Asymmetric equilibria of two nested elastic rings
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Abstract

The packing of soft elastic structures is an important and challenging problem due to the possibility of multiple
discrete and continuous zones of contact between different parts of the material. To address this problem, we consider
the simplest possible packing problem of a thin elastic ring confined within another shorter flexible ring. The elastic
properties as well as the dimensionality of both structures, combined with the contact condition yield a wide a variety
of possible equilibrium shapes. When the rings are assumed to be inextensible and unshearable, the equilibrium shapes
depend only on their relative bending stiffness «, and on their relative length y. Whereas the symmetric equilibria for
such a problem have been completely determined, the possibility of asymmetric equilibria with lower energy has
not yet been considered. For a fixed value of the relative bending stiffness, we explore these symmetry-breaking
equilibria as the length of the inner ring increases. We show that, for u =~ 1.9 there is a symmetry-breaking bifurcation

and asymmetric equilibria are preferred in order to relax the elastic energy.

1. Introduction

Many natural and man-made structures are obtained
by the constrained packing of materials within a given
volume. Therefore, a natural problem is to determine
the morphology of confined flexible materials. This
problem has many application in nature such as DNA
packaging [23], mitochondria organisation [3], the mor-
phology of plant leaves in buds [17] and even in arterial
diseases [6, 26]. Packing and folding problems play also
a key role in optimization and design of flexible devices
[16, 27]. Further, beyond the elastic regime, thin sheets
can develop intricate ridge networks when folded and
crumpled [1]. More recently, the problem of confined
elastic curves has gained interest amongst mathemati-
cians [9, 15, 18, 7] and control engineers [2].

The confinement of a single flexible membrane or
elastic sheet inside a rigid container has been studied ex-
tensively, both in two dimensions [4, 8, 24, 21, 13] and
in three dimensions [14, 5]. Whereas most of these stud-
ies assume that the container is fixed, the pressure cre-
ated by the confined material can also deform the con-
tainer [25, 28]. For instance microtubules surrounded
by lipid membranes, can deform the membrane signif-
icantly [10]. The possibility of deforming the restrain-
ing structure creates very rich systems that can exhibit a
wide variety of shapes depending on the geometric and
material properties. A paradigm for such problem is the
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problem of two nested elastic rings. In [20] we studied
the existence of symmetric solutions (with respect to an
axis) by increasing the length of the inner ring up to
the first point of contact. The energy minimizer within
the set of symmetric solutions was identified and stud-
ied as a function of the relative stiffness and length. The
effect of adhesion and external pressure was also stud-
ied. However, this study did not consider the solution
after the first self-contact and was restricted to symmet-
ric solutions. The present work addresses both issues
and it generalizes the analysis of [4, 24] by taking into
account the flexibility of the container. The main re-
sult is the existence of a generic symmetry-breaking bi-
furcation where asymmetric shape become global mini-
mizers of the problem. Such non-symmetric minimizers
in self-contact problems are also known in other elastic
problems [22, 4, 11, 19].

2. The model

We consider the planar equilibria of a one-
dimensional elastic ring constrained in another shorter
elastic ring. We assume that the rings are inextensible
and unshearable and neglect friction. Fixing, without
loss of generality, the length of the outer ring to be one,
we use the length of the inner ring u as the main con-
trol parameter and think of an increase in length as a
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growth process. Generically, the geometry of the prob-
lem includes portions where the two rings are in contact
or the inner ring touches itself. These regions evolve as
the relative length changes. Thus, regions of the rings
that are initially separated may end up in contact during
the growth-induced packing process. We suppose that
when material points are in contact they have a com-
mon position in the plane. Thus, stack of rods that
are in contact in a finite region can be described by a
planar elastica, endowed with a suitable bending stiff-
ness. Consequently, the structure can be understood as a
closed graph with inextensible elastic edges of unknown
length. There are two kinds of nodes: (i) Y — nodes
where a stack of layers in contact bifurcates tangentially
into two groups, and (ii) X — nodes at which two rods
meet at a single point (see Figure 1).

Following the notation of [12], a point p on the curve
can be parametrized by its Cartesian coordinates

r(s) = x(s)e, + y(s)ey, ey

where s is the arc length. Denoting (s) the angle be-
tween the tangent 7(s) and the horizontal axis e,, we
have

T(s) =1’ = cosy(s)e, + siny(s)e,, 2)

where a prime denotes the differentiation with respect
to s. By replacing (1) into (2), we obtain:

y' =siny, 3

that should be solved together with the mechanical bal-
ance equations given below.

Each rod must obey the balance of angular momen-
tum that, in the absence of external distributed torques,
reads

X' =cosy,

m’(s) + 7(s) X n(s) = 0, 4

where m and n are the resultant couple and force, re-
spectively. Moreover, the balance of linear momen-
tum in the absence of external distributed loads assures
that n is constant along each edge. According to the
Euler-Bernoulli theory of rods, the internal moment for
a planar deformation is proportional to the curvature
¢ = dy/ds, so that:

m(s) = kc(s)e., ®)

where k is the bending stiffness and e, = e, X e,. We de-
note by k_ and k. the bending stiffness of the inner and
of the outer ring, respectively. If the edge represents a
stack of rods then k is the sum of the bending stiffnesses
of all rods in the stack. Thus, (4) reduces to the second
order ordinary differential equation

ky”" — nysinyg + nycosy =0, (6)

Figure 1: Schematic representation of an equilibrium shape. The ¥ —
nodes are located in correspondence of the red dot, while the X —node
is represented by the blue dot.

where n, and n,, the horizontal and vertical components
of n, are among the unknowns of the problem.

Boundary conditions are imposed at the nodes whose
locations are a priori unknowns. At a Y-node, a mother
edge bifurcate into two daughter edges (each of these
edges could be a single rod or a stack of rods). These
groups must obey the balance [20]

n+n; +n, =0; (72)

W=y =, (7b)
where quantities without subscript refer to the mother
edge (the adhered region), while quantities with sub-
scripts 1 and 2 refer to the daughter edges. Equation (7a)
represents the balance of the force at the node, while
(7b) expresses the continuity of the curvature at the de-
tachment point. Note that (7b) implies that x(s), y(s),
and () are continuous at the node, for each curve.

At a X-node, two edges meet at an isolated point.
Again, we require that each ring has continuous curva-
ture at the node:

[vil = Tya] =0, (®)

where [-] denotes the jump of a quantity at the node
relative to the same rod. Further, since the contact is
assumed to be frictionless the rods can freely glide on
each other. This implies that the tangential component
of n is continuous for each edge. However, the (uni-
lateral) contact constraint induces a jump of the normal
component of n at the node. The force conditions read:

[n]-7=[m] -7=0, (9a)



([n] + [mz]) - v =0, (9b)

where v = e, X 7 is the normal to the curve.

Finally, we have to satisfy two global constraints: the
sums of the lengths of edges belonging to the inner
(resp. outer) rings must be L_ (resp. L, = 1), where
L_ and L, are the lengths of the inner and outer loop,
respectively.

3. Results

We are interested in computing the shape as a func-
tion of the two dimensionless parameters

k
and K= —

L
u =

T Ly

An increase in u corresponds to a lengthening of the
inner loop and in increase in k represents a (relative)
stiffening of the outer loop. We examine the shapes for
three different representative values of «: x = 10 (very
stiff container), k = 1 (same stiffness), and x = 0.1 (very
flexible container).

We solve the problem numerically by using the Mat-
lab routine bvp4c. For each edge of length ¢, there are
seven unknowns {x(s),y(s),y(s), ¥’ (s), ny,ny, £}. The
unknowns {x(s), y(s), ¥(s), ¥’ (s)} are related to four first
order differential equations: the two kinematic relations
(3) and the balance of the angular momentum (6) (no-
tice that (6) can be written as a system of two first
order differential equations). The remaining three un-
knowns {n,,n,, £} are constant parameters that can be
determined by the boundary conditions together with
the use of the global constraint on the rings length.

A simple count reveals that there are 14 boundary
conditions at a X-node and 10 for a Y-node. However,
the boundary conditions at the nodes are not sufficient
to obtain a unique solution since the equations are in-
variant under rigid transformations (planar translations
and rotations about e;). From a computational point of
view, it is therefore necessary to introduce a fictitious
node, that we call the fixed point. Thus, the introduction
of the fixed point increases the number of edges by one.
At the fixed point, we assign its position (two boundary
conditions) and the orientation of the curve (one bound-
ary condition) together with the continuity conditions
(three conditions). This fixed point and the direction
of the edges on which it sits remain fixed for all solu-
tions. A further condition is necessary to avoid that the
fixed point "slides" along the "broken" edge: we have
required, without loss of generality, that the fixed point
lies at the middle of two Y—nodes. For instance, in Fig-
ure 1, we have four Y—nodes (40 boundary conditions),

one X—node (14 boundary conditions) and a fixed point
(7 boundary conditions), which, together with the two
constraints that fix the length of the rings, give 63 con-
ditions overall. On the other hand, there are nine edges
with seven unknowns for each edge which gives a total
of 63 unknowns for the problem.

We start with a small value of u (= 1.01) for which
the solution is known in a closed form [20] and carry
a numerical continuation on y: we use the solution ob-
tained for a certain yu as initial condition (guess solution)
of a new numerical boundary values problem where u as
been slightly increased.

For all values of « tested, we observe the following
generic behavior: as the length of the inner loop exceeds
that of the outer one (u > 1), a symmetric blister is
formed. As u increases the self-contact of the inner loop
occur and finally the symmetry breaks. We can identify
five stages in the folding process:

(i) For low confinements u < u;, there is no self-
contact of the inner loop, (first column of Figure
2). When the outer ring is stiff, it is almost circular
as the internal loop folds. On the contrary, when
the outer ring is soft, it flattens in the contactless
region as described in [20].

(i) Aty = yq, a first self contact of the inner loop oc-
curs (second column of Figure 2). For y; < u < pp,
this self-contact remains localized at a point, while
the two detachment points move on the container
loop, moving away from the self-contact point.
Note that the container remains almost circular in
the case k¥ = 10, while it deforms as « decreases.

(iii) At the critical value u = p,, a second self-contact
of the inner ring, placed on the symmetry axis, ap-
pears (third column of Figure 2). However, as u
just exceeds u, the self-contact region remains lo-
calized at a point. As pu is further increased, the
second self-contact point moves along the symme-
try axis, while the detachment point moves along
the container walls.

(iv) For u > us, the contact on the bottom spreads into
an extended zone of self-contact, that increases in
length with u (fourth column of Figure 2). Con-
sequently, two symmetric lobes form. They press
against each other at the self-contact point.

(v) At u = p4, the symmetric solution becomes un-
stable. One of the two lobes slips under the other,
breaking the symmetry and relaxing the elastic en-
ergy (last column of Figure 2). This symmetry
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Figure 2: Equilibrium shapes as the length of the inner ring grows (from left to right) while the length of the outer loop is kept fixed. The different
rows of shapes corresponds to different amounts of relative bending stiffness. The container softens from the top to the bottom.

breaking can occur more or less suddenly depend-
ing on k.

The critical values y; for different amounts of « are given
in Table 1. However, beyond the critical threshold uy
both symmetric and non symmetric shapes exist, but the
non symmetric branch has a lower total elastic energy as
shown in Figure 3.

H1 H2 H3 H4
k=011]125 166 1.71 1.88
k=1 1.29 1.64 1.72 1.90
k=10 | 1.29 1.62 172 1.95

Table 1: Critical values of length ratio y for x = 0.1, 1, 10

4. Conclusions

The equilibrium of two elastic rings in contact
provides an ideal system to explore how a thin body
grows under a flexible confinement. We have extended
the results of [20] in order to include self-intersections
of the inner loop. The relevant parameters of this
problem are the relative stiffness and the ratio of the
lengths of the rings. Qualitatively, in a quasi-static
growth process, the same change of morphology is
observed: initially a symmetric blister forms, then
the inner loop self-intersects maintaining a left-right
symmetry. This symmetric state is then replaced by an
asymmetric state. Note that the relative stiffness affects
significantly the shape of container ring: it remains
almost circular whenever the container is sufficiently
hard, while it changes shape as the container softens.
Furthermore, it influences the nature of the transition
at the symmetry-breaking point: the transition is

continuous for soft containers, whilst it occurs abruptly
as the container hardens.
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Figure 3: Total elastic energy (in arbitrary units) versus u, for k = 0.1. The critical values of y; (i = 1,2, 3,4) mark the beginning of a new phase of
the deformation. The insets give the equilibrium shapes between two critical values. The dashed curve corresponds to the symmetric solution for
u > ug. The energy landscapes for k = 1 and k = 10 exhibit the same behavior.
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