticity components (bottom row).

(0,1.5) x (0,1) with an pear-shaped hole inside. The viscosity is also given by (IL..4) with ap = 1, a3 = 0.1,
and 8 = 1, and the forcing and boundary terms f, g are chosen such that the exact solution to (II..6) is
given by

u:(l—exp()\xl)cos(%m:g))’ b= e(w) p=Vu—olu)

% exp(Axy) sin(2mwxy)
1 —exp(2Az1)
2(z1 —a)? + 2(xg — b)2’

p= o = p(|the(u) - (u©u) —pl,
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FIG. 2. Test 2. Individual error history vs. the number of degrees of freedom. Errors for strain and stress (left),
velocity and vorticity (middle), and Picard iteration count with effectivity indexes (right) for two runs using uniform
and adaptive mesh refinement according to the a posteriori error estimator (V..15).

7710 7712 724

FIG. 3. Test 2. Initial and intermediate triangulations obtained after a few steps of mesh adaptation according to
the a posteriori error estimator (V..15).

with the parameter A = 0.5 — v/0.25 4+ 4x2, and (a,b) = (3/4,1/2) is a point located within the hole in
the domain, and close to the interior of ). The stabilization parameters take the values k1 = ko = 0.6944,
ks = 0.5, k4 = k5 = 0.25. Due to the singularity of the pressure (and therefore the Cauchy stress)
at (a,b) we expect sub-optimal convergence of the method under uniform mesh refinement, and so we
apply an adaptive algorithm. The nonlinear system is linearized with a fixed point strategy (stopped
when the L?2—norm of the total residual attains the tolerance 1E-6), and in this case the subsequent linear
systems were solved with the direct solver MUMPS. After computing locally the estimator using (V..15),
we proceed to tag elements for refinement using the Dorfler strategy, which consists in marking sufficiently
many elements so that they represent a given fraction of the total estimated error (cf. [10]). A remeshing
method is then applied, targeting the equidistribution of the local error indicators in the updated mesh.

In Figure 2 we report on the convergence history of the method (in its lowest-order configuration)
following both a uniform refinement, and successive mesh adaptation according to the algorithm described
above. First, we notice a slightly larger Picard iteration count for this example (in comparison with the
results in Table I). Secondly, we also observe a loss of optimality in the convergence rates under uniform
mesh refinement, especially for the vorticity. In addition, the effectivity index (computed as eff(é\) =e/ 0,
where e denotes the total error) oscillates around 0.7 in the case of uniform refinement. This is remediated
by the adaptive algorithm, which restores optimal convergence rates for all fields and a much more steady
effectivity index. One can also notice that the method using adaptive mesh refinement outperforms the
uniformly refined scheme by almost two orders of magnitude (in the sense of needed degrees of freedom
to attain a given error). The initial coarse mesh, together with triangulations obtained after two and four
adaptive steps are displayed in Figure 3. We observe meshes heavily refined in the neighbourhood of (a, b)
and near to the left wall. Finally, we present the computed numerical solutions in Figure 4, exhibiting
well-resolved profiles for all fields.

Test 3. The third example focuses on the driven cavity flow problem in the unit cube. The external body
force is zero, and the three-dimensional flow patterns are determined by the boundary conditions only: an
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FIG. 4. Test 2. Numerical solutions computed on an adaptively refined mesh. Strain norm, Cauchy stress norm,
post-processed pressure, velocity components, and vorticity.

unidirectional Dirichlet velocity is set on the top lid w = g = (1,0,0)”, and no-slip velocities u = 0 are
imposed elsewhere on I'. The viscosity is again taken as the Carreau law (I1..4) with ag = 0.005, oy = 0.01
and S = 1. An initially coarse tetrahedral mesh of 1058 elements and 332 vertices was generated, and
the proposed numerical scheme was used to solve the model problem, now via Newton linearization steps
(with a fixed tolerance of 1E-8 on the residuals). After this first initial solve, we use an adaptive mesh
refinement algorithm marking elements for refinement according to the locally computable error indicator
(V..1), re-generating the mesh, and then solving again the discrete nonlinear problem until reaching the
convergence of the Newton iterations. For this example the linear systems were solved with a BiCGStab
method with left Schur complement preconditioning. Five steps of adaptive mesh refinement were applied
(with a maximum Newton iteration count of 6), and the approximate solutions computed on a mesh with
13685 elements are portrayed in Figure 5. We observe smooth vorticity and strain profiles, and from the
velocity streamlines we can evidence the formation of the typical asymmetric vortex parallel to the 1 — x3
plane. In Figure 6 we present examples of three adapted meshes resulting from adaptive refinement guided
by the a posteriori error estimator (V..1), after one, three, and five adaptive steps. An agglomeration of
tetrahedra is observed near the top corners of the domain, where the Dirichlet datum is discontinuous, and
where the stress is concentrated.

This work was partially supported by CONICYT-Chile through BASAL project CMM, Uni-
versidad de Chile, project Anillo ACT1118 (ANANUM), project Insercién de Capital Humano
Avanzado en la Academia 79130048, and projects Fondecyt 11121347 and 11140691; by Centro
de Investigacion en Ingenieria Matematica (CI2MA), Universidad de Concepcién; by Universidad
del Bio-Bio through DIUBB project 120808 GI/EF; and by the London Mathematical Society.
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